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CHAPTER OVERVIEW

Introduction
These lecture notes have been prepared to give an introduction into the foundations of atomic and molecular physics with an
emphasis on the interaction of these atomic systems with light, and in more general, with electromagnetic fields. The character of
the material is theoretical, and wishes to rely on theoretical mechanical and electrodynamical studies of the students, which is a
prerequisite of being able to follow the material presented here. This is an advanced course for BSc students. In spite of the
theoretical approach based on mathematical argumentations, we tried to connect the material with experimental observations.
These short notes, however cannot be considered as a replacement of courses where deeper experimental insight should be
gathered.

There are several problems ( ~50) embedded in the text, and their solution is strongly recommended for the students. In view of the
author this is a necessary condition for getting a reliable knowledge of the subject, as is the case with any other physics subject.
The electronic form made it possible to include animations which may significantly improve the level of understanding, as it
enabled us to couple demonstrations and interactive animations to the material which should make more easy the understanding of
the rather abstract notions and laws of atomic physics. These are – as it is usual in physics – quantitative relations, the true depth
and content of which can only be understood in the language of mathematics. This difficult task is intended to be promoted by the
included multimedia materials. The animations can be started by clicking on the links in the tables, which visualize the problems in
question.

The theory of atomic and molecular physics is not an easy subject, but modern technology is based more and more on the laws and
properties of micro-world, so it seems necessary to understand the most important rules and methods of this field of a physics
student.

1: Wave-corpuscular duality of photons and massive particles
2: Basic concepts of quantum mechanics
3: Angular momentum in quantum mechanics
4: Atomic spectra, simple models of atoms
5: Spin and the fine structure
6: Many-body problems, systems of identical particles
7: Molecular structure and spectra
8: Bose Einstein Condensation
9: Elements of Coherent atom field interactions
10: Atoms in Strong Fields
11: Photons: quantization of a single electromagnetic field mode
12: A quantum paradox and the experiments
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1: Wave-corpuscular duality of photons and massive particles

In this chapter we review the main experimental results showing the dual behaviour of light. In the last section the concept of
probability amplitude playing a keyrole in quantummechanics is introduced

Elements of classical mechanics, interference of light. Elements of calculus and probability theory. The concept of probability
distribution.

The double slit experiment with light
The nature of light, whether it consists of corpuscles or is it a wave of an unidentified medium, called ether, intrigued scientists for
a long time before the beginning of the 20th century, and there was a long standing dispute between the two views. A seemingly
final solution came along with the numerous interference experiments in the beginning of the 19th century performed by Thomas
Young, Augustine Fresnel and others, which had shown the wave nature of light. Here we present the double slit experiment of
Young. It is interesting that about a 100 years later in 1909 Geoffrey Taylor repeated the experiment with a very weak beam that
resulted in the same fringes after a sufficiently long time.

Figure 1.1: The double slit experiment of Young. Secondary light waves emerging from the two slits show interference fringes on
the screen along the x direction. This was considered for a long time as the proof of the wave nature of light.

The photon hypothesis

It turned out however, that nature is more complicated than simple man’s imagination. The first step towards a deeper
understanding of what light is was done by Max Planck in 1900. In order to explain correctly the spectral distribution of radiation
emitted from a hot body like the sun, or a heated piece of iron, he had to assume that light waves emerging from the body took up
energy from it in quanta. The smallest amount of quantum is determined by the frequency  of the emitted light and a universal
constant h so that a single quantum has

 (1.1)

energy, where the requirement to be in agreement with the experimental observations determined the value of

 (1.2)
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called the Planck constant. This is an extremely small value therefore even for visible light the energy of a single quantum is only
of the order of 10 J, that is why we do not observe this granular property of light.

