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1.1: Functions and Function Notation

What is a Function?

The natural world is full of relationships between quantities that change. When we see these relationships, it is natural for us to ask
"If I know one quantity, can I then determine the other?" This establishes the idea of an input quantity, or independent variable, and
a corresponding output quantity, or dependent variable. From this we get the notion of a functional relationship in which the output
can be determined from the input.

For some quantities, like height and age, there are certainly relationships between these quantities. Given a specific person and any
age, it is easy enough to determine their height, but if we tried to reverse that relationship and determine age from a given height,
that would be problematic, since most people maintain the same height for many years.

Definition: Function

A function is a rule for a relationship between an input, or independent, quantity and an output, or dependent, quantity in
which each input value uniquely determines one output value. We say "the output is a function of the input."

Example 1.1.1

In the height and age example above, is height a function of age? Is age a function of height?
Solution

In the height and age example above, it would be correct to say that height is a function of age, since each age uniquely
determines a height. For example, on my 18 * birthday, I had exactly one height of 69 inches.

However, age is not a function of height, since one height input might correspond with more than one output age. For example,
for an input height of 70 inches, there is more than one output of age since I was 70 inches at the age of 20 and 21.

Example 1.1.2

At a coffee shop, the menu consists of items and their prices. Is price a function of the item? Is the item a function of the price?
Solution

We could say that price is a function of the item, since each input of an item has one output of a price corresponding to it. We
could not say that item is a function of price, since two items might have the same price.

Example 1.1.3

In many classes the overall percentage you earn in the course corresponds to a decimal grade point. Is decimal grade a function
of percentage? Is percentage a function of decimal grade?

Solution

For any percentage earned, there would be a decimal grade associated, so we could say that the decimal grade is a function of
percentage. That is, if you input the percentage, your output would be a decimal grade. Percentage may or may not be a
function of decimal grade, depending upon the teacher’s grading scheme. With some grading systems, there are a range of
percentages that correspond to the same decimal grade.

Exercise 1.1.1

Let’s consider bank account information.

a. Is your balance a function of your bank account number? (if you input a bank account number does it make sense that the
output is your balance?)

b. Is your bank account number a function of your balance?(if you input a balance does it make sense that the output is your
bank account number?)

https://math.libretexts.org/@go/page/67091
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Answer a
Yes: for each bank account, there would be one balance associated
Answer b

No: there could be several bank accounts with the same balance

Function Notation
To simplify writing out expressions and equations involving functions, a simplified notation is often used. We also use descriptive

variables to help us remember the meaning of the quantities in the problem.

Rather than write "height is a function of age", we could use the descriptive variable h to represent height and we could use the
descriptive variable a to represent age.

"height is a function of age" if we name the function f we write "h is f of a" or more simply h = f(a) we could instead name the
function h and write h(a) which is read "h of "

Remember we can use any variable to name the function; the notation h(a) shows us that & depends on a. The value "a" must be
put into the function "h" to get a result. Be careful - the parentheses indicate that age is input into the function (Note: do not
confuse these parentheses with multiplication!).

Definition: Function Notation

The notation output = f(input) defines a function named f. This would be read “output is f of input”

Example 1.1.4

Introduce function notation to represent a function that takes as input the name of a month, and gives as output the number of
days in that month.

Solution

The number of days in a month is a function of the name of the month, so if we name the function f, we could write “days =
f(month)” or d = f(m). If we simply name the function d, we could write d(m)

For example, d(March) = 31, since March has 31 days. The notation d(m) reminds us that the number of days, d (the output)
is dependent on the name of the month, m (the input)

Example 1.1.5

A function N = f(y) gives the number of police officers, IV, in a town in year y. What does f(2005) = 300 tell us?
Solution

When we read f(2005) = 300, we see the input quantity is 2005, which is a value for the input quantity of the function, the year
(y). The output value is 300, the number of police officers (IV'), a value for the output quantity. Remember N = f(y). This
tells us that in the year 2005 there were 300 police officers in the town.

Tables as Functions

Functions can be represented in many ways: Words (as we did in the last few examples), tables of values, graphs, or formulas.
Represented as a table, we are presented with a list of input and output values. In some cases, these values represent everything we
know about the relationship, while in other cases the table is simply providing us a few select values from a more complete
relationship.

Table 1: This table represents the input, number of the month (January = 1, February = 2, and so on) while the output is the number of days in that
month. This represents everything we know about the months & days for a given year (that is not a leap year)

https://math.libretexts.org/@go/page/67091
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(input)

Month

numbe
nLm

(output
) Days

in 31 28 31 30 31 30 31 31 30 31 30 31
month,

D

Table 2: The table below defines a function @ = g(n). Remember this notation tells us g is the name of the function that takes the input n and
gives the output Q.

n 1 2 3 4 5
Q 8 6 7 6 8
Table 3: This table represents the age of children in years and their corresponding heights. This represents just some of the data available for
height and ages of children.

(input) a, age

E 5 5 6 7 8 9 10
in years
(outpug) h, 40 42 44 47 50 52 54
height inches

Example 1.1.6

Which of these tables define a function (if any)? Are any of them one-to-one?
Input Output
2 1
5 3
8 6
Input Output
-3 5
0 1
4 5
Input Output
1 0
5 2
5 4
Solution
The first and second tables define functions. In both, each input corresponds to exactly one output. The third table does not
define a function since the input value of 5 corresponds with two different output values.

https://math.libretexts.org/@go/page/67091
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Only the first table is one-to-one; it is both a function, and each output corresponds to exactly one input. Although table 2 is a
function, because each input corresponds to exactly one output, each output does not correspond to exactly one input so this
function is not one-to-one. Table 3 is not even a function and so we don’t even need to consider if it is a one-to-one function.

If each percentage earned translated to one letter grade, would this be a function? Is it one-to-one?

Answer

Yes it’s a function; No, it’s not one-to-one (several percents give the same letter grade)

Solving and Evaluating Functions

When we work with functions, there are two typical things we do: evaluate and solve. Evaluating a function is what we do when
we know an input, and use the function to determine the corresponding output. Evaluating will always produce one result, since
each input of a function corresponds to exactly one output.

Solving equations involving a function is what we do when we know an output, and use the function to determine the inputs that
would produce that output. Solving a function could produce more than one solution, since different inputs can produce the same
output.

Example 1.1.7

Using the table shown, where @ = g(n)

n 1 2 3 4 5

Q 8 6 7 6 8

a. Evaluate g(3)
b. Solve g(n) =6

Solution

Evaluating g(3) (read: "g of 3") means that we need to determine the output value, @, of function g given the input value of
n = 3. Looking at the table, we see the output corresponding to n = 3 is @ = 7, allowing us to conclude g(3) = 7.

(b) Solve g(n) =6

Solving g(n) = 6 means we need to determine what input values, n, produce an output value of 6. Looking at the table we see
there are two solutions: n =2 andn =4.

e When we input 2 into the function g, our output is Q = 6
e When we input 4 into the function g, our output is also Q) =6

Exercise 1.1.3

Using the function in Example 1.1.7, evaluate g(4)

Answer

Whenn=4,Q =g(4) =6

Graphs as Functions

Oftentimes a graph of a relationship can be used to define a function. By convention, graphs are typically created with the input
quantity along the horizontal axis and the output quantity along the vertical.

https://math.libretexts.org/@go/page/67091
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The most common graph has y on the vertical axis and z on the horizontal axis, and we say y is a function of z, or y = f(z) when
the function is named f.

Example 1.1.8

Which of these graphs defines a function y = f(z)? Which of these graphs defines a one-to-one function?
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Solution

Looking at the three graphs above, the first two define a function y=f(x), since for each input value along the horizontal axis
there is exactly one output value corresponding, determined by the y-value of the graph. The 3 " graph does not define a
function y=f{(x) since some input values, such as x=2, correspond with more than one output value.

e Graph 1 is not a one-to-one function. For example, the output value 3 has two corresponding input values, -1 and 2.3

o Graph 2 is a one-to-one function; each input corresponds to exactly one output, and every output corresponds to exactly one
input.

o Graph 3 is not even a function so there is no reason to even check to see if it is a one-to-one function.

Vertical Line Test

The vertical line test is a handy way to think about whether a graph defines the vertical output as a function of the horizontal
input. Imagine drawing vertical lines through the graph. If any vertical line would cross the graph more than once, then the
graph does not define only one vertical output for each horizontal input.

Horizontal Line Test

Once you have determined that a graph defines a function, an easy way to determine if it is a one-to-one function is to use the
horizontal line test. Draw horizontal lines through the graph. If any horizontal line crosses the graph more than once, then the
graph does not define a one-to-one function.

Evaluating a function using a graph requires taking the given input and using the graph to look up the corresponding output.
Solving a function equation using a graph requires taking the given output and looking on the graph to determine the corresponding
input.
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Given the graph of f(x)

a. Evaluate f(2)
b. Solve f(z) =4
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Solution
(a) To evaluate f(2), we find the input of z = 2 on the horizontal axis. Moving up to the graph gives the point (2, 1), giving an
outputof y =1. f(2) =1.

(b) To solve f(x) =4, we find the value 4 on the vertical axis because if f(z) =4 then 4 is the output. Moving horizontally
across the graph gives two points with the output of 4: (-1, 4) and (3, 4). These give the two solution to f(z) =4:z = -1 or
x = 3 This means f(—1) =4 and f(3) = 4, or when the input is -1 or 3, the output is 4.

Notice that while the graph in the previous example is a function, getting two input values for the output value of 4 shows us that
this function is not one-to-one.

Exercise 1.1.4

Using the graph from example 1.1.9, solve f(z) =1

Answer

There are two points where the outputis 1: * =0 or z =2

Formulas as Functions

When possible, it is very convenient to define relationships using formulas. If it is possible to express the output as a formula
involving the input quantity, then we can define a function.

Example 1.1.10

Express the relationship 2n 4+ 6p = 12 as a function p = f(n) if possible.
Solution

To express the relationship in this form, we need to be able to write the relationship where p is a function of n, which means
writing it as p = [something involving n].

2n+6p =12
subtract 2n from both sides
6p =12 —2n

divide both sides by 6 and simplify
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12—-2n 12 2n 1
P=T% ~% 6 23"
Having rewritten the formula as p =, we can now express p as a function:
p=f(n)=2- %"

It is important to note that not every relationship can be expressed as a function with a formula.

Note the important feature of an equation written as a function is that the output value can be determined directly from the input by
doing evaluations - no further solving is required. This allows the relationship to act as a magic box that takes an input, processes it,
and returns an output. Modern technology and computers rely on these functional relationships, since the evaluation of the function
can be programmed into machines, whereas solving things is much more challenging.

As with tables and graphs, it is common to evaluate and solve functions involving formulas. Evaluating will require replacing the
input variable in the formula with the value provided and calculating. Solving will require replacing the output variable in the
formula with the value provided, and solving for the input(s) that would produce that output.

Example 1.1.11

Given the function k(t) = > + 2

a. Evaluate k(2)
b. Solve k(t) =1

Solution

(a) To evaluate k(2), we plug in the input value 2 into the formula wherever we see the input variable ¢, then simplify

E(2)=2°+2
k(2)=8+2
So
k(2)=10
(b) To solve k(t) =1, we set the formula for k() equal to 1, and solve for the input value that will produce that output
k(t)=1
substitute the original formula
k(t) =t +2
t#42=1
subtract 2 from each side
=1
take the cube root of each side
==l

When solving an equation using formulas, you can check your answer by using your solution in the original equation to see if
your calculated answer is correct.

We want to know if k() =1 is true whent = —1.

(k(=1)

(-1)3+2
—1+2
1 which was the desired result.
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Given the function h(p) = p% +2p

a. Evaluate h(4)
b. Solve h(p) =3

Solution

To evaluate h(4) we substitute the value 4 for the input variable p in the given function.

@)
h(4) = (4)2+2(4)
= 16+8
24
(b) h(p) = 3 Substitute the original function
h(p) =p* +2p
P +2p=3

This is quadratic, so we can rearrange the equation to get it = 0
p?+2p—-3=0
subtract 3 from each side
P’+2p—3=0
this is factorable, so we factor it
(p+3)(p—1)=0

By the zero factor theorem since (p+3)(p —1) =0, either (p+3) =0 or (p —1) =0 (or both of them equal 0) and so we
solve both equations for p, finding p = —3 from the first equation and p = 1 from the second equation.

This gives us the solution: h(p) =3 whenp =1 orp = —3

We found two solutions in this case, which tells us this function is not one-to-one.

Exercise 1.1.5

Given the function g(m) = /m —4
a. Evaluate g(5)
b. Solve g(m) =2

Answer

a.gb)=vb—-4=1
b. v/m —4 = 2. Square both sidesto get m —4 =4.m =8

Important Topics of this Section

o Definition of a function

¢ Input (independent variable)

¢ Output (dependent variable)

o Definition of a one-to-one function

o Function notation

o Descriptive variables

o Functions in words, tables, graphs & formulas
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e Vertical line test

e Horizontal line test

o Evaluating a function at a specific input value

e Solving a function given a specific output value

This page titled 1.1: Functions and Function Notation is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman & Melonie Rasmussen (The OpenTextBookStore) .

e 1.1: Functions and Function Notation by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.1E: Functions and Function Notation

1.1E: Functions and Function Notation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.2: Domain and Range

One of our main goals in mathematics is to model the real world with mathematical functions. In doing so, it is important to keep in
mind the limitations of those models we create.

This table shows a relationship between circumference and height of a tree as it grows.
Circumference, ¢ 1.7 2.5 5.5 8.2 13.7

Height, h 24.5 31 45.2 54.6 92.1

While there is a strong relationship between the two, it would certainly be ridiculous to talk about a tree with a circumference of -3
feet, or a height of 3000 feet. When we identify limitations on the inputs and outputs of a function, we are determining the domain
and range of the function.

Definitions: Domain and Range

e Domain: The set of possible input values to a function
o Range: The set of possible output values of a function

Example 1.2.1

Using the tree table above, determine a reasonable domain and range.
Solution

We could combine the data provided with our own experiences and reason to approximate the domain and range of the
function h = f(c). For the domain, possible values for the input circumference c, it doesn’t make sense to have negative
values, so ¢ > 0. We could make an educated guess at a maximum reasonable value, or look up that the maximum
circumference measured is about 119 feet. With this information, we would say a reasonable domain is 0 < ¢ <119 feet.

Similarly for the range, it doesn’t make sense to have negative heights, and the maximum height of a tree could be looked up to
be 379 feet, so a reasonable range is 0 < h < 379 feet.

Example 1.2.2

When sending a letter through the United States Postal Service, the price depends upon the weight of the letter
(https://pe.usps.com/text/dmm300/Notice123.htm, retrieved August 6, 2018), as shown in the table below. Determine the
domain and range.

Table: Letters

Weight not Over Price
1 ounce $0.50

2 ounces $0.71

3 ounces $0.92

3.5 ounces $1.13

Suppose we notate Weight by w and Price by p, and set up a function named P, where Price, p is a function of Weight,

w.p = P(w).

Since acceptable weights are 3.5 ounces or less, and negative weights don’t make sense, the domain would be 0 < w < 3.5.
Technically 0 could be included in the domain, but logically it would mean we are mailing nothing, so it doesn’t hurt to leave it
out.

Since possible prices are from a limited set of values, we can only define the range of this function by listing the possible
values. The range is p = $0.50, $0.71, $0.92, or $1.13.
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The population of a small town in the year 1960 was 100 people. Since then the population has grown to 1400 people reported
during the 2010 census. Choose descriptive variables for your input and output and use interval notation to write the domain
and range.
Answer

Domain; y = years [1960, 2010]

Range, p = population, [100, 1400]

Notation

In the previous examples, we used inequalities to describe the domain and range of the functions. This is one way to describe
intervals of input and output values, but is not the only way. Let us take a moment to discuss notation for domain and range.

Using inequalities, such as 0 < ¢ <163, 0 <w < 3.5, and 0 < h < 379 imply that we are interested in all values between the
low and high values, including the high values in these examples.

However, occasionally we are interested in a specific list of numbers like the range for the price to send letters, p = $0.44, $0.61,
$0.78, or $0.95. These numbers represent a set of specific values: {0.44, 0.61, 0.78, 0.95}

Representing values as a set, or giving instructions on how a set is built, leads us to another type of notation to describe the domain
and range.

Suppose we want to describe the values for a variable x that are 10 or greater, but less than 30. In inequalities, we would write
10 <z < 30.

When describing domains and ranges, we sometimes extend this into set-builder notation, which would look like this:
{z |10 <z < 30}. The curly brackets {} are read as “the set of”, and the vertical bar is read as “such that”, so altogether we
would read {z | 10 <z < 30} as “the set of x-values such that 10 is less than or equal to z and z is less than 30.”

When describing ranges in set-builder notation, we could similarly write something like { f(z) | 0 < f(z) < 30}, or if the output
had its own variable, we could use it. So for our tree height example above, we could write for the range {h | 0 <h <379}. In
set-builder notation, if a domain or range is not limited, we could write {¢ | ¢ is a real number}, or {¢ | ¢ € R}, read as “the set of t-
values such that ¢ is an element of the set of real numbers.

A more compact alternative to set-builder notation is interval notation, in which intervals of values are referred to by the starting
and ending values. Curved parentheses are used for “strictly less than,” and square brackets are used for “less than or equal to.”
Since infinity is not a number, we can’t include it in the interval, so we always use curved parentheses with oo and - co. The table
below will help you see how inequalities correspond to set-builder notation and interval notation:

Inequality Set Builder Notation Interval notation
5<h<10 {h|5< h <10} (5, 10]
5<h<10 {h|5<h<10} [5, 10)
5<h<10 {h|5< h<10} (5, 10)
h <10 {h| h< 10} (=00, 10)
h>10 {h|h>10} [10, 00)
all real numbers {h| heR} (=00, 00)

To combine two intervals together, using inequalities or set-builder notation we can use the word “or”. In interval notation, we use
the union symbol, U, to combine two unconnected intervals together.

https://math.libretexts.org/@go/page/67093



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67093?pdf

LibreTexts"

Describe the intervals of values shown on the line graph below using set builder and interval notations.

i + : b : & ; it
-2 -1 0 ! 2 3 4 5 6 7

To describe the values, , that lie in the intervals shown above we would say, “x is a real number greater than or equal to 1 and
less than or equal to 3, or a real number greater than 5.”

e As an inequality it is:
1<x<3 or z=z>5
¢ In set builder notation:

{z|1<z<3 or z>5}

¢ In interval notation:

[1,3]U(5,00)

Remember when writing or reading interval notation:
Using a square bracket [ means the start value is included in the set;
Using a parenthesis ( means the start value is not included in the set.

Given the following interval, write its meaning in words, set builder notation, and interval notation.

-H L} T ‘ '. L T T L) T
S 4 -3 -2 -1 0 ! 2 i 4 5
Answer

a. Values that are less than or equal to -2, or values that are greater than or equal to -1 and less than 3
b.{z|z<—-20r —1<z <3}
c. (—00, —2]U[~1, 3)

Domain and Range from Graphs

We can also talk about domain and range based on graphs. Since domain refers to the set of possible input values, the domain of a
graph consists of all the input values shown on the graph. Remember that input values are almost always shown along the
horizontal axis of the graph. Likewise, since range is the set of possible output values, the range of a graph we can see from the
possible values along the vertical axis of the graph.

Be careful — if the graph continues beyond the window on which we can see the graph, the domain and range might be larger than

the values we can see.

Example 1.2.4

Determine the domain and range of the graph below.
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Alaska Crude Oil Production
(thousand barrels per day)
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Solution

In the graph above (http://commons.wikimedia.org/wiki/Fi...Production.PNG, CC-BY-SA, July 19, 2010), the input quantity
along the horizontal axis appears to be “year”, which we could notate with the variable y. The output is “thousands of barrels of
oil per day”, which we might notate with the variable b, for barrels. The graph would likely continue to the left and right
beyond what is shown, but based on the portion of the graph that is shown to us, we can determine the domain is
1975 <y <2008, and the range is approximately 180 < b < 2010.

In interval notation, the domain would be [1975, 2008] and the range would be about [180, 2010]. For the range, we have to
approximate the smallest and largest outputs since they don’t fall exactly on the grid lines.

Remember that, as in the previous example, x and y are not always the input and output variables. Using descriptive variables is an
important tool to remembering the context of the problem.

Given the graph below write the domain and range in interval notation
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source: U.S. Bureau of the Census, International Data Base (via GeoHive)

Answer

Domain; y = years, [1952, 2002]; Range, p = population in millions, [40, 88]

Domains and Range from Formulas
Most basic formulas can be evaluated at an input. Two common restrictions are:

o The square root of negative values is non-real.
o We cannot divide by zero.

Example 1.2.5

Find the domain of each function:
a f(z)=2yz+4
b. g(z) =

Solution

6 —3z

a) Since we cannot take the square root of a negative number, we need the inside of the square root to be non-negative.
z+4 >0 whenz > —4.

The domain of f(z)is [—4, c0).

b) We cannot divide by zero, so we need the denominator to be non-zero.

6 —3x = 0 when x = 2, so we must exclude 2 from the domain.

The domain of g(x) is (—o00, 2) U (2, ).

Piecewise Functions

Some functions cannot be described by a single formula.

Definition: Piecewise Function

A piecewise function is a function in which the formula used depends upon the domain the input lies in. We notate this idea
like:
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formula 1 if domain to use formula 1
f(z) = { formula 2 if domain to use formula 2
formula 3 if domain to use formula 3

Example 1.2.6

A museum charges $5 per person for a guided tour with a group of 1 to 9 people, or a fixed $50 fee for 10 or more people in
the group. Set up a function relating the number of people, n, to the cost, C.

Solution

To set up this function, two different formulas would be needed. C = 5n would work for n values under 10, and C = 50 would
work for values of n ten or greater. Notating this:

_Jb5n if 0<n<10
C(")_{50 if n>10

Example 1.2.7

A cell phone company uses the function below to determine the cost, C, in dollars for g gigabytes of data transfer.
25 if 0<g<2
(9) = { 25 +10(g—2) if g>2
Find the cost of using 1.5 gigabytes of data, and the cost of using 4 gigabytes of data.
Solution

To find the cost of using 1.5 gigabytes of data, C'(1.5), we first look to see which piece of domain our input falls in. Since 1.5
is less than 2, we use the first formula, giving C(1.5) = $25.

The find the cost of using 4 gigabytes of data, C'(4), we see that our input of 4 is greater than 2, so we’ll use the second
formula. C(4) =25 + 10(4 - 2) = $45.

Example 1.2.1

Sketch a graph of the function

0 if <1
fl@)=< z—-1 if 1<z<4
2 if xz>4

Solution

We can imagine graphing each function, then limiting the graph to the indicated domain. At the endpoints of the domain, we
put open circles to indicate where the endpoint is not included, due to a strictly-less-than inequality, and a closed circle where
the endpoint is included, due to a less-than-or-equal-to inequality. The first and last parts are constant functions, where the
output is the same for all inputs. The middle part we might recognize as a line, and could graph by evaluating the function at a
couple inputs and connecting the points with a line.
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Now that we have each piece individually, we combine them onto the same graph. When the first and second parts meet at x =
1, we can imagine the closed dot filling in the open dot. Since there is no break in the graph, there is no need to show the dot.
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At Pierce College during the 2009-2010 school year tuition rates for in-state residents were $89.50 per credit for the first 10
credits, $33 per credit for credits 11-18, and for over 18 «credits the rate is $73 per credit
(www.pierce.ctc.edu/dist/tuit...ition_rate.pdf, retrieved August 6, 2010). Write a piecewise defined function for the total tuition,
T, at Pierce College during 2009-2010 as a function of the number of credits taken, c. Be sure to consider a reasonable domain
and range

Answer

89.5¢ if ¢<10
T(c)=1< 895+33(c—10) ¢f 10 <c <18 Tuition, 7T as a function of credits, c.
1159 +73(c—18) if c>18

Reasonable domain should be whole numbers 0 to (answers may vary), e.g. [0, 23]

Reasonable range should be $0 — (answers may vary), e.g. [0,1524]

Important Topics of this Section

e Definition of domain

o Definition of range

o Inequalities

o Interval notation

e Set builder notation

e Domain and Range from graphs

o Domain and Range of toolkit functions

o Piecewise defined functions
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This page titled 1.2: Domain and Range is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman &
Melonie Rasmussen (The OpenTextBookStore) .

o 1.2: Domain and Range by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.2E: Domain and Range

1.2E: Domain and Range is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.3: Rates of Change and Behavior of Graphs

Since functions represent how an output quantity varies with an input quantity, it is natural to ask about the rate at which the values of the function are
changing. For example, the function C(t) below gives the average cost, in dollars, of a gallon of gasoline ¢ years after 2000.

t 2 3 4 5 6 7 8 9

C(t) 1.47 1.69 1.94 2.30 2.51 2.64 3.01 2.14

If we were interested in how the gas prices had changed between 2002 and 2009, we could compute that the cost per gallon had increased from $1.47 to
$2.14, an increase of $0.67. While this is interesting, it might be more useful to look at how much the price changed per year. You are probably noticing
that the price didn’t change the same amount each year, so we would be finding the average rate of change over a specified amount of time.

$0.67

The gas price increased by $0.67 from 2002 to 2009, over 7 years, for an average of 7
years

~ 0.096dollars per year. On average, the price of gas

increased by about 9.6 cents each year.

Definition: Rate of Change

A rate of change describes how the output quantity changes in relation to the input quantity. The units on a rate of change are output units per input
units.

Some other examples of rates of change would be quantities like:

o A population of rats increases by 40 rats per week

e A barista earns $9 per hour (dollars per hour)

o A farmer plants 60,000 onions per acre

e A car can drive 27 miles per gallon

o A population of grey whales decreases by 8 whales per year

e The amount of money in your college account decreases by $4,000 per quarter

Definition: Average Rate of Change

The average rate of change between two input values is the total change of the function values (output values) divided by the change in the input
values.

Change of Output Ay 3 —y;

A te of change = ——=———~— —
verage rate ol change Change of Input Az z3—m

(1.3.1)

Example 1.3.1

Using the cost-of-gas function from earlier, find the average rate of change between 2007 and 2009.
Solution

From the table, in 2007 the cost of gas was $2.64. In 2009 the cost was $2.14.

The input (years) has changed by 2. The output has changed by $2.14 - $2.64 = -0.50.

—$0.50
The average rate of change is then
2years

Exercise 1.3.1

Using the same cost-of-gas function, find the average rate of change between 2003 and 2008

=-0.25 dollars per year

Answer
3.01 —$1.69 1.32
$ 3 = $ = 0.264 dollars per year.
5 years 5 years

Notice that in the last example the change of output was negative since the output value of the function had decreased. Correspondingly, the average rate
of change is negative.

Given the function g(t) shown here, find the average rate of change on the interval [0, 3].
Solution

At t =0, the graph shows g(0) =1
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At t = 3, the graph shows ¢(3) =4
The output has changed by 3 while the input has changed by 3, giving an average rate of change of:
4-1 3

= =2 =1
3—-0 3

Example 1.3.3

On a road trip, after picking up your friend who lives 10 miles away, you decide to record your distance from home -2
over time. Find your average speed over the first 6 hours.

t (hours) 0 1 2 3 4 5 6 7
D(t) (miles) 10 55 90 153 214 240 292 300
Solution

Here, your average speed is the average rate of change.
You traveled 282 miles in 6 hours, for an average speed of

292 -10 282 .
=0 o 47 miles per hour

We can more formally state the average rate of change calculation using function notation.

Definition: Average Rate of Change using Function Notation

Given a function f(z), the average rate of change on the interval [a, b] is

Average rate of change = Change of Output = 1) = f(a) (1.3.2)
Change of Input b—a

Example 1.3.4

1
Compute the average rate of change of f(z) = 22 — = on the interval [2, 4].
z

Solution

We can start by computing the function values at each endpoint of the interval
1
2)=22 = =4—
f@)=2" -

f(4)=42—%:16—

Now computing the average rate of change

Average rate of change = =

Exercise 1.3.2

Find the average rate of change of f(z) =z —2,/z on the interval [1, 9].

Answer

fO-f1) _ (0-2v9)-(1-2v) (B)-(-1) 4 1

Average rate of change = = = — ==

9-1 9-1 9-1 8 2
Example 1.3.5

The magnetic force F', measured in Newtons, between two magnets is related to the distance between the magnets d, in centimeters, by the formula

2
F(d)= Tz Find the average rate of change of force if the distance between the magnets is increased from 2 cm to 6 cm.
Solution

2
We are computing the average rate of change of F'(d) = z on the interval [2, 6].
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Average rate of change = W
Evaluating the function
F(6)—F(2)
— =
4 2
62 92
T 62
Simplifying
2 2
361
4
Combining the numerator terms
—16
6
4
Simplifying further
-1
"o

Newtons per centimeter

This tells us the magnetic force decreases, on average, by 1/9 Newtons per centimeter over this interval.

Example 1.3.6

Find the average rate of change of g(t) =t +3t 41 on the interval [0, a]. Your answer will be an expression involving a.
Solution
Using the average rate of change formula
g(a) —9(0)
a—0

Evaluating the function

(a®+3a+1)—(0*+3(0)+1)

a—0
Simplifying
a®>+3a+1-1
a
Simplifying further, and factoring
a(a+3)
a
Cancelling the common factor a
a+3

This result tells us the average rate of change between ¢ = 0 and any other point ¢t = a. For example, on the interval [0, 5], the average rate of change
would be 5+3 = 8.

Exercise 1.3.3

Find the average rate of change of f(z) = > +2 on the interval [a,a + h] .

Answer
fla+h)=f@)  ((a+h)*+2)—(a®+2)  a*+3a’h+3ah*+h*+2—a®—2  3a’h+3ah®+h®  h(3a’ +3ah+h?) a2
(a+h)—a h - h - h - h N

+3ah+ AR’
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Application to Business

In business, average rate of change is related to the idea of marginal cost, marginal revenue, and marginal profit.

Definition: Marginal Cost/Revenue/Profit

Marginal Cost is typically defined as the change in total cost if the quantity of items produced increases by one. Likewise, marginal revenue and
marginal profit are the change in revenue and profit if the quantity of items increases by one.

In practice, marginal cost is usually calculated another way, using calculus techniques you will learn in future courses. In this course, though, we will
stick with calculating marginal cost by looking at the actual change of total cost when production increases by one.

Example 1.3.7

A company has determined the total cost of producing ¢ items is T'C(g) = 2000 +50,/q. Find the marginal cost, when production is currently 5000
items.

Solution

We want to find the increase in total cost when increasing production from 5000 items to 5001 items. This is equivalent to finding the average rate of
change on the interval [5000, 5001]

The total cost at 5000 items is: T'C'(5000) = 2000 + 50+/5000 ~ 5535.53
The total cost at 5001 items is: T'C'(5001) = 2000 +504/5001 ~ 5535.89

The marginal cost is 5535.89-5535.53 = $0.36

In other words, after producing 5000 items, the additional cost of producing the 5001 item is $0.36

Graphical Behavior of Functions

As part of exploring how functions change, it is interesting to explore the graphical behavior of functions.

Definition: increasing/decreasing

A function is increasing on an interval if the function values increase as the inputs increase. More formally, a function is increasing if f(b) > f(a)
for any two input values a and b in the interval with b > a. The average rate of change of an increasing function is pesitive.

A function is decreasing on an interval if the function values decrease as the inputs increase. More formally, a function is decreasing if f(b) < f(a)
for any two input values a and b in the interval with b > a . The average rate of change of a decreasing function is negative.

Example 1.3.8

Given the function p(t) graphed here, on what intervals does the function appear to be increasing?

The function appears to be increasing from¢ =1 tot = 3, and from ¢ =4 on.

In interval notation, we would say the function appears to be increasing on the interval (1, 3)and the interval (4, co).
Solution

Add text here.

Notice in the last example that we used open intervals (intervals that don’t include the endpoints) since the function is
neither increasing nor decreasing at ¢t = 1, 3, or 4.

Definition: Local Extrema

A point where a function changes from increasing to decreasing is called a local maximum.
A point where a function changes from decreasing to increasing is called a local minimum.

Together, local maxima and minima are called the local extrema, or local extreme values, of the function.

Example 1.3.9

Using the cost of gasoline function from the beginning of the section, find an interval on which the function appears to be decreasing. Estimate any
local extrema using the table.

t 2 3 4 5 6 7 8 9
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C(t) 1.47 1.69 1.94 2.30 2.51 2.64 3.01 2.14

It appears that the cost of gas increased from ¢t =2 to ¢ = 8. It appears the cost of gas decreased from ¢t =8 to t =9, so the function appears to be
decreasing on the interval (8, 9).

Since the function appears to change from increasing to decreasing at t = 8, there is local maximum at ¢t = 8.

Example 1.3.10

Use a graph to estimate the local extrema of the function f(z) = — + 3 Use these to determine the intervals on which the function is increasing.
2z

Solution

Using technology to graph the function, it appears there is a local minimum somewhere between = 2 and z = 3, and a symmetric local maximum
somewhere between x = —3 and z = —2.

Most graphing calculators and graphing utilities can estimate the location of maxima and minima. Below are screen images from two different
technologies, showing the estimate for the local maximum and minimum.

sl s il v

-6 -4 -3 -2 -1 1 2 3 45
14
.—/

24494808, 1.6329932 |
3"

Based on these estimates, the function is increasing on the intervals (—oo, —2.449)and (2.449, 0co). Notice that while we expect the extrema to be
symmetric, the two different technologies agree only up to 4 decimals due to the differing approximation algorithms used by each.

Exercise 1.3.4

Use a graph of the function f(z) = x3 — 622 — 152 + 20 to estimate the local extrema of the function. Use these to determine the intervals on which
the function is increasing and decreasing.
Answer

Based on the graph, the local maximum appears to occur at (-1, 28), and the local minimum occurs at (5, -80). The function is increasing on
(—00, —1)U (5, 0) and decreasing on (-1, 5) . y

Important Topics of This Section

¢ Rate of Change

o Average Rate of Change

o Calculating Average Rate of Change using Function Notation
e Marginal cost/revenue/profit

o Increasing/Decreasing

o Local Maxima and Minima (Extrema)

This page titled 1.3: Rates of Change and Behavior of Graphs is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman &
Melonie Rasmussen (The OpenTextBookStore) .

« 1.3: Rates of Change and Behavior of Graphs by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.4: Linear Functions

As you hop into a taxicab in Las Vegas, the meter will immediately read $3.30; this is the “drop” charge made when the taximeter
is activated. After that initial fee, the taximeter will add $2.60 for each mile the taxi drives. In this scenario, the total taxi fare
depends upon the number of miles ridden in the taxi, and we can ask whether it is possible to model this type of scenario with a
function. Using descriptive variables, we choose m for miles and C for Cost in dollars as a function of miles: C'(m).

We know for certain that C(0) = 3.30, since the $3.30 drop charge is assessed regardless of how many miles are driven. Since
$2.60 is added for each mile driven, then

C(1)=3.30+2.60 =5.90
If we then drove a second mile, another $2.60 would be added to the cost:
C(2)=3.30+2.60+2.60 =3.30+2.60(2) = 8.50
If we drove a third mile, another $2.60 would be added to the cost:
C(3)=3.30+2.60+2.60+2.60 =3.30+2.60(3) =11.10
From this we might observe the pattern, and conclude that if 7 miles are driven,
C(m) = 3.30 +2.60m because we start with a $3.30 drop fee and then for each mile increase we add $2.60.

It is good to verify that the units make sense in this equation. The $3.30 drop charge is measured in dollars; the $2.60 charge is
measured in dollars per mile.

doll
C(m) = 3.30 dollars + (2.60 ° ,?rs) (m miles)

mile

When dollars per mile are multiplied by a number of miles, the result is a number of dollars, matching the units on the 3.30, and
matching the desired units for the C function.

Notice this equation C'(m) = 3.30 +2.60m consisted of two quantities. The first is the fixed $3.30 charge which does not change
based on the value of the input. The second is the $2.60 dollars per mile value, which is a rate of change. In the equation, this rate
of change is multiplied by the input value.

Looking at this same problem in table format we can also see the cost changes by $2.60 for every 1 mile increase.
m 0 1 2 3

C(m) 3.30 5.90 8.50 11.10

It is important here to note that in this equation, the rate of change is constant; over any interval, the rate of change is the same.

Graphing this equation, C'(m) = 3.30 +2.60m we see the shape is a line, which is how these functions get their name: linear
functions.

C(m)
604

2 4 6 8 10 12 14 16 18 20
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When the number of miles is zero the cost is $3.30, giving the point (0, 3.30) on the graph. This is the vertical or C'(m) intercept.
The graph is increasing in a straight line from left to right because for each mile the cost goes up by $2.60; this rate remains
consistent.

In this example, you have seen the taxicab cost modeled in words, an equation, a table and in graphical form. Whenever possible,
ensure that you can link these four representations together to continually build your skills. It is important to note that you will not
always be able to find all 4 representations for a problem and so being able to work with all 4 forms is very important.

Definition: Linear Function

A linear function is a function whose graph produces a line. Linear functions can always be written in the form
f(z) =b+mz or f(z) = mz +b; they’re equivalent
where

e b is the initial or starting value of the function (when input, x = 0), and
e m is the constant rate of change of the function

Many people like to write linear functions in the form f(z) =b+ma because it corresponds to the way we tend to speak:
“The output starts at b and increases at a rate of m.”

For this reason alone we will use the f(z) =b+ma form for many of the examples, but remember they are equivalent and
can be written correctly both ways.

Definition: slope and increasing/decreasing

m is the constant rate of change of the function (also called slope). Slope The slope determines if the function is an increasing
function or a decreasing function.

f(z) =b+ma is an increasing function if m > 0
f(z) =b+ma is a decreasing function if m < 0

If m = 0, the rate of change zero, and the function f(z) =b+0x =b is just a horizontal line passing through the point (0, b),
neither increasing nor decreasing.

Example 1.4.1

To start producing a new model of custom wheels, a company will have to purchase $30,000 in new equipment. Each wheel
made costs them $40 in supplies and labor. Write a formula for the total cost, T'C,, of producing g wheels. What will be their
total costs in the first year if they expect to sell 240 wheels?

Solution

The initial value for this function is 30,000, since that is the startup costs, so TC'(0) = 30, 000. The cost increases by $40 for
each wheel made, so the rate of change is $40 per wheel. With this information, we can write the formula:

TC(g) = 30,000 +40g.
TC(q) is an increasing linear function.
With this formula we can predict the total cost of 240 wheels:
TC(240) = 30,000 +40(240) = 30,000 + 9,600 = 39, 600.

The total cost will be $39,600.

Exercise 1.4.1

If you earn $30,000 per year and you spend $29,000 per year write an equation for the amount of money you save after y years,
if you start with nothing.

“The most important thing, spend less than you earn![1]”
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[1] http://www.thesimpledollar.com/2009/06/19/rule-1-spend-less-than-you-earn/
Answer
S(y) = 30,000y — 29,000y = 1000y

$1000 is saved each year.

Definition: Calculating rate of change

Given two values for the input,z; and x5, and two corresponding values for the output, y; and y,, or a set of points, (1, y1)
and(x2, y2), if we wish to find a linear function that contains both points we can calculate the rate of change, m:

. change in output B Ay Y-y

= = = 1.4.1
change in input Ar  xy—1 ( )
Rate of change of a linear function is also called the slope of the line.
Note in function notation,y; = f(x1) and y; = f(z2), so we could equivalently write
z2)—f (z
m— J )71 (@) (1.4.2)

T2 — 21

Example 1.4.2

The population of a city increased from 23,400 to 27,800 between 2002 and 2006. Find the rate of change of the population
during this time span.

Solution

The rate of change will relate the change in population to the change in time. The population increased by
27800 — 23400 = 440(people over the 4 year time interval. To find the rate of change, the number of people per year the
population changed by:

people

4400 people 1100

= 1100 people per year
4 years year

Notice that we knew the population was increasing, so we would expect our value for m to be positive. This is a quick way to
check to see if your value is reasonable.

Example 1.4.3

The pressure, P, in pounds per square inch (PSI) on a diver depends upon their depth below the water surface, d, in feet,
following the equation P(d) = 14.696 + 0.434d. Interpret the components of this function.

Solution

output  pressure PSI

input  depth  ft
increases by 0.434 PSI for each foot their depth increases.

The rate of change, or slope, 0.434 would have units . This tells us the pressure on the diver

The initial value, 14.696, will have the same units as the output, so this tells us that at a depth of 0 feet, the pressure on the
diver will be 14.696 PSI.

Example 1.4.4

If f(x) is a linear function, f(3) = —2, and f(8) = 1, find the rate of change.

Solution
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f(3) = —2 tells us that the input 3 corresponds with the output -2, and f(8) =1 tells us that the input 8 corresponds with the
output 1. To find the rate of change, we divide the change in output by the change in input:

_ changeinoutput 1-—-(-2) 3

changeininput =~ 8-3 5
If desired we could also write this as m = 0.6

Note that it is not important which pair of values comes first in the subtractions so long as the first output value used
corresponds with the first input value used.

Exercise 1.4.2

Given the two points (2, 3) and (0, 4), find the rate of change. Is this function increasing or decreasing?
Answer

1
m=—— =—= 3 ; Decreasing because m < 0

We can now find the rate of change given two input-output pairs, and can write an equation for a linear function once we have the
rate of change and initial value. If we have two input-output pairs and they do not include the initial value of the function, then we
will have to solve for it.

Example 1.4.5

Write an equation for the linear function graphed to the right.

f(z)

el R - -

2
-1

Solution

Looking at the graph, we might notice that it passes through the points (0, 7) and (4, 4). From the first value, we know the
initial value of the function is b = 7, so in this case we will only need to calculate the rate of change:

S 4-7 -3
S 4-0 4
This allows us to write the equation:
3
z)=T7T—-2
f(z)=7—=

Example 1.4.6

If f(z)is a linear function, f(3) = —2, and f(8) =1, find an equation for the function.

Solution
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3
In example 3, we computed the rate of change to be m = 5 In this case, we do not know the initial valuef(0), so we will

3
have to solve for it. Using the rate of change, we know the equation will have the form f(z) =b+ —z . Since we know the

value of the function when z = 3, we can evaluate the function at 3.

3
F3)=b+=(3)
Since we know thatf(3) = —2, we can substitute on the left side

3
—2=b+—
+203)

This leaves us with an equation we can solve for the initial value

9 -19
b=—2——-=—
5 5
Combining this with the value for the rate of change, we can now write a formula for this function:
-19 3

Example 1.4.7

Working as an insurance salesperson, Ilya earns a base salary and a commission on each new policy, so Ilya’s weekly income,
1, depends on the number of new policies, n, he sells during the week. Last week he sold 3 new policies, and earned $760 for
the week. The week before, he sold 5 new policies, and earned $920. Find an equation for I(n), and interpret the meaning of
the components of the equation.

Solution
The given information gives us two input-output pairs: (3,760) and (5,920). We start by finding the rate of change.

920760 160

53 2

Keeping track of units can help us interpret this quantity. Income increased by $160 when the number of policies increased by
2, so the rate of change is $80 per policy; Ilya earns a commission of $80 for each policy sold during the week.

We can then solve for the initial value
I(n)=b+80n
then when n = 3, I(3) = 760, giving
760 =b+80(3)
this allows us to solve for b
b="T760—-80(3) =520

This value is the starting value for the function. This is Ilya’s income when n = 0, which means no new policies are sold. We
can interpret this as Ilya’s base salary for the week, which does not depend upon the number of policies sold.

