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Preface

This text is a merger of the CLP Multivariable Calculus textbook and problembook. It is, at the time that we write this, still a work
in progress; some bits and pieces around the edges still need polish. Consequently we recommend to the student that they still
consult text webpage for links to the errata — especially if they think there might be a typo or error. We also request that you send
us an email at cLp@ugrad.math.ubc.ca

Additionally, if you are not a student at UBC and using these texts please send us an email (again using the feedback button) —
we'd love to hear from you.

Joel Feldman, Andrew Rechnitzer and Elyse Yeager

https://math.libretexts.org/@go/page/92300



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92300?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/00%3A_Front_Matter/Preface

LibreTexts*
CHAPTER OVERVIEW

1: Vectors and Geometry in Two and Three Dimensions

Before we get started doing calculus in two and three dimensions we need to brush up on some basic geometry, that we will use a
lot. We are already familiar with the Cartesian plane !, but we'll start from the beginning.

1. René Descartes (1596—-1650) was a French scientist and philosopher, who lived in the Dutch Republic for roughly twenty years
after serving in the (mercenary) Dutch States Army. He is viewed as the father of analytic geometry, which uses numbers to
study geometry.

1.1: Points

1.2: Vectors

1.3: Equations of Lines in 2d

1.4: Equations of Planes in 3d

1.5: Equations of Lines in 3d

1.6: Curves and their Tangent Vectors
1.7: Sketching Surfaces in 3d

1.8: Cylinders

1.9: Quadric Surfaces

This page titled 1: Vectors and Geometry in Two and Three Dimensions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,

and/or curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the
LibreTexts platform.
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1.1: Points

Each point in two dimensions may be labeled by two coordinates ! (z,y) which specify the position of the point in some units with
respect to some axes as in the figure below.

(z,y)

x x
This is why the zy-plane is called “two dimensional” — the name of each point consists of two real numbers.
The set of all points in two dimensions is denoted > R2. Observe that

« the distance from the point (z, y) to the z-axis is |y|

o if y >0, then (z, y) is above the z-axis and if y < 0, then (z, y) is below the z-axis

« the distance from the point (z, y) to the y-axis is |z|

e if z >0, then (z, y) is to the right of the y-axis and if z < 0, then (z, y) is to the left of the y-axis

« the distance from the point (z, y) to the origin (0, 0) is 1/z2 + y2

Similarly, each point in three dimensions may be labeled by three coordinates (z, y, 2), as in the two figures below.

z z

'(I7 y’ Z) ’(x7y7 Z)

x T

The set of all points in three dimensions is denoted R3. The plane that contains, for example, the z - and y-axes is called the zy-
plane.

o The zy-plane is the set of all points (z, y, z) that satisfy z = 0.

o The zz-plane is the set of all points (z, y, z) that satisfy y = 0.

o The yz-plane is the set of all points (z, y, z) that satisfy z = 0.

More generally,

 The set of all points (z, y, z) that obey z = ¢ is a plane that is parallel to the zy-plane and is a distance |c| from it. If ¢ > 0, the
plane z = ¢ is above the zy-plane. If ¢ < 0, the plane z = ¢ is below the zy-plane. We say that the plane z = ¢ is a signed
distance ¢ from the zy-plane.

e The set of all points (z, y, z) that obey y = b is a plane that is parallel to the zz-plane and is a signed distance b from it.

« The set of all points (z, y, z) that obey = a is a plane that is parallel to the yz-plane and is a signed distance a from it.

https://math.libretexts.org/@go/page/89203



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89203?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/01%3A_Vectors_and_Geometry_in_Two_and_Three_Dimensions/1.01%3A_Points

LibreTexts"

Observe that our 2d distances extend quite easily to 3d.

« the distance from the point (z, y, 2) to the zy-plane is | z|

« the distance from the point (z, y, 2) to the zz-plane is |y|

« the distance from the point (z, y, 2) to the yz-plane is |z|
2)

to the origin (0, 0,0) is \/m

To see that the distance from the point (z, y, z) to the origin (0, 0, 0) is indeed /22 +y? + 22 |

o the distance from the point (z, y,

« apply Pythagoras to the right-angled triangle with vertices (0, 0, 0), (z,0,0) and (z, y, 0) to see that the distance from (0, 0, 0)

to (z,y,0)is /22 +y? and then

« apply Pythagoras to the right-angled triangle with vertices (0, 0, 0), (z, y, 0) and (z, y, z) to see that the distance from (0, 0, 0)

to (z,y, 2) is \/(\/w2 7)) 422 =y

(z,y,2)

Y

'(I,y,O)

x
(2,0,0)

T

More generally, the distance from the point (z, y, 2) to the point (2,3, ') is
V @—2 +y—y) + (=)

Notice that this gives us the equation for a sphere quite directly. All the points on a sphere are equidistant from the centre of the
sphere. So, for example, the equation of the sphere centered on (1, 2, 3) with radius 4, that is, the set of all points (z, y, z) whose
distance from (1,2, 3)is 4, is

(x—1)2+(y—2)*+(2-3)2=16

Here is an example in which we sketch a region in the zy-plane that is specified using inequalities.

v/ Example 1.1.1

In this example, we sketch the region
{(@y)|-12<2’ -6z +y* —4y<-9, y>1}
in the xy-plane.

We do so in two steps. In the first step, we sketch the curves 2? — 6z +y? —4y = —12, 2> —6z+y> —4y=—9, and
y=1.
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« By completing squares, we see that the equation 2> — 6z +y> —4y = —12 is equivalent to (z — 3)? + (y —2)% =1,
which is the circle of radius 1 centred on (3, 2). It is sketched in the figure below.

« By completing squares, we see that the equation z? — 62 4+y* —4y = —9 is equivalent to (z— 3)2 +(y— 2)2 =4,
which is the circle of radius 2 centred on (3, 2). It is sketched in the figure below.

o The point (z,y) obeys y = 1 if and only if it is a distance 1 vertically above the z-axis. So y = 1 is the line that is parallel
to the x-axis and is one unit above it. This line is also sketched in the figure below.

Yy (—3)2+(y—22=4

(@—3)+(y—2? =1

In the second step we determine the impact that the inequalities have.

e The inequality z2 — 6z +y% —4y > —12 is equivalent to (z —3)% + (y —2)% > 1 and hence is equivalent to
/(@ —3)2+(y—2)2 > 1. So the point (z, y) satisfies 2 — 6z +y* —4y > —12 if and only if the distance from (z, y)
to (3,2) is at least 1, i.e. if and only if (z, y) is outside (or on) the circle (z —3)% + (y —2)? = 1.

o The inequality z2 — 6z +y* —4y < —9 is equivalent to (z —3)? + (y —2)?> <4 and hence is equivalent to
V(@ —=3)?+(y—2)? <2. So the point (z,y) satisfies the inequality #* — 6z +y*> —4y < —9 if and only if the
distance from (z,y) to (3, 2) is at most 2, i.e. if and only if (z,y) is inside (or on) the circle (z —3)2 + (y — 2)? = 4.

e The point (z,y) obeys y > 1 if and only if (z, y) is a vertical distance at least 1 above the z-axis, i.e. is above (or on) the
liney =1.

e So the region

{(m,y)|—12 <z’ —6r+y’—4dy<-9, y> 1}
consists of all points (z, y) that

o are inside or on the circle (z —3)% + (y —2)%> =4 and
o are also outside or on the circle (z —3)*+(y—2)? =1 and
o are also above or on the line y = 1.

It is the shaded region in the figure below.

Y (=32 +(y—2)=4

Here are a couple of examples that involve spheres.

v/ Example 1.1.2

In this example, we are going to find the curve formed by the intersection of the 2y-plane and the sphere of radius 5 centred on
(0,0,4).

The point (z, y, z) lies on the zy-plane if and only if z =0, and lies on the sphere of radius 5 centred on (0, 0, 4) if and only if
22 +y?>+(2—4)2=25. So the point (z,y,2) lies on the curve of intersection if and only if both z=0 and
z?+y? +(2—4)2 =25, or equivalently

2=0, z*+3y°+(0-4)>=25 < 2=0, z*+3°=9
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This is the circle in the zy-plane that is centred on the origin and has radius 3. Here is a sketch that show the parts of the sphere
and the circle of intersection that are in the first octant. That is, that have z > 0, y > 0 and z > 0.

z

"

T

v/ Example 1.1.3

In this example, we are going to find all points (z,y, z) for which the distance from (z,y, 2) to (9, —12,15) is twice the

distance from (z, y, 2) to the origin (0, 0, 0).

The distance from (z,y, z) to (9, —12,15)is y/(x —9)? + (y +12)% + (2 — 15)? . The distance from (z,y, z) to (0,0, 0) is
z% +y? + 2% . So we want to find all points (z, y, 2) for which

V @=97+@+12) +(z~15)° =2,/a +3° +7°
Squaring both sides of this equation gives
2? — 18z +81 +y% + 24y + 144 + 2% — 302+ 225 = 4(2® +y* + 2%)
Collecting up terms gives

3z? +18z + 3y — 24y + 322 +30z = 450 and, dividing by 3,
z? + 62 +y% —8y+ 2% +10z =150 and, completing squares,
2’ +6x+9+y* —8y+16+2°+102+25 =200 or
(z+3)?+(y—4)+(2+5)? =200

This is the sphere of radius 10+/2 centred on (—3, 4, —5).

Exercises
Stage 1

?21

Describe the set of all points (z, y, z) in R? that satisfy

La?+y?4+22 =2z —4y+4
2. 22 4y? +2% <2z —4y+4

?22

Describe and sketch the set of all points (z,y) in R? that satisfy

lLz=y
2.xt+y=1

2,2
.zt 4ty =4
4.2 +y* =2y
5.m2+y2<2y
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?3
Describe the set of all points (z,y, z) in R? that satisfy the following conditions. Sketch the part of the set that is in the first
octant.
l.z==z
2.z+y+z=1

3. m2+y2+z2 =4

422 +y*+22 =4, 2=1
5224y =4
6.z=a:2+y2

Let A be the point (2, 1, 3).

1. Find the distance from A to the zy-plane.

2. Find the distance from A to the xz-plane.

3. Find the distance from A to the point (z, 0, 0) on the z-axis.
4. Find the point on the z-axis that is closest to A.

5. What is the distance from A to the z-axis?

Stage 2

Consider any triangle. Pick a coordinate system so that one vertex is at the origin and a second vertex is on the positive x-axis.
Call the coordinates of the second vertex (a,0) and those of the third vertex (b, ¢). Find the circumscribing circle (the circle
that goes through all three vertices).

R

A certain surface consists of all points P = (z, y, z) such that the distance from P to the point (0, 0, 1) is equal to the distance
from P to the plane 2+ 1 = 0. Find an equation for the surface, sketch and describe it verbally.

—

Show that the set of all points P that are twice as far from (3, —2, 3) as from (3/2, 1, 0)is a sphere. Find its centre and radius.

B

Stage 3

The pressure p(z, y) at the point (z, y) is at least zero and is determined by the equation z* — 2px +y? = 3p?. Sketch several
isobars. An isobar is a curve with equation p(z,y) = ¢ for some constant ¢ > 0.

7H

1. This is why the zy-plane is called “two dimensional” — the name of each point consists of two real numbers.

2. Not surprisingly, the 2 in R? signifies that each point is labelled by two numbers and the R in R? signifies that the numbers in
question are real numbers. There are more advanced applications (for example in signal analysis and in quantum mechanics)
where complex numbers are used. The space of all pairs (21, 22), with 2; and z; complex numbers is denoted R2.

This page titled 1.1: Points is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman, Andrew
Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Vectors

In many of our applications in 2d and 3d, we will encounter quantities that have both a magnitude (like a distance) and also a
direction. Such quantities are called vectors. That is, a vector is a quantity which has both a direction and a magnitude, like a
velocity. If you are moving, the magnitude (length) of your velocity vector is your speed (distance travelled per unit time) and the
direction of your velocity vector is your direction of motion. To specify a vector in three dimensions you have to give three
components, just as for a point. To draw the vector with components a, b, ¢ you can draw an arrow from the point (0, 0, 0) to the
point (a, b, ¢).

T
a T

Similarly, to specify a vector in two dimensions you have to give two components and to draw the vector with components a, b you
can draw an arrow from the point (0, 0) to the point (a, b).

There are many situations in which it is preferable to draw a vector with its tail at some point other than the origin. For example, it
is natural to draw the velocity vector of a moving particle with the tail of the velocity vector at the position of the particle, whether
or not the particle is at the origin. The sketch below shows a moving particle and its velocity vector at two different times.

/ )
/ '
As a second example, suppose that you are analyzing the motion of a pendulum. There are three forces acting on the pendulum
bob: gravity g, which is pulling the bob straight down, tension t in the rod, which is pulling the bob in the direction of the rod, and

air resistance r, which is pulling the bob in a direction opposite to its direction of motion. All three forces are acting on the bob. So
it is natural to draw all three arrows representing the forces with their tails at the bob.

Y

X

\

g

In this text, we will used bold faced letters, like v, t, g, to designate vectors. In handwriting, it is clearer to use a small overhead
arrow ', as in v, £ , g, instead. Also, when we want to emphasise that some quantity is a number, rather than a vector, we will call
the number a scalar.

Both points and vectors in 2d are specified by two numbers. Until you get used to this, it might confuse you sometimes — does a
given pair of numbers represent a point or a vector? To distinguish 2 between the components of a vector and the coordinates of the
point at its head, when its tail is at some point other than the origin, we shall use angle brackets rather than round brackets around
the components of a vector. For example, the figure below shows the two-dimensional vector (2,1) drawn in three different
positions. In each case, when the tail is at the point (u, v) the head is at (2 +u, 1 +v). We warn you that, out in the real world>,
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no one uses notation that distinguishes between components of a vector and the coordinates of its head — usually round brackets
are used for both. It is up to you to keep straight which is being referred to.

y 2.1y (63

21 (42 2.1y L(10.1)

(0,0)] 8,0) =@

By way of summary,

& Definition 1.2.1

we use

o bold faced letters, like v, t, g, to designate vectors, and

o angle brackets, like (2, 1), around the components of a vector, but use

o round brackets, like (2, 1), around the coordinates of a point, and use

e “scalar” to emphasise that some quantity is a number, rather than a vector.

Addition of Vectors and Multiplication of a Vector by a Scalar

Just as we have done many times in the CLP texts, when we define a new type of object, we want to understand how it interacts
with the basic operations of addition and multiplication. Vectors are no different, and we shall shortly see a natural way to define
addition of vectors. Multiplication will be more subtle, and we shall start with multiplication of a vector by a number (rather than
with multiplication of a vector by another vector).

By way of motivation for the definitions of addition and multiplication by a number, imagine that we are out for a walk on the zy-
plane.

e Suppose that we take a step and, in doing so, we move a; units parallel to the z-axis and ay units parallel to the y-axis. Then
we say that (ay, as) is the displacement vector for the step. Suppose now that we take a second step which moves us an
additional b; units parallel to the x-axis and an additional b, units parallel to the y-axis, as in the figure on the left below. So the
displacement vector for the second step is (b1, be) . All together, we have moved a; + b; units parallel to the z-axis and
ay + by units parallel to the y-axis. The displacement vector for the two steps combined is (a3 + b1, as +be) . We shall define
the sum of <a1, 0,2> and <b1, b2> , denoted by <0,1, a2> + <b1, b2> , to be <a1 +b1, as +b2> .

o Suppose now that, instead, we decide to step in the same direction as the first step above, but to move twice as far, as in the
figure on the right below. That is, our step will move us 2a; units in the direction of the z-axis and 2ay units in the direction of
the y-axis and the corresponding displacement vector will be (2a;, 2a3) . We shall define the product of the number 2 and the
vector (ay, az), denoted by 2 (a1, as) , to be (2a1, 2as) .

<(11 + b17 o + b2>

az + by
b2 2(12 (2&1, 2a2>
as a
? <a17 G2>
Here are the formal definitions.
& Definition 1.2.2. Adding Vectors and Multiplying a Vector by a Number.
These two operations have the obvious definitions
a:<a1,a2>, b=<b1,b2> — a—l—b:<a1+b1,a2+b2)
a=(aj,as), sanumber = sa = (say, sas)
and similarly in three dimensions.
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Pictorially, you add the vector b to the vector a by drawing b with its tail at the head of a and then drawing a vector from the tail
of a to the head of b, as in the figure on the left below. For a number s, we can draw the vector sa, by just

« changing the vector a's length by the factor |s|, and,
o if s <0, reversing the arrow's direction,

as in the other two figures below.

az"rbg a+b

The special case of multiplication by s = —1 appears so frequently that (—1)a is given the shorter notation —a. That is,
- <a17 a2> = <_a17 _a2>
Of course a+ (—a) is 0, the vector all of whose components are zero.

To subtract b from a pictorially, you may add —b (which is drawn by reversing the direction of b) to a. Alternatively, if you draw
a and b with their tails at a common point, then a—b is the vector from the head of b to the head of a. That is, a—b is the
vector you must add to b in order to get a.

The operations of addition and multiplication by a scalar that we have just defined are quite natural and rarely cause any problems,
because they inherit from the real numbers the properties of addition and multiplication that you are used to.

& Theorem 1.2.3. Properties of Addition and Scalar Multiplication.

Let a, b and ¢ be vectors and s and ¢ be scalars. Then
(1) a+b=b+a (2) a+(b+c)=(a+b)+c
(3) a+0=a (4) a+(—a)=0
(5) s(a+b)=sa+sb (6) (s+t)a=sa+tta
(7) (st)a=s(ta) (8) la=a

We have just been introduced to many definitions. Let's see some of them in action.

v/ Example 1.2.4

For example, if

=(1,2,3) b =(3,2,1) c=(1,0,1)

then
2a=2(1,2,3) =(2,4,6)
b =- <3a 27 1> = <_3’ _27 _1>
3c=3(1,0,1) =(3,0,3)

and
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2a—b+3c =(2,4,6)+(—3,-2,—1)+(3,0,3)
=(2-3+3,4-240,6—1+3)
=(2,2,8)

# Definition 1.2.5

Two vectors a and b

e are said to be parallel if a=sb for some nonzero real number s and
e are said to have the same direction if a=sb for some number s > 0.

There are some vectors that occur sufficiently commonly that they are given special names. One is the vector 0. Some others are
the “standard basis vectors”.

& Definition 1.2.6

The standard basis vectors in two dimensions are

1=(1,0) 7=1(0,1)

The standard basis vectors in three dimensions are

~

1 =(1,0,0) 7=10,1,0) k=(0,0,1)

We'll explain the little hats in the notation %, 7, k shortly. Some people rename %, j and k to e1, eo and es respectively. Using the
above properties we have, for all vectors,

(a1,a2) =a1 1 +az2 ) (a1,a2,a3) =a1 i tax j+azk
A sum of numbers times vectors, like a; 7 +as ) is called a linear combination of the vectors. Thus all vectors can be expressed as
linear combinations of the standard basis vectors. This makes basis vectors very helpful in computations. The standard basis
vectors are unit vectors, meaning that they are of length one, where the length of a vector a is denoted* |a| and is defined by

# Definition 1.2.7. Length of a Vector.

a=(aj,as) = |a| = ,/a?+a}
a= (a1, as,as) = la| =,/ a? +a3 +a2

A unit vector is a vector of length one. We'll sometimes use the accent ~ to emphasise that the vector a is a unit vector. That is,
la|] =1.
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Recall that multiplying a vector a by a positive number s, changes the length of the vector by a factor s without changing the

N . . . - 1,1,1) .
direction of the vector. So (assuming that |a| # 0) ‘4:‘ is a unit vector that has the same direction as a. For example, { 7 ) isa

unit vector that points in the same direction as (1,1,1).

v/ Example 1.2.9

We go for a walk on a flat Earth. We use a coordinate system with the positive x-axis pointing due east and the positive y-axis
pointing due north. We

o start at the origin and

o walk due east for 4 units and then

o walk northeast for 5+/2 units and then

e head towards the point (0, 11), but we only go
o one third of the way.

y N
O oy W
S
(6,7)
(=3,2)3»(9,5)
2
(5,5) (1,1) .
(4,0)
(4,0) ’ 7

We will now use vectors to figure out our final location.

o On the first leg of our walk, we go 4 units in the positive z-direction. So our displacement vector — the vector whose tail is
at our starting point and whose head is at the end point of the first leg — is (4, 0) . As we started at (0, 0) we finish the first
leg of the walk at (4, 0).

e On the second leg of our walk, our direction of motion is northeast, i.e. is 45° above the direction of the positive z-axis.
Looking at the figure on the right above, we see that our displacement vector, for the second leg of the walk, has to be in

the same direction as the vector (1, 1) . So our displacement vector is the vector of length 5+/2 with the same direction as

(1,1) . The vector (1,1) has length 4/ 12412 =+/2 and so % has length one and our displacement vector is

1,1) _
5\/§7 —5(1,1) = (5,5)

If we draw this displacement vector, (5, 5) with its tail at (4, 0), the starting point of the second leg of the walk, then its
head will be at (4 +5,0+5) = (9,5) and that is the end point of the second leg of the walk.

o On the final leg of our walk, we start at (9, 5) and walk towards (0, 11). The vector from (9, 5) to (0,11)is
(0—-9,11—-5)=(—9,6). As we go only one third of the way, our final displacement vector is

1

Z(=9,6)=(-3,2)
3
If we draw this displacement vector with its tail at (9, 5), the starting point of the final leg, then its head will be at

(9—3,5+2)=(6,7) and that is the end point of the final leg of the walk, and our final location.

The Dot Product

Let's get back to the arithmetic operations of addition and multiplication. We will be using both scalars and vectors. So, for each
operation there are three possibilities that we need to explore:
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e “scalar plus scalar”, “scalar plus vector” and “vector plus vector”

3«

e ‘“scalar times scalar”, “scalar times vector” and “vector times vector”

We have been using “scalar plus scalar” and “scalar times scalar” since childhood. “vector plus vector” and “scalar times vector”
were just defined above. There is no sensible way to define “scalar plus vector”, so we won't. This leaves “vector times vector”.
There are actually two widely used such products. The first is the dot product, which is the topic of this section, and which is used
to easily determine the angle 8 (or more precisely, cos #) between two vectors. We'll get to the second, the cross product, later.

Here is preview of what we will do in this dot product subsection §1.2.2. We are going to give two formulae for the dot product,
a- b, of the pair of vectors a = {(aj, as, az) and b = (by, b, b3) .

o The first formulais a-b = a1b; +a2bs +agbs. We will take it as our official definition of a-b. This formula provides us
with an easy way to compute dot products.
 The second formula is a- b = |a| |b| cos 8, where  is the angle between a and b.
a

We will show, in Theorem 1.2.11 below, that this second formula always gives the same answer as the first formula. The second
formula provides us with an easy way to determine the angle between two vectors. In particular, it provides us with an easy way
to test whether or not two vectors are perpendicular to each other. For example, the vectors (1,2, 3) and (—1, —1, 1) have dot
product

(1,2,3)-(-1,-1,1) =1x(-1)+2x(-1)+3x1=0
This tell us as the angle 6 between the two vectors obeys cosf = 0, so that # = 7. That is, the two vectors are perpendicular to
each other.

After we give our official definition of the dot product in Definition 1.2.10, and give the important properties of the dot product,
including the formula a-b = |a| |b| cos#é, in Theorem 1.2.11, we'll give some examples. Finally, to see the dot product in action,
we'll define what it means to project one vector on another vector and give an example.

# Definition 1.2.10. Dot Product.

The dot product of the vectors a and b is denoted a- b and is defined by

a=<a1,a2>, b:<b1,b2> — a-b=a1b; +asxby
a:(al,a2,a3>, b=<b1,b2,b3> — a-b =a1b; +asbs +asbs

in two and three dimensions respectively.

The properties of the dot product are as follows:

& Theorem 1.2.11. Properties of the Dot Product.

Let a, b and c be vectors and let s be a scalar. Then

(0) a,b are vectors and a- b is a scalar

(1) a-a=la]

(2) a-b=b-a

3) a-(b+c)=a-b+a-c, (a+tb)-c=a-c+b-c

(4) (sa)-b=s(a-b)

(5) 0-a=0

(6) a-b =a||b| cosf where 0 is the angle between aand b
(7) a-b=0 < a=0orb=0o0ralb

Proof.
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Properties 0 through 5 are almost immediate consequences of the definition. For example, for property 3 (which is called the
distributive law) in dimension 2,

a-(b+c) ={a1,a2)- (b1 +ec1,b2+c2)
=ay(by +c1)+az(by +co) =aiby +ajcr +azby +ases
a-b+a-b = (ai,as)- (b1,b2) + (a1, a2)- (c1,c2)
=a1b1 +azby +aic1 +azer
Property 6 is sufficiently important that it is often used as the definition of dot product. It is not at all an obvious consequence of
the definition. To verify it, we just write |a—b|? in two different ways. The first expresses |a—b|? in terms of a- b. Itis

|a—b|2 (a—b)-(a—b)
a-a—a-b—b-a+b-b

2?|a)> +|b[>—2a-b

5 e 1=

Here, é, for example, means that the equality is a consequence of property 1. The second way we write |a—b |2 involves cos §
and follows from the cosine law for triangles. Just in case you don't remember the cosine law, we'll derive it right now! Start by
applying Pythagoras to the shaded triangle in the right hand figure of

|al la — bl

a a-b |a|sin @

[ i 0

| ‘bl |
oot - | |

That triangle is a right triangle whose hypotenuse has length |a—b| and whose other two sides have lengths (|b| —|a| cos6)
and |a| sin§. So Pythagoras gives

la—b[? = (|b| —|a| cos§)” + (|a| sinf)
= |b|* —2|a| |b| cos#+ |a|* cos® 6+ |al|® sin? @
= |b|2 —2|a| |b| cosf+ \a|2
This is precisely the cosine law °. Observe that, when 6 = %, this reduces to, (surprise!) Pythagoras' theorem.
Setting our two expressions for [a—b |2 equal to each other,
la—bl*> =|a]* +|b]* —2a-b =|b|*> —2|a| |b| cosf+|al®
cancelling the |a|* and |b|* common to both sides
—2a-b =—-2|a| |b| cosf
and dividing by —2 gives
a-b =|a| |b| cosf
which is exactly property 6.

Property 7 follows directly from property 6. First note that the dot product a-b = |a| |b| cos# is zero if and only if at least
one of the three factors |a|, |b|, cos#is zero. The first factor is zero if and only if a = 0. The second factor is zero if and only
if b = 0. The third factor is zero if and only if 8 = :I:% + 2km, for some integer k, which in turn is true if and only if a and b
are mutually perpendicular.

Because of Property 7 of Theorem 1.2.11, the dot product can be used to test whether or not two vectors are perpendicular to each
other. That is, whether or not the angle between the two vectors is 90°. Another name® for “perpendicular” is “orthogonal”.
Testing for orthogonality is one of the main uses of the dot product.

@ 0 g @ 1.2.7 https://math.libretexts.org/@go/page/89204



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89204?pdf

LibreTexts"

Consider the three vectors

a=(1,1,00 b=(1,0,1) c=(-1,1,1)

Their dot products
a-b =(1,1,0)-(1,0,1) =1x1+1x0+0x1 =1
a-c =(1,1,0)- (-1,1,1) =1x(-1)+1x14+0x1 =0
b-c =(1,0,1)-(-1,1,1) =1x(-1)+0x1+1x1 =0
tell us that ¢ is perpendicular to both a and b. Since both |a| = |b| = 4/12 412 40> =+/2 the first dot product tells us that
the angle, 6, between a and b obeys
a-b 1 m
cosl=——=—- = 0=—
al|b| 2 3
7 <_17171>
<1707 1>
Y
- (1,1,0)

Dot products are also used to compute projections. First, here's the definition.

# Definition 1.2.13. Projection.

Draw two vectors, a and b, with their tails at a common point and drop a perpendicular from the head of a to the line that
passes through both the head and tail of b. By definition, the projection of the vector a on the vector b is the vector from the
tail of b to the point on the line where the perpendicular hits.

a

a"b 0

proj, a _YYproj, a

Think of the projection of a on b as the part of a that is in the direction of b.

Now let's develop a formula for the projection of a on b. Denote by € the angle between a and b. If || is no more than 90°, as in
the figure on the left above, the length of the projection of a on b is |a|cosf. By Property 6 of Theorem 1.2.11,
|aj] cosd =a-b/|b|, so the projection is a vector whose length is a- b /|b| and whose direction is given by the unit vector b/|b]|.

Hence
projection of aon b = proj, a= abb _ 2 b
b| [b]  |b?
If || is larger than 90°, as in the figure on the right above, the projection has length |a| cos(m —6) = —|a| cos@ = —a-b/|b|

and direction —b /|b|. In this case
a-b -b a-b
[b[ [b] |b

proj, a=— b

too. So the formula
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& Equation 1.2.14

. a-b
proj, a =
b?

is applicable whenever b # 0. We may rewrite proj, a = % ﬁ. The coefficient, ‘l"—bll’, of the unit vector %,

component of a in the direction b. As a special case, if b happens to be a unit vector, which, for emphasis, we'll now write has b,
the projection formula simplifies to

is called the

& Equation 1.2.15

A A

proj;a=(a-b)b

v/ Example 1.2.16

In this example, we will find the projection of the vector (0, 3) on the vector (1, 1), as in the figure

y
(0,3)

projy 1)(0, 3)
(1,1)

By Equation 1.2.14 with a = (0, 3) and b = (1, 1), that projection is

pr0j<1,1> <073> = % <1a 1>

1 1
:%Q,DZ@,%
12 +1 2°2

One use of projections is to “resolve forces”. There is an example in the next (optional) section.

(Optional) Using Dot Products to Resolve Forces — The Pendulum

Model a pendulum by a mass m that is connected to a hinge by an idealized rod that is massless and of fixed length £. Denote by 8

the angle between the rod and vertical. The forces acting on the mass are

« gravity, which has magnitude mg and direction (0, —1),

« tension in the rod, whose magnitude 7(¢) automatically adjusts itself so that the distance between the mass and the hinge is
fixed at £ (so that the rod does not stretch or contract) and whose direction is always parallel to the rod,

o and possibly some frictional forces, like friction in the hinge and air resistance. Assume that the total frictional force has
magnitude proportional” to the speed of the mass and has direction opposite to the direction of motion of the mass. We'll call
the constant of proportionality 3.

O\l

(tension) T — 3052 (friction)

mg (gravity)

If we use a coordinate system centered on the hinge, the (z, y) coordinates of the mass at time ¢ are
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z(t) =£siné(t)
y(t) = —Lcosb(t)

where 0(t) is the angle between the rod and vertical at time ¢. We are now going to use Newton's law of motion

mass X acceleration = total applied force

to determine now 6 evolves in time. By definition, the velocity and acceleration vectors® for the position vector (z(t), y(t)) are
d dx dy
—(x(t t)) =( —-(t), 5 (¢
0.0 = (G 0.50)

le.v0) = (0. Z20)

So, the velocity and acceleration vectors of our mass are

v{t) = = (a(0) y(1)
d .
= <€Esm0(t), c050 >
do do
= <Ecost9(t) dt( ), £sinf(t )d—( )>
dé

=4 —( ) (cosf(t),sinb(t))

0= 0t
do -
== {Z % (t) (cos 6(t),sm0(t)>}
2
— 0 Zo0) (cos0(0)sind(0) + ¢ G5 0) ( gpeoste) rsmé(0))
~ 0 L0 4y (cosor) sin0(t))+é(d0( )) (—sinf(t), cos B(t))
dt 2 ’ dt )

The negative of the velocity vector is —¢ < - (cos 0,sin ), so the total frictional force is
df
—p¢ m (cos 0, sin 6)
with 8 our constant of proportionality.
The vector
7(t) (—siné(t), cosH(t))

has magnitude 7(¢) and direction parallel to the rod pointing from the mass towards the hinge and so is the force due to tension in
the rod.

Hence, for this physical system, Newton's law of motion is

mass xacceleration

d?e . A
me W(cos@, sin ) +m/ (%) (—siné, cos 6)

. friction
gravity tension

de
=mg(0,—1) + 7 (—sin#, cosd) — ¢ E(cosQ, sin ) (%)

This is a rather complicated looking equation. Writing out its - and y-components doesn't help. They also look complicated.
Instead, the equation can be considerably simplified (and consequently better understood) by “taking its components parallel to and
perpendicular to the direction of motion”. From the velocity vector v(t), we see that (cosf(t), sinf(t)) is a unit vector parallel to
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the direction of motion at time ¢. Recall, from 1.2.15, that the projection of any vector b on any unit vector d (with the “hat” on d
reminding ourselves that the vector is a unit vector) is

(b-d)d
The coefficient b - d is, by definition, the component of b in the direction d. So, by dotting both sides of the equation of motion
(x) with d = (cos6(t), sin6(t)), we extract the component parallel to the direction of motion. Since

(cos,sinb) - (cosf,sinf) =1
(cosb,sind) - (—sinb, cosf) =0
(cosf,sinf) - (0,—1) = —sinf

this gives

2
Zﬁ = —mgsinf — ﬂﬁﬁ

which is much cleaner than (x)! When 6 is small, we can approximate sinf ~ 6 and get the equation

20 B do g
a2 " m dt +£0_0

which is easily solved. There are systematic procedures for finding the solution, but we'll just guess.
When there is no friction (so that 8 = 0), we would expect the pendulum to just oscillate. So it is natural to guess
0(t) = Asin(wt —9)

which is an oscillation with (unknown) amplitude A, frequency w (radians per unit time) and phase §. Substituting this guess into
the left hand side, 8" + %0, yields

—Aw’ sin(wt — 8) + A%sin(wt —9)

which is zero if w=4/g/{. So 8(t) = Asin(wt —§) is a solution for any amplitude A and phase d, provided the frequency

w= /L.

When there is some, but not too much, friction, so that 8 > 0 is relatively small, we would expect “oscillation with decaying
amplitude”. So we guess

0(t) = Ae " sin(wt — §)
for some constant decay rate v, to be determined. With this guess,

o) = Ae™™ sin(wt — d)
0t = —yAe " sin(wt —8) +  wAe " cos(wt — 6)
0'(t) = (v* —w?)Ae ™ sin(wt —§) —2ywAe " cos(wt — 6)

and the left hand side

Bdl g, [ 2 o B
dt2 mat T2l T

= Pr i 8 Ao sin(wt —
7w sy + f] Ae " sin(wt — 6)
+ [27w+ %w] Ae™ " cos(wt — §)

vanishes if v —w? — %7 + % =0 and —2yw+ %w = 0. The second equation tells us the decay rate y = % and then the first

g
\/ m’)’+ = 4m2
ﬂ

When there is a lot of friction (namely when — > —, so that the frequency w is not a real number), we would expect damping

tells us the frequency

without oscillation and so would guess 8(t) = Ae . You can determine the allowed values of +y by substituting this guess in.
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To extract the components perpendicular to the direction of motion, we dot with (—sinf, cosf) rather than {(cos#é, sinf). Note
that, because

(—sind, cosf) - (cosh,sinf) =0,
the vector (—sin#, cosf) really is perpendicular to the direction of motion. Since
(—siné, cos6) - (cosf,sinf) =0
(—siné, cosf) - (—sinb, cosh) =1
(—siné, cosd) - (0,—1) = —cosé
dotting both sides of the equation of motion (*) with (—sin#@, cos6) gives

ml (2—5)2 = —mgcosO+T

This equation just determines the tension

T :mf((jl—ff +mgcosé

in the rod, once you know 6(t).

(Optional) Areas of Parallelograms

A parallelogram is naturally determined by the two vectors that define its sides. We'll now develop a formula for the area of a
parallelogram in terms of these two vectors.

Construct a parallelogram as follows. Pick two vectors (a, b) and {(c, d) . Draw them with their tails at a common point. Then draw
(a,b) a second time with its tail at the head of {c,d) and draw (c,d) a second time with its tail at the head of (a,b). If the
common point is the origin, you get a picture like the figure below.

4—0*»‘ a

‘(a+c,b+d)

‘ < ‘

@ [~—c—]

Any parallelogram can be constructed like this if you pick the common point and two vectors appropriately. Let's compute the area
of the parallelogram. The area of the large rectangle with vertices (0,0), (0,b+d), (a+¢,0) and (a+c,b+d) is
(a+c)(b+d). The parallelogram we want can be extracted from the large rectangle by deleting the two small rectangles (each of
area bc), and the two lightly shaded triangles (each of area %cd), and the two darkly shaded triangles (each of area %ab). So the
desired

area = (a+c)(b+d)— (2 x bc) — (2 x %cd) —(2x %ab) =ad—bc

In the above figure, we have implicitly assumed that a, b, ¢, d >0 and d/c > b/a. In words, we have assumed that both vectors
(a,b), (c,d) lie in the first quadrant and that (c, d) lies above (a, b) . By simply interchanging a <+ ¢ and b <> d in the picture
and throughout the argument, we see that when a, b, ¢, d >0 and b/a > d/c, so that the vector (c, d) lies below (a, b) , the area
of the parallelogram is bc — ad. In fact, all cases are covered by the formula

@ 0 a @ 1.2.12 https://math.libretexts.org/@go/page/89204



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89204?pdf

LibreTexts"

& Equation 1.2.17

area of parallelogram with sides (a,b) and (c,d) = |ad — bc|

Given two vectors (a, b) and {(c, d) , the expression ad — bc is generally written

a

det[ b]:ad—bc
d

a b

c d
with rows (a, b) and (¢, d) . The determinant of a 2 X 2 matrix is the product of the diagonal entries minus the product of the off-
diagonal entries.

Cc

and is called the determinant of the matrix °

There is a similar formula in three dimensions. Any three vectors a = (a1, az,a3), b = (b1, b, b3) and ¢ = (c1, c2,c3) in three

dimensions
a ’1.1

C

determine a parallelepiped (three dimensional parallelogram). Its volume is given by the formula

& Equation 1.2.18

a; ap as
volume of parallelepiped with edgesa, b, ¢ = |det | b; by b3

C1 (&) C3

The determinant of a 3 X 3 matrix can be defined in terms of some 2 x 2 determinants by

a; as as
det |:b1 by b3‘| = ay det [ 1 be b;| — ap det [bl 2 b;;| + azdet |:b1 by 3‘|
1 C2 C3 1 C2 C3 G f2 C3 1 C2 ¢3
= ay (bgcg — byca) —ag (bicg — bzer)  +ag (bica — bacy)

This formula is called “expansion along the top row”. There is one term in the formula for each entry in the top row of the 3 x 3
matrix. The term is a sign times the entry itself times the determinant of the 2 x 2 matrix gotten by deleting the row and column
that contains the entry. The sign alternates, starting with a “+”.

We shall not prove this formula completely here '°. It gets a little tedious. But, there is one case in which we can easily verify that
the volume of the parallelepiped is really given by the absolute value of the claimed determinant. If the vectors b and ¢ happen to
lie in the zy plane, so that b3 = c5 =0, then

ay a2 as
det b1 b2 0 :al(b207002)faz(b107061)+a3(b102 szcl)
C1 Cy 0

=ag(bicy —bacy)

The first factor, as, is the z-coordinate of the one vector not contained in the zy-plane. It is (up to a sign) the height of the
parallelepiped. The second factor is, up to a sign, the area of the parallelogram determined by b and c. This parallelogram forms
the base of the parallelepiped. The product is indeed, up to a sign, the volume of the parallelepiped. That the formula is true in
general is a consequence of the fact (that we will not prove) that the value of a determinant does not change when one rotates the
coordinate system and that one can always rotate our coordinate axes around so that b and c both lie in the zy-plane.
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The Cross Product

We have already seen two different products involving vectors — the multiplication of a vector by a scalar and the dot product of
two vectors. The dot product of two vectors yields a scalar. We now introduce another product of two vectors, called the cross
product. The cross product of two vectors will give a vector. There are applications which have two vectors as inputs and produce
one vector as an output, and which are related to the cross product. Here is a very brief mention of two such applications. We will
look at them in much more detail later.

o Consider a parallelogram in three dimensions. A parallelogram is naturally determined by the two vectors that define its sides.
One measure of the size of a parallelogram is its area. One way to specify the orientation of the parallelogram is to give a vector
that is perpendicular to it. A very compact way to encode both the area and the orientation of the parallelogram is to give a
vector whose direction is perpendicular to the plane in which it lies and whose magnitude is its area. We shall see that such a
vector can be easily constructed by taking the cross product (definition coming shortly) of the two vectors that give the sides of
the parallelogram.

o Imagine a rigid body which is rotating at a rate {2 radians per second about an axis whose direction is given by the unit vector
a. Let P be any point on the body. We shall see, in the (optional) §1.2.7, that the velocity, v, of the point P is the cross product
(again, definition coming shortly) of the vector 2a with the vector r from any point on the axis of rotation to P.

Finally, here is the definition of the cross product. Note that it applies only to vectors in three dimensions.

# Definition 1.2.19. Cross Product.

The cross product of the vectors a = (a1, as, as) and b = (b1, by, bs) is denoted a x b and is defined by

axb = (azb3 —asby, azby —aibs, arby —azby)

Note that each component has the form a;b; —a;b;. The index i of the first @ in component number k of a x b is just after k in
thelist 1,2,3,1,2,3,1,2,3,--- The index j of the first b is just before k in the list.

(a X b)k = Qjust after k bjust before k — Qjust before k bjust after k
For example, for component number k = 3,

7’just after 3’ is 1

b p— J—
”justbefore3”iS2} = (axb)z=a1b; —azb;

There is a much better way to remember this definition. Recall that a 2 X 2 matrix is an array of numbers having two rows and two
columns and that the determinant of a 2 X 2 matrix is defined by

a b

det[ ]adbc
d

c
It is the product of the entries on the diagonal minus the product of the entries not on the diagonal.

A 3 x 3 matrix is an array of numbers having three rows and three columns.
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i j k
ay Qa2 as
by by b

You will shortly see why the entries in the top row have been given the rather peculiar names ¢, j and k. The determinant of a
3 x 3 matrix can be defined in terms of some 2 x 2 determinants by

det [al as a3‘| idet [ 1 Q2 03] - ] det |:a1 2 a;;‘| + k det lal ag 3]
bi by by 1 by by bi b b bi b2 bs

i(a2b3 — (lgbg) —] ((llb3 — (13b1) =+ k (a1b2 — (lzbl)
This formula is called “expansion of the determinant along the top row”. There is one term in the formula for each entry in the top
row. The term is a sign times the entry itself times the determinant of the 2 x 2 matrix gotten by deleting the row and column that

contains the entry. The sign alternates, starting with a +. If we now replace ¢ by 2, j by 7 and k by k, we get exactly the formula
for a x b of Definition 1.2.19. That is the reason for the peculiar choice of names for the matrix entries. So

~

PGk
axb =det a; as as
bi by b

= i(a2b3 —a3b2) — j(a1b3 —a3b1) —HAe(a1b2 —a2b1)

is a mnemonic device for remembering the definition of a x b. It is also good from the point of view of evaluating a x b. Here are
several examples in which we use the determinant mnemonic device to evaluate cross products.

v/ Example 1.2.20

In this example, we'll use the mnemonic device to compute two very simple cross products. First

] k Kk % k . +—3
ixj=det|1 0 0|= 2det 0 0| —jdet|1 0 +kdet|1 0

010 10 0 0 01

=1(0x0-0x1)-j(1x0-0x0)+k(1x1-0x0) = k
Second

i)k —k ¢ k X ——
Jxi=det |0 1 0]|= 2det 1 0] —jdet|0 0 +kdet|0 1

100 00 1¢ 0 10

= i(1x0-0x0)—j(0x0-0x1)+k(0x0—1x1) = —k

Note that, unlike most (or maybe even all) products that you have seen before, 2 X 7 is not the same as 7 x 2!

v/ Example 1.2.21

In this example, we'll use the mnemonic device to compute two more complicated cross products. Let a = (1,2,3) and

b =(1,—1,2). First
i3 k 1 2 k] +—5—%
axb=det|1 2 3]|= 2det 2 3| —jdet|1 3|+ kdet |1 2
1 -1 2 -1 2 1 - 2 1 -1

= 1{2x2-3x (1)} —3{Ix2-3x 1} +k{l x (-1) =2 x 1}
= Ti+j-3k

Second

bxa=det |1 —1 2[= 2det —1 2| —jdet |1 -1 2|+ kdet|1 —1
1 2 3 2 3 1 3 1 2

= i{(-1)x3-2x2} —3{1x3-2x 1} +k{l x2—(=1) x 1}
= —7i—j+3k
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Here are some important observations.

e The vectors a x b and b x a are not the same! In fact b x a= —a x b. We shall see in Theorem 1.2.23 below that this
was not a fluke.

e The vector a x b has dot product zero with both a and b. So the vector a X b is prependicular to both a and b. We shall
see in Theorem 1.2.23 below that this was also not a fluke.

v/ Example 1.2.22

Yet again we use the mnemonic device to compute a more complicated cross product. This time let a=(3,2,1) and

b = (6,4,2). Then
i . . . A o
1 tdet 2 1| —jdet|3 1| + kdet |3 2
2 4 2 6 2 6 4

=2(2x2-1x4)—j(3x2-1%x6)+k(3x4—2x6) = 0

a><b=det[

D W =
=N S

We shall see in Theorem 1.2.23 below that it is not a fluke that the cross product is 0. It is a consequence of the fact that a and
b = 2a are parallel.

We now move on to learning about the properties of the cross product. Our first properties lead up to a more intuitive geometric
definition of a x b, which is better for interpreting a x b. These properties of the cross product, which state that a x b is a vector
and then determine its direction and length, are as follows. We will collect these properties, and a few others, into a theorem
shortly.

(0)

a, b are vectors in three dimensions and a X b is a vector in three dimensions.

1

a x b is perpendicular to both a and b.

Proof.

To check that a and a x b are perpendicular, one just has to check that the dot product a- (ax b) =0. The six terms in
a- (a X b) =a; (a2b3 — a3b2) +a (a3b1 — a1b3) +as (a1b2 — a2b1)

cancel pairwise. The computation showing that b - (axb) =0 is similar.

()
|axb| = |a| |b|sinf where 0 < 6 < = is the angle between a, b
= the area of the parallelogram with sides a, b
a
bb
b
Proof.

The formula |a x b| =|a| |b|siné is gotten by verifying that
laxb|* = (axb)-(axb)
= (azbs —ashy)” + (agby —arbs)’ + (a1by — ashy)*
= a%bg —2asbsasby +a§b§ +a§bf —2asgbiaqbs —i—a“l’bg
—l—afb% —2a1bsashy —&—a%b%
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is equal to
|lal? |b|*sin? = |a|?|b|*(1 — cos? )
= [a]*[b]* - (a-b)?
— (a2 +a2+a2) (B2 +b% +2) — (arby +asby +azhs)”
= a2b3 +a?b? + a3b? + a2b? + a2 + albl
— (2a1b1a2b2 + 2albla3b3 +2a2b2a3b3)

To see that |a| |b| sin @ is the area of the parallelogram with sides a and b, just recall that the area of any parallelogram is given
by the length of its base times its height. Think of a as the base of the parallelogram. Then |a| is the length of the base and
|b| sin @ is the height.

b
B a

These properties almost determine a X b. Property 1 forces the vector ax b to lie on the line perpendicular to the plane
containing a and b. There are precisely two vectors on this line that have the length given by property 2. In the left hand figure of

o o

the two vectors are labeled ¢ and d. Which of these two candidates is correct is determined by the right hand rule !, which says
that if you form your right hand into a fist with your fingers curling from a to b, then when you stick your thumb straight out from
the fist, it points in the direction of a x b. This is illustrated in the figure on the right above 2. The important special cases

®3)

j

>
Il

X
bl
I
>
>

ixj= k j X

]xi:—fc, I?;xyz—i, 7 X

>
|

-
all follow directly from the definition of the cross product (see, for example, Example 1.2.20) and all obey the right hand
rule. Combining properties 1, 2 and the right hand rule give the geometric definition of a x b. To remember these three

special cases, just remember this figure.
k "\
7

J
The product of any two standard basis vectors, taken in the order of the arrows in the figure, is the third standard basis vector.
Going against the arrows introduces a minus sign.

4
axb=|a| |b|sinfn
where 6 is the angle between a, b, [n| =1, n | a, b, and (a, b, n) obey the right hand rule.

Outline of Proof.

We have already seen that the right hand side has the correct length and, except possibly for a sign, direction. To check that the
right hand rule holds in general, rotate your coordinate system around ' so that a points along the positive  axis and b lies in
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the zy-plane with positive y component. Thatis a= a1 and b = 87 +ymma) with o, ymma > 0. Then
axb=aix(fi+ymma))=aft X i+aymmai X].

The first term vanishes by property 2, because the angle § between 7 and 7 is zero. So, by property 3, axb = orymmafc
points along the positive z axis, which is consistent with the right hand rule.

The analog of property 7 of the dot product (which says that a-b is zero if and only if a=0 or b=0 or a_L b) follows
immediately from property 2.

()
axb=0 < a=0orb=0oral b.

The remaining properties are all tools for helping do computations with cross products. Here is a theorem which summarizes the
properties of the cross product. We have already seen the first five. The other properties are all tools for helping do computations
with cross products.

& Theorem 1.2.23. Properties of the Cross Product.

(V)

a, b are vectors in three dimensions and a X b is a vector in three dimensions.
(€Y

a x b is perpendicular to both a and b.
(0]

|axb| =|a| |b|sinf where 0 < 6 <« is the angle between a, b
= the area of the parallelogram with sides a, b
a
b b
3
ixi= k, jxk= i, kxi= j
(O]
axb=|a||b|sinfn

where 0 is the angle between a, b, [n| =1, n | a, b, and (a, b, n) obey the right hand rule.

®)
axb=0 < a=0orb=0ora| b.
6
axb=-bxa
)
(sa)xb=ax(sb) =s(axb)

for any scalar (i.e. number) s.

®)
ax(b+c)=axb+axc

®
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(10

a-(bxc)=(axb)-c

ax(bxc)=(c-a)b—(b-a)c

Proof.

We have already seen the proofs up to number 5. Numbers 6, 7 and 8 follow immediately from the definition, using a little
algebra. To prove numbers 9 and 10 we just write out the definitions of the left hand sides and the right hand sides and observe
that they are equal.

(9) The left hand side is
a-(bxc) =(ai,a2,a3)- (bacs—bsca, bsci—bicz, bico—bacy)
=a1bycg—aibsco+ — +asbica—asgbycy
The right hand side is
(axb)-c = (azbs—asby, azsbi—a1bs, arby—asbi) - (c1,ca,¢3)
= —agbycitagbico—abzeotaibocs—
The left and right hand sides are the same.

(10) We will give the straightforward, but slightly tedious, computations in (the optional) §1.2.6.

X Warning 1.2.24

Take particular care with properties 6 and 10. They are counterintuitive and are a frequent source of errors. In particular, for
general vectors a, b, ¢, the cross product is neither commutative nor associative, meaning that

axb #b xa
ax(bxc) #(axb)xc

For example

v/ Example 1.2.25

As an illustration of the properties of the dot and cross product, we now derive the formula for the volume of the parallelepiped
with edges a = (a1, as,a3), b = (b1, b, b3), ¢ = (c1, ¢a, c3) that was mentioned in §1.2.4.

bxc

The volume of the parallelepiped is the area of its base times its height 4. The base is the parallelogram with sides b and c. Its
area is the length of its base, which is |b|, times its height, which is |c| siné. (Drop a perpendicular from the head of c to the
line containing b). Here 6 is the angle between b and c. So the area of the base is |b| |c| sinf = |b x ¢|, by property 2 of the
cross product.

To get the height of the parallelepiped, we drop a perpendicular from the head of a to the line that passes through the tail of a
and is perpendicular to the base of the parallelepiped. In other words, from the head of a to the line that contains both the head
and the tail of b x c. So the height of the parallelepiped is |a| | cos arphi|.(The absolute values have been included because if
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the angle between b x ¢ and a happens to be greater than 90°, the cosarphi produced by taking the dot product of a and
(b x ¢) will be negative.)

All together
volume of parallelepiped = (area of base) (height)
=|b x c| |a| | cosarphi|
=|a- (b xc)|
= |a1(b X 0)1 +a2(b X C)g +a3(b X C)3|

aldet[b2 bﬂ—agdet[bl b3]+a3det[b1 bz:”

C2 C3 c1 C3 1 C2
a; Qa2 as
= |det bl b2 b3
C1 (&) C3

v/ Example 1.2.26

As a concrete example of the computation of the volume of a parallelepiped, we consider the parallelepiped with edges

a=(0,1,2)
b =(1,1,0)
¢ =(0,1,0)

Here is a sketch.

1
1
0
—idet |t O —jdet|t O +hdet|l 1
10 0 0 0 1
=7(1x0-0x1)—j(1x0—-0x0)+k(1x1-1x0)
=k
We should not be surprised that b x ¢ has direction k.

e b x c has to be perpendicular to both b and ¢ and

e both b and c lie in the zy-plane,

e so that b x ¢ has to the perpendicular to the zy-plane,
e so that b X ¢ has to the parallel to the z-axis.

The area of the base, i.e. of the shaded parallelogram in the figure above, is
b xc|=|kl =1

and the volume of the parallelepiped is
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(Optional) Some Vector Identities

a- (b xc)|=(0,1,2)-(0,0,1)| =2

Here are a few identities involving dot and cross products.

& Lemma 1.2.27

a-(bxc)=(axb)-c
2.ax(bxc)=(c-a)b—(b-a)c
3.ax(bxc)+bx(cxa)t+cx(axb)=0

Proof of (a).

We proved this in Theorem 1.2.23, by evaluating the left and right hand sides, and observing that they are the same. Here is a
second proof, in which we again write out both sides, but this time we express them in terms of determinants.

~

a-bxc =(ai,a2,a3)-det [ p, b, b,

= qa; det [b2
1)
[ ay Qg
= det b]_ b2
LC1 C2
- ;
axb-c =det a]; ao
| b1 by
=C det |:CL2
by
[c1 o
=det | a; as
Lb1 bo

bs

o
as
bs
c3

k

as

bs |

as :|
b3

C3
as

b3 |

17k

Ci C2 C3
by b by b
—azdet{ ! 3]+a3det[ ! 2}
C1 C3 C1 Cy

'(01502763)

az

Czdet[al a3b1 b3]+03det[ b
2

|

by

Exchanging two rows in a determinant changes the sign of the determinant. Moving the top row of a 3 X 3 determinant to the
bottom row requires two exchanges of rows. So the two 3 x 3 determinants are equal.

Proof of (b).

The proof is not exceptionally difficult — just write out both sides and grind. Substituting in

bxc = (szg —bgcg)’z —(b1C3 —

gives, for the left hand side,

x(bxc)=

On the other hand, the right hand side

D06

i
—J
k

det

bQC

bgcl)j + (b162 — bQCl)IAC
P j k
ai az as
3 —bsca  —bicg+bzcr  bica —bacy

[az(bica —bacy)
[a1(brea —byer) —as(bacs —bscy)]
[al (—b103 + bgcl) —as (b263 — bgcz)]

— a3(—b163 + b301)]
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(a-c)b—(a-b)c = (aic; +azcy +azcs)(byr +by)+bsk)
— (a1by +asbs +asbs)(c1 2 +c2) +c3k)
[a1bict + agbicy +agbics —arbier — asbacy — agbser

arbycy +agbaycy +agbycs —arbicy — azbycr —asbses |

+ +

[albgcl +a2b302 —|—a3b303 — a1b163 — aszc;», — LL3[)3C3]

[agbica + agbics —azbycr —asbse]
+ 7 [a1bacr +agbacs —aibicy —asbges]

[ i L

+IA€ [a1b3c1 +agbscs —arbies — a2b263]
The last formula that we had for the left hand side is the same as the last formula we had for the right hand side. Oof! This is a
little tedious to do by hand. But any computer algebra system will do it for you in a flash.
Proof of (c).
We just apply part (b) three times

ax(bxc)+bx(cxa)+cx(axb)
(c-a)b—(b-a)c+(a-b)c—(c-b)at+(b-c)a—(a-c)b

I
o |

(Optional) Application of Cross Products to Rotational Motion

In most computations involving rotational motion, the cross product shows up in one form or another. This is one of the main
applications of the cross product. Consider, for example, a rigid body which is rotating at a constant rate of {2 radians per second
about an axis whose direction is given by the unit vector a. Let P be any point on the body. Let's figure out its velocity. Pick any
point on the axis of rotation and designate it as the origin of our coordinate system. Denote by r the vector from the origin to the
point P. Let 6 denote the angle between & and r. As time progresses the point P sweeps out a circle of radius R = |r | sin .

In one second P travels along an arc that subtends an angle of 2 radians, which is the fraction % of a full circle. The length of this
Q
pr
its velocity vector, is Q|r | sin6.

arcis 5= X 2rR=QR = Q|r|sinf so P travels the distance Q|r |sinf in one second and its speed, which is also the length of

Now we just need to figure out the direction of the velocity vector. That is, the direction of motion of the point P. Imagine that
both a and r lie in the plane of a piece of paper, as in the figure above. Then v points either straight into or straight out of the page
and consequently is perpendicular to both a and r. To distinguish between the “into the page” and “out of the page” cases, let's
impose the conventions that £ > 0 and the axis of rotation a is chosen to obey the right hand rule, meaning that if the thumb of
your right hand is pointing in the direction a, then your fingers are pointing in the direction of motion of the rigid body. Under
these conventions, the velocity vector v obeys

o |v|=Qlr||a] sinf

e vliar

» (a,r,Vv) obey the right hand rule

That is, v is exactly Qa x r. It is conventional to define the “angular velocity” of a rigid body to be vector Q = Qa. That is, the

vector with length given by the rate of rotation and direction given by the axis of rotation of the rigid body. In particular, the bigger
the rate of rotation, the longer the angular velocity vector. In terms of this angular velocity vector, the velocity of the point P is
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v=Qxr

(Optional) Application of Cross Products to Rotating Reference Frames
Imagine a moving particle that is being tracked by two observers.

1. One observer is fixed (out in space) and measures the position of the particle to be (X(¢), Y (t), Z(t)).
2. The other observer is tied to a merry-go-round (the Earth) and measures the position of the particle to be (z(t), y(t), 2(t)).

The merry-go-round is sketched in the figure on the left below. It is rotating about the Z-axis at a (constant) rate of €2 radians per
second. The vector 2 = Qk, whose length is the rate of rotation and whose direction is the axis of rotation, is called the angular
velocity.

Q

x X
moving observer top view

The z- and y-axes of the moving observer are painted in red on the merry-go-round. The figure on the right above shows a top
view of the merry-go-round. The z- and y-axes of the moving observer are again red. The X- and Y -axes of the fixed observer are
blue. We are assuming that at time 0, the z-axis of the moving observer and the X-axis of the fixed observer coincide. As the
merry-go-round is rotating at €2 radians per second, the angle between the X-axis and x-axis after ¢ seconds is (2¢.

As an example, suppose that the moving particle is tied to the tip of the moving observer's unit « vector. Then

z(t)=1 y() =0 2(t) =0
X(t) = cos(f2t) Y (t) = sin(Q¢) Z(t)=0

or, if we write r(t) = (z(t), y(t), 2(t)) and R(t) = (X(t), Y (t), Z(t)), then
r(t)=(1,0,0)  R(t)=(cos(Qt), sin(t), o)

In general, denote by 7(¢) the coordinates of the unit z-vector of the moving observer at time ¢, as measured by the fixed observer.
Similarly j(¢) for the unit y-vector, and k(¢) for the unit z-vector. As the merry-go-round is rotating about the Z-axis at a rate of
radians per second, the angle between the X-axis and x-axis after ¢ seconds is ¢, and

i(t) = (cos(Qt), sin(Qt), o)
3(t) = (—sin(Qt), cos(), o)

l%(t):(o,o,1)

The position of the moving particle, as seen by the fixed observer is

~

R(t) =z(t) 1(t) +y(t) 3 (t) +2(t) k(t)

Differentiating, the velocity of the moving particle, as measured by the fixed observer is

V(= TF - ‘;—f(tiuw%( )i j’j(t)i(t)
o)1) +y(0) (0 +2(0) k(1)
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We saw, in the last (optional) §1.2.7, that
d . N d . R d - -
az(t) =Qx(t) E](t) =Q xj(t) Ek(t) =Q xk(t)
(You could also verify that these are correct by putting in 2 = (0, 0, ) and explicitly computing the cross products.) So
Vi(e) = (So0) 560+ 241) 5(0) + o(e) b))
+ 9 (2(t) 3(8) +y(t) 3(8) + 2(t) k(1))

Differentiating a second time, the acceleration of the moving particle (which is also %, where F is the net force being applied to
the particle and m is the mass of the particle) as measured by the fixed observer is

E o am=(T20 10+ L0 100+ 20 ko)
2200 (B0 a(0) + e) 5(0) + So(e) b))
QX (n x [2(8) 3(£) +y(t) 3(t) +2(t) /;(t)])

Recall that the angular velocity €2 = (0, 0, 2) does not depend on time. The rotating observer sees 2(t) as 2 = (1,0, 0), sees (¢)
as j = (0,1,0), and sees k(t) as k = (0, 0,1) and so sees
F
— =a(t)+2Q xv(t)+ 2 x [Q xr(t)]
m

where, as usual,

vi) =22 = (L), Ly, L)

Tat dt "7 dt 7 dt
d? d’z d?y d?z
t)=—rt) =(—@1), —(t), —(¢

So the acceleration of the particle seen by the moving observer is

a(t) = % 20 v(t) - 0 x [ xx(t)]

Here

o F is the sum of all external forces acting on the moving particle,
o Feor =29 x v(t) is called the Coriolis force and
o —2x [Q X r(t)] is called the centrifugal force.

As an example, suppose that you are the moving particle and that you are at the edge of the merry-go-round. Let's say ¢ =0 and
you are at 2. Then F is the friction that the surface of the merry-go-round applies to the soles of your shoes. If you are just standing
there, v(t) =0, so that F,; = 0, and the friction F exactly cancels the centrifugal force —§2 x [€2 x r(¢)] so that you remain at
2(t). Assume that Q > 0. Now suppose that you start walking around the edge of the merry-go-round. Then, att =0, r = 7 and

o if you walk in the direction of rotation (with speed one), as in the figure on the left below, v =} and the Coriolis force

Foor = —2Qk x 7=2Q 1 tries to push you off of the merry-go-round, while

« if you walk opposite to the direction of rotation (with speed one), as in the figure on the right below, v = —J so that the
Coriolis force Fop = —2Qk x (—3)=—2Q % tries to pull you into the centre of the merry-go-round.
Q Q
B
v
FCOI‘
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On a rotating ball, such as the Earth, the Coriolis force deflects wind to the right (counterclockwise) in the northern hemisphere and
to the left (clockwise) is the southern hemisphere. In particular, hurricanes/cyclones/typhoons rotate counterclockwise in the
northern hemisphere and clockwise in the southern hemisphere. On the other hand, when it comes to water draining out of, for
example, a toilet, Coriolis force effects are dominated by other factors like asymmetry of the toilet.

Exercises

Stage 1

Leta=(2,0) and b= (1,1). Evaluate and sketch a+b, a+2b and 2a—b.

Determine whether or not the given points are collinear (that is, lie on a common straight line)

1.(1,2,3), (0,3,7), (3,5,11)
2. (0,3, _5), (172a _2)7 (3a 0,4)

==:H :H

? 3.

Determine whether the given pair of vectors is perpendicular
L <1a 3a 2> ) <2a _2? 2>

2. <_3a177>a <2a_171>
3. <271a1>7 <_1’4’2>

Consider the vector a = (3,4) .

1. Find a unit vector in the same direction as a.

2. Find all unit vectors that are parallel to a.

3. Find all vectors that are parallel to a and have length 10.
4. Find all unit vectors that are perpendicular to a.

? 5.

Consider the vector b = (3,4, 0) .

1. Find a unit vector in the same direction as b.
2. Find all unit vectors that are parallel to b.
3. Find four different unit vectors that are perpendicular to b.

| Leta= (aj, as). Compute the projection of a on 7 and j.

| Does the triangle with vertices (1,2, 3), (4,0, 5)and (3, 6,4) have a right angle?
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Show that the area of the parallelogram determined by the vectors a and b is |a X b|.

Show that the volume of the parallelepiped determined by the vectors a, b and c is

ja- (b xc)|

? 10.

Verify by direct computation that
Lixj=k jxk=1, kx
2.a-(axb)=b-(axb)=

=J

O =

Consider the following statement: “If a0 and if a-b = a-c then b = ¢.” If the statment is true, prove it. If the statement
is false, give a counterexample.

Consider the following statement: “The vector a x (b x ¢) is of the form ab + Sc for some real numbers o and §.” If the
statement is true, prove it. If the statement is false, give a counterexample.

What geometric conclusions can you draw from a- (b x ¢) =(1,2,3) ?

What geometric conclusions can you draw from a- (b x ¢) =07

iH7H ;B

? 15

Consider the three points O = (0,0), A = (a,0) and B = (b, ¢).
1. Sketch, in a single figure,

o the triangle with vertices O, A and B, and
o the circumscribing circle for the triangle (i.e. the circle that goes through all three vertices), and
o the vectors

—
= OA, from O to A,
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—
= OB, from O to B,
—
= OC, from O to C, where C'is the centre of the circumscribing circle.

Then add to the sketch and evaluate, from the sketch,

— —
o the projection of the vector OC' on the vector OA, and

o — —
o the projection of the vector OC' on the vector OB.

2. Determine C.
3. Evaluate, using the formula 1.2.14,
— —
o the projection of the vector OC' on the vector OA, and

— —
o the projection of the vector OC' on the vector OB.

Stage 2

| Find the equation of a sphere if one of its diameters has end points (2, 1,4) and (4, 3, 10).

| Use vectors to prove that the line joining the midpoints of two sides of a triangle is parallel to the third side and half its length.

Compute the areas of the parallelograms determined by the following vectors.
il <_3a 1> ) <4a 3>
2.(4,2), (6,8)

Consider the plane W, defined by:

W: —x+3y+32=6,
Find the area of the parallelogram on W definedby 0 <2 <3, 0 <y < 2.

Compute the volumes of the parallelepipeds determined by the following vectors.
1.(4,1,-1), (-1,5,2), (1,1,6)
2.(-2,1,2), (3,1,2), (0,2,5)

? 21

Compute the dot product of the vectors a and b. Find the angle between them.

La=(1,2), b=(-2,3)

2.a=(-1,1), b=(1,1)
3.a=(1,1), b=(2,2)
4a=(1,2,1), b=(-1,1,1)
5.a=(-1,2,3), b=(3,0,1)

@ 0 a @ 1.2.27 https://math.libretexts.org/@go/page/89204


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89204?pdf

LibreTexts"

? 22.

Determine the angle between the vectors a and b if
l.a=(1,2), b=(3,4)

2.a=(2,1,4), b=(4,-2,1)
3.a=(1,-2,1), b=(3,1,0)

Determine all values of y for which the given vectors are perpendicular.

1(2,4), (2,9)
2.(4,-1), (y,9%)
3.(3,1,1), (2,5y,5°)

? 24.
Letu=—-2%+5) and v=cai —2j. Find « so that

lulv
2.u|v
3. The angle between u and v is 60°.

Define a= (1,2, 3) and b = (4, 10, 6) .

1. Find the component of b in the direction a.
2. Find the projection of b on a.
3. Find the projection of b perpendicular to a.

Compute (1,2,3) x (4,5,6).

Calculate the following cross products.
1.(1,-5,2) x (~2,1,5)
2.(2,-3,-5) x (4,-2,7)
3.(—1,0,1) x(0,4,5)

? 28.
Letp=(-1,4,2), q=(3,1,-1), r=(2,—3,—1). Check, by direct computation, that

lL.pxp=0
2.pxXq=—-qxp
3.px(3r)=3(p xr)
4.px(q+r)=pxq+pxr
5.px(gaxr)#(pxq)xr
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Calculate the area of the triangle with vertices (0, 0, 0), (1,2, 3) and (3,2, 1).

A particle P of unit mass whose position in space at time ¢ is r(¢) has angular momentum L(t) =r(¢) xr'(¢). If

r’’(t) = p(¢)r(t) for a scalar function p, show that L is constant, i.e. does not change with time. Here ' denotes %.

Stage 3

Show that the diagonals of a parallelogram bisect each other.

Consider a cube such that each side has length s. Name, in order, the four vertices on the bottom of the cube A, B, C, D and
the corresponding four vertices on the top of the cube A’, B', C', D'.

1. Show that all edges of the tetrahedron A’C’ BD have the same length.
2. Let E be the center of the cube. Find the angle between EA and EC.

Find the angle between the diagonal of a cube and the diagonal of one of its faces.

Consider a skier who is sliding without friction on the hill y = h(z) in a two dimensional world. The skier is subject to two
forces. One is gravity. The other acts perpendicularly to the hill. The second force automatically adjusts its magnitude so as to
prevent the skier from burrowing into the hill. Suppose that the skier became airborne at some (g, yo) with yo = h(zg). How
fast was the skier going?

A marble is placed on the plane ax +by +cz =d. The coordinate system has been chosen so that the positive z-axis points
straight up. The coefficient ¢ is nonzero and the coefficients a and b are not both zero. In which direction does the marble roll?
Why were the conditions “c  0” and “a, b not both zero” imposed?

Show thata- (b x ¢) =(axb)-c.

Show thata x (b x ¢) = (a-c)b —(a-b)c.

Derive a formula for (ax b)- (¢ x d) that involves dot but not cross products.

~ iHHH
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? 39.
A prism has the six vertices

A=(1,0,0) A" =(5,0,1)
B =(0,3,0) B =(4,3,1)
C =(0,0,4) C' =(4,0,5)
1. Verify that three of the faces are parallelograms. Are they rectangular?
2. Find the length of AA’.

3. Find the area of the triangle ABC.
4. Find the volume of the prism.

(Three dimensional Pythagorean Theorem) A solid body in space with exactly four vertices is called a tetrahedron. Let A, B,
C and D be the areas of the four faces of a tetrahedron. Suppose that the three edges meeting at the vertex opposite the face of
area D are perpendicular to each other. Show that D? = A% + B? + C?2.

b

L=

? 41

(Three dimensional law of cosines) Let A, B, C' and D be the areas of the four faces of a tetrahedron. Let « be the angle
between the faces with areas B and C, (3 be the angle between the faces with areas A and C' and -y be the angle between the
faces with areas A and B. (By definition, the angle between two faces is the angle between the normal vectors to the faces.)
Show that

D?* =A%+ B* +C? —2BC cosa — 2AC cos § —2ABcosy

1. Some people use an underline, as in v, rather than an arrow.
2. Or, in the Wikipedia jargon, disambiguate.
3. OK. OK. Out in that (admittedly very small) part of the real world that actually knows what a vector is.
4. The notation ||al| is also used for the length of a.
5. You may be used to seeing it written as ¢ = a® 4 b*> — 2abcos C, where a, b and c are the lengths of the three sides of the
triangle and C is the angle opposite the side of length ¢
6. The concepts of the dot product and perpendicularity have been generalized a lot in mathematics (for example, from 2d and 3d
vectors to functions). The generalization of the dot product is called the “inner product” and the generalization of
perpendicularity is called “orthogonality”.
7. The behaviour of air resistance (sometimes called drag) is pretty complicated. We're using a reasonable low speed
approximation. At high speeds drag is typically proportional to the square of the speed.
8. For a more comprehensive treatment of derivatives of vector valued functions r(¢), and in particular of velocity and
acceleration, see Section 1.6 in this text and Section 1.1 in the CLP-4 text.
9. The topics of matrices and determinants appear prominently in linear algebra courses. We are only going to use them as
notation, and we will explicitly explain that notation. A linear algebra course is not a prerequisite for this text.
10. For a full derivation, see Example 1.2.25
11. That the cross product uses the right hand rule, rather than the left hand rule, is an example of the tyranny of the masses — only
roughly 10\% of humans are left-handed.
12. This figure is a variant of https://commons.wikimedia.org/wiki/File:Right _hand rule simple.png
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13. Note that as you translate or rotate the coordinate system, the right hand rule is preserved. If (a, b, nn) obey the right hand rule
so do their rotated and translated versions.
14. This is a simple integral calculus exercise.

This page titled 1.2: Vectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman, Andrew
Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: Equations of Lines in 2d

A line in two dimensions can be specified by giving one point (o, o) on the line and one vector d = (d,, d,) whose direction is
parallel to the line.

If (z,y) is any point on the line then the vector (x — zo,y — o), whose tail is at (zg, yo) and whose head is at (z,y), must be
parallel to d and hence must be a scalar multiple of d. So

& Equation 1.3.1. Parametric Equations

(x —z0,y —yo) =td
or, writing out in components,

T —x9 =td,
Y—% :tdy

These are called the parametric equations of the line, because they contain a free parameter, namely . As ¢ varies from —oo to oo,
the point (o +td,, yo +1td,) traverses the entire line.

It is easy to eliminate the parameter ¢ from the equations. Just multiply « —x¢ =td, by d,, multiply y —yo =td, by d, and
subtract to give

(2 —0)d, — (y — 90)ds = 0

In the event that d,, and d,, are both nonzero, we can rewrite this as

& Equation 1.3.2. Symmetric Equation

This is called the symmetric equation for the line.

A second way to specify a line in two dimensions is to give one point (o, o) on the line and one vector n = (n,,n,) whose
direction is perpendicular to that of the line.

If (z,y) is any point on the line then the vector (z — zg,y —yo), whose tail is at (zg, yo) and whose head is at (z,y), must be
perpendicular to n so that

& Equation 1.3.3

n-(z -,y —y) =0

Writing out in components

ng(z —xo) +ny(y—10) =0 or N +NyY =Ny o +NyYo
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Observe that the coefficients n,, n, of z and y in the equation of the line are the components of a vector (n,,n,) perpendicular to
the line. This enables us to read off a vector perpendicular to any given line directly from the equation of the line. Such a vector is
called a normal vector for the line.

v/ Example 1.3.4

Consider, for example, the line y = 3z 4 7. To rewrite this equation in the form
Ny & +NyY = Nz To +NyYo

we have to move terms around so that  and y are on one side of the equation and 7 is on the other side: 3z —y = —7. Then
n is the coefficient of =, namely 3, and n, is the coefficient of y, namely —1. One normal vector for y = 3z +7 is (3, —1).

Of course, if (3, —1) is perpendicular to y =3z + 7, so is —5 (3, —1) = (—15,5) . In fact, if we first multiply the equation
3z —y=—T7 by —5 to get —152 +5y = 35 and then set n, and n, to the coefficients of x and y respectively, we get
n = (—15,5).

v Example 1.3.5

In this example, we find the point on the line y = 6 — 3z (call the line L) that is closest to the point (7, 5).
We'll start by sketching the line. To do so, we guess two points on L and then draw the line that passes through the two points.

o If(xz,y)ison Land =0, theny =6. So (0,6)ison L.
o If(z,y)ison Landy =0, thenz =2. So (2,0)ison L.

(0,6) "7.5) (0,6) 7.5)

Q
X(2,0) z X(2,0) z

Denote by P the point on L that is closest to (7,5). It is characterized by the property that the line from (7,5) to P is
perpendicular to L. This is the case just because if @) is any other point on L, then, by Pythagoras, the distance from (7, 5) to
@ is larger than the distance from (7,5) to P. See the figure on the right above.

Let's use IV to denote the line which passes through (7, 5) and which is perpendicular to L.

T

(2,0)

Since L has the equation 3z +y = 6, one vector perpendicular to L, and hence parallel to N, is (3,1). So if (z,y) is any
point on N, the vector (x — 7,y —5) must be of the form ¢ (3, 1) . So the parametric equations of N are

(x—T,y—5)=t(3,1) or r=T+3t, y=5+t

Now let (z, y) be the coordinates of P. Since P is on N, we have x =7+ 3t, y =5+t for some ¢. Since P is also on L, we
also have 3z +y = 6. So

3(T+3t)+(5+t) =6
10t +26 =6
t=-—-2
r =7+3x(-2)=1,y=5+(-2)=3

I171

and P is (1, 3).
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Exercises

Stage 1

A line in R? has direction d and passes through point c.

Which of the following gives its parametric equation: (z,y) = ¢ +td, or (z,y) =c —td?

A line in R? has direction d and passes through point c.

Which of the following gives its parametric equation: (z,y) = c+td, or (z,y) = —c +td?

?3
Two points determine a line. Verify that the equations
<£B—1,y—9> :t<874>
and
1
(x—9,y—13) =t(1, 5>

describe the same line by finding two different points that lie on both lines.

A line in R? has parametric equations

r—3 = 9t
y—5 = Tt

There are many different ways to write the parametric equations of this line. If we rewrite the equations as

r—x9 = dit
Yy—yo = dyt

what are all possible values of (x¢, yo) and (d, d,) ?

Stage 2

?5

Find the vector parametric, scalar parametric and symmetric equations for the line containing the given point and with the
given direction.

1. point (1, 2), direction (3, 2)
2. point (5, 4), direction (2, —1)
3. point (—1, 3), direction (—1, 2)

Find the vector parametric, scalar parametric and symmetric equations for the line containing the given point and with the
given normal.

1. point (1, 2), normal (3, 2)

2. point (5,4), normal (2, —1)

@ 0 a @ 1.3.3 https://math.libretexts.org/@go/page/89205



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89205?pdf

LibreTexts"

l 3. point (—1, 3), normal (—1, 2)
Use a projection to find the distance from the point (—2, 3) to the line 3z — 4y = —4.

Let a, b and c be the vertices of a triangle. By definition, a median of a triangle is a straight line that passes through a vertex
of the triangle and through the midpoint of the opposite side.

1. Find the parametric equations of the three medians.
2. Do the three medians meet at a common point? If so, which point?

Let C be the circle of radius 1 centred at (2, 1). Find an equation for the line tangent to C' at the point (%, 1+ %) .

This page titled 1.3: Equations of Lines in 2d is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.4: Equations of Planes in 3d

Specifying one point (zg, Yo, 29) on a plane and a vector d parallel to the plane does not uniquely determine the plane, because it
is free to rotate about d. On the other hand, giving one point

M,ZO)

on the plane and one vector n = (n, ny, n.) with direction perpendicular to that of the plane does uniquely determine the plane. If
(z,y, 2) is any point on the plane then the vector (x —zo,y — Yo, 2— 20), whose tail is at (zg, yo, 20) and whose head is at
(z,y, 2), lies entirely inside the plane and so must be perpendicular to n. That is,

& Equation 1.4.1. The Equation of a Plane

n- <$—$07y—y072—20> =0
Writing out in components

ng(z —xo) +ny(y—yo) +n.(2—2)=0 or n,z+ny+n.z=d

where d = ng g +nyyo +n.2.

Again, the coefficients n,,ny,n. of x, y and z in the equation of the plane are the components of a vector (ng,n,,n.)
perpendicular to the plane. The vector n is often called a normal vector for the plane. Any nonzero multiple of n will also be
perpendicular to the plane and is also called a normal vector.

v/ Example 1.4.2

We have just seen that if we write the equation of a plane in the standard form
ar+by+cz=d
then it is easy to read off a normal vector for the plane. It is just (a, b, ¢) . So for example the planes
P:z+2y+32=4 P':3z+6y+92="T

have normal vectors n = (1,2,3) and n' = (3,6,9), respectively. Since n' = 3n, the two normal vectors n and n’ are
parallel to each other. This tells us that the planes P and P’ are parallel to each other.

When the normal vectors of two planes are perpendicular to each other, we say that the planes are perpendicular to each other.
For example the planes

P:z+2y+32=4 P': 2z —y=7
have normal vectors n = (1,2, 3) and n” = (2, —1, 0) , respectively. Since
n-n'=1x2+2x(-1)+3x0=0

the normal vectors n and n’” are mutually perpendicular, so the corresponding planes P and P" are perpendicular to each
other.

Here is an example that illustrates how one can sketch a plane, given the equation of the plane.
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In this example, we'll sketch the plane
P:4x+4+3y+22=12

A good way to prepare for sketching a plane is to find the intersection points of the plane with the z-, y- and z-axes, just as
you are used to doing when sketching lines in the zy-plane. For example, any point on the  axis must be of the form (z, 0, 0).
For (z,0,0) to also be on P we need ¢ = % = 3. So P intersects the z-axis at (3,0, 0). Similarly, P intersects the y-axis at
(0,4,0) and the z-axis at (0, 0,6). Now plot the points (3,0,0),(0,4,0) and (0,0, 6). P is the plane containing these three

points. Often a visually effective way to sketch a surface in three dimensions is to

o only sketch the part of the surface in the first octant. That is, the part with z >0, y > 0 and z > 0.

e To do so, sketch the curve of intersection of the surface with the part of the zy-plane in the first octant and,

o similarly, sketch the curve of intersection of the surface with the part of the x2-plane in the first octant and the curve of
intersection of the surface with the part of the yz-plane in the first octant.

That's what we'll do. The intersection of the plane P with the zy-plane is the straight line through the two points (3,0, 0) and
(0,4, 0). So the part of that intersection in the first octant is the line segment from (3,0, 0) to (0, 4, 0). Similarly the part of the
intersection of P with the zz-plane that is in the first octant is the line segment from (3,0, 0) to (0,0, 6) and the part of the
intersection of P with the yz-plane that is in the first octant is the line segment from (0, 4, 0) to (0, 0, 6). So we just have to
sketch the three line segments joining the three axis intercepts (3,0, 0), (0,4, 0) and (0, 0, 6). That's it.

z

(0,0,6)
Y
(3,0,0) 050)

Here are two examples that illustrate how one can find the distance between a point and a plane.

v/ Example 1.4.4

In this example, we'll compute the distance between the point
x=(1,-1,-3) and the plane P:z+2y+32=18

By the “distance between x and the plane P” we mean the shortest distance between x and any point y on P. In fact, we'll
evaluate the distance in two different ways. In the next Example 1.4.5, we'll use projection. In this example, our strategy for
finding the distance will be to

o first observe that the vector n = (1, 2, 3) is normal to P and then

« start walking ! away from x in the direction of the normal vector n and

o keep walking until we hit P. Call the point on P where we hit, y. Then the desired distance is the distance between x and
y. From the figure below it does indeed look like distance between x and y is the shortest distance between x and any
point on P. This is in fact true, though we won't prove it.
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So imagine that we start walking, and that we start at time ¢ =0 at x and walk in the direction n. Then at time ¢ we might be
at

x+tn=(1,-1,-3)+¢ (1,2,3) = (1 +¢,—1+2¢,—3+3t)

We hit the plane P at exactly the time ¢ for which (1+¢,—1+2¢,—3+3t) satisfies the equation for P, which is
z+2y+3z=18. So we are on P at the unique time ¢ obeying

(IT+8)+2(—1+2t)+3(—-3+3t) =18 <= 14t=28 <— t=2
So the point on P which is closest to x is
y=[x+tn],_, =(1+t,—1+2t,-3+3¢t)|_, =(3,3,3)
and the distance from x to P is the distance from x to y, which is

ly —x| =2|n| =2/ 12 +2° + 3% =214

v/ Example 1.4.5. Example 1.4.4, revisited

We are again going to find the distance from the point

x=(1,-1,-3) to the plane P:z+2y+32=18
But this time we will use the following strategy.

o We'll first find any point z on P and then

o we'll denote by y the point on P nearest x, and we'll denote by v the vector from x to z (see the figure below) and then
« we'll realize, by looking at the figure, that the vector from x to y is exactly the projection? of the vector v on n so that
o the distance from x to P, i.e. the length of the vector from x to y, is exactly |proj,v| .

