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CHAPTER OVERVIEW

0: Introduction

This book is a polished version of my course notes for Math 6283, Several Complex Variables, given in Spring 2014, Spring 2016,
and Spring 2019 semesters at Oklahoma State University. It is meant for a semester-long course. Quite a few exercises of various
difficulty are sprinkled throughout the text, and I hope a reader is at least attempting all of them. Many are required later in the text.
The reader should attempt exercises in sequence as earlier exercises can help or even be required to solve later exercises.

The prerequisites are a decent knowledge of vector calculus, basic real analysis, and a working knowledge of complex analysis in
one variable. Measure theory (Lebesgue integral and its convergence theorems) is useful, but it is not essential except in a couple of
places later in the book. The first two chapters and most of the third is accessible to beginning graduate students after one semester
of a standard single-variable complex analysis graduate course. From time to time (e.g. proof of Baouendi—Tréves in chapter 3, and
most of chapter 4, and chapter 5), basic knowledge of differential forms is useful, and in chapter 6 we use some basic ring theory
from algebra. By design, it can replace the second semester of complex analysis.

This book is not meant as an exhaustive reference. It is simply a whirlwind tour of several complex variables with slightly more
material than can be covered within a semester. See the end of the book for a list of books for reference and further reading. There
are also appendices for a list of one-variable results, an overview of differential forms, and some basic algebra. See appendix B,
appendix C, and appendix D.

Topic hierarchy

0.1: Motivation, Single Variable, and Cauchy's Formula

This page titled 0: Introduction is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi Lebl via source content

that was edited to the style and standards of the LibreTexts platform.
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0.1: Motivation, Single Variable, and Cauchy's Formula

We start with some standard notation. We use C for complex numbers, R for real numbers, Z for integers, N = {1, 2, 3, ...} for natural
numbers, i = +/—1. Throughout this book, the standard terminology of domain means a connected open set. We try to avoid using it
if connectedness is not needed, but sometimes we use it just for simplicity.

As complex analysis deals with complex numbers, perhaps we should begin with 4/—1. Start with the real numbers, R, and add
+/—1 into our field. Call this square root i, and write the complex numbers, C, by identifying C with R? using

z=x + 1y, (0.1.1)

where z € C, and (z,y) € R2. A subtle philosophical issue is that there are two square roots of —1. Two chickens are running around

€ 29

in our yard, and because we like to know which is which, we catch one and write “i” on it. If we happened to have caught the other
chicken, we would have gotten an exactly equivalent theory, which we could not tell apart from the original.

Given a complex number z, its “opposite” is the complex conjugate of z and is defined as

2% iy, (0.1.2)

The size of z is measured by the so-called modulus, which is just the Euclidean distance:
12| & V2z = Vo + 4. (0.1.3)
If z =z + iy € C for z,y € R, then z is called the real part and y is called the imaginary part. We write

z—i—z:m’ Jz=5(m+iy)=z2_iz

Rz = R(x +iy) = =y. (0.1.4)

A function f: U ¢ R™ — C for an open set U is said to be continuously differentiable, or C? if the first (real) partial derivatives exist
and are continuous. Similarly, it is C*¥ or C*-smooth if the first k partial derivatives all exist and are differentiable. Finally, a
function is said to be C* or simply smooth" if it is infinitely differentable, or in other words, if it is C* for all £ € N.

Complex analysis is the study of holomorphic (or complex-analytic) functions. Holomorphic functions are a generalization of
polynomials, and to get there one leaves the land of algebra to arrive in the realm of analysis. One can do an awful lot with
polynomials, but sometimes they are just not enough. For example, there is no nonzero polynomial function that solves the simplest
of differential equations, f’ = f. We need the exponential function, which is holomorphic.

We start with polynomials. A polynomial in z is an expression of the form

d
P(2) = Z cx 2F, (0.1.5)
k=0
where ¢, € C and ¢4 # 0. The number { is called the degree of the polynomial P. We can plug in some number z and compute P(z),
to obtain a function P:C — C.

We try to write

f(z) = ick 2* (0.1.6)

k=0

and all is very fine until we wish to know what f(z) is for some number z € C. We usually mean

o0 d

E_ 1 k
E ¢k 2" = lim E cxz". (0.1.7)
k=0 =040

As long as the limit exists, we have a function. You know all this; it is your one-variable complex analysis. We usually start with
the functions and prove that we can expand into series.

Let U c C be open. A function f: U — C is holomorphic (or complex-analytic) if it is complex-differentiable at every point, that is, if

@ 0 @ @ https://math.libretexts.org/@go/page/74221
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)= 1 JEHO 1)

exists for allz € U. (0.1.8)
£eC—0 5

Importantly, the limit is taken with respect to complex £. Another vantage point is to start with a continuously differentiable” f, and
say f=wu +ivis holomorphic if it satisfies the Cauchy-Riemann equations:

Ou  Ov Ou v

=5 o= & (0.1.9)
The so-called Wirtinger operators,
0 afl (0 .0 0 aef 0 i}
2% (o) % %2(otiay) (0-1.10)
provide an easier way to understand the Cauchy—Riemann equations. These operators are determined by insisting
i} 9 _ i} 0 _
i 1, Ez—o, azz—O, Fride 1. (0.1.11)
The function f is holomorphic if and only if
of
25 = (0.1.12)

That seems a far nicer statement of the Cauchy-Riemann equations; it is just one complex equation. It says a function is
holomorphic if and only if it depends on 2 but not on z (perhaps that does not make a whole lot of sense at first glance). We check:

of _ of  of ) ( Ou @ . Ou 6'0)
5 (695 +i o) =2 % +ig_ ti W B (0.1.13)
__(@_@)+1(@+@)
2\oz Oy 2\oz oy/’
This expression is zero if and only if the real parts and the imaginary parts are zero. In other words,
ou Ov v du
That is, the Cauchy—Riemann equations are satisfied.
If f is holomorphic, the derivative in z is the standard complex derivative you know and love:
Of iy F20+8) — flz0)
oy () = F/(z0) = lim TEOTE L, (0.1.15)
That is because
O _L(u ) foe puy_Bu 0o
8z 2\d0x ' Oy ox Oy 6:1: oz Or (0.1.16)
(c‘)u +i 81)) _ of h
oy oy) 0(iy)

A function on C is a function defined on R? as identified above and so it is a function of =z and y. Writing z = £Z and y = 4%, think
of it as a function of two complex variables, z and z. Pretend for a moment as if z did not depend on 2. The Wirtinger operators
work as if z and z really were independent variables. For instance:

% [¢2% + 21°) = 222° +102°  and % [2°23 + 21 = 22(32%) + 0. (0.1.17)

2

A holomorphic function is a function “not depending on z.

The most important theorem in one variable is the Cauchy integral formula.

@ 0 @ @ https://math.libretexts.org/@go/page/74221


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/74221?pdf

LibreTexts"

Cauchy Integral Formula

Let U c C be a bounded domain where the boundary U is a piecewise smooth simple closed path (a Jordan curve). Let f:U
— C be a continuous function, holomorphic in U. Orient 8U positively (going around counter-clockwise). Then

_ 1 f©)
f(z)= I /aU -z d¢ forallzeU. (0.1.18)

The Cauchy formula is the essential ingredient we need from one complex variable. It follows from Green’s theorem?® (Stokes’
theorem in two dimensions). You can look forward to Theorem 4.1.1 for a proof of a more general formula, the Cauchy—Pompeiu
integral formula.

As a differential form, dz = dz +i dy. If you are uneasy about differential forms, you probably defined the path integral above
directly using the Riemann—Stieltjes integral in your one-complex-variable class. Let us write down the formula in terms of the
standard Riemann integral in a special case. Take the unit disc

DY {zeC: |2 <1}. (0.1.19)

The boundary is the unit circle 8D = {z € C : |2| = 1} oriented positively, that is, counter-clockwise. Parametrize D by e*, where ¢
goes from 0 to 2. If { = e*, then d¢ = iet*dt, and

fl2) = L/ 1) d¢ = L 2"Mdt. (0.1.20)

2mi Jop C—2 ° 2 ), et—z

If you are not completely comfortable with path integrals, try to think about how you would parametrize the path, and write the
integral as an integral any calculus student would recognize.

I venture a guess that 90% of what you learned in a one-variable complex analysis course (depending on who taught it) is more or
less a straightforward consequence of the Cauchy integral formula. An important theorem from one variable that follows from the
Cauchy formula is the maximum modulus principle (or just the maximum principle). Let us give its simplest version.

& Theorem 0.1.2

Maximum Modulus Principle

Suppose U C C is a domain and f: U — C is holomorphic. If for some zy € U

2 |£(2)] = £ (=0)l, (0.1.21)

then f is constant, that is, f = f(z).

That is, if the supremum is attained in the interior of the domain, then the function must be constant. Another way to state the
maximum principle is to say: If f extends continuously to the boundary of a domain, then the supremum of |f(z)| is attained on the
boundary. In one variable you learned that the maximum principle is really a property of harmonic functions.

& Theorem 0.1.3

Maximum Principle

Let U c C be a domain and h: U — R harmonic, that is,

0%h  0%h
th=—— +—— =0. .1.22
Vih= G T a7 =0 (0.1.22)
If for some zg € U
sup h(z) = h(zo) or inf h(z) = h(z0), (0.1.23)
zelU zeU

@ https://math.libretexts.org/@go/page/74221
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l then h is constant, that is, h = h(zp)-

In one variable, if f = u + iv is holomorphic for real valued » and v, then w and v are harmonic. Locally, any harmonic function is
the real (or imaginary) part of a holomorphic function, so in one complex variable, studying harmonic functions is almost
equivalent to studying holomorphic functions. Things are decidedly different in two or more variables.

Holomorphic functions admit a power series representation in z at each point a:
o0
f(2) =) exz—a)". (0.1.24)
k=0

No zis necessary, since 3_ =0.

Let us see the proof using the Cauchy integral formula as we will require this computation in several variables as well. Given a € C
and p > 0, define the disc of radius p around a

Ay(a) o {zeC:|z—a| < p}. (0.1.25)

Suppose U ¢ C is open, f:U — C is holomorphic, a € U, and A ( ) C U (that is, the closure of the disc is in U, and so its boundary
0A ,(a) is also in U).
For z € A,(a) and ¢ € 8A (a),

_|z—ad

‘2:—2 <L (0.1.26)
In fact, if |z —a| < p’ < p, then | i | < ”7’ < 1. Therefore, the geometric series
X fz—a)\k 1 (—a
Z(C—a) e (0.1.27)
k=0 {—a

converges uniformly absolutely for (z,¢) € A, (a) x 8A,(a) (thatis, 3, = | converges uniformly).

Let ~ be the path going around A ,(a) once in the positive direction. Compute

_ i f(C)
1 f(C)
= omi 4$—a C —z dC
o k (0.1.28)
= omi 4C—a ( —a
f(() ) k
= ———=—d( | (z—a)".
;(m/ o ®) G
In the last equality, we may interchange the limit on the sum with the integral either via Fubini’s theorem or via uniform
convergence: z is fixed and if M is the supremum of | 0 | = |f Ol on oA »(a), then
_a\k —al\* —
20N (z a) SM(M) , ama 9y (0.1.29)
C_a (—a P p
The key point is writing the Cauchy kernel ﬁ as
1 1 ¢—a
iy oy (0.1.30)

and then using the geometric series.

Not only have we proved that f has a power series, but we computed that the radius of convergence is at least R, where R is the
maximum R such that Ag(a) C U. We also obtained a formula for the coefficients

piON
= / et (0.1.31)
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For a set K, denote the supremum norm:

I1l1x & suplf(Z)I (0.1.32)

By a brute force estimation, we obtain the very useful Cauchy estimates:

_ Q9 1711 ||f||
27"/ (¢ — a)k+t ‘_ 27r/ k+f| gl = y' (0.1.33)

We differentiate Cauchy’s formula k times (using the Wirtinger -2 operator),

lex| =

k(¢
196 = $L 0 = o [ Ha (01.34)
and therefore
Ky = f®(a) = z—:{(a). (0.1.35)

Hence, we can control derivatives of f by the size of the function:

(0.1.36)

This estimate is one of the key properties of holomorphic functions, and the reason why the correct topology for the set of
holomorphic functions is the same as the topology for continuous functions. Consequently, obstructions to solving problems in
complex analysis are often topological in character.

For further review of one-variable results, see Appendix B.

Footnotes

[1] While C* is the common definition of smooth, not everyone always means the same thing by the word smooth. I have seen it
mean differentiable, C!, piecewise-C!, C*, holomorphic, ...

[2] Holomorphic functions end up being infinitely differentiable anyway, so this hypothesis is not overly restrictive.
[3] If you wish to feel inadequate, note that this theorem, on which all of complex analysis (and all of physics) rests, was proved by

George Green, who was the son of a miller and had one year of formal schooling.

This page titled 0.1: Motivation, Single Variable, and Cauchy's Formula is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by Jiii Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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1.1: Onto Several Variables

n times
e . . . .
Let C» = C x C x --- x C denote the n-dimensional complex Euclidean space. Denote by z = (21, 2s, ..., z,) the coordinates of C". Let

z = (21, %9, ..., Tn) and y = (y1,2,..-,¥n) denote coordinates in R*. We identify C* with R*" by letting z = z + iy, that is, z; = z;
+ iy; for every j. As in one complex variable, we write Z = z — iy. We call z the holomorphic coordinates and z the antiholomorphic

coordinates.

# Definition: Polydisc

For p = (p1, p2, --- , pn) Where p; > 0 and a € C", define a polydisc

Ay(a) ¥ {zeC:|z—aj| < pj for j=1,2,...,n}. (1.1.1)

Call a the center and p the polyradius or simply the radius of the polydisc A,(a). If p > 0 is a number, then
Ay(a) oof {z€C":|zj—aj| <pfor j=1,2,..,n}. (1.1.2)
In two variables, a polydisc is sometimes called a bidisc.
As there is the unit disc D in one variable, so is there the unit polydisc in several variables:
D"=DxDx--xD=A;10)={2€C":|z| <1forj=1,2,..,n}. (1.1.3)

In more than one complex dimension, it is difficult to draw exact pictures for lack of real dimensions on our paper. We visualize the
unit polydisc in two variables (bidisc) as in by plotting against the modulus of the variables.

|22
an?
o?
|21]
Figure 1.1.1
Recall the Euclidean inner product on C»:
def  _  _ _ _
(z,w) = z- W21 + 20Wa + -+ + 2 Wy. (1.1.4)
The inner product gives us the standard Euclidean norm on C":
def
12l % /(2 2) = Izl + lzal? + -+ [zaf2. (1.15)

This norm agrees with the standard Euclidean norm on R?*. Define balls as in R?*:

By(a) ¥ {zeC":||z—a|| < p}, (1.1.6)
And the unit ball,

B, ¥ B,(0) = {z€C": ||| < 1}. (1.1.7)

A ball centered at the origin can also be pictured by plotting against the modulus of the variables since the inequality defining the
ball only depends on the moduli of the variables. Not every domain can be drawn like this, but if it can, it is called a Reinhardt

domain, more on this later. A picture of B, is in Figure 1.1.2.
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|22

Figure 1.1.2

# Definition: Holomorphic

Let U c C™ be open. A function f: U — C is holomorphic if it is locally bounded* and holomorphic in each variable separately.
That is, f is holomorphic if it is locally bounded and complex-differentiable in each variable separately:

lim .f(zh wey 2p + §a cesy zﬂ) — f(Z)
£€C—0 3

exists for all z€ U and all k=1,2,...,n. (1.1.8)

In this book, however, the words “differentiable” and “derivative” (without the “complex-”) refer to plain vanilla real
differentiability.

As in one variable, we define the Wirtinger operators

IE:

d wl(d .0 d wl (8 .0
o 22 (o o) 55 2 (e tim) (119)
An alternative definition is to say that a continuously differentiable function f:U — C is holomorphic if it satisfies the Cauchy-

Riemann equations

of _

o = ° fork=1,2,...,n. (1.1.10)

For holomorphic functions, using the natural definition for partial derivatives obtains the the Wirtinger o%,‘ Namely, if f is
holomorphic, then

of e f(zy ezt 6 20) — f(2)

3—2:k(z) = Eelggo £ . (1.1.11)
Due to the following proposition, the alternative definition using the Cauchy—Riemann equations is just as good as the definition
we gave. In the proof, if you wish to stay with just the Riemann integral instead of the Lebesgue integral, feel free to assume that f

is continuously differentiable.

& Proposition 1.1.1

Let U c C" be an open set and suppose f:U — C is holomorphic. Then f is infinitely differentiable.

Proof

Suppose A = A,(a) = Ay x - x A, is a polydisc centered at a, where each A; is a disc and suppose A C U, that is, f is
holomorphic on a neighborhood of the closure of A. Let z be in A. Orient 0A; positively and apply the Cauchy formula
(after all f is holomorphic in 2;):

f2) = = f 2 s20) 40 (1.1.12)

" 2mi Jon, G1—=
Apply it again on the second variable, again orienting A, positively:

1 f(c17c27z3a"-’zn)
I e

f(z) = (2mi)? Joa, Jon, (1 —21) (G2 — 22)

d¢a d(a. (1.1.13)
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Applying the formula » times we obtain

_ 1 f(Cl,@,---nd)
&) = Gy /Ml /aAg /Mn G =) (G ) (o — gy on Hadlr: (1.114)

As f is bounded on the compact set 8A; x --- x 8A,,, we find that f is continuous in A. We may differentiate underneath the
integral, because f is bounded on 8A; x --- x A, and so are the derivatives of the integrand with respect to z; and y;, where
zj =z, + 1y;, as long as z is a positive distance away from 8A; x --- x 8A,. We may differentiate as many times as we wish.

In (1.1.14) above, we derived the Cauchy integral formula in several variables. To write the formula more concisely we apply the
Fubini’s theorem to write it as a single integral. We will write it down using differential forms. If you are unfamiliar with
differential forms, think of the integral as the iterated integral above, and you can read the next few paragraphs a little lightly. It is
enough to understand real differential forms; we simply allow complex coefficients here. See Appendix C for an overview of
differential forms, or Rudin [R2] for an introduction with all the details.

Given real coordinates ¢ = (z1, ..., &), @ one-form day is a linear functional on tangent vectors such that dzk(a%k) =1and dzk(a%l)
= 0if k # £ Because z; = zy + iy and Zx = zx — iy,

dzp, = dxg + i dyg, dZ, = dzp — i dyg. (1.1.15)

Let §f be the Kronecker delta, that is, 6F = 1, and §f = 0 if k # £. Then as expected,

0\ _s o\ _ 7 (2 = 7 (2. = ot
w(f) s () w(@)-o ()

One-forms are objects of the form

n
D ardz + Brdzr, (1.1.17)
=1

where o and B are functions (of z). Two-forms are combinations of wedge products, w A 5, of one-forms. A wedge of a two-form

and a one-form is a three-form, etc. An m-form is an object that can be integrated on a so-called m-chain, for example, a m-

dimensional surface. The wedge product takes care of the orientation as it is anticommutative on one-forms: For one-forms w and 7,

we havewAn=—nAw.

At this point, we need to talk about orientation in C®, that is, ordering of the real coordinates. There are two natural real-linear
isomorphisms of C* and R?*. We identify z = z + iy as either

(I;y) = (II""azmyla'"ayn) or (zlyylax%y?a"'azmyn)' (1118)

If we take the natural orientation of R?*, it is possible (if n is even) that we obtain two opposite orientations on C" (if = is even, the
real linear map that takes one ordering to the other has determinant —1). The orientation we take as the natural orientation of C* (in
this book) corresponds to the second ordering above, that is, (1,1, ... , £, ¥s). Either isomorphism may be used in computation as
long as it is used consistently, and the underlying orientation is kept in mind.

& Theorem1.1.1

Cauchy Integral Formula

Let A c C" be a polydisc. Suppose f: A — C is a continuous function holomorphic in A. Write T' = 8A; x - x A, oriented
appropriately (each 8A; has positive orientation). Then for z € A

1 f(€17<2a"'7<ﬂ)

flz) = (2mi)™ Jr (G —21)($2 — 22) = (o — 2n)

¢y AdCa A - A dCa- (1.1.19)

We stated a more general result where f is only continuous on A and holomorphic in A. The proof of this slight generalization is
contained within the next two exercises.
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Suppose f:D? — C is continuous and holomorphic on D2. For every 8 € R, prove

91()) = f(6,e®) and  ga() = f(e¥,¢) (1.1.20)

are holomorphic in D.

Prove the theorem above, that is, the slightly more general Cauchy integral formula where f is only continuous on A and

holomorphic in A.

The Cauchy integral formula shows an important and subtle point about holomorphic functions in several variables: The value of
the function f on A is completely determined by the values of f on the set T', which is much smaller than the boundary of the
polydisc JA. In fact, the T is of real dimension =, while the boundary of the polydisc has real dimension 2n — 1. The set T' = 6A;
x - x OA,, is called the distinguished boundary. See for the distinguished boundary of the bidisc.

2l —=0Dx4D

aD?

l21

Figure 1.1.3

The set T is a 2-dimensional torus, like the surface of a donut. Whereas the set dD? = (8D x D) U (D x 8D) is the union of two filled
donuts, or more precisely it is both the inside and the outside of the donut put together, and these two things meet on the surface of
the donut. So the set I is quite small in comparison to the entire boundary oD2.

Suppose A is a polydisc, T its distinguished boundary, and f: A — C is continuous on A and holomorphic on A. Prove |f(z2)|

achieves its maximum on I.

? Exercise 1.1.4

A ball and is different from a polydisc. Prove that for every p € 8B, there exists a continuous f:B,, — C, holomorphic on B,
such that | f(2)| achieves a strict maximum at p.

Show that in the real setting, differentiable in each variable separately does not imply differentiable even if the function is
locally bounded. Let f(z,y) = m,ﬂ’y, outside the origin and f(0,0) = 0. Prove that f is a locally bounded function in R2, which is
differentiable in each variable separately (all partial derivatives exist at every point), but f is not even continuous. There is

something very special about the holomorphic category.

Exercise 1.1.6

Suppose U C C" is open. Prove that f:U — C is holomorphic if and only if f is locally bounded and for every a,b € C", the
function ¢ = f(¢a =+ b) is holomorphic on the open set {{ € C: a+b € U}.
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Prove a several complex variables version of Morera’s theorem (see Theorem B.4). A triangle 7' C C" is the closed convex hull
of three points, so including the inside. Orient T' in some way and orient 8T accordingly. A triangle T lies in a complex line if

its vertices a, b, ¢ satisfy {(b —a) = ¢ — a for some ¢ € C. Suppose U C C" is open and f:U — C is continuous. Prove that f is
holomorphic if and only if

/ f(z)dzz=0 (1.1.21)
aT

for every triangle T' C U that lies in a complex line, and every k = 1,2, ..., n. Hint: The previous exercise may be useful.

? Exercise 1.1.8

For 0 < € < 1, suppose a continuous f: D2\ A.(0) — C is holomorphic on D2\ A(0). Prove that f is bounded.

Footnotes
[1] For every p € U, there is a neighborhood N of p such that f|y is bounded. It is a deep result of Hartogs that we might in fact just

drop “locally bounded” from the definition and obtain the same set of functions.

This page titled 1.1: Onto Several Variables is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi Lebl via
source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Power Series Representation

As you noticed, writing out all the components can be a pain. Just as we write vectors as z instead of (z, 2s, ..., 2,), we similarly
define the so-called multi-index notation to deal with more complicated formulas such as the ones above.

Let o € N7 be a vector of nonnegative integers (where Ny = N U {0}). We write

2% giagt 2, 12 & (2] 2] - | 2|
a1 2 (_ ) z_n)
P 2122 2n ) w w1 ) W ooy W )

el 45 M 9™ §om (1.2.1)

0z 0zt 025 Bz’

def def
lo| = a1+ ag + -+ ap, al = ajlag! - ay!.

dz def dz; Ndzy N -+ A dzy,

We can also make sense of this notation, especially the notation 2%, if a € Z", that is, if it includes negative integers. Although
usually, « is assumed to be in N?. Furthermore, when we use 1 as a vector it means (1,1, ...,1). If z € C*, then

a+l a1+1z;12+1 z:n"'l‘ (1‘2‘2)

1—z=(0—21,1—29,...,1 — 2,), or 2T =2

It goes without saying that when using this notation it is important to be careful to always realize which symbol lives where, and
most of all, to not get carried away. For instance, one could interpret 1 in two different ways depending on if we interpret 1 as a
vector or not, and if we are expecting a vector or a number. Best to just keep to the limited set of cases as given above.

In this notation, the Cauchy formula becomes the perhaps deceptively simple

1 f©
(21r1,) r¢—z

dc. (1.2.3)

Let us move to power series. For simplicity, we start with power series at the origin. Using the multinomial notation, we write such
a series as

> caz®. (1.2.4)

aeNp
You must admit that the above is far nicer to write than writing, for example, in C3,

»>

k=0

(\gE
Ms

c uz1z2z3, (1.2.5)

.
I
o
S
I
o

which is not even exactly the definition of the series sum (see below). When it is clear from context that we are talking about a
power series and all the powers are nonnegative, we write simply

D caz® (1.2.6)

It is important to note what this means. The sum does not have a natural ordering. We are summing over o € N3, and there is no
natural ordering of N7. It makes no sense to talk about conditional convergence. When we say the series converges , we mean
absolutely. Fortunately, power series converge absolutely, and so the ordering does not matter. If you want to write the limit in
terms of partial sums, you pick some ordering of the multi-indices, (1), a(2), ..., and then

m
— i K
Xa: caz® = "lll_rgo ;ca(k)z"( ). (1.2.7)

By the Fubini theorem (for sums) this limit is equal to the iterated sum such as (1.2.5).

A power series Y, caz® converges uniformly absolutely for z € X when ), |c.2®| converges uniformly for z € X. The geometric
series in several variables is the series Y z®. For z € D" (unit polydisc),
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1 _ 1 _ oozk wzk__‘oozk
=Y NN (k) = 3 20

k1=0k=0 kp=0

(1.2.8)

The series converges uniformly absolutely on all compact subsets of the unit polydisc: Any compact set in the unit polydisc is
contained in a closed polydisc A centered at 0 of radius 1 — ¢ for some € > 0. The convergence is uniformly absolute on A. This
claim follows by simply noting the same fact for each factor is true in one dimension.

Holomorphic functions are precisely those having a power series expansion:

& Theorem 1.2.1

Let A = A,(a) C C" be a polydisc. Suppose f:A = Cis a continuous function holomorphic in A. Then on A, f is equal to a
power series converging uniformly absolutely on compact subsets of A:

f(z) = an(z—a,)a. (1.2.9)
Conversely, if f: A — C is defined by (1.2.9) converging uniformly absolutely on compact subsets of A, then f is holomorphic
on A.
Proof

Suppose a continuous f: A — C is holomorphic on A. Let I' = 8A; x - x 8A, be oriented positively. Take z € A and ¢ €T.
As in one variable, write the Cauchy kernel as

1 1 1 1 ( z—a ) o
= — = > ) (1.2.10)
(=% (-o(1-£2) (-ag\(-a
Interpret the formulas as 2% = =y ey 74 = Gray-Goay 04 Ea = (8500 E502).

The multivariable geometric series is a product of geometric series in one variable, and geometric series in one variable are
uniformly absolutely convergent on compact subsets of the unit disc. So the series above converges uniformly absolutely
for (2,¢) € K x T for every compact subset K of A.

Compute,

__1 [5Q
&= 2mi)* Jp ¢— de

B (2731')"/r§f(—oazaz(2:3)ad< (1.2.11)

=2 ( o | iC(C)) ) —a)*

The last equality follows by Fubini or uniform convergence just as it does in one variable.

Uniform absolute convergence (as z moves) on compact subsets of the final series follows from the uniform absolute
convergence of the geometric series. It is also a direct consequence of the Cauchy estimates below.

‘We have shown that

() =) calz—a)®, (1.2.12)
where
1
= em) /r (¢ f(f))aﬂ cl (1.2.13)

Notice how strikingly similar the computation is to one variable.
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Let us prove the converse statement. The limit of the series is continuous as it is a uniform-on-compact-sets limit of
continuous functions, and hence it is locally bounded in A. Next, we restrict to each variable in turn,

zj an(z—a)a. (1.2.14)

This function is holomorphic via the corresponding one-variable argument.

The converse statement also follows by applying the Cauchy—Riemann equations to the series termwise. We leave that as an
exercise. First, one must show that the term-by-term derivative series also converges uniformly absolutely on compact subsets.
Then one applies the theorem from real analysis about derivatives of limits: If a sequence of functions and its derivatives converges
uniformly, then the derivatives converge to the derivative of the limit.

Prove the claim above that if a power series converges uniformly absolutely on compact subsets of a polydisc A, then the term-
by-term derivative converges. Do the proof without using the analogous result for single variable series.

A third way to prove the converse statement of the theorem is to note that partial sums are holomorphic and write them using the
Cauchy formula. Uniform convergence shows that the limit also satisfies the Cauchy formula, and differentiating under the integral

obtains the result.

Follow the logic above to prove the converse of the theorem, without using the analogous result for single variable series. Hint:
Let A” ¢ A’ C A be two polydiscs with the same center a such that A” ¢ A’ and A’ C A. Apply Cauchy formula on A’ for z
e A",

We organize some consequences of the theorem and the calculation in the proof.

& Proposition 1.2.1

Let A = A,(a) C C" be a polydisc, and I its distinguished boundary. Suppose f: A — C is a continuous function holomorphic in
A. Then, for z € A,

glely + 1 ol f(¢)
e A= @) Jp T 2)ert dc. (1.2.15)

In particular, if f is given by (1.2.9), then

1 gl
Ca=—7 6z‘;f a), (1.2.16)
and we have the Cauchy estimates:
o] < ”ﬁ#. (1.2.17)

Namely, the coefficients of the power series depend only on the derivatives of f at a (and so on the values of f in an arbitrarily
small neighborhood of a) and not the specific polydisc used in the theorem.
Proof

By the Leibniz rule (taking derivatives under the integral), if z € A (not on the boundary), we can differentiate under the
integral. We are talking regular real partial differentiation, and we use it to apply the Wirtinger operator. The point is that

a 1 k
2 [(Q = z;)k] T Co—z)H (1.2.18)

Let us do a single derivative to get the idea:
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6f _ i 1 f((li(21"'1€ﬂ)
70 = 5 | e G Gy 8 A (1219)
1 f(C17<27"'7<ﬂ) -
= déy Adls A --- AN dC,.
(2mi)™ /1“ (€1 — 21)2(C2 — 22) -+ (Cn — 2n) and ¢
How about we do it a second time:
32f 1 2f(c1’<27"';<n)
()= d¢y AdCy A+ A diy. 1.2.20
1= Gy r G (Cam ) Cam) TR (1220

Notice the 2 before the f. Next derivative, a 3 is coming out. After j derivatives in z; you get the constant j!. It is exactly the
same thing that happens in one variable. A moment’s thought will convince you that the following formula is correct for o

€ Ng:
G a!f(¢)
o ) = G / et (1.221)
Therefore,
lof
ale, = %(a). (1.2.22)
We obtain the Cauchy estimates as before:
L O a!f(¢) 1 ol f(9)] o!
|5 @] = o e < o f S 1< S £

As in one-variable theory, the Cauchy estimates prove the following proposition.

& Proposition 1.2.2

Let U c C" be an open set. Suppose the sequence f;: U — C converges uniformly on compact subsets to f: U — C. If every f; is

dlal f; glal
dz 9z

uniformly on compact subsets.

holomorphic, then f is holomorphic and the sequence { } converges to

Prove the proposition above.

Let W c C™ be the set where a power series converges such that it diverges on the complement. The interior of W is called the
domain of convergence. In one variable, every domain of convergence is a disc, and hence it is described with a single number (the
radius). In several variables, the domain of convergence is not as easy to describe. For the multivariable geometric series the
domain of convergence is the unit polydisc, but more complicated examples are easy to find.

v/ Example 1.2.1

In C2, the series

> mzk (1.2.24)
k=0
converges absolutely on the set
{z€C?: |z <1}u{z€C?: 2 =0}, (1.2.25)

and nowhere else. This set is not quite a polydisc. It is neither an open set nor a closed set, and its closure is not the closure of
the domain of convergence, which is the set {z € C? : |22| < 1}.
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The power series

o0
> bk (1.2.26)
k=0
converges absolutely exactly on the set

{z€C?: 2125 < 1}. (1.2.27)

The picture is definitely more complicated than a polydisc. See Figure 1.2.1.

|zl

|z1]

Figure 1.2.1

? Exercise 1.2.4

Find the domain of convergence of 3~ ﬁz{zé‘ and draw the corresponding picture.

Find the domain of convergence of 3, ¢;x2{2§ and draw the corresponding picture if cxx = 2%, cor =cjo =1 and ¢; =0
otherwise.

? Exercise 1.2.6

Suppose a power series in two variables can be written as a sum of a power series in z; and a power series in z,. Show that the
domain of convergence is a polydisc.

Suppose U C C™ is a domain such that if z € U and |z;| = |wy| for all &, then w € U. Such a U is called a Reinhardt domain. The
domains we were drawing so far are Reinhardt domains. They are exactly the domains that you can draw by plotting what happens
for the moduli of the variables. A domain is called a complete Reinhardt domain if whenever z € U, then for r = (ry, ..., r,) Where r;

= |z| for all k, we have that the whole polydisc A,(0) c U. So a complete Reinhardt domain is a union (possibly infinite) of
polydiscs centered at the origin.

Let W c C™ be the set where a certain power series at the origin converges. Show that the interior of W is a complete Reinhardt
domain.

& Theorem 1.2.2

Identity Theorem

Let U c C" be a domain (connected open set) and let f: U — C be holomorphic. If f|; = 0 for a nonempty open subset N c U,
then f = 0.
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Proof

Let Z be the set where all derivatives of f are zero; then N C Z, so Z is nonempty. The set Z is closed in U as all derivatives
are continuous. Take an arbitrary e € Z. Expand f in a power series around a converging to f in a polydisc A,(a) C U. As
the coefficients are given by derivatives of f, the power series is the zero series. Hence, f is identically zero in A,(a).
Therefore, Z is open. As Z is also closed and nonempty, and U is connected, we have Z = U.

The theorem is often used to show that if two holomorphic functions f and g are equal on a small open set, then f = g.

& Theorem 1.2.3

Maximum Principle
Let U c C* be a domain. Let f:U — C be holomorphic and suppose |f(z)| attains a local maximum at some a € U. Then f
= f(a).
Proof
Suppose | f(z)| attains a local maximum at a € U. Consider a polydisc A = A; x - x A, C U centered at g. The function
z1 > f(21,092,..-,0y) (1.2.28)

is holomorphic on the disc A; and its modulus attains the maximum at the center. Therefore, it is constant by maximum
principle in one variable, that is, f(z1,as,...,as) = f(a) for all z; € A;. For any fixed z; € A;, consider the function

22 = .f(zlaz2;a37"'7an)- (1229)

This function, holomorphic on the disc A,, again attains its maximum modulus at the center of A, and hence is constant on
A,. Iterating this procedure we obtain that f(z) = f(a) for all z € A. The identity theorem says that f(2) = f(a) forall ze U.

? Exercise 1.2.8

Let V be the volume measure on R?* and hence on C". Suppose A centered at a € C?, and f is a function holomorphic on a
neighborhood of A. Prove

1
@) = sy /A HOav(©), (1.2.30)

where V(A) is the volume of A and dV is the volume measure. That is, f(a) is an average of the values on a polydisc centered

at a.

? Exercise 1.2.9

Prove the maximum principle by using the Cauchy formula instead. Hint: Use the previous exercise.

? Exercise 1.2.10

Prove a several variables analogue of the Schwarz's lemma: Suppose £ is holomorphic in a neighborhood of D, f(0) = 0, and
for some k € N we have ‘3,':'{ (0) = 0 whenever || < k. Further suppose for all z € D, | f(2)| < M for some M. Show that

[£(2)] < M||2||* for all z € D. (1.2.31)

Apply the one-variable Liouville’s theorem to prove it for several variables. That is, suppose f:C" — C is holomorphic and
bounded. Prove f is constant.
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Improve Liouville’s theorem slightly in C2. A complex line though the origin is the image of a linear map L: C — C™.

a. Prove that for any collection of finitely many complex lines through the origin, there exists an entire nonconstant
holomorphic function (= > 2) bounded (hence constant) on these complex lines.

b. Prove that if an entire holomorphic function in C? is bounded on countably many distinct complex lines through the origin,
then it is constant.

c. Find a nonconstant entire holomorphic function in C? that is bounded on countably many distinct complex lines through the

origin.

Prove the several variables version of Montel's theorem: Suppose {fx} is a uniformly bounded sequence of holomorphic
functions on an open set U C C". Show that there exists a subsequence {f,} that converges uniformly on compact subsets to
some holomorphic function f. Hint: Mimic the one-variable proof.

? Exercise 1.2.14

Prove a several variables version of Hurwitz's theorem: Suppose {fi} is a sequence of nowhere zero holomorphic functions on
a domain U c C" converging uniformly on compact subsets to a function f. Show that either f is identically zero, or that f is
nowhere zero. Hint: Feel free to use the one-variable result.

? Exercise 1.2.15

Suppose p € C" is a point and D C C” is a ball centered at p € D. A holomorphic function f: D — C can be analytically
continued along a path v:[0,1] — C", 4(0) = p, if for every ¢ € [0,1] there exists a ball D; centered at (t), where Dy = D, and a
holomorphic function f;: Dy = C, where fo = £, and for each o € [0,1] there is an € > 0 such that if |t —2o| < ¢, then f; = fi, in
D, N D,,. Prove a several variables version of the Monodromy theorem: If U c C™ is a simply connected domain, D c U a ball
and f: D — C a holomorphic function that can be analytically continued from p € D to every q € U, then there exists a unique
holomorphic function F: U — C such that F|p = f.

The set of holomorphic functions on a domain is a commutative ring under pointwise addition and multiplication (exercise below).
We give this set a name.

# Definition: Ring of Holomorphic Functions

Let U C C" be an open set. Define @(U) to be the ring of holomorphic functions. The letter O is used to recognize the
fundamental contribution to several complex variables by Kiyoshi Oka'.

? Exercise 1.2.16

Prove that @(U) is actually a commutative ring with the operations

(F+9(2) =1(2) +9(2),  (f9)(2) = f(2)g(2). (1.2.32)

Show that O(U) is an (has no zero divisors) if and only if U is connected. That is, show that U being connected is equivalent to
showing that if h(z) = f(2)g(2) is identically zero for f, g € O(U), then either f or g is identically zero.

A function F defined on a dense open subset of U is meromorphic if locally near every p e U, F = % for f and g holomorphic in
some neighborhood of p. It is from a deep result of Oka that for domains U ¢ C”, every meromorphic function can be represented

@ 0 @ @ https://math.libretexts.org/@go/page/74223



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/74223?pdf

LibreTexts"

as % globally. That is, the ring of meromorphic functions is the field of fractions of @(U). This problem is the so-called Poincaré
problem, and its solution is no longer positive once we generalize U to complex manifolds. The points of U through which F does
not extend holomorphically are called the poles of F. Namely, poles are the points where g = 0 for every possible representation %
Unlike in one variable, in several variables poles are never isolated points. There is also a new type of singular point for
meromorphic functions in more than one variable:

? Exercise 1.2.18

In two variables one can no longer think of a meromorphic function F having the value co when the denominator vanishes.
Show that F(z,w) = Z achieves all values of C in every neighborhood of the origin. We call the origin a point of
indeterminacy.

? Exercise 1.2.19

Prove that zeros (and so poles as we will see later, though this is a bit harder to see) are never isolated in C* for n» > 2. Hint:
Consider z; = f(z1, 22, --- , 25) @S YOU MOVE 2s, ..., 2, around, and use perhaps Hurwitz.

Footnotes

[1] See https://en.Wikipedia.org/wiki/Kiyoshi_Oka<

This page titled 1.2: Power Series Representation is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl
via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: Derivatives

Given a function f = u + iv, the complex conjugate is f = u — iv, defined simply by z -+ f(z). When f is holomorphic, then f is
called an antiholomorphic function. An antiholomorphic function is a function that depends on z but not on 2. So if we write the
variable, we write fas f(2). Let us see why this makes sense. Using the definitions of the Wirtinger operators,

of _Bf _, o _[of -
95 0% 0, o7, (8zj) , forall j=1,...,n. (1.3.1)

For functions that are neither holomorphic or antiholomorphic, we pretend they depend on both z and z. Since we want to write
functions in terms of z and Z, let us figure out how the chain rule works for Wirtinger derivatives, rather than writing derivatives in
terms of z and y.

& Proposition 1.3.1

Complex Chain Rule

Suppose U C C* and V' C C™ are open sets and suppose f:U — V, and g:V — C are (real) differentiable functions (mappings).
Write the variables as z = (21, ...,2,) € U C C" and w = (w1, ... ,w,) €V C C™. Then forj=1,...,n,

] _ 99 0fr , 0Og Of:

a—zj[gof] _Z (61” 92 + B0y az,) (1.3.2)
0 A 99 Ofs  0Og Of;

oz, 9°f1= Z(awg 0z 9wy azj)

Proof

Write f =u +iv, 2 = z + iy, w = s + it, f is a function of z, and g is a function of w. The composition plugs in f for w, and
so it plugs in u for s, and » for ¢. Using the standard chain rule,

(55— ) o7

09 Bul 8g Ovy ( dg Ou; 0Oy 61);5))

Bs; 0z, | Ot 0w; '\ ds¢ By, | Oty Oy

[9f]

N = m|»—n
Ms

~
Il

(1.3.3)

_i(ﬁ (%_ @)Jr o9 1 (%_ @))
= 15) Oz; Oy; Ozx; Oy;
_i(ﬁﬂ @%)
£\ Bsy 0z ' Oty 0z )
Foré=1,..,m
a a 1o} 0 ( 0 (7]
B = T o= (5~ Be1) o
Continuing;:
o = Og Oup , Bg Ovy
o0 1=2 (5 o + 50 5)
=3 (2o duey P9 Bue) (00 Dve D9 O
= \\ 0wy 0z; By 0z Ow; 8z; Owy Oz
(1.3.5)

3 (2o (v B,y G0 (Bue v
Ow, \ 0z; 0z; 0w, \ 0z; 0z;
( ¢ 0z | By Oz

B9 81, o aﬁ)

The z derivative works similarly.
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Because of the proposition, when we deal with a possibly nonholomorphic function f, we often write f(z,z) and treat f as a

function of z and z.

It is good to notice the subtlety of what we just said. Formally it seems as if we are treating z and z as independent variables
when taking derivatives, but in reality they are not independent if we actually wish to evaluate the function. Under the hood, a
smooth function that is not necessarily holomorphic is really a function of the real variables z and y, where z = z + iy.

X Remark 1.3.2

Another remark is that we could have swapped z and z, by flipping the bars everywhere. There is no difference between the
two, they are twins in effect. We just need to know which one is which. After all, it all starts with taking the two square roots of
—1 and deciding which one is i (remember the chickens?). There is no “natural choice” for that, but once we make that choice
we must be consistent. And once we picked which root is i, we also picked what is holomorphic and what is antiholomorphic.
This is a subtle philosophical as much as a mathematical point.

# Definition: Holomorphic

Let U c C" be open. A mapping f:U — C™ is said to be holomorphic if each component is holomorphic. That is, if f
= (f1,..., fm), then each f; is a holomorphic function.

As in one variable, the composition of holomorphic functions (mappings) is holomorphic.

& Theorem 1.3.1

Let U c C* and V C C™ be open sets and suppose f:U — V and g: V — C¥ are both holomorphic. Then the composition g o f is
holomorphic.

Proof

The proof is almost trivial by chain rule. Again let g be a function of w € V and f be a function of z € U. Forany j=1,...,n

a- 95 f] = Z(ag”%z /ﬁ/ gﬁ:) (1.3.6)

For holomorphic functions the chain rule simplifies, and it formally looks like the familiar vector calculus rule. Suppose again U
cC" and V c C™ are open, and f:U — V and g:V — C are holomorphic. Name the variables z = (zy,...,2,) € U c C* and w
= (wy, ...,wm) € V. C C™ In formula (1.3.2) for the 2; derivative, the w; derivative of g is zero and the z; derivative of f, is also zero

and any p = 1,..., k, we compute

because f and g are holomorphic. Therefore, for any j =1, ...,n,

A _\~9 of
57, lge f] _; Bg 0z (1.3.7)

Prove using only the Wirtinger derivatives that a holomorphic function that is real-valued must be constant.
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Let f be a holomorphic function on C*. When we write f we mean the function z -+ f(z), and we usually write f(Z) as the

function is antiholomorphic. However, if we write f(z) we really mean z — f(z), that is, composing both the function and the
argument with conjugation. Prove z — f(z) is holomorphic, and prove f is real-valued on R® (when y = 0) if and only if f(z)

= f(2) for all z € C.

For a U c C", a holomorphic mapping f:U — C™, and a point p € U, define the holomorphic derivative, sometimes called the
Jacobian matrix,

o) 32w . (139

The notation f’(p) = Df(p) is also used.

Suppose U C €™ is open, R" is naturally embedded in C". Consider a holomorphic mapping f:U — C™ and suppose that f|vnr»
maps into R™ c C™. Prove that given p € U NR", the real Jacobian matrix at p of the map flunr=:U NR® = R™ is equal to the
holomorphic Jacobian matrix of the map f at p. In particular, Df(p) is a matrix with real entries.

By the holomorphic chain rule above, as in the theory of real functions, the derivative of the composition is the composition of
derivatives (multiplied as matrices).

& Proposition 1.3.2

Chain Rule for Holomorphic Mappings
Let U c C" and V C C™ be open sets. Suppose f:U — V and g: V — C* are both holomorphic, and p € U. Then

D(g- f)(p) = Dg(f(v)) Df(p)- (13.9)

In shorthand, we often simply write D(g o f) = DgDj.

? Exercise 1.3.4

Prove the proposition.

Suppose U Cc C", p € U, and f:U — C™ is a differentiable function at p. Since C" is identified with R?", the mapping f takes U
C R?" to R*™. The normal vector calculus Jacobian at p of this mapping (a 2m x 2n real matrix) is called the real Jacobian, and we
write it as Drf(p).

& Proposition 1.3.3

Let U ¢ C™ be an open set, p € U, and f: U — C" be holomorphic. Then

|det Df(p)|* = detDrf(p). (1.3.10)

The expression det Df(p) is called the Jacobian determinant and clearly it is important to know if we are talking about the
holomorphic Jacobian determinant or the standard real Jacobian determinant det Dg f(p). Recall from vector calculus that if the
real Jacobian determinant det Dr f(p) of a smooth mapping is positive, then the mapping preserves orientation. In particular, the
proposition says that holomorphic mappings preserve orientation.

Proof

The real mapping using our identification is (Rf1,3f1,---,Rfr,If.) as a function of (1,91, ..., Ts,ys)- The statement is
about the two Jacobians at p, that is, the derivatives at p. Hence, we can assume that p =0 and f is complex linear, f(z)
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= Az for some n x n matrix A. It is just a statement about matrices. The matrix A is the (holomorphic) Jacobian matrix of f.
Let B be the real Jacobian matrix of f.

Let us change the basis of B to be (z,2) using z = = + 4y and z = z — iy on both the target and the source. The change of
basis is some invertible complex matrix M such that M—!BM (the real Jacobian matrix B in these new coordinates) is a
matrix of the derivatives of (fi, ..., fa, fi, -, fn) i0 terms of (zy, ..., zn, #1, ..., Z,). In other words,

A0
M_IBM:[ _]_ (1.3.11)
0 4
Thus
= -1 = =1
det(B) = det(M ' MB) = det(M ' BM) (1.3.12)

= det(A) det(A) = det(A) det(A) = | det(A)|>.

The regular implicit function theorem and the chain rule give that the implicit function theorem holds in the holomorphic setting.
The main thing to check is to check that the solution given by the standard implicit function theorem is holomorphic, which follows

by the chain rule.

& Theorem 1.3.2

Implicit Function Theorem

Let U c C* x C™ be an open set, let (z,w) € C* x C™ be our coordinates, and let f:U — C™ be a holomorphic mapping. Let
(2°,w°) € U be a point such that f(2°,w®) = 0 and such that the m x m matrix

[Zw—’c’,;(z",w")] R (1.3.13)

is invertible. Then there exists an open set V C C" with 2° € V, open set W ¢ C™ with w® € W, V x W C U, and a holomorphic
mapping g: V — W, with g(2°) = w° such that for every z € V, the point g(2) is the unique point in W such that

f(z, g(z)) =0. (1.3.14)

Prove the holomorphic implicit function theorem above. Hint: Check that the normal implicit function theorem for C!
functions applies, and then show that the g you obtain is holomorphic.

? Exercise 1.3.6

State and prove a holomorphic version of the inverse function theorem.

This page titled 1.3: Derivatives is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi Lebl via source
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1.4: Inequivalence of Ball and Polydisc

# Definition: Biholomorphic

Two domains U € C™ and V' C C™ are said to be biholomorphic or biholomorphically equivalent if there exists a one-to-one and
onto holomorphic map f:U — V such that the inverse f~:V — U is holomorphic. The mapping f is said to be a biholomorphic
map or a biholomorphism.

As function theory on two biholomorphic domains is the same, one of the main questions in complex analysis is to classify
domains up to biholomorphic transformations. In one variable, there is the rather striking theorem due to Riemann:

& Theorem 1.4.1: Riemann Mapping Theorem

If U c Cis a nonempty simply connected domain such that U # C, then U is biholomorphic to D.

In one variable, a topological property on U is enough to classify a whole class of domains. It is one of the reasons why studying
the disc is so important in one variable, and why many theorems are stated for the disc only. There is simply no such theorem in
several variables. We will show momentarily that the unit ball and the polydisc,

B,={2€C":|]zl]l<1} and D"={2€C":|z|<lforj=1,...,n}, (1.4.1)

are not biholomorphically equivalent. Both are simply connected (have no holes), and they are the two most obvious
generalizations of the disc to several variables. They are homeomorphic, that is, topology does not see any difference.

