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1.1: Why It Matters- Review

Why review topics from earlier math classes?

- SE—

Leftovers again?

You have been in class all day, running around, picking up your kids from daycare and after a long, brutal commute you get home
to realize you haven’t thought about what to fix for dinner. You go to the fridge and all you see are leftovers, a jumble of unrelated
bits and pieces from meals past. Despite your fatigue, you manage to cobble together a meal that everyone will eat willingly and to
get on with your evening.

In this section, you may feel like the topics are a cobbled-together meal of leftovers. The goal is to give you a reminder of some of
the skills and topics from earlier math classes that, like the box of leftovers in the back of your fridge, are easily forgotten by most
people. Because sometimes we just forget how these concepts work . . . until we need them again.

Learning Outcomes
Arithmetic With Fractions
o Add and subtract fractions
o Multiply fractions
o Divide fractions
Arithmetic of Real Numbers
o Add and subtract real numbers
o Multiply and divide real numbers
Simplify expression with real numbers
o Simplify compound expression with real numbers

o

Percent

o Explain the basics of percents

o Solve equations containing percents

o Solve percent change and interest problems

As you work through the rest of the sections of this course, please return to this review if you feel like you need a reminder of the
topics covered. These topics were chosen because they are often forgotten and are widely used throughout the course. Don’t worry,
just like ketchup, these concepts have a long shelf life.

1.1: Why It Matters- Review is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.2: Fractions

Learning Objectives

o Add and subtract fractions

o Find the common denominator of two or more fractions
o Use the common denominator to add or subtract fractions
o Simplify a fraction to its lowest terms
o Multiply fractions
o Multiply two or more fractions
o Multiply a fraction by a whole number
e Divide fractions
o Find the reciprocal of a number
o Divide a fraction by a whole number
o Divide a fraction by a fraction

Introduction

Before we get started, here is some important terminology that will help you understand the concepts about working with fractions
in this section.

o product: the result of multiplication
o factor: something being multiplied — for 3-2 =6 , both 3 and 2 are factors of 6

e numerator: the top part of a fraction — the numerator in the fraction % is 2

¢ denominator: the bottom part of a fraction — the denominator in the fraction % is 3

Note About Instructions

Many different words are used by math textbooks and teachers to provide students with instructions on what they are to do with a
given problem. For example, you may see instructions such as “Find” or “Simplify” in the example in this module. It is important
to understand what these words mean so you can successfully work through the problems in this course. Here is a short list of the
words you may see that can help you know how to work through the problems in this module.

Instruction Interpretation

Find Perform the indicated mathematical operations which may include
addition, subtraction, multiplication, division.
1) Perform the indicated mathematical operations including
addition, subtraction, multiplication, division
Simplify 2) Write a mathematical statement in smallest terms so there are no
other mathematical operations that can be performed—often found
in problems related to fractions and the order of operations

Perform the indicated mathematical operations including addition,

Evaluate . e o

subtraction, multiplication, division

Write a mathematical statement in smallest or lowest terms so
Reduce there are no other mathematical operations that can be performed

—often found in problems related to fractions or division

Adding and Subtracting Fractions

Adding Fractions

When you need to add or subtract fractions, you will need to first make sure that the fractions have the same denominator. The
denominator tells you how many pieces the whole has been broken into, and the numerator tells you how many of those pieces you

https://math.libretexts.org/@go/page/51435
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are using.

The “parts of a whole” concept can be modeled with pizzas and pizza slices. For example, imagine a pizza is cut into 4 pieces, and
someone takes 1 piece. Now, % remains. Note that both of these fractions have a denominator of 4, which refers to the number of
slices the whole pizza has been cut into. What if you have another pizza that had been cut into 8 equal parts and 3 of those parts

were gone, leaving %?

How can you describe the total amount of pizza that is left with one number rather than two different fractions? You need a
common denominator, technically called the least common multiple. Remember that if a number is a multiple of another, you can
divide them and have no remainder.

One way to find the least common multiple of two or more numbers is to first multiply each by 1, 2, 3, 4, etc. For example, find the
least common multiple of 2 and 5.

First, list all the multiples of 2: Then list all the multiples of 5:
5.1=5

5.-2=10

5:-3=15

5.-4=20

5.5=25

The smallest multiple they have in common will be the common denominator for the two!
Example
Describe the amount of pizza left using common terms.

[reveal-answer q="155500"]Show Solution[/reveal-answer]

[hidden-answer a="155500"]Rewrite the fractions % as fractions with a least common denominator.

Find the least common multiple of the denominators. This is the least common denominator.
Multiples of 4: 4, 8, 12, 16

Multiples of 8: 8, 16, 24

The least common denominator is 8—the smallest multiple they have in common.

Rewrite % with a denominator of 8. You have to multiply both the top and bottom by 2 so you don’t change the relationship
between them.

We don’t need to rewrite % since it already has the common denominator.

Answer

Both % have the same denominator, and you can describe how much pizza is left with common terms.

[/hidden-answer]

https://math.libretexts.org/@go/page/51435
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To add fractions with unlike denominators, first rewrite them with like denominators. Then, you know what to do! The steps are
shown below.

Adding Fractions with Unlike Denominators
1. Find a common denominator.
2. Rewrite each fraction using the common denominator.
3. Now that the fractions have a common denominator, you can add the numerators.
4. Simplify by canceling out all common factors in the numerator and denominator.

Simplifying a Fraction

Often, if the answer to a problem is a fraction, you will be asked to write it in lowest terms. This is a common convention used in
mathematics, similar to starting a sentence with a capital letter and ending it with a period. In this course, we will not go into great
detail about methods for reducing fractions because there are many. The process of simplifying a fraction is often called reducing
the fraction. We can simplify by canceling (dividing) the common factors in a fraction’s numerator and denominator. We can do
this because a fraction represents division.

For example, to simplify g you can rewrite 6 and 9 using the smallest factors possible as follows:

6 _ 23

9~ 33
Since there is a 3 in both the numerator and denominator, and fractions can be considered division, we can divide the 3 in the top

by the 3 in the bottom to reduce to 1.
6_2¥%_21_ 2
9 3. -3 3

Rewriting fractions with the smallest factors possible is often called prime factorization.

In the next example you are shown how to add two fractions with different denominators, then simplify the answer.
Example

Add £ + £ . Simplify the answer.

[reveal-answer q="797488"]Show Solution[/reveal-answer]
[hidden-answer a="797488"]Since the denominators are not alike, find a common denominator by multiplying the denominators.

3-5=15
Rewrite each fraction with a denominator of 15.

2.5 _ 10

3 5 15

1.3 _3

53 15

Add the fractions by adding the numerators and keeping the denominator the same. Make sure the fraction cannot be simplified.
10, 3 _ 13
15T =15
Answer
13

2,1 _ 13
3T3 =1

[/hidden-answer]

You can find a common denominator by finding the common multiples of the denominators. The least common multiple is the
easiest to use.

Example

Add % + 22—1 . Simplify the answer.

[reveal-answer q="520906"]Show Solution[/reveal-answer]
[hidden-answer a="520906"]Since the denominators are not alike, find the least common denominator by finding the least common
multiple (LCM) of 7 and 21.

https://math.libretexts.org/@go/page/51435
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Multiples of 7: 7, 14, 21
Multiples of 21: 21

Rewrite each fraction with a denominator of 21.

Add the fractions by adding the numerators and keeping the denominator the same. Make sure the fraction cannot be simplified.

9,2 _ U
21 Tar = 21

Answer

3,2 _ 1
7T T o

[/hidden-answer]
In the following video you will see an example of how to add two fractions with different denominators.

Adding Fractions with Unlike Denominators
[l mm] | Add and simplify the answer

| = = |

=-n d [D] .]] -j ‘
|

1 1 |

| ; 3 |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=34

You can also add more than two fractions as long as you first find a common denominator for all of them. An example of a sum of
three fractions is shown below. In this example, you will use the prime factorization method to find the LCM.

Think About It

Add % + % + % . Simplify the answer and write as a mixed number.

What makes this example different than the previous ones? Use the box below to write down a few thoughts about how you would
add three fractions with different denominators together.

[practice-area rows="2"][/practice-area]

[reveal-answer q="680977"]Show Solution[/reveal-answer]
[hidden-answer a="680977"]Since the denominators are not alike, find the least common denominator by finding the least common
multiple (LCM) of 4, 6, and 8.

4=2.2
6=3-2
8=2-2-2

LCM: 2-2-2-3=24
Rewrite each fraction with a denominator of 24.
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3.6 _ 18
4 6 24
1.4_4
6 4 24
5.3_15
8 3 24

Add the fractions by adding the numerators and keeping the denominator the same.

18 , 4 , 15 _ 37
24 T 20 T2 = %4
Write the improper fraction as a mixed number and simplify the fraction.
37 1 13
=179
Answer
3,1 .5 __ 4113
s Tets=1%
[/hidden-answer]
Subtracting Fractions

When you subtract fractions, you must think about whether they have a common denominator, just like with adding fractions.
Below are some examples of subtracting fractions whose denominators are not alike.

Example
Subtract % — % . Simplify the answer.

[reveal-answer qg="155692"]Show Solution[/reveal-answer]
[hidden-answer a="155692"]The fractions have unlike denominators, so you need to find a common denominator. Recall that a
common denominator can be found by multiplying the two denominators together.

5-6=230
Rewrite each fraction as an equivalent fraction with a denominator of 30.
1,6 _ 6
5°6 30
1.5 _ 5
6 5 30
Subtract the numerators. Simplify the answer if needed.
6 5 1
30 30 30
Answer
1 _ 1 _ 1
5 6 30

[/hidden-answer]

The example below shows how to use multiples to find the least common multiple, which will be the least common denominator.
Example

Subtract % — % . Simplify the answer.

[reveal-answer qg="984596" ]Show Solution[/reveal-answer]
[hidden-answer a="984596" ]Find the least common multiple of the denominators—this is the least common denominator.

Multiples of 6: 6, 12, 18, 24
Multiples of 4: 4, 8 12, 16, 20

12 is the least common multiple of 6 and 4.

Rewrite each fraction with a denominator of 12.
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5, 2_10
6 2 12
1.3 _3
437 12
Subtract the fractions. Simplify the answer if needed.
10 _ 3 _ 7
127 12 7 12
Answer
5_1_ 17
6 4 12

[/hidden-answer]
In the following video you will see an example of how to subtract fractions with unlike denominators.

rs

| e} | | Subtracting Fractions with Unlike Denom

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=34

Multiply Fractions

Just as you add, subtract, multiply, and divide when working with whole numbers, you also use these operations when working
with fractions. There are many times when it is necessary to multiply fractions. A model may help you understand multiplication of
fractions.

When you multiply a fraction by a fraction, you are finding a “fraction of a fraction.” Suppose you have % of the %:
+ O]
4
By dividing each fourth in half, you can divide the candy bar into eighths.
+ [T
8
Then, choose half of those to get %.
+ T
8

In both of the above cases, to find the answer, you can multiply the numerators together and the denominators together.

Multiplying Two Fractions

a-c __ product of the numerators

a,
b

b-d ~ product of the denominators

<
d
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Multiplying More Than Two Fractions

Example

Multiply % . %.

[reveal-answer q="368042"]Show Solution[/reveal-answer]

[hidden-answer a="368042"]Multiply the numerators and multiply the denominators.

24
35
Simplify, if possible. This fraction is already in lowest terms.
3
15
Answer
R
15

[/hidden-answer]

To review: if a fraction has common factors in the numerator and denominator, we can reduce the fraction to its simplified form by
removing the common factors.

For example,

o Given 1% is simplified because there are no common factors of 8 and 15

e Given i—g is not simplified because 5 is a common factor of 10 and 15

You can simplify first, before you multiply two fractions, to make your work easier. This allows you to work with smaller numbers
when you multiply.

In the following video you will see an example of how to multiply two fractions, then simplify the answer.

& T i Multiplying Fractions

I Multiply. Write the answer in lowest terms
H 13

4’5

w|

|-

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=34

Think About It

Multiply 2 - 1 - 2 . Simplify the answer.

What makes this example different than the previous ones? Use the box below to write down a few thoughts about how you would
multiply three fractions together.

[practice-area rows="2"][/practice-area]

[reveal-answer q="385641"]Show Solution[/reveal-answer]
[hidden-answer a="385641"]Multiply the numerators and multiply the denominators.
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Simplify first by canceling (dividing) the common factors of 3 and 2. 3 divided by 3 is 1, and 2 divided by 2 is 1.

2:1-3
3-(2-2)-5
71y
¥(2)5
1
10
Answer
1
10

[/hidden-answer]

Divide Fractions

There are times when you need to use division to solve a problem. For example, if painting one coat of paint on the walls of a room
requires 3 quarts of paint and you have a bucket that contains 6 quarts of paint, how many coats of paint can you paint on the
walls? You divide 6 by 3 for an answer of 2 coats. There will also be times when you need to divide by a fraction. Suppose painting
a closet with one coat only required %

Before we begin dividing fractions, let’s cover some important terminology.

o reciprocal: two fractions are reciprocals if their product is 1 (Don’t worry; we will show you examples of what this means.)
e quotient: the result of division

Dividing fractions requires using the reciprocal of a number or fraction. If you multiply two numbers together and get 1 as a result,
then the two numbers are reciprocals. Here are some examples of reciprocals:

Original number Reciprocal Product

4 1 12_ 1 _2_4
3 2 2°17 21— 2~

1 1_17 .3 _ 1M _ 2 _
3 23 =73 3 7= ar a1

Sometimes we call the reciprocal the “flip” of the other number: flip %

Division by Zero

You know what it means to divide by 2 or divide by 10, but what does it mean to divide a quantity by 0? Is this even possible? Can
you divide 0 by a number? Consider the fraction

0

8

We can read it as, “zero divided by eight.” Since multiplication is the inverse of division, we could rewrite this as a multiplication
problem.

?7-8=0.
We can infer that the unknown must be 0 since that is the only number that will give a result of 0 when it is multiplied by 8.
Now let’s consider the reciprocal of %. If we rewrite this as a multiplication problem, we will have

?7-0=8.

This doesn’t make any sense. There are no numbers that you can multiply by zero to get a result of 8. The reciprocal of % is
undefined, and in fact, all division by zero is undefined.

% will always be undefined.

Divide a Fraction by a Whole Number

When you divide by a whole number, you are multiplying by the reciprocal. In the painting example where you need 3 quarts of

paint for a coat and have 6 quarts of paint, you can find the total number of coats that can be painted by dividing 6 by 3, %, so the

multiplication problem becomes
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Dividing is Multiplying by the Reciprocal

For all division, you can turn the operation into multiplication by using the reciprocal. Dividing is the same as multiplying by the
reciprocal.

The same idea will work when the divisor (the thing being divided) is a fraction. If you have % of the available candy:

lof3_1.3_3
50f4 5 4 20

Each person gets 23—0 of a whole candy bar.

If you have a recipe that needs to be divided in half, you can divide each ingredient by 2, or you can multiply each ingredient by %
to find the new amount.

For example, dividing by 6 is the same as multiplying by the reciprocal of 6, which is %. Look at the diagram of two pizzas below.
How can you divide what is left (the red shaded region) among 6 people fairly?

god -1
R

. 1 .
Each person gets one piece, so each person gets 7 of a pizza.

Dividing a fraction by a whole number is the same as multiplying by the reciprocal, so you can always use multiplication of
fractions to solve division problems.

Example
Find 2 +4.

[reveal-answer q="769187"]Show Solution[/reveal-answer]
[hidden-answer a="769187"]Write your answer in lowest terms.

Dividing by 4 or 5.

2.2 1
3 v4=37
Multiply numerators and multiply denominators.
21 _ 2
347 12

Simplify to lowest terms by dividing numerator and denominator by the common factor 4.

1
6
Answer
2 .41
3 ° 6

[/hidden-answer]
Example
Divide. 9 + 5.

[reveal-answer q="269187"]Show Solution[/reveal-answer]
[hidden-answer a="269187"]Write your answer in lowest terms.

Dividing by £, which is 2.
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Multiply numerators and multiply denominators.

This answer is already simplified to lowest terms.
Answer

L1
9+ 5= 18

[/hidden-answer]

Divide a Fraction by a Fraction

Sometimes you need to solve a problem that requires dividing by a fraction. Suppose you have a pizza that is already cut into 4

slices. How many % slices are there?

number of slices = 4 number nf%slices =8
There are 8 slices. You can see that dividing 4 by % gives the same result as multiplying 4 by 2.

What would happen if you needed to divide each slice into thirds?

1
number of 3 slices = 12

You would have 12 slices, which is the same as multiplying 4 by 3.

Dividing with Fractions
1. Find the reciprocal of the number that follows the division symbol.
2. Multiply the first number (the one before the division symbol) by the reciprocal of the second number (the one after the division
symbol).
Any easy way to remember how to divide fractions is the phrase “keep, change, flip.” This means to KEEP the first number,
CHANGE the division sign to multiplication, and then FLIP (use the reciprocal) of the second number.

Example

L2 1
D1V1d6376.

[reveal-answer q="569112"]Show Solution[/reveal-answer]
[hidden-answer a="569112"Multiply by the reciprocal.

KEEP §

CHANGE -
1

FLIP 1

W
=)

Multiply numerators and multiply denominators.
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26 _ 12
31~ 3
Simplify.
12
5 =4
Answer
2 .1
g -~ E = 4

[/hidden-answer]

Example

Divide £ + 2.

[reveal-answer g="950670"]Show Solution[/reveal-answer]
[hidden-answer a="950670" ]Multiply by the reciprocal. Keep + to %

3.3
2

Multiply numerators and multiply denominators.

o
Co

9
10

[
V]

[/hidden-answer]

Why review topics from earlier math classes?

- =

Leftovers again?

You have been in class all day, running around, picking up your kids from daycare and after a long, brutal commute you get home
to realize you haven’t thought about what to fix for dinner. You go to the fridge and all you see are leftovers, a jumble of unrelated
bits and pieces from meals past. Despite your fatigue, you manage to cobble together a meal that everyone will eat willingly and to
get on with your evening.

In this section, you may feel like the topics are a cobbled-together meal of leftovers. The goal is to give you a reminder of some of
the skills and topics from earlier math classes that, like the box of leftovers in the back of your fridge, are easily forgotten by most
people. Because sometimes we just forget how these concepts work . . . until we need them again.

Learning Outcomes
Properties of Real Numbers

o Define real numbers and subsets of real numbers
o Define properties of real numbers and sue them to evaluate algebraic expressions

Multi-Step Equations

o Use properties of real numbers to solve multi-step linear equations
o Define and use the distributive property to solve linear equations
¢ Classify solutions to equations

Problem Solving

e Set up equations from descriptions of problems
o Use formulas to solve application problems
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As you work through the rest of the sections of this course, please return to this review if you feel like you need a reminder of the
topics covered. These topics were chosen because they are often forgotten and are widely used throughout the course. Don’t worry,
just like ketchup, these concepts have a long shelf life.

CC licensed content, Original

e Revision and Adaptiation. Provided by: Lumen Learning. License: CC BY: Attribution

CC licensed content, Shared previously

o Ex: Add Fractions with Unlike Denominators (Basic with Model). Authored by: James Sousa (Mathispower4u.com) . Located
at: https://youtu.be/zV4q7j1-891. License: CC BY: Attribution

e Ex: Subtract Fractions with Unlike Denominators (Basic with Model) Mathispower4u . Authored by: James Sousa
(Mathispower4u.com) . Located at: https://youtu.be/RpHtOMjel7g. License: CC BY: Attribution

o Unit 2: Fractions and Mixed Numbers, from Developmental Math: An Open Program. Provided by: Monterey Institute of
Technology. Located at: http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-
formats/. License: CC BY: Attribution

e Ex 1: Divide Fractions (Basic). Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/F5YSNLel3n8. License: CC BY: Attribution

o College Algebra. Provided by: OpenStax. Located at: http://cnx.org/contents/yqV9qO0HH@7.3:57ku6WX5@2/Multiply-and-
Divide-Fractions. License: CC BY: Attribution. License Terms: Download for free at http://cnx.org/contents/caa57dab-
41c...43cda5519c@7.3

CC licensed content, Specific attribution

o Multiply and Divide Fractions. Provided by: OpenStax. Located at:
http://cnx.org/contents/yqVIqOHH@7.3:s7ku6W X5@2/Multiply-and-Divide-Fractions. License: CC BY: Attribution. License
Terms: Download for free at http://cnx.org/contents/caa57dab-41c...43cda5519c@7.3

1.2: Fractions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.3: Real Numbers

Learning Objectives
¢ Add and subtract real numbers
o Add real numbers with the same and different signs
o Subtract real numbers with the same and different signs
o Simplify combinations that require both addition and subtraction of real numbers.
e Multiply and divide real numbers
o Multiply two or more real numbers.
o Divide real numbers
o Simplify expressions with both multiplication and division
o Simplify expressions with real numbers
¢ Recognize and combine like terms in an expression
o Use the order of operations to simplify expressions
o Simplify compound expressions with real numbers
o Simplify expressions with fraction bars, brackets, and parentheses
o Use the distributive property to simplify expressions with grouping symbols
o Simplify expressions containing absolute values

Some important terminology to remember before we begin is as follows:

o integers: counting numbers like 1, 2, 3, etc., including negatives and zero

¢ real number: fractions, negative umbers, decimals, integers, and zero are all real numbers

« absolute value: a number’s distance from zero; it’s always positive. | — 7| =7

o sign: this refers to whether a number is positive or negative, we use — for negative (to the left of zero on the number line)
o difference: the result of subtraction

o sum: the result of addition

The ability to work comfortably with negative numbers is essential to success in algebra. For this reason we will do a quick review of adding,
subtracting, multiplying and dividing integers. Integers are all the positive whole numbers, zero, and their opposites (negatives). As this is
intended to be a review of integers, the descriptions and examples will not be as detailed as a normal lesson.

Adding and Subtracting Real Numbers

When adding integers we have two cases to consider. The first case is whether the signs match (both positive or both negative). If the signs
match, we will add the numbers together and keep the sign.

If the signs don’t match (one positive and one negative number) we will subtract the numbers (as if they were all positive) and then use the sign
from the larger number. This means if the larger number is positive, the answer is positive. If the larger number is negative, the answer is
negative.

To add two numbers with the same sign (both positive or both negative)

o Add their absolute values (without the — sign)
¢ Give the sum the same sign.

To add two numbers with different signs (one positive and one negative)

o Find the difference of their absolute values. (Note that when you find the difference of the absolute values, you always subtract the lesser
absolute value from the greater one.)

e Give the sum the same sign as the number with the greater absolute value.

Example
Find 23-73.

[reveal-answer q="951238"]Show Solution[/reveal-answer]
[hidden-answer a=951238"]You can’t use your usual method of subtraction because 73 is greater than 23. Rewrite the subtraction as adding the
opposite.

23+ (—73)

The addends have different signs, so find the difference of their absolute values.
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23| =23 and |-73| =73
73 —-23 =50
Since |—73| > |23|, the final answer is negative.
Answer
23-73 =-50
[/hidden-answer]

Another way to think about subtracting is to think about the distance between the two numbers on the number line. In the example below, 382
units, and 382 + 93.

1 Total distance = 382 + 93 = 475 units

93 382

O -
w
@™
%]

Example
Find 382-(—93).

[reveal-answer q="342295"]Show Solution[/reveal-answer]

[hidden-answer a="342295"]You are subtracting a negative, so think of this as taking the negative sign away. This becomes an addition problem.
+93

382493 =475

Answer
382-(—93) =475
[/hidden-answer]

The following video explains how to subtract two signed integers.

Determine the difference.

45 — 62 23 (=T2)

4< 4 (~62)

Jug)= 45

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36
Example

: 3 6,2
Find — oy tx

[reveal-answer q="11416"]Show Solution[/reveal-answer]
[hidden-answer a="11416"]Add the first two and give the result a negative sign:

Since the signs of the first two are the same, find the sum of the absolute values of the fractions

Since both numbers are negative, the sum is negative. If you owe money, then borrow more, the amount you owe becomes larger.

_5
7

Slo e

|
is

~ o

_3_8
77

o
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Now add the third number. The signs are different, so find the difference of their absolute values.

|2|:l
7 7
9_2_1
7717
; 9
Smce77.
9,2 7
—rtr=o7
Answer

3 6 2 7
(7 +r=-7
[/hidden-answer]

In the following video you will see an example of how to add three fractions with a common denominator that have different signs.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Example

Evaluate 27.832 + (—3.06). When you add decimals, remember to line up the decimal points so you are adding tenths to tenths, hundredths to
hundredths, and so on.

[reveal-answer q="545871"]Show Solution[/reveal-answer]
[hidden-answer a="545871"]Since the addends have different signs, subtract their absolute values.

27.832
—3.06
24.772
|—3.06| = 3.06

The sum has the same sign as 27.832 whose absolute value is greater.

Answer
27.832+4(—3.06) =24.772

[/hidden-answer]

In the following video are examples of adding and subtracting decimals with different signs.
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Example: Add the decimals,
28 l= -5 4,58 4 (+2.97¢
¥, 2.1
7% 'o
L

Values +

g

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Multiplying and Dividing Real Numbers

Multiplication and division are inverse operations, just as addition and subtraction are. You may recall that when you divide fractions, you
multiply by the reciprocal. Inverse operations “undo” each other.

Multiply Real Numbers

Multiplying real numbers is not that different from multiplying whole numbers and positive fractions. However, you haven’t learned what effect
a negative sign has on the product.

With whole numbers, you can think of multiplication as repeated addition. Using the number line, you can make multiple jumps of a given size.
For example, the following picture shows the product 3 - 4 as 3 jumps of 4 units each.

34 = 1z

.

/ \ \ ’J/‘. 5 \.\. ‘:/) \\1
A \/ vl \
| A O I AR O TR [, O V| L1 1 1

| FERNNY (A SR AN N VNN A R TN AN N G ST Y U A
o 1 2 3 4 S5 6 7 & 9 10 11 12 13 14 15 16

|
T T T T T T T T T
-16 -15 -14 -13 -12 -11 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

The product of a positive number and a negative number (or a negative and a positive) is negative.

The Product of a Positive Number and a Negative Number

To multiply a positive number and a negative number, multiply their absolute values. The product is negative.
Example

Find 1 41 or 2 places after the decimal point.

3.8
x 0.6
2.28

The product of a negative and a positive is negative.

Answer
—3.8(0.6) = —2.28
[/hidden-answer]

The following video contains examples of how to multiply decimal numbers with different signs.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36
The Product of Two Numbers with the Same Sign (both positive or both negative)
To multiply two positive numbers, multiply their absolute values. The product is pesitive.
To multiply two negative numbers, multiply their absolute values. The product is pesitive.
Example
: 3 2
Find (-7) (=%)
[reveal-answer q="322816"]Show Solution[/reveal-answer]

[hidden-answer a="322816"]Multiply the absolute values of the numbers. First, multiply the numerators together to get the product’s numerator.
Then, multiply the denominators together to get the product’s denominator. Rewrite in lowest terms, if needed.

3\ (2 6 3
(D E)=%=1%
The product of two negative numbers is positive.
Answer
3 2) _ 3
D) =%
[/hidden-answer]

The following video shows examples of multiplying two signed fractions, including simplification of the answer.

Example: Multiply and simplify.

(=05

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

To summarize:

o positive - positive: The product is poesitive.

« negative - negative: The product is positive.
« negative - positive: The product is negative.
o positive - negative: The product is negative.

You can see that the product of two negative numbers is a positive number. So, if you are multiplying more than two numbers, you can count the
number of negative factors.
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Multiplying More Than Two Negative Numbers

If there are an even number (0, 2, 4, ...) of negative factors to multiply, the product is pesitive.
If there are an odd number (1, 3, 5, ...) of negative factors, the product is negative.

Example

Find 3(—6)(2)(—3)(-1).

[reveal-answer q="149062"]Show Solution[/reveal-answer]

[hidden-answer a="149062" ]Multiply the absolute values of the numbers.

3(6)(2)(3)(1)
18(2)(3)(1)
36(3)(1)
108(1)
108
Count the number of negative factors. There are three (—6, —3, —1).
3(=6)(2)(=3)(-1)

Since there are an odd number of negative factors, the product is negative.

Answer
3(—6)(2)(-3)(-1) =-108
[/hidden-answer]

The following video contains examples of multiplying more than two signed integers.

Evaluate,
—4(B)(—2) = 4¥
Nt

(—_’if-f r J') = Yy Different Sign

Same Sign
(HI+) =I1(+)

i The product of an

7(=3)(—-2)(—4) = odd nismber ol
negativies i nedmlive
The product of an

even numberal
I EELIVES 1S positive

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Divide Real Numbers

You may remember that when you divided fractions, you multiplied by the reciprocal. Reciprocal is another name for the multiplicative inverse
(just as opposite is another name for additive inverse).

An easy way to find the multiplicative inverse is to just “flip” the numerator and denominator as you did to find the reciprocal. Here are some

examples:
o The reciprocal of %because %(%) = % =1
o The reciprocal of 3is 2(1) =2 =1

o The reciprocal of %6 because —% (—%) =30 _7,
e The reciprocal of 1is 1 as 1(1) = 1.

When you divided by positive fractions, you learned to multiply by the reciprocal. You also do this to divide real numbers.

Think about dividing a bag of 26 marbles into two smaller bags with the same number of marbles in each. You can also say each smaller bag has
one half of the marbles.

26+2=26(3)=13
Notice that 2 and % are reciprocals.

Try again, dividing a bag of 36 marbles into smaller bags.
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Number of bags Dividing by number of bags Multiplying by reciprocal
1y _ 36 _ 123) _

3 36(1) = 8- 20 12
1) _36 _ 9 _

4 36(4) T4 4 9
1) _36 _ 80 _

6 36(1) =2 -

Dividing by a number is the same as multiplying by its reciprocal. (That is, you use the reciprocal of the divisor, the second number in the
division problem.)

Example
Find 28 + 3

[reveal-answer q="210216"]Show Solution[/reveal-answer]
[hidden-answer a="210216"]Rewrite the division as multiplication by the reciprocal. The reciprocal of %.

28+3=28(2)

Multiply.

28 (3 28(3) _ 4(1)(3)

T(Z) =—0t=— =7(3)=21
Answer
28+ 4 =21

[/hidden-answer]

Now let’s see what this means when one or more of the numbers is negative. A number and its reciprocal have the same sign. Since division is
rewritten as multiplication using the reciprocal of the divisor, and taking the reciprocal doesn’t change any of the signs, division follows the same
rules as multiplication.

Rules of Division

When dividing, rewrite the problem as multiplication using the reciprocal of the divisor as the second factor.
When one number is positive and the other is negative, the quotient is negative.

When both numbers are negative, the quotient is positive.

When both numbers are positive, the quotient is positive.

Example
: . 5
Find 24 + (—3).
[reveal-answer q="716581"]Show Solution[/reveal-answer]
[hidden-answer a="716581"]Rewrite the division as multiplication by the reciprocal.

. 5) _ 6
24+ (—5) =24 ()
Multiply. Since one number is positive and one is negative, the product is negative.

B(-g)=

Answer

25 (-3) =1

[/hidden-answer]

Example

Find4 (—2) +(-6)

[reveal-answer q="557653"]Show Solution[/reveal-answer]

[hidden-answer a="557653"]Rewrite the division as multiplication by the reciprocal.

- ()

Multiply. There is an even number of negative numbers, so the product is positive.
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Write the fraction in lowest terms.
Answer

2\ . _ 4
(-3 +(-6)=3
[/hidden-answer]

The following video explains how to divide signed fractions.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Remember that a fraction bar also indicates division, so a negative sign in front of a fraction goes with the numerator, the denominator, or the

ion: 3 — =3 _ 3
whole fraction: — = —~ == .

In each case, the overall fraction is negative because there’s only one negative in the division.

The following video explains how to divide signed fractions.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Simplify Expressions With Real Numbers
Some important terminology before we begin:

o operations/operators: In mathematics we call things like multiplication, division, addition, and subtraction operations. They are the verbs of
the math world, doing work on numbers and variables. The symbols used to denote operations are called operators, such as +, —, X ,+ . As
you learn more math, you will learn more operators.

o term: Examples of terms would be —% or a®. Even lone integers can be a term, like 0.

o expression: A mathematical expression is one that connects terms with mathematical operators. For example % + (22) -9+ g is an
expression.

https://math.libretexts.org/@go/page/51436


https://libretexts.org/
https://math.libretexts.org/@go/page/51436?pdf

LibreTexts"

Combining Like Terms

One way we can simplify expressions is to combine like terms. Like terms are terms where the variables match exactly (exponents included).
Examples of like terms would be —3zy or a2b or 8. If we have like terms we are allowed to add (or subtract) the numbers in front of the
variables, then keep the variables the same. As we combine like terms we need to interpret subtraction signs as part of the following term. This
means if we see a subtraction sign, we treat the following term like a negative term. The sign always stays with the term.

This is shown in the following examples:

Example
[ Example |

Combine like terms: 5z — 2y — 8z + Ty
[reveal-answer q="730653"]Show Solution[/reveal-answer]
[hidden-answer a="730653"]

The like terms in this expression are:

—8x
—Ty
Note how we kept the sign in front of each term.
Combine like terms:
5z —8x = -3z
—2y—Ty=-9

Note how signs become operations when you combine like terms.
Simplified Expression:
5z —2y —8x + Ty =—3z — 9y

[/hidden-answer]

In the following video you will be shown how to combine like terms using the idea of the distributive property. Note that this is a different
method than is shown in the written examples on this page, but it obtains the same result.

Example: Combine the like terms.

1242 — 908

15r% = 9r* — 181"

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Combine like terms: 2> —3z +9 — 522 +3z —1

[reveal-answer q="730650"]Show Solution[/reveal-answer]
[hidden-answer a="730650"]

The like terms in this expression are:
—5z2

3z

Combine like terms:
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z? — 5z? = —42?
—3z+3x=0
9-1=38

[/hidden-answer]

In the video that follows, you will be shown another example of combining like terms. Pay attention to why you are not able to combine all three
terms in the example.

Example: Combine the like terms.

€2y + 3xy? + 489 - S5

1+#4=5

—Tm =4+ 2m+9

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Order of Operations

You may or may not recall the order of operations for applying several mathematical operations to one expression. Just as it is a social
convention for us to drive on the right-hand side of the road, the order of operations is a set of conventions used to provide order when you are
required to use several mathematical operations for one expression. The graphic below depicts the order in which mathematical operations are
performed.

Order of Operations

«  Perform all operations within
grouping symbols first. Grouping /
syriboly include (], (1. 1) 1

= Evaluale exponeEnis or Squere roots
= iulthply or divide from left 1o rght / Multipty/

Ael=l I i i Divide
2 2
/ Fram left
Eaparenis ta right
1 f Roots
o
Ghupsng
11 1§l

Order of operations

Example
Simplify 7-5+3-8.
[reveal-answer q="987816"]Show Solution[/reveal-answer]
[hidden-answer a="987816"]According to the order of operations, multiplication comes before addition and subtraction.
Multiply 3 - 8.

7-5+3-8

7-5+24

Now, add and subtract from left to right. 7— 5 comes first.

2+24.
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Finally, add.
2424 =26
Answer
7-54+3-8=26
[/hidden-answer]

In the following example, you will be shown how to simplify an expression that contains both multiplication and subtraction using the order of
operations.

Order of Operations

1 38 Gperations Within OUPING tymbals. Grouping symbors inchide
hoses |, brackets | |, braces |, snd fraction bars

1. Evaluate exponents or raficals

. Multiply o divide, From kel 1o right

4, Add or subteact, from loft to right

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

When you are applying the order of operations to expressions that contain fractions, decimals, and negative numbers, you will need to recall how
to do these computations as well.

Example
Simplify 3 - % 78+% .

[reveal-answer q="265256"]Show Solution[/reveal-answer]

[hidden-answer a="265256"]According to the order of operations, multiplication and division come before addition and subtraction. Sometimes
it helps to add parentheses to help you know what comes first, so let’s put parentheses around the multiplication and division since it will come
before the subtraction.

Multiply 3 - % first.

Now, divide 8 + i .

Subtract.

Answer

1 L1
3-3-8+4,=-31
[/hidden-answer]

In the following video you are shown how to use the order of operations to simplify an expression that contains multiplication, division, and
subtraction with terms that contain fractions.
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i rouping fynibols. Grouping symbols inchide
|, braces (1, and fraction bary

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Exponents

When you are evaluating expressions, you will sometimes see exponents used to represent repeated multiplication. Recall that an expression such
as 7- 7. (Exponential notation has two parts: the base and the exponent or the power. In 72, 7 is the base and 2 is the exponent; the exponent
determines how many times the base is multiplied by itself.)

Exponents are a way to represent repeated multiplication; the order of operations places it before any other multiplication, division, subtraction,
and addition is performed.

Example

Simplify 32 - 2°.

[reveal-answer q="360237"]Show Solution[/reveal-answer]

[hidden-answer a="360237"]This problem has exponents and multiplication in it. According to the order of operations, simplifying 2% comes
before multiplication.

32.93
3 - 3, which equals 9.
\(9\cdot
Y
2 -2 -2, which equals 8.
9-8
Multiply.
9-8="T72
Answer
\(
\cdot =72\)

[/hidden-answer]

In the video that follows, an expression with exponents on its terms is simplified using the order of operations.
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Order of Operations

4. Add ax suibtract, From beft o right

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

Grouping Symbols

Grouping symbols such as parentheses ( ), brackets [ ], braces{}, and fraction bars can be used to further control the order of the four arithmetic
operations. The rules of the order of operations require computation within grouping symbols to be completed first, even if you are adding or
subtracting within the grouping symbols and you have multiplication outside the grouping symbols. After computing within the grouping
symbols, divide or multiply from left to right and then subtract or add from left to right. When there are grouping symbols within grouping
symbols, calculate from the inside to the outside. That is, begin simplifying within the innermost grouping symbols first.

Remember that parentheses can also be used to show multiplication. In the example that follows, both uses of parentheses—as a way to represent
a group, as well as a way to express multiplication—are shown.

Example
Simplify (3 +4)% +(8) (4).

[reveal-answer q="548490"]Show Solution[/reveal-answer]
[hidden-answer a="548490"]This problem has parentheses, exponents, multiplication, and addition in it. The first set of parentheses is a
grouping symbol. The second set indicates multiplication.

Grouping symbols are handled first. Add numbers in parentheses.

(3+4)*+(8)(4)
(7)° +(8)(4)
Simplify 72
7+ (8)4)
49+ (8)(4)
Multiply.
49+ (8)(4)
49+ (32)
Add.
49+32 =81
Answer

(34+4)%+(8)(4) =81

[/hidden-answer]

3[5-+(2+3)7]

Simplify 4 - 5
[reveal-answer g="358226"]Show Solution[/reveal-answer]
[hidden-answer a="358226"]

There are brackets and parentheses in this problem. Compute inside the innermost grouping symbols first.
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4. 3[5+(22+3)]
2
—4. 3[5+2(5) ]
Then apply the exponent
4. 3[5+2(5) ]
—4. 3[52+25]
Then simplify the fraction
=4.-2
=4-45
=180
Answer
2
4. 3[5+(22+3)] — 180
[/hidden-answer]

In the following video, you are shown how to use the order of operations to simplify an expression with grouping symbols, exponents,
multiplication, and addition.

Order of Operatinns

‘ Simpiify (2 +4)* + (7)(8)
i

pINE TYMBORS. GO WTBGH e
). and traction bary

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36
Think About It
These problems are very similar to the examples given above. How are they different and what tools do you need to simplify them?

a) Simplify (1.5+3.5)—-2(0.5- 6)2. This problem has parentheses, exponents, multiplication, subtraction, and addition in it, as well as decimals
instead of integers.

Use the box below to write down a few thoughts about how you would simplify this expression with decimals and grouping symbols.
[practice-area rows="2"][/practice-area]

[reveal-answer q="680970"]Show Solution[/reveal-answer]
[hidden-answer a="680970"]
Grouping symbols are handled first. Add numbers in the first set of parentheses.
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(1.543.5)-2(0.5-6)?

5-2(0.5-6)?
Multiply numbers in the second set of parentheses.
5-2(0.5-6)?
5-2(3)?
Evaluate exponents.
5-2(3)?
5-2-9
Multiply.
5-2-9
5-18
Subtract.
5-18 =-13
Answer

(1.543.5)-2(0.5-6)%> = —13

[/hidden-answer]

b) Simplify \(

+\cdot \,32\).

Use the box below to write down a few thoughts about how you would simplify this expression with fractions and grouping symbols.

[practice-area rows="2"][/practice-area]

[reveal-answer g="680972"]Show Solution[/reveal-answer]

[hidden-answer a="680972"]

This problem has exponents, multiplication, and addition in it, as well as fractions instead of integers.

According to the order of operations, simplify the terms with the exponents first, then multiply, then add.
112 1\3
(3)"+(3)"-82

Evaluate: (%)2 = % . % — %

Evaluate: (%)3 =1.11_ 1

1,1
115732
Multiply.
1, 32
1T
e 11
Simplify. 7 + 5.
1,1_3
T3 TI
Answer
\(

+H\cdot 32=\frac{3}{4}\)[/hidden-answer]

Simplify Compound Expressions With Real Numbers

In this section, we will use the skills from the last section to simplify mathematical expressions that contain many grouping symbols and many
operations. We are using the term compound to describe expressions that have many operations and many grouping symbols. More care is
needed with these expressions when you apply the order of operations. Additionally, you will see how to handle absolute value terms when you
simplify expressions.

Example

smmwiﬁﬁfw
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[reveal-answer q="906386"]Show Solution[/reveal-answer]
[hidden-answer a="906386"]This problem has brackets, parentheses, fractions, exponents, multiplication, subtraction, and addition in it.

Grouping symbols are handled first. The parentheses around the (2 - (—6)). Begin working out from there. (The fraction line acts as a type of
grouping symbol, too; you simplify the numerator and denominator independently, and then divide the numerator by the denominator at the end.)

5—[3+(2:(=6))]
3242

5—[3+(—12)]
3242
Add —12, which are in brackets, to get —9.
5—[3+(-12)]
3242

5-[-9]
3242
Subtract 5- [-9] =5+9 =14.

14
3242

The top of the fraction is all set, but the bottom (denominator) has remained untouched. Apply the order of operations to that as well. Begin by
evaluating 32 = 9.

14
3242
14
9-+2
Now add. 9+2 =11.
14
942
14
1
Answer
5-[3+(2(=6))] _ 14
3242 1

[/hidden-answer]

The video that follows contains an example similar to the written one above. Note how the numerator and denominator of the fraction are
simplified separately.

simpity SEHEEO _ e re, i) £ (4% 2) ‘

4 dd or subtract, from left to right

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36

The Distributive Property

Parentheses are used to group or combine expressions and terms in mathematics. You may see them used when you are working with formulas,
and when you are translating a real situation into a mathematical problem so you can find a quantitative solution.
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Combo Meal Distributive Property

For example, you are on your way to hang out with your friends, and call them to ask if they want something from your favorite drive-through.
Three people want the same combo meal of 2 tacos and one drink. You can use the distributive property to find out how many total tacos and
how many total drinks you should take to them.

3 (2 tacos +1 drink)
=3-2tacos + 3 drinks

= 6 tacos + 3 drinks
The distributive property allows us to explicitly describe a total that is a result of a group of groups. In the case of the combo meals, we have
three groups of ( two tacos plus one drink). The following definition describes how to use the distributive property in general terms.
The Distributive Property of Multiplication
For all real numbers a, b, and ¢, a(b+¢) = ab+ac .
What this means is that when a number multiplies an expression inside parentheses, you can distribute the multiplication to each term of the
expression individually.
To simplify 3 (3+y) —y+9 , it may help to see the expression translated into words:

multiply three by (the sum of three and y), then subtract y, then add 9
To multiply three by the sum of three and y, you use the distributive property —
3(3+y)—y+9

=3-3+3-y—-y+9
~ ~~

=9+3y—y+9
Now you can subtract y from 3y and add 9 to 9.
9+3y—y+9
=18+2y

The next example shows how to use the distributive property when one of the terms involved is negative.

Example
[ Example |

Simplify a+2 (5 —a)+3 (a+4)
[reveal-answer q="233674"]Show Solution[/reveal-answer]
[hidden-answer a="233674"]

This expression has two sets of parentheses with variables locked up in them. We will use the distributive property to remove the
parentheses.

a+2(5—a)+3(a+4)
=a+2-5-2-a+3-a+3-4
Note how we placed the negative sign that was on b in front of the 2 when we applied the distributive property. When you multiply a
negative by a positive the result is negative, so 2+ —a = —2a . It is important to be careful with negative signs when you are using the
distributive property.
a+2-5—-2-a+3-a+3-4
=a+10—-2a+3a+12
=2a+22

We combined all the terms we could to get our final result.

Answer
a+2(5—a)+3(a+4)=2a+22

[/hidden-answer]
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Absolute Value
Absolute value expressions are one final method of grouping that you may see. Recall that the absolute value of a quantity is always positive or
0.

When you see an absolute value expression included within a larger expression, treat the absolute value like a grouping symbol and evaluate the
expression within the absolute value sign first. Then take the absolute value of that expression. The example below shows how this is done.

Example

. . 3+[2—6]

[reveal-answer q="572632"]Show Solution[/reveal-answer]|
[hidden-answer a="572632"]This problem has absolute values, decimals, multiplication, subtraction, and addition in it.

Grouping symbols, including absolute value, are handled first. Simplify the numerator, then the denominator.

Evaluate |2— 6.

3+[2-6|
2[3-1.5)—(—3)

3+|—4]
2|3-1.5|—(-3)

Take the absolute value of | —4]|.

3+|—4|
2[3-1.5|—(—3)

3+4
2(3-1.5|—(—3)
Add the numbers in the numerator.
3+4
2[3-1.5)—(-3)
7
2[3-1.5)—(-3)
Now that the numerator is simplified, turn to the denominator.

Evaluate the absolute value expression first. 3 - 1.5 = 4.5, giving

S S
2|3-1.5/—(—3)

Y SR
2[4.5—(-3)

The expression “2 |4.5” reads “2 times the absolute value of 4.5.” Multiply 2 times 4.5.

7
24.5|—(-3)
7
9—(-3)
Subtract.
7
9—(-3)
7
12
Answer
3+|2-6| 7

2[3-1.5/—3(=3) ~ 12
[/hidden-answer]

The following video uses the order of operations to simplify an expression in fraction form that contains absolute value terms. Note how the
absolute values are treated like parentheses and brackets when using the order of operations.
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Simplify Compound Expressions With Real Numbers
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=36
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1.5: Putting It Together- Review
| USE LEFTOVERS

++:= mark of a Good Cook

(=N
Study Your “Arm

Cook”
for Recipes =

While the forgotten food in your fridge may not be what you spend your work day dreaming about devouring when you get home,
those jumbled bits and pieces can be used to create something tasty enough to satisfy your hunger. Hopefully this section offered
you enough tidbits to keep you full long enough to get to the next section, where you will learn how to put these forgotten skills to
work as you continue to grow your mathematical prowess. Remember, you can come back to this review any time throughout the

course for practice dividing fractions, calculating percent change, or whatever you might need to help you learn the concepts in this
course more easily
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1.1: Why It Matters- Solving Equations and Inequalities

Why solve linear equations and inequalities?

You might be surprised to learn that applications of linear equations turn up in many places besides math classrooms. Knowing
how to solve them is a basic math skill used in nearly every academic discipline and in many jobs. One of the fundamental
principles of solving linear equations is that of reversing or undoing mathematical operations such as addition and subtraction. To
see a linear equation in action, let’s consider one that’s used by forensic scientists to calculate blood alcohol content.

Not surprisingly, blood alcohol content (BAC) is a measurement of how much alcohol is in someone’s blood. It’s usually measured
in grams and as a percentage. For example, a BAC of 0.30% is three-tenths of 1%, and it indicates that there are 3 grams of alcohol
for every 1,000 grams of blood—which is actually a lot. A BAC of 0.05% impairs reasoning and the ability to concentrate. A BAC
of 0.30% can lead to a blackout, shortness of breath, and loss of bladder control. In most states, the legal limit for driving is a BAC
of 0.08%.

BAC is usually determined by the results of a breathalyzer, urinalysis, or blood test. Swedish physician E. M. P. Widmark
developed an equation that works well for estimating BAC without using one of those tests. Widmark’s formula is widely used by
forensic scientists:

2.84N
B = ~0.015¢ + (254

where

e B = percentage of BAC

o t=number of hours since the first drink

e N = number of “standard drinks” (a standard drink is one 12-ounce beer, one 5-ounce glass of wine, or one 1.5-ounce shot of
liquor). N should be at least 1.

¢ W = weight in pounds

e g = gender constant: 0.68 for men and 0.55 for women

In the following table, the progressive effects of alcohol are defined for ranges of blood alcohol content.

Progressive effects of alcohol

BAC (% by vol.) Behavior Impairment
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e Joan likes to party and believes she is
“just fine” when it comes to driving. At
a party, though, she downs three
standard drinks, one after the other, and
then decides to leave. If Joan weighs
135 pounds, where would she be on the
table of the progressive effects of
alcohol after 1.5 hours? Would she be
within the legal limit to drive home
after this amount of time? Given any
amount that she drinks, can you figure
out how long she must wait before she
can drive safely and legally?
As you’ll discover, these are all
questions that can be answered by
solving linear equations and
inequalities. Read on to learn more. At
the end of the module we’ll revisit Joan

0.001-0.029 and see how she fared.

Learning Outcomes
Real Numbers

o Classify a real number

o Define properties of real numbers
and use them to evaluate algebraic
expressions

Multi-Step Equations

o Use properties of real numbers to
solve multi-step equations

o Define and use the distributive
property to solve linear equations

o Classify solutions to linear equations

Problem-Solving

o Setup a linear equation from a
written description of a problem and
solve it

o Use a formula to solve an
application problem

1.1: Why It Matters- Solving Equations and Inequalities is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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1.2: Solving Linear Equations

Learning Objectives
o Use the addition property of equality

o Solve algebraic equations using the addition property of equality
o Solve one-step equations containing absolute values with addition

o Use the multiplication property of equality

o Solve algebraic equations using the multiplication property of equality
o Solve one-step equations containing absolute values with multiplication

Solve an algebraic equation using the addition property of equality
First, let’s define some important terminology:

o variables: variables are symbols that stand for an unknown quantity, they are often represented with letters, like x, y, or z.

o coefficient: Sometimes a variable is multiplied by a number. This number is called the coefficient of the variable. For example,
the coefficient of 3x is 3.

e term: a single number, or variables and numbers connected by multiplication. -4, 6x and z? are all terms

« expression: groups of terms connected by addition and subtraction. 2z — 5 is an expression

e equation: an equation is a mathematical statement that two expressions are equal. An equation will always contain an equal
sign with an expression on each side. Think of an equal sign as meaning “the same as.” Some examples of equations are
3pr=v’—r,and2(6—d)+f(3+k)=1d

The following figure shows how coefficients, variables, terms, and expressions all come together to make equations. In the
equation z, a coefficient is 10z, an expression is 2z — 3%.

Equitmn

'd B
Variable
r.k.‘
2x —3%=10x
Ny’
Coefficient
Expression
Term

Equation made of coefficients, variables, terms and expressions.

Using the Addition Property of Equality

An important property of equations is one that states that you can add the same quantity to both sides of an equation and still
maintain an equivalent equation. Sometimes people refer to this as keeping the equation “balanced.” If you think of an equation as
being like a balance scale, the quantities on each side of the equation are equal, or balanced.

Let’s look at a simple numeric equation, 3 +7 = 10, to explore the idea of an equation as being balanced.
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The expressions on each side of the equal sign are equal, so you can add the same value to each side and maintain the equality.
Let’s see what happens when 5 is added to each side.

3+74+5=10+5

Since each expression is equal to 15, you can see that adding 5 to each side of the original equation resulted in a true equation. The
equation is still “balanced.”

On the other hand, let’s look at what would happen if you added 5 to only one side of the equation.

3+7=10
34+7+5=10
15 #10

Adding 5 to only one side of the equation resulted in an equation that is false. The equation is no longer “balanced,” and it is no
longer a true equation!

Addition Property of Equality

For all real numbers a, b, and c: If a+c=b+c .

If two expressions are equal to each other, and you add the same value to both sides of the equation, the equation will remain equal.

Solve algebraic equations using the addition property of equality

When you solve an equation, you find the value of the variable that makes the equation true. In order to solve the equation, you
isolate the variable. Isolating the variable means rewriting an equivalent equation in which the variable is on one side of the
equation and everything else is on the other side of the equation.

When the equation involves addition or subtraction, use the inverse operation to “undo” the operation in order to isolate the
variable. For addition and subtraction, your goal is to change any value being added or subtracted to 0, the additive identity.

In the following simulation, you can adjust the quantity being added or subtracted to each side of an equation to see how important
it is to perform the same operation on both sides of an equation when you are solving.

Examples

Solvexz —6 =8.

[reveal-answer q="577240"]Show Solution[/reveal-answer]
[hidden-answer a="577240"]

This equation means that if you begin with some unknown number, x, and subtract 6, you will end up with 8. You are trying to
figure out the value of the variable x.

Using the Addition Property of Equality, add 6 to both sides of the equation to isolate the variable. You choose to add 6 because 6
is being subtracted from the variable.

r—6 = 8

+6 +6

r =14
Answer
r=14

[/hidden-answer]
Solve z +5 =27.

[reveal-answer q="579240"]Show Solution[/reveal-answer]
[hidden-answer a="579240"]

This equation means that if you begin with some unknown number, x, and add 5, you will end up with 27. You are trying to figure
out the value of the variable x.

Using the Addition Property of Equality, subtract 5 from both sides of the equation to isolate the variable. You choose to subtract 5,
as 5 is being added from the variable.
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rz+5 = 27

-5 -5

r = 22
Answer
T =22

[/hidden-answer]

In the following video two examples of using the addition property of equality are shown.

]il Solving Equations Using the Addition Property of Equality
S “‘

i‘;r}lue x=9=15. Salve x + 7 = 42

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

Since subtraction can be written as addition (adding the opposite), the addition property of equality can be used for subtraction as
well. So just as you can add the same value to each side of an equation without changing the meaning of the equation, you can
subtract the same value from each side of an equation.

Examples

Solve £ 410 = —65. Check your solution.

[reveal-answer q="684455"]Show Solution[/reveal-answer]
[hidden-answer a="684455"]

Solve:
z+10 =—-65
Since 10 is being added to the variable, subtract 10 from both sides. Note that subtracting 10 is the same as adding — 10.
z+10 = —65
—10 —10
x = —75
To check, substitute the solution, — 75 for x in the original equation, then simplify.
z+10 =—-65
—754+ 10 =—65
—65 = —6b

This equation is true, so the solution is correct.

Answer
z+10 =65.

[/hidden-answer]

Solve x —4 = —32. Check your solution.
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[reveal-answer q="624455"]Show Solution[/reveal-answer]
[hidden-answer a="624455"]

Solve:
r—4=-32
Since 4 is being subtracted from the variable, add 4 to both sides.
x—4 = —-32
+4 +4
z = —28

Check:

To check, substitute the solution, —28 for x in the original equation, then simplify.

r—4 =-32
—28—4 =-32
-32 =-32

This equation is true, so the solution is correct.

Answer

Tz —4=32.

[/hidden-answer]

It is always a good idea to check your answer whether you are requested to or not.

The following video presents two examples of using the addition property of equality when there are negative integers in the
equation.

Solving One-Step Equations
i‘.iolue.l +17 = =32, Solve x — 24 = —59. |
I

NTi= =32

SAEREN

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46
Think About It

Can you determine what you would do differently if you were asked to solve equations like these?

a) Solve 12.5 +t = —7.5.

What makes this example different than the previous ones? Use the box below to write down a few thoughts about how you would
solve this equation with decimals.

[practice-area rows="2"][/practice-area]

[reveal-answer q="680980"]Show Solution[/reveal-answer]

[hidden-answer a="680980"]To solve this equation you need to remember how to add or subtract decimal numbers. You also need
to remember that when you subtract a number from a negative number, your result will be negative.
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Using the Addition Property of Equality, subtract 12.5 from both sides of the equation to isolate the variable, t. You choose to
subtract 12.5 because 12.5 is being added to the variable, t.

125+t = =75
—-12.5 —12.5
t =-20
To add two numbers of the same sign, first add their absolute values:
|-12.5| =12.5
|-7.5|=17.5
12.5+7.5=20

Now apply the sign they share, which is negative:
—-12.5-7.5=-20
[/hidden-answer]

b) Solve % +y = 3. What makes this example different than the previous ones? Use the box below to write down a few thoughts
about how you would solve this equation with a fraction.

[practice-area rows="2"][/practice-area]

[reveal-answer g="690980" ]Show Solution[/reveal-answer]

[hidden-answer a="690980"]

Using the Addition Property of Equality, subtract % as % is being added to the variable, y.
Tty = 3

1
1
_ 1
y =3—3
To subtract % from 3, you need a common denominator.

Make 3 into a fraction by dividing by 1, % Your denominators are 1 and 4. The least common multiple is 4.

3.4_12

1°'1° 71

12 1 _ 1

44 4
111
Therefore, y =3 — 7 = .

[/hidden-answer]

In the following video, two examples of using the addition property of equality with decimal numbers are shown.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

The next video shows how to use the addition property of equality to solve equations with fractions.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

The examples above are sometimes called one-step equations because they require only one step to solve. In these examples, you
either added or subtracted a constant from both sides of the equation to isolate the variable and solve the equation.

With any equation, you can check your solution by substituting the value for the variable in the original equation. In other words,
you evaluate the original equation using your solution. If you get a true statement, then your solution is correct.

Writing and solving algebraic equations is an important part of mathematics. Equations can be used to describe economic, cultural,
physical, and biological processes. They help business people make decisions, and help doctors and scientists find ways to heal and
help people. Without mathematical equations we would not have the physical infrastructure that rely on every day for
transportation and clean water.

Equations can help you model situations and solve problems in which quantities are unknown (like how long Joan should wait
before she drives home). The simplest type of algebraic equation is a linear equation that has just one variable.

When you follow the steps to solve an equation, you try to isolate the variable. The variable is a quantity we don’t know yet. You
have a solution when you get the equation x = some value.

Solving One-Step Equations Containing Absolute Values with Addition

The absolute value of a number or expression describes its distance from 0 on a number line. Since the absolute value expresses
only the distance, not the direction of the number on a number line, it is always expressed as a positive number or 0.

For example, —4 and 4 both have an absolute value of 4 because they are each 4 units from 0 on a number line—though they are
located in opposite directions from 0 on the number line.

When solving absolute value equations and inequalities, you have to consider both the behavior of absolute value and the
properties of equality and inequality.

Because both positive and negative values have a positive absolute value, solving absolute value equations means finding the
solution for both the positive and the negative values.

Let’s first look at a very basic example.
z| =5

This equation is read “the absolute value of x is equal to five.” The solution is the value(s) that are five units away from 0 on a
number line.

You might think of 5 right away; that is one solution to the equation. Notice that —5 is 5 units away from 0 in the opposite
direction. So, the solution to this equation z = —5 or z = 5.
Solving Equations of the Form |z| = a

For any positive number q, the solution of |z| = a is

x can be a single variable or any algebraic expression.

https://math.libretexts.org/@go/page/51440


https://libretexts.org/
https://math.libretexts.org/@go/page/51440?pdf

~LibreTexts"

You can solve a more complex absolute value problem in a similar fashion.

Example

Solve |z +5| =15.
[reveal-answer q="624457"]Show Solution[/reveal-answer]
[hidden-answer a="624457"]

This equation asks you to find what number plus 5 has an absolute value of 15. Since 15 and = +5 is 15 or —15, since
| —15]| =15. So, you need to find out what value for x will make this expression equal to 15 as well as what value for x will make
the expression equal to —15. Solving the two equations you get

r+5=15 or xz+5=-15

-5 =5 -5 =5
T =10 or = =-20
You can check these two solutions in the absolute value equation to see if z = —20 are correct.
|z +5] =15 |z +5]=15
|10+5| =15 |-20+5| =15

[/hidden-answer]
|15| =15 |-15| =15

15=15 15=15

The following video provides worked examples of solving linear equations with absolute value terms.

Examples: Absolute Value Equations
Solve s Hunits
. AT AN

] = 4

x==4 or x=4

T e o /e eh e

| 1l =42 |
|4 =12

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

Solve algebraic equations using the multiplication property of equality

Just as you can add or subtract the same exact quantity on both sides of an equation, you can also multiply both sides of an equation
by the same quantity to write an equivalent equation. Let’s look at a numeric equation, 5 -3 = 15, to start. If you multiply both
sides of this equation by 2, you will still have a true equation.

5-3=15
5-3-2=15-2
30 =30

This characteristic of equations is generalized in the multiplication property of equality.
Multiplication Property of Equality
For all real numbers a, b, and c: If a = b, thena-c=b-c¢ (or ab = ac).

If two expressions are equal to each other and you multiply both sides by the same number, the resulting expressions will also be
equivalent.

When the equation involves multiplication or division, you can “undo” these operations by using the inverse operation to isolate the

variable. When the operation is multiplication or division, your goal is to change the coefficient to 1, the multiplicative identity.
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Example

Solve 3z = 24. When you are done, check your solution.

[reveal-answer q="42404"]Show Solution[/reveal-answer]
[hidden-answer a="42404"]Divide both sides of the equation by 3 to isolate the variable (have a coefficient of 1). Dividing by 3 is

the same as having multiplied by 1.
3x=24

3 3
z=38
Check by substituting your solution, 8, for the variable in the original equation.
3z =24
3-8=24
24 =24

The solution is correct!

Answer

z=8

[/hidden-answer]

You can also multiply the coefficient by the multiplicative inverse (reciprocal) in order to change the coefficient to 1.

Example

Solve %, which is 2.

Multiply both sides by 2:
(2) %m =(2)8
(2)=
(2)8=16
x =16

[/hidden-answer]

In the video below you will see examples of how to use the multiplication property of equality to solve one-step equations with
integers and fractions.

Solving Equations sing Multiplication or Division
— L e 1 :
| Solve 4x = 56 Solve~x =7 ‘

NXi =] = i i e f
i — =
o v

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

In the next example, we will solve a one-step equation using the multiplication property of equality. You will see that the variable is

part of a fraction in the given equation, and using the multiplication property of equality allows us to remove the variable from the
fraction. Remember that fractions imply division, so you can think of this as the variable k is being divided by 10. To “undo” the
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division, you can use multiplication to isolate k. Lastly, note that there is a negative term in the equation, so it will be important to
think about the sign of each term as you work through the problem. Stop after each step you take to make sure all the terms have
the correct sign.

Example

Solve f% = 1’“—0 for k.

[reveal-answer q="471772"]Show Solution[/reveal-answer]
[hidden-answer a="471772"]We want to isolate the k, which is being divided by 10. The first thing we should do is multiply both
sides by 10.

multiply the left side by 10

now multiply the right side by 10
k _ k10 _

now replace your results in the equation

35=%k
Answer
We write the k on the left side as a matter of convention.
k=35
[/hidden-answer]

In the following video you will see examples of using the multiplication property of equality to solve a one-step equation involving
negative fractions.

Solving Equations {sing Multiplication or Diviston

| a 5
| Solve ——= = Solve ——

FERRT a
il - e

= ==X

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=46

Solving One-Step Equations Containing Absolute Values With Multiplication

In the last section, we saw examples of solving equations with absolute values where the only operation was addition or
subtraction. Now we will see how to solve equations with absolute value that include multiplication.

Remember that absolute value refers to the distance from zero. You can use the same technique of first isolating the absolute value,

then setting up and solving two equations to solve an absolute value equation involving multiplication.
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Example

Solve |2z| = 6.
[reveal-answer q="624455"]Show Solution[/reveal-answer]
[hidden-answer a="624455"]

This equation asks you to find what number times 2 has an absolute value of 6.
Since 6 and 2z is 6 or —6, since | —6| =6.

So, you need to find out what value for x will make this expression equal to 6 as well as what value for x will make the expression
equal to —6.

Solving the two equations you get

2r =6or2x=—6

2z __ 6 2x 6
2 T2 T
z=3orx=-3
You can check these two solutions in the absolute value equation to see if z = —3 are correct.
[3-2| =6 |-3-2|=6 i
[/hidden-answer]
6] =6 |—6] =6

Example

1
Solve —|k| =12.
ove3||

[reveal-answer q="604455"]Show Solution[/reveal-answer]
[hidden-answer a="604455"]

1
Notice how this example is different from the last; 3 is outside the absolute value grouping symbols. This means we need to

isolate the absolute value first, then apply the definition of absolute value.

1
First, isolate the absolute value term by multiplying by the inverse of §:

k| =12
(3) 51kl =(3)12
|k| =36

Apply the definition of absolute value:
k=36ork=-36
You can check these two solutions in the absolute value equation to see if z = —36 are correct.

3[36] =12 3|-36] =12

[/hidden-answer]
|12| =12 |-12| =12

In the following video you will see two examples of how to solve an absolute value equation, one with integers and one with
fractions.
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1.3: Multi-Step Linear Equations

Learning Objectives

e Solve multi-step equations
o Use properties of equality to isolate variables and solve algebraic equations
o Solve equations containing absolute values

o Use the distributive property

o Use the properties of equality and the distributive property to solve equations containing parentheses
o Clear fractions and decimals from equations to make them easier to solve

¢ Classify solutions to linear equations

o Solve equations that have one solution, no solution, or an infinite number of solutions
o Recognize when a linear equation that contains absolute value does not have a solution

Use properties of equality to isolate variables and solve algebraic equations

X 4
e
g
.
-_"y
— —
_—

Steps With an End In Sight

There are some equations that you can solve in your head quickly. For example—what is the value of y in the equation y = 3. You
only needed to do one thing to get the answer: divide 6 by 2.

1 1
Other equations are more complicated. Solving 4 (§t + 5) =6 without writing anything down is difficult! That’s because this

equation contains not just a variable but also fractions and terms inside parentheses. This is a multi-step equation, one that takes
several steps to solve. Although multi-step equations take more time and more operations, they can still be simplified and solved by
applying basic algebraic rules.

Remember that you can think of an equation as a balance scale, with the goal being to rewrite the equation so that it is easier to
solve but still balanced. The addition property of equality and the multiplication property of equality explain how you can keep
the scale, or the equation, balanced. Whenever you perform an operation to one side of the equation, if you perform the same exact
operation to the other side, you’ll keep both sides of the equation equal.

If the equation is in the form ax +b = ¢, where x is the variable, you can solve the equation as before. First “undo” the addition
and subtraction, and then “undo” the multiplication and division.

Example
Solve 3y +2 =11.

[reveal-answer q="843520"]Show Solution[/reveal-answer]
[hidden-answer a="843520"]

Subtract 2 from both sides of the equation to get the term with the variable by itself.

3y+2 =11
-2 =2
3y = 9
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Divide both sides of the equation by 3 to get a coefficient of 1 for the variable.

3y = 9
3 9
y = 3

Answer

y = 3[/hidden-answer]

In the following video we show examples of solving two step linear equations.

Solving Two Step Equations
-]

Solve 3x + 4= 16. Solve 5 —2x = —13.

-/

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Example
Solve3z +5zx+4—x+7=88 .

[reveal-answer qg="455516"]Show Solution[/reveal-answer]
[hidden-answer a="455516"]

There are three like terms 5, and — « involving a variable. Combine these like terms. 4 and 7 are also like terms and can be added.

3c+bz+4—x+7= 88
Tr+4+7= 88

The equation is now in the form az +b = ¢, so we can solve as before.

Tr+11 = 88
Subtract 11 from both sides.
Tr+11 = 88
-1 -11
Te = 77
Divide both sides by 7.
Tz = 77
7 7
= 11
Answer

x = 11[/hidden-answer]

In the following video, we show an example of solving a linear equation that requires combining like terms.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Some equations may have the variable on both sides of the equal sign, as in this equation: 4z —6 = 22 +10.

To solve this equation, we need to “move” one of the variable terms. This can make it difficult to decide which side to work with. It
doesn’t matter which term gets moved, 2, however, to avoid negative coefficients, you can move the smaller term.

Solve: 4z — 6 =2x + 10

[reveal-answer q="457216"]Show Solution[/reveal-answer]
[hidden-answer a="457216"]

Choose the variable term to move—to avoid negative terms choose 2z

4 —6 =2x+10

—2x —2z
4 —6=10
Now add 6 to both sides to isolate the term with the variable.
4r—6=10
+6 +6
4x =16
Now divide each side by 4 to isolate the variable x.
4z _ 16
1T 7
r=4

[/hidden-answer]

In this video, we show an example of solving equations that have variables on both sides of hte equal sign.
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| Solving Multi-Step Equations

Solve 7x — 2 =3x + 1B.

SOLVING MULTI-STER EQUATIONS ‘
‘

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Solving Multi-Step Equations With Absolute Value

We can apply the same techniques we used for solving a one-step equation which contains absolute value to an equation that will
take more than one step to solve. Let’s start with an example where the first step is to write two equations, one equal to positive 26
and one equal to negative 26.

Example
Solve for p. |2p—4| =26

[reveal-answer qg="371950"]Show Solution[/reveal-answer]
[hidden-answer a=”371950"]

Write the two equations that will give an absolute value of 26.
2p—4 =26 or 2p—4=-26

Solve each equation for p by isolating the variable.

2p—4=26 2p—4=-26

+4 +4 +4 +4

2p =30 2p =-22

2 =2 2 = 2

p=15 or p=—11

Check the solutions in the original equation.

[2p —4| =26 [2p —4| =26

[2(15) —4| =26 |2(—11)—4| =26

|30 —4| =26 |—22 —4]| =26
|26| = 26 |—26| =26

Both solutions check!

Answer

p = —11[/hidden-answer]

In the next video, we show more examples of solving a simple absolute value equation.
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Examples: Absolute Value Equations
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(2 512 [41a] =12
-Yif2 or RKxiF=-12-
% 4’3 o -“fg Rry

I

5 =1

Ixa &1 x4

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Now let’s look at an example where you need to do an algebraic step or two before you can write your two equations. The goal here

is to get the absolute value on one side of the equation by itself. Then we can proceed as we did in the previous example.

Example
Solve for w. 3 |[4w—1|-5 =10

[reveal-answer q="303228"]Show Solution[/reveal-answer]
[hidden-answer a="303228"]

Isolate the term with the absolute value by adding 5 to both sides.
34w —1|-5=10

+5 +5
34w —1| =15
Divide both sides by 3. Now the absolute value is isolated.
3|dw—1]| =15
3 3
[dw—-1]= 5

Write the two equations that will give an absolute value of 5 and solve them.

qw—-1=5 or qw—-1=-5

+1 41 +1 +1
4w =6 dw =4
4 4 4 4
w:% w=-1
3 _
w=1% or 1

Check the solutions in the original equation.

https://math.libretexts.org/@go/page/51441
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34w —1|-5=10 34w —1|-5=10
3

314(3)-1|-5=10 3ldw—1|-5=10

3|2 -1|-5=10 3[4(-1)—1|-5=10

316 —1|—5=10 3|-4—1|-5=10

3(5)—5=10 3|-5/—5=10
15—5=10 15—5=10
10 =10 10=10

Both solutions check

Answer
w=-1 or w= % [/hidden-answer]

In the two videos that follow, we show examples of how to solve an absolute value equation that requires you to isolate the absolute
value first using mathematical operations.

Examples: Absolute Value Equations
Solve. M2x + 3| +F =63
+3
dx+d| = b0
[
liol ito |2x+3| = 1D
@ axpd =)o

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Examples: Absolute Value Equations

Solve 9—2i5x+3| =—13
£ -<

1su+3| = =IF
EFS

[ +9 |sxa) =9 {=9{=%

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

The Distributive Property

As we solve linear equations, we often need to do some work to write the linear equations in a form we are familiar with solving.
This section will focus on manipulating an equation we are asked to solve in such a way that we can use the skills we learned for
solving multi-step equations to ultimately arrive at the solution.
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https://libretexts.org/
https://math.libretexts.org/@go/page/51441?pdf

LibreTexts"

Parentheses can make solving a problem difficult, if not impossible. To get rid of these unwanted parentheses we have the
distributive property. Using this property we multiply the number in front of the parentheses by each term inside of the parentheses.

The Distributive Property of Multiplication
For all real numbers a, b, and ¢, a(b+c¢) = ab+ac .

What this means is that when a number multiplies an expression inside parentheses, you can distribute the multiplication to each
term of the expression individually. Then, you can follow the steps we have already practiced to isolate the variable and solve the
equation.

Example

Solve for 4 (2a +3) = 28

[reveal-answer q="372387"]Show Solution[/reveal-answer]
[hidden-answer a="372387"]

Apply the distributive property to expand 8a + 12

4(2a+3)=28
8a+12 =28
Subtract 12 from both sides to isolate the variable term.
8a+12 = 28
—-12 —12
8a = 16
Divide both terms by 8 to get a coefficient of 1.
8a=16
8 8
a= 2

Answer

a = 2[/hidden-answer]

In the video that follows, we show another example of how to use the distributive property to solve a multi-step linear equation.

Solving Multi-Step Equations

— -~

Solve -1(23111 —I.}ij =24.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

In the next example, you will see that there are parentheses on both sides of the equal sign, so you will need to use the distributive
property twice. Notice that you are going to need to distribute a negative number, so be careful with negative signs!

Example
Solve for 2 (4t —5) = —3 (2t +1)

https://math.libretexts.org/@go/page/51441
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[reveal-answer q="302387"]Show Solution[/reveal-answer]
[hidden-answer a="302387"]

Apply the distributive property to expand 8¢ — 10 and —6¢ — 3. Be careful in this step—you are distributing a negative number, so
keep track of the sign of each number after you multiply.

2(4t—5)=-3(2t+1)
8t —10=—6t—3
Add —6t¢ to both sides to begin combining like terms.
8t —10=—-6t—3

+6¢ + 61
14t -10= -3
Add 10 to both sides of the equation to isolate t.
14t -10=-3
+10 +10
14t= 7
The last step is to divide both sides by 14 to completely isolate t.
14t =7
14t _ 7
14~ 14

Answer
1

2
We simplified the fraction %[/hidden—answer]

In the following video, we solve another multi-step equation with two sets of parentheses.

iy | Solving Multi-Step Equations
prpp— e T | o
5F Solve 3(2t — 8) = =2(t +2) |
e U e <
— o+ 244 _’1\,. »
o e VP R B o ¥

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Sometimes, you will encounter a multi-step equation with fractions. If you prefer not working with fractions, you can use the
multiplication property of equality to multiply both sides of the equation by a common denominator of all of the fractions in the
equation. This will clear all the fractions out of the equation. See the example below.