Writing the final equation:
I(n) =520+80n

Our final interpretation is: Ilya’s base salary is $520 per week and he earns an additional $80 commission for each policy sold
each week.
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Flashback

Looking at Example 7:
Determine the independent and dependent variables.
What is a reasonable domain and range?

Is this function one-to-one?

Answer
n (number of policies sold) is the independent variable
I(n) (weekly income as a function of policies sold) is the dependent variable.
A reasonable domain is (0, 15)*
A reasonable range is ($540, $1740)*

*answers may vary given reasoning is stated; 15 is an arbitrary upper limit based on selling 3 policies per day in a 5 day
work week and $1740 corresponds with the domain.

Yes this function is one-to-one

Exercise 1.4.3

The balance in your college payment account, C, is a function of the number of quarters, g, you attend. Interpret the function
C(a) =20000—-4000gin words. How many quarters of college can you pay for until this account is empty?

Answer

Your College account starts with $20,000 in it and you withdraw $4,000 each quarter (or your account contains $20,000
and decreases by $4000 each quarter.) Solving C(a) =0 gives a =5. You can pay for 5 quarters before the money in this
account is gone.

Example 1.4.8

Given the table below write a linear equation that represents the table values

w, number of weeks 0 2 4 6
P(w), number of rats 1000 1080 1160 1240
Solution

We can see from the table that the initial value of rats is 1000 so in the linear format
P(w) =b+mw, b=1000

Rather than solving for m, we can notice from the table that the population goes up by 80 for every 2 weeks that pass. This rate
is consistent from week 0, to week 2, 4, and 6. The rate of change is 80 rats per 2 weeks. This can be simplified to 40 rats per
week and we can write

P(w) =b+muw as P(w) = 1000 4+ 40w

If you didn’t notice this from the table you could still solve for the slope using any two points from the table. For example,
using (2, 1080) and (6, 1240),
~1240-—-1080 160

) =7 = 40 rats per week
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Important Topics of this Section

o Definition of Modeling

o Definition of a linear function

o Structure of a linear function

o Increasing & Decreasing functions
o Finding the vertical intercept (0, b)
o Finding the slope/rate of change, m
o Interpreting linear functions

This page titled 1.4: Linear Functions is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman &
Melonie Rasmussen (The OpenTextBookStore) .

e 2.1: Linear Functions by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.4.1: Linear Functions (Exercises)

This page titled 1.4.1: Linear Functions (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman & Melonie Rasmussen (The OpenTextBookStore) .
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1.5: Graphs of Linear Functions

When we are working with a new function, it is useful to know as much as we can about the function: its graph, where the function
is zero, and any other special behaviors of the function. We will begin this exploration of linear functions with a look at graphs.

When graphing a linear function, there are three basic ways to graph it:

1. By plotting points (at least 2) and drawing a line through the points
2. Using the initial value (output when x = 0) and rate of change (slope)
3. Using transformations of the identity function f(z) =z

Example 1.5.1

2
Graph f(z) =5— 3% by plotting points.

Solution

2

0)=5-%(0)=5
f@)=5-2(3)=3
2

7(6)=5-2(6)=1

line through them gives us the graph.

In general, we evaluate the function at two or more inputs to find at least two points on the graph. Usually it is best to pick
input values that will “work nicely” in the equation. In this equation, multiples of 3 will work nicely due to the 3 in the

equation, and of course using z = 0 to get the vertical intercept. Evaluating f(z) at z =0, 3 and 6:

-2 -1 12 3 4 5% 6 7

These evaluations tell us that the points (0,5), (3,3), and (6,1) lie on the graph of the line. Plotting these points and drawing a

When using the initial value and rate of change to graph, we need to consider the graphical interpretation of these values.
Remember the initial value of the function is the output when the input is zero, so in the equation f(z)=>b+maz, the graph
includes the point (0, b). On the graph, this is the vertical intercept — the point where the graph crosses the vertical axis.

For the rate of change, it is helpful to recall that we calculated this value as

change of output

change of input

From a graph of a line, this tells us that if we divide the vertical difference, or rise, of the
function outputs by the horizontal difference, or run, of the inputs, we will obtain the rate
of change, also called slope of the line.

_ change of output _ rise

~ change of input  run

Notice that this ratio is the same regardless of which two points we use.

Definition: Graphical interpretation of a linear equation

Graphically, in the equationf(z) = b+mz,
b is the vertical intercept of the graph and tells us we can start our graph at (0, b)
m is the slope of the line and tells us how far to rise & run to get to the next point

Once we have at least 2 points, we can extend the graph of the line to the left and right.

A

run 4, rise 2

run 2, rise 1
m=z
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2
Graph f(z) =5— 3% using the vertical intercept and slope.

Solution

The vertical intercept of the function is (0, 5), giving us a point on the graph of the line.

2
The slope is — 3 This tells us that for every 3 units the graph “runs” in the horizontal, the vertical “rise” decreases by 2 units.

f(z)
A
T+

In graphing, we can use this by first plotting our vertical intercept on the graph, then
using the slope to find a second point. From the initial value (0, 5) the slope tells us
that if we move to the right 3, we will move down 2, moving us to the point (3, 3).
We can continue this again to find a third point at (6, 1). Finally, extend the line to S
the left and right, containing these points. 3]
2
1

Exercise 1.5.1
i

2 2 2
Consider that the slope -3 could also be written as - Using = find another

point on the graph that has a negative x value.

Answer

(—3,7) found by starting at the vertical intercept, going up 2 units and 3 in the negative horizontal direction. You could
have also answered, (—6,9) or (—9,11) etc...

Another option for graphing is to use transformations of the identity functionf(z) = x.

In the equationf(x) =mz, the m is acting as the vertical stretch of the identity function. When m is negative, there is also a
vertical reflection of the graph. Looking at some examples:

V' px)=3r f(z)=2c

£ 2w & o

e

EEOR - S T SR ORI W

flx) x

flz) 2r

Inf(z) =maz +b, the b acts as the vertical shift, moving the graph up and down without affecting the slope of the line. Some
examples:
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Example 1.5.3

Match each equation with one of the lines in the graph below

f(z)=2z+3
g(z)=2z-3
(h(z)=—2x=3
1
j(z) = b +3

Solution
Only one graph has a vertical intercept of - 3, so we can immediately match that graph with g(z).

For the three graphs with a vertical intercept at 3, only one has a negative slope, so we can match that line with h(z). Of the
other two, the steeper line would have a larger slope, so we can match that graph with equation f(z), and the flatter line with
the equation j(z).
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-5

flz) =2243 ~2z+43

In addition to understanding the basic behavior of a linear function (increasing or decreasing, recognizing the slope and vertical
intercept), it is often helpful to know the horizontal intercept of the function — where it crosses the horizontal axis.

Definition: Finding Horizontal intercepts

The horizontal intercept of the function is where the graph crosses the horizontal axis. If a function has a horizontal intercept,
you can always find it by solving f(z) = 0.

Example 1.5.4
1

Find the horizontal intercept of f(z) = —3 + 5%

Solution

Setting the function equal to zero to find what input will put us on the horizontal axis,

1
0 = —3+§:L‘
1
3 = 5.7:
r = 6

The graph crosses the horizontal axis at (6,0)

There are two special cases of lines: a horizontal line and a vertical line. In a horizontal line like the one graphed to the right, notice
that between any two points, the change in the outputs is 0. In the slope equation, the numerator will be 0, resulting in a slope of 0.
Using a slope of 0 in the f(z) = b+ ma, the equation simplifies to f(z) = b.

¥
A

. -

-3 4 -3 -2 4 1 Z 3 4 3

R R
o o e o

Notice a horizontal line has a vertical intercept, but no horizontal intercept (unless it’s the line f(z) = 0).

In the case of a vertical line, notice that between any two points, the change in the inputs is zero. In the slope equation, the
denominator will be zero, and you may recall that we cannot divide by the zero; the slope of a vertical line is undefined. You might
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also notice that a vertical line is not a function. To write the equation of vertical line, we simply write input=value, like = b.

- N % = o

e EEREENEEERD

CI S O

9

Notice a vertical line has a horizontal intercept, but no vertical intercept (unless it’s the line x = 0).

Definition: horizontal and vertical lines

Horizontal lines have equations of the form f(z) =b

Vertical lines have equations of the form z = a

Example 1.5.5

Write an equation for the horizontal line graphed above.
Solution

This line would have equation f(z) = 2

Example 1.5.6

Write an equation for the vertical line graphed above.
Solution

This line would have equation z = 2

Parallel and Perpendicular Lines

When two lines are graphed together, the lines will be parallel if they are increasing at the same rate — if the rates of change are the
same. In this case, the graphs will never cross (unless they’re the same line).

Definition: Parallel lines

Two lines are parallel if the slopes are equal (or, if both lines are vertical).

In other words, given two linear equations f(z) =b+m;x and g(x) = b+ max , the lines will be parallel if m; =ms;.

Example 1.5.7

Find a line parallel to f(z) = 6 + 3« that passes through the point (3, 0).
Solution

We know the line we’re looking for will have the same slope as the given line, m = 3. Using this and the given point, we can
solve for the new line’s vertical intercept:

g(z)=b+3z
then at (3, 0),
0=5b+3(3)
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The line we’re looking for is g(z) = —9 + 3z .

If two lines are not parallel, one other interesting possibility is that the lines are perpendicular, which means the lines form a right
angle (90 degree angle — a square corner) where they meet. In this case, the slopes when multiplied together will equal -1. Solving
for one slope leads us to the definition:

Definition: Perpendicular lines

Given two linear equations f(z) =b+myz and g(z) =b+maoz

-1
The lines will be perpendicular if m;my = —1, and so my = —
my

We often say the slope of a perpendicular line is the “negative reciprocal” of the other line’s slope.

Example 1.5.8

Find the slope of a line perpendicular to a line with:
2

a) a slope of 2. b) a slope of -4. c) a slope of B

Solution

If the original line had slope 2, the perpendicular line’s slope would be ms = _T

-1 1

If the original line had slope -4, the perpendicular line’s slope would be my = -1
. . 2 . ) -1 -3
If the original line had slope 3’ the perpendicular line’s slope would be my = m ==

Example 1.5.9

Find the equation of a line perpendicular to f(z) = 6 + 3z and passing through the point (3, 0).

Solution

-1
The original line has slope m = 3. The perpendicular line will have slope m = 5 Using this and the given point, we can find

the equation for the line.

1
g(z) :b—gw
then at (3, 0),
1
O—b—§(3)
b=1

The line we’re looking for is g(z) =1 — 3%

Exercise 1.5.2

Given the line h(t) = —4 4 2t , find an equation for the line passing through (0, 0) that is:

a. parallel to h(t).
b. perpendicular to h(t).

Answer
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Parallel: f(t) =2t

1
Perpendicular: g(t) = —§t

Example 1.5.10

A line passes through the points (-2, 6) and (4, 5). Find the equation of a perpendicular line that passes through the point (4, 5).
Solution

From the two given points on the reference line, we can calculate the slope of that line:

S 5-6 -1
T4 (—2) 6
The perpendicular line will have slope
-1
myg=——==6
-1/6

We can then solve for the vertical intercept that makes the line pass through the desired point:

g(z) =b+6z
then at (4, 5)
5=b+6(4)
b=-19

Giving the line g(z) = —19+ 6z

Intersections of Lines

The graphs of two lines will intersect if they are not parallel. They will intersect at the point that satisfies both equations. To find
this point when the equations are given as functions, we can solve for an input value so that f(z) = g(z). In other words, we can
set the formulas for the lines equal, and solve for the input that satisfies the equation.

Example 1.5.11

Find the intersection of the lines h(t) =3¢t —4 and j(¢t) =5 —¢ .
Solution

Setting h(t) = j(t) ,

3t—4 = b5-—t
4t 9
9
b=g

. L . .9
This tells us the lines intersect when the input is 7

We can then find the output value of the intersection point by evaluating either function at this input
9 9 11
i(—) = 5 —_—— = —
i@ 1”4
11
"4

These lines intersect at the point ( ). Looking at the graph, this result seems reasonable.

| ©

Two parallel lines can also intersect if they happen to be the same line. In that case, they intersect at every point on the lines.
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Look at the graph in example 13 above and answer the following for the function h(t):
a. Vertical intercept coordinates

b. Horizontal intercepts coordinates

c. Slope

d. Is j(¢) parallel or perpendicular to h(t) (or neither)

e. Is h(t) an Increasing or Decreasing function (or neither)

f. Write a transformation description from the identity toolkit function f(z) =z

Answer
4.Given h(t) =3t —4
a. (0,-4)

4
b. (7,0
(3.9
c. Slope 3
d. Neither parallel nor perpendicular
e. Increasing function

f. Given the identity function, vertically stretch by 3 and shift down 4 units.

Finding the intersection allows us to answer other questions as well, such as discovering when one function is larger than another.

Example 1.5.12

Using the functions from the previous example, for what values of ¢ is h(¢) > j(t) .

Solution

To answer this question, it is helpful first to know where the functions are equal, since that is the point where h(t) could switch
from being greater to smaller than j(¢) or vice-versa. From the previous example, we know the functions are equal at ¢t = 9 .

By examining the graph, we can see that h(t), the function with positive slope, is going to be larger than the other function to

9
the right of the intersection. So h(t) > j(¢) whent > v

Important Topics of this Section
e Methods for graphing linear functions
e Another name for slope = rise/run

o Horizontal intercepts (a,0)

o Horizontal lines

o Vertical lines

o Parallel lines

e Perpendicular lines

o Intersecting lines

This page titled 1.5: Graphs of Linear Functions is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman & Melonie Rasmussen (The OpenTextBookStore) .

e 2.2: Graphs of Linear Functions by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.5E: Graphs of Linear Functions (Exercises)

This page titled 1.5E: Graphs of Linear Functions (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or curated by
David Lippman & Melonie Rasmussen (The OpenTextBookStore) .
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1.6: Modeling with Linear Functions

When modeling scenarios with a linear function and solving problems involving quantities changing linearly, we typically follow
the same problem solving strategies that we would use for any type of function:

Problem Solving Strategy

1. Identify changing quantities, and then carefully and clearly define descriptive variables to represent those quantities. When
appropriate, sketch a picture or define a coordinate system.

2. Carefully read the problem to identify important information. Look for information giving values for the variables, or
values for parts of the functional model, like slope and initial value.

3. Carefully read the problem to identify what we are trying to find, identify, solve, or interpret.

4. Identify a solution pathway from the provided information to what we are trying to find. Often this will involve checking
and tracking units, building a table or even finding a formula for the function being used to model the problem.

5. When needed, find a formula for the function.

6. Solve or evaluate using the formula you found for the desired quantities.

7. Reflect on whether your answer is reasonable for the given situation and whether it makes sense mathematically.

8. Clearly convey your result using appropriate units, and answer in full sentences when appropriate.

Example 1.6.1

A company purchased $120,000 in new office equipment. Then expect the value to depreciate (decrease) by $16,000 per year.
Find a linear model for the value, then find and interpret the horizontal intercept and determine a reasonable domain and range
for this function.

Solution

In the problem, there are two changing quantities: time and value. The remaining value of the equipment depends on how
long the company has had it. We can define our variables, including units.

Output: V, value remaining, in dollars
Input: ¢, time, in years

Reading the problem, we identify two important values. The first, $120,000, is the initial value for V. The other value appears
to be a rate of change — the units of dollars per year match the units of our output variable divided by our input variable. The
value is depreciating, so you should recognize that the value remaining is decreasing each year and the slope is negative.

Using the intercept and slope provided in the problem, we can write the equation: V'(¢) = 120,000 — 16, 000%.

To find the horizontal intercept, we set the output to zero, and solve for the input:

0 = 120,000 — 16,000t
120,000
~ 16,000 =75

The horizontal intercept is 7.5 years. Since this represents the input value where the output will be zero, interpreting this, we
could say: The equipment will have no remaining value after 7.5 years.

When modeling any real life scenario with functions, there is typically a limited domain over which that model will be valid —
almost no trend continues indefinitely. In this case, it certainly doesn’t make sense to talk about input values less than zero.
This model is also not valid after the horizontal intercept.

The domain represents the set of input values and so the reasonable domain for this function is 0 < ¢\legs7.5. The range
represents the set of output values and the value starts at $120,000 and ends with $0 after 7.5 years so the corresponding range
is 0 < V(¢)\leqs120, 000.
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Most importantly remember that domain and range are tied together, and whatever you decide is most appropriate for the
domain (the independent variable) will dictate the requirements for the range (the dependent variable).

Example 1.6.2

Jamal is choosing between two moving companies. The first, U-Haul, charges an up-front fee of $20, then 59 cents a mile. The
second, Budget, charges an up-front fee of $16, then 63 cents a mile(Rates retrieved Aug 2, 2010 from www.budgettruck.com
and http://www.uhaul.com/). When will U-Haul be the better choice for Jamal?

Solution

The two important quantities in this problem are the cost, and the number of miles that are driven. Since we have two
companies to consider, we will define two functions:

Input: m, miles driven

Outputs:

Y (m): cost, in dollars, for renting from U-Haul
B(m): cost, in dollars, for renting from Budget

Reading the problem carefully, it appears that we were given an initial cost and a rate of change for each company. Since our
outputs are measured in dollars but the costs per mile given in the problem are in cents, we will need to convert these quantities
to match our desired units: $0.59 a mile for U-Haul, and $0.63 a mile for Budget.

Looking to what we’re trying to find, we want to know when U-Haul will be the better choice. Since all we have to make that
decision from is the costs, we are looking for when U-Haul will cost less, or when Y (m) < B(m). The solution pathway will
lead us to find the equations for the two functions, find the intersection, then look to see where the Y (m) function is smaller.

Using the rates of change and initial charges, we can write the equations: Cost
A
Y (m) =20+0.59m o
110
100
90
B(m) =16 +0.63m ::
These graphs are sketched to the right, with Y(m) drawn dashed. i
50
To find the intersection, we set the equations equal and solve: 40
30
Y(m) = B(m) 2

20+0.59m = 16+40.63m il I ‘ ”
4 — 0.04m 20 40 60 80 100 120 140 160
m = 100

This tells us that the cost from the two companies will be the same if 100 miles are driven. Either by looking at the graph, or
noting that Y'(m) is growing at a slower rate, we can conclude that U-Haul will be the cheaper price when more than 100 miles
are driven.

Example 1.6.3

A company’s revenue has been growing linearly. In 2012 their revenue was $1.45 million. By 2015 the revenue had grown to
$1.81 million. If this trend continues,

a. Predict the revenue in 2020.
b. When will revenue reach $3 million?
Solution

The two changing quantities are the revenue and time. While we could use the actual year value as the input quantity, doing so
tends to lead to very ugly equations, since the vertical intercept would correspond to the year 0, more than 2000 years ago!
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To make things a little nicer, and to make our lives easier too, we will define our input as years since 2012:
Input: ¢, years since 2012
Output: R(t), the company’s revenue, in millions of dollars

The problem gives us two input-output pairs. Converting them to match our defined variables, the year 2012 would
correspond to ¢ = 0, giving the point (0, 1.45). Notice that through our clever choice of variable definition, we have “given”
ourselves the vertical intercept of the function. The year 2015 would correspond to ¢ = 3, giving the point (3,1.81).

To predict the population in 2020 (f = 8), we would need an equation for the population. Likewise, to find when the revenue
would reach $3 million, we would need to solve for the input that would provide an output of 3. Either way, we need an
equation. To find it, we start by calculating the rate of change:

_ 1.81-1.45 0.36
- 3-0 3

= 0.12 million dollars per year.

Since we already know the vertical intercept of the line, we can immediately write the equation:
R(t) =1.45+0.12¢ (1.6.1)
To predict the revenue in 2020, we evaluate our function att =8,
R(8)=1.45+0.12(8) =2.41
If the trend continues, our model predicts a revenue of $2.41 million in 2020.
To find when the population will reach $3 million, we can set R(¢) = 3 and solve for ¢.

3 =1.4540.12¢
1.55 =0.12¢
t ~12.917

Our model predicts the revenue will reach $3 million in a little under 13 years after 2012, or just before the year 2025.

In business, a very common application of functions is to model cost, revenue, and profit.

Definition: Word

When a company produces q items, the total cost is the cost of total cost of producing those items. The total cost includes both
fixed costs, which are startup costs, like equipment and buildings, and variable costs, which are costs that depend on the
number of items produced, like materials and labor.

In the most simple case, Total Cost = (Fixed Costs) + (Variable Costs) : q
Revenue is the amount of money a company brings in from sales.

In the most simple case, Revenue = (Price per item) - q

Profit is the amount of money brings in, after expenses.

Profit = Revenue — Costs

We often talk about the break-even point. This is the level of production where Revenue equals Cost, or equivalently where
Profit is zero. This is typically the minimum level of sales necessary for the company to make a profit.

Example 1.6.4

A tech startup is looking at developing and launching a new mobile app. Initial development of the app will cost $300,000,
and they estimate marketing and support for each user will cost $0.50. While the app will be free, they estimate they will be
able to bring in $2 per user on average from in-app purchases. How many users will the company need to break even?
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We start by modeling the cost, revenue, and profit. Let ¢ = number of users.

The fixed (initial) costs are $300,000, and the variable (per-item) costs as $0.50 per user. We can write the total cost equation:
TC(q) =300,000+0.50q

The revenue will be $2 per user, so the revenue equation will be:

R(q) =2¢

We could find the break-even point by setting the total cost equal to the revenue, which is equivalent to finding the intersection
of the lines.

600000
550000
500000
450000
400000
350000 Cost Break-even
250000
200000 Raein
150000
100000

50000

30000 100000 10000 200000 250000 300000

Alternatively, we could go ahead and find a profit equation first:
P(q) = R(q) —TC(q) =2q— (300,000 +0.50¢g) =1.5¢ — 300,000
The break even point can be found by setting the profit equal to zero:

0 =1.5¢— 300,000
q = 200,000

The company will have to acquire 200,000 users to break even.

Exercise 1.6.1

A donut shop estimates their fixed daily expenses are $600. If each donut costs about $0.05 to make and sells for $0.60, how
many donuts do they need to sell to break even?

Answer
Revenue: R =0.60q

Break even when R = C, at a quantity of about 1091 donuts per day.

In economics, there is a model for how prices are determined in a free market which states that supply and demand for a product
is related to the price. The demand relationship shows the quantity of a certain product that consumers are willing to buy at a
certain price. Typically the quantity demanded will decrease for an item if the price increases. The supply relationship shows the
quantity of a product that suppliers are willing to produce at a certain sales price. Typically the supply demanded will increase if
the price increases. Economic theory says that supply and demand will interact, and the intersection will be the equilibrium price,
or market price, where the quantity supplied and demanded will be equal.

Supply and Demand

If p is the price of a product, then
Qg is the quantity demanded;
Q; is the quantity supplied.

The demand curve is a decreasing function, while the supply curve is an increasing function.
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The intersection of the curves is the equilibrium price and quantity, also called the market price and quantity. This point
is often notated as p*, Q*.

In later chapters you will explore supply and demand curves that are non-linear, but in this chapter we will focus on linear supply
and demand functions.

In most economic books, you will see the supply and demand curve written with price as the input and quantity as the output, like
Q4 =140 —2p. However, supply and demand graphs are drawn with price on the vertical axis and quantity on the horizontal. In
an effort to avoid confusion, most of the time in this text we will instead write supply and demand curves with price as the output,
to match its placement on the vertical axis.

Example 1.6.5

At a price of $2.50 per gallon, there is a demand in a certain town for 42.5 thousand gallons of gas and a supply of 20 thousand
gallons. At a price of $3.50, there is demand for 25.5 thousand gallons and a supply of 28 thousand gallons. Assuming supply
and demand are linear, find the equilibrium price and quantity.

Solution

We start by finding a linear equation for both supply and demand. We will use price, p in dollars, as the output and quantity,
q in thousands of gallons, as the input.
For supply, we have the points (20, 2.50)and (28, 3.50)

3.50-2.50 1

Finding the slope: m = 28—20 8

We know the equation will look like p = %q +b, so substituting in (20, 2.50),

1
2.5 =2(20)+b

2.5 =25+b
b=0

The supply equation is: p = %q

For demand, we have the points (42.5,2.50)and (25.5,3.50) Using a similar approach, we can find the demand equation is:

p=—1-9+5.
To find the equilibrium, we set the supply equal to the demand:
1 1
39= —T7q +5 Multiplying through by 8(17) = 136 to clear the fractions
1 1
136 | —q) =136 | ———=q+5
(59) -0 (~g0+9)
17q = —8q+680 Now we solve for g
259 =680
q=27.2

To find the equilibrium price, we can substitute that value back into either equation:
1
p= §(27.2) =34

The equilibrium quantity will be 27.2 thousand gallons of gas at a price of $3.40.

https://math.libretexts.org/@go/page/67101



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67101?pdf

LibreTexts"

e

5 10 15 20 25 30 35 AD 45 50

Exercise 1.6.1

A company estimates that at a price of $140 there will demand for 4000 items, and for each $5 increase in price the demand

will drop by 200 items. The supply curve is p = %q. Find the equilibrium price and quantity.
Answer

Demand: p = —%Oq +240

Supply = Demand when ¢ = 3200, p = $160

Important Topics of this Section

The problem solving process

1. Identify changing quantities, and then carefully and clearly define descriptive variables to represent those quantities. When
appropriate, sketch a picture or define a coordinate system.

2. Carefully read the problem to identify important information. Look for information giving values for the variables, or
values for parts of the functional model, like slope and initial value.

3. Carefully read the problem to identify what we are trying to find, identify, solve, or interpret.

4. Identify a solution pathway from the provided information to what we are trying to find. Often this will involve checking
and tracking units, building a table or even finding a formula for the function being used to model the problem.

5. When needed, find a formula for the function.

6. Solve or evaluate using the formula you found for the desired quantities.

7. Clearly convey your result using appropriate units, and answer in full sentences when appropriate.

This page titled 1.6: Modeling with Linear Functions is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman & Melonie Rasmussen (The OpenTextBookStore) .

e 2.3: Modeling with Linear Functions by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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1.6.1: Modeling with Linear Functions (Exercises)

This page titled 1.6.1: Modeling with Linear Functions (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or
curated by David Lippman & Melonie Rasmussen (The OpenTextBookStore) .
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1.7: Fitting Linear Models to Data

In the real world, rarely do things follow trends perfectly. When we expect the trend to behave linearly, or when inspection suggests
the trend is behaving linearly, it is often desirable to find an equation to approximate the data. Finding an equation to approximate
the data helps us understand the behavior of the data and allows us to use the linear model to make predictions about the data,
inside and outside of the data range.

Example 1.7.1

The table below shows the number of cricket chirps in 15 seconds, and the air temperature, in degrees Fahrenheit (Selected
data from classic.globe.gov/fsl/scientistsblog/2007/10/. Retrieved Aug 3, 2010). Plot this data, and determine whether the data
appears to be linearly related.

chirps 44 35 20.4 33 31 35 18.5 37 26
Temp 80.5 70.5 57 66 68 72 52 73.5 53
Solution

Plotting this data, it appears there may be a trend, and that the trend appears roughly linear, though certainly not perfectly so.

90

80 TS
.

70 -

60

50 A

Temperature (degrees F)

40 T T T
10 20 30 40 50

Cricket Chirps in 15 seconds

The simplest way to find an equation to approximate this data is to try to “eyeball” a line that seems to fit the data pretty well, then
find an equation for that line based on the slope and intercept.

You can see from the trend in the data that the number of chirps increases as the temperature increases. As you consider a function
for this data you should know that you are looking at an increasing function or a function with a positive slope.

flashback

a. What descriptive variables would you choose to represent Temperature & Chirps?
b. Which variable is the independent variable and which is the dependent variable?
c. Based on this data and the graph, what is a reasonable domain & range?

d. Based on the data alone, is this function one-to-one, explain?

Answer
1. a. T = Temperature, C = Chirps (answers may vary)
b. Independent (Chirps) , Dependent (Temperature)
c. Reasonable Domain (18.5, 44) , Reasonable Range (52, 80.5) (answers may vary)

d. NQ, it is not one-to-one, there are two different output values for 35 chirps.
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Using the table of values from the previous example, find a linear function that fits the data by “eyeballing” a line that seems to

fit.
Solution
On a graph, we could try sketching in a line. Note the scale on the axes have been 4,
adjusted to start at zero to include the vertical axis and vertical intercept in the gg -
graph. 70 - 4
Using the starting and ending points of our “hand drawn” line, points (0, 30) and :g: *
(50, 90), this graph has a slope of m = % =1.2 and a vertical intercept at 30, :g
giving an equation of 20 4

T(c) =30+1.2¢ 12' ' . . .

0 10 20 30 40 50

where ¢ is the number of chirps in 15 seconds, and T'(c) is the temperature in
degrees Fahrenheit.

This linear equation can then be used to approximate the solution to various questions we might ask about the trend. While the data
does not perfectly fall on the linear equation, the equation is our best guess as to how the relationship will behave outside of the
values we have data for. There is a difference, though, between making predictions inside the domain and range of values we have
data for, and outside that domain and range.

Definition: Interpolation and Extrapolation

Interpolation: When we predict a value inside the domain and range of the data

Extrapolation: When we predict a value outside the domain and range of the data

For the Temperature as a function of chirps in our hand drawn model above,

o Interpolation would occur if we used our model to predict temperature when the values for chirps are between 18.5 and 44.
o Extrapolation would occur if we used our model to predict temperature when the values for chirps are less than 18.5 or greater
than 44.

Example 1.7.3

a. Would predicting the temperature when crickets are chirping 30 times in 15 seconds be interpolation or extrapolation?
Make the prediction, and discuss if it is reasonable.

b. Would predicting the number of chirps crickets will make at 40 degrees be interpolation or extrapolation? Make the
prediction, and discuss if it is reasonable.

Solution

With our cricket data, our number of chirps in the data provided varied from 18.5 to 44. A prediction at 30 chirps per 15
seconds is inside the domain of our data, so would be interpolation. Using our model:

T(3) =30+1.2(30) = 66 degrees
Based on the data we have, this value seems reasonable.

The temperature values varied from 52 to 80.5. Predicting the number of chirps at 40 degrees is extrapolation since 40 is
outside the range of our data. Using our model:

40 = 30+1.2¢
10 = 1.2¢
c ~ 8.33
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Our model predicts the crickets would chirp 8.33 times in 15 seconds. While this might be possible, we have no reason to
believe our model is valid outside the domain and range. In fact, generally crickets stop chirping altogether below around 50
degrees.

When our model no longer applies after some point, it is sometimes called model breakdown.

What temperature would you predict if you counted 20 chirps in 15 seconds?

Answer

Add answer text here and it will automatically be hidden if you have a "AutoNum" template active on the page.

Fitting Lines with Technology

While eyeballing a line works reasonably well, there are statistical techniques for fitting a line to data that minimize the differences
between the line and data values (Technically, the method minimizes the sum of the squared differences in the vertical direction
between the line and the data values.). This technique is called least-square regression, and can be computed by many graphing
calculators, spreadsheet software like Excel or Google Docs, statistical software, and many web-based calculators(For example,
http://www.shodor.org/unchem/math/1ls/leastsq.html).

Example 1.7.4

Find the least-squares regression line using the cricket chirp data from above.
Solution

Using the cricket chirp data from earlier, with technology we obtain the equation:

T(c) = 30.281 +1.143¢ "
80 4
Notice that this line is quite similar to the equation we “eyeballed”, but should fit 70 - %
the data better. Notice also that using this equation would change our prediction 60 1 o
for the temperature when hearing 30 chirps in 15 seconds from 66 degrees to: ok
40 4
T(30) =30.281 +1.143(30) = 64.571 ~ 64.6 degrees 30 -
20 -
Most calculators and computer software will also provide you with the correlation 10 1
coefficient, a measure of how closely the line fits the data. 0 ) ! j !
0 10 20 30 40 50

Definition: correlation coefficient

The correlation coefficient is a value, r, between -1 and 1.
r > 0 suggests a positive (increasing) relationship

r < 0 suggests a negative (decreasing) relationship

The closer the value is to 0, the more scattered the data

The closer the value is to 1 or -1, the less scattered the data is

The correlation coefficient provides an easy way to get some idea of how close to a line the data falls.

We should only compute the correlation coefficient for data that follows a linear pattern; if the data exhibits a non-linear pattern,
the correlation coefficient is meaningless. To get a sense for the relationship between the value of r and the graph of the data, here
are some large data sets with their correlation coefficients:

Examples of Correlation Coefficient Values

https://math.libretexts.org/@go/page/67103



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67103?pdf
http://www.shodor.org/unchem/math/lls/leastsq.html

LibreTexts"

1.0 0.8 0.4 0.0 -0.8 -1.0
1.0 1.0 1.0 -1.0 -1.0 -1.0
0.0 0.0 0.0

(http://en.Wikipedia.org/wiki/File:Co...n_examples.png)

Example 1.7.5

Calculate the correlation coefficient for our cricket data.
Solution

Because the data appears to follow a linear pattern, we can use technology to calculate r = 0.9509. Since this value is very
close to 1, it suggests a strong increasing linear relationship.

Example 1.7.6

Gasoline consumption in the US has been increasing steadily. Consumption data from 1994 to 2004 is shown below.
(www.bts.gov/publications/nati...ble_04_10.html) Determine if the trend is linear, and if so, find a model for the data. Use the
model to predict the consumption in 2008.

Year '94 '95 '96 '97 '98 '99 '00 '01 '02 '03 '04
Consum
ption
(billions 113 116 118 119 123 125 126 128 131 133 136
of
gallons)
__ 180
52
= 140
E 5130 -
25
5w 120 -
OF . ¢
o= 110
=~ 1m T T T

012345678 91011121314
Years after 1994

Solution

To make things simpler, a new input variable is introduced, ¢, representing years since 1994.
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Using technology, the correlation coefficient was calculated to be 0.9965, suggesting a very strong increasing linear trend.

The least-squares regression equation is:
C(t) =113.318 +2.209¢
Using this to predict consumption in 2008 (t = 14),

C(14) =113.318 +2.209(14) = 144.244 billions of gallons
The model predicts 144.244 billion gallons of gasoline will be consumed in 2008.

Exercise 1.7.2

Use the model created by technology in example 6 to predict the gas consumption in 2011. Is this an interpolation or an
extrapolation?

Answer
1. 54 degrees Fahrenheit

2.150.871 billion gallons; extrapolation

Important Topics of this Section
 Fitting linear models to data by hand

o Fitting linear models to data using technology
o Interpolation

o Extrapolation

o Correlation coefficient

This page titled 1.7: Fitting Linear Models to Data is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman & Melonie Rasmussen (The OpenTextBookStore) .

e 2.4: Fitting Linear Models to Data by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.

https://math.libretexts.org/@go/page/67103


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67103?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/01%3A_Functions_and_Lines/1.07%3A_Fitting_Linear_Models_to_Data
https://creativecommons.org/licenses/by-sa/
http://www.opentextbookstore.com/details.php?id=14
http://www.opentextbookstore.com/
https://math.libretexts.org/@go/page/13837
http://www.opentextbookstore.com/details.php?id=14
https://creativecommons.org/licenses/by-sa/4.0/
http://www.opentextbookstore.com/details.php?id=30

LibreTexts"

1.7E: Fitting Linear Models to Data (Exercises)

1. The following is data for the first and second quiz scores for 8 students in a class. Plot the points, then sketch a line that fits

the data.
First Quiz 11 20 24 25 33 42 46 49
Second 10 16 23 28 30 39 40 49
Quiz

2. Eight students were asked to estimate their score on a 10 point quiz. Their estimated and actual scores are given. Plot the
points, then sketch a line that fits the data.

Predicted 5 7 6 8 10 9 10 7

Actual 6 6 7 8 9 9 10 6

Based on each set of data given, calculate the regression line using your calculator or other technology tool, and determine the
correlation coefficient.

3. | x|y 4 | x| » 5. | x ¥ 6. | x| y
5| 4 8| 23 3] 219 4448
7112 15| 41 4]22.22 51431
10 | 17 26| 53 5(22.74 | 6|388
12122 S 6|22.26 7] 39
15 | 24 56| 103 7120.78 | 8| 38

8| 176 9327
916.52 10 | 30.1
10 | 18.54 11293
11| 15.76 12| 27
12 | 13.68 | 13 | 25.8
13| 14.1] 14 | 24.7
14 | 14.02 15| 22
15]11.94 | 16 | 20.1
16 | 12.76 | 17 | 19.8
17 | 11.28 18| 16.8
18] 9.1

7. A regression was run to determine if there is a relationship between hours of TV watched per day (z) and number of situps a
person can do (y). The results of the regression are given below. Use this to predict the number of situps a person who watches

11 hours of TV can do.
y=ax+b
a=-1.341
b=32.234
r?2 =0.803
r=—0.896

8. A regression was run to determine if there is a relationship between the diameter of a tree (z, in inches) and the tree’s age (y,
in years). The results of the regression are given below. Use this to predict the age of a tree with diameter 10 inches.

y=ax+b
a=6.301
b=-1.044
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r2 =0.940
r=0.970

Match each scatterplot shown below with one of the four specified correlations.

9.7=0.9510.r=—-0.8911.»=0.26 12. r = —0.39
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13. The US census tracks the percentage of persons 25 years or older who are college graduates. That data for several years is
given below. Determine if the trend appears linear. If so and the trend continues, in what year will the percentage exceed 35%?

Year 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008
Percent
Graduate 21.3 21.4 22.2 23.6 24.4 25.6 26.7 27.7 28 29.4

S

14. The US import of wine (in hectoliters) for several years is given below. Determine if the trend appears linear. If so and the
trend continues, in what year will imports exceed 12,000 hectoliters?

Year 1992 1994 1996 1998 2000 2002 2004 2006 2008 2009
Imports 2665 2688 3565 4129 4584 5655 6549 7950 8487 9462
Answer

60

50 L

a0 e e

30 P

20 .'

10 e

G =
0 10 20 30 40 50 60
1.

3.y=1.971x —3.519 r =0.967
5.y =—-0.901z +26.04 r = —0.968
7.17.483 ~ 17 situps

9.D

1. A

13. Yes, trend appears linear because = 0.994 and will exceed 35% near the end of the year 2019.

This page titled 1.7E: Fitting Linear Models to Data (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or curated
by David Lippman & Melonie Rasmussen (The OpenTextBookStore) .

o 2.4E: Fitting Linear Models to Data (Exercises) by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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2.1: Systems of Equations

Back when studying linear equations, we found the intersection of two lines. Doing so allowed us to solve interesting problems by
finding a pair of values that satisfied two different equations. While we did not call it this at the time, we were solving a system of
equations. To start out, we will review an example of the type of problem we've solved before.

Example 2.1.1

A small business produces soap and lotion gift baskets. Labor, utilities, and other fixed expenses cost $6,000 a month. Each
basket costs $8 to produce, and sells for $20. How many baskets does the company need to sell each month to break even?

Solution

In business terms, "break even" means for revenue (money brought in) to equal costs. While this problem can be approached
in several ways, we will approach here by first creating two linear functions, one for the costs, and another for revenue.

Let's define n to be the number of gift baskets the company sells in a month. There are $6,000 of fixed costs each month, and
costs increase by $8 for each basket, so we can write the linear function for costs, C, as:

C(n) =6000+8n

Each sale brings in $20, so the revenue, R, after selling n baskets will be:

R(n) =20n
To find the break-even point, we are looking for the number of baskets where the revenue will
equal the costs. In other words, if we were to graph the two linear functions, we are looking 1«
for the point that lies on both lines; the solution is the point that satisfies both equations. 1;::1
g Cial
In this case we could probably solve the problem from the graph itself, but we can also solve it
algebraically by setting the equations equal: ‘”\12 |/ Bin)
R(n) = C(n) ek
20n = 6000+8n Subtract 8n from both sides i
12n = 6000 Divide T O T T T T TR
n = % =500 Evaluate either function at this input
R(500) = C(500)=10,000

The break even point is at 500 baskets. The company must sell 500 baskets a month, at which point their revenue of $10,000
will cover their total costs of $10,000.

The example above illustrates one type of system of equations, one where both equations are given in functional form. When the
equations are written this way, it is easy to solve the system using substitution, by setting the two outputs equal, and solving for the
input. However, many system of equations problems are not written this way.

Example 2.1.2

A company produces a basic and premium version of its product. The basic version requires 20 minutes of assembly and 15
minutes of painting. The premium version requires 30 minutes of assembly and 30 minutes of painting. If the company has
staffing for 3,900 minutes of assembly and 3,300 minutes of painting each week. If the company wants to fully utilize all
staffed hours, how many of each item should they produce?

Solution

Notice first that this problem has two variables, or two unknowns - the number of basic products to make, and the number of
premium products to make. There are also two constraints - the hours of assembly and the hours of painting available. This is
going to give us two equations in two unknowns, what we call a 2 by 2 system of equations.
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We will start by defining our variables:
b: the number of basic products produced
p: the number of premium products produced

Now we can create our equations based on the constraints. Each basic product requires 20 minutes of assembly, so producing
b items will require 20b minutes. Each premium product requires 30 minutes of assembly, so producing p items will require
30p minutes. Together we have 3,900 minutes available, giving us the equation:

20b+30p = 3900
Using the same approach for painting gives the equation
15b+30p = 3300

Together, these form our system of equations. They are sometimes written as a pair with a curly bracket on the left to indicate
that they should be considered as connected equations.

206 +30p = 3900
156+ 30p = 3300

As before, our goal is to find a pair of values, b, p, that satisfies both equations. We will return to this problem and solve it
shortly.

While it may not be clear, the equation 20b + 30p = 3900 we constructed above is a linear equation, like the linear equations from
the first example, it is just written differently. We could, if desired, solve this equation for p to get it written in slope-intercept form:

2
30p=3900-20b, so p=130-2b

We typically do not do this, since it often makes the system harder to solve then when using other techniques. To dive into this
further, let's first clarify what it means to find a solution to a system of linear equations.

Definition: System of Linear Equations

A system of linear equations consists of two or more linear equations made up of two or more variables such that all equations
in the system are considered simultaneously.

A solution to a system is a set of numerical values for each variable in the system that will satisfy all equations in the system at
the same time.

Not every system will have exactly one solution, but we'll look more closely at that later. To check to see if an ordered pair is a
solution to a system of equations, you would:

1. Substitute the ordered pair into each equation in the system.
2. Determine whether true statements result from the substitution in both equations; if so, the ordered pair is a solution.

Example 2.1.3

Determine whether the ordered pair (5, 1) is a solution to the given system of equations.
Solution

z+3y=28
2r—9 =y

Substitute the ordered pair (5, 1) into both equations.
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l The ordered pair (5, 1) satisfies both equations, so it is the solution to the system.

There are three common methods for solving systems of linear equations with two variables. The first is solving by graphing. In
the first example above we graphed both equations, and the solution to the system was the intersection of the lines.

Example 2.1.4

Solve the following system of equations by graphing.

20 +y=-8

r—y=-1
Solution
Solve the first equation for y.

2z +y =8
y=—2x—8
Solve the second equation for y.
z—y=-1
y=z+1

Graph both equations on the same set of axes. The lines appear to intersect at the point
(—3,—2). We can check to make sure that this is the solution to the system by substituting the
ordered pair into both equations.

2(-3)+(-2)=-8
-8 =-8 True

(-3)=(=2) =-1
-1=-1 True

G

1 L

2 L
|
-1

_2 .

-4+

64

The solution to the system is the ordered pair (—3, —2).

Exercise 2.1.1

Solve the following system of equations by graphing.
2z —5y =—25
—4x +5y =35
Answer

The solution to the system is the ordered pair (-5, 3).

