INTRODUCTION TO
MATHEMATICAL ANALYSIS
I

Z

Lafferriere, Lafferriere, and Nguyen

Librelexts"



Portland State University

Introduction to Mathematical Analysis I

Lafferriere, Lafferriere, and Nguyen



This text is disseminated via the Open Education Resource (OER) LibreTexts Project (https:/LibreTexts.org) and like the
thousands of other texts available within this powerful platform, it is freely available for reading, printing, and "consuming.”

The LibreTexts mission is to bring together students, faculty, and scholars in a collaborative effort to provide an accessible,
and comprehensive platform that empowers our community to develop, curate, adapt, and adopt openly licensed resources and
technologies; through these efforts we can reduce the financial burden born from traditional educational resource costs, ensuring
education is more accessible for students and communities worldwide.

Most, but not all, pages in the library have licenses that may allow individuals to make changes, save, and print this book. Carefully
consult the applicable license(s) before pursuing such effects. Instructors can adopt existing LibreTexts texts or Remix them to
quickly build course-specific resources to meet the needs of their students. Unlike traditional textbooks, LibreTexts’ web based
origins allow powerful integration of advanced features and new technologies to support learning.

s ]Librelexts

LibreTexts is the adaptable, user-friendly non-profit open education resource platform that educators trust for creating,
customizing, and sharing accessible, interactive textbooks, adaptive homework, and ancillary materials. We collaborate with
individuals and organizations to champion open education initiatives, support institutional publishing programs, drive curriculum
development projects, and more.

The LibreTexts libraries are Powered by NICE CXone Expert and was supported by the Department of Education Open Textbook
Pilot Project, the California Education Learning Lab, the UC Davis Office of the Provost, the UC Davis Library, the California
State University Affordable Learning Solutions Program, and Merlot. This material is based upon work supported by the National
Science Foundation under Grant No. 1246120, 1525057, and 1413739.

Any opinions, findings, and conclusions or recommendations expressed in this material are those of the author(s) and do not
necessarily reflect the views of the National Science Foundation nor the US Department of Education.

Have questions or comments? For information about adoptions or adaptions contact info@LibreTexts.org or visit our main website
at https://LibreTexts.org.

The LibreTexts name, logo, and book covers are trademarked by LibreTexts, Inc. (a 501(c)(3) not-for-profit organization) and
protected against unauthorized use.

This text was compiled on 88/26/2026


https://libretexts.org/
https://www.nice.com/resources/cxone-expert-knowledge-management
mailto:info@LibreTexts.org
https://libretexts.org/

LibreTextS"

TABLE OF CONTENTS

Licensing
About this Book
1: Tools for Analysis
1.1: Basic Concepts of Set Theory
1.2: Functions
1.3: The Natural Numbers and Mathematical Induction
1.4: Ordered Field Axioms
1.5: The Completeness Axiom for the Real Numbers

1.6: Applications of the Completeness Axiom

2: Sequences
2.1: Convergence
2.2: Limit Theorems
2.3: Monotone Sequences
2.4: The Bolazno-Weierstrass Theorem
2.5: Limit Superior and Limit Inferior

2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points

3: Limits and Continuity
3.1: Limits of Functions
3.2: Limit Theorems
3.3: Continuity
3.4: Properties of Continuous Functions
3.5: Uniform Continuity
3.6: Limit Superior and Limit Inferior of Functions

3.7: Lower Semicontinuity and Upper Semicontinuity

4: Differentiation
4.1: Definition and Basic Properties of the Derivative
4.2: THE MEAN VALUE THEOREM
4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM
4.4: L'Hopital's Rule
4.5: Taylor's Theorem
4.6: CONVEX FUNCTIONS AND DERIVATIVES
4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBDIFFERENTIALS

5: Solutions and Hints for Selected Exercises
5.1: CHAPTER 1

5.2: CHAPTER 2
5.3: CHAPTER 3

E@E®® iii



LibreTextsw

5.4: CHAPTER 4

Index
Glossary

Detailed Licensing

This page titled Introduction to Mathematical Analysis I 2e (Lafferriere, Lafferriere, and Nguyen) is shared under a CC BY-NC 4.0 license and
was authored, remixed, and/or curated by Lafferriere, Lafferriere, and Nguyen via source content that was edited to the style and standards of
the LibreTexts platform.

@O iv


https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)
https://creativecommons.org/licenses/by-nc/4.0/
https://pdxscholar.library.pdx.edu/pdxopen/12/

LibreTexts"

Licensing

A detailed breakdown of this resource's licensing can be found in Back Matter/Detailed Licensing.

This page titled Licensing is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by LibreTexts.

@O v


https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)/00%3A_Front_Matter/04%3A_Licensing
https://creativecommons.org/licenses/by-nc/4.0/

LibreTexts"

About this Book

Video lectures explaining problem solving strategies are available

Our goal in this set of lecture notes is to provide students with a strong foundation in mathematical analysis. Such a foundation
is crucial for future study of deeper topics of analysis. Students should be familiar with most of the concepts presented here after
completing the calculus sequence. However, these concepts will be reinforced through rigorous proofs.

The lecture notes contain topics of real analysis usually covered in a 10-week course: the completeness axiom, sequences
and convergence, continuity, and differentiation. The lecture notes also contain many well-selected exercises of various levels.
Although these topics are written in a more abstract way compared with those available in some textbooks, teachers can choose
to simplify them depending on the background of the students. For instance, rather than introducing the topology of the real line
to students, related topological concepts can be replaced by more familiar concepts such as open and closed intervals. Some
other topics such as lower and upper semicontinuity, differentiation of convex functions, and generalized differentiation of non-
differentiable convex functions can be used as optional mathematical projects. In this way, the lecture notes are suitable for
teaching students of different backgrounds.

The second edition includes a number of improvements based on recommendations from students and colleagues and on our
own experience teaching the course over the last several years.

In this edition we streamlined the narrative in several sections, added more proofs, many examples worked out in detail, and
numerous new exercises. In all we added over 50 examples in the main text and 100 exercises (counting parts).

This page titled About this Book is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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1: TOOLS FOR ANALYSIS

This chapter discusses various mathematical concepts and constructions which are central to the study of the many fundamental
results in analysis. Generalities are kept to a minimum in order to move quickly to the heart of analysis: the structure of the real
number system and the notion of limit. The reader should consult the bibliographical references for more details.

1.1: Basic Concepts of Set Theory

1.2: Functions

1.3: The Natural Numbers and Mathematical Induction
1.4: Ordered Field Axioms

1.5: The Completeness Axiom for the Real Numbers

1.6: Applications of the Completeness Axiom

This page titled 1: Tools for Analysis is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.

©@®S 1(1.1)


https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)/01%3A_Tools_for_Analysis
https://creativecommons.org/licenses/by-nc/4.0/
https://pdxscholar.library.pdx.edu/pdxopen/12
https://pdxscholar.library.pdx.edu/pdxopen/12/

LibreTexts"

1.1: Basic Concepts of Set Theory

Intuitively, a set is a collection of objects with certain properties. The objects in a set are called the elements or members of
the set. We usually use uppercase letters to denote sets and lowercase letters to denote elements of sets. If a is an element of
set A, we write a € A. If a is not an element of a set A, we write a ¢ A. To specify a set, we can list all of its elements, if possible,
or we can use a defining rule. For instance, to specify the fact that a set A contains four elements a, b, ¢, d, we write

A={a,b,c,d}. (1.1.1)
To describe the set I containing all even integers, we write
E = {z : © = 2k for some integer k}. (1.1.2)

We say that a set A is a subset of a set B if every element of A is also an element of B, and write
ACBor BDA. (1.1.3)

Two sets are equal if they contain the same elements. If A and B are equal, we write A = B. The following result is straightforward
and very convenient for proving equality between sets.

Two sets A and B are equal if and only if A ¢ B and B C A.
If A C B and A does not equal B, we say that A is a proper subset of B, and write A C B.
The set 0 = {z : z #+ z} is called the empty set. This set clearly has no elements. Using Theorem 1.1.1, it is easy to show that all
sets with no elements are equal. Thus, we refer to the empty set.
Throughout this book, we will discuss several sets of numbers which should be familiar to the reader:
e N={1,2,3,..}, the set of natural numbers or positive integers.
e Z=1{0,1,—1,2,-2,...}, the set of integers (that is, the natural numbers together with zero and the negative of each natural
number).
e Q= {m/n:m,n e Z,n+ 0}, the set of rational numbers.
e R, the set of real numbers.
e Intervals, for a,b € R, we have
[a,b) ={zeR:a<x < b},
\((a, b]=\{x \in \mathbb{R}: a
[a,00)={xeR:a< z},
\((a, \infty)=\{x \in \mathbb{R}: a
and similar definitions for (a, b), [a, b), (—oo, b], and (—oo, b). We will say more about the symbols co and —co in Section 1.5.
Since the real numbers are central to the study of analysis, we will discuss them in great detain in Sections 1.4, 1.5, and 1.6.
For two sets A and B, the union, intersection, difference, and symmetric difference of A and B are given respectively by
AUB={z:z€ Aor z € B}

ANB={z:z€ A and z € B}

A\B={z:z € A and z ¢ B}, and

©@®S 2 (1.1.1)



LibreTextS“'

AAB = (A\B) U (B\A).
If An B =0, we say that A and B are disjoint.

The difference of A and B is also called the complement of B in A. If X is a universal set, that is, a set containing all the objects
under consideration, then the complement of A in X is denoted simply by A°¢

Let A,B, and C be subsets of a universal set X. Then the following hold:

a. AUA‘=X,;

b. AnAc=4;

c. (A9 = 4;

d. (Distributivelaw)AN(BUC)=(ANB)U(ANC);

The proofs of the following properties are similar to those in Theorem 1.1.2. We include the proof of part (a) and leave the rest as
an exercise.

Let {A; : i € I'} be an indexed family of subsets of a universal set X and let B be a subset of X. Then the following hold:

BU (Nier 4i) =Nier BU Ai;
BU (Nier4i) =Uier BU A5
B\ (Mier 4i) = Uies B\Ai;
B\ (Uie[ Ai) = ﬂz‘el B\A;;
(Mier 4i)° = Uier 4%

(Uie] Ai)c = miel AC.

Proof available at the end of this section.

P 20 0T0QO

We want to consider pairs of objects in which the order matters. Given objects a and b, we will denote by (a,b) the ordered pair
where q is the first element and b is the second element. The main characteristic of ordered pairs is that (a,b) = (¢, d) if and only
if a = c and b = d. Thus, the ordered pair (0, 1) represents a different object than the pair (1,0) (while the set {0,1} is the same as

the set {1,0})".
Given two sets A and B, the Cartesian product of A and B is the set defined by

Ax B:={(a,b):a € Aandbec B}. (1.1.4)

If A={1,2} and B = {-2,0,1}, then

Ax B={(1,-2),(1,0),(1,1),(2,—-2),(2,0),(2,1)}. (1.1.5)

If A and B are the intervals [—1, 2] and [0, 7] respectively, then A x B is the rectangle

[—1,2] x [0, 7] = {(z,y) : —1 <2 <2,0<y < 7} (1.1.6)

©@®S 3 (1.1.2)
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We will make use of cartesian products in the next section when we discuss functions.

Exercise 1.1.1

Prove the remaining items in Theorem 1.1.2.

Answer available at the end of this section.

Exercise 1.1.2

Let Y and Z be subsets of X. Prove that
X\Y)NnZ=2\(Yn2). (1.1.7)

Answer available at the end of this section.

Exercise 1.1.3

Prove the remaining items in Theorem 1.1.3.

Answer available at the end of this section.

Exercise 1.1.4

Let A, B, C, and D be sets. Prove the following.
a. (ANB)xC=(AxC)n(BxO0).

b. (AUB)xC=(AxC)U(BxOQ)

c. (AxB)N(CxD)=(ANC)x (BND).

Answer available at the end of this section.

Exercise 1.1.5

Let A C X and B C Y. Determine if the following equalities are true and justify your answer:

a. (X xY)\(4 x B)=(X\A) x (Y\B).
b. (X xY)\(4xB)=[(X\A) xY]U[X x (Y\B)].

Answer available at the end of this section.

"For a precise definition of ordered pair in terms of sets see [Lay13]

Answers

Theorem 1.1.3
Proof of (a): Let z € BU ((;c; 4i). Thenz € Borz € (,.; Ai. f z € B, thenz € BU A; foralli e I and, thus, z € (,.; BUA;. If z €
. Therefore, z € BU 4; for all i € I and, hence, z € [,.; BU A;. We have thus showed B U ([;c; 4i) C,e; BU 4.
Now let z € ),.; BU A;. Thenz € BU A; foralli € I. If z € B, then z € BU ([;c; 4:). If = ¢ B, then we must have that z € A; for all i € I. Therefore, z € [
hence, z € BU ([,; Ai)- This proves the other inclusion and, so, the equality. O

icrAisthenz € A;forallie I

A; and,

el

Exercise 1.1.1
Add texts here. Do not delete this text first.

©@®S 4(1.1.3)
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Exercise 1.1.2

Add texts here. Do not delete this text first.
Exercise 1.1.3

Add texts here. Do not delete this text first.
Exercise 1.1.4

Add texts here. Do not delete this text first.
Exercise 1.1.5

Add texts here. Do not delete this text first.

This page titled 1.1: Basic Concepts of Set Theory is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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1.2: Functions

Definition 1.2.1: Function

Let X and Y be sets. A function from X into Y is a sub set f C X x Y with the following properties
a. Forallz € X there is y € Y such that (z,y) € f.
b. If (z,y) € fand (z,2) € f, then y = 2.
The set X is called the domain of f, the set Y is called the codomain of f, and we write f: X — Y. The range of f is the subset of

Y defined by {y € Y : there is € X such that (z,y) € f\})\).

It follows from the definition that, for each z € X, there is exactly one element y € Y such that (z,y) € f. We will write y = f(z). If
z € X, the element f(z) is called the value of f at z or the image of x under f.

Note that, in this definition, a function is a collection of ordered pairs and, thus, corresponds to the geometric interpretation of
the graph of a function given in calculus. In fact, we will refer indistinctly to the function f or to the graph of f. Both refer to the
set {(z, f(z)) : z € X}.

Let f: X - Y and ¢g: X — Y be two functions. Then the two functions are equal if they are equal as subsets of X x Y. It is easy
to see that f equals g if and only if f(z) = g(z) for all z € X.

It follows from the definition that two equal functions must have the same domain.

Let f: X — Y be a function and let A be a subset of X. The restriction of f on A, denoted by f4, is a new function from A into Y’
given by fi4(a) = f(a) forall a € A.

Definition: 1.2.2: Surjective

A function f: X — Y is called surjective (or is said to map X onto Y) if for every element y € Y, there exists an element z
€ X such that f(z) = y.

The function f is called injective (or one-to-one) if for each pair of distinct elements of X, their images under f are also distinct.
Thus, f is one-to-one if and only if for all z and z’ in X, the following implication holds:

[f(z) = f(2")] = [z = 2']. (1.2.1)

If f is both surjective and injective, it is called bijective or a one-to-one correspondence. In this case, for any y € Y, there exists
a unique element x € X such that f(z) = y. This element z is then denoted by f~!(y). In this way, we already built a function from
Y to X called the inverse of f.

Let f: X — Y. If there are two functions g: Y — X and h: Y — X such that g(f(z)) = z for every z € X and f(h(y)) = y for
every y € Y, then f is bijective and g=h = f~L.

Proof available at the end of this section.

Consider the function f: (1,2] — [3,4) given by f(z) = 4 — (z — 1)2. we show that f is bijective.

©@®S 6 (1.2.1)
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Solution

First let z,y € (1,2] be such that f(z) = f(y). Thatis, 4 — (z — 1)2 =4 — (y — 1)%. Then (z — 1)? = (y — 1) Since both z > 1 and
y > 1, we conclude that z — 1 = y — 1 and, so, z = y. This proves f is injective.

Next let y € [3,4). We want z € (1,2] be such that f(z) = . Let us set up 4 — (z — 1)? = y and solve for z. We get, z = /4 — y
+ 1. Note that since y < 4, y — 4 has a square root. Also note that since 3 < y < 4,we have 1 > 4 —y > 0 and, hence,2 > /4 —y
+ 1 > 1. Therefore, z € (1, 2]. This proves f is surjective.

Definition 1.2.3

Let f: X — Y be a function and let A be a subset of X. Then the image of A under f is given by

f(A4) ={f(a):ac A}

It follows from the definition that
f(A)={beY :b= f(a) for some a € A}. (1.2.2)
Moreover, f is surjective if and only if f(X) =Y.
For a subset B of Y, the preimage of B under f is defined by

f(B)={zreX: f(z) € B}. (1.2.3)

Note 1.2.2

Note that, despite the notation, the definition of preimage does not require the function to have an inverse. It does not even
require the function to be injective. the examples below illustrate these concepts.

Example 1.2.2

Let f: R — R be given by f(z) =3z — 1. Let A=[0,2) and B = {1,—4,5}.
Solution

Then f(A) = [-1,5) and f}(B) = {%,-1,2}

Example 1.2.3

Let f: R — R be given by f(z) = —z + 7. Let A= [0,2) and B = (—o0, 3].
Solution

Then f(A) = (5,7) and f~1(B) = [4, ).

Example 1.2.4

Let f: R — R be given by f(z) = 2% Let A= (—1,2) and B = [1,4)

Solution

®
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| Then f(A) = [0,4) and f(B) = (-2, —1] U [1,2).

Let f: X — Y be a function, let A be a subset of X, and let B be a subset of Y. The following hold:

a. Ac fYf(A)).
b. f(f7'(B))CB.

Proof available at the end of this section.

Theorem 1.2.4

Let f: X — Y be a function, let A, BC X, and let C, D C Y. The following hold:

If C c D, then f~1(C) c f~Y(D);
. TUD\C) = FHD)\fH(O);

If A C B, then f(A) C f(B);
F(A\B) D f(A\f(B).

oo oo

Proof available at the end of this section.

Let f: X — Y be a function, let {4,}
of Y. The following hold:

- f (UaEI Aa) = UaeI f(Aa);
- F(NaerAa) CNaer f (Aa);
! (U,BGJ Bg) = Upes F7' (Bs);
- (mﬂeJ Bg) = m,eeJ " (Bp)

c7 D€ an indexed family of subsets of X, and let {Bs} ,;_; be an indexed family of subsets

o 0T WO

Proof available at the end of this section.

Give functions f: X — Y and ¢g: Y — Z, we define the composition function g o f of f and g as the function go f: X — Z given by

(g° f)(z) = g(f(x)) for all z € X. (1.2.4)

Theorem 1.2.6

Let f: X Y and g: Y — Z be two functions and let B C Z. The following hold:

(9o HH(B)=f"(g7'(B))

If f and g are injective, then g o f is injective;
If f and g are surjective, then g o f is surjective;
If g o f is injective, then f is injective;

If g o f is surjective, then g is surjective.

P20 00O

Proof available at the end of this section.
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Definition 1.2.4

A sequence of elements of a set A is a function with domain N and codomain A. We discuss sequences in detail in Chapter
2.

Definition 1.2.5

We say that set A is finite if it is empty or if there exists a natural number n and a one-to-one correspondence f : A
—{1,2,...,n}. A set is infinite if it is not finite.

We leave it as an exercise to prove that the union of two finite sets is finite. It is also easy to show, by contradiction, that N is
infinite. The following result will be useful when studying sequences and accumulation points.

Suppose A is an infinite set. Then there exists a one-to-one function f: N — A.

Proof available at the end of this section.

To paraphrase, the previous theorem says that in every infinite set we can find a sequence made up of all distinct points.

Exercise 1.2.1

Let f: X — Y be a function. Prove that:

a. If fis one-to-one, then A = f~1(f(A)) for every subset A of X.
b. If fis onto, then f(f(B)) = B for every subset B of Y.

Answer available at the end of this section.

Exercise 1.2.2

Let f: R — R be given by f(z) = 22 —3 and let A= [-2,1) and B= (—1,6). Find f(A) and f~1(B)

Answer available at the end of this section.

Exercise 1.2.3

Prove that each of the following functions is bijective.

a. f:(—00,3] = [—2,00) given by f(z) = |z — 3| — 2.
b. g:(1,2) = (3,00) given by g(z) = -2

=it °

Answer available at the end of this section.

Exercise 1.2.4

Prove that if f: X — Y is injective, then the following hold:

©@®S 9 (1.2.4)
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a. f(ANB) = f(A) N f(B) for A,BC X.
b. f(A\B) = f(A)\f(B) for A, BC X.

Answer available at the end of this section.

Exercise 1.2.5

Prove part (2) of Theorem 1.2.3.

Answer available at the end of this section.

Exercise 1.2.6

Prove parts (1), (3), and (4) of Theorem 1.2.4.

Answer available at the end of this section.

Exercise 1.2.7

Prove parts (2), (3), and (4) of Theorem 1.2.5.

Answer available at the end of this section.

Exercise 1.2.8

Prove parts (1), (2), (3), and (5) of Theorem 1.2.6.

Answer available at the end of this section.

Exercise 1.2.9

Prove that the union of two finite sets is finite. Hint: it is easier to show when the sets are disjoint.

Answer available at the end of this section.

2 This fact relies on a basic axiom of set theory called the Axiom of Choice. See [Lay13] for more details.

Answers

Theorem 1.2.1
First we prove that f is surjective. Let y € Y and set = = h(y). Then, from the assumption on h, we have f(z) = f(h(y)) = y. This shows that f is surjective.
Next we prove that f is injective. z, 2’ € X be such that f(z) = f (z’)).Then\(z = g(f(z)) = g(f(z)) = z’. Thus, f is injective.
We have shown that for each y € Y, there is a unique = € X, which we denote f~!(y) such that f(x) = y. Since for such a y, g(y) = g(f(z)) = z, we obtain g(y)
= f~Y(y). Since f(h(y)) = y, we also conclude that h(y) =z = f!(y). O
Theorem 1.2.3
We prove (a) and leave (b) as an exercise.
(a) Let = € A. By the definition of image, f(z) € f(A). Now, by the definition of preimage, = € f~(f(4)). O
Theorem 1.2.4
We prove (b) and leave the other parts as an exercise.
(b) We prove first that f~1(D\C) C f~1(D)\f~'(O). Let z € f~1(D\C). Then, from the definition of inverse image, we get f(z) € D\C. Thus, f(z) € D and f(z) ¢ C.
Hence z € f~'(D) and z ¢ f~!(C). We conclude that = € f~1(D)\ f~(C).

BIOIS) 10 (1.2.5)



LibreTextS“'

Next we prove f~1(D)\f~'(C) C f~Y(D\C).Letz € f(D)\f'(C). Thus,z € f~'(D) and = ¢ f~!(C). Therefore, f(z) € D and f(z) ¢ C. This means f(z) € D\C and,
so, z € f~Y(D\O).O
Theorem 1.2.5
We prove (a) and leave the other parts as an exercise.
(a) Let y € f (Uqaes Aa)- From the definition of image of a set, there is z € | J,;
€ I such that z € A,,. Therefore, y = f(z) € f(A,,) and, 5o, y € U, f (4a). O.
Theorem 1.2.6
We prove (d) and leave the other parts as an exercise.
(d) Suppose g o f is injective and let z,z" € X be such that f(z) = f(z’). Then (g o f)(z) = g(f(z)) = g(f (z")) = (g o f) (z’). Since g o f is injective, it follows that z
= z’. We conclude that f is injective. O
Theorem 1.2.7
Let A be an infinite set. We define f as follows. Choose any element a; € 4 and set f(1) = a;. Now the set A\ {a;} is again infinite (otherwise A = {a} U (A\ {a:})

A, such that y = f(z). From the definition of union of a family of sets, there is ag

would be the union of two finite sets). So we may choose a; € A with a; # a; and we define f(2) = a22. Having defined f(1), ..., f(k), we choose a1 € A such that
apy1 € A\ {ai, ..., a;} and define f(k + 1) = aj41 (such an ay; exists because A\ {ay, ..., a;} is infinite and, so, nonempty). The function f so defined clearly has the
desired properties. O

Exercise 1.2.1
Add texts here. Do not delete this text first.

Exercise 1.2.2
Add texts here. Do not delete this text first.

Exercise 1.2.3
Add texts here. Do not delete this text first.

Exercise 1.2.4
Add texts here. Do not delete this text first.

Exercise 1.2.5
Add texts here. Do not delete this text first.

Exercise 1.2.6
Add texts here. Do not delete this text first.

Exercise 1.2.7
Add texts here. Do not delete this text first.

Exercise 1.2.8
Add texts here. Do not delete this text first.

Exercise 1.2.9
Add texts here. Do not delete this text first.

This page titled 1.2: Functions is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: The Natural Numbers and Mathematical Induction

We will assume familiarity with the set N of natural numbers, with the usual arithmetic operations of addition and multiplication
on n, and with the notion of what it means for one natural number to be less than another.

In addition, we will also assume the following property of the natural numbers.

Well-Ordering Property of the Natural Numbers

If A is a non empty subset of N, then there exists an element ¢ € A such that £ < z for all z € A.

To paraphrase the previous property, every nonempty subset of positive integers has a smallest element.

The principle of mathematical induction is a useful tool for proving facts about sequences.

Theorem 1.3.1: Principle of Mathematical Induction

For each natural number n € N, suppose that P(n) denotes a proposition which is either true or false. Let A ={n € N
: P(n) is true }. Suppose the following conditions hold:

a. le A
b. ForeachkeN,ifke A, thenk+1¢€ A.

Then A =N.

Proof available at the end of this section.
To paraphrase, the principle says that, given a list of propositions P(n), one for each n € N, if P(1) is true and, moreover, P(k + 1)
is true whenever P(k) is true, then all propositions are true.

We will refer to this principle as mathematical induction or simply induction. Condition (a) above is called the base case and
condition (b) the inductive step. When proving (b), the statement P(k) is called the inductive hypothesis.

Example 1.3.1

Prove using induction that for alln € N
1+2++n= Ln; D, (1.3.1)

Solution
The statement P(n) is the equality 1 +2 + -+ +n = @ Now the base case says that 1 = w, which is clearly true.
Suppose P(k) is true for some k£ € N. That is, suppose that 1 + 2 + - +n = @ (this is the inductive hypothesis). Now we
have

1424 4 k+(k+1)= Bkvl) +(k+1)= k(k+1);2(k+1) = (k+1)2(k+2)- (1.3.2)
This shows that P(k + 1) is true. We have now proved conditions (a) and (b) of Theorem 1.3.1. Therefore, by the principle of
mathematical induction we conclude that

BIOIS) 12 (1.3.1)
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n(n+1)

142+ +n= for all n € N. (1.3.3)

Example 1.3.2

Prove using induction that for all n € N, 7" — 2™ is divisible by 5.
Solution
For n = 1, we have 7 — 2 = 5, which is clearly a multiple of 5.

Suppose that 7% — 2% is a multiple of 5 for some k € N. That is, there is an integer j such that 7% — 2% = 5;. Let us write 7% — 2%
= 5j. Now, substituting this expression below, we have

Lokl =7 7k g oh = 7(2F 4 5j) 2.2k =7.2F 2.2k 4 7.5 =2F(7—2) + 5.7 =5 (2" + 7)) (1.3.4)
It follows that 75t! — 2%+1 is a multiple of 5. This proves the inductive step.

We conclude by induction that 7" — 2" is divisible by 5 for all n € (V).

Example 1.3.3

Prove using induction that for alln € N

n4+1<2" (1.3.5)
Solution
Forn =1, we have 1 + 1 = 2 = 21, so the base case is true.

Suppose next that k + 1 < 2% for some k € N. Then k +1 + 1 < 2 + 1. Since 2* is a positive integer, we also have 1 < 2.
Therefore,

(k+1)+1<2b4+1 <2k 42k —9. 9F — ok+L, (1.3.6)
We conclude by the principle of mathematical induction that n + 1 < 2™ for all n € N.

The following result is known as the Generalized Principle of Mathematical Induction. It simply states that we can start the
induction process at any integer n,, and then we obtain the truth of all statements P(n) for n > n.

Theorem 1.3.2 - Generalized Principle of Mathematical Induction.

Let ny € N and for each natural n > n, suppose that P(n) denotes a proposition which is either true or false. Let A= {n e N
: P(n) is true}. Suppose the following two conditions hold:

a. ng € A
b. Foreachke N, k> ng, ifke A, thenk+1¢c A

Proof available at the end of this section.

Example 1.3.4

Prove by induction that 3n < 2’ for all n > 4.
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Solution
The statement is true for n = 4 since 12 < 16. Suppose next that 3k < 2* for some k € N, k > 4. Now,
3(k+1) =3k+3 < 2% +3 <2k 4 2F = okt (1.3.7)

where the second inequality follows since k > 4 and, so, 2* > 16 > 3. This shows that P(k + 1) is true. Thus, by the generalized
principle of induction, the inequality holds for all n > 4.

Next we present another variant of the induction principle which makes it easier to prove the inductive step. Despite its name,
this principle is equivalent to the standard one.

Theorem 1.3.3 - Principle of Strong Induction.

For each natural n € N, suppose that P(n) denotes a proposition which is either true or false. Let A = {n € N: P(n) is true }.
Suppose the following two conditions hold:

a. le A
b. ForeachkeN,if1,2,...,k€ A,thenk+1€ A

Then A=N.

Proof available at the end of this section.

Remark 1.3.4

Note that the inductive step above says that, in order to prove P(k + 1) is true, we may assume not only that P(k) is true, but
also that P(1), P(2), ..., P(k — 1) are true.

There is also a generalized version of this theorem where the base case is for some integer ny > 1.

Example 1.3.5

Prove by induction that every positive integer greater than 1 is either a prime number or a product of prime numbers.
Solution

Clearly, the statement is true for n = 2. Suppose the statement holds for any positive integer m € {2,...,k}, where k € N, k
> 2. If k + 1 is prime, the statement holds for k£ + 1. Otherwise, there are positive integers p,q > 1 such that k£ + 1 = pq. Since

p,q < k, by the inductive assumption applied to both p and ¢ we can find prime numbers r,...,r, and sq, ..., s,, such that p
=ry--rgand g = sy -+ s, (NOte that £ and m may both equal 1). But then

k+1=mr1--71/8 S (1.3.8)

Thus, the statement holds true for k + 1. The conclusion now follows by the principle of Strong Induction.

Exercise 1.3.1

Prove the following using Mathematical Induction.

a. 1249224 ..4n2= ) for all n € N.
b. 13423 4+...4+nd3= for all n € N.
C. 143+ +(@2n—1)=n?forallneN.

n(n+1)(2n+1
6

n?(n+1)?
4
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Answer available at the end of this section.

Exercise 1.3.2

Prove that for all n € N, 9" — 5" is divisible by 4.

Answer available at the end of this section.

Exercise 1.3.3

Prove that for all n € N, 7" — 1 is divisible by 3

Answer available at the end of this section.

Example 1.3.4

Prove the following using induction.

a. 2n+1<2"forn >3 (neN).

b. n? < 3" for all n € N. (Hint: show first that for all n € N, 2n < n? + 1. This does not require induction..)
c. n® < 3" foralln € N. (Hint: Check the cases n = 1 and n = 2 directly and then use induction for n > 3.)

Solution

Add text here.

Exercise 1.3.5

Given a real number a # 1, prove that

1— an+1
1+a+a2+--~+a"=ﬁfor alln € N. (1.3.9)
Answer available at the end of this section.
Exercise 1.3.6
The Fibonacci sequence is defined by
a1 =as =1 and api9 = apy1 + ay, for n > 1. (1.3.10)

Prove

1+v5)" [(1-v5\"
(8)_ ()] o

Answer available at the end of this section.
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Exercise 1.3.7

Let a > —1. Prove by induction that
(I4a)">1+naforalneNlN (1.3.12)

Answer available at the end of this section.

Exercise 1.3.8

Let a,b € R and n € N. Use Mathematical Induction to prove the binomial theorem

(a+b)" = i ( Z ) afbnF, (1.3.13)

k=0

n
where ( k ) = k!(:ik)!'

Answer available at the end of this section.

Answers

Theorem 1.3.1: Principle of Mathematical Induction
Suppose conditions (a) and (b) hold. Assume, by way of contradiction, that A # N. Set B = N\ 4, that is B = {n € N: P(n) is false }. Then B is a nonempty subset
of N. By the Well-Ordering Property of the natural numbers, there exists a smallest element ¢ € B and, hence, we have that P(k) is true. By condition (b), we obtain
that P(k + 1) is true. But k + 1 = ¢, and P({) is false, since ¢ € B. This is a contradiction, so the conclusion follows. O

Theorem 1.3.2 - Generalized Principle of Mathematical Induction.
Suppose conditions (a) and (b) hold. Assume, by way of contradiction, that A 2 {k € N: k > ng}. Set B = {n € N:n > ng, P(n) is false }. Then B is a nonempty
subset of N. By the Well-Ordering Property of natural numbers, there exists a smallest element ¢ € B. By condition (a), no ¢ B. Hence, £ > n, + 1. It follows that &
=/{¢—1>n. Since k< ¢, k ¢ B and, so, we have that P(k) is true. By condition (b), we obtain that P(k + 1) is true. But k + 1 = ¢, and P({) is false, since £ € B. This
is a contradiction, so the conclusion follows. O

Theorem 1.3.3 - Principle of Strong Induction.
Add proof here and it will automatically be hidden

Exercise 1.3.1
Add texts here. Do not delete this text first.

Exercise 1.3.2
Add texts here. Do not delete this text first.

Exercise 1.3.3
Add texts here. Do not delete this text first.

Exercise 1.3.5
Add texts here. Do not delete this text first.

Exercise 1.3.6
Add texts here. Do not delete this text first.

Exercise 1.3.7
Add texts here. Do not delete this text first.

Exercise 1.3.8
Add texts here. Do not delete this text first.

This page titled 1.3: The Natural Numbers and Mathematical Induction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/
or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and
standards of the LibreTexts platform.
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1.4: Ordered Field Axioms

In this book, we will start from an axiomatic presentation of the real numbers. That is, we will assume that there exists a set,
denoted by R, satisfying the ordered field axioms, stated below, together with the completeness axiom, presented in the next
section. In this way we identify the basic properties that characterize the real numbers. After listing the ordered field axioms we
derive from them additional familiar properties of the real numbers. We conclude the section with the definition of absolute value
of a real number and with several results about it that will be used often later in the text.

We assume the existence of a set R (the set of real numbers) and two operations + and - (addition and multiplication) assigning
to each pair of real numbers z, y, unique real numbers = + y and z - y and satisfying the following properties:

(ta) (z+y)+z=2z+ (y+=2) forall z,y,z € R.

(b)z+y=y+axforalz,yecR.

(1c) There exists a unique element 0 € R such that z + 0=z for all z € R.

(1d) For each z € R, there exists a unique element —z € R such that z + (—z) = 0.

(2a) (- y) 2=z (y- 2) for all z,y,z € R.

(2b)z-y=y-z for all z,y € R.

(2c) There exists a unique element 1 e Rsuchthat1#0and z-1 =z forallz € R.

(2d) For each z € R\{0}, there exists a unique element z~! € R such that z - (z7!) = 1. (We also write 1/z instead of z~1.)
(2e)z-(y+2)=z-y+x-zforalz,yzeR.

We often write zy instead of z - y.

In addition to the algebraic axioms above, there is a relation < on R that satisfies the order axioms below:

(3a) For all z,y € R, exactly one of the three relations holds: z = y, \(y

(3b) For all z,y, z € R, if \(x

(3c) For all z,y, z € R, if \(x

(3d) For all z,y, z € R, if \(x

We will use the notation z < y to mean \(xy\) to represent \(yy\) or z = y.

A set F together with two operations + and - and a relation < satisfying the 13 axioms above is called an ordered field. Thus the
real numbers are an example of an ordered field. Another example of an ordered field is the set of rational numbers Q with the
familiar operations and order. The integers Z do not form a field since for an integer m other than 1 or —1, its reciprocal 1/m is
not an integer and, thus, axiom 2(d) above does not hold. In particular, the set of positve integers N does not form a field either.
As mentioned above the real numbers R will be defined as the ordered field which satisfies one additional property described in

the next section: the completeness axiom.

From these axioms, many familiar properties of R can be derived. Some examples are given in the next proposition. the proof
illusrates how the given axioms are used at each step of the derivation.

Proposition 1.4.1

For z,y, z € R, the following hold:
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a. fz+y=x+2theny=z

b. —(—z)=u;

c. Ifz+#0andzy=zz theny=z

d. Ifz+#0,then1/(1/z) =ux;

e. Oz =0==z0;

f. —x=(-1)=;

9. z(—2) = (—z)z=—(z2).

h. If z > 0,then —z < 0; if z < 0, then —z > 0;
i If \(xyz\);

j. 0< 1.

Proof available at the end of this section.

Note that we assume that the set of all natural numbers is a subset of R (and of any ordered field, in fact) by identifying the 1in N
with the 1 in axiom (2c) above, the number 2 with 1 + 1, 3 with 1 + 1 + 1, etc. Futhermore, since 0 < 1 (from part (j) of the previous
proposition), axiom (3c) gives, 1 < 2 < 3, etc (in particular all these numbers are distinct). In a similar way, can include Z and Q
as subsets.

We say that a real number z is irrational if z € R\Q, that is, if it is not rational.

Definition 1.4.1

Given z € R, define the absolute value of x by

x if z > 0;
= ’ - 1.4.1
2] { —z, ifz<0. ( )

3

2 fz) by

oy

Figure 1.1: The absolute value function.

The following properties of absolute value follow directly from the definition.

Proposition 1.4.1

Let z,y, M € R and suppose M > 0. The following properties hold:
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a. |z|>0;

b. | —a|=|zf;
c. oyl = l=llyl;
d. \(Ix|

Proof available at the end of this section.

Theorem 1.4.3

Given z,y € R,

|z + yl < ||+ [yl. (1.4.2)
Proof available at the end of this section.
Corollary 1.4.4
Forany z,y € R,
llz| = lyl| < [z —yl. (1.4.3)

Remark 1.4.5

The absolute value has a geometric interpretation when considering the numbers in an ordered field as points on a line. the
number |a| denotes the distance from the number a to 0. More generally, the number d(a,b) =| a — b is the distance between
the points a and b. It follows easily from Proposition 1.4.2 that d(z,y) > 0, and d(z,y) = 0 if and only if z = y. Moreover the
triangle inequality implies that

d(z,y) < d(z,2) +d(z,9), (1.4.4)

for all numbers z, v, 2.