Now let's find a point on P. The plane P is given by a single equation, namely
T+2y+32=18

in the three unknowns, z, y, 2. The easiest way to find one solution to this equation is to assign two of the unknowns the value
zero and then solve for the third unknown. For example, if we set £ =y = 0, then the equation reduces to 3z =18. So we
may take z = (0, 0, 6).

Then v, the vector from x = (1,—1,-3) to z=(0,0,6) is (0—1, 0—(-1), 6 —(-3)) =(-1,1,9) so that, by Equation
1.2.14,
) v-n
proj, v=—-n
n|
~1,1,9)-(1,2,3
N LR
(1,2,3)
28
=—(1,2
14< I )3>
=2(1,2,3)

and the distance from x to P is

|proj, v| =12 (1,2,3) | = 214
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l just as we found in Example 1.4.4.

In the next example, we find the distance between two planes.

v/ Example 1.4.6

Now we'll increase the degree of difficulty a tiny bit, and compute the distance between the planes
P:xz+2y+2z=1 and P:2z+4y+4z=11

By the “distance between the planes P and P’” we mean the shortest distance between any pair of points x and x’ with x in P
and x’ in P’. First observe that the normal vectors

n={(1,2,2) and n'=(2,4,4)=2n

to P and P’ are parallel to each other. So the planes P and P’ are parallel to each other. If they had not been parallel, they
would have crossed and the distance between them would have been zero.

Our strategy for finding the distance will be to

o first find a point x on P and then, like we did in Example 1.4.4,

e start walking away from P in the direction of the normal vector n and

« keep walking until we hit P’. Call the point on P’ that we hit x". Then the desired distance is the distance between x and
x’. From the figure below it does indeed look like distance between x and x’ is the shortest distance between any pair of
points with one point on P and one point on P’. Again, this is in fact true, though we won't prove it.

We can find a point on P just as we did on Example 1.4.5. The plane P is given by the single equation
T+2y+2z=1

in the three unknowns, x, y, 2. We can find one solution to this equation by assigning two of the unknowns the value zero and
then solving for the third unknown. For example, if we set y = 2 =0, then the equation reduces to £ = 1. So we may take
x=(1,0,0).

Now imagine that we start walking, and that we start at time ¢ = 0 at x and walk in the direction n. Then at time £ we might
be at

x+tn=(1,0,0)+%(1,2,2) = (1 +t,2t,2t)

We hit the second plane P’ at exactly the time ¢ for which (1+¢,2t,2t) satisfies the equation for P’, which is
2z +4y+4z=11. So we are on P’ at the unique time ¢ obeying

1
2(1+t)+4(2t) +4(2t) =11 <— 18t=9 — t=3

So the point on P’ which is closest to x is

3
!
x = [x—I—tn]t:% :(1+t,2t,2t)]t:% =(3,L1)
and the distance from P to P’ is the distance from x to x’ which is
3.2 2 2 9 3
1-2)P24(0-1)24(0-1)2 =,/>=2
J G-2r+0-17+0-17 =,/3=3
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Now we'll find the angle between two intersecting planes.

v/ Example 1.4.7

The orientation (i.e. direction) of a plane is determined by its normal vector. So, by definition, the angle between two planes is
the angle between their normal vectors. For example, the normal vectors of the two planes

P: 2x4+y—z=3

P: z4y+z=4

are
n =(2,1,-1)
np; = <1a 17 1>
If we use 6 to denote the angle between n; and n,, then
cosf — 2112
0| o]

<2a1a_1> <1’171>
| <22117_1> | | <1a1a1> |

V63

so that

2
0 = arccos —— =1.0799

V18

to four decimal places. That's in radians. In degrees, it is 1.0799 % =61.87 to two decimal places.

Exercises

Stage 1

The vector k is a normal vector (i.e. is perpendicular) to the plane z = 0. Find another nonzero vector that is normal to z = 0.

?22

Consider the plane P with equation 3z + %y +z=4.

1. Find the intersection of P with the y-axis.
2. Find the intersection of P with the z-axis.
3. Sketch the part of the intersection of P with the yz-plane that is in the first octant. (That is, with =, y, z > 0.)

?3

1. Find the equation of the plane that passes through the origin and has normal vector (1,2, 3) .

2. Find the equation of the plane that passes through the point (0, 0, 1) and has normal vector (1,1, 3) .

3. Find, if possible, the equation of a plane that passes through both (1,2, 3) and (1, 0, 0) and has normal vector (4,5, 6)
4. Find, if possible, the equation of a plane that passes through both (1, 2, 3) and (0, 3, 4) and has normal vector (2,1, 1)

Find the equation of the plane that contains (1,0, 0), (0,1, 0)and (0,0, 1).
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1. Find the equation of the plane containing the points (1,0,1),(1,1,0)and (0,1, 1).
2. Is the point (1,1, 1) on the plane?

3. Is the origin on the plane?

4. Ts the point (4, —1, —1) on the plane?

What's wrong with the following exercise? “Find the equation of the plane containing (1,2, 3), (2, 3,4)and (3,4,5).”

Stage 2

Find the plane containing the given three points.
1.(1,0,1), (2,4,6), (1,2,-1)
2.(1,-2,-3), (4,—4,4), (3,2,-3)
3.(1,-2,-3), (5,2,1), (-1,—4,-5)

Find the distance from the given point to the given plane.

1. point (—1,2,3),plane z +y+2="7
2.point (1,—4,3),planez —2y+2=5

A plane II passes through the points A = (1,1,3), B=(2,0,2) and C = (2,1,0) in R3.

1. Find an equation for the plane II.
2. Find the point E in the plane II such that the line L through D = (6, 1, 2) and E is perpendicular to II.

Let A = (2,3,4) and let L be the line given by the equations z +y =1 and z +2y +z = 3.

1. Write an equation for the plane containing A and perpendicular to L.
2. Write an equation for the plane containing A and L.

Consider the plane 4z +2y —4z = 3. Find all parallel planes that are distance 2 from the above plane. Your answers should
be in the following form: 4z +2y —4z=C.

Find the distance from the point (1, 2, 3) to the plane that passes through the points (0, 1, 1), (1, -1, 3)and (2,0, —1).

Stage 3

https://math.libretexts.org/@go/page/89206



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89206?pdf

LibreTexts"

? 13. %

Consider two planes W7, W5, and a line M defined by:

W, : —2z4+y+2="7
Wy ¢ —x+3y+32=6
rx 2y—4
M : ==
2 4

=z+5

1. Find a parametric equation of the line of intersection L of W; and W5.
2. Find the distance from L to M .

Find the equation of the sphere which has the two planes z +y+2=3, x +y+2=9 as tangent planes if the center of the
sphere is on the planes 2z —y =0, 3x —z=0.

Find the equation of the plane that passes through the point (—2,0,1) and through the line of intersection of
2243y —2=0, z —4y+2z=—5.

Find the distance from the point p to the planen -x = c.

Describe the set of points equidistant from (1, 2, 3) and (5, 2, 7).

Describe the set of points equidistant from a and b.

7H B :H ::H B

? 19. %

Consider a point P (5, —10, 2)and the triangle with vertices A(0,1,1), B(1,0,1)and C(1, 3,0).

1. Compute the area of the triangle ABC'.
2. Find the distance from the point P to the plane containing the triangle.

? 20. %
Consider the sphere given by
(z—1)+(y—2)"+(2+1)* =2

Suppose that you are at the point (2,2,0) on S, and you plan to follow the shortest path on S to (2,1, —1). Express your
initial direction as a cross product.

1. To see why heading in the normal direction gives the shortest walk, revisit Example 1.3.5
2. Now might be a good time to review the Definition 1.2.13 of projection.

This page titled 1.4: Equations of Planes in 3d is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.5: Equations of Lines in 3d

Just as in two dimensions, a line in three dimensions can be specified by giving one point (2, Yo, 2z9) on the line and one vector
d = (d;,dy,d.) whose direction is parallel to that of the line. If (x,y,2) is any point on the line then the vector
(x — 20,y —Yo0,2— 20), whose tail is at (zg, yo, 2z0) and whose arrow is at (z,y, z), must be parallel to d and hence a scalar
multiple of d. By translating this statement into a vector equation we get

& Equation 1.5.1. Parametric Equations of a Line

<$—$0,y—yo,2—zo> =td
or the three corresponding scalar equations
T —x9 =td, Yy—yo =tdy z—2zy =td,

These are called the parametric equations of the line. Solving all three equations for the parameter ¢ (assuming that d,, d,, and d,
are all nonzero)

and erasing the “¢ =" again gives the (so called) symmetric equations for the line.

Here is an example in which we find the parametric equations of a line that is given by the intersection of two planes.

v Example 1.5.2

The set of points (z, y, z) that obey  +y + 2z =2 form a plane. The set of points (z, y, z) that obey x —y = 0 form a second
plane. The set of points (z,y, z) that obey both z +y+2z=2 and z —y =0 lie on the intersection of these two planes and
hence form a line. We shall find the parametric equations for that line.

To sketch z +y+2z=2 we observe that if any two of z, y, z are zero, then the third is 2. So all of (0,0, 2), (0,2,0) and
(2,0,0)are on z +y+2z=2. The plane z —y =0 contains all of the z-axis, since (0, 0, z) obeys z —y =0 for all z. Here
are separate sketches of (parts of) the two planes.

(07072)
TH+y+z=2 zT—y=0
(0,2,0) )
(2,0,0) T

And here is a sketch of their intersection

Method 1. Each point on the line has a different value of z. We'll use z as the parameter. (We could just as well use z or y.)
There is no law that requires us to use the parameter name t, but that's what we have done so far, so set t = z. If (z,y, 2) is on

the line then z =¢ and

https://math.libretexts.org/@go/page/89207



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89207?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/01%3A_Vectors_and_Geometry_in_Two_and_Three_Dimensions/1.05%3A_Equations_of_Lines_in_3d

LibreTexts"

z+y+t =2
z—y =0

The second equation forces y = x. Substituting this into the first equation gives
22+t=2 = z=y=1-1%

So the parametric equations are

t t 1 1
w:1—§,y:1—§,z:t or (x—1,y—1,2) =t —5,—571

Method 2. We first find one point on the line. There are lots of them. We'll find the point with 2 = 0. (We could just as well use
2=123.4, but arguably z = 0 is a little easier.) If (x, y, 2) is on the line and z = 0, then
T+y =2
z—y =0
The second equation again forces y = x. Substituting this into the first equation gives
20 =2 — z=y=1
So (1, 1,0) s on the line. Now we'll find a direction vector, d, for the line.

o Since the line is contained in the plane  +y + z = 2, any vector lying on the line, like d, is also completely contained in
that plane. So d must be perpendicular to the normal vector of  +y + z =2, whichis (1,1,1).

e Similarly, since the line is contained in the plane  —y = 0, any vector lying on the line, like d, is also completely
contained in that plane. So d must be perpendicular to the normal vector of  —y = 0, whichis (1, —1,0).

So we may choose for d any vector which is perpendicular to both (1,1,1) and (1, —1, 0), like, for example,
d =(1,-1,0) x (1,1,1)
Pk
2 -1 0 . 1 0 S 1 -1
=det - = 1det — jdet + kdet
1 -10 [11}1[11} [11]
1 1 1
=—1-j+2k
We now have both a point on the line (namely (1,1, 0)) and a direction vector for the line (namely (—1, —1,2)), so, as usual,
the parametric equations for the line are
(x—1,y—1,2) =t(-1,-1,2) or z=1—-t,y=1—t, 2=2t
This looks a little different than the solution from method 1, but we'll see in a moment that they are really the same. Before
that, let's do one more method.

Method 3. We'll find two points on the line. We have already found that (1, 1, 0) is on the line. From the picture above, it looks
like (0, 0, 2) is also on the line. This is indeed the case since (0, 0, 2) obeys both z +y+2z=2 and z —y = 0. Notice that
we could also have guessed (0, 0, 2) by setting x =0 and then solving y +z=z+y+2=2, —y=x—y =0 forz and y.
As both (1,1,0) and (0,0,2) are on the line, the vector with head at (1,1,0) and tail at (0,0,2), which is
(1-0,1-0,0—2)=(1,1,—2), is a direction vector for the line. As (0,0,2) is a point on the line and (1,1, —2) is a
direction vector for the line, the parametric equations for the line are

(x—0,y—0,2—2) =t(1,1,-2) or z=t, y=t, 2=2—2t

This also looks similar, but not quite identical, to our previous answers. Time for a comparison.

Comparing the answers. The parametric equations given by the three methods are different. That's just because we have really
used different parameters in the three methods, even though we have called the parameter ¢ in each case. To clarify the relation
between the three answers, rename the parameter of method 1 to ¢;, the parameter of method 2 to £ and the parameter of
method 3 to ¢3. The parametric equations then become
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t1 t1

Method 1: :1::1—? y=1-< z=1t
Method 2: z=1—t y=1—ty z =2ty
Method 3: T =13 y =t3 z=2-—2t3

Substituting ¢; = 2¢» into the Method 1 equations gives the Method 2 equations, and substituting t3 =1 — ¢y into the Method
3 equations gives the Method 2 equations. So all three really give the same line, just parametrized a little differently.

X warning 1.5.3. A line in three dimensions has infinitely many normal vectors

For example, the line
(x—1,y—1,2) =t(1,2,-2)

has direction vector (1,2, —2). Any vector perpendicular to (1,2, —2) is perpendicular to the line. The vector (nj, ny, ns) is
perpendicular to (1,2, —2) if and only if

0= <1,2, —2> . <n1,n2,n3> =nq+2n9 —2ng3

There is whole plane of (nj,ny,ns)'s obeying this condition, of which (2, —1,0), (0,1,1) and (2,0,1) are only three
examples.

The next two examples illustrate two different methods for finding the distance between a point and a line.

v/ Example 1.5.4

In this example, we find the distance between the point (2, 3, —1) and the line

L: (z—-1,y—2,2-3)=t(1,1,2)
or, equivalently, z=1+¢t, y=2+4t, z2=3+2t

The vector from (2, 3, —1) to the point (1+¢, 2+¢,3+42t) on Lis (t—1,t—1,2¢t+4). The square of the distance
between (2, 3, —1) and the point (1 +¢, 2+¢, 3+2¢) on L is the square of the length of that vector, namely

d(t)? =(t—1)2+(t—1)* + (2t +4)*

The point on L that is closest to (2, 3, —1) is that whose value of ¢ obeys

Oz%d(t)z =2(t—1)+2(t —1)+2(2)(2¢ +4) *)

Before we solve this equation for ¢ and finish of our computation, observe that this equation (divided by 2) says that
(1,1,2)-(t—1,t—1,2t+4)=0
That is, the vector from (2,3, —1) to the point on L nearest (2,3, —1) is perpendicular to L's direction vector.

Now back to our computation. The equation () simplifies to 12¢ 4+ 12 = 0. So the optimal ¢ = —1 and the distance is

d(-1) =4/ ((1-12+(-1-17+(-2+4) =VI2

v/ Example 1.5.5. Example 1.5.4 revisited

In this example, we again find the distance between the point (2, 3, —1) and the line

L: (zx—-1,y—2,2—3)=t(1,1,2)

but we use a different method. In the figure below, @ is the point (2, 3, —1).
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If we drop a perpendicular from @ to the line L, it hits the line L at the point IV, which is the point on L that is nearest ). So
the distance from @ to L is exactly the distance from @ to N, which is exactly the length of the vector from @ to N. In the
figure above, w is the vector from @ to N. Now the vector w has to be perpendicular to the direction vector for L. That is, w

has to be perpendicular to d = (1,1, 2). However, as we saw in Warning 1.5.3, there are a huge number of vectors in different
directions that are perpendicular to d . So you might think that it is very hard to even determine the direction of .

Fortunately, it isn't. Here is the strategy.

e Pick any point on L and call it P.
e It is very easy to find the vector from P to N — it is just the projection of the vector from P to @ (called ¥ in the figure

above) on d.
* Once we know proj ; v, we will be able to compute

W =proj ; v —v
o and then the distance from @ to the line L is just |w|.

Here is the computation. We'll choose P to be the point on L that has ¢ =0, which is (1,2,3). So the vector from
P=(1,2,3)toQ=(2,3,-1)is

7=(2-1,3-2,-1-3)=(1,1, —4)
The projection of ¥ = (1,1, —4) ond = (1,1,2) is
(1,1,-4)-(1,1,2)
1(1,1,2)

(1,1,2) = 211,1,2) = (-1,-1,-2)

proj; v =
and then
W= proj v—v=(-1,-1,-2)—(1,1,-4) = (-2, -2,2)
and finally the distance from @ to the line L is

|1Y)| = ‘ <_2a _272> | = |2 <_1a -1, 1> | :2\/§

The next two (optional) examples illustrate two different methods for finding the distance between two lines.

v/ Example 1.5.6. (Optional) Distance between lines

In this example, we find the distance between the lines
L: (z—-1,y-2,2-3)=t(1,0,-1)
L' : {z-1,y-2,2—1)=t{1,-2,1)
We can rewrite the equations of the lines as

L :xz=1+4+t, y=2,2=3—t
L' :x=14+t, y=2-2t, z=1+t

Of course the value of ¢ in the parametric equation for L need not be the same as the value of ¢ in the parametric equation for
L'. So let us denote by Z(s) =(1+s,2,3—s) and y(t)=(1+¢,2—2t, 1+t) the points on L and L', respectively,
that are closest together. Note that the vector from Z(s) to y(¢) is (t —s, —2t, —2+s+t). Then, in particular,
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e Z(s) is the point on L that is closest to the point %(¢), and
e 4(t) is the point on L’ that is closest to the point Z(s).

So, as we saw in Example 1.5.4, the vector, (t —s, —2t, —2+s+t), that joins Z(s) and %(t), must be perpendicular to
both the direction vector of L and the direction vector of L’. Consequently

0 =(1,0,—-1)-(t—s, —2t, —2+s+1) 2—2s

0 =(1,-2,1)-(t—s, —2t, —2+s+t) =—-2+6t

Sos=1andt= % and the distance between L and L' is

-2/3,-2/3, -2/3)|

—~

|(t—s, —2t, —2+s+t) |s=1,t:1/3 =

Sl

v/ Example 1.5.7. Example 1.5.6 revisited, again optional

In this example, we again find the distance between the lines
L: (z—-1,y-2,2-3)=t(1,0,-1)
L' : {z-1,y-2,2—1)=t{1,-2,1)
this time using a projection, much as in Example 1.4.5. The procedure, which will be justified below, is

« first form a vector 7 that is perpendicular to the direction vectors of both lines by taking the cross product of the two

direction vectors. In this example,

(1,0,-1) x (1,-2,1) =det =-21-2j—2k

= = e
O W
|
—_

Since we just want i to be perpendicular to both direction vectors, we may simplify our computations by dividing this

vector by —2, and take n = (1,1, 1) .
Next find one point on L and one point on L’ and subtract to form a vector ¥ whose tail is at one point and whose head is at
the other point. This vector goes from one line to the other line. In this example, the point (1,2, 3)is on L (just set ¢ =0 in

the equation for L) and the point (1,2, 1)is on L’ (just set ¢ = 0 in the equation for L"), so that we may take
1=(1-1,2-2,3-1)=(0,0,2)

o The distance between the two lines is the length of the projection of ¥ on 7. In this example, by 1.2.14, the distance is

o les s
[proj;; 9| = P
n
_ |<0a0’2><171a1>|
1(1,1,1) |

just as we found in Example 1.5.6

Now, here is the justification for the procedure.

o As we did in Example 1.5.6, denote by Z(s) and %(t) the points on L and L', respectively, that are closest together. Note
that, as we observed in Example 1.5.6, the vector from Z(s) to 3(¢) is perpendicular to the direction vectors of both lines,

and so is parallel to 7.
o Denote by P the plane through Z(s) that is perpendicular to 2. As Z(s) is on L and the direction vector of L is

perpendicular to 72, the line L is contained in P.
 Denote by P’ the plane through %(¢) that is perpendicular to 7. As %/(¢) is on L' and the direction vector of L' is

perpendicular to 73, the line L’ is contained in P’.

https://math.libretexts.org/@go/page/89207



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89207?pdf

LibreTexts"

e The planes P and P’ are parallel to each other. As Z(s) is on P and ¢(¢) is on P’, and the vector from Z(s) to y(t) is
perpendicular to both P and P’, the distance from P to P’ is exactly the length of the vector from Z(s) to %(t). That is
also the distance from L to L'.

o The vector v constructed in the procedure above is a vector between L and L’ and so is also a vector between P and P’.
Looking at the figure below !, we see that the vector from Z(s) to 5(t) is (up to a sign) the projection of ¥ on 7.

e So the distance from P to P’, and hence the distance from L to L', is exactly the length of proj;;v.

Exercises

Stage 1

What is wrong with the following exercise?

“Give an equation for the line passing through the point (3, 1, 3) that is normal to the vectors (4, —6,2)and (3, -3, ¢).”

Find, if possible, four lines in 3d with

e no two of the lines parallel to each other and
e 1o two of the lines intersecting.

;. iH ;B

Stage 2

Find a vector parametric equation for the line of intersection of the given planes.

Lz—2z=3 andy+3z=5
222 —y—2z=-3 and4x —3y—3z=-5

Determine a vector equation for the line of intersection of the planes

lz+y+2=3 andx+2y+32="7
2.x+y+2z=3 and2z+2y+2z2=7

L TR

?5

In each case, determine whether or not the given pair of lines intersect. Also find all planes containing the pair of lines.

1. <$7y7 Z> = <_37 2a4> +t <_4’ 27 1> and <maya z> = <2’ 172> +t <1’ 17 _1>

2. <9C,y7 Z> = <_37 2a4> +t <_4’ 2, 1> and <$aya Z> = <27 1 _1> +t <1a 1, _1>
3.(z,y,2) =(-3,2,4) +t(-2,-2,2) and (z,y,2) = (2,1,-1) +¢ (1,1, 1)
4. (z,y,2) =(3,2,-2) +t(—2,-2,2) and (z,y,2) = (2,1,-1)+¢(1,1,-1)

https://math.libretexts.org/@go/page/89207



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89207?pdf

LibreTexts"

Find the equation of the line through (2, —1,—1) and parallel to each of the two planes £ +y =0 and z —y +2z=0.
Express the equations of the line in vector and scalar parametric forms and in symmetric form.

EH:

Let L be the line given by the equations  +y = 1 and z + 2y + 2 = 3. Write a vector parametric equation for L.

_E

1. Find a vector parametric equation for the line z +2y +3z=11, ¢ —2y+2=—1.
2. Find the distance from (1,0, 1) to the line z + 2y + 3z =11, © — 2y + z = —1.

H.:B

Let L; be the line passing through (1,—2,—5) in the direction of di = (2,3,2). Let Ly be the line passing through
(—3,4, 1) in the direction d 5 = (5,2,4).

1. Find the equation of the plane P that contains L; and is parallel to Ls.
2. Find the distance from Ly to P.

? 10. %

Let L be a line which is parallel to the plane 2 +y — 2z =5 and perpendicular to the linex =3 —¢, y =1 —2¢ and z = 3t.

1. Find a vector parallel to the line L.
2. Find parametric equations for the line L if L passes through a point Q(a, b, ¢) where a < 0, b > 0, ¢ > 0, and the
distances from @ to the xy--plane, the x z--plane and the yz--plane are 2, 3 and 4 respectively.

? 11 %

Let L be the line of intersection of the planes x +y+2z=6 andz —y+22z=0.

1. Find the points in which the line L intersects the coordinate planes.
2. Find parametric equations for the line through the point (10, 11, 13)that is perpendicular to the line L and parallel to the
plane y = z.

? 12 %

The line I has vector parametric equation 7(t) = (2 + 3t)2 +4tj — k.

1. Write the symmetric equations for L.
2. Let a be the angle between the line L and the plane given by the equation £ —y +22z =0. Find ..

Find the parametric equation for the line of intersection of the planes

z+y+z=11 and r—y—z=13.

1. Find a point on the y-axis equidistant from (2,5, —3) and (-3, 6, 1).

~

2. Find the equation of the plane containing the point (1,3, 1) and the line 7(¢) =¢ i +¢ j+ (¢t +2) k.
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Stage 3

Let A=(0,2,2), B=(2,2,2),C = (5,2,1).

1. Find the parametric equations for the line which contains A and is perpendicular to the triangle ABC.

2. Find the equation of the set of all points P such that ﬁ is perpendicular to P—B> This set forms a
Plane/Line/Sphere/Cone/Paraboloid/Hyperboloid (circle one) in space.

3. A light source at the origin shines on the triangle ABC making a shadow on the plane z + 7y + 2z = 32. (See the
diagram.) Find A.

Let P, Q, R and S be the vertices of a tetrahedron. Denote by p, ¢, 7 and s the vectors from the origin to P, @, R and S
respectively. A line is drawn from each vertex to the centroid of the opposite face, where the centroid of a triangle with vertices
a, band cis §(a+b+c). Show that these four lines meet at -(p +¢ +7+5 ).

. : 2y T 2 -1 yi2 1
Calculate the distance between the lines “3= = =0 = =2 and o = £= = 22,

1. and possibly reviewing the Definition 1.2.13 of projection

This page titled 1.5: Equations of Lines in 3d is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.6: Curves and their Tangent Vectors

The right hand side of the parametric equation (z,y,z) =(1,1,0)+¢ (1,2, —2) that we just saw in Warning 1.5.3 is a vector-
valued function of the one real variable £. We are now going to study more general vector-valued functions of one real variable.
That is, we are going to study functions that assign to each real number ¢ (typically in some interval) a vector 7(¢). For example

7(t) = (z(t), y(t), 2(t))

might be the position ! of a particle at time . As ¢ varies 7(t) sweeps out a curve.

While in some applications ¢ will indeed be “time”, it does not have to be. It can be simply a parameter that is used to label the
different points on the curve that 7(t) sweeps out. We then say that 7°(t) provides a parametrization of the curve.

v Example 1.6.1. Parametrization of 22 + y2 = a2

While we will often use ¢ as the parameter in a parametrized curve 7(t), there is no need to call it £. Sometimes it is natural to
use a different name for the parameter. For example, consider the circle? 2> +y? = a2. It is natural to use the angle 6 in the
sketch below to label the point (a cosf, asin 0) on the circle.

Y

(a cosf, asin@)

22+ y? = a?

That is,
7(0) = (acosf, asind) 0<f<2rm
is a parametrization of the circle z? +y? = a®. Just looking at the figure above, it is clear that, as 6 runs from 0 to 27, 7(6)

traces out the full circle.

However beware that just knowing that 7(¢) lies on a specified curve does not guarantee that, as ¢ varies, 7(t) covers the entire
curve. For example, as ¢ runs over the whole real line, %arctan(t) runs over the interval (—1,1). For all ¢,

7(t) = (2(t),y(2)) =a (%arctan(t) , \/ 1- 2 arctan?(t) )

s

is well-defined and obeys z(¢)? +y(t)? = a2. But this 7*(¢) does not cover the entire circle because y(t) is always positive.

v Example 1.6.2. Parametrization of (z — h)? + (y — k)? = a®

We can tweak the parametrization of Example 1.6.1 to get a parametrization of the circle of radius a that is centred on (h, k).
One way to do so is to redraw the sketch of Example 1.6.1 with the circle translated so that its centre is at (k, k).

We see from the sketch that
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(h+acos€7 k+asin9)

7(0) = (h+acosd, k+asinf) 0<6O<2r
is a parametrization of the circle (z —h)? + (y — k)% = a.

A second way to come up with this parametrization is to observe that we can turn the trig identity cos? ¢ + sint =1 into the
equation (z —h)? + (y — k)2 = a® of the circle by

« multiplying the trig identity by a? to get (a cost)? + (asint)? = a® and then

e setting acost =z —h and asint =y —k, which turns (acost)? + (asint)? =a? into (z —h)2 + (y —k)? = a>.

v Example 1.6.3. Parametrization of Z— + % =1 and of 22/% 4 y?/3 = ¢?/3

2 2 g
We can build parametrizations of the curves £ + Z—z =1 and 22/3 +y2/3 = a2/3 from the trig identity cos? ¢t +sin’t =1,
like we did in the second part of the last example.
g z : y 2 . 2 a2 Y
o Setting cost =4 and sint =< turnscos”t+sin"t =1 into 7+ =1.
. & ] 2 g . 2/3 e
o Setting cost=(£)* and sint= (%)% turnscos’t+sin’¢t=1 into m T 2’27 =1.

So

7(t) = (acost, bsint) 0<t<2m

7(t) = (acos’t, asin®t) 0<t<2m
give parametrizations of z—z z—z =1 and z?/® 4 y?/® = a?/3, respectively. To see that running ¢ from 0 to 27 runs 7(t) once
around the curve, look at the figures below.

Y
t=m/2

2%
+
TS
Il
—_
~
I
<)

t =3m/2

The curve z2/3 +y2/ 3 —a2/3 is called an astroid. From its equation, we would expect its sketch to look like a deformed
circle. But it is probably not so obvious that it would have the pointy bits of the right hand figure. We will not explain here why
they arise. The astroid is studied in some detail in Example 1.1.7 of the CLP-4 text. In particular, the above sketch is carefully
developed there.

v Example 1.6.4. Parametrization of e¥ = 1 + z?

A very easy method that can often create parametrizations for a curve is to use & or y as a parameter. Because we can solve
eV =1+a? fory as a function of x, namely y =In (1+?), we can use z as the parameter simply by setting ¢ = . This
gives the parametrization

F(t)=(t,In(1+¢*) —oco<t<oo
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v Example 1.6.5. Parametrization of z? + y* = a2, again

It is also quite common that one can use either « or y to parametrize part of, but all of, a curve. A simple example is the circle
x2 +y% =a2. For each —a <z < a, there are two points on the circle with that value of z. So one cannot use z to
parametrize the whole circle. Similarly, for each —a <y < a, there are two points on the circle with that value of y. So one
cannot use y to parametrize the whole circle. On the other hand

7(t) = (¢, v/ a* —t?) —a<t<a
7)) = (t, —va®—t*) —a<t<a

provide parametrizations of the top half and bottom half, respectively, of the circle using  as the parameter, and

7(t) = (vVad* -1, 1) —a<t<a
7(t) = (—Vd -1, t) —a<t<a

provide parametrizations of the right half and left half, respectively, of the circle using y as the parameter.

v Example 1.6.6. Unparametrization of 7(t) = (cost, 7 — t)

In this example, we will undo the parametrization 7#(¢) = (cost,7 —t¢) and find the Cartesian equation of the curve in
question. We may rewrite the parametrization as

T =cost
y=7—t

Note that we can eliminate the parameter ¢ simply by using the second equation to solve for ¢ as a function of y. Namely
t =7 —y. Substituting this into the first equation gives us the Cartesian equation

z =cos(7—vy)

Curves often arise as the intersection of two surfaces. For example, the intersection of the sphere 2 +% 4+ 2% =1 with the plane
y = x is a circle. The part of that circle that is in the first octant is the red curve in the figure below.

One way to parametrize such curves is to choose one of the three coordinates z, y, z as the parameter, and solve the two given
equations for the remaining two coordinates, as functions of the parameter. Here are two examples.

v/ Example 1.6.7

The set of all (z, y, 2) obeying
T —y =0
R e
is the circle sketched above. We can choose to use y as the parameter and think of

T =y

422 =1—9°
as a system of two equations for the two unknowns z and z, with y being treated as a given constant, rather than as an
unknown. We can now (trivially) solve the first equation for z, substitute the result into the second equation, and finally solve
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for z.
z=y, 22 +22 =1—y? = 22=1-2y°

If, for example, we are interested in points (z, ¥, z) on the curve with z > 0, we have z = /1 — 2y? and

1 1
F = s Yy 1_22)7 - <y<—
(y) (y Y,/ Yy 7 Yy 5

is a parametrization for the part of the circle above the zy-plane. If, on the other hand, we are interested in points (z, y, z) on
the curve with 2 < 0, we have z = —4/1 —2y? and

1 1
F = ) y 1-2 2)} __S S_
(v) (y Y, =1/ Yy S <Y 5

is a parametrization for the part of the circle below the zy-plane.

v/ Example 1.6.8

The previous example was rigged so that it was easy to solve for « and z as functions of y. In practice it is not always easy, or
even possible, to do so. A more realistic example is the set of all (z, y, ) obeying

2 2

2, Y Z
Yo Z 9
T+ 2 + 3
2?2 +2y% =2
which is the blue curve in the figure
2z =12+ 2°

(Don't worry about how we make sketches like this. We'll develop some surface sketching technique in §1.7 below.)
Substituting 2? = z — 2y? (from the second equation) into the first equation gives

—%y2+z+z—;:1
or, completing the square,
3 , 1 3\2 7
-5 +3(+3) =3

If, for example, we are interested in points (z, y, z) on the curve with y > 0, this can be solved to give y as a function of z.

T

Then z2 = z—2y? also gives z as a function of z. If z > 0,

_ 4(+3)2+14
S VA G 6
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The other signs of z and y can be gotten by using the appropriate square roots. In this example, (z, y, z) is on the curve, i.e.
satisfies the two original equations, if and only if all of (+z, +y, 2) are also on the curve.

Derivatives and Tangent Vectors

This being a Calculus text, one of our main operations is differentiation. We are now interested in parametrizations 7 (t). It is very
easy and natural to extend our definition of derivative to 7'(t) as follows.

# Definition 1.6.9

The derivative of the vector valued function 7 (¢) is defined to be

d7 . T(t+h)—7F()
hm—

r(t+ h)

when the limit exists. In particular, if 7(t) = z(t)2 + y(£)j + z(t)k, then

F)=2(t)i+y )]+ (H)k

That is, to differentiate a vector valued function of ¢, just differentiate each of its components.

And of course differentiation interacts with arithmetic operations, like addition, in the obvious way. Only a little more thought is
required to see that differentiation interacts quite nicely with dot and cross products too. Here are some examples.

v/ Example 1.6.10

Let
at) =2 i+t1j+15k
B(t) —etitedjredk
7(t) =t
s(t) =sint

We are about to compute some derivatives. To make it easier to follow what is going on, we'll use some colour. When we apply
the product rule

d
Z @) =1'(t)9(t) +£() g'(t)
we'll use blue to highlight the factors f'(¢) and g’ (t). Here we go.

Y(t)b(t) =t i +t2e 3 j+t2e Pk

gives

d - .

e [v(t)b(t)] = [2te”t—t?e ] 4 + [2te 3 —3t%e 3] j + [2te > —Bt2e |k

= 2t{e_t i+e 3t j4e o l::} +t2{ —et1-3e3j—pe ™ 12}
- -/
=7 (t)b(t) +(t)b (¢)
and
a(t)-b(t) =t2et +tte 3 4165t

gives
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—[a(t)-b(t)] = [2tet 2] + [at’e * —3t1e ] 4+ [6£°e > 50 ]
= [2te’t + 433 +6t5e’5t] + [—th’t—3t4e’3t—5tee’5t]
={2t1+48 57+ 66°k} - {etite jre ™k}

+ {t2 R 1::} A - e 1 -3¢ j—5e " 1::}
—a'(t)-b(t) +at)-b (¢)

and
i3k
a(t) xb(t) =det | 2 ¢+ 6
e
_ i(t46_5t _tﬁe—3t) —3(t26_5t _tﬁe—t) +1A{(t26_3t _t4e—t)
gives
d =
= 18(t) xb(t)]
= i(4t?’e*5t — 6t°e) — j(2te™ — 6t°e ) +k(2te " — 4t’e™)
+ i(—5t4e 5131073 — 3(—5t%e T t0et) + k(—3t2e P ttet)
={2ti+483 5+ 6k} x {et i +e j+e Tk}
+{t? 1 +t* 3+ lAc} x{—et1-3e" tj—5675t1::}
=&/ (t) x b(t) +a(t) xb (¢)
and

a(s(t)) = (sint)? & + (sint)* j + (sint)® k
= — [a(s(t))] =2(sint)cost 2 +4(sint)® cost 7+ 6(sint)® costk

= {2(sint)  +4(sint)*3 +6(sint)°k } cost
=a (s(t)) s'(t)

Of course these examples extend to general (differentiable) a(t), Z(t), ~(t) and s(¢) and give us (most of) the following theorem.

& Theorem 1.6.11. Arithmetic of differentiation

Let

o a(t), B(t) be vector valued differentiable functions of ¢ € R that take values in R" and
e a,f € Rbe constants and
o () and s(t) be real valued differentiable functions of ¢ € R

Then
(a) % [ad(t)+BB(t)] =ad (t)+8b () (linear combination)
®) L Hp) = @60 (08 0 (multiplication by scalar function)
(©) % [6(t)-B(t)] =d'(t)-B(t)+a(t)-b ()  (dot product)
(d) % [G(t) x b(t)] = (£) x b(t) +a(t) b (£) (cross product)
© [E60)] =@ () 50 (composition)
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Let's think about the geometric significance of F'(t). In particular, let's think about the relationship between F'(t) and distances
7(t+h)—7(t)
R

along the curve. The derivative 7 (¢) is the limit of
at7(t+h) and tail at 7(¢).

as h — 0. The numerator, 7'(t +h) —7(t), is the vector with head

When h is very small this vector

o has the essentially the same direction as the tangent vector to the curve at 7 (¢) and
o has length being essentially the length of the part of the curve between 7(¢) and 7 (t + h).

Taking the limit as h — 0 yields that
o 7 (t) is a tangent vector to the curve at 7(¢) that points in the direction of increasing ¢ and

- S dr
o if s(¢) is the length of the part of the curve between 7(0) and (¢), then % (t) = d—;(t)|

This is worth stating formally.

& Lemma 1.6.12

Let 7(¢) be a parametrized curve.

1. Denote by T the unit tangent vector to the curve at 7 () pointing in the direction of increasing ¢. If 7 (£) # 0 then

)
T(t) = -
|7 (2)]
2. Denote by s(t) the length of the part of the curve between 7(0) and 7(¢). Then
ds dr
E(t) = E(t)
T -
dr
T)—s(Ty) = | |—
(@) -a(m) = [ |50 a
r(0) NS
r(t) >
T()

3. In particular, if the parameter happens to be arc length, i.e. if £ = s, so that ﬁ =1, then

i
dt

(s)' “1 He) =)

As an application, we have the

& Lemma 1.6.13

If 7(t) = (z(t), y(t), 2(t)) is the position of a particle at time ¢, then

velocity at time t =o(t) =7 (£) =2'(t)i +y/ ()7 + 2/ (t )k = — (t) T(¢)

speed at time ¢t = fl—i(t) =|9(t)| = |7 (¢)| = \/(SL’I(t)2 +4'(t)% 42 (t)?

acceleration at timet =a(t) =7 (¢t) =4 (t) = (¢"(t)2 +y"(£)3+ 2" (t)k
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and the distance travelled between times T and 71" is

s(T) — s(Th) :/ %(t)‘dt:/T \/(ml(t)Q +9/ () +2/(¢)* dt

To

Note that the velocity %(t) =7 (t) is a vector quantity while the speed g—: (t) = |7 (t)| is a scalar quantity.

v Example 1.6.14. Circumference of a circle

In general it can be quite difficult to compute arc lengths. So, as an easy warmup example, we will compute the circumference
of the circle® 2% +y? = a®. We'll also find a unit tangent to the circle at any point on the circle. We'll use the parametrization

7(0) = (acosf, asind) 0<6<2rm
of Example 1.6.1. Using Lemma 1.6.12, but with the parameter ¢ renamed to 6

7'(6) = —asinfi +acosh)

a 7 (6
T(0) = o = —sinf1 +cos 6

Ol

4 o) =7 0)=a

do
(C]
5(©) —5(0) :/ 7' (6)| d0 = a®

0

As? 5(O) is the arc length of the part of the circle with 0 < 6 < ©, the circumference of the whole circle is
s(27) =2ma
which is reassuring, since this formula has been known > for thousands of years.

T()

(acos@7 asin@)
2?4y’ =a
0

The formula s(©) —s(0) =a® also makes sense — the part of the circle with 0 <6 < © is the fraction % of the whole
circle, and so should have length % X 2ma. Also note that

7(8)-T(6) = (acosh, asinf) - (—sind,cosd) =0

so that the tangent to the circle at any point is perpendicular to the radius vector of the circle at that point. This is another
geometric fact that has been known © for thousands of years.

It is Proposition 18 in Book 3 of Euclid's Elements. It was published around 300BC.

v/ Example 1.6.15. Arc length of a helix

Consider the curve

7(t) = 6 sin(2t)1 + 6 cos(2t)] + btk
where the standard basis vectors 2 = (1,0,0), 3 = (0,1, 0) and k= (0,0,1). We'll first sketch it, by observing that
e z(t) =6sin(2t) and y(t) = 6 cos(2t) obey

z(t)? +y(t)? = 36 sin?(2t) + 36 cos?(2t) = 36
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So all points of the curve lie on the cylinder 2 +y? = 36 and

e ast increases, (:L' (®), y(t)) runs clockwise around the circle 22 +y2 = 36 and at the same time 2(t) = 5¢ just increases
linearly.

Our curve is the helix

We have marked three points of the curve on the above sketch. The first hast =0 and is 02 +67 + Ok. The second has t = H
and is 02 —63 + %f{, and the third has ¢t =7 and is 02 + 63 + 5mk. We'll now use Lemma 1.6.12 to find a unit tangent

T(t) to the curve at 7(¢) and also the arclength of the part of curve between t =0 and t = 7.

7(t) = 6sin(2t)3 +6 cos(2t)) + 5tk
7'(t) =12cos(2t)i —12sin(2t)j + 5k

d )
=) =17 )= V128 cos?(2t) + 122 sin(21) + 5° = /128 157
~13
. 7)) 12 12 5 »
T(t) = = — 2t)1 — —sin(2t)7+ —k
() = o = Tgeos20i ~ gganeni + 33

s(m) — 5(0) = /0 " (1) dt =137

v Example 1.6.16. Velocity and acceleration

Imagine that, at time ¢, a particle is at

7(t) = [h+acos<2ﬂ%>] 1+ [k+asin<27r%)] 3

As |F(t)—ht—kj3| =a, the particle is running around the circle of radius a centred on (h, k). When ¢ increases by T', the

argument, 27r%, of cos(27r%) and sin (2#%) increases by exactly 27 and the particle runs exactly once around the circle. In
particular, it travels a distance 27a. So it is moving at speed 2%" According to Lemma 1.6.13, it has

» 2 t\. 2 t\.
velocity =7 (t) = —%sin(%’T) 1+ %cos (271'?)]

d » 2
speed = (1) = [(t)| = 5
4m’a t 4m’a t
. _ =/ _ ~ . ~
acceleration=71"(t) = — Tz o0 (27TT> - 5111(271'?)]
4n? 2 2
:—F[ (t)—h‘l—k]]

Here are some observations.

« The velocity 7' (t) has dot product zero with 7'(t) —h 2 — k 3, which is the radius vector from the centre of the circle to the
particle. So the velocity is perpendicular to the radius vector, and hence parallel to the tangent vector of the circle at 7 ().
o The speed given by Lemma 1.6.13 is exactly the speed we found above, just before we started applying Lemma 1.6.13.
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e The acceleration F”(t) points in the direction opposite to the radius vector.
y r'(t)

r(t)

Exercises

Stage 1

Questions 1.6.2.1 through 1.6.2.5 provide practice with curve parametrization. Being comfortable with the algebra and
interpretation of these descriptions are essential ingredients in working effectively with parametrizations.

Consider the following time-parametrized curve:
r(t) = (cos(%t) , ([t — 5)2)

List the three points (—1/4/2,0), (1,25),and (0, 25) in chronological order.

At what points in the zy-plane does the curve (sint, t?) cross itself? What is the difference in ¢ between the first time the
curve crosses through a point, and the last?

?3

Find the specified parametrization of the first quadrant part of the circle z? + % = a2.

1. In terms of the y coordinate.
2. In terms of the angle between the tangent line and the positive z-axis.
3. In terms of the arc length from (0, a).

?24

A circle of radius a rolls along the z-axis in the positive direction, starting with its centre at (a, a). In that position, we mark
the topmost point on the circle P. As the circle moves, P moves with it. Let 8 be the angle the circle has rolled - see the
diagram below.

1. Give the position of the centre of the circle as a function of 6.
2. Give the position of P a function of 6.
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/

N/

?5
The curve C' is defined to be the intersection of the ellipsoid
21 o 2
Tt ——y*+32°=1
4
and the plane

z+y+z2=0.

When y is very close to 0, and z is negative, find an expression giving z in terms of y.

A particle traces out a curve in space, so that its position at time ¢ is
- fa,La 3
mﬂ:et1+?]+u—1fu—3fk

fort > 0.

Let the positive z axis point vertically upwards, as usual. When is the particle moving upwards, and when is it moving
downwards? Is it moving faster at time ¢ =1 or at time ¢t = 37

?27

Below is the graph of the parametrized function 7(¢). Let s(¢) be the arclength along the curve from 7(0) to 7(¢).

r(t + h)

Indicate on the graph s(t +h) —s(t) and 7(¢ +h) —7(t). Are the quantities scalars or vectors?
What is the relationship between velocity and speed in a vector-valued function of time?
a’r a7

ar

. _ o 4 dr .
Let 7(¢) be a vector valued function. Let 7 r”, and 7" denote —, 4 and respectively. Express
) ar’ a2’ 3> (€SP y. bXp
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interms of 7, 7,7 ,and 7 . Select the correct answer.

L X7
=1

2. (7 x#") 74+ (F x7) -7
5 E)e”
4.0

5. None of the above.

Stage 2
Find the speed of a particle with the given position function
F(t)=5v2ti4+etj—e 'k

Select the correct answer:
L|3(t)] = (e’ +e7™)

2. |9(t)| = v/10 +5€’ +5e”*
3. |3(t)| = /10 +e'% 710
4. [9(t)| =5(* +e™)

5. o(t)| =5(e' +et)

Find the velocity, speed and acceleration at time ¢ of the particle whose position is 7(¢). Describe the path of the particle.

1.7(t) =acost i +asintj+ctk
2.7(t) = acostsint i +asin’t 3 +acostk

? 12

1. Let
7(t) = (%3, %t?’)

Find the unit tangent vector to this parametrized curve at ¢t = 1, pointing in the direction of increasing .
2. Find the arc length of the curve from (a) between the points (0, 3,0) and (1, 3, —%)

Using Lemma 1.6.12, find the arclength of 7(¢) = (t, \/§t2, t3) fromt=0tot=1.

A particle's position at time ¢ is given by 7'(¢) = (¢ +sint, cost) 7. What is the magnitude of the acceleration of the particle
at time 7

The particle traces out a cycloid--see Question 1.6.2.4
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A curve in R3 is given by the vector equation 7'(t) = (2t cost, 2t sint, %)

1. Find the length of the curve between ¢t =0 and ¢ = 2.
2. Find the parametric equations of the tangent line to the curve at t = 7.

? 6%

Let 7#(t) = (3 cost, 3sint, 4t) be the position vector of a particle as a function of time ¢ > 0.

1. Find the velocity of the particle as a function of time ¢.
2. Find the arclength of its path betweent¢ =1 and ¢t = 2.

? 17 %

Consider the curve
- 1 3, A 1 3,4 3,1
r(t) = 3 cos t z+§s1n t3+sin’tk
1. Compute the arc length of the curve fromt =0 tot = %
2. Compute the arc length of the curve from¢ =0 to t = .

Let 7#(t) = (%t3, %tQ, %t), t > 0. Compute s(t), the arclength of the curve at time ¢.

Find the arc length of the curve 7(t) = (t™, t™, B3/ ?) for 0 <a <t <b, and where m > 0. Express your result in terms
of m, a, and b.

? 20

If a particle has constant mass m, position 7, and is moving with velocity v, then its angular momentum is L = m (7 x 9).

For a particle with mass m=1 and position function 7 = (sint,cost,t), find \(\left\frac{\mathrm{d}\textbf{L}
{\mathrm{d}t} \right|\text{.}\)

Consider the space curve I" whose vector equation is
7(t) = tsin(rt) & +t cos(mt) j + 2k 0<t<oo
This curve starts from the origin and eventually reaches the ellipsoid E whose equation is 2z2 + 2% + 2% = 24.

1. Determine the coordinates of the point P where I intersects E.
2. Find the tangent vector of I at the point P.
3. Does I' intersect E at right angles? Why or why not?

Suppose a particle in 3-dimensional space travels with position vector #(¢), which satisfies #"(t) = —#(¢). Show that the
“energy” |7(t)|> + |7 (¢)|” is constant (that is, independent of ).
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Stage 3

A particle moves along the curve \cC of intersection of the surfaces 2% =12y and 18z = yz in the upward direction. When
the particle is at (1, 3, 6) its velocity v and acceleration @ are given by

=

=61+125+12k G=271+303+6k

1. Write a vector parametric equation for \ cC using u = é as a parameter.

2. Find the length of \ c¢C from (0, 0, 0) to (1, 3, 6).

3Ifu= u( ) is the parameter value for the particle's position at time %, fmd . when the particle is at (1,3, 6).
4. Flnd L when the particle is at (1, 3, 6).

? 24 %

A particle of mass m = 1 has position 7y = % k and velocity vy = ”7 1 at time 0. It moves under a force

F(t) = —3t i +sint j +2e* k.

1. Determine the position 7 (¢) of the particle depending on ¢.
2. At what time after time ¢ = 0 does the particle cross the plane z = 0 for the first time?
3. What is the velocity of the particle when it crosses the plane = 0 in part (b)?

2

Let C be the curve of intersection of the surfaces y = 2 and z = gsc A pamcle moves along C with constant speed such

that 4z SF > 0. The particle is at (0,0,0) at time ¢ = 0 and is at (3, 9, 18)at time t = 1
1. Find the length of the part of C between (0,0, 0) and (3,9, 18).
2. Find the constant speed of the particle.
3. Find the velocity of the particle when it is at (1,1, 2).
4. Find the acceleration of the particle when it is at ( 1

5)-

? 26

A camera mounted to a pole can swivel around in a full circle. It is tracking an object whose position at time ¢ seconds is ()
metres east of the pole, and y(¢) metres north of the pole.

In order to always be pointing directly at the object, how fast should the camera be programmed to rotate at time ¢? (Give your
answer in terms of z(¢) and y(¢) and their derivatives, in the units rad/sec.)

? 27

A projectile falling under the influence of gravity and slowed by air resistance proportional to its speed has position satisfying

d*7 i dr

—_— —a—

@~ %
where « is a positive constant. If 7 = 7y and ‘[il—f =17 at time t =0, find 7(¢). (Hint: Define u(t) = e* ‘;—i (t) and substitute
‘;—i (t) = e “*u(t) into the given differential equation to find a differential equation for u.)
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At time ¢ =0 a particle has position and velocity vectors #(0) = (—1,0,0) and ¥(0) = (0, —1, 1) . At time ¢, the particle has

acceleration vector

d(t) = (cost,sint, 0)

1. Find the position of the particle after ¢ seconds.

2. Show that the velocity and acceleration of the particle are always perpendicular for every ¢.

3. Find the equation of the tangent line to the particle's path at t = —7/2.

4. True or False: None of the lines tangent to the path of the particle pass through (0, 0, 0). Justify your answer.

The position of a particle at time ¢ (measured in seconds s) is given by
t t ~
7(t) = tcos<%) i +tsin<%>§+tk

1. Show that the path of the particle lies on the cone 2% = 22 + 2.
2. Find the velocity vector and the speed at time ¢.
3. Suppose that at time ¢ = 1 s the particle flies off the path on a line L in the direction tangent to the path. Find the equation

of the line L.
4. How long does it take for the particle to hit the plane z = —1 after it started moving along the straight line L?

1. The curve 71 (t) = (1+¢,¢2,¢%) and 75(t) = (cost,sint,t) intersect at the point P(1,0, 0).Find the angle of
intersection between the curves at the point P.

2. Find the distance between the line of intersection of the planes z +y — 2 =4 and 2z — 2z =4 and the line
7(t) = (¢, —1+2¢t,1+3t).

1. When we say 7(t) = (z(t), y(t), 2(t)), we mean that (z(t), y(t), 2(t)) is the point at the head of the vector 7(t) when its tail
is at the origin.

2. We of course assume that the constant a > 0.

3. We of course assume that the constant a > 0.

4. You might guess that © is a capital Greek theta. You'd be right.
5. The earliest known written approximations of 7 in Egypt and Babylon, date from 1900-1600BC. The first recorded algorithm

for rigorously evaluating 7 was developed by Archimedes around 250 BC. The first use of the symbol 7 for the ratio between
the circumference of a circle and its diameter, in print was in 1706 by William Jones.
6. It is Proposition 18 in Book 3 of Euclid's Elements. It was published around 300BC.

This page titled 1.6: Curves and their Tangent Vectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.7: Sketching Surfaces in 3d

In practice students taking multivariable calculus regularly have great difficulty visualising surfaces in three dimensions, despite
the fact that we all live in three dimensions. We'll now develop some technique to help us sketch surfaces in three dimensions .

We all have a fair bit of experience drawing curves in two dimensions. Typically the intersection of a surface (in three dimensions)
with a plane is a curve lying in the (two dimensional) plane. Such an intersection is usually called a cross-section. In the special
case that the plane is one of the coordinate planes, the intersection is sometimes called a trace. One can often get a pretty good idea
of what a surface looks like by sketching a bunch of cross-sections. Here are some examples.

v Example 1.7.1. 42® + 3?> — 22 =1

Sketch the surface that satisfies 42> +y% — 2% = 1.
Solution

We'll start by fixing any number 2j and sketching the part of the surface that lies in the horizontal plane z = 2.

x

The intersection of our surface with that horizontal plane is a horizontal cross-section. Any point (z,y, z) lying on that
horizontal cross-section satisfies both

z=2 and 42’ +y> — 2% =1
< z=2 and 43:2+y2:1—|—z§

Think of 29 as a constant. Then 4z* +y® =1+ 22 is a curve in the zy-plane. As 1 + 27 is a constant, the curve is an ellipse.
To determine its semi-axes?, we observe that when y =0, we have z = j:% \/1+2% and when =0, we have

y==£4/1+ zg . So the curve is just an ellipse with & semi-axis %, /14 zg and y semi-axis 4 /1 + zg . It's easy to sketch.
)

(0, /14 23)

M
\

j\@vuza, 0)

Remember that this ellipse is the part of our surface that lies in the plane z = zy. Imagine that the sketch of the ellipse is on a
single sheet of paper. Lift the sheet of paper up, move it around so that the x- and y-axes point in the directions of the three
dimensional z- and y-axes and place the sheet of paper into the three dimensional sketch at height z;. This gives a single
horizontal ellipse in 3d, as in the figure below.
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X

We can build up the full surface by stacking many of these horizontal ellipses — one for each possible height zy. So we now
draw a few of them as in the figure below. To reduce the amount of clutter in the sketch, we have only drawn the first octant
(i.e. the part of three dimensions that has z > 0,y >0 and z > 0).

z

£
/,

T

Here is why it is OK, in this case, to just sketch the first octant. Replacing = by —z in the equation 4z2 +y2 — 22 =1 does
not change the equation. That means that a point (z, y, z) is on the surface if and only if the point (—z, y, 2) is on the surface.
So the surface is invariant under reflection in the yz-plane. Similarly, the equation 4z2 4+ y2 — 22 =1 does not change when y
is replaced by —y or z is replaced by —z. Our surface is also invariant reflection in the z2- and yz-planes. Once we have the
part in the first octant, the remaining octants can be gotten simply by reflecting about the coordinate planes.

We can get a more visually meaningful sketch by adding in some vertical cross-sections. The £ =0 and y = 0 cross-sections
(also called traces — they are the parts of our surface that are in the yz- and z z-planes, respectively) are
r=0,9y2-22=1 and y=0, 42> -2 =1
These equations describe hyperbolae 3. If you don't remember how to sketch them, don't worry. We'll do it now. We'll first
sketch them in 2d. Since
y =1+ = Jy>1
and y==1whenz=0
and forlarge z, y =~ +z
42’ =142 = |z|>3

and mz:l:% when z=20

and forlarge z, z ~ :I:%z

the sketches are
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Now we'll incorporate them into the 3d sketch. Once again imagine that each is a single sheet of paper. Pick each up and move
it into the 3d sketch, carefully matching up the axes. The red (blue) parts of the hyperbolas above become the red (blue) parts
of the 3d sketch below (assuming of course that you are looking at this on a colour screen).

z

X

Now that we have a pretty good idea of what the surface looks like we can clean up and simplify the sketch. Here are a couple
of possibilities.

x

Here are two figures created by graphing software.

This type of surface is called a hyperboloid of one sheet.

There are also hyperboloids of two sheets. For example, replacing the +1 on the right hand side of 2% + 3% — 2% =1 gives
x? +y? — 2% = —1, which is a hyperboloid of two sheets. We'll sketch it quickly in the next example.

v Example 1.7.2. 4z% + 3% — 22 = —1

Sketch the surface that satisfies 42> +y* — 2% = —1.
Solution

As in the last example, we'll start by fixing any number 2y and sketching the part of the surface that lies in the horizontal plane
z = zp. The intersection of our surface with that horizontal plane is

z=2 and 4z’ +y* =2} —1

https://math.libretexts.org/@go/page/92235
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Think of zj as a constant.

o If 29| <1, then 22 —1 <0 and there are no solutions to 2% +y? = 23 — 1.
e If |29| =1 there is exactly one solution, namely z =y = 0.

o If [2| > 1 then 4a® +y? =23 —1 is an ellipse with = semi-axis 3 /22 — 1 and y semi-axis /22 — 1. These semi-axes
are small when |z is close to 1 and grow as |zy| increases.

The first octant parts of a few of these horizontal cross-sections are drawn in the figure below.

z
z=3
/— z=2
z=1.02
Y

x
Next we add in the z = 0 and y = 0 cross-sections (i.e. the parts of our surface that are in the yz- and x z-planes, respectively)

=0, 2> =1+ and y=0, 22 =1+42>

z
z=3

x

Now that we have a pretty good idea of what the surface looks like we clean up and simplify the sketch.

Here is are two figures created by graphing software.

This type of surface is called a hyperboloid of two sheets.

v/ Example 1.7.3. yz=1

Sketch the surface yz = 1.

Solution
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This surface has a special property that makes it relatively easy to sketch. There are no z's in the equation yz = 1. That means
that if some yq and zy obey ygzq = 1, then the point (z, yo, o) lies on the surface yz =1 for all values of . As z runs from
—00 to 0o, the point (z, yg, 29) sweeps out a straight line parallel to the z-axis. So the surface yz =1 is a union of lines
parallel to the z-axis. It is invariant under translations parallel to the z-axis. To sketch yz =1, we just need to sketch its
intersection with the yz-plane and then translate the resulting curve parallel to the x-axis to sweep out the surface.

We'll start with a sketch of the hyperbola yz =1 in two dimensions.
z

yz =1

Next we'll move this 2d sketch into the yz-plane, i.e. the plane = 0, in 3d, except that we'll only draw in the part in the first
octant.

x

The we'll draw in ¢ = z cross-sections for a couple of more values of z(

z

and clean up the sketch a bit

Here are two figures created by graphing software.
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v/ Example 1.7.4. zyz=4

Sketch the surface zyz = 4.
Solution

We'll sketch this surface using much the same procedure as we used in Examples 1.7.1 and 1.7.2. We'll only sketch the part of
the surface in the first octant. The remaining parts (in the octants with z,y <0, 2> 0, with £,2<0, y >0 and with
Y,z <0, z > 0) are just reflections of the first octant part.

As usual, we start by fixing any number 2z, and sketching the part of the surface that lies in the horizontal plane z = 2y. The
intersection of our surface with that horizontal plane is the hyperbola

4
z=2zy and Ty = —
2

Note that £ — 0o as y — 0 and that y — oo as  — 0. So the hyperbola has both the z-axis and the y-axis as asymptotes,
when drawn in the zy-plane. The first octant parts of a few of these horizontal cross-sections (namely, zp =4, 29 =2 and
zo = 3 ) are drawn in the figure below.

183

A
)

Next we add some vertical cross-sections. We can't use * = 0 or y = 0 because any point on zyz = 1 must have all of z, y, 2
nonzero. So we use

rz=4,yz=1 and y=4, zz=1

instead. They are again hyperbolae.
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Finally, we clean up and simplify the sketch.

Here are two figures created by graphing software.

Level Curves and Surfaces

Often the reason you are interested in a surface in 3d is that it is the graph z = f(z,y) of a function of two variables f(z,y).
Another good way to visualize the behaviour of a function f(z, y)is to sketch what are called its level curves. By definition, a level
curve of f(z,y)is a curve whose equation is f(z,y) = C, for some constant C. It is the set of points in the zy-plane where f
takes the value C'. Because it is a curve in 2d, it is usually easier to sketch than the graph of f. Here are a couple of examples.

v Example 1.7.5. f(z,y) = 2> + 4y* — 2z + 2

Sketch the level curves of f(z,y) = 2? +4y? — 2z + 2.

Solution

Fix any real number C'. Then, for the specified function f, the level curve f(z,y) = C is the set of points (z, y) that obey
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2?2 +4y? —224+2=C <<= 2> -2z+1+4y>°+1=C
— (-1 4+4*=C—-1
Now (z —1)% +4y? is the sum of two squares, and so is always at least zero. So if C —1 < 0, i.e. if C < 1, there is no curve
f(z,y)=C.1fC —1=0, ie.if C =1, then f(z,y) =C —1 =0 if and only if both (z —1)?> =0 and 4y*> =0 and so the
level curve consists of the single point (1,0). If C > 1, then f(z,y)=C become (z—1)?+4y?=C—1>0 which
describes an ellipse centred on (1, 0). It intersects the z-axis when y =0 and

(2-12=C-1 = 2-1=%/C—-1 < z=1+,/C—-1
and it intersects the line =1 (i.e. the vertical line through the centre) when
42=C-1 < 2y=+,/C-1 = y=+1,/C-1

So, when C' > 1, f(z,y) = C is the ellipse centred on (1, 0) with z semi-axis 4/C' — 1 and y semi-axis %\/C —1.Hereisa
sketch of some representative level curves of f(z,y) = 2 +4y? — 2z +2.

It is often easier to develop an understanding of the behaviour of a function f(z,y)by looking at a sketch of its level curves,
than it is by looking at a sketch of its graph. On the other hand, you can also use a sketch of the level curves of f(z,y)as the
first step in building a sketch of the graph z = f(z,y). The next step would be to redraw, for each C, the level curve
f(z,y) = C, in the plane z = C, as we did in Example 1.7.1.

v Example 1.7.6. e*™ ™ =1

The function f(z,y)is given implicitly by the equation e*t¥*# = 1. Sketch the level curves of f.
Solution

This one is not as nasty as it appears. That “ f(z, y) is given implicitly by the equation e*+¥+#* =1~ means that, for each z, y,
the solution z of e*™¥** =1 is f(z,y). So, for the specified function f and any fixed real number C, the level curve
f(z,y) = C is the set of points (z, y) that obey

eVl =1 «— z+y+C=0 (by taking the logarithm of both sides)
= z+y=-C

This is of course a straight line. It intersects the z-axis when y =0 and z = —C' and it intersects the y-axis when x =0 and
y = —C'. Here is a sketch of some level curves.
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]. f:*?)
7
1 f=—2
f=1
f=3 f=2 f=1 f=0

We have just seen that sketching the level curves of a function f(z,y) can help us understand the behaviour of f. We can
generalise this to functions F'(z,y, z) of three variables. A level surface of F(z,y, z) is a surface whose equation is of the form
F(z,y,z) = C for some constant C. It is the set of points (z, y, z) at which F takes the value C.

v Example 1.7.7. F(z,y,2) = 2 + y? + 22
Let F(z,y,2) = x> +y*+22. If C >0, then the level surface F(x,y,z) = C is the sphere of radius V/C centred on the

origin. Here is a sketch of the parts of the level surfaces F' =1 (radius 1), F' =4 (radius 2) and F' =9 (radius 3) that are in
the first octant.

v Example 1.7.8. F(z,y, 2) = 2% + 22

Let F(z,y,2z) =2>+2> and C >0. Consider the level surface 2+ 2% =C. The variable y does not appear in this
equation. So for any fixed gy, the intersection of the our surface 22 4+ 22 = C' with the plane y = 4y is the circle of radius 1/C
centred on z = z = 0. Here is a sketch of the first quadrant part of one such circle.
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The full surface is the horizontal stack of all of those circles with g, running over R. It is the cylinder of radius v/C' centred on
the y-axis. Here is a sketch of the parts of the level surfaces F' =1 (radius 1), F' =4 (radius 2) and F' =9 (radius 3) that are
in the first octant.

v Example 1.7.9. F(z,y, z) = e*"¥**

Let F(z,y, z) = €*¥™ and C > 0. Consider the level surface e*™¥™* = C, or equivalently, z +y + 2 =1nC. Itis the plane
that contains the intercepts (InC, 0, 0), (0,1nC, 0) and (0, 0,1n C). Here is a sketch of the parts of the level surfaces

o F =e (intercepts (1,0, 0),(0,1,0),(0,0,1)),

« F =é? (intercepts (2,0,0),(0,2,0),(0,0,2)) and

« F =¢® (intercepts (3,0,0),(0,3,0),(0,0,3))

that are in the first octant.

Exercises

Stage 1

https://math.libretexts.org/@go/page/92235
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Match the following equations and expressions with the corresponding pictures. Cartesian coordinates are (z, y, z), cylindrical
coordinates are (r, , z), and spherical coordinates are (p, 8, arph).

(a) drphi=m/3 (b) 7 =2cosf () z2+y? =22+1
(d) y =a’ +2° (e) p=2cosarphi () z=z'4y

?2
In each of (a) and (b) below, you are provided with a sketch of the first quadrant parts of a few level curves of some function
f(z,y). Sketch the first octant part of the corresponding graph z = f(z, y).

)
44

=1 1 2 3

?3

Sketch a few level curves for the function f(z,y)whose graph z = f(z, y) is sketched below.

z
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Stage 2

Sketch some of the level curves of
L f(z,y) =2 +2y°

2. f(z,y) =2y
3. f(z,y) =ze ™’

ezt B

2y

Sketch the level curves of f(z,y) = pol

Draw a “contour map” of f(z,y) = ey showing all types of level curves that occur.

? 7. %

HH B

A surface is given implicitly by
2?2 +y? —22+22=0

1. Sketch several level curves z =constant.
2. Draw a rough sketch of the surface.

Sketch the hyperboloid 22 = 422 +y% — 1.

Describe the level surfaces of

L f(z,y,2) =2 +y° +2°
2. f(z,y,2) =z +2y+3z
3. f(w,y,z) :$2+y2

? 10

Sketch the graphs of
1. f(z,y) =sinz 0<z<2m 0<y<l1
2 f(z,y) = /2* +9°
3. f(z,y) = ||+ |y

?21
Sketch and describe the following surfaces.
L42® +4* =16
2.x+y+2z=4
2 2 2
Y z x
=4 —=14+—
9 + 4 + 16
4. y2 =z® 4 2°

https://math.libretexts.org/@go/page/92235
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9
6. 2> +y*+2%+4x —by+92—b=0 whereb is a constant.
2 2
z

Stage 3

The surface below has circular level curves, centred along the z-axis. The lines given are the intersection of the surface with

the right half of the yz-plane. Give an equation for the surface.
,2=3y—1)

’
1

Y
Y

tz=-3y—-1)

1. Of course you could instead use some fancy graphing software, but part of the point is to build intuition. Not to mention that
you can't use fancy graphing software on your exam.

2. The semi-axes of an ellipse are the line segments from the centre of the ellipse to the farthest points on the ellipse and to the
nearest points on the ellipse. For a circle the lengths of all of these line segments are just the radius.

3. It's not just a figure of speech!

This page titled 1.7: Sketching Surfaces in 3d is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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1.8: Cylinders

There are some classes of relatively simple, but commonly occurring, surfaces that are given their own names. One such class is
cylindrical surfaces. You are probably used to thinking of a cylinder as being something that looks like 2 + 2 = 1.

?+y?=1

In Mathematics, the word “cylinder” is given a more general meaning.

# Definition 1.8.1. Cylinder

A cylinder is a surface that consists of all points that are on all lines that are

o parallel to a given line and
o pass through a given fixed curve, that lies in a fixed plane that is not parallel to the given line.

v Example 1.8.2

Here are sketches of three cylinders. The familiar cylinder on the left below

is called a right circular cylinder, because the given fixed curve (2 +y? =1, z=0) is a circle and the given line (the z-axis)
is perpendicular (i.e. at right angles) to the fixed curve.

The cylinder on the left above can be thought of as a vertical stack of circles. The cylinder on the right above can also be
thought of as a stack of circles, but the centre of the circle at height z has been shifted rightward to (0, 2, z). For that cylinder,
the given fixed curve is once again the circle 2 +3? =1, z =0, but the given lineis y = z, £ = 0.

We have already seen the the third cylinder

z

Y
T yz =1
z,y,z2>0

in Example 1.7.3. It is called a hyperbolic cylinder. In this example, the given fixed curve is the hyperbola yz =1, £ =0 and
the given line is the z-axis.
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1.9: Quadric Surfaces

Another named class of relatively simple, but commonly occurring, surfaces is the quadric surfaces.

# Definition 1.9.1. Quadrics

A quadric surface is surface that consists of all points that obey Q (z, y, z) = 0, with @ being a polynomial of degree two !.

Technically, we should also require that the polynomial can't be factored into the product of two polynomials of degree one.

For Q(z, y, z) to be a polynomial of degree two, it must be of the form
Q(z,y,z) = Az® + By’ + C2* + Dzy+ Eyz+ Fzz+Gz + Hy + 12+ J

for some constants A, B, -- -, J. Each constant z cross section of a quadric surface has an equation of the form
Az? + Dzy+By* 4+ gz +hy+j=0, z=z

If A=B=D =0 but g and h are not both zero, this is a straight line. If A, B, and D are not all zero, then by rotating and

translating our coordinate system the equation of the cross section can be brought into one of the forms

o az?+ py* =~ with a, 8 > 0, which, if v > 0, is an ellipse (or a circle),
o ax?—py* =~ with a, 8 > 0, which, if v # 0, is a hyperbola, and if ¥ = 0 is two lines,
o 2 = §y, which, if § # 0 is a parabola, and if § = 0 is a straight line.

There are similar statements for the constant = cross sections and the constant y cross sections. Hence quadratic surfaces are built
by stacking these three types of curves.

We have already seen a number of quadric surfaces in the last couple of sections.

o We saw the quadric surface 4z +y? — 22 =1 in Example 1.7.1.

V=(
Loy

Its constant z cross sections are ellipses and its * = 0 and y = 0 cross sections are hyperbolae. It is called a hyperboloid of one
sheet.

o We saw the quadric surface 2 + 3% =1 in Example 1.8.2.

Its constant z cross sections are circles and its =0 and y =0 cross sections are straight lines. It is called a right circular
cylinder.

Appendix A.8 contains other quadric surfaces.

1. Technically, we should also require that the polynomial can't be factored into the product of two polynomials of degree one.
2. This statement can be justified using a linear algebra eigenvalue/eigenvector analysis. It is beyond what we can cover here, but
is not too difficult for a standard linear algebra course.

This page titled 1.9: Quadric Surfaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

2: Partial Derivatives

In this chapter we are going to generalize the definition of “derivative” to functions of more than one variable and then we are
going to use those derivatives. We will parallel the development in Chapters 1 and 2 of the CLP-1 text. We shall

o define limits and continuity of functions of more than one variable (Definitions 2.1.2 and 2.1.3) and then
o study the properties of limits in more than one dimension (Theorem 2.1.5) and then
o define derivatives of functions of more than one variable (Definition 2.2.1).

We are going to be able to speed things up considerably by recycling what we have already learned in the CLP-1 text.

We start by generalizing the definition of “limit” to functions of more than one variable.
2.1: Limits
2.2: Partial Derivatives
2.3: Higher Order Derivatives
2.4: The Chain Rule
2.5: Tangent Planes and Normal Lines
2.6: Linear Approximations and Error
2.7: Directional Derivatives and the Gradient
2.8: Optional — Solving the Wave Equation
2.9: Maximum and Minimum Values

2.10: Lagrange Multipliers

This page titled 2: Partial Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Limits

Before we really start, let's recall some useful notation.

# Definition 2.1.1

o Nistheset {1,2, 3, -}of all natural numbers.

o Ris the set of all real numbers.

e € isread “is an element of”.

e ¢ isread “is not an element of”.

o {A|B} isread “the set of all A such that B”

o If Sisasetand T isasubsetof S, then S\ T is { € S|z ¢ T}, the set S with the elements of 7" removed. In particular,
if S'is a set and a is an element of S, then S\ {a} = {z € S|z # a} is the set S with the element a removed.

o If n is a natural number, R" is used for both the set of n-component vectors (x1, s, - - -, T, ) and the set of points
(21,2, -+, z,) with n coordinates.

e If S and T are sets, then f : S — T means that f is a function which assigns to each element of S an element of 7. The set
S is called the domain of f.

. [a,b] ={z e Rla <z <b} (a,b] ={z e Rla <z <b}
[a,b) ={z €Rla <z < b} (a,b) ={z e Rla <z < b}

The definition of the limit of a function of more than one variable looks just like the definition! of the limit of a function of one
variable. Very roughly speaking

lim f(Z)=L

Z—a

if () approaches L whenever Z approaches a. Here is a more careful definition of limit.

# Definition 2.1.2. Limit

Let

« m and n be natural numbers >

e a€R™

« the function f(Z) be defined for all Z near> @ and take values in R"

e LeR"

We write
lim () — L
T—a

if the value of the function (%) is sure to be arbitrarily close to L whenever the value of Z is close enough to @, without®
being exactly a.

Now that we have extended the definition of limit, we can extend the definition of continuity.

# Definition 2.1.3. Continuity

Let

o m and n be natural numbers
e a€R™
o the function f(Z) be defined for all Z near @ and take values in R"

1. The function f is continuous at a point a if

lim f(z) = f(a)

Z—a

https://math.libretexts.org/@go/page/89209
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l 2. The function f is continuous on a set D if it is continuous at every point of D.

Here are a few very simple examples. There will be some more substantial examples later — after, as we did in the CLP-1 text, we
build some tools that can be used to build complicated limits from simpler ones.

v/ Example 2.1.4

1. If f(x,y)is the constant function which always takes the value L, then

lim x, L
e f( y) =

2.1f £ : R? - R? is defined by f(z,y) = (z, ), then

Ldim (@) = (@,b)

3. By definition, as (x, y) approaches (a, b), z approaches a and y approaches b, so that if f : R> — R is defined by
f(z,y) =z, then

lim T =a
o i (abf( »Y)

Similarly, if g: R? — R is defined by g(z,y) = v, then

lim z,y)=2>b
L (ab)g( Y)

Limits of multivariable functions have much the same computational properties as limits of functions of one variable. The
following theorem summarizes a bunch of them. For simplicity, it concerns primarily real valued functions. That is, functions that
output real numbers as opposed to vectors. However it does contain one vector valued function. The function X in the theorem
takes as input an n-component vector and returns an m-component vector. We will not deal with many vector valued functions
here in CLP-3, but we will see a lot in CLP-4.

& Theorem 2.1.5. Arithmetic, and Other, Properties of Limits

Let

¢ m and n be natural numbers

e GER™ andbeR"

e D be a subset of R™ that contains all Z € R™ that are near d@
e ¢, F,GER

and
f,g:D\{a} >R  X:R™\{b} >D\{a} ~:R—R
Assume that

lmf(@)=F lmg@=C ImX@=a lmy(t)=F)

T—a z—a ;z;~>b t—F

Then
Llim [f(Z)+g(Z)] =F+G

lim [f(Z) - 9(z)] =F -G

T—a

2 lim £(&) 9(3) = FG

limef(zZ) =cF

Tr—a
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89209?pdf

LibreTexts"

This shows that multivariable limits interact very nicely with arithmetic, just as single variable limits did. Also recall, from
Theorem 1.6.8 in the CLP-1 text,

& Theorem 2.1.6

The following functions are continuous everywhere in their domains

e polynomials, rational functions
e roots and powers

e trig functions and their inverses
o exponential and the logarithm

v/ Example 2.1.7

In this example we evaluate
lim T +smny
(z,9)—(2,8) 22y? +1
as a typical application of Theorem 2.1.5. Here “=” means that part (a) of Theorem 2.1.5 justifies that equality. Start by
computing separately the limits of the numerator and denominator.

lim (z +siny) £ lim z+ lim siny

(z,9)—(2,3) (z,y)—(2,3) (z,9)—(2,3)
£ lim z+sin lim
(z,y)—(2,3) ( (ﬂvvy)—>(2w3)y)
= 2+sin3
lim (a:2y2 + 1) £ lim 2%’ lim 1
(z,y)—(2,3) (z,9)—(2,3) (z,9)—(2,3)
b
= li li li li 1
((z,y)lg%2,3)w) ((z,y)lirz2,3)$) ((m,y)lirz2,3)y> ((m,y)lilz2,3)y) a
= 2’3" +1

Since the limit of the denominator is nonzero, we can simply divide.

lim (z+sin
z+siny . (z,y)ﬁ(273)( v)

lim =
(zy)—(2,3) 22y? +1 lim (z2y?2+1
e Y 8 G
B 2+sin3
T 37

Here we have used that sin z is a continuous function.

While the CLP-1 text's Definition 1.3.3 of the limit of a function of one variable, and our Definition 2.1.2 of the limit of a
multivariable function look virtually identical, there is a substantial practical difference between the two. In dimension one, you
can approach a point from the left or from the right and that's it. There are only two possible directions of approach. In two or more
dimensions there is “much more room” and there are infinitely many possible types of approach. One can even spiral in to a point.
See the middle and right hand figures below.
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The next few examples illustrate the impact that the“extra room” in dimensions greater than one has on limits.

v/ Example 2.1.8

2

. . T
As a second example, we consider  lim 5 y2
(2,9)—(0,0) T+

tend to zero as (z, y) approaches (0, 0), so we have to be more careful.

. In this example, both the numerator, 2y, and the denominator, =% + 2,

A good way to see the behaviour of a function f(z,y)when (z,y) is close to (0, 0) is to switch to the polar coordinates, r, 6,
that are defined by

T =rcosf
y =rsinf

i (z,y)

x

The points (z, y) that are close to (0, 0) are those with small r, regardless of what 6 is. Recall that ’ 1)11sz 5 f(z,y) = L when
z7y — k)

f(z,y) approaches L as (z,y) approaches (0,0). Substituting  =rcosf, y =rsinf into that statement turns it into the
statement that ’ l)inz0 - f(z,y) = L when f(rcosé, rsinf) approaches L as r approaches 0. For our current example
,y)—(0,

zy _ (rcos)?(rsind) — reos Osind
22 + 2 2

As ]r cos? @sin t9| <r tends to 0 as 7 tends to 0 (regardless of what 8 does as r tends to 0) we have

2
lim it =0
(z,y)—(0,0) 22 + 2

v Example 2.1.9

2 2
As a third example, we consider  lim ==L,
(2,9)(0,0) ¥

close to (0, 0) is to switch to polar coordinates.

Py
z2+y?

Once again, the best way to see the behaviour of f(z,y) =

for (z,y)

2’ —y?  (rcosf)? —(rsinh)?
>

= cos® § —ssin? § = cos(20)

,’E, = =
f@,y) 1y "

Note that, this time, f is independent of  but does depend on 6. Here is a greatly magnified sketch of a number of level curves
for f(z,y).
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f=cos(180°)=—1
f=cos(135°)=—1/+/2

f=cos(90°)=0
f=cos(60°)=1/2
f=cos(30°)=+/3/2

f=cos(0)=1

r = 107137

Observe that

« as (z,y) approaches (0, 0) along the ray with 26 = 30°, f(z,y)approaches the value ? (and in fact f(z, y)takes the

value cos(30°) = % at every point of that ray)

e as (z,y) approaches (0, 0) along the ray with 26 = 60°, f(z,y)approaches the value % (and in fact f(z, y)takes the value
cos(60°) = % at every point of that ray)

e as (z,y) approaches (0, 0) along the ray with 26 = 90°, f(x,y)approaches the value 0 (and in fact f(z, y) takes the value
cos(90°) = 0 at every point of that ray)

e and so on

So there is not single number L such that f(x,y) approaches L as r = |(z, y)| — 0, no matter what the direction of approach

22
is. The limit ( 1)111% )ﬁ does not exist.
z,y)—(0,0

Here is another way to come to the same conclusion.

« Pick any really small positive number. We'll use 10737 as an example.
o Pick any real number F’ between —1 and 1. We'll use F' = ? as an example.
o Looking at the sketch above, we see that f (z, y)takes the value F' along an entire ray § = const, r > 0. In the case

F= %, the ray is 20 = 30°, r > 0. In particular, because the ray extends all the way to (0, 0), f takes the value F for

some (z,y) obeying |(z,y)| < 107137,
o That is true regardless of which really small number you picked. So f(z,y) = zz;zz

does not approach any single value as

r =|(z,y)| approaches 0 and we conclude that  lim

2
—2~ does not exist.
(2,9)—(0,0) T+

Optional — A Nasty Limit That Doesn't Exist

v/ Example 2.1.10

In this example we study the behaviour of the function
(295'—y)2 3
flay)={ e Hat
0 ifr=y

as (z,y) — (0, 0). Here is a graph of the level curve, f(z,y) = —3, for this function.
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f=-3 -2

Here is a larger graph of level curves, f(z,y) = ¢, for various values of the constant c.

1 3
y

o=

F=2

1
2

3

level curves again, with the rays § = %w and 6 = 35

Y

f(rcosé,rsinf) = { "
0

If we approach the origin along any fixed ray 6= const, then f(rcos,rsinf) is the constant

1

2

1 2 3

As before, it helps to convert to polar coordinates — it is a good approach ©. In polar coordinates

2cos f—sin6)’ . .
% if cosf # sinf
if cos@ =sinf

(2 cos f—sin §)?
cos f—sin 0

(or 0 if

cosf =sinf) times r and so approaches zero as r approaches zero. You can see this in the figure below, which shows the
7 superimposed.

0=

16

ool
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If you move towards the origin on either of those rays, you first cross the f =3 level curve, then the f =2 level curve, then
the f =1 level curve, then the f = % level curve, and so on.

That f(z,y) — 0 as (z,y) — (0,0) along any fixed ray is suggestive, but does not imply that the limit exists and is zero.
Recall that to have lim(,,y) (0,0) f (2, y) = 0, we need f(z,y) — 0 no matter how (zx,y) — (0, 0). It is not sufficient to check
only straight line approaches.

In fact, the limit of f(z,y)as (z,y) — (0,0) does not exist. A good way to see this is to observe that if you fix any r > 0, no
matter how small, f(z,y) takes all values from —oo to +oo on the circle z2 +y* = 2. You can see this in the figure below,
which shows the level curves yet again, with a circle z2 +y? = r? superimposed. For every single —oco < ¢ < 0o, the level
curve f(z,y) = c crosses the circle.

3 -2 -1-3
Y

L1 2 r=3

Consequently there is no one number L such that f(z, y)is close to L whenever (z, y) is sufficiently close to (0, 0). The limit
lim(,, ) (0,0) f (%, ¥) does not exist.

Another way to see that f(x,y) does not have any limit as (z,y) — (0,0) is to show that f(z,y) does not have a limit as
(z,y) approaches (0, 0) along some specific curve. This can be done by picking a curve that makes the denominator, z — y,
tend to zero very quickly. One such curve is z —y = 23 or, equivalently, y = z — z3. Along this curve, for z # 0,

(2ac—m—|—m3)2 (m+m3)2

3y _
ez =) = z—z+ad x3

B (1+22) _ J e asz — 0 withz >0
- x —0o0 asz — 0withaz <0

3

The choice of the specific power z° is not important. Any power z? with p > 2 will have the same effect.