While this method can work well enough when the solution values are both integers, it is not very useful when the intersection is
not at a clear point. Additionally, it requires solving both equations for y, which adds extra steps. Because of these limitations,
solving by graphing is rarely used, but can be useful for checking whether your algebraic answers are reasonable.
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Solving a System by Substitution

Another method for solving a system of equations is the substitution method, in which we solve one of the equations for one
variable and then substitute the result into the second equation to solve for the second variable.

Solving a system using substitution

1. Solve one of the two equations for one of the variables in terms of the other.

2. Substitute the expression for this variable into the second equation, then solve for the remaining variable.

3. Substitute that solution into either of the original equations to find the value of the first variable. If possible, write the
solution as an ordered pair.

4. Check the solution in both equations.

The problem we did in Example 1 was technically done by substitution, but it was made easier since both equations were already
solved for one variable, y. An example of a more typical case is shown next.

Example 2.1.5

Solve the following system of equations by substitution.

—z+y=-5
2z -5y =1
Solution
First, we will solve the first equation for y.
—T+y=-5
y=x—>5

Now we can substitute the expression x — 5 for y in the second equation.
2z —y = -5y
2z —5(x—5) =1
2 -5z +25 =1
-3z =-24
z =8

Now, we substitute z = 8 into the first equation and solve for y.

—-8)+y=-5
y=3

Our solution is (8, 3).

We can check the solution by substituting (8, 3) into both equations.

—T+y=-5
—(8)+(3)=-5 True
2z -5 =1
2(8)—5(3) =1 True

Exercise 2.1.2

Solve the following system of equations by substitution.

z=y+3
4 =3x—2y

Answer
(_2a _5)
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Substitution can always be used, but is an especially good choice when one of the variables in one of the equations has a coefficient
of 1 or -1, making it easy to solve for that variable without introducing fractions. This is fairly common in many applications.

Example 2.1.6

Julia has just retired, and has $600,000 in her retirement account that she needs to reallocate to produce income. She is looking
at two investments: a very safe guaranteed annuity that will provide 3% interest, and a somewhat riskier bond fund that
averages 7% interest. She would like to invest as little as possible in the riskier bond fund, but needs to produce $40,000 a
year in interest to live on. How much should she invest in each account?

Solution

Notice there are two unknowns in this problem: the amount she should invest in the annuity and the amount she should invest
in the bond fund. We can start by defining variables for the unknowns:

a: The amount (in dollars) she invests in the annuity
b: The amount (in dollars) she invests in the bond fund.

Our first equation comes from noting that together she is going to invest $600,000:
a+b=600,000

Our second equation will come from the interest. She earns 3% on the annuity, so the interest earned in a year would be
0.03a. Likewise, the interest earned on the bond fund in a year would be 0.07b. Together, these need to total $40,000, giving
the equation:

0.03a+0.07b = 40,000

Together, these two equations form our system. The first equation is an ideal candidate for the first step of substitution - we
can easily solve the equation for a or b:

a =600,000—-b
Then we can substitute this expression for a in the second equation and solve.

0.03(600,000 —b)+0.07b = 30,000
18,000 —0.03b+0.07b = 40,000
0.04b = 22,000

b =550,000

Now substitute this back into the equation a = 600,000 — b to find a

a = 600,000 — 550, 000
a =50, 000

In order to reach her goal, Julia will have to invest $550,000 in the bond fund, and $50,000 in the annuity.

Solving a System by the Addition Method

A third method of solving systems of linear equations is the addition method, also called the elimination method. In this method,
we add two terms with the same variable, but opposite coefficients, so that the sum is zero. Of course, not all systems are set up
with the two terms of one variable having opposite coefficients. Often we must adjust one or both of the equations by
multiplication so that one variable will be eliminated by addition.

Solving a System by the Addition Method

1. Write both equations with = and y-variables on the left side of the equal sign and constants on the right.

2. Write one equation above the other, lining up corresponding variables. If one of the variables in the top equation has the
opposite coefficient of the same variable in the bottom equation, add the equations together, eliminating one variable. If
not, use multiplication by a nonzero number so that one of the variables in the top equation has the opposite coefficient of
the same variable in the bottom equation, then add the equations to eliminate the variable.
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3. Solve the resulting equation for the remaining variable.
4. Substitute that value into one of the original equations and solve for the second variable.
5. Check the solution by substituting the values into the other equation.

Often using the addition method will require multiplying one or both equations by a constant so terms will eliminate. Using these
approaches, we can revisit the equation from Example 2.

Example 2.1.7

In Example 2, we set up the system below. Solve it.

{ 205+ 30p = 3900
15b+30p = 3300

Solution

Adding the equations would not eliminate a variable, but we notice that the coefficients on p are the same, so multiplying one
of the equations by —1 will change the sign of the coefficients. Multiplying the second equation by —1 gives the system

205+ 30p = 3900
—15b—30p = —3300

Adding these equations gives

5b =600
b=120
Substituting b = 30 into the first equation,
20(120) +30p = 3900
2400+ 30p = 3900

30p = 1500
p =250

The solution is b =120, p = 50, meaning the company should produce 120 basic products and 50 premium products to full
utilize staffed hours.

Checking our answer in the second equation:

15(120) +30(50) = 3300
1800 + 1500 = 3300

3300 = 3300
Solve the system of equations by addition.
2z —Ty =2
3z +y =-20
Answer
(=6,-2)

Example 2.1.8

Solve the given system of equations in two variables by addition.

2z +3y =—16
5z —10y =30

https://math.libretexts.org/@go/page/67106


https://libretexts.org/
https://math.libretexts.org/@go/page/67106?pdf

LibreTexts"

Solution

One equation has 2z and the other has 5. The least common multiple is 10z so we will have to multiply both equations by a
constant in order to eliminate one variable. Let’s eliminate = by multiplying the first equation by —5 and the second equation

by 2.
—5(2z +3y) = —5(—16)
—10x — 15y =80
2(5z —10y) =2(30)
10z — 20y =60
Then, we add the two equations together.
—10z — 15y =80
10z — 20y =60
—35y =140
y=—4

Substitute y = —4 into the original first equation.

2z +3(—4) = —16

2¢ —12 =-16
2¢ = —4
z=—2
The solution is (—2, —4). Check it in the other equation.
5z —10y =30
5(—2)—10(—4) =30
—10-+40 =30
30 =30
Exercise 2.1.4
Solve the system of equations by addition.
2z +3y =8
3z +5y =10
Answer
(10’ _4)

Dependent and Inconsistent Systems

Up until now, we have only considered cases where there is exactly one solution to the system. We can categorize systems of linear
equations by the number of solutions. A consistent system of equations has at least one solution. A consistent system is considered
to be an independent system if it has a single solution, such as the examples we just explored. The two lines have different slopes
and intersect at one point in the plane.

A consistent system is considered to be a dependent system if the equations have the same slope and the same y-intercepts. In
other words, the lines coincide so the equations represent the same line. Every point on the line represents a coordinate pair that
satisfies the system. Thus, there are an infinite number of solutions.

Another type of system of linear equations is an inconsistent system, which is one in which the equations represent two parallel
lines. The lines have the same slope and different y-intercepts. There are no points common to both lines; hence, there is no
solution to the system.
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Types of Linear Systems

 An independent system has exactly one solution pair (z, y). The point where the two lines intersect is the only solution.

¢ An inconsistent system has no solution. Notice that the two lines are parallel and will never intersect.

o A dependent system has infinitely many solutions. The lines are coincident. They are the same line, so every coordinate
pair on the line is a solution to both equations.

Independent System Inconsistent System Dependent System

We can use substitution or addition to identify inconsistent systems. Recall that an inconsistent system consists of parallel lines that
have the same slope but different y-intercepts. They will never intersect. When searching for a solution to an inconsistent system,
we will come up with a false statement, such as 12 = 0.

Example 2.1.9

Solve the following system of equations.
x=9—-2y
z+2y =13
Solution

We can approach this problem in two ways. Because one equation is already solved for x, the most obvious step is to use

substitution.
x+2y =13
(9—-2y)+2y =13
9+0y =13
9=13

Clearly, this statement is a contradiction (a false statement) because 9 # 13. Therefore, the system has no solution, and the
system is inconsistent.

Recall that a dependent system of equations in two variables is a system in which the two equations represent the same line.
Dependent systems have an infinite number of solutions because all of the points on one line are also on the other line. After using
substitution or addition, the resulting equation will be an identity, such as 0 = 0.

Example 2.1.10

Find a solution to the system of equations using the addition method.
z+3y =2
3x+9y =6
Solution

With the addition method, we want to eliminate one of the variables by adding the equations. In this case, let’s focus on
eliminating z. If we multiply both sides of the first equation by —3, then we will be able to eliminate the z-variable.

T+3y=2 (2.1.1)
Multiply both sides of the equation by - 3,
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(=3)(z +3y) = (-3)(2)

—3x—9y =—6
—3x—9y =—6
3z 49y =6

0=0

We can see that there will be an infinite number of solutions that satisfy both equations. In some cases, realizing there are an
infinite number of solutions is enough, and we can stop there. In other cases, we will want to describe the set of solutions.

One way is to simply say it's the set of points that satisfy = 4+ 3y = 2, but often we would solve that equation for y and
describe the solution as set of points (ac, = %w <F %)

Exercise 2.1.5

Solve the systems:

a.
2y —2x =2
2y—2z =6
b.
y—2x =5
—3y+6z =—-15
Answer

a. No solution. The system is inconsistent.

b. The system is dependent so there are infinite solutions of the form (z, 2z +5).

Systems with 3 variables in 3 unknowns

In systems of two variables, a solution was an ordered pair (, y) that satisfied both equations. The solution set to a three-by-three
system is an ordered triple (z,y, z). Graphically, the ordered triple defines the point that is the intersection of three planes in space.
You can visualize such an intersection by imagining any corner in a rectangular room. A corner is defined by three planes: two
adjoining walls and the floor (or ceiling). Any point where two walls and the floor meet represents the intersection of three planes.

Example 2.1.11

Determine whether the ordered triple (3, —2, 1) is a solution to the system.

r+y+z=2
6x —4y+5z =31
5z +2y+2z =13

Solution

We will check each equation by substituting in the values of the ordered triple for z, y, and z.

Syt —2 6x —4y+5z =31 5 4+2y+2z =13
(3)+(_$2)i(1§ _ 6(3) —4(-2)+5(1) =31 5(3)+2(-2)+2(1) =13
o 184+8+5 =31 15—-4+2 =13
True
True True

The ordered triple (3, —2, 1) is indeed a solution to the system.
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We can utilize the techniques we learned in the last section to solve 3 x 3 systems of equations by reducing the problem to one we
already know how to solve.

Given a linear system of three equations, solve for three unkowns

1. Pick any pair of equations and solve for one variable.
2. Pick another pair of equations and solve for the same variable.
3. You have created a system of two equations in two unknowns. Solve the resulting two-by-two system.

4. Back-substitute known variables into any one of the original equations and solve for the missing variable.

Example 2.1.12

Find a solution to the following system. The equations are numbered so we can refer to them more easily.

z—2y+3z=9 (1)
—z+3y—z =—6 (2)
2z —5y+5z =17 (3)
Solution

There will always be several choices as to where to begin, but the most obvious first step here is to eliminate by adding

equations (1) and (2).
z—2y+3z=9 (1)
—z+3y—z =—6 (2)
y+2z=3 (4)

The second step is multiplying equation (1) by —2 and adding the result to equation (3). These two steps will eliminate the
variable .

—2z 44y —62z =—18 (1) multiplied by -2

2z —5y+52z =17 (3)
E— 6)

In equations (4) and (5), we have created a new two-by-two system. We can solve for z by adding the two equations.

y+22=3 (4)
yoz=1 ()
z=2 (6)

Choosing one equation from each new system, we obtain the upper triangular form:

z—-2y+32=9 (1)
y+2z=3 (4)

z=2 (6)
Next, we back-substitute z = 2 into equation (4) and solve for y.
y+2(2) =3
y+4=3
y=-1
Finally, we can back-substitute z =2 and y = —1 into equation (1). This will yield the solution for z.
z—2(-1)+3(2) =9
z+246 =9
z=1

The solution is the ordered triple (1, —1, 2).
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Exercise 2.1.6

Solve the system of equations in three variables.

20 +y—2z =—1

3z —3y—2 =5

z—2y+3z =6
Answer

(1,-1,1)

Many problems in real life depend on more than two unknowns.

Example 2.1.13

Chad is trying to plan a meal to meet specific nutritional goals. He wants to construct a dish containing rice, tofu, and peanuts
that will provide 30g of protein, 14g of fat, and 50g of carbohydrates. How much of each ingredient should he use?

Solution

First off, we're assuming any other ingredients used in the recipe aren't contributing significantly enough to the nutrition to be
considered. To answer this question, we'll first need to know the nutritional content for the ingredients. Looking these up:

White rice: 1 cup provides: Og fat, 44g carbohydrates, 4g protein
Tofu: 1 cup provides: 10g fat, 5g carbohydrates, 20g protein
Peanuts: 1 cup provides: 72g fat, 31g carbohydrates, 35g protein

Now we can define our variables. We are interested in the amount of each ingredient to use, so we'll define our variables as the
quantity of each ingredient:

r: cups of rice, ¢: cups of tofu, p: cups of peanuts.

Now for each nutrient, we can create an equation. Since 1 cup of rice provides 44g carbohydrates, r cups will provide
44r grams of carbohydrates. Likewise t cups of tofu will provide 5¢ grams, and p cups of peanuts will provide 31p grams.
Together we want our recipe to provide 50g of carbohydrates, giving the equation:

44r +5t +31p =50
Doing the same for fat and protein gives the full system:

44r+5t+31p =50
10t+72p =14
4r 420t +35p =30

Now we can solve the system.

Step 1. Notice that the section equation already does not involve the variable r. to make things simpler, a first step might be to
interchange the last two equations so the two equations with three variables will line up.

447 +5t+31p =50 (1)
4r4+20t+35p =30  (2)
10t+72p =14 (3)

Step 2. Since 7 is already eliminated in the last equation, we will eliminate  from the first two equations. Multiply equation
(2) by -11.
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44r+5t+31p =50 (1)
—44r—220t —385p =330 (2)
10t +72p =14 (3)

Step 3. Add equations (1) and (2), writing the result as row 2.

44r+5t+31p =50 (1)
—215t — 384p = —280 (2)
10t +72p =14 (3)
Step 4. Multiply equation (2) by 2 and equation (3) by 43

44r+5t+31p =50 (1)
—430t —708p = —560 (2)
430t +3096p =602 (3)

Step 5. Add equations (2) and (3), writing the result in row 3
44r+5t+31p =50 (1)
—430t —708p = —560 (2)
2388p =42 (3)

Step 6. Solve for p in equation 3. For a real life problem like this, decimal approximations are probably fine.

2388p = 42
42
P = ﬁ ~0.0176

Step 7. Back substitute the value for p into equation (2) to solve for ¢.

—430t —708(0.0176) = —560
—430t — 12.4608 = —560
—430t = —547.5392
—547.5392

= ~1.2
t —430 73

Step 8. Back substitute the values for p and ¢ and into equation (1) and solve for 7.
44r+5(1.273) +31(0.0176) =50

44r = 43.0894
r~0.979

To meet his nutritional goals, Chad should use 0.979 cups of rice, 1.273 cups of tofu, and 0.0176 cups of peanuts.

This particular system was rather unpleasant to solve. In the rest of the chapter we will learn some other techniques for solving
complex systems.

Important Topics of this Section

Solving systems

Graphing

Elimination

Addition
Setting up systems of equations
Inconsistent and dependent systems

Solving 3 by 3 systems
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2.2: Solving Systems using Matrices

While the techniques we learned in the last section can be used to solve any 2-by-2 or 3-by-3 system of linear equations,
mathematicians often look for ways to do problems while writing less (which is why we use single letters for variables instead of
full words), and to make solving problems more procedural. For systems of linear equations, matrices are the tool we use. In
addition to making solving small systems more straightforward, the techniques can be extended to solve 4-by-4, 100-by-100, or
even larger systems of linear equations that common arise in science.

Definition: Matrix

A matrix is a rectangular array of numbers arranged into rows and columns.

Writing the Augmented Matrix of a System of Equations

A matrix can serve as a device for representing and solving a system of equations. To express a system in matrix form, we extract
the coefficients of the variables and the constants, and these become the entries of the matrix. We use a vertical line to separate the
coefficient entries from the constants, essentially replacing the equal signs. When a system is written in this form, we call it an
augmented matrix.

Given a system of equations, write an augmented matrix.

1. Write the coefficients of the x-terms as the numbers down the first column.

2. Write the coefficients of the y-terms as the numbers down the second column.

3. If there are z-terms, write the coefficients as the numbers down the third column.
4. Draw a vertical line and write the constants to the right of the line.

Example 2.2.1

Consider the following 2 x 2 system of equations. Write this system as an augmented matrix:
3z +4y =7
4 —2y =5

Solution

Extracting the coefficients from the system and write them in a rectangular array. This is called the coefficient matrix.

i ]

We then draw a vertical line and extract the constants from the right hand side of the system equations. This is the augmented
matrix for the given system.

3 4
4 -2

7
5

Example 2.2.2

Write the augmented matrix for the three-by-three system of equations

3x—y—2=0
rz+y=>
2r —3z =2

Solution

The coefficient matrix is
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3 -1 -1
1 1 0
2 0 -3
And the system is represented by the augmented matrix
3 -1 -1]0
1 1 0|5
2 0 3|2

Notice that the matrix is written so that the variables line up in their own columns: z-terms go in the first column, y-terms in the
second column, and z-terms in the third column. It is very important that each equation is written in standard form
ax +by+cz=d so that the variables line up. When there is a missing variable term in an equation, the coefficient is 0.

Exercise 2.2.1

Write the augmented matrix of the given system of equations.
4 -3y =11
3z 42y =4
Answer
4 -3 ‘ 11
3 2| 4

Writing a System of Equations from an Augmented Matrix

We can use augmented matrices to help us solve systems of equations because they simplify operations when the systems are not
encumbered by the variables. However, it is important to understand how to move back and forth between formats in order to make
finding solutions smoother and more intuitive. Here, we will use the information in an augmented matrix to write the system of
equations in standard form.

Example 2.2.3

Find the system of equations from the augmented matrix.

1 -3 —-5|-2
2 -5 —4| 5
-3 5 4| 6

Solution

When the columns represent the variables x, y, and z,

1 -3 —-5|-2 r—3y—5z =-2
2 -5 4 5 —  2r—5y—4z =5
-3 5 4 6 —3x+5y+4z =6

Exercise 2.2.2

Write the system of equations from the augmented matrix.

1 -1 1
2 -1 3|1
0 1 1|9

Answer
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T—y+z=>5
2 —y+3z =1
y+z=-9

Performing Row Operations on a Matrix

Now that we can write systems of equations in augmented matrix form, we will examine the various row operations that can be
performed on a matrix, such as addition, multiplication by a constant, and interchanging rows. These are all operations that can be
performed without changing the solution to the corresponding system.

Performing row operations on a matrix is the method we use for solving a system of equations, since these operations allow us to
change a complex system into an equivalent simpler one with the same solution. In order to solve the system of equations, we want
to convert the matrix to row-echelon form, in which there are ones down the main diagonal from the upper left corner to the
lower right corner, and zeros in every position below the main diagonal as shown.

Row - echelon form

1 a b
0 1 d
0 0 1

We use row operations corresponding to equation operations to obtain a new matrix that is row-equivalent in a simpler form.

Guidelines for row-echelon form

1. In any nonzero row, the first nonzero number is a 1. It is called a leading 1.

2. Any all-zero rows are placed at the bottom on the matrix.

3. Any leading 1 is below and to the right of a previous leading 1.

4. Any column containing a leading 1 has zeros in all other positions in the column.

Solving a system of equations using row operations

To solve a system of equations we can perform the following row operations to convert the coefficient matrix to row-echelon
form and do back-substitution to find the solution.

 Interchange rows. (Notation: R; <+ R;)
o Multiply a row by a constant. (Notation: cR;)
 Add the product of a row multiplied by a constant to another row. (Notation: R; 4 cR;

Each of the row operations corresponds to the operations we have already learned to solve systems of equations in three variables.
With these operations, there are some key moves that will quickly achieve the goal of writing a matrix in row-echelon form. To
obtain a matrix in row-echelon form for finding solutions, we use Gaussian elimination, a method that uses row operations to
obtain a 1 as the first entry so that row 1 can be used to convert the remaining rows.

Gaussian Elimination

The Gaussian elimination method refers to a strategy used to obtain the row-echelon form of a matrix. The goal is to write matrix
A with the number 1 as the entry down the main diagonal and have all zeros below.

a a a 1 b b
11 12 13 After Gaussian elimination 12 13
A=layn a2 ay 0 1 by
agy asgp ass 0 0 1

The first step of the Gaussian strategy includes obtaining a 1 as the first entry, so that row 1 may be used to alter the rows below.

Using row operations on an augmented matrix to achieve row-echelon form.

1. The first equation should have a leading coefficient of 1. Interchange rows or multiply by a constant, if necessary.
2. Use row operations to obtain zeros down the first column below the first entry of 1.
3. Use row operations to obtain a 1 in row 2, column 2.
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4. Use row operations to obtain zeros down column 2, below the entry of 1.
5. Use row operations to obtain a 1 in row 3, column 3.

6. Continue this process for all rows until there is a 1 in every entry down the main
7. diagonal and there are only zeros below.

8. If any rows contain all zeros, place them at the bottom.

Example 2.2.4

Solve the given system by Gaussian elimination.

2x+3y =6
1
T—y=—
Y=3
Solution
First, we write this as an augmented matrix.
2 3|6
1 -11

We want a 1 in row 1, column 1. This can be accomplished by interchanging row 1 and row 2.

1
2 ]
6
We now have a 1 as the first entry in row 1, column 1. Now let’s obtain a 0 in row 2, column 1. This can be accomplished by
multiplying row 1 by —2, and then adding the result to row 2.

1 -1
Ry <—>R2—>|:
2 3

1 -1

—2R1 + Ry =Ry —
1 2 2 |:0 5

We only have one more step, to multiply row 2 by %

1 1
—Ry =Ry —
5 2 7 [0 1

Use back-substitution. The second row of the matrix represents y = 1. Back-substitute y = 1 into the first equation.

1
—(1) ==
z-(1) =3
3
==
2
The solution is the point (,1).
ST
Solve the given system by Gaussian elimination.
4z +3y =11
z—3y =-1
Answer
(2,1)
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Use Gaussian elimination to solve the given 2 x 2 system of equations.

2¢+y=1
4z +2y =6
Solution
Write the system as an augmented matrix.
2 1 ‘ 1
4 216

Obtain a 1 in row 1, column 1. This can be accomplished by multiplying the first row by %

1
2 ]
6
Next, we want a 0 in row 2, column 1. Multiply row 1 by —4 and add row 1 to row 2.
1
2 ]
4
The second row represents the equation 0 = 4 .Therefore, the system is inconsistent and has no solution.

Example 2.2.6

Solve the system of equations.

1 1 1
—R1:R1—>|: 2
2 4 2

1
2

1
—4Ry +Ry =Ry — [
0 0

3z +4y =12
6x 48y =24

Solution

Perform row operations on the augmented matrix to try and achieve row-echelon form.
3 412
A =
6 8|24

1 0 0| O
——Ry+ Ry =R; —
D) 2 + Ity 1 [6 8’24]

8 ’24]

RlHRQ—)[G
0 0] 0

The matrix ends up with all zeros in the last row: Oy = 0. Thus, there are an infinite number of solutions and the system is
classified as dependent. To find the generic solution, return to one of the original equations and solve for y.

3z +4y =12
4y =12 -3z
y=3—%z

. . . 3
So the solution to this system is (z,3 — ).

Row reduction can be applied to any size system.

Perform row operations on the given matrix to obtain row-echelon form.
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1 -3 4|3
2 -5 6|6
-3 3 4|6

Solution

The first row already has a 1 in row 1, column 1. The next step is to multiply row 1 by —2 and add it to row 2. Then replace
row 2 with the result.

1 -3 4|3
—2R1+Ry =Ry — 0 1 -2(0
-3 3 4|6
Next, obtain a zero in row 3, column 1.
[1 -3 4| 3]
3Ri1+R3=R3— |0 1 -2 0
|0 —6 16|15
Next, obtain a zero in row 3, column 2.
(1 -3 4| 3]
6Ry; +R3=R3— |0 1 -2 0
| 0 0 4|15

The last step is to obtain a 1 in row 3, column 3.

1 1 -3 4] 3
§R3=R3—> 0 1 —-2|-6

21
0 0 1] 5

Exercise 2.2.4

Write the system of equations as an augmented matrix, then perform row operations to obtain row-echelon form.
z—2y+3z =9

—z+3y =—4
2z —5y+5z =17

Answer
5 5117
L - 2 2| 2
0 1 5| 9
0 0o 1| 2

Solving a 3-by-3 System of Linear Equations Using Matrices

We have seen how to write a system of equations with an augmented matrix, and then how to use row operations and back-
substitution to obtain row-echelon form. Now, we will take row-echelon form a step farther to solve a 3 by 3 system of linear
equations. The general idea is to eliminate all but one variable using row operations and then back-substitute to solve for the other
variables.

Example 2.2.8

Solve the system of linear equations using matrices.
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T—y+z=28
22 4+3y—2 =—-2
3z —2y—92 =9

Solution

First, we write the augmented matrix.

1 -1 1] 8
2 3 —-1|-2
3 -2 91 9

Next, we perform row operations to obtain row-echelon form.

1 -1 1 8
—2Ri+Ry=Ry - |0 5 —-3|-18
13 -2 -9 9
[1 -1 1| 8
—3R1+R3=R3 — |0 -3 |—18
| 0 1 —-12|-15

The easiest way to obtain a 1 in row 2 of column 1 is to interchange Rs and Rj.

1 -1 1 8
Interchange Ry and R3 — | 0 1 -12|-15
0 5 —-3|-18

Then
[1 -1 1| 8]
—5Ry+R3=R3 — |0 1 —-12|-15
|0 0 57| 57
1 (1 -1 1 87
—R;=R3 — — -
Tk 3 0 1 12 | -15
| 0 1 1]
The last matrix represents the equivalent system.
z—y+z=28
y—12z =-15
z=1
Using back-substitution, we obtain the solution as (4, —3,1).
Exercise 2.2.5
Solve the system using matrices.
r+4dy—2z =4
2z +5y+8z =15
z+3y—3z =1
Answer
(1,1,1)
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Using these approaches, a system of linear equations of any size can be solved by Gaussian elimination. One of the real benefits of
Gaussian elimination is that it is very procedural, so it is something we can teach a computer or calculator to do.

Example 2.2.9

Peter is planning on investing in what's called a three fund portfolio, consisting of a U.S. stock mutual fund, an international
stock mutual fund, and a bond mutual fund. He has a total of $200,000 to invest, and wants four times as much invested in
stocks as in bonds. The bond fund has a historical return of 4.4%, the U.S. stock fund has a historical return of 8.3%, and the
international stock fund has a historical return of 5.4%. If Peter is hoping for a $13,300 return, how should he allocate his
investment?

Solution

Of course, historical returns cannot predict future earnings, but they're the best information we have, so we will use them.
We have a system of three equations in three variables.

let z be the amount invested in U.S. stocks at 8.3% return, and

let y be the amount invested in international stock at 5.4% return.

Let z be the amount invested in the bond fund at 4.4% return,

We have a total of $200,000 to invest, so

z +y+2z=200,000

He wants four times as much invested in stocks as in bonds, so

z+y =4z
z+y—4z =0

And using the return rates and the desired earnings,

0.083z +0.054y +0.044z =13, 300

We can take this system and put it into an augmented matrix.

1 1 1 (200,000
1 1 4 0
0.083 0.054 0.044 | 13,300

Now, we perform Gaussian elimination to achieve row-echelon form.
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1 1 1 200, 000
~Ri+R;=R;, —| 0 0 —5 | —200,000
| 0.083 0.054 0.044| 13,300
(1 1 1 200,000 |
—0.083R,+R;=R; — | 0 0 —5 |—200,000
| 0 —0.029 —0.039| 3,300 |
[ 1 1 1 200,000 |
Ry<»Rs — | 0 —0.029 —0.039| —3,300
00 ~5 |-200,000 |
, [1 1 1| 200,000
. 39 ~3,300,000
mRQ =Ry — 01 59 59
| 0 0 —5|—200,000
. [1 1 1| 200,000
. 39 | —3,300,000
_—5R3 —R3 — O 1 2_9 T
| 0 0 1| 40,000

The third row tells us z =40, 000 .

The second row tells us y + 33 > = 22550 or 29y 439 = 3,300, 000. Substituting z = 40, 000 we get

29y +39(40,000) = 3,300, 000
29y + 1,560,000 = 3,300,000
29y = 1,740, 000

y = 60,000

The first row tells us z +y + z = 200, 000 . Substituting y = 60, 000 and z = 40, 000 we get

z +60,000 -+40,000 = 200, 000
z =100, 000

The answer is $100,000 invested in U.S. stock, $60,000 in international stock, and $40,000 in bonds.

Number of Possible Solutions: Dependent and Inconsistent Systems
With three-by-three systems, the possibilities for number of solutions are:

o Systems that have a single solution are those which, after elimination, result in a solution set consisting of an ordered triple
(z,y, 2). Graphically, the ordered triple defines a point that is the intersection of three planes in space.

(@) )]

o Systems that have an infinite number of solutions are those which, after Gaussian elimination, have a row of all zeros,
equivalent to the statement 0 = 0. Graphically, an infinite number of solutions represents a line or coincident plane that serves
as the intersection of three planes in space.

o Systems that have no solution are those that, after Gaussian elimination, have a row of all zeros in the coefficient matrix and a
nonzero-entry on the right hand side, equivalent to a statement such as 0 = 3. Graphically, a system with no solution is
represented by three planes with no point in common. There are several ways this can happen, as shown below.
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All three figures represent three-by-three systems with no solution. (a) The three planes intersect with each other, but not at a

common point. (b) Two of the planes are parallel and intersect with the third plane, but not with each other. (c) All three planes are
parallel, so there is no point of intersection

Example 2.2.10

Solve the following system of linear equations using matrices.

—z—2y+z=-1
2z 4+3y =2
y—2z=0
Solution
Write the augmented matrix.
-1 -2 1|-1

2 3 0] 2
0 1 2] 0

First, multiply row 1 by —1 to get a 1 in row 1, column 1. Then, perform row operations to obtain row-echelon form.

1 2 —-1]1
—Ri— 1|2 3 012
01 —-2|0
1 2 -1]1
Ry<Rs— |0 1 —210
2 3 0|2
1 —-1]1
—2R1+R3=R3— |0 1 —-2]0
0 -1 210
1 2 —-1]1
Ro+R3=R3— |0 1 =210
0 0 00

The last matrix represents the following system.

z+2y—z=1
y—2z=0
0=0

We see by the identity 0 = 0 that this is a dependent system with an infinite number of solutions. We then find the generic
solution. By solving the second equation for y and substituting it into the first equation we can solve for z in terms of x.

r+2y—z =1
y =2z
z+2(22)—z =1
z+3z=1
_1l-z
T3
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Now we substitute the expression for z into the second equation to solve for y in terms of x.
y—2z2=0
11—z
7 =
3
1—=x
-2 =0
»-2(557)
_2-2z
¥=73
. g . 22z l1l—xz
The generic solution is (w, 5 T) .

Important Topics for this Section

Important Topics of this Section

Writing a system as an augmented matrix

Row reduction (Gaussian elimination)

Reading the solutions from an augmented matrix

Recognizing dependent and inconsistent systems

2.2: Solving Systems using Matrices is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

https://math.libretexts.org/@go/page/67107


https://libretexts.org/
https://math.libretexts.org/@go/page/67107?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/02%3A_Systems_of_Equations_and_Matrices/2.02%3A_Solving_Systems_using_Matrices
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/02%3A_Systems_of_Equations_and_Matrices/2.02%3A_Solving_Systems_using_Matrices?no-cache

LibreTexts"

2.3: Matrix Operations

Two club soccer teams, the Wildcats and the Mud Cats, are hoping to obtain new equipment for an upcoming season. The table
below shows the needs of both teams.

Wildcats Mud Cats
Goals 6 10
Balls 30 24
Jerseys 14 20

A goal costs $300; a ball costs $10; and a jersey costs $30. How can we find the total cost for the equipment needed for each team?

In the last section we learned how matrices can be used to solve systems of linear equations. In this section, we will explore other
uses of matrices, and discover a method in which the data in the soccer equipment table can be displayed and used for calculating
other information. Then, we will be able to calculate the cost of the equipment in a way that can be easily translated to a computer
or calculator.

Finding the Sum and Difference of Two Matrices

To solve a problem like the one in the section opener, we can use a matrix, which is a rectangular array of numbers. A row in a
matrix is a set of numbers that are aligned horizontally. A column in a matrix is a set of numbers that are aligned vertically. Each
number is an entry, sometimes called an element, of the matrix. Matrices (plural) are enclosed in [ ] or ( ), and are usually named
with capital letters. For example, three matrices named A, B, and C are shown below.

1 9 1 27 -1 3

A= B= - C=
e sefo gl e[
7T 8 2 3 1

Describing Matrices

A matrix is often referred to by its size or dimensions: m x n indicating m rows and n columns. Matrix entries are defined first by
row and then by column. For example, to locate the entry in matrix A identified as a;;, we look for the entry in row ¢, column 5. In
matrix A, shown below, the entry in row 2, column 3 is as3.

ail a2 as
A=|an ax aszs
as1 asz2 ass

A square matrix is a matrix with dimensions n X n, meaning that it has the same number of rows as columns. The 3 x 3 matrix
above is an example of a square matrix.

A row matrix is a matrix consisting of one row with dimensions 1 X n.
[a1 a1z ai3]
A column matrix is a matrix consisting of one column with dimensions m x 1.

aii
a21
asi

A matrix may be used to represent a system of equations. In these cases, the numbers represent the coefficients of the variables in
the system. Matrices often make solving systems of equations easier because they are not encumbered with variables. We will
investigate this idea further in the next section, but first we will look at basic matrix operations.
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Definition: Matrices

A matrix is a rectangular array of numbers that is usually named by a capital letter: A, B, C, and so on. Each entry in a matrix
is referred to as a;;, such that 7 represents the row and j represents the column. Matrices are often referred to by their
dimensions: m X n indicating \m rows and n columns.

Example 2.3.1

Given matrix

b

Il
W NN
[N NG

a) What are the dimensions of matrix A?

b) What are the entries at as; and ags?

Solution

a) The dimensions are 3 x 2 because there are three rows and two columns.

b) Entry as; is the number at row 3, column 1, which is 3. The entry ass is the number at row 2, column 2, which is 4.
Remember, the row comes first, then the column.

Adding and Subtracting Matrices

We use matrices to list data or to represent systems. Because the entries are numbers, we can perform operations on matrices. We
add or subtract matrices by adding or subtracting corresponding entries.

In order to do this, the entries must correspond. Therefore, addition and subtraction of matrices is only possible when the matrices
have the same dimensions. We can add or subtract a 3 X 3 matrix and another 3 X 3 matrix, but we cannot add or subtract a
2 x 3 matrix and a 3 x 3 matrix because some entries in one matrix will not have a corresponding entry in the other matrix.

Definition: Adding and Subtracting Matrices

Given matrices A and B of like dimensions, addition and subtraction of A and B will produce matrix C' or matrix D of the
same dimension.

A+ B=_C suchthat a;j +bij = Cij (231)
A — B =D such that Q5 — bij = dij

Matrix addition is commutative: A+ B =B+ A
It is also associative: (A+B)+C = A+ (B+C)

Example 2.3.2

Given A and B:

2 —-10 -2 6 10 -2
A=]14 12 10 and B= 0 —-12 4
4 -2 2 —5 2 -2

a) Find the sum.
b) Find the difference.

Solution

a) Add the corresponding entries.
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b) Subtract the corresponding entries.

Exercise 2.3.1

1. Add matrix A and matrix B.

Answer

A+B=|1

Finding Scalar Multiples of a Matrix

A+B

A-B

2 —-10 -2 6 10 —2
=(14 12 10|+| 0 —-12 —4
4 -2 2 -5 2 -2
[ (246 —-10+10 —2-2
14+0 12—-12 10-4
| 4-5 —2+2  2-2
[ 8 0 —4
14 0 6
-1 0 O
[ 2 —-10 —2 6 10 —2
=|(14 12 10|-| 0 —-12 —4
L4 -2 2 -5 2 -2
[ 2—6 —-10—10 —2+2
14-0 12+12 10+4
| 445 —2-2 242
[—4 —20 O
=114 24 14
| 9 —4 4
2 6 3 -2
A=11 0 and B= 1 5
|1 -3 -4 3
6 [ 3 -2 2+3  6+(-2)
o|l+| 1 5= 141 0+5
-3 | -4 3 1+(—4) -3+3

|
w

N Ot
S O

Besides adding and subtracting whole matrices, there are many situations in which we need to multiply a matrix by a constant
called a scalar. Recall that a scalar is a real number quantity that has magnitude, but not direction. For example, time, temperature,
and distance are scalar quantities. The process of scalar multiplication involves multiplying each entry in a matrix by a scalar. A
scalar multiple is any entry of a matrix that results from scalar multiplication.

Definition: Scalar Multiplication

the scalar multiple cA is

a a
A= [ 11 12:|
a1 a2
ail a2
cA=c [
a1 a2
caijp cCais
caz1 Cazs

Scalar multiplication involves finding the product of a constant by each entry in the matrix. Given
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Scalar multiplication is distributive. For the matrices A, B, and C' with scalars a and b,

a(A+B)=aA+aB
(a+b)A=aA+bA

Example 2.3.3

Multiply matrix A by the scalar 3.
A:[S 1}
5 4
Solution
Multiply each entry in A by the scalar 3.
1
3A=3 8
5 4
_[3~8 3~1]
135 3.4
124 3
|15 12
Exercise 2.3.2
Given matrix B, find —2 B where
32[4 1}
3 2
Answer
_232[—8 —2]
-6 —4
Example 2.3.4
Find the sum 34 +2B.
1 -2 0 -1 2 1
A=10 -1 2 and B=| 0 -3
4 3 —6 0 1 -4
Solution
First, find 3 A, then 2B.
[3-1 3(-2) 3-0
3A=13-0 3(-1) 3-2
[ 3-4  3-3 3(—6)
[3 —6 0
=0 -3 6
12 9 -—18
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2(-1) 2-2 2.1
2B=| 2-0 2(-3) 2-2
| 2-0 21 2(-4)
[—2 4 2
=10 -6 4
| 0 2 -8
Now, add 34 4 2B.
[ 3 —6 0 -2 4 2
3A+2B = 0 -3 6(+] 0 -6 4
| 12 9 -18 0 2 -8
[ 3-2 644 0+2
=] 0+0 -3-6 644
| 1240 9+2 -—-18-8
1 -2 2
= 0 -9 10
|12 11 —26

Finding the Product of Two Matrices

In addition to multiplying a matrix by a scalar, we can multiply two matrices. Finding the product of two matrices is only possible
when the inner dimensions are the same, meaning that the number of columns of the first matrix is equal to the number of rows of
the second matrix. If A is an m X r matrix and B is an r X n matrix, then the product matrix AB is an m X n matrix. For
example, the product AB is possible because the number of columns in A is the same as the number of rows in B. If the inner
dimensions do not match, the product is not defined.

A . B
2x3 3x3
. same

We multiply entries of A with entries of B according to a specific pattern as outlined below. The process of matrix multiplication
becomes clearer when working a problem with real numbers.

To obtain the entries in row 7 of AB we multiply the entries in row 7 of A by column j in B and add. For example, given matrices
A and B, where the dimensions of A are 2 x 3 and the dimensions of B are 3 x 3 the product of AB will be a 2 x 3 matrix.

wi an a bin bz bz
A= [al al a13 ] and B=|by by bos
21 G2 Q23 by bsp bss

Definition:Multiplying Matrices
To obtain the entry in row 1, column 1 of AB, multiply the first row in A by the first column in B, and add.

b1
[ai1 a2 ai3]- | ba | =a11-bii+a12-bar +aiz- b3y
b31

To obtain the entry in row 1, column 2 of AB, multiply the first row of A by the second column in B, and add.

b2
la11 a1z ai3]- | boe | =a11-bia+a1z-byy +aiz-bs
b3a
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To obtain the entry in row 1, column 3 of A B, multiply the first row of A by the third column in B, and add.
b3
[a11 a1z ai3]: | bog | =a11-biz+aiz-baz+aiz-bss

b3

We proceed the same way to obtain the second row of AB. In other words, row 2 of A times column 1 of B; row 2 of A times
column 2 of B; row 2 of A times column 3 of B. When complete, the product matrix will be
a11-biit+aiz-bar+ai3-bs1 arn-biataiz-bataiz-bza  ain-bizt+aiz-bazt+aiz-bss
AB=
a21-bi1+az-bai+azs- b3 azi-biataze-baatazs-bsa  agn-bizt+az-bizt+azs-bss

Properties of Matrix Multiplicatio

For the matrices A, B, and C the following properties hold.

o Matrix multiplication is associative: (AB) C = A (BC).

e Matrix multiplication is distributive:
C(A+B) =CA+CB,
(A+B)C =AC+BC.

Note that matrix multiplication is not commutative.

Example 2.3.5

Multiply matrix A and matrix B.

A:[1 2] and 32[5 6]
3 4 7 8

Solution

First, we check the dimensions of the matrices. Matrix A has dimensions 2 x 2 and matrix B has dimensions 2 x 2. The inner
dimensions are the same so we can perform the multiplication. The product will have the dimensions 2 x 2.

We perform the operations outlined previously.
4B |1 2].[5 6]
13 4 7 8
[1.5+2.7 1-6+2-8]
13-54+4-7 3-6+4-8
~[19 22]
143 50

Example 2.3.6

Given A and B:

a) Find AB.
b) Find BA.

https://math.libretexts.org/@go/page/67108



https://libretexts.org/
https://math.libretexts.org/@go/page/67108?pdf

LibreTexts"

1 2 3 51

A=| d B=|_
[405]an 4 0
2 3

Solution

a) As the dimensions of A are 2 x 3 and the dimensions of B are 3 x 2, these matrices can be multiplied together because the
number of columns in A matches the number of rows in B. The resulting product will be a 2 x 2 matrix, the number of rows
in A by the number of columns in B.

) 5 —1
1 2
AB=1, 2] -4
. 2 3

[ —1(5)+2(—4)+3(2) —1(-1)+2(0)+3(3)
4(5)+0(—4)+5(2)  4(=1)+0(0) +5(3)
_[-7 10]

30 11

b) The dimensions of B are 3 x 2 and the dimensions of A are 2 x 3. The inner dimensions match so the product is defined
and will be a 3 x 3 matrix.

-1 2 3
BA = _;1 g [ 4 0 5]
[5(-1)+-1(4) 5(2)+-1(0) 5(3)+—1(5)
— | —4(-1)+04) —4(2)+0(0) —4(3)+0(5)
2(-1)+3(4)  2(2)+3(0)  2(3)+3(5)
9 10 10
=| 4 -8 -12
10 4 21

Notice in the example above that the products AB and BA are not equal.

-9 10 10
AB:[;; 12]7& 4 -8 -12| =BA
10 4 21

This illustrates the fact that matrix multiplication is not commutative.

Also, this means that it is possible for AB to be defined but not BA. Consider a matrix A with dimension 3 x 4 and matrix B with
dimension 4 x 2. For the product AB the inner dimensions are 4 and the product is defined, but for the product BA the inner
dimensions are 2 and 3 so the product is undefined.

