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CHAPTER OVERVIEW

1: Introduction
In this chapter, we begin our study of differential equations.
1.1: Applications Leading to Differential Equations
1.2: Basic Concepts
1.2E: Basic Concepts (Exercises)
1.3: Direction Fields for First Order Equations

1.3E: Direction Fields for First Order Equations (Exercises)
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1.1: Applications Leading to Differential Equations

In order to apply mathematical methods to a physical or “real life” problem, we must formulate the problem in mathematical terms;
that is, we must construct a mathematical model for the problem. Many physical problems concern relationships between changing
quantities. Since rates of change are represented mathematically by derivatives, mathematical models often involve equations
relating an unknown function and one or more of its derivatives. Such equations are differential equations. They are the subject of
this book.

Much of calculus is devoted to learning mathematical techniques that are applied in later courses in mathematics and the sciences;
you wouldn’t have time to learn much calculus if you insisted on seeing a specific application of every topic covered in the course.
Similarly, much of this book is devoted to methods that can be applied in later courses. Only a relatively small part of the book is
devoted to the derivation of specific differential equations from mathematical models, or relating the differential equations that we
study to specific applications. In this section we mention a few such applications. The mathematical model for an applied problem
is almost always simpler than the actual situation being studied, since simplifying assumptions are usually required to obtain a
mathematical problem that can be solved. For example, in modeling the motion of a falling object, we might neglect air resistance
and the gravitational pull of celestial bodies other than Earth, or in modeling population growth we might assume that the
population grows continuously rather than in discrete steps.

A good mathematical model has two important properties:

o It’s sufficiently simple so that the mathematical problem can be solved.

o It represents the actual situation sufficiently well so that the solution to the mathematical problem predicts the outcome of the
real problem to within a useful degree of accuracy. If results predicted by the model don’t agree with physical observations,the
underlying assumptions of the model must be revised until satisfactory agreement is obtained.

We will now give examples of mathematical models involving differential equations. We willreturn to these problems at the
appropriate times, as we learn how to solve the various types of differential equations that occur in the models. All the examples in
this section deal with functions of time, which we denote by ¢. If y is a function of ¢, y' denotes the derivative of y with respect to
t; thus,

Yy = dat’
Population Growth and Decay

Although the number of members of a population (people in a given country, bacteria in a laboratory culture, wildflowers in a
forest, etc.) at any given time t is necessarily an integer, models that use differential equations to describe the growth and decay of
populations usually rest on the simplifying assumption that the number of members of the population can be regarded as a
differentiable function P = P(¢). In most models it is assumed that the differential equation takes the form

P' =a(P)P (1.1.1)

where a is a continuous function of P that represents the rate of change of population per unit time per individual. In the
Malthusian model, it is assumed that a(P) is a constant, so Equation 1.1.1 becomes

P' =aP. (1.1.2)

(When you see a name in blue italics, just click on it for information about the person.) This model assumes that the numbers of
births and deaths per unit time are both proportional to the population. The constants of proportionality are the birth rate (births per
unit time per individual) and the death rate (deaths per unit time per individual); a is the birth rate minus the death rate. You learned
in calculus that if ¢ is any constant then

P =ce® (1.1.3)

satisfies Equation 1.1.2, so Equation 1.1.2 has infinitely many solutions. To select the solution of the specific problem that we are
considering, we must know the population Py at an initial time, say t = 0. Setting ¢ =0 in Equation 1.1.3 yields ¢ = P(0) = B,
so the applicable solution is

P(t) = Poeat.
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This implies that

Jim P(t) =

oo ifa >0,
0 ifa<O0;

that is, the population approaches infinity if the birth rate exceeds the death rate, or zero if the death rate exceeds the birth rate.

To see the limitations of the Malthusian model, suppose we are modeling the population of a country, starting from a time ¢ =0
when the birth rate exceeds the death rate (so @ > 0), and the country’s resources in terms of space, food supply, and other
necessities of life can support the existing population. Then the prediction P = Pye® may be reasonably accurate as long as it
remains within limits that the country’s resources can support. However, the model must inevitably lose validity when the
prediction exceeds these limits. (If nothing else, eventually there will not be enough space for the predicted population!) This flaw
in the Malthusian model suggests the need for a model that accounts for limitations of space and resources that tend to oppose the
rate of population growth as the population increases.

Perhaps the most famous model of this kind is the Verhulst model, where Equation 1.1.2is replaced by
P'=aP(1-aP), (1.1.4)
where « is a positive constant. As long as P is small compared to 1/a, the ratio P’/ P is approximately equal to a. Therefore the
growth is approximately exponential; however, as P increases, the ratio P’/ P decreases as opposing factors become significant.
Equation 1.1.4is the logistic equation. You will learn how to solve it in Section 1.2. (See Exercise 2.2.28.) The solution is
0
aPy+(1—aPy)e’

where Py = P(0) > 0. Therefore tli}m P(t) =1/a, independent of Py.
00

Figure 1.1.1 shows typical graphs of P versus ¢ for various values of F.

P

Figure 1.1.1 : Solutions of the logistic equation

Newton’s Law of Cooling

According to Newton’s law of cooling, the temperature of a body changes at a rate proportional to the difference between the
temperature of the body and the temperature of the surrounding medium. Thus, if 7}, is the temperature of the medium and
T =T(t) is the temperature of the body at time ¢, then

T = k(T —Tp,) (1.1.5)

where k is a positive constant and the minus sign indicates; that the temperature of the body increases with time if it is less than the
temperature of the medium, or decreases if it is greater. We will see in Section 4.2 that if T, is constant then the solution of
Equation 1.1.5is

T =Tpn+ (T —Tp)e ™ (1.1.6)
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where T} is the temperature of the body when £ = 0. Therefore

lim T(t) = T,

t—o0

independent of Ty (Common sense suggests this. Why?). Figure 1.1.2 shows typical graphs of T" versus ¢ for various values of Tj.
T

Figure 1.1.2 : Temperature according to Newton’s Law of Cooling

Assuming that the medium remains at constant temperature seems reasonable if we are considering a cup of coffee cooling in a
room, but not if we are cooling a huge cauldron of molten metal in the same room. The difference between the two situations is that
the heat lost by the coffee isn’t likely to raise the temperature of the room appreciably, but the heat lost by the cooling metal is. In
this second situation we must use a model that accounts for the heat exchanged between the object and the medium. Let T' = T'(t)
and T;,, = T, () be the temperatures of the object and the medium respectively, and let Ty and 7T;,,0 be their initial values. Again,
we assume that T and Tm are related by Equation 1.1.5. We also assume that the change in heat of the object as its temperature
changes from T to T is a(T —T,) and the change in heat of the medium as its temperature changes from T},0 to T}, is
am (T —Tinp) , where a and am are positive constants depending upon the masses and thermal properties of the object and
medium respectively. If we assume that the total heat of the in the object and the medium remains constant (that is, energy is
conserved), then

a(T — TO) —l—am(Tm — ng) = 0
Solving this for T3, and substituting the result into Equation 1.1.6 yields the differential equation

T =k (1+i> T+k (Tm0+iTo>
a a.

m m

for the temperature of the object. After learning to solve linear first order equations, you’ll be able to show (Exercise 4.2.17) that

aTy+amTmo + am (TO _TmO) e—k(1+a/an)t
a-+apn a—+ay,

T =

Glucose Absorption by the Body

Glucose is absorbed by the body at a rate proportional to the amount of glucose present in the blood stream. Let A denote the
(positive) constant of proportionality. Suppose there are Gy units of glucose in the bloodstream when ¢ =0, and let G = G(t) be
the number of units in the bloodstream at time ¢ > 0. Then, since the glucose being absorbed by the body is leaving the
bloodstream, G satisfies the equation

G' = -AG. (1.1.7)
From calculus you know that if ¢ is any constant then

G=ce™ (1.1.8)
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satisfies Equation (1.1.7), so Equation 1.1.7 has infinitely many solutions. Setting ¢t =0 in Equation 1.1.8 and requiring that
G(0) = Gy yields ¢ = Gy, so
G(t) = Goe ™.

Now let’s complicate matters by injecting glucose intravenously at a constant rate of r units of glucose per unit of time. Then the
rate of change of the amount of glucose in the bloodstream per unit time is

G =-AG+r (1.1.9)

where the first term on the right is due to the absorption of the glucose by the body and the second term is due to the injection.
After you’ve studied Section 2.1, you’ll be able to show that the solution of Equation 1.1.9 that satisfies G(0) = Gy is

oo g)

Graphs of this function are similar to those in Figure 1.1.2 . (Why?)

Spread of Epidemics

One model for the spread of epidemics assumes that the number of people infected changes at a rate proportional to the product of
the number of people already infected and the number of people who are susceptible, but not yet infected. Therefore, if S denotes
the total population of susceptible people and I = I(¢) denotes the number of infected people at time ¢, then S — I is the number
of people who are susceptible, but not yet infected. Thus,

I'=rI(S—1I)
, where 7 is a positive constant. Assuming that I(0) = I, the solution of this equation is

I SI,
- Iy+(S—Iy)e St

(Exercise 2.2.29). Graphs of this function are similar to those in Figure 1.1.1. (Why?) Since tlim I(t) = S, this model predicts that
—00

all the susceptible people eventually become infected.

Newton’s Second Law of Motion

According to Newton’s second law of motion, the instantaneous acceleration a of an object with constant mass m is related to the
force F' acting on the object by the equation F' = ma. For simplicity, let’s assume that m =1 and the motion of the object is along
a vertical line. Let y be the displacement of the object from some reference point on Earth’s surface, measured positive upward. In
many applications, there are three kinds of forces that may act on the object:

a. A force such as gravity that depends only on the position y, which we write as —p(y), where p(y) > 0 if y > 0.

b. A force such as atmospheric resistance that depends on the position and velocity of the object, which we write as —q(y, ')y,
where q is a nonnegative function and we’ve put ¢ “outside” to indicate that the resistive force is always in the direction
opposite to the velocity.

¢ A force f = f(t), exerted from an external source (such as a towline from a helicopter) that depends only on ¢.

In this case, Newton’s second law implies that
y'=—a(y,y" )y —py)+ f(2),
which is usually rewritten as
y'+aly, v )y +py) = f(t).

Since the second (and no higher) order derivative of y occurs in this equation, we say that it is a second order differential equation.

Interacting Species: Competition

Let P=P(t) and Q = Q(t) be the populations of two species at time ¢, and assume that each population would grow
exponentially if the other did not exist; that is, in the absence of competition we would have

P'=aP and Q' =0Q, (1.1.10)
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where a and b are positive constants. One way to model the effect of competition is to assume that the growth rate per individual of
each population is reduced by an amount proportional to the other population, so Equation 1.1.10is replaced by

P’ =aP—-aQ
Q' =-BP+bQ,

where v and 3 are positive constants. (Since negative population doesn’t make sense, this system works only while P and @ are
both positive.) Now suppose P(0) =Py >0 and Q(0) =Qp > 0. It can be shown (Exercise 10.4.42) that there’s a positive
constant p such that if (Py, Q) is above the line L through the origin with slope p, then the species with population P becomes
extinct in finite time, but if (Pp, Qo) is below L, the species with population @ becomes extinct in finite time. Figure 1.1.3
illustrates this. The curves shown there are given parametrically by P = P(t),Q = Q(t), t > 0 . The arrows indicate direction
along the curves with increasing ¢.
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Figure 1.1.3 : Populations of competing species
This page titled 1.1: Applications Leading to Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
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1.2: Basic Concepts

A differential equation is an equation that contains one or more derivatives of an unknown function. The order of a differential
equation is the order of the highest derivative that it contains. A differential equation is an ordinary differential equation if it
involves an unknown function of only one variable, or a partial differential equation if it involves partial derivatives of a function
of more than one variable. For now we’ll consider only ordinary differential equations, and we’ll just call them differential
equations.

Throughout this text, all variables and constants are real unless it is stated otherwise. We’ll usually use « for the independent
variable unless the independent variable is time; then we’ll use ¢.

The simplest differential equations are first order equations of the form

L ja)
or equivalently
y' = f(z),
where f is a known function of z. We already know from calculus how to find functions that satisfy this kind of equation. For
example, if
y =2’
then

4
y:/w3dw:%+c,

where c is an arbitrary constant. If n > 1 we can find functions y that satisfy equations of the form
y™ = f(z) (1.2.1)
by repeated integration. Again, this is a calculus problem.

Except for illustrative purposes in this section, there’s no need to consider differential equations like Equation 1.2.1. We’ll usually
consider differential equations that can be written as

™ = f@,y,y,..., 5" ), (1.2.2)

Y
where at least one of the functions y, 3/, ..., ) actually appears on the right. Here are some examples:
% -z = 0 (first order),
% +2zy? = -2 (first order),
% +2 % +y = 2z (second order),
zy""+y? = sinz (third order),
y™ ey +3y = = (n-th order).

Although none of these equations is written as in Equation 1.2.2, all of them can be written in this form:
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yl = '732,

Yy = 22z,

y' = 222y -y,
: 2
sinz —y

ylll — . ,

[COR —zy' —3

Solutions of Differential Equations

A solution of a differential equation is a function that satisfies the differential equation on some open interval; thus, y is a solution
of Equation 1.2.2if y is n times differentiable and

y"(z) = f(z,y(z), ¥ (@),...,y" V(z))

for all  in some open interval (a, b). In this case, we also say that y is a solution of Equation 1.2.2 on (a, b). Functions that
satisfy a differential equation at isolated points are not interesting. For example, y = 2 satisfies

zy +2? =3z

if and only if x =0 or = 1, but it is not a solution of this differential equation because it does not satisfy the equation on an open
interval.

The graph of a solution of a differential equation is a solution curve. More generally, a curve C is said to be an integral curve of a
differential equation if every function y = y(z) whose graph is a segment of C' is a solution of the differential equation. Thus, any
solution curve of a differential equation is an integral curve, but an integral curve need not be a solution curve.

v/ Example 1.2.1

If a is any positive constant, the circle
z°+y =a (1.2.3)

is an integral curve of

(1.2.4)

Solution
To see this, note that the only functions whose graphs are segments of Equation 1.2.3 are

Y1 = o’ —z® and y2=—\/a2—m2.

We leave it to you to verify that these functions both satisfy Equation 1.2.4 on the open interval (—a, a). However, Equation
1.2.31is not a solution curve of Equation 1.2.4, since it is not the graph of a function.

v/ Example 1.2.2

Verify that
2 1
y=—+— (1.2.5)
3 T
is a solution of
zy +y=2’ (1.2.6)

on (0, o) and on (—oo, 0).

Solution
Substituting Equation 1.2.5 and
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(22 1
v = 3 oz
into Equation 1.2.6 yields
2z 1 2 1
o @) +ue)=a (-5 )+ (S +3) ==

for all  # 0. Therefore y is a solution of Equation 1.2.6 on (—o00,0) and (0,00). However, y isn’t a solution of the
differential equation on any open interval that contains @ = 0, since y is not defined at x = 0.

Figure 1.2.2 shows the graph of Equation 1.2.5. The part of the graph of Equation 1.2.5 on (0, 00) is a solution curve of
Equation 1.2.6, as is the part of the graph on (—o0, 0).

0.5 1.0 15 2.0

Figure 1.2.2: y = %2 + %

v/ Example 1.2.3

Show that if ¢; and ¢y are constants then
y=(c1+caz)e “+2x—4 (1.2.7)
is a solution of
y'+2y +y=2z (1.2.8)
on (—o0, 00).