2

If we send (z, y) to (0, 0) along the curve = —y = ax? or, equivalently, y = = — ax?, where a is a nonzero constant,

. o Qz—z+a®)’ | (z+az?)’
lim f(z,z —az”) =lim —————— =lim ————
z—0 z—0 x —x+ax? z—0 ax?
. (14az)? 1
=lim——=—
z—0 a a

This limit depends on the choice of the constant a. Once again, this proves that f(z,y) does not have a limit as
(z,y) = (0,0).

Exercises

Stage 1
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Suppose f(z,y)is a function such that lim  f(z,y) = 10.
(2,5)—(0,0)

True or false: | £(0.1,0.1) — 10| < |£(0.2,0.2) — 10|

?22

A millstone pounds wheat into flour. The wheat sits in a basin, and the millstone pounds up and down.

Samples of wheat are taken from various places along the basin. Their diameters are measured and their position on the basin is
recorded.

Consider this claim: “As the particles get very close to the millstone, the diameters of the particles approach 50 pm.” In this
context, describe the variables below from Definition 2.1.2.

1.x
2.a
3.L
?3
2
xr
Let f(z,y) = ——.
f(@,y) P

1. Find a ray approaching the origin along which f(z,y) =1
2. Find a ray approaching the origin along which f(z,y) =0.
3. What does the above work show about a limit of f(z,y)?

? 4

Let f(z,y) = 2? —y°
1. Express the function in terms of the polar coordinates r and 6, and simplify.
2. Suppose (z, y) is a distance of 1 from the origin. What are the largest and smallest values of f(z,y)?
3. Let r > 0. Suppose (z, y) is a distance of r from the origin. What are the largest and smallest values of f(z,y)?
4. Let € > 0. Find a positive value of 7 that guarantees | f(x, y)| < e whenever (z, y) is at most  units from the origin.
5. What did you just show?

Suppose f(z,y)is a polynomial. Evaluate  lim ) f(x,y), where (a,b) € R%.

(z,y)—(a,

Stage 2

Evaluate, if possible,

1. lim (zy + xz)

(z,y)—(2,-1)

2. lim ———

(2,9)—(0,0) 2 4 y2
22

3. lim

(2,y)—(0,0) x2 + 12
25

4. lim

(z,9)—(0,0) x2 492
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im >y
(2,9)—(0,0) 22 +y*
) (sinz) (e¥ —1)
6. lim ———
(z,9)—(0,0) Ty

5.

? 7. %

8 8
1. Find the limit:  lim Tty .
(z,9)—(0,0) z* +y*

5
2. Prove that the following limit does not exist:  lim e

(2,y)—(0,0) 28 +y10

Evaluate each of the following limits or show that it does not exist.
23—

im
(2,9)—(0,0) £ + y2
2? — gt

1.

2 i
(z0) 2(0,0) 22 + ¢4

Stage 3

Evaluate each of the following limits or show that it does not exist.
. 222 + 2y —y’x +2y°
1. lim
(z,9)—(0,0) z? +y2
22y? — 22%y +2°

2. lim
(29)=(0,1) (22 +y2 — 2y +1)?
? 10
Define, for all (z,y) # (0,0), f(z,y) = w‘i; .

L. Let 0 <6 < 2m. Compute lim f(rcos,rsinf).
r—0

2. Compute lim f(z, z?).
z—0

3.Does lim x,y) exist?
o A

? 11 %

Compute the following limits or explain why they do not exist.

1. lim 2
(2,9)(0,0) 2% +
5 sin(zy)

1im —_—
(2,9)—(0,0) £ + g2
. z? +2zy% + ot
lim ———
(z,9)—(-1,1) 1+y*

4. lim |y|*
(z,9)—(0,0)

3.

1. Definition 1.3.3 in the CLP-1 text.
2. In this text, we will interested in m, n € {1, 2, 3},but the definition works for all natural numbers m, n.
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3. To be precise, there is a number 7 > 0 such that f() is defined for all Z obeying |Z —a| < 7.
4. There is a precise, formal version of this definition that looks just like Definition 1.7.1 of the CLP-1 text.

5. You may find the condition “without being exactly a” a little strange, but there is a good reason for it, which we have already

f(@)—f(a) (2)—1(a)

seen in Calculus I. In the definition f’ (z) = lim ==—-— the function whose limit is being taken, namely ! -— -, isnot
T—a

T—a )
defined at all at z = a. This will again happen when we define derivatives of functions of more than one variable.
6. Not just a pun.

This page titled 2.1: Limits is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman, Andrew
Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Partial Derivatives

We are now ready to define derivatives of functions of more than one variable. First, recall how we defined the derivative, f’ (a),
of a function of one variable, f(z). We imagined that we were walking along the z-axis, in the positive direction, measuring, for
example, the temperature along the way. We denoted by f(z) the temperature at z. The instantaneous rate of change of temperature
that we observed as we passed through x = a was

Af (o) i SOR @) S ()

dz h—0 h z—a T—a

Next suppose that we are walking in the zy-plane and that the temperature at (z,y) is f(z,y). We can pass through the point
(z,y) = (a,b) moving in many different directions, and we cannot expect the measured rate of change of temperature if we walk
parallel to the z-axis, in the direction of increasing x, to be the same as the measured rate of change of temperature if we walk
parallel to the y-axis in the direction of increasing y. We'll start by considering just those two directions. We'll consider other
directions (like walking parallel to the line y = z) later.

Suppose that we are passing through the point (z,y) = (a,b) and that we are walking parallel to the z-axis (in the positive
direction). Then our y-coordinate will be constant, always taking the value y = b. So we can think of the measured temperature as
the function of one variable B(xz) = f(z, b) and we will observe the rate of change of temperature

E o B(a+h)_B(a) — 1 f(a+hab)_f(aab)
dz (a)ihao h 7h1£% h

This is called the “partial derivative f with respect to z at (a, b)” and is denoted %(a, b). Here

« the symbol 9, which is read “partial”, indicates that we are dealing with a function of more than one variable, and

e the x in % indicates that we are differentiating with respect to =, while y is being held fixed, i.e. being treated as a constant.
of . .
. a—i is read “partial dee f dee z”.

Do not write ﬁ when % is appropriate. We shall later encounter situations when i f and a% f are both defined and have

different meanings.

If, instead, we are passing through the point (z,y) = (a, b) and are walking parallel to the y-axis (in the positive direction), then
our z-coordinate will be constant, always taking the value = a. So we can think of the measured temperature as the function of
one variable A(y) = f(a, y) and we will observe the rate of change of temperature

dA I A(b+h)— A(b)  lim f(a,b+h)—f(a,b)
h

—(b) =
dy() hli% h h—0

This is called the “partial derivative f with respect to y at (a, b)” and is denoted %(a, b).

Just as was the case for the ordinary derivative % (z) (see Definition 2.2.6 in the CLP-1 text), it is common to treat the partial
derivatives of f(z,y)as functions of (z, y) simply by evaluating the partial derivatives at (z, y) rather than at (a, b).

& Definition 2.2.1. Partial Derivatives

The z- and y-partial derivatives of the function f(z, y)are

ﬁ(l‘ y) — f($+hay)_f($ay)
oz ’ —0 h
ﬁ(m y):hm f(il?,y+h)_f($,y)
By ’ h—0 h

respectively. The partial derivatives of functions of more than two variables are defined analogously.

Partial derivatives are used a lot. And there many notations for them.
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The partial derivative % (z,y) of a function f(z,y)is also denoted
of
% fz(m,y) fm Dmf($,y) Dacf le(x,y) le

The subscript 1 on D; f indicates that f is being differentiated with respect to its first variable. The partial derivative %(a, b)

is also denoted

of
0z l(a,p)
with the subscript (a, b) indicating that g—a’; is being evaluated at (z, y) = (a, b).
The notation (g—i) is used to make explicit that the variable y is being held fixed !.
y

X Remark 2.2.3. The Geometric Interpretation of Partial Derivatives

We'll now develop a geometric interpretation of the partial derivative

fla+h,b)— f(a,b)
h

of o
am (a’b) _]111_1;101

in terms of the shape of the graph z = f(z, y) of the function f(z,y). That graph appears in the figure below. It looks like the
part of a deformed sphere that is in the first octant.

The definition of % (@, b) concerns only points on the graph that have y = b. In other words, the curve of intersection of the

surface z = f(z,y) with the plane y = b. That is the red curve in the figure. The two blue vertical line segments in the figure

have heights f(a,b) and f(a+ h, b), which are the two numbers in the numerator of HEDieh)

h
z
z= f(17y)
y=>=
fla+h,b)— f(a,b) F(a,b)
fla+ h,b)
Y

/
T

A side view of the curve (looking from the left side of the y-axis) is sketched in the figure below.
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fla+h,b)— f(a,b)

Z:f(va)y y=>
< f(a,b)

«<—— f(a+ h,b)

(a7 b? 0) (a + h? b? 0)

Again, the two blue vertical line segments in the figure have heights f(a, b) and f(a+ h,b), which are the two numbers in the

(a+h,b)—f(a,b)
h

numerator of £ . So the numerator f(a+h,b) — f(a,b) and denominator h are the rise and run, respectively, of

the curve z = f(z,b) fromz =a to z =a+h. Thus %(a, b) is exactly the slope of (the tangent to) the curve of intersection
of the surface z= f(z,y) and the plane y =b at the point (a,b, f(a,b)). In the same way g—;(a, b) is exactly the slope of
(the tangent to) the curve of intersection of the surface z= f(x,y) and the plane x = a at the point (a, b, f(a, b))

Evaluation of Partial Derivatives
From the above discussion, we see that we can readily compute partial derivatives % by using what we already know about
ordinary derivatives %. More precisely,

e to evaluate % (z,y),treat the y in f(z,y)as a constant and differentiate the resulting function of  with respect to z.
[Z) . . . . . .
« To evaluate a—i (z,y), treat the z in f(z,y)as a constant and differentiate the resulting function of y with respect to y.

« To evaluate g—i(a, b), treat the y in f(x,y)as a constant and differentiate the resulting function of  with respect to . Then
evaluate the result at x = a, y =b.

o To evaluate g—i (a,b), treat the = in f(z,y)as a constant and differentiate the resulting function of y with respect to y. Then

evaluate the result at x = a, y =b.

Now for some examples.

v/ Example 2.2.4

Let

f(@,y) =2° +y* +4zy®
Then, since 8—‘1 treats y as a constant,

ﬁ_i 3 i 2 i 2

0
=322 +0+4y2—w(m)

0
=3z% +4y°
and, since a% treats  as a constant,
of 0, 4 0, 5 0 9
— =—(z°)+— + —(4z
3 6y() 8y(y) (9y( y?)
9
=0+4+2y+4z—
+2y+4z5- ()
=2y +8zy

In particular, at (z,y) = (1, 0) these partial derivatives take the values
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g—i(l,o) =3(1)2+4(0)> =3

97 1,0) =2(0)+8(1)(0) =0
Oy

v/ Example 2.2.5

Let

f(z,y) =ycosz +ze™

Then, since 0—‘1 treats ¢ as a constant, %eyz =yeY? and

9 A a0 9 (o
o (z,y) =y o (cosz)+e o () +z o (™) (by the product rule)
= —ysinz +e" +zye™
0 0 0
- — — — (%Y
o (z,y) cosway(y)+w3y (e™)

=cosz +z2e™

Let's move up to a function of four variables. Things generalize in a quite straight forward way.

v/ Example 2.2.6

Let

f(z,y,2t) =zsin(y+22) +t?e*Inz
Then

of )

9z (z,y,2,t) =sin(y+2z)

g_i(%y,%t) Zxcos(y+2z)+3t2e3ylnz
of
0z

of
ot

(z,y,2,t) =2z cos(y+2z)+t2e/z

(z,y,2,t) =2te¥Inz

Now here is a more complicated example — our function takes a special value at (0, 0). To compute derivatives there we revert to
the definition.

v/ Example 2.2.7

Set

COS T—COS Y

_ /= ifz#y
f(may)_{o Y ifx:y

If b # a, then for all (z, y) sufficiently close to (a,b), f(z,y) = % and we can compute the partial derivatives of f at
(a, b) using the familiar rules of differentiation. However that is not the case for (a, b) = (0,0). To evaluate f, (0, 0), we need

to set y = 0 and find the derivative of

cos x—1 .
= ifz#0
,0)= £
1(=,0) {O ifx=0

with respect to z at z = 0. As we cannot use the usual differentiation rules, we evaluate the derivative? by applying the
definition
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£(0,0) = lim
— h
cos h—1 0
= lim — (Recall that h # 0 in the limit.)
h—0 h
. cosh—1
=lim
h—0 h?
. —sinh Sl
= }ll_l)l(} o (By ’'Hspital’s rule.)
—cosh
— lim —== (By 'Hspital again.)
h—0 2
]
2

We could also evaluate the limit of Cosh# by substituting in the Taylor expansion

R* At
h=1-— 42 ...
cos D) + a0
We can also use Taylor expansions to understand the behaviour of f(z, y)for (z, y) near (0, 0). For x # y,

2

z z! ?/2 il/4
COSZT — COSY [1_54_4!_'”}_[1_54_?_'”]

r—y r—y
ooy oyt
2! + 4!
r—y
1 2292 1 24—yt

21 z—y 4! z—y
r+y @B+22y+zy’+y?
T 4! -

So for (z, y) near (0, 0),
z+y 9
—— ifz#y
a3 ~ 2
f(@,y) {0 oy
So it sure looks like (and in fact it is true that)

e f(z,y)is continuous at (0, 0) and

e f(z,y)is not continuous at (a, a) for small @ # 0 and

. £.(0,0)= 1,(0,0) = —=

2
v/ Example 2.2.8

Again set

COS T—COS Y if T # y
x, = =y
f(z,y) {0 2y

We'll now compute f,(z,y) forall (z,y).
The case y # x: When y # z,
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0 cosT —cosy

fy(w’ y) = B_y z—y
3 (x —y)a%(cosw —cosy) — (cosz —cosy)%(.’c —y)
(z—y)
(by the quotient rule)
_ (z—y)siny+cosz —cosy
(z —y)?

The case y = x: Wheny =z,
f@,y+h)—f(zy)

— lim f(a:,w—I—h) —f(.T,.’L‘)
h—0 h
cos z—cos(z+h) 0
. z—(z+h) . .
=lim (Recall that h # 0 in the limit.)
h—0 h
. cos(zx+h)—cosz
=lim
h—0 h?

Now we apply L'Hopital's rule, remembering that, in this limit, z is a constant and 4 is the variable — so we differentiate with
respect to h.

—sin(z +h)

Note that if z is not an integer multiple of 7, then the numerator — sin(z + k) does not tend to zero as h tends to zero, and the
limit giving f,(x,y) does not exist. On the other hand, if « is an integer multiple of 7, both the numerator and denominator
tend to zero as h tends to zero, and we can apply L'Hdpital's rule a second time. Then

. —cos(z+h)
fy(x7y) - }Ll—I}Ol 2
coszx

2

The conclusion:

(z—y) sin y+cozs T—Cos Yy ifz 7& Y
(z—y)

fyle,y) =4 _ o if £ = y with  an integer multiple of 7

DNE if z = y with z not an integer multiple of

v/ Example 2.2.9. Optional — A Little Weirdness

In this example, we will see that the function

L ifz Aty
f z,y)= Y '
(@) 0 ifr=y

is not continuous at (0, 0) and yet has both partial derivatives f,(0,0) and f,(0, 0) perfectly well defined. We'll also see how
that is possible. First let's compute the partial derivatives. By definition,
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D
h
. f(0+h,0)—f(0,00 35— 0
£2(0,0) = lim h B B
=1
02
. f(070+h)_f(070) q O—h_O .
70,0 =} h BT A e
=0

So the first order partial derivatives f;(0,0) and f,(0, 0) are perfectly well defined.
To see that, nonetheless, f(z,y) is not continuous at (0, 0), we take the limit of f(z,y)as (z,y) approaches (0,0) along the
curve y = £ — 3. The limit is
3 x’

li —z%) =lim——— = lim—

zg%f(m’m .’13) zlj;% a:—(:c—m?’) a:lir()l:l:
which does not exist. Indeed as = approoaches 0 through positive numbers, % approaches +oo, and as x approoaches 0
through negative numbers, % approaches —oo.
So how is this possible? The answer is that f, (0, 0) only involves values of f(z,y)with y =0. As f(z,0) = z, for all values
of z, we have that f(z,0)is a continuous, and indeed a differentiable, function. Similarly, f,(0,0) only involves values of
f(z,y) with £ =0. As f(0,y) =0, for all values of y, we have that f(0,y) is a continuous, and indeed a differentiable,
function. On the other hand, the bad behaviour of f(z,y)for (z,y) near (0, 0) only happens for z and y both nonzero.

Our next example uses implicit differentiation.

v/ Example 2.2.10

The equation
2 yer £e?* =0
implicitly determines z as a function of  and y. That is, the function z(z, y) obeys
2(z,y)° Ty2ef@y) 12 =
For example, when £ =y = 0, the equation reduces to
2(0,0)° = -1
which forces® 2(0,0) = —1. Let's find the partial derivative g—; (0,0).
We are not going to be able to explicitly solve the equation for z(z, y). All we know is that
z(z,y)5 +y26z(z,y) LeX 0

for all z and y. We can turn this into an equation for g—; (0,0) by differentiating  the whole equation with respect to z, giving

0z 0z
4 Y~ 2 _z(zy) Y% 2 _
52(z,y)" 5 (2,y) +y e o (2, y) +27 =0
and then setting ¢ = y = 0, giving
0z
4 2 =
52(0,0)" 5=(0,0)+2 =0

As we already know that 2(0,0) = —1,

0 2 2

==(0,0)= =

oz 52(0,0)* 5
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Next we have a partial derivative disguised as a limit.

v/ Example 2.2.11

In this example we are going to evaluate the limit

3 3
L (E Y2~ (@ +y)
20 (z +y)z

The critical observation is that, in taking the limit z— 0, x and y are fixed. They do not change as z is getting smaller and
smaller. Furthermore this limit is exactly of the form of the limits in the Definition 2.2.1 of partial derivative, disguised by
some obfuscating changes of notation.

Set

(z+y+2)>

f(s:,y,z)z (m—i—y)

Then

(x4+y+2)7°—(z+y)®

f(maya Z) _f(mayao)
m

z—0 (:1; —+ y)z z—0 z
— lim f(wayao"i_h)_f(way’o)
h—0 h
of
= 5 ("1"7 Y, 0)
[0 (z+y+2)?
|0z Tty _—
cons Z 2
Recalling that % treats « and y as constants, we are evaluating the derivative of a function of the form % So
_(zt+y+2)P —(z+y)’? (z+y+2)*
lim =3
20 (z+y)z Tty |,
=3(z+v)

The next example highlights a potentially dangerous difference between ordinary and partial derivatives.

v/ Example 2.2.12

i i i i - i i -1
In this example we are going to see that, in contrast to the ordinary derivative case, a_: is not, in general, the same as (%) .
Recall that Cartesian and polar coordinates > (for (z,y) # (0, 0) and » > 0) are related by

z =rcosf
y =rsinf
I +y2
tanazg
T

J (%, y)

We will use the functions

z(r,0) =rcosé and r(z,y) = /22 +9°

Fix any point (zg, ) # (0,0) and let (g, fp), 0 < 8y < 27, be the corresponding polar coordinates. Then
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Oz or x
E(T,O)—COSO 6_13($,y)_m2—_’_y2
so that
-1
Ox or - x 1
_(7‘0,00)2 (_(xg,y0)> < COS@O = | —/—— Z(COSQ())
or Oz /Ig oy

<« cos’fy =1
<~ 6y=0,7

We can also see pictorially why this happens. By definition, the partial derivatives

oz Y z(ro +dr, ) —x(ro, 6p)
or (o, 00) = dr0 dr
or _ r(zo +dz,y0) — (20, Y0)
5 (0 0) = I do

Here we have just renamed the h of Definition 2.2.1 to dr and to dx in the two definitions.

In computing gr—””(ro,eo), 0y is held fixed, r is changed by a small amount dr and the resulting

dz =z(rg+dr, 6y) —z(ro,8) is computed. In the figure on the left below, dr is the length of the orange line segment and
dz is the length of the blue line segment.

\ﬂ{dxF

(z0,0)

(ZM—O)"{ dzx

dr /\ dr
o

On the other hand, in computing %, y is held fixed, = is changed by a small amount dx and the resulting

dr =r(zo+dz,yo) —r(xo,yo) is computed. In the figure on the right above, dz is the length of the pink line segment and
dr is the length of the orange line segment.

Here are the two figures combined together. We have arranged that the same dr is used in both computations. In order for the
dr's to be the same in both computations, the two dz's have to be different (unless 6y =0,w). So, in general,

%(7‘0,90) 7 (%(wo,yo))_l

\—'|d:c|‘—

(¢0,90)

v/ Example 2.2.13. Optional — Example 2.2.12, continued

The inverse function theorem, for functions of one variable, says that, if y(z) and z(y) are inverse functions, meaning that
y(z(y)) =yand z (y(z)) = z, and are differentiable with % %0, then
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dz 1

" (o)

To see this, just apply d% to both sides of y(z(y)) =y to get j—z (z(y)) %(y) =1, by the chain rule (see Theorem 2.9.3 in
the CLP-1 text). In the CLP-1 text, we used this to compute the derivatives of the logarithm (see Theorem 2.10.1 in the CLP-1

text) and of the inverse trig functions (see Theorem 2.12.7 in the CLP-1 text).

We have just seen, in Example 2.2.12, that we can't be too naive in extending the single variable inverse function theorem to
functions of two (or more) variables. On the other hand, there is such an extension, which we will now illustrate, using
Cartesian and polar coordinates. For simplicity, we'll restrict our attention to > 0, y > 0, or equivalently, 7 > 0, 0 < 6 < %
The functions which convert between Cartesian and polar coordinates are

:

z(r,0) =rcosf r(z,y) =+1/2° +9°

—
8 |

)

y(r,0) =rsind 0(z,y) = arctan

y (z,y)

xz

The two functions on the left convert from polar to Cartesian coordinates and the two functions on the right convert from
Cartesian to polar coordinates. The inverse function theorem (for functions of two variables) says that,

if you form the first order partial derivatives of the left hand functions into the matrix

g_f(r"g) %(T’Q)] _ [cos@ —rsin@}
L(r,6) 2(r,0)

sinf@ rcosé

and you form the first order partial derivatives of the right hand functions into the matrix

[%wm %mw] Aw | (w7
Rev gev| | way| lew
o and if you evaluate the second matrix at z = z(r, 9), y = y(r, 6),
g’—w(w(r, 0), y(r, 0)) % (m(r, 0), y(r, ‘9)) cosf sinf
2 (a(r,6),y(r,0)) %@mowmm)_[ﬁ¥ %4

« and if you multiply ® the two matrices together
o (2(r,0),y(r,0)) 5L (x(r,0),y(r,0)) [%mw %vﬁq
o (@(r,0),y(r,0) 3 (2(r,6),y(r,6))
B [ cosf sinG] [0030 —rsin@]
T | _sinf  cosé

" sinf rcosf

_ [ (co?. 0)(cos ) + (sinf)(sinh) (cqs 0)(—rsinf) + (sinf)(r cosb) ]
(—228)(cos @) + (<=2)(sinf)  (—=2L)(—rsinh) + (2£)(rcosh)

r

T T

o then the result is the identity matrix

o 3]

and indeed it is!
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This two variable version of the inverse function theorem can be derived by applying the derivatives % and % to the

equations

r(z(’r, 0),y(r, 0)) =r
O(w(r, 0),y(r, 0)) =0

and using the two variable version of the chain rule, which we will see in §2.4.

Exercises
Stage 1
?1

Let f(z,y) = e® cosy. The following table gives some values of f(z,y).

z=0 z=0.01 z=0.1

y=—0.1 0.99500 1.00500 1.09965
y=—0.01 0.99995 1.01000 1.10512
y=0 1.0 1.01005 1.10517

1. Find two different approximate values for i (0, 0) using the data in the above table.

Bz
2. Find two different approximate values for g—; (0, 0) using the data in the above table.

of of
3. Evaluate (0, 0) and 5(0, 0) exactly.

?22

You are traversing an undulating landscape. Take the z-axis to be straight up towards the sky, the positive z-axis to be due
south, and the positive y-axis to be due east. Then the landscape near you is described by the equation z = f(z, y), with you at
the point (0, 0, £(0,0)).The function f(z,y)is differentiable.

Suppose f,(0,0) < 0. Is it possible that you are at a summit? Explain.

Let

x?+y?

ﬂnw:{ oy ?H%M#@m)
0 if (z,y) = (0,0)

Compute, directly from the definitions,

of
Lg?mm
2. §(0, 0)

f&1)|

& =
dt

t=0
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(24

Find all first partial derivatives of the following functions and evaluate them at the given point.

1 f(wa Y, Z) = $3y4z5 (O, -1, _1)
2. w(z,y,z) =1n(1+e™?) (2,0,-1)

3 f(w,y)Zﬁ (-3,4)
?5

Show that the function z(z, y) = % obeys

22 (a,9) +
8$ 7y y
fracdz0y(z,y) =0

? 6%

A surface z(z, y) is defined by zy —y +z = In(zyz).

1. Compute %, % in terms of z, y, 2.
2. Evaluate % and g—; at (z,y,2) =(-1,-2,1/2).

Find 2 and &L at (1,1,2,4)if (T, U, V, W) are related by

(TU —V)?In(W —UV) =1n2

B B

Suppose that u = 2 +yz, = = prcos(), y = prsin(d) and z = pr. Find ?—31: at the point (pg, 7o, 6p) = (2,3, 7/2).

Use the definition of the derivative to evaluate f,(0,0) and f,(0, 0) for

fla,y) = { —z‘w:Zyy ifx £y

0 ifr=y

~ :H

Stage 3

? 10

Let f be any differentiable function of one variable. Define z(z,y) = f(z* +y?). Is the equation

0z 0z
yg(w,y)—wa—y(w,y)—o

necessarily satisfied?
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? 1

Define the function

z+2y)? q
f(a:,y):{ (:Jr;;) ifr4+y#0
0 ifr4+y=0

. . of of
1. Evaluate, if possible, 5 -(0,0) and a—y(O, 0).
2.1s f(z,y) continuous at (0,0)?

? 12

Consider the cylinder whose base is the radius-1 circle in the zy-plane centred at (0, 0), and which slopes parallel to the line in

the yz-plane given by z =y.
‘7

When you stand at the point (0, —1, 0), what is the slope of the surface if you look in the positive y direction? The positive
direction?

1. There are applications in which there are several variables that cannot be varied independently. For example, the pressure,
volume and temperature of an ideal gas are related by the equation of state PV = (constant)7'. In those applications, it may
not be clear from the context which variables are being held fixed.

2. It is also possible to evaluate the derivative by using the technique of the optional Section 2.15 in the CLP-1 text.

3. The only real number z which obeys 2° = —1 is z = —1. However there are four other complex numbers which also obey
2> =—1.

4. You should have already seen this technique, called implicit differentiation, in your first Calculus course. It is covered in
Section 2.11 in the CLP-1 text.

5. If you are not familiar with polar coordinates, don't worry about it. There will be an introduction to them in §3.2.1.

6. Matrix multiplication is usually covered in courses on linear algebra, which you may or may not have taken. That's why this
example is optional.

This page titled 2.2: Partial Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.3: Higher Order Derivatives

You have already observed, in your first Calculus course, that if f(z) is a function of z, then its derivative

\ %(w), is also a

2
function of x, and can be differentiated to give the second order derivative %(w), which can in turn be differentiated yet again to

give the third order derivative, f()(z), and so on.

We can do the same for functions of more than one variable. If f(z,y)is a function of z and y, then both of its partial derivatives,

%(z, y) and g—i(a:, y) are also functions of z and y. They can both be differentiated with respect to z and they can both be

differentiated with respect to y. So there are four possible second order derivatives. Here they are, together with various alternate

notations.
% (%) (z,y) = %(m,y} = fou(z,y)
8%/ (%) (z,y) = %(m,yF foy(z,y)
(‘% (Z_ZJ;) (z,y) = (g;—aj;(w,y)z fya(@,9)
8% (g_i) (z,y) = giy{(m,y) = fy(z,y)
In ;y - afz = aya_;z f, the derivative closest to £, in this case %v is applied first.

In fuy, the derivative with respect to the variable closest to f, in this case z, is applied first.

v Example 2.3.1

v/ Example 2.3.3

4 .3

2
If f(x1, %2, 23, 24) = ] T3 T35 4, then

Let f(z,y) = €™ cos(nz). Then
fz = —ne™ sin(nz) fy =me™ cos(nz)
o = —n’e™ cos(nz - = —mne"? sin(nz
y
fzy = —mne™ sin(nzx) fyy =m?e™ cos(nz)
v/ Example 2.3.2
Let f(z,y) = e®**% . Then
fo= aeaa:Jrﬂy fy _ IBeam+[3y
fzz _ a2 eax+ﬂy fyx _ /3 & eaz+ﬁy
fzy =ap eaerﬁy fyy _ 72 eaerﬁy
More generally, for any integers m,n > 0,
il
ox™ oy"

https://math.libretexts.org/@go/page/89211



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89211?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/02%3A_Partial_Derivatives/2.03%3A_Higher_Order_Derivatives

LibreTexts"

64 f 63 4.3 .2
8.’E1 6.’1!2 31:3 61‘4 o 31:1 31‘2 a:L’g (:El T2 .’E3)
02
- 8.’131 8332
— 9 4 2
= B, (6 2 23 z3)

_ 3 72
=24z ;T3

(2 x‘ll a:g xg)

and

o' f = o (43 o3 22 x4)
Oz4 O3 Oxo 01 Oz4 O3 0o 17273
62
- aCL'4 6.’1:3

(12 :c:f m% mg a:4)

= i (24 mi’ ac% T3 m4)

3:174

=24 a:?l’ wg T3

Notice that in Example 2.3.1,
fay = fyz = —mne™ sin(nz)
and in Example 2.3.2
foy = fyo = e
and in Example 2.3.3
ot f _ ot f
01 0xy O3 Oxy  Oxy Ox3 Oxo O

In all of these examples, it didn't matter what order we took the derivatives in. The following theorem ! shows that this was no
accident.

_ 3 2
_24a:1w2;1:3

& Theorem 2.3.4. Clairaut's Theorem or Schwarz's Theorem

. S ’f ’f . .
If the partial derivatives oy and yon EXIst and are continuous at (g, yo ), then

910y Zo,Yo) = By Zo5 Yo

Optional — The Proof of Theorem 2.3.4

Outline

Here is an outline of the proof of Theorem 2.3.4. The (numbered) details are in the subsection below. Fix real numbers zy and yg
and define

F(h, k) Z%[f(wo +h,yo+k) = f(2o, 0 +k) — f(zo +h, y0) + f (20, %0)]

2 2

We define F'(h, k) in this way because both partial derivatives %(xg, yo) and %(mg, Yyo) are limits of F'(h, k) as h,k — 0.

Precisely, we show in item (1) in the details below that

o of -
By oz "0 %) = I lim (R, k)
o of L
90 3y "0 v) =1 F)
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Note that the two right hand sides here are identical except for the order in which the limits are taken.

Now, by the mean value theorem (four times),

Pt 2 2L ot + o)~ L oo+ 00|
@ g?(zﬁom,yowlk)

F(h, k) ¢ %[?(wo +03h, 9o +k)—%(l’o +93h,yo)}
@ ggf (xo +03h, yo +04k)

for some numbers 0 < 6y, 65,603,604 < 1. All of the numbers 61, 65, 03, 64 depend on xq, yo, h, k. Hence

o of 0 of

(zo +62h,yo +61k) = —— == (z0 +03h, yo + O4k)

oz dy Ay Oz
for all h and k. Taking the limit (h, k) — (0, 0) and using the assumed continuity of both partial derivatives at (zg, yo) gives
9 of o of
li F(h, k)=
(h,k)lil%gyo) ( ) ) 633 ay (CE(), 0) ay e (:Eg,yo)

as desired. To complete the proof we just have to justify the details (1), (2), (3), (4) and (5).

The Details
1. By definition,
0 of . 1[0f of
8 Oz “=(zo, ) = llci;r()lk|:8 (z0,y0 +k) — Bw(xo,yo)
f(zo+h,yo+k)— f(zo, 90 +k) .. flzo+h,y0)— f(zo,%0)
—hm lim —lim
k—0 k |h—0 h h—0 h
— lim Lim f(xo+h,yo+k)— f(2o, 90 +k) — f(zo +h,y0) + f(x0, Yo)
k-0 h—0 hk
=limlim F(h, k)
k—0 h—0
Similarly,
o of . 1[of of
“Z Y — lim= | =L _9r
97 6y($0,y0) hl—I>I(}h {By (o +h, o) ay(wmyo)
i L [y L@t yo k) — flzothogo) . F(@0,50 k) — f(20, 90)
h—0 h |k—0 k k—0 k
. v f@o+h,yo+k)— f(xo+h,y0) — f(xo,y0 +k)+ f(z0,y0)
= lim lim
h—0 k—0 hk
=limlim F(h, k)
h—0 k—0

2. The mean value theorem (Theorem 2.13.4 in the CLP-1 text) says that, for any differentiable function drphi(z),
o the slope of the line joining the points (zo, drphi(zo)) and (zo + k, arphi(zo +k)) on the graph of arphi
is the same as
o the slope of the tangent to the graph at some point between z( and zy + k.

That is, there is some 0 < 6; < 1 such that

arphi(zo + k) —arphi(zo)  ddarphi
k - dz

(113() +6; k)
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/ I‘O .1:0-{-‘01k :1:0‘+k
Applying this with z replaced by y and arph: replaced by G(y) = f(zo + h,y) — f(zo,y) gives

Gy +k)—G(y)  dG
k

:@(yg +6:k) forsome 0 < 6; <1

0 0
= f($0+h,yo +91k)_ f(manO +01k)
Oy Oy

Hence, for some 0 < 6; <1,

F(h,k) — %[ G(y(] +k])c_G(y0)

1[of of
=== +h,yo+6:k) — — Y0 + 01k
= [83/ (zo +h,yo +61k) 6y(ar:o Yo +01k)
3. Define H(z) = —g; (z,yo +61k). By the mean value theorem,

F(h,K) = 3 H(zo+h) — H(zo)

= %(mg +62h) forsome 0 <6y <1
00
= %6_5(% +02h, yo + 0.1 k)

4. Define A(z) = f(z,yo + k) — f(z, yo). By the mean value theorem,

1] A(zo+h) — A(zo)
F(h,k) = % h
1d4
= Ea(xg—i—ﬂgh) forsome 0 <63 <1
1[0 0
= 1108 o oo+ k) - X2 + 03 o)
k| Oz Oz

5. Define B(y) = % (zo +63h,y). By the mean value theorem

F(h,k) = —[B(yo+k)—B(yo)]

d
o Of
8_y_w(m0 +03h, yo + 04k)

This completes the proof of Theorem 2.3.4.

; 9” f 9* f
Optional — An Example of M(mo,yo) + W(azo,yg)

& 8 . . -
In Theorem 2.3.4, we showed that Fafy (zo,90) = Wf;; (zo,y0) if the partial derivatives

2
aaz_a); and \(\frac{\partialA2 f }{\partial y\partial x}\]

. . . . . . o il 9’
exist and are continuous at (zg,yp). Here is an example which shows that if the partial derivatives ﬁ and ay% are not

continuous at (g, yo ), then it is possible that
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d’f 9’ f
m(ﬂvo,yo) # m(ivo,yo)-

Define

Fy) = { oy =L if(2,y) £ (0,0)
0 if (z,y) = (0,0)

This function is continuous everywhere. Note that f(z,0) =0 for all z and f(0,y) = 0 for all y. We now compute the first order
partial derivatives. For (z,y) # (0,0),

af( ) z2 _y2 2z 2.’17({32 _y2)
—(z, = x — &
oz oY) =Y 2 2 ym2 T2 Yy (22 +y2)2
$2*y2 N 4$y2
= x
.’172 +y2 y( 2+y2)2
of z? —y? 2y 2y(z* —3°)
(,y) =25 —5 —2y———— — 2 1 .2\2
Oy z2+y 2ty (z +y?)
- x2 —q? 4yx?
22 + 2 Yy (22 +y2)?

For (z,y) = (0,0),

By way of summary, the two first order partial derivatives are

22 —y? 4z2y3 .
falz,y) = { Yoty + (z2+y2)? if (z,y) # (0,0)
0 if (z,y) = (0,0)

z%—y? 42y? .
fyay) = { It - s @) #0.0)
0 if (z,y) = (0,0)

Both % (z,y)and g—i(ac, y) are continuous. Finally, we compute

0% f [ d o1
S 0.0) = | he0)| = tm g i5,00) - £,0.0)

2 2
—lim L hh_o_o -1
h—0 h }7]2_|_()2

[ d o1
%(an) = _d_yfm(o’y)]y_o:]lgl_I}(}E[fz(O’k)_fz(O’O)]

2 _ 1.2
=1iml[k02 k —O] =-1
0° + k2

Exercises

Stage 1

Let all of the third order partial derivatives of the function f(z, y, z) exist and be continuous. Show that

fzyz(-’zay’z) = f:czy (w,y, z) = fyzz(wayvz) = fyzz(m;ya Z)
= fzzy('T)ya z) = fzyw(zay’ Z)
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Find, if possible, a function f(z, y)for which f,(z,y) = e¥ and f,(z,y) = €.

Stage 2

?3

Find the specified partial derivatives.

1. f(may) = -sz?’; fzz(-T’y)afzyy(-T’y)a fyzy(w,y)

2. f('r,y) = ea:yz; fzm ($7y)afacy(way)afzzy('T)y)a fwyy(a-:,y)

3 ! o°f _0f
- Flu, v w) = u+2v+3w ' Oudviw (w, v, w), Oudvdw

(3,2,1)

Find all second partial derivatives of f(z,y) = /x2 +5y2.

Find the specified partial derivatives.

1. f(ma Y, Z) = arctan (e\/z_y); fzyz(ma Y, Z)
2. f(z,y,z) = arctan (e@ + arctan (e\/“) +arctan (em); oy (2, Y, 2)
3. (2, 2) = arctan (v™); f,,(1,0,0)

Let f(r,8) = r™ cosm# be a function of  and 6, where m is a positive integer.

1. Find the second order partial derivatives f,., frg, foo and evaluate their respective values at (r, §) = (1, 0).
2. Determine the value of the real number A so that f(r, 0) satisfies the differential equation

A 1
frr+_fr+_2f00 =0
r r

Stage 3
1
Let & > 0 be a constant. Show that u(z, y, z,t) = t376_($2+y2+22)/ (4o) satisfies the heat equation
U =« (u:w + Uy + uzz)
forallt >0

1. The history of this important theorem is pretty convoluted. See “A note on the history of mixed partial derivatives” by Thomas
James Higgins which was published in Scripta Mathematica 7 (1940), 59-62. The Theorem is named for Alexis Clairaut (1713-
-1765), a French mathematician, astronomer, and geophysicist, and Hermann Schwarz (1843--1921), a German mathematician.

This page titled 2.3: Higher Order Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: The Chain Rule

You already routinely use the one dimensional chain rule

d df
LHe®) = L) S0

in doing computations like

%sm(ﬁ) = cos(t?) 2t

In this example, f(z) = sin(z) and z(t) = ¢2.

We now generalize the chain rule to functions of more than one variable. For concreteness we concentrate on the case in which all

functions are functions of two variables. That is, we find the partial derivatives %—F and 92 of a function F (s, t) that is defined as a

composition

F(Sat) = f(w(37t)7 y(sa t))

We are using the name F' for the new function F'(s,t) as a reminder that it is closely related to, though not the same as, the
function f(z,y). The partial derivative g—f is the rate of change of F' when s is varied with ¢ held constant. When s is varied, both
the z-argument, z(s,t), and the y-argument, y(s,t), in f (m(s, t), y(s, t)) vary. Consequently, the chain rule for
f(z(s,t), y(s,t)) is a sum of two terms — one resulting from the variation of the z-argument and the other resulting from the

variation of the y-argument.

& Theorem 2.4.1. The Chain Rule

Assume that all first order partial derivatives of f(z,y), (s, t) and y(s, t) exist and are continuous. Then the same is true for
F(sa t) = f(:L‘(S, t) ) y(S, t)) and

ot = Las,1), uis t))%(s,mg—;(m(s,t),y(s,t))%(s,w
2 (5,) = 2L (als, ), uls, ) S (s,0) + 2L (2 (s,), y(s,8) 2 (5,1

ot Ox ot Oy

We will give the proof of this theorem in §2.4.4, below. It is common to state this chain rule as

OF 0 f Ox Of By

8s Oz Os 75 By Oy Bs

OF 0f 0z  Of 9y

Bt Oz 8t oy ot
That is, it is common to suppress the function arguments. But you should make sure that you understand what the arguments are
before doing so.

Theorem 2.4.1 is given for the case that F' is the composition of a function of two variables, f(z,y), with two functions, z(s, t)
and y(s, t), of two variables each. There is nothing magical about the number two. There are obvious variants for any numbers of
variables. For example,

& Equation 2.4.2

If F(t) = f(x(t),y(t), 2(t)), then

dF of

5O =50, y0), =)

dz of

E(t) ar a_y (-'L'(t) » y(t), z(t)) —(t)

+ %(x(t) YD), 2(t) 5 (0)

https://math.libretexts.org/@go/page/89212
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and

& Equation 2.4.3
if F(s,t) = f(x(s,t)), then

There will be a large number of examples shortly. First, here is a memory aid.

Memory Aids for the Chain Rule

We recommend strongly that you use the following procedure, without leaving out any steps, the first couple of dozen times that
you use the chain rule.

o Step 1: List explicitly all the functions involved and specify the arguments of each function. Ensure that all different functions
have different names. Invent new names for some of the functions if necessary. In the case of the chain rule in Theorem 2.4.1,
the list would be

f(l',y) :c(s,t) y(s,t) F(s’t) = f(:L'(S, t)7 y(s’t))

While the functions f and F' are closely related, they are not the same. One is a function of z and y while the other is a function
of s and £.
e Step 2: Write down the template

OF 0f
s Os
Note that
o The function F' appears once in the numerator on the left. The function f, from which F' is constructed by a change of
variables, appears once in the numerator on the right.
o The variable in the denominator on the left appears once in the denominator on the right.
¢ Step 3: Fill in the blanks with every variable that makes sense. In particular, since f is a function of « and y, it may only be
differentiated with respect to  and y. So we add together two copies of our template — one for & and one for y:

6F_6f8x+8f3y
0s Ox O0s Oy 0Os
Note that z and y are functions of s so that the derivatives a— and 2 . make sense. The first term of ‘3— arises from the

» Oz
af &
, af 6” , arises frorn the variation of y with respect to s.

o Step 4: Put in the functional dependence explicitly. Fortunately, there is only one functional dependence that makes sense. The
left hand side is a function of s and ¢. Hence the right hand side must also be a function of s and ¢. As f is a function of = and
y, this is achieved by evaluating f at z = z(s,t) and y = y(s, t).

O ,8) = 5 (o6 81,5, 0) )+ 5 (5,0 w(s,1) (s

variation of « with respect to s and the second term

If you fail to put in the arguments, or at least if you fail to remember what the arguments are, you may forget that and &y

depend on s and ¢. Then, if you have to compute a second derivative of F', you will probably fail to differentiate the factors
3 3
£ (2(s,6),y(s,1)) and 5L (2(s,¢), y(s,1)).-

To help remember the formulae of Theorem 2.4.1, it is sometimes also useful to pretend that our variables are physical quantities
with f, F having units of grams, x, y having units of meters and s, ¢ having units of seconds. Note that

o the left hand side, 2& 6 ,
o Each term on the right hand side contains the partial derivative of f with respect to a different independent variable. That
independent variable appears once in the denominator and once in the numerator, so that its units (in this case meters) cancel

has units grams per second.

(cc)(§ )0$AD) 2.4.2 https:/math.libretexts.org/@go/page/89212
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@%UM@@M&
of bz

of o . . .
out. Thus both of the terms - 7= and 9% o the right hand side also have the units grams per second.
z Os Oy Os

o Hence both sides of the equation have the same units.

_ﬂf’_ﬂv_’_ﬁ@ As

. . . . . k)
Here is a pictorial procedure that uses a tree diagram to help remember the chain rule B f (m(s, t),y(s, t)) = %c0s "oy 0s

in the figure on the left below,

e write, on the top row, “f”.
« Write, on the middle row, each of the variables that the function f(z, y)depends on, namely“z” and “y”.
e Write, on the bottom row,

o below z, each of the variables that the function z (s, t) depends on, namely “s” and “¢”, and
o below y, each of the variables that the function y(s, t) depends on, namely “s” and “¢”.

e Draw a line joining each function with each of the variables that it depends on.
e Then, as in the figure on the right below, write beside each line, the partial derivative of the function at the top of the line with
respect to the variable at the bottom of the line.

f f
of of
x Y x Y
dz dz  Jy 9y
ANVANA B A
S t s t s t s t

o observe, from the figure below, that there are two paths from f, on the top, to s, on the bottom. One path goes from f at the
top, through « in the middle to s at the bottom. The other path goes from f at the top, through y in the middle to s at the
bottom.

o For each such path, multiply together the partial derivatives beside the lines of the path. In this example, the two products

of oz of oy

are 5~ 2=, for the first path, and 2y D5’

o Then add together those products, giving, in this example

o Finally

for the second path.

o oo | 0F By
> 0z Os Oy 0s’
o Put in the arguments, as in Step 4, above.

o That's it. We have

= (z(s,0)3(6,1)) =

Oz

(w(s, t),y(s, t)) s (s,t)

+ 5 (@ls,1),3(5,0) g6

f
a_f/ ﬁ
ox 0y
T Y
VAEA
s ot s ot
s t s t

of
ozx

v/ Example 2.4.4

The right hand side of the chain rule

(e(t), 8(2), 0) GO+ 5 (2(0), 50, 20) G0

2wy, vy, ) S0

Fls
-

L ), ), =) =
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q q . Of az of dy of dz q q q
of Equation 2.4.2, without arguments, is 3~ = + @ T a- The corresponding tree diagram is
of of
ox/ of 0z
oy
x Y %
da dy dz
dt dt dt
t t t
Because z(t), y(¢) and z(¢) are each functions of just one variable, the derivatives beside the lower lines in the tree are
ordinary, rather than partial, derivatives.

Chain Rule Examples
Let's do some routine examples first and work our way to some trickier ones.
9
v Example 2.4.5. — f(z(s,t),y(s, 1))
. . 9
In this example we find Ef(a:(s, t),y(s,t)) for
flay) =¥ a(s,t)=s  y(s,t)=cost

Define F'(s,t) = f (:c(s, t), y(s,t)). The appropriate chain rule for this example is the upper equation of Theorem 2.4.1.

%—f(s, ) = % (a:(s, t), y(s, t)) Z—j(s, t)+ g—i (w(s, t), y(s,t)) %(s, t)

For the given functions

fz,y) =e™

Py =ver L (a(s,1),5(s,1) =y(s, )09 = cost et
af — Y af _ z(s,t) y(s,t) _ scost
@) —ae? 2 (a(s,0),4(6:0) =) —se

Oz 9y

0s ! ds 0

so that
of 9z af dy

oz D5 dy 95

OF

— N~ NN
. (s,t) ={coste* @t} (1) + {se*!} (0) =cost e 5!
s

v Example 2.4.6. 4 f(z(t), y(t))
In this example we find £ f (2(t), y(t)) for

flz,y) =2* —y? z(t) = cost y(t) =sint

dF

Define F(t) = f(z(t),y(t)). Since F(t) is a function of one variable its derivative is denoted <

appropriate chain rule for this example (see 2.4.2) is

0= 5 OO GO+ 5 GO0 O

rather than %. The

For the given functions
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f( ay) =T -y
6f(:c y) =2z %( (t),y(t)) = 2z(t)= 2cost
0 0
8_;;(1', y) =2y 8_£ (z(t),y(t)) = —2y(t) = —2sint
E = —sint E:cost
so that
dFr

E(t) = (2cost)(—sint) + (—2sint)(cost) = —4sint cost

Of course, in this example we can compute F'(¢) explicitly
F(t) = f(z(t),y(t)) =x(t)* —y(t)* = cos®t —sin’ ¢t
and then differentiate

F'(t) =2(cost)(—sint) — 2(sint)(cost) = —4sint cost

v Example 2.4.7. %f(:c + ct)

Define u(z,t) =z +ct and w(z

=cf'(z+ect)

v/ Example 2.4.8. —

Define w(z,t)=f(z+ct) and W(z,t)= %(:L’ t)=cf'(z+ct)=F(u(z,t)) where F(u)=cf(u) and
u(z,t) =z +ct. Then

o (z+ct) = %(w,t) = i—i(u(m t)) (a: ty=cf'(z+ct)c

= f(x +ct)

v/ Example 2.4.9. Equation of state

Suppose that we are told that F(P,V,T) =0 and that we are to find %P.

Before we can find %P, we first have to decide what it means. This happens regularly in applications. In fact, this particular
problem comes from thermodynamics. The variables P, V| T are the pressure, volume and temperature, respectively, of some
gas. These three variables are not independent. They are related by an equation of state, here denoted F'(P,V,T) = 0. Given
values for any two of P, V, T, the third can be found by solving F'(P,V,T) = 0. We are being asked to find ‘%. This
implicitly instructs us to treat P, in this problem, as the dependent variable. So a careful wording of this problem (which you
will never encounter in the “real world”) would be the following. The function P(V, T) is defined by F(P(V,T),V,T) =0
Find (‘%) v That is, find the rate of change of pressure as the temperature is varied, while holding the volume fixed.

Since we are not told explicitly what F' is, we cannot solve explicitly for P(V, T'). So, instead we differentiate both sides of
F(P(V,T),V,T)=0

with respect to 7, while holding V fixed. Think of the left hand side, F(P(V,T),V,T), as being

F(P(V,T),Q(V,T),R(V,T)) with Q(V,T) =V and R(V,T) =T By the chain rule,

i oP _ 9Q B
aTF(P(VvT)vQ(V’T)aR(VaT)) P— oT +F oT +F3 oT —0
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with Fj referring to the partial derivative of F' with respect to its 4P argument. Experienced chain rule users never introduce Q
and R. Instead, they just write

OF 0P OF OV  OF 0T _
OP 8T oV 8T 0T 6T

Recalling that V' and T are the independent variables and that, in computing %, V is to be treated as a constant,

0

N _o o _,
or or
Now putting in the functional dependence
OF oP OF
= (P(V,T),V,T) a7 VD + o7 (P(V,T),V,T)=0
and solving
3_p(v )= &L (P(V,T),V,T)
T eE
or P P(VaT),VaT)

v/ Example 2.4.10

Suppose that f(x,y) = 0 and that we are to find 3272.

Once again,  and y are not independent variables. Given a value for either « or y, the other is determined by solving

5 . d’y .. 5 . .
f(z,y) = 0. Since we are asked to find d—mf, it is y that is to be viewed as a function of z, rather than the other way around. So

f(z,y) =0 really means that, in this problem, f(z,y(z)) =0 for all . Differentiating both sides of this equation with
respect to x,

f(z,y(z)) =0 forall z
= %f(m,y(w)) =0

Note that % f(z,y(x))is not the same as f, (z,y(z)). The former is, by definition, the rate of change with respect to  of
g(z) = f(z,y(z)). Precisely,

dg _ . g=+Az)-g()
dz = Az—0 Az
. f(z+Az, y(z+Az)) — f(z, y(z))
— b (*)
Az—0 Az

On the other hand, by definition,

fol2t) = I, Ac
z+ Az, y(x)) — flz, y(x
= fo(w,y(2)) = lim UCh: y(A)z f(z, y()) ()

The right hand sides of () and (*#) are not the same. In :—i, as Az varies the value of y that is substituted into the first f(- - -)
on the right hand side, namely y(z + Az), changes as Az changes. That is, we are computing the rate of change of f along
the (curved) path y = y(z). In (**), the corresponding value of y is y(z) and is independent of Az. That is, we are computing
the rate of change of f along a horizontal straight line. As a concrete example, suppose that f(z,y) =z +y. Then,
0=f(z, y(z)) =z +y(z) gives y(z) = —x so that

= 10 (@) = 5= F(@, ) = afa+ (2)] = 20 =0

But f(z,y) =« +y implies that f,(z,y) =1 for all z and y so that

@ 0 g @ 2.4.6 https://math.libretexts.org/@go/page/89212
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faol@y(@) = folwy)| =1 =1

y=—z y=—a

Now back to

f(z,y(@)) =0 forallz
%f(w,y(w’)) =0

_—

- fz(w,y(w))j—i +fy(:c,y(w))%(w)=o by the chain rule
% " __fz(:zz,y(a:))

— w®" fy(a: v(@)
Py fo (2, (e ))]

— dw2( )=— [—fy( @)

_ fy(x,y( ) 55 [ (2, 9(@)] = fo (2, y(2)) 55 [y (2. y(2))] 0
fy(m,y(l’))z

by the quotient rule. Now it suffices to substitute in = [ fe (ac y(z ))] and i [ b (:c, y(ac))] .For the former apply the chain
rule to h(z) = u(z,y(z)) with u(z,y) = f, (=, y).

< [l v@)] = L)

dz
=ux(z,y(w))d—+uy($ y(a ))d (z)
:fm(w:y(x))d_""fxy(a: y )d_y
B B fa(@,y )]
= fou (2,y(2)) — fay (2, y(2)) lf ©3@)
Substituting this and
d - dx dy
_ fz (2, y(2))
= fye (@, 4()) — fip (=, y(2)) [m]
into the right hand side of (}) gives the final answer.
d2y fy.fzz _fyfzy;_: _fzfyz‘f'fzfyyfc_:
F(lf) == 2
T fy
. fy2fmx _2fzfyfwy +fa%fyy
£}

with all of fz, fy, faw fay, fyy having arguments (z , y(z)).

We now move on to the proof of Theorem 2.4.1. To give you an idea of how the proof will go, we first review the proof of the
familiar one dimensional chain rule.

. df x
Review of the Proof of £ f(x(t)) = 5 (=(t)) 92 (¢)

As a warm up, let's review the proof of the one dimensional chain rule

2 10) = L eo) T

assuming that <L exists and that —f is continuous. We wish to find the derivative of F(t) = f(z(t)). By definition
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Fi(t) = h$ h
i (z(t+h)) — f(z(¢))
h—0 h

Notice that the numerator is the difference of f(z) evaluated at two nearby values of &, namely ; = (¢t +h) and g = z(t). The
mean value theorem is a good tool for studying the difference in the values of f(z) at two nearby points. Recall that the mean value
theorem says that, for any given x( and 1, there exists an (in general unknown) ¢ between them so that

f@1) = fzo) = f'(c) (z1 —z0)

For this proof, we choose g = z(t) and ; = (¢ + h). The the mean value theorem tells us that there exists a ¢, so that

Flz(t+h) = f(z(t) =f(z1)—Fzo) = F'(en) [2(t+h) —2(t)]

We have put the subscript h on ¢, to emphasise that ¢y, which is between zq = z(¢) and z; = (¢t +h), may depend on h. Now
since ¢y, is trapped between z(t) and z(t 4+ h) and since (¢t +h) — z(¢t) as h — 0, we have that ¢, must also tend to z(t) as
h — 0. Plugging this into the definition of F' (%),

=f'(z(®)) «'()

as desired.

Proof of Theorem 2.4.1

We'll now prove the formula for % f(z(s,t), y(s,t)) that is given in Theorem 2.4.1. The proof uses the same ideas as the proof of

the one variable chain rule, that we have just reviewed.

We wish to find the partial derivative with respect to s of F(s, t) = f(z(s,t), y(s,t)). By definition

OF _1 F(s+h,t)—F(s,t)
ds (5,¢) = h
iy S @R 0), yls+h 1) — f(a(s1), y(s 1)
B0 h

The numerator is the difference of f(z,y)evaluated at two nearby values of (z,y), namely (z1,1) = (z(s+h,t), y(s+h,t))
and (z0,%0) = (z(s,t), y(s,t)). In going from (zg,yo) to (z1,y1), both the = and y-coordinates change. By adding and
subtracting we can separate the change in the z-coordinate from the change in the y-coordinate.

flz1,y1) — f(@o,90) = { Fz1,91) — f(2o,v1) } + { (@0, 31) — Fzo,%0) }

The first half, { f(z1,31) — f(%0,¥1)}, has the same y argument in both terms and so is the difference of the function of one
variable g(z) = f(z,y1) (viewing y; just as a constant) evaluated at the two nearby values, zy, z1, of z. Consequently, we can
make use of the mean value theorem as we did in §2.4.3 above. There is a ¢, j, between zy = z(s,t) and 1 = z(s+h,t) such
that

f(@1,y1) — f(zo, 1) =g(21) —g(20) = g’ (Cap)[21 —20] = %(Cz,m Y1) [z1 — o]
of

= 5 (Cons y(s+h,1) [2(s+h,t) —2(s,1)]

We have introduced the two subscripts in ¢, j, to remind ourselves that it may depend on & and that it lies between the two z-values
o and ;.
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Similarly, the second half, { f(zo,y1) — f(%0,%0)}, is the difference of the function of one variable h(y) = f(o,y) (viewing o
just as a constant) evaluated at the two nearby values, ¥g, y1, of y. So, by the mean value theorem,

F(@o,y1) — f(@o,90) =h(y1) —h(yo) = h'(cyn)lyr — 3] = g—i(wo, cy,n) (Y1 — ol

of
= a_y (z(s, t) ) cy,h) [y(s—l—h, t) _y(37 t)]
for some (unknown) ¢, j, between yo =y(s,t) and y; =y(s+h,t). Again, the two subscripts in ¢, ; remind ourselves that it
may depend on h and that it lies between the two y-values yo and ¥;. So, noting that, as h tends to zero, ¢, which is trapped

between z(s,t) and z(s+h,t), must tend to x(s,t), and ¢, 5, which is trapped between y(s,t) and y(s+h,t), must tend to
y(s,t),

OF o f(a(s+ht), y(s+ht) — f(z(s,t), y(s,t))
E h—0 h

U (cap, y(s+h,1) [a(s+h,t)—x(s,0)]

h—0 h

Ll g—i(x(s,t), cyn) [y(s+h,t) —y(s,t)]

h—0 h
z(s+h,t)—z(s,t)
h
. 6f : y(3+hat)_y(37t)
lim — |
i dy (2(5:1), un) B0 h

= %(w(s, t), y(s,t)) Z—Z(S,t)—kg—z(w(s,t), y(s,1)) %(s, t)

. Of .
= }ILLI)%% (Cm,h ) y(3+h7t)) ,llgrol

We can of course follow the same procedure to evaluate the partial derivative with respect to ¢. This concludes the proof of
Theorem 2.4.1.

Exercises
Stage 1
?1

Write out the chain rule for each of the following functions.

1. % for h(z,y) = f(a:,u(m,y))
2. gw—h for h(z) = f(z,u(z), v(z))
3. % for h(x7y7z) = f(u('T?ya z),v(x,y),w(m))

?22

A piece of the surface z= f(z,y) is shown below for some continuously differentiable function f(z,y). The level curve
f(z,y) = 21 is marked with a blue line. The three points Py, P, and P, lie on the surface.

https://math.libretexts.org/@go/page/89212
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On the level curve z=z;, we can think of y as a function of z. Let w(z) = f(z,y(z)) = z1. We approximate, at Py,

fo(z,y) = % and Z—: (z) = %. Identify the quantities A f, Aw, and Az from the diagram.

T

Let w = f(z,y,t) with z and y depending on ¢. Suppose that at some point (z,y) and at some time ¢, the partial derivatives

fz, fy and f; are equal to 2, —3 and 5 respectively, while % =1 and % = 2. Find and explain the difference between dd—’;’
and f;.

Thermodynamics texts use the relationship
IAYEAYEANE
Oz Oy 0z )
Explain the meaning of this equation and prove that it is true.

?5

What is wrong with the following argument? Suppose that w = f(z,y, 2) and z = g(z, y). By the chain rule,
Qw _Swds Swdy Owdz Ow  Owdz
dr Oz dx Oy dx 0z dx Oz Oz Oz

9w 9 andso & =0 or & =0.

Hence 0 = 0z Oz 0z = or

Stage 2

Use two methods (one using the chain rule) to evaluate % and % given that the function w = x2 +y2+22, with
x =st, y=scost and z = ssint.

Chain Rule and Clairaut's Theorem on the equality of the mixed partial derivatives apply.

@ 0 a @ 2.4.10 https://math.libretexts.org/@go/page/89212
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Find all second order derivatives of g(s,t) = f(2s+ 3t,3s—2t). You may assume that f(z,y)is a smooth function so that
the Chain Rule and Clairaut's Theorem on the equality of the mixed partial derivatives apply.

? 9%

2 )
Assume that f(z,y) satisfies Laplace's equation ?)Tf + zy—f =0. Show that this is also the case for the composite function

2] 2
g(s,t) = f(s—t,s+t). That is, show that % + % =0. You may assume that f(z,y)is a smooth function so that the
Chain Rule and Clairaut's Theorem on the equality of the mixed partial derivatives apply.

? 10 ¥

Let z = f(z,y) where x =2s+t and y = s —¢. Find the values of the constants a, b and ¢ such that

a8_22:+b 822: +ca_2z—&+&
dz: 0z 0y  Oy: 0s2 Ot

You may assume that z = f(z,y) is a smooth function so that the Chain Rule and Clairaut's Theorem on the equality of the
mixed partial derivatives apply.

? 11 %

Let F be a function on R2. Denote points in R? by (u,v) and the corresponding partial derivatives of F by F,(u,v),
F,(u,v), Fy (u,v), Fy(u,v), etc.. Assume those derivatives are all continuous. Express

62
Ox Oy

F(2® —y*, 2zy)

in terms of partial derivatives of the function F'.

? 12%
u(z, y)is defined as
u(z,y)=¢€’ F(me_yz)
for an arbitrary function F'(z).
L1f F(2) =1In(z2), find 2* and %
2. For an arbitrary F'(z) show that u(z, y)satisfies

2x @—i—@—u
Yo: "By

Let f(z) and g(z) be two functions of z satisfying f"(7) = —2 and g"'(—4) = —1. If 2= h(s,t) = f(2s+3t) + g(s — 6t)

is a function of s and ¢, find the value of ‘;—2; whens=2 andt =1.

Suppose that w = f(zz,yz), where f is a differentiable function. Show that

200w ov
oz yay_ 0z

2.4.11 https://math.libretexts.org/@go/page/89212
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? 15 %

Suppose z= f(z,y) has continuous second order partial derivatives, and & =rcost, y =rsint¢. Express the following

partial derivatives in terms r, ¢, and partial derivatives of f.
0
1.2
o
0
2. 22
o2

Let z = f(z,y), where f(z,y)has continuous second-order partial derivatives, and

fz(271):57 fy(2a1)2_27
fzx(2a1):2a fxy(271):1a fyy(2’1)2_4

Find iz(z(t),y(t)) when z(t) = 2t2, y(t) =t andt =1.

de?

? 17 %
q 8ol . 9F _ 9*F |, 9*F q q Ao 9’F 9’F
Assume that the function F(z, y, z) satisfies the equation o o o and the mixed partial derivatives Dady and B90s

are equal. Let A be some constant and let G(ymmea, s,t) = F(ymma + s, ymma — s, At). Find the value of A such that
e _ _da fitel
0t~ Oymma? 0s? °

Let f(z) be a differentiable function, and suppose it is given that f'(0) = 10. Let g(s,t) = f(as —bt), where a and b are

Jg . . 4 0Og
constants. Evaluate 7~ at the point (s,t) = (b, a), that s, find E'(b,a)'

Let f(u,v) be a differentiable function of two variables, and let z be a differentiable function of z and y defined implicitly by
f(xz,yz) =0. Show that

Let w(s,t) = u(2s+ 3t,3s—2t) for some twice differentiable function u = u(z, y).

1. Find w,, in terms of %z, Ugy, and uy,. You can assume that uzy, = ty,.
2. Suppose Uz + Uy, = 0. For what constant A will ws, = Awy?

Suppose that f(z, y)is twice differentiable (with fg; = fy,), and & = rcosf and y = rsiné.

1. Evaluate fy, f, and f,4 in terms of r, # and partial derivatives of f with respect to  and y.
2. Let g(x, y) be another function satisfying g, = f, and g, = —f,. Express f, and fy in terms of 7, 6 and g,, go.

(8)
(=)
()
(©)

2.4.12 https://math.libretexts.org/@go/page/89212


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89212?pdf

LibreTexts"

By definition, the gradient of the differentiable function f(z, y)at the point (wo , yg) is

nablaf(xo,yo) = <%($0, %), g—i(wo, yo)>
Suppose that we know
nablaf(3,6) = (7,8)

Suppose also that

nablag(1,2) = (—1,4),
and

nablah(1,2) = (-5,10).
Assuming g(1,2) =3, h(1,2) =6, and 2(s, t) = f(g(s, t), h(s,t)), find

nablaz(1, 2)

1. Let f be an arbitrary differentiable function defined on the entire real line. Show that the function w defined on the entire
plane as

w(z,y)=e?f(z—y)
satisfies the partial differential equation:

w+3_w+3_w_0
dr Oy

2

2. The equations x = u® — 3uv?, y = 3u’v—1® and z=1wu? —v? define z as a function of z and y. Determine g—; at the

point (u,v) = (2, 1) which corresponds to the point (z,y) = (2,11).

The equations

z? —ycos(uv) =v
4

z® +y? —sin(uv) = —u
m

define = and y implicitly as functions of w and v (i.e. = z(u, v), and y = y(u, v)) near the point (z,y) = (1,1) at which
(u,v) = (%,0).
1. Find

at (u,v) = (%,0). ,

2.1f z=a* +y*, determine £ at the point (u,v) = (,0).

Let f(u,v) be a differentiable function, and let w = z +y and v = — y. Find a constant, ¢, such that

(F=)? + (£y)? = a((fu)? + (£,)?)

2.4.13 https://math.libretexts.org/@go/page/89212
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:Stage 3

The wave equation
v 1 9%u

— _ === __0
0x?2 ¢2 Ot2
arises in many models involving wave-like phenomena. Let u(z, t) and v(&, n7) be related by the change of variables

u(z, t) :v(g(x’t)’n(wvt))

§($, t) =z —ct
n(z,t) =z +ct
1. Show that % — c%fgt—;‘ =0 if and only if 35_262 =0.
2. Show that 24— L2 —0 ifand only if u(z,t) = F(z —ct)+G(z +ct) for some functions F and G.

amz CZ 8t2
3. Interpret F'(z —ct) + G(z +ct) in terms of travelling waves. Think of u(z, t) as the height, at position z and time ¢, of

a wave that is travelling along the z-axis.
Remark: Don't be thrown by the strange symbols £ and 7. They are just two harmless letters from the Greek alphabet, called

“xi” and “eta” respectively.

? 27
Evaluate
1. % ifev? —x2zlny =7
2. :—z if F(z,y,z2 —y%) =0
3.

(6y) ifzyuv=1landz+y+u+v=0

%u

This page titled 2.4: The Chain Rule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.5: Tangent Planes and Normal Lines

The tangent line to the curve y = f () at the point (o, f(zo)) is the straight line that fits the curve best! at that point. Finding
tangent lines was probably one of the first applications of derivatives that you saw. See, for example, Theorem 2.3.2 in the CLP-1
text. The analog of the tangent line one dimension up is the tangent plane. The tangent plane to a surface S at a point (zg, Yo, 20) is
the plane that fits S best at (zg, o, 20). For example, the tangent plane to the hemisphere

S={(z,y,2))a® +1> + (-~ 1) =1,0< 2 <1}

at the origin is the zy-plane, z = 0.

z

x

We are now going to determine, as our first application of partial derivatives, the tangent plane to a general surface S at a general
point (g, Yo, 29) lying on the surface. We will also determine the line which passes through (g, yo, z9) and whose direction is
perpendicular to S at (zg, Yo, 20)- It is called the normal line to .S at (x, Yo, 20)-

For example, the following figure shows the side view of the tangent plane (in black) and normal line (in blue) to the surface
z=2?+y? (inred) at the point (0,1, 1).

z z = a? + y*// tangent plane

normal line

/ side view Y
Recall, from 1.4.1, that to specify any plane, we need

¢ one point on the plane and
¢ avector perpendicular to the plane, i.e. a normal vector,

and recall, from 1.5.1, that to specify any line, we need

¢ one point on the line and
e a direction vector for the line.

We already have one point that is on both the tangent plane of interest and the normal line of interest — namely (.’170, Yo, zo).
Furthermore we can use any (nonzero) vector that is perpendicular to S at (zg, ¥o, 20) as both the normal vector to the tangent
plane and the direction vector of the normal line.

So our main task is to determine a normal vector to the surface S at (zg, yo, o). That's what we do now, first for surfaces of the
form z = f(z,y) and then, more generally, for surfaces of the form G(z,y, z) = 0.
Surfaces of the Form z = f(z,y)

We construct a vector perpendicular to the surface z = f(z,y) at (zg s Yo, f(zo, yg)) by, first, constructing two tangent vectors to
the specified surface at the specified point, and, second, taking the cross product of those two tangent vectors. Consider the red
curve in the figure below. It is the intersection of our surface z = f(z, y)

https://math.libretexts.org/@go/page/89213
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Y=Yo
(1170, Yo, f(‘r()a yO))
Y

— (w0, %0, 0)

X

with the plane y = yo. Here is a side view of the red curve.

z
(w0, 90, f(z0,y0))
(zo+h,yo, flzo+h,yo))

Z=f($7yo): Y =Y

L L xT

(20,0,0) (z0+h,y0,0)

The vector from the point (2o, Yo, f(20,%0)), on the red curve, to the point (zo 4+, yo , f(zo +h,4o)), also on the red curve,
is almost tangent to the red curve, if A is very small. As h tends to 0, that vector, which is

<h'a 07 f(ll?g +h7y0) _f($07y0)>

becomes exactly tangent to the curve. However its length also tends to 0. If we divide by h, and then take the limit A — 0, we get

1 . f(@o+h,y0) — f(Zo, %)
}ILIE)IOIE<h7Oaf(x0+hay0)_f(x0ay0)> :£§%<170a A
: s Ts f(@o+hyo)—f(To,50) . .. . L.
Since the limit limy, g ———=———=" is the definition of the partial derivative f; (2o, yo), we get that

lim = (h, 0, f(z0-+ ko) — f(zo,w)) = {1, 0, fa(zo, w0))

h—0

is a nonzero vector that is exactly tangent to the red curve and hence is also tangent to our surface z= f(z,y) at the point
(zo, Yo, f(@o,%0))-

For the second tangent vector, we repeat the process with the blue curve in the figure at the beginning of this subsection. That blue
curve is the intersection of our surface z = f(z,y) with the plane x = . Here is a front view of the blue curve.

z
(zo,y0, f(z0,90))

(z0,y0+h, f(z0,y0+h))

z=f(330,y), T =Xy

(x0,y0,0) (x0,y0+h,0)

When h is very small, the vector

https://math.libretexts.org/@go/page/89213
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1

E<0, b, f(zo,yo +h)— f(zo,%0))

from the point (2o, Yo, f(%0,%0)), on the blue curve, to (zo, yo +h, f(zo,y0 +h)), also on the blue curve, (and lengthened
by a factor %) is almost tangent to the blue curve. Taking the limit A — 0 gives the tangent vector

<0’ . f(-"fo,yo-i-h}z—f(%,yo) >

1 N
}3}35«17 ha f(mo,y0+h)*f($0,y0)> *}111*1301

= <0a 1 ) fy(ﬂ’?o,yo»
to the blue curve at the point (a , b, f(a, b))

Now that we have two vectors in the tangent plane to the surface z = f(z, y) at (:co , Yo, f(zo, yo)), we can find a normal vector
to the tangent plane by taking their cross product. Their cross product is

1) k
<17 07 fw(w[]ay()» X <07 1’ fy($0,y0)> =det 10 fw(m()?yﬂ)
0 1 fy(zo%)

= —fu(20,90) 2 — fy (0, 90) 7+ k

and we have that the vector

—fe(@0,90) & — fy(20,90) 7 +k
is perpendicular to the surface z = f(z,y) at (o, Yo, f(z0,%0))-
The tangent plane to the surface z = f(z,y) at (o, Yo, f(%0,¥o0)) is the plane through (2o, yo, f(x0,yo)) with normal vector
—fz(zo,90) * — fy(20,%0) 7 +k. This plane has equation
—fz (@0, 90) (& —x0) — fy(x0,90) (¥ — o) + (2 — f (@0, %0)) =0

or, after a little rearrangement,

z= f(x0,y0) + fo(x0,%0) (£ — 20) + fy (0, %0) (¥ —v0)

Now that we have the normal vector, finding the equation of the normal line to the surface z= f(z,y) at the point
(zo, yo, f(wo,y0)) is straightforward. Writing it in parametric form,

<"Bay’ z> = <$073/0a f($07y0)> +t <_fx(330,y0) ) —fy(ﬂio,yo) ) 1>

By way of summary

& Theorem 2.5.1. Tangent Plane and Normal Line

1. The vector

—fe(20,90) —fy(mo,y0)3+f<

is normal to the surface z = f(z, y) at (2o, %o, f(%0,%0))-
2. The equation of the tangent plane to the surface z = f(z,y) at the point (2o, Yo , f(z0,¥0)) may be written as

z= f(z0,y0) + fz (20, Y0) ( — o) + fy (0, %0) (¥ —¥0)

3. The parametric equation of the normal line to the surface z = f(z, ) at the point (zo , yo , f(o, yg)) is

<'T"ya Z) = <$0,y07 f($07y0)> +t <_fm(:-v0’y0)’ _fy(:EanO) ) 1>

or, writing it component by component,

z =x0—t fo(zo,0) Y=y —tfy(xo, )  z=f(zo,y0)+t

https://math.libretexts.org/@go/page/89213
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As a warm-up example, we'll find the tangent plane and normal line to the surface z = z? +y? at the point (1,0, 1). To do so,
we just apply Theorem 2.5.1 with xg =1, yp =0 and

fzy) =2>+y"  f(1,0)=1
fo(z,y) =22 f2(1,0) =2
fy(z,y) =2y £,(1,0) =0

So the tangent plane is

z = f(zo,y0) + fe (0, %0) (T — z0) + fy (20, %0) (¥ —20)
—1+2(z—1)+0(y—0)
=—-1+42z

and the normal line is

<:c,y,z> = <5L'0,y0,f(-730,y0)>+t<_fz(a70,y0), _fy(wﬂvyﬂ)a 1>
=(1,0,1)+t(-2,0, 1)
=(1-2t,0,1+¢t)

That was pretty simple — find the partial derivatives and substitute in the coordinates. Let's do something a bit more challenging.

v/ Example 2.5.3. Optional

Find the distance from (0, 3, 0) to the surface z = 22 + y2.

Solution

Write f(z,y) = 2* +y>. Let's denote by (a, b, f(a,b)) the point on z = f(z,y) that is nearest (0, 3,0). Before we really get
into the problem, let's make a simple sketch and think about what the lines from (0, 3,0) to the surface look like and, in
particular, the angles between these lines and the surface.

The line from (0,3, 0) to (a, b, f(a, b)), the point on z = f(z, y) nearest (0, 3,0), is distinguished from the other lines from
(0,3, 0) to the surface, by being perpendicular to the surface. We will provide a detailed justification for this claim below.

Let's first exploit the fact that the vector from (0, 3, 0) to (a, b, f(a, b)) must be perpendicular to the surface to determine
(a, b, f(a, b)), and consequently the distance from (0, 3, 0) to the surface. By Theorem 2.5.1.a, with o = a and yo = b, the

vector
—fo(a,b) 2 — fy(a,b) J+k=—2a1—2b)+k
is normal to the surface z = f(z,y) at (a, b, f(a, b)) So the vector from (0, 3,0) to (a, b, f(a, b)),namely
ai+(b-3)j+flabk=ai+(b-3)j+ "+ )k

must be parallel to (*). This does not force the vector (*) to equal (*x), but it does force the existence of some number ¢

obeying
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ai+(b-3) 7+ @ +b")k=t(—2a1-2bj+k)

or equivalently

a=—2at
b—3 =-2bt
a®+b? =t

We now have a system of three equations in the three unknowns a, b and ¢. If we can solve them, we will have found the point
on the surface that we want.

o The first equation is a(1 4 2¢t) = 0 so that eithera =0 or ¢ = —%.

o The third equation forces ¢ > 0, so a = 0, and the last equation reduces to t = b2.
o Substituting this into the middle equation gives

b—3=—20° or equivalently 20° +b—3=0

In general, cubic equations are very hard to solve 2. But, in this case, we can guess one solution >, namely b =1. So (b—1)
must be a factor of 2b® +b — 3 and a little division then gives us

0=2b%+b—-3=(b—1)(20>+2b+3)
We can now find the roots of the quadratic factor by using the high school formula

—24,/22-4(2)(3)

4

Since 22 —4(2)(3) <0, the factor 2b2 +2b+3 has no real roots. So the only real solution to the cubic equation
203 +b—-3=0 isb=1.

In summary,

e a=0,b=1 and
o the point on z =z +y? nearest (0, 3,0)is (0,1, 1) and

« the distance from (0, 3,0)to z = 2 4+ is the distance from (0,3,0)to (0,1, 1), whichis 4/(—2)2 +1%2 = /5.
Finally back to the claim that, because (a, b, f(a, b)) is the point on z = f(z,y) that is nearest* (0, 3, 0), the vector from
(0,3,0) to (a,b, f(a,b)) must be perpendicular to the surface z= f(z,y) at (a,b, f(a,b)). Note that the square of the
distance from (0, 3, 0) to a general point (z,y, f(z,y))on z = f(z,y) is

D(z,y) =2" +(y—3)" + f(z,y)"
If £ = a, y = b minimizes D(z, y) then, in particular,

o restricting our attention to the slice y = b of the surface, z = a minimizes g(z) = D(z,b) = z*> + (b—3)? + f(z,b)? so

that
0
0 =g'(a) =5~ [2*+(b—3)+ f(2,0)°]
oz T=a
=2a+ 2f(a7 b) fz(aa b)
:2<a7 b_37 f(aab)> <1a 07 fz(aab»
and
o restricting our attention to the slice z = a of the surface, y = b minimizes h(y) = D(a,y) = a® + (y — 3)? + f(a,y)* so
that

0 =h(b)= a% [a2 +(y—3)"+f(a, y)2]

=2(b—3)+2f(a,b) f,(a,d)
:2(a, b—3, f(avb)><07 1, fy(avb»

y=b
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We have expressed the final right hand sides of both of the above bullets as the dot product of the vector (a, b—3, f(a,b))
with something because

e (a,b—3, f(a,b)) is the vector from (0, 3,0) to the point (a, b, f(a,b)) on the surface and

o the vanishing of the dot product of two vectors implies that the two vectors are perpendicular.

Thus, that
<a7 b_37 f(a'ab)><17 Oa fx(avb» =<a7 b_37 f(a'ab)><07 1a fy(a'ab»
=0

tells us that the vector (@, b—3, f(a,b)) from (0,3,0) to (a, b, f(a, b)) is perpendicular to both (1, 0, f.(a,b)) and
(0,1, f,(a,b)) and hence is parallel to their cross product (1, 0, f;(a,b)) x(0, 1, f,(a,b)), which we already know is a
normal vector to the surface z = f(z,y) at (a, b, f(a,b)).

This shows that the point on the surface that minimises the distance to (0, 3, 0) is joined to (0, 3, 0) by a line that is parallel to
the normal vector — just as we required.

Surfaces of the Form G(z,y,z) =0

We now use a little trickery to construct a vector perpendicular to the surface G(z,y, z) =0 at the point (a:o 5 Yo zo). Imagine
that you are walking on the surface and that at time 0 you are at the point (o, yo , 20). Let 7(t) = (z(t), y(t), 2(t)) denote
your position at time ¢.

G(z,y,2) =0 = ($07y072‘o)

/
xT

Because you are walking along the surface, we know that 7 (¢) always lies on the surface and so

G(z(t), y(t), 2(t)) =0

for all £. Differentiating this equation with respect to ¢ gives, by the chain rule,

T (ol0), ), =(0) #'0) + 5 (2(0), o(6) () 0
oG

Then setting ¢ = 0 gives
oG oG oG
5 (zo, o, 20) ' (0) + By (zo, o, 20) y'(0)+ o (zo, o, 20) 2'(0) =0
Expressing this as a dot product allows us to turn this into a statement about vectors.
oG oG oG
<a($0a Yo, zO) ) a_y(x()a Yo » ZO) ) E(xﬂa Yo, z0)> FI(O) =0

The first vector in this dot product is sufficiently important that it is given its own name.
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# Definition 2.5.4. Gradient

The gradient® of the function G(z, y, z) at the point (2o, Yo , 20) is

oG oG oG
<%(1"07 Yo » 20), 6_y($0ay0a Zo), 5(1‘07 Yo, ZO)>

It is denoted nablaG(zo, yo, 20)-

So (*) tells us that the gradient riablaG(zg, yo, 20 ), is perpendicular to the vector 7' (0).
Now if ¢ is very close to zero, the vector 7(t) —7(0), from 7(0) to 7(t), is almost tangent to the path that we are walking on. The
limit
. 7(t) —7(0
7(0) = lim—( )—1(0)
t—0 t

is thus exactly tangent to our path, and consequently to the surface G(z,y, z) = 0 at (zo, Yo, 20). This is true for all paths on the
surface that pass through (g, o, z0) at time ¢ =0, which tells us that nablaG(z, yo, z0) is perpendicular to the surface at
(20, Yo, 20). We have just found a normal vector!

The above argument goes through unchanged for surfaces of the form® G(z, y, z) = K, for any constant K. So we have

& Theorem 2.5.5. Tangent Plane and Normal Line

Let K be a constant and (o, yo, 29) be a point on the surface G(z, y, z) = K. Assume that the gradient

0G

nablaG(zo, o, 20) = <—($0 » Yo ZO) )

0G
O (xO,y07z0)a_(m0;y03Z0)>

B_y 0z

of G at (o, yo, 20) is nonzero.

1. The vector nablaG(x, yo, zo) is normal to the surface G(z,y, z) = K at (o, Yo, 20)-
2. The equation of the tangent plane to the surface G(z, y, z) = K at (o, Yo, 20) is

nablaG(xo, Yo, 20) (T —To, Yy—Yo, 2—20) =0
3. The parametric equation of the normal line to the surface G(z, y, z) = K at (2o, Yo, 20) is

<$7 Y, z> = <"L'0a Yo, ZO> +1 ﬁablaG("EOa Yo, ZO)

X Remark 2.5.6

Theorem 2.5.1 about the tangent planes and normal lines to the surface z = f(z,y) is actually a very simple consequence of
Theorem 2.5.5 about the tangent planes and normal lines to the surface G(z, y, z) = 0. This is just because we can always
rewrite the equation z = f(z,y) as z— f(z,y) =0 and apply Theorem 2.5.5 with G(z, y, 2) = z— f(z,y). Since

nablaG(zo, yo, z0) = — fo (%0, Yo) 2 _fy(m07y0)§+f{

Theorem 2.5.5 then gives ’ Theorem 2.5.1.

Here are a couple of routine examples.

v/ Example 2.5.7

Find the tangent plane and the normal line to the surface
z=z% 4 5zy —2y°
at the point (1, 2, 3).