Exercise 2.3.3

Multiply:
1 -2
4 0 2 3
1 -1
-1
Answer
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127, 12)+(=2)1)  1(3)+(-2)(-1) 0 5
4 0 [1 _1} =| 4@)+00) 43)+0(-1) | =18 12
1l -1@)+@3)1) (-1)EB)+(B)(-1) 1 -6

Example 2.3.7

Let us return to the problem presented at the opening of this section. We have the table below representing the equipment needs

of two soccer teams.

Wildcats Mud Cats
Goals 6 10
Balls 30 24
Jerseys 14 20

We are also given the prices of the equipment, as shown in below.

Goal $300
Ball $10
Jersey $30

Solution

We will convert the data to matrices. Thus, the equipment need matrix is written as

6 10
E=(30 24
14 20

The cost matrix is written as
C= [300 10 30]

We perform matrix multiplication to obtain costs for the equipment.

6 10
CE =1[300 10 30]- |30 24
14 20

=[300(6) +10(30) +30(14)  300(10) +10(24) +30(20)]

[2,520 3,840]

The total cost for equipment for the Wildcats is $2,520, and the total cost for equipment for the Mud Cats is $3,840.

The calculation in the last example could easily be calculated using a calculator and computer, which would also easily handle a
version of the problem with dozens of teams and hundreds of expenses. Representing the problem as matrix operations allows us
to utilize technology to help solve this type of problem.

Important Topics of this Section

Size of a matrix

Sum and difference of matrices

Scalar multiple of a matrix
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l Product of matrices

2.3: Matrix Operations is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.4: Solving Systems with Inverses

Nancy plans to invest $10,500 into two different bonds to spread out her risk. The first bond has an annual return of 10%, and the
second bond has an annual return of 6%. In order to receive an 8.5% return from the two bonds, how much should Nancy invest in
each bond? What is the best method to solve this problem?

There are several ways we can solve this problem. As we have seen in previous sections, systems of equations and matrices are
useful in solving real-world problems involving finance. After studying this section, we will have the tools to solve the bond
problem using the inverse of a matrix.

Finding the Inverse of a Matrix

The multiplicative inverse of a real number a is a ™, where the product is 1:

1
aa ' =ala= (—) a=1.
a
1

For example, 27t = 5 and (%) 2 = 1. The multiplicative inverse of a matrix is similar in concept, except that the product of
matrix A and its inverse A1 equals the identity matrix. The identity matrix is a square matrix containing ones down the main
diagonal and zeros everywhere else. We identify identity matrices by I,, where n represents the dimension of the matrix. Shown
below are the identity matrices for a 2 x 2 matrix and a 3 X 3 matrix, respectively.

100
10
12_[ ]13_010
0 1

00 1

The identity matrix acts as a 1 in matrix algebra. For example, Al =ITA = A.
A matrix that has a multiplicative inverse has the properties
AAT =1
ATTA=T

A matrix that has a multiplicative inverse is called an invertible matrix. Only a square matrix may have a multiplicative inverse, as
the reversibility, AA~* = A~ A =T , is a requirement. Not all square matrices have an inverse, but if A is invertible, then A~! is
unique. We will look at two methods for finding the inverse of a 2 X 2 matrix and a third method that can be used on both
2 x 2 and 3 x 3 matrices.

Definition: The Identity Matrix and Multiplicative Inverse

The identity matrix, I,,, is a square matrix containing ones down the main diagonal and zeros everywhere else.

10 1 0 0

I, = Ia =
2 {01] 3 01 0
0 0 1
2 %2 3x3

If A is ann x n matrix and B is an n x n matrix such that AB = BA = I,, , then B= A~ the multiplicative inverse of a
matrix A.

Example 2.4.1

Given matrix A, show that AT =TA = A.

S e

Use matrix multiplication to show that the product of A and the identity is equal to the product of the identity and A.

Solution
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AI_[ 3 4] [1 0]_[ 3-1+4-0 3.o+4.1]_[ 3 4
-2 5]]0 1] |-2-1+45-0 —-2.0+5-1] |-2 5
IA_[1 OH 3 4]_[1-3+0-(—2) 1-4+0-5]_[ 3 4]

o 1][-2 5] [0-3+1-(-2) 0-4+1-5] [-2 5

Given two matrices, show that one is the multiplicative inverse of the other.

1. Given matrix A of order n X n and matrix B of order n X n, multiply AB.
2.1f AB =1, then find the product BA.If BA=1,then B=A"' and A=B"'.

Example 2.4.2

Show that the given matrices are multiplicative inverses of each other.
A 1 5 B -9 -5
-2 -9 2 1

Multiply AB and BA. If both products equal the identity, then the two matrices are inverses of each other.

Solution

sl 5H—9 —5]
-2 -9 2 1
[ 1(-9+5@2)  1(-5)+5(1)
- L1-2(-9)-9(2) —2(—5)—9(1)]
10
~lo 1]
-9 -5 1 5
BA:_ 2 1]'[—2 —9]
_[91)=5(=2) —9(5)—5(—9)]
L 2(1)+1(=2) 2(-5)+1(-9)
J1 0
|0 1]

A and B are inverses of each other.

Exercise 2.4.1

Show that the following two matrices are inverses of each other.

o EE L

T I | B o v < B P

4
o B R e e D R

Answer

Finding the Multiplicative Inverse by Augmenting with the Identity

One way to find the multiplicative inverse is by augmenting with the identity. When matrix A is transformed into I, the augmented
matrix I transforms into A~1.

For example, given
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=15 4]

2 11 0
5 3|0 1

Perform row operations with the goal of turning A into the identity.

augment A with the identity

1.  Switch row 1 and row 2.

2. Multiply row 2 by -2 and add to row 1.

1 1/-2 1
2 1| 1
3. Multiply row 1 by -2 and add to row 2.
1 1(-2 1
0 —-1| 5 -2
4.  Addrow 2 to row 1.
1 0 ' 3 -1
10 —1|5 —2]
5. Multiply row 2 by —1.
(1 0] 3 -1
10 1|5 2
The matrix we have found is A~1.
Al 3 -1
| —5 2

Finding the Multiplicative Inverse of 2 x 2 Matrices Using a Formula

When we need to find the multiplicative inverse of a 2 X 2 matrix, we can use a special formula instead of using matrix
multiplication or augmenting with the identity.

Formula for the Inverse of a 2 by 2 Matrix

If Aisa?2 x 2 matrix, such as

S
|

ab]
c d

the multiplicative inverse of A is given by the formula

1 d b
Al =
ad —bc [—c a]

where ad — bc # 0. If ad —bc =0, then A has no inverse.
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Use the formula to find the multiplicative inverse of

A:[z 1}
5 3
Solution
Using the formula, we have
A1 1 [ 3 —1]
2)B3)-6G)1) L5 2
e
1[-5 2

-

Notice this matches the inverse we found above by augmenting with the identity matrix.

Exercise 2.4.2

Use the formula to find the inverse of matrix

]

Verify your answer by augmenting with the identity matrix.

Answer
3 1
At _[ ; f] (2.4.1)
5 5
Example 2.4.4
Find the inverse, if it exists, of the given matrix:
A 3 6
1 2

Solution

We will use the method of augmenting with the identity.

6|1
11 2|0 1]
Switch row 1 and row 2.
(1 210 1]
13 6[1 0]

Multiply row 1 by —3 and add it to row 2.

[1 210 0]
0 01 -3

There is nothing further we can do. The zeros in row 2 indicate that this matrix has no inverse.

Finding the Multiplicative Inverse of 3 X 3 Matrices
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Unfortunately, we do not have a formula similar to the one for a 2 x 2 matrix to find the inverse of a 3 x 3 matrix. Instead, we will
augment the original matrix with the identity matrix and use row operations to obtain the inverse.

Given a 3 x 3 matrix

2 31
A=13 3 1
2 41
augment A with the identity matrix
2 3 1|1 00
AlI=13 3 10 1 0
2 4 0 0 1

To begin, we write the augmented matrix with the identity on the right and A on the left. Performing elementary row operations so
that the identity matrix appears on the left, we will obtain the inverse matrix on the right. We will find the inverse of this matrix in
the next example.

Given a 3 by 3 matrix, find the inverse.

1. Write the original matrix augmented with the identity matrix on the right.
2. Use elementary row operations so that the identity appears on the left.

3. What is obtained on the right is the inverse of the original matrix.

4. Use matrix multiplication to show that AA™* =T and A A =1.

Example 2.4.5

Given the 3 x 3 matrix 4, find the inverse.

S
I
N W N
B~ W W
e

Solution

Augment A with the identity matrix, and then begin row operations until the identity matrix replaces A. The matrix on the
right will be the inverse of A.

Interchange R» and R

N W N
=W W
=R
o O =
o = O
= o O
NN W
=~ W W
= o=
o = O
o O =
= o O
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(1 0 0]—-1 1 0]
—Ro+Ri=R; — |2 3 1 1 0 O
|2 4 1| 0 0 1|
(1 0 0[—-1 1 0]
—Ry+R3=R3s — |2 3 1 1 0 0
|0 1 0|—-1 0 1]
[1 0 0|-1 1 0]
R3< Ry, — |0 1 0|-1 0 1
|2 3 1] 1 0 0]
[1 0 0]-1 10
—2Ri+R3=R3 — |0 1 0]|-1 0 1]
|0 3 1] 3 -2 0
(1 0 0|]-1 1 0
—3R;+R3=R3; — |0 1 0]|-1 0 1
|0 0 1| 6 —2 -3
Thus,
(-1 1
A'=B=|-1 0 1
| 6 —2 -3
To prove that B= A", multiply the two matrices together to see if the product equals the identity, if AA™' =1 and
ATA=T.
(2 3 1][-1 1 o0
AA' =13 3 1||-1 0 1
12 4 1 6 -2 -3
[ 2(—1)+3(-1)+1(6) 2(1)+3(0)+1(-2) 2(0)+3(1)+1(-3)
=1 3(-1)+3(-1)+1(6) 3(1)+3(0)+1(-2) 3(0)+3(1)+1(-3)
| 2(—1)+4(-1)+1(6) 2(1)+4(0)+1(-2) 2(0)+4(1)+1(-3)
[1 0 0
=10 1 0]
|0 0 1
-1 1 0 2 31
A'A=]-1 0 1] 3 3 1
| 6 —2 -3 2 4 1
[ —1(2)+1(3)+0(2) —1(3)+1(3)+0(4) —1(1)+1(1)+0(1)
= —1(2)+0(3)+1(2) —1(3)+0(3)+1(4) —1(1)+0(1)+1(1)
| 6(2)+—-2(3)+-3(2) 6(3)+—-2(3)+-3(4) 6(1)+—-2(1)+-3(1)
1 0 0
=10 1 0
|0 0 1

Exercise 2.4.3

Find the inverse of the 3 x 3 matrix.

2 —-17 11
A=|-1 11 -7
0 3 -2
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Answer

Solving a System of Linear Equations Using the Inverse of a Matrix

Solving a system of linear equations using the inverse of a matrix requires the definition of two new matrices: X is the matrix
representing the variables of the system, and B is the matrix representing the constants. Using matrix multiplication, we may define
a system of equations with the same number of equations as variables as

AX=B

To solve a system of linear equations using an inverse matrix, let A be the coefficient matrix, let X be the variable matrix, and let
B be the constant matrix. Thus, we want to solve a system AX = B. For example, look at the following system of equations.

sz +bhy=c
a2 +byy =co

From this system, the coefficient matrix is

A=l

ay by

The variable matrix is

2]
X [
Y
And the constant matrix is
o
B=|"
c2

Then AX = B looks like

NN
az by] ly C2
Solving this system of equations written in matrix form is similar to solving a linear equation, except there is no matrix “division”

so instead we need to use the inverse. The goal is the same—to isolate the variable. We will investigate this idea in detail, but it is
helpful to begin with a 2 x 2 system and then move on to a 3 X 3 system.

Solving a System of Equations Using the Inverse of a Matrix

Given a system of equations, write the coefficient matrix A, the variable matrix X, and the constant matrix B. Then
AX=B

Multiply both sides by the inverse of A to obtain the solution.

(AYHYAX =(A1)B
(A7) A]Xx=(A")B
IX=(A1")B
X=(A")B

Important: If the coefficient matrix does not have an inverse, the system could be inconsistent and have no solution, or be
dependent and have infinitely many solutions.
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Exampie 2.6

Solve the given system of equations using the inverse of a matrix.

3z+8y=>5
dx+11y =7

Solution

Write the system in terms of a coefficient matrix, a variable matrix, and a constant matrix.

S I MR

Then

Using the formula to calculate A~!, we have:

1 11 -8
:3(11)—8(4)[—4 3]
1[11 -8
T[—4 3]
o] g

Now we are ready to solve. Multiply both sides of the equation by A~*.

(A7) ax = (47)B

R - L

[1 0] (2] _ '11(5)+(—8)7]

0 1]lyl L —4(5)+3(7)
L=

The solution is (—1, 1).

Note that you cannot solve for X by finding the product BA™'. Recall that matrix multiplication is not commutative, so
A~' B +# B. Consider our steps for solving the matrix equation.

(A1) AX=(A")B
[(a7) 4] x=(a")B
IX=(AY)B
X=(A")B

Notice in the first step we multiplied both sides of the equation by A~!, but the A~ was to the left of A on the left side and to the
left of B on the right side. Because matrix multiplication is not commutative, order matters.

Example 2.4.7

Solve the following system using the inverse of a matrix.
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5z + 15y +56z=35
—4r —11y—41z=—26
—z—3y—11z=-7
Solution
Write the equation AX = B.
5 15 56 T 35
-4 —-11 —-41 yl=1-26
-1 -3 -11 z -7
First, we will find the inverse of A by augmenting with the identity.
5 15 56 |1 0 O
-4 —-11 —-4110 1 O
-1 -3 110 0 1
Multiply row 1 by %
56 | 1
1 3 — |z U @
-4 —-11 —41|0 1 0
-1 -3 -11]|0 1
Multiply row 1 by 4 and add to row 2.
56 | 1
1 3 =13 00
19 |4
0 1 T = 0
-1 -3 —-11|0 0
Add row 1 to row 3.
56 | 1
13 |3 00
19 | 4
01 +=|5 10
1|1
00 5|5 01
Multiply row 2 by -3 and add to row 1.
r 1 11 T
10 —x|-—5 30
19 4
1 1
[0 0 5 5 0 1]
Multiply row 3 by 5.
r 1 11 7
10 —x|-—%5 30
19 4
5 5
L0 0 1 1 0 5]
Multiply row 3 by % and add to row 1.
10 0]—2 -3 1
19 | 4
Uil = = 1 0
00 1] 1 0
Multiply row 3 by — 15—9 and add to row 2.
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10 0l-2 -3 1
01 0/-3 1 -19
00 1] 1 o0 5
So,
-2 -3 1
At=1-3 1 -19
1 0 5

Multiply both sides of the equation by A~!. We want A AX = B:

-2 -3 1 5 15 56 T
-3 1 -19 -4 -11 41 y|=1]-3 1 -19 —26
z

1 0 5 -1 -3 -11 1 0 5 -7
Thus,
—70+78 -7 1
A7'B=| -105-26+133 | = | 2
35+0—35 0
The solution is (1, 2, 0).
Exercise 2.4.4
Solve the system using the inverse of the coefficient matrix.
2z —17y+11z =0
—x+1ly—7z =8
3y—2z=-2
Answer
4
X=|[38], so z=4,y=38,2=58
58

Systems of equations in many variables can get very complex, but solving using matrices can easily be handled by calculators or
computers.

Given a system of equations, solve with matrix inverses using a caluclator

1. Save the coefficient matrix and the constant matrix as matrix variables [A] and [B] .

2. Enter the multiplication into the calculator, calling up each matrix variable as needed.

3. If the coefficient matrix is invertible, the calculator will present the solution matrix; if the coefficient matrix is not
invertible, the calculator will present an error message.

Important Topics of this Section

Finding the inverse of a matrix:
Using the formula for 2 by 2 matrices

By augmenting with the identity and row reducing

Using the inverse to solve a system of equations

2.4: Solving Systems with Inverses is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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CHAPTER OVERVIEW

3: Linear Programming

Chapter one was a window that gave us a peek into the entire course. Our goal was to understand the basic structure of functions
and function notation, the toolkit functions, domain and range, how to recognize and understand composition and transformations
of functions and how to understand and utilize inverse functions. With these basic components in hand we will further research the
specific details and intricacies of each type of function in our toolkit and use them to model the world around us.

Definition: mathematical modeling

As we approach day to day life we often need to quantify the things around us, giving structure and numeric value to various
situations. This ability to add structure enables us to make choices based on patterns we see that are weighted and systematic.
With this structure in place we can model and even predict behavior to make decisions. Adding a numerical structure to a real
world situation is called Mathematical Modeling.

When modeling real world scenarios, there are some common growth patterns that are regularly observed. We will devote this
chapter and the rest of the book to the study of the functions used to model these growth patterns.

3.1: Inequalities in One Variable

3.2: Linear Inequalities

3.3: Graphical Solutions

3.4: Simplex Method

3.5: Applications of Linear Programming

Thumbnail: (CC BY; Openstax)

This page titled 3: Linear Programming is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman &
Melonie Rasmussen (The OpenTextBookStore) .
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3.1: Inequalities in One Variable

When learning about domain and range, you learned about inequalities and using set-builder and interval notation to represent
them. In this section, we will explore how to solve linear and absolute value inequalities in one variable. The process is very
similar to solve equations, but instead of the solution being a single value, the solution will be an inequality.

Notice that if an inequality is true, like 2 < 5, then these operations result in a true statement as well, just like with equations:
Adding a number to both sides:

2+4<5+4 6<9 True

Subtracting a number on both sides:

2-3<5-3 -1<2 True

Multiplying a positive number on both sides:

2(3) <5(3) 6<15 True

Dividing by a positive number on both sides:

2/2 <572 1<25 True

We can use these operations just like when solving equations.

Example 3.1.1

Solve
3x+7>1
Solution
3x+7>1
Subtract 7 from both sides
3z > —6
Divide both sides by 3
T > -2
This inequality represents the solution set. It tells us that all numbers greater than or equal to -2 will satisfy the original
inequality. We could also write this solution in interval notation, as [—2, 00).

To understand what is happening, we could also consider the problem graphically. If we were to graph
the equation y = 3x + 7, then solving 3z +7 > 1 would correspond with asking “for what values of
z is y > 1”. Notice that the part of the graph where this is true corresponds to where z > —2.

While most operations in solving inequalities are the same as in solving equations, we run into a problem
when multiplying or dividing both sides by a negative number. Notice, for example:

2(-3) < 5(-3) 6<-15 Not True

To account for this, when multiplying or dividing by a negative number, we must reverse the sign of the
inequality.

https://math.libretexts.org/@go/page/67111
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Rules for Solving Linear Inequalities

1. You may add or subtract a positive or negative number to both sides of the inequality.
2. You can multiply or divide both sides of the inequality by a positive number.
3. You can multiply or divide both sides of the inequality by a negative number, but you must reverse the direction of the

inequality.
Example 3.1.2
Solve
12 -4z <6
Solution
12—-4x <6
Subtract 12 from both sides
—4xr < —6

Divide both sides by -4, and reverse the inequality direction

Simplify

x> =

Exercise 3.1.1

Solve:

6+2x <18 +5z

Answer

Example 3.1.3

A company spends $1200 per day on overhead and labor, and each item they produce costs $5 for materials. If they sell the
items for $15 each, how many items will they need to sell each day for their profits to be positive?

Solution

While we could solve this problem using equations, it also lends itself to inequalities, since we want the profit to be positive:

P>0.

Costs: C(g) =1200+5¢

Revenue:  R(q) =10q

Profit: P(q) =10g— (1200 +59) = 5¢g—1200

Solving P(q) > 0:

https://math.libretexts.org/@go/page/67111
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5¢-1200 >0
5¢ > 1200
q > 240

The company will need to less at least 240 items a day to make a profit.

Compound Inequalities

Compound inequalities are inequalities that consist of more than one part. The most common type is called a tripartite inequality.
The basic version looks like this:

-1<3z+5<14

When we write these, it is important that both inequalities point in the same direction and that the “outside” inequality is also true —
in this case —1 < 14 is true, so this is valid. Expressions like 10 <z <2 and 1 < z > 5 are not valid notation.

The most universal way to solve a tripartite inequality is to:

1. Break it into two separate inequalities
2. Solve each inequality separately
3. Combine the solutions if possible.

Example 3.1.4

Solve
-1<-3z+5<14

Solution

First we separate this into two inequalities:
—-1<—-3z+5 and —-3z+5<14
Now we solve each:
—6<—-3z and -—-3z<9
2>z and x>-3
Now we can combine these solution sets. The numbers where both 2 > z and z > —3 are true is the set:
2>z >-3

While this solution is valid and correct, it is more common to write the solution to tripartite inequalities with the smaller
number on the left. We could rewrite the solution as:

—3I<r<?2

This also has the advantage of corresponding better with the answer in interval notation: (—3, 2)

With this particular inequality, it would also be possible to skip the step of breaking it apart, and instead just subtract 5 from all
three “parts” of the inequality. This works for simple problems like this, but may fail if the inequality has variables in more than
one “part” of the inequality.

Solve:

4<2x+6<16

Answer

https://math.libretexts.org/@go/page/67111



https://libretexts.org/
https://math.libretexts.org/@go/page/67111?pdf

LibreTexts"

In interval notation, this is [—1, 5).

—1<z<5b

Absolute Value

So far in this section we have been looking at inequalities that are linear. We will now turn to absolute value inequalities. The
absolute value function is a piecewise-defined function made up of two linear functions.

Absolute Value of a Function

The absolute value function can be defined as

fe=lel={ % ¢ %)

—z if z<0

The graph of the absolute value looks like a V:

— b e e

Tl

The absolute value function is commonly used to determine the distance between two numbers on the number line. Given two
values a and b, then |a — b| will give the distance, a positive quantity, between these values, regardless of which value is larger.

Example 3.1.5

Describe all values, x, within a distance of 4 from the number 5.
Solution

We want the distance between z and 5 to be less than or equal to 4. The distance can be represented using the absolute value,
giving the expression

|z —5] <4

Example 3.1.6

A 2010 poll reported 78% of Americans believe that people who are gay should be able to serve in the US military, with a
reported margin of error of 3%/[1]. The margin of error tells us how far off the actual value could be from the survey value[2].
Express the set of possible values using absolute values.

[1] http://www.pollingreport.com/civil.htm, retrieved August 4, 2010

[2] Technically, margin of error usually means that the surveyors are 95% confident that actual value falls within this range.
Solution

Since we want the size of the difference between the actual percentage, p, and the reported percentage to be less than 3%,

lp—78/ <3
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https://libretexts.org/
https://math.libretexts.org/@go/page/67111?pdf
mailto:/Sandboxes/aroberts@highline.edu
mailto:/Sandboxes/aroberts@highline.edu
mailto:/Sandboxes/aroberts@highline.edu
http://www.pollingreport.com/civil.htm
mailto:/Sandboxes/aroberts@highline.edu

LibreTexts"

Students who score within 20 points of 80 will pass the test. Write this as a distance from 80 using the absolute value
notation.

Answer

Using the variable p, for passing,

Ip—80| <20

Solving Absolute Value Equations

To solve an equation like 8 = |2z — 6|, we can notice that the absolute value will be equal to eight if the quantity inside the
absolute value were 8 or -8. This leads to two different equations we can solve independently:

2 —6 =8
2z =14
=7

or

2 —6 =8
2¢ = -2
r=-1

Solutions to Absolute Value Equations

An equation of the form | A| = B, with B > 0, will have solutions when

A=B or A=-B

Example 3.1.7

Solve: 0 = [4z +1| -7
Solution
0=|4z+1|-7
Isolate the absolute value on one side of the equation
7 =4z +1|
Now we can break this into two separate equations:
7T =4z +1
6 =4z
,_6_3
42
or
-7 =4z +1
—8 =4z
—8
= —2
T
There are two solutions: & = % and x = —2.
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Solvel =4 |z —2|+2
Solution
Isolating the absolute value on one side the equation,

1 =4|z—2+2

-1 =4z —2|
1
_Z :|1:—2|

At this point, we notice that this equation has no solutions — the absolute value always returns a positive value, so it is
impossible for the absolute value to equal a negative value.

Exercise 3.1.4

Find the horizontal & vertical intercepts for the function f(z) = — |z +2|+3
Answer

Horizontal: (1,0) and (-5, 0)

Vertical: (0, 1)

Solving Absolute Value Inequalities

When absolute value inequalities are written to describe a set of values, like the inequality |z — 5| <4 we wrote earlier, it is
sometimes desirable to express this set of values without the absolute value, either using inequalities, or using interval notation.

We will explore two approaches to solving absolute value inequalities:

1. Using a graph
2. Using test values

Example 3.1.9

Solve
|z —5] <4
Solution

With both approaches, we will need to know first where the corresponding equality is true. In this case we first will find where
|z —5| =4. We do this because the absolute value is a nice friendly function with no breaks, so the only way the function
values can switch from being less than 4 to being greater than 4 is by passing through where the values equal 4. Solve

|z —5| =4,
r—5 =4
9
or
r—5b=-—4
r=1

To use a graph, we can sketch the function f(z) = |z —5|. To help us see where the outputs are 4, the line g(z) =4 could
also be sketched.

https://math.libretexts.org/@go/page/67111
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On the graph, we can see that indeed the output values of the absolute value are equal to 4 at z =1 and z = 9. Based on the
shape of the graph, we can determine the absolute value is less than or equal to 4 between these two points, when 1 <z <9.
In interval notation, this would be the interval [1, 9].

As an alternative to graphing, after determining that the absolute value is equal to 4 at z =1 and z =9, we know the graph
can only change from being less than 4 to greater than 4 at these values. This divides the number line up into three intervals:
z<l,1<z<9,andx >9. To determine when the function is less than 4, we could pick a value in each interval and see if
the output is less than or greater than 4.

Interval  Testz f(z) <4or >47
z <1 0 |0—-5|=5  greater
l<z<9 6 |6 —5|=1 less

z>9 11 |11-5| =6 greater

Since 1 <z <9 is the only interval in which the output at the test value is less than 4, we can conclude the solution to
|z —5|<4is1<z<9.

Example 3.1.10

Given the function f(z) = —% |4z — 5| + 3, determine for what z values the function values are negative.
Solution

We are trying to determine where f () < 0, which is when — 3|42 — 5 4+3 < 0. We begin by isolating the absolute value:

1
——|dz —5| < -3
2

When we multiply both sides by -2, it reverses the inequality,

|4z —5| > 6
Next we solve for the equality |4z — 5| =6
4x—5 =6
4z =11
11
z=—
4
or
4z —5 =—6
4 = —
-1
B ==
4
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We can now either pick test values or sketch a graph of the function to determine on which intervals the original function value
are negative. Notice that it is not even really important exactly what the graph looks like, as long as we know that it crosses
the horizontal axis at z = % and x = % , and that the graph has been flipped.

From the graph of the function, we can see the function values are negative to the left of the first horizontal intercept at
B = _Tl, and negative to the right of the second intercept at z = 14—1. This gives us the solution to the inequality:

— 11
r<— or xT>—
4 4

In interval notation, this would be (—oo, ;) U (ﬂ, oo)

Exercise 3.1.6

Solve —2 |k —4| < —6
Answer

k <1 or k> 7; in interval notation this would be (—o0, 1) U (7, 00)

There is a third approach to solving absolute value inequalities that is formulaic. While it works, and you are welcome to use it, it
is much more likely that you will remember the other approaches.

Solutions to Absolute Value Inequalities

To solve |A| < B, solve: —B< A< B
To solve |A| > B, solve: A> B or A< —B

Example 3.1.11

Solve 3|z +4|-2>7
Solution

We need to start by isolating the absolute value:

3lz+4|-2>7
Add 2 to both sides
3|lz+4]>9
Divide both sides by 3
|z +4| >3

Now we can break this apart and solve each piece separately:
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r+4 >3
z>-—1
or
z+4 <-3
r < -7

In interval notation, this would be (—oo, —7] U [—1, 00).

The properties of the absolute value function
Solving absolute value equations
Finding intercepts

Solving absolute value inequalities

3.1: Inequalities in One Variable is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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3.2: Linear Inequalities

In the systems of equations chapter, we looked at a company that produces a basic and premium version of its product, and we
determined how many of each item they should produce to fully utilize all staffed hours. In some cases, though, it might not make
the most sense for the company to utilize all the staffed hours; if the premium product has high demand and a high price, it might
make more sense for the company to make as many of those, even if some staff hours go unused. In this case, the company might
be most interested in what combinations of basic and premium product production are possible. For that, we need linear
inequalities

A linear equation in two variables is an equation like f(x) =2z + 1, which is sometimes written without function notation as
y =2z +1. Recall that the graph of this equation is a line, formed by all the points (z,y) that satisfy the equation. A linear
inequality in two variables is similar, but involves an inequality. Some examples:

2
y<2z+1 y>4zr—-1 y§§m+4 y>5b—2zx

Linear inequalities can also be written with both variables on the same side of the equation, like 22 — 3y < 4

The solution set to a linear inequality will be all the points (z, y) that satisfy the inequality. Notice that the line y =2z + 1 divides
the coordinate plane into two halves:

on one half y <2z + 1, and on the other y > 22 + 1. The solution set to a linear inequality will be a half plane, and to show the
solution set we shade the part of the coordinate plane where the points lie in the solution set.

To graph the solution to a linear inequality

1. If necessary, rewrite the linear inequality into a form convenient for graphing, like slope-intercept form
2. Graph the corresponding linear equation.
a. For a strict inequality (< or > ), draw a dashed line to show that the points on the line are not part of the solution
b. For an inequality that includes the equal sign (< or >), draw a solid line to show that the points on the line are part of the
solution.
3. Choose a test point, not on the line.
a. Substitute the test point into the inequality
b. If the inequality is true at the test point, shade the half plane on the side including the test point
c. If the inequality is not true at the test point, shade the half plane on the side that doesn't include the test point

Example 3.2.1

Graph the solutionto y < 2z +1
Solution

Since this is a strict inequality, we will graph y = 22 +1 as a dashed line.

Now we choose a test point not on the line. Usually picking a point where one coordinate is zero will make things easier. Let's
use (3,0).

Substituting (3,0) into the inequality, we get

0<2(3)+1
0<7

This is a true statement, so we will shade the side of plane that includes (3, 0).
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Example 3.2.2

Graph the solution to x > 2y +4

Solution

This is not written in a form we are used to use for graphing, so we might solve it for y first.
x>2y+4

Subtract 2v from both sides
x—2y>4

Subtract  from both sides
—2y>4-z

Divide by —2, reversing the order of the inequality
y< -2+ %:1:
Since this inequality includes the equals sign, we will graph y = —2 + %:L‘ as a solid line

Now we choose a test point not on the line. (0,0) is a convenient choice. Substituting (0,0) into the inequality, we get
1
0 <-2+2(0)
0< -2

This is a false statement, so we shade the half of the plane that does not include (0, 0).

Exercise 3.2.1

Graph the solution to

1
>——z+1
V=773
Answer
Maximize P = 14z + 9y subject to the constraints:
z+y <9
3z+y <15
z>0,y>0
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A store sells peanuts for $4/ pound and cashews for $8/ pound, and plans to sell a ney mixed-nut blend in a jar. What
combinations of peanuts and cashews are possible, if they want the mix to cost $6 or less?

Solution

We start by defining our variables:
p: The number of pounds of peanuts in 1 pound of mix

c¢: The number of pounds of cashews in 1 pound of mix
The cost of one pound of mix will be 4p + 8¢, so all the mixes costing $6 or less will satisfy the inequality 4p + 8c < 6

We can graph the equation 4p + 8c = 6 fairly easily by finding the intercepts:

Whenp =0
4(0)+8c =6
8c =6
,_6_3
8 4

So the point (0, %) on the line.

Whenc=0,4p=6,s0p = % = % , giving the point (%,0).

Notice the test point (0, 0) will satisfy the inequality, so we will shade the side of the line including the origin. Because of the
context, only values in the first quadrant are reasonable. The graph shows all the possible combinations the store could use,
including 1 pound of peanuts with 1/4 pound of cashews, or 1/2 a pound of each.

Systems of Linear Inequalities

In the systems of equations chapter, we looked for solutions to a system of linear equations - a point that would satisfy all the
equations in the system. Likewise, we can consider a system of linear inequalities. The solution to a system of linear inequalities is
the set of points that satisfy all the inequalities in the system.

With a single linear inequality, we can show the solution set graphically. Likewise, with a system of linear inequalities we show the
solution set graphically. We find it by looking for where the regions indicated by the individual linear inequalities overlap.

Example 3.2.4

Graph the solution to the system of linear inequalities

y<z+2
y>l-=z

Solution

If we graph the solution set to each inequality individually, we get the two solutions sets shown here.
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Graphing these solution sets on the same axes reveals the solution to the system of inequalities as the region where the two
overlap.

T
\.l‘ .

The solution set, drawn alone.

Exercise 3.2.2

Graph the solution to the system of linear inequalities
y <3—-2z
1
> — 1
y > 5 T+

Answer

The following question is similar to a problem we solved using systems in the systems chapter.

Example 3.2.5

A company produces a basic and premium version of its product. The basic version requires 20 minutes of assembly and 15
minutes of painting. The premium version requires 30 minutes of assembly and 30 minutes of painting. If the company has
staffing for 3,900 minutes of assembly and 3,300 minutes of painting each week. How many items can then produce within the
limits of their staffing?

Solution

Notice this problem is different than the question we asked in the first section, since we are no longer concerned about fully
utilizing staffing, we are only interested in what is possible. As before, we'll define

b: The number of basic products made, p: The number of premium products made.

Just as we created equations in the first section, we can now create inequalities, since we know the hours used in production
needs to be less than or equal to the hours available. This leads to two inequalities:
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206 -+ 30p < 3900
15b -+ 30p < 3300

Graphing these inequalities gives us the solution set.

Since it isn't reasonable to consider negative numbers of items, we can further restrict the solutions to the first quadrant. This
could also be represented by adding the inequalities

b>0, p>0.

In the solution set we can see the solution to the system of equations we solved in the previous section: 120 basic products and
50 premium products. The solution set shows that if the company is willing to not fully utilize the staffing, there are many
other possible combinations of products they could produce.

The techniques we used above are key to a branch of mathematics called linear programming, which is used extensively in
business. We will explore linear programming further in the next section.

Important Topics of this Section

Graphing linear inequalities
Dashed line for strict inequalities, solid for < or >

Graphing systems of linear inequalities

3.2: Linear Inequalities is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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3.3: Graphical Solutions

Wouldn’t it be nice if we could simply produce and sell infinitely many units of a product and thus make a never-ending amount of
money? In business (and in day-to-day living) we know that some things are just unreasonable or impossible. Instead, our hope is
to maximize or minimize some quantity, given a set of constraints.

In order to have a linear programming problem, we must have:

o Constraints, represented as inequalities
¢ An objective function, that is, a function whose value we either want to be as large as possible (want to maximize it) or as
small as possible (want to minimize it).

Consider this extension of the example from the end of the last section.

Example 3.3.1

A company produces a basic and premium version of its product. The basic version requires 20 minutes of assembly and 15
minutes of painting. The premium version requires 30 minutes of assembly and 30 minutes of painting. If the company has
staffing for 3,900 minutes of assembly and 3,300 minutes of painting each week. They sell the basic products for a profit of
$30 and the premium products for a profit of $40. How many of each version should be produced to maximize profit?

Solution

Let b— the number of basic products made, and p = the number of premium products made. Our objective function is what
we’re trying to maximize or minimize. In this case, we’re trying to maximize profit. The total profit, P, is

P =30b+40p

In the last section, the example developed our constraints. Together, these define our linear programming problem:

Objective function:
P =30b+40p
Constraints:

205+ 30p < 3900
15b+30p < 3300

b>0, p>0

In this section, we will approach this type of problem graphically. We start by graphing the constraints to determine the
feasible region — the set of possible solutions. Just showing the solution set where the four inequalities overlap, we see a clear
region.
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To consider how the objective function connects, suppose we considered all the possible production combinations that gave a
profit of P = $3000, so that 3000 = 30b + 40p. That set of combinations would form a line in the graph. Doing the same for
a profit of $5000 and $6500 would give additional lines. Graphing those on top of our feasible region, we see a pattern:
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Notice that all the constant-profit lines are parallel, and that in general the profit increases as we move up to upper right.
Notice also that for a profit of $5000 there are some production levels inside the feasible region for that profit level, but some
are outside. That means we could feasibly make $5000 profit by producing, for example, 167 basic items and no premium
items, but we can’t make $5000 by producing 125 premium items and no basic items because that falls outside our constraints.

The solution to our linear programming problem will be the largest possible profit that is still feasible. Graphically, that means
the line furthest to the upper-right that still touches the feasible region on at least point. That solution is the one below:
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This profit line touches the feasible region where b = 195 and p = 0, giving a profit of
P =30(195)+40(0) = $5850.

Notice that this is slightly larger than the profit that would be made by completely utilizing all staffing at b =120, p = 50,
where the profit would be $5600.

The objective function along with the four corner points above forms a bounded linear programming problem. That is, imagine
you are looking at three fence posts connected by fencing (black point and lines, respectively). If you were to put your dog in the
middle, you could be sure it would not escape (assuming the fence is tall enough). If this is the case, then you have a bounded
linear programming problem. If the dog could walk infinitely in any one direction, then the problem is unbounded.

In the past example, you can see that the line of maximum profit will always touch the boundary of the feasible region. That
observation inspires the fundamental theorem of linear programming.

Fundamental Theorem of Linear Programming

o If a solution exists to a bounded linear programming problem, then it occurs at one of the corner points.
o If a feasible region is unbounded, then a maximum value for the objective function does not exist.
o If a feasible region is unbounded, and the objective function has only positive coefficients, then a minimum value exists.

In the last example we solve the problem somewhat intuitively by “sliding” the profit line up. Typically we use a more procedural
approach.

https://math.libretexts.org/@go/page/67113


https://libretexts.org/
https://math.libretexts.org/@go/page/67113?pdf

LibreTexts"

Solving a Linear Programming Problem Graphically

1. Define the variables to be optimized. The question asked is a good indicator as to what these will be.

2. Write the objective function, first in words, then convert to a mathematical equation

3. Write the constraints, first in words, then convert to mathematical inequalities

4. Graph the constraints inequalities, and shade the feasible region

5. Identify the corner points by solving systems of linear equations whose intersection represents a corner point.

6. Test all corner points in the objective function. The “winning” point is the point that optimizes the objective function
(biggest if maximizing, smallest if minimizing)

Exercise 3.3.1

Maximize P = 14 + 9y subject to the constraints:

z+y <9
3z+y <15
z>0,y>0

Answer

Graphing the feasible region, we see there are three corner points of potential interest: (0, 9), (5, 0), and the intersection of
the two lines at (3, 6). We then evaluate the objective function at each corner point.

R

P is maximized when z =3,y =6.

Point P =14z +9y
(0,9) 81
(5,0) 70
(3, 6) 96

Example 3.3.2

A health-food business would like to create a high-potassium blend of dried fruit in the form of a box of 10 fruit bars. It
decides to use dried apricots, which have 407 mg of potassium per serving, and dried dates, which have 271 mg of potassium
per serving. The company can purchase its fruit through in bulk for a reasonable price. Dried apricots cost $9.99/Ib. (about 3
servings) and dried dates cost $7.99/lb. (about 4 servings). The company would like the box of bars to have at least the
recommended daily potassium intake of about 4700 mg, and contain at least 1 serving of each fruit. In order to minimize cost,
how many servings of each dried fruit should go into the box of bars?

Solution
We begin by defining the variables. Let

x = number of servings of dried apricots

y = number of servings of dried dates
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We next work on the objective function.

For apricots, there are 3 servings in one pound. This means that the cost per serving is $9.99/3 = $3.33. The cost for  servings
would thus be 3.33z.

For dates, there are 4 servings per pound. This means that the cost per serving is $7.99/4 = $2.00.The cost for y servings
would thus be 2.00y.

The total cost, C, for apricots and dates would be
C =3.332+2.00y

Normally we would have constraints > 0 and y > 0 since negative servings can't be used. But in this case, we re further
restricted. In words:

o There must be at least 1 serving of each fruit
e The product must contain at least 4700mg of potassium

Mathematically,

o Since there must be at least 1 serving of each fruit, z > 1 and v > 1
e There are 4072 mg of potassium in z servings of apricots and 271y mg of potassium in y servings of dates. The sum
should be greater than or equal to 4700mg of potassium, or 407z + 271y > 4700

Thus we have.
Objective function:

C =3.33z+2.00y
Constraints:

407z + 271y > 4700
z>1, y=>1

We graph the constraints and shade the feasible region:

Ve o ®

+ t t t N y t t T Ed
2 4 6 8 10 12 14 16 18 20
The region is unbounded, but we will be able to find a minimum still. We can see there are two corner points.

The one in the upper left is the intersection of the lines 407z 4271y =4700and z = 1. Solving for the intersection using
substitution:

407(1) 4271y =4700
y~15.8

Point: (1,15.8)
The one in the lower right is the intersection of the lines 407z + 271y =4700and y = 1.

407z +271(1) =4700
z ~10.9

Point: (10.9,1)
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Testing the objective function at each of these corner points:

Cost, C' = 3.33x + 2.00y

Point
(10.9, 1) C = 3.33(10.9) +2.00(1) = $38.30
(1, 15.8) C =3.33(1) + 2.00(15.8) = $34.96

The company can minimize cost by using 1 serving of apricots and 15.8 servings of dates.

Exercise 3.3.2

A company makes two products. Product A requires 3 hours of manufacturing and 1 hour of assembly. Product B requires 4
hours of manufacturing and 2 hours of assembly. There are a total of 84 hours of manufacturing and 32 hours of assembly
available. Determine the production to maximize profit if the profit on product A is $50 and the profit on product B is $60.
Answer

Let a be the number of product A produced, and b be the number of product B.

Our goal is to maximize profit: P = 50a + 60b.

5y

3

IREEEIETEEE LT N
From manufacturing we get the constraint:
3a+4b < 84
From assembly we get the constraint:
la+2b<32

We have corner points at (0, 16), (28, 0). The third is at the intersection of the two lines. To find that we could multiply the
second equation by -2 and add:

3a+4b =84
—2a—4b =-64
a =20

The third corner point is at (20, 6).

Evaluating the objective function at each of these points:

Point P

(0, 16) P = 50(0) + 60(16) = 960
(28, 0) P = 50(28) +60(0) = 1400
(20, 6) P = 50(20) + 60(6) = 1360
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Profit will be maximized by producing 28 units of product A and 0 units of product B.

Example 3.3.3

A factory manufactures chairs and tables, each requiring the use of three operations: Cutting, Assembly, and Finishing. The
first operation can be used at most 40 hours; the second at most 42 hours; and the third at most 25 hours. A chair requires 1
hour of cutting, 2 hours of assembly, and 1 hour of finishing; a table needs 2 hours of cutting, 1 hour of assembly, and 1 hour of
finishing. If the profit is $20 per unit for a chair and $30 for a table, how many units of each should be manufactured to
maximize profit?

Solution

We begin by defining the variables. Let
¢ = number of chairs made

t = number of tables made

The profit, P, will be P = 20c + 30¢.

For cutting, ¢ chairs will require 1c¢ hours and ¢ tables will require 2¢ hours. We can use at most 40 hours, so

c+2t <40

For assembly, ¢ chairs will require 2¢ hours and t tables will require 1¢ hours. We can use at most 42 hours, so

2c+t <42

For finishing, c chairs will require 1¢ hours and ¢ tables will require 1¢ hours. We can use at most 25 hours, so

c+t <25

Since we can’t produce negative items,c >0, ¢>0.