Figure 1.2: Schematic drawing demonstrating the photoelectric effect. http://hyperphysics.phy-astr.gsu.edu/hbase/mod1.html

The next fundamental step was when A. Einstein extended Planck’s ideas to the explanation of the photoelectric effect discovered
by Hallwachs and Stoletov and studied in detail by P. Lenard and Herz. If light falls on the surface of a metal, it becomes positively
charged. The reason for this is that electrons i.e. negatively charged particles called photoelectrons are emitted from the surface of
the metal. On the details of this phenomenon we refer here to courses of experimental physics. The observations were explained by
Einstein, by the assumption that the electrons in the metal absorb the energy of the light field in quanta. Following the idea of
Planck, Einstein assumed that the energy of a single light quantum is

 (1.3)

where  is the frequency of the light, h is Planck’s constant. A frequently used notation is

 (1.4)

and with the angular frequency  we can write Einstein’s relation as

ε = ℏω (1.5)

which is used more often is theoretical physics. The energy quantum of light obtained the name photon. The kinetic energy of the
emitted electrons is given by the following equation:

 (1.6)

where W  – called “work function” – is the energy needed to extract the electron from the metal, which is characteristic for the
metal. If  is smaller than W , there is no electron emission. For alkaline metals Na, Cs even visible light shows the effect, while
for most metals the threshold frequency determined by  falls into the ultraviolet region.

The assumptions of Einstein were proven exactly later by experiments of Millikan in the photoelectric effect. The value of E  can
be determined by the countervoltage U  given to the electrode registering the electrons. The value of q U  – where q  is the
electron’s charge – that stops the electrons gives W . Eq. (1.6) is Einstein’s photoelectric equation, which can be proven plotting U
versus the light frequency .
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Figure 1.3: Plotting countervoltage U  versus the light frequency .

The photoelectric effect can be investigated with this simulation. A virtual experiment can be performed to determine the
Planck-constant and the “work function” W .

http://www.walter-fendt.de/ph14e/photoeffect.htm

Photon momentum
According to Einstein the photons must posses not only energy but momentum, as well: A light quantum with frequency , whose
wavelength in vacuum is , has momentum

 (1.7)

where k�  is a unit vector pointing in the direction of the propagation of light field which is assumed to be a monochromatic plane
wave,  is the vector called wave-number with absolute value . This value of p is in accordance with the fundamental
relation of relativity, valid for any particle of rest mass m :

 (1.8)

assuming that the photon’s rest mass is m =0.

The Compton effect

Among the several evidences of the photon hypothesis a very important one is the Compton effect, which is seen in figure 1.4. In
this experiment, performed by Arthur Compton, an X ray of wavelength  falls on a sample and ejects electrons from it. There
appear also a secondary X ray, whose wavelength  and direction, given by the angle φ is different from the original one. These
can be measured by the experiment shown in the figure 1.4.
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Figure 1.4: Experimental setup for the Compton scattering experiment.

We can consider the effect as the scattering of the photon on the electron where both of them are classical point-like objects. The
conservation of energy and momentum requires:

 (1.9)

Here  is the rest energy of the electron,  and  are the energy and momentum of the electron after the collision

 (1.10)

according to the relativistic formulas.

Figure 1.5: The X ray photon approaching from the left is scattered on the electron.

Both of them are treated as classical point-like objects From the three equations above, and using  we get with some algebra
the result

 (1.11)

(Strictly speaking the result is valid for free electrons in rest. In the experiments the electrons are set free from atoms, where they
have some negative binding energy, but this can be neglected compared to other energies occurring here.) The expression above
connects the change of the wavelength of the X ray photon during the scattering and the scattering angle φ. Compton’s experiments
approved the theoretical result. The length

 (1.12)

is called the Compton wavelength of the electron. Note that sometimes the value  is called the Compton wavelength.
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Study the Compton effect with the animation on the page and answer the questions appearing there.

http://physics.bu.edu/~duffy/semeste...5_compton.html

According to these experiments the electromagnetic field can manifest itself of being of discrete nature, and for a given frequency
and direction of propagation, it interacts as a particle with atomic matter with the corresponding energy and momentum.

Probability waves for massive particles
After the photon hypothesis had proven to be true, many physicists tried to reconcile the two views, how it is possible that light
behaves as a kind of a wave, whereas it consists of quanta or particles that have energy and momentum. While these attempts were
not successful, another view emerged. L. de Broglie a French physicist set up the hypothesis that perhaps the behaviour of the
electrons in atoms can be explained, if one assumes that electrons – that were known to be massive particles and possessing well
defined negative charge – might also behave like waves. Later on, this assumption was proven experimentally by G. P. Thomson,
and independently by Davisson. The property that an electron just like photons can behave either as a particle or as a wave is called
duality. This very unexpected property was resolved by Max Born in 1926 by purely theoretical arguments. But before explaining
Born’s idea, let us turn to an experiment revealing explicitly the duality property. This is the famous double slit experiment – one of
the most interesting experiments in physics – first performed with electrons by Clauss Jönsson in 1961 and popularized later by
Akira Tonomura.