Solution
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As a preliminary check, note that
1245x1x2-2(2)2=3

which verifies that the point (1, 2, 3) is indeed on the surface. This is a good reality check and also increases our confidence
that the question is asking what we think that it is asking. Rewrite the equation of the surface as
G(z,y,2) =z +5xy —2y? —2=0. Then the gradient
nablaG(z,y, 2) = (2z +5y) i + (5z —4y) j —k
so that, by Theorem 2.5.5,
7 =nablaG(1,2,3) =122 -3j—k

is a normal vector to the surface at (1,2, 3). Equipped ® with the normal, it is easy to work out an equation for the tangent
plane.

n{x—1,y—2,2-3)=(12, -3, -1)-(z—1,y—2,2-3)=0
or
122 -3y —2=3
We can quickly check that the point (1,2, 3) does indeed lie on the plane:
12x1-3x2-3=3
The normal line is
(x—1,y—-2,2-3)=tn=t(12, -3, -1)

or

Another warm-up example. This time the surface is a hyperboloid of one sheet.

v/ Example 2.5.8

Find the tangent plane and the normal line to the surface

4 y2 —22=4
at the point (2, —3, 3).
Solution

As a preliminary check, note that the point (2, —3, 3) is indeed on the surface:
22+ (—3)°-(3)> =4
The equation of the surface is G(x,y, 2) = 2% +y? — 22 =4. Then the gradient of G is
nablaG(z,y, 2) =2z 1 +2y 7 — 22k
so that, at (2, —3, 3),
nablaG(2,-3,3) =41 —-67—6k
and so, by Theorem 2.5.5,

ﬁ:%(4i—6j—6f<)=2i—3§—31::

is a normal vector to the surface at (2, —3, 3). The tangent plane is
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n-(zx—2,y+3,2-3)=(2,-3,-3)-(z—-2,y+3,2-3)=0
or
2z —3y—3z=4
Again, as a check, we can verify that our point (2, —3, 3) is indeed on the plane:
2x2-3x%x(-3)—-3x3=4
The normal line is
(x—2,y+3,2z-3)=tn=t(2, -3, -3)

or

w;2 _ y_—|—33 _ z_—33 (:t)

X Warning 2.5.9

The vector nablaG(z,y,z) is not a normal vector to the surface G(z,y,2)=K at (zo,¥o,20). The vector
nablaG(zy, Yo, z0) is a normal vector to G(z,y, z)=K at (zg, yo, 20) (provided G(z, yo, 20) = K).

As an example of the consequences of failing to evaluate iablaG(z, y, 2) at the point (g, Yo, 20), consider the problem
Find the tangent plane to the surface z? 4—y2 + 2% =1 at the point (0,0,1).

In this case, the surface is G(z,y,2) = 2> +y? +22 =1. The gradient of G is nablaG(z,y, 2) =2z 1 +2y ) +2zk. To

correctly apply part (b) of Theorem 2.5.5, we evaluate nnablaG(0,0,1) = 2 k and find that the tangent plane at (0,0,1)is
nablaG(0,0,1)-(x—0,y—0,2—1)=0 or 2(2—1)=0 or z=1

This is of course correct — the tangent plane to the unit sphere at the north pole is indeed horizontal.

But if we were to incorrectly apply part (b) of Theorem 2.5.5 by failing to evaluate nablaG(z, y, z) at (0, 0, 1), we would find
that the “tangent plane” is

nablaG(z,y,2)- (x—0,y—0, 2—1) =0
or 2z(z —0)+2y(y—0)+22(2—1)=0
or 2+t +22—2=0

This is horribly wrong. It is not even a plane, as any plane has an equation of the form ax + by +cz=d, witha, b, c and d
constants.

Now we'll move on to some more involved examples.

v/ Example 2.5.10

Suppose that we wish to find the highest and lowest points on the surface G(z,y, z) = z2 — 2z +y? — 4y + 22 — 62 =2.
That is, we wish to find the points on the surface with the maximum value of z and with the minimum ° value of z.

Completing three squares,
Gz,y,2) =2 —2z+y* —4y+2°—62
=(x—-1)%+(y—2)2+(2—3)% - 14.

So the surface G(z, y, z) = 2 is a sphere, whose highest point is the north pole and whose lowest point is the south pole. But
let's pretend that G(z, y, z) = 2 is some complicated surface that we can't easily picture.

We'll find its highest and lowest points by exploiting the fact that the tangent plane to G = 2 is horizontal at the highest and
lowest points. Equivalently, the normal vector to G = 2 is vertical at the highest and lowest points. To see that this is the case,
look at the figure below. If the tangent plane at (zg, Yo, 29) is not horizontal, then the tangent plane contains points near
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(z0, Y0, 20) with z bigger than 2o and points near (zg, yo, 20) with z smaller than zy. Near (z, Yo, 20 ), the tangent plane is a
good approximation to the surface. So the surface also contains '° such points.

11

2?2 —2x+y?—4dy+22—62=2

(0, Y0, 20)

7

'/

side view

/

The gradient is

~

nablaG(z,y,2) = (2z —2) i+ (2y—4) 73+ (22— 6) k

It is vertical when the 2 and 7 components are both zero. This happens when 2z —2 =0 and 2y —4 =0, i.e. when z =1 and
y = 2. So the normal vector to the surface G =2 at the point (z,y, 2) is vertical when z =1, y =2 and (don't forget that
(z,y, 2) has to be on G = 2)

G(1,2,2) =17 —2x1+2> —4x2+2° —62=2
— 22—62-7=0
— (z=7)(z+1)=0
— z=7, —1

The highest point is (1, 2, 7) and the lowest point is (1, 2, —1), as expected.

We could have short-cut the last example by using that the surface was a sphere. Here is an example in the same spirit for which we
don't have an easy short-cut.

v/ Example 2.5.11

In the last example, we found the points on a specified surface having the largest and smallest values of z. We'll now ramp up
the level of difficulty a bit and find the points on the surface 2> +2y? +32% = 72 that have the largest and smallest values of
T +y+3z.

To develop a strategy for tackling this problem, consider the following sketch.

22+ 2% + 322 = 72

z+y+3z2=C
The red ellipse in the sketch is intended to represent (schematically) our surface
2 +2y2 +322 =172

which is an ellipsoid. The middle diagonal (black) line is intended to represent (schematically) the plane z +y+3z=C" for
some more or less randomly chosen value of the constant C. At each point on that plane, the function, z +y + 32, (that we are
trying to maximize and minimize) takes the value C'. In particular, for the C' chosen in the figure, z +y+3z=C does
intersect our surface, indicating that  +y + 3z does indeed take the value C' somewhere on our surface.
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To maximize  +y + 3z, imagine slowly increasing the value of C'. As we do so, the plane z +y +3z=C moves to the
right. We want to stop increasing C' at the biggest value of C' for which the plane z +y+3z=C intersects our surface

x? +2y? +32% = 72. For that value of C the plane = +y + 3z = C, which is represented by the right hand blue line in the
sketch, is tangent to our surface.

Similarly, to minimize « +y + 3z, imagine slowly decreasing the value of C'. As we do so, the plane z +y + 3z = C moves
to the left. We want to stop decreasing C' at the smallest value of C for which the plane  +y 43z = C intersects our surface
x? +2y2 +322 = T72. For that value of C the plane = +y+ 3z = C, which is represented by the left hand blue line in the
sketch, is again tangent to our surface. The previous Example 2.5.10 was similar, except that the plane was z = C.

We are now ready to compute. We need to find the points (a, b, ¢) (in the sketch, they are the black dot points of tangency) for
which

e (a,b,c) is on the surface and

« the normal vector to the surface z2 + 2y* +322 =72 at (a, b, c) is parallel to (1, 1, 3) , which is a normal vector to the
planez +y+32=C

Since the gradient of 2> +2y? + 32 is (2z, 4y, 62) =2 (z, 2y, 32) ,these two conditions are, in equations,

a® +2b° +3c* =72
(a, 2b,3c) =t(1,1,3) for some number ¢

The second equation says thata =t¢, b = % and ¢ =t. Substituting this into the first equation gives
1 9
t2+§t2+3t2 =72 5t2 =72 <= =16 < t==44

So

« the point on the surface 2% 4 2y% + 32> =72 at which z +y + 32 takes its maximum value is
_ (4 t _
(a,b,¢) = (t, 2,t)\tz4 (4,2,4) and
e r+y+3z takes the value4+2+3 x4 =18 there.
e The point on the surface 2% 4 2y% 432> =72 at which z +y + 32 takes its minimum value is

_ t —(—4 -9 _—
(a,b,¢) = (¢, 2,t)‘t:_4 =(—4,-2,—4) and
e z+y+ 3z takes the value —4 —2+3 x (—4) = —18 there.

v/ Example 2.5.12

Find the distance from the point (1, 1, 1) to the plane z + 2y + 3z = 20.

Solution 1

First note that the point (1, 1, 1) is not itself on the plane z + 2y + 3z =20 because
1+2x14+3x1=6%20

Denote by (a, b, ¢) the point on the plane = + 2y + 3z =20 that is nearest (1,1, 1). Then the vector from (1,1, 1) to (a, b, ¢),
namely (a —1,b—1, ¢c—1), must be perpendicular!! to the plane. As the gradient of 4 2y + 32, namely (1, 2, 3),isa
normal vector to the plane, (¢ —1, b—1, ¢—1) must be parallel to (1, 2, 3).So there must be some number ¢ so that

(@a—1,b-1,c—1)=t(1,2,3)
or
a=t+1,b=2t+1, c=3t+1
As (a, b, ¢) must be on the plane, we know that a +2b+ 3¢ =20 and so
(t+1)+2(2t+1)+3(3t+1)=20 = 14t =14 = t=1

The distance from (1,1,1) to the plane z+2y+32=20 is the length of the vector
(a—1,b—1,c—-1)=t(1,2,3)=(1,2,3) whichis v14.
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R = (20,0,0)

T+ 2y+32=20

Q

Solution 2

Denote by P = (a, b, ¢) the point on the plane = + 2y +3z =20 that is nearest the point @ = (1,1, 1). Pick any other point
on the plane and call it R. For example (z, y, z) = (20, 0, 0) obeys 4+ 2y +3z =20 and so R = (20,0, 0) is a point on the
plane.

The triangle PQ R is right angled. Denote by 6 the angle between the hypotenuse @ R and the side @ P. The distance from
Q =(1,1,1) to the plane is the length of the line segment Q P, which is

distance = |QP| = |QR)| cosb

Now, the dot product between the vector from @ to R, which is (19, —1, —1) , with the vector (1, 2, 3) , which is normal to the
plane and hence parallel to the side QP is

(19, -1,-1)-(1,2,3) = 14
= | <19a _1a _1> | | <172a3> | cosf
=|QR| v/14 cosf

so that, finally,

14 —
distance = |QR|cos = — = /14

v/ Example 2.5.13

Let F(z,y,z) =0 and G(z,y, z) = 0 be two surfaces. These two surfaces intersect along a curve. Find a tangent vector to this
curve at the point (g, Yo, 20)-

Solution
Call the tangent vector T'. Then T has to be

e tangent to the surface F'(z,y, z) = 0 at (2o, Yo, 20) and
e tangent to the surface G(z,y, z) = 0 at (zg, Yo, 20)-

Consequently T has to be

o perpendicular to the vector nablaF(x, yo, 20 ), which is normal to F(z, y, z) = 0 at (x¢, Yo, 20), and at the same time has
to be
o perpendicular to the vector nablaG(zy, ¥o, 20 ), which is normal to G(z, y, z) = 0 at (x, yo, 20 )-

Recall that an easy way to construct a vector that is perpendicular to two other vectors is to take their cross product. So we take

i 7 k
T =nablaF (zo, Yo, 20) X nablaG(xo,yo,20) =det | F, F, F,

Y
= (F,G, - F.G,) i+ (F.G,~F,G,) i+ (FG,~F,G,)k

where all partial derivatives are evaluated at (z, y, 2) = (¢, Yo, 20)-

Let's put Example 2.5.13 into action.
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Consider the curve that is the intersection of the surfaces
z2—|—y2—|—z2=5 and m2—|—y2:4z
Find a tangent vector to this curve at the point (\/§ , 1, 1).

Solution

As a preliminary check, we verify that the point (\/3 , 1, 1) really is on the curve. To do so, we check that (\/g , 1, 1)
satisfies both equations:

(V3 +12+12=5  (v3)'+12=4x1
We'll find the specified tangent vector by using the strategy of Example 2.5.13.
Write F(z,y,2) =z% +y* + 2% and G(z,vy,2) = 2> +y* —4z. Then
o the vector

nablaF(v/3,1,1) = 2z, 2y, 22)

):2<\/§’1a1>

(z,9,2)=(/3,1,1

is normal to the surface F((z,y, 2) =5at (v/3, 1, 1),and
o the vector

RablaG(v3,1,1) = (22, 2y, ~0)] . o =2(y3,1,-2)
is normal to the surface G(z,y,2z) =0at (v/3, 1, 1).
So a tangent vector is
i 5 k
(V3,1,1) x(v/3,1, -2)=det | \/3 1 1
V3 1 -2

=(-2-1)i+(v3+2v3)5+(3-3)k
=-3i+33)

There is an easy common factor of 3 in both components. So we can create a slightly neater tangent vector by dividing the
length of —3 2 +3+v/3 7 by 3, giving (~1, v/3, 0).

v Example 2.5.15. (Optional) computer graphics hidden-surface elimination

When you look at a solid three dimensional object, you do not see all of the surface of the object — parts of the surface are
hidden from your view by other parts of the object. For example, the following sketch shows, schematically, a ray of light
leaving your eye and hitting the surface of the object at the light dot. The object is solid, so the light cannot penetrate any
further. But, if it could, it would follow the dotted line, hitting the surface of the object three more times. Your eye can see the
light dot, but cannot see the other three dark dots.

1

-
-

Recreating this effect in computer generated graphics is called “hidden-surface elimination”. In general, implementing hidden-
surface elimination can be quite complicated. Often a technique called “ray tracing” is used 12. However, it is easy if you know
about vectors and gradients, and you are only looking at a single convex body. By definition, a solid is convex if, whenever
two points are in the solid, then the line segment joining the two points is also contained in the solid.
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not convex convex

So suppose that we are looking at a convex solid, that the equation of the surface of the solid is G(z, y, z) =0, and that our

eye is at (Ze, Ye, 2e)-

o First consider a light ray that leaves our eye and then just barely nicks the solid at the point (z, y, 2), as in the figure on the
left below. The light ray is a tangent line to the surface at (z, y, 2). So the direction vector of the light ray,

(T — T,y —Ye, 2— 2¢), Is tangent to the surface at (z, y, z) and consequently is perpendicular to the normal vector,
n = nablaG(z,y, z), of the surface at (z, y, ). Thus

(T —Te, Y — Ye, 2— 2¢) - nablaG(z,y,2) =0

L (Te,Ye,2e) 4 (we,Ye,2e)

VG(z,y,2)

(x—te,y—ye,2—2e)

G(,y,2)=0
G(z,y,2)=0

o Now consider a light ray that leaves our eye and then passes through the solid, as in the figure on the right above. Call the
point at which the light ray first enters the solid (z, y, z) and the point at which the light ray leaves the solid (z', y,’ ).
o Let ¥ be a vector that has the same direction as, i.e. is a positive multiple of, the vector (T — Z¢,y — Ye, 2 — 2 ) -
o Let 7 be an outward pointing normal to the solid at (z, y, z). It will be either nablaG(z, y, z) or —nablaG(z, y, 2).
o Let7 be an outward pointing normal to the solid at (', ', z'). It will be either 7iablaG(z', v/, 2') or
—nablaG(z',y', ).
Then

o at the point (z, y, 2) where the ray enters the solid, which is a visible point, the direction vector v points into the solid.
The angle 6 between v and the outward pointing normal 72 is greater than 90°, so that the dot product
v-n=|9||n| cosf < 0. But

o at the point (', y’, 2') where the ray leaves the solid, which is a hidden point, the direction vector ¥ points out of the
solid. The angle 6 between ¥ and the outward pointing normal 7' is less than 90°, so that the dot product

v-n' = 9] |n'| cos@ > 0.

Our conclusion is that, if we are looking in the direction v, and if the outward pointing normal !® to the surface of the solid at

(z,y, 2) is nablaG(z, y, z) then the point (x, y, 2) is hidden if and only if ¥ - nablaG(z, y, z) > 0.

This method was used by the computer graphics program that created the shaded figures ' in Examples 1.7.1 and 1.7.2, which
are reproduced here.
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Tangent planes, in addition to being geometric objects, provide a simple but powerful tool for approximating functions of two
variables near a specified point. We saw something very similar in the CLP-1 text where we approximated functions of one variable
by their tangent lines. This brings us to our next topic — approximating functions.

Exercises

Stage 1

Is it reasonable to say that the surfaces 2? +y? +(z—1)2 =1 and 2> +3? +(2+1)2 =1 are tangent to each other at
(0,0,0)?

Let the point 7y = (g, Y0, 20) lie on the surface G(z,y,z) =0. Assume that 7iablaG(zo, Yo, 20) 7 0. Suppose that the
parametrized curve 7'(t) = ((t), y(t), 2(t)) is contained in the surface and that 7'(g) =79. Show that the tangent line to the
curve at 7 lies in the tangent plane to G = 0 at 7.

Let F(zg, yo,20) = G(x0, Yo, 20) = 0 and let the vectors nablaF(xg, yo, z0) and nablaG(zg, yo, 20) be nonzero and not be
parallel to each other. Find the equation of the normal plane to the curve of intersection of the surfaces F(z,y,z) =0 and
G(z,y,2) =0 at (z9, Yo, 20)- By definition, that normal plane is the plane through (z, yo, 20) whose normal vector is the
tangent vector to the curve of intersection at (g, Yo, 20 )-

‘ Let f(zo,Y0) = g(xo,yo) and let (f(zo,%0), fy(To,Y0)) # (9= (0, Y0), gy(Z0,Yo)) - Find the equation of the tangent line to

the curve of intersection of the surfaces z = f(z,y) and z = g(z, y) at (xo, Yo, 20 = f(Zo,¥0))-

Stage 2

‘ 2
Let f(z,y) = ﬁ. Find the tangent plane to the surface z = f(z,y) at the point (—1, 1, 3).

Find the tangent plane to

27
2 +y?+22+3

at the point (2,1, 1).

Find the equations of the tangent plane and the normal line to the graph of the specified function at the specified point.

1. f(way) = w2 _y2 at (_2’ 1)
2. f(z,y) =€™ at (2,0)
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Consider the surface z = f(z,y) defined implicitly by the equation zyz2+y22% =3 +z2. Use a 3--dimensional gradient
vector to find the equation of the tangent plane to this surface at the point (—1,1,2). Write your answer in the form
z=azx +by+c, where a, b and c are constants.

A surface is given by
z=1z*—2xy+y°.

1. Find the equation of the tangent plane to the surface at ¢ = a, y = 2a.
2. For what value of a is the tangent plane parallel to the plane x —y +z =17

‘ Find the tangent plane and normal line to the surface z = f(z,y) = ;Tyyz at (z,y) =(-1,2).
| Find all the points on the surface 2 + 9y? +422 = 17 where the tangent plane is parallel to the plane z — 8z = 0.

Let S be the surface z = z* +2y? +2y — 1. Find all points P(z, Yo, 20) on S with z( # 0 such that the normal line at P
contains the origin (0, 0, 0).

| Find all points on the hyperboloid 22 = 422 +3? — 1 where the tangent plane is parallel to the plane 2z —y + z = 0.

Find a vector of length 4/3 which is tangent to the curve of intersection of the surfaces 22 =4z%+9y?> and
6z +3y+2z=5 at (2,1,-5).

Stage 3

Find all horizontal planes that are tangent to the surface with equation

z = mye_(w2+y2)/2

What are the largest and smallest values of z on this surface?

? 16 %

Let S be the surface
zy—2zx+yz+a’ +yt+23 =7

1. Find the tangent plane and normal line to the surface .S at the point (0, 2, 1).
2. The equation defining S implicitly defines z as a function of z and y for (z, y, 2) near (0, 2, 1). Find expressions for g—;

0z 0z
and 7-. Evaluate - at (z,9,2) =(0,2,1).
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2
| 3. Find an expression for 0z

0z0y

1. Find a vector perpendicular at the point (1, 1, 3) to the surface with equation 2% + 22 = 10.
2. Find a vector tangent at the same point to the curve of intersection of the surface in part (a) with surface y? + 2% = 10.
3. Find parametric equations for the line tangent to that curve at that point.

Let P be the point where the curve

intersects the surface
2 +ryz—2=0

Find the (acute) angle between the curve and the surface at P.

Find the distance from the point (1,1, 0) to the circular paraboloid with equation z = 22 + y2.

1. It is possible, but beyond the scope of this text, to give a precise meaning to “fits best”.

2. The method for solving cubics was developed in the 15th century by del Ferro, Cardano and Ferrari (Cardano's student). Ferrari
then went on to discover a formula for the roots of a quartic. Both the cubic and quartic formulae are extremely cumbersome,
and no such formula exists for polynomials of degree 5 and higher. This is the famous Abel-Ruffini theorem.

3. See Appendix A.16 in the CLP-2 text. There it is shown that any integer root of a polynomial with integer coefficients must
divide the constant term exactly. So in this case only 1 and +3 could be integer roots. So it is good to check to see if any of
these are solutions before moving on to more sophisticated techniques.

4. Note that we are assuming that (a, b, f(a, b)) is the point on the surface that is nearest (0, 3, 0). That there exists such a point is
intuitively obvious from a sketch of the surface. The mathematical proof that there exists such a point is beyond the scope of
this text.

5. The gradient will also play a big role in Section 2.7.

6. Alternatively, one could rewrite G = K as G— K =0 and replace G by G — K in the above argument.

7. Indeed we could write Theorem 2.5.1 as a corollary of Theorem 2.5.5. But in a textbook one tries to start with the concrete and
move to the more general.

8. The spelling “equipt” is a bit archaic. There must be a joke here about quips.

9. Recall that “minimum” means the most negative, not the closest to zero.

10. While this is intuitively obvious, proving it is beyond the scope of this text.

11. We saw why this vector must be perpendicular to the plane in Example 2.5.3.

12. You can find out more about it by plugging “ray tracing” into the search engine of your choice.

13. If iablaG(z, y, ) is the inward pointing normal, just replace G by —G.

14. Those figures are not convex. But it was still possible to use the method discussed above because any light ray from our eye
that passes through the figure intersects the figure at most twice. It first enters the figure at a visible point and then exits the
figure at a hidden point.

This page titled 2.5: Tangent Planes and Normal Lines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.6: Linear Approximations and Error

A frequently used, and effective, strategy for building an understanding of the behaviour of a complicated function near a point is
to approximate it by a simple function. The following suite of such approximations is standard fare in Calculus I courses. See, for
example, §83.4 in the CLP-1 text.

g(to + At) = g(to) constant approximation
g(to + At) ~g(ty) +¢'(tg) At linear, or tangent line, approximation
g(to + At) ~g(to) +g' (o) At + 14" (to) At? quadratic approximation

More generally, for any natural number n, the approximation
glto+At) ~ g(to) +g'(to) At + 39" (to) AL +- - + L gM(ty) At

is known as the Taylor polynomial of degree n. You may have also found a formula for the error introduced in making this
approximation. The error E, (At) is defined by

glto+At) = gto) +g'(t) At + 59" (to) AL ++ - -+ 10" (to) AL" + E,, (At)
and obeys !

E,(At) = (1) (tg + cAt) At

1
19
for some (unknown) 0 <¢ <1.

It is a simple matter to use these one dimensional approximations to generate the analogous multidimensional approximations. To
introduce the ideas, we'll generate the linear approximation to a function, f(z, y), of two variables, near the point (z, yo ). Define

9(t) = f(zo+t Az, yo +t Ay)
We have defined g(¢) so that
9(0) = £ (=0, wo) and  g(1) = f(zo+ Az, yo + Ay)
Consequently, setting g =0 and At =1,
fzo+ Az, yo+Ay) =g(1) =g(to + At)

g
g(to) +g'(to) At
9(0) +4'(0)

Q

We can now compute g’(0) using the multivariable chain rule of 2.4.2:

0 0
g (t) :8—£(9c0+tAm, Yo+t Ay) Aac—f-a—;(xg +tAz, yo+tAy) Ay

so that,

& Equation 2.6.1

0 0
f(zo+ Az, yo+ Ay) %f(woayo)-Fa—i(ﬂ?o,yo) Afﬂ+6—£(ﬂ?0» o) Ay

Of course exactly the same procedure works for functions of three or more variables. In particular

& Equation 2.6.2
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f(zo+Az, yo+ Ay, 20+ Az)

0 0
%f(moyyo,zo)-%a—i(mo,yo, zo)AfE+a—£(mo,yo, 20) Ay

0,
+a_£($0ay07ZO)AZ

While these linear approximations are quite simple, they tend to be pretty decent provided Az and Ay are small. See the optional
§2.6.1 for a more precise statement.

X Remark 2.6.3

Applying 2.6.1, with Az =z —xy and Ay =y —yy. gives

flz,y) = f(zo, yo)+%($o, %) ($—$0)+g—£($0,y0) (v —wo)

Looking at part (b) of Theorem 2.5.1, we see that this just says that the tangent plane to the surface z = f(z,y) at the point
(zo, Yo, f(20,y0)) remains close to the surface when (z, y) is close to (z, o).

v/ Example 2.6.4

Let

Then

o
f(20,90) = —F——
N RN
6_(33’?/):% 5 5 fy(x(]:y(]): L

Y T4ty /w(2)+y§

so that the linear approximation to f(z, y)at (zo, yo) is

f(.’E()—i-Al', y0+Ay) %f('TOa y0)+fw($07 3/0) A$+fy($0, yO) Ay

T
= /29— Ar+ ——— Ay
\/ T+ NE T
& Definition 2.6.5

People often write Af for the change f(zo+ Az, yo+ Ay) — f(«o, yo) in the value of f. Then the linear approximation
2.6.1 becomes

0 0
Af %a—ﬁ(ﬂﬂo, ) A$+6—£($0»y0) Ay

If they want to emphasize that that Az, Ay and Af are really small (they may even say “infinitesimal”), they'll write? dz, dy
and df instead. In this notation

0 0
df %a_i(ﬂvo,yo)dw-l-a_;(xo,yo)dy
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Suppose that we wish to approximate a quantity () and that the approximation turns out to be  + AQ. Then

« the absolute error in the approximation is |AQ | and

5 . . .. A
o the relative error in the approximation is )—Q ’ and

o the percentage error in the approximation is 100 ( ) ’

In Example 3.4.5 of the CLP-1 text we found an approximate value for the number /4.1 by using a linear approximation to the
single variable function f(z) = /. We can make similar use of linear approximations to multivariable functions.

v/ Example 2.6.7

. . 0.998)°
Find an approximate value for ( )

1.003 °

Solution

3
Set f(z,y) = % We are to find (approximately) f(0.998 , 1.003).We can easily find

3

1) =+ =1

and since
a 2 3
of 3 4 9__ T
or y 9y y?
we can also easily find
of il
1,1 =
or bl =3 1 3
of 13
—(1,1) =1—=-1
ay ( ) ) 12

So, setting Az = —0.002 and Ay = 0.003, we have

0.998°
1.003

= £(0.998, 1.003) = f(1 + Az, 1+ Ay)

~5(1,1) +35L( oF L (1,1) ay

~1+3(—0.002) —1(0.003) = 0.991

11)A+

By way of comparison, the exact answer is 0.9910389to seven decimal places.

v/ Example 2.6.8

Find an approximate value for (4.2)'/2 4-(26.7)'/3 + (256.4)/4.

Solution

Set f(z,y,2z) = z'/2 +y'/3 4+ 2'/%. We are to find (approximately) f(4.2, 26.7 , 256.4)We can easily find
£(4,27,256) = (4)"/2+(27)/° +(256)/* =2+3+4=9

and since

of 1 of 1 of 1
or 21/2 8y o 3y2/3 0z 423/4

we can also easily find
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1
O (497,956) = —— — L, L
Oz 2(4)1/2 2 2
of 1 1

1

of 1
9 (4,27,256) = —— — —
5 ) = lsepn 17

So, setting Az = 0.2, Ay = —0.3, and Az = 0.4, we have

(4.2)Y2 +(26.7)1/3 4 (256.4)"/* = f(4.2, 26.7, 256.4)
=f(4+ Az, 27+ Ay, 256 + Az)
~ f(4,27,256) + ﬁ(4, 27,256) Az + ﬁ(4, 27,256) Ay
ox Oy
of

——(4,27,256) A
+8z(’ ,256) Az
. 0.2 0.3 N 0.4 _9+1 1+ 1
- 2x2 3x9  4x64 20 90 640
=9.0405

to four decimal places. The exact answer is 9.03980to five decimal places.
That's a difference of about

10405 — 9.
1oow% — 0.008%

Note that we could have used the single variable approximation techniques in the CLP-1 text to separately approximate
(4.2)/2,(26.7)"/3 and (256.4)/*and then added the results together. Indeed what we have done here is equivalent.

v/ Example 2.6.9

A triangle has sides a = 10.1cm and b = 19.8cm which include an angle 35°. Approximate the area of the triangle.

Solution

The triangle has height h = asin# and hence has area
1 1
A(a,b,0) = Ebh = Eab siné

The sin @ in this formula hides a booby trap built into this problem. In preparing the linear approximation we will need to use
the derivative of sinf. But the standard derivative %Sinﬁ =cos 6 only applies when 6 is expressed in radians — not in
degrees. See Warning 3.4.23 in the CLP-1 text.

So we are obliged to convert 35° into

35°=(30 +5)1%30 radians = (% + %) radians

We need to compute (approximately) 4(10.1, 19.8, % + %) . We will, of course3, choose
ag — 10 b() = 20 00 =
Aa =0.1 Ab=-0.2 Al =

)=l

By way of preparation, we evaluate
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1 1 1
Afa, bo, 00) = aobosinfy = 5 (10)(20) =50
0A 1 1 1
Ba (ao, by, 90) Ebo sinfy = 5(20)5 =5
9 1 1, 1 5
_317 (aO)bO,GO) 5 081n00 5(10)5 = E
50 (a0, b0,600) = =50 agby cosby = 5 (10)(20)T =50+/3

So the linear approximation gives

Area =A(10.1,19.8, =

E 36) A(ag—|—Aa by + Ab, 90+A0)

0A 0A
3 (ag,bo,eo)Aa+ 9b

< % (a0’b0a90)A0

%A(ao,bo,eo) (a0, bo, 60) Ab

5
=50+5 x 0.1+5 x (—0.2)+50\/§%

5
—50+1—0—ﬁ+50\/_—
— 50 (1+\T%)

~ 57.56

to two decimal places. The exact answer is 57.35to two decimal places. Our approximation has an error of about

57.56 —57.35
100 W% =0.37%

Another practical use of these linear approximations is to quantify how errors made in measured quantities propagate in
computations using those measured quantities. Let's explore this idea a little by recycling the last example.

v/ Example 2.6.10. Example 2.6.9, continued

Suppose, that, as in Example 2.6.9, we are attempting to determine the area of a triangle by measuring the lengths of two of its
sides together with the angle between them and then using the formula

A(a,b,0) = éab sin6

Of course, in the real world 4, we cannot measure lengths and angles exactly. So if we need to know the area to within 1%, the
question becomes: “How accurately do we have to measure the side lengths and included angle if we want the area that we
compute to have an error of no more than about 1%°?”

Let's call the exact side lengths and included angle ag, by and 6y, respectively, and the measured side lengths and included

angle ag + Aa, by + Ab and 6y + Af. So Aa, Ab and A# represent the errors in our measurements. Then, by 2.6.2, the error

in our computed area will be approximately
0A

0A 0A
AA ~ == (a0, by, 00) Aa+—- (a0, bo, o) Ab+ =

Aa Ab Al
= Tbo sint% + Tao Sineg + Taobo C0800

(ag, bo, 0()) A0

and the percentage error in our computed area will be

AA A A
|A4] 100—“ 110022 | 1009528

10— ~
A(ao, bo, 00) bO Sln 0()

By the triangle inequality, |u +v| < |u|+|v|, and the fact that |uv| = |u] |v],
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A A
10022 110028 4+ 10065252
ao bo sin
A Ab 9
<100|=2 +100’—’+100|A0| L
ag bo sinf,

‘We want this to be less than 1.

Of course we do not know exactly what ag, by and 6y are. But suppose that we are confident that ag > 10, by > 10 and

5 <6 <7 sothatcotfy <cot g =+/3<2. Then

A A
100 | =2 glOO‘—a’:10|Aa|
ag 10
Ab Ab
| < =
100 |- _100‘ 5| = 101Ab]
100/26] | <22 | < 100/26] 2 = 200 |26)
SlIl00
and
AA
100—241__ < 10| Aq|+10|Ab| +200 |AG)
A(aﬁabﬂveﬂ)

So it will suffice to have measurement errors |Aa/, | Ab| and | Af| obey

10 |Aa| +10|Ab| 4200 |Af] < 1

v/ Example 2.6.11

A Question

Suppose that three variables are measured with percentage error €1, €9 and €3 respectively. In other words, if the exact value
of variable number ¢ is x; and measured value of variable number 7 is x; + Az; then

A:I)i

T

100

:Ei

Suppose further that a quantity P is then computed by taking the product of the three variables. So the exact value of P is
P(z1,x2,23) = 212273

and the measured value is P(z; + Az , 3 + Azs, 3+ Azs). What is the percentage error in this measured value of P?

Solution

The percentage error in the measured value P(z; + Axy , z3 + Axzy, z3 + Azg) is

P(:El —l—AﬂSl , Lo —l—sz , T3 +A$3) —P($1,:L‘2,.’L‘3)

100
P(x1,z,23)

We can get a much simpler approximate expression for this percentage error, which is good enough for virtually all
applications, by applying

P(:L‘l + Az, z3+Axy, 3 —|—A.’1!3)

~ P(x1, %2, x3) + Py, (z1, T2, 23) Ax1 + Py, (21, T2, T3) Ay
+ Py, (21, %2, 23) Az

The three partial derivatives are
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0

Py, (21,20, 23) = ' [@1223) = Ty
0

Py, (x1,22,23) = 3_562 [$1$2IE3] =173
0

Py, (21,22, 23) = s [@12923] = 212

So

P(z1 + Azy, xo + Azy, x5+ Azs)
%P(:Bl,:EQ,.’L'g) +xox3 A1 +T173 ATy +T 179 A3

and the (approximate) percentage error in P is

100 ‘ P(:L‘l-i-A.’El,:L‘Q+A.’132,1L‘3+A133)—P(£L‘1,$2,.’133) ‘

P($1,$2, %3)

~ 100 Tor3Axy +T1T3ATs +T1T2AZs
P(z1, 22, 73)
—100 Tor3Axy +123ATs + 122 A3
a L1XL2d3
A A A
= [100=2L +100222 1100222
T T2 T3

<ée1+eg+tes
More generally, if we take a product of n, rather than three, variables the percentage error in the product becomes at most
(approximately) Zn: €;. This is the basis of the experimentalist's rule of thumb that when you take products, percentage errors
add. -

Still more generally, if we take a “product” [T , «;", the percentage error in the “product” becomes at most (approximately)

n
> Imile;
=1

Quadratic Approximation and Error Bounds

Recall that, in the CLP-1 text, we started with the constant approximation, then improved it to the linear approximation by adding
in degree one terms, then improved that to the quadratic approximation by adding in degree two terms, and so on. We can do the
same thing here. Once again, set

9(t) = f(zo+t Az, yo +t Ay)
and recall that
9(0) = £ (=0, wo) and  g(1) = f(zo+ Az, yo + Ay)
We'll now see what the quadratic approximation
glto +At) = g(to) +¢'(to) At + 59" (to) A’
and the corresponding exact formula (see (3.4.32) in the CLP-1 text)
g(to + At) = g(to) + g’ (to) At + Lg" (to + cAt) At forsome 0 <c<1

tells us about f. We have already found, using the chain rule, that

0 0
g ) = a—i (xg +tAzx, yo —|—tAy) Az + 8_5 (mo +tAx, yo+t Ay) Ay
" . . of of
We now need to evaluate g" (¢). Temporarily write f; = 5, and fo= o 50 that

gdt)=fi(zo+t Az, yo+tAy) Az + fo(zo+t Az, yo +t Ay) Ay
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Then we have, again using the chain rule,

d
- [fl (zo+tAz, yo+tAy)]

_of
rr
82f
92

and

d
- [f2 (zo+tAz, yo+tAy)]

(wo +tAz, yo+t Ay) Az + 9

(:co—i-tA:L' Yo —|—tAy) Am—l—%(mo +tAz, yo —|—tAy) Ay

Oy
2

B9 Bf (xo—l—tAw, Yo —l—tAy) Ay

= ﬁ(m(ﬁ-tA:c, Yo+t Ay) Am—i—%(wo—i-tAw, Yo +tAy) Ay
82]" o*f
3 By (Io—FtAiE y0+tAy)A$+a—($0+tAfL‘ y0+tAy)Ay
y?
Adding Az times (*) to Ay times (*+) and recalling that 8;6]; a:ag, gives
"(t) —ﬁ( tA +tAy) Az’
g opz L0 TEAT, Yo Yy
o f
+28 o9 (zo+t Az, yo+tAy) AzAy
0% f 2
—i——(mg—i—tAw, Yo +t Ay) Ay

Oy?

Now setting tg = 0 and At = 1, the quadratic approximation

fzo+ Az, yo+Ay) =g(1)~g(0)+4'(0)+ 34"(0)

is
& Equation 2.6.12
f(mo + Az, yo —|—Ay)

%f(l‘o,yo)-i-
0% f

ozr

and the corresponding exact formula

0
—f(wo, yo) Az +

1 s S O0°f
+ 2{8952 (20,0) A2 +26w8y

0
8_5 (515() ) yO) Ay

2
(mOa Z/O) AiBAy +

f(zo+Az, yo+Ay) =g(1)=g(0)+g'(0)+ 14" (c)

is
& Equation 2.6.13
f(mg + Az, yo +Ay)

0
Zf(ib'o,yo)-i-a—f

0
(5150, yo) Al‘-i-—f

{fﬂ(())m +2§6f(())AxAy+af(())Ay}

6 (-’BO ) yO) Ay

where 7(c) = (zo +c Az, yo+cAy) and c is some (unknown) number satisfying 0 < ¢ < 1.

gyf (1‘0, yO) Ay }
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If we can bound the second derivatives
0% f

822

o f
Ox 0y (T(c))

(7(c))

)

we can massage 2.6.13 into the form

0 0
’f(fvo—i—Aa:, y0+Ay) —{f(ivo, yo)—I—a—i(wo,yo) Aw-l-a—;;(ﬂ?o, yo) Ay}’

M
< 5 (182 +2|Ac| |Ay| +|Ay[*)

Why might we want to do this? The left hand side of 2.6.14 is exactly the error in the linear approximation 2.6.1. So the right hand
side is a rigorous bound on the error in the linear approximation.

v/ Example 2.6.15. Example 2.6.7, continued

(0.998)3
1.003

such a rigorous bound by applying 2.6.13. Set

Suppose that we approximate as in Example 2.6.7 and we want a rigorous bound on the approximation. We can get

3

T
flz,y) = m
and
zg=1 Az =—0.002 Yo =1 Ay =0.003
Then the exact answer is f (a:o +Az, yo+ Ay) and the approximate answer is

f(mo , yo) TP % (mg , yo) Az + % (mo , yo) Ay, so that, by 2.6.13, the error in the approximation is exactly

1]8%f . , Of . 0% . ,
Sl (7(c)) Az +26$6y (7(c)) AzAy + o2 (7(c)) Ay
with 7°(c) = (1 —0.002¢, 1+0.0003c) for some, unknown, 0 < ¢ < 1. For our function f
z3 of 32 of z3
f(:c,y)—? a—w(fv,y)—T a—y(w,y)——y—z
CE RN SN S N T
a2 Y Ty dzoy YT y2 y? L y3

We don't know what 7(c) = (1 —0.002¢, 1+0.0003c) is. But we know that 0 < ¢ <1, so we definitely know that the =
component of 7(c) is smaller that 1 and the y component of 7(c) is bigger than 1. So

o%f ., o%f . o%f .
)| L G EL R )

<2

and

1
error < o [6Az° +2 x 3|Az Ay| +2Ay7]

< 3(0.002) +3(0.002)(0.003) 4 (0.003)>
=0.000039

By way of comparison, the exact error is 0.0000389, to seven decimal places.
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evaluate them at (g, yo) = (1, 2).

f(z,y) =4/ 1+4xz? +4°

4x
fo(@,y) = ——
v 1+4z2 + 42
- Yy
1+4x2 +42

4

fy(-’E,y) =

In this example, we find the quadratic approximation of f(z,y) = +/1+4xz?+y> at (zo,y0) = (1,2) and use it to compute
approximately f(1.1, 2.05).We know that we will need all partial derivatives up to order 2, so we first compute them and

f(zo,%0)

fe (2o, 90) =

fy(ﬂcmyo)

fox(2,y) = -

dxy
[+ 422 + 422

Fu(ry) = —_

fmy(way) =

V1+4z2 12 [1+42% +y%)%2

fwav(wmy()) =

Ll WlN Wk w
|

Mlb—t

Sle

l\Dll\D
NI

fzy(x()?y()) = _2_7

| =

fyy(m07y0) = _i

f@o+Az, yo+Ay)

10

4 2
—3+3Aw+3Ay+27

In particular, with Az = 0.1 and Ay = 0.05,
2

=3.1691

v/ Example 2.6.17

f(@,y) = ™’ sin(3y)
fz(z,y) = 2¢%® sin(3y)
fy(®,y) = 3™ cos(3y)

fae (2, y) = 4€*” sin(3y)
fzy (iL', y) = 662“8 COS(3y)
fyy(ma y) = —9¢2® sin(3y)

VI1+4z2 12 [1+42? +y?)32

We now just substitute them into 2.6.12 to get that the quadratic approximation to f about (x, yo

Az® —

In this example, we find the quadratic approximation of f(z,y) =e

27

o e

[\
— 3

is

~ f(zo,y0) + fz (20, Y0) Az + fy(20,y0) Ay

1
+ 5 fmx (1'0, yo)A$2 + 2fxy (:L'Oa yO)AmAy + fyy(:L'O’ yO)Ay2

O A2
Az Ay + 54Ay

8

£(1.1, 2.05) z3+§(0.1)+§(0.05)+—(0.01)——(0.005)—1—%(0.0025)

27

The actual value, to four decimal places, is 3.1690.The percentage error is about 0.004\%.

sin(3y) about (zg, o) = (0, 0) in two different ways.

The first way uses the canned formula 2.6.12. We compute all partial derivatives up to order 2 at (g, yo)-
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flz,y) = f(z,9)+ fo(z,y)z + £,(0,0)y
+ % F2z(0,0)2” +2 £, (0,0)zy + f,,(0,0)y>
=3y +6zy
That's pretty simple — just compute a bunch of partial derivatives and substitute into the formula 2.6.12.

But there is also a sneakier, and often computationally more efficient, method to get the same result. It exploits the single
variable Taylor expansions

B l 2
e —1+:c+2!m 4+

. 13
s;[ny :y-yy _|_

Replacing « by 2z in the first and y by 3y in the second and multiplying the two together, keeping track only of terms of
degree at most two, gives

f(z,y) = e*®sin(3y)
_ [1+(2w)+%(2m)2+---] [(3y)—%(3y)3+---}

9
= [1-}-2:3-1—2332—1—---} [3y—5y3+---]

9
:3y+6:z:y+6w2y+---—EyS—me3—9m2y3+---
=3y +6xy+---

just as in the first computation.

Optional — Taylor Polynomials

We have just found linear and quadratic approximations to the function f(z,y), for (z,y) near the point (2o, yo). In CLP-1, we
found not only linear and quadratic approximations, but in fact a whole hierarchy of approximations. For each integer n > 0, the
n't degree Taylor polynomial for f(z) about z = a was defined, in Definition 3.4.11 of the CLP-1 text, to be

3 2 9a) (o —a)

k=0

We'll now define, and find, the Taylor polynomial of degree n for the function f(z,y)about (z,y) = (zg, yo)- It is going to be a
polynomial of degree n in Az and Ay. The most general such polynomial is

T,(Az, Ay) = Y aym (Az)(Ay)"
£,m>0
£+m<n
with all of the coefficients ay,, being constants. The specific coefficients for the Taylor polynomial are determined by the
requirement that all partial derivatives of T,,(Az, Ay) at Az = Ay =0 are the same as the corresponding partial derivatives of
f(xg + Az, yo +Ay) at Az = Ay =0.

By way of preparation for our computation of the derivatives of T}, (Az, Ay), consider

d 4 3 d2 4 2 d3 4

i =4 =t =@t 7t = @)
a* d’ d°

@t“ =(4)(3)(2)(1) =4! Et“ = @t“ =

and
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d d? a3
—tt =0 —2t4 0 —3t4 =0
dt |, a2 |, as |,
4 5 6
d—4t4 =4! d—5t4 =0 d—6 11 =0
det |, e |, |

More generally, for any natural numbers p, m,

L[ ) mop e g

dtp 0 ifp>m

so that

ﬁ m _ { m! ifp=m

dt? |- 0 ifp#m
Consequently

P q e —
e e e, {0 e

and

orte T, oP 91 "
aBa)y a(ag) 00 = > am e W(Am)zmy)

£,m>0 Az=Ay=0
l+m<n
_Ip'qla,, ifp+g<n
0 ifp+g>n

Our requirement that the derivatives of f and T;, match is the requirement that, for all p + ¢ < n,
orte T, or+a

a(Az)? O(Ay) 0,00 = o(any 0B (
ot f

= BaP Oyl (wo,yo)

Lo + Aw » Yo + Ay) ‘Az:AyZO

This requirement gives

' aerq
P:-qapq= 3201’—331‘1(%’ Y0)

So the Taylor polynomial of degree n for the function f(z, y)about (z,y) = (2, yo) is the right hand side of

& Equation 2.6.18

1 ottm f
zo+ Az, +A i~ — T ; A i Ay)™
FleatAz o+ ) ~ D g pargyn (o) (A2)'(A)
L4+m<n

This is for functions, f(z,y), of two variables. There are natural extensions of this for functions of any (finite) number of
variables. For example, the Taylor polynomial of degree n for a function, f(z, y, z), of three variables is the right hand side of

fzo+ Az, yo+ Ay, 20+ Az)
~ Y L O ) (Aa) Ay (A"
=~ e X Z' ml 8$k ayl 8zm 05 Y0, 20 Yy

k+l+m<n
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Exercises

Stage 1

?21

Let 2y and yo be constants and let m and n be integers. If m < 0 assume that zy # 0, and if n <0 assume that yy # 0.
Define P(z,y) = z™y".

1. Find the linear approximation to P(z¢ + Az, yo + Ay).

2. Denote by
Py —100 P(zo + Az, yo + Ay) — P(z0,Y0)
g P(z0,0)

A

2y, =100 | ==
T
A

yo, =100 | =2
Yo

the percentage errors in P, x and y respectively. Use the linear approximation to find an (approximate) upper bound on Py
in terms of m, n, o and yo,.

?22

Consider the following work.

We compute, approximately, the y-coordinate of the point whose polar coordinates are r = 0.9 and 6 = 2°. In general, the y-
coordinate of the point whose polar coordinates are r and 0 is Y (r,0) = rsin6. The partial derivatives

Y.(r,0) =sin®  Yp(r,0) =rcosd
So the linear approximation to \(Y(r_0+\Delta r,\theta_0+\Delta\theta)\) with ro =1 and 8y =0 is

Y(1+Ar,0+A0) ~Y(1,0)+Y,(1,0) Ar+Yy(1,0) A8
=0+ (0)Ar + (1)A8

Applying this with Ar = —0.1 and A@ = 2 gives the (approximate) y-coordinate
Y(0.9,2)=Y(1-0.1,0+2)~0 + (0)(-0.1) + (1)(2) =2

This conclusion is ridiculous. We're saying that the y-coordinate is more than twice the distance from the point to the origin.
What was the mistake?

Stage 2

| Find an approximate value for f(z,y) = sin(rzy +1Iny) at (0.01, 1.05)without using a calculator or computer.

‘ 2
Let f(z,y) = ﬁ. Find an approximate value for f(—0.9, 1.1)without using a calculator or computer.

Four numbers, each at least zero and each at most 50, are rounded to the first decimal place and then multiplied together.
Estimate the maximum possible error in the computed product.

https://math.libretexts.org/@go/page/92239
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One side of a right triangle is measured to be 3 with a maximum possible error of 0.1, and the other side is measured to be 4
with a maximum possible error of +0.2. Use the linear approximation to estimate the maximum possible error in calculating
the length of the hypotenuse of the right triangle.

If two resistors of resistance R; and Ry are wired in parallel, then the resulting resistance R satisfies the equation
% = R% + R%. Use the linear approximation to estimate the change in R if R; decreases from 2 to 1.9 ohms and Rs
increases from 8 to 8.1 ohms.

The total resistance R of three resistors, R, Rz, R3, connected in parallel is determined by

1 1 n 1 " 1

R R Ry, Rs
If the resistances, measured in Ohms, are R; = 25, Ry =402 and R3 = 502, with a possible error of 0.5\% in each case,
estimate the maximum error in the calculated value of R.

The specific gravity S of an object is given by S = ﬁ where A is the weight of the object in air and W is the weight of

the object in water. If A =20+.01 and W =12+.02 find the approximate percentage error in calculating S' from the
given measurements.

? 10 ¥

The pressure in a solid is given by
P(s,r) = sr(4s* —r? —2)

where s is the specific heat and 7 is the density. We expect to measure (s, ) to be approximately (2, 2) and would like to have
the most accurate value for P. There are two different ways to measure s and 7. Method 1 has an error in s of +0.01 and an
error in r of 0.1, while method 2 has an error of +-0.02 for both s and 7.

Should we use method 1 or method 2? Explain your reasoning carefully.

? 11

A rectangular beam that is supported at its two ends and is subjected to a uniform load sags by an amount
g4
s—cX_
wh?

where p =load, £ = length, h = height, w = width and C is a constant. Suppose p =~ 100, £ ~ 4, w ~ .1 and h ~ .2. Will
the sag of the beam be more sensitive to changes in the height of the beam or to changes in the width of the beam.

Let z= f(z,y) = 2V Find an approximate value for f(—0.8,2.1).

z2+y?
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Suppose that a function z = f(z, y) is implicitly defined by an equation:
ryz+e —|—y2 +23=0
1. Find &.
2.1f f(—1,1) <0, find the linear approximation of the function z = f(z,y) at (-1, 1).
3.If f(—1,1) < 0, use the linear approximation in (b) to approximate f(—1.02,0.97).

Let z = f(x,y) be given implicitly by
e +yz=z+y.

1. Find the differential dz.
2. Use linear approximation at the point (1, 0) to approximate f(0.99,0.01).

Two sides and the enclosed angle of a triangle are measured to be 3+.1m, 4 4+.1m and 90 +1° respectively. The length of
the third side is then computed using the cosine law C? = A? + B?> —2ABcosf. What is the approximate maximum error in
the computed value of C?

Use differentials to find a reasonable approximation to the value of f(z,y) = zy+/z?+y? at z = 3.02,y = 3.96. Note that
3.02~3 and 3.96 ~ 4.

Use differentials to estimate the volume of metal in a closed metal can with diameter 8cm and height 12cm if the metal is
0.04cm thick.

? 18 ¥

Let z be a function of x, y such that
23— 2422y —y? =0, 2(2,4) =1.

1. Find the linear approximation to z at the point (2, 4).
2. Use your answer in (a) to estimate the value of z at (2.02, 3.96).

Stage 3

? 19

Consider the surface given by:

2% —xyz? —4z =0.

. . 0z 0z
1. Find expressions for 2 o0

)

2. Evaluate B—Z, B_Z at (1,1,2).

3. Measurements are made with errors, so that # =1 £0.03 and y = 1 £0.02. Find the corresponding maximum error in
measuring z.

4. A particle moves over the surface along the path whose projection in the zy--plane is given in terms of the angle 6 as

as functions of z, y, z.
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from the point A: z =2, y =0 to the point B: z =1, y =1. Find % at points A and B.

? 20 %

Consider the function f that maps each point (z,y) in R? to ye .

z(0) =1+cosb, y(h) =sinb

1. Suppose that z = 1 and y = e, but errors of size 0.1 are made in measuring each of z and y. Estimate the maximum error
that this could cause in f(z,y).

2. The graph of the function f sits in R3, and the point (1, e, 1) lies on that graph. Find a nonzero vector that is perpendicular
to that graph at that point.

A surface is defined implicitly by z* — zy?22 +y = 0.

Oz 0z
1. Compute o2 o
2. Evaluate % and g—; at (z,y,2) =(2,-1/2,1).

3. If z decreases from 2 to 1.94, and y increases from —0.5 to —0.4, find the approximate change in z from 1.

4. Find the equation of the tangent plane to the surface at the point (2, —1/2,1).

? 22

A surface z = f(z, y) has derivatives % =3 and % =-2at(z,y,2)=(1,3,1).

in terms of z, y, 2.

1. If z increases from 1 to 1.2, and y decreases from 3 to 2.6, find the change in z using a linear approximation.
2. Find the equation of the tangent plane to the surface at the point (1, 3,1).

? 23%
According to van der Waal's equation, a gas satisfies the equation
(pV2+16)(V —-1)=TV?2,

where p, V' and T denote pressure, volume and temperature respectively. Suppose the gas is now at pressure 1, volume 2 and
temperature 5. Find the approximate change in its volume if p is increased by 0.2 and 7" is increased by 0.3.

? 24 %

2 2
Consider the function f(z,y) =e™* +y*

1. Find the equation of the tangent plane to the graph z = f(z, y) at the point where (z,y) = (2, 1).
2. Find the tangent plane approximation to the value of f(1.99,1.01)using the tangent plane from part (a).

Let z = f(z,y) = In(42® +y?).

1. Use a linear approximation of the function z = f(z,y) at (0, 1) to estimate f(0.1,1.2).
2. Find a point P(a, b, ¢) on the graph of z = f(z, y) such that the tangent plane to the graph of z = f(z, y) at the point P is
parallel to the plane 2z +2y — z = 3.
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1. Find the equation of the tangent plane to the surface z22% +ysin(rz) = —y? at the point P = (1,1, —1).

2. Let z be defined implicitly by #22® +y sin(rz) = —y2. Find % at the point P = (1,1, —1).

3. Let 2 be the same implicit function as in part (ii), defined by the equation 2223 +ysin(nz) = —y?. Letz =0.97, and
y = 1. Find the approximate value of z.

? 27 %

The surface z* +y* + 2% +zyz=17 passes through (0,1,2), and near this point the surface determines z as a function,
z =F(y, 2), of y and z.

1. Find F,, and F, at (z,y,2) =(0,1,2).
2. Use the tangent plane approximation (also known as linear, first order or differential approximation) to find the
approximate value of z (near 0) such that (z,1.01, 1.98)lies on the surface.

1. You may have seen it written as E,(z) = (nil)!g(”ﬂ)(c) (x —a)**!

2. Don't take the notation dz or the terminology “infinitesimal” too seriously. It is just intended to signal “very small”.

3. There are other choices possible. For example, we could write 35° =45° —10°. To get a good approximation we try to make
A# as small as possible, while keeping the arithmetic reasonably simple.

4. Of course in our “real world” everyone uses calculus.

This page titled 2.6: Linear Approximations and Error is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.7: Directional Derivatives and the Gradient

The principal interpretation of %(a) is the rate of change of f(z), per unit change of z, at £ = a. The natural analog of this

interpretation for multivariable functions is the directional derivative, which we now introduce through a question.

A Question

Suppose that you are standing at (a, b) near a campfire. The temperature you feel at (z,y) is f(z,y). You start to move with
velocity v = (v, ve) . What rate of change of temperature do you feel?

The Answer
Let's set the beginning of time, ¢ = 0, to the time at which you leave (a, b). Then

« attime 0 you are at (a, b) and feel the temperature f(a,b) and
« attimet you are at (a +v1t, b+wvot) and feel the temperature f(a+wv1t, b+wvst). So

« the change in temperature between time 0 and time ¢ is f(a +vit, b+vqt) — f(a, b),

f(a+uit, b+vat)—f(a,b) and the

o the average rate of change of temperature, per unit time, between time 0 and time ¢ is
(a+v,t, b+uvyt)—f(a,b)
n .

« instantaneous rate of change of temperature per unit time as you leave (a, b) is %iIBl !
"

Concentrate on the ¢ dependence in this limit by writing f(a +wv1t, b+vat) = g(¢). Then
flatut, btvt) —flab) . 9(t)—g(0)

lim
t—0 t t—0 t
dg
= E(O)
d
== [f(a+vit, b+uvst)] ‘t:o

By the chain rule, we can write the right hand side in terms of partial derivatives of f.

d
E[f(a—i—vlt, b—l—th)] = fa(a+uvit, b+uvst)vi + fy(a+uvit, b+vat) vy

So, the instantaneous rate of change per unit time as you leave (a, b) is
lim fla+wvit, b+wat)— f(a,b)
t—0 t
= [fz(a—f—vlt , b+vat) v + fy(a+vit, b+wst) 112] ‘
= fw(aa b) U1 Jr«fy(a? b) V2
= (fa(a,0), fy(a,b))- (v1,02)
Notice that we have expressed the rate of change as the dot product of the velocity vector with a vector of partial derivatives of f.
We have seen such a vector of partial derivatives of f before; in Definition 2.5.4, we defined the gradient of the three variable

function G(z,y, z) at the point (mo, Yo » zg) to be <Gz (a:g , Y0 s zo) , Gy (:co, Yo » 20) , G, (mo, Yo, zo)>. Here we see the
natural two dimensional analog.

t=0

& Definition 2.7.1

The vector (fz(a,b), fy(a,b)) is denoted nablaf(a, b) and is called “the gradient of the function f at the point (a, b)”.

In general, the gradient of f is a vector with one component for each variable of f. The j*® component is the partial derivative of f
with respect to the jt* variable.

Now because the dot product niabla f(a, b) - © appears frequently, we introduce some handy notation.
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# Definition 2.7.2

Given any vector ¥ = (v, v3), the expression

<f:c(aa b)a fy(a7 b)> : <’U1, ’l)2> = ﬁablaf(aa b) ‘U
is denoted D;, f(a, b).

Armed with this useful notation we can answer our question very succinctly.

& Equation 2.7.3

The rate of change of f per unit time as you leave (a, b) moving with velocity v is

D;f(a,b) =nablaf(a,b)-v

We can compute the rate of change of temperature per unit distance (as opposed to per unit time) in a similar way. The change in
temperature between time 0 and time ¢ is f(a+v1t,b+vst) — f(a,b). Between time 0 and time ¢, you have travelled a distance
|¥]¢. So the instantaneous rate of change of temperature per unit distance as you leave (a, b) is

i L@ 01t b+ 02t) — f(a,b)
t—0 t|'u|

f(atvit,b+vat)—f(a,b)
t

This is exactly ﬁ times %ir{]l
v —

which we computed above to be D; f(a, b). So

& Equation 2.7.4

Given any nonzero vector 9, the rate of change of f per unit distance as you leave (a, b) moving in direction ¥ is

|ei

Vf(a,b)- =D; f(a,b)

™

=L

=

& Definition 2.7.5

D f(a,b) is called the directional derivative of the function f(z,y)at the point (a, b) in the direction! ¥.
il
The Implications

We have just seen that the instantaneous rate of change of f per unit distance as we leave (a, b) moving in direction ¥ is a dot
product, which we can write as

|§l

Vf(a,b)-— =|Vf(a,b)| cosb

=l

where 6 is the angle between the gradient vector V f(a, b) and the direction vector ¥. Writing it in this way allows us to make some
useful observations. Since cos#@ is always between —1 and +1

o the direction of maximum rate of increase is that having § = 0. So to get maximum rate of increase per unit distance, as you
leave (a, b), you should move in the same direction as the gradient V f(a, b). Then the rate of increase per unit distance is
[V f(a,b)l-

e The direction of minimum (i.e. most negative) rate of increase is that having # = 180°. To get minimum rate of increase per
unit distance you should move in the direction opposite V f(a, b). Then the rate of increase per unit distance is —|V f(a, b)|.

o The directions giving zero rate of increase are those perpendicular to V f(a, b). If you move in a direction perpendicular to
V£(a,b), then f(z,y)remains constant as you leave (a, b). At that instant, you are moving so that f(z, y)remains constant
and consequently you are moving along the level curve f(z,y) = f(a,b). So V f(a, b) is perpendicular to the level curve
f(z,y) = f(a,b) at (a, b). The corresponding statement in three dimensions is that V.F'(a, b, c) is perpendicular to the level
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surface F(z,y, z) = F(a, b, c) at (a, b, c). Hence a good way to find a vector normal to the surface F'(z,y, z) = F(a, b, c) at
the point (a, b, c) is to compute the gradient V F'(a, b, ¢). This is precisely what we saw back in Theorem 2.5.5.

Now that we have defined the directional derivative, here are some examples.

v/ Example 2.7.6

Find the directional derivative of the function f(z,y) = e at the point (0, 1) in the direction —z + 3.
Solution

To compute the directional derivative, we need the gradient. To compute the gradient, we need some partial derivatives. So we
start with the partial derivatives of f at (0, 1):

fz (0, 1) — e”“ryZ

—e
z=0
y=1
0,1) = 2ye*t’| =2
fy( ’ Yy z=0

P
So the gradient of f at (0, 1) is
V£(0,1)=f.(0,1) 2+ f,(0,1) j=e2+2e}

and the direction derivative in the direction —2 + 3 is

-1+ . N —i4]
"—i 31 —(ez+2e])- 7

o

D_i; £(0,1)=V(0,1)

[=2+3|

v/ Example 2.7.7

Find the directional derivative of the function w(z, y, z) = zyz+1n(zz) at the point (1,3,1) in the direction (1, 0, 1).In
what directions is the directional derivative zero?

Solution

First, the partial derivatives of w at (1, 3,1) are

[ 1] 1
w;(1,3,1) = |yz+— =3x14+=— =4

ozl lasy 1
wy(1,3,1) =zz =1x1 =1

(1,3,1)

[ 1] 1
w,(1,3,1) = |zy+— =1x3+— =4

L7 zllasy 1

so the gradient of w at (1,3,1)is
V’U)(l, 37 1) = <ww(17 37 1) ) ’U)y(l, 3’ 1) ) wz(]-’ 37 1)> = <4, 1 ) 4>
and the direction derivative in the direction (1, 0, 1)is

(1,0,1)

(1,0,1)
D(l,o,l) w(1,3,1) :Vw(1,3,1)~
V2

10,0, ] [(1,0,1)]

8
=E=4\/§

The directional derivative of w at (1, 3, 1) in the direction t # 0 is zero if and only if

:<471a4>'

t t
0=Drw(l,3,1)=Vw(l,3,1) 10 =@, 1,4
[¢]

which is the case if and only if t is perpendicular to (4, 1, 4). So if we walk in the direction of any vector in the plane,
4z +y+4z=0 (which has normal vector (4, 1, 4)) then the directional derivative is zero.
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Let
f(:c,y)=5—:c2—2y2 (aab):(_la_l)
In this example, we'll explore the behaviour of the function f(z, y)near the point (a, b).

Note that for any fixed fo < 5, f(x,y) = fo is the ellipse 2% +2y? =5 — fy. So the graph z = f(z,y) consists of a bunch of
horizontal ellipses stacked one on top of each other.

« Since the ellipse 2% +2y? =5 — fy has z-semi-axis /5 — fo and y-semi-axis 5;)‘0 )

o the ellipses start with a point on the z axis when fy =5 and
o increase in size as f decreases.

o The part of the graph z = f(z, y) in the first octant is sketched in the left hand figure below.
e Several level curves, f(z,y) = fo, are sketched in the right hand figure below.
e The gradient vector

Vf(a, b) = <_2"E7 _4y> ' = <2a 4> =2 <17 2>

(_17_1)
at (—1, —1) is also illustrated in the right hand sketch.
We have that, at (a,b) = (-1, —1),

o the unit vector giving the direction of maximum rate of increase is the unit vector in the direction of the gradient vector

2(1,2), which s %(1, 2) . The maximum rate of increase is | (2,4) | = 2+/5.

o The unit vector giving the direction of minimum rate of increase is — % (1, 2) and that minimum rate is
| (2,4)| = —2v5.

o The directions giving zero rate of increase are perpendicular to V f(a, b). One vector perpendicular? to (1,2) is (2, —1).
So the unit vectors giving the direction of zero rate of increase are the :t% (2, —1). These are the directions of the tangent

vector at (a, b) to the level curve of f through (a, b), which is the curve f(z,y) = f(a, b).

v/ Example 2.7.9

What is the rate of change of f(z,y,2) =z>+y*+2? at (3,5,4) moving in the positive z-direction along the curve of
intersection of the surfaces G(z, y, z) = 25 and H(z, y, z) = 0 where

G(z,y,2) = 2z> —y® +22° and  H(z,y,2) =z —y>+22
Solution

As a first check note that (3, 5, 4) really does lie on both surfaces because

G(3,5,4) =2(3%) —5*+2(4?) =18-25+32=25
H(3,5,4) = 32-524 42 = 9-25+16=0
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We compute gradients to get the normal vectors to the surfaces G(z, y, 2) = 25 and H(z,y, z) =0 at (3, 5,4).
G(3,5,4 :[4 i —2yj+4 12]

VG( ) x1—2y3+4z 550
=1231-105+16k=2(6% 53 +8k)

VH(3,5,4) = [224 2y +22K|
( ) =[2z1-2yj+2z2 (550
=6i-10j+8k=2(3%-5j+4k)

The direction of interest is tangent to the curve of intersection. So the direction of interest is tangent to both surfaces and hence
is perpendicular to both gradients. Consequently one tangent vector to the curve at (3, 5,4) is

VG(3,5,4) x VH(3,5,4) =4(61—-5)+8k)x (3% -57+4Kk)

i 3 k
=4det|6 -5 8§
3 -5 4

=4(203-15k) =20 (41 - 3k)

and the unit tangent vector to the curve at (3, 5,4) that has positive z component is

>
w

k

72—

Il
o
)

The desired rate of change is

4, 3~
D, . i ) 54 = 5 a4' —1——=k
E17%1(_)"(5') 5,4) =V£(3,5,4) (5 ] 5 )

. 8o
Tk
,5)

[2z 1+2y 3+22 lhc](z’yyz):(&s&l)
= (6:1+107+8k)- (
=0

o e

Actually, we could have known that the rate of change would be zero.

o indent=-0.1in

e Any point (z, y, z) on the curve obeys both y? =22+ 2% and 222 —y® +22%2 =25.

« Substituting y? = 22 + 2% into 222 —y% +222 =25 gives 2? + 2% = 25.

« So, at any point on the curve, 2 + 2% = 25 and y*> = 2? + 22 =25 so that 2> +y* + 2% =50.
e Thatis, f(x,y,2) =x? +y? +2* takes the value 50 at every point of the curve.

¢ So of course the rate of change of f along the curve is 0.

Let's change things up a little. In the next example, we are told the rates of change in two different directions. From this we are to
determine the rate of change in a third direction.

v/ Example 2.7.10

The rate of change of a given function f(x,y)at the point Py = (1,2) in the direction towards P; = (2, 3) is 24/2 and in the
direction towards P, = (1,0) is —3. What is the rate of change of f at P, towards the origin P; = (0,0)?

Solution

We can easily determine the rate of change of f at the point P, in any direction once we know the gradient
nablaf(1,2) =a1+b3. So we will first use the two given rates of change to determine a and b, and then we determine the
rate of change towards (0, 0).

The two rates of change that we are given are those in the directions of the vectors

RP =(1,1) PP, =(0,-2)
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—
As you might guess, the notation P() means the vector whose tail is at P and whose head is at Q. So the given rates of change

tell us that
B B Ay
a b
-t
_ _ <0’_ > _ <0a_2>
-3 = ‘22:2‘ f(la 2) - Vf(]-’ 2) | <0, — | - <a’a b> : 9

These two lines give us two linear equations in the two unknowns a and b. The second equation directly gives us b = 3.
Substituting b = 3 into the first equation gives

a 3
2+ 2 —2/2 = a+3=4 = a=1
AR

A direction vector from Py = (1, 2) towards P3 = (0, 0) is
—
PPy =(-1,-2)

and the rate of change (per unit distance) in that direction is

. . <_1’_2> =l . <_1’_2>
Dﬁf(1’2) —Vf(1,2) |<_1,_2>| _< ’b> \/5
<_17_2> L

=<1,3>'T=—\/g

v/ Example 2.7.11. Optional

Find all points (a,b,c) for which the spheres (z—a)?+(y—b)2+(2—c)?>=1 and 2?+y?+2%2=1 intersect
orthogonally. That is, the tangent planes to the two spheres are to be perpendicular at each point of intersection.

Solution

Let (o, Yo, 20) be a point of intersection. That is

(o—a)®*+(yo—b)* + (20 —c)* =1
T3 +ys+2g =

A normal vector to G(z,y,2) = (z —a)?> +(y—b)2+(z—c) =1 at (x0, Yo, 20) is
N = VG(z0, Y0, 20) = (2(z0 —a) , 2(y0 —b) , 2(20 —¢))
A normal vector to g(z,y, 2) = x> +y*> +22 =1 at (29,0, 20) is
1= Vg(zo, Y0, 20) = (220, 20, 220)

The two tangent planes are perpendicular if and only if N and f are perpendicular, which is the case if and only if

0=N-n=4z(zo —a)+4yo(yo — b) +42¢(z0 — ¢)
or, dividing the equation by 4,
zo(zo —a) +Yo(yo —b) +20(20 —¢) =0
Let's pause to take stock. We need to find all (a, b, ¢)'s such that the statement

(0, Y0, 20) is a point of intersection of the two spheres

implies the statement
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the normal vectors N and f are perpendicular
In equations, we need to find all (a, b, ¢)'s such that the statement

(®0,Y0,20) obeys xB+yd+z2=1
and (z9 —a)® + (Yo —b)* + (20 —¢)* =1 (S1)

implies the statement
(%0,Y0,20) obeys xo(zo—a)+yo(yo—b)+20(z0—c)=0
Now if we expand (S2) then we can, with a little care, massage it into something that looks more like (S1).
zo(xo —a) +yo(yo —b) +20(20 —¢) = x% +y2 + 22 —axo —byo —c2o
= 2{ a8 + 38 + 23] + [(@0 —a)? + (3o —b)* + (20 —)’] —a b — %}
If (S1) is true, then [22 +y3 + 23] =1 and [(z9 —a)® + (yo —b)? + (20 —¢)?] =1 so that
zo(zo —a) +yo(yo —b) +20(20 —¢) = %{1 +1-a?-b"-c%}
and statement (S2) is true if and only if
a?+b?+c2 =2

Our conclusion is that the set of allowed points (a, b, c) is the sphere of radius /2 centred on the origin.

v/ Example 2.7.12. Optional — The gradient in polar coordinates

What is the gradient of a function in polar coordinates?
Solution

As was the case in Examples 2.4.9 and 2.4.10, figuring out what the question is asking is half the battle. By Definition 2.5.4,
the gradient of a function g(z,y) is the vector (g, (z,y), gy(«,y)) . In this question we are told that we are given some
function f(r, §) of the polar coordinates > 7 and §. We are supposed to convert this function to Cartesian coordinates.

This means that we are to consider the function

g("l"v y) = f(’l"(.’l,', y)’ 0(1‘, y))

r(z,y) = /2" +¢°

0(z,y) = arctan ]
7

with

Then we are to compute the gradient of g(, y) and express the answer in terms of 7 and 6. By the chain rule,

dg _0f or 9f 96
dr Or 9z 00 Ox

_ 01 2w  of /e
SO 2 /r2tyz 00 1+ (y/xz)?
of z of vy

since x =7 cosf and y = rsinf
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Similarly
dg Of or Of 06
dy or oy 00 By
af 1 2y af 1/z
=5 3 ey 00 Ty
_of y af x
T T30 22y
of Of cosf
= o 05
So

(9z, 9y) = fr (cosB,sinb) + %(— siné, cos 6)

or, with all the arguments written explicitly,
(92(,9), 9y(2,9)) = fr (r(2,9),0(z,y)) (cosb(z,y), sinb(z,y))
1 .
+ fg(r(w,y),O(z,y)) <_Sln0($’y)a COSe(iL',y»
r(z,y)

Exercises

Stage 1

Find the directional derivative of f(z,y, 2) = €™ in the (0, 1, 1) direction at the point (0,1, 1).

Find V (y? +sin(zy)).

Stage 2
Find the rate of change of the given function at the given point in the given direction.
1. f(z,y) = 3z — 4y at the point (0, 2) in the direction —212.
2. f(z,y,2) =z ' +y ' +271 at(2,—3,4)in the direction 7 + 3 +k.
?24

In what directions at the point (2, 0) does the function f(z,y) = zy have the specified rates of change?

1. -1
2. -2
3.-3

Find V f(a, b) given the directional derivatives

D(;+3)/ﬁf(a’ b)= 3v2 D(3i—4j)/5f(aa b)=5
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You are standing at a location where the surface of the earth is smooth. The slope in the southern direction is 4 and the slope in
the south-eastern direction is 4/2. Find the slope in the eastern direction.

Assume that the directional derivative of w = f(z,y, 2) at a point P is a maximum in the direction of the vector 2z — 7 +k,
and the value of the directional derivative in that direction is 3v/6.

1. Find the gradient vector of w = f(z, y, z) at P.
2. Find the directional derivative of w = f(z,y, ) at P in the direction of the vector z + 3

A hiker is walking on a mountain with height above the 2 =0 plane given by

z= f(z,y) =6 -2y’
The positive z-axis points east and the positive y-axis points north, and the hiker starts from the point P(2,1,4).

1. In what direction should the hiker proceed from P to ascend along the steepest path? What is the slope of the path?
2. Walking north from P, will the hiker start to ascend or descend? What is the slope?
3. In what direction should the hiker walk from P to remain at the same height?

Two hikers are climbing a (small) mountain whose height is z = 1000 — 22> — 3y>. They start at (1,1,995) and follow the
path of steepest ascent. Their (z, y) coordinates obey y = axz® for some constants a, b. Determine a and b.

A mosquito is at the location (3,2, 1) in RR?. She knows that the temperature 7' near there is given by T' = 222 +y? — 22.

1. She wishes to stay at the same temperature, but must fly in some initial direction. Find a direction in which the initial rate
of change of the temperature is 0.

2. If you and another student both get correct answers in part (a), must the directions you give be the same? Why or why not?

3. What initial direction or directions would suit the mosquito if she wanted to cool down as fast as possible?

? 11

The air temperature T'(z, y, 2) at a location (z, y, 2) is given by:

T(z,y,2) =1+z>+yz

1. A bird passes through (2, 1, 3) travelling towards (4, 3, 4) with speed 2. At what rate does the air temperature it
experiences change at this instant?

2. If instead the bird maintains constant altitude (z = 3) as it passes through (2, 1, 3) while also keeping at a fixed air
temperature, 7" = 8, what are its two possible directions of travel?

Let f(x,y) = 222 4+ 3zy +y? be a function of x and y.

1. Find the maximum rate of change of f(z,y)at the point P (1, — %) .
2. Find the directions in which the directional derivative of f(z, y)at the point P (1, —%) has the value %
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The temperature 7'(z, y) at a point of the zy-plane is given by
2

T(x,y) =ye"

A bug travels from left to right along the curve y = z? at a speed of 0.01m/sec. The bug monitors T'(z, y) continuously. What
is the rate of change of T as the bug passes through the point (1,1)?

? 14%

Suppose the function T'= F(z,y, z2) =3+ zy —y?+ 22—z describes the temperature at a point (z,y, 2) in space, with
F(3,2,1)=3.

1. Find the directional derivative of T" at (3, 2, 1), in the direction of the point (0, 1, 2).

2. At the point (3, 2, 1), in what direction does the temperature decrease most rapidly?

3. Moving along the curve given by = 3e?, y =2 cost, z=+/1+¢, find %, the rate of change of temperature with
respect to ¢, att = 0.

4. Suppose i +5j +ak is a vector that is tangent to the temperature level surface T(z,y,z) =3 at (3,2,1). What is a?

? 15 %

Let

f(w, Y, z) = (2:1; +y)ei(z2+y2+22)
9(z,y,2) =zz+y’ +yz+2’

1. Find the gradients of f and g at (0,1, —1).

2. A bird at (0,1, —1) flies at speed 6 in the direction in which f(z, y, z) increases most rapidly. As it passes through
(0,1, —1),how quickly does g(z, y, z) appear (to the bird) to be changing?

3. A batat (0,1, —1) flies in the direction in which f(z, y, z) and g(z, v, z) do not change, but z increases. Find a vector in
this direction.

A bee is flying along the curve of intersection of the surfaces 3z+z2 +y2? =2 and z =2 —y? in the direction for which z
is increasing. At time ¢ = 2, the bee passes through the point (1, 1, 0) at speed 6.

1. Find the velocity (vector) of the bee at time ¢ = 2.
2. The temperature T at position (z, y, z) at time ¢ is given by T' = xy — 3z + 2yt + 2. Find the rate of change of
temperature experienced by the bee at time ¢ = 2.

? 17 %

The temperature at a point (z, y, z) is given by T'(z, y, z) = 5e~2¢"~¥"~3:" where T is measured in centigrade and z, y, z in
meters.

1. Find the rate of change of temperature at the point P(1,2, —1) in the direction toward the point (1,1, 0).
2. In which direction does the temperature decrease most rapidly?
3. Find the maximum rate of decrease at P.

The directional derivative of a function w = f(z,y, 2) at a point P in the direction of the vector 2 is 2, in the direction of the
vector 243 is —v/2, and in the direction of the vector 2+ +k is —%. Find the direction in which the function
w = f(z,y, 2) has the maximum rate of change at the point P. What is this maximum rate of change?
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Suppose it is known that the direction of the fastest increase of the function f(z, y) at the origin is given by the vector (1, 2).
Find a unit vector v that is tangent to the level curve of f(z, y)that passes through the origin.

The shape of a hill is given by z=1000 —0.02z% —0.01y?. Assume that the z-axis is pointing East, and the y-axis is
pointing North, and all distances are in metres.

1. What is the direction of the steepest ascent at the point (0, 100, 900)?(The answer should be in terms of directions of the
compass).

2. What is the slope of the hill at the point (0, 100, 900)in the direction from (a)?

3. If you ride a bicycle on this hill in the direction of the steepest descent at 5 m/s, what is the rate of change of your altitude
(with respect to time) as you pass through the point (0, 100, 900)?

? 21%

Let the pressure P and temperature 7' at a point (z, y, ) be

x? 4 292

1—|—Z2 ’ T(:B,y,z):5+zy—z2

P(z,y,2) =

1. If the position of an airplane at time ¢ is
(2(t), y(t), 2(t)) = (24, ~ 1, cost)

find % (PT)? attime t =0 as observed from the airplane.

2. In which direction should a bird at the point (0, —1, 1) fly if it wants to keep both P and T' constant. (Give one possible
direction vector. It does not need to be a unit vector.)

3. An ant crawls on the surface 2% + 2z +y* = 2. When the ant is at the point (0, —1, 1), in which direction should it go for
maximum increase of the temperature 7' =5 +zy — 22? Your answer should be a vector (a, b, c) , not necessarily of unit
length. (Note that the ant cannot crawl in the direction of the gradient because that leads off the surface. The direction
vector (a, b, ¢) has to be on the tangent plane to the surface.)

? 22

Suppose that f(z, y, z) is a function of three variables and let u = % (1,1,2)and v =

|D—|

(1,—-1,-1) and w = ==(1,1,1).

3

§||H
<.

Suppose that at a point (a, b, ¢),

Dof =0
Dyf =0
Do f =4

Find V f at (a, b, c).

? 23x%

The elevation of a hill is given by the equation f(z,y) = z?y?e * Y. An ant sits at the point (1, 1, e~2).
1. Find the unit vector u = (uy, uy) that maximizes

i f((171)+tu)_f(1’1)
1m
t—0 t

2. Find a vector v = (v1, v9,v3) pointing in the direction of the path that the ant could take in order to stay on the same
elevation level e 2.
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3. Find a vector v = (v;, v9,v3) pointing in the direction of the path that the ant should take in order to maximize its
instantaneous rate of level increase.

Let the temperature in a region of space be given by T'(z, y, z) = 3z% + %y2 +22% degrees.

1. A sparrow is flying along the curve 7(s) = (% s3,2s, 32) at a constant speed of 3ms~!. What is the velocity of the sparrow
when s =17

2. At what rate does the sparrow feel the temperature is changing at the point A(%, 2, 1) for which s = 1.

3. At the point A(%, 2, 1) in what direction will the temperature be decreasing at maximum rate?

4. An eagle crosses the path of the sparrow at A(%, 2, 1), is moving at right angles to the path of the sparrow, and is also
moving in a direction in which the temperature remains constant. In what directions could the eagle be flying as it passes
through the point A?

Assume that the temperature 7' at a point (z, y, 2) near a flame at the origin is given by

200

T(@,9,2) = 1+22+y2+22

where the coordinates are given in meters and the temperature is in degrees Celsius. Suppose that at some moment in time, a
moth is at the point (3,4, 0) and is flying at a constant speed of 1m/s in the direction of maximum increase of temperature.

1. Find the velocity vector v of the moth at this moment.
2. What rate of change of temperature does the moth feel at that moment?

We say that u is inversely proportional to v if there is a constant k so that u = k/v. Suppose that the temperature T in a metal
ball is inversely proportional to the distance from the centre of the ball, which we take to be the origin. The temperature at the
point (1,2,2)is 120°.

1. Find the constant of proportionality.
2. Find the rate of change of T at (1, 2, 2) in the direction towards the point (2,1, 3).
3. Show that at most points in the ball, the direction of greatest increase is towards the origin.

? 27 ¥

The depth of a lake in the zy-plane is equal to f(z,y) =32 —z* — 4z —4y® meters.
1. Sketch the shoreline of the lake in the zy-plane.

Your calculus instructor is in the water at the point (—1,1). Find a unit vector which indicates in which direction he should
swim in order to:

1. [(b)] stay at a constant depth?
2. [(c)] increase his depth as rapidly as possible (i.e. be most likely to drown)?

Stage 3

The temperature T'(x, y) at points of the zy-plane is given by T'(z,y) = 2 — 2y>.

1. Draw a contour diagram for 7' showing some isotherms (curves of constant temperature).
2. In what direction should an ant at position (2, —1) move if it wishes to cool off as quickly as possible?
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3. If the ant moves in that direction at speed v at what rate does its temperature decrease?
4. What would the rate of decrease of temperature of the ant be if it moved from (2, —1) at speed v in direction (—1, —2)?
5. Along what curve through (2, —1) should the ant move to continue experiencing maximum rate of cooling?

? 29 %

Consider the function f(z,y, z) = z* + cos(yz).

1. Give the direction in which f is increasing the fastest at the point (1,0, 7/2).
2. Give an equation for the plane 7' tangent to the surface

S= {(w,y,z)|f(a:,y, Z) = 1}

at the point (1,0, 7/2).
3. Find the distance between T' and the point (0, 1, 0).
4. Find the angle between the plane 7" and the plane

P={(z,y,z)|z+2=0}.

A function T'(z, y, z) at P = (2, 1, 1) is known to have T'(P) =5, T,,(P) =1, T,,(P) =2, and T,(P) = 3.

1. A bee starts flying at P and flies along the unit vector pointing towards the point @ = (3, 2, 2). What is the rate of change
of T'(z, y, 2) in this direction?