Solution
Differentiating Equation 1.2.7 twice yields

Y =—(c1 +eaz)e™ +coe™® 42

and
y'=(c; +coz)e™ —2che?,

S0

Y +2y +y =(c1t+czr)e™® —2ce " +2 [—(cl +ecax)e ™ +coe® +2] +(c1+cz)e ™ +22—4

—

—~

1-241)(c; +coz)e ™ +(—2+2)coe * +4+2z —4

=2z

for all values of z. Therefore y is a solution of Equation 1.2.8 on (—o0, 00).
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Find all solutions of

y™ =2, (1.2.9)
Solution
Integrating Equation 1.2.9 yields
3 6290
y('ﬂ 2 = 2 +k17

where k; is a constant. If n > 2, integrating again yields

2z

= eT+k1$+k2~

y(n—Z)

If n > 3, repeatedly integrating yields

6233 :En—l .’1:"_2

- i k et ke, 1.2.10
Y 2"+1(n—1)!+2 SFoeo SR ( )

(n—2)!
where k1, ko, ..., k,, are constants. This shows that every solution of Equation 1.2.9 has the form Equation 1.2.10 for some
choice of the constants kj, ks, ..., k,. On the other hand, differentiating Equation 1.2.10n times shows that if k1, ks, ..., kj,
are arbitrary constants, then the function y in Equation 1.2.10satisfies Equation 1.2.9.

Since the constants k1, ks, ..., k, in Equation 1.2.10are arbitrary, so are the constants

kl k2 ...
(-1 (-2 "

k.

Therefore Example 1.2.4 actually shows that all solutions of Equation 1.2.9 can be written as
2z
— € n—1
y= 2—n+Cl+C2$+"'+Cn$ )
where we renamed the arbitrary constants in Equation 1.2.10 to obtain a simpler formula. As a general rule, arbitrary constants
appearing in solutions of differential equations should be simplified if possible. You’ll see examples of this throughout the text.

Initial Value Problems

In Example 1.2.4 we saw that the differential equation y(") =€2® has an infinite family of solutions that depend upon the n
arbitrary constants ¢y, ¢z, ..., ¢,. In the absence of additional conditions, there’s no reason to prefer one solution of a differential
equation over another. However, we’ll often be interested in finding a solution of a differential equation that satisfies one or more
specific conditions. The next example illustrates this.

v Example 1.2.5

Find a solution of

such that y(1) = 2.

Solution

At the beginning of this section we saw that the solutions of 3’ = 2* are

y=— tec

To determine a value of ¢ such that y(1) = 2, we set z = 1 and y = 2 here to obtain
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1
2=y(1)= 17¢
o
7
c=-—.
4
Therefore the required solution is
zt 7
y=—7%—

Figure 1.2.2 shows the graph of this solution. Note that imposing the condition y(1) = 2 is equivalent to requiring the graph of
y to pass through the point (1, 2).

-2 -1 0 1 2
z2+7
4

Figure 1.2.2 : y =

We can rewrite the problem considered in Example 1.2.5 more briefly as

y =2, y(l)=2.

We call this an initial value problem. The requirement y(1) = 2 is an initial condition. Initial value problems can also be posed
for higher order differential equations. For example,

y' -2y +3y=e”, y(0)=1, y'(0)=2 (1.2.11)

is an initial value problem for a second order differential equation where y and y' are required to have specified values at z = 0. In
general, an initial value problem for an n-th order differential equation requires y and its first n — 1 derivatives to have specified
values at some point zy. These requirements are the initial conditions.We’ll denote an initial value problem for a differential
equation by writing the initial conditions after the equation, as in Equation 1.2.11. For example, we would write an initial value
problem for Equation 1.2.2 as

(n) (n-1)

Y =f($»y7y’,---,y(n_l))7 y(mO):k(h y/(mO)zkh e Y :kn—l- (1212)

Consistent with our earlier definition of a solution of the differential equation in Equation 1.2.12 we say that y is a solution of the
initial value problem Equation 1.2.12if y is n times differentiable and

y" (@) = f(z,y(@),y (@), ..,y V(@)

for all z in some open interval (a, b) that contains zg, and y satisfies the initial conditions in Equation 1.2.12 The largest open
interval that contains zy on which y is defined and satisfies the differential equation is the interval of validity of y.

v/ Example 1.2.6

In Example 1.2.5 we saw that
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4
7
y=2 : (1.2.13)

is a solution of the initial value problem

y' =2z°, y(l)=2.

Since the function in Equation 1.2.13is defined for all z, the interval of validity of this solution is (—o0, 00).

v/ Example 1.2.7

In Example 1.2.2 we verified that

2
T 1
= —+— 1.2.14
y=5+t2 ( )
is a solution of
zy' +y =2

on (0, o) and on (—o0,0). By evaluating Equation 1.2.14 at z = +1, you can see that Equation 1.2.14 is a solution of the
initial value problems

4
wy' ty=2', y()=73 (1.2.15)
and

zy +y =1z, y(—l):—g. (1.2.16)
The interval of validity of Equation 1.2.14 as a solution of Equation 1.2.15is (0, c0), since this is the largest interval that
contains £y = 1 on which Equation 1.2.14 is defined. Similarly, the interval of validity of Equation 1.2.14 as a solution of
Equation 1.2.16is (—oo, 0), since this is the largest interval that contains g = —1 on which Equation 1.2.14is defined.

Free Fall Under Constant Gravity

The term initial value problem originated in problems of motion where the independent variable is ¢ (representing elapsed time),
and the initial conditions are the position and velocity of an object at the initial (starting) time of an experiment.

v/ Example 1.2.8

An object falls under the influence of gravity near Earth’s surface, where it can be assumed that the magnitude of the
acceleration due to gravity is a constant g.

a. Construct a mathematical model for the motion of the object in the form of an initial value problem for a second order
differential equation, assuming that the altitude and velocity of the object at time ¢ = 0 are known. Assume that gravity is
the only force acting on the object.

b. Solve the initial value problem derived above to obtain the altitude as a function of time.

Solution a
Let y(t) be the altitude of the object at time ¢. Since the acceleration of the object has constant magnitude g and is in the
downward (negative) direction, y satisfies the second order equation

1"

Yy =9

where the prime now indicates differentiation with respect to ¢. If yy and vy denote the altitude and velocity when ¢ = 0, then
vy is a solution of the initial value problem

"

¥'=—g, y(0)=w, ¥(0)=ro. (1.2.17)

Solution b

@ 0 a @ 1.2.6 https://math.libretexts.org/@go/page/43265



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43265?pdf

LibreTexts*

Integrating Equation 1.2.17twice yields

y/ =—gt+ci,
2
Yy = —gt? +cit+co.

Imposing the initial conditions y(0) =yo and y'(0) = vy in these two equations shows that ¢; = vy and ¢y = yo . Therefore
the solution of the initial value problem Equation 1.2.17is

2
y= _gtT +vot +yo.
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1.2E: Basic Concepts (Exercises)

1. Find the order of the equation.

d’y dy dy
a - —|—2dx s T T =0

b.y" -3y +2y ==z’
cy —y"=0
dy'y—(y) =2

2. Verify that the function is a solution of the differential equation on some interval, for any choice of the arbitrary constants
appearing in the function.

2
ay=%5+3; zyty=2
b. y:%—kce_“”Z; y +2zy==z
c.y:tan(%s—l—c); y =z(1+y?)

d y=z"2(csinz +cycosz) +4z +8 ; 2%y +ay + (27 — i)y =4x° + 8z +3z —2

3. Find all solutions of the equation.
a. y =—z
b. ¥y =z cosz

ey =Tt

4. Solve the initial value problem.

a. y' =—ze*, y(0)=1

b. ¥ =zsinz?, y (\/Z) =1

c. y/” =9 +sin2:L', y(O) = ]_’ yl(o) = —6, le(O) =3

5. Verify that the function is a solution of the initial value problem.

—y(y+1
ay=:; ¢ =" y1)=-2

<

22 22—y’ 1
boy=L+z-1; y'=""2EE y1)=1 y1)=

x2

ol

6. Suppose an object is launched from a point 320 feet above the earth with an initial velocity of 128 ft/sec upward, and the only
force acting on it thereafter is gravity. Take g = 32 ft/sec?.

a. Find the highest altitude attained by the object.
b. Determine how long it takes for the object to fall to the ground.

7. Verify that
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is a solution of
Y =ly[+1

on (—o0, ).

This page titled 1.2E: Basic Concepts (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.
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1.3: Direction Fields for First Order Equations

It’s impossible to find explicit formulas for solutions of some differential equations. Even if there are such formulas, they may be
so complicated that they’re useless. In this case we may resort to graphical or numerical methods to get some idea of how the
solutions of the given equation behave.

In Section 2.3 we’ll take up the question of existence of solutions of a first order equation
Y = f(z,y). (1.3.1)

In this section we’ll simply assume that Equation 1.3.1 has solutions and discuss a graphical method for approximating them. In
Chapter 3 we discuss numerical methods for obtaining approximate solutions of Equation 1.3.1. Recall that a solution of Equation
1.3.1is a function y = y(z) such that

y' () = f(z,y(z))

for all values of z in some interval, and an integral curve is either the graph of a solution or is made up of segments that are graphs
of solutions. Therefore, not being able to solve Equation 1.3.1 is equivalent to not knowing the equations of integral curves of
Equation 1.3.1. However, it is easy to calculate the slopes of these curves. To be specific, the slope of an integral curve of Equation
1.3.1 through a given point (xg, ¥o) is given by the number f(z¢, yo). This is the basis of the method of direction fields.

If f is defined on a set R, we can construct a direction field for Equation 1.3.1in R by drawing a short line segment through each
point (z,y) in R with slope f(z,y). Of course, as a practical matter, we can’t actually draw line segments through every point in
R; rather, we must select a finite set of points in R. For example, suppose f is defined on the closed rectangular region

R:{a<z<b,c<y<d}.
Let

a=xp<x1 < <Tpy=D>
be equally spaced points in [a, b] and

c=yo<y1 <:---<yp=d

form a rectangular grid (Figure 1.3.1 ). Through each point in the grid we draw a short line segment with slope f(x;,y;). The
result is an approximation to a direction field for Equation 1.3.1 in R. If the grid points are sufficiently numerous and close
together, we can draw approximate integral curves of Equation 1.3.1 by drawing curves through points in the grid tangent to the
line segments associated with the points in the grid.

Figure 1.3.1 : A rectangular grid

Unfortunately, approximating a direction field and graphing integral curves in this way is too tedious to be done effectively by
hand. However, there is software for doing this. As you’ll see, the combination of direction fields and integral curves gives useful
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insights into the behavior of the solutions of the differential equation even if we can’t obtain exact solutions.

We’ll study numerical methods for solving a single first order equation Equation 1.3.1 in Chapter 3. These methods can be used to
plot solution curves of Equation 1.3.1 in a rectangular region R if f is continuous on R. Figures 1.3.2, 1.3.3 , and 1.3.4 show
direction fields and solution curves for the differential equations:

L 22 —y?
1+a2+y2 "’
e y =1+2y?,and
yo iV
1+a?

which are all of the form Equation 1.3.1 with f continuous for all (z, y).
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Figure 1.3.3 : A direction and integral curves for y' = 1+ zy?
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Figure 1.3.4 : A direction and integral curves for y' = lz +—Zy2
The methods of Chapter 3 will not work for the equation
!
y =—z/y (1.3.2)
if R contains part of the z-axis, since f(z,y) = —z/y is undefined when y = 0. Similarly, they will not work for the equation
2
x
!
y=—— (1.3.3)

1—x2—92

if R contains any part of the unit circle 22 +y? =1, because the right side of Equation 1.3.3 is undefined if 2 +y? =1.
However, Equation 1.3.2 and Equation 1.3.3 can written as

,_ Alz,y)
y = Blz.y) (1.3.4)

where A and B are continuous on any rectangle R. Because of this, some differential equation software is based on numerically
solving pairs of equations of the form

dx dy
where z and y are regarded as functions of a parameter ¢. If z = z(¢) and y = y(t) satisfy these equations, then

, _dy dy /dz  Alz,y)

V=4  dt dt  B(z,y)

so y = y(z) satisfies Equation 1.3.4.
Equations 1.3.2and 1.3.3 can be reformulated as in Equation 1.3.4 with
dr dy

a - Y oa
and

dx dy
—=1- {B2 —q? —_— = :1,‘2

dt Voo a7

respectively. Even if f is continuous and otherwise “nice” throughout R, your software may require you to reformulate the
equation y' = f(z,y) as

de . dy _
dt 7 dt

f(z,y),
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which is of the form Equation 1.3.5 with A(z,y) = f(z,y) and B(z,y) = 1.

Figure 1.3.5 shows a direction field and some integral curves for Equation 1.3.2. As we saw in Example [example:1.2.1} and will
verify again in Section 2.2, the integral curves of Equation 1.3.2 are circles centered at the origin.
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Figure 1.3.5 : A direction field and integral curves for y' = f%
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Figure 1.3.6 shows a direction field and some integral curves for Equation 1.3.3. The integral curves near the top and bottom are
solution curves. However, the integral curves near the middle are more complicated.

Figure 1.3.6 : A direction field and integral curves for y' =

1—22 —y2

For example, Figure 1.3.7 shows the integral curve through the origin. The vertices of the dashed rectangle are on the circle
z? +y? =1 (a~.846, b ~.533), where all integral curves of Equation 1.3.3 have infinite slope. There are three solution curves
of Equation 1.3.3 on the integral curve in the figure: the segment above the level y = b is the graph of a solution on (—oc0, a), the
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segment below the level y = —b is the graph of a solution on (—a, 00), and the segment between these two levels is the graph of a
solution on (—a, a).

(ab)
L L - X
-2 1 2

'(a,-b)

-2+
72
Figure 1.3.7 : An integral curve for y/ = ————.
1—22—y2

X Using Technology

As you study from this book, you’ll often be asked to use computer software and graphics. Exercises with this intent are
marked as (computer or calculator required), (computer and/or graphics required), or (laboratory work requiring software
and/or graphics). Often you may not completely understand how the software does what it does. This is similar to the situation
most people are in when they drive automobiles or watch television, and it doesn’t decrease the value of using modern

technology as an aid to learning. Just be careful that you use the technology as a supplement to thought rather than a substitute
for it.

This page titled 1.3: Direction Fields for First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

o 1.3: Direction Fields for First Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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1.3E: Direction Fields for First Order Equations (Exercises)

In Exercises 1-11 a direction field is drawn for the given equation. Sketch some integral curves.

Exercises for Section 1.3
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In Exercises 12 - 22 construct a direction field and plot some integral curves in the indicated rectangular region.