Example
Solve %.7: -3=2- %x by clearing the fractions in the equation first.

[reveal-answer qg="129951"]Show Solution[/reveal-answer]
[hidden-answer a=”129951"]

Multiply both sides of the equation by 4, the common denominator of the fractional coefficients.

https://math.libretexts.org/@go/page/51441
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1. _ao9_o_ 3
5L 3=2 g

4(3z-3)=4(2-32)
Use the distributive property to expand the expressions on both sides. Multiply.

4(1z)-4(3)=4(2)—4(-32)

22 —12=8 -3z
Add 3x to both sides to move the variable terms to only one side. Add 12 to both sides to move the variable terms to only one side.

2 —12=8 -3«

+3z +3z
5x—12=28
Add 12 to both sides to move the constant terms to the other side.
5r—12=38
+12 +12
5z =20
Divide to isolate the variable.
Sz =5
5 b
r=4

Answer
x = 4[/hidden-answer]
Of course, if you like to work with fractions, you can just apply your knowledge of operations with fractions and solve.

In the following video, we show how to solve a multi-step equation with fractions.

Solving Multi-Step Equations

1 |
=l

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Regardless of which method you use to solve equations containing variables, you will get the same answer. You can choose the
method you find the easiest! Remember to check your answer by substituting your solution into the original equation.

Sometimes, you will encounter a multi-step equation with decimals. If you prefer not working with decimals, you can use the
multiplication property of equality to multiply both sides of the equation by a a factor of 10 that will help clear the decimals. See
the example below.

https://math.libretexts.org/@go/page/51441
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Example

Solve 3y +10.5 = 6.5 + 2.5y by clearing the decimals in the equation first.

[reveal-answer q="159951"]Show Solution[/reveal-answer]
[hidden-answer a="159951"]

Since the smallest decimal place represented in the equation is 0.10, we want to multiply by 10 to make 1.0 and clear the decimals
from the equation.

3y+10.5=6.5+2.5y

10 (3y+10.5) =10 (6.5 +2.5y)
Use the distributive property to expand the expressions on both sides.
10 (3y) +10(10.5) =10(6.5) + 10 (2.5y)
Multiply.
30y +105 =65 + 25y
Move the smaller variable term, 25y, by subtracting it from both sides.

30y +105 = 65 + 25y

—25y — 25y
5y 4105 =65
Subtract 105 from both sides to isolate the term with the variable.
5y +105 =65
—105 —105
5y =—40
Divide both sides by 5 to isolate the y.
sy=—40
5 5
z=-8
Answer
x = —8[/hidden-answer]

In the following video, we show another example of clearing decimals first to solve a multi-step linear equation.

oo Solving Multi-Step Equations
T
;:‘?- i Solve Ba — 3.2 = 1.6+ 6:8a.

i § =
T T 2 L
e

2 Cop~ 32 &

54 bk

= s

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Here are some steps to follow when you solve multi-step equations.

https://math.libretexts.org/@go/page/51441



https://libretexts.org/
https://math.libretexts.org/@go/page/51441?pdf

LibreTexts"

Solving Multi-Step Equations

1. (Optional) Multiply to clear any fractions or decimals.

2. Simplify each side by clearing parentheses and combining like terms.

3. Add or subtract to isolate the variable term—you may have to move a term with the variable.
4. Multiply or divide to isolate the variable.

5. Check the solution.

Classify Solutions to Linear Equations

There are three cases that can come up as we are solving linear equations. We have already seen one, where an equation has one
solution. Sometimes we come across equations that don’t have any solutions, and even some that have an infinite number of
solutions. The case where an equation has no solution is illustrated in the next examples.

Equations with no solutions
Example
Solve for x. 12 +2x—-8 =Tz +5—- 5z

[reveal-answer q="790409"]Show Solution[/reveal-answer]
[hidden-answer a="790409"]

Combine like terms on both sides of the equation.

12422z —8=T7Tx+5—5z

2¢ +4=2x+5
Isolate the x term by subtracting 2x from both sides.
22 +4=2x+5
—2z —2z
4=5
This false statement implies there are no solutions to this equation. Sometimes, we say the solution does not exist, or DNE for

short.
[/hidden-answer]

This is not a solution! You did not find a value for x. Solving for x the way you know how, you arrive at the false statement 4 = 5.
Surely 4 cannot be equal to 5!

This may make sense when you consider the second line in the solution where like terms were combined. If you multiply a number
by 2 and add 4 you would never get the same answer as when you multiply that same number by 2 and add 5. Since there is no
value of x that will ever make this a true statement, the solution to the equation above is “no solution.”

Be careful that you do not confuse the solution = 0 means that the value 0 satisfies the equation, so there is a solution. “No
solution” means that there is no value, not even 0, which would satisfy the equation.

Also, be careful not to make the mistake of thinking that the equation 12 + 22— 8 = 7z +5—5x true.

Think About It

Try solving these equations. How many steps do you need to take before you can tell whether the equation has no solution or one
solution?

a) Solve 8y =3(y+4)+y

Use the textbox below to record how many steps you think it will take before you can tell whether there is no solution or one
solution.

[practice-area rows="1"][/practice-area]

https://math.libretexts.org/@go/page/51441
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[reveal-answer g="933839"]Show Solution[/reveal-answer]
[hidden-answer a="933839"]

Solve 8y =3(y+4)+y
First, distribute the 3 into the parentheses on the right-hand side.
8y=3(y+4)+y=8y=3y+12+y
Next, begin combining like terms.
8y=3y+12+y =8y =4y+12

Now move the variable terms to one side. Moving the 4y will help avoid a negative sign.

8y =4y +12

—4y —4y

dy =12

Now, divide each side by 4y.

y 12

T Tz
y=3
Because we were able to isolate y on one side and a number on the other side, we have one solution to this equation.
[/hidden-answer]
b) Solve 2 (3z —5) —4x =2z +7

Use the textbox below to record how many steps you think it will take before you can tell whether there is no solution or one
solution.

[practice-area rows="1"][/practice-area]

[reveal-answer q="937839"]Show Solution[/reveal-answer]
[hidden-answer a="937839"]

Solve2 (3z —5) —4z =2z +7.
First, distribute the 2 into the parentheses on the left-hand side.
28z —5)—4z =2z +7
6 —10 -4z =2z +7
Now begin simplifying. You can combine the x terms on the left-hand side.

6r—10—4x =2x+7
20 —10 =22 +7

Now, take a moment to ponder this equation. It says that 2z 4+ 7. Can some number times two minus 10 be equal to that same
number times two plus seven?

Let’s pretend = 3.
Is it true that 2 (3) +7 = 13 . NO! We don’t even really need to continue solving the equation, but we can just to be thorough.
Add 10 to both sides.

20 —10 =2z +7

+10 +10
2¢ =2x 4+ 17
Now move 2z from the right hand side to combine like terms.
2¢ =2x +17
—2x —2z
0=17

https://math.libretexts.org/@go/page/51441
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We know that 0 and 17 are not equal, so there is no number that x could be to make this equation true.
This false statement implies there are no solutions to this equation, or DNE (does not exist) for short.

[/hidden-answer]

Algebraic Equations with an Infinite Number of Solutions

You have seen that if an equation has no solution, you end up with a false statement instead of a value for x. It is possible to have
an equation where any value for x will provide a solution to the equation. In the example below, notice how combining the terms
—4z on the left leaves us with an equation with exactly the same terms on both sides of the equal sign.

Example

Solve for x. 5z +3-4x =3 +=x

[reveal-answer q="773733"]Show Solution[/reveal-answer]
[hidden-answer a="773733"]Combine like terms on both sides of the equation.

br+3—4r=3+z

z+3=3+z
Isolate the x term by subtracting x from both sides.
z+3=3+¢z
—x —x
3 =3

This true statement implies there are an infinite number of solutions to this equation, or we can also write the solution as “All Real
Numbers”
[/hidden-answer]
You arrive at the true statement “z = 0 into the original equation—you will get a true statement! Try & = —%, and it also will

check!

This equation happens to have an infinite number of solutions. Any value for x that you can think of will make this equation true.
When you think about the context of the problem, this makes sense—the equation z +3 =3 +x means “some number plus 3 is
equal to 3 plus that same number.” We know that this is always true—it’s the commutative property of addition!

In the following video, we show more examples of attempting to solve a linear equation with either no solution or many solutions.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Example
Solve for x. 3 (2 —5) =62 — 15

[reveal-answer qg="973733"]Show Solution[/reveal-answer]
[hidden-answer a=”973733"]

https://math.libretexts.org/@go/page/51441


https://libretexts.org/
https://math.libretexts.org/@go/page/51441?pdf

LibreTexts*

Distribute the 3 through the parentheses on the left-hand side.
3(2¢—5)=6z—15
6x —15 =6z —15

Wait! This looks just like the previous example. You have the same expression on both sides of an equal sign. No matter what
number you choose for x, you will have a true statement. We can finish the algebra:

6z —15=6x —15
—6z —6x
—15 = —15
This true statement implies there are an infinite number of solutions to this equation.

[/hidden-answer]

In this video, we show more examples of solving linear equations with either no solutions or many solutions.

| Classifying Solutions to Linear Equations

Solve94-4x —5 =Br—4x+14.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

In the following video, we show more examples of solving linear equations with parentheses that have either no solution or many
solutions.

Classifying Solutions to Linear Equations

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Absolute value equations with no solutions

As we are solving absolute value equations it is important to be aware of special cases. An absolute value is defined as the distance
from O on a number line, so it must be a positive number. When an absolute value expression is equal to a negative number, we say
the equation has no solution, or DNE. Notice how this happens in the next two examples.
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Example
Solve forx. 7+ |2z — 5| =4

[reveal-answer q="173733"]Show Solution[/reveal-answer]
[hidden-answer a="173733"]Notice absolute value is not alone. Subtract 7 from each side to isolate the absolute value.

T+|2z -5/ =4
-7 -7
|22 — 5| = -3
Result of absolute value is negative! The result of an absolute value must always be positive, so we say there is no solution to this
equation, or DNE.

[/hidden-answer]
Example
Solve for x. f%|x +3| =6

[reveal-answer q="173738"]Show Solution[/reveal-answer]
[hidden-answer a="173738"]Notice absolute value is not alone, multiply both sides by the reciprocal of —2.

—%|x+3\ =6
(—2)— 1|z +3|=(-2)6
|z + 3] =—12

Again, we have a result where an absolute value is negative!

There is no solution to this equation, or DNE.

[/hidden-answer]

In this last video, we show more examples of absolute value equations that have no solutions.

Classifying Solutions to Absolute Value Equations

E . || Solve 11+ |3x+2| =8 |
i - - - = - 2 E - |
e Vil | 3esa] = 8 el ex b Has
3. sl 1S 53 el 1 o Eslton
S ot
| x| el =
==
¥ i

The absalute value of a
number ling. Since
direction of the numbes on & n

nurmber ar D

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=48

Summary

Equations are mathematical statements that combine two expressions of equal value. An algebraic equation can be solved by
isolating the variable on one side of the equation using the properties of equality. To check the solution of an algebraic equation,
substitute the value of the variable into the original equation.

Complex, multi-step equations often require multi-step solutions. Before you can begin to isolate a variable, you may need to
simplify the equation first. This may mean using the distributive property to remove parentheses or multiplying both sides of an
equation by a common denominator to get rid of fractions. Sometimes it requires both techniques. If your multi-step equation has
an absolute value, you will need to solve two equations, sometimes isolating the absolute value expression first.

We have also seen that solutions to equations can fall into three categories:
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e One solution
¢ No solution, DNE (does not exist)
e Many solutions, also called infinitely many solutions or All Real Numbers

And sometimes, we don’t need to do much algebra to see what the outcome will be.
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1.4: Problem Solving

e Define a process for problem solving
o Translate words into algebraic expressions and equations
o Define a process for solving word problems
e Solve problems containing rates
Apply the steps for solving word problems to distance, rate, and time problems
Apply the steps for solving word problems to interest rate problems
Evaluate a formula using substitution
Rearrange formulas to isolate specific variables

0O O O O o

Identify an unknown given a formula
e Solve additional applications of linear equations

Apply the steps for solving word problems to geometry problems
Use the formula for converting between Fahrenheit and Celsius
Evaluate a formula using substitution

Rearrange formulas to isolate specific variables

Identify an unknown given a formula

0O O o o o

Define a Process for Problem Solving

Word problems can be tricky. Often it takes a bit of practice to convert an English sentence into a mathematical sentence, which is
one of the first steps to solving word problems. In the table below, words or phrases commonly associated with mathematical
operators are categorized. Word problems often contain these or similar words, so it’s good to see what mathematical operators are
associated with them.

Addition — Multiplication =

More than Less than Double A number Is

fi lue for which
Together In the past Product Often, a value for whic The same as

no information is given.

Sum slower than times After how many hours?
Total the remainder of How much will it cost?
In the future difference

faster than

Some examples follow:

e I = 5

o Three more than a number becomes x + 3

o Four less than a number becomes z — 4

e Double the cost becomes 2 - cost

o Groceries and gas together for the week cost $250 means groceries + gas = 250

o The difference of 9 and a number becomes 9 — x . Notice how 9 is first in the sentence and the expression

Let’s practice translating a few more English phrases into algebraic expressions.
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Example
[ Example

Translate the table into algebraic expressions:

some number the sum of the number and 3

a length double the length

a cost the difference of the cost and 20

some quantity the difference of 5 and the quantity

an amount of time triple the amount of time

a distance the sum of —4 and the twice the distance

[reveal-answer q="790402"]Show Solution[/reveal-answer]

[hidden-answer a="790402"]

a+3 l
c—20 q
3t d

[/hidden-answer]

twice the sum of the number and 3
double the length, decreased by 6
2 times the difference of the cost and 20

the difference of 5 and the quantity,
divided by 2

triple the amount of time, increased by 5

21—-6

l\:’|

—442d

In this example video, we show how to translate more words into mathematical expressions.

Writing Expressions
|

L8

Tratislate the table Into slgebraic expressions |

2n:3t |

B vwan ) aiemaegn O ot o=t |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50
The power of algebra is how it can help you model real situations in order to answer questions about them.

Here are some steps to translate problem situations into algebraic equations you can solve. Not every word problem fits perfectly
into these steps, but they will help you get started.

1. Read and understand the problem.

2. Determine the constants and variables in the problem.

3. Translate words into algebraic expressions and equations.

4. Write an equation to represent the problem.

5. Solve the equation.

6. Check and interpret your answer. Sometimes writing a sentence helps.
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Example
[ Example

Twenty-eight less than five times a certain number is 232. What is the number?
[reveal-answer q="720402"]Show Solution[/reveal-answer]

[hidden-answer a="720402"]

Following the steps provided:

1. Read and understand: we are looking for a number.

2. Constants and variables: 28 and 232 are constants, “a certain number” is our variable because we don’t know its value,
and we are asked to find it. We will call it x.

3. Translate: five times a certain number translates to 5 — 28 because subtraction is built backward.
is 232 translates to = 232 because “is” is associated with equals.

4. Write an equation: 5x — 28 =232

5. Solve the equation using what you know about solving linear equations:

br —28 =232
5x =260
T =052

6. Check and interpret: We can substitute 52 for x.
5(52) —28 =232
5(52) =260 .
260 =260
TRUE!

[/hidden-answer]

In the video that follows, we show another example of how to translate a sentence into a mathematical expression using a problem
solving method.

|| 38 less than 3 times a certaln numbier ls 118, What is the
|| number? |

¢ = b pumbe

L
#

T

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

Another type of number problem involves consecutive numbers. Consecutive numbers are numbers that come one after the other,
such as 3, 4, 5. If we are looking for several consecutive numbers it is important to first identify what they look like with variables
before we set up the equation.

For example, let’s say I want to know the next consecutive integer after 4. In mathematical terms, we would add 1 to 4 to get 5. We
can generalize this idea as follows: the consecutive integer of any number, x, is « + 1. If we continue this pattern we can define any
number of consecutive integers from any starting point. The following table shows how to describe four consecutive integers using
algebraic notation.

First rz+1
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Third z+3

We apply the idea of consecutive integers to solving a word problem in the following example.

The sum of three consecutive integers is 93. What are the integers?
[reveal-answer q="120402"]Show Solution[/reveal-answer]

[hidden-answer a="120402"]
Following the steps provided:

1. Read and understand: We are looking for three numbers, and we know they are consecutive integers.

2. Constants and Variables: 93 is a constant.
The first integer we will call x.
Second: x +2

3. Translate: The sum of three consecutive integers translates to = 93 because is is associated with equals.

4. Write an equation: = + (z +1) + (z +2) =93

5. Solve the equation using what you know about solving linear equations: We can’t simplify within each set of
parentheses, and we don’t need to use the distributive property so we can rewrite the equation without parentheses.

z+x+1+x+2=93

3z +3=93
-3 -3
3z =90
3z _ 90
3 — 3
z =30

6. Check and Interpret: Okay, we have found a value for x. We were asked to find the value of three consecutive integers, so
we need to do a couple more steps. Remember how we defined our variables: The first integer we will call z = 30
Second: 30 +1 =31
Third: 30 4+ 2 = 32 The three consecutive integers whose sum is 30, 31, and 32

[/hidden-answer]

In the following video we show another example of a consecutive integer problem.

| Problem Solving with Linear Equations

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

Rates

There is often a well-known formula or relationship that applies to a word problem. For example, if you were to plan a road trip,
you would want to know how long it would take you to reach your destination. d = rt is a well-known relationship that associates
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distance traveled, the rate at which you travel, and how long the travel takes.

Distance, Rate, and Time
If you know two of the quantities in the relationship 30%135 for 2 hours, you can find the distance you would travel by
multiplying rate times time or (30%) (2 hours ) = 60 miles .
We can generalize this idea depending on what information we are given and what we are looking for. For example, if we need to
find time, we could solve the d = rt equation for t using division:

d=rt

4 _¢

r
Likewise, if we want to find rate, we can isolate r using division:

d=rt

4 _
;=T

In the following examples you will see how this formula is applied to answer questions about ultra marathon running.

Ann Trason

Ultra marathon running (defined as anything longer than 26.2 miles) is becoming very popular among women even though it
remains a male-dominated niche sport. Ann Trason has broken twenty world records in her career. One such record was the
American River 50-mile Endurance Run which begins in Sacramento, California, and ends in Auburn, California.l! In 1993 Trason
finished the run with a time of 6:09:08. The men’s record for the same course was set in 1994 by Tom Johnson who finished the
course with a time of 5:33:21.%!

In the next examples we will use the d = ¢ formula to answer the following questions about the two runners.

1. What was each runner’s rate for their record-setting runs?

2. By the time Johnson had finished, how many more miles did Trason have to run?
3. How much further could Johnson have run if he had run as long as Trason?

4. What was each runner’s time for running one mile?

To make answering the questions easier, we will round the two runners’ times to 6 hours and 5.5 hours.

Example
[ Example

What was each runner’s rate for their record-setting runs?
[reveal-answer g="55589"]Show Solution[/reveal-answer]
[hidden-answer a="55589" ]

Read and Understand: We are looking for rate and we know distance and time, so we can use the idea: d = rt

4 _
= =

Define and Translate: Because there are two runners, making a table to organize this information helps. Note how we keep
units to help us keep track of what how all the terms are related to each other.

Runner Distance = (Rate ) (Time)
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Runner Distance = (Rate ) (Time)
Trason 50 miles r 6 hours
Johnson 50 miles r 5.5 hours

Write and Solve:
Trason’s rate:
d=rt
d _
T r
d=rt
50 miles =r (6 hours ) °
50 miles __ 8.33 miles
6 hours hour
(rounded to two decimal places)
Johnson’s rate:
d=rt
d _
? =7r
d=rt
, 50 miles =1 (5.5 hours)
50 miles __ 9.1 miles
6 hours hour
(rounded to two decimal places)
Check and Interpret:
We can fill in our table with this information.
Runner Distance = (Rate ) (Time)
Trason 50 miles 8.33 % 5.5 hours
our
[/hidden-answer]
Now that we know each runner’s rate we can answer the second question.
By the time Johnson had finished, how many more miles did Trason have to run?
[reveal-answer q="747303"]Show Solution[/reveal-answer]
[hidden-answer a="747303"]
Here is the table we created for reference:
Runner Distance = (Rate ) (Time)
Trason 50 miles 8.33 % 5.5 hours
our

Read and Understand: We are looking for how many miles Trason still had on the trail when Johnson had finished after 5.5
hours. This is a distance, and we know rate and time.

Define and Translate: We can use the formula d = rt again. This time the unknown is d, and the time Trason had run is 5.5
hours.
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Write and Solve:
d=rt

d=8.3320% (5 5 hours ) .

d = 45.82 miles
Check and Interpret:

Have we answered the question? We were asked to find how many more miles she had to run after 5.5 hours. What we have
found is how long she had run after 5.5 hours. We need to subtract d = 45.82 miles from the total distance of the course.

50 miles —45.82 miles = 1.48 miles

[/hidden-answer]

The third question is similar to the second. Now that we know each runner’s rate, we can answer questions about individual
distances or times.

Examples
[ Examples.

How much further could Johnson have run if he had run as long as Trason?

[reveal-answer q="757303"]Show Solution[/reveal-answer]
[hidden-answer a="757303"]

Here is the table we created for reference:

Runner Distance = (Rate ) (Time)
Trason 50 miles 8.33 % 5.5 hours
our

Read and Understand: The word further implies we are looking for a distance.
Define and Translate: We can use the formula 9.1 %{is

Write and Solve:
d=rt

d=9.12% (6 hours ) .

d = 54.6 miles
Check and Interpret:
Have we answered the question? We were asked to find how many more miles Johnson would have run if he had run at his rate

of 9.1 i‘ifrs for 6 hours.

Johnson would have run 54.6 miles, so that’s 4.6 more miles than than he ran for the race.

[/hidden-answer]

Now we will tackle the last question where we are asked to find a time for each runner.

What was each runner’s time for running one mile?

[reveal-answer q="757309"]Show Solution[/reveal-answer]
[hidden-answer a="757309"]
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Here is the table we created for reference:

Runner Distance = (Rate ) (Time)
Trason 50 miles 8.33 I}'l’jles 5.5 hours
our

Read and Understand: we are looking for time, and this time our distance has changed from 50 miles to 1 mile, so we can use
d=rt
d
7 =t

Define and Translate: we can use the formula d = r¢ again. This time the unknown is t, the distance is 1 mile, and we know
each runner’s rate. It may help to create a new table:

Runner Distance = (Rate ) (Time)
. miles

Trason 1 mile 8.33 4 t hours
our

Write and Solve:
Trason:

We will need to divide to isolate time.

d=rt

1 mile = 8.33%(1& hours )

1mile _

8.33 miles t hO]‘lrS
hour

0.12 hours =t

0.12 hours is about 7.2 minutes, so Trason’s time for running one mile was about 7.2 minutes. WOW! She did that for 6 hours!
Johnson:

We will need to divide to isolate time.
d=rt

1 mile = 9.1 (¢ hours )

1 mile
9.1 miles

=t hours

hour

0.11 hours =t
0.11 hours is about 6.6 minutes, so Johnson’s time for running one mile was about 6.6 minutes. WOW! He did that for 5.5
hours!
Check and Interpret:
Have we answered the question? We were asked to find how long it took each runner to run one mile given the rate at which

they ran the whole 50-mile course. Yes, we answered our question.

Trason’s mile time was 6.6 %‘ﬁ“

[/hidden-answer]

In the following video, we show another example of answering many rate questions given distance and time.
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By the time you had finished, how many more miles did your
friend have to run?

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

Simple Interest

In order to entice customers to invest their money, many banks will offer interest-bearing accounts. The accounts work like this: a
customer deposits a certain amount of money (called the Principal, or P), which then grows slowly according to the interest rate (R,
measured in percent) and the length of time (T, usually measured in months) that the money stays in the account. The amount
earned over time is called the interest (I), which is then given to the customer.

.ABeware! Interest rates are commonly given as yearly rates, but can also be monthly, quarterly, bimonthly, or even some
custom amount of time. It is important that the units of time and the units of the interest rate match. You will see why this matters
in a later example.

The simplest way to calculate interest earned on an account is through the formula I =P - R - T .

If we know any of the three amounts related to this equation, we can find the fourth. For example, if we want to find the time it will
take to accrue a specific amount of interest, we can solve for T using division:

I=P-R-T
I _ PR.T
PR PR

_ I

T=%7

Below is a table showing the result of solving for each individual variable in the formula.

Solve For Result
I

I P=%7
I

R T=7 =

In the next examples, we will show how to substitute given values into the simple interest formula, and decipher which variable to
solve for.

Example
If a customer deposits a principal of $2000 at a monthly rate of 0.7%, what is the total amount that she has after 24 months?

[reveal-answer qg="57640"]Show Solution[/reveal-answer]
[hidden-answer a="57640"]

Substitute in the values given for the Principal, Rate, and Time.
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I=P-R-T
I=2000-0.7%-24
Rewrite 0.7% as the decimal 0.007, then multiply.

I =2000-0.007-24
I=336

Add the interest and the original principal amount to get the total amount in her account.
2000+ 336 =2336
She has $2336 after 24 months.[/hidden-answer]

The following video shows another example of finding an account balance after a given amount of time, principal invested, and a
rate.

A customer deposits a principal of S1500 at a monthly rate of
0,5% simple interest, What Is the total balance in 36 months?

Interest(l):

A
Principal (P

Rt (1)

Time (T

[ smemmen
I=P-RT

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50
In the following example you will see why it is important to make sure the units of the interest rate match the units of time when

using the simple interest formula.

Example

Alex invests $600 at 3.25% monthly interest for 3 years. What amount of interest has Alex earned?

[reveal-answer qg="97640"]Show Solution[/reveal-answer]
[hidden-answer a="97640"]

Read and Understand: The question asks for an amount, so we can substitute what we are given into the simple interest formula
I=P-R-T

Define and Translate: we know P, R, and T so we can use substitution. R = 0.0325, P = $600, and T = 3 years. We have to be
careful! R is in months, and T is in years. We need to change T into months because we can’t change the rate—it is set by the bank.
th
T =3 years - 127" = 36 months

Write and Solve:

Substitute the given values into the formula.

I=P-R-T
I =600 -0.035 - 36

I =156
Check and Interpret:
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We were asked what amount Alex earned, which is the amount provided by the formula. In the previous example we were asked
the total amount in the account, which included the principal and interest earned.

Alex has earned $756.

[/hidden-answer]

In the following video we show another example of how to find the amount of interest earned after an investment has been sitting
for a given monthly interest.

Rachel investad 5500 at 2% monthly simple interest for 2
years, What amount of interest has Rachel earned? |

Interest(l:
e Principal (P)

Rate (K |

% = plor

1)

Time (T): oL years = 49 panths

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

Example

After 10 years, Jodi’s account balance has earned $1080 in interest. The rate on the account is 0.09% monthly. What was the
original amount she invested in the account?

[reveal-answer qg="97641"]Show Solution[/reveal-answer]
[hidden-answer a="97641"]

Read and Understand: The question asks for the original amount invested, the principal. We are given a length of time in years,
and an interest rate in months, and the amount of interest earned.

Define and Translate: we know I = $1080, R = 0.009, and T = 10 years so we can use P = ﬁ

We also need to make sure the units on the interest rate and the length of time match, and they do not. We need to change time into
months again.

T =10 years - 12-228ths. — 190 months
year
Write and Solve:

Substitute the given values into the formula

_ _I
pP= R-T

_ 1080
P= 0.009 - 120

P =18 —1000

Check and Interpret:

We were asked to find the principal given the amount of interest earned on an account. If we substitute P = $1000 into the formula
I=P-R-T weget

I=1000 - 0.009 - 120
I=1080

Our solution checks out. Jodi invested $1000.
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[/hidden-answer]

The last video shows another example of finding the principle amount invested based on simple interest.

Interesn(l): 4 Bl
— Priti¢ipal (P)

fag

— Time (T)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

In the next section we will apply our problem-solving method to problems involving dimensions of geometric shapes.

Further Applications of Linear Equations

Formulas come up in many different areas of life. We have seen the formula that relates distance, rate, and time and the formula for
simple interest on an investment. In this section we will look further at formulas and see examples of formulas for dimensions of
geometric shapes as well as the formula for converting temperature between Fahrenheit and Celsius.

Geometry

There are many geometric shapes that have been well studied over the years. We know quite a bit about circles, rectangles, and
triangles. Mathematicians have proven many formulas that describe the dimensions of geometric shapes including area, perimeter,
surface area, and volume.

Perimeter

Perimeter is the distance around an object. For example, consider a rectangle with a length of 8 and a width of 3. There are two
lengths and two widths in a rectangle (opposite sides), so we add P =2 (L) +2 (W) where

L = Length
W = Width

In the following example, we will use the problem-solving method we developed to find an unknown width using the formula for
the perimeter of a rectangle. By substituting the dimensions we know into the formula, we will be able to isolate the unknown
width and find our solution.

Example

You want to make another garden box the same size as the one you already have. You write down the dimensions of the box and go
to the lumber store to buy some boards. When you get there you realize you didn’t write down the width dimension—only the
perimeter and length. You want the exact dimensions so you can have the store cut the lumber for you.

Here is what you have written down:

Perimeter = 16.4 feet
Length = 4.7 feet

Can you find the dimensions you need to have your boards cut at the lumber store? If so, how many boards do you need and what
lengths should they be?

[reveal-answer q="719712"]Show Solution[/reveal-answer]
[hidden-answer a="719712"]
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Read and Understand: We know perimeter = 16.4 feet and length = 4.7 feet, and we want to find width.
Define and Translate:

Define the known and unknown dimensions:

w = width
p=16.4
1=4.7

Write and Solve:

First we will substitute the dimensions we know into the formula for perimeter:

P=2W+2L

16.4 =2 (w)+2(4.7)
Then we will isolate w to find the unknown width.

16.4 =2 (w) +2 (4.7)

16.4=2w+9.4
—94 —-94
7=2(w)
7 _ 2w
2 2
35=w

Write the width as a decimal to make cutting the boards easier and replace the units on the measurement, or you won’t get the right
size of board!

Check and Interpret:

If we replace the width we found, w = 3.5 feet into the formula for perimeter with the dimensions we wrote down, we can check
our work:

P=2(L)+2(W)
16.4 =2 (4.7)+2(3.5)
16.4=9.4+7

16.4=16.4

Our calculation for width checks out. We need to ask for 2 boards cut to 3.5 feet and 2 boards cut to 4.7 feet so we can make the
new garden box.

[/hidden-answer]

This video shows a similar garden box problem.

=

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

We could have isolated the w in the formula for perimeter before we solved the equation, and if we were going to use the formula
many times, it could save a lot of time. The next example shows how to isolate a variable in a formula before substituting known
dimensions or values into the formula.
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Example
[ Example

Isolate the term containing the variable, w, from the formula for the perimeter of a rectangle:
P=2(L)+2(W).
[reveal-answer q="967601"]Show Solution[/reveal-answer]
[hidden-answer a="967601"]
First, isolate the term with w by subtracting 2I from both sides of the equation.
p= 2042w
-2l -2
p—2l= 2w
Next, clear the coefficient of w by dividing both sides of the equation by 2.
P2 =2uw
2 2

__p-2l
w==

You can rewrite the equation so the isolated variable is on the left side.

_ p=2l
w==

[/hidden-answer]

Area
The area of a triangle is given by A = ; bh where
A = area

b = the length of the base
h = the height of the triangle

Remember that when two variables or a number and a variable are sitting next to each other without a mathematical operator
between them, you can assume they are being multiplied. This can seem frustrating, but you can think of it like mathematical slang.
Over the years, people who use math frequently have just made that shortcut enough that it has been adopted as convention.

In the next example we will use the formula for area of a triangle to find a missing dimension, as well as use substitution to solve
for the base of a triangle given the area and height.
Example

Find the base (b) of a triangle with an area (A) of 20 square feet and a height (h) of 8 feet.
[reveal-answer q="698967"]Show Solution[/reveal-answer]
[hidden-answer a="698967"]

Use the formula for the area of a triangle, A = %bh.

Substitute the given lengths into the formula and solve for b.
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— 1
A=1bh
— 1
20=1b-8
_ 8
20 = £b
20 = 4b
20 _ b
4 — 4
5=b

Answer
The base of the triangle measures 5 feet.[/hidden-answer]

We can rewrite the formula in terms of b or h as we did with perimeter previously. This probably seems abstract, but it can help you
develop your equation-solving skills, as well as help you get more comfortable with working with all kinds of variables, not just x.

Example
Use the multiplication and division properties of equality to isolate the variable b.

[reveal-answer qg="291790"]Show Solution[/reveal-answer]
[hidden-answer a=”291790"]

24 =bh
24 _bh
h —  h
24 _ bWy
oy

Write the equation with the desired variable on the left-hand side as a matter of convention:

24
b=5

[/hidden-answer]

Use the multiplication and division properties of equality to isolate the variable h.
[reveal-answer g="595790"]Show Solution[/reveal-answer]
[hidden-answer a="595790"]
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2A =bh
24 _bh
b b
24 _ MYy
b Y
Write the equation with the desired variable on the left-hand side as a matter of convention:
h=24

b
[/hidden-answer]

The following video shows another example of finding the base of a triangle given area and height.

&

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50

Temperature

Let’s look at another formula that includes parentheses and fractions, the formula for converting from the Fahrenheit temperature
scale to the Celsius scale.

C=(F--32)-2
Given a temperature of ° F'.
[reveal-answer q="594254"]Show Solution[/reveal-answer]
[hidden-answer a="594254"]
Substitute the given temperature in°C' into the conversion formula:
12=(F-32)-2
Isolate the variable F to obtain the equivalent temperature.
12=(F—32)- 3
9
(3)12=F-32
108
() 12=F-32
21.6=F—-32
+32 +32
53.6 =°F
[/hidden-answer]

As with the other formulas we have worked with, we could have isolated the variable F first, then substituted in the given
temperature in Celsius.
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Example
[ Example

Solve the formula shown below for converting from the Fahrenheit scale to the Celsius scale for F.
= [ .5
C=(F 32) 5

[reveal-answer g="591790"]Show Solution[/reveal-answer]
[hidden-answer a="591790"]

9
To isolate the variable F, it would be best to clear the fraction involving F first. Multiply both sides of the equation by 5

(3)C=F-32)(3) (3)

2C=F-32
Add 32 to both sides.
1C+32=F-32+32
$C+32=F
Answer

F= %C’ + 32 [/hidden-answer]

Think About It
Express the formula for the surface area of a cylinder, s = 27rh + 27?2, in terms of the height, h.
In this example, the variable h is buried pretty deeply in the formula for surface area of a cylinder. Using the order of operations, it

can be isolated. Before you look at the solution, use the box below to write down what you think is the best first step to take to
isolate h.

[practice-area rows="1"][/practice-area]
[reveal-answer qg="194805"]Show Solution[/reveal-answer]
[hidden-answer a=”194805"]
Isolate the term containing the variable, h, by subtracting 27rr*from both sides.
S =2nrh+2nr?
—27r? —27rr?
S—27mr2 = 2xrh

Next, isolate the variable h by dividing both sides of the equation by 27r.

S—2mr® __ 2mrh

27r 27r

_ 2
522717‘ :h
Fvd

You can rewrite the equation so the isolated variable is on the left side.

S—2mr?
27r

h= [/hidden-answer]
In the last video, we show how to convert from celsius to fahrenheit.
=

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=50
1. "Ann Trason." Wikipedia. Accessed May 05, 2016. https://en.Wikipedia.org/wiki/Ann_Trason. €

2. "American River 50 Mile Endurance Run." Wikipedia. Accessed May 05, 2016.
https://en.Wikipedia.org/wiki/American_River_50_Mile_Endurance_Run. ¢
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1.5: Solve Inequalities

Learning Objectives
o Describe solutions to inequalities
o Represent inequalities on a number line
o Represent inequalities using interval notation
e Solve single-step inequalities
o Use the addition and multiplication properties to solve algebraic inequalities and express their solutions graphically and
with interval notation
o Solve inequalities that contain absolute value
¢ Solve multi-step inequalities
o Combine properties of inequality to isolate variables, solve algebraic inequalities, and express their solutions
graphically
o Simplify and solve algebraic inequalities using the distributive property to clear parentheses and fractions

Represent inequalities on a number line

First, let’s define some important terminology. An inequality is a mathematical statement that compares two expressions using the
ideas of greater than or less than. Special symbols are used in these statements. When you read an inequality, read it from left to
right—just like reading text on a page. In algebra, inequalities are used to describe large sets of solutions. Sometimes there are an
infinite amount of numbers that will satisfy an inequality, so rather than try to list off an infinite amount of numbers, we have
developed some ways to describe very large lists in succinct ways.

The first way you are probably familiar with—the basic inequality. For example:

e 1z <9 ortry to list all the possible numbers that are less than 9? (hopefully, your answer is no)

o —b.

Note how placing the variable on the left or right of the inequality sign can change whether you are looking for greater than or less
than.

For example:

e 1 < 5 means all the real numbers that are less than 5, whereas;
e x > b note how the inequality is still pointing the same direction relative to x. This statement represents all the real numbers
that are greater than 5, which is easier to interpret than 5 is less than x.

The second way is with a graph using the number line:

And the third way is with an interval.

We will explore the second and third ways in depth in this section. Again, those three ways to write solutions to inequalities are:

e an inequality

o an interval

e agraph

Inequality Signs

The box below shows the symbol, meaning, and an example for each inequality sign. Sometimes it’s easy to get tangled up in

inequalities, just remember to read them from left to right.

Symbol Words Example

2 # 8, 2is not equal to 8.

5> 1, 5is greater than 1
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Symbol Words Example

2 < 11, 2 is less than 11
4 > 4, 4 is greater than or equal to 4

7 <9, 7is less than or equal to 9

The inequality y < «. The sides of any inequality can be switched as long as the inequality symbol between them is also reversed.

Graphing an Inequality

Inequalities can also be graphed on a number line. Below are three examples of inequalities and their graphs. Graphs are a very
helpful way to visualize information — especially when that information represents an infinite list of numbers!

x < —4. This translates to all the real numbers on a number line that are less than or equal to 4.

-10-9-8-7-6-5-.4-3-2-10123455?3910

z > —3. This translates to all the real numbers on the number line that are greater than or equal to -3.

&
-1p 9 -8 -7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 B8 9 10

Each of these graphs begins with a circle—either an open or closed (shaded) circle. This point is often called the end point of the
solution. A closed, or shaded, circle is used to represent the inequalities greater than or equal to (<). The point is part of the
solution. An open circle is used for greater than (>) or less than (<). The point is not part of the solution.

The graph then extends endlessly in one direction. This is shown by a line with an arrow at the end. For example, notice that for the
graph of —3, represented with a closed circle since the inequality is greater than or equal to—3. The arrow at the end indicates that
the solutions continue infinitely.

Graph the inequality z > 4
[reveal-answer q="797241"]Show Solution[/reveal-answer]
[hidden-answer a="797241"]

We can use a number line as shown. Because the values for x include 4, we place a solid dot on the number line at 4.

Then we draw a line that begins at z = 4 and, as indicated by the arrowhead, continues to positive infinity, which illustrates
that the solution set includes all real numbers greater than or equal to 4.
-l | | | & ] | ] | -_JI | Lo
| I | I b 1 1 1 1 | I
0 1 2 3 4 5 7 8 9 10 11

[/hidden-answer]

This video shows an example of how to draw the graph of an inequality.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Example
[ Example

Write an inequality describing all the real numbers on the number line that are less than 2, then draw the corresponding graph.
[reveal-answer q="867890"]Show Solution[/reveal-answer]
[hidden-answer a=867890"]

We need to start from the left and work right, so we start from negative infinity and end at —2.
Inequality: z < 2

To draw the graph, place an open dot on the number line first, then draw a line extending to the left. Draw an arrow at the
leftmost point of the line to indicate that it continues for infinity.

-10-9-3-}'-6-5-4-3-2-101?345673910

[/hidden-answer]

The following video shows how to write an inequality mathematically when it is given in words. We will then graph it.

=
[ -]

Wiite an inequality describing all real numbers less than or aqual to -3 |
Then graph the interval |

S—

x ra
< o
Less than Greater than
= =
Less than or equal Greater than or equal

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Represent inequalities using interval notation

Another commonly used, and arguably the most concise, method for describing inequalities and solutions to inequalities is called
interval notation. With this convention, sets are built with parentheses or brackets, each having a distinct meaning. The solutions
to [4, 0o). This method is widely used and will be present in other math courses you may take.

The main concept to remember is that parentheses represent solutions greater or less than the number, and brackets represent
solutions that are greater than or equal to or less than or equal to the number. Use parentheses to represent infinity or negative
infinity, since positive and negative infinity are not numbers in the usual sense of the word and, therefore, cannot be “equaled.” A
few examples of an interval, or a set of numbers in which a solution falls, are —2 and —2, but not including (—1,0), all real
numbers between, but not including 0; and 1. The table below outlines the possibilities. Remember to read inequalities from left to
right, just like text.

The table below describes all the possible inequalities that can occur and how to write them using interval notation, where a and b
are real numbers.

Inequality Words Interval Notation

(a,0)

(a,00)
(7007 b)

[a,00)
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Inequality Words Interval Notation

(=00, 8]

[a,b)

(a,0]

[a, 0]

(—00,a) U (b,00)

All real numbers All real numbers (—00,00)

Example
[ Example

Describe the inequality > 4 using interval notation
[reveal-answer q="817362"]Show Solution[/reveal-answer]
[hidden-answer a="817362"]

The solutions to [4, 00).
Note the use of a bracket on the left because 4 is included in the solution set.

[/hidden-answer]

In the following video we show another example of using interval notation to describe an inequality.

Describe the inequality 5
graph: -5 e

-

Describe the inequality x < 2 using interval notation and a
graph

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Use interval notation to indicate all real numbers greater than or equal to —2.
[reveal-answer g="961990"]Show Solution[/reveal-answer]
[hidden-answer a="961990" ]

Use a bracket on the left of [—2, 00). The bracket indicates that —2 to infinity.

[/hidden-answer]

In the following video we show another example of translating words into an inequality and writing it in interval notation, as well
as drawing the graph.
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Ineips B Gne Narkahle

Use interval notation to indicate all real numbers less than or
squal to 3. Then graph the interval, (==, 3]

i1 1T

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Think About It

In the previous examples you were given an inequality or a description of one with words and asked to draw the corresponding
graph and write the interval. In this example you are given an interval and asked to write the inequality and draw the graph.

Given (—o00, 10), write the associated inequality and draw the graph.
In the box below, write down whether you think it will be easier to draw the graph first or write the inequality first.

[practice-area rows="1"][/practice-area]
[reveal-answer g="15120"]Show Solution[/reveal-answer]

[hidden-answer a="15120"]
We will draw the graph first.

The interval reads “all real numbers less than 10,” so we will start by placing an open dot on 10 and drawing a line to the left with
an arrow indicating the solution continues to negative infinity.

<t

5 10

To write the inequality, we will use < since the parentheses indicate that 10 is not included. < 10
[/hidden-answer]

In the following video, you will see examples of how to draw a graph given an inequality in interval notation.

Graph the interval | -2, «). Then express the interval using |
an inegquality. |

Graph the interval (=<, 3}. Then express the interval using

an inegquality,

) R EEEEER!

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

And finally, one last video that shows how to write inequalities using a graph, with interval notation and as an inequality.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Solve Single-Step Inequalities

Solve inequalities with addition and subtraction

You can solve most inequalities using inverse operations as you did for solving equations. This is because when you add or subtract
the same value from both sides of an inequality, you have maintained the inequality. These properties are outlined in the box below.
Addition and Subtraction Properties of Inequality

Ifa+c>b+c.

Ifa—c>b—c.

Because inequalities have multiple possible solutions, representing the solutions graphically provides a helpful visual of the
situation, as we saw in the last section. The example below shows the steps to solve and graph an inequality and express the
solution using interval notation.
Example
Solve for x.

z+3<5

[reveal-answer q="952771"]Show Solution[/reveal-answer]
[hidden-answer a=”952771"]

It is helpful to think of this inequality as asking you to find all the values for x, including negative numbers, such that when you add
three you will get a number less than 5.

r+3< 5
-3 -3
T < 2

Isolate the variable by subtracting 3 from both sides of the inequality.
Answer
Inequality: < 2

Interval: (—oo, 2)

Graph: S Y TR S T ST Y TR ST T T T 7 3 f"r[/hidden-answer]

The line represents all the numbers to which you can add 3 and get a number that is less than 5. There’s a lot of numbers that solve
this inequality!

Just as you can check the solution to an equation, you can check a solution to an inequality. First, you check the end point by
substituting it in the related equation. Then you check to see if the inequality is correct by substituting any other solution to see if it
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is one of the solutions. Because there are multiple solutions, it is a good practice to check more than one of the possible solutions.
This can also help you check that your graph is correct.

The example below shows how you could check that z +-3 < 5.
Example
Check thatx +3 <5.

[reveal-answer q="811564"]Show Solution[/reveal-answer]
[hidden-answer a="811564"]

Substitute the end point 2 into the related equation, z +3 = 5.

r+3=5
24+3=5
5=5

Pick a value less than 2, such as 0, to check into the inequality. (This value will be on the shaded part of the graph.)

-10-9-3-7-5-5-4-3-2-101?34:‘;573910

It checks!
x + 3 < 5.[/hidden-answer]

The following examples show inequality problems that include operations with negative numbers. The graph of the solution to the
inequality is also shown. Remember to check the solution. This is a good habit to build!

Example

Solve forx: z —10 < —12
[reveal-answer q="815894"]Show Solution[/reveal-answer]
[hidden-answer a="815894"]

Isolate the variable by adding 10 to both sides of the inequality.

r—10<—12
+10 410
T < =2

Answer

Inequality: (—oo, —2]

Graph: Notice that a closed circle is used because the inequality is “less than or equal to” —2 because these are the values that are
less than —2.

il

{0 <8 <8 «F 6 «5 -4 =3 =} -2 0 1 ¥ § & § & F & & w

[/hidden-answer]

Check the solution to x —10 < —12
[reveal-answer qg="268062"]Show Solution[/reveal-answer]
[hidden-answer a="268062"]

Substitute the end point z —10 = —12

z—10=-12
Does —2—-10=-127
—12=-12

Pick a value less than —5, to check in the inequality. (This value will be on the shaded part of the graph.)
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z—10<—12

Is —5—-10< —-127
—15 < —12

It checks!

z—10< 12

[/hidden-answer]

Example
[ Example

Solve fora.a —17 > —17
[reveal-answer q="343031"]Show Solution[/reveal-answer]
[hidden-answer a="343031"]

Isolate the variable by adding 17 to both sides of the inequality.
a—17>-17
T +17
a > 0
Answer
Inequality: @ > 0
Interval: (0, co) Note how we use parentheses on the left to show that the solution does not include 0.

Graph: Note the open circle to show that the solution does not include 0.

10 -9 -8 -7 -6 -5 -4 -3 -2 -1 ? 1 2 3 4 S 6 7 8 9 10
[/hidden-answer]

Check the solutiontoa — 17 > —17
[reveal-answer q="653357"]Show Solution[/reveal-answer]
[hidden-answer a="653357"]

Isa—17> 177

Substitute the end point 0 into the related equation.

a—17=-17
Does 0—17=—-177
—17=-17
Pick a value greater than 0, such as 20, to check in the inequality. (This value will be on the shaded part of the graph.)

a—17>-17

Is 2017 > —177
3> 17
It checks!

a—17>-17

[/hidden-answer]

The previous examples showed you how to solve a one-step inequality with the variable on the left hand side. The following video
provides examples of how to solve the same type of inequality.
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What would you do if the variable were on the right side of the inequality? In the following example, you will see how to handle
this scenario.

Solve forx:4 > x +5
[reveal-answer q="815893"]Show Solution[/reveal-answer]
[hidden-answer a="815893"]

Isolate the variable by adding 10 to both sides of the inequality.
4>x+5
-5 -5
—1 > x
Rewrite the inequality with the variable on the left — this makes writing the interval and drawing the graph easier.
r<-1
Note how the the pointy part of the inequality is still directed at the variable, so instead of reading as negative one is greater or
equal to x, it now reads as x is less than or equal to negative one.
Answer

Inequality: (—oo, —1]
Graph: Notice that a closed circle is used because the inequality is “less than or equal to” . The blue arrow is drawn to the left
of the point —1.

- - i i
& =

[/hidden-answer]

Check the solutionto 4 > x +5
[reveal-answer q="568062"]Show Solution[/reveal-answer]
[hidden-answer a="568062"]

Substitute the end point 4 =z +5

4=2+5
Does 4 =—-1+57
—-1=-1
Pick a value less than —5, to check in the inequality. (This value will be on the shaded part of the graph.)
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4>-5+5
Is4>07
It checks!
4 > x + 5 [/hidden-answer]

The following video show examples of solving inequalities with the variable on the right side.

Examples: Linear/ Inequalities in One Variable

Solve astl gray

pliea
-8 =2 —/'f' —ar

L 4

Dsalx | | (Ha0=5)

ch breguality. Then express Lshag batorval

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Solve inequalities with multiplication and division

Solving an inequality with a variable that has a coefficient other than 1 usually involves multiplication or division. The steps are
like solving one-step equations involving multiplication or division EXCEPT for the inequality sign. Let’s look at what happens to
the inequality when you multiply or divide each side by the same number.

Let’s start with the true statement:
10>5

Next, multiply both sides by the same positive number:
10--2>5

.—92.-2
20 is greater than 10, so you still have a true inequality:
—20 is not greater than —20 > —10

When you multiply by a positive number, leave the inequality sign You must “reverse” the inequality sign to make the statement true:
as it is! —20< —10

ACaution! When you multiply or divide by a negative number, “reverse” the inequality sign. Whenever you multiply or

divide both sides of an inequality by a negative number, the inequality sign must be reversed in order to keep a true statement.
These rules are summarized in the box below.

Multiplication and Division Properties of Inequality

Start With Multiply By Final Inequality
c a>b ac< be
Start With Divide By Final Inequality
c a>b g - g

c c
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Keep in mind that you only change the sign when you are multiplying and dividing by a negative number. If you add or subtract by
a negative number, the inequality stays the same.

Example

Solve for x. 3z > 12

[reveal-answer g="691711"]Show Solution[/reveal-answer]
[hidden-answer a="691711"]Divide both sides by 3 to isolate the variable.
3z >12
3 3
>4
Check your solution by first checking the end point 4, and then checking another solution for the inequality.
3-4=12
12=12
3-10>12
30 >12
It checks!

Answer
Inequality: >4

Interval: (4, 00)

Graph. -0 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 ? s 6 7 & 9 10

[/hidden-answer]

There was no need to make any changes to the inequality sign because both sides of the inequality were divided by positive 3. In
the next example, there is division by a negative number, so there is an additional step in the solution!

Example
Solve for x. —2x > 6

[reveal-answer qg="604033"]Show Solution[/reveal-answer]
[hidden-answer a="604033"]Divide each side of the inequality by —2 to isolate the variable, and change the direction of the
inequality sign because of the division by a negative number.
2 <6
-2 -2
<3

Check your solution by first checking the end point —3, and then checking another solution for the inequality.

-2(-3)=6
6=6
—-2(-6)>6
12>6
It checks!
Answer

Inequality: @ < —3
Interval: (—oo, —3)

Graph: —2, the inequality symbol was switched from > to <.
[/hidden-answer]
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The following video shows examples of solving one step inequalities using the multiplication property of equality where the
variable is on the left hand side.

cInequalities in One Variable
FeRg ATy, T eiress e ol

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Think About It

Before you read the solution to the next example, think about what properties of inequalities you may need to use to solve the
inequality. What is different about this example from the previous one? Write your ideas in the box below.

Solve for x. f% > —12x

[practice-area rows="1"][/practice-area]
[reveal-answer q="811465"]Show Solution[/reveal-answer]
[hidden-answer a="811465"]

This inequality has the variable on the right hand side, which is different from the previous examples. Start the solution process as
before, and at the end, you can move the variable to the left to write the final solution.

Divide both sides by —12 to isolate the variable. Since you are dividing by a negative number, you need to change the direction of
the inequality sign.

—% > —12x
_1 12

5 —12x
T2~ T2

Dividing a fraction by an integer requires you to multiply by the reciprocal, and the reciprocal of _L

12
(*%) (*%) < :1122Z

1 Lz

24 -12
1

b <z

Answer

Inequality: > 21—4. Writing the inequality with the variable on the left requires a little thinking, but helps you write the interval and
draw the graph correctly.

Interval: (57, 00)

Graph:
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[/hidden-answer]

The following video gives examples of how to solve an inequality with the multiplication property of equality where the variable is
on the right hand side.

Examples: Linear Inequalities in One Variable
SolVE i ErapivEnch T Il Then express i el
Haticn

B<ix

_Hex

,x>‘.‘1'

9< 3y

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Combine properties of inequality to solve algebraic inequalities

A popular strategy for solving equations, isolating the variable, also applies to solving inequalities. By adding, subtracting,
multiplying and/or dividing, you can rewrite the inequality so that the variable is on one side and everything else is on the other. As
with one-step inequalities, the solutions to multi-step inequalities can be graphed on a number line.

Example

Solve forp. 4p+5 < 29

[reveal-answer q="211828"]Show Solution[/reveal-answer]
[hidden-answer a="211828"]

Begin to isolate the variable by subtracting 5 from both sides of the inequality.

4p+5< 29
-5 -5
4p < 24
Divide both sides of the inequality by 4 to express the variable with a coefficient of 1.
4p < 24
I < 4
p<6
Answer
Inequality: p < 6
Interval: (—o0, 6)

Graph: Note the open circle at the end point 6 to show that solutions to the inequality do not include 6. The values where p is less
than 6 are found all along the number line to the left of 6.

10 9 8 7 6 -5 -4 3 -2 -1 0 1 2 3 4 T3 T 3
[/hidden-answer]

Check the solution.
[reveal-answer qg="291597"]Show Solution[/reveal-answer]
[hidden-answer a=”291597"]

Check the end point 6 in the related equation.
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4p+5=29
Does 4(6)+5 =297
2445=29
29 =29
Yes!
Try another value to check the inequality. Let’s use p = 0.

4p+5 <29
Is 4(0)+5 < 29?
0+5<29
5 <29
Yes!
4p+5 <29

[/hidden-answer]

Example
[ Example

Solve for x: 3x—7 > 41
[reveal-answer q="238157"]Show Solution[/reveal-answer]
[hidden-answer a="238157"]

Begin to isolate the variable by adding 7 to both sides of the inequality, then divide both sides of the inequality by 3 to express
the variable with a coefficient of 1.
3r—7>141
+7 +7
3 48

3
r>16

Y

Answer
Inequality: > 16
Interval: [16, co)

Graph: To graph this inequality, you draw a closed circle at the end point 16 on the number line to show that solutions include
the value 16. The line continues to the right from 16 because all the numbers greater than 16 will also make the inequality
3z—7 > 41 true.

15 lvﬁ 17 I8 19 20 221
[/hidden-answer]

Check the solution.
[reveal-answer q="437341"]Show Solution[/reveal-answer]

[hidden-answer a="437341"]

First, check the end point 16 in the related equation.

3z —7=41
Does 3(16) —7 =417
48 -7 =41
41 =141
Yes!

Then, try another value to check the inequality. Let’s use = 20.
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3z —7>41
Is 3(20)—7>417
60—-72>41
53 >41
Yes!
[/hidden-answer]

When solving multi-step equations, pay attention to situations in which you multiply or divide by a negative number. In these
cases, you must reverse the inequality sign.

Example
Solve for p. —58 > 14 —6p

[reveal-answer q="424351"]Show Solution[/reveal-answer]
[hidden-answer a="424351"]

Note how the variable is on the right hand side of the inequality, the method for solving does not change in this case.

Begin to isolate the variable by subtracting 14 from both sides of the inequality.

—58 >14—6p
-14 -—-14
—72 > —6p

Divide both sides of the inequality by —6 to express the variable with a coefficient of 1. Dividing by a negative number results in
reversing the inequality sign.

—72> —6p
—6 —6
12<p

We can also write this as p > 12. Notice how the inequality sign is still opening up toward the variable p.

Answer
Inequality: (12, 0o)
Graph: The graph of the inequality p > 12 has an open circle at 12 with an arrow stretching to the right.

01234567591011313141516171819?0

[/hidden-answer]

Check the solution.
[reveal-answer q="500309"]Show Solution[/reveal-answer]
[hidden-answer a="500309"]

First, check the end point 12 in the related equation.
—58 =14 —6p
—58=14-6(12)
—58=14-72
—58 = —bH8
Then, try another value to check the inequality. Try 100.

—58 > 14 —6p
—58 > 14 — 6 (100)
—58 > 14 — 600
—58 > —586

[/hidden-answer]
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In the following video, you will see an example of solving a linear inequality with the variable on the left side of the inequality, and
an example of switching the direction of the inequality after dividing by a negative number.

Examples: Linear Inequalities in One Variable
Solvi TIE T LT T exjiress Hie Soluto

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

In the following video, you will see an example of solving a linear inequality with the variable on the right side of the inequality,
and an example of switching the direction of the inequality after dividing by a negative number.

Examples: Linear Inequalities in One Variable
< i LalTey TIEN exjiress His Solutn

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Simplify and solve algebraic inequalities using the distributive property
As with equations, the distributive property can be applied to simplify expressions that are part of an inequality. Once the
parentheses have been cleared, solving the inequality will be straightforward.
Example
Solve for x. 2 (3z—5) <4z +6
[reveal-answer q="587737"]Show Solution[/reveal-answer]
[hidden-answer a="587737"]
Distribute to clear the parentheses.
2(3z —5) <4z +6
6x—10<4x+6
Subtract 4x from both sides to get the variable term on one side only.
6z —10 <4z 146
—A4z —4x
2z —10 < 6
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Add 10 to both sides to isolate the variable.

2¢—-10 < 6
+10  +10
2z < 16

Divide both sides by 2 to express the variable with a coefficient of 1.

22 < 16
2 2
z < 8

Answer
Inequality: (—oo, 8]
Graph: The graph of this solution set includes 8 and everything left of 8 on the number line.

[/hidden-answer]

Check the solution.
[reveal-answer g="808701"]Show Solution[/reveal-answer]
[hidden-answer a="808701"]

First, check the end point 8 in the related equation.
2(3z—5)=4z+6
2(3-8—-5)=4-8+6
2(24—-5)=32+6
2(19) =38
38 =38
Then, choose another solution and evaluate the inequality for that value to make sure it is a true statement. Try 0.
2(3-0-5)<4-0+67
2(-5)<6
—-10<6
(00, 8]
[/hidden-answer]

In the following video, you are given an example of how to solve a multi-step inequality that requires using the distributive
property.

Examples: Linear Inegualities in One Variable
Sotve t trequality Fhenexpress the softion
(g bt athot

P
Ix+H -3 x-1
2 SR > < -1
wWhen sohding nn

=1
jusqualiTyir e 347 ’_\(
[ — o3 .. 3 Sy e,
AN e, i ot > 7)}

msTrEvEf e
R
: % > -E

=

i
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=52

Think About It

In the next example, you are given an inequality with a term that looks complicated. If you pause and think about how to use the
order of operations to solve the inequality, it will hopefully seem like a straightforward problem. Use the textbox to write down
what you think is the best first step to take.

Solve for a. \(\displaystyle\frac
6{<2})
[practice-area rows="1"][/practice-area]
[reveal-answer q="701072"]Show Solution[/reveal-answer]
[hidden-answer a="701072"]
Clear the fraction by multiplying both sides of the equation by 6.
\(\displaystyle \begin{array} {r}\frac
6{<21\ L\, L\ L\ L\ W6\ \cdot \\frac{2a-4} {6} <2\,\cdot \,6\\\{2a-4} <12\\\,\,\,\,\end {array }\)
Add 4 to both sides to isolate the variable.

2a—4 <12
+4 +4
2a <16

Divide both sides by 2 to express the variable with a coefficient of 1.

Answer
Inequality: a < 8
Interval: (—o0, 8)

Graph: The graph of this solution contains a solid dot at 8 to show that 8 is included in the solution set. The line continues to the

1 7 1 1 3 ! I B T ]

left to show that values less than 8 are also included in the solution set.
[/hidden-answer]

Check the solution.
[reveal-answer g="905072"]Show Solution[/reveal-answer]

[hidden-answer a="905072"]
First, check the end point 8 in the related equation.
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2
Does

Yes!
Then choose another solution and evaluate the inequality for that value to make sure it is a true statement. Try 5.

Is $<2?

104
Bt <2

<2

oo

1<2

Yes!

[/hidden-answer]

Summary

Solving inequalities is very similar to solving equations, except you have to reverse the inequality symbols when you multiply or
divide both sides of an inequality by a negative number. There are three ways to represent solutions to inequalities: an interval, a
graph, and an inequality. Because there is usually more than one solution to an inequality, when you check your answer you should
check the end point and one other value to check the direction of the inequality.

Inequalities can have a range of answers. The solutions are often graphed on a number line in order to visualize all of the solutions.
Multi-step inequalities are solved using the same processes that work for solving equations with one exception. When you multiply
or divide both sides of an inequality by a negative number, you must reverse the inequality symbol. The inequality symbols stay the
same whenever you add or subtract either positive or negative numbers to both sides of the inequality.
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1.6: Solve Compound Inequalities

Learning Objectives

o Describe sets as intersections or unions

o Use interval notation to describe intersections and unions
o Use graphs to describe intersections and unions

e Solve compound inequalities—OR
o Solve compound inequalities in the form of or and express the solution graphically and with an interval
e Solve compound inequalities—AND

o Express solutions to inequalities graphically and with interval notation
o Identify solutions for compound inequalities in the form @ < z < b, including cases with no solution

¢ Solve absolute value inequalities

o Solve single- and multi-step inequalities containing absolute values
o Identify cases where there are no solutions to absolute value inequalities

Use interval notation to describe sets of numbers as intersections and unions

When two inequalities are joined by the word and, the solution of the compound inequality occurs when both inequalities are true
at the same time. It is the overlap, or intersection, of the solutions for each inequality. When the two inequalities are joined by the
word or, the solution of the compound inequality occurs when either of the inequalities is true. The solution is the combination, or
union, of the two individual solutions.

In this section we will learn how to solve compound inequalities that are joined with the words AND and OR. First, it will help to
see some examples of inequalities, intervals, and graphs of compound inequalities. This will help you describe the solutions to
compound inequalities properly.

Venn diagrams use the concept of intersections and unions to show how much two or more things share in common. For example,
this Venn diagram shows the intersection of people who are breaking your heart and those who are shaking your confidence daily.
Apparently Cecilia has both of these qualities; therefore she is the intersection of the two.

PEOPLE WHO PEOPLE WHO

EAK ARE SHAKING
ARE BREQ mING MY CONFIDENCE
¥ .H DAILY

In mathematical terms, consider the inequality z > 2. How would we interpret what numbers x can be, and what would the interval
look like?

In words, x must be less than 6 and at the same time, it must be greater than 2, much like the Venn diagram above, where Cecilia is
at once breaking your heart and shaking your confidence daily. Let’s look at a graph to see what numbers are possible with these
constraints.

0L 20T ) and x< 6" width="594" height="91">

The numbers that are shared by both lines on the graph are called the intersection of the two inequalities > 2. This is called a
bounded inequality and is written as (2, 6). The graph would look like this:
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On the other hand, if you need to represent two things that don’t share any common elements or traits, you can use a union. The
following Venn diagram shows two things that share no similar traits or elements but are often considered in the same application,
such as online shopping or banking.

In mathematical terms, for example, z < 2 is an inequality joined by the word or. Using interval notation, we can describe each of
these inequalities separately:

(6,00) and (00, 2). If we are describing solutions to inequalities, what effect does the or have? We are saying that solutions are
either real numbers less than two or real numbers greater than 6. Can you see why we need to write them as two separate intervals?
Let’s look at a graph to get a clear picture of what is going on.

b=t
-
n
=]

-1 0 1

When you place both of these inequalities on a graph, we can see that they share no numbers in common. This is what we call a
union, as mentioned above. The interval notation associated with a union is a big U, so instead of writing or, we join our intervals
with a big U, like this:

(00,2) U (6, 0)

It is common convention to construct intervals starting with the value that is furthest left on the number line as the left value, such
as (2, 6), where 2 is less than 6. The number on the right should be greater than the number on the left.

Example
[ Example

Draw the graph of the compound inequality z < 4 and describe the set of x-values that will satisfy it with an interval.
[reveal-answer q="641470"]Show Solution[/reveal-answer]
[hidden-answer a="641470"]

The graph of > 3 has an open circle on 3 and a blue arrow drawn to the right to contain all the numbers greater than 3.

o5 5 7 %5 5 94 3 2 101 97 3o

The graph of £ <4 has a closed circle at 4 and a red arrow to the left to contain all the numbers less than 4.

&
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 & 9 10

8
—10—3—8—7—5—5—4—3—2—1012?356?8910

Since this compound inequality is an or statement, it includes all of the numbers in each of the solutions. In this case, the
solution is all the numbers on the number line. (The region of the line greater than 3 and less than or equal to 4 is shown in
purple because it lies on both of the original graphs.) The solution to the compound inequality = <4 is the set of all real
numbers, and can be described in interval notation as (—o0, 00)
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l [/hidden-answer]

In the following video you will see two examples of how to express inequalities involving OR graphically and as an interval.

| Draw the graph of the compound inequality ¥ < —4 orx > 3

and describe the set using interval notation

w | [und — intersection
I ar - union

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

Examples
[ Examples.

Draw a graph of the compound inequality: > —1, and describe the set of x-values that will satisfy it with an interval.
[reveal-answer q="394627"]Show Solution[/reveal-answer]
[hidden-answer a="394627"]

The graph of each individual inequality is shown in color.

xX<5

- . > £) x=-1
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 O 1 2 & 4 5 6 7 8 9 10

Since the word and joins the two inequalities, the solution is the overlap of the two solutions. This is where both of these
statements are true at the same time.

The solution to this compound inequality is shown below.

-1sx<5

- o -

—10—9—8—7—5—5—4—3—2—’101234!(6?89].0

Notice that this is a bounded inequality. You can rewrite —1 < a <5 since the solution is between —1. You read —1 and less
than 5.” You can rewrite an and statement this way only if the answer is between two numbers. The set of solutions to this
inequality can be written in interval notation like this: [—1, 5)

[/hidden-answer]

SE S
[ Examples.

Draw the graph of the compound inequality > 3, and describe the set of x-values that will satisfy it with an interval.
[reveal-answer q="870500"]Show Solution[/reveal-answer]
[hidden-answer a="870500"]

First, draw a graph. We are looking for values for x that will satisfy both inequalities since they are joined with the word and.

x<-3 %®>3
—10—9—8—7—5—5—42—2—1012?456?8910

In this case, there are no shared x-values, and therefore there is no intersection for these two inequalities. We can write “no
solution,” or DNE.

[/hidden-answer]
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The following video presents two examples of how to draw inequalities involving AND, as well as write the corresponding
intervals.

| Draw the graph of the compound inequality x > =2 and x < &
and describe the set using interval notatian

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

Solve compound inequalities in the form of or

As we saw in the last section, the solution of a compound inequality that consists of two inequalities joined with the word or is the
union of the solutions of each inequality. Unions allow us to create a new set from two that may or may not have elements in
common.

In this section you will see that some inequalities need to be simplified before their solution can be written or graphed.

In the following example, you will see an example of how to solve a one-step inequality in the OR form. Note how each inequality
is treated independently until the end where the solution is described in terms of both inequalities. You will use the same properties
to solve compound inequalities that you used to solve regular inequalities.

Example

Solve for x. z—5 >0

[reveal-answer g="212910"]Show Solution[/reveal-answer]
[hidden-answer a="212910"]Solve each inequality by isolating the variable.

z—5>0 OR 3r—1<8

+5 +5 +1+1
z >5 3z <9
3 3
<3

z>b or <3
Write both inequality solutions as a compound using or, using interval notation.
Answer
Inequality: x >5 or =z <3
Interval: (—o0, 3) U (5, 00)

The solution to this compound inequality can also be shown graphically. Sometimes it helps to draw the graph first before writing
the solution using interval notation.

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 4 6 7 8 9 10

[/hidden-answer]

https://math.libretexts.org/@go/page/51444


https://libretexts.org/
https://math.libretexts.org/@go/page/51444?pdf

LibreTexts"

Remember to apply the properties of inequality when you are solving compound inequalities. The next example involves dividing
by a negative to isolate a variable.

Example
[ Example

Solve fory. 2y +7 <13 or —3y—2 <10
[reveal-answer q="969462"]Show Solution[/reveal-answer]
[hidden-answer a="969462" ]

Solve each inequality separately.

2y+7<13 OR —3y—2<10

-7 -7 +2 +2
2y 6 -3y 12
2 < E R
y<3 y>—4

y<3 or y>—4
The inequality sign is reversed with division by a negative number.

Since y could be less than 3 or greater than or equal to —4, y could be any number. Graphing the inequality helps with this
interpretation.

Answer
Inequality: y <3 ory > —4
Interval: (—o0, 00)

Graph:

i

-10 =% -8 =7 -6 -3

[/hidden-answer]

In the last example, the final answer included solutions whose intervals overlapped, causing the answer to include all the numbers
on the number line. In words, we call this solution “all real numbers.” Any real number will produce a true statement for either
y < 3ory > —4, when it is substituted for x.

Example
[ Example

Solve forz. —2z—1 > 15

[reveal-answer q="74043"]Show Solution[/reveal-answer]
[hidden-answer a="74043"]

Solve each inequality separately. Combine the solutions.

52—3>-18 OR —2z—-1>15

13 +3 11 +1
5 —15 —2 16
¥ >F = <3

z> -3 z< —8

z>—-3 or z<—8

Answer
Inequality: 2> —3 or z< —8

Interval: z < —8 has solutions that continue all the way to the left on the number line, whereas z > —3 has solutions that
continue all the way to the right. In this way we write solutions with intervals from left to right.
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SRR R IR IR
Graph:

[/hidden-answer]

The following video contains an example of solving a compound inequality involving OR, and drawing the associated graph.

Examples: Compound Inequalities
St EIE Conmpie T Ty i Skpres ST interval

OOl 2y~ 10 < 14 OR| — 32 +2 <10
Py P oL '5x-f-"'
-, +iD A

%J‘__"..z_

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

In the next section you will see examples of how to solve compound inequalities containing and.

Solve compound inequalities in the form of and and express the solution graphically

The solution of a compound inequality that consists of two inequalities joined with the word and is the intersection of the solutions
of each inequality. In other words, both statements must be true at the same time. The solution to an and compound inequality are
all the solutions that the two inequalities have in common. As we saw in the last sections, this is where the two graphs overlap.

In this section we will see more examples where we have to simplify the compound inequalities before we can express their
solutions graphically or with an interval.

Example
Solve forx. 1 —4x <21 and 5z +2>22

[reveal-answer qg="266032"]Show Solution[/reveal-answer]
[hidden-answer a="266032"]

Solve each inequality for x. Determine the intersection of the solutions.

1—-42<21 AND b5x+2>22

-1 -1 -2 =2
—4z <20 5z >20
-4 -4 5 5

T >-5 r>4

r>—-band x >4

The number line below shows the graphs of the two inequalities in the problem. The solution to the compound inequality is z > 4,
since this is where the two graphs overlap.

o L) 0 =
-10 -9 -8 =7 —6—%—4 -3 =2 -1 0 1 2 3 4

Answer

Inequality: z >4
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Interval: [4, 00)

Graph:

-0 -9 -8 -7 6 -5 4 -3 -2 -1 0 1 2 3 4 5 6 7 B 9 10

[/hidden-answer]

Example
[ Example

Solve for x: 5z —2 <3 and 4z+7 > 3
[reveal-answer q="784358"]Show Solution[/reveal-answer]
[hidden-answer a="784358"]

Solve each inequality separately. Find the overlap between the solutions.

52 —-2<3 AND 4z+7> 3

+2 +2 -7 =7
5 5 4 —4
T =3 T 0T
r<l1 z>—1
<1l and > -1
Answer

Inequality: —1 <z <1
Interval: (—1,1)

X
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

Graph:

[/hidden-answer]

Compound inequalities inthe forma < £ < b

Rather than splitting a compound inequality in the form of # < band x > a, you can more quickly to solve the inequality by
applying the properties of inequality to all three segments of the compound inequality.

Example
Solve forx. 3 <2z +3 <7

[reveal-answer g="39150"]Show Solution[/reveal-answer]
[hidden-answer a=”39150"]

Isolate the variable by subtracting 3 from all 3 parts of the inequality, then dividing each part by 2.
3 <243 < 7

=3 -3 =3
0 < 22 < 4
2 2 2
O<x<2
Answer

Inequality: 0 <2 <2
Interval: (0, 2]
Graph:
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[/hidden-answer]

In the video below, you will see another example of how to solve an inequality in the form a < z < b

Examples: Compound Inequalities
eIV EE Commpinine Tnequality aind exjress usirg interil
netition 1< 2x—5<3 -
.u;g:-ﬂ A Ak g23
+57 and ; +5

MDA

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

To solve inequalities like @ < x < b, use the addition and multiplication properties of inequality to solve the inequality for x.
Whatever operation you perform on the middle portion of the inequality, you must also perform to each of the outside sections as
well. Pay particular attention to division or multiplication by a negative.

The solution to a compound inequality with and is always the overlap between the solution to each inequality. There are three
possible outcomes for compound inequalities joined by the word and:

Case 1:
Description The solution could be all the values between two endpoints
Inequalities x > —1, or as a bounded inequality: (—1, 1]
Graphs T >4
Interval z < —3 and (—o0, —3) and (3, o0)
x<-3 x>3
Graph A0 28 & 2 6 A JSL0 F 1T % & 8 7B B D

In the example below, there is no solution to the compound inequality because there is no overlap between the inequalities.

Example
Solve forx. x +4 <5

[reveal-answer qg="336256"]Show Solution[/reveal-answer]
[hidden-answer a="336256"]

Solve each inequality separately.

z+2>5 AND z+4<5
-2 -2 —4 —4
T > 3 r <1

>3 and z<1
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Find the overlap between the solutions.

- opr— n=t ——r L
-10-5—8—?—6—5—4—3—2—10Yng56?89].0

Answer

There is no overlap between < 1, so there is no solution.[/hidden-answer]

Solve inequalities containing absolute values

Let’s apply what you know about solving equations that contain absolute values and what you know about inequalities to solve
inequalities that contain absolute values. Let’s start with a simple inequality.

|lz| <4

This inequality is read, “the absolute value of x is less than or equal to 4.” If you are asked to solve for x, you want to find out what
values of x are 4 units or less away from 0 on a number line. You could start by thinking about the number line and what values of x
would satisfy this equation.