? Exercise 1.4.1

Prove that there exists a homeomorphism f:B,, — D", that is, f is a bijection, and both f and f~! are continuous.

Let us stick with n = 2. Instead of proving that B, and D? are biholomorphically inequivalent we will prove a stronger theorem.
First a definition.

& Definition: Proper Map

Suppose f: X — Y is a continuous map between two topological spaces. Then f is a proper map if for every compact K cC Y,
the set f~1(K) is compact.

The notation “CC” is a common notation for relatively compact subset, that is, the closure is compact in the relative (subspace)
topology. Often the distinction between compact and relatively compact is not important. For instance, in the definition above we
can replace compact with relatively compact. So the notation is sometimes used if “compact” is meant.

Vaguely, “proper” means that “boundary goes to the boundary.” As a continuous map, f pushes compacts to compacts; a proper
map is one where the inverse does so too. If the inverse is a continuous function, then clearly £ is proper, but not every proper map
is invertible. For example, the map f: D — D given by f(z) = 22 is proper, but not invertible. The codomain of f is important. If we
replace f by g:D — C, still given by g(z) = 22, then the map is no longer proper. Let us state the main result of this section.

& Theorem 1.4.2: Rothstein 1935

There exists no proper holomorphic mapping of the unit bidisc D? = D x D c C2 to the unit ball B, c C2.

As a biholomorphic mapping is proper, the unit bidisc is not biholomorphically equivalent to the unit ball in C2. This fact was first
proved by Poincaré by computing the automorphism groups of D? and B,, although his proof assumed the maps extended past the
boundary. The first complete proof was by Henri Cartan in 1931, though popularly the theorem is attributed to Poincaré. It seems
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standard practice that any general audience talk about several complex variables contains a mention of Poincaré, and often the
reference is to this exact theorem.

We need some lemmas before we get to the proof of the result. First, a certain one-dimensional object plays an important role in the
geometry of several complex variables. It allows us to apply one-variable results in several variables. It is especially important in
understanding the boundary behavior of holomorphic functions. It also prominently appears in complex geometry.

# Definition: Analytic Disc

A nonconstant holomorphic mapping ¢:D — C™ is called an analytic disc. If the mapping ¢ extends continuously to the closed
unit disc D, then the mapping ¢:D — C" is called a closed analytic disc.

Often we call the image A = (D) the analytic disc rather than the mapping. For a closed analytic disc we write A = (D)
and call it the boundary of the analytic disc.

In some sense, analytic discs play the role of line segments in C*. It is important to always have in mind that there is a mapping
defining the disc, even if we are more interested in the set. Obviously for a given image, the mapping ¢ is not unique.

Let us consider the boundaries of the unit bidisc D x D C C2 and the unit ball B, C C2. We notice the boundary of the unit bidisc
contains analytic discs {p} x D and D x {p} for p € dD. That is, through every point in the boundary, except for the distinguished
boundary 6D x 8D, there exists an analytic disc lying entirely inside the boundary. On the other hand, the ball contains no analytic
discs in its boundary.

& Proposition 1.4.1

The unit sphere §2"—! = §B,, c C" contains no analytic discs.

Proof

Suppose there is a holomorphic function g:ID — C” such that the image g(ID) is inside the unit sphere. In other words,

llg(@)II* = lg1(2)I* + lg2(2)[* + - + |gn(2)|* = 1 (14.2)

for all z € D. Without loss of generality (after composing with a unitary matrix) assume that g(0) = (1,0,0, ...,0). Consider
the first component and notice that g;(0) = 1. If a sum of positive numbers is less than or equal to 1, then they all are, and
hence |g1(2)| < 1. Maximum principle says that g;(2) =1 for all z € D. But then g;(z) =0 for all j =2,...,n and all z €D.
Therefore, g is constant and thus not an analytic disc.

The fact that the sphere contains no analytic discs is the most important geometric distinction between the boundary of the polydisc
and the sphere.

? Exercise 1.4.2

Modify the proof to show some stronger results.

a. Let A be an analytic disc and A N 8B, # . Prove A contains points not in B,.

b. Let A be an analytic disc. Prove that A N dB,, is nowhere dense in A.

c. Find an analytic disc in C2, such that (1,0) € A, ANB; =0, and locally near (1,0) € 8B, the set AN 8B, is the curve
defined by Jz; = 0, Jz5 = 0, (Rz1)? + (Rz2)? = 1.

Before we prove the theorem, let us prove a lemma making the statement about proper maps taking boundary to boundary precise.

& Lemmald.l

Let U Cc R™ and V C R™ be bounded domains and let f: U — V be continuous. Then f is proper if and only if for every sequence
{px} in U such that p — p € U, the set of limit points of { f(px)} lies in 6V
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Proof

Suppose f is proper. Take a sequence {p;} in U such that p; — p € 8U. Then take any convergent subsequence {f(p;)} of
{f(pk)} converging to some g € V. Consider E = {f(p,)} as a set. Let E be the closure of E in V' (subspace topology). If ¢
€V, then E = E U{g} and E is compact. Otherwise, if ¢ ¢ V, then E = E. The inverse image f~*(E) is not compact (it
contains a sequence going to p € 8U) and hence E is not compact either as f is proper. Thus ¢ ¢ V, and hence ¢ € 8V. As we
took an arbitrary subsequence of {f(pr)}, ¢ was an arbitrary limit point. Therefore, all limit points are in gV'.

Let us prove the converse. Suppose that for every sequence {px} in U such that px — p € 9U, the set of limit points of
{#(px)} lies in V. Take a closed set E C V (subspace topology) and look at f~*(E). If f~(E) is not compact, then there
exists a sequence {pz} in f~}(E) such that p, — p € U. That is because f~!(E) is closed (in U) but not compact. The
hypothesis then says that the limit points of {f(px)} are in V. Hence E has limit points in V' and is not compact.

? Exercise 1.4.3

Let U c R* and V c R™ be bounded domains and let 7:U — U be continuous. Suppose f(U) c V, and g:U — V is defined by
g(z) = f(z) for all x € U. Prove that g is proper if and only if f(8U) c 8V

? Exercise 1.4.4

Let f: X — Y be a continuous function of locally compact Hausdorff topological spaces. Let X, and Y, be the one-point
compactifications of X and Y. Then f is a proper map if and only if it extends as a continuous map fu: X — Yo by letting
foolx = fand fo(oc) = o0.

We now have all the lemmas needed to prove the theorem of Rothstein.

Proof of Theorem 1.4.2. Suppose there is a proper holomorphic map f:D? — B,. Fix some e in the boundary of the disc . Take a
sequence wy € D such that wy, — €. The functions gx(¢) = f(¢, wx) map the unit disc into B,. By the standard Montel’s theorem, by
passing to a subsequence we assume that the sequence of functions converges (uniformly on compact subsets) to a limit g: D — Bs.
As (¢, wk) — (¢, e®) € 8D?, then by Lemma 1.4.1 we have that g(D) C 6B, and hence g must be constant.

Let g;, denote the derivative (we differentiate each component). The functions gj, converge to ¢’ = 0. So for an arbitrary fixed ¢ € D,

%(C’ wy) — 0. This limit holds for all ¢* and some subsequence of an arbitrary sequence {wy} where wy — e®. The holomorphic

mapping w 3%((, w), therefore, extends continuously to the closure D and is zero on 6D. We apply the maximum principle or the
Cauchy formula and the fact that ¢ was arbitrary to find g_i = 0. By symmetry g—zz = 0. Therefore, f is constant, which is a

contradiction as f was proper.

The proof is illustrated in Figure 1.4.1.

22| (Z.e")
3L wp)
.
Z wa)
Zowy)

il
P

Figure 1.4.1

In the picture, on the left-hand side is the bidisc, and we restrict f to the horizontal gray lines (where the second component is fixed
to be wy) and take a limit to produce an analytic disc in the boundary of B,. We then show that g%l = 0 on the vertical gray line
(where the first component is fixed to be ¢). The right-hand side shows the disc where z; = ¢ is fixed, which corresponds to the
vertical gray line on the left.

The proof says that the reason why there is not even a proper mapping is the fact that the boundary of the polydisc contains analytic
discs, while the sphere does not. The proof extends easily to higher dimensions as well, and the proof of the generalization is left as
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an exercise.

& Theorem 1.4.3

LetU=U’xU” cC*xC* n,k>1,and V c C™, m > 1, be bounded domains such that 8V contains no analytic discs. Then
there exist no proper holomorphic mapping f:U — V.

? Exercise 1.4.5

Prove Theorem 1.4.3
The key takeaway from this section is that in several variables, to see if two domains are equivalent, the geometry of the boundaries

makes a difference, not just the topology of the domains.

The following is a fun exercise in one dimension about proper maps of discs:

? Exercise 1.4.6

Let f:D — D be a proper holomorphic map. Then

f(2) = ew:ﬁl lz__—“" (1.4.3)

— k)
agz

for some real § and some q;, € D (that is, fis a finite Blaschke product). Hint: Consider f71(0).

In several variables, when D is replaced by a ball, this question (what are the proper maps) becomes far more involved, and if the
dimensions of the balls are different, it is not solved in general.

? Exercise 1.4.7

Suppose f:U — D be a proper holomorphic map where U C C” is a nonempty domain. Prove that n = 1. Hint: Consider the
same idea as in Exercise 1.2.19.

? Exercise 1.4.8

Suppose f:B, — C™ is a nonconstant continuous map such that f|g, is holomorphic and ||f(z)|| = 1 whenever ||2|| = 1. Prove
that f|s, maps into B, and furthermore that this map is proper.

This page titled 1.4: Inequivalence of Ball and Polydisc is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi
Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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1.5: Cartan's Uniqueness Theorem

The following theorem is another analogue of Schwarz’s lemma to several variables. It says that for a bounded domain, it is enough
to know that a self mapping is the identity at a single point to show that it is the identity everywhere. As there are quite a few
theorems named for Cartan, this one is often referred to as the Cartan's uniqueness theorem. It is useful in computing the
automorphism groups of certain domains. An automorphism of U is a biholomorphic map from U onto U. Automorphisms form a
group under composition, called the automorphism group. As exercises, you will use the theorem to compute the automorphism
groups of B, and D".

& Theorem 1.5.1: Cartan

Suppose U C C" is a bounded domain, a € U, f:U — U is a holomorphic mapping, f(a) = a, and Df(a) is the identity. Then f(2)
=z forallzeU.

Find a counterexample to the theorem if {7 is unbounded. Hint: For simplicity take ¢ = 0 and U = C".

Before we get into the proof, let us write down the Taylor series of a function in a nicer way, splitting it up into parts of different
degree.

A polynomial P:C" — C is homogeneous of degree d if
P(sz2) = s%P(2) (1.5.1)

for all s € C and z € C*. A homogeneous polynomial of degree d is a polynomial whose every monomial is of total degree d. For

2

instance, z?w —iz3 +9zw? is homogeneous of degree 3 in the variables (z,w) € C2 A polynomial vector-valued mapping is

homogeneous of degree d, if each component is. If f is holomorphic near @ € C*, then write the power series of f at a as
> filz—a), (15.2)
=0

where f; is a homogeneous polynomial of degree j. The f; is called the degree j homogeneous part of f at a. The f; would be
vector-valued if f is vector-valued, such as in the statement of the theorem. In the proof, we will require the vector-valued Cauchy
estimates (exercise below)'.

Prove a vector-valued version of the Cauchy estimates. Suppose f:A,(a) — C™ is continuous function holomorphic on a
polydisc A,(a) C C"™ Let T denote the distinguished boundary of A. Show that for any multi-index a we get

< & sup £ (2l (153)
zel’

alelf
Joko

Proof of Cartan’s uniqueness theorem.
Without loss of generality, assume a = 0. Write f as a power series at the origin, written in homogeneous parts:
00
f@ =2+ f(@)+ Y fi2), (15.4)
j=k+1

where k > 2 is an integer such that f2(z), f3(2), ..., fr—1(2) is zero. The degree-one homogeneous part is simply the vector z, because
the derivative of f at the origin is the identity. Compose f with itself £ times:

@) =fofo-of(2). (1.5.5)

£ times
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As f(U) c U, then f¢ is a holomorphic map of U to U. As U is bounded, there is an M such that ||2|| < M for all z € U. Therefore,
If(2)|| < M forall z € U, and ||f(2)|| < M forall z € U.

If we plug in z + f(2) +higher order terms into f;, we get fi(z)+some other higher order terms. Therefore, f2(z) =z + 2fi(2) +
higher order terms. Continuing this procedure,

FH2) = 2+ Lfi(2) + i fi(2), (1.5.6)
j=k+1

for some other degree j homogeneous polynomials f;. Suppose A,(0) is a polydisc whose closure is in U. Via Cauchy estimates, for
any multinomial o with |a| = &,

al ol fe _ L l|aklr
& arz |25 | e[ 2L o @5

The inequality holds for all £ € N, and so %‘j{ (0) = 0. Therefore, f;, =0. On the domain of convergence of the expansion, we get

f(2) = 2, as there is no other nonzero homogeneous part in the expansion of f. As U is connected, then the identity theorem says
f(z)=zforallzeU.

As an application, let us classify all biholomorphisms of all bounded circular domains that fix a point. A circular domain is a
domain U C C" such that if z € U, then ez € U for all § € R.

& Corollary 1.5.1

Suppose U,V c C" are bounded circular domains with 0 € U, 0 € V, and f:U — V is a biholomorphic map such that f(0) = 0.
Then f is linear.

For example, B, is circular and bounded. So a biholomorphism of B, (an automorphism) that fixes the origin is linear.
Similarly, a polydisc centered at zero is also circular and bounded.

Proof

The map g(2) = f~! (e f(e*2)) is an automorphism of U and via the chain rule, ¢’(0) = I. Therefore, £~ (e #f(e¥2)) = =,
or in other words

f(e?2) = (). (1.5.8)

Write f near zero as f(2) = 332, fj(2) where f; are homogeneous polynomials of degree j (notice fy = 0). Then
Zewf]-(z) =¥ Zf,(z) = Z f]-(ewz) = Zewfj(z). (1.5.9)
j=1 j=1 =1 =1

By the uniqueness of the Taylor expansion, e?f;(z) = e’ f;(2), or fi(z) = e!0-Déf;(z), for all 4, all 2, and all 6. If j # 1, we
obtain that f; =0, which proves the claim.

? Exercise 1.5.3

Show that every automorphism f of D~ (that is, a biholomorphism f:D" — D") is given as

_pfen =9 e 2702 iﬂnﬂ) 1.5.10
f(z) (e l—a1z9 1< 1—agz’ 0= 1—anz, ( )

for # € R, a € D, and a permutation matrix P.

? Exercise 1.5.4

Given a € B,, define the linear map P,z = $*% 4 if a # 0 and Pyz =0. Let s, = /1 — [|a]]%. Show that every automorphism f of

)

B, (that is, a biholomorphism f:B,, — B,) can be written as

https://math.libretexts.org/@go/page/74226



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/74226?pdf

LibreTexts"

(1.5.11)

for a unitary matrix U and some a € B,,.

Using the previous two exercises, show that D" and B,, » > 2, are not biholomorphic via a method more in the spirit of what
Poincaré used: Show that the groups of automorphisms of the two domains are different groups when n > 2.

? Exercise 1.5.6

Suppose U c C is a bounded open set, a € U, and f:U — U is a holomorphic mapping such that f(a) = a. Show that every
eigenvalue X of the matrix Df(a) satisfies |A| < 1.

? Exercise 1.5.7: (tricky)

Find a domain U c C" such that the only biholomorphism f:U — U is the identity f(z) = z. Hint: Take the polydisc (or the ball)
and remove some number of points (be careful in how you choose them). Then show that f extends to a biholomorphism of the
polydisc. Then see what happens to those points you took out.

? Exercise 1.5.8

a. Show that Cartan’s uniqueness theorem is not true in the real case, even for rational functions. That is, find a rational
function R(t) of a real variable ¢, such that R that takes (—1,1) to (—1,1), R’(0) = 1, and R(¢) is not the identity. You can
even make R bijective.

b. Show that also Exercise 1.5.6 is not true in the real case. For any « € R find a rational function R(t) of a real variable ¢, such
that R takes (—1,1) to (—1,1) and R’(0) = a.

? Exercise 1.5.9

Suppose U c C* is an open set, a € U, f:U = U is a holomorphic mapping, f(a) =a, and suppose that |A\| <1 for every
eigenvalue X of Df(a). Prove that there exists a neighborhood W of g, such that lim,_,, f*(z) = a forall ze W.

? Exercise 1.5.10

Let U c C" be a bounded open set and a € U. Show that the mapping ¢ — ((p(a), Dcp(a)) from the set Aut(U) of automorphisms
of U to C* x C™ is injective.

Footnotes
[1] The normal Cauchy estimates could also be used in the proof of Cartan by applying them componentwise.

This page titled 1.5: Cartan's Uniqueness Theorem is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi Lebl
via source content that was edited to the style and standards of the LibreTexts platform.
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1.6: Riemann Extension Theorem, Zero Sets, and Injective Maps

In one dimension if a function is holomorphic in U \ {p} and locally bounded" in U, in particular bounded near p, then the function
extends holomorphically to U (see Proposition B.22 (i)). In several variables the same theorem holds, and the analogue of a single
point is the zero set of a holomorphic function.

& Theorem 1.6.1: Riemann Extension Theorem

Let U c C" be a domain, g € O(U), and g is not identically zero. Let N = g~1(0) be the zero set of g. If f € O(U \ N) is locally
bounded in U, then there exists a unique F € @(U) such that F|y\y = f.

The proof is an application of the Riemann extension theorem from one dimension.

Proof

Take any p € N, and let L be a complex line through p. That is, L is an image of an affine mapping ¢:C — C™ defined by
©(€) =af +p, for a vector ¢ € C*. The composition g o is a holomorphic function of one variable, and it is either
identically zero, or the zero at £ = 0 is isolated. The function g is not identically zero in any neighborhood of p. So there is
some line L such that g ¢ is not identically zero, or in other words, p is an isolated point of LN N.

Write 2’ = (z1,...,2n—1) and z = (2’, z,). Without loss of generality p =0, and L is the line obtained by 2’ =0. So go¢ is ¢
B ¢(0,&). There is some small r > 0 such that g is nonzero on the set given by |z,| =r and 2z’ =0. By continuity, g is
nonzero on the set given by |z,| = and ||2’|| < € for some € > 0. In particular, for any fixed small s € C*!, with ||s|| <,
setting 2’ = s, the zeros of £ = g(s, £) are isolated. See Figure 1.6.1.

;7<m o

r g(z)=0

Figure 1.6.1

For ||2’|| < e and |z,| < r, write

/ 1 £,
F(2 2) = — 205 g, 1.6.1
=g [ (L6.1)
The function ¢ — f(2’,&) extends holomorphically to the entire disc of radius » by the Riemann extension from one
dimension. By Cauchy integral formula, F is equal to f at the points where they are both defined. By differentiating under
the integral, the function F is holomorphic in all variables.

In a neighborhood of each point of N, f extends to a continuous (holomorphic in fact) function. A continuous extension of f
must be unique on the closure of T \ N in the subspace topology, (U \ N) n U. The set N has empty interior, so (U \ N) nU
= U. Hence, F is the unique continuous extension of f to U.

? Exercise 1.6.1

Let F be a meromorphic function on an open set U c C". Show that if p € U is a pole (near p, F = %, and F does not extend
through p), then there exists a sequence {p;} converging to p such that F(p;) — co. Namely, F is unbounded near p.

The set of zeros of a holomorphic function has a nice structure at most points.
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Let U C C" be a domain and f € O(U) and f is not identically zero. Let N = f~1(0). Then there exists a open and dense
(subspace topology) subset Ny, C N such that near each p € Ny, after possibly reordering variables, N can be locally written
as

Zn = g(zla (X} zn—l) (162)

for a holomorphic function g.

Proof

If N is locally a graph at p, then it is a graph for every point of N near p. So N, is open. If for every point p, € N and every
neighborhood W of py, we show that N "W has a regular point, then N, is dense. Replacing N with N N W, it thus
suffices to show Ny, is nonempty.

Since f is not identically zero, then not all derivatives (of arbitrary order) of f vanish identically on N. If some first order
derivative of f does not vanish identically on N, let h = f. Otherwise, suppose k is such that a derivative of f of order k
does not vanish identically on NV, and all derivatives of f order less than k vanish identically on N. Let h be one of the
derivatives of order k — 1. We obtain a function h:U — C, holomorphic, vanishing on N, and such that without loss of
generality the 2, derivative does not vanish identically on N. Then there is some point p € N such that %(p) # 0. We apply
the implicit function theorem at p to find g such that

h(zl,...,zn_l,g(zl,...,zn_l)) =0, (1.6.3)

and z, = g(21, ..., 2n—1) is the unique solution to k = 0 near p.

The zero set of h contains N, the zero set of f. We must show equality near p. That is, we need to show that near p, every
zero of A is also a zero of f. Write p = (p’, p,). Then the function

£ f(@',6) (1.6.4)

has an isolated zero in a small disc A around p, and is nonzero on the circle A. By Rouché’s theorem, ¢ = f(2’,€) must
have a zero for all 2” sufficiently close to p’ (close enough to make |f(q’, &) — f(2’,€)| < |f(g’,€)| for all ¢ € HA). Since g(z’)
is the unique solution z, to h(z’, z,) = 0 near p and the zero set of f is contained in the zero set of k, we are done.

The zero set N of a holomorphic function is a so-called subvariety or an analytic set although the general definition of a subvariety
is more complicated, and includes more sets. See Chapter 6. Points where N is a graph of a holomorphic mapping are called
regular points, and we write them as N, as above. In particular, since N is a graph of a single holomorphic function, they are
called regular points of (complex) dimension n — 1, or (complex) codimension 1. The set of regular points is what is called an (n
— 1)-dimensional complex submanifold. 1t is also a real submanifold of real dimension 2n — 2. The points on a subvariety that are
not regular are called singular points.

v/ Example 1.6.1

For U = C?, let f(2) = 2? — 22 and consider X = f~1(0). As Vf = (221, 22,), outside of the origin, we can solve for z; or z; and
so all points of X \ 0 are regular. In fact, z; = z; and z; = —z2, are the two possibilities. In no neighborhood of the origin,
however, is there a way to solve for either z; or z,, since you always get two possible solutions: If you could solve z; = g(z5),
then both 2z = g(22) and —z3 = g(22) must be true, a contradiction for any nonzero z,. Similarly, we cannot solve for z;. So the
origin is a singular point.

To see that you may have need to use derivatives of the function, notice that the function (z) = (22 — 22) has the same zero

set X, but both §2 and $£ vanish on X. Using h = 42 or h= 42 in the proof will work.

It may be also good to consider a function such as f(z) = 22z, to see that we do not always get the entire set of regular
functions with one neighborhood W. The zero set is where z; = 0 or where 2, = 0, and all points except the origin are regular.
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| We use h = f to show that points outside the origin where z, = 0 are regular. To show that points outside the origin where z;

= 0 are regular, we must restrict to some neighborhood W of those points and use & = %-

v/ Example 1.6.2

The theorem is not true in the nonholomorphic setting. The set where z2 + z2 = 0 in R? is only the origin, clearly not a graph of
any function of one variable. The first part of the theorem works, but the k you find is either 2z, or 2zs, and its zero set is too
big.

? Exercise 1.6.2

Find all the regular points of the subvariety X = {2 € C? : 22 = 2§}. Hint: The trick is showing that you’ve found all of them.

? Exercise 1.6.3

Suppose U c C™ is a domain and f € @(U). Show that the complement of the zero set, U \ f~1(0), is connected.

Let us now prove that a one-to-one holomorphic mapping is biholomorphic, a result definitely not true in the smooth setting: «
+ z2 is smooth, one-to-one, onto map of R to R, but the inverse is not differentiable.

& Theorem 1.6.3

Suppose U C C™ is an open set and f: U — C" is holomorphic and one-to-one. Then the Jacobian determinant is never equal to
zeroon U.

In particular, if a holomorphic map f: U — V is one-to-one and onto for two open sets U, V C C", then f is biholomorphic.

Proof

We proceed by induction. We know the theorem for n = 1. Suppose » > 1 and suppose we know the theorem is true for
dimension n— 1.

Suppose for contradiction that J; = 0 somewhere. First suppose that J; is not identically zero. Find a regular point ¢ on the
zero set of J;. Write the zero set of J; near g as

Zn = g(#1, - » Zn—1) (1.6.5)
for some holomorphic g. If we prove the theorem near g, we are done. Without loss of generality assume ¢ =0. The
biholomorphic (near the origin) map

U(21y .0y 2n) = (zl, 22y ooy Zn—1y Zn — 921 oo z,._1)) (1.6.6)

takes the zero set of J; to the set given by z,, = 0. By considering f o ¥~ instead of f, we may assume that J; = 0 on the set
given by z, = 0. We may also assume that f(0) = 0.

If J; vanishes identically, then there is no need to do anything other than a translation. In either case, we may assume that 0
€U, f(0) =0, and J; = 0 when z, = 0.

We wish to show that all the derivatives of f in the z,...,2,-1 variables vanish whenever z, = 0. This would clearly
contradict f being one-to-one, as f(z1,...,2n-1,0) would be constant. So for any point on z, =0 we consider one of the
components of f and one of the derivatives of that component. Without loss of generality, suppose the point is 0, and for
contradiction suppose 3—2(0) # 0. The map

G(21,-7n) = (f1(2), 22, - Zn) (1.6.7)

is biholomorphic on a small neighborhood of the origin. The function f - @' is holomorphic and one-to-one on a small
neighborhood. By the definition of G,
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f°G_1(w17""wn) = (’U)l,h(‘U))), (168)
where p is a holomorphic mapping taking a neighborhood of the origin in C" to C*-1. The mapping
o(wa, ... ,wp) = h(0, w3, ..., wy) (1.6.9)

is a one-to-one holomorphic mapping of a neighborhood of the origin in C*-! to C»-1. By the induction hypothesis, the
Jacobian determinant of ¢ is nowhere zero.

If we differentiate fo G, we notice D(f° G™) = Df o D(G™1). So at the origin
det D(f o G™) = (det Df) (det D(G™")) =0. (1.6.10)
We obtain a contradiction, as at the origin

det D(f o G1) = det Dy # 0. (1.6.11)

The function f is locally biholomorphic, in particular f~! is holomorphic, on the set where the Jacobian determinant
- _ 9f;
Ji(z) = det Df(z) = det | = (2) (1.6.12)
6zk jk
is not zero. This follows from the inverse function theorem, which is just a special case of the implicit function theorem. The trick

is to show that J; happens to be nonzero everywhere.

In one complex dimension, every holomorphic function f can, in the proper local holomorphic coordinates (and up to adding a
constant), be written as z¢ for d =0,1,2,...: Near a z € C, there exists a constant ¢ and a local biholomorphic g with g(zo) = 0 such
that f(z) =c+ (g(z))d. Such a simple result does not hold in several variables in general, but if the mapping is locally one-to-one,
then the present theorem says that such a mapping can be locally written as the identity.

The theorem is no longer true if the domain and range dimensions of the mapping are not equal.

? Exercise 1.6.4

Take the subvariety X = {z € C?: 22 = 2$}. Find a one-to-one holomorphic mapping f:C — X. Then note that the derivative of
f vanishes at a certain point. So Theorem 1.6.3 has no analogue when the domain and range have different dimension.

? Exercise 1.6.5

Find a continuous function f:R — R? that is one-to-one but such that the inverse f~!: f(R) — R is not continuous.

This is an appropriate place to state a well-known and as yet unsolved conjecture (and most likely ridiculously hard to solve): the
Jacobian conjecture. This conjecture is a converse to the theorem above in a special case: Suppose F:C"® — C” is a polynomial map
(each component is a polynomial) and the Jacobian derivative Jg is never zero, then F is invertible with a polynomial inverse.
Clearly F would be locally one-to-one, but proving (or disproving) the existence of a global polynomial inverse is the content of
the conjecture.

? Exercise 1.6.6

Prove the Jacobian conjecture for n = 1. That is, prove that if F:C — C is a polynomial such that F’ is never zero, then F has
an inverse, which is a polynomial.

? Exercise 1.6.7

Let F:C™ — C" be an injective polynomial map. Prove J is a nonzero constant.
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? Exercise 1.6.8

Prove that the Jacobian conjecture is false if “polynomial” is replaced with “entire holomorphic,” even for n = 1.

? Exercise 1.6.9

Prove that if a holomorphic f: C — C is injective, then it is onto, and therefore f(z) = az + b for a # 0.

We remark that while every injective holomorphic map of f: C — C is onto, the same is not true in higher dimensions. In C*, n > 2,
there exist so-called Fatou—Bieberbach domains, that is, proper subsets of C” that are biholomorphic to C".

Footnotes

[1] f:U\ X — Cis locally bounded in U if for every p € U, there is a neighborhood W of p such that f is bounded on W N (U \ X).

This page titled 1.6: Riemann Extension Theorem, Zero Sets, and Injective Maps is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by Jiii Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Domains of Holomorphy and Holomorphic Extensions

It turns out that not every domain in C” is a natural domain for holomorphic functions.

# Definition:

Let U ¢ C" be a domain* (connected open set). The set U is a domain of holomorphy if there do not exist nonempty open sets V'
and W, with V. c UnW, W ¢ U, and W connected, such that for every f € O(U) there exists an F € O(W) with f(z) = F(z) for

all z € V. See Figure 2.1.1.

Figure 2.1.1

The idea is that if a domain U is not a domain of holomorphy and V, W exist as in the definition, then f “extends across the
boundary” somewhere.

v/ Example 2.1.1

The unit ball B,, ¢ C* is a domain of holomorphy. Proof: Consider U = B, and suppose V, W as in the definition exist. As W is
connected and open, it is path connected. There exist points in W that are not in B,, so there is a path 4 in W that goes from a
point ¢ € V to some p € 6B, N W. Without loss of generality (after composing with rotations, that is, unitary matrices), assume
p=(1,0,0,...,0). Take the function f(z) = 1%1 The function F must agree with f on the component of B,, N W that contains q.
But that component also contains p and so F must blow up (in particular it cannot be holomorphic) at p. The contradiction
shows that no V' and W exist.

In one dimension this notion has no real content: Every domain in C is a domain of holomorphy.

? Exercise 2.1.1: (Easy)

In C, every domain is a domain of holomorphy.

If U; c € are domains of holomorphy (possibly an infinite set of domains), then the interior of [;U; is either empty or every
connected component is a domain of holomorphy.

? Exercise 2.1.3: (Easy)

Show that a polydisc in C" is a domain of holomorphy.

? Exercise 2.1.4

Suppose U ¢ C™, k =1,...,£ are domains of holomorphy, show that U; x .- x U, is a domain of holomorphy. In particular
every cartesian product of domains in C is a domain of holomorphy.
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a. Given p € 8B, find a function f holomorphic on B,,, C®-smooth on B, (all real partial derivatives of all orders extend
continuously to B,), that does not extend past p as a holomorphic function. Hint: For the principal branch of 4/ the function
¢+ eY/V& is holomorphic for $t¢ > 0 and extends to be continuous (even smooth) on all of 9¢ > 0.

b. Find a function f holomorphic on B, that does not extend past any point of 8B,

Various notions of convexity will play a big role later on. A set S is geometrically convex if tz + (1 —t)y € S for all z,y € S and ¢
€ [0,1]. The exercise below says that every geometrically convex domain is a domain of holomorphy. Domains of holomorphy are
often not geometrically convex (e.g. any domain in C is a domain of holomorphy), so classical convexity is not the correct notion,
but it is in the right direction.

? Exercise 2.1.6

Show that a geometrically convex domain in C* is a domain of holomorphy.

In the following when we say f € O(U) extends holomorphically to V where U C V, we mean that there exists a function F € 0(V)
such that f = F on U.

X Remark 2.1.1

The subtlety of the definition of a domain of holomorphy is that it does not necessarily talk about functions extending to a
larger set, since we must take into account single-valuedness. For instance, let f be the principal branch of the logarithm
defined on the slit plane U =C \ {z € C : J2 = 0,82z < 0}. We can locally define an extension from one side through the
boundary of the domain, but we cannot define an extension on a open set that contains /. This example should be motivation
for why we let V be a proper subset of U N W, and why W need not include all of /. This one dimensional intuition can be
extended to an actual example in C*, see Exercise 2.1.14.

In dimension two or more, not every domain is a domain of holomorphy. We have the following theorem. The domain H in the
theorem is called the Hartogs figure.

& Theorem 2.1.1

Let (2,w) = (21, .-+ y Zmy W1, -.. , W) € C™ x C* be the coordinates. For two numbers 0 < a,b < 1, define the set H ¢ D™* by

H = {(z,w) €D™*: |z;| >afor j=1,..,m}

2.1.1
U{(z,w) € D™ : |w;| < b for j=1,... ,k}. ( )

If f € O(H), then f extends holomorphically to D™+,

InC? if m =1 and k = 1, see (the ¢ will come up in the proof).

wl In diagrams, the Hartogs figure is
L I often drawn as:

b

Figure 2.1.2

Proof

Pick ac € (a,1). Let
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IF={zeD™:|zj|=cforj=1,..,m }. (2.1.2)
That is, T" is the distinguished boundary of ¢D™, a polydisc centered at 0 of radius ¢ in C™. Define the function

1 f&w)

F(z,w)=(2m,)m Sz

dt. (2.1.3)

Clearly, F is well-defined on
D™ x DF (2.1.4)
as ¢ only ranges through T and so as long as w € D then (¢, w) € H.

The function F is holomorphic in w as we can differentiate underneath the integral and f is holomorphic in w on H.
Furthermore, F is holomorphic in z as the kernel £; is holomorphic in z as long as z € cD™.

For any fixed w with |w;| < b for all j, the Cauchy integral formula says F(z,w) = f(z,w) for all z € cD™. Hence, F = f on
the open set cD™ x bD¥, and so they are equal on (cD™ x D*) N H. Combining F and f we obtain a holomorphic function on
D™tk that extends f.

The theorem is used in many situations to extend holomorphic functions. We usually need to translate, scale, rotate (apply a unitary
matrix), and even take more general biholomorphic mappings of H, to place it wherever we need it. The corresponding polydisc—
or the image of the polydisc under the appropriate biholomorphic mapping if one was used—to which all holomorphic functions on
H extend is denoted by H and is called the hull of H.

Let us state a simple but useful case of the so-called Hartogs phenomenon.

& Corollary 2.1.1

Let U c C*, n > 2, be an open set and p € U. Then every f e O(U \ {p}) extends holomorphically to U.

Proof

Without loss of generality, by translating and scaling (those operations are after all holomorphic), we assume that p
= (0,..-,0,%) and the unit polydisc D" is contained in U. We fit a Hartogs figure H in U by letting m =n —1 and k =1,
writing C® = C"* x C!, and taking @ =b = 1. Then H c U, and p € D" \ H. Theorem 2.1.1 says that f extends to be
holomorphic at p.

This result provides another reason why holomorphic functions in several variables have no isolated zeros (or poles). Suppose U
c C* n>2, and f € O(U) with f being zero only at p, that is f~1(0) = {p}. Then % would be holomorphic in U\ {p}. It would not
be possible to extend f through p (not even continuously let alone holomorphically), and we obtain a contradiction.

The extension works in an even more surprising fashion. We could take out a very large set, for example, any geometrically convex
subset:

Suppose U € €™, n > 2, be an open set and K CC U is a compact geometrically convex subset. If f € O(U \ K), then f extends
to be holomorphic in U. Hint: Find a nice point on K and try extending a little bit. Then make sure your extension is single-
valued.

Convexity of K is not needed; we only need that U \ K is connected, however, the proof is much harder. The single-valuedness of
the extension is the key point that makes the general proof harder.

Notice the surprising fact that every holomorphic function on the shell

B.\Bi_(0) = {2€C":1—e<||]| <1} (2.1.5)
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for any e > 0 automatically extends to a holomorphic function of B,,. We need n > 1. The extension result decisively does not work
in one dimension; for example take 1. There is a related fact about zero sets. If n > 2 and f € O(B,) the set of its zeros must “touch
the boundary” (in other words f~1(0) is not compact) or be empty: If the set of zeros were compact in By, then we could try to
extend the function 4.

? Exercise 2.1.8

Let
T = {(z1,22) €D*: 23| < |21]}. (2.1.6)
Show that 7" is a domain of holomorphy. Then show that if
T =T U B.(0) (2.1.7)

for an arbitrarily small e > 0, then T is not a domain of holomorphy. In fact, every function holomorphic on 7 extends to a
holomorphic function of D2.

? Exercise 2.1.9

Take the natural embedding of R? c C2. Suppose f € @(C2 \ R?). Show that f extends holomorphically to all of C2. Hint:
Change coordinates before using Hartogs.

? Exercise 2.1.10

Suppose
U= {(zw) €D?: % <} (2.1.8)

Draw U. Lety = {z € C: |2| = 2} oriented positively. If f € O(U), then show that the function

1 )
Fev) =5 ), fg(E_IZ)

de (2.1.9)

is well-defined in ((%)D) x D, holomorphic where defined, yet it is not necessarily true that F' = f on the intersections of their
domains.

? Exercise 2.1.11

Suppose U ¢ C* is an open set such that for every z € C™ \ {0}, there is a A € C such that Az € U. Let f: U — C be holomorphic
with f(\z) = f(2) whenever z€ U, A e C and Az € U.

a. (easy) Prove that f is constant.
b. (hard) Relax the requirement on f to being meromorphic: f = £ for holomorphic g and h. Find a nonconstant example, and
prove that such an f must be rational (that is, g and ~ must be polynomials).

? Exercise 2.1.12

Suppose
s 1 1
U= {zeD?: 5 < |z1] or 5 < | 22|} (2.1.10)

Prove that every function f € @(U) extends to D3. Compare to Exercise 2.1.10.
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Suppose U = C*\ {z € C": 2; = 2, = 0}, n > 2. Show that every f € O(U) extends holomorphically to C™.

? Exercise 2.1.14

Construct an example domain U ¢ €2 that is not a domain of holomorphy, but such that there is no domain W c C2 with U
c W such that every f € O(U) extends to W. Hint: Extending the example from will almost give you a U, but it will be a
domain of holomorphy, you need to modify it a little bit.

v Example 2.1.2

By Exercise 2.1.9, Uy = C2 \ R? is not a domain of holomorphy. On the other hand, > = C2 \ {z € C? : z, = 0} is a domain of
holomorphy; simply use f(z) = - as the function that cannot extend. Therefore, U; and U, are rather different as far as
complex variables are concerned, yet they are the same set if we ignore the complex structure. They are both simply a 4-
dimensional real vector space minus a 2-dimensional real vector subspace. That is, U; is the set where either Jz; # 0 or Jzs # 0,
while Us is the set where either SRz, # 0 or 3z, # 0.

The condition of being a domain of holomorphy, requires something more than just some real geometric condition on the set.
Namely, we have shown that the image of a domain of holomorphy via an orthonormal real-linear mapping (so preserving
distances, angles, straight lines, etc.) need not be a domain of holomorphy. Therefore, when we want to “rotate” in complex
analysis we need to use a complex linear mapping, so a unitary matrix.

Footnotes

[1] Domain of holomorphy can make sense for disconnected sets (not domains), and some authors do define it so.

This page titled 2.1: Domains of Holomorphy and Holomorphic Extensions is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by Jii Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Tangent Vectors, the Hessian, and Convexity

An exercise in the previous section showed that every convex domain is a domain of holomorphy. However, classical convexity is
too strong.

Show that if U ¢ C™ and V' ¢ C* are both domains of holomorphy, then U x V is a domain of holomorphy.

In particular, the exercise says that for any domains U ¢ C and V C C, the set U x V is a domain of holomorphy in C2. The domains
U and V, and hence U x V, can be spectacularly nonconvex. But we should not discard convexity completely, there is a notion of
pseudoconvexity, which vaguely means “convexity in the complex directions” and is the correct notion to distinguish domains of
holomorphy. Let us figure out what classical convexity means locally for a smooth boundary.

# Definition:

A set M C R is a C*¥-smooth hypersurface if at each point p € M, there exists a k-times continuously differentiable function
7:V — R with nonvanishing derivative, defined in a neighborhood V of p such that M NV = {z € V : 7(z) = 0}. The function r
is called the defining function of M (at p).

An open set (or domain) U ¢ R* with C*-smooth boundary is a set where 8U is a C*-smooth hypersurface, and at every p € U
there is a defining function » such that r < 0 for points in U and r > 0 for points not in U. See .

If we say simply smooth, we mean C*-smooth, that is, the r above is infinitely differentiable.

Figure 2.2.1

What we really defined is an embedded hypersurface. In particular, in this book the topology on the set M will be the subset
topology. Furthermore, in this book we generally deal with smooth (that is, C*) functions and hypersurfaces. Dealing with C*-
smooth functions for finite & introduces technicalities that make certain theorems and arguments unnecessarily difficult.

As the derivative of = is nonvanishing, a hypersurface M is locally the graph of one variable over the rest using the implicit
function theorem. That is, M is a smooth hypersurface if it is locally a set defined by =; = ¢(z1, ..., Zj_1, Zj41, ..., £n) for some j and
some smooth function ¢.

The definition of an open set with smooth boundary is not just that the boundary is a smooth hypersurface, that is not enough. It
also says that one side of that hypersurface is in U and one side is not in U. That is because if the derivative of r never vanishes,
then r must have different signs on different sides of {z € V : r(z) =0}. The verification of this fact is left to the reader. (Hint:
Look at where the gradient points to.)

Same definition works for C®, where we treat C* as R?*. For example, the ball B, is a domain with smooth boundary with defining
function r(z,2) = ||2]|> — 1. We can, in fact, find a single global defining function for every open set with smooth boundary, but we
have no need of this. In C* a hypersurface defined as above is a real hypersurface, to distinguish it from a complex hypersurface
that would be the zero set of a holomorphic function, although we may at times leave out the word “real” if it is clear from context.
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# Definition: Tangent Vectors

For a point p € R", the set of tangent vectors T,R™ is given by
(7] 3}
n _
T,R" = spang { -~ |,,’ B |,,} . (2.2.1)
That is, a vector X,, € T,R" is an object of the form
n
i}
X,=Y o o |p, (2.2.2)
7= g

for real numbers a;. For computations, X, could be represented by an n-vector a = (ay, ..., a,). However, if p # ¢, then T,R™ and
T,R™ are distinct spaces. An object z2-

, is a linear functional on the space of smooth functions: When applied to a smooth function
g, it gives g;—9j|p. Therefore, X, is also such a functional. It is the directional derivative from calculus; it is computed as X,f
= Vf|p . (al, ,a,,.).

# Definition: Tangent Space

Let M c R" be a smooth hypersurface, p € M, and r is a defining function at p, then a vector X, € T,R" is tangent to M at p if
" or
X,r=0, or in other words ;‘”67,- ‘p =0. (2.2.3)

The space of tangent vectors to M is denoted by T, M, and is called the tangent space to M at p.

The space T,M is an (n — 1)-dimensional real vector space—it is a subspace of an n-dimensional T,R" given by a single linear
equation. Recall from calculus that the gradient Vr|, is “normal” to M at p, and the tangent space is given by all the n-vectors a that
are orthogonal to the normal, that is, Vr|,-a = 0.

We cheated in the terminology, and assumed without justification that 7, M depends only on M, not on r. Fortunately, the definition
of T, M is independent of the choice of r by the next two exercises.

? Exercise 2.2.2

Suppose M C R" is a smooth hypersurface and r is a smooth defining function for M at p.

a. Suppose ¢ is another smooth defining function of M on a neighborhood of p. Show that there exists a smooth nonvanishing
function g such that ¢ = gr (in a neighborhood of p).

b. Now suppose ¢ is an arbitrary smooth function that vanishes on M (not necessarily a defining function). Again show that ¢
= gr, but now g may possibly vanish.

Hint: First suppose r = z,, and find a g such that ¢ = z,g. Then find a local change of variables to make M into the set given by
Z5, = 0. A useful calculus fact: If £(0) =0 and £ is smooth, then s fol f’(ts)dt = f(s), and fol f’(ts) dt is a smooth function of s.

Show that T, M is independent of which defining function we take. That is, prove that if r and # are defining functions for M at
p, then 3;a; 2~ | =0 if and only if 5, a; 4|, = 0.

The tangent space T, M is the set of derivatives along M at p. If r is a defining function of M, and f and k are two smooth functions
such that f = h on M, then Exercise 2.2.2 says that

f—h=gr, or f=h+gr, (2.2.4)
for some smooth g. Applying X, we find

Xpf = Xph + X,(gr) = Xph + (Xpg)r + g(Xpr) = Xph + (X,g)T. (2.2.5)
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So X, f = Xyh on M (where r = 0). In other words, X, f only depends on the values of f on M.

v/ Example 2.2.1

If M c R" is given by z,, = 0, then T, M is given by derivatives of the form

n—1
0
&=Z%E$‘ (2.2.6)
J=1
That is, derivatives along the first n — 1 variables only.
# Definition: Tangent Bundle
The disjoint union
TR" = | J T,R" (2.2.7)
peR"
is called the tangent bundle. There is a natural identification R" x R” & TR"™:
(p,a) ER" xR" ia,-i| € TR™. (2.2.8)
=1 6:1)1' P

The topology and smooth structure on TR™ comes from this identification. The wording “bundle” (a bundle of fibers) comes
from the natural projection «: TR™ — R", where fibers are #~!(p) = T,R".

A smooth vector field in TR™ is an object of the form

(2.2.9)

b
I
ngi
Q
.
2o

.

j=1

where a; are smooth functions. That is, X is a smooth function X:V € R® — TR" such that X(p) € T,R". Usually we write X,
rather than X(p). To be more fancy, say X is a section of TR".

Similarly, the tangent bundle of M is

™ = | | T,M. (2-2.10)
peEM

A vector field X in TM is a vector field such that X, € T,M forallp € M.

Before we move on, let us note how smooth maps transform tangent spaces. Given a smooth mapping f:U c R®* — R™, the
derivative at p is a linear mapping of the tangent spaces: Df(p): T,R" — Ty R™. If X, € T,R", then Df(p)X,, should be in Ty,R™.
The vector Df(p)X, is defined by how it acts on smooth functions ¢ of a neighborhood of f(p) in R™:

Dfp)Xpp = Xyl o f)- (2:211)

It is the only reasonable way to put those three objects together. When the spaces are C* and C™, we denote this derivative as Dg f
to distinguish it from the holomorphic derivative. As far as calculus computations are concerned, the linear mapping Df(p) is the
Jacobian matrix acting on vectors in the standard basis of the tangent space as given above. This is why we use the same notation
for the Jacobian matrix and the derivative acting on tangent spaces. To verify this claim, it is enough to see where the basis element
% » 806s, and the form of Df(p) as a matrix follows by the chain rule. For example, the derivative of the mapping f(z1,z2) = (x1
+ 223 + 23, 31 + 4%2 + 217,) at the origin is given by the matrix [12], and so the vector X, = a&% o+ bo% |, gets taken to Df(0)X,
=(a+ 2b)% | ot @Ba+ 4b)% o» Where we let (y1, y2) be the coordinates on the target. You should check on some test function, such
as p(y1,y2) = ayy + Pys, that the definition above is satisfied.

Now that we know what tangent vectors are and how they transform, let us define convexity for domains with smooth boundary.
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Suppose U C R™ is an open set with smooth boundary, and r is a defining function for 8U at p € U such that »r < 0 on U. If

o &%r i o
0| > for all X, = o T, 2.2.12
j=§;=1 ajag Bz;027 | = 0, or a o ;a] as; |17 € T,oU, ( )

then U is said to be convex at p. If the inequality above is strict for all nonzero X, € T,0U, then U is said to be strongly convex
at p.

A domain U is convex if it is convex at all p € 9U. If U is bounded', we say U is strongly convex if it is strongly convex at all p
e au.

The matrix

&%r
[ 95,072 ‘p] . (2.2.13)

is the Hessian of r at p. So, U is convex at p € 8U if the Hessian of r at p as a bilinear form is positive semidefinite when restricted
to T,0U. In the language of vector calculus, let H be the Hessian of r at p, and treat a € R™ as a column vector. Then dU is convex at
p whenever

a'Ha >0, for all @ € R" such that Vr|,-a=0. (2.2.14)

This bilinear form given by the Hessian is the second fundamental form from Riemannian geometry in mild disguise (or perhaps it
is the other way around).

We cheated a little bit, since we have not proved that the notion of convexity is well-defined. In particular, there are many possible
defining functions.

? Exercise 2.2.4

Show that the definition of convexity is independent of the defining function. Hint: If # is another defining function near p, then
there is a smooth function g > 0 such that # = gr.

v/ Example 2.2.2

The unit disc in R? is convex (actually strongly convex). Proof: Let (z,y) be the coordinates and let r(z,y) = % + y* — 1 be the
defining function.

The tangent space of the circle is one-dimensional, so we simply need to find a single nonzero tangent vector at each point.
Consider the gradient Vr = (2z,2y) to check that

0 0

X = Yar a:% (2.2.15)

is tangent to the circle, that is, Xr = X(z? +y* — 1) = (2z,2y) - (v, —z) = 0 on the circle (by chance Xr = 0 everywhere). The
vector field X is nonzero on the circle, so at each point it gives a basis of the tangent space. See Figure 2.2.2.

r>0
X= \ﬁ -,!‘;?;
Figure 2.2.2
The Hessian matrix of ris
8% 9?r
9?  Dzdy 2 0
{ ] £ 22.16)
oz oy
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Applying the vector (y, —z) gets us

v —a] [(2) g] [_ym] =22 +222=2>0. (2.2.17)

So the domain given by r < 0 is strongly convex at all points.