Graphing the constraints, we can see the feasible region.

t
2Um
18
16
14

]
2 4 6 8 10 12 14 16 18 20 22 24

There are five corner points for this region.

Point 1:

In the lower left, where £ = 0 crosses ¢ =0. Point: (0, 0)
Point 2:

In the upper left, where ¢ = 0 crosses ¢ +2t =40.

Using substitution, 0 + 2t =40, so t = 20.
Point: (0, 20)
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Point 3:

In the lower right, where t = 0 crosses 2c +t =42.
Using substitution, 2c¢ +0 = 42, so ¢ = 21.

Point: (21, 0)

Point 4:

Where ¢+ 2t =40 crosses c+t =25.

We can solve this as a system using any techniques we know. We could solve the second equation for ¢, giving ¢ =25 —¢,
then substitute into the first equation:

(25 —t)+2t =40
25+t =40
t=15

Then ¢ =25-15 =10.

Point: (10,15)

Point 5:

Where 2¢ +t =42 crosses c+t =25.

We can solve this as a system using any techniques we know. Using a different technique this time, we could multiply the
bottom equation by -1 then add it to the first:

2c+t =42
—c—t =-25
c=17

Then using ¢+t = 25, we have 17+t =25,s0t =8.
Point: (17,8)

Testing the objective function at each of these corner points:

Profit, P = 20c+ 30¢

Point

(0,0) P =20(0) + 30(0) = $0

(0, 20) P =20(0) + 30(20) = $600
(21, 0) P =20(21) + 30(0) = $420
(10, 15) P =20(10) + 30(15) = $650
(17, 8) P =20(17) + 30(8) = $580

The profit will be maximized by producing 10 chairs and 15 tables.

Important Topics of this Section

Objective function
Constraint equations
Feasible region
Corner points

Fundamental Theorem of Linear Programming

Solving a linear programming problem using a graph
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3.4: Simplex Method

The graphical approach to linear programming problems we learned in the last section works well for problems involving only two
variables, but does not extend easily to problems involving three or more unknowns. To tackle those more complex problems, we
have two options:

1. Use by-hand solution methods that have been developed to solve these types of problems in a compact, procedural way.
2. Use technology that has automated those by-hand methods.

In this section we will explore the traditional by-hand method for solving linear programming problems.

To handle linear programming problems that contain upwards of two variables, mathematicians developed what is now known as
the simplex method. It is an efficient algorithm (set of mechanical steps) that “toggles” through corner points until it has located
the one that maximizes the objective function. In order to be able to find a solution, we need problems in the form of a standard
maximization problem.

Standard maximization problem

A standard maximization problem will include

 an objective function, and
o one or more constraints of the form, a;x1 +asxs +asxs+...a,z,

All of the amumber represent real-numbered coefficients and the Zyumber Tepresent the corresponding variables. V' is a non-
negative (0 or larger ) real number.

Having constraints that have upper limits should make sense, since when maximizing a quantity, we probably have caps on what
we can do. If we had no caps, then we could continue to increase, say profit, infinitely! This contradicts what we know about the
real world.

In order to use the simplex method, either by technology or by hand, we must set up an initial simplex tableau, which is a matrix
containing information about the linear programming problem we wish to solve.

Setting Up the Initial Simplex Tableau

First off, matrices don’t do well with inequalities. For one, a matrix does not have a simple way of keeping track of the direction of
an inequality. This alone discourages the use of inequalities in matrices. How, then, do we avoid this?

Consider the following linear programming problem

Maximize:
P=Tz+12y

Subject to:
2¢+3y <6
3z +7y <12

Because we know that the left sides of both inequalities will be quantities that are smaller than the corresponding values on the
right, we can be sure that adding "something" to the left-hand side will make them exactly equal. That is:

2¢+3y+s; =6
3z +Ty+sy =12

For instance, suppose that x =1,y =1, Then
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It is important to note that these two variables, s; and s, are not necessarily the same They simply act on the inequality by picking
up the "slack" that keeps the left side from looking like the right side. Hence, we call them slack variables. This takes care of the
inequalities for us. Since augmented matrices contain all variables on the left and constants on the right, we will rewrite the
objective function to match this format:

—T7z—-12y+P =0

This will require us to have a matrix that can handle x, y, S1, so, and P. We will put it in
this order. Finally, the simplex method requires that the objective function be listed as the bottom line in the matrix so that we have:

z y s s P

2 3 1 0 06
3 7 0 1 0]12
7 -12 0 0 1|0

We have established the initial simplex tableau. Note that he horizontal and vertical lines are used simply to separate constraint
coefficients from constants and objective function coefficients. Also notice that the slack variable columns, along with the objective
function output, form the identity matrix.

Solving the Linear Programming Problem by Using the Initial Tableau
We will present the algorithm for solving, however, note that it is not entirely intuitive.

1. Select a pivot column
We first select a pivot column, which will be the column that contains the largest negative coefficient in the row containing the
objective function. Note that the largest negative number belongs to the term that contributes most to the objective function. This is
intentional since we want to focus on values that make the output as large as possible.
Our pivot is thus the y column.

X y s 5, P

2 13|10 0]6

3171101 012

-7 [-12]0 0 1]0

2. Select a pivot row.
Do this by computing the ratio of each constraint constant to its respective coefficient in the pivot column - this is called the test
ratio. Select the row with the smallest test ratio.

We first calculate the test ratios:
x y o5 s, P
1 0 0 ‘ 6| 63=2

2 3
307101 012] 1227~ 17
7 12 0 0 1\0

Since the test ratio is smaller for row 2, we select it as the pivot row. The boxed value is now called our pivet. To justify why we
do this, observe that 2 and 1.7 are simply the vertical intercepts of the two inequalities. We select the smaller one to ensure we have
a corner point that is in our feasible region.

3. Using Gaussian elimination

We next eliminate rows 1 and 3. We want to take —3 /7 multiplied by row 2 and add it to row 1, so that we eliminate the 3 in the
second column. We also want next to eliminate the —12 in row 3. To do this, we must multiply 7 by 12/7 and add it to row 3
(recall that placing the value you wish to cancel out in the denominator of a multiple and the value you wish to achieve in the
numerator of the multiple, you obtain the new value).

We can see that we have effectively zeroed out the second column non-pivot values. We get the following matrix
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710 1 —.43 0| .86
3 70 1 0] 12
~1.86 0 0 1.71 1|20.57

What have we done? For one, we have maxed out the contribution of the 2 — 2 entry y— value coefficient to the objective function.
Have we optimized the function? Not quite, as we still see that there is a negative value in the first column. This tells us that = can
still contribute to the objective function. To eliminate this, we first find the pivot row by obtaining test ratios:

0 1 —43 0] 86 | 8671 ~ 1.2
370 1 0| 12 | 123=4
186 0 0 171 1]2057

We proceed to eliminate all non-pivot values by multiplying the top row by —3/0.71 and adding it to the second row, and adding
1.86/0.71times the first row to the third row.

There remain no additional negative entries in the objective function row. We thus have the following matrix:
710 1 —43 0| .86

0 7 —423 281 0]8.38
0 0 262 .59 12282

We are thus prepared to read the solutions.

4. To identify the solution set, focus we focus only on the columns with exactly one nonzero entry — these are called active
variables (columns with more than one non-zero entry are thus called inactive variables)

We notice that both the 2 and y columns are active variables. We really don't care about the slack variables, much like we ignore
inequalities when we are finding intersections. We now see that,

Tlx +s1 —.43s9 = .86
Ty—4.23s1 +2.81s9 =8.38
2.62s1 +.59s9 + P =22.82

Setting the slack variables to 0, gives:

7lz = .86 —zx~1.21
Ty =8.38 —y~1.20
P =22.82

Thus, the triplet, (z,y, z) ~ (1.21,1.20, 22.82)is the solution to the linear programming problem. That is, inputs of 1.21 and 1.20
will yield a maximum objective function value of 22.82.

The entire process of solving using simplex method is:

Simplex Method

1. Set up the problem. That is, write the objective function and the constraints.

2. Convert the inequalities into equations. This is done by adding one slack variable for each inequality.

3. Construct the initial simplex tableau. Write the objective function as the bottom row.

4. The most negative entry in the bottom row identifies a column.

5. Calculate the quotients. The smallest quotient identifies a row. The element in the intersection of the column identified in
step 4 and the row identified in this step is identified as the pivot element. The quotients are computed by dividing the far
right column by the identified column in step 4. A quotient that is a zero, or a negative number, or that has a zero in the
denominator, is ignored.

6. Perform pivoting to make all other entries in this column zero. This is done the same way as we did with the Gauss-Jordan
method for matrices.

7. When there are no more negative entries in the bottom row, we are finished; otherwise, we start again from step 4.

https://math.libretexts.org/@go/page/67114


https://libretexts.org/
https://math.libretexts.org/@go/page/67114?pdf

LibreTexts"

8. Read off your answers. Get the variables using the columns with 1 and 0s. All other variables are zero. The maximum value
you are looking for appears in the bottom right hand corner.

Exercise 3.4.1

1. Use simplex method to solve:

Maximize:
P=5x+Ty+9z
Subject to:
z+4y+2z <8
3z +5y+2 <6
z2>0,y>0,z>0
Answer

We set up the initial tableau. The most negative entry in the bottom row is in the third column, so we select that column.
Calculating the quotients we have 8/2 = 4 in the first row, and 6/1 = 6 in the second row. The smaller value is in row one,
so we choose that row. Our pivot is in row 1 column 3.

wn s o
L O
|

—
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—

[=]
< |ov e

Now we perform the pivot. We might start by scaling the top row by %2 to get a 1 in the pivot position. Then we can add -1
times the top row to the second row, and 9 times the top row to the third row.

Now we are prepared to pivot again. The most negative entry in the bottom row is in column 1, so we select that column.
4

Looking at the ratios, 7= 8 and 51/2 = 0.8. Choosing the smaller, we have our pivot in row 2 column 1.

12 21 1200 ‘ 4

52/30-1210) 2

12110 920 1] 36

We can multiply the second row by % to get a 1 in the pivot position, then add —% times the second row to the first row
and % times the second row to the third row to reduce.
0 751 3/5-U50 ‘ 18/5

1 650 -1/5 250 415
0 58/50 225 151 ‘ 182/5

Only the first and third columns contain only one non-zero value and are active variables. We set the remaining variables
equal to zero and find our solution:

Important Topics of this Section
Initial tableau
Pivot row and column

Simplex method

Reading the answer from a reduced tableau
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3.5: Applications of Linear Programming

In the previous section we looked at the Simplex method, a procedure for solving linear programming problems with many
variables. While this method can be done by-hand, it can easily be automated by a computer. In the remainder of this chapter, we
will focus on setting up the objective function and constraints and interpreting the solution, and omit the details of solving.

Example 3.5.1

A catering company is to make lunch for a business meeting. It will serve ham sandwiches, light ham sandwiches, and
vegetarian sandwiches. A ham sandwich has 1 serving of vegetables, 4 slices of ham, 1 slice of cheese, and 2 slices of bread. A
light ham sandwich has 2 serving of vegetables, 2 slices of ham, 1 slice of cheese and 2 slices of bread. A vegetarian sandwich
has 3 servings of vegetables, 2 slices of cheese. and 2 slices of bread. A total of 10 bags of ham are available, each of which
has 40 slices; 18 loaves of bread are available, each with 14 slices; 200 servings of vegetables are available, and 15 bags of
cheese, each with 60 slices, are available. Given the resources, how many of each sandwich can be produced if the goal is to
maximize the number of sandwiches?

Solution

We wish to maximize the number of sandwiches, so let:
x = number of ham sandwiches

y = number of light ham sandwiches

z = number of vegetarian sandwiches

The total number of sandwiches is given by: S=x+y+z

The constraints will be given by considering the total amount of ingredients available. That is, the company has a limited
amount of ham, vegetables, cheese, and bread.

In total, the company has 10(40) = 400slices of ham, 18(14) = 252 slices of bread.
200 servings of vegetables, and 15(60) = 900 slices of cheese available. At most, the
company can use the above amounts.

There are two sandwiches that use ham-the first requires 4 slices of ham and the second requires only 2, per sandwich, and the
total number of slices of ham cannot exceed 400

4x 42y <400
Each sandwich requires 2 slices of bread so:
22 42y +22 <252

The ham sandwiches have 1 and 2 servings of vegetables, respectively, and the vegetarian sandwich has 3 servings of
vegetables. So,

lz 42y +32<200

Both ham sandwiches require one slice of cheese, and the vegetarian sandwich requires two slices of cheese, so,

lz +1y+22<900
Our final setup is:
Maximize: S =z +y+ 2
Subject to:
4z +2y <400

2z 4+2y+2z <252
2z 4+2y+2z <252

Solving this, we get

Optimal Solution:

https://math.libretexts.org/@go/page/67115


https://libretexts.org/
https://math.libretexts.org/@go/page/67115?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/03%3A_Linear_Programming/3.05%3A_Applications_of__Linear_Programming

LibreTexts"

We find that 100 ham sandwiches, 26 vegetarian sandwiches, and 0 light ham sandwiches should be made to maximize the
total number of sandwiches made.

§=126; =100, y=0, =z=26

Notice that this will effectively use up all of the bread, which is the first to go.

Example 3.5.2

A factory manufactures three products, A, B, and C. Each product requires the use of two machines, Machine I and Machine II.
The total hours available, respectively, on Machine I and Machine II per month are 180 and 300. The time requirements and
profit per unit for each product are listed below.

A B C
Machine I 1 2 2
Machine IT 2 2 4
Profit 20 30 40

How many units of each product should be manufactured to maximize profit, and what is the maximum profit?
Solution

As usual, we start by defining our variables:
A = number of units of product A manufactured

B = number of units of product B manufactured
C = number of units of product B manufactured

We are trying to maximize profit. Producing A units of item A will result in a profit of 20 A4, producing B units of item B will
profit 30 B, and C' units of item C will profit 40C, giving our objective function:

P =204+30B+40C

Next we consider the time available on each machine to establish constraints. Producing A units of item A will require 1A
hours on Machine 1, producing B units of item B will require 2B hours, and producing C units of item C will require 2C hours.
Together these need to not exceed the 180 hours available. This leads to the constraint:

1A+2B+2C <180
We can construct a similar constraint using the hours on Machine 2:
2A+2B+4C <300

Our final setup is:

Maximize P =204+ 30B +40C

Subject to:
1A+2B+2C <180
2A+42B+4C <300
A>0, B>0,C>0
Solving this:

Optimal Solution:

P =3300; A=120,B=230,C =0

We will maximize profit at $3300 by producing 120 units of item A, 30 units of item B, and no units of item C'.
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In addition to maximization problems, linear programming can also be used to solve minimization problems. When done by-hand,
these would require a modification of the Simplex method shown in the last section, but these problems can be solved by most
technologic methods.

Example 3.5.3

A company is creating a meal replacement bar. They plan to incorporate peanut butter, oats, and dried cranberries as the
primary ingredients. The nutritional content of 10 grams of each is listed below, along with the cost, in cents, of each
ingredient. Find the amount of each ingredient they should use to minimize the cost of producing a bar containing a minimum
of 15g of each ingredient, at least 10g of protein and at most 14g of fat.

Peanut Butter, 10g Oats, 10g Cranberries, 10g
Protein (grams) 2.5 1.7 0
Fat (grams) 5 0.7 0.1
Cost (cents) 6 1 2

Solution

We start by introducing variables:

p = number of 10g servings of peanut butter
a = number of 10g servings of oats

¢ = number of 10g servings of cranberries

The total cost, C, of producing the bar, in cents, will be C'=6p + 1la +2c .

Our first constraints come from the requirement for 15 g of each ingredient, which is 1.5 servings (1.5 servings at 10 g per
serving = 15 g ). Constructing those constraints p > 1.5,a > 1.5,¢ > 1.5

Next we look at the nutritional components. For protein, p servings of peanut butter will contain 2.5p grams of protein.
Likewise, a servings of oats will have 1.7a grams of protein, and ¢ servings of cranberries will have Oc grams of protein.
Together, these need to be at least 10 grams, giving the constraint 2.5p +1.7a +0c > 10

We can construct a similar constraint for fat, in this case noting we want the fat to be at most 14 g :
5p+0.7a+0.1c <14

We can now have our complete problem:
Minimize:

C=6p+la+2c

Subject to:

2.5p+1.7a+0c >10
5p+0.7a+0.1c <14
p>1.5,a>1.5c>1.5

Turning to technology, we get a solution:

Optimal Solution:
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Interpreting that result, the minimum cost of to produce the bar will be about 15.7 cents, by using 15 grams of peanut butter,
36.8 grams of oats, and 15 grams of dried cranberries.

C=15.6765; p=1.5, a=3.67647, c=1.5

Verifying our conditions, we can see that our recipe contains at least 1.5 servings of each ingredient. The protein content will
be 2.5(1.5) +1.7(3.68) +0(1.5) ~ 10 grams.
The fat content will be 5(1.5) +0.7(3.68) +0.1(1.5) ~ 10.2grams.

Exercise 3.5.1

A factory manufactures three products, A, B, and C. Each product requires a certain number of hours of manufacturing,
assembly and finishing time, shown below, along with the total time available and profit. Find production levels to maximize

profit.
A B C Total Hours
Manufacturing 4 5 2 300
Assembly 7 4 1 250
Finishing 4 5 1 200
Profit 175 130 40
Answer

Our problem setup is:
Maximize :

P=175A+130B+40C
Subject to:

4A+5B+2C <300
TA+4B+1C <250
4A+5B+1C <200

Solving this, we get the solution:
Optimal Solution:
P =17907.89; A=18.4211, B=5.26316,C =100

Rounding down, producing A =18, B=15, and C = 100 would use 297 hours of manufacturing, 246 hours of assembly,
and 197 hours of finishing and have profit of $7800. We could fiddle with a few other nearby integer solutions:

A=18,B=5,and C =101: Profit $7840
A=18,B=6,and C =98: Profit $7850
A=19,B=4,and C =101: Profit $7885

As you can see, finding optimal integer solutions is a harder problem.

In some cases we have to be clever with how we create our constraints to maintain the correct form of a linear programming
problem while still meeting the requirements of the actual application.
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A distribution company needs to ship products from its two warehouses to three retailers. Warehouse A has 1000 products in
stock, and Warehouse B has 1200 products. Retailer 1 needs 700 products, Retailer 2 needs 500 products, and Retailer 3 needs
600 products The cost to ship a product from each warehouse to each retailer is shown below. Find the number of products the
company should ship from each warehouse to each retailer to minimize shipping costs.

Retailer 1 Retailer 2 Retailer 3
Warehouse A 3 5 6
Warehouse B 4 7 5

Solution

To start this problem, we first need to define our variables. Since there are six different routes, we will need to define six
variables:

A; = the number of products shipped from Warehouse A to Retailer 1
B; = the number of products shipped from Warehouse B to Retailer 1
A, = the number of products shipped from Warehouse A to Retailer 2
We can similarly define variables By, A3 and \(B_3\).

Our objective function is the total shipping cost. Shipping A; items from Warehouse A to Retailer 1 will cost $3 per item, so a
total cost of \(3A_1,). Doing the same for the other variables gives our total cost equation:

C =3A,+4B,+5A,+7By+8A3+5B;3

We know that Warehouse A has 1000 products in stock, so the total number of items shipped out of Warehouse A needs to be
no more than 1000. Likewise Warehouse B can’t ship more than 1200 items. These give the constraints:

A+ Ay + Az <1000
B; + By + B3 <1200

Retailer 1 needs 700 products. While is technically a strict equality, we can set it up as an inequality, indicating the total
number of product arriving at retailer 1 needs to be at least 700 products. Since we’re minimizing cost, there’s no way we’d
end up shipping more than 700 items to the retailer. Setting up this constraint, and similar ones for the other three retailers:

A;+B; >700
As + By > 500
Az + B3 > 600
Our final problem setup is:
Minimize:
C =3A,+4B,+5A,+7By +8A3+58B;3
Subject to:

Ay + Ay + A3 <1000

B1+ B+ Bs <1200

A+ By >700

Ay + By > 500

A3 + Bs > 600
A;>0,B;>0,45,>0,B,>0,43>0,B3 >0

Solving this, we get the solution,
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Optimal Solution:

C =7800; A; =500, B; = 200, Ay = 500, B =0, A3 = 0, B3 = 600

Important Topics of this Section

Setting up the objective and constraint equations for an application

Interpreting the solution to a linear programming question

3.5: Applications of Linear Programming is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.1: Quadratic Functions

In this section, we will explore the quadratic functions, a type of polynomial function. Quadratics commonly arise from problems
involving areas, as well as revenue and profit, providing some interesting applications.

Example 4.1.1:

A backyard farmer wants to enclose a rectangular space for a new garden within her fenced backyard. She has purchased 80
feet of wire fencing to enclose three sides, and she will use a section of the backyard fence as the fourth side. Find a formula
for the area enclosed by the fence if the sides of fencing perpendicular to the existing fence have length L.

Solution

Let’s use a diagram such as Figure 4.1.10to record the given information. It is also helpful to introduce a temporary variable,
W, to represent the width of the garden and the length of the fence section parallel to the backyard fence.

Backyard

Figure 4.1.10: Diagram of the garden and the backyard.

In a scenario like this involving geometry, it is often helpful to draw a picture. It might also be helpful to introduce a
temporary variable, W, to represent the side of fencing parallel to the 4" side or backyard fence.

Since We know we have only 80 feet of fence available, and L +W + L = 80 , or more simply, 2L + W = 80. This allows us
to represent the width, W, in terms of L.

W =80—2L (4.1.1)

Now we are ready to write an equation for the area the fence encloses. We know the area of a rectangle is length multiplied by
width, so
A =LW =L(80—-2L) (4.1.2)
A(L) =80L —2L*

This formula represents the area of the fence in terms of the variable length L.

Short run Behavior: Vertex

We now explore the interesting features of the graphs of quadratics. In addition to intercepts, quadratics have an interesting feature
where they change direction, called the vertex.

The standard form for a quadratic is f(z)=ax?+bx+c, but you will often see them written in the form
f(z) =a(x —h)? +k . To see why, consider this example.

Example 4.1.2

Sketch a graph of g(z) = %(z +2)2-3

Solution

We can create a table of values, which we can use to plot several points and connect them with a smooth curve.
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Notice that the turning point of the graph, where it changes from
decreasing to increasing, is at the point (—2,—3). We call this point the vertex of the quadratic. Notice that

g(z) = %(ac +2)2—-3 can also be written as g(z)= %(ac —(-2))*-3. Comparing that to the form
f(z) =a(xz —h)? +k , you can see that the vertex of the graph, (—2, —3), corresponds with the point A, k.

Definitions: Forms of Quadratic Functions

« The standard form of a quadratic function is f(z) = az® + bz +c .
o The vertex form of a quadratic function is f(z) = a(z —h)* +k .
o The vertex of the quadratic function is located at (h, k), where h and k are the numbers in the vertex form of the function.

When a > 0, the graph of the quadratic will open upwards.
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A coordinate grid has been superimposed over the quadratic path of a basketball. Find an equation for the path of the ball. Does
the shooter make the basket?

Figure 4.1.8: Stop motioned picture of a boy throwing a basketball into a hoop to show the parabolic curve it makes.
(credit: modification of work by Dan Meyer)
Answer

The path passes through the origin and has vertex at (—4,7), so h(z) =— 1—76(.7: +4)2 +7 . To make the shot, h(—7.5)
would need to be about 4 but h(—7.5)~1.64 he doesn’t make it.

Example 4.1.3

Write g(z) = 4 (¢ +2)? — 3 in standard form.
Solution

To write this in standard polynomial form, we could expand the formula and simplify terms:

oe) =5 (@+2) -3

olo) =3 (@ +2)(@+2)~3
g(z) :%(w2+4w+4)—3
9(z) =%w2+2:1:—|—2—3
9(x) =%m2~|—2x—1

In the previous example, we saw that it is possible to rewrite a quadratic function given in vertex form and rewrite it in standard
form by expanding the formula. It would be useful to reverse this process, since the transformation form reveals the vertex.

Expanding out the general transformation form of a quadratic gives:
f(z) =a(z—h)?+k=a(x—h)(x—h)+k
f(z) Za(x2—2wh—|—h2)+k:ax2—2ahw—|—ah2—|—k

This should be equal to the standard form of the quadratic:

az® —2ahz +ah®> +k=azx’® +bz +c
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The second degree terms are already equal. For the linear terms to be equal, the coefficients must be equal:

—2ah=b, so h= —i
2a

This provides us a method to determine the horizontal shift of the quadratic from the standard form. We could likewise set the
constant terms equal to find:

ah®+k=c
k =c—ah?
b\ 2
k=c—a|l——
c a( Za)
2
k—c—ab—
4a?
2
kzc—b—
4a

In practice, though, it is usually easier to remember that & is the output value of the function when the input is k, so k = f(h).

Finding the Vertex of a Quadratic

For a quadratic given in standard form, the vertex (h, k) is located at:

b —b
h=—5- k:f(h):f(%)

Example 4.1.4

Find the vertex of the quadratic f(z) = 22> — 6z + 7 . Rewrite the quadratic into vertex form.

Solution

The horizontal coordinate of the vertex will be at h = —2—I; =— % = % =

e

The vertical coordinate of the vertex will be at f (%) =2 (%)2 —6 (%) +7= %

Rewriting into vertex form, the value of a will remain the same as in the original quadratic.

Exercise 4.1.2

Given the equation g(z) = 13 + z2 — 6z , write the equation in standard form and then vertex form.

Answer

g(z) =x* —6z+13 in standard form; g(z) = (z —3)*+4 in vertex form.

In addition to enabling us to more easily graph a quadratic written in standard form, finding the vertex serves another important
purpose — it allows us to determine the maximum or minimum value of the function, depending on which way the graph opens.

Example 4.1.5: Finding the Domain and Range of a Quadratic Function

Returning to our backyard farmer from the beginning of the section, what dimensions should she make her garden to maximize
the enclosed area?

Solution
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Earlier we determined the area she could enclose with 80 feet of fencing on three sides was given by the equation
A(L) =80L —2L*. Notice that quadratic has been vertically reflected, since the coefficient on the squared term is negative,
so the graph will open downwards, and the vertex will be a maximum value for the area.

In finding the vertex, we take care since the equation is not written in standard polynomial form with decreasing powers. But
we know that a is the coefficient on the squared term, so a = —2,b =80, and ¢ = 0.

Finding the vertex:

80
=——— =20,k = A(20) = 80(20) —2(20)* = 80.0
2(-2)
The maximum value of the function is an area of 800 square feet, which occurs when L = 20 feet. When the shorter sides are
20 feet, that leaves 40 feet of fencing for the longer side. To maximize the area, she should enclose the garden so the two

shorter sides have length 20 feet, and the longer side parallel to the existing fence has length 40 feet.

Example 4.1.6

A local newspaper currently has 84,000 subscribers at a quarterly charge of $30. Market research has suggested that if the
owners raise the price to $32, they would lose 5,000 subscribers. Assuming that subscriptions are linearly related to the price,
what price should the newspaper charge for a quarterly subscription to maximize their revenue?

Solution

Revenue is the amount of money a company brings in. In this case, the revenue can be found by multiplying the charge per
subscription times the number of subscribers. We can introduce variables, C' for charge per subscription and S for the number
subscribers, giving us the equation:

Revenue = CS

Because the number of subscribers changes with the price, we need to find a relationship between the variables. We know that
currently S = 84,000 and C = 30, and that if the price rises to $32, the newspaper would lose 5,000 subscribers, giving a
second pair of values, C' =32 and S =79, 000. From this we can find a linear equation relating the two quantities. Treating C'
as the input and S as the output, the equation will have the form

S=mC+b
The slope will be
_ 79,000 —84,000
N 32-30
B 5,000
- 2
=—2,500
This tells us the paper will lose 2,500 subscribers for each dollar they raise the price. We can then solve for the vertical
intercept.
S =—-2500C +b Plug in the point § = 84,000 and C' = 30
84,000 = —2500(30) +b Solve for b
b =159,000

This gives us the linear equation S = —2,500C + 159,000 relating cost and subscribers. We now return to our revenue
equation.

Revenue =CS
Revenue = C(—2,500C +159,000)
Revenue = —2,500C2 +159,000C

We now have a quadratic function for revenue as a function of the subscription charge. To find the price that will maximize
revenue for the newspaper, we can find the vertex.
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159, 000
2(—2,500)
=318

h=—

The model tells us that the maximum revenue will occur if the newspaper charges $31.80 for a subscription. To find what the
maximum revenue is, we evaluate the revenue function.

maximum revenue = —2,500(31.8)% +159,000(31.8)
=2,528,100

Notice that the equation § = —2,500C + 159, 000 we found in the last example is essentially a demand function — a relationship
between the price (C) and the demand (S). This is a common type of economic application.

Maximizing Revenue or Profit

To solve a problem involving maximizing revenue or profit given data on demand at different price levels,

1. Use the data provided to create a demand equation relating price and quantity demanded. This will usually be a linear
function.

2. Create a Revenue equation. Start with Revenue = price times quantity, then substitute the demand equation to create a
revenue equation just in terms of quantity.

3. If the problem is to maximize profit, create a Profit equation. Profit = revenue minus cost.

4. Find the vertex of the Revenue or Profit function to find the quantity that maximizes revenue or profit.

5. If needed, use that quantity with the demand function to find the price that maximizes revenue or profit.

Example 4.1.7

A company is planning to sell a new smart fitness device. Developing the product will cost $700,000, and each product will
cost $30 to manufacture. Market research suggests that if they sell the device for $100, they will be able to sell 30,000 items.
For each $10 they lower the price, they estimate they will sell 5,000 more items. Assuming quantity demanded is linearly
related to price, determine the price that will maximize profit

Solution

Let p be the price per item, and g be the quantity the company can sell. We start by creating a linear demand function, of the
formp =mq+b.

If they sell the device for $100, they will be able to sell 30,000 items, giving the point (30000, 100).

We are told that for each $10 they lower the price, they estimate they will sell 5,000 more items. We can either directly
interpret this as a slope, or use it to create a second point. Lowering the price to $90 would raise the quantity sold to 35,000,
giving a second point (35000, 90).

Finding the slope:

. 90-100 10 1
" 35000 —30000 5000 500

The demand equation will look like p = —0.002¢ +b. Substituting in (30000, 10) to solve for b:

100 = —0.002(30000) +b
100 = —60+b
b =160

=—0.002

We now have our demand function: p = —0.002¢ + 160.

Now we construct our revenue function, using our demand curve

R =pq Substituting in the demand function forp
R = (—0.002¢+160) ¢ = —0.002¢> 4+ 160q
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C =1700,000+ 30q
Finally we can construct the profit equation:

Profit = Revenue — Cost

P =-0.002¢% +130q — 700,000
Now to find the maximum we find the vertex of the quadratic:

130

h=————
2(—0.002)

=32,500

p=—0.002(32500) +160 = 95

total profit of:

Short run Behavior: Intercepts

Now looking at costs, we know the fixed costs are $700,000, and the per-item costs are $30, leading to the cost equation

P =(—0.002¢> +160g) — (700, 000 + 30q)
P =—0.002¢° +160q — 700,000 — 30q

To find the price that will produce a demand of 32,500 items, we use the demand function:

To maximize profit, the company should price the device at $95. At that price they should expect to sell 35,000 items, with a

P =—0.002(32500)2 + 130(32500) — 700, 000 = $1, 412, 500

As with any function, we can find the vertical intercepts of a quadratic by evaluating the function at an input of zero, and we can
find the horizontal intercepts by solving for when the output will be zero. Notice that depending upon the location of the graph, we

might have zero, one, or two horizontal intercepts.

Y Y
44 4\*
T 3
2+ S
1+ 1+
: ——f——+—> 1 r A i a7
-1 1 2 3 4 -1 1IN 2 4
=Tt -1
94 -2+ 94
zero horizontal intercepts one horizontal intercept two horizontal intercepts

Example 4.1.8: Finding the x-Intercepts of a Parabola

Find the vertical and horizontal intercepts of the quadratic f(z) = 3z + 5z —2 .
Solution
We can find the vertical intercept by evaluating the function at an input of zero:

f(0)=3(0)2+5(0)—2=—-2 Vertical intercept at (0, —2)

For the horizontal intercepts, we solve for when the output will be zero
0=3z2+5x—2
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In this case, the quadratic can be factored easily, providing the simplest method for solution

0 =Bz —1)(z+2)

0=3x—-1
1
T3
or
0=z+2
r=-2

Horizontal intercepts at (4, 0) and (-2,0)

Notice that in the standard form of a quadratic, the constant term c reveals the vertical intercept of the graph.

For quadratics that can’t be factored, we need another technique. Based on our previous work we showed that any quadratic in
standard form can be written into vertex form as:

b\’ b
0=a (z + 2—) +c— 10 start to solve for by moving the constants to the other side
a a
b? b\’
— —c=alxz+— divide both sides by a
4a 2a
b? c 2
———=|z+— find a common denominator to combine fractions
4a?2 a a
b’ dac b\° . . . .
— ——=|z+— combine the fractions on the left side of the equation
402  4a? 2a
b2 —4 b\?°
2 —fac z+— take the square root of both sides
4q? 2a
b2 —4 b
2t — subtract b/2a from both sides
4a? 2a
b b2 —4
_ 2y mrae T combining the fractions
2a 2a
—b+vb -4
T = # Notice that this can yield two different answers for x
a

Quadratic Formula

For a quadratic function given in standard form f(z) = az? +bz +c , the quadratic formula gives the horizontal intercepts
of the graph of this function.

o —b+Vb% —4ac
- 2a

Example 4.1.9

A ball is thrown upward from the top of a 40 foot high building at a speed of 80 feet per second. The ball’s height above
ground can be modeled by the equation H(t) = —16t2 + 80t +40 .

When does the ball reach the maximum height?
What is the maximum height of the ball?
When does the ball hit the ground?

The ball reaches the maximum height at the vertex of the parabola.
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h=— 4.14
2(—16) ( )
80
= — 4.1.5
= (4.1.5)
5
_2 4.1
2 (4.1.6
=25 (4.1.7)
The ball reaches a maximum height after 2.5 seconds.
To find the maximum height, find the y-coordinate of the vertex of the parabola.
b
k=H(——) (4.1.8)
2a
= H(2.5) (4.1.9)
=—16(2.5)* +80(2.5) +40 (4.1.10)
=140 (4.1.11)

The ball reaches a maximum height of 140 feet.
To find when the ball hits the ground, we need to determine when the height is zero, H(t) =0.

We use the quadratic formula.

—80 4 /807 —4(~16)(40)

t= 4.1.12
2(—16) ( )
-804+
i1 0=545 U] (4.1.13)
—-32
Because the square root does not simplify nicely, we can use a calculator to approximate the values of the solutions.
t= _80_—;8960 ~5.458 or t = _S(H—??gs%o ~ —0.458 (4.1.14)

The second answer is outside the reasonable domain of our model, so we conclude the ball will hit the ground after about 5.458
seconds.

Example 4.1.10

The supply for a certain product can be modeled by p = 3¢> and the demand can be modeled by p = 1620 — 2¢?, where p is
the price in dollars, and q is the quantity in thousands of items. Find the equilibrium price and quantity.

Solution

Recall that the equilibrium price and quantity is found by finding where the supply and demand curve intersect. We can find
that by setting the equations equal:

3¢®> =1620 — 24> Add 24? to both sides
5¢° = 1620 Divide by 5 on both sides
¢’ =324 Take the square root of both sides
qg==++324
=418

Since it doesn’t make sense to talk about negative quantities, the equilibrium quantity is ¢ = 18. To find the equilibrium price,
we evaluate either function at the equilibrium quantity.

p=3(18)> =972

The equilibrium is 18 thousand items, at a price of $972.
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For these two equations determine if the vertex will be a maximum value or a minimum value.
a. g(x)=-8z+z2+7
b. g(z)=—-3(3 —x)% +2
Answer
a. Vertex is a minimum value

b. Vertex is a maximum value

Important Topics of this Section

Quadratic functions

Standard form

Transformation form/Vertex form

Vertex as a maximum / Vertex as a minimum
Short run behavior

Vertex / Horizontal & Vertical intercepts

Quadratic formula
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4.2: Polynomial Functions
In the previous section we explored the short run behavior of quadratics, a special case of polynomials. In this section we will
explore the behavior of polynomials in general. The basic building blocks of polynomials are power functions.

Definition: Power Function

A power function is a function that can be represented in the form
f(x) =a? (4.2.1)

where the base is the variable and the exponent, p, is a numbers.

Q&A: Is f(z) = 2" a power function?

No. A power function contains a variable base raised to a fixed power (Equation 4.2.1). This function has a constant base
raised to a variable power. This is called an exponential function, not a power function. This function will be discussed later.

Characteristics of Power Functions

Figure 4.2.2 shows the graphs of f(z) =z?2, g(z) =z* and and h(z) = 2%, which are all power functions with even, whole-
number powers. Notice that these graphs have similar shapes, very much like that of the quadratic function in the toolkit. However,
as the power increases, the graphs flatten somewhat near the origin and become steeper away from the origin.

f(x) = x5
g0 = x¢
h(x) =|x2

-3

Figure 4.2.2: Even-power functions

To describe the behavior as numbers become larger and larger, we use the idea of infinity. We use the symbol oo for positive
infinity and —oo for negative infinity. When we say that “x approaches infinity,” which can be symbolically written as z— o0, we
are describing a behavior; we are saying that  is increasing without bound.

With the even-power function, as the input increases or decreases without bound, the output values become very large, positive
numbers. Equivalently, we could describe this behavior by saying that as & approaches positive or negative infinity, the f(z) values
increase without bound. In symbolic form, we could write

as z—+o0, f(z)—o0

Figure 4.2.3 shows the graphs of f(z) =z*, g(z) = z®, and h(z) = 2, which are all power functions with odd, whole-number
powers. Notice that these graphs look similar to the cubic function in the toolkit. Again, as the power increases, the graphs flatten
near the origin and become steeper away from the origin.
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-4l
¥
Figure 4.2.3: Odd-power function

These examples illustrate that functions of the form f(z) = z" reveal symmetry of one kind or another. First, in Figure 4.2.2 we
see that even functions of the form f(x) = 2", n even, are symmetric about the y-axis. In Figure 4.2.3 we see that odd functions
of the form f(z) = z™, n odd, are symmetric about the origin.

For these odd power functions, as & approaches negative infinity, f(x) decreases without bound. As x approaches positive infinity,
f(z) increases without bound. In symbolic form we write

asz— — 00, f(z)— —o00

as z—o00, f(z)—o0

Long Run Behavior

The behavior of the graph of a function as the input values get very small (z— — co) and get very large z— o0 is referred to as
the long run behavior of the function. We can use words or symbols to describe end behavior.

Polynomials

Definition: Word

A polynomial is function that can be written as f(z) = ag + a1z + as z2 4+ Fayz”

Each of the g; constants are called coefficients and can be positive, negative, or zero, and be whole numbers, decimals, or
fractions.

A term of the polynomial is any one piece of the sum, that is any a;z’. Each individual term is a transformed power function.
The degree of the polynomial is the highest power of the variable that occurs in the polynomial.

The leading term is the term containing the highest power of the variable: the term with the highest degree.

The leading coefficient is the coefficient of the leading term.

Because of the definition of the “leading” term we often rearrange polynomials so that the powers are descending.
f(z)=apz™+..... +ayz® + a1z +ag

Example 4.2.1

Which of the following are polynomial functions?
o f(z)=223-3z+4

o g(z)=—z(a® —4)

o h(z)=5z+2

Solution

For the function f(z), the degree is 3, the highest power on z. The leading term is the term containing that power, —4x3. The
leading coefficient is the coefficient of that term, -4.
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l For g(t), the degree is 5, the leading term is 5¢°, and the leading coefficient is 5.

Example 4.2.1: Identifying the Degree and Leading Coefficient of a Polynomial Function

Identify the degree, leading term, and leading coefficient of the following polynomial functions.
f(z) =3+222 —4a3
g(t) =585 — 2> + Tt
h(p) =6p—p® 2
Solution

For the function f(z), the highest power of z is 3, so the degree is 3. The leading term is the term containing that degree,
—4z3. The leading coefficient is the coefficient of that term, —4.

For the function g(t), the highest power of ¢ is 5, so the degree is 5. The leading term is the term containing that degree, 5t°.
The leading coefficient is the coefficient of that term, 5.

For the function h(p), the highest power of p is 3, so the degree is 3. The leading term is the term containing that degree, —p?;
the leading coefficient is the coefficient of that term, —1.

Long Run Behavior of Polynomials

For any polynomial, the long run behavior of the polynomial will match the long run behavior of the leading term.

Example 4.2.2: |dentifying End Behavior and Degree of a Polynomial Function

What can we determine about the long run behavior and degree of the equation for the polynomial graphed in Figure 4.2.8.

:
Figure 4.2.8.

Solution

Since the output grows large and positive as the inputs grow large and positive, we describe the long run behavior symbolically

by writing:

as z—o00, f(z)—oo

asz— — oo, f(z)— — o0

In words, we could say that as x values approach infinity, the function values approach infinity, and as « values approach
negative infinity, the function values approach negative infinity.
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We can tell this graph has the shape of an odd degree power function that has not been reflected, so the degree of the
polynomial creating this graph must be odd and the leading coefficient must be positive.

Short Run Behavior: Intercepts

Characteristics of the graph such as vertical and horizontal intercepts and the places the graph changes direction are part of the
short run behavior of the polynomial.

Like with all functions, the vertical intercept is where the graph crosses the vertical axis, and occurs when the input value is zero.
Since a polynomial is a function, there can only be one vertical intercept, which occurs at the point 0, ag. The horizontal intercepts
occur at the input values that correspond with an output value of zero. It is possible to have more than one horizontal intercept.

Horizontal intercepts are also called zeros, or roots of the function.

To find horizontal intercepts, we need to solve for when the output will be zero. For general polynomials, this can be a challenging
prospect. While quadratics can be solved using the relatively simple quadratic formula, the corresponding formulas for cubic and
4™ degree polynomials are not simple enough to remember, and formulas do not exist for general higher-degree polynomials.
Consequently, we will limit ourselves to three cases:

1. The polynomial can be factored using known methods: greatest common factor and trinomial factoring.
2. The polynomial is given in factored form.
3. Technology is used to determine the intercepts.

Example 4.2.3

Find the horizontal intercepts of f(z) = z® — 3z* 4222 .
Solution

We can attempt to factor this polynomial to find solutions for f(z) =0.

20 -3z +22% =0 Factoring out the greatest common factor
z? (m4 —3z%+ 2) =0 Factoring the inside as a quadratic in z*
z? (2 -1) (a: —-2) =0 Then break apart to find solutions
=0 (-1)=0 (z* —2)
z=0 =1 22 =2

T =442 T =442

This gives us 5 horizontal intercepts.

Example 4.2.4

Find the vertical and horizontal intercepts of g(t) = (t —2)%(2t +3) .

Solution

The vertical intercept can be found by evaluating g(0).

9(0) = (0-2)*(2(0) +3) =12

The horizontal intercepts can be found by solving g(¢) =0.
(t—2)%(2t+3)=0

Since this is already factored, we can break it apart:

(t—2)2 =0 (2¢+3) =
t—2=0 t:73
t=2
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Find the horizontal intercepts of h(t) =3 + 42+t —6
Solution

Since this polynomial is not in factored form, has no common factors, and does not appear to be
factorable using techniques we know, we can turn to technology to find the intercepts.