4 and —3 are also solutions because each of these values is less than 4 units away from 0. So are 1 and —0.5, and so on—there are
an infinite number of values for x that will satisfy this inequality.

The graph of this inequality will have two closed circles, at 4 and —4. The distance between these two values on the number line is
colored in blue because all of these values satisfy the inequality.

- - &
10 3 8 7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7 & 9 10

The solution can be written this way:
Inequality: —4 <2 <4
Interval: [—4, 4]

The situation is a little different when the inequality sign is “greater than” or “greater than or equal to.” Consider the simple
inequality —3 are not included in the solution, so there are open circles on both of these values. 2 and —5 would work, and so
would all of the values extending to the left of —3 and to the right of 3. The graph would look like the one below.

—10—9—8—7—5—5—4§—2—1012§456?8910

The solution to this inequality can be written this way:
Inequality:x > 3.
Interval: (—oo, —3) U (3, 00)

In the following video, you will see examples of how to solve and express the solution to absolute value inequalities involving both
AND and OR.

Examples: Absolute Value Inequalities

he solutipn as an inéquality, a graph

Al notation e et 1
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54
Writing Solutions to Absolute Value Inequalities
For any positive value of a and x, a single variable, or any algebraic expression:

Absolute Value Inequality Equivalent Inequality Interval Notation

—a<z<a lz| <a (—a,a)

z < —a or (—oo, —a] UJa, 00)

z < —a or (—oo, —a) U(a, 00)

Let’s look at a few more examples of inequalities containing absolute values.
Example
Solve for x. |z +3| >4

[reveal-answer qg="867809"]Show Solution[/reveal-answer]
[hidden-answer a="867809"]

Since this is a “greater than” inequality, the solution can be rewritten according to the “greater than” rule.
z+3<—4 or z+3>4

Solve each inequality.

r+3<—4 rz+3>4
-3 -3 -3 -3
T < -7 T >1

r<—-7 or z>1

Check the solutions in the original equation to be sure they work. Check the end point of the first related equation, —7 and the end
point of the second related equation, 1.

|z +3| >4 |z +3| >4
|-7+3| =4 11+3] =4
|—4] =4 4] =4
4=4 4=14
Try —7, and 5, a value greater than 1, to check the inequality.

|z +3| >4 |z +3] >4
|[-10+3| >4 [5+3| >4
|—7] >4 18] >4
7>4 8§>4

Both solutions check!

Answer

Inequality: * < =7 or = >1
Interval: (—oo, —7) U (1, 00)
Graph:

[/hidden-answer]
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Example
Solve fory. 3|2y+6| —9 < 27

[reveal-answer q="632256"]Show Solution[/reveal-answer]
[hidden-answer a="632256"]

Begin to isolate the absolute value by adding 9 to both sides of the inequality.
3|2y+6]—9 <27
+9 +9
3|12y+6] <36
Divide both sides by 3 to isolate the absolute value.
312y +6| <36
3 3
|2y 4+ 6] <12
Write the absolute value inequality using the “less than” rule. Subtract 6 from each part of the inequality.
—12 <2y+6 <12
—6 —6 —6
—18 < 2y < 6
Divide by 2 to isolate the variable.

—18<2y< 6
2 ; 2
—O9<y <3
Answer
Inequality: -9 < y <3
Interval: (-9, 3)
Graph:

10 =9 -} i L1 5 | i s | | )

[/hidden-answer]

In the following video, you will see an example of solving multi-step absolute value inequalities involving an OR situation.

Examples: Absolute Value Inequalities
Solve: Express the solutipn 4s @ conipound ineguality

a graph, and using interval notation

2x+-541 and Jx;é?‘_;

. e
¥ How

R and X 7 -5

ey
= 1 3

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

In the following video you will see an example of solving multi-step absolute value inequalities involving an AND situation.
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Exiimples: Absolute Value Incqualities
Sovel Express the solutiin asa conipound inefuality
1 graph, and using interval notation
|Zr=7=<4
dx-F =9
+7
S

tor s AN

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

In the last video that follows, you will see an example of solving an absolute value inequality where you need to isolate the
absolute value first.

Exiimples: Absolute Value Inequalities
Sofvel Express the solution asa conipound ineguality
1 graph, and using interval notation
s B ] o
i 7

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=54

Identify cases of inequalities containing absolute values that have no solutions

As with equations, there may be instances in which there is no solution to an inequality.

Example
Solve forx. |22 4+ 3| +9 <7

[reveal-answer q="931656"]Show Solution[/reveal-answer]
[hidden-answer a="931656"]

Isolate the absolute value by subtracting 9 from both sides of the inequality.

22 +3]+9 < 7
-9 -9
22 +3] <-2

The absolute value of a quantity can never be a negative number, so there is no solution to the inequality.

Answer

No solution[/hidden-answer]
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Summary

A compound inequality is a statement of two inequality statements linked together either by the word or or by the word and.
Sometimes, an and compound inequality is shown symbolically, like a < < b, and does not even need the word and. Because
compound inequalities represent either a union or intersection of the individual inequalities, graphing them on a number line can be
a helpful way to see or check a solution. Compound inequalities can be manipulated and solved in much the same way any
inequality is solved, by paying attention to the properties of inequalities and the rules for solving them.

Absolute inequalities can be solved by rewriting them using compound inequalities. The first step to solving absolute inequalities is
to isolate the absolute value. The next step is to decide whether you are working with an OR inequality or an AND inequality. If the
inequality is greater than a number, we will use OR. If the inequality is less than a number, we will use AND. Remember that if we
end up with an absolute value greater than or less than a negative number, there is no solution.

1.6: Solve Compound Inequalities is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.7: Putting It Together- Solving Equations and Inequalities

At the start of this module, you were presented with a formula commonly used by forensic scientists to calculate blood alcohol
content:

B——0. 015t+(“4gN)

where

e B = percentage of BAC

o t = number of hours since the first drink

e N = number of “standard drinks” (a standard drink is one 12-ounce beer, one 5-ounce glass of wine, or one 1.5-ounce shot of
liquor). N should be at least 1.

e W = weight in pounds

o g = gender constant: 0.68 for men and 0.55 for women

Remember Joan? When we left her, she was at a party. She had three drinks and then wanted to leave. This was worrisome. We

posed the following questions:

1. Where would she fall on the table of the progressive effects of alcohol after 1.5 hours?
2. Would she be within the legal limit to drive after this amount of time?

The table showing the progressive effects of alcohol appears at the bottom of the page.

The information needed to answer the first question includes BAC, N, W, t and g. Of these, we know N, W, t, and g—we will need
to solve for BAC.

e N = 3 standard drinks
e W =135 pounds

e t=1.5hours

e g= 0.55

Using these values, we can calculate Joan’s BAC, which is the first step in answering question 1.
B = —0.015¢ + (45

B =-0.015(1.5) + (a5

B = —0.0225+ ((74 25))
B = —0.0225 + (0.1147)
B =0.092

The units of B are a percentage, so in this scenario after 1.5 hours and after consuming three standard drinks, Joan’s BAC is
0.092%.

How is Joan doing? From the table below, we can predict that she’s experiencing blunted feelings, reduced sensitivity to pain,
euphoria, disinhibition, and extroversion. In addition, her reasoning, depth perception, peripheral vision, and glare recovery are
probably impaired.
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Question 2 asks whether she would be within the legal limit to drive. If we assume that the legal limit is 0.08%, then NO, she
would not be within the legal limit to drive. One of her friends should take her car keys and help her get home.

Progressive effects of alcohol

BAC (% by vol.) Behavior Impairment

¢ Subtle effects that can be detected with

0.001-0.029 e Average individual appears normal .
special tests

e Mild euphoria
e Relaxation

0.030-0.059 e Joyousness o Concentration
o Talkativeness
e Decreased inhibition
e Blunted feelings « Reasoning

e Reduced sensitivity to pain « Depth perception

0.060-0.099 e Euphoria

. e Peripheral vision
¢ Disinhibition

. e Glare recovery
e Extroversion
e Reflexes

. e Reaction time
e Over-expression

0.100-0.199 o Boisterousness
e Possibility of nausea and vomiting

e Gross motor control

e Staggering

e Slurred speech

e Temporary erectile dysfunction
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0.200-0.299

0.300-0.399

0.400-0.500

>0.50

Nausea

Vomiting

Emotional swings

Anger or sadness

Partial loss of understanding
Impaired sensations
Decreased libido

Possibility of stupor

Stupor

Central nervous system depression
Loss of understanding

Lapses in and out of consciousness
Low possibility of death

Severe central nervous system
depression

Coma

Possibility of death

High risk of poisoning
High possibility of death

Severe motor impairment
Loss of consciousness
Memory blackout

Bladder function
Breathing
Dysequilibrium
Heart rate

Breathing
Heart rate
Positional Alcohol Nystagmus

Life

1.7: Putting It Together- Solving Equations and Inequalities is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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2.1: Why It Matters- Graphing

Why explain the use of graphs and create graphs using linear equations?

Much as the road sign at the right can help you quickly understand a “falling rocks” hazard ahead, graphs are a useful way of
conveying information visually. Graphs of linear equations are especially effective for representing relationships between things
that change at a constant rate, and they often do a better job than words or mathematical equations alone.

Suppose your manager has asked you to create and present a financial report at the next company meeting. She wants to know how
the amount of revenue your team brought to the company changed during the last year. Your job is to get the information and
choose the best method for communicating it.

You start with a table and add the values:

Month Revenue
0 1000
1 1250
3 1750
5 2250
7 2750
9 3250
11 3750

The table is nicely organized, and its values are very precise, but it doesn’t readily show how the values change over time. So you
study the numbers and try to describe this change in words:

Our team started the year with $1000 per month in revenue. For each additional month in the year 2015, our team produced an
increase in $250 of revenue.

Next, you try expressing the information as a linear equation: y = 250« + 1000

Again, both are very accurate, but neither reading two sentences out loud nor putting an equation on a poster board will go over
very well with your manager or team members. You haven’t given them a way to picture the information. So, you try graphing the
equation, which gives you the following;:

1"

.

ligenue In Thousands

[

4 i I
Tirrin Muonths

Graph showing the linear relationship between time and the change
in revenue.
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All four—the table, the words, the equation, and the graph—are representations of the same thing. And, depending on your
purpose, one representation may get your point across more clearly than another. As you can see, graphs are especially good at
conveying information about the relationship between things (in this case, time and revenue) with very little explanation. Your
graph shows that the revenue your team produced during the last year steadily increased—a very encouraging trend! You decide
that the graph is definitely what you’ll present at the meeting.

In this module, you’ll learn how to create Cartesian graphs (like the one above) and why graphs are an especially useful means of
conveying information.

Learning Outcomes
The Coordinate Plane

o Plot ordered pairs
o Identify quadrants on the coordinate plane

Graphing Linear Equations
o Graph an equation using ordered pairs

o Graph linear equations in different forms
o Graph an equation using intercepts

Slope
o Find the slope from a graph

o Find the slope from two points
o Find the slope of horizontal and vertical lines

Equations of Lines

o Write the equation and draw the graph of a line using slope and y-intercept
o Write and solve equations of lines using slope and a point on the line
o Write and solve equations of lines using two points on the line

Parallel and Perpendicular Lines

o Identify slopes of parallel and perpendicular lines
o Write equations of parallel and perpendicular lines

Applications of Graphs

o Interpret slope in equations and graphs
o Interpret the y-intercept of a linear equation and use that equation to make predictions

Graphing Linear Inequalities

o Classify solutions and graphs as equations or inequalities
o Graph an inequality in two variables

2.1: Why It Matters- Graphing is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.2: The Coordinate Plane

e Plot Ordered Pairs
o Identify the components of the coordinate plane
o Plot ordered pairs on the coordinate plane

o Identify Quadrants on the Coordinate Plane

o Identify the four quadrants of a coordinate plane
o Given an ordered pair, determine its quadrant

The coordinate plane was developed centuries ago (in 1637, to be exact) and refined by the French mathematician René
Descartes. In his honor, the system is sometimes called the Cartesian coordinate system. The coordinate plane can be used to plot
points and graph lines. This system allows us to describe algebraic relationships in a visual sense, and also helps us create and
interpret algebraic concepts.

The Components of the Coordinate Plane

You have likely used a coordinate plane before. For example, have you ever used a gridded overlay to map the position of an
object? (This is often done with road maps, too.)

A B C D E F

This “map” uses a horizontal and vertical grid to convey information about an object’s location. Notice that the letters A-F are
listed along the top, and the numbers 1-6 are listed along the left edge. The general location of any item on this map can be found
by using the letter and number of its grid square. For example, you can find the item that exists at square “4F” by moving your
finger along the horizontal to letter F and then straight down so you are in line with the 4. You’ll find a blue disc is at this location
on the map.

The coordinate plane has similar elements to the grid shown above. It consists of a horizontal axis and a vertical axis, number lines
that intersect at right angles. (They are perpendicular to each other.)
5% y-axis

4

Quadrant Il Quadrant |

origin X=axis

=5 -4 -3 -2 -1 0 1 2 3 4 5

Quadrant Il Quadrant IV
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The horizontal axis in the coordinate plane is called the x-axis. The vertical axis is called the y-axis. The point at which the two
axes intersect is called the origin. The origin is at 0 on the x-axis and 0 on the y-axis.

Locations on the coordinate plane are described as ordered pairs. An ordered pair tells you the location of a point by relating the
point’s location along the x-axis (the first value of the ordered pair) and along the y-axis (the second value of the ordered pair).

In an ordered pair, such as (x, y), the first value is called the x-coordinate and the second value is the y-coordinate. Note that the
x-coordinate is listed before the y-coordinate. Since the origin has an x-coordinate of 0 and a y-coordinate of 0, its ordered pair is
written (0, 0).

Consider the point below.

54 y-axis

XK-axis

-5 -4 -3 -2 -1 o 1 2 3 4 5

-5

To identify the location of this point, start at the origin (0, 0) and move right along the x-axis until you are under the point. Look at
the label on the x-axis. The 4 indicates that, from the origin, you have traveled four units to the right along the x-axis. This is the x-
coordinate, the first number in the ordered pair.

From 4 on the x-axis move up to the point and notice the number with which it aligns on the y-axis. The 3 indicates that, after
leaving the x-axis, you traveled 3 units up in the vertical direction, the direction of the y-axis. This number is the y-coordinate, the
second number in the ordered pair. With an x-coordinate of 4 and a y-coordinate of 3, you have the ordered pair (4, 3).

Let’s look at another example.

Example

Describe the point shown as an ordered pair.

5% y-axis

X=axis

=5 -4 -3 -2 -1 o 1 2 3 4 5

[reveal-answer q="668288"]Show Solution[/reveal-answer]
[hidden-answer a="668288"]

Begin at the origin and move along the x-axis. This is the x-coordinate and is written first in the ordered pair.
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5.5
Move from 5 up to the ordered pair and read the number on the y-axis. This is the y-coordinate and is written second in the ordered
pair.

5,2)
Answer

The point shown as an ordered pair is (5, 2).[/hidden-answer]

Describe the point shown as an ordered pair

Plutting Points on the Coordinate Plane

1

Determine the ordered pair for each point.

(. ¥) ot <4
ACH R B 4

B ) L . C

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=62

Plotting Points in the Coordinate Plane
Now that you know how to use the x- and y-axes, you can plot an ordered pair as well. Just remember, both processes start at the
origin—the beginning! The example that follows shows how to graph the ordered pair (1,3).

Example
Plot the point (1, 3).

[reveal-answer qg="28562"]Show Solution[/reveal-answer]
[hidden-answer a="28562"]

The x-coordinate is 1 because it comes first in the ordered pair. Start at the origin and move a distance of 1 unit in a positive
direction (to the right) from the origin along the x-axis.

The y-coordinate is 3 because it comes second in the ordered pair. From here move directly 3 units in a positive direction (up). If
you look over to the y-axis, you should be lined up with 3 on that axis.

Answer

5% y-axis

Draw a point at this location and label the point (1, 3). [/hidden-answer]
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In the previous example, both the x- and y-coordinates were positive. When one (or both) of the coordinates of an ordered pair is
negative, you will need to move in the negative direction along one or both axes. Consider the example below in which both
coordinates are negative.

Example

Plot the point (—4, —2).

5% y-axis

The x-coordinate is —4 because it comes first in the ordered pair. Start at the origin and move 4 units in a negative direction (left)
along the x-axis.

The y-coordinate is —2 on that axis.

[reveal-answer qg="118522"]Show Answer|[/reveal-answer]
[hidden-answer a="118522"]Draw a point at this location and label the point (—4, —2).[/hidden-answer]

The steps for plotting a point are summarized below.

Steps for Plotting an Ordered Pair (x, y) in the Coordinate Plane

o Determine the x-coordinate. Beginning at the origin, move horizontally, the direction of the x-axis, the distance given by the x-
coordinate. If the x-coordinate is positive, move to the right; if the x-coordinate is negative, move to the left.

¢ Determine the y-coordinate. Beginning at the x-coordinate, move vertically, the direction of the y-axis, the distance given by the
y-coordinate. If the y-coordinate is positive, move up; if the y-coordinate is negative, move down.

¢ Draw a point at the ending location. Label the point with the ordered pair.

Plotting Points on the Coordinate Plane

Plotting Points on the Coordinate Plane

Plot the foliowing points on the coordinate plane
A(=32),B(6,5),C(~4.4),0(05), E(2,—6)

i
(x.3) of’

A(=3.2) Ll

= B(6,5)

N

5 C{r-44) 0 -5-4-3-3=*.1 1 20 43508

Bb{0,5) =

E(2,~6)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=62
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Identify quadrants and use them to plot points

The intersecting x- and y-axes of the coordinate plane divide it into four sections. These four sections are called quadrants.
Quadrants are named using the Roman numerals I, II, III, and IV beginning with the top right quadrant and moving counter

clockwise.

Ordered pairs within any particular quadrant share certain characteristics. Look at each quadrant in the graph below. What do you
notice about the signs of the x- and y-coordinates of the points within each quadrant?

° 5% y-axis
-2, 5)
4
Quadrant Il 3 (1, 3) Quadrant |
°
2 .(2. 2)
(-4, 1) (-1, 1) 4 (4, 1)
° [ °
0 x-axis
=5 4 -3 2 -1 0 1 2 3 4 5
=] .(2. -1)
-2
Quadrant il o & _B}Quadranl v
® L} o
(-3,-3) %
. .( y =4)
(=1, =5} _

5

Within each quadrant, the signs of the x-coordinates and y-coordinates of each ordered pair are the same. They also follow a
pattern, which is outlined in the table below.

Quadrant

II

I

v

General Form of Point in this

Quadrant

(5,4)

(_5’ 4)

(_57 _4)

(57 _4)

Example Description

Starting from the origin, go
along the x-axis in a positive
direction (right) and along the
y-axis in a positive direction
(up).

Starting from the origin, go
along the x-axis in a negative
direction (left) and along the y-
axis in a positive direction (up).

Starting from the origin, go
along the x-axis in a negative
direction (left) and along the y-
axis in a negative direction
(down).

Starting from the origin, go
along the x-axis in a positive
direction (right) and along the
y-axis in a negative direction
(down).

Once you know about the quadrants in the coordinate plane, you can determine the quadrant of an ordered pair without even
graphing it by looking at the chart above. Here’s another way to think about it.
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5% y-axis

Quadrant Il 3 Quadrant |
-+ (+, +)

X-axis

=5 -4 -3 -2 -1 o 1 2 3 4 5

Quadrant Il Quadrant IV
(=) -3 (+,-)

=5

The example below details how to determine the quadrant location of a point just by thinking about the signs of its coordinates.
Thinking about the quadrant location before plotting a point can help you prevent a mistake. It is also useful knowledge for
checking that you have plotted a point correctly.

Example
In which quadrant is the point (—7, 10) located?

[reveal-answer q="222353"]Show Solution[/reveal-answer]
[hidden-answer a="222353"]

Look at the signs of the x- and y-coordinates. For this ordered pair, the signs are (—, +).
(—7,10)

Using the table or grid above, locate the pattern (—, +).

Points with the pattern (—, +) are in Quadrant IL.

Answer

The point (=7, 10) is in Quadrant II.[/hidden-answer]

Example

In which quadrant is the point (—10, —5) located?

[reveal-answer q="999799"]Show Solution[/reveal-answer]
[hidden-answer a=”999799"]

Look at the signs of the x- and y-coordinates. For this ordered pair, the signs are (—, —).
(—10, —5)

Points with the pattern (—, —) are in Quadrant III.

Using the table or grid above, locate the pattern (—, —).

Answer
The point (—10, —5) is in Quadrant III.[/hidden-answer]

What happens if an ordered pair has an x— or y-coordinate of zero? The example below shows the graph of the ordered pair (0, 4).
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54 y-axis

4, (0, 4)

3

2

1

i x-axis
=5 4 -3 2 =1 0 1 2 3 4 5

A point located on one of the axes is not considered to be in a quadrant. It is simply on one of the axes. Whenever the x-coordinate
is 0, the point is located on the y-axis. Similarly, any point that has a y-coordinate of 0 will be located on the x-axis.

Identify quadrants and use them to plot points

Identify the Quadrant of Each Point.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=62

Summary

The coordinate plane is a system for graphing and describing points and lines. The coordinate plane is comprised of a horizontal
(x-) axis and a vertical (y-) axis. The intersection of these lines creates the origin, which is the point (0, 0). The coordinate plane is
split into four quadrants. Together, these features of the coordinate system allow for the graphical representation and
communication about points, lines, and other algebraic concepts.

CC licensed content, Original

¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

CC licensed content, Shared previously

o Determine the Ordered Pairs for Points Plotted on the Coordinate Plane. Authored by: James Sousa (Mathispower4u.com) .
Located at: https://youtu.be/cOWVU34MY5Q). License: CC BY: Attribution

¢ Plot Points Given as Ordered Pairs on the Coordinate Plane. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/p_MESleS3mw. License: CC BY: Attribution

o Unit 10: Solving Equations and Inequalities, from Developmental Math: An Open Program. Provided by: Monterey Institute of

Technology and Education. Located at: nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-
word-formats/. License: CC BY: Attribution

o Identify the Quadrant of a Point on the Coordinate Plane. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/iTsJsPgcE4E. License: CC BY: Attribution

2.2: The Coordinate Plane is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.3: Graphing Linear Equations

Learning Objectives
o Graph an Equation Using Ordered Pairs
o Create a table of ordered pairs from a two-variable linear equation

o Graph a two-variable linear equation using a table of ordered pairs
o Determine whether an ordered pair is a solution of an equation

e Graph Linear Equations in Different Forms

o Solve for y, then graph a two-variable linear equation
o Graph horizontal and vertical lines

e Graph an Equation Using Intercepts

o Recognize when an ordered pair is a y-intercept or an x-intercept
o Graph a linear equation using x— and y-intercepts

Graphing Using Ordered Pairs

Graphing ordered pairs is only the beginning of the story. Once you know how to place points on a grid, you can use them to make
sense of all kinds of mathematical relationships.

You can use a coordinate plane to plot points and to map various relationships, such as the relationship between an object’s
distance and the elapsed time. Many mathematical relationships are linear relationships. Let’s look at what a linear relationship is.

Plotting points to graph linear relationships

A linear relationship is a relationship between variables such that when plotted on a coordinate plane, the points lie on a line. Let’s
start by looking at a series of points in Quadrant I on the coordinate plane.

Look at the five ordered pairs (and their x— and y-coordinates) below. Do you see any pattern to the location of the points? If this
pattern continued, what other points could be on the line?

You probably identified that if this pattern continued the next ordered pair would be at (5, 10). This makes sense because the point
(5, 10) “lines up” with the other points in the series—it is literally on the same line as the others. Applying the same logic, you may
identify that the ordered pairs (6, 12) and (7, 14) would also belong if this coordinate plane were larger; they, too, will line up with
the other points.

These series of points can also be represented in a table. In the table below, the x- and y-coordinates of each ordered pair on the

graph is recorded.
x-coordinate y-coordinate
0 0
1 2
2 4
3 6
4 8

Notice that each y-coordinate is twice the corresponding x-value. All of these x- and y-values follow the same pattern, and, when
placed on a coordinate plane, they all line up.
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y-axis
3

® {4, 8}
6 o (3,6}
4 2.4
2 . (1,2
o001 | x.-axis

Once you know the pattern that relates the x- and y-values, you can find a y-value for any x-value that lies on the line. So if the rule
of this pattern is that each y-coordinate is twice the corresponding x-value, then the ordered pairs (1.5, 3), (2.5, 5), and (3.5, 7)
should all appear on the line too, correct? Look to see what happens.

y-axis
u w (4, 5]
3.5, 7l
B w36
2.5, 5],
1 * 020
(15, 3ie
2 * (1.4
o, w-anis
'x . 4 ¢ o 2 B G %

If you were to keep adding ordered pairs (x, y) where the y-value was twice the x-value, you would end up with a graph like this.

yoaxis
u w45

H LN
| A

I B
MERTN FyEsls
'x . 4 . 2 B G ¥

Look at how all of the points blend together to create a line. You can think of a line, then, as a collection of an infinite number of
individual points that share the same mathematical relationship. In this case, the relationship is that the y-value is twice the x-value.

There are multiple ways to represent a linear relationship—a table, a linear graph, and there is also a linear equation. A linear
equation is an equation with two variables whose ordered pairs graph as a straight line.

There are several ways to create a graph from a linear equation. One way is to create a table of values for x and y, and then plot
these ordered pairs on the coordinate plane. Two points are enough to determine a line. However, it’s always a good idea to plot
more than two points to avoid possible errors.

Then you draw a line through the points to show all of the points that are on the line. The arrows at each end of the graph indicate
that the line continues endlessly in both directions. Every point on this line is a solution to the linear equation.

Example
Graph the linear equation y = —1.5z.

[reveal-answer q="983342"]Show Solution[/reveal-answer]
[hidden-answer a=983342"]Evaluate y = —1.5z for different values of x, and create a table of corresponding x and y values.
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x values 0 0
—1.5(2) 4 —6
—1.5(6) -9

Since the coefficient of x is —1.5, it is convenient to choose multiples of 2 for x. This ensures that y is an integer, and makes the
line easier to graph.

Convert the table to ordered pairs. Then plot the ordered pairs.

0,0)
(2,-3)
(4,-6)
(6,-9)

Draw a line through the points to indicate all of the points on the line.

Answer
Y

N [/hidden-answer]

Graph the linear equation

= [T
Graph the linear equation y = —1.5x using a table
of ordered pairs
xy

— 1

~lela)]| L

EE
v [
-E‘-‘q|| -+

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=64

Example

Graph the linear equation y =2z + 3.

[reveal-answer q="834421"]Show Solution[/reveal-answer]
[hidden-answer a="834421"]Evaluate y = 2z + 3 for different values of x, and create a table of corresponding x and y values.

x values 2x+3 y values

0 2(0)+3 3
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1 2(1) +3 5
2 2(2)+3 7
3 2(3)+3 9

0,3)

(1,5)

2,7

3,9

Convert the table to ordered pairs. Plot the ordered pairs.

y-axis| ® {300
B
. 2,7
- (L5
io, 31

whaxis

Draw a line through the points to indicate all of the points on the line.

Answer

| anls

[/hidden-answer]

Ordered Pairs as Solutions

So far, you have considered the following ideas about lines: a line is a visual representation of a linear equation, and the line itself
is made up of an infinite number of points (or ordered pairs). The picture below shows the line of the linear equation y = 2z—5
with some of the specific points on the line.
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Every point on the line is a solution to the equation (1, —3).

y=2r—>5
~3=2(1)-5
-3=2-5
-3=-3
This is true.

You can also try ANY of the other points on the line. Every point on the line is a solution to the equation y = 2z— 5. All this means
is that determining whether an ordered pair is a solution of an equation is pretty straightforward. If the ordered pair is on the line
created by the linear equation, then it is a solution to the equation. But if the ordered pair is not on the line—no matter how close it
may look—then it is not a solution to the equation.

Identifying Solutions

To find out whether an ordered pair is a solution of a linear equation, you can do the following:

o Graph the linear equation, and graph the ordered pair. If the ordered pair appears to be on the graph of a line, then it is a
possible solution of the linear equation. If the ordered pair does not lie on the graph of a line, then it is not a solution.

o Substitute the (x, y) values into the equation. If the equation yields a true statement, then the ordered pair is a solution of the
linear equation. If the ordered pair does not yield a true statement then it is not a solution.

Example
Determine whether 4y + 5z = 3.

[reveal-answer g="980260"]Show Solution[/reveal-answer]
[hidden-answer a=980260" ]For this problem, you will use the substitution method. Substitute y = 4 into the equation.

4y+5z =3
4(4)+5(-2)=3

Evaluate.

The statement is not true, so 4y + 5z = 3.

Answer
4y + 5z = 3.[/hidden-answer]

Determine If an Ordered Pair is a Solution to a Linear Equation

Optlered Pairs as Solutions to Linear Equations

Identitying Solutians

aph the linear equation and plot the g

ey by the ordered pair, 1f
o

& ordlired pair iy & solution. 1f the s

(k224
__] false, the ardered pair is not a solution,
- e - -

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=64
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Solve for y, then graph a linear equation

The linear equations we have graphed so far are in the form y = max +b where m and b are real numbers. In this section we will
graph linear equations that appear in different forms than we have seen.

Example

Graph the linear equation y +3x =5.

[reveal-answer g="61530"]Show Solution[/reveal-answer]
[hidden-answer a="61530"]First, solve y +3x =5 for y, then the equation will look familiar and you can create a table of ordered
pairs.
y+3z—3x=5—-3z
y=>5—3x

Evaluate y = 5— 3z for different values of x, and create a table of corresponding x and y values.

x values 0 5
5-3(1) 2 -1
5-3(3) —4

Plot the ordered pairs (shown below).
(0,5)
(1,2)
(2,-1)
(3,-4)
“y axis
05

W 4 3 o A2, -1va
L]

(3, ~4]
-

Draw a line through the points to indicate all of the points on the line.

Answer

Y-l E

In +y =5 [0, 51

11, £

EARAE

[/hidden-answer]
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Video: Solve for y, then graph a linear equation

Example: Graph a line using a table of values

+2v=56
- i -

b O[X ¢ Me

-

§

T
Bl 2}

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=64

Horizontal and Vertical Lines

The linear equations y = —3 only have one variable in each of them. However, because these are linear equations, then they will
graph on a coordinate plane just as the linear equations above do. Just think of the equation £ = Oy 4+ 2 and think of y = 0z— 3.

Example
Graph y = —3.

[reveal-answer q="140758"]Show Solution[/reveal-answer]
[hidden-answer a="140758"]

x values 0 -3
0(1)-3 2 -3
0(3)-3 -3

Write y = 0z— 3, and evaluate y when x has several values. Or just realize that —3, no matter what x is.

(0,-3)
(1,-3)
(2,-3)
(3,-3)

Plot the ordered pairs (shown below).

y-axls -

Draw a line through the points to indicate all of the points on the line.
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Answer
y = —3 graphs as a horizontal line.[/hidden-answer]

In the following video you will see more examples of graphing horizontal and vertical lines.

Farizusinl Line v = 5, Where £ 11 8 real comstm) |

Ll el
e I waumple 1 Crnph the equation y = 2
1 e P |

-3 | 2 A
e | x| (ox]

ESER 2N

|5 S

o Veertical Titiws x = F, Where & ia & rea] coustaut 1 |

/

[_' 3y | Ordersd b |

Exmmypbe 21 Graph the o

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=64

Intercepts

The intercepts of a line are the points where the line intercepts, or crosses, the horizontal and vertical axes. To help you remember
what “intercept” means, think about the word “intersect.” The two words sound alike and in this case mean the same thing.

The straight line on the graph below intercepts the two coordinate axes. The point where the line crosses the x-axis is called the x-
intercept. The y-intercept is the point where the line crosses the y-axis.

B
y-axis
7

3

24 y-intercept
1
*x-intercept 0 x-axis
-4 -3 -2 -1 0 1 2 3 4 5 6
-1
2

-3

The x-intercept above is the point (—2, 0). The y-intercept above is the point (0, 2).
Notice that the y-intercept always occurs where y = 0.
To find the x— and y-intercepts of a linear equation, you can substitute 0 for y and for x respectively.

For example, the linear equation y =0, s0 3 (0) +2z =6 .

2z =6
z=3
The x-intercept is (3, 0).
Likewise the y-intercept occurs when x = 0.
3y+2(0)=6
3y==6
y=2
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The y-intercept is (0, 2).

Using Intercepts to Graph Lines

You can use intercepts to graph linear equations. Once you have found the two intercepts, draw a line through them.

Let’s do it with the equation (0, 2) and (3, 0). That’s all you need to know.

6

H

Iys2x=6
4

3 y-intercept

©,2)

(3, 0) x-intercept

4 -3 -2 -1 [0 1 2\6
-1
=2

Example

Graph 5y 4+ 32 = 30 using the x and y-intercepts.

[reveal-answer q="153435"]Show Solution[/reveal-answer]
[hidden-answer a="153435"]When an equation is in Az + By = C form, you can easily find the x— and y-intercepts and then

graph.
5y +3x =30
5y+3(0) =30
5y+0=30
5y =30
y= 6

y-intercept (0, 6)

To find the y-intercept, set x = 0 and solve for y.

5y+3z =30
5(0)+3z =30
0+3z =30
3z =30

z =10

z-intercept (10, 0)

To find the x-intercept, set y = 0 and solve for x.

Answer
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12
11
10

]

8

y-intercept
(0, 6)

-~

Sy+3x=30

x-intercept
(10,

[/hidden-answer]

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=64

Example
Graph y = 2z — 4 using the x and y-intercepts.

[reveal-answer q="476848"]Show Solution[/reveal-answer]
[hidden-answer a="476848"JFirst, find the y-intercept. Set x equal to zero and solve for y.

y=2x—4
y=2(0)—4
y=0—-4
y=—4

y-intercept (0, —4)

To find the x-intercept, set y = 0 and solve for x.

y=2zx—4
0=2x—-14
4=2x
=2

z-intercept (2, 0)

Answer

make graph for this example[/hidden-answer]
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Summary

The coordinate plane is a system for graphing and describing points and lines. The coordinate plane is comprised of a horizontal
(x-) axis and a vertical (y-) axis. The intersection of these lines creates the origin, which is the point (0, 0). The coordinate plane is
split into four quadrants. Together, these features of the coordinate system allow for the graphical representation and
communication about points, lines, and other algebraic concepts.

CC licensed content, Shared previously

e Determine the Ordered Pairs for Points Plotted on the Coordinate Plane. Authored by: mathispower4u. Located at:
https://youtu.be/cOWVU34MY5Q. License: CC BY: Attribution

o Plot Points Given as Ordered Pairs on the Coordinate Plane. Authored by: mathispower4u. Located at:
https://youtu.be/p_MESIleS3mw. License: CC BY: Attribution

e Graph Basic Linear Equations by Completing a Table of Values. Authored by: James Sousa (Mathispower4u.com) . Located
at: https://youtu.be/f5yvGPEWpVE. License: CC BY: Attribution

e Determine If an Ordered Pair is a Solution to a Linear Equation. Authored by: James Sousa (Mathispower4u.com) . Located
at: https://youtu.be/9aWGxt70nB8. License: CC BY: Attribution

e Graph Linear Equations Using Intercepts. Authored by: James Sousa (Mathispower4u.com) . Located at: https://youtu.be/k8r-
q_T6UFk. License: CC BY: Attribution

e License: Public Domain: No Known Copyright

2.3: Graphing Linear Equations is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.4: Slope of a Line

Learning Objectives
o Find the Slope from a Graph

o Identify rise and run from a graph
o Distinguish between graphs of lines with negative and positive slopes

Find the Slope from Two Points

o Use the formula for slope to define the slope of a line through two points

Find the Slope of Horizontal and Vertical Lines

o Find the slope of the lines y = b

o Recognize that horizontal lines have slope = 0

o Recognize that vertical lines have slopes that are undefined

Identify slopes of parallel and perpendicular lines

o Given a line, identify the slope of another line that is parallel to it
o Given a line, identify the slope of another line that is perpendicular to it

Interpret slope in equations and graphs

o Verify the slope of a linear equation given a dataset
o Interpret the slope of a linear equation as it applies to a real situation

Identify slope from a graph

The mathematical definition of slope is very similar to our everyday one. In math, slope is used to describe the steepness and
direction of lines. By just looking at the graph of a line, you can learn some things about its slope, especially relative to other lines
graphed on the same coordinate plane. Consider the graphs of the three lines shown below:

First, let’s look at lines A and B. If you imagined these lines to be hills, you would say that line B is steeper than line A. Line B has
a greater slope than line A.

Next, notice that lines A and B slant up as you move from left to right. We say these two lines have a positive slope. Line C slants
down from left to right. Line C has a negative slope. Using two of the points on the line, you can find the slope of the line by

finding the rise and the run. The vertical change between two points is called the rise, and the horizontal change is called the run.

The slope equals the rise divided by the run: Slope = %.
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71
y-axis

54

5]

run

2] rise

rise
slope= —
1 run

0 X=axis
0 1 2 3 4 5 6 7

You can determine the slope of a line from its graph by looking at the rise and run. One characteristic of a line is that its slope is
constant all the way along it. So, you can choose any 2 points along the graph of the line to figure out the slope. Let’s look at an
example.
Example

Use the graph to find the slope of the line.

7]
y=axis
6
5]
4]
. run (6, 3)
2] rise
Hepem rise
1 2, 1) run
0 X-axis
0 1 2 3 4 5 & 7

[reveal-answer q="606472"]Show Solution[/reveal-answer]
[hidden-answer a="606472"]Start from a point on the line, such as (6, 3). The rise is 2 units. It is positive as you moved up.

(2, 1) and move vertically until in line with Next, move horilzontally to the point 3] _ rise
another point on the line, suchasrun =4  Slope = n = 2 ope = run
Answer

% [/hidden-answer]

i 3 1
This line will have a slope of (0, 0), to the point rise = 3 and the =_ §=3" It is the same!
run

Let’s look at another example.

Example

Use the graph to find the slope of the two lines.
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rise

[reveal-answer q="860733"]Show Solution[/reveal-answer]
[hidden-answer a=860733"]Notice that both of these lines have positive slopes, so you expect your answers to be positive.

Blue line
(=2,1) to point run =1 Run is 1 unit to the right, so it is positive.
Slope mse
run
Red line
(=1, —2) to point run = 4 The red line has a run of 4 units.
Slope e
run
Answer

The slope of the blue line is 4 and the slope of the red line is %.[/hidden—answer]

When you look at the two lines, you can see that the blue line is steeper than the red line. It makes sense the value of the slope of

1
the blue line, 4, is greater than the value of the slope of the red line, 1 The greater the slope, the steeper the line.

Finding the Slope of a Line From a Graph

_— Find the Slope From a Graph
223 7 o
y-axis Stape =

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

Distinguish between graphs of lines with negative and positive slopes

Direction is important when it comes to determining slope. It’s important to pay attention to whether you are moving up, down,
left, or right; that is, if you are moving in a positive or negative direction. If you go up to get to your second point, the rise is

positive. If you go down to get to your second point, the rise is negative. If you go right to get to your second point, the run is
positive. If you go left to get to your second point, the run is negative.
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In the following two examples, you will see a slope that is positive and one that is negative.

Example (Advanced)

Find the slope of the line graphed below.

4 (3,4.25)
3_
2
1}
/o
-4 #3 2 a1 o 1 T2 T3 4 s
(-3,-0.25) -1

[reveal-answer q="82644"]Show Solution[/reveal-answer]
[hidden-answer a="82644"]
(—3, —0.25) and rise 4.5. This means moving 4.5 units in a positive direction.

(3,4.25).

rise
Slope = —
run

Answer
The slope of the line is 0.75.[/hidden-answer]

The next example shows a line with a negative slope.

Example
Find the slope of the line graphed below.

[reveal-answer q="924393"]Show Solution[/reveal-answer]
[hidden-answer a="924393"]

From there, run 2 units in a positive

0,4) and rise run = 2 rise
©4) direction to Point B Slope = p—

rise
Slope = —
run
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Answer
The slope of the line is —% .[/hidden-answer]
In the example above, you could have found the slope by starting at point B, running +3 to arrive at point A. The result is still a
slope of rise +3 3
Pet T T 27 2
Finding the Slope from Two Points on the Line

You’ve seen that you can find the slope of a line on a graph by measuring the rise and the run. You can also find the slope of a
straight line without its graph if you know the coordinates of any two points on that line. Every point has a set of coordinates: an x-
value and a y-value, written as an ordered pair (x, y). The x value tells you where a point is horizontally. The y value tells you where
the point is vertically.

Consider two points on a line—Point 1 and Point 2. Point 1 has coordinates (z2, ¥2).

run (x; = x4)

Point 2
(%5, ¥5)

rise (y; - vy)

Point 1
(%y.¥y)

The rise is the vertical distance between the two points, which is the difference between their y-coordinates. That makes the rise

(2E2 — :151) .
So, \(\displaystyle m=\frac
\)

In the example below, you’ll see that the line has two points each indicated as an ordered pair. The point (—2, 6) as Point 2. So you
are going to move from Point 1 to Point 2. A triangle is drawn in above the line to help illustrate the rise and run.

rise=4

3 Point 1
(0,2)

You can see from the graph that the rise going from Point 1 to Point 2 is 4, because you are moving 4 units in a positive direction
(up). The run is —2, because you are then moving in a negative direction (left) 2 units. Using the slope formula,
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rise 4
Slope= — =—=-2.
run  —2
You do not need the graph to find the slope. You can just use the coordinates, keeping careful track of which is Point 1 and which is
Point 2. Let’s organize the information about the two points:

Name Ordered Pair Coordinates
Point 1 21 =0
Yy =2
Point 2 T2 =2
Y2 =16
The slope, —2.

It doesn’t matter which point is designated as Point 1 and which is Point 2. You could have called (0, 2) Point 2. In that case,
putting the coordinates into the slope formula produces the equation m = —2. That’s the same slope as before. The important thing
is to be consistent when you subtract: you must always subtract in the same order (z3, 7).

Example
What is the slope of the line that contains the points (4, 2)?

[reveal-answer q="666697"]Show Solution[/reveal-answer]
[hidden-answer a="666697"]

(4a 2) = Point 17 (mla yl)
(5,5) = Point 2, (z2, y2)

— %% 52 _ 3
T me—m  5—-4 1
Substitute the values into the slope formula and simplify.
m=3
Answer

The slope is 3.[/hidden-answer]

The example below shows the solution when you reverse the order of the points, calling (4, 2) Point 2.
Example

What is the slope of the line that contains the points (4, 2)?

[reveal-answer qg="76013"]Show Solution[/reveal-answer]
[hidden-answer a="76013"]

(5,5) = Point 1, 2~ 4 (z2,92)
Y2 =2

\(\begin{array} {l}m=\frac{y_{2}-y_{1} }\\\\m=\frac{2-5}{4-

Substitute the values into the slope formula and simplify.
5}=\frac{-3}{-1}=3\\\\m=3\end{array}\)

Answer

The slope is 3.[/hidden-answer]
Notice that regardless of which ordered pair is named Point 1 and which is named Point 2, the slope is still 3.

Example (Advanced)

What is the slope of the line that contains the points (—1, 8.5)?
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[reveal-answer q="291649" ]Show Solution[/reveal-answer]
[hidden-answer a="291649"]

(3, —6.25) = Point 1, \(\displaystyle \begin{array}

\(displaystyle (,)\
{1}=-1\=8.5\end{array }\) (displaystyle (,))

\(\displaystyle \begin{array } {1}m=\frac\\\\m=\frac{8.5-(-6.25)}

Substitute the values into the slope formula and simplify.
{-1-3}\\\\m=\frac{14.75}{-4}\\\\m=-3.6875\end{ array }\)

Answer
The slope is —3.6875.[/hidden-answer]
Let’s consider a horizontal line on a graph. No matter which two points you choose on the line, they will always have the same y-

coordinate. The equation for this line is y = (0) z + 3.

Video: Finding the Slope of a Line Given Two Points on the Line

Example: Detérmine Slope
rise Ay ¥y — ¥
i s i L G T
run Av ¥p—2y
Betermine the slope of the Hine passing through
[-B' L5 and [-10. <9
G5 _ —auE

M= o) er T -

Determine the's ope ol the 1ine passing through
¥ i

a| ¥ oy ¥
T e
2, FIyand -6, -3]

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

Finding the Slopes of Horizontal and Vertical Lines

So far you’ve considered lines that run “uphill” or “downhill.” Their slopes may be steep or gradual, but they are always positive or
negative numbers. But there are two other kinds of lines, horizontal and vertical. What is the slope of a flat line or level ground? Of
a wall or a vertical line?

(-3,3) 3J0.3 (2,3 (5,3)

Using the form (—3, 3) as Point 1 and (2, 3) as Point 2, you get:
\(\displaystyle \begin{array} {1} m=\frac
\Wm=\frac{3-3}{2-\left(-3\right) } =\frac{0} {5}=0\end{array }\)

The slope of this horizontal line is 0.
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Let’s consider any horizontal line. No matter which two points you choose on the line, they will always have the same y-coordinate.
So, when you apply the slope formula, the numerator will always be 0. Zero divided by any non-zero number is 0, so the slope of
any horizontal line is always 0.

The equation for the horizontal line y = 3 is telling you that no matter which two points you choose on this line, the y-coordinate
will always be 3.

How about vertical lines? In their case, no matter which two points you choose, they will always have the same x-coordinate. The
equation for this line is z = 2.

. !

(2,4)

(2,3)

(2, 1)
®

- (2,-2)

/

There is no way that this equation can be put in the slope-point form, as the coefficient of y is 0 (z = 0y +2).
So, what happens when you use the slope formula with two points on this vertical line to calculate the slope? Using (2, 3) as Point
2, you get:

\(\displaystyle \begin{array} {1 }m=\frac
\Wm=\frac{3-1}{2-2}=\frac{2}{0}\end{array}\)
But division by zero has no meaning for the set of real numbers. Because of this fact, it is said that the slope of this vertical line is
undefined. This is true for all vertical lines—they all have a slope that is undefined.
Example
What is the slope of the line that contains the points (—8, 2)?

[reveal-answer q="111566"]Show Solution[/reveal-answer]
[hidden-answer a="111566"]

(3,2) = Point 1, \(\displaystyle \begin{array}

\(\displaystyle (,)\
{1}=-8\\\=2\end{array}\) (\displaystyle ()Y

\(\displaystyle \begin{array } {1}\frac\\\\\frac{(2)-(2) }{(-8)-

Substitute the values into the slope formula and simplify.
(3)}=\frac{0}{-11}=0\\\\m=0\end{array}\)

Answer

The slope is 0, so the line is horizontal.[/hidden-answer]

Finding Slopes of Horizontal and Vertical Lines
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Example: Determine Slope
rise Ay SyESSD
m=——=—=—
rin— Ao SRS
yetermine theslope of the-Hne passing throapeh
*

-:H: 5 dnd |.—.‘-3‘|

mn =

Determine the slopi of the 1ine passin through

T4, -6) ind [-1,76]

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

Characterize the slopes of parallel and perpendicular lines

When you graph two or more linear equations in a coordinate plane, they generally cross at a point. However, when two lines in a
coordinate plane never cross, they are called parallel lines. You will also look at the case where two lines in a coordinate plane
cross at a right angle. These are called perpendicular lines. The slopes of the graphs in each of these cases have a special
relationship to each other.

Parallel lines are two or more lines in a plane that never intersect. Examples of parallel lines are all around us, such as the opposite
sides of a rectangular picture frame and the shelves of a bookcase.

Equations of paraliel lines will have
the same slopes and different intercepts.

Perpendicular lines are two or more lines that intersect at a 90-degree angle, like the two lines drawn on this graph. These 90-
degree angles are also known as right angles.

F2 -1 @ 1 2 3 4 5 a\

90°

Perpendicular lines are also everywhere, not just on graph paper but also in the world around us, from the crossing pattern of roads
at an intersection to the colored lines of a plaid shirt.
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Parallel Lines

Two non-vertical lines in a plane are parallel if they have both:

o the same slope
o different y-intercepts

Any two vertical lines in a plane are parallel.

Example
Find the slope of a line parallel to the line y = -3z +-4.

[reveal-answer q="350329"]Show Solution[/reveal-answer]
[hidden-answer a="350329"]

Identify the slope of the given line.
The given line is written in m = —3 and —3.

A line parallel to the given line has the same slope.

Answer

The slope of the parallel line is —3.[/hidden-answer]

Example

Determine whether the lines y = 6z— 1 are parallel.

[reveal-answer q="619259"]Show Solution[/reveal-answer]
[hidden-answer a="619259"]

Identify the slopes of the given lines.
The given lines are written in m = 6 for the first line and m = 6 for the second line. The slope of both lines is 6.

Look at b, the y-value of the y-intercept, to see if the lines are perhaps exactly the same line, in which case we don’t say they are
parallel.

The first line has a y-intercept at (0, —1). They are not the same line.

The slopes of the lines are the same and they have different y-intercepts, so they are not the same line and they are parallel.

Answer

The lines are parallel.[/hidden-answer]

Perpendicular Lines

Two non-vertical lines are perpendicular if the slope of one is the negative reciprocal of the slope of the other. If the slope of the
first equation is 4, then the slope of the second equation will need to be —i for the lines to be perpendicular.

You can also check the two slopes to see if the lines are perpendicular by multiplying the two slopes together. If they are

perpendicular, the product of the slopes will be 4 - —i = % . —i =-1.

Example
Find the slope of a line perpendicular to the line y = 2z—6.

[reveal-answer qg="331107"]Show Solution[/reveal-answer]
[hidden-answer a=331107"]The given line is written in m = 2 and b = —6. The slope is 2.

Identify the slope of the given line.
Answer
The slope of the perpendicular line is — % .[/hidden-answer]

To find the slope of a perpendicular line, find the reciprocal, —%.
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Note that the product 2 (— %) = % (— %) = —1, so this means the slopes are perpendicular.

In the case where one of the lines is vertical, the slope of that line is undefined and it is not possible to calculate the product with an
undefined number. When one line is vertical, the line perpendicular to it will be horizontal, having a slope of zero (m = 0).

Example
1
Determine whether the lines y = gm — 1 are parallel, perpendicular, or neither.

[reveal-answer q="981152"]Show Solution[/reveal-answer]
[hidden-answer a="981152"]

Identify the slopes of the given lines.
The given lines are written in m = —8 for the first line and m = % for the second line.
Determine if the slopes are the same or if they are opposite reciprocals.

—8 # % , so the lines are not parallel.

1
The opposite reciprocal of 3 so the lines are perpendicular.
The slopes of the lines are opposite reciprocals, so the lines are perpendicular.

Answer

The lines are perpendicular.[/hidden-answer]

The Slope of Parallel and Perpendicular Lines

Determine whether the lines ¥ = Zx = Sand y = 2x + 1 are parallel.

_‘ The lines afe Faraflel

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

Verify Slope From a Dataset

Massive amounts of data is being collected every day by a wide range of institutions and groups. This data is used for many
purposes including business decisions about location and marketing, government decisions about allocation of resources and
infrastructure, and personal decisions about where to live or where to buy food.

In the following example, you will see how a dataset can be used to define the slope of a linear equation.

Given the dataset, verify the values of the slopes of each equation.

Linear equations describing the change in median home values between 1950 and 2000 in Mississippi and Hawaii are as
follows:

Hawaii: y = 39662 + 74,400
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Mississippi: y = 924z + 25, 200
The equations are based on the following dataset.

x = the number of years since 1950, and y = the median value of a house in the given state.

Year (x) Mississippi House Value (y) Hawaii House Value (y)
0 $25,200 $74,400
50 $71,400 $272,700

The slopes of each equation can be calculated with the formula you learned in the section on slope.

\(\displaystyle m=\frac

Y
Mississippi:
Name Ordered Pair Coordinates
Point 1 (0, 25,200) 22 =50
y2 = 71,400
\(\displaystyle m=\frac
=\frac50 = 924\)
We have verified that the slope m = 924 matches the dataset provided.
Hawaii:
Name Ordered Pair Coordinates
Point 1 (0, 74,400) @2 = 2000
Yo = 272,700

\(\displaystyle m=\frac
=\frac50 = 3966\)

We have verified that the slope m = 3966 matches the dataset provided.

Example
[ Example

Given the dataset, verify the values of the slopes of the equation.

A linear equation describing the change in the number of high school students who smoke, in a group of 100, between 2011
and 2015 is given as:

y=-1.75z+16
And is based on the data from this table, provided by the Centers for Disease Control.

x = the number of years since 2011, and y = the number of high school smokers per 100 students.

Year Number of High School Students Smoking Cigarettes (per 100)
0 16

4 9

Name Ordered Pair Coordinates
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Name Ordered Pair Coordinates
=4
Point 1 (0, 16) 2
y2=9

\(\displaystyle m=\frac
=\frac-74 =\frac-74=-1.75\)

We have verified that the slope m = —1.75 matches the dataset provided.

Interpret the Slope of Linear Equation

Okay, now we have verified that data can provide us with the slope of a linear equation. So what? We can use this information to
describe how something changes using words.

First, let’s review the different kinds of slopes possible in a linear equation.

a4 | |

Positive Negative Slope =0 Slope is
Slope Slope Undefined

"Uphill"  "Downhill" Horizontal Vertical

We often use specific words to describe the different types of slopes when we are using lines and equations to represent “real”
situations. The following table pairs the type of slope with the common language used to describe it both verbally and visually.

Type of Slope Visual Description Verbal Description
positive uphill increasing

negative downbhill decreasing

0 horizontal constant

undefined vertical N/A

Example
[ Example

Interpret the slope of each equation for house values using words.
Hawaii: y = 39662 + 74,400
Mississippi: y = 924z 425,200

[reveal-answer q="871726"]Show Solution[/reveal-answer]
[hidden-answer a="871726" ]It helps to apply the units to the points that we used to define slope. The x-values represent years,
and the y-values represent dollar amounts.

For Mississippi:
\(\displaystyle m=\frac
=\frac = 924\frac{\text{dollars} } {\text{year} }\)

Answer

The slope for the Mississippi home prices equation is pesitive, so each year the price of a home in Mississippi increases by
924 dollars.

We can apply the same thinking for Hawaii home prices. The slope for the Hawaii home prices equation tells us that each year,
the price of a home increases by 3966 dollars.
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l [/hidden-answer]

Interpret the Meaning of the Slope Given a Linear Equation—Median Home Values

ven the datueel. veoly (e s of i siopes of sech sauntian,
it o descrbing Bis change I pudian hols Wallids betiien

Hamail: o -~ S06(0s

Misrissico:

o [warta [——— Vomad Houna vaiie

....

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

Interpret the slope of the line describing the change in the number of high school smokers using words.

Apply units to the formula for slope. The x values represent years, and the y values represent the number of smokers.
Remember that this dataset is per 100 high school students.

\(\displaystyle m=\frac-74 =\frac
=-1.75\frac{\text{ smokers} } {\text{ year}}\)

The slope of this linear equation is negative, so this tells us that there is a decrease in the number of high school age smokers
each year.

The number of high schoolers that smoke decreases by 1.75 per 100 each year.

Interpret the Meaning of the Slope of a Linear Equation—Smokers

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=66

On the next page, we will see how to interpret the y-intercept of a linear equation, and make a prediction based on a linear equation.

Summary

Slope describes the steepness of a line. The slope of any line remains constant along the line. The slope can also tell you
information about the direction of the line on the coordinate plane. Slope can be calculated either by looking at the graph of a line
or by using the coordinates of any two points on a line. There are two common formulas for slope: \(\displaystyle m=\frac

2.4.14 https://math.libretexts.org/@go/page/51449



https://libretexts.org/
https://math.libretexts.org/@go/page/51449?pdf

LibreTexts"

\) where \(\displaystyle (,)\) and \(\displaystyle (,)\) are two points on the line.

The images below summarize the slopes of different types of lines.

Positive Negative Slope = 0 Slope is
Slope Slope Undefined

"Uphill" "Downhill" Horizontal Vertical
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2.5: Writing Equations of Lines

Learning Objectives
e Write the equation and draw the graph of a line using slope and y-intercept
o Write the equation of a line using slope and y-intercept

o Rearrange a linear equation so it is in slope-intercept form.
o Graph a line using slope and y-intercept

e Write and solve equations of lines using slope and a point on the line

o Write the equation of a line given the slope and a point on the line.
o Identify which parts of a linear equation are given and which parts need to be solved for using algebra

e Write and solve equations of lines using two points on the line

o Write the equation of a line given two points on the line
o Identify which parts of a linear equation are given and which parts need to be solved for using algebra.

e Write equations of parallel and perpendicular lines

o Find a line that is parallel to another line given a point
o Find a line that is perpendicular to another line given a point

o Interpret the y-intercept of a linear equation and use that equation to make predictions

o Interpret the y-intercept of a linear equation
o Use a linear equation to make a prediction

When graphing a line we found one method we could use is to make a table of values. However, if we can identify some properties
of the line, we may be able to make a graph much quicker and easier. One such method is finding the slope and the y-intercept of
the equation. The slope can be represented by m and the y-intercept, where it crosses the axis and (0, b) where b is the value where
the graph crosses the vertical y-axis. Any other point on the line can be represented by (z, y).

In the equation,
y=mx+b
m = slope
(z,y) = apoint on the line

b = they value of the y-intercept
This formula is known as the slope-intercept equation. If we know the slope and the y-intercept we can easily find the equation that
represents the line
Example
Write the equation of the line that has a slope of —5.

[reveal-answer q="624715"]Show Solution[/reveal-answer]
[hidden-answer a="624715"]Substitute the slope (m) into y =mzx +b.

1
== b
Y 5 T+
Substitute the y-intercept (b) into the equation.
1
=—x—-5
¥=3
Answer
Y= %w -5

[/hidden-answer]

We can also find the equation by looking at a graph and finding the slope and y-intercept.
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Example

Write the equation of the line in the graph by identifying the slope and y-intercept.
(0, 3). This means the y-intercept is 3.

Identify one other point and draw a slope triangle to find the slope.
The slope is _72

Substitute the slope and y value of the intercept into the slope-intercept equation.

y=mx+b
y= _T%H—b
Y= _729c+3
Answer
Y= _Tza:—l-3

[/hidden-answer]

We can also move the opposite direction, using the equation identify the slope and y-intercept and graph the equation from this
information. However, it will be important for the equation to first be in slope intercept form. If it is not, we will have to solve it for
y so we can identify the slope and the y-intercept.
Example
Write the following equation in slope-intercept form.
20 +4y =6
[reveal-answer q="373034"]Show Solution[/reveal-answer]
[hidden-answer a="373034"]We need to solve for y. Start by subtracting 2 from both sides.
2 + 4y = 6
—2z —2x

It helps to place the x term first on the right hand side. Notice how we keep the 6 positive by placing an addition sign in front.

dy=—-2x+6
Divide each term by 4 to isolate the y.

oy

y="1+%
Reduce the fractions

Yy=— %z +3
Answer
y=—32+y

[/hidden-answer]

Once we have an equation in slope-intercept form we can graph it by first plotting the y-intercept, then using the slope, find a
second point and connecting the dots.

Example

Graph y = %:v — 4 using the slope-intercept equation.

[reveal-answer q="420487"]Show Solution[/reveal-answer]
[hidden-answer a="420487"]First, plot the y-intercept.
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Now use the slope to count up or down and over left or right to the next point. This slope is 3, so you can count up one and right

two—both positive because both parts of the slope are positive.

Connect the dots.
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[/hidden-answer]

Slope-Intercept Form of a Line

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Find the Equation of a Line Given the Slope and a Point on the Line

Using the slope-intercept equation of a line is possible when you know both the slope (m) and the y-intercept (b), but what if you
know the slope and just any point on the line, not specifically the y-intercept? Can you still write the equation? The answer is yes,
but you will need to put in a little more thought and work than you did previously.

Recall that a point is an (x, y) coordinate pair and that all points on the line will satisfy the linear equation. So, if you have a point
on the line, it must be a solution to the equation. Although you don’t know the exact equation yet, you know that you can express
the line in slope-intercept form, y = max +b.
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You do know the slope (m), but you just don’t know the value of the y-intercept (b). Since point (x, y) is a solution to the equation,
you can substitute its coordinates for x and y in y = ma +b and solve to find b!

This may seem a bit confusing with all the variables, but an example with an actual slope and a point will help to clarify.
Example
Write the equation of the line that has a slope of 3 and contains the point (1, 4).

[reveal-answer qg="161353"]Show Solution[/reveal-answer]
[hidden-answer a=”161353"]

Substitute the slope (m) into y =max +b.

y=3z+b
Substitute the point (1,4) for x and y.
4=3(1)+b
Solve for b.
4=3+b
1=0%

Rewritern =3 andb=1.
Answer
y = 3z + 1 [/hidden-answer]

To confirm our algebra, you can check by graphing the equation (1, 4).

V. (1, 4)

3

rise=3

y-intercept

/ 0, 1)
- (1]

If you know the slope of a line and a point on the line, you can draw a graph. Using an equation in the point-slope form allows you
to identify the slope and a point. Consider the equation y = —3xz — 1. The y-intercept is the point on the line where it passes
through the y-axis. What is the value of x at this point?

Reminder: All y-intercepts are points in the form (0, y). The x value of any y-intercept is always zero.

Therefore, you can tell from this equation that the y-intercept is at (0, —1), on a graph.

You can also tell from the equation that the slope of this line is (0, —1) and count up 3 and over y = —3z — 1.
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rise=3

Q
-4 -3 -2 -1 0 1 2
_1Y{ y-intercept

(0,-1)

Example (Advanced)

Write the equation of the line that has a slope of (4, 2).

[reveal-answer qg="31452"]Show Solution[/reveal-answer]

[hidden-answer a="31452"]

Substitute the slope (m) into y = max +b.

Substitute the point (4, 2) for x and y.

Solve for b.

7 19
Rewrite m = —g and b = ik
Answer

y = —1z + L2 [/hidden-answer]

y=mz+b
yz—%w—l—b
E=—I()+b
=2
s=—1t1p

Video: Find the Equation of a Line Given the Slope and a Point on the Line
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Determine a Linear Equation
iz 3 1
Write the equation of the linear function with slope = - 2., passing through (4,2). |
By K
e = [ ( ‘ﬂ J—‘]

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Find the Equation of a Line Given Two Points on the Line

Let’s suppose you don’t know either the slope or the y-intercept, but you do know the location of two points on the line. It is more
challenging, but you can find the equation of the line that would pass through those two points. You will again use slope-intercept
form to help you.

The slope of a linear equation is always the same, no matter which two points you use to find the slope. Since you have two points,
you can use those points to find the slope (m). Now you have the slope and a point on the line! You can now substitute values for
m, x, and y into the equation y = ma + b and find b.

Example

Write the equation of the line that passes through the points (—1, —5).

[reveal-answer q="333536"]Show Solution[/reveal-answer]
[hidden-answer a="333536"]

Find the slope using the given points.

1—(-5) _ 6 5
2—(-1) 3
Substitute the slope (m) into y = mx +b.
y=2x+b
Substitute the coordinates of either point for x and y— this example uses (2, 1).
1=2(2)+b
Solve for b.
1=4+4b
—-3=5b

Rewrite m =2 and b = —3.

Answer
y=2x+(-3)

or [/hidden-answer]
y=2zr—3

Notice that is doesn’t matter which point you use when you substitute and solve for b—you get the same result for b either way. In
the example above, you substituted the coordinates of the point (2, 1) in the equation y = 2z + b, but substitute in (—1, —5):
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y=2x+b
—5=2(-1)+b
—-5=-2+4b
-3=b

The final equation is the same: y = 22— 3.

Example (Advanced)
Write the equation of the line that passes through the points (1.15,7.6)

[reveal-answer q="347882"]Show Solution[/reveal-answer]
[hidden-answer a="347882"]
Find the slope using the given points.

7.6-6.45 115
1.15—(—-4.6) 5.75

0.2

Substitute the slope (m) into y = mx +b.
y=02zx+b
Substitute either point for x and y—this example uses (1.15, 7.6) Then solve for b.
7.6 = 0.2(1.15)+b

7.6 = 0.23+b
7.6 = 0.23+b
—0.23 —0.23
737=10
Rewrite m = 0.2 and b = 7.37.
y=0.2247.37

Answer

The equation of the line that passes through the points (1.15,7.6)is y = 0.2z + 7.37.[/hidden-answer]

Video: Find the Equation of a Line Given Two Points on the Line

Example: The Equation ol a Line
Detiermine theleguation of this Tine phgsing through
L;,'ﬁ and \h T}, Write the tinear equatinn msigpe

+—Hrepeeptlarin T Y= +o !

y;—l‘x +hb

Using. (3,1)
'I”t_‘{i}*b'
X +b

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Write the equations of parallel and perpendicular lines

The relationships between slopes of parallel and perpendicular lines can be used to write equations of parallel and perpendicular
lines.

Let’s start with an example involving parallel lines.
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Example
Write the equation of a line that is parallel to the line (—2,1).

[reveal-answer q="763534"]Show Solution[/reveal-answer]
[hidden-answer a="763534"]

Rewrite the line you want to be parallel to into the y = ma + b form, if needed.

z-y=>5
—y=-—x+5
y=xz—5

Identify the slope of the given line.

In the equation above, b = —5.

Since m =1, the slope is 1.

To find the slope of a parallel line, use the same slope.

The slope of the parallel line is 1.

Use the method for writing an equation from the slope and a point on the line. Substitute 1 for m, and the point (—2, 1) for x and y.
y=mx+b
1=1(-2)+b

Solve for b.

1=-2+4b
3=b

Write the equation using the new slope for m and the b you just found.

Answer

y = x + 3 [/hidden-answer]

Determine the Equation of a Line Parallel to Another Line Through a Given Point

D Writing Equations of Parallel and Perpendicular Lines

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Determine the Equation of a Line Perpendicular to Another Line Through a Given Point

When you are working with perpendicular lines, you will usually be given one of the lines and an additional point. Remember that
two non-vertical lines are perpendicular if the slope of one is the negative reciprocal of the slope of the other. To find the slope of a
perpendicular line, find the reciprocal, and then find the opposite of this reciprocal. In other words, flip it and change the sign.
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Example

Write the equation of a line that contains the point y = 22— 6.

[reveal-answer q="604282"]Show Solution[/reveal-answer]
[hidden-answer a="604282"]

Identify the slope of the line you want to be perpendicular to.

The given line is written in m = 2 and b = —6. The slope is 2.

1
To find the slope of a perpendicular line, find the reciprocal, 5

1
The slope of the perpendicular line is —5

Use the method for writing an equation from the slope and a point on the line. Substitute (1,5) for x and y.

y=mz+b
5=—3(1)+b
Solve for b.
_ 1
5 =—3 +b
11
?:b

Write the equation using the new slope for m and the b you just found.
Answer

Y= f%x + 12—1 [/hidden-answer]

Determine the Equation of a Line Perpendicular to a Line in Slope-Intercept Form

Slopes of Parallel and Perpendicular Lines

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Example
Write the equation of a line that is parallel to the line (0, 10).

[reveal-answer q="426450"]Show Solution[/reveal-answer]
[hidden-answer a="426450"]

Rewrite the line into y = ma + b form, if needed.

You may notice without doing this that y =4 is a horizontal line 4 units above the x-axis. Because it is horizontal, you know its
slope is zero.

y=4
y=0x+4

Identify the slope of the given line.
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In the equation above, b =4.
Since m = 0, the slope is 0. This is a horizontal line.
To find the slope of a parallel line, use the same slope.
The slope of the parallel line is also 0.
Since the parallel line will be a horizontal line, its form is
y = a constant
Since we want this new line to pass through the point (0, 10), we will need to write the equation of the new line as:
y=10
This line is parallel to (0, 10).

Answer

y = 10[/hidden-answer]

Example

Write the equation of a line that is perpendicular to the line (-2, 5).

[reveal-answer q="426550"]Show Solution[/reveal-answer]
[hidden-answer a="426550"]

In the equation above, b = —3.
A perpendicular line will have a slope that is the negative reciprocal of the slope of y = —3, but what does that mean in this case?
The reciprocal of 0 is %, but we know that dividing by 0 is undefined.

This means that we are looking for a line whose slope is undefined, and we also know that vertical lines have slopes that are
undefined. This makes sense since we started with a horizontal line.

The form of a vertical line is (—2, 5), all of the x-values on this line must be —2.
The equation of a line passing through y = —3 is therefore,

T =-2

Answer

x = —2[/hidden-answer]

Find the Equation of a Perpendicular and Horizontal Line to a Horizontal Line

B B Parallel and Perpendicular Lines to a Horizontal Line
= Find-an pauationof the line perpendicdar to y— ~34 through
|| fhe poing (—=1.5)

EW 6

5} ‘ 5
. |2
|1
+ XE=TT R

e 6-5-4-3-2-11¢-1-2-3-4-5-6 | |

= 12 !
13

o _C‘rg__'__—*v 4

5
'J:ﬂ

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68
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Interpret the y-intercept of a linear equation

Often, when the line in question represents a set of data or observations, the y-intercept can be interpreted as a starting point. We
will continue to use the examples for house value in Mississippi and Hawaii and high school smokers to interpret the meaning of

the y-intercept in those equations.

Recall the equations and data for house value:

Linear equations describing the change in median home values between 1950 and 2000 in Mississippi and Hawaii are as
follows:

Hawaii: y = 39662 + 74,400

Mississippi: y = 924z + 25,200

The equations are based on the following dataset.

x = the number of years since 1950, and y = the median value of a house in the given state.

Year (x) Mississippi House Value (y) Hawaii House Value (y)
0 $25,200 $74,400
50 $71,400 $272,700

And the equations and data for high school smokers:
A linear equation describing the change in the number of high school students who smoke, in a group of 100, between 2011

and 2015 is given as:
y=—-1.75z+16

And is based on the data from this table, provided by the Centers for Disease Control.

x = the number of years since 2011, and y = the number of high school smokers per 100 students.

Number of High School Students Smoking Cigarettes (per 100)

Year
0 16
4 9

Also recall that the equation of a line in slope-intercept form is as follows:

m = slope
(z,y) = a point on the line
b = they value of the y-intercept

The examples that follow show how to interpret the y-intercept of the equations used to model house value and the number of high
school smokers. Additionally, you will see how to use the equations to make predictions about house value and the number of

smokers in future years.

Interpret the y-intercepts of the equations that represent the change in house value for Hawaii and Mississippi.
Hawaii: y = 39662 + 74,400

Mississippi: y = 924z + 25, 200

The y-intercept of a two-variable linear equation can be found by substituting 0 in for x.
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Hawaii

y =3966x 474,400
y =3966(0) + 74,400
y ="T74,400
The y-intercept is a point, so we write it as (0, 74,400). Remember that y-values represent dollars and x values represent years.

When the year is 0—in this case 0 because that is the first date we have in the dataset—the price of a house in Hawaii was
$74,400.

Mississippi

y = 924z + 25, 200
y = 924(0) +25,200
y = 25,200

The y-intercept is (0, 25,200). This means that in 1950 the value of a house in Mississippi was $25,200. Remember that x
represents the number of years since 1950, so if z = 0 the year is 1950.

Interpret the y-intercept of the equation that represents the change in the number of high school students who smoke out of
100.

Substitute 0 in for x.
y=—1.752+16
y=-1.75(0)+16
y=16

The y-intercept is (0, 16). The data starts at 2011, so we represent that year as 0. We can interpret the y-intercept as follows:

In the year 2011, 16 out of every 100 high school students smoked.

In the following video you will see an example of how to interpret the y- intercept given a linear equation that represents a set of
data.

Hmapy:

2o 15D Ho midioa alue of & Aduie ea

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Use a linear equation to make a prediction

Another useful outcome we gain from writing equations from data is the ability to make predictions about what may happen in the
future. We will continue our analysis of the house price and high school smokers. In the following examples you will be shown
how to predict future outcomes based on the linear equations that model current behavior.
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Example
[ Example

Use the equations for house value in Hawaii and Mississippi to predict house value in 2035.

We are asked to find house value, y, when the year, x, is 2035. Since the equations we have represent house value increase
since 1950, we have to be careful. We can’t just plug in 2035 for x, because x represents the years since 1950.

How many years are between 1950 and 2035? 2035 — 1950 = 85
This is our x-value.
For Hawaii:

y =3966x 474,400

y = 3966(85) + 74, 400
y = 337110+ 74,400 = 411,510

Holy cow! The average price for a house in Hawaii in 2035 is predicted to be $411,510 according to this model. See if you can
find the current average value of a house in Hawaii. Does the model measure up?
For Mississippi:

y =924z + 25,200

y =924(85) +25, 200

y = 78540+ 25,200 =103, 740

The average price for a home in Mississippi in 2035 is predicted to be $103,740 according to the model. See if you can find the
current average value of a house in Mississippi. Does the model measure up?

In the following video, you will see the example of how to make a prediction with the home value data.

Making Predictions with Linea

ations

Ui the suuntions for house valie in Hewall and Miaisice! i Soedicl houre valus
ity A X= o035—[45h = FS |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Use the equation for the number of high school smokers per 100 to predict the year when there will be 0 smokers per 100.
y=-1.75z+16

This question takes a little more thinking. In terms of x and y, what does it mean to have 0 smokers? Since y represents the
number of smokers and x represent the year, we are being asked when y will be 0.

Substitute 0 for y.
y=-1.75z+16
0=-1.75z+16

—16 = —-1.75z

—16
=T

-1.75 —
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x =9.14 years
Again, like the last example, x is representing the number of years since the start of the data—which was 2011, based on the
table:
Year Number of High School Students Smoking Cigarettes (per 100)
0 16
4 9

So we are predicting that there will be no smokers in high school by 2011 +9.14 = 2020. How accurate do you think this
model is? Do you think there will ever be 0 smokers in high school?

The following video gives a thorough explanation of making a prediction given a linear equation.

|| s the eauation far the numsee of hioh schocl smokars e 100,19 DO The w9t when

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=68

Bringing it Together

The last example we will show will include many of the concepts that we have been building up throughout this section. We will
interpret a word problem, write a linear equation from it, graph the equation, interpret the y-intercept and make a prediction.
Hopefully this example will help you to make connections between the concepts we have presented.

It costs $600 to purchase an iphone, plus $55 per month for unlimited use and data.

