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CHAPTER OVERVIEW

1: Rational Tangles

Learning Objectives

o Discover how different types of twists on a tangle determine its tangle number.

o Argue for why the arithmetic of the rational numbers makes certain relationships among tangle numbers necessary.

o Calculate the fraction of a rational tangle in two different ways, and argue for why the fraction is an invariant of rational
tangles.

"What I like doing is taking something that other people thought was complicated and
difficult to understand, and finding a simple idea. So that any fool - and, in this case, you
- can understand the complicated thing. ---John Conway"

As we discovered in our first class, crossings are one of the first ways for us to understand the connections between knots and
algebra: somehow, if we can say "enough" about how a strand crosses itself, we can characterize the essential nature of a knot. So
we'll begin by focusing as much as possible only on crossings, by studying objects known as tangles, in which crossings are created
between two strands by twisting up their endpoints.

1.1: Tangle Basics
1.2: Tangle Arithmetic

References

1. Davis, T. (2017). Conway's Rational Tangles. Accessed at http://www.geometer.org/mathcircles/tangle.pdf.

2. Kauffman, L. H., & Lambropoulou, S. (2004). On the classification of rational tangles. Advances in Applied Mathematics,
33(2), 199-237. Available on arXiv at http://arxiv.org/pdf/math/0311499 . pdf.

3. Tanton, J. (2012). Understanding Rational Tangles. Accessed at http://mathteacherscircle.org/assets/session-

materials/JTantonRationalTangles. pdf.

Thumbnail: A knot diagram of the trefoil knot, the simplest non-trivial knot. (Public Domain; Marnanel via Wikipedia)
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1.1: Tangle Basics

One of the aspects of knot theory that makes knots challenging is that knots must be understood in their wholeness: not on the basis
of looking just at some of their crossings but looking at how all those crossings fit together to paint a global picture of the knot.
Ultimately, the knot invariants we study later in the semester will help us to take this perspective. For now, though, we'll take the
global questions out of the picture by slicing apart our knots and pinning down the cut ends, much like an entomologist might study
a mounted butterfly. The objects we obtain for study in this process are called tangles, and the class of them that are easiest to
study are the so-called rational tangles.

1.2.1 Constructing Rational Tangles

596.2 Rational Tangle Basics
Conway wdtmmesaiahdrengles

1

Definition: Rational T nway, 1967,
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An empty tangle describes two horizontal, parallel strands: g~
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Conway’s Rational Tangles

Definition: Rational Tangle (Conway, 1967)

An empty tangle describes two horizontal, parallel strands: g—g
A rational tangle is any tangle which can be obtuned by
performing the following operations on an empty tangle:
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We begin by thinking of rational tangles as the result of applying combinations of two geometric operations to an "empty"
horizontal tangle:

1. Twists of the rightmost strands, 7, and
2. Quarter-turn rotations of the entire tangle, R.

So for instance, we might describe a tangle as a "word" built from these letters such as

TTRTTTRTTTTRTRT. (1.1.1)
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Ideally, what we'd like to find is a way to represent each of these operations as an operation happening to rational numbers and not
just to rational tangles. In this process what we're hoping to obtain is:

e A group T of operations on tangles, and

o A (right-)group action of this group on the rational numbers, p : T — Func(Q — Q) .

The latter definition might be new to you, but we'll hopefully see by example that it's pretty natural. To make it precise:

Definition 1.2.1 Group action.

Let G be a group and S be a set. A (right) action of G on § is a function

p : G — { bijections S — S} (1.1.2)
that respects the group operation. That is, for all g, » € G we have

1. (p(g) o p(R))(z) = (p(_’; -9)) (<) and
2. (p(g™)) @) = (p(9)) " (2)-

In effect, what a group action does is assign to each element g € G an invertible function p(g) : S — S in such a way that the
product of two elements - g € G is assigned to the composition of the functions p(g) o p(h). The reversal of this order is what

makes this a right action, and permits us to read a product of group elements as acting from left to right, for example, (twist,
then twist, then rotate, then twist, then rotate

TTRTR

l (1.1.3)
r(t(r(t(t()))))

1.2.2 How the Tangle Group Operates

596.2b A Presentation of the Tangle Group
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Determining the structure of the tangle group will help us to understand what rational tangles can look like after all the twisting and
rotating is done. We can observe how each operation interacts with itself:

1. Tterated twists T, T2, T3, T*, ... continue to add new crossings and change the tangle, so T is an element of infinite order in the
tangle group.

2. Tterated rotations R, R2, R%, R4, ... undo themselves. It's easy to see that since R is a quarter-turn, R* = I will be the identity.
What's more surprising, and will take until Section 1.3 to understand, is that for rational tangles, only two rotations are needed
to return to the identity (R% = I). So R is an element of order 2 in the tangle group.

The final step is to understand the inverses of each of these basic operations (generators) in the tangle group. What's clear from
point (2) above is that R is its own inverse. What's less clear is how to "un-twist a twist," i.e. how to construct an inverse twist
using only more of the same twist (combined with possibly some rotations). The video above does the best justice to the
observation that

TRTRTR=1 (1.1.4)
SLATE

and the discovery of this inverse completes our presentation of the tangle group.

Definition 1.2.2 Tangle group.