12,y =y(y—1); {-1<z<2, —2<y<2}

13y =2-3zy; {-1<=z<4, —~4<y<4}
Uy =zy(y—1); {-2<z<2, —4<y<4}
15. ¢y =3z +y; {-2<z<2, 0<y<4}
16.y =y—a3; {-2<z<2, -2<y<2}
17.9' =1-2 —y* {-2<e<2, -2<y<2}
18.y' =z(y®—1); {-3<x<3, —3<y<2}
/I _ _z _ _
19.y—y(y2_1), {—2<z<2, —2<y<2}
2
20y’ =45 {-2<z<2, -1<y<4}
;=t-1)
2Ly ==75—; {-1<z<1, —2<y<2}
2.y =—{ {—2<2<2, —2<y<2}

23. By suitably renaming the constants and dependent variables in the equations
T = k(T —-Tp,) (A)
and
G'=-\G+r (B)
discussed in Section 1.2 in connection with Newton’s law of cooling and absorption of glucose in the body, we can write both as
y' =—ay+b, (C)

where a is a positive constant and b is an arbitrary constant. Thus, (A) is of the form (C) with y =T, a =k, and b = kT, , and
(B) is of the form (C) with y =G, a =\, and b =r. We’ll encounter equations of the form (C) in many other applications in
Chapter 2.

Choose a positive a and an arbitrary b. Construct a direction field and plot some integral curves for (C) in a rectangular region of
the form

{0<t<T, c<y<d}

1.3E.6 https://math.libretexts.org/@go/page/43268
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of the ty-plane. Vary T, ¢, and d until you discover a common property of all the solutions of (C). Repeat this experiment with
various choices of a and b until you can state this property precisely in terms of a and b.

24. By suitably renaming the constants and dependent variables in the equations
P' =aP(1—aP) (A)
and
I'=rI(S-1) (B)

discussed in Section 1.1 in connection with Verhulst’s population model and the spread of an epidemic, we can write both in the
form

y =ay—by’, (©)

where a and b are positive constants. Thus, (A) is of the form (C) withy = P, a = a, and b = a«, and (B) is of the form (C) with
y=1,a=rS,and b =r. In Chapter 2 we’ll encounter equations of the form (C) in other applications..

Choose positive numbers a and b. Construct a direction field and plot some integral curves for (C) in a rectangular region of the
form

{0<t<T,0<y<d}
of the ty-plane. Vary T and d until you discover a common property of all solutions of (C) with y(0) > 0. Repeat this experiment
with various choices of a and b until you can state this property precisely in terms of a and b.

Choose positive numbers a and b. Construct a direction field and plot some integral curves for (C) in a rectangular region of the
form

{0<t<T, c<y<0}
of the ty-plane. Vary a, b, T' and ¢ until you discover a common property of all solutions of (C) with y(0) < 0.
You can verify your results later by doing Exercise 2.2.27.
This page titled 1.3E: Direction Fields for First Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,

remixed, and/or curated by Zoya Kravets.

o 1.3E: Direction Fields for First Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

2: First Order Equations
In this chapter, we study first-order differential equations for which there are general methods of solution.
2.1: Separable Equations
2.1E: Separable Equations (Exercises)
2.2: Linear First Order Equations
2.2E: Linear First Order Equations (Exercises)
2.3: Existence and Uniqueness of Solutions of Nonlinear Equations
2.3E: Existence and Uniqueness of Solutions of Nonlinear Equations (Exercises)
2.4: Transformation of Nonlinear Equations into Separable Equations
2.4E: Transformation of Nonlinear Equations into Separable Equations (Exercises)
2.5: Exact Equations
2.5E: Exact Equations (Exercises)
2.6: Integrating Factors
2.6E: Integrating Factors (Exercises)
2.7: Euler's Method
2.7E: Euler’s Method (Exercises)

This page titled 2: First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.



https://libretexts.org/
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.01%3A_Separable_Equations
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.01%3A_Separable_Equations/2.1E%3A_Separable_Equations_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.02%3A_Linear_First_Order_Equations
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.02%3A_Linear_First_Order_Equations/2.2E%3A_Linear_First_Order_Equations_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.03%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.03%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/2.3E%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.04%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.04%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations/2.4E%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.05%3A_Exact_Equations
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.05%3A_Exact_Equations/2.5E%3A_Exact_Equations_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.06%3A_Integrating_Factors
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.06%3A_Integrating_Factors/2.6E%3A_Integrating_Factors_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.07%3A_Euler's_Method
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.07%3A_Euler's_Method/2.7E%3A_Eulers_Method_(Exercises)
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations?no-cache

LibreTexts"

2.1: Separable Equations
A first order differential equation is separable if it can be written as

h(y)y' = g(x), (2.1.1)

where the left side is a product of ¢’ and a function of y and the right side is a function of x. Rewriting a separable differential
equation in this form is called separation of variables. In Section 2.1, we used separation of variables to solve homogeneous linear
equations. In this section we’ll apply this method to nonlinear equations.

To see how to solve Equation 2.1.1, let’s first assume that y is a solution. Let G(z) and H(y) be antiderivatives of g(z) and h(y);
that is,

H'(y)=h(y) and G'(z)=g(z). (2.1.2)

Then, from the chain rule,

Therefore Equation 2.1.1is equivalent to

d d
ZH(y(x)) = 5-G(a)

Integrating both sides of this equation and combining the constants of integration yields
H(y(z))=G(z)+ec. (2.1.3)

Although we derived this equation on the assumption that y is a solution of Equation 2.1.1, we can now view it differently: Any
differentiable function y that satisfies Equation 2.1.3 for some constant ¢ is a solution of Equation 2.1.1. To see this, we
differentiate both sides of Equation 2.1.3, using the chain rule on the left, to obtain

H'(y(z))y'(z) = G'(z),

which is equivalent to

because of Equation 2.1.2.

In conclusion, to solve Equation 2.1.1 it suffices to find functions G = G(z) and H = H(y) that satisfy Equation 2.1.2. Then any
differentiable function y = y(z) that satisfies Equation 2.1.3 is a solution of Equation 2.1.1.

Example 2.1.1

Solve the equation
y =z(1+y°).
Solution
Separating variables yields
y'
1442
Integrating yields
= z?
tan "y = 5 +c
Therefore
2
y =tan ( ? + c)
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Example 2.1.2

a. Solve the equation

; &
y =——. 2.14
" (21.4)
b. Solve the initial value problem
y=—Z, -1 (2.1.5)
Y
c. Solve the initial value problem
y=-2 y(1)=-2. (2.1.6)
Yy
Solution a
Separating variables in Equation 2.1.4 yields
yy' =—z.
Integrating yields
2 2
y? = —% +e¢, orequivalently z’ —|—y2 =2c.

The last equation shows that ¢ must be positive if y is to be a solution of Equation 2.1.4 on an open interval. Therefore we let
2¢ = a?® (with @ > 0) and rewrite the last equation as

o’ +y? =ad’. (2.1.7)

This equation has two differentiable solutions for ¥ in terms of x:

y= a’—z?, —a<z<a, (2.1.8)

and

y=—+a*—2?, —-a<z<a. (2.1.9)

The solution curves defined by Equation 2.1.8 are semicircles above the x-axis and those defined by Equation 2.1.9 are
semicircles below the z-axis (Figure 2.1.1).

Solution b

The solution of Equation 2.1.5 is positive when = 1; hence, it is of the form Equation 2.1.8. Substituting z =1 and y =1
into Equation 2.1.7 to satisfy the initial condition yields a® = 2; hence, the solution of Equation 2.1.5 is

y=v2-12%, —2<z<2

Solution ¢

The solution of Equation 2.1.6 is negative when z =1 and is therefore of the form Equation 2.1.9. Substituting £ =1 and
y = —2 into Equation 2.1.7 to satisfy the initial condition yields a2 = 5. Hence, the solution of Equation 2.1.6is

y=—v5-2%, —/b<z <45
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Figure 2.1.1: @) y = /2 — 22, —v2 <z <+/2; b y=—+/5-22, —/5<z <45

Implicit Solutions of Separable Equations

In Examples 2.1.1 and 2.1.2 we were able to solve the equation H(y) = G(z)+c to obtain explicit formulas for solutions of the
given separable differential equations. As we’ll see in the next example, this isn’t always possible. In this situation we must
broaden our definition of a solution of a separable equation. The next theorem provides the basis for this modification. We omit the
proof, which requires a result from advanced calculus called as the implicit function theorem.

Theorem 2.1.1: implicit function theorem

Suppose g = g(z) is continous on (a, b) and h = h(y) are continuous on (¢, d). Let G be an antiderivative of g on (a, b) and
let H be an antiderivative of h on (¢, d). Let z( be an arbitrary point in (a, b), let yo be a point in (¢, d) such that h(yy) # 0,
and define
c=H(yo) — G(zo). (2.1.10)
Then there’s a function y = y(z) defined on some open interval (a;, by ), where a < a1 < 2o < by <b, such that y(zo) = yo
and
H(y)=G(z)+c (2.1.11)
for a; < z < by . Therefore y is a solution of the initial value problem
h(y)y' =g(z), y(xo) = o. (2.1.12)

It’s convenient to say that Equation 2.1.11 with ¢ arbitrary is an implicit solution of h(y)y’ = g(x). Curves defined by Equation
2.1.11are integral curves of h(y)y' = g(x). If ¢ satisfies Equation 2.1.10, we’ll say that Equation 2.1.111is an implicit solution of
the initial value problem Equation 2.1.12. However, keep these points in mind:

o For some choices of ¢ there may not be any differentiable functions y that satisfy Equation 2.1.11.
o The function y in Equation 2.1.171 (not Equation 2.1.11itself) is a solution of h(y)y’ = g(z).

Example 2.1.3

a. Find implicit solutions of
2z +1
"= . 2.1.13
Y 5yt +1 ( )
b. Find an implicit solution of
2z +1
!
==, 2)=1. 2.1.14
e ) (2.1.14)
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Solution a
Separating variables yields
(5y* +1)y =2z +1.

Integrating yields the implicit solution

v +y=z+z+c. (2.1.15)

of Equation 2.1.13,

Solution b

Imposing the initial condition y(2) =1 in Equation 2.1.15yields 1 +1 =4+2+c¢ , so ¢ = —4. Therefore
Yiy=a>+z—4

is an implicit solution of the initial value problem Equation 2.1.14. Although more than one differentiable function y = y(z)
satisfies Equation 2.1.13 near z =1, it can be shown that there is only one such function that satisfies the initial condition
y(1) = 2. Figure 2.1.2 shows a direction field and some integral curves for Equation 2.1.13
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Constant Solutions of Separable Equations

An equation of the form

is separable, since it can be rewritten as

1 /
—y =g(z).
p(y)
However, the division by p(y) is not legitimate if p(y) = 0 for some values of y. The next two examples show how to deal with

this problem.

Example 2.1.4

Find all solutions of

y =2zy”. (2.1.16)

Solution

https://math.libretexts.org/@go/page/43272
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Here we must divide by p(y) = y? to separate variables. This isn’t legitimate if ¥ is a solution of Equation 2.1.16 that equals
zero for some value of z. One such solution can be found by inspection: y = 0. Now suppose y is a solution of Equation
2.1.16that isn’t identically zero. Since ¥ is continuous there must be an interval on which y is never zero. Since division by >
is legitimate for z in this interval, we can separate variables in Equation 2.1.16to obtain

Y
— =2z
y?
Integrating this yields
1
—— =z c,
Y
which is equivalent to
1
=— . 2.1.17
Y z2+c ( )

We’ve now shown that if y is a solution of Equation 2.1.16 that is not identically zero, then y must be of the form Equation
2.1.17. By substituting Equation 2.1.17 into Equation 2.1.16 you can verify that Equation 2.1.17is a solution of Equation
2.1.16 Thus, solutions of Equation 2.1.16are y =0 and the functions of the form Equation 2.1.17 Note that the solution

y = 0 isn’t of the form Equation 2.1.17for any value of c.

Figure 2.1.3 shows a direction field and some integral curves for Equation 2.1.16
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Figure 2.1.3: A direction field and integral curves for y' = Zmy2
Example 2.1.5
Find all solutions of
, 1 5
y :§w(1—y ). (2.1.18)
Here we must divide by p(y) =1 —y? to separate variables. This isn’t legitimate if y is a solution of Equation 2.1.18 that
equals 1 for some value of . Two such solutions can be found by inspection: y =1 and y = —1. Now suppose ¥ is a

solution of Equation 2.1.18 such that 1 —gy? isn’t identically zero. Since 1 —? is continuous there must be an interval on
which 1 —g? is never zero. Since division by 1 —y? is legitimate for z in this interval, we can separate variables in Equation

2.1.18to obtain

A partial fraction expansion on the left yields
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y—1 y+1
and integrating yields
y—1 z?
| =——+k;
" y+1 ’ 2 T
hence,

’ Y- 1 ’ _ ekefzz/Z.
y+1
Since y(z) # £1 for x on the interval under discussion, the quantity (y —1)/(y+1) cannot change sign in this interval.
Therefore we can rewrite the last equation as
y—1 _

— —z?/2
y+1

ce ,

where ¢ = +e*, depending upon the sign of (y —1)/(y +1) on the interval. Solving for y yields

1 + ce /2

— 2.1.19
1—ce /2 ( )

We’ve now shown that if y is a solution of Equation 2.1.18that is not identically equal to 1, then y must be as in Equation
2.1.19 By substituting Equation 2.1.19 into Equation 2.1.18 you can verify that Equation 2.1.19 is a solution of Equation
2.1.18& Thus, the solutions of Equation 2.1.18are y =1, y = —1 and the functions of the form Equation 2.1.19. Note that the
constant solution y =1 can be obtained from this formula by taking ¢ = 0; however, the other constant solution, y = —1,
cannot be obtained in this way.

Figure 2.1.4 shows a direction field and some integrals for Equation 2.1.18&
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Figure 2.1.4: A direction field and integral curves for y’ = =
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This page titled 2.1: Separable Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.

e 2.2: Separable Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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2.1E: Separable Equations (Exercises)
Q2.1.1

In Exercises 2.1.1-2.1.6 find all solutions.

Ly = 3x2;rféc+1 &
2. (sinz)(siny) + (cosy)y’ =0
3.zy' +y?+y=0 &
4.y Infy| +a’y =0
(2e+l)y

5. (3y3 +3ycosy+1)y' + T = 0

6.2’y = (y* —1)*/?

Q2.1.2

In Exercises 2.1.7-2.1.10 find all solutions. Also, plot a direction field and some integral curves on the indicated rectangular region.
7.9 =2 (1+9%); {-1<z <1, —1<y<1}

8.y (l+x?)+zy=0; {-2<z<2 —1<y<1}

9.9/ =(@-1)-1(y—-2); {2<z<2 -3<y<3}

10. (y—1)%y =22 +3; {-2<z<2, —2<y<5}

Q2.1.3

In Exercises 2.1.11 and 2.1.12 solve the initial value problem.

1.y = EZ_’;;%H, y(l) =4

12.y +2(y?+y) =0, y(2)=1

Q2.1.4

In Exercises 2.1.13-2.1.16 solve the initial value problem and graph the solution.
13. (3y® +4y)y' + 2z +cosz =0, y(0)=1

144 + (y+1)(j;11)(y—2) =0, y(1)=0

15.y' +2z(y+1)=0, y(0)=2

16.y' =2zy(1+%?), y(0)=1

Q2.1.5

In Exercises 2.1.17-2.1.23 solve the initial value problem and find the interval of validity of the solution.
17.y'(2* +2) +4z(y* +2y+1) =0, y(1)=-1

18.y' = —22(y* -3y +2), y(0)=3

19.y' = 1«2&/’ y(2) =0 &

2.y =2y—y?, y(0)=1
2l.z+yy =0, yB)=-4
22.y' +2’(y+1)(y-2)* =0, y(4)=2
23. (z+1)(z—2)y +y=0, y(1)=-3
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Q2.1.6

(1+y%)
(1+2?)