Exercise 1.4.1

Prove that n is an even integer if and only if n? is an even integer. (Hint: prove the "if" part by contraposition, that is, prove
that if n is odd, then n? is odd.)

Answer available at the end of this section.

Exercise 1.4.2

Prove parts c. and d. of Proposition 1.4.1

Answer available at the end of this section.

Exercise 1.4.3

Let a, b, c,d € R. Suppose \(®

Answer available at the end of this section.
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Exercise 1.4.4

Prove parts a., b., and c. of Proposition 1.4.2.

Answer available at the end of this section.

Exercise 1.4.5

Prove Corollary 1.4.4.

Answer available at the end of this section.

Exercise 1.4.6

Given two real numbers = and y, prove that

— + J— —
max{z,y} = W and min{z,y} = %M (1.4.5)
Answer available at the end of this section.
Exercise 1.4.7
Let z,y, M € R. Prove the following
a. |z|?=z2
b. \(|x|
c. |z +vy| = |z|+ |y| if and only if zy > 0.
Answer available at the end of this section.
Answers
Proposition 1.4.1
a. Suppose x +y = x + 2. Adding —z (which exists by axiom (2d)) to both sides, we have
(—z)+ (z+y) = (—2) + (z + 2). (1.4.6)
Then axiom (1a) gives
[(—z)+ 2] +y=[(—=z)+ 2] + 2z (1.4.7)

Thus, again by axiom (2d), 0 + y = 0 + 2z and, by axiom (1c), y = z.

b. Since (—z) + z = 0, we have (by uniqueness in axiom (2d)) —(—z) = z.

The proofs of c. and d. are similar.

e. Using axiom (2e) we have 0z = (0 + 0)z = Oz + 0z. Adding —(0z) to both sides (axiom (2d)) and using axioms (1a) and (1c), we get

0= —(0z) 4+ 0z = —(0z) + (0z + 0z) = (—(0z) + Oz) + 0z = 0 + 0z = Oz.
That 0z = z0 follows from axiom (2b).

f. Using axioms (2c) and (2e) we get z + (—1)z = 1z + (—1)z = (1 + (—1))z. From axiom (2d) we get 1 + (—1) = 0 and from part (e) we get z + (—1)z = 0z = 0.
From the uniqueness in axiom (2d) we get (—1)z = —=z as desired.

Using axioms (2e) and (1c) we have zz + z(—z) = z(z + (—=2)) = 0 = 0. Thus, using axiom (2d) we get that z(—z) = —(xz). The other equality follows similarly.
From z > 0, using axioms (3c) and (1c) we have z + (—z) > 0 + (—z) = —z. Thus, using axiom (2d), we get 0 > —z. The other case follows in a similar way.
Since z < 0, by part (h), —z > 0. Then by axiom (3d), \(x(-z)
Axiom (2c) gives that 1 # 0. Suppose, by way of contradiction, that 1 < 0. Then by part (i), 1-1 > 0- 1. Since 1 - 1 = 1, by axiom (2c) and 0 - 1 = 0 by part (e), we
get 1 > 0 which is a contradiction. It follows that 1 > 0. O

-7

Proposition 1.4.1
We prove (d) and leave the other parts as an exercise.
(d) Suppose \(|x|®\). We consider the two cases separately: z > 0 and z < 0. Suppose first z > 0. Then |z| = z and, hence, \(-M<® \leq x=|x|-M\). It follows that \(-M
For the converse, suppose \(-M-x\). Then \(|x|=-x
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Theorem 1.4.3
From the observation above, we have

—|z| <z < |z| (1.4.8
—lyl <y <yl (1.4.9)
Adding up the inequalities gives
—lel =yl <z +y <l|z|+ 1yl (1.4.10)
Since —|z| — |y| = —(|z| + |y|), the conclusion follows form Proposition 1.4.2 (d). O

Exercise 1.4.1

Add texts here. Do not delete this text first.
Exercise 1.4.2

Add texts here. Do not delete this text first.
Exercise 1.4.3

Add texts here. Do not delete this text first.
Exercise 1.4.4

Add texts here. Do not delete this text first.
Exercise 1.4.5

Add texts here. Do not delete this text first.
Exercise 1.4.6

Add texts here. Do not delete this text first.
Exercise 1.4.7

Add texts here. Do not delete this text first.

This page titled 1.4: Ordered Field Axioms is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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1.5: The Completeness Axiom for the Real Numbers

There are many examples of ordered fields. However, we are interested in the field of real numbers. There is an additional axiom
that will distinguished this ordered field from all others. In order to introduce our last axiom for the real numbers, we first need
some definitions.

Definition 1.5.1: Upper Bound

Let A be a subset of R. A number M is called an upper bound of A if

xz < M for all xz € A. (1.5.1)
If A has an upper bound, then A is said to be bounded above.
Similarly, a number L is a lower bound of A if

L<zforallzeA, (1.5.2)
and A is said to be bounded below if it has a lower bound. We also say that A is bounded if it is both bounded above and

bounded below.

It follows that a set A is bounded if and only if there exist M € R such that |z| < M for all z € A (see Exercise 1.5.1)

Definition 1.5.2: Least Upper Bound

Let A be a nonempty set that is bounded above. We call a number « a least upper bound or supremum of A, if
1. z < afor all z € A (that is, a is an upper bound of A);

2. If M is an upper bound of A, then o < M (this means « is smallest among all upper bounds).

It is easy to see that if A has a supremum, then it has only one (see Exercise 1.5.2). In this case, we denote such a number by
sup A.

Example 1.5.1

a. sup|0,3) =sup[0,3] = 3.
b. sup{3,5,7,8,10} = 10.
C. sup{%:neN}:%.
d. \(\sup \left\{x*{2}:-2
Solution

a. First consider the set [0,3] = {z € R: 0 < z < 3}. By its very definition we see that for all z € [0, 3], z < 3. Thus 3 is an upper
bound. This verifies condition (1) in the definition of supremum. Next suppose M is an upper bound of [0, 3]. Since 3 € [0, 3],
we get 3 < M. This verifies condition (2) in the definition of supremum. It follows that 3 is indeed the supremum of [0, 3.

Consider next the set [0,3) = {z € R: 0 < = < 3}. It follows as before that 3 is an upper bound of [0, 3). Now suppose that M
is an upper bound of [0,3) and assume by way of contradiction that 3 > M. If 0 > M, then M is not an upper bound of [0, 3)
as 0 is an element of [0,3). If 0 < M, set z = 43, Then 0 < z < 3 and > M, which shows M is not an upper bound of [0, 3).
Since we get a contradiction in both cases, we conclude that 3 < M and, hence, 3 is the supremum of [0, 3).
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b. Clearly 10 is an upper bound of the set. Moreover, any upper bound M must satisfy 10 < M as 10 is an element of the
set. Thus 10 is the supremum.
c. Note that if n € N is even, then n > 2 and
="

n

3=

<1,
If n € N is odd, then

(="

n

_ =1 1
==l<o<s

This shows that % is an upper bound of the set. Since % is an element of the set, it follows as in the previous example that %
is the supremum.

d. Set \(A=\left\{x*{2}:-2M\) which contradicts the fact that M is an upper bound. Thus 4 < M. This proves that 4 = sup A.

The following proposition is convenient in working with suprema.

Proposition 1.5.1

Let A be a nonempty subset of R that is bounded above. Then o = sup A if and only if

(1) z < a for all z € A;

(2') For any € > 0, there exists a € A such that \(\alpha-\varepsilon

Proof available at the end of this section.
Conversely, suppose conditions (1') and (2') hold. Then all we need to show is that condition (2) in the definition of supremum
holds. Let M be an upper bound of A and assume, by way of contradiction, that M < «. Set € = a — M. By condition (2) in the
statement, there is a € A such that a > o — e = M. This contradicts the fact that M is an upper bound. The conclusion now follows.
O

The following is an axiom of the real numbers and is called the completeness axiom.

The Completeness Axiom. Every nonempty subset A of R that is bounded above has a least upper bound. That is, sup A exists
and is a real number.

This axiom distinguishes the real numbers from all other ordered fields and it is crucial in the proofs of the central theorems of
analysis.

There is a corresponding definition for the infimum of a set.

Definition 1.5.3

Let A be a nonempty subset of R that is bounded below. We call a number 3 a greatest lower bound or infimum of A, denoted
by 8 = inf A4, if

1. x> B for all x € A (that is, 8 is a lower bound of A);

2. If N is a lower bound of A, then 8> N (this means 3 is largest among all lower bounds).

Using the completeness axiom, we can prove that if a nonempy set is bounded below, then its infimum exists (see Exercise 1.5.5).
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Example 1.5.2

a. inf(0,3] = inf[0,3] = 0.
b. inf{3,5,7,8,10} = 3.

c. mf{E  neN}=-1
d. inf{l++:neN}=1
e. \(\inf \left\{x"{2}:-2

The following is a basic property of suprema. Additional ones are described in the exercises.

Let A and B be nonempty sets and A C B. Suppose B is bounded above. Then sup A < sup B.

Proof available at the end of this section.

It will be convenient for the study of limits of sequences and functions to introduce two additional symbols.

Definition 1.5.4

The extrended real number system consists of the real field R and the two symbols co and —co. We preserve the original
order in R and define

\(-\infty

for every z € R

The extended real number system does not form an ordered field but it is customary to make the following conventions:

a. If z is a real number then

z+o0o=o00, 4 (—00)=—00 (1.5.3)
b. Ifz>0,thenz-co=00, z:(—00)=—00.
c. Ifz<0,thenz-00o=—00, z-(—00)= o0.
d. 0o+ 00=00,—00+ (—0) =—00,00 00 =(—00) - (—00) = 00, and (—00) - 00 = 00 - (—00) = —o0.

We denote the extended real number set by R. The expressions 0.00, oo + (—o0), and (—oco) + oo are left undefined.

The set R with the above conventions will be conventions will be convenient to describe results about limits in later chapters.

Definition 1.5.5

If A #+ 0 is not bounded above in R, we will write sup A = oo. If A is not bounded below in R, we will wrtie inf A = —ooc.

With this definition, every nonempty subset of R has a supremum and an infimum in R. To complete the picture we adopt the
following conventions for the empty set: sup = —co and inf ) = oc.

Prove that a subset A of R is bounded if and only if there is M € R such that |z| < M for all z € A.
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Let A be a nonempty set and suppose a and 3 satisfy conditions (1) and (2) in Definition 1.5.2 (that is, both are suprema of A
). Prove that a = f3

Exercise 1.5.3

For each subset of R below, determine if it is bounded above, bounded below, or both. If it is bounded above (below) find the
supremum (infimum). Justify all your conclusions.
a. {1,5,17}

b. [0,5)

C. {l + FTI)H in € N}

d. (—3,00)

e. {xeR:z2—3m+2:O}

f. {z2—3z+2:2€R}

g {reR:z®—4zx <0}

h. {zeR:1<|z| <3}

Answers

Proposition 1.5.1
Suppose first that a = sup A. Then clearly (1') holds (since this is identical to condition (1) in the definition of supremum). Now let € > 0. Since a — € < «, condition
(2) in the definition of supremum implies that o — ¢ is not an upper bound of A. Therefore, there must exist an element a of A such that \(\alpha-\varepsilon
Theorem 1.5.3

Let M be an upper bound for B, then for x € B, z < M. In particular, it is also true that z < M for z € A. Thus, A is also bounded above. Now, since sup B is an
upper bound for B, it is also an upper bound for A. Then, by the second condition in the definition of supremum, sup A < sup B as desired. O

This page titled 1.5: The Completeness Axiom for the Real Numbers is shared under a CC BY-NC 4.0 license and was authored, remixed, and/
or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and
standards of the LibreTexts platform.
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1.6: Applications of the Completeness Axiom

We prove here several fundamental properties of the real numbers that are direct consequences of the Completeness Axiom.

Theorem 1.6.1 - The Archimedean Property

The probabilities assigned to events by a distribution function on a sample space are given by.

Proof available at the end of this section.

The following theorem presents several immediate consequences.

Theorem 1.6.2

The following hold:

For any z € R, there exists n € R such that \(x

For any € > 0, there exists n € R such that 1/n < ¢;

For any z > 0 and for any y € R, there exists n € N such that \(y
For any z € R, there exists m € Z such that \(m-1 \leq x

Qo000

Proof available at the end of this section.

Example 1.6.1

Let A=sup{l1— 1 :n e N} We claim that sup A = 1.
Solution

We use Proposition 1.5.1. Since 1 —1/n < 1 for all n € N, we obtain condition (1'). next, let € > 0. From Theorem 1.6.2 (b) we
can find n € N such that - < &. Then

1
1— 1——. 1.6.1
e< - (1.6.1)

This proves condition (2') witha =1 — % and completes the proof.

Theorem 1.6.3 - The Density Property of Q

If z and y are two real numbers such that \(x
\[x

Proof available at the end of this section.

We will prove in a later section (see Examples 3.4.2 and 4.3.1) that there exists a (unique) positive real number z such that z2 = 2
. We denote that number by /2. The following results shows, in particular, that R # Q.
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Proposition 1.6.4

The number /2 is irrational.

Proof available at the end of this section.

The next theorem shows that irrational numbers are as ubiquitous as rational numbers.

Let 2 and y be two real numbers such that \(x
\[x

Proof available at the end of this section.

Exercise 1.6.1

For each sets below determine if it is bounded above, bounded below, or both. If it is bounded above (below) find the
supremum (infimum). Justify all your conclusions.

3n_ .

b. {(-1)"++:neN}
c. {(—1)71—7—7”" :n €N}

Answer available at the end of this section.

Exercise 1.6.2

Let r be a rational number such that \(®
\[\frac{1}{n+1}

Answer available at the end of this section.

Exercise 1.6.3

Let = € R. Prove that for every n € N, there is r € Q such that |z —r| < 1.

Answer available at the end of this section.

Exercise 1.6.4

Prove that if z is a rational number and y is an irrational number, then z + y is irrational. What can you say about zy?

Answer available at the end of this section.
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Exercise 1.6.5

Prove that in between two real numbers a and b with \(a

Answer available at the end of this section.

Exercise 1.6.6

Prove that in between two real numbers a and b with \(a

Answer available at the end of this section.

Answers

Theorem 1.6.1 - The Archimedean Property
Let us assume by contradiction that N is bounded above. Since N is nonempty,
a=supN (1.6.2)
exists and is a real number. By Proposition 1.5.1 (with € = 1), there exists n € N such that
\[\alpha-1
But then n + 1 > a. This is a contradiction since n + 1 is a natural number. O
Theorem 1.6.2
(a) Fix any z € R. Since N is not bounded above, = cannot be an upper bound of N. Thus there exists n € N such that \(x
(b) Fix any € > 0. Then 1/¢ is a real number. By (1), there exists n € N such that
\(1/ \varepsilon
This implies 1/n < e.
(c) We only need to apply (a) for the real number y/z.
(d) First we consider the case where z > 0. Define the set
\(A=\{n \in \mathbb{N}: x

From part (a), A is nonempty. Since A is a subset of N, by the Well-Ordering Property of the natural numbers, A has a smallest element £. In particular, z < £ and £
—1lisnotin A. Since £ € N, either{ —1€eNor¢{—1=0.If¢—1€N,since{ —1¢ Awegetl{—1<z If { — 1 =0, we have \(\ell-1=0

In the case = < 0, by part (1), there exists N € N such that
\(Ix|
In this case, \(-N®\). Then, by the result just obtained for positive numbers, there exists a natural number k such that \(k-1 \leq x+N
\(k-N-1\leq x
Setting m = k — N, the conclusion follows. The proof is now complete. O
Theorem 1.6.3 - The Density Property of Q
We are going to prove that there exists an integer m and a positive integer n such that
\[x
or, equivalently,
\[n x
Since y — z > 0, by Theorem 1.6.2 (3), there exists n € N such that \(1
ny =nz+n(y—z) > nz+ 1. (1.6.3)
By Theorem 1.6.2 (4), one can choose m € Z such that
\[m-1\leq n x
Then \(n x
\[x
The proof is now complete. O
Proposition 1.6.4

Suppose, by way of contradiction, that v/2 € Q. Then there are integers r and s with s # 0, such that
T

V2 =—. (1.6.4)
S
By canceling out the common factors of r and s, we may assume that r and s have no common factors.
Now, by squaring both sides of the equation above, we get

— (1.6.5)

and, hence,
2s? =72, (1.6.6)
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It follows that r? is an even integer. Therefore, r is an even integer (see Exercise 1.4.1). We can then write r = 2j for some integer j. Hence 72 = 45%. Substituting in
(1.3), we get s? = 252 Therefore, s? is even. We conclude as before that s is even. Thus, both  and s have a common factor, which is a contradiction. 0
Theorem 1.6.5
Since \(x
\[x-\sqrt{2}
By Theorem 1.6.3, ther exists a rational number r such that
\[x-\sqrt{2}
This implies
\[x
Since r is rational, the number t = r + /2 is irrational (see Exercise 1.6.4) and \(x
Exercise 1.6.1
Add texts here. Do not delete this text first.
Exercise 1.6.2
Add texts here. Do not delete this text first.

Exercise 1.6.3

Add texts here. Do not delete this text first.
Exercise 1.6.4

Add texts here. Do not delete this text first.
Exercise 1.6.5

Add texts here. Do not delete this text first.
Exercise 1.6.6

Add texts here. Do not delete this text first.

This page titled 1.6: Applications of the Completeness Axiom is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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2: SEQUENCES

We introduce the notion of limit first through sequences. As mentioned in Chapter 1, a sequence is just a function with domain
N. More precisely, a sequence of elements of a set A is a function f: N — A. We will denote the image of n under the function
with subscripted variables, for example, a,, = f(n). We will also denote sequences by {a,},-;, {an},, or even {a,}. Each value a,
is called a term of the sequence, more precisely, the n-th term of the sequence.

Example 2.1

Consider the sequence a,, = % forn e N.
Solution

This is a sequence of rational numbers. On occasion, when the pattern is clear, we may list the terms explicitly as in

11
3’4’

1 1
1,= =
(,27 57

Example 2.2

Let a,, = (—1)" for n € N. This is a sequence of integers, namely,
-1,1,-1,1,-1,1, ...
Solution

Note that the sequence takes on only two values. This should not be confused with the two-element set {1, —1}.

2.1: Convergence

2.2: Limit Theorems

2.3: Monotone Sequences

2.4: The Bolazno-Weierstrass Theorem
2.5: Limit Superior and Limit Inferior

2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points

This page titled 2: Sequences is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere, and
Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Convergence

Definition 2.1.1

Let {a,} be a sequence of real numbers. We say that the sequence {a,} converges to a € R if, for any € > 0, there exists a
positive integer N such that for any n € N with n > N, one has

\[\leftla_{n}-a\right|<\varepsilon\left(\text { or equivalently }, a-\varepsilon

In this case, we call a the limit of the sequence (see Theorem 2.1.3 below) and write lim,_, a,, = a. If the sequence {a,}
does not converge, we call the sequence divergent.

Remark 2.1.1

It follows directly from the definition, using the Archimedean property, that a sequence {a,} converges to a if and only if for
any ¢ > 0, there exists a real number N such that for any n € N with n > N, one has

la, —al <e.

Let a, = % for n € N. We claim that lim,,_,, a, = 0. We verify it using the definition.
Solution

Let € > 0. Choose an integer N > 1/e. (Note that such an integer N exists due to the Archimidean Property.) Then, if n > N,
we get

Example 2.1.2

We now generalize the previous example as follows. Let « > 0 and consider the sequence given by
1
a, = —= for n € N.

Solution

1/

Let & > 0. Choose an integer N such that N > (1)"/*. For every n > N, one has n. > (1)"/* and, hence, n® > L. This implies

1

1
e < 1—/5 =E. (2.1.1)

1
-
n

We conclude that lim,,_.o a, = 0.

Example 2.1.3

Consider the sequence {a,} where
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3n2+4
ay, = ————
" m24n+5
We will prove directly from the definition that this sequence converges to a = %
Solution

Let € > 0. We first search for a suitable N. To that end, we simplify and estimate the expression |a,, — a|. Notice that

3’ 3n? 44 3 2(3n%+4) —3(2n2+n+5) —7—3n
a — | === T 2l =
"2 2n2+n+5 2 2(2n2 +n + 5) 2(2n2+n +5) (2.1.2)
__ 3m+7 1 _ 10 o
T 2(@2n24+n+5)  4n2 4n
To guarantee that the last expression is less than ¢, it will suffice to choose N > }1—2 Indeed, if n > N, we get
10 10 10
|anfa\ SESW< EZE. (2.1.3)
4e
Example 2.1.4
Let {a,} be given by
dn? —1
ap = —5——.
" 3n2—n
We claim limy_,o0 @y = 3.
Solution
Let € > 0. We search for a suitable N. First notice that
m?—1 4 12n? —3 —12n% 4+ 4n 4n —3
Y - (2.1.4)
3n2—n 3 3(3n2—n) 3(3n? —n)
Since n > 1, we have n? > n and 4n > 3. Therefore we have
4n?—1 4 4n — 4n — 4 4
n—-1l 4)_ _4n-3 _ 4dn—-3 _dn 4 (2.1.5)
3n2—n 3 3(3n2—n) = 3(3n2—n?)  6n%2 6n
Thus, if N > &, we have, for n > N
4n? —1 4 4 4
< —< — . 2.1.6
‘Snz—n 3’_6n_6N<6 ( )
Example 2.1.5
Consider the sequence given by
n?2+5
_ , 2.1.7
T ( )
We prove directly from the definition that {a,} converges to %
Solution
Let € > 0. Now,
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n?+5 1
4n2+n 4

4n? +20—4n’—n| |20 —n]
4(4n? +n) T 44n?+n)’

If n > 20, then |20 — n| = n — 20. Therfore, for such n we have

n’+5 1‘_ n—20 _ n _ 1

an?+n 4| 4(4n2+n) — 1602 160

Choose N > max {1+, 20}. Then, for n > N we get

n?+5 _ 1 _ 1 -
—— — <e.
dn2+n 4| -

16n 16N

The following result is quite useful in proving certain inequalities between numbers.

Let¢>0,If £ <eforalle >0, then £ = 0.

Proof available at the end of this section.

A convergent sequence {a,} has at most one limit

Proof available at the end of this section.

The following lemma is simple generalization of (2.1.2).

Given real numbers a, b, then a < b if and only if \(a®\).

Proof available at the end of this section.

The following comparison theorem shows that (non-strict) inequalities are preserved "in the limit".

Theorem 2.1.5 - Comparison Theorem.

Suppose {a,} and {b,} converge to a and b, respectively, and a,, < b, for alln € N. Then a < b.

Proof available at the end of this section.

Theorem 2.1.6 - The Squeeze Theorem.

Suppose the sequences {a,}, {b,.}, and {c,} satisfy

ap < b, < ¢, for all m € N,
and lim,,_,, a,, = lim,,_,, ¢, = £. Then lim,,_,, b,, = /.

Proof available at the end of this section.
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Definition 2.1.2

A sequence {a,} is bounded above if the set {a,:n € N} is bounded above. Similarly, the sequence \left\{a_{n}: n \in
\mathbb{N}right\} is bounded below if the set {a,, : n € N} is bounded below. We say that the sequence {a,} is bounded if
the set {a, : n € N} is bounded, that is, if it is both bounded above and bounded below.

It follows from the observation after Definition 1.5.1 that the sequence {a,} is bounded if and only if there is M € R such that |a,,|
< M foralln e N.

A convergent sequence is bounded.

Proof available at the end of this section.

Definition 2.1.3

Let {a,}, -, be a sequence of real numbers. The sequence {b,}.-, is called a subsequence of {a,},., if there exists a
sequence of increasing positive integers

\[n_{1}

such that b;, = a,,, for each k € N.

Example 2.1.6

Consider the sequence a,, = (—1)" forn € N.
Solution

Then {ag;} is a subsequence of {a,} and ag; = 1 for all k (here nj = 2k for all k). Similarly, {as;+1} is also a subsequence of
{a,} and a1 = —1 for all k£ (here nj, = 2k + 1 for all k).

Lemma 2.1.8

Let {n.}, be a sequence of positive integers with
\[n_{1}
Then n; > k for all k € N.

Proof available at the end of this section.

Theorem 2.1.9

If a sequence {a,} converges to a, then any subsequence {a,,} of {a,} also converges to a.

Proof available at the end of this section.
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Leta, =(—1)"forneN.

Solution

Then the sequence {a,} is divergent. Indeed suppose by contradiction that
lim,, o a, = 4.

Then every subsequence of {a,} converges to a number ¢ € R. From the previous theorem, it follows, in particular, that
{=1limy o agr =1 and £ = limy_, agx+1 = —1.

This contradiction shows that the sequence is divergent.

Since the sequence {a,} is bounded but not convergent, this example illustrates the fact that the converse of theorem 2.1.7 is not
true.

Remark 2.1.10

Given a positive integer ky, it will be convenient to also talk about the sequence {a,},,,, that is, a function defined only for
the integers greater than or equal to k. For simplicity of notation, we may also denote this sequence by {a,} whenever the
integer k is clear form the context. For instance, we talk of the sequence {a,} given by

n+1

ap =

although a; and a, are not defined. In all cases, the sequence must be defined from some integer onwards.

Exercise 2.1.1

Prove the following directly from the definition of limit.

2n%42
3nd+1
n’+1

=

lim,, 00

-

lim;, 00

ot

limnﬁoo And—m

lim, 00 3

Il
B oo

Q00O

lim;, 00 n2—n

Answer available at the end of this section.

Exercise 2.1.2

Prove that if {a,} is a convergent sequence, then {|a,|} is a convergent sequence. Is the converse true?

Answer available at the end of this section.

Exercise 2.1.3

Let {a,} be a sequence. Prove that if the {|a,|} converges to §, then {a,} also converges to ®.
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Answer available at the end of this section.

Exercise 2.1.4

Prove that lim,, . S22 = 0.

Answer available at the end of this section.

Exercise 2.1.5

Let {z,} be a bounded sequence and let {y,} be a sequence that converges to 0. Prove that the sequence {z,y,} converges
to O.

Answer available at the end of this section.

Exercise 2.1.6

Prove that the following limits are ®. (Hint: use Theorem 2.1.6.)

n+cos(n?—3)
2n%+1

. 3n

hmn_,oo e

limy, o0

: ni
hmn_,oo e

lim,, 00 g‘—2 (Hint: see Exercise 1.3.4(c)).

e o oo

Answer available at the end of this section.

Exercise 2.1.7

Prove that if lim,_, a, = £ > 0, then there exists N € N such that a,, > 0 for alln > N.

Answer available at the end of this section.

Exercise 2.1.8

Prove that if lim,,_,, a,, = £ # 0, then lim,,_,, <=L = 1. Is the conclusion still true if £ = 0?

an

Answer available at the end of this section.

Exercise 2.1.9

Let {a,} be a sequence of real numbers such that lim,_, a,, = 3. Use Definition 2.1.1 to prove the following

a. lim,_,3a, —7=2;
wtl — L. (Hint: prove first that there is N such that a, > 1 for n > N.)

an

b. lim,

Answer available at the end of this section.
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Exercise 2.1.10

Let a,, > 0 for all n € N. Prove that if lim,_,. a, = 4, then lim,_, \/a, = V2.

Answer available at the end of this section.

Exercise 2.1.11

Prove that the sequence {a,} with a,, = sin(nn/2) is divergent.

Answer available at the end of this section.

Exercise 2.1.12

Consider a sequence {a,}.

a. Prove that lim,_. a,, = £ if and only if limy_,, agr = £ and limy_, o aspr1 = 2.
b. Prove that lim,_,, a, = £ if and only if limy_,, as; = £, limy_,00 agpr1 = £, and limy,_,o0 asgro = L.

Answer available at the end of this section.

Exercise 2.1.13

Given a sequence {a,}, define a new sequence {b,} by

b, = W (2.1.13)

a. Prove that if lim,_, a, = 4, then lim,,_,o, b, = ¢
b. Find a counterexample to show that the converse does not hold in general.

Answer available at the end of this section.

Answers
Lemma 2.1.2
This is easily proved by contraposition. If £ > 0, then there is a positive number, for example ¢ = ¢/2, such thate < . O

Theorem 2.1.3
Suppose {a,} converges to a and b. Then given ¢ > 0, there exist positive integers Ny and N, such that

lan —al < /2 for all n > N; (2.1.14)
and
|a, —b] < /2 for all n > N,. (2.1.15)
Let N = max {Ny, N»}. Then
la—bl<|a—an|+|axy—b] <e/2+e/2=¢. (2.1.16)

Since e > 0 is arbitrary, by Lemma 2.1.2, |a — b| = 0 and, hence, a = b. O

Lemma 2.1.4

Suppose \(a®\). And suppose, by way of contradiction, that a > b. then set ¢y = a — b. Then ¢; > 0. By assumption, we should have a < b+ ¢y = b+ a — b = a, which=
is="" a="" contradiction.="" it="" follows=""that=""a =7 ” <= " "b.<="" p=""> </b+\varepsilon_{®}=b+a-b=a\),>

The other direction follows immediately from the order axioms. O
Theorem 2.1.5 - Comparison Theorem.

For any ¢ > 0, there exist Ny, N, € N such that

\[a-\frac{\varepsilon}{2}

\[b-\frac{\varepsilon}{2}
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Choose N > max {Ny, Na}. Then
\[a-\frac{\varepsilon}{2}
Thus, \(a®\). Using Lemma 2.1.4 we conclude a < b. O
Theorem 2.1.6 - The Squeeze Theorem.
Fix any € > 0. Since lim,,_,» a, = ¥, there exists N; € N such that
\[\ell-\varepsilon
for all n > Nj. Similarly, since r}irg ¢, = ¢, there exists N, € N such that
\[\ell-\varepsilon
for alln > N,. Let N = max {Ny, N»}. Then, for n > N, we have
\[\ell-\varepsilon
which implies |b, — ¢| < e. Therefore, lim,,_,o b, = £. O
Theorem 2.1.7
Suppose the sequence {a,} converges to a. Then, for ¢ = 1, there exists N € N such that
la, —a| <1 foralln > N. (2.1.17)
Since |a,| — |a| < [lan| — |a]| < |a, — al, this implies |a,| < 1 + |a| for all n > N. Set
M = max{|ai], ..., |lan-1],|a| + 1} (2.1.18)
Then |a,| < M for all n € N. Therefore, {a,} is bounded. O
Lemma 2.1.8

We use mathematical induction. When k = 1, it is clear that n; > 1 since n; is a positive integer. Assume n; > k for some k. Now ny,; > n; and, since n; and
ny.1 are integers, this implies, ny.; > ny + 1. Therefore, n;.; > k + 1 by the inductive hyposthesis. The conclusion now follows by the principle of mathematical
induction. O

Theorem 2.1.9
Suppose {a,} converges to a and let ¢ > 0 be given. Then there exists N such that

la, —a| < e foralln > N. (2.1.19)
For any k > N, since n;, > k, we also have
|an, —al <e. (2.1.20)
Thus, {a,,} converges to a as k — co. O

Exercise 2.1.1
Add texts here. Do not delete this text first.

Exercise 2.1.2
Add texts here. Do not delete this text first.

Exercise 2.1.3
Add texts here. Do not delete this text first.

Exercise 2.1.4
Add texts here. Do not delete this text first.

Exercise 2.1.5
Add texts here. Do not delete this text first.

Exercise 2.1.6
Add texts here. Do not delete this text first.

Exercise 2.1.7
Add texts here. Do not delete this text first.

Exercise 2.1.8
Add texts here. Do not delete this text first.

Exercise 2.1.9
Add texts here. Do not delete this text first.

Exercise 2.1.10
Add texts here. Do not delete this text first.

Exercise 2.1.11
Add texts here. Do not delete this text first.

Exercise 2.1.12
Add texts here. Do not delete this text first.

Exercise 2.1.13
Add texts here. Do not delete this text first.

This page titled 2.1: Convergence is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Limit Theorems

We now prove several theorems that facilitate the computation of limits of some sequences in terms of those of other simpler
sequences.

Let {a,} and {b,} be sequences of real numbesr and let k be a real number. Suppose {a,} converges to a and {b,} converges
to b. Then the sequences {a,, + b,}, {ka,}, and {a,b,} converge and

lim, o (an + by) = a + b;

lim, o (ka,) = ka;

lim,,_,0 (anbyn) = ab;

If in addition b # 0 and b,, # 0 for n € N

e oo

Proof available at the end of this section.

Example 2.2.1

Consider the sequence {a,} given by
2
—2
R Lt (2.2.1)
1—4n + Tn?
Solution
Dividing numerator and denominator by n?, we can write
3—2 5/n?
Gy = 3-2/n+5/n* (2.2.2)
1/n2—4/n+7
Therefore, by the limit theorems above,
. . 3—-2/n+5/n? lim, 00 3 — limy, 00 2/n 4 lim,, ;00 5/ 3
lim a, = lim = — - - = —. (2.2.3)
n—co noo 1/n2 —4/n+7  lim,e1/n? —lim, oo 4/n+ lim, 00 7 7
Example 2.2.2
Let a,, = V/b, where b > 0. Consider the case where b > 1.
Solution
In this case, a,, > 1 for every n. By the binomial theorem,
b=ar=(a,—1+1)">1+n(a,—1). (2.2.4)
This implies
\[®
For each ¢ > 0, choose N > ”gl . It follows that for n > N,
b—1 b—1
n—ll=a,—1<—<— <e. 2.2.5
la |=a <— N <¢ ( )
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Thus, lim,, ., a, = 1.

If \(®

1

n

Since ¢ > 1, it has been shown that lim,, ., x,, = 1. This implies

n—00 n—o0 Ly,

Exercise 2.2.1

Find the following limits:

3n2—6n+7
4n2-3 '

9 1+3n—n?
b. lim; e 3n3—2n2+1 "

a. lim,_ o

Answer available at the end of this section.

Exercise 2.2.2

Find the following limts:

: V3n+1
a. lim, \/ﬁ:ﬁ.’
b. limy, o0 1/ 22,

Answer available at the end of this section.

Exercise 2.2.3

Find the following limits if they exist:

1, (=)
lim,, 00 nd + 3n2 — n)
lim,, oo (V13 + 302 — V02 + n)
hmnﬁoo(\/n—‘f'l —V/n).
lim, o (vVn + 1 — v/0)/n.

P00 oo

Answer available at the end of this section.

Exercise 2.2.4

Find the following limts.

a. For|r| <1 and b\iR, lim,_e (b + br + br? + - + br").
b limy oo (& + 2=+ + 7 )-

Answer available at the end of this section.
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Exercise 2.2.5

Prove or disprove the following statements:

If {a,} and {b,} are convergent sequences, then {a,, + b,} is a convergent sequence.
If {a,} and {b,} are divergent sequences, then {a, + b,} is a divergent sequence.

If {a,} and {b,} are convergent sequences, then {a,b,} is a convergent sequence.

If {a,,} and {b,} are divergent sequences, then {a,b,} is a divergent sequence.

If {a,} and {a, + b, } are convergent sequences, then {b,} is a convergent sequence.
If {a,,} and {a, + b, } are divergent sequences, then {b,} is a divergent sequence.

~® Q000

Answer available at the end of this section.

Answers

Theorem 2.2.1
(a) Fix any € > 0. Since {a,} converges to q, there exists N; € N such that

a, —a| < — for all n > N;. 2.
; for all n > N 2.2.8
Similarly, there exists N, € N such that
by — b < < forall m > Ny. 2.2.9
2
Let N = max {Ny, N>}. For any n > N, one has
[(@n +b) = (@+ )| < fan —al + by — b < 5+ = =e. (2.2.10)

Therefore, lim,,_, (an, + b,) = a + b. This proves (a).

(b) If £k =0, then ka = 0 and ka,, = 0 for all n. The conclusion follows immediately. Suppose next that k # 0. Given € > 0, let N € N be such that |a, —a| < ﬁ forn
> N.Then for n > N, |ka,, — ka| = |k| |a, — a| < e. It follows that lim,,_,« (ka,) = ka as desired. This proves (b).

(c) Since {a,} is convergent, it follows from Theorem 2.1.7 that is bounded. Thus, there exists M > 0 such that

lay] < M for all n € N. (2.2.11)
For every n € N, we have the following estimate:
|anby — abl = lanby — anb + anb — ab| < |a,|[b, —b] + [b] |an —al . (2.2.12)
Let € > 0. Since {a,} converges to a, we may choose N; € N such that
€
ap —a| < ——— for all n > Nj. 2.2.13
‘ n ‘ 2(“)‘ + 1) = 1 ( )
Similarly, since {b,,} converges to b, we may choose N, € N such that
€
[b, — b < ey for all n > N,. (2.2.14)
Let N = max {Ny, N»}. Then, for n > N, it follows from (2.1) that
\[\leftla_{n} b_{n}-a b\right|
Therefore, lim,,_,» a,b, = ab. This proves (c).
(d) Let us first show that
1 1
lim — = =. 2.2.15
Jim =g ( )
Since {b,} converges to b, there is N, € N that
b
|bn — b < % for n > N. (2.2.16)

It follows (using a triangle inequality) that, for such n, 7@ < |bn| — |b| < @ and, hence, @ < |by|. For each n > Ny, we have the following estimate
1 1 |b, — b] 2 b, —b|
= <0

- _ | = 2.2.17
b, b |bn| 8] — b2 ( )
Now let € > 0. Since lim,,_,, b, = b, there exists N, € N such that
b%e
[b, — b < - for all n > N». (2.2.18)
Let N = max { Ny, N»}. By (2.2), one has
1 1) _ 2[b,—b]
b—n—g‘éb—2<£foralln2NA (22.19)

It follows that lim, e bL =1

Finally, we can apply part (c) and have
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. Gn . 1
lim — = lim a,— =
n—00 by, n—oo by,

SRS

(2.2.20)

The proof is now complete. O
Exercise 2.2.1
Add texts here. Do not delete this text first.

Exercise 2.2.2

Add texts here. Do not delete this text first.
Exercise 2.2.3

Add texts here. Do not delete this text first.
Exercise 2.2.4

Add texts here. Do not delete this text first.
Exercise 2.2.5

Add texts here. Do not delete this text first.

This page titled 2.2: Limit Theorems is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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2.3: Monotone Sequences

Definition 2.3.1

A sequence {a,} is called increasing if

an < anyy for all n € N.
It is called decreasing if

Qn > apy for all n € N.