2. Use the linear approximation of 7" at the point P to approximate 7'(1.9,1,1.2).

3.Let S(z,y,2) =z + 2. A bee starts flying at P; along which unit vector direction should the bee fly so that the rate of
change of T'(z, y, z) and of S(z, y, z) are both zero in this direction?

? 31

Consider the functions F(z,y, 2) = 2> + zy*> +z2z and G(z,y, z) = 3= —y +42. You are standing at the point P(0, 1, 2).

1. You jump from P to @(0.1, 0.9, 1.8)Use the linear approximation to determine approximately the amount by which F'
changes.

2. You jump from P in the direction along which G increases most rapidly. Will F’ increase or decrease?

3. You jump from P in a direction (a, b, ¢) along which the rates of change of F' and G are both zero. Give an example of
such a direction (need not be a unit vector).

? 2%

A meteor strikes the ground in the heartland of Canada. Using satellite photographs, a model

100
z? 42z +4y? +11

z= f (-13, y) ==
of the resulting crater is made and a plan is drawn up to convert the site into a tourist attraction. A car park is to be built at
(4,5) and a hiking trail is to be made. The trail is to start at the car park and take the steepest route to the bottom of the crater.

1. Sketch a map of the proposed site clearly marking the car park, a few level curves for the function f and the trail.
2. In which direction does the trail leave the car park?

You are standing at a lone palm tree in the middle of the Exponential Desert. The height of the sand dunes around you is given
in meters by

h(z,y) = 100e (= +2%)
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where z represents the number of meters east of the palm tree (west if « is negative) and y represents the number of meters
north of the palm tree (south if y is negative).

1. Suppose that you walk 3 meters east and 2 meters north. At your new location, (3, 2), in what direction is the sand dune
sloping most steeply downward?

2. If you walk north from the location described in part (a), what is the instantaneous rate of change of height of the sand
dune?

3. If you are standing at (3, 2) in what direction should you walk to ensure that you remain at the same height?

4. Find the equation of the curve through (3, 2) that you should move along in order that you are always pointing in a steepest
descent direction at each point of this curve.

Let f(z, y)be a differentiable function with f(1,2) = 7.

be unit vectors. Suppose it is known that the directional derivatives D, f(1,2) and Dy f(1,2) are equal to 10 and 2
respectively.

1. Show that the gradient vector V f at (1,2)is 102 +53.
2. Determine the rate of change of f at (1,2) in the direction of the vector z +23.
3. Using the tangent plane approximation, estimate the value of f(1.01,2.05).

1. Some people require direction vectors to have unit length. We don't.
2. Check this by taking the dot product of (1,2) and (2, —1).
3. Polar coordinates were defined in Example 2.1.8.

This page titled 2.7: Directional Derivatives and the Gradient is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts
platform.
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2.8: Optional — Solving the Wave Equation

Many phenomena are modelled by equations that relate the rates of change of various quantities. As rates of change are given by
derivatives the resulting equations contain derivatives and so are called differential equations. We saw a number of such differential
equations in §2.4 of the CLP-1 text.

In this section we consider

0w 1 6%*w

8%2 (Z‘,t) - C_2 8t2 ($7t) = 0
This is an extremely important * partial differential equation called the “wave equation” (in one spatial dimension) that is used in
modelling water waves, sound waves, seismic waves, light waves and so on. The reason that we are looking at it here is that we can
use what we have just learned to see that its solutions are waves travelling with speed c.

To start, we'll use gradients and the chain rule to find the solution of the slightly simpler equation

ow 1 0w

%(33,75)*25(%15):0

By way of motivation for what will follow, note that

e we can rewrite the above equation as

<1, —%> Vw(z,t) =0

« This equation tells that the gradient of any solution w(z, t) must always be perpendicular to the constant vector <1 y —¢ >
« A vector {a, b) is perpendicular to <1 , —% if and only if

(a,b>-<1, %>—0 — afézo < b=ac < (a,b)=a(l,c)

That is, a vector is perpendicular to (1, —<) if and only if it is parallel to (1, c).

e Thus the gradient of any solution w(z, ¢) must always be parallel to the constant vector (1, ¢) .

« Recall that one of our implications following Definition 2.7.5 is that the gradient of w(z, ¢) must always be perpendicular to the
level curves of w.

e So the level curves of w(z, t) are always perpendicular to the constant vector <1 , c>. They must be straight lines with
equations of the form

(1,¢)-(x—mp,t—t9) =0 or z+ct=u withu a constant

r+ct=3

r+ct=2

I

e That is, for each constant u, w(z, t) takes the same value at each point of the straight line z + ¢t = w. Call that value U(u). So
w(z,t) =U(u) =U(x +ct) for some function U.

This solution represents a wave packet moving to the left with speed c. You can see this by observing that all points (z, t) in space-
time for which x + ct takes the same fixed value, say z, have the same value of U(z + ct), namely U(z). So if you move so that
your position at time ¢ is x = z—ct (i.e. move the left with speed ¢) you always see the same value of w. The figure below
illustrates this. It contains the graphs of U(z), U(z +c) = U(z +ct)| iy and U(z +2c) =U(z +ct)| .o for a bump shaped
U(z). In the figure the location of the tick z on the z-axis was chosen so that so that U(z) = max, U(z).
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t—2 t—l t—0
y| y=U(x+2c) U(z+c)
z—2c

The above argument that lead to the solution w(z,t) = U(z + ct) was somewhat handwavy. But we can easily turn it into a much
tighter argument by simply changing variables from (z,y) to (u,v) with w =z +ct. It doesn't much matter what we choose

(within reason) for the new variable v. Let's take v =« — ct. Then z = % andt = “,;C Y and it is easy to translate back and forth
between z,t and u, v.
Now define the function W (u, v) by
w(z,t) =W(z+ct, z—ct)
By the chain rule
0 0
a—w(x, t) = e (W(z+ct, z—ct)]
T z
ow 0 ow 0
=—- (z+ct,z—ct)—(z+ct)+ —(x+ct, z—ct)—(z —ct)
Ou Oz Ov Ox
ow oW
=—- (x+ct,z—ct)+ —(x+ct, z—ct)
Ou Ov
and
0 0
Ew(m,t) =% [W(z+ct, z—ct)]
—8—W(m—|—ct z— )g(w—i—ct)—i—a—w(a}—w—ct w—ct)g(w—ct)
Ou ’ ot v ’ ot
oW ow
—6—u(x+ct,w ct) Xc —&—W(:c—i—ct,m—ct)x(—c)
Subtracting % times the second equation from the first equation gives
1
%"(z,t)— —%—‘t"( ) :266—2/(z+ct, z—ct)
So
1
w(z, t) obeys the equation g—;}(x, t)— = %(z, t)y=0forallz,r
if and only if
W (u, v) obeys the equation %—W(m +ct,z—ct)=0forall z,¢,
v
which, substituting in z = “;” andt = 2 , is the case if and only if

ow
W (u, v) obeys the equation . (u, v)=0forall u,v
v

The equation %—V:(u, v) =0 means that W (u, v) is independent of v, so that W (u, v) is of the form W (u,v) = U(u), for some

function U, and, so finally,

w(z,t)=W(z+ct, x—ct) =U(z +ct)

Now that we have solved our toy equation, let's move on to the 1d wave equation.
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We'll now expand the above argument to find the general solution to
0%w 1 0%w
I a1~ 502
Ox? c? ot?
We'll again make the change of variables from (z,y)to (u,v) with w =z +ct and v=z —ct and again define the function
W (u,v) by

(z,t)=0

w(z,t) =W(z+ct, z—ct)

By the chain rule, we still have

0 0
8_:($’t) :%[W(m—i—ct, x —ct)]
—B—W( +ct —t)+a—W( +ct, z—ct)
=, (& tet,z—c 5y (Etet, z—c
0 0
6—15(:c,t) :E[W(m—i—ct, z —ct)]
——W( +ct, x—ct) x +8—W( +ct, z—ct) x(—c)
=5, @tet, z—ct)xet—-(ztet, z—c c
We now need to differentiate a second time. Write W1 (u, v) = %V(u, v) and Ws(u,v) = %’V(u, v) so that
ow
%(m,t) =Wi(z+ct, z—ct)+We(z+ct, z—ct)
aa—?(m,t) =cWi(z+ect, z—ct)—cWo(z+ct, z—ct)
Using the chain rule again
0%w 0 [ow
_(9:132 (.’L‘,t) —%[%(m‘,t)]
—i[W( +ct, x —ct)] +3[W( +ct, x —ct)]
=5y Wilztet, z—c e V2@ tet, z—c
oW n oWy n oW, n oW,

Ou Ov Ou Ov
_62W+02W +(92W+(92W
 ou? OvOu Ou Ov ov?

AP L
o Y "o o

0 0
:ca[Wl(x—i—ct, z —ct)] —CE[Wg(m +ect, z —ct)]

an 8W1 BWQ BWZ
_ 2 2 _Z 2
7 Ou “ v “ ou te Ov
_ 2 *W _ 2 *W 2 *W 2 *W
A Ovlu Oudv Ov?

with all of the functions on the right hand sides having arguments (z +ct, ¢ — ct). So, subtracting 0—12 times the second from
the first, we get

0%w 1 82w 2w
o Bt =G (Bt) =455

(z+et, z—ct)

and w(z, t) obeys ‘Z%’(m, t)— 0—12%1—“2”(% t) =0 forall  and ¢ if and only if

82_W( )
Fudv

=0
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for all » and v.

o This tells us that the u-derivative of %—Vg is zero, so that %V is independent of u. That is %—Vg (u,v) = V (v) for some
function V. The reason that we have called it V' instead of V' with become evident shortly.

e Recall that to apply a , you treat u as a constant and differentiate with respect to v.

e So (u v) = ( ) says that, when u is thought of as a constant, W is an antiderivative of V.

. That is, W(u,v) = [V( V Ydv+U, with U being an arbitrary constant. As u is being thought of as a constant, U is
allowed to depend on u.

So, denoting by V' any antiderivative of V, we can write our solution in a very neat form.
W (u,v) =U(u)+V(v)
and the function we want is 2
w(z,t) =W(z+ct,z—ct)=U(z+ct)+V(z—ct)
As we saw above U(z + ct) represents a wave packet moving to the left with speed c. Similarly, V(z — ct) represents a wave

packet moving to the right with speed c.

This is known as d'Alembert's form of the solution. It is named after Jean le Rond d'Alembert, 1717--1783, who was a French
mathematician, physicist, philosopher and music theorist.

Notice that w(z,t) = U(x +ct)+V(xz —ct) is a solution regardless of what U and V" are. The differential equation cannot
tell us what U and V are. To determine them, we need more information about the system — usually in the form of initial
conditions, like w(z,0) = - - - and %(w, 0) =- - - . General techniques for solving partial differential equations lie beyond this

text — but definitely require a good understanding of multivariable calculus. A good reason to keep on reading!

Really Optional — Derivation of the Wave Equation

In this section we derive the wave equation
0w 1 9%w
6%2 (a:’t) 2 atZ

in one application. To be precise, we apply Newton's law to an elastic string, and conclude that small amplitude transverse
vibrations of the string obey the wave equation.

—(z,t)=0

Here is a sketch of a tiny element of the string.
(z + Az, t)

T
A0z + Az, t)

Aw

0(z,t)
Az

T(z,t) w(w, t)

xT
The basic notation that we will use (most of which appears in the sketch) is

w(z,t) = vertical displacement of the string from the z axis
at position z and time ¢
6(z,t) = angle between the string and a horizontal line
at position z and time ¢
T(z,t) = tension in the string at position z and time ¢
p(x) = mass density (per unit length) of the string at position z

The forces acting on the tiny element of string at time ¢ are

1. tension pulling to the right, which has magnitude T'(z + Az, t) and acts at an angle (z + Az, t) above horizontal
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2. tension pulling to the left, which has magnitude T'(z, t) and acts at an angle §(z, t) below horizontal and, possibly,
3. various external forces, like gravity. We shall assume that all of the external forces act vertically and we shall denote by
F(z,t)Azthe net magnitude of the external force acting on the element of string.

The length of the element of string is essentially v Az? + Aw? so that the mass of the element of string is essentially
p(z)V Az? + Aw? and the vertical component of Newton's law F = ma says that

2
p(z) / Az® + Aw? 8—w(m, t)

ot?
=T(z+ Az,t)sinf(z + Az,t) —T(z,t)sinb(z, t) + F(z,t) Az

Dividing by Az and taking the limit as Az — 0 gives

2 92
p(z)4/1+ (‘3-1”) Z—Z:(x,t) - a% [T(z,t)sinb(z,t)] + F(=,t)
=L 1) sinb(z, )+ T(x, £) cosb(z, £) L (0, 8) + F(z, 1) (B1)
Oz Oz
We can dispose of all the 6's by observing from the figure above that
A
tanf(z,t) = lim =0 a—w(w,t)
Az—0 Az oz
which implies, using the figure below, that
dw
==(z,t 1
sinf(z,t) = 2 (%,7) - cosf(z,t) = >
ow Jw
1+ (5= (, ) 1+ (52 (x,t))
*w
0 7 (Z,1
o(z,t) :arctang—w(m,t) B oty = %
© © 1+ (52(z,1))
V1 4+ tan?0 “
tan 6
= 1

Substituting these formulae into (E1) give a horrendous mess. However, we can get considerable simplification by looking only at
small vibrations. By a small vibration, we mean that |6(z, ¢)| < 1 for all z and ¢. This implies that | tané(z, t)| < 1, hence that
|22 (2, )| < 1 and hence that
¢
ow\? 0
1+ (a—:> ~1 sinf(z,t) ~ 6—:(:::,15)
00 0w
O(z,t)~1 —(z,t) & — (=, t E2
cosf(z, t) 9z ot = 5o (@) (E2)

Substituting these into equation (E1) give

0%w oT Ow 0%w
p(m)ﬁ(m’t) = a(mat)a(mvt)+T(mvt) W($,t)+F($,t)

which is indeed relatively simple, but still exhibits a problem. This is one equation in the two unknowns w and T'.

Fortunately there is a second equation lurking in the background, that we haven't used yet. Namely, the horizontal component of
Newton's law of motion. As a second simplification, we assume that there are only transverse vibrations. That is, our tiny string
element moves only vertically. Then the net horizontal force on it must be zero. That is,

T(xz+ Az, t)cosO(z + Az,t) —T(z,t) cosO(z,t) =0

Dividing by Az and taking the limit as Az tends to zero gives

https://math.libretexts.org/@go/page/92241



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92241?pdf

LibreTexts"

0
P [T(z,t)cosb(z,t)] =0
Thus T'(z, t) cos 0(z, t) is independent of z. For small amplitude vibrations, cos 8 is very close to one, for all z. So T is a function
of ¢ only, which is determined by how hard you are pulling on the ends of the string at time ¢. So for small, transverse vibrations,
(E3) simplifies further to

0%w 0%w

—(x,t) =T(t) —(z,t) + F(x,t

5 (@,8) =T() 55 (2,8) + Fla, 1

In the event that the string density p is a constant, independent of z, the string tension T'(¢) is a constant independent of ¢ (in other
words you are not continually playing with the tuning pegs) and there are no external forces F' we end up with the wave equation

p(z)

62w 2 62w T
(z,t)=c o2 (z,t) where c= p

as desired.

The equation that is called the wave equation has built into it a lot of approximations. By going through the derivation, we have
seen what those approximations are, and we can get some idea as to when they are applicable.

1. If you plug “wave equation” into your favourite search engine you will get more than a million hits.

This page titled 2.8: Optional — Solving the Wave Equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts

platform.
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2.9: Maximum and Minimum Values

One of the core topics in single variable calculus courses is finding the maxima and minima of functions of one variable. We'll now
extend that discussion to functions of more than one variable . Rather than leaping into the deep end, we'll not be too ambitious
and concentrate on functions of two variables. That being said, many of the techniques work more generally. To start, we have the
following natural extensions to some familiar definitions.

& Definition 2.9.1

Let the function f(z, y)be defined for all (z, ) in some subset R of R”. Let (a, b) be a point in R.

e (a,b) is a local maximum of f(z,y)if f(x,y) < f(a,b) for all (z, y) close to (a, b). More precisely, (a, b) is a local
maximum of f(z,y)if there is an r > 0 such that f(z,y) < f(a, b) for all points (z, y) within a distance r of (a, b).
(a, b) is a local minimum of f(z,y)if f(z,y) > f(a,b) for all (z,y) close to (a, b).

o Local maximum and minimum values are also called extremal values.

(a, b) is an absolute maximum or global maximum of f(z,y)if f(z,y) < f(a,b) for all (z,y) in R.

o (a,b) is an absolute minimum or global minimum of f(z,y)if f(z,y) > f(a,b) forall (z,y) in R.

Local Maxima and Minima

One of the first things you did when you were developing the techniques used to find the maximum and minimum values of f(z)
was ask yourself

« Suppose that the largest value of f(z)is f(a). What does that tell us about a?

After a little thought you answered

o If the largest value of f(z)is f(a) and f is differentiable at a, then f'(a) = 0.
Yy

Let's recall why that's true. Suppose that the largest value of f(z)is f(a). Then for all A > 0,

flath) - f(a)

3 <0 ifh>0

flath) < f(a) = flath)—f(a) <0 —

Taking the limit  — 0 tells us that f'(a) < 0. Similarly 3, for all A <0,

Flath) < f(a) = flath)—f(a) <0 —> w >0 ifh<0

Taking the limit & — 0 now tells us that f'(a) > 0. So we have both f'(a) >0 and f’(a) <0 which forces f'(a) = 0.

You also observed at the time that for this argument to work, you only need f(z) < f(a) for all z's close to a, not necessarily for
all z's in the whole world. (In the above inequalities, we only used f(a +h) with h small.) Since we care only about f(z) for =
near a, we can refine the above statement.

o If f(a) is a local maximum for f(z) and f is differentiable at a, then f'(a) = 0.
Precisely the same reasoning applies to minima.

e If f(a) is alocal minimum for f(z) and f is differentiable at a, then f’(a) = 0.

Let's use the ideas of the above discourse to extend the study of local maxima and local minima to functions of more than one
variable. Suppose that the function f(z,y)is defined for all (x, ) in some subset R of R that (a, b) is point of R that is not on
the boundary of R, and that f has a local maximum at (a, b). See the figure below.
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(ab, f(a,))

Z:f(xvy)

(a,b) R

T

Then the function f(z,y) must decrease in value as (z,y) moves away from (a, b) in any direction. No matter which direction d

we choose, the directional derivative of f at (a, b) in direction d must be zero or smaller. Writing this in mathematical symbols, we
get

|~

D;f(a,b):Vf(a,b) <0

&y

And the directional derivative of f at (a,b) in the direction —d also must be zero or negative.

D_;f(a,b) =V {(a, b)-_—:i <0 whichimplies that Vf(a,b)-
|d| |

As nablaf(a,b)- I% must be both positive (or zero) and negative (or zero) at the same time, it must be zero. In particular,

|~

>0

Syl

choosing d =1 forces the z component of nabla f(a, b) to be zero, and choosing d= j forces the y component of V f(a, b) to be
zero. We have thus shown that V f(a, b) = 0. The same argument shows that V f(a, b) = 0 when (a, b) is a local minimum too.
This is an important and useful result, so let's theoremise it.

& Theorem 2.9.2

Let the function f(z, y)be defined for all (z, %) in some subset R of R?. Assume that

 (a,b) is a point of R that is not on the boundary of R and
e (a,b) is alocal maximum or local minimum of f and that
o the partial derivatives of f exist at (a, b).

Then
Vf(a,b)=0.

# Definition 2.9.3

Let f(z,y)be a function and let (a, b) be a point in its domain. Then

o if Vf(a,b) exists and is zero we call (a, b) a critical point (or a stationary point) of the function, and
o if Vf(a,b) does not exist then we call (a, b) a singular point of the function.

X Warning 2.9.4

Note that some people (and texts) combine both of these cases and call (a, b) a critical point when either the gradient is zero or
does not exist.
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X Warning 2.9.5

Theorem 2.9.2 tells us that every local maximum or minimum (in the interior of the domain of a function whose partial
derivatives exist) is a critical point. Beware that it does not* tell us that every critical point is either a local maximum or a local
minimum.

In fact, we shall see later®, in Examples 2.9.13 and 2.9.15, critical points that are neither local maxima nor a local minima. None-
the-less, Theorem 2.9.2 is very useful because often functions have only a small number of critical points. To find local maxima
and minima of such functions, we only need to consider its critical and singular points. We'll return later to the question of how to
tell if a critical point is a local maximum, local minimum or neither. For now, we'll just practice finding critical points.

v Example 2.9.6. f(z,y) = 22 — 2zy + 2y% + 2z — 6y + 12

Find all critical points of f(z,y) =z — 2zy + 2y* + 2z — 6y +12.
Solution

To find the critical points, we need to find the gradient. To find the gradient we need to find the first order partial derivatives.
So, as a preliminary calculation, we find the two first order partial derivatives of f(z,y).

fe(z,y) =2z —2y+2
fy(z,y) =2z +4y—6

So the critical points are the solutions of the pair of equations
2z —2y+2=0 —2z+4y—6=0
or equivalently (dividing by two and moving the constants to the right hand side)

z—y=-1 (E1)
—z+2y =3 (E2)
This is a system of two equations in two unknowns (x and y). One strategy for a solving system like this is to

o First use one of the equations to solve for one of the unknowns in terms of the other unknown. For example, (E1) tells us
that y = = + 1. This expresses y in terms of . We say that we have solved for y in terms of x.
o Then substitute the result, y = + 1 in our case, into the other equation, (E2). In our case, this gives

—z+4+2(x+1)=3 <= z4+2=3 — z=1

o We have now found that z =1, y =2 +1 =2 is the only solution. So the only critical point is (1, 2). Of course it only
takes a moment to verify that V £(1,2) = (0, 0) . It is a good idea to do this as a simple check of our work.

An alternative strategy for solving a system of two equations in two unknowns, like (E1) and (E2), is to
e add equations (E1) and (E2) together. This gives
(E1)+(E2): A-1z+(-1+2)y=-143 < y=2

The point here is that adding equations (E1) and (E2) together eliminates the unknown z, leaving us with one equation in
the unknown gy, which is easily solved. For other systems of equations you might have to multiply the equations by some
numbers before adding them together.

o We now know that y = 2. Substituting it into (E1) gives us

z—2=-1 = z=1

« Once again (thankfully) we have found that the only critical point is (1, 2).

This was pretty easy because we only had to solve linear equations, which in turn was a consequence of the fact that f(z,y) was a
polynomial of degree two. Here is an example with some slightly more challenging algebra.
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v Example 2.9.7. f(z,y) = 223 — 6zy + y* + 4y

Find all critical points of f(z,y) = 223 — 6zy +y2 +4y.
Solution

As in the last example, we need to find where the gradient is zero, and to find the gradient we need the first order partial
derivatives.

fo=62—6y  f,=—6z+2y-+4
So the critical points are the solutions of

6x2 —6y =0 —6x+2y+4=0

2

We can rewrite the first equation as y = 2, which expresses y as a function of 2. We can then substitute y = 22 into the

second equation, giving

—6z+2y+4=0 <+= —6x+22>+4=0 <= 22-32+2=0
— (z—-1)(z—2)=0
< z=1or2

Whenz =1,y =12 =1 and when = = 2, y = 22 = 4. So, there are two critical points: (1,1), (2,4).

Alternatively, we could have also used the second equation to write y =32 —2, and then substituted that into the first
equation to get

62> —6(3z —2)=0 < 22 -3x+2=0

just as above.

And here is an example for which the algebra requires a bit more thought.

v Example 2.9.8. f(z,y) = zy(5z + y — 15)

Find all critical points of f(z,y) = zy(5z +y — 15).
Solution
The first order partial derivatives of f(z,y) = zy(5z +y —15) are
fo(z,y) = y(z+y—15)+zy(5) = y(5z+y—15)+y(5z)
= y(10z +y —15)
fy(z,y) = z(bx+y—15)+zy(l) = z(bz+y—15)+z(y)
= z(5z +2y—15)
The critical points are the solutions of f,(z,y) = f,(z,y)=0. That is, we need to find all z,y that satisfy the pair of
equations
y(10z+y—15) =0 (E1)
z(bz+2y—15) =0 (E2)
The first equation, y(10z +y — 15) =0, is satisfied if at least one of the two factors y, (10z +y — 15) is zero. So the first
equation is satisfied if at least one of the two equations
y=0 (Ela)
10z +y =15 (E1b)

is satisfied. The second equation, z(5z +2y —15) =0, is satisfied if at least one of the two factors z, (5z +2y —15) is
zero. So the second equation is satisfied if at least one of the two equations

z=0 (E2a)
5z +2y =15 (E2b)
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is satisfied.

So both critical point equations (E1) and (E2) are satisfied if and only if at least one of (E1a), (E1b) is satisfied and in addition

at least one of (E2a), (E2b) is satisfied. So both critical point equations (E1) and (E2) are satisfied if and only if at least one of

the following four possibilities hold.

e (Ela) and (E2a) are satisfied if and only if z =y =0

e (Ela) and (E2b) are satisfied if and only if y =0, 5z +2y =15 <= y =0, 5z =15

o (E1b) and (E2a) are satisfied if and only if 10z +y =15, =0 <= y =15, =0

e (E1b) and (E2b) are satisfied if and only if 102 +y = 15, 5x 4+ 2y = 15. We can use, for example, the second of these
equations to solve for x in terms of y: z = %(15 — 2y). When we substitute this into the first equation we get

2(15 —2y) +y =15, which we can solve for y. This gives —3y =15 —30 ory =5 and then z = %(15 —2x5)=1.

In conclusion, the critical points are (0, 0), (3,0), (0,15) and (1, 5).
A more compact way to write what we have just done is
fz(may) =0 and fy(m’y) =0

y(10z+y—15)=0 and z(5z+2y—15)=0
{y:00r10z+y:15} and {z:00r5z+2y=15}
{y=0,z2=0}or{y=0, 52 +2y =15}

or {10:7: +y=15 20} or {10.7: +y =15, bz +2y = 15}

{:c:y:0} or{y=0, m=3}

01‘{1;:0, y:15}or{;1;:1, y:5}

I 111

Let's try a more practical example — something from the real world. Well, a mathematician's “real world”. The interested reader
should search-engine their way to a discussion of “idealisation”, “game theory” “Cournot models” and “Bertrand models”. But
don't spend too long there. A discussion of breweries is about to take place.

v/ Example 2.9.9

In a certain community, there are two breweries in competition ®, so that sales of each negatively affect the profits of the other.
If brewery A produces « litres of beer per month and brewery B produces y litres per month, then the profits of the two
breweries are given by
2z% + 2 4y? + z?
10° 2 x 10°
respectively. Find the sum of the two profits if each brewery independently sets its own production level to maximize its own

profit and assumes that its competitor does likewise. Then, assuming cartel behaviour, find the sum of the two profits if the two
breweries cooperate so as to maximize that sum”.

P =2z Q =2y

Solution

If A adjusts z to maximize P (for y held fixed) and B adjusts y to maximize @ (for z held fixed) then z and y are determined
by the equations

P, =2—f—0§=0 (E1)
8
Q =2-75,5 =0 (E2)

Equation (E1) yields = 110° and equation (E2) yields y = £10°. Knowing  and y we can determine P, @ and the total
profit

On the other hand if (A4, B) adjust (z, y) to maximize P+ Q = 2(z +y) — 1—:)6 (%ﬁ +3y?), then z and y are determined by
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(P+Q). =2-5& = (E1)
(P+Q), =2— 1% =0 (E2)

Equation (E1) yields ¢ = 210° and equation (E2) yields y = 4 10°. Again knowing  and y we can determine the total profit
P+Q =2(z+y)— 1—:)6 (%w2 +3y2)
Cqpb(4 2 2 1\ _ 11406
=10°(3+3—%—3 ) =310

So cooperating really does help their profits. Unfortunately, like a very small tea-pot, consumers will be a little poorer®.

Moving swiftly away from the last pun, let's do something a little more geometric.

v/ Example 2.9.10

Equal angle bends are made at equal distances from the two ends of a 100 metre long fence so the resulting three segment
fence can be placed along an existing wall to make an enclosure of trapezoidal shape. What is the largest possible area for such

an enclosure?

This is a very geometric problem (fenced off from pun opportunities), and as such we should start by drawing a sketch and
introducing some variable names.

Xﬁ %ms?mﬁ
0 o |

100 — 2z

Solution

The area enclosed by the fence is the area inside the blue rectangle (in the figure on the right above) plus the area inside the
two blue triangles.

A(z,0) =(100—2z)zsinf+2- % -z sinf- z cosf
= (100z — 22%)sinf+ z* sinf cosf

To maximize the area, we need to solve

0= o4 = (100 —4z) sinf+ 2z sinf cos 6
Oz
0= % = (100 —2ac2)cos€+:c2{ cos® § —sin? o}

Note that both terms in the first equation contain the factor sin# and all terms in the second equation contain the factor z. If
either sin@ or x are zero the area A(z, #) will also be zero, and so will certainly not be maximal. So we may divide the first
equation by sin @ and the second equation by x, giving

(100 —4z) +2z cosd =0 (E1)
(100—2:v)cos€—i—:c{c0520—sin2 6} =0 (E2)

These equations might look a little scary. But there is no need to panic. They are not as bad as they look because 6 enters only
through cos @ and sin? #, which we can easily write in terms of cos . Furthermore we can eliminate cos# by observing that

_ . 100—4z)>
— 1004z andhencesm20=1—cos26=1—( ) .

the first equation forces cosf = o 4a?

Substituting these into the second

equation gives
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100 — 4z (100 —4z)?
—(100 —2z) +z —1| =0

2z 22
— (100 —2z)(100 —4z) + (100 — 4z)* — 22> =0
— 62> —200z =0
= 31::m cosl9=—i0/3=l 0 =60°
3 200/3 2

and the maximum area enclosed is

+

A= (100m—21002)§

100° v/3 2500
3 32 2

1
2 32 V3

Now here is a very useful (even practical!) statistical example — finding the line that best fits a given collection of points.

v/ Example 2.9.11. Linear regression

An experiment yields n data points (z;,y;), ¢ = 1,2, --,n. We wish to find the straight line y =mx +b which “best” fits
the data.

Y

o (x3,y3)
o (z2,y2)

(@1391)

y=mx+b/

The definition of “best” is “minimizes the root mean square error”, i.e. minimizes

n

E(m,b) = Z(malr;Z +b—y;)?

=1
Note that
e term number % in E(m, b) is the square of the difference between y;, which is the i" measured value of y, and
{ma: + b] . which is the approximation to y; given by the line y = mz +b.

o All terms in the sum are positive, regardless of whether the points (;, y;) are above or below the line.

Our problem is to find the m and b that minimizes E(m, b). This technique for drawing a line through a bunch of data points
is called “linear regression”. It is used a lot 1°. Even in the real world — and not just the real world that you find in
mathematics problems. The actual real world that involves jobs.

Solution

We wish to choose m and b so as to minimize E(m, b). So we need to determine where the partial derivatives of E are zero.

0= g—fl - ZZ(mxi +b—y:)a; =m[i2: 2a?] +b§; 22] - [g 2]

G = tmart—y)  =m[3 2] +o[3 2] - [S2u]

i=1

There are a lot of symbols here. But remember that all of the x;'s and y;'s are given constants. They come from, for example,
experimental data. The only unknowns are m and b. To emphasize this, and to save some writing, define the constants
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=) S=du Sa=da  Su=dew
i—1 =1 =1 i—1
The equations which determine the critical points are (after dividing by two)
Spxm—+8,b =5 (E1)
Sem+nb=>5, (E2)

These are two linear equations on the unknowns m and b. They may be solved in any of the usual ways. One is to use (E2) to
solve for b in terms of m

b:

S|+

(Sy = Sam)
and then substitute this into (E1) to get the equation
1 2
S22 m+ ;Sm (Sy — Smm) =8y = (nSzz — Sm)m =nSyy — S5y

for m. We can then solve this equation for m and substitute back into (E3) to get b. This gives
NSy — Sz Sy

TLSZZ - 592;
5o Sy nSp —82 Sy nSwy — 5.5, _ nSy S,z — NSy Say
n nS,—82 n  nSp—S? n(nS, — S2)
S2Szy — SySa

nsz - Swz

m =

Another way to solve the system of equations is
n(E1) — S, (E2) : [nswz - 53] m =nSay — 8.5,
8, (E1) + S, (E2) : [nsﬁ - 53] b =—8,8u + 8,5

which gives the same solution.

So given a bunch of data points, it only takes a quick bit of arithmetic — no calculus required — to apply the above formulae
and so to find the best fitting line. Of course while you don't need any calculus to apply the formulae, you do need calculus to
understand where they came from. The same technique can be extended to other types of curve fitting problems. For example,
polynomial regression.

The Second Derivative Test

Now let's start thinking about how to tell if a critical point is a local minimum or maximum. Remember what happens for functions
of one variable. Suppose that z =a is a critical point of the function f(z). Any (sufficiently smooth) function is well
approximated, when z is close to a, by the first few terms of its Taylor expansion

f@)=f(a)+f'(a) (@ —a)+5f"(a) (2 —a)* + 5, f®(a) (z —a)’ +--
As a is a critical point, we know that f'(a) =0 and
f(@)=f(a)+5f"(a) (@ —a)* + 5 fP(a) (z —a)’ +--
If (a) #0, f(z)is going to look a lot like f(a)+ 5 f"(a) (z —a)® when  is really close to a. In particular

o if f”(a) > 0, then we will have f(z) > f(a) when z is close to (but not equal to) a, so that a will be a local minimum and
e if f”(a) <0, then we will have f(z) < f(a) when z is close to (but not equal to) a, so that a will be a local maximum, but
o if f"(a) =0, then we cannot draw any conclusions without more work.

A similar, but messier, analysis is possible for functions of two variables. Here are some simple quadratic examples that provide a
warmup for that messier analysis.
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v Example 2.9.12. f(z,y) = z* + 3zy + 3y®> — 6z — 3y — 6

Consider f(z,y) =22 +3zy +3y? — 6z —3y — 6. The gradient of f is
Vi(z,y)=(2z+3y—6) i+ (3z+6y—3)j
So (z,y) is a critical point of f if and only if

2z +3y =6 (E1)
3z +6y =3 (E2)

Multiplying the first equation by 2 and subtracting the second equation gives
z=9
Then substituting = 9 back into the first equation gives
2x94+3y=6 — y=—4
So f(z, y)has precisely one critical point, namely (9, —4).

Now let's try to determine if f(z,y) has a local minimum, or a local maximum, or neither, at (9, —4). A good way to
determine the behaviour of f(z,y)for (z,y) near (9, —4) is to make the change of variables '*

z=9+Az y=—4+Ay
and study the behaviour of f for Az and Ay near zero.

fO+Az, —4+Ay) =(9+Az)*>+3(9+Azx)(—4+Ay) +3(—4+ Ay)?
—6(9+Az)—3(—4+Ay)—6
= (Az)® +3Az Ay +3(Ay)* —27

And a good way to study the sign of quadratic expressions like (Az)? +3Az Ay +3(Ay)? is to complete the square. So far
you have probably just completed the square for quadratic expressions that involve only a single variable. For example

2
3 9
2 _ _Z
T +3ac+3—(ac+2) 4+3

When there are two variables around, like Az and Ay, you can just pretend that one of them is a constant and complete the
square as before. For example, if you pretend that Ay is a constant,

(Az)?+3Az Ay +3(Ay)? = (Am + gAy) : + (3 - %) (Ay)?

3.\ 3
= (A:c—kEAy) +Z(Ay)2

To this point, we have expressed
3.\° 3
f9+Az, —4+Ay) = (A:v—kgAy) +Z(Ay)2—27

As the smallest values of (Az + £ Ay) ? and 3 (Ay)? are both zero, we have that

f(way) Zf(9+A:IJ, _4+Ay) > —27:f(9,—4)

for all (z,y) so that (9, —4) is both a local minimum and a global minimum for f.

You have already encountered single variable functions that have a critical point which is neither a local max nor a local min. See
Example 3.5.9 in the CLP-1 text. Here are a couple of examples which show that this can also happen for functions of two
variables. We'll start with the simplest possible such example.
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v Example 2.9.13. f(z,y) = 2* — y*

The first partial derivatives of f(z,y) =2 —y? are f,(z,y) =2z and f,(z,y) = —2y. So the only critical point of this
function is (0, 0). Is this a local minimum or maximum? Well let's start with (z,y) at (0, 0) and then move (z, y) away from
(0,0) and see if f(z,y) gets bigger or smaller. At the origin f(0,0) = 0. Of course we can move (z,y) away from (0, 0) in
many different directions.

o First consider moving (z, y) along the z-axis. Then (z, y) = (z,0) and f(z,y) = f(z,0) = 2. So when we start with
x = 0 and then increase x, the value of the function f increases — which means that (0, 0) cannot be a local maximum for
f.
o Next let's move (z,y) away from (0, 0) along the y-axis. Then (z,y) = (0, y) and f(z,y) = £(0,y) = —y*. So when we
start with y = 0 and then increase y, the value of the function f decreases — which means that (0, 0) cannot be a local
minimum for f.

So moving away from (0, 0) in one direction causes the value of f to increase, while moving away from (0, 0) in a second
direction causes the value of f to decrease. Consequently (0, 0) is neither a local minimum or maximum for f. It is called a
saddle point, because the graph of f looks like a saddle. (The full definition of “saddle point” is given immediately after this
example.) Here are some figures showing the graph of f.

The figure below show some level curves of f. Observe from the level curves that

o f increases as you leave (0, 0) walking along the z axis
e f decreases as you leave (0, 0) walking along the y axis

Approximately speaking, if a critical point (a, b) is neither a local minimum nor a local maximum, then it is a saddle point. For
(a, b) to not be a local minimum, f has to take values bigger than f(a, b) at some points nearby (a, b). For (a, b) to not be a local
maximum, f has to take values smaller than f(a,b) at some points nearby (a,b). Writing this more mathematically we get the
following definition.

# Definition 2.9.14

The critical point (a, b) is called a saddle point for the function f(z,y)if, for each r > 0,

o there is at least one point (z, y), within a distance r of (a, b), for which f(z,y) > f(a,b) and
o there is at least one point (z, y), within a distance r of (a, b), for which f(z,y) < f(a,b).
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Here is another example of a saddle point. This time we have to work a bit to see it.

v Example 2.9.15. f(z,y) = 2*> — 2zy — y*> + 4y — 2

Consider f(z,y) = z? — 2zy —y? +4y —2. The gradient of f is
Vf(z,y)=(2z—2y) i+ (—2z—-2y+4)]
So (z, y) is a critical point of f if and only if

2z —2y =0
—2z -2y =—4

The first equation gives that £ = y. Substituting y = « into the second equation gives
—2y—2y=-—4 — x=y=1
So f(z, y)has precisely one critical point, namely (1, 1).
To determine if f(z,y)has a local minimum, or a local maximum, or neither, at (1, 1), we proceed as in Example 2.9.12. We
make the change of variables
z=1+Azx y=1+Ay

to give

f(l +Az,1 —I—Ay)

= (14 Az)? —2(1+Az)(1+Ay) — (1+Ay)* +4(1 4+ Ay) —2
= (Az)? —2Az Ay — (Ay)?

Completing the square,

f(1+Az, 1+ Ay) = (Az)? —2Az Ay — (Ay)? = (Az — Ay)? —2(Ay)?
Notice that f has now been written as the difference of two squares, much like the f in the saddle point Example 2.9.13.

o If Az and Ay are such that the first square (Az — Ay)? is nonzero, but the second square (Ay)? is zero, then
f(l+Az, 1+ Ay) = (Az— Ay)2 >0=f(1,1). Thatis, whenever Ay =0 and Az # Ay, then
fA+Az,1+Ay) =(Az—Ay)? > 0= f(1,1).

« On the other hand, if Az and Ay are such that the first square (Az — Ay)? is zero but the second square (Ay)? is
nonzero, then f(1+ Az, 1+ Ay) = —2(Ay)? <0 = f(1,1). Thatis, whenever Az = Ay # 0, then
f(l+Az, 1+Ay) =-2(Ay)* <0 = f(1,1).

Y f<0

f>0 (1,1) f>0
f=0

<0 z

So

e f(z,y) > f(1,1)at all points on the blue line in the figure above, and
e f(z,y) < f(1,1)at all point on the red line.

We conclude that (1, 1) is the only critical point for f(z,y),and furthermore that it is a saddle point.
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The above three examples show that we can find all critical points of quadratic functions of two variables. We can also classify
each critical point as either a minimum, a maximum or a saddle point.

Of course not every function is quadratic. But by using the quadratic approximation 2.6.12 we can apply the same ideas much more
generally. Suppose that (a,b) is a critical point of some function f(z,y). For Az and Ay small, the quadratic approximation
2.6.12 gives

f(a+Am, b+Ay)
~ f(a,b)+fo(a, b) Az + fy(a, b) Ay
+ 5 {fuw (08) A2 421y (a,0) Axdy + £y (a,) Ay?}

= _f(a, b) + %{fm (a, b) Az? +2fuy (a, b) AzAy+ fyy (a, b) Ay2}

since (a, b) is a critical point so that f;(a,b) = f,(a,b) =0. Then using the technique of Examples 2.9.12 and 2.9.15, we get
12 (details below).

& Theorem 2.9.16. Second Derivative Test

Let 7 > 0 and assume that all second order derivatives of the function f(z, y) are continuous at all points (z, y) that are within
a distance  of (a, b). Assume that f,(a,b) = f,(a,b) = 0. Define

D(:B, y) =l (ZE, y) fyy(w, y) - fzy(l’a y)2
It is called the discriminant of f. Then

e if D(a,b) >0 and f,;(a,b) > 0, then f(z,y)has a local minimum at (a, b),
e if D(a,b) >0 and f,;(a,b) <0, then f(z,y)has a local maximum at (a, b),
o if D(a,b) <0, then f(x,y)has a saddle point at (a, b), but

e if D(a,b) =0, then we cannot draw any conclusions without more work.

Proof

We are putting quotation marks around the word “Proof”, because we are not going to justify the fact that it suffices to analyse
the quadratic approximation in equation (). Let's temporarily suppress the arguments (a,b). If f;.(a,b)#0, then by
completing the square we can write

fae Az? + 2fzy AzAy+ .fyy Ay2

2 2
= foz (Aw+ %Ay) + (fyy%) Ay2

: {(fz:c A$+fzy Ay)2 + (fmfyy_f%y) Ay2}

"

Similarly, if fy,(a,b) #0,
frz A$2 + 2fa:y A:I)Ay + fyy AyZ

N i{(fzy Az + fyy Ay)2 + (fmfyy—fgy) A"Bz}

Note that this algebra breaks down if f,; (a,b) = fy,(a,b) =0. We'll deal with that case shortly. More importantly, note that

o if ( Saz Fyy — ffy) >0 then both f,, and f,, must be nonzero and of the same sign and furthermore, whenever Az or Ay
are nonzero,

{(fzy A$+fyy Ay)Z + (fwzfyy_fzzy) Aél?z} >0

so that, recalling (x),
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o if fz;(a,b) >0, then (a, b) is a local minimum and
o if fz:(a,b) <0, then (a, b) is a local maximum.

o If (foofyy — f2,) <O and fy, is nonzero then

{(fm Az +fwy Ay)2 + (fmfyy_.fa%y) AyQ}

is strictly positive whenever Az # 0, Ay = 0 and is strictly negative whenever f,, Az + f,, Ay =0, Ay # 0, so that
(a,b) is a saddle point. Similarly, (a, b) is also a saddle point if (fzz fyy — f2/) <0 and f,, is nonzero.
e Finally, if f,y # 0 and f;, = fyy =0, then

fez Az’ +2foy Az Ay + fyy Ay2 =2fy Az Ay

is strictly positive for one sign of Az Ay and is strictly negative for the other sign of Az Ay. So (a, b) is again a saddle
point.

You might wonder why, in the local maximum/local minimum cases of Theorem 2.9.16, f,;(a,b) appears rather than f,(a,b).
The answer is only that z is before y in the alphabet!3. You can use fy,(a,b) just as well as f,;(a,b). The reason is that if
D(a,b) >0 (as in the first two bullets of the theorem), then because D(a,b) = f.s(a,b) fyy(a,b) — foy(a,b)* >0, we
necessarily have f,,(a,b) fyy(a,b) >0 so that f,;(a,b) and f,(a,b) must have the same sign — either both are positive or both
are negative.

You might also wonder why we cannot draw any conclusions when D(a, b) =0 and what happens then. The second derivative test
for functions of two variables was derived in precisely the same way as the second derivative test for functions of one variable is
derived — you approximate the function by a polynomial that is of degree two in (z —a), (y —b) and then you analyze the
behaviour of the quadratic polynomial near (a, b). For this to work, the contributions to f(z,y) from terms that are of degree two
in (x —a), (y—>b) had better be bigger than the contributions to f(z, y)from terms that are of degree three and higher in (z —a),
(y —b) when (z —a), (y—b) are really small. If this is not the case, for example when the terms in f(z, y) that are of degree two
in (z —a), (y—0b) all have coefficients that are exactly zero, the analysis will certainly break down. That's exactly what happens
when D(a, b) = 0. Here are some examples. The functions

filz,y) == +y* fa(z,y) = —a* —y*
fs(z,y) =2 +¢° fa(z,y) =zt —y*

all have (0,0) as the only critical point and all have D(0,0) = 0. The first, f; has its minimum there. The second, fs, has its
maximum there. The third and fourth have a saddle point there.

Here are sketches of some level curves for each of these four functions (with all renamed to simply f).

Y] soo f=1 ! f=—4
f=1 f=—1
7=0
f=4 -1 f=1
r -0

% /— =1

level curves of f(z,y) = z* + y* level curves of f(z,y) = —a* — y*level curves of f(z,y) = 2* + y* level curves of f(z,y) = 2* — y*

v Example 2.9.17. f(z,y) = 223 — 6zy + y? + 4y

Find and classify all critical points of f(z,y) = 22 — 6zy +y? +4y.
Solution

Thinking a little way ahead, to find the critical points we will need the gradient and to apply the second derivative test of
Theorem 2.9.16 we will need all second order partial derivatives. So we need all partial derivatives of order up to two. Here
they are.
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f =223 —6zy+y® +4y
fa :6372_6:‘/ foz =12z f:cy =—6
fy = —6x+2y+4 fyy =2 fyz =—6

(Of course, f,y and fy, have to be the same. It is still useful to compute both, as a way to catch some mechanical errors.)

We have already found, in Example 2.9.7, that the critical points are (1, 1), (2,4). The classification is

;Ic‘)llt;:al .fma: fyy - .mey fm: type

(1,1) 12x2—(-6)2<0 saddle point
2,4 24%x2—(—6)2>0 24 local min
(2,

We were able to leave the f,, entry in the top row blank, because

o we knew that fy5(1,1)fy,(1,1) — f2,(1,1) <0, and
o we knew, from Theorem 2.9.16, that fy, (1, 1) fy,(1,1) — f2,(1,1) <0, by itself, was enough to ensure that (1, 1) was a
saddle point.

Here is a sketch of some level curves of our f(z,y).

Y

f(2,4)=0, (2,4)

—
—1

] =0.5 B
3;2;3///\ﬁ1 -

They are not needed to answer this question, but can give you some idea as to what the graph of f looks like.

v Example 2.9.18. f(z,y) = zy(5z + y — 15)

Find and classify all critical points of f(z,y) = zy(5z +y —15).
Solution

We have already computed the first order partial derivatives

fe(z,y) =y(102 +y —15) fy(z,y) = z(5z +2y — 15)

of f(z,y)in Example 2.9.8. Again, to classify the critical points we need the second order partial derivatives. They are

faz (2, y) =10y

fu(z,y) =22

foy(zyy) =(1)(10z +y —15) +y(1) =10z +2y — 15
fyz(z,y) =(1)(5x+2y—15)+z(5) =10z +2y —15

(Once again, we have computed both f,, and f,, to guard against mechanical errors.) We have already found, in Example
2.9.8, that the critical points are (0, 0), (0,15), (3,0)and (1, 5). The classification is
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o Joofin = Py fos type

(0,0) 0x0— (=152 <0 saddle point
(0, 15) 150 x 0—15% < 0 saddle point
(3,0) 0x6—15% <0 saddle point
(1,5) 50 x 2—5% >0 75 local min

Here is a sketch of some level curves of our f(z,y). f is negative in the shaded regions and f is positive in the unshaded

regions.
\¥

f(1,5)=—25, (1,5)

=20

£(0,0=0, (0,0)

f=0

Again this is not needed to answer this question, but can give you some idea as to what the graph of f looks like.

v/ Example 2.9.19

Find and classify all of the critical points of f(z,y) = 2 +zy* — 322 — 4y® + 4.
Solution
We know the drill now. We start by computing all of the partial derivatives of f up to order 2.
f = +zy® 322 —4y? +4
fo =3a" +y° — 6z fro =62—6  fo =2y
fy =22y —8y fyy =22 -8 fyz =2y

The critical points are then the solutions of f, =0, f, =0. Thatis

fo =322 +y*—62=0 (E1)
fy =2y(z—4)=0 (E2)

The second equation, 2y(z —4) = 0, is satisfied if and only if at least one of the two equations y = 0 and =4 is satisfied.
e When y = 0, equation (E1) forces z to obey
0=3z%+0>— 62 =3z(zx —2)

sothatz =0 orz = 2.
e When z =4, equation (E1) forces y to obey

0=3x42+9y?—6x4=24+9

which is impossible.

So, there are two critical points: (0, 0), (2, 0).Here is a table that classifies the critical points.
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critical 2
Tz —Jz Tz t
point fra Fyy — Fiy f. ype
(0, 0) (—6) x (—8) =02 >0 -6<0 local max
(2,0) 6x(—4)—0%<0 saddle point

v/ Example 2.9.20

A manufacturer wishes to make an open rectangular box of given volume V' using the least possible material. Find the design
specifications.

Solution

Denote by z, y and z, the length, width and height, respectively, of the box.

...........

The box has two sides of area x 2, two sides of area yz and a bottom of area xy. So the total surface area of material used is
S=2zxz+2yz+zy

However the three dimensions x, y and z are not independent. The requirement that the box have volume V' imposes the
constraint

zyz=V

We can use this constraint to eliminate one variable. Since z is at the end of the alphabet (poor z), we eliminate z by
substituting z = % So we have find the values of 2 and y that minimize the function

2V
Sa(@,y) = —— +
2V
Sy(.’t,y) - ——2—‘,-1:
Y
(z,y) is a critical point if and only if
22y =2V (E1)
ry? =2V (E2)
Solving (E1) for y gives y = QZ—‘Z/ Substituting this into (E2) gives
4v2 2V
— =2V = 2}=2V = =2V and y= =2V
T o T x and y V)

As there is only one critical point, we would expect it to give the minimum . But let's use the second derivative test to verify
that at least the critical point is a local minimum. The various second partial derivatives are
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Se(@,y) =—  Sw(V2V,V2V) =2
Sy (@, y) = r Sey (V2V, ¥/2V) =1
Sw@y) =2 Su(V2V, VaV) =2
So
Sux (V2V, /2V) S,y (V2V , §/2V) — Sy (32V, ¥/2V)? =3>0
52u (Y27, V2V) =2 >0
and, by Theorem 2.9.16.b, (v/2V', v/2V) is a local minimum and the desired dimensions are

e

T=y=+2V 2=/} "
Note that our solution has = y. That's a good thing — the function S(z, y) is symmetric in z and y. Because the box has no
top, the symmetry does not extend to z.

Absolute Minima and Maxima

Of course a local maximum or minimum of a function need not be the absolute maximum of minimum. We'll now consider how to
find the absolute maximum and minimum. Let's start by reviewing how one finds the absolute maximum and minimum of a
function of one variable on an interval.

For concreteness, let's suppose that we want to find the extremal 1> values of a function f(z) on the interval 0 <z <1. If an
extremal value is attained at some x = a which is in the interior of the interval, i.e. if 0 < a < 1, then a is also a local maximum
or minimum and so has to be a critical point of f. But if an extremal value is attained at a boundary point a of the interval, i.e. if
a =0 ora =1, then a need not be a critical point of f. This happens, for example, when f(z) = . The largest value of f(z) on
the interval 0 < z <1 is 1 and is attained at z = 1, but f’ (w) =1 is never zero, so that f has no critical points.

y y:f(x):x
1

1 x

So to find the maximum and minimum of the function f(z) on the interval [0, 1], you

1. build up a list of all candidate points 0 < a <1 at which the maximum or minimum could be attained, by finding all a's for
which either
1.0<a<1 and f'(a) =0 or
2.0 <a<1 and f'(a) does not exist ' or
3. a is a boundary point,i.e.a =0 ora =1,

2. and then you evaluate f(a) at each a on the list of candidates. The biggest of these candidate values of f(a) is the absolute
maximum and the smallest of these candidate values is the absolute minimum.

The procedure for finding the maximum and minimum of a function of two variables, f(z,y)in a set like, for example, the unit
disk 2® +y? < 1, is similar. You again

1. build up a list of all candidate points (a, b) in the set at which the maximum or minimum could be attained, by finding all
(a,b)'s for which either 1’
1. (a, b) is in the interior of the set (for our example, a* +b* < 1) and £, (a,b) = f,(a,b) =0 or
2. (a, b) is in the interior of the set and f,(a, b) or f,(a,b) does not exist or

3. (a, b) is a boundary 18 point, (for our example, a® + b = 1), and could give the maximum or minimum on the boundary —
more about this shortly —
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2. and then you evaluate f(a,b) at each (a, b) on the list of candidates. The biggest of these candidate values of f(a, b) is the
absolute maximum and the smallest of these candidate values is the absolute minimum.

The boundary of a set, like z2 +% <1, in RR? is a curve, like z2 +y? =1. This curve is a one dimensional set, meaning that it is
like a deformed z-axis. We can find the maximum and minimum of f(z, y) on this curve by converting f(z,y) into a function of
one variable (on the curve) and using the standard function of one variable techniques. This is best explained by some examples.

v/ Example 2.9.21

Find the maximum and minimum of T'(z,y) = (« +y)e *"~¥" on the region defined by 22 +y* <1 (i.e. on the unit disk).
Solution
Let's follow our checklist. First critical points, then points where the partial derivatives don't exist, and finally the boundary.
Interior Critical Points: If T takes its maximum or minimum value at a point in the interior, 2% + y? < 1, then that point must
be either a critical point of 7" or a singular point of 7". To find the critical points we compute the first order derivatives.
To(z,y)= (122" ~2zp)e™ ¥ T(a,y)= 122y -2 )™ ¥
Because the exponential e_“”z‘_y2 is never zero, the critical points are the solutions of
T.=0 <= 2z(z+y)=1
T,=0 <<= 2y(z+y) =1
e Asboth 2z(z +y) and 2y(z + y) are nonzero, we may divide the two equations, which gives % =1, forcing z = y.
o Substituting this into either equation gives 2z(2z) =1sothatz =y = i%.
So the only critical points are (%, %) and (—%, —%) Both are in % +y2 < 1.
Singular points: In this problem, there are no singular points.

Boundary: Points on the boundary satisfy x> +y? = 1. That is they lie on a circle. We may use the figure below to express
x =cost and y = sint, in terms of the angle ¢. This will make the formula for 7" on the boundary quite a bit easier to deal

with. On the boundary,
T = (cost+sint)e” 1%t — (cost +sint)e !

As all t's are allowed, this function takes its max and min at zeroes of
Y

/Wst,sint)
NV

d—T = (—sint+cost et
dt

That is, (cost +sint)e ! takes its max and min

e whensint = cost,
o thatis, when z =y and 2% + 92 =1,

o which forces 2 + 22 =1 andhence z =y = +-L

V2’
All together, we have the following candidates for max and min, with the max and min indicated.

. 11 1 1
point (%’%) (_%7_%) (ﬁaﬁ) (_E’_ﬁ)
value of T - ~0.61 == 2 052 i

max min
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The following sketch shows all of the critical points. It is a good idea to make such a sketch so that you don't accidentally
include a critical point that is outside of the allowed region.

X
S
V)
& S|,_.
(V)
—
ol
=
NPl

(~3.~%) qkj
(_%7 _%)

In the last example, we analyzed the behaviour of f on the boundary of the region of interest by using the parametrization
x = cost, y =sint of the circle 22 +y? = 1. Sometimes using this parametrization is not so clean. And worse, some curves don't
have such a simple parametrization. In the next problem we'll look at the boundary a little differently.

v/ Example 2.9.22

Find the maximum and minimum values of f(z,y) = z> + zy* —32® —4y® +4 on the disk * +y? < 1.
Solution
Again, we first find all critical points, then find all singular points and, finally, analyze the boundary.

Interior Critical Points: If f takes its maximum or minimum value at a point in the interior, > +y? < 1, then that point must
be either a critical point of f or a singular point of f. To find the critical points '° we compute the first order derivatives.

Z:3x2—|—y2—6m y = 2zy — 8y
The critical points are the solutions of
fo =32° +y* —62=0 (E1)
fy =2y(z—4)=0 (E2)
The second equation, 2y(z —4) = 0, is satisfied if and only if at least one of the two equations y = 0 and x = 4 is satisfied.
e When y = 0, equation (E1) forces x to obey
0=322+0? — 6z =3z(z —2)

sothatx =0 orz = 2.
e When z =4, equation (E1) forces y to obey

0=3x4+y*>—6x4=24+y>
which is impossible.
So, there are only two critical points: (0, 0), (2,0).
Singular points: In this problem, there are no singular points.

Boundary: On the boundary, z? +%? = 1, we could again take advantage of having a circle and write = cost and y = sint.
But, for practice, we'll use another method *°. We know that (z, y) satisfies #2 +y* = 1, and hence y*> = 1 — 2. Examining
the formula for f(z,y), we see that it contains only even ! powers of y, so we can eliminate y by substituting y? = 1 —
into the formula.

f=23+2(1-2%)-322 -4(1-2?)+4 =2 +2?

The max and min of z + z? for —1 < z < 1 must occur either

e whenz=-1(=y=f=0)or
e whenz=+1(=y=0, f=2)or

. whenOz%(m—i—mj):l—l—Zw (:>m=—%,y::|: %,fz—%).
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Here is a sketch showing all of the points that we have identified.

Note that the point (2, 0) is outside the allowed region 22_So all together, we have the following candidates for max and min,
with the max and min indicated.

point (0,0) (~1,0) (1,0) (- 1,428
value of f 4 0 2 -
max min

v/ Example 2.9.23

Find the maximum and minimum values of f(z,y) = 2y — 2*y> when (z, y) runs over the square 0 <z <1, 0 <y < 1.
Solution
As usual, let's examine the critical points, singular points and boundary in turn.

Interior Critical Points: If f takes its maximum or minimum value at a point in the interior, 0 <z <1, 0 <y < 1, then that

point must be either a critical point of f or a singular point of f. To find the critical points we compute the first order
derivatives.

fo(z,y) =y —32%>  fy(z,y) =2 227y

The critical points are the solutions of

f:=0 <= y(1-322y)=0 <+= y=0or3zly=1
f,=0 << =z(1-22%)=0 <= =z=0or22%y=1
e If y =0, we cannot have 222y = 1, so we must have z = 0.
e If 3z%y = 1, we cannot have z = 0, so we must have 22?y = 1. Dividing gives 1 = % = % which is impossible.

So the only critical point in the square is (0, 0). There f = 0.
Singular points: Yet again there are no singular points in this problem.
Boundary: The region is a square, so its boundary consists of its four sides.

o First, we look at the part of the boundary with = 0. On that entire side f = 0.

o Next, we look at the part of the boundary with y = 0. On that entire side f = 0.

o Next, we look at the part of the boundary with y = 1. There f = f(x, 1) =z —z®. To find the maximum and minimum of
f(z,y)on the part of the boundary with y = 1, we must find the maximum and minimum of z — x> when 0 <z < 1.

Recall that, in general, the maximum and minimum of a function ~(z) on the interval @ < z <b, must occur either at
x =a oratz = b or at an  for which either A’ (z) = 0 or A'(z) does not exist. In this case, %(:c —2%) =1-32?% sothe
max and min of z — 3 for 0 < z < 1 must occur

o either at z =0, where f =0,

1 — 2
75 where f 55
o oratz =1, where f =0.

o oratx =
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« Finally, we look at the part of the boundary with z = 1. There f = f(1,y) =y —y%. As diy (y—y?) =1-—2y, the only
critical point of y —y2 isaty = % So the the max and min of y —y2 for 0 <y < 1 must occur
o either at y =0, where f =0,
o oraty= %, where f = %,
o oraty =1, where f =0.
All together, we have the following candidates for max and min, with the max and min indicated.

0] G @

0(1, %)
T
(0,0) (1,0)
point (0,0) (00<y<1) (0<2<10) (1,0) 1,3) (1,1) (0,1) (%’ 1)
valueof f 0 0 0 0 % 0 0 % ~ 0.385
min min min min min min max

v/ Example 2.9.24

Find the maximum and minimum values of f(z,y) = zy + 2z +y when (, y) runs over the triangular region with vertices
(0,0), (1,0) and (0, 2). The triangular region is sketched in

Y
(0,2)

X

(0,07 (1,0)

Solution
As usual, let's examine the critical points, singular points and boundary in turn.

Interior Critical Points: If f takes its maximum or minimum value at a point in the interior, then that point must be either a
critical point of f or a singular point of f. The critical points are the solutions of

f(z,y)=y+2=0 el =a=r1 =0

So there is exactly one critical point, namely (—1, —2). This is well outside the triangle and so is not a candidate for the
location of the max and min.

Singular points: Yet again there are no singular points for this f.
Boundary: The region is a triangle, so its boundary consists of its three sides.

o First, we look at the side that runs from (0, 0) to (0, 2). On that entire side = 0, so that f(0,y) = y. The smallest value
of f on that side is f =0 at (0, 0) and the largest value of f on that side is f = 2 at (0, 2).

o Next, we look at the side that runs from (0, 0) to (1, 0). On that entire side y = 0, so that f(x,0) = 2z. The smallest value
of f on that side is f =0 at (0, 0) and the largest value of f on that side is f = 2 at (1, 0).
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o Finally, we look at the side that runs from (0, 2) to (1, 0). Or first job is to find the equation of the line that contains (0, 2)
and (1, 0). By way of review, we'll find the equation using three different methods.

o Method 1: You (probably) learned in high school that any line in the zy-plane®? has equation y = ma +b where b is
the y intercept and mn is the slope. In this case, the line crosses the y axis at y = 2 and so has y intercept b = 2. The line
passes through (0, 2) and (1, 0) and so, as we see in the figure below, has slope m = % = % = —2. Thus the side
of the triangle that runs from (0,2)to (1,0)isy =2 — 2z with0 <z <1.

Y

(o, 2)‘ Azr =1

Ay =—2

<17 _2>

(1,0

e Method 2: Every line in the zy-plane has an equation of the form az + by = c. In this case (0, 0) is not on the line so that
¢ # 0 and we can divide the equation by ¢, giving < + %y =1. Rename ¢ = A and % = B. Thus, because the line does
not pass through the origin, it has an equation of the form Az + By = 1, for some constants A and B. In order for (0, 2)
to lie on the line, z = 0, y = 2 has to be a solution of Az + By = 1. That is, Ax’z:() +By]y:2 =1, sothat B= % In
order for (1, 0) to lie on the line, z = 1, y = 0 has to be a solution of Az + By = 1. That is Aw‘z:l +By|y=0 =1, so
that A = 1. Thus the line has equation z + %y =1, orequivalently, y =2 —2z.

e Method 3: The vector from (0,2)to (1,0)is (1 —0, 0 —2) = (1,—2). As we see from the figure above, it is a direction
vector for the line. One point on the line is (0, 2). So a parametric equation for the line (see Equation 1.3.1) is

(x—0,y—2)=t(1,-2) or z=t,y=2-2t

By any of these three methods?#, we have that the side of the triangle that runs from (0,2) to (1,0) is y =2 — 2z with
0 <z <1. On that side of the triangle

f(z,2—2z) =2(2—2z)+ 2z + (2 —2z) = —22° + 22 42

Write g(z) = —2z* +2z +2. The maximum and minimum of g(z) for 0 <z < 1, and hence the maximum and minimum
values of f on the hypotenuse of the triangle, must be achieved either at
e x =0, where f(0,2) =g(0) =2, orat
e x =1, where f(1,0) = g(1) =2, or when
e 0=g'(z)=—-4z+2 sothatz = %, y:2—% =1 and
1 1 2 2 5

f(30=93)=-7+5+2=5

All together, we have the following candidates for max and min, with the max and min indicated.

point (0,0) (0,2) (1,0) (4,1)
value of f 0 2 2 %
min max
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v/ Example 2.9.25

Find the high and low points of the surface z = /x2 +y2 with (z,y) varying over the square |z| <1, |y| <1.

Solution
The function f(z,y)=+/z?+y? has a particularly simple geometric interpretation — it is the distance from the point
(z, y) to the origin. So

e the minimum of f(z, y)is achieved at the point in the square that is nearest the origin — namely the origin itself. So

(0,0,0) is the lowest point on the surface and is at height 0.
o The maximum of f(z,y)is achieved at the points in the square that are farthest from the origin — namely the four corners
of the square (i 1, il). At those four points z = /2. So the highest points on the surface are (+1, £1, 1/2).

Even though we have already answered this question, it will be instructive to see what we would have found if we had
followed our usual protocol. The partial derivatives of f(z,y) = 1/z%+y? are defined for (z, y) # (0, 0) and are

fo(z,y) = ﬁ cRI= $2y+y2

o There are no critical points because

o f, =0 only for z =0, and

o fy =0 only fory =0, but

o (0,0)is not a critical point because f, and f, are not defined there.
o There is one singular point — namely (0, 0). The minimum value of f is achieved at the singular point.
o The boundary of the square consists of its four sides. One side is

{,y)lz=1, —1<y<1}

On this side f = \/ 1+492. As \/ 1+y? increases with |y|, the smallest value of f on that side is 1 (when y = 0) and the
largest value of f is /2 (when y = 41). The same thing happens on the other three sides. The maximum value of f is
achieved at the four corners. Note that f, and f, are both nonzero at all four corners.

Exercises

Stage 1

a. Some level curves of a function f(z, y)are plotted in the zy--plane below.
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For each of the four statements below, circle the letters of all points in the diagram where the situation applies. For example, if

the statement were “These points are on the y--axis”, you would circle both P and U, but none of the other letters. You may
assume that a local maximum occurs at point 7.

(i) nablaf is zero PRSTU
(ii) f has a saddle point PRSTU
(iii) the partial derivative f, is positive PRSTU
(iv) the directional derivative of f in the direction (0, —1) is PRSTU
negative

b. The diagram below shows three “y traces” of a graph z = F'(x,y) plotted on xz--axes. (Namely the intersections of the
surface z = F'(x, y) with the three planes (y = 1.9, y = 2, y = 2.1). For each statement below, circle the correct word.

(i) the first order partial derivative F,(1,2) is positive/negative/zero
(ii) F has a critical point at (2, 2) true/false
(iii) the second order partial derivative Fy(1,2) is positive/negative/zero
z
3A

/—y: 2.1
— ] y=2.0

=19
] /,y
i

T T | T

1/ 2 3 4 ¢

Find the high and low points of the surface z=+/z2+y? with (z, y) varying over the square |z| <1, |y| <1. Discuss the
values of 2, z, there. Do not evaluate any derivatives in answering this question.
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If to is a local minimum or maximum of the smooth function f(¢) of one variable (¢ runs over all real numbers) then
f'(to) =0. Derive an analogous necessary condition for Z to be a local minimum or maximium of the smooth function

g(Z) restricted to points on the line Z =a+td . The test should involve the gradient of g(Z).

Stage 2

Letz= f(z,y) = (y° —2?)".
1. Make a reasonably accurate sketch of the level curves in the zy--plane of z = f(z,y) for z=0, 1 and 16. Be sure to show
the units on the coordinate axes.
2. Verify that (0, 0) is a critical point for z = f(z, y), and determine from part (a) or directly from the formula for f(z,y)
whether (0, 0) is a local minimum, a local maximum or a saddle point.
3. Can you use the Second Derivative Test to determine whether the critical point (0, 0) is a local minimum, a local maximum
or a saddle point? Give reasons for your answer.

Use the Second Derivative Test to find all values of the constant ¢ for which the function z = 22 +czy +y? has a saddle
point at (0, 0).

Find and classify all critical points of the function

f(z,y) ==*—y> —2zy+6.

Find all critical points for f(z,y) = z(z* + zy +y> —9). Also find out which of these points give local maximum values for
f(z,y), which give local minimum values, and which give saddle points.

Find the largest and smallest values of x2y?z in the part of the plane 2z +y+2z=5 where 2 >0, y >0 and z > 0. Also
find all points where those extreme values occur.

| Find and classify all the critical points of f(z,y) = z* +y* + 22y +4.

Find all saddle points, local minima and local maxima of the function
flz,y) =a® +2° —2zy+y° —=.
For the surface
z=f(z,y) =2 +zy* — 32" —4y* +4
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l Find and classify [as local maxima, local minima, or saddle points] all critical points of f(z, y).

Find the maximum and minimum values of f(z,y) = zy — 2°y> when (z, y) runs over the square 0 <z <1, 0 <y < 1.

The temperature at all points in the disc z2 +y2 < 1 is given by T'(,y) = (z +y)e *"". Find the maximum and minimum
temperatures at points of the disc.

? 14%

1. For the function z = f(z,y) = 2% + 3zy +3y? —6x — 3y — 6. Find and classify as [local maxima, local minima, or
saddle points] all critical points of f(z,y).

2. The images below depict level sets f(z,y) = c of the functions in the list at heights ¢ = 0,0.1,0.2,...,1.9, 2 Label the
pictures with the corresponding function and mark the critical points in each picture. (Note that in some cases, the critical
points might not be drawn on the images already. In those cases you should add them to the picture.)

L f(z,y) = (2 +¢y* —1)(z —y) +1

2fwy V2o

(z,y) =
f(z,y)= y(w+y)(z y)+1
flz,y) =2+

st

flz,y)=2%+3zy +3y?> — 62— 3y —6

%

_

Let the function

Classify as [local maxima, minima or saddle points] all critical points of f(z, y).

Leth(z,y) =y(4 —z* —y°).
1. Find and classify the critical points of h(z, y) as local maxima, local minima or saddle points.
2. Find the maximum and minimum values of k(z, y) on the disk 2> +y2 < 1.

Find the absolute maximum and minimum values of the function f(z,y) =5 + 2z — x? —4y? on the rectangular region

R={(z,y)| 1<z <3, —1<y<1}
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Find the minimum of the function h(z,y) = —4x — 2y + 6 on the closed bounded domain defined by z2 +y? < 1.

Let f(z,y) = zy(z +y —3).
1. Find all critical points of f, and classify each one as a local maximum, a local minimum, or saddle point.
2. Find the location and value of the absolute maximum and minimum of f on the triangular region x >0,y >0, z +y < 8.

Find and classify the critical points of f(z,y) = 3z%y +y> — 3z — 3y* +4.

? 21 %

Consider the function
f(z,y) =22° — 6y +y* +4y

1. Find and classify all of the critical points of f(z,y).
2. Find the maximum and minimum values of f(z, y)in the triangle with vertices (1,0), (0,1) and (1, 1).

Find all critical points of the function f(z,y) = z*+y* —4zy+2, and for each determine whether it is a local minimum,
maximum or saddle point.

Let
f(z,y) =zy(z +2y —6)

1. Find every critical point of f(z,y)and classify each one.
2. Let D be the region in the plane between the hyperbola xy = 4 and the line « 4+ 2y —6 = 0. Find the maximum and
minimum values of f(z,y)on D.

Find all the critical points of the function

f(z,y)=z"+y* —day

defined in the xy-plane. Classify each critical point as a local minimum, maximum or saddle point.

A metal plate is in the form of a semi-circular disc bounded by the z-axis and the upper half of 2 +3? = 4. The temperature
at the point (z,y) is given by T'(z,y) =In(1+2?+y?) —y. Find the coldest point on the plate, explaining your steps
carefully. (Note: In2 ~ 0.693,1n5 ~ 1.609)
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Find all the critical points of the function
f(@,y) =" +ay’ 2

defined in the xy-plane. Classify each critical point as a local minimum, maximum or saddle point. Explain your reasoning.

? 27 ¥

Consider the function g(z, y) = 2 — 10y — .

1. Find and classify all critical points of g.
2. Find the absolute extrema of g on the bounded region given by

2’ +4y? <16, y <0

Find and classify all critical points of

flz,y) =2° — 3zy” — 32 — 3y

Find the maximum value of

F(z,y) = zye 1)/

on the quarter-circle D = {(ar;,y)|ar:2 +y*<4,2>0,y>0}.

Equal angle bends are made at equal distances from the two ends of a 100 metre long fence, so that the resulting three segment
fence can be placed along an existing wall to make an enclosure of trapezoidal shape. What is the largest possible area for such
an enclosure?

Find the most economical shape of a rectangular box that has a fixed volume V and that has no top.

Stage 3

? 2%

The temperature T'(z, y) at a point of the zy--plane is given by
T(z,y) =20 —4z% —y*

1. Find the maximum and minimum values of T'(z, v) on the disk D defined by =2 +y? < 4.

2. Suppose an ant lives on the disk D. If the ant is initially at point (1, 1), in which direction should it move so as to increase
its temperature as quickly as possible?

3. Suppose that the ant moves at a velocity ¥ = (—2, —1) . What is its rate of increase of temperature as it passes through
(1,1)?

4. Suppose the ant is constrained to stay on the curve y = 2 — z2. Where should the ant go if it wants to be as warm as
possible?
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Consider the function
flz,y) =3ka’y+y* — 3% —3y° +4

where k > 0 is a constant. Find and classify all critical points of f(z, y)as local minima, local maxima, saddle points or points
of indeterminate type. Carefully distinguish the cases k < 3, k=3 and k > 1.

1. Show that the function f(z,y) =2z +4y + ﬁ has exactly one critical point in the first quadrant z > 0, y > 0, and find
its value at that point.

2. Use the second derivative test to classify the critical point in part (a).

3. Hence explain why the inequality 2z + 4y + % > 6 is valid for all positive real numbers 2 and y.

An experiment yields data points (z;,¥;), ¢ =1,2,---,n. We wish to find the straight line y =maz +b which “best” fits
the data. The definition of “best” is “minimizes the root mean square error”, i.e. minimizes . ; (mx; +b—y;)?. Find m
and b.

1. Life is not (always) one-dimensional and sometimes we have to embrace it.

2. Or perhaps your instructor asked you.

3. Recall that if h < 0 and A < B, then hA > hB. This is because the product of any two negative numbers is positive, so that
h<0, A<B=— A-B<0 = h(A-B)>0 — hA>hB.

4. A very common error of logic that people make is “Affirming the consequent”. “If P then Q” is true, does not imply that “If Q
then P” is true . The statement “If he is Shakespeare then he is dead” is true. But concluding from “That man is dead” that “He
must be Shakespeare” is just silly.

5. And you also saw, for example in Example 3.6.4 of the CLP-1 text, that critical points that are also inflection points are neither

local maxima nor local minima.

. We have both types of music here — country and western.

. This sort of thing is generally illegal.

. Sorry about the pun.

. Proof by search engine.

10. And has been used for a long time. It was introduced by the French mathematician Adrien-Marie Legendre, 1752--1833, in
1805, and by the German mathematician and physicist Carl Friedrich Gauss, 1777--1855, in 1809.

11. This is equivalent to translating the graph so that the critical point lies at (0, 0).

12. There are analogous results in higher dimensions that are accessible to people who have learned some linear algebra. They are
derived by diagonalizing the matrix of second derivatives, which is called the Hessian matrix.

13. The shackles of convention are not limited to mathematics. Election ballots often have the candidates listed in alphabetic order.

14. Indeed one can use the facts that 0 < < oo, that 0 < y < oo, and that S — oo as ¢ — 0 and as y — 0 and as z — oo and as
y — 0o to prove that the single critical point gives the global minimum.

15. Recall that “extremal value” means “either maximum value or minimum value”.

16. Recall that if f'(a) does not exist, then a is called a singular point of f.

17. This is probably a good time to review the statement of Theorem 2.9.2.

18. It should intuitively obvious from a sketch that the boundary of the disk 22 +y? <1 is the circle 22 +y? = 1. But if you
really need a formal definition, here it is. A point (a, b) is on the boundary of a set S if there is a sequence of points in S that
converges to (a, b) and there is also a sequence of points in the complement of .S that converges to (a, b).

19. We actually found the critical points in Example 2.9.19. But, for the convenience of the reader, we'll repeat that here.

20. Even if you don't believe that “you can't have too many tools”, it is pretty dangerous to have to rely on just one tool.

© 00 N D

21. If it contained odd powers too, we could consider the cases y > 0 and i < 0 separately and substitute y = v/1 —z2 in the
former case and y = —v/1 — 2 in the latter case.
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22. We found (2, 0) as a solution to the critical point equations (E1), (E2). That's because, in the course of solving those equations,
we ignored the constraint that 2% +y? < 1.

23. To be picky, any line the zy-plane that is not parallel to the y axis.

24. In the third method, z has just be renamed to ¢.

This page titled 2.9: Maximum and Minimum Values is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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2.10: Lagrange Multipliers

In the last section we had to solve a number of problems of the form “What is the maximum value of the function f on the curve
C'?” In those examples, the curve C' was simple enough that we could reduce the problem to finding the maximum of a function of
one variable. For more complicated problems this reduction might not be possible. In this section, we introduce another method for
solving such problems. First some nomenclature.

# Definition 2.10.1

A problem of the form
o “Find the maximum and minimum values of the function f(z,y)for (z,y) on the curve g(z,y) =0.”

is one type of constrained optimization problem. The function being maximized or minimized, f(z,y), is called the objective
function. The function, g(z, y), whose zero set is the curve of interest, is called the constraint function.

Such problems are quite common. As we said above, we have already encountered them in the last section on absolute maxima and
minima, when we were looking for the extreme values of a function on the boundary of a region. In economics “utility functions”
are used to model the relative “usefulness” or “desirability” or “preference” of various economic choices. For example, a utility
function U(w, k) might specify the relative level of satisfaction a consumer would get from purchasing a quantity w of wine and x
of coffee. If the consumer wants to spend $100 and wine costs $20 per unit and coffee costs $5 per unit, then the consumer would
like to maximize U(w, ) subject to the constraint that 20w + 5« = 100.

To this point we have always solved such constrained optimization problems either by

o solving g(z,y) = 0 for y as a function of z (or for z as a function of y) or by
o parametrizing the curve g(z, y) = 0. This means writing all points of the curve in the form (z(t), y(t)) for some functions z(t)
and y(¢). For example we used z(¢) = cost, y(t) =sint as a parametrization of the circle > +y? =1 in Example 2.9.21.

However quite often the function g(z, y) is so complicated that one cannot explicitly solve g(z,y) =0 for y as a function of = or
for z as a function of y and one also cannot explicitly parametrize g(z,y) =0. Or sometimes you can, for example, solve
g(z,y) =0 for y as a function of z, but the resulting solution is so complicated that it is really hard, or even virtually impossible,
to work with. Direct attacks become even harder in higher dimensions when, for example, we wish to optimize a function
f(z,y, z) subject to a constraint g(z, y, z) = 0.

There is another procedure called the method of “Lagrange multipliers” ' that comes to our rescue in these scenarios. Here is the

three dimensional version of the method. There are obvious analogs is other dimensions.

& Theorem 2.10.2. Lagrange Multipliers

Let f(z,y, z) and g(z, y, 2) have continuous first partial derivatives in a region of R?® that contains the surface S given by the
equation g(z, y, z) = 0. Further assume that Vg(z,y, z) # 0 on S.

If £, restricted to the surface S, has a local extreme value at the point (a, b, ¢) on S, then there is a real number A such that
Vf(a,b,c) =AVyg(a,b,c)
that is

fz(a,b,¢) = Agz(a,b,c)
fy(a,b,¢) =Agy(a,b,c)
fz(aa b, C) =A gz(aa b, C)

The number A is called a Lagrange multiplier.

Proof

Suppose that (a, b, c) is a point of S and that f(z,y, z) > f(a, b, c) for all points (z, y, z) on S that are close to (a, b, ). That
is (a, b, ¢) is a local minimum for f on S. Of course the argument for a local maximum is virtually identical.
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Imagine that we go for a walk on S, with the time ¢ running, say, from ¢ = —1 to ¢ = 4+1 and that at time ¢t = 0 we happen to
be exactly at (a, b, c). Let's say that our position is (z(t),y(t), 2(t)) at time ¢.

Write
F(t) = f(z(t), y(t), 2(t))

So F(t) is the value of f that we see on our walk at time ¢. Then for all ¢ close to 0, (z(t),y(t),2(t)) is close to
(z(0),y(0), 2(0)) = (a, b, c) so that

F(O) = f(a:(O), y(o)a Z(O)) = f(aa ba C) < f(l‘(t), y(t)a z(t)) = F(t)
for all ¢ close to zero. So F'(t) has a local minimum at ¢ = 0 and consequently F’(0) = 0.

By the chain rule, Theorem 2.4.1,

F/(0) = 47 (a(6),u(6),2(0)
= fz(a,b,¢)2'(0) + £, (a,b,¢)y'(0) + f:(a, b,c)z'(0) =0 (%)
We may rewrite this as a dot product:
0=F'(0)=Vf(a,b,c) («'(0), ¥'(0), 2'(0))
= fiablaf(a,b,c) L ('(0), y'(0), 2'(0))

This is true for all paths on S that pass through (a, b, ¢) at time 0. In particular it is true for all vectors (z'(0), ¥'(0), 2'(0))
that are tangent to S at (a, b, ¢). So V f(a, b, ¢)is perpendicular to S at (a, b, ¢).

But we already know, by Theorem 2.5.5.a, that Vg(a, b, ¢) is also perpendicular to S at (a, b, ¢). So V f(a, b, ¢) and Vg(a, b, c)
have to be parallel vectors. That is,

Vf(a,b,¢c) =AVyg(a,b,c)

for some number A. That's the Lagrange multiplier rule of our theorem.

So to find the maximum and minimum values of f(z,y, z) on a surface g(z, y, z) = 0, assuming that both the objective function

f(z,y, z) and constraint function g(z, y, z) have continuous first partial derivatives and that Vg(z, y, z) # 0, you

1. build up a list of candidate points (z, y, z) by finding all solutions to the equations

fo(2,9,2) = A ga(z,9,2)

fy(x7 Y, Z) =A gy(ma Y, z)
(
(

fz a:,y,z) :/\92(:1:73/"2)
9(z,y,2) =0

Note that there are four equations and four unknowns, namely x, y, z and A.
2. Then you evaluate f(z,y, z) at each (z, y, 2) on the list of candidates. The biggest of these candidate values is the absolute
maximum and the smallest of these candidate values is the absolute minimum.

Another way to write the system of equations in the first step is

L,(a,b,c,\) =Ly(a,b,c,\) =L,(a,b,c,\) =Ly(a,b,c,\) =0

where L(z,y, z, \) is the auxiliary function? 3.

L(l‘,y,Z,A) =f(fc,y,2)—)\g(:r,y,Z)

Now for a bunch of examples.

v/ Example 2.10.3

Find the maximum and minimum of the function 2 — 10z —y2 on the ellipse whose equation is z2 + 4y2 = 16.