25. Solve y'v/1 —x2 + \/1 —y2 =0 explicitly.

24. Solve i =

explicitly.

26. Solve y' = <22 y(m) = % explicitly.

siny’
27. Solve the initial value problem
y' =ay—by®, y(0)=yo. (2.1E.1)
Discuss the behavior of the solution if a yg > 0; b gy < 0.
28. The population P = P(t) of a species satisfies the logistic equation
P' =aP(1—-aP) (2.1E.2)
and P(0) = P, > 0. Find P for ¢ > 0, and find limy_,, P(t).

29. An epidemic spreads through a population at a rate proportional to the product of the number of people already infected and the
number of people susceptible, but not yet infected. Therefore, if S denotes the total population of susceptible people and I = I(%)
denotes the number of infected people at time ¢, then

I'=rI(S—1I), (2.1E.3)
where r is a positive constant. Assuming that I(0) = Iy, find I(¢) for ¢ > 0, and show that limy ,o, I(¢) = S.

30. The result of Exercise 2.2.29 is discouraging: if any susceptible member of the group is initially infected, then in the long run
all susceptible members are infected! On a more hopeful note, suppose the disease spreads according to the model of Exercise
2.2.29, but there’s a medication that cures the infected population at a rate proportional to the number of infected individuals. Now
the equation for the number of infected individuals becomes

I'=rI(S—1I)—qI (A)
where q is a positive constant.

a. Choose r and S positive. By plotting direction fields and solutions of (A) on suitable rectangular grids
R={0<t<T,0<I<d} (2.1E.4)
in the (¢, I)-plane, verify that if I is any solution of (A) such that I(0) > 0, then limy ,o, I(t) =S —q/r if ¢ <rS and
limg ,oo I(t) =0 ifg>7S.

b. To verify the experimental results of (a), use separation of variables to solve (A) with initial condition I(0) = I > 0, and find

This page titled 2.1E: Separable Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

o 2.2E: Separable Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.2: Linear First Order Equations
A first order differential equation is said to be linear if it can be written as
Y +p(@)y = f(2). (2.2.1)

A first order differential equation that cannot be written like this is nonlinear. We say that Equation 2.2.1 is homogeneous if
f =0; otherwise it is nonhomogeneous. Since y = 0 is obviously a solution of the homgeneous equation

y' +p(z)y =0,

we call it the trivial solution. Any other solution is nontrivial.

v Example 2.1.1

The first order equations
2%y +3y =2?
zy' —8x2y =sinz

zy' 4+ (Inz)y =0

y =2’y-2
are not in the form in Equation 2.2.1, but they are linear, since they can be rewritten as
3
¥+ —y=1
x
sinz
y —8zy =
Inx
y'+—y=0
y —a’y =2
v/ Example 2.1.2
Here are some nonlinear first order equations:
zy +3y? =2z (because y is squared)
yy' =3 (because of the product yy')
y +ze¥ =12 (because of e¥)

General Solution of a Linear First Order Equation

To motivate a definition that we’ll need, consider the simple linear first order equation

1
y = —- (2.2.2)
x
From calculus we know that y satisfies this equation if and only if
= + (2.2.3)
=——+c 2.
Y z

where c is an arbitrary constant. We call ¢ a parameter and say that Equation 2.2.3 defines a one—parameter family of functions.
For each real number c, the function defined by Equation 2.2.3 is a solution of Equation 2.2.2 on (—o00, 0) and (0, c0); moreover,
every solution of Equation 2.2.2 on either of these intervals is of the form Equation 2.2.3 for some choice of c¢. We say that
Equation 2.2.3 is the general solution of Equation 2.2.2.
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We’ll see that a similar situation occurs in connection with any first order linear equation
Y +p(2)y = f(z); (2.2.4)

that is, if p and f are continuous on some open interval (a, b) then there’s a unique formula y = y(z, ¢) analogous to Equation
2.2.3that involves x and a parameter ¢ and has the these properties:

o For each fixed value of ¢, the resulting function of z is a solution of Equation 2.2.4 on (a, b).
e If y is a solution of Equation 2.2.4 on (a, b), then y can be obtained from the formula by choosing ¢ appropriately.

We’ll call y = y(z, ¢) the general solution of Equation 2.2.4.

When this has been established, it will follow that an equation of the form
Py(z)y' + Pi(z)y = F(z) (2.2.5)

has a general solution on any open interval (a, b) on which Py, Py, and F are all continuous and Py has no zeros, since in this case
we can rewrite Equation 2.2.5in the form Equation 2.2.4 with p = P; /Py and f = F'/ Py, which are both continuous on (a, b).

To avoid awkward wording in examples and exercises, we will not specify the interval (a, b) when we ask for the general solution
of a specific linear first order equation. Let’s agree that this always means that we want the general solution on every open interval
on which p and f are continuous if the equation is of the form Equation 2.2.4, or on which Py, P;, and F' are continuous and P,
has no zeros, if the equation is of the form Equation 2.2.5. We leave it to you to identify these intervals in specific examples and
exercises.

For completeness, we point out that if Py, Py, and F' are all continuous on an open interval (a,b), but P, does have a zero in
(a,b), then Equation 2.2.5 may fail to have a general solution on (a, b) in the sense just defined. Since this isn’t a major point that
needs to be developed in depth, we will not discuss it further; however, see Exercise 2.1.44 for an example.

Homogeneous Linear First Order Equations

We begin with the problem of finding the general solution of a homogeneous linear first order equation. The next example recalls a
familiar result from calculus.

v/ Example 2.1.3

Let a be a constant.
a. Find the general solution of
y' —ay=0. (2.2.6)

b. Solve the initial value problem

y' —ay=0, y(zo)=2yo.

Solution a
(a) You already know from calculus that if ¢ is any constant, then y = ce®® satisfies Equation 2.2.6. However, let’s pretend
you’ve forgotten this, and use this problem to illustrate a general method for solving a homogeneous linear first order equation.

We know that Equation 2.2.6 has the trivial solution y = 0. Now suppose ¥ is a nontrivial solution of Equation 2.2.6. Then,
since a differentiable function must be continuous, there must be some open interval I on which y has no zeros. We rewrite
Equation 2.2.6 as

y
—=a
Yy
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y
A
3.0 -
25 |
a=2
20 [
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15 | a=1
1.0
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Figure 2.1.1 : Solutions of 4’ —ay =0, y(0) =1
for z in I. Integrating this shows that
In|y| =az+k, so |yl =e"e™,

where k is an arbitrary constant. Since €% can never equal zero, y has no zeros, so y is either always positive or always
negative. Therefore we can rewrite y as

y=ce” (2.2.7)
where
{ ek ify >0,
C =
—e* ify <0.

This shows that every nontrivial solution of Equation 2.2.6 is of the form y = ce®® for some nonzero constant c¢. Since setting
¢ = 0 yields the trivial solution, all solutions of Equation 2.2.6 are of the form Equation 2.2.7. Conversely, Equation 2.2.7 is a
solution of Equation 2.2.6 for every choice of ¢, since differentiating Equation 2.2.7 yields ¢’ = ace®® =ay .

Solution b
Imposing the initial condition y(z) = yo yields yo = ce®®®, so ¢ = ype®® and

_ yoea(zfzo) .

—axg 0T

Y ="Yoe

Figure 2.1.1 show the graphs of this function with zy =0, yo =1, and various values of a.

v/ Example 2.1.4

a. Find the general solution of

zy +y=0. (2.2.8)
b. Solve the initial value problem
zy' +y=0, y(1)=3. (2.2.9)
Solution a
We rewrite Equation 2.2.8 as
, 1
¥y +—-y=0, (2.2.10)
T
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where z is restricted to either (—o0, 0) or (0, 00). If y is a nontrivial solution of Equation 2.2.1(, there must be some open

interval I on which y has no zeros. We can rewrite Equation 2.2.10as

y 1
y oz
for z in I. Integrating shows that
ek
In|y| =—In|z|+k so |yl = ﬂ
x

Since a function that satisfies the last equation can’t change sign on either (—oo, 0) or (0, c0), we can rewrite this result more

simply as
(2.2.11)

N
Il
8 |o

where
ek ify >0,
CcC=
—ek ify <0.

We have now shown that every solution of Equation 2.2.10is given by Equation 2.2.11 for some choice of c. (Even though we

assumed that y was nontrivial to derive Equation 2.2.11, we can get the trivial solution by setting ¢ =0 in Equation 2.2.11)
Conversely, any function of the form Equation 2.2.11is a solution of Equation 2.2.1(} since differentiating Equation 2.2.11

yields
c

Y =
— T o
22

and substituting this and Equation 2.2.111into Equation 2.2.10yields
, 1
yt+—y= 2
x T T

C C
-— += =0.
€T X

Figure 2.1.2 shows the graphs of some solutions corresponding to various values of ¢
Solution b
Imposing the initial condition y(1) = 3 in Equation 2.2.11yields ¢ = 3. Therefore the solution of Equation 2.2.9 is
3
Yy=—-
T

The interval of validity of this solution is (0, co).

The results in Examples 2.2.3aand 2.2.4bare special cases of the next theorem.

& Theorem 2.1.1

If p is continuous on (a, b), then the general solution of the homogeneous equation
Y +p(z)y=0 (2.2.12)
on (a,b) is
y= ce F@) ,
where
P(x) :/p(w)dx (2.2.13)
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is any antiderivative of p on (a, b); that is ,
P'(z)=p(z), a<z<b (2.2.14)

y
A

c<0 c>0

X
c>0 c<0
Figure 2.1.2 : Solutions of zy’ +y =0 on (0, 00) and (—o0,0)

If y =ce T®

, differentiating y and using Equation 2.2.14shows that
y = —P'(a:)ce_P(’”) = —p(m)ce_P(””) = —p(z)y,
soy' +p(z)y =0; that is, y is a solution of Equation 2.2.12, for any choice of c.

Now we’ll show that any solution of Equation 2.2.12 can be written as y = ce *®) for some constant ¢. The trivial solution

can be written this way, with ¢ = 0. Now suppose y is a nontrivial solution. Then there’s an open subinterval I of (a,b) on
which y has no zeros. We can rewrite Equation 2.2.12as

Y @) (2.2.15)

for z in I. Integrating Equation 2.2.15and recalling Equation 2.2.13yields
In|y| = —P(z) +k,
where k is a constant. This implies that
[yl = e P,

Since P is defined for all z in (a, b) and an exponential can never equal zero, we can take I = (a, b), so y has zeros on (a, b)
(a,b), so we can rewrite the last equation as y = ce (®)

e* ify >0on (a,b),
C =
—ef ify <0on(a,b).

, where

REMARK: Rewriting a first order differential equation so that one side depends only on y and g’ and the other depends only on x
is called separation of variables. We did this in Examples 2.1.3 and 2.1.4 , and in rewriting Equation 2.2.12 and Equation 2.2.15
We will apply this method to nonlinear equations in Section 2.2.
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Linear Nonhomogeneous First Order Equations

We’ll now solve the nonhomogeneous equation
Y +p(z)y = f(z). (2.2.16)
When considering this equation we call
y +p(z)y=0
the complementary equation.

We’ll find solutions of Equation 2.2.16in the form y = uy;, where y; is a nontrivial solution of the complementary equation and
u is to be determined. This method of using a solution of the complementary equation to obtain solutions of a nonhomogeneous
equation is a special case of a method called variation of parameters, which you’ll encounter several times in this book.
(Obviously, u can’t be constant, since if it were, the left side of Equation 2.2.16would be zero. Recognizing this, the early users of
this method viewed u as a “parameter” that varies; hence, the name “variation of parameters.”)

If
y=uy;, then 7y =u'y +uy.
Substituting these expressions for y and ' into Equation 2.2.16yields
u'yr +u(y) +p(e)y) = f(2),
which reduces to
u'yr = f(z), (2.2.17)
since y; is a solution of the complementary equation; that is,
yi +p()yr =0.

In the proof of Theorem 2.2.1 we saw that y; has no zeros on an interval where p is continuous. Therefore we can divide Equation
2.2.17through by y; to obtain

u' = f(z)/y1(2)-

We can integrate this (introducing a constant of integration), and multiply the result by y; to get the general solution of Equation
2.2.16. Before turning to the formal proof of this claim, let’s consider some examples.

v Example 2.1.5

Find the general solution of

y 2y =2 . (2.2.18)

By applying a of Example 2.1.3 with a = —2, we see that y; =e 2* is a solution of the complementary equation

y' 4+ 2y = 0. Therefore we seek solutions of Equation 2.2.18in the form y = ue 2%, so that

Y =ue® —2ue™ and y +2y=1u'e* —2ue  +2ue 2 =ue . (2.2.19)
Therefore y is a solution of Equation 2.2.18if and only if
w'e 2 =z3e72® or, equivalently, ' =z3.
Therefore
7
u= 7 G
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Figure 2.1.3 : A direction field and integral curves for 3’ 4 2y = z2e~2*
and
4
- - T
y =ue 2z:e 2 (_+C)
4
is the general solution of Equation 2.2.18&
Figure 2.1.3 shows a direction field and some integral curves for Equation 2.2.18&
v Example 2.1.6
Find the general solution
y' + (cotz)y =z cscz. (2.2.20)
Solve the initial value problem
y' +(cotz)y=zcscx, y(r/2)=1. (2.2.21)

Solution

Here p(z) = cotz and f(x) =z cscz are both continuous except at the points = rm, where 7 is an integer. Therefore we
seek solutions of Equation 2.2.20 on the intervals (rm, (r+1)7). We need a nontrival solution y; of the complementary
equation; thus, y; must satisfy y} + (cot z)y; = 0, which we rewrite as

!
U coszT

— =—cotx =—— .
U1 sinx

(2.2.22)

Integrating this yields
In|y;| = —In|sinz|,
where we take the constant of integration to be zero since we need only one function that satisfies Equation 2.2.22 Clearly

y1 =1/ sinz is a suitable choice. Therefore we seek solutions of Equation 2.2.20in the form

u

- . )
s
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so that
u’ UCOST
Y =—-— (2.2.23)
smo sin“ T
and
Y+eotaly = i wmeuee
_ _uw  ucosz UCOS T
B sinz sin® ¢ + sin® z (2224)
_ o
~  sinz’
Therefore y is a solution of Equation 2.2.20if and only if
u'/sinz =zxcscx =x/sinz or, equivalently, u' =z.
Integrating this yields
x? u z? c
u=—+¢c, and y= = s (2.2.25)

2 sinz 2sinz  sinz
is the general solution of Equation 2.2.200n every interval (rm, (r 4+ 1)) ( 7 =integer).
b. Imposing the initial condition y(7/2) = 1 in Equation 2.2.25yields
2 2
lz%—l—corc:l—%.
Thus,
x? 1-7%/8
y=--—+ ( : /8)
2sinz sinz

is a solution of Equation 2.2.2(. The interval of validity of this solution is (0, r); Figure 2.1.4 shows its graph.

y
A

15 -~

v
>

-10

=15

Figure 2.1.4 : Solution of y' + (cot z)y = x cscz,y(m/2) =1

REMARK: It wasn’t necessary to do the computations 2.2.23and 2.2.24in Example 2.1.6 , since we showed in the discussion
preceding Example 2.1.5 that if y = wy; where y} +p(z)y; =0, then y' +p(z)y = u'y; . We did these computations so you
would see this happen in this specific example. We recommend that you include these “unnecesary” computations in doing
exercises, until you’re confident that you really understand the method. After that, omit them.