Write a linear equation that represents the cost, y, of owning and using the iPhone for x amount of months. When you have
written your equation, answer the following questions:

1. What is the total cost you’ve paid after owning and using your phone for 24 months?
2. If you have spent $2,580 since you purchased your phone, how many months have you used your phone?

iPhone

[reveal-answer q="282349"]Show Solution[/reveal-answer]
[hidden-answer a="282349"][/hidden-answer]

Read and Understand: We need to write a linear equation that represents the cost of owning and using an iPhone for any
number of months. We are to use y to represent cost, and x to represent the number of months we have used the phone.
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Define and Translate: We will use the slope-intercept form of a line, y = m« + b, because we are given a starting cost and a
monthly cost for use. We will need to find the slope and the y-intercept.

Slope: in this case we don’t know two points, but we are given a rate in dollars for monthly use of the phone. Our units are

dollars per month because slope is 22 dollars ., — 55 — g5
1 month 1

Y-Intercept: the y-intercept is defined as a point b = 600
Write and Solve: Substitute the slope and intercept you defined into the slope=intercept equation.
y=mz+b
y =55z 4600
Now we will answer the following questions:
1. What is the total cost you’ve paid after owning and using your phone for 24 months?
Since x represents the number of months you have used the phone, we can substitute x=24 into our equation.
y =5bx +600
y=>55(24)+600
y=1320+600
y =1920

Y represents the cost after x number of months, so in this scenario, after 24 months, you have spent $1920 to own and use an
iPhone.

1. If you have spent $2,580 since you purchased your phone, how many months have you used your phone?

We know that y represents cost, and we are given a cost and asked to find the number of months related to having spent that
much. We will substitute y=$2,580 into the equation, then use what we know about solving linear equations to isolate x:

y=>55x+600
2580 =55z + 600
subtract 600 from eachside —600 —600
1980 =55z
- . 1980 _ 55z
divide each side by 55 S sk
36=z

If you have spent $2,580 then you have been using your iPhone for 36 months, or 3 years.

Summary

The slope-intercept form of a linear equation is written as (0, b). When you know the slope and the y-intercept of a line you can use
the slope-intercept form to immediately write the equation of that line. The slope-intercept form can also help you to write the
equation of a line when you know the slope and a point on the line or when you know two points on the line.

When lines in a plane are parallel (that is, they never cross), they have the same slope. When lines are perpendicular (that is, they
cross at a 90° angle), their slopes are opposite reciprocals of each other. The product of their slopes will be —1, except in the case
where one of the lines is vertical causing its slope to be undefined. You can use these relationships to find an equation of a line that
goes through a particular point and is parallel or perpendicular to another line.
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2.6: Graphing Inequalities

Learning Objectives
o Identify graphs and solutions of equations and inequalities
o Identify the similarities and differences between solutions for linear equations in two variables and linear inequalities in
two variables
o Identify the similarities and differences between graphs for linear equations in two variables and linear inequalities in
two variables
o Graph an inequality in two variables
o Identify and follow steps for graphing a linear inequality in two variables

Identify the difference between the graph of a linear equation and linear inequality

Recall that solutions to linear inequalities are whole sets of numbers, rather than just one number, like you find with solutions to
equalities (equations).

Here is an example from the section on solving linear inequalities:

Solve for p. 4p+5 < 29
4p+5< 29
-5 =5
dp < 24
4 4
p<6
You can interpret the solution as p can be any number less than six. Now recall that we can graph equations of lines by defining the
outputs, y, and the inputs, x, and writing an equation.

Previously, we showed how to graph the line described by this equation: y =2z 4 3.

x values 2(0)+3 3
1 2(2)+3 7
3 2(3)+3 9

Additionally, we learned how to graph the line that represents all the points that make y = 2z + 3 a true statement.

y=2x+3

What if we combined these two ideas—Tlinear inequalities and graphs of lines? First translate the line, y = 2z + 3, into words:

You get y by multiplying x by two and adding three. y = 22 43

How would you translate this inequality into words? y < 2z + 3
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For what values of x will you get an output, y, that is less than 2 times x plus three?

WOW, that may seem confusing, but keep reading, we’ll help you figure it out.

Linear inequalities are different than linear equations, although you can apply what you know about equations to help you
understand inequalities. Inequalities and equations are both math statements that compare two values. Equations use the symbol = ;
recall that inequalities are represented by the symbols <, <, >, and >.

One way to visualize two-variable inequalities is to plot them on a coordinate plane. Here is what the inequality z > y true.

54

There are a few things to notice here. First, look at the dashed red boundary line: this is the graph of the related linear equation
x = y) represents the entire set of solutions for the inequality > y. Remember how all points on a line are solutions to the linear
equation of the line? Well, all points in a region are solutions to the linear inequality representing that region.

Let’s think about it for a moment—if = > y will show all ordered pairs (z,y) for which the x-coordinate is greater than the y-

coordinate.

The graph below shows the region > y as well as some ordered pairs on the coordinate plane. Look at each ordered pair. Is the x-
coordinate greater than the y-coordinate? Does the ordered pair sit inside or outside of the shaded region?

54
4

(-3,3)
L ]
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(0, -3)
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The ordered pairs (0, —3) lie inside the shaded region. In these ordered pairs, the x-coordinate is larger than the y-coordinate. These
ordered pairs are in the solution set of the equation = > y.

The ordered pairs (2, 3) are outside of the shaded area. In these ordered pairs, the x-coordinate is smaller than the y-coordinate, so
they are not included in the set of solutions for the inequality.

The ordered pair —2 is not greater than = > y (read as “x is greater than or equal to y”), then (—2, —2) would have been included
(and the line would have been represented by a solid line, not a dashed line).

The Difference Between a Linear Equation and Linear Inequality (Two Variables)

The Difference a Linear Eq and Linear |

Linear Equation Lihear Ineguality Linear {neguality

1 = 1
= - T == 2 . = 2
y=gx yzoxi+l yE At

, -[//

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70
Let’s take a look at one more example: the inequality 3z + 2y = 6, as well as a handful of ordered pairs. The boundary line is solid
this time, because points on the boundary line 3z + 2y < 6 true.

.(—S.Sl 5!

As you did with the previous example, you can substitute the x- and y-values in each of the > y, sometimes making a table of
values makes sense for more complicated inequalities.

Makes the inequality
Ordered Pair 3z+2y<6
a false statement

3(—5)+2(5) <6
~15+10<6
~5<6
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Makes the inequality
Ordered Pair 3z+2y<6

a false statement

3(-2)+2(-2)
—6+(—4)
~10<
3(2)+2(3)<6
6+6<6
12<6
3(2)+2(0) <6
6+0<6
6< 6
3(4)+2(-1)<6
124 (-2) <6
10<6

<6
<6
6

If substituting (z, y) into the inequality yields a true statement, then the ordered pair is a solution to the inequality, and the point
will be plotted within the shaded region or the point will be part of a solid boundary line. A false statement means that the ordered
pair is not a solution, and the point will graph outside the shaded region, or the point will be part of a dotted boundary line.

Determine if Ordered Pairs Satisfy a Linear Inequality

Examples: Tnegualities in Two Variables
Breteirmine which afdered pairs sakishy the inequality

lo= 129> 12,

ETi BT R I

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70

Example

Use the graph to determine which ordered pairs plotted below are solutions of the inequality z—y < 3.
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x-y<3 3

[reveal-answer q="840389"]Show Solution[/reveal-answer]
[hidden-answer a="840389"]

Solutions will be located in the shaded region. Since this is a “less than” problem, ordered pairs on the boundary line are not
included in the solution set.

These values are located in the shaded region, so are solutions. (When substituted into the inequality -y < 3, they produce true

statements.)
(_1’ 1)
(*2v *2)

These values are not located in the shaded region, so are not solutions. (When substituted into the inequality z —y < 3, they

produce false statements.)

(1’ *2)
(3a *2)
(4,0)

Answer
(—1,1) (—2,—2)[/hidden-answer]

Use a Graph Determine Ordered Pair Solutions of a Linear Inequality in Two Variable

Salutions to

Usa tha graph 1o deiermine which ardered pain below are solutions
of the inequality ¥ — 2y = 4

Solurions o (3.5

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70
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Example
Isy<—3x+1?

[reveal-answer q="746731"]Show Solution[/reveal-answer]
[hidden-answer a="746731"]

fy<-—-3z+1.
y<—-3z+1
Substitute y = —3 into inequality.
-3<-3(2)+1
Evaluate.
-3<—-6+1
-3<-5

This statement is not true, so the ordered pair (2, —3) is not a solution.

Answer

(2, —3) is not a solution.[/hidden-answer]

Determine if Ordered Pairs Satisfy a Linear Inequality

Examples: Tnegqualities in Two Variables
Breteirmine which ofdered pairs sabisfy the inequality

Ie- Zg= 12,
7
(+a) -20) =iz
Mo

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70

Graph an Inequality in Two Variables

So how do you get from the algebraic form of an inequality, like y > 3z + 1, to a graph of that inequality? Plotting inequalities is
fairly straightforward if you follow a couple steps.

Graphing Inequalities

To graph an inequality:

Graph the related boundary line. Replace the <, >, < or > sign in the inequality with = to find the equation of the boundary line.
Identify at least one ordered pair on either side of the boundary line and substitute those (z, y) values into the inequality. Shade
the region that contains the ordered pairs that make the inequality a true statement.

If points on the boundary line are solutions, then use a solid line for drawing the boundary line. This will happen for < or >
inequalities.

If points on the boundary line aren’t solutions, then use a dotted line for the boundary line. This will happen for < or >
inequalities.

Let’s graph the inequality z +4y < 4.

To graph the boundary line, find at least two values that lie on the line  +4y = 4. You can use the x— and y-intercepts for this
equation by substituting 0 in for x first and finding the value of y; then substitute 0 in for y and find x.
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X y
0
4 0

Plot the points (4, 0), and draw a line through these two points for the boundary line. The line is solid because < means “less than
or equal to,” so all ordered pairs along the line are included in the solution set.

54

-3

|
The next step is to find the region that contains the solutions. Is it above or below the boundary line? To identify the region where
the inequality holds true, you can test a couple of ordered pairs, one on each side of the boundary line.
If you substitute z +-4y < 4:
-1+4(3)<4
-14+12<4
11 <4
This is a false statement, since 11 is not less than or equal to 4.
On the other hand, if you substitute z +4y <4:
2+4(0)<4
2+0<4
2<4

This is true! The region that includes (2, 0) should be shaded, as this is the region of solutions.
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x+dy=4

And there you have it—the graph of the set of solutions for  +4y <4.

Graphing Linear Inequalities in Two Variables

Example: Inequalitieés in Two Variables
Graph ¥ —y &4 | il

){-qy =9
Adaghed,

Ise ]l ¥l | :
=] x—:f:};

i¥] bl | o-Hy =4

|G

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70

Example
Graph the inequality 2y > 4z—6.

[reveal-answer qg="138506"]Show Solution[/reveal-answer]
[hidden-answer a="138506"]

Solve for y.
2y >4x —6
2y 4 6
T>% 2
y>2zr—3

Create a table of values to find two points on the line —3 and the slope is 2.

Plot the points, and graph the line. The line is dotted because the sign in the inequality is >, not > and therefore points on the line
are not solutions to the inequality.

https://math.libretexts.org/@go/page/51451



https://libretexts.org/
https://math.libretexts.org/@go/page/51451?pdf

LibreTexts*

/
A /
/
3 /
/
/
= !
= / 4,1)
.( : : ¢ @D .(
/

/
2| 4
/
3¢ (0, -3)
K
/
FE
]
y=2zr—3
X y
0 -3
2 1

Find an ordered pair on either side of the boundary line. Insert the x— and y-values into the inequality
(—3, 1) results in a true statement, the region that includes (—3, 1) should be shaded.

2y >4x-6

Test1:(-3,1)
2(1)>4(-3)-6
2>-12-6
2>-18
TRUE

Test2: (4,1)
2(1) > 4 (4)-6
2>16-6

2>10
FALSE

Answer

The graph of the inequality 2y > 4x—6 is:
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[/hidden-answer]

A quick note about the problem above—notice that you can use the points (2, 1) to graph the boundary line, but that these points
are not included in the region of solutions, since the region does not include the boundary line!

Graphing Linear Inequalities in Two Variables (Slope Intercept Form)

Example: Inequalitiés in Two Variables
> U sk
Graph v@ —-x +4 e e N L

y;—%x+‘!‘

Y
L 2

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=70

Summary

When inequalities are graphed on a coordinate plane, the solutions are located in a region of the coordinate plane, which is
represented as a shaded area on the plane. The boundary line for the inequality is drawn as a solid line if the points on the line itself
do satisfy the inequality, as in the cases of < and >. It is drawn as a dashed line if the points on the line do not satisfy the inequality,
as in the cases of < and >. You can tell which region to shade by testing some points in the inequality. Using a coordinate plane is
especially helpful for visualizing the region of solutions for inequalities with two variables.
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2.7: Putting It Together- Graphing

le2

Suppose you are a semiprofessional blogger who writes about media (you’d really like to be a paid film critic, but no one has
offered yet). Recently you posted a short blog piece complaining about the number of ads on TV these days, compared to when you
were younger. You weren’t very scientific about it, and a couple of your readers disputed your claim and tried to start an argument
with you.

Well, that got your attention. It made you wonder whether your perception of there being “way more” TV ads was accurate. You
get online and do a little research, and you find a website that reports some interesting data on the number of minutes of TV
commercials per hour since 2009, shown below:

Years since 2009 Minutes
0 8.5

1 9.25

2 10

3 10.75

4 11.5

5 12.25

6 13

The data show that, yes, there are more commercials now than in 2009, but the table isn’t very exciting, and you doubt that your
readers will care. You may not be a famous film critic yet, but you realize you can use what you’ve learned in math class to present
this information as a graph—the perfect thing to post on your blog and convince your skeptical readers!

You get to work.

What information do you need to draw a graph of the line that represents the change in the number of minutes of commercials in
one hour of TV since 2009?

The Cartesian Coordinate Plane

You remember that the coordinate plane gives your graph structure and meaning. A straight line on a page won’t tell your readers
much. You draw the axes and label the horizontal one “Years Since 2009,” because that’s the first data point you have. You label
the vertical axis from 1 to 18 because your minute data range from 8.5 to 13 minutes, and that will give you room on either side.

15
Mumlbzer of minutas of

18 commercials in one
nour of television

B ]
Year Since 2009
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Then you plot the ordered pairs from your table of values on your coordinate plane, as below.

15
Mumlbzer of minutas of
18 commercials in one
nour of television

(5, 12,251 o
] [ ] M
! 3, 1075 - 5,17
wo (1,825 e i 4, 11.5)

b 12,10

B ]
Year Since 2009

The points give you a guide for drawing your line, which you do, as below.

15
Wumber of minutes of
15 commerclals In cna
hour of television
"

5,12.25) g

o e
* 13,1075 e i, 13}
wo 01,905) e 4,115
U i
T S i2, 10y
TR RS
1
F]
I
! M = 3 : H
Yaar Since 2009

Things are looking pretty good, so you post your graph to your blog to show people how much more time they are being exposed to
commercials in one hour of TV watching since 2009.

Then, it happens . . .

One of your readers asks if you can guess how many minutes of commercials will be in one hour of television ten years from now
(assuming the current trend continues). After thinking about the question for a while, you realize you don’t have to guess! You have
all the information you need to write the equation of the line you drew, and you recall that, with an equation, you can put in any
value for the years since 2009.

Finding the Equation

You remember that knowing the slope and y-intercept of a line can help you write the equation of the line. You realize you have the
y-intercept: (0, 8.5). Now, you just need the slope.

You check your math notes to find the definition of slope, and use two of your data points to calculate it:
\(\begin{array } {1} \text{Slope}=\frac{\text{rise} } {\text{run} }\\\\m=\frac
\Wm=\frac\\\m=\frac0.751 = 0.75\end{array}\)

Now you have the two pieces of information you need to write the equation of the line that represents how many minutes of
commercials will be in one hour of TV in any year before or after 2009.

First choose your variables: x = the year and y = the number of minutes. You can substitute the values for m and b into the slope-
intercept form of a line:

y=mx+b
y=0.75z+8.5
Remembering that the whole point of this exercise was to answer your reader’s question, next you figure out what 10 years from

now would be in relation to 0 representing 2009 on your graph. If 10 years from now is 2026, then it’s 17 years from 2009. The x
value you need in order to answer the question is 17.
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y=0.75(17) +8.5

y=12.75+8.5
y=21.25
You have a new data point: (17, 21.25) This means that in 2026 there will be more than 20 minutes of commercials in one hour of

TV. Yuck!

2.7: Putting It Together- Graphing is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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3.1: Why It Matters- Systems of Equations and Inequalities

When you play in a river you are surrounded by fluids, including water and air. At first it might seem strange to think of air as a
fluid, but a fluid is defined as a substance that flows. Wind, therefore, is a great example of air that flows. Other examples of flows
include traffic patterns and electrical currents. Flows can be turbulent like what you may experience in airplanes.

Early in the 19th Century, Claude-Louis Navier in France and George Gabriel Stokes in England both derived an equation that can
explain and predict the flow of fluids. The Navier-Stokes equations are a system of equations used to describe the velocity of a
fluid as it moves through three-dimensional space over a specific interval of time.

Sir George Gabriel Stokes

Interestingly, our understanding of solutions to the Navier-Stokes equations remains minimal. Surprisingly, given the equations’
wide range of practical uses, it has not yet been proven that solutions always exist in three dimensions. The Clay Mathematics
Institute has called this one of the seven most important open problems in mathematics and has offered a US $1,000,000 prize for a
solution or a counter-example.

In this section, we will learn how to graph systems of equations in two dimensions and find whether solutions exist. We will also
see how systems of equations can be used to solve problems where we have two unknown variables.

Learning Outcomes
Solutions for Systems of Equations and Inequalities

o Graph systems of equations
o Evaluate ordered pairs as solutions to systems
o Classify Solutions for Systems

Algebraic Methods for Solving Systems

o Use the substitution method
o Use the elimination method without multiplication
o Use the elimination method with multiplication

Problem Solving With Systems

o Solve mixture problems
o Solve value problems
o Solve cost and revenue problems

3.1: Why It Matters- Systems of Equations and Inequalities is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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3.2: Graphs and Solutions to Systems of Linear Equations

Learning Objectives

e Graph systems of equations

o Graph a system of two linear equations
o Graph a system of two linear inequalities

o Evaluate ordered pairs as solutions to systems

o Determine whether an ordered pair is a solution to a system of linear equations
o Determine whether an ordered pair is a solution to a system of linear inequalities

o Classify solutions to systems

o Identify what type of solution a system will have based on its graph

The way a river flows depends on many variables including how big the river is, how much water it contains, what sorts of things
are floating in the river, whether or not it is raining, and so forth. If you want to best describe its flow, you must take into account
these other variables. A system of linear equations can help with that.

A system of linear equations consists of two or more linear equations made up of two or more variables such that all equations in
the system are considered simultaneously. You will find systems of equations in every application of mathematics. They are a
useful tool for discovering and describing how behaviors or processes are interrelated. It is rare to find, for example, a pattern of
traffic flow that that is only affected by weather. Accidents, time of day, and major sporting events are just a few of the other
variables that can affect the flow of traffic in a city. In this section, we will explore some basic principles for graphing and
describing the intersection of two lines that make up a system of equations.

Graph a system of linear equations

In this section, we will look at systems of linear equations and inequalities in two variables. First, we will practice graphing two
equations on the same set of axes, and then we will explore the different considerations you need to make when graphing two linear
inequalities on the same set of axes. The same techniques are used to graph a system of linear equations as you have used to graph
single linear equations. We can use tables of values, slope and y-intercept, or x— and y-intercepts to graph both lines on the same set
of axes.

For example, consider the following system of linear equations in two variables.

2z +y =8
r—y=-1
Let’s graph these using slope-intercept form on the same set of axes. Remember that slope-intercept form looks like .

First, solve fory in 2z +y = —8

2c+y=-8
y=-—2x—8
Second, solve foryinz —y = —1
r—y=-1
y=z+1
The system is now written as
y=—-2x—8
y=z+1

Now you can graph both equations using their slopes and intercepts on the same set of axes, as seen in the figure below. Note how
the graphs share one point in common. This is their point of intersection, a point that lies on both of the lines. In the next section we
will verify that this point is a solution to the system.
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In the following example, you will be given a system to graph that consists of two parallel lines.

Example
[ Example

=2z +1
Graph the system Y T

Yy =2z —
[reveal-answer q="478796"]Show Solution[/reveal-answer]
[hidden-answer a="478796"]

using the slopes and y-intercepts of the lines.

First, graph y = 2z + 1 using the slope m = 2 and the y-intercept (0,1)

v
r=1

Next, add y = 22 — 3 using the slope m = 2, and the y-intercept (0,-3)

v
Ty |

Notice how these are parallel lines, and they don’t cross. In the next section we will discuss how there are no solutions to a
system of equations that are parallel lines.

[/hidden-answer]
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In the next example, you will be given a system whose equations look different, but after graphing, turn out to be the same line.

Example
[ Example

Graph the system

y:%z+2

2u—x =4
[reveal-answer q="342515"]Show Solution[/reveal-answer]
[hidden-answer a="342515"]

using the x — and y-intercepts.

First, find the x- and y- intercepts of y = %m +2

The x-intercept will have a value of 0 for y, so substitute y=0 into the equation, and isolate the variable x.

The x-intercept of (—4, 0).
The y-intercept is easier to find since this equation is in slope-intercept form. The y-intercept is (2,0).

Now we can plot y = %z + 2 using the intercepts

[

Now find the intercepts of 2y —x =4

Substitute y = 0 in to the equation to find the x-intercept.

2y—x =4
2(0)—z=4
z=—4

The x-intercept of (—4, 0).

Now substitute x = 0 into the equation to find the y-intercept.

2y
2y
2y
Yy
The y-intercept of (0, 2).

4
4

| © 8
NN

WALIT, these are the same intercepts as y = %z +2and 2y —x =4 are really the same equation, expressed in different ways.

If you were to write them both in slope-intercept form you would see that they are the same equation.
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When you graph them, they are the same line. In the next section, we will see that systems with two of the same equations in
them have an infinite number of solutions.

[/hidden-answer]

Vi
Graph the system 1 using the slopes and y-intercepts,
z y =6

y=mx+b o
m= '3 R, A e
el A .

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=78

Graphing a system of linear equations consists of choosing which graphing method you want to use and drawing the graphs of both
equations on the same set of axes. When you graph a system of linear inequalities on the same set of axes, there are a few more
things you will need to consider.

Graph a system of two inequalities

Remember from the module on graphing that the graph of a single linear inequality splits the coordinate plane into two regions.
On one side lie all the solutions to the inequality. On the other side, there are no solutions. Consider the graph of the inequality

y<22zr+5.
z‘L
[
/
/
/ 3
j!
/ 2
I
A 1 .
7 B=(3.1)
! 0
4 R -1 [ 1 2 3 4
/
/ -
7 A=(-1,-1)
.fj z
_,f y<2%x+ 5
/ 3
/
E -4

The dashed line is y < 2x + 5, as all of the points below the line will make the inequality true. If you doubt that, try substituting
the x and y coordinates of Points A and B into the inequality—you’ll see that they work. So, the shaded area shows all of the
solutions for this inequality.

The boundary line divides the coordinate plane in half. In this case, it is shown as a dashed line as the points on the line don’t
satisfy the inequality. If the inequality had been y < 2z + 5, then the boundary line would have been solid.

Let’s graph another inequality: y > —z. You can check a couple of points to determine which side of the boundary line to shade.
Checking points M and N yield true statements. So, we shade the area above the line. The line is dashed as points on the line are
not true.
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To create a system of inequalities, you need to graph two or more inequalities together. Let’s use y > —z since we have already
graphed each of them.

The purple area shows where the solutions of the two inequalities overlap. This area is the solution to the system of inequalities.
Any point within this purple region will be true for both y < 22 +5.

In the next example, you are given a system of two inequalities whose boundary lines are parallel to each other.
y>2x+1

Graph the system
P e Sy <2z -3

[reveal-answer q="780322"]Show Solution[/reveal-answer]
[hidden-answer a="780322"]

The boundary lines for this system are the same as the system of equations from a previous example:

y=2x+1

y=2x—-3
Plotting the boundary lines will be similar, except that the inequality y > 2z 41 will require a solid line. The graphs will look
like this:
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Now we need to add the regions that represent the inequalities. For the inequality (0, 0) to make it easy.

Substitute y > 2x +1
y>2x+1
0>2(0)+1
0>1
This is not true, so we know that we need to shade the other side of the boundary line for the inequality y > 2z + 1. The graph
will now look like this:

F
-

Now let’s shade the region that shows the solutions to the inequality (0, 0) to test because it makes easy algebra.

Substitute y < 2z — 3

y<2z—3
0<2(0,)z—3
0< -3

This is not true, so we know that we need to shade the other side of the boundary line for the inequalityy < 22 — 3. The graph
will now look like this:
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This system of inequalities shares no points in common.

What would the graph look like if the system had looked like this?
y>2x+1

y>22x—3
Testing the point y > 2z — 3, and the graph would then look like this:

2x-3 and y>=2x+1" width="388" height="392">
The purple region is the region of overlap for both inequalities.

[/hidden-answer]

Examples: Systems of Inequalities
Solve by graphing. | | | |
My > —bx—2

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=78
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In the next section, we will see that points can be solutions to systems of equations and inequalities. We will verify algebraically
whether a point is a solution to a linear equation or inequality.

Determine whether an ordered pair is a solution for a system of linear equations

The lines in the graph above are defined as
2z +y=—8
r—y=-1

They cross at what appears to be (—3, —2).

Using algebra, we can verify that this shared point is actually (—2.999, —1.999) By substituting the x— and y-values of the ordered
pair into the equation of each line, you can test whether the point is on both lines. If the substitution results in a true statement, then
you have found a solution to the system of equations!

Since the solution of the system must be a solution to all the equations in the system, you will need to check the point in each
equation. In the following example, we will substitute -3 for x and -2 for y in each equation to test whether it is actually the
solution.
Example
Is (—3, —2) a solution of the system
2z +y= -8
r—y=-1
[reveal-answer qg="919027"]Show Solution[/reveal-answer]

[hidden-answer a="919027"]Test 2z +vy = —8 first:
2(=3)+(-2)=-8

—8=-8

TRUE

Nowtestx —y =—1.
(-3)- (-2 =1
—-1=-1
TRUE

z—y=-1
Since(—3, —2) is a solution of the system.

Answer

(—3, —2) is a solution to the system.

[/hidden-answer]
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Example
Is (3, 9) a solution of the system
y=3z
22—y =6
[reveal-answer q="190963"]Show Solution[/reveal-answer]

[hidden-answer a="190963"]Since the solution of the system must be a solution to all the equations in the system, check the point
in each equation.

Substitute 3 for x and 9 for y in each equation.

y=3z
9=3(3)
TRUE
(3, 9) is a solution of y = 3.
2z—y =6
2(3)-9=6
6-9=6
-3=6
FALSE

(3, 9) is not a solution of 2z—y = 6.

Since (3, 9) is not a solution of one of the equations in the system, it cannot be a solution of the system.

Answer
(3, 9) is not a solution to the system.

[/hidden-answer]

Think About It

Is (—2, 4) a solution for the system
y=2x

3z+2y=1

Before you do any calculations, look at the point given and the first equation in the system. Can you predict the answer to the
question without doing any algebra?

[reveal-answer q="598405"]Show Solution[/reveal-answer]

[hidden-answer a="598405"]

Substitute -2 for x, and 4 for y into the first equation:

y=2x
4=2(-2)
4=—-4
FALSE

You can stop testing because a point that is a solution to the system will be a solution to both equations in the system.

(—2,4) is NOT a solution for the system

y=2z
3z +2y=1

[/hidden-answer]
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Ordered Pairs as Solutions to Systems of Equations

y=—iy b4 (G -2) (8 & Siubin o b Spike
system © El k:
r+dy=1

Determine if the ardered pairs (9, =2} and (3.2} are solutions to the ‘

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=78

Remember that in order to be a solution to the system of equations, the values of the point must be a solution for both equations.
Once you find one equation for which the point is false, you have determined that it is not a solution for the system.

We can use the same method to determine whether a point is a solution to a system of linear inequalities.

Determine whether an ordered pair is a solution to a system of linear inequalities
x Al

S y> -x

On the graph above, you can see that the points B and N are solutions for the system because their coordinates will make both
inequalities true statements.

In contrast, points M and A both lie outside the solution region (purple). While point M is a solution for the inequality y < 2z +5,
neither point is a solution for the system. The following example shows how to test a point to see whether it is a solution to a
system of inequalities.

Example
Is the point (2, 1) a solution of the system 2z +y < 8?

[reveal-answer qg="84880"]Show Solution[/reveal-answer]
[hidden-answer a="84880"]Check the point with each of the inequalities. Substitute 2 for x and 1 for y. Is the point a solution of
both inequalities?
z+y>1
24+1>1
3>1
TRUE

(2, 1) is a solution for x +y > 1.
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2c+y <8
2(2)+1<8
4+1<8
5<8
TRUE

(2, 1) is a solution for 2x +y < 8.

Since (2, 1) is a solution of each inequality, it is also a solution of the system.
Answer

The point (2, 1) is a solution of the system 2z +y < 8.

[/hidden-answer]

Here is a graph of the system in the example above. Notice that (2, 1) lies in the purple area, which is the overlapping area for the
two inequalities.
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Example

Is the point (2, 1) a solution of the system 3z +y < 4?

[reveal-answer qg="833522"]Show Solution[/reveal-answer]
[hidden-answer a="833522"]

Check the point with each of the inequalities. Substitute 2 for x and 1 for y. Is the point a solution of both inequalities?

z+y>1
2+1>1
3>1
TRUE

(2, 1) is a solution for x +y > 1.

3z+y<4
3(2)+1<4
6+1<4
7<4
FALSE

(2, 1) is not a solution for 3z +y < 4.

Since (2, 1) is not a solution of one of the inequalities, it is not a solution of the system.
Answer

The point (2, 1) is not a solution of the system 3z +y < 4.

[/hidden-answer]
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Here is a graph of this system. Notice that (2, 1) is not in the purple area, which is the overlapping area; it is a solution for one
inequality (the red region), but it is not a solution for the second inequality (the blue region).
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As shown above, finding the solutions of a system of inequalities can be done by graphing each inequality and identifying the
region they share. Below, you are given more examples that show the entire process of defining the region of solutions on a graph

for a system of two linear inequalities. The general steps are outlined below:

o Graph each inequality as a line and determine whether it will be solid or dashed

o Determine which side of each boundary line represents solutions to the inequality by testing a point on each side
o Shade the region that represents solutions for both inequalities

Example
Shade the region of the graph that represents solutions for both inequalities. y—z > 5.
[reveal-answer q="873537"]Show Solution[/reveal-answer]

[hidden-answer a="873537"]Graph one inequality. First graph the boundary line, using a table of values, intercepts, or any other
method you prefer. The boundary line for x +y =1, or y = —x + 1. Since the equal sign is included with the greater than sign,

the boundary line is solid.

Find an ordered pair on either side of the boundary line. Insert the x— and y-values into the inequality 4y > 1 and see which
ordered pair results in a true statement.
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Test 1: (—3,0)
z+y=>1
-3+02>1
-3>1
FALSE

Test2: (4,1)
z+y=>1
4+1>1

5>1
TRUE

Since (4, 1) results in a true statement, the region that includes (4, 1) should be shaded.

Do the same with the second inequality. Graph the boundary line, then test points to find which region is the solution to the
inequality. In this case, the boundary line is y—2 > 5, and test point (0, 6) is a solution.

Answer

The purple region in this graph shows the set of all solutions of the system.
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Ordered Pairs as Solutions to Systems of Equations

t I
solutions to the system Te—ed \

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=78

In this section we have seen that solutions to systems of linear equations and inequalities can be ordered pairs. In the next section,
we will work with systems that have no solutions or infinitely many solutions.

Use a graph to classify solutions to systems

Recall that a linear equation graphs as a line, which indicates that all of the points on the line are solutions to that linear equation.
There are an infinite number of solutions. As we saw in the last section, if you have a system of linear equations that intersect at
one point, this point is a solution to the system. What happens if the lines never cross, as in the case of parallel lines? How would
you describe the solutions to that kind of system? In this section, we will explore the three possible outcomes for solutions to a
system of linear equations.

Three possible outcomes for solutions to systems of equations

Recall that the solution for a system of equations is the value or values that are true for all equations in the system. There are three
possible outcomes for solutions to systems of linear equations. The graphs of equations within a system can tell you how many
solutions exist for that system. Look at the images below. Each shows two lines that make up a system of equations.

One Solution No Solutions Infinite Solutions

https://math.libretexts.org/@go/page/51454
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One Solution No Solutions Infinite Solutions

If the graphs of the equations do not
intersect (for example, if they are parallel),
then there are no solutions that are true for
both equations.

If the graphs of the equations are the same,
then there are an infinite number of
solutions that are true for both equations.

If the graphs of the equations intersect,
then there is one solution that is true for
both equations.

e One Solution: When a system of equations intersects at an ordered pair, the system has one solution.
o Infinite Solutions: Sometimes the two equations will graph as the same line, in which case we have an infinite number of

solutions.
¢ No Solution: When the lines that make up a system are parallel, there are no solutions because the two lines share no points in

common.
Example
. y=z . .
Using the graph of +o , shown below, determine how many solutions the system has.
xr =
L
W+2puh P
n 3 2 1 > o [ 3 ] 5 -~
-2
y=x 3,

[reveal-answer q="896900"]Show Solution[/reveal-answer]
[hidden-answer a="896900"]The lines intersect at one point. So the two lines have only one point in common, there is only one

solution to the system.
Answer
There is one solution to this system.

[/hidden-answer]

Example (Advanced)

=3.52+0.25
Using the graph of y Tt , shown below, determine how many solutions the system has.

1l4z—4y =—4.5
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a4
3

2
14x-4y=-4.5

[

[reveal-answer q="337033"]Show Solution[/reveal-answer]
[hidden-answer a=337033"]The lines are parallel, meaning they do not intersect. There are no solutions to the system.

Answer
There are no solutions to the system.

[/hidden-answer]

Example

=2 1
How many solutions does the system y=2z+ have?
—4x 42y =2
[reveal-answer q="94971"]Show Solution[/reveal-answer]
[hidden-answer a=”94971"]

First, graph both equations on the same axes.

y=2x+1f gy 2y=2

The two equations graph as the same line. So every point on that line is a solution for the system of equations.

Answer
y=2z+1
—4x 42y =2

The system has an infinite number of solutions.

[/hidden-answer]
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Solving Systems of Equations from a Graph

| e Bt e St e St

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=78

In the next section, we will learn some algebraic methods for finding solutions to systems of equations. Recall that linear equations
in one variable can have one solution, no solution, or many solutions and we can verify this algebraically. We will use the same
ideas to classify solutions to systems in two variables algebraically.

CC licensed content, Original

¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

e Graphing a System of Linear Equation. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/BBmB3rFZLXU. License: CC BY: Attribution

e Ex 1: Graph a System of Linear Inequalities. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located
at: https://youtu.be/ACTxJv1h2_c. License: CC BY: Attribution

e Determine if an Ordered Pair is a Solution to a System of Linear Equations. Authored by: James Sousa (Mathispower4u.com)
for Lumen Learning. Located at: https://youtu.be/2IxgKgjX00k. License: CC BY: Attribution

e Determine if an Ordered Pair is a Solution to a System of Linear Inequalities. Authored by: James Sousa (Mathispower4u.com)
for Lumen Learning. Located at: https://youtu.be/o9hTFJEBcXs. License: CC BY: Attribution

o Determine the Number of Solutions to a System of Linear Equations From a Graph. Authored by: James Sousa
(Mathispower4u.com) for Lumen Learning. Located at: https://youtu.be/ZolxtOjcEQY. License: CC BY: Attribution

CC licensed content, Shared previously

o Unit 14: Systems of Equations and Inequalities, from Developmental Math: An Open Program. Provided by: Monterey
Institute of Technology and Education. Located at: nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-
12-pdf-and-word-formats/. License: CC BY: Attribution

3.2: Graphs and Solutions to Systems of Linear Equations is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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3.3: Algebraic Methods for Solving Systems

Learning Objectives
¢ Use the substitution method

o Solve a system of equations using the substitution method.
o Recognize systems of equations that have no solution or an infinite number of solutions

e Use the elimination method without multiplication
o Solve a system of equations when no multiplication is necessary to eliminate a variable
o Use the elimination method with multiplication

o Use multiplication in combination with the elimination method to solve a system of linear equations
o Recognize when the solution to a system of linear equations implies there are an infinite number of solutions

Solve a system of equations using the substitution method

In the last couple sections, we verified that ordered pairs were solutions to systems, and we used graphs to classify how many
solutions a system of two linear equations had. What if we are not given a point of intersection, or it is not obvious from a graph?
Can we still find a solution to the system? Of course you can, using algebra!

In this section we will learn the substitution method for finding a solution to a system of linear equations in two variables. We have
used substitution in different ways throughout this course, for example when we were using the formulas for the area of a triangle
and simple interest. We substituted values that we knew into the formula to solve for values that we did not know. The idea is
similar when applied to solving systems, there are just a few different steps in the process. You will first solve for one variable, and
then substitute that expression into the other equation. Let’s start with an example to see what this means.

Example

Find the value of x for this system.
Equation A: 4z +3y = —14
Equation B: y =2

[reveal-answer q="478211"]Show Solution[/reveal-answer]
[hidden-answer a="478211"]The problem asks to solve for x. Equation B gives you the value of y, y = 2, so you can substitute 2
into Equation A fory.

4x+3y=-14
y=2
Substitute y = 2 into Equation A.
dr+3(2)=-14

Simplify and solve the equation for x.

4x+6 =-14
4x = —20
z=-5
Answer
z=-5

[/hidden-answer]

You can substitute a value for a variable even if it is an expression. Here’s an example.

Example

Solve for x and y.

Equation A: y+x =3
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EquationB: z =y +5

[reveal-answer q="300993"]Show Solution[/reveal-answer]
[hidden-answer a="300993"]The goal of the substitution method is to rewrite one of the equations in terms of a single variable.

Equation B tells us that y + 5 into Equation A for x.
y+z=3
T=y+5
Substitute y + 5 into Equation A for x.
y+xz =3
y+(y+5)=3
Simplify and solve the equation for y.
2y+5= 3
-5 —5
2y =—-2
y=-—1
Now find x by substituting this value for y into either equation and solve for x. We will use Equation A here.
y+x =3
—14+2=3
+1 41
z=4
Finally, check the solution y = —1 by substituting these values into each of the original equations.
y+x=3
—-1+4=3
3=3
TRUE
T=yY+5
4=-1+5
4=4
TRUE
Answer
y=-—1
The solution is (4, —1).
[/hidden-answer]
Remember, a solution to a system of equations must be a solution to each of the equations within the system. The ordered pair

(4, —1) does work for both equations, so you know that it is a solution to the system as well.

Let’s look at another example whose substitution involves the distributive property.

Example
Solve for x and y.
y=3z+6
—2z+4y=4
[reveal-answer q="240040"]Show Solution[/reveal-answer]
[hidden-answer a="240040"]Choose an equation to use for the substitution.

The first equation tells you how to express y in terms of x, so it makes sense to substitute 3x + 6 into the second equation for y.
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y=3x+6
—2zx+4y=4
Substitute 3z + 6 for y into the second equation.
—2z+4y =4
—2z+43z+6)=4
Simplify and solve the equation for x.

—2z+12x+24=4

10x+24=4
—24 —24
10z = —-20
r=-2
To find y, substitute this value for x back into one of the original equations.
y=3x+6
y=3(-2)+6
y=—6+6
y=0
Check the solution y = 0 by substituting them into each of the original equations.
y=3z+6
0=3(-2)+6
0=—-6+6
0=0
TRUE
—2z+4y=4
~2(-2)+4(0) =4
44+0=4
4=4
TRUE
Answer
y=0

The solution is (-2, 0).
[/hidden-answer]

In the examples above, one of the equations was already given to us in terms of the variable x or y. This allowed us to quickly
substitute that value into the other equation and solve for one of the unknowns.

Sometimes you may have to rewrite one of the equations in terms of one of the variables first before you can substitute. In the
example below, you will first need to isolate one of the variables before you can substitute it into the other equation.

Example
Solve for x and y.
2z +3y =22
3z+y=19

[reveal-answer q="344538"]Show Solution[/reveal-answer]
[hidden-answer a="344538"]Choose an equation to use for the substitution. The second equation,

3z +y =19, can easily be rewritten in terms of y, so it makes sense to start there.
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z+3y=22
3z+y=19
Rewrite 3z +y =19 in terms of y.
z+y=19
y=19-3z
Substitute 19— 3« for y in the other equation.
2z +3y =22

2z +3(19-3z) =22
Simplify and solve the equation for x.

2x¢ +57-9x = 22

—Tx+57=22
—T7x=-35
z=5
Substitute x = 5 back into one of the original equations to solve for y.
3z+y=19
3(5)+y=19
15+y=19
y=19-15
y=4
Check both solutions by substituting them into each of the original equations.
2z + 3y =22
2(5)+3(4) =22
10+12=22
22 =22
TRUE
3z+y=19
3(5)+4=19
19=19
TRUE
Answer
y=4

The solution is (5, 4).

[/hidden-answer]

In the following video, you will be given an example of solving a systems of two equations using the substitution method.
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Examples: Systems ol Equations - Substitution
Solve using the substitution method
() x—3p= 24
)y = S
{n = S‘qu:\"!\} =—af

b 4 3R—12 = TEH

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

If you had chosen the other equation to start with in the previous example, you would still be able to find the same solution. It is
really a matter of preference because sometimes solving for a variable will result in having to work with fractions. As you become
more experienced with algebra, you will be able to anticipate what choices will lead to more desirable outcomes.

Recognize systems of equations that have no solution or an infinite number of solutions

When we learned methods for solving linear equations in one variable, we found that some equations didn’t have any solutions, and
others had an infinite number of solutions. We saw this behavior again when we started describing solutions to systems of
equations in two variables.

Recall this example from Module 1 for solving linear equations in one variable:
Solve for x. 12 +22—-8 =Tz +5-5z
1242z -8 =Tz +5—5z

20 +4=2x+5
20 +4=2x+5
—2x —2x
4=175

This false statement implies there are no solutions to this equation. In the same way, you may see an outcome like this when you
use the substitution method to find a solution to a system of linear equations in two variables. In the next example, you will see an
example of a system of two equations that does not have a solution.
Example
Solve for x and y.
y=>5z+4
10z —2y =4
[reveal-answer q="787022"]Show Solution[/reveal-answer]
[hidden-answer a="787022"]Since the first equation is 5 + 4 in for y in the second equation.

y=>5zx+4
10z —2y =4
10z-2 (52 +4) =4
Expand the expression on the left.
10z—-10z-8 =4
Combine like terms on the left side of equation.

—8=4.
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0-8=4
—-8=4
Answer
The statement —8 = 4 is false, so there is no solution.

[/hidden-answer]

You get the false statement —8 = 4. What does this mean? The graph of this system sheds some light on what is happening.

10x -2y =4

& =3

The lines are parallel, they never intersect and there is no solution to this system of linear equations. Note that the result —8 =4 is
not a solution. It is simply a false statement and it indicates that there is no solution.

We have also seen linear equations in one variable and systems of equations in two variables that have an infinite number of

solutions. In the next example, you will see what happens when you apply the substitution method to a system with an infinite
number of solutions.

Example
Solve for x and y.

y=—0.52
9y = —4.5z

[reveal-answer q="683508"]Show Solution[/reveal-answer]
[hidden-answer a="683508"]

Substituting —0.5x for y in the second equation, you find the following:

9y = —4.5z
9(—0.5z) = —4.5
—4.5¢ = —4.52

[/hidden-answer]

This time you get a true statement: —4.5x = —4.5z. But what does this type of answer mean? Again, graphing can help you make
sense of this system.
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This system consists of two equations that both represent the same line; the two lines are collinear. Every point along the line will
be a solution to the system, and that’s why the substitution method yields a true statement. In this case, there are an infinite number
of solutions.

In the following video you will see an example of solving a system that has an infinite number of solutions.

Examples: Systems ol Equations - Substitution
Solve using the substitution method.
() Sx— 2= 10
S

(z) V¥ Tl

— 2

() Sx-d{8x%) - (o
T

$x —Sx+lo = {0
b ]

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

In the following video you will see an example of solving a system of equations that has no solutions.

Examples: Systems ol Equations - Substitution
Solve using the substitution method,
() 2r—54= 24
(2) pr=idr s y= ‘éx
¥ s

() 2x-E(F) - -4

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80
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Solve a system of equations using the elimination method

The elimination method for solving systems of linear equations uses the addition property of equality. You can add the same value
to each side of an equation to eliminate one of the variable terms. In this method, you may or may not need to multiply the terms in
one equation by a number first. We will first look at examples where no multiplication is necessary to use the elimination method.
In the next section you will see examples using multiplication after you are familiar with the idea of the elimination method.

It is easier to show rather than tell with this method, so let’s dive right into some examples.
If you add the two equations,

z + 1y = 8 together, watch what happens.

zT—y=—6
+x+y= 8
2z +0 = 2

You have eliminated the y term, and this equation can be solved using the methods for solving equations with one variable.

Let’s see how this system is solved using the elimination method.

Example
Use elimination to solve the system.
z—y=—6
z+y= 8
[reveal-answer qg="403819"]Show Solution[/reveal-answer]
[hidden-answer a="403819"]Add the equations.
z—y= —6
+z+y= 8
22 = 2
Solve for x.
2x =2
z=1
Substitute £ = 1 into one of the original equations and solve for y.
z+y=38
1+y=38
y=28-1
y="7
Be sure to check your answer in both equations!
z-y=—6
1-7=-6
—6=—-6
TRUE

r+y=8
1+7=8
8§ =38
TRUE

The answers check.
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Answer
The solution is (1, 7).
[/hidden-answer]

Unfortunately not all systems work out this easily. How about a system like —3x +y = 2. If you add these two equations together,
no variables are eliminated.

20 +y=12
—3r+y= 2
—x+2y=14

But you want to eliminate a variable. So let’s add the opposite of one of the equations to the other equation. This means multiply
every term in one of the equations by -1, so that the sign of every terms is opposite.

2+ y =12 =2z +y=12 = 2z +y =12
-3z+ y=2—->—(-3z+y)=—(2) > 3z—y=—-2
5240y =10
You have eliminated the y variable, and the problem can now be solved.

The following video describe a similar problem where you can eliminate one variable by adding the two equations together.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

ACaution! When you add the opposite of one entire equation to another, make sure to change the sign of EVERY term on
both sides of the equation. This is a very common mistake to make.

Example
Use elimination to solve the system.
2c+y =12
—3rx+y=2

[reveal-answer q="702178"]Show Solution[/reveal-answer]
[hidden-answer a="702178"]You can eliminate the y-variable if you add the opposite of one of the equations to the other equation.

20 +y =12
-3z +y=2
Rewrite the second equation as its opposite.

Add. Solve for x.
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Substitute y = 2 into one of the original equations and solve for y.

Be sure to check your answer in both equations!

The answers check.

Answer
The solution is (2, 8).

[/hidden-answer]

2z +y =12
Jx—y=-2
5x =10

T =2
2(2)+y=12
4+y=12
y=2_8
2c+y =12
2(2)+8=12
4+8=12
12=12
TRUE
—3r+y=2
-3(2)+8=2
—-6+8=2
2=2
TRUE

The following are two more examples showing how to solve linear systems of equations using elimination.

Example

Use elimination to solve the system.

—2z+3y=-1
2x +5y = 25

[reveal-answer q="438400"]Show Solution[/reveal-answer]

[hidden-answer a="438400"]Notice the coefficients of each variable in each equation. If you add these two equations, the x term

will be eliminated since —2x +2x =0.

Add and solve for y.

Substitute y = 3into one of the original equations.

—2z+3y=-1
2x +5y = 25
—2z+3y=-1
2x +5y =25
8y =24

y=3
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2z +5y =25
2z+5(3)=25
2x+15=25
2z =10
x=25
Check solutions.
—2z+4+3y=-1
-2(5)+3(3)=-1
-1049=-1
—-1=-1
TRUE
2z +5y=25
2(5)+5(3)=25
104+15=25
25 =25
TRUE
The answers check.
Answer
The solution is (5, 3).
[/hidden-answer]
Example
Use elimination to solve for x and y.
4z +2y =14
5z +2y =16

[reveal-answer q="776093"]Show Solution[/reveal-answer]

[hidden-answer a="776093"]Notice the coefficients of each variable in each equation. You will need to add the opposite of one of
the equations to eliminate the variable y, as 2y + (—2y) =0.

4z +2y=14
5z +2y =16
Change one of the equations to its opposite, add and solve for x.
4z +2y =14
—5z—2y = —16
—x =2
T =2

Substitute & = 2 into one of the original equations and solve for y.

4dx+2y=14
4(2)+2y=14
8+2y=14
2y =6

y=3

Answer
The solution is (2, 3).

[/hidden-answer]
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Go ahead and check this last example—substitute (2, 3) into both equations. You get two true statements: 14=14 and 16=16!

Notice that you could have used the opposite of the first equation rather than the second equation and gotten the same result.

Recognize systems that have no solution or an infinite number of solutions

Just as with the substitution method, the elimination method will sometimes eliminate both variables, and you end up with either a
true statement or a false statement. Recall that a false statement means that there is no solution.

Let’s look at an example.

Example
Solve for x and y.
—z-y=—4
z+y=2
[reveal-answer q="101540"]Show Solution[/reveal-answer]
[hidden-answer a=101540"]Add the equations to eliminate the x-term.

—z-y=—4
zt+y=2
0=-2

Answer
There is no solution.
[/hidden-answer]

Graphing these lines shows that they are parallel lines and as such do not share any point in common, verifying that there is no
solution.

-4 ]
1

If both variables are eliminated and you are left with a true statement, this indicates that there are an infinite number of ordered
pairs that satisfy both of the equations. In fact, the equations are the same line.
Example
Solve for x and y.

z+y=2

—r—y=-2

[reveal-answer q="328100"]Show Solution[/reveal-answer]
[hidden-answer a="328100"]Add the equations to eliminate the x-term.

z+y=2
—x—y=-2
0=0
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Answer

There are an infinite number of solutions.
[/hidden-answer]

Graphing these two equations will help to illustrate what is happening.

4

In the following video, a system of equations which has no solutions is solved using the method of elimination.

Examples: Svstems ol Equations - Elimination
i ie elimination [addition] methiod;
LT S —ay = -4
s Sx +dy = L
B S8k, deaibien R

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

Solve a system of equations when multiplication is necessary to eliminate a variable

Many times adding the equations or adding the opposite of one of the equations will not result in eliminating a variable. Look at the
system below.

3z +4y =52
5z +y =30

If you add the equations above, or add the opposite of one of the equations, you will get an equation that still has two variables. So
let’s now use the multiplication property of equality first. You can multiply both sides of one of the equations by a number that will
allow you to eliminate the same variable in the other equation.

We do this with multiplication. Notice that the first equation contains the term 4y, and the second equation contains the term y. If
you multiply the second equation by —4, when you add both equations the y variables will add up to 0.

The following example takes you through all the steps to find a solution to this system.

Example
Solve for x and y.

Equation A: 3z + 4y =52
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Equation B: 5z +y =30

[reveal-answer q="815377"]Show Solution[/reveal-answer]
[hidden-answer a=815377"]Look for terms that can be eliminated. The equations do not have any x or y terms with the same

coefficients.
3z +4y =52
5z +y =30

Multiply the second equation by —4 so they do have the same coefficient.
3z +4y =52
—4 (5z +y) =—4(30)
Rewrite the system and add the equations.
3z +4y =52
—20x—4y = —120
Solve for x.
—17z = —68
x=4
Substitute & = 4 into one of the original equations to find y.
3z +4y =52
3(4)+4y =52
12 +4y =52
4y =40
y=10
Check your answer.
3x+4y =52
3(4) +4(10) = 52
12440 =52
52 =52
TRUE

54y =30
5(4)+10=30
20+10=30
30=30
TRUE

The answers check.
Answer
The solution is (4, 10).

[/hidden-answer]

ACaution! When you use multiplication to eliminate a variable, you must multiply EACH term in the equation by the number
you choose. Forgetting to multiply every term is a common mistake.

There are other ways to solve this system. Instead of multiplying one equation in order to eliminate a variable when the equations
were added, you could have multiplied both equations by different numbers.

Let’s remove the variable x this time. Multiply Equation A by 5 and Equation B by —3.
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Example
Solve for x and y.
3z +4y =52
5z +y =30
[reveal-answer q="40585"]Show Solution[/reveal-answer]

[hidden-answer a="40585"]Look for terms that can be eliminated. The equations do not have any x or y terms with the same
coefficient.

3z +4y =52
5z +y =30
In order to use the elimination method, you have to create variables that have the same coefficient—then you can eliminate them.

Multiply the top equation by 5.
53z +4y) =5(52)

5z +y =30
152 + 20y = 260
52 +y =30

Now multiply the bottom equation by —3.
152 + 20y = 260

-3(5z +y) = —3(30)
152 +20y = 260
—152-3y =-90

Next add the equations, and solve for y.

15z + 20y = 260

—152-3y =-90

17y =170

y= 10
Substitute y = 10 into one of the original equations to find x.

3z +4y =52

3z+4(10) =52

3x +40 =52

3r=12

r=4

You arrive at the same solution as before.

Answer
The solution is (4, 10).
[/hidden-answer]

These equations were multiplied by 5 and —3 respectively, because that gave you terms that would add up to 0. Be sure to multiply
all of the terms of the equation.

In the following video, you will see an example of using the elimination method for solving a system of equations.
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Examples: Systems ol Equations - Elimination

Salve using the elimination {addition] methed]

b p=—1 e | =18k
7X F 5y

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

It is possible to use the elimination method with multiplication and get a result that indicates no solutions or infinitely many
solutions, just as with the other methods we have learned for finding solutions to systems. In the following example, you will see a
system that has infinitely many solutions.

Example

Solve for x and y.

Equation A: z — 3y = —2
Equation B: —2z 46y =4

[reveal-answer q="815327"]Show Solution[/reveal-answer]

[hidden-answer a="815327"]Look for terms that can be eliminated. The equations do not have any x or y terms with the same
coefficients.

z—3y=-2
—2x 46y =4
Multiply the first equation by 2 so the x terms of cancel out.

2(z—3y) =2(-2)

—2z+6y=4

Rewrite the system and add the equations.
2z — 6y =—4
—2x 46y =4
0Oz +0y=0
0=0

Does this kind of solution look familiar? This represents a solution of all real numbers for linear equations, and it represents the

same thing when you get this outcome with systems. If we solve both of these equations for y, you will see that they are the same
equation.

Solve equation A fory:

z—3y=-2
—3y=-x—2
y=3z+sg

Solve equation B for y:
2z +6y =4
6y =2x+4

yz%m—!—%
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Reduce fractions by dividing the numerator and denominator of both fractions by 2:
1,2
y=3713
Both equations are the same when written in slope intercept form, and therefore the solution set for the system is all real numbers.
Answer
The solution is: x and y can be all real numbers.

[/hidden-answer]

In the following video, the elimination method is used to solve a system of equations. Notice that one of the equations needs to be
multiplied by a negative one first. Additionally, this system has an infinite number of solutions.

Examples: Svstems ol Equations - Elimination
Solve using the elimifation [addition] method;
fy=4 — Ak-Sy=Y¥ = Auasy = oY
SR Ay sy =y = 2 Sy =¥

o=

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=80

Summary

The substitution method is one way of solving systems of equations. To use the substitution method, use one equation to find an
expression for one of the variables in terms of the other variable. Then substitute that expression in place of that variable in the
second equation. You can then solve this equation as it will now have only one variable. Solving using the substitution method will
yield one of three results: a single value for each variable within the system (indicating one solution), an untrue statement
(indicating no solutions), or a true statement (indicating an infinite number of solutions).

Combining equations is a powerful tool for solving a system of equations. Adding or subtracting two equations in order to
eliminate a common variable is called the elimination (or addition) method. Once one variable is eliminated, it becomes much
easier to solve for the other one.

Multiplication can be used to set up matching terms in equations before they are combined to aid in finding a solution to a system.
When using the multiplication method, it is important to multiply all the terms on both sides of the equation—not just the one term
you are trying to eliminate.
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3.4: Applications of Systems

Learning Objectives
e Solve mixture problems
o Write a system of linear equations representing a mixture problem, solve the system and interpret the results
e Solve value problems
o Write a system of linear equations representing a number problem
o Determine and apply an appropriate method for solving the system
e Solve cost and revenue problems
o Specify what the variables in a cost/ revenue system of linear equations represent
o Determine and apply an appropriate method for solving the system
o Write a system of inequalites that represents the profit region
o Interpret the solutions to a system of cost/ revenue equations and inequalities

Write a system of linear equations representing a mixture problem, solve the system and interpret the
results

One application of systems of equations are mixture problems. Mixture problems are ones where two different solutions are mixed
together resulting in a new final solution. A solution is a mixture of two or more different substances like water and salt or vinegar
and oil. Most biochemical reactions occur in liquid solutions, making them important for doctors, nurses, and researchers to
understand. There are many other disciplines that use solutions as well.

The concentration or strength of a liquid solution is often described as a percentage. This number comes from the ratio of how
much mass is in a specific volume of liquid. For example if you have 50 grams of salt in a 100mL of water you have a 50% salt
solution based on the following ratio:

50 grams grams
oo — 000+ =50%

Solutions used for most purposes typically come in pre-made concentrations from manufacturers, so if you need a custom
concentration, you would need to mix two different strengths. In this section, we will practice writing equations that represent the
outcome from mixing two different concentrations of solutions.

We will use the following table to help us solve mixture problems:

Amount Concentration (%) Total

Solution 1
Solution 2

Final Solution

To demonstrate why the table is helpful in solving for unknown amounts or concentrations of a solution, consider two solutions that
are mixed together, one is 120mL of a 9% solution, and the other is 75mL of a 23% solution. If we mix both of these solutions
together we will have a new volume and a new mass of solute and with those we can find a new concentration.

First, find the total mass of solids for each solution by multiplying the volume by the concentration.

Amount Concentration (%) Total Mass
0.09
Solution 1 120 mL
(120 ,m»L/) (0.09 grams ) — 10.8 grams
ik
0.23
Solution 2 75 mL

(75 pﬂ{) (0.23%) = 17.25 grams
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Amount Concentration (%) Total Mass

Final Solution

Next we add the new volumes and new masses.

Amount Concentration (%) Total Mass
0.09
Solution 1 120 mL (120 }n,L/) (0.0Qw) = 10.8 grams
P
0.23
Solution 2 75 mL (75 ny/> (0.23ﬂ) = 17.25 grams
P
Final Solution 195 mL 10.8 grams + 17.25 grams = 28.05 grams

Now we have used mathematical operations to describe the result of mixing two different solutions. We know the new volume,
concentration and mass of solute in the new solution. In the following examples, you will see that we can use the table to find an
unknown final volume or concentration. These problems can have either one or two variables. We will start with one variable
problems, then move to two variable problems.

Example
[ Example

A chemist has 70 mL of a 50% methane solution. How much of an 80% solution must she add so the final solution is 60%
methane?

[reveal-answer q="274848"]Show Solution[/reveal-answer]

[hidden-answer a="274848"]

Let’s use the problem solving process outlined in Module 1 to help us work through a solution to the problem.

Read and Understand: We are looking for a new amount — in this case a volume — based on the words “how much”. We know
two starting concentrations and the final concentration, as well as one volume.

Define and Translate: Solution 1 is the 70 mL of 50% methane and solution 2 is the unknown amount with 80% methane. We
can call our unknown amount x.

Write and Solve: Set up the mixture table. Remember that concentrations are written as decimals before we can perform
mathematical operations on them.

Amount Concentration (%) Total Mass
Solution 1 70 0.5
Solution 2 X 0.8
Final Solution 0.6

Multiply amount by concentration to get total, be sure to distribute on the last row: (70 +z) 0.6Add the entries in the amount
column to get final amount. The concentration for this amount is 0.6 because we want the final solution to be 60% methane.

Amount Concentration (%) Total Mass
Solution 1 70 0.5 35
Solution 2 X 0.8 0.8x
Final Solution 70+x 0.6 42+ 0.6z

https://math.libretexts.org/@go/page/51456


https://libretexts.org/
https://math.libretexts.org/@go/page/51456?pdf

LibreTexts"

Add the total mass for solution 1 and solution 2 to get the total mass for the 60% solution. This is our equation for finding the
unknown volume.
35+0.82 =42+40.6z
35+0.8z =42+ 0.6z
—0.6z —0.6z
354+0.2¢ =42
Subtract 35 from both sides
35+0.2z =42
-35 35
0.2z =7
Divide both sides by 0.2
0.2z =7
02z _ 7
0.2 0.2
x=35
Answer
35mL must be added to the original 70 mL to gain a solution with a concentration of 60%
[/hidden-answer]

The above problem illustrates how we can use the mixture table to define an equation to solve for an unknown volume. In the next
example we will start with two known concentrations and use a system of equations to find two starting volumes necessary to
achieve a specified final concentration.

Example
[ Example

A farmer has two types of milk, one that is 24% butterfat and another which is 18% butterfat. How much of each should he use
to end up with 42 gallons of 20% butterfat?

[reveal-answer q="966963"]Show Solution[/reveal-answer]

[hidden-answer a="966963" ]

Read and Understand: We are asked to find two starting volumes of milk whose concentrations of butterfat are both known.
We also know the final volume is 42 gallons. There are two unknowns in this problem.

Define and Translate: We will call the unknown volume of the 24% solution x, and the unknown volume of the 18% solution
y.

Write and Solve: Fill in the table with the information we know.

Amount Concentration (%) Total Mass
Solution 1 X 0.24
Solution 2 y 0.18
Final Solution 42 0.2

Find the total mass by multiplying the amount of each solution by the concentration. The total mass of the final solution comes

from
Amount Concentration (%) Total Mass
Solution 1 X 0.24 0.24x
Solution 2 y 0.18 0.18y
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Amount Concentration (%) Total Mass

Final Solution x+y=42 0.2 8.4

When you sum the amount column you get one equation: x+ y = 42
When you sum the total column you get a second equation: 0.24x + 0.18y = 8.4

Use elimination to find a value for x, and y.

Multiply the first equation by -0.18

-0.18(x+y) = (42)(-0.18)

-0.18x —-0.18y = -7.56

Now our system of equations looks like this:

-0.18x —-0.18y = -7.56

0.24x + 0.18y = 8.4

Adding the two equations together to eliminate the y terms gives this equation:
0.06x = 8.4

Divide by 0.06 on each side:

x=14

Now substitute the value for x into one of the equations in order to solve for y.
(14) +y =42

y=128

Answer

This can be interpreted as 14 gallons of 24% butterfat milk added to 28 gallons of 18% butterfat milk will give 42 gallons of
20% butterfat milk.

[/hidden-answer]

In the following video you will be given an example of how to solve a mixture problem without using a table, and interpret the
results.

Examples: Systems ol Equations - Application

Achemist needs to make 2 liters of a |17

solution from a 10% acid solution and a 35%
acid jolution. How many liters of each shouild

she mix to get the desired solution?
1 = [iferg wb 108 Suletrany

y = Lok of 3% Silihin
s

0.0 +035y = O5(2)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=82

Write a system of linear equations representing a value problem

Systems of equations are a very useful tool for modeling real-life situations and answering questions about them. If you can
translate the application into two linear equations with two variables, then you have a system of equations that you can solve to find
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the solution. You can use any method to solve the system of equations.

One application of system of equations are known as value problems. Value problems are ones where each variable has a value
attached to it. For example, the marketing team for an event venue wants to know how to focus their advertising based on who is
attending specific events—children, or adults? They know the cost of a ticket to a basketball game is $25.00 for children and
$50.00 for adults. Additionally, on a certain day, attendance at the game is 2,000 and the total gate revenue is $70,000. How can the
marketing team use this information to find out whether to spend more money on advertising directed toward children or adults?

We will use a table to help us set up and solve this value problem. The basic structure of the table is shown below:

Number (usually what you are trying to

) Value Total
find)

Item 1
Item 2

Total

The first column in the table is used for the number of things we have. Quite often, this will be our variables. The second column is
used for the value each item has. The third column is used for the total value which we calculate by multiplying the number by the
value.

Find the total number of child and adult tickets sold given that the cost of a ticket to a basketball game is $25.00 for children
and $50.00 for adults. Additionally, on a certain day, attendance at the game is 2,000 and the total gate revenue is $70,000.
[reveal-answer q="181202"]Show Solution[/reveal-answer]

[hidden-answer a="181202"]

Read and Understand: We want to find the number of child and adult tickets, we know the total number of tickets sold, the
total revenue and the cost of a child and adult ticket.

Define and Translate: Let ¢ = the number of children and a = the number of adults in attendance. Revenue comes from
number of tickets sold multiplied by the price of the ticket. We will get revenue for adults by multiplying $50.00 times a.
$25.00 times c will give the revenue from the number of child tickets sold.

Write and Solve: We can use a table as we did in the mixture problems section to organize the information we have. Although
a table is not necessary, it can help you get started. For this problem, we labeled columns as amount, value, and total revenue
because that is the information we are given.

The total number of people is 2, 000.

Amount Value Total Revenue
Child Tickets C $25.00 25¢
Adult Tickets a $50.00 50a
Total Tickets 2000 $70,000

The total revenue is $70,000. We can use this and the revenue from child and adult tickets to write an equation for the revenue.
25¢+50a =170,000

Amount Value Total Revenue
Child Tickets c $25.00 25¢
Adult Tickets a $50.00 50a
Total Tickets 2000 25¢+ 50a = 70, 000
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The number of people at the game that day is the total number of child tickets sold plus the total number of adult tickets,
c+a=2,000

Amount Value Total Revenue
Child Tickets o $25.00 25¢
Adult Tickets a $50.00 50a
Total Tickets 25¢+ 50a = 70, 000
c+a=2,000

We now have a system of linear equations in two variables. .
25¢+50a = 70,000

We can use any method of solving systems of equations to solve this system for a and c. Substitution looks easiest because we
can solve the first equation for either a. We will solve for a.
c+a=2,000
a=2,000—-c
Substitute the expression a and solve for c.
25¢+50 (2,000 —¢) = 70,000
25¢+100,000 — 50c = 70,000
—25¢ =-30,000
c=1,200
Substitute a.
1,2004+a =2,000
a =800
Answer

We find that 800 adults bought tickets to the game that day. The marketing group may want to focus their advertising toward
attracting young people.

[/hidden-answer]

This example showed you how to find two unknown values given information that connected the two unknowns. With two

equations, you are able to find a solution for two unknowns. If you were to have three unknowns, you would need three equations
to find them, and so on.

In the following video, you are given an example of how to use a system of equations to find the number of children and adults
admitted to an amusement park based on entrance fees and total revenue. This example shows how to write equations and solve the
system without a table.

many chiildren and how miany adults were ittt
X = dbe nunbee of childer
Ly« He pumbe of adulty

! y= T - y:ﬂﬂ“?‘

[€.6x + dop = 375
IS5k + a{(‘%’hx\ = 3752
/5 S + 43D -a0x = 3TEL
T ed S+ 4HE = 3782
_ |-M734p -4 340
-4
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=82

In the next example, we will find the number of coins in a change jar given the total amount of money in the jar and the fact that
the coins are either quarters or dimes.

Example
[ Example

In a change jar there are 11 coins that have a value of S1.85. The coins are either quarters or dimes. How many of each kind of
coin is in the jar?

[reveal-answer q="698872"]Show Solution[/reveal-answer]

[hidden-answer a="698872"]

Read and Understand: We want to find the number of quarters and the number of dimes in the jar. We know that dimes are
$0.10 and quarters are $0.25, and the total number of coins is 11.

Define and Translate: We will call the number of quarters q and the number of dimes d. The part of the total $1.85 that comes
from quarters will be determined by how many quarters and the fact that each one is worth $0.25, so $0.25q represents the
amount of $1.85 that is quarters. The same idea can be used for dimes, so $0.10d represents the amount of $1.85 that is dimes.

Write and Solve: We can label a new table with the information we are given.

number value total
quarters q $0.25 $0.25q
dimes d $0.10 $0.10d
total number of coins q+d=11 $0.259+$0.10d=$1.85

We can write our two equations, remember that we need two to solve for two unknowns.
g+d=11
0.25¢+0.10d =1.85
Substitution looks like the easiest path to a solution, solve for q.
qg+d=11
q=11—-d
Substitute this into the other equation, and solve for d.
0.25(11 —d)+0.10d =1.85
2.75—-0.25d+0.10d =1.85
2.75—-0.15d =1.85
—0.15d =—-0.9
d=6
Substitute q.
g+6=11
g=>5
Answer

We have 6 dimes and 5 quarters.

[/hidden-answer]

In the following video, you will see an example similar to the previous one, except that the equations are written and solved
without the use of a table.
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Example: Systems of Equations - Applications

= ke number of dimey 104
y= 4 s b e of gurkes I5E

x4y = S
10k + Sy = 310

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=82

Cost and Revenue Problems

A skateboard manufacturer introduces a new line of boards. The manufacturer tracks its costs, which is the amount it spends to
produce the boards, and its revenue, which is the amount it earns through sales of its boards. How can the company determine if it
is making a profit with its new line? How many skateboards must be produced and sold before a profit is possible?

Using what we have learned about systems of equations, we can answer these questions. The skateboard manufacturer’s revenue
equation is the equation used to calculate the amount of money that comes into the business. It can be represented as = quantity
and p = price. The revenue equation is shown in orange in the graph below.

The cost equation is the equation used to calculate the costs of doing business. It includes fixed costs, such as rent and salaries, and
variable costs, such as utilities. The cost equation is shown in blue in the graph below. The z -axis represents quantity in hundreds
of units. The y-axis represents both cost and revenue in hundreds of dollars. We won’t learn how to write a cost equation in this
example, they will be given to you. If you take any business or economics courses, you will learn more about how to write a cost
equation.
70 -
60
50
40 A
30 4
20
10 S

Break-even

0 4 Revenue

—-10 T T T T T
0 5 10 15 20
Quantity (in hundreds of units)

Money (in hundreds of dollars)
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The point at which the two lines intersect is called the break-even point, we learned that this is the solution to the system of linear
equations that in this case comprise the cost and revenue equations.

Read the axes of the graph carefully, note that quantity is in hundreds, and money is in thousands. The solution to the graphed
system is (7, 33). This means that if 700 units are produced, the cost to make them is $3,300 and the revenue is also $3,300. In
other words, the company breaks even if they produce and sell 700 units. They neither make money nor lose money.

The shaded region to the right of the break-even point represents quantities for which the company makes a profit. The shaded
region to the left represents quantities for which the company suffers a loss.

A business wants to manufacture bike frames. Before they start production, they need to make sure they can make a profit with
the materials and labor force they have. Their accountant has given them a cost equation of y = 1.55z:

1. Interpret x and y for the cost equation
2. Interpret x and y for the revenue equation

[reveal-answer q="86281"]Show Solution[/reveal-answer]
[hidden-answer a="86281"]

Cost: y = 0.85z + 35,000
Revenue:y = 1.55z

The cost equation represents money leaving the company, namely how much it costs to produce a given number of bike
frames. If we use the skateboard example as a model, x would represent the number of frames produced (instead of
skateboards) and y would represent the amount of money it would cost to produce them (the same as the skateboard problem).

The revenue equation represents money coming into the company, so in this context x still represents the number of bike
frames manufactured, and y now represents the amount of money made from selling them. Let’s organize this information in a

table:
Equation Type X represents y represents
Revenue Eqn. number of frames amount of money made selling frames
Cost Eqn. number of frames cost for making frames

[/hidden-answer]

Example
[ Example

Given the same cost and revenue equations from the previous example, find the break-even point for the bike manufacturer.
Interpret the solution with words.

Cost: y = 0.85z + 35,000

Revenue: y = 1.556
[reveal-answer q="145700"]Show Solution[/reveal-answer]
[hidden-answer a="145700"]

Read and Understand: We want the break even point for this system that represents cost and revenue. This means we want to
find where the two lines cross, and we have learned a few different methods for doing this because this is the solution to the
system of equations! Substitution looks like the easiest method since the revenue equation is already solved for y, y = 1.55z.

Define and Translate: Write the system of equations.

y = 0.85z + 35,000
y=1.55z

Write and Solve: The equations are already written for us, so we just need to solve the system using substitution.
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Substitute the expression .
z =50, 000 into either the cost equation or the revenue equation.
(50,000, 77, 500)

Check and Interpret:

The solution to this system is| \left(x,y) |, where in this case x is the quantity of bikes manufactured and y is an amount of money.
For our system y represents two different things and x represents one thing. Refer to tehe table we made in the first example,
shown below:

Equation Type X represents y represents
Revenue Eqn. number of frames amount of money made selling frames
Cost Eqn. number of frames cost for making frames

Let’s interpret the solution with respect to the Cost equation first. x = 50,000 and y = 77,500. Using our table, we can translate
this as “the cost for producing 50,000 bike frames is $75,500”.

In the same way, the Revenue equation can be interpreted as “the amount of money the company makes from selling 50,000
bike frames is $77,500”.

[/hidden-answer]

In the next example, you will see how the information you learned about systems of linear inequalities can be applied to answering
questions about cost and revenue. Below is a graph of the Cost/ Revenue system in the previous system:

100,000 S
Profit
80,000 Sy .
27" Break-even point
(50,000, 77,500)
® 60,000 -
S
°
Q 40,000 4
20,000 +
0 I 1 ) T ) )
Q N
& § 9‘3’0 S S
> W & & ,»@
Quantity

Note how the blue shaded region between the Cost and Revenue equations is labeled Profit. This is the “sweet spot” that the
company wants to achieve where they produce enough bike frames at a minimal enough cost to make money. They don’t want
more money going out than coming in!

The following example shows how to write the system of linear equations as a system of linear inequalities whose solution set is
the profit region for the system.

Define the profit region for the bike manufacturing business using inequalities, given the system of linear equations:
Cost: y = 0.85z + 35,000

Revenue: y = 1.55x
[reveal-answer q="563864"]Show Solution[/reveal-answer]
[hidden-answer a="563864" ]
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Read and Understand: We know that graphically, solutions to linear inequalities are entire regions, and we learned how to
graph systems of linear inequalities earlier in this module. Based on the graph below and the equations that define cost and
revenue, we can use inequalities to define the region for which the bike manufacturer will make a profit.