In general, to construct a tangent vector field for a curve in R?, consider r,Z —rm%. In higher dimensions, running through
enough pairs of variables gets a basis of TM.

Show that if an open set with smooth boundary is strongly convex at a point, then it is strongly convex at all nearby points. On
the other hand find an example of an open set with smooth boundary that is convex at one point p, but not convex at points
arbitrarily near p.

? Exercise 2.2.6

Show that the domain in R2 defined by z* + y* < 1 is convex, but not strongly convex. Find all the points where the domain is
not strongly convex.

Show that the domain in R? defined by (22 + z§)2 < z3 is strongly convex at all points except the origin, where it is just convex
(but not strongly).

In the following, we use the big-oh notation, although we use a perhaps less standard shorthand®. A smooth function is O(¢) at a
point p (usually the origin), if all its derivatives of order 0,1, ...,£ — 1 vanish at p. For example, if f is O(3) at the origin, then f£(0)
= 0, and its first and second derivatives vanish at the origin.

For computations it is often useful to use a more convenient defining function, that is, it is convenient to write M as a graph.

& Lemma2.2.1

Suppose M C R” is a smooth hypersurface, and p € M. Then after a rotation and translation, p is the origin, and near the origin
M is given by
y=o(2), (2.2.18)

where (z,y) € R*! x R are our coordinates and ¢ is a smooth function that is O(2) at the origin, namely, ¢(0) =0 and d(0)
=0.

If M is the boundary of an open set U with smooth boundary and = < 0 on U, then the rotation can be chosen such that y > ¢(z)
for points in U. See Figure 2.2.3.

Figure 2.2.3

Proof
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Let r be a defining function at p. Take v = Vr|,. By translating p to zero, and applying a rotation (an orthogonal matrix), we
assume v = (0,0, ..., 0,v,), where v, < 0. Denote our coordinates by (z,y) € R*™* x R. As Vr|o = v, then & (0) # 0. We apply
the implicit function theorem to find a smooth function ¢ such that r(:t:, <p(m)) =0 for all z in a neighborhood of the origin,
and {(z,y) : y = ¢(z)} are all the solutions to r = 0 near the origin.

What is left is to show that the derivative at 0 of ¢ vanishes. As r(z,¢(z)) = 0 for all z in a neighborhood of the origin, we
differentiate. For every j=1,...,n —1,

- O o Co L, 07 G
0= Ox; [T($,<P(:c))] (Z oz, 6:1;_7) By bz, + By 0s;" (2.2.19)
At the Origin, %(0, 0) =0 and %(0, 0) = Up :'é 0, and therefore %(0) =0.
’ 7

To prove the final statement, note that » < 0 on U. It is enough to check that r is negative for (0,y) if y > 0 is small, which

follows as 2(0,0) = v, < 0.

The advantage of this representation is that the tangent space at p can be identified with the z coordinates for the purposes of
computation. Considering = as a column vector, the Taylor expansion of a smooth function ¢ at the origin is

1
¢(2) = 9(0) + Vlo - 2+ 5 2*Hz + E(a), (2.2.20)

Py
dz;0;

derivatives of E vanish at 0. For the situation of the lemma above, the ¢ is O(2) at the origin, i.e. ¢(0) =0 and Vs = 0. So we

where H =

| o] . is the Hessian matrix of ¢ at the origin, and E is O(3), namely, E(0) =0, and all first and second order
j

write the hypersurface M as

y= % z'Hz + E(z). (2.2.21)

If M is the boundary U of an open set, then we pick the rotation so that y > 1 z*Hz + E(z) on U. It is an easy exercise to show that
U is convex at p if H positive semidefinite, and U is strongly convex at p if H is positive definite.

? Exercise 2.2.8

Prove the statement above about H and convexity at p.

? Exercise 2.2.9

Let r be a defining function at p for a smooth hypersurface M C R™. We say M is convex from both sides at p if both the set
given by r > 0 and the set given by r < 0 are convex at p. Prove that if a hypersurface M C R" is convex from both sides at all
points, then it is locally just a hyperplane (the zero set of a real affine function).

Recall that U is geometrically convex if for every p,q € U the line between p and g is in U, or in other words tp + (1 — t)q € U for all
t €[0,1]. In particular, geometric convexity is a global condition. You need to know all of U. On the other hand, the notion of
convex for a smooth boundary is local in that you only need to know 8U in a small neighborhood. For domains with smooth
boundaries the two notions are equivalent. Proving one direction is easy.

? Exercise 2.2.10

Suppose a domain U ¢ R™ with smooth boundary is geometrically convex. Show that it is convex.

The other direction is considerably more complicated, and we will not worry about it here. Proving a global condition from a local
one is often trickier, but also often more interesting. Similar difficulties will be present once we move back to several complex
variables and try to relate pseudoconvexity with domains of holomorphy.
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Footnotes

[1] Matters are a little more complicated with the “strong” terminology if U is unbounded.

f(z)

Ilill‘ is bounded as z — p.

[2] The standard notation for O(£) is O(||z||%) and it means that

This page titled 2.2: Tangent Vectors, the Hessian, and Convexity is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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2.3: Holomorphic Vectors, the Levi Form, and Pseudoconvexity

As C~ is identified with R?* using z = z + iy, we have T,C" = T,R?". If we take the complex span instead of the real span we get
the complexified tangent space

n 7] 7] (o] 7]
C@TPC —Spa.llc{a—ml|p,%|l’,...,a—mn|p, ﬂ p}' (231)
We simply replace all the real coefficients with complex ones. The space C @ T,C" is a 2n-dimensional complex vector space. Both
a%- |p and a%-',, are in C ® T,C", and
. 8| 8 8| 8
C ® T,C" = spang { B ‘p, o |P, B |P, o7, |P} . (2.3.2)
Define
(1,0) o det o o }
T, 'C" = spang { 2 lr " B |p and (2.3.3)
(01) gn def N }
Tp ’C" = spang { 71 1y " B ‘p .

The vectors in T,,(I’O)C" are the holomorphic vectors and vectors in T,,(O'I)C" are the antiholomorphic vectors. We decompose the full
tangent space as the direct sum

CceT,c" =T o TV Cn. (2.3.4)
A holomorphic function is one that vanishes on TP(O’I)C".

Let us see what holomorphic mappings do to these spaces. Given a smooth mapping f from C" to C™, its derivative at p € C* is a
real-linear mapping Drf(p): T,C" — Ty C™. Given the basis above, this mapping is represented by the standard real Jacobian
matrix, that is, a real 2m x 2n matrix that we wrote before as Dg f(p).

& Proposition 2.3.1

Let f:U c C* — C™ be a holomorphic mapping with p € U. Suppose D f(p): T,C" — Ty,)C™ is the real derivative of f at p. We
naturally extend the derivative to D¢ f(p): C® T,C" = C® T;C™. Then

Dcf()(TH0C") c Tf)C™  and  Def(o)(T%VC") c T C™. (2.3.5)

If £ is a biholomorphism, then D¢ f(p) restricted to T,*”C™ is a vector space isomorphism. Similarly for T,*Vcn.

? Exercise 2.3.1

Prove the proposition. Hint: Start with Dg f(p) as a real 2m x 2n matrix to show it extends (it is the same matrix if you think of
it as a matrix and use the same basis vectors). Think of C* and C™ in terms of the 2s and the zs and think of f as a mapping

(22 b (), F(2). (2.36)

Write the derivative as a matrix in terms of the zs and the zs and fs and fs and the result will follow. That is just changing the
basis.

For holomorphic functions and holomorphic vectors, when we say derivative of f, we mean the holomorphic part of the derivative,
which we write as

Df(p): T,"C" — Ty C™. (2.3.7)

That is, Df(p) is the restriction of D¢f(p) to T,,(I’O)C". In other words, let z be the coordinates on C" and w be coordinates on C™.
. ) F] n i) a m i i i . " m i
Using the bases {‘9—‘71 |P, - EL’} on C” and {Wl |f(p), s B |f(p)} on C™, the holomorphic derivative of f: C* — C™ is represented

as the m x n Jacobian matrix
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[%’ |p] R (2.3.8)

which we have seen before and for which we also used the notation Df(p).
As before, define the tangent bundles

ceTC", TM®IC" and TOVCR, (2.3.9)
by taking the disjoint unions. One can also define vector fields in these bundles.

Let us describe C ® T, M for a smooth real hypersurface M c C™. Let r be a real-valued defining function of M at p. A vector X,
€ C ® T,C" is in C® T, M whenever X,r = 0. That is,

u 8 8
X, = ; (aja—zj ’,, +bige ’,,) € C®T,M whenever (2.3.10)
n or or
| 4| ) =o.
; (a’ 0z |P " iey |P)

Therefore, C ® T, M is a (2n — 1)-dimensional complex vector space. We decompose C ® T,M as
CoTL,M=T""MeT"" Mo B, (2.3.11)
where
TOME (Co T,M) n (T,2cn), (2.3.12)
and LMY (CoT,M)n (T%C).
The B, is just the “leftover” and must be included, otherwise the dimensions will not work out.*

Make sure that you understand what all the objects are. The space T, M is a real vector space; C ® T,M, Tp(l’o)M, T,,(O’I)M , and B, are
complex vector spaces. To see that these give vector bundles, we must first show that their dimensions do not vary from point to
point. The easiest way to see this fact is to write down convenient local coordinates. First, let us see what a biholomorphic map
does to the holomorphic and antiholomorphic vectors. A biholomorphic map f is a diffeomorphism. And if a real hypersurface M is
defined by a function r near p, then the image f(M) is also a real hypersurface is given by the defining function o £~ near f(p).

& Proposition 2.3.2

Suppose M c C* is a smooth real hypersurface, p € M, and U c C" is an open set such that M c U. Let f:U — C" be a
holomorphic mapping such that Df(p) is invertible (a biholomorphism near p). Let D¢ f(p) be the complexified real derivative
as before. Then

Def() (TH0M) =T $(M),  Def()(T°0M) =T £(M). (23.13)

That is, the spaces are isomorphic as complex vector spaces.

The proposition is local, if U is only a neighborhood of p, replace M with M N U.

Proof

We apply Proposition 2.3.1. As f is a biholomorphism at p,

Def()(T5C") =T, Def(p)(TVCr) =Tjo))C”,  and

(2.3.14)
Dcf(p)(C®T,M) = C® Ty f(M).

Then Dc f(p) must take T\"O M to Tf((ll;()’) f(M) and TV M to Tf(&;) f(M).

In the next proposition it is important to note that a translation and applying a unitary matrix are biholomorphic changes of
coordinates.
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Let M C C™ be a smooth real hypersurface, p € M. After a translation and a rotation by a unitary matrix, p is the origin, and
near the origin, M is written in variables (z,w) € C*! x C as

Jw = (2, z, Rw), (2.3.15)
with the ¢(0) and dyp(0) = 0. Consequently

0

TO(I’O)M = Spangc {6—21

0 01) s 9 g
0,...,az—n_1‘0}, TO M_SPanC{afl ‘0,---, 82",_1 ‘0}7

0
B() = spanc{m‘o}.

In particular, dime T,,(I’O)M = dim¢ T,,(O‘l)M =n—1and dim¢ B, =1.

(2.3.16)

If M is the boundary of a open set U with smooth boundary, the rotation can be chosen so that Jw > ¢(z, z, Rw) on U.

Proof

We apply a translation to put p = 0 and in the same manner as Lemma 2.2.1 in apply a unitary matrix to make sure that vV

is in the direction — That ¢(0) =0 and dyp(0) =0 follows as before. As a translation and a unitary matrix are

]
0(Jw) |0'
holomorphic and in fact biholomorphic, then via Proposition 2.3.1 we obtain that the tangent spaces are all transformed
correctly.

The rest of the proposition follows at once as ﬁ |, is the normal vector to M at the origin.

X Remark 2.3.1

When M is of smaller dimension than 2n —1 (no longer a hypersurface, but a submanifold of higher codimension), then the
proposition above does not hold. That is, we would still have dim¢ T,,(I’O)M = dim¢ T,,(O’I)M, but this number need not be
constant from point to point. Fortunately, when talking about domains with smooth boundaries, the boundaries are
hypersurfaces, and this complication does not arise.

& Definition: Pseudoconvex

Suppose U c C™ is an open set with smooth boundary, and r is a defining function for 8U at p € 8U such that r < 0 on U. If

- 32’1” u 1o} (1,0)
Gjag———| =20 forall X,=) a;— € T,70U, (2.3.17)
j=§,£:=1 2 8zj6zl P Z ; Z 82:]- ‘p r

then U is pseudoconvex at p (or Levi pseudoconvex). If the inequality above is strict for all nonzero X, € T,,(1’°)6U , then U is
strongly pseudoconvex at p. If U is pseudoconvex, but not strongly pseudoconvex, at p, then U is weakly pseudoconvex.

A domain U is pseudoconvex if it is pseudoconvex at all p € 8U. For a bounded? U, we say U is strongly pseudoconvex if it is
strongly pseudoconvex at all p € 8U.

For X, € T,""8U, the sesquilinear form

D 0%r

X,,X,) = Qilp———
L(Xp, Xp) a’aeaz,-azg ‘p

j=1,0=1

(2.3.18)

is called the Levi form at p. So U is pseudoconvex (resp. strongly pseudoconvex) at p € dU if the Levi form is positive
semidefinite (resp. positive definite) at p. The Levi form can be defined for any real hypersurface M, although one has to
decide which side of M is “the inside.”

The matrix
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0%r
[ 52,07 u . (2.3.19)

is called the complex Hessian of r at p.® So, U is pseudoconvex at p € 8U if the complex Hessian of r at p as a sesquilinear form is
positive (semi)definite when restricted to tangent vectors in Tp(l’o)aU. For example, the unit ball B, is strongly pseudoconvex as can
be seen by computing the Levi form directly from r(z, 2) = ||2||2 — L, that is, the complex Hessian of r is the identity matrix.

We remark that the complex Hessian is not the full Hessian. Let us write down the full Hessian, using the basis of £s and Zs. It is
the symmetric matrix

8%r 8%r 8%r o%r
821021 02,07, 02,07, 02,07z,
8% 8%r 8%r o%r
82p,07; 02p,02, 02,071 02,07,
n nIn 2.3.2
Fr .. _Or oh . 0% (2320)
321321 6216z,. 351651 351337,
o%r o%r o%r . o%r
L 07.021 0%n02n 92071 © 02,07, ]

The complex Hessian is the lower left, or the transpose of the upper right, block. That is, if you write the full Hessian as [’L‘ ‘;:;], then
L is the complex Hessian. In particular, L is a smaller matrix. And we also apply it only to a subspace of the complexified tangent
space.

We illustrate the change of basis on one dimension. The change of variables is left to student for higher dimensions. Let z = z + iy
be in C, and denote by T the change of basis matrix:

11 d*r d*r 82r 82y

_ |2 2 t | 9z0z Ozdy _ | 9202 020z
T= |:j i:| ’ T 9%r o%r T= 8% o | ° (2321)

7 2 Byoz B0y 2207 070z

The relationship between the eigenvalues of the real Hessian and the complex Hessian is not perhaps as straightforward as may at
first seem, but there is a relationship there nonetheless.

If r is real-valued, then the complex Hessian of r is Hermitian, that is, the matrix is equal to its conjugate transpose.

? Exercise 2.3.3

Consider one dimension and z = z + iy. Consider

P a

¢l ¢l

H= [ oy iy } , (2.3.22)
wor  oudy

the real Hessian in terms of z and y. Prove that the complex Hessian L (just a number now) is % of the trace of H. Thus, if H is
positive definite, then L >0, and if H is negative definite, then L < 0. However, show by example that if H has mixed
eigenvalues (positive and negative), then L can be positive, negative, or zero.

? Exercise 2.3.4

For any dimension, find the change of variables T*HT to go from the real Hessian in terms of = and y to the Hessian in terms of
zand z. Hint: If you figure it out for n = 2, it will be easy to do in general.
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Prove in any dimension that if the real Hessian (in terms of z and y) is positive (semi)definite, then the complex Hessian is
positive (semi)definite. Hint: A Hermitian matrix L is positive definite if v*Lv > 0 for all nonzero vectors » and semidefinite if
v* Ly > 0 for all v.

Let us also see how a complex linear change of variables acts on the Hessian matrix. A complex linear change of variables is not an
arbitrary 2n x 2n matrix. If the Hessian is in the basis of Zs and Zs, an n x n complex linear matrix A acts on the Hessian as A
©A= [‘3 %] Write the full Hessian as [f I):;] , where L is the complex Hessian. The complex linear change of variables A transforms

A 0]'[x L] [4a o AtXA (A*LA)
e l | = linaindl I8 (2.3.23)
0 4] |L X||o 4| |aLa ZA'xA

the full Hessian as

—t . . .
where A* = A is the conjugate transpose of A. So A transforms the complex Hessian L as A*LA, that is, by *-congruence. Star-
congruence preserves the inertia (the number of positive, negative, and zero eigenvalues) of a Hermitian matrix by the Sylvester’s
law of inertia from linear algebra.

The Levi form itself does depend on the defining function, but the signs of the eigenvalues do not. It is common to say “the Levi
form” without mentioning a specific defining function even though that is not completely correct. The proof of the following
proposition is left as an exercise.

& Proposition 2.3.4

Let U C C" be an open set with smooth boundary and p € 8U. The inertia of the Levi form at p does not depend on the defining
function at p. In particular, the definition of pseudoconvexity and strong pseudoconvexity is independent of the defining
function.

? Exercise 2.3.6

Prove Proposition 2.3.4.

Show that a convex domain with smooth boundary is pseudoconvex, and show that (a bounded) strongly convex domain with
smooth boundary is strongly pseudoconvex.

? Exercise 2.3.8

Show that if an open set with smooth boundary is strongly pseudoconvex at a point, it is strongly pseudoconvex at all nearby
points.

We are generally interested what happens under a holomorphic change of coordinates, that is, a biholomorphic mapping. And as far
as pseudoconvexity is concerned we are interested in local changes of coordinates as pseudoconvexity is a local property. Before
proving that pseudoconvexity is a biholomorphic invariant, let us note where the Levi form appears in the graph coordinates from
Proposition 2.3.1, that is, when our boundary (the hypersurface) is given near the origin by

Jw = ¢(z, 2z, Rw), (2.3.24)

where ¢ is O(2). Let r(z, z, w, @) = ¢(z, Z, Rw) — Jw be our defining function. The complex Hessian of r has the form

[LO

8%
o 0] where L_[ ‘OL,' (2.3.25)

afja,Zg
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Note that L is an (n — 1) x (n — 1) matrix. The vectors in TO(I’O)(?U are the span of {a%' 01 %,._1 \0} That is, as an n-vector, a vector
in T0(1’°)6U is represented by (a,0) € C* for some a € C". The Levi form at the origin is then a*La, in other words, it is given by
the (n — 1) x (n — 1) matrix L. If this matrix L is positive semidefinite, then 8U is pseudoconvex at 0.

v/ Example 2.3.1

Let us change variables to write the ball B, in different local holomorphic coordinates where the Levi form is displayed nicely.
The sphere 8B, is defined in the variables Z = (Zy, ..., Z,) € C* by ||Z|| = 1.

Let us change variables to (zy, ..., 2,1, w) Where

7.
zj= J forallj=1,...,n—1, _iltZa

1—Z, w=io— Z, (2.3.26)

This change of variables is a biholomorphic mapping from the set where Z, # 1 to the set where w # —i (exercise). For us it is
sufficient to notice that the map is invertible near (0, ..., 0, —1), which follows by simply computing the derivative. Notice that
the last component is the inverse of the Cayley transform (that takes the disc to the upper half-plane).

We claim that the mapping takes the unit sphere given by |Z| = 1 (without the point (0, ...,0, 1)), to the set defined by
Jw = |z12 + - + |20 )%, (2.3.27)

and that it takes (0, ...,0,—1) to the origin (this part is trivial). Let us check:

142, 142,

Z 2 7z 15 — i~

2. .. 2 A 1 . ——

|Z1| + +|zn—1| Jw |1_Zn‘ + +‘1_Z" 2
2 2 7
_ 1z bt |Zn ] . 1+2, _ 1+2, (2.3.28)
|1_Zn| |1_Zn| 2(1_Zn) 2(1—2")

_ 2P+ 4120 + 120" -1
- AL '

Therefore, [Z1]2 + -+ + | Zn|? = 1 if and only if Jw = |21|% + - + |2,—1|2. As the map takes the point (0, ...,0,—1) to the origin, we
can think of the set given by

Jw = |2z1)*> + = + |zn1|? (2.3.29)

as the sphere in local holomorphic coordinates at (0, ...,0,—1) (by symmetry of the sphere we could have done this at any point
by rotation). In the coordinates (z,w), the ball (the inside of the sphere) is the set given by

Jw > |21]% + - + |zn_1|2 (2.3.30)

In these new coordinates, the Levi form is just the identity matrix at the origin. In particular, the domain is strongly
pseudoconvex. We have not yet proved that pseudoconvexity is a biholomorphic invariant, but when we do, it will also mean
that the ball is strongly pseudoconvex.

Not the entire sphere gets transformed, the points where Z, =1 get “sent to infinity.” The hypersurface Jw = |z1|% + - + |zp_1|?
is sometimes called the Lewy hypersurface, and in the literature some even say it is the sphere’. Pretending z is just one real
direction, see Figure 2.3.1.

Figure 2.3.1
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As an aside, the hypersurface Jw = |2;|? + -+ + |2,—1|? is also called the Heisenberg group. The group in this case is the group
defined on the parameters (z%Rw) of this hypersurface with the group law defined by (z, Rw)(z’,%w’) = (2 + 2/, Rw + Rw’
+23z-2).

? Exercise 2.3.9

Prove the assertion in the example about the mapping being biholomorphic on the sets described above.

Let us see how the Hessian of r changes under a biholomorphic change of coordinates. That is, let f:V' — V” be a biholomorphic
map between two domains in C*, and let »: V/ — R be a smooth function with nonvanishing derivative. Let us compute the Hessian
of 7 o f:V — R. We first compute what happens to the nonmixed derivatives. As we have to apply chain rule twice, to keep track
better track of things, we write where the derivatives are being evaluated, as they are, after all, functions. For clarity, let 2 be the
coordinates in V and ¢ the coordinates in V’. That is, r is a function of ¢ and ¢, f is a function of 2, and f is a function of z.
Therefore, r o f is a function of z and z.

0

Brof| _ 03 (&) ok, o 07, )
020z |e 02 T\ 8¢ s ) Oz = 8C, (20,7 P2 |z .
S (2| Ofm) O, O %fz(@)
i\ 06O |57 025 1202k 12 8,8¢, (172 P2s |z Oz | (2.3.31)

°~ Or d%fe
52
; e | (7(2),72)) 9202k

n 2 n 2
=Z 61‘ Bfmafg+zar afg
Lm=1 6 ma@ aZj sz = 6{[ azjazk

z

The matrix [?92(;92 can have different eigenvalues than the matrix [ 8?,—20, ] If r has nonvanishing gradient, then using the second

8%(rof
6z_,-3z,,

by choosing the second derivatives of f arbitrarily at that point. See the exercise below. Nothing about the matrix [%] is

term, we can (locally) choose f in such a way as to make the matrix [ ] be the zero matrix (or anything else) at a certain point
preserved under a biholomorphic map. And that is precisely why it does not appear in the definition of pseudoconvexity. The story

for [‘?,232] and [ ag,;rfk] is exactly the same.

? Exercise 2.3.10

Given a real function » with nonvanishing gradient at p € C*. Find a local change of coordinates f at p (so f ought to be a
] and [—62('°f)

02_1-05);

holomorphic mapping with an invertible derivative at p) such that [%2_’;2 )

] are just the zero matrices.
b

Let us look at the mixed derivatives:

&ref)|  _ ii (ﬁ‘ ofe )
0202 1(ze) 9% ¢ \ OCe | (s(2).7(2)) 02k | ,
. 9% | Ofm | Ofe T 6'r| 9%,
= = Bl I v D vl I yz 2.3.32
(s Om0Ce (1052 0% 1202k |, ; 0 14,720 9ZiOzk |- (2.3.32)

_ N~ O Ofw 0ft
(o1 0CndCy 0% Oz

The complex Hessian of r o f is the complex Hessian H of r conjugated as D*HD, where D is the holomorphic derivative matrix of
f at z and D* is its conjugate transpose. Sylvester’s law of inertia says that the number of positive, negative, and zero eigenvalues
of D*HD is the same as that for H. The eigenvalues may change, but their sign do not. We are only considering H and D*HD on a
subspace. In linear algebra language, consider an invertible D, a subspace T, and its image DT. Then the inertia of H restricted to
DT is the same as the inertia of D*HD restricted to T'.

Let M be a smooth real hypersurface given by r =0, then f7}(M) is a smooth real hypersurface given by » o f =0. The

holomorphic derivative D = Df(p) takes T,,(l'o) f71(M) isomorphically to Tf(é;()’)M . So H is positive (semi)definite on T;(II;?)M if and
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only if D*HD is positive (semi)definite on Tp(l’o) F~(M). We have almost proved the following theorem. In short, pseudoconvexity
is a biholomorphic invariant.

& Theorem 2.3.1

Suppose U,U’ c C* are open sets with smooth boundary, p € 8U, V c C" a neighborhood of p, ¢ € 8U’, V' cC" a
neighborhood of ¢, and f: V — V” a biholomorphic map with f(p) = ¢, such that f({U N V) = U’ nV’. See Figure 2.3.2.

Then the inertia of the Levi form of U at p is the same as the inertia of the Levi form of U’ at ¢. In particular, U is

pseudoconvex at p if and only if U’ is pseudoconvex at g. Similarly, U is strongly pseudoconvex at p if and only if U’ is
strongly pseudoconvex at g.

Figure 2.3.2

To finish proving the theorem, the only thing left is to observe that if f(U NV) =U’ NV, then f(8U NV) =8U’ NV’, and to
note that if r is a defining function for U’ at ¢, then fo ris a defining function for {7 at p.

Find an example of a bounded domain with smooth boundary that is not convex, but that is pseudoconvex.

While the Levi form is not invariant under holomorphic changes of coordinates, its inertia is. Putting this together with the other
observations we made above, we will find the normal form for the quadratic part of the defining equation for a smooth real
hypersurface under biholomorphic transformations. It is possible to do better than the following lemma, but it is not possible to
always get rid of the dependence on SRw in the higher order terms.

& Lemma2.3.1

Let M be a smooth real hypersurface in C* and p € M. Then there exists a local biholomorphic change of coordinates taking p
to the origin and M to the hypersurface given by

a a+p
Jw=>"lz5" = Y |zl + E(z, % %w), (2.3.33)
=1 j=a+1

where E is O(3) at the origin. Here « is the number of positive eigenvalues of the Levi form at p, 8 is the number of negative
eigenvalues, and a + 8 <n —1.

Recall that O(k) at the origin means a function that together with its derivatives up to order £ — 1 vanish at the origin.
Proof

Change coordinates so that M is given by Jw = ¢(z, Z, Rw), where ¢ is O(2). Apply Taylor’s theorem to ¢ up to the second
order:

o(z, z, Rw) = q(z, 2) + (Rw)(Lz + Lz) + a(Bw)” + O(3), (2.3.34)

where ¢ is quadratic, L: C*~! — C is linear, and @ € R. If L # 0, do a linear change of coordinates in the z only to make Lz
= 2;. So assume Lz = ez; wheree =0ore=1.

Change coordinates by leaving z unchanged and letting w = w’ + bw’? + cw’z;. Ignore ¢(z, z) for a moment, as this change of
coordinates does not affect it. Also, only work up to second order.
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w—w w+w

e w+E)2

—_ > 2 —_—
Jw + e(Rw)(21 + z1) + a(Rw) 5 5 5

_w b fow'n —w - -z
- 2i
e w +bw?+cwz+w +bw+ew'z (214 2)
2
(W +bw? + cw'z1 + W +bw” +cw'z1)? (2.3.35)
4

(z1+21)+a,(

+a
w —w
2
((ei — )w’ + eiw’ )21 + ((€i + Q)W + eiw’)z
+ 23
| fia— 2b)w’? + (ia + 2b)@"> + 2iaw'w
4i

+0(3)

We cannot quite get rid of all the quadratic terms in ¢, but we choose b and ¢ to make the second order terms not depend on
Rw’. Set b = ia and ¢ = 2i¢, and add ¢(z, z) + O(3) into the mix to get

—Jw + (2,7, Rw) = —TJw + ¢(2,2) + e(Rw) (21 + Z1) + a(Rw)? + O(3)

w —w w —w w —w
=— +q(2,2) —¢€i (z1—71)+a
21 ! 21 21

= —Juw’ + q(z,2) — ei(Jw’) (z1 — z1) + a(Tuw’)? + O(3).

2
) +0) (2.3.36)

The right-hand side is the defining equation in the (z,w’) coordinates. However, it is no longer written as a graph of Jw’
over the rest, so we apply the implicit function theorem to solve for 3w’ and write the hypersurface as a graph again. The
expression for Jw’ is O(2), and therefore —ie(Jw’)(z1 — z1) + a(Jw’)? is O(83). So if we write M as a graph,

Ju’ = ¢(2,2) + E(2, Z, Rw’), (2.3.37)
then E is O(3).
We write the quadratic polynomial q as
n—1
q(2,2) = ];_1 ajx2i2k + bjkZ;Zk + CixZizk. (2.3.38)

As q is real-valued, it is left as an exercise to show that aj =bj and ¢jx = cx;. That is, the matrix [bs] is the complex
conjugate of [ajx] and [cj] is Hermitian.

‘We make another change of coordinates. We fix the zs again, and we set

n—1
w =w’ +1i z QjkZiZk. (2.3.39)
Jrk=1
In particular,
n—1 n—1
Jw' =3Jw” + J(i a,—kz,-zk) =Juw” + Z (a,-kz,-zk + bjkzjzk), (2.3.40)
Jik=1 gik=1

as aj =by. Plugging (2.3.39) into Jw’ =gq(z,2) + E(z % %Rw’) and solving for Jw” cancels the holomorphic and
antiholomorphic terms in g, and leaves E as O(3). After this change of coordinates we may assume

n—1
q(z 2) = Z CikZ;Zk. (2.3.41)

Jk=1
That is, ¢ is a sesquilinear form. Since g is real-valued, the matrix C' = [c;] is Hermitian. In linear algebra notation, ¢(z, 2)
= 2*C%, where we think of z as a column vector. If T is a linear transformation on the z variables, say 2’ = Tz, we obtain
2'*Cz’ = (T2)*CTz = 2*(T*CT)z. Thus, we normalize C up to *-congruence. A Hermitian matrix is *-congruent to a
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diagonal matrix with only 1s, —1s, and 0s on the diagonal, again by Sylvester’s law of inertia. Writing out what that means
is precisely the conclusion of the proposition.

Prove the assertion in the proof, that is, if g is a quadratic as in (2.3.38) that is real-valued, then az = b and cj = ;.

& Lemma2.3.2

Narasimhan's Lemma

Let U cC" be an open set with smooth boundary that is strongly pseudoconvex at p € dU. Then there exists a local
biholomorphic change of coordinates fixing p such that in these new coordinates, U is strongly convex at p and hence strongly
convex at all points near p.

Prove Narasimhan’s lemma. Hint: See the proof of Lemma 2.3.1.

? Exercise 2.3.14

Prove that an open U C C" with smooth boundary is pseudoconvex at p if and only if there exist local holomorphic coordinates
at p such that U is convex at p

Narasimhan’s lemma only works at points of strong pseudoconvexity. For weakly pseudoconvex points the situation is far more
complicated. The difficulty is that we cannot make a U that is weakly pseudoconvex at all points near p to be convex at all points
near p.

Let us prove the easy direction of the famous Levi problem. The Levi problem was a long-standing problem® in several complex
variables to classify domains of holomorphy in C". The answer is that a domain is a domain of holomorphy if and only if it is
pseudoconvex. Just as the problem of trying to show that the classical geometric convexity is the same as convexity as we have
defined it, the Levi problem has an easier direction and a harder direction. The easier direction is to show that a domain of
holomorphy is pseudoconvex, and the harder direction is to show that a pseudoconvex domain is a domain of holomorphy. See
Hormander’s book [H] for the proof of the hard direction.

& Theorem 2.3.2

Suppose U c C™ is an open set with smooth boundary and at some point p € 8U the Levi form has a negative eigenvalue. Then
every holomorphic function on U extends to a neighborhood of p. In particular, U is not a domain of holomorphy.
Proof
We change variables so that p = 0, and near p, U is given by
n—1
Jw > —|z|? + Z €jl2|* + E(21, 7', 21, 2, Rw), (2-3.42)

=2

where 2’ = (23, ...,2n-1), €§ = —1,0,1, and E is O(3). We embed an analytic disc via the map & A (X¢,0,0,...,0) for some
small X > 0. Clearly (0) = 0 € 8U. For & + 0 near the origin

n—1
—M2IE2+) €02 + (A, 0,0E,0,0) = —A2[¢[2 + E(AE, 0, 7E,0,0) < 0. (2.3.43)
=2

That is because the function above has a strict maximum at ¢£ = 0 by the second derivative test. Therefore, for ¢ # 0 near the
origin, ¢(¢) € U. By picking A small enough, (D \ {0}) c U.
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As ¢(8D) is compact we can “wiggle it a little” and find discs in U. In particular, for all small enough s > 0, the closed disc
given by

€3 (1¢,0,0,...,0,is) (2.3.44)

is entirely inside U (that is, for slightly positive Jw). Fix such a small s > 0. Suppose ¢ > 0 is small and € < s. Define the
Hartogs figure

H={(z,w): A\—e<|z1| <A+e¢]z| <efor j=2,..,n—1, and |w—is| < s+e}

2.3.45
U{(zw):|21] <A+elzj| <eforj=2,..,n—1, and |w—is| < €}. ( )

The set where |z;| = A, 2’ = 0 and |w| < s, is inside U for all small enough s, so an e-neighborhood of that is in U. For w = is
the whole disc where |z;| < X is in U, so an e-neighborhood of that is in U. Thus, for small enough ¢ >0, H C U. We are
really just taking a Hartogs figure in the z;,w variables, and then “fattening it up” to the 2z’ variables. In , we picture the
Hartogs figure in the |21| and |w — és| variables. The boundary U and U are only pictured diagrammatically. Also, we make
a “picture” the analytic discs giving the “tomato can.” In the picture, the U is below its boundary 8U, unlike usually.

at : au
|lw —is|
S+e+
U
5
(z,w) = (0.0}-53 H

€

¢
Tomato can of
analytic discs

‘/(— @5

€ E
et
1 1
A |:_| |
Figure 2.3.3

The origin is in the hull of H, and so every function holomorphic in U, and so in H, extends through the origin. Hence U is

not a domain of holomorphy.

Pseudoconvex at p means that all eigenvalues of the Levi form are nonnegative. The theorem says that a domain of holomorphy
must be pseudoconvex. The theorem’s name comes from the proof, and sometimes other theorems using a similar proof of a
“tomato can” of analytic discs are called tomato can principles. The general statement of proof of the principle is that “an analytic
function holomorphic in a neighborhood of the sides and the bottom of a tomato can extends to the inside.” And the theorem we
named after the principle states that “if the Levi form at p has a negative eigenvalue, we can fit a tomato can from inside the
domain over p.”

? Exercise 2.3.15

For the following domains in U’ c C2, find all the points in U where U is weakly pseudoconvex, all the points where it is
strongly pseudoconvex, and all the points where it is not pseudoconvex. Is U pseudoconvex?

a. Jw > |2|*
b. Jw > |2|*(Rw)
C. Jw > (Rz)(Rw)

? Exercise 2.3.16

Let U c C* be an open set with smooth boundary that is strongly pseudoconvex at p € 8U. Show that p is a so-called peak
point: There exists a neighborhood W of p and a holomorphic f:W — C such that f(p) =1 and |f(2)| <1 for all z e W NTU

\ {p}.
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Suppose U C C" is an open set with smooth boundary. Suppose for p € dU, there is a neighborhood W of p and a holomorphic
function f:W — C such that df(p) # 0, f(p) =0, but f is never zero on W N U. Show that U is pseudoconvex at p. Hint: You
may need the holomorphic implicit function theorem, see Theorem 1.3.2. Note: The result does not require the derivative of f
to not vanish, but is much harder to prove without that hypothesis.

A hyperplane is the “degenerate” case of normal convexity. There is also a flat case of pseudoconvexity. A smooth real
hypersurface M C C* is Levi-flat if the Levi form vanishes at every point of M. The zero matrix is positive semidefinite and
negative semidefinite, so both sides of M are pseudoconvex. Conversely, the only hypersurface pseudoconvex from both sides is a
Levi-flat one.

? Exercise 2.3.18

Suppose U =V x C*! cC", where V C C is an open set with smooth boundary. Show that U is has a smooth Levi-flat
boundary.

? Exercise 2.3.19

Prove that a real hyperplane is Levi-flat.

? Exercise 2.3.20

Let U C C" be open, f € O(U), and M = {2z € U : 3f(z) = 0}. Show that if df(p) # 0 for some p € M, then near p, M is a Levi-
flat hypersurface.

Suppose M c C™ is a smooth Levi-flat hypersurface, p € M, and a complex line L is tangent to M at p. Prove that p is not an
isolated point of L N M.

Suppose U C C” is an open set with smooth boundary and 8U is Levi-flat. Show that U is unbounded. Hint: If U were bounded,
consider the point on 8U farthest from the origin.

Footnotes
[1] The B, is sometimes colloquially called the “bad direction.”
[2] The definition for unbounded domains is not consistent in the literature. Sometimes is used.

[3] People sometimes call the complex Hessian the “Levi form of r,” which is incorrect. The Levi form is something defined for a
boundary or a submanifold, not for r.

[4] That is not, in fact, completely incorrect. If we think of the sphere in the complex projective space, we are simply looking at the
sphere in a different coordinate patch.

[5] E. E. Levi stated the problem in 1911, but it was not completely solved until the 1950s, by Oka and others.

This page titled 2.3: Holomorphic Vectors, the Levi Form, and Pseudoconvexity is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: Harmonic, Subharmonic, and Plurisubharmonic Functions

# Definition: Harmonic

Let U c R" be an open set. A C?-smooth function f: U — R is harmonic if*

=0 onU. (2.4.1)

A function f:U — R U {—oo} is subharmonic if it is upper-semicontinuous ’ and for every ball B,.(a) with B.(a) c U, and every

function g continuous on B,(a) and harmonic on B,(a), such that f(z) < g(z) for z € 8B,(a), we have

f(z) < g(z), forall z € B,(a). (2.4.2)

In other words, a subharmonic function is a function that is less than every harmonic function on every ball. We remark that when n
=1 in the definition of a subharmonic function, it is the same as the standard definition of a convex function of one real variable,
where affine linear functions play the role of harmonic functions: A function of one real variable is convex if for every interval it is
less than the affine linear function with the same end points. After all, a function of one real variable is harmonic if the second
derivative vanishes, and it is therefore affine linear. In one real dimension it is also easier to picture. The function f is convex if on
every interval [a, 8], f < g for every affine linear g bigger than f at the endpoints « and B. In particular, we can take the g that is
equal to f at the endpoints. See . The picture is analogous for subharmonic functions for » > 1, but it is harder to draw.

L y=/()

x=a x=p8
Figure 2.4.1

We will consider harmonic and subharmonic functions in C =~ R2. Let us go through some basic results on harmonic and
subharmonic functions in C that you have seen in detail in your one-variable class. Consequently, we leave some of these results as
exercises. In this section (and not just here) we often write f(2) for a function even if it is not holomorphic.

? Exercise 2.4.1

An upper-semicontinuous function achieves a maximum on compact sets.

? Exercise 2.4.2

Let U c C be open. Show that for a 2 function f:U — R,

o? 1_,
azazf - ZV 5.

Use this to show that f is harmonic if and only if it is (locally) the real or imaginary part of a holomorphic function. Hint: The
key is finding an antiderivative of a holomorphic function.

? Exercise 2.4.3

Prove the identity theorem. Let U C C be a domain and f: U — R harmonic such that f =0 on a nonempty open subset of U.
Then f=0.

It follows from the exercise that a harmonic function is infinitely differentiable. It is useful to find a harmonic function given
boundary values. This problem is called the Dirichlet problem, and it is solvable for many (though not all) domains. The proof of
the following special case is contained in the exercises following the theorem. The Poisson kernel for the unit disc D C C is
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1 1—72 1 1+re®?
P()= o~ = —Re (1_mw

27 1+ 12 —2rcosf 2 ) ’ for0<r<t. (243)

& Theorem 2.4.1

Let u: 8D — R be a continuous function. The function Pu:D — R, defined by

Pu(rei®)y — / Tw(eP@—t)dt ifr<1l and  Pu(e®) = u(e®), (2.4.4)

-

is harmonic in D and continuous on D.

In the proof, it is useful to consider how the graph of P, as a function of 8 looks for a fixed r. See Figure 2.4.2.

3 2 L o i 2 3
T 1 ™ 20

qas

Figure 2.4.2

? Exercise 2.4.4

a. Prove P.(8) >0 forallo <r < 1andall 6.
b. Prove [" P,(9)df =1.
c. Prove for any given 6 > 0, sup{P.(0) : 6 < |0 <n} - 0asr — 1.

? Exercise 2.4.5

Prove Theorem 2.4.1 using the following guideline:

1. Poisson kernel is harmonic as a function of z = re? € D, and hence Pu is harmonic.

2. P acts like an approximate identity: Prove that Pu(re®) — u(e) uniformly as r — 1. Hint: Split the integral to [—6, ] and
the rest and use the previous exercise.

3. Prove that Pu(z) tends to u(2o) as z € D — 2, € ID.

? Exercise 2.4.6

State and prove a version of Theorem 2.4.1 for an arbitrary disc A,(a).

? Exercise 2.4.7

Prove that the Dirichlet problem is not solvable in the punctured disc D \ {0}. Hint: Let » =0 on 8D and u(0) = 1. The solution
would be less than —elog |2| for every ¢ > 0.

The Poisson kernel is a reproducing kernel for holomorphic functions, as (the real and imaginary parts of) holomorphic functions
are harmonic. Poisson kernel exists for higher dimensions as well. Solving the Dirichlet problem using the Poisson kernel leads to
the following result.
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& Proposition 2.4.1: Mean-Value Property and Sub-Mean-Value Property

Let U C C be an open set.
i. A continuous function f: U — R is harmonic if and only if
1 2m 3 _
fla) = o fla+7e®)dd  whenever A,(a)CU. (2.4.5)
0

ii. An upper-semicontinuous function f: U — R U {—co} is subharmonic if and only if

2m —_—
fla) < % fla+re®)dd  whenever A,(a)CU. (2.4.6)
0

For the sub-mean-value property you may have to use the Lebesgue integral to integrate an upper-semicontinuous function, and to
use the version of the Poisson integral above, you need to approximate by continuous functions on the boundary in the right way.
On first reading, feel free to think of continuous subharmonic functions and not too much will be lost.

? Exercise 2.4.8

Fill in the details of the proof of Proposition 2.4.1.

? Exercise 2.4.9

Let U c C be open. Show that if f: U — RU {—oo} is subharmonic, then

limsup f(w) = f(z) foralzeU. (2.4.7)

w2

? Exercise 2.4.10

Suppose U c C is open and g: U — R is harmonic. Then f: U — RU {—oo} is subharmonic if and only if f— g is subharmonic.

& Proposition 2.4.2: Maximum Principle

Suppose U C C is a domain and f: U — R U {—oo} is subharmonic. If f attains a maximum in U, then f is constant.

Proof

Suppose f attains a maximum at ¢ € U. If A,(a) c U, then

21
fla) < % fla+re?)do < f(a). (2.4.8)
0
Hence, f = f(a) almost everywhere on dA.(a). By upper-semicontinuity, f = f(a) everywhere on 8A.(a). This was true for
all r with A,(a) C U, so f = f(a) on A,(a), and so the set where f = f(a) is open. The set where an upper-semicontinuous

function attains a maximum is closed. So f = f(a) on U as U is connected.

? Exercise 2.4.11

Prove that subharmonicity is a local property. That is, given an open set U C C, a function f:U — R U {—oc} is subharmonic if
and only if for every p € U there exists a neighborhood W of p, W c U, such that f|y, is subharmonic. Hint: Perhaps try to use

the maximum principle and Exercise 2.4.10.
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? Exercise 2.4.12

Suppose U C C is a bounded open set, f:U — R U {—oo} is an upper-semicontinuous function, such that f|y is subharmonic,
¢:U = R is a continuous function such that g|y is harmonic and f(z) < g(z) for all z € 8U. Prove that f(z) < g(2) for all z € U.

? Exercise 2.4.13

Let g be a function harmonic on a disc A ¢ C and continuous on A. Prove that for every e >0 there exists a function g,
harmonic in a neighborhood of A, such that g(z) < g.(z) < g(2) + € for all z € A. In particular, to test subharmonicity, we only

need to consider those g that are harmonic a bit past the boundary of the disc.

& Proposition 2.4.3

Suppose U c C is an open set and f: U — R is a C? function. The function f is subharmonic if and only if V2f > 0.

Proof

Suppose f is a C2-smooth function on a subset of C = R2 with V2f > 0. We wish to show that £ is subharmonic. Take a disc
A such that A c U. Consider a function g continuous on A, harmonic on A, and such that f < g on the boundary 9A.
Because V2(f —g) = V2f > 0, we assume g = 0 and f < 0 on the boundary dA.

Suppose VZf > 0 at all points on A. Suppose f attains a maximum in A, call this point p. The Laplacian V2f is the trace of
the Hessian matrix, but for f to have a maximum, the Hessian must have only nonpositive eigenvalues at the critical points,
which is a contradiction as the trace is the sum of the eigenvalues. So f has no maximum inside, and therefore f < 0 on all
of A.

Next suppose V2f > 0. Let M be the maximum of 2 + 32 on A. Take fu(z,3) = f(z,9) + L(2? +4?) — 1 M. Clearly V25,
> 0 everywhere on A and f,, < 0 on the boundary, so f, < 0 on all of A. As f, — f, we obtain that £ < 0 on all of A.

The other direction is left as an exercise.

? Exercise 2.4.14

Finish the proof of the proposition above.

In analogy to convex functions, a C2-smooth function f of one real variable is convex if and only if f”(z) > 0 for all .

& Proposition 2.4.4

Suppose U c C is an open set and f,:U — R U {—ooc} is a family of subharmonic functions. Let
¢(2) = sup fa(2). (2.4.9)

If the family is finite, then ¢ is subharmonic. If the family is infinite, ¢ (2) # oo for all 2, and ¢ is upper-semicontinuous, then ¢
is subharmonic.

Proof

Suppose A.(a) C U. For any o,
1 27 . 1 2 .
— / pla+re?)do> — fala+7e?)d8 > fo(a). (2.4.10)
2w 0 2 0

Taking the supremum on the right over « obtains the results.
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? Exercise 2.4.15

Prove that if :R — R is a monotonically increasing convex function, U C C is an open set, and f: U — R is subharmonic, then
@ o f is subharmonic.

? Exercise 2.4.16

Let U c C be open, {f,} a sequence of subharmonic functions uniformly bounded above on compact subsets, and {c,} a
sequence of positive real numbers such that 3>;°; ¢, < oc. Prove that f =37, ¢, f» is subharmonic. Make sure to prove the
function is upper-semicontinuous.

? Exercise 2.4.17

Suppose U C C is a bounded open set, and {p,} a sequence of points in . For z € U, define f(z) =3 o> 2 "log|z —pal,
possibly taking on the value —co.

1. Show that f is a subharmonic function in U.

2.1fU =D and p, = 1, show that f is discontinuous at 0 (the natural topology on R U {—oo}).

3. If {p,} is dense in U, show that f is discontinuous on a dense set. Hint: Prove that f~!(—oo) is a small (but dense) set.
Another hint: Integrate the partial sums, and use polar coordinates.

There are too many harmonic functions in C* = R?". The real and imaginary parts of holomorphic functions in C* form a smaller
set when n > 1. Notice that when a holomorphic function is restricted to a complex line, we obtain a holomorphic function of one
variable. So the real and imaginary parts of a holomorphic function had better be harmonic on every complex line. It turns out, this
is precisely the right class of functions.

# Definition: Pluriharmonic

Let U C C" be open. A C%-smooth f:U — R is pluriharmonic if for every a,b € C", the function of one variable
£ fa+ bé) (2.4.11)
is harmonic (on the set of £ € C where a + b¢ € U). That is, f is harmonic on every complex line.

A function f:U — RU {—o0} is plurisubharmonic, sometimes plush or psh for short, if it is upper-semicontinuous and for every
a,b € C*, the function of one variable

£ fla+b8) (2.4.12)

is subharmonic (whenever a + b¢ € U).

A harmonic function of one complex variable is in some sense a generalization of an affine linear function of one real variable.
Similarly, as far as several complex variables are concerned, a pluriharmonic function is the right generalization to C® of an affine
linear function on R". In the same way plurisubharmonic functions are the correct complex variable generalizations of convex
functions. A convex function of one real variable is like a subharmonic function, and a convex function of several real variables is a
function that is convex when restricted to any real line.

? Exercise 2.4.18

Let U c C be open. Prove that a C2-smooth f:U — R is pluriharmonic if and only if

0% f
ijazk

=0 onUforal jk=1,..,n. (2.4.13)
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? Exercise 2.4.19

Show that a pluriharmonic function is harmonic. On the other hand, find an example of a harmonic function that is not
pluriharmonic.

? Exercise 2.4.20

Let U c C” be open. Show that f: U — R is pluriharmonic if and only if it is locally the real or imaginary part of a holomorphic
function. Hint: Using a previous exercise g;sz is holomorphic for all k. Assume that U is simply connected, p € U, and f(p) = 0.
Consider the line integral from p to a nearby ¢ € U:

F(q) = ‘ Zn: ﬂ(() dC. (2.4.14)
3zk

P k=1

Prove that it is path independent, compute derivatives of F, and find out what is F + F — f.