If {a,} is increasing or decreasing, then it is called a monotone sequence.

The sequence is called strictly increasing (resp. strictly decreasing) if \(a_{n}a_{n+1} \text { for all } n \in \mathbb{N}\).

It is easy to show by induction that if {a,} is an increasing sequence, then a,, < a,, whenever n < m.

Theorem 2.3.1 - Monotone Convergence Theorem.

Let {a,} be a sequence of real numbers. The following hold:

a. If {a,} is increasing and bounded above, then it is convergent.
b. If {a,} is decreasing and bounded below, then it is convergent.

Proof available at the end of this section.

Remark 2.3.2

It follows from the proof of Theorem 2.3.1 that if {a,} is increasing and bounded above, then

lim a, =sup{a, :n € N}.
n—oo

Similarly, if {a,} is decreasing and bounded below, then

nh_r){.loansz{an:neN}.

Example 2.3.1

Given r € R with |r| < 1, define a,, = r™ for n € N. Then

lim a, = 0.
n—oo

Solution

This is clear if » = 0. Let us first consider the case where \(®

¢ = lim a,.
n—o0

only need to consider the sequence defined by b,, = |a,| for n € N; see Exercise 2.1.3.
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Example 2.3.2

Consider the sequence {a,} defined as follows:

a; =2 (2.3.7)

an+5

Gpy1 = forn>1 (2.3.8)

Solution

First we will show that the sequence is increasing. We proove by induction that for all n € N, \(a_{n}2=a_{1}\), the statement is
true for n = 1. Next, suppose \(a_{k}

ap+5 ak+1 + 5
3 < 3

Ak+1 = = Qf+2- (2-3~9)

It follows by induction that the sequence is increasing.

Next we prove that the sequence is bounded by 3. Again, we proceed by induction. The statement is clearly true for n = 1.
Suppose that a;, < 3 for some k € N. Then
ar+5 3+5 .

<
3 3

Ap+1 =

w| oo

<3. (2.3.10)

It follows that a,, < 3 for alln € N.

From the Monotone Convergence Theorem, we deduce that there is £ € R such that lim,,_,,, a, = £. Since the subsequence
{ar+1}-, also converges to ¢, taking limits on both sides of the equationin (2.7), we obtain

_L45

2.3.11
O (2:311)
Therefore, 3¢ = £ + 5 and, hence, £ = 5/2.
Example 2.3.3 - The number e.
Consider the sequence {a,} given by
1 n
an, = (1 + E) ,neN. (2.3.12)
By the binomial theorem,
(3 &)
ap = =
>(x)G
g M) 1 n(e-DR-2 1 el (n-1) 1 . (2.3.13)
2! n? 3! n3 n! nn
:1+1+l (1,i) +i (171) (1,Z)+...+i (1fi) (173) ...(1f n—l)
2! n 3! n n n! n n n

The corresponding expression for a,;; has one more term and each factor (1 — %) is replaced by the larger factor (1 — %)
It is then clear that \(a_{n}
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1 1 1
an§1+1+§+§+'“+m
1
e R R R
< +1.2+2.3+ +(n—1)-n . (2.3.14)
n—1
1 1 1
=2 ———=3-—<3
+§(k k+1) n <

Hence the sequence is bounded above.
Solution

By the monotone Convergence Theorem, lim, . a, exists and is denoted by e. In fact, e is an irrational number and e
=~ 2.71828.

The following fundamental result is an application of the Monotone Convergence Theorem.

Theorem 2.3.3 - Nested Intervals Theorem.

Let {I,},-, be a sequence of nonempty closed bounded intervals satisfying I,,.1 C I,, for all n € N. Then the following hold:

a. Mo I, #0.

b. If, in addition, the lengths of the intervals I,, converge to zero, then (o2, I,, consists of a single point.

Proof available at the end of this section.

When a monotone sequence is not bounded, it does not converge. However, the behavior follows a clear pattern. To make this
precise we provide the following definition.

Definition 2.3.2

A sequence {a,} is said to diverge to ~ if for every M € R, there exists N € N such that
an > M for alln > N. (2.3.15)

In this case, we write lim,,_,» a, = co. Similarly, we say that {a,} diverges to —oc and write lim,,_,, a, = —occ if for every M
€ R, there exists N € N such that

\[a_{n}

Remark 2.3.4

We should not confuse a sequence that diverges to oo (that is, one that satisfies the previous definition), with a divergent
sequence (that is, one that does not converge).

Example 2.3.4

Consider the sequence a,, = ”;::1 . We will show, using Definition 2.3.2, that lim,, ., a,, = oc.

Solution

Let M € R. Note that
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n?+1 n 1 n
=—+—>_.
5n 5 5n 5
Choose N > 5M. Then, if n > N, we have
n N
>—>—>M.
In=g="Tg

The following result completes the description of the behavior of monotone sequences.

If a sequence {a,} is increasing and not bounded above, then

lim a, = oo.
n—o0

Similarly, if {a,} is decreasing and not bounded below, then

lim a, = —o0
n—oo

Proof available at the end of this section.

Theorem 2.3.6

Let {a,}, {b,}, and {c,} be sequences of real numbers and let k£ be a constant. Suppose

lim a, = oo, lim b, = 00, and lim ¢, = —oc0
n—oo n—oo n—oo

Then
a. lim, e (ay + by) = o0;
b. lim, . (ayb,) = oo;
c. lim, o (ancy) = —00;
d. lim,_, ka, = co if k > 0, and lim,,_,, ka,, = —oco if k < 0;
e. lim, ;o GL = 0. (Here we assume a,, # 0 for all n.)

Proof available at the end of this section.

The proof of the comparison theorem below follows directly from Definition 2.3.2 (see also Theorem 2.1.5).

Suppose a, < b, foralln € N.

a. If lim, .« a, = oo, then lim,,_,o, b, = co.
b. If lim, . b, = —oo, then lim,,_., a, = —oc.

Proof available at the end of this section.

Let a; = V2. Define
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any1 = Vap+2forn>1

a. Prove that a, < 2 foralln € N.
b. Prove that {a,} is an increasing sequence.
c. Prove that lim,,_,o a, = 2.

Answer available at the end of this section.

Exercise 2.3.2

Prove that each of the following sequences is convergent and find its limit.

a1 =1and a,; = 2 forn > L.
=+v6and ap41 = Va, +6forn>1.

an+1=% Qan—I—L2 n>1,a; > 0.

)
A,

an+1=%(an+%),b>0.

Q o oo

Answer available at the end of this section.

Exercise 2.3.3

Prove that each of the following sequences is convergent and find its limit.

af\/—\/—

b. 1/2;

) 2+1/2y Pr——

Answer available at the end of this section.

Exercise 2.3.4

Prove that the following sequence is convergent:

an=1+4%+4H++5neN

nH

Answer available at the end of this section.

Exercise 2.3.5

Let a and b be two positive real numbers with \(a

a, + b,

An+1 = anb, and bTH—l =

Show that {a,} and {b,} are convergent to the same limit.

Answer available at the end of this section.

Exercise 2.3.6

Prove the following using Definition 2.3.2.
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2n2+n+1

a. lim, o =55 = oo.
9 1-3n _
b. hm,Hoo Thr2 T —0OQ.

Answer available at the end of this section.

Exercise 2.3.7

Prove parts (b), (c), and (d) of Theorem 2.3.6.

Answer available at the end of this section.

Exercise 2.3.8

Prove Theorem 2.3.7.

Answer available at the end of this section.

Answers

Theorem 2.3.1 - Monotone Convergence Theorem.
(a) Let {a,} be an increasing sequence that is bounded above. Define
A={a,:neN}
Then A is a subset of R that is nonempty and bounded above and, hence, sup A exists. Let £ = sup A and let € > 0. By Proposition 1.5.1, there exists N € N such that
\(\ell-\varepsilon
Since {a,} is increasing,
\(\ell-\varepsilon
On the other hand, since ¢ is an upper bound for A, we have a,, < ¢ for all n. Thus,
\(\ell-\varepsilon
Therefore, lim,,_,o a, = £.
(b) Let {a,} be a decreasing sequence that is bounded below. Define
by, = —an.
Then {b,} is increasing and bounded above (if M is a lower bound for {a,}, then —M is an upper bound for {b,}). Let
£ = lim,_, by, = limy,yo0 (—an).
Then {a,} converges to —¢ by Theorem 2.2.1. O
Theorem 2.3.3 - Nested Intervals Theorem.

Let {I,.} be as in the statement with I,, = [a,,b,]. In particular, a, < b, for all n € N. Given that I,,;; C I,,, we have a,, < a,41 and b, < b, for all n € N. This
shows that {a,} is an increasing sequence bounded above by b; and {b,} is a decreasing sequence bounded below by a;. By the Monotone Convergence Theorem
(Theorem 2.3.1), there exist a,b € R such that lim,,_,, a, = a and lim,,_,», b, = b. Since a,, < b, for all n, by Theorem 2.1.5, we get a < b. Now, we also have a, < a

o0

and b < b, for all n € N (since {a,} is increasing and {b,} is decreasing). This shows that if a <z < b, then = € I, for all n € N. Thus, [a,b] C [,—, I,.. It follows that
Moz, I, # 0. This proves part (a).
Now note also that (2, I, C [a,b]. Indeed, if z € ()., I, then z € I, for all n. Therefore, a,, < z < b, for all n. Using Theorem 2.1.5, we conclude a < z < b. Thus, z
€ [a, b]. This proves the desired inclusion and, hence, ()", I, = [a, b].
We now prove part (b). Suppose the lengths of the intervals I, converge to zero. This means b, — a, — 0 as n — co. Then b = lim,, 00 by, = limy, 00 [(bn — an) + ay]
= a. It follows that ("°°, I, = {a} as desired. O
Theorem 2.3.5
Fix any real number M. Since {a,} is not bounded above, there exists N € N such that ay > M. Then
ap >ay > M foralln > N (2.3.23)
because {a,} is increasing. Therefore, lim,,_,+ a,, = co. The proof for the second case is similar. O
Theorem 2.3.6
We provide proofs for (a) and (e) and leave the others as exercises.
(a) Fix any M € R. Since lim,,_,, a,, = oo, there exists N; € N such that
ap > % for all n > Nj. (2.3.24)
Similarly, there exists N, € N such that

M
an?

for all n > Ny (2.3.25)

Let N = max {Ny, N»}. Then it is clear that
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a, +b, > M for all n > N.

This implies (a).
(e) Foranye >0, let M = % Since lim,,_, a, = 0o, there exists N € N such that

1
a, > — foralln >N
€

This implies that for n > N,

Thus, (e) holds. O
Theorem 2.3.7

Add proof here and it will automatically be hidden
Exercise 2.3.1

Add texts here. Do not delete this text first.
Exercise 2.3.2

Add texts here. Do not delete this text first.
Exercise 2.3.3

Add texts here. Do not delete this text first.
Exercise 2.3.4

Add texts here. Do not delete this text first.
Exercise 2.3.5

Add texts here. Do not delete this text first.
Exercise 2.3.6

Add texts here. Do not delete this text first.
Exercise 2.3.7

Add texts here. Do not delete this text first.
Exercise 2.3.8

Add texts here. Do not delete this text first.

(2.3.26)

(2.3.27)

(2.3.28)

This page titled 2.3: Monotone Sequences is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts

platform.
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2.4: The Bolazno-Weierstrass Theorem

The Bolzano-Weierstrass Theorem is at the foundation of many results in analysis. it is, in fact, equivalent to the completeness
axiom of the real numbers.

Theorem 2.4.1: Bolzano-Weierstrass Theorem

Every bounded sequence {a,} of real numbers has a convergent subsequence.

Proof available at the end of this section.

Definition 2.4.1: Cauchy sequence

A sequence {a,} of real numbers is called a Cauchy sequence if for any € > 0, there exists a positive integer N such that
for any m,n > N, one has

lam — an| < e. (2.4.1)

Theorem 2.4.2

A convergent sequence is a Cauchy sequence.

Proof available at the end of this section.

Theorem 2.4.3

A Cauchy sequence is bounded.

Proof available at the end of this section.

Lemma 2.4.4

A Cauchy sequence that has a convergent subsequence is convergent.

Proof available at the end of this section.

Theorem 2.4.5

{a,}Any Cauchy sequence of real numbers is convergent.

Proof available at the end of this section.

Remark 2.4.6

It follows from Definition 2.4.1 that {a, } is a Cauchy sequence if and only if for every £ > 0, there exists N € N such that

|@ntp —an| < € for all n > N and for all p € N. (2.4.2)
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Definition 2.4.2: Contractive Sequences

A sequence {a,} is called contractive if there exists k € [0, 1) such that

|ant2 — ant1] < klans1 — ay| for all m € N. (2.4.3)

Theorem 2.4.7

Every contractive sequence is convergent.

Proof available at the end of this section.

Example 2.4.1

The condition k£ < 1 in the previous theorem is crucial. Consider the following example. Let a,, = Inn for alln € N.
Solution
Since 1 < Z—ﬁ < 2L for all n € N and the natural logarithm is an increasing function, we have

|ani2 — ant1| = |In(n+2) —In(n + 1)| = |1n (Z—ﬁ)’ = ln(Z—ﬁ)

<In(ZL) =|In(n+1) —Inn| = |aps1 — anl

Therefore, the inequality in Definition 2.4.2 is satisfied with k£ = 1, yet the sequence {lnn} does not converge.

Exercise 2.4.1

Determine which of the following are Cauchy sequences.

a. a,= (-1

b. a,=(-1)"/n.
c. a,=n/(n+1).
d. a, = (cosn)/n.

Exercise 2.4.2

Prove that the sequence

ncos (3n? 4+ 2n + 1)

a, =

n+1
has a convergent subsequence
Exercise 2.4.3
Let f: [0,00) — R be such that f(z) > 0 for all z. Define
L _fm)
") +1

Prove that the sequence a,, has a convergent subsequence
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Exercise 2.4.4

Define

142"
anz—;—nforneN.

Prove that the sequence a,, is contractive

Exercise 2.4.5

Let r € R be such that |r| < 1. Define a,, = r" for n € N. Prove that the sequence {a,} is contractive

Exercise 2.4.6

Prove that the sequence {4} is not contractive

Answers

Theorem 2.4.1: Bolzano-Weierstrass Theorem
Suppose {a,} is a bounded sequence. Define A = {a,, : n € N} (the set of values of the sequence {a,}). If A is finite, then at least one of the elements of A, say
z, must be equal to a, for infinitely many choices n. More precisely, B, = {n € N: a,, = z} is infinite. We can then define a convergent subsequence as follows.
Pick n; such that a,, = z. Now, since B, is infinite, we can choose ny > n; such that a,, = z. Continuing in this way, we can define a subsequence {a,, } which is
constant, equal to z and, thus, converges to z.
Suppose now that A is infinite. First observe there exist ¢,d € R such that ¢ < a, < d for all n € N, that is, A C [¢, d]].
We define a sequence of nonempty nested closed bounded intervals as follows. Set I; = [c,d]. Next consider the two subintervals [c, ‘;—"} and [“;—“’,d]. Since A
is infinite, at least one of AN [c, <f4] or A N [454,d] is infinite. Let I, = [¢, <t2] if A N [c, &2] is infinte and I, = [<5£, d] otherwise. Continuing in this way, we
construct a nested sequence of nonempty cllosed bounded intervals {I,} such that I, N A is infinite and the length of I,, tends to ® as n — co.
We now construct the desired subsequence of {a,} as follows. Let n; = 1. Choose ny > n; such that a,, € I,. This is possible since I, N A is infinite. Next choose
ng > ny such that a,, € I5. In this way, we obtain a subsequence {a,,} such that a,, € I for all k € N.
Set I, = [cp, dy). Then lim,,« (d, — ¢,) = 0. We also know from the proof of the Monotone Convergence Theorem (Theorem 2.3.1), that {c,} converges. Say ¢
= limy,—,00 ¢y Thus, limy, 00 d, = lim,,,o0 [(dy, — ¢5) + ¢,] = € @s well. Since ¢, < ay,, < dj, for all k € N, it follows from Theorem 2.1.5 that limj_, a,, = ¢. This completes
the proof. O

Theorem 2.4.2
Let {a, } be a convergent sequence and let

7}5& ap = a. (2.4.4)
Then for any € > 0, there exists a positive integer N such that
la, —al < e/2 for all n > N. (2.4.5)
For any m,n > N, one has
U — G| < |am —a| + |a, —a| <e/2+¢/2 =€ (2.4.6)

Thus, {a,} is a Cauchy sequence. O

Theorem 2.4.3
Let {a,} be a Cauchy sequence. Then for € = 1, there exists a positive integer N such that

|y — ay| <1 for all myn >N (2.4.7)
In particular,
lan —an| < 1foralln>N. (2.4.8)
Let M = max {|ai|, ..., |an_1],1+ |an|}. Then, for n =1,...,N — 1, we clearly have |a,| < M.Moreover, forn > N,
lan| = lan — an +an| < lan — an| + |an| < 1+ Jay| < M. (2.4.9)

Therefore, |a,| < M for alln € N and, thus, {a,} is bounded. O
Lemma 2.4.4
Let {a, } be a Cauchy sequence that has a convergent subsequence. For any e > 0, there exists a positive integer N such that
| — ayn| < e/2 for all m,n > N. (2.4.10)
Thus, we can find a positive integer n, > N such that
\[\leftla_{n_{\ell}}-a\right|<\varepsilon / 2\).
Then for any n > N, we have
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an —a| < lap — an,| +|a,, —a| <e. (2.4.11)
Therefore, {a,} converges to a. O

Theorem 2.4.5

Let {a,} be a Cauchy sequence. Then it is bounded by Theorem 2.4.3. By the Bolzano-Weierstrass theorem, {a,} has a convergent subsequence. Therefore, it is
convergent by Lemma 2.4.4.0

Theorem 2.4.7
By induction, one has
|ant1 — an| < k" ay —ay| foralln € N (2.4.12)
Thus,

Upyp — Ap| < |@ni1 — An| + |@ny2 — Gny1| + -+ [Gngp — Gnip1
< (B K e EP2) gy — ag

SE TV (1+k+E 4+ B |ap — ai . (24.13)
kn—l

< —

<% lag — a1l

for all n, p € N. Since k"' — 0 as n — oo (independently of p), this implies {a,} is a Cauchy sequence and, hence, it is convergent. O

This page titled 2.4: The Bolazno-Weierstrass Theorem is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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2.5: Limit Superior and Limit Inferior

We begin this section with a proposition which follows from Theorem 2.3.1. All sequences in this section are assumed to be of
real numbers.

Proposition 2.5.1

Let {a,} be a bounded sequence. Define

sp =sup{ay: k>n} (2.5.1)
and

t, =inf{ay : k > n}. (2.5.2)
Then {s,} and {t,} are convergent.

Proof available at the end of this section.

Definition 2.5.1: Limit Superior

Let {a,} be a sequence. Then the limit superior of {a,}\), denoted by lim sup,,_,., a,, is defined by

limsup a, = lim sup {ay : k > n}. (2.5.3)
n—00

n—o0

Note that lim sup,,_,,, a, = lim,_, s,, Where s, is defined in (2.8).

Similarly, the limit inferior of {a,}, denoted by liminf, . a,, is defined by

liminf a, = liminf {a) : k > n}. (2.5.4)

n—oo n—oo

Note that liminf,_,« a, = lim,,_,« t,, Where t,, is defined in (2.9).

If {a,} is not bounded above, then

nlgglO Sp = 00, (2.5.5)
where {s,} is defined in (2.8).
Similarly, if {a,} is not bounded below, then

T}l_}r& t, = —00, (2.5.6)

where {t,} is defined in (2.9).

Proof available at the end of this section.
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Remark 2.5.3

By Theorem 2.5.2, we see that if {a,} is not bounded above, then

lim sup a,, = 0. (2.5.7)
n—oo
Similarly, if {a,} is not bounded below, then
liminf a,, = —o0. (2.5.8)

n—oo

Theorem 2.5.4

Let {a,} be a sequence and ¢ € R. The following are equivalent:

a. limsup,,_, a, =4
b. For any e > 0, there exists N € R such that

an <l+eforalln >N, (2.5.9)

and there exists a subsequence of {a,,} of {a,} such that

lim a,, = /. (2.5.10)
k—o0

Proof available at the end of this section.

The following result is proved in a similar way.

Let {a,} be a sequence and ¢ € R. The following are equivalent:

a. liminf, ,, a, =4
b. For any e > 0, there exists N € N such that

anp >l —¢eforalln >N, (2.5.11)

and there exists a subsequence of {a,,} of {a,} such that

lim a,, = 2. (2.5.12)
k—o00

Proof available at the end of this section.

The following corollary follows directly from Theorems 2.5.4 and 2.5.5.

Corollary 2.5.6

Let {a,} be a sequence. Then

lim a, = ¢ if and only if limsupa, = liminfa, = 4. (2.5.13)
n—oo n—oo n—oo

Proof available at the end of this section.
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Corollary 2.5.7

Let {a,} be a sequence.
a. Suppose limsup,,_,, a, = ¢ and {a,,} is a subsequence of {a,} with
kl:rgo ap, =1 (2.5.14)
Then ¢’ < ¢.

b. Suppose liminf, . a, = £ and {a,,} is a subsequence of {a,} with

lim a,, =¢'. (2.5.15)
k—oo
Then ¢’ > ¢.
Proof available at the end of this section.
Remark 2.5.8: Subsequential Limit
Let {a,} be a bounded sequence. Define
A ={z € R: there exists a subsequence {a,,} with lima,, = z}. (2.5.16)

Each element of the set A called a subsequential limit of the sequence {a,}. It follows from Theorem 2.5.4, Theorem 2.5.5,
and Corollary 2.5.7 that A + () and

limsup a, = max A and liminfa, = min A. (2.5.17)
n—00 T=ee

Theorem 2.5.9

Suppose {a,} is a sequence such that a,, > 0 for every n € N and

lim sup Intl <1 (2.5.18)

n—oo a‘TL
Then lim,, ,, a, = 0.

Proof available at the end of this section.

By a similar method, we obtain the theorem below.

Theorem 2.5.10

Suppose {a,} is a sequence such that a,, > 0 for every n € N and

liminf 2L — ¢ > 1. (2.5.19)

n—oo QA
Then lim,,_, a, = oo.

Proof available at the end of this section.
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Example 2.5.1

Given a real number «, define

Solution

When o = 0, it is obvious that lim,,_,o, a,, = 0. Suppose a > 0. Then

An+1

lim sup = lim
n—0o0 Qp n—=00 1

o
=0<1
1 <

Thus, lim,_, a, = 0. In the general case, we can also show that lim,,_, a,, = 0 by considering lim,,_, |a,,| and using Exercise
2.1.3.

All sequences in this set of exercises are assumed to be in R.

Exercise 2.5.1

Find lim sup,,_,, @, and lim inf,,_,, a, for each sequence.

a. a,=(-D"

b. an,=sin(%)
C. a,= H(;U" .
d. a,=mnsin(%)

For a sequence {a,}, prove that:

a. liminf,_, a, = oo if and only if lim,,_,o, a, = co.
b. limsup,_,. a, = —oc if and only if lim,,, a, = —oc.

Exercise 2.5.3

Let {a,} and {b,} be bounded sequences. Prove that:

a. SUPgs, (an +byp) < sUPgsy, Gk + SUPgs), bi-
b. infisp (an + bn) > infisy a + infrsy, by.

Exercise 2.5.4

Let {a,} and {b,} be bounded sequences.

a. Prove that limsup,,_,, (a, + b,) < limsup,,_,, a, + limsup,,_, ., by,-
b. Prove that liminf, . (a, + b,) > liminf, , a, + liminf,_, by,.
c. Find the two counter examples to show that the equalities may not hold in part (a) and part (b).
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Let {a,} be a convergent sequence and let {b,} be an arbitrary sequence. Prove that

a. limsup,_ . (a, + b,) = limsup,,_,, a, + limsup,,_,, b, = lim,, ,« a, + limsup,,_, . by-
b. liminf, . (a, + b,) = liminf,_, a, + liminf, . b, = lim, s a, + liminf, . by.

Answers

Proposition 2.5.1
If n <m, then {a; : k > m} C {ai : k > n}. Therefore, it follows from Theorem 2.5.3 that s, > s,, and, so, the sequence {s,} is decreasing. Since {a,} is bounded,
then so is {s,}. In particular, {s,} is bounded below. Similarly, {t,} is increasing and bounded above. Therefore, both sequences are convergent by Theorem 2.3.1.
O

Theorem 2.5.2
Suppose {a,} is not bounded above. Then for any k € N, the set {q; : i > k} is also not bounded above. Thus, s, = sup {a; : i > k} = oo for all k. Therefore, limj_,« s
= oo. The proof for the second case is similar. O

Theorem 2.5.4
Suppose limsup,, ., a, = . Then lim,_, s, = £, where S,, is defined as in (2.8). For any ¢ > 0, there exists N € N such that
\[\ell-\varepsilon
This implies sy = sup{a, : n > N} < £+ . Thus,

ap <{l+eforalln>N (2.5.20)
Moreover, for e = 1, there exists N; € N such that
£—1< sy, =sup{a, :=""n="">=""n1} <l+1. (2.5.21)
<="" p=""> </s_{n_{1}}=\sup>
Thus, there exists n; € N such that
\[\ell-1
Fore = %, there exists N, € N and N, > n; such that
{— % < 8p, =sup{a, :=""n="">=""ny} <+ % (2.5.22)

<="" p=""> </s_{n_{2}}=\sup>
Thus, there exists ny > n; such that
\[\ell-\frac{1{2}
In this way, we can construct a strictly increasing sequence {n;} of positive integers such that
\[\ell-\frac{1}{k}
Therefore, limj_,o @y, = .
We now prove the converse. Given any ¢ > 0, there exists N € N such that
\[a_{n}<\ell+\varepsilon \text { and } \ell-\varepsilon
foralln > M and k > N. Let any m > N, we have
Sm=sup{ar:k>m} <l+e. (2.5.23)
By Lemma 2.1.8, n,, > m, so we also have
sm=sup{ar:k>m}>ap, >l—¢. (2.5.24)
Therefore, lim, o0 8, = limsup,, oo an = £. O
Theorem 2.5.5
Add proof here and it will automatically be hidden
Corollary 2.5.6
Add proof here and it will automatically be hidden

Corollary 2.5.7
We prove only (a) because the proof of (b) is similar. By Theorem 2.5.4 and the definition of limits, for any ¢ > 0, there exists N € N such that
\[a_{n}<\ell+\varepsilon \text { and } \ell*{\prime}-\varepsilon
foralln > N and k > N. Since ny > N, this implies
\[\ell* {\prime}-\varepsilon
Thus, ¢’ < £ + 2¢ and, hence, ¢’ < { because €& is arbitrary. O
Theorem 2.5.9
Choose ¢ > 0 such that £ + £ < 1. Then there exists N € N such that

il gt eforalln> N. (2.5.25)
a

Let g={+e. Then \(®
\[®
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Since lim, s ¢" Nay = 0, one has lim, . a, = 0.0

Theorem 2.5.10
Add proof here and it will automatically be hidden

This page titled 2.5: Limit Superior and Limit Inferior is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points

The open ball in R with center a € R and radius ¢ > 0 is the set

B(a;0) = (a—d,a +9). (2.6.1)

Definition 2.6.1

A subset A of R is said to be open if for each a € A, there exists § > 0 such that

B(a;0) C A. (2.6.2)

Example 2.6.1

1. Any open interval A = (¢, d) is open. Indeed, for each a € A, one has \(c
2. The sets A = (—o0,¢) and B = (¢, 00) are open, but the C' = [¢, c0) is not open.

Solution
1. Let
0 =min{a —¢,d —a}. (2.6.3)
Then
B(a;6) = (a—6,a+9) C A. (2.6.4)

Therefore, A is open.

2. The reader can easily verify that A and B are open. Let us show that C is not open. Assume by contradiction that C is
open. Then, for the element c € C, there exists § > 0 such that

B(c;0) = (c—d,c+d) C C. (2.6.5)

However, this is a contradiction because ¢ — §/2 € B(c; ), but ¢ — §/2 ¢ C.

Theorem 2.6.1

The following hold:
a. The subsets () and R are open.
b. The union of nay collection of open subsets of R is open.
c. The intersection of a finite number of open subsets of R is open.

Proof available at the end of this section.

Definition 2.6.2

A subset S of R is called closed if its complement, S¢ = R\, is open.
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Example 2.6.2

The sets [a, b], (—o0, a], and [a, o) are closed.
Solution

Indeed, (—o0,a]® = (a,00) and [a,c0)¢ = (—oo, a) which are open by Example 2.6.1. Since [a, b]° = (—o0,a) U (b, o), [a,b] is
open by Theorem 2.6.1. Also, single element sets are closed since, say, {b}° = (—o0,b) U (b, 00).

Theorem 2.6.2

The following hold:
a. The sets ) and R are closed.
b. The intersection of any collection of closed subsets of R is closed.
c. The union of a finite number of closed subsets of R is closed.

Proof available at the end of this section.

Example 2.6.3

It follows from part (c) and Example 2.6.2 that any finite set is closed.

Solution

Add text here.

A subset A of R is closed if and only if for any sequence {a,} in A that converges to a point a € R, it follows that a € A.

Proof available at the end of this section.

Theorem 2.6.4

If A is a nonempty subset of R that is closed and bounded above, then max A exists. Similarly, if A is a nonempty subset of
R that is closed and bounded below, then min A exists

Proof available at the end of this section.

Definition 2.6.3

A subset A of R is called compact if for every sequence {a,} in A, there exists a subsequence {a,,} that converges to a point
1
ac A
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Example 2.6.4

Let a,b € R, a < b. We show that the set A = [a, b] is compact. Let {a,} be a sequence in A. Since a < a,, < b for all n, then the
sequence is bounded. By the Bolzano-Weierstrass theorem (Theorem 2.4.1), we can obtain a convergent subsequence {a,,}.
Say, limy o an, = s. We now must show that s € A. Since a < a,, < b for all %, it follows from Theorem 2.1.5, that ¢ < s < b and,
hence, s € A as desired. We conclude that A is compact.

Solution
Let {a,} be a sequence in A. Since a < a,, < b for all n, then the sequence is bounded. By the Bolzano-Weierstrass theorem

(Theorem 2.4.1), we can obtain a convergent subsequence {a,, }. Say, limy_, an, = s. We now must show that s € A. Since a
< ap, < bfor all k, it follows from Theorem 2.1.5, that a < s < b and, hence, s € A as desired. We conclude that A is compact.

Theorem 2.6.5

A subset A of R is compact if and only if it is closed and bounded.

Proof available at the end of this section.

Definition 2.6.4

(cluster/limit/accumulation point). Let A be a subset of R. A point a € R (not necessarily in A) is called a limit point of A if
for any § > 0, the open ball B(a; §) contains an infinite number of points of A.

A point a € A whihc is not an accumulation point of A is called an isolated point of A.

Example 2.6.5

1. LetA=10,1).
2. LetA=7Z.
3. Let A={1/n:n e N}.Then a = 0 is the only limit point of A. All elements of A are isolated points.

Solution
1. Then a =0 is a limit point of A and b = 1 is also a limit pooint of A. In fact, any point of the interval [0, 1] is a limit point
of A. The set [0, 1) has no isolated points.

Then A does not have any limit points. Every element of Z is an isolated point of \matbbZ.
3. Then a = 0 is the only limit point of A. All elements of A are isolated points.

Example 2.6.6

If G is an open subset of R then every point of G is a limit point of G.

N

Solution

In fact, more is true. If G is open and a € G, then a is a limit point of G\{a}. Indeed, let § > 0 be such that B(a;d) C G. Then
(G\{a}) N B(a;6) = (a — §,a) U (a,a + ) and, thus B(a; ) contains an infinite number of points of G\{a}.

The following theorem is a variation of the Bolzano-Weierstrass theorem.
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Theorem 2.6.6

Any infinite bounded subset of R has at least one limit point.

Proof available at the end of this section.

The following definitions and results provide the framework for discussing convergence within subsets of R.

Definition 2.6.5

Let D be a subset of R. We say that a subset V of D is open in D if for every a € V, there exists § > 0 such that

B(a;5)nDC V. (2.6.6)

Theorem 2.6.7

Let D be a subset of R. A subset V of D is open if D if and only if there exists an open subset G of R such that

V=DnNG. (2.6.7)

Proof available at the end of this section.

Example 2.6.7

Let D=[0,1) and V = [0, §).
Solution

We can write V = D n (-1, 4). Since (—1, 1) is open in R, we conclude from Theorem 2.6.7 that V' is open in D. Notice that
V itself is not an open subset of R.

The following theorem is now a direct consequence of Theorems 2.6.7 and 2.6.1.

Theorem 2.6.8

Let D be a subset of R. The following hold:
a. The subsets ) and D are open in D.
b. The union of any collection of open sets in D is open in D.

c. The intersection of a finite number of open sets in D is open in D.

Proof available at the end of this section.

Definition 2.6.6

Let D be a subset of R. We say that a subset A of D is closed in D if D\ A is open in D.
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Theorem 2.6.9

A subset K of D is closed in D if and only if there exists a closed subset F' of mathbbR such that
K=DNF. (2.6.8)

Proof available at the end of this section.

Example 2.6.8

Let D=[0,1) and K = [1,1).
Solution

We can write K = D N [4,2]. Since [4,2] is closed in R, we conclude from Theorem 2.6.9 that K is closed in D. Notice that
K itself is not a closed subset of R.

Corollary 2.6.10

Let D be a subset of R. A subset K of D is closed in D if and only if for every sequence {z;} in K that converges to a point
T € D it follows that 7 € K.

Proof available at the end of this section.

The following theorem is a direct consequence of Theorems 2.6.9 and 2.6.2.

Theorem 2.6.11

Let D be a subset of R. The following hold:
a. The subsets () and D are closed in D.
b. The intersection of any collection of closed sets in D is closed in D.

c. The union of a finite number of closed sets in D is closed in D.

Proof available at the end of this section.

Example 2.6.9

Consider the set D = [0,1) and the subset A = [1,1).
Solution

Clearly, A is bounded. We showed in Eample 2.6.8 that A is closed in D. However, A is not compact. We show this by finding
a sequence {a,} in A for which no subsequence converges to a point in A.

Indeed, consider the sequence a, = 1 — % for n € N. Then a_{n} \in A\) for all n. Moreover, {a, } converges to 1 and, hence, every
subsequence also converges to 1. Since 1 ¢ A4, it follows that A is not compact.

Exercise 2.6.1

Prove that a subset A of R is open if and only if for any = € A, there exists n € N such that (z — 1/n,z + 1/n) C A.
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Answer available at the end of this section.

Exercise 2.6.2

Prove that the interval [0, 1) is neither open nor closed.

Answer available at the end of this section.

Exercise 2.6.3

Prove that if A and B are compact subsets of R, then A U B is a compact set.

Answer available at the end of this section.

Exercise 2.6.4

Prove that the intersection of any collection of compact subsets of R is compact.

Answer available at the end of this section.

Exercise 2.6.5

Find all limit points and all isolated points of each of the following sets:

a. A=(0,1).

b. B=[0,1).

c. C=Q.

d D={m+1/n:m,ne N}

Answer available at the end of this section.

Exercise 2.6.6

Let D = [0, c0). Classify each subset of D below as open in D, closed in D, neither or both. Justify your answers.

a. A=(0,1)

b. B=N

c. C=QnD.

d D=(-1,1].

e. E=(-2,00).

Answer available at the end of this section.

" This definition of compactness is more commonly reffered to as sequential compactness.

Answers

Theorem 2.6.1
The proof of (a) is straightforward.
(b) Suppose {G,, : « € I} is an arbitrary collection of open subsets of R. That means G,, is open for every a € I. Let us show that the set
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G=JG. (2.6.9)
ael
is open. Take any a € G. Then there exists o € I such that
a € Gy, (2.6.10)
Since G,, is open, there exists § > 0 such that
B(a;6) C G, (2.6.11)
This implies
B(a;0) C G (2.6.12)

because G,, C G. Thus, G is open.
(c) SUppose G;,i =1, ..., n, are open subsets of R. Let us show that the set
G= ﬁGi (2.6.13)
i=1

is also open. Take any a € G. Then a € G, for i = 1, ..., n. Since each G; is open, there existsd; > 0 such that

B(a;6;) C G;. (2.6.14)
Let§=min{d; :i=1,...,n}. Then § > 0 and

B(a;0) C G. (2.6.15)
Thus, G is open. O

Theorem 2.6.2

The proofs for these are simple using the De Morgan's law. Let us prove, for instance, (b). Let {S, : @ € I} be a collection of closed sets. We will prove that the set

§={5a (2.6.16)

ael

is also closed. We have

S = (ﬂ Sa> — s (2.6.17)

acl ael
Thus, S¢ is open because it is a union of opens sets in R (Theorem 2.6.1(b)). Therefore, S is closed. O

Theorem 2.6.3

Suppose A is a closed subset of R and {a,} is a sequence in A that converges to a. Suppose by contradiction that a ¢ A. Since A is closed, there exists £ > 0 such
that B(a;e) = (a —e,a +¢) C A“. Since {a,} converges to q, there exists N € N such that

\[a-\varepsilon
This implies ay € A¢, a contradiction.
Let us now prove the converse. Suppose by contradiction that A is not closed. Then A€ is not open. SInce A is not open, there exists a € A° such that for any ¢ > 0,
one has B(a;e) N A # 0. In particular, for such an a and for each n € N, there exists a,, € B (a; %) N A. It is clear that the sequence {a,} is in A and it is convergent
to a (because |a, —a| < % for all n € N). This is a contradiction since a ¢ A. Therefore, A is closed. O

Theorem 2.6.4

Let A be a nonempty closed set that is bounded above. Then sup A exists. Let m = sup A. To complete the proof, we will show that m € A. Assume by contradiction
that m ¢ A. then m € A¢, which is an open set. So there exists ¢ > 0 such that

(m—6&,m+9d) C A% (2.6.18)
This means there exists no a € A with
\[m-\delta
This contradicts the fact that m is the least upper bound of A (see Proposition 1.5.1). Therefore, max A exists. square
Theorem 2.6.5

Suppose A is a compact subset of R. Let us first show that A is bounded. Suppose, by contradiction, that A is not bounded. Then for every n € N, there exists a,,
€ A such that

lan| > n. (2.6.19)
Since A is compact, there exists a subsequence {a,, } that converges to some a € A that converges to some a € A. Then
lay,| >np >k forall k. (2.6.20)
Therefore, limj_,« |an,| = co. This is a contradiction because {|a,,|} converges to |a|. Thus A is bounded.