We summarize the method of variation of parameters for solving

Y +p(z)y = f() (2.2.26)

as follows:
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a. Find a function y; such that

For convenience, take the constant of integration to be zero.
b. Write

y=uys (2.2.27)
to remind yourself of what you’re doing.
c. Write u'y; = f and solve for '; thus, u' = f/y;.

d. Integrate v’ to obtain u, with an arbitrary constant of integration.
e. Substitute u into Equation 2.2.27to obtain y.

To solve an equation written as
Py(z)y’ +Pi(z)y = F(z),

we recommend that you divide through by Py(z) to obtain an equation of the form Equation 2.2.26 and then follow this
procedure.

Solutions in Integral Form

Sometimes the integrals that arise in solving a linear first order equation can’t be evaluated in terms of elementary functions. In this
case the solution must be left in terms of an integral.

v/ Example 2.1.7

Find the general solution of
y —2zy=1.
Solve the initial value problem
y —2zy=1, y(0)=yo. (2.2.28)

Solution
a. To apply variation of parameters, we need a nontrivial solution y; of the complementary equation; thus, y; —2zy; =0,
which we rewrite as

%
n

=2x.

Integrating this and taking the constant of integration to be zero yields
Injy| =22, so |y =e€".

We choose y; = e and seek solutions of Equation 2.2.28in the form y = ue” , where

2

! -
ue =1, so u =e

u:c—l—/e_wzdx,

but we can’t simplify the integral on the right because there’s no elementary function with derivative equal to e~
the best available form for the general solution of Equation 2.2.28is

y=ue® =e* <c+/e"”2dw) . (2.2.29)

Therefore

@* Therefore
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b. Since the initial condition in Equation 2.2.28is imposed at £y = 0, it is convenient to rewrite Equation 2.2.29as

T 0
y=e" (c +/ et dt) , since / e dt=0
0 0

Setting £ = 0 and y = yo here shows that ¢ = yq . Therefore the solution of the initial value problem is

y=e (yo +/ et2dt> . (2.2.30)
0

For a given value of yo and each fixed z, the integral on the right can be evaluated by numerical methods. An alternate
procedure is to apply the numerical integration procedures discussed in Chapter 3 directly to the initial value problem Equation
2.2.28 Figure 2.1.5 shows graphs of of Equation 2.2.30for several values of yq.

\K

Figure 2.1.5 : Solution of y' — 2zy = 1,y(0) = yo

An Existence and Uniqueness Theorem

The method of variation of parameters leads to this theorem.

& Theorem 2.1.2 Existence and Uniqueness Theorem

Suppose p and f are continuous on an open interval (a, b), and let y; be any nontrivial solution of the complementary equation

Y +p()y=0
on (a, b). Then:

a. The general solution of the nonhomogeneous equation

Y +p(z)y = f(z) (2.2.31)

on (a,b) is

y=1yi(z) (c—i—/f(:c)/yl(m)dx) . (2.2.32)
b. If z is an arbitrary point in (a, b) and yq is an arbitrary real number , then the initial value problem

Y +p(@)y=Ff(z), y(zo) =10

=) (yf(jio) +/ zi((tt)) )

has the unique solution

on (a,b).
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Proof

(a) To show that Equation 2.2.32is the general solution of Equation 2.2.310on (a, b), we must prove that:

i. If ¢ is any constant, the function y in Equation 2.2.32is a solution of Equation 2.2.31on (a, b).
ii. If y is a solution of Equation 2.2.31on (a, b) then y is of the form Equation 2.2.32for some constant c.

To prove (i), we first observe that any function of the form Equation 2.2.32is defined on (a,b), since p and f are
continuous on (a, b). Differentiating Equation 2.2.32yields

— (c+ / f(w)/yl(w)dw> + f(a).
Since yj = —p(z)y; , this and Equation 2.2.32imply that
——— (c+ / f(w)/yl(w)dw) T f(z)

= —p(z)y(z) + f(2),
which implies that y is a solution of Equation 2.2.3 1,

To prove (ii), suppose y is a solution of Equation 2.2.31on (a, b). From the proof of Theorem 2.1.1, we know that y; has
no zeros on (a, b), so the function u = y/y; is defined on (a, b). Moreover, since

! j—

y =-py+f and y;=-py,
. oy —yly
=
Y1

_unlpytH-Crny _

y? Y

Integrating v’ = f/y; yields
u=(c+ [1@/m@)).

which implies Equation 2.2.37 since y = uy; .

(b) We’ve proved (a), where [ f(z)/yi(x)dz in Equation 2.2.32 is an arbitrary antiderivative of f/y;. Now it is
convenient to choose the antiderivative that equals zero when x = x( , and write the general solution of Equation 2.2.31as

Since

y(zo) =y1(z0) <c+/x:0 ;1((2;)) dt) = cy1(z),

we see that y(zg) = yo if and only if ¢ = yo/y1 (o) -

This page titled 2.2: Linear First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya

Kravets.

e 2.1: Linear First Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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2.2E: Linear First Order Equations (Exercises)
Q2.2.1

In Exercises 2.2.1-2.2.5 find the general solution.
1.y +ay =0 (a=constant)

2.y +322y =0

3.2y +(lnz)y=0

4.xy +3y=0

5.2%y +y=0

Q2.2.2

In Exercises 2.2.6-2.2.11 solve the initial value problem.
6.y’+(%)y:0, y(1)=1

7.2y +(1+7=)y=0, yle)=1

8.2y + (L +zcotz)y=0, y (%) =2

9.y — (j’;)yzﬂ, y(0) =2

10.y' +2y=0, y(1)=3
1.y’ + (tankz)y =0, y(0)=2 (k= constant)

(k = constant)

Q2.2.3

In Exercises 2.2.12-2.2.15 find the general solution. Also, plot a direction field and some integral curves on the rectangular region
{-2<z<2,-2<y<2}.

12.y'+3y=1
By +(2-1)y=-2

22

14.y' +2zy =ze”

2 —T
15.9"+ Lol = ﬁ

Q2.24
In Exercises 2.2.16-2.2.24 find the general solution.
6.y +3y="5+3

’ o, 4 1 sinz
Uy + 23y =05 T oy

18. zy' + (1 + 2:E2)y — 23—
19. zy' +2y = %—i—l

20.y' + (tanz)y = cosz

21. (1 +z)y' +2y = %

22, (z —2)(z — 1)y’ — (4z —3)y = (z —2)3
23.y' + (2sinz cosz)y = o sinte
24. 2%y’ +3zy =€*
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Q2.2.5
In Exercises 2.2.25-2.2.29 solve the initial value problem and sketch the graph of the solution.

25.y' +Ty =€, y(0)=0

26. (1+22)y' +4zy = Tzﬁ, y(0)=1
27. xy' +3y = =2 y(-1)=0

z(1+a?)’
28.y' + (cotz)y = cosz, y(%):l
29.9' +ty==2+1, y(-1)=0

Q2.2.6

In Exercises 2.2.30-2.2.37, solve the initial value problem.

30. (@ —1)y'+3y = A5+ 225, y(0) =1

P (a1
31.zy' +2y =822, y(1)=3
2.2y —2y=—2% y(1)=1
33.y +2zy=z, y(0)=3

1+(z—1) sec® z

(@-1)°

2
35. (z+2)y' +4y = % y(-1)=2

36. (22— 1)y —2zy==(2?-1), y(0)=4
37. (2> —5)y —2zy = —2z(2® —5), y(2)=7

34. (z— 1)y +3y =

Q2.2.7

In Exercises 2.2.38-2.2.42 solve the initial value problem and leave the answer in a form involving a definite integral. (You can
solve these problems numerically by methods discussed in Chapter 3.)

38.y' +2zy =22, y(0)=3
39.y + 3y =22, y(1)=2

40.y +y=<tamz - 4(1)=0

Ny + Py =5 v0)=1

2.y +@+)y=e, y(1)=2

43. Experiments indicate that glucose is absorbed by the body at a rate proportional to the amount of glucose present in the
bloodstream. Let A denote the (positive) constant of proportionality. Now suppose glucose is injected into a patient’s bloodstream
at a constant rate of 7 units per unit of time. Let G = G(t) be the number of units in the patient’s bloodstream at time ¢ > 0. Then

G =-AG+r, (2.2E.1)

where the first term on the right is due to the absorption of the glucose by the patient’s body and the second term is due to the
injection. Determine G for ¢ > 0, given that G(0) = Gy . Also, find limy_,o, G(t).

44,
(a) Plot a direction field and some integral curves for

zy —2y=-1 (A)
on the rectangular region {—1 <z <1,—.5 <y < 1.5}. What do all the integral curves have in common?

(b) Show that the general solution of (A) on (—o0, 0) and (0, ) is
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1
Y= E—l-casz. (2.2E.2)

(c) Show that y is a solution of (A) on (—oo, 0o) if and only if

% +c m2, x>0,
y= { L ) (2.2E.3)
3 tez, z <0,
where ¢; and c» are arbitrary constants.
(d) Conclude from c that all solutions of (A) on (—oo, 00) are solutions of the initial value problem
zy —2y=-1, y(0)= % (2.2E.4)
(e) Use (b) to show that if zg # 0 and yy is arbitrary, then the initial value problem
zy —2y=-1, y(zo) =9 (2.2E.5)
has infinitely many solutions on ( —o0o, co). Explain why this doesn't contradict Theorem 2.1.1.
45. Assume that all functions in this exercise are defined on a common interval (a, b).
(a) Prove: If y; and y are solutions of
Y +p(x)y = fi(z) (2.2E.6)
and
¥ +p()y = f2(z) (2.2E.7)
respectively, and ¢; and ¢ are constants, then y = c1y1 + c2y2 is a solution of
Y +p(z)y =cifi(z) +eafo(z). (2.2E.8)
(This is the principle of superposition.)
(b) Use (a) to show that if y; and y- are solutions of the nonhomogeneous equation
y' +p(@)y=f(z), (A) (2:2E.9)
then y; — yo is a solution of the homogeneous equation
¥ +p(x)y=0. (B) (2.2E.10)
(c) Use (a) to show that if y; is a solution of (A) and y» is a solution of (B), then y; 4y is a solution of (A).
46. Some nonlinear equations can be transformed into linear equations by changing the dependent variable. Show that if
9' W)y +p(@)g(y) = f(z) (2.2E.11)
where y is a function of  and g is a function of y, then the new dependent variable z = g(y) satisfies the linear equation
2 +p(z)z= f(=). (2.2E.12)

47. Solve by the method discussed in Exercise 46.
(a) (sec?y)y’ —3tany = —1
by e (2uy'+2) =%

© L +2Iny = da?

y 1 3
(d) (1+y)?  =(lty) 22
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2.3: Existence and Uniqueness of Solutions of Nonlinear Equations

Although there are methods for solving some nonlinear equations, it is impossible to find useful formulas for the solutions of most.
Whether we are looking for exact solutions or numerical approximations, it is useful to know conditions that imply the existence
and uniqueness of solutions of initial value problems for nonlinear equations. In this section we state such a condition and illustrate
it with examples.

Figure 2.3.1 : An open rectangle

Some terminology: an open rectangle R is a set of points (x, y) such that
a<zr<b and c<y<d

(Figure 2.3.1). We’ll denote this setby R: {a <z <b,c <y <d} . “Open” means that the boundary rectangle (indicated by the
dashed lines in Figure 2.3.1) is not included in R.

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value problems for first order
nonlinear differential equations. We omit the proof, which is beyond the scope of this book.

& Theorem 2.3.1 : existence and uniqueness

a. If f is continuous on an open rectangle
R:{a<z<bc<y<d}
that contains (g, yo) then the initial value problem
¥ =f(=z,9), yl@)=wo (2.3.1)

has at least one solution on some open subinterval of (a, b) that contains .
b. If both f and f, are continuous on R then Equation 2.3.1 has a unique solution on some open subinterval of (a, b) that
contains xg

It’s important to understand exactly what Theorem 2.3.1 says.

¢ (a)is an existence theorem. It guarantees that a solution exists on some open interval that contains g, but provides no
information on how to find the solution, or to determine the open interval on which it exists. Moreover, (a) provides no
information on the number of solutions that Equation 2.3.1 may have. It leaves open the possibility that Equation 2.3.1 may
have two or more solutions that differ for values of x arbitrarily close to . We will see in Example 2.3.6 that this can happen.

e (b) is a uniqueness theorem. It guarantees that Equation 2.3.1 has a unique solution on some open interval (a,b) that contains
xg. However, if (a, b) # (—o0, 00) , Equation 2.3.1 may have more than one solution on a larger interval that contains (a, b).
For example, it may happen that b < oo and all solutions have the same values on (a, b), but two solutions y; and ys are
defined on some interval (a, by) with by > b, and have different values for b < x < by ; thus, the graphs of the y; and y,
“branch off” in different directions at x = b. (See Example 2.3.7 and Figure 2.3.3 ). In this case, continuity implies that
y1(b) = y2(b) (call their common value y), and y; and y, are both solutions of the initial value problem
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y:f(x?y)a y(b) =y (2‘3'2)

that differ on every open interval that contains b. Therefore f or f, must have a discontinuity at some point in each open rectangle
that contains (b, y), since if this were not so, 2.3.2 would have a unique solution on some open interval that contains b. We leave it
to you to give a similar analysis of the case where @ > —o0.

v/ Example 2.3.1

Consider the initial value problem

Pl (2.3.3)
V=T Ve = 3.
Since
z? —y? 2y(1 +22?)
x,y)=————— and z,Y)=——————
M) =1rm I@8) =~ gy

are continuous for all (z,y), Theorem 2.3.1 implies that if (x¢, yo) is arbitrary, then Equation 2.3.3 has a unique solution on
some open interval that contains .

v/ Example 2.3.2

Consider the initial value problem

2 2
Y _
T2y’ y(z0) = vo- (2.3.4)
Here
2 _ g2 42y
= = d = =75 . o~
f(z,y) D Lg? and  fy(z,y) (22 +y2)?

are continuous everywhere except at (0, 0). If (zq, yo) # (0, 0), there’s an open rectangle R that contains (zg,yo) that does
not contain (0, 0). Since f and f, are continuous on R, Theorem 2.3.1 implies that if (z9, yo) # (0, 0) then Equation 2.3.4
has a unique solution on some open interval that contains .

v/ Example 2.3.3

Consider the initial value problem

r_TH+yY
= =1p. 2.3.5
V=T y(z0) = Yo (2.3.5)
Here
z+y 2z
z,y)=—— and z,Y)=—"%

are continuous everywhere except on the line y = z. If yy # ¢, there’s an open rectangle R that contains (zo,yo) that does
not intersect the line y = x. Since f and f,, are continuous on R, Theorem 2.3.1 implies that if yy # o, Equation 2.3.5 has a
unique solution on some open interval that contains zg.

v/ Example 2.3.4

In Example 2.2.4, we saw that the solutions of

y' = 2xy? (2.3.6)

are
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=0 d y=-— ,
y and y 2 1e

where c is an arbitrary constant. In particular, this implies that no solution of Equation 2.3.6 other than y =0 can equal zero
for any value of . Show that Theorem 2.3.1bimplies this.