? Exercise 2.4.21

Prove the maximum principle: If U c C" is a domain and f:U — R U {—oo} is plurisubharmonic and achieves a maximum at p
€ U, then f is constant.

& Proposition 2.4.5

Let U C C" be open. A C%-smooth f:U — R is plurisubharmonic if and only if the complex Hessian matrix

0% f
[ 520 ] ’ (2.4.15)

is positive semidefinite at every point.

Proof

First suppose that the complex Hessian has a negative eigenvalue at a point p € U. After a translation assume p = 0. As f is
0%f
0z;0z,

real-valued, the complex Hessian [

0] . is Hermitian. A complex linear change of coordinates acts on the complex
J

Hessian by #-congruence, and therefore we can diagonalize, using Sylvester’s Law of Inertia again. So assume that

[mLéi,‘ 0] . is diagonal. If the complex Hessian has a negative eigenvalue, then one of the diagonal entries is negative.
2 J
Without loss of generality suppose agzale 0 < 0. The function z + f(21,0,...,0) has a negative Laplacian and therefore is

not subharmonic, and thus f itself is not plurisubharmonic.

For the other direction, suppose the complex Hessian is positive semidefinite at all points. Let p € U. After an affine change
of coordinates assume that the line ¢ 1+ a + b¢ is simply setting all but the first variable to zero, that is, @ =0 and b

9*f

= (1,0,...,0). As the complex Hessian is positive semidefinite, Tt

> 0 for all points (2y,0,...,0). We proved above that
V2g > 0 implies g is subharmonic, and we are done.

? Exercise 2.4.22

Suppose U c C™ is open and f: U — C is holomorphic.

a. Show log|f(2)| is plurisubharmonic. In fact, it is pluriharmonic away from the zeros of f.
b. Show |f(z)|? is plurisubharmonic for all > 0.
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? Exercise 2.4.23

Show that the set of plurisubharmonic functions on an open set U C C" is a cone in the sense that if a,b > 0 are constants and
f,9:U = R U {—o0} are plurisubharmonic, then af + bg is plurisubharmonic.

& Theorem 2.4.2

Suppose U c C" is an open set and f:U — R U {—oo} is plurisubharmonic. For every e > 0, let U. c U be the set of points
further than ¢ away from 8U. Then there exists a smooth plurisubharmonic function f,: U, — R such that f(z) > f(2), and

f(2) = lin:ol fe(2) for all z€ U. (2.4.16)
€
That is, f is a limit of smooth plurisubharmonic functions. The idea of the proof is important and useful in many other contexts.

Proof

We smooth f out by convolving with so-called mollifiers, or approximate delta functions. Many different mollifiers work,
but let us use a specific one for concreteness. For € > 0, define

Ce MM i |2 < 1 1
= ? d (2) = — . 2.4.1
o) = {¢ ALt o= e (24.17)

It is left as an exercise that g, and so g, is smooth. The function g has compact support as it is only nonzero inside the unit
ball. The support of g. is the e-ball. Both are nonnegative. Choose C so that

/ gdv =1, and therefore / gedV =1. (2.4.18)
cn Cn

Here dV is the volume measure. The function g only depends on ||z||. To get an idea of how these functions work, see
Figure 2.4.3.

Figure 2.4.3

Compare the graphs to the graphs of the Poisson kernel as a function of 4, which is also a type of mollifier. In fact, the idea
of integrating against the right approximate delta function with the desired properties is similar to the solution of the
Dirichlet problem using the Poisson kernel.

The function f is bounded above on compact sets as it is upper semicontinuous. If f is not bounded below, we replace f
with max{f, =%}, which is still plurisubharmonic. Therefore, without loss of generality we assume that f is locally
bounded.

For z € U,, we define f, as the convolution with g.:
fe(2) = (Fxge)(2) = /C" fw)ge(z — w) dV(w) = o f(z—w)ge(w) dV(w). (2.4.19)

The two forms of the integral follow easily via change of variables. We are perhaps
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abusing notation a bit as f is only defined on U, but it is not a problem as long as z € U,
because g, is then zero when f is undefined. By differentiating the first form under the
integral, we find that f. is smooth.

Let us show that f, is plurisubharmonic. We restrict to a line ¢ = a + b¢. We wish to test subharmonicity by the sub-mean-
value property using a circle of radius r around ¢ = 0:

% 02" fe(a+bre®) do = % /021r /cn f(a + bre — w)ge(w) dV(w)do
2
= /C" (% /0 f(a —w+ br,-eio) d0) ge(w) dV (w) (2.4.20)

> [ fe—wow) aV(w) = £.a)

For the inequality we used g. > 0. So f, is plurisubharmonic.

Let us show that f.(z) > f(2) for all z €U.. As g.(w) only depends on |wy|,...,|ws|, we notice that g.(w,...,wn)
= ge(|wi], ..., |wn|). Without loss of generality we consider z = 0, and we use polar coordinates for the integral.

£:0) = [ fewpgful -, foa)av(w)

3 € 2 2
=/ / (/ f(—rlew",---,—rne“’")dﬂl---don)
0 0 0 0

Ge(T1, o)1y - rpdry - dry,

€ € 2r 2
> / 000 / (/ 000 (27r)f(0’ _rzewﬂ’ ey _r"e_oﬂ)d02 . dan) (2.4.21)
0 0 0 0

Ge(T1, o)1 - rpdry - dry

> £(0) /Oe /0e (2m)"ge(r1, =+ Ta)r1 - Tudry - din
= £0) [ scwaviw) = 0.

The second equality above follows as g. is zero outside the polydisc of radius e. For the inequalities, we again needed that
ge > 0. The penultimate equality follows from the fact that 2w = 02" dé.

Finally, we show lim. o f(2) = f(2). For subharmonic, and so for plurisubharmonic, functions, limsup,.,, f(¢) = f(2). So
given § > 0 find an € > 0 such that f(¢) — f(2) < é for all ¢ € B.(z2).

fe@) = f(z) = /BS(O) £z — w)gw) dV(w) — £(2) /B o V)
- /m) (2= w) — £()) ge(w) dV(w) (2.4.22)
<s /B o V() =5

Again we used that g > 0. We find 0 < f. — f(z) < 6, and so f.(z) — f(2).

? Exercise 2.4.24

Show that g in the proof above is smooth on all of C".

? Exercise 2.4.25

a. Show that for a subharmonic function f, 2" f(a+ re?) df is a monotone function of r. Hint: Try a C2 function first and use
Green’s theorem.
b. Use this fact to show that the f.(z) from Theorem 2.4.2 is monotone decreasing in e.
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? Exercise 2.4.26

Let U c C" and V C C™ be open. Prove that if g: U = V is holomorphic and f: V — R is a C? plurisubharmonic function, then f
o g is plurisubharmonic. Then use it to prove the same fact for all plurisubharmonic functions (Hint: monotone convergence).

? Exercise 2.4.27

Show that plurisubharmonicity is a local property, that is, f is plurisubharmonic if and only if f is plurisubharmonic in some
neighborhood of each point.

? Exercise 2.4.28

Using the computation from Theorem 2.4.2 show that if f is pluriharmonic, then f. = f (where it makes sense), obtaining
another proof that a pluriharmonic function is C'*.

? Exercise 2.4.29

Let the f in Theorem 2.4.2 be continuous and suppose K CC U. For small enough ¢ >0, K C U.. Show that f. converges
uniformly to f on K.

? Exercise 2.4.30

Let the f in Theorem 2.4.2 be C*-smooth for some k& > 0. Show that all derivatives of f. up to order k converge uniformly on
compact sets to the corresponding derivatives of f. See also previous exercise.

Let us prove the theorem of Rado, which is a complementary result to the Riemann extension theorem. Here on the one hand the
function is continuous and vanishes on the set you wish to extend across, but on the other hand you know nothing about this set. It
is sometimes covered in a one-variable course, and in several variables it follows directly from the one-variable result.

& Theorem 2.4.3: Rado

Let U C C™ be open and f: U — C a continuous function that is holomorphic on the set

U' ={zeU: f(2) #0}. (2.4.23)

Then f € O(U).

Proof

First assume n = 1. As the theorem is local, it is enough to prove it for a small disc A such that f is continuous on the
closure A, let A’ be the part of the disc where f is nonzero. If A’ is empty, then we are done as § is just identically zero and
hence holomorphic.

Let u be the real part of f. On A’, u is a harmonic function. Let Pu be the Poisson integral of « on A. Hence Pu equals » on
AA, and Py is harmonic in all of A. Consider the function Pu(z) — u(z) on A. The function is zero on dA and it is harmonic
on A’. By rescaling f we can without loss of generality assume that |f(z)| < 1 for all z € A. For any ¢ > 0, the function 2
 tlog|f(z)| is subharmonic on A’ and upper-semicontinuous on A’. Further, it is negative on dA. The function z
— —tlog|f(z)| is superharmonic (minus a subharmonic function) on A’, lower-semicontinuous on A’ and positive on dA.
On the set A \ A’ where f is zero, the two functions are —co and oo respectively. See Figure 2.4.4. Therefore, for all ¢ > 0
and z € AU (A \ A’), we have

tlog|f(2)| < Pu(2) — u(z) < —tlog|f(2)|. (2.4.24)

Applying the maximum principle to the subharmonic functions z - tlog|f(2)| — (Pu(z) — u(z)) and z - tlog|f(2)| — (u(z)
— Pu(z)) shows that (2.4.24) holds for all z€ A’ and all ¢ > 0.
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? Exercise 2.4.31

rlog|f| <0

Pu-u=0

aya W
f=0
floglf] = =eo

Figure 2.4.4

The extension of the proof to several variables is left as an exercise.

Use the one-variable result to extend the theorem to several variables.

Footnotes

Taking the limit ¢ — 0 shows that Pu =u on A’. Let W =A \A’. On W, v =0 and so Pu —u is harmonic on W and
continuous on W. Furthermore, Py —u = 0 on A’ UA, and so Py — u = 0 on 8W. By the maximum principle, Pu = u on W
and therefore on all of A. Similarly, if v is the imaginary part of f, then Pv = v on A. In other words, u and v are harmonic
on A. As A is simply connected, let 4 be the harmonic conjugate of « that equals » at some point of A’. As f is holomorphic
on A’, the harmonic functions # and v are equal the nonempty open subset A’ of A and so they are equal everywhere.
Consequently, f = u + iv is holomorphic on A.

[1] The operator V2, sometimes also written A, is the Laplacian. It is the trace of the Hessian matrix.

[2] Recall f is upper-semicontinuous if lim sup,_,, f(t) < f(z) forall z € U.

This page titled 2.4: Harmonic, Subharmonic, and Plurisubharmonic Functions is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by Jiii Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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2.5: Hartogs Pseudoconvexity

It is worth mentioning explicitly that by the exercises of the previous section, plurisubharmonicity is preserved under holomorphic
mappings. That is, if g is holomorphic and f is plurisubharmonic, then f o g is plurisubharmonic. In particular, if ¢:D — C™ is an
analytic disc and f is plurisubharmonic in a neighborhood of ¢(D), then f o ¢ is subharmonic.

& Definition: Word

Let F be a class of (extended')-real-valued functions defined on an open U c R™. If K c U, define K, the hull of K with
respect to &, as the set

kY {:1: €U: f(x) <sup f(y) forall feF } (2.5.1)
yeK

An open set U is said to be convex with respect to  if for every K cc U, the hull K cc U.”

Clearly K c K. The key is to show that K is not “too large” for U. Keep in mind that the functions in & are defined on U, so K
depends on U not just on K. An easy mistake is to consider functions defined on a larger set, obtaining a smaller & and hence a
larger K. Sometimes it is useful to write Kz to denote the dependence on #, especially when talking about several different hulls.

For example, if U =R and # is the set of real-valued smooth f:R — R with f”(z) > 0, then for any a,b € R we have {a,b} = [a,}].
In general, if F was the set of convex functions, then a domain U C R" is geometrically convex if and only if it is convex with
respect to convex functions, although let us not define what that means except for smooth functions in exercises below.

Suppose U C R™ is a domain.

a. Show that U is geometrically convex if and only if it is convex with respect to the affine linear functions.
b. Suppose U has smooth boundary. Show that U is convex if and only if it is convex with respect to the smooth convex
functions on U, that is, with respect to smooth functions with positive semidefinite Hessian.

Show that every open set U ¢ R" is convex with respect to real polynomials.

& Theorem 2.5.1: Kontinuitatssatz—Continuity Principle

Suppose an open set U c C" is convex with respect to plurisubharmonic functions, then given any collection of closed analytic
discs Aq C U such that | J, A, cC U, we have J, Aq CC U.

Various similar theorems are named the continuity principle. Generally what they have in common is the family of analytic
discs whose boundaries stay inside a domain, and whose conclusion has to do with extension of holomorphic functions, or with

domains of holomorphy.

Proof
Let f be a plurisubharmonic function on U. If ¢,: D — U is the holomorphic (in D) mapping giving the closed analytic disc,
then fo ¢, is subharmonic. By the maximum principle, f on A, must be less than or equal to the supremum of f on 8A,, so
A, is in the hull of dA,. In other words, [, A, is in the hull of | J, 8A, and therefore | J, A, CC U by convexity.

Let us illustrate the failure of the continuity principle. If you have discs (denoted by straight line segments) that approach the
boundary as in Figure 2.5.1, then the domain is not not convex with respect to plurisubharmonic functions. In the diagram, the
boundaries of the discs are denoted by the dark dots at the end of the segments. In fact, if we replace discs with line segments, this

is the standard convexity, see the exercises below.
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Figure 2.5.1

Suppose U c C" is a domain and K cc U is a nonempty compact subset. Prove that U \ K is not convex with respect to
plurisubharmonic functions.

? Exercise 2.5.4

Suppose U ¢ C* is a domain with smooth boundary, p € 8U, and A is an affine linear analytic disc with p € A, but A\ {p} c U.
Prove that U is not convex with respect to the plurisubharmonic functions.

Prove the corresponding Kontinuitdtssatz, and its converse, for geometric convexity: Prove that a domain U cR™ is
geometrically convex if and only if whenever [z,,y,] C U is a collection of straight line segments such that |J {zs,y.} CC U
implies | J, [z, ys] CC U.

# Definition: Exhaustion Function

Let U C C™ be open. An f:U — R is an exhaustion function for U if
{zeU:f(z)<r} ccU foreveryreR. (2.5.2)

A domain U c C is Hartogs pseudoconvex if there exists a continuous plurisubharmonic exhaustion function. The set {z € U
: f(2) < r} is called the sublevel set of £, or the r-sublevel set.

v/ Example 2.5.1

The unit ball B, is Hartogs pseudoconvex. The continuous function
2+ —log(1—[|2]]) (2.5.3)

is an exhaustion function, and it is easy to check directly that it is plurisubharmonic.

v/ Example 2.5.2

The entire C* is Hartogs pseudoconvex as ||z is a continuous plurisubharmonic exhaustion function. Also, because ||z||? is
plurisubharmonic, then given any K cc C®, the hull K with respect to plurisubharmonic functions must be bounded. In other
words, C" is convex with respect to plurisubharmonic functions.

< Theorem 2.5.2

Suppose U ¢ C” is a domain. The following are equivalent:

i. —log p(2) is plurisubharmonic, where p(z) is the distance from z to U.
ii. U has a continuous plurisubharmonic exhaustion function, that is, U is Hartogs pseudoconvex.
iii. U is convex with respect to plurisubharmonic functions defined on U.
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Proof

(i) = (ii): If U is bounded, the function —logp(z) is clearly a continuous exhaustion function. If U is unbounded, take z
+ max{—log p(2), ||2||*}.

(ii) = (iii): Suppose f is a continuous plurisubharmonic exhaustion function. If K CC U, then for some r we have K C {2
€U : f(z) < r} cC U. But then by definition of the hull K we have K c {z € U : f(2) <r} cc U.

(iif) = (i): For ¢ € C™ with [|¢|| = 1, let p.(z) be the radius of the largest affine disc centered at z in the direction c that still
lies in U. That is,

pe(2) =sup{A>0: z+ (c € U for all { € AD}. (2:5.4)
As p(z) = inf, p.(2),

—logp(z) = ||Sc}|1£1 (— logpc(z)). (2.5.5)

If we prove that for any a,b € C* the function ¢ — —log p.(a + b¢) is subharmonic, then & - —log p(a + b¢) is subharmonic,
and we are done. See for the setup:

Figure 2.5.2

Suppose A c C is a disc such that a +b¢ € U for all ¢ € A. If u is a harmonic function on A continuous on A such that
—logp.(a +b€) <u(f) on AA, we must show that the inequality holds on A. By Exercise 2.4.13 we may assume u is
harmonic on a neighborhood of A and so let u = %7 for a holomorphic function f. Fix a ¢ € 8A. We have —log p,(a + b€)
< Rf(), or in other words

pe(a+bE) > e = )] (2.5.6)
Using ¢ = te~7® in the definition of p,(a + b¢), the statement above is equivalent to saying that
(a+b8) +te’OceU forallteD. (2.5.7)

This statement holds whenever ¢ € A. We must prove that it also holds for all £ € A.

The function p,(¢) = (a + b¢) + te f@c gives a closed analytic disc with boundary inside U. We have a family of analytic
discs, parametrized by ¢, whose boundaries are in U for all ¢ with |¢| < 1. For ¢ = 0 the entire disc is inside U. As ¢;(¢) is
continuous in both ¢ and ¢ and A is compact, ¢,(A) c U for ¢ in some neighborhood of 0. Take 0 < ¢, < 1 such that ¢,(A)
C U for all ¢ with |¢| < to. Then

U :(88) ¢ | ¢:(84) cc U, (2.5.8)

[tl<to [tI<to
because continuous functions take compact sets to compact sets. Kontinuititssatz implies

U ¢:(8) ccu. (2.5.9)
[tI<to
By continuity again {Jy<;, ¢:(A) CC U, and 50 U<y 92(A) CC U for some € > 0. Consequently ¢;(A) C U for all ¢ with |¢|
< 1. Thus (a +b€) +te~f@c € U for all ¢ € A and all |¢| < 1. This implies p.(a + b¢) > e © for all ¢ € A, which in turn
implies —log pc(a + b€) < Rf(€) = u(€) for all £ € A. Therefore, —log p.(a + b€) is subharmonic.
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? Exercise 2.5.6

Show that if U; € C" and U; C C™ are Hartogs pseudoconvex domains, then so are all the topological components of U; N Us.

Show that if U ¢ C" and V ¢ C™ are Hartogs pseudoconvex domains, then so is U x V.

? Exercise 2.5.8

Show that every domain U C C is Hartogs pseudoconvex.

? Exercise 2.5.9

Consider the union U = J, Uy, of a nested sequence of Hartogs pseudoconvex domains, Up_1 C Uy C C". Show that U is
Hartogs pseudoconvex.

? Exercise 2.5.10

Let R? c C? be naturally embedded (that is, it is the set where z; and z are real). Show that the set C? \ R? is not Hartogs
pseudoconvex.

Let U c C" be a domain and f € O(U). Prove that U’ = {z € U : f(2) # 0} is a Hartogs pseudoconvex domain. Hint: See also
Exercise 1.6.2.

Suppose U,V C C" are biholomorphic domains. Prove that U is Hartogs pseudoconvex if and only if V is Hartogs
pseudoconvex.

? Exercise 2.5.13

LetU={z€ C?: |z1| > |22]}.

a. Prove that U is a Hartogs pseudoconvex domain.

b. Find a closed analytic disc A in C2 such that0 € A (0 ¢ U) and A C U.

¢. What do you think would happen if you tried to move A a little bit to avoid the intersection with the complement? Think
about the continuity principle (Theorem 2.5.1). Compare with Exercise 2.5.4.

? Exercise 2.5.14

Let U ¢ C" be a domain, and f:U — R be a continuous function, plurisubharmonic and negative on U, and f = 0 on 8U. Prove
that U is Hartogs pseudoconvex.

The statement corresponding to Exercise 2.5.9 on nested unions for domains of holomorphy is the Behnke-Stein theorem, which
follows using this exercise and the solution of the Levi problem. Although historically Behnke—Stein was proved independently
and used to solve the Levi problem.

Exercise 2.5.12 says that (Hartogs) pseudoconvexity is a biholomorphic invariant. That is a good indication that we are looking at a
correct notion. It also allows us to change variables to more convenient ones when proving a specific domain is (Hartogs)
pseudoconvex.
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It is not immediately clear from the definition, but Hartogs pseudoconvexity is a local property.

& Lemma2.5.1

A domain U c C is Hartogs pseudoconvex if and only if for every point p € 8U there exists a neighborhood W of p such that
W NU is Hartogs pseudoconvex.

Proof

One direction is trivial, so consider the other. Suppose p € U, and let W be such that U N W is Hartogs pseudoconvex.
Intersection of Hartogs pseudoconvex domains is Hartogs pseudoconvex, so assume W = B,(p). Let B = B,»(p). If ¢ € B
N U, the distance from ¢ to the boundary of W N U is the same as the distance to gU. The setup is illustrated in Figure 2.5.3.

Figure 2.5.3

The part of the boundary 8U in W is marked by a thick black line, the part of the boundary of (W N U) that arises as the
boundary of W is marked by a thick gray line. A point g € B is marked and a ball of radius § around ¢ is dotted. No point of
distance % from g is in W, and the distance of ¢ to 8U is at most % as p € 9U and p is the center of B. Let dist(x,y) denote
the euclidean distance function®. Then for z€ BNU

— log dist(2, 8U) = —log dist(2,d({U N W)). (2.5.10)

The right-hand side is plurisubharmonic as U N W is Hartogs pseudoconvex. Such a ball B exists around every p € U, so
near the boundary, —log dist(z,dU) is plurisubharmonic.

If U is bounded, then 8U is compact. So there is some e >0 such that —log dist(z,dU) is plurisubharmonic if dist(z, 8U)
< 2¢. The function

¢(2) = max{— log dist(z,6U),—loge} (2.5.11)

is a continuous plurisubharmonic exhaustion function. The proof for unbounded U is left as an exercise.

Finish the proof of the lemma for unbounded domains. See Exercise 2.5.9.

It may seem that we defined a totally different concept, but it turns out that Levi and Hartogs pseudoconvexity are one and the

same on domains where both concepts make sense. As a consequence of the following theorem we say simply “pseudoconvex” and
there is no ambiguity.

& Theorem 2.5.3

Let U ¢ C™ be a domain with smooth boundary. Then U7 is Hartogs pseudoconvex if and only if U7 is Levi pseudoconvex.

Proof

Suppose U € C" is a domain with smooth boundary that is not Levi pseudoconvex at p € @U. As in Theorem 2.3.2, change
coordinates so that p = 0 and U is defined by
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n—1
Tza > —|21* + ) €1z + O(3). (2.5.12)
=2

For a small fixed A > 0, the closed analytic discs defined by ¢ € D = ()¢, 0, --,0,is) are in U for all small enough s > 0. The
origin is a limit point of the insides, but not a limit point of their boundaries. Kontinuitdtssatz (Theorem 2.5.1) is not
satisfied, and U is not convex with respect to the plurisubharmonic functions. Therefore, U is not Hartogs pseudoconvex.

Next suppose U is Levi pseudoconvex. Take any p € 8U. After translation and rotation by a unitary, assume p = 0 and write
a defining function r as

r(2,2) = (2,2, Rz,) — Tz, (2.5.13)

where 2z’ = (z1, ..., 2,-1). Levi pseudoconvexity says

2": a;a ik ‘ >0 whenever i:a or ‘ 0 (2.5.14)
jaL oo = o, | =% oo
Py 77 02,02 4 = 78z 1q

for all g € AU near 0. Let s be a small real constant and let § = (q1, .- ,gn—1,9n +45). None of the derivatives of r depends on
Jzn, and therefore 22| = 2| and azjaz, s = st |, for all j and £. So condition (2.5.14) holds for all ¢ € U near 0. We will
use 7 to manufacture a plurisubharmonic exhaustion function, that is one with a semidefinite Hessian. Starting with r, we
already have what we need in all but one direction.

Let V,r|q= ( B g 82 ) denote the gradient of r in the holomorphic directions only. Given ¢ € U near 0, decompose an
arbitrary ¢ € C" as ¢ = a + b, where a = (az, ..., a,,) satisfies

n 6,,. .
—| =(a,V,rls) =0. 2.5.15
gw%h(aﬁm (2:5.15)
Taking the orthogonal decomposition, b is a scalar multiple of V,r|,. By Cauchy—Schwarz,
S|
=1 sz q

As V,rlo = (0, ...,0,—4), then for g sufficiently near 0 we have that ||V.r||| > 3, and

n
Z 367,,| ‘Zc{laz

=1

n or -
{ZW@M=MWMFMMWML (2.5.16)
7=1

1
INZ

l[2ll = (2.5.17)

As ¢ = a+1b is the orthogonal decomposition, ||¢|| > |[b]|-

The complex Hessian matrix of r is continuous, and so let M > 0 be an upper bound on its operator norm for ¢ near the
origin. Again using Cauchy—Schwarz

ia-ca—z’"|— ™ (5 +b,)(ae + be) iy |
L, T omdu e L T T Y 50z,

£
o o%r ‘
Qj0p
7 02,02 g
n n

+ S 66_821‘ ‘—i— cib + Eb—a2r |
jCL = E v E ibe——
Py J 07;0zp lq Py J 6z Bzg ¢ A7 2 07;024 1q

(2.5.18)

n

0%r
ajagm——| — M][p]| ||el| — M]le|| [o]] — D] (3]
j=§,£:=1 ! 67'3'67"5‘“

> —3M||c|| [[]]-

1\

Together with what we know about ||3||, for ¢ € U near the origin

& _ 627‘ 2
> Gergg |, = —3Milell[b]] > ~3°M]lcl
J=T=1 Zj0%¢ 14

Z;c,-%‘q‘ . (2.5.19)
=
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For z € U sufficiently close to 0 define
£(2) = —log(—r(2)) + All2I|%, (2.5.20)

where A > 0 is some constant we will choose later. The log is there to make f blow up as we approach the boundary. The
A||2||? is there to add a constant diagonal matrix to the complex Hessian of f, which we hope is enough to make it positive
semidefinite at all z near 0. Compute:
o%f 1L 6 o 1 0% ‘
205~ 12 0%, 0 v 05,0m T A% (25.21)
where &7 is the Kronecker delta*. Apply the complex Hessian of f to c at ¢ € U near the origin (recall that r is negative on U
and so for g € U, —r = |r|):

L o%f 1|& or 1 &
s 2 |~ e A 2
=1,0=1 i 0z;02 |‘1 r? ;Ce 0z |‘1 Irl 472, e 0z;0z | e
= ) = (2.5.22)
or 32M . or
> = — || === —| |+ A|]|%.
= clazlu el 26\ + Allel

Now comes a somewhat funky trick. As a quadratic polynomial in ||¢||, the right-hand side of the inequality is always
nonnegative if A > 0 and if the discriminant is negative or zero. Let us set the discriminant to zero:

3*M
( ‘E 5 | D - A Ec,aq (2.5.23)
All the nonconstant terms go away and A = ¥¥ makes the discriminant zero. Thus for that A,
n 2
) greeod | 0. (25.24)
joLpe1 62.’]'82[ q

In other words, the complex Hessian of f is positive semidefinite at all points ¢ € U near 0. The function f(z) goes to
infinity as z approaches 8U. So for every t € R, the ¢t-sublevel set (the set where f(z) < t) is a positive distance away from
oU near 0.

We have constructed a local continuous plurisubharmonic exhaustion function for U/ near p. If we intersect with a small ball
B centered at p, then we get that U n B is Hartogs pseudoconvex. This is true at all p € 8U, so U is Hartogs pseudoconvex.

Footnotes

[1] By extended reals we mean R U {—o0, 00}.

[2] Recall that cc means relatively compact, that is, the closure in the relative (subspace) topology is compact.
[3] If either = and/or y are sets of points, we take the infimum of the euclidean distance over all the points.

[4] Recall §f =0if j# ¢and §f =1if j=2.

This page titled 2.5: Hartogs Pseudoconvexity is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiri Lebl via
source content that was edited to the style and standards of the LibreTexts platform.
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2.6: Holomorphic Convexity

# Definition: Holomorphic Hull

Let U c C" be a domain. For a set K c U, define the holomorphic hull
Ry & {z € U: |f(z)| < sup |f(w)| for all f e 0(U)}. (2.6.1)
weEK

A domain U is holomorphically convex if whenever K cc U, then Ky cc U. In other words, U is holomorphically convex if it
is convex with respect to moduli of holomorphic functions on U.*

It is a simple exercise (see below) to show that a holomorphically convex domain is Hartogs pseudoconvex. We will prove that
holomorphic convexity is equivalent to being a domain of holomorphy. That a Hartogs pseudoconvex domain is holomorphically
convex is the Levi problem for Hartogs pseudoconvex domains and is considerably more difficult. The thing is, there are lots of
plurisubharmonic functions, and they are easy to construct; we can even construct them locally, and then piece them together by
taking maxima. There are far fewer holomorphic functions, and we cannot just construct them locally and expect the pieces to
somehow fit together. As it is so fundamental, let us state it as a theorem.

& Theorem 2.6.1: Solution of the Levi Problem

A domain U c C* is holomorphically convex if and only it is Hartogs pseudoconvex.

Proof

The forward direction follows from an exercise below. We skip the proof of the backward direction in order to save some
hundred pages or so. See Hérmander’s book [H] for the proof.

? Exercise 2.6.1

Prove that a holomorphically convex domain is Hartogs pseudoconvex. See Exercise 2.4.22.

? Exercise 2.6.2

Prove that every domain U ¢ C is holomorphically convex by giving a topological description of Ky for any compact K cc U.
Hint: Runge may be useful.

? Exercise 2.6.3

Suppose f:C™ — C is holomorphic and U is a topological component of {z € C": |f(z)| < 1}. Prove that U is a holomorphically
convex domain.

? Exercise 2.6.4

Compute the hull Kp» of the set K = {z € D" : |2;] = \; for j =1,...,n}, where 0 < A; < 1. Prove that the unit polydisc is
holomorphically convex.

? Exercise 2.6.5

Prove that a geometrically convex domain U ¢ C" is holomorphically convex.
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? Exercise 2.6.6

Prove that the Hartogs figure (see Theorem 2.1.1) is not holomorphically convex.

? Exercise 2.6.7

Let U c C™ be a domain, f € @(U), and f is not identically zero. Show that if T/ is holomorphically convex, then T = {zeU
: f(2) # 0} is holomorphically convex. Hint: First see Exercise 1.6.2.

? Exercise 2.6.8

Suppose U,V c C" are biholomorphic domains. Prove that U is holomorphically convex if and only if V' is holomorphically
convex.

? Exercise 2.6.9

In the definition of holomorphic hull of K, replace U with C* and @(U) with holomorphic polynomials on C?, to get the
polynomial hull of K. Prove that the polynomial hull of K cc C" is the same as the holomorphic hull K¢n.

? Exercise 2.6.10

a. Prove the Hartogs triangle T (see Exercise 2.1.7) is holomorphically convex.
b. Prove T U B,(0) (for a small enough € > 0) is not holomorphically convex.

? Exercise 2.6.11

Show that if domains U; C C" and U, C C" are holomorphically convex, then so are all the topological components of Uy N Us.

? Exercise 2.6.12

Letn > 2.

a. Let U ¢ C™ be a domain and K CC U a nonempty compact subset. Show that U \ K is not holomorphically convex.
b. Let U C C” be a bounded holomorphically convex domain. Prove that C*\ U is connected.
c. Find an unbounded holomorphically convex domain U c C" where C*\ U is disconnected.

The set C" is both holomorphically convex and a domain of holomorphy. These two notions are equivalent also for all other
domains in C™.

& Theorem 2.6.2

Cartan-Thullen
Let U ¢ C" be a domain. The following are equivalent:

i. U is a domain of holomorphy.
ii. For all K cc U, dist(K,8U) = dist(Ky, 8U).
iii. U is holomorphically convex.

Proof

Let us start with (i) = (iii). Suppose there is a K cc U with dist(k,8U) > dist(Ky, dU). After possibly a rotation by a
unitary, there exists a point p € Ky and a polydisc A = A,(0) with polyradius r = (ry,...,r,) such that p + A = A,(p)
contains a point of 8U, but
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K+A=|]JAxgccU. (2.6.2)
geK

See Figure 2.6.1.

Figure 2.6.1

If f € O(U), then there is an M > 0 such that |f| < M on K + A as that is a relatively compact set. By the Cauchy estimates
for each ¢ € K we get

oxf Mao!
@) < o (26.3)
This inequality therefore holds on Ky and hence at p. The series
10°f a
> g @) (2:6.4)

a
converges in A,(p). Hence f extends to all of A,(p) and A,(p) contains points outside of U, in other words, U is not a
domain of holomorphy.
The implication (ii) = (iii) is immediate.

Finally, we prove (iii) = (i). Suppose U is holomorphically convex. Let p € dU. By convexity choose nested compact sets

Kj1 G K; ccU such that |J;K; =U, and (Kj;),, = K;. As the sets exhaust U, we can perhaps pass to a subsequence to
ensure that there exists a sequence of points p; € K; \ K;_; such that lim;_,., pj = ».

As p; is not in the hull of K;_;, there is a function f; € @(U) such that |f;| < 27 on K;_1, but

|£i(pi)| > 5+ . (2.6.5)

S fulws)
k=1

Finding such a function is left as an exercise below. For any j, the series Yz, fx(2) converges uniformly on K; as for all &
> j, |fx| < 27* on K. As the K; exhaust U, the series converges uniformly on compact subsets of U. Consequently,

)= fi(? (2.6.6)
=1
is a holomorphic function on U. We bound
J1 o ©
[F@a) 2 i)l = | D Frloa)| = | D fulos)| 25— D 27F25—1. (2.6.7)
=1 k=31 k=31

So lim; ;e f(p;) = o0. Clearly there cannot be any open W € C" containing p to which f extends (see definition of domain
of holomorphy). As any connected open W such that W\ U # @ must contain a point of U, we are done.

By Exercise 2.6.8, holomorphic convexity is a biholomorphic invariant. Thus, being a domain of holomorphy is also a
biholomorphic invariant. This fact is not easy to prove from the definition of a domain of holomorphy, as the biholomorphism is
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defined only on the interior of our domains.

Holomorphic convexity is an intrinsic notion; it does not require knowing anything about points outside of U. It is a much better
way to think about domains of holomorphy. Holomorphic convexity generalizes easily to more complicated complex manifolds?,
while the notion of a domain of holomorphy only makes sense for domains in C".

? Exercise 2.6.13: Behnke-Stein again

Show that the union |J;U; of a nested sequence of holomorphically convex domains U; ; € U; € C* is holomorphically
convex.

? Exercise 2.6.14

Prove the existence of the function f; € O(U) as indicated in the proof of Cartan—Thullen above.

? Exercise 2.6.15

Show that if U ¢ C™ is holomorphically convex, then there exists a single function f € @(U) that does not extend through any
point p € 9U.

? Exercise 2.6.16

We know U = C2\ {z € C?: 2; = 0} is a domain of holomorphy. Use part (ii) of the theorem to show that if W c C? is a domain
of holomorphy and U C W, then either W = U or W = C2. Hint: Suppose L C W is a complex line and K is a circle in L. What
is EW?

In the following series of exercises, which you should most definitely do in order, you will solve the Levi problem (and more) for
complete Reinhardt domains. Recall that a domain U is a if whenever (2, ..., 2,) is in U and r; = |2;], then the entire closed polydisc

A,(0) c U. We say a complete Reinhardt domain U is logarithmically convex if there exists a (geometrically) convex C' c R" such
that z € U if and only if (log 21, --. , log |2,|) € C.

? Exercise 2.6.17

Prove that a logarithmically convex complete Reinhardt domain is the intersection of sets of the form
{z€C":arlog|z1| + -+ anlog|za| < B} = {2 € C™ : 2] 20| < €7} (2.6.8)

for some nonnegative aj, ..., ay, and 8 € R.

? Exercise 2.6.18

Prove that a complete Reinhardt domain that is Hartogs pseudoconvex is logarithmically convex.

? Exercise 2.6.19

For each k € Ny, let £%, € Ny be the smallest nonnegative integer such that €%, > ka.,,. Prove that the domain of convergence of
the power series

SN kg lh gk
Ee‘ Bt - 2ot (2.6.9)
k=0

is precisely {z € C™: |21|® - |2,|* < €#}. Hint: That it diverges outside is easy, what is hard is that it converges inside. Perhaps

y)d

useful is to notice 2= — ap < %, and that if z is in the set, there is some € > 0 such that (1 + €)|z1|* -+ |25 |% = €°.
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? Exercise 2.6.20

Prove that a logarithmically convex Reinhardt domain is holomorphically convex and therefore it is a domain of holomorphy.

? Exercise 2.6.21

Prove that a complete Reinhardt domain is a domain of holomorphy if and only if it is the domain of convergence of some

power series at the origin. Hint: There is a function that does not extend past any boundary point of a holomorphically convex
domain.

We (you) have proved the following proposition.

& Proposition 2.6.1

Let U c C" be a complete Reinhardt domain. Then the following are equivalent:

i. U is logarithmically convex.

ii. U is a domain of holomorphy.
iii. U is a domain of convergence of some power series at the origin.
iv. U is Hartogs pseudoconvex.

Footnotes
[1] Sometimes simply K is used, but we use K to emphasize the dependence on /.

[2] Manifolds with complex structure, that is, “manifolds with multiplication by ¢ on the tangent space.”

This page titled 2.6: Holomorphic Convexity is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via
source content that was edited to the style and standards of the LibreTexts platform.
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3.1: Real-Analytic Functions and Complexification

# Definition: Analytic

Let U c R” be open. A function f:U — C is real-analytic (or simply analytic if clear from context) if at each point p € U, the
function f has a convergent power series that converges (absolutely) to f in some neighborhood of p. A common notation for
real-analytic is C¥.

Before we discuss the connection to holomorphic functions, we prove a simple lemma.

& Lemma3.1.1

Let R* Cc C* be the natural inclusion and V' € C* a domain such that V NR™ #@. Suppose f,9:V — C are holomorphic
functions such that f=gon VNR". Then f=gon V.

Proof

Considering f — g we may assume that g = 0. Let z = z + ¢y as usual so that R" is given by y = 0. Our assumption is that f
= 0 when y = 0, so the derivative of f with respect to z; is zero. When y = 0, the Cauchy—Riemann equations say

= —= _'—
= fj = jj, (3.1.1)
Therefore, on y = 0,
of
52 =0. (3.1.2)

The derivative "7fj is holomorphic and g—jj =0 on y = 0. By induction all holomorphic derivatives of f at p € R® NV vanish,
and f has a zero power series. Hence f is identically zero in a neighborhood of p in C" and by the identity theorem it is zero
on all of V.

We return to R™ for a moment. We write a power series in R” in multinomial notation as usual. Suppose that for some a € R" and

some polyradius 7 = (ry, ..., 7y), the series
E co(x —a)® (3.1.3)
«
converges whenever |z; — a;| < r; for all 5. Here convergence is absolute convergence. That is,
E|ca| |z — a|® (3.1.4)
a

converges. If we replace z; € R with z; € C such that |z; — a;| < |z; — a;], then the series still converges. Hence the series

an(z— a)® (3.1.5)

converges absolutely in A,(a) c C".

& Proposition 3.1.1

Suppose U c R” is a domain and f: U — C is real-analytic. Let R c C” be the natural inclusion. Then there exists a domain V/
c €" such that U ¢ V and a unique holomorphic function F: V — C such that F|y = f.

Proof

We proved the local version already. But we must prove that if we extend our f near every point, we always get the same
function. That follows from Lemma 3.1.1; any two such functions are equal on R”, and hence equal. There is a subtle
topological technical point in this, so let us elaborate. A key topological fact is that we define V as a union of the polydiscs
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where the series converges. If a point p is in two different such polydiscs, we need to show that the two definitions of F' are
the same at p. But the intersection of two polydiscs is always connected, and in this case contains a piece of R" as well, and
we may apply the lemma above.

Among many other things that follow from this proposition, we can now conclude that a real-analytic function is C* smooth. Be
careful and notice that U is a domain in R™, but it is not an open set when considered as a subset of C*. Furthermore, V may be a

very “thin” neighborhood around U. There is no way of finding V just from knowing U. You need to also know f. As an example,

1
e2+x?

consider f(z) = for e > 0, which is real-analytic on R, but the complexification is not holomorphic at +ei.

Prove the identity theorem for real-analytic functions. That is, if U C R™ is a domain, f:U — R a real-analytic function and f is
zero on a nonempty open subset of U, then f is identically zero.

Suppose U c R" is a domain and f:U — R a real-analytic function. Suppose that W c U is a nonempty open subset and f|y is
harmonic. Prove that f is harmonic.

Let (0,1) C R. Construct a real-analytic function on (0, 1) that does not complexify to the rectangle (0,1) +i(—e,e) C C for any e
> 0. Why does this not contradict the proposition?

A polynomial P(z) in n real variables (zi,...,z,) is homogeneous of degree d if P(sx) = s?P(z) for all s €¢R and x € R™ A
homogeneous polynomial of degree d is a polynomial whose every monomial is of total degree d. If f is real-analytic near a € R",
then write the power series of f at a as

> filz—a), (3.1.6)
=0
where f; is a homogeneous polynomial of degree j. The f; is called the degree j homogeneous part of f at q.

There is usually a better way to complexify real-analytic functions in C”. Suppose U C C* 2 R?*, and f:U — C is real-analytic.
Assume a = 0 € U for simplicity. Writing z = = + 4y, near 0,

f(z,y) =ifj(w,y) =ifj (# z,;zz) (3.L.7)

§=0 J=0

The polynomial f; becomes a homogeneous polynomial of degree j in the variables z and z. The series becomes a power series in z
and z. As mentioned before, we simply write the function as f(z,2), and we consider the power series representation in z and z
rather than in ¢ and y. In multinomial notation, we write a power series at a € C* as

2,; cap(z—a)*(z—a)°. (3.1.8)

A holomorphic function is real-analytic, but not vice versa. A holomorphic function is a real-analytic function that does not depend
on z.

Before we discuss complexification in terms of z and 2, we need the following lemma.

& Lemma3.1.2

Let V c C™ x C™ be a domain, let the coordinates be (z,¢) € C* x C", let

D={(2¢)eC"xC":{=2z}, (3.1.9)
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and suppose DNV # (. Suppose f,g: V — C are holomorphic functions such that f = gon DN V. Then f =g onall of V.

The set D is sometimes called the diagonal.

Proof

Again assume without loss of generality that g = 0. Whenever (z,2) € V, we have f(z,z) =0, which is really f composed
with the map that takes z to (2, 2). As this composition is identically zero, applying the Wirtinger operators yields zero.
Using the chain rule,

) N
= 55 /23] = 3¢, 9. S
Let us do this again with the z;,
0 _ of , .
0= 5, [f(z, z)] = 5, &9 (3.1.11)

Either way, we get another holomorphic function in z and ¢ that is zero on D. By induction, for all ¢ and g we get

lal+18 lal+18
g —]_6 i A, (3.1.12)

= 92007P 9200(B

All holomorphic derivatives in z and ¢ of f are zero on every point (z, Z), so the power series is zero at every point (z, £), and
so f is identically zero in a neighborhood of any point (z, z). The lemma follows by the identity theorem.

Let f be a real-analytic function. Suppose the series (in multinomial notation)

f(2) =) caplz—a)*(z—a)° (3.1.13)
a,B

converges in a polydisc A,(a) C C™. By convergence we mean absolute convergence,

> lcapllz—al*z—al? (3.1.14)
af

converges. The series still converges if we replace z; with ¢; where |¢; — a| < |2; — a|. So the series

F(z,0) =) cap(z—a)*((—a)° (3.1.15)
wh

converges (absolutely) for all (z,¢) € A.(a) x A.(@).

Putting together the discussion above with the lemma we obtain:

& Proposition 3.1.2

Complexification Part IT

Suppose U C C" is a domain and f:U — C is real-analytic. Then there exists a domain V' C C® x C" such that
{(#¢):¢=zand 2€U} CV, (3.1.16)

and a unique holomorphic function F: V' — C such that F(z, 2) = f(z,2) forall z€ U.

The function f can be thought of as the restriction of F to the set where ¢ = z. We will abuse notation and write simply f(z,¢) both
for f and its extension. The reason for this abuse is evident from the computations above. What we are calling f is a function of
(2,2) if thinking of it as a function on the diagonal where ¢ = z, or it is a function of z if thinking of it as just the function 2
 f(z,2), or it is the function (z, ¢) = f(z,¢). We have the following commutative diagram:

Ucen — 27D s yeoenxen
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All three ways of going from one place to another in the diagram we are calling f. The arrow from vV was called F in the
proposition. The notation plays well with differentiation and the Wirtinger operators. Differentiating f (really the F in the
proposition) in ¢; and evaluating at (2, ) is the same thing as evaluating at (z,2) and then differentiating in 2; using the Wirtinger

Figure 3.1.1

operator:

OF

S Bf O N Of
¢ (9= 50 (57 = 5 [13)] = 52 (3.117)

If we squint our mind’s eye, we can’t quite see the difference between z and ¢. We have already used this idea for smooth functions,

but for real-analytic functions we can treat z and z as truly independent variables. The abuse of notation is entirely justified, at least
once it is understood well.

X Remark 3.1.1

The domain V in the proposition is not simply U7 times the conjugate of /. In general, it is much smaller. For example, a real-
analytic f:C™ — C does not necessarily complexify to all of C* x C*. That is because the domain of convergence for a real-
analytic function on C" is not necessarily all of C*. In one dimension,

1

FEp (3.1.18)

f(z’z) =

is real-analytic on C, but it is not a restriction to the diagonal of a holomorphic function on all of C2. The problem is that the
complexified function

160 = 13 (3.1.19)

is undefined on the set where 2 = —1, which by a fluke never happens when ¢ = z.

X Remark 3.1.2

This form of complexification is sometimes called polarization due to its relation to the polarization identities': We can
recover a Hermitian matrix A, and therefore the sesquilinear form (Az, w) for z,w € C®, by simply knowing the value of

n
(Az,2) = 2" Az = E ajk 2k (3.1.20)
ik=1

for all z € C™. In fact, under the hood Proposition 3.1.2 is polarization in an infinite-dimensional Hilbert space, but we digress.

Treating z as a separate variable is a very powerful idea, and as we have just seen it is completely natural for real-analytic
functions. This is one of the reasons why real-analytic functions play a special role in several complex variables.

? Exercise 3.1.4

Let U c C" be an open set and ¢: U — R a pluriharmonic function. Prove that ¢ is real-analytic.

Let U c C* be an open set, z; € U. Suppose ¢:U — R is a pluriharmonic function. You know that ¢ is real-analytic. Using
complexification, write down a formula for a holomorphic function near z, whose real part is .

? Exercise 3.1.6

Let U c C" be a domain, and suppose f,g € O(U). Suppose that f = g on U. Use complexification (complexify f — g) to show
that both f and g are constant.
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Not every C* smooth function is real-analytic. For z € R, define

_ e ifr> 0,
fz)= {0 f2<0 (3.1.21)

The function f:R =R is ¢* and f®(0) =0 for all k. The Taylor series of f at the origin does not converge to f in any
neighborhood of the origin; it converges to the zero function but not to f. Because of this, there is no neighborhood V of the
origin in C such that f is the restriction to VN R of a holomorphic function in V.

Prove the statements of the example above.

# Definition: Real-Analytic

A real hypersurface M C R” is said to be real-analytic if locally at every point it is the graph of a real-analytic function. That is
near every point (locally), after perhaps relabeling coordinates M can be written as a graph

y=o(z), (3.1.22)

where p is real-analytic, (z,y) € R*! x R =R".

Compare this definition to the definition of Hypersurface. We could define a real-analytic hypersurface as in the definition for
Hypersurface and then prove an analogue of Lemma 2.2.1 to show that this would be identical to the definition above. The
definition we gave is sufficient, and so we avoid the complication and leave it to the interested reader.

? Exercise 3.1.8

Show that the definition above is equivalent to an analogue of the definition of Hypersurface. That is, state the alternative
definition of real-analytic hypersurface and then prove the analogue of Lemma 2.2.1.

A mapping to R™ is real-analytic if all the components are real-analytic functions. Via complexification we give a simple proof of
the following result.

& Proposition 3.1.3

Let U c R®, V c R* be open and let f:U — V and g: V — R™ be real-analytic. Then g o f is real-analytic.

Proof

Let z € R be our coordinates in U and y € R¥ be our coordinates in V. Complexify f(z) and g(y) by allowing z to be a
complex vector in a small neighborhood of U in C* and y to be a complex vector in a small neighborhood of V in C*. So
treat f and g as holomorphic functions. On a certain neighborhood of U in C®, the composition f o g makes sense and it is
holomorphic, as composition of holomorphic mappings is holomorphic. Restricting the complexified f o g back to R™® we
obtain a real-analytic function.

The proof demonstrates a simple application of complexification. Many properties of holomorphic functions are easy to prove
because holomorphic functions are solutions to certain PDE (the Cauchy-Riemann equations). There is no PDE that defines real-
analytic functions, so complexification provides a useful tool to transfer certain properties of holomorphic functions to real-analytic
functions. We must be careful, however. Hypotheses on real-analytic functions only give us hypotheses on certain points of the
complexified holomorphic functions.
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? Exercise 3.1.9

Demonstrate the point about complexification we made just above. Find a nonconstant bounded real-analytic f:R™ — R that

happens to complexify to C".

? Exercise 3.1.10

Let U c R” be open. Let ¢:(0,1) — U be a real-analytic function (curve), and let f:U — R be real-analytic. Suppose that (f
o)(t) =0 forall ¢t € (0,¢€) for some ¢ > 0. Prove that f is zero on the image <p((0, 1)).

Footnotes
[1] Such as 4(z,w) = |z + w2 — [|z — wl[? +i(||z + ][> — ||z — iw|[2).