Let us now show that A is closed. Let {a,} be a sequence in A that converges to a point a € R. By the definition of compactness, {a,} has a subsequence {a,,}
that converges to b € A. Then a = b € A and, hence, A is closed by Theorem 2.6.3.

For the converse, suppose A is closed and bounded and let {a, } be a sequence in A. Since A is bounded, the sequence is bounded and, by the Bolzano-Weierstrass
theorem (Theorem 2.4.1), it has a convergent subsequence, {ay, }. Say, limj_,« a,, = a. It now follows from Theorem 2.6.3 that a € A. Thhis shows that A is compact
as desired. O

Theorem 2.6.6
Let A be an infinite subset of R and let {a,} be a sequence of A such that
am # ap form#n (2.6.21)

(see Theorem 1.2.7). Since {a,} is bounded, by the Bolzano-Weierstrass theorem (Theorem 2.4.1), it has a convergent subsequence {a,, }. Set b = limj_, a,,. Given
4§ > 0, there exists K € N such that a,, € B(b;d) for k > K. Since the set {a,, : k > K} is infinite, it follows that b is a limit point of A. O

Theorem 2.6.7
Suppose V is open in D. By definition, for every a € V, there exists §, > 0 such that
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B(a;6,)ND C V. (2.6.22)
Define
G = UsevB(a;64) (2.6.23)
Then G is a union of open subsets of R, so G is open. Moreover,
VCGND=Ugy[B(a;6,)N D] C V. (2.6.24)

Therefore, V = G N D.
Let us now prove the convers. Suppose V = G N D, where G is an open set. For any a € V, we have a € G, so there exists § > 0 such that
B(a;0) C G. (2.6.25)
It follows that
B(a;0)NnDCGND=V. (2.6.26)
The proof is now complete. O
Theorem 2.6.8
Add proof here and it will automatically be hidden
Theorem 2.6.9
Suppose K is a closed set in D. Then D\K is open in D. By Theorem 2.6.7, there exists an open set G such that
D\K =DnNG. (2.6.27)
It follows that
K = D\(D\K) = D\(DNG@G) = D\G = DN G". (2.6.28)
Let F'= G*. Then F is a closed subset of R and K = DN F.
Conversely, suppose that there exists a closed subset F of R such that K = DN F. Then
D\K = D\(DNF) = D\F = DN F*. (2.6.29)
Since F¢ is an open subset of R, applying Theorem 2.6.7 again, one has the D\ K is open in D.
Therefore, K is closed in D by definition. o
Corollary 2.6.10
Let D be a subset of R Suppose K is closed in D. By Theorem 2.6.9, there exists a closed subset F of R such that
K=DNF. (2.6.30)
Let {x;} be a sequence in K that converges to a point z € D. Since {z;} is also a sequence in F and F is a closed subset of R, z € F. Thus,z € DN F = K.

Let us prove the converse. Suppose by contradiction that K is not closed in D or D\K is not open in D. Then there exists z € D\ K such that for every ¢ > 0, one
has

B(z;6)ND ¢ D\K. (2.6.31)
In particular, for every k € N,
1
B (gz; E) ND ¢ D\K. (2.6.32)
For each k € N, choose zj, € B(i; %) N D such that z;, ¢ D\K. Then {z;} is a sequence in K and, moreover, {z;} converges to z € D. Then z € K. This is

acontradiction. We conclude that K is closed in D. square
Theorem 2.6.11

Add proof here and it will automatically be hidden
Exercise 2.6.1

Add texts here. Do not delete this text first.
Exercise 2.6.2

Add texts here. Do not delete this text first.
Exercise 2.6.3

Add texts here. Do not delete this text first.
Exercise 2.6.4

Add texts here. Do not delete this text first.
Exercise 2.6.5

Add texts here. Do not delete this text first.
Exercise 2.6.6

Add texts here. Do not delete this text first.

This page titled 2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points is shared under a CC BY-NC 4.0 license and was authored, remixed,
and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style
and standards of the LibreTexts platform.
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3: LIMITS AND CONTINUITY

In this chapter, we extend our analysis of limit processes to functions and give the precise definition of continuous function. We

derive rigorously two fundamental theorems about continuous functions: the extreme value theorem and the intermediate value
theorem.

3.1: Limits of Functions

3.2: Limit Theorems

3.3: Continuity

3.4: Properties of Continuous Functions

3.5: Uniform Continuity

3.6: Limit Superior and Limit Inferior of Functions

3.7: Lower Semicontinuity and Upper Semicontinuity

This page titled 3: Limits and Continuity is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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3.1: Limits of Functions

Definition 3.1.1

Let f: D — R and let z be a limit point of D. We say that f has a limit at z if there exists a real number ¢ such that for every
€ > 0, there exists ¢ > 0 with

|f(z)—¢ <€ (3.1.1)
for all z € D for which 0 < |z — Z| < 4. In this case, we write

lim f(z) = £. (3.1.2)

T

Remark 3.1.1

Note that the limit point z in the definition of limt may or may not be an element of the domain D. In any case, the inequality
|f(z) — ¢| < e need only be satisfied by elements of D.

Example 3.1.1

Let f: R — R be given by f(z) = 5z — 7. We prove that lim,_,» f(z) = 3.
Solution

Let € > 0. First note that |f(z) — 2| = |5z — 7 — 3| = |5z — 10| = 5|z — 2|. This suggests the choice § = ¢/5. Then, if |z —2| < ¢
we have

|f(z) —2| =5z — 2| < 50 =e.

Example 3.1.2

Let f:[0,1) — R be given by f(z) = 2> + z.Letz=1and £ = 2.
Solution

First note that |f(z) — {| = [2® + 2 — 2| = |z — 1||z + 2| and for z € [0,1). |z + 2| < |z| + 2 < 3. Now, given € > 0, choose § = ¢/3
.Then, if [x — 1| < § and z € [0, 1), we have

|f(x)—e\=|x2+x—2|=|x—1\|x+2|<35=3§=g.

This shows that lim,_,; f(z) = 2.

Example 3.1.3

Let f: R — R be given by f(z) = 2% We show that lim,_,» f(z) = 4.

Solution
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First note that | f(z) — 4| = |2* — 4| = |(z — 2)(z + 2)| = |z — 2||z + 2|. Since the domain is all of R the expression |z + 2| is not
bounded and we cannot proceed as in Example 3.1.2. However, we are interested only in values of z close to 2 and, thus, we
impose the condition § < 1. If |z — 2| < 1, then \(-1

Now, given ¢ > 0 we choose § = min {1, £}. Then, whenever |z — 2| < § we get

[fz)—4|=|z—2]z+ 2| < |z —2|(|z| +2) < 5 < e.

Example 3.1.4

Let f: R — R be given by f(z) = 34-2. We prove that lim,_,; f(z) = —1.

z2+3

Solution
First we look at the expression |f(z) — (—4)| and try to identify a factor [z — 1| (because here z = 1.

o= (-3)|==s 3l

Proceeding as in the previous example, if |z — 1| < 1 we get \(-1

z —1)|z +7|.

6z —10+2°+3| |z—1llz+7| <l
243 T 2(z243) T 6

Now, given & > 0, we choose § = min {1, 2¢}. It follows that if |z — 1| < § we get

1 |z + 7| 9
J < = —0<e€.
‘f(x) ( 2)‘_ 6 |z 1|<65_5

The following theorem will let us apply our earlier results on limits of sequences to obtain new results on limits of functions.

Theorem 3.1.2: Sequential Characterization of Limits

Let f: D — R and let z be a limit point of D. Then

lim f(z) = ¢ (3.1.3)
T—T
if and only if
,}H&f(‘”n) =/ (3.1.4)

for every sequence {z,} in D such that z,, # z for every n and {z,} converges to z.

Proof available at the end of this section.

Corollary 3.1.3

Let f: D — R and let z be a limit point of D. f has a limit at z, then this limit is unique.

Proof available at the end of this section.

The following corollary follows directly from Theorem 3.1.2.
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Corollary 3.1.4

Let f: D — R and let z be a limit point of D. Then f does not have a limit at z if and only if there exists a sequence {z,} in
D such that z,, # z for every n, {z, } converges to z, and {f (z,)} does not converge.

Proof available at the end of this section.

Example 3.1.5

Consider the Dirichlet function f: R — R given by

1, ifzeQ

3.1.5
0, ifzeQ° ( )
Then lim,_,; f(x) does not exist for any z € R.

Solution

Indeed, fix £ € R and choose two sequences {r,}, {s,} converging to z such that r,, € Q and s,, ¢ Q for all n € N. Define a
new sequence {z,} by

N Tk, if n =2k (316)
Tn=\ s, ifn=2k—1 -

It is clear that {z,,} converges to z. Moreover, since {f (r,)} converges to 1 and {f (s,)} converges to 0. Theorem 2.1.9 implies
that the sequence {f (z,)} does not converge. It follows from the sequential characterization of limits that lim,_,; f(z) does
not exists.

Let f,g: D — R and let z be a limit point of D. Suppose that

lim f(z) = ¢4, lim g(z) = £, (3.1.7)

T
and that there exists § > 0 such that
f(z) < g(z) for all x € B(z;0) N D,z + Z. (3.1.8)
Then ¢; < 45

Proof available at the end of this section.

Theorem 3.1.6

Let f,g: D — R and let z be a limit point of D. Suppose
lim f(z) = 41, lim g(x) = ¢4, (3.1.9)
Tz T

and ¢; < ¢,. Then there exists § > 0 such that

\[f(x)

Proof available at the end of this section.
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Let f,g,h: D — R and let z be a limit point of D. Suppose there exists § > 0 such that f(z) < g(z) < h(x) for all z € B(Z;0)
N D,z # z. If lim,_; f(z) = lim,_,z h(z) = ¢, then lim,_,; g(z) = £.

Proof available at the end of this section.

Remark 3.1.8

We will adopt the following convention. When we write lim,_,; f(z) without specifying the domain D of f we will assume the
D is the largest subset of R such that if z € D, then f(z) results in a real number. For example, in
lim —— (3.1.10)
we assume D = R\{—3} and in
lim vz (3.1.11)
z—1
we assume D = [0, c0).
Exercise 3.1.1
Use the definition of limit to prove that
a. lim, 3z —7=-1
b. lim,3 (22 +1)=10.
c. limy, &8 =2,
d. limz_,o \/E =0.
e. lim, z% =38.
Answer available at the end of this section.
Exercise 3.1.2
Prove that the following limits do not exist.
a. limzﬁo ﬁ
b. lim, ,cos(1/z).
Answer available at the end of this section.
Exercise 3.1.3
Let f: D — R and let Z be a limit point of D. Prove that if lim,_,; f(z) = ¢, then
lim | f(z)| = |¢]. (3.1.12)
r—T
Give an example to show that the convers is not true in general.
Answer available at the end of this section.

©@®S 72 (3.1.4)



LibreTextS"'
Exercise 3.1.4

Let f: D — R and let Z be a limit point of D. Suppose f(z) > 0 for all x € D. Prove that if lim,_,; f(z) = ¢, then
lim \/ f(z) = V2. (3.1.13)
=T
Answer available at the end of this section.
Exercise 3.1.5
Find lim,_,o z sin(1/z).
Answer available at the end of this section.
Exercise 3.1.6
Let f be the function given by
z, ifzeQnio,1];
= 3.1.14
f(=) {l—z, ifzeQ°no,1]. ( )

Determine which of the following limits exist. For those that exist find their values.

a. lim,_ 159 f().
b. lim, o f(z).
c. lim, 1 f(z).

Answer available at the end of this section.

Answers

Theorem 3.1.2: Sequential Characterization of Limits
Suppose (3.1) holds. Let {z,,} be a sequence in D with z,, # z for every n and such that {z,} converges to z. given any ¢ > 0, there exists § > 0 such that | f(z) — /|
< e whenever z € D and 0 < |z — &| < é. Then there exists N € N with 0 < |z, — z| < ¢ for all n > N. For such n, we have
[f(zn) —C <e. (3.1.15)
This implies (3.2).
Conversely, suppose (3.1) is false. Then there exists £y > 0 such that for every ¢ > 0, there exists z € D with 0 < |z — z| < § and |f(z) — ¢| > (. Thus, for every n € N
, there exits z,, € D with 0 < |z, — Z| < % and |f (z,) — €| > &o. By the squeeze theorem (Theorem 2.1.6), the sequence {z,} converges to z. Moreover, z,, # = for
every n. This shows that (3.2) is false. It follows that (3.2) implies (3.1) and the proof is complete.
m]
Corollary 3.1.3
Suppose by contradiction that f has two different limits ¢, and ¢,. {z,} be a sequence in D\{z} that converges to z. By Theorem 3.1.2, the sequence {f (z,)}
converges to two different limits ¢; and ¢,. this is a contradiction to Theorem 2.1.3. O
Corollary 3.1.4
Add proof here and it will automatically be hidden
Theorem 3.1.5
Let {z,} be a sequence in B(z;0) N D = (z — §,z + §) N D that converges to & and x,, # & for all n. By Theorem 3.1.2,
lim f(z,) =4, and lim g(z,) = {s. (3.1.16)
n—oo n—o0
Since f (z,) < g(z,) foralln € N, applyig Theorem 2.1.5, we obtain ¢, < £,. O
Theorem 3.1.6

Choose ¢ > 0 such that ¢; + ¢ < £5 — € (equivalently, such that e < 22;“ ). Then there exists § > 0 such that

\[\ell_{1}-\varepsilon
for all z € B(z;6) N D,z # . Thus,
\[f(x)<\ell_{1}+\varepsilon<\ell_{2}-\varepsilon

OO0 73 (3.1.5)



LibreTextS“'

The proof is now complete. O
Theorem 3.1.7

The proof is straightforward using Theorem 2.1.6 and Theorem 3.1.2. O
Exercise 3.1.1

Add texts here. Do not delete this text first.
Exercise 3.1.2

Add texts here. Do not delete this text first.
Exercise 3.1.3

Add texts here. Do not delete this text first.
Exercise 3.1.4

Add texts here. Do not delete this text first.
Exercise 3.1.5

Add texts here. Do not delete this text first.
Exercise 3.1.6

Add texts here. Do not delete this text first.

This page titled 3.1: Limits of Functions is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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3.2: Limit Theorems

Here we state and prove various theorems that facilitate the computation of general limits.

Definition 3.2.1

Let f,g: D — R and let ¢ be a constant. The functions f + g, fg, and cf are respectively defined as functions from D to R by
(f+9)(z) = f(z) + g(x),
(fg)(z) = f(z)g(),
(cf)(z) = cf(z)

forz e D.Let D= {z € D: g(z) # 0}. The function 7 is defined as a function from D to R by
g

(5) (z) = gég (3.2.1)

forz € D.

Let f,g: D — R and let ¢ € R. Suppose z is a limit point of D and

lim f(z) = ¢, lim g(z) = m. (3.2.2)

=T T—HT

Then
a. lim, z(f+9g)(x)=L+m,
b. lim, ;(fg)(z) = lm,
c. lim,,;(cf)(z) = ¢,
d. lim,_; <i> (z) = i provided that m # 0.
g m
Proof

Let us first prove (a). Let {z,} be a sequence in D that converges to z and z,, # z for every n. By Theorem 3.1.2,

JLI&f(x") = { and T}l_}r&g(zn) =m. (3.2.3)
It follows from Theorem 2.2.1 that
7}1_}120 (f(zn) + g(zn)) =L+ m. (3.2.4)

Applying Theorem 3.1.2 again, we get lim,_,z(f + g)(z) = £ + m. The proofs of (b) and (c) are similar.
Let us now show that if m # 0, then Z is a limit point of D. Since z is a limit point of D, there is a sequence {u;} in D
converging to z such that u; # & for every k. Since m # 0, it follows from an easy application of Theorem 3.1.6 that there

exists § > 0 with

g(z) # 0 whenever 0 < |z — Z| < 6,z € D.
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This implies
z € D whenever 0 < |z — z| < §,z € D.

Then u; € D for all  sufficiently large, and hence z is a limit point of D. The rest of the proof of (d) can be completed easily
following the proof of (a). O

Example 3.2.1

2
. . 2x —
Consider f: R\{—7} — R given by f(z) = o L i

x+7
Solution
Then, combining all parts of Theorem 3.2.1, we get

) lim,, 5 (2% + 2z — 3) lim, . 922+ lim, , 92z —lim,, 23
lim f(z) = =

o2 lim, , 5(x+7) lim,, o + lim,, 57

(limg 2 2)® + 2lim,, sz —lim,, 23  (—2)2+2(-2)—3 3

lim, , sx+1lim, , o7 —24+7 5

Example 3.2.2

We proceed in the same way to compute the following limit.

14 (22 —1)2
im ———.
20 2+ 7

Solution

14 (22 —1)2 ~ limg 0 1+ limg 0 (22 — 1)2

lim =
z—0 247 limz_m z2 + limz_m 7
141 2
T0+7 7
Example 3.2.3
We now consider
22+ 6x+5

z—=—1 x+1
Solution

Since the limit of the denominator 0 we cannot apply directly part (d) of Theorem 3.2.1. Instead, we first simplify the
expression keeping in mind that in the definition of limit we never need to evaluate the expression at the limit point itself. In
this case, this means we may assume that = # —1. For any such z we have

2’ +6x+5 (z+1)(x+5)

= = 5.
z+1 T+1 ot
Therefore,
246 5
im pAbrto = lim x+5=4.
z——1 z + 1 rz——1
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Theorem 3.2.2: Cauchy's criterion

Let f: D — R and let z be a limit point of D. Then f has a limit at z if and only if for any £ > 0, there exists § > 0 such that
|f(r) — f(s)| < e wheneverr,se Dand 0 < |r — Z| < 6,0 < |s — Z| < 4.

Proof available at the end of this section.

The rest of this section discussed some special limits and their properties.

Definition 3.2.2: Left Limit Point and Right Limit Point

Let a € R and ¢ > 0. Define
B_(a;0) = (a — d,a) and Bi(a;6) = (a,a + 9). (3.2.5)
Given a subset A of R, we say that a is a left limit point of A if for any § > 0, B_(a; §) contains an infinite number of elements

of A. Similarly, a is called a right limit point of A if for any § > 0, B (a; ) contains an infinite number of elements of A.

It follows from the definition that a is a limit point of A if and only if it is a left limit point of A or it is a right limit point of A.

Definition 3.2.3

(One-sided limits) Let f: D — R and let z be a left limit point of D. We write

lim f(z)=1¢ (3.2.6)
=T
if for every ¢ > 0, there exists § > 0 such that
|f(z) —¢| < e for all z € B_(Z;0). (3.2.7)

We say that £ is the left-handed limit of f at z. The right-hand limit of f at £ can bee defined in a similar way and is denoted

lim,_z+ f(x).

Example 3.2.4

Consider the function f: R\{0} — R given by
flz) = —. (3.2.8)
Solution
Let z = 0. Note first that 0 is a limit point of the set D = R\{0} — R. Since, for z > 0, we have f(z) = z/z = 1, we have
Iligh flz) = acli}r{)l+ 1=1. (3.2.9)
Similarly, for z < 0 we have f(z) = —z/z = —1. Therefore,

lim f(z) = lim —1 =—1. (3.2.10)

T=T z—0~
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Example 3.2.5

Consider the function f: R — R given by

T +4, ifz < —1;
= 3.2.11
f(@) { 2?2 —1, ifzx>-—1. ( )
Solution
We have
lim f(z) = lim 2?—1=0, (3.2.12)
r——1+ rz——1*
and
lim f(z)= lim z+4=3, (3.2.13)
z——1— z——1-

The following theorem follows directly from the definition of one-sided limits.

Let f: D — R and let z be both a left limit point of D and a right limit point of D. Then

lim f(z) = ¢ (3.2.14)

if and only if

lim f(z) = ¢ and 11)11_17 flz) =¢. (3.2.15)

T+

Proof available at the end of this section.

Example 3.2.6
||

It follows from Example 3.2.4 that lim,_, % does not exists, since the one-sided limits do not agree.
Solution

Add text here.

Definition 3.2.4

(monotonicity) Let f: (a,b) — R.

1. We say that f is increasing on (a, b) if, for all z1, 5 € (a,b), \(x_{1}
2. We say that f is decreasing on (a,b) if, for all z1,zs € (a,b), \(x_{1}

If f is increasing or decreasing on (a,b), we say that f is monotone on this interval. Strict monotonicity can be defined
similarly using strict inequalities: \(f\left(x_{1})\right)f\left(x_{2}\right)\) in (2).
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Theorem 3.2.4

Suppose f: (a,b) — R is increasing on (a,b) and z € (a,b). Then lim,_,z- f(z) and lim,_,;+ f(x) exist. Moreover,
\[\sup _{a

Proof available at the end of this section.

Let

By(z;0) = B_(z;0) UB4(7;0) = (£ — 6,z + 0)\{z}. (3.2.16)

Definition 3.2.5

(infinite limits) Let f: D — R and let z be a limit point of D. We write

lim f(z) = 0] (3.2.17)
Tr—x
if for every M € R, there exists 6 > 0 such that
f(x) > M for all x € By(z;6) N D. (3.2.18)
Similarly, we write
lim f(z) = —oc0 (3.2.19)

T—T

if for every M € R, there exists § > 0 such that

\[f(x)

Infinite limits of functions have similar properties to those of sequences from Chapter 2 (see Definition 2.3.2 and Theorem 2.3.6).

Example 3.2.7

1
We show that lim,_,; ———— = oo directly from Definition 3.2.5.

(z—1)?

Solution

Let M € R. We want to find § > 0 that will guarantee ———— > M whenever 0 < [z — 1| < . As in the case of finite limits, we

(z—1)
1 . . . c .
work backwards from @o1 > M to an inequality for |z — 1|. To simplify calculations, note that |M| + 1 > M. Next note that
T —
! > |M| + 1, is equivalent to L > |z —1|
(x—1)2 D |M|+1 ’
1 q
Now, choose ¢ such that 0 < § < 1/ 41 Then, if 0 < |z — 1| < § we have
1 1 1
>—>—— —|M|+1>M, 3.2.20
|M| +1

as desired.
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Definition 3.2.6

(limits at infinity) Let f: D — R, where D is not bounded above. We write

le flx)=1¢ (3.2.21)
if for every € > 0, there exists ¢ € R such that
|f(z) — 4| <eforall z >c,zeD. (3.2.22)
Let f: D — R, where D is not bounded below. We write
1_i>r_n flz)=1¢ (3.2.23)
if for every ¢ > 0, there exists ¢ € R such that
\[f(x)-\ell|<\varepsilon \text { for all } x
We can also define
lim f(z) = 00 and lim f(z) = +o0 (3.2.24)
—00 Tr——00
in a similar way.
Example 3.2.8
We prove form the definition that
b ST E Y (3.2.25)
o0 2241 27 -
Solution
The approach is similar to that for sequences, with the difference that z need not be an integer.
Let € > 0. We want to indentify ¢ so that
322+ 3
_ 2 3.2.26
222 +1 2 ‘ = )
for all \(x
322 +x 3 |2z — 3|
Now, v, —— =
22241 2 2(222+1)
Therefore, simplifying, 3.5 is equivalent to
1 2(22%+1)
=KL = 3.2.27
€ |2z — 3| ( )
i ; . 4x? 2(22%+1) ) ) ,
We first restrict = to be less than 0, so |2z — 3| > 3. Then, since 5 < ﬁ 3.6 will be guaranteed if 1/ < 4z?/3 or
B —
equivalently 1/3/(4¢) < |z|. We set ¢ < min{0, —+/3/(4¢)}. Then, if \(x
3z2+2 3 |22 — 3|
s <& 3.2.28
222 + 1 2’ 20222+ 1) ° (32.28)

BIOIS) 80 (3.2.6)



LibreTextS"
Exercise 3.2.1

Find the following limits:
_ 322 — 2z +5
a. limy o ———,
z—3
z?+4z+3
z2—9

b. limzﬁ_g

Answer available at the end of this section.

Exercise 3.2.2

Let f: D — R and let z is a limit point of D. Prove that if lim,_,; f(z) exists, then

lim [f(z)]" = nglirglE f(z)]n, for any n € N.

Tr—T

Answer available at the end of this section.

Exercise 3.2.3

Find the following limits:

. vz -1
a. hmz_>1 m,
. ™ —1
b. lim, ,; ———, where m,n € N,
" —1
Vr—1
c. lim, %, where m,n € Nym,n > 2,
_ 3
d. lim,_, M

rz—1

Answer available at the end of this section.

Exercise 3.2.4

Find the following limits:

a. lim, .o (\3/.’03 + 322 — V22 + 1).
b. lim, ., o (\3/x3 + 322 — V22 + 1).

Answer available at the end of this section.

Exercise 3.2.5

Let f: D — R and let z be a limit point of D. Suppose that

|f(x) — f(y)| < klz —y| for all z,y € D\{z},

where k > 0 is a constant. Prove that lim,_,; f(x) exists.

Answer available at the end of this section.
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Exercise 3.2.6

Determine the one-sided limits lim,_,3+[z] and lim,_,3-[z], where [z] denotes the greatest integer that is less than or equal to
z.

Answer available at the end of this section.

Exercise 3.2.7

Find each of the following limits if they exist:

z+1
r—1"
b. lim,_o+ |23 sin(1/z)|.

a. limwﬁl-ﬁ-

c. lim, i (z — [z]).

Answer available at the end of this section.

Exercise 3.2.8

For a € R, let f be the function given by

x? if x > 1;
= ’ ) 3.2.31
f(z) { arx —1, ifx<1. ( )

Find the value of a such that lim,_,; f(x) exists.

Answer available at the end of this section.

Exercise 3.2.9

Determine all values of z such that the limit lim,_,;(1 + z — [z]) exists.

Answer available at the end of this section.

Exercise 3.2.10

Let a,b € R and suppose f: (a,b) — R is increasing. Prove the following.

a. If fis bounded above, then lim,_,;- f(x) exists and is a real number.
b. If fis not bounded above, then lim, ;- f(z) = .

State and prove analogous reasults in case f is bounded below and in case that the domain of f is one of (—c0, b), (a, o), or
(7007 OO)

Answer available at the end of this section.

Answers

Theorem 3.2.2: Cauchy's criterion
Suppose lim,_,; f(z) = £. Given € > 0, there exists § > 0 such that
[f(z) =€ < % whenever z € Dand 0 < |z — | < 4.
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Thus, for r,s € Dwith 0 < |[r —Z| < d and 0 < |s — Z| < 4, we have

[£(r) = f) < [f(r) = L]+ €= f(s)] <e. (3.2.32)
Let us prove the converse. Fix a sequence {u,} in D such with lim,_, u, = Z and u,, # z for every n. Given ¢ > 0, there exists § > 0 such that
[f(r) — f(s)| <ewhenever r,se Dand 0 < |r —Z| < 4,0 < |s —Z| < 4.
Then there exists N € N satisfying

0< |u, —z| <dforalln > N.
This implies
|f (un) — f(un)| < eforallm,n > N.
Thus, {f (u,)} is a Cauchy sequence, and hence there exists £ € R such that
lim f(u,) =¢. (3.2.33)

n—oo
We now prove that f has limit £ at z using Theorem 3.1.2. Let {z,} be a sequence in D such that lim,_, z, =  and z,, # = for every n. By the previous argument,
there exists ¢’ € R such that

Jim f(z) =2 (3.2.34)

Fix any e > 0 and let 6 > 0 satisfy (3.3). There exists K € N such that
lu, — | < dand |z, —z| <6
for all n > K. Then |f (u,) — f (z,)| < e for such n. Letting n — oo, we have |[¢ —¢’| < e. Thus, £ = ¢’ since ¢ is arbitrary. It now follows from Theorem 3.1.2 that
lim,,; f(z) =¢.0
Theorem 3.2.3
Add proof here and it will automatically be hidden
Theorem 3.2.4
Since f(z) < f(z) for all z € (a, Z), the set
{f(z):z € (a,2)} (3.2.35)
is nonempty and bounded above. Thus,
\[\ell=\sup _{a
is a real number. We will show that lim,_,;- f(z) = £. For any € > 0, by the definition of the least upper bound, there exists \(a
\[\ell-\varepsilon
Let § = & — x; > 0. Using the increasing monotonicity, we get
\[\ell-\varepsilon
Therefore, lim,_,;- f(x) = £. The rest of the proof of the theorem is similar. o
Exercise 3.2.1
Add texts here. Do not delete this text first.

Exercise 3.2.2

Add texts here. Do not delete this text first.
Exercise 3.2.3

Add texts here. Do not delete this text first.
Exercise 3.2.4

Add texts here. Do not delete this text first.
Exercise 3.2.5

Add texts here. Do not delete this text first.
Exercise 3.2.6

Add texts here. Do not delete this text first.
Exercise 3.2.7

Add texts here. Do not delete this text first.
Exercise 3.2.8

Add texts here. Do not delete this text first.
Exercise 3.2.9

Add texts here. Do not delete this text first.
Exercise 3.2.10

Add texts here. Do not delete this text first.

This page titled 3.2: Limit Theorems is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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3.3: Continuity

Definition 3.3.1: Continuous

Let D be a nonempty subset of R and let f: D — R be a function. The function f is said to be continuous at x, € D if for any
real number € > 0, there exists § > 0 such that if z € D and |z — z¢| < ¢, then

|f(z) — f (@o)| <e. (3.3.1)

If fis continuous at every point z € D, we say that f is continuous on D (or just continuous if no confusion occurs).

f(xo) + € .
b e e
f(l'n) ------------------

f(;f-'u) — L=

] L] F
To—0 TOT xy+ 0
Figure 3.1: Definition of Continuity.
Example 3.3.1

Let f: R — R be given by f(z) =3z + 7.

Solution

Let 2y € R and let € > 0. Choose ¢ = ¢/3. Then if |z — x| < J, we have

[f(@)— f(zo)| =32 4+T—Bzo+7)|=13(z— )| =3z —z¢| <3 =¢. (3.3.2)

This shows that f is continuous at z.

Remark 3.3.1

Note that the above definition of continuity does not mention limits. This allows to include in the definition, points zq € D
which are not limit points of D. If z is an isolated point of D, then there is § > 0 such that B (z(;d) N D = {z}. It follows that
for z € B(zp;0) N D, |f(z) — f (z0)] = 0 < e for any epsilon. Therefore, every function is continuous at an isolated point of its
domain.

To study continuity at limit points of D, we have the following theorem which follows directly from the definitions of continuity and
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limit.

Let f: D — R and let o € D be a limit point of D. Then f is continuous at z, if and only if

lim f(2) = f (@0) (3.3.3)

Proof available at the end of this section.

Example 3.3.2

Let f: R — R be given by f(z) = 322 — 2z + 1.
Solution
Fix z¢ € R. Since, from the results of the previous theorem, we have

lim f(z) = lim (32% — 2z + 1) = 32} — 229 + 1 = f (o)

=T T

it follows that f is continuous at z.

The following theorem follows directly from the definition of continuity, Theorem 3.1.2 and Theorem 3.3.2 and we leave its proof
as an exercise.

Let f: D — R and let o € D. Then f is continuous at z0 if and only if for any sequence {z;} in D that converges to z, the
sequence {f (z)} converges to f (z).

Proof available at the end of this section.

The proofs of the next two theorems are straightforward using Theorem 3.3.3.

Theorem 3.3.4

Let f,g: D — R and let zy € D. Suppose f and g are continuous at zy. Then

a. f+gand fgare continuous at z0.
b. cf is continuous at zy for any constant c.
c. If g(zg) # 0, then % (defined on D = {z € D : g(x) # 0}) is continuous at z.

Proof available at the end of this section.

Let f: D — R and let g: F — R with f(D) C E. If f is continuous at z, ang g is continuous at f (z), then g o f is continuous
at x.

Proof available at the end of this section.
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Exercise 3.3.1

Prove, using definition 3.3.1, that each of the following functions is continuous on the given domain:

a. f(z)=azr+b,a,beR, onR.
b. f(z)=2%>—-3onR.

c. f(z)=+/z on [0,c0).

d. f(z) =< on R\{0}.

Exercise 3.3.2

Determine the values of x at which each function is continuous. The domain of all the functions is R.

f(x)={ 5l Hers

a.
1, ifx=0.
Sing - f g oL (;
b. fl@)=4q "
1, ifx=0.
zsinl, if z #0;
c. flz)= Zh '
1@ 0, ifz=0.
cos 2=, if x| < 1;
d fz) = 2

|z —1f, if|z] > 1.

e. f(z)=lim, . sin m, zeR.

Exercise 3.3.3

Let f: R — R be the function given by

z2+a, ifzx>2
= ’ ’ 3.3.4
f(=) { ar —1, ifz<2. ( )

Find the value of a such that f is continuous

Exercise 3.3.4

Let f: D — R and let zy € D. Prove that if f is continuous at z, then |f| is continuous at this point. Is the converse true in
general

Exercise 3.3.5

Prove Theorem 3.3.3. (Hint: treat separately the cases when z; is a limit point D and when it is not.

Exercise 3.3.6

Prove parts (b) and (c) of Theorem 3.3.4
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Exercise 3.3.7

Prove Theorem 3.3.5

Exercise 3.3.8

Explore the continuity of the function f in each case below.

a. Letg,h:[0,1] — R be continuous functions and define

_ [ g(x), ifzeQn]o,1];
A= { h(z), ifzeQ°NI0,1]. (3.3.5)

Prove that if g(a) = h(a), for some a € [0,1], then f is continuous at a.

b. Let f:[0,1] — R be the function given by

=z, ifxeQnIo,1];
fe) = { 1—z, ifzeQon[o,1]. (3:3.6)
Find all the points on [0, 1] at which the function is continuous
Exercise 3.3.9
Consider the Thomae function on (0, 1] by
1 ifr=2 .
) = g if z = DA€ N, where p and ¢ have no common factors; (33.7)
0, if z is irrational.
a. Prove that for every ¢ > 0, the set
A, ={z € (0,1]: f(z) > e} (3.3.8)

is finite.
b. Prove that f is continuous at every irrational point, and discontinuous at every rational point.

Answer available at the end of this section.

Exercise 3.3.10

Consider k distinct points z1, zo, ...,z € R, k > 1. Find a function defined on R that is continuous at each z;,i =1, ..., k, and
discontinuous at all other points.

Answer available at the end of this section.

Suppose that f, g are continuous functions on R and f(z) = g(z) for all € Q. Prove that f(z) = g(z) for all z € R.

Answer available at the end of this section.
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Answers

Theorem 3.3.2

Add proof here and it will automatically be hidden
Theorem 3.3.3

Add proof here and it will automatically be hidden
Theorem 3.3.4

We prove (a) and leave the other parts as an exercise. We will use Theorem 3.3.3. Let {z;} be a sequence in D that converges to z,. Since f and g are continuous
at zg, by Theorem 3.3.3 we obtain that {f (z;)} converges to f(z() and {g(z\)} converges to g(z¢). By Theorem 2.2.1 (a), we get that {f (x1) + g (zx)} converges to
f (zo) + g (zo). Therefore,

lim (f +g) (@4) = lim £ (@) + g (@) = £ (20) + 9 (w0) = (F + 9) (w0). (3:3.9)
Since {z;} was arbitrary, using Theorem 3.3.3 again we conclude f + g is continuous at z¢. O
Theorem 3.3.5
Add proof here and it will automatically be hidden
Exercise 3.3.9
Add texts here. Do not delete this text first.
Exercise 3.3.10
Add texts here. Do not delete this text first.
Exercise 3.3.11
Add texts here. Do not delete this text first.

This page titled 3.3: Continuity is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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3.4: Properties of Continuous Functions

Recall from Definition 2.6.3 that a subset A of R is compact if and only if every sequence {a,} in A has a subsequence {a,,} that
converges to a point a € A.

Theorem 3.4.1

Let D be a nonempty compact subset of R and let f: D — R be a continuous function. Then fD is a compact subset of R. In
particular, f(D) is closed and bounded.

Proof available at the end of this section.

Definitions 3.4.1: Absolute Minimum and Absolute Maximum

We say that the function f: D — R has an absolute minimum at z € D if
f(z) > f(z) for every z € D. (34.1)
Similarly, we say that f has an absolute maximum at z if

f(z) < f(z) for every z € D. (3.4.2)

a b

Figure 3.2: Absolute maximum and absolute minimum of f on [a, b].

Theorem 3.4.2: Extreme Value Theorem

Suppose f: D — R is continuous and D is a compact set. Then f has an absolute minimum and an asolute maximum on D.

Proof available at the end of this section.
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Remark 3.4.3

The proof of Theorem 3.4.2 can be shortened by applying Theorem 2.6.4. However, we have provided a direct proof instead.

Corollary 3.4.4

If f: [a,b] — R is continuous, then it has an absolute minimum and an absolute maximum on |[a, b].

Proof available at the end of this section.
Corollary 3.4.4 is sometimes referred to as the Extreme Value Theorem. It follows immediately from Theorem 3.4.2, and the fact
that the interval [a, b] is compact (see Example 2.6.4).

The following result is a basic property of continuous functions that is used in a variety of situations.

Let f: D — R be continuous at ¢ € D. Suppose f(c) > 0. Then there exists ¢ > 0 such that

f(z) > 0 for every z € B(c;6) N D. (3.4.3)

Proof available at the end of this section.

Remark 3.4.6

An analogous result holds if f(c) < 0.

Theorem 3.4.7

Let f: [a,b] — R be a continuous function. Suppose f(a) - f(b) < 0 (this means either \(f(a)<®8>f(b)\)). Then there exists c
€ (a,b) such that f(c) = 0.

Proof available at the end of this section.

Theorem 3.4.8 - Intermediate Value Theorem.

Let f: [a,b] — R be a continuous function. Suppose \(f(a)<\gamma

The same conclusion follows if f(a) > v > f(b).
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-
Figure 3.3: Illustration of the Intermediate Value Theorem.
Proof available at the end of this section.
Corollary 3.4.9
Let f: [a,b] — R be a continuous function. Let
m = min{f(z) : z € [a,b]} and M = max{f(z) : z € [a, b]}. (3.4.4)

Then for every v € [m, M], there exists ¢ € [a, b] such that f(c) = ~.