Graphing this function, it appears there are horizontal intercepts at t = —3, —2, and 1.

We could check these are correct by plugging in these values for t and verifying that
h(=3)=h(-2)=h(1)=0.

Notice that the polynomial in the previous example was degree three, and had three horizontal intercepts and two turning points —
places where the graph changes direction. We will now make a general statement without justifying it.

Definition: Intercepts and Turning Points of Polynomials

A polynomial of degree n will have:
At most n horizontal intercepts. An odd degree polynomial will always have at least one,

Atmost n — 1 turning points.

Exercise 4.2.1

Find the vertical and horizontal intercepts of the function f(t) =t* —4¢2 .

Answer

Vertical intercept (0, 0), Horizontal intercepts (0, 0), (-2, 0), (2, 0)

Graphical Behavior at Intercepts
If we graph the function f(z) = (z +3)(z —2)2(z +1)3, notice that the behavior at each of the horizontal intercepts is different.

y
A

'

Figure 4.2.7: Identifying the behavior of the graph at an horizontal intercept by examining the multiplicity of the zero.

The horizontal intercept £ = —3, coming from the (x +3) factor of the polynomial, the graph passes directly through the
horizontal intercept. The factor is linear (has a power of 1), so the behavior near the intercept is like that of a line - it passes
directly through the intercept. We call this a single zero, since the zero corresponds to a single factor of the function.

At the horizontal intercept z = 2 coming from the (z — 2)? factor of the polynomial, the graph touches the axis at the intercept and
changes direction. The factor is quadratic (degree 2), so the behavior near the intercept is like that of a quadratic — it bounces off of
the horizontal axis at the intercept. Since

(z-2)" = (z —2)(z —2),
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The factor is repeated twice, that is, the factor (z —2) appears twice, so we call this a double zero. We could also say the zero has
multiplicity 2.

The horizontal intercept £ = —1 coming from the (z+1)% factor of the polynomial, the graph passes through the axis at the
intercept, but flattens out a bit first. This factor is cubic (degree 3), so the behavior near the intercept is like that of a cubic, with
the same “S” type shape near the intercept that the toolkit z3 has. We call this a triple zero. We could also say the zero has
multiplicity 3.

By utilizing these behaviors, we can sketch a reasonable graph of a factored polynomial function without needing technology.

Graphical Behavior of Polynomials at Horizontal Intercepts

If a polynomial contains a factor of the form (z — k)P, the behavior near the horizontal intercept h is determined by the power
on the factor.

Single zero Zero with multiplicity 2 Zero with multiplicity 3 Figure

4.2.8: Three graphs showing three different polynomial functions with multiplicity 1, 2, and 3.

For higher even powers 4, 6, 8 etc.... the graph will still bounce off of the horizontal axis but the graph will appear flatter with
each increasing even power as it approaches and leaves the axis.

For higher odd powers, 5, 7, 9 etc... the graph will still pass through the horizontal axis but the graph will appear flatter with
each increasing odd power as it approaches and leaves the axis.

Example 4.2.8: Sketching the Graph of a Polynomial Function

Sketch a graph of f(z) = —2(z +3)%(z —5).
Solution

This graph has two x-intercepts. At £ = —3, the factor is squared, indicating a multiplicity of 2. The graph will bounce at this
x-intercept. At = 5,the function has a multiplicity of one, indicating the graph will cross through the axis at this intercept.

The y-intercept is found by evaluating f(0).
£(0) =-2(0+3)*(0 - 5)
=-2.9.(-5)
=90

The y-intercept is (0, 90).

Additionally, we can see the leading term, if this polynomial were multiplied out, would be —2z3, so the end behavior is that
of a vertically reflected cubic, with the outputs decreasing as the inputs approach infinity, and the outputs increasing as the
inputs approach negative infinity. See Figure 4.2.13
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Figure 4.2.13: Showing the distribution for the leading term.

To sketch this, we consider that:

e Asz— — oo the function f(z)—00,50 we know the graph starts in the second quadrant and is decreasing toward the x-
axis.

e Since f(—x) = —2(—x +3)%(—2—5) is not equal to f(z), the graph does not display symmetry.
At (=3, 0), the graph bounces off of thex-axis, so the function must start increasing.
At (0, 90), the graph crosses the y-axis at the y-intercept. See Figure 4.2.14

y

\ * (0, 90)

-X

\

Figure 4.2.14: Graph of the end behavior and intercepts, (—3,0) and (0, 90), for the function f(x) = —2(z +3)(z —5).

Somewhere after this point, the graph must turn back down or start decreasing toward the horizontal axis because the graph
passes through the next intercept at (5, 0). See Figure 4.2.15

y

\ * (0, 90)

(-3.0) (5. 0)

\

Figure 4.2.15: Graph of the end behavior and intercepts, (—3,0), (0,90) and (5,0), for the function
f(z) = —2(z +3)*(z - 5).

As z—o0 the function f(z)— — oo,

so we know the graph continues to decrease, and we can stop drawing the graph in the fourth quadrant.
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Using technology, we can create the graph for the polynomial function, shown in Figure 4.2.16 and verify that the resulting
graph looks like our sketch in Figure 4.2.15

y
180+

150+
120+

t t e t t + t t t =X
5 -4 -3 2 -1 0 1 2 3 2 6
-30¢
-60+

Figure 4.2.16: The complete graph of the polynomial function f(z) = —2(z +3)?(z —5) .

Solving Polynomial Inequalities

One application of our ability to find intercepts and sketch a graph of polynomials is the ability to solve polynomial inequalities. It
is a very common question to ask when a function will be positive and negative. We can solve polynomial inequalities by either
utilizing the graph, or by using test values.

Example 4.2.7

Solve (z +3)(z +1)%(z —4) >0 .
Solution

As with all inequalities, we start by solving the equality (z +3)(z +1)?(z —4) =0 , which has solutions at x = —3, —1, and
4. We know the function can only change from positive to negative at these values, so these divide the inputs into 4 intervals.

We could choose a test value in each interval and evaluate the function f(z) = (z +3)(z +1)%(z —4) at each test value to
determine if the function is positive or negative in that interval

Interval Test x in interval f(test value) >0 or <0?
< -3 -4 72 >0
—3<z< -1 -2 -6 <0
—-l<z<4 0 -12 <0
>4 5 288 >0

On a number line this would look like:

ositive 0 pegative O neoative 0 ositive
P > | < g > |« g >« P

<

i 1 1 1 L i L i i
T T T T T T T T T

6 -5 4 3 2 1 0 1 2 3 4 5 6

-,

From our test values, we can determine this function is positive when z < —3 or z >4, or in interval notation,
(=00, —3)U (4, 00).
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We could have also determined on which intervals the function was positive by sketching a graph of the function. We illustrate that
technique in the next example

Example 4.2.8

Find the domain of the function v(¢) = vV'6 — 5t —¢2 .
Solution

A square root is only defined when the quantity we are taking the square root of, the quantity inside the square root, is zero or
greater. Thus, the domain of this function will be when 6 — 5¢ —> >0 .

Again we start by solving the equality 6 —5t —¢> =0 . While we could use the quadratic
formula, this equation factors nicely to (6 +¢)(1 —¢) =0 , giving horizontal intercepts ¢ =1 and
t = —6. Sketching a graph of this quadratic will allow us to determine when it is positive.

From the graph we can see this function is positive for inputs between the intercepts. So /'~
6 — b5t —t2 >0 for —6leqt <1, and this will be the domain of the v(t) function. /

Exercise 4.2.2

Given the function g(z) =2% —22 —6x use the methods that we have learned so far to find the vertical & horizontal
intercepts, determine where the function is negative and positive, describe the long run behavior and sketch the graph without
technology.

Answer
Vertical intercept (0, 0), Horizontal intercepts (—2, 0), (0, 0), (3, 0).
The function is negative on (—oco, —2) and (0, 3).
The function is positive on (—2,0) and (3, o).

3

The leading term is z° so as * — —o0, g(z) — —oo and as x — oo, g(x) — 0o .

Estimating Extrema

With quadratics, we were able to algebraically find the maximum or minimum value of the function by finding the vertex. For
general polynomials, finding these turning points is not possible without more advanced techniques from calculus. Even then,
finding where extrema occur can still be algebraically challenging. For now, we will estimate the locations of turning points using
technology to generate a graph.

Example 4.2.9

An open-top box is to be constructed by cutting out squares from each corner of a
14cm by 20cm sheet of plastic then folding up the sides. Find the size of squares that w
should be cut out to maximize the volume enclosed by the box.

Solution

An open-top box is to be constructed by cutting out squares from each corner of a
14cm by 20cm sheet of plastic then folding up the sides. Find the size of squares that
should be cut out to maximize the volume enclosed by the box.

We will start this problem by drawing a picture, labeling the width of the cut-out
squares with a variable, w.

Notice that after a square is cut out from each end, it leaves a (14 —2w) cm by (20 —2w) cm rectangle for the base of the
box, and the box will be w cm tall. This gives the volume:

V(w) = (14 — 2w)(20 — 2w)w = 280w — 68w + 4w’
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Using technology to sketch a graph allows us to estimate the maximum value for the volume, restricted to reasonable values
for w: values from 0 to 7.

Viw)

A
3501
300+
2501
200+
1501
1001

507,

5iééééé?\8_é/{01'1'w

From this graph, we can estimate the maximum value is around 340, and occurs when the squares are about 2.75cm square. To
improve this estimate, we could use advanced features of our technology, if available, or simply change our window to zoom in
on our graph.
340
339
338
337
6
335
334
333
332

331
2.5 2.6 2.7 2.8 2.9 3

From this zoomed-in view, we can refine our estimate for the max volume to about 339, when the squares are 2.7cm square.

Exercise 4.2.3

Use technology to find the maximum and minimum values on the interval [—1,4] of the function
fl@)=—0.2(z —2)3(z +1)2(z —4).
Answer

The minimum occurs at approximately the point (0, —6.5), and the maximum occurs at approximately the point (3.5, 7).

Important Topics of this Section

Vocabulary: Polynomials, coefficients, leading coefficient, term
Degree of a polynomial

Long Run Behavior

Short Run Behavior

Intercepts (Horizontal & Vertical)
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Methods to find Horizontal intercepts
Factoring Methods
Factored Forms
Technology
Graphical Behavior at intercepts
Single, Double and Triple zeros (or multiplicity 1, 2, and 3 behaviors)
Solving polynomial inequalities using test values & graphing techniques

Estimating extrema
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4.3: Rational Functions

We will begin this section by looking at another economic concept. In addition to total cost and marginal cost, another metric of
costs is average cost.

Definition: Average Cost

The average cost of producing g items with a total cost of C'(g) is

40(g) = <2

Example 4.3.1

Suppose that manufacturing an item has fixed costs of $4000 and per-item (marginal) costs of $20 per item. Find the average
cost per item when 250 items are produced.

Solution

The total cost function is C'(g) = 4000 + 20gq.

Then average cost is AC(q) = _4000q+20q '

When 250 items are produced, the average cost per item will be

4000 +20(250)

AC(250) = 550

=$36

The average cost per item is $36.
AC

50{}ﬁ
450

400+
350
300
2501
2001
1501
100+

50T

P
=i

100 200 300 400 500 600 700 800 900 1000

q

Notice that the average cost per item distributes the fixed costs across all the items. If we were to graph the average cost,
notice that average costs decrease as production increases, eventually levelling off towards the per-item cost of $20.

The average cost functions is one example of a rational function.

Definition: Rational Function

A rational function is a function that can be written as the ratio of two polynomials, P(z) and Q(z).

P(z) ) +aiztasz®+--- +apxP

(4.3.1)

CQ(z)  by+biz+bya+- -+ byt
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To get a feel for these functions, we will look at a graph.

Example 4.3.2

Graph f(z) = %

Solution

sense for the function.

2.9

2.99

3.1

function.

function is zero.

T
-1000
-100
-10
10
100

1000

Notice that the graph is undefined at x = 3, since that would cause us to divide by 0. We can create a table of values to get a

f(z)
75

.333

-1.333

-8

-98

-998
undefined
102

12

7

Notice that as z gets close to 3 from the left, the function values are getting larger and larger in the negative direction. When
x is close to 3 from the right, the function values are getting large and positive. We call £ = 3 a vertical asymptote of the

When z = —2, the function value is 0, giving a horizontal intercept. Notice that when x = —2 the numerator of the rational

To get a better sense of the long run behavior, we can evaluate the function at additional, larger inputs:

1.23

3.43

2.10

2.01
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Notice that as x gets large on both ends, the function approaches 2 but never actually reaches 2, it just “levels off” as the inputs
become large. This behavior creates a horizontal asymptote. In this case the graph is approaching the horizontal line
f(z) = 2as the input becomes very large in the negative and positive directions.

Sketching a graph of this function:

y

The graphs of rational functions are sometimes sketched with the horizontal and vertical asymptotes drawn as dashed lines.
It’s important to realize these are not part of the graph of the function itself.

Definition: Vertical and Horizontal Asymptotes

A vertical asymptote of a graph is a vertical line z =1 where the graph tends towards positive or negative infinity as the
inputs approach a.

A horizontal asymptote of a graph is a horizontal line y = b where the graph approaches the line as the inputs get large.

In the first example looking at average cost, the function had a vertical asymptote at ¢ =0, and a horizontal asymptote at
AC =20.

Finding Asymptotes and Intercepts

Given a rational function, as part of investigating the short run behavior we are interested in finding any vertical and horizontal
asymptotes, as well as finding any vertical or horizontal intercepts, as we have done in the past.

To find vertical asymptotes, we notice that the vertical asymptotes in our examples occur when the denominator of the function is
undefined. With one exception, a vertical asymptote will occur whenever the denominator is undefined.

Example 4.3.3

Find the vertical asymptotes of the graph of k(z) = 2

T 2-g—a?
Solution
To find the vertical asymptotes, we determine where this function will be undefined by setting the denominator equal to zero:
2—z—22 =0

2+z)(1—2) =0
z=-2,1

This indicates two vertical asymptotes, which a look at a graph confirms.

https://math.libretexts.org/@go/page/67119



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/67119?pdf

LibreTexts"

|
(s3]
|
53]
|
i
|
(€8]
|
e
|
=
(=]
[ SPRPEGS IRR SRS PR DS SRR DI N AR N R P
a8
W
.
(33]

Figure 4.3.10.

The exception to this rule can occur when both the numerator and denominator of a rational function are zero at the same input.

Example 4.3.4

Find the vertical asymptotes and removable discontinuities of the graph of k(z) = 22

r2—4 "

Solution

To find the vertical asymptotes, we determine where this function will be undefined by setting the denominator equal to zero:

z2—4=0
22 =4
z=-2,2

However, the numerator of this function is also equal to zero when x = 2. Because of this, the function will still be undefined

at 2, since % is undefined, but the graph will not have a vertical asymptote at z = 2.

Figure 4.3.12.

The graph of this function will have the vertical asymptote at £ = —2, but at z = 2 the graph will have a hole: a single point
where the graph is not defined, indicated by an open circle.
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Definition: Vertical Asymptotes and Holes of Rational Functions

The vertical asymptotes of a rational function will occur where the denominator of the function is equal to zero and the
numerator is not zero.

A hole might occur in the graph of a rational function if an input causes both numerator and denominator to be zero. In this
case, factor the numerator and denominator and simplify; if the simplified expression still has a zero in the denominator at the
original input the original function has a vertical asymptote at the input, otherwise it has a hole.

To find horizontal asymptotes, we are interested in the behavior of the function as the input grows large, so we consider long run
behavior of the numerator and denominator separately. Recall that a polynomial’s long run behavior will mirror that of the leading
term. Likewise, a rational function’s long run behavior will mirror that of the ratio of the leading terms of the numerator and
denominator functions.

There are three distinct outcomes when checking for horizontal asymptotes:

Case 1: If the degree of the denominator > degree of the numerator, there is a horizontal asymptote at y = 0.

4z +2
Example: f(z) = —————
z?+4z -5
In this case, the end behavior is f(z) ~ i—f % . This tells us that, as the inputs increase or decrease without bound, this function

will behave similarly to the function g(z) = <, and the outputs will approach zero, resulting in a horizontal asymptote at y = 0.
y
3
] L
i 4 i
i '
i 2 i
i i
i 1+
i i >
10,9 8 7 6 5 432 1% 123456 7 8t9 10
1 “1+ "
EX - 5 | EX - Horizontal
' ; asymptote
' -5l Y it
J
. . p(z)
Figure 4.3.13: Horizontal asymptote y = 0 when f(z) = ﬂ,q(x) # Owhere degree of p < degree of q.
q(x
Case 2: If the degree of the denominator < degree of the numerator by one, we get a slant asymptote.
3r2 -2z +1
Example: f(z) = —Q_1
T —

3z

xr
the function g(xz) =3z. As the inputs grow large, the outputs will grow and not level off, so this graph has no horizontal
asymptote.

In this case, the end behavior is f(z) ~ = 3z. This tells us that as the inputs grow large, this function will behave similarly to

Ultimately, if the numerator is larger than the denominator, the long run behavior of the graph will mimic the behavior of the
_ 3z°—z?
T 243

reduced long run behavior fraction. As another example if we had the function f(z) with long run behavior

flz)~ 3%5 =3z*, the long run behavior of the graph would look similar to that of an even polynomial.

https://math.libretexts.org/@go/page/67119


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/67119?pdf

LibreTexts"

=
<
~
-~
b
.

~

’,' Slant asymptote
’ y=3x+1

s

B T I T T I I

2@)

Figure 4.3.14: Slant asymptote when f(z) = qiz) q(z) # 0 where degree of p >degree of ¢ by 1.

a
Case 3: If the degree of the denominator = degree of the numerator, there is a horizontal asymptote at y = — , where a,, and b,

br
. . - _ p(z)
are respectively the leading coefficients of p(x) and g(z) for f(z) = @ q(z) #0.
q(z
3z2+2
Example: f(z) = e
z2 44z —5
3 2
In this case, the end behavior is f(z) ~ iz = 3. This tells us that as the inputs grow large, this function will behave like the
x
function g(z) = 3, which is a horizontal line. As © — +oo, f(x) — 3, resulting in a horizontal asymptote at y = 3.
y
[
101

Horizontal
asymptote
y=3

______________________________________________________________

f—t——t——t——t+——=X
6 8 10 12 14 16

T L L L L L L I L L L T LT,

Figure 4.3.15: Horizontal asymptote when f(z) = %, g(z) # 0 where degree of p =degree of gq.

HORIZONTAL ASYMPTOTES OF RATIONAL FUNCTIONS

The horizontal asymptote of a rational function can be determined by looking at the degrees of the numerator and
denominator.

o Degree of numerator < degree of denominator: horizontal asymptote at y = 0.
o Degree of numerator > degree of denominator by one: no horizontal asymptote; slant asymptote.
o Degree of numerator = degree of denominator: horizontal asymptote at ratio of leading coefficients.
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Find the horizontal and vertical asymptotes of the function

(x—2)(z+3)
z—1)(z+2)(z—5)

@)=+

Solution

First, note this function has no inputs that make both the numerator and denominator zero, so there are no potential holes. The
function will have vertical asymptotes when the denominator is zero, causing the function to be undefined. The denominator
will be zero at x = 1, —2 and 5, indicating vertical asymptotes at these values.

The numerator has degree 2, while the denominator has degree 3. Since the degree of the denominator is greater than the
degree of the numerator, the denominator will grow faster than the numerator, causing the outputs to tend towards zero as the
inputs get large, and so as ¢ — +00, f(z) — 0. This function will have a horizontal asymptote at y = 0.

Exercise 4.3.1

Find the vertical and horizontal asymptotes of the function

2z —-1)(2z+1)
(z—2)(z+3)

flz) =

Answer

Vertical asymptotes at * = 2 and & = —3 ; horizontal asymptote at y = 4.

Example 4.3.6

Nadi Products, an Ebay retailer that resells items purchased from Fiji, has started selling a new-to-
market product. Nadi is currently selling 2,000 units a month, which has been growing by 100 units a
month. The total market for the product is currently 10,000 units, but is growing by 1000 units a

onth. . .,
5 Determine Nadi’s current market share

b) Find the horizontal asymptote and interpret it in context of the scenario.

Solution

Notice that the sales per month are increasing linearly. Let ¢ be the number of months, then Nadi’s
sales per month are /N = 2000 + 100¢ , and the total market is M = 10000 + 1000¢ .

Nadi’s market share, M.S, the fraction of the total market that Nadi holds:

2000 + 100t
10000 + 1000¢

MS(t) =

a) Nadi’s current market share is:

2000+100(0) 2000

MS(0) = = 0.20 = 20%

10000 + 1000(0) 10000
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b) Both the numerator and denominator are linear (degree 1), so since the degrees are equal, there
will be a horizontal asymptote at the ratio of the leading coefficients. In the numerator, the leading
term is 100t, with coefficient 100. In the denominator, the leading term is 1000t, with coefficient
1000. The horizontal asymptote will be at the ratio of these values, at y = % =0.10.

This tells us that as the input gets large, the output values will approach 0.10. In context, this means
that as more time goes by, Nadi’s market share will approach 10%.

0.2-

T e S S S S
3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48

Intercepts

As with all functions, a rational function will have a vertical intercept when the input is zero, if the function is defined at zero. It is
possible for a rational function to not have a vertical intercept if the function is undefined at zero.

Likewise, a rational function will have horizontal intercepts at the inputs that cause the output to be zero (unless that input
corresponds to a hole). It is possible there are no horizontal intercepts. Since a fraction is only equal to zero when the numerator is
zero, horizontal intercepts will occur when the numerator of the rational function is equal to zero.

Example 4.3.7

Find the horizontal and vertical asymptotes of the function
(z—2)(z+3)

(z—1)(z+2)(z —5) (4.3.2)

flz) =

Solution

We can find the vertical intercept by evaluating the function at zero

(0—2)(0+3) -6 3

10 = (0-1)(0+2)(0-5) 10 5

The horizontal intercepts will occur when the function is equal to zero:

-2 3
(z=2)(z+3) This is zero when the numerator is zero

T -1z +2)(z-5)
0 =(x—2)(x+3)
z=2,-3
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Sketch a graph of f(z) = Sla"1)

(z+2)(z-3) *
Solution

We can start our sketch by finding intercepts and asymptotes. Evaluating the function at zero gives the vertical intercept:

6(0—1) —6
f0)= e = p =1
(0+2)(0-3) —6
Looking at when the numerator of the function is zero, we can determine the graph will have a horizontal intercept at z = 1.

Looking at when the denominator of the function is zero, we can determine the graph will have vertical asymptotes at z = —2
and z = 3.

Finally, the degree of denominator is larger than the degree of the numerator, telling us this graph has a horizontal asymptote
aty =0.

To sketch the graph, we might start by plotting the intercepts and drawing the asymptotes as dashed lines.

|

N2 4 B

We can now try to sketch a smooth curve passing through both intercepts. As the graph approaches z = 3, the graph must
approach negative infinity. As we sketch from = 0 towards x = —2, we’d expect the graph to approach positive infinity.

To finish the curve, we need to fill in the portions to the right of x = 3 and to the left of x = —2. If we evaluate the function
to the right of x =3 we’d see the output is positive, indicating the graph will decrease from positive infinity then level off
towards the horizontal asymptote of y = 0. To the left of x = —2 the graph will also level off at the horizontal asymptote, and
will approach negative infinity to the left of the asymptote.
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Given the function f(z) = 2at2)

—— find the intercepts and asymptotes and sketch the function.
Answer

Horizontal asymptote at \(y = 2\).

Vertical asymptote is at \(x = 1\).

Vertical intercept at (0, 4).

Horizontal intercept (2, 0).

A
10

Horizontal Asymptotes
Vertical Asymptotes
Rational Functions
Finding intercepts, asymptotes, and holes

Given equation sketch the graph
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5.1: Exponential Functions

India is the second most populous country in the world, with a population in 2008 of about 1.14 billion people. The population is
growing by about 1.34% each year (World Bank, World Development Indicators, as reported on http://www.google.com/publicdata,
retrieved August 20, 2010). We might ask if we can find a formula to model the population, P, as a function of time, ¢, in years
after 2008, if the population continues to grow at this rate.

In linear growth, we had a constant rate of change — a constant number that the output increased for each increase in input. For
example, in the equation f(z) = 3z +4, the slope tells us the output increases by three each time the input increases by one. This
population scenario is different — we have a percent rate of change rather than a constant number of people as our rate of change.

To see the significance of this difference consider these two companies:

e Company A has 100 stores, and expands by opening 50 new stores a year
o Company B has 100 stores, and expands by increasing the number of stores by 50% of their total each year.

Looking at a few years of growth for these companies:

Year Stores, company A Stores, company B
0 100 Starting with 100 each 100
. 4+ 500
1 100 + 50 = 150 The}f both grow by 50 stores in 100 + 50% of 100
the first year. 100 + 0.50(100)= 150
+ 0,
9 150 + 50 = 200 Store A grows by 50, Store B 150 + 50% of 150
grows by 75 150 + 0.50(150) = 225
+ 0,
3 200 + 50 = 250 Store A grows by 50, Store B 225 + 50% of 225

grows by 112.5 225 + 0.50(225) = 337.5

Notice that with the percent growth, each year the company it grows by 50% of the current year’s total, so as the company grows
larger, the number of stores added in a year grows as well.

To try to simplify the calculations, notice that after 1 year the number of stores for company B was:
100+0.50
or equivalently by factoring
100(1+0.50) =150
We can think of this as “the new number of stores is the original 100% plus another 50%”.
After 2 years, the number of stores was:
150 +0.50
or equivalently by factoring
150(1+0.50)
now recall the 150 came from 100(1+0.50). Substituting that,
100(1+0.50)(1 +0.50) = 100(1 +0.50)2 = 225
After 3 years, the number of stores was:
225+0.50
or equivalently by factoring
225(1+0.50)

now recall the 225 came from 100(1 + 0.50)? Substituting that,
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From this, we can generalize, noticing that to show a 50% increase, each year we multiply by a factor of (1+0.50), so after n years,
our equation would be

100(1+0.50)%(1 +0.50) = 100(1 +0.50)® = 225

B(n) =100(1 +0.50)"

In this equation, the 100 represented the initial quantity, and the 0.50 was the percent growth rate. Generalizing further, we arrive at
the general form of exponential functions.

Definition: Exponential Function

An exponential growth or decay function is a function that grows or shrinks at a constant percent growth rate. The equation
can be written in the form

f(@)=a(l+7)*

or

f(z) = ab”®
where b =147 and
e q is the initial or starting value of the function
e r is the percent growth or decay rate, written as a decimal

e b is the growth factor or growth multiplier. Since powers of negative numbers behave strangely, we limit b to positive
values.

To see more clearly the difference between exponential and linear growth, compare the two tables and graphs below, which
illustrate the growth of company A and B described above over a longer time frame if the growth patterns were to continue.

¥

years | Company 4 | Company B 60007 B
2 200 225 oo |
4 300 506
6 400 1139 e |
8 500 2563 3000+
10 600 5767 20004
1000+ A
>

Example 5.1.1

Write an exponential function for India’s population, and use it to predict the population in 2020.
Solution

At the beginning of the chapter we were given India’s population of 1.14 billion in the year 2008 and a percent growth rate of
1.34%. Using 2008 as our starting time (¢ = 0), our initial population will be 1.14 billion. Since the percent growth rate was
1.34%, our value for r is 0.0134.

Using the basic formula for exponential growthf(z) = a(1 +r)® we can write the formula, f(¢) = 1.14(1 +0.0134)"

To estimate the population in 2020, we evaluate the function at ¢ = 12, since 2020 is 12 years after 2008.

f=1.14(1 +0.0134)"? ~ 1.337 billion people in 2020
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Given the three statements below, identify which represent exponential functions.

a. The cost of living allowance for state employees increases salaries by 3.1% each year.
b. State employees can expect a $300 raise each year they work for the state.
c. Tuition costs have increased by 2.8% each year for the last 3 years.

Answer

a & c are exponential functions, they grow by a % not a constant number.

Example 5.1.2

A certificate of deposit (CD) is a type of savings account offered by banks, typically offering a higher interest rate in return for
a fixed length of time you will leave your money invested. If a bank offers a 24 month CD with an annual interest rate of 1.2%
compounded monthly, how much will a $1000 investment grow to over those 24 months?

Solution

First, we must notice that the interest rate is an annual rate, but is compounded monthly, meaning interest is calculated and
added to the account monthly. To find the monthly interest rate, we divide the annual rate of 1.2% by 12 since there are 12
months in a year: 1.2%/12 = 0.1%. Each month we will earn 0.1% interest. From this, we can set up an exponential function,
with our initial amount of $1000 and a growth rate of 7 = 0.001, and our input m measured in months.

012\ ™
f(m)=1000 (1 + ?)

f(m) = 1000(1 +0.001)™
After 24 months, the account will have grown to f(24) = 1000(1 +0.001)?* = $1024.28

Exercise 5.1.2

Looking at these two equations that represent the balance in two different savings accounts, which account is growing faster,
and which account will have a higher balance after 3 years?

o A(t)=1000(1.05)
« B(t)=900(1.075)
Answer

B(t) is growing faster (r = 0.075 > 0.05), but after 3 years A(t) still has a higher account balance

In all the preceding examples, we saw exponential growth. Exponential functions can also be used to model quantities that are
decreasing at a constant percent rate. An example of this is radioactive decay, a process in which radioactive isotopes of certain
atoms transform to an atom of a different type, causing a percentage decrease of the original material over time.

Example 5.1.3

Bismuth-210 is an isotope that radioactively decays by about 13% each day, meaning 13% of the remaining Bismuth-210
transforms into another atom (polonium-210 in this case) each day. If you begin with 100 mg of Bismuth-210, how much
remains after one week?

Solution

With radioactive decay, instead of the quantity increasing at a percent rate, the quantity is decreasing at a percent rate. Our
initial quantity is @ = 100 mg, and our growth rate will be negative 13%, since we are decreasing: r = -0.13. This gives the
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equation:

Q(d) =100(1 —0.13)* =100(0.87)"
This can also be explained by recognizing that if 13% decays, then 87 % remains.
After one week, 7 days, the quantity remaining would be

Q(7) =100(0.87)" = 37.73 mg of Bismuth-210 remains.

Exercise 5.1.3

A population of 1000 is decreasing 3% each year. Find the population in 30 years.

Answer
P(t) =1000(1 —0.03)* = 1000(0.97)"
P(30) =1000(0.97)*° = 401.0071

Example 5.1.4

T'(q) represents the total number of Android smart phone contracts, in thousands, held by a certain Verizon store region
measured quarterly since January 1, 2016, interpret all the parts of the equation 7'(2) = 86(1.64)% = 231.3056

Solution

Interpreting this from the basic exponential form, we know that 86 is our initial value. This means that on Jan. 1, 2016 this
region had 86,000 Android smart phone contracts. Since b =1+ =1.64, we know that every quarter the number of smart
phone contracts grows by 64%. T'(2) = 231.3056 means that in the ond quarter (or at the end of the second quarter) there were
approximately 231,306 Android smart phone contracts.

Finding Equations of Exponential Functions
Exponential Functions:Finding Equations

In the previous examples, we were able to write equations for exponential functions since we knew the initial quantity and the
growth rate. If we do not know the growth rate, but instead know only some input and output pairs of values, we can still construct
an exponential function.

Example 5.1.5

In 2002, a company had 80 retail stores. By 2008, the company had grown to 180 retail stores. If the company is growing
exponentially, find a formula for the function.

Solution

By defining our input variable to be ¢, years after 2002, the information listed can be written as two input-output pairs: (0, 80)
and (6,180). Notice that by choosing our input variable to be measured as years after the first year value provided, we have
effectively “given” ourselves the initial value for the function: @ = 80. This gives us an equation of the form

f(t) =80b".
Substituting in our second input-output pair allows us to solve for b:
180 = 800°.
Divide by 80,
b6 = @ = 2
80 4

Take the 6t root of both sides,
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bz\‘/gzl.lzm. (5.1.1)

This gives us our equation for the population:
f(t) =80(1.1447)%.

Recall that since b =1 47, we can interpret this to mean that the population growth rate is 7 = 0.1447, and so the population
is growing by about 14.47% each year.

In this example, you could also have used (9/4)A(1/6) to evaluate the 6 root if your calculator doesn’t have an n** root button.

In the previous example, we chose to use the f(z) = ab® form of the exponential function rather than the f(z) =a(1+r)* form.
This choice was entirely arbitrary — either form would be fine to use.

When finding equations, the value for b or r will usually have to be rounded to be written easily. To preserve accuracy, it is
important to not over-round these values. Typically, you want to be sure to preserve at least 3 significant digits in the growth rate.
For example, if your value for b was 1.00317643, you would want to round this no further than to 1.00318.

Exercise 5.1.4

Find the formula for the exponential function that passes through (0, 10) and (3, 7).
Answer

f(z) =10(0.8879)°

Graphs of Exponentials

To get a sense for the behavior of exponentials, let us begin by looking more closely at the function f(z) =2®. Listing a table of
values for this function:

f(=)

oo

N

[N
—
N
N
(e<]

Notice that:

1. This function is positive for all values of z.

2. As x increases, the function grows faster and faster (the rate of change increases).
3. As z decreases, the function values grow smaller, approaching zero.

4. This is an example of exponential growth.

Looking at the function $g(x) = {\left( {\frac{1}{2}} \right)Ax}$

=
00 |—

Note this function is also positive for all values of x, but in this case grows as x decreases, and decreases towards zero as x
increases. This is an example of exponential decay. You may notice from the table that this function appears to be the horizontal
reflection of the f(x) = 2% table. This is in fact the case:
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flea)=27"=(27")"

Il
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N | =
N~
8
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—
8
SN—

Looking at the graphs also confirms this relationship:

flz)

=

flzx)

-1

224

Consider a function for the form f(z) =ab®. Since a, which we called the initial value in the last section, is the function value at
an input of zero, a will give us the vertical intercept of the graph. From the graphs above, we can see that an exponential graph will
have a horizontal asymptote on one side of the graph, and can either increase or decrease, depending upon the growth factor. This
horizontal asymptote will also help us determine the long run behavior and is easy to determine from the graph.

The graph will grow when the growth rate is positive, which will make the growth factor b larger than one. When it is negative, the
growth factor will be less than one.

Graphical Features of Exponential Functions

Graphically, in the function f(z) = ab®:

a is the vertical intercept of the graph;

b determines the rate at which the graph grows. When a is positive;
the function will increase if b > 1;
the function will decrease if 0 < b < 1;

The graph will have a horizontal asymptote at y = 0;

The graph will be concave up if @ > 0; concave down ifa <0.

The domain of the function is all real numbers

The range of the function is (0, c0)

When sketching the graph of an exponential function, it can be helpful to remember that the graph will pass through the points
(0,a) and (1, ab).

The value b will determine the function’s long run behavior:
Ifb>1,asz — o0, f(x) — oo and as ¢ — —o0, f(z) — 0.

If0<b<1l,asx — oo, f(z) — 0 and as * — —o0, f(z) — co.

Example 5.1.6

Sketch a graph of f(z) = 4(%) .
Solution

This graph will have a vertical intercept at (0,4), and pass through the point . Since b < 1, the graph will be decreasing
towards zero. Since a > 0, the graph will be concave up.

We can also see from the graph the long run behavior: as z — oo, f(z) — 0, and z — —o0, f(z) — 0.
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f(z)
A
8+
74

=R W e
;
t t +

To get a better feeling for the effect of a and b on the graph, examine the sets of graphs below. The first set shows various graphs,
where a remains the same and we only change the value for b.

% 5 4321 1 234656
Notice that the closer the value of b is to 1, the less steep the graph will be.
In the next set of graphs, a is altered and our value for b remains the same.

» 4(127) 3(1.27)

5 -4 -3 -2 -1 1 2 3 4 5

Notice that changing the value for a changes the vertical intercept. Since a is multiplying the b” term, @ acts as a vertical stretch
factor, not as a shift. Notice also that the long run behavior for all of these functions is the same because the growth factor did not
change and none of these a values introduced a vertical flip.

Example 5.1.7

Match each equation with its graph.

flz)=2(1.3)"
g(z) =2(L8)"
h(z) =4(1.3)°
k(z) = 4(0.7)"
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S48 4 14348 "

Solution

The graph of k() is the easiest to identify, since it is the only equation with a growth factor less than one, which will produce
a decreasing graph. The graph of h(z) can be identified as the only growing exponential function with a vertical intercept at
(0,4). The graphs of f(z) and g(z) both have a vertical intercept at (0,2), but since g(z has a larger growth factor, we can
identify it as the graph increasing faster.

5 -4 -3 -2 -1 1 2 3 45

Exercise 5.1.5

Graph the following functions on the same axis:
f(@) =2% g(x) =2(2)%; h(z) = 2(1/2)°".

Answer

T

Compound Interest

In the bank certificate of deposit (CD) example earlier in the section, we encountered compound interest. Typically bank accounts
and other savings instruments in which earnings are reinvested, such as mutual funds and retirement accounts, utilize compound
interest. The term compounding comes from the behavior that interest is earned not on the original value, but on the accumulated

value of the account.
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In the example from earlier, the interest was compounded monthly, so we took the annual interest rate, usually called the nominal
rate or annual percentage rate (APR) and divided by 12, the number of compounds in a year, to find the monthly interest. The
exponent was then measured in months.

Generalizing this, we can form a general formula for compound interest. If the APR is written in decimal form as r, and there are k&
compounding periods per year, then the interest per compounding period will be r/k. Likewise, if we are interested in the value
after ¢ years, then there will be kt compounding periods in that time.

Definition: Compound Interest Formula

Compound Interest can be calculated using the formula

A(t) :a(1+£)kt (5.1.2)

Where A(t) is the account value

e t is measured in years

e a is the starting amount of the account, often called the principal
e 7 is the annual percentage rate (APR), also called the nominal rate
e k is the number of compounding periods in one year

Example 5.1.8

If you invest $3,000 in an investment account paying 3% interest compounded quarterly, how much will the account be worth
in 10 years?

Solution

Since we are starting with $3000, a = 3000

Our interest rate is 3%, so r = 0.03

Since we are compounding quarterly, we are compounding 4 times per year, so k = 4

We want to know the value of the account in 10 years, so we are looking for A(10), the value when ¢ = 10.

4(10)
A(10) = 3000 (1 + %) = $4045.05

The account will be worth $4045.05 in 10 years.

Example 5.1.9

A 529 plan is a college savings plan in which a relative can invest money to pay for a child’s later college tuition, and the
account grows tax free. If Lily wants to set up a 529 account for her new granddaughter, wants the account to grow to $40,000
over 18 years, and she believes the account will earn 6% compounded semi-annually (twice a year), how much will Lily need
to invest in the account now?

Solution
Since the account is earning 6%, » = 0.06
Since interest is compounded twice a year, k = 2

In this problem, we don’t know how much we are starting with, so we will be solving for a, the initial amount needed. We do
know we want the end amount to be $40,000, so we will be looking for the value of a so that A(18) = 40, 000.
0.06) A

40,000 = A(18) =a (1 +

40,000 = a(2.8983)
40,000
~ 2.8983

~$13,801
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l Lily will need to invest $13,801 to have $40,000 in 18 years.

Exercise 5.1.6

Recalculate example 8 from above with quarterly compounding.

Answer

4(2)
.0
24 months = 2 years. 1000 (1 + T) =$1024.25

Because of compounding throughout the year, with compound interest the actual increase in a year is more than the annual
percentage rate. If $1,000 were invested at 10%, the table below shows the value after 1 year at different compounding frequencies:

Frequency Value after 1 year
Annually $1100
Semiannually $1102.50
Quarterly $1103.81
Monthly $1104.71
Daily $1105.16

If we were to compute the actual percentage increase for the daily compounding, there was an increase of $105.16 from an original
105.16

1000

amount of $1,000, for a percentage increase of =0.10516= 10.516% increase. This quantity is called the annual
percentage yield (APY).

Notice that given any starting amount, the amount after 1 year would be

k
A1) = a(l + %) . To find the total change, we would subtract the original amount, then to find the percentage change we

would divide that by the original amount:

Ak
w _ (H%)k_l (5.1.3)

Annual Percentage Yield

The annual percentage yield (APY) is the actual percent a quantity increases in one year. It can be calculated as

APY = (1+%)k—1 (5.1.4)

This is equivalent to finding the value of $1 after 1 year, and subtracting the original dollar.

Example 5.1.10

Bank A offers an account paying 1.2% compounded quarterly. Bank B offers an account paying 1.1% compounded monthly.
Which is offering a better rate?

Solution

We can compare these rates using the annual percentage yield — the actual percent increase in a year.

0.012\ 4
e Bank A: APY = 1+T —1=0.012054 = 1.2054%
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e Bank B: APY = (1 —1—%

12
12 ) —1=0.011056 =1.1056%

Bank B’s monthly compounding is not enough to catch up with Bank A’s better APR. Bank A offers a better rate.

A Limit to Compounding

As we saw earlier, the amount we earn increases as we increase the compounding frequency. The table, though, shows that the
increase from annual to semi-annual compounding is larger than the increase from monthly to daily compounding. This might lead
us to believe that although increasing the frequency of compounding will increase our result, there is an upper limit to this process.

To see this, let us examine the value of $1 invested at 100% interest for 1 year.

Frequency Value

Annual $2
Quarterly $2.441406
Monthly $2.613035
Daily $2.714567
Hourly $2.718127
Once per minute $2.718279
Once per second $2.718282

These values do indeed appear to be approaching an upper limit. This value ends up being so important that it gets represented by
its own letter, much like how 7 represents a number.

Definition: Euler's number: e

k
1
e is the letter used to represent the value that (1 + E) approaches as k gets big.

e~ 2.718282

Because e is often used as the base of an exponential, most scientific and graphing calculators have a button that can calculate
powers of e, usually labeled e”. Some computer software instead defines a function exp(z), where ezp(z) = e*.

Because e arises when the time between compounds becomes very small, e allows us to define continuous growth and allows us
to define a new toolkit function, f(z) =e®.

Continuous Growth can be calculated using the formula

f(z) =ae™
where
a is the starting amount

r is the continuous growth rate

This type of equation is commonly used when describing quantities that change more or less continuously, like chemical reactions,
growth of large populations, and radioactive decay.
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Radon-222 decays at a continuous rate of 17.3% per day. How much will 100mg of Radon-222 decay to in 3 days?

Solution

Since we are given a continuous decay rate, we use the continuous growth formula. Since the substance is decaying, we know
the growth rate will be negative: r = -0.173

£(3) =100e%173() ~ 59.512 mg of Radon-222 will remain.

Exercise 5.1.7

Interpret the following: S(¢) = 2012 if S(t) represents the growth of a substance in grams, and time is measured in days.

Answer

An initial substance weighing 20g is growing at a continuous rate of 12% per day.

Continuous growth is also often applied to compound interest, allowing us to talk about continuous compounding.

Example 5.1.12

If $1000 is invested in an account earning 10% compounded continuously, find the value after 1 year.

Solution
Here, the continuous growth rate is 10%, so 7 = 0.10. We start with $1000, so a = 1000.
To find the value after 1 year,

£(1) =1000€%1°) ~ $1105.17

05.17
1000

1
Notice this is a $105.17 increase for the year. As a percent increase, this is
original $1000.

=0.10517 = 10.517% increase over the

Notice that this value is slightly larger than the amount generated by daily compounding in the table computed earlier.

The continuous growth rate is like the nominal growth rate (or APR) — it reflects the growth rate before compounding takes effect.
This is different than the annual growth rate used in the formulaf(z) = a(1 +r)*, which is like the annual percentage yield — it
reflects the actual amount the output grows in a year.