The tangle group TI', defined as the set of all operations that carry one rational tangle into another, has the presentation

I'=(T,R|R*=1=(TR)%). (1.1.5)

When we attempt to understand this group more concretely, we might try, as in the video
above, to examine its action on the set of four vertices of the tangle (the four people holding the
ropes). This serves to represent each tangle group operation by the permutation that it induces
on the four people holding the ropes. But it doesn't tell the whole story because, for example,
the permutation induced by the twist T' has infinite order in the tangle group (where successive
twists always compound on each other) but order two in the permutation group (which only
looks at the fact that the two people holding the twisting ropes have returned back to their
starting places after two twists).

GNU Free Documentation License https://math.libretexts.org/@go/page/85667
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1.2.3 The Tangle Group Action on Rational Numbers

596.2c Discovering the Tangle Number Invariant
Conway Mdttmealahdhangles

A presentation of the tangle group
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What we ultimately want when we determine an action of the tangle group on the rational numbers is that the above situation not
happen: we need the functions operating on the rational numbers to reflect all the structure revealed in the presentation of
Definition 1.2.2. So what we need are functions ¢ : Q — Q and r : Q — Q which satisfy all of the following.

1. ¢ has infinite order, i.e. t"(z) = t(¢(¢(--- t(z) ---))) must never equal the identity function i(z) = z unless n = 0.
2. r has order two, i.e. r?(z) = r(r(z)) = i(z) = z forall z € Q.
3. (rot) has order three, i.e. (r o t)3(z) = r(t(r(t(r(t(z)))))) = i(z) = = for all z € Q.

Beginning by positing that the simple "add one" function ¢(z) = z + 1 is a suitable choice to represent the infinite-order operation T,
we then go in search of another function r which is an "involution" (i.e., it is equal to its own inverse function) and which also
interacts with ¢ in the manner specified by (3) above. We find that the opposite-reciprocal function miraculously fits the bill, and
arrive at a right action of I' on Q defined by

tx)=z+1 r(z)= —%. (1.1.6)
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The video above concludes with an explanation of how this permits us to compute a rational number, called the tangle number, for
a rational tangle once we assign to the empty tangle the number 0.

1.2.4 Exercises

Exercise 1.2.4.1.

Find an example of a knot diagram with an equal number of "over" crossings as "under" crossings, but the knot which it
represents is not amphicheiral, i.e., K # —K.

Exercise 1.2.4.2.

(Adams, 2.12) Draw a sequence of pictures that show that the following two rational tangles are equivalent.

N\ N
o Dot

Figure 2.22 Two equivalent rational tangles.

Exercise 1.2.4.3.

Find an example of a 2-tangle which is not a rational tangle, and explain how you can tell that it is not rational. (Adams' text
and the Kauffman/Lambropoulou paper are good places to start looking.)

This page titled 1.1: Tangle Basics is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated by
Matthew Salomone via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Tangle Arithmetic

So far, our strategy for understanding the structure of rational tangles has been to see them as constructed through a series of
geometric operations, twists and rotations, applied to an empty tangle. But that doesn't give us a very friendly way of determining
the tangle number for a rational tangle, nor (especially!) for going the opposite direction. Our next goal is to find a more systematic
way of determining the tangle number of a rational tangle, which is also capable of -- just as systematically, we hope -- determining
the rational tangle associated with a given rational number. This system is built on a new, less geometric, more arithmetic vision of

how rational tangles may be defined.

1.3.1 Arithmetic, not Geometry

Rational Tangles

596.3a Introduction to Tangle Arithmetic

Operatiovethbmsddmoner: The Twist T & Addition of Tangles
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Rather than thinking about rational tangles as the result of applying the geometric operations of twisting and rotating (T" and R) to
an empty tangle, what we want instead is a way of thinking about these as operations of arithmetic. Doing that will require us to

define what it means to:

1. Add two tangles, G + H, and
2. Multiply two tangles, G * H,

both in a way that aligns with our original geometric notions and which have the effects that we expect on tangle number.

https://math.libretexts.org/@go/page/85668
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\(1.3.2\) Flips and Flypes: The Invisible Arithmetic

Bational Tangles

_ 596.3b Rational Tangles, Flips, and Flypes
Operatiovestbbmsddoas Matter: Flips and Flypes
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Addition and multiplication are the tangle operations that "matter" in arithmetic. Indeed, we now define rational tangles as those
tangles which can be built through addition and multiplication of the simple twists [1] and [-1] beginning from an empty tangle.

But since the addition and multiplication are not in general commutative on tangles (that is, it's not always true that G+ H~H+ G
or that G * H ~ H % G), we now introduce a new set of tangle operations that don't make a difference to arithmetic, but they do help
us get around the lack of commutativity by permitting us to flype left- and top-twists to turn them all into right- and bottom-twists
only.
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\(1.3.3\) Continued Fractions: The Bridge Between Tangle and Number

596.3c Rational Tangles are Continued Fractions

The standard form of a rational tangle

.. All rational tangles can be constructed in this standard form:

© Begin with the horizontal empty tangle [0]

&
o @ Add[t;]to the right [O]+[]
5 “ @ Multiply by 1/[s,] on the bottom (|_D] + [, ]) % ]';l]

@ Then add [¢,] on the right, multiply 1/[5,] on bottom, ...

AND: Each of these steps has a preclic.tahle effect on tangle number!