This page titled 3.1: Real-Analytic Functions and Complexification is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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3.2: CR Functions

We first need to know what it means for a function f: X — C to be smooth if X is not an open set, for example, if X is a
hypersurface.

# Definition: Real-Analytic

Let X c R” be a set. The function f: X — C is smooth (resp. real-analytic) if for each point p € X there is a neighborhood U
c R" of p and a smooth (resp. real-analytic) F: U — C such that F(q) = f(q) forge X nU.

For an arbitrary set X, issues surrounding this definition can be rather subtle. The definition is easy to work with, however, if X is
nice, such as a hypersurface, or if X is a closure of a domain with smooth boundary.

& Proposition 3.2.1

Suppose M C R" is a smooth (resp. real-analytic) real hypersurface. A function f: M — C is smooth (resp. real-analytic) if and
only if whenever near any point we write M in coordinates (z,y) € R x R as

y=¢(z), (3.2.1)

for a smooth (resp. real-analytic) function ¢, then the function f (z, cp(z)) is a smooth (resp. real-analytic) function of z.

Prove the proposition.

Prove that if M is a smooth or real-analytic hypersurface, and f: M — C is smooth or real-analytic, then the function F from the
definition is never unique, even for a fixed neighborhood U.

Suppose M C R* is a smooth hypersurface, f: M — C is a smooth function, p € M, and X, € T,M. Prove that X, f is well-
defined. That is, suppose U is a neighborhood of p, F:U — C and G: U — C are smooth functions that both equal f on U n M.
Prove that X,F = X,G.

Due to the last exercise, we can apply vectors of T,M to a smooth function on a hypersurface by simply applying them to any
smooth extension. We can similarly apply vectors of C ® T,M to smooth functions on M, as C® T,M is simply the complex span of
vectors in T,M.

# Definition: Smooth CR Function

Let M c C" be a smooth real hypersurface. A smooth f: M — C is a smooth CR function if
Xpf=0 (3.2.2)

for all p € M and all vectors X, € Tp(o’l)M .

One only needs one derivative (rather than C*) in the definition above. One can even define a continuous CR function if the
derivative is taken in the distribution sense, but we digress.
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When n = 1, a real hypersurface M C Cis a curve and T,,(O’I)M is trivial. Therefore, all functions f: M — C are CR functions.

& Proposition 3.2.2

Let M c U be a smooth (resp. real-analytic) real hypersurface in an open U c C". Suppose F: U — C is a holomorphic function,
then the restriction f = F|j, is a smooth (resp. real-analytic) CR function.
Proof

First let us prove that f is smooth. The function F is smooth and defined on a neighborhood of any point, and so it can be
used in the definition. Similarly for real-analytic.

Let us show £ is CR at some p € M. Differentiating f with vectors in C ® T,M is the same as differentiating F. As T,*" M
c TVcCr, we have

X,f=X,F=0 forall X,eT""M. (3.2.3)

On the other hand, not every smooth CR function is a restriction of a holomorphic function.

v/ Example 3.2.1

Take the smooth function f:R — R we defined before that is not real-analytic at the origin. Take M c C2 be the set defined by
Jz5 = 0. M is a real-analytic real hypersurface. Clearly T,,(O'I)M is one-complex-dimensional, and at each p € M, a% |,, is tangent
and spans T,,(O'I)M . Define g: M — C by

9(21, 22, 21, Z2) = f(Rzs). (3.2.4)

Then g is CR as it is independent of 2. If G:U c C? — C is a holomorphic function where U is some open set containing the
origin, then G restricted to M must be real-analytic (a power series in Rz1, Jz1, and Rzz) and therefore G cannot equal to g on
M.

? Exercise 3.2.4

Suppose M c C" is a smooth real hypersurface and f: M — C is a CR function that is a restriction of a holomorphic function
F:U — C defined in some neighborhood U c C® of M. Show that F is unique, that is if G:U — C is another holomorphic
function such that G|y = f = F|p, then G = F.

Show that there is no maximum principle of CR functions. In fact, find a smooth real hypersurface M c C*, n > 2, and a
smooth CR function f on M such that |f| attains a strict maximum at a point.

? Exercise 3.2.6

Suppose M C C", n > 2, is the hypersurface given by Jz, = 0. Show that every smooth CR function on M is holomorphic in the
variables zi, ..., z,—1. Use this to show that for no smooth CR function f on M can |f| attain a strict maximum on M. But show
that there do exist nonconstant functions such that |f| attains a (nonstrict) maximum M.

Real-analytic CR functions on a real-analytic hypersurface M always extend to holomorphic functions of a neighborhood of M. To
prove this we wish to complexify everything, that is treat the zs and z as separate variables. The standard way of writing a
hypersurface as a graph is not as convenient for this setting, so let us prove that for a real-analytic hypersurface, we can write it as a
graph of a holomorphic function in the complexified variables. That is, using variables (z,w), we will write M as a graph of @ over
z, Z, and w. This allows us to easily eliminate @ in any real-analytic expression.
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Suppose M C C" is a real-analytic hypersurface and p € M. Then after a translation and rotation by a unitary matrix, p = 0, and
near the origin in coordinates (z,w) € C*! x C, the hypersurface M is given by

o = B(z, z,w), (3.2.5)
where ®(z,¢, w) is a holomorphic function defined on a neighborhood of the origin in C*~! x C*! x C, such that ®, 22 Bz 0C
vanish at the origin for all , and w = &(¢, 2, 8(z, ¢, w)) for all z, ¢, and w.

A local basis for 7@V M vector fields is given by
o 9% 8 o 9% o - B
6—5]4‘6—5]% (— 6—%4‘6—9%) ]—1,...,’n 1. (3.2.6)

Finally, let M be the set in (z, ¢, w,w) € C*! x C*! x C x C coordinates given near the origin by w = &(z, ¢, w). Then M is the
unique complexification of M near the origin in the sense that if f(z, z,w,w) is a real-analytic function vanishing on M near the
origin, then f(z,¢, w,w) vanishes on M near the origin.
Proof
Translate and rotate so that M is given by
TJw = ¢(2, 2, Rw), (3.2.7)

where ¢ is O(2). Write the defining function as r(z, z, w, @) = — %2 + <p(z, z, “’+"’) Complexifying, consider r(z, ¢, w,w) as a
holomorphic function of 2n variables, and let M be the set deflned by r(2,¢, w,w) = 0. The derivative of r in w (that is @)
does not vanish near the origin. Use the implicit function theorem for holomorphic functions to write M near the origin as

w = ®(z,¢,w). (3.2.8)
Restrict to the diagonal, @ = w and z = ¢, to get @ = ®(z, z, w). This is order 2 in the z and the zsince ¢ is O(2).

Because r is real-valued, then r(z, z, w, @) = r(z, z, w, @) = #(Z, z,®, w). Complexify to obtain r(z, ¢, w,w) = 7((, z,w, w) for all
(2, ¢, w,w) near the origin. If r(z, ¢, w,w) = 0, then

0= ’I"(Z, C’ w, w) = ’F(C’ Z,Ww, w) = T(Ea Z,Ww, ’lf)) =0. (329)

So, (2,¢,w,w) € M if and only if (¢, z,@,@) € M. Near the origin, (z,¢,w,w) € M if and only if w = &(z, ¢, w), and hence if
and only if @ = &((, z,@). Conjugating, we get that M is also given by

w = (¢, z,w). (3.2.10)
As (z, ¢ w, ®(2,¢, w)) € M, then for all 2, ¢, and w,
w= <T>(§, 2,®(z, ¢, w)) (3.2.11)

The vector field X; = 3%_ + 3—2% annihilates the function ®(z,Z,w) — @, but that is not enough. The vector field must
annihilate a real defining function such as the real part of ®(z,z, w) — . So X; must also annihilate the conjugate ®(z, z, @)
— w, at least on M. Compute, for (z,w) € M,

X [5(2, 2, ‘lT)) - w] = 6_?(’2’ Z, ‘lT)) + 02 (Z, Z, ’U)) 60 (Z, z, w)
gj (Z, 2, @(Z, Z, ’LU)) a (zi za ’LU) o2 (Z, 2, Q(zy z: w)) (3212)
J .7

- 5 355005 0)] = o] -0

The last claim of the proposition is left as an exercise.

Again as a slight abuse of notation @ refers to both the function &(z, ¢, w) and &(z, z, w).
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Why do we say the last claim in the proposition proves the “uniqueness” of the complexification? Suppose we defined a
complexification M’ by another holomorphic equation f = 0. By the claim, M C M’, at least near the origin. If the derivative df is
nonzero at the origin, then f (z, ¢ w, ®(2,¢, w)) = 0 implies that % is nonzero at the origin. Using the holomorphic implicit function
theorem we can uniquely solve f = 0 for w near the origin, that unique solution is ®, and hence M’ = M near the origin.

As an example, recall that the sphere (minus a point) in C? is biholomorphic to the hypersurface given by Jw = |2|2. That is, %2
= 2Z. Solving for @ and using ¢ and w obtains the equation for the complexification w = —2iz{ + w. Then ®(z, ¢, w) = —2i2¢{ + w, and
(¢, z,w) = 2iCz +w. Let us check that & is the right sort of function: <I>(z, ¢, ®(z¢, w)) = 2i{z + (—2i2¢ + w) = w. The CR vector
field is given by & + 2iz 2.

Finish the proof of the proposition: Let M C C® be a real-analytic hypersurface given by @ = ®(z, z, w) near the origin, as in the
proposition. Let f(z, Z,w, @) be a real-analytic function such that f = 0 on M. Prove that the complexified f(z,{, w,w) vanishes
on M.

? Exercise 3.2.8

In the proposition we only rotated and translated. Sometimes the following change of coordinates is also done. Prove that one
can change coordinates (no longer linear) so that the & in the proposition is such that ®(z,0,w) = ®(0, {,w) = w for all z, ¢, and
w. These coordinates are called normal coordinates.

? Exercise 3.2.9

Suppose & is a holomorphic function defined on a neighborhood of the origin in C*~* x C*! x C.

a. Show that @ = &(z, z, w) defines a real-analytic hypersurface near the origin if and only w = <T>((, 2,9(z, ¢, w)) for all 2, ¢,
and w. Hint: One direction was proved already.
b. As an example, show that @ = 2z does not satisfy the condition above, nor does it define a real hypersurface.

Let us prove that real-analytic CR functions on real-analytic hypersurfaces are restrictions of holomorphic functions. To motivate
the proof, consider a real-analytic function f on the circle |2|2 = 2z = 1 (f is vacuously CR). This f is a restriction of a real-analytic
function on a neighborhood of the circle, that we write f(z, z). On the circle z = 1. Thus, F(z) = f (z, %) is a holomorphic function

defined on a neighborhood of the circle and equal to f on the circle. Our strategy then is to solve for one of the barred variables via
Proposition 3.2.3, and hope the CR conditions take care of the rest of the barred variables in more than one dimension.

& Theorem 3.2.1

Severi

Suppose M C C" is a real-analytic hypersurface and p € M. For every real-analytic CR function f: M — C, there exists a
holomorphic function F € @(U) for a neighborhood U of p such that F(q) = f(g) forallg e M NT.

Proof

Write M near p as @ = ®(z, Z,w). Let M be the set in the 2n variables (z,w, {,w) given by w = ®(z,{, w). Take f and consider
any real-analytic extension of f to a neighborhood of p and write it f(z,w, z, @). Complexify' as before to f(z,w,¢,w). On M
we have f(z7 w, ¢, w) = f(zv w, ¢, <]:>(zy ¢ w)) . Let

F(z,w,{) = f(z, w, G, ®(2, ¢, w)). (3.2.13)
Clearly F(z,w, 2) equals f on M. As fis a CR function, it is annihilated by 3%_ + %% on M. So

8F 8d OF _OF _

6_('1- + 6_C]E = 0—(] =0 (3.2.14)
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on M c M. We have a real analytic function %(z, w, £) that is zero on M, so %(z, w,¢) = 0 on M (Proposition 3.2.3 again).

As % is a function only of 2, w, and ¢ (and not of w), % =0 for all (z,w,¢) in a neighborhood of the origin. Consequently,
) )

F does not depend on ¢, and F is actually a holomorphic function of z and w only and F = f on M.

The most important place where we find CR functions that aren’t necessarily real-analytic is as boundary values of holomorphic
functions.

& Proposition 3.2.4

Suppose U C C" is an open set with smooth boundary. Suppose f:U — C is a smooth function, holomorphic on U. Then f|ay is
a smooth CR function.

Proof
The function f|sy is clearly smooth.

Suppose p € 8U. If X, € T\")aU is such that
n
0
X, = Z“”ﬁL’ (3.2.15)
i=1 J
take {gz} in U that approaches p, then take

(3.2.16)

> oy
Xq = Qj—
k = 8z]-

4k

Then X, f = 0 for all k¥ and by continuity X, f = 0.

The boundary values of a holomorphic function define the function uniquely. That is, if two holomorphic functions continuous up
to the (smooth) boundary are equal on an open set of the boundary, then they are equal in the domain:

& Proposition 3.2.5

Suppose U c C" is a domain with smooth boundary and f:U — C is a continuous function, holomorphic on U. If f =0 on a
nonempty open subset of 8U, then f =0 on all of U.

Proof

Take p € 8U such that f = 0 on a neighborhood of p in U. Consider a small neighborhood A of p such that f is zero on U
N A. Define g: A — C by setting g(2) = f(z) if z € U and g(z) = 0 otherwise. See Figure 3.2.1. It is not hard to see that g is
continuous, and it is clearly holomorphic where it is not zero. Radé’s theorem (Theorem 2.4.3) says that g is holomorphic,
and as it is zero on a nonempty open subset of A, it is identically zero on A, meaning f is zero on a nonempty open subset
of U, and we are done by identity.

Figure 3.2.1

? Exercise 3.2.10

Find a domain U c C*, n > 2, with smooth boundary and a smooth CR function f:8U — C such that there is no holomorphic
function on U or C" \ U continuous up to the boundary and whose boundary values are f.
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a. Suppose U c C" is a bounded open set with smooth boundary, f:U — C is a continuous function, holomorphic in {7, and
flov is real-valued. Show that f is constant.
b. Find a counterexample to the statement if you allow U to be unbounded.

Find a smooth CR function on the sphere §2*—! c C" that is not a restriction of a holomorphic function of a neighborhood of
52"_1.

Show a global version of Severi. Given a real-analytic hypersurface M C C" and a real-analytic CR function f: M — C, show
that there exists a neighborhood U of M, and an F € O(U) such that F|y = f.

A problem we tackle next is to try to extend a smooth CR function from the boundary of a domain to a holomorphic function
inside. This is a PDE problem where the PDE are the Cauchy-Riemann equations, and the function on the boundary is the
boundary condition. Cauchy—Riemann equations are overdetermined, that is, there are too many equations. Not every data on the
boundary gives a solution. Proposition 3.2.4 says that the data being CR is a necessary condition for a solution (it is not sufficient in
general). Proposition 3.2.5 says the solution is unique if it exists.

Footnotes
[1] At this point f stands for three distinct objects: the function on M, its real-analytic extension to a neighborhood in C", and its

complexification to a neighborhood of (p, 5) in C* x C™.

This page titled 3.2: CR Functions is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via source
content that was edited to the style and standards of the LibreTexts platform.
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3.3: Approximation of CR Functions

The following theorem (proved circa 1980) holds in much more generality, but we state its simplest version. One of the
simplifications we make is that we consider only smooth CR functions here, although the theorem holds even for continuous CR
functions where the CR conditions are interpreted in the sense of distributions.

& Theorem 3.3.1

Baouendi-Treéves

Suppose M c C" is a smooth real hypersurface, p € M is a point, and z = (, ..., z,) are the holomorphic coordinates of C".
Then there exists a compact neighborhood K c M of p, such that for every smooth CR function f: M — C, there exists a
sequence {p;} of polynomials in =z such that

pj(2) = f(2) uniformly in K. (3.3.1)

A key point is that K cannot be chosen arbitrarily, it depends on p and M. On the other hand it does not depend on f. Given M and
p € M there is a K such that every CR function on M is approximated uniformly on & by holomorphic polynomials. The theorem
applies in one dimension, although in that case the theorem of Mergelyan (see Theorem B.31) is much more general.

v Example 3.3.1

Let us show that K cannot possibly be arbitrary. For simplicity n = 1. Let §! c C be the unit circle (boundary of the disc), then
every smooth function on S! is a smooth CR function. Let f be a nonconstant real function such as 2z. Suppose for
contradiction that we could take K = 8! in the theorem. Then f(z) =z could be uniformly approximated on S! by
holomorphic polynomials. By the maximum principle, the polynomials would converge on D to a holomorphic function on D
continuous on D. This function would have nonconstant real boundary values, which is impossible. Clearly K cannot be the
entire circle.

The example is easily extended to C* by considering M = S! x C*, then Rz, is a smooth CR function on M that cannot be

approximated uniformly on S* x {0} by holomorphic polynomials.

The technique of the example above will be used later in a more general situation, to extend CR functions using Baouendi—Tréves.

X Remark 3.3.1

It is important to note the difference between Baouendi—Tréves (and similar theorems in complex analysis) and the Weierstrass
approximation theorem. In Baouendi—Tréves we obtain an approximation by holomorphic polynomials, while Weierstrass
gives us polynomials in the real variables, or in z and z. For example, via Weierstrass, every continuous function is uniformly
approximable on $?! via polynomials in $Rz and Jz, and therefore by polynomials in z and 2z. These polynomials do not in
general converge anywhere but on S?.

Let z =2 + 4y as usual in C. Find a sequence of polynomials in z and y that converge uniformly to e*~¥ on S?, but diverge
everywhere else.

The proof is an ingenious use of the standard technique used to prove the Weierstrass approximation theorem. Also, as we have
seen mollifiers before, the technique will not be completely foreign even to the reader who does not know the Weierstrass
approximation theorem. Basically what we do is use the standard convolution argument, this time against a holomorphic function.
Letting z = z + iy we only do the convolution in the z variables keeping y = 0. Then we use the fact that the function is CR to show
that we get an approximation even for other y.

In the formulas below, given a vector v = (vy, ..., vy), it will be useful to write
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] Lo? 4+ 402 (3.3.2)

The following lemma is a neat application of ideas from several complex variables to solve a problem that does not at first seems to
involve holomorphic functions.

& Lemma3.3.1

Let W be the set of n x n complex matrices A such that
13A)z]| < [|(RA)<| (3.33)

for all nonzero € R™ and RA is positive definite. Then for all A € W,

/ e 4 det A dg = 72, (3.34)

Proof

Suppose A has real entries and A is positive definite (so A is also invertible). By a change of coordinates

/ e det Ado =/ e dg = (/ e? dm) (/ e dzn) = (va)". (3.3.5)
n n ]R R

Next suppose A is any matrix in W. There is some ¢ > 0 such that [|(JA)z||? < (1 — €%)||(}3A)z||? for all z € R™. That is
because we only need to check this for z in the unit sphere, which is compact (exercise). By reality of %4, JA, and = we get
[(RA)z]” = ||(RA)e]|” and [(FA)z]” = ||(FA)z]|*. So

|e—[Az1“| — ol < (A HEA < o~ RNl (3.3.6)

Therefore, the integral exists for all A in W by a similar computation as above.

The expression
/ eI’ det A dz (3.3.7)

is a well-defined holomorphic function in the entries of A, thinking of W as a domain (see exercises below) in C**. We have
a holomorphic function that is constantly equal to ™2 on W N R™ and hence it is equal to =™/2 everywhere on W.

Prove the existence of € > 0 in the proof above.

Show that W c C* in the proof above is a domain (open and connected).

? Exercise 3.3.4

Prove that we can really differentiate under the integral to show that the integral is holomorphic in the entries of A.

Show that some hypotheses are needed for the lemma. In particular, take n =1 and find the exact set of A (now a complex
number) for which the conclusion of the lemma is true.

Given an n x n matrix A, let ||4|| denote the operator norm,
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A
Il = sup ] - |4 (333)

ol =1 vecnwo |0l

? Exercise 3.3.6

Let W be as in Lemma 3.3.1. Let B be an n x n real matrix such that ||B|| < 1. Show that I+ iB € W.

We will be using differential forms, and the following lemma says that as far as the exterior derivative is concerned, all CR
functions behave as restrictions of holomorphic functions.

& Lemma3.3.2

Let M c C™ be a smooth real hypersurface, f: M — C be a smooth CR function, and (zy, ..., z,) be the holomorphic coordinates
of C*. Then at each point p € M, the exterior derivative df is a linear combination of dz,...,dz,, thinking of z,...,2, as
functions on M.Namely,

d(fdz) = df Adz = 0. (3.3.9)

Recall the notation dz = dz; A dza A --- A dz,.

Proof

After a complex affine change of coordinates, we simply need to prove the result at the origin. Let ¢, ..., &, be the new
holomorphic coordinates and suppose the T"” M tangent space is spanned by 2o
tangent and % |, is normal. At the origin, the CR conditions are %(O) = 0 for all &, so

10 k

of of
6§n—1 mn

Also, at the origin d¢,(0) = d(R¢,)(0) + id(I€,)(0) = d($¢€,)(0). So df(0) is a linear combination of d¢;(0), ... ,d€x(0). As £ is
a complex affine function of z, then each d¢ is a linear combination of dz; through dz,, and the claim follows. So if f is a
CR function, then d(f dz) = df A dz = 0 since dzj A dzx = 0.

P 8 | i
.,m|0, and such that Wlo is

df(0)=§—§f(0)d£1(0)+---+ (0) dén-1(0) + = (0) d(9%,)(0). (3.3.10)

Proof of the theorem of Baouendi—Tréves. Suppose M C C" is a smooth real hypersurface, and without loss of generality suppose p
=0€ M. Let z = (,..., z,) be the holomorphic coordinates, write z =z + iy, y = (v', y»), and suppose M is given by

Yn = P(z,9'), (3.3.11)
where 9 is O(2). The variables (z,y’) parametrize M near 0:
zj=zj+iy;, forj=1,..,n—1, and z,=z,+iY(z,¥y). (3.3.12)

Define

<p($7y’) = (yla"'ayﬂ—17¢(x7y’))' (3313)
Write (z,y’) = 2 =z + ip(z,y’) as the parametrization. That is, think of z as a function of (x,y’).

Let r > 0 and d > 0 be small numbers to be determined later. Assume they are small enough so that f and ¢ are defined and smooth
on some neighborhood of the set where ||z|| < rand ||y/’|| < d.

There exists a smooth g:R® — [0,1] such that g =1 on B,/3(0) and g = 0 outside of B,(0). See Figure 3.3.1. Explicit formula can be
given. Alternatively we obtain such a g by use of mollifiers on a function that is identically one on Bs,/4(0) and zero elsewhere.
Such a g is commonly called a cutoff function.
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Figure 3.3.1

Find an explicit formula for g without using mollifiers.
Let

/ 7’ T 7’
K ={(@y): llell < 7, 1Iv'll < d}- (3.3.14)
Let K = 2(K"), that is the image of K under the mapping z(z,y’).

Consider the CR function f a function of (z,y’) and write f(z,y’). For £ € N, let ap be a differential n-form defined (thinking of w
€ C” as a constant parameter) by

n/2 )
aute,y) = (2) e o(o) s,y ds

n/2 . §
(£)" ettt ig(0) (o, (33.15)

(dz1 + idy1) A -+ A (dzp—1 + idyn—1) A (d:c,, + idi(x, y')).

The key is the exponential, which looks like the bump function mollifier, except that now we have w and z possibly complex. The
exponential is also holomorphic in w, and that will give us entire holomorphic approximating functions.

Fix 4 with 0 < ||y’|| < d and let D be defined by
D={(z,s) eR*xR" ' :||z|| <rand s =ty for ¢t € (0,1)}. (3.3.16)

D is an (n + 1)-dimensional “cylinder.” We take a ball in the z directions, then take a single fixed point y’ in the s variables and
make a cylinder. See Figure 3.3.2.

Figure 3.3.2

Orient D in the standard way as if it sat in the (z, ¢) variables in R® x R. Stokes’ theorem says

/D doy(z,8) = /8D ay(z, s). (3.3.17)

Since g(z) =0 if ||z|| >, ot is zero on the sides of the cylinder D, so the integral over 8D only needs to consider the top and
bottom of the cylinder. And because of g, the integral over the top and bottom can be taken over R™. As is usual in these sorts of
arguments, we do the slight abuse of notation where we ignore that f and ¢ are undefined where g is identically zero:
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n/2 . i
/ (2, 5) =(£) / e~ o=@Vl o(3) f(2,y") dwy A - (3.3.18)
8D ™ T€ER"
ANdzp_q A (oi:z:n + z'dzd)(:c,y'))
n/2 .
—(5) [ et ey 5, 0) da -

™ z€ER"

N dzny A (den + idst)(z,0)),

where d, means the derivative in the z directions only. That is, dz% = %d:cl + 4+ %dﬂ:n.

We will show that as £ — o0, the left-hand side of (3.3.18) goes to zero uniformly for w € K and the first term on the right-hand side
goes to f(%,y’) if w= 2(&,y’) is in M. Hence, we define entire functions that we will show approximate f:

Fe(w) (3.3.19)
n/2 . .
= (é) / . e fw—a—ip(@,0)] 9(z) f(z,0)dzy A-- Adzp_q A (d:z:,. + id Y (z, 0))
zER"
Clearly each f, is holomorphic and defined for all w € C™.
In the next claim it is important that f is a CR function.
& Claim 3.3.1
We have
e 2
day(z,s) = (;) et £ ) dg(z) A d2(z, s), (3.3.20)
and for sufficiently small » > 0 and d > 0,
£\ :
lim (—) / e 22 1(z, 5) dg(x) A d2(z, 8) = 0 (3.3.21)
{—o0 \ T (z,8)eD

uniformly as a function of w € K and g’ € B,(0) (recall that D depends on /).

Proof

The function (z, s) - e~*=2@)I js CR (as a function on M), and so is f(x, s). Therefore, using Lemma 3.3.2,
£\"? 2
doy(z,s) = (;) e~ =222 £(3 5) dg(z) A dz(z, s). (3.3.22)
Since dg is zero for ||z|| < %, the integral

/ doy(z,s) = (ﬁ)"ﬂ/ e_el“’_z(m"’)]zf(x, 8) dg(z) A dz(z, s) (3.3.23)
D w D

is only evaluated for the subset of D where ||z|| > %.

Suppose w € K and (z,s) € D with ||z|| > §. Let w = (&, 5). We need to estimate

|e_e[w_z(z,s)1“| = o Alv—(z)]* (3.3.24)
Then
~Rfw — 2] = || — 2l|? + [l 5) — (=, 3)]I* (3.3.25)
By the mean value theorem
llp(2,8) — (@, 9)l| < llo(, 8) — (@, 3)|| + [|p(x, 8) — p(x, 5)|| < al|Z — x| + A[|5 — 5], (3.3.26)

where a and A are

@ 0 @ @ https://math.libretexts.org/@go/page/74236


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/74236?pdf

LibreTexts"

a=  sup
1Z]I<r |5 |l<d

el a-,m

(2,
Oz lI8ll<r, lg'll<d

‘ [%(@,g’))} H (3.3.27)

Here [%] and [g;;] are the derivatives (matrices) of ¢ with respect to z and y’ respectively, and the norm we are taking is
the operator norm. Because [g—:] is zero at the origin, we pick r and d small enough (and hence K small enough) so that a
< ;- We furthermore pick d possibly even smaller to ensure that d < 7. We have that § < [lz]| <r, but ||Z|| < £ (recall w
€ K), so

<|lE—zl < 2 (3.3.28)

Also, ||5 — s|| < 2d by triangle inequality.

Therefore,

—R[w— 2(z, 5)|* < —||Z — 2|’ + a||Z — 3| + A%||5 — 5| + 20Al|E — 2| ||z — ]|

—15 2 2|z 2, A -
< S llE ol + 4205 — sl + 112 — o] |5 — (3:3.29)
9
< —.
- 64
In other words,
e~ thw—2(z,9)]? < e—lr’/M’ (3.3.30)
or
n/2
(ﬁ) / e_e["’_’(“”"’)]zf(z, 8)dg(z) A dz(z, 9)| < cerl2etr/o4 (3.3.31)
m (z,8)eD

for some constant C. Note that D depends on 4. The set of all ¢’ with ||y’|| < d, is a compact set, so we can make (' large
enough to not depend on the g’ that was chosen. The claim follows.

& Claim 3.3.2

For the given r > 0and d > 0,

()™ e tip(Ey )—a—ip(zy ) ' ; 7

elgg (;) /ze]mn e . YW g(x) f(z,y")dzy A - Adzp 1 A (d-’Eu +idgp(z,y )) (3.3.32)
= f(&Yy")

uniformly in (z,y’) € K’.

That is, we look at (3.3.18) and we plug in w = 2(%,y’) € K. The g (as usual) makes sure we never evaluate f, 1, or ¢ at points
where they are not defined.

Proof

The change of variables formula implies
dzy A - Ady_y A (d:cﬂ + id,Y(z, y')) =d,z(z,y’) = det [%(w,y’)] dz, (3-3.33)

where [€2(z,y’)] is the matrix corresponding to the derivative of the mapping = with respect to the z variables evaluated at
(,y")

Let us change variables of integration via ¢ = v¥(z — %):

n/2 L . -
(£)" [ et oo ot s [ 2 )] o=
zcR" or

(%)nﬂ /{emn e_[E+i«/2(v(i+%u/)—<p(i,y’))]29 (j+ %) f(jJr%’y,) det [% (£+%,y')] " (3.3.34)

@ https://math.libretexts.org/@go/page/74236



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/74236?pdf

LibreTexts"

We now wish to take a limit as £ — oo and for this we apply the dominated convergence theorem. So we need to dominate
the integrand. The second half of the integrand is uniformly bounded independent of ¢ as

z - g(z) f(,y’) det [%(z, y’)] (3.3.35)

is a continuous function with compact support (because of g). Hence it is enough to worry about the exponential term. We
also only consider those £ where the integrand is not zero. Recall that r and d are small enough that

sup
|I2]|<r 1§ ||<d

o .. ., 1
[226]||< 7 (3.3.36)

and as | ||| < £ (as (%,3") € K) and ||:E + % H < r (because g is zero otherwise), then

1
<=

_ 1igll
i =50 (3.3.37)

e

53

‘so (i+%,y’) —p(&,9) =

i+%

So under the same conditions we have

lololertod v |_ oroleriorwe]

_ ol dle(@ ) et (3:3.38)
< e~5/10)]€IP,
And that is integrable. Thus, take the pointwise limit under the integral to obtain
n/2 . R
()" [ culEendo@ a,y) de [ @v)] de (3.3.39)
™ £cRr 1z

In the exponent, we have an expression for the derivative in the ¢ direction with g fixed. If (£,y’) € K”’, then g(Z) =1, and
SO we can ignore g.

Let A=I+i[%(#,y)]. Lemma 3.3.1 says

n/2 i RS
(l) /EERn e_[E‘H[%(mﬂl )]E] f(f), yl) det [%(j,y’)] d§ — f(i,y') (3340)

™

That the convergence is uniform in (,y’) € K’ is left as an exercise.

? Exercise 3.3.8

In the claim above, finish the proof that the convergence is uniform in (%,y’) € K’. Hint: It may be easier to use the form of the
integral before the change of variables and prove that the sequence is uniformly Cauchy.

We are essentially done with the proof of the theorem. The two claims together with (3.3.18) show that f, are entire holomorphic
functions that approximate f uniformly on K. Entire holomorphic functions can be approximated by polynomials uniformly on
compact subsets; simply take the partial sums of Taylor series at the origin.

? Exercise 3.3.9

Explain why being approximable on K by (holomorphic) polynomials does not necessarily mean that f is real-analytic.

? Exercise 3.3.10

Suppose M c C" is given by Jz, = 0. Use the standard Weierstrass approximation theorem to show that given a K cc M, and a
smooth CR function f: M — C, then f can be uniformly approximated by holomorphic polynomials on .
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3.4: Extension of CR Functions

We will apply the so-called “technique of analytic discs” together with Baouendi—Tréves to prove the Lewy extension theorem.
Lewy’s original proof was different and predates Baouendi-Tréves. A local extension theorem of this type was first proved by
Helmut Knesser in 1936.

& Theorem 3.4.1

Suppose M c C” is a smooth real hypersurface and p € M. There exists a neighborhood U of p with the following property.
Suppose r:U — R is a smooth defining function for M N U, denote by U_ c U the set where r is negative and U, c U the set
where r is positive. Let f: M — R be a smooth CR function. Then:

i. If the Levi form with respect to r has a positive eigenvalue at p, then f extends to a holomorphic function on U_ continuous
up to M (that is, continuous on {z € U : r(z) < 0}).
ii. If the Levi form with respect to r has a negative eigenvalue at p, then f extends to a holomorphic function on U continuous
up to M (that is, continuous on {z € U : r(z) > 0}).
iii. If the Levi form with respect to r has eigenvalues of both signs at p, then f extends to a function holomorphic on U.

So if the Levi form has eigenvalues of both signs, then near p all CR functions are restrictions of holomorphic functions. The
function r can be any defining function for M. Either we can extend it to all of U or we could take a smaller U such that r is
defined on U. As we noticed before, once we pick sides (where r is positive and where it is negative), then the number of
positive eigenvalues and the number of negative eigenvalues of the Levi form is fixed. A different » may flip U_ and Uy, but
the conclusion of the theorem is exactly the same.

Proof

We prove the first item, and the second item follows by considering —r. Suppose p =0 and M is given in some
neighborhood Q of the origin as

n—1
Jw=|z|? + Z€j|2j|2 + E(z1,2, 21,2, Rw), (3.4.1)
=2

where 2z’ = (2g,...,2n-1), € = —1,0,1, and E is O(3). Let Q_ be given by

n—1
0>r=l|zl’+) ¢lzl’ + Bz, 2, 71,7, Bw) — Juw. (3.4.2)
=2
The (real) Hessian of the function
Ealg |z1|2+E(z1;07§1;0a0) (343)

is positive definite in a neighborhood of the origin and the function has a strict minimum at 0. There is some small disc D
C C such that this function is strictly positive on 8D.

Therefore, for (2’,w) € W in some small neighborhood W c C*! of the origin, the function
n
2 )+ Z €l%)? + E(21, 2, 21, 2, Rw) — Jw (3.4.4)
=2
is still strictly positive on 4D.

We wish to apply Baouendi—Tréves and so let K be the compact neighborhood of the origin from the theorem. Take D and
W small enough such that (D x W) N M C K. Find the polynomials p; that approximate f uniformly on K. Consider z; € D
and (2’,w) € W such that (21,2, w) € Q_. Let A = (D X {(z’,w)}) NQ_. Denote by A the boundary of A in the subspace
topology of C x {(z’,w)}.

The set @, where r > 0 is open and it contains (8D) x {(z’,w)}. Therefore, A contains no points of (8D) x {(z’,w)}.
Consequently, dA contains only points where r = 0, that is A C M, and also 0A C D x W. As (D x W) N M C K, we have
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OA C K. See Figure 3.4.1.
M
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Figure 3.4.1

As p; — f uniformly on K, then p; — f uniformly on A. As p; are holomorphic, then by the maximum principle, p;
converge uniformly on all of A. In fact, as (21,2’,w) was an arbitrary point in (D x W) nQ_, the polynomials p; converge
uniformly on (D x W) NQ_. Let U = D x W, then U_ = (D x W) nQ_. Notice U depends on K, but not on f. So p;
converge to a continuous function F on U_ NU and F is holomorphic on U_. Clearly F equals f on M NU.

To prove the last item, pick a side, and then use one of the first two items to extend the function to that side. Via the tomato
can principle (Theorem 2.3.2) the function also extends across M and therefore to a whole neighborhood of p.

If you were wondering what happened to the analytic discs we promised, the A in the above is an analytic disc (simply connected)
for a small enough U, but it was not necessary to prove that fact.

We state the next corollary for a strongly convex domain, even though it holds with far more generality. It is a simpler version of
the Hartogs-Bochner*. Later, in Exercise 4.3.4, you will prove it for strongly pseudoconvex domains. However, the theorem is true
for every bounded domain with connected smooth boundary with no assumptions on the Levi form, but a different approach would
have to be taken.

& Corollary 3.4.1

Suppose U c C", n > 2, is a bounded domain with smooth boundary that is strongly convex and f:8U — C is a smooth CR
function, then there exists a continuous function F: U — C holomorphic in U such that F|sy = f.

Proof

A strongly convex domain is strongly pseudoconvex, so f must extend to the inside locally near every point. The extension
is locally unique as any two extensions have the same boundary values. Therefore, there exists a set K cC U such that f
extends to U \ K. Via an exercise below we can assume that K is strongly convex and therefore we can apply the special
case of Hartogs phenomenon that you proved in Exercise 2.1.6 to find an extension holomorphic in U.

? Exercise 3.4.1

Prove the existence of the strongly convex K in the proof of Corollary 3.4.1 above.

? Exercise 3.4.2

Show by example that the corollary is not true when n = 1. Explain where in the proof have we used that n > 2.

? Exercise 3.4.3

Suppose f: 0B, — C is a smooth CR function. Write down an explicit formula for the extension F.
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? Exercise 3.4.4

A smooth real hypersurface M C C3 is defined by Jw = |2;]2 — |z3|2 + O(3) and f is a real-valued smooth CR function on M.
Show that | f| does not attain a maximum at the origin.

? Exercise 3.4.5

A real-analytic hypersurface M c C®, n > 3, is such that the Levi form at p € M has eigenvalues of both signs. Show that every
smooth CR function f on M is, in fact, real-analytic in a neighborhood of p.

? Exercise 3.4.6

Let M c C2 be defined by Jw = |21|? — |z2|*

a. Show that for this M, the conclusion of Baouendi—Tréves holds with an arbitrary compact subset K cC M.
b. Use this to show that every smooth CR function f: M — C is a restriction of an entire holomorphic function F:C3 — C.

? Exercise 3.4.7

Find an M c C*, n > 2, such that near some p € M, for every neighborhood W of p in M, there is a CR function f: W — C that
does not extend holomorphically to either side of M at p.

? Exercise 3.4.8

Suppose f: 9B, — C is a smooth function and n > 2. Prove that f is a CR function if and only if

27
/ f(e®v) e*™dg =0  for all v € OB, and all k € N. (3.4.5)
0

? Exercise 3.4.9

Prove the third item in the Lewy extension theorem without the use of the tomato can principle. That is, prove in a more
elementary way that if M c U c C" is a smooth real hypersurface in an open set I/ and f:U — C is continuous and holomorphic
in U \ M, then f is holomorphic.

Studying solutions to nonhomogeneous CR equations of the form X f = ¢ for a CR vector field X, and the fact that such conditions
can guarantee that a function must be real-analytic, led Lewy to a famous, very surprising, and rather simple example of a linear
partial differential equation with smooth coefficients that has no solution on any open set”. The example is surprising because when
a linear PDE has real-analytic coefficients, a solution always exists by the theorem of Cauchy—Kowalevski. Furthermore, if X is a
real vector field (X is in TM not in C @ TM), then a solution to X f = ¢ exists by the method of characteristics, even if X and + are
only smooth.

Footnotes

[1] What is called Hartogs—Bochner is the C? version of this theorem where the domain is only assumed to be bounded and the
boundary connected, and it was proved by neither Hartogs nor Bochner, but by Martinelli in 1961.

[2] Lewy, Hans, An example of a smooth linear partial differential equation without solution, Annals of Mathematics, 66 (1957),
155-158.
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4.1: The Generalized Cauchy Integral Formula

Before we get into the §-problem, let us prove a more general version of Cauchy’s formula using Stokes’ theorem (really Green’s
theorem). This version is called the Cauchy-Pompeiu integral formula. We only need the theorem for smooth functions, but as it is
often applied in less regular contexts and it is just an application of Stokes’ theorem, let us state it more generally. In applications,
the boundary is often only piecewise smooth, and again that is all we need for Stokes.

& Theorem 4.1.1: Cauchy-Pompeiu

Let U c C be a bounded open set with piecewise-C* boundary 8U oriented positively (see appendix B), and let f:U — C be
continuous with bounded continuous partial derivatives in U. Then for z € U:

LA 1 %O
fo)=— [ L ac+ /U % " d¢ndt. (4.1.1)

2wt Jou (— 2 2mi (—=z

Proof

Fix z € U. We wish to apply Stokes’ theorem", but the integrand is not smooth at z. Let A,(2) be a small disc such that A,(2)
cc U. See Figure 4.1.1. Stokes now applies on U \ A,(z2).

Figure 4.1.1

Via Stokes,
of

Q) . QD 4oz (f(o )_ -1
/t"U (== =S /aAr(z) (—=z dc_/U\A,(z)d (—=2 & _/U\A,(z) ¢—z dC A dg. (41.2)

The second equality follows because holomorphic derivatives in ¢ have a d¢ and when we wedge them with d¢ we just get

af
. . . . <© = ..
zero. We now wish to let the radius » go to zero. Via the exercise above, ”ET(Z) d¢ A d¢ is integrable over all of U. Therefore,

of

af of
(9 (9 ()
; & Fnde = | 27 ginde = — [ K20 z
lim gy C=7 dCAdC = /U = donde /U c—, dnd (4.1.3)

The second equality is simply swapping the order of d¢ and d¢. By continuity of f,

1 fQ . .. 1 [ N
8301 Jony (-2 %= 2w J, TEFTENB=10) N

The theorem follows.

If f is holomorphic, then the second term is zero, and we obtain the standard Cauchy formula. If { =« + 4y, then the standard
orientation on C is the one corresponding to the area form dA = dz A dy. The form d¢ A d{ is the area form up to a scalar. That is,

d¢ A dC = (dz +idy) A (dz — i dy) = (—2i)dz A dy = (—2i)dA. (4.1.5)
As we want to use Stokes, we need to write the standard exterior derivative in terms of z and z. For z = z + iy, we compute:

A, W, K
dy = de+wdy— 5, 2+ 5,9 (4.1.6)
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? Exercise 4.1.1

Observe the singularity in the second term of the Cauchy—Pompeiu formula, and prove that the integral still makes sense (the
function is integrable). Hint: polar coordinates.

? Exercise 4.1.2

Why can we not differentiate in z under the integral in the second term of the Cauchy—Pompeiu formula? Notice that it would
lead to an impossible result.

? Exercise 4.1.3

2©

a. Let U c C be a bounded open set with piecewise-C* boundary and suppose f:U — C is a C* function such that [, rar:

dA(¢) = 0 for every z € 8U. Prove that f|sy are the boundary values of a holomorphic function in U.
b. Given arbitrary e > 0, find a ¢! function f on the closed unit disc D, such that % is identically zero outside an e-
neighborhood of the origin, yet f|gp are not the boundary values of a holomorphic function.

? Exercise 4.1.4

Let U ¢ C and £ be as in the theorem, but let z ¢ U. Show that

of
R I (SIS U A A O
/a a+ /U E—dndt-o. (4.1.7)

27 Jou C— 2

Footnotes

[1] We are really using Green’s theorem, which is the generalized Stokes’ theorem in 2 dimensions, see Theorem B.2.

This page titled 4.1: The Generalized Cauchy Integral Formula is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated
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4.2: Simple Case of The 9-Problem

For a smooth function %, consider the exterior derivative in terms of z and z,

_% 5y oy oy
dp = o dzy + -+ o2, dz, + o7, —dz + -+ 9z nd e (4.2.1)
Let us give a name to the two parts of the derivative:
ot 6¢ o dat ot 31/’ dzn, af 61/’ S50t gi/} dzp. (4.2.2)
Then dy = 84 + 4. Notice % is holomorphic if and only if 8y = 0.
The so-called inhomogeneous &-problem (8 is pronounced “dee bar”) is to solve the equation
=g, (4.23)
for ¢, given a one-form
g=aqdz + -+ gndz,. (4.2.4)

Such a g is called a (0,1)-form. The fact that the partial derivatives of ) commute, forces certain compatibility conditions on g for us
to have any hope of getting a solution (see below).

? Exercise 4.2.1

Find an explicit example of a g in C2 such that no corresponding % exists.

On any open set where g = 0, 9 is holomorphic. So for a general g, what we are doing is finding a function that is not holomorphic
in a specific way.

& Theorem 4.2.1

Suppose g is a (0,1)-form on C*, n > 2, given by
9= 91d%1 + - + gndZn, (4.2.5)
where g;: C* — C are compactly supported smooth functions satisfying the compatibility conditions

b9k _ 990

9% — 0% forall k,£=1,2,...,n. (4.2.6)

Then there exists a unique compactly supported smooth function 4: C* — C such that

o =g. (4.2.7)
The compatibility conditions on g are necessary, but the compactness is not. Without compactness, the boundary of the set
where the equation lives would come into play. Let us not worry about this, and prove that this simple compactly supported
version always has a solution. The compactly supported solution is unique: Given any holomorphic f, 8(% + f) = g. But since
the difference of any two solutions 4; and %, is holomorphic, and the only holomorphic compactly supported function is 0,
then the compactly supported solution % is unique.
Proof

Really there are n smooth functions, gy, ..., g, S0 the equation 8« = g consists of the n equations

— = 4.2.
571, 9k, ( 8)
where the functions g satisfy the compatibility conditions (4.2.6).

We claim that the following is an explicit solution:
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W) = 5 [ 2B g nag

27i (—2
(4.2.9)
_ 1 91(C+ 21,22, .., Zn) _
= ot / : d¢ A dg.

To show that the singularity does not matter for integrability is the same idea as for the generalized Cauchy formula.

Let us check that 4 is the solution. We use the generalized Cauchy formula on the z; variable. Take R large enough so that
9i(¢, 22, - , 25) 1S zero when |¢| > R for all j. For every j,

9g;
o) 1/ 9Gmmomn) yoy L[ BCmm)
At T omi Jer (- & 2mi Jigse (=2 (4.2.10)
" 2.
22 (G 22 00, 20) _
= [ DT e p dg
27rz c (—2z1 Cnde

Using the second form of the definition of ¢, the compatibility conditions (4.2.6), and the computation above we get

az] (C+21,Z2, zﬂ) _
0z; ( )= 2mi. / ¢ de A d
(G + 21,2211 20) . 4211
= 5= / R dCAdC ( )
azl (zla 22y ey Z,,,) =
=2 / = —————d({ A d( = gj(2).

< Exercise 4.2.2

Show that we were allowed to differentiate under the integral in the computation above.

That 4 has compact support follows because g; has compact support together with the identity theorem. In particular, + is

holomorphic for large z since 8¢ = g =0 when z is large. When at least one of zy, ..., z, is large, then ¢ is identically zero
simply from its definition. See Figure 4.2.1.

22y ..., 2n large sor =0 =0
r’]w =0
2
Z20...y 2y largeso gy =0 g =0
Figure 4.2.1

As &y = 0 on the light gray and white areas in the diagram, ¢ is holomorphic there. As 4 is zero on the light gray region, it

is zero also on the white region by the identity theorem. That is, ¢ is zero on the unbounded component of the set where g
= 0, and so 9 has compact support.

The first part of the proof still works when n =1, we get a solution ¢. However, the last bit of the proof does not work in one
dimension, so ¢ does not have compact support.

? Exercise 4.2.3

a. Show that if g is supported in K cC C*, n > 2, then % is supported in the complement of the unbounded component of C*
\ K. In particular, show that if K is the support of gand C" \ K is connected, then the support of ¢ is K.
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l b. Find an explicit example where the support of ¢ is strictly larger than the support of g.

? Exercise 4.2.4

Find an example of a smooth function g: C — C with compact support, such that no solution : C — C to % = g (at least one of
which always exists) is of compact support.

This page titled 4.2: Simple Case of The d-Problem is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi
Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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4.3: The General Hartogs Phenomenon

We can now prove the general Hartogs phenomenon as an application of the solution of the compactly supported inhomogeneous &
-problem. We proved special versions of this phenomenon using Hartogs figures before. The proof of the theorem has a
complicated history as Hartogs’ original proof from 1906 contained gaps. A fully working proof was finally supplied by Fueter in
1939 for » =2 and independently by Bochner and Martinelli for higher » in the early 40s. The proof we give is the standard one
given nowadays due to Leon Ehrenpreis from 1961.

& Theorem 4.3.1: Hartogs Phenomenon

Let U C C” be a domain, n» > 2, and let K CC U be a compact set such that U \ K is connected. Every holomorphic f:U \ K
— C extends uniquely to a holomorphic function on U. See Figure 4.3.1.

Figure 4.3.1

The idea of the proof is extending in any way whatsoever and then using the solution to the -problem to correct the result to
make it holomorphic.

Proof

First find a smooth function p that is 1 in a neighborhood of K and is compactly supported in U (exercise below). Let £,
=1 —¢)f on U\ K and f, =0 on K. The function f; is smooth on U and it is holomorphic and equal to f near the
boundary of U, where ¢ is 0. We let g = 8, on U, that is gz = 3_2’ and we let g = 0 outside U. As gy, are identically zero near
U, we find that each gi is smooth on C". The compatibility conditions Equation (4.2.6) are satisfied because partial
derivatives commute. Let us see why g is compactly supported. The only place to check is on U \ K as elsewhere we have
gk = 0 automatically. Note that f is holomorphic on U \ K and compute

o _ 8 of _of %o, 0

Oz - Ozx ((1 - (P)f) = 0z (pa_fk - 6_219 - oz, ’ (4.3.1)
And % is compactly supported in U \ K by construction. Now apply the solution of the compactly supported 8-problem to
find a compactly supported function 4 such that 84 = g. Set F = fo — . We check that F is the desired extension. First, it is

holomorphic:

OF 9fy
=20 T g —qgr=0. 4.3.2

0z, 0z 0z ds=gis ( )
Next, Exercise 4.2.3 and the fact that U \ K is connected reveals that ¢ must be compactly supported in /. This means that
F agrees with f near the boundary (in particular on an open set) and thus everywhere in U \ K since U \ K is connected.