We’ll obtain a contradiction by assuming that Equation 2.3.6 has a solution y; that equals zero for some value of z, but is not
identically zero. If y; has this property, there’s a point zy such that y; (z9) =0, but y; (z) # 0 for some value of z in every
open interval that contains . This means that the initial value problem

y' =22y, y(zo) =0 (2.3.7)

has two solutions y =0 and y =y; that differ for some value of x on every open interval that contains x(. This contradicts
Theorem 2.3.1 (b), since in Equation 2.3.6 the functions

f(z,y)=2zy® and f,(z,y) =4azy.

are both continuous for all (z, y), which implies that Equation 2.3.7 has a unique solution on some open interval that contains
ZQ.

v/ Example 2.3.5

Consider the initial value problem

10
y = ?wym, y(zo) = yo- (2.3.8)

a. For what points (g, yo) does Theorem 2.3.1aimply that Equation 2.3.8 has a solution?
b. For what points (g, yo) does Theorem 2.3.1bimply that Equation 2.3.8 has a unique solution on some open interval that
contains xgy?

Solution a
Since

10
f(wa y) = ?$y2/5

is continuous for all (z, y), Theorem 2.3.1 implies that Equation 2.3.8 has a solution for every (z, yp ).

Solution b
Here

4
fy(@,y) =32y 3/5

is continuous for all (z, y) with y # 0. Therefore, if 5 7 0 there’s an open rectangle on which both f and f, are continuous,
and Theorem 2.3.1 implies that Equation 2.3.8 has a unique solution on some open interval that contains .

If y =0 then f,(z,y) is undefined, and therefore discontinuous; hence, Theorem 2.3.1 does not apply to Equation 2.3.8 if
yo =0.

v/ Example 2.3.6

Example 2.3.5 leaves open the possibility that the initial value problem

10
y' =5y y(0)=0 (2.3.9)

has more than one solution on every open interval that contains zy = 0. Show that this is true.

Solution
By inspection, y = 0 is a solution of the differential equation
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10
y/ _ ?wy2/5-

Since y = 0 satisfies the initial condition y(0) = 0, it is a solution of Equation 2.3.9.

(2.3.10)

Now suppose y is a solution of Equation 2.3.10that is not identically zero. Separating variables in Equation 2.3.10yields

10
—2/5,1
=—z
y oy 3
on any open interval where y has no zeros. Integrating this and rewriting the arbitrary constant as 5¢/3 yields
5

5
§y3/5 = g (.’1}2 +C).
Therefore

y=(z* +¢)*>. (2.3.11)
Since we divided by y to separate variables in Equation 2.3.1(, our derivation of Equation 2.3.11 is legitimate only on open
intervals where y has no zeros. However, Equation 2.3.11 actually defines y for all «, and differentiating Equation 2.3.11
shows that

2/3: 10

?my2/5

yzgm(f—kc) , —00 < x < 00

Therefore Equation 2.3.11 satisfies Equation 2.3.10 on (—o0,00) even if ¢ <0, so that y(4/|c|) =y(—+/]c|)=0. In
particular, taking ¢ = 0 in Equation 2.3.11yields

Y= £10/3

as a second solution of Equation 2.3.9. Both solutions are defined on (—o0, 00), and they differ on every open interval that
contains zg =0 (Figure 2.3.2 ). In fact, there are four distinct solutions of Equation 2.3.9 defined on (—o0, c0) that differ
from each other on every open interval that contains zy = 0. Can you identify the other two?

y
A

Figure 2.3.2 : Two solutions (y = 0 and y = /2 ) of Equation 2.3.9 that differ on every interval containing zq = 0

v/ Example 2.3.7

From Example 2.3.5, the initial value problem

y =y, y(0)=-1 (2.3.12)
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has a unique solution on some open interval that contains 2y = 0. Find a solution and determine the largest open interval (a, b)
on which it is unique.

Solution

Let y be any solution of Equation 2.3.12. Because of the initial condition y(0) = —1 and the continuity of y, there’s an open
interval I that contains o = 0 on which y has no zeros, and is consequently of the form Equation 2.3.11. Setting z =0 and
y = —1 in Equation 2.3.11yields ¢ = —1, so

y=(z? —1)"3 (2.3.13)

for z in I. Therefore every solution of Equation 2.3.12 differs from zero and is given by Equation 2.3.130n (-1, 1); that is,
Equation 2.3.13 is the unique solution of Equation 2.3.120n (—1,1). This is the largest open interval on which Equation
2.3.12 has a unique solution. To see this, note that Equation 2.3.13 is a solution of Equation 2.3.12 on (—o0, c0). From
Exercise 2.2.15, there are infinitely many other solutions of Equation 2.3.12 that differ from Equation 2.3.13 on every open
interval larger than (—1, 1). One such solution is

{ (2 —-1)%3, —1<z<1,
y:

0, |z| > 1.

Figure 2.3.3 : Two solutions of Equation 2.3.12 on (—1,1) that coincide on (-1, 1), but on no larger open interval. (right)

v/ Example 2.3.8

From Example 2.3.5 ), the initial value problem

1
I pa1s

has a unique solution on some open interval that contains o = 0. Find the solution and determine the largest open interval on
which it is unique.

Solution

Let y be any solution of Equation 2.3.14 Because of the initial condition y(0) =1 and the continuity of y, there’s an open
interval I that contains 9 = 0 on which y has no zeros, and is consequently of the form Equation 2.3.11. Setting * =0 and
y =1 in Equation 2.3.11yields ¢ =1, so

y=(x?+1)%3 (2.3.15)

for z in I. Therefore every solution of Equation 2.3.14 differs from zero and is given by Equation 2.3.150n (—oo, 0o); that is,
Equation 2.3.15is the unique solution of Equation 2.3.140n (—oo, 00). Figure 2.3.4 ) shows the graph of this solution.
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Figure 2.3.4 : The unique solution of Equation 2.3.14.
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2.3E: Existence and Uniqueness of Solutions of Nonlinear Equations (Exercises)

Q2.3.1

In Exercises 2.3.1-2.3.13, find all (zg,yo) for which Theorem 2.3.1 implies that the initial value problem
y' = f(z,y), y(xo) = yo has (a) a solution and (b) a unique solution on some open interval that contains z.

2,2
P Tty
L. ~ sinz

ety
2.y = F
3.y =tanzy

4 1 24y?
’ Inzy

5.9 = (2* +y)y'/?

6.y =2zy

7.y =In(1+ 2% +y?)
2z+3y

8.y = vy

9.y = (2? +y?)"/?
10.y =z (y? — 1)2/3
1.y = (2* +y°)?
12,9 = (z +y)"/?

) _ tany
13.¢y' = -

Q2.3.2
14. Apply Theorem 2.3.1 to the initial value problem

v +p(@)y=q(z), y(zo) =10
for a linear equation, and compare the conclusions that can be drawn from it to those that follow from Theorem 2.1.2.
15.

a. Verify that the function

is a solution of the initial value problem

= —ay?®, y(0)=-1
y =3z y(0)
on (—00, 00). HINT: You'll need the definition
_ z)—y(T
5 — 1 U5 )

to verify that y satisfies the differential equation at z = +1.
b. Verify thatif e, =0 or 1 for¢ =1, 2 and a, b > 1, then the function
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e1(z? —a?)®3, —co<z < —a,
0, —a<z< -1,
Y= (z2-1)53, -l1<z<1,
0, 1<z <,
e (22 —b*)%3, b<z <oo,

is a solution of the initial value problem of a on (—o0, 00).

16. Use the ideas developed in Exercise 2.3.15 to find infinitely many solutions of the initial value problem
v =% y(0)=1
on (—00, ).
17. Consider the initial value problem
v =32(y—1)"*,  y(z0) =vo- (A)

a. For what points (o, yo) does Theorem 2.3.1 imply that (A) has a solution?
b. For what points (2, yo) does Theorem 2.3.1 imply that (A) has a unique solution on some open interval that contains z?

18. Find nine solutions of the initial value problem

y =32(y—1)"% y(0)=1
that are all defined on (—oo, co) and differ from each other for values of x in every open interval that contains ¢y = 0.
19. From Theorem 2.3.1, the initial value problem
y =3z(y—1)"% y(0)=9
has a unique solution on an open interval that contains 2y = 0. Find the solution and determine the largest open interval on which it
is unique.
20.
a. From Theorem 2.3.1, the initial value problem
y =3z(y-1)'°% y@B)=-7 (A)

has a unique solution on some open interval that contains xy = 3. Determine the largest such open interval, and find the
solution on this interval.
b. Find infinitely many solutions of (A), all defined on (—o0, 00).

21. Prove:
a. If
f("r’y(]):O’ a<x<b, (A)

andz is in (a, b), then y = yj is a solution of

Y =f(z,y), y(@o)=yo

on (a,b).
b. If f and £, are continuous on an open rectangle that contains (zo, o) and (A) holds, no solution of y’ = f(x, y) other than
y = yo can equal yo at any point in (a, b).
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2.4: Transformation of Nonlinear Equations into Separable Equations
In Section 2.1, we found that the solutions of a linear nonhomogeneous equation
y' +p(@)y = f(z)

are of the form y = uy;, where y; is a nontrivial solution of the complementary equation

Yy +p(x)y=0 (2.4.1)
and w is a solution of

Wy (z) = f(z).
Note that this last equation is separable, since it can be rewritten as
iC)

yi(z)

In this section we’ll consider nonlinear differential equations that are not separable to begin with, but can be solved in a similar
fashion by writing their solutions in the form y = uy;, where ¥, is a suitably chosen known function and u satisfies a separable
equation. We’llsay in this case that we transformed the given equation into a separable equation.

u

Bernoulli Equations
A Bernoulli equation is an equation of the form
Yy +p(@)y = f(z)y", (24.2)

where r can be any real number other than 0 or 1. (Note that Equation 2.4.2 is linear if and only if r =0 or r =1.) We can
transform Equation 2.4.2 into a separable equation by variation of parameters: if ¢; is a nontrivial solution of Equation 2.4.1,
substituting y = uy; into Equation 2.4.2 yields

u'yr +uly; +p(@)y) = () (uy)"

which is equivalent to the separable equation

Wyi(@) = f@) @)W or —=f(@)() ",
since y; +p(z)y: =0.
Solve the Bernoulli equation
y —y =2y’ (2.4.3)

Since y; = e” is a solution of ¥y’ —y = 0, we look for solutions of Equation 2.4.3 in the form y = ue®, where

!,z 2 2z 2

u'e® =zu’e or equivalently ' =zu’e®.

Separating variables yields

and integrating yields
G
——=(z—1)e" +c.
U

Hence,
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1
v=- (z—1)e*+c
and
1
y:

Cz—1+ce®’

Figure 2.4.1 shows direction field and some integral curves of Equation 2.4.3.

\ R e e

v \l \ \\\n\.ww'-;’-‘ru
\ \. \\'\"\"“‘“"‘1"‘0""’"0“

05

=]

e
Ds“u\n""m"u"\-""-"‘"ﬁ"‘\
TUR N N N N N N N N N =
Be ™ ™ S SN % NS e e
BN % % N N N N N N NN
B T T T T e A T
O T T T T T T Z=
N T T T T T T -
T T -
B I S A e e T T T S »
I T ) 7
O T R T u 7
2»';1"..5.11"..\.\!.\,\\. I 2 Ly
= 1.5 -1 05 0 0.5 15 2

Figure 2.4.1: A direction field and integral curves for y' —y = zy?

Other Nonlinear Equations That Can be Transformed Into Separable Equations

We’ve seen that the nonlinear Bernoulli equation can be transformed into a separable equation by the substitution y = uy; if y; is
suitably chosen. Now let’s discover a sufficient condition for a nonlinear first order differential equation

y' = f(z,y) (2.4.4)
to be transformable into a separable equation in the same way. Substituting y = uy; into Equation 2.4.4 yields
u'y(z) +uy)(z) = f(z, uy (2)),
which is equivalent to
u'yi(z) = f(z, uy (z)) —uy) (). (2.4.5)
If
f(@,uy () = q(u)yi (z)
for some function g, then Equation 2.4.5 becomes
w'yi (z) = (q(u) —w)y; (2), (2.4.6)
which is separable. After checking for constant solutions u = wg such that g(ug) = ug , we can separate variables to obtain
u’ B ) (z)

qlu)—u  p(z)’

Homogeneous Nonlinear Equations
In the text we will consider only the most widely studied class of equations for which the method of the preceding paragraph
works. Other types of equations appear in Exercises 2.4.44 2.4.51
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The differential equation Equation 2.4.4 is said to be homogeneous if x and y occur in f in such a way that f(z, y) depends only
on the ratio y/z; that is, Equation 2.4.4 can be written as

¥ =q(y/x), (2.4.7)

where g = ¢g(u) is a function of a single variable. For example,

gyt v e

¥
T

and

are of the form Equation 2.4.7, with
qu)=u+e* and q(u)=u®+u-—1,
respectively. The general method discussed above can be applied to Equation 2.4.7 with ; = (and therefore g =1). Thus,
substituting y = uz in Equation 2.4.7 yields
u'z+u=q(u),
and separation of variables (after checking for constant solutions u = ug such that g(ug) = ug ) yields

u' 1
qlu)—u
Before turning to examples, we point out something that you may’ve have already noticed: the definition of homogeneous equation
given here is not the same as the definition given in Section 2.1, where we said that a linear equation of the form

Y +p(x)y=0

is homogeneous. We make no apology for this inconsistency, since we didn’t create it historically, homogeneous has been used in
these two inconsistent ways. The one having to do with linear equations is the most important. This is the only section of the book
where the meaning defined here will apply.

Since y/x is in general undefined if z = 0, we’ll consider solutions of nonhomogeneous equations only on open intervals that do
not contain the point = 0.

Example 2.4.2

Solve
—y/=z
yzﬂi%i—a (2.4.8)
Substituting y = ua into Equation 2.4.8 yields
, uz +ze v/ u
Urt+u=———=ute .
Simplifying and separating variables yields
1
etu =—.
x

Integrating yields e* = In|z| + ¢ . Therefore v = In(ln|z| +¢) and y = uz = zIn(ln|z| +c).

Figure 2.4.2 shows a direction field and integral curves for Equation 2.4.8.
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Figure 2.4.2: A direction field and some integral curves for y’

Example 2.4.3

a. Solve

(2.4.9)

2

2+:L'y—:v o

/

2

Ty =Y

b. Solve the initial value problem

(2.4.10)

y(1)=2.

)

2

z—i—xy—m

!

2

Ty =Y

Solution a

We first find solutions of Equation 2.4.9 on open intervals that don’t contain = 0. We can rewrite Equation 2.4.9 as

y2 +1L’y—.’E2

/

mz

for z in any such interval. Substituting y = uz yields

u2—|-u—1,

(uz)? + z(uz) — x2
s

ur+u=

SO

(2.4.11)

=u?—1.

ux

1. Therefore y =« and y = —x are solutions of

Equation 2.4.9. If u is a solution of Equation 2.4.11 that does not assume the values +1 on some interval, separating variables

yields

1 and u=-—

By inspection this equation has the constant solutions w

or, after a partial fraction expansion,

Multiplying by 2 and integrating yields

|| +k,

21In

1
u—+1

u—
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or
—1
‘ & ‘ — ok 22,
u+1
which holds if
u—1 2
= 2.4.12
a1 - ( )
where c is an arbitrary constant. Solving for u yields
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Figure 2.4.3: A direction field and integral curves for z*y’ = v + oy — 2

Therefore
z(1+cx?)