The experiment seen in Fig. 1.6 was first performed by Clauss Jönsson in 1961. A famous variant of the experiment was done
by Akira Tonomura, he made the result visibly available, the video of which is shown here.

http://titan.physx.u-szeged.hu/~mmqu...eslitTono.mpeg

Looking at the experiment in more detail, it turns out that the picture is formed by individual pointlike impacts of particles, as it is
seen in the sequence of figure 1.6. A result definitely different from the case of water waves.

 Animation
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Figure 1.6: Result of the double slit experiment with electrons. Sequence of figures a, b, c, d, e shows the electrons reaching the
screen with increasing exposition time. The interference pattern is formed by individual pointlike impacts of the particles. To
understand the wavelike behaviour of quantum particles it is necessary to introduce a probabilistic
interpretation.http://commons.wikimedia.org/wiki/Fi...Tanamura_2.jp

This extraordinarily surprising phenomenon can be explained with the fundamental concept of quantum mechanics: called the
probability amplitude. We shall consider only one of the coordinates, the x coordinate which is perpendicular to the fringes seen
on the screen where the particles are detected. We do not know exactly what was the state of the particle before arriving at the
screen. This state will be denoted by . But we know that after falling on the screen we realize that it is at a place say x . This event
will be characterized by a complex number to be denoted by . So to each x we attribute a complex number .
Considering all the possible x values we get a function of x, which is a complex valued function of the real variable – the position
of the particle – x:

 (1.13)

This function will be used to characterize the state of the particle, and this function is called the coordinate wave function. The
important law of quantum mechanics is that the probability of finding the particle around x in a small interval dx is . In the
language of probability theory,  is the probability density function of the coordinate of the particle which is a random
variable. So we have

 (1.14)

In quantum mechanics we use the notation  for the probability distribution. The probability of finding it at a point x in the
interval  is given by:

 (1.15)

which is valid for arbitrary . The probability of finding the particle somewhere on the real axis must be 1, therefore:

1

  

    

  

  

 

https://libretexts.org/
https://creativecommons.org/licenses/by/3.0/
https://phys.libretexts.org/@go/page/50553?pdf
http://commons.wikimedia.org/wiki/File:Double-slit_experiment_results_Tanamura_2.jpg


1.7 https://phys.libretexts.org/@go/page/50553

 (1.16)

Accordingly the wave function describing a particle must be such that the integral of its absolute value square between −∞ and ∞
should give 1.

The interference pattern seen in Fig 1.6 can be explained by the rules of quantum mechanics, as we shall do it in the following. The
particle which was assumed to be in a state ψψ can arrive to the first slit on the screen, and this state, i.e. particle in the first slit will
be denoted by . The corresponding amplitude is then . Continuing its path it arrives somewhere to the second screen,
where it is registered at the point x. The amplitude corresponding to this second part of its way is . The total amplitude
belonging to the process that the particle arrives at xx through slit 1 is the product of the two amplitudes . Similarly,
the amplitude of the other possible path of the particle, that it went through slit 2 before arriving at x is , where  is
the state of the particle, when it is at the second slit. The total amplitude is the sum of the amplitudes of the two possible paths.

 (1.17)

where , . These latter amplitudes have been set to be two (complex) numbers instead of functions, because
we have assumed here that the slits are small, and we need not distinguish between the different positions within the slits. What
small means, will become more definite a little later. The sum of the amplitudes above is the superposition of the two possibilities.
The probability of finding the particle at position xx is the absolute value square of the sum of the two possible amplitudes:

 (1.18)

The interference appears because of the last term. There will be places where the particles arrive with a small probability, these will
be the dark fringes, whereas there will be places where the detection probabilities are large. Quantum mechanics gives the explicit
form of the two functions  and , but we will not deal with this here.