The hypotheses on dimension and on connectedness of U \ K are necessary. No such theorem is true in one dimension. If U \ K is
disconnected, a simple counterexample can be constructed. See the exercise below.

? Exercise 4.3.1

Show that ¢ exists. Hint: Use mollifiers.
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? Exercise 4.3.2

Suppose U C C" is a domain and K C U is any compact set (perhaps U \ K is disconnected). Prove that given f € O(U \ K)
there exists an F € O(U) that equals to f on the intersection of U and the unbounded component of C" \ K.

? Exercise 4.3.3

Suppose U C C" is a domain and K C U is a compact set such that U \ K is disconnected. Find a counterexample to the
conclusion to Hartogs.

One of many consequences of the Hartogs phenomenon is that the zero set of a holomorphic function f is never compact in
dimension 2 or higher. If it were compact, % would provide a contradiction, see also Exercise 1.6.2.

& Corollary 4.3.1

Suppose U C C”, n > 2, is a domain and f: U — C is holomorphic. If the zero set f~%(0) is not empty, then it is not compact.

Replacing U \ K with a hypersurface is usually called the Hartogs—Bochner theorem (when the hypersurface is C! or smooth). The
real-analytic case was stated first by Severi in 1931.

& Corollary 4.3.2

Suppose U c C* n > 2, is a bounded domain with connected real-analytic boundary and f:8U — C is a real-analytic CR
function. Then there exists some neighborhood U’ C C" of U and a holomorphic function F:U’ — C for which Flsy = f.

Proof

By Severi’s result (Theorem 3.2.1), for every p € U, there is a small ball B,, such that f extends to B,. Cover U by
finitely many such balls so that if B, intersects B,, then the (connected) intersection B, N B, contains points of 8U. The
extension in B, and in B, then agree on a piece of a hypersurface U, and hence agree. Taking a union of the B, we find a
unique extension in single neighborhood of 8U. We write this neighborhood as U’ \ K for some compact K and a connected
U’ such that U ¢ U’. Consider the topological components of C" \ K. As U is connected and U is bounded, the unbounded
component of C* \ K must contain all of 8U. By boundedness of U, all the other components are relatively compact in U. If
we add them to K, then K is still compact and U’ \ K is connected. We apply the Hartogs phenomenon.

? Exercise 4.3.4: (Hartogs-Bochner again)

Let U c C" n > 2, be a bounded domain with connected strongly pseudoconvex smooth boundary and let f:8U — C be a
smooth CR function. Prove that there exists a continuous function F:U — C holomorphic in U such that F|yy = f. Note: Strong
pseudoconvexity is not needed (“bounded with smooth boundary” will do), but that is much more difficult to prove.

? Exercise 4.3.5

Suppose U ¢ C*, n > 2, is a bounded domain of holomorphy. Show that C*\ U is connected using the Hartogs phenomenon.

? Exercise 4.3.6

Suppose W c U c C*, n > 3, are domains such that for each fixed 2§, 2§, ..., 23

n>

{(21,22) € C*: (21, 29,29, ...,20) e U\ W} (4.3.3)
cC  {(z1,22) € C*: (21,209,293, ...,20) € U}.

Prove that every f € O(W) extends to a holomorphic function on 7. Note: The fact that W is connected is important.
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? Exercise 4.3.7

a. Prove that if n > 2, no domain of the form U = C*\ K for a compact K is biholomorphic to a bounded domain.

b. Prove that every domain of the form U = C\ K for a compact K with nonempty interior is biholomorphic to a bounded
domain.

? Exercise 4.3.8

Suppose U C C", n > 2, is a domain such that for some affine A:C? — C" the set A1 (C” \ U) has a bounded topological
component. Prove that U is not a domain of holomorphy.

This page titled 4.3: The General Hartogs Phenomenon is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi
Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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4.4: Solvability of 9-Problem in the Polydisc

Let us tackle solvability of the 8-problem for differential forms. In general, the problem is equivalent to holomorphic convexity,
although it is rather involved, and thus we content ourselves with polydiscs. To work with differential forms, we, as before, split the
derivatives into the holomorphic and antiholomorphic parts. For higher order forms we work with multi-indices.

& Definition: 8 and 8 Form

Let « and B range over a finite set of multi-indices. We write a differential form as

n= E Napdz® A dZP. (4.4.1)
apB

If the ¢ and B only range over those multi-indices such that || = p and |8| = ¢, then we call 5 a (p, g)-form or a differential form
of bidegree (p, q). Define

on 3 3 90 4y, p oo na?, (4.42)
ap =1 9%
n  def = aﬂaﬂ =, a =B
and Onp= ; ]Z; Bz dz; Adz* AdZ".

If 5 is of bidegree (p, g), then 87 if of bidegree (p + 1,q) and dy is of bidegree (p, g + 1). The total exterior derivative dny = 8n + 8 as
before.

? Exercise 4.4.1

Prove that dny = &y + 81.

Solvability of the equation 8w = 7 for every (0, g)-form 7 such that 87 = 0 whenever 1 < ¢ <n —1 is equivalent to holomorphic
convexity, although the proof of this is beyond the scope of this book, and we prove this result only in the case of a polydisc.

& Theorem 4.4.1

Let A c C” be a polydisc, let ¢ > 1 be an integer, and let 5 be a smooth (0, g)-form on A such that 8y = 0, then there exists a
(0, g— 1)-form w such that fw = .

The theorem follows from solving the problem on a compact subpolydisc, which is usually called the Dolbeault Lemma or
Dolbeault-Grothendieck Lemma (Lemma 4.4.1).

& Lemma4.4.1

Dolbeault-Grothendieck Lemma

Let A,(w) C Ar(w) C C" be polydiscs where 0 < s < r < co. Let ¢ > 1 be an integer, and let 5 be a smooth (0, g)-form on A, (w)
such that 8y = 0, then there exists a smooth (0,¢— 1)-form w on A4(w) such that 8w = 7.

4.4: Solvability of 0-Problem in the Polydisc is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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5.1: The Bochner-Martinelli Kernel

A generalization of Cauchy’s formula to several variables is called the Bochner—Martinelli integral formula, which reduces to
Cauchy’s (Cauchy—Pompeiu) formula when n = 1. As for Cauchy’s formula, we will prove the formula for all smooth functions via
Stokes’ theorem. First, let us define the Bochner-Martinelli kernel:

def (R — i %
w(¢,2) = (27”)" Z T déiNdey A - /\dc,/\dc,/\ “ANdCy N dy. (5.1.1)

The notation d; means that this term is simply left out.

& Theorem 5.1.1: Bochner-Martinelli

Let U C C" be a bounded open set with smooth boundary and let f: U — C be a smooth function. Then for z € U,

f(2) = /a BOYEE /U BF(C) A (¢ 2). (5.1.2)

In particular, if f € O(U), then
1@ = [ 0. (5.13)

Proof

The structure of the proof is essentially the same as that of the Cauchy—Pompeiu theorem for n = 1, although some of the
formulas are somewhat more involved.

Let z € U be fixed. Suppose r > 0 is small enough so that B,(z) C U. Orient both 8U and 8B, (z) positively. As f(¢)w((, 2)
contains all the holomorphic dg;,

d(f(Qw(¢,2) =B (f(C)w(¢,2))
= af(o A w(c, z)

(5.1.4)
+f(§) (2 )" Z [||¢ ||2n] dCi AdGy A - A dGn A dGn
We compute
8| 6% & 1 1€ — 22
a¢; B B =0 5.1.5
; aG; [IIC —zll2“} p=i (IIC— " ||C—z||2"+2) (5.1.5)
Therefore, d(f(()w((, z)) = 8f(¢) Aw(¢, 2).
We apply Stokes:
[ fouea-[ o 700162 = /U\B,(z) A(7Qui9) = [ 810 nult; ). (5.1.6)

Again, due to the integrability, which you showed in an exercise above, the right-hand side converges to the integral over U
as r — 0. Just as for the Cauchy—Pompeiu formula, we now need to show that the integral over 8B,(z) goes to f(z) asr — 0.

So
[ 1 OG5 = 1) / R / (0= £t 2, (5..7)

To finish the proof, we will show that f. o8,y W(6:2) =1, and that the second term goes to zero. We apply Stokes again and
note that the volume of B,(z) is Zrr?".
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. (n—1)!
S ™69 = [ @ | Z 28 A AN Ay e

_ (n—1)! L

_—(2 o /013(; 2. 2;)dCi A dGy A - /\dC,/\dCJA ~ANdCq A dCy

_(m=1 1 T — 2)dE AT AL A A dE 5.1.8
= @) /B,(,)d(E (G — 2))dGu A dy A NdGj A dG A Adandcn) o)

=1

n—1) 1 _ _
- ((m)n) i [ A A N

(n—1) 1

T @mi)n W/B,(z) n(@)"av =1

Next, we tackle the second term. Via the same computation as above we find

— f(2)w z=(n_1)!i — f(2))nd¢ A dC
[y, 0O = et ) = Tk ( /B(Z)(f(C) FEDn A AdGy A N G s

(5.1.9)
+/ B.(2) Z a¢; (O —2) dCy NG A NdGn A an) :

j=1

As U is bounded, |£(¢) — f(2)| < M||¢ — || and | (O — z])| < M]||¢ — 2| for some M. So for all ¢ € 8B,(z), we have |f(¢)
— f(2)| < Mr and ‘gg O — z])‘ < Mr. Hence

\ [, G0 = e, <

|
((%)1)' rin ( / n2"Mr dV + / n2"Mr dV) = oM. (5.1.10)
B,(2) B.(2)

Therefore, this term goes to zero as r — 0.

Recall that if ¢ = z + iy are the coordinates in C*, the orientation that we assigned to C* in this book' is the one corresponding to
the volume form

dV = dzy Adyy Adzs Adys A A dn A dyn. (5.1.11)
With this orientation,
d¢i NdCi AdGa Adla A A dCy A dC, = (—20)"dV, (5.1.12)
and hence
dli Ad¢ AdCa AdCa A+ AdG, A dG, = (20)"dV. (5.1.13)

Similarly to the Cauchy—Pompeiu formula, note the singularity in the second term of the Bochner—Martinelli formula, and
prove that the integral still makes sense (the function is integrable).

Check that for n = 1, the Bochner—Martinelli formula reduces to the standard Cauchy—Pompeiu formula.

Recall the definition of § and & from Section 4.4, and recall that dn = o7 + 8.

One drawback of the Bochner-Martinelli formula [ f(¢)w(¢, 2) is that the kernel is not holomorphic in z unless n = 1. It does not
simply produce holomorphic functions. If we differentiate in z underneath the 8U integral, we do not necessarily obtain zero. On
the other hand, we have an explicit formula and this formula does not depend on . This is not the case for the Bergman and Szegt
kernels, which we will see next, although those are holomorphic in the right way.
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Prove that if z ¢ U, then rather than f(2) in the formula you obtain

/ FQw(¢,2) — / B7(¢) Aw(¢,2) =O. (5.1.14)
U U

? Exercise 5.1.4
Suppose f is holomorphic on a neighborhood of B,(z).
a. Using the Bochner—Martinelli formula, prove that

1
=55y /B OO, (5.1.15)

where V(B,(2)) is the volume of B,(z).
b. Use part a) to prove the maximum principle for holomorphic functions.

? Exercise 5.1.5

Use Bochner—Martinelli for the solution of & with compact support. That is, suppose g = g1dz1 + - + gndZ, is a smooth
compactly supported (0, 1)-form on C», n > 2, and % = 9% for all , ¢. Prove that
Ze 0%, ’

v == [ o0 nule2) (5.1.16)

is a compactly supported smooth solution to 8 = g. Hint: Look at the previous proof.

Footnotes

[1] Again, there is no canonical orientation of C*, and not all authors follow this (perhaps more prevalent) convention.

This page titled 5.1: The Bochner-Martinelli Kernel is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by JiTi
Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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5.2: The Bergman Kernel

Let U c C" be a domain. Define Bergman space of U:

A2(0) ¥ ow) n L2 W). (5.2.1)
That is, A%(U) denotes the space of holomorphic functions f € O(U) such that

17wy & sy = | 1£(@PAV < co. (5.2.2)
U
A?(U) is an inner product space with the L2(U) inner product
det —
(0¥ [ ed@av. (6:23)

We will prove that A%(U) is complete, in other words, it is a Hilbert space. We first prove that the A?(U) norm bounds the uniform

norm on compact sets.

& Lemma5.2.1

Let U c C" be a domain and K cc U compact. Then there exists a constant Ck, such that

111 = sup If()] < Ckllfllazwy ~ for all f € A*(U). (5.2.4)

Consequently, A%2(U) is complete.

Proof

As K is compact there exists an r > 0 such that A,(2) c U for all z € K. Take any z € K, and apply Exercise 1.2.8 and
Cauchy—Schwarz:

1
IO = S S dV(&)‘

1 2 2 (5.2.5)
< ,,—\/ ot dV(s)\/ [, rerave

1 1
= —jam [1£1] a2(a, ) < WHfHAz(U).

Taking supremum over z € K proves the estimate. Therefore, if {f;} is a sequence of functions in A2(U) converging in
L%(U) to some f € L*(U), then it converges uniformly on compact sets, and so f € O(U). Consequently, A%(U) is a closed
subspace of L?(U), and hence complete.

For a bounded domain, A2(U) is always infinite-dimensional, see exercise below. There exist unbounded domains for which either
A2(U) is trivial (just the zero function) or even finite-dimensional. When n = 1, A%(U) is either trivial, or infinite-dimensional.

Show that if a domain U ¢ C™ is bounded, then A2(U) is infinite-dimensional.

a. Show that A%(C") is trivial (it is just the zero function).
b. Show that A%(D x C) is trivial.
c. Find an example of an unbounded domain U for which A%(U) is infinite-dimensional. Hint: Think in one dimension for

simplicity.
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Show that A%(D) can be identified with A%2(D \ {0}), that is, every function in the latter can be extended to a function in the
former.

Let U c C" be a domain, f € 9(U), and X = f~1(0). Show that every function in A%2(U \ X) is a restriction of a function in
A%(U), that is, A%(U) = A%(U \ X).

The lemma says that point evaluation is a bounded linear functional. That is, fix z € U and take K = {2}, then the linear operator

fe f(2) (5.2.6)
is a bounded linear functional. By the Riesz—Fisher theorem, there exists a k, € A%(U), such that
f(2) = (£, kz). (5.2.7)
Define the Bergman kernel for U as
Ky(2,0) € k.(0). (5.2.8)

The function Ky is defined as (2, {) vary over U x U*, where we write
U*={¢eC":{eU}. (5.2.9)
Then for all f € A%(U) we have

1) = /U FOK(2,0 dv(0). (5.2.10)

This last equation is sometimes called the reproducing property of the kernel.

Note that the Bergman kernel depends on U, which is why we write it as Ky(z, ¢).

& Proposition 5.2.1

The Bergman kernel Ky (z, () is holomorphic in z, antiholomorphic in ¢, and

Kuy(z,Q) = Ky (¢, 2). (5.2.11)

Proof

As each k, is in A%(U), it is holomorphic in ¢. Hence, Ky is antiholomorphic in ¢. If we prove Ky (z,{) = Ky(, 2), then we
prove Ky is holomorphic in =.

As Ky(z,0) = k,(¢) is in A%(U), then

Ky(20) = /U Kz 0) Ky (¢, )dV (w)
(5.2.12)

= ( /U Ky (¢, @) Ky(z, m)dV(w)) = Ky((,2) = Ku((,2).

Therefore, thinking of ¢ as the variable, Ky is a holomorphic function of 2n variables.

v/ Example 5.2.1

Let us compute the Bergman kernel (and the Szego kernel of the next section while we’re at it) explicitly for the unit disc D
C C. Let f € (D) N C(D), that is, f is holomorphic in D and continuous up to the boundary. Let z € D. Then

f(z) = Ly (O] dg. (5.2.13)

On the unit circle (¢ = 1. Let ds be the arc-length measure on the circle, parametrized as ¢ = e**. Then d¢ = ie®*ds, and

https://math.libretexts.org/@go/page/74242
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£ = /BD 1O geo L[ SO e 1 [ 1O 4 (5.2.14)

(—z °  2mi a 1—2¢ S om a1—2

The integral is now a regular line integral of a function whose singularity, which used to be inside the unit disc, disappeared
(we “reflected it” to the outside). The kernel %1—;@ is called the Szegé kernel, which we will briefly mention next. We apply
Stokes to the second integral above: \[\begin{align}\begin{aligned} \frac{1}{2\pi i} \int_{\partial \mathbb{D}} \frac{f(\zeta)}
{1-z\bar{\zeta}} \bar{\zeta} \, d\zeta &= \frac{1}{2\pi i} \int_{\mathbb{D}} f(\zeta) \frac{\partial}{\partial \bar{\zeta}} \left[

\frac{\bar{\zeta}}{1-z\bar{\zeta}} \right] \, d\bar{\zeta} \wedge d\zeta \ &= \frac{1}{\pi} \int_{\mathbb{D}} \frac{f(\zeta)}

(z,\bar{\zeta}) = \frac{1}{\pi} \frac{1}{{(1-z\bar{\zeta})}"2} \] It follows from the exercises below that this function really is
the Bergman kernel. That is, Kp is the unique conjugate symmetric reproducing function that is in A%(D) for a fixed ¢. We have
only shown the formula for functions continuous up to the boundary, but those are dense in A?(D).

v/ Example 5.2.2

In an exercise you found that A2(C"™) = {0}. Therefore, K¢x(2,{) =0.

The Bergman kernel for a more general domain is diffcult (usually impossible) to compute explicitly. We do have the following
formula however.

& Proposition 5.2.2

Suppose U C C" is a domain, and {y;(2)}er is a complete orthonormal system for A%(U). Then

Ku(%0) =Y 9;(2)#;(0), (5.2.15)

jeI
with uniform convergence on compact subsets of U x U*.

Proof

For any fixed ¢ € U, the function z = Ky (2,() is in A%(U) and so expand this function in terms of the basis and use the
reproducing property of Ky

Koz =Y ( [, Kotw,0osw) dV(w)) 03(2) = Y 23 001(2)- (5.216)
jel U jel

The convergence is in L? as a function of z, for a fixed ¢. Let K cC U be a compact set. Via Lemma 5.2.1, L2 convergence
in A%(U) is uniform convergence on compact sets. Therefore, for a fixed ¢ the convergence is uniform in z € K. In
particular, we get pointwise convergence. So,

Y lei@) P =Y ¢i(2)ei(2) = Ku(z2) < Cx < oo, (5.2.17)
jeI jeI

where Ck is the supremum of Ky(z,¢) on K x K*. Hence for (2,¢) € K x K*,

> |ei@ei @] <[> les@l, [3lei(Q)? < Ok < oo, (5.2.18)
JjeI jeI

jel

And so the convergence is uniform on K x K*.

? Exercise 5.2.4

a. Show that if U ¢ C" is bounded, then Ky(2,z) >0forall z € U.
b. Why can this fail if U is unbounded? Find a (trivial) counterexample.
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Show that given a domain U C C", the Bergman kernel is the unique function Ky/(z,¢) such that
1. for a fixed ¢, Ky(z,{) is in A%(U),

2. Ky(2,¢) = Ky(¢, ),
3. the reproducing property (5.2.10) holds.

? Exercise 5.2.6

Let U C C" be either the unit ball or the unit polydisc. Show that A2(T) N C(U) is dense in A2(U). In particular, this exercise
says we only need to check the reproducing property on functions continuous up to the boundary to show we have the
Bergman kernel.

Let U,V C C" be two domains and f: U — V a biholomorphism. Prove

Ky (2,C) = det Df(2) det Df(C) Kv (£(2), £(C))- (5.2.19)

? Exercise 5.2.8

Show that the Bergman kernel for the polydisc is

gt (5.2.20)

Kps 76 = ]
0= 1 (1= 2G)

? Exercise 5.2.9: (Hard)

Show that for some constants c., the set of all monomials % gives a complete orthonormal system of A%(B,). Hint: To show
orthonormality compute the integral using polar coordinates in each variable separately, that is, let z; = r;e® where 6 € [0, 2a]"
and Y;72 < 1. Then show completeness by showing that if f € A%(B,) is orthogonal to all 2%, then f =0. Finding ca
=4 /(rtin—lfl)! requires the classical g function of special function theory.

? Exercise 5.2.10

Using the previous exercise, show that the Bergman kernel for the unit ball is

n! 1

Ks,(2,¢) = FW’

(5.2.21)

where (z,¢) is the standard inner product on C".

This page titled 5.2: The Bergman Kernel is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via
source content that was edited to the style and standards of the LibreTexts platform.
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5.3: The Szeg6 Kernel

We use the same technique to create a reproducing kernel on the boundary by starting with L2(8U, do) instead of L?(U). We obtain a
kernel where we integrate over the boundary rather than the domain itself. Let us give a quick overview, but let us not get into the
details.

Let U c C" be a bounded domain with smooth boundary. Let C(TU) N @(U) be the holomorphic functions in U/ continuous up to the
boundary. The restriction of f € C(U) N O(U) to dU is a continuous function, and hence f|gy is in L2(8U, do), where do is the surface
measure on 9U. Taking a closure of these restrictions in L2(8U) obtains the Hilbert space H2(8U), which is called the Hardy space.
The inner product on H2(8U) is the L%(8U, do) inner product:

fro) % /a ) dotz). (5.3.1)

Show that monomials z® are a complete orthonormal system in H2(8B,,).

Let U C C" be a bounded domain with smooth boundary. Prove that H2(9U) is infinite-dimensional.

Given an f € H%(8U), write the Poisson integral

P = [ 10 P do(0), (532)
where P(z,¢) is the Poisson kernel. The Poisson integral reproduces harmonic functions. As holomorphic functions are harmonic,
we find that if f € C(U) N O(U), then Pf = f.

Although f € H?(8U) is only defined on the boundary, through the Poisson integral, we have the values Pf(z) for z € U. For each z
ev,

f Pf(z) (5.3.3)
defines a continuous linear functional. Again we find a s, € H2(8U) such that
Pf(z) =(f,s.)- (5.3.4)
For z € U and ¢ € 9U, define
Sy(2,0) € 5.(0), (5.3.5)

although for a fixed =z this is a function only defined almost everywhere as it is an element of L2(8U, do). The function Sy is the
Szegé kernel. If f € H2(8U), then

Pf(z) = /a FOSu(a0) do). (5.3.6)

As functions in H?(8U) extend to U, then f € H3(8U) may be considered a function on U, where values in U are given by Pf.
Similarly, we extend S(z,¢) to a function on U x U" (where the values on the boundary are defined only almost everywhere). We
state without proof that if {y,}er is a complete orthonormal system for H2(8U), then
Su(#0) = ¢i(ei(0) (5:3.7)
el
for (z,{) € U x U*, converging uniformly on compact subsets. As before, this formula shows that § is conjugate symmetric, and so
it extends to (U x U )U (T x U*).
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v/ Example 5.3.1

In Exercise 5.2.3, we computed that if f € C(D) N @(D), then

f(z) = 1 SO ds.

=2 I (5.3.8)

In other words, Sp(z,¢) = % 1_1[ .

Using the formula (5.3.7) compute Sg, .

This page titled 5.3: The Szegt Kernel is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii L.ebl via source
content that was edited to the style and standards of the LibreTexts platform.
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6.1: The Ring of Germs

# Definition: Germ of a Function

Let p be a point in a topological space X. Let Y be a set and U,V C X be open neighborhoods of p. We say that two functions
f:U =Y and g:V — Y are equivalent if there exists a neighborhood W of p such that flw = g|lw.

An equivalence class of functions defined in a neighborhood of p is called a germ of a function. Usually it is denoted by (f,»),
but we simply say f when the context is clear.

The set of germs of complex-valued functions forms a commutative ring, see exercise below to check the details. For example, to
multiply (f,p) and (g, p), take two representatives f and g defined on a common neighborhood multiply them and then consider the
germ (fg,p). Similarly, (f,p) + (g,p) is defined as (f + g,p). It is easy to check that these operations are well-defined.

? Exercise 6.1.1

Let X be a topological space and p € X. Let ¥ be a class of complex-valued functions defined on open subsets of such that
whenever f:U — Cisin & and W C U is open, then f|w € #, and such that whenever f and g are two functions in &, and W is
an open set where both are defined, then fg|w and (f + g)|w are also in #. Assume that all constant functions are in . Show
that the ring operations defined above on a set of germs at p of functions from # are well-defined, and that the set of germs at p

of functions from & is a commutative ring.

? Exercise 6.1.2

Let X =Y =R and p = 0. Consider the ring of germs of continuous functions (or smooth functions if you wish). Show that for
every continuous f: R — R and every neighborhood W of 0, there exists a g: R — R such that (f,0) = (g,0), but g|lw # flw.

Germs are particularly useful for holomorphic functions because of the identity theorem. In particular, the behavior of the exercise
above does not happen for holomorphic functions. Furthermore, for holomorphic functions, the ring of germs is the same as the
ring of convergent power series, see exercise below. No similar result is true for only smooth functions.

# Definition: Ring of Germs

Let p € C". Write ,0, = 0, as the ring of germs at p of holomorphic functions.

The ring of germs ¢, has many nice properties, and it is generally a “nicer” ring than the ring 9(U) for some open U, and so it is
easier to work with if we are interested in local properties.

? Exercise 6.1.3

a. Show that @, is an (has no zero divisors).
b. Prove the ring of germs at 0 € R of smooth real-valued functions is not an integral domain.

? Exercise 6.1.4

Show that the units (elements with multiplicative inverse) of 0, are the germs of functions which do not vanish at p.

? Exercise 6.1.5

a. (easy) Show that given a germ (f,p) € O,, there exists a fixed open neighborhood U of p and a representative f: U — C such
that any other representative g can be analytically continued from p to a holomorphic function U.
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b. (easy) Given two representatives f:UU — C and g: V — C of a germ (f, p) € Oy, let W be the connected component of Un V/
that contains p. Then flw = g|lw.

c. There exists a germ (f, p) € O,, such that for any open neighborhood U of p, and any representative f: U — C we can find
another representative of g: V' — C of that same germ such that g|yny # f|lvnv. Hint: n =1 is sufficient.

? Exercise 6.1.6

Show that @,, is isomorphic to the ring of convergent power series.

# Definition: Germ of a Set

Let p be a point in a topological space X. We say that sets A, B C X are equivalent if there exists a neighborhood W of p such
that ANW = BNW. An equivalence class of sets is called a germ of a set at p. It is denoted by (4, p), but we may write A
when the context is clear.

The concept of (X,p) C (Y,p) is defined in an obvious manner, that is, there exist representatives X and Y, and a neighborhood W
of p such that X NW C Y NW. Similarly, if (X,p), (Y,p) are germs and X, Y are any representatives of these germs, then the
intersection (X, p) N (Y, p), is the germ (X NY,p) and the union (X,p) U (Y,p) is the germ (X UY, p).

? Exercise 6.1.7

Check that the definition of subset, union, and intersection of germs of sets is well-defined.

Let R be some ring of germs of complex-valued functions at p € X for some topological space X. If f is a complex-valued function,
let Z; be the zero set of f, that is £~1(0). When (f,p) € R is a germ of a function it makes sense to talk about the germ (Z;, p). We
take the zero set of some representative and look at its germ at p.

? Exercise 6.1.8

Suppose f and g are two representatives of a germ (f, p) show that the germs (Zy,p) and (Z,, p) are the same.

? Exercise 6.1.9

Show that if (f,p) and (g, p) are in R and f and g are some representatives, then (Zy, p) U (Z,,p) = (Z,,p)-

This page titled 6.1: The Ring of Germs is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via
source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Weierstrass Preparation and Division Theorems

Suppose £ is (a germ of) a holomorphic function at a point p € C®. Write
f(2) = fi(z—p), (6.2.1)
k=0

where f; is a homogeneous polynomial of degree k, that is, fi(t2) = t* f(2)-

# Definition: Order of Vanishing

Let p € C™ and f be a function holomorphic in a neighborhood of p. If f is not identically zero, define
ordy f & min{k € Ny : fi #0}. (6.2.2)
If f =0, then define ord,f = co. The number ord, f is called the order of vanishing of f at p.
In other words, the order of vanishing of f at p is k, whenever all partial derivatives of order less than k vanish at p, and there exists

at least one derivative of order k that does not vanish at p.

In one complex variable, a holomorphic function f with ordof = & can be written (locally) as f(z) = z*u(z) for a nonvanishing . In
several variables, there is a similar theorem, or in fact a pair of theorems, the so-called Weierstrass preparation and division
theorems.

# Definition: Weierstrauss Polynomial

Let U c C™! be open, and let 2 € C* denote the coordinates. Suppose a polynomial P € O(U)|[z,] is monic of degree k > 0,
that is,

P(2,2,) = zF + Z ci(2') 23, (6.2.3)

where ¢; are holomorphic functions defined on U, such that ¢;(0) = 0 for all j. Then P is called a Weierstrauss polynomial of
degree k. If the ¢; are germs in Og = ,_10,, then P € Oq|z,] and P is a germ of a Weierstrauss polynomial.

The definition (and the theorem that follows) still holds for n = 1. If you read the definition carefully, you will find that if n =1,
then the only Weierstrass polynomial of degree k is zF. Note that for any n, if k= 0, then P = 1.

The purpose of this section is to show that every holomorphic function in @ is up to a unit and a possible small rotation a
Weierstrass polynomial, which carries the zeros of f. Consequently the algebraic and geometric properties of ,0, can be
understood via algebraic and geometric properties of ,_10¢[2].

& Theorem 6.2.1: Weierstrass Preparation Theorem

Suppose f € O(U) for an open U ¢ C*! x C, where 0 € U, and f(0) = 0. Suppose 2, + f(0,2,) is not identically zero near the
origin and its order of vanishing at the origin is & > 1.

Then there exists an open polydisc V =V’ x D c C*! x C with 0 € V C U, a unique u € O(V), u(z) # 0 for all z € V, and a
unique Weierstrass polynomial P of degree k with coefficients holomorphic in V"’ such that

f(Z's2n) = w(z’, 20) P(2', 20), (6.2.4)

and such that all k zeros (counting multiplicity) of z, = P(2’, 2,) lie in D for all 2’ € V’

Proof

There exists a small disc D c C centered at zero such that {0} x D c U and such that f(0,z,) # 0 for z, € D \ {0}. By
continuity of £, there is a small polydisc V =V’ x D such that V C U and f is not zero on V’ x 8D. We will consider the
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zeros of z, = f(2’,z,) for 2’ near zero. See Figure 6.2.1.

zero of z, — f(0,z,) the k (k = 4) zeros of
of order &
Zp-plane where ' =0 z,-plane where 7’ € V/
Figure 6.2.1

By the one-variable argument principle (Theorem B.25) the number of zeros (with multiplicity) of z, - f(2’,2,) in D is
1 2L (2,0
2m Jop f(z',€)

As f(z’,¢) does not vanish when 2’ € V' and ¢ € 9D, the expression above is a continuous integer-valued function of 2z’

d. (6.2.5)

€ V’. The expression is equal to k¥ when 2z’ =0, and so it is equal to k for all 2/ € V’. Write the zeros of z, - f(2’,2,) as
a;y(2’), ..., ax(2’), including multiplicity. The zeros are not ordered in any particular way. Pick some ordering for every z’.
Write
k
P2, z,) = H(zn - aj(z')) = 2F 4+ epo1(2) 2E 4 - eo(2). (6.2.6)
j=1

For a fixed 2/, P is uniquely defined as the ordering of zeros does not matter in its definition (see exercise below). It is clear
that » and P are unique if they exist (that is, if they exist as holomorphic functions).

The functions a; are not even continuous in general (see Example 6.2.1). However, we will prove that the functions ¢; are
holomorphic. The functions c; are (up to sign) the elementary symmetric functions of aj, ..., ax (see below). It is a standard
theorem in algebra (see Exercise 6.2.1) that the elementary symmetric functions are polynomials in the so-called power sum
functions in the a;s:

sm(2’) = ia,-(z')'", m=1,..,k (6.2.7)
=1

Therefore, if we show that the power sums s,, are holomorphic, then ¢, are holomorphic.

A refinement of the argument principle (see also Theorem B.25) says: If k and g are holomorphic functions on a disc D,
continuous on D, such that g has no zeros on 8D, and a4, ..., ax, are the zeros of ¢ in D, then

1 9©) 4~ S pla.
hOGE dc—;h( 5)- (6.2.8)

2mi Jap
The formula above with ~(¢) = ¢™ and g(¢) = f(2’,¢) says that

1 Z@.0

k
sm(2)) = a;j(z)" = — " . 6.2.9
)= S a) B (6:29)

27 8D
The function s,, is clearly continuous, and if we differentiate under the integral with 8% for¢=1,...,n—1, we find that s,,
is holomorphic.

Finally, we wish to show that P divides f as claimed. For each fixed 2’, one variable theory says that z,, % has only
removable singularities, and in fact, it has no zeros as we defined P to exactly cancel them all out. The Cauchy formula on

% then says that the function
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W) = = [ =D g (6.2.10)

~ 2mi Jop P(z/,Q)(C— #n)
is equal to % The function v is clearly continuous and holomorphic in z, for each fixed z’. By differentiating under the
integral, we find that it is also holomorphic in 2’.

v/ Example 6.2.1

A useful example to keep in mind is f(z1,22) = 22 — 23, a Weierstrass polynomial in z; of degree k =2. So 2’ = z;. For all z;
except the origin there are two zeros, +./z1. Call one of them a;(2;) and one of them aj(2;). Recall there is no continuous
choice of a square root that works for all z;, so no matter how you choose, a; and o, will not be continuous. At the origin there
is only one zero of order two, so a;(0) = a(0) = 0. On the other hand the symmetric functions ¢;(z1) = —a1(21) — @2(z1) =0
and ¢g(21) = a1(z1)ag(z1) = —z; are holomorphic.

The k depends on the coordinates chosen. If we do a linear change of coordinates and consider g(zi,z22) = —f(z2,21), then
9(z1, 22) = 22 — 25, which is a Weierstrass polynomial in z; of degree k = 1. After the change, there is only one zero, a; (z1) = 22,
and so ¢p(z1) = —22.

A function f(z1,...,2s) is symmetric if f = f op for all permutations of the variables p. The elementary symmetric functions of
aj, ..., oy are the coefficients o; of the polynomial

k
(t+as) =tF+ o1 t* !+t opat? + oks t+ O%. (6.2.11)
j=1

In other words:

o1 =oa1 +az+ -+ ag,
o2 =102 + o103 + - + ap_10k,
(6.2.12)

Ok—1 003+ O + Q1304 O+ + Q1O g1,
Ok = 01 O¥Q *** O,

So for example when & = 2, then g2 = a1a2 and 01 = a1 + a2. The function &; happens to already be a power sum. We can write o2

as a polynomial in the power sums:

or=5 ((ar+as)’ ~ (o +ad)). (6.2.13)

? Exercise 6.2.1

Show that elementary symmetric functions are polynomials in the power sums.

? Exercise 6.2.2

Prove the fundamental theorem of symmetric polynomials: Every symmetric polynomial can be written as a polynomial in the
elementary symmetric functions. Use the following procedure. Using double induction, suppose the theorem is true if the
number of variables is less than &, and the theorem is true in k variables for degree less than d. Consider a symmetric
P(z1,...,2;) of degree d. Write P(zy, ..., zx—1,0) by induction hypothesis as a polynomial in the elementary symmetric functions
of one less variable. Use the same coefficients, but plug in the elementary symmetric functions of k variables except the
symmetric polynomial in k variables of degree k, that is except the 2; -+ z. You will obtain a symmetric function L(z, ..., zx)
and you need to show L(zy, ..., 2k-1,0) = P(z1, ..., 2k—1,0). Now use symmetry to prove that

P(zy,...,25) = L(21, ..., 2k) + 21 26Q(21, - , 28)- (6.2.14)

Then note that @ has lower degree and finish by induction.
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? Exercise 6.2.3

Extend the previous exercise to power series. Suppose f(zy, ..., 2) is a convergent symmetric power series at 0, show that f can
be written as a convergent power series in the elementary symmetric functions.

? Exercise 6.2.4

Suppose P(z’, z,) is a Weierstrass polynomial of degree k, and write the zeros as ai(z’), ..., ax(2’). These are not holomorphic
functions, but suppose that f is a symmetric convergent power series at the origin in & variables. Show that f (al(z’), s ak(z’))
is a holomorphic function of 2’ near the origin.

The hypotheses of the preparation theorem are not an obstacle. If a holomorphic function f is such that z, — f(0, 2,) vanishes
identically, then we can make a small linear change of coordinates L (L can be a matrix arbitrarily close to the identity) such that f
o L satisfies the hypotheses of the theorem. For example, f(21, 29, 23) = 2123 + 2223 does not satisfy the hypotheses of the theorem as
£(0,0,z3) =0. But for an arbitrarily small € # 0, replacing z; with 23 + €23 leads to f(z1, 22, 23) = f(21, 22 + €23, 23) = 2123 + 2223
+ €22, and f(0,0, z3) = €z2. Thence f satisfies the hypotheses of the theorem.

? Exercise 6.2.5

Prove the fact above about the existence of L arbitrarily close to the identity.

? Exercise 6.2.6

Prove that a monic polynomial P(¢) of one variable is uniquely determined by its zeros up to multiplicity. That is, suppose P
and @ are two monic polynomials with the same zeros up to multiplicity, then P = Q. That proves the uniqueness of the
Weierstrass polynomial.

? Exercise 6.2.7

Suppose D C C is a bounded domain, 0 € D, U’ ¢ C* ! is a domain, 0 € U’, and P € O(U’)[z,] is a Weierstrass polynomial such
that P(2’, z,) is not zero on U’ x 8D. Then for any 2’ € U, all zeros of z, — P(z’, z,) are in D.

? Exercise 6.2.8

Let D C C be a bounded domain, and U’ ¢ C*! a domain. Suppose f is a continuous function on U’ x D holomorphic on U’
x D, where f is zero on at least one point of U’ x D, and f is never zero on U’ x 8D. Prove that 2, i f(2’, 2,) has at least one
zero in D for every 2’ e U’.

The order of vanishing of f at the origin is a lower bound on the number % in the theorem. The order of vanishing for a certain
variable may be larger than this lower bound. If f(z1,22) = 22 + 23, then the k we get is 3, but ordgf = 2. We can make a small linear
change of coordinates to ensure k = ordyf. With the f as above, f(z; + €2, 2z2) gives k = 2 as expected.

The Weierstrass preparation theorem is a generalization of the implicit function theorem. When & =1 in the theorem, then we
obtain the Weierstrass polynomial z, + ¢o(2’). That is, the zero set of f is a graph of the holomorphic function —¢y. Therefore, the
Weierstrass theorem is a generalization of the implicit function theorem to the case when 5’% is zero. We can still “solve” for z,, but
we find & solutions given as the zeros of the obtained Weierstrass polynomial.

There is an obvious statement of the preparation theorem for germs.
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? Exercise 6.2.9

State and prove a germ version of the preparation theorem.

& Theorem 6.2.2

Weierstrass Division Theorem

Suppose f is holomorphic near the origin, and suppose P is a Weierstrass polynomial of degree k¥ > 1 in z,. Then there exists a
neighborhood V of the origin and unique g,r € O(V), where r is a polynomial in z, of degree less than k, and on V,

f=qP+r. (6.2.15)
Note that r need not be a Weierstrass polynomial; it need not be monic nor do the coefficients need to vanish at the origin. It is
simply a polynomial in z, with coefficients that are holomorphic functions of the first n — 1 variables.
Proof

Uniqueness is left as an exercise. Consider a connected neighborhood V = V’ x D of the origin, where D is a disc, f and P
are continuous in V’ x D, and P is not zero on V’ x 8D. Let

IR T BN (G
(7, zp) = 375 J ap P, 0(C —7) . (6.2.16)
As P is not zero on V’ x @D, the function ¢ is holomorphic in V (differentiate under the integral). If P did divide f, then ¢
would really be %. But if P does not divide £, then the Cauchy integral formula does not apply and ¢ is not equal to %.

Interestingly the expression does give the quotient in the division with remainder.

Write f using the Cauchy integral formula in z, and subtract ¢P to obtain r:

&' n) = £ 30) = 4, 2) PO ) = g [ LR D L QR (6:217)

We need to show r is a polynomial in z, of degree less than &. In the expression inside the integral, the numerator is of the

form 35 h;(2’,¢)(¢? —24) and is therefore divisible by ({ — 2,). The numerator is a polynomial of degree k in z,. After
dividing by (¢ — 2y), the integrand becomes a polynomial in z, of degree k — 1. Use linearity of the integral to integrate the
coefficients of the polynomial. Each coefficient is a holomorphic function in V’ and the proof is finished. Some coefficients
may have integrated to zero, so we can only say that = is a polynomial of degree £— 1 or less.

For example, let f(z, w) = €* + 2%e® + zw?e” + 2w and P(z,w) = w? + 2%, Then P is a Weierstrass polynomial in w of degree k = 2. A
bit of computation shows

1 e + 2%eS + 22 + 2¢
—_— = ze¥ 2.1
Y e i et (6219)
S0 z,w) = (2e?) (w? + 2%) + 2w + €.
flw) = () () 2w
q

Notice that r is a polynomial of degree 1 in w, but it is neither monic, nor do coefficients vanish at 0.

? Exercise 6.2.10

Prove the uniqueness part of the theorem.

? Exercise 6.2.11

State and prove a germ version of the division theorem.
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The Weierstrass division theorem is a generalization of the division algorithm for polynomials with coefficients in a field, such as
the complex numbers: If f(¢) is a polynomial, and P(¢) is a nonzero polynomial of degree k, then there exist polynomials ¢(¢) and
r(¢) with degree of r less than & such that f = gP +r. If the coefficients are in a commutative ring, we can divide as long as P is
monic. The Weierstrass division theorem says that in the case of the ring @), we can divide by a monic P € ,_10p[z,], even if f is a
holomorphic function (a “polynomial of infinite degree”) as long as f(0, z,) has finite order.

This page titled 6.2: Weierstrass Preparation and Division Theorems is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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6.3: The Dependence of Zeros on Parameters

Let us prove that the zeros change holomorphically as long as they do not come together. We will prove shortly that the zeros come
together only on a small set; it is a zero set of a certain holomorphic function called the discriminant.

A set of zeros are said to be geometrically distinct if they are distinct points of C. A zero is called geometrically unique if it is a
unique complex number. For example, (z, — 1) has a geometrically unique zero at 1, and (z, —1)*(2, + 1) has two geometrically
distinct zeros, 1 and —1.

& Proposition 6.3.1

Let D c C and U’ c C*! be domains, and f € (U’ x D). Suppose that for each fixed 2’ € U’ the function z, — f(z’, z,) has a
geometrically unique zero a(z’) € D. Then e is holomorphic in U”’.

The proposition shows that the regularity conclusion of the implicit function theorem holds under the hypothesis that there
exists some local solution for z,. This result holds only for holomorphic functions and not for real-analytic functions. For
example, 2 — y® = 0 has a unique real solution y = /3, but that function is not even differentiable.

Proof

We must show that ¢ is holomorphic near any point, which, without loss of generality, is the origin. Apply the preparation
theorem to find f = wP, where P is a Weierstrass polynomial in @(V’)|[z,] for some V' c U’ and all zeros of z, - P(2’, z,)
are in D. As « is a geometrically unique zero in D,

P(2,z,) = (z,. — a(z'))k =z2F —ka(2)2F 1 + - (6.3.1)

The coefficients of P are holomorphic, so « is holomorphic.

& Proposition 6.3.2

Let D c C and U’ c C™! be domains, and f € O(U’ x D). Let m € N be such that for each 2’ € U’, the function z, — f(2’, z,)
has precisely m geometrically distinct zeros. Then locally near each point in U’ there exist m holomorphic functions
a;1(2’), ... ,an(2’), positive integers ki, ..., km, and a nonvanishing holomorphic function w such that

k;

(20— as(2"))". (6.3.2)

s

f(zla zﬂ) = u(z’, zn)

[
Il
—

We can only define «; through a., locally (on a smaller domain) as we do not know how a; through a., are ordered, and the order
could change as we move around U’ if it is not simply connected. If U’ is simply connected, then the functions can be defined
globally by analytic continuation. For an example where U’ is not simply connected, recall Example 6.2.1. Consider U’ = C \ {0}
and think D = C rather than a disc for simplicity. Then U’ is not simply connected, and there do not exist continuous functions
a1(21) and as(2;) that are zeros of the Weierstrass polynomial, that is 22 — 2y = (22 - al(zl)) (Z2 —az (zl)). These would be the two
square roots of z;, and there is no continuous (let alone holomorphic) square root defined in C \ {0}. Such roots can be chosen to be
holomorphic on any smaller simply connected open subset of U’, for example, on any disc A c U”.

? Exercise 6.3.1

Let D c C be a bounded domain, U’ ¢ C*! a domain, f a continuous function on U’ x D holomorphic on U’ x D, where f is
zero on at least one point of U’ x D, and f is never zero on U’ x D. Suppose that for each fixed z’ € U’ the function z,
> f(2’, zx) has at most one zero in D. Prove that for each z’ € U’ z, = f(2’,2,) has exactly one zero in D. Note: And therefore
by Proposition 6.3.1, that zero is a holomorphic function.
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? Exercise 6.3.2

Prove Proposition 6.3.2. See the exercise above and Proposition 6.3.1.

& Theorem 6.3.1

Let D c C be a bounded domain, U’ ¢ C*! a domain, and f € @(U’ x D). Suppose the zero set £7(0) has no limit points on
U’ x dD. Then there exists an m € N and a holomorphic function A: U’ — C, not identically zero, such that for every z’ € U’
\ E, where E = A7Y(0), 2z, > f(2, 2,) has exactly m geometrically distinct zeros in D, and zn > f(2’, 2,) has strictly less than
m geometrically distinct zeros for 2’ € E.

The complement of a zero set of a holomorphic function is connected, open and dense. The function A is called the
discriminant function and its zero set E is called the discriminant set. For the quadratic equation, A is the discriminant we
learned about in high school.

Proof

The zeros of z, + f(2’,2,) are isolated, and there are finitely many for every 2’ as D is bounded and f~1(0) has no limit
points on U’ x @D. For any p’ € U’ we define two useful paths. Let 4 be the union of nonintersecting small simple closed
curves in D, one around each geometrically distinct zero of z, - f(p’, z,). Let X be a large closed path in D going exactly
once around all the zeros and such that the interior of X is in D. Suppose « and X intersect no zeros. See Figure 6.3.1. By
continuity, the curves v and A do not intersect any zeros for z’ near p’. Since the set f~1(0) is closed and the zeros do not
accumulate on U’ x 8D, then for 2’ near p’ the zeros stay a positive distance away from the boundary. So )\ can be picked to
go around all the zeros exactly once for 2’ near p’.

roots of z,, —= f(2',2,)

zn-plane for fixed 2’

Figure 6.3.1

The argument principle applied to z, + f(2’, z,) using X for 2’ near p’ shows that the number of zeros (with multiplicity) is
bounded by some M € N near p’. The M is locally well-defined (it does not depend on ) as long as it contains all the zeros),
and it is a locally constant function of 2’ € U’. As U’ is connected, and it is a fixed number. The maximum number of
geometrically distinct zeros must be bounded by M. Let m be the maximal number of geometrically distinct zeros and
suppose that at some point in U, there are exactly m geometrically distinct zeros.

Let U;, c U’ be the set of 2’ € U’ for which z, ~ f(2’, z,) has exactly m zeros. Write {’ as a union of disjoint sets U’” = U},
U E, where E = U’ \ U,,. By definition of m, U}, is nonempty. Suppose p’ € U, and  goes around the zeros as above. Let o’
be a single component curve of the path v going around one of the zeros. The argument principle with respect to 4’ says
that 4’ must contain at least one zero for all 2’ near p’. There are only finitely many zeros, and so for 2’ in some
neighborhood of p’, 2, = f(z’,2,) has at least m zeros in ~, and as m is the maximum, it has exactly m zeros. In other
words, U,, is open.

Locally on U,,, there exist m holomorphic functions ai,...,a, giving the zeros by the previous proposition. We cannot
define these on all of U}, as we do not know how they are ordered. The function

A(Z') = H(aj(z') - ak(z')) (6.3.3)
J#k
defined for 2’ € U,, does not depend on the order. That means A is well-defined as a function on the open set U,,, and since
a; are locally holomorphic, A is holomorphic.
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Let p’ € ENU., so there are fewer than m zeros at p’. Suppose v and X are as above. In each particular component v’ of v,
there must be at least one zero for all z’ near p’ by the same argument as above. There exist 2’ arbitrarily near p” where
there are m zeros. The region between X and «y (including the curves) is compact, and so by continuity, if z, - f(p’, 2,) was
nonzero on it, so is z, — f(2’,2,) for 2z’ near p’. As no zeros of z, = f(2’, 2;) lie outside A, we have that all zeros lie in one
of the components of 4. So if 2 € Uy, near p’, there must be one component 4’ that contains at least two zeros. Let {z;} be
an arbitrary sequence of points in U, going to p’. As the number of zeros is finite, {z;} has a subsequence such that z,
> f(z;,2,) has at least two zeros in some fixed component 4’ of + for z;. Assume {z;} is this subsequence. Label the two
distinct zeros at z; as ai(z;) and az(z;). At p’ there is only a single (geometrically) zero in 47, let us name it a;(p’). As
F71(0) is closed it must be that a;(z;) and ax(z;) both approach a;(p’) as £ — co. As all zeros are necessarily bounded,
limg ,00 A(z5) = 0. As the limit is zero for a subsequence of an arbitrary sequence,

zlel(i]gl_)pl A(z") = 0. (6.3.4)
We have already defined A on Uy, so set A(z’) =0 if 2’ € E. The function A is a continuous function on U’ that is zero
precisely on E and holomorphic on Uy,. Radé’s theorem (Theorem 2.4.3) says that A is holomorphic in U”.