While the continuous growth rate in the example above was 10%, the actual annual yield was 10.517%. This means we could write
two different looking but equivalent formulas for this account’s growth:

f(t) = 1000€% 1% using the 10% continuous growth rate
f(t) =1000(1.10517)"using the 10.517% actual annual yield rate.

Important Topics of this Section

e Percent growth

o Exponential functions

¢ Finding formulas

o Interpreting equations

e Graphs

o Exponential Growth & Decay
o Long run behavior

e Compound interest

o Annual Percent Yield

o Continuous Growth
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5.2: Logarithmic Functions

A population of 50 flies is expected to double every week, leading to a function of the form f(z) = 50(2)®, where x represents the
number of weeks that have passed. When will this population reach 500? Trying to solve this problem leads to:

500 =50(2)"
Dividing both sides by 50 to isolate the exponential
10=2°

While we have set up exponential models and used them to make predictions, you may have noticed that solving exponential
equations has not yet been mentioned. The reason is simple: none of the algebraic tools discussed so far are sufficient to solve
exponential equations. Consider the equation 2” = 10 above. We know that 2% =8 and 2* = 16, so it is clear that & must be some
value between 3 and 4 since g(xz) =27 is increasing. We could use technology to create a table of values or graph to better
estimate the solution.

From the graph, we could better estimate the solution to be around 3.3. This result is still fairly unsatisfactory, and since the
exponential function is one-to-one, it would be great to have an inverse function. None of the functions we have already discussed
would serve as an inverse function and so we must introduce a new function, named log as the inverse of an exponential function.
Since exponential functions have different bases, we will define corresponding logarithms of different bases as well.

Definition: logarithm

The logarithm (base b) function, written logy (), is the inverse of the exponential function (base b), b*.

Since the logarithm and exponential “undo” each other (in technical terms, they are inverses), it follows that:

properties of logs: inverse properties

log, (b*) =z (5.2.1)
blow e — g (5.2.2)
Since log is a function, it is most correctly written as | \log _b}(c)|, using parentheses to denote function evaluation, just as we would

with f(c). However, when the input is a single variable or number, it is common to see the parentheses dropped and the expression
written as log, c.

logarithm equivalent to an exponential

The statement b* = ¢ is equivalent to the statement log,(c) = a.

Alternatively, we could show this by starting with the exponential functionc = b%, then taking the log base b of both sides, giving
logy (c) =log, b* . Using the inverse property of logs, we see that logy(c) = a.

Since log is a function, it is most correctly written as log(c), using parentheses to denote function evaluation, just as we would
with f(c). However, when the input is a single variable or number, it is common to see the parentheses dropped and the expression
written as log, c.
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Write these exponential equations as logarithmic equations:

a.22=8
b.52 =25
1
107 =——
¢ 10000
Solution

a) 2% =8 is equivalent to log, (8) = 3
b) 52 = 25 is equivalent to logs (25) = 2

1
1074 = is equivalent to 1 —
c) 10 is equivalent to Ogm(lOOOO)

~ 10000

Example 5.2.2

Write these logarithmic equations as exponential equations:
1

a) logy (v6) = 5 b) logy(9) =2

Solution
1

a) logg (v6) = 5 is equivalent to 6/ = v/6

b) logs (9) = 2 is equivalent to 32 =9

Exercise 5.2.1

Write the exponential equation 4% = 16 as a logarithmic equation.

Answer

log,(16) = 2 = log, 4> = 2log, 4

By establishing the relationship between exponential and logarithmic functions, we can now solve basic logarithmic and
exponential equations by rewriting.

Example 5.2.3

Solve log, (z) = 2 for .
Solution

By rewriting this expression as an exponential, 42 =z, sox =16.

Example 5.2.4

Solve 2% =10 for z.
Solution

By rewriting this expression as a logarithm, we get = log, (10).

While this does define a solution, and an exact solution at that, you may find it somewhat unsatisfying since it is difficult to
compare this expression to the decimal estimate we made earlier. Also, giving an exact expression for a solution is not always
useful — often we really need a decimal approximation to the solution. Luckily, this is a task calculators and computers are quite
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adept at. Unluckily for us, most calculators and computers will only evaluate logarithms of two bases. Happily, this ends up not
being a problem, as we will see briefly.

Definition: common and natural logarithms

The common log is the logarithm with base 10, and is typically written log(z).

The natural log is the logarithm with base e, and is typically written In(z).

Example 5.2.5

Evaluate log(1000)using the definition of the common log.

Values of the common log

number number as exponential log(number)
1000 103 3
100 102 2
10 10! 1
1 10° 0
0.1 1071 -1
0.01 1072 2
0.001 1073 3

Solution

To evaluate log(1000) we can let z = 1og(1000), then rewrite into exponential form using the common log base of 10:
10” =1000.
From this, we might recognize that 1000 is the cube of 10, so z = 3.

We also can use the inverse property of logs to write log; (10%) = 3.

Exercise 5.2.2

Evaluate log(1, 000, 000)
Answer

1og(1000000) =1log(10°) =6

Example 5.2.6
Evaluate In(y/e).

Solution

We can rewrite In(+/e) as In(e!/2). Since In is a log base e, we can use the inverse property for logs:

ln(el/2) =log, (61/2) — %
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Evaluate log(500) using your calculator or computer.
Solution

Using a computer, we can evaluate log(500) ~ 2.69897

Graphs of Logarithms

Recall that the exponential function f(x) = 2% produces this table of values

T -3 -2 -1 0 1 2 3

f() 3 3 : 1 2 4 8

Since the logarithmic function “undoes” the exponential, g() = log, () produces the table of values

1 1 1
T 3 1 5 1 2 4 8

g(z) -3 -2 =il 0 1 2 3

In this second table, notice that

1. As the input increases, the output increases.

2. As input increases, the output increases more slowly.

3. Since the exponential function only outputs positive values, the logarithm can only accept positive values as inputs, so the
domain of the log function is (0, co).

4. Since the exponential function can accept all real numbers as inputs, the logarithm can output any real number, so the
range is all real numbers or (—o0, 00).

Sketching the graph, notice that as the input approaches zero from the right, the output of the function grows very large in the
negative direction, indicating a vertical asymptote at z = 0.

In symbolic notation we write:

asz — 0", f(x) = —oo, and as z — oo, f(z) — .

Graphical Features of the Logarithm

Graphically, in the function g(z) = log, () :
The graph has a horizontal intercept at (1, 0);
The graph has a vertical asymptote at = 0;

The graph is increasing and concave down;
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The domain of the function is > 0, or (0, 0);

The range of the function is all real numbers, or (—oo, 00).

When sketching a general logarithm with base b, it can be helpful to remember that the graph will pass through the points (1,0)
and (b, 1).
To get a feeling for how the base affects the shape of the graph, examine the graphs below.

fiz)
A

In(x)

Notice that the larger the base, the slower the graph grows. For example, the common log graph, while it grows without bound, it
does so very slowly. For example, to reach an output of 8, the input must be 100,000,000.

Another important observation made was the domain of the logarithm. Like the reciprocal and square root functions, the logarithm
has a restricted domain which must be considered when finding the domain of a composition involving a log.

Example 5.2.8

Find the domain of the function f(z) =log(5 —2z).
Solution

The logarithm is only defined with the input is positive, so this function will only be defined when 5 —2z > 0. Solving this
inequality,
—2z > -5
x < E
2

The domain of this function is 2 < %, or in interval notation, (—oo, %)

Logarithm Properties

To utilize the common or natural logarithm functions to evaluate expressions like log,(10), we need to establish some additional
properties.

properties of logs: exponent property

log, (A™) =rlog,(A) (5.2.3)

To show why this is true, we offer a proof:

Since the logarithmic and exponential functions are inverses, b'°% 4 = A .
Raising both sides to the r power, we get A" = (blogb A)T .

Utilizing the exponential rule that states(z?)? = zP4, A™ = (b8 4)" = prlos 4

Taking the log of both sides, log,(A") = log; (b"1°% 4)
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Utilizing the inverse property on the right side yields the result: log; (A™) = rlog, A

Example 5.2.9

Rewrite logs (25) using the exponent property for logs.
Solution

Since 25 = 52,
logz(25) =log; (52) =2logz(5)

Example 5.2.10

Rewrite 4 In(z )using the exponent property for logs.
Solution

Using the property in reverse, 4In(z) =In(z*).

Exercise 5.2.3

1
Rewrite using the exponent property for logs: In <—2>
T

Answer

Z

3.1n(i2) — ln(e%) = —2In(z)

The exponent property allows us to find a method for changing the base of a logarithmic expression.

properties of logs: change of base

log,(4) = 1)
Letlog,(A) ==z.
Rewriting as an exponential gives b* = A.
Taking the log base c of both sides of this equation gives
log, b® =log, A

Now utilizing the exponent property for logs on the left side,

zlog,b=log, A

log. A
Dividing, we obtain x = lc(lggcc x Replacing our original expression for z,
log. A
log, A = O
log. b

With this change of base formula, we can finally find a good decimal approximation to our question from the beginning of the
section.
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Evaluate log, (10) using the change of base formula.

Solution

According to the change of base formula, we can rewrite the log base 2 as a logarithm of any other base. Since our calculators
can evaluate the natural log, we might choose to use the natural logarithm, which is the log base e:

log, 10 B In10

logg10 = —— = ——
ol log, 2 In2
Using our calculators to evaluate this,

In10 _ 2.30259
In2 ~ 0.69315

This finally allows us to answer our original question — the population of flies we discussed at the beginning of the section will
take 3.32 weeks to grow to 500.

Example 5.2.12

Evaluate logs (100) using the change of base formula.

~3.3219

Solution

We can rewrite this expression using any other base. If our calculators are able to evaluate the common logarithm, we could
rewrite using the common log, base 10.

_ logp100 2

log, (100) = ~ —=2.861
&;(100) log;o5  0.69897

While we can solve the basic exponential equation 2% = 10 by rewriting in logarithmic form and then using the change of base
formula to evaluate the logarithm, the proof of the change of base formula illuminates an alternative approach to solving
exponential equations.

Solving Exponential Equations

1. Isolate the exponential expressions when possible

2. Take the logarithm of both sides

3. Utilize the exponent property for logarithms to pull the variable out of the exponent
4. Use algebra to solve for the variable.

Example 5.2.13

Solve 2* =10 for z.
Solution

Using this alternative approach, rather than rewrite this exponential into logarithmic form, we will take the logarithm of both
sides of the equation. Since we often wish to evaluate the result to a decimal answer, we will usually utilize either the common
log or natural log. For this example, we’ll use the natural log:

In(2®) =1n(10)

Utilizing the exponent property for logs,

Now dividing by In(2),
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l Notice that this result matches the result we found using the change of base formula.

Example 5.2.14

In the first section, we predicted the population (in billions) of India ¢ years after 2008 by using the function
f(t) =1.14(1 +0.0134)". If the population continues following this trend, when will the population reach 2 billion?

Solution
We need to solve for time ¢ so that f(t) = 2.

2 =1.14(1.0134)"

Divide by 1.14 to isolate the exponential expression

2
— =1.0134
1.14
Take the logarithm of both sides of the equation
2 y
Apply the exponent property on the right side
2
In( — ] =¢1n(1.0134)
1.14

Divide both sides by In(1.0134)

(2
t= \i1 42.23
T In(1.0134)  oeoyears

If this growth rate continues, the model predicts the population of India will reach 2 billion about 42 years after 2008, or
approximately in the year 2050.

Exercise 5.2.4

Solve 5(0.93)% = 10.

Answer
In(2)

—2  ~_9.5513
In(0.93)

5(0.93)% =10(0.93)" =21n(0.93%) = In(2)z In(0.93) = In(2)

Example 5.2.14

Solve 5(1.07)3! =2
Solution

To start, we want to isolate the exponential part of the expression, the (1.07)3, so it is alone on one side of the equation. Then
we can use the log to solve the equation. We can use any base log; this time we’ll use the common log.

5(1.07)3 =2

Divide both sides by 5 to isolate the exponential

Take the log of both sides.
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log((1.07)%) = 1og(§)

Use the exponent property for logs

2
3tlog(1.07) =log (g>

Divide by 3log(1.07)on both sides

lo 2
3tlog(1.07) %\
3log(1.07)  3log(1.07)

()

f=—— 7
3log(1.07)

Simplify and evaluate

~ —4.5143

Note that when entering that expression on your calculator, be sure to put parentheses around the whole denominator to ensure
the proper order of operations:

log(2/5)/(3*10g(1.07))

Additional Properties of Logarithms

Some situations cannot be addressed using the properties already discussed. For these, we need some additional properties.

properties of logs

Sum of Logs Property:

log; (A) +log,(C) =log, (AC) (5.2.4)
Difference of Logs Property:

logy (A) —log, (C) zlogb(%) (5.2.5)

It’s just as important to know what properties logarithms do not satisfy as to memorize the valid properties listed above. In
particular, the logarithm is not a linear function, which means that it does not distribute:

log A+ B #log A+log B. (5.2.6)

With these properties, we can rewrite expressions involving multiple logs as a single log, or break an expression involving a single
log into expressions involving multiple logs.

Example 5.2.15

Write log, (5) 4-1og, (8) —log,(2) as a single logarithm.
Solution
Using the sum of logs property on the first two terms,
logs(5) +1ogs (8) =logs(5 - 8) =log;(40)
This reduces our original expression to
log;(40) —logs(2)

Then using the difference of logs property,
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| log;(40) —logs(2) =logs (%) =1log;(20)

Example 5.2.16

Evaluate 21og(5) +1og(4) without a calculator by first rewriting as a single logarithm.
Solution

On the first term, we can use the exponent property of logs to write
2log(5) =log(5%) =log(25)
With the expression reduced to a sum of two logs, log(25) +log(4), we can utilize the sum of logs property
log(25) +log(4) =1log(4 - 25) =1og(100)
Since 100 = 10?, we can evaluate this log without a calculator:

log(100) =log(10%) =2

Example 5.2.17

4
Rewrite In < :z:_7y> as a sum or difference of logs

Solution

First, noticing we have a quotient of two expressions, we can utilize the difference property of logs to write

ln(i%y) =In(z'y) —In(7)
Then seeing the product in the first term, we use the sum property
In(z'y) —In(7) =In(z*) +In(y) — In(7)
Finally, we could use the exponent property on the first term

In(z*) +1In(y) —In(7) = 41n(z) +In(y) — In(7)

Log properties in solving equations

The logarithm properties often arise when solving problems involving logarithms.

Example 5.2.18
Solve log(50z +25) —log(z) = 2.

Solution

In order to rewrite in exponential form, we need a single logarithmic expression on the left side of the equation. Using the
difference property of logs, we can rewrite the left side:

log( 50:vm+ 25) _y

Rewriting in exponential form reduces this to an algebraic equation:

50z +25
T

=10%> =100

Multiply both sides by x
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Combine like terms

50x +25 =100z

25 =50z
Divide by 50
25 1
=0 = =
50 2

Checking this answer in the original equation, we can verify there are no domain issues, and this answer is correct.

Exercise 5.2.6

Solve log(z? —4) =1 +log(z +2) .
Answer

12

Important Topics of this Section

o The Logarithmic function as the inverse of the exponential function
o Writing logarithmic & exponential expressions

o Properties of logs

o Inverse properties

¢ Exponential properties

o Change of base

o Sum and difference of logs properties

e Common log

o Natural log

o Graph of the logarithmic function (domain and range)
¢ Solving exponential equations

¢ Solving equations using log rules

This page titled 5.2: Logarithmic Functions is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman &
Melonie Rasmussen (The OpenTextBookStore) .

e 4.3: Logarithmic Functions by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.

o 4.4: Logarithmic Properties by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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5.2E: Logarithmic Functions (Exercises)

This page titled 5.2E: Logarithmic Functions (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or curated by
David Lippman & Melonie Rasmussen (The OpenTextBookStore) .
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5.3: Exponential and Logarithmic Models

While we have explored some basic applications of exponential and logarithmic functions, in this section we explore some
important applications in more depth.

More complex exponential equations can often be solved in more than one way. In the following example, we will solve the same
problem in two ways — one using logarithm properties, and the other using exponential properties.

Example 5.3.1a

In 2008, the population of Kenya was approximately 38.8 million, and was growing by 2.64% each year, while the population
of Sudan was approximately 41.3 million and growing by 2.24% each year|[1]. If these trends continue, when will the
population of Kenya match that of Sudan?

[1] World Bank, World Development Indicators, as reported on http://www.google.com/publicdata, retrieved August 24, 2010
Solution

We start by writing an equation for each population in terms of t, the number of years after 2008.

Kenya(t) = 38.8(1 +0.0264)"
Sudan(t) = 41.3(1 +0.0224)*

To find when the populations will be equal, we can set the equations equal
38.8(1.0264)" = 41.3(1.0224)"
For our first approach, we take the log of both sides of the equation
log(38.8(1.0264)") =log(41.3(1.0224)")

Utilizing the sum property of logs, we can rewrite each side,

log(38.8) +1og(1.0264') =log(41.3) +log(1.0224) (5.3.1)
Then utilizing the exponent property, we can pull the variables out of the exponent

log(38.8) +tlog(1.0264) =1log(41.3) +¢log(1.0224)
Moving all the terms involving ¢ to one side of the equation and the rest of the terms to the other side,

tlog(1.0264) —tlog(1.0224) =1log(41.3) —log(38.8)
Factoring out the ¢ on the left,

t (log(1.0264) —log(1.0224)) =log(41.3) —log(38.8)
Dividing to solve for ¢

__ log(41.3) —log(38.8)
~ log(1.0264) —log(1.0224)

~ 15.991 years until the populations will be equal.

Example 5.3.1b

Solve the problem above by rewriting before taking the log.
Solution
Starting at the equation

38.8(1.0264)" = 41.3(1.0224)"

Divide to move the exponential terms to one side of the equation and the constants to the other side
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1.0264° 41.3

1.0224 ~ 38.8
1.0264\° 413
1.0224/) ~ 38.8
| 1.0264\ EWEE
%8\ \T0224) | ~ %8\ 388

sl (10264 (413
%8\ T.0224) ~ %\ 388

Using exponent rules to group on the left,

Taking the log of both sides

Utilizing the exponent property on the left,

Dividing gives

~215.991 years

log( 128324)

While the answer does not immediately appear identical to that produced using the previous method, note that by using the
difference property of logs, the answer could be rewritten:

_ log(%) _ log(41.3) —log(38.8)
log(1:02;)  log(1.0264) —log(1.0224)

While both methods work equally well, it often requires fewer steps to utilize algebra before taking logs, rather than relying solely
on log properties.

Exercise 5.3.1

Tank A contains 10 liters of water, and 35% of the water evaporates each week. Tank B contains 30 liters of water, and 50% of
the water evaporates each week. In how many weeks will the tanks contain the same amount of water?

Answer

4.1874 weeks

Radioactive Decay

In an earlier section, we discussed radioactive decay — the idea that radioactive isotopes change over time. One of the common
terms associated with radioactive decay is half-life.

Definition: Half Life

The half-life of a radioactive isotope is the time it takes for half the substance to decay.

Given the basic exponential growth/decay equation h(t) = ab’, half-life can be found by solving for when half the original amount

1 1
remains; by solving 30= a(b)", or more simply 7= b® . Notice how the initial amount is irrelevant when solving for half-life.

Bismuth-210 is an isotope that decays by about 13% each day. What is the half-life of Bismuth-210?

Solution
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We were not given a starting quantity, so we could either make up a value or use an unknown constant to represent the starting
amount. To show that starting quantity does not affect the result, let us denote the initial quantity by the constant a. Then the
decay of Bismuth-210 can be described by the equation Q(d) = a(0.87)<.

1
To find the half-life, we want to determine when the remaining quantity is half the original: Ea. Solving,
1
—a = a(0.87)"
2
Divide by a,
1
= =087
2
Take the log of both sides
log( = ) =log (0.87%)
2

Use the exponent property of logs

log <%) = dlog(0.87)

ﬂ

~ 1og(0.87)

Divide to solve for d

~4.977 days

This tells us that the half-life of Bismuth-210 is approximately 5 days.

Example 5.3.3

Cesium-137 has a half-life of about 30 years. If you begin with 200 mg of cesium-137, how much will remain after 30 years?
60 years? 90 years?

Solution
Since the half-life is 30 years, after 30 years, half the original amount, 100 mg, will remain.

After 60 years, another 30 years have passed, so during that second 30 years, another half of the substance will decay, leaving
50 mg.

After 90 years, another 30 years have passed, so another half of the substance will decay, leaving 25 mg.

Example 5.3.4

Carbon-14 is a radioactive isotope that is present in organic materials, and is commonly used for dating historical
artifacts. Carbon-14 has a half-life of 5730 years. If a bone fragment is found that contains 20% of its original carbon-14, how
old is the bone?

Solution

To find how old the bone is, we first will need to find an equation for the decay of the carbon-14. We could either use a
continuous or annual decay formula, but opt to use the continuous decay formula since it is more common in scientific texts.
The half life tells us that after 5730 years, half the original substance remains. Solving for the rate,

1
20— qe™730

2
Dividing by a
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Taking the natural log of both sides
Use the inverse property of logs on the right side

Divide by 5730

r= £730 ~ —0.000121

Now we know the decay will follow the equation @ (t) = ae~-°°121¢ To find how old the bone fragment is that contains 20%
of the original amount, we solve for ¢ so that @ (¢) = 0.20a.

0.20a = a€_0'000121t
0.20 = 670.000121t

In(0.20) = ln(e—°-000121t)

In(0.20) = —0.000121¢
In(0.20)

= m ~ 13301 years

The bone fragment is about 13,300 years old.

Exercise 5.3.2

In Example 3, we learned that Cesium-137 has a half-life of about 30 years. If you begin with 200mg of Cesium-137, how
long will it take until only 1 milligram remains?

Answer

229.3157 , or approximately 229 years

Doubling Time

For decaying quantities, we asked how long it takes for half the substance to decay. For growing quantities we might ask how long
it takes for the quantity to double.

Definition: Doubling Time

The doubling time of a growing quantity is the time it takes for the quantity to double.

Given the basic exponential growth equation A (¢) = ab’, doubling time can be found by solving for when the original quantity has
doubled; by solving 2a = a(b)®, or more simply 2 =b". Like with decay, the initial amount is irrelevant when solving for
doubling time.

Example 5.3.5

If you invest money at 8% compounded quarterly, how long will it take your money to double?

Solution

Using the compound interest equation, we can write
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4t
At)=P (1 + %) = P(1.02)".

To find the doubling time, we look for the time until we have twice the original amount, so when A(t) = 2P. Notice we don’t
need to know how much was invested.

2P = P(1.02)"

2 = (1.02)*
log(2) =log(1.02*)
log(2) =4tlog(1.02)

B log(2)
 4l10g(1.02)
~ 8.751 years.

It will take about 8.75 years for the investment double in value.

Example 5.3.6

Use of a new social networking website has been growing exponentially, with the number of new members doubling every 5
months. If the site currently has 120,000 users and this trend continues, how many users will the site have in 1 year?

Solution

We can use the doubling time to find a function that models the number of site users, and then use that equation to answer the
question. While we could use an arbitrary a as we have before for the initial amount, in this case, we know the initial amount
was 120,000.

If we use a continuous growth equation, it would look like N (¢) = 120e™, measured in thousands of users after t months.
Based on the doubling time, there would be 240 thousand users after 5 months. This allows us to solve for the continuous

growth rate:
240 = 120€"
2=¢"
In2 =5r
In2

— 2 £0.1386
=75

Now that we have an equation, N (¢) = 120e%138 we can predict the number of users after 12 months:

N(12) = 120¢"138612) — §33.140 thousand users

So after 1 year, we would expect the site to have around 633,140 users.

Exercise 5.3.3

If tuition at a college is increasing by 6.6% each year, how many years will it take for tuition to double?

Answer

log(2)

Solving a(1 +0.066)t = 2a, it will take t = ————
ga( ) log(1.066)

~2 10.845 years, or approximately 11 years, for tuition to double.

Logarithmic Scales

For quantities that vary greatly in magnitude, a standard scale of measurement is not always effective, and utilizing logarithms can
make the values more manageable. For example, if the average distances from the sun to the major bodies in our solar system are
listed, you see they vary greatly.
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Planet Distance (millions of km)
Mercury 58

Venus 108

Earth 150

Mars 228

Jupiter 779

Saturn 1430

Uranus 2880

Neptune 4500

Placed on a linear scale — one with equally spaced values — these values get bunched up.

Mercury
Venus Jupiter Saturn Uranus Neptune

Earth

Mars

<] ] 1 1 1 1 1wl 1 ] ] ]
L [ O T T T T . A T . N R

0500 1000 1500 2000 2500 3000 3500 4000 4500

However, computing the logarithm of each value and plotting these new values on a number line results in a more manageable
graph, and makes the relative distances more apparent.(It is interesting to note the large gap between Mars and Jupiter on the log
number line. The asteroid belt is located there, which scientists believe is a planet that never formed because of the effects of the
gravity of Jupiter.)

Planet Distance (millions of km) log(distance)
Mercury 58 1.76
Venus 108 2.03
Earth 150 2.18
Mars 228 2.36
Jupiter 779 2.89
Saturn 1430 3.16
Uranus 2880 3.46
Neptune 4500 3.65
Mercury Venus Mars  Jupiter Uranus

l Earth l Saturn l Neptune

al | | ; Ii | l | | | | ll | | | A | | |

Sl | | | | | | | | | | | | | | | | |

1.5 1.75 % 998 28 273 g 3.25 3.5 3.75 4 log(distance)

102=100 10°=1000 10*=10000
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Sometimes, as shown above, the scale on a logarithmic number line will show the log values, but more commonly the original
values are listed as powers of 10, as shown below.

C D
R S e e . L R B B B S B S B B
102100 10 100 10> 10°  10* 105 10°

Example 5.3.7

Estimate the value of point P on the log scale above

The point P appears to be half way between -2 and -1 in log value, so if V' is the value of this point,
log(V) =~ —1.5

Rewriting in exponential form,

V ~10715=0.0316

Example 5.3.8

Place the number 6000 on a logarithmic scale.
Solution

Since log(6000) ~= 3.8 this point would belong on the log scale about here:

6000

P I N I [ My Sy Ay ™y A N N N Y
- rrrrr-tt - 1T 1 1 T7I "

102 107 10° 10! 100 100 10" 10° 10° 107

Exercise 5.3.5

Plot the data in the table below on a logarithmic scale (From http://www.epd.gov.hk/epd/noise_educ...1/intro_5.html, retrieved

Oct 2, 2010).
Source of Sound/Noise Approximate Sound Pressure in ¢ Pa (micro Pascals)
Launching of the Space Shuttle 2000,000,000
Full Symphony Orchestra 2000,000
Diesel Freight Train at High Speed at 25 m 200,000
Normal Conversation 20,000
Soft Whispering at 2 m in Library 2,000
Unoccupied Broadcast Studio 200
Softest Sound a human can hear 20
Answer

https://math.libretexts.org/@go/page/67125



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67125?pdf
http://www.epd.gov.hk/epd/noise_education/web/ENG_EPD_HTML/m1/intro_5.html

IggiljbreﬂﬁaxtS“

Broadcast

Conversation
Softest r00M  Soft ~ Symphony Space
Sound l Whisper Train l Shuttle
«l ¥ | v | l| | w] | l| IR 22 S N T T B l| [
I | | | | | | | [ |

10! 102 100 10*  10° 10° 107 108 10° 10'°

It is also common to see two dimensional graphs with one or both axes using a logarithmic scale. One common use of a
logarithmic scale on the vertical axis is to graph quantities that are changing exponentially, since it helps reveal relative
differences. This is commonly used in stock charts, since values historically have grown exponentially over time. Both stock
charts below show the Dow Jones Industrial Average, from 1928 to 2010.

Linear scale:

hal 11936 1w t0JT 24345

1930 1835 4040 1045 1950 1935 1960 U963 1970 1973 1080 1085 1090 1908 2000 2005 J0MD

Logarithmic scale:

Gct 1, 19785 DL 300

1939 1933 1940 1945 1930 1935 1960 1965 1970 1973 1980 1985 1990 1993 2000 2003 2010

Both charts have a linear horizontal scale, but the first graph has a linear vertical scale, while the second has a logarithmic vertical
scale. The first scale is the one we are more familiar with, and shows what appears to be a strong exponential trend, at least up
until the year 2000.

Example 5.3.9

There were stock market drops in 1929 and 2008. Which was larger?
Solution

In the first graph, the stock market drop around 2008 looks very large, and in terms of dollar values, it was indeed a large drop.
However the second graph shows relative changes, and the drop in 2009 seems less major on this graph, and in fact the drop
starting in 1929 was, percentage-wise, much more significant.

Specifically, in 2008, the Dow value dropped from about 14,000 to 8,000, a drop of 6,000. This is obviously a large value
drop, and amounts to about a 43% drop. In 1929, the Dow value dropped from a high of around 380 to a low of 42 by July of
1932. While value-wise this drop of 338 is much smaller than the 2008 drop, it corresponds to a 89% drop, a much larger
relative drop than in 2008. The logarithmic scale shows these relative changes.
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Important Topics of this Section
¢ Radioactive decay

o Half life

e Doubling time

e Logarithmic Scales

This page titled 5.3: Exponential and Logarithmic Models is shared under a CC BY-SA license and was authored, remixed, and/or curated by
David Lippman & Melonie Rasmussen (The OpenTextBookStore) .

o 4.6: Exponential and Logarithmic Models by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.

https://math.libretexts.org/@go/page/67125



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67125?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/05%3A_Exponential_and_Logarithmic_Functions/5.03%3A_Exponential_and_Logarithmic_Models
https://creativecommons.org/licenses/by-sa/
http://www.opentextbookstore.com/details.php?id=14
http://www.opentextbookstore.com/
https://math.libretexts.org/@go/page/13855
http://www.opentextbookstore.com/details.php?id=14
https://creativecommons.org/licenses/by-sa/4.0/
http://www.opentextbookstore.com/details.php?id=30

Li breTexts*

5.3E: Exponential and Logarithmic Models (Exercises)

This page titled 5.3E: Exponential and Logarithmic Models (Exercises) is shared under a CC BY-SA license and was authored, remixed, and/or
curated by David Lippman & Melonie Rasmussen (The OpenTextBookStore) .

https://math.libretexts.org/@go/page/67126



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67126?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/05%3A_Exponential_and_Logarithmic_Functions/5.03%3A_Exponential_and_Logarithmic_Models/5.3E%3A_Exponential_and_Logarithmic_Models_(Exercises)
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/05%3A_Exponential_and_Logarithmic_Functions/5.03%3A_Exponential_and_Logarithmic_Models/5.3E%3A_Exponential_and_Logarithmic_Models_(Exercises)
https://creativecommons.org/licenses/by-sa/
http://www.opentextbookstore.com/details.php?id=14
http://www.opentextbookstore.com/

Li brelexts*
CHAPTER OVERVIEW

6: Finance

We have to work with money every day. While balancing your checkbook or calculating your monthly expenditures on espresso
requires only arithmetic, when we start saving, planning for retirement, or need a loan, we need more mathematics.

6.1: Simple and Compound Interest

6.2: Annuities

6.3: Payout Annuities

6.4: Loans

6.5: Multistage Problems

This page titled 6: Finance is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .
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6.1: Simple and Compound Interest

Discussing interest starts with the principal, or amount your account starts with. This could be a starting investment, or the starting
amount of a loan. Interest, in its most simple form, is calculated as a percent of the principal. For example, if you borrowed $100
from a friend and agree to repay it with 5% interest, then the amount of interest you would pay would just be 5% of 100:
$100(0.05) = $5 The total amount you would repay would be $105, the original principal plus the interest.

I=Pr (6.1.1)
A=P+I=P+Pr=P(1+r) (6.1.2)
where

o [ is the interest

e A is the end amount: principal plus interest

e P is the principal (starting amount)

e 7 is the interest rate (in decimal form. Example: 5% = 0.05)

A friend asks to borrow $300 and agrees to repay it in 30 days with 3% interest. How much interest will you earn?

Solution
P =3$300 the principal
r=0.03 3% rate

I=8$300(0.03) =$9. Youwill earn $9 interest.

One-time simple interest is only common for extremely short-term loans. For longer term loans, it is common for interest to be paid
on a daily, monthly, quarterly, or annual basis. In that case, interest would be earned regularly. For example, bonds are essentially a
loan made to the bond issuer (a company or government) by you, the bond holder. In return for the loan, the issuer agrees to pay
interest, often annually. Bonds have a maturity date, at which time the issuer pays back the original bond value.

Example 2
[ Example 2|

Suppose your city is building a new park, and issues bonds to raise the money to build it. You obtain a $1,000 bond that pays
5% interest annually that matures in 5 years. How much interest will you earn?

Solution

Each year, you would earn 5% interest: $1000(0.05) = $50in interest. So over the course of five years, you would earn a total
of $250 in interest. When the bond matures, you would receive back the $1,000 you originally paid, leaving you with a total of
$1,250.

We can generalize this idea of simple interest over time.
I=Prt
A=P+I=P+Prt=P(1+rt)

where

o [ is the interest

e A is the end amount: principal plus interest
e P is the principal (starting amount)

o 7 is the interest rate in decimal form

e tistime
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l The units of measurement (years, months, etc.) for the time should match the time period for the interest rate.

APR — Annual Percentage Rate

Interest rates are usually given as an annual percentage rate (APR) — the total interest that will be paid in the year. If the
interest is paid in smaller time increments, the APR will be divided up.

For example, a 6% APR paid monthly would be divided into twelve 0.5% payments.
A 4% annual rate paid quarterly would be divided into four 1% payments.

Example 3: Treasury Notes

Treasury Notes (T-notes) are bonds issued by the federal government to cover its expenses. Suppose you obtain a $1,000 T-
note with a 4% annual rate, paid semi-annually, with a maturity in 4 years. How much interest will you earn?

Solution

Since interest is being paid semi-annually (twice a year), the 4% interest will be divided into two 2% payments.

P =$1000 the principal
r=0.02 2% rate
t=38 4 years = 8 half-years

I=$1000(0.02)(8) =$160. Youwill earn $160 interest total over the four years.

Excercies 1

A loan company charges $30 interest for a one month loan of $500. Find the annual interest rate they are charging.
Answer

I =830 of interest

P = $500 principal

7 = unknown

t =1 month

Compound Interest

With simple interest, we were assuming that we pocketed the interest when we received it. In a standard bank account, any interest
we earn is automatically added to our balance, and we earn interest on that interest in future years. This reinvestment of interest is
called compounding. We looked at this situation earlier, in the chapter on exponential growth.

A=P(1+1)"

A is the balance in the account after t years.

P is the starting balance of the account (also called initial deposit, or principal)
r is the annual interest rate in decimal form

k is the number of compounding periods in one year.

e If the compounding is done annually (once a year), k =1.
e If the compounding is done quarterly, k = 4.

o If the compounding is done monthly, k£ = 12.

o If the compounding is done daily, £ = 365.

The most important thing to remember about using this formula is that it assumes that we put money in the account once and let it
sit there earning interest.
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Example 4
[ Example 4

A certificate of deposit (CD) is a savings instrument that many banks offer. It usually gives a higher interest rate, but you
cannot access your investment for a specified length of time. Suppose you deposit $3000 in a CD paying 6% interest,
compounded monthly. How much will you have in the account after 20 years?

Solution

In this example,

P =$3000 the initial deposit
r=0.06 6% annual rate

k=12 12 months in 1 year
t=20 since we’re looking for how much we’ll have after 20 years
So A =3000 (1 + %) 2012 _ $9930.61 (round your answer to the nearest penny)

Let us compare the amount of money earned from compounding against the amount you would earn from simple interest

Years Simple Interest ($15 per month) 6% compounded monthly = 0.5% each month.
5 $3900 $4046.55
10 $4800 $5458.19
15 $5700 $7362.28
20 $6600 $9930.61
25 $7500 $13394.91
30 $8400 $18067.73
35 $9300 $24370.65
25000

% 20000

é 15000

[11]

£ 10000

g 5000

<

0

0 5 10 15 20 25 30 35

Years

As you can see, over a long period of time, compounding makes a large difference in the account balance. You may recognize this
as the difference between linear growth and exponential growth.

Evaluating exponents on the calculator

When we need to calculate something like 52 it is easy enough to just multiply 5- 5 -5 = 125. But when we need to calculate

something like 1.005%°, it would be very tedious to calculate this by multiplying 1.005 by itself 240 times! So to make things
easier, we can harness the power of our scientific calculators.

Most scientific calculators have a button for exponents. It is typically either labeled like:
(AL [y7], or [x¥]

To evaluate 1.005**° we would type 1.005 [ 240, or 1.005 [y*] 240. Try it out - you should get something around
3.3102044758.
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Example 5
[ Example 5|

You know that you will need $40,000 for your child’s education in 18 years. If your account earns 4% compounded quarterly,
how much would you need to deposit now to reach your goal?

Solution

We’re looking for P.

r=0.04 4%

k=4 4 quarters in 1 year

t=18 Since we know the balance in 18 years

A =840,000 The amount we have in 18 years

In this case, we’re going to have to set up the equation, and solve for P.

04) 18x4
40000 =P (1 F %)

40000 = P(2.0471)
40000
T 2.0471

So you would need to deposit $19,539.84 now to have $40,000 in 18 years.

=$19539.84

Rounding

It is important to be very careful about rounding when calculating things with exponents. In general, you want to keep as many
decimals during calculations as you can. Be sure to keep at least 3 significant digits (numbers after any leading zeros).
Rounding 0.00012345 to 0.000123 will usually give you a “close enough” answer, but keeping more digits is always better.

To see why not over-rounding is so important, suppose you were investing $1000 at 5% interest compounded monthly for 30

years.

Solution

P =$1000 the initial deposit

r=0.05 5%

k=12 12 months in 1 year

t=30 since we’re looking for the amount after 30 years

If we first compute £, we find %22 = 0.00416666666667

Here is the effect of rounding this to different values:

/K rounded to: Gives A to be: Error
0.004 $4208.59 $259.15
0.0042 $4521.45 $53.71
0.00417 $4473.09 $5.35
0.004167 $4468.28 $0.54
0.0041667 $4467.80 $0.06
no rounding $4467.74

If you are working in a bank, of course you wouldn’t round at all. For our purposes, the answer we got by rounding to 0.00417,
three significant digits, is close enough - $5 off of $4500 isn’t too bad. Certainly, keeping that fourth decimal place would
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l not have hurt.

Using your calculator

In many cases, you can avoid rounding completely by how you enter things in your calculator. For example, in the example
above, we needed to calculate

0.05 12x30
A=1000(1+ %3%)
We can quickly calculate 12 x 30 = 360, giving A = 1000 (1 4 oi_g5) 300,

Now we can use the calculator.

Type this [ Calculator shows
0.05[+]12[=] | 0.00416666666667
[+]11[=] 1.00416666666667
[y*]360[=] 4.46774431400613
[x]1000[=] 4467.74431400613

Using your calculator continued

The previous steps were assuming you have a “one operation at a time” calculator; a more advanced calculator will often allow
you to type in the entire expression to be evaluated. If you have a calculator like this, you will probably just need to enter:

1000 [x] (1 [+] 0.05 [+] 12) [y*] 360 [=].

Exercise 6.1.2

If $70,000 are invested at 7% compounded monthly for 25 years, find the end balance.

Answer

12(25)
A=170,000 <1+%7> =400,779.27

Because of compounding throughout the year, with compound interest the actual increase in a year is more than the annual
percentage rate. If $1,000 were invested at 10%, the table below shows the value after 1 year at different compounding

frequencies:
Frequency Value after 1 year
Annually $1100
Semiannually $1102.50
Quarterly $1103.81
Monthly $1104.71
Daily $1105.16

If we were to compute the actual percentage increase for the daily compounding, there was an increase of $105.16 from an original
amount of $1,000, for a percentage increase of 1?5(‘)%]6 =0.10516 =10.516% increase. This quantity is called the annual
percentage yield (APY).

Notice that given any starting amount, the amount after 1 year would be
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To find the total change, we would subtract the original amount, then to find the percentage change we would divide that by the
original amount:

P+ -p .
B U

Definition: Annual Percentage Yield

The annual percentage yield is the actual percent a quantity increases in one year. It can be calculated as
r\ k
APy = (1+ E) ~1

Notice this is equivalent to finding the value of $1 after 1 year, and subtracting the original dollar.

Example 6.1.7

Bank A offers an account paying 1.2% compounded quarterly. Bank B offers an account paying 1.1% compounded monthly.
Which is offering a better rate?

Solution
We can compare these rates using the annual percentage yield — the actual percent increase in a year.

Bank A: APY = (1+%%2)* _1 —0.012054 = 1.2054%

Bank B: APY = (1+280) " _1 —0.011056 = 1.1056%

Bank B’s monthly compounding is not enough to catch up with Bank A’s better APR. Bank A offers a better rate.

Example 6.1.8

If you invest $2000 at 6% compounded monthly, how long will it take the account to double in value?
Solution

This is a compound interest problem, since we are depositing money once and allowing it to grow. In this problem,

P =$2000 the initial deposit
r=0.06 6% annual rate
k=12 12 months in 1 year

So our general equation is A = 2000 (1 + %) "' We also know that we want our ending amount to be double of $2000,
which is $4000, so we’re looking for ¢ so that A = 4000. To solve this, we set our equation for A equal to 4000.

4000 = 2000 (1 4 %) '** Divide both sides by 2000

A= (1.005)12t To solve for the exponent, take the log of both sides
log(2) =log ((1.005)12t) Use the exponent property of logs on the right side
log(2) = 12¢1og(1.005) Now we can divide both sides by 1210g(1.005)
%) =t Approximating this to a decimal

t =11.581

It will take about 11.581 years for the account to double in value. Note that your answer may come out slightly differently if
you had evaluated the logs to decimals and rounded during your calculations, but your answer should be close. For example if
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l you rounded log(2) to 0.301 and log(1.005)to 0.00217, then your final answer would have been about 11.577 years.

Important Topics of this Section

APR

Simple interest
Compound interest
Compounding frequency
APY

Evaluating on a calculator

This page titled 6.1: Simple and Compound Interest is shared under a CC BY-SA license and was authored, remixed, and/or curated by David
Lippman (The OpenTextBookStore) .

e 9.2: Simple Interest by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
e 9.3: Compound Interest by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
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6.2: Annuities

For most of us, we aren’t able to put a large sum of money in the bank today. Instead, we save for the future by depositing a smaller
amount of money from each paycheck into the bank. This idea is called a savings annuity. Most retirement plans like 401k plans
or IRA plans are examples of savings annuities.

An annuity can be described recursively in a fairly simple way. Recall that basic compound interest follows from the relationship

Suppose we will deposit $100 each month into an account paying 6% interest. We assume that the account is compounded with the
same frequency as we make deposits unless stated otherwise. In this example:

r=0.06 (6%)

k =12 (12 compounds/deposits per year)
d = $100 (our deposit per month)

t =1 year

With ordinary annuities we assume the payment is made at the end of the period. The $100 we deposit at the end of the first
month will earn interest for 11 months and at the end of the year will be worth

11
A=100 (1 + %) =100(1.005)""

The $100 deposited at the end of the second month will have 10 months to grow, and will be worth A = 100(1.005)"? at the end
of the year. This pattern continues down to the last deposit, which has no time to compound, and will be worth A = 100.