=

Let’s start with the revenue equation. We know that the break even point is at (50,000, 77,500) and the profit region is the blue
area. If we choose a point in the region and test it like we did for finding solution regions to inequalities, we will know which
kind of inequality sign to use.

Let’s test the point (65, 00,100, 000)in both equations to determine which inequality sign to use.
Cost:

y =0.85z + 35,000
100,000 ? 0.85 (65, 000) + 35,000
100,000 ? 90, 250

We need to use > because 100,000 is greater than 90,250
The cost inequality that will ensure the company makes profit — not just break even —is y > 0.85x + 35, 000
Now test the point in the revenue equation:

Revenue:

y=1.55z
100,000 ? 1.55 (65, 000)
100,000 ? 100, 750

We need to use < because 100,000 is less than 100,750
The revenue inequality that will ensure the company makes profit — not just break even —is y < 1.55x
The systems of inequalities that defines the profit region for the bike manufacturer:
y > 0.85z + 35,000
y < 1.55z
Answer

The cost to produce 50,000 units is $77,500, and the revenue from the sales of 50,000 units is also $77,500. To make a profit,
the business must produce and sell more than 50,000 units. The system of linear inequalities that represents the number of units
that the company must produce in order to earn a profit is:

y > 0.85z + 35,000
y < 1.55z

[/hidden-answer]

In the following video you will see an example of how to find the break even point for a small sno-cone business.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=82

Summary

In this section, we saw two examples of writing a system of two linear equations to find two unknowns that were related to each
other. In the first, the equations were related by the sum of the number of tickets bought and the sum of the total revenue brought in
by the tickets sold. In the second problem, the relationships were similar. The two variables were related by the sum of the number
of coins, and the total value of the coins.

We have seen that systems of linear equations and inequalities can help to define market behaviors that are very helpful to
businesses. The intersection of cost and revenue equations gives the break even point, and also helps define the region for which a
company will make a profit.
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3.5: Putting It Together- Systems of Equations and Inequalities

In this module, we came a few steps closer to solving the $1,000,000 question by learning some of the basic principles of systems
of equations. We learned that using systems of linear equations with two variables allows us to describe relationships that are
affected by a number of variables. We saw that graphing systems is the same as graphing single equations, and that the solution to a
system of two linear equations is the point where the two lines intersect. The number of practical applications for systems of
equations spans nearly all disciplines from geology to business to economics to engineering and beyond. For example, electrical
engineers may be interested in defining the strength of a current flowing through a circuit as shown in the diagram below.

oy

P+

50

Electrical Circuit

A system of equations based on Kirchoff’s Voltage Law can be constructed and solved to find the current in amperes that flows
through each branch of the circuit. Kirchoff’s Voltage Law is based on the principle that voltage changes in intensity as it moves
around a circuit. Each equation in the system represents one branch of the circuit, so the number of equations needed to find the
current depends on the number of branches in the circuit. For example, the figure below depicts the circuit from above with it’s
three loop currents identified:
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Electrical Circuit With 3 Loop Currents

Because there are three loop currents, we would need to write three equations with three variables based on Kirchoff’s Law to find
the three unknown currents that comprise the system. If you are curious to learn more about Kirchoff’s Law and loop currents, visit
this site.

If you continue to take more math courses, you may learn how to solve systems of three equations, and may even get to take an
entire course in systems called Linear Algebra. And from there you can discover more about the Navier-Stokes equations and,
perhaps, solve one of the seven most important math problems in the world!

3.5: Putting It Together- Systems of Equations and Inequalities is shared under a not declared license and was authored, remixed, and/or curated
by LibreTexts.
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4.1: Why It Matters- Exponents

MODULE 4: EXPONENTS
Concepts you need from Module O, and

* Order of operations

» Operations with fractions
and decimals

* Simplify mathematical
expressions

MODULE 1
* Problem Solving Solving Linear

Equations and
Inequalities

Concepts you need from module 0, and 1.

Why study exponents?

Artist’s concept of Voyager in flight.
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Mathematicians, scientists, and economists commonly encounter very large and very small numbers. For example, Star Wars fans may remember Han Solo bragging about the Millennium Falcon’s

ability to make the Kessel Run in less than 12 parsecs in Episode IV. He was referring to a smuggler’s route with sections that were flown in hyperspace, making length an important factor in how
quickly a ship could make the run.

In reality, a parsec is a unit of length used to measure large distances to objects outside the solar system. A parsec is equal to about 31 trillion kilometers, or 19 trillion miles in length. Rather than
writing all the zeros associated with the number 1 trillion (1,000,000,000,000) we commonly use the written words or scientific notation, which is also called exponential notation. Scientific notation

uses exponents to represent the number of zeros that come before or after the important digits of a very small or large number. Using scientific notation, 19 trillion miles would be written 1.9 x 10"
miles. In this example the number 13 is the exponent and the number 10 is referred to as the base.

The most distant space probe, Voyager 1, was 0.0006 parsecs from Earth as of March 2015. It took Voyager 37 years to cover that distance. Voyager 1 was launched by NASA on September 5, 1977.
As of 2013, the probe was moving with a relative velocity to the sun of about 17030 m/s. With the velocity the probe is currently maintaining, Voyager 1 is traveling about 325 million miles per year,
or 520 million kilometers per year. Here are some more distances to well-known astronomical objects in parsecs:

o The distance to the open cluster Pleiades is 130 parsecs from Earth. That’s 1.7 x 10" miles.

o The center of the Milky Way is more than 8 kiloparsecs (a kiloparsec is 1000 parsecs) from Earth, and the Milky Way is roughly 34 kiloparsecs across.
o The nearest star to Earth (other than the sun), Proxima Centauri, is about 1.3 parsecs from the sun.
o Most of the stars visible to the unaided eye in the nighttime sky are within 500 parsecs of the sun.

In this section, you will learn the rules for algebraic operations in terms with exponents, then apply them to calculations involving very large or small numbers.

Learning Outcomes
Exponent Rules
Evaluate terms and expressions with exponents
Use the product and quotient rules
Use the power rule for exponents
Define and use the negative and zero exponent rules
Simplify compound expressions

o o o o o

Scientific Notation

o Use scientific notation

o Multiply and divide numbers in scientific notation
o Solve problems with scientific notation

4.1: Why It Matters- Exponents is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.2: Terms and Expressions With Exponents

Learning Objectives

o Identify the components of a term containing integer exponents
o Evaluate expressions containing integer exponents

A lingua franca is a common language used to make communication possible between people who speak different languages. Math,
as a general idea, is sometimes thought of as an example of a common language because formulas and equations don’t rely on
fluency in a specific language.

But even within mathematics a common language is needed in order to communicate mathematical ideas clearly and efficiently.
Exponential notation (remember this can also called scientific notation) was developed to write repeated multiplication more
efficiently. For example, growth occurs in living organisms by the division of cells. One type of cell divides 2 times in an hour. So
in 12 hours, the cell will divide 2'2. Expressing it this way is a much more efficient and clear way to express the ways cells divide.

In this section we will learn how to simplify and perform mathematical operations such as multiplication and division on terms that
have exponents. We will also learn how to use scientific notation to represent very large or very small numbers, and perform
mathematical operations on them.

Anatomy of exponential terms

We use exponential notation to write repeated multiplication. For example 10%. The 10 in 10° is called the exponent. The
expression 10 is called the exponential expression. Knowing the names for the parts of an exponential expression or term will help
you learn how to perform mathematical operations on them.

base — 103 exponent
10-10-10, or 1,000.
8-8, or 64.
5-5-5-5, 0r 625.
b-b-b-b-b .]Its value will depend on the value of b.

The exponent applies only to the number that it is next to. Therefore, in the expression zy* means z -y -y -y -y . The x in this term
is a coefficient of y.

If the exponential expression is negative, such as —(3-3-3-3) or —81.

If (—3)*, which means —3 - —3- —3- -3, or 81.

4

Likewise, —z* =—(z-z -z - x) .

You can see that there is quite a difference, so you have to be very careful! The following examples show how to identify the base
and the exponent, as well as how to identify the expanded and exponential format of writing repeated multiplication.

Example
[ Example

Identify the exponent and the base in the following terms, then simplify:

1.7

3. 223

4. (-5)?
[reveal-answer q="211363"]Show Solution[/reveal-answer]
[hidden-answer a="211363"]
)7

The exponent in this term is 2 and the base is 7. To simplify, expand the term: 72 = 7-7 = 49
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3
2 (3)
The exponent on this term is 3, and the base is (%)3 =dod, L =1
3) 2z3

The exponent on this term is 3, and the base is X, the 2 is not getting the exponent because there are no parentheses that tell us
it is. This term is in its most simplified form.

4) (-5)*
The exponent on this terms is 2 and the base is (—5)> = —5 - —5 = 25

[/hidden-answer]

In the following video you are provided more examples of applying exponents to various bases.

Simplify.
1B

2 (_) "-_ | hinse HOFesp— |
2 -2 i i
4 -2

L L i o

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=90

Evaluate expressions

Evaluating expressions containing exponents is the same as evaluating the linear expressions from earlier in the course. You
substitute the value of the variable into the expression and simplify.

You can use the order of operations to evaluate the expressions containing exponents. First, evaluate anything in Parentheses or
grouping symbols. Next, look for Exponents, followed by Multiplication and Division (reading from left to right), and lastly,
Addition and Subtraction (again, reading from left to right).

So, when you evaluate the expression z = 4, first substitute the value 4 for the variable x. Then evaluate, using order of operations.
Example
Evaluate z = 4.

[reveal-answer q="411363"]Show Solution[/reveal-answer]
[hidden-answer a="411363"]

Substitute 4 for the variable x.
5.43
Evaluate 43. Multiply.
5(4-4-4)=5-64=320
Answer
r=4
[/hidden-answer]

In the example below, notice the how adding parentheses can change the outcome when you are simplifying terms with exponents.
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Example

Evaluate z = 4.

[reveal-answer q="362021"]Show Solution[/reveal-answer]
[hidden-answer a="362021"]Substitute 4 for the variable x.

(5-4)3
Multiply inside the parentheses, then apply the exponent—following the rules of PEMDAS.
20°
Evaluate 20°.
20-20-20 =8,000
Answer
=4
[/hidden-answer]

The addition of parentheses made quite a difference! Parentheses allow you to apply an exponent to variables or numbers that are
multiplied, divided, added, or subtracted to each other.

Example
Evaluate z = —4.

[reveal-answer q="86290"]Show Solution[/reveal-answer]
[hidden-answer a="86290"]Substitute —4 for the variable x.

(—4)°
Evaluate. Note how placing parentheses around the —4 means the negative sign also gets multiplied.
—4.—4.—-4
Multiply.
—4.-4.--4=-64
Answer
z=-—4

[/hidden-answer]

A

Caution! Whether to include a negative sign as part of a base or not often leads to confusion. To clarify whether a negative sign is
applied before or after the exponent, here is an example.

What is the difference in the way you would evaluate these two terms?

1. -32
2.(-3)?

To evaluate 1), you would apply the exponent to the three first, then apply the negative sign last, like this:
-(3)
=—(9)=-9

To evaluate 2), you would apply the exponent to the 3 and the negative sign:

https://math.libretexts.org/@go/page/51459
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The key to remembering this is to follow the order of operations. The first expression does not include parentheses so you would

apply the exponent to the integer 3 first, then apply the negative sign. The second expression includes parentheses, so hopefully
you will remember that the negative sign also gets squared.

In the next sections, you will learn how to simplify expressions that contain exponents. Come back to this page if you forget how to
apply the order of operations to a term with exponents, or forget which is the base and which is the exponent!

In the following video you are provided with examples of evaluating exponential expressions for a given number.

Evaluate Expressions with Exponents

Evaluate each expression
L xt when
2 2xs whenx =3
1 (2x) whenx =3

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=90

CC licensed content, Original

o Simplify Basic Exponential Expressions. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/ocedY91LHKU. License: CC BY: Attribution

¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Screenshot: Repeated Image. Provided by: Lumen Learning. License: CC BY: Attribution

¢ Evaluate Basic Exponential Expressions. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/pQNz8IpVVg0. License: CC BY: Attribution

CC licensed content, Shared previously

e Unit 11: Exponents and Polynomials, from Developmental Math: An Open Program. Provided by: Monterey Institute of

Technology and Education. Located at: nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-
word-formats/. License: CC BY: Attribution

4.2: Terms and Expressions With Exponents is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.3: Rules for Exponents

Learning Objectives

¢ Product and Quotient Rules

o Use the product rule to multiply exponential expressions

o Use the quotient rule to divide exponential expressions
e The Power Rule for Exponents

o Use the power rule to simplify expressions involving products, quotients, and exponents
o Negative and Zero Exponents

o Define and use the zero exponent rule
o Define and use the negative exponent rule

o Simplify Expressions Using the Exponent Rules

o Simplify expressions using a combination of the exponent rules
o Simplify compound exponential expressions with negative exponents
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Repeated Image

Anatomy of exponential terms

We use exponential notation to write repeated multiplication. For example 10°. The 10 in 10? is called the exponent. The
expression 10 is called the exponential expression. Knowing the names for the parts of an exponential expression or term will help
you learn how to perform mathematical operations on them.

base — 1(03¢ exponent
10-10-10, or 1,000.
8.8, or 64.
5.5-5.5, or625.
b-b-b-b-b . Its value will depend on the value of b.

The exponent applies only to the number that it is next to. Therefore, in the expression zy* means 2 - - y - y - v . The x in this term
is a coefficient of y.

If the exponential expression is negative, such as —(3-3-3-3) or —81.
If (—3)*, which means —3- —3- —3- —3 , or 81.

Likewise, —z! = (z -z -z - ).

You can see that there is quite a difference, so you have to be very careful! The following examples show how to identify the base
and the exponent, as well as how to identify the expanded and exponential format of writing repeated multiplication.
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Example
[ Example

Identify the exponent and the base in the following terms, then simplify:
1.7
113
2.(3)
3.2z3
4. (—5)?

[reveal-answer q="211363"]Show Solution[/reveal-answer]

[hidden-answer a="211363"]

1) 72

The exponent in this term is 2 and the base is 7. To simplify, expand the term: P=7.7=49
2 (3)°

The exponent on this term is 3, and the base is (%)3 =1.1.1_1

3) 223

The exponent on this term is 3, and the base is x, the 2 is not getting the exponent because there are no parentheses that tell us
it is. This term is in its most simplified form.

4) (-5)*
The exponent on this terms is 2 and the base is (—5)° = —5 - —5 = 25

[/hidden-answer]

In the following video you are provided more examples of applying exponents to various bases.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Evaluate expressions

Evaluating expressions containing exponents is the same as evaluating the linear expressions from earlier in the course. You
substitute the value of the variable into the expression and simplify.

You can use the order of operations to evaluate the expressions containing exponents. First, evaluate anything in Parentheses or
grouping symbols. Next, look for Exponents, followed by Multiplication and Division (reading from left to right), and lastly,
Addition and Subtraction (again, reading from left to right).

So, when you evaluate the expression z = 4, first substitute the value 4 for the variable x. Then evaluate, using order of operations.
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Example

Evaluate z = 4.

[reveal-answer q="411363"]Show Solution[/reveal-answer]
[hidden-answer a="411363"]

Substitute 4 for the variable x.
5.43

Evaluate 4%, Multiply.

5(4-4-4)=5-64 =320
Answer
r=4
[/hidden-answer]
In the example below, notice the how adding parentheses can change the outcome when you are simplifying terms with exponents.
Example
Evaluate z = 4.

[reveal-answer q="362021"]Show Solution[/reveal-answer]
[hidden-answer a="362021"]Substitute 4 for the variable x.

(5-4)3
Multiply inside the parentheses, then apply the exponent—following the rules of PEMDAS.
20°
Evaluate 203.
20-20-20 =8,000
Answer
r=4
[/hidden-answer]

The addition of parentheses made quite a difference! Parentheses allow you to apply an exponent to variables or numbers that are
multiplied, divided, added, or subtracted to each other.

Example
Evaluate z = —4.

[reveal-answer q="86290"]Show Solution[/reveal-answer]
[hidden-answer a="86290"]Substitute —4 for the variable x.

(—4)°
Evaluate. Note how placing parentheses around the —4 means the negative sign also gets multiplied.
—4.—4.—-4
Multiply.
—4.-4.--4=-64
Answer
z=—4

[/hidden-answer]
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Caution! Whether to include a negative sign as part of a base or not often leads to confusion. To clarify whether a negative sign is
applied before or after the exponent, here is an example.
What is the difference in the way you would evaluate these two terms?
1.-3?
2.(-3)?
To evaluate 1), you would apply the exponent to the three first, then apply the negative sign last, like this:
- (3)
=—(9)=-9
To evaluate 2), you would apply the exponent to the 3 and the negative sign:
(-3)*
=(=3)-(-3)
=9
The key to remembering this is to follow the order of operations. The first expression does not include parentheses so you would

apply the exponent to the integer 3 first, then apply the negative sign. The second expression includes parentheses, so hopefully
you will remember that the negative sign also gets squared.

In the next sections, you will learn how to simplify expressions that contain exponents. Come back to this page if you forget how to
apply the order of operations to a term with exponents, or forget which is the base and which is the exponent!

In the following video you are provided with examples of evaluating exponential expressions for a given number.

Evaluate Expressions with Exponents

Evaluate each expression "
Lot wheny = —4 B i | |
2 i whenx=13 |

1 (25 whenx =13 |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Use the product rule to multiply exponential expressions

Exponential notation was developed to write repeated multiplication more efficiently. There are times when it is easier or faster to
leave the expressions in exponential notation when multiplying or dividing. Let’s look at rules that will allow you to do this.

For example, the notation 5-5-5-5, or 625. And don’t forget, the exponent only applies to the number immediately to its left,
unless there are parentheses.

What happens if you multiply two numbers in exponential form with the same base? Consider the expression
(2-2-2)(2-2-2-2) or2". Notice that 7 is the sum of the original two exponents, 3 and 4.

What about (z-z)(z-z-z-z-z-x)=z-x-T-T-T-T-T-T or x'. And, once again, 8 is the sum of the original two
exponents. This concept can be generalized in the following way:
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The Product Rule for Exponents

For any number x and any integers a and b, (z?) (z%) = z**%.

To multiply exponential terms with the same base, add the exponents.

. bCaution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For
example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the
exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For
any number x, and any integers a and b.”

Example
Simplify.
(a®)(a")

[reveal-answer q="356596"]Show Solution[/reveal-answer]
[hidden-answer a="356596"]The base of both exponents is a, so the product rule applies.

(a*) (o)
Add the exponents with a common base.

a3+7

Answer
(@) (@) =o'
[/hidden-answer]

When multiplying more complicated terms, multiply the coefficients and then multiply the variables.

Example
Simplify.
5a*- 7al
[reveal-answer q="215459"]Show Solution[/reveal-answer]
[hidden-answer a="215459" ]Multiply the coefficients.
35-a*-af

The base of both exponents is a, so the product rule applies. Add the exponents.
35. a4+6

Add the exponents with a common base.
35-al?

Answer

5a* - 7a® = 35a'°

[/hidden-answer]

Caution! Do not try to apply this rule to sums.

Think about the expression (2 4 3) 2

Does 22 432 ?
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No, it does not because of the order of operations!
(2+3)2=52=25
and
22 +32=4+9=13

Therefore, you can only use this rule when the numbers inside the parentheses are being multiplied (or divided, as we will see
next).

Exponents - Product Property

I Simplity the following expressions completely:
E | o.x w2 MK XX

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Use the quotient rule to divide exponential expressions

Let’s look at dividing terms containing exponential expressions. What happens if you divide two numbers in exponential form with
the same base? Consider the following expression.

\(\displaystyle \frac
Y
You can rewrite the expression as:

Finally, this expression can be rewritten as 4° using exponential notation. Notice that the exponent, 3, is the difference between the
two exponents in the original expression, 5 and 2.

So, \(\displaystyle \frac

=AN{5-2}=4N{3}\).

Be careful that you subtract the exponent in the denominator from the exponent in the numerator.
So, to divide two exponential terms with the same base, subtract the exponents.

The Quotient (Division) Rule for Exponents

For any non-zero number x and any integers a and b: \(\displaystyle \frac

=\)

Example

Evaluate. \(\displaystyle \frac

\)

[reveal-answer g="96156"]Show Solution[/reveal-answer]
[hidden-answer a="96156"]These two exponents have the same base, 4. According to the Quotient Rule, you can subtract the
power in the denominator from the power in the numerator.

\(\displaystyle
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Answer

\(\displaystyle \frac

=45}

[/hidden-answer]

When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by
subtracting the exponents.

Example

Simplify. \(\displaystyle \frac{12

H2x}H)

[reveal-answer qg="23604"]Show Solution[/reveal-answer]
[hidden-answer a="23604"]Separate into numerical and variable factors.

\(\displaystyle \left( \frac{12}{2} \right)\left( \frac
{x} \right)\)

Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents
of matching variables.

\(\displaystyle 6\left(
\right)\)
Answer
\(\displaystyle 6
Y
[/hidden-answer]

In the following video we show another example of how to use the quotient rule to divide exponential expressions

Exponents - Quotient Property

Simplify the following expressions completely:

 _ o R A x ¥
oo -
o i

{1 ]

= = M
I E £ = 2 .’M':

L=

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Raise powers to powers

Another word for exponent is power. You have likely seen or heard an example such as 3% can be described as 3 raised to the 5th
power. In this section we will further expand our capabilities with exponents. We will learn what to do when a term with a power is
raised to another power, and what to do when two numbers or variables are multiplied and both are raised to an exponent. We will
also learn what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.

Let’s simplify 52 and the exponent is 4, so you multiply (52)4 =52.52.52.52 =5% (using the Product Rule—add the
exponents).
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58. Notice that the new exponent is the same as the product of the original exponents: 2 -4 = 8.

So, (52)4 =524 =58 (which equals 390,625, if you do the multiplication).
Likewise, (x4)3 =g43 =12
This leads to another rule for exponents—the Power Rule for Exponents. To simplify a power of a power, you multiply the

exponents, keeping the base the same. For example, (23) g

The Power Rule for Exponents
For any positive number x and integers a and b: (ma)b =zb,

Take a moment to contrast how this is different from the product rule for exponents found on the previous page.

Example
Simplify 6 (04) 2,

[reveal-answer q="841688"]Show Solution[/reveal-answer]
[hidden-answer a="841688"]Since you are raising a power to a power, apply the Power Rule and multiply exponents to simplify.
The coefficient remains unchanged because it is outside of the parentheses.

6 (04)2

Answer
6 (c4) 268
[/hidden-answer]
Raise a product to a power
Simplify this expression.

(2a)* = (2a) (2a) (2a) (2a) = (2-2-2-2) (a-a-a-a-a) = (2*) (a*) =16a"
Notice that the exponent is applied to each factor of 2a. So, we can eliminate the middle steps.

(2a)4 = (2*) (a*), applying the 4 to each factor, 2 and a

=16a*
The product of two or more numbers raised to a power is equal to the product of each number raised to the same power.
A Product Raised to a Power
For any nonzero numbers a and b and any integer x, (ab)® = a® - b* .
How is this rule different from the power raised to a power rule? How is it different from the product rule for exponents on the
previous page?
Example
Simplify. (2yz)6

[reveal-answer qg="368657"]Show Solution[/reveal-answer]
[hidden-answer a="368657"]

Apply the exponent to each number in the product.
204620

Answer

(2yz)® = 644520

[/hidden-answer]
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If the variable has an exponent with it, use the Power Rule: multiply the exponents.

Example
Simplify. (—7a*b) 2

[reveal-answer q="136794"]Show Solution[/reveal-answer]
[hidden-answer a="136794"]Apply the exponent 2 to each factor within the parentheses.

(~7)*(a*)*(b)"
Square the coefficient and use the Power Rule to square (a4) 2,
49a*2b?
Simplify.
494
Answer
(~7a*b)® = 49452
[/hidden-answer]

Exponents -Power Property

Simplily the following expressions completely

¥

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92
Raise a quotient to a power

Now let’s look at what happens if you raise a quotient to a power. Remember that quotient means divide. Suppose you have % and
raise it to the 3" power.

\(\displaystyle
=\left( \frac{3} {4} \right)\left( \frac{3}{4} \right)\left( \frac{3} {4} \right)=\frac{3\cdot 3\cdot 3}{4\cdot 4\cdot 4}=\frac\)

You can see that raising the quotient to the power of 3 can also be written as the numerator (3) to the power of 3, and the
denominator (4) to the power of 3.

Similarly, if you are using variables, the quotient raised to a power is equal to the numerator raised to the power over the
denominator raised to power.

\(\displaystyle

=\left( \frac{a}{b} \right)\left( \frac{a}{b} \right)\left( \frac{a}{b} \right)\left( \frac{a}{b} \right)=\frac{a\cdot a\cdot a\cdot a}
{b\cdot b\cdot b\cdot b}=\frac\)

When a quotient is raised to a power, you can apply the power to the numerator and denominator individually, as shown below.

\(\displaystyle

=\frac\)
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A Quotient Raised to a Power

a\* a
For any number a, any non-zero number b, and any integer x, (3) =

Example
Simplify. \(\displaystyle
Y

[reveal-answer q="875425"]Show Solution[/reveal-answer]
[hidden-answer a="875425"]Apply the power to each factor individually.

\(\displaystyle \frac
Y
Separate into numerical and variable factors.
\(\displaystyle
\cdot \frac\cdot \frac{1}\)

Simplify by taking 2 to the third power and applying the Power and Quotient Rules for exponents—multiply and subtract the
exponents of matching variables.

\(\displaystyle 8\cdot
\cdot \)
Simplify.

\(\displaystyle 8

Y
Answer
\(\displaystyle
=8\)
[/hidden-answer]
In the following video you will be shown examples of simplifying quotients that are raised to a power.

Exponents - Power Property

Simplify the fallowing expressions completely:

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Define and use the zero exponent rule
When we defined the quotient rule, we only worked with expressions like the following: \(\frac

\), where the exponent in the numerator (up) was greater than the one in the denominator (down), so the final exponent after
simplifying was always a positive number, and greater than zero. In this section, we will explore what happens when we apply the
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quotient rule for exponents and get a negative or zero exponent.

What if the exponent is zero?
To see how this is defined, let us begin with an example. We will use the idea that dividing any number by itself gives a result of 1.
£ _Y_
T
If we were to simplify the original expression using the quotient rule, we would have
\(\frac
={t}{8 - 8}={t}{0})

If we equate the two answers, the result is t° = 1. This is true for any nonzero real number, or any variable representing a real
number.

a® =1
The sole exception is the expression 0°. This appears later in more advanced courses, but for now, we will consider the value to be
undefined, or DNE (Does Not Exist).
Exponents of 0 or 1
Any number or variable raised to a power of 1 is the number itself.
nl=n
Any non-zero number or variable raised to a power of 0 is equal to 1
n’ =1
The quantity 0° is undefined.

As done previously, to evaluate expressions containing exponents of 0 or 1, substitute the value of the variable into the expression
and simplify.
Example

Evaluate z =9

[reveal-answer q="324798"]Show Solution[/reveal-answer]
[hidden-answer a="324798"]Substitute 9 for the variable x.

2-9°
Evaluate 9°. Multiply.
2:1=2

Answer
r=9
[/hidden-answer]

Example

Simplify \(\frac

\).

[reveal-answer q="769979"]Show Solution[/reveal-answer]

[hidden-answer a="769979"]Use the quotient and zero exponent rules to simplify the expression.
z_z - 33

&

=1
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Answer
1
[/hidden-answer]

In the following video there is an example of evaluating an expression with an exponent of zero, as well as simplifying when you
get a result of a zero exponent.

Zero Hx!murnt Rule
e Evaluate 33 f x = 5
=] e
| Simplify — (¢t =0)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Define and use the negative exponent rule
We proposed another question at the beginning of this section. Given a quotient like \(\displaystyle \frac

\) what happens when n is larger than m? We will need to use the negative rule of exponents to simplify the expression so that it is
easier to understand.

Let’s look at an example to clarify this idea. Given the expression:
\(\frac
\)

Expand the numerator and denominator, all the terms in the numerator will cancel to 1, leaving two hs multiplied in the
denominator, and a numerator of 1.

\(\begin{array} {1} \frac\,\\,\;=\,\\,\\frac{h\cdot{h}\cdot{h} } {h\cdot{h}\cdot{h}\cdot{h}\cdot{h}} \\
LLLL L W\, =\\,\,\ frac{\cancel{h }\cdot \cancel{h }\cdot \cancel{h} } {\cancel{h}\cdot \cancel{h}\cdot \cancel{h}\cdot {h}\cdot
{hF AN =\ W\ rac{ 1} {hvedot {h} WL\ L\, =\ \\\ frac{1} \end{array}\)

We could have also applied the quotient rule from the last section, to obtain the following result:
Z_Z — p3-5

— p2
Putting the answers together, we have \({h}A{-2}=\frac{1}
\). This is true when h, or any variable, is a real number and is not zero.
The Negative Rule of Exponents
For any nonzero real number n, the negative rule of exponents states that

\({a}A{-n}=\frac{1}\)

Let’s looks at some examples of how this rule applies under different circumstances.

Example

Evaluate the expression 473,
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[reveal-answer qg="231258"]Show Solution[/reveal-answer]
[hidden-answer a="231258"]First, write the expression with positive exponents by putting the term with the negative exponent in
the denominator.

\({437{-3} = \frac{1}
=\frac{1}{4\cdotd\cdot4 }\)

Now that we have an expression that looks somewhat familiar.

Answer

L
64

[/hidden-answer]
Example

Write \(\Mrac

\) with positive exponents.

[reveal-answer q="219981"]Show Solution[/reveal-answer]
[hidden-answer a=”219981"]

Use the quotient rule to subtract the exponents of terms with like bases.
\(\begin{array}{r}\frac
={tIM{3-8\={t}M{-5}\,\,\end{array }\)
Write the expression with positive exponents by putting the term with the negative exponent in the denominator.
\(=\frac{1}
Y
Answer
\(\frac{1}
Y

[/hidden-answer]

Example

Simplify (1) -

[reveal-answer qg="998337"]Show Solution[/reveal-answer]
[hidden-answer a="998337"]Apply the power property of exponents.

\(\frac

Y

Write each term with a positive exponent, the numerator will go to the denominator and the denominator will go to the numerator.
\(\frac

{ = NMrac))

Simplify.
\(\frac

{ = Nrac{9{1}H{ = {9}
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Answer
9

[/hidden-answer]

Example
[ Example

Simplify.ﬁ Write your answer using positive exponents.

[reveal-answer q="629171"]Show Solution[/reveal-answer]
[hidden-answer a="629171"]

Write each term with a positive exponent, the denominator will go to the numerator.
L. 4L _16_
4-2 1 1 1 16
Answer
16

[/hidden-answer]

In the follwoing video you will see examples of simplifying expressions with negative exponents.

Negative Exponents

Simplify the following expressions.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Simplify expressions using a combination of exponent rules

Once the rules of exponents are understood, you can begin simplifying more complicated expressions. There are many applications
and formulas that make use of exponents, and sometimes expressions can get pretty cluttered. Simplifying an expression before
evaluating can often make the computation easier, as you will see in the following example which makes use of the quotient rule to
simplify before substituting 4 for x.

Example

Evaluate z = 4.

[reveal-answer q="389478"]Show Solution[/reveal-answer]
[hidden-answer a="389478"]Separate into numerical and variable factors.

\(\displaystyle \left( \frac{24} {2} \right)\left( \frac

\right)\)

Divide coefficients, and subtract the exponents of the variables.
\(\displaystyle 12\left(

\right)\)

Simplify.
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\(\displaystyle 12

Y

Substitute the value 4 for the variable x.
\(\displaystyle (12)(

)=12\cdot 64\)

Answer

\(\displaystyle \frac{24

H2})) =768

[/hidden-answer]

Example

Evaluate x =4 and y = —2.

[reveal-answer q="261413"]Show Solution[/reveal-answer]
[hidden-answer a="261413"]In the denominator, notice that a product is being raised to a power.

Use the rules of exponents to simplify the denominator.
(2:1:3y)2 = 22532y% — 925642 — 456,2
Here is the fraction with a simplified denominator:

2428y*
4z6y2

Separate into numerical and variable factors to simplify further.
\(\displaystyle \left( \frac{24}{4} \right)\left( \frac
\right)\left( \frac\right)\)
Divide coefficients, use the Quotient Rule to divide the variables—subtract the exponents.
\(\displaystyle 6\left(
\right)\left( \right)\)
Simplify. Remember that 3/° is 1.
\(\displaystyle 6
=6\)
Substitute the value 4 for the variable x.
\(\displaystyle (6)(
)=6\cdot 16\)
Answer
r=4andy=-2
[/hidden-answer]

Notice that you could have worked this problem by substituting 4 for x and 2 for y in the original expression. You would still get
the answer of 96, but the computation would be much more complex. Notice that you didn’t even need to use the value of y to
evaluate the above expression.

In the following video you are shown examples of evaluating an exponential expression for given numbers.
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Simplify thie expression. Then evaluate
i6x” A
— . whenr=35
A
u

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=92

Usually, it is easier to simplify the expression before substituting any values for your variables, but you will get the same answer
either way. In the next examples, you will see how to simplify expressions using different combinations of the rules for exponents.

Example
Simplify. a? (a5 ) 3

[reveal-answer q="526055"]Show Solution[/reveal-answer]
[hidden-answer a="526055"]Raise a® to the power of 3 by multiplying the exponents together (the Power Rule).

\(\displaystyle

\)

Since the exponents share the same base, a, they can be combined (the Product Rule).
\(\displaystyle

W)

Answer

\(\displaystyle

=\)

[/hidden-answer]

The following examples require the use of all the exponent rules we have learned so far. Remember that the product, power, and
quotient rules apply when your terms have the same base.

Example
Simplify. \(\displaystyle \frac
{8}

[reveal-answer q="43782"]Show Solution[/reveal-answer]
[hidden-answer a="43782"]Use the order of operations.

Parentheses, Exponents, Multiply/ Divide, Add/ Subtract
There is nothing inside parentheses or brackets that we can simplify further, so we will evaluate exponents first.
Use the Power Rule to simplify (a?) 5,
(a5)3 — 53 = glb
The expression now looks like this:

\(\displaystyle\frac
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{81V

Now we can multiply, using the Product Rule to simplify the numerator because the bases are the same.

\(\displaystyle

=aM17}\), and the expression looks like this:

\(\displaystyle\frac
Y
Now we can divide using the Quotient Rule.

\(\displaystyle \frac
{8}Y)
Answer
\(\displaystyle \frac

{8}=\frac{8}\)

[/hidden-answer]

Simplify Expressions With Negative Exponents

Now we will add the last layer to our exponent simplifying skills and practice simplifying compound expressions that have
negative exponents in them. It is standard convention to write exponents as positive because it is easier for the user to understand
the value associated with positive exponents, rather than negative exponents.

Use the following summary of negative exponents to help you simplify expressions with negative exponents.

Rules for Negative Exponents

With a, b, m, and n not equal to zero, and m and n as integers, the following rules apply:

-m __ _1
a = om
1 _ . m
o - a
a" o
= o

When you are simplifying expressions that have many layers of exponents, it is often hard to know where to start. It is common to
start in one of two ways:

e Rewrite negative exponents as positive exponents

o Apply the product rule to eliminate any “outer” layer exponents such as in the following term: (53/3)2
We will explore this idea with the following example:

Simplify. \(\displaystyle

\cdot \,\,\)

Write your answer with positive exponents. The table below shows how to simplify the same expression in two different ways,
rewriting negative exponents as positive first, and applying the product rule for exponents first. You will see that there is a column
for each method that describes the exponent rule or other steps taken to simplify the expression.

Apply
Rewrite the
with Descrip Product Descript
positive tion of  Rule ion of
Expone  Steps for Steps
nts Taken  Expone Taken
First nts

First
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Apply
Rewrite the
with Descrip Product Descript
positive tion of  Rule ion of
Expone Steps for Steps
nts Taken  Expone Taken
First nts
First
Use the
roduct
proca Regrou
rule to
| p the
\(\) to ?ﬁ)p Y numeric
the et al terms Use the
denomi outer and the quotient Expand Divide Divide
expone .
nator 4551 5 1variable 5 ryle to 1,024 tl the the
) @) | nsto (4—4) (”—?j: (4—4) (wlﬂ‘l : (—16 ) (wlif 64" _ 64a” :
with a (2%a?) h 2 z°s/to 2 simplif numeric numeric numeric
e
positive . make y the x al terms al terms al terms
erms
expone L combini terms
inside .
nt ng like
each set
terms
of .
easier
parenth
eses.

If you compare the two columns that describe the steps that were taken to simplify the expression, you will see that they are all

nearly the same, except the order is changed slightly. Neither way is better or more correct than the other, it truly is a matter of

preference.

e ®)
Simplify @)

Write your answer with positive exponents.
[reveal-answer q="494485"]Show Solution[/reveal-answer]
[hidden-answer a=494485"]

Let’s start by simplifying the numerator and denominator using the Product Raised to a Power Rule.

We can either rewrite this expression with positive exponents first or use the Product Raised to a Power Rule first.

Numerator: (t3)2 =P =
. -8 . _
Denominator: (¢%) = =¢*"8 =¢10
Now the expression looks like this:
=y
We can use the quotient rule because we have the same base.

Quotient Rule: tf—sm = 8-(-16) — 46+16 _ 422

Answer
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l [/hidden-answer]

(52) 'y

Simplify ~——=

xSy—l
Write your answer with positive exponents.
[reveal-answer q="798985"]Show Solution[/reveal-answer]
[hidden-answer a="798985"]

This time, let’s start by rewriting the terms in the expression so they have positive exponents. The terms with negative
exponents in the top will go to the bottom of the fraction, and the terms with negative exponents in the bottom will go to the
top.

Note how we left the single y term in the top because it did not have a negative exponent on it, and we left the 23 term in the
bottom because it did not have a negative exponent on it.

Now we can apply the Product Raised to a Power Rule:

vy
527372
Use the product rule to simplify further:
L
52322 25z5+2 25z°

We can’t simplify any further, so our answer is

Answer
(52) %y
23yl T 2545

[/hidden-answer]

In the next section, you will learn how to write very large and very small numbers using exponents. This practice is widely used in
science and engineering.

Summary

o Evaluating expressions containing exponents is the same as evaluating any expression. You substitute the value of the variable
into the expression and simplify.

e The product rule for exponents: For any number x and any integers a and b, (z%) (wb) =goth,

o The quotient rule for exponents: For any non-zero number x and any integers a and b: \(\displaystyle \frac=\)

o The power rule for exponents:

a\* a*
1. For any nonzero numbers a and b and any integer x, (3) =%

CC licensed content, Original
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¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

e Screenshot: Repeated Image. Provided by: Lumen Learning. License: CC BY: Attribution
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o Evaluate and Simplify Expressions Using the Zero Exponent Rule . Authored by: James Sousa (Mathispower4u.com) for
Lumen Learning. Located at: https://youtu.be/jKihp_DVDa0. License: CC BY: Attribution

o Simplify and Evaluate Compound Exponential Expressions. Authored by: James Sousa (Mathispower4u.com) for Lumen
Learning. Located at: https://youtu.be/mDO6EyGja2w. License: CC BY: Attribution
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Located at: https://youtu.be/3cSNZR9pegk. License: CC BY: Attribution
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word-formats/. License: CC BY: Attribution
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(Mathispower4u.com) for Lumen Learning. Located at: https://youtu.be/Hgu9HKDHTUA. License: CC BY: Attribution
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(Mathispower4u.com) for Lumen Learning. Located at: https://youtu.be/ZbxgDRV35dE. License: CC BY: Attribution

e College Algebra. Authored by: Jay Abrams et, al.. Provided by: Lumen Learning. Located at:
courses.candelalearning.com/collegealgebralxmaster/. License: CC BY: Attribution

e Ex: Negative Exponents - Basics. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/WvFIHjlIITg. License: CC BY: Attribution
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4.4: Scientific Notation

Learning Objectives

Define decimal and scientific notation

Convert between scientific and decimal notation

Multiply and divide numbers expressed in scientific notation
Solve application problems involving scientific notation

Convert between scientific and decimal notation

Before we can convert between scientific and decimal notation, we need to know the difference between the two. Scientific
notation is used by scientists, mathematicians, and engineers when they are working with very large or very small numbers. Using

exponential notation, large and small numbers can be written in a way that is easier to read.

When a number is written in scientific notation, the exponent tells you if the term is a large or a small number. A positive exponent

indicates a large number and a negative exponent indicates a small number that is between 0 and 1
how big a billion or a trillion is. Here is a way to help you think about it.

Word How many thousands Number

million 1000 x 1000 = a thousand 1,000,000
thousands

trillion (1000 x 1000 x 1000) x 1000 =, 1 159 000,000

a thousand billions

1 billion can be written as 1,000,000,000 or represented as 2 X 10°.

. Tt is difficult to understand just

Scientific Notation

10°

1012

A light year is the number of miles light travels in one year, about 5,880,000,000,000. That’s a lot of zeros, and it is easy to lose
count when trying to figure out the place value of the number. Using scientific notation, the distance is 5 x 10~ mm. In this case

the —8 tells us how many places to count to the right of the decimal.

Outlined in the box below are some important conventions of scientific notation format.

Scientific Notation

A positive number is written in scientific notation if it is written as 1 < a < 10, and n is an integer.

Look at the numbers below. Which of the numbers is written in scientific notation?

Scientific

Number Explanation

Notation?

1<1.85<10
\(\displaystyle
1.083\times

I:I ParseError

0.82 is not
10 x 102

: EOF

no 0.82 x 10™ no

expected
(click for

details)

Y

10 isnot < 10
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Now let’s compare some numbers expressed in both scientific notation and standard decimal notation in order to understand how to
convert from one form to the other. Take a look at the tables below. Pay close attention to the exponent in the scientific notation and
the position of the decimal point in the decimal notation.

Large Numbers Small Numbers
Decimal Notation Scientific Notation Decimal Notation Scientific Notation
500.0 5x 1072
80,000.0 8§x 1074
43,000,000.0 43x1077
62,500,000,000.0 6.25 x 10710

Convert from decimal notation to scientific notation

To write a large number in scientific notation, move the decimal point to the left to obtain a number between 1 and 10. Since

moving the decimal point changes the value, you have to multiply the decimal by a power of 10 so that the expression has the same
value.

Let’s look at an example.

180,000. = 18,000.0 x 10}
1,800.00 x 10?

180.000 x 103
18.0000 x 10*
1.80000 x 10°
180,000 = 1.8 x 10°

Notice that the decimal point was moved 5 places to the left, and the exponent is 5.

Example
[ Example

Write the following numbers in scientific notation.

1. 920,000, 000
2. 10,200,000
3.100, 000, 000, 000

[reveal-answer q="628"]Show Solution[/reveal-answer]
[hidden-answer a="628"]

1. 920,000, 000= 920, 000, 000.Q move the decimal point 8 times to the left and you will have 9.2 x 108
(_

2.10,200,000= 10, 200,000.0 = 1.02 x 10, note here how we included the 0 and the 2 after the decimal point. In some
H

disciplines, you may learn about when to include both of these. Follow instructions from your teacher on rounding rules.
3.100, 000,000, 000= 100,000, 000,000.0 = 1.0 x 10'!
(_

[/hidden-answer]

To write a small number (between 0 and 1) in scientific notation, you move the decimal to the right and the exponent will have to
be negative, as in the following example.

https://math.libretexts.org/@go/page/51461


https://libretexts.org/
https://math.libretexts.org/@go/page/51461?pdf

~LibreTexts"

0.00004=00.0004 x 107!
—

000.004 x 1072
0000.04 x 1073
00000.4 x 10~*
000004. x 1075
0.00004 =4 x107°

You may notice that the decimal point was moved five places to the right until you got to the number 4, which is between 1 and 10.
The exponent is —5.

Example
[ Example

Write the following numbers in scientific notation.

1.0.0000000000035
2.0.0000000102
3.0.00000000000000793

[reveal-answer q="229054"]Show Solution[/reveal-answer]
[hidden-answer a="229054"]

1. 0.00000_0(3000035: 3.5 x 1072 , we moved the decimal 12 times to get to a number between 1 and 10
2. 0.000&00102: 1.02 x 1078
3.0.00000000000000793=7.93 x 107

[/hidden-answer]

In the following video you are provided with examples of how to convert both a large and a small number in decimal notation to
scientific notation.

Example: Rewrite in scientific notation,

600,000, 0.0000872
T decimed b
| Pt A x |0

\l’ [ 2a <10

15610

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94

Convert from scientific notation to decimal notation

You can also write scientific notation as decimal notation. Recall the number of miles that light travels in a year is 5 x 10~ mm.
To write each of these numbers in decimal notation, you move the decimal point the same number of places as the exponent. If the
exponent is positive, move the decimal point to the right. If the exponent is negative, move the decimal point to the left.

5.88 x 1012 = 5.880000000000.= 5, 880, 000, 000, 000
5 x 1078 = 0.00000005.= 0.00000005
%

For each power of 10, you move the decimal point one place. Be careful here and don’t get carried away with the zeros—the
number of zeros after the decimal point will always be 1 less than the exponent because it takes one power of 10 to shift that first
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number to the left of the decimal.

Example
[ Example

Write the following in decimal notation.

1.4.8x10—4
2.3.08 x 10°

[reveal-answer q="489774"]Show Solution[/reveal-answer]
[hidden-answer a="489774"]

1.4.8 x107* =.00048
— —

2.3.08 x 10° = 3080000
— —

[/hidden-answer]

Think About It

To help you get a sense of the relationship between the sign of the exponent and the relative size of a number written in scientific
notation, answer the following questions. You can use the textbox to wirte your ideas before you reveal the solution.

1. You are writing a number that is greater than 1 in scientific notation. Will your exponent be positive or negative?
[practice-area rows="1"][/practice-area]

2. You are writing a number that is between 0 and 1 in scientific notation. Will your exponent be positive or negative?
[practice-area rows="1"][/practice-area]

3. What power do you need to put on 10 to get a result of 1?

[practice-area rows="1"][/practice-area]

[reveal-answer q="824936"]Show Solution[/reveal-answer]

[hidden-answer a="824936"]

1. You are writing a number that is greater than 1 in scientific notation. Will your exponent be positive or negative? For numbers
greater than 1, the exponent on 10 will be positive when you are using scientific notation. Refer to the table presented above:

Word How many thousands Number Scientific Notation
million 1000 x 1000 = a thousand 1,000,000 10°
thousands

(1000 x 1000 x 1000) x 1000 =

- 1,000,000,000,000 102
a thousand billions

trillion

2. You are writing a number that is between 0 and 1 in scientific notation. Will your exponent be positive or negative? We can

reason that since numbers greater than 1 will have a positive exponent, numbers between 0 and 1 will have a negative exponent.

Why are we specifying numbers between 0 and 1? The numbers between 0 and 1 represent amounts that are fractional. Recall that
1

we defined numbers with a negative exponent as 10”2 we have m = 755 Which is a number between 0 and 1.

3. What power do you need to put on 10 to get a result of 1? Recall that any number or variable with an exponent of 0 is equal to 1,
as in this example:

\(\begin{array }{c}\frac{t" {8} } {t" {8} }=\frac{\cancel {t" {8} } } {\cancel{t"{8} } }=1\\\frac

‘ D ParseError: EOF expected (click for details) ’

‘ D ParseError: EOF expected (click for details), ’
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={t}{8 - 8}={t} M {0}\\stext{ therefore }\\{t}*{0}=1\end{array}\)
We now have described the notation necessary to write all possible numbers on the number line in scientific notation.
[/hidden-answer]

In the next video you will see how to convert a number written in scientific notation into decimal notation.

 Example: Rewrite in decimal notation.
7.85% 105 1.6x 107#
FERIEH e

1550000,

7

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94

Multiplying and Dividing Numbers Expressed in Scientific Notation

Numbers that are written in scientific notation can be multiplied and divided rather simply by taking advantage of the properties of
numbers and the rules of exponents that you may recall. To multiply numbers in scientific notation, first multiply the numbers that
aren’t powers of 10 (the a in @ x 10" ). Then multiply the powers of ten by adding the exponents.

This will produce a new number times a different power of 10. All you have to do is check to make sure this new value is in
scientific notation. If it isn’t, you convert it.

Let’s look at some examples.

Example
(3x10%) (6.8 x107'3)

[reveal-answer g="395606" ]Show Solution[/reveal-answer]
[hidden-answer a="395606"]Regroup using the commutative and associative properties.

(3x6.8) (10° x10713)

Multiply the coefficients.

(20.4) (10° x 107"%)
Multiply the powers of 10 using the Product Rule. Add the exponents.

20.4 x107°

Convert 20.4 into scientific notation by moving the decimal point one place to the left and multiplying by 10

(2.04 X 101) x107°
Group the powers of 10 using the associative property of multiplication.

2.04 x (10" x 107°)
Multiply using the Product Rule—add the exponents.

2.04 x 109
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Answer
(3x10%) (6.8x107") =2.04 x107*

[/hidden-answer]
Example
(8.2x10%) (1.5x107%) (1.9 x10°")

[reveal-answer qg="23947"]Show Solution[/reveal-answer]
[hidden-answer a="23947" ]Regroup using the commutative and associative properties.

(8.2x1.5x1.9) (10 x 1073 x 107")
Multiply the numbers.
(23.37) (10° x 107% x 1077)
Multiply the powers of 10 using the Product Rule—add the exponents.
23.37x 107"

Convert 23.37 into scientific notation by moving the decimal point one place to the left and multiplying by 10*.

(2.337x10") x107*
Group the powers of 10 using the associative property of multiplication.

2.337 x (10" x107*)
Multiply using the Product Rule and add the exponents.

2.337 x 1074

Answer
(8.2x10%) (1.5x107%) (1.9 x107") =2.337 x 10°*
[/hidden-answer]

In the following video you will see an example of how to multiply tow numbers that are written in scientific notation.

Example: Write the product in scientific
notation.

(9x10' )(7x10?)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94

In order to divide numbers in scientific notation, you once again apply the properties of numbers and the rules of exponents. You
begin by dividing the numbers that aren’t powers of 10 (the a in @ x 10" . Then you divide the powers of ten by subtracting the
exponents.

This will produce a new number times a different power of 10. If it isn’t already in scientific notation, you convert it, and then
you’re done.

Let’s look at some examples.
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Example
\(\displaystyle \frac{2.829\times 1

D ParseError: EOF expected (click for details),

}1{3.45\times 1

D ParseError: EOF expected (click for details),

Y,

[reveal-answer q="364796"]Show Solution[/reveal-answer]
[hidden-answer a="364796" ]Regroup using the associative property.

\(\displaystyle \left( \frac{2.829}{3.45} \right)\left( \frac

‘ D ParseError: colon expected (click for details) ’

‘ D ParseError: colon expected (click for details) ’

\right)\)
Divide the coefficients.

\(\displaystyle \left(0.82\right)\left( \frac

‘ D ParseError: colon expected (click for details) ’

‘ D ParseError: colon expected (click for details) ’

\right)\)
Divide the powers of 10 using the Quotient Rule. Subtract the exponents.
0.82 x 10799
0.82 x107°
Convert 0.82 into scientific notation by moving the decimal point one place to the right and multiplying by 10~*.
(8.2x1071) x10°"
Group the powers of 10 together using the associative property.
8.2x (107! x1079)
Multiply the powers of 10 using the Product Rule—add the exponents.
8.2 x 1071+(-6)
Answer
\(\displaystyle \frac{2.829\times

D ParseError: EOF expected (click for details),
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}1{3.45\times

D ParseError: EOF expected (click for details),

}=8.2\times

D ParseError: EOF expected (click for details)

\)
[/hidden-answer]
Example
(1.37 x 10%) (9.85 x 10°)
5.0 x 1012

[reveal-answer q="337143"]Show Solution[/reveal-answer]
[hidden-answer a="337143"]Regroup the terms in the numerator according to the associative and commutative properties.

\(\displaystyle \frac{\left( 1.37\times 9.85 \right)\left(

D ParseError: EOF expected (click for details)

\times

D ParseError: EOF expected (click for details)

\right) } {5.0\times

D ParseError: EOF expected (click for details)

N
Multiply.
\(\displaystyle \frac{13.4945\times

D ParseError: EOF expected (click for details)

H5.0\times

D ParseError: EOF expected (click for details)

Y,
Regroup using the associative property.

\(\displaystyle \left( \frac{13.4945}{5.0} \right)\left( \frac

D ParseError: colon expected (click for details)
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‘ D ParseError: colon expected (click for details)

\right)\)

Divide the numbers.
100
(2.6989) <E>
Divide the powers of 10 using the Quotient Rule—subtract the exponents.

\(\displaystyle \begin{array } {c }\left(2.6989 \right)\left(

D ParseError: EOF expected (click for details)

\right)\\2.6989\times

D ParseError: EOF expected (click for details)

\end{array}\)

Answer
\(\displaystyle \frac{\left( 1.37\times

D ParseError: EOF expected (click for details)

\right)\left( 9.85\times

D ParseError: EOF expected (click for details)

\right) } {5.0\times

D ParseError: EOF expected (click for details)

}=2.6989\times

D ParseError: EOF expected (click for details)

Y

[/hidden-answer]

Notice that when you divide exponential terms, you subtract the exponent in the denominator from the exponent in the numerator.
You will see another example of dividing numbers written in scientific notation in the following video.
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Example: Write the quaotient in scientific

' notation.
2.4x107

4.8:{1 02
2.4
q.

—

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94
Solve application problems
A e

- y -_-_&'.

-y

Water Molecule

Learning rules for exponents seems pointless without context, so let’s explore some examples of using scientific notation that
involve real problems. First, let’s look at an example of how scientific notation can be used to describe real measurements.

Think About It

Match each length in the table with the appropriate number of meters described in scientific notation below.
The height of a desk Diameter of water molecule Diameter of Sun at its equator
Distance from Earth to Neptune Diameter of Earth at the Equator Height of Mt. Everest (rounded)

Diameter of average human cell Diameter of a large grain of sand Distance a bullet travels in one second

Power of 10, units in meters Length from table above
10°

10

10°

1075

10-10

[reveal-answer g="993302"]Show Solution[/reveal-answer]
[hidden-answer a=”993302"]

Power of 10, units in meters Length from table above

10° Diameter of Sun at it’s Equator
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Power of 10, units in meters Length from table above

104 Height of Mt. Everest (rounded)
10° The height of a desk

105 Diameter of average human cell
1071 Diameter of water molecule

[/hidden-answer]

Red Blood Cells
One of the most important parts of solving a “real” problem is translating the words into appropriate mathematical terms, and
recognizing when a well known formula may help. Here’s an example that requires you to find the density of a cell, given its mass
and volume. Cells aren’t visible to the naked eye, so their measurements, as described with scientific notation, involve negative
exponents.

Example

Human cells come in a wide variety of shapes and sizes. The mass of an average human cell is about 10~ meters ®.13! Biologists
have recently discovered how to use the density of some types of cells to indicate the presence of disorders such as sickle cell

anemia or leukemia. (! Density is calculated as the ratio of vmasse . Calculate the density of an average human cell.

olum

[reveal-answer q="856454"]Show Solution[/reveal-answer]
[hidden-answer a="856454"]

Read and Understand: We are given an average cellular mass and volume as well as the formula for density. We are looking for
the density of an average human cell.

mass
volume

Define and Translate: v = volume = 10~ % meters? , density =

Write and Solve: Use the quotient rule to simplify the ratio.

. 2x10~" grams
density = et T Ll

107% meters 3

— 25 10711-(-0) Loz
meters

— 9 %1075 Eams
meters ?

If scientists know the density of healthy cells, they can compare the density of a sick person’s cells to that to rule out or test for
disorders or diseases that may affect cellular density.

Answer

_5 grams
05 ==

The average density of a human cell is 2 x 1 2
meters

[/hidden-answer]

The following video provides an example of how to find the number of operations a computer can perform in a very short amount
of time.
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0,000,000 = § « 10

it a computer can conduct 400 trillion operations per second,
- how lang would it take the computer to perform 500 million
operations? 7 = 900, 000,000,000 000 = 4 % 107

Number of Operationy, 5 3
Rate o/ dperations Hopid! ¥ pparations por soand

i

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94

Light traveling from the sun to the earth.

In the next example, you will use another well known formula, d =7 -t , to find how long it takes light to travel from the sun to the
earth. Unlike the previous example, the distance between the earth and the sun is massive, so the numbers you will work with have
positive exponents.

The speed of light is 1.5 x 10" meters from earth, how many seconds does it take for sunlight to reach the earth? Write your
answer in scientific notation.

[reveal-answer q="532092"]Show Solution[/reveal-answer]

[hidden-answer a="532092"]

Read and Understand: We are looking for how long—an amount of time. We are given a rate which has units of meters per
second and a distance in meters. Thisis a d = r -t problem.

Define and Translate:

d=1.5x10"
r=3x10° e
=7

Write and Solve: Substitute the values we are given into the d = -t equation. We will work without units to make it easier.
Often, scientists will work with units to make sure they have made correct calculations.

d=r-t
1.5x 10" =3 x10°%-¢
Divide both sides of the equation by 3 x 10 to isolate t.

1.5x10" =3 x10%-¢

1.5x10" _ 3x10°8
3x10® 3x10®

On the left side, you will need to use the quotient rule of exponents to simplify, and on the right, you are left with t.

https://math.libretexts.org/@go/page/51461
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1.5x10"  3x10° ot
3x10° 3x10®

() (1) =+

(0.5) x (10"°%) =1¢

0.5x10° =t
This answer is not in scientific notation, so we will move the decimal to the right, which means we need to subtract one factor
of 10.
0.5x10*=5.0x10* =t
Answer

The time it takes light to travel from the sun to the earth is 5.0 x 102 = ¢ seconds, or in standard notation, 500 seconds. That’s
not bad considering how far it has to travel!

[/hidden-answer]

In the following video we calculate how many miles the participants of the New York marathon ran combined, and compare that to
the circumference of the earth.

ot 26.1 miles. If you add
the total number miles ran by o anniers, how many times around the
earth would the marathon ninners have ran? Assume the circumference
| of the earth to be appeoximately 2.5 x 10 mites

Total distance = 50,000 - 26.2 = 1.310,000 = 1.9 % 10° miles

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=94

Summary

Large and small numbers can be written in scientific notation to make them easier to understand. In the next section, you will see
that performing mathematical operations such as multiplication and division on large and small numbers is made easier by
scientific notation and the rules of exponents.

Scientific notation was developed to assist mathematicians, scientists, and others when expressing and working with very large and
very small numbers. Scientific notation follows a very specific format in which a number is expressed as the product of a number
greater than or equal to one and less than ten, and a power of 10. The format is written 1 <a < 10 and n is an integer. To multiply
or divide numbers in scientific notation, you can use the commutative and associative properties to group the exponential terms
together and apply the rules of exponents.

1. Orders of magnitude (mass). (n.d.). Retrieved May 26, 2016, from
https://en.Wikipedia.org/wiki/Orders_of_magnitude_(mass)«!

2. How Big is a Human Cell? ¢

3. How big is a human cell? - Weizmann Institute of Science. (n.d.). Retrieved May 26, 2016, from
www.weizmann.ac.il/plants/Milo/images/humanCellSize120116Clean.pdf¢
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4. Grover, W. H., Bryan, A. K., Diez-Silva, M., Suresh, S., Higgins, J. M., & Manalis, S. R. (2011). Measuring single-cell density.
Proceedings of the National Academy of Sciences, 108(27), 10992-10996. doi:10.1073/pnas.1104651108 ¢
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Bits and Bytes

Exponents allow us to perform repeated multiplication quickly and to write very large or small numbers in a way that is easy to understand.
There are many and varied uses of exponents that you may be surprised to find are all around us. Have you ever heard a computer described
as having a 32-bit processor with 64 megabytes of RAM and 2.1 gigabytes of hard disk space? What on earth does that even mean? This
terminology is used to describe how fast a computer can process information, which results in how quickly it responds after you click on an
app or open a file. It also describes how much memory the computer has to store the files and apps you want to use with it.

Computers use binary digits (0 and 1) instead of the decimal digits (0 to 9) we are used to working with. The descriptions 32-bit and 64
megabytes don’t make much sense at first glance, but you can use the lingua franca of exponents to translate this information into an
explanation of how memory and processing speed work.

Each binary digit is equivalent to one bit, and a byte contains 8 bits, often called a binary octet. Each character that you type on a computer
needs one binary octet in order to exist. This is what a byte represents relative to decimal numbers:

Type of Decimal
Number Equivalent
Decimal 26 o1 92 20
Powers of 2
Decimal =) 64 32 16 8 4 2 1 241=3
Number

0 0 0 0 1 1 1 0 12843248 +-

The 1s in the binary octet act as light switches within a computer. The computer uses the binary octets to represent characters such as
numbers, letters, and other information. You can think of the number of bits assigned to a computer processor as the amount of “scratch pad”
it has available to store calculations and information while it works. Having more “scratch pad” available means the computer can do more
without needing to access memory which takes time. There are many more factors that influence the speed and agility of a computer, but the
basics can be described with exponents. Now try to imagine how many bytes the Millennium Falcon’s computer must have needed to make
the Kessel Run in less than 12 parsecs!

4.5: Putting It Together- Exponents is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.1: Why It Matters- Polynomials

Why learn about polynomials?

If you have ever watched a Pixar movie, you have seen computer generated images. A very common method for generating graphics
with a computer is to use what is called a wire mesh. You can think of a wire mesh as a grid — like the ones we have used to graph
lines — that has been bent and stretched to make a shape we want, as in the image of a dolphin below.

The dolphin in the image was created by plotting points in space to create connected triangles. This method of rendering graphics
works well and is in wide use, but it takes a lot of computer memory. Recently, researchers have been investigating the use of
polynomials for rendering graphics in part because it demands less memory in the process.['l. In this process, the surfaces that are
rendered are made from solutions to algebraic polynomials. The image below shows some images of smooth-surfaced objects that
were rendered using polynomials by researchers Charles Loop and Jim Blinn from Microsoft.

@ s
£ y

Igram % o s o reem s, s me e o Wi weaede i rdid ey s e

Surfaces Rendered Using Polynomials.

In this module, you will learn how to identify a polynomial and how to perform algebraic operations on them. Like the linear
equations and inequalities you learned about earlier, polynomials are useful in many applications of mathematics as well as in other
disciplines like biology, economics, and even cryptology. Gaining a basic understanding of their qualities and how the rules of algebra
we have learned so far apply to them will help you learn how to use polynomials both inside and out of your math class.

In your next math class you will likely learn how to solve certain kinds of polynomials and how to graph them as well.

Learning Outcomes
Single Variable Polynomials
o Define and evaluate polynomials

Operations on Polynomials

Add polynomials
Multiply polynomials
Subtract polynomials
Multiply binomials
Divide by a polynomial

o o o o o
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Applications of Polynomials

o Divide by a monomial
o Write polynomials involving perimeter, area, and volume

o Write polynomials involving cost, revenue, and profit

1. Loop, Charles, and Jim Blinn. Real-time GPU Rendering of Piecewise Algebraic Surfaces. ACM SIGGRAPH 2006 Papers on -

SIGGRAPH '06 (2006): n. pag. Web. ¢

5.1: Why It Matters- Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.2: lIdentify and Evaluate Polynomials

Learning Objectives

o Identify the terms, the coefficients, and the exponents of a polynomial
o Evaluate a polynomial for given values of the variable

o Simplify polynomials by collecting like terms

Identify the terms, the coefficients, and the exponents of a polynomial

Polynomials are algebraic expressions that are created by combining numbers and variables using arithmetic operations such as
addition, subtraction, multiplication, division, and exponentiation. You can create a polynomial by adding or subtracting terms.
Polynomials are very useful in applications from science and engineering to business. You may see a resemblance between
expressions, which we have been studying in this course, and polynomials. Polynomials are a special sub-group of mathematical
expressions and equations.

The following table is intended to help you tell the difference between what is a polynomial and what is not.

IS a Polynomial Is NOT a Polynomial Because
2, Polynomials only have variables in the
a? numerator
24y Polynomials only have variables in the
v numerator
Variables under a root are not allowed in
Va+7 )
polynomials

The basic building block of a polynomial is a monomial. A monomial is one term and can be a number, a variable, or the product of a
number and variables with an exponent. The number part of the term is called the coefficient.

Examples of monomials:

e number: 2

e variable: =

¢ product of number and variable: 2z

o product of number and variable with an exponent: 223

coefficient exponent
6y
variable

The coefficient can be any real number, including 0. The exponent of the variable must be a whole number—o0, 1, 2, 3, and so on. A
monomial cannot have a variable in the denominator or a negative exponent.

The value of the exponent is the degree of the monomial. Remember that a variable that appears to have no exponent really has an
exponent of 1. And a monomial with no variable has a degree of 0. (Since « # 0, a number such as 3 could also be written  # 0 as

320=3-1=3))

Example

Identify the coefficient, variable, and degree of the variable for the following monomial terms:
1)9

2) x

3) \(\displaystyle \frac{3}{5}

Y

[reveal-answer q="150661"]Show Solution[/reveal-answer]

[hidden-answer a="150661"]

1

9 is a constant so there is no coefficient or variable. Since there is no variable, we consider the degree to be 0.
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2)
The variable is x.

The exponent of x is 1. £ = x!, so the degree is 1.
The coefficient of xis 1. z = 1z!.

3)
The variable is k.

The exponent of k is 8, so the degree is 8.
The coefficient of %

[/hidden-answer]
A polynomial is a monomial or the sum or difference of two or more polynomials. Each monomial is called a term of the polynomial.
Some polynomials have specific names indicated by their prefix.

o monomial—is a polynomial with exactly one term (“mono”—means one)
¢ binomial—is a polynomial with exactly two terms (“bi”—means two)
e trinomial—is a polynomial with exactly three terms (“tri”—means three)

The word “polynomial” has the prefix, “poly,” which means many. However, the word polynomial can be used for all numbers of
terms, including only one term.

Because the exponent of the variable must be a whole number, monomials and polynomials cannot have a variable in the denominator.

Polynomials can be classified by the degree of the polynomial. The degree of a polynomial is the degree of its highest degree term. So
the degree of 223 + 322 + 8z +5 is 3.

A polynomial is said to be written in standard form when the terms are arranged from the highest degree to the lowest degree. When it
is written in standard form it is easy to determine the degree of the polynomial.

The table below illustrates some examples of monomials, binomials, trinomials, and other polynomials. They are all written in standard

form.
Monomials Binomials Trinomials Other .
Polynomials
1
° @ -z 41 | 92 322 +20-9 —4y° 3P +y2—2 16nt a” +2a° —3af +2¢° — 3¢ +

When the coefficient of a polynomial term is 0, you usually do not write the term at all (because 0 times anything is 0, and adding 0
doesn’t change the value). The last binomial above could be written as a trinomial, 14y3 +0y? + 3y .

A term without a variable is called a constant term, and the degree of that term is 0. For example 13 is the constant term in 14y> + 3y
has no constant term or that the constant term is 0.

For the following expressions, determine whether they are a polynomial. If so, categorize them as a monomial, binomial, or

trinomial.
=8 2
1. me +z
2.t24+2t—3
B <
VI
4.5 —y-—1

[reveal-answer q="239104"]Show Solution[/reveal-answer]
[hidden-answer a="239104"]

1. g +x2 is not a polynomial because it violates the rule that polynomials cannot have variables in the denominator of a
fraction.
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2.t2 +2t — 3 is a polynomial because it is an expression whose terms are connected by addition and subtraction, and there are
no variables under a root or in the denominator of a fraction. There are three terms in this polynomial so it is a trinomial.

323+ % is a polynomial because it is an expression whose terms are connected by addition and subtraction, and there are no
variables under a root or in the denominator of a fraction. There are two terms in this polynomial so it is a binomial.

4. \/T —y —1 is not a polynomial because it violates the rule that polynomials cannot have variables under a root.

[/hidden-answer]

In the following video, you will be shown more examples of how to identify and categorize polynomials.

Polynomials in One Variable

| Determine if each expression s & polynomial, If it s 3 polynomial
= | categorize it as @ monomial, binomial, or trinomial |
— || L5408 |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=102

Evaluate a polynomial for given values of the variable

You can evaluate polynomials just as you have been evaluating expressions all along. To evaluate an expression for a value of the
variable, you substitute the value for the variable every time it appears. Then use the order of operations to find the resulting value for
the expression.

Example
Evaluate z = —1.

[reveal-answer q="280466"]Show Solution[/reveal-answer]
[hidden-answer a="280466"]Substitute —1 for each x in the polynomial.

3(-1)° —2(-1)+1

Following the order of operations, evaluate exponents first.

3(1)—-2(-1)+1
Multiply 3 times 1, and then multiply —1.

3+(-2)(-1)+1
Change the subtraction to addition of the opposite.

3+2+1

Find the sum.
Answer
z=-1
[/hidden-answer]

Example

Evaluate p = 3.
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[reveal-answer q="745542"]Show Solution[/reveal-answer]
[hidden-answer a="745542"]Substitute 3 for each p in the polynomial.
2

—5(3)4+2(3)3 -3

Following the order of operations, evaluate exponents first and then multiply.

—;(81)4—2(27)—3

Add and then subtract to get —3.
—54+54-3
Answer
p=3
[/hidden-answer]

The following video presents more examples of evaluating a polynomial for a given value.

Evaluate a Polynomial in One Varfable

Evaluate each polynomial for the given value of the variable.

-3z -r—,e:- M

= =32 o T

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=102

Simplify polynomials by collecting like terms

Apple and Orange

A polynomial may need to be simplified. One way to simplify a polynomial is to combine the like terms if there are any. Two or more
terms in a polynomial are like terms if they have the same variable (or variables) with the same exponent. For example, —5z2 are like
terms: They both have x as the variable, and the exponent is 2 for each. However, 3z are not like terms, because their exponents are
different.

Here are some examples of terms that are alike and some that are unlike.

Term Like Terms UNLike Terms

https://math.libretexts.org/@go/page/51464
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3a, —2a, %a a? a%, Vaz, ab
Tab, 0.23ab, Zab, —ab ab? a’b, ab, Vab?, —;
Example

Which of these terms are like terms?
723727y — 82°9y — 3x28y>

[reveal-answer q="413363"]Show Solution[/reveal-answer]
[hidden-answer a="413363"]Like terms must have the same variables, so first identify which terms use the same variables.

x: 73Tz — 8z3 — 32

y : Ty9y8y?
Like terms must also have the same exponents. Identify which terms with the same variables also use the same exponents.
The x terms —8z° have the same exponent.

The y terms 9y have the same exponent.

Answer

—8z* are like terms.
9y are like terms.
[/hidden-answer]

You can use the distributive property to simplify the sum of like terms. Recall that the distributive property of addition states that the
product of a number and a sum (or difference) is equal to the sum (or difference) of the products.

2(3+6)=2(3)+2(6)
Both expressions equal 18. So you can write the expression in whichever form is the most useful.
Let’s see how we can use this property to combine like terms.
Example
Simplify 3z2 — 5z,

[reveal-answer q="969840"]Show Solution[/reveal-answer]
[hidden-answer a=969840"]5x2 are like terms.

3 (22) - 5 (?)
We can rewrite the expression as the product of the difference.

(3-5) (?)
Calculate 3— 5.

(=2) (=%)

Write the difference of 3—5 as the new coefficient.
Answer
32?2 — 5z = —222
[/hidden-answer]

You may have noticed that combining like terms involves combining the coefficients to find the new coefficient of the like term. You
can use this as a shortcut.

Example
Simplify 6a* 4 4a*.

[reveal-answer g="840415"]Show Solution[/reveal-answer]
[hidden-answer a="840415"]Notice that both terms have a number multiplied by a*. This makes them like terms.
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Combine the coefficients, 6 and 4.

6a* +4a*

(6+4) (a*)
Calculate the sum.
(10) (a*)

Write the sum as the new coefficient.

Answer
6a* +4a* =10a*
[/hidden-answer]
When you have a polynomial with more terms, you have to be careful that you combine only like terms. If two terms are not like terms,
you can’t combine them.
Example
Simplify 322 + 3z +x +1+5z
[reveal-answer q="731804"]Show Solution[/reveal-answer]
[hidden-answer a="731804"]First identify which terms are like terms: only x, and 5z are like terms.
x, and 5z are like terms.
Use the commutative and associative properties to group the like terms together.
3z +3z+z+1+52z
3z +(3z +x +5x)+1
Add the coefficients of the like terms. Remember that the coefficient of x is 1 (z = 1z).
3224+ (3+1+5)z+1
3z +(9)z+1

Write the sum as the new coefficient.

Answer
322 +3z+2+1+52=322+9x+1

[/hidden-answer]

Combining Like Terms

Simplify each polynomial, if possible

- #at— 7t
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To combing like terms, we add ersubtmct the coefficients. The [
variable factors remain the same.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=102

Summary

Polynomials are algebraic expressions that contain any number of terms combined by using addition or subtraction. A term is a
number, a variable, or a product of a number and one or more variables with exponents. Like terms (same variable or variables raised
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to the same power) can be combined to simplify a polynomial. The polynomials can be evaluated by substituting a given value of the
variable into each instance of the variable, then using order of operations to complete the calculations.

CC licensed content, Original
o Determine if an Expression is a Polynomial. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/nPAqfuoSbPI. License: CC BY: Attribution

o Evaluate a Polynomial in One Variable. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/2EeFrgQP1hM. License: CC BY: Attribution
e Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Identify Like Terms and Combine Like. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning. Located at:
https://youtu.be/1epjbVO_qU4. License: CC BY: Attribution

CC licensed content, Shared previously

e Unit 11: Exponents and Polynomials, from Developmental Math: An Open Program. Provided by: Monterey Institute of
Technology and Education. Located at: http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-
word-formats/. License: CC BY: Attribution

o Apple and Orange - they do not compare. Authored by: By Michael Johnson . Located at:
https://commons.wikimedia.org/wiki/File%3AApple_and_Orange_-_they_do_not_compare.jpg. License: CC BY: Attribution

5.2: Identify and Evaluate Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.3: Operations on Polynomials

Page created for new attachment

5.3: Operations on Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.4: Applications of Polynomials

Learning Objectives

e Geometric Applications

o Write a polynomial representing the perimeter of a shape
o Write a polynomial representing the area of a surface
o Write a polynomial representing the volume of a solid
o Cost, Revenue, and Profit Polynomials
e o Write a profit polynomial given revenue and cost polynomials
o Find profit for given quantities produced

In this section we will explore ways that polynomials are used in applications of perimeter, area, and volume. First, we will see
how a polynomial can be used to describe the perimeter of a rectangle.