The discriminant given above is really the discriminant of the set £~*(0) rather than of the corresponding Weierstrass polynomial.
Often for Weierstrass polynomials the discriminant is defined as [, (a]-(z’) —ak(z’)) taking multiple zeros into account, and
therefore the “discriminant” could be identically zero. It will be clear from upcoming exercises that if the Weierstrass polynomial is
irreducible, then the two notions do in fact coincide.

? Exercise 6.3.3

Prove that if f € O(U), then U\ £71(0) is not simply connected if £~1(0) is nonempty. In particular, in the theorem, U’ \ E is not
simply connected if E # 0.

? Exercise 6.3.4

Let D c C be a bounded domain, and &/ c C*! a domain. Suppose f is a continuous function on U’ x D holomorphic on U’
x D, and f is never zero on U’ x dD. Suppose %:[0,1] — U’ is a continuous function such that f(y(o),c) =0 for some ¢ € D.
Prove that there exists a continuous function a: [0,1] — C such that a(0) = c and f (7(t), a(t)) =0 for all ¢ € [0,1]. Hint: Show it
is possible for a path arbitrarily close to «, but one that stays away from the discriminant.

This page titled 6.3: The Dependence of Zeros on Parameters is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated
by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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6.4: Properties of the Ring of Germs

Let us prove some basic properties of the ring of germs of holomorphic functions. First some algebra terminology. Given a
commutative ring R, an ideal I c R is a subset such that fg € I whenever f € Rand g € I and g + h € I whenever g,h € I. An
intersection of ideals is again an ideal, and hence it makes sense to talk about the smallest ideal containing a set of elements. An
ideal I is generated by fi, ..., fx if I is the smallest ideal containing {fi, ..., fx}. We then write I = (f, ..., f). Every element in I can
be written as ¢; f1 + - + ¢ fx, where ¢y, ..., ¢x € R. A principal ideal is an ideal generated by a single element, that is, (f).

For convenience, when talking about germs of functions we often identify a representative with the germ when the context is clear.
So by abuse of notation, we often write f € @, instead of (f,p) € 09, and (fi,..., fx) instead of ((fl,p),...,(fk,p)). As in the
following exercises.

? Exercise 6.4.1

a. Suppose f € 0, is such that f(p) # 0, and (f) is the ideal generated by f. Prove (f) = O,.
b. Let m, = (21 — p1, --- , 2n — Pn) C O, be the ideal generated by the coordinate functions. Show that if f(p) = 0, then f € m,,
c. Show that if I C O, is a proper ideal (ideal such that I # O), then I C my, that is m, is a maximal ideal.

? Exercise 6.4.2

Suppose n = 1. Show that 10, is a pincipal ideal domain (PID), that is every ideal is a principal ideal. More precisely, show
that given an ideal I c 10,, then there existsa k= 0,1, 2, ..., such that I = ((z —p)k).

? Exercise 6.4.3

If U,V c C" are two neighborhoods of p and h: U — V is a biholomorphism. First prove that it makes sense to talk about f o h
for any (f,p) € Op. Then prove that f - fo h is a ring isomorphism.

A commutative ring R is Noetherian if every ideal in R is finitely generated. That is, for every ideal I C R there exist finitely many
generators fi,..., fx € I: Every g € I can be written as g = ¢1f1 + - + cxfx, for some ¢y, ..., cx € R. In an exercise, you proved 10, is
a PID. So ;0, is Noetherian. In higher dimensions, the ring of germs may not be a PID, but it is Noetherian.

& Theorem 6.4.1

0, is Noetherian.

Proof

Without loss of generality p = 0. The proof is by induction on dimension. By an exercise above, 10, is Noetherian. By
another exercise, we are allowed to do a change of coordinates at zero.

For induction suppose ,—10, is Noetherian, and let I C ,0g be an ideal. If I = {0} or I = ,0,, then the assertion is obvious.
Therefore, assume that all elements of I vanish at the origin (I # ,0,), and that there exist elements that are not identically
zero (I # {0}). Let g be such an element. After perhaps a linear change of coordinates, assume g is a Weierstrass polynomial
in z, by the preparation theorem.

The ring ,_10¢[2s] is a subring of ,0p. The set J = ,_10¢[z,] NI is an ideal in the ring ,_10¢[z,]. By the Hilbert basis
theorem (see Theorem D.4 in the appendix for a proof), as »—10p is Noetherian, the ring ,_10g[2,] is also Noetherian. Thus J
has finitely many generators, that is J = (hy, ..., hg), in the ring ,_10¢[z,]-.

By the division theorem, every f € I is of the form f = qg +r, where r € ,,_10¢[2,] and ¢ € ,0. As f and g are in I, so is r.
As g and r are in ,_10¢[2,], they are both in J. Write g = ¢1hy + - + cghg and r = dyhq + -+ + dghg. Then f = (gey + di)hy + -
+ (gek + di)hk- SO ha, ..., by also generate I in 0.
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? Exercise 6.4.4

Prove that every proper ideal I C @y where I # {0} is generated by Weierstrass polynomials. As a technicality, note that a
Weierstrass polynomial of degree 0 is just 1, so it works for I = Q.

? Exercise 6.4.5

We saw above that 10, is a PID. Prove that if » > 1, then ,0, is not a PID.

& Theorem 6.4.2

0, is a unique factorization domain (UFD). That is, up to a multiplication by a unit, every element has a unique factorization
into irreducible elements of O,,.

Proof

Again assume p = 0 and induct on the dimension. The one-dimensional statement is an exercise below. If ,_10¢ is a UFD,
then ,,_19¢[2,] is @ UFD by the Gauss lemma (see Theorem D.6).

Take f € ,0. After perhaps a linear change of coordinates f = ¢P, for ¢ a unit in ,0,, and P a Weierstrass polynomial in zy,.
As , 10¢[z,] is a UFD, P has a unique factorization in ,_;0¢[z,] into P = PP, P;. So f =qP P, P;. That P; are
irreducible in ,, @ is left as an exercise.

Suppose f = {g1ga -+ g, is another factorization. The preparation theorem applies to each g;. Therefore, write g; = u,-l’%- fora
unit u; and a Weierstrass polynomial P;. We obtain f = uP; P, - P, for a unit u. By uniqueness part of the preparation
theorem we obtain P = PP, - P,,. Conclusion is obtained by noting that ,_;@¢[2,] is a UFD.

? Exercise 6.4.6

Finish the proof of the theorem by proving 10, is a unique factorization domain.

? Exercise 6.4.7

Show that if an element is irreducible in ,,_;O[2y], then it is irreducible in ,0p.

This page titled 6.4: Properties of the Ring of Germs is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiri
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6.5: Varieties

As before, if f: U — C is a function, let Z; = f~1(0) c U denote the zero set of f.

# Definition: Complex

Let U c C™ be an open set. Let X c U be a set such that near each point p € U, there exists a neighborhood W of p and a family
of holomorphic functions # defined on W such that

WNX={zeW:f(z)=0forall feF}=)Z. (6.5.1)
fex

Then X is called a (complex or complex-analytic) variety or a subvariety of U. Sometimes X is called an analytic set. We say X
C U is a proper subvariety if § + X C U.

We generally leave out the “complex” from “complex subvariety” as it is clear from context. But you should know that there are
other types of subvarieties, namely real subvarieties given by real-analytic functions. We will not cover those in this book.

v/ Example 6.5.1

The set X = {0} c C" is a subvariety as it is the only common vanishing point of functions # = {z, ..., z,}. Similarly, X = C"
is a subvariety of C*, where we let = .

v/ Example 6.5.2

The set defined by 2 = €'/t is a subvariety of U = {2 € C?: 2; # 0}. It is not a subvariety of any open set larger than U.

It is useful to note what happens when we replace “near each point p € U” with “near each point p € X.” We get a slightly different
concept, and X is said to be a local variety. A local variety X is a subvariety of some neighborhood of X, but it is not necessarily
closed in U. As a simple example, the set X = {z €C%:2 =0,|2a] < 1} is a local variety, but not a subvariety of C2. On the other
hand X is a subvariety of the unit ball {z € C? : || < 1}.

Note that & depends on p and near each point may have a different set of functions. Clearly the family & is not unique. We will
prove below that we would obtain the same definition if we restricted to finite families F.

We work with germs of functions. Recall, that when (f, p) is a germ of a function the germ (Z;, p) is the germ of the zero set of
some representative. Let

L(X) € {(f,p) € 0,: (X,p) C (Z1,D)}- (6.5.2)

That is, I,(X) is the set of germs of holomorphic functions vanishing on X near p. If a function vanishes on X, then any multiple of
it also vanishes on X, so I(X) is an ideal. Really I,(X) depends only on the germ of X at p, so define I,,((X, p)) = I,(X).

Every ideal in 0, is finitely generated. Let I c O, be an ideal generated by f, fo, ..., fz. Write

V(1) ¥ (24,0) N (Z4,,9) NN (Z4,,9)- (6.5.3)

That is, V(I) is the germ of the subvariety “cut out” by the elements of I, since every element of I vanishes on the points where all
the generators vanish. Suppose representatives fi, ..., fi of the generators are defined in some neighborhood W of p, and a germ
(9,p) € I has a representative g defined in W such that g = ¢; f1 + - + exfx, Where ¢, are also holomorphic functions on W. If g € Z;,
N - N Zy,, then g(g) = 0. Thus, Zy, N---N Zy, C Z,, or in terms of germs, V(I) C (Z,, p). The reason why we did not define V(1) to be
the intersection of zero sets of all germs in I is that this would be an infinite intersection, and we did not define such an object for
germs.
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? Exercise 6.5.1

Show that V(I) is independent of the choice of generators.

? Exercise 6.5.2

Suppose I,(X) is generated by the functions fi, fo, ..., fx. Prove

(Xap) = (Zflip) n (Zfz’p) n--N (kaap)' (6'5'4)

? Exercise 6.5.3

Given a germ (X, p) of a subvariety at p, show V(I,(X)) = (X,p) (see above). Then given an ideal I C 0, show I,(V(I)) D I.

As @, is Noetherian, I,(X) is finitely generated. Near each point p only finitely many functions are necessary to define a subvariety,
that is, by an exercise above, those functions “cut out” the subvariety. When one says defining functions for a germ of a subvariety,
one generally means that those functions generate the ideal, not just that their common zero set happens to be the subvariety. A
theorem that we will not prove here in full generality, the Nullstellensatz, says that if we take the germ of a subvariety defined by
functions in an ideal I C O, and look at the ideal given by that subvariety, we obtain the radical® of I. In more concise language,
the Nullstellensatz says I, (V(I)) = +/I. Germs of subvarieties are in one-to-one correspondence with radical ideals of @,.

v Example 6.5.3

The subvariety X = {0} c C2 can be given by # = {2?,22}. If I = (zf,z%) C 09 is the ideal of germs generated by these two
functions, then Io(X) # I. We have seen that the ideal Ip(X) is the maximal ideal mg = (21, 22). If we prove that all the
nonconstant monomials are in /7, then /T = (z1, 22) = mo. The only nonconstant monomials that are not in I are z;, 25, and
2122, but the square of each of these is in I, so v/T = my.

The local properties of a subvariety at p are encoded in the properties of the ideal I,,(X). Therefore, the study of subvarieties often
involves the study of the various algebraic properties of the ideals of @,. Let us also mention in passing that the other object that is
studied is the so-called coordinate ring 0,/I,(X), which represents the functions on (X, p). That is, we identify two functions if
they differ by something in the ideal, since then they are equal on X.

At most points a subvariety behaves like a piece of C¥, more precisely like a graph over C*. A graph of a mapping f:U’ c CF

— Cn*isthesetT'y c U’ x C"* c C* x C"* defined by

r; def {(zw) €U’ x Ch k.= i@} (6.5.5)

# Definition: Complex Manifold

Let X c U c C™ be a subvariety of an open set U. Let p € X be a point. Suppose that after a permutation of coordinates, near p

the set X is a graph of a holomorphic mapping. That is, after relabeling coordinates, there is a neighborhood U’ x U” C C*
x C"* of p, where k € Ny, such that

XNU' xU") =Ty (6.5.6)

for a holomorphic mapping f: U’ — C"*. Then p is a regular point (or simple point) of X and the dimension of X at p is k. We
write dim, X = k. If all points of X are regular points of dimension ¥, then X is called a complex manifold, or complex
submanifold, of (complex) dimension k.

As the ambient” dimension is n, we say X is of codimension n— k at p.

The set of regular points of X is denoted by X,.,. Any point that is not regular is singular. The set of singular points of X is
denoted by X 5.
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A couple of remarks are in order. A subvariety X can have regular points of several different dimensions, although if a point is a
regular point of dimension k, then all nearby points are regular points of dimension & as the same U’ and U” works. Any isolated
point of X is automatically a regular point of dimension 0. Finally remark is that dimension is well-defined. We leave it as an
exercise. Sometimes the empty set is considered a complex manifold of dimension —1 (or —o0).

v/ Example 6.5.4

The set X = C" is a complex submanifold of dimension n (codimension 0). In particular, Xre = X and Xiing = 0.
The set Y = {z € C3 : 23 = 22 — 22} is a complex submanifold of dimension 2 (codimension 1). Again, Y., =Y and Y, = 0.

On the other hand, the so-called cusp, C = {z € C? : 2} — 22 = 0} is not a complex submanifold. The origin is a singular point
of C (see exercise below). At every other point we can write z, = izf/ 2 50 Crey = C\ {0}, and 50 C, = {0}. The dimension at
every regular point is 1. See for a plot of C in two real dimensions:

| —

=1
=0.5

Figure 6.5.1

? Exercise 6.5.4

Prove that if p is a regular point of a subvariety X c U c C" of a domain U, then the dimension at p is well-defined. Hint: If

there were two possible U’ of different dimension (possibly different affine coordinates), construct a map from one such U’ to
another such U’ with nonvanishing derivative.

? Exercise 6.5.5

Consider the cusp C = {z € C?: z} — 22 = 0}. Prove that the origin is not a regular point of C.

? Exercise 6.5.6

Show that p is a regular point of dimension . of a subvariety X if and only if there exists a local biholomorphic change of
coordinates that puts p to the origin and near 0, X is given by w = 0, where (z,w) € CF x C**. In other words, if we allow a
biholomorphic change of coordinates, we can let f = 0 in the definition.

We also define dimension at a singular point. A fact that we will not prove in general is that the set of regular points of a subvariety

is open and dense in the subvariety; a subvariety is regular at most points. Therefore, the following definition makes sense without
resorting to the convention that max @ = —co.

# Definition: Dimension

Let X c U c C" be a (complex) subvariety of . Let p € X be a point. We define the dimension of X at p to be

dim, X % max{k € Ng : V neighbhds. W of p, 3g € W N X, with dim, X = k}. (6.5.7)

If (X,p) is a germ and X a representative, the dimension of (X,p) is the dimension of X at p. The dimension of the entire
subvariety X is defined to be

dim X &' max dim, X. (6.5.8)
peX
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We say that X is of pure dimension k if at all points p, dimension of X at p is k. We say a germ (X, p) is of pure dimension k if
there exists a representative of X that is of pure dimension k. We define the word codimension as before, that is, the ambient

dimension minus the dimension of X.

v/ Example 6.5.5

We saw that C = {z € C? : 2§ — 22 =0} is of dimension 1 at all the regular points, and the only singular point is the origin.
Hence dimy C =1, and so dim C = 1. The subvariety C is of pure dimension 1.

We have the following theorem, which we state without proof, at least in the general setting.

& Theorem 6.5.1

Let U C C" be open and connected and let X C U be a subvariety, then the set of regular points X,., is open and dense in X. In
fact, Xiny C X is a subvariety.

? Exercise 6.5.7

Suppose that X ¢ U c C" is a subvariety of a domain U, such that X, is connected. Show that X is of pure dimension. Feel
free to assume X, is dense in X.

Footnotes
[1] The radical of T is defined as v & {f: f™ € I, for some m}.
[2] The word ambient is used often to mean the set that contains whatever object we are talking about.

This page titled 6.5: Varieties is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via source content
that was edited to the style and standards of the LibreTexts platform.
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6.6: Hypervarieties

Pure codimension 1 subvarieties are particularly nice. Sometimes pure codimension 1 subvarieties are called hypervarieties. Back
in Section 1.6 we proved the following theorem (Theorem 1.6.2). We restate it in the language of varieties.

& Theorem 6.6.1

Let U C C" be a domain and f € O(U). Then Z; is empty, a subvariety of pure codimension 1, or Z; = U. Furthermore, if Z; is
a pure codimension 1 subvariety, then (Zy),, is open and dense in Z;.

We can improve on that slightly. Let us prove that (Z)n, is (locally) contained in the zero set of some holomorphic function that is
not zero on any nonempty open subset of Z;. It suffices to assume 0 € Z; and to prove this locally near the origin. As usual, after
possibly a linear change of coordinates, we assume that near the origin Z; is contained in some U’ x D ¢ C*! x C for a disc D and
Z; does not intersect U’ x 8D. Apply Theorem 6.3.1 to find the discriminant function A and the discriminant E = A—1(0). Above a
neighborhood of each point in U’ \ E, the set Z; is union of m distinct graphs of holomorphic functions (see Proposition 6.3.2), so
those points are regular. Above each point of E there are only finitely many points of Z;, and E is nowhere dense in U’. So the
function (2’, z,) - A(z’) does not vanish on any nonempty open subset of Z.

& Theorem 6.6.2

If (X,p) is a germ of a pure codimension 1 subvariety, then there is a germ of a holomorphic function f at p such that (Zy, p)
= (X, p). Further, I,,(X) is generated by (f,p).

Proof
We already proved all the relevant pieces of the first part of this theorem.

For the second part there has to exist a germ of a function that vanishes on (X, p). Assume p = 0, and after a linear change
of coordinates assume we can apply the Weierstrass preparation theorem to the function. Taking representatives of the
germs, we assume X is a pure codimension 1 subvariety of a small enough neighborhood U’ x D c C*! x C of the origin,
where D is a disc, and the function that vanishes on X is a Weierstrass polynomial P(z’,z,) defined for 2’ € U’, and all
zeros of z, & P(2’,2,) are in D for 2’ € U.

Theorem 6.3.1 applies. Let E c U’ be the discriminant set, a zero set of a holomorphic function. On U’ \ E, there are a
certain number of geometrically distinct zeros of z, = P(2’, 2,).

Let X’ be a topological component of X \ (E x D). Above each point 2’ € U’ \ E, let a;(2’), .., ax(2’) denote the distinct
zeros that are in X, that is (z’,a,-(z’)) € X'. If a; is a holomorphic function in some small neighborhood and (z’,a,—(z’))
€ X’ at one point, then (z’,a,-(z’)) € X’ for all nearby points too. Furthermore, this means that the set X’ contains only
regular points of X of dimension n — 1.

The number of such geometrically distinct zeros above each point in U’ \ E is locally constant, and as U’ \ E is connected
there exists a unique k. Take

k k-1
F(,z,) = H(z,. — aj(z')) =zF4 Zgj(z')zf;. (6.6.1)
j=1 J=0

The coefficients g; are well-defined for 2 € U’ \ E as they are independent of how aj,...,ax are ordered. The g; are
holomorphic for z € U’ \ E as locally we can choose the order so that each «; is holomorphic. The coefficients g; are
bounded on U’ and therefore extend to holomorphic functions of {/’. Hence, the polynomial F is a polynomial in @(U’)[z,]-
The zeros of F above 2’ € U’ \ E are simple and give precisely X’. By using the argument principle again, we find that all
zeros above points of E are limits of zeros above points in U’ \ E. Consequently, the zero set of F is the closure of X’ in U’
x D by continuity. It is left to the reader to check that all the functions g; vanish at the origin and F' is a Weierstrass
polynomial, a fact that will be useful in the exercises below.
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If the polynomial P(z’,z,) is of degree m, then 2’ s P(z’,z,) has at most m zeros. Together with the fact that U’ \ E is
connected, this means that X \ (E x D) has at most finitely many components (at most m). So we can find an F for every
topological component of X \ (E x D). Then we multiply those functions together to get f.

The fact that this f will generate I,(X) is left as an exercise below.

In other words, local properties of a codimension 1 subvariety can be studied by studying the zero set of a single Weierstrass
polynomial.

v/ Example 6.6.1

It is not true that if a dimension of a subvariety in C" is n — k (codimension k), there are k holomorphic functions that “cut it
out.” That only works for k = 1. The set defined by

rank [zl “2 z3] <2 (6.6.2)
Z4 25 Z2¢

is a pure 4-dimensional subvariety of C8, so of codimension 2, and the defining equations are z125 — 2224 = 0, 2126 — 2324 = 0,
and za2¢ — 2325 = 0. Let us state without proof that the unique singular point is the origin and there exist no 2 holomorphic
functions near the origin that define this subvariety. In more technical language, the subvariety is not a complete intersection.

v/ Example 6.6.2

If X is a hypervariety and E the corresponding discriminant set, it is tempting to say that the singular set of X is the set X N (&
x C), which is a codimension 2 subvariety. It is true that X N (£ x C) will contain the singular set, but in general the singular
set is smaller. A simple example of this behavior is the set defined by 22 —z; =0. The defining function is a Weierstrass

polynomial in z; and the discriminant set is given by z; = 0. However, the subvariety has no singular points. A less trivial
example is given in an exercise below.

Interestingly we also proved the following theorem. Same theorem is true for higher codimension, but it is harder to prove.

& Corollary 6.6.1

Let (X,p) is a germ of a subvariety of pure codimension 1. Then there exists a neighborhood U of p, a representative X c U of
(X, p) and subvarieties X1, ..., X} C U of pure codimension 1 such that (Xj),, is connected for every j, and X = X; U - U X.

Proof

A particular X is defined by considering a topological component of X \ (E x D) as in the proof of Theorem 6.6.2, getting
the F, and setting X; = Zp. The topological component is of course a connected set and it is dense in (X})eg, which proves
the corollary.

? Exercise 6.6.1

a. Prove that the hypervariety in C*, n > 2, given by 22 + 22 + --- + 22 = 0 has an isolated singularity at the origin (that is, the
origin is the only singular point).
b. For any 0 < k < n — 2, find a hypervariety X of C* whose set of singular points is a subvariety of dimension k.

? Exercise 6.6.2

Suppose p(2’, z,) is @ Weierstrass polynomial of degree & such that for an open dense set of 2’ near the origin z, - p(2’, 2,,) has
geometrically k zeros, and such that the regular points of Z, are connected. Show that p is irreducible in the sense that if p = rs
for two Weierstrass polynomials r and s, then either =1 or s = 1.
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Suppose f is a function holomorphic in a neighborhood of the origin with z, = f(0, z,) being of finite order. Show that

f=upfipy-py, (6.6.3)

where p; are Weierstrass polynomials of degree k; that have generically (that is, on an open dense set) k; distinct zeros (no
multiple zeros), the regular points of Z,, are connected, and » is a nonzero holomorphic function in a neighborhood of the
origin. See also the next section, these polynomials will be the irreducible factors in the factorization of f.

? Exercise 6.6.4

Suppose (X,p) is a germ of a pure codimension 1 subvariety. Show that the ideal I,(X) is a principal ideal (has a single
generator).

? Exercise 6.6.5

Suppose I C 0, is an ideal such that V(I) is a germ of a pure codimension 1 subvariety. Show that the ideal I is principal.

? Exercise 6.6.6

Let I C O, be a principal ideal. Prove the Nullstellensatz for hypervarieties: I,,(V(I)) = /1. That is, show that if (f,p)
€ L,(V(I)), then (f*,p) € I for some integer k.

? Exercise 6.6.7

Suppose X C U is a subvariety of pure codimension 1 for an open set U c C". Let X’ be a topological component of X,,.
Prove that the closure X” is a subvariety of U of pure codimension 1.

This page titled 6.6: Hypervarieties is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi Lebl via source
content that was edited to the style and standards of the LibreTexts platform.
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6.7: Irreducibility, Local Parametrization, and Puiseux Theorem

& Definition: Irreducible

A germ of a subvariety (X,p) C (C*,p) is reducible at p if there exist two germs (X1,p) and (X2,p) with (X1,p) ¢ (X2,p) and
(X2,p) ¢ (X1,p) such that (X,p) = (X1,p) U (X2, p). Otherwise, the germ (X, p) is irreducible at p.

Similarly globally, a subvariety X C U is reducible in U if there exist two subvarieties X; and X, of U with X; ¢ X, and X,
¢ X such that X = X; U X,. Otherwise, the subvariety X is irreducible in U.

v/ Example 6.7.1

Local and global reducibility are different. The subvariety given by

22 =z1(2 — 1)2

is irreducible in C? (the regular points are connected), but locally at the point (1,0) it is reducible. There, the subvariety is a
union of two graphs: z; = +4/2z1(21 — 1). See for a plot in two real dimensions.

1

Figure 6.7.1

? Exercise 6.7.1

Prove a germ of a subvariety (X, p) is irreducible if and only if I,(X) is a prime ideal. Recall an ideal I is prime if ab € I
implies eithera e I orb e I.

? Exercise 6.7.2

Suppose a germ of a subvariety (X,p) is of pure codimension 1. Prove (X,p) is irreducible if and only if there exists a
representative of X, such that X, is connected.

? Exercise 6.7.3

Let X c U be a subvariety of pure codimension 1 of a domain U c C". Prove X is irreducible if and only if the set of regular
points is connected. Hint: See previous exercise.

For complex subvarieties, a subvariety is irreducible if and only if the set of regular points is connected. We omit the proof in the

general case, and for hypervarieties it is an exercise above. It then makes sense that we can split a subvariety into its irreducible
parts.

< Proposition 6.7.1

Let (X,p) c (C",p) be a germ of a subvariety. Then there exist finitely many irreducible subvarieties (X, p), ..., (X, p) such
that (X;,p) U ... U (Xx,p) = (X, p) and such that (X;,p) ¢ (Xo,p) for all j and 2.

Proof
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Suppose (X, p) is reducible: Find (Y1,p) ¢ (¥2,p) and (Y2,p) ¢ (Y1,p), such that (Y1,p) U (Y2,p) = (X,p). As (¥;,p) C (X, p),
then I,(Y;) 2 I,(X) for both j. If both (Y1,p) and (Y3,p) are irreducible, then stop, we are done. Otherwise apply the same
reasoning to whichever (or both) (Yj,p) that was reducible. After finitely many steps you must come to a stop as you cannot
have an infinite ascending chain of ideals since @, is Noetherian.

These (X1,p),...,(Xk,p) are the irreducible components. We omit the proof in general that they are unique. For a germ of a
hypervariety, the UFD property of ,0, gives the irreducible components. You found this factorization in an exercise above, and so
this factorization is unique.

Each irreducible component has the following structure. We give the theorem without proof in the general case, although we have
essentially proved it already for pure codimension 1 (to put it together is left as an exercise).

& Theorem 6.7.1: Local Parametrization Theorem

Let (X,0) be an irreducible germ of a subvariety of dimension &k in C". Let X denote a representative of the germ. Then after a
linear change of coordinates, we let 7:C* — CF be the projection onto the first k¥ components, and obtain that there exists a
neighborhood U c C" of the origin, and a proper subvariety E c «(U) such that

i. X’ =XNU\n"Y(E) is a connected k-dimensional complex manifold that is dense in XN U.
ii. m X’ — w(U) \ E is an m-sheeted covering map for some integer m.
iii. m X NU — «(U) is a proper mapping.

The m-sheeted covering map in this case is a local biholomorphism that is an m-to-1 map.

? Exercise 6.7.4

Use Theorem 6.3.1 to prove the parametrization theorem if (X, 0) is of pure codimension 1.

Let (z1, ..., 2,) be the coordinates. The linear change of coordinates needed in the theorem is to ensure that the set defined by z; = 22
= ... = z; = 0 intersected with X is an isolated point at the origin. This is precisely the same condition needed to apply Weierstrass
preparation theorem in the case when X is the zero set of a single function.

We saw hypersurfaces are the simpler cases of complex-analytic subvarieties. At the other end of the spectrum, complex-analytic
subvarieties of dimension 1 are also reasonably simple for different reasons. Locally, complex-analytic subvarieties of dimension 1
are analytic discs. Moreover, they are locally the one-to-one holomorphic images of discs, and so they have a natural topological
manifold structure even at singular points.

v/ Example 6.7.2

The image of the analytic disc ¢ s (¢2, ¢3) is the cusp subvariety defined by 22 — 22 = 0 in C2.

The following theorem is often stated only in C2 for zero sets of a single function although it follows in the same way from the
local parametrization theorem in higher-dimensional spaces. Of course, we only proved that theorem (or in fact you the reader did
so in an exercise), for codimension 1 subvarieties, and therefore, we also only have a complete proof of the following in C2.

& Theorem 6.7.2: Puiseux

Let (z,w) € C x C*! be coordinates. Suppose f:U c C x C*1 — C* is a holomorphic map such that f(z,w) =0 defines a
dimension 1 subvariety X of U, 0 € X, and w — f(0,w) has an isolated zero at the origin.

Then there exists an integer k and a holomorphic function g defined near the origin in C such that for all ¢ near the origin
£(¢*,9(9) =o. (6.7.1)

Proof
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Without loss of generality assume (X,0) is irreducible, so that the local parametrization theorem applies. We work in a
small disc D C C centered at the origin, such that the origin is the unique point of the discriminant set (the subvariety E).
Let N ={2 € D : 32 =0,8z <0}. As D \ N is simply connected we have the well-defined functions a;(2),...,am(z)
holomorphic on D \ N that are solutions to f (z, aj(z)) = 0. These functions continue analytically across N away from the
origin. The continuation equals one of the zeros, e.g. a;(z) becomes ox(2) (and by continuity it is the same zero along the
entire N). So there is a permutation o on m elements such that as z moves counter-clockwise around the origin from the
upper half-plane across N to the lower half-plane, a;(z) is continued as a,;(z). There exists some number k (e.g. k = m!)
such that o* is the identity. As ¢ goes around a circle around the origin, ¢* goes around the origin & times. Start at a positive
real ¢ and start defining a function g(¢) as a;(¢¥). Move ¢ around the origin counter-clockwise continuing g analytically.
Divide the disc into sectors of angle 2%, whose boundaries are where ¢* € N. Transition to a,;)(¢*) after we reach the
boundary of the first sector, then to a1 (€¥) after we reach the boundary of the next sector, and so on. After k steps, that
is as ¢ moved all the way around the circle, we are back at a;(¢¥), because o is the identity. So g(¢) is a well-defined
holomorphic function outside the origin. Let g(0) = 0, and g is holomorphic at 0 by the Riemann extension theorem. See
Figure 6.7.2 for an example.

In the figure, m = k = 4, and the permutation o takes 1 to 2, 2 to 3, 3 to 4, and 4 to 1. As ¢ moves along the short circular
arrow on the right, £ moves along the long circular arrow on the left. The definition of g is then given in the right-hand

diagram.

? Exercise 6.7.5

Consider an irreducible germ (X,0) c (C2,0) defined by an irreducible Weierstrass polynomial f(z,w) =0 (polynomial in w) of
degree k. Prove there exists a holomorphic g such that f (z", g(z)) =0and z — (z", g(z)) is one-to-one and onto a neighborhood
of 0 in X.

? Exercise 6.7.6

Suppose (X,0) c (C2,0) is a germ of a dimension 1 subvariety. Show that after perhaps a linear change of coordinates, there are
natural numbers djy, ... ,d and holomorphic functions ¢;(z), ..., cx(2) vanishing at 0, such that X can be defined near 0 by

k

II (% —¢;(2) =o. (6.7.2)

j=1

? Exercise 6.7.7

Using the local parametrization theorem, prove that if (X, p) is an irreducible germ of a subvariety of dimension greater than 1,
then there exists a neighborhood U of p and a closed subvariety X c U (whose germ at p is (X,p)), such that for every ¢ € X
there exists an irreducible subvariety ¥ C X of dimension 1 such thatp e Yandg €Y.

? Exercise 6.7.8

Prove a stronger version of the exercise above. Show that not only is there a Y, but an analytic disc ¢:D — U such that ¢(D)
C X, p(0)=pand p(}) =q.
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? Exercise 6.7.9

Suppose X C U is a subvariety of a domain U C C". Suppose that for any two points p and g on X there exists a finite sequence
of points py = p,p1,...,pr = ¢ in X, and a sequence of analytic discs A; C X such that p; and p;—; are in A;.

? Exercise 6.7.10: Maximum Principle for Subvarieties

Prove a maximum principle for subvarieties using the exercises above: Suppose X c U is an irreducible subvariety of an open

set U, and suppose f:U — RU {—oo} is a plurisubharmonic function. If the modulus of the restriction f|x achieves a maximum
at some point p € X, then the restriction f|x is constant.

? Exercise 6.7.11

Prove that an analytic disc (namely the image of the disc) in C2 is a one-dimensional local variety (that is, a subvariety of some
open subset of C2).

Using the Puiseux theorem, we often simply parametrize germs of complex one-dimensional subvarieties. And for larger-
dimensional varieties, we can find enough one-dimensional curves through any point and parametrize those.

This page titled 6.7: Irreducibility, Local Parametrization, and Puiseux Theorem is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by Jiii Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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6.8: Segre Varieties and CR Geometry

The existence of analytic discs (or subvarieties) in boundaries of domains says a lot about the geometry of the boundary.

v/ Example 6.8.1

Let M c C™ be a smooth real hypersurface containing a complex hypersurface X (zero set of a holomorphic function with
nonzero derivative), at p € X ¢ M. Apply a local biholomorphic change of coordinates at p, so that in the new coordinates
(2,w) € C*! x C, X is given by w = 0, and p is the origin. The tangent hyperplane to M at 0 contains {w = 0}. By rotating the
w coordinate (multiplying it by e), we assume M is tangent to the set {(z,w) : Jw = 0}. In other words, M is given by

Jw = p(z, z, Rw), (6.8.1)
where dp = 0. Asw = 0 on M, then p = 0 when RRw = 0. That is, p is divisible by S3w. So M is defined by
Jw = (Rw)p(z, Z, Rw), (6.8.2)

for a smooth function 5. The Levi form at the origin vanishes. As p = 0 was an arbitrary point on M N X, the Levi form of M
vanishes on M N X.

v/ Example 6.8.2

The vanishing of the Levi form is not necessary if the complex varieties in M are small. Consider M C C® with a
nondegenerate (but not definite) Levi form:
Jw = |z1|% — |z5|% (6.8.3)

For every 8 € R, M contains the complex line Lg, given by z; = ez, and w = 0. The union |J, Le of those complex lines is not
contained in some single unique complex subvariety inside M. Any complex subvariety that contains all Ly must contain the
entire complex hypersurface given by w = 0, which is not contained in M.

? Exercise 6.8.1

Let M C C" be a smooth real hypersurface. Show that if M at p contains a complex submanifold of (complex) dimension more
than 21, then the Levi form must be degenerate, that is, it must have at least one zero eigenvalue.

? Exercise 6.8.2

Let M c C® be a smooth pseudoconvex real hypersurface (one side of M is pseudoconvex). Suppose M at p contains a
dimension k complex submanifold X. Show that the Levi form has at least k zero eigenvalues.

? Exercise 6.8.3

Find an example of a smooth real hypersurface M c C* that contains a germ of a singular complex-analytic subvariety (X, p)
through a point p, which is unique in the sense that if (Y, p) is another germ of a complex analytic subvariety in M then (Y, p)
C (X,p).

Let us discuss a tool, the Segre variety, that allows us to find such complex subvarieties inside M, and much more. Segre varieties
only work in the real-analytic setting and rely on complexification.

Let M C C” be a real-analytic hypersurface and p € M. Suppose M C U, where U C C" is a small domain with a defining function
r: U — R for M. That is, r is a real-analytic function in U such that M = r~1(0), but dr # 0 on M. Define

U*={zeC":zeU}. (6.8.4)
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Suppose U is small enough so that the Taylor series for r converges in U x U* when treating z and z as separate variables. That is,
r(2,¢) is a well-defined function on U x U*, and r(z,({) = 0 defines a complexification M in U x U*. Assume also that U is small
enough that the complexified dr does not vanish on M and that M is connected. See also Proposition 3.2.3.

Given q € U, define the Segre variety
SU,r)={2€U:r(2,g) =0} = {z €U : (2,9) € M}. (6.8.5)

A priory, the subvariety %, depends on U and . However, if # is a real-analytic function that complexifies to U x U* and vanishes
on M, it must also vanish on the complexification M. If 7 is a defining function as above, that is, d# does not vanish on its zero set
and the zero set of the complexified # is connected in U’ x U*, then #(,¢) = 0 also defines M. Hence the actual r does not matter. As
long as ¢ € M, then q € £,(U, r), and furthermore the Segre variety is a complex hypersurface for every g. It is not hard to see that if
U is a small neighborhood of g, the same r is a defining function in 7, and we get the same complexification in 7 x U*. So the germ
at g € U is well-defined, and we write

Y= (Eq(U; 7), Q)- (6.8.6)

The Segre variety is well-defined as a germ, and so often when one talks about X, without mentioning the U or r, then one means
some small enough representative of a Segre variety or the germ itself.

? Exercise 6.8.4

Let r: U — R be a real-valued real-analytic function that complexifies to U x U*. Show that r(z,{) = 0 if and only if r(w,{) =0.
In other words, z € X¢(U, r) if and only if ¢ € X,(U, r).

v/ Example 6.8.3

Suppose we start with the real-analytic hypersurface M given by
Jw = (Rw)p(z, Z, Rw), (6.8.7)

with p vanishing at the origin. Rewriting in terms of w and w, we find

w—w w+w _wHw
5 ( 5 )p (z, zZ— ) . (6.8.8)
Setting z = @ = 0, we obtain
w w w
7= (3)e(=03) (689)

As p vanishes at the origin, then near the origin the equation defines the complex hypersurface given by w = 0. So Xy is defined
by w = 0. This is precisely the complex hypersurface that lies inside M.

The last example is not a fluke. The most important property of Segre varieties is that it locates complex subvarieties in a real-
analytic submanifold. We will phrase it in terms of analytic discs, which is enough as complex subvarieties can be filled with
analytic discs, as we have seen.

& Proposition 6.8.1

Let M c C™ be a real-analytic hypersurface and p € M. Suppose A c M is an analytic disc through p. Then as germs (A, p)
C%,

Proof

Let U be a neighborhood of p where a representative of X, is defined, that is, we assume that X, is a closed subset of U, and
suppose r(z, z) is the corresponding defining function. Let o:D — C® be the parametrization of A with ¢(0) = p. We can
restrict  to a smaller disc around the origin, and since we are only interested in the germ of A at p this is sufficient (if there
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are multiple points of D that go to p, we repeat the argument for each one). So let us assume without loss of generality that
(D) =A cU. Since A C M we have

r(¢(©),9(8) =r(#(€), () =0. (6.8.10)

The function £ — r(<p(§), ¢(E)) is a real-analytic function of ¢, and therefore for some small neighborhood of the origin, it
complexifies. In fact, it complexifies to D x D as ¢(¢) € U for all ¢ € D. So we can treat ¢ and & as separate variables. By
complexification, the equation holds for all such independent ¢ and &. Set £ = 0 to obtain

0=r(p(&),5(0)) =r(p(,p) forall £€D. (6.8.11)

In particular, (D) C X, and the result follows.

? Exercise 6.8.5

Show that if a real-analytic real hypersurface M c C» is strongly pseudoconvex at p € M (one side of M is strongly
pseudoconvex at p), then %, N (M, p) = {p} (as germs).

? Exercise 6.8.6

Use the proposition and the exercise above to show that if a real-analytic real hypersurface M is strongly pseudoconvex, then
M contains no analytic discs.

We end our discussion of Segre varieties by its perhaps most well-known application, the so-called Diederich—Fornass lemma.
Although we state and prove it only for real-analytic hypersurfaces it works in greater generality. There are two parts to it, although
it is generally the corollary that is called the Diederich-Forness lemma.

First, for real-analytic hypersurfaces each point has a fixed neighborhood such that germs of complex subvarieties contained in the
hypersurface extend to said fixed neighborhood.

& Theorem 6.8.1

Diederich—Forness

Suppose M c C" is a real-analytic hypersurface. For every p € M there exists a neighborhood U of p with the following
property: If ¢ € M NU and (X,q) is a germ of a complex subvariety such that (X, q) c (M,q), then there exists a complex
subvariety Y C U (in particular a closed subset of U) such that Y ¢ M and (X, q) C (Y, g).

Proof

Suppose U is a polydisc centered at p, small enough so that the defining function r of M complexifies to U x U* as above.
Suppose g € M N U is a point such that (X, g) is a germ of a positive-dimensional complex subvariety with (X, q) C (M, q).
Most points of a subvariety are regular, so without loss of generality assume g is a regular point, that is, (X, g) is a germ of a
complex submanifold. Let X be a representative of the germ (X, gq) such that X c M, and X c U, although we do not
assume it is closed.

Assume X is an image of an open subset V ¢ C* via a holomorphic surjective mapping ¢:V — X. Since r(p(¢), (€)) =0
for all ¢ € V, then we may treat ¢ and £ separately. In particular, r(z,¢) = 0 for all 2,¢ € X.

Define complex subvarieties Y’,Y C U (closed in U) by

Y =()ZU,r) and Y=/)3ZU,0). (6.8.12)

aeX agy’

If a €Y’ and b € X, then r(a,b) = 0. Because r is real-valued, r(b,a) = 0. Therefore, X c Y c Y’. Furthermore, r(z,z) =0
forallzeY,andsoY c M.
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Diederich-Fornass

Suppose M c C" is a compact real-analytic hypersurface. Then there does not exist any point ¢ € M such that there exists a
germ of a positive-dimensional complex subvariety (X, g) such that (X, q) C (M, g).

Proof

Let S C M be the set of points through which there exists a germ of a positive-dimensional complex subvariety contained in
M. As M, and hence G, is compact, there must exist a point p € § that is furthest from the origin. After a rotation by a
unitary and rescaling assume p = (1,0, ...,0). Let U7 be the neighborhood from the previous theorem around p. There exist
germs of varieties in M through points arbitrarily close to p. So for any distance e > 0, there exists a subvariety ¥ c U (in
particular, Y closed in U) of positive dimension with ¥ c M that contains points e close to p. Consider the function Rz,
whose modulus attains a strict maximum on S at p. Because $Rz; achieves a maximum strictly smaller than 1 on 8U N S, for
a small enough ¢, we would obtain a pluriharmonic function with a strict maximum on Y, which is impossible by the
maximum principle for varieties that you proved in Exercise 6.7.10. The picture would look as in Figure 6.8.1.

Rez) =1

P

Figure 6.8.1

v/ Example 6.8.4

The results above do not work in the smooth setting. Let us disprove the theorem in the smooth setting. Disproving the
corollary is an exercise. Let g:R — R be a smooth function that is strictly positive for |¢| > 1, and g(¢) = 0 for all |¢| < 1. Define
M in (2,w) € C*1 x Cby

Jw = g(||2]|* + (%w)?). (6.8.13)

The M is a smooth real hypersurface. Consider p = (0,...,0,1) € M. For every 0 <s <1, let g, = (0,...,0,8) € M and X,
= {(2,w) € M : w = s}. Each X, is the closure of a local complex subvariety of dimension n— 1 and (X,,g,) C (M, g,). The size
(diameter) of X, goes to zero as s — 1 and X, cannot extend to a larger complex subvariety inside M. So, no neighborhood U
at p (as in the theorem) exists.

? Exercise 6.8.7

Find a compact smooth real hypersurface M c C™ that contains a germ of a positive dimensional complex subvariety.

...and that is how using sheep’s bladders can prevent earthquakes!

This page titled 6.8: Segre Varieties and CR Geometry is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jifi
Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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7.1: A- Basic Notation and Terminology

We quickly review some basic notation used in this book that is perhaps not described elsewhere. We use C, R for complex and real
numbers, and ¢ for imaginary unit (a square root of —1). We use N = {1, 2,3, ...} for the natural numbers, Ny = {0, 1,2,3,...} for the
zero-based natural numbers, and Z for all integers. When we write C* or R™ we implicitly mean that » > 1, unless otherwise stated.

We denote set subtraction by A \ B, meaning all elements of A that are not in B. We denote complement of a set by X<. The
ambient set should be clear. So, for example, if X c C naturally, then X© = C \ X. Topological closure of a set § is denoted by S, its
boundary is denoted by 8S. If S is a relatively compact subset of X (its closure in X is compact) or compact, we write § cc X.

A function with domain X and codomain ¥ we denote by f: X — Y. The direct image of § by if is £(S). The notation f-! for the
inverse image of sets and single points. When f is bijective (one-to-one and onto), we use f~! for the inverse mapping. So f=1(T)
for a set T' C Y denotes the points of X that f maps to T. For a point g, f~!(g) denotes the points that map to g, but if the mapping is
bijective, then it means the unique point mapping to ¢. To define a function without giving it a name, we use

x> F(x), (7.1.1)

where F(z) would generally be some formula giving the output. The notation f|g is the restriction of f to $: a function f|s:§ - Y
such that f|g(z) = f(z) for all z € S. A function f:U — C is compactly supported if the support, that is the set {p € U : f(p) # 0}, is
compact. If f(z) = g(z) for all z in the domain, we write

f=g, (7.1.2)
and we say that f and g are identically equal. The notation
fog (7.1.3)
denotes the composition defined by z — f (g(:c)).
To define X to be Y rather than just show equality, we write
x¥y. (7.1.4)

This page titled 7.1: A- Basic Notation and Terminology is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by
Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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7.2: B- Results from one Complex Variable

We review some results from one complex variable that may be useful for reading this book. The reader should first look through Section 0.1 for basic notation and motivation, although
we will review some of the results again here. Let U C C be open. A function f:U — C is holomorphic if it is complex differentiable at every point, that is,

o fzth) —f(2)
hé‘(ﬂo T h (r2.1)

@)=

exists for all z € U. For example, polynomials and rational functions in z are holomorphic. Perhaps the most important holomorphic function is the solution to the differential equation
f'(2) = f(2), £(0) = 1, that is the complex exponential, defined in the entire complex plane:

f(p)=e*=e"W=¢" (oos'y +i sin(y)). (7.2.2)

A piecewise-C* path (or curve) in C is a continuous function : [a,b] = C, continuously differentiable except at finitely many points, such that one-sided limits of 4’ exist at all points of
[a, b] and such that 7” (and its one sided limits) is never zero. By abuse of notation, when 7 is used as a set, we mean the image 'y([a, b]). For a continuous function f:y — C, define

b
[ 1@ [ o)y @ (723)
. ;

As +’ is defined at all but finitely many points and is otherwise continuous, the integral is well-defined. Similarly, one defines the more general path integral in dz = dz + i dy and dz
= dz —idy. Let z=(t) = 71(t) + i72(t) = = + i y parametrize the path. Then

/ f(z)dz+g(z)dz= / (f(a:+|'y) +g(2+iy)) de+1i (,f(a:+iy) —g(z +i'y)) dy
hd ’Yb
= [ (r6)r @) + (o)) (7.2.4)
= [ ((160) +5(30)) 24+ § (130) — or0) }rk®) .

A path is closed if y(a) = ~(b), and a path is simple if 4| (4 is one-to-one with the possible exception of ~(a) = 7(b).

An open U c C has piecewise-C* boundary if for each p € U there is an open neighborhood W of p such that U NW = 'y((a, b)) where :[a,b] — C is an injective piecewise-C? path,
and such that each p € 8U is in the closure of € \ T. Intuitively the boundary is a piecewise-C* curve that locally cuts the plane into two open pieces. If at each point where the
parametrization of 8U is differentiable the domain is on the left (y”(t) rotated by % points into the domain), then the boundary is positively oriented. As in the introduction, we have the
following version of Cauchy integral formula.

& Theorem 7.2.1

Cauchy Integral Formula

Let U C C be a bounded open set with piecewise-C* boundary 8U oriented positively, and let f:TU — C be a continuous function holomorphic in U. Then for z € U,

1= [ FO g (7.25)

o C—2

The theorem follows from Green’s theorem, which is the Stokes’ theorem in two dimensions. In the versions we state, one needs to approximate the open set by smaller open sets from
the inside to insure the partial derivatives are bounded. See Theorem 4.1.1. Let us state Green’s theorem using the dz and dz for completeness. See Appendix C for an overview of
differential forms.

& Theorem 7.2.2

Green's Theorem

Let U c C be a bounded open set with piecewise-C'! boundary U oriented positively, and let f: 7 — C be continuous with bounded continuous partial derivatives in 7. Then

/ £(2)dz+ g(x)dz = / d(f(2) =+ o) d) =/ (% - ‘9—{) dzAdz
P v v\0z Oz
- (—2i)/ (@ - ﬁ) BR= (—2.')/ (@ - ﬂ) A (729
= o \8z 3z g= o \3z ~9z) ¢
The Cauchy integral formula is equivalent to what is usually called just Cauchy’s theorem:
& Theorem 7.2.3
Cauchy
Let U c C be a bounded open set with piecewise-C boundary 8U oriented positively, and let f: U — C be a continuous function holomorphic in U. Then
/ f@dz=0. (7.27)
U

There is a converse to Cauchy as well. A triangle T c C is the convex hull of the three vertices (we include the inside of the triangle), and 8T is the boundary of the triangle oriented
counter-clockwise. Let us state the following theorem as an “if and only if,” even though, usually it is only the reverse direction that is called Morera’s theorem.

& Theorem 7.2.4

Morera

Suppose U C C is an open set, and f: U — C is continuous. Then f is holomorphic if and only if

/m f2)dz=0 (7.2.8)

https://math.libretexts.org/@go/page/74253
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I for all triangles T c U.

As we saw in the introduction, a holomorphic function has a power series.

& Proposition 7.2.1

If U c Cis open and f:U — C is holomorphic, then f is infinitely differentiable, and if A,(p) C C is a disc, then f has a power series that converges absolutely uniformly on compact
subsets of A,(p):

1) =Y cxta—p), (7.29)
k=0

where given a simple closed (piecewise-C?) path 4 going once counter-clockwise around p inside A,(p),

_%m _ 1 f©
=T = /7 Wd(;. (7.2.10)
Cauchy estimates follow: If M is the maximum of |f| on the circle 8A,(p), then
M
leel < 75 (72.11)

Conversely, if a power series satisfies such estimates, it converges on A,(p).