Solution
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For this problem the objective function is f(z,y) = 2> — 10z —y? and the constraint function is g(z,y) = 2 +4y? — 16.
To apply the method of Lagrange multipliers we need V f and Vg. So we start by computing the first order derivatives of these
functions.

fe=22-10 fy=—2y 9z =2z gy =8y
So, according to the method of Lagrange multipliers, we need to find all solutions to
2z —10 = \(2z)

—2y = A(8y)
2 4+4y% —16 =0

Rearranging these equations gives

(A—1)z =—5 (E1)
(4A+1)y =0 (E2)
22 +4y? —16 =0 (E3)

From (E2), we see that we must have either A = —% ory =0.

o If A= —}1, (E1) gives —%w = —b, i.e. z =4, and then (E3) gives y = 0.
e If y =0, then (c) gives z = +4 (and while we could easily use (E1) to solve for A\, we don't actually need ).
So the method of Lagrange multipliers, Theorem 2.10.2 (actually the dimension two version of Theorem 2.10.2), gives that the

only possible locations of the maximum and minimum of the function f are (4,0) and (—4, 0). To complete the problem, we
only have to compute f at those points.

point (4,0) (—4,0)
value of f —24 56
min max

Hence the maximum value of 2> — 10z —y? on the ellipse is 56 and the minimum value is —24.

2% +4y? = 16 Y

(4,0)
(_470)\J )

In the previous example, the objective function and the constraint were specified explicitly. That will not always be the case. In the
next example, we have to do a little geometry to extract them.

v/ Example 2.10.4

Find the rectangle of largest area (with sides parallel to the coordinates axes) that can be inscribed in the ellipse 2> + 2y% = 1.

Solution

Since this question is so geometric, it is best to start by drawing a picture.
)
22+ 2% =1

(—z,—y) (z,—y)
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Call the coordinates of the upper right corner of the rectangle (z,y), as in the figure above. The four corners of the rectangle
are (+z, +y) so the rectangle has width 2z and height 2y and the objective function is f(z,y) = 4zy. The constraint function
for this problem is g(z,y) = x? +2y? — 1. Again, to use Lagrange multipliers we need the first order partial derivatives.

fz =4y fy =4z gz =2 gy =4y

So, according to the method of Lagrange multipliers, we need to find all solutions to

4y = A\(2z) (E1)
4z = A\(4y) (E2)
22 +2y2 -1 =0 (E3)

Equation (E1) gives y = %)\x. Substituting this into equation (E2) gives
4z =2)\°z or 21:(2—)\2) =0
So (E2) is satisfied if either z =0 or A = V2 or A = —+/2.
e If z =0, then (E1) gives y = 0 too. But (0, 0) violates the constraint equation (E3). Note that, to have a solution, all of the

equations (E1), (E2) and (E3) must be satisfied.
o If A\=+/2, then

o (E2) givesm—\fy and then

o (E3) glves 29% +29% =1 ory — so that

) y_:I: andz =+2y=+%
o If)\:—\/i, then

o (E2) gives £ = —/2y and then
o (E3)gives 2y? +2y2 =1 ory? = X so that

o y= :I:g andz = —/2y = :F\/_

V2©

We now have four possible values of (z, y), namely ( (— % , —%), (% , —%) and ( \}5 , 2) They are the four

to be the upper right corner, i.e. the corner in the first quadrant. It

11

202

corners of a single rectangle. We said that we wanted (z, y)
1

Is (\/5 ’ 2 )

v/ Example 2.10.5

Find the ends of the major and minor axes of the ellipse 32> — 22y + 3y? =4. They are the points on the ellipse that are
farthest from and nearest to the origin.

Solution

Let (z, y) be a point on 3z2 — 2zy + 3y? = 4. This point is at the end of a major axis when it maximizes its distance from the
centre, (0, 0) of the ellipse. It is at the end of a minor axis when it minimizes its distance from (0, 0). So we wish to maximize
and minimize the distance /22 +y?2 subject to the constraint

g(z,y) =322 — 22y +3y> —4=0

Now maximizing/minimizing /22 +y? is equivalent* to maximizing/minimizing its square (/z%+y?)” =2 +y>. So
we are free to choose the objective function

f(z,y) =2 +y°

which we will do, because it makes the derivatives cleaner. Again, we use Lagrange multipliers to solve this problem, so we
start by finding the partial derivatives.

fw(m,y):2w fy(x’y)zzy gz(:v,y)zﬁm—Zy gy(w,y)=—2w+6y

We need to find all solutions to
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2z = A\(6z —2y)
2y = A(—2z +6y)
3x2 —2zy+3y>—4 =0

Dividing the first two equations by 2, and then collecting together the z's and the y's gives

(1-3X)z+Ay =0 (E1)
Az+(1-3\)y =0 (E2)
3z —2zy+3y? -4 =0 (E3)

To start, let's concentrate on the first two equations. Pretend, for a couple of minutes, that we already know the value of A and
are trying to find « and y. Note that A cannot be zero because if it is, (E1) forces = 0 and (E2) forces y = 0 and (0, 0) is not
on the ellipse, i.e. violates (E3). So we may divide by A and (E1) gives

__1-3
¥y=""

Subbing this into (E2) gives

(1-3A)2

A_
"” )

z=0
Again,  cannot be zero, since then y = —1;)?}‘x would give y = 0 and (0, 0) is still not on the ellipse.
So we may divide Az — (1_—3’\)23} =0 by z, giving

(1—3))2

A_)\

=0 <= (1-3)0)2-X2=0
< 8A—6A+1=(2A-1)4A-1)=0

We now know that A must be either % or %. Subbing these into either (E1) or (E2) gives

A ! = L + L 0 =
= —_ — —4B _— = xr =
2 2" 2Y Y
g 2 2 2
— 3z°—22"4+3z" =4 — z ==%£1
A - — L + ! 0 =
= — —x —_ = r = —
1 PRES Y
E3 9 9 9 1
— 3z°+22°4+3z* =4 — z=£t—
V2
E
Here “ == ” indicates that we have just used (E3). We now have (z,y) ==£(1,1),from A = £, and (z,y) =+ (%, —%)
from A = 1. The distance from (0,0) to =(1, 1), namely +/2, is larger than the distance from (0, 0) to i(%, —%), namely
1. So the ends of the minor axes are :I:(%, —%) and the ends of the major axes are 4-(1, 1). Those ends are sketched in the
figure on the left below. Once we have the ends, it is an easy matter > to sketch the ellipse as in the figure on the right below.
Y Y
S (1,1)
(*1»1)/\/5. (=1,1)/+/2
x x
L)
1,-1)/v2 1,-1)/v2
-1,-1° (-1,-1)

3z% — 2ry + 3y? =4
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Find the values of w > 0 and x > 0 that maximize the utility function

ol

g subject to the constraint dw+2k =12

U(w,k) =6ws K

Solution

The constraint 4w + 2k =12 is simple enough that we can easily use it to express « in terms of w, then substitute
2 1

Kk =6 —2w into U(w, k), and then maximize U(w, 6 —2w) = 6w? (6 —2w)3 using the techniques of §3.5 in the CLP-1

textbook.

2 1
3 K3

k3 and the

However, for practice purposes, we'll use Lagrange multipliers with the objective function U(w, k) = 6w
constraint function g(w, k) = 4w + 2k —12. The first order derivatives of these functions are

2

Upy=4w 3k3  U,=2wsk 3  gy=4  g.=2

The boundary values w = 0 and k = 0 give utility 0, which is obviously not going to be the maximum utility. So it suffices to
consider only local maxima. According to the method of Lagrange multipliers, we need to find all solutions to

4w_§n% =4\ (E1)
Qwr k3 =2 (E2)
dw+2k—12 =0 (E3)

Then

1 1
e equation (E1) gives A =w™ ¥ k3.
o Substituting this into (E2) gives Wik s =A=w 3 k7 and hence w = k.
e Then substituting w = « into (E3) gives 6x = 12.

So w = k =2 and the maximum utility is U (2, 2) = 12.

v/ Example 2.10.7

Find the point on the sphere 2> +y? + 2% =1 that is farthest from (1, 2, 3).

Solution

As before, we simplify the algebra by maximizing the square of the distance rather than the distance itself. So we are to

maximize
f(@,9,2) = (@ —1)" +(y—2)* + (- 3)*
subject to the constraint
9(z,y,2) =2 +y> +22—1=0
Since

fw(x7y7z) 22(1'—1) fy(wayaz) 22(y_2) fz(may’z) :2(2_3)
9o (,y,2) =2z gy(z,y,2) =2y g:(x,y,2) =2z

we need to find all solutions to

2(z—1) = A(2z) — T kY (E1)
2(y-2) = A(2y) = = (52)
2(2—3) = A(22) g % (E3)

0 =2 +y?+22-1 (E4)
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Substituting (E1), (E2) and (E3) into (E4) gives

1+449

— 1] = —_ 2: — =
TENP 1=0 = (1-)\)’=14 = 1-A=+/14

We can then substitute these two values of A back into the expressions for z, y, z in terms of A to get the two points

ﬁa, 2,3)and —\/%(1,2, 3).

The vector from \/_1_(1 2,3) to (1,2,3), namely {1—7} (1,2,3), is obviously shorter than the vector from
\/1 (1,2,3) to (1,2,3), which is {1—|— \/_} (1,2,3). So the nearest point is ﬁ(1,2,3) and the farthest point is
~-5(1,2,3).

(Optional) An Example with Two Lagrange Multipliers

In this optional section, we consider an example of a problem of the form “maximize (or minimize) f(z,y, z) subject to the two
constraints g(z, y, z) = 0 and h(z, y, z) = 0”. We use the following variant of Theorem 2.10.2.

& Theorem 2.10.8. Two Lagrange Multipliers

Let f(z,y, 2), g(x,y, z) and h(z,y, z) have continuous first partial derivatives in a region of R* that contains the curve C
given by the equations

g(wvyaz) = h(maya Z) =0

Assume® that Vg(z,y, 2) X Vh(z,y,2) #0 on C. If f, restricted to the curve C, has a local extreme value at the point
(a, b, c) on C, then there are real numbers A and p such that

Vf(a,b,c) =AVyg(a,b,c)+uVh(a,b,c)
that is

fz(a,b,¢) =Agz(a,b,c)+phyi(a,b,c)
fy(a,b,¢) =Agy(a,b,c)+phy(a,b,c)
fz(a,b,c) :/\gz(aabac)"i_p'hz(a: b,C)

We can reformulate this theorem in terms of the auxiliary function

L(waya z,/\,u) = f(a:,y,z) _Ag(waya Z) —/J,h(:E,y,Z)

It is a function of five variables — the original variables z, y and z, and two auxiliary variables A and . If there is a local extreme
value at (a, b, c) then (a, b, ¢) must obey

& Equation 2.10.9

0 =L,(a,b,c,\, ) = fz(a,b,c) —Agz(a,b,c) — phy(a,b,c)
0 =Ly(a,b,c,\, u) = fy(a,b,c) —Agy(a,b,c) — phy(a,b,c)
0 =L,(a,b,c,\, ) = f.(a,b,c)—Ag:(a,b,c) — ph,(a,b,c)
0 =Ly (a,b,c,\, 1) =g(a,b,c)
0=L,(a,b,c,\, ) =h(a,b,c)

for some A and p. So solving this system of five equations in five unknowns gives all possible candidates for the locations of local
maxima and minima. We'll go through an example shortly.

Proof of Theorem 2.10.8.

Before we get to the example itself, here is why the above approach works. Assume that a local minimum occurs at (a, b, ),
which is the grey point in the schematic figure below. Imagine that you start walking away from (a, b, c) along the curve
g=h =0. Your path is the grey line in the schematic figure below.
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Vg /
h(z,y,z) =0 !
Vh, /s
9(x,5,2) =0 g+ (it

Call your velocity vector . It is tangent to the curve g(z,y, z) = h(z,y, z2) = 0. Because f has a local minimum at (a, b, c), f
must be increasing (or constant) as we leave (a, b, ¢). So the directional derivative

Dﬁf(aabvc):vf(aab7c)'820

Now start over. Again walk away from (a, b, ¢) along the curve g = h = 0, but this time moving in the opposite direction, with
velocity vector —v. Again f must be increasing (or constant) as we leave (a, b, ¢), so the directional derivative

D?;,f(a, ba C) = Vf(a’ b’ C) : (_5) >0
Asboth V f(a,b,c)-vand —V f(a, b, c) - v are at least zero, we now have that
Vf(a,b,c)-v=0

for all vectors v that are tangent to the curve g=h =0 at (a, b, c). Let's denote by T the set of all vectors v that are tangent to
the curve g=h =0 at (a, b, c) and let's denote by T the set of all vectors that are perpendicular to all vectors in 7. So (*)
says that V f(a, b, ¢)must in 7 .

We now find all vectors in 7. We can easily guess two such vectors. Since the curve g=h =0 lies inside the surface g =0
and Vg(a, b, ) is normal to g =0 at (a, b, ¢), we have

Vy(a,b,c)-v=0
Similarly, since the the curve g=h =0 lies inside the surface h =0 and Vh(a, b, ¢) is normal to h =0 at (a, b, ¢), we have
Vh(a,b,c)-9=0
Picking any two constants A and w, multiplying (E1) by A, multiplying (E2) by p and adding gives that
(AVg(a,b,c)+pVh(a,b,c))-v=0
for all vectors ¥ in 7. Thus, for all X and p, the vector AVg(a, b, ¢) + uVh(a,b,c) isin T .

Now the vectors in 7 form a line. (They are all tangent to the same curve at the same point.) So, ’TL, the set of all vectors
perpendicular to 7', forms a plane. As A and p run over all real numbers, the vectors AVg(a, b, ¢) +uVh(a, b, c) form a plane.
Thus we have found all vector in 7+ and we conclude that V f(a, b, c) must be of the form AVg(a, b, c) +uVh(a,b,c) for
some real numbers A and . The three components of the equation

Vf(a,b,¢) =AVyg(a,b,c)+pVh(a,b,c)

are exactly the first three equations of 2.10.9. This completes the explanation of why Lagrange multipliers work in this setting.

v/ Example 2.10.10

Find the distance from the origin to the curve that is the intersection of the two surfaces

z2=w2+y2 z—22=3
Solution

Yet again, we simplify the algebra by maximizing the square of the distance rather than the distance itself. So we are to
maximize

f(l',y,z) :$2+y2+z2

subject to the constraints
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Since

O:g(m,y,z):w2+y2—z2 Ozh(wayaz):m_zz_?’

fo =2z fy:2y f: =2z
9z = 2% gy =2y 9. = —2z
hy =1 h, =0 h,=-2

the method of Lagrange multipliers requires us to find all solutions to

2z = A(2z) +p(1) (E1)
2y = A(2y) +u(0) — (1-X)y =0 (E2)
2z = ( 2z) +p(-2) (E3)
2 =a’+y (E4)
x—2z=3 (E5)
Since equation (E2) factors so nicely we start there. It tells us that eithery =0 or A = 1.
Case \(\lambda=1\text{:}\) When A = 1 the remaining equations reduce to
0=p (E1)
0 =4z+2u (E3)
22 =22 +4? (E4)
z—2z=3 (E5)
So
o equation (E1) gives p = 0.
e Then substituting 4 = 0 into (E3) gives z = 0.
o Then substituting z = 0 into (E5) gives z = 3.
e Then substituting z = 0 and = = 3 into (E4) gives 0 = 9 + >, which is impossible, since 9 +y> >9 >0 for all y.
So we can't have A =1.
Case y = 0: When y = 0 the remaining equations reduce to
20-Nz =p (E1)
1+XN)z=—p (E3)
22 =a? (E4)
z—2z=3 (E5)

These don't clean up quite so nicely as in the A =1 case. But at least equation (E4) tells us that z=+z. So we have to
consider those two possibilities.

Subcase y =0, z =z: When y =0 and 2 = x, the remaining equations reduce to

21 -Nz =p (E1)
14+XN)z =—p (E3)
—z =3 (E5)

So equation (E5) now tells us that z = —3 so that (z,y, 2) = (—3,0, —3). (We don't really care what A and y are. But as they
obey —6(1 — ) =, —3(1+A) = —p we have, adding the two equations together

—943X=0 — A=3

and then, subbing into either equation, p = 12.)

Subcase y =0, z = —x: When y =0 and z = —z, the remaining equations reduce to
21 -XNz =p (E1)
(14N = p (E3)
3z =3 (E5)
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So equation (E5) now tells us that z =1 so that (z,y, 2) = (1,0, —1). (Again, we don't really care what A and p are. But as
they obey 2(1 —A) = p, (14+X) = we have, subtracting the second equation from the first,

1
1-32=0 = A= 3
and then, subbing into either equation, p = %.)
Conclusion: We have two candidates for the location of the max and min, namely (—3,0, —3) and (1,0, —1). The first is a
distance 3+/2 from the origin, giving the maximum, and the second is a distance v/2 from the origin, giving the minimum. In
particular, the distance is V2.

Exercises

Stage 1

1. Does the function f(z,y) = x>+ y? have a maximum or a minimum on the curve zy = 1? Explain.
2. Find all maxima and minima of f(x,y)on the curve zy = 1.

?2

The surface S is given by the equation g(z, y, z) = 0. You are walking on S measuring the function f(z, y, z) as you go. You
are currently at the point (zg, ¥o, 2z0) where f takes its largest value on S, and are walking in the direction d # 0. Because

you are walking on S, the vector d is tangent to S at (zg, Yo, 20)-

1. What is the directional derivative of f at (zo, yo, 29) in the direction d? Do not use the method of Lagrange multipliers.
2. What is the directional derivative of f at (xg, Yo, o) in the direction d ? This time use the method of Lagrange multipliers.

Stage 2

Find the maximum and minimum values of the function f(z,y,2) = +y — z on the sphere 2> +y? + 2% = 1.

2
Find @, b and c so that the volume 43—”abc of an ellipsoid z—z + Z—z + z—: =1 passing through the point (1,2, 1) is as small as

possible.

18 :H

Use the Method of Lagrange Multipliers to find the minimum value of z =z +y? subject to 2%y = 1. At which point or
points does the minimum occur?

Use the Method of Lagrange Multipliers to find the radius of the base and the height of a right circular cylinder of maximum
volume which can be fit inside the unit sphere 2% 4-y% 4 2% = 1.

Use the method of Lagrange Multipliers to find the maximum and minimum values of

f(z,y) ==y

LB
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subject to the constraint

z? +2y° =1.

| Find the maximum and minimum values of f(z,y) = > +y? subject to the constraint z* +y* = 1.
Use Lagrange multipliers to find the points on the sphere 22 +x2 +y2 —2y —10 =0 closest to and farthest from the point
‘ (1,-2,1).

Use Lagrange multipliers to find the maximum and minimum values of the function f(z,y, z) = 2* +y* — 352> on the curve

of intersection of the plane z +2y + 2z = 10 and the paraboloid 2 +y? — z = 0.

| Find the point P = (z, y, z) (with z, y and z > 0) on the surface z3y? 2 = 6+/3 that is closest to the origin.

Find the maximum value of f(z,y, z) = zyz on the ellipsoid

9(z,y,2) =2’ +ay+y’ +32° =9

Specify all points at which this maximum value occurs.

Find the radius of the largest sphere centred at the origin that can be inscribed inside (that is, enclosed inside) the ellipsoid

2z +1)2+y°+2(2—1)> =38

Let C be the intersection of the plane z +y +z =2 and the sphere 2> + 1 + 22 = 2.

1. Use Lagrange multipliers to find the maximum value of f(z,y, z) =z on C.
2. What are the coordinates of the lowest point on C'?

? 15 %

1. Use Lagrange multipliers to find the extreme values of
flz,y,2) = (2 —2)" +(y+2)" + (2~ 4)°

on the sphere z* +y% 4 2% = 6.
2. Find the point on the sphere 2 +y% + 22 = 6 that is farthest from the point (2, —2, 4).

1. Find the minimum of the function

f@,y,2)=(z -2 +(y-1)*+2°
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subject to the constraint 2> +y* + 22 =1, using the method of Lagrange multipliers.
2. Give a geometric interpretation of this problem.

Use Lagrange multipliers to find the minimum and maximum values of (z + 2)eY subject to 2 +y2 + 2% = 6.

| Find the points on the ellipse 222 + 4zy + 5y% = 30 which are closest to and farthest from the origin.
| Find the ends of the major and minor axes of the ellipse 3z? — 2zy + 3y% = 4.

A closed rectangular box with a volume of 96 cubic meters is to be constructed of two materials. The material for the top costs
twice as much per square meter as that for the sides and bottom. Use the method of Lagrange multipliers to find the dimensions
of the least expensive box.

? 21%

Consider the unit sphere

S =set(z,y,2)x® +y?+22 =1
in R3. Assume that the temperature at a point (x,y, z) of S is
T(z,y,2) = 40zy>2

Find the hottest and coldest temperatures on S.

? 22

Find the dimensions of the box of maximum volume which has its faces parallel to the coordinate planes and which is
contained inside the region 0 < z <48 — 42% — 3y2.

A rectangular bin is to be made of a wooden base and heavy cardboard with no top. If wood is three times more expensive than
cardboard, find the dimensions of the cheapest bin which has a volume of 12m?.
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A closed rectangular box having a volume of 4 cubic metres is to be built with material that costs $8 per square metre for the
sides but $12 per square metre for the top and bottom. Find the least expensive dimensions for the box.

Suppose that a, b, ¢ are all greater than zero and let D be the pyramid bounded by the plane ax +by+cz=1 and the 3
coordinate planes. Use the method of Lagrange multipliers to find the largest possible volume of D if the plane
az +by+cz=1 isrequired to pass through the point (1, 2, 3). (The volume of a pyramid is equal to one-third of the area of
its base times the height.)

Stage 3

Use Lagrange multipliers to find the minimum distance from the origin to all points on the intersection of the curves

g(w,y,z) =z—2-4=0
and h(z,y,2) =z +y+2—3=0

? 27 %

Find the largest and smallest values of
f(@,y,2) =6z +y* + 2z

on the sphere 2> +y? 4 22 = 36. Determine all points at which these values occur.

? 28 %

The temperature in the plane is given by T'(z,y) = ¥ (2 +y?).

1. 1. Give the system of equations that must be solved in order to find the warmest and coolest point on the circle
z? +y? =100 by the method of Lagrange multipliers.
2. Find the warmest and coolest points on the circle by solving that system.
2. 1. Give the system of equations that must be solved in order to find the critical points of T'(z, y).
2. Find the critical points by solving that system.

3. Find the coolest point on the solid disc 2 +y? < 100.

? 29 %

1. By finding the points of tangency, determine the values of ¢ for which x +y + z = ¢ is a tangent plane to the surface
4z% + 4y + 2% = 96.

2. Use the method of Lagrange Multipliers to determine the absolute maximum and minimum values of the function
f(z,y,2) =z +y+2 along the surface g(z,y, z) = 42 +4y® + 2% = 96.

3. Why do you get the same answers in (a) and (b)?

? 30
Let f(z,y) have continuous partial derivatives. Consider the problem of finding local minima and maxima of f(z,y) on the
curve zy = 1.

e Define g(z,y) = zy — 1. According to the method of Lagrange multipliers, if (z, y) is a local minimum or maximum of
f(z,y)on the curve zy = 1, then there is a real number A such that
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Vf(z,y) =AVg(z,y), g(z,y)=0

e Onthe curve zy = 1, we have y = % and f(z,y) = f(=, %) Define F(z) = f (=, %) If z # 0 is a local minimum or
maximum of F'(x), we have that

F'(z)=0
Show that (E1) is equivalent to (E2), in the sense that

there is a A such that (z, y, A) obeys (E1)
if and only if
1

x # 0 obeys (E2) andy = 7

1. Joseph-Louis Lagrange was actually born Giuseppe Lodovico Lagrangia in Turin, Italy in 1736. He moved to Berlin in 1766
and then to Paris in 1786. He eventually acquired French citizenship and then the French claimed he was a French
mathematician, while the Italians continued to claim that he was an Italian mathematician.

2. We call L an auxiliary function because, while we use it to help solve the problem, it doesn't actually appear in either the
statement of the question or in the answer itself

3. Some people use L(z,y, 2z, A) = f(z,y, 2) + A g(x, y, z) instead. This amounts to renaming X to —A. While we care that A
has a value, we don't care what it is.

4. The function S(z) = 22 isa strictly increasing function for z > 0. So, for a,b > 0, the statement “a < b” is equivalent to the
statement “S(a) < S(b)”.

5. if you tilt your head so that the line through (1,1) and (—1, —1) appears horizontal

6. This condition says that the normal vectors to g=0 and h = 0 at (z, y, 2) are not parallel. This ensures that the surfaces g =0
and h = 0 are not tangent to each other at (z, y, ). They intersect in a curve.

This page titled 2.10: Lagrange Multipliers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel
Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

3: Multiple Integrals

In your previous calculus courses you defined and worked with single variable integrals, like f ab f(z) dz. In this chapter, we define
and work with multivariable integrals, like [[}, f(x,y) dz dyand [[f;, f(,y, z) dz dy dz. We start with two variable integrals.

3.1: Double Integrals

3.2: Double Integrals in Polar Coordinates

3.3: Applications of Double Integrals

3.4: Surface Area

3.5: Triple Integrals

3.6: Triple Integrals in Cylindrical Coordinates
3.7: Triple Integrals in Spherical Coordinates
3.8: Optional— Integrals in General Coordinates

Thumbnail: A diagram depicting a worked triple integral example. The questions is "Find the volume of the region bounded above
by the sphere z? +y% + 2% =a® and below by the cone 2% sin?(a) = (z? +y?) cos?(a) where a is in the interval [0, 7] (Public
Domain; Inductiveload via Wikipedia).

This page titled 3: Multiple Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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3.1: Double Integrals

Vertical Slices

Suppose that you want to compute the mass of a plate that fills the region R in the zy-plane. Suppose further that the density of the
plate, say in kilograms per square meter, depends on position. Call the density f(z, y). For simplicity we'll assume that R is the
region between the bottom curve y = B(z) and the top curve y = T'(x) with z running from a to b. That is,

R={(2,y)|a<z <b, B(z)<y<T(z)}

Y

y="T(z)

y=Ba) o -
a b

We'll shortly express that mass as a two dimensional integral. As a warmup, recall the procedure that we used to set up a (one
dimensional) integral representing the area of R in Example 1.5.1 of the CLP-2 text.

e Pick a natural number n (that we will later send to infinity), and then
¢ subdivide R into n narrow vertical slices, each of width Az = b;n“ Denote by ; = a +1i Az the x-coordinate of the right
hand edge of slice number 3.

y=B(x) &
1 x
Ty T1 X2 Tn

e Foreachi=1,2,...,n,slice number 7 has z running from x; ; to x;. We approximate its area by the area of a rectangle. We
pick a number x} between x;_; and x; and approximate the slice by a rectangle whose top is at y = T'(x}) and whose bottom
is at y = B(x}). The rectangle is outlined in blue in the figure below.

T (x}
y=T(z)
B(x} %
y=B(x) // Ei .
g iy T
Ti-1 / €y
i

o Thus the area of slice i is approximately [T'(z}) — B(z})] Az.

1
¢ So the Riemann sum approximation of the area of R is

n
Area ~ [T(x}) — B(z})| Az
i=1
¢ By taking the limit as n — oo (i.e. taking the limit as the width of the rectangles goes to zero), we convert the Riemann sum
into a definite integral (see Definition 1.1.9 in the CLP-2 text) and at the same time our approximation of the area becomes the

exact area:
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n b
Area = nlgglo Z [T(z}) — B(z})| Az = / [T(z)— B(z)|dz

Now we can expand that procedure to yield the mass of R rather than the area of R. We just have to replace our approximation
[T(x}) — B(z})] Az of the area of slice i by an approximation to the mass of slice 7. To do so, we

e Pick a natural number m (that we will later send to infinity), and then

« subdivide slice number ¢ into m tiny rectangles, each of width Az and of height Ay = % [T(z}) — B(z})]. Denote by
yj = B(z}) +j Ay the y-coordinate of the top of rectangle number j.

o At this point we approximate the density inside each rectangle by a constant. For each 7 =1, 2, ..., m, rectangle number j has
y running from y;_; to y;. We pick a number Y5 between y;_; and y; and approximate the density on rectangle number j in
slice number 7 by the constant f (w;“, y]*)

o Thus the mass of rectangle number j in slice number ¢ is approximately f (z}, y]*) Az Ay.
¢ So the Riemann sum approximation of the mass of slice number ¢ is

Mass of slice i ~ Z f(ac;‘, y]*) Az Ay
=1

Note that the y]’.‘ 's depend on ¢ and m.
o By taking the limit as m — oo (i.e. taking the limit as the height of the rectangles goes to zero), we convert the Riemann sum
into a definite integral:

T(z})

Mass of slice 4 %Am/ l f(xray) dy = F(z;) Az
B(a})

where

T(z)
F(x) :/ flz,y) dy
B
Notice that, while we started with the density f(z, y)being a function of both  and y, by taking the limit of this Riemann sum,

we have “integrated out” the dependence on y. As a result, F'(z) is a function of z only, not of z and y.
o Finally taking the limit as n — oo (i.e. taking the limit as the slice width goes to zero), we get

n
Mass :nll_glolZ;AwA

n
Now we are back in familiar 1-variable territory. The sum ) F'(x}) Az is a Riemann sum approximation to the integral
i=1

T(z;) n
f(z,y)dy = lim Y F(z}) Az
[

(€4

fab F(z)dz.So

b b [ pT(x)
Mass :/ F(:v)dx:/ l/B( ) f(w,y)dy] dz

This is our first double integral. There are a couple of different standard notations for this integral.
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[[ s aear= [ VT() #(@9) dy] o

a B(z)
b pT(z) b T(z)
( f(m,y)dyda::/ d:c/;() dyf(w,y)

(
s

The last three integrals here are called iterated integrals, for obvious reasons.

Note that

b pT(z)
o to evaluate the integral / / f (:c, y) dy dz,
a JB(z)

o first evaluate the inside integral f ;1((;;) f (w, y) dyusing the inside limits of integration, and by treating x as a constant and

using standard single variable integration techniques, such as those in the CLP-2 text. The result of the inside integral is a
function of z only. Call it F(z).

o Then evaluate the outside integral f ab F(z) dz, whose integrand is the answer to the inside integral. Again, this integral is
evaluated using standard single variable integration techniques.

b T(z)
¢ To evaluate the integral / dz / dy f(w, y),
a B(z)

o first evaluate the inside integral f g((;;) dy f (ac, y) using the limits of integration that are directly beside the dy. Indeed the dy
is written directly beside [ g((;;) to make it clear that the limits of integration B(x) and T'(z) are for the y-integral. In the
past you probably wrote this integral as f ;E(f)) f (ZL‘, y) dy. The result of the inside integral is again a function of  only. Call
it F(z).

o Then evaluate the outside integral fab dz F'(z), whose integrand is the answer to the inside integral and whose limits of
integration are directly beside the dz.

At this point you may be wondering “Do we always have to use vertical slices?” and “Do we always have to integrate with respect
to y first?” The answer is “no”. This brings us to consider “horizontal slices”.

Horizontal Slices

We found, when computing areas of regions in the xy-plane, that it is often advantageous to use horizontal slices, rather than
vertical slices. See, for example, Example 1.5.4 in the CLP-2 text. The same is true when setting up multidimensional integrals. So
we now repeat the setup procedure of the last section, but starting with horizontal slices, rather than vertical slices. This procedure
will be useful when dealing with regions of the form

R={(2,y)|c<y<d, Liy) <z <R(y)}

Here L(y) (“L” stands for “left”) is the smallest! allowed value of x, when the y-coordinate is y, and R(y) (“R” stands for
“right”) is the largest allowed value of x, when the y-coordinate is y. Suppose that we wish to evaluate the mass of a plate that fills
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the region R, and that the density of the plate is f(z,y). We follow essentially the same the procedure as we used with vertical
slices, but with the roles of  and y swapped.

e Pick a natural number n (that we will later send to infinity). Then

¢ subdivide the interval ¢ <y < d into n narrow subintervals, each of width Ay = %. Each subinterval cuts a thin horizontal
slice from the region (see the figure below).

e We approximate slice number ¢ by a thin horizontal rectangle (indicated by the long darker gray rectangle in the figure below).
On this slice, the y-coordinate runs over a very narrow range. We pick a number ¥, somewhere in that range. We approximate
slice ¢ by a rectangle whose left side is at # = L(y;) and whose right side is at z = R(y} ).

o If we were computing the area of R, we would now approximate the area of slice ¢ by [R(:z:f) —L(x} )] Ay, which is the area
of the rectangle with width [R(z}) — L(z})] and height Ay.

o To get the mass, just as we did above with vertical slices, we

o pick another natural number m (that we will later send to infinity), and then

o subdivide slice number ¢ into m tiny rectangles, each of height Ay and of width Az = % [R(yr) — L(y;)].
o Foreach j=1,2,...,m, rectangle number j has x running over a very narrow range. We pick a number z; somewhere in

that range. See the small black rectangle in the figure below.

r = R(y)

Here is a magnified sketch of slice number %
Yy

/

' T

L(y;) .

VRN R(yf)

j—1 Tj

o On rectangle number j in slice number ¢, we approximate the density by f (ac;, y; ), giving us that the mass of rectangle
number j in slice number ¢ is approximately f (w;‘, y;*) Az Ay.

o So the Riemann sum approximation of the mass of (horizontal) slice number ¢ is

Mass of slice i ~ Z f(ac;, yf) Az Ay
j=1

o By taking the limit as m — oo (i.e. taking the limit as the width of the rectangles goes to zero), we convert the Riemann
sum into a definite integral:
R(y{)
Mass of slice ¢ sz/ f(z,y;) de = F(y;) Ay
L(y;)

where

https://math.libretexts.org/@go/page/89215
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Observe that, as z has been integrated out, F'(y) is a function of y only, not of z and y.

o Finally taking the limit as n — oo (i.e. taking the limit as the slice width goes to zero), we get

Mass = nh—>r<I>lol:ZI Ay/L

R(y;) ] n
- f(z,y7) de = lim > CF(y!) Ay
y; i=1

n
Now »_ F(y;) Ay is a Riemann sum approximation to the integral fcd F(y)dy. So

=1
d d R(y)
Mass = [ Fy)dy= [ Vm f(m,y)dx] ay
c c Y

The standard notations of Notation 3.1.1 also apply to this integral.

& Definition 3.1.2
d[ rRE)
dedy = dz| d
//Rf(m,y) Y / l/L(y) f(@) ] Y

d R(y) d R(y)
—[ [ty ed= [ w [ dwfe)
c JL(y) c L(y)

Note that

d rR(y)
« to evaluate the integral / / f(z,y) dz dy,
c JL(y)

o first evaluate the inside integral f L?g)’) f (:c, y) dz using the inside limits of integration. The result of the inside integral is a
function of y only. Call it F(y).
o Then evaluate the outside integral fcd F(y) dy, whose integrand is the answer to the inside integral.

d R(y)
o To evaluate the integral / dy / dz f(z,y),
c L(y)

o first evaluate the inside integral || L}Z(})j) dz f(z,y) using the limits of integration that are directly beside the dz. Again, the
dz is written directly beside [ 551’)’) to make it clear that the limits of integration L(y) and R(y) are for the z-integral. In the

past you probably wrote this integral as f L}z’g) f (m, y) dz. The result of the inside integral is again a function of y only. Call
it F(y).

o Then evaluate the outside integral fcd dy F(y), whose integrand is the answer to the inside integral and whose limits of
integration are directly beside the dy.

By way of summary, we now have two integral representations for the mass of regions in the zy-plane.

& Theorem 3.1.3

Let R be a region in the zy-plane and let the function f(z, y)be defined and continuous on R.

1. If
R={(z,y)|a<z<b, Bz)<y<T(z) }

with B(z) and T'(z) being continuous, and if the mass density in R is f(z, y), then the mass of R is

U e[ [ e

b T(z)
=/ dm/ dy f(ac,y)
a B(z)
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2. 1f
R={(z,y)|c<y<d, Ly) <z <R(y) }

with L(y) and R(y) being continuous, and if the mass density in R is f(z, y), then the mass of R is

d R(y) d rR(y)
/c l/L(y) f(z,y) dx] dy :/C /L(y) f(m,y) dz dy

d R(y)
[ [ ")
c L(y)

Implicit in Theorem 3.1.3 is the statement that, if

and if f(x,y)is continuous, then

b pT(z) d prR(y)
/ / f(z,9) dydw:/ / f(z,y) dz dy
a B(z) c L(y)

This is called Fubini's theorem 2. It will be discussed more in the optional §3.1.5.

& Definition 3.1.4

The integrals of Theorem 3.1.3 are often denoted

//R f(ey)dedy  or //R f(z,y)dA

The symbol dA represents the area of an “infinitesimal” piece of R.

Here is a simple example. We'll do some more complicated examples in §3.1.4.

v/ Example 3.1.5

Let R be the triangular region above the x-axis, to the right of the y-axis and to the left of the line  +y = 1. Find the mass of
R if it has density f(z,y) =y.

Solution

We'll do this problem twice — once using vertical strips and once using horizontal strips. First, here is a sketch of R.
Y

@S

z+y=1

(10 N T

Solution using vertical strips.  'We'll now set up a double integral for the mass using vertical strips. Note, from the figure
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(1,0) N T

that

o the leftmost points in R have = 0 and the rightmost point in R has z =1 and

o for each fixed z between 0 and 1, the point (z,y) in R with the smallest y has y = 0 and the point (z, y) in R with the
largest yhasy =1 —z.

Thus

R={(z,y)|0=a<2<b=1,0=B(z)<y<T(z)=1-=z}

b T(x) 1 1-z
Mass :/ da:/ dy f(z,y) :/ dm/ dyy
a B(z) 0 0

and, by part (a) of Theorem 3.1.3
Now the inside integral is

so that the
1 1_2)2 1_2)3 1
Mass:/ =z [ A-=zr) 1
0 2 6 o 6

Solution using horizontal strips.  This time we'll set up a double integral for the mass using horizontal strips. Note, from the
figure

o

that

o the lowest points in R have y = 0 and the topmost point in R has y =1 and

o for each fixed y between 0 and 1, the point (z, y) in R with the smallest  has = 0 and the point (z, y) in R with the
largest z has z =1 —y.

Thus

R={(z,y)l0=c<y<d=1,0=L(y) <z <R(y)=1-y}

and, by part (b) of Theorem 3.1.3
d R(y) 1 1-y
Mass :/ dy/ dz f(z,y) :/ dy/ dzy
c L(y) 0 0

Now the inside integral is
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1-y .
/ yde =[zyl ¥ =y -y
0

since the y integral treats z as a constant. So the

1 2 1
Y Y 1 1 1
Mass = | dyfy—2?]=|& 2| == ===
s = oy [2 ] 2 3 6

Double integrals share the usual basic properties that we are used to from integrals of functions of one variable. See, for example,
Theorem 1.2.1 and Theorem 1.2.12 in the CLP-2 text. Indeed the following theorems follow from them.

& Theorem 3.1.6. Arithmetic of Integration

Let A, B, C be real numbers. Under the hypotheses of Theorem 3.1.3,

/A (f(z,y)+g(z,y)) dzdy :/Af(m,y)dmdyjt/Ag(w,y)dxdy (a)
//R (f(z,y) —g(z,y)) dedy ://R f(:r,y)dacdy—//Rg(a:,y)dacdy (b)
[[ cieasa=c [[ sepaa .

Combining these three rules we have

//R (Af(z,y) + Bg(z,y)) dedy :A//Rf(:c,y)dzdy

+B// 9(z,y) dzdy (d)
R
That is, integrals depend linearly on the integrand.
// dzdy = Area(R) (e)
R
If the region R in the zy-plane is the union of regions R and R, that do not overlap (except possibly on their boundaries),
then
J[ ety = [ sty [ fe) ey G
R R, R,
R R R
R1 R2 Rl R2

In the very special (but not that uncommon) case that R is the rectangle

R={(z,y)la<z<b, c<y<d}

and the integrand is the product f(z,y) = g(z)h(y),
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//R f(z,y) dzdy = / o / " 4y o2 )hw)
/da:g /dyh

since g(z) is a constant as far as the y-integral is concerned

[[feo] [

. d . . .
since [, dy h(y) is a constant as far as the $x$-integral is concerned.

This is worth stating as a theorem

& Theorem 3.1.7

If the domain of integration
R={(z,y)la<z <b, c<y<d}

is a rectangle and the integrand is the product f(z,y) = g(z)h(y), then

//Rf(w,y)dwdyz [/abdwg(w)] [/cddy h(y)]

Just as was the case for single variable integrals, sometimes we don't actually need to know the value of a double integral exactly.
We are instead interested in bounds on its value. The following theorem provides some simple tools for generating such bounds.
They are the multivariable analogs of the single variable tools in Theorem 1.2.12 of the CLP-2 text.

& Theorem 3.1.8. Inequalities for Integrals

Under the hypotheses of Theorem 3.1.3,
1. If f(z,y) >0 for all (z,y)in R, then

/ f(z,y) dedy >0
R

2. If there are constants m and M such that m < f(z,y) < M for all (z,y)in R, then

m Area(R) < / f(z,y)dedy < M Area(R)
R

3. If f(z,y) < g(z,y) forall (z,y)in R, then

/ [ 1@ daay < //R 9(z,y) dady

‘/R f(z,y) da:dy‘ S/le(w,y)|dmdy

4. We have

Volumes

Now that we have defined double integrals, we should start putting them to use. One of the most immediate applications arises
from interpreting f(z, y),not as a density, but rather as the height of the part of a solid above the point (z, y) in the zy-plane. Then
Theorem 3.1.3 gives the volume between the zy-plane and the surface z = f(z, y).

We'll now see how this goes in the case of part (b) of Theorem 3.1.3. The case of part (a) works in the same way. So we assume
that the solid V lies above the base region

https://math.libretexts.org/@go/page/89215
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and that

V={(z,9,2) | (z,y) €R, 0<2< f(z,y) }

The base region R (which is also the top view of V) is sketched in the figure on the left below and the part of V in the first octant is
sketched in the figure on the right below.

r = R(y)

T

top view

To find the volume of V we shall

e Pick a natural number n and slice R into strips of width Ay = %.

¢ Subdivide slice number 7 into mn tiny rectangles, each of height Ay and of width Az = % e
o Compute, approximately, the volume of the part of V that is above each rectangle.
o Take the limit m — oo and then the limit n — oo.

We have just been through this type of argument twice. So we'll abbreviate the argument and just say

o slice the base region R into long “infinitesimally” thin strips of width dy.

e Subdivide each strip into “infinitesimal” rectangles each of height dy and of width dz. See the figure on the left above.

« The volume of the part of V that is above the rectangle centred on (z, y) is essentially f(z,y) dz dy.See the figure on the right
above.

« So the volume of the part of V that is above the strip centred on y is essentially > dy [ Ifg) dz f(z,y)and

e we arrive at the following conclusion.

& Equation 3.1.9

If

V={(z,9,2)| (z,y) €R, 0<z< f(z,y) }
where

R={(z,9)|c<y<d, Lly) <z <R(y) }
then

d R(y)
Volume(V) = / dy/ dz f(z,y)
c L(y)
Similarly

& Equation 3.1.10

If

V={(2,9,2)| (@,9) €R, 0<2< f(z,9) }

where
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then

b T(z)
Volume(V):/ dw/B( ) dy f(z,y)

Examples

Oof — we have had lots of equations and theory. It's time to put all of this to work. Let's start with a mass example and then move
on to a volume example. You will notice that the mathematics is really very similar. Just the interpretation changes.

v/ Example 3.1.11. Mass

Let v > 0 be a constant and let R be the region above the curve 2> = 4vy and to the right of the curve y% = %V.’Z:. Find the
mass of R if it has density f(z,y) = zy.

Solution

For practice, we'll do this problem twice — once using vertical strips and once using horizontal strips. We'll start by sketching

2 2
‘R. First note that, since y > Z_y and z > 2%, both  and y are positive throughout R. The two curves intersect at points
(z, y) that satisfy both

29> z? 2y 2 [ x? oot
m y VT v v v\ 4dv 8v3
3
x
— (g — 1) =0
This equation has only two real # solutions — z = 0 and 2 = 2v. So the upward opening parabola y = Z—i and the rightward

2
opening parabola z = 2% intersect at (0, 0) and (2v, v).

Y Y=%
(2v,v)
R
7
[N

v

Solution using vertical strips. 'We'll now set up a double integral for the mass using vertical strips and using the abbreviated
argument of the end of the last section (on volumes). Note, from the figure above, that
2
R={ew|o=ase<b-2 £ =B <y<T)- /2 |
v
e Slice R into long “infinitesimally” thin vertical strips of width dz.

e Subdivide each strip into “infinitesimal” rectangles each of height dy and of width dz. See the figure below.

Yy y=DB(z)=%

Ky=T(I) =5

 The mass of the rectangle centred on (z, y) is essentially f(z,y) dz dy = zy dz dy.
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e So the mass of the strip centred on z is essentially dz f ;Eg) dy f(z,y) (the integral over y adds up the masses of all of the

different rectangles on the single vertical strip in question) and
o we conclude that the

b T(z) 2v Vvz/2
Mass(R) :/ dw/ dy f(m,y):/ dz/ dy zy
a B(z) 0 z2/(4v)

Here the integral over  adds up the masses of all of the different strips.

Recall that, when integrating y, « is held constant, so we may factor the constant & out of the inner y integral.

ve/2 vz/2
/ dyzy ==z / dy y
2/ (4v) x2/(4v)

9 vz/2
b

2 Jar/(an)
_ va? B z°
4 3212

and the

2v 2 5
Mass(R) = / dz [ﬂ T ]
0

4 322
_ v(2v)3 (2v)8 vt
T 3x4  6x322 3

Solution using horizontal strips. We'll now set up a double integral for the mass using horizontal strips, again using the
abbreviated argument of the end of the last section (on volumes). Note, from the figure at the beginning of this example, that
29
R={ (@) |0=c<y<d=v, 2 1) <z < Rly) = /iy
v
e Slice R into long “infinitesimally” thin horizontal strips of width dy.
e Subdivide each strip into “infinitesimal” rectangles each of height dy and of width dx. See the figure below.
x = R(y) = Ay
—--y=d=v

/
KZ—L@)M

o The mass of the rectangle centred on (z, y) is essentially f(z, y) dz dy = zy dz dy.
o So the mass of the strip centred on y is essentially dy f ;(2;‘1;) dz f(z,y) (the integral over z adds up the masses of all of the
different rectangles on the single horizontal strip in question) and

o we conclude that the
d R(y) v dvy
Mass(R) :/ dy/ dz f(ac,y):/ dy/ dz zy
c L(y) 0 2y? /v

Here the integral over y adds up the masses of all of the different strips. Recalling that, when integrating x, y is held
constant
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v CE2 dvy
= [ a5
0 2y% /v
v 2 5
=/ dy {2Vy2—i]
0 v

v/ Example 3.1.12. Volume

Let R be the part of the 2y-plane above the z-axis and below the parabola y = 1 —z2. Find the volume between R and the
surface z = z2,/1 —y.

Solution

Yet again, for practice, we'll do this problem twice — once using vertical strips and once using horizontal strips. First, here is a
sketch of R.

7 (-1,0) L)\ T

Solution using vertical strips. 'We'll now set up a double integral for the volume using vertical strips. Note, from the figure
Y

o y=T(x)=1-x2

7(=1,0) o\ T
that

o the leftmost point in R has £ = —1 and the rightmost point in R has £ =1 and
o for each fixed z between —1 and 1, the point (z, y) in R with the smallest y has y = 0 and the point (z,y) in R with the
largest y has y = 1 — 2.

Thus

R={(z,y)|-1=a<z<b=1,0=B()<y<T(z)=1-2%}

b T(2) 1 1-z?
Volume:/ dw/ dyf(a:,y):/ dx/ dyz*y/1—y
a B(z) -1 0

1—2?
:2/ dz/ dyz?,/T—y
0 0

1
2

and, by 3.1.10

2
since the inside integral F'(z) = folfz dy z*4/1 —y is an even function of . Now, for > 0, the inside integral is
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2

1—2? 1-2? —

2
2 1— — 32 1— — m2 21— 3/2
z?/1-ydy == : V1-ydy w[ 3( Y) ]

= %wz (1 —w3)

1
0 0
so that the

1

1 3 6
2, 3 4|z x 2
Volume /Od:c3m( a:) 3[3 6]0 9

Solution using horizontal strips.  This time we'll set up a double integral for the volume using horizontal strips. Note, from

the figure
Y
fv—L(y)——v17 KR(y)—vl—y
7 (=1,0) Lo\ T
that

o the lowest points in R have y = 0 and the topmost point in R has y =1 and
« for each fixed y between 0 and 1, the point (z, y) in R with the leftmost  has x = —/1 —y and the point (z,y)in R
with the rightmost z has x = /1 —y.

Thus

R={(z,9)0=c<y<d=1, —/T-y=L{y) <z <R(y) = /T-y}

Vol /dd /R(y)d f(z,v) /ld/ " et Ty
olume = y z f(z,y) = y TT —y
c L(y) 0 —/1-y

Now the inside integral has an even integrand (in ) and so is

and, by 3.1.9

Vi-y 1y 3 V1-y
dez?,/T—y =2 1—y/ w2dm:2,/1—y[—}
/—\/ﬁ v 4 0 3 Jo
2 2
:—1—
5(1-9)
So the
2 ! o (1-y)31" 2
1 == = 1— 2:— — —
Volume 3/0 dy (1-y) 3[ 3 ]0 5

v Example 3.1.13. Volume
2

Find the volume common to the two cylinders 2 +y? = a? and z? + 2% = a?.
Solution
Our first job is figure out what the specified solid looks like. Note that

e The variable z does not appear in the equation 2 +1? = a2. So, for every value of the constant zy, the part of the cylinder
x? +y? = a® in the plane z = z, is the circle 22 +y% = a?, z = z,. So the cylinder 2> +? = a? consists of many
circles stacked vertically, one on top of the other. The part of the cylinder 2% + y? = a? that lies above the zy-plane is
sketched in the figure on the left below.
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e The variable y does not appear in the equation 2 + 22 = a2. So, for every value of the constant ), the part of the cylinder
x? + 22 = a? in the plane y =y, is the circle 2% 4+ 22 = a?, y = . So the cylinder 2% + 22 = a? consists of many
circles stacked horizontally, one beside the other. The part of the cylinder 2> + 22 = a? that lies to the right of the z z-plane
is sketched in the figure on the right below.

z
2+t =1 Y
T

We have to compute the volume common to these two intersecting cylinders.

e The equations 2 +%? = a® and 2> 4 22 = a® do not change at all if z is replaced by —z. Consequently both cylinders,
and hence our solid, is symmetric about the yz-plane. In particular the volume of the part of the solid in the octant z <0,
y >0, 2> 0 is the same as the volume in the first octant z > 0, y > 0, z > 0. Similarly, the equations do not change at all
if y is replaced by —y or if z is replaced by —z. Our solid is also symmetric about both the x2-plane and the zy-plane.
Hence the volume of the part of our solid in each of the eight octants is the same.

e So we will compute the volume of the part of the solid in the first octant, i.e. with z > 0, y > 0, z > 0. The total volume of
the solid is eight times that.

The part of the solid in the first octant is sketched in the figure on the left below. A point (z,y, 2) lies in the first cylinder if
and only if 2% 4+ y? < a?.

z
Yy
R 2+ 9% =a?
i ory =+a?— x?
T Y Tr=a
top view
T T

It lies in the second cylinder if and only if 2 + 22 < a?. So the part of the solid in the first octant is
Vi ={(2,9,2)>0, y>0, 2>0, 2" +3* <a’, 2 +2* <’}

Notice that, in V1, 22 < a® —z? so that 2 < Va2 —z2? and

Vi ={(m,y,z)|m20, y >0, m2+y2§a2, 0<z2< \/a2—m2}

The top view of the part of the solid in the first octant is sketched in the figure on the right above. In that top view, « runs from
0 to a. For each fixed , y runs from 0 to v/a2 — x2 . So we may rewrite

Vi :{(m,y,z)|(m,y) ER, 0 SZSf(:L‘,y)}

where

R:{(w,y)‘Oga:Sa, 0<y<+va®—z? } and f(z,y) =+ a®>—2*
and “(z,y) € R” is read “(z, y) is an element of R.”. Note that f(z, y) is actually independent of y. This will make things a

bit easier below.

We can now compute the volume of V; using our usual abbreviated protocol.

e Slice R into long “infinitesimally” thin horizontal strips of height dx.
e Subdivide each strip into “infinitesimal” rectangles each of width dy and of height dx. See the figure below.
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el
[NV
/y= v
:Z::a,,,
top view

%
e The volume of the part of V; above rectangle centred on (z, y) is essentially

f(z,y)dzdy =+/a® —2* dz dy

o So the volume of the part of V; above the strip centred on  is essentially

V=g
Val -zt dy

(the integral over y adds up the volumes over all of the different rectangles on the single horizontal strip in question) and
o we conclude that the

a Va*—z?
Volume(V;) :/ dz / dy v/a® — 22
0 0

Here the integral over  adds up the volumes over all of the different strips. Recalling that, when integrating y, « is held
constant

Volume(V;) =/ dz v/a® — z* [/ ) dy]
0 0

and the total volume of the solid in question is

16a3
3

Volume(V) = 8 Volume(V;) =

v/ Example 3.1.14. Geometric Interpretation
2 a
Evaluate / / Va:—z* dzdy.
0o Jo

Solution

This integral represents the volume of a simple geometric figure and so can be evaluated without using any calculus at all. The
domain of integration is

R:{($ay)|0§y§2, OS:BS(],}

and the integrand is f(z,y)=+/a2—x2, so the integral represents the volume between the zy-plane and the surface

z=+a?—2z?, with (z,y) running over R. We can rewrite the equation of the surface as x>+ 2> = a?, which, as in

Example 3.1.13, we recognize as the equation of a cylinder of radius a centred on the y-axis. We want the volume of the part
of this cylinder that lies above R. It is sketched in the figure below.
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T

The constant y cross-sections of this volume are quarter circles of radius a and hence of area %ﬂ'az. The inside integral,
foa Va? —x? dz, is exactly this area. So, as y runs from 0 to 2,

2 a 2
1
/ / \/412—;1:2d;z:dyz—7ra2><2:ﬂ

v/ Example 3.1.15. Example 3.1.14, the hard way

It is possible, but very tedious, to evaluate the integral f02 fo" va?2 —z? dz dy of Example 3.1.14, using single variable
calculus techniques. We do so now as a review of a couple of those techniques.

The inside integral is foa va? —x? dz. The standard procedure for eliminating square roots like v/a2 —x2 from integrands is
the method of trigonometric substitution, that was covered in §1.9 of the CLP-2 text. In this case, the appropriate substitution is

z =asind dz =acos6db

The lower limit of integration =0, i.e. asinf =0, corresponds to § =0, and the upper limit z = a, i.e. asinf =a,
corresponds to 6 = %, so that

a /2 /2
/ \/a2—m2 dz :/ /a2—a2sin20 ac059d9:a2/ cos’ 6 do
a? cos? 6

The orthodox procedure for evaluating the resulting trigonometric integral foﬂ/ % cos? 0 df, covered in §1.8 of the CLP-2 text,
uses the trigonometric double angle formula

1 20
cos(20) =2cos?0—1  towrite  cos’f= —l—c%()
and then
a /2 a? /2
a® —2? dz =a? / cos?§df = — [1+cos(26)] do
0 0 2 Jo
a? sin(29) 1 ™2
=— 1|0+
2 2 0
B ma?
4
However we remark that there is also an efficient, sneaky, way to evaluate definite integrals like 0"/ % cos? 0 df. Looking at
the figures
we see that
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/2 /2
/ cos?9df = / sin? 0 d4
0 0

Thus

”/2 7r/2 7r/2 1
/ cos? 9 dd :/ sin20d0:/ E[sin26?—i-cos2 6] do
0 0 0

e T
—5/0 =7

a 2
Ta

a’ -z’ dz = —
0 4

In any event, the inside integral

and the full integral

2

2 a 2 2
/ / \/az—w2dwdy:ﬂ/ dy:ﬂ
o Jo 4 Jo

2

just as we saw in Example 3.1.14.

v/ Example 3.1.16. Order of Integration

2 z+2
The integral / / dy dz represents the area of a region in the zy-plane. Express the same area as a double integral with
-1 J2?

the order of integration reversed.

\soln The critical step in reversing the order of integration is to sketch the region in the zy-plane. Rewrite the given integral as

2 z+2 2 z+2
/ / dydz = / [ / dy] dz
-1 Ja2 -1 x2

From this we see that, on the domain of integration,

e z runs from —1 to 2 and
« for each fixed x, y runs from the parabola y = x? to the straight line y = x + 2.

The given iterated integral corresponds to the (vertical) slicing in the figure on the left below.

(_171)
y=x+2

To reverse the order of integration we have to switch to horizontal slices as in the figure on the right above.

There we see a new wrinkle: the formula giving the value of z at the left hand end of a slice depends on whether the y
coordinate of the slice is bigger than, or smaller than y = 1. Looking at the figure on the right, we see that, on the domain of
integration,

e yruns from O to 4 and
« foreach fixed0 <y <1, z runs fromz = —,/y to x = +, /.
o foreachfixedl <y <4, zrunsfromaz =y—2 toz = —i—\/ﬂ.

So
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2 z+2 1 NG 4 Vi
/dz/ dy:/ dy dm—l—/ dy/ dx
-1 z? 0 - 1 y—2

There was a moral to the last example. Just because both orders of integration have to give the same answer doesn't mean that they
are equally easy to evaluate. Here is an extreme example illustrating that moral.

v/ Example 3.1.17

Evaluate the integral of
left of the line z = 1.

si

£ over the region in the zy-plane that is above the z-axis, to the right of the line y =z and to the

Solution

Here is a sketch of the specified domain.

We'll try to evaluate the specified integral twice — once using horizontal strips (the impossibly hard way) and once using
vertical strips (the easy way).

Solution using horizontal strips.  To set up the integral using horizontal strips, as in the figure on the left below, we observe
that, on the domain of integration,

e yruns from 0 to 1 and
o for each fixed y, « runs from x =y to 1.

So the iterated integral is

/1dy/1da:5inm
0 Yy z

And we have a problem. The integrand % does not have an antiderivative that can be expressed in terms of elementary

functions °. It is impossible to evaluate fy dz == without resorting to, for example, numerical methods or infinite series ]

dz

Solution using vertical strips.  To set up the integral using vertical strips, as in the figure on the right above, we observe that,
on the domain of integration,

e z runs from 0 to 1 and
o for each fixed z, y runs from 0 to y = x.

So the iterated integral is

1 T .
/ de / dy sinx
0 0 T

This time, because z is treated as a constant in the inner integral, it is trivial to evaluate the iterated integral.
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1 @ 9 1 g @ 1
/ dm/ dy SIne :/ dz sma:/ dy=/ dz sinx =1 —cosl
0 0 z 0 Tz Jo 0

Here is an example which is included as an excuse to review some integration technique from CLP-2.

v/ Example 3.1.18

Find the volume under the surface z =1 —3z* —2y* and above the zy-plane.

Solution

Before leaping into integration, we should try to understand what the surface and volume look like. For each constant 2y, the
part of the surface z =1 — 3z —2y? that lies in the horizontal plane z = z; is the ellipse 32> +2y* =1 — zy. The biggest
of these ellipses is that in the zy-plane, where zy = 0. It is the ellipse 322 +2y% =1. As 2 increases the ellipse shrinks,
degenerating to a single point, namely (0, 0, 1), when zy = 1. So the surface consists of a stack of ellipses and our solid is

V={(w,y,z)|3m2+2y2 <1, O§z§1—3m2—2y2}

This is sketched in the figure below

z2=1-3z2—2°

T 3x? + 2y2 =1
The top view of the base region
R={(z,y)[32 +2y* <1}

is sketched in the figure below.

Iy

/ 1721/2
3
x

top view

Considering that the z-dependence in z =1 —3z% — 2y? is almost identical to the y-dependence in z = 1 — 32> —2y> (only
the coefficients 2 and 3 are interchanged), using vertical slices is likely to lead to exactly the same level of difficulty as using
horizontal slices. So we'll just pick one — say vertical slices.

The fattest part of R is on the y-axis. The intersection points of the ellipse with the y-axis have z =0 and y obeying
302 +2y2 =1 or y= il . So in R, 2<y< L and, for each such y, 32%<1—2y? or

Y V2
\/ﬁyT<<

. So using vertical strips as in the figure above
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— 2y2) dz dy

1-2y

Volume(V) ://R (1—3m2

:/ﬁdy/\/idw (1—3m2—2y2)

V) 3

L \/1—2y2
:4/\/2 ' dz (1—3m2—2y2)
0 0
1-2y2
3

:4/0% dy [(1—2y2)x—m3](}/

1
7z 1—2y2 2
4 1-2 —
A dy 3 [( y) 3

To evaluate this integral, we use the trig substitution’ 2y? = sin? 6, or

sin @ cosf
= dy = do
V2 MV
to give
dy

2 3/2 z
cos 6] = 8_/2 dé cos* 6
3 V54 Jo

cosf [

Volume(V 28/2d0
V) : 72

Then to integrate cos* §, we use the double angle formula®
cos(260) +1

29 _
cos” 0 = >
cos(26) +1)* 2
. costl — (cos(20)+1) _ cos (26) 42 cos(26) +1
4 4
B COS(‘;G)H +2cos(20)+1
B 4
_3 + lcos(2t9) + lcos(49)
2 8
Finally, since [;* cos(46) df = [,* cos(26) d§ =0,
8 3w m
Volume(V) = — - —= —
®) V54 82 2.6

Optional — More about the Definition of ([, f(z,y) dedy
Technically, the integral ] fR f(z,y) dz dy, where R is a bounded region in R? is defined as follows.

e Subdivide R by drawing lines parallel to the  and y axes.
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el \\
]
[ x
\\
N———

o Number the resulting rectangles contained in R, 1 through n. Notice that we are numbering all of the rectangles in R, not just
those in one particular row or column.
e Denote by AA; the area of rectangle #i.
o Select an arbitrary point (z}, y;) in rectangle #i.
n
o Form the sum ) f(z},y;)AA;. Again note that the sum runs over all of the rectangles in R, not just those in one particular

i=1
row or column.

Now repeat this construction over and over again, using finer and finer grids. If, as the size ? of the rectangles approaches zero, this
sum approaches a unique limit (independent of the choice of parallel lines and of points (x, y;)), then we define

//R f(z,y) dzdy =1lim» _ f(a},y7) AA;
i=1

& Theorem 3.1.19

If f(z,y)is continuous in a region R described by

for continuous functions B(z), T'(z), then

//R f(z,y) dz dy and lbdx[éz)z) dy f(a:,y)]

both exist and are equal. Similarly, if R is described by

c<y<d
L(y) <z <R(y)

for continuous functions L(y), R(y), then

//R f(z,y) dzdy and /cddy[/L:Zy) dz f(w,y)]

both exist and are equal.

The proof of this theorem is not particularly difficult, but is still beyond the scope of this text. The main ideas in the proof can
already be seen in §1.1.6 of the CLP-2 text. An important consequence of this theorem is

& Theorem 3.1.20. Fubini

If f(z,y)is continuous in a region R described by both

{B@S e } and {L(y§ ) }

for continuous functions B(z), T'(z), L(y), R(y), then both
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/a bdm[ /B :)z) dy f(z,y)] ] / ddy[ /L Ziy) do f(z,y)]

exist and are equal.

The hypotheses of both of these theorems can be relaxed a bit, but not too much. For example, if

R ={(z,)0<z<1,0<y<1}
f(@,y) = 1 ifz,y are both rational numbers
Y770 otherwise

then the integral ] fR f(z,y) dz dy does not exist. This is easy to see. If all of the z}'s and y}'s are chosen to be rational numbers,
then

n n
> f@g,ur) A4 =) AA; = Area(R)
i=1 i=1
But if we choose all the z's and y;'s to be irrational numbers, then

S f(a ) A4 =3 084, =0
=1 i1

n
So the limit of Y f(x},y;) AA;, as the maximum diagonal of the rectangles approaches zero, depends on the choice of points
i=1

(z},y}). So the integral [, f(z,y) dz dydoes not exist.

Here is an even more pathological 1° example.

v/ Example 3.1.21

In this example, we relax exactly one of the hypotheses of Fubini's Theorem, namely the continuity of f, and construct an
example in which both of the integrals in Fubini's Theorem exist, but are not equal. In fact, we choose
R={(z,y)|0<z<1,0<y <1} and we use a function f(z,y)that is continuous on R, except at exactly one point —
the origin.

First, let 41, 02, 03, - - - be any sequence of real numbers obeying
1=61>0>683> -+ >6,—0

For example 6,, = % or 0, = are both acceptable. For each positive integer n, let I, = (8p41, 0n] = {t|0n+1 <t <4, }

2n—1

and let g, (¢) be any nonnegative continuous function obeying

o gn(t)=0 if ¢ isnot in I,, and
. / olt)dt =1
I
There are many such functions. For example

) o [ 6, —t if 2 (Ons1 +0n) <t <6y
gn(t) = (m) t—6n+1 if5n+1 <t< %(571-&-1 —|—6n)

0 otherwise
Yy
2
On—0n41
Y =9n (t)
| | t
5n+1 671

Here is a summary of what we have done so far.
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o We subdivided the interval 0 < z <1 into infinitely many subintervals I,,. As n increases, the subinterval I, gets smaller
and smaller and also gets closer and closer to zero.

o We defined, for each n, a nonnegative continuous function g, that is zero everywhere outside of I,, and whose integral
over I, is one.

Now we define the integrand f(z, y)in terms of these subintervals I,, and functions g,, .

0 ifr=0
0 ify=0

f(z,y) =< gm(x)gn(y) ifzel,, yel,withm=n
—gm(2)gn(y) ifzel,, yel,withm=n+1
0 otherwise

You should think of (0, 1] x (0, 1] as a union of a bunch of small rectangles I,,, X I,, as in the figure below. On most of these
rectangles, f(z,y)is just zero. The exceptions are the darkly shaded rectangles I,, x I,, on the “diagonal” of the figure and the
lightly shaded rectangles I, 1 x I, just to the left of the “diagonal”.

On each darkly shaded rectangle, f(z,y) > 0 and the graph of f(z,y)is the graph of g, (z)gn (y) which looks like a pyramid.
On each lightly shaded rectangle, f(z,y) <0 and the graph of f(z,y)is the graph of —g,1(x)gn(y) which looks like a
pyramidal hole in the ground.

01

I -

‘ AN LI I Tz
(55 64 (53 (52 61
Now fix any 0 <y <1 and let's compute fol f(z,y) dz. That is, we are integrating f along a line that is parallel to the z-axis.

If y =0, then f(z,y) =0 for all z, so fol f(z,y)dz =0. If 0 <y <1, then there is exactly one positive integer n with
y € I, and f(z, y)is zero, except for z in I, or I,, ;. So fory € I,

loy)di= 3 S g)de
/ J;

m=n,n+1

:/In 9n(2)gn(y) d:c—/ gn+1(z)gn(y) dz

In+1

ZmﬂQA%@Nwwﬂw/ gn+1(z) dz

Inia

=n(y) —gn(y) =0
Here we have twice used that fIm gt)dt=1 for all m. Thus fol f(z,y)dz =0 for all y and hence
1 1
1 dy{fo dz f(w,y)] =0.

Finally, fix any 0 <« <1 and let's compute fol f(z,y) dy. That is, we are integrating f along a line that is parallel to the y-
axis. If z =0, then f(z,y) =0 for all y, so fol f(z,y)dy=0.1f 0 <z <1, then there is exactly one positive integer m
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with z € I,,. If m > 2, then f(z,y)is zero, except for y in I, and I,,_; . But, if m = 1, then f(z, y)is zero, except for y in
I;. (Take another look at the figure above.) So for z € I,,,, withm > 2,

[tevaw=3 [ e

n=m,m—1"% in

= / Im (x)gm (y) dy - / gm(w)gm—l (y) dy

Im m—1

— 4n(2) / o) B — ) / s ()

m m—1

=gn(z) — gm(z) =0

But for z € I,

/01f(a:,y)dy :/11 f(:c,y)dy:/Ilgl(a:)gl(y)dy:gl(x)/hgl(y)dy
=g ()

Thus

1 .
_Jo ifx <éy
A f(w,y)dy—{gl(m) ifrel

/Oldf”[/oldyf(w,y)] :/1191(w)da::1

The conclusion is that for the f(z,y)above, which is defined for all 0 <z <1, 0 <y <1 and is continuous except at (0, 0),

[[a] [ asei]=0 [ [ @]

and hence

Even and Odd Functions

During the course of our study of integrals of functions of one variable, we found that the evaluation of certain integrals could be
substantially simplified by exploiting symmetry properties of the integrand. Concretely, in Section 1.2.1 of the CLP-2 text, we gave
the

# Definition 3.1.22. (Definition 1.2.8 in the CLP-2 text)

Let f(z) be a function of one variable. Then,

o we say that f(z) is even when f(z) = f(—=) for all z, and
 we say that f(z) is odd when f(z) = —f(—=) for all z.

We also saw that

e f(z)=|z|, f(z) = cosz and f(x) = x? are even functions and
e f(x)=sinz, f(r) =tanz and f(z) = z* are odd functions.
o Infact, if f(z)is any even power of z, then f(z) is an even function and if f(x) is any odd power of z, then f(z) is an odd

function.

We also learned how to exploit evenness and oddness to simplify integration.

& Theorem 3.1.23. (Theorem 1.2.11 in the CLP-2 text)

Leta > 0.

1. If f(z) is an even function, then
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/j f(z)dz :2/0af(x)dx

/_: f(z)dz =0

We will now see that we can similarly exploit evenness and oddness of functions of more than one variable. But for functions of
more than one variable there is also more than one kind of oddness and evenness. In the Definition 3.1.22 (Definition 1.2.8 in the
CLP-2 text) of evenness and oddness of the function f(z), we compared the value of f at x with the value of f at —z. The points
z and —x are the same distance from the origin, 0, and are on opposite sides of 0. The point —z is called the reflection of 2 across

the origin. To prepare for our definitions of evenness and oddness of functions of two variables, we now define three different
reflections in the two dimensional world of the zy-plane.

& Definition 3.1.24

Let z and y be two real numbers.

2.If f(z) is an odd function, then

e The reflection of (z, y) across the y-axis is (—z, y).
e The reflection of (z, y) across the z-axis is (z, —y).
e The reflection of (z, y) across the origin is (—z, —y).

Y
(_zvy). '(‘T7y>
(71'1 7y). O(ZL', 7y)

« To get from the point (z, y) to its image reflected across the y-axis, you
o start from (z, y),and
o walk horizontally straight to the y-axis, and
o cross the y-axis, and

o continue horizontally the same distance as you have already travelled to (—z, y).
Here are four examples.

(=5,6) s} ——(5,6)

(=5,2) (5,2)

(=5, —2)e<— | (5,-2) "

(=5, =6) < —=(5,-6)

reflection across the y-axis
« To get from the point (z, y) to its image reflected across the z-axis, you
o start from (z,y),and
o walk vertically straight to the z-axis, and
o cross the x-axis, and

o continue vertically the same distance as you have already travelled to the reflected image (z, —y).

Here are four examples.
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(—6,—4) (—2,—-4)| (2,—-4) (6,—4)

reflection across the z-axis
« To get from the point (z, y) to its image reflected across the origin, you
o start from (z,y),and
o walk radially straight to the origin, and
o cross the origin, and

o continue radially in the same direction the same distance as you have already travelled to the reflected image (

-z, —y).
Here are three examples.

Yl 36)  (66)

(7,2)

(_77_2)

(=6,—6) (—3,-6)
reflection across the origin

For each of these three types of reflection, there is a corresponding kind of oddness and evenness.

& Definition 3.1.25

Let f(z,y)be a function of two variables. Then,
 we say that f(z,y)is even (under reflection across the origin) when f(—z, —y) = f(z, y) for all z and y, and
o we say that f(z,y)is odd (under reflection across the origin) when f(—z, —y) = —f(z, y) for all z and y

and

we say that f(z,y)is even under z — —z (i.e. under reflection across the y-axis) when f(—z,y) = f(z, y) for all z and
y, and

we say that f(z,y)is odd under z — —z (i.e. under reflection across the y-axis) when f(—z,y) = —f(z, y) for all z and
Y

and

e we say that f(z,y)is even under y — —y (i.e. under reflection across the z-axis) when f(z, —y) = f(z, y) for all z and
y, and

o we say that f(z,y)is odd under y — —y (i.e. under reflection across the z-axis) when f(z,
y.

v/ Example 3.1.26

Let m and n be two integers and set f(z,y) = z™y". Then

—y) = —f(z,y) for all z and

f=z,y) = (=2)"y" = (-)"z™y" = (-1)" f(=,y)
fl@,—y) =2™(—y)" = (-1)"2a"y" = (-1)"f(z,v)
fl=z,—y) = (—2)" ()" = (= 1)m+" "yt = (1" f(x,y)

Consequently

o if m is even, then f(z,y)is even under x — —z and
e if mis odd, then f(z,y)is odd under z — —z and
e if nis even, then f(z,y)is even under y — —y and
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e if nisodd, then f(z,y)is odd under y — —y and
e if m+mn is even, then f(z,y)is even (under reflection across the origin) and
e if m+mn is odd, then f(z,y)is odd (under reflection across the origin).

Recall from Theorem 3.1.23 (or Theorem 1.2.11 in the CLP-2 text) that we can exploit the evenness or oddness of the integrand,
f(z), of the integral [, f(z)dz to simplify the evaluation of the integral when b = —a, i.e. when the domain of integration is
invariant under reflection across the origin. Similarly, we will be able to simplify the evaluation of the double integral
f fR f(:c,y) dz dy when the integrand is even or odd and the domain of integration R is invariant under the corresponding
reflection — meaning that the reflected R is identical to the original R. Here are some details for “reflection across the y-axis”.
The details for the other reflections are similar.

o If R is any subset of the zy-plane,
the reflection of R across the y-axis = {(—=z, y)|(z,y) € R}

The set notation on the right hand side means “the set of all points (—z, y) with (z, y) a point of R”.
o In the special case ! that

R={(z,y)lc<y<d,L(y) <z < R(y)}
(see §3.1.2 on horizontal slices) then
the reflection of R across the y-axis = {(z,y)|c <y <d,—R(y) <z < —L(y)}

In the sketch below R, is the reflection of R across the y-axis.

T =

\\\\\\—w@x

z = R(y) r=—R(y)

e A subset R of the xy-plane is invariant under reflection across the y-axis (or is also known as “symmetric about the y-axis”)
when

(—z,y)isinR < (z,y)isinR
Recall that the symbol <= isread “if and only if”. In the special case that
R={(z,y)lc<y<d,L(y) <z < R(y)}
R is is invariant under reflection across the y-axis when L(y) = —R(y).

Here are some more sketches. The first sketch is of a rectangle that is invariant under reflection across the y-axis, but is not

invariant under reflection across the x-axis. The remaining three sketches show a triangle and its reflections across the y-axis,
across the z-axis and across the origin.

Y
z
(=5,-1) (5,-1)
symmetric about the y-axis R, =reflection of R across the y-axis
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Y (1,06)
(6,5)
T
(_67 _5)
(_17 _6)
R, =reflection of R across the z-axis R, =reflection of R across the origin

We are finally ready for the analog of Theorem 3.1.23 (Theorem 1.2.11 in the CLP-2 text) for functions of two variables. By way of
motivation for that theorem, consider the integral [ f(z,y)dzdy, with the integrand, f(z,y), odd under z — —z, and the
domain of integration, R, symmetric about the y-axis. Slice up R into tiny (think “infinitesmal”) squares, either by subdividing
vertical slices into tiny squares, as in §3.1.1, or by subdividing horizontal slices into tiny squares, as in §3.1.2. Concentrate on any
point (o, yo) in R.

/

(=20, %0) (w0, Y0)

The contribution to the integral coming from the square that contains (zg,yo) is (essentially 12y f (zo,v0) Az Ay. That
contribution is cancelled by the contribution coming from the square containing (the reflected point) (—zg, o), which is

f(_'TanO) Az Ay = _f(m()’y()) Az Ay

This is the case for all points (2, yo) in R. Consequently

/ f(z,y)dzdy =0
R

Here is the analog of Theorem 3.1.23 for functions of two variables.

& Theorem 3.1.27. 2d Even and Odd

1. Let R be a subset of the zy-plane that is symmetric about the y-axis. If f(z,y)is odd under x — —z, then
/ f(z,y)dzdy =0
R
Denote by R the set of all points in R that have > 0. If f(x,y)is even under z — —z, then

//fwyds:dy 2/ f(z,y) dzdy

2. Let R be a subset of the zy-plane that is symmetric about the z-axis. If f(z,y)is odd under y — —y, then
/ f(z,y)dedy =0
R
Denote by R the set of all points in R that have y > 0. If f(z,y)is even under y — —y, then
/fwyd:cdy 2/ f(z,y) dzdy
R

3. Let R be a subset of the zy-plane that is invariant under reflection across the origin. If f(z,y)is odd (under reflection
across the origin), then
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//R £(@,y) dody =0

Denote by R ;. either the set of all points in R that have z > 0 or the set of all points in R that have y > 0. If f(z,y)is
even (under reflection across the origin), then

//R f(z,y) dzdy =2 / [ Sy dzay

Proof

We will give only the proof for part (a) in the special case that
R={(z,y)lc<y<d,L(y) <z < R(y)}

In part (a), we are assuming that R is symmetric about the y-axis, so that L(y) = —R(y). So, using horizontal strips, as

described in §3.1.2,
d R(y)
// f(z,y) dzdy =/ dy/ dz f(z,y)
R c —R(y)
Fix any ¢ <y <d.

o If f(z,y)is odd under z — —=z, then f(—z,y) = —f(z,y) forall —R(y) <z < R(y) and
R(y)
[ e fe) =0
—R(y)

by part (b) of Theorem 3.1.23 (Theorem 1.2.11 in the CLP-2 text).
o If f(z,y)is even under x — —z, then f(—z,y) = f(z,y) forall —R(y) <z < R(y) and

R(y) R(y)
[ wiew-2] @iy
—R(y) 0

by part (a) of Theorem 3.1.23.

As the statements of the two bullets are true for each fixed ¢ <y < d, we have that

o if f(z,y)is odd under z — —z, then

d R(y) d
// f(m,y)dxdy=/ dy dwf(w,y)=/ dy 0
R c —R(y) c
=0

o andif f(z,y)is even under z — —z, then

//Rf(a:,y)da:dy =/cddy/_ZZjdx f(w,y)Z/cddy2/0R(y)dm f(z,y)
=2 ff sy

The proof of part (a) when R is not of the form
R={(z,y)lc<y<d,L(y) <z < R(y)}
(for example if R has holes in it) is most easily done using the change of variables * = —u, y = v in Theorem 3.8.3, which is
part of the optional §3.8.
The proof of part (b) is similar to the proof of part (a).

The proof of part (c) is most easily done using the change of variables x = —u, y = —v in Theorem 3.8.3, which is part of the
optional §3.8.

https://math.libretexts.org/@go/page/89215



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89215?pdf

LibreTexts"

v Example 3.1.28. [[, " sin(y + ¢°) dzdy

Evaluate the integral

// e”sin(y +y°) dedy
R

over the triangular region R in the sketch

Solution
Start by checking the evenness and oddness properties of the integrand f(z,y) = €” sin(y + y3). Since
f(-z,y) =e *sin(y +y°)
fla,—y) =e"sin(—y+(-y)*) =€ sin(—y —y°) = —esin(y +¢°)
= _f(wa y)
f—e,~y) = —e "sin(y +y°)

the integrand is odd under y — —y but is neither even nor odd under x — —z and (z,y) — —(z, y). Fortunately (or by
rigging), the domain of integration R is invariant under y — —y (i.e. is symmetric about the z-axis) and so

// e”sin(y +y°) dedy =0
R

by part (b) of Theorem 3.1.27 (Theorem 1.2.11 in the CLP-2 text).

v/ Example 3.1.29. ffR(xey + ye” + ze™ + 7) dzdy

Evaluate the integral
// (ze? +ye* +xze™ +7)dzdy
R

over the region R whose outer boundary is the ellipse 22 +4y? = 1.
Solution

First, let's sketch the ellipse #2 +4y2 = 1. Notice that its z intercepts are the points (x, 0) that obey 22 +4(0)2 =1. So the
z-intercepts are (+1,0). Similarly its y intercepts are the points (0,%) that obey 0?4+ 4y® =1. So the y-intercepts are
(0,£1/2).Here is a sketch of R.

y
(0,1/2)

From the sketch, it looks like R is invariant under z — —z (i.e. is symmetric about the y-axis) and is also invariant under
y — —y (i.e. is symmetric about the z-axis) and is also invariant under (z,y) — —(z, y). It is easy to check analytically that
this is indeed the case. The point (x,v) is in R if and only if it is inside 22 +4y? =1. That is the case if and only if
x? +4y% < 1. Since

(—z)% +4y? = 2% + (—4y)? = ()2 +4(—y)? = 2% + 4y

we have
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(z,y)isinR <= (—=z,y)isinR
<~ (z,—y)isinR
< (—z,—y)isinR

Now let's check the evenness and oddness properties of the integrand.

f(z,y) =z’ +ye® +ze®¥ +7

f(—z,y) =—ze¥ +ye ™ —ze ™ 47

f(z, y) =ze ¥ —ye* +ze™ +7
—y) =

—ze ¥ —ye © —ze™ +7

f(-=

So f(z,y) is neither even nor odd under any of z — —z, y — —y, and (z,y) — —(z, y). BUT, look at the four terms of
f(z,y) separately.

o The first term of f(x,y),namely ze¥, is odd under x — —z.

e The second term of f(z,y), namely ye”, is odd under y — —y.

e The third term of f(z,y),namely ze®™, is odd under (z,y) — —(z, y).

e The fourth term of f(z,y),namely 7, is even under all of z — —z, y — —y, and (z,y) — —(z, y).

So, by parts (a), (b) and (c) of Theorem 3.1.27, in order,

// (ze? +ye® +ze™ +7) dzdy
R
// eyda;dy—i—// ye® dmdy+// me””yda:dy—}-7/ dzdy
=0+0+0+7Area(R

Since R is an ellipse with semi-major axis a = 1 and semi-minor axis b = 5, it has area wab = 57r and

//R (ze¥ +ye” +ze™ +7)dedy = Ix

Exercises
Stage 1
?1

For each of the following, evaluate the given double integral without using iteration. Instead, interpret the integral as, for
example, an area or a volume.

/ / dy dz

Va2
/ / dx dy
9 —y2
3./ / \/9—2%—y? dzdy
-3Jo

?22

Let f z,y) = 12z2%y3. Evaluate

https://math.libretexts.org/@go/page/89215


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89215?pdf

LibreTexts"

4./0:/0:f(z,y)dydm
5./0 /0 f(z,y)dz dy

Stage 2

Questions 3.1.7.3 through 3.1.7.8 provide practice with limits of integration for double integrals in Cartesian coordinates.

?3

For each of the following, evaluate the given double integral using iteration.
1. // (.132 +y2) dx dy where R is the rectangle 0 <z <a, 0 <y <b wherea >0 and b > 0.
R

2. // (z —3y) dz dy where T is the triangle with vertices (0, 0), (a,0), (0, b).
T

3. / / zy? dz dy where R is the finite region in the first quadrant bounded by the curves y = z? and z = y°.

R
4. / / x cosy dx dywhere D is the finite region in the first quadrant bounded by the coordinate axes and the curve
D

y=1—2x2
5./ 2eydacdywhereRistheregionOgnlc§1, z? <y<z.
RY

6. // %Y e dy where T is the triangle with vertices (0, 0), (0,1), (1,1).
71+

For each of the following integrals (i) sketch the region of integration, (ii) write an equivalent double integral with the order of
integration reversed and (iii) evaluate both double integrals.