Proof available at the end of this section.

Example 3.4.1

We will use the Intermediate Value Theorem to prove that the equation e* = —z has at least one real solution. We will assume
known that the exponential function is continuous on R and that e* < 1 for z < 0.

Solution
First define the function f: R — R by f(z) = e® + z. Notice that the given equation has a solution z if and only if f(z) = 0.
Now, the function f is continuous (as the sum of continuous functions). Moreover, note that f(—1) =e ! + (—-1) <1—-1=0

and f(0) =1 > 0. We can now apply the Intermediate Value Theorem to the function f on the interval [—1,0] with v =0 to
conclude that there is ¢ € [—1, 0] such that f(c) = 0. The point c is the desired solution to the original equation.

Example 3.4.2

We show now that, given n € N, every positive real number has a positive n-th root.
Solution
Let n € N and let a € R with a > 0. First observe that (1 +a)" > 1 + na > a (see Exercise 1.3.7). Now consider the function f

: [0,00) — R given by f(z) = z". Since f(0) = 0 and f(1 + a) > q, it follows from the Intermediate Value Theorem that there is
z € (0,1 + a) such that f(z) = a. That is, " = a, as desired. (We show later in Example 4.3.1 that such an z is unique.)

We present below a second proof of Theorem 3.4.8 that does not depend on Theorem 3.4.7, but, instead, relies on the Nested
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Intervals Theorem (Theorem 2.3.3).

Second Proof of Theorem 3.4.8:

We construct a sequence of nested intervals as follows. Set a; = a, by = b, and let I; = [a,b]. Let ¢; = (a +b)/2. If f(c1) =,
we are done. Otherwise, either

fler) >~ or

P < (8.45)

In the first case, set ay = a; and b; = ¢;. In the second case, set a; = ¢; and by = by. Now set I, = [as, bs]. Note that in either
case,

\[f\left(a_{2}\right)<\gamma

Set ¢y = (ag + by) /2. If f(c2) =, again we are done. Otherwise, either

flea) >~ or

fles) <7 (3.46)

In the first case, set a3 = as and b = c,. In the second case, set a3 = ¢y and bs = by. Now set I3 = [a3, b3]. Note that in either
case,

\[f\left(a_{3}\right)<\gamma

Proceeding in this way, either we find some ¢, such that f(c,,) =~ and, hence, the proof is complete, or we construct a
sequence of closed bounded intervals {I,,} with I,, = [a,, b,] such that for all n,

i In ) In+17
iil. b,—a,=(b—a)/2" !, and
iii. \(f\left(a_{n}\right)<\gamma

In this case, we proceed as follows. Condition (ii) implies that lim, , (b, —a,) = 0. By the Nested Intervals Theorem
(Theorem 2.3.3, part(b)), there exists ¢ € [a, b] such that (2, I,, = {c}. Moreover, as we see from the proof of that theorem, a,,
— cand b, — casn — oo.

By the continuity of f, we get

lim, o f (an) = f(¢) and

3.4.7
lin,, 00 f (ba) = f(c) (3.4.7)
Since \(f\left(a_{n}\right)<\gamma
f(e) <~ and
3.4.8
fle) =y (348)

It follows that f(c) = . Note that, since \(f(a)<\gamma

Now we are going to discus the continuity of the inverse function. For a function f: D — E, where E is a subset of R, we can
define the new function f: D — R by the same function notation. The function f: D — FE is said to be continuous at a point z € D
if the corresponding function f: D — R is continuous at z.

Theorem 3.4.10

Let f: [a,b] — R be strictly increasing and continuous on [a, b]. Let ¢ = f(a) and d = f(b). Then f is one-to-one, f([a, b]) = [c, d]
, and the inverse function f~! defined on [c, d] by
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2 (f(x)) = = where z € [a, D], (3.4.9)
is a continuous function from [¢, d] onto [a, b].

Proof available at the end of this section.

A similar result holds if the domain of f is the open interval (a,b) with some additional considerations. If f: (a,b) — R is
increasing and bounded, followin the argument in Theorem 3.2.4 we can show that both lim, .+ f(z) = ¢ and lim, ;- f(z) =d
exist in R (see Exercise 3.2.10). Using the Intermediate Value Theorem we obtain that f((a,b)) = (c,d). We can now proceed
as in the previous theorem to show that f has a continuous inverse from (c, d) to (a, b).

If : (a,b) — R is increasing, continuous, bounded below, but not bounded above, then lim,_,,+ f(z) = ¢ € R, but lim,_,,- f(z) = oo
(again see Exercise 3.2.10). In this case we can show using the Intermediate Value Theorem that f((a,b)) = (¢,00) and we can
proceed as above to prove that f has a continuous inverse from (¢, ) to (a, b).

The other possibilities lead to similar results.

A similar theorem can be proved for strictly decreasing functions.

Exercise 3.4.1

Let f: D — R be continuous at ¢ € D and let v € R. Suppose f(c) > 7. Prove that there exists § > 0 such that
f(z) > v for every z € B(c;6) N D. (3.4.10)

Answer available at the end of this section.

Exercise 3.4.2

Let f, g be continuous functions on [a, b]. Suppose \(f(a)g(b)\). Prove that there exists x, € (a,b) such that f (z¢) = g (o).

Exercise 3.4.3

Prove that the equation cos z = x has at least one solution in R. (Assume known that the function cos z is continuous.

Exercise 3.4.4

Prove that the equation 2 —2 = cos(z + 1) has at least two real solutions. (Assume known that the function cosz is
continuous.)

Exercise 3.4.5

Let f: [a,b] — [a,b] be a continuous function.

a. Prove that the equation f(z) = x has a solution on [a, b].
b. Suppose further that

1£(@) = f)] < |z —y] for all 2,y € [a,b], # . (3.4.11)

®
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Prove that the equation f(z) = x has a unique solution on [a, b]

Exercise 3.4.6

Let f be a continuous function on [a, ] and zy, 3, ..., T, € [a, b]. Prove that there exists c € [a, b] with

\[f(c)=\frac{f\left(x_{1}\right)+f\left(x_{2}\right)+\cdots f\left(x_{n}\right)}{n}.\

Exercise 3.4.7

Suppose f is a continuous function on R such that |f(z)| < |z| for all z # 0.

a. Prove that f(0) = 0.
b. Given two positive numbers a and b with a < b, prove that there exists ¢ € [0, 1) such that

|f(z)] < £)z| for all z € [a, b). (3.4.12)

Exercise 3.4.8

Let f,g:[0,1] — [0, 1] be continuous functions such that

f(g(=)) = g(f(x)) for all z € [0,1].

Suppose further that f is monotone. Prove that there exists z € [0, 1] such that

f(zo) = g(x0) = zo-

Answers

Theorem 3.4.1
Take any sequence {y,} in f(D). Then for each n, there exists a,, € D such that y, = f(a,). Since D is compact, there exists a subsequence {a,,} of {a,} and a
point a € D such that

lim a,, =a € D. (3.4.13)
k—o0
It now follows from Theorem 3.3.3 that
lim y,, = lim f(a,,) = f(a) € f(D). (3.4.14)
k—o0 k—o0

Therefore, f(D) is compact.
The final conclusion follows from Theorem 2.6.5 O
Theorem 3.4.2: Extreme Value Theorem
Since D is compact, A = f(D) is closed and bounded (see Theorem 2.6.5). Let
=inf A = inf . 4.1
m=in nf f(zx) (3.4.15)

In particular, m € R. For every n € N, there exists a,, € A such that

\[m \leq a_{n}

For each n, since a,, € A = f(D), there exists z,, € D such that a, = f (z,) and, hence,

\[m \leq f\left(x_{n}\right)

By the compactness of D, there exists an element z € D and a subsequence {z,,} that converges to z € D as k — cc. Because

\[m \leq f\left(x_{n_{k}}\right)

by the squeeze theorem (Theorem 2.1.6) we conclude limy_,« f (z,,) = m. On the other hand, by continuity we have lim_, f (z,,) = f(z). We conclude that f(z)

=m < f(z) for every z € D. Thus, f has an absolute minimum at z. The proof is similar for the case of absolute maximum. O
Corollary 3.4.4

Add proof here and it will automatically be hidden
Lemma 3.4.5

Let e = f(c¢) > 0. By the continuity of f at ¢, ther exists § > 0 such that z € D and |z — ¢| < §, then

[f(z) = fle)l <e.

This implies, in particular, that f(z) > f(c) —e = 0 for every z € B(c; §) N D. The proof is now complete. O
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Theorem 3.4.7
We prove only the case \(f(a)<®0>f(b)\) is completely analogous). Define
A={z€a,b]: f(z) <0} (3.4.16)
This set is nonempty since a € A. This set is also bounded since A C [a, b]. Therefore, ¢ = sup A exists and a < ¢ < b. We are going to prove that f(c) = 0 by showing
that f(c) < 0 and f(c) > 0 lead to contradictions.
Suppose f(c) < 0. Then there exists § > 0 such that
f(z) <0 for all z € B(c;0) N [a,b]. (3.4.17)
Because \(c®\)), we can find s € (c,b) such that f(s) < 0 (indeed s = min{c + §/2, (c + b)/2} will do). This is a contradiction because s € A and s > c.
Suppose f(c) > 0. Then there exists § > 0 such that
f(z) >0 for all z € B(c;0) N [a,b]. (3.4.18)
Since \(a®\) for all z € (¢, ¢) (in fact, t = max{c —§/2, (a + ¢)/2} will do). On the other hand, since t < ¢ = sup a,="" there="" exists=""t' =" " €=""a=""with=""t < ¢’
=""<=""¢c=""but=""then=""¢ < t'=""and="" f (¢') =" ”0.="" this="" is="" a="" contradiction.="" we="" conclude="" that="" f(c) = ”0." O<="" p=""> </c=\sup>
Theorem 3.4.8 - Intermediate Value Theorem.
Define
o(z) = f(x) — v,z € [a,b]. (3.4.19)
Then ¢ is continuous on [a, b]. Moreover,
p(a)p(d) = [f(a) —AIIf(b) =] <O. (3.4.20)
By Theorem 3.4.7, there exists c € (a, b) such that ¢(c) = 0. This is equivalent to f(c) = v. The proof is now complete. O
Corollary 3.4.9
Add proof here and it will automatically be hidden
Theorem 3.4.10

The first two assertions follow from the monotonicity of f and the Intermediate Value Theorem (see also Corollary 3.4.9). We will prove that f~! is continuous on
le,d). Fix any g € [¢,d] and fix any sequence {y;} in [c, d] that converges to §. Let Z € [a, b] and z;, € [a, b] be such that

f(@) =gy and f(zy) = ys for every k. (3.4.21)

Then f~1(3) = z and f~! (yx) = z, for every k. Suppose by contradiction that {z;} does not converge to z. Then there exists ¢y > 0 and a subsequence {z},} of {z}}
such that

|zk, — &| > € for every £. (3.4.22)

Since the sequence {z},} is bounded, it has a further subsequence that converges to z, € [a, b]. To simplify the notation, we will again call the new subsequence
{z,}. Taking limits in (3.7), we get

‘Zn — i‘ >¢ep>0. (3423)
On the other hand, by the continuity of f, {f (zx,)} converges to f(z). Since f (zy,) = yr, — § as £ — oo, it follows that f(z¢) = y = f(z). This implies z( = &, which
contradicts (3.8). O

Exercise 3.4.1
Add texts here. Do not delete this text first.

This page titled 3.4: Properties of Continuous Functions is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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3.5: Uniform Continuity

We discuss here a stronger notion of continuity.

Definition 3.5.1: Uniformly Continuous

Let D be a nonempty subset of R. A function f: D — R is called uniformly continuous on D if for any € > 0, there exists § > 0
such that if u,v € D and |u — v| < §, then

|F(w) — f0)] < e. (3.5.1)

Example 3.5.1

Any constant function f: D — R, is uniformly continuous on its domain.
Solution

Indeed, given e > 0, | f(u) — f(v)| = 0 < e for all u,v € D regardless of the choice of 4.

The following result is straightforward from the definition.

If f: D — R is uniformly continuous on D, then f is continuous at every point zo € D.

Example 3.5.2

Let f: R — R be given by f(z) = 7z — 2. We will show that f is uniformly continuous on R.
Solution
Let e > 0 and choose § = /7. Then, if u,v € R and |u — v| < §, we have

[f(w) = f@) = Tu—=2—(Tv=2)| = [T(u—v)| = Tlu—v| <Td=¢

Example 3.5.3

Let f:[-3,2] — R be given by f(z) = z2. This function is uniformly continuous on [—3, 2].
Solution

Let £ > 0. First observe that for u,v € [—3,2] we have |u + v| < |u| + |v| < 6. Now set § = /6. Then, for u,v € [—3, 2] satisfying
|lu —v| < &, we have

|f(u) — f(v)| = [u®> — 0| = [u—v||lu+v| < 6lu—v| <65 =e.
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Example 3.5.4

Let f: R — R be given by f(z) = le . We will show that f is uniformly continuous on R.

Solution

Let ¢ > 0. We observe first that

| w9 - uz(vz—f—l)—vz(uz—l—l)‘
wl4+1 241 (u?+1)(v2+1)
lu—vllu+v| |u — vl (lul + [v])

@D @+D) < @r) @+
lu—v| ((u®+1)+ (?+1))
G+ D (21 1)

7N

u—v| | —— <2lu—w
=l (o + o) <2l

(where we used that |z| < 2% + 1 for all z € R, which can be easily seen by considering separately the cases |z| < 1 and |z|
>1).

Now set § = £/2. In view of the previous calculation, given u, v € R satisfying |u — v| < § we have

u?

\f(u)—f(v)|: M—-l—l_v;ﬁ

‘§2\u—v| <20 =¢.

Definition 3.5.2: Holder Continuity

Let D be a nonempty subset of R. A function f: D — R is said to be Hélder continuous if there are constants £ > 0 and a > 0
such that

|f(u) — f(v)| < £u—v|* for every u,v € D. (3.5.2)

The number « is called Holder exponent of the function. If a = 1, then the function f is called Lipschitz continuous.

If a function f: D — R is Holder continuous, then it is uniformly continuous.

Proof available at the end of this section.

Example 3.5.5

1. Let D = [a, ), where a > 0.(2) Let D = [0, c0).
Solution

1. Then the function f(z) = /7 is Lipschitz continuous on D and, hence, uniformly continuous on this set. Indeed, for any
u,v € D, we have

|u—v|

1
|f(w) = f)| = [Vu— V| = W AW

|lu — v, (3.5.3)

which shows f is Lipschitz with £ = 1/(2+v/a).
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Figure 3.4: The square root function.

2. Then f is not Lipschitz continuous on D, but it is Holder continuous on D and, hence, f is also uniformly continuous on
this set.

Indeed, suppose by contradiction that f is Lipschitz continuous on D. Then there exists a constant £ > 0 such htat

|[f(w) — ()| = [Vu — V| < £lu —v] for every u,v € D. (3.5.4)
Thus, for every n € N, we have
1 1
— =0 Sf‘—f()‘. 3.5.5
==l 559
This implies
Vn < lorn < for every n € N. (3.5.6)

This is a contradiction. Therefore, f is not Lipschitz continuous on D.
Let us show that f is Holder continuous on D. We are going to prove that

|f(u) — f(v)] < |u—v]|"/? for every u,v € D. (3.5.7)
The inequality in (3.9) holds obviously for . = v = 0. For v > 0 or v > 0, we have

|f(w) = f(v)] = [Vu— V7|

‘ u—v

F o

\/—+\/— (3.5.8)
N Ear

=t

u— vl

Note that one can justify that inequality

VIR _ |
VTR

by squaring both sides since they are both positive. Thus, (3.9) is satisfied.

(3.5.9)

While every uniformly continuous function on a set D is also continuous at each point of D, the converse is not true in general.
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The following example illustrates this point.

Example 3.5.6

Let f:(0,1) — R be given by

f(z) (3.5.10)

- o

Figure 3.5: Continuous but not uniformly continuous on (0, co).

Solution

We already know that this function is continuous at every z € (0, 1). We will show that f is not uniformly continuous on (0, 1).
Lete =2 and ¢ > 0. Set §, = min{d/2,1/4}, x = &y, and y = 26,. Then z,y € (0,1) and |z — y| = dp < 4, but

_ | %o
| 262

1 1_‘y
oyl

1
=|—|>2=c¢. 5.11
‘250’— ¢ (3:5.11)

|f(=) = f(y)l =

= @
Ty

This shows f is not uniformly continuous on (0, 1).

The following theorem offers a sequential characterization of uniform continuity analogous to that in Theorem 3.3.3.

Let D be a nonempty subset of R and f: D — R. Then f is uniformly continuous on D if and only if the following condition
holds

(C) for every two sequences {u,}, {v,} in D such that lim,, . (u, — v,) = 0, it follows that lim,_,. (f (u,) — f (vs)) = 0.

Proof available at the end of this section.

Using this theorem, we can give an easier proof that the function in Example 3.5.6 is not uniformly continuous.
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Solution

Consider the two sequences u, = 1/(n + 1) and v,, = 1/n for all n > 2. Then clearly, lim,,_, (u, — v,) = 0, but

) = (o) =i (ﬁ L) e )= ) (3.5.12)

n—oo n—oo n+ 1) o 1/n n—oo

The following theorem shows one important case in which continuity implies uniform continuity.

Theorem 3.5.4

Let f: D — R be a continuous function. Suppose D is compact. Then f is uniformly continuous on D.

Proof available at the end of this section.

We now prove a result that characterizes uniform continuity on open bounded intervals. We first make the observation that if f: D
— R is uniformly continuous on D and A C D, then f is uniformly continuous on A. More precisely, the restriction fj,: A = R is
uniformly continuous on A (see Section 1.2 for the notation). This follows by noting that if | f(u) — f(v)| < € whenever u,v € D with
|lu —v| < 6, then we also have |f(u) — f(v)| < € when we restrict u,v to be in A.

Let a,b € R and a < b. A function f : (a,b) — R is uniformly continuous if and only if f can be extended to a continuous
function f : [a,b] — R (that is, there is a continuous function f : [a,5] — R such that f = f|(,)

Proof available at the end of this section.

Exercise 3.5.1

Prove that each of the following functions is uniformly continuous on the given domain:

a. f(z)=az+0b,a,beR, onR.
b. f(z)=1/z on [a,c0), where a > 0.

Answer available at the end of this section.

Exercise 3.5.2

Prove that each of the following functions is not uniformly continuous on the given domain:

a. f(z)=2%onR.
b. f(z)=sin
c. f(z)=1In(

8|~

(0,1).
(0, 00).

on
x)on

~

Answer available at the end of this section.

Exercise 3.5.3

Determine which of the following functions are uniformly continuous on the given domains.

a. f(z)=uasin(L)on (0,1).
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b. f(z) = =7 on [0, c0).

= = on (0, 1).

d. f(z)= lz—im on (0,1).

0
[y
=
&

|

Answer available at the end of this section.

Exercise 3.5.4

Let D c R and k € R. Prove that if f,g: D — R are uniformly continuous on D, then f + g and kf are uniformly continuous on
D.

Answer available at the end of this section.

Exercise 3.5.5

Give an example of a subset D of R and uniformly continuous functions f,g: D — R such that fg is not uniformly continuous
on D.

Answer available at the end of this section.

Exercise 3.5.6

Let D be a nonempty subset of R and let f: D — R. Suppose that f is uniformly continuous on D. Prove that if {z,} is a
cauchy sequence with z,, € D for every n € N, then {f (z,,)} is also a Caucy sequence.

Answer available at the end of this section.

Exercise 3.5.7

Leta,be Rand let f: (a,b) —» R.

a. Prove that if f is uniformly continuous, then f is bounded.
b. Prove that if f is continuous, bounded, and monotone, then it is uniformly continuous.

Answer available at the end of this section.

Exercise 3.5.8

Let f be a continuous function on [a, ). Suppose

lim f(z) =c. (3.5.13)

T—00

a. Prove that f is bounded on [a, o).
b. Prove that f is uniformly continuous on [a, o).
c. Suppose further that ¢ > f(a). Prove that there exists z, € [a, c0) such that

f(zo) =inf{f(z) : ¢ € [a,00)}. (3.5.14)

Answer available at the end of this section.
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Answers
Theorem 3.5.2
Since f is Holder conitnuous, there are constants ¢ > 0 and a > 0 such that
[f(u) — f(v)| < £lu—v]® for every u,v € D.
If £ = 0, then f is constant and, thus, uniformly continuous. Suppose next that £ > 0. For any € > 0, let § = (%)1/‘”. Then, whenever u,v € D, with |u — v| < § we have
[f(u) = f)] < Llu—o|* < 6% =e.
The proof is now complete. O

Theorem 3.5.3

Suppose first that f is uniformly continuous and let {u,}, {v,} be sequences in D such that lim,_,« (v, — v,) = 0. Let £ > 0. Choose § > 0 such that |f(u) — f(v)| < e
whenever u,v € D and |u — v| < 6. Let N € N be such that |u,, — v,| < é for n > N. For such n, we have |f (u,) — f (v,)| < e. This shows lim,,_,« (f (un) — f (vn)) = 0.

To prove the converse, assume condition (C) holds and suppose, by way of contradiction, that f is not uniformly continuous. Then there exists ¢, > 0 such that for
any ¢ > 0, there exists u,v € D with

Ju—wv| < §and |f(u) — f(v)] > eo. (3.5.15)
Thus, for every n € N, there exist u,, v, € D with
[up, —v,| < 1/mand |f (un) — f (vn)| > 0. (3.5.16)
It follows that for such sequences, lim,, o (u, — v,) = 0, but {f (u,) — f (v,)} does not converge to zero, which contradicts the assumption. O

Theorem 3.5.4
Suppose by contradition that f is not uniformly continuous on D. Then there exists ¢, > 0 such that for any § > 0, there exists u,v € D with

Ju—v| < & and |f(u) — f(v)] > eo. (3.5.17)
Thus, for every n € N, there exists u,, v, € D with
[up, —vp| < 1/mand |f (un) — f (vn)| > 0. (3.5.18)
Since D is compact, there exist ug € D and a subsequence {u,,} of {u,} such that
Up, — Uy as kK — 00. (3.5.19)
Then
Uy — V| < L (3.5.20)
n
for all k£ and, hence, we also have
Uy, — Up as k — oco. (3.5.21)
By the continuity of f,
f(un,) = f(uo) and f(vn,) = f(uo). (3.5.22)

Therefore, f converges to zero, which is a contradiction. The proof is now complete.
O
Theorem 3.5.5

Suppose first that there exists a continuous function f : [a,b] — R such that f = ﬁw), By Theorem 3.5.4, the function f is uniformly continuous on [a, b]. Therefore,
it follows from our early observation that f is uniformly continuous on (a, b).

For the converse, suppose f: (a,b) — R is uniformly continuous. We will show first that lim,_,,+ f(z) exists. Note that the one sided limit corresponds to the limit in
Theorem 3.2.2. We will check that the e — ¢ condition of Theorem 3.2.2 holds.

Let ¢ > 0. Choose §; > 0 so that |f(u) — f(v)| < € whenever u,v € (a,b) and |u — v| < &. Set § = §y/2. Then, if u,v € (a,b), |lu —a| < 6, and [v — a| < § we have
lu—v|<|u—a|+la—v|<d+6=10 (3.5.23)
and, hence, |f(u) — f(v)| < e. We can now invoke Theorem 3.2.2 to conclude lim,_,,+ f(z) exists. In a similar way we can show that lim,_,;,- f(z) exists. Now define,
f:la,b] = R by
f(z), if z € (a,b);
f(@) =< limg e+ f(z), ifz=a; (3.5.24)
lim,- f(z), ifz=0.

By its definition fi,4 = f and, so, tildef is continuous at every z € (a,b). Moreover, lim, .+ f(z) = lim, o+ f(z) = f(a) and lim, ;- f(z) = lim, - f(z) = f(b), so f
is also continuous at a and b by Theorem 3.3.2. Thus f is the desired continuous extension of f. O

Exercise 3.5.1
Add texts here. Do not delete this text first.

Exercise 3.5.2
Add texts here. Do not delete this text first.

Exercise 3.5.3
Add texts here. Do not delete this text first.

Exercise 3.5.4
Add texts here. Do not delete this text first.

Exercise 3.5.5
Add texts here. Do not delete this text first.
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Exercise 3.5.6

Add texts here. Do not delete this text first.
Exercise 3.5.7

Add texts here. Do not delete this text first.
Exercise 3.5.8

Add texts here. Do not delete this text first.

This page titled 3.5: Uniform Continuity is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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3.6: Limit Superior and Limit Inferior of Functions

We extend to functions and concepts of limit superior and limit inferior.

Definition 3.6.1

Let f: E — R and let z be a limit point of D. Recall that
By(z;6) = B_(z;0) UB4(z;0) = (£ — 0,z) U (Z,T + ). (3.6.1)
The limit superior of the function f at z is defnied by

limsup f(z) = inf sup  f(x). (3.6.2)
T 6>0 z€By(z;0)ND

Similarly, the limit inferior of the function f at z is defineid by
lim inf = inf . 3.6.3
Tt (@) = S e pin T ) (36.3)
Consider the extended real-valued function g : (0, 00) — (—o0, o] defined by

9(0)= sup f(z) (3.6.4)
zE€By(Z;6)ND

It is clear that g is increasing and

limsup f(z) = gggg(é). (3.6.5)

T—T
We say that the function f is locally bounded above around z if there exists § > 0 and M > 0 such that
f(z) < M for all x € B(z;0) N D. (3.6.6)

Clearly, if f is locally bounded above around Z, then limsup,_,; f(z) is a real number, while limsup,_,, f(z) = oo in the other case.
Similar discussion applies for the limit inferior.

Theorem 3.6.1

Let f: D — R and let z be a limit point of D. Then £ = limsup,_,, f(z) if and only if the following two conditions hold:
1. For every € > 0, there exists § > 0 such that
f(z) < £+¢ for all z € By(z;6) N D; (3.6.7)
2. Forevery ¢ > 0 and for every § > 0, there exists z5 € By(Z; ) N D such that
\[\ell-\varepsilon

Proof available at the end of this section.

Corollary 3.6.2

Suppose ¢ = limsup,_,; f(z). Then there exists a sequence {z;} in D such that {z,} converges to z, x # z for every k, and
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Jim f (2) = £ (3.6.8)

Moreover, if {y;} is a sequence in D that converges to z, y; # & for every k, and limj_, f (yx) = ¢/, then ¢’ < £.

Proof available at the end of this section.

Remark 3.6.3

Let f: D — R and let Z be a limit point of D. Suppose limsup,_,; f(z) is a real number. Define
A={leR:3{zy} C D,z #+ T for every k,zy — T, f (zx) — £} . (3.6.9)

Then the previous corollary shows that A # @) and limsup,_,; f(z) = max A.

Theorem 3.6.4

Let f: D — R and let z be a limit point of D. Then

lim sup f(z) = oo (3.6.10)

ar=rir

if and only if there exists a sequence {z;} in D such that {z;} converges to z, z; # & for every k, and limj_,, f (z1) = co.

Proof available at the end of this section.

Theorem 3.6.5

Let f: D — R and let z be a limit point of D. Then

limsup f(z) = —oc0 (3.6.11)

T—T

if and only if for any sequence {z;} in D such that {z;} converges to Z, =) # T for every k, it follows that lim;_,, f (zx) = —0c0
. The latter is equivalent to lim,_,; f(z) = —oo.

Following the same arguments, we can prove similar results for inferior limits of functions.

Proof available at the end of this section.

Theorem 3.6.6

Let f: D — R and let Z be a limit point of D. Then ¢ = liminf,_,; f(x) if and only if the following two conditions hold:
1. For every € > 0, there exists § > 0 such that
\[\ell-\varepsilon
2. Forevery ¢ > 0 and for every § > 0, there exists = € By(Z; ) N D such that
flz) <L+e. (3.6.12)

Proof available at the end of this section.
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Theorem 3.6.7

Suppose ¢ = liminf,_,; f(z). Then there exists a sequence {z;} in D such that z; converges to z, z; #  for every k, and
lim f(zx) = £. (3.6.13)
k—o00

Moreover, if {y;} is a sequence in D that converges to z, y;, # Z for every k, and limj_, f (yx) = ¢/, then ¢’ > £.

Proof available at the end of this section.

Remark 3.6.8

Let f: D — R and let z be a limit point of D. Suppose liminf,_,; f(x) is a real number. Define
B={¢ecR:3{x} C D,z #+ T for every k,xz — T, f (z1) — £}. (3.6.14)

Then B # () and lim inf,_,; f(z) = min B.

Theorem 3.6.9

Let f: D — R and let z be a limit point of D. Then

liminf f(z) = —oc0 (3.6.15)

T

if and only if there exists a sequence {z;} in D such that {z;} converges to z, zj # & for every k, and limj_,, f (z1) = —oc.

Proof available at the end of this section.

Theorem 3.6.10

Let f: D — R and let z be a limit point of D. Then

liminf f(z) = —c0 (3.6.16)

LT

if and only if there exists a sequence {z;} in D such that {z} converges to z, z} # % for every k, it follows limj_, f (z)) = 00
. The latter is equivalent to lim,_,; f(z) = oc.

Proof available at the end of this section.

Theorem 3.6.11

Let f: D — R and let z be a limit point of D. Then

lim f(z) = £. (3.6.17)

GH=048
if and only if

limsup f(z) = liminf f(z) = £. (3.6.18)

T—T

Proof available at the end of this section.
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Exercise 3.6.1

Let DCR, f: D— R, and z be a limit point of D. Prove that liminf,_,; f(z) < limsup,_,; f(x).

Answer available at the end of this section.

Exercise 3.6.2

Find each of the following limits:

q q 1

a. limsup, ,,sin (;)
% g g 1

b. liminf, .qsin ( = )
4 COS T

c. limsup, ,, “2*.

d. liminf, o <%,

T

Answer available at the end of this section.

Answers

Theorem 3.6.1
Suppose £ = limsup,_,; f(x). Then

¢ = inf g(&
inf4(9),
where g is defined in (3.19). For any € > 0, there exists § > 0 such that
£<g(6)= sup flz)<l+e.
z€By(z;6)ND

Thus,
f(x) < €+e¢ for all x € By(z;8) N D,
which proves conditions (1). Next note that for any € > 0 and ¢ > 0, we have

l—e<l<g(d)= sup f(z).
z€By(z;0)ND

Thus, there exists z5 € By(z; ) N D with

\[\ell-\varepsilon

This proves (2).

Let us now prove the converse. Suppose (1) and (2) are satisfied. Fix any ¢ > 0 and let § > 0 satisfy (1). Then

9= sup  f@)<l+e
2EBy(7:0)ND

This implies
limsup f(z) = inf g(d) < L +e.
7 5>0

T
Since ¢ is arbitrary, we get
limsup f(z) < 2.

T
Again, let € > 0. Given § > 0, let =5 be as in (2). Therefore,
\[\ell-\varepsilon
This implies
{—e< ggg(é) = limsup f(z).

T—T
It follows that ¢ < limsup,_,; f(z). Therefore, £ = limsup,_,; f(z). O
Corollary 3.6.2
Let 6/, = min {Jy, + }. Then &} < &), and lim_,o &; = 0. From (2) of Theorem 3.6.1, there exists z;, € By (z;§;) N D such that
\[\ell-\varepsilon_{k}
Moreover, f (z;) < £ + €, by (3.11). Therefore, {z;} is a sequence that satisfies the conclusion of the corollary.

(3.6.19)

(3.6.20)

(3.6.21)

(3.6.22)

(3.6.23)

(3.6.24)

(3.6.25)

(3.6.26)

Now let {y;} be a sequence in D that converges to z, y; # z for every k, and limj, f (yx) = ¢’. For any € > 0, let § > 0 be as in (1) of Theorem 3.6.1. Since y;.

€ By(z;0) N D when k is sufficiently large, we have
flye) <l+e
for such k. This implies ¢’ < ¢ + ¢. It follows that ¢’ < £. O
Theorem 3.6.4
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Suppose limsup,_,; f(z) = co. Then

inf g(d) = oo, (3.6.28)
>0

wehre g is the extended real-valued function defined in (3.10). Thus, g(d) = oo for every § > 0. Given k € N, for §;, = % since

g(6k)= sup  f(z) = o0, (3.6.29)
2€By(Z;6,)ND

there exists zj, € By (z; ;) N D such that f (z;) > k. Therefore, limy_,o f (zx) = co.
Let us prove the converse. Since limj_, f (z1) = oo, for every M € R, there exists K € N such that
f(x) > M for every k > K. (3.6.30)
For any ¢ > 0, we have
zr € Bo(z;0) N D. (3.6.31)
This implies g(d) = oo, and hence limsup,_,; f(z) = co. O
Theorem 3.6.5
Add proof here and it will automatically be hidden
Theorem 3.6.6
Add proof here and it will automatically be hidden
Theorem 3.6.7
Add proof here and it will automatically be hidden
Theorem 3.6.9
Add proof here and it will automatically be hidden
Theorem 3.6.10
Add proof here and it will automatically be hidden
Theorem 3.6.11
Suppose
}E’L‘; flz)=¢. (3.6.32)

Then for every ¢ > 0, there exists § > 0 such that
\[\ell-\varepsilon

Since this also holds for every 0 < §’ < §, we get
\[\ell-\varepsilon

It follows that

l—e< infg(d') <l+e. (3.6.33)
50
Therefore, limsup,_,; f(z) = £ since ¢ is arbitrary. The proof for the limit inferior is similar. The converse follows directly from (1) of Theorem 3.6.1 and Theorem
3.6.6.0
Exercise 3.6.1
Add texts here. Do not delete this text first.
Exercise 3.6.2
Add texts here. Do not delete this text first.

This page titled 3.6: Limit Superior and Limit Inferior of Functions is shared under a CC BY-NC 4.0 license and was authored, remixed, and/
or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and
standards of the LibreTexts platform.
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3.7: Lower Semicontinuity and Upper Semicontinuity

The concept of semicontinuity is convenient for the study of maxima and minima of some discontinuous functions.

Definition 3.7.1

Let f: D —» R and let £ € D. We say that f is lower semicontinuous (l.s.c.) at z if for every ¢ > 0, there exists § > 0 such that
\[f(\bar{x})-\varepsilon

Similarly, we say that f is upper semicontinuous (e.s.c.) at z if for every € > 0, there exists § > 0 such that

\[f(x)

It is clear that f is continuous at z if and only if f is lower semicontinuous and upper semicontinuous at this point.

Figure 3.6: Lower semicontinuity.

Figure 3.7: Upper semicontinuity.

Let f: D — R and let £ € D be a limit point of D. Then f is lower semicontinuous at z if and only if
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liminf f(z) > f(Z). (3.7.1)

T—=T
Similarly, f is upper semicontinuous at z if and only if

limsup f(z) < f(Z). (3.7.2)

T—IT

Proof available at the end of this section.

Let f: D — Rand let z € D. Then f is Ls.c. at z if and only if for every sequence {z;} in D that converges to z,

lim inf f (2) > /(&). (3.7.3)

Similarly, f is u.s.c. at z if and only if for every sequence {z;} in D that converges to z,

limsup f (zx) < f(Z). (3.7.4)

k—o0

Proof available at the end of this section.

Definition 3.7.2

Let f: D — R. We say that f is lower semicontinuous on D (or lower semicontinuous if no confusion occurs) if it is lower
semicontinuous at every point of D.

Suppose D is a compact set of R and f: D — R is lower semicontinuous. Then f has an absolute minimum on D. That means
there exists z € D such that

f(z) > f(z) for all z € D. (3.7.5)

Proof available at the end of this section.

The following theorem is proved similarly.

Theorem 3.7.4

Suppose D is a compact subset of R and f: D — R is upper semicontinuous. Then f has an absolute maximum on D. That
is, there exists £ € D such that

f(z) < £(z) for all z € D. (3.7.6)
For every a € R, define
Zof)={zeD: f(z) < a} (3.7.7)
and
Zd(f)={z € D: f(z) < a}. (3.7.8)

Proof available at the end of this section.
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Let f: D — R. Then f is lower semicontinuous if and only if &,(f) is closed in D for every a € R. Similarly, f is upper
semicontinuous if and only if %,(f) is closed in D for every a € R.

Proof available at the end of this section.

For every a € R, we also define
\[L_{a}(f)=\{x \in D: f(x)
and

Udf)={zeD: f(z) > a}. (3.7.9)

Corollary 3.7.6

Let f: D — R. Then f is lower semicontinuous if and only if U,(f) is open in D for every a € R. Similarly, f is upper
semicontinuous if and only if L,(f) is open in D for every a € R.

Proof available at the end of this section.

Let f: D — R. Then f is continuous if and only if for every a,b € R with a < b. the set

Oup={r€D:a< f(z) <b} = f((a,b)) (3.7.10)
<="" p="">
is an open in D.
Proof available at the end of this section.
Exercise 3.7.1
Let f be the function given by
z? if x # 0;
= ’ ’ 3.7.11
f@) { 1, ifz=0. (3.7.11)

Prove that f is lower semicontinuous.

Answer available at the end of this section.

Exercise 3.7.2

Let f be the function given by

. z?, ifx #0;
flz) = { L ifz=—o0 (3.7.12)

Prove that f is upper semicontinuous.
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Answer available at the end of this section.

Exercise 3.7.3

Let f,g : D — R be lower semicontinuous functions and let & > 0 be a constant. Prove that f + ¢ and kf are lower
semicontinuous functions on D.

Answer available at the end of this section.

Exercise 3.7.4

Let f: R — R be a lower semicontinuous function such that

lim f(z) = zl_i}IEloo f(z) = co. (3.7.13)

T—00
Prove that f has an absolute minimum at some z, € R.

Answer available at the end of this section.