We cannot tell which of the slits the particle went through, the interference pattern is the witness that it went simultaneously
through both. It can be shown, that if we try to detect somehow which path the particle has taken, then a successful detection will
destroy the interference pattern, so we cannot see simultaneously the interference pattern and distinguish between the two ways the
particle went along. The same experiment has been performed with particles larger than electrons, like neutrons, atoms, small
molecules. More recently the effect was demonstrated with the molecular object called fullerene, consisting of 60 Carbon atoms.

We did not emphasize so far, but it is important that the amplitude, i.e. the wave function depends also on time. If we wish to make
use of time dependent wave functions we will denote it by a capital Greek letter: . How does such a function look in any
concrete case? This depends on the physical situation in question, and one of the important problems of quantum mechanics is to
find the form of this function. In general we have to prescribe the property of square integrability with respect to x, because for any
fixed value of the time variable t  is the probability density of the coordinate of the particle. This interpretation of the wave
function was first given by Max Born. Accordingly:

 (1.19)

at any time instant. We say then that  is normalized to unity. This requirement will be (i) refined later and (ii) will necessitate
certain prescriptions on how the wave function should depend on the time variable.

If we wish to give the position of the particle in three dimensional space, instead of the line, then the wave function shall depend on
all three coordinates of the points in space: . Here the random variable will be the position vector of the particle.
The probability density is then the function , for which the normalization is prescribed in three dimensions.
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Figure 1.7:

Coming back to one dimension, a frequently used wave function (real in this specific case) for a particle localized more or less
around the origin is  at a given instant, where σ  is a constant independent of x, while  is a normalization factor.
The corresponding probability density is . Its integral along the real axis must give 1, this is the
condition that determines the factor . As it is known from probability theory, this is the probability density of the so called
standard normal, or Gaussian distribution function, if .

Show that the normalization factor in .

According to what we said before, the function can depend on time as well, so that instead of σ  we can have a time dependent
σ(t) in it, and then of course (\mathcal{N}\) will be also time dependent. Besides the Gaussian wave function above there are
many other possibilities depending on the physical problem in question.

Later on, we shall consider in detail the problem of the dynamics of the state, which means we shall consider how the state, i.e.
the wave function changes with time given a force or a potential acting on the particle.

Investigating the photoeffect with a photocell where the cathode is covered by Cesium the electrons are stopped if the voltage
is larger than 0.33V for a light wave of wavelength 546nm, while the corresponding value for 365nm is 1.46V. Derive the
value of Planck’s constant from these results. What is the work function of Cesium? How much is the stopping voltage using
light of 436nm? What is the threshold wavelength producing electron emission?

Estimate the cost of one green photon in the case of a traditional 100W light bulb working with 5% efficiency, and switched on
for 1 second.

Derive the result

 (1.20)

for Compton scattering using the equations expressing conservation of energy and momentum:

 0
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2: Basic concepts of quantum mechanics

In this chapter we introduce the Schrödinger equation, the dynamic equation describing a quantummechanical system. We
discuss the role of energy eigenvalues and eigenfunctions in the process of finding it’s solutions. Through the problem of linear
harmonic oscillator the way one solves quantum mechanical problems is demonstrated. Finally the expectation value and the
variance of an operator is discussed.

Elements of differential equations, and the material of Chapter 1. The classical equations of motions. The classical harmonic
oscillator.

The Schrödinger equation
As we have seen in the previous section, the state of a particle in position space is described by a wave function  in one, or 

 in three dimensions. This is a probability amplitude, and  is the probability density of finding the particle somewhere
in space around the position given by the vector r. It was Erwin Schrödinger who wrote up the equation, the solutions of which
gives us the concrete form of the function. His fundamental equation is called the time dependent Schrödinger equation, or
dynamical equation, and has the form:

 (2.1)

To simplify the treatment we consider in this subsection the one dimensional motion along the x axis:

 (2.2)

Figure 2.1:

In quantum mechanics the right hand side of the Schrödinger equation is written shortly as , so (2.2) can be written as

 (2.3)

This notation has a deeper reason, which is explained here shortly. The operation  can be considered as a
transformation of the function , and the result is a another function of x and t. This means that the right hand side is a
(specific) mapping from the set of functions to give again a function. The mapping is linear, and