A holomorphic f:C — C that is entire. An immediate application of Cauchy estimates is Liouville’s theorem:

& Theorem 7.2.5

Liouville

If f is entire and bounded, then f is constant.

And as a holomorphic function has a power series it satisfies the identity theorem:

& Theorem 7.2.6

Identity

Suppose U C C is a domain and f:U — C is holomorphic. If the zero set £=1(0) has a limit point in U, then f = 0.

Another consequence of the Cauchy integral formula is that there is a differential equation characterizing holomorphic functions.

& Proposition 7.2.2

Cauchy-Riemann Equations

Let U C C be open. A function f: U — C is holomorphic if and only if f is continuously differentiable and

(g +iﬂ) =0 on U. (7.2.12)

ox By

of 1

8z 2

Yet another consequence of the Cauchy formula (and one can make an argument that everything in this appendix is a consequence of the Cauchy formula) is the open mapping theorem.

& Theorem 7.2.7

Open Mapping Theorem

Suppose U C C is a domain and f:U — C is holomorphic and not constant. Then f is an open mapping, that is, f(V) is open whenever V is open.

The real and imaginary parts » and v of a holomorphic function f = w + év are harmonic, that is V?u = V?» = 0, where V? is the Laplacian. A domain U is simply connected if every
simple closed path is homotopic in U to a constant, in other words, if the domain has no holes. For example a disc is simply connected.

& Proposition 7.2.3

If U c Cis a simply connected domain and »: U — R is harmonic, then there exists a harmonic function v: U = R such that f = u + iv is holomorphic.

The function » is called the harmonic conjugate of w. For further review of harmonic functions see Section 2.4 on harmonic functions. We have the following versions of the maximum
principle.

& Theorem 7.2.8

Maximum Principles
Suppose U c C is a domain.

i. If f:U — Cis holomorphic and |f| achieves a local maximum in U, then f is constant.
ii. If U is bounded and f:U — C is holomorphic in U and continuous, then |#| achieves its maximum on 8U.
iii. If f:U — R is harmonic achieves a local maximum or a minimum in U, then f is constant.
iv. If 7 is bounded and f:U — R is harmonic in U and continuous, then f achieves its maximum and minimum on §U.

The first two items are sometimes called the maximum modulus principle. The maximum principle immediately implies the following lemma.

https://math.libretexts.org/@go/page/74253
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& Lemma7.2.1

Schwarz's Lemma
Suppose f:D —+ D is holomorphic and f(0) = 0, then

i. £ <2} and
ii. |f) < 1.

Furthermore, if |f(29)| = |2o| for some zg € D\ {0} or | f/(0)| = 1, then for some § € R we have f(z) = ¥z for all z € D.

The theorem above is actually quite general.

& Theorem 7.2.9

Riemann Mapping Theorem

If U ¢ C is a nonempty simply connected domain such that U # C, then U is biholomorphic to D. Given 2z € U there exists a unique biholomorphic f:U — D such that f(z) =0,
f'(%0) >0, and f maximizes |f’(zo)| among all injective holomorphic maps to D such that f(zo) = 0.

Schwarz’s lemma can also be used to classify the automorphisms of the disc (and hence any simply connected domain). Let Aut(D) denote the group of biholomorphic (both f and f-*
are holomorphic) self maps of the disc to itself.

& Proposition 7.2.4

If f € Aut(D), then there exists an @ € D and § € R such that

zZ—a0

)
f(z)=¢€ T (7.2.13)
Speaking of automorphisms. We have the following version of inverse function theorem.
& Theorem 7.2.10
Suppose U and V are open subsets of C.
i. If f:U — V is holomorphic and bijective (one-to-one and onto), then f’(z) # 0 for all € V, and f~1: vV — U is holomorphic. If f(p) = g, then
1 1
=—. 7.2.14
)@= 75 (1210
ii. If f:U — V is holomorphic, f(p) = ¢, and f'(p) # 0, then there exists a neighborhood W of ¢ and a holomorphic function g: W — U that is one-to-one and f (g(z)) =z forall z
EW.
The Riemann mapping theorem actually follows from the following theorem about existence of branches of the logarithm.
& Theorem 7.2.11
Suppose U C Cis a simply connected domain, and j: U — C is a holomorphic function without zeros in U. Then there exists a holomorphic function L: U -+ C such that
el =f. (7.2.15)
In particular, we can take roots: For every k € N, there exists a holomorphic function g: 7 — C such that
&F=r (7.2.16)

In one complex variable, zeros of holomorphic functions can be divided out. Moreover, zeros of holomorphic functions are of finite order unless the function is identically zero.

& Proposition 7.2.5

Suppose U C C is a domain and f: U — C is holomorphic, not identically zero, and f(p) = 0 for some p € U. There exists a k € N and a holomorphic function g: U — C, such that g(p)
# 0and

f(2) = (z—p)*9(2) forall z€ U. (7.2.17)

The number k above is called the order or multiplicity of the zero at p. We can use this fact and the existence of roots to show that every holomorphic function is locally like 2¥. The
function ¢ below can be thought of as a local change of coordinates.

& Proposition 7.2.6

Suppose U c C is a domain and f:U — C is holomorphic, not identically zero, and p € U. Then there exists a k¥ € N, a neighborhood V' ¢ U of p, and a holomorphic function ¢: V
— C with ¢’(p) # 0, such that

(go(z))k =f(z)—flp) forallzeV. (7.2.18)

Convergence of holomorphic functions is the same as for continuous functions: uniform convergence on compact subsets. Sometimes this is called normal convergence.

& Proposition 7.2.7

Suppose U c C is open and fi:U — C is a sequence of holomorphic functions which converge uniformly on compact subsets of U to f:U — C. Then f is holomorphic, and every
derivative f,g‘) converges uniformly on compact subsets to the derivative f.

https://math.libretexts.org/@go/page/74253
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Holomorphic functions satisfy a Heine—Borel-like property:

& Theorem 7.2.12

Montel

Suppose U c C is open and f, C U — C is a sequence of holomorphic functions. If {f,} is uniformly bounded on compact subsets of U, then there exists a subsequence converging
uniformly on compact subsets of U.

A sequence of holomorphic functions cannot create or delete zeros out of thin air:

& Theorem 7.2.13

Hurwitz
Suppose U C C is a domain and f» CU — C is a sequence of holomorphic functions converging uniformly on compact subsets of U to f:U — C. If £ is not identically zero and zo is
a zero of f, then there exists a disc Ar(20) and an N, such that for all n > N, f, has the same number of zeros (counting multiplicity) in A,(z) as f (counting multiplicity).

A common application, and sometimes the way the theorem is stated, is that if f have no zeros in U, then either the limit £ is identically zero, or it also has no zeros.

If U c Cis open, p € U, and f: U \ {p} — C is holomorphic, we say that f has an isolated singularity at p. An isolated singularity is removable if there exists a holomorphic function F:U
— C such that f(z) = F(z) for all z € U \ {p}. An isolated singularity is a pole if

Hf(z) =00 (thatis |f(2)| = oo as |2 —p| = 0). (7.2.19)

An isolated singularity that is neither removable nor a pole is said to be essential.

At nonessential isolated singularities the function blows up to a finite integral order. The first part of the following proposition is usually called the Riemann extension theorem.

& Proposition 7.2.8

Suppose U C C is an open set, p € U, and f: U\ {p} — C holomorphic.
i. If f is bounded (near p is enough), then p is a removable singularity.
ii. If p is a pole, there exists a k € N such that
9(2) = (z—0)* f(2) (7.2.20)

is bounded near p and hence g has a removable singularity at p.

The number k above is called the order of the pole. There is a symmetry between zeros and poles: If f has a zero of order &, then % has a pole of order k. If f has a pole of order k, then
% has a removable singularity, and the extended function has a zero of order .

Let P! = C U {oo} be the Riemann sphere. The topology on P! is given by insisting that the function £ is a homeomorphism of P! to itself, where L =0 and } = oco. A function f:U
— P! is called meromorphic, if it is not identically oo, is holomorphic on U \ f~*(c0), and has poles at f~(co). A holomorphic function with poles is meromorphic by setting the value to
be o at the poles. A meromorphic function is one that can locally be written as a quotient of holomorphic functions.

At an isolated singularity we can expand a holomorphic function via the so-called Laurent series by adding all negative powers. The Laurent series also characterizes the type of the
singularity.

& Proposition 7.2.9

If A c Cis adisc centered at p € C, and f: A\ {p} — C holomorphic, then there exists a double sequence {ex} _, such that
S k
@)=Y etz—n), (7:221)
|
converges absolutely uniformly on compact subsets of A. If « is a simple closed piecewise-C path going once counter-clockwise around p in A, then

_ 1 f(©)
=5 vwdg. (7.2.22)

The singularity at p is

i. removable if ¢; = 0 for all k < 0.
ii. pole of order £ € N if ¢; =0 for all k < —£ and ¢_y # 0.
iii. essential if for every exist infinitely negative k such that cx # 0.

If p is an isolated singularity of f, then call the corresponding c_; the residue of f at p, and write it as Res(f, ). The proposition says that for a small y around p in the positive direction,
1
Res(f,p) = o1 = 5= /’ £(z)d=. (7.2.23)

Combining this equation with Cauchy’s theorem tells us that to compute integrals of functions with isolated singularities we simply need to find the residues, which tend to be simpler to
compute. For example, if p is a simple pole (of order 1), then

Res(f,p) = lim(z — p) /(). (7.2.24)

& Theorem 7.2.14

Residue Theorem

Suppose U C C is an open set, and  is a piecewise-C* simple closed path in U such that the interior of « is in U. Suppose that f:U \ § — C is a holomorphic function with isolated
singularities in a finite set S, and suppose S lies in the interior of . Then

https://math.libretexts.org/@go/page/74253
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| / f(2)dz=2mi )" Res(f,p). (7.2.25)
7 P}

The identity theorem says that zeros of a nonconstant holomorphic f have no limit points, and so are isolated points. Since % is a meromorphic function with zeros at the poles of f,

poles are also isolated. Zeros and poles of can be counted fairly easily.

& Theorem 7.2.15

Argument Principle

Suppose U c C is an open set, and  is a piecewise-C simple closed path in I such that the interior of « is in . Suppose that f: U/ — P! is a meromorphic function with no zeros or
poles on «. Then

1 '@,
i ), 7@ dz=N-P, (7.2.26)

where N is the number of zeros of f inside v and P is the number of poles inside «, both counted with multiplicity.

Furthermore, suppose h:U — C is holomorphic. Let 2y, ..., zy be the zeros of f inside v and wy, ... ,wp be the poles of f inside «. Then

1 F@, & P
o L O dz—j;h(zj) - j;h(w_,-). (7.2.27)

The proof is an immediate application of the residue theorem. Simply compute the residues at the zeros and poles of f. In particular, if f has a zero at p or multiplicity k, then h(z) J;((:))

has a simple pole at p with residue k h(p). Similarly, if f has a pole at p of order &, then h(z) J;I((;;Z)) has a simple pole with residue —k k(p) at p.

In the couple of theorems above, we avoided introducing winding numbers by making v a simple closed curve, so the statements above may be slightly different from what you have

seen in your one-variable course.

Another useful way to count zeros is Rouché’s theorem.

& Theorem 7.2.16

Rouché

Suppose U C C is an open set, and v is a piecewise-C* simple closed path in U such that the interior of « is in U. Suppose that f: U — C and g: U — C are holomorphic functions such
that

17(2) —9(2)| < 1£(2)| +19(2)] (7.2.28)

for all z € . Then £ and g have the same number of zeros inside ~ (up to multiplicity).

In the classical statement of the theorem the weaker inequality | f(z) — g(2)| < |f()| is used. Notice that either inequality precludes any zeros on # itself.

A holomorphic function with an essential singularity achieves essentially every value. A weak version of this result (and an easy to prove one) is the Casorati-Weierstrass theorem: If a
holomorphic f has an essential singularity at p, then for every neighborhood W of p, f (W \ {p}) is dense in C. Let us state the much stronger theorem of Picard: A function with an
essential singularity is very wild. It achieves every value (except possibly one) infinitely often.

& Theorem 7.2.17

Picard's Big Theorem
Suppose U cC C s open, f:U\ {p} = C is holomorphic, and f has an essential singularity at p. Then for every neighborhood W of p, f (W \ {p}) is either C or C minus a point.

For example, e'/* has an essential singularity at the origin and the function is never 0. Since we stated the big theorem, let us also state the little theorem.

& Theorem 7.2.18

Picard's Little Theorem

If f:C — C is holomorphic, then f(C) is either C or C minus a point.

One theorem from algebra that is important in complex analysis, and becomes perhaps even more important in several variables is the fundamental theorem of algebra. It really is a
theorem of complex analysis and its standard proof is via the maximum principle.

& Theorem 7.2.19

Fundamental Theorem of Algebra

If P:C — Cis a nonzero polynomial of degree &,then P has exactly & zeros (roots) in € counted with multiplicity.

The set of rational functions is dense in the space of holomorphic functions, and we even have control over where the poles need to be. Note that a nonconstant polynomial has a “pole at
infinity” meaning P(z) — oo as z — oo. Letting P! again be the Riemann sphere, we have Runge’s approximation theorem.

& Theorem 7.2.20

Runge

Suppose U c C is an open set and A c P! \ U is a set containing at least one point from each component of P! \ U. Suppose f:U — C is holomorphic. Then for any e > 0 and any
compact K cc U, there exists a rational function R with poles in A such that

|R(2) — f(z)] <e forall z€ K. (7.2.29)

https://math.libretexts.org/@go/page/74253
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Perhaps a surprising generalization of the classical Weierstrass approximation theorem, and one of my favorite one-variable theorems, is Mergelyan’s theorem. It may be good to note
that Mergelyan does not follow from Runge.

& Theorem 7.2.21

Mergelyan

Suppose K cc Cis a compact set such that C\ K is connected and f: K — C is a continuous function that is holomorphic in the interior K°. Then for any e > 0 and any compact X
CC U, there exists a polynomial P such that

|P(2) — f(2)] <e forallze K. (7.2.30)

The reason why the theorem is perhaps surprising is that K may have only a small or no interior. Using a closed interval K =[a,b] of the real line we recover the Weierstrass
approximation theorem.

Given an open set U C C, we say U is symmetric with repect to the real axis if z € U implies z € U. We divide U into three parts
U,={2€U:3z>0}, Up={2€U:32=0}, U_={2€U:3z<0}. (7.2.31)

We have the following theorem for extending (reflecting) holomorphic functions past boundaries.

& Theorem 7.2.22

Schwarz Reflection Principle

Suppose U c C is a domain symmetric with respect to the real axis, f:U, UUp — C a continuous function holomorphic on U, and real valued on U,. Then the function g:7 — C
defined by

9(2) = f(z) if 2€ U Uy, 9(z)=f(2) ifz€eU_, (7.2.32)

is holomorphic on U.

In fact, the reflection is really about harmonic functions.

& Theorem 7.2.23

Schwarz Reflection Principle for Harmonic Functions
Suppose U c C is a domain symmetric with respect to the real axis, f: U, U Up — R a continuous function harmonic on U, and zero on Up. Then the function g: U — R defined by
9(2) = f(z) ifze U, Uy, 9(z2)=—f(2) ifzeU_, (7.2.33)
is harmonic on U.
Functions may be defined locally, and continued along paths. Suppose p is a point and D is a disc centered at p € D. A holomorphic function f: D — C can be analytically continued

along a path 7: [0,1] = C, 4(0) = p, if for every t € [0, 1] there exists a disc D; centered at (t), where Do = D, and a holomorphic function fi: Dy = C, where fo = f, and for each to € [0,1]
there is an € > 0 such that if ¢ —to| < ¢, then fi = f;, in D; N Dy,. The monodromy theorem says that as long as there are no holes, analytic continuation defines a function uniquely.

& Theorem 7.2.24

Monodromy Theorem

If U € Cis a simply connected domain, D C U a disc and f: D — C a holomorphic function that can be analytically continued from p € D to every ¢ € U along any path from p to g,
then there exists a unique holomorphic function F: U — C such that F|p = f.

An interesting and useful theorem getting an inequality in the opposite direction from Schwarz’s lemma, and one which is often not covered in a one-variable course is the Koebe -
theorem. Think of why no such theorem could possibly hold for just smooth functions. At first glance the theorem should seem quite counterintuitive, and at second glance, it should
seem outright outrageous.

& Theorem 7.2.25

Koebe Quarter Theorem

q g a-q q q ] q /(0]
Suppose f:D — C is holomorphic and injective. Then f(D) contains a disc centered at £(0) and radius MA

The 4 is sharp, that is, it is the best it can be.

Finally, it is useful to factor out all the zeros of a holomorphic function, not just finitely many. Similarly, we can work with poles.

& Theorem 7.2.26

Weierstrass Product Theorem

Suppose U C C is a domain, {ax}, {b¢} are countable sets in U with no limit points in U, and {ng}, {m} any countable sets of natural numbers. Then there exists a meromorphic
function f of U whose zeros are exactly at a, with orders given by ny, and poles are exactly at by, with orders given by my.

For a more explicit statement, we need infinite products. The product ]'[_‘;1(1 +aj) converges if the sequence of partial products ;.'=1(1 +aj) converges. We say that the product
converges absolutely if J[32; (1 + |a;|) converges, which is equivalent to 3522, |a;| converging.

Define

Ey(2)=(1—2), En(z)=Q1—2)exp (z+ %2 +-+ %) - (7.2.34)
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The function E,,,(f) has a zero of order 1 at a.

& Theorem 7.2.27

Weierstrass Factorization Theorem

Let f be an entire function with zeros (repeated according to multiplicity) at points of the sequence {az} except the zero at the origin, whose order is m (possibly m = 0). Then there
exists an entire function g and a sequence {p} such that

o z
f(2) = 2™e%? g By, (a—k) , (7.2.35)
=1
converges uniformly absolutely on compact subsets.
The p; are chosen such that
| . (B
I (7.2.36)
P=
converges for all r > 0.
* k%

There are many other useful theorems in one complex variable, and we could spend a lot of time listing them all. However, hopefully the listing above is useful as a refresher for the
reader of the most common results, some of which are used in this book, some of which are useful in the exercises, and some of which are just too interesting not to mention.

This page titled 7.2: B- Results from one Complex Variable is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Jiii Lebl via source content that was edited to the style and
standards of the LibreTexts platform.
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7.3: C- Differential Forms and Stokes' Theorem

Differential forms come up quite a bit in this book, especially in Chapter 4 and Chapter 5. Let us overview their definition and state
the general Stokes’ theorem. No proofs are given, this appendix is just a bare bones guide. For a more complete introduction to
differential forms, see Rudin [R2].

The short story about differential forms is that a k-form is an object that can be integrated (summed) over a k-dimensional object,
taking orientation into account. For simplicity, as in most of this book, everything in this appendix is stated for smooth (C*)
objects to avoid worrying about how much regularity is needed.

The main point of differential forms is to find the proper context for the Fundamental Theorem of Calculus,

b
/,, f' (@) dz = f(b) — f(a). (7.3.1)

We interpret both sides as integration. The left-hand side is an integral of the 1-form f’ dz over the 1-dimensional interval [a, b] and
the right-hand side is an integral of the 0-form, that is a function, f over the 0-dimensional (two-point) set {a,b}. Both sides
consider orientation, [a,b] is integrated from a to b, {a} is oriented negatively and {b} is oriented positively. The two-point set {a, b}
is the boundary of [a, 8], and the orientation of {a, b} is induced by [a, b].

Let us define the objects over which we integrate, that is, smooth submanifolds of R®. Our model for a k-dimensional submanifold-
with-boundary is the upper-half-space and its boundary:

¥ {z e RF: 2y > 0}, oH* ¢ {x eR¥: z; =0}, (7.3.2)

# Definition: Embedded Submanifold-with-Boundary

Let M c R™ have the induced subspace topology. Let k¥ € Ny. Let M have the property that for each p € M, there exists a
neighborhood W c R” of p, a point ¢ € H*, a neighborhood U c H* of ¢, and a smooth one-to-one open' mapping ¢:U — M
such that ¢(g) = p, the derivative Dy has rank & at all points, and ¢(U) = M NnW. Then M is an embedded submanifold-with-
boundary of dimension k. The map ¢ is called a local parametrization. If g is such that q; = 0 (the last component is zero), then
p = ¢(q) is a boundary point. Let 8M denote the set of boundary points. If M = @, then we say M is simply an embedded
submanifold.

The situation for a boundary point and an interior point is depicted in Figure 7.3.1. Note that W is a bigger neighborhood in R” than
the image ¢ (U).

aH"
Interior point Boundary point

OH* q

Figure 7.3.1

Completely correctly, we should say submanifold of RF. Sometimes people (including me) say manifold when they mean
submanifold. A manifold is a more abstract concept, but all submanifolds are manifolds. The word embedded has to do with the
topology on M, and this has to do with the condition ¢(U) =M NW and ¢ being open. The condition means that ¢ is a
homeomorphism onto M NW. It is important that W is an open set in R™. For our purposes here, all submanifolds will be
embedded. We have also made some economy in the definition. If g is not on the boundary of HF, then we might as well have used
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RF instead of HF. A submanifold is something that is locally like R¥, and if it has a boundary, then near the boundary it is locally
like H* near a point of SHF.

We also remark that submanifolds are often defined in reverse rather than by parametrizations, that is, by starting with the
(relatively) open sets M N W, and the maps ¢!, calling those charts, and calling the entire set of charts an atlas. The particular
version of the definition we have chosen makes it easy to evaluate integrals in the same way that parametrizing curves makes it
easy to evaluate integrals.

Examples of such submanifolds are domains with smooth boundaries as in Definition for Hypersurface, we can take the inclusion
map z — z as our parametrization. The domain is then the submanifold M and 8M is the boundary of the domain. Domains are the
key application for our purposes. Another example are smooth curves.

If M is an embedded submanifold-with-boundary of dimension &, then M is also an embedded submanifold of dimension £ — 1.
Simply restrict the parametrizations to the boundary of HF.

We also need to define an orientation.

# Definition: Transition Map

Let M C R™ be an embedded submanifold-with-boundary of dimension k& > 2. Suppose a set of parametrizations can be chosen
such that each point of M is in the image of one of the parametrizations, and if ¢:U — M and @:U — M are two
parametrizations such that o(U7) N @(T7) # 0, then the transition map (automatically smooth) defined by

P lop (7.3.3)
on 1 (<p(U) n ’<,5('l7)) (in other words, wherever it makes sense) is orientation preserving, that is
det D(§ o) >0 (7.3.4)

at all points. The set of such parametrizations is the orientation on M, and we usually take the maximal set of such
parametrizations.

If M is oriented, then the restrictions of the parametrizations to HF give an orientation on dM. We say this is the induced
orientation on M.

For dimensions k = 0 (isolated points) and ¥ =1 (curves) we must define orientation differently. For & =0, we simply give each
point an orientation of + or —. For k = 1, we need to allow parametrization by open subsets not only of H! = [0, c0), but also —H?
= (—o00, 0]. The definition is the same otherwise. To define the orientation of the boundary, if the boundary point corresponds to the
0 in [0,00) we give this boundary point the orientation —, and if it corresponds to the 0 in (—oo, 0], then we give this point the
orientation +. The reason for this complication is that unlike in R* for k¥ > 2, the set H* = [0,00) cannot be “rotated” (in R!) or
mapped via an orientation preserving map onto —H! = (—oo, 0], but in R? the upper-half-plane H?2 can be rotated to the lower-half-
plane —H? = {z € R? : z; < 0}. For computations, it is often useful for compact curves with endpoints (boundary) to just give one
parametrization from [0, 1] or perhaps [a, 8], then a corresponds to the — and b corresponds to the +.

The fact that the transition map is smooth does require a proof, which is a good exercise in basic analysis. It requires a bit of care at
boundary points.

An orientation allows us to have a well-defined integral on M, just like a curve needs to be oriented in order to define a line
integral. However, unlike for curves, not every submanifold of dimension more than one is orientable, that is, admits an
orientation. A classical nonorientable example is the Mébius strip.

Now that we know “on” what we integrate, let us figure out what “it” is that we integrate. Let us start with 0-forms. We define 0-
forms as smooth functions (possibly complex-valued). Sometimes we need a function defined just on a submanifold. A function f
defined on a submanifold M is smooth when f o ¢ is smooth on U for every parametrization ¢: U — M. Equivalently, one can prove
that f is the restriction of some smooth function defined on some neighborhood of M in R™.

A 0-form w defined on a 0-dimensional oriented submanifold M is integrated as
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d_ef €Ep ..
/Mw_z 2w (D), (7.3.5)

PEM

where ¢, is the orientation of p given as +1 or —1. To avoid problems of integrability, one can assume that w is compactly supported
(it is nonzero on at most finitely many points of M) or that M is compact (it is a finite set).

The correct definition of a 1-form is that it is a “smooth section” of the dual of the vector bundle TR". That is, it is something that
eats a vector field, and spits out a function. The 1-form dz is supposed to be the object that does

3} 0 e

For our purposes here, just suppose that a 1-form in R" is an object of the form
W = g1dz1 + g2dT2 + -+ + gndn, (7.3.7)

where g1, g, ..., g are smooth functions. That is, a 1-form is at each point a linear combination of dzi,dzs,...,dz, that varies
smoothly from point to point. Suppose M is a one-dimensional submanifold (possibly with boundary), ¢:U — M is a
parametrization compatible with the orientation of M, and g; is supported in (U). Define

w3 [ a(p)ei(0) (7.38)
M U
=1

where the integral [}, - dt is evaluated with the usual positive orientation (left to right) as U C R, and ¢ is the jth component of ¢.

Generally, a 1-form has support bigger than just (U). In this case, one needs to use a so-called partition of unity to write w as a
locally finite sum

w= Zw;, (7.3.9)
Z

where each w, has support in the image of a single parametrization. By locally finite, we mean that on each compact neighborhood
only finitely many w, are nonzero. Define

def
/Mw o zl: /M we. (7.3.10)
The definition makes sense only if this sum actually exists. For example, if w is compactly supported, then this sum is only finite,
and so it exists.
Higher degree forms are constructed out of 1-forms and 0-forms by the so-called wedge product. Given a k-form w and an £-form 7,
wAn (7.3.11)

is a (k + £)-form. We require the wedge product to be bilinear at each point: If f and g are smooth functions, then

(fot+gn AE= flwAE) +g(nné), (7.3.12)
and  wA(fn+gf) = flwAn) +gwAé).

The wedge product is not commutative; we require it to be anticommutative on 1-forms. If  and 5 are 1-forms, then
wAn=—-nAw. (7.3.13)
The negative keeps track of orientation. When w is a k-form and # is an ¢-form,
wAn=(—-1)*pAw. (7.3.14)

We wedge together the basis 1-forms to get all k-forms. A k-form is then an expression

n n n
w= Z Z Z Gjrsesiin d:zjl A d:zjz ZAREAN dxjki (7.3.15)

H1=lja=1 jr=1

where g;,.... ;. are smooth functions. We can simplify even more. Since the wedge is anticommutative on 1-forms,
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In other words, every form dz; Adzj, A - Adzj, is either zero, if any two indices from ji,..., 5 are equal, or can be put into the

dz; A dzm = —dzm A dzj, and  dz;Adz; =0. (7.3.16)

form +dx;, Adzj, A Adzj, where j; < ja < - < ji. Thus, a k-form can always be written as

w= Z 91, d:IIjl A d:IIj, JAEEEAN d:l)_,'k. (7.3.17)

1<j1<Ja<--<gx<n

Consider an oriented k-dimensional submanifold M (possibly with boundary), a parametrization ¢: U — M from the orientation,
and a k-form w supported in (U) (that is each gj,,.. ; is supported in ¢(U)). Denote by ¢ € U C R the coordinates on U. Define

def
/M‘*’ = /U-‘h'n---,j»(t) det D(pj,, Pss, - Psu) dt (7.3.18)

1<j1<ja<<jk<n

where the integral [, - d¢ is evaluated in the usual orientation on R* with dt the standard measure on R* (think dt = dt,dts -+ dt,),
and D(pj,, @j,, .- , p;) denotes the derivative of the mapping whose ¢th component is ¢,.

Similarly as before, if w is not supported in the image of a single parametrization, write

w=> w (7.3.19)
4

as a locally finite sum, where each w, has support in the image of a single parametrization of the orientation. Then

/Mw def zl: /M we. (7.3.20)

Again, the sum has to exist, such as when w is compactly supported and the sum is finite.
The only nontrivial differential forms on R are 0, 1,2, ..., n forms. The only n-forms are object of the form
f(z)dzy Adzg A - A dzy,. (7.3.21)

The form dz; Adzz A - Adz, is called the volume form. Integrating it over a domain (an n-dimensional submanifold) gives the
standard volume integral.

More generally one defines integration of k-forms over k-chains, which are just linear combinations of smooth submanifolds, but
we do not need that level of generality.

In computations, we can avoid sets of zero measure (k-dimensional), so we can ignore the boundary of the submanifold. Similarly,
if we parametrize several subsets we can leave out a measure zero subset. Let us give a couple of examples of computations.

v/ Example 7.3.1

Consider the circle §! c R2. We use a parametrization ¢: (—m, ) = S where ¢(t) = (cos(t),sin(t)), so the circle is oriented
counter-clockwise. Let w(z1, z2) = P(z1,z2) dz1 + Q(z1,T2) dza, then

= P(cos(t),sin(t)) (—sin(t)) + t), sin(¢ t)) dt. 7.3.22
/Slw /_W( (cos( ), sin( ))( sin( )) Q(cos( ), sin( )) cos( )) ( )
We can ignore the point (—1,0) as a single point is of 1-dimensional measure zero.

v/ Example 7.3.2

Consider a domain U C R”, then U is an oriented submanifold. We use the parametrization ¢:U — U, where ¢(z) = z. Then

/ f(z)dz1 Adzo A - ANdzy, = / f(z)dz1dzsy - dz, = / f(z)dv, (7.3.23)
U v U

where dV is the standard volume measure.
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Finally, consider M the upper hemisphere of the unit sphere $? C R? as a submanifold with boundary. That is consider
M={zeR®:a?+al+2}=123>0} (7.3.24)
The boundary is the circle in the (21, z5)-plane:
OM = {z €eR®: 2% + 23 = 1,23 = 0}. (7.3.25)
Consider the parametrization of M using the spherical coordinates
©(8,%) = (cos(6) sin()), sin(6) sin(¥), cos(¥))) (7.3.26)

for U given by —7 < 6 < 7, 0 <4 < 7. After a rotation this is a subset of a half-plane with the points corresponding to ¥ = %
corresponding to boundary points. We miss the points where 8 = 7, including the point (0, 0, 1), but the set of those points is a 1-
dimensional curve, and so a set of 2-dimensional measure zero. For the purposes of integration we can ignore it. Let

w(z1,Z2,T3) (7.3.27)
= P(.’L‘l, 12,.’133) dml A d-’l?z + Q(El, .’L‘z,m?,) d.’L'l A d(l};), + R(El, 1‘2,9}3) d.’L'z A d(l};),.

Then

/sz /_Z/Om |:p(<p(0,1/)))(%% _ %%)
+Q(v(6,9)) (%% _ %%)

+ R(¢(6,9)) (%% - %%)] db dyp (7.3.28)

T pf2
= /_7r /0 [P(cos(a) sin(v)), sin() sin(v)), cos(zﬁ)) (— cos(v) sin(¢))
+Q (cos(0) sin(), sin(@) sin(¢)), cos(zﬁ)) sin(@) sin(4))
+ R(cos(ﬂ) sin (), sin(@) sin(¢)), cos(zﬁ)) (— cos(6) sin2(¢))] do dy.

The induced orientation on the boundary M is the counter-clockwise orientation used in Example 7.3.3, because that is the

parametrization we get when we restrict to the boundary, ¢(8, T) = (cos(b‘), sin(6), 0).

The derivative on k-forms is the exterior derivative, which is a linear operator that eats &-forms and spits out (k+ 1)-forms. For a k-

form
W= gy,...5 05 Adxj, A Adxjy, (7.3.29)
define the exterior derivative dw as
dw ™ dg;, i, Ndzj, Adzj, A Adaj, = 2": agg—;;’“ dxy A dzjy Adzjy A A dj,. (7.3.30)
=

Then define d on every k-form by extending it linearly.
For example,

d(Pdzy Adzs + Qdxs A dzi + Rdzy A dzs)

oP 0Q OR
= Ber dzi A dzo Adzs + B2 dxo Adxs Adxy + . dzs Adzi A dxs (7.3.31)
oP  0Q OR
(6:61 dz; | Ba ) doi  dz A dos.

You should recognize the divergence of the vector field (P, Q, R) from vector calculus. All the various derivative operations in R3
from vector calculus make an appearance. If w is a 0-form in R3, then dw is like the gradient. If w is a 1-form in R3, then dw is like
the curl. If w is a 2-form in R3, then dw is like the divergence.

Something to notice is that
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for every w, which follows because partial derivatives commute. In particular, we get a so-called complex: If A*¥(Mf) denotes the k-

d(dw) =0 (7.3.32)

forms on an n-dimensional submanifold M, then we get the complex

A S Ao S azon S-S aran So. (7.3.33)

ker(d:A¥ AR+
» Im(@EAFISAR)
really about global solvability of the differential equation dw = 5 for an unknown w. There are variations on this idea and one

We remark that one can study the topology of M by computing from this complex the cohomology groups which is

appears in chapter 4, but we digress.

Let us now state Stoke's theorem, sometimes called the generalized Stokes' theorem to distinguish it from the classical Stokes’
theorem you know from vector calculus, which is a special case.

& Theorem 7.3.1

Stokes

Suppose M c R” is an embedded compact smooth oriented (k + 1)-dimensional submanifold-with-boundary, 6M has the
induced orientation, and w is a smooth k-form defined on M. Then

/;Mw = /M dw. (7.3.34)

One can get away with less regularity, both on w and M (and M) including “corners.” In R?, it is easy to state in more generality,
see Theorem B.2.

A final note is that the classical Stokes’ theorem is just the generalized Stokes’ theorem with n =3, k = 2. Classically instead of
using differential forms, the line integral is an integral of a vector field instead of a 1-form w, and its derivative dw is the curl
operator.

As to at least get a flavor of the theorem, let us prove it in a simpler setting, which however is often almost good enough, and it is
the key idea in the proof. Suppose U C R" is a domain such that for any k = 1, ..., n there exist two smooth functions aj and g and
U as a set is given by

(zl,...,.’L'k_l,mk_'.]_,.-.,m") E'ﬂ'k(U), (7335)
ak(wly coe sy Th—1, Th41y --- 7wn) S Tk S ﬂk(wly coe sy Lk—1, Tht1s -+ 5w’n)a

where m(U) is the projection of U onto the (z, ..., z§_1, Zk+1, --- , Tn) cOMponents. Orient U as usual.
Write 2’ = (21, ..., Tk_1, Tki1, --- , Tn), and let dV;,_; be the volume form for R*!. Consider the (n — 1)-form
w= fdxy A Ndzg—1 AN dTgs1 A A dzy,. (7.3.36)

Then dw = g—;dxl A - A dz,,. By the fundamental theorem of calculus,
/ dw = / 1 gy,
U v 0%k

Bi(a")
=/ / ﬁdwl‘:an_1
m@) J an(e) Ok

F(z1, ey Tp1, Br(Z’), Tht1y -, Tn) AV (7.3.37)
mk(U)
—/ f(z1, s Ti1, ai(2”), Tha1y oo, Tn) AVny
w(U)

- /ww_

Any (n —1)-form can be written as a sum of forms like w for various k. Integrating each one of them in the correct direction
provides the result.
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Footnotes
[1] By open, we mean that ¢(V) is a relatively open set of M for every open set V. c U.

This page titled 7.3: C- Differential Forms and Stokes' Theorem is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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7.4: D- Basic Terminology and Results from Algebra

Let us quickly review some basic definitions and a result or two from commutative that we need in chapter 6. See a book such as
Zariski—Samuel [7.S] for a full reference.

A set G is called a group if it has an operation « * y defined on it and it satisfies the following axioms:
(Gl)IfreGandye G, thenz*xy e G.

(G2) (associativity) (x xy)* z=z * (y+ 2) forall z,y,2 € G.

(G3) (identity) There exists an element 1 € G such that 1 xz =z forall z € G.

(G4) (inverse) For every element z € G there exists an element = € G such that z xz71 = 0.
A group G is called abelian if it also satisfies:

(G5) (commutativity) z *y =y + z for all z,y € G.

A subset K C G is called a subgroup if K is a group with the same operation as the group G. If G and H are groups, a function
f:G — H is a group homomorphism if it respects the group law, that is, f(a* b) = f(a) * f(b). If f is bijective, then it is a group
isomorphism.

An example of a group is a group of automorphisms. For example, let U C C be open and suppose G is the set of biholomorphisms
f:U = U. Then G is a group under composition, but G is not necessarily abelian: If U = C, then f(2) =z +1 and g(z) = —z are
members of G, but fog(z) = —z+1and go f(2) = —2z—1.

# Definition: Commutative Ring

A set R is called a commutative ring if it has two operations defined on it, addition z +y and multiplication zy, and if it
satisfies the following axioms:

(Al)Ifxre Randy € R, thenz +y € R.

(A2) (commutativity of addition) z +y =y + « for all ,y € R.

(A3) (associativity of addition) (x +y) +z=x+ (y+ 2) forall z,y, 2 € R.

(A4) There exists an element 0 € R such that 04« = z for all # € R.

(A5) For every element z € R there exists an element —z € R such that z + (—z) = 0.
(M1) If z € R and y € R, then zy € R.

(M2) (commutativity of multiplication) zy = yz for all z,y € R.

(M3) (associativity of multiplication) (zy)z = z(yz) for all z,y,2 € R.

(M4) There exists an element 1 € R (and 1 # 0) such that 1z = z for all z € R.

(D) (distributive law) z(y + z) = zy + zz for all z,y,2 € R.

The ring R is called a field if furthermore:

(F) For every z € R such that z # 0 there exists an element L € R such that (1) =1.
In a commutative ring R, the elements » € R for which there exists an inverse L as above are called units.

If R and S are rings, a function f: R — S is a ring homomorphism if it respects the ring operations, that is, f(a+ b) = f(a) + f(b)
and f(ab) = f(a)f(b), and such that f(1) = 1. If fis bijective, then it is called a ring isomorphism.

Namely, a commutative ring is an abelian additive group (by additive group we just mean we use + for the operation and 0 for the
respective identity), with multiplication thrown in. If the multiplication also defines a group on the set of nonzero elements, then
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the ring is a field. A ring that is not commutative is one that does not satisfy commutativity of multiplication. Some authors define
ring without asking for the existence of 1.

A ring that often comes up in this book is the ring of holomorphic functions. Let @(T) be the set of holomorphic functions defined
on an open set U. Pointwise addition and multiplication give a ring structure on @(U). The set of units is the set of functions that
never vanish in U. The set of units is a multiplicative group.

Given a commutative ring R, let R[z] be the set of polynomials
P(z) = csz® + g1 + -+ 1z + o, (7.4.1)

where ¢y, ..., ¢ € R. The integer & is the degree of the polynomial and ¢ is the leading coefficient of P(z). If the leading coefficient
is 1, then P is monic. If R is a commutative ring, then so is R[z]. Similarly, we define the commutative ring R|zi,...,Z,] of
polynomials in n indeterminates.

The most basic result about polynomials, Theorem B.29 the fundamental theorem of algebra, which states that every nonconstant
polynomial over R = C has a root, is really a theorem in one complex variable.

& Definition: Ideal

Let R be a commutative ring. A subset I C R is an ideal if f € R and g, h € I implies that fg € I and g+ h € I. In short, I C R is
an additive subgroup such that RI = I.

Given a set of elements S C R, the ideal generated by S is the intersection I of all ideals containing S. If § = {fy,..., fx} is a
finite set, we say I is finitely generated, and we write I = (f1, ..., fx).

A principal ideal is an ideal generated by a single element. A commutative ring where every ideal is a principal ideal is called a
principal ideal domain or a PID.

A commutative ring R is Noetherian if every ideal in R is finitely generated.

It is not difficult to prove that “an ideal generated by S” really is an ideal, that is, the intersection of ideals is an ideal. If an ideal I
is generated by fi, ..., f&, then every g € I can be written as

g=cfi+-+cife (7.4.2)

for some cj, ..., ¢ € R. Clearly the set of such elements is the smallest ideal containing fi, ..., f&.

& Theorem 7.4.1

Hilbert Basis Theorem

If R is a Noetherian commutative ring, then R[z] is Noetherian. As the proof is rather short, we include it here.

Proof

Suppose R is Noetherian, and I c R[z] is an ideal. Starting with the polynomial f; of minimal degree in I, construct a
(possibly finite) sequence of polynomials fi, f2,... such that fi is the polynomial of minimal degree from the set I
\ (f1, -, fi—1)- The sequence of degrees deg(fi),deg(f2),-.- i by construction nondecreasing. Let ¢, be the leading
coefficient of f.

As R is Noetherian, then there exists a finite k¥ such that (¢, ¢s, ..., em) C (e1, €2, -..,cx) for all m. Suppose for contradiction
there exists a fj,1, that is, the sequence of polynomials did not end at . In particular, (cy, ..., ck+1) C (1, ..., €&) OF

Ck4+1 = @1C1+ *** QkC. (7.4.3)
As degree of fr1 is at least the degree of fi, through f, we can define the polynomial

g= alzdeg(fm)—deg(ﬁ) fi+ azzdeg(.fm)—deg(.fa) fot+ akxdeg(fm)—deg(fk) Ix. (7.4.4)
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The polynomial g has the same degree as fx+1, and in fact it also has the same leading term, cx;. On the other hand g
€ (f1, -, fr) while fxi1 € (f1,..., f) by construction. The polynomial g — fi1 is also not in (fi, ..., fz), but as the leading
terms canceled, deg(g— fx+1) < deg(fr+1), but that is a contradiction, so fx+1 does not exist and I = (f1, ..., fk)-

& Definition: Irreducible

TAn element f € R is irreducible if whenever f = gh for two elements g, h € R, then either g or A is a unit. A commutative ring
R is a unique factorization fomain (UFD) if up to multiplication by a unit, every element has a unique factorization into
irreducible elements of R.

One version of a result called the Gauss lemma says that just like the property of being Noetherian, the property of being a UFD is
retained when we take polynomials.

& Theorem 7.4.2

Gauss Lemma

If R is a commutative ring that is a UFD, then R][z] is a UFD.

Proof

The proof is not difficult, but it is perhaps beyond the scope of this book.

This page titled 7.4: D- Basic Terminology and Results from Algebra is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Jifi Lebl via source content that was edited to the style and standards of the LibreTexts platform.
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7.5: Measure Theory Review

The beginning of this course does not require the Lebesgue integral, however, knowing it may make some of the earlier results
easier to understand and the exercises easier to do. In some of the later chapters, Lebesgue integral does become necessary in
several places. To make the first reading of the entire book easier for a student who has not had a course on measure theory yet, we
present the basic ideas of the Lebesgue integral and list the results that make it so useful. We avoid getting into the details of the
definition and simply state the useful results without proof. A reader who is interested can consult, for example, [R1].

Given a set X, we designate a collection M of subsets of X, called the measurable sets. On these sets we define a measure, that is, a
function u: M — R, such that u > 0, u(@) = 0, and p is g-additive, that is, the measure of a union of countably many disjoint sets is
the sum of the measures. If X is the euclidean space R”, there always exists a measure called the Lebesgue measure that will agree
with the standard n-dimensional volume on simple sets such as rectangles. A complication is that not all subsets of R® can then be
measurable. We say that (X, M, u) is a measure space.

A function f: X — R is called measurable if its sublevel sets are measurable. Since one generally has to work hard to produce a
nonmeasurable function in the usual measure spaces we consider, the reader may be forgiven for assuming every function that
appears in this book is measurable. A function is simple if its support is of finite measure and it only has finitely many values, in
which case the integral is defined as

/ Fap® S yu(f). (7.5.1)
X vef(%)

That is, on the set where f(zx) = y we define the integral as the value of the function times the measure of the set and then we add
these up. If the function is actually a step function and the measure was the Lebesgue measure, this is the same as would be done
for the Riemann integral. The integral of any nonnegative f is defined by

/ fdu dof sup / pdp. (7.5.2)
X o<f D¢
¢ is simple

The integral of any real-valued measurable function is then defined by writing f = f. — f_ for nonnegative functions f, and f_, as
long as the integrals of at least one of these is not infinite. Similarly the integral of complex-valued functions is defined by writing
f =u +iv. The most common class of functions to deal with is then the L!-integrable functions, which are the functions such that

/X |fldp < oo. (7.5.3)

Note that for the purposes of integration we often allow nonnegative functions to take on the value co at some points. In general,
we allow our functions to be be undefined on a set of measure zero if we are integrating them since changing a function on a
measure zero set does not change the integral.

A couple of things to notice about the definition is the following. First, because step functions are simple functions with respect to
the Lebesgue measure, the integration is a generalization of the Riemann integral on the real line and on R" in general in the sense
that the two integrals agree when they are both defined.

Second, many more functions (all measurable functions in fact) can be limits of simple functions, and the integral is defined as a
limit of such integrals, one would, rightly, expect that limits can easily pass under the integral and we no longer need to worry
about integrability of the limit.

Besides integration, one often forgotten feature of this setup is that it also applies to series. For a countable set X such as N we can
define the so-called counting measure, where every set § C X is measurable and y($) is simply the number of elements in §. If 2,
= f(n) is a function defined on X, then we write

> za= /X fdp. (7.5.4)

nex

So the following theorems also apply to series, where being L! simply means that the series is absolutely summable.
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We say that something happens almost everywhere if the set where it does not happen is of measure zero. Similarly we may say that
this something happens for almost every z € X. Note that if a sequence of measurable functions converges to a function f almost
everywhere, then this function can be assumed to be measurable (it is equal almost everywhere to a measurable function). We have
the following three theorems, which despite appearances are actually just equivalent to each other, but each statement is useful in
different situations.

& Theorem 7.5.1

Fatou's Lemma

Let (X, M, 1) be a measure space and {f,} a sequence of nonnegative measurable functions that converges almost everywhere
to a function f. Then

/X fdp < liminf /X Fodps. (7.5.5)

& Theorem 7.5.2

Monotone Convergence Theorem

Let (X, M, p) be a measure space and {f,} a sequence of nonnegative measurable functions that converges pointwise to a
function f. Then

[ pdu=tim [ fudu (756)

& Theorem 7.5.3

Dominated Convergence Theorem

Let (X,M,u) be a measure space and {f,} a sequence of measurable complex-valued functions that converges almost
everywhere to a function f. Suppose g is a nonnegative L!-integrable function such that |f(z)| < g(z) for almost every z. Then

[ pdu=tim [ fudu (757)

A common application of the dominated convergence theorem is differentiating under the integral.

& Theorem 7.5.4

Differentiation under the Integral

Let U C R be open and (X, M, ) be a measure space. Suppose f:U x X — C is a function such that for each t € U, = = f(t,x)
is L!-integrable, for almost every z, % exists on all of U, and there exists an L!-integrable g: X — [0, 00] such that |%(t, x)|
< g(z) for all t € U and almost every ¢ € X. Then for all ¢t € U,

% /X £(t,7) du(z) = /X%(t, 2) du(a). (7.5.8)

A measure space is o-finite if it is a countable union of sets of finite measure. For example, the euclidean space with Lebesgue
measure is o-finite because it is a union of balls, which are of finite measure. We often want to write an integral over a product
space as an iterated integral, such as writing an integral over a subset of R™ using »n one-dimensional integrals. If (X, M, ) and
(Y,V,v) are product spaces, we can define a product measure space by requiring that g x ¥(A x B) = u(A)v(B) (we again skip
details). First, for nonnegative functions we obtain the following simple theorem where no integrability needs to be checked, and
we are allowing things to be infinite if needed.
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Tonelli
Suppose (X, M, p) and (Y, NV, v) are o-finite measure spaces and f: X x Y — R is a nonnegative measurable function. Then:

i. For almost every z € X, y - f(z,y) is measurable, and for almost every y € Y, z i~ f(z,y) is measurable.
ii. The functions y - [ f(z,y) du(z) and z — [, f(z,y) dv(y) are measurable.

[t = [ ([ s i)

i, = [ ([ @9 ¢s)) duto).

In general there is the Fubini theorem. A measure is complete, if every subset of a measure zero set is also measurable. A measure

(7.5.9)

can be completed by simply throwing those sets in, but it is a minor technicality that the product of two measure spaces is not in
general complete and must be completed. This is an issue for measurability of the functions involved, but the functions that one
usually considers in applications are easily shown measurable in all of these measure spaces and their completions.

& Theorem 7.5.6

Fubini
Suppose (X, M, u) and (Y, NV, v) are complete measure spaces and f: X x Y — R is L'-integrable. Then:

i. For almost every z € X, y — f(z,y) is L!-integrable, and for almost every y € Y, z — f(z,y) is L!-integrable.
ii. The functions y i+ [ f(z,y) du(z) and z — [, f(z,y) dv(y) is L'-integrable.

[t = [ ([ se0due) aw

i - [ ([ e ) duta).

Tonelli theorem is often applied in tandem with the Fubini theorem. Tonelli establishes integrability and Fubini is used to write the

(7.5.10)

integral we need as iterated integral, or swap the order of integrations.

Note that the Tonelli and Fubini theorems are very useful in simplifying the development of the power series by using the counting
measure as we mentioned above. They are also useful for swapping a series summation and integration such as

1 o0 00 1
/0 ;a"(m) dz = ; /0 an(z) dz. (7.5.11)

7.5: Measure Theory Review is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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