Answers

Theorem 3.7.1
Suppose f is lower semiconitnuous at z. Let € > 0. Then there exists §, > 0 such that
\[f(\bar{x})-\varepsilon

This implies
f(@) —e <h(6), (3.7.14)
where
h(8) = zenui(lil;f(s)mn f(x). (3.7.15)
Thus,
ligggnf flz) = Salig h(8) = h(do) = f(z) —e. (3.7.16)
Since ¢ is arbitrary, we obtain liminf,_,; f(z) > f(Z).
We now prove the converse. Suppose
ligriiznff(z) = sé\;%))h(é) > f(z) (3.7.17)
and let € > 0. Since
sup h(8) > f(z) —e, (3.7.18)
5>0
there exists § > 0 such that h(d) > f(z) — e. This implies
f(z) > f(z) — e for all x € By(z;6) N D. (3.7.19)

Since this is also true for x = z, the function f is lower semicontinuous at z.
The proof for the upper semicontinuous case is similar. O
Theorem 3.7.2
Suppose f is l.s.c. at z. Then for any ¢ > 0, there exists § > 0 such that (3.12) holds. Since {z;} converges to z, we have z; € B(z; d) when k is sufficiently large. Thus,
\[f(\bar{x})-\varepsilon
for such k. It follows that f(z) — e < liminfy_, f (z)). Since e is arbitrary, it follows that f(z) < liminf; o f (xk)-

We now prove the converse. Suppose lim inf;_,« f (z1) > f(Z) and assume, by way of contradiction, that f is not Ls.c. at z. Then there exists £ > 0 such that for every
§ > 0, there exists z; € B(z;d) N D with

(@) — &2 f(xs). (3.7.20)
Applying this for &, = % we obtain a sequence {z;} in D that converges to z with
f(&) —& > f(xy) for every k. (3.7.21)
This implies
fz)—&> 1i,gi§ff($k)~ (3.7.22)

This is a contradiction. O
Theorem 3.7.3
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We first prove that f is bounded below. Suppose by contradiction that for every k € N, there exists z;, € D such that

f(zr) < —k. (3.7.23)
Since D is compact, there exists a subsequence {z;,} of {z;} that converges to =, € D. Since f is Ls.c., by Theorem 3.7.2
li[minff(zh) > f(zo). (3.7.24)
—00

This is a contraction because liminf;_,, f (zx,) = —oco. This shows f is bounded below. Define
v =inf{f(z): z € D}. (3.7.25)
Since the set {f(z) : z € D} is nonempty and bounded below, v € R.

Let {u} be a sequence in D such that {f (u;)} converges to ~. By the compactness of D, the sequence {u;} has a convergent subsequence {uy,} that converges
to some z € D. Then

v = lim f(ug,) = liminf f (ug,) > f(Z) > 7. (3.7.26)
=00 {—o0
This implies v = f(z) and, hence,
f(x) > f(z) for all x € D. (3.7.27)

The proof is now complete. O
Theorem 3.7.4

Add proof here and it will automatically be hidden
Theorem 3.7.5

Suppose f is lower semicontinuous. Using Corollary 2.6.18, we will prove that for every sequence {z;} in Z,(f) that converges to a point z € D, we get z € Z,(f).
For every k, since z;, € Z.(f), f (zx) < a.
Since f is lower semicontinuous at z,

f(z) < likIgglff(l'k) <a. (3.7.28)
Thus, z € Z,(f). It follows that Z,(f) is closed.
We now prove the converse. Fix any Z € D and ¢ > 0. Then the set
G={zeD: f(z) > f(Z) —e} = D\Zf(z)-<() (3.7.29)
is open in D and z € G. Thus, there exists § > 0 such that
B(#;6)NDC G. (3.7.30)

It follows that
\[f(\bar{x})-\varepsilon
Therefore, f is lower semicontinuous. The proof for the upper semicontinuous case is similar. O
Corollary 3.7.6
Add proof here and it will automatically be hidden
Theorem 3.7.7
Suppose f is continuous. Then f is lower semicontinuous and upper semicontinuous. Fix a,b € R with a < b. Then
Ogp =Ly NU,. (3.7.31)
By Theorem 3.7.6, the set O, is open since it is the intersection of two opens sets L, and U;.
Let us prove the converse. We will only show that f is lower semicontinuous since the proof of upper semicontinuity is simiilar. For every a € R, we have
Udf)={z € D: f(x) > a} = Upenf ((a,a + n)) (3.7.32)
Thus, U,(f) is open in D as it is a union of open sets in D. Therefore, f is lower semicontinuous by Corollary 3.7.6. O
Exercise 3.7.1
Add texts here. Do not delete this text first.
Exercise 3.7.2
Add texts here. Do not delete this text first.
Exercise 3.7.3
Add texts here. Do not delete this text first.
Exercise 3.7.4
Add texts here. Do not delete this text first.
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4: DIFFERENTIATION

In this chapter, we discuss basic properties of the derivative of a function and several major theorems, including the Mean Value
Theorem and ['Hépital's Rule.

4.1: Definition and Basic Properties of the Derivative

4.2: THE MEAN VALUE THEOREM

4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM

4.4: L'Hopital's Rule

4.5: Taylor's Theorem

4.6: CONVEX FUNCTIONS AND DERIVATIVES

4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBDIFFERENTIALS

This page titled 4: Differentiation is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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4.1: Definition and Basic Properties of the Derivative

Let G be an open subset of R and consider a function f: G — R. For every a € G, the function

_ @)~ @ win)

is defined on G\{a}. Since G is an open set, a is a limit point of G\{a} (see Example 2.6.6). Thus, it is possible to discuss the
limit

lim ¢ () = lim M) = Jla) (4.1.2)

T—a T—=a Tr—a

Definition 4.1.1: Differentiable and Derivative

Let G be an open subset of R and let a € G. We say that the function f defined on G is differentiable at a if the limit

lim £&) = /(@) (4.1.3)

T—a Tr—a
exists (as a real number). In this case, the limit is called the derivative of f at a denoted by f’(a), and f is said to be

differentiable at a. Thus, if f is differentiable at a, then

f’(a) = lim o) =#a) (4.1.4)

T—a Tr—a

We say that f is differentiable on G if f is differentiable at every point a € G. In this case, the function f’: G — R is called
the derivative on f on G.

Example 4.1.1

a. Let f:R — R begivenby f(z) =z and let a € R.
b. Let f: R — R be given by f(z) = 22 and let a € R.
c. Let f:R — R be given by f(z) = |z| and let a = 0.

Solution
a. Then
TiChp (C) R el P R (4.1.5)
r—a xr—a r—=a L — Q r—a
It follows that f is differentiable at ¢ and f’(a) = 1.
b. Then
_ B 2 _
lim fz) = fla) —limZ—% —lim fe—afzta) = lim(z + a) = 2a. (4.1.6)
T—a Tr—a r—a T — Q T—a r—a T—a
Thus, f is differentiable at every a € R and f'(a) = 2a.
c. Then
— f(0
i SO O ez (4.1.7)
z—0t T — z—0t T z—0t T
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and

TG Rl () R O e (4.1.8)
z—0~ T — z—0- T z—0- T

Therefore, lim,_, w does not exists and, hence, f is not differentiable at 0.

Theorem 4.1.1

Let G be an open subset of R and let f be defined on G. If f is differentiable at a € G, then f is continuous at this point.

Proof available at the end of this section.

Remark 4.1.2

The converse of Theorem 4.1.1 is not true. For instance, the absolute value function f(z) = |z| is continuous at 0, but it is not
differentiable at this point (as shown in the example above).

Theorem 4.1.3

Let G be an open subset of R and let f,g: G — R. Suppose both f and g are differentiable at a € G. Then the following hold.

a. The function f + g is differnetiable at a and

(f+9)(a) = f'(a) +g'(a). (4.1.9)
b. For a constant ¢, the function cf is differentiable at a and
(cf)'(a) = cf'(a). (4.1.10)
c. The function fg is differentiable at a and
(f9)'(a) = f'(a)g(a) + f(a)g’ (a). (4.1.11)

d. Suppose additionally that g(a) # 0. Then the function § is differentiable at a and

£\ Fla)ga) — f(a)g(a)
(5) @= @(@)?

(4.1.12)

Proof available at the end of this section.

Example 4.1.2

Let f: R — R be given by f(z) = 2 and let a € R.
Solution

Using Example 4.1.1(a) and Theorem 4.1.3(c) we can provide an alternative derivation of a formula for f(a). Indeed, let g : R
— R be given by g(z) = z. Then f =g - g so

f'(a) = (99)'(a) = ¢’ (a)g(a) + g(a)g’(a) = 2¢'(a)g(a) = 2a. (4.1.13)

Proceeding by induction, we can obtain the derivative of g: R — R given by g(z) = z" for n € N as ¢’(a) = nz"*. Furthermore,
using this and Theorem 4.1.3(a)(b) we obtain the familiar formula for the derivative of a polynomial p(z) = a,z™ + -+ + a1z
+ag as p'(z) = napz™ ! + - 4 2002 + ay.
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The following lemma is very convenient for studying the differentiability of the composition of functions.

Lemma 4.1.4

Let G be an open subset of R and let f: G — R. Suppose f is differentiable at a. Then there exists a function v : G — R
satisfying

f(@) — f(a) = [f'(a) + u(z)] (x —a) for all z € G (4.1.14)
and lim,_,, u(z) = 0.

Proof available at the end of this section.

Theorem 4.1.5 - Chain rule.

Let f: G; — R and let g: G2 — R, where G; and G5, are two open subsets of R with f (G;) C Gs. Suppose f is differentiable
at a and g is differentiable at f(a). Then the function g o f is differentiable at a and

(g2 f)'(a) = g'(f(a)) f'(a). (4.1.15)

Proof available at the end of this section.

Example 4.1.3

Consider the function & : R — R given by h(z) = (3z* + 2 + 7)"°.
Solution

Since h(z) is a polynomial we could in principle compute h’(z) by expanding the power and using Example 4.1.2. However,
Theorem 4.1.5 provides a shorter way. Define f,g: R — R by f(z) = 32* + 2 + 7 and g(z) = z'°. Then h = g o f. Given a € R, it
follows from Theorem 4.1.5 that

(g0 f)(a) =g (f(a)f'(a) =15(3a* +a+7) H (12a* +1). (4.1.16)

Example 4.1.4

By iterating the Chain Rule, we can extended the result to the composition of more than two functions in a straightforward
way. For example, given functions f: G; = R, g: G2 — R, and h: G3 — R such that f (G1) C G2, g(G2) C G, f is differentiable
at a, g is differentiable at f(a), and & is differentiable at g(f(a)), we obtain that h o g o f is differentiable at a and (h o go f)'(a)

= h'(9(f(a)))g’ (f(a))f (a)
Solution

Add text here.

Definition 4.1.2

Let G be an open set and let f: G — R be a differentiable function. If the function f’ : G — R is also differentiable, we say
that f is twice differentiable (on G). The second derivative of f is denoted f” or f®. Thus f”/ = (f’)’. Similarly, we say that f
is three times differentiable if /() is differentiable, and (f2))" is called the third derivative of f and is denoted by f” or £
. We can define in this way n times differentiability and the nth derivative of f for any positive integer n. As a convention, f©

= f.
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Definition 4.1.3

Let I be an open interval in R and let f: I — R. The function f is said to be continuously differentiable if f is differentiable
on I and f’ is continuous on I. We denote by C(I) the set of all continuously differentiable functions on I. If f is n times
differentiable on I and the nth derivative is continuous, then f is called n times continuously differentiable. We denote by
C"(I) the set of all n times continuously differentiable functions on I.

Exercise 4.1.1

Prove parts (a) and (b) of Theorem 4.1.3.

Answer available at the end of this section.

Exercise 4.1.2

Compute the following derivatives directly from the definition. That is, do not use Theorem 4.1.3, but rather compute the
appropriate limit directly (see Example 4.1.1).

a. f(z) =mx + b where m,b € R.
b. f(z) =1 (here assume z # 0.
c. f(z) = +/z (here assume z > 0)

Answer available at the end of this section.

Exercise 4.1.3

Let f: R — R be given by
2 if o
flz) = { 0 e (4.1.17)

a. Prove that f is differentiable at 0. Find f’(z) for all z € R.
b. Is f’ continuous? Is f’ differentiable?

Answer available at the end of this section.

Exercise 4.1.4

Let

z%, ifx>0;
= 4.1.1
f(=) { 0, ifz<o. (4.1.18)

a. Determine the values of a for which f is continuous on R.
b. Determine the values of a for which f is differentiable on R. In this case, find f’.

Answer available at the end of this section.
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Exercise 4.1.5

Use Theorems 4.1.3 and 4.1.5 to compute the derivatives of the following functions at the indicated points (see also Example
4.1.4). (Assume known that the function sin z is differentiable at all points and that its derivative is cos z.)

a. flz)= 3 at o = 1.

b. f(z)=sin® (32’ + Zz) at a= %

Answer available at the end of this section.

Exercise 4.1.6

Determine the values of z at which each function is differentiable.

zsind, ifz+#0;
a f(z)= w Hof

0, if x =0.
xz?sind, ifz +0;
b f@=1, if:cio-

Answer available at the end of this section.

Exercise 4.1.7

Determine if each of the following functions is differentiale at 0. Justify your answer.

a. f(x)=\left\{

z?, ifzxeQ;

S it Q. (4.1.19)

x

\right.\)
b. f(z)= [z]sin?(nx).

c. f(z) = cos(y/]a).
d. f(z)=z|z|

Answer available at the end of this section.

Exercise 4.1.8

Let f, g be differentiable at a. Find the following limits:

a. lim,,, w
b. lim,_,, {@9@-f@a)

r—a

Answer available at the end of this section.
Exercise 4.1.9

Let G be an open subset of R and a € G. Prove that if f: G — R is Lipschitz continuous, then g(z) = (f(z) — f(a))? is
differentiable at a.

Answer available at the end of this section.
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Exercise 4.1.10

Let f be differnetiable at a and f(a) > 0. Find the following limit:

NI

Answer available at the end of this section.

Exercise 4.1.11

Consider the function

z?sindt +cx, ifx#£0;
) = B g d 4.1.21
f@) { 0, if x =0, ( )
where \(O
a. Prove that the function is differentiable on R.
b. Prove that for every a > 0, the function f’ changes its sign on (—a, ).
Answer available at the end of this section.
Exercise 4.1.12
Let f be differentiable at z € (a,b) and let ¢ be a constant. Prove that
a. limy oo [f(zo+ 2) — f(z0)] = f (o).
b. limh_,o M = Cfl (wo)
Answer available at the end of this section.
Exercise 4.1.13
Let f be differnetiable at z € (a,b) and let ¢ be a constant. Find the limit
h) — —ch
lim 4 G0t ch) = f(@o—ch) (4.1.22)
h—0 h

Answer available at the end of this section.

Exercise 4.1.14

Prove that f: R — R, given by f(z) = |z|3,4, is in C%(R) but not in C3(R) (refer to Definition 4.1.3). (Hint: the key issue is
differnetiability at ©.)

Answer available at the end of this section.
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Answers

Theorem 4.1.1
We have the following identity for z € G\{a}:

1(@) = £(z) - (@) + f(@)
_ @)~ fla) :
- -0+ (@)

Thus,

lim f(z) = lim

T—a T—a

(z—a)+ fla)| = f'(a) 0+ f(a) = f(a).

x

[f(z) :(J:(‘Z)

Therefore, f is continuous at a by Theorem 3.3.2. O

Theorem 4.1.3
The proofs for (a) and (b) are straightforward and we leave them as exsercises. Let us prove (c). For every z € G\{a}, we can write

(f9)(=) = (f9)(a) _ f(@)g(z) — fla)g(x) + fa)g(z) — fla)g(a)
Tr—a r—a

(@) — fla)glx) | fla)(g(z) — g(a))

r—a r—a

By Theorem 4.1.1, the function g is continuous at a and, hence
lim g(2) = g(a).

Thus,
o 9@~ (f0)(@)
m 29— JIRT)

T—a r—a

= f'(a)g(a) + f(a)g'(a).

This implies (c).

(4.1.23)

(4.1.24)

(4.1.25)

(4.1.26)

(4.1.27)

Next we show (d). Since g(a) # 0, by (4.1), there exists an open interval I containing a such that g(z) £ 0 forallz € I. Let h = % Then h is defined on 1. Moreover,

f@) _ @), f@) _ f@
hz)—ha) g " s T g@ @

) — 1) + () g(2)
R Y B (R R )
= S [ e -

Taking the limit as  — a, we obtain (d). The proof is now complete. O

Lemma 4.1.4
Define

f@)fa) g
u(z) = o — (@), zeG\{a}
0, z=a
Since f is differentiable at a, we have

lim u(z) = lim J@) -1 Iz

lim u(e) = lim S — (a) = 1'(a) = f'(a) = 0.
Therefore, the function u satisfies the conditions of the lemma. O
Theorem 4.1.5 - Chain rule.
Since f is differentiable at a, by Lemma 4.1.4, there exists a function u defined on G; with
f(@) — f(a) = [f'(a) + u(z)] (x — a) for all z € Gy,
and lim,_,, u(z) = 0.
Similarly, since g is differentiable at f(a), there exists a function v defined on G, with
9(t) = 9(f(a)) = [¢'(£(a)) + v(®)] [t — f(a)] for all t € Gy,
and lim,_, j(q) v(t) = 0.
Applying (4.2) for t = f(z), we have
9(f(2)) — 9(f(a)) = [g'(f(a)) +v(f(@))] [f(z) — f(a)]-
Thus,
9(f(@) — 9(f(a)) = g’ (f(a)) + v(f(@))] [f"(a) + u(@)] (z — a) for all z € G.
This implies

9(f(=)) — 9(f(a))

r—a

=[g'(f(a)) +v(f(@)][f'(a) + u(z)] for all z € G1\{a}.
By the continuity of f at a and the property of v, we have lim,_,, v(f(z)) = 0 and, hence,
i S Z90@) _

z—a r—a

The proof is now complete. O
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4.2: THE MEAN VALUE THEOREM

In this section, we focus on the Mean Value Theorem, one of the most important tools of calculus and one of the most beautiful
results of mathematical analysis. The Mean Value Theorem we study in this section was stated by the French mathematician
Augustin Louis Cauchy (1789-1857), which follows form a simpler version called Rolle's Theorem.

An important application of differentiation is solving optimization problems. A simple method for identifying local extrema of a
function was found by the French mathematician Pierre de Fermat (1601-1665). Fermat's method can also be used to prove Rolle's
Theorem.

We start with some basic definitions of minima and maxima. Recall that for a € R and ¢ > 0, the sets B(a;6), B+ (a;d), and B_(a; d)
denote the intervals (¢ — d,a + 6), (a,a + 6) and (a — 4, a), respectively.

Definition 4.2.1

Let D be a nonempty subset of R and let f: D — R. We say that f has a local (or relative) minimum at a € D if there exists §
> 0 such that

f(z) > f(a) for all z € B(a;d) N D. (4.2.1)
Similarly, we say that f has a local (or relative) maximum at a € D if there exists § > 0 such that

f(z) < f(a) for all x € B(a;d) N D. (4.2.2)

In January 1638, Pierre de Fermat described his method for finding maxima and minima in a letter written to Marin Mersenne
(1588-1648) who was considered as "the center of the world of science and mathematics during the first half of the 1600s." His
method presented in the theorem below is now known as Fermat's Rule.

Theorem 4.2.1 - Fermat's Rule.

Let I be an open interval and f: I — R. If f has a local minimum or maximum at a € I and f is differentiable at a, then f’(a)
=0.

,I-.I-r.l_l i

/'—

oy

P pppp———

I ""_h., : - _|" (I ]

Figure 4.1: Illustration of Fermat's Rule.

Proof available at the end of this section.
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Theorem 4.2.2 - Rolle's Theorem.

Let a,b € R with a < b and f: [a,b] — R. Suppose f is continuous on [a,b] and differentiable on (a,b) with f(a) = f(b). Then
there exists ¢ € (a, b) such that

F(c)=0. (4.2.3)

Proof available at the end of this section.

We are now ready to use Rolle's Theorem to prove the Mean Value Theorem presented below.

f(b) - f(a)

h—a

Figure 4.3: Illustration of the Mean Value Theorem.

Theorem 4.2.3 - Mean Value Theorem.

Let a,b € R with a < b and f : [a,b] — R. Suppose f is continuous on [a,b] and differentiable on (a,b). Then there exists ¢
€ (a,b) such that

Pl = DL (4.2.4)

Proof available at the end of this section.

Example 4.2.1

We show that |sinz| < |z| for all z € R.
Solution

Let f(z) =sinz for all z € R. Then f’(z) = cosz. Now, fix z € R, z > 0. By the Mean value Theorem applied to f on the interval
[0, z], there exists ¢ € (0, z) such that

sinz —sin0

o - oose (4.2.5)
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| sinz|

Therefore, = | cosc|. Since |cosc| < 1 we conclude |sinz| < |z| for all z > 0. Next suppose z < 0. Another application of
the Mean Value Theorem shows there exists ¢ € (z,0) such that

sin0 — sinx

0=, - cose (4.2.6)

|sinz|
||

<|z|forallz € R.

Example 4.2.2

We show that /1 + 4z < (5 + 2z)/3 for all z > 2.

Then, again,

|cosc| < 1. It follows that |sinz| < |z| for z < 0. Since equality holds for = = 0, we conclude that |sin z|

Solution

Let f(z) = v1+ 4 for allz > 2. Then

L4 9
@)= Witdr Vitdz (4.27)

Now, fix 2 € R such that z > 2. We apply the Mean Value Theorem to f on the interval [2, z]. Then, since f(2) = 3, there exists
¢ € (2,z) such that

V1+4z —3 = f'(c)(z —2). (4.2.8)
Since f’(2) = 2/3 and \(f*{\prime}(c) 2\) we conclude that
VItiz—3< %(I—Z). (4.2.9)

Rearranging terms provides the desired inequality.

A more general result which follows directly from the Mean Value Theorem is known as Cauchy's Theorem.

Theorem 4.2.4 - Cauchy's Theorem.

Let a,b € R with a < b. Suppose f and g are continuous on [a, b] and differentiable on (a, b). Then there exists ¢ € (a,b) such
that

[£(b) — f(a)lg'(c) = [9(b) — g(a)] £ (c)- (4.2.10)

Proof available at the end of this section.

The following theorem shows that the derivative of a differentiable function on [a,b] satisfies the intermediate value property
although the derivative function is not assumed to be continuous. To give the theorem in its greatest generality, we introduce a
couple of definitions.

Definition 4.2.2

Leta,be R, a< b, and f: [a,b] — R. If the limit

i J@) = f@

z—at Tr—a

(4.2.11)

exists, we say that f has a right derivative at a and write
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son o f@) = fla)
f+(a) = IILI}llJr T (4212)
If the limit
— f(b
lim L@ =70 (4.2.13)
z—b~ r—b
exists, we say that f has a left derivative at b and write
. flz) — f(b)
/ p—
fL(b) = }5{,5 —— (4.2.14)

We will say that f is differentiable on [a, ] if f’(x) exists for each = € (a,b) and, in addition, both f/ (a) and f’(b) exist.

Theorem 4.2.5 - Intermediate Value Theorem for Derivatives.

Let a,b € R with a < b. Suppose f is differentiable on [a, b] and
\[f_{+}*{\prime}(a)<\lambda
Then there exists c € (a, b) such that

F(c) = A (4.2.15)

flz)

Figure 4.4: Right derivative.

Proof available at the end of this section.

Remark 4.2.6

The same conclusion follows if f(a) > X > f(b).
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Exercise 4.2.1

Let f and g be differentiable at z,. Suppose and
f(z) < g(z) for all x € R. (4.2.16)
Prove that f’ (z¢) = ¢’ (z0)-

Answer available at the end of this section.

Exercise 4.2.2

Prove the following inequalities using the Mean Value Theorem.
a. \/1+m<1+%xform>0.
b. e > 1+ z, for x > 0. (Assume known that the derivative of e? is itself.)

c. \(\Mfrac{x-1{x}<\In x1\). (Assume known that the derivative of Inz is 1/z.)

Answer available at the end of this section.

Exercise 4.2.3

Prove that |sin(z) —sin(y)| < |z —y| for all z,y € R.

Answer available at the end of this section.

Exercise 4.2.4

Let n be a positive integer and let ay, b, € R for k =1, ..., n. Prove that the equation

z+ Z (aysinkz + by coskz) =0 (4.2.17)
k=1

has a solution on (—, ).

Answer available at the end of this section.

Exercise 4.2.5

Let f and g be differentiable functions on [a, b]. Suppose g(z) # 0 and ¢’ (z) # 0 for all z € [a, b]. Prove that there exists c € (a, b)
such that

1 fla) f(b) 1 fle) gl I (4.2.18)

where the bars denote determinants of the two-by-two matrices.

Answer available at the end of this section.
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Exercise 4.2.6

Let n be a fixed positive integer.
a. Suppose ai,as, ..., a, satisfy
S RPN S
n
Prove that the equation
a1 + ast + azz’ + -+ a1 =0
has a solution in (0, 1).

b. Suppose ag,az, ..., a, satisfy

Prove that the equation

Z apcos(2k+ 1)z =0
k=0

has a solution on (0, ).

Answer available at the end of this section.

Exercise 4.2.7

Answer available at the end of this section.

Exercise 4.2.8

Let f:[0,00) — R be a differentiable function.

a. Show that if lim, ., f'(z) = a, then lim, ., £
b. Show that if lim, o, f'(z) = oo, then lim,_,, <2

c. Are the converses in part (a) and part (b) true?

= a.

= Q.

Answer available at the end of this section.

Answers
Theorem 4.2.1 - Fermat's Rule.
Suppose f has a local minimum at a. Then there exists § > 0 sufficiently small such that
f(z) = f(a) for all z € B(a;9).
Since B4 (a;9) is a subset of B(qa;d), we have

f@) = fla) >0 for all z € By (a;9).
xr—a
Taking into account the differentiability of f at a yields

) — i LD L@ @)~ f@)

T—a r—a z—at Tr—a
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Let f:[0,00) — R be a differentiable function. Prove that if both lim,_,, f(z) and lim,_,, f’(z) exist, then lim,_,o, f'(z) =0
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(4.2.24)
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Similarly,
f@) = fla) <0 for all z € B_(a;0) (4.2.26)
xr—a
It follows that
Fla)=tim 18 =Sy f@ =@ (4.2.27)
T—a r—a T—a~ Tr—a

Therefore, f’(a) = 0. The proof is similar for the case where f has a local maximum at a. O

Theorem 4.2.2 - Rolle's Theorem.
Since f is continuous on the compact [a, b], by the extreme value theorem (Theorem 3.4.2) there exists z; € [a,b] and Z; € [a, b] such that
f(Z1) = min{f(z) : z € [a,b]} and [ (Z2) = max{f(z): z € [a,b]}. (4.2.28)
Then
f(@1) < f(z) < f(Z2) for all z € [a,b]. (4.2.29)

Y

Figure 4.2: Illustration of Rolle's Theorem.
If z; € (a,b) or Ty € (a,b), then f has a local minimum at z; or f has a local maximum at Z,. By Theorem 4.2.1, f’ (z;) = 0 or f’ (Z2) = 0, and (4.3) holds with ¢ = z;
or ¢ = Ts.
If both z, and z, are the endpoints of [a,b], then f (z,) = f(z,) because f(a) = f(b). By (4.4), f is a constant function, so f’(c) = 0 for any c € (a,b). O
Theorem 4.2.3 - Mean Value Theorem.
The linear function whose graph goes through (a, f(a)) and (b, (b)) is

ow) = O o) 4 ). (4.230)
Define
h(z) = f(z) — g(z) = f(z) — w(gg —a)+ f(a)| for z € [a,b]. (4.2.31)
Then h(a) = h(b), and h satisfies the assumptions of Theorem 4.2.2. Thus, there exists c € (a, b) such that 2’ (c) = 0. Since
W)= (@) - 1O =I@ (4.2.32)
b—a
it follows that
f(e)— w =0. (4.2.33)
Thus, (4.5) holds. O
Theorem 4.2.4 - Cauchy's Theorem.
Define
h(z) = [f(b) — f(a)lg(x) — [g(b) — g(a)lf(x) for = € [a,]. (4.2.34)
Then h(a) = f(b)g(a) — f(a)g(b) = h(b), and h satisfies the assumptions of Theorem 4.2.2. Thus, there exists ¢ € (a, b) such that h’(c) = 0. Since
W (z) = [£(b) — f(a)lg' (=) — [9(b) — g(a)]f'(z), (4.2.35)

this implies (4.6). O
Theorem 4.2.5 - Intermediate Value Theorem for Derivatives.
Define the function g: [a,b] — R by
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9(@) = f@) = Az (4.2.36)
Then g is differentiable on [a, b] and
\[g_{+}*{\prime}(a)<®
Thus,
lim 4@ —9@) .
z—at xr—a

It follows that there exists §; > 0 such that

\[g(x)

SImilarly, there exists d, > 0 such that

\[g(x)

Since g is continuous on [a, b], it attains its minimum at a point ¢ € [a, b]. From the observations above, it follows that ¢ € (a, b). This implies g’(c) = 0 or, equivalently,

that f’(c) = \. square
Exercise 4.2.1

Add texts here. Do not delete this text first.
Exercise 4.2.2

Add texts here. Do not delete this text first.
Exercise 4.2.3

Add texts here. Do not delete this text first.
Exercise 4.2.4

Add texts here. Do not delete this text first.
Exercise 4.2.5

Add texts here. Do not delete this text first.
Exercise 4.2.6

Add texts here. Do not delete this text first.
Exercise 4.2.7

Add texts here. Do not delete this text first.
Exercise 4.2.8

Add texts here. Do not delete this text first.

This page titled 4.2: THE MEAN VALUE THEOREM is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of
the LibreTexts platform.
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4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM

In this section, we assume that a,b € R and a < b. In the proposition below, we show that it is possible to use the derivative to
determine whether a function is constant. The proof is based on the Mean Value Theorem.

Proposition 4.3.1

Let f be continuous on [a, b] and differentiable on (a, b). If f’(z) = 0 for all z € (a, b), then f is constant on |[a, b].

Proof available at the end of this section.

The next application of the Mean Value Theorem concerns developing simple criteria for monotonicity of real-valued functions
based on the derivative.

Proposition 4.3.2

Let f be differentiable on (a, b).

i. If f/(z) > 0forall z € (a,b), then f is strictly increasing on (a, b).
ii. If f'(z) < 0forall z € (a,b), then f is strictly decreasing on (a, b).

Proof available at the end of this section.

y = f(x)

f'(e) >0

—— ]

_-——-'-_.-_-.--._F'

Figure 4.5: Strictly Increasing Function.

Example 4.3.1

Letn € Nand f:[0,00) — R be given by f(z) = z™.

Solution
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Then f/(z) = nz" L. Therefore, f'(z) >0 for all z > 0 and, so, f is strictly increasing. In particular, this shows that every
positive real number has exactly one n-th root (refer to Example 3.4.2).

Theorem 4.3.3 - Inverse Function Theorem.

Suppose f is differentiable on I = (a,b) and f’(z) # 0 for all z € (a,b). Then f is one-to-one, f(I) is an open interval, and the
inverse function f~1: f(I) — I is differentiable. Moreover,

() )= (4.3.1)

where f(z) =y.

Proof available at the end of this section.

Example 4.3.2

Let n € N and consider the function f: (0,00) — R given by f(z) = z™.
Solution

Then f is differentiable and f’(z) = nz" ! # 0 for all z € (0,00). It is also clear that f((0,0)) = (0,c0). It follows from the
Inverse Function Theorem that £ 1 : (0,00) — (0, 00) is differentiable and given y € (0, c0)

1 B 1
(F'®)  n(fiy)" "

(f ) () = 7 (4.3.2)

Given y > 0, the value f~!(y) is the unique positive real number whose n-th power is 5. We call f~(y) the (positive) n-th root
of y and denote it by ;/y. We also obtain the formula

) W= W (4.3.3)

Exercise 4.3.1

a. Let f: R — R be differentiable. Prove that if f'(z) is bounded, then f is Lipschitz continuous and, in particular, uniformly
continuous.

b. Give an example of a function f : (0,c0) — R which is differentiable and uniformly continuous but such that f’(z) is not
bounded.

Answer available at the end of this section.

Exercise 4.3.2

Let f: R — R. Suppose there exist £ > 0 and a > 0 such that

|f(uw) — f(v)] < Llu—v|® for all u,v € R (4.3.4)

a. Prove that f is uniformly continuous on R.
b. Prove that if a > 1, then f is a constant function.
c. Find a nondifferentiable function that satisfies the condition above for o = 1.
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Answer available at the end of this section.

Exercise 4.3.3

Let f and g be differentiable functions on R such that f (zg) = g(xo) and

f'(z) < g'(z) for all z > zy. (4.3.5)
Prove that

f(z) < g(z) for all x > =y. (4.3.6)

Answer available at the end of this section.

Exercise 4.3.4

Let f,g: R — R be differentiable functions satisfying

a. f(0)=g(0)=1

b. f(z)>0,g(x) >0and L& > LU for all .

Prove that

ORI ON (4.3.7)

g(1) f(1)

Answer available at the end of this section.

Exercise 4.3.5

Let f be twice differentiable on an open interval I. Suppose that there exist a, b, c € I with a < b < ¢ such that \(f(a)f(c)\). Prove
that exist d € (a, ¢) such that f”'(d) < 0.

Answer available at the end of this section.

Exercise 4.3.6

Prove that the function f defined in Exercise 4.1.11 is not monotone on any open interval containing 0.

Answer available at the end of this section.

Answers

Proposition 4.3.1
Suppose by contradiction that f is not constant on [a, b]. Then there exist a; and b; such that \(a \leq a_{1}

fb1) = f(a1)

‘(¢) = 4.3.
£le) = S5 o, (438)
which is a contradiction. O
Proposition 4.3.2
Let us prove (i). Fix any z1,z € (a,b) with \(x_{1}
Flo2) = F @) iy 5o, (4.3.9)

Ty — T

This implies \(f\left(x_{1}\right)
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Theorem 4.3.3 - Inverse Function Theorem.
It follows from Theorem 4.2.5 that
f'(z) >0 for all z € (a,b), or f'(z) <0 for all z € (a,b). (4.3.10)
Suppose f’(z) > 0 for all z € (a,b). Then f is strictly increasing on this interval and, hence, it is one-to-one. It follows from Theorem 3.4.10 and Remark 3.4.11 that
f(I) is an open interval and f~! is continuous on f(I).
It remains to prove the differentiability of the inverse function f~! and the representation of its derivative (4.7). Fix any g € f(I) with § = f(z). Let g = f~1. We will
show that

-9y 1
im 4@ g(y) - (4.3.11)
=y Y=Y /(@)
Fix any sequence {y;} in f(I) that converges to y and y;, # g for every k. For each y;, there exists z;. € I such that f (z) = yi. That is, g (yx) = z; for all k. It follows
from the continuity of ¢ that {z;} converges to z. Then

lim 2WK) —9@) _ Tp— T
Ko gy ko J(ar) — f(@)
o 11 - (4.3.12)
=i T @ (@)
pre

The proof is now complete. O
Exercise 4.3.1

Add texts here. Do not delete this text first.
Exercise 4.3.2

Add texts here. Do not delete this text first.
Exercise 4.3.3

Add texts here. Do not delete this text first.
Exercise 4.3.4

Add texts here. Do not delete this text first.
Exercise 4.3.5

Add texts here. Do not delete this text first.
Exercise 4.3.6

Add texts here. Do not delete this text first.
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and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style
and standards of the LibreTexts platform.
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4.4: L'Hopital's Rule

We now prove a result that allows us to compute various limits by calculating a related limit involving derivatives. All four theorems
in this section are known as L'Hopital's Rule.

For this section, we assume a,b € R with a < b.

Theorem 4.4.1

Suppose f and g are continuous on [a, b] and differentiable on (a, b). Suppose f(z) = g(z) = 0, where z € [a, b]. Suppose further
that there exists ¢ > 0 such that g’(x) # 0 for all z € B(z;6) N [a,b], z # Z.

If
li f, @) _, (4.4.1)
o=z g/ (x)

then
lim &) g (4.4.2)
27 g(:l:)

Proof available at the end of this section.

Example 4.4.1
We will use Theorem 4.4.1 to show that
2z + sinx

1m
=0 x2+4 3x
Solution

First we observe that the conditions of Theorem 4.4.1 hold. Here f(z) = 2z + sinz, g(x) = 2% + 3z, and z = 0. We may take
[a,b] = [-1,1], for example, so that f and g are continuous on [a, b] and differentiable on (a,b) and, furthermore, g((g is well
defined on [a, b]\{Z}. Moreover, taking 6 = 7/3, we get ¢'(z) = 2z + 3 # 0 for z € B(z;d) N [a, b]. Finally we calculate the limit

of the quotient of derivatives using Theorem 3.2.1 to get

. f(z) . 2+4cosz
lim ——= = lim —————
-z g (z) z—0 2+ 3

lim 2 + lim cos z
z—0 z—0

lim 2z + 3
z—0

2+1

3
=1

It now follows from Theorem 4.4.1 that lim w = 1 as we wanted to show.

=0 724 3z
Example 4.4.2

We will apply L'Hospital's rule to determine the limit
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3z — 222 +4z—5
lim .
z—1 4zt — 2z — 2

Solution

— 2.Since ¢’(1) = 14 # 0 and ¢’ is continuous we have ¢’(z) # 0 for z near 1. Now,

92?2 — 4z +4 _ 9

ool 162 —2 14

Thus, the desired limit is 1% as well.

Example 4.4.3

to determine first the limit of f’(z)/g’(x) and then apply the rule again to determine the original limit.
Solution

Consider the limit

2
lim —.
z=0 1 —cosx

# 0 for = near zero, z # 0. Also f’(0) =0 = ¢’(0) and g"’(z) = cosz # 0 for z near 0. Moreover,

=) 2
lim = lim = %,
=0 g"(x) z—0 COS X

By L'Hospital's rule we get

e 0y 0 2
=0 ¢'(z) =20 g”’(x)  2-0 cosz

Applying L'Hospital's rule one more time we get

. R i C.) I o €)
lim = lim = lim
z—=0 1 —cosx =0 g(x) =0 g’'(x)

= %

Example 4.4.4

Let g(z) = = + 322 and let f: R — R be given by

z?sind,  if x #0;
@) = ) )
f@) { 0, if x =0.

Solution

Now consider the limit

2w 1

x z?sin &

lim / = lim L,
a0 g(z) =0 x + 32

Using the derivative rules at z # 0 and the definition of derivative at z = 0 we can see that f is differentiable and
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, 2zsin+ —cos L, if z#0;
£'(a) = e oo Mod
0, ifx =0,

However, f’ is not coniitnuous at 0 (since lin(1) f’(z) does not exists) and, hence, L'Hospital's rule cannot be applied in this
T

case.