2.4.1
1—cx? ( 3)

y:’uw:

is a solution of Equation 2.4.10 for any choice of the constant c. Setting ¢ =0 in Equation 2.4.13 yields the solution y = z.
However, the solution y = —z can’t be obtained from Equation 2.4.13 Thus, the solutions of Equation 2.4.9 on intervals that
don’t contain = 0 are y = —z and functions of the form Equation 2.4.13

The situation is more complicated if = 0 is the open interval. First, note that y = —x satisfies Equation 2.4.9 on (—o0, 00).
If ¢; and ¢y are arbitrary constants, the function

o e<z<0
Y=1 a1t (2.4.14)
=, 0<z<bd
1—cyz?
is a solution of Equation 2.4.9 on (a, b), where
—L  ife; >0, L ife; >0,
a= ve ' and b={ vV* 2
—oco ife; <0, oo ifey <0.

We leave it to you to verify this. To do so, note that if y is any function of the form Equation 2.4.13 then y(0) =0 and
y'(0)=1.
Figure 2.4.3 shows a direction field and some integral curves for Equation 2.4.9.

Solution b
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We could obtain ¢ by imposing the initial condition y(1) =2 in Equation 2.4.13, and then solving for c. However, it is easier
to use Equation 2.4.12. Since u = y/, the initial condition y(1) =2 implies that u(1) = 2. Substituting this into Equation
2.4.12yields ¢ = 1/3. Hence, the solution of Equation 2.4.10is

_ z(1+2%/3)

 1-22/3
The interval of validity of this solution is (—+/3, 4/3). However, the largest interval on which Equation 2.4.10 has a unique
solution is (0, /3). To see this, note from Equation 2.4.14that any function of the form

z(1+cz?)
y= z;ﬁ@ a<z=0 (2.4.15)
e 0Se<yi

is a solution of Equation 2.4.100on (a, 1/3), where a = —1/\/5 if c>0 or a=—o0 if ¢ <0. Why does this not contradict
Theorem 2.3.1?

Figure 2.4.4 shows several solutions of the initial value problem Equation 2.4.10. Note that these solutions coincide on

(0,/3).

-

o

Figure 2.4.4: Solutions of 22y’ = y% +zy — 22, y(1) =2

In the last two examples we were able to solve the given equations explicitly. However, this is not always possible, as you’ll see in
the exercises.

This page titled 2.4: Transformation of Nonlinear Equations into Separable Equations is shared under a CC BY-NC-SA 3.0 license and was
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2.4E: Transformation of Nonlinear Equations into Separable Equations (Exercises)

Q24.1

In Exercises 2.4.1-2.4.4 solve the given Bernoulli equation.
Ly +y=y9

2. Tzy —2y = —Z—z

3. 2%y’ + 2y = 2e!/y1/?
4. (1+2¥)y +2zy = —L

(1+2%)y
Q2.4.2
In Exercises 2.4.5 and 2.4.6 find all solutions. Also, plot a direction field and some integral curves on the indicated rectangular
region.

5.9 —xy=2%% {-3<x<3,2<y>2}
6.y —SZy=y' {-2<2<2,-2<y<2}

Q2.4.3
In Exercises 2.4.7-2.4.11 solve the initial value problem.
7.y =2y ==y, y(0)=2v2

8.y —zy=azy’?, y(l)=4

9. zy +y=zy*, y(1)=1/2

10.y' —2y =2y'2, y(0)=1

11.y’—4y:4;;f, y(0)=1

Q2.4.4
In Exercises 2.4.12 and 2.4.13 solve the initial value problem and graph the solution.
12. 22y +2zy =93, y(1)=1//2
13.4' —y==zy'/?, y(0)=4
Q2.45
14. You may have noticed that the logistic equation
P'=qP(1—aP) (2.4E.1)

from Verhulst’s model for population growth can be written in Bernoulli form as

P’ —aP = —aaP? (2.4E.2)

This isn’t particularly interesting, since the logistic equation is separable, and therefore solvable by the method studied in Section
2.2. So let’s consider a more complicated model, where @ is a positive constant and « is a positive continuous function of ¢ on
[0, 00). The equation for this model is

P' —aP = —aa(t)P?, (2.4E.3)
a non-separable Bernoulli equation.

a. Assuming that P(0) = P, >0, find P for ¢ > 0.
b. Verify that your result reduces to the known results for the Malthusian model where oc = 0, and the Verhulst model where o is a
nonzero constant.
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c. Assuming that

¢
lim e~ / a(r)e’"dr =L (2.4E.4)
0

t—o0

exists (finite or infinite), find lim;_,, P(t).

Q2.4.6
In Exercises 2.4.15-2.4.18 solve the equation explicitly.

15.y' = 2

T

17. zydy' = y* +2*

18.y' = £ +sec

Q2.4.7

In Exercises 2.4.19-2.4.21 solve the equation explicitly. Also, plot a direction field and some integral curves on the indicated
rectangular region.

19.2% =zy+a® +y*; {-8<z<8,-8<y<8}
20.zyy =a? +2y% {-4<z<4,-4<y<4}

— 12
21#=W; {-8<z<8,-8<y<s}

Q2.4.8

In Exercises 2.4.22-2.4.27 solve the initial value problem.

2
22.y' =L y(-1)=2

2

By =, y(1)=3

24. zyy +22+y2 =0, y(l)=2
25.y' = y2732+512, y(1)=-1

26. 2%y =22 +y? +4zy, y(1)=1
27.zyy’ =322 +4y%, y(1)=+/3
Q2.4.9

In Exercises 2.4.28-2.4.34 solve the given homogeneous equation implicitly.

28,y = 2

29. (y'z —y)(Iny| —In[z|) ==
30.y' = —ysﬁfgjfﬂs

3y =5

2.y =5

By = Tt

34.y' = —ﬁ;ﬁ’;iys
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Q2.4.10
35.

a. Find a solution of the initial value problem
2’y =y’ +ay—4a®, y(-1)=0 (A)

on the interval (—oo, 0). Verify that this solution is actually valid on (—oo, c0).
b. Use Theorem 2.3.1 to show that (A) has a unique solution on (—o0, 0).
c. Plot a direction field for the differential equation in (A) on a square

{—r<z<r,—r<y<r}, (2.4E.5)

where 7 is any positive number. Graph the solution you obtained in (a) on this field.
d. Graph other solutions of (A) that are defined on (—oo, 00).
e. Graph other solutions of (A) that are defined only on intervals of the form (—oo, a), where is a finite positive number.

36.
a. Solve the equation
zyy =2’ —zy+y’ (A)

implicitly.
b. Plot a direction field for (A) on a square

{0<z<r,0<y<r} (2.4E.6)

where 7 is any positive number.
c¢. Let K be a positive integer. (You may have to try several choices for K.) Graph solutions of the initial value problems

kr

zyy' =2’ —wy+y’, y(r/2) =3, (2.4E.7)
fork=1,2, ..., K. Based on your observations, find conditions on the positive numbers z( and g, such that the initial value
problem

zyy' =2 —zy+y°, y(zo) = vo, (B)

has a unique solution (i) on (0, co) or (ii) only on an interval (a, c0), where @ > 07
d. What can you say about the graph of the solution of (B) as £ — 0o ? (Again, assume that 2y > 0 and yg > 0.)

37.
a. Solve the equation

;o 2y2—wy+2w2

y Ty +2x2

implicitly.
b. Plot a direction field for (A) on a square

{-r<z<r,-r<y<r} (2.4E.8)
where r is any positive number. By graphing solutions of (A), determine necessary and sufficient conditions on (g, yo) such
that (A) has a solution on (i) (—oo, 0) or (ii) (0, 00) such that y(z) = yo -

38. Follow the instructions of Exercise 2.4.37 for the equation
_ zyta®+y’

= - (2.4E.9)
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2.5: Exact Equations

In this section it is convenient to write first order differential equations in the form

M(z,y)dz+ N(z,y)dy =0. (2.5.1)
This equation can be interpreted as
dy
dz
where z is the independent variable and y is the dependent variable, or as
dx
M(:c,y)d—y+N(w,y):0, (253)

where y is the independent variable and « is the dependent variable. Since the solutions of Equation 2.5.2 and Equation 2.5.3 will
often have to be left in implicit form we will say that F'(z,y) = c is an implicit solution of Equation 2.5.1 if every differentiable
function y = y(x) that satisfies F'(z,y) =c is a solution of Equation 2.5.2 and every differentiable function z =z (y) that
satisfies F'(z,y) = c is a solution of Equation 2.5.3

Here are some examples:

Table 2.5.1: Examples of Exact Differential Equations in three forms

Equation 2.5.1 Equation 2.5.2 Equation 2.5.3
3z2y? de+ 223ydy =0 3z2y? + 22°%y % =0 3z?y? Z—z +22°y =0
(z? +y?)dz+2zydy =0 (m2+y2)+2my3—z:0 (m2+y2)';—z+2xy:0
3ysinxdxr — 2zycoszdy =0 3ysinx72mycosw3—z=0 3ysinmz—z—2$ycos:v:0

Note that a separable equation can be written as Equation 2.5.1 as
M(z)dz+ N(y)dy =0.

we will develop a method for solving Equation 2.5.1 under appropriate assumptions on M and NN. This method is an extension of
the method of separation of variables. Before stating it we consider an example.

v/ Example 2.5.1

Show that
P + 2ty 22y =c (2.5.4)

is an implicit solution of

(4z®y® + 2xy® 4 2y) dz + (3zty? + 522y 4+ 22) dy = 0. (2.5.5)
Solution
Regarding y as a function of x and differentiating Equation 2.5.4 implicitly with respect to z yields

d
(42>y® +2x9° 4 2y) + (3z*y® + 52°y* +2x) d_z =0.

Similarly, regarding « as a function of y and differentiating Equation 2.5.4 implicitly with respect to y yields
d
(4z%y® +2zy° +2y)d_:c + (3z*y? +522y* +22) = 0.
Y

Therefore Equation 2.5.4 is an implicit solution of Equation 2.5.5 in either of its two possible interpretations.
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You may think Example 2.5.1 is pointless, since concocting a differential equation that has a given implicit solution is not
particularly interesting. However, it illustrates the next important theorem, which we will prove by using implicit differentiation, as
in Example 2.5.1.

& Theorem 2.5.1

If F = F(z,y) has continuous partial derivatives F, and F, then
F(z,y)=c (2.5.6)
(with c as a constant) is an implicit solution of the differential equation
Fy(z,y)dz + Fy(z,y)dy =0. (2.5.7)
Proof
Regarding y as a function of = and differentiating Equation 2.5.6implicitly with respect to = yields

dy

Fz(wvy) +Fy($, y) —=0.
dx
On the other hand, regarding = as a function of y and differentiating Equation 2.5.6implicitly with respect to y yields
dz
Fx($7y) d_y +Fy($,y) =0.

Thus, Equation 2.5.6is an implicit solution of Equation 2.5.7in either of its two possible interpretations.

We will say that the equation
M(z,y)dz+ N(z,y)dy =0 (2.5.8)
is exact on an an open rectangle R if there’s a function F' = F(z, y) such F, and F, are continuous, and
F.(z,y) = M(z,y) and F,(z,y)=N(z,y) (2:5.9)
for all (z,y) in R. This usage of “exact” is related to its usage in calculus, where the expression
F(z,y)dz + Fy(z,y)dy
(obtained by substituting Equation 2.5.9 into the left side of Equation 2.5.8) is the exact differential of F'.

Example 2.5.1 shows that it is easy to solve Equation 2.5.8 if it is exact and we know a function F' that satisfies Equation 2.5.9.
The important questions are:

e Question 1. Given an equation Equation 2.5.8 how can we determine whether it is exact?
e Question 2. If Equation 2.5.8is exact, how do we find a function F satisfying Equation 2.5.9?

To discover the answer to Question 1, assume that there’s a function F' that satisfies Equation 2.5.9 on some open rectangle R, and
in addition that F' has continuous mixed partial derivatives F, and F;. Then a theorem from calculus implies that

Fy =Fy,. (2.5.10)
If F;, = M and F, = N, differentiating the first of these equations with respect to y and the second with respect to z yields
Fy=M, and F,=N,. (2.5.11)

From Equation 2.5.10and Equation 2.5.11, we conclude that a necessary condition for exactness is that M, = N, . This motivates
the next theorem, which we state without proof.

& Theorem 2.5.2: The Exactness Condition

Suppose M and N are continuous and have continuous partial derivatives M, and IV;; on an open rectangle R. Then

M(z,y)dz + N(z,y)dy =0
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is exact on R if and only if
My(z,y) = Na(2,y) (2.5.12)
for all (z,y)in R..
To help you remember the exactness condition, observe that the coefficients of dx and dy are differentiated in Equation 2.5.12

with respect to the “opposite” variables; that is, the coefficient of dz is differentiated with respect to y, while the coefficient of dy
is differentiated with respect to x.

v/ Example 2.5.2

Show that the equation
3z’yde+42° dy =0
is not exact on any open rectangle.

Solution
Here

M(z,y) =32’y and N(z,y)=4z*
)
M,(z,y) =3z® andN,(z,y)= 1222

Therefore M, = N, on the line = 0, but not on any open rectangle, so there’s no function F' such that F,(z,y) = M(z,y)
and Fy(z,y) = N(z,y) for all (z,y) on any open rectangle.

The next example illustrates two possible methods for finding a function F' that satisfies the condition F, = M and F, = N if
Mdx+ Ndy =0 is exact.

v/ Example 2.5.3

Solve
(42%y® +32%) dz + (3z"y* +6y°) dy = 0. (2.5.13)
Solution (Method 1)
Here
M(z,y) =4z’y’ +32°, N(z,y)=3z"y’> +6y°,
and

My(z,y) = N, (z,y) =122y
for all (z, y). Therefore Theorem 2.5.2 implies that there’s a function F' such that
Fy(x,y) = M(z,y) = 4z’y® + 322 (2.5.14)
and
E,(x,y) = N(z,y) = 3z*y* 4 64 (2.5.15)
for all (z,y). To find F', we integrate Equation 2.5.14 with respect to  to obtain
F(z,y) ="y’ +2° +(y), (2.5.16)

where ¢(y) is the “constant” of integration. (Here ¢ is “constant” in that it is independent of z, the variable of integration.) If
¢ is any differentiable function of y then F' satisfies Equation 2.5.14 To determine ¢ so that F' also satisfies Equation 2.5.15
assume that ¢ is differentiable and differentiate F' with respect to y. This yields
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Fy(z,y) =32"y" +¢'(y)-
Comparing this with Equation 2.5.15shows that
¢'(y) =6y,

We integrate this with respect to y and take the constant of integration to be zero because we are interested only in finding
some F’ that satisfies Equation 2.5.14and Equation 2.5.15. This yields

$(y) =2y°.
Substituting this into Equation 2.5.16yields
F(z,y) =z'y* +a* +2¢°. (2.5.17)
Now Theorem 2.5.1 implies that
m4y3 +2? +2y3 =c

is an implicit solution of Equation 2.5.13 Solving this for y yields the explicit solution

s z° ) 1/3
v 2+t '
Solution (Method 2)

Instead of first integrating Equation 2.5.14 with respect to «, we could begin by integrating Equation 2.5.15 with respect to y
to obtain

F(z,y) =a'y’ +2° +4(2), (2.5.18)

where v is an arbitrary function of x. To determine 1), we assume that v is differentiable and differentiate F' with respect to z,
which yields

Fy(w,y) =42y’ +4/ ().