 (2.4)

is a linear transformation or linear operator, as it is called in quantum mechanics. The operator in question  is called the operator
of the energy, that bears the name the Hamilton operator or the Hamiltonian for short. Later on, besides  we shall encounter
other types of linear operators, corresponding to physical quantities other than the energy. The form (2.4) of the Hamiltonian is
used for the specific problem of a particle moving in one dimension x, where the external force field given by the potential energy

 Objectives

 Prerequisites
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function . For other problems the expression of the Hamiltonian is different, but the dynamical equation in the form (2.3) is the
same. This is like in classical mechanics where the equation of motion for one particle is always  but , the force depends on
the physical situation in question. In quantum mechanics the Schrödinger equation replaces Newton’s equation of motion of
classical mechanics which shows its fundamental significance.

We enumerate here a few important properties of the equation (2.2), or equivalently those of eq. (2.3):

It is a linear equation, which means that if  and  are solutions of the equation, then linear combinations of the
form  will be also a solution, where  and  are complex constants. The summation can be extended to infinite
sums, (with certain mathematical restrictions). Linearity is valid, because on both sides of the equation we have linear
operations, derivations and multiplication with the given function .
Another important property is that the equation is of first order in time. Therefore if we give an initial function at 
depending only on x: , then by solving the equation we can find – in principle – a unique solution that satisfies
this initial condition. There are of course infinitely many possible solutions, but they correspond to different initial conditions.
The time dependence of the wave function from a given initial condition is called time evolution.
The equation conserves the norm of the wave function, which means that if  obeys (2.2), then the integral of the position
probability density with respect to x is constant independently of t. Specifically, if this integral is equal to 1 at t , then it remains
so for all times.

 (2.5)

In other words the normalization property remains valid for all times. This property is called unitarity of the time evolution. The
proof of this statement is left as a problem.

Using (2.2) prove that the time derivative of the normalization condition is zero, which means the validity of (2.5).

Stationary states
Specific solutions of eq. (2.2) can be found by making the "ansatz" (this German word used also in English math texts, and means
educated guess), that the solution is a product of two functions

 (2.6)

where  depends only on time, while  is a space dependent function. This procedure is called separation. Not all the
solutions of Eq. (2.2) have this separated form, but it is useful to find first these kind of solutions. Substituting back the product
(2.6) into (2.2), we find

 (2.7)

Dividing by , we get:

 (2.8)

As the function on the left hand side depends only on time, while the one on the right hand side depends only on xx, and they must
be equal for all values of these variables, this is possible only if both sides are equal to a constant independent of x and t. It is easy
to check that the constant has to be of dimension of energy, and will be denoted by ε. We get then two equations. One of them is

 (2.9)

with the solution

 (2.10)

where C is an integration constant.

The other equation takes the form:

 (2.11)

We recognize that on the left hand side we have now again the operator  acting this time on :

 (2.12)
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This is a so called eigenvalue problem: the effect of the operator is such that it gives back the function itself multiplied by a
constant. As the operator here is the Hamiltonian, i.e. the energy operator, (2.12) is an energy eigenvalue equation. Sometimes it
is also called the (time independent) Schrödinger equation, but we shall not use this terminology.

This simple gif animation tries to visualize the concepts of eigenvectors.

http://upload.wikimedia.org/Wikipedia/commons/0/06/Eigenvectors.gif

Drag each vector until the coloured parallelogram vanishes. If you can do this for two independent vectors, they form a basis of
eigenvectors and the matrix of the linear map becomes diagonal, that is, nondiagonal terms are zero. This is impossible for
some of the initial matrices—try them all. When you have found an eigenvector, check that it can be prolonged in its own
direction while remaining an eigenvector; it is interesting to keep an eye on the matrix at the same time.

http://demonstrations.wolfram.com/EigenvectorsByHand/

It is important to stress here that Eq. (2.11) must be considered together with certain boundary conditions to be satisfied by the
solutions  at the boundaries of their domain. In other words the boundary conditions are parts of the notion of the differential
operator  in (2.11). The boundary conditions can be chosen in several different ways, and in general, physical considerations are
used to choose the appropriate ones. In other words among the solutions of (2.11) one has to select those special ones where 
obeys the boundary conditions which is usually possible only for certain specific values of ε. The functions  obeying the
equation with the given boundary conditions are called the eigenfunctions of  belonging to the corresponding energy eigenvalue
ε: .