Example

A rectangular garden has one side with a length of 2z + 3. Find the perimeter of the garden.

2x+3

[reveal-answer q="627193"]Show Solution[/reveal-answer]
[hidden-answer a="627193"]The perimeter of a rectangle is the sum of its side lengths.

(x+7)+Q2x+3)+(x+7)+ (22 +3)

Regroup by like terms.
(x+2zx+z+22)+(7T+3+7+3)
Add like terms.
6z +20
Answer
The perimeter is 6 + 20.

[/hidden-answer]

In the following video you are shown how to find the perimeter of a triangle whose sides are defined as polynomials.

| _Adding and Subtracting Polynomials
Fin the parmaste of the inamgle
A P {225 w12}
-

e 'u»-/ '-I e

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=106
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The area of a circle can be found using the radius of the circle and the constant pi in the formula A = 772 . In the next example we
will use this formula to find a polynomial that describes the area of an irregular shape.

Example
[ Example

Find a polynomial for the shaded region of the figure.

g

[reveal-answer q="667228"]Show Solution[/reveal-answer]
[hidden-answer a="667228"]

Read and Understand: We need to find a way to describe the shaded region of this shape using polynomials. We know the
formula for the area of a circle is A = 772 . The figure we are working with is a circle with a smaller circle cut out.

Define and Translate: The larger circle has radius = r, and the smaller circle has radius= 3. If we find the area of the larger
circle, then subtract the area of the smaller circle, the remaining area will be the shaded region. First define the area of the
larger circle:

Ay =7r?
Then define the area of the smaller circle.
Ay =732 =9r
Write and Solve: The shaded region can be found by subtracting the smaller area from the larger area.
A — A,
=7r? —9r

The area of the shaded region is 772 — 97
Answer
wr? — 97

[/hidden-answer]

In the video that follows, you will be shown an example of determining the area of a rectangle whose sides are defined as
polynomials.

https://math.libretexts.org/@go/page/51466



https://libretexts.org/
https://math.libretexts.org/@go/page/51466?pdf

LibreTexts*

Examples: Multiplying Polynomials

Determine a fgrmula For the brea gt = e

£

Azl

2x 4 3

. A = {J@) = At = lbx +31.x -9

= Ax*=3x -1

lfx.= 6 determing the area of the rectangled

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=106

Pi
A note about pi.

It is easy to confuse pi as a variable because we use a greek letter to represent it. We use a greek letter instead of a number because
nobody has been able to find an end to the number of digits of pi. To be precise and thorough, we use the greek letter as a way to
say: “we are including all the digits of pi without having to write them”. The expression for the area of the shaded region in the
example above included both the variable r, which represented an unknown radius and the number pi. If we needed to use this
expression to build a physical object or instruct a machine to cut specific dimensions, we would round pi to an appropriate number
of decimal places.

In the next example, we will write the area for a rectangle in two different ways, one as the product of two binomials and the other
as the sum of four rectangles. Because we are describing the same shape two different ways, we should end up with the same
expression no matter what way we define the area.

Example
[ Example

Write two different polynomials that describe the area of of the figure. For one expression, think of the rectangle as one large
figure, and for the other expression, think of the rectangle as the sum of 4 different rectangles.

v 9

[reveal-answer q="15093"]Show Solution[/reveal-answer]
[hidden-answer a="15093"]

First, we will define the polynomial that describes the area of the rectangle as one figure.

Read and Understand: We are tasked with writing an expressions for the area of the figure above. The area of a rectangle is
given as A = [w. We need to consider the whole figure in our dimensions.
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. I=(y+7)
Define and Translate: Use the formula for area:
w=(y+9)
= 7
You could define 1lU ((y_:_g)) because it doesn’t matter in which order you multiply.
=Wy
Write and Solve:
A=lw
I=y+7) ,
w=(y+9)

We can use either method we learned to multiply binomials to simplify this expression, we will use a table.

+7
y? +9 63

Sum the terms from the table, and simplify:
(y+7)(y+9)
=y’ +Ty+9y+63
=y2+16y+63
Answer 1
A=y?+16y+63
Now we will find an expression for the area of the whole figure as comprised by the areas of the four rectangles added

together.

Read and Understand: The area of a rectangle is given as A = lw. We need to first define the areas of each rectangle, then
sum them all together to get the area of the whole figure. It helps to label the four rectangle in the figure so you can keep the
dimensions organized.

v £

Define and Translate: Use the formula for area: A = lw for each rectangle:
A =Ty
Ay, =7-9=63
A=y-y=y°
Ay=y-9

Write and Solve:

A=A+ A+ A3+ Ay
=Ty+63+y2+9y
reorganize and simplify
=y2+16y+63
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Answer 2
A=y%+16y+63
Hopefully it isn;t surprising that both expressions simplify to the same thing.

[/hidden-answer]

The last example we will provide in this section is one for volume. The volume of regular solids such as spheres, cylinders, cones
and rectangular prisms are known. We will find an expression for the volume of a cylinder, which is defined as V = 7rh.

Example
[ Example

Define a polynomial that describes the volume of the cylinder shown in the figure:

R=(t-2

[reveal-answer q="137608"]Show Solution[/reveal-answer]
[hidden-answer a="137608"]

Read and Understand: We are tasked with writing an expressions for the volume of the cylinder in the figure above. The
volume of a cylinder is given asw is a constant, and r is the radius and h is the height of the cylinder.

Define and Translate: Use the formula for volume:V = wr2h, we need to define r and h.

r=(t—-2)
h="17
Write and Solve: Substitute r and h into the formula for volume.
V =nr’h
=n(t—2)%7

=Tm (8 —2t —2t+4)
=T (* —4t+4)
Note that we usually write other constants that are multiplied by 77 to each term in the polynomial.
Tr (2 —4t+4)
= (Tm)t> — (Tn)- 4t +(Tm)- 4 -
= Tmt? — 287t + 287w

Note again how we left 7 as a greek letter. If we needed to use this calculation for measurement of materials, we would round
pi, or a computer would round for us.
Answer
V =mr?h = Trt? — 28wt + 287

[/hidden-answer]

In this last video, we present another example of finding the volume of a cylinder whose dimensions include polynomials.
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| Polynomial Multiplication - Volume
.“
=] Define a palynomial that deseribes the valume af the
| eylinder shown in the figure:

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=106

Cost, Revenue, and Profit Polynomials

In the systems of linear equations section, we discussed how a company’s cost and revenue can be modeled with two linear
equations. We found that the profit region for a company was the area between the two lines where the company would make
money based on how much was produced. In this section, we will see that sometimes polynomials are used to describe cost and
revenue.

Profit is typically defined in business as the difference between the amount of money earned (revenue) by producing a certain
number of items and the amount of money it takes to produce that number of items. When you are in business, you definitely want
to see profit, so it is important to know what your cost and revenue is.

Cell Phones

For example, let’s say that the cost to a manufacturer to produce a certain number of things is C and the revenue generated by
selling those things is R. The profit, P, can then be defined as

P=R-C

The example we will work with is a hypothetical cell phone manufacturer whose cost to manufacture x number of phones is
R =—0.092% +7000z.

Define a Profit polynomial for the hypothetical cell phone manufacturer.
[reveal-answer q="50187"]Show Solution[/reveal-answer]
[hidden-answer a="50187"]

Read and Understand: Profit is the difference between revenue and cost, so we will need to define P = R — C for the
company.

. R=-0.0922 47000z
Define and Translate:
C =2000z + 750,000

Write and Solve: Substitute the expressions for R and C into the Profit equation.
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P=R-C
= —0.0922 4+ 7000z — (2000 + 750, 000)
= —0.09z2 470002 — 2000z — 750, 000
= —0.092% 4+ 50002 — 750, 000

Remember that when you subtract a polynomial, you have to subtract every term of the polynomial.

Answer
P =—-0.092% 45000z — 750,000

[/hidden-answer]

Mathematical models are great when you use them to learn important information. The cell phone manufacturing company can use
the profit equation to find out how much profit they will make given x number of phones are manufactured. In the next example,
we will explore some profit values for this company.

Given the following numbers of cell phones manufactured, find the profit for the cell phone manufacturer:

1. x = 100 phones
2. x = 25,000 phones
3. x=60,000 phones

Interpret your results.
[reveal-answer q="398706"]Show Solution[/reveal-answer]
[hidden-answer a="398706" ]

Read and Understand: The profit polynomial defined in the previous example,P = —0.0922 + 50002 — 750, 000, gives
profit based on x number of phones manufactured. We need to substitute the given numbers of phones manufactured into the
equation, then try to understand what our answer means in terms of profit and number of phones manufactured.

We will move straight into write and solve since we already have our polynomial. It is probably easiest to use a calculator since
the numbers in this problem are so large.

Write and Solve:
Substitute x = 100
P =-0.092% 450002 — 750, 000
= —0.09(100)2 +5000 (100) — 750,000
=—-900+ 500,000 — 750,000
= —250,900
Interpret: When the number of phones manufactured is 100, the profit for the business is $-250,000. This is not what we
want! The company must produce more than 100 phones to make a profit.
Write and Solve:
Substitute x = 25,000
P =—-0.0922 + 5000z — 750,000
= —0.09(25000)2 +5000 (25000) — 750,000
= —6120000 + 125,000,000 — 750,000
=118, 130,000
Interpret: When the number of phones manufactured is 25,000, the profit for the business is $118,130,000. This is more like
it! If the company makes 25,000 phones it will make a profit after it pays all it’s bills.

If this is true, then the company should make even more phones so it can make even more money, right? Actually, something
different happens as the number of items manufactured increases without bound.
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Write and Solve:
Substitute x = 60,000

P = —0.092% + 5000z — 750, 000
= 70.09(60000)2 -+5000 (60000) — 750,000
= —324,000,000 + 300, 000,000 — 750,000
= —24,750,000
Interpret: When the number of phones manufactured is 60,000, the profit for the business is $-24,750,000. Wait a minute! If
the company makes 60,000 phones it will lose money, what happened? At some point, the cost to manufacture the phones will

overcome the amount of profit that the business can make. If this is interesting to you, you may enjoy reading about Economics
and Business models.

[/hidden-answer]

In the video that follows, we present another example of finding a polynomial profit equation.

___Polyn

Define & profit polynomial given the
running a hat dog stand, where x (s

nthly cost and revenve equations for
of hot dogs sold

= | f=—001

Then determne the profit when 15 hot dogs are sold and when 400 hot dogs
ars sold.

P all—t0l o™ tebbx) =l e+ HEV )

P=-o Bl +Dhse = D+ YED
7
I

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=106

Summary

We have shown that profit can be modeled with a polynomial, and that the profit a company can make based on a business model
like this has it’s bounds.

In this section we defined polynomials that represent perimeter, area and volume of well-known shapes. We also introduced some
convention about how to use and write m when it is combined with other constants and variables. The next application will
introduce you to cost and revenue polynomials. We explored cost and revenue equations in the module on Systems of Linear
Equations, now we will see that they can be more than just linear equations, they can be polynomials.

CC licensed content, Original

o Screenshot PI. Provided by: Lumen Learning. License: CC BY: Attribution

¢ Polynomial Multiplication Application - Volume of a Cylinder. Authored by: James Sousa (Mathispower4u.com) for Lumen
Learning. Located at: https://youtu.be/g-g nSsfGs4. License: CC BY: Attribution

o Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Polynomial Subtracton App - Profit Equation from Revene and Cost. Authored by: James Sousa (Mathispower4u.com) for
Lumen Learning. Located at: https://youtu.be/-TWjDC4g9dU. License: CC BY: Attribution

e Screenshot: Cell Phones. Provided by: Lumen Learning. License: CC BY: Attribution

o Profit Polynomial Examples. Provided by: Lumen Learning. License: CC BY: Attribution

CC licensed content, Shared previously

¢ Ex: Polynomial Addition Application - Perimeter. Authored by: James Sousa (Mathispower4u.com). Located at:
https://youtu.be/BhRpZv0_0jE. License: CC BY: Attribution
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o Ex: Find the Area of a Rectangle Using a Polynomial. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/5Q2htATOIlik. License: CC BY: Attribution

e Unit 11: Exponents and Polynomials, from Developmental Math: An Open Program. Previded by: Monterey Institute of
Technology and Education. Located at: http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-
and-word-formats/. License: CC BY: Attribution

o Applied Optimization Problems. Provided by: OpenStax CNX. Located at: http://cnx.org/contents/svyieFeS@2/Applied-
Optimization-Problems. License: CC BY-NC-SA: Attribution-NonCommercial-ShareAlike. License Terms: Download for free
at http://cnx.org/contents/b2fca278-57b...21£539b4cc6f@2

5.4: Applications of Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

https://math.libretexts.org/@go/page/51466


https://libretexts.org/
https://math.libretexts.org/@go/page/51466?pdf
https://youtu.be/5Q2htATOIik
https://creativecommons.org/licenses/by/4.0
http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-formats
https://creativecommons.org/licenses/by/4.0
http://cnx.org/contents/svyieFe9@2/Applied-Optimization-Problems
https://creativecommons.org/licenses/by-nc-sa/4.0
http://cnx.org/contents/b2fca278-57bd-421d-aa85-21f539b4cc6f@2
https://math.libretexts.org/Courses/Lumen_Learning/Beginning_Algebra_(Lumen)/05%3A_Polynomials/5.04%3A_Applications_of_Polynomials
https://math.libretexts.org/Courses/Lumen_Learning/Beginning_Algebra_(Lumen)/05%3A_Polynomials/5.04%3A_Applications_of_Polynomials?no-cache

LibreTexts"

5.5: Putting It Together- Polynomials

You have just learned how polynomials are defined and how algebraic principles can be applied to polynomials. In future math
courses, you will likely learn how to graph polynomials, as we did with linear equations. For example, in the last section on cost,
revenue, and profit equations we wrote a polynomial that represented the profit for a cell phone company.

P =—-0.0922 + 5000z — 750, 000

Using an online graphing calculator, we generated this graph of the profit equation.

g e = #
i - T,
r .
v ’
- F -
) -'.. 1\‘.'\-
i b "
I. 5
/ i
-y F i i
' L’
.I. .\.'.
/ |
f L
g 'L '\
| 1
|
|
Ill- II-
S |'I I'u
| |
H L
| !
| |
|'. A
amg! { I|
{ L1
| |
f |
i \
| 1
f ) 1
o f h
f
II I.
f \
f |
| 1
| \
||r [ g AT LS LE- R L= L} ll Lo L

biorpa oF s #’\_‘IL'-

The x-axis represents the number of phones manufactured, and the y-axis represents the profit earned by the company. Because the
company must invest money into machinery and workforce to manufacture phones, when no phones have been made the profit for
the company is negative. In other words, the point (0,-750,000) represents no phones made and $750,000 invested.

The top of the curve represents the “sweet spot” that many business would like to achieve between making and spending money.
Using some tools from later math classes, we can find that the maximum amount of profit can be gained from producing 27,777
phones.

Polynomials have many practical uses and have been studied widely by mathematicians for many years. Our vast knowledge of
how they behave mixed with high speed computing allows us to continue to find even more uses for them.

5.5: Putting It Together- Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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6.6: Putting It Together- Factoring
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6.1: Why It Matters- Factoring

Why learn how to factor?

Moving Madness

The way you organize your belongings when you move can have a huge impact on the success of your move. For example, you
wouldn’t want to try and move all your things using only shoeboxes. Not only would it take forever, you probably own things that
are larger than a shoebox. Storing and sorting the nuts and bolts in your toolshed is very different from storing and sorting all of
your possessions when you move.

In this module, we will present some factoring techniques for polynomials that will help you solve polynomial equations. Factoring
is a complementary operation to the distributive property, it is a way to “unpack” the multiplication done by applying the
distributive property. Reorganizing polynomials by factoring allows us to find solutions for certain types of polynomials.

You may be thinking, we already know how to solve linear equations, why don’t we just use the same techniques for solving
polynomial equations? Let’s investigate the example below to see why we need different techniques for solving polynomial
equations than for solving linear equations with an example.

Solve the following second degree polynomial equation: 2> + 6z —7 = 2z — 4

We use complementary operations to isolate the variable when we solve linear equations, so we will try to do the same with this
polynomial equation.

2 +6x—7=2x—4

%2 -2
z? +4x —7=—4

7 47
2 +4x =3

Ok, now what? We could try dividing all the terms by 4 to isolate x, but we would still have z*. We will need different techniques
than we use for solving linear equations to solve this equation. There are many methods for solving different kinds of polynomials
using algebraic principles, but the truth is that most polynomials cannot be solved with the algebra we have used here.

At the end of this module, we will share some of the practical uses for solving polynomials that occur in our everyday lives.
Polynomials are everywhere! They appear in electrical circuitry, mechanical systems, population ecology, roller coaster design,
classrooms around the US, and even in the way Google’s search engine ranks pages.

Learning Outcomes
Simple Polynomial Equations
o Use the zero product principle

o Identify the greatest common factor of a polynomial
o Solve simple polynomial equations

Factoring Methods

o Factor by grouping
o Factor trinomials
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Applications of Trinomials

o Solve quadratic equations

o Solve quadratic equations involving projectile motion
o Use the pythagorean theorem

6.1: Why It Matters- Factoring is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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6.2: Introduction to Factoring

Learning Objectives

e Use the principle of zero products to solve equations
e Determine for what kind of equations the principle of zero products can be used
o Explain why some techniques for solving linear equations don’t work for solving polynomial equations

Consider the profit equation for a cell phone manufacturer:
P =—-0.0922 4+ 5000z — 750, 000

Using an online graphing calculator, we generated this graph of the profit equation.
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A manager may want to know for what amount of phones manufactured and sold will a profit be made. By substituting 100 in for
x, we discovered that when 100 phones were manufactured and sold, the company did not make a profit.

Substitute x = 100

P =—0.09z% + 5000z — 750,000

= —0.09(100)2 +5000 (100) — 750,000
= —900 +500,000 — 750,000
= —250,900
Finding the points where profit is greater than or equal to zero will guide management decisions, and help the company plan to
have enough labor and materials on hand. Knowing where profit equals zero gives the company a baseline from which to plan. On
the graph, profit is zero when the parabola crosses the x-axis. In algebraic terms, this means finding where the profit equation is
equal to zero:

P =—0.09z + 5000z — 750,000
0 = —0.092? + 5000z — 750,000
0 < —0.0922 + 5000z — 750, 000

We know how to solve linear equations like this:  —4 > 0. But, how do you solve a polynomial equation like this:
0 < —0.0922 + 5000z — 750, 000?
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In this section we will learn some very useful tools for solving certain kinds of polynomial equations, and in later math courses you
will likely learn how to extend these ideas to solving polynomial inequalities. The first concept we will explore is that of the zero
product property, then we will discuss how that can be used to solve polynomial equations.

The Principle of Zero Products

Zero

What if we told you that we multiplied two numbers together and got an answer of zero? What could you say about the two
numbers? Could they be 2 and 5? Could they be 9 and 1? No! When the result (answer) from multiplying two numbers is zero, that
means that one of them had to be zero. This idea is called the zero product principle, and it is useful for solving certain kinds of
equations, like we described in the cell phone manufacturer example.

Principle of Zero Products

The Principle of Zero Products states that if the product of two numbers is 0, then at least one of the factors is 0. If a =0 orb =0,
or both a and b are 0.

Use the principle of zero products to solve. 5y =0
[reveal-answer q="547123"]Show Solution[/reveal-answer]
[hidden-answer a="547123"]

By the principle of zero products, when two factors are multiplied and the result is zero at least one of them is equal to zero.
Therefore, either y = 0.

In this case, we know that 5 is not equal to zero, so y must be equal to zero.

We can verify this with algebra.

5y =20
Sy _ 0
5 5
y=0

Answer
Both by the principle of zero products, and with algebra, we have shown that y = 0.

[/hidden-answer]

We can extend this idea to products of more than just two numbers. In the next example we will show that we can use the principle
of zero products to solve an equation containing the product of a number and a binomial.

Use the principle of zero products to solve:

T(y—2)=0
[reveal-answer q="726832"]Show Solution[/reveal-answer]
[hidden-answer a="726832"]

By the principle of zero products, either (y — 2) = 0. We know that (y — 2) = 0. We know how to solve this kind of equation!
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We can remove the parentheses because they are not needed to solve.
y—2=0
2

y=2
We can check this is correct by substituting 2 for y into the original equation.
7(2-2)=0
7(0)=0
0=0

This statement is true, so we have found the correct value for y.
Answer
y=2

[/hidden-answer]

We could have used the distributive property and the addition and multiplication properties of equality to solve the equation in the
previous example. It would look something like this:
Solve 7 (y — 2) = 0 using the distributive property.
T(y—2)=0
Ty—14=0
+14 +14

Ty=14

Ty _ 1

7 g

—

y=2
We have the same answer that we verified in the example, but we used different algebraic principles to find it.

In the next example we add another layer to the idea that we can use the principle of zero products to solve equations. We will
solve an equation that contains the product of a variable and a binomial.

Example
[ Example

Use the principle of zero products to solve:
t(6-t)=0

[reveal-answer q="649695"]Show Solution[/reveal-answer]
[hidden-answer a="649695" ]

By the principle of zero products, either (5 —t) =0
t=0 OR 5—-t=0

=9 =9
—t=-5
—t -5
= — =T
t=5

t=0 OR t=5

Wow, two answers! Let’s check that they are both correct.
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Substitute £ = 0

t(5—t)=0
0(5—-0)=0
0(5)=0
0=0
t=5
Substitute t =5
5(5—-5)=0
5(0)=0
0=0

t =5 also checks. There are two answers to this equation.

Answer
t=00Rt=5

[/hidden-answer]

Why don’t we just use the distributive property to solve these kind of equations? Let’s try using the distributive property on the
previous example to explain why this will not always work.

t(5-1)=0

5t —t2 =0
=5t =5t

t* = -5t

Wait, in the example, our solution was t =0 OR. ¢ =5 . Let’s check this new answer to see if it is correct.
Substitute t = —5
—5(5—-(-5)) =0
—-5(545)=0
—5(10)=0
—50#0
This isn’t even the right answer!

When we are solving polynomial equations, we need to use some different methods than we used to solve linear equations to make
sure we get all of the correct answers. The principle of zero products is one tool that allows us to do this.

.ACaution! It is important to remember that the principle of zero products only works when we have an equation with zero on
one side, and only a product on the other side. The table below gives examples of equations for which you can and cannot apply the
principle of zero products.

YES Zero Products Works to Solve NO Zero Products Does Not Work to Solve WHY NOT?
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YES Zero Products Works to Solve NO Zero Products Does Not Work to Solve  WHY NOT?

1 There is a product on the left, but it is not
s(x—2)=28

2 equal to zero.

There is a sum equal to zero but no product

equal to zero.

s24+95=0

Let’s look at one more example of how the principle of zero products can be used to solve equations involving products that are
binomials.

Use the principle of zero products to solve:

(s+1)(s=5)=0
[reveal-answer q="499648"]Show Solution[/reveal-answer]
[hidden-answer a=499648"]

Set both products equal to zero, then solve the linear equations.

(s+1)=0
s+1=0
-1 -1
s=—1
(s—5)=0
s—5=0
+5 45
s=5
Answer
s=—10Rs=5

[/hidden-answer]

The last two examples we showed were both polynomial equations that were degree two. Remember that degree means the largest
exponent in the polynomial. Degree two polynomials are often called quadratic. Using the distributive property to multiply the
products in the last example will help you see that it is a degree two polynomial.

Use a table:

+1

Combine terms and simplify:

s2+s—5s—5

=52 —45—5
When the polynomial is simplified, you can tell that it is a degree two polynomial, or a quadratic polynomial. At the start of this
page, we proposed that a business would be interested in where the quadratic polynomial that represented profit was equal to or

greater than zero. We have presented one way to find where a quadratic polynomial is equal to zero, as long as it is in the form of a
product of two binomials, and hasn’t been multiplied out.

In the following video we present more examples of how to use the zero product principle to solve polynomial equations that are in
factored form.
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Examples: Solve an equation in|lactored formu
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=114

What would you do if you were asked to solve a quadratic equation such as y% 42y =0 as the product of a monomial and a
binomial so you can use the zero product principle to solve it.

CC licensed content, Original
¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Screenshot: Zero. Provided by: Lumen Learning. License: CC BY: Attribution
o Screenshot: Caution. Provided by: Lumen Learning. License: CC BY: Attribution

CC licensed content, Shared previously

¢ Ex: Solve an Equation in Factored Form. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/yCcMCPHFrVc. License: CC BY: Attribution

e Unit 12: Factoring, from Developmental Math: An Open Program. Provided by: Monterey Institute of Technology and

Education. Located at: http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-
formats/. License: CC BY: Attribution

6.2: Introduction to Factoring is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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6.3: Solve Simple Polynomial Equations

Learning Objectives

o Greatest Common Factor

o Review the concept of greatest common factor
o Factor a Polynomial

o Simple Polynomial Equations

o Factor the greatest common monomial out of a polynomial
o Solve a polynomial in factored form by setting it equal to zero

54
7
A /\
Z 3 3

S4=2x3Ix3x3
Factor Tree for 54

In the section on the zero product principle, we showed that using the techniques for solving equations that we learned for linear
equations did not work to solve

t(5-t)=0

But because the equation was written as the product of two terms, we could use the zero product principle. What if we are given a
polynomial equation that is not written as a product of two terms, such as this one 2y +4y = 0? We can use a technique called
factoring, where we try to find factors that can be divided into each term of the polynomial so it can be rewritten as a product.

In this section we will explore how to find common factors from the terms of a polynomial, and rewrite it as a product. This
technique will help us solve polynomial equations in the next section.

Greatest Common Factor

When we studied fractions, we learned that the greatest common factor (GCF) of two numbers is the largest number that divides
evenly into both numbers. For instance, 4 is the GCF of 16 and 20 because it is the largest number that divides evenly into both 16
and 20.The GCF of polynomials works the same way: 4x is the GCF of 16x and 202,

A General Note: Greatest Common Factor

The greatest common factor (GCF) of a group of given polynomials is the largest polynomial that divides evenly into the
polynomials.

Factors are the building blocks of multiplication. They are the numbers that you can multiply together to produce another number:
2 and 10 are factors of 20, as are 4 and 5 and 1 and 20. To factor a number is to rewrite it as a product. 20 =4 - 5. In algebra, we
use the word factor as both a noun — something being multiplied — and as a verb — rewriting a sum or difference as a product.

To factor a polynemial, you rewrite it as a product. Any integer can be written as the product of factors, and we can apply this
technique to monomials or polynomials. Factoring is very helpful in simplifying and solving equations using polynomials.
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A prime factor is similar to a prime number—it has only itself and 1 as factors. The process of breaking a number down into its
prime factors is called prime factorization.

To get acquainted with the idea of factoring, let’s first find the greatest common factor (GCF) of two whole numbers. The GCF of
two numbers is the greatest number that is a factor of both of the numbers. Take the numbers 50 and 30.

50=10-5
30=10-3
Their greatest common factor is 10, since 10 is the greatest factor that both numbers have in common.
To find the GCF of greater numbers, you can factor each number to find their prime factors, identify the prime factors they have in
common, and then multiply those together.
Example

Find the greatest common factor of 210 and 168.

[reveal-answer q="803757"]Show Solution[/reveal-answer]
[hidden-answer a="803757"]

210=2-3-5-7
168=2-2.2.3-7
GCF=2-3-7
Answer
GCF =42

[/hidden-answer]

Because the GCF is the product of the prime factors that these numbers have in common, you know that it is a factor of both
numbers. (If you want to test this, go ahead and divide both 210 and 168 by 42—they are both evenly divisible by this number!)

The video that follows show another example of finding the greatest common factor of two whole numbers.

Example: Determine the greatest common
factor (GCF).
18 and 24 7Zand 90
¥

o1o)

|§: @83
2q:a 2@

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116
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Finding the greatest common factor in a set of monomials is not very different from finding the GCF of two whole numbers. The
method remains the same: factor each monomial independently, look for common factors, and then multiply them to get the GCF.

Example
Find the greatest common factor of 10%.

[reveal-answer qg="210634"]Show Solution[/reveal-answer]
[hidden-answer a="210634"]

2563 =5-5-b-b-b
1062 =5-2-b-b
GCF=5-b-b

Answer

GCF = 5v?

[/hidden-answer]

The monomials have the factors 5, b, and b in common, which means their greatest common factor is 502

The video that follows gives another example of finding the greatest common factor of two monomials with only one variable.

Greatest Common Factor of Two Monomials

! Find the GCF ‘

| ma ]|l |ser® 24r

e Low o] 79 i eptd b
=i §erTl= 23 QM tbr

‘lh GCF ol twi

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

Example

Find the greatest common factor of 45¢*d>.

[reveal-answer g="930504"]Show Solution[/reveal-answer]

[hidden-answer a=”930504"]
81c*d=3-3-3-3-c-c-c-d

45¢*d? =3-3.5.c-c-d-d

GCF=3-3-c-c-d

Answer

GCF =9c%d

[/hidden-answer]

The video that follows shows another example of finding the greatest common factor of two monomials with more than one
variable.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

Factor a Polynomial

¢

One of these things is not like the others.

Before we solve polynomial equations, we will practice finding the greatest common factor of a polynomial. If you can find
common factors for each term of a polynomial, then you can factor it, and solving will be easier.

To help you practice finding common factors, identify factors that the terms of the polynomial have in common in the table below.

Polynomial Terms Common Factors

a’*-2a —2a a is a factor of —2a

4¢® and 4¢® and 4c

To factor a polynomial, first identify the greatest common factor of the terms. You can then use the distributive property to rewrite
the polynomial in a factored form. Recall that the distributive property of multiplication over addition states that a product of a
number and a sum is the same as the sum of the products.

Distributive Property Forward and Backward

Forward: Product of a number and a sum: a is being distributed over b +c.”

Backward: Sum of the products: a-b+a-c=a(b+c) .Here you can say that “a is being factored out.”

We first learned that we could distribute a factor over a sum or difference, now we are learning that we can “undo” the distributive
property with factoring.

Example

Factor 256 +10b%.

[reveal-answer q="716902"]Show Solution[/reveal-answer]
[hidden-answer a="716902"]Find the GCF. From a previous example, you found the GCF of 1082 to be 52,

250 =5-5-b-b-b
106> =5-2-b-b
GCF=5-b-b=5b
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Rewrite each term with the GCF as one factor.

25b% = 5b% - 5b

106* = 5b% - 2
Rewrite the polynomial using the factored terms in place of the original terms.

5b% (5b) +5b2 (2)
Factor out the 5b°.
5b% (5b+2)

Answer
502 (5b+2)
[/hidden-answer]
The factored form of the polynomial 5% (5b +2). You can check this by doing the multiplication. 55 (5b+2) = 25b% + 10b? .
Note that if you do not factor the greatest common factor at first, you can continue factoring, rather than start all over.
For example:

25b° +-10b° =5 (5b° +2b%)  Factor out 5.
=5b% (5b+2) Factor out b?.
Notice that you arrive at the same simplified form whether you factor out the GCF immediately or if you pull out factors
individually.
Example

Factor 81¢%d + 45¢%d?.

[reveal-answer g="809701"]Show Solution[/reveal-answer]
[hidden-answer a="809701"]Factor 81c3d.

3:3:9:-c-c-c-d
Factor 45¢%d2.
3-3-5-c-c-d-d
Find the GCF.
3-3.-c-c-d=9c%d
Rewrite each term as the product of the GCF and the remaining terms.
81c3d =9c%d (9¢)
45c2d? = 9c%d (5d)

Rewrite the polynomial expression using the factored terms in place of the original terms.

9cd (9¢) +9c*d (5d)
Factor out 9¢2d.
9¢?d (9c +5d)
Answer
9¢%d (9¢ +5d)

[/hidden-answer]

The following video provides two more examples of finding the greatest common factor of a binomial
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Examples: GreatestCommon Factor
Tdedtity the greatest common fadtar] Theh factor, |

5P + 12x S 2AXAR H2AB %
= Y4x (x* 3
GeF=4x

18a"h7 + 4507 b7

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

Simple Polynomial Equations

In this section we will apply factoring a monomial from a polynomial to solving polynomial equations. Recall that not all of the
techniques we use for solving linear equations will apply to solving polynomial equations, so we will be using the zero product
principle to solve for a variable.

We will begin with an example where the polynomial is already equal to zero.

Solve:

—t24t=0
[reveal-answer q="612316"]Show Solution[/reveal-answer]
[hidden-answer a=612316"]

Each term has a common factor of t, so we can factor and use the zero product principle. Rewrite each term as the product of
the GCF and the remaining terms.

—2 =t (—t)
t=t(1)
Rewrite the polynomial equation using the factored terms in place of the original terms.
—t*+t=0
t(—t)+t(1)
t(—t+1)=0
Now we have a product on one side and zero on the other, so we can set each factor equal to zero using the zero product
principle.
t=0 OR —t+1=0
-1 -1
5 = =il
=t _ =1
1 1
t=1
Answer
t=00Rt=1

[/hidden-answer]

Notice how we were careful with signs in the last example. Even though one of the terms was negative, we factored out the positive
common term of t. In the next example we will see what to do when the polynomial you are working with is not set equal to zero.
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Int eh followign video, we present more examples of solving quadratic equations by factoring.

Examples: Solve Quadratics by Factoring GCF
Solve by Tactoring
By =10 Tt —Blx=10

X X +5'x = O

x(®as) = O

=0 or xa-g" =D
S e W

X= 0| or % = -§

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

Solve: 6t = 3t2 —12¢
[reveal-answer q="162196"]Show Solution[/reveal-answer]
[hidden-answer a="162196"]

First, move all the terms to one side. The goal is to try and see if we can use the zero product principle, since that is the only
tool we know for solving polynomial equations.

6t = 32 — 12t
—6¢ —6¢
0=23t2—18¢

We now have all the terms on the right side, and zero on the other side. Each term has a common factor of 3t, so we can factor
and use the zero product principle. If you are uncertain how we found the common factor 3t, review the section on greatest
common factor.

Rewrite each term as the product of the GCF and the remaining terms. Note how we leave the negative sign on the 6 when we
factor 3t out of -18t.

3t2 =3t (¢)
—18t =3¢ (-6)
Rewrite the polynomial equation using the factored terms in place of the original terms.
0=13t2—18¢
0= 3¢ (t) + 3t (6)
0=3t(t—6)
Solve the two equations.
0=t—-6 OR 0=3t
16 46 s
6=t OR 0=t
Answer
t=60Rt=0

[/hidden-answer]

The video that follows provides another example of solving a polynomial equation using the zero product principle and factoring.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

We will work through one more example that is similar to the ones above, except this example has fractions and the greatest
common monomial is negative.

Solve %y =—4y— %y
[reveal-answer q="164090"]Show Solution[/reveal-answer]
[hidden-answer a=164090"]We can solve this in one of two ways. One way is to eliminate the fractions like you may have

2

done when solving linear equations, and the second is to find a common denominator and factor fractions. We will work
through the second way.

First, we will find a common denominator, then factor fractions.
1 1,9
sy=—4y—3y
1 1,2
0=—35y—4y—3y

2 is a common denominator for — ;y and —4y

N e
|
>~
<
Il
|

Rewrite the equation with the common denominator, then combine like terms.

0=—3y—4dy—3y*

__1 8y 1.2
0=—2y—73 —3¥
0=—3y— 542

Find the greatest common factor of the terms of the polynomial:

Factors of — %y
Factors of — %yQ

Both terms have f% and y in common.

Rewrite each term as the product of the GCF and the remaining terms.
9 1 1
—5Y=-3Y (3 ’ 3) =—3Y (9)

_l,2_ _1
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Rewrite the polynomial equation using the factored terms in place of the original terms. Pay attention to signs when we factor.
Notice that we end up with a sum as a factor because the common factor is a negative number. (9 + y)

0=—3y— 3¢

Solve the two equations.

Answer
y=—90Ry=0

[/hidden-answer]

Wow! In the last example, we used many skills to solve one equation. Let’s summarize them:

e We needed a common denominator to combine the like terms —4y and — %y , after we moved all the terms to one side of the
equation

o We found the GCF of the terms —%y and — %yz

o We used the GCF to factor the polynomial — gy — %y2

e We used the zero product principle to solve the polynomial equation 0 = —%y (9+y)

Sometimes solving an equation requires the combination of many algebraic principles and techniques. The last facet of solving the
polynomial equation £y = —4y — +y* that we should talk about is negative signs.

We found that the GCF (9 +y) as one of the factors of our final product.

In the following video we present another example of solving a quadratic polynomial with fractional coefficients using factoring
and the zero product principle.

i Solving Equations Using GCF_

Solve the equation.
AT ERN
1o |:__._f,_,.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=116

Alf the GCF of a polynomial is negative, pay attention to the signs that are left when you factor it from the terms of a
polynomial.

In the next unit, we will learn more factoring techniques that will allow you to be able to solve a wider variety of polynomial

equations such as 3z? —z =2.
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Summary

A whole number, monomial, or polynomial can be expressed as a product of factors. You can use some of the same logic that you
apply to factoring integers to factoring polynomials. To factor a polynomial, first identify the greatest common factor of the terms,
and then apply the distributive property to rewrite the expression. Once a polynomial in a(b+c), where a is the GCF, the
polynomial is in factored form.

In this section we practiced using the zero product principle as a method for solving polynomial equations. We found that the
techniques we used to solve linear equations did not give us the correct answer when used to solve a polynomial equation. We also
found that a polynomial can be rewritten as a product by factoring out the greatest common factor. We used both factoring and the
zero product principle to solve second degree polynomials.
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6.4: More Factoring Methods

e Factor by Grouping

o Identify patterns that result from multiplying two binomials and how they affect factoring by grouping
o Factor a four term polynomial by grouping terms

e Methods for Factoring Trinomials

Apply an algorithm to rewrite a trinomial as a four term polynomial

Use factoring by grouping to factor a trinomial

Use a shortcut to factor trinomials of the form az? + bz +c¢

Recognize where to place negative signs when factoring a trinomial

Recognize when a polynomial is a difference of squares, and how it would factor as the product of two binomials

0O O O O o

When we learned to multiply two binomials, we found that the result, before combining like terms, was a four term polynomial, as in this
example: (z +4) (z+2) =22 +2z +4z +8 .

We can apply what we have learned about factoring out a common monomial to return a four term polynomial to the product of two
binomials. Why would we even want to do this?

.and i should care,

why?

Why Should I Care?

Because it is an important step in learning techniques for factoring trinomials, such as the one you get when you simplify the product of the
two binomials from above:

(z+4)(z+2)
=z’ +2z+4z+8
=2’ +6x+8
Additionally, factoring by grouping is a technique that allows us to factor a polynomial whose terms don’t all share a GCF. In the following

example, we will introduce you to the technique. Remember, one of the main reasons to factor is because it will help solve polynomial
equations.

Example

Factor a® +3a+5a+15
[reveal-answer q="437455"]Show Solution[/reveal-answer]
[hidden-answer a="437455"]

There isn’t a common factor between all four terms, so we will group the terms into pairs that will enable us to find a GCF for them. For
example, we wouldn’t want to group a? and 15 because they don’t share a common factor.

(a® +3a) + (5a+15)

Find the GCF of the first pair of terms.
2

a“=a-a
3a=3-a
GCF =a

Factor the GCF, q, out of the first group.
(a-a+a-3)+(5a+15)
a(a+3)+(5a+15)

Find the GCF of the second pair of terms.
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5a=5-a
15=5-3
GCF =5

Factor 5 out of the second group.
a(a+3)+(5-a+5-3)
a(a+3)+5(a+3)
Notice that the two terms have a common factor (a +3).
a(a+3)+5(a+3)
Factor out the common factor (¢ +3) from the two terms.
(a+3)(a+5)

Note how the a and 5 become a binomial sum, and the other factor. This is probably the most confusing part of factoring by grouping.

Answer
a’+3a+5a+15=(a+3)(a+5)
[/hidden-answer]

Notice that when you factor a two term polynomial, the result is a monomial times a polynomial. But the factored form of a four-term
polynomial is the product of two binomials. As we noted before, this is an important middle step in learning how to factor a three term
polynomial.

This process is called the grouping technique. Broken down into individual steps, here’s how to do it (you can also follow this process in the
example below).

e Group the terms of the polynomial into pairs that share a GCF.

o Find the greatest common factor and then use the distributive property to pull out the GCF

e Look for the common binomial between the factored terms

o Factor the common binomial out of the groups, the other factors will make the other binomial

Let’s try factoring a few more four-term polynomials. Note how there is a now a constant in front of the % term. We will just consider this
another factor when we are finding the GCF.
Example

Factor 222 + 4z + 5z + 10 .
[reveal-answer q=313122"]Show Solution[/reveal-answer]
[hidden-answer a=313122"]Group terms of the polynomial into pairs.

(222 +4z) + (52 +10)
Factor out the like factor, 2x, from the first group.

2z (z +2)+ (52 +10)
Factor out the like factor, 5, from the second group.

2z (x+2)+5(z+2)
Look for common factors between the factored forms of the paired terms. Here, the common factor is (z +2).
Factor out the common factor, (z + 2), from both terms.

(2z+2)(z+5)

The polynomial is now factored.
Answer
(22 +2)(z+5)

[/hidden-answer]

Another example follows that contains subtraction. Note how we choose a positive GCF from each group of terms, and the negative signs
stay.
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Example

Factor 22— 3z 4 8z— 12
[reveal-answer qg="715080"]Show Solution[/reveal-answer]
[hidden-answer a="715080"]Group terms into pairs.

(222-3z) + (82— 12)
Factor the common factor, x, out of the first group and the common factor, 4, out of the second group.
z (22-3)+4(2z-3)
Factor out the common factor, (22— 3), from both terms.
(z+4)(22-3)
Answer
(z+4)(2z-3)
[/hidden-answer]

The video that follows provides another example of factoring by grouping.

' 131 Introduction to FEICl(:H’ By Gr@uu])ing
| oigx? —2x 4 H4x—21 =| St 4w -2
=] | St +IEx 2|
£ |
1 | |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

In the next example, we will have a GCF that is negative. It is important to pay attention to what happens to the resulting binomial when the
GCF is negative.

Example

Factor 3z% + 32— 22— 2.
[reveal-answer q="744005"]Show Solution[/reveal-answer]
[hidden-answer a="744005"]Group terms into pairs.

(32% +3z) + (—2z —2)
Factor the common factor 3x out of first group.

3z (x+1)+(—2x—2)
Factor the common factor —2 is factored out.

3z(z+1)—2(x+1)
Factor out the common factor, (x + 1), from both terms.

(z+1)(B3z—2)

Answer
(z+1)(3z—-2)

[/hidden-answer]

In the following video we present another example of factoring by grouping when one of the GCF is negative.
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Introduction to Factor By ('-r;uuping
xt—2x—9xl+18 = xP-llxl+ 15 |
1 { |
s (R T
xlg-2) -9(k- 3—)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Sometimes, you will encounter polynomials that, despite your best efforts, cannot be factored into the product of two binomials.

Example

Factor 7T2*— 21z + 5z—b.
[reveal-answer q="262926"]Show Solution[/reveal-answer]
[hidden-answer a="262926"]Group terms into pairs.

(72*-21z) + (52-5)
Factor the common factor 7x out of the first group.
Tz (z —3)+ (5z —5)
Factor the common factor 5 out of the second group.
Tz (r—3)+5(z—1)
The two groups 5 (z— 1) do not have any common factors, so this polynomial cannot be factored any further.
7z (z—-3)+5(z—1)
Answer
Cannot be factored
[/hidden-answer]

In the example above, each pair can be factored, but then there is no common factor between the pairs!

Factor Trinomials Part |

In the last section we introduced the technique of factoring by grouping as a means to be able to factor a trinomial. Now we will actually get
to the work of starting with a three term polynomial, and rewriting it as a four term polynomial so it can be factored.

We will start with factoring trinomials of the form 2 term.
Remember that when (z + 5), are multiplied, the result is a four term polynomial and then it is simplified into a trinomial:
(z+2)(z+5)=2>+5z+2z+10 =2? + Tz + 10

Factoring is the reverse of multiplying, so let’s go in reverse and factor the trinomial 2, 7& = 5x + 2z then we can use the grouping
technique:

(z® +5z) + (2z +10)

z (x+5)+2(z+5)
Factor each pair: ~>~— ~——
common binomial factor

Then pull out the common binomial factor: (z +5) (z +2)

What would have happened if we had rewritten 6 4 x?

(z* +6x) + (z +10)
Factor each pair: z (z +6) +1 (z +10)
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Then we don’t have a common factor of (x + 5) like we did before. There is a method to the madness of choosing how to rewrite the middle
terms so that you will end up with a common binomial factor.

THOUGH THIS
BE MADNESS,
YET THERE IS

METHOD IN IT.

William Shakespeare

Method to the Madness

The following is a summary of the method, then we will show some examples of how to use it.

Factoring Trinomials in the form 2 +bx +ec

To factor a trinomial in the form 22 + bz + ¢ , find two integers, r and s, whose product is ¢ and whose sum is b.
r-s=c
and
r+s=">

Rewrite the trinomial as (z +r) and (z + s).

For example, to factor #2 + 7z + 10, you are looking for two numbers whose sum is 7 (the coefficient of the middle term) and whose
product is 10 (the last term).

Look at factor pairs of 10:1 and 10, 2, and 5. Do either of these pairs have a sum of 7? Yes, 2 and 5. So you can rewrite 2z + 5z, and
continue factoring as in the example above. Note that you can also rewrite 5z + 2. Both will work.

Let’s factor the trinomial 22 4+ 5 + 6 . In this polynomial, the b part of the middle term is 5 and the ¢ term is 6. A chart will help us organize
possibilities. On the left, list all possible factors of the c term, 6; on the right you’ll find the sums.

Factors whose product is 6 Sum of the factors
1+6=7
2+3=5

There are only two possible factor combinations, 1 and 6, and 2 and 3. You can see that 2z + 3z = 5z, giving us the correct middle term.
Example
Factor 2% +5z +6 .

[reveal-answer q="141663"]Show Solution[/reveal-answer]
[hidden-answer a="141663"]Use values from the chart above. Replace 2z + 3x.

2 +2x +32 46
Group the pairs of terms.
(z* +2z) + (37 +6)

Factor x out of the first pair of terms

z(z+2)+(3z+6)
Factor 3 out of the second pair of terms.
z(z+2)+3(z+2)
Factor out (z +2).
(z+2)(z+3)
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Answer
(z+2)(z+3)
[/hidden-answer]

Note that if you wrote 2? +3z 42z +6 and grouped the pairs as z (z +3)+2(z +3), and factored out (z +3)(z+2). Since
multiplication is commutative, the order of the factors does not matter. So this answer is correct as well; they are equivalent answers.

In the following video, we present another example of how to use grouping to factor a quadratic polynomial.

Factor a Quadratic Expression Using Grouping

‘ | Jx* +2x— 48 2l b olics Lbg
| aci= (-4 = ~9%
2
X =bx|+Fx |— 9% —bt+f= 2
LI f i
x{x=6)+elx=e) i...._E_?':

= (G | (il
=

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Finally, let’s take a look at the trinomial —12. So look at all of the combinations of factors whose product is —12. Then see which of these
combinations will give you the correct middle term, where b is 1.

Factors whose

product is 2-—6=-12 3-—4=-12 4. -3=-12 6-—2=-12 12.-1=-12 12+-1=11
1.—-12=-12

There is only one combination where the product is r =4, and s = —3 . Let’s use these to factor our original trinomial.

Example

Factor 2 4+ z—12.

[reveal-answer q="205737"]Show Solution[/reveal-answer]
[hidden-answer a="205737" ]Rewrite the trinomial using the values from the chart above. Use values s = —3.

x? +4x + 3212
Group pairs of terms.
(2 +4z) + (—32-12)
Factor x out of the first group.
z(x+4)+(—-3z—12)
Factor —3 out of the second group.
z(z+4)-3(z+4)
Factor out (z +4).
(z+4)(z-3)
Answer
(z+4)(z-3)

[/hidden-answer]

In the above example, you could also rewrite z2—3x +4z—12 first. Then factor (z—3) getting (z—3) (z +4). Since multiplication is
commutative, this is the same answer.

https://math.libretexts.org/@go/page/51471


https://libretexts.org/
https://math.libretexts.org/@go/page/51471?pdf

LibreTexts*

Factoring Tips
Factoring trinomials is a matter of practice and patience. Sometimes, the appropriate number combinations will just pop out and seem so

obvious! Other times, despite trying many possibilities, the correct combinations are hard to find. And, there are times when the trinomial
cannot be factored.

While there is no foolproof way to find the right combination on the first guess, there are some tips that can ease the way.

Tips for Finding Values that Work
When factoring a trinomial in the form z2 + bz + ¢ , consider the following tips.
Look at the ¢ term first.

o If the c term is a positive number, then the factors of ¢ will both be positive or both be negative. In other words, r and s will have the
same sign.

o If the c term is a negative number, then one factor of ¢ will be positive, and one factor of ¢ will be negative. Either r or s will be negative,
but not both.

Look at the b term second.

o If the c term is positive and the b term is positive, then both r and s are positive.

o If the c term is positive and the b term is negative, then both r and s are negative.

o If the ¢ term is negative and the b term is positive, then the factor that is positive will have the greater absolute value. That is, if |r| > |s|,
then r is positive and s is negative.

o If the c term is negative and the b term is negative, then the factor that is negative will have the greater absolute value. That is, if
|r| > |s|, then r is negative and s is positive.

After you have factored a number of trinomials in the form x2 4 bz +c , you may notice that the numbers you identify for r and s end up
being included in the factored form of the trinomial. Have a look at the following chart, which reviews the three problems you have seen so

far.
Trinomial z? 4+ 52+ 6 r=45,s =42 r=+4,s=-3
Factored form (z+2) (z+3) (x+4)(z-3)

The Shortcut

Notice that in each of the examples above, the r and s values are repeated in the factored form of the trinomial. So what does this mean? It
means that in trinomials of the form z? is 1), if you can identify the correct r and s values, you can effectively skip the grouping steps and go
right to the factored form. For those of you that like shortcuts, let’s look at some examples where we use this idea.

Shortcut This Way

In the next two examples, we will show how you can skip the step of factoring by grouping and move directly to the factored form of a
product of two binomials with the r and s values that you find. The idea is that you can build factors for a trinomial in this form: 2 4+ bz + ¢
by finding r and s, then placing them in two binomial factors like this:

(z+7)(x+s) OR (z+s)(z+7)
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Example
[ Example |

Factor: y2 + 6y — 27
[reveal-answer g="601131"]Show Solution[/reveal-answer]
[hidden-answer a="601131"]

Find r and s:

Factors whose product is -27 Sum of the factors

1-27=-26
3-9=—6
-34+9=6

Instead of rewriting the middle term, we will use the values of r and s that give the product and sum that we need.
In this case:

r=-3

s=9

It helps to start by writing two empty sets of parentheses:

C ) )

The squared term is y, so we will place a y in each set of parentheses:

v )y )
Now we can fill in the rest of each binomial with the values we found for r and s.
(y—3)(y+9)

Note how we kept the sign on each of the values. The nice thing about factoring is you can check your work. Multiply the binomials
together to see if you did it correctly.

(y—3)(y+9)
=y?4+9y—3y—27
=y% 46y —27
Answer
(y—3)(y+9)

[/hidden-answer]

We will show one more example so you can gain more experience.

Factor: —m? +16m — 48
[reveal-answer q="402116"]Show Solution[/reveal-answer]
[hidden-answer a="402116"]

There is a negative in front of the squared term, so we will factor out a negative one from the whole trinomial first. Remember, this boils
down to changing the sign of all the terms:

—m?+16m —48 = —1 (m? — 16m +48)

Now we can factor (m2 —16m —|—48) by finding r and s. Note that b is negative, and c is positive so we are probably looking for two
negative numbers:

Factors whose product is 48 Sum of the factors
—1—-48=-49
—2-12=-14
-3-16=-19
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Factors whose product is 48 Sum of the factors

—4-12=-16

There are more factors whose product is 48, but we have found the ones that sum to -16, so we can stop.
r=-—4
s=-12

Now we can fill in each binomial with the values we found for r and s, make sure to use the correct variable!
(m—4)(m—12)
We are not done yet, remember that we factored out a negative sign in the first step. We need to remember to include that.
—1(m—4)(m—12)
Answer
—m?+16m —48 = —1 (m —4) (m —12)

[/hidden-answer]

In the following video, we present two more examples of factoring a trinomial using the shortcut presented here.

|_Shartcut Method for

toring Trinom b

Factor each tinomial

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Factor Trinomials Part Il

The next goal is for you to be comfortable with recognizing where to place negative signs, and whether a trinomial can even be factored.
Additionally, we will explore one special case to look out for at the end of this page.

Not all trinomials look like 2 term is 1. In these cases, your first step should be to look for common factors for the three terms.

Trinomial Factor out Common Factor Factored
2(x? + 5z + 6) —5a? — 15a — 10 —5(a+2)(a+1)
c(c*~8c+15) y*-9y3-10y2 y? (y-10) (y+1)

Notice that once you have identified and pulled out the common factor, you can factor the remaining trinomial as usual. This process is
shown below.
Example

Factor 3z%—322-90x

[reveal-answer q="298928"]Show Solution[/reveal-answer]
[hidden-answer a=298928"]Since 3 is a common factor for the three terms, factor out the 3.

3 (z3f 22— 30m)

x is also a common factor, so factor out x.

3z (:1:2— T— 30)
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Now you can factor the trinomial —30 and whose sum is —1.
The pair of factors is 5. So replace —6x + 5z.
3z (z°- 6z +5z—30)

Use grouping to consider the terms in pairs.

3z [(2*-6z) + (52— 30)]
Factor x out of the first group and factor 5 out of the second group.

3z [(z (z—6))+5 (z—6)]
Then factor out z— 6.

3z (z—6) (z+5)

Answer
3z (z—6) (z+5)

[/hidden-answer]

The following video contains two more examples of factoring a quadratic trinomial where the first step is to factor out a GCF. We use the
shortcut method instead of factoring by grouping.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118
The general form of trinomials with a leading coefficient of a is 2 term, instead of an az? term.

However, if the coefficients of all three terms of a trinomial don’t have a common factor, then you will need to factor the trinomial with a
coefficient of something other than 1.

Factoring Trinomials in the form ax? + bx + ¢

To factor a trinomial in the form az? + bz + ¢ , find two integers, r and s, whose sum is b and whose product is ac.
r-s=a-c
r+s=>b

Rewrite the trinomial as az? 4+ rz 4+ sz +c¢ and then use grouping and the distributive property to factor the polynomial.

This is almost the same as factoring trinomials in the form a = 1. Now you are looking for two factors whose product is a - ¢, and whose
sum is b.

Let’s see how this strategy works by factoring 622 + 11244 .

In this trinomial, b=11, and b =11 and whose product is a-¢=6-4 =24 . You can make a chart to organize the possible factor
combinations. (Notice that this chart only has positive numbers. Since ac is positive and b is positive, you can be certain that the two factors
you’re looking for are also positive numbers.)

Factors whose product is 24 Sum of the factors
1+24=25
2+12=14
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Factors whose product is 24 Sum of the factors
3+8=11
4+6=10

There is only one combination where the product is 24 and the sum is 11, and that is when s = 8 . Let’s use these values to factor the original
trinomial.

Example
Factor 11z, as 3z+ 8z (from the chart above.)
622 +32+82+4
Group pairs. Use grouping to consider the terms in pairs.
(622 +32) +(82+4)

Factor 3z out of the first group and 4 out of the second group.

3z2(2z+1)+4(22+1)
Factor out (2z+1).
(2241) (3z+4)
Answer
(224+1) (32+4)

[/hidden-answer]

In the following video, we present another example of factoring a trinomial using grouping. In this example, the middle term, b, is negative.
Note how having a negative middle term and a positive c¢ term influence the options for r and s when factoring.

Revarite e trinomisl in the form ax? = br + ¢ =ax =y = £ = ¢ and factoc by
Frouping

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Before going any further, it is worth mentioning that not all trinomials can be factored using integer pairs. Take the trinomial b = 35 and
whose product is a-¢c=2-7 =14 ? There are none! This type of trinomial, which cannot be factored using integers, is called a prime
trinomial.

In some situations, a is negative, as in —1 as the first step in factoring, as doing so will change the sign of az? from negative to positive,
making the remaining trinomial easier to factor.

Example
Factor —1 out of the trinomial. Notice that the signs of all three terms have changed.
—1 (4h*-11h-3)
To factor the trinomial, you need to figure out how to rewrite rs =4 - —3 = —12 , and the sum of rs = —11.
r+s=-11
—12+1=-11
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—64+2=—4
—443=-1

Rewrite the middle term —12h + 1h.
—1 (4h?-12h+1h-3)
Group terms.
—1[(4h*-12R) + (1h-3)]

Factor out 4h from the first pair. The second group cannot be factored further, but you can write it as +1 (h—3) = (h—3). This helps with
factoring in the next step.

—1[4h (h—-3)+1 (h—-3)]
Factor out a common factor of (h—3) (4h +1); the +1 (h—3) in the previous step.
—1[(h-3) (4h+1)]
Answer
—1(h—3)(4h+1)
[/hidden-answer]
Note that the answer above can also be written as (h—3) (—4h—1) if you multiply —1 times one of the other factors.

In the following video we present another example of factoring a trinomial in the form —az? +bx +c¢ using the grouping technique.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Difference of Squares

We would be remiss if we failed to introduce one more type of polynomial that can be factored. This polynomial can be factored into two
binomials but has only two terms. Let’s start from the product of two binomials to see the pattern.

Given the product of two binomials: (z —2) (z +2), if we multiply them together, we lose the middle term that we are used to seeing as a
result.

Multiply:
(zx—2)(z+2)

=z2 2242z —2%
:$2_22
=z2-4

The polynomial 2> — 4 is called a difference of squares because teach term can be written as something squared. A difference of squares will
always factor in the following way:
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Factor a Difference of Squares
Given (a+b) (a—b)
Let’s factor 22 + 0z— 4. This is similar in format to the trinomials we have been factoring so far, so let’s use the same method.

Find the factors of a - ¢ whose sum is b, in this case, 0:

Factorsof 1- —4 = —4 2. —2=-4 —1-4=-4 —-14+4=3

2, and -2 have a sum of 0. You can use these to factor z2— 4.
Example
Factor Oz as —2x + 2z.

2?4+ 0z—4

z? -2z +2z —4
Group pairs.

(z*-2z) + (22—4)
Factor x out of the first group. Factor 2 out of the second group.

z(z—2)+2(z-2)
Factor out (z—2).

(z—2) (z+2)

Answer
(3z-2) (3z +2)
[/hidden-answer]
Since order doesn’t matter with multiplication, the answer can also be written as (z +2) (z—2).
You can check the answer by multiplying (z—2) (z +2) = 22 +2z—2z—4 = 2’ 4.

The following video show two more examples of factoring a difference of squares.

Examples: Factoring Binomials [Special).
Fartor W= =ara—n g [y
P=0 - -3 2% — 16

2 x
-t GYT=14)

R S Y SRR .5 1 T u

100 — 952 R R T |
sy

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=118

Summary

When a trinomial is in the form of az? +bz + ¢, find two integers, r and s, whose sum is b and whose product is ac. Then rewrite the
trinomial as az? +rx + sz +¢ and use grouping and the distributive property to factor the polynomial.

When —1 out of the whole trinomial before continuing.

A difference of squares (a+b) (a —b) .
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Summary

Trinomials in the form 2 + 7z + sz +c¢ and then use grouping and the distributive property to factor the polynomial.
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6.5: Quadratic Equations

o Quadratic Equations

o Recognize a quadratic equation
o Use the zero product principle to solve a quadratic equation that can be factored
o Determine when solutions to quadratic equations can be discarded
o Pythagorean Theorem
o Recognize a right triangle from other types of triangles
o Use the Pythagorean theorem to find the lengths of a right triangle
o Projectiles
o Define projectile motion
o Solve a quadratic equation that represents projectile motion
o Interpret the solution to a quadratic equation that represents projectile motion

When a polynomial is set equal to a value (whether an integer or another polynomial), the result is an equation. An equation that can be written in the form
ax?+bzx+c=0 is called a quadratic equation. You can solve a quadratic equation using the rules of algebra, applying factoring techniques where
necessary, and by using the Principle of Zero Products.

There are many applications for quadratic equations. When you use the Principle of Zero Products to solve a quadratic equation, you need to make sure that
the equation is equal to zero. For example, 1222 4+ 11z + —5 = 0 by subtracting 7 from both sides.
Example

The area of a rectangular garden is 30 square feet. If the length is 7 feet longer than the width, find the dimensions.
[reveal-answer q="948371"]Show Solution[/reveal-answer]
[hidden-answer a="948371"]The formula for the area of a rectangle is A =1-w .

A=l-w
width =w
length=w+7

area = 30

30=(w+7)(w)
Multiply.
30 =w? + 7w
Subtract 30 from both sides to set the equation equal to 0.
w? +Tw-30 =0
Find two numbers whose product is 10w—3w.
w? +10w—3w-30 =0
Factor w out of the first pair and —3 out of the second pair.
w(w+10) -3 (w+10)=0
Factor out w +10.
(w-3) (w+10)=0
Use the Zero Product Property to solve for w.
w—3=0 or w+10=0
w=3 w=-10
The solution —10. So, the width is 3 feet.
The width = 3 feet
Substitute w + 7 to find the length: 3 +7 =10.
The length is 347 =10 feet
Answer
The width of the garden is 3 feet, and the length is 10 feet.

[/hidden-answer]

In the example in the following video, we present another area application of factoring trinomials.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120

The example below shows another quadratic equation where neither side is originally equal to zero. (Note that the factoring sequence has been shortened.)
Example

Solve 5b? +4 = —12b for b.

[reveal-answer q="950625"]Show Solution[/reveal-answer]
[hidden-answer a="950625"]The original equation has 12b to both sides.

502 +4+12b=—12b+12b
Combine like terms.
56% +12b+4=0
Rewrite 106 4 2b.
567 +10b+2b+4=0
Factor out 5b from the first pair and 2 from the second pair.
5b(b+2)+2(b+2)=0
Factor out b+2.
(564+2)(b+2)=0
Apply the Zero Product Property.
56+2=0 or b+2=0
Solve each equation.
b=-2 OR b=-2
Answer
b= —% or b=-2
[/hidden-answer]

The following video contains another example of solving a quadratic equation using factoring with grouping.

So!w‘TQTm_l'lrmit Equation Using Factor by Grouping
—— 122 L 20243 a=l2 b=aslgta
= +3 | 43 acz (202) = 36
= A +dox +3 =0 2kibado |
—— ||l v R+l +B =0 -

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120

If you factor out a constant, the constant will never equal 0. So it can essentially be ignored when solving. See the following example.
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Example
[ Example

Solve for k: —2k% +90 = —8k

[reveal-answer q="831890"]Show Solution[/reveal-answer]

[hidden-answer a="831890"]

We need to move all the terms to one side so we can use the zero product principle.
—2k* +90 = —8k
+8k +8k
—2k? +8k+90=0

You will either need to try to factor out a -2, or use the method where we multiply —2 - 90 and find factors that sum to 8. Each term is divisible by 2, so
we can factor out -2.

—2 (k2 74k745) =0
Note how we changed the signs when we factored out a negative number. If we can factor the polynomial, we will be able to solve.

Using the shortcut for factoring we will start with the variable and place a plus and a minus sign in the binomials. We do this because 45 is negative and
the only way to get a product that is negative is if one of the factors is negative.

~2(k— ) (k+ ) =0

We want our factors to have a product of -45 and a sum of -4:

Factors whose product is -45 Sum of the factors
1-45=-44

3—15=—-12

5-9=-4

There are more factors that will give -45, but we have found the ones that sum to -4, so we will stop. Fill in the rest of the binomials with the factors we
found.

—2(k—-9)(k+5)=0
Now we can set each factor equal to zero using the zero product rule.

—2 =0 This solution is nonsense so we discard it.

k—9=0,k=9
k+5=0,k=-5
Answers

k=9andk=-5

[/hidden-answer]

In this last video example, we solve a quadratic equation with a leading coefficient of -1 using the shortcut method of factoring and the zero product principle.

Ex: Solve Quadratics by Factoring in the form
=yt hxic="0
Solve by factoring

1 —y-— 2y =36 =1
(KT -IF) =0
—{x|-9 Ax +2) =0

x-Z:o or xfﬂi
48R4 —

= -2
'X:‘E' ar X - |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120

Pythagorean Theorem
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Triangles
The Pythagorean theorem or Pythagoras’s theorem is a statement about the sides of a right triangle. One of the angles of a right triangle is always equal to

90 degrees. This angle is the right angle. The two sides next to the right angle are called the legs and the other side is called the hypotenuse. The hypotenuse
is the side opposite to the right angle, and it is always the longest side. The image above shows four common kinds of triangle, including a right triangle.

Right Triangle Labeled

The Pythagorean theorem is often used to find unknown lengths of the sides of right triangles. If the longest leg of a right triangle is labeled c, and the other
two a, and b as in the image on teh left, The Pythagorean Theorem states that

a’ +b* =c?
Given enough information, we can solve for an unknown length. This relationship has been used for many, many years for things such as celestial navigation

and early civil engineering projects. We now have digital GPS and survey equipment that have been programmed to do the calculations for us.

In the next example we will combine the power of the Pythagorean theorem and what we know about solving quadratic equations to find unknown lengths of
right triangles.

A right triangle has one leg with length x, another whose length is greater by two, and the length of the hypotenuse is greater by four. Find the lengths of
the sides of the triangle. Use the image below.

X+2 e

I I |

X

[reveal-answer q="133740"]Show Solution[/reveal-answer]
[hidden-answer a="133740"]

Read and understand: We know the lengths of all the sides of a triangle in terms of one side. We also know that the Pythagorean theorem will give us a
relationship between the side lengths of a right triangle.

Translate:

a®+b® =c?

2 (x+2)2 = (x+4)°
Solve: If we can move all the terms to one side and factor, we can use the zero product principle to solve. Since this is the only method we know — let’s
hope it works!

First, multiply the binomials and simplify so we can see what we are working with.
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2+ (z+2)% = (z+4)*
2+l +4z+4=2>+8x+16
2¢% +4z +4 =22 +8z +16

Now move all the terms to one side and see if we can factor.

2% 4z +4 =218z +16

—z? -8z —16 —2®> —8z —16

@ —4p-12=0
This went from a messy looking problem to something promising. We can factor using the shortcut:
—6-2=-12, and —6+2=—4
So we can build our binomial factors with -6 and 2:

(x—6)(z+2)=0

Set each factor equal to zero:
z—6=0,z=6
z+2=0,z=-2
Interpret: Ok, it doesn’t make sense to have a length equal to -2, so we can safely throw that solution out. The lengths of the sides are as follows:
=6
z+2=6+2=38
z+4=6+4=10

Check: Since we know the relationship between the sides of a right triangle we can check that we are correct. Sometimes it helps to draw a picture

X+2=8=b

We know that a® + b = ¢? , so we can substitute the values we found:

62 +82 =102
36 +64 =100
100 =100

Our solution checks out.
Answer
The lengths of the sides of the right triangle are 6, 8, and 10

[/hidden-answer]

This video example shows another way a quadratic equation can be used to find and unknown length of a right triangle.

Quadratic Equation Application = Pythagorean Theorem

B x meters. The offer leg is 7 meters longer. |
o shonestleg, findthe |

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120
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If you are interested in celestial navigation and the mathematics behind it, watch this video for fun.

-5t 3
J

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120

Projectile Motion

Projectile motion happens when you throw a ball into the air and it comes back down because of gravity. A projectile will follow a curved path that behaves
in a predictable way. This predictable motion has been studied for centuries, and in simple cases it’s height from the ground at a given time, t, can be modeled
with a quadratic polynomial of the form height = at* +bt +c such as we have been studying in this module. Projectile motion is also called a parabolic
trajectory because of the shape of the path of a projectile’s motion, as in the image of water in the fountain below.

Parabolic WaterTrajectory
Parabolic motion and it’s related equations allow us to launch satellites for telecommunications, and rockets for space exploration. Recently, police

departments have even begun using projectiles with GPS to track fleeing suspects in vehicles, rather than pursuing them by high-speed chase .

In this section we will solve simple quadratic polynomials that represent the parabolic motion of a projectile. The real mathematical model for the path of a
rocket or a police GPS projectile may have different coefficients or more variables, but the concept remains the same. We will also learn to interpret the
meaning of the variables in a polynomial that models projectile motion.

Example

A small toy rocket is launched from a 4-foot pedestal. The height (h, in feet) of the rocket t seconds after taking off is given by the formula
h = —2t> 4Tt +4 . How long will it take the rocket to hit the ground?

[reveal-answer g="679533"]Show Solution[/reveal-answer]

[hidden-answer a="679533"]

Read and understand: The rocket will be on the ground when the height is 0. We want to know how long, t, the rocket is in the air.

Translate: So, we will substitute 0 for h in the formula and solve for t.

h=—2t>4+Tt+4
0=—224+7t+4

Write and Solve: Rewrite the middle term using the a - ¢ method.
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Factor the trinomial by grouping.

0=—-2t2+8t—t+4

0=—-2t(t—4)—(t—4)
0=(-2t—1)(t—4)
0=-1(2t+1)(t—4)

Use the Zero Product Property. There is no need to set the constant factor —1 will never equal zero.
2t+1=0 or t—4=0

Solve each equation.

t= f% or t=4

Interpret the answer. Since ¢ represents time, it cannot be a negative number; only ¢ = 4 makes sense in this context.

t=4

Answer

The rocket will hit the ground 4 seconds after being launched.

[/hidden-answer]

In the next example we will solve for the time that the rocket is at a given height other than zero.

Use the formula for the height of the rocket in the previous example to find the time when the rocket is 4 feet from hitting the ground on it’s way back
down. Refer to the image.

h=—2t24+Tt+4

[reveal-answer q="198118"]Show Solution[/reveal-answer]
[hidden-answer a="198118"]

Read and understand: We are given that the height of the rocket is 4 feet from the ground on it’s way back down. We want to know how long it has
taken the rocket to get to that point in it’s path, we are going to solve for t.
Translate: Substitute h = 4 into the formula for height, and try to get zero on one side since we know we can use the zero product principle to solve
polynomials.
Write and Solve:

h=-2t2+Tt+4

4=-2¢>+Tt+4

—4 —4

0=—2t2+T7t
Now we can factor out a t from each term:

0=t(-2t+7)
Solve each equation for t using the zero product principle:
t=00R —2t+7=0

-T =T

ot -7

—2 T /2
7

Interpret: It doesn’t make sense for us to choose t=0 because we are interested in the amount of time that has passed when the projectile is 4 feet from
hitting the ground on it’s way back down. We will choose t=3.5

https://math.libretexts.org/@go/page/51472
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Answer

t = 3.5 seconds

[/hidden-answer]

The video that follows presents another example of solving a quadratic equation that represents parabolic motion.

Quadratic Equation Application - Projective |

You bunch a toy rocket from 4 height of 5 feet. The height (1, in feet) of the rocket
t seconds after taking off is he= -3l 4 14045 |
) How long wil nd?
b} Find the time ting the groand

1
|
)
A=S | b Y ¢2°F

Reweite the trincowl in the form ax? + hi + ¢ = axd + 1 & 61 & ¢
grouping

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=120

In this section we introduced the concept of projectile motion, and showed that it can be modeled with a quadratic polynomial. While the models used in
these examples are simple, the concepts and interpretations are the same. The methods used to solve quadratic polynomials that don’t factor easily are many
and well known, it is likely you will come across more in your studies.

Summary

You can find the solutions, or roots, of quadratic equations by setting one side equal to zero, factoring the polynomial, and then applying the Zero Product
Property. The Principle of Zero Products states that if @ =0 or b =0, or both a and b are 0. Once the polynomial is factored, set each factor equal to zero and
solve them separately. The answers will be the set of solutions for the original equation.

Not all solutions are appropriate for some applications. In many real-world situations, negative solutions are not appropriate and must be discarded.

1. "Cops' Latest Tool in High-speed Chases: GPS Projectiles." CBSNews. CBS Interactive, n.d. Web. 14 June 2016. ¢

CC licensed content, Original

¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Pythagorean Theorem, Description and Examples. Provided by: Lumen Learning. License: CC BY: Attribution

o Factoring Application - Find the Lengths of Three Sides of a Right Triangle (Pythagorean Theorem). Authored by: James Sousa (Mathispower4u.com)
for Lumen Learning. Located at: https://youtu.be/xeP5pRBqsNs. License: CC BY: Attribution

o Parabolic motion description and example. Provided by: Lumen Learning. License: CC BY: Attribution

o Factoring Application - Find the Time When a Projectile Hits and Ground. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning.
Located at: https://youtu.be/hsWSzu3KcPU. License: CC BY: Attribution

CC licensed content, Shared previously

o Ex 2: Quadratic Equation App - Find the Dimensions of a Rectangle Given Area (Factoring). Authored by: James Sousa (Mathispower4u.com) . Located
at: https://youtu.be/PvXsWZp588o. License: CC BY: Attribution

o Ex: Solve a Quadratic Equation Using Factor By Grouping. Authered by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/04zEXa0iO4U. License: CC BY: Attribution

o Ex: Factor and Solve Quadratic Equation - Trinomial a = -1. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/nZYfgHygXis. License: CC BY: Attribution

e Unit 12: Factoring, from Developmental Math: An Open Program. Provided by: Monterey Institute of Technology and Education. Located at:
http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-formats/. License: CC BY: Attribution

o Celestial Navigation Math. Authored by: TabletClass Math. Located at: https://www.youtube.com/watch?v=XWLZKmPU17M. License: All Rights
Reserved. License Terms: Standard Youtube License

o Pythagorean Theorem. Provided by: Wikipedia. Located at: https://en.Wikipedia.org/wiki/Pythagorean_theorem. License: CC BY-SA: Attribution-
ShareAlike

o Parabolic water trajectory. Authored by: By GuidoB. Located at: https://commons.wikimedia.org/w/index.php?curid=8015696. License: CC BY-SA:
Attribution-ShareAlike

6.5: Quadratic Equations is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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6.6: Putting It Together- Factoring

Factoring polynomials may seem like a tedious task that is put forth only to cause you frustration. Try to think of factoring like
running. When we do it, we become fit, even though we may feel at first as if we are going to pass out. The algebra involved in
factoring helps your brain make connections about multiplication and division and how they are related to each other. This makes
you more mathematically fit. Like a trained runner, being mathematically fit means you can accomplish impressive feats.