In total, we will have accumulated:
A =100(1.005)"" +100(1.005)*° +- - - +100(1.005)* +100(1.005)* + 100

This equation leaves a lot to be desired, though — it doesn’t make calculating the ending balance any easier! To simplify things,
multiply both sides of the equation by 1.005:

1.0054 =1.005 (100(1.005)"" +100(1.005)" +- - - +100(1.005)* +100(1.005) +100)
Distributing on the right side of the equation gives

1.0054 = 100(1.005)"? +100(1.005)"" +- - - +100(1.005)* +100(1.005)* + 100(1.005)
Now we’ll line this up with like terms from our original equation, and subtract each side

1.005A4 = 100(1.005)24  100(1.005)'! +--- +100(1.005)
A= 100(1.005)" +--- +100(1.005) 4100

Almost all the terms cancel on the right hand side when we subtract, leaving
1.0054 — A =100(1.005)"* — 100

Now we solve this equation for A.
0.0054 =100 ((1.005)* ~1)

100 ((1.005)12 —1)
0.005

Recall 0.005 was 7/k, 100 was the deposit d, and 12 was the number of months, kt. Generalizing this result, we get the saving
annuity formula.

A:
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Annuity Formula

d((u%)ﬂll)
(%)

A is the balance in the account after tyears.

A:

d is the regular deposit (the amount you deposit each year, each month, etc.)
r is the annual interest rate in decimal form.

k is the number of compounding periods in one year.

If the compounding frequency is not explicitly stated, assume there are the same number of compounds in a year as there are
deposits made in a year.

For example, if the compounding frequency isn’t stated:

If you make your deposits every month, use monthly compounding, k£ = 12.
If you make your deposits every year, use yearly compounding, k =1.

If you make your deposits every quarter, use quarterly compounding, k =4 .

Etc.

When do you use this

earning interest.
Compound interest assumes that you put money in the account once and let it sit there earning interest.
Compound interest: One deposit

Annuity: Many deposits.

A traditional individual retirement account (IRA) is a special type of retirement account in which the money you invest is
exempt from income taxes until you withdraw it. If you deposit $100 each month into an IRA earning 6% interest, how much
will you have in the account after 20 years?

Solution
In this example,

d=$100 the monthly deposit
r=0.06 6% annual rate

k=12 since we’re doing monthly deposits, we’ll compound monthly
t=20 we want the amount after 20 years

Putting this into the equation:

100 ((1 o QRO ) 1)

A =
0.06
(52)
100 ((1.005)%4% —1)

B (0.005)
~100(3.310—1)
~ (0.005)
= M —$46200

(0.005)
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The account will grow to $46,200 after 20 years.

Notice that you deposited into the account a total of $24,000 ($100 a month for 240 months). The difference between what you
end up with and how much you put in is the interest earned. In this case it is $46, 200 — $24, 000 = $22, 200

Example 2
[ Example 2|

You want to have $200,000 in your account when you retire in 30 years. Your retirement account earns 8% interest. How much
do you need to deposit each month to meet your retirement goal?

Solution

In this example,

We’re looking for d.

r=0.08 8% annual rate

k=12 since we’re doing monthly deposits, we’ll compound monthly
t =30 30 years

A =$200,000 The amount we want to have in 30 years

In this case, we’re going to have to set up the equation, and solve for d.

d ((1 n %)30(12)_1)

200,000 = ()
12
d((1.00667)36° — 1)
200,000 =
(0.00667)
200,000 = d(1491.57)
200,000

So you would need to deposit $134.09each month to have $200, 000in 30 years if your account earns 8% interest

Exercise 6.2.1

A more conservative investment account pays 3% interest. If you deposit $5 a day into this account, how much will you have
after 10 years? How much is from interest?

Answer
d=285 the daily deposit
r=0.03 3% annual rate
k=365 since we’re doing daily deposits, we’ll compound daily

t=10 we want the amount after 10 years
365x10
0.03
5 ( (1 + m) = 1)
A= 003 =$21,282.07
365

We would have deposited a total of $5 - 365 - 10 = $18, 250 so0 $3,032.07 is from interest

Example 6.2.3

If you invest $100 each month into an account earning 3% compounded monthly, how long will it take the account to grow to
$10,000?

Solution

This is a savings annuity problem since we are making regular deposits into the account.
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d =$100 the monthly deposit

r=0.03 3% annual rate

k =12 since we’re doing monthly deposits, we’ll compound monthly
We don’t know ¢, but we want A to be $10,000.

Putting this into the equation:

100 ((1+553)" - 1)

10,000 = e
57)
Simplifying the fractions a bit
100 ((1.0025)1” - 1)
10,000 =

0.0025

We want to isolate the exponential term, 1.0025"%, so multiply both sides by 0.0025
25 =100 ((1.0025)1“ - 1)
Divide both sides by 100
0.25 = (1.0025)'* —1
Add 1 to both sides
1.25 = (1.0025)"*
Now take the log of both sides

log(1.25) = 10g((1.0025)12t)

Use the exponent property of logs
log(1.25) = 12t1log(1.0025)

Divide by 1210g(1.0025)

log(1.25)
121log(1.0025)

Approximating to a decimal
t =7.447 years

It will take about 7.447 years to grow the account to $10,000.

Important Topics of this Section

Finding the future value of an annuity

Finding deposits needed to fund an annuity

This page titled 6.2: Annuities is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .

e 9.4: Annuities by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
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6.3: Payout Annuities

In the last section you learned about annuities. In an annuity, you start with nothing, put money into an account on a regular basis,
and end up with money in your account.

In this section, we will learn about a variation called a Payout Annuity. With a payout annuity, you start with money in the
account, and pull money out of the account on a regular basis. Any remaining money in the account earns interest. After a fixed
amount of time, the account will end up empty.

Payout annuities are typically used after retirement. Perhaps you have saved $500,000 for retirement, and want to take money out
of the account each month to live on. You want the money to last you 20 years. This is a payout annuity. The formula is derived in a
similar way as we did for savings annuities. The details are omitted here.

w(l—(l-&-%)%B)
(%)

P is the balance in the account at the beginning (starting amount, or principal).

P =

w is the regular withdrawal (the amount you take out each year, each month, etc.)
7 is the annual interest rate (in decimal form. Example: 5% = 0.05)
k is the number of compounding periods in one year.

t is the number of years we plan to take withdrawals

Like with annuities, the compounding frequency is not always explicitly given, but is determined by how often you take the
withdrawals.

When do you use this

the rest sit there earning interest.
Compound interest: One deposit
Annuity: Many deposits.

Payout Annuity: Many withdrawals

Example 1
[ Example 1]

After retiring, you want to be able to take $1000 every month for a total of 20 years from your retirement account. The account
earns 6% interest. How much will you need in your account when you retire?

Solution
In this example,

w =$1000 the monthly withdrawal

r=10.06 6% annual rate

k=12 since we’re doing monthly withdrawals, we’ll compound monthly
t=20 since were taking withdrawals for 20 years

We’re looking for P; how much money needs to be in the account at the beginning.

Putting this into the equation:

https://math.libretexts.org/@go/page/67130


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/67130?pdf
https://math.libretexts.org/Courses/Highline_College/Math_111%3A_College_Algebra/06%3A_Finance/6.03%3A_Payout_Annuities

LibreTexts"

1000 (1 _ (1 + 0.06) 720(12))

T2
oo ()
12
1000 x (1 —(1.005)240)
B (0.005)
1000 x (1—0.302) $139. 600
(0.005) N ’

You will need to have $139,600 in your account when you retire.

Notice that you withdrew a total of $240,000 ($1000 a month for 240 months). The difference between what you pulled out
and what you started with is the interest earned. In this case it is $240, 000 — $139, 600 = $100, 40(n interest.

Evaluating negative exponents on your calculator

With these problems, you need to raise numbers to negative powers. Most calculators have a separate button for negating a
number that is different than the subtraction button. Some calculators label this [(-)], some with [+/-] . The button is often near
the = key or the decimal point.

If your calculator displays operations on it (typically a calculator with multiline display), to calculate 1.005_240y0u'd type
something like: 1.005[A][(—)]240

If your calculator only shows one value at a time, then usually you hit the [(-)] key after a number to negate it, so you
would hit: 1.005 [y*] 240 [(—)] =

Give it a try - you should get 1.005 24* = 0.302096

You know you will have $500,000 in your account when you retire. You want to be able to take monthly withdrawals from the

account for a total of 30 years. Your retirement account earns 8% interest. How much will you be able to withdraw each
month?

Solution

In this example,

We’re looking for d.

r=0.08 8% annual rate

k=12 since we’re doing monthly withdrawals

t =230 since were taking withdrawals for 30 years

P =$500,000 we are beginning with $500, 000

In this case, we’re going to have to set up the equation, and solve for w.

w (1 — (1 + %) 730(12))

500,000 =

(52°)
w (1—(1.00667) %)
500,000 = (0.00667)
500,000 = w(136.232)
500,000
w = M =$3670.21

You would be able to withdraw $3,670.21 each month for 30 years.
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Excercise 1

A donor gives $100,000 to a university, and specifies that it is to be used to give annual scholarships for the next 20 years. If
the university can earn 4% interest, how much can they give in scholarships each year?

Answer

w = unknown

r=0.04 4% annual rate
k=1 since we’re doing annual scholarships
t=20 since were taking withdrawals for 20 years

P =$100,000 we are starting with $100, 000

_|_

0.04 —20x1
1

Solving for w gives $7,358.18 each year that they can give in scholarships.

w(l—(l

100,000 =

S
=lo
~

It is worth noting that usually donors instead specify that only interest is to be used for scholarship, which makes the
original donation last indefinitely. If this donor had specified that, $100,000(0.04) = $4,00@ year would have been
available.

Important Topics of this Section

Find the present value of an annuity (principal required)

Find the payments that can be made from a payout annuity

This page titled 6.3: Payout Annuities is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .

o 9.5: Payout Annuities by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
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6.4: Loans

In the last section, you learned about payout annuities.

In this section, you will learn about conventional loans (also called amortized loans or installment loans). Examples include auto
loans and home mortgages. These techniques do not apply to payday loans, add-on loans, or other loan types where the interest is
calculated up front.

One great thing about loans is that they use exactly the same formula as a payout annuity. To see why, imagine that you had
$10,000 invested at a bank, and started taking out payments while earning interest as part of a payout annuity, and after 5 years
your balance was zero. Flip that around, and imagine that you are acting as the bank, and a car lender is acting as you. The car
lender invests $10,000 in you. Since you’re acting as the bank, you pay interest. The car lender takes payments until the balance is
Zero.

PMT(:L—(H%)%)
(£)

P is the balance in the account at the beginning (the principal, or amount of the loan).

P =

PMT is your loan payment (your monthly payment, annual payment, etc)
7 is the annual interest rate in decimal form.
k is the number of compounding periods in one year.

t is the length of the loan, in years

Like before, the compounding frequency is not always explicitly given, but is determined by how often you make payments.

When do you use this

interest on the loan.

Compound interest: One deposit
Annuity: Many deposits.

Payout Annuity: Many withdrawals

Loans: Many payments

Example 1
[ Example 1]

You can afford $200 per month as a car payment. If you can get an auto loan at 3% interest for 60 months (5 years), how
expensive of a car can you afford? In other words, what amount loan can you pay off with $200 per month?

Solution
In this example,

PMT =$200 the monthly loan payment

r=0.03 3% annual rate
k=12 since we are doing monthly payments, we will compound monthly
t=>5 since we are making monthly payments for 5 years

We’re looking for P, the starting amount of the loan.
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200 (1 = (1 + %) *5(2))

P =
0.03
()
200 (1 —(1.0025)~%°)
B (0.0025)
~200(1—0.861) _$11.120
(0.0025) 7

You can afford a $11, 120loan.

You will pay a total of $12,000 ($200 per month for 60 months) to the loan company. The difference between the amount you
pay and the amount of the loan is the interest paid. In this case, you’re paying $12,000 — $11, 120 = $880interest total.

Example 2
[ Example 2|

You want to take out a $140,000 mortgage (home loan). The interest rate on the loan is 6%, and the loan is for 30 years. How
much will your monthly payments be?

Solution

In this example,

We’re looking for PMT'.

r=0.06 6% annual rate

k=12 since we’re doing monthly payments, we’ll compound monthly
t =230 since we’re making monthly payments for 30 years

P =$140,000 the starting loan amount

In this case, we’re going to have to set up the equation, and solve for PMT'.

PMT (1- (1+532)70%)

140,000 = %)
12
PMT (1—(1.005) %)
140,000 =
(0.005)
140,000 = PMT(166.792)
140, 000
PMT = ——— = :
166.792 R

You will make payments of $839.37 per month for 30 years.

You're paying a total of $302,173.20to the loan company: $839.37 per month for 360 months. You are paying a total of
$302,173.20$140,000 = $162, 173.20n interest over the life of the loan.

To see what is happening to the loan balance over time, we could build an amortization schedule, a spreadsheet that shows the
details of the payoff. To create one for the previous example, each month we’d calculated the interest charge as 3%/12 = 0.25%

interest on the remaining loan balance. Payment beyond the interest charge goes towards principal and reduces the remaining loan
balance. The first several months are shown here:

Month Payment Interest Charge Portion to Principal Remaining Loan Balance
0 - - - $140,000.00

1 $839.37 $350.00 $489.37 139,510.63

2 839.37 348.78 490.59 139,020.04

3 839.37 347.55 491.82 138,528.22

4 839.37 346.32 493.05 138,035.17
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Notice that the interest charge decreases each month as the loan balance decreases.

Exercise 1

Janine bought $3,000 of new furniture on credit. Because her credit score isn’t very good, the store is charging her a fairly high
interest rate on the loan: 16%. If she agreed to pay off the furniture over 2 years, how much will she have to pay each month?

Answer
PMT = unknown
r=0.16 16% annual rate
k=12 since we’re doing monthly payments, we’ll compound monthly
t=2 2 year to repay
P =3,000 the starting loan amount $3,000 loan
016 212
3,000 - PMT<1 (1+ 12) )

0.16
12

Solving for PMT gives $146.89%s monthly payments.

In total, she will pay $3,525.36t0 the store, meaning she will pay $525.36in interest over the two years.

Example 6.4.3

Consider the $140,000 mortgage at 6% from the previous example. If the homeowner increased their payments to $1000 per
month, how long will it take them to pay off the loan?

Solution
r=10.06 6% annual rate
k=12 since we are paying monthly

P =$140,000 the starting loan amount
PMT =$1000 the given payment amount

We are solving for ¢ , the amount of time it will take to pay off.

1000 (1 (1+%%) ™)
140,000 = =
(52)
1000 (1 - (1.005)‘1”)
140,000 =
(0.005)

Multiply both sides by 0.005
700 = 1000 (1 - (1.005)‘1”)

Divide both sides by 1000

0.7=1—(1.005) "*
Subtract 1 from both sides

—0.3 = —(1.005) %
Multiply by -1

0.3 = (1.005) %
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Take the log of both sides
log(0.3) = log((1.005)_12t)
Use the exponent property of logs
log(0.3) = —12¢1og(1.005)
Divide by —1210g(1.005)

log(0.3)

=—— ~20.12
—121og(1.005)

The loan will be paid off in about 20 years.

By increasing the payment by about 20%, they were able to decrease the length of the loan by about 33%, and reduce interest
paid by more than $60,000.

Exercise 6.4.2

Joel is considering putting a $1,000 laptop purchase on his credit card, which has an interest rate of 12% compounded
monthly. How long will it take him to pay off the purchase if he makes payments of $30 a month?

Answer
PMT =$30 The monthly payments
r=0.12 12% annual rate
k=12 since we are making monthly payments

P =1,000 we are starting with a $1,000 loan

We are solving for ¢, the time to pay off the loan

1,000 =

Solving for ¢ gives 3.396. It will take about 3.4 years to pay off the purchase.

Remaining Loan Balance

With loans, it is often desirable to determine what the remaining loan balance will be after some number of years. For example, if
you purchase a home and plan to sell it in five years, you might want to know how much of the loan balance you will have paid off
and how much you have to pay from the sale.

To determine the remaining loan balance after some number of years, we first need to know the loan payments, if we don’t already
know them. Remember that only a portion of your loan payments go towards the loan balance; a portion is going to go towards
interest. For example, if your payments were $1,000 a month, after a year you will not have paid off $12,000 of the loan balance.
To determine the remaining loan balance, we can think “how much loan will these loan payments be able to pay off in the

remaining time on the loan?”

If a mortgage at a 6% interest rate has payments of $1,000 a month, how much will the loan balance be 10 years from the end
the loan?

Solution
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To determine this, we are looking for the amount of the loan that can be paid off by $1,000 a month payments in 10 years. In
other words, we’re looking for P when

PMT =$1,000 the monthly loan payment

r=10.06 6% annual rate
k=12 since we’re doing monthly payments, we’ll compound monthly
t=10 since we’re making monthly payments for 10 more years

1000 (1 (1+%%) ")

B (52)

1000 (1 —(1.005)-120
p_ 1000 (1 —(1.005) 120

(0.005)
P 1000 (1 — (1.005)'20)
B (0.005)
1000(1 —0.54
_ 100011 -05 96):$90,073.45

(0.005)

The loan balance with 10 years remaining on the loan will be $90,073.45

Often times answering remaining balance questions requires two steps:

1. Calculating the monthly payments on the loan
2. Calculating the remaining loan balance based on the remaining time on the loan

Example 5
[ Example 5 |

A couple purchases a home with a $180, 000mortgage at 4% for 30 years with monthly payments. their mortgage be after 5
years?

Solution

First we will calculate their monthly payments.

We are looking for PMT'.

r=0.04 4% annual rate

k=12 since they’re payingmonthly
t=30 30 years

P =$180,000 the starting loan amount
We set up the equation and solve for PMT'.

PMT (1 = (1 + %) —30(12))

180,000 = (25
12
PMT (1—(1.00333)3%0)
180,000 =
(0.00333)
180,000 = PMT(209.562)
180,000
PMT = ———— =$858.
200562 00893

Now that we know the monthly payments, we can determine the remaining balance. We want the remaining balance after 5

years, when 25 years will be remaining on the loan, so we calculate the loan balance that will be paid off with the monthly
payments over those 25 years.
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PMT = $858.93 the monthly loan payment we calculated above

r=0.04 4% annual rate
k=12 since they’re payingmonthly
t=25 since they’d be making monthly payments for 25 more years
0.04) —25(12)
858.93 (1 (1+ %54 ")
" )
12
p_ 858.93 (1—(1.00333)300)
B (0.00333)
858.93(1 —0.369)
= ~ $162,758

(0.00333)
The loan balance after 5 years, with 25 years remaining on the loan, will be $162, 758

Over that 5 years, the couple has paid off $180,000 —$162, 758 = $17, 2420f the loan balance. They have paid a total of
$858.93a month for 5 years ( 60 months), for a total of $51,535.8(Q so $51,535.80 — $17, 242 = $34, 292.8®f what they
have paid so far has been interest.

Important Topics of this Section

Find the amount of a loan given the payments
Find the payments required given the loan amount

Find the remaining balance of a loan

This page titled 6.4: Loans is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .

e 9.6: Loans by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
e 9.7: Remaining Loan Balance by David Lippman is licensed CC BY-SA 3.0. Original source:
http://www.opentextbookstore.com/mathinsociety.
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6.5: Multistage Problems

When presented with a finance problem (on an exam or in real life), you're usually not told what type of problem it is or which
equation to use. Here are some hints on deciding which equation to use based on the wording of the problem.

The easiest types of problem to identify are loans. Loan problems almost always include words like: "loan", "amortize" (the fancy
word for loans), "finance (a car)", or "mortgage" (a home loan). Look for these words. If they're there, you're probably looking at a
loan problem. To make sure, see if you're given what your monthly (or annual) payment is, or if you're trying to find a monthly
payment.

If the problem is not a loan, the next question you want to ask is: "Am I putting money in an account and letting it sit, or am I
making regular (monthly/annually/quarterly) payments or withdrawals?" If you're letting the money sit in the account with nothing
but interest changing the balance, then you're looking at a compound interest problem. The exception would be bonds and other
investments where the interest is not reinvested; in those cases you’re looking at simple interest.

If you're making regular payments or withdrawals, the next questions is: "Am I putting money into the account, or am I pulling
money out?" If you're putting money into the account on a regular basis (monthly/annually/quarterly) then you're looking at a basic
Annuity problem. Basic annuities are when you are saving money. Usually in an annuity problem, your account starts empty, and
has money in the future.

If you're pulling money out of the account on a regular basis, then you're looking at a Payout Annuity problem. Payout annuities
are used for things like retirement income, where you start with money in your account, pull money out on a regular basis, and your
account ends up empty in the future.

Remember, the most important part of answering any kind of question, money or otherwise, is first to correctly identify what the
question is really asking, and to determine what approach will best allow you to solve the problem.

Excercise 1

For each of the following scenarios, determine if it is a compound interest problem, a savings annuity problem, a payout
annuity problem, or a loans problem. Then solve each problem.

a. Marcy received an inheritance of $20,000, and invested it at 6% interest. She is going to use it for college, withdrawing
money for tuition and expenses each quarter. How much can she take out each quarter if she has 3 years of school left?

b. Paul wants to buy a new car. Rather than take out a loan, he decides to save $200 a month in an account earning 3% interest
compounded monthly. How much will he have saved up after 3 years?

c. Keisha is managing investments for a non-profit company. They want to invest some money in an account earning 5%
interest compounded annually with the goal to have $30,000 in the account in 6 years. How much should Keisha deposit
into the account?

d. Miao is going to finance new office equipment at a 2% rate over a 4 year term. If she can afford monthly payments of $100,
how much new equipment can she buy?

e. How much would you need to save every month in an account earning 4% interest to have $5,000 saved up in two years?

Answer

a. This is a payout annuity problem. She can pull out $1833.60 a quarter.

b. This is a savings annuity problem. He will have saved up $7,524.11.

c. This is compound interest problem. She would need to deposit $22,386.46.

d. This is a loans problem. She can buy $4,609.33 of new equipment.

e. This is a savings annuity problem. You would need to save $200.46 each month

Multistage Problems

Many finance problems in real life can’t be solved using a single application of any of the finance formulas we have learned in the
prior sections. Instead, we have to combine multiple calculations. The calculations can continue to be done using formulas, but
often times people will use calculators with specialty functions for doing the calculations. In this section we determine the values
needed to use the formulas, but not show the details of the solving; you could instead solve each portion using a specialty calculator
if you have access to one.
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Suppose you deposited $15,000 into a bank account offering a special 6% APR. After one year, they lower the promotional
APR to 4%, then two years after that lower it again to 2.5%. If the account compounds monthly, what will your account
balance be 6 years after the initial deposit?

Solution

We can imagine this situation as three distinct time phases, each with a different interest rate.

6 years
§15,000 §777
| | | |
l 1 year l 2 years l 3 years !
6% 4% 2.5%

To handle the change of interest rates, it is easiest to imagine that each time the interest rate changes we withdraw all our
money then redeposit it into a new account at a different rate.

For the first year:
P =4$15,000, r=0.06, t=1year, k=12
Using the compound interest equation, we find the balance after 1 year would be:
A=8$15,925.17

We can then use this as the principal for the next two years at a different rate, as if we had withdrawn that money and
reinvested it at 4%:

P =4$15,925.17, r=0.04, t=2years, k=12
Using the compound interest equation, we find the balance after these next 2 years would be:
A=%17,249.24
Using that as the principal for the last three years:
P=%$17,249.24, r=0.025, t=3years, k=12
Using the compound interest equation, we find the balance at the end would be:
A=2$18,591.23

After the 6 years, the final balance would be $18,591.23

Example 6.5.2

Jenny plans to retire at age 65, and estimates she will need $48,000 a year in retirement for 30 years. To save for retirement,
she plans to put money every month into her 401k plan at work. If Jenny is currently 25, how much will she need to save each
month to meet her retirement goal, assuming her retirement accounts earn an average of 7% per year.

Solution

We can think about this as two separate phases: the accumulation phase and the spending phase. We assume Jenny starts with
no money and the beginning, and will completely spend down her account by the time she’s 95.

$0 s 50
Age 25 Age6d Age 95

| | |
| ‘ 30 vears, spending $4000/mo |
earning 7% earning 7%

40 years, saving 77/mo

To decide which phase to start with, we look to see which we have the most information for. In the first phase, we don’t know
how much she will save each month, and we don’t know the ending balance of the account. For the second phase, we know
everything except the starting balance of the account, so we will start the problem in the second phase. Basically, we are going
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to work the problem backwards, using her spending requirement to determine how much she needs at retirement, then use that
value to determine how much she needs to save each month.

The second phase is a payout annuity problem, where:
w=29$4,000, r=0.07, t=30, k=12
Using the payout annuity formula to find the principal gives:
P =$601,230.27

This is how much Jenny will need at retirement to meet her spending needs, and fills in a part of our timeline:

50 $601,230.27 50
Apge 25 Age 65 Age 95
| | |
l 40 years, saving ??/mo l 30 years, spendng $4000/mo |

earning 7% earning 7%

Now we can work on the first phase, which is a savings annuity problem where the desired end balance is the $601,230.27 we
just found.

A=8601,230.27, r=0.07, t=40, k=12
Using the savings annuity formula to solve for the deposit amount gives:
d=229.06

Jenny will need to save $229.06 per month to meet her retirement goals.

Example 6.5.3

Ula just got a new job. She had $70,000 in a 401k at her old job that she rolled over into an IRA. She plans to continue
contributing $5,000 a year into her IRA. If her account earns 6% compounded annually, how much will she have in her IRA in
10 years?

Solution

The challenge with this problem is that our savings annuity formula assumed that our account balance started at zero. While
we could try to build a new formula to handle this situation, we can more easily envision it as two different money streams, as
if the original $70,000 is invested in a different account than future contributions.

§70,000 §777
| |
| 5% |
earing 650 10 years
S0 777
| Deposit $5,000/vear |
| earning 6% |
10 years

In the first stream of money, we have $70,000 earning 6% interest for 10 years, which is a basic compound interest problem:
P =§70,000, r=0.06, t=10, k=1
Using the compound interest formula to solve for the ending balance:
A =2$125,359.34
In the second stream of money, we are depositing $5,000 a year, a savings annuity problem:
d=4$5,000, r=0.06, t=10, k=1
Using the savings annuity formula to find the ending balance:

A =$65,903.97
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Now that we know the ending balance of each stream of money, we can add those together to find the total balance of the
account at the end of the ten years:

$125,359.34 +$65,903.97 = $191,263.31

Example 6.5.4

Five years ago a couple purchased a home for $260,000, making a 20% down payment and financing the rest with a 30-year
adjustable rate mortgage fixed at 3% for the first 5 years. Now that the fixed rate period is up, the couple is facing a higher
adjustable rate. They now plan to refinance into a fixed rate 30-year mortgage at 4%. What will their new monthly payments
be? Assume there are no costs associated with the refinance.

Solution

To determine the monthly payments for the refinance, we first need to know how much the refinanced loan amount will be.
The amount refinanced will be the same as the remaining loan balance on the original loan after 5 years. We will start by
finding the details of the original loan.

The 20% down payment will be $260,000(0.20) = $52,000, leaving $208,000 to be financed.
We start by finding the payments on the original loan:

P =$208,000, r=0.03, t=30, k=12
Using the loan formula to solve for the payment,

PMT = $876.94

Now we can find the remaining balance on the original loan after 5 years. As discussed in the last section, we can find this by
determining the amount of loan that can be paid off with payments of $876.94 in the remaining 25 years:

PMT =$876.94, r=0.03, t=25 k=12
Using the loan formula to solve for the remaining balance,
P =$184,926.00

So after 5 years, the remaining balance on the loan is $184,926.00, and that is the amount we will refinance in a new 30 year
mortgage at the fixed 4% rate:

P =%$184,926.00, r=0.04, ¢t=30, k=12
Solving for the new payment amount:
PMT = $882.87

Because of the higher interest rate the monthly payment increased, even though the loan amount was less at refinance. Most
likely this increase is much smaller than the one the couple would have faced from the original loan’s rate adjusting.

Notice also that because of the refinance, the couple will end up making payments for a total of 35 years on the house.

In those first 5 years, the couple paid a total of $876.94(12)(5) = $52,616.40, and reduced the loan balance by ($208,000 -
$184,926) = $23,074, meaning they paid $29,542.40 in interest during the first 5 years.

In the remaining 30 years, the couple will pay $882.87(12)(30) = $317,833.20, and reduce the loan balance by $184,926,
meaning they will pay $132,907.20 in interest during these 30 years.

In total, the couple will pay $132,907.20 + $29,542.40 = $162,449.60 in interest over the 35 years.

Important Topics of this Sections

Recognize the type of finance problem given a situation

Breaking complex finance problems into smaller, simpler pieces
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CHAPTER OVERVIEW

7: Sets

It is natural for us to classify items into groups, or sets, and consider how those sets overlap with each other. We can use these sets
understand relationships between groups, and to analyze survey data.

7.1: Basics of Sets

7.2: Union, Intersection, and Complement
7.3: Venn Diagrams

7.4: Cardinality

7.5: Exercises

via Wikipedia).
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7.1: Basics of Sets

An art collector might own a collection of paintings, while a music lover might keep a collection of CDs. Any collection of items
can form a set.

A set is a collection of distinct objects, called elements of the set

A set can be defined by describing the contents, or by listing the elements of the set, enclosed in curly brackets.

v/ Example 1

Some examples of sets defined by describing the contents:

a. The set of all even numbers
b. The set of all books written about travel to Chile

Some examples of sets defined by listing the elements of the set:

a. {1,3,9,12}
b. {red, orange, yellow, green, blue, indigo, purple}

A set simply specifies the contents; order is not important. The set represented by {1, 2, 3} is equivalent to the set {3, 1, 2}.

Commonly, we will use a variable to represent a set, to make it easier to refer to that set later.
The symbol € means “is an element of”.

A set that contains no elements, {}, is called the empty set and is notated 0

Let A={1,2,3,4}

To notate that 2 is element of the set, we'd write 2 € A

Sometimes a collection might not contain all the elements of a set. For example, Chris owns three Madonna albums. While Chris’s
collection is a set, we can also say it is a subset of the larger set of all Madonna albums.

A subset of a set A is another set that contains only elements from the set A, but may not contain all the elements of A.
If B is a subset of A, we write BC A
A proper subset is a subset that is not identical to the original set — it contains fewer elements.

If B is a proper subset of A, we write B C A

v/ Example 3

Consider these three sets
A = the set of all even numbers B={2,4,6} C={2,3,4,6}
Here B C A since every element of B is also an even number, so is an element of A.

More formally, we could say B C A since if z € B, thenz € A

https://math.libretexts.org/@go/page/67134
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It is also true that B C C'.

C'is not a subset of A, since C contains an element, 3 , that is not contained in A

v/ Example 4

Suppose a set contains the plays “Much Ado About Nothing”, “MacBeth”, and “A Midsummer’s Night Dream”. What is a
larger set this might be a subset of?

Solution
There are many possible answers here. One would be the set of plays by Shakespeare. This is also a subset of the set of all
plays ever written. It is also a subset of all British literature.

? TryitNow 1

The set A ={1,3,5}. What is a larger set this might be a subset of?

Answer

There are several answers: The set of all odd numbers less than 10. The set of all odd numbers. The set of all integers. The
set of all real numbers.

This page titled 7.1: Basics of Sets is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .

o 13.1: Basics of Sets by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
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7.2: Union, Intersection, and Complement

Commonly sets interact. For example, you and a new roommate decide to have a house party, and you both invite your circle of
friends. At this party, two sets are being combined, though it might turn out that there are some friends that were in both sets.

X Union, Interection, and Complement

The union of two sets contains all the elements contained in either set (or both sets).
The union is notated AU B

More formally, z € AUB if x € A or z € B (or both)

The intersection of two sets contains only the elements that are in both sets.

The intersection is notated AN B

More formally, z € ANB ifx € Aandz € B

The complement of a set A contains everything that is not in the set A.

The complement is notated A, or A¢, or sometimes ~ A.

v/ Example 5

Consider the sets:
A ={red, green, blue } B ={red, yellow, orange } C = { red, orange, yellow, green, blue, purple }

a. Find AUB
b.Find AN B
c. Find A°NC

Solution

a) The union contains all the elements in either set: AU B = { red, green, blue, yellow, orange }
Notice we only list red once.

b) The intersection contains all the elements in both sets: AN B = { red }

) Here we're looking for all the elements that are not in set A and are also in C'.

A°NC = { orange, yellow, purple }

? TryitNow 2

Using the sets from the previous example, find AU C and B°N A

Answer
AUC ={red, orange, yellow, green, blue purple }
B¢N A ={ green, blue }

Notice that in the example above, it would be hard to just ask for A¢, since everything from the color fuchsia to puppies and peanut
butter are included in the complement of the set. For this reason, complements are usually only used with intersections, or when we
have a universal set in place.

X Universal Set

A universal set is a set that contains all the elements we are interested in. This would have to be defined by the context.

A complement is relative to the universal set, so AC contains all the elements in the universal set that are not in A.
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v/ Example 6

a. If we were discussing searching for books, the universal set might be all the books in the library.
b. If we were grouping your Facebook friends, the universal set would be all your Facebook friends.
c. If you were working with sets of numbers, the universal set might be all whole numbers, all integers, or all real numbers

Suppose the universal set is U = all whole numbers from 1 to 9. If A = {1, 2,4}, then
A°={3,5,6,7,8,9}

As we saw earlier with the expression A° N C, set operations can be grouped together. Grouping symbols can be used like they are
with arithmetic - to force an order of operations.

v/ Example 8

Suppose
H = { cat, dog, rabbit, mouse }, F' = { dog, cow, duck, pig, rabbit } =W = { duck, rabbit, deer, frog, mouse }

a. Find (HNP)UW
b. Find HN (FUW)
c Find (HNP)NW

Solution

a) We start with the intersection: H N F' = { dog, rabbit }

Now we union that result with W : (HN F)U W = {dog, duck, rabbit, deer, frog, mouse }
b) We start with the union: F'UW = {dog, cow, rabbit, duck, pig, deer, frog, mouse }
Now we intersect that result with H : H N (F UW) = { dog, rabbit, mouse }

) We start with the intersection: H N F' = {dog, rabbit }

Now we want to find the elements of W that are not in HN F'

(HNP)*NW = { duck, deer, frog, mouse }

This page titled 7.2: Union, Intersection, and Complement is shared under a CC BY-SA license and was authored, remixed, and/or curated by
David Lippman (The OpenTextBookStore) .

e 13.2: Union, Intersection, and Complement by David Lippman is licensed CC BY-SA 3.0. Original source:
http://www.opentextbookstore.com/mathinsociety.
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7.3: Venn Diagrams

To visualize the interaction of sets, John Venn in 1880 thought to use overlapping circles, building on a similar idea used by
Leonhard Euler in the 18" century. These illustrations now called Venn Diagrams.

X Venn Diagram

A Venn diagram represents each set by a circle, usually drawn inside of a containing box representing the universal set.
Overlapping areas indicate elements common to both sets.

Basic Venn diagrams can illustrate the interaction of two or three sets.

v/ Example 9

Create Venn diagrams to illustrate AU B, AN B, and A°N B

AU B contains all elements in either set.

i
o

AU B contains all elements in either set.

A B
AUB
ANB

AN B contains only those elements in both sets - in the overlap of the circles.

A B
Use a Venn diagram to illustrate (H N P)°*NW
We'll start by identifying everything in the set HN P 4NB

Now, (HN P)°NW will contain everything not in the set identified above that is also in set W
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Create an expression to represent the outlined part of the Venn diagram shown.

The elements in the outlined set are in sets H and F', but are not in set W. So we could
represent this setas HNFNW

? TryitNow 3

Create an expression to represent the outlined portion of the Venn diagram shown

A

Answer
AUBNC®

This page titled 7.3: Venn Diagrams is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
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7.4: Cardinality

Often times we are interested in the number of items in a set or subset. This is called the cardinality of the set.

X Cardinality

The number of elements in a set is the cardinality of that set.

The cardinality of the set A is often notated as | A| or n(A4)

v/ Example 12

Let A={1,2,3,4,5,6}and B={2,4,6,8}
What is the cardinality of BTAU B, AN B?

Solution
The cardinality of B is 4, since there are 4 elements in the set.

The cardinality of AU B is 7, since AUB = {1, 2,3,4,5,6,8}, which contains 7 elements.
The cardinality of AN B is 3, since AN B =1{2,4,6}, which contains 3 elements.

v/ Example 13

What is the cardinality of P = the set of English names for the months of the year?

Solution
The cardinality of this set is 12, since there are 12 months in the year.

Sometimes we may be interested in the cardinality of the union or intersection of sets, but not know the actual elements of each set.

This is common in surveying.

v/ Example 14

A survey asks 200 people “What beverage do you drink in the morning”, and offers choices:

o Tea only

o Coffee only

o Both coffee and tea

Suppose 20 report tea only, 80 report coffee only, 40 report both. How many people drink tea in the morning? How many
people drink neither tea or coffee?

Solution
This question can most easily be answered by creating a Venn diagram. We can see that we
can find the people who drink tea by adding those who drink only tea to those who drink

both: 60 people.

We can also see that those who drink neither are those not contained in the any of the three
other groupings, so we can count those by subtracting from the cardinality of the universal
set, 200. Coffee Tea

200 —20 — 80 — 40 =60 people who drink neither.
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A survey asks: Which online services have you used in the last month:

o Twitter
o Facebook
e Have used both

The results show 40% of those surveyed have used Twitter, 70% have used Facebook, and 20% have used both. How many
people have used neither Twitter or Facebook?

Solution

Let T" be the set of all people who have used Twitter, and F' be the set of all people who have used Facebook. Notice that while
the cardinality of F' is 70% and the cardinality of 7" is 40%, the cardinality of FUT is not simply 70% + 40%, since that
would count those who use both services twice. To find the cardinality of F'UT, we can add the cardinality of F' and the
cardinality of 7', then subtract those in intersection that we've counted twice. In symbols,

n(FUT)=n(F)+n(T)—n(FNT)
n(FUT) = 70% +40% — 20% = 90%

Now, to find how many people have not used either service, we're looking for the cardinality of (F'UT)®. since the universal
set contains 100% of people and the cardinality of F'UT = 90%, the cardinality of (F'U7)¢ must be the other 10%

The previous example illustrated two important properties

X cCardinality properties
n(AUB) =n(A)+n(B) —n(ANB)
n (A°) =n(U) —n(A)

Notice that the first property can also be written in an equivalent form by solving for the cardinality of the intersection:

n(ANB) =n(A)+n(B) —n(AUB)

v/ Example 16

Add text here.Fifty students were surveyed, and asked if they were taking a social science (SS), humanities (HM) or a natural
science (NS) course the next quarter.

21 were taking a SS course 26 were taking a HM course
19 were taking a NS course 9 were taking SS and HM
7 were taking SS and NS 10 were taking HM and NS

3 were taking all three 7 were taking none

How many students are only taking a SS course?

Solution
It might help to look at a Venn diagram.

From the given data, we know that there are 3 students in region e and 7 students in region
h

since 7 students were taking a S and NS course, we know that n(d) +n(e) =7 . since we
know there are 3 students in region 3, there must be
7 —3 =4 students in region d

Similarly, since there are 10 students taking HM and NS, which includes regions e and f,
there must be

10 — 3 =7 students in region f
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Since 9 students were taking SS and HM, there must be 9 —3 = 6 students in region b

Now, we know that 21 students were taking a SS course. This includes students from regions a, b, d, and e. since we know the
number of students in all but region a, we can determine that 21 —6 —4 —3 =8 students are in region a

8 students are taking only a SS course.

? TryitNow 4

One hundred fifty people were surveyed and asked if they believed in UFOs, ghosts, and Bigfoot.

43 believed in UF Os 44 believed in ghosts

25 believed in Bigfoot 10 believed in UFOs and ghosts
8 believed in ghosts and Bigfoot 5 believed in UFOs and Bigfoot
2 believed in all three

How many people surveyed believed in at least one of these things?

Answer

Starting with the intersection of all three circles, we work our way out. since 10 people
believe in UFOs and Ghosts, and 2 believe in all three, that leaves 8 that believe in only
UFOs and Ghosts. We work our way out, filling in all the regions. Once we have, we can
add up all those regions, getting 91 people in the union of all three sets. This leaves
150 — 91 = 59 who believe in none.

UFOs Ghosts

Bigfoot

This page titled 7.4: Cardinality is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .
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7.5: Exercises

1. List out the elements of the set “The letters of the word Mississipi”

2. List out the elements of the set “Months of the year”

3. Write a verbal description of the set {3,6,9}

4. Write a verbal description of the set {a,,e,0,u}

5.1s {1, 3, 5} a subset of the set of odd integers?

6.1s { A, B, C'}a subset of the set of letters of the alphabet?

For problems 7-12, consider the sets below, and indicate if each statement is true or false.
A={1,2,3,4,5} B={1,3,5} C={4,6} U ={numbersfromO0to10}
7.3¢€B

8.5¢C

9.BCA

10.CcCcA

11.CCB

12.C0cU

Using the sets from above, and treating U as the Universal set, find each of the following:
13. AUB

14. AUC

15.ANnC

16. BNC

17. A¢

18. B¢

Let D={b,a,c,k}, E={t,a,sk}, F={b,a,t, h}.Using these sets, find the following:
19.D°NE

20. F°ND

21.(DNE)UF

22. DN(EUP)

23.(FNE)ND

24.(DUE)NF

Create a Venn diagram to illustrate each of the following:

25. (FNE)UD

26. (DUE)NF

27.(F°NE"YND

28. (DUE)UF

Write an expression for the shaded region.

29.
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LetA={1,2,3,4,5} B={1,3,5} C ={4,6} Find the cardinality of the given set.
33.n(A4)

34.n(B)

35.n(AUC)

36.0(ANC)

The Venn diagram here shows the cardinality of each set. Use this in 37-40 to find the cardinality of given set.
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A A B
0.
C 6
37.n(ANC)
38.n(BUC)

39.n(ANBNC?)

40.n(ANB°NC)

41.1f n(G) =20,n(H) =30,n(GNH) =5, findn(GU H)
42.1fn(G) =5,n(H) =8,n(GN H) =4, findn(GUH)

43. A survey was given asking whether they watch movies at home from Netflix, Redbox, or a video store. Use the results to
determine how many people use Redbox.

52 only use Netflix 62 only use Redbox
24 only use a video store 16 use only a video store and Redbox
48 use only Netflix and Redbox 30 use only a video store and Netflix
10 use all three 25 use none of these

44. A survey asked buyers whether color, size, or brand influenced their choice of cell phone. The results are below. How many
people were influenced by brand?

5 only said color 8 only said size

16 only said brand 20 said only color and size

42 said only color and brand 53 said only size and brand

102 said all three 20 said none of these

45. Use the given information to complete a Venn diagram, then determine: a) how many students have seen exactly one of these
movies, and b) how many had seen only Star Wars.

18 had seen The Matrix (M) 24 had seen Star Wars (SW)
20 had seen Lord of the Rings (LotR) 10 had seen M and SW

14 had seen LotR and SW 12 had seen M and LotR

6 had seen all three

46. A survey asked people what alternative transportation modes they use. Using the data to complete a Venn diagram, then
determine: a) what percent of people only ride the bus, and b) how many people don’t use any alternate transportation.

30% use the bus 20% ride a bicycle

25% walk 5% use the bus and ride a bicycle
10% ride a bicycle and walk 12% use the bus and walk

2% use all three

This page titled 7.5: Exercises is shared under a CC BY-SA license and was authored, remixed, and/or curated by David Lippman (The
OpenTextBookStore) .

o 13.5: Exercises by David Lippman is licensed CC BY-SA 3.0. Original source: http://www.opentextbookstore.com/mathinsociety.
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