According to the separation condition all the functions of the form

 (2.13)

will be the solutions of the Schrödinger equation (2.2). The allowed energy eigenvalues εε, selected by the boundary conditions can
be discrete, then they are usually labeled by integers , but they can also be continuous. In the latter case one finds
proper solutions for all ε-s within a certain energy interval. It can be easily shown that the physically acceptable solutions must
belong to real energy eigenvalues.

 Animation

 Animation
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Show that the normalization condition allows only real values of ε.

In general, there are infinitely many solutions of the form (2.13), but they do not exhaust all the solutions. As the Hamiltonian, as
well as the Schrödinger-equation are linear, appropriate linear combinations of the specific solutions (2.13) also obey the
Schrödinger equation, and have the general form:

 (2.14)

Here the complex numbers cncn and the complex function  are arbitrary, the only condition is that the resulting  must be
normalizable, i.e. they must be such that the condition  must hold.

It can also be shown – although this is usually far from simple – that for physically adequate potential energy functions, or 
operators, all the solutions of (2.2) can be written in the form as given by (2.14).

The solutions  of the form (2.13) are seen to be specific in the sense that they contain only a single term from the sum or
integral in (2.14). Therefore the probability distributions corresponding to these solutions:  do not depend on
time, while the wave functions i.e. the probability amplitudes are time dependent. These wave functions, and the corresponding
physical states are called stationary states. According to (2.14) a general solution can be obtained by an expansion in terms of the
stationary states.

The set of all eigenvalues is called the spectrum of the  operator, or the energy spectrum. Note that this terminology is different
from the notion of the spectrum in experimental spectroscopy, but – as we will see – they are related to each other. In experimental
spectroscopy an energy eigenvalue is called a term, and the spectrum seen e.g. in optical spectroscopy is the frequency
corresponding to energy eigenvalue differences. The energy eigenfunctions belonging to given eigenvalues can be identified with
the stationary states (orbits) postulated by Bohr. Therefore the existence of stationary states is the quantum mechanical proof of
Bohr’s first postulate. In addition QM also gives us the method how to find the energies and wave functions of the stationary states.

Now we shall introduce the following important property of the eigenfunctions of . It can be proven, that the integral of the
product  of eigenfunctions belonging to different eigenvalues  vanishes , where the limits of
the integration is taken over the domain of the eigenfunctions, usually between  and . This property is called orthogonality
of the eigenfunctions. If we also prescribe the normalization of the eigenfunctions, which can be always achieved by multiplying
with an appropriate constant, we can write

 (2.15)

where  is Kronecker’s symbol. Both orthogonality and normalization is taken together here, and we say therefore that the
eigenfunctions are orthonormal.

There is a little more complicated but important point here. It may turn out, that one finds several linearly independent solutions
of (2.11) with one and the same ε. Let the number of these solutions belonging to ε be . We say that ε is  times degenerate. It
can also be proven that among the degenerate solutions there are orthogonal ones whose number is . We can write this in the
following way:

 (2.16)

where  means the k-th solution belonging to a given .

Show that the probability density obtained from the linear combination of two stationary states belonging to different energy
eigenvalues depends on time. What is the characteristic time dependence of this probability density?

An example: the linear harmonic oscillator
This is a very important system both in classical and in quantum physics, so besides demonstrating the way one solves quantum
mechanical problems, it has far reaching applications in all branches of theoretical physics

The potential energy is , and the eigenvalue equation is

 (2.17)

 Problem 2.2
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https://libretexts.org/
https://creativecommons.org/licenses/by/3.0/
https://phys.libretexts.org/@go/page/50554?pdf
http://en.wikipedia.org/wiki/Kronecker_delta


2.5 https://phys.libretexts.org/@go/page/50554

where 

It will be useful to introduce the dimensionless coordinate ξ and the dimensionless energy ϵ by the relations:

 (2.18)

We obtain from (2.17)

 (2.19)

We first find the asymptotic solution of this equation. For large values of  we have , with the approximate solution 
. (The term  will dominate over  for large ) The other possibility  must be omitted, because it is not square

integrable, so it is not an allowed function to describe a quantum state.