But even the best human athletes are no competition for machines. In the 1960s theoretical physicists and researchers interested in
artificial intelligence (AI) began to develop computer algebra systems, which can quickly “out-math” a human.

A computer algebra system (CAS) is a software program that allows computation of mathematical expressions in a way which is
similar to the traditional manual computations of mathematicians and scientists. The development of the computer algebra systems
in the second half of the 20th century is part of the discipline of “computer algebra” or “symbolic computation”, which has spurred
work in algorithms over mathematical objects such as polynomials.

There have been many advocates for increasing the use of computer algebra systems in primary and secondary school classrooms
in the form of an AI agent, which is kind of like a part-human, part-computer teacher. Interestingly, the use of CAS in the
classroom not only supports students as they learn, but can also help teachers improve the way they teach because computer
algebra systems emphasize the process of learning.
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In addition to the software of CAS, polynomials can be used to graph curves, which makes them ideal for designing roller coasters.

We can also use polynomials to better understand the stock market by using polynomials to see how prices change over time, to
trace the projectile of objects in physics, and even to predict weather trends in meteorology.

6.6: Putting It Together- Factoring is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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7.1: Why It Matters- Rational Expressions and Equations

Why study rational expressions and equations?

If you were around in 2011, you probably heard about Occupy Wall Street, the protest against social and economic inequality in the
US. According to Wikipedia, the main issues raised by Occupy Wall Street were social and economic inequality, greed, corruption,
and the perceived undue influence of corporations on government—particularly from the financial services sector. The OWS
slogan, “We are the 99%”, refers to income inequality and wealth distribution in the U.S. between the wealthiest 1% and the rest of
the population. To achieve their goals, protesters acted on consensus-based decisions made in general assemblies which
emphasized direct action over petitioning authorities for redress.
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Occupy Wall Street Ad

Economists are also interested in how wealth is distributed in economies. The Lorenz curve is a mathematical representation of the
distribution of income or of wealth. Max O. Lorenz developed it in 1905 to represent inequality of the wealth distribution.

The curve in the graph below shows the proportion of overall income or wealth assumed by the bottom x% of the people. It is often
used to represent income distribution, where it shows for the bottom x% of households, what percentage (y%) of the total income
they have. The percentage of households is plotted on the x-axis, the percentage of income is on the y-axis. It can also be used to
show distribution of assets. In such use, many economists consider it to be a measure of social inequality.
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Lorenz Curve
Points on the Lorenz curve represent statements like “the bottom 20% of all households have 10% of the total income.” A perfectly

equal income distribution would be one in which every person has the same income. In this case, the bottom N% of society would
always have N% of the income. This can be depicted by the straight line y = x; called the “line of perfect equality.”

By contrast, a perfectly unequal distribution would be one in which one person has all the income and everyone else has none. In
that case, the curve would be at y = 0% for all x < 100%, and y = 100% when x = 100%. This curve is called the “line of perfect
inequality.”

The Gini coefficient is the ratio of the area between the line of perfect equality and the observed Lorenz curve to the area between

the line of perfect equality and the line of perfect inequality. The higher the coefficient, the more unequal the distribution is. This is

given by the ratio G = ﬁ , where A and B are the areas of regions as marked in the graph below.
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Gini Index
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The closer the Gini index index is to 1, the less equally wealth is distributed amongst an economy. The closer it is to 0, the more
equally wealth is distributed. Below is a map of the world with Gini Index color coded.

World map color coded by Gini Index

The Gini Index is a rational expression, or ratio. In this module, we will define and apply mathematical operations to rational
expressions. We will also solve rational equations.

Learning Outcomes
Operations With Rational Expressions
o Define and simplify rational expressions
o Multiply and divide rational expressions
o Add and subtract rational expressions
Rational Equations
o Solve rational equations
Solve proportional problems
Solve work equations
Solve variation problems

[o]

[o]

o

7.1: Why It Matters- Rational Expressions and Equations is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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7.2: ldentify and Simplify Rational Expressions

Learning Objectives

e Recognize and define a rational expression
e Determine the domain of a rational expression
o Simplify a rational expression

Rational expressions are fractions that have a polynomial in the numerator, denominator, or both. Although rational expressions

can seem complicated because they contain variables, they can be simplified using the techniques used to simplify expressions such
423
1222

as combined with techniques for factoring polynomials.

RATIONAL

Keep Calm and be Rational

To introduce the first important feature of rational expressions and equations, we will show an example.
Evaluate x =2

Substitute z = 2

=z
z—2°
undefined ratio. In general, finding values for a variable that will not result in division by zero is called finding the domain.

Remember that you can’t divide by zero, so this means that for the expression x cannot be 2 because it will result in an

Domain of a rational expression or equation

The domain of a rational expression or equation is a collection of the values for the variable that will not result in an undefined
mathematical operation such as division by zero. For a = any real number, we can notate the domain in the following way:

x is all real numbers where = # a

The reason you cannot divide any number ¢ by zero ¢ (? - 0 = c¢) . There are no numbers that can do this, so we say “division by
zero is undefined”. In simplifying rational expressions you need to pay attention to what values of the variable(s) in the expression
would make the denominator equal zero. These values cannot be included in the domain, so they’re called excluded values. Discard
them right at the start, before you go any further.

(Note that although the denominator cannot be equivalent to 0, the numerator can—this is why you only look for excluded values
in the denominator of a rational expression.)

For rational expressions, the domain will exclude values for which the value of the denominator is 0. The following two examples
illustrate finding the domain of an expression.
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Example

3z+2

Identify the domain of the expression. <—~

[reveal-answer qg="349619"]Show Solution[/reveal-answer]
[hidden-answer a="349619"]

Find any values for x that would make the denominator equal 0.

When x =4, the denominator is equal to 0.

Answer

The domain is all real numbers, except 4.

Check

You found that & # 4. Substitute that value into the expression to check that it gives an undefined mathematical operation.

3z+2
z—4

14
0

You find that when & = 4, the numerator evaluates to 14, but the denominator evaluates to 0. And since division by 0 is undefined,
this must be an excluded value.

[/hidden-answer]

In the next example we will identify the domain of a rational expression that contains polynomials in the numerator and

denominator.
Example

. . . z+7
Identify the domain of the expression. PR

[reveal-answer q="318517"]Show Solution[/reveal-answer]
[hidden-answer a="318517"]

Find any values for x that would make the denominator equal to 0 by setting the denominator equal to 0 and solving the equation.
z2+8z—-9=0
Solve the equation by factoring. The solutions are the values that are excluded from the domain.
(z+9)(z—1)=0
r=—-9orz=1
Answer
The domain is all real numbers except 1.

[/hidden-answer]

As with many other mathematical expressions and equations, it can be very helpful to simplify rational expressions. We simplified
rational expressions with monomial terms in the exponents module. Here we will combine what we know about factoring
polynomials with factoring rational expressions that have monomial terms. The goal is to be able to simplify an expression such as
this:

https://math.libretexts.org/@go/page/51475
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)
z—1
Before we offer more examples, we will show you a technique for simplifying rational expressions that will make things a bit
easier. The idea is that a number or variable divided by itself is equal to one, so we can factor a rational expression and identify
common factors between the numerator and denominator.

52° 5-z-z

10z 5:-2.x

The common factors between the numerator and denominator are 5 and X, so we can “cancel” them to show that
5 _ z _
s = land 7 =1.

b.-x-x _ Y-z

r
5-2-zx -2 3 2

The next example provides a reminder of how to simplify a monomial with variables and exponents. We will then use this idea to
simplify a rational expression and define it’s domain.
Example
. . 522
Simplify 5.
[reveal-answer q="210856"]Show Solution[/reveal-answer]
[hidden-answer a="210856" ]Rewrite the numerator and denominator as factors.

M _ bz
25z~ 55z
Identify fractions that equal 1, and then simplify.
52T
5:5-¢
_ Yy
75y
=z,
= £ 1
Simplify.
z
5
Answer
\(\frac{5

H25x}=\frac{x}{5}\)
[/hidden-answer]

We can summarize the process as follows: Factor the numerator, factor the denominator, identify factors that are common to the
numerator and denominator, cancel them to represent division, and simplify.

When simplifying rational expressions, it is a good habit to always consider the domain first. This will come in handy when you
begin solving rational equations a bit later on. When finding the domain of an expression, you always start with the original
expression because variable terms may be factored out as part of the simplification process.

In the examples that follow, the numerator and the denominator are polynomials with more than one term, but the same principles
of simplifying will once again apply. Factor the numerator and denominator to simplify the rational expression.

Example

43
22 4+122+27
[reveal-answer q="623785"]Show Solution[/reveal-answer]

[hidden-answer a="623785"]

Simplify and state the domain for the expression.
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https://libretexts.org/
https://math.libretexts.org/@go/page/51475?pdf

LibreTexts"

To find the domain (and the excluded values), find the values for which the denominator is equal to 0. Factor the quadratic, and
apply the zero product principle.

z+3=0 or z4+9=0

r=0—3 or z=0-9
r=-3 or x=-9
r=-3 or x=-9

The domain is all real numbers except x = —9.

Factor the numerator and denominator. Identify the factors that are the same in the numerator and denominator, and simplify.

z+3
r24+122+27

_ z+3
T (z+3)(z+9)

_
(@t3r(@+9)

—1.-1
=1 z+9

Answer
43 1

224122427 a+9

The domain is all real numbers except —9.

[/hidden-answer]

Example

z2+102+24
r3—x2—-20x
[reveal-answer qg="861958"]Show Solution[/reveal-answer]

[hidden-answer a="861958"]

Simplify and state the domain for the expression.

To find the domain, determine the values for which the denominator is equal to 0.
3 — 22 -202 =0
T (a:2—w—20) =0
z(z—5)(x+4)=0
The domain is all real numbers except 0, 5, and —4.

To simplify, factor the numerator and denominator of the rational expression. Identify the factors that are the same in the numerator
and denominator, and simplify.

z24+102+24
z3—22-20x

_ (z+4)(z+6)
T ax(z—5)(z+4)

@60
z(z—5) (zﬂ—)'

Simplify. It is acceptable to either leave the denominator in factored form or to distribute multiplication.

https://math.libretexts.org/@go/page/51475
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Answer

z+6
25

The domain is all real numbers except 0, 5, and —4.
[/hidden-answer]

In the following video we present another example of finding the domain of a rational expression.

_Simplifying Rational Express

State the domain and simplify the given rational expressions.

The| domain iy all ped
fumbas exigat ~5 od €

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=128

Steps for Simplifying a Rational Expression

To simplify a rational expression, follow these steps:

e Determine the domain. The excluded values are those values for the variable that result in the expression having a denominator
of 0.

o Factor the numerator and denominator.

e Find common factors for the numerator and denominator and simplify.

Summary

An additional consideration for rational expressions is to determine what values are excluded from the domain. Since division by 0
is undefined, any values of the variables that result in a denominator of 0 must be excluded. Excluded values must be identified in
the original equation, not from its factored form.Rational expressions are fractions containing polynomials. They can be simplified
much like numeric fractions. To simplify a rational expression, first determine common factors of the numerator and denominator,
and then remove them by rewriting them as expressions equal to 1.

CC licensed content, Original

o Screenshot: Keep Calm. Provided by: Lumen Learning. License: Public Domain: No Known Copyright

¢ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Simplify and Give the Domain of Rational Expressions. Authored by: James Sousa (Mathispower4u.com) for Lumen
Learning. Located at: https://youtu.be/tJizorEkiBs. License: CC BY: Attribution

CC licensed content, Shared previously

o Unit 15: Rational Expressions, from Developmental Math: An Open Program. Provided by: Monterey Institute of Technology
and Education. Located at: http:/nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-
formats/. License: CC BY: Attribution

7.2: Identify and Simplify Rational Expressions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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7.3: Operations on Rational Expressions

Learning Objectives

e Multiply and divide rational expressions
¢ Add and subtract rational expressions

o Add and subtract rational expressions with like denominators

o Add and subtract rational expressions with unlike denominators using a greatest common denominator
o Add and subtract rational expressions that share no common factors

o Add and subtract more than two rational expressions

Just as you can multiply and divide fractions, you can multiply and divide rational expressions. In fact, you use the same
processes for multiplying and dividing rational expressions as you use for multiplying and dividing numeric fractions. The process
is the same even though the expressions look different!

Multiply and Divide

Multiply Rational Expressions

Remember that there are two ways to multiply numeric fractions.

One way is to multiply the numerators and the denominators and then simplify the product, as shown here.
é'g_§:3-3-2-2 :3-3~2/- Y :3-3.121

5 8 40 5-2-2-2 5% Y2 5-2 10

A second way is to factor and simplify the fractions before performing the multiplication.

4.9 _22 33 _ ¥¥3¥3 4 33_ 9
5 8 5

222 g9.5.9.2 = 52 10
Notice that both methods result in the same product. In some cases you may find it easier to multiply and then simplify, while in
others it may make more sense to simplify fractions before multiplying.
The same two approaches can be applied to rational expressions. In the following examples, both techniques are shown. First, let’s
multiply and then simplify.
Example
Multiply.\(\displaystyle \frac{5
H14}\cdot \frac{7}{10}\)
State the product in simplest form.

[reveal-answer q="518862"]Show Solution[/reveal-answer]
[hidden-answer a="518862"]
Multiply the numerators, and then multiply the denominators.

5d> , _7_ _ 350
14  10a3 ~ 140a3

Simplify by finding common factors in the numerator and denominator. Simplify the common factors.

\(\large\begin{array} {1}\frac{35a"{2} }{140a*{3} }=\frac{5\cdot7\cdot{a} {2} }
{5\cdot7\cdot2\cdot2\cdot{a} {2 P\cdot{a} A\, L, L,LLLLL L\, =\rac{ \cancel{ 5 }\cdot\cancel{ 7 } \cdot\cancel
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H\cancel{5}\cdot\cancel{ 7 }\cdot2\cdot2\cdot\cancel\cdot{a} }\\\\\,\,\, ,\,\, , \, L\, \,\,\\,\,=\normalsize1\cdot\large\frac{1}

{4a}\end{array}\)
Simplify.
1
4a
Answer

\(\displaystyle \frac{5

H14}\cdot \frac{7}{10}=\frac{1}{4a}\)

[/hidden-answer]

Okay, that worked. But this time let’s simplify first, then multiply. When using this method, it helps to look for the greatest

common factor. You can factor out any common factors, but finding the greatest one will take fewer steps.

Example

7
10a3

inly, 32 .
Multiply. "
State the product in simplest form.

[reveal-answer q="724339"]Show Solution[/reveal-answer]
[hidden-answer a="724339"]

Factor the numerators and denominators. Look for the greatest common factors.

\(\displaystyle \frac{5\cdot
}H7\cdot 2}\cdot \frac{7}{5\cdot 2\cdot \cdot a}\)
Simplify common factors, then multiply.
\(\large\begin{array}{c}\frac{5\cdot

H7\cdot 2}\cdot \frac{7}{5\cdot 2\cdot \cdot a}\\\\=\frac{\cancel{5}\cdot\cancel} {\cancel{7}\cdot 2 }\cdot \frac{\cancel{7}}
{\cancel{5}\cdot 2\cdot\cancel\cdot a}\\\=\frac{1\cdot1\cdot1}{2\cdot2\cdot{a}}=\frac{1}{4a}\end{array}\)

Answer
5 _7__ 1

14  10a3 4a

[/hidden-answer]
Both methods produced the same answer.

Also, remember that when working with rational expressions, you should get into the habit of identifying any values for the
variables that would result in division by 0. These excluded values must be eliminated from the domain, the set of all possible

values of the variable. In the example above, a =0, the denominator of the fraction n 07a3 equals 0, which will make the fraction

undefined.

Some rational expressions contain quadratic expressions and other multi-term polynomials. To multiply these rational expressions,
the best approach is to first factor the polynomials and then look for common factors. (Multiplying the terms before factoring will
often create complicated polynomials...and then you will have to factor these polynomials anyway! For this reason, it is easier to
factor, simplify, and then multiply.) Just take it step by step, like in the examples below.

Example
2 _aq-2 10a
5a a+1

State the product in simplest form.

Multiply. 4

, a# —1,0

[reveal-answer q="794041"]Show Solution[/reveal-answer]
[hidden-answer a="794041"]

Factor the numerators and denominators.
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(a—2)(a+1) . 5:2.a
5-a (a+1)

Simplify common factors:

(a—2) (aw ' 52 g
¥y (atdy

a2 2
1 1
Multiply simplified rational expressions. This expression can be left with the numerator in factored form or multiplied out.
(0—2) . 2
T 1
=2(a—2)
Answer
2
a‘“—a—2 10a
. =2a—4
5a a+1 @

[/hidden-answer]

Example

. a’+4a+4 a+b 5
Multiply. 5z="50 " w47 72005

State the product in simplest form.

[reveal-answer q="980309"]Show Solution[/reveal-answer]
[hidden-answer a="980309"]
Factor the numerators and denominators.

(@2)(@+2) _at5
(2a—5)(a+2) a(a+2)

Simplify common factors.

@2 @2 s
(2a-5) (@12 a (a2

Multiply simplified rational expressions. This expression can be left with the denominator in factored form or multiplied out.

1 Latb _ _atb
(2a—5) a a(2a—5)

Answer

a’+4a+4  a+5 _ _ a+b
2a2-a—10 a?+2a  a(2a-5)

[/hidden-answer]

Note that in the answer above, you cannot simplify the rational expression any further. It may be tempting to express the 5’s in the
numerator and denominator as the fraction %, but these 5’s are terms because they are being added or subtracted. Remember that
only common factors, not terms, can be regrouped to form factors of 1!

In the following video we present another example of multiplying rational expressions.
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Multiplying amd Dividing Rationa) Bxpressions

Multiply, Then state the domain

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

Divide Rational Expressions

You’ve seen that you multiply rational expressions as you multiply numeric fractions. It should come as no surprise that you also
divide rational expressions the same way you divide numeric fractions. Specifically, to divide rational expressions, keep the first
rational expression, change the division sign to multiplication, and then take the reciprocal of the second rational expression.

Let’s begin by recalling division of numerical fractions.

2.5_2.9_18_6
39

3 5 15 7 5

Use the same process to divide rational expressions. You can think of division as multiplication by the reciprocal, and then use
what you know about multiplication to simplify.

Reciprocal Architecture
You do still need to think about the domain, specifically the variable values that would make either denominator equal zero. But

there’s a new consideration this time—because you divide by multiplying by the reciprocal of one of the rational expressions, you
also need to find the values that would make the numerator of that expression equal zero. Have a look.

Example

2 3
Identify the domain of the expression. % = %

[reveal-answer g="988831"]Show Solution[/reveal-answer]
[hidden-answer a="988831"]

Find excluded values. 9 and 27 can never equal 0.

Because \(\displaystyle \frac{15

}H27}\), you must find the values of x that would make 15z3 equal 0.
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152° =0

z = 0is an excluded value.
Answer
The domain is all real numbers except 0.
[/hidden-answer]
Knowing how to find the domain may seem unimportant here, but it will help you when you learn how to solve rational equations.
To divide, multiply by the reciprocal.
Example
Divide. 0 o7

State the quotient in simplest form.

[reveal-answer q="688236"]Show Solution[/reveal-answer]
[hidden-answer a="688236"]

Rewrite division as multiplication by the reciprocal.

5a® | _27
9 15g3
Factor the numerators and denominators.
5-z-x 3-3-3
3:3 5-3-x-x-x
Simplify common factors.
Simplify.
Yy _¥yy
¥y Yy
1
Tz
Answer

\(\displaystyle \frac{5
HONdiv \frac{15}{27}=\frac{1}{x},x\ne 0\)

[/hidden-answer]

Example
. . 32 . 64
Divide. 5 = 15270)

State the quotient in simplest form, and express the domain of the expression.

[reveal-answer qg="53255"]Show Solution[/reveal-answer]
[hidden-answer a="53255"]

Determine the excluded values that make the denominators and the numerator of the divisor equal to 0.
\(\begin{array } {r}\left(x+2\right)=0\,\,\,\,\,\\x=-2\\\left(

+5x+6
\right)=0\,\,\,\,\,\\\eft(x+3\right)\left(x+2\right)=0\\,\,\,\, \x=-3\,\,\,\\text { or }\,\,\,\,-2\\6xA {4} =0\,\,\,\,\, \x=0\,\,\,\,\,\end { array }\)

Domain is all real numbers except —2, and —3.

Rewrite division as multiplication by the reciprocal.

322 (22 +5x+6)

Factor the numerators and denominators.
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3z (z+2)(z+3)
z+2 2-3-zzzT

Simplify common factors
Vg p (zjz)/(z+3)

Simplify.
\(\frac{(x+3)}{2
N
Answer
\(\displaystyle \frac{3
Hx+21\div \frac{6} {(+5x+6)}=\frac{x+3}{2}\).
The domain is all real numbers except 0, —3.
[/hidden-answer]

Notice that once you rewrite the division as multiplication by a reciprocal, you follow the same process you used to multiply
rational expressions.

In the video that follows, we present another example of dividing rational expressions.

Misltiplying and Dividing Rational Bxpressions

Divide. Then state the domain,

—
S R L

5 (30

1

o
i
F

s
[

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

Add and Subtract Rational Expressions

In beginning math, students usually learn how to add and subtract whole numbers before they are taught multiplication and
division. However, with fractions and rational expressions, multiplication and division are sometimes taught first because these
operations are easier to perform than addition and subtraction. Addition and subtraction of rational expressions are not as easy to
perform as multiplication because, as with numeric fractions, the process involves finding common denominators. By working
carefully and writing down the steps along the way, you can keep track of all of the numbers and variables and perform the
operations accurately.

Add and Subtract
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Adding and Subtracting Rational Expressions with Like Denominators

Adding rational expressions with the same denominator is the simplest place to start, so let’s begin there.

To add fractions with like denominators, add the numerators and keep the same denominator. Then simplify the sum. You know
how to do this with numeric fractions.

2, 4_ 6
9+9_9

6 _32_3 2_71.2_2

9 33 3 3 3 3

3.

Follow the same process to add rational expressions with like denominators. Let’s try one.
Example

Add \(\displaystyle \frac{2

Hx+4}+\frac{8x}{x+4}\), and define the domain.

State the sum in simplest form.

[reveal-answer q="324146"]Show Solution[/reveal-answer]
[hidden-answer a="324146"]

Since the denominators are the same, add the numerators.

\(\frac{2
+8x}{x+4}\)
Factor the numerator.
22(z-+4)
+4

Simplify common factors and.
2z (mﬂ’
T4

_ 2
1

The domain is found by setting the denominators in the original sum equal to zero.

z+4=0
r=—4

The domain is x # —4

Answer

\(\displaystyle \frac{2
Hx+4}H\frac{8x} {x+4}=2x,x\ne -4\)
[/hidden-answer]

x # —4 . If we were to have defined the domain after simplifying, we would find that the domain is all real numbers which is
incorrect.

To subtract rational expressions with like denominators, follow the same process you use to subtract fractions with like
denominators. The process is just like the addition of rational expressions, except that you subtract instead of add.

Example
Subtract 227 — 2248 5hd define the domain.
z+6 z+6

State the difference in simplest form.
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[reveal-answer q="681427"]Show Solution[/reveal-answer]
[hidden-answer a="681427"]
Subtract the second numerator from the first and keep the denominator the same.

4z+7—(22+8)
z+6

Be careful to distribute the negative to both terms of the second numerator.

dx+7—2x—8
z+6

Combine like terms. This rational expression cannot be simplified any further.

2z—1
z+6

The domain is found from the denominators of original expression.
z+6=0
z=—6

The domain is  # —6

Answer
4 7 2 8 2¢ —1

xr 4+ _ T+ _ x ,x;«é—ﬁ
r+6 z+6 r+6

[/hidden-answer]

In the video that follows, we present more examples of adding rational expressions with like denominators. Additionally, we
review finding the domain of a rational expression.

Addand Subtract Rational Expressions | Like Denominators |

Add. Then state the domain
125 36x

xX4+3 x+13

- =
g ] L P =
= %

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

Adding and Subtracting Rational Expressions with Unlike Denominators

What do they have in common?
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Before adding and subtracting rational expressions with unlike denominators, you need to find a common denominator. Once again,
this process is similar to the one used for adding and subtracting numeric fractions with unlike denominators. Remember how to do
this?

5 8 3

671071

Since the denominators are 6, 10, and 4, you want to find the least common denominator and express each fraction with this
denominator before adding. (BTW, you can add fractions by finding any common denominator; it does not have to be the least. You
focus on using the least because then there is less simplifying to do. But either way works.)

Finding the least common denominator is the same as finding the least common multiple of 4, 6, and 10. There are a couple of
ways to do this. The first is to list the multiples of each number and determine which multiples they have in common. The least of
these numbers will be the least common denominator.

Num

Multiples
ber
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64
6 12 18 24 30 36 42 48 54 60 66 68

10 20 30 40 50 60 70 80

The other method is to use prime factorization, the process of finding the prime factors of a number. This is how the method
works with numbers.

Example

Use prime factorization to find the least common multiple of 6, 10, and 4.

[reveal-answer q="371893"]Show Solution[/reveal-answer]
[hidden-answer a="371893"]First, find the prime factorization of each denominator.

6=3-2
10=5-2
4=2-2
The LCM will contain factors of 2, 3, and 5. Multiply each number the maximum number of times it appears in a single

factorization.
In this case, 3 appears once, 5 appears once, and 2 is used twice because it appears twice in the prime factorization of 4.

Therefore, the LCM of 6, 10, and 4is 3-5-2 -2, or 60.

6=3-2
10=5-2
4=2.2

LCM=3-5-2-2
Answer
The least common multiple of 6, 10, and 4 is 60.
[/hidden-answer]

Both methods give the same result, but prime factorization is faster. Your choice!

Now that you have found the least common multiple, you can use that number as the least common denominator of the fractions.
Multiply each fraction by the fractional form of 1 that will produce a denominator of 60:

https://math.libretexts.org/@go/page/51476


https://libretexts.org/
https://math.libretexts.org/@go/page/51476?pdf

LibreTexts"

5 10 _ 50
6 10 — 60
8.6 _ 1
10 6 ~ 60
3.15 _ 45
4 1 60

Now that you have like denominators, add the fractions:

50 | 48 , 45 _ 143
5 7% T35 — 60

In the next example, we show how to find the least common multiple of a rational expression with a monomial in the denominator.

Example
Add% + 2%, and give the domain.

State the sum in simplest form.

[reveal-answer q="926091"]Show Solution[/reveal-answer]
[hidden-answer a=”926091"]

Find the prime factorization of each denominator.
15m? =3-5-m-m
2lm =3-7-m

Find the least common multiple. 3 appears exactly once in both of the expressions, so it will appear once in the least common
multiple. Both 5 and 7 appear at most once. For the variables, the most m appears is twice.

Use the least common multiple for your new common denominator, it will be the LCD.

15m?> =3-5-m-m

2lm =3-T-m

LCM:3-5-7-m-m

LCM : 105m?
Compare each original denominator and the new common denominator. Now rewrite the rational expressions to each have the
common denominator of 105m2 Remember that m cannot be 0 because the denominators would be 0.

The first denominator is 1052 You need to multiply %

The second denominator is 105m?2. You need to multiply 5m to get the LCD, so multiply the entire rational expression by g—z
2n 7 _  ldn

15m2 7 105m?

3n _5m __ 15mn
2lm  5m ~ 105m2

Add the numerators and keep the denominator the same.
\(\frac{14n}{105
}+\frac{15mn}{105}=\frac{14n+15mn}{105}\)

If possible, simplify by finding common factors in the numerator and denominator. This rational expression is already in simplest
form because the numerator and denominator have no factors in common.

\(\displaystyle \frac{n(14+15m)}{105
Y,
Answer
\(\displaystyle \frac{2n}{15
}+\frac{3n}{21m}=\frac{n(14+15m)}{105},m\ne 0\)
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[/hidden-answer]

That took a while, but you got through it. Adding rational expressions can be a lengthy process, but taken one step at a time, it can
be done.

Now let’s try subtracting rational expressions. You’ll use the same basic technique of finding the least common denominator and
rewriting each rational expression to have that denominator.
Example
2 t—2 ) .
SubtractH—l — define the domain.

State the difference in simplest form.

[reveal-answer q="704185"]Show Solution[/reveal-answer]
[hidden-answer a="704185"]

Find the prime factorization of each denominator. \(
-t-2\) can be. Remember that t cannot be 2 because the denominators would be 0.
t+1=t+1
22—t—2=(t—-2)(t+1)
Find the least common multiple. ¢—2 also appears once.

This means that (£ —2) (¢+1) is the least common multiple. In this case, it is easier to leave the common multiple in terms of the
factors, so you will not multiply it out.

Use the least common multiple for your new common denominator, it will be the LCD.
t+1=t+1
2—t—-2=(t—2)(t+1)
LCM: (t+1)(t—1)
Compare each original denominator and the new common denominator. Now rewrite the rational expressions to each have the
common denominator of (¢ +1) (¢—2).

t—2
You need to multiply ¢—2 to get the LCD, so multiply the entire rational expression by o
The second expression already has a denominator of (¢ + 1) (t—2), so you do not need to multiply it by anything.
2 2 202
tHl -2 T (1) (t-2)
=2 -2

22  (t+1)(t-2)
Then rewrite the subtraction problem with the common denominator.

2(t=2) t—2
(t4+1)(t-2) (¢+1)(t—2)

Subtract the numerators and simplify. Remember that parentheses need to be included around the second (¢—2) in the numerator
because the whole quantity is subtracted. Otherwise you would be subtracting just the t.

2(t-2)—(t-2)
(t+1)(¢-2)

2t—4—t42
(t+1)(t-2)

t—2
(t+1)(t-2)

The numerator and denominator have a common factor of ¢— 2, so the rational expression can be simplified.
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Answer
2 t—2 1
t+1 2_t_2 t+1’

[/hidden-answer]

t#-1,2

The video that follows contains an example of adding rational expressions whose denominators are not alike. The denominators of
both expressions contain only monomials.

et fom wpression

Add and Su

Add. Then state the domain

ennminator)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

The video that follows contains an example of subtracting rational expressions whose denominators are not alike. The
denominators are a trinomial and a binomial.

Add aned Subtract Rational Expressions {Unlike Denominators)

Subtract, Then state the domain

¥i-2r—8 r—4

R
 — t“+11r+ 18 x+3
T—

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

Add rational expressions whose denominators have no common factors

So far all the rational expressions you’ve added and subtracted have shared some factors. What happens when they don’t have
factors in common?
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No Common Factors
In the next example, we show how to find a common denominator when there are no common factors in the expressions.

Example

3y _
2y—1 y-—5

State the difference in simplest form.

Subtract

, and give the domain.

[reveal-answer qg="699142"]Show Solution[/reveal-answer]
[hidden-answer a="699142"]

Neither y—5 can be factored. Because they have no common factors, the least common multiple, which will become the least
common denominator, is the product of these denominators.

LCM = (2y—1)(y—5)
Multiply each expression by the equivalent of 1 that will give it the common denominator.

Then rewrite the subtraction problem with the common denominator. It makes sense to keep the denominator in factored form in
order to check for common factors.

3y y-5 _ _ 3yly—5)
2y-1 y=5  (2y-1)(y-5)
4 -1 4(2y-1)

v—5 2y—1  (2y-1)(y-5)

3y(y—5) 4(2y-1)
(2y-1)(y=5)  (2y-1)(y—5)

Subtract and simplify.
\(\begin{array} {c}\frac{3
-15y H(2y-1)(y-5)}-\frac{8y-4}{(2y-1)(y-5) '\\Wfrac{3-15y-(8y-4) } { (2y-1)(y-5) }\\frac{ 3-15y-8y+4 } { (2y-1)(y-5) }\end{ array }\)
The domain is found by setting the original denominators equal to zero.
2y—1=0andy—5=0
y=3 andy=5
The domainis y # +,y #5

Answer
\(\displaystyle \frac{3y}{2y-1}-\frac{4}{y-5}=\frac{3
-23y+4}{2-11y+5},y\ne \frac{1}{2},5\)
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[/hidden-answer]

In the video that follows, we present an example of adding two rational expression whose denominators are binomials with no
common factors.

Examples: Add / Subtract Ratlonal Expressions - Unlike
Binomial Denominators

. I
B |
_(xf- gTIA =1 _{x':—:a_?_x+!)

[X+&;’{A-‘-|} (x-4)(x+e])

A% =% +12) + U i3z +42)
LS, . . R i
Ay*ibx 484 Fa(xt+3xea1)
Cxvelx=4) I txsu)iv-9) 1

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

You may need to combine more than two rational expressions. While this may seem pretty straightforward if they all have the same
denominator, what happens if they do not?

In the example below, notice how a common denominator is found for three rational expressions. Once that is done, the addition
and subtraction of the terms looks the same as earlier, when you were only dealing with two terms.

Example

Simplify\(\frac{2

H{{xIM{2} } -4} H\frac{x} {x-2}-\frac{1}{x+2}\), and give the domain.

State the result in simplest form.

[reveal-answer g="47691"]Show Solution[/reveal-answer]
[hidden-answer a="47691"]

Find the least common multiple by factoring each denominator. Multiply each factor the maximum number of times it appears in a
single factorization. Remember that x cannot be —2 because the denominators would be 0.

(z—2). This means the LCM is (z +2) (z—2).
2’ —4=(z+2)(z—2)
z—2=x—2
z+2=x42
LCM = (z+2) (z —2)
The LCM becomes the common denominator.
Multiply each expression by the equivalent of 1 that will give it the common denominator.
\(\begin{array}{r}\frac{2

HE+2)(x-2) \frac{x} {x-2}\cdot \frac{x+2} {x+2 }=\frac{x(x+2) } { (x+2)(x-2) \\\frac{ 1} {x+2 }\cdot \frac{x-2} {x-2 }=\frac{ 1(x-
2)H(x+2)(x-2)}\end{array }\)

Rewrite the original problem with the common denominator. It makes sense to keep the denominator in factored form in order to
check for common factors.

\(\displaystyle \frac{?2
Hx+H2)(x-2) }\frac{x(x+2) H (x+2)(x-2) }-\frac{ 1(x-2) } { (x+2)(x-2) }\)

Combine the numerators.
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\(\begin{array}{c}\frac{2

+xX(x+2)-1(x-2) H(x+2)(x-2) P\\Wrac{ 2++2x-x+2 } { (x+2)(x-2) }\end{array }\)
Check for simplest form. Since neither (z — 2) is a factor of \(3
+x+2\), this expression is in simplest form.

\(\frac{3
+x+2H{(x+2)(x-2)}\)

Answer

\(\displaystyle \frac{2

H{{xIA 2} -4 A\ frac{x } {x-2}-\frac{ 1} {x+2}=\frac{3{{x}M {2} } +x+2H{ (x+2)(x-2)}\) = #~ 2, —2
[/hidden-answer]

In the video that follows we present an example of subtracting 3 rational expressions with unlike denominators. One of the terms
being subtracted is a number, so the denominator is 1.

____Add and Subtract More Than Two Rational Expressions
Subtract . Then state the domain

s

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130

Example

Simplify\(\frac

{3y}-\frac{2}{x}-\frac{15}{9}\), and give the domain.
State the result in simplest form.

[reveal-answer q="77199"]Show Solution[/reveal-answer]
[hidden-answer a="77199"]

Find the least common multiple by factoring each denominator. Multiply each factor the maximum number of times it appears in a
single factorization.

3y=3-y
T=cz
9=3-3
LCM=3-3-z-y
LCM =9zy
The LCM becomes the common denominator. Multiply each expression by the equivalent of 1 that will give it the common

denominator.
\(\begin{array}{r}\frac

{3yHcdot \frac{3x}{3x}=\frac{3x} {9xy }\\\frac{2} {x }\cdot \frac{9y } {9y} =\frac{ 18y } { 9xy }\,\\,\\frac{ 15} {9}\cdot \frac{xy}
{xy}=\frac{15xy}{9xy}\end{array }\)
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Rewrite the original problem with the common denominator.
\(\frac{3x
H9xy}-\frac{18y}{9xy}-\frac{15xy}{9xy}\)
Combine the numerators.
\(\frac{3x
-18y-15xy}{9xy}\)
Check for simplest form.

3y(zy—6—>5z)
9zy

_ 3y(zy—6—52)
3y(3z)

B 3y (zy—6-5z)
3y

_ zy—6-5z

o 3z
The domain is found by setting the denominators equal to zero. 9 =0 is nonsense, so we don’t need to worry about that
denominator.

3y=0andz =0
y=0andz =0
The domainisy # 0,z #0
Answer
\(\frac
{3y}-\frac{2}{x}-\frac{15} {9} =\frac{xy-5x-6}{3x},y\ne 0,x\ne 0\)
[/hidden-answer]

In this last video, we present another example of adding and subtracting three rational expressions with unlike denominators.

Add and Subtract. Then state the domain
1 Ix*

—_— e —

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=130
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Add and Subtract

Summary

In the next sections we will introduce some techniques for solving rational equations. The methods shown here will help you when
you are solving rational equations. To add and subtract rational expressions that share common factors, you first identify which
factors are missing from each expression, and build the LCD with them. To add and subtract rational expressions with no common
factors, the LCD will be the product of all the factors of the denominators.

Summary

Rational expressions are multiplied and divided the same way as numeric fractions. To multiply, first find the greatest common
factors of the numerator and denominator. Next, regroup the factors to make fractions equivalent to one. Then, multiply any
remaining factors. To divide, first rewrite the division as multiplication by the reciprocal of the denominator. The steps are then the
same as for multiplication.

When expressing a product or quotient, it is important to state the excluded values. These are all values of a variable that would
make a denominator equal zero at any step in the calculations.

CC licensed content, Original

o Screenshot: Multiply and Divide. Provided by: Lumen Learning. License: CC BY: Attribution

o Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Screenshot: Reciprocal Architecture. Provided by: Lumen Learning. License: CC BY: Attribution

o Multiply Rational Expressions and Give the Domain. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning.
Located at: https://youtu.be/Hj6gF1SNttk. License: CC BY: Attribution

o Divide Rational Expressions and Give the Domain. Authored by: James Sousa (Mathispower4u.com) for Lumen Learning.
Located at: https://youtu.be/Bltigfgs268. License: CC BY: Attribution

e Graphic: No common factors.. Provided by: Lumen Learning. License: CC BY: Attribution

o Screenshot: Add and subtract. Provided by: Lumen Learning. License: CC BY: Attribution

o Subtract Rational Expressions with UnLike Denominators - 3 Expressions. Authored by: James Sousa (Mathispower4u.com)
for Lumen Learning. Located at: https://youtu.be/c-8xQyUOch0. License: CC BY: Attribution

e Add and Subtract Rational Expressions with UnLike Denominators - 3 Expressions. Authored by: James Sousa
(Mathispower4u.com) for Lumen Learning. Located at: https://youtu.be/43xPStL.m39A. License: CC BY: Attribution

CC licensed content, Shared previously

o Unit 15: Rational Expressions, from Developmental Math: An Open Program. Provided by: Monterey Institute of Technology
and Education. Located at: http://nrocnetwork.org/resources/downloads/nroc-math-open-textbook-units-1-12-pdf-and-word-
formats/. License: CC BY: Attribution

o Ex: Add Rational Expressions with Unlike Denominators. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://www.youtube.com/watch?v=CKGpiTE5vIg&feature=youtu.be. License: CC BY: Attribution

7.3: Operations on Rational Expressions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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7.4: Solve Rational Equations

Learning Objectives

¢ Solve rational equations

o Solve rational equations by clearing denominators
o Identify extraneous solutions in a rational equation
o Solve for a variable in a rational formula

o Applications of rational equations

Identify the components of a work equation

Solve a work equation

Define and write a proportion

Solve proportional problems involving scale drawings

Define direct variation, and solve problems involving direct variation
Define inverse variation and solve problems involving inverse variation
Define joint variation and solve problems involving joint variation

0O O O 0O O O o

Equations that contain rational expressions are called rational equations. For example, 2’”4“ = % is a rational equation. Rational

equations can be useful for representing real-life situations and for finding answers to real problems. In particular, they are quite
good for describing a variety of proportional relationships.

One of the most straightforward ways to solve a rational equation is to eliminate denominators with the common denominator, then
use properties of equality to isolate the variable. This method is often used to solve linear equations that involve fractions as in the
following example:

Solve 3 —3 =2 — 2z by clearing the fractions in the equation first.

Multiply both sides of the equation by 4, the common denominator of the fractional coefficients.

4
4(32-3)=4(2—-3z)
4(32) —4(3)=4(2)+4(—-3xz)
20 —12=8 -3z
+3z +3z

br—12=38
+i2 12
S5 =20
z=4

We could have found a common denominator and worked with fractions, but that often leads to more mistakes. We can apply the
same idea to solving rational equations. The difference between a linear equation and a rational equation is that rational equations
can have polynomials in the numerator and denominator of the fractions. This means that clearing the denominator may sometimes
mean multiplying the whole rational equation by a polynomial. In the next example, we will clear the denominators of a rational
equation with a terms that has a polynomial in the numerator.

Example
Solve the equation 2 - 2 - 2, or 8, will be the LCM.

4=2.2
8§=2-2-2-2
LCM=2-2-2
LCM =8
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The LCM of 4 and 8 is also the lowest common denominator for the two fractions.

Multiply both sides of the equation by the common denominator, 8, to keep the equation balanced and to eliminate the
denominators.

3.ﬂ_%.8

8 _ 142

S(x+5)=T7-2-1

1-(z45)=14-1

Simplify and solve for x.

r+b=14
z=9
Check the solution by substituting 9 for x in the original equation.
45 7
8 4
945 _ 7
8 4
u_ 7
8§ 4
r_7
41
Answer
=9

[/hidden-answer]

In the next example, we show how to solve a rational equation with a binomial in the denominator of one term. We will use the
common denominator to eliminate the denominators from both fractions. Note that the LCD is the product of both denominators
because they don’t share any common factors.

Example

. 8 _ 4
Solve the equation —+ T =3

[reveal-answer qg="331190"]Show Solution[/reveal-answer]
[hidden-answer a=”331190"]Clear the denominators by multiplying each side by the common denominator. The common
denominator is 3 and  + 1 don’t have any common factors.

3(m+1)<wi1) =3(z+1)(3)

Simplify common factors.

3 (z L1y <$) =¥ (z+1) (i&)
24=4(z+1)
24 =4z +4

Now this looks like a linear equation, and we can use the addition and multiplication properties of equality to solve it.
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24 =4z +4
-4 A
20 =4z
=5
Check the solution in the original equation.

8 _ 4
(z+1) 3
_8 _ 4
(5+1) 3

8 _ 4
6 3

Reduce the fraction % by simplifying the common factor of 2:

Z4 _4
73 3

Answer
rz=1
[/hidden-answer]

You could also solve this problem by multiplying each term in the equation by 3 to eliminate the fractions altogether. Here is how it
would look.

Example
Solve the equation £ +1 = .

[reveal-answer q="950823"]Show Solution[/reveal-answer]
[hidden-answer a="950823"]Both fractions in the equation have a denominator of 3. Multiply both sides of the equation (not just
the fractions!) by 3 to eliminate the denominators.

T 4
3(3+1)=3(3)
Apply the distributive property and multiply 3 by each term within the parentheses. Then simplify and solve for x.
3(5)+3(1)=3(3)

y(2) 2=y ()

z+3=4
=3 =3
r=1
Answer
r=1

[/hidden-answer]

In the video that follows we present two ways to solve rational equations with both integer and variable denominators.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Excluded Values and Extraneous Solutions

Some rational expressions have a variable in the denominator. When this is the case, there is an extra step in solving them. Since
division by 0 is undefined, you must exclude values of the variable that would result in a denominator of 0. These values are called
excluded values. Let’s look at an example.

Example

Solve the equation 223 = 13
z—5 -5

[reveal-answer q="266674"]Show Solution[/reveal-answer]
[hidden-answer a="266674"]Determine any values for x that would make the denominator 0.
22—5 _ 15

z—5 z—5

5 is an excluded value because it makes the denominator  — 5 equal to 0.

Since the denominator of each expression in the equation is the same, the numerators must be equal. Set the numerators equal to
one another and solve for x.

2x —5=15
2z =20
xz =10
Check the solution in the original equation.
2z—5 __ 15
z—5 — z—
2(10)-5 15
10-5 105
20-5 _ _15
10-5 ~ 105
15 _ 15
5 5
Answer
z =10

[/hidden-answer]

In the following video we present an example of solving a rational equation with variables in the denominator.
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You’ve seen that there is more than one way to solve rational equations. Because both of these techniques manipulate and rewrite
terms, sometimes they can produce solutions that don’t work in the original form of the equation. These types of answers are called
extraneous solutions. That’s why it is always important to check all solutions in the original equations—you may find that they
yield untrue statements or produce undefined expressions.

Example

Solve the equation \(\frac{16}{m+4}=\frac

{m+4}\).

[reveal-answer qg="450589"]Show Solution[/reveal-answer]
[hidden-answer a="450589"|Determine any values for m that would make the denominator 0. m +4 equal to 0.

Since the denominator of each expression in the equation is the same, the numerators must be equal. Set the numerators equal to
one another and solve for m.

\(\begin{array }{1}16=mA {2 }\\\)\,\,0=
-16\W\,\,\,0=\left( m+4 \right)\left( m-4 \right)\end{array }\)
0=m+4 or 0=m-—4

m=—4 or m=4
m=4,—-4
Check the solutions in the original equation.
Since m = —4 leads to division by 0, it is an extraneous solution.

\(\begin{array }{c}\frac{16}{m+4}=\frac
{m+4}\\\frac{16}{-4+4}=\frac{-4+4\\\\frac{16} {0}=\frac{16} {0}\end{array}\)
—4 is excluded because it leads to division by 0.

\(\begin{array}{c}\frac{16}{4+4}=\frac
{4+4}\\\frac{16}{8}=\frac{16}{8}\end{array }\)

Answer
m=4

[/hidden-answer]

Rational formulas

Rational formulas can be useful tools for representing real-life situations and for finding answers to real problems. Equations
representing direct, inverse, and joint variation are examples of rational formulas that can model many real-life situations. As you
will see, if you can find a formula, you can usually make sense of a situation.
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When solving problems using rational formulas, it is often helpful to first solve the formula for the specified variable. For example,
work problems ask you to calculate how long it will take different people working at different speeds to finish a task. The algebraic
models of such situations often involve rational equations derived from the work formula, W = r¢. The amount of work done (W)
is the product of the rate of work (r) and the time spent working (t). Using algebra, you can write the work formula 3 ways:

W =rt
Find the time (t): t = % (divide both sides by r)
Find the rate (r): r = % (divide both sides by t)

Example
The formula for finding the density of an object is D = “* , where D is the density, m is the mass of the object and v is the volume
of the object. Rearrange the formula to solve for the mass (m) and then for the volume (v).

[reveal-answer q="537110"]Show Solution[/reveal-answer]
[hidden-answer a="537110"]Start with the formula for density.

D=2

Multiply both side of the equation by v to isolate m.
v-D="=.v

Simplify and rewrite the equation, solving for m.
v-D=m-3%

v-D=m-1

v-D=m

To solve the equation D = “* in terms of v, you will need do the same steps to this point, and then divide both sides by D.

D _m
D D
D, ,—m
D' ' =D
—_m
1v—D
_m
V=7
Answer
_m
V=17

[/hidden-answer]
Now let’s look at an example using the formula for the volume of a cylinder.

Example

The formula for finding the volume of a cylinder is V' = 7r2h, where V is the volume, r is the radius and h is the height of the
cylinder. Rearrange the formula to solve for the height (h).

[reveal-answer q="644317"]Show Solution[/reveal-answer]
[hidden-answer a="644317"]Start with the formula for the volume of a cylinder.

\(V=\pi

hY)

Divide both sides by \(\pi
\) to isolate h.

\(\frac{ V}{\pi
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}=\frac{\pi h}{\pi }\)

Simplify. You find the height, h, is equal to \(\frac{ V}{\pi
).

\(\frac{V}{\pi

}=h\)

Answer

\(h=\frac{V}{\pi

1Y)

[/hidden-answer]

In the following video we give another example of solving for a variable in a formula, or as they are also called, a literal equation.

e e b Sulving Equations for Variables

L) TS el eyrarions o she i vaviatie

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Applications of Rational Equations

Rational equations can be used to solve a variety of problems that involve rates, times and work. Using rational expressions and
equations can help you answer questions about how to combine workers or machines to complete a job on schedule.

A Good Day’s Work
Work

A “work problem” is an example of a real life situation that can be modeled and solved using a rational equation. Work problems
often ask you to calculate how long it will take different people working at different speeds to finish a task. The algebraic models
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of such situations often involve rational equations derived from the work formula, d = rt.) The amount of work done (W) is the
product of the rate of work (r) and the time spent working (t). The work formula has 3 versions.

W =rt
t=1
r=%

Some work problems include multiple machines or people working on a project together for the same amount of time but at
different rates. In that case, you can add their individual work rates together to get a total work rate. Let’s look at an example.
Example

Myra takes 2 hours to plant 50 flower bulbs. Francis takes 3 hours to plant 45 flower bulbs. Working together, how long should it
take them to plant 150 bulbs?

[reveal-answer qg="550322"]Show Solution[/reveal-answer]
[hidden-answer a="550322"]Think about how many bulbs each person can plant in one hour. This is their planting rate.

. 25 bulbs

Myra: Thom

Francis: 12-2ulbs
1 hour

Combine their hourly rates to determine the rate they work together.

Myra and Francis together:

25 bulbs
1 hour

15 bulbs _ 40 bulbs
1 hour ~ 1 hour

+

Use one of the work formulas to write a rational equation, for example » = —-. You know r, the combined work rate, and you
know W, the amount of work that must be done. What you don’t know is how much time it will take to do the required work at the
designated rate.

40 __ 150

1 t

w
¢

Solve the equation by multiplying both sides by the common denominator, then isolating t.

40 _ 150
D.1p =104

40t =150

— 150 _ 15
t_40 4

t= 3%hours

Answer

It should take 3 hours 45 minutes for Myra and Francis to plant 150 bulbs together.

[/hidden-answer]
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Other work problems go the other way. You can calculate how long it will take one person to do a job alone when you know how
long it takes people working together to complete the job.

Example

Joe and John are planning to paint a house together. John thinks that if he worked alone, it would take him 3 times as long as it
would take Joe to paint the entire house. Working together, they can complete the job in 24 hours. How long would it take each of
them, working alone, to complete the job?

[reveal-answer q="593775"]Show Solution[/reveal-answer]
[hidden-answer a="593775"]Choose variables to represent the unknowns. Since it takes John 3 times as long as Joe to paint the
house, his time is represented as 3x.

Let x = time it takes Joe to complete the job
3x = time it takes John to complete the job

The work is painting 1 house or 1. Write an expression to represent each person’s rate using the formula r = %

Joe’s rate: -
John’s rate: 3L
T

Their combined rate is the sum of their individual rates. Use this rate to write a new equation using the formula W = rt.

combined rate: + + —=
x 3z

The problem states that it takes them 24 hours together to paint a house, so if you multiply their combined hourly rate (% + 3—11) by

24, you will get 1, which is the number of houses they can paint in 24 hours.

l1=(2++)24

o4 | 24
1iw+3x

Now solve the equation for x. (Remember that x represents the number of hours it will take Joe to finish the job.)
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18
1=242
1- g
-

3z =96
=32

Check the solutions in the original equation.

1= ()2

_ 3,24, 2
1_3 32+96
72 24
1=5+5l

The solution checks. Since z = 32, it takes Joe 32 hours to paint the house by himself. John’s time is 3x, so it would take him 96
hours to do the same amount of work.

Answer
It takes 32 hours for Joe to paint the house by himself and 96 hours for John the paint the house himself.

[/hidden-answer]

In the video that follows, we show another example of finding one person’s work rate given a combined work rate.

| Applications of Rational Equations
i oty Vo cam do 1 ogathes . 8 l
s [
e Woak (job) | Rate per hone Tian
p— T | 5 +
| Destan .'.' | I _-!‘(' == ')( _\
Tosthar | 'S 5
f=z=::5 ]
(- it 4 =
X 5
o
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

As shown above, many work problems can be represented by the equation % % =1, where t is the time to do the job together, a

is the time it takes person A to do the job, and b is the time it takes person B to do the job. The 1 refers to the total work done—in
this case, the work was to paint 1 house.

The key idea here is to figure out each worker’s individual rate of work. Then, once those rates are identified, add them together,
multiply by the time ¢, set it equal to the amount of work done, and solve the rational equation.

We present another example of two people painting at different rates in the following video.

Examples: Rational Equations - Application
Jasit it poit -4 hoaers Destiny can paint the
B 16 ;) How lang wo

Ri

nd Destiny to/paint the room if they are working

fogethar?
Ria's rde? '& roam po hour
Dni.n,'!' fade : & rosm pa hour

£ = nomba- o havrt

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Proportions

Matryoshka, or nesting dolls.

A proportion is a statement that two ratios are equal to each other. There are many things that can be represented with ratios,
including the actual distance on the earth that is represented on a map. In fact, you probably use proportional reasoning on a regular
basis and don’t realize it. For example, say you have volunteered to provide drinks for a community event. You are asked to bring
enough drinks for 35-40 people. At the store you see that drinks come in packages of 12. You multiply 12 by 3 and get 36 — this
may not be enough if 40 people show up, so you decide to buy 4 packages of drinks just to be sure.

This process can also be expressed as a proportional equation and solved using mathematical principles. First, we can express the
number of drinks in a package as a ratio:

12 drinks
1 package

Then we express the number of people who we are buying drinks for as a ratio with the unknown number of packages we need. We
will use the maximum so we have enough.

40 people
z packages

We can find out how many packages to purchase by setting the expressions equal to each other:

12 drinks __ 40 people

1 package x packages

To solve for x, we can use techniques for solving linear equations, or we can cross multiply as a shortcut.
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12 drinks __40 people
1package ~ zpackages

. 12drinks __40people
1package ~ zpackages

T
122 =40

r=10=2-333

We can round up to 4 since it doesn’t make sense to by 0.33 of a package of drinks. Of course, you don’t write out your thinking
this way when you are in the grocery store, but doing so helps you to be able to apply the concepts to less obvious problems. In the

following example we will show how to use a proportion to find the number of people on teh planet who don’t have access to a
toilet.

As of March, 2016 the world’s population was estimated at 7.4 billion. [, According to water.org, 1 out of every 3 people on
the planet lives without access to a toilet. Find the number of people on the planet that do not have access to a toilet.
[reveal-answer q="54118"]Show Solution[/reveal-answer]

[hidden-answer a="54118"]

Read and Understand: We can use a proportion to find the unknown number of people who live without a toilet since we are
given that 1 in 3 don’t have access, and we are given the population of the planet.

Define and Translate: We know that 1 out of every 3 people don’t have access, so we can write that as a ratio (fraction)

1 doesn’t
3do

Let the number of people without access to a toilet be x. The ratio of people with and without toilets is then

zdon’t
7.4 billion do

Notice how it helps to use descriptions or units to know where to place the given numbers in the proportion.

Write and Solve: Equate the two ratios since they are representing the same fractional amount of the population.

l_ =z
3 7.4billion

Solve:

£

1
3774

742 =2-74

4

Wl

2.46 =z

Interpret: The original units were billions of people, so our answer is 2.46 billion people don’t have access to a toilet. Wow,
that’s a lot of people.

Answer
2.46 billion people don’t have access to a toilet.

[/hidden-answer]

In the next example, we will use the length of a person’t femur to estimate their height. This process is used in forensic science and
anthropology, and has been found in many scientific studies to be a very good estimate.
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Example
[ Example

It has been shown that a person’s height is proportional to the length of their femur [2]. Given that a person who is 71 inches tall
has a femur length of 17.75 inches, how tall is someone with a femur length of 16 inches?

[reveal-answer q="987898"]Show Solution[/reveal-answer]

[hidden-answer a="987898"]

Read and Understand: Height and femur length are proportional for everyone, so we can define a ratio with the given height
and femur length. We can then use this to write a proportion to find the unknown height.

Define and Translate: Let x be the unknown height. Define the ratio of femur length and height for both people using the
given measurements.

Person 1: femurlength _ 17.75inches

height Tlinches
. femur length 16inches
Person 2: height " zinches

Write and Solve: Equate the ratios, since we are assuming height and femur length are proportional for everyone.
17.75inches __ 16inches

Tlinches zinches
Solve by using the common denominator to clear fractions. The common denominator is 71z

17.75 _ 16
71 Tz

Tlx - —177'175 = % -Tlz

17.75.- 2 =16-71

Interpret: The unknown height of person 2 is 64 inches. In general, we can reduce the fraction % =0.25 = i to find a

general rule for everyone. This would translate to saying for every one femur length, a person’s height is 4 times that length.

[/hidden-answer]

Another way to describe the ratio of femur length to height that we found in the last example is to say there’s a 1:4 ratio between
femur length and height, or 1 to 4.

Ratios are also used in scale drawings. Scale drawings are enlarged or reduced drawings of objects, buildings, roads, and maps.

Maps are smaller than what they represent and a drawing of dendritic cells in your brain is most likely larger than what it

represents. The scale of the drawing is a ratio that represents a comparison of the length of the actual object and it’s representation

in the drawing. The image below shows a map of the us with a scale of 1 inch representing 557 miles. We could write the scale
1

factor as a fraction = or as we did with the femur-height relationship, 1:557.

Map with scale factor
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In the next example we will use the scale factor given in the image above to find the distance between Seattle Washington and San
Jose California.

Given a scale factor of 1:557 on a map of the US, if the distance from Seattle, WA to San Jose, CA is 1.5 inches on the map,
define a proportion to find the actual distance between them.

[reveal-answer qg="936583"]Show Solution[/reveal-answer]

[hidden-answer a="936583"]

Read and Understand: We need to define a proportion to solve for the unknown distance between Seattle and San Jose.

Define and Translate: The scale factor is 1:557, and we will call the unknown distance x. The ratio of inches to miles is L.

557
We know inches between the two cities, but we don’t know miles, so the ratio that describes the distance between them is 190—5
Write and Solve: The proportion that will help us solve this problem is é = 175 .

Solve using the common denominator 557z to clear fractions.

| \begin{array} {c}\frac{1}{557}=\frac{1.5} {x}\\557x\cdot\frac{1}{557}=\frac{1.5}{x}\cdot{557x}\\\x=1.5\cdot{557}=835.5 |

Interpret: We used the scale factor 1:557 to find an unknown distance between Seattle and San Jose. We also check our
answer of 835.5 miles with Google maps, and found that the distance is 839.9 miles, so we did pretty well!

[/hidden-answer]

In the next example, we will find a scale factor given the length between two cities on a map, and their actual distance from each
other.

Example
[ Example

Two cities are 2.5 inches apart on a map. Their actual distance from each other is 325 miles. Write a proportion to represent
and solve for the scale factor for one inch of the map.

[reveal-answer q="151234"]Show Solution[/reveal-answer]

[hidden-answer a="151234"]

Read and Understand: We know that for each 2.5 inches on the map, it represents 325 actual miles. We are looking for the
scale factor for one inch of the map.

Define and Translate: The ratio we want is %

Write and Solve: We can use a proportion to equate the two ratios and solve for the unknown distance.

| \begin{array}{c}\frac{1}{x}=\frac{2.5}{325}\\\325x\cdot\frac{1} {x}=\frac{2.5}{325}\cdot{325x}\\\325=2.5x\\\\x=130

Interpret: The scale factor for one inch on the map is 1:130, or for every inch of map there are 130 actual miles.

[/hidden-answer]

The video that follows show another example of finding an actual distance using the scale factor from a map.
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| ©n a park hiking map; L inch equals & miles, which means the scale
factor is 1:8. If the the distance from your location toa lookout palnt is
L.75 inches, define a proportion and use it to find the actual distance.

I
L s

& mi

) §h

fio n f F
Sfipce  Aram yovr [ocetim e

Prin

foa

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

In the video that follows, we present an example of using proportions to obtain the correct amount of medication for a patient, as
well as finding a desired mixture of coffees.

| I Proportion Application: Medication

As anupse part ofvour daileduties is toomix
E medications in the proper proportions for your
| patients. For one patient, you always mix Medication A
with Medication B in the same proportion, Last week
your patient's doctor indicatgd that you should mix&m
il ligramsEENEEGT N with 18 milligrams ot
Medication B: However this weels, the doctor i tp
Il only use H-milligrams of Medication B, [low many
milligrams of Medication A should be mixed this week?

(i) Gos A, g
TR

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Variation

So many cars, So many tires.

Direct Variation

Variation equations are examples of rational formulas and are used to describe the relationship between variables. For example,
imagine a parking lot filled with cars. The total number of tires in the parking lot is dependent on the total number of cars.
Algebraically, you can represent this relationship with an equation.

number of tires = 4 - number of cars
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The number 4 tells you the rate at which cars and tires are related. You call the rate the constant of variation. It’s a constant
because this number does not change. Because the number of cars and the number of tires are linked by a constant, changes in the
number of cars cause the number of tires to change in a proportional, steady way. This is an example of direct variation, where the
number of tires varies directly with the number of cars.

You can use the car and tire equation as the basis for writing a general algebraic equation that will work for all examples of direct
variation. In the example, the number of tires is the output, 4 is the constant, and the number of cars is the input. Let’s enter those
generic terms into the equation. You get y = kz. That’s the formula for all direct variation equations.

number of tires = 4 - number of cars
output = constant - input

Example
Solve for k, the constant of variation, in a direct variation problem where z = 10.

[reveal-answer q="714779"]Show Solution[/reveal-answer]
[hidden-answer a="714779"]Write the formula for a direct variation relationship.

y=kx
Substitute known values into the equation.
300 =k (10)
Solve for k by dividing both sides of the equation by 10.
300 _ 10k
10 T 10
30=k

Answer

The constant of variation, k, is 30.
[/hidden-answer]

In the video that follows, we present an example of solving a direct variation equation.

lu veur sty shresths v e ey of peopls ‘

s are ised each

oHrect ¥

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Inverse Variation

Another kind of variation is called inverse variation. In these equations, the output equals a constant divided by the input variable
that is changing. In symbolic form, this is the equation y = f .

One example of an inverse variation is the speed required to travel between two cities in a given amount of time.

Let’s say you need to drive from Boston to Chicago, which is about 1,000 miles. The more time you have, the slower you can go. If

you want to get there in 20 hours, you need to go 50 miles per hour (assuming you don’t stop driving!), because % =25.
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The equation for figuring out how fast to travel from the amount of time you have is d =7t. If you solve r = %, or
speed = ’Zl—;s .

In the case of the Boston to Chicago trip, you can write y = f .

Example

Solve for k, the constant of variation, in an inverse variation problem where y = 25.

[reveal-answer q="752007"]Show Solution[/reveal-answer]
[hidden-answer a="752007"]Write the formula for an inverse variation relationship.

y==
Substitute known values into the equation.
_k
25=¢
Solve for k by multiplying both sides of the equation by 5.
_k
5-25=%-5
— 5k
125 = =
125 =k

Answer
The constant of variation, k, is 125.
[/hidden-answer]

In the next example, we will find the water temperature in the ocean at a depth of 500 meters. Water temperature is inversely
proportional to depth in the ocean.

Water temperature in the ocean varies inversely with depth.

The water temperature in the ocean varies inversely with the depth of the water. The deeper a person dives, the colder the water
becomes. At a depth of 1,000 meters, the water temperature is 5° Celsius. What is the water temperature at a depth of 500
meters?

[reveal-answer q="700119"]Show Solution[/reveal-answer]
[hidden-answer a=700119"]You are told that this is an inverse relationship, and that the water temperature (y) varies inversely
with the depth of the water (x).

Substitute known values into the equation.
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_ K
5= 1,000
Solve for k.
1,000-5 = 15 - 1,000
1,000k
5,000 = 1000
5,000 =k
Now that k, the constant of variation is known, use that information to solve the problem: find the water temperature at 500
meters.
_ _k
temp " depth
5,000
temp = =55
temp =10
Answer
At 500 meters, the water temperature is 10° C.
[/hidden-answer]

In the video that follows, we present an example of inverse variation.

Examples: Inverse Variation

Inverse Variation Equations
&
=
1
=k

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Joint Variation

A third type of variation is called joint variation. Joint variation is the same as direct variation except there are two or more
quantities. For example, the area of a rectangle can be found using the formula A = lw, where [ is the length of the rectangle and w
is the width of the rectangle. If you change the width of the rectangle, then the area changes and similarly if you change the length
of the rectangle then the area will also change. You can say that the area of the rectangle “varies jointly with the length and the
width of the rectangle.”

The formula for the volume of a cylinder, 7.

Example

The area of a triangle varies jointly with the lengths of its base and height. If the area of a triangle is 30 inches? when the base is 10
inches and the height is 6 inches, find the variation constant and the area of a triangle whose base is 15 inches and height is 20
inches.
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[reveal-answer q="264626"]Show Solution[/reveal-answer]
[hidden-answer a="264626"]You are told that this is a joint variation relationship, and that the area of a triangle (A) varies jointly
with the lengths of the base (b) and height (h).

y=kxrz
Area = k(base)(height)

Substitute known values into the equation, and solve for k.

30 =k (10) (6)

30 = 60k
30 _ 60k
60 — 60
1_
=

Now that k is known, solve for the area of a triangle whose base is 15 inches and height is 20 inches.

Area = k(base)(height)
Area = (15)(20)(%)

300

Area = 5

Area = 150 square inches
Answer
The constant of variation, k, is %, and the area of the triangle is 150 square inches.
[/hidden-answer]
Finding kto be A = %bh. The % that you calculated in this example!
In the following video, we show an example of finding the constant of variation for a jointly varying relation.

4 | jointVariation

The velume of a cone varies jointly with the squane of the radius and
the height. If the volume of acone i5 ¥ = 25w m” when the radlus is
5 m and the helght 1s 3 m, determine the varkation constant

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=132

Direct, Joint, and Inverse Variation
k is the constant of variation. In all cases, k # 0.

o Direct variation: y = kx
k
xr

o Joint variation: y = kx z

e Inverse variation: y =
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Summary

Rational formulas can be used to solve a variety of problems that involve rates, times, and work. Direct, inverse, and joint variation
equations are examples of rational formulas. In direct variation, the variables have a direct relationship—as one quantity increases,
the other quantity will also increase. As one quantity decreases, the other quantity decreases. In inverse variation, the variables
have an inverse relationship—as one variable increases, the other variable decreases, and vice versa. Joint variation is the same as
direct variation except there are two or more variables.

Summary

You can solve rational equations by finding a common denominator. By rewriting the equation so that all terms have the common
denominator, you can solve for the variable using just the numerators. Or, you can multiply both sides of the equation by the least
common multiple of the denominators so that all terms become polynomials instead of rational expressions.

An important step in solving rational equations is to reject any extraneous solutions from the final answer. Extraneous solutions are
solutions that don’t satisfy the original form of the equation because they produce untrue statements or are excluded values that
make a denominator equal to 0.

1. "Current World Population.” World Population Clock: 7.4 Billion People (2016). Accessed June 21, 2016.
http://www.worldometers.info/world-population/. "Current World Population." World Population Clock: 7.4 Billion People
(2016). Accessed June 21, 2016. http://www.worldometers.info/world-population/. "Current World Population."” World
Population Clock: 7.4 Billion People (2016). Accessed June 21, 2016. http://www.worldometers.info/world-population/. ¢

2. Obialor, Ambrose, Churchill Thentuge, and Frank Akapuaka. "Determination of Height Using Femur Length in Adult
Population of Oguta Local Government Area of Imo State Nigeria." Federation of American Societies for Experimental
Biology, April 2015. Accessed June 22, 2016. www.fasebj.org/content/29/1_Supplement/L.B19.short. <
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¢ Screenshot: so many cars, so many tires. Provided by: Lumen Learning. License: CC BY: Attribution

o Screenshot: Water temperature in the ocean varies inversely with depth. Provided by: Lumen Learning. License: CC BY:
Attribution

o Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution

o Joint Variation: Determine the Variation Constant (Volume of a Cone). Authored by: James Sousa (Mathispower4u.com) for
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and Education. License: CC BY: Attribution
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e Ex: Rational Equation App - Find Individual Working Time Given Time Working Together. Authored by: James Sousa
(Mathispower4u.com) . Located at: https://www.youtube.com/watch?v=kbRSYb8UYqU&feature=youtu.be. License: CC BY:
Attribution

o Ex: Proportion Applications - Mixtures . Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/yGidla_x38g. License: CC BY: Attribution

o Ex: Direct Variation Application - Aluminum Can Usage. Authored by: James Sousa (Mathispower4u.com) . Located at:
https://youtu.be/DLPKiMD_ZZw. License: CC BY: Attribution

o Ex: Inverse Variation Application - Number of Workers and Job Time. Authored by: James Sousa (Mathispower4u.com).
Located at: https://youtu.be/y9wql6Uo6_M. License: CC BY: Attribution

7.4: Solve Rational Equations is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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7.5: Putting It Together- Rational Expressions and Equations

In the beginning of this module, we presented the Gini coefficient, also called the Gini Index. The Gini coefficient is the ratio of
how far an economy departs from equal distribution of wealth to a perfectly equal distribution of wealth, as shown in the graph
below.

i Tl H|

+ s E
e T T

Gini Index

It’s great to have a tool to describe an issue like income inequality that ripples through social, economic, and political realms so
pervasively. But, some may argue, the real power of the tool is how it is used to instruct those who make decisions that affect the
ever widening rift between the top 1% and the rest of us. According to Andrew Fieldhouse, blogger for the Economic Policy
Institute,

“Changes in tax and transfer policies are one of the more easily quantifiable contributors to income inequality, say compared with
policies (or lack thereof) related to labor protections, collective bargaining, minimum wage erosion and trade.”!

He states that market-based income inequality, as measured by the “Gini” index, rose 23.1 percent between 1979 and 2007.
Fieldhouse argues that by raising top tax rates, policy makers could help to slow the growth of income inequality without
hampering growth of the economy. He also claims that tax policy lacks what could be valuable guidance from economic indicators
such as the Gini Index. Using mathematics to inform policies also has the added benefit of being politically neutral. Math does not
care what side of the aisle the policy may be coming from. When used wisely, mathematical facts offer an objective picture.

1. "How Much Can Tax Policy Curb Income Inequality Growth? Maybe a Lot." Economic Policy Institute. Accessed June 29,
2016. http://www.epi.org/blog/tax-policy-curb-income-inequality-growth/. ¢

7.5: Putting It Together- Rational Expressions and Equations is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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8.1: Why It Matters- Roots and Rational Exponents

Why learn about roots and rational exponents?

227 #7 )

Circle Ellipse Parabola  Hyperbola
e Wy
O Vo X

Circle, ellipse, parabola and hyperbola.

One of the most well known uses of roots and rational exponents is found in quadratic equations. Quadratic comes from quadratus,
the Latin word for square. When we factor a quadratic equation, we are completing the square.

Humans have been working with quadratic equations for over two thousand years in many areas around the world, including India,
Egypt, China, and Greece. The circle, ellipse, hyperbola, and parabola are all examples of quadratic curves, which have been
studied since the ancient Greeks. Of these, however, only the circle was relevant to the real world until the beginning of the
Renaissance in the 16th century.

The Renaissance period was a rediscovery of Greek philosophy which, as you probably realize by now, includes a significant
amount of mathematical principles. In addition to the rediscovery of old ideas, Renaissance thinkers were discovering new facts
about the world around them, some of which challenged the ideas of the ancient Greeks.

For example, in 1543 Copernicus published his theory that the Earth rotated around the Sun, which was the exact opposite of what
most people in Western culture believed at the time. Copernicus thought that the orbit of the Earth was a circle, which was regarded
as the most perfect possible curve because of its symmetry.

In 1609 Kepler published his first two laws of planetary motion. Building off of Tycho Brahe’s work, Kepler discovered that
instead of circles planets move around the sun in ellipses. Other objects, Kepler found, may also follow a parabola or hyberbola
which, along with ellipses, belong to a group of curves known as conic sections.

The invention of the telescope in the 17th century allowed us to learn even more about the planets. Using a telescope he created,
Galileo was able to observe the moon, discover Jupiter’s four satellites, verify the phases of Venus, and prove the validity of
Copernicus’ theory of heliocentrism. His telescope used lenses, the shape of which was formed by two intersecting hyperbolae.
Newton’s reflecting telescope includes a mirror for which each cross section takes the shape of a parabola. Even the Hubble Space
Telescope uses paraboloidal mirrors. As unbelievable as it may seem, our world of modern communications, from Facebook to
GPS to planetary exploration, is made possible thanks to quadratic equations!

Learning Outcomes
Roots and Rational Exponents

o

Find square roots

Simplify square roots with variables
Simplify cube roots

o Use rational exponents

[e]

[e]

Operations With Radicals

o Multiply and divide radical expressions
o Add and subtract radicals
o Rationalize denominators

Radical and Quadratic Equations

o Solve radical equations
o Use square roots and completing the square
o Use the quadratic formula
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8.2: ldentify and Simplify Roots

e Square Roots
o Use square root notation to write principal square roots
o Simplify principal square roots using factorization

e Cube Roots

o Use cube root notation to write cube roots
o Simplify cube roots using factorization

o Simplify Square Roots

o Simplify square roots with variables

o Determine when a simplified root needs an absolute value
o Rational Exponents

o Convert between radical and exponent notation
o Use the laws of exponents to simplify expressions with rational exponents
o Use rational exponents to simplify radical expressions

We know how to square a number:
(-5)% =25
Taking a square root is the opposite of squaring so we can make these statements:

¢ 5 is the nonngeative square root of 25
e -5 is the negative square root of 25

Find the square roots of the following numbers:

1. 36
2.81
3.-49
4.0

1. We want to find a number whose square is 36. 62 = 36 therefore, the nonnegative square root of 36 is 6 and the negative square
root of 36 is -6

2. We want to find a number whose square is 81. 9> = 81 therefore, the nonnegative square root of 81 is 9 and the negative square
root of 81 is -9

3. We want to find a number whose square is -49. When you square a real number, the result is always positive. Stop and think
about that for a second. A negative number times itself is positive, and a positive number times itself is positive. Therefore, -49
does not have square roots, there are no real number solutions to this question.

4. We want to find a number whose square is 0. 02 = 0 therefore, the nonnegative square root of 0 is 0. We do not assign 0 a sign,
so it has only one square root, and that is 0.

The notation that we use to express a square root for any real number, a, is as follows:

Writing a Square Root

The symbol for the square root is called a radical symbol. For a real number, a the square root of a is written as 1/a
The number that is written under the radical symbol is called the radicand.