A

e hn'l'!‘m ':Fw

CaMNIUWSATE ;

BRIDGEENTEIL v Mosa. Achiows Mosn :m;rm

Right it Down! The standard form of a rational tangle
=) o

cted in this standard form:
@ Begin with the horizental empry tangle 9]
@ Add[t] tothe right [0]4[2]
@ Multiply by 1/[s,] on the bottom [ RR I E -ﬁ
@ Then add [t;] on the right, multiply 1/[s;] on bottom, ...

ANIDX Each of these steps has a predictable effect on tangle number!
-hnu ml. o fwish adds o and [KL] Lemma 4 covers multiplication
m buf-h -fu ! !
oy Go—
'.’i!ﬁrnql ] [ +“7.

7
UEIDGERRTER, St

Since we now know that all rational tangles can be built solely using right- and bottom-twists, we can determine the arithmetic
effects of each of those basic operations. If the tangle number of G is x € Q, then

1. Making a twist on the right adds to the tangle number:

G+[nlwz+n (1.2.1)

and

2. Making a twist on the bottom conjugates that addition with rotation, i.e. the reciprocal. In other words, making a bottom twist is
the same as taking a reciprocal, then making a right twist (adding), then taking the reciprocal again:

11 1

Gxro_t 1
M m+% n+l

(1.2.2)

This gives us the key result of this section: that rational tangles, as well as their tangle numbers, each have (identical)
representations as continued fractions.
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Theorem 1.3.1 Continued Fraction Theorem.

Let G be a rational tangle. Then G is equivalent (through flypes, isotopy moves, and/or Reidemeister moves) to a tangle that
has a continued fraction representation

1
G = [[a1], [a2], [a3], .., [an]] = [a1] + m (1.2.3)

and the tangle number (or fraction) of G has the same expression as a rational number:

1
F(G) = [a1’a2;a37"' ;an] =01+ —m7. (124)

1
ag + ——
LRI

Moreover, both continued fraction representations have a canonical form in which all the integers a; have the same sign and
the length n is odd.

\(1.3.4\) Using Continued Fractions to Convert Tangles and Numbers

| Whﬂﬂ 'T:';'Q. ‘:tﬂ'f;ﬂ. ‘“vudlt::ﬂ? g BACET AL o LAMSACT LULOU
' lype. ,
’ Cﬁ%‘l‘ ‘f‘lU'IS‘!’f ﬁ‘DM ﬂu.fhﬁutg‘{' LEd - ﬂﬂ' deiatistey

1o tnermest ven . U/ Tape T
'ﬂf‘ﬂ’hnﬁp\& herizontal & verfieal.

* Lmbine [eﬁ"wr[‘h v':j"d'
i [ottem

because FLYPEJ.!

[2,2,1,-3.%]

Figure 4 - A rations \ehpat Jnnsl =~ |

?:Wh-d-': -F_heaje ugaber?
» ownt fwistt Hom outermsst

Innermes
nlfomdu.a hovizentel & verfeal

# Gumbine [ with vi wt
~}n{> with bettem
because FLYPEs!

[2,3,1,73,%]

h 4
J

Theorem 1.3.1 shows that the (canonical) continued fraction representation is our bridge between rational tangles and rational
numbers. Combined with an algorithm that we can use to compute the canonical continued fraction representation for any z € Q,
this gives us all we need to travel between worlds.
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1.3.5 Exercises

Sketch the rational tangles T4, T2, T5 whose tangle numbers (fractions) are F(T1) = 4/5, F(T2) = —5/8, and F(T3) = 9/2.

Exercise 1.3.5.2.

For each of the following knots K, find and sketch a rational tangle T' for which K = N(T) is the numerator closure of T.
Adams' sketch in the diagram below can be an inspiration:

a b

Figure 2.2.4 a) A rational link. b) The figure-eight knot.

a. K = 3, the trefoil.
b. K = 4, the figure-eight.
c. K= 63.

Determine the tangle number for each of the tangles you found in Exercise 1.3.5.2.

Exercise 1.3.5.4.

Refer to the two equivalent tangles from Exercise 1.2.4.2, which Adams notates as \[T_{1}=-232=[[2],[3],[-2]] \quad \text {
and } \quad T_{2}=3-23=[[3],[-2],[3]1]\)

Verify that the tangle numbers (fractions) agree, i.e., that F(T}) = F(T3).

Exercise 1.3.5.5.

(/KL] Lem. 5.3 and Lem. 6.3) Let % = [a1, a2, a3, ..., a,] be a rational number written as a continued fraction.

a. Prove that [0, a1, a2, a3, ..., an] = % represents its reciprocal.
b. What relationship exists between the rational tangles

T1 = [[al] ) [az] ) [a,3] ) [aﬂ]] and T2 = [[0], [a1] ) [ag] ) [a3] geery [a,n]]? (1.2.5)

Explain the relationship using pictures, and in words explain why this relationship is not surprising.
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CHAPTER OVERVIEW

2: Knots and Numbers

4b Learning Objectives

o Determine and contrast several ways to notate (tabulate) a knot using its crossings.
o Use numerical invariants for knots including the unknotting, bridge, and crossing numbers, to investigate relationships
among classes of knots.

Studying rational tangles was a way to focus in a limited fashion on how crossings interact with one another to build intricate local
structures that define a knot. But as an invariant for knots, the tangle number isn't perfect: it's most useful for rational knots, and
even then, it can be challenging to rearrange a knot diagram into a twist-form rational tangle.