The exact solutions of (2.19) are to be found in the form

 (2.20)

where  is a polynomial of . Substituting this assumption into 2.19, we get the equation

 (2.21)

This is known as the differential equation for the Hermite polynomials. Looking for its solution as a power series , we
find that the coefficients have to obey the recursion condition

 (2.22)

Derive (2.21) from the assumption (2.20) and (2.19). Derive the recursion formula, for the coefficients of the power series.

In case the series would be an infinite one, for large k-s we would have , which is obtained by keeping only the highest
order terms in k on both sides. This recursion relation is, however, the property of the series of  which would lead to a non square
integrable function as the asymptotic form of u would then be again . Therefore the sum determining  must
remain finite, and so it has to terminate at a certain integer power, we shall denote it by . This means that all the coefficients
higher than  are zero, and in particular:

 (2.23)

In other words  is a polynomial of degree , and the condition  requires then that all the coefficients 
so the polynomials are either even or odd, depending on . In view of 2.23 we get 2.22 that , or .

To summarize the result the eigenvalue equation has square integrable solutions only if

 (2.24)

where  is called the vibrational quantum number. The possible energy values of the harmonic oscillator are equidistant with the
separation . The lowest energy for ,  is not zero, but equals half of the level separation. ε  is called zero-
point energy.

The corresponding eigenfunctions are

 (2.25)

where  -s are polynomials of degree , called Hermite polynomials, and -s are normalization coefficients. The square
integrability is ensured by the exponential factor. For the highest nonvanishing coefficient of , which is not determined by the
recursion, the convention is to set .
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Figure 2.2: Energy eigenfunctions of the linear harmonic oscillator.

Determine the first 3 Hermite polynomials

It can be shown that the  eigenvalues are nondegenerate, so the eigenfunction  is unique (up to a constant factor). The
eigenfunctions have also the important property of being orthonormal:

 (2.26)

The general time dependent solutions of the problem of the harmonic oscillator are of the form:

 (2.27)

where the cvcv coefficients are complex constants, obeying the normalization condition . They are determined by the
initial condition

 (2.28)

according to the orthonormality condition.

This animation shows the time evolution of the simple harmonic oscillator if it is initially in the superposition of the ground
state  and the  state.

http://titan.physx.u-szeged.hu/~mmquantum/videok/Harmonikus_oszcillator_szuperpozicio_0_1.flv

This interactive animation gives us a tool to play with the eigenfunctions of the linear harmonic oscillator. We can construct
different linear combinations of the energy eigenfunctions and study their evolution in time.

http://titan.physx.u-szeged.hu/~mmquantum/download.php?download_file=HarmonikusOszcillatorIdofuggoSzuperpozicio.nbp

 Problem 2.5
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Expectation values and operators
The wave function gives the probability distribution of the position of a particle with the property (2.5). According to probability
theory the expectation value or mean value of the position of the particle moving in one dimension is given by

 (2.29)

the reason of writing capital  will be seen below. We did not put the limits deliberately in the second definite integral. In what
follows, if the limits are not shown explicitly, then the integration always goes from  to , in one dimension, and over the
whole three dimensional space in three dimensions. Therefore in an analogous way for a three-dimensional motion we can define
the expectation value of the radius vector as

 (2.30)

which actually means three different integrals for each component of . Now assume that the particle moves in an external force
field given by the potential energy . If we know only the probability distribution and not the exact value of the particles
position we cannot speak either about the value of the potential energy but only about its probability distribution. The expectation
value of the potential energy is

 (2.31)

Note that the expectation value depends on the wave function, i. e on the physical state of the system, in which the quantities are
measured. The general expectation value of a measurable quantity,  (which is called sometimes as an observable), is defined as,

 (2.32)

where (\hat{A}\) is the operator corresponding to the physical quantity. An operator in the present context is an operation that
transforms a square integrable function to another function. According to (2.29) the  operator corresponding to the coordinate
multiplies the the wave function with the coordinate x.