2 :

x
On the other hand lim

1
£ does exist as we can see from
250 1 + 3x2

. .1
. acZSin% . xsin% }}L%“m;
lim ——— = lim = — =0.
-0 T + 32 z—=0 14+ 3z llné(]. + 3z)
z—

Theorem 4.4.2

Let a,b € R, a < b, and Z(a,b). Suppose f,g: (a,b)\{z} — R are differentiable on (a,b)\{z} and assume lim f(z) = lim g(z)
T T—T
= oo. Suppose further that there exists ¢ > 0 such that ¢’(z) # 0 for all z € B(z;6) N (a,b),  # Z.

If /e R and
i @ _, (4.4.3)
-z g’ ()

then
lim &) _ ¢ (4.4.4)
-z g(x)

Proof available at the end of this section.

Example 4.4.5
Consider the limit
. In 22

lim =
z—0 1 4 Ve

Solution

Here f(z) =Inz? g(z) =1+ 3%/?’ z =0, and we may take as (a,b) any open interval containing 0. Clearly f and g satisfy the

differentiability assumptions and g’(z) # 0 for all z # 0. Moreover, lim f(z) = lim g(z) = co. We analyze the quotient of the
r—T Tr—T

derivatives. We have

2 /5
lim 2% i 3V 3¢/a — o,
20 2 _1 z—0 x z—0

3 Yab
It now follows from Theorem 4.4.2 that

Inz

m— =
z—0 1 4 e
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Remark 4.4.3

The proofs of Theorem 4.4.1 and Theorem 4.4.2 show that the results in these theorems can be applied for left-hand and
right-hand limits. Moreover, the results can also be modified to include the case when z is an endpoint of the domain of the
functions f and g.

The following theorem can be proved following the method in the proof of Theorem 4.4.1.

Theorem 4.4.4

Let f and g be differentiable on (a, c. Suppose ¢’(z) # 0 for all z € (a, 00 and

ILm flz) = ILm g(z) =0. (4.4.5)
If e R and
i @ _, (4.4.6)
z—co g’ (x)
then
lim 1&g, (4.4.7)
z—oo g()
Example 4.4.6
Consider the limit
1

lim ——.
et z (5 —arctanx)

Solution

Writing the quotient in the form — Ye

5 —arctanz

we can apply Theorem 4.4.4. We now compute the limit of the quotient of the

derivatives

—1/2? 241
/2 = lim Z +

=00 I

lim =1.
Tr—00 —

z2+1

In view of Theorem 4.4.4 the desired limit is also 1.

The following theorem can be proved following the method in the proof of THeorem 4.4.2.

Theorem 4.4.5

Let f and g be differentiable on (a, ). Suppose ¢’ (z) # 0 for all z € (a, 00) and

zlglolo flz) = wlggo g(z) = . (4.4.8)
If /e R and
im £ g (4.4.9)
z—00 g’(m)
then

@O 138 (4.4.4)



LibreTextsw

. fle)
Jlim o) = L. (4.4.10)
Example 4.4.7
Consider the limit
fim 2 (4.4.11)
r—00 I

Solution

Clearly the functions f(z) = Inz and g(z) = z satisfy the conditions of Theorem 4.4.5. We have

' 1
lim L) o Y2 _
T—00 g’(x) oo 1

It follows from Theorem 4.4.5 that ILm lnTm =0

Exercise 4.4.1

Use L'Hospital's Rule to find the following limits (you may assume known all the relevant derivatives from calculus):

. z® — 4z
a. lim ————.
T2 3;$2 —I—_E;x =9
b. lim— <
70 sinx cos
C. lim -
a1 [ +1— \/5
et —e T
d lim ——.
-0 In(1 + x)
o Inz

im .
a1 sin(nz)

Exercise 4.4.2

For the problems below use L'Hospital's rule as many times as appropriate to determine the limts.

. 1—cos2z
a. lim ——.
@=0 wsinz,
m
(z—%)
b. lim-—2"

7—0 1 —sing
xr — arctanx

c. lim
z—0 ;_53
. r —Ssinx
d. lim

0 x —tanz

Exercise 4.4.3

Use the relevant version of L'Hospital's rule to compute each of the following limits.

a 32422 +7

T e 4x12—6x+1

b. lim —2.
z—0+t cotx
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4 —arctanz

lim —————
== a1+ 1)
d. lim /ze ®. (Hint: first rewrite as a quotient.)

T—00

Exercise 4.4.4

Prove that the following functions are differentiable at 1 and —1.

C.

26_12, if |[z| < 1;

@
a T)=
f@) 4 if |z| > 1.
b. f arctan z, if |z] < 1;
G Isignz + L1, if |z| > 1.

Exercise 4.4.5

Let P(z) be a polynomial. Prove that
lim P(z)e™* =0.

T—00

Exercise 4.4.6

Consider the function

(4.4.12)

Prove that f € C"(R) for every n € N.

Answers

Theorem 4.4.1

Let {z\} be a sequence in [a, b] that converges to z and such that z;, # & for every k. By Theorem 4.2.4, for each k, there exists a sequence {c;} between ¢, between
zr and z, such that

[f (@x) = F@)] g (cx) = lg (@r) — g(@)] £ (ch) - (4.4.13)
Since f(z) = g(z) = 0, and ¢’ (cx) # 0 for sufficiently large k, we have
flaw) _ f ()
g(@r) g (cx) (4.4.14)

Under the assumptions that ¢’(z) # 0 for z near z and g(z) = 0, we also have g(z;) # 0 for sufficiently large k. By the squeeze theorem (Theorem 2.1.6), {c;}
converges to z. Thus,

=2 (4.4.15)

Therefore, (4.9) follows from Theorem 3.1.2. O

Theorem 4.4.2
Since lim f(z) = lim g(x) = oo, choosing a smaller positive § if necessary, we can assume that f(z) # 0 and g(x) # 0 for all z € B(z;0) N (a,b).
T—T T—T

We will show that lim M = /. The proof that lim M
a=zt g(x) ez g(x

= ( is completely analogous.

Fix any e > 0. We need to find §, > 0 such that |f(z)/g(z) — £| < € whenever & € B, (&; ) N (a,b).
From 4.4.18, one cn choose K > 0 and a positive §; < § such that

‘ f'(z) ['(=@)

g (x) g (x)

< K and

€
—e‘ <3 (4.4.16)

whenever z € B(z;01) N (a,b), ¢ #+ Z.
Fix a € B (&;61) N (a,b) (in particular, & > z. Since lim f(z) = oo, we can find 5 > 0 such that d; < min{d;,a —z} and f(z) # f(«) for z € By (z;d2) N(a,b)
T—T

= B, (z;d2). Moreover, for such z, since ¢’ (z) # 0 if < z < o, Rolle's theorem (Theorem 4.2.2) guarantees that g(z) # g(a). Therefore, for all z € B, (z;d2) we can
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write,
_ gl
f@) _ f@) —f@) 1@
= . (4.4.17)
9(@)  g(z)—g(e) 1 L&)
flz)
Now, define
_ Y@
Ho(z) = ;Ea)) for = € B, (7;0,) . (4.4.18)
@)
Since lim f(z) = lim g(z) = oo, we have that lim H,(z) = 1. Thus, there exists a positive v < d, such that
T =T =Tt
[Ho(z) —1] < - whenever z € B, (z;7). (4.4.19)

2K

For any z € B, (%;7), applying Theorem 4.2.4 on the interval [z, o], we can write [f(z) — f(a)]g’(c) = [g(z) — g(a)]f’(c) for some ¢ € (z,a) (note that, in particular, ¢
€ B(z: 61) N (a,b)). For such c we get

f@) _ 1)

g(z)  g'(c)
Since ¢ € B(z : §1) N (a,b), applying 4.4.20 we get that, for x € B, (z;v) = B+(z;7) N (a,b),
\[\begin{aligned}
\left|\frac{f(x)H{g(x)}-\ell\right| &=\left|\frac{f*{\prime}(c){g \prime}(c)} H_{\alpha}(x)-\ell\right| \
&=\left[\frac{fA{\prime}(c){g {\prime}(c)Nleft(H_{\alpha}(x)-1\right)+\frac{f*{\prime}(c){g {\prime}(c)}-\ell\right| \
& \leq\left\frac{f*{\prime}(c){g \prime}(c)}\right|\left|H_{\alpha}(x)-1\right|+\left|\frac{f*{\prime}(c){g {\prime}(c)}-\ell\right| \
& \end{aligned}\]
Setting §, = v completes the proof. O

H,(z). (4.4.20)

This page titled 4.4: L'Hopital's Rule is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts
platform.
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4.5: Taylor's Theorem

In this section, we prove a result that lets us approximate differentiable functions by polynomials.

Theorem 4.5.1 - Taylor's Theorem.

Let n be a positive integer. Suppose f : [a,b] — R is a function such that £ is continuous on [a, 5], and f*1(z) exists for
all z € (a,b). Let T € [a, b]. Then for any z € [a, b] with z # Z, there exists a number c in between z and = such that

Fmt(e) P

f(z) = Pa(z) + E : (4.5.1)

where

n_ k) (z
ROEDY (@) (z —z)*. (4.5.2)

Proof available at the end of this section.

The polynomial P,(x) given in the theorem is called the n-th Taylor polynomial of f at Z.

Remark 4.5.2

The conclusion of Taylor's theorem still holds true if z = z. In this case, c =z = 7.

Example 4.5.1

We will use Taylor's theorem to estimate the error in approximating the function f(x) = sinz with it 3rd Taylor polynomial at
z = 0 on the interval [—7/2, 7/2].

Solution
Since f’(z) = cosz, f”(zr) = —sinz and f’”/(z) = — cos z, a direct calculation shows that
:1:3

Moreover, for any c € R we have |f*(c)| = [sinc| < 1. Therefore, for z € [—m/2, /2] we get (for some ¢ between = and 0),

@ (c )
lsinz — Py(z)] = wm < % < 0.066. (4.5.4)

Theorem 4.5.3

Let n be an even positive integer. Suppose f(™ exists and continuous on (a, b). Let Z € (a, b). satisfy
F'@) =..=f"z) =0and f™(z) +0. (4.5.5)
The following hold:

a. f®™(z)> 0if and only if f has a local minimum at z.
b. f™(z) < 0if and only if f has a local maximum at z.

Proof available at the end of this section.
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Example 4.5.2

Consider the function f(x) = x2 cos z defined on R.
Solution
Then f’(z) = 2z cosx — 2%sinx and f”(z) = 2cosz — 4zsinz — 2 cosx. Then f(0) = f/(0) =0 and f"/(0) = 2 > 0. It follows

from the previous theorem that f has a local minimum at 0. Notice, by the way, that since f(0) =0 and f(7) <0, 0 is not a
global minimum.

Example 4.5.3

Consider the function f(z) = —x% + 22° + z* — 42% + 2 + 2z — 3 defined on R.
Solution

A direct calculations shows f/(1) = /(1) = /(1) = f@(1) = 0 and f©)(1) < 0. It follows from the previous theorem that f
has a local maximum at 1.

Exercise 4.5.1

Use Taylor's theorem to prove that
>y T (4.5.6)
forallz > 0 and m € N.

Answer available at the end of this section.

Exercise 4.5.2

Find the 5th Taylor polynomial, P;(z), at £ =0 for cosz. Determine an upper bound for the error |P;(z) — cosz| for =
€ [—n/2,m/2].

Answer available at the end of this section.

Exercise 4.5.3

Use Theorem 4.5.3 to determine if the following functions have a local minimum or a local maximum at the indicated points.

a. f(z)=a’sinz at z=0.
b. fz)=(1—2z)lnzatz=1.

Answer available at the end of this section.

Exercise 4.5.4

Suppose f is twice differentiable on (a, b). Show that for every z € (a, b),

o J@ )+ f@—h) — 24(2)
h—0 h?

= " (x). (4.5.7)
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Answer available at the end of this section.
Exercise 4.5.5
a. Suppose f is three times differentiable on (a,b) and z € (a, b). Prove that
et @ - f@f - 1"@Y _ @ EE
h—0 h3 o3 e
b. State and prove a more general result for the case where f is n times differentiable on (a, b).
Answer available at the end of this section.
Exercise 4.5.6
Suppose f is n times differentiable on (a,b) and Z € (a, b). Define
n hn
_ () ()2
P,(h) = ;f (z)— for h R (4.5.9)
Prove that
T+ h) — P,(h
lim LJEER = Pulh) _ (4.5.10)
h—0 h™
(Thus, we have
f(@+ h) = P,(h)+ g(h), (4.5.11)
where g is a function that satisfies limy,_,q gf(f,f) = 0. This is called the Taylor expansion with Peano's remainder.)
Answer available at the end of this section.
Answers
Theorem 4.5.1 - Taylor's Theorem.
Let z be as in the statement and let us fix z # z. SInce z — = +# 0, there exists a number X € R such that
A S\t
f(z) = Py(z) + m(w — 7)™ (4.5.12)
We will now show that
A= f0+(e), (4.5.13)
for some c in between z and z.
Consider the function
_ S A0 k A ntl
g(t) = f(z) — 2 (z—t)" — ] (z—t)"*1. (4.5.14)
Then
i = f¥(@) _ A - A 2\
9(z) :f(ac)—;::0 i (z—z)k = m(x—x) * = f(z) — Py(z) — m(w—x) =0 (4.5.15)
and
L fW(x) A n
g(z) = f(z) — ; R o)f — m(z — )" = f(z) — f(z) = 0. (4.5.16)

By Rolle's theorem, there exists c in between z and z such that g’(c) = 0. Taking the derivative of g (keeping in mind that z is fixed and the independent variable is
t) and using the product rule for derivatives, we have

n (k+1) (k)
g() = —f'(c) + ; (7 f - () (—c)f + (J; _(31 (zic)k—l) + %(zfc)"
A L nt (4.5.17)
BTt A= A CCh

This implies A = £ (¢). The proof is now complete. 0
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Theorem 4.5.3
We will prove (a). Suppose £ (z) > 0. Since f(z) > 0 and (™ is conitnuous at z, there exists § > 0 such that

F®(t) > 0 for all t € B(&;8) C (a,b). (4.5.18)
Fix any z € B(z; ). By Taylor's theorem and the given assumption, there exists ¢ in between z and z such that
I ARSI ) n
flz) = f(z) + ] (z —z)". (4.5.19)

Since n is even and ¢ € B(z; ) we have f(z) > f(z). Thus, f has a local minimum at z.
Now, for the converse, suppose that f has a local minimum at z. Then there exists § > 0 such that
f(z) > f(z) for all z € B(z;6) C (a,b). (4.5.20)

Fix a sequence {z;} in (a,b) that converges to & with x; # & for every k. By Taylor's theorem, there exists a sequence {c;}, with z; # z for every k. By Taylor's
theorem, there exists a sequence {c;}, with ¢, between z;, and z for each k, such that

(n)
fa) = @)+ L gy (15.21)
Since z;, € B(z;d) for sufficiently large k, we have
f(zr) = £(2) (4.5.22)
for such k. It follows that
(n)
Fn @) =L oz s (45.23)

This implies f (c;) > 0 for such k. Since {c;} converges to , £ (&) = limy 0 f™ (cx) >0
The proof of (b) is similar. O

Exercise 4.5.1
Add texts here. Do not delete this text
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4.6: CONVEX FUNCTIONS AND DERIVATIVES

We discuss in this section a class of functions that plays an important role in optimization problems.

flu) §---
M+ l=Nfls}
f(Au+(1—-A)v) ¢
flv) ---
_—
]
_’2'
Figure 4.6: A Convex Function.
Definition 4.6.1
Let I be an interval of R and let f: I — R. We say that f is convex on I if
FOu+ (1 —=XNov) < Af(u)+ (1 —XN)f(v) (4.6.1)
forallu,v € I and for all A € (0,1).
Example 4.6.1
The following functions are convex.
a. f[:R—-R, f(z)==.
b. f:R—=R, f(z) = 22
c. f:R—=R, f(z)=|z|
Solution
a. This is straightforward.
b. Here not first that 2zy < 22 + 32 for all real numbers z, y. Then, if 0 < A < 1 and z,y € R, we get
fOz+(1=Ny) = Oz + (1—A)y)?
= 2222 201 — Nzy+ (1 — )%
< 2252 _ 2 2 y\2,.2
SN2+ A1 -A) (22497 + (1= M)y (462)

=A(Az” + (1=Nz®) + (1 —-A) (A + (1= A)y?)
=z? + (1 - N\)y?
=Af(z) + (1 =N f(y).

c. This follows from the triangle inequality and other basic properties of absolute value.
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Theorem 4.6.1

Let I be an interval of R. A function f: I — R is convex if and only if for every \; > 0,5 =1,...,n, with >/ ; A; =1 (n > 2) and
foreveryz; € I, \i=1,...,n,

f (Zn: Aﬂi) < Zn:)\zf(xz) (4.6.3)

Proof available at the end of this section.

Theorem 4.6.2

Let I be an interval and let f: I — R be a convex function. Then f has a local minimum at z if and only if f has an absolute
minimum at z.

Proof available at the end of this section.

Theorem 4.6.3

Let I be an open interval and let f: I — R be a convex function. Suppose f is differentiable at z. Then
@) (z—12) < f(z) — f(z) for all z € I. (4.6.4)

Proof available at the end of this section.

Corollary 4.6.4

Let I be open interval and let f: I — R be a convex function. Suppose f is differentiable at z. Then f has an absolute
minimum at z if and only if f/(z) = 0.

Proof available at the end of this section.

Let I be an open interval and suppose f: I — R is a convex function. Fix a, b, z € I with a < z < b. Then

f@) = @) _ JO) =@ _ fO) = @)

Tr—a - b—a - b—x

(4.6.5)

Proof available at the end of this section.

Theorem 4.6.6

Let I be an open interval and let f: I — R be a differentiable function. Then f is convex if and only if f’ is increasing on I.

Proof available at the end of this section.

Corollary 4.6.7

Let I be an open interval and let f: I — R be a function. Suppose f is twice differentiable on I. Then f is convex if and only
if f(z) >0forallz € I.
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| Proof available at the end of this section.

Example 4.6.2

Consider the function f: R — R given by f(z) = V22 + 1.
Solution

Now, f/(z) =z/Vz2+1and f”(z) =1/ (2% + 1)3/2. Since f”(z) > 0 for all z, it follows from the corollary that f is convex.

Theorem 4.6.8

Let I be an open interval and let f: I — R be a convex function. Then it is locally Lipschitz continuous in the sense that for
any z € I, there exists £ > 0 and J > 0 such that

|f(uw) — f(v)| < £lu—v| for all u,v € B(Z;0). (4.6.6)

In particular, f is continuous.

Proof available at the end of this section.

Exercise 4.6.1

a. Let I be aninterval and let f,g: I — R be convex functions. Prove that cf, f + g, and max{f, g} are convex functions on
I, where ¢ > 0 is a constant.
b. Find two convex functions f and g on an interval T such that f - g is not convex.

Answer available at the end of this section.

Exercise 4.6.2

Let f: R — R be a convex function. Given a, b € R, prove that the function defined by
g(z) = f(az +b), for x € R (4.6.7)

is also a convex function on R.

Answer available at the end of this section.

Exercise 4.6.3

Let I be an interval and let f: I — R be a convex function. Suppose that ¢ is a convex, increasing function on an interval J
that contains f(I). Prove that ¢ o f is convex on I.

Answer available at the end of this section.

Exercise 4.6.4

Prove that each of the following functions is convex on the given domain:

a. f(xz) = e, x € R, where b is a constant.
b. f(z)=z* z €[0,00) and k > 1 is a constant.
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c. f(z)=—In(l—=z),z € (—oo,1).
d. f(z)= ln(u;) z €R.
e. f(z)=zsinz, ze(—F, %)

Answer available at the end of this section.

Exercise 4.6.5

Prove the following:

a. If a,b are nonnegative real numbers, then

a ; b s Va. (4.6.8)

b. Ifay,as,...,a, Wwhere n > 2, are nonnegative real numbers, then

ayt+ax+--+ay
n

> (a1-az--an)/". (4.6.9)

Answer available at the end of this section.

Answers

Theorem 4.6.1
Since the converse holds trivially, we only need to prove that implication by induction. The conclusions holds for n = 2 by the definition of convexity. Let k be such
that the conclusion holds for any n with 2 < n < k. We will show that it also holds for n = k + 1. Fix \; > 0,i =1,..., k + 1, with Z’““ A; =1 and fix every z; € I,i
=1,..,k+ 1. Then
k
Sohi=1= A (4.6.10)
i=1
If Aky1 =1, then A\, =0 foralli =1,..., &, and (4.6.2) holds. Suppose 0 < Ay < 1. Then, foreachi =1, ...,k A\;/ (1 — Ag41) = 0 and
k
Ai
— =1 4.6.11
— 1= e ( )

It follows that
k+1 k
1 i
f (Z /\i1i> =f {(1 = Akr1) 21:17/\;1 + )‘k+11k+l:|
i=1

< (1= Agg1) f( 17)%— ) + M1 f (@Tht1)

k
1-X + A T 4.6.12
= k+1) f (2 n _/\H ) k1S (Thr1) ( )
k
Ai
[EE flzi) +A T
kb1 ; = )+ A1 f (@)
kil

:Z)‘zf(z>

where the first inequality follows from the definition of convexity (or is trivial if A\;.; = 0) and the last inequality follows from the inductive assumption. The proof is
now complete. 0
Theorem 4.6.2
Clearly if f has a global minimum at z, then it also has a local minimum at z.
Conversely, suppose that f has a local minimum at z. Then there exists § > 0 such that

f(u) > f(z) for all w € B(z;6) N 1I. (4.6.13)
For any z € I, we have z, = (1 — %) T+ %z — . Thus, z,, € B(z;d) N I when n is sufficiently large. Thus, for such n,
1 1
1@ < e < (1- 1) F@) + - fa). (1619
This implies that for a sufficient large n, we have
1 1
—f(z) < = .6.
~f(@) < — (@) (4.6.15)

and, hence, f(z) < f(z). Since = was arbitrary, this shows f has an absolute minimum at z. square
Theorem 4.6.3
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Forany z € I and ¢t € (0,1), we have

f@+tz—2) - f(x) _ fltz+ (1 -t)7) - f(7)

< @)+ A-1f(@) — f(@) (4.6.16)

Since f is differentiable at z,
< f=) — f(2), (4.6.17)

which completes the proof. O

Corollary 4.6.4
Suppose f has an absolute minimum at z. By Theorem 4.2.1, f’(z) = 0. Let us prove the converse. Suppose f’(z) = 0. It follows from Theorem 4.6.3 that

0=f'(z)(x—z) < f(x) — f(z) forall z € I. (4.6.18)
This implies
f(z) > f(z) forall z € I. (4.6.19)
Thus, f has an absolute minimum at z. O
Lemma 4.6.5
Let
t= ::s (4.6.20)
Then t € (0,1) and
flz)=fla+ (@—a) = f (a + ::Z (b— a)) = fla+t(b—a)) = f(tb+ (1 — t)a). (4.6.21)
By convexity of f, we obtain
f(z) <tf(b)+ (1 —t)f(a). (4.6.22)
Thus,
F@) = f(a) S ) + (1 =D f(a) ~ f(a) = t1Fb) ~ F(@)] = T—(F() = f(a))- (4.6.23)
Equivalently,
1)~ fa) _ J0) ~ fla) 4620
T—a b—a
Similarly,
f(@) = f(0) < tf(b) + 1= 1)f(a) — f(b) = (1 = t)[f(a) — F(O)] = Z:j [f(b) — f(a)]. (4.6.25)
It follows that
f) — f(a) _ f(b) — f(=)
. ST (4.6.26)
The proof is now complete. O
Theorem 4.6.6
Suppose f is convex. Fix a < b with a,b € I. By Lemma 4.6.5, for any z € (a,b), we have
[() — f(@) _ J(6) — f(a) w627
T—a b—a
This implies, taking limits, that
/ f(b) — f(a)
flla) < ———— (4.6.28)
Similarly,
f() — f(a) <5, (4.6.29)

Therefore, f’(a) < f’(b), and f’ is an increasing function.

Let us prove the converse. Suppose f’ is increasig. Fix \(x{1} f\left(x_{th\right)-f\left(x_{1}\right)=fA{\primeNleft(c_{1}\right)\left(x_{t}-
x_{1N\right)=fA{\primeNleft(c_{1\right)(1-t)\left(x_{2}-x_{1}\right) \text {;} \
fleft(x_{tN\right)-f\left(x_{2N\right)=fA{\primeNleft(c_{2}\right)\left(x_{t}-x_{2N\right)=fA{\prime}left(c_{2}\right) t\left(x_{1}-x_{2N\right) \text {.}

\end{array}\]l This implies

tf (@) —tf (1) = f' () (1 — t) (w2 — 1)

(1= 0)F (@) — (1 Df (22) = ()1 —1) (21 — ). (1:6:30)
Since f’ (c1) < f’ (¢2), we have
tf(w) —tf (z1) = £ (e)tA =) (22— 21) < ' (e2) L — 1) (w2 — 1) = L= 8)f (22) — (L= O)f (1) (4.6.31)
Rearranging terms, we get
flz) <tf(z)+ (1 —1t)f(22).- (4.6.32)

Therefore, f is convex. The proof is now complete. O
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Corollary 4.6.7

It follows from Proposition 4.3.2 that f”(z) > 0 for all z € I if and only if the derivative function f’ is increasing on I. The conclusion then follows directlye from
Theorem 4.6.6. O

Theorem 4.6.8
Fix any z € I. Choose four numbers q, b, ¢, d satisfying \[a ®\) such that B(z; ) C (b, c). Let u,v € B(z; §) with v < u. Then by Lemma 4.6.5, we see that

fO) — fla) _ fw) = fla)  fw) = f(v) _ fld) = f(v) _ f(d) — fle)

< 6.
b—a u—a - u—v - d—v d—c (4.6.33)
Using a similar approach for the case u < v, we get
fO = fa)  Jw) =S SD =S oo w e B ). (4.6.34)
b—a u—v d—c
Choose ¢ > 0 sufficiently large so that
— < () — f(a) < fu) — f(v) < f(d) — f(o) < ¢ for all u,v € B(Z;6). (4.6.35)
b—a u—v d—c

Then (4.6.29 holds. The proof is now complete. O
Exercise 4.6.1

Add texts here. Do not delete this text first.
Exercise 4.6.2
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Exercise 4.6.3

Add texts here. Do not delete this text first.
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4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND
SUBDIFFERENTIALS

In this section, we introduce a new concept that is helpful in the study of optimization problems in which the objective function
may fail to be differentiable.

Definition 4.7.1

Let f: R — R be a convex function. A number u € R is called a subderivative of the function f at z if
u-(x—Z) < f(z) — f(z) for all z € R. (4.7.1)

The set of all subderivatives of f at z is called the subdifferential of f at z and is denoted by 0f(Z).

Figure 4.7: A nondifferential convex function.

Example 4.7.1

Let f(z) = |z|. Then
af(0) = [-1,1]. (4.7.2)
Solution
Indeed, for any u € 9f(0), we have
u-z=u(r—0) < f(z) — f(0) = |z| for all z € R. (4.7.3)
In particular,u-1<|l|]=1and u - (—1) = —u < | — 1| = 1. Thus, u € [—1, 1]. It follows that
af(0) c [-1,1]. (4.7.4)
For any u € [—1, 1], we have |u| < 1. Then
u-z < |u-z| = |ul|z] < |z] for all z € R. (4.7.5)
This implies u € 9f(0). Therefore, 9f(0) = [-1, 1].
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Let f: R — R be a convex function, Fix a € R. Define the slope function ¢, by

f(z) — f(a)
o(z) = 4.7.6
fala) = T2 (4.76)
for z € (—o0, a) U (a, ). Then, for z1,z2 € (—o0, a) U (a, co) with \(x_{1}
Proof available at the end of this section.
Theorem 4.7.2
Let f: R — R be a convex function and let z € R. Then f has left derivative and right derivative at z. Moreover,
sup ¢z(x) = f1(2) < f1(2) = inf $z(x), (4.7.7)
TL r>x
where ¢; is defined in (4.17).
T I
Figure 4.8: Definition of subderivative.
Proof available at the end of this section.
Theorem 4.7.3
Let f: R — R be a convex function and let z € R. Then
af(z) = [ (z), f(z)]. (4.7.8)

Proof available at the end of this section.

Corollary 4.7.4

Let f: R — R be a convex function and z € R. Then f is differentiable at z if and only if 9f(z) is a singleton. In this case,

of(z) ={f"(2)}. (4.7.9)
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| Proof available at the end of this section.

Example 4.7.2

Let f(z) = a|z — b| + ¢, where a > 0.
Solution

Then f is a convex function and
fL(b) = —a, f1(b) = a. (4.7.10)
Thus,
0f(b) = [—a,al. (4.7.11)
Since f is differentiable on (—o0, b) and (b, o), we have \[\partial f(x)=\left\{\begin{array}{l(}
\{-a\}, & \text { if } x {[-a, al,} & \text { if } x=b \text {;}\

\{a\}, & \text { if } x>b \text {.}
\end{array}\right.\]

Definition 4.7.2

Let A and B be two nonempty subsets of R and o € R. Define
A+B={a+b:ac Abe B} and aA = {aa:a € A} (4.7.12)

Figure 4.9: Set addition.

Theorem 4.7.5

Let f,g: R — R be convex functions and let o > 0. Then f + g and o f are convex functions and
o(f + g)(z) = 8f(2) + 99()

4.7.13
B(af)(z) = adf(z). (£.7.13)
Proof available at the end of this section.
Example 4.7.3
Let \(a_{1}0\) for i = 1, ..., n. Define
fl@) =" pile—ail. (4.7.14)
i=1
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Solution

Then f is a convex function. By Theorem 4.7.5, we get

Bf(a’c) _ Zal<z i _zal>z iy if 2 ¢ {ah"-:an} (47 15)
Zal<i Bi— Zal>i Hi =+ [_/j’iw Mil,] ) ifz= Qi - o

Theorem 4.7.6

Let fi:R— R,i=1,..,n, be convex functions. Define
flz) =max{fi(z):i=1,...,n} and I(u) ={i=1,...,n: fi(u) = f(u)}. (4.7.16)
Then f is a convex function. Moreover,
of(z) = [m, M], (4.7.17)
where

— i () el W = ! (). 4.7.18
= il fi_(z) an s fir(2) ( )

Proof available at the end of this section.

Remark 4.7.7

the product of two convex functions is not a convex function in general. For instance, f(z) = 2 and g(z) = 2? are
convex functions, but (z) = z° is not a convex function.

The following result may be considered as a version of the first derivative test for extrema in the case of non
differentiable functions.

Theorem 4.7.8

Let f: R — R be a convex function. Then f has an absolute minimum at z if and only if
0 € 9f(z) = [f.(2), f1(z)]- (4.7.19)

Proof available at the end of this section.

Example 4.7.4

Let k& be a positive integer and \(a_{1}
Solution

It follows from the subdifferential formula in Example 4.7.3 that 0 € 9f(z) if and only if Z = a;. Thus, f has a unique
absolute minimum at a;.
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Figure 4.10: Subdifferential of f(z) = 7' |z — a;

SEssEssEsssSssssssss

Figure 4.11: Subdifferential of g(z) = % |z — a;

Similarly, if \(a_{1}

The following theorem is a version of the Mean Value Theorem (Theorem 4.2.3) for nondifferentiable functions.
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Figure 4.12: Subdifferential mean value theorem.

Theorem 4.7.9

Let f: R — R be a convex function and let a < b. Then there exists c € (a,b) such that

f(b) — f(a)

——= € 9f(o). (4.7.20)

Proof available at the end of this section.

Corollary 4.7.10

Let f: R — R be a convex function. Then f is Lipschitz continuous if and only if there exists / > 0 such that
Of(z) C [, 4] for all z € R. (4.7.21)

Proof available at the end of this section.

Exercise 4.7.1

Find subdifferentials of the following functions:

a. f(z)=alz|,a>0.
b. f(z)=|z—1]+|z+1

Answer available at the end of this section.

Exercise 4.7.2

Find the subdifferential of the function

f(z) = max{—2z + 1, 2,2z — 1}. (4.7.22)

Answer available at the end of this section.
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Exercise 4.7.3

Let f(z) = > }_, |z — k|. Find all absolute minimizers of the function.

Answer available at the end of this section.

Exercise 4.7.4

g(z) = flax +b), for z € R
Prove that 9g¢(z) = adf(az + b).

Answer available at the end of this section.

Exercise 4.7.5

R.

Answer available at the end of this section.

Answers

Lemma 4.7.1
This lemma follows directly from Lemma 4.6.5. O

Theorem 4.7.2

Let /: R — R be a convex function. Fix a,b € R and define the function g by

(4.7.23)

Let f: R — R be a convex function. Suppose that df(z) C [0,00) for all = € R. Prove that f is monotone increasing on

By Lemma 4.7.1, the slope function ¢, defined by (4.17) is increasing on the interval (z, c0) and bounded below by ¢ (z — 1). By Theorem 3.2.4, the limit

i 6.6) = tim 1O =10

Tzt r—I
exists and is finite. Moreover,
IILI% ba(x) = ;gﬁ b ().
Thus, [/ (z) exists and
Fi@) = inf 6i(2).
Similarly, f/ (z) exists and \[f_{-}*{\prime}(\bar{x})=\sup _{x

Theorem 4.7.3
Suppose u € df(z). By the definition (4.16), we have

u-(z—2) < f(z) — f(z) for all z > Z.

This implies

ug@farallz>i.
Thus,
R SR

Similarly, we have

u-(z—2z) < f(z) — f(z) for all z < z.

Thus,
f(@) — f(z)

for all z < z.

This implies v > f’(z). So

0f(z) C [fL(2), fL(@)].-

(4.7.24)

(4.7.25)

(4.7.26)

(4.7.27)

(4.7.28)

(4.7.29)

(4.7.30)

(4.7.31)

(4.7.32)

To prove the opposite inclusion, take u € [f/(Z), f1(Z)]. by Theorem 4.7.2 \[\sup _{x\bar{x}} \phi_{\bar{x}}(x) .\] Using the upper estimate by [/ (z) for u,

one has
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u < ¢z(x) = Lﬁ(@ for all z > Z.

It follows that

u-(z—17) < f(z) — f(z) for all z > .
Similarly, one also has

u-(x—z) < f(z) — f(z) for all z < Z.
Thus, (4.16) holds and, hence, u € 9f(z). Therefore, (4.18) holds. O

Corollary 4.7.4
Suppose f is differentiable at z. Then
@) =fi(@) = (@)
By Theorem 4.7.3,
of(@) = [f.(@), f1(@®] ={f"(@)}.

Thus, df(z) is a singleton.
Conversely, if 0f(z) is a singleton, we must have f’ (z) = f/(z). Thus, f is differentaible at z. O

Theorem 4.7.5
It is not hard to see that f + g is a convex function and

By Theorem 4.7.3,

The proof for the second formula is similar. O

Theorem 4.7.6
Fix u,v € R and X € (0,1). For any i = 1, ..., n, we have

fiu+ (1= No) <Afi(w) + (1= N fi(v) < Af(u) + (1= N f(v).

This implies

FOut (1= No) = max fi(hu+ (1= N)o) < M) + (1= X)f(0).

Thus, f is a convex function. Similarly we verify that f/ (z) = M and f/(z) = m. By Theorem 4.7.3,
95 (z) = [m, M).
The proof is now complete. O
Theorem 4.7.8
Suppose f has an absolute minimum at z. Then
f(@) < f(z) for all z € R.
This implies
0-(x—z)=0< f(z) — f(z) for all z € R.
It follows from (4.16) that 0 € df(z).
Conversely, if 0 € 9f(z), again, by (4.16),
0-(x—z)=0< f(z) — f(z) for all z € R.
Thus, f has an absolute minimum at z. O
Theorem 4.7.9
Define

)= 160 - [ 12 a4 s10)].

(4.7.33)

(4.7.34)

(4.7.35)

(4.7.36)

(4.7.37)

(4.7.38)

(4.7.39)

(4.7.40)

(4.7.41)

(4.7.42)

(4.7.43)

(4.7.44)

(4.7.45)

(4.7.46)

Then g is a convex function and g(a) = g(b). Thus, g has a local minimum at some c € (a,b) and, hence, g also has an absolute minimum at c. Observe

that the function

[0ty 0]

is differentiable at c and, hence,

on(e) = ') = {15 =12,

By Theorem 4.7.8 and the subdifferential sum rule,

This implies (4.19). The proof is now complete. O
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Corollary 4.7.10
Suppose f is Lipschitz continuous on R. Then there exists / > 0 such that

[f(u) — f(v)] < €lu— | for all u,v € R.

Then for any z € R,

h—0+ T 0t h
Similarly, f’ (z) > —¢. Thus,
0f(z) = [f (), f1(2)] C [-¢, 4.
Conversely, fix any u,v € R with u # v. Applying Theorem 4.7.9, we get
IO ope)  [-2.0),

for some c in between « and v. This implies
[f(u) = f()] < Llu— .
This inequality obviously holds for u = v. Therefore, f is Lipschitz continuous. O
Exercise 4.7.1
Add texts here. Do not delete this text first.

Exercise 4.7.2

Add texts here. Do not delete this text first.
Exercise 4.7.3

Add texts here. Do not delete this text first.
Exercise 4.7.4

Add texts here. Do not delete this text first.
Exercise 4.7.5

Add texts here. Do not delete this text first.

(4.7.50)

(4.7.51)

(4.7.52)

(4.7.53)

(4.7.54)
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5.1: CHAPTER 1

Exercise 1.1.2.

Answer

Applying basic rules of operations on sets yields
(X\Y)NZ=Y°NZ=2\Y. (5.1.1)
and
Z\(YNZ)=(Z\Y)U(2\Z) = (Z\Y)UD = Z\Y. (5.1.2)
Therefore, (X\Y)NZ = Z\(Y N Z).

Exercise 1.2.1.

Answer

a. Foranya € A, we have f(a) € f(A) and, so, a € f~1(f(A)). This implies A C f~1(f(A)). Note that this inclusion does not
require the injectivity of f. Now fix any a € f~1(f(A)). Then f(a) € f(A), so there exists a’ € A such that f(a) = f(a’).
Since f is one-to-one, a = a’ € A. Therefore, f~1(f(A)) C A and the equality holds.

b. Fixanybe f(f1(B)). Then b= f(z) for some z € f~1(B). Thus, b = f(z) € B and, hence, f (f}(B)) C B. This inclusion
does not require the surjectivity of f. Now fix b € B. Since f is onto, there exists z € X such that f(z) =b € B. Thus, =
€ f~1(B) and, hence, b € f (f~(B)). We have shown that B C f (f~!(B)) and the equality holds.