What we'd like instead are more global invariants that work for knots, invariants that capture the whole structure of the topology
without relying upon making a specific set of choices along the way. This will come at the cost of needing invariants capable of
conveying more algebraic information than a single rational number does: polynomials on one hand, and algebraic groups on the
other.

2.1: Notations for Knots

2.2: Numerical Knot Invariants
2.3: Colorings of Knots

2.4: Colorings of Tangles
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2.1: Notations for Knots

596.4a Numerical Knot Invariants: Intro

Matthew Salomone

T g—

Watch on (@ YouTube

\(2.2.1\) Conway's notation

596.4b Conway's Notation for Rational Knots

Mal\mu testiBwsalmdieimber a Knot Invariant: Conway’s Notation

Definition of Rational Knot

A knot K is called a rational knot if there exists a rational tangle
Tsuchthat K=N T} is the “numerator a;lcr:-ure of T:

8Ly

Theorem: For a given rational knot K, this tangle is well defined: N{T)) = N(T3)= T, =~ T..

Aa1T ../ £\ Tz“"_')l’
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J such thar K— '\ri]:s:hc numeraor clmuw of T

Q-5

Tl\mn.m For a given rational knot K, this tangle is mII defined: N(T\ )= N(T3)= T\ =T,

188

= - p : K
....... Conway's Notation for K = Continued fraction of T,

Bz

2.2.2 Dowker's notation

596.4c Dowker's Notation for Knots
ArrangeMaivey Sfl@passings: From Conway’s to Dowker’s Notation

Conway’s notation tells us how twists are “adjacent” in a knot.
Exi7,=43

sw

Bl otarion 1 i &
Traverse any knot, =
{twice) counting each 1 1

crossing. List pairs.

§ st

BRJWW&IJRI 1 WAare, Acklave b ?

[T

e O

Conway’s notation tells us how twists are “adjacent” in a knot,
Ex: 7y =43

¢) counting each

{t

crossing, List pairs,
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2.2: Numerical Knot Invariants

\(2.3.1\) What is a Prime Knot?

Enors and Knos Tneadanes

596.4d Prime and Composite Knots
ConnectMdt®emsalonet® rime Knots

pE—

Definition: Connectr=~sum of knots
If K, and K, are knots, their connected sum K#K, is formed by

(ompare.: @ @ ?Feﬂ”ve.ﬂdf arc

Addi
3 loin +he cu'f' ends

e O

Definition: Prime and Composite Knots
A knot K is composite if there exist nontrivial K, K, such that K = K #K,. Tis knot 7s
A knot K is prime if it is not composite. % ste

BEIDGEWNK TR epe wore. actiers dts

WY RAERUTY

ots, their connected sum K #K; is formed by
B > Remave sowall are
o ach

> Join Hhe gt ends

Definition: Prime and Composite Knots
A knot K is composite if there exist nontrivial K, K, such that K = K #K,. This least 75
A knot & is prime if it is not composite. Jm o

BRIDGERATEIL fape o e e

2.3.2 The Unknotting Number

Enors and Koot lreasiants

596.4e Three Numerical Knot Invariants
Other NMstiegqSaloRanet Invariants: Bridge Number

Definition: Bridge number

The bridge number 5{K) of a knot X is the minimal number of
unknotted arcs on either side of a plane bisecting K.

@ K isrational = WK)=2
Q HE#R)=

https://math.libretexts.org/@go/page/85673
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Other Numerical Knot Invariants: Bridge Number e 13

Definition: Bridge number HK)

B
BESWATER, Tucp o Mo, Actles

AT

The bridge number &K of a knot K is the mininal number of
unknotted arcs on either side of a plane bisecting K,

TRITGEWATEIL foprs o s i

2.3.3 The Bridge Number

596.4e Three Numerical Knot Invariants
Other NMstiegqSaloRanet Invariants: Bridge Number
Definition: Bridge number

The bridge number 5{K) of a knot X is the minimal number of
unknotted arcs on either side of a plane bisecting K.

Ares

bove,

@ K isrational = WK)=2
Q KK #R,) =

belgw

& ) b(3) = 24

E!R_LDEWJ’H-H{ g1 Mot Acklere M -:_}Ef:!

WATY LAERU T

Other Numerical Knet Invariants: Bridge Nur
Diefinition:

The bridge number &K of a knot K 15 the minimal number of
unknotted arcs on either side of a plane bisecting &,
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2.3.4 The Crossing Number

596.4e Three Numerical Knot Invariants

Other NMstiegiSaloRanet Invariants: Bridge Number

Definition: Bridge number

The bridge number 5{K) of a knot X is the minimal number of

unknotted arcs on either side of a plane bisecting K.

@ K isrational = WK)=2

Q KK #R,) =
WK )+ bE,)—1

EWATT R Tuper Mo, Actiase S

WATY LAERU T

Other Numerical Knot Invariants: Bridge Number

The bridge number &K of a knot K 15 the minimal number of
unknotted arcs on either side of a plane bisecting &,

TERIGEWATEIL faprt o s
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2.3: Colorings of Knots

596.6 Introduction to Knot Coloring

Matthew Salomone

2.4.1 Colorability as an Invariant

Enots and Knot Invariands

596.6b k-Colorability is a Knot Invariant

What Daovstthedaiomone “Color”™ a Knot?

Definition: A k-coloring of a knot diagram

Let K be a knot represented by a diagram with arcs
X = [x1,%5,%3,...,%4}. Then a k-coloring of K is a function

y:X—=1{0,1,2,...,.k—1}
C'l"si-bfui‘ejﬂ- s

~t for which each crossing of three arcs x;,x7,x;, satisfies either:
5 O x)= x5 =y o

/0 xx;), x(x J,), (xz.) are all distinct.