 (2.33)

Or more generally in three dimensions:

 (2.34)

We may raise the question, what is the operator of the other fundamental quantity, momentum . It turns out that the corresponding
operator is the derivative of  multiplied by the factor , or equivalently by  :

 (2.35)

 (2.36)

Then according to the general rule 2.32 we have in one dimension

 (2.37)

A justification of this statement is left to the next series of problems

Using the Schrödinger equation 2.2 prove that with the definitions above one has (in one dimension)

 (2.38)

Hints:

Show that the time derivative of the expectation value of the coordinate can be calculated as

 (2.39)

Rewrite the integrand as , and assuming that  goes to zero at  argue that
only the last term contributes to the result.
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Show that the expectation value of  is real.

An operator  is called a self-adjoint or (Hermitian) if the following property holds for square integrable functions  and 

 (2.40)

Show that the components of  and  are selfadjoint.

Show that the expectation value of a selfadjoint operator is real.

Noncommutativity of  and  operators

The fact that in quantum mechanics the coordinate and momentum are represented by operators – and they have the form we have
given above – implies that their action on a wave function  will give different result if they act on it in a different order:

 (2.41)

or written in another way:

 (2.42)

for any function. This means that the action of the two operators are different, if they are taken in the reverse order, so this pair of
operators is noncommutative. It is easily seen, that the same is true for Y and  and for  and , while say  and  do
commute, because the partial derivation by y gives zero for x. Similarly the components of  among themselves as well as the
components of  among themselves commute with each other. Introducing the notation

 (2.43)

which is called the commutator of the operators  and , we see that the commutator vanishes if the operators commute, and it is
nonzero if this is not the case. To summarize we write down here the following canonical commutation relations:

 (2.44)

From the operators of the coordinate and the momentum we can build up other operators depending on these quantities. The rule is
that in the classical expression of a function of  and  we replace them by the corresponding operators. We will see for instance
that the operator of orbital angular momentum , and the operator of energy in a conservative system is 

 in agreement with the definition given in (2.4)

Non commutativity arise also in case of matrix multiplication. This demonstration shows non commutativity in case of special
2×22×2 complex matrices, the so called Pauli matrices.

http://demonstrations.wolfram.com/PauliSpinMatrices/

 Problem 2.7
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Variance of an operator
There is an important number characterising a probability distribution, which is the property showing how sharp the distribution is.
A measure of this property can be obtained, if we take the measured values of the random variable in question, and consider a mean
value of certain differences between the measured values and the expectation value. As an example we consider again the one
dimensional coordinate x. Taking the expectation value of the simple differences between the measured values and the expectation
yields no information, as this gives zero in cases of all possible distributions due to the identity: 

. A good measure is therefore to take the expectation value of the square of the
differences from the expectation value, i.e. the quantity:

 (2.45)

which is called the variance of x, and which is the usual definition in probability theory, with a probability density .
We shall also call this the variance of the operator  in the state . The latter terminology is due to the reformulation of the above
definition as:

 (2.46)

or in general for any linear and selfadjoint operator (2.32).

 (2.47)

The variance is also called the second central moment of the probability distribution. The square root  is called
the root mean square deviation of the physical quantity  in the state given by . We can rewrite this formula in two different
ways. First it is simply seen that

 (2.48)

because \(\langle\hat{A}\rangle_{\psi}/) is already a number. An important statement follows if we write

 (2.49)

Based on this formula, we can simply answer the question: what kind of wave functions are those, where we can measure the
quantity corresponding to  with zero variance, i.e. with a value which is always the same? In order to have  the integral
in the last expression must be zero. But as it is an integral of a squared absolute value being nonnegative everywhere, it can be zero
if and only if , or stated otherwise, if and only if

 (2.50)

Any function obeying this equation is called the eigenfunction of the operator . In the form above this equation has only a
principal significance and in most cases knowing the operator, the eigenfunctions are not known a priori. Therefore the problem is
usually to determine the eigenvalues and the eigenfunctions of  from the equation:

 (2.51)

This was the case above, in particular, for the Hamilton operator in (2.12).

Show that the expectation value of  in the state given by the normalized , is just α.

An important theorem shows that the product of variances of two noncommuting operators has a lower bound, which is generally
positive. In the case of the coordinate and momentum operators it takes the form

 (2.52)

for any wave function , and a similar inequality holds for the other two  components. The mathematical proof of the
inequality, which is called customarily as Heisenberg’s uncertainty relation, will not be given here
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