Without the injectivity of f, the equlaity part (a) is no longer valid. Consider f(z) = z2, z € R, and A = [—1,2]. Then f(A) = [0, 4]

and, hence, f~1(f(A)) = [-2, 2], which strictly contains A. It is also not hard to find an example of a function f and a set B for
which the equality in part (b) does not hold true.

Exercise 1.3.6.

Answer

Forn=1,

1 1+\/3_1—\/3:|_L2\/5:1

7 5 | = F T (5.1.3)

Thus, the conclusion holds for n = 1. It is also easy to verify that the conclusion holds for n = 2.
1+v5 * 1—v5 ¢
( + ) ( — ) ] (5.1.4)
2 2
1

1+\/g n+1 17\/5 n+1
e e C ) -

By the definition of the sequence and the induction hypothesis,

Suppose that

for all £ < n, where n > 2. Let us show that
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Optl = Ap + Gp—1

n n n—1 n—1
(1B (1= L (1£VE)  (1=v5
5 2 2 V5 2 2 (5.1.6)
n—1 n—1
1 1++5 14+5 1—-+/5 1—-5
= +1| - -1]].
NG 2 2 2 2
Observe that
2 2
1 1 1— — 1-—
+\/5+1=3+\/5= +v5 and \/5—1—1:3 \/5: L . (5.1.7)
2 2 2 2 2 2
Therefore, (5.1) follows easily.
In this exercise, observe that the two numbers % and # are the roots of the quadratic equation
2=z +1. (5.1.8)
A more general result can be formulated as follows. Consider the sequence {a,} defined by
a; = a;
ay = b; (5.1.9)
Qnio = aapn+1 + Pa, for n € N.
Suppose that the equation z? = az + 8 has two solutions z; and z». Let ¢; and ¢, be two constants such that
c1T1 + caxo = a;
5.1.10
C1 (1‘1)2+62 (1'2)2 =b. ( )
Then we can prove by induction that
Ty = c1 (z1)" + ca (z2)" for all n € N. (5.1.11)

This is a very useful method to find a general formula for a sequence defined recursively as above. For example, consider the
sequence

ay = 1;
ay = 1; (5.1.12)
QAnio = Gpa1 + 2a, for n € N.
Solving the equation z2? = x + 2 yields two solutions z; = 2 and x5 = (—1). Thus,
zy = 12" + co(—1)", (5.1.13)
where ¢; and ¢, are constants such as
c1(2) +eo(-1) =L
61(2)2 =+ 62(71)2 =1.

It is not hard to see that ¢; = 1/3 and ¢y = —1/3. Therefore, \[a_{n}=\frac{1{3} 2*{n}-\frac{1{3}(-1)*{n} \text { for all } n \in
\mathbb{N} .\

Exercise 1.3.8.

Answer

(5.1.14)

Hint: Prove first that, for k = 1,2, ..., n, we have

(1)) =) 6119
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Exercise 1.4.5.

Answer
In general, to prove that |a| < m, where m > 0, we only need to show that a < m and —a < m.

Forany z,y € R,

lz| = |z —y+yl < |z —yl+yl, (5.1.16)
This implies
lz| =yl < |z —yl. (5.1.17)
Similarly,
lyl=ly—z+z| < |z -yl + || (5.1.18)
This implies
—(lzl = ly) < |z —yl. (5.1.19)

Therefore, \[\| x|-| y|| \leax-y| .\

Exercise 1.5.4.

Answer

Let us first show that A + B is bounded above. Since A and B are nonempty and bounded above, by the completeness axiom,
sup A and sup B exist and are real numbers. In particular, a < sup A for alla € A and b < sup B for all b € B.

For any z € A + B, there exists a € A and b € B such that z = a + b. Thus, z = a + b < sup A + sup B, which shows that A + B
is bounded above.

We will now show that sup A + sup B is the supremum of the set A + B by showing that sup A + sup B satisfies conditions (1)
and (2’) of Proposition 1.5.1.

We have just shows that sup A + sup B is an upper bound of A + B and, hence, sup A + sup B satisfies condition (1’).

Now let € > 0. Using frace2 in part (2’) of Proposition 1.5.1 applied to the sets A and B, there exits a € A and b € B such that
\[\sup A-\frac{\varepsilon}{2}

Exercise 1.6.2.

Answer

Let z = % By Theorem 1.6.2(d), there exists m € R such that \[m-1 \leq \frac{1{r}1\), we get m > 1 and, so, m > 2. It follows
that m — 1 € N. Set n = m — 1 and then we get \[\frac{1}{n+1}

This page titled 5.1: CHAPTER 1 is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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5.2: CHAPTER 2

Exercise 2.1.12

Answer

a. Suppose that lim,,_,o a, = £. Then by Theorem 2.1.9,

lim ag, = ¢ and lim ag,+1 = ¢. (5.2.1)

Now suppose that (5.2) is satisfied. Fix any ¢ > 0. Choose N; € N such that

|ag, — £| < & whenever n > Ny, (5.2.2)
and choose N, € N such that
|as,+1 — €] < € whenever n > Ns. (5.2.3)
Let N = max {2N1,2N, + 1}. Then
la, — €| < € whenever n > N. (5.2.4)

Therefore, lim,,_,o a,, = £.
This problem is sometimes very helpful to show that a limit exists. For example, consider the sequence defined by
z =1/2, (5.2.5)

for n € N.

1
xT =
n+1 2+ z,
We will see later that {zs,.1} and {z2,} both converge to {z,}, so we can conclude that {z,} converges to {z,}.

b. Use a similar method to the solution of part (a).

Exercise 2.1.8

Answer

Consider the case where ¢ > 0. By the definition of limit, we can find n; € N such that

|an| > £/2 for all n > n;. (5.2.6)
Given any € > 0, we can find n, € N such that
le

la, — €] < v for all n > ng. (5.2.7)

Choose ny = max {ny,ns}. For any n > ng, one has

‘ ¢
=ua G 1‘ _ ool el leen ol 0T _ (5.2.8)
a 2] @] I

Therefore, lim,,_,,, <= = 1. If £ < 0, consider the sequence {—a,}.

n

The conclusion is no longer true if £ = 0. A counterexample is a,, = A" where X € (0, 1).

Exercise 2.2.3

Answer

©@®S 165 (5.2.1)



LibreTextS“'

a. The limit is calculated as follows:

) ) (\/n2+n—n)<\/n2+n+n)
Jim (Va2 +n—n) = lim JEtntn
n

= lim

n—00 ‘/’I’LZ-}—TL—I—TL
n

= lim
o0 /n2(1+1/n) +n

1/2.

= lim

1
nsee At 1jn4+1

b. The limit is calculated as follows:

(\3/ nd + 3n? — n) ( Y/ (n3 + 3n2)% + nv/nd + 3n2 + n2)
lim (\3/ n3 + 3n? — n) = lim

n—00 n—00 3/(n3 + 37’L2)2 +n 3/n3 + 3n2 + ng)

. 3n?2
= lim
n—oo
Y/ (n3 + 3n2)% + nv/n3 + 3n2 + n?
. 3n?
= lim
n=%0 #/nb(1 +3/n)2 + ny/n3(1 + 3/n) + n2
. 3n?2
= lim
"% n2 (/(1+3/n)? + /(1+3/n) +1)
= lim 3 =1

= (JT+3/m)2 + /(1+3/n) +1)
c. We use the result in part (a) and part (b) to obtain

lim (\'3/n3+3n2—\/n2+1) = lim (\3/n3+3n2—n+n— n2+1)
n—oo

n—oo
= lim (\3/713 + 302 — n) + lim (n —Vnr 1) —1-1/2=1/2.
n—oo n—oo

Using a similar technique, we can find the following limit:

lim ({Van3+bn2+cn+d—\/an2+/3n+'y),
n—oo

where a > 0 and a > 0.

Exercise 2.3.1

Answer

a. Clearly, a; < 2. Suppose that a;, < 2 for k € N. Then
A1 = V2+tar<V2+2=2.

By induction, a,, < 2 foralln € N.
b. Clearly, a; = v2 < V2 + V2 = a». Suppose that \(a_{k}

any1 = Ve+a, forneN.
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(5.2.12)

(5.2.13)

c. By the monotone convergence theorem, lim,, ., a,, exists. Let £ = lim,,_,, a,. Since a,11 = V2 + a, and lim,,_, an41 = 4,

we have
L=+24+Lor 2=2+41. (5.2.14)
Solving this quadratic equation yields ¢ = —1 or ¢ = 2. Therefore, lim,,_,,, a, = 2. Define a more general sequence as
follows:
=c>0
m=esn (5.2.15)
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We can prove that {a,} is monotone increasing and bounded above by 2+ In fact, {a,} converges to this limit. The
number ¥+ s obtained by solving the equation ¢ = v/c + ¢, where £ > 0.

Exercise 2.3.2

Answer

a. The limit is 3.
The limit is 3.
c. We use the well-known inequality

c

%b—i—c > Vabc for a,b,c > 0. (5.2.16)

By induction, we see that a,, > 0 for all n € N. Moreover,

1 1 1 1 1, 1
Apyl = E <2an + E) = g (an +a, + a—%) > g Ay - Gy * a—% =1. (5.2.17)
We also have, for n > 2,
1 1 —a?+1  —(a,—1)(a®+a,+1)
ni1—an =3 <2an + E) —ap = 37;% = - 302 u <0. (5.2.18)

Thus, {a,} is monotone deceasing (for n > 2) and bounded below. We can show that lim, . a, = 1.
d. Use the inequality “T“’ > vab for a,b > 0 to show that a,,; > Vb for all n € N. Then follow part 3 to show that {a,} is
monotone decreasing. The limit is v/b.

Exercise 2.3.3

Answer

a. Let {a,} be the given sequence. Observe that a,,;1 = v/2a,. Then show that {a,} is monotone increasing and bounded
above. The limit is 2.
b. Let {a,} be the given sequence. Then
1

e Y e,
n

(5.2.19)

Show that {a2,+1} is monotone decreasing and bounded below; {as,} is monotone increasing and bounded above. Thus
{a,} converges by Exercise 2.1.12. The limit is V2 —1.

Exercise 2.3.5

Answer

Observe that

b1 = o ;_ bn >V apb, = apy for alln € N. (5.2.20)

Thus,
A1 = m > ana, = a, for all n € N, (5.2.21)
N ; LI ;L bo b, forallm e N, (5.2.22)

It follows that {a,} is monotone increasing and bounded above by b4, and {b,} is decreasing and bounded below by a;. Let
= lim, 0 a, and y = lim,_,, b,,. Then

z = /zyand y = zT—i_y (5.2.23)
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l Therefore, z = 3.

Exercise 2.4.1.

Answer
Here we use the fact that in R a sequence is a Cauchy sequence if and only if it is convergent.

Not a Cauchy sequence. See Example 2.1.7.

A Cauchy sequence. This sequence converges to 0.

A Cauchy sequence. This sequence converges to 1.

A Cauchy sequence. This sequence converges to 0 (see Exercise 2.1.5).

Exercise 2.5.4

e oo

Answer
a. Define
ay, = sup (ap +by,) , B = sup ag, ¥, = sup bg. (5.2.24)
k>n k>n k>n
By the definition,
limsup (a,, + b,) = lim ay,,limsupa, = lim G,,limsup b, = lim ~,. (5.2.25)
n—o00 n—00 n—o0 n—00 n—00 n—00
By Exercise 2.5.3,
an < Bn+yn for all m € N. (5.2.26)
This implies
lim a, < lim B, + lim ~, for all n € N. (5.2.27)
n—o0 n—oo n—oo
Therefore,
lim sup (a,, + b,) < limsup a,, + lim sup by,. (5.2.28)
n—00 n—00 n—00

This conclusion remains valid for unbounded sequences provided that the right-hand side is well-defined. Note that the
right-hand side is not well-defined, for example, when lim sup,,_, . a, = oo and lim sup,,_,, b, = —oc.
b. Define

o, = Igﬁ (an +by),0n = Igﬁ Ay Yn = ég,{ b. (5.2.29)

Proceed as in part (a), but use part (b) of Exercise 2.5.3.
c. Consider a, = (—1)" and b, = (—1)"*L.

Exercise 2.6.3

Answer

Suppose A and B are compact subsets of R. Then, by Theorem 2.6.5, A and B are closed and bounded. From Theorem
2.6.2(c) we get that A U B is closed. Moreover, let M4, m4, Mg, Mg be upper and lower bounds for A and B, respectively.
Then M = max{M,4, Mg} and m = min {m 4, mp} are upper and lower bounds for A U B. In particular, A U B is bounded. We
have shown that A U B is both closed and bounded. It now follows from Theorem 2.6.5 that A U B is compact.

This page titled 5.2: CHAPTER 2 is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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Answer

a. Observe that when z is near 1/2, f(z) is near 1/2 no matter whether z is rational or irrational. We have

|z —1/2], ifx e
—1/2| = 5.3.1
(@)= 1/2] { 1—z—1/2|, ifz¢Q. (5:3.1)
Thus, |f(z) — 1/2| = |« — 1/2| for all z € R.
Given any € > 0, choose § = . Then
|f(z) —1/2| < € whenever |z —1/2| < 4. (5.3.2)

Therefore, lim, /2 f(z) = 1/2.

b. Observe that when z is near 0 and z is rational, f(z) is near 0. However, when f is near 0 and =z is irrational, f(z) is
near 1. Thus, the given limit does not exists. We justify this using the sequential criterion for limits (Theorem 3.1.2). By
contradiction, assume that

lim f(z) = ¢, (5.3.3)
z—0
where £ is a real number. Choose a sequence {r,} of rational numbers that converges to 0. Then f (r,) =, and f(s,)
=1 - s, and, hence,

= ILm f(r) =0 (5.3.4)
and
L= T}Lrgof(s,L) = 7;1520 (1—s,) =1 (5.3.5)

This is a contradiction.
c. By a similar method to part (b), we can show that lim,_,; f(x) does not exist.

Solving this problem suggests a more general problem as follows. Given two polynomials P and @, define the function

[ P(z), ifzey
f(z) —{ Q) ifz¢Q. (5.3.6)

If a is a solution of the equation P(z) = Q(z), i.e, P(a) = Q(a), then the limit lim,_,, f(z) exists and the limit is this common
value. For all other points the limit does not exist.

Similar problems:

1. Determine all a € R at which lim,_,, f(z) exists, where

z? ifzeQ;
= ’ ' 5.3.7
1(@) {z—I—Z, ifrexzd¢Q. ( )
2. Consider the function
22 +1, ifzeQ;
= ’ ’ 5.3.8
f(@) { —, ifz ¢ Q. ( )

Prove that f does not have a limit at any a € R.
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Exercise 3.2.5.

Answer

The given condition implies that if both z; and z, are close to Z, then they are close to each other and, hence, f(z;) and
f (z2) are close to each other. This suggests the use of the Cauchy criterion for limit to solve the problem. Given any ¢ > 0,
choose ¢ = 5. If 21,29 € D\{z} with |z; — Z| < § and |z3 — Z| < §, then

2(k+1) *
|f (z1) — f(z2)| < klzyr — z2| < k(Jx1 — Z| + |22 — Z]) < k(6 + 0) = 2k =""ﬁ <e="". (5.3.9)
=""therefore,="" lim =" " ,_»_,_mz ="" f(x)="" exists.<="" section="">
Exercise 3.3.8.
Answer
a. Observe that f(a) = g(a) = h(a) and, hence,
lg(z) —g(a)l, ifz€Qn[0,1];
_ _ 5.3.10
|f(@) = f(a)] { Ih(z) — h(a)|, ifz€Q°N[o,1]. (5:3.10)
It follows that
|f(2) = f(a)] < |g(x) — g(a)| + |h(x) — h(a)]| for all z € [0,1]. (5.3.11)

Therefore, lim,_,, f(z) = f(a) and, so, f is continuous at a.
b. Apply part (a).

Exercise 3.3.9.

Answer

At any irrational number a € (0,1], we have f(a) = 0. If = is near a and z is irrational, it is obvious that f(z) = 0 is near
f(a). In the case when z is near a and z is rational, f(z) = 1/q where p, ¢ € N. We will see in part (a) that for any £ > 0
, there is only a finite number of z € (0, 1] such that f(z) > e. So f(z) is close to f(a) for all z € (0, 1] except for a finite
number of z € Q. Since a is irrational, we can choose a sufficiently small neighborhood of a to void such z.

a. Foranye >0,

1 1
Clearly, the number of ¢ € N such that g < % is finite. Since 0 < % < 1, we have p < q. Therefore, A. is finite.
b. Fix any irrational number a € (0,1]. Then f(a) = 0. Given any ¢ > 0, by part (a), the set A. is finite, so we can write
A.={z € (0,1]: f(z) > e} = {x1,22, ..., Tp}, (5.3.13)

for some n € N, where z; € Q for alli = 1,...,n. Since a is irrational, we can choose § > 0 such that z; ¢ (a — d,a + 9)
foralli =1,...,n (more precisely, we can choose § = min{|a — z;| : i = 1, ... ,n}). Then

|f(z) — f(a)| = f(z) < € whenever |z —a| < 0. (5.3.14)

Therefore, f is continuous at a.

Now fix any rational number b = % € (0,1]. Then f(b) = % Choose a sequence of irrational numbers {s,} that converges
to b. Since f(s,) = 0 for all n € N, the sequence {f (s,)} does not converge to f(b). Therefore, f is not continuous at b.

In this problem, we consider the domain of f to be the interval (0, 1], but the conclusion remain valid for other intervals.
In particular, we can show that the function defined on R by
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é, ifx = %,p, q € N, where p and ¢ have no common factors;
fl@)=1 1, ifz=0; (5.3.15)
0, if z is irrational ,

is continuous at every irrational point, and discontinuous at every rational point.

Exercise 3.3.10.

Answer

Consider

() = { éx—al)(x—az)n-(z—ak), if x € Q; (5.3.16)

Exercise 3.4.6.

Answer

Let @ = min{f(z) : = € [a,b]} and 8 = max{f(z) : = € [a,b]}. Then

fe)t e+t 7) oh_ g (5.317)
n n
Similarly,
PRORS (CORER Ty (5318)
Then the conclusion follows from the Intermediate Value Theorem.
Exercise 3.4.7.
Answer
a. Observe that

|f(1/n)| < 1/n for all n € N. (5.3.19)

b. Apply the Extreme Value Theorem for the function g(z) = |@| on the interval [a, b].

Exercise 3.4.8.

Answer
First consider the case where f is monotone decreasing on [0, 1]. By Exercise 3.4.5, f has a fixed point in [0, 1], which
means that there exists z, € [0, 1] such that
Since f is monotone decreasing, f has a unique fixed point. Indeed, suppose that there exists z; € [0,1] such that f(z;)
= z1. If \(x_{1}x_{ON\). Therefore, z, is the unique point in [0, 1] such that f (z() = zo.
Since f(g(z)) = g(f(z)) for all z € [0, 1], we have

fg(@0)) = g(f (o)) = g(x0)- (5.3.21)

=Fr7]

Thus, g () is also a fixed point of f and, hence, g (z() o = f (z9). The proof is complete in this case.
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Consider the case where f is monotone increasing. In this case, f could have several fixed points on [0, 1], so the previous
argument does not work. However, by Exercise 3.4.5, there exists ¢ € [0, 1] such that g(c) = c. Define the sequence {z,}
as follows:

Ir1 = ¢C,

ZTpt1 = f(zy,) foralln > 1. (5.3.22)

Since f is monotone increasing, {z,} is a monotone sequence. In fact, if z; < x,, then {z,} is monotone increasing; if
x1 > x9, then {z,} is monotone decreasing. Since f is bounded, by the monotone convergence theorem (Theorem 2.3.1),
there exists z, € [0, 1] such that

lim z,, = . (5.3.23)

n—o00

Since f is continuous and z,; = f (z,) for all n € N, taking limits we have f (z() = x.
We can prove by induction that g (z,) = z, for all n € N. Then
g(zo) = lim g(z,) = limz, = z,. (5.3.24)
n—oo

Therefore, f (zg) = g(zo) = zo.

Exercise 3.5.2.

Answer

a. Let f: D — R. From Theorem 3.5.3 we see that if there exist two sequences {z,} and {y,,} in D such that |z, — y,|
— 0 as n — oo, but {|f (z,) — f (yn)|} does not converge to 0, then f is not uniformly continuous on D. Roughly
speaking, in order for f to be uniformly continuous on D, if z and y are close to each other, then f(z) and f(y) must
be close to each other. The behavior of the graph of the squaring function suggests the argument below to show
that f(x) = 22 is not uniformly continuous on R.

Define two sequences {z,} and {y,} as follows: z,, =n and y, =n + % for n € N. Then |z, —y,| = % —0as n — oo.
However,

2
|f (zn) — f(yn)| = (n+ %) —-n?=2+ % > 2 for alln € N. (5.3.25)
n

Therefore, {|f (z,) — f (yn)|} does not converge to 0 and, hence, f is not uniformly continuous on R. In this solution, we
can use z, = \/n+ 1 and y,, = /n for n € N instead.

b. Usez, = mandynz 5, neN.
c. Usez,=1/nandy,=1/(2n).

It is natural to ask whether the function f(x) = 2 is uniformly continuous on R. Following the solution for part (a), we
can use z, = \/n+ % and y, = ¥/n for n € N to prove that f is not uniformly continuous on R. By similar method, we

can show that the function f(z) = z", n € N, n > 2, is not uniformly continuous on R. A more challenging question is to
determine whether a polynomial of degree greater than or equal to two is uniformly continuous on R.

Answer

Hint: For part (a) use Theorem 3.5.5. For part (b) prove that the function can be extended to a continuous function on
[a,b] and then use Theorem 3.5.5.
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Exercise 3.5.8.

Answer

a. Applying the definition of limit, we find b > a such that \[c-1b .\] Since f is continuous on [a, b], it is bounded on this
interval. Therefore, f is bounded on [a, oo].
b. Fix any € > 0, by the definition of limit, we find b > a such that

|f(z) —c| < % whenever z > b. (5.3.26)
Since f is continuous on [a, b + 1], it is uniformly continuous on this interval. Thus, there exists 0 < § < 1 such that
|f(uw) — f(v)] < % whenever |u —v| < §,u,v € [a,c+ 1]. (5.3.27)

Then we can show that |f(u) — f(v)| < & whenever |u —v| < §,u,v € [a, c + 1] whenever |u —v| < §,u,v € [a,0).
c. Since lim,_, f(z) = ¢> f(a), there exists b > a such that

f(z) > f(a) whenever z > b. (5.3.28)
Thus,
inf{f(z) : © € [a,00)} = inf{f(z) : = € [a, b]}. (5.3.29)

The conclusion follows from the Extreme Value Theorem for the function f on [a, b].

Exercise 3.7.4.

Answer

Since inf{f(z) : z € [a,00)} = inf{ f(z) : = € [a, b]}, there exists a > 0 such that

f(z) > f(0) whenever |z| > a. (5.3.30)
Since f is lower semicontinuous, by Theorem 3.7.3, it has an absolute minimum on [—a, a] at some point z € [—a, a).
Obviously,
f(z) > f(z) for all z € [—a,a]. (5.3.31)
In particular, f(0) > f(z). If |x| > a, then
f(z) = f(0) = f(z). (5.3.32)

Therefore, f has an absolute minimum at z.

Observe that in this solution, we can use any number v in the range of f instead of f(0). Since any continuous
function is also lower semicontinuous, the result from this problem is applicable for continuous functions. For example,
we can use this theorem to prove that any polynomial with even degree has an absolute minimum on R. Since
Extra close brace or missing open brace is a not a compact set, we cannot use the extreme value theorem
directly.TSTQ

</k(\delta+\delta)=2>

This page titled 5.3: CHAPTER 3 is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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5.4: CHAPTER 4
e 10

Answer

Use the identity

s (F5) = e (o (o ) )

Exercise 4.1.11.

Answer

need to show the differentiability of the function at a = 0 By the definition of the derivative, consider the limit

_ 2 gj
lim f(z) — f(a) — lim z*sin(1/z) + cx
e T —a 70 T

= glcll}(l)[a: sin(1/z) + ¢].
For any z # 0, we have
|zsin(1/z)| = |z||sin(1/z)| < |],
which implies
—|z| < zsin(l/z) < |z|.
Since lim,_,o(—|z|) = lim,_,o |z| = 0, applying the squeeze theorem yields
,lgiﬂ%m sin(1/z) = 0.
It now follows that

lim —"———== ill)l;l][w sin(1l/z) + ¢] = ¢

Using Theorem 4.1.3 and the fact that cos z is the derivative of sin z, the derivative of f can be written explicitly as

where n > 2, n € N. Then f is differentiable at a = 0.

Similar problems:
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a. Using the differentiability of sin z and Theorem 4.1.3, we conclude the function is differentiable at any a # 0. So, we only

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

, 2¢sin L —cos(1/z) +¢, ifz+0;
F@) = > —cosll/z) te, | (5.47)
c, ifx=0.
From the solution, it is important to see that the conclusion remains valid if we replace the function f by
o il .
z"sin=, if x # 0;
x) = * 5.4.8
9() { 0, ifx=0. ( )
where n > 2, n € N. Note that the function h(z) = cz does not play any role in the differentiability of f.
We can generalize this problem as follows. Let ¢ be a bounded function on R, i.e., there is M > 0 such that
|p(z)] < M for all z € R. (5.4.9)
Define the function
z"p(l/z), ifz#0;
_ 5.4.10
1) {0, if 7 =0, (5.4.10)



LibreTextS“'

1. Show that the functions below are differentiable on R:

o= { e ez
and
Fim)= { 32671/12’ j 2 i gf (5.4.12)
2. Suppose that ¢ is bounded and differentiable on R. Define the function
flz) = { gZe_l/Iz’ i i i 8 (5.4.13)

Show that if n > 2, the function is differentiable on R and find its derivative. Show that if n = 1 and lim,_,, ¢(z) does not
exists, then f is not differentiable at 0.

b. Hint: Observe that

ZILIEO (). (5.4.14)
Exercise 4.2.1.
Answer
Define the function
h(z) = f(z) — g(z). (5.4.15)
Then h has an absolute maximum at z. Thus,
W (zo) = f (z0) — ¢ (z0) =0, (5.4.16)

which implies f’ (zo) = ¢’ (zo).

Exercise 4.2.3.

Answer

The inequality holds obviously if a = b. In the case where a # b, the equality can be rewritten as

sin(b) — sin(a)

<1 4.1
s (5.4.17)

The quotient w is the slope of the line connecting (a, f(a)) and (b, f(b)). We need to show that the absolute value

of the slope is always beounded by 1, which can also be seen from the figure. The quotient also reminds us of applying the
Mean Value Theorem for the function f(z) = sin(z).
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|

flz) = sin(x)

Figure 5.1: The function f(z) = sin(z).

Consider the case where a < b and define the function f :[a,b] — R by f(z) =sin(z). Clearly, the function satisfies all
assumptions of the Mean Value Theorem on this interval with f’(z) = cos(z) for all z € (a, b).

By the Mean Value Theorem, there exists ¢ € (a,b) such that

W = f'(c) = cos(c), (5.4.18)
which implies
‘w = | cos(c)| < 1. (5.4.19)

It follows that | f(a) — f(b)| < |a — b|. The solution is similar for the case where a > b.

It is essential to realize that the most important property required in solving this problem is the boundedness of the
derivative fo the function. Thus, it is possible to solve the following problems with a similar strategy.

1. Prove that | cos(a) — cos(b)| < |a —b| for all a,b € R.
2. Prove that |In (1+¢%) —In(1+e*)| < 2|a —b| for all a,b € R.

Exercise 4.2.4.

Answer

Let us define f: [—m, 7] — R by

flz)==z+ Z (aysin kz + by, cos kz) . (5.4.20)
=1

We want to find ¢ € (—m, ) such that f(c) = 0.

Now, consider the function

g9(z) = %2 + é (—ak cosl(ckx) + by Singm) ) . (5.4.21)

Observe that g(—) = g(7) and g’ = f. The conclusion follows from Rolle's Theorem.
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Exercise 4.2.5.

Answer

Use the identity

1 ‘ fla) f(b) ‘ _ f(a)g(®) — f(b)g(a) _ ﬁi ~ % (5.4.22)
o0 —9(@ | g(a) 9(®) 9(b) — g(a) E a

Then apply the Cauchy mean value theorem for two functions ¢(z) = [#) and (z) = = on the interval [a, b].

9(z) 9(x)
Exercise 4.2.6.

Answer

a. Given ¢ > 0, first find z, large enough so that y(x) = ﬁ for z > x. Then use the identity

f@) _ f@) — f o)+ (@) _ PR+ 10

= _ , (5.4.23)
a3 T —To+ Zo 1+ =
and the mean value theorem to show that, for z large, \[a-\varepsilon<\frac{f(x)}{x}
b. Use the method in part (a).
c. Consider f(z) = sin(z).
Exercise 4.3.2.
Answer
1. We can prove that f is uniformly continuous on R by definition. given any € > 0, choose § = (HLI)L and get
1f(u) — F)| < llu—v]* < 6% = 0—— <& (5.4.24)

£+1
whenever |u — v| < . Note that we use £ + 1 here instead of £ to avoid the case where ¢ = 0.

2. We will prove that f is a constant function by showing that it is differentiable on R and f’(a) = 0 for all a € R. Fix any a
€ R. Then, for x +# a,

— O —al®
‘ f(I) f(a’) |‘T a| —_ Z|ZL’ o a|a71. (5425)
r—a |z — al
Since a > 1, by the squeeze theorem,
im & =f@) (5.4.26)
r—a Tr—a

This implies that f is differentiable at a and f’(a) = 0.
3. We can verify that the function f(z) = |z| satisfies the requirement.

From this problem, we see that it is only interesting to consider the class of functions that satisfy (4.8) when o < 1. It is an
exercise to show that the function f(z) = |z|/? satisfies this condition with £ =1 and o = 1/2.

Exercise 4.3.3.

Answer

Answer available at the end of this section.
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Exercise 4.3.5.

Answer

Apply the mean value theorem twice.

Exercise 4.3.6.

Answer

Use proof by contradiction.

Exercise 4.4.5.

Answer
Suppose that
P(z) =ap+ a1z + - + apz™. (5.4.27)
Then apply L'Hospital's rule repeatedly.
Exercise 4.4.6.
Answer
We first consider the case where n = 1 to get ideas for solving this problem in the general case. From the standard derivative
theorems we get that the function is differentiable at any = # 0 with
1 2 1
f(z)=2z73% 7 = —e . (5.4.28)
x
Consider the limit
0 =
lim © _ £ (5.4.29)
z—0 x—0 =0 X
Letting t = 1/z and applying L'Hospital rule yields
,xLZ 1
lim £ = Jim - = lim ——_ = 0. (5.4.30)
220+ T t—oo et t—o0 2tet
SImilarly,
=%
lim < =o0. (5.4.31)
z—0- T
It follows that f is differentiable on R with
2. % )
flay={ =7 Hetl (5.4.32)
0, if z =0.
In a similar way, we can show that f is twice differentiable on R with
S 42V .
[ (z) = (F+5)e =, ifz#0 (5.4.33)
0, if x = 0.
Based on these calculations, we predict that f is n times differentiable for every n € N with
Lye 7. i :
f@ =4 F (3)e™™, izl (5.4.34)
0, ifz=0,
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where P is a polynomial. Now we proceed to prove this conclusion by induction. The conclusion is true for n = 1 as shown
above. Given that the conclusion is true for some n € N, for = # 0 we have

1 2 1 _ 1 L

f(n+1)(x) — —$72P1 (_) + _SP (_> e 112 = Q (—) e :27 (5435)
T x x T

where @ is also a polynomial. It is an easy exercise to write the explicit formula of Q based on P. Moreover, successive

applications of I'Hopital's rule give

™ () — (0 1 1 1 tP(t
im L@ =SO 1 (—) e —1im 2O _ g, (5.4.36)
z—0+ x—0 =0+ T B t—oo et
In a similar way, we can show that
™) (z) — £®) (0
im L@ =0 (5.4.37)
z—0~ x—0

Therefore, £+t (0) = 0. We have proved that for every n € N, f is n times differentiable and, so, f € C"(R). Here we do not
need to prove the continuity of /(™ because the differentiability of £ implies its continuity.

In a similar way, we can also show that the function

e T if z > 0;
= J D 5.4.38
f@) { 0, ifz <0 ( )

is n times differentiable for every n € N.

Exercise 4.5.1.

Answer

Let f(z) = e”. By Taylor's theorem, for any = > 0, there exists c € (0, z) such that
W) g, F (e ot

e e (5.4.39)
Yy Iy _ € i NI
= k! (m+1)! = k!

Exercise 4.5.5.

Answer

a. Observe that a simpler version of this problem can be stated as follows: If f is differentiable on (a,b) and z € (a,b), then

. fl@+h) - f@) _ f(@)
lim - = (5.4.40)

This conclusion follows directly from the definition of derivative.

Similarly, if f is twice differnetaible on (a,b) and z € (a, b), then

o JELR) — f(E) - @t _ /(@)

lim T = (5.4.41)
We can prove this by applying the L'Hospital rule to get
f@+h) —f@) - f'@x . fE+h)—f@ @)
Ko h? =k 2h T (5.4.42)
It is now clear that we can solve part (a) by using the L'Hospital rule as follows:
f@+h) —f@) - @@L @  ffE+h) @) - @)L @)
- — lim = . (5.4.43)

h—0 h3 h—0 3h2 3!
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Note that the last equality follows from the previous proof applied to the function f’.

b. With the analysis from part (a), we see that if f is n times differentiable on (a,b) and z € (a, b), then

_ n— &) (z)nk
f@+h) =i 2 f)
= 4 (5.4.44)
h—0 hnt1 n!

This conclusion can be proved by induction. This general result can be applied to obtain the Taylor expansion with
Peano's remainder in Exerciser 4.5.6.

Exercise 4.6.3.

Answer

We apply the definition to solve this problem. Given any u,v € I and A € (0,1), we have
FOu+ (1 —=XNv) < Af(uw)+ (1 —N)f(v) (5.4.45)
by the convexity of f.

Since f(u), f(v) € J and J is an interval, Af(u) + (1 — \) f(v) € J. By the nondecreasing property and the convexity of ¢.
P(fQu+ (1= A)v)) < d(Af(w) + (1= A)f(v)) < A¢(f(w)) + (1 = A)(f(v)). (5.4.46)

Therefore, ¢ o f is convex on I.

The result from this problem allows us to generate convex functions. For example, consider f(z) = |z| and ¢(z) = 2P, p > 1

. We have seen that f is convex on R. The function ¢ is convex and increasing on [0,c0) which contains the range of the

function f. Therefore, the composition g(z) = |z|?, p > 1, is convex on R. Similarly, h(z) = e’ is also a convex function on R.

Observe that in this problem, we require the nondecreasing property of ¢. A natural question is whether the composition of

two convex functions is convex. The answer is negative. Observe that f(z) = z2 and h(z) = e* ¢(z) = | — 1| are convex, but
(¢ o f)(z) = |2% — 1| is nonconvex.

Exercise 4.6.4.

Answer

a. Use the obvious inequality

(Va—vb)?>o0. (5.4.47)
Alternatively, consider the function f(z) = —In(z), € (0, 00). We can show that f is convex on (0, ). For a,b € (0, c0),
one has
b
f(a+b)gf(“)+f(). (5.4.48)
2 2
This implies
—1 —1
I ( “;rb) < n(“)2 2®) _ _invab). (5.4.49)
Therefore,
50 5 i (5.4.50)

2

This inequality holds obviously when a = 0 or b = 0.
b. Use Theorem 4.6.3 for the function f(z) = —In(z) on (0, c0).
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Exercise 4.7.1.

Answer

a. By Theorem 4.7.5,
—a,a], ifz=0; (5.4.51)
b. By Theorem 4.7.5,

{-2}, ifz<-—1,
[—2,0], ifz=—1;

af(z) =4 {0},  ifze(~1,1); (5.4.52)
[0, 2], ifz=1;
{2}, ifz > 1.

Exercise 4.7.3.

Answer

To better understand the problem, we consider some special cases. If n = 1, then f(z) = |z — 1|. Obviously, f has an absolute
minimum at z = 1. If n =2, then f(z) = |z — 1] + |z — 2|. The graphing of the function suggests that f has an absolute
minimum at any z\i[1, 2]. In the case where n = 3, we can see that f has an absolute minimum at z = 2. We then conjecture
that if n is odd with n = 2m — 1, then f has an absolute minimum at z = m. If n is even with n = 2m, then f has an absolute
minimum at any point z € [m, m + 1].

Let us prove the first conclusion. In this case,

2m—1 2m—1

fl@)y=>le—il= ) fi=), (5.4.53)
=1

i=1

where f;(z) = |z —i|]. Consider £ = m. Then \[\partial f_{m}(\bar{x})=[-1,1], \partial f_{i}(\bar{x})=\{1\} \text { if } im .\] The
subdifferential sum rule yields df(z) = [—1, 1] which contains 0. Thus, f has an absolute minimum at z. If z > m, we can see
that 8f(z) C (0, c0), which does not contain 0. Similarly, if £ < m, then 8f(z) C (—o0, 0). Therefore, f has an absolute minimum
at the only point z = m.

The case where n is even can be treated similarly.

Exercise 4.7.5.

Answer

Fix a,b € R with a < b. By Theorem 4.7.9, there exists c € (a, b) such that

f(®) — f(a)
b—a

This implies f(b) — f(a) > 0 and, hence, f(b) > f(a). Therefore, f is monotone increasing on R.

€ df(c) C [0,00). (5.4.54)

Answers

Exercise 4.3.3.
Define the function

h(z) = g(z) — f(z). (5.4.55)
Then h/(z) = ¢'(z) — f'(z) > 0 for all z € [z, c0). Thus, h is monotone increasing on this interval. It follows that
h(z) > h (o) = g(x0) — f(x¢) =0 for all z > =,. (5.4.56)
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Therefore, g(z) > f(z) for all z > z,.

This page titled 5.4: CHAPTER 4 is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) via source content that was edited to the style and standards of the LibreTexts platform.
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