AT L Gnwe 3radler AN

i _f’
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What Does It Mean to “Color™ a Knot?
Definition: A k-col
Let K be a knot represented by a diagram with arce

)
X =[xy, x05%5,. .., 25}, Then a k-coloring of K is a function

X B k=)
Colers &3 rs

?-..._“{ § 2 o for which each crossing of three arcs x,, x5 %, satisfies eicher;
ey O =z =zl or

" (/0 pledp i, pixg) are all distince.
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2.4.2 Colorability as an Algebra Problem

596.6¢ Tricolorability's "Magic Equation"

How To Wrewsdliancher a Knot is 3-Colorable?

el The "magic equation

at every crossing,

X+Y+Z=0 "

True for {x,y,z} = _
°0 @ TeTsy e L[ AR
2020208 |0 [B440q2 | ihatine| a4
AT R
e 5 ] || et ‘

& Mulfiple oF 3 el mlFiple of 3

GNU Free Documentation License

https://math.libretexts.org/@go/page/85674


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/85674?pdf
https://www.youtube.com/watch?v=y2xkVRRWE3Q
https://www.youtube-nocookie.com/channel/UCwtNK3_f99g3mqS36OtoO2w
https://www.youtube.com/watch?v=FBnpV_X9AH4
https://www.youtube.com/watch?v=FBnpV_X9AH4
https://www.youtube.com/watch?v=y2xkVRRWE3Q
https://www.youtube.com/watch?v=FBnpV_X9AH4

LibreTexts"

596.6d Tricoloration of an 8-Crossing Knot

Tricoloralsitiey daiorbnate Force: An Algorithm

Each solution of this system of equations in Z, = {0, 1,2} gives a
valid coloring... but, does it use all three colors?

O] Gypuibi
A }ig +X5+I-, £0
B XKy ¥ 0
{ e {-;rrx';ﬂ

U Kyt 5 20
E KotKe Ky 20
F Retichy 20
> Kgt 0 _ 2 Fa
H ¥y 'f"f.’iﬁ * l_ﬂ_ . .; 813
L))
R o N free variables < 3V tricolorings Ty B

An Algorithm

Zach solution of this system of equations in Z; =
valid coloring... but, does it use all three colors?
Dt Gy
ALKy X, 20 kS : A
Hora Xy, 50 R LA

| xx:_. %3 ‘}:;x;x,:dc HK“/\“ B

E Lty EO ®» i g
.. Kt 20 N _’_M/' s
WitE,  tHe O 4 B

3 N g ; o) s
N free variables += 3 tricolorings i

[3, 1,2} pivesa

BRIDGEWATER, toprs o v v
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596.6e Using k-colorability to Distinguish Knots '.

Beyond Veithelcseidniene How Does k-Colorability Distinguish Knots?
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2.4: Colorings of Tangles

2.5.1 An Integer Coloring Scheme for Rational Tangles

596.7a Integer Colorings for Rational Tangles
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CHAPTER OVERVIEW

3: Knots and Algebra

Learning Objectives

o Calculate algebraic structures that are invariants for knots, including the fundamental quandle and the knot group, and use
these to distinguish among knots.

o Calculate polynomials that are invariants for knots, including the Alexander, HOMFLY, and Jones polynomials, and use
these to distinguish among knots.

Numerical invariants such as we studied in Chapter 2 are powerful, especially insofar as they can help us to discover relationships
among different classes of knots. But while the Conway notation comes closest, none of these numerical invariants can carry
enough information about the type of a knot to permit us to surely distinguish one knot from another. While they are sensitive
(different numbers imply different knots), they are far from specific (same number does not imply same knot).

In our search for a complete invariant for knots, then, we need a structure capable of holding more information than can a single
number. In this culminating chapter we'll work our way through algebraic structures of increasing complexity, each of which adds
much-needed specificity. The rogue's gallery of structures range from the familiar (polynomials) to the recognizable (groups) to the
exotic (quandles), each with its own advantages and limitations. But reckoning with how each one encodes information about a
knot is the key to understanding the role of algebraic thinking in knot theory in particular, and in mathematics more generally.

3.1: Algebraic Structures
3.2: Colorings and Quandles
3.3: Knot Groups

3.4: Invariant Polynomials
3.5: Portfolio Problems

References
8. Adams, C. C. (2004). The Knot Book: an elementary introduction to the mathematical theory of knots. American Mathematical
Society, ISBN 0-8218-3678-1. Chapter 5.
9. Austin, D. (2016). Knot quandaries quelled by quandles. American Mathematical Society Feature Column, accessed at
http://www.ams.org/publicoutreach/feature-column/fc-2016-03.
10. Rolfsen, D. (1990). Knots and Links. Corrected reprint of the 1976 original. Mathematics Lecture Series (7). American
Mathematical Society. Chapter 3.
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3.1: Algebraic Structures

3.2.1 The Familiar: Groups, Rings, Fields
{

3.2.2 The Less-Familiar: Quandles
{
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3.2: Colorings and Quandles
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3.3: Knot Groups
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3.4: Invariant Polynomials

3.5.1 The Alexander Polynomial
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3.5: Portfolio Problems

Writeups of the following problems taken from our Class Outlines 2 will constitute the Algebra Portfolio for this semester.