Comparing this with Equation 2.5.14 shows that

Y (z) = 3.
Integrating this and again taking the constant of integration to be zero yields
P(x) =a’.
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Figure 2.5.1: A direction field and integral curves for (4z3y3 + 322) dz + (3zy? +6y2) dy = 0
Substituting this into Equation 2.5.18yields Equation 2.5.17.

Figure 2.5.1 shows a direction field and some integral curves of Equation 2.5.13

Here’s a summary of the procedure used in Method 1 of this example. You should summarize procedure used in Method 2.

X HOWTO: Procedure For Solving An Exact Equation (Method 1)

o Step 1. Check that the equation
M(z,y) dz +N(z,y)dy =0 (2.5.19)

satisfies the exactness condition M, = N, . If not, don’t go further with this procedure.
o Step 2. Integrate

OF (z,y)
— =M
9z (:L'a y)
with respect to x to obtain
F(z,y) =G(z,y) +8(y), (2.5.20)

where G is an antiderivative of M with respect to z, and ¢ is an unknown function of y.
o Step 3. Differentiate Equation 2.5.20 with respect to y to obtain

i) Gl

/
3 3 ¢ (y)-
o Step 4. Equate the right side of this equation to N and solve for ¢'; thus,
9G(z,y) 0G(z,y)
a—y‘f‘d)’(y):N(may)a SO ¢I(y):N(way)_T

« Step 5. Integrate ¢’ with respect to y, taking the constant of integration to be zero, and substitute the result in Equation
2.5.20to obtain F(z,y).

e Step 6. Set F(z,y) = c to obtain an implicit solution of Equation 2.5.19, If possible, solve for y explicitly as a function of
@Ba
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It’s a common mistake to omit Step 6 in the procedure above. However, it is important to include this step, since F isn’t itself a
solution of Equation 2.5.19. Many equations can be conveniently solved by either of the two methods used in Example 2.5.3.
However, sometimes the integration required in one approach is more difficult than in the other. In such cases we choose the
approach that requires the easier integration.

v/ Example 2.5.4

Solve the equation
(ye™ tanz + €™ sec® z) dz + ze™ tanz dy = 0 (2.5.21)

Solution

We leave it to you to check that M, = N, on any open rectangle where tanz and sec z are defined. Here we must find a
function F such that

F,(x,y) = ye™ tanz +e™ sec’ x (2.5.22)
and
Fy(z,y) =ze™ tanz. (2.5.23)
It’s difficult to integrate Equation 2.5.22 with respect to z, but easy to integrate Equation 2.5.23 with respect to y. This yields
F(z,y) =€ tanz +¢(z). (2.5.24)
Differentiating this with respect to  yields
F,(z,y) =ye™ tanz + €™ sec’ z + ¢/ ().

Comparing this with Equation 2.5.22shows that ¢/ (z) = 0. Hence, 1 is a constant, which we can take to be zero in Equation
2.5.24, and

e™tanz = c,

is an implicit solution of Equation 2.5.21.

Attempting to apply our procedure to an differential equation that is not exact will lead to failure in Step 4, since the function

S
dy
will not be independent of « if M, # N, and therefore cannot be the derivative of a function of y alone. Example 2.5.5illustrates
this.
v/ Example 2.5.5
Verify that the equation
3z2y? dz + 62y dy =0 (2.5.25)

is not exact, and show that the procedure for solving exact equations fails when applied to Equation 2.5.25,

Solution
Here

M,(z,y) =6z’y and N,(z,y)=18zy,
so Equation 2.5.25is not exact. Nevertheless, let us try to find a function F' such that
F,(z,y) = 3z%y? (2.5.26)
and

F,(z,y) =6z’y. (2.5.27)
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Integrating Equation 2.5.26 with respect to x yields

F(.’E, y) = $3y2 +¢(y),
and differentiating this with respect to y yields

Fy(z,y) =22y +¢' ().
For this equation to be consistent with Equation 2.5.27,

62’y =22y +¢'(y),
or
¢ (y) = 4a’y.

This is a contradiction, since ¢’ must be independent of z. Therefore the procedure fails.

This page titled 2.5: Exact Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.
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2.5E: Exact Equations (Exercises)
Q2.5.1

In Exercises 2.5.1-2.5.17 determine which equations are exact and solve them.
1. 6z%y* dz +423ydy =0
2. (3ycosz +4ze® +2z%e*)dz + (3sinz +3)dy =0
3. 14z%y® dz +212%y* dy =0
4. 2z —2y?) dz + (12y% —4zy)dy =0
5.(z+y)*dz+(z+y)*dy=0
6. (4z +Ty)dx + (3z +4y)dy =0
7. (—2y*sinz +3y® — 2z) dx + (4y cosz +9zy?) dy =0
8.2z +y)dz+ (2y+2x)dy =0
9. (322 +2xy +4y?) dzx + (2> +8zy +18y)dy =0
10. (222 +8zy +y?) dz + (222 + 2y /3)dy =0

11. (% +2z) dm+(%+2y) dy=0

12. (ysinzy + zy? coszy) dz + (z sinzy + zy? cos zy) dy = 0

13. z dz ydy —
(22 +y? )3/2 (224y?)*

e*(z%y® +2zy?) + 6z) dz + (22 ye” +2)dy =0

14. (e*(

15. (z2e2’+¥(222 4 3) —|—4.7:) dz + (z3e”’ ¥ —12y?) dy = 0
16. (e (z'y +42°) + 3y) dx + (z°e™ + 3z) dy =0

17. (3z% cosxy — z®y sinzy +4z) dx + (8y — z* sinzy) dy =0
Q2.5.2

In Exercises 2.5.18-2.5.22 solve the initial value problem.
8. (4z%y® — 62y — 22 — 3) dz + (2z'y —223)dy =0, y(1)=3

9. (—4ycosz +4sinz cosz +sec’ z)dz + (4y —4sinz)dy =0, y(r/4)=0
20. (y® —1)e*dz +3y%(e*+1)dy =0, y(0)=0
21. (sinz —ysinz —2cosz)dz +coszdy =0, y(0)=1
22.2z-1)(y—1)dz+ (z+2)(x —3)dy =0, y(1)=-1
Q25.3

23. Solve the exact equation
(Tz +4y)dz + (42 + 3y) dy = 0.
Plot a direction field and some integral curves for this equation on the rectangle
{(-1<z<1,-1<y<1).
24. Solve the exact equation
e (zly? +4x3y? +1) dz + (22 ye® +2y) dy = 0.

Plot a direction field and some integral curves for this equation on the rectangle
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25. Plot a direction field and some integral curves for the exact equation

{—2<z<2,-1<y<1}.

(23y* +2) dz + (2*y® +y) dy =0
on the rectangle {—1 <z <1,-1 <y <1} . (See Exercise 2.5.37(a)).
26. Plot a direction field and some integral curves for the exact equation
(322 +2y)dz + (2y +22)dy =0
on the rectangle {—2 <z <2, -2 <y <2} . (See Exercise 2.5.37(b)).
27.
a. Solve the exact equation
(®y* +2z) de + (z*y® +3y)dy =0 (A)
implicitly.
b. For what choices of (g, yo) does Theorem 2.3.1 imply that the initial value problem
(z*y* +2z)dz + (2'y® +3y) dy =0,  y(zo) =10, (B)

has a unique solution on an open interval (a, b) that contains z(?
c. Plot a direction field and some integral curves for (A) on a rectangular region centered at the origin. What is the interval of
validity of the solution of (B)?

28.
a. Solve the exact equation
(2 +y?)dz +2zydy =0 (A)
implicitly.
b. For what choices of (g, yo) does Theorem 2.3.1 imply that the initial value problem
(@® +y°) de+2zydy =0, y(zo) =y, (B)

has a unique solution y = y(z) on some open interval (a, b) that contains z(?
c. Plot a direction field and some integral curves for (A). From the plot determine, the interval (a, b) of b, the monotonicity
properties (if any) of the solution of (B), and lim, . y(z) and lim, ;— y(x).

29. Find all functions M such that the equation is exact.
a. M(z,y)dz + (2> —y?*)dy =0
b. M(z,y)dz +2zysinz cosydy =0
¢ M(z,y)dz+(e® —e¥sinz)dy =0
30. Find all functions N such that the equation is exact.
a. (z3y* +2zy+3y*)dz + N(z,y)dy =0
b. (lnzy +2ysinz)dz + N(z,y)dy =0
¢ (zsinz +ysiny)dz+ N(z,y)dy =0
31. Suppose M, N, and their partial derivatives are continuous on an open rectangle R, and G is an antiderivative of M with
respect to x; that is,

%G _ .
z
Show that if M, # N, in R then the function
oG
N-—=
%
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is not independent of x.
32. Prove: If the equations M; dz + N1 dy =0 and M, dx + Ny dy =0 are exact on an open rectangle R, so is the equation
(M + M,) dx + (N1 + Nz) dy = 0.
33. Find conditions on the constants A, B, C, and D such that the equation
(Az + By)dz +(Cz + Dy)dy =0
is exact.
34. Find conditions on the constants A, B, C, D, E, and F such that the equation
(Az? + Bxy + Cy?) dz + (Dz* + Exy + Fy?)dy =0
is exact.

35. Suppose M and N are continuous and have continuous partial derivatives M, and N, that satisfy the exactness condition
M, = N, on an open rectangle R. Show that if (z,y) is in R and

F(m,y):/: M(s,yg)ds+/yN(x,t)dt,

Y%
then F, = M and F, = N .
36. Under the assumptions of Exercise 2.5.35, show that
Yy T
Fa,w) = [ Nans)ds+ [ bt
y() Zo

37. Use the method suggested by Exercise 2.5.35, with (zg, ¥9) = (0, 0), to solve the these exact equations:

a (z®y* +z)dz+ (z'y® +y)dy =0

b. (22 +y?)dz +2zydy =0

c (3z% +2y)dz + (2y+2z) dy =0

38. Solve the initial value problem

2 2zy
!

+ -y =5, ]. = _2.
yrzy 22 +2z2y+1 y(1)
39. Solve the initial value problem

3 224 (42 — 3y)
= — 1)=1.
y—2Y 3z5 +3x3 42y’ y(1)

40. Solve the initial value problem

2 3m+2ye’”2
y'+2wy:—e z (W y ’y(O):—l.

This page titled 2.5E: Exact Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

o 2.5E: Exact Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.6: Integrating Factors

In the previous section on Exact Equations we saw that if M, N, M, and N, are continuous and M, = [N, on an open rectangle
R then

M(z,y)dz+ N(z,y)dy =0 (2.6.1)
is exact on R. Sometimes an equation that isn’t exact can be made exact by multiplying it by an appropriate function. For example,
3z +2y?) dz +2zy dy =0 (2.6.2)

is not exact, since My (z,y) = 4y # N, (z,y) = 2y in Equation 2.6.2. However, multiplying Equation 2.6.2 by z yields
(32% +2xy%) dz 4 22y dy =0, (2.6.3)

which is exact, since My(z,y) = N,(z,y) = 4y in Equation 2.6.3. Solving Equation 2.6.3 by the procedure given in Section 2.5
yields the implicit solution

z® + x2y2 =c.
A function u = u(z, y) is an integrating factor for Equation 2.6.1if

pu(z,y)M(z,y) dz + p(z, y)N(z,y) dy =0 (2.6.4)

is exact. If we know an integrating factor p for Equation 2.6.1, we can solve the exact equation Equation 2.6.4 by the method of
Section 2.5. It would be nice if we could say that Equation 2.6.1 and Equation 2.6.4 always have the same solutions, but this isn’t
so. For example, a solution y = y(z) of Equation 2.6.4 such that u(z,y(z)) =0 on some interval a <z < b could fail to be a
solution of 2.6.1 (Exercise 2.6.1), while Equation 2.6.1 may have a solution y = y(z) such that u(z,y(x)) isn’t even defined
(Exercise 2.6.2). Similar comments apply if y is the independent variable and x is the dependent variable in Equation 2.6.1 and
Equation 2.6.4. However, if p(x, y) is defined and nonzero for all (z, y), Equation 2.6.1 and Equation 2.6.4 are equivalent; that is,
they have the same solutions.

Finding Integrating Factors

By applying Theorem 2.5.2 (with M and N replaced by M and V), we see that Equation 2.6.4 is exact on an open rectangle R
if uM, uN, (uM),, and (uN), are continuous and

2 (u) = 2 (uN)

Oy oz
or, equivalently
ty M A pMy = iz N + pN,
on R. It’s better to rewrite the last equation as
u(My — Ny ) = po N — py M, (2.6.5)
which reduces to the known result for exact equations; that is, if M, = N, then Equation 2.6.5 holds with ;4 =1, so Equation
2.6.11s exact.

You may think Equation 2.6.5 is of little value, since it involves partial derivatives of the unknown integrating factor u, and we
haven’t studied methods for solving such equations. However, we’ll now show that Equation 2.6.5 is useful if we restrict our
search to integrating factors that are products of a function of  and a function of y; that is, u(z,y) = P(z)Q (y). We’re not saying
that every equation M dx + N dy =0 has an integrating factor of this form; rather, we are saying that some equations have such
integrating factors.We’llnow develop a way to determine whether a given equation has such an integrating factor, and a method for
finding the integrating factor in this case.

If p(z,y) = P(x)Q(y) then p,(z,y) = P'(x)Q(y) and py(z,y) = P(z)Q’(y), so Equation 2.6.5 becomes
P(z)Q(y)(My — N;) = P'(z)Q(y)N — P()Q'(y) M, (2.6.6)

or, after dividing through by P(z)Q(y),
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M,—N, = 1;((;)) N- g((;’)) M. (2.6.7)
Now let
o) = T and ) = S,
so Equation 2.6.7 becomes
M, — N, =p(z)N —q(y) M. (2.6.8)

We obtained Equation 2.6.8 by assuming that M dz + N dy =0 has an integrating factor u(z,y) = P(z)Q(y). However, we can
now view Equation 2.6.7 differently: If there are functions p = p(z) and g = ¢(y) that satisfy Equation 2.6.8 and we define

then reversing the steps that led from Equation 2.6.6 to Equation 2.6.8 shows that u(z,y) = P(z)Q (y)is an integrating factor for
M dz+ N dy =0 . In using this result, we take the constants of integration in Equation 2.6.9 to be zero and choose the signs
conveniently so the integrating factor has the simplest form.

There’s no simple general method for ascertaining whether functions p = p(z) and g = g(y) satisfying Equation 2.6.8 exist.
However, the next theorem gives simple sufficient conditions for the given equation to have an integrating factor that depends on
only one of the independent variables = and y, and for finding an integrating factor in this case.

& Theorem 2.6.1

Let M, N, M,, and N, be continuous on an open rectangle R. Then:
a. If (My —N,)/N is independent of y on R and we define

M, N,
then
pz) = Lelr@ & (2.6.10)
is an integrating factor for
M(z,y) dz+N(z,y) dy =0 (2.6.11)
on R.
b. If (N, — M,)/M is independent of z on R and we define
N, — M,
q(y) T
then
pu(y) = el MW (2.6.12)

is an integrating factor for Equation 2.6.110on R.

Proof
(a) If (M, — N,)/N is independent of y, then Equation 2.6.8holds with p = (M, — N,)/N and g =0 . Therefore
P(z)= +elp@dz  anq Qy) = tefaw