By definition, the square root symbol, Na always means to find the nonnegative root, called the principal root.

y/a is defined for a > 0

Let’s do an example similar to the example from above, this time using square root notation. Note that using the square root
notation means that you are only finding the principal root — the nonnegative root.
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Example
[ Example

Simplify the following square roots:

1.4/16
2.4/9

3.4/-9
4.4/52

[reveal-answer q="614386"]Show Solution[/reveal-answer]
[hidden-answer a="614386" ]

1. 4/16 = 4. We only write the nonnegative root because that is how the root symbol is defined.
2. /9 = 3. We only write the nonnegative root because that is how the root symbol is defined.

3. v/—9. We are looking for a number whose square is -9. There are no real numbers whose square is -9, so this radical is not
a real number.

4. 52. We already have the number whose square is 52, it’s 5!

[/hidden-answer]

The last problem in the previous example shows us an important relationship between squares and square roots, and we can
summarize it as follows:

The square root of a square

For a nonnegative real number, a, va% =a

In the video that follows, we simplify more square roots using the fact that v/a2 = a means finding the principal square root.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

What if you are working with a number whose square you do not know right away? We can use factoring and the product rule for
square roots to find square roots such as /225.

The Product Rule for Square Roots
Given that a and b are nonnegative real numbers, va-b = \/E . \/ b

In the examples that follow we will bring together these ideas to simplify square roots of numbers that are not obvious at first
glance:

e square root of a square,
o the product rule for square roots
o factoring
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Example
Simplify v 144

[reveal-answer q="620082"]Show Solution[/reveal-answer]
[hidden-answer a="620082"]

Determine the prime factors of 144.

V144
V272
2-2-36
V2:2.2.2-3.3

Because we are finding a square root, we regroup these factors into squares.

V/2%2.22.3?

Now we can use the product rule for square roots and the square root of a square idea to finish finding the square root.

\/22.22.32
VPP

=2-3-2
=12
Answer
V144 =12
[/hidden-answer]
Simplify v/225
[reveal-answer q="686109"]Show Solution[/reveal-answer]
[hidden-answer a="686109"]
First, factor 225:
V225
=+/5-45
=+5:5-9
=+/5-5-3-3
Because we are finding a square root, we regroup these factors into squares. Finish simplifying with the product rule for roots,
and the square of a square idea.
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Answer
v225=15

[/hidden-answer]

ACaution! The square root of a product rule applies when you have multiplication ONLY under the square root. You cannot
apply the rule to sums:

VaFb £ a+vb

Prove this to yourself with some real numbers: let a = 64 and b = 36, then use the order of operations to simplify each expression.

/64436 =+100=10
V644++/36=8+6=14

10 £14
So far, you have seen examples that are perfect squares. That is, each is a number whose square root is an integer. But many radical
expressions are not perfect squares. Some of these radicals can still be simplified by finding perfect square factors. The example
below illustrates how to factor the radicand, looking for pairs of factors that can be expressed as a square.
Example
Simplify. v63

[reveal-answer qg="908978"]Show Solution[/reveal-answer]
[hidden-answer a="908978" |Factor 63

V7-3-3
Regroup factors into squares
V732

Finish simplifying with the product rule for roots, and the square of a square idea.

N2
=/7-/3%

=73

Since 7 is prime and we can’t write it as a square, it will have to stay under the radical sign. As a matter of convention, we write the
constant, 3, in front of the radical. This helps the reader know that the 3 is not under the radical anymore.

3.7
Answer
V63 =37

[/hidden-answer]

The final answer 31/7 may look a bit odd, but it is in simplified form. You can read this as “three radical seven” or “three times the
square root of seven.”
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Shortcut This Way

In the next example, we take a bit of a shortcut by making use of the common squares we know, instead of using prime factors. It
helps to have the squares of the numbers between 0 and 10 fresh in your mind to make simplifying radicals faster.

e 02=0
« 224
e 32=9
o« 42=16
e 52=25
. 62=36
o T2=49
e 82 =64
e 92 =81
e 102 =100
Example

Simplify. 4/2,000

[reveal-answer q="932245"]Show Solution[/reveal-answer]
[hidden-answer a=932245"]Factor 2,000 to find perfect squares.

4/100-20

= \/ 100-4-5
100 =10%,4 =22
| \begin{array }\sqrt{ 100\cdot 4\cdot 5}\\\= \sqrt{10/2\cdot 4/2\cdot 5}\\W\’=\sqrt{ 10A2 }\cdot\sqrt{4/2 }\cdot\sqrt{5}\\\\=10\cdot4\cdot\sqrt{5} |

Multiply.
20-+/5

Answer

\/2,000=20/5

[/hidden-answer]

In this last video, we show examples of simplifying radicals that are not perfect squares.

https://math.libretexts.org/@go/page/51480



https://libretexts.org/
https://math.libretexts.org/@go/page/51480?pdf

LibreTexts"

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

Cube Roots

Rubik’s Cune

While square roots are probably the most common radical, you can also find the third root, the fifth root, the 10th root, or really any
other nth root of a number. Just as the square root is a number that, when squared, gives the radicand, the cube root is a number
that, when cubed, gives the radicand.

Find the cube roots of the following numbers:

1.27

2.8

3.-8

4.0

1. We want to find a number whose cube is 27. 9 = 3%, so 3/cdot3/cdot3 = 3% = 27

2. We want to find a number whose cube is 8. 2-2 -2 =8 the cube root of 8 is 2.

3. We want to find a number whose cube is -8. We know 2 is the cube root of 8, so maybe we can try -2. —2- —-2- -2 = -8 ,s0
the cube root of -8 is -2. This is different from square roots because multiplying three negative numbers together results in a
negative number.

4. We want to find a number whose cube is 0. 0 by itself, you will always get 0.

The cube root of a number is written with a small number 3, called the index, just outside and above the radical symbol. It looks
like [\sqrt[3]] This little 3 distinguishes cube roots from square roots which are written without a small number outside and above
the radical symbol.

3./, three times the square root of x. They may look similar at first, but they lead you to much different expressions!

We can also use factoring to simplify cube roots such as 4/125. You can read this as “the third root of 125” or “the cube root of
125.” To simplify this expression, look for a number that, when multiplied by itself two times (for a total of three identical factors),
equals 125. Let’s factor 125 and find that number.

https://math.libretexts.org/@go/page/51480



https://libretexts.org/
https://math.libretexts.org/@go/page/51480?pdf

LibreTexts"

Example
Simplify. /125

[reveal-answer q="517592"]Show Solution[/reveal-answer]
[hidden-answer a="517592"]125 ends in 5, so you know that 5 is a factor. Expand 125 into 5 - 25.

v/5-25
Factor 25 into 5 and 5.

V555
The factors are 5°.

\(\sqrt[3]
Y
Answer
Vv125=5

[/hidden-answer]
The prime factors of 125 are 53, The cube root of a cubed number is the number itself, so \(\sqrt[3]

=5\). You have found the cube root, the three identical factors that when multiplied together give 125. 125 is known as a perfect
cube because its cube root is an integer.

Here’s an example of how to simplify a radical that is not a perfect cube.

Example
Simplify. \(\sqrt[3]{32
oY)

[reveal-answer qg="617053"]Show Solution[/reveal-answer]
[hidden-answer a="617053"]Factor 32 into prime factors.

\(\sqrt[3]{2\cdot 2\cdot 2\cdot 2\cdot 2\cdot

A
Since you are looking for the cube root, you need to find factors that appear 3 times under the radical. Rewrite \(
\).

\(\sqrt[3]
Y
Rewrite \(
\cdot \).

\(\sqrt[3]
Y
Rewrite the expression as a product of multiple radicals.

\(\sqrt[3]
\cdot \sqrt[3]{2\cdot 2}\cdot \sqrt[3]\cdot \sqrt[3]\)
Simplify and multiply.

\(2\cdot \sqrt[3]{4}\cdot m\cdot \sqrt[3]

Y
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Answer
\(\sqrt[31{32
}=2m\sqrt[3]1{4}\)
[/hidden-answer]
In the example below, we use the following idea:
\(\sqrt[3]
=-1\)
to simplify the radical. You do not have to do this, but it may help you recognize cubes more easily when they are nonnegative.
Example
Simplify. \(\sqrt[3]{-27
N

[reveal-answer qg="670300"]Show Solution[/reveal-answer]
[hidden-answer a="670300"]Factor the expression into cubes.

Separate the cubed factors into individual radicals.

\(\begin{array }{r}\sqrt[3]{-1\cdot 27\cdot
\cdot }\\sqrt[3]\\sqrt[3]\cdot \sqrt[3]\cdot \sqrt[3]\cdot \sqrt[3]{x}\cdot \sqrt[3]\end{array }\)
Simplify the cube roots.

~1-3-z-y-z

Answer
\(\sqrt[3]{-27
}=-3xy\sqrt[3]1{x}\)
[/hidden-answer]

In the video that follows, we show more examples if simplifying cube roots.

Simplify Cube Roots

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

You could check your answer by performing the inverse operation. If you are right, when you cube \(-27

).

_—

\(\begin{array} {1 N\left( -3xy\sqrt[3]{x} \right)\left( -3xy\sqrt[3]{x} \right)\left( -3xy\sqrt[3]{x} \right)\\-3\cdot -3\cdot -3\cdot
x\cdot x\cdot x\cdot y\cdot y\cdot y\cdot \sqrt[3]{x}\cdot \sqrt[3]{x}\cdot \sqrt[3]{x}\\-27\cdot

\cdot \cdot \sqrt[3]\\-27\cdot x\\-27\end{array}\)
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You can find the odd root of a negative number, but you cannot find the even root of a negative number. This means you can
simplify the radicals /—2187, but you cannot simplify the radicals \//—2, 500.

Let’s look at another example.

Example
Simplify. \(\sqrt[3]{-24
oY)

[reveal-answer q="473861"]Show Solution[/reveal-answer]
[hidden-answer a="473861"]Factor —1 and 8 are the perfect cubes.

\(\sqrt[3]{-1\cdot 8\cdot 3\cdot

N

Factor variables. You are looking for cube exponents, so you factor a® and a?.
\(\sqrt[3]

Y

Separate the factors into individual radicals.
\(\sqrt[3]

\cdot \sqrt[3]\cdot \sqrt[3]\cdot \sqrt[3]{3\cdot }\)
Simplify, using the property \(\sqrt[3]
=x\).
\(-1\cdot 2\cdot a\cdot \sqrt[3]{3\cdot
Y
This is the simplest form of this expression; all cubes have been pulled out of the radical expression.
\(-2a\sqrt[3]{3
1Y)
Answer
\(\sqrt[3]1{-24
}=-2a\sqrt[31{3}\)
[/hidden-answer]
The steps to consider when simplifying a radical are outlined below.
Simplifying a radical
When working with exponents and radicals:

o If nis odd, \(\sqrt[n]=x\).
o If nis even, \(\sqrt[n]=\left| x \right|\). (The absolute value accounts for the fact that if x is negative and raised to an even power,
that number will be positive, as will the nth principal root of that number.)

Example
Simplify. \(\sqrt{100
A

[reveal-answer q="982628"]Show Solution[/reveal-answer]
[hidden-answer a=982628"]Separate factors; look for squared numbers and variables. Factor 100 into 10 - 10.

\(\sqrt{ 10\cdot 10\cdot

\cdot }\)
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Factor (y2) 2.
\(\sqrt{10\cdot 10\cdot
\cdot }\)
Separate the squared factors into individual radicals.
\(\sqrt
\cdot \sqrt\cdot \sqrt\)

Take the square root of each radical . Since you do not know whether x is positive or negative, use |z| to account for both
possibilities, thereby guaranteeing that your answer will be positive.

10-[z]-y?
Simplify and multiply.
10]z|y®
Answer
\(\sqrt{100

}=10\left| x \right|\)
[/hidden-answer]

You can check your answer by squaring it to be sure it equals \(100

).

In the last video, we share examples of finding cube roots with negative radicands.

—

Simplify Cube Roots

|| Simplify the cube roots

) P —— T
1. V58 = JaB3 = &

4
!

| o s <27
v=3zZ =

Il 3 108x7y?

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

Simplify Square Roots with Variables

Radical expressions are expressions that contain radicals. Radical expressions come in many forms, from simple and familiar,
such as\(\sqrt[3]{250

y}1\). Using factoring, you can simplify these radical expressions, too.
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radical (adj.)

of or going to the root or origin;
fundamental: a radical difference

Radical

Simplifying Square Roots

Radical expressions will sometimes include variables as well as numbers. Consider the expression \(\sqrt{9

}). Simplifying a radical expression with variables is not as straightforward as the examples we have already shown with integers.
Consider the expression \(\sqrt

\). This looks like it should be equal to x, right? Let’s test some values for x and see what happens.

In the chart below, look along each row and determine whether the value of x is the same as the value of \(\sqrt

\). Where are they equal? Where are they not equal?

After doing that for each row, look again and determine whether the value of |z|.

_9 4 2 2
0 0 0 0
6 36 6 6
10 100 10 10

Notice—in cases where x is a negative number, v/z2 = |z|. You need to consider this fact when simplifying radicals that contain
variables, because by definition v/z2 is always nonnegative.

Taking the Square Root of a Radical Expression

When finding the square root of an expression that contains variables raised to a power, consider that Va? = |z

Examples: \(\sqrt{16

}=Aleft|xy\right|\)

Let’s try it.

The goal is to find factors under the radical that are perfect squares so that you can take their square root.

Example
Simplify. \(\sqrt{9
A

[reveal-answer q="41297"]Show Solution[/reveal-answer]
[hidden-answer a="41297"]Factor to find identical pairs.

\(\sqrt{3\cdot 3\cdot
\cdot }\)
Rewrite the pairs as perfect squares, note how we use the power rule for exponents to simplify 23’

\(\sqrt
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Y

Separate into individual radicals.
\(\sqrt

\cdot \sqrt\)

Simplify, using the rule that \(\sqrt
=\left|x\right|\).

\(3\left|

\right|\)

Answer

\(\sqrt{9

}=3\left\right|\)

[/hidden-answer]

Variable factors with even exponents can be written as squares. In the example above, \(
=\cdot={\left|xA3\right|}*{2}\) and
\(

=\cdot={\left(jyA2\right|) } A {2}\).

Let’s try to simplify another radical expression.

Example
Simplify. \(\sqrt{49
N

[reveal-answer q="283065"]Show Solution[/reveal-answer]
[hidden-answer a="283065"]Look for squared numbers and variables. Factor 49 into '? into ¢® into 3* - y*.

\(\sqrt{7\cdot 7\cdot

\cdot\cdot\cdot}\)

Rewrite the pairs as squares.

\(\sqrt

Y

Separate the squared factors into individual radicals.
VT @)

Take the square root of each radical using the rule that \(\sqrt
=\left[x\right|\).

\(7\cdot\left|

\right|\cdot\)

Multiply.

\(7\left|

\right|\)

Answer

\(\sqrt{49

}Y=7\left[\right|\)
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[/hidden-answer]
You find that the square root of \(7\left|

\right|\). In order to check this calculation, you could square \(49\). And, in fact, you would get this expression if you evaluated \
({\left({ 7\left)\right| F\right)A {2} })).

In the video that follows we show several examples of simplifying radicals with variables.

Simplify Square Roots with Variahles

|| Sirmplity the foliow

143600 = [G

=N @ -
[| 237 =1 '

|| 319222y 312

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

Example
Simplify. \(\sqrt
\)

[reveal-answer q="141094"]Show Solution[/reveal-answer]
[hidden-answer a="141094"]Factor to find variables with even exponents.

\(\sqrt

Y

Rewrite (b?) 2,

\(\sqrt

Y

Separate the squared factors into individual radicals.
\(\sqrt

\cdot\sqgrt\cdot\sqrt\cdot \sqrt{a\cdot b}\)

Take the square root of each radical. Remember that \(\sqrt
=\left| a \right|\).

\(\left| a \right[\cdot

\cdot\left|{ c}\right|\cdot\sqrt{a\cdot b}\)

Simplify and multiply. The entire quantity b*> will be positive anyway.
\(\left| a

c \right[\sqrt{ab}\)

Answer

\(\sqrt

=\left| ac\right|\sqrt{ab}\)

[/hidden-answer]
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In the next section, we will explore cube roots, and use the methods we have shown here to simplify them. Cube roots are unique
from square roots in that it is possible to have a negative number under the root, such as /—125.
Rational Exponents

Roots can also be expressed as fractional exponents. The square root of a number can be written with a radical symbol or by raising
the number to the % power. This is illustrated in the table below.

Exponent Form Root Form Root of a Square Simplified
V25 \(V) \(\sqrt\) 4
+/100 \(\sqrt\) 10

Use the example below to familiarize yourself with the different ways to write square roots.

Example
[ Example

Fill in the missing cells in the table.

Exponent Form Root Form Root of a Square Simplified
V81
\(\sqrt\)

[reveal-answer g="990781"]Show Solution[/reveal-answer]
[hidden-answer a=990781"]

Exponent Form Root Form Root of a Square Simplified
v 36 \(\) \(\sqrt\) 9
V144 \(\sqrt\) 12

[/hidden-answer]

In the following video, we show another example of filling in a table to connect the different notation used for roots.

Sguare Roots and Rational Exponents

Exponent FRoot Root of o

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

1
We can extend the concept of writing 1/z =2 to cube roots. Remember, cubing a number raises it to the power of three. Notice
that in these examples, the denominator of the rational exponent is the number 3.

Radical Form Exponent Form Integer
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Radical Form Exponent Form Integer
\(\) 2
\(\) 5
\(V) 10

These examples help us model a relationship between radicals and rational exponents: namely, that the nth root of a number can be
written as either \(

\).
Radical Form Exponent Form
\(V)
\(\)
\()

\(\)

Convert Between Radical and Exponent Notation

When faced with an expression containing a rational exponent, you can rewrite it using a radical. In the table above, notice how the
denominator of the rational exponent determines the index of the root. So, an exponent of é translates to the fifth root or %
translates to the eighth root or \(\sqrt[8]

\).

Example

Write can be rewritten as the exponent %. Remove the radical and place the exponent next to the base.
\(

Y

Answer

\(\sqrt[3]{81}=

Y

[/hidden-answer]

Example

Express \(

\) in radical form.

[reveal-answer q="581351"]Show Solution[/reveal-answer]
[hidden-answer a="581351"]Rewrite the expression with the fractional exponent as a radical. The denominator of the fraction
determines the root, in this case the cube root.

2z
The parentheses in \(

\) indicate that the exponent refers to everything within the parentheses.

Answer
\(
=\sqrt[3]{2x}\)
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[/hidden-answer]

Remember that exponents only refer to the quantity immediately to their left unless a grouping symbol is used. The example below
looks very similar to the previous example with one important difference—there are no parentheses! Look what happens.

Example

Express \(2

\) in radical form.

[reveal-answer q="236347"]Show Solution[/reveal-answer]
[hidden-answer a="236347"]Rewrite the expression with the fractional exponent as a radical. The denominator of the fraction
determines the root, in this case the cube root.

2%

The exponent refers only to the part of the expression immediately to the left of the exponent, in this case x, but not the 2.
Answer

\(2

=2\sqrt{x}\)

[/hidden-answer]

The next example is intended to help you practice placing a rational exponent on the appropriate terms in an expression that is
written in radical form

Example

Express 4 /zy with rational exponents.

[reveal-answer q="527560"]Show Solution[/reveal-answer]

[hidden-answer a="527560" ]JRewrite the radical using a rational exponent. The root determines the fraction. In this case, the index
of the radical is 3, so the rational exponent will be %

\(4
Y
Since 4 is outside the radical, it is not included in the grouping symbol and the exponent does not refer to it.
Answer
\(Asqrt[3]{xy}=4
\)

[/hidden-answer]

In the next video, we show examples of converting between radical and exponent form.

Radicals and Rational Exponents

Write each expression using radicals
2xlf2 (3_\..:)!.--}
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

When converting from radical to rational exponent notation, the degree of the root becomes the denominator of the exponent. If
you start with a square root, you will have an exponent of % you will use a cube root. The following statement summarizes this
idea.

Writing Fractional Exponents

Any radical in the form ax.

Simplifying Radical Expressions Using Rational Exponents and the Laws of Exponents

Let’s explore some radical expressions now and see how to simplify them. Let’s start by simplifying this expression, \(\sqrt[3]
\).

One method of simplifying this expression is to factor and pull out groups of a3, as shown below in this example.

Example

Simplify. \(\sqrt[3]

Y

[reveal-answer q="235013"]Show Solution[/reveal-answer]
[hidden-answer a=235013"]Rewrite by factoring out cubes.

\(\sqrt[3]

\)
Write each factor under its own radical and simplify.

\(\begin{array }{r}\sqrt[3]
\cdot \sqrt[3]\\a\cdot{a}\end{array }\)
Answer
\(\sqrt[3]
=\)
[/hidden-answer]

You can also simplify this expression by thinking about the radical as an expression with a rational exponent, and using the
principle that any radical in the form \(

\).

Example
Simplify. \(\sqrt[3]
\)

[reveal-answer qg="898415"]Show Solution[/reveal-answer]
[hidden-answer a="898415"]Rewrite the radical using a rational exponent.

\(
Y
Simplify the exponent.

\(
Y
Answer
\(\sqrt[3]
=\)
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[/hidden-answer]
Note that rational exponents are subject to all of the same rules as other exponents when they appear in algebraic expressions.

Both simplification methods gave the same result, a. Depending on the context of the problem, it may be easier to use one method
or the other, but for now, you’ll note that you were able to simplify this expression more quickly using rational exponents than
when using the “pull-out” method.

Let’s try another example.

Example
Simplify. \(\sqrt[4]{81
1Y)

[reveal-answer q="324337"]Show Solution[/reveal-answer]
[hidden-answer a="324337"]Rewrite the radical using rational exponents.

\(
\)
Use the rules of exponents to simplify the expression.
\(\begin{array }{r}
\cdot \cdot \\\W\\3\end{array }\)
Change the expression with the rational exponent back to radical form.
\(3
\sqrt[4]\)
Answer
\(\sqrt[4]1{81
}=3\sqrt[4]\)
[/hidden-answer]

Again, the alternative method is to work on simplifying under the radical by using factoring. For the example you just solved, it
looks like this.

Example

Simplify. \(\sqrt[4]{81

A

[reveal-answer q="295348"]Show Solution[/reveal-answer]
[hidden-answer a="295348"]Rewrite the expression.

\(\sqrt[4]{81 }\cdot \sqrt[4]
\cdot \sqrt[4]\)
Factor each radicand.

\(\sqrt[4]{3\cdot 3\cdot 3\cdot 3}\cdot \sqrt[4]

\cdot \sqrt[4]\)
Simplify.

\(\begin{array} {r}\sqrt[4]
\cdot \sqrt[4]\cdot \sqrt[4]\\3\cdot \cdot \sqrt[4]\end{array}\)
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Answer
/818y3 = 322 /y3
[/hidden-answer]

The following video shows more examples of how to simplify a radical expression using rational exponents.

Simplify Using Radicals and Rational Exponents

Simplify using rational exponents

Vi = x%
YE = 21/n
BT — pmyn

1 y25

2 J6ayx?

At = g
3. y/BLelyfiz12 (@™ = amh

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=140

Summary

The square root of a number is the number which, when multiplied by itself, gives the original number. Principal square roots are
always positive and the square root of 0 is 0. You can only take the square root of values that are nonnegative. The square root of a
perfect square will be an integer. Other square roots can be simplified by identifying factors that are perfect squares and taking their
square root.

A radical expression is a mathematical way of representing the nth root of a number. Square roots and cube roots are the most
common radicals, but a root can be any number. To simplify radical expressions, look for exponential factors within the radical, and
then use the property \(\sqrt[n]

=\left| x \right|\) if n is even to pull out quantities. All rules of integer operations and exponents apply when simplifying radical
expressions.

A radical can be expressed as an expression with a fractional exponent by following the convention \(\sqrt[n]

=\). Rewriting radicals using fractional exponents can be useful in simplifying some radical expressions. When working with
fractional exponents, remember that fractional exponents are subject to all of the same rules as other exponents when they appear in
algebraic expressions.
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8.3: Operations on Radical Expressions

Learning Objectives

e Multiply and divide radical expressions
o Use properties of exponents to multiply and divide radical expressions
e Add and subtract radical expressions

o Identify radicals that can be added or subtracted
o Add radical expressions
o Subtract radical expressions
o Rationalize denominators
o Define irrational and rational denominators
o Remove radicals from a single term denominator

Multiply and Divide
You can do more than just simplify radical expressions. You can multiply and divide them, too. Multiplying radicals is very

simple if the index on all the radicals match. The prodcut rule of radicals can be generalized as follows

A Product Raised to a Power Rule
e For any numbers a and b and any integer x: (ab)* = a® - b*

¢ For any numbers a and b and any positive integer x: (ab)% —q7 - b_%
« For any numbers a and b and any positive integer x: v'ab = /a - Vb

The Product Raised to a Power Rule is important because you can use it to multiply radical expressions. Note that the roots are the
same—you can combine square roots with square roots, or cube roots with cube roots, for example. But you can’t multiply a square
root and a cube root using this rule.

In the following example, we multiply two square roots

Example
Simplify. v/18-4/16

[reveal-answer q="888021"]Show Solution[/reveal-answer]
[hidden-answer a="888021"]Use the rule /a - v/b = y/ab to multiply the radicands.

v/18-16
+/288

Look for perfect squares in the radicand, and rewrite the radicand as the product of two factors.
V1442
Identify perfect squares.
(12)2-2
Rewrite as the product of two radicals.
\(\sqrt
\cdot \sqrt{2}\)

Simplify, using \(\sqrt
=\left| x \right|\).
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12]v2
12-v2
Answer
V18- /16 =12v2
[/hidden-answer]
Using the Product Raised to a Power Rule, you can take a seemingly complicated expression, 12+/2.
You may have also noticed that both 1/16 can be written as products involving perfect square factors. How would the expression

change if you simplified each radical first, before multiplying?

Example
Simplify. /18 -4/16

[reveal-answer q="479810"]Show Solution[/reveal-answer]
[hidden-answer a="479810"]Look for perfect squares in each radicand, and rewrite as the product of two factors.

V9-2-v/4-4
V3:3:2-v4-4
Identify perfect squares.
\(\sqrt
\)
Rewrite as the product of radicals.
\(\sqrt
\cdot \sqrt{2}\cdot \sqrt\)
Simplify, using \(\sqrt
=\left| x \right|\).
13- v2-[4]
3-42-4
Multiply.
12
Answer

V18- 16 = 12,2
[/hidden-answer]

In both cases, you arrive at the same product, 12+/2. It does not matter whether you multiply the radicands or simplify each radical
first.

You multiply radical expressions that contain variables in the same manner. As long as the roots of the radical expressions are the
same, you can use the Product Raised to a Power Rule to multiply and simplify. Look at the two examples that follow. In both
problems, the Product Raised to a Power Rule is used right away and then the expression is simplified.

Example

Simplify. z > 0

[reveal-answer q="843487" ]Show Solution[/revegl-answer]
[hidden-answer a="843487"]Use the rule {”/a— . \z/ b= +/ab to multiply the radicands.

\(\sqrt{12

\cdot 3x \\\sqrt{ 12\cdot 3\cdot \cdot x}\)
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Recall that \(
\cdot x=\).
\(\begin{array } {r}\sqrt{36\cdot
P\\sqrt{36\cdot }\end{array}\)
Look for perfect squares in the radicand.
\(\sqrt
Y
Rewrite as the product of the result.
\(\begin{array}{c}\sqrt
\cdot \sqrt\\6\cdot \end{array}\)
Answer
\(\sqrt{12
HNedot \sqrt{3x}=6\)
[/hidden-answer]

In this video example, we multiply more square roots with and without variables.

Multiplying Square Roots

Multiply.

421435
2315 -

7 V187

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

Multiply 2v/18 - —7+/15
[reveal-answer q="852509"]Show Solution[/reveal-answer]
[hidden-answer a=852509"]

Multiply the factors outside the radicals, and factor the radicands.

-14v/2-32y/3-5
Combine the radicands into one radical, and reorganize to see if there are any cubes.

—14+/2-3%.3.5 =—-14+v/2-3%.5

Apply the cube root to 3%, and simplify the radicand.
—14-3v2-5 = —42v/10

Answer

24/18 - —74/15 = —42+/10

[/hidden-answer]
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We will show one more example of multiplying cube root radicals, this time we will include a variable.

Multiply \‘7 423 - \‘7 222
[reveal-answer q="666812"]Show Solution[/reveal-answer]
[hidden-answer a="666812"]

Factor the radicands, keeping in mind you want to find cubes.

VAZ3 222 = /2% - 23 - /222

Combine the radicands into one radical, and reorganize into cubes where possible.

V2% 23 V212
=/22.23.2. 22

3
=23 23 22

Apply the cube root to 3 and simplify the radicand.
V22322 =2-2vVa?

Answer

Vaz3 - V2x2 =2 zv/2?

[/hidden-answer]

In the next video, we present more examples of multiplying cube roots.

Multiplying Radical Expressions

Multiply.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

Dividing Radical Expressions

You can use the same ideas to help you figure out how to simplify and divide radical expressions. Recall that the Product Raised to
a Power Rule states that v'ab = y/a - /b . Well, what if you are dealing with a quotient instead of a product?

There is a rule for that, too. The Quotient Raised to a Power Rule states that \(

=\frac\). Again, if you imagine that the exponent is a rational number, then you can make this rule applicable for roots as well:
\(

=\frac\)

Therefore
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A Quotient Raised to a Power Rule

o For any real numbers a and b (b # 0) and any positive integer x: \(=\frac\)

o For any real numbers a and b (b # 0) and any positive integer x: /¢ = g‘;

As you did with multiplication, you will start with some examples featuring integers before moving on to radicals with variables.

Example

[reveal-answer q="883744"]Show Solution[/reveal-answer]

Ya
[hidden-answer a="883744"|Use the rule ,* % = ‘z/; to create two radicals; one in the numerator and one in the denominator.

/B
V25
Simplify each radical. Look for perfect square factors in the radicand, and rewrite the radicand as a product of factors.

V163
o

Identify and pull out perfect squares.

\(\begin{array } {r}\frac{\sqrt
{\sqrt\\Wfrac{\sqrt\cdot \sqrt{3} } {\sqrt}\end{array }\)
Simplify.

'S
il

c_n|'

Answer

48 _ 43
V25T s
[/hidden-answer]

As with multiplication, the main idea here is that sometimes it makes sense to divide and then simplify, and other times it makes
sense to simplify and then divide. Whichever order you choose, though, you should arrive at the same final expression.

Now let’s turn to some radical expressions containing variables. Notice that the process for dividing these is the same as it is for
dividing integers.
Example

V/30z
V10z

[reveal-answer q="236188"]Show Solution[/reveal-answer]
[hidden-answer a="236188"]Use the Quotient Raised to a Power Rule to rewrite this expression.

30z
10z

Simplify. ,z >0

Simplify fg—ﬁ by identifying similar factors in the numerator and denominator and then identifying factors of 1.
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Answer
V30z
vio: = V3

[/hidden-answer]

As you become more familiar with dividing and simplifying radical expressions, make sure you continue to pay attention to the
roots of the radicals that you are dividing. For example, you can think of this expression:

\(\frac{\sqrt{8
FH\sqrt{225} 1Y)
As equivalent to:

\(\sqrt{\frac{8
H2251 1)
This is because both the numerator and the denominator are square roots.
Notice that you cannot express this expression:

\(\frac{\sqrt{8
}H\sqrt[4]{225} }\)
In this format:

\(\sqrt[4]{\frac{8

}{225}}).

This is becuase the numerator is a square root and the denominator is a fourth root. In this last video, we show more examples of
simplifying a quotient with radicals.

Dividing Radical Expressions

Simplify.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

Add and Subtract Radical Expressions

Adding and subtracting radicals is much like combining like terms with variables. We can add and subtract expressions with
variables like this:

5z +3y—4x+ Ty =z +10y
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There are two keys to combining radicals by addition or subtraction: look at the index, and look at the radicand. If these are the
same, then addition and subtraction are possible. If not, then you cannot combine the two radicals.

Keys

Remember the index is the degree of the root and the radicand is the term or expression under the radical. In the diagram below, the
index is n, and the radicand is 100. The radicand is placed under the root symbol and the index is placed outside the root symbol to
the left:

I:,f'_ indicates an nth root.

Index N\

100 " Radical Sisn

4
Radicand

Index and radicand

Practice identifying radicals that are compatible for addition and subtraction by looking at the index and radicand of the roots in the
following example.

Identify the roots that have the same index and radicand.
106

-1 \3/6

V25

124/6

Ly35

=7 \3/6

[reveal-answer q="332991"]Show Solution[/reveal-answer]
[hidden-answer a="332991"]

Let’s start with 12+/6.

—7V6.

/25 has an index of 2 and a radicand of 25. There are no other radicals in the list that have the same index and radicand.
10v/6

%\s/ﬁ has an index of 3 and a radicand of 25. There are no other radicals in the list that share these.

~1/6

[/hidden-answer]
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Let’s use this concept to add some radicals.

Example
Add. 3a+7a.

3vVI1+7V11
Answer

3v114+74/11=10+/11
[/hidden-answer]

It may help to think of radical terms with words when you are adding and subtracting them. The last example could be read “three
square roots of eleven plus 7 square roots of eleven”.

This next example contains more addends. Notice how you can combine like terms (radicals that have the same root and index) but
you cannot combine unlike terms.

Example
Add. 5v/2 + /3 +4+/3+2+/2

[reveal-answer q="687881"]Show Solution[/reveal-answer]
[hidden-answer a="687881"]Rearrange terms so that like radicals are next to each other. Then add.

5v2+2v2+v3+4V3
Answer
5V2+13+4v34+2v2=TV2+53
[/hidden-answer]
Notice that the expression in the previous example is simplified even though it has two terms: 54/3. It would be a mistake to try to
combine them further! (Some people make the mistake that 4/2 and /3 are not like radicals so they cannot be added.)
Example
Add. 3\/z +12yzy+ /T

[reveal-answer q="885242"]Show Solution[/reveal-answer]
[hidden-answer a="885242"]Rearrange terms so that like radicals are next to each other. Then add.

3VzT+/z+12YTy
Answer
3VT +12 YTy + /T =4/ +12TY
[/hidden-answer]

Sometimes you may need to add and simplify the radical. If the radicals are different, try simplifying first—you may end up being
able to combine the radicals at the end, as shown in these next two examples.

Example

Add and simplify. 2+/40 + /135

[reveal-answer qg="638886"]Show Solution[/reveal-answer]
[hidden-answer a="638886"]Simplify each radical by identifying perfect cubes.

\(\begin{array }{r}2\sqrt[3]{8\cdot 5}+\sqrt[3]{27\cdot 5}\\2\sqrt[3]
\cdot \sqrt[3]{5}+\sqrt[3]\cdot \sqrt[3]{5}\end{array }\)
Simplify.

2-2-5+3-5
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Add.
4/5+3/5
Answer
2740 ++/135="74/5
[/hidden-answer]
Example
Add and simplify. \(x\sqrt[3]{x
Fy\sqreB3{{{x} {4} }y})

[reveal-answer g="95976"]Show Solution[/reveal-answer]
[hidden-answer a=95976"]Simplify each radical by identifying perfect cubes.

\(\begin{array}{r}x\sqrt[3]{x\cdot
\cdot y}+y\sqrt[3]\cdot \sqrt[3]{xy } +y\sqrt[3]\cdot \sqrt[ 3]{ xy }\\xy\cdot \sqrt[3]{xy } +xy\cdot \sqrt[3]{xy }\end{array}\)

Add like radicals.

zyJry+xyJry
Answer
\(x\sqrt[3]{x

Hy\sqri3H{{x} {4} }y}=2xy\sqrt[3]{xy })

[/hidden-answer]

Subtracting Radicals

Subtraction of radicals follows the same set of rules and approaches as addition—the radicands and the indices (plural of index)
must be the same for two (or more) radicals to be subtracted.

Example

Subtract. 54/13 —34/13

[reveal-answer q="107411"]Show Solution[/reveal-answer]
[hidden-answer a="107411"]The radicands and indices are the same, so these two radicals can be combined.

513 —3+v/13
Answer
5413 —3v/13 =213

[/hidden-answer]

Example

Subtract. 4v/5a — v/3a — 2v/5a

[reveal-answer q="491962"]Show Solution[/reveal-answer]
[hidden-answer a="491962"]Two of the radicals have the same index and radicand, so they can be combined. Rewrite the
expression so that like radicals are next to each other.

4v/5a —v/3a—2v/5a
4v/5a —2v/5a) — v/3a)
Combine. Although the indices of —+/3a are the same, the radicands are not—so they cannot be combined.

2v/5a— v/3a)
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Answer
4+/5a —v/3a —2+/5a =2+/5a — v/3a
[/hidden-answer]

In the video example that follows, we show more examples of how to add and subtract radicals that don’t need to be simplified
beforehand.

Examples: Adding and Subtracting Radicals:
No Simplifving Required
Acld o subrart,

Vi 13y m

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

The following video shows how to add and subtract radicals that can be simplified beforehand.

Examples: Adding and Subtracting Radicals:
Simplifving Required
Add orSubtralt a7
3 5 '“Av
By3 —2v27 o
oy ’\-' Lf‘}?
HWae-2E9:
FE-2 373 _

B -3 2al3

2VB 332

afaaz 4

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

Rationalize Denominators

Although radicals follow the same rules that integers do, it is often difficult to figure out the value of an expression containing
radicals. For example, you probably have a good sense of how much % are, but what about the quantities %? These are much

harder to visualize.

You can use a technique called rationalizing a denominator to eliminate the radical. The point of rationalizing a denominator is to
make it easier to understand what the quantity really is by removing radicals from the denominators.

Recall that the numbers 5, 0.75 are all known as rational numbers—they can each be expressed as a ratio of two integers (%
respectively). Some radicals are irrational numbers because they cannot be represented as a ratio of two integers. As a result, the
point of rationalizing a denominator is to change the expression so that the denominator becomes a rational number.

Here are some examples of irrational and rational denominators.

Irrational Rational
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Irrational Rational

V2
T2

2,/3+3
3

Now let’s examine how to get from irrational to rational denominators.

Let’s start with the fraction 4/2, an irrational number. This makes it difficult to figure out what the value of % is.

You can rename this fraction without changing its value, if you multiply it by 1. In this case, set 1 equal to % Watch what
happens.

The denominator of the new fraction is no longer a radical (notice, however, that the numerator is).

So why choose to multiply %? You knew that the square root of a number times itself will be a whole number. In algebraic terms,
this idea is represented by % -1. Do you see where v/2-v/2 =+/4=2?

Here are some more examples. Notice how the value of the fraction is not changed at all—it is simply being multiplied by 1.

Example
Rationalize the denominator.

—6/6
V3
[reveal-answer q="551606"]Show Solution[/reveal-answer]
[hidden-answer a="551606"]1The denominator of this fraction is /3, since % because it is equal to 1.
—6v6 3
Vi3

—6-/53
NeE

—6-/6-3
3

Simplify the coefficients and the radicals, where possible.

—6-1/6-3
3

=-2v/3%.2

—_2.3.3

Answer

—6v6
=62

[/hidden-answer]

In the video example that follows, we show more examples of how to rationalize a denominator with an integer radicand.
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Examiples; Rationalize Dénominators

Simplify by ratiopalizing fhe dencminator

5
El:
5

W

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

You can use the same method to rationalize denominators to simplify fractions with radicals that contain a variable. As long as you

multiply the original expression by another name for 1, you can eliminate a radical in the denominator without changing the value
of the expression itself.

Example
Rationalize the denominator.

P
%, where x #0

[reveal-answer q="642546"]Show Solution[/reveal-answer]
[hidden-answer a="642546"]The denominator is % to get rid of the radical in the denominator.

I
Vo iz
Viz iz

Simplify the numerator.
2,/2-xzy
4|z|
2./2zy
4z|

Answer

\/ﬁ o 2,/2zy

Vaz 4|z

[/hidden-answer]

Example

Rationalize the denominator and simplify.

100z
Ty’ where Yy 7& 0

[reveal-answer qg="197340"]Show Solution[/reveal-answer]

[hidden-answer a="197340" ]Rewrite %
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100z __ v/100z
11y — \/m
. o V/1ly . . .
The denominator is Nor will rationalize the denominator.
/100211y
Vily/11y
Multiply and simplify the radicals, where possible.
1/100-11zy
VIy /11y
100 is a perfect square. Remember thaty/z - /Z = .
\/1_00 1llzy
11y-4/11y

Answer

100z 10, /11zy
11y — 11y
[/hidden-answer]

THE video that follows shows more examples of how to rationalize a denominator with a monomial radicand.

Examples: Rationalize Denominators

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=142

Summary

When you encounter a fraction that contains a radical in the denominator, you can eliminate the radical by using a process called
rationalizing the denominator. To rationalize a denominator, you need to find a quantity that, when multiplied by the denominator,

will create a rational number (no radical terms) in the denominator. When the denominator contains a single term, as in % will

remove the radical from the denominator.

Summary

The Product Raised to a Power Rule and the Quotient Raised to a Power Rule can be used to simplify radical expressions as long as
the roots of the radicals are the same. The Product Rule states that the product of two or more numbers raised to a power is equal to
the product of each number raised to the same power. The same is true of roots:

Ja _~a
\/;_ 7 (8.3.1)

Combining radicals is possible when the index and the radicand of two or more radicals are the same. Radicals with the same index
and radicand are known as like radicals. It is often helpful to treat radicals just as you would treat variables: like radicals can be
added and subtracted in the same way that like variables can be added and subtracted. Sometimes, you will need to simplify a
radical expression before it is possible to add or subtract like terms.
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8.4: Solving Radical Equations

¢ Solve Radical Equations
o Isolate square roots in equations and solve for a variable
o Identify extraneous solutions to radical equations
o Square Roots and Completing the Square for Solving Radical Equations
o Use square roots to solve quadratic equations
o Complete the square to solve a quadratic equation
o Using the Quadratic Formula to Solve Quadratic Equations
o Write a quadratic equation in standard form and identify the values of a, b, and c in a standard form quadratic equation.
o Use the Quadratic Formula to find all real solutions.
o Solve application problems requiring the use of the Quadratic Formula.

A basic strategy for solving radical equations is to isolate the radical term first, and then raise both sides of the equation to a power
to remove the radical. (The reason for using powers will become clear in a moment.) This is the same type of strategy you used to
solve other, non-radical equations—rearrange the expression to isolate the variable you want to know, and then solve the resulting
equation.

Solutions to Radical Equations

The solutions of 2> = a are called the square roots of a.

o When a is positive, a > 0, ++/a, —y/a. —/a is the negative square root of a.
e When a is negative, a <0, 22 = a has no solutions.

o When a is zero, a = 0, z2 = a has one solution: a = 0

Just to drive home the importance of the concept that when a is negative, a < 0, > = a has no solutions, we will restate it in words.
If you have a negative number under a square root sign as in this example,

v—=3
There will be no real number solutions.
There are two key ideas that you will be using to solve radical equations. The first is that if \(

=\). (This property allows you to square both sides of an equation and remain certain that the two sides are still equal.) The second
is that if the square root of any nonnegative number x is squared, then you get x: \(=x\). (This property allows you to “remove” the
radicals from your equations.)

Let’s start with a radical equation that you can solve in a few steps:y/z —3 =5.

Example
Solve. \/x —3 =5

[reveal-answer q="946356"]Show Solution[/reveal-answer]
[hidden-answer a=946356"]Add 3 to both sides to isolate the variable term on the left side of the equation.

V-3 =5
+3 43
Collect like terms.
Jz =8
Square both sides to remove the radical, since \(
=x\). Make sure to square the 8 also! Then simplify.

\(\begin{array}{r}

=\\x=64\end{array}\)
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Answer

VT —3=5

[/hidden-answer]

To check your solution, you can substitute 64 in for x in the original equation. Does 8 —3 =5.

Notice how you combined like terms and then squared both sides of the equation in this problem. This is a standard method for
removing a radical from an equation. It is important to isolate a radical on one side of the equation and simplify as much as
possible before squaring. The fewer terms there are before squaring, the fewer additional terms will be generated by the process of
squaring.

In the example above, only the variable x was underneath the radical. Sometimes you will need to solve an equation that contains
multiple terms underneath a radical. Follow the same steps to solve these, but pay attention to a critical point—square both sides of
an equation, not individual terms. Watch how the next two problems are solved.

Example

Solve. z + 8. Square both sides to remove the radical.

\(
=\)
\(
=x+8\). Now simplify the equation and solve for x.
z+8=9
z=1

Check your answer. Substituting 1 for x in the original equation yields a true statement, so the solution is correct.

V1+8=3
V9=3
3=3

Answer
VZT8 =3.
[/hidden-answer]

In the following video we show how to solve simple radical equations.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

Example

Solve.14++/22+3 =6
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[reveal-answer q="479262"]Show Solution[/reveal-answer]
[hidden-answer a="479262"]Begin by subtracting 1 from both sides in order to isolate the radical term. Then square both sides to
remove the binomial from the radical.

\(\begin{array} {r} 1+\sqrt{2x+3}-1=6-1\\\sqrt{ 2x+3} =5\, , ,,,, , ,,, \

=\\,\,\end{array}\)
Simplify the equation and solve for x.
20 +3 =25
2z =22
z=11

Check your answer. Substituting 11 for x in the original equation yields a true statement, so the solution is correct.

1+,/2(11)+3 =6

1++22+3 =6
1++/25=6
1+5=6
6=26
Answer
1+v2z+3=6.

[/hidden-answer]

Solving Radical Equations
Follow the following four steps to solve radical equations.

1. Isolate the radical expression.

2. Square both sides of the equation: If 22 = y2.

3. Once the radical is removed, solve for the unknown.
4. Check all answers.

Identify Extraneous Solutions

Following rules is important, but so is paying attention to the math in front of you—especially when solving radical equations.
Take a look at this next problem that demonstrates a potential pitfall of squaring both sides to remove the radical.

Example

Solve. v/Ja—5 = —2

[reveal-answer q="798652"]Show Solution[/reveal-answer]
[hidden-answer a="798652"]Square both sides to remove the term a— 5 from the radical.

\(
=\)
Write the simplified equation, and solve for a.
a—5=4
a=9

Now check the solution by substituting @ =9 into the original equation.

It does not check!

VI-5=-2
Va=-2
242
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Answer

No solution.
[/hidden-answer]

Look at that—the answer a =9 does not produce a true statement when substituted back into the original equation. What
happened?

Check the original problem: —2, and recall that the principal square root of a number can only be positive. This means that no
value for a will result in a radical expression whose positive square root is —2! You might have noticed that right away and
concluded that there were no solutions for a.

Incorrect values of the variable, such as those that are introduced as a result of the squaring process are called extraneous
solutions. Extraneous solutions may look like the real solution, but you can identify them because they will not create a true
statement when substituted back into the original equation. This is one of the reasons why checking your work is so important—if
you do not check your answers by substituting them back into the original equation, you may be introducing extraneous solutions
into the problem.

In the next video example, we solve more radical equations that may have extraneous solutions.

Examples: Solving Radical Equations

VX3 —2{'— —'.é

J)&—hﬁ =

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144
Have a look at the following problem. Notice how the original problem is \(

+8x+16=x+10\). Squaring both sides may have introduced an extraneous solution.

Example
Solve. x +4 =+/x+10

[reveal-answer q="705028"]Show Solution[/reveal-answer]
[hidden-answer a="705028"]Square both sides to remove the term x + 10 from the radical.

\(
=\)
Now simplify and solve the equation. Combine like terms, and then factor.
\(\begin{array } {r}\left( x+4 \right)\left( x+4 \right)=x+10\\

+8x+16=x+10\\+8x-x+16-10=0\,\,\,\,,,, L, , , , , , L, ,\W+7x+6=0\,\,\,\, , \, L, , \, L, L, \,\\,\,\\Weft( x+6 \right)\left( x+1
\right)=0\,\,\, ,\, ,\,\, L, \,\ L\, \, \,\end{array }\)

Set each factor equal to zero and solve for x.
(z+6)=0o0r (z+1)=0
z=—-6orzx=-1

Now check both solutions by substituting them into the original equation.

Since = —6 produces a false statement, it is an extraneous solution.
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—6+4=+—-6+10
9= \/41
-2=2
FALSE!
—1+4=4/-1+10
SN
3=3
TRUE!
Answer
x = —1 is the only solution

[/hidden-answer]

Example
Solve. 44++/x+2 =2

[reveal-answer q="568479"]Show Solution[/reveal-answer]
[hidden-answer a="568479"]Isolate the radical term.

Vz+2=z-4

Square both sides to remove the term & + 2 from the radical.
\(
=\)
Now simplify and solve the equation. Combine like terms, and then factor.
\(\begin{array}{1}x+2=
-8x+16\\,\,,,\,,\,,\,\,\,0=-8x-x+16-2\\\,,\,, ,,\,,\,,\,0=-9x+ 14N\ L\ 0=\eft( x-7 \right)\left( x-2 \right)\end{array}\)
Set each factor equal to zero and solve for x.
(x—7)=0o0r (x—2)=0

z=Torx =2

Now check both solutions by substituting them into the original equation.

Since = 2 produces a false statement, it is an extraneous solution.

44+/7+2 =17
44+9="7
443=17
7="7

TRUE!
4+2+2 =2
4++4=2
442=2
6=2
FALSE!

Answer

z =7 is the only solution.

[/hidden-answer]
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In the last video example we solve a radical equation with a binomial term on one side.

Examples: Solyving Radical Equations:
Solve Variables on Both Sides
fir——7 N paal 1St 2
(VxraEl+4) VAKF9+1 =1
{,.{ ks ¥ . XhT =0 or 420
o A+ =0 er K 4A=
K+ K

PERRTAEL S e R [ A=-F lor AF md

—p=la - - =

o A, T =
O = 2T +I% +10
O=(K+sdx+2)

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

Square Roots and Completing the Square

Quadratic equations can be solved in many ways. In the previous section we introduced the idea that solutions to radical equations
in general can be found using these facts:

Solutions to Quadratic Equations

The solutions of 2> = a are called the square roots of a.

o When a is positive, a > 0, ++/a, —y/a. —/a is the negative square root of a.
o When a is negative, a < 0, 22 = a has no solutions.
o When ais zero, a = 0, 2 = a has one solution: a =0

A shortcut way to write —/a is £ is often read “positive or negative.” If it is used as an operation (addition or subtraction), it is
read “plus or minus.”

Example

Solve using the Square Root Property. z2 = 9

[reveal-answer q="793132"]Show Solution[/reveal-answer]
[hidden-answer a="793132"]Since one side is simply z2, you can take the square root of both sides to get x on one side. Don’t
forget to use both positive and negative square roots!

z2=9
z =449
=243
Answer
z=3or—3)

[/hidden-answer]

Notice that there is a difference here in solving v/9. For v/9, you only want the principal (nonnegative) square root. The negative
of the principal square root is 4++/9. Unless there is a symbol in front of the radical sign, only the nonnegative value is wanted!

In the example above, you can take the square root of both sides easily because there is only one term on each side. In some
equations, you may need to do some work to get the equation in this form. You will find that this involves isolating x2.

Example
Solve. 1022 45 = 85

[reveal-answer qg="637209"]Show Solution[/reveal-answer]
[hidden-answer a="637209"]If you try taking the square root of both sides of the original equation, you will have z2 term by itself.
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1022 +5=85

You could now take the square root of both sides, but you would have /10 as a coefficient, and you would need to divide by that
coefficient. Dividing by 10 before you take the square root will be a little easier.

10z® =80

Now you have only z2 on the left, so you can use the Square Root Property easily.
Be sure to simplify the radical if possible.

\(\begin{array}{1}
=8\, \,x=\pm \sqrt{8}\\\,\,\,\,,\,=\pm \sqrt{(4)(2) I\, \,,\,\,\,=\pm \sqrt{4 P\sqrt {2 }\\\,\,\,\,\,\,=\pm 2\sqrt{2}\end{array }\)
Answer
r =422
[/hidden-answer]

In the following video we show more examples of solving simple quadratic equations using square roots.

Examples: Solving Quadratic Equations Using
SquareRoots 24 =766

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

Sometimes more than just the x is being squared:
Example
Solve. (z—2)*~50 =0

[reveal-answer q="347487"]Show Solution[/reveal-answer]
[hidden-answer a="347487"]Again, taking the square root of both sides at this stage will leave something you can’t work with on
the left. Start by adding 50 to both sides.

(z—2)2—50=0

Because (z— 2)2 is a squared quantity, you can take the square root of both sides.

(z—2)% =50
z—2 =450
To isolate x on the left, you need to add 2 to both sides.
Be sure to simplify the radical if possible.
z =24++/50
=24,/(25)(2)
=2+1/25v2

=245,/2
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Answer
z=245,2
[/hidden-answer]

In this video example, you will see more examples of solving quadratic equations using square roots.

Examples: Solving Quadratic Equations Using
Square Roots T T

) =41

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

Completing the Square to Solve a Quadratic Equation

Of course, quadratic equations often will not come in the format of the examples above. Most of them will have x terms. However,
you may be able to factor the expression into a squared binomial—and if not, you can still use squared binomials to help you.

Some of the above examples have squared binomials: (z— 2)2 are squared binomials. If you expand these, you get a perfect square
trinomial.

Perfect square trinomials have the form (z + s) 2 or they have the form (z— 3)2. Let’s factor a perfect square trinomial into a
squared binomial.

Example

Factor 9z%- 24z + 16.

[reveal-answer q="844629"]Show Solution[/reveal-answer]
[hidden-answer a="844629"First notice that the 22 term and the constant term are both perfect squares.

922 = (3z)°
16 =42
Then notice that the middle term (ignoring the sign) is twice the product of the square roots of the other terms.
24z =2 (3z) (4)
A trinomial in the form (7 s)?.

In this case, the middle term is subtracted, so subtract r and s and square it to get (r—s)?2.
r=3x
s=4
922 — 242 +16 = (3z —4)>
Answer
(3z— 4)2

[/hidden-answer]

You can use the procedure in this next example to help you solve equations where you identify perfect square trinomials, even if
the equation is not set equal to 0.
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Example
Solve. 422 +20x +25 =8

[reveal-answer q="538757"]Show Solution[/reveal-answer]
[hidden-answer a="538757"]Since there’s an x term, you can’t use the Square Root Property immediately (or even after adding or
dividing by a constant).

Notice, however, that the (2)” and 2 (2z) (5)? Yes!
4z% +20z 425 =8
A trinomial in the form (r + s) ?, so rewrite the left side as a squared binomial.
(2z+5)>=8
Now you can use the Square Root Property. Some additional steps are needed to isolate x.

22 +5==+/8
2z = —5+4/8

x = —g + %\/5
Simplify the radical when possible.

o= -3+ 1ViVE

Answer
T = —g +4/2
[/hidden-answer]

One way to solve quadratic equations is by completing the square. When you don’t have a perfect square trinomial, you can
create one by adding a constant term that is a perfect square to both sides of the equation. Let’s see how to find that constant term.

“Completing the square” does exactly what it says—it takes something that is not a square and makes it one. This idea can be
illustrated using an area model of the binomial 22 + bz .

x(x + b) = x* + bx

In this example, the area of the overall rectangle is given by z (z +b).

Now let’s make this rectangle into a square. First, divide the red rectangle with area bx into two equal rectangles each with area bx.

& =

The red rectangles now make up two sides of a square, shown in white. The area of that square is the length of the red rectangles
squared, or \(

V).

Here comes the cool part—do you see that when the white square is added to the blue and red regions, the whole shape is also now
a square? In other words, you’ve “completed the square!” By adding the quantity = + % .
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=

. . . . . 2
Notice that the area of this square can be written as a squared binomial: (w + %) .

Finding a Value that will Complete the Square in an Expression
To complete the square for an expression of the form z2 + bz :

o Identify the value of b;

e Calculate and add (%)2

The expression becomes z? + bx + (%)2 =(z+2) ?

Example
Find the number to add to > + 82 to make it a perfect square trinomial.

[reveal-answer qg="691356"]Show Solution[/reveal-answer]
[hidden-answer a="691356" |First identify b if this has the form 2 +bx.

z? +8z
b=8

2
To complete the square, add (%)

Simplify.
z2? 4 8z + (4)
z* +8z +16
Check that the result is a perfect square trinomial. (z 4 4) P2’ 44z 442 +16 =22 +8x+16 ,soitis.

Answer

Adding 22 + 8z a perfect square trinomial.

[/hidden-answer]

Notice that \(

\) is always positive, since it is the square of a number. When you complete the square, you are always adding a positive value.

In the following video, we show more examples of how to find a constant terms that will make a trinomial a perfect square.
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A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

You can use completing the square to help you solve a quadratic equation that cannot be solved by factoring.

Let’s start by seeing what happens when you complete the square in an equation. In the example below, notice that completing the
square will result in adding a number to both sides of the equation—you have to do this in order to keep both sides equal!

Example

Rewrite 22 + 62 = 8 so that the left side is a perfect square trinomial.

[reveal-answer qg="539170"]Show Solution[/reveal-answer]
[hidden-answer a="539170"]This equation has a constant of 8. Ignore it for now and focus on the x2 + bz, so you can identify b.

2 +6z =8
b=6
To complete the square, add \(
\) to the left side.
\(
===9.\)

This is an equation, though, so you must add the same number to the right side as well.
2> +6z+9=8+9

Simplify. Check that the left side is a perfect square trinomial. (xz+3) 2_ g2 +324+32+9=22+62+9 7,s0itis.

2’ +6z+9=17

2’ +6z+9=17

(z+3)2 =17

Answer
2 +6x+9=17
[/hidden-answer]

Can you see that completing the square in an equation is very similar to completing the square in an expression? The main
difference is that you have to add the new number (49 in this case) to both sides of the equation to maintain equality.

Now let’s look at an example where you are using completing the square to actually solve an equation, finding a value for the
variable.

Example
Solve. z2-122-4 =0
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[reveal-answer g="903321"]Show Solution[/reveal-answer]
[hidden-answer a="903321"]Since you cannot factor the trinomial on the left side, you will use completing the square to solve the
equation.

Rewrite the equation with the left side in the form 22 -+ bz, to prepare to complete the square. Identify b.

22 —12z =4
b=-12

Figure out what value to add to complete the square. Add \(
===36\).
Add the value to both sides of the equation and simplify.

22 —122+36=4+36
22— 122 +36 =40

Rewrite the left side as a squared binomial.
(z —6)° =40

Use the Square Root Property. Remember to include both the positive and negative square root, or you’ll miss one of the solutions.
z —6=1+40

Solve for x by adding 6 to both sides. Simplify as needed.

x =6+£+/40
=6 ++/4v10
=6+2v10

Answer
r=61+2/10
[/hidden-answer]

In this last video, we solve more quadratic equations by completing the square.

Examples: Completing the Square

Silve by completg the square W R
\- b I i SLTATE (‘E}'lﬁ; =as
4o+ 20

Poage e

7.] 3
® +_§x+_‘1_ = —in._.

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

You may have noticed that because you have to use both square roots, all the examples have two solutions. Here is another example
that’s slightly different.

Example
Solve 2 + 16z +17 = —47 .

[reveal-answer q="270245"]Show Solution[/reveal-answer]
[hidden-answer a="270245"]Rewrite the equation so the left side has the form 22 +bx. Identify b.
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22+ 162z = —64
b=16

Add \(
==64\), to both sides.

22 +162+64=—64+64
22 +16x+64=0

Write the left side as a squared binomial.
(z+8)2=0

Take the square roots of both sides. Normally both positive and negative square roots are needed, but 0 is neither positive nor
negative. 0 has only one root.

z+8=0
Solve for x.
r=-8
Answer
Tz =-8

[/hidden-answer]

Take a closer look at this problem and you may see something familiar. Instead of completing the square, try adding 47 to both
sides in the equation. The equation z? + 16z +64 =0 . Can you factor this equation using grouping? (Think of two numbers
whose product is 64 and whose sum is 16).

It can be factored as (z +8)(z +8) =0, of course! Knowing how to complete the square is very helpful, but it is not always the
only way to solve an equation.

Use the Quadratic Formula to Solve Quadratic Equations

The Quadratic Formula

Quadratic formula

You can solve any quadratic equation by completing the square—rewriting part of the equation as a perfect square trinomial. If
you complete the square on the generic equation \(x=\frac{-b\pm \sqrt

{2a}\). This equation is known as the Quadratic Formula.

This formula is very helpful for solving quadratic equations that are difficult or impossible to factor, and using it can be faster than
completing the square. The Quadratic Formula can be used to solve any quadratic equation of the form az? + bz +¢c=0 .

The form az? +bx +c=0 is called standard form of a quadratic equation. Before solving a quadratic equation using the
Quadratic Formula, it’s vital that you be sure the equation is in this form. If you don’t, you might use the wrong values for a, b, or
¢, and then the formula will give incorrect solutions.
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Example
Rewrite the equation 3z + 222 +4 =5 in standard form and identify a, b, and c.
[reveal-answer q="489648"]Show Solution[/reveal-answer]

[hidden-answer a="489648" ]First be sure that the right side of the equation is 0. In this case, all you need to do is subtract 5 from
both sides.

3z 42z +4=5
3z +22%+4-5=>5-5
Simplify, and write the terms with the exponent on the variable in descending order.
3z+2x2-1=0
222 +3z—-1=0
Now that the equation is in standard form, you can read the values of a, b, and ¢ from the coefficients and constant. Note that since
the constant 1 is subtracted, c must be negative.
222 + 3z — 1 =0
[

az? bz c

a=2,b=3, c=-1
Answer
222 +32-1=0;a=2,b=3,c=—1
[/hidden-answer]
Example
Rewrite the equation 2(z + 3)2—5z = 6 in standard form and identify a, b, and c.

[reveal-answer qg="585220"]Show Solution[/reveal-answer]
[hidden-answer a="585220"]First be sure that the right side of the equation is 0.

2(z+3)>-5z =6
2(z+3)*-52-6 =6-6
Expand the squared binomial, then simplify by combining like terms.
Be sure to write the terms with the exponent on the variable in descending order.
2 ($2—|—6x+9) —bx—6=0
222 +12z +18-52-6 =0
222 +12z— 5z +18-6 =0
222 +72+12=0
Now that the equation is in standard form, you can read the values of a, b, and ¢ from the coefficients and constant.
222 + Tz + 12 = 0
\l 1 1

a b c
a=2,b=7,¢=7
Answer
202 + T +12=0; a=2,b="7,c =12

[/hidden-answer]
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Solving a Quadratic Equation using the Quadratic Formula

The Quadratic Formula will work with any quadratic equation, but only if the equation is in standard form, az? +bz +c=0 . To
use it, follow these steps.

o Put the equation in standard form first.

o Identify the coefficients, a, b, and c. Be careful to include negative signs if the bx or ¢ terms are subtracted.

o Substitute the values for the coefficients into the Quadratic Formula.

o Simplify as much as possible.

o Use the + in front of the radical to separate the solution into two values: one in which the square root is added, and one in
which it is subtracted.

o Simplify both values to get the possible solutions.

That’s a lot of steps. Let’s try using the Quadratic Formula to solve a relatively simple equation first; then you’ll go back and solve
it again using another factoring method.
Example

Use the Quadratic Formula to solve the equation z2 + 42 =5 .

[reveal-answer q="296770"]Show Solution[/reveal-answer]
[hidden-answer a="296770"]First write the equation in standard form.

2 +4z =5
22 +4z—-5=0

a=1,b=4,c=-5
Note that the subtraction sign means the constant c is negative.
\(\begin{array}{r}

L\, A\ 4\, -
L5400, =00\ 0\ downarrow, L\ LU L\ \downarrow, L\ )\ LU L L L L\ \downarrow, L, L\ L L L UL L L L Nab L+
bx\,\,\, F\,\,\,c\,\\,=\,\,\,0\end{array }\)

Substitute the values into the Quadratic Formula. \(x=\frac{-b\pm \sqrt

{2a}\)
\(\begin{array } {1}\\x=\frac{-4\pm \sqrt
{2(1)}\end{array}\)
Simplify, being careful to get the signs correct.
—44+/16120

- 2

Simplify some more.
_ i
2
Simplify the radical: /36 = 6.
—446

2

Separate and simplify to find the solutions to the quadratic equation. Note that in one, 6 is added and in the other, 6 is subtracted.

46 2
T=— —2—1
or
—4-6 _ —10
r=——=—5=-5
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Answer
z=1or —5
[/hidden-answer]

You can check these solutions by substituting —5 into the original equation.

z=—5
22+4z=5
(~5)*+4(-5)=5
25—20=5
5=5

You get two true statements, so you know that both solutions work: —5. You’ve solved the equation successfully using the
Quadratic Formula!

The power of the Quadratic Formula is that it can be used to solve any quadratic equation, even those where finding number
combinations will not work.

In teh following video, we show an example of using the quadratic formula to solve an equation with two real solutions.

Examples: The Quadratic Formula

Solve using the guadiatic formula
6x=~fx + 15 =0 k= 1= Em
=4 iz
a=06 b=- c=-if

= i I, 2

ox” Hbx+c=0 F =

bil \'I.l} " 4ac
2a
-0 & Y

206

12 | /+ 3o
/L

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144
Most of the quadratic equations you’ve looked at have two solutions, like the one above. The following example is a little different.

Example

Use the Quadratic Formula to solve the equation 2> — 22 = 6z — 16 .

[reveal-answer q="998241"]Show Solution[/reveal-answer]
[hidden-answer a="998241"]Subtract 6x from each side and add 16 to both sides to put the equation in standard form.

2’ —2z =6z —16
z? -2z —6x+16=0
2 -8z +16 =0
Identify the coefficients a, b, and c.a =1. Sincea=1,b=—-8,c =16
\(\begin{array}{r}

L\\,-
LALL8LLL AL 164, =\ 00 downarrow), L, L, LLL VL L L LG\ \downarrow, L, L LU LG LG L L \downarrow), L)L L L L UL L LV LV
ANalL L, LD AL e\, =\, O\end { array 1)

Substitute the values into the Quadratic Formula.
\(\begin{array }{1}x=\frac{-b\pm \sqrt
{2aP\\x=\frac{-(-8)\pm \sqrt{2(1) }\end{array }\)
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Simplify.

8+/64-64
x = —‘/2

Since the square root of 0 is 0, and both adding and subtracting 0 give the same result, there is only one possible value.
_ 80 s _
-2 T2 4

Answer

z=4

[/hidden-answer]

Again, check using the original equation.
2’ —2z =6z —16
(4 —2(4)=6(4)—16
16 —8=24—-16
8=8
In the following video we show an example of using the quadratic formula to solve a quadratic equation that has one repeated
solution.

Examples: The Quadratic Formula
Solve using the quadratic fopmula
4x-—12x+9=10 Xi=
aA=H besll c=9

Pl -

ax’ 4 bx+c=0
b ).: dac
’
2a

= (12} 2 ay - g0 )9)
aly

Il t Ty = iqq
1

X =

L

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

In this video example we show that solutions to quadratic equations can have rational answers.

Examples: The Quadratic Formula

Solve wsing the quadeatic formuala
-} 7 BT B EN
Ox Lx 15 =0 K= L3 o el
a=b b=l c=~< 2
¥ — =
ax* 4bx+¢=0 = =
bi+/b* —aac
24
7|8 =(+) & GV 4y )
J(aj

L2 {/#3p0

A= b

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144
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Applying the Quadratic Formula

Quadratic equations are widely used in science, business, and engineering. Quadratic equations are commonly used in situations
where two things are multiplied together and they both depend on the same variable. For example, when working with area, if both
dimensions are written in terms of the same variable, you use a quadratic equation. Because the quantity of a product sold often
depends on the price, you sometimes use a quadratic equation to represent revenue as a product of the price and the quantity sold.
Quadratic equations are also used when gravity is involved, such as the path of a ball or the shape of cables in a suspension bridge.

A very common and easy-to-understand application is the height of a ball thrown at the ground off a building. Because gravity will
make the ball speed up as it falls, a quadratic equation can be used to estimate its height any time before it hits the ground. Note:
The equation isn’t completely accurate, because friction from the air will slow the ball down a little. For our purposes, this is close
enough.

Example

A ball is thrown off a building from 200 feet above the ground. Its starting velocity (also called initial velocity) is —10 feet per
second. (The negative value means it’s heading toward the ground.)

The equation h = —16t> — 10t 4200 can be used to model the height of the ball after ¢ seconds. About how long does it take for
the ball to hit the ground?

[reveal-answer q="704677"]Show Solution[/reveal-answer]
[hidden-answer a="704677"]When the ball hits the ground, the height is 0. Substitute 0 for h.
h = —16t* —10t +200
0 = —16¢> — 10t + 200
—16t> —10t +200 =0
This equation is difficult to solve by factoring or by completing the square, so solve it by applying the Quadratic Formula,
a=-16,b=-10, and ¢ = 200.

\(t=\frac{-(-10)\pm \sqrt

{2(-16)}Y)
Simplify. Be very careful with the signs.
_ 10+4/T00+12800
- —32
_ 10+4/12900
- 32

Use a calculator to find both roots.
t is approximately 3.24.

Consider the roots logically. One solution, 3.24 seconds, must be when the ball hits the ground.

Answer

The ball hits the ground approximately 3.24 seconds after being thrown.

[/hidden-answer]

The area problem below does not look like it includes a Quadratic Formula of any type, and the problem seems to be something

you have solved many times before by simply multiplying. But in order to solve it, you will need to use a quadratic equation.

Example

Bob made a quilt that is 4 ft x 5 ft. He has 10 sq. ft. of fabric he can use to add a border around the quilt. How wide should he
make the border to use all the fabric? (The border must be the same width on all four sides.)

[reveal-answer qg="932211"]Show Solution[/reveal-answer]
[hidden-answer a=932211"]Sketch the problem. Since you don’t know the width of the border, you will let the variable x represent
the width.

In the diagram, the original quilt is indicated by the red rectangle. The border is the area between the red and blue lines.
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Since each side of the original 4 by 5 quilt has the border of width x added, the length of the quilt with the border will be 4 + 2.

(Both dimensions are written in terms of the same variable, and you will multiply them to get an area! This is where you might start
to think that a quadratic equation might be used to solve this problem.)

S+2x

4425
4 ft

You are only interested in the area of the border strips. Write an expression for the area of the border.
Area of border = Area of the blue rectangle minus the area of the red rectangle
Area of border= (4 +2z) (5 +2z)—(4) (5)
There are 10 sq ft of fabric for the border, so set the area of border to be 10.
10=(4+2z)(5+2z)-20
Multiply (4 +2z) (5 +2z).
10 =20 +8z + 10z +4z%-20
Simplify.
10 = 18z +4z?

Subtract 10 from both sides so that you have a quadratic equation in standard form and can apply the Quadratic Formula to find the
roots of the equation.

0=18z+4xz>—10
or
422 -10

2 (222 +92—5) =0

Factor out the greatest common factor, 2, so that you can work with the simpler equivalent equation, 2z% +9z—5 = 0.
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2 (222 +9z—5) =0

2(22°+9z—5)

_0
2 2

222492z —-5=0
Use the Quadratic Formula. In this case, c = —5.
\(\begin{array }{1}x=\frac{-b\pm \sqrt

{2aP\\Wx=\frac{-9\pm \sqrt{2(2) }\end{array}\)
Simplify.

_ 96V/IPT . 9411

- 4 - 4
Find the solutions, making sure that the + is evaluated for both values.

4 47 2
or
— =911 =20 _ _
r=—F ="y =-5
Ignore the solution z = —5, since the width could not be negative.

Answer
The width of the border should be 0.5 ft.
[/hidden-answer]

In this last video, we show how to use the quadratic formula to solve an application involving a picture frame.

= ;i ‘ Applications of Quadratic Equations

A sketch w drawn that s 6 mches by 9 inche & put in & frane of uniform
widhls, If the aren of the sketch is equal 10 the sren of the frame, what is the

.\
wadih of the frame?

A YouTube element has been excluded from this version of the text. You can view it online here: pb.libretexts.org/ba/?p=144

Summary

A common method for solving radical equations is to raise both sides of an equation to whatever power will eliminate the radical
sign from the equation. But be careful—when both sides of an equation are raised to an even power, the possibility exists that
extraneous solutions will be introduced. When solving a radical equation, it is important to always check your answer by
substituting the value back into the original equation. If you get a true statement, then that value is a solution; if you get a false
statement, then that value is not a solution.

Completing the square is used to change a binomial of the form \(
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+bx+\), which can be factored to \(\) to both sides of the equation to maintain equality. The Square Root Property can then be used
to solve for x. With the Square Root Property, be careful to include both the principal square root and its opposite. Be sure to
simplify as needed.

Quadratic equations can appear in different applications. The Quadratic Formula is a useful way to solve these equations, or any
other quadratic equation! The Quadratic Formula, ” class =" latezmathjax .
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8.5: Putting It Together- Roots and Rational Exponents
In the beginning of this module, we proposed that one of the most well known uses of roots and rational exponents is found in

quadratic equations.

Quadratic equations, when graphed on the Cartesian coordinate plane, form the shape of a parabola. Parabolas are unique and
interesting shapes because no matter how you stretch, shrink, or enlarge them, they are all identical to each other. What does that
mean?

A parabola is the set of all points (z,y) in a plane that are the same distance from a fixed line, called the directrix, and a fixed
point (the focus) not on the directrix.
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This feature of parabolas is what makes them so useful in so many ways, and what makes them identical to each other — this
relationship holds no matter how you stretch or shrink them. Ellipses and circles do not share this quality. You can stretch and
shrink them and they are not identical to each other. This unique fact about parabolas has some interesting impacts in our real lives.

For example, did you know that stage lighting and car headlamps are often parabolic in shape? The reason for this stems from the
shape of the paraboloid.

According to Wikipedia, a parabolic (or paraboloid or paraboloidal) reflector (or dish or mirror) is a reflective surface used to
collect or project energy such as light, sound, or radio waves.

Parabolic reflectors are used to collect energy from a distant source (for example sound waves or incoming star light) and bring it
to a common focal point, as in the image below:

L . Q '-:é ?

Parallel rays coming in to a parabolic mirror are focused at a point F. The vertex is
V, and the axis of symmetry passes through V and F. For off-axis reflectors (with
just the part of the paraboloid between the points P1 and P3), the receiver is still
placed at the focus of the paraboloid, but it does not cast a shadow onto the
reflector.

Since the principles of reflection are reversible, parabolic reflectors can also be used to project energy of a source at its focus
outward in a parallel beam, used in devices such as spotlights and car headlights.
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