/ dx / dy
4— 2y
) dy/
4— 2y
1 3;E+2
38 / dz /
r2+4x

Combine the sum of the two iterated double integrals

y=1 y=2 r=2—y
/ / (z,y dxdy—i—/ / f(z,y) dz dy
=1 =0

into a single iterated double integral with the order of integration reversed.

Consider the integral

1 pl
/ / e”/Y dy dz
0 z
1. Sketch the domain of integration.

2. Evaluate the integral by reversing the order of integration.
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The integral I is defined as

NCRW 4
1= [[ teyaa= " [Viepawar [ [ ey
R 1 1/y V2 Jy/2
1. Sketch the region R.

2. Re--write the integral I by reversing the order of integration.
3. Compute the integral I when f(z,y) =z /y.

A region E in the xy--plane has the property that for all continuous functions f

Jewan= ([ st]as

1. Compute [ 2 dA.
2. Sketch the region E.
3.Setup [[;z dA as an integral or sum of integrals in the opposite order.

Calculate the integral:

//D sin(y?) dA

where D is the region bounded by z +y =0, 2z —y =0, and y = 4.

? 10. %

Consider the integral

L rl sin(rz?)
I= / / —~ dzdy
0 Jyy T

1. Sketch the region of integration.
2. Evaluate I.

? 11 %

Let I be the double integral of the function f(z,y) = y? sinzy over the triangle with vertices (0, 0), (0,1) and (1,1) in the
zy--plane.

1. Write I as an iterated integral in two different ways.
2. Evaluate 1.

? 12 %

Find the volume (V') of the solid bounded above by the surface

z:f(may):eiza

below by the plane z = 0 and over the triangle in the zy--plane formed by the linesz =1,y =0 and y = x.
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1 2—y
Consider the integral I = / / g dx dy.
0 Y T

1. Sketch the region of integration.
2. Interchange the order of integration.
3. Evaluate I.

? 14. %

For the integral

1. Sketch the region of integration.
2. Evaluate 1.

1. D is the region bounded by the parabola y? = z and the line y = £ — 2. Sketch D and evaluate J where

J:// 3ydA
D

2. Sketch the region of integration and then evaluate the integral I :

4 1

I:// e¥ dydex
0 Jiyz

? 16. %

Consider the iterated integral

0 p2
/ / cos(z?) dz dy
—4 \/Ty

1. Draw the region of integration.
2. Evaluate the integral.

? 17. %

1. Combine the sum of the iterated integrals

I:/Ol/_jzf(x,y)dzdy—i—/fL_ff(m,y)dxdy

into a single iterated integral with the order of integration reversed.
2. Evaluate T if f(z,y) = ¢

2—z°
? 18. %

Let

I=/04/¢;8_yf(m,y)dmdy
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1. Sketch the domain of integration.
2. Reverse the order of integration.
3. Evaluate the integral for f(z,y) =

Evaluate

1
(1+y)?

0 2z ,
// e’ dydz
—1J-2

Let

I:/02/0zf(m,y)dydx—i—/:/omf(x,y)dydw

Express I as an integral where we integrate first with respect to .

Consider the domain D above the z--axis and below parabola y = 1 —z? in the zy--plane.

1. Sketch D.
2. Express

//D fz,y)dA

as an iterated integral corresponding to the order dz dy. Then express this integral as an iterated integral corresponding to
the order dy dz.
3. Compute the integral in the case f(x,y) = e*~(=*/3),

? 22 %

LetI = [l [ 2 sin(y?®) dy de.

1. Sketch the region of integration in the zy--plane. Label your sketch sufficiently well that one could use it to determine the
limits of double integration.
2. Evaluate 1.

Consider the solid under the surface z =6 — xy, bounded by the five planes x =0, x =3, y =0, y =3, z=0. Note that no
part of the solid lies below the z--y plane.

1. Sketch the base of the solid in the 2y--plane. Note that it is not a square!
2. Compute the volume of the solid.

? 24 %

Evaluate the following integral:

2 p4
/ / cos (y3/2) dy dx
-2 Jz?
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Consider the volume above the xy-plane that is inside the circular cylinder 2 +y2 =2y and underneath the surface
z=8+42zxy.

1. Express this volume as a double integral I, stating clearly the domain over which I is to be taken.

2. Express in Cartesian coordinates, the double integral I as an iterated intergal in two different ways, indicating clearly the
limits of integration in each case.

3. How much is this volume?

? 26. %

Evaluate the following integral:

9 p3
/ / sin(rz?) dzdy
0 Ju

? 27. %

The iterated integral

1 Vz
I:/ [/ sin (y3 —3y) dy| dz
0 -V

is equal to [[, sin (y3 —3y) dA for a suitable region R in the zy-plane.

1. Sketch the region R.
2. Write the integral I with the orders of integration reversed, and with suitable limits of integration.
3.Find I.

Find the double integral of the function f(z,y) = zy over the region bounded by y = z — 1 and y* = 2z +6.

Stage 3

Find the volume of the solid inside the cylinder 2> 4 2y* = 8, above the plane z =y — 4 and below the plane z = 8 — z.

1. By the “smallest” = we mean the x farthest to the left along the number line, not the x closest to 0.
2. This theorem is named after the Italian mathematician Guido Fubini (1879--1943).

3. Think of the part of V that is above the strip as being a thin slice of bread. Then the factor dy in dy |, L}??(ﬁ) dz f(z,y)is the

thickness of the slice of bread. The factor |’ L}?LZ)’) dz f(z,y) is the surface area of the constant y cross-section

{(z,2)|L(y) <z <R(y), 0 <z< f(z,y)}, i.e.the surface area of the slice of bread.
4. Tt also has two complex solutions that play no role here.

2
5. Perhaps the best known function whose antiderivative cannot be expressed in terms of elementary functions is e™® . It is the

integrand of the error function erf(z) = 2 [ d¢ thatis used in computing “bell curve” probabilities. See Example

/= Jo
3.6.10 in the CLP-2 text.
. See, for example, Example 3.6.10 in the CLP-2 text.
. See §1.9 in the CLP-2 text for a general discussion of trigonometric substitution.
. We weren't joking about his being a good review of single variable integration techniques. See Example 1.8.8 in the CLP-2 text.
. For example, let p; be the perimeter of rectangle number ¢ and require that max; <;<,, p; tends to zero. This way both the
heights and widths of all rectangles also tend to zero.

© 00 N D
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10. For mathematicians, “pathological” is a synonym for “cool”.

11. Here L(y) (“L” stands for “left”) is the leftmost allowed value of z when the y-coordinate is y, and R(y) (“R” stands for
“right”) is the rightmost allowed value of z, when the y-coordinate is y.

12. In this motivation, we suppress the Az — 0 and Ay — 0 limits.

This page titled 3.1: Double Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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3.2: Double Integrals in Polar Coordinates

So far, in setting up integrals, we have always cut up the domain of integration into tiny rectangles by drawing in many lines of
constant z and many lines of constant y.

X

There is no law that says that we must cut up our domains of integration into tiny pieces in that way. Indeed, when the objects of
interest are sort of round and centered on the origin, it is often advantageous?! to use polar coordinates, rather than Cartesian
coordinates.

Polar Coordinates

It may have been a while since you did anything in polar coordinates. So let's review before we resume integrating.

& Definition 3.2.1

The polar coordinates ? of any point (z, y) in the zy-plane are

r = the distance from (0, 0) to (z,y)
0 = the (counter-clockwise) angle between the z-axis
and the line joining (z, y) to (0, 0)

y (z,y)

Cartesian and polar coordinates are related, via a quick bit of trigonometry, by

& Equation 3.2.2

x =rcosf y =rsinf
r=,/zt+y? 9 = arctan 2
x

The following two figures show a number of lines of constant 8, on the left, and curves of constant r, on the right.

Y

N

)
‘y//// x
lines of constant 6 “curves of constant 7
Note that the polar angle 6 is only defined up to integer multiples of 2. For example, the point (1, 0) on the z-axis could have
0 =0, but could also have # =27 or § = 4. It is sometimes convenient to assign 6 negative values. When 6 < 0, the counter-

clockwise 3 angle @ refers to the clockwise angle ||. For example, the point (0, —1) on the negative y-axis can have § = —% and

can also have 8 = 32—”
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371'/2

X

‘rr/2
r=10=—7/ 0 =37,

It is also sometimes convenient to extend the above definitions by saying that z = rcosf and y = rsin 6 even when r is negative.

For example, the following figure shows (z,y)forr =1, § = 7 and forr = -1, 6 = 7.

Y
r=1,0="/

(/A

r=—1,0="/.

Both points lie on the line through the origin that makes an angle of 45° with the z-axis and both are a distance one from the origin.
But they are on opposite sides of the the origin.

Polar Curves

Here are a couple of examples in which we sketch curves specified by equations in terms of polar coordinates.

v/ Example 3.2.3. The Cardioid

Let's sketch the curve
r=1++cosf

Our starting point will be to understand how 1 4 cos @ varies with 6. So it will be helpful to remember what the graph of cos

looks like for 0 < 6 < 2.
1 / y = cosf
0

From this we see that the graph of y =1 + cos@ is

2 y =1+ cost

—0

2m

wls—
2
ol

Now let's pick some easy € values, find the corresponding r's and sketch them.

e When =0, wehaver =1+cos0=1-+1=2. To sketch the point with § =0 and r = 2, we first draw in the half-line
consisting of all points with # =0, r > 0. That's the positive z-axis, sketched in gray in the leftmost figure below. Then we
put in a dot on that line a distance 2 from the origin. That's the red dot in the first figure below.

o Now increase 6 a bit (to another easy place to evaluate), say to § = %. Aswe dosor=1+cos6 decreases to

r=1+cos % =14 ? =~ 1.87. To sketch the point with § = % and r ~ 1.87, we first draw in the half-line consisting

of all points with § = %, r > 0. That's the upper gray line in the second figure below. Then we put in a dot on that line a

@ 0 a @ 3.2.2 https://math.libretexts.org/@go/page/89216
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distance 1.87 from the origin. That's the upper red dot in the second figure below.

Y Y Yy ;
T
0=0
o Now increase 6 still more, say to

o f=2 2n _

b 3
o followed by § = Tﬂ L
o followed by 6 = ? Z,
o followed by 6 = Tﬂ
o followed by § = &% = 7.

As 0 increases, r =1 +cos @ decreases, hitting 7 =1 when 6 = 7 and ending at 7 = 0 when 6 = 7. For each of these 6's,
we first draw in the half-line consisting of all points with that 8 and r > 0. Those are the five gray lines in the figure on the
right above. Then we put in a dot on each @-line a distance r =1+ cosé from the origin. Those are the red dots on the
gray lines in the figure on the right above.

e We could continue the above procedure for 7 < 6 < 27. Or we can look at the graph of cos 6 above and notice that the
graph of cosf for m < 6 < 27 is exactly the mirror image about 0 = m, of the graph of cos @ for 0 <8 <.

h /y_cosa

l
2

That is, cos(m 4 0) = cos(m — ) so that (7w +6) =r(w —6). So we get the figure.

I

T

o Finally, we fill in a smooth curve through the dots and we get the graph below. This curve is called a cardioid because it

looks like a heart4.
Yy

r =1+ cos(f)

v/ Example 3.2.4. The Three Petal Rose

Now we'll use the same procedure as in the last example to sketch the graph of
r =sin(36)

Again it will be useful to remember what the graph of sin(36) looks like for 0 < 6 < 2.
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ANANAY
T T T T 9
1j

o We'll first consider 0 <6 < %, so that 0 < 36 <. On this interval r(0) = sin(36)

o starts with 7(0) = 0, and then

o increases as # increases until

o 30=1I,ie 0=2Z, where r(%) =1, and then
o decreases as 0 increases until

o3|
ol

I

3) =0, again.

o 30=m,ie 6= 7, where r(

Here is a table giving a few values of r(6) for 0 <6 < 3. Notice that we have chosen values of § for which sin(36) is
easy to compute.

9 36 r(6)

0 0 0

z z % ~0.71
) 3 1

3 i F~07
dn s 0

and here is a sketch exhibiting those values and another sketch of the part of the curve with 0 <6 < 7

Yy O0=7/3 Y 0=r/3

0=7/6

—9

T T
o Next consider £ <6 < 2?”, so that w < 36 < 2. On this interval r(0) = sin(36)

o starts with r(%) =0, and then

o decreases as 6 increases until
o 30= %, ie. 0= 7, where r(%) = —1, and then
o increases as 6 increases until

27

o 30=2m,ie 0=2, wherer(%

) =0, again.
We are now encountering, for the first time, r(6)'s that are negative. The figure on the left below contains, for each of
g=4r _m St 6r __m Tm .q 81 _ 27
T 1273 120 12 T 20 12 12~ 3
o the (dashed) half-line consisting of all points with that # and » < 0 and

o the dot with that 6 and r(6) = sin(36).

2

The figure on the right below provides a sketch of the part of the curve r = sin(36) with T<O< I
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0=27/3 Y Og=n/3 o=2n/3 Y o=/

B R T |

o Finally consider 2?” <0 <m (because r(f+m) =sin(30+ 37) = —sin(30) = —r(), the part of the curve with
m < 0 <27 just retraces the part with 0 < 8 < ), so that 27 < 30 < 37. On this interval () = sin(36)
o starts with r(%”) =0, and then
o increases as 6 increases until
o 30= %, ie 0= 110—2”, where r(5—2") =1, and then
o decreases as 6 increases until

o 30=23m,ie 0= 112—2” =, where r(m) =0, again.

i i — 8 _ 2r 97 10m 1llm 127 _
The figure on the left below contains, for each of § = 33 = <F, 15, <oF, S5 and S5 =

o the (solid) half-line consisting of all points with that  and » > 0 and
o the dot with that 6 and r(6) = sin(36).
The figure on the right below provides a sketch of the part of the curve r» = sin(36) with % <f<m.

g=2r/3 y 6=2m/3 y

Putting the three lobes together gives the full curve, which is called the “three petal rose”.

0=2m/3 Y 0=/3

r = sin(30)

There is an infinite family of similar rose curves (also called rhodonea ® curves).

Integrals in Polar Coordinates

We now return to the problem of using polar coordinates to set up double integrals. So far, we have used Cartesian coordinates, in
the sense that we have cut up our domains of integration into tiny rectangles (on which the integrand is essentially constant) by
drawing in many lines of constant z and many lines of constant y. To use polar coordinates, we instead draw in both lines of
constant 8 and curves of constant r. This cuts the zy-plane up into approximate rectangles.

@ 0 a @ 3.2.5 https://math.libretexts.org/@go/page/89216


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89216?pdf

LibreTexts"

Here is an enlarged sketch of one such approximate rectangle.

/Qrdé
.

,,H9/<_,,—‘/‘ dr

One side has length dr, the spacing between the curves of constant 7. The other side is a portion of a circle of radius r that
subtends, at the origin, an angle d6, the angle between the lines of constant . As the circumference of the full circle is 277 and as
dé is the fraction g—fr of a full circle®, the other side of the approximate rectangle has length g—fr27rr =rd6. So the shaded region
has area approximately

& Equation 3.2.5

dA =rdrdé

By way of comparison, using Cartesian coordinates we had dA = dz dy.

This intuitive computation has been somewhat handwavy ’. But using it in the usual integral setup procedure, in which we choose
dr and df to be constants times % and then take the limit n — 0, gives, in the limit, error exactly zero. A sample argument, in
which we see the error going to zero in the limit n — oo, is provided in the (optional) section §3.2.4.

v/ Example 3.2.6. Mass

Let 0 <a < b <27 be constants and let R be the region
R ={(rcosé,rsinf)|a <6 <b,B(0) <r<T(6)}

where the functions 7'(¢) and B(6) are continuous and obey B(f) <T'(6) for all a <0 <b. Find the mass of R if it has
density f(z,y).
Solution
The figure on the left below is a sketch of R. Notice that » = T'(6) is the outer curve while » = B(6) is the inner curve.
0=10
Y

r=T()""] 0+d6

Divide R into wedges (as in wedges of pie® or wedges of cheese) by drawing in many lines of constant @, with the various
values of 0 differing by a tiny amount df. The figure on the right above shows one such wedge, outlined in blue.

Concentrate on any one wedge. Subdivide the wedge further into approximate rectangles by drawing in many circles of
constant r, with the various values of r differing by a tiny amount dr. The figure below shows one such approximate rectangle,
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in black.
y 0=0b
r=T(0)""] 0+do
)
dr
0=a
r = B(6)-
T

Now concentrate on one such rectangle. Let's say that it contains the point with polar coordinates  and 8. As we saw in 3.2.5

above,

o the area of that rectangle is essentially dA = r dr d6.

¢ As the mass density on the rectangle is essentially f (r cosf, rsin 6’), the mass of the rectangle is essentially
f(rcosé‘, rsinO) rdr dé.

o To get the mass of any one wedge, say the wedge whose polar angle runs from 6 to  +df, we just add up the masses of
the approximate rectangles in that wedge, by integrating r from its smallest value on the wedge, namely B(6), to its largest
value on the wedge, namely T'(). The mass of the wedge is thus

T(6)
d6‘/ drrf(rcos&,rsin@)
B(6)

« Finally, to get the mass of R, we just add up the masses of all of the different wedges, by integrating 6 from its smallest
value on R, namely a, to its largest value on R, namely b.

In conclusion,

b 7(6)
Mass(R) :/ dHL(G) drr f(rcosf, rsinf)

We have repeatedly used the word “essentially” above to avoid getting into the nitty-gritty details required to prove things
rigorously. The mathematically correct proof of 3.2.7 follows the same intuition, but requires some more careful error bounds,
as in the optional §3.2.4 below.

In the last example, we derived the important formula that the mass of the region
R={(rcosf,rsinf)|a <0<b,B#) <r<T()}

with mass density f(z,y)is

& Equation 3.2.7

b 7(6)
Mass(R) :/ d@/B(g) drr f(rcos, rsin)

We can immediately adapt that example to calculate areas and derive the formula that the area of the region
R={(rcosf,rsinf)|a <0<b,0<r<R(0)}

is

& Equation 3.2.8
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We just have set the density to 1. We do so in the next example.

v/ Example 3.2.9. Polar Area

Let 0 < a < b <27 be constants. Find the area of the region

R ={(rcosé,rsinf)|a <6<b,0<r<B()}
where the function R(f) > 0 is continuous.

Solution

To get the area of R we just need to assign it a density one and find the resulting mass. So, by 3.2.7, with f(z,y) =1,
B(#) =0 and T(6) = R(9),

b R(6)
Area(R) = / de / drr
a 0

In this case we can easily do the inner 7 integral, giving
1 b
Area(R) = 5 / R(6)2 d6

The expression %R(@)2 df in 3.2.8 has a geometric interpretation. It is just the area of a wedge of a circular disk of radius
R(0) (with R(6) treated as a constant) that subtends the angle d6.

Y

To see this, note that area of the wedge is the fraction % of the area of the entire disk, which is mR()2. So 3.2.8 just says that
the area of R can be computed by cutting R up into tiny wedges and adding up the areas of all of the tiny wedges.

v Example 3.2.10. Polar Area

Find the area of one petal of the three petal rose 7 = sin(30).
Solution
Looking at the last figure in Example 3.2.4, we see that we want the area of
R= {(rcos@, rsin)|0 <60 < %, 0<r< sin(30)}
So, by 3.2.8 with a =0, b = %, and R(6) = sin(30),
1[5,
area(R) = o / sin?(36) d9
0
1 (%
- (1 —cos(66)) dé
4 Jo
17, 1 g
=1 [9— Esin(60)] .
-
12
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In the first step we used the double angle formula cos(2¢) = 1 — 2sin?(¢). Unsurprisingly, trig identities show up a lot when
polar coordinates are used.

v Example 3.2.11. Volumes Using Polar Coordinates

A cylindrical hole of radius b is drilled symmetrically (i.e. along a diameter) through a metal sphere of radius a > b. Find the
volume of metal removed.

Solution

Let's use a coordinate system with the sphere centred on (0, 0,0) and with the centre of the drill hole following the z-axis. In
particular, the sphere is 2> +y% + 22 < a?.

Here is a sketch of the part of the sphere in the first octant. The hole in the sphere made by the drill is outlined in red. By
symmetry the total amount of metal removed will be eight times the amount from the first octant.

z

x2+y2+22=a2

Ry

/
x

That is, the volume of metal removed will be eight times the volume of the solid

Vi={@u @y R, 0222 /e —a? - |

where the base region
Ri={(z,9)|z* +4* <V, 2 >0,y >0}

In polar coordinates
V= {(rcosﬁ,rsine, 2)|(rcosf,rsind) € Ry, 0 <2< /a? —1"2}
R = {(rcos@,rsin0)|0 <r<b,0<60< g}

We follow our standard divide and sum up strategy. We will cut the base region R into small pieces and sum up the volumes
that lie above each small piece.

e Divide R, into wedges by drawing in many lines of constant 6, with the various values of @ differing by a tiny amount dé.

The figure on the left below shows one such wedge, outlined in blue.
z z
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o Concentrate on any one wedge. Subdivide the wedge further into approximate rectangles by drawing in many circles of
constant r, with the various values of r differing by a tiny amount dr. The figure on the right above shows one such
approximate rectangle, in black.

« Concentrate on one such rectangle. Let's say that it contains the point with polar coordinates = and 6. As we saw in 3.2.5
above,

o the area of that rectangle is essentially dA = r dr d#.

o The part of V; that is above that rectangle is like an office tower whose height is essentially /a? — r? , and whose base
has area dA = r dr df. It is outlined in black in the figure below. So the volume of the part of V; that is above the
rectangle is essentially v/a2 —r2 rdr dé.

z

/
X

o To get the volume of the part of ; above any one wedge (outlined in blue in the figure below), say the wedge whose polar
angle runs from 6 to 8+ df, we just add up the volumes above the approximate rectangles in that wedge, by integrating r
from its smallest value on the wedge, namely 0, to its largest value on the wedge, namely b. The volume above the wedge
is thus

b a’-b? du
72 _ au
d0/0 drry/a®—7r d@/u2 _2\/5

where u = a? — 7%, du = —2rdr
a?—b?

432
B d0|: -3 :|a,2

1 3/2
=~ dpfa’ — (a2 —1%) "]
3
Notice that this quantity is independent of 6. If you think about this for a moment, you can see that this is a consequence of

the fact that our solid is invariant under rotations about the z-axis.

z

/
x

« Finally, to get the volume of V;, we just add up the volumes over all of the different wedges, by integrating 6 from its
smallest value on Ry, namely 0, to its largest value on R;, namely .
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Volume(V;) =

/07r/2 do [a3 - (a2 - b2) 3/2]

{az _ (a2 —b2) 3/2]

oy w|=

o In conclusion, the total volume of metal removed is
Volume(V) = 8 Volume(V;)

_ 4?” [a3 . (a2 —b2) 3/2]

Note that we can easily apply a couple of sanity checks to our answer.

o If the radius of the drill bit b = 0, no metal is removed at all. So the total volume removed should be zero. Our answer does
indeed give 0 in this case.

o If the radius of the drill bit b = a, the radius of the sphere, then the entire sphere disappears. So the total volume removed
should be the volume of a sphere of radius a. Our answer does indeed give §7ra:3 in this case.

o If the radius, a, of the sphere and the radius, b, of the drill bit are measured in units of meters, then the remaining volume

4?” [a3 — (a® —b%) 3/ 2} , has units meters?, as it should.

The previous two problems were given to us (or nearly given to us) in polar coordinates. We'll now get a little practice converting
integrals into polar coordinates, and recognising when it is helpful to do so.

v/ Example 3.2.12. Changing to Polar Coordinates

Convert the integral fol foz y+/x2 +y?2 dy dz to polar coordinates and evaluate the result.
Solution

First recall that in polar coordinates =7 cos, y = rsinf and dr dy = dA = rdr df so that the integrand (and dA)

ywﬂgzlzgdydw=%rﬂn9)rrdrd9=’ﬁﬁn9drd9

is very simple. So whether or not this integral will be easy to evaluate using polar coordinates will be largely determined by the
domain of integration.

So our main task is to sketch the domain of integration. To prepare for the sketch, note that in the integral

1 & 1 @
/ / yy/ 2’ +y° dydw:/ dz [/ dyyw/m2+y2]
o Jo 0 0

o the variable x runs from 0 to 1 and
o for each fixed 0 <z <1, yruns from 0 to .
So the domain of integration is

D={(z,y)l0 <z <1, 0<y <z}

which is sketched in the figure on the left below. It is a right angled triangle.

y y:x y 9:#/4
T:cols(?
r=1
D
x x

Next we express the domain of integration in terms of polar coordinates, by expressing the equations of each of the boundary
lines in terms of polar coordinates.
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e The z-axis, i.e. y =7sinf =0, is § =0.

e Thelinez =1isrcos@=1orr=——.
cos 6

o Finally, (in the first quadrant) the line

sin 6
y=x <= rsinf=rcosf < tanf=

™
:]_ = —
~— 0 1

So, in polar coordinates, we can write the domain of integration as

RZ{(T,Q)IOSGS%’ Usps 00189}

We can now slice up R using polar coordinates.

e Divide R into wedges by drawing in many lines of constant 6, with the various values of 6 differing by a tiny amount df.
The figure on the right above shows one such wedge.
o The first wedge has 8 = 0.
o The last wedge has 6 = 7.

o Concentrate on any one wedge. Subdivide the wedge further into approximate rectangles by drawing in many circles of

constant 7, with the various values of r differing by a tiny amount dr. The figure on the right above shows one such
approximate rectangle, in black.

o The rectangle that contains the point with polar coordinates r and 6 has area (essentially) r dr d6.
o The first rectangle has » = 0.

1

o The last rectangle has r = ——.
COos

So our integral is

y 1:2+y2

1 T /4 @ e N

/ / yy/ 22 +y? dydz :/ d0/ dr r(r?sin6)
o Jo 0 0

Because the r-integral treats # as a constant, we can pull the sin @ out of the inner r-integral.

1 pz /4 ﬁ
/ / yy/ 2 +y? dydx :/ df sinf dr 3
o Jo 0 0

1 TI'/4
== / dé sin6 !
4 J, cost

Make the substitution

u = cosf, du = —sinf df

When 0 =0, u =cosf=1 andwhent?:%, u=cosf=—=. So

[ 2 2
yr/z° +y dyda::—/ —du)—
/0/0 4/ (~du)

ul

S

(w22 1
i), -nbve-

v/ Example 3.2.13. Changing to Polar Coordinates
b 2
Evaluate / e dx.
0

Solution

This is actually a trick question. In fact it is a famous trick question °.
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The integrand e~ does not have an antiderivative that can be expressed in terms of elementary functions9. So we cannot
evaluate this integral using the usual Calculus II methods. However we can evaluate it's square

[o¢] 2 o0 [o¢] [o¢] [o¢]
[/ e dx] :/ e dz / eV dy :/ dw/ dy eV’
0 0 0 0 0

precisely because this double integral can be easily evaluated just by changing to polar coordinates! The domain of integration
is the first quadrant {(z, y)|z >0, y >0} . In polar coordinates, dzdy = r drdf and the first quadrant is

{(7‘0050, rsinf)|r >0, 0 <6< %}

00 ) 2 00 00 s /2 00 s
[/ e’ dx] :/ dac/ dye ™Y :/ dt9/ drre”
0 0 0 0 0

As r runs all the way to +o00, this is an improper integral, so we should be a little bit careful.

00 , 2 /2 R s
{/ e’ dm] = lim d9/ drre™
0 R—o00 0 0

/2 R? du
= lim d0/ — e where w =72, du = 2rdr
R—o00 0 0 2

/2 R

So

—Uu

— lim a9 [—e—]
R—o0 0 2 0
= lim

and so we get the famous result

v/ Example 3.2.14

Find the area of the region that is inside the circle » = 4 cos 8 and to the left of the line z = 1.
Solution

First, let's check that 7 =4 cos@ really is a circle and figure out what circle it is. To do so, we'll convert the equation
r =4 cosf into Cartesian coordinates. Multiplying both sides by r gives

r =4rcosf — 2’4y’ =4z — (z—2)2+y2=4

So r =4 cos# is the circle of radius 2 centred on (2,0). We'll also need the intersection point(s) of z =rcosf=1 and
r =4 cosf. At such an intersection point

1
rcos@=1, r=4cosf — =4cosf
cosf
== c052¢9:l
4
1 .
— cos0:§ since rcosfd=1>0
T
= 0=+—
3

Here is a sketch of the region of interest, which we'll call R.
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:7\'3
4=
r =4cosf

7=l

We could figure out the area of R by using some high school geometry, because R is a circular wedge with a triangle
removed. (See Example 3.2.15, below.)

1y
[/

Instead, we'll treat its computation as an exercise in integration using polar coordinates.

As R is symmetric about the x-axis, the area of R is twice the area of the part that is above the z-axis. We'll denote by R the
upper half of R. Note that we can write the equation = 1 in polar coordinates as r = Tlso' Here is a sketch of R;.

0 =r/3
.
0 >7f/3./'l/—r = 4cosf
6 <m/3
Ra
x
ro 1

cos 0

Observe that, on R, for any fixed 6 between 0 and %,

e if 6 < %, then r runs from 0 to Tlso’ while

o if6> %, then  runs from 0 to 4 cos 6.

This naturally leads us to split the domain of integration at 6 = Z:
9

/3 1/ cos /2 4 cos 6
Area(R;) :/ d0/ drr—i—/ d0/ drr
0 0 /3 0

Asfrd'r':%—i—C,
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/3 2 /2
Area(R;) :/ de se(; 6 —|—/ df 8 cos® 0
0 T,

/3
1 77/3 7|'/2
= —tanﬂ’ +4/ df [1+ cos(26)]
2 0 /3
q /2
_ V3 4 [0+ sm(20)]
2 2 |
VB [x B
R R
_ 2 /8
32

and

Area(R) =2Area(R;) = 4?77 -3

v Example 3.2.15. Optional — Example 3.2.14 by high school geometry

We'll now again compute the area of the region R that is inside the circle 7 = 4 cos 6 and to the left of the line x = 1. That was
the region of interest in Example 3.2.14. This time we'll just use some geometry. Think of R as being the wedge W, of the
figure on the left below, with the triangle 7, of the figure on the right below, removed.

=l @ = 1l

o First we'll get the area of W. The cosine of the angle between the x axis and the radius vector from C to A is % So that

. N Co . 2m/3
angle is % and W subtends an angle of 2?" The entire circle has area 722, so that W, which is the fraction 2 % of the

27
full circle, has area 4—;‘.
o Now we'll get the area of the triangle 7. Think of 7 as having base BD. Then the length of the base of 7™ is 2+/3 and the

height of 7 is 1. So 7 has area 3 (2v/3)(1) = /3.
All together

Area(R) = Area(W) — Area(T) = 4_37r -3

We used some hand waving in deriving the area formula 3.2.8: the word “essentially” appeared quite a few times. Here is how do
that derivation more rigorously.

Optional— Error Control for the Polar Area Formula>
Let 0 <a < b <27. InExamples 3.2.6 and 3.2.9 we derived the formula

1 b
A= 5/ R(0) do
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for the area of the region
R= {(rcosO,rsinH)ia <0<b, 0<r< R(G)}

In the course of that derivation we approximated the area of the shaded region in

/Qrd&
r-

do T A

by dA = rdrdé.

We will now justify that approximation, under the assumption that
0<RO<M |R'(0)| <L
forall a <0 <b. Thatis, R(6) is bounded and its derivative exists and is bounded too.

Divide the interval @ < 0 < b into n equal subintervals, each of length Af = b;na Let 6% be the midpoint of the #*® interval. On
the *® interval, 6 runs from 0 — %AG to 0% + %AB.

By the mean value theorem
R(6) — R(6;) = R'(c)(6—6;)
for some ¢ between 6 and 6. Because |R'(6)| < L
|R(6) — R(67)| < L0 6]
This tells us that the difference between R(6) and R(6}) can't be too big compared to |6 — 6%|.

On the 4! interval, the radius 7 = R(6) runs over all values of R(6) with 8 satisfying | — 6| < %AH. By (), all of these values
of R(6) lie between r; = R(6}) — ;LAO and R; = R(0}) + %LAG. Consequently the part of R having 6 in the i*" subinterval,
namely,
. 1 1
R; = (rcos@,rsm@)lﬁf — EAQ <6<6r+ EAH’ 0<r<R()

must contain all of the circular sector

. 1 1

(rcosG,rsmO) |6F — §A6 <0<L0r+ EAO’ 0<r<mp
and must be completely contained inside the circular sector
1 1
{(rcos&,rsin@)w;‘ — EAQ <6<6r+ §A0, 0<r< Ri}

Y R,

T

That is, we have found one circular sector that is bigger than the one we are approximating, and one circular sector that is smaller.

The area of a circular disk of radius p is 7p?. A circular sector of radius p that subtends an angle A is the fraction % of the full

disk and so has the area %mﬂ = % P
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So the area of R; must lie between
lA6‘r2 = lAG R(6?) —lLAG 2 and lA¢9R2 = lAG R(0*)+1LA0 2
271 2 ) 2 2 )
Observe that
1 ’ 2 TN
R(6r)+ ELAO =R(0:)° £ LR(67) A0+ ZL A0
implies that, since 0 < R(6) < M,
R(6;)> —LMAG+ iL2A02
1 2
< [R(G;‘) + §LAO] <
R(G;!‘)2 + LMAG+ iL2A62
Hence (multiplying by % to turn them into areas)

%R(G;‘)2A0— %LMA02 + %L2A03
< Area(R;) <

1 1 1
§R(0;‘)2A0+ ELMAGZ + §L2A93
and the total area A obeys the bounds

) [13(9;)2A0_ Lrmne 4 1L2A93]
2.2 2 8
<AL

>y [lR(G;)2A0+ Limae 4+ 1r2ae?
|2 2 8

and

1 R(6")2 A0 — LoLma® + inr2 o
2 £ 2 8
<A<

"1 1 1
; S R; )2 A0+ 5nLMA02 + gnL2A63
Since Af = IFTG,

= LM (b—a)®> L2 (b—a)?
* 2A _ -
2 R(6:)° A0 5 TR T e

<A<

N | =

I n g2 ag, LM (b—a)*  L? (b—a)’
2;R(ei)A0+2 5
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Now take the limit as n — 0o. Since

LM (b—a)?®  L* (b— a)]
n 8 n?
(

LM (b—a)”

nlggl ZRO* )2Ag+ ——
2 b_ 3
d@:l: 11m imL—&

n—00 n n—oo 8 n2

/ R(o
/ R(6)*d6 (since L, M, a and b are all constants)

we have that

exactly, as desired.

Exercises

Stage 1

?21

o
Consider the points

(z1,91) = (3,0) (z2,92) =(1,1) (z3,93) = (0,1)
(CL‘4,y4) :(_1’1) (:E5,y5) :(_2’0)

Foreach1 <4 <5,

o sketch, in the zy-plane, the point (z;, y;) and

o find the polar coordinates r; and 6;, with 0 < 6; < 27, for the point (z;, y;)-

?2
1. Find all pairs (r, 8) such that
(—2,0) = (rcos6, rsin6)
2. Find all pairs (r, #) such that
(1,1) = (rcosb, rsinf)
3. Find all pairs (r, 6) such that
(—1,-1) = (rcosb, rsin6)

?3

Consider the points
(z1,91) = (3,0) (z2,32) = (1,1) (z3,93) =(0,1)
(z4,90) = (=1,1)  (z5,95) = (=2,0)
Also define, for each angle 6, the vectors
e.(0) =cosf 2 +sinf 3 eg(f) = —sinf 2 +cosf 3

1. Determine, for each angle 6, the lengths of the vectors e, (6) and ey(6) and the angle between the vectors e, (f) and eg(6).
Compute e, () x e5(8) (viewing e,(8) and e;(6) as vectors in three dimensions with zero k components).

2. For each 1 < i <5, sketch, in the zy-plane, the point (z;, y;) and the vectors e, (6;) and eg(8;). In your sketch of the
vectors, place the tails of the vectors e,.(6;) and eg(6;) at (z;, y;)-
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Let {(a, b) be a vector. Let r be the length of (a, b) and 0 be the angle between {a, b) and the z-axis.

1. Express a and b in terms of r and 6.
2. Let (A, B) be the vector gotten by rotating {(a, b) by an angle arphi about its tail. Express A and B in terms of a, b and
arphi.

?5

For each of the regions R sketched below, express f fR f(z,y)dz dy as an iterated integral in polar coordinates in two
different ways.

Y Yy y=x
y=2
(z—1)2+y2=1 R
R
T
22 +y%=1 T €
©) © (@)

Sketch the domain of integration in the xy-plane for each of the following polar coordinate integrals.

2 &
1./ dr/4 dfr f(rcosé,rsinf)
1 _x

2. / ’ d0/ e dr r f(rcosé,rsinf)
0 0

27 +_
3. / d0/ Voo 019520 gy o f(rcosf,rsinf)
0 0

Stage 2

?27

Use polar coordinates to evaluate each of the following integrals.

1. / / (z +y)dz dy where S is the region in the first quadrant lying inside the disc 22 +y? < a? and under the line
S

y=+/3z.
2. // x dz dy, where S is the disc segment 2% +y% <2, = > 1.
s

3. // (2 +y*)dz dy where T is the triangle with vertices (0, 0), (1,0)and (1,1).
T

4. // In(z? +y?) dz dy
r24y2<1

Find the volume lying inside the sphere 2> + 42 + 22 =2 and above the paraboloid z = 2 + 3.
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Let a > 0. Find the volume lying inside the cylinder z2 + (y —a)? = a? and between the upper and lower halves of the cone
22 =22 92,

Let @ > 0. Find the volume common to the cylinders 2 +y? < 2az and 2 < 2az.

? 11 %

Consider the region E in 3--dimensions specified by the inequalities 22 +y2 <2y and 0 < 2 < /22 +y2.

1. Draw a reasonably accurate picture of E in 3--dimensions. Be sure to show the units on the coordinate axes.
2. Use polar coordinates to find the volume of E. Note that you will be “using polar coordinates” if you solve this problem by
means of cylindrical coordinates.

? 12

Evaluate the iterated double integral

? 13 %

1. Sketch the region £ (in the first quadrant of the zy--plane) with boundary curves
2’ +y? =2, 24y’ =4, y==2, y=0.

The mass of a thin lamina with a density function p(z, y) over the region £ is given by

M=//Lp(w,y)dx4

2. Find an expression for M as an integral in polar coordinates.
3. Find M when

2zy

T,Y) =——7
p(z,y) 1y

1
Evaluate // . .32 dA.
R (1+2243?)

? 15 %

Evaluate the double integral

2, 2
- +y“ dA
Jl

over the region D = {(z,y)[z* +3y* <2, 0<y <z}.
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This question is about the integral

1 4—y?
/ /_ 1n(1—|—a:2—|—y2)da:dy
0 V3y

1. Sketch the domain of integration.
2. Evaluate the integral by transforming to polar coordinates.

? 17 %

Let D be the region in the zy--plane bounded on the left by the line z =2 and on the right by the circle z2 +y2? = 16.

Evaluate
// (a:2 —1—3/2)_3/2 dA
D

In the zy--plane, the disk 22 +y? < 2z is cut into 2 pieces by the line y = . Let D be the larger piece.

1. Sketch D including an accurate description of the center and radius of the given disk. Then describe D in polar coordinates
(r,0).
2. Find the volume of the solid below z = y/z% +y2 and above D.

? 19 %

Let D be the shaded region in the diagram. Find the average distance of points in D from the origin. You may use that

[cos™(z)dzx = w + 221 [cos" %(z) dx for all natural numbers n > 2.
Y
lm =1+ cos(f)
r=
Ny z
Stage 3

? 20%

Let G be the region in R? given by

1. Sketch the region G.
2. Express the integral [[,, f(2,y) dA a sum of iterated integrals [ f(z,y) dzdy.
3. Express the integral [ f(x,y) dA as an iterated integral in polar coordinates (r, §) where z = cos(6) and y = rsin(6).

Consider
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V2 V/4—y? Y g2
J= =V dxdy
0 y Z
1. Sketch the region of integration.

2. Reverse the order of integration.
3. Evaluate J by using polar coordinates.

? 22

Find the volume of the region in the first octant below the paraboloid

$2 y2

=l

? 23

A symmetrical coffee percolator holds 24 cups when full. The interior has a circular cross-section which tapers from a radius of
3' at the centre to 2' at the base and top, which are 12' apart. The bounding surface is parabolic. Where should the mark
indicating the 6 cup level be placed?

]

1277

{27 <

? 24 %

Consider the surface S given by z = sy’

1. Compute the volume under S and above the disk 22 +y* <9 in the zy-plane.
2. The volume under S and above a certain region R in the zy-plane is

1 Yy 2 2 2 2_y 2 2]
/ (/ er dx)dy+/ (/ sty da:)dy
0 0 1 0

Sketch R and express the volume as a single iterated integral with the order of integration reversed. Do not compute either
integral in part (b).

1. The “golden hammer” (also known as Maslow's hammer and as the law of the instrument) refers to a tendency to always use the
same tool, even when it isn't the best tool for the job. It is just as bad in mathematics as it is in carpentry.

2. In the mathematical literature, the angular coordinate is usually denoted 6, as we do here. The symbol ¢ is also often used for
the angular coordinate. In fact there is an ISO standard (#80000 — 2) which specifies that ¢ should be used in the natural
sciences and in technology. See Appendix A.7.

3. or anti-clockwise or widdershins. Yes, widdershins is a real word, though the Oxford English Dictionary lists its frequency of
usage as between 0.01 and 0.1 times per million words. Of course both “counter-clockwise” and “anti-clockwise” assume that
your clock is not a sundial in the southern hemisphere.

4. Well, a mathematician's heart. The name “cardioid” comes from the Greek word kapdea (which anglicizes to kardia) for heart.

5. The name rhodenea first appeared in the 1728 publication Flores geometrici of the Italian monk, theologian, mathematician and
engineer, Guido Grandi (1671- 1742).

6. Recall that 6 has to be measured in radians for this to be true.

7. “Handwaving” is sometimes used as a pejorative to refer to an argument that lacks substance. Here we are just using it to
indicate that we have left out a bunch of technical details. In mathematics, “nose-following” is sometimes used as the polar
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opposite of handwaving. It refers to a very narrow, mechanical, line of reasoning.
8. There is a pie/pi/pye pun in there somewhere.
9. The solution is attributed to the French Mathematician Sim\'eon Denis Poisson (1781 — 840) and was published in the textbook
Cours d'Analyse de I'\'ecole polytechnique by Jacob Karl Franz Sturm (1803 — 1855).
10. On the other hand it is the core of the function erf(z) = % foz et dt, which gives Gaussian (i.e. bell curve) probabilities.

“erf” stands for “error function”.

This page titled 3.2: Double Integrals in Polar Coordinates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts
platform.
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3.3: Applications of Double Integrals

Double integrals are useful for more than just computing areas and volumes. Here are a few other applications that lead to double
integrals.

Averages

In Section 2.2 of the CLP-2 text, we defined the average value of a function of one variable. We'll now extend that discussion to
functions of two variables. First, we recall the definition of the average of a finite set of numbers.

# Definition 3.3.1

The average (mean) of a set of n» numbers fi, fo, - - -, fn is

f=
_ htfot S
- n

The notations f_ and (f) are both commonly used to represent the average.

Now suppose that we want to take the average of a function f(z,y)with (z,y) running continuously over some region R in the
zy-plane. A natural approach to defining what we mean by the average value of f over R is to

o First fix any natural number n.

¢ Subdivide the region R into tiny (approximate) squares each of width Az = % and height Ay = % This can be done by, for
example, subdividing vertical strips into tiny squares, like in Example 3.1.11.

o Name the squares (in any fixed order) Ry, Ra, - - -, Ry, where N is the total number of squares.

o Select, foreach 1 <¢ < N, one point in square number ¢ and call it (z}, y¥). So (z},y}) € R;.

o The average value of f at the selected points is

N N
1 Yo f(@F,y7)
<D f@y) =——Ff——
N2 S
X fany) Az Ay
Ef\ilAmAy

We have transformed the average into a ratio of Riemann sums.
M f(z,y) dz dy

Todedy That's why we

Once we have the Riemann sums it is clear what to do next. Taking the limit n — co, we get exactly

define

& Definition 3.3.2

Let f(z, y)be an integrable function defined on region R in the zy-plane. The average value of f on R is

. //R f(z,y) do dy

o

f=

v/ Example 3.3.3. Average

Let a > 0. A mountain, call it Half Dome !, has height z(x,y) = 1/a2 —x2 —y2 above each point (z, y) in the base region
R ={(z,y)|z* +y* <a?,x <0} . Find its average height.
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2yt +22=ad?
A Y
X
Solution
By Definition 3.3.2 the average height is

[r @ y)dedy  [fz VaZ—aZ—y? dzdy

[z dz dy [ dz dy

The integrals in both the numerator and denominator are easily evaluated by interpreting them geometrically.

o The numerator [ z(z,y) dz dy = [ v/a? —2% —y? dz dy can be interpreted as the volume of

{(m,y,z)‘w2+y2§a2,wSO,OSzS\/a2—m2—y2 }

= {(m,y,z)|w2—|—y2+z2 <a?, <0, z>0}

7=

which is one quarter of the interior of a sphere of radius a. So the numerator is Lrad.

3
o The denominator || fR dz dy is the area of one half of a circular disk of radius a. So the denominator is %mﬂ.

All together, the average height is

sma® 2
==a
%ﬂ'a2 3

zZ=
Notice this this number is bigger than zero and less than the maximum height, which is a. That makes sense.

v Example 3.3.4. Example 3.3.3, the hard way

This last example was relatively easy because we could reinterpret the integrals as geometric quantities. For practice, let's go
back and evaluate the numerator ] fR v/a? —z2 —y? dz dy of Example 3.3.3 as an iterated integral.

Here is a sketch of the top view of the base region R.

top view

Using the slicing in the figure
a 0
//1/a2—$2—y2dwdy:/ dy/ dz {/a? — 2% —y?
R —a —a2—y?
0

Note that, in the inside integral / dz \/a* —2* —y2 , the variable y is treated as a constant, so that the integrand
_ /a2_y2

Va2 —y? —x2 =+/C% —x? with C being the constant /a2 —y? . The standard protocol for evaluating this integral uses
the trigonometric substitution
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xz =Csinf with — = < GSE
2~ 2
dz = C cos6df
Trigonometric substitution was discussed in detail in Section 1.9 in the CLP-2 text. Since
x=0 =—> C'sinf =0 = 6=0
z=—/d?—y2=-C = Csinf=-C :>9:—§

and
\/a2—m2—y2 =+/C?—C?%sin’*0 = Ccosb

the inner integral
0 0
/ dz y/a® —2> —y* = C” cos® 0 do
_\/,JTyZ —7/2
0

sin(26)

=C2/O 1+ cos(26) d6=C2l > ]
2 )

—m/2

and the full integral

just as we saw in Example 3.3.3.

X Remark 3.3.5

We remark that there is an efficient, sneaky, way to evaluate definite integrals like f 0 /2 cos? @ df. Looking at the figures

I\l\l xA y

—TT _71./2 7\’/2 e
we see that
0 0
/ cos® 0 df = sin’ 6 d9
—7/2 —7/2
Thus

0

0 0 1 0
/ cos’0df = / sin® 0 df = / = [sin® 0+ cos’ 0] df = / o
—7/2 —7/2 —7/2 2 —7/2

N | —

il
4
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It is not at all unusual to want to find the average value of some function f(z,y)with (z,y) running over some region R, but to
also want some (z, y)'s to play a greater role in determining the average than other (z,y)'s. One common way to do so is to create

{3 3 3 » 2 w($ 7y ) w(w 7y )
a “weight function” w(z,y) > 0 with m m

times as important as (3, y2). This leads to the definition

giving the relative importance of (z1,y;) and (z2,y2). That is, (z1,¥1) is

# Definition 3.3.6

ffn fz,y)w(z,y)dz dy
ffR w(za y) dz dy

is called the weighted average of f over R with weight w(z, y).

Note that if f(z,y) = F, a constant, then the weighted average of f is just F, just as you would want.

Centre of Mass

One important example of a weighted average is the centre of mass. If you support a body at its centre of mass (in a uniform
gravitational field) it balances perfectly. That's the definition of the centre of mass of the body. In Section 2.3 of the CLP-2 text, we
found that the centre of mass of a body that consists of mass distributed continuously along a straight line, with mass density
p(z)kg/m and with z running from a to b, is at

Ju = plx) dz
J) plz) dz

That is, the centre of mass is at the average of the z-coordinate weighted by the mass density.

i‘:

In two dimensions, the centre of mass of a plate that covers the region R in the zy-plane and that has mass density p(z,y) is the
point (Z, i) where

& Equation 3.3.7. Centre of Mass

Z = the weighted average of z over R
~ Jlrze(z,y)dzdy  [[rzp(z,y)dedy
[l plz,y)dzdy Mass(R)

y = the weighted average of y over R
_ Jrypzy)dedy  [fpyp(z,y)dedy

[l plz,y) de dy Mass(R)

If the mass density is a constant, the centre of mass is also called the centroid, and is the geometric centre of R. In this case
& Equation 3.3.8. Centroid

[rededy  [[zdzdy
[[pdedy  Area(R)

ffRydmdy _ ffnyd$dy
[z dz dy Area(R)

Sl
I

|
I

v Example 3.3.9. Centre of Mass

In Section 2.3 of the CLP-2 text, we did not have access to multivariable integrals, so we used some physical intuition to derive
that the centroid of a body that fills the region

R={(z,y)|a<z<b, B(z)<y<T(z)}
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in the zy-plane is (Z, §) where

H|

_Jye
J, IT(2)* - B(z)*] da
24

NN
Il

and A = fab [T(xz) — B(z)] dz is the area of R. Now that we do have access to multivariable integrals, we can derive these
formulae directly from 3.3.8. Using vertical slices, as in this figure,

Yy y = B(z)
T(x)t----------
B(a)d - f-ae : y =Tl

we see that the area of R is

and that 3.3.8 gives

1

:%//Rmdmdy_ /Bm) dym:l/bdm[:r(m)—B(m)]

/7@
A=/Admdy=AbdmLZ2Z)dy=lbdm [T(z) — B(x)]

fe

b T(z) T(z)? )2
<[y [on [ g e [FR-55E

A
:r>|H :»I

just as desired.

We'll start with a simple mechanical example.

v/ Example 3.3.10. Quarter Circle

In Example 2.3.4 of the CLP-2 text, we found the centroid of the quarter circular disk
D={(z,y)|lz >0, y >0, 2" +y* <r’}
by using the formulae of the last example. We'll now find it again using 3.3.8.

Since the area of D is %71’7"2 , we have

a_::ffDa:dmdy g:fnydmdy
iﬂ'TQ %m*?

We'll evaluate f f p  dz dy by using horizontal slices, as in the figure on the left below.

Looking at that figure, we see that
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e yruns from 0 to r and
o for each y in that range, z runs from 0 to /7% —y2 .

So
r r27y2 r £L'2 7'2_1/2
//wdzdy: dy dwm:/ dy | —
D 0 0 0 2 |,
r 1 ,,.3
_ - dylr?—?l == |3
2/0 y[r -y [T 3
2
3
and

B 4 [r3] 4r
r=—|— = —
mr2 | 3 37

This is the same answer as we got in Example 2.3.4 of the CLP-2 text. But because we were able to use horizontal slices, the
integral in this example was a little easier to evaluate than the integral in CLP-2. Had we used vertical slices, we would have
ended up with exactly the integral of CLP-2.

By symmetry, we should have § = Z. We'll check that by evaluating ] p Y dz dy by using vertical slices slices, as in the figure
on the right above. From that figure, we see that

e z runs from 0 to r and
o for each z in that range, y runs from 0 to v 72 — z2.

So
r Vr—a? 1 [
//yd:cdyz/ da:/ dyy:—/ dx [7’2—9:2]
D 0 0 2 Jo

This is exactly the integral + ["dy [r* —y?| that we evaluated above, with y renamed to . So [J}, y dz dy = % too and
B 4 o3 4r  _
= — =0 =498
y mr? | 3 3r

as expected.

v/ Example 3.3.11. Example 3.2.14, continued

Find the centroid of the region that is inside the circle 7 = 4 cos # and to the left of the line x = 1.

Solution

Recall that we saw in Example 3.2.14 that 7 = 4 cos § was indeed a circle, and in fact is the circle (z —2)? +y? =4. Here is
a sketch of that circle and of the region of interest, R.

0 =m/3

r =4cosf

=l

From the sketch, we see that R is symmetric about the z-axis. So we expect that its centroid, (Z, %), has § = 0. To see this
from the integral definition, note that the integral ] fR ydedy
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o has domain of integration, namely R, invariant under y — —y (i.e. under reflection in the z-axis), and
¢ has integrand, namely y, that is odd under y — —y.
So [ y dz dy =0 and consequently § = 0.

We now just have to find Z:
_ fJrzdzdy

T =
ffRdmdy

We have already found, in Example 3.2.14, that

4
/ dedy = — — /3
R 3
So we just have to compute f fR x dz dy. Using R, to denote the top half of R, and using polar coordinates, like we did in

Example 3.2.14,
/_/zh /2 4 cos 6 /_/zh
/ de / dr r(rcos6)
0

/3 1/ cos 6
// z dz dy :/ d0/ dr r(rcosé) +
R, 0 0 /3
/3 1/ cos @ /2 4 cos 6
:/ de cosO/ drr2+/ de cosO/ dr r?
0 0 0

/3
/3 29 /2 64
:/ a9 = —|—/ df —cos* 0
0 3 /3 3
The first integral is easy, provided we remember that tan@ is an antiderivative for sec® f. For the second integral, we'll need
the double angle formula cos® § = H%S(w):

1 (26
M] = 7 [1+2cos(26) +cos? (26)]

1 460
1+2cos(26) + —i—c%()]
cos(26)  cos(46)

2 + 8

costf= (cos 0

_|_

1

4
3
"3

SO
64 [ 30 sin(26 sin(46

The integral we want, namely [[, « dz dy,
e has domain of integration, namely R, invariant under y — —y (i.e. under reflection in the z-axis), and

o has integrand, namely z, that is even under y — —y.

So [[r z dz dy =2 [[, = dz dy and, all together,
SRV R AR
I T T

3

As a check, note that 0 <2 <1 on R and more of R is closer to z = 1 than to = 0. So it makes sense that x is between %

and 1.
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v/ Example 3.3.12. Reverse Centre of Mass

V22—
Evaluate / / 2ac +3y)dy dz.
V/2z—a?

Solution

This is another integral that can be evaluated without using any calculus at all. This time by relating it to a centre of mass. By

3.3.8,
// z dzdy =Z Area(R)
R
// ydzdy =7 Area(R)
R

so that we can easily evaluate f fR z dz dy and f fRy dx dy provided R is sufficiently simple and symmetric that we can
easily determine its area and its centroid.

That is the case for the integral in this example. Rewrite
2z— zz 2 v 2z—z?
2:c+3y dydm=2/ dz / dy x
/ / 2z— wz ) 0 —m
2 v 2z—z?
+3 / dz / dyy
0 —+/2z—z?
On the domain of integration

e z runs from 0 to 2 and
o for each fixed 0 < z < 2, y runs from —v/2z — 22 to +Vv/ 2z — 22

Observe that y = £+/2x — 2 is equivalent to

Y =2r-2=1-(z-1)% < (z—-1)>+4>=1

Our domain of integration is exactly the disk

of radius 1 centred on (1, 0).

So R has area 7 and centre of mass (Z,y) = (1,0) and

\/2m z?
/ / 2a:+3y)dyda: :2//mdmdy+3//ydwdy
V2a—a? R R

=27 Area(R)+3§ Area(R) =27

Moment of Inertia

Consider a plate that fills the region R in the zy-plane, that has mass density p(z, y) kg/ m?, and that is rotating at wrad/s about
some axis. Let's call the axis of rotation .A. We are now going to determine the kinetic energy of that plate. Recall? that, by
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definition, the kinetic energy of a point particle of mass m that is moving with speed v is Emvz.

To get the kinetic energy of the entire plate, cut it up into tiny rectangles 3, say of size dz x dy. Think of each rectangle as being
(essentially) a point particle. If the point (x,y) on the plate is a distance D(z,y) from the axis of rotation .4, then as the plate
rotates, the point (x, y) sweeps out a circle of radius D(x, y). The figure on the right below shows that circle as seen from high up

on the axis of rotation.

A

The circular arc that the point (x, y) sweeps out in one second subtends the angle w radians, which is the fraction % of a full circle
and so has length -~ (2rD(z,y)) = wD(x,y). Consequently the rectangle that contains the point (z, y)

« has speed w D(z,y),and

e has area dz dy, and so

o has mass p(z,y) dz dy,and
¢ has kinetic energy

m v?

5 (6le) dz dy) (w D(z,9))* = 542 Dl ) *p(a,y) dz dy

So (via our usual Riemann sum limit procedure) the kinetic energy of R is
1 1 1
J[[ 39 D@.v) @) dndy =32 || DGaw)? pla ) dody = 3142
R R

where

# Definition 3.3.13. Moment of Inertia
I, = //R D(z,y)*p(z,y) dx dy

is called the moment of inertial of R about the axis .A. In particular the moment of inertia of R about the y-axis is

7, = // ? p(z, y) dz dy
R

and the moment of inertia of R about the z-axis is

Iw :// yzp(xay) dwdy
R

Notice that the expression %I 4 w? for the kinetic energy has a very similar form to %m'v2, just with the velocity v replaced by the
angular velocity w, and with the mass m replaced by I 4, which can be thought of as being a bit like a mass.

So far, we have been assuming that the rotation was taking place in the zy-plane — a two dimensional world. Our analysis extends
naturally to three dimensions, though the resulting integral formulae for the moment of inertia will then be triple integrals, which
we have not yet dealt with. We shall soon do so, but let's first do an example in two dimensions.
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/89217?pdf

LibreTexts"

Find the moment of inertia of the interior, R, of the circle 2 +y? = a? about the z-axis. Assume that it has density one.

Solution

The distance from any point (z, y) inside the disk to the axis of
Y
1
T
\w

rotation (i.e. the z-axis) is |y|. So the moment of inertia of the interior of the disk about the z-axis is

I, :// y2 dzdy
R

Switching to polar coordinates 4,

2m 2 — cos(26)
/ df sin® = — / de T
[ sin(2

=,

For an efficient, sneaky, way to evaluate f027r sin?  df, see Remark 3.3.5.

v/ Example 3.3.15. Cardioid

Find the moment of inertia of the interior, R, of the cardiod » = a(1 + cos#f) about the z-axis. Assume that the cardiod lies in

the zy-plane and has density one.

2w a
/ d0/ drrrsm@ / d031n20/ dr 73
0
at
4
ot
8
1

4"

Solution

We sketched the cardiod (with @ = 1) in Example 3.2.3.
Y

R

NG

= a(1 + cosd)

As we said above, the formula for I 4 in Definition 3.3.13 is valid even when the axis of rotation is not contained in the zy-
plane. We just have to be sure that our D(z, y) really is the distance from (z, y) to the axis of rotation. In this example the axis

of rotation is the z-axis so that D(z,y) = v/x? +y? and that the moment of inertia is

L= [ @ +4) oty
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Switching to polar coordinates, using dzdy = r drdf and 2 +y? =72,

27 a(1+cos 6) 27 a(1+cos 6)
IA:/ d0/ drrxr2:/ d0/ dr 3
0 0

'S

a 27

—/ d0 1—|—cos¢9)

4 Jo

a4 2w ) 3 n
by df (1 +4cosf+ 6 cos” §+4 cos® §+ cos” 6)

0

Now

2w o
/ dé cosf = sin0’ =
0 0

27 27 1 20 in(26 27
/ d0cos20:/ dﬂi()_l[e_’_sm( )] =
0 0 2 2 2 0

2 2 u=sin 0
/ df cos® 6 :/ df cosf[1 —sin’ b = du (1-u?)=0
0 0 0

To integrate cos? §, we use the double angle formula

5 cos(26) +1

cos” 0 = 5
s costl = (cos(20) + 1)2 _ cos?(26) +2 cos(26) +1
4 4
—cos(40)+1 +2cos(26) +

4
= % + %cos(%’) + %005(40)

to give
27 A 27 3 1 1
/ dé cos 0:/ df | =+ =cos(260) + —cos(40)
0 0 8 2 8
3 1 1 3
=—x2 —X0+=x0=—
g T x0Ty 4"
All together
a* 3
I.A :T 27F+4X0+6X7T+4X0+Z7T
35 4
= 167m
Exercises
Stage 1

For each of the following, evaluate the given double integral without using iteration. Instead, interpret the integral in terms of,
for example, areas or average values.

L. [fp(z +3) dz dy, where D is the half disc 0 <y < v4 — 2?2
2. ffR(a: +y) dz dy where R is the rectangle 0 <z <a, 0 <y <b
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Stage 2

Find the centre of mass of the region D in the zy--plane defined by the inequalities 2 <y < 1, assuming that the mass
density function is given by p(z,y) = y.

Let R be the region bounded on the left by z = 1 and on the right by 2? +3? = 4. The density in R is
(@9) = ———
T,Y)=—F——=
p(z,y R

1. Sketch the region R.
2. Find the mass of R.
3. Find the centre-of-mass of R.

Note: You may use the result [sec(d) df =In|sec 6+ tan6|+C.

A thin plate of uniform density 1 is bounded by the positive = and y axes and the cardioid /z% +y2 =7 =1+sin, which
is given in polar coordinates. Find the z--coordinate of its centre of mass.

A thin plate of uniform density & is bounded by the positive z and y axes and the circle 2 +y2 = 1. Find its centre of mass.

Let R be the triangle with vertices (0, 2), (1,0), and (2,0). Let R have density p(z,y) = y2. Find ¥, the y--coordinate of the
center of mass of R. You do not need to find z.

? 7. %

The average distance of a point in a plane region D to a point (a, b) is defined by

ﬁ/[)\/(:1:—(1)2—|-(y—b)2 dz dy

where A(D) is the area of the plane region D. Let D be the unit disk 1 > 2 4. Find the average distance of a point in D
to the center of D.

A metal crescent is obtained by removing the interior of the circle defined by the equation z2 +y2 = z from the metal plate of
constant density 1 occupying the unit disc 2 + 32 < 1.

1. Find the total mass of the crescent.
2. Find the z-coordinate of its center of mass.

You may use the fact that f_"; /22 cos(0) df = 38—",

(8)
(=)
()
(©)
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Let D be the region in the zy--plane which is inside the circle 2+ (y—1)2 =1 but outside the circle z2 +y? =2.
Determine the mass of this region if the density is given by

2

@5 = ——
’ v x?+y?
Stage 3

Let a, b and ¢ be positive numbers, and let 7' be the triangle whose vertices are (—a, 0), (b,0) and (0, ¢).

1. Assuming that the density is constant on 7, find the center of mass of T'.

2. The medians of T" are the line segments which join a vertex of T to the midpoint of the opposite side. It is a well known
fact that the three medians of any triangle meet at a point, which is known as the centroid of 7. Show that the centroid of T'
is its centre of mass.

1. There is a real Half-Dome mountain in Yosemite National Park. It has ¢ = 1445 m.

2. If you don't recall, don't worry. We wouldn't lie to you. Or check it on Wikipedia. They wouldn't lie to you either.

3. The relatively small number of “rectangles” around the boundary of R won't actually be rectangles. But, as we have seen in the
optional §3.2.4, one can still make things rigorous despite the rectangles being a bit squishy around the edges.

4. See how handy they are!

This page titled 3.3: Applications of Double Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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3.4: Surface Area
Suppose that we wish to find the area of part, S, of the surface z = f(z,y). We start by cutting S up into tiny pieces. To do so,

¢ we draw a bunch of curves of constant x (the blue curves in the figure below). Each such curve is the intersection of S with the
plane z = x( for some constant zy. And we also

e draw a bunch of curves of constant y (the red curves in the figure below). Each such curve is the intersection of S with the
plane y =y, for some constant yg.

T

Concentrate on any one the tiny pieces. Here is a greatly magnified sketch of it, looking at it from above.

x varying x varying
Y=10 y=yo+dy
P
PO r=x(
y varying
P r=xqg+dx
2 y varying

We wish to compute its area, which we'll call dS. Now this little piece of surface need not be parallel to the zy-plane, and indeed
need not even be flat. But if the piece is really tiny, it's almost flat. We'll now approximate it by something that is flat, and whose
area we know. To start, we'll determine the corners of the piece. To do so, we first determine the bounding curves of the piece.
Look at the figure above, and recall that, on the surface z = f(z, y).

o The upper blue curve was constructed by holding « fixed at the value z, and sketching the curve swept out by

201 +yj+ f(zo,y)k asy varied, and

o the lower blue curve was constructed by holding z fixed at the slightly larger value x( + dx, and sketching the curve swept out
by (zo+dz) 2 +yJ+ f(zo +dz,y) k asy varied.

o The red curves were constructed similarly, by holding y fixed and varying «.

So the four intersection points in the figure are

Py =zg1+yo )+ f(zo,m0)k

Py ==+ (yo+dy) 3+ f (0,50 +dy) k

Py = (zo+dz)i+yoj+ flzo+de,y0)k

Py = (wo+dz) i+ (yo +dy) i+ flzo +da,yo+dy) k
Now, for any small constants dX and dY’, we have the linear approximation !

flzo+dX,yo+dY) = f(zo, y0)+ﬁ($o, Y0)dX + 0f

o 3—y($0 , Yo)dY

Applying this three times, once with dX =0, dY = dy (to approximate P;), once with dX =dz, dY =0 (to approximate P),
and once with dX = dz, dY =dy (to approximate Ps),

https://math.libretexts.org/@go/page/89218
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. 0 -

P =P +dyj + 6—£($0,y0)dyk
. of ~

P, ~P +dz1 +%(m0,y0)dxk

. . 0 0 .
Py =Py +dzt +dyj + [a—i(wo,yo)dm—ka—z(a?o,yo)dy k

Of course we have only approximated the positions of the corners and so have introduced errors. However, with more work, one

can bound those errors (like we in the optional §3.2.4) and show that in the limit dz, dy — 0, all of the error terms that we dropped
contribute exactly O to the integral.

The small piece of our surface with corners Py, P;, P, Ps is approximately a parallelogram with sides

— — . of .
PyPy~ PPy ~dyj + ——(20, vo) dyk

Ay
— s — . af R
PyP,~ P P; ~dr1 + 6_x($0, yg) dz k
PO P0P1 Pl
L/
PP
P,

— — — —
Denote by 6 the angle between the vectors Py P; and Py P,. The base of the parallelogram, Py P, , has length 'P0P1 |, and the height
—
of the parallelogram is | Py P3| sinf. So the area of the parallelogram is 2, by Theorem 1.2.23,

_— —_—
S = |POP1| |P()P2| sinf = ‘PgPl XP()PQ’

., of N\ (. oF )
~ ’ (.7 + a—y(fﬂo, yO)k) X (1 + a—m(wo, y())k> ‘dmdy
The cross product is easily evaluated:

3 k
0 N 0
(fl + —f(aco, yo)k> X (i + —f(mo’ Yo)k | =det 1 (ﬂco,yo)
Oy ox af
1 0 oz (CB(), )
= fa(z0,90) i+ fy(®o,%0) 7 —k

‘(3 + Z—i(mo, yo)ﬁ) x (5 + %(wo, yo)f‘)‘
- \/1+fz($o,yo)2+fy($07yo)2

Throughout this computation, ¢ and yo were arbitrary. So we have found the area of each tiny piece of the surface S.

& Equation 3.4.1

For the surface z = f(z,y),

>

(=)

as is its length:

a5 =/ 1+ f2(2,9)° + fy . 9)? dady

Similarly, for the surface z = ¢(y, 2),

ds = \/1 +9y(y, 2)? +9:(y, 2)* dydz

and for the surface y = h(z, 2),
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| ds = \/1 + hy(z,2)® + R, (z, 2)? dedz

Consequently, we have

& Theorem 3.4.2

1. The area of the part of the surface z = f(z, y) with (z, y) running over the region D in the zy-plane is

//D 1+ Fo(@,9) + fy(@,y)? dody

2. The area of the part of the surface z = g(y, z) with (y, z) running over the region D in the yz-plane is

//p \/1 +9y(y, 2)> +9:(y, 2)? dydz

3. The area of the part of the surface y = h(z, z) with (z, z) running over the region D in the z2-plane is

//D\/l +he(z, 2)® + h,(z, 2)* dedz

v/ Example 3.4.3. Area of a cone

As a first example, we compute the area of the part of the cone

o /m2—|—y2
>

with 0 < z < a or, equivalently, with 22 +y2 < a2.

N

y

Note that 2 = /22 +y? is the side of the cone. It does not include the top.
To find its area, we will apply 3.4.1 to

z=f(z,y) =/2* +¢° with (2, y) running over z* +y* < a®

That forces us to compute the first order partial derivatives

fol@y) = ———
N
fy(may) - Y

Substituting them into the first formula in 3.4.1 yields

dS =/ 1+ fo(@,9)* + fy (@,y)? de dy

Yy

:\/”(WLW) *Qm

/ 2 4 2
= 14—3:2—“}2 dz dy
zt+y

=4/2dzdy

)2 dx dy

So
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Areaz// \/fdwdy:\/i// dz dy = v/2ma®
z?+y2§a2 1‘2+y2§a2

because f fmz +y?<a? dx dy is exactly the area of a circular disk of radius a.

v/ Example 3.4.4. Area of a cylinder

Let a,b > 0. Find the surface area of
S= {(m,y,z)|:c2 47 :a2a 0<y< b}

Solution

The intersection of 2% + 22 = a? with any plane of constant y is the circle of radius a centred on z = z=0. So S is a bunch

of circles stacked sideways. It is a cylinder on its side (with both ends open). By symmetry, the area of S is four times the area
of the part of S that is in the first octanct, which is

S]Z{(Z‘,y,Z)‘ZZf(CL',y)Z \% a2—m2,0§:1;§a, OSySb}

z

Since

fol@,y) = ————

a? — 2

fy(way) =0

the first formula in 3.4.1 yields

dS = /1+ fo(2,y)" + fy(w,y)’ dz dy

:\/H(_ﬁy o dy

2

PR dzdy

dxdy

a? — 2

So

a b a
a 1
Area(S :/ d:c/ dy ——=ab dz —
(51) 0 0 Va? —z? 0 a? —z?

The indefinite integral of o is arcsin £ + C'. (See the table of integrals in Appendix A.4. Alternatively, use the trig

substitution z = a sinf. ) So

a
Area(S;) =ab [arcsin %] = ab[ arcsin1 —arcsin0] = gab
0

and
Area(S) =4Area(S;) =2mab

We could have also come to this conclusion by using a little geometry, rather than using calculus. Cut open the cylinder by
cutting along a line parallel to the y-axis, and then flatten out the cylinder. This gives a rectangle. One side of the rectangle is
just a circle of radius a, straightened out. So the rectangle has sides of lengths 27ra and b and has area 27ab.
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q
v/ Example 3.4.5. Area of a hemisphere
This time we compute the surface area of the hemisphere
m2+y2+22:a2 z2>0

(with @ > 0). You probably know, from high school, that the answer is % x 4ma? = 2ma?. But you have probably not seen a
derivation® of this answer. Note that, since 22 +y? = a? — 22 on the hemisphere, the set of (z,y)'s for which there is a z
with (z,y, 2) on the hemisphere is exactly { (z,y) € R?|z? +y* < a?}. So the hemisphere is

S :{(w,y,z).z:\/ 22 —y?, 2?4y Saz}

We will compute the area of S by applying 3.4.1 to

z=f(z,y) =4/a® —2% —y? with (z, y) running over z2 + y* < a?

The first formula in 3.4.1 yields

dS = /1+ £ (2,9)* + f,(@,y)? dody
_ —x 2 —y 2
_\/1+( az—zz—yQ) +( a2—x2—y2) dzdy

2 2]
a

22—y
a?

= —a2 g dxdy

. a
So the area is [[», 5y —

= dzdy. To evaluate this integral, we switch to polar coordinates, substituting x = r cos 6,
a y

y =rsin6. This gives
a a 2T a
area = —da:dy:/ drr/ df —
/z2+y2§a2 v a?—zxz? —y? 0 0 va2—r?
a
r
=2ma [ dr ——
0 va?—r?

0 —du/2 . 5
=27ra/ withu =a” —7°, du = —2rdr
a

2

Vu
0
=2ma [ — \/ﬂ] .
= 2ma?

as it should be.

v/ Example 3.4.6

Find the surface area of the part of the paraboloid z =2 — z? —y? lying above the zy-plane.

Solution

The equation of the surface is of the form z = f(z,y) with f(z,y) =2 —z® —y2. So

fz(:c,y):—2w fy(:E’y):_zy

and, by the first part of 3.4.1,
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dS =/ 1+ £o(@,9)* + £, (2,y)? dody

=4/ 1+4z% +49y? dzdy

The point (z,y, 2), with z =2 —x% —y?, lies above the zy-plane if and only if z > 0, or, equivalently, 2 —2® —y? > 0. So
the domain of integration is { (z, y)|z® +3* <2} and

Surface Area = // \/ 1 +4z% +4y® dedy
z2+y2<2

Switching to polar coordinates,

21 V2
Surface Area = / V1+4r? rdrdd
0 0

V3
- 1 0N 3/2 T
_27r[12 (1+4r?) ]0 =527-1
13
=] 3 T
Exercises
Stage 1

Let0 <6< o and a, b > 0. Denote by S the part of the surface z =y tanf with0 <z <a, 0 <y <b.

1. Find the surface area of S without using any calculus.
2. Find the surface area of S by using Theorem 3.4.2.

Let ¢ > 0. Denote by S the part of the surface axz 4+ by +cz=d with (z, y) running over the region D in the zy-plane. Find
the surface area of S, in terms of a, b, ¢, d and A(D), the area of the region D.

?3

Let a, b, ¢ > 0. Denote by S the triangle with vertices (a, 0, 0), (0, b,0) and (0, 0, ).
1. Find the surface area of S in three different ways, each using Theorem 3.4.2.
2. Denote by Ty, the projection of S onto the zy-plane. (It is the triangle with vertices (0, 0, 0) (a, 0,0) and (0, b, 0).)
Similarly use T to denote the projection of S onto the xz-plane and T}, to denote the projection of S onto the yz-plane.
Show that

Area(S) = \/Area(Twy)2 + Area(T,,)? + Area(T),.)?

Stage 2

Find the area of the part of the surface z = y*/? that lies above 0 < z,y < 1.
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Find the surface area of the part of the paraboloid z = a2 —z2 —y2 which lies above the zy--plane.

2

Find the area of the portion of the cone z? = z? +y? lying between the planes z =2 and z = 3.

Determine the surface area of the surface given by z = 2 (23/2 +y?3/2), over the square 0 <z <1, 0 <y <1.

? 8. %

HHH B

1. To find the surface area of the surface z = f(x, y) above the region D, we integrate [, F(x,y) dA. Whatis F(z,y)?
2. Consider a “Death Star”, a ball of radius 2 centred at the origin with another ball of radius 2 centred at (0, 0, 2+/3) cut out
of it. The diagram below shows the slice where y = 0.

02\/§

1. The Rebels want to paint part of the surface of Death Star hot pink; specifically, the concave part (indicated with a thick
line in the diagram). To help them determine how much paint is needed, carefully fill in the missing parts of this integral:

surface area = / n / N dr dé

2. What is the total surface area of the Death Star?

2

Find the area of the cone 2% = 2 + y? between z=1 and z = 16.

Find the surface area of that part of the hemisphere z=./a?—22—y2 which lies within the cylinder
2 2
=5+ = (3"

1. Recall 2.6.1.

2. As we mentioned above, the approximation below becomes exact when the limit dx, dy — 0 is taken in the definition of the
integral. See §3.3.5 in the CLP-4 text.

3. There is a pun hidden here, because you can (with a little thought) also get the surface area by differentiating the volume with
respect to the radius.
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3.5: Triple Integrals

Triple integrals, that is integrals over three dimensional regions, are just like double integrals, only more so. We decompose the
domain of integration into tiny cubes, for example, compute the contribution from each cube and then use integrals to add up all of
the different pieces. We'll go through the details now by means of a number of examples.

v/ Example 3.5.1

Find the mass inside the sphere 22 +y2 4+ 22 =1 if the density is p(z, y, 2) = |zyz|.

Solution

The absolute values can complicate the computations. We can avoid those complications by exploiting the fact that, by
symmetry, the total mass of the sphere will be eight times the mass in the first octant. We shall cut the first octant part of the

sphere into tiny pieces using Cartesian coordinates. That is, we shall cut it up using planes of constant z, planes of constant y,
and planes of constant x, which we recall look like

VA z z
0,0, 2) | |
y R B
©,5,0) (z,0,0) .-~ Y
X X x

surface of constant z surface of constant y surface of constant x
(a plane) (a plane) (a plane)

o First slice the (the first octant part of the) sphere into horizontal plates by inserting many planes of constant z, with the
various values of z differing by dz. The figure on the left below shows the part of one plate in the first octant outlined in
red. Each plate

has thickness dz,

has z almost constant throughout the plate (it only varies by dz), and

has (z, y) running over >0,y >0, 2% +y* <1— 2%

The bottom plate starts at z = 0 and the top plate ends at z = 1. See the figure on the right below.

0,0,1

2 z )
2?2 4+y?+22=1
Y Y
T T

o Concentrate on any one plate. Subdivide it into long thin “square” beams by inserting many planes of constant y, with the
various values of y differing by dy. The figure on the left below shows the part of one beam in the first octant outlined in
blue. Each beam

o has cross-sectional area dy dz,
o has z and y essentially constant throughout the beam, and

o has z running over 0 <z < (/1 —y% —22 .

o The leftmost beam has, essentially, y = 0 and the rightmost beam has, essentially, y = /1 — 22 . See the figure on the

right below.
z
T =4/1—y?—22
(0,//1—222)
(V1=2%,0,2)
Y N Yy
B
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o Concentrate on any one beam. Subdivide it into tiny approximate cubes by inserting many planes of constant x, with the
various values of z differing by dz. The figure on the left below shows the top of one approximate cube in black. Each
cube
o has volume dz dy dz, and
o has z,y and z all essentially constant throughout the cube.

o The first cube has, essentially, z = 0 and the last cube has, essentially, z = 4/1 —y2? — 22 . See the figure on the right
below.

Now we can build up the mass.

« Concentrate on one approximate cube. Let's say that it contains the point (z, y, 2).

o The cube has volume essentially dV = dz dy dz and
o essentially has density p(z,y, z) = zyz and so
o essentially has mass zyz dx dy dz.

o To get the mass of any one beam, say the beam whose y coordinate runs from y to y + dy, we just add up the masses of the
approximate cubes in that beam, by integrating = from its smallest value on the beam, namely 0, to its largest value on the
beam, namely /1 —y2 — 22 . The mass of the beam is thus

0

dy dz dz zyz

o To get the mass of any one plate, say the plate whose z coordinate runs from z to z+dz, we just add up the masses of the
beams in that plate, by integrating y from its smallest value on the plate, namely 0, to its largest value on the plate, namely
V1 — 22 . The mass of the plate is thus

Vi VI—2 =27
dz/ dy/ dz zyz
0

e To get the mass of the part of the sphere in the first octant, we just add up the masses of the plates that it contains, by
integrating z from its smallest value in the octant, namely 0, to its largest value on the sphere, namely 1. The mass in the
first octant is thus
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2 2
/‘1 2(1—-22)%  z(1-22)°
= dz -
0 4 8
1 1— 22 2
:/ dz z (1-=)
0 8
0 2
d
:/ qau % Withuzl—z2, du =—2zdz
L -

o So the mass of the total (eight octant) sphere is 8 x ‘%8 = %.

Consider, for example, the limits of integration for the integral

1 JI—=2 Viyi—=2?
/ dz / dy / dx zyz
0 0 0

:/01(/0\/7</0mxyzdx> dy)dz

that we have just evaluated in Example 3.5.1.

¢ When we are integrating over the innermost integral, with respect to x, the quantities y and z are treated as constants. In
particular, ¥y and z may appear in the limits of integration for the x-integral, but £ may not appear in those limits.

o« When we are integrating over y, we have already integrated out z; x no longer exists. The quantity z is treated as a constant. In
particular, z, but neither x nor y, may appear in the limits of integration for the y-integral.

o Finally, when we are integrating over z, we have already integrated out = and y; they no longer exist. None of z, y or z, may
appear in the limits of integration for the z-integral.

v/ Example 3.5.2

In practice, often the hardest part of dealing with a triple integral is setting up the limits of integration. In this example, we'll
concentrate on exactly that.

Let V be the solid region in R? bounded by the planes z =0,y =0, z=0, y =4 — z, and the surface z=4 —z2. We are

now going to write f f fv f(z,y,2) dV as an iterated integral (i.e. find the limits of integration) in two different ways. Here f is
just some general, unspecified, function.

First, we'll figure out what 1 looks like. The following three figures show

o the part of the first octant with y < 4 —z (except that it continues vertically upward)
o the part of the first octant with z < 4 —x? (except that it continues to the right)
o the part of the first octant with bothy <4 —z and z <4 — x%. That's

V={(z,y,2)|z >0,y >0, 2>0, z+y <4, z§4—.732}
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T T T

The iterated integral [[f,, f(z,y,2) dzdydz = [ ([ (J f(=,y, 2) dz) dy) dz: For this iterated integral, the outside integral is
with respect to z, so we first slice up V using planes of constant x, as in the figure below.
z

z=4—z?

(,4 — 1,4 — %)

/

y=4-—z

(2,2,0)

Observe from that figure that, on V),

e 2 runs from 0 to 2, and
o for each fixed z in that range, y runs from 0 to 4 — 2 and
« for each fixed (z,y) as above, z runs from 0 to 4 — z.

f(z,y,2) dzdydz = 2d£L‘ 471 dy e dz f(z,y, 2)
% 0 0 Jo
:/02/0“/0“ e ) At

The iterated integral ([, f(z,y,2) dydedz= [ ([ ([ f(=,y, z) dy) dz)dz: For this iterated integral, the outside integral is
with respect to z, so we first slice up V using planes of constant z, as in the figure below.

So

(0,4,4)

y=4—-=x

(V4 —2,0,2)

Observe from that figure that, on V,

e zruns from 0 to 4, and
o for each fixed z in that range, z runs from 0 to /4 — z and
o for each fixed (z, z) as above, y runs from 0 to 4 — z.

So
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///vf(a:,y,z)dydmdz=/0‘4dz/0mdm/04zdyf(a;,y,z)
:/04/0#2/0“ ey, 2) Ayl dlo

v Example 3.5.3

As was said in the last example, in practice, often the hardest parts of dealing with a triple integral concern the limits of
integration. In this example, we'll again concentrate on exactly that. This time, we will consider the integral

2 2-y =
I:/ dy/ dz/ dz f(z,y, 2)
0 0 0

and we will re-express I with the outside integral being over z. We will figure out the limits of integration for both the order
[dz [dz [dy f(=,y,2) and for the order [dz [dy [dz f(z,y, 2).