\(3.6.1\) Exercises

Exercise 3.6.1.1.

Use a presentation matrix for the figure-eight knot 4; to determine its Alexander polynomial. Then, repeat the process using a
different 3 x 3 minor of the matrix; how does this change your process? Your answer?

Exercise 3.6.1.2.

Following the trefoil example from class, determine the full set of elements in the fundamental kei % '(4;) of the figure-eight
knot, and a table of operations for this kei. (Note that unlike the trefoil, not all elements of this kei will be arcs in the knot

diagram.)

Exercise 3.6.1.3.

Thinking about the definition of the knot group, make a conjecture and explain your reasoning: The knot group of the unknot
is... (Hint: using the simplest diagram of the unknot is probably enough to get a good idea.)

Exercise 3.6.1.4.

Determine the (Wirtinger presentation of the) knot group of the figure-eight knot. Then, try to simplify this presentation so that
it contains only two generators.

Hint

In the Wirtinger presentation, one relation is always redundant with the others. So, begin by
erasing any one relation; then, try to simplify those that remain.
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4: Workshop Project

4.1: Project Overview
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4.1: Project Overview

4b Learning Objectives

e Understand algebraic thinking by identifying it in a wide variety of contexts.
o Contrast several models of teacher professional development, including the Math Teachers Circle model.
o Design resources for, and facilitate, a workshop for in-service teachers on knot theory and algebraic thinking.

A major theme of this course is the discovery of “familiar” arithmetic and algebra in unfamiliar places. These explorations are
meant to illuminate that algebra is far more than a set of procedures suitable for simplifying and solving equations involving
numbers; algebra is a name for fundamental structures and ways of reasoning that can be found in places where numbers aren't
even present.

This, principally, highlights both a connection and a distinction between quantitative reasoning, which emphasizes concrete,
contextual, and critical uses of number skills, and mathematical reasoning, which exposes the abstract, fundamental, and logical
principles of which the former is one special case. Quantitative reasoning makes these skills practical; mathematical reasoning
makes them durable.

Our semester project will be to design and deliver a professional development workshop for elementary and secondary math
educators, designed to help them (and by extension their students) discover what algebraic thinking is, through activities using
tangles, knots, links, and/or braids. The materials developed for this project will be shared here, and after testing them, I hope we
can share them more widely through professional development networks for math educators.

References

[1] Ernst, D. and Hodge, A. (2014). Math Teachers' Circles: What Makes a Good One? In Math Ed Matters, Mathematical
Association of America blog, retrieved at https://maamathedmatters.blogspot.com/2014/11/math-teachers-circles-what-
makes-good.html.

[2] Zucker, J. (2012). Be Less Helpful. In MTCircular, American Institute of Mathematics, Autumn 2012, pp. 4-7. Retrieved at
http://www.mathteacherscircle.org/assets/toolkits/beginning/mathematics/BeLessHelpful_MTCircularAutumn2012.p
df.
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5: Knot Your Average Algebra

5.1: Seminar Videos
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5.1: Seminar Videos

The following are videos of "Knot Your Average Algebra," presented at the Bridgewater State University mathematics department
seminar on March 22, 2018.

Knot Your Average Algebra: 1. Intro

Matthew Salomone K not Your Average Algebra
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@ ALGEBRA: Discover the fundamental quandle of a knor as
a completely invariant algebraic structure, and derive from it
several invariants capable of distinguishing among knots.
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Knot Your Average Algebra: 2. Knots and Invariants

T h:.‘ﬂil\"&'@l”lﬁ\i:‘ﬁi?fﬂoﬂﬁf Knot Diagrams

Definition: Knot Diagrams, Crossings, and Arcs

Let K be a knot, and fix a hyperplane £ € ®’. The knot diagram
of K on 3 is the projection of the image of K onto .

A crossing is a point on a knot diagram with two pre-images
und{:r the projection, labeling over- and under-crossing arcs.
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| Let K beaknot, and fix a hyperplane X C B2, The knot diagram
of K on £ is the projection of the image of K onto £

A crossing is a point on a knot diagram with two pre-images
unider the projection, labeling over and undercrossing ares.
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«Knot Your Average Algebra 3. Average

Colorab N?EK“GW selEmase [nvariant

Theorem: Colorability doesn’t depend on diagram
Let K be a knot and D, D, be two diagrams of K. Then D, is
k-colorable if and only it D, is k-colorable.
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e oo KNOLYOUr-Average Algebra: 4a. Algebra

...And theNawseldneaeage is a Quandle Operation

Fix an orientation on K. For each arc x thar crosses under an arc
¥, define its continuation z by z=xey=tx+(l—1t)y.

Coloration is a knot invariant, so x& v 1s Reidemeisteragnorant:

3 %
H\ -,‘_II:J z i_'_‘_,...--l"":'-"-
m l;j/?‘g:\{{': 1}‘\
K~ XBRIK RY , Koyely (xpy) :

: ) 3/
- € M

ol XPX = X [—vy Wawiith

e ——— A set with such an operation & 15 called a quandle.

ch arc x that crosses under an arc
e=xpy=ex+{l—th

% define its continuation z by

Coloration is a knot invariant, so xey is Reidemeister-ignorant:
/‘4 4y Nz | &"\

® ~ XPREX KT, KBysTy

2o d

Kb /
[l ® 3 X

XDX = X | —oy is ik

A ser with such an operatian & is called 1 quandle. ==
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««Knot Your Average Algebra: 4b. Algebra Examples

...Determine the Knot Group 7,(5’ \ K)

Deducing the knot group: Wirtinger presentation

There is a functor %' : {£.p. quandles} — {f.p. groups} that
realizes the quandle operation as conjugation of group elements:

e —1
xXey — ¥ XY

PRPY YT R XEaYs
z,: )U'Y 1= Y-IXY

o e A
L

BRIDGEWATER, fureei e Adtirvs o oHOH
— = Theorem: For a knot K, we have W{2(K)) =7,[$"\ K). :

. quandles| — [Fp. groups] tha

realizes the quandle operation as conjugation of group elements:

xpy el i : Y.
In &0 1y T (ENKD
Z= Rby = y"x Y

This page titled 5.1: Seminar Videos is shared under a not declared license and was authored, remixed, and/or curated by Matthew Salomone via
source content that was edited to the style and standards of the LibreTexts platform.
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GNU Free Documentation License

Version 1.3, 3 November 2008
Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc. <http://www.fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful document “free” in the sense of freedom:
to assure everyone the effective freedom to copy and redistribute it, with or without modifying it, either commercially or
noncommercially. Secondarily, this License preserves for the author and publisher a way to get credit for their work, while not
being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must themselves be free in the same
sense. It complements the GNU General Public License, which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a
free program should come with manuals providing the same freedoms that the software does. But this License is not limited to
software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We
recommend this License principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it
can be distributed under the terms of this License. Such a notice grants a world-wide, royalty-free license, unlimited in duration, to
use that work under the conditions stated herein. The “Document”, below, refers to any such manual or work. Any member of the
public is a licensee, and is addressed as “you”. You accept the license if you copy, modify or distribute the work in a way requiring
permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of it, either copied verbatim, or with
modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals exclusively with the relationship
of the publishers or authors of the Document to the Document's overall subject (or to related matters) and contains nothing that
could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section
may not explain any mathematics.) The relationship could be a matter of historical connection with the subject or with related
matters, or of legal, commercial, philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the
notice that says that the Document is released under this License. If a section does not fit the above definition of Secondary then it
is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify
any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that
says that the Document is released under this License. A Front-Cover Text may be at most 5 words, and a Back-Cover Text may be
at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose specification is available to
the general public, that is suitable for revising the document straightforwardly with generic text editors or (for images composed of
pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text
formatters or for automatic translation to a variety of formats suitable for input to text formatters. A copy made in an otherwise
Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage subsequent modification
by readers is not Transparent. An image format is not Transparent if used for any substantial amount of text. A copy that is not
“Transparent” is called “Opaque”.
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Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input
format, SGML or XML using a publicly available DTD, and standard-conforming simple HTML, PostScript or PDF designed for
human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for which the DTD and/or processing
tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word processors for
output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the
material this License requires to appear in the title page. For works in formats which do not have any title page as such, “Title
Page” means the text near the most prominent appearance of the work's title, preceding the beginning of the body of the text.

The “publisher” means any person or entity that distributes copies of the Document to the public.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in
parentheses following text that translates XYZ in another language. (Here XYZ stands for a specific section name mentioned
below, such as “Acknowledgements”, “Dedications”, “Endorsements”, or “History”.) To “Preserve the Title” of such a section
when you modify the Document means that it remains a section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These
Warranty Disclaimers are considered to be included by reference in this License, but only as regards disclaiming warranties: any
other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License,
the copyright notices, and the license notice saying this License applies to the Document are reproduced in all copies, and that you
add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation in exchange for copies. If you
distribute a large enough number of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100,
and the Document's license notice requires Cover Texts, you must enclose the copies in covers that carry, clearly and legibly, all
these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly
and legibly identify you as the publisher of these copies. The front cover must present the full title with all words of the title
equally prominent and visible. You may add other material on the covers in addition. Copying with changes limited to the covers,
as long as they preserve the title of the Document and satisfy these conditions, can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably)
on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable
Transparent copy along with each Opaque copy, or state in or with each Opaque copy a computer-network location from which the
general network-using public has access to download using public-standard network protocols a complete Transparent copy of the
Document, free of added material. If you use the latter option, you must take reasonably prudent steps, when you begin distribution
of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the stated location until at least one
year after the last time you distribute an Opaque copy (directly or through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of
copies, to give them a chance to provide you with an updated version of the Document.

4. MODIFICATIONS
You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that
you release the Modified Version under precisely this License, with the Modified Version filling the role of the Document, thus
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licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these
things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions
(which should, if there were any, be listed in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the
Modified Version, together with at least five of the principal authors of the Document (all of its principal authors, if it has fewer
than five), unless they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the publisher.
D. Preserve all the copyright notices of the Document.
E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.

F. Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version
under the terms of this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the Document's license
notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the title, year, new authors, and
publisher of the Modified Version as given on the Title Page. If there is no section Entitled “History” in the Document, create
one stating the title, year, authors, and publisher of the Document as given on its Title Page, then add an item describing the
Modified Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and
likewise the network locations given in the Document for previous versions it was based on. These may be placed in the
“History” section. You may omit a network location for a work that was published at least four years before the Document
itself, or if the original publisher of the version it refers to gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the section, and preserve in the section all
the substance and tone of each of the contributor acknowledgements and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent
are not considered part of the section titles.

M. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified Version.
N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any Invariant Section.
O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no
material copied from the Document, you may at your option designate some or all of these sections as invariant. To do this, add
their titles to the list of Invariant Sections in the Modified Version's license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of your Modified Version by
various parties — for example, statements of peer review or that the text has been approved by an organization as the authoritative
definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the
end of the list of Cover Texts in the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be
added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover,
previously added by you or by arrangement made by the same entity you are acting on behalf of, you may not add another; but you
may replace the old one, on explicit permission from the previous publisher that added the old one.
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The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to
assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for
modified versions, provided that you include in the combination all of the Invariant Sections of all of the original documents,
unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their
Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a
single copy. If there are multiple Invariant Sections with the same name but different contents, make the title of each such section
unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a
unique number. Make the same adjustment to the section titles in the list of Invariant Sections in the license notice of the combined
work.

In the combination, you must combine any sections Entitled “History” in the various original documents, forming one section
Entitled “History”; likewise combine any sections Entitled “Acknowledgements”, and any sections Entitled “Dedications”. You
must delete all sections Entitled “Endorsements™.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this License, and replace the individual
copies of this License in the various documents with a single copy that is included in the collection, provided that you follow the
rules of this License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a
copy of this License into the extracted document, and follow this License in all other respects regarding verbatim copying of that
document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a
storage or distribution medium, is called an “aggregate” if the copyright resulting from the compilation is not used to limit the legal
rights of the compilation's users beyond what the individual works permit. When the Document is included in an aggregate, this
License does not apply to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half
of the entire aggregate, the Document's Cover Texts may be placed on covers that bracket the Document within the aggregate, or
the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket
the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4.
Replacing Invariant Sections with translations requires special permission from their copyright holders, but you may include
translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a
translation of this License, and all the license notices in the Document, and any Warranty Disclaimers, provided that you also
include the original English version of this License and the original versions of those notices and disclaimers. In case of a
disagreement between the translation and the original version of this License or a notice or disclaimer, the original version will
prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the requirement (section 4) to Preserve
its Title (section 1) will typically require changing the actual title.

9. TERMINATION
You may not copy, modify, sublicense, or distribute the Document except as expressly provided under this License. Any attempt
otherwise to copy, modify, sublicense, or distribute it is void, and will automatically terminate your rights under this License.
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However, if you cease all violation of this License, then your license from a particular copyright holder is reinstated (a)
provisionally, unless and until the copyright holder explicitly and finally terminates your license, and (b) permanently, if the
copyright holder fails to notify you of the violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright holder notifies you of the
violation by some reasonable means, this is the first time you have received notice of violation of this License (for any work) from
that copyright holder, and you cure the violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have received copies or rights from you
under this License. If your rights have been terminated and not permanently reinstated, receipt of a copy of some or all of the same
material does not give you any rights to use it.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time.
Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version
of this License “or any later version” applies to it, you have the option of following the terms and conditions either of that specified
version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not
specify a version number of this License, you may choose any version ever published (not as a draft) by the Free Software
Foundation. If the Document specifies that a proxy can decide which future versions of this License can be used, that proxy's public
statement of acceptance of a version permanently authorizes you to choose that version for the Document.

11. RELICENSING

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web server that publishes copyrightable works
and also provides prominent facilities for anybody to edit those works. A public wiki that anybody can edit is an example of such a
server. A “Massive Multiauthor Collaboration” (or “MMC”) contained in the site means any set of copyrightable works thus
published on the MMC site.

“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license published by Creative Commons Corporation, a
not-for-profit corporation with a principal place of business in San Francisco, California, as well as future copyleft versions of that
license published by that same organization.

“Incorporate” means to publish or republish a Document, in whole or in part, as part of another Document.

An MMC is “eligible for relicensing” if it is licensed under this License, and if all works that were first published under this
License somewhere other than this MMC, and subsequently incorporated in whole or in part into the MMC, (1) had no cover texts
or invariant sections, and (2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under CC-BY-SA on the same site at any time before
August 1, 2009, provided the MMC is eligible for relicensing.

ADDENDUM: How to use this License for your documents
To use this License in a document you have written, include a copy of the License in the document and put the following copyright
and license notices just after the title page:

Copyright (C) YEAR YOUR NAME.

Permission is granted to copy, distribute and/or modify this document
under the terms of the GNU Free Documentation License, Version 1.3

or any later version published by the Free Software Foundation;

with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
A copy of the license is included in the section entitled "GNU

Free Documentation License".
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If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three, merge those two alternatives to suit the
situation.

If your document contains nontrivial examples of program code, we recommend releasing these examples in parallel under your
choice of free software license, such as the GNU General Public License, to permit their use in free software.
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Student Blogs
Here are links to MATH 596 students' blogs for the Spring 2018 semester.

e A Journey to my Masters Degree: https://mrsg312.blogspot.com/
e Hermit the Blog: https://mathematics46014577 .wordpress.com/
e Math Teacher Madness: https://mtm10900.blogspot.com/

o threeten: https://threeten0310.wordpress.com/
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Detailed Licensing

Overview

Title: Open Algebra and Knots (Salomone)
Webpages: 30

All licenses found:

e GNU Free Documentation License: 50% (15 pages)
e Undeclared: 50% (15 pages)

By Page
¢ Open Algebra and Knots (Salomone) - GNU Free o 3: Knots and Algebra - GNU Free Documentation
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