Our first task is to get a good idea as to what the domain of integration looks like. We start by reading off of the given integral
that

o the outside integral says that y runs from 0 to 2, and

o the middle integral says that, for each fixed y in that range, 2z runs from 0 to 2 —y and

o the inside integral says that, for each fixed (y, z) as above,  runs from 0 to 2%1’

So the domain of integration is
V={(m,y,z)|0§y§2, 0<2<2—-y,0<z< 2%‘”}

We'll sketch V' shortly. Because it is generally easier to make 2d sketches than it is to make 3d sketches, we'll first make a 2d
sketch of the part of V' that lies in the vertical plane y =Y. Here Y is any constant between 0 and 2. Looking at the definition
of V', we see that the point (z,Y’, z) lies in V' if and only if
2-Y
2
Here, on the left, is a (2d) sketch of all (z, z)'s that obey those inequalities, and, on the right, is a (3d) sketch of all (z,Y’, 2)'s
that obey those inequalities.

0<z<2-Y 0<z<

So our solid V' consists of a bunch of vertical rectangles stacked sideways along the y-axis. The rectangle in the plane y =Y
has side lengths % and 2 —Y. As we move from the plane y =Y =0, i.e. the xz-plane, to the plane y =Y =2, the
rectangle decreases in size linearly from a one by two rectangle, when Y = 0, to a zero by zero rectangle, i.e. a point, when
Y = 2. Here is a sketch of V together with a typical y =Y rectangle.
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(0,0,2)

Y
(0,2,0)
T (17 07 0)

To re-express the given integral with the outside integral being with respect to z, we have to slice up V' into horizontal plates
by inserting planes of constant z. So we have to figure out what the part of V' that lies in the horizontal plane z = Z looks like.
From the figure above, we see that, in V, the smallest value of z is 0 and the biggest value of z is 2. So Z is any constant
between 0 and 2. Again looking at the definition of V" in () above, we see that the point (z, y, Z) lies in V if and only if

y>0 y <2 y<2—-27 x>0 22 +y <2

Here, on the top, is a (2d) sketch showing the top view of all (z, y)'s that obey those inequalities, and, on the bottom, is a (3d)
sketch of all (z, y, Z)'s that obey those inequalities.

(0,2— 2,2)

Y

(Z/2,2— Z,Z)
To express I as an integral with the order of integration [dz [dy [dz f(z,y,2), we subdivide the plate at height z into
vertical strips as in the figure

0,2 —2)

(2/2,2 — 2)

(1&

53
<
Il
)
|
w2
<@
Il
)

Since

e g is essentially constant on each strip with the leftmost strip having y = 0 and the rightmost strip having y = 2 — 2z and
2—y

o for each fixed y in that range,  runs from 0 to =~

we have
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Alternatively, to express I as an integral with the order of integration [dz [dz [dy f(z,y,2), we subdivide the plate at
height z into horizontal strips as in the figure

(0,2 —2)

(2/2,2 — 2)

(17})'

Since

e z is essentially constant on each strip with the first strip having £ = 0 and the last strip having £ =1 and
o for each fixed = between 0 and z/2, y runs from 0 to 2 — z and
o for each fixed x between z/2 and 1, y runs from 0 to 2 — 2z

we have
2 z/2 2—z 2 1 22z
I:/ dz/ dac/ dyf(w,y,z)+/ dz/ dw/ dy f(z,y,2)
0 0 0 0 2/2 0
Exercises
Stage 1
?21

Evaluate the integral

// 1/ b? —y? dz dywhere Ris the rectangle 0 <z <a, 0 <y <b
R

without using iteration. Instead, interpret the integral geometrically.

Find the total mass of the rectangular box [0, 1] x [0, 2] x [0, 3] (that is, the box defined by the inequalities 0 <z <1,
0 <y <2, 0<2z<3), with density function h(z,y, 2) = z.

Stage 2

Evaluate / / / x dV where R is the tetrahedron bounded by the coordinate planes and the plane £ + % +£=1.
R

Evaluate / / / y dV where R is the portion of the cube 0 < z,y, z <1 lying above the plane y +z =1 and below the plane
R
THy+z=2.

https://math.libretexts.org/@go/page/89219
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?5

For each of the following, express the given iterated integral as an iterated integral in which the integrations are performed in
the order: first z, then y, then «.

1 1-z 1-z
1./ dz/ dy/ dz f(z,y, 2)
0 0 0
1 1 Y
2./ dz/ dy/ dz f(z,y, 2)
0 z 0

? 6%

A triple integral / / f dV is given in iterated form by
E

y=1 pz=1—y? 2—y—z
/ / / f(z,y,2) dz dzdy
y=—1 J2=0 =0

1. Draw a reasonably accurate picture of E in 3--dimensions. Be sure to show the units on the coordinate axes.
2. Rewrite the triple integral ([, f dV as one or more iterated triple integrals in the order

y= = 7=
[ [ [ fevssay
y= = 2=

A triple integral [}, f(z,y, 2) dV is given in the iterated form

1 pl-% pd4-—2z-4z
J:/ / / f(z,y,2) dydzdz
o Jo 0

1. Sketch the domain F in 3--dimensions. Be sure to show the units.
2. Rewrite the integral as one or more iterated integrals in the form

Jz/yi}/g:/:f(w,y,z)dzdzdy

Write the integral given below 5 other ways, each with a different order of integration.

1 pl pley
I:/ / / f(z,y, 2)dzdy dx
0 z J0

LetI = /// f(z,y,2) dV where FE is the tetrahedron with vertices (—1, 0, 0), (0, 0, 0), (0,0, 3) and (0, —2, 0).
E

= y= 7=
I:/ / / f(z,y,2) dzdydz
= y= 2=
7= = y=
I:/ / / f(z,y,2) dydzdz
z= = y=

1. Rewrite the integral I in the form

2. Rewrite the integral I in the form

https://math.libretexts.org/@go/page/89219
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Let T' denote the tetrahedron bounded by the coordinate planes * =0, y =0, 2 =0 and the plane z +y + 2 =1. Compute

“//AW‘W

Let E be the portion of the first octant which is above the plane z =« +y and below the plane z = 2. The density in E is
p(z,y, z) = 2. Find the mass of E.

Evaluate the triple integral f f f dV, where E is the region in the first octant bounded by the parabolic cylinder y = z? and
the planesy +2=1, x =0, and z=0.

Let E be the region in the first octant bounded by the coordinate planes, the plane z +y = 1 and the surface z = y? . Evaluate

[z zdV.

Evaluate [[f, yz°e™®* dV over the rectangular box

R={(z,y,2)|0<z<1,0<y<2,0<2<3}

? 15%

1. Sketch the surface given by the equation z =1 — 2.

2. Let E be the solid bounded by the plane y = 0, the cylinder z =1 — 2%, and the plane y = z. Set up the integral

///Ef(a:,y,z)dV

as an iterated integral.

YGRS

Let

1 3 Y
J=/ / / f(z,y,2) dzdydz
o Jo Jo

Express J as an integral where the integrations are to be performed in the order « first, then y, then z.

? 17 %

Let E be the region bounded by z =2z, z=1y?, and z = 3. The triple integral [[[ f(z,y,z)dV can be expressed as an
iterated integral in the following three orders of integration. Fill in the limits of integration in each case. No explanation
required.
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y= = z=
/ / f(z,y,2) dzdz dy
y;: z;: z;:
[ [ fesdwaey
y= = e

z= r= y=
/ / f(z,y,2) dydz dz
z= r= y=

? 18 ¥

Let E be the region inside the cylinder 22 4+ y? = 1, below the plane z =y and above the plane z = —1. Express the integral

//Ef(w,y,z) dv

as three different iterated integrals corresponding to the orders of integration: (a) dz dx dy, (b) dx dy dz, and (c) dy dzdz.

Let E be the region bounded by the planes y =0, y = 2, y +2 = 3 and the surface z = 2>. Consider the intergal

I://Ef(m,y,z)dV

Fill in the blanks below. In each part below, you may need only one integral to express your answer. In that case, leave the
other blank.

1.I1= / / / flz,y,2 dzdacdy+/ / / f(z,y,2) dzdz dy

2. / / / (2,9, 2 da:dydz+/ / / f(z,y,2) dedydz
3.1 :/ / / (z,y, 2 dydmdz—i—/ / / f(z,y,2) dydzdz

Evaluate f f f g 2dV, where E is the region bounded by the planes y =0, z=0 z +y = 2 and the cylinder y? +2% =1 inthe
first octant.

Find / / / x dV where D is the tetrahedron bounded by the planesz =1,y =1, z2=1, andz +y + 2z = 2.
D

The solid region 7 is bounded by the planes =0,y =0, 2=0, and z +y +2z =2 and the surface 2> +z = 1.

1. Draw the region indicating coordinates of all corners.
2. Calculate [[f, zdV.

This page titled 3.5: Triple Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Joel Feldman,
Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.
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3.6: Triple Integrals in Cylindrical Coordinates

Many problems possess natural symmetries. We can make our work easier by using coordinate systems, like polar coordinates, that
are tailored to those symmetries. We will look at two more such coordinate systems — cylindrical and spherical coordinates.

Cylindrical Coordinates

In the event that we wish to compute, for example, the mass of an object that is invariant under rotations about the z-axis !, it is
advantageous to use a natural generalization of polar coordinates to three dimensions. The coordinate system is called cylindrical
coordinates.

# Definition 3.6.1

Cylindrical coordinates are denoted? r, 8 and z and are defined by

r = the distance from (z, y, 0) to (0,0, 0)
= the distance from (z, y, z) to the z-axis
0 = the angle between the positive x axis and
the line joining (z, y, 0) to (0, 0,0)
z = the signed distance from (z, y, z) to the zy-plane

xT

That is, r and 6 are the usual polar coordinates and z is the usual z.

The Cartesian and cylindrical coordinates are related by 3

& Equation 3.6.2

T =rcosf y =rsinf z=z

r=,/2?+y? 9 = arctan < p=2
T

Here are sketches of surfaces of constant r, constant #, and constant z.

< z
‘. (0,0,2)

y Yy
" 0 v

x
surface of constant r surface of constant 6 surface of constant z
(a cylindrical shell) (a plane) (a plane)

The Volume Element in Cylindrical Coordinates

Before we can start integrating using these coordinates we need to determine the volume element. Recall that before integrating in
polar coordinates, we had to establish that dA = r dr df. In the arguments that follow we establish that dV = r dr d6 dz.

If we cut up a solid by

o first slicing it into horizontal plates of thickness dz by using planes of constant z,

https://math.libretexts.org/@go/page/92245
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z
T

¢ and then subdividing the plates into wedges using surfaces of constant 8, say with the difference between successive 8's being

)
z
dé
Y
T

¢ and then subdividing the wedges into approximate cubes using surfaces of constant r, say with the difference between

successive 7's being dr,

z
dr
)
T
we end up with approximate cubes that look like
r dr
L S 'ﬁ dz
B rdo

e When we introduced slices using surfaces of constant r, the difference between the successive r's was dr, so the indicated edge

of the cube has length dr.
o When we introduced slices using surfaces of constant z, the difference between the successive z's was dz, so the vertical edges

of the cube have length dz.
o When we introduced slices using surfaces of constant 8, the difference between the successive 8's was df, so the remaining
edges of the cube are circular arcs of radius essentially * 7 that subtend an angle #, and so have length r df. See the derivation

of equation 3.2.5.

So the volume of the approximate cube in cylindrical coordinates is (essentially °)

& Equation 3.6.3

dV =rdrdfdz

Sample Integrals in Cylindrical Coordinates

Now we can use 3.6.3 to handle a variant of Example 3.5.1 in which the density is invariant under rotations around the z-axis.
Cylindrical coordinates are tuned to provide easier integrals to evaluate when the integrand is invariant under rotations about the z-
axis, or when the domain of integration is cylindrical.
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Find the mass of the solid body consisting of the inside of the sphere z? +y2 +22 =1 if the density is p(z, y, 2) = % + y2.

Solution

Before we get started, note that z2 +y? is the square of the distance from (z,y, z) to the z-axis. Consequently both the
integrand, z2 + y2, and the domain of integration, z? +y2 +22< 1, and hence our solid, are invariant under rotations about
the z-axis ©. That makes this integral a good candidate for cylindrical coordinates.

Again, by symmetry the total mass of the sphere will be eight times the mass in the first octant. We shall cut the first octant part
of the sphere into tiny pieces using cylindrical coordinates. That is, we shall cut it up using planes of constant z, planes of
constant 6, and surfaces of constant 7.

e First slice the (the first octant part of the) sphere into horizontal plates by inserting many planes of constant z, with the
various values of z differing by dz. The figure on the left below shows the part of one plate in the first octant outlined in
red. Each plate
o has thickness dz,

o has z essentially constant on the plate, and
o has (z,y) running over z > 0, y > 0, x? +y? <1—22. In cylindrical coordinates, r runs from 0 to v/1 — 22 and
runs from 0 to 5.
o The bottom plate has, essentially, z =0 and the top plate has, essentially, z = 1. See the figure on the right below.
& < (0,0,1)

x 6=0 x
So far, this looks just like what we did in Example 3.5.1.
o Concentrate on any one plate. Subdivide it into wedges by inserting many planes of constant 8, with the various values of 6
differing by df. The figure on the left below shows one such wedge outlined in blue. Each wedge
o has z and 6 essentially constant on the wedge, and
o has r running over 0 <r < V1 —22.

o The leftmost wedge has, essentially, # = 0 and the rightmost wedge has, essentially, 8 = g See the figure on the right
below.

0 =m/2

X

re T2 .
N _

o Concentrate on any one wedge. Subdivide it into tiny approximate cubes by inserting many surfaces of constant r, with the
various values of r differing by dr. The figure on the left below shows the top of one approximate cube in black. Each cube
o has volume r dr d@dz, by 3.6.3, and
o hasr, 6 and z all essentially constant on the cube.

o The first cube has, essentially, » = 0 and the last cube has, essentially, » = v/1 — 22 . See the figure on the right below.
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Now we can build up the mass.
« Concentrate on one approximate cube. Let's say that it contains the point with cylindrical coordinates 7, 8 and z.

o The cube has volume essentially dV = rdr dfdz and
o essentially has density p(z,y, z) = p(rcos, rsinf, z) = r? and so
o essentially has mass 7> dr d@ dz. (See how nice the right coordinate system can be!)

o To get the mass any one wedge, say the wedge whose 6 coordinate runs from 6 to 8+ df, we just add up the masses of the
approximate cubes in that wedge, by integrating r from its smallest value on the wedge, namely 0, to its largest value on
the wedge, namely v 1 — 22 . The mass of the wedge is thus

/1—22
dodz / drr®
0

e To get the mass of any one plate, say the plate whose z coordinate runs from z to z+dz, we just add up the masses of the
wedges in that plate, by integrating 6 from its smallest value on the plate, namely 0, to its largest value on the plate, namely
%. The mass of the plate is thus

/2 V1-22
dz / de / drr®
0 0

o To get the mass of the part of the sphere in the first octant, we just add up the masses of the plates that it contains, by
integrating z from its smallest value in the octant, namely 0, to its largest value on the sphere, namely 1. The mass in the

first octant is thus
1 /2 V1-22% 1 1 /2 9
/ dz/ d0/ drr3=—/ dz/ dé (1 - 2?)
0 0 0 4 Jo 0

1
:E/ dz (1—z2)2
8 Jo

x 1
:—/ dz (1 —222 +2%)
8 Jo

8/15
—N—
m 2 1
= —_— ]_ _—— —_
8 [ 3 + 5]
1
= —m
15
e So the mass of the total (eight octant) sphere is 8 x %5# = %ﬂ'.

Just by way of comparison, here is the integral in Cartesian coordinates that gives the mass in the first octant. (We found the
limits of integration in Example 3.5.1.)

1 Vi VI =22
/ dz/ dy/ dz (:c2 +y2)
0 0 0

In the next example, we compute the moment of inertia of a right circular cone. The Definition 3.3.13 of the moment of inertia was
restricted to two dimensions. However, as was pointed out at the time, the same analysis extends naturally to the definition
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& Equation 3.6.5

I :/// D(:L',y,z)zp(:c,y,z) dr dydz
v

of the moment of inertia of a solid V in three dimensions. Here

e p(z,y, 2) is the mass density of the solid at the point (z, y, z) and
e D(z,y, ) is the distance from (z, y, z) to the axis of rotation.

v/ Example 3.6.6

Find the moment of inertia of a right circular cone

e of radius a,
o of height h, and
o of constant density with mass M

about an axis through the vertex (i.e. the tip of the cone) and parallel to the base.
Solution

Here is a sketch of the cone.

N

=

Let's pick a coordinate system with

o the vertex at the origin,
o the cone symmetric about the z-axis and
o the axis of rotation being the y-axis.

and call the cone V.

xz

We shall use 3.6.5 to find the moment of inertia. In the current problem, the axis of rotation is the y-axis. The point on the y-
axis that is closest to (z, y, 2) is (0, y, 0) so that the distance from (z, y, 2) to the axis is just

D(z,y,2) =+ x> +2°

Our solid has constant density and mass M, so
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M) = Volume(V)

The formula
L
Volume(V) = 37a h

for the volume of a cone was derived in Example 1.6.1 of the CLP-2 text and in Appendix B.5.2 of the CLP-1 text. However
because of the similarity between the integral Volume(V) = [[f,, dz dy dz and the integral [[f},(z* 4 2%) dz dy dz, that we
need for our computation of I 4, it is easy to rederive the volume formula and we shall do so.

We'll evaluate both of the integrals above using cylindrical coordinates.
o Start by slicing the cone into horizontal plates by inserting many planes of constant z, with the various values of z differing

by dz.

"
VAR

T

Each plate

o is a circular disk of thickness dz.
o By similar triangles, as in the figure on the right below, the disk at height z has radius R obeying

E_& _ g2,
z h h
- 4 —> a
<~ 2a—>
h f hT

| |
i
o So the disk at height z has the cylindrical coordinates  running from 0 to %z and € running from 0 to 27.
o The bottom plate has, essentially, z =0 and the top plate has, essentially, z = h.
o Now concentrate on any one plate. Subdivide it into wedges by inserting many planes of constant 6, with the various values
of @ differing by d@.
o The first wedge has, essentially § = 0 and the last wedge has, essentially, 8 = 2.
« Concentrate on any one wedge. Subdivide it into tiny approximate cubes’ by inserting many surfaces of constant r, with

the various values of r differing by dr. Each cube

o has volume rdr dfdz, by 3.6.3.
o The first cube has, essentially, » = 0 and the last cube has, essentially, r = %z.

So the two integrals of interest are

h 2w %z
///dmdydz:/ dz/ d0/ drr
% 0 0 0
h 2 2 h
l/a \2 a°m
= dz/ dd ==z ——/ dz 2?
/0 0 2(h) n o
1

= §7ra2h

https://math.libretexts.org/@go/page/92245


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92245?pdf

LibreTexts"

as expected, and

2’ 42?

h 2 %z P
///(x2+z2) dz dy dz :/ dz/ dO/ drr(r2cos26—|—z2)
v
2T
a 294 1(2,)° 2
/ dz/ dO[ z cos 0+2(hz)z
1a* a2
= dz | =— 24
/0 [4 h4+h2]
27
since / cos® 0 d9 = w by Remark 3.3.5
0

1{1a a? 5
_E[Zﬁ+h2]”h

Putting everything together, the moment of inertia is

7“) p(@,y,2)
IA—/// +z da:dydz
1 1a a2 5
_37ra2h 5 [4 mt hZ} mh
_3 2 2
= 2OM(a +4h)
Exercises
Stage 1
?21

Use (r, 6, 2) to denote cylindrical coordinates.

1. Draw r = 0.

2.Draw r = 1.

3. Draw 6 = 0.

4. Draw 0 = f.
?2

Sketch the points with the specified cylindrical coordinates.
1.r=1,0=0,2=0
2r=1,0=1%,2=0
3r=1,0=7%,2=0
4.r=0,0=m,2=1
5r=1,0=%,2=1

?3

Convert from cylindrical to Cartesian coordinates.
1.r=1,0=0,2=0
2.r=1,0= Z, z=0
3r=1,0= 2, z=0
4.r=0,0=m,2=1
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Convert from Cartesian to cylindrical coordinates.
1.(1,1,2)

2.(-1,-1,2)

3.(~1,/3,0)

4.(0,0,1)

?5

Rewrite the following equations in cylindrical coordinates.
1. z=2zy
2. 22 +y2 +22=1
3.(z—-1)2+y2 =1

Stage 2

Use cylindrical coordinates to evaluate the volumes of each of the following regions.

1. Above the zy--plane, inside the cone z = 2a — y/22 +3? and inside the cylinder z? + 3% = 2ay.
2. Above the zy--plane, under the paraboloid z =1 —2? —y? and in the wedge —z < y < v/3z.
3. Above the paraboloid z =2 +3? and below the plane z = 2y.

Let E be the region bounded between the parabolic surfaces z =z +y? and z=2—2z* —3? and within the cylinder

2% +y2 < 1. Calculate the integral of £(z,y, 2) = (z2 +y?) >/ over the region E.

Let E be the region bounded above by the sphere z% +4? +22 =2 and below by the paraboloid z =z +y*. Find the
centroid of E.

Let FE be the smaller of the two solid regions bounded by the surfaces z==z2+y? and z2+y?+22=6. Evaluate
@ +y*) av.

Let a >0 be a fixed positive real number. Consider the solid inside both the cylinder 2> +y% =ax and the sphere
z? +y% 422 = a®. Compute its volume.

You may use that [ sin®(§) = 11—2005(30) - %cos(@) +C

| Let E be the solid lying above the surface z = y? and below the surface z = 4 — z%. Evaluate
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1— 20 1 26
sin® 0 = —COS( ) , cos’ = —+ C;)S( )

2

You may use the half angle formulas:

? 12

The centre of mass (Z, §, Z) of a body B having density p(z, y, z) (units of mass per unit volume) at (z, y, 2) is defined to be

Ry

av ﬂzM///Byp(w,y,z)dV
2:%///sz(x,y,z)dV

where

M:///Bp(m,y,z)dv

is the mass of the body. So, for example, z is the weighted average of x over the body. Find the centre of mass of the part of
the solid ball 22 + g2 + 22 < a? withz >0,y >0 and z > 0, assuming that the density p is constant.

A sphere of radius 2m centred on the origin has variable density \/ig (22 +1) kg/m3. A hole of diameter 1m is drilled through
the sphere along the z--axis.

1. Set up a triple integral in cylindrical coordinates giving the mass of the sphere after the hole has been drilled.
2. Evaluate this integral.

? 14 %

Consider the finite solid bounded by the three surfaces: z = e =y’ , 2=0 and 2* +y* =4.

1. Set up (but do not evaluate) a triple integral in rectangular coordinates that describes the volume of the solid.
2. Calculate the volume of the solid using any method.

Find the volume of the solid which is inside 2 +y2 =4, above 2 =0 and below 2z =y

Stage 3

The density of hydrogen gas in a region of space is given by the formula

2+ 222

p(z,y,2) = Tictrg?

1. At (1,0, —1), in which direction is the density of hydrogen increasing most rapidly?
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2. You are in a spacecraft at the origin. Suppose the spacecraft flies in the direction of (0,0, 1) . It has a disc of radius 1,
centred on the spacecraft and deployed perpendicular to the direction of travel, to catch hydrogen. How much hydrogen has
been collected by the time that the spacecraft has traveled a distance 27

You may use the fact that f027r cos? 0 df = .

A torus of mass M is generated by rotating a circle of radius a about an axis in its plane at distance b from the centre (b > a).
The torus has constant density. Find the moment of inertia about the axis of rotation. By definition the moment of intertia is
[JJ 7*dm where dm is the mass of an infinitesmal piece of the solid and r is its distance from the axis.

1. like a pipe or a can of tuna fish

2. We are using the standard mathematics conventions for the cylindrical coordinates. Under the ISO conventions they are
(p, ¢, 2). See Appendix A.7.

3. As was the case for polar coordinates, it is sometimes convenient to extend these definitions by saying that z = r cos 0 and
y = rsinf even when r is negative. See the end of Section 3.2.1.

4. The inner edge has radius 7, but the outer edge has radius r + dr. However the error that this generates goes to zero in the limit
dr, df, dz — 0.

5. By “essentially”, we mean that the formula for dV" works perfectly when we take the limit dr, dd, dz — 0 of Riemann sums.

6. Imagine that you are looking that the solid from, for example, far out on the z-axis. You close your eyes for a minute. Your evil
twin then sneaks in, rotates the solid about the z-axis, and sneaks out. You open your eyes. You will not be able to tell that the
solid has been rotated.

7. Again they are wonky cubes, but we can bound the error and show that it goes to zero in the limit dr, d6, dz — 0.

This page titled 3.6: Triple Integrals in Cylindrical Coordinates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts
platform.
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3.7: Triple Integrals in Spherical Coordinates

Spherical Coordinates

In the event that we wish to compute, for example, the mass of an object that is invariant under rotations about the origin, it is
advantageous to use another generalization of polar coordinates to three dimensions. The coordinate system is called spherical
coordinates.

& Definition 3.7.1

Spherical coordinates are denoted ! p, 6 and ¢ and are defined by

p = the distance from (0, 0, 0) to (z, y, 2)
¢ = the angle between the z axis and the line joining (z,y, 2) to (0,0, 0)
6 = the angle between the z axis and the line joining (z,y,0) to (0,0, 0)

z

(0,0,Z)a\\psinga

P COS P

Here are two more figures giving the side and top views of the previous figure.

2
(0,0,2)e (2,9,2) _)\\ Y
4 \\psingp
pCOS P psin @ cos 0
(a:,0,0)1»————_————;—-:lo(x’y’O)
o(2,,0) psin @ sin
) ) T
side view top view

The spherical coordinate 6 is the same as the cylindrical coordinate . The spherical coordinate arphs is new. It runs from 0 (on
the positive z-axis) to 7 (on the negative z-axis). The Cartesian and spherical coordinates are related by

& Equation 3.7.2

x = psinypcosf y = psinpsinf z=pcosy
/$2+ 2)
p:\/w2+y2+z2 0:arctan£ © :arctan—y
x z

Here are three figures showing

« asurface of constant p, i.e. a surface z2 +y? + 22 = p? with p a constant (which looks like an onion skin),
« asurface of constant 6, i.e. a surface y =  tan# with? @ a constant (which looks like the page of a book), and
« asurface of constant ¢, i.e. a surface z = y/x2 +y2 tan with ¢ a constant (which looks a conical funnel).
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z
z z
=
Yy Y y
Z x x
surface of constant p surface of constant 6 surface of constant ¢
(a sphere) (a plane) (a cone)

The Volume Element in Spherical Coordinates
If we cut up a solid > by

o first slicing it into segments (like segments of an orange) by using planes of constant 8, say with the difference between

successive 8's being df,
z

/
/
x

&

de

o and then subdividing the segments into “searchlights” (like the searchlight outlined in blue in the figure below) using surfaces

of constant ¢, say with the difference between successive ¢'s being de,
z

[
©

X

o and then subdividing the searchlights into approximate cubes using surfaces of constant p, say with the difference between
successive p's being dp,

we end up with approximate cubes that look like
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psinpdf

pde

>

p

xz

The dimensions of the approximate “cube” in spherical coordinates are (essentially) dp by pdy by psin¢ df. (These dimensions
are derived in more detail in the next section.) So the approximate cube has volume (essentially)

& Equation 3.7.3

dV = p?sinp dpdfdep

The Details

Here is an explanation of the edge lengths given in the above figure. Each of the 12 edges of the cube is formed by holding two of
the three coordinates p, 0, ¢ fixed and varying the third.

e Four of the cube edges are formed by holding 6 and ¢ fixed and varying p. The intersection of a plane of fixed 6 with a cone of
fixed ¢ is a straight line emanating from the origin. When we introduced slices using spheres of constant p, the difference

between the successive p's was dp, so those edges of the cube each have length dp.
z z z

/s

plane of fixed 0 cone of fixed ¢ line of intersection
e Four of the cube edges are formed by holding # and p fixed and varying . The intersection of a plane of fixed 8 (which
contains the origin) with a sphere of fixed p (which is centred on the origin) is a circle of radius p centred on the origin. It is a

line of longitude 4.
z z

z
I |
!
|

x//*' Ty //ﬁ:“““\y{//‘

x
sphere of fixed p plane of fixed §  circle of intersection

When we introduced searchlights using surfaces of constant ¢, the difference between the successive ¢'s was de. Thus those
four edges of the cube are circular arcs of radius essentially p that subtend an angle dy, and so have length p de.
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T
o Four of the cube edges are formed by holding ¢ and p fixed and varying €. The intersection of a cone of fixed ¢ with a sphere
of fixed p is a circle. As both p and ¢ are fixed, the circle of intersection lies in the plane z = pcos . Itis a line of latitude.

The circle has radius psin ¢ and is centred on (0,0, pcos ).
z z
\

3o

\
K’
I

1
I

N

1

/s
s
<

I

ey Ty =y
~ -~

z x
sphere of fixed p cone of fixed ¢ circle of intersection

1

When we introduced segments using surfaces of constant 8, the difference between the successive §'s was df. Thus these four
edge of the cube are circular arcs of radius essentially p sin ¢ that subtend an angle df, and so have length psin ¢ df.

z

psin @ df

psin @ —7

Sample Integrals in Spherical Coordinates

v Example 3.7.4. Ice Cream Cone

Find the volume of the ice cream® cone that consists of the part of the interior of the sphere 2% +y? + 22 = a? that is above
the zy-plane and that is inside the cone z? +y? = b*>2%. Here a and b are any two strictly positive constants.

Solution
Note that, in spherical coordinates
2 +y? =psin’ 22 =p?cos’ o 2t +y’ 422 =p°

Consequently, in spherical coordinates, the equation of the sphere is p = a, and the equation of the cone is tan? ¢ = b2. Let's
write 8 = arctanb, with 0 < 5 < % Here is a sketch of the part of the ice cream cone in the first octant. The volume of the
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full ice cream cone will be four times the volume of the part in the first octant.

X

We shall cut the first octant part of the ice cream cone into tiny pieces using spherical coordinates. That is, we shall cut it up
using planes of constant 6, cones of constant ¢, and spheres of constant p.

e First slice the (the first octant part of the) ice cream cone into segments by inserting many planes of constant 6, with the
various values of 6 differing by df. The figure on the left below shows one segment outlined in red. Each segment
o has 0 essentially constant on the segment, and
o has ¢ running from 0 to 8 and p running from 0 to a.

o The leftmost segment has, essentially, § = 0 and the rightmost segment has, essentially, § = % See the figure on the
right below.

I/ Yo, Y
o Concentrate on any one segment. A side view of the segment is sketched in the figure on the left below. Subdivide it into

long thin searchlights by inserting many cones of constant ¢, with the various values of ¢ differing by de. The figure on
the left below shows one searchlight outlined in blue. Each searchlight

o has 6 and ¢ essentially constant on the searchlight, and
o has p running over 0 < p <a.

o The leftmost searchlight has, essentially, ¢ = 0 and the rightmost searchlight has, essentially, ¢ = 3. See the figure on

the right below.
z @ %
= p+de =
pe ZZgwﬂp “'ZZ;soﬂ

o Concentrate on any one searchlight. Subdivide it into tiny approximate cubes by inserting many spheres of constant p, with

the various values of p differing by dp. The figure on the left below shows the side view of one approximate cube in black.
Each cube

o has p, 6 and ¢ all essentially constant on the cube and
o has volume p? sin p dp dfdyp, by 3.7.3.

o The first cube has, essentially, p = 0 and the last cube has, essentially, p = a. See the figure on the right below.
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z z
. p=pF=" P

I
=

Now we can build up the volume.

« Concentrate on one approximate cube. Let's say that it contains the point with spherical coordinates p, , ¢. The cube has
volume essentially dV = p? sin p dp df dy, by 3.7.3.

o To get the volume any one searchlight, say the searchlight whose ¢ coordinate runs from ¢ to ¢ +d¢g, we just add up the
volumes of the approximate cubes in that searchlight, by integrating p from its smallest value on the searchlight, namely 0,
to its largest value on the searchlight, namely a. The volume of the searchlight is thus

d0d<p/ dp p? sing
0

o To get the volume of any one segment, say the segment whose 6 coordinate runs from 6 to 8+ df, we just add up the
volumes of the searchlights in that segment, by integrating ¢ from its smallest value on the segment, namely 0, to its largest
value on the segment, namely /3. The volume of the segment is thus

B a
d0/ dop sin<p/ dp p?
0 0

o To get the volume of V), the part of the ice cream cone in the first octant, we just add up the volumes of the segments that it
contains, by integrating 6 from its smallest value in the octant, namely 0, to its largest value on the octant, namely 7.
e The volume in the first octant is thus

/2 B a
Volume(V;) = / de / dp sing / dp p?
0 0 0

a3 /2 B
:—/ dO/ dy singp

3 Jo 0

a3

/2
:3[1—cosﬂ]/0 dé

a3

=% [1 —cos [3]
e So the volume of V), the total (four octant) ice cream cone, is
47ad
Volume(V) =4 Volume(V;) = [1—cosf]

We can express 8 (which was not given in the statement of the original problem) in terms of b (which was in the statement of
the original problem), just by looking at the triangle

V1 + b2 b

1

The right hand and bottom sides of the triangle have been chosen so that tan 8 = b, which was the definition of 8. So

1 q q
cosfB = and the volume of the ice cream cone is
A V146

2ﬂa3[ 1 ]
Volume(V) = 1-—
YI==% V1402

Note that, as in Example 3.2.11, we can easily apply a couple of sanity checks to our answer.
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e If b=0, so that the cone is just > +y? = 0, which is the line z =y = 0, the total volume should be zero. Our answer
does indeed give 0 in this case.
e In the limit b — oo, the angle 8 — % and the ice cream cone opens up into a hemisphere of radius a. Our answer does

indeed give the volume of the hemisphere, which is % x 47a3.

3
v/ Example 3.7.5. Cored Apple

A cylindrical hole of radius b is drilled symmetrically through a perfectly spherical apple of radius a > b. Find the volume of
apple that remains.

Solution

In Example 3.2.11 we computed the volume removed, basically using cylindrical coordinates. So we could get the answer to

this question just by subtracting the answer of Example 3.2.11 from %

an exercise in setting up limits of integration when using spherical coordinates.

ma®. Instead, we will evaluate the volume remaining as

As in Example 3.2.11, let's use a coordinate system with the sphere centred on (0,0, 0) and with the centre of the drill hole
following the z-axis. Here is a sketch of the apple that remains in the first octant. It is outlined in red. By symmetry the total
amount of apple remaining will be eight times the amount from the first octant.

z

>+’ + 22 =d?

T
e First slice the first octant part of the remaining apple into segments by inserting many planes of constant #, with the various
values of 6 differing by df. The leftmost segment has, essentially, @ = 0 and the rightmost segment has, essentially, § = 7.
o Each segment, viewed from the side, looks like

b

= arcsin

Subdivide it into long thin searchlights by inserting many cones of constant ¢, with the various values of ¢ differing by
dy. The figure on below shows one searchlight outlined in blue. Each searchlight

o has 0 and ¢ essentially constant on the searchlight.

o The top searchlight has, essentially, ¢ = arcsing and the bottom searchlight has, essentially, ¢ = %

(p = arcsin g

z

p+dep
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o Concentrate on any one searchlight. Subdivide it into tiny approximate cubes by inserting many spheres of constant p, with
the various values of p differing by dp. The figure on the left below shows the side view of one approximate cube in black.
Each cube
o has p, 0 and ¢ all essentially constant on the cube and
o has volume dV = p? sinp dpdfdyp, by 3.7.3.

o The figure on the right below gives an expanded view of the searchlight. From it, we see (after a little trig) that the first
cube has, essentially, \(\rho=\frac{b} {\sin\varphi\) and the last cube has, essentially, p = a (the radius of the apple).

— in b
¢ = arcsin ;

b z

z

pt+dep U

Now we can build up the volume.

o Concentrate on one approximate cube. Let's say that it contains the point with spherical coordinates p, 8, . The cube has
volume essentially dV' = p? sin ¢ dp df dy, by 3.7.3.

o To get the volume any one searchlight, say the searchlight whose ¢ coordinate runs from ¢ to ¢ +d¢g, we just add up the
volumes of the approximate cubes in that searchlight, by integrating p from its smallest value on the searchlight, namely
ﬁ, to its largest value on the searchlight, namely a. The volume of the searchlight is thus

dfde / dp p?sing

sin ¢

o To get the volume of any one segment, say the segment whose 6 coordinate runs from 6 to 8+ df, we just add up the
volumes of the searchlights in that segment, by integrating ¢ from its smallest value on the segment, namely arcsin -, 2 , to
its largest value on the segment, namely = 5 - The volume of the searchlight is thus

dﬂ/ / dp p?sing

sin ¢

e To get the volume of the remaining part of the apple in the first octant, we just add up the volumes of the segments that it
contains, by integrating @ from its smallest value in the octant, namely 0, to its largest value on the octant, namely % The
volume in the first octant is thus

/2 % a
Volume(V)) :/ dﬁ/ ) dgo/b dp p*sinp
0 arcsin & -—

sin

1 3 b?
— dé dy sine |a® — }
3 / arcsin 2 SO SO [ Sin3 (p
1 3
== d0 a sing — b’ csc ga]
3 arcsm o)
1
3

3 a5
/ do [—a cosp+b cotgo] zcsm;

o Now we just have to integrate

Volume(V;) =

since /csc2 pdp=—cotp+C

(SIE]

= 7(; [—a® cosp + b cotcp]

sn;

Now cos % =cot % =0 and, if we write o = arcsin %,
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Volume(V,) = % [a® cosa — b? cot

. Va2-b’ Va2-b?
From the triangle below, we have cosa = ~“— and cot o = GT

P —
So
Volume(V,) = [ Vva —v%/a® ] 5 [a2 —62]3/2

The full (eight octant) volume of the remaining apple is thus
4 2 _3213/2
Volume(V) = 8Volume(V;) = gﬂ'[a —b?]

We can, yet again, apply the sanity checks of Example 3.2.11 to our answer.

o If the radius of the drill bit b = 0, no apple is removed at all. So the total volume remaining should be %mﬁ. Our answer
does indeed give this.

e If the radius of the drill bit b = a, the radius of the apple, then the entire apple disappears. So the remaining apple should
have volume 0. Again, our answer gives this.

As a final check note that the sum of the answer to Example 3.2.11 and the answer to this Example is %77(13, as it should be.

Exercises

Stage 1
?21

Use (p, 0, ) to denote spherical coordinates.

lDraw<p—0
2. Draw ¢ = Z
3. Draw ¢ = 7.
4Draw<,0—3;T
5. Draw ¢ = .
?22

Sketch the point with the specified spherical coordinates.

1.p=0,0=0.17, ¢ =0.T7
2.p=1,60=0. 37r,<p—0

3.p=1,0=0,p=7
4p=1,0=%,p=7%
5.p=1,0=%,p=7%
6.p=1,0=3,p=%

Convert from Cartesian to spherical coordinates.

1.(~2,0,0)
2.(0,3,0)
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.(0,0,—4)
11

3
4. T T =y T \/3)
?24

Convert from spherical to Cartesian coordinates.

1p=1,0:§, =
2.p=2,0=12, p=

[CIERCN B

?5
Rewrite the following equations in spherical coordinates.

1. 2% =322 + 332
228+ +(2—1)2 =1
3.2 +y? =4

Using spherical coordinates and integration, show that the volume of the sphere of radius 1 centred at the origin is 47 /3.

Stage 2

Consider the region E in 3-dimensions specified by the spherical inequalities
1<p<1l+cosp

1. Draw a reasonably accurate picture of E in 3-dimensions. Be sure to show the units on the coordinates axes.
2. Find the volume of E.

Use spherical coordinates to evaluate the integral

o

where D is the solid enclosed by the cone z = /22 +42 and the sphere 2> +y? + 22 =4. That s, (z,y, z) is in D if and
only if /22 + 9% <z and 2% 4+ y% + 2% < 4.

Use spherical coordinates to find

1. The volume inside the cone z = /22 + 4> and inside the sphere 2 +y? + 22 = a®.

2. [[f = dV and [[f, zdV over the part of the sphere of radius a that lies in the first octant.

3. The mass of a spherical planet of radius a whose density at distance p from the center is § = A/(B + p?).
4. The volume enclosed by p = a(1 —cos ). Here p and ¢ refer to the usual spherical coordinates.

https://math.libretexts.org/@go/page/92246



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92246?pdf

LibreTexts"

Consider the hemispherical shell bounded by the spherical surfaces
z2—|—y2—|—22=9 and w2+y2—|—z2:4
and above the plane z = 0. Let the shell have constant density D.

1. Find the mass of the shell.
2. Find the location of the center of mass of the shell.

? 11 %

Let

1= [[[ ezav

where T is the eighth of the sphere 2> + 9% 4+ 2% <1 withz,y,z>0.

1. Sketch the volume T'.
2. Express I as a triple integral in spherical coordinates.
3. Evaluate I by any method.

Evaluate W = [[f, 2z dV, where Q is an eighth of the sphere 2?2 +y? +22 <9 withz,y,2>0.

Evaluate [[fps [14 (z® +y* +2%) 3] v

? 14 %

Evaluate

1 p1-22 ple/I—2—2
/ / _/ (2?2 +y? +22)°%2 dzdy dz
“1J /122 J1-/Ta?—?

by changing to spherical coordinates.

Evaluate the volume of a circular cylinder of radius a and height h by means of an integral in spherical coordinates.

5

? 16. %

Let B denote the region inside the sphere 2>+ +2% =4 and above the cone z2+y* = 2>

1nertia
/// zZ d
B

. Compute the moment of
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1. Evaluate / / / zdV where €Q is the three dimensional region in the first octant z > 0, y > 0, z > 0, occupying the inside
Q

of the sphere 2 +y2? + 22 = 1.
2. Use the result in part (a) to quickly determine the centroid of a hemispherical ball given by z > 0, z2 +y% +22 < 1.

Consider the top half of a ball of radius 2 centred at the origin. Suppose that the ball has variable density equal to 9z units of
mass per unit volume.

1. Set up a triple integral giving the mass of this half-ball.
2. Find out what fraction of that mass lies inside the cone

2=z 4 yz
Stage 3
? 19. %
Find the limit or show that it does not exist
Ty +yz2? +x22

lim
(2,9,9—-(0,0,0) x2+y%+24

A certain solid V' is a right-circular cylinder. Its base is the disk of radius 2 centred at the origin in the zy-plane. It has height 2
and density /z2 +y2 .

A smaller solid U is obtained by removing the inverted cone, whose base is the top surface of V" and whose vertex is the point
(0,0,0).

1. Use cylindrical coordinates to set up an integral giving the mass of U.
2. Use spherical coordinates to set up an integral giving the mass of U.
3. Find that mass.

? 21 %

A solid is bounded below by the cone z=,/x2+y? and above by the sphere z®+%>+22=2. It has density
8(z,y,2) = 2> +y°.

1. Express the mass M of the solid as a triple integral, with limits, in cylindrical coordinates.
2. Same as (a) but in spherical coordinates.
3. Evaluate M.

? 22 %

1= [[[[ ezav

where E is the eighth of the sphere z? +y? +22 <1 withz,y,2z> 0.

1. Express I as a triple integral in spherical coordinates.
2. Express I as a triple integral in cylindrical coordinates.
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l 3. Evaluate I by any method.

Let

I:///T(mz—i—yQ)dV

where T is the solid region bounded below by the cone z = /32 + 332 and above by the sphere z? + 3% + 22 = 9.

1. Express [ as a triple integral in spherical coordinates.
2. Express I as a triple integral in cylindrical coordinates.
3. Evaluate I by any method.

? 24. %

Let E be the “ice cream cone” % + y2 +22< 1, z2 —|—y2 < 2%, 2> 0. Consider

J:/// A2y 2R AV
E

1. Write J as an iterated integral, with limits, in cylindrical coordinates.
2. Write J as an iterated integral, with limits, in spherical coordinates.
3. Evaluate J.

The body of a snowman is formed by the snowballs 22 +y% + 22 =12 (this is its body) and 2 +y% + (2 —4)2 =4 (this is
its head).

1. Find the volume of the snowman by subtracting the intersection of the two snow balls from the sum of the volumes of the
snow balls. [Recall that the volume of a sphere of radius 7 is 43—“7’3 .
2. We can also calculate the volume of the snowman as a sum of the following triple integrals:

1. T o g2 — N

/ / / p” sinarphi dp df darphi

o Jo Jo
2. 2 V3 pa-=
/ / / ¥ rdzdradg
0 0 V3r
3. T p2m p24/3 -
/ / / o’ sin(arphi) dp df darphi
= Jo Jo

Circle the right answer from the underlined choices and fill in the blanks in the following descriptions of the region of
integration for each integral. [Note: We have translated the axes in order to write down some of the integrals above. The
equations you specify should be those before the translation is performed.]

1. The region of integration in (1) is a part of the snowman's

body / head / body and head

It is the solid enclosed by the

sphere / cone

defined by the equation

https://math.libretexts.org/@go/page/92246



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92246?pdf

LibreTexts"

and the
sphere / cone

defined by the equation

2. The region of integration in (2) is a part of the snowman's

body / head / body and head

It is the solid enclosed by the
sphere / cone

defined by the equation

and the

sphere / cone

defined by the equation

3. The region of integration in (3) is a part of the snowman's

body / head / body and head

It is the solid enclosed by the

sphere / cone

defined by the equation

and the
sphere / cone

defined by the equation

1. Find the volume of the solid inside the surface defined by the equation p = 8 sin(arphs) in spherical coordinates.

You may use that

/Sin4((p) = % (12¢ —8sin(2¢) +sin(4¢)) +C

2. Sketch this solid or describe what it looks like.

Let E be the solid
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and consider the integral

I:/// 2/ 2y 427 dv.
E

1. Write the integral I in cylindrical coordinates.
2. Write the integral I in spherical coordinates.
3. Evaluate the integral I using either form.

? 28. %

Consider the iterated integral

0 po Va*—z?—y?
I:/ / / (2 +9? +22) "™ dzdy dz
—a J —y/a*—2? JO

where a is a positive constant.

1. Write I as an iterated integral in cylindrical coordinates.
2. Write I as an iterated integral in spherical coordinates.
3. Evaluate I using whatever method you prefer.

The solid F is bounded below by the paraboloid z = 22 + 42 and above by the cone z = /z2 + 2. Let

I:///Ez(a:2+y2—|—z2) dv

1. Write I in terms of cylindrical coordinates. Do not evaluate.
2. Write I in terms of spherical coordinates. Do not evaluate.
3. Calculate I.

Let S be the region on the first octant (so that x,y, z > 0) which lies above the cone z = 4/z2 +y? and below the sphere
(2—1)2+ 22 +y%*=1. LetV be its volume.

1. Express V as a triple integral in cylindrical coordinates.
2. Express V as an triple integral in spherical coordinates.
3. Calculate V using either of the integrals above.

A solid is bounded below by the cone z= /322 +3y2 and above by the sphere 2?+%?+22=9. It has density
8(z,y,2) = 2> +y°.

1. Express the mass m of the solid as a triple integral in cylindrical coordinates.
2. Express the mass m of the solid as a triple integral in spherical coordinates.
3. Evaluate m.

1. We are using the standard mathematics conventions for the spherical coordinates. Under the ISO conventions they are (r, ¢, 6).
See Appendix A.7.

2. and with the sign of z being the same as the sign of cos 8

3. You know the drill.

4. The problem of finding a practical, reliable method for determining the longitude of a ship at sea was a very big deal for a
period of several centuries. Among the scientists who worked in this were Galileo, Edmund Halley (of Halley's comet) and
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Robert Hooke (of Hooke's law).
5. A very mathematical ice cream. Rocky-rho'd? Choculus?

This page titled 3.7: Triple Integrals in Spherical Coordinates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts
platform.
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3.8: Optional— Integrals in General Coordinates

One of the most important tools used in dealing with single variable integrals is the change of variable (substitution) rule

& Equation 3.8.1

See Theorems 1.4.2 and 1.4.6 in the CLP-2 text. Expressing multivariable integrals using polar or cylindrical or spherical
coordinates are really multivariable substitutions. For example, switching to spherical coordinates amounts replacing the
coordinates x, y, z with the coordinates p, 6, ¢ by using the substitution

X =r(p,0,p) dz dydz = p® sinpdpdfdyp
where
X=(z,y, 2 and r(p,0,p) = (pcosfsing, psinfsiny, pcosyp)

We'll now derive a generalization of the substitution rule 3.8.1 to two dimensions. It will include polar coordinates as a special
case. Later, we'll state (without proof) its generalization to three dimensions. It will include cylindrical and spherical coordinates as
special cases.

Suppose that we wish to integrate over a region, R, in R? and that we also wish! to use two new coordinates, that we'll call « and
v, in place of z and y. The new coordinates u, v are related to the old coordinates z, y, by the functions

z =z (u,v)
y =y(u,v)

To make formulae more compact, we'll define the vector valued function r(u, v) by

r(ua U) = <x(u, U) ) y(“a 1))>
As an example, if the new coordinates are polar coordinates, with r renamed to u and 6 renamed to v, then z(u, v) = u cosv and

y =usinv.

Note that if we hold v fixed and vary u, then r(u, v) sweeps out a curve. For example, if z(u,v) = u cosv and y = u sinv, then, if
we hold v fixed and vary u, 7(u, v) sweeps out a straight line (that makes the angle v with the z-axis), while, if we hold u > 0
fixed and vary v, r(u, v) sweeps out a circle (of radius u centred on the origin).

v fixed y
u varying

u fixed __|
v varying r(u,v)

We start by cutting R (the shaded region in the figure below) up into small pieces by drawing a bunch of curves of constant u (the
blue curves in the figure below) and a bunch of curves of constant v (the red curves in the figure below).

Concentrate on any one of the small pieces. Here is a greatly magnified sketch.

u=ug u:u0+du
v varying v varying
P2 3 u varying
v=v0+dv
P u varying
0 v=uvQ

https://math.libretexts.org/@go/page/92247


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92247?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/03%3A_Multiple_Integrals/3.08%3A_Optional_Integrals_in_General_Coordinates

LibreTexts"

For example, the lower red curve was constructed by holding v fixed at the value vp, varying u and sketching r(u,vg), and the
upper red curve was constructed by holding v fixed at the slightly larger value vy + dv, varying u and sketching r(u, vy +dv). So
the four intersection points in the figure are

Py =r(up, vy +dv) P; =r(ug+du, vy +dv)

Py =r(ug,vo) P, =r(ug+du,vy)

Now, for any small constants dU and dV, we have the linear approximation 3

0 0
r(up +dU,vo +dV) ~r(ug, vo) +6—Z(u0 , v9)dU + 8—Z(u0 , v9)dV

Applying this three times, once with dU = du, dV =0 (to approximate P;), once with dU =0, dV =dv (to approximate P),
and once with dU = du, dV =dwv (to approximate P3),

Py =r(ug , vo)

0
Py =r(up +du,vp) ~r(uo , vo) +£(Uo, vp) du
0
Py, =r(up, vy +dv) ~r(ug, vg) + B—Z(UO , V) dv
or Or
Py =r(up +du, v +dv) ~r(ug, v) +5-(uo, vo) du + 5= (uo, vo) dv

We have dropped all Taylor expansion terms that are of degree two or higher in du, dv. The reason is that, in defining the integral,
we take the limit du, dv — 0. Because of that limit, all of the dropped terms contribute exactly 0 to the integral. We shall not prove
this. But we shall show, in the optional §3.8.1, why this is the case.

The small piece of R surface with corners Py, P;, P,, P is approximately a parallelogram with sides

— —— fr Ox 0
PyP, ~ Py Py = —(ug, vg)du = { — (uo,vp) , —y(ug,vg) du
ou ou ou
— —— Or ozr 0
PyPy ~ PPy ~—(up, vp) dv={ — (ug,vp), —y(u0,vg) dv
ov Ov ov
P D
PPy
P() 1
P

s
Here the notation, for example, Py P; refers to the vector whose tail is at the point Py and whose head is at the point P;. Recall,
from 1.2.17 that

area of parallelogram with sides (a, b) and (¢, d) = . Z] . = |ad — be|

C

det [

So the area of our small piece of R is essentially

& Equation 3.8.2

o By
dA=|det | * 2 ||dudv
. By
v v

Recall that det M denotes the determinant of the matrix M. Also recall that we don't really need determinants for this text, though
it does make for nice compact notation.

The formula (3.8.2) is the heart of the following theorem, which tells us how to translate an integral in one coordinate system into
an integral in another coordinate system.
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Let the functions z(u,v) and y(u,v) have continuous first partial derivatives and let the function f(z,y) be continuous.
Assume that z = z(u, v), y = y(u, v) provides a one-to-one correspondence between the points (u, v) of the region ¢ in the
uv-plane and the points (z, y) of the region R in the zy-plane. Then
oy
(u,v) =(u,v)
J[ ey = [ s, vw,v) o
R u

(wv) 22 (u,v)

det du dv

sl® 2l

The determinant

s

et [%(u,v) ;—“z(u,v)]
o (u7v) %

that appears in (3.8.2) and Theorem 3.8.3 is known as the Jacobian .

v/ Example 3.8.4. dAforz <> y

We'll start with a pretty trivial example in which we simply rename z to Y and y to X. That is

2(X,Y) =Y
y(X,Y) =X
Since
Oz Oy
ax 0 ax !
ox Oy
w ' o

(3.8.2), but with « renamed to X and v renamed to Y, gives
01
dA = ’det [1 0HdXdY:dXdY
which should really not be a shock.

v Example 3.8.5. d A for Polar Coordinates

Polar coordinates have

z(r,0) =rcosf
y(r,0) =rsiné

Since

IL _ cosd @ =sinf

r or

@ = —rsinf gzrcose

00 00
(3.8.2), but with u renamed to r and v renamed to 6, gives

dA = |det [ cosf  sinf ] drd6 = (r cos® 6+ sin’ ) drdf
—rsinf 7cosf
=rdrdf

which is exactly what we found in 3.2.5.
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v/ Example 3.8.6. d A for Parabolic Coordinates

Parabolic® coordinates are defined by

Since
ox Oy
u ou "
ox oy
v Y v “
(3.8.2) gives
dA = det[ Y ”] dudv = (u? +v?) du dv
v u

In practice applying the change of variables Theorem 3.8.3 can be quite tricky. Here is just one simple (and rigged) example.

v/ Example 3.8.7

Evaluate

// J dz dy where R ={(z,y)|0 <z <1, 1+z<y<2+2z}
Solution
We can simplify the integrand considerably by making the change of variables

S§= r =S

Yy
t= =t(1 =t(1
Ly =t =t1+s)

Of course to evaluate the given integral by applying Theorem 3.8.3 we also need to know

e [o] the domain of integration in terms of s and ¢ and
e [0o] dz dy in terms of ds d¢.

By (3.8.2), recalling that z(s,t) = s and y(s,t) =¢(1 +s),

& X 1t
_ s Os _ _
dz dy = |det % % dsdt = |det [0 1—1—3] dsdt =(1+s)dsdt

To determine what the change of variables does to the domain of integration, we'll sketch R and then reexpress the boundary
of R in terms of the new coordinates s and ¢. Here is the sketch of R in the original coordinates (z, y).
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$=0%

The region R is a quadrilateral. It has four sides.

o The left side is part of the line = 0. Recall that x = s. So, in terms of s and ¢, this line is s = 0.
o The right side is part of the line = 1. In terms of s and ¢, this line is s = 1.
« The bottom side is part of the line y = 1+, or = = 1. Recall that ¢ = = So, in terms of s and t, this line is ¢ = 1.

o The top side is part of the line y = 2(1+z), or = 2. In terms of s and {, this line is ¢t = 2.

v
14z
Here is another copy of the sketch of R. But this time the equations of its four sides are expressed in terms of s and ¢.

Y

X

So, expressed in terms of s and ¢, the domain of integration R is much simpler:
{(5,8)|0<s<1,1<t<2}

Asdzdy = (1+s)dsdt and the integrand ﬁ =t, the integral is, by Theorem 3.8.3,

//R 1-ny de dy :/Olds/12dt(1+s)t:/01ds(1—|—s) [%E
l,

||
[V
2| %

e +

I
Ao N w
X

There are natural generalizations of (3.8.2) and Theorem 3.8.3 to three (and also to higher) dimensions, that are derived in precisely
the same way as (3.8.2) was derived. The derivation is based on the fact, discussed in the optional Section 1.2.4, that the volume of
the parallelepiped (three dimensional parallelogram)

7

/]

a
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determined by the three vectors a = (a3, az,as), b = (by, b2, b3) and ¢ = (cy, ¢, c3) is given by the formula

a; a2 asg
volume of parallelepiped with edges a,b,c = |det | b; by b3

it G G

where the determinant of a 3 X 3 matrix can be defined in terms of some 2 x 2 determinants by

a; ag ag
det |f)1 by bg‘| = ay det [ 1 b b3‘| — agdet |f)1 o b3‘| + azdet |:b1 b 3‘|
€1 C2 C3 1 C2 C3 c1 G2 C3 1 C2 3
= ay (bocg — b3ca) —ag (bies — bzer)  +az (bica — bacy)

If we use

= z(u, v, w)

y(u,v, w)
2(u, v, w)

T
Y
z

to change from old coordinates x, y, 2 to new coordinates u, v, w, then

& Equation 3.8.8

& % &
ou ou ou
dV =|det | & & 2 ||dudvdw
o o
oz %y oz
ow ow ow

v Example 3.8.9. dV for Cylindrical Coordinates

Cylindrical coordinates have

z(r,0,2) =rcosf
y(r,0,z) =rsinf

2(r,0,2) =z
Since
ox oy . 0z
E—cosé) E-sm& E_O
ox . Oy 0z
%——rsme %—TCOSO %—0
ox Oy 0z
2 % %
(3.8.8), but with u renamed to r and v renamed to 6, gives
cos@ sind 0
dV =|det | —rsinf rcosf 0 ||drdfdz
0 0 1
= |cosfdet [TCOSG 0] —sinfdet [—rsme (1)]
+0det [_”’me ”OSO] ’drd@dz

= (rcos® §+rsin® 0) dr df dz
=rdrdfdz

which is exactly what we found in (3.6.3).
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v/ Example 3.8.10. dV for Spherical Coordinates

Spherical coordinates have
z(p, 0, ¢) =p cosf sinp

y(p,0,¢) = p sinf siny
#(p, 0, ) =p cosep

Since

oz 0 si y 8 si 0z

— =cosf sin — =sinf sin — =cos

Op v Op v Op v

6—$ = —p sinf sin @ = p cosf sin % =0

a0~ * v 99" LT

G_m = p cosf cos @ = p sinf cos % = —p sin
(3.8.8), but with u renamed to p, v renamed to # and w renamed to ¢, gives

cosf sinyp sin @ sin @ cos
dV =|det | —p sinfsiny p cos@sing 0 dpdfdy

pcosfcosp psinfcosp —psing
p cosf sinyp 0 ]

cos @ sinyp det [ . .
psinf cosp —psing
_ sinf sin det —p sinf sinarphi 0
p cosf cosp —p sinp

—p sinfsing p cosf singo] dpdfdy

+cos ¢ det [ .
p cosf cosp  psinf cosp

= p2| — cos? Bsin® ¢ — sin® §sin® ¢ — sin p cos? <p| dpdfde
:pz‘ —singsin? p — sin g cos® ¢|dpdhde
= p*sinp dpdfdy

which is exactly what we found in (3.7.3).

Optional — Dropping Higher Order Terms in du, dv

In the course of deriving (3.8.2), that is, the dA formula for

u=uq u:u0+du
v varying v varying
P2 3 u varying

v=v( +dv
P u varying
0 v=v(

we approximated, for example, the vectors

— or Or
PyP, =r(ug+du,vg) —r(ug, vo) = —=(up, vo)du+E; ~ —(ug, v) du

ou Ou
P or or
P0P2 :I‘(’LLO,’U() +d’U)—I‘(’U,0, ’U()) :%(’LLO, ’U()) d’U+E2 ~ %(’LLO, ’U()) dv

where E; is bounded ® by a constant times (du)? and E» is bounded by a constant times (dv)?. That is, we assumed that we could
just ignore the errors and drop E; and E5 by setting them to zero.

So we approximated
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G Or or
PyP, x B Py| = [%(uo, Vo) du—i—El] X [%(Uo , V0) dU+E2]
Or or
= 6_U(U0 , vp) du X %(uo, vo) dv+Es
Or or
~ %(Uo , vo) du x %(uo, vg) dv

where the length of the vector Ej is bounded by a constant times (du)? dv+ du (dv)?. We'll now see why dropping terms like E3
does not change the value of the integral at all”. Suppose that our domain of integration consists of all (u,v)'s in a rectangle of
width W and height H, as in the figure below.

v
- —{ duy
11
dv
H T
u
W W |

Subdivide the rectangle into a grid of n x n small subrectangles by drawing lines of constant v (the red lines in the figure) and
lines of constant w (the blue lines in the figure). Each subrectangle has width du = % and height dv = % Now suppose that in
setting up the integral we make, for each subrectangle, an error that is bounded by some constant times

W 2£+E(£>2 B WH(W +H)

(du)?® dv+du (dv)? = (7) - 3

n n
Because there are a total of n? subrectangles, the total error that we have introduced, for all of these subrectangles, is no larger than
a constant times
WH(W +H) _ WH(W + H)

n N n

n2><

When we define our integral by taking the limit n — 0 of the Riemann sums, this error converges to exactly 0. As a consequence,
it was safe for us to ignore the error terms when we established the change of variables formulae.

1. We'll keep our third wish in reserve.

2. We are abusing notation a little here by using z and y both as coordinates and as functions. We could write = f(u, v) and
y = g(u, v), but it is easier to remember z = z(u, v) and y = y(u, v).

3. Recall 2.6.1.

4. Tt is not named after the Jacobin Club, a political movement of the French revolution. It is not named after the Jacobite
rebellions that took place in Great Britain and Ireland between 1688 and 1746. It is not named after the Jacobean era of English
and Scottish history. It is named after the German mathematician Carl Gustav Jacob Jacobi (1804 — 1851). He died from
smallpox.

5. The name comes from the fact that both the curves of constant u and the curves of constant v are parabolas.

6. Remember the error in the Taylor polynomial approximations. See 2.6.13 and 2.6.14.

7. See the optional § 1.1.6 of the CLP-2 text for an analogous argument concerning Riemann sums.

This page titled 3.8: Optional— Integrals in General Coordinates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts

platform.
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A.1: Trigonometry

A.1.1 Trigonometry — Graphs
11

[
ol
[NERS S
[N

sin cos 0 tan 6

A.1.2 Trigonometry — Special Triangles

7T/4 7T/6
V2 S~ . 2/ N
N 3\ .
1 1
From the above pair of special triangles we have
1 1 3
sm%——2 sm%:E sin§—§
T 1 T \/3 T 1
coOs— =—— cos— = —— cos— ==
4 /2 6 2 3 2
1
tan%zl tan%:% tan%:\/g

A.1.3 Trigonometry — Simple Identities
o Periodicity
sin(0+ 2m) = sin(6) cos(0+2m) = cos(9)
o Reflection
sin(—6) = — sin(6) cos(—0) = cos(0)
« Reflection around /4
sin(§ —6) = cosf cos(§ —6) =sinf
« Reflection around 7 /2
sin(m —0) =siné cos(m —6) = —cosé
e Rotation by 7

sin(f+m) = —sinf cos(@+m) = —cosf

e Pythagoras
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sin? @ +cos? 9 =1
tan?0+1 = sec’ 0
1+cot?6 =csc? 0

¢ sin and cos building blocks

i 1 1 1
tan@zﬂ cscf=—— sec=—— cotOZCOSO—
cos@ in 6 cosf

sinf = tan6

A.1.4 Trigonometry — Add and Subtract Angles

¢ Sine
sin(a+ ) = sin(a) cos(f) +cos(a) sin(8)
e Cosine
cos(a £ 8) = cos(a) cos(8) Fsin(a) sin(8)
e Tangent
tan(a +8) — %
tan(a— ) = tana — tan 8

1+tanatang
e Double angle

sin(260) = 2 sin(6) cos()
co0s(26) = cos?(#) —sin®(9)

=2cos?(6) — 1
=1—2sin*(0)
2 tan(0
tan(26) = —(2)
1—tan®60
1 20
cos? g — L FC0s2)
2
1-— 20
sin? g — L—C05(20)
2
tan? 0 — 1 —cos(26)
1+ cos(26)
e Products to sums
sin(a) cos(B) = sin(a + f) —;—sm(a —B)
cos(a —p) —cos(a +
sin(a) sin(8) = (@—f) 5 (@+5)
cos(a — ) + cos(a +
cos(a) cos(B) = (@-8) 5 (@+5)
e Sums to products
sina +sin 8 = 2sin a —;ﬂ cos e ;'B
. . atpf . a—p
sina —sin 3 =2 cos 5 Sil—
cosa +cos B =2cos a;ﬂ cos 2 ;ﬂ
cosa —cosf3 = —2sin sina;B
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A.1.5 Inverse Trigonometric Functions

[NIE)

[NIE]
.

arcsin x

arccos x

[SIE]

[NIE]

arctan

Domain: all real numbers

Domain: -1 <z <1 Domain: -1 <z <1

._x z
Range: —5 < arctanz < 5

. T . T
Range: —5 <arcsinz < 5 Range: 0 < arccosx <

Since these functions are inverses of each other we have

s ™ T
arcsin(sinf) =6 —3 <6< 3
arccos(cosf) =46 0<O<7
™ T
arctan(tanf) =0 —— <0< =
2 2
and also
sin(arcsinz) =z -1<z<1
cos(arccosz) =z -1<z<1
tan(arctanz) =z any real =
™ ™ ™
3
1 ‘ 3 z
—1 1
—31 :
—1 1
arccsce arcsecz arccotz
Domain: |z] > 1 Domain: || > 1 Domain: all real numbers
Range: —% < arccscx < % Range: 0 < arcsecz < 7 Range: 0 < arccotz < 7
arcescz 7 0 arcsecx # g
Again
™ ™
arccsc(csc ) =0 ) <6< 3 0+0
T
arcsec(secf) =0 0<0<m, 0 o)
arccot(cotf) =6 0<O<m
and
csc(arcesez) =z lz| >1
sec(arcsecz) =z |z| >1
cot(arccotz) =z any real z
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A.2: Powers and Logarithms
A.2.1 Powers

In the following, = and y are arbitrary real numbers, ¢ is an arbitrary constant that is strictly bigger than zero and e is
2.7182818284, to ten decimal places.

. 60:]_7 q0:1
T T

y_ € v _4g
c efV=etel, "V=—, ¢"V=¢"¢", ¢"V=
e¥ q¥
1 1
- __ . —
e € __a:’ q __a:
e q

d
L] _iL‘::E _g(d)):’ g(:l)) _le z
dz "% A& g (2)e”™, dz ? (ng)q
o [efdr=e"+C, [e*dz=21e"+C ifa#0

T > xn
e €& = —'
—~ n!
e lime® =00, lim e*=0
T—00 T——00

lim ¢ =00, lim ¢*=0 ifg>1

T—00 T—>—00

lim ¢° =0, lim ¢°* =00 if0<g<1

T—00 T——00

o The graph of 2% is given below. The graph of ¢, for any g > 1, is similar.

Y y =2

A.2.2 Logarithms

In the following, x and y are arbitrary real numbers that are strictly bigger than 0 (except where otherwise specified), p and q are
arbitrary constants that are strictly bigger than one, and e is 2.7182818284, to ten decimal places. The notation In z means log, z.
Some people use log = to mean log;, x, others use it to mean log, = and still others use it to mean log, x.

. elnw =z, qlong =

o In(e”) ==z, log,(¢°) ==z forall—co<z<oo
1 log, © log, x

. long:ﬂ, Inz = , log,z = &
Ing log, e log, q

e In1=0, Ine=1
log,1=0, log,g=1
o In(zy) =Inz +Iny, log, (zy)=log,z+log,y

)
x x
e In (Z) =Inz —Iny, log, (;) =log, z —log, y
1 1
e In (5) =—Iny, log, (5) =—log,y
e In(z¥) =ylnz, log, (z¥)=ylog z
dppol g e 2
& tTY @ qum_wlnq
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x
o /lnxdw—wlnw—x+0, /longda:—a:logq:c—m—i-c

e limlnz =00, limlnz=-0c0
T—00 z—0

1. 1 = 1. 1 = —
zl)l’g) qu$ o0, wl—I}E)l qux oo

The graph of log; z is given below. The graph of log, z, for any g > 1, is similar.
Yy
1.04 y= logll) €z

0.54

—0.5

—1.0-
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A.3: Table of Derivatives

Throughout this table, a and b are constants, independent of x.

F(x)

af(z)+bg(x)

f(z) +g(x)
f(z) —g(x)
af(z)
f(z)g(z)

f(z)g(z)h(z)

@)
g(x)

F(x)

Inz

Ing(z)

log,

af'(z) + bg'(x)
f'(z)+9'(z)
f'(z) —g'(z)
af'(z)
f'(z)g(z) + f()g' (2)

f'(z)g(z)h(z) + f(z)g' (z)h(z) + f(z)g(z) (z)
f'(z)9(x)— f(z)g' (z)
g(@)’
g'(z)

g(z)’

f'(g(x))d' (x)

F'(z) =<
0
azt-1
ag(x)*'g'(z)
cosx
g'(z) cos g(x)
—sinz
—¢/(2)sing(a)
sec? x
—cscrcot
secrtanz
—csc?z
et
g/(m)eg(w)

(Ina) a®

F'(z) = %

https://math.libretexts.org/@go/page/92251



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92251?pdf
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/04%3A_Appendices/4.01%3A_A_Appendices/4.1.03%3A_A.3%3A_Table_of_Derivatives

LibreTexts*

arcsin N
. g (=)
arcsin g(x) Ry
1
arccos N
1
arctan x Tra?
’
9 (@)
arctan g(z) —_—
1+g(x)
1
arccsce el 1
—1
arcsecz /a1
1
arccotx T
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A.4: Table of Integrals

Throughout this table, a and b are given constants, independent of  and C is an arbitrary constant.

f(=)
af(z)+bg(x)
f(z) +g(x)
f(z) —g(x)
af(z)
u(z)v'(x)

F(y(@))y'(z)

f(=z)
sinz
g'(z)sing(z)
cosz
tanz
cscx
secz
cotx
sec? x
csc x

secxtanz

cscxcotx

F(z) = [ f(z) d
aff(z)dz+b[g(x)dz + C
[ f(z)dz+ [g(z)dz + C
[f(z)dz— [g(z) dz + C
aff(z)de + C
u(@)v(z) — [ (z)v(z) dz + C
F(y(z)) where F(y) = [ f(y) dy
ax+C

wa+1

o7 tCifa# -1

In|z|+C

ma-%—l
®_ L Cifa+-1

F(e) = [ f(2) de
—cosz+C
—cosg(z)+C
sinz+C
In|secz|+C
In|cscz—cotz| +C
In|secz+tanz|+C
In|sinz|+C
tanz +C
—cotz+C
secx+C

—cscz+C

F(z) = [ f(z) dz
er+C

zlnz—xz+C
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ﬁ arcsinz + C
i(—:()z)Z arcsing(z) + C
\/a21__zz> arcsin £ 4+ C

1+1z2 arctanz + C

li/g((z))z arctan g(z) + C
powee arctan £ +C
gc\/lz__l arcsecz + C \quad(z > 1)
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A.5: Table of Taylor Expansions

Let n > be an integer. Then if the function f has n+ 1 derivatives on an interval that contains both zy and x, we have the Taylor
expansion

£(@) = Flao) + £'(@n) (2~ an) + 71" (@n) (2 o)+ o () (o 20"
1

+ ————F (e (& — 20)" T for some ¢ between zo and
(n+1)!

The limit as n — oo gives the Taylor series
o0
B £ (z0)
&) =3 e —a)

for f. When xy = 0 this is also called the Maclaurin series for f. Here are Taylor series expansions of some important functions.

>\ 1
ez:zgmw" for —co<z <00
_ 1o, 13 L .
—1+$+§£If +§$ +"'+E$ +--
i _io: (_1)" 2n+1 f _ < <
sinz = _0—(2n+1)'x or —oo <z <00
LI (=" ,
=xr— —2 +_x _...+—wn+1+...
3! 5! (2n+1)!
> (_1)n 2
coswzz " for —co<z <00
o (2n)!
1 =
1 2 P S 2n
2'90 +4|w + (2n)|x +
1 = .
2 :nZ:Oz for —1<z<1
=l4+z+a?+2®+ 2"+
1 > n_mn
T2 :;(—1) x for —1<z<1
=1-z42’ 2>+ +(-1)"z" +
1
ln(l—m):—z—m” for —1<z <1
n
n=1
1 1 1
=——z——x——z®—..——z"—
2 3 n
ln(l—i—m):—z p— for —1<z <1
n=1
1 -1)"
:$—§$2+§CIZ3—”~—( zt—...
n
-1 —1)(p—2
1 +z) :1+pm+p(p2 ) g2, 2 ?’)'(p Lai g
—1\p—=2)---(p— 1
L= Dp=2) - pontl)

n!
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A.6: 3-D Coordinate Systems

A.6.1 Cartesian Coordinates

Here is a figure showing the definitions of the three Cartesian coordinates (z, y, z)

z

!

- ¥y (z9,0)

and here are three figures showing a surface of constant x, a surface of constant z, and a surface of constant z.

(0,0,2)
(1‘70,0) /»’, Y (07y70) Y !
X T xZ

surface of constant x surface of constant y surface of constant z
(a plane) (a plane) (a plane)

e

Finally here is a figure showing the volume element dV in cartesian coordinates.

i dz
A
x'/ dz
dy
volume element dV' = dx dy dz

A.6.2 Cylindrical Coordinates
Here is a figure showing the definitions of the three cylindrical coordinates

r = distance from (0, 0, 0) to (z,y,0)
0 = angle between the the z axis and the line joining (z, y, 0) to (0,0,0)
z = signed distance from (z, y, z) to the zy-plane

x
The cartesian and cylindrical coordinates are related by

T =rcosf y =rsinf z=z

r:1/:c2+y2 9 = arctan < z=z
x

Here are three figures showing a surface of constant r, a surface of constant 6, and a surface of constant z.
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‘a (0,0, 2)

Y y —Y
" 9 ,
T

surface of constant r surface of constant 6 surface of constant z
(a cylindrical shell) (a plane) (a plane)

Finally here is a figure showing the volume element dV" in cylindrical coordinates.

dé

T

volume element dV = rdrdfdz

A.6.3 Spherical Coordinates
Here is a figure showing the definitions of the three spherical coordinates
p = distance from (0,0, 0) to (z, y, 2)
arphi = angle between the z axis and the line joining (z, y, z) to (0,0, 0)
0 = angle between the z axis and the line joining (z, y, 0) to (0,0, 0)

z

(0,0, z)u\\psinga

pCos

and here are two more figures giving the side and top views of the previous figure.
z

(0,0,2)6 (2.9, 2)

pCoS
psin ¢ cos 6

(1'7 Oa 0) A N

o(z,y,0) psin @ sin @
x

side view top view

The cartesian and spherical coordinates are related by

x = psinarphicosf  y = psinarphisinf z = pcosarphi
/:172 + 2
p=1/x?+y*+22 9 = arctan < drphi = arctan vETY
x z

Here are three figures showing a surface of constant p, a surface of constant #, and a surface of constant arphi.
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y y y
z z x
surface of constant p surface of constant surface of constant ¢
(a sphere) (a plane) (a cone)

Finally, here is a figure showing the volume element dV" in spherical coordinates

z

psin ¢ df

o~

p

T
volume element dV = p?sin ¢ dpdf dy

%
and two extracts of the above figure to make it easier to see how the factors p darphi and psin arphi df arise.

2 z

psin  df

do

psing—"]
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A.7: 1SO Coordinate System Notation

In this text we have chosen symbols for the various polar, cylindrical and spherical coordinates that are standard for mathematics.
There is another, different, set of symbols that are commonly used in the physical sciences and engineering. Indeed, there is an
international convention, called ISO 80000-2, that specifies those symbols !. In this appendix, we summarize the definitions and
standard properties of the polar, cylindrical and spherical coordinate systems using the ISO symbols.
A.7.1 Polar Coordinates
In the ISO convention the symbols p and ¢ are used (instead of r and @) for polar coordinates.

p = the distance from (0, 0) to (z,y)

¢ = the (counter-clockwise) angle between the z-axis

and the line joining (z, y) to (0,0)
Y
(z,y)

Cartesian and polar coordinates are related by
T =pcos¢o y = psing
p:\/xz—i—yz ¢=arctan£
x

The following two figures show a number of lines of constant ¢, on the left, and curves of constant p, on the right.

Yy /11
f
)
lines of constant ¢ curves of constant p

Note that the polar angle ¢ is only defined up to integer multiples of 27. For example, the point (1, 0) on the z-axis could have
¢ =0, but could also have ¢ = 27 or ¢ = 4. It is sometimes convenient to assign ¢ negative values. When ¢ < 0, the counter-
clockwise angle ¢ refers to the clockwise angle |¢|. For example, the point (0, —1) on the negative y-axis can have ¢ = —Z and

2
can also have ¢ = 37”

i 1
N2

r=Ld=""o="0)

It is also sometimes convenient to extend the above definitions by saying that z = pcos¢ and y = psin¢ even when p is
negative. For example, the following figure shows (z,y)forp =1, ¢ = 7 and forp = —1, ¢ = 7.

4
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*p=1,¢="

(/4

p:_17¢:ﬂ/4.

Both points lie on the line through the origin that makes an angle of 45° with the z-axis and both are a distance one from the origin.
But they are on opposite sides of the the origin.

The area element in polar coordinates is

dA =pdpde
Q)

/’d‘{)_____——" dp '

A.7.2 Cylindrical Coordinates
In the ISO convention the symbols p, ¢ and z are used (instead of 7, # and z) for cylindrical coordinates.
p = distance from (0, 0, 0) to (z,y,0)

¢ = angle between the the z axis and the line joining (z, y, 0) to (0,0, 0)
z = signed distance from (z, y, z) to the zy-plane

x

The cartesian and cylindrical coordinates are related by
T =pcos¢ y = psing z=2z
p =42t +4* qb:arctan% z=2z

Here are three figures showing a surface of constant p, a surface of constant ¢, and a surface of constant z.

z z
‘a (0,0, z2)
" ! o~ H !
x

surface of constant p surface of constant ¢ surface of constant z
(a cylindrical shell) (half a plane) (a plane)

Finally here is a figure showing the volume element dV in cylindrical coordinates.
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pdo
volume element dV = pdpdodz

A.7.3 Spherical Coordinates
In the ISO convention the symbols r (instead of p), ¢ (instead of ) and @ (instead of ¢) are used for spherical coordinates.
r = distance from (0, 0,0) to (z,y, 2)

6 = angle between the z axis and the line joining (z, y, 2) to (0,0, 0)
¢ = angle between the z axis and the line joining (z, y, 0) to (0, 0,0)

z

(0,0,2)e rsind

rcosf

Here are two more figures giving the side and top views of the previous figure.
z

(O’ 07 Z). ('Z7y7z)

rcosd 7 sin 6 cos ¢

;0,0 s
o(z,y,0) (@ ) rsin @ sin ¢
T
side view top view
The cartesian and spherical coordinates are related by

x =rsinfcos¢ y =rsinfsin¢ z=rcosf

V2 +y?
7’=1/:c2+y2+z2 ¢:arctang 0 = arctan ———
T z

Here are three figures showing a surface of constant r, a surface of constant ¢, and a surface of constant 6.

P z z
1 =
y y Y
x x x
surface of constant r surface of constant ¢ surface of constant 6
(a sphere) (half a plane) (a cone)

Finally, here is a figure showing the volume element dV" in spherical coordinates
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rsin @ do

rdf

™

x
volume element dV = r2sin @ dr df d¢

and two extracts of the above figure to make it easier to see how the factors 7 df and rsiné d¢ arise.

1. It specifies more than just those symbols. See https://en.Wikipedia.org/wiki/ISO_31-11 and
https://en.Wikipedia.org/wiki/ISO/IEC_80000 The full ISO 80000-2 is available at https://www.iso.org/standard/64973.html.

This page titled A.7: ISO Coordinate System Notation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Joel Feldman, Andrew Rechnitzer and Elyse Yeager via source content that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/92255


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/92255?pdf
https://en.wikipedia.org/wiki/ISO_31-11
https://en.wikipedia.org/wiki/ISO/IEC_80000
https://www.iso.org/standard/64973.html
https://math.libretexts.org/Bookshelves/Calculus/CLP-3_Multivariable_Calculus_(Feldman_Rechnitzer_and_Yeager)/04%3A_Appendices/4.01%3A_A_Appendices/4.1.07%3A_A.7%3A_ISO_Coordinate_System_Notation
https://creativecommons.org/licenses/by-nc-sa/4.0
https://personal.math.ubc.ca/~CLP/about/
https://personal.math.ubc.ca/~CLP/CLP3

LibreTexts"

A.8: Conic Sections and Quadric Surfaces

A conic section is the curve of intersection of a cone and a plane that does not pass through the vertex of the cone. This is

illustrated in the figures below.
x

circle ellipse parabola hyperbola
An equivalent ! (and often used) definition is that a conic section is the set of all points in the zy-plane that obey Q(z,y) = 0 with
Q(z,y) = A2’ + By’ + Czy + Dz + Ey + F =0

being a polynomial of degree two?. By rotating and translating our coordinate system the equation of the conic section can be
brought into one of the forms 3

This statement can be justified using a linear algebra eigenvalue/eigenvector analysis. It is beyond what we can cover here, but is
not too difficult for a standard linear algeba course.

o az?+ py* =~ with a, 8,y > 0, which is an ellipse (or a circle),
o az®—py* =~ witha, 8 >0,y # 0, which is a hyperbola,
o 2 = §y, with § # 0 which is a parabola.

The three dimensional analogs of conic sections, surfaces in three dimensions given by quadratic equations, are called quadrics. An
example is the sphere

22 +yt 422 =1.
Here are some tables giving all of the quadric surfaces.

Figure A.8.1. Table of conic sections

name elliptic cylinder parabolic cylinder hyperbolic cylinder sphere

tion in standard 2 ’
equation in standar 2 L2 Y= az’ 2 vy 2yt n? = o
form a2 P2 a2 p?

& = constant cross-

. two lines one line two lines circle
section
y =constant cross- . . . .
) two lines two lines two lines circle
section
z =constant cross- . .
ellipse parabola hyperbola circle

section

- 8 5 & @

Figure A.8.2. Table of quadric surfaces-1

name ellipsoid elliptic paraboloid elliptic cone

z z z2 312 22 _ z2 312 _ z2 y2 _Zz
equation in standard form =+ = +5= 1 =+ 5=z =+ ==
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name

T = constant cross-section

Yy = constant cross-section

2z = constant cross-section

sketch

name
equation in standard form

T = constant cross-section

Yy = constant cross-section

2z = constant cross-section

sketch

ellipsoid

ellipse

ellipse

ellipse

S

elliptic paraboloid

parabola

parabola
ellipse

-
=7

Figure A.8.3. Table of quadric surfaces-2

hyperboloid of one sheet

hyperbola

hyperbola

ellipse

Nl
T

hyperboloid of two sheets

hyperbola

hyperbola

ellipse

<=

elliptic cone

two lines if z = 0, hyperbola if
x#0

two lines if y = 0,hyperbola if
y#0

ellipse

N

L

hyperbolic paraboloid
¥ _ 2z

2 a? c
parabola

parabola

two lines if z = 0, hyperbola if

z#0

|

It is outside our scope to prove this equivalence. Technically, we should also require that the constants A, B, C, D, E, F', are real
numbers, that A, B, C are not all zero, that Q(z,y) = 0 has more than one real solution, and that the polynomial can't be factored
into the product of two polynomials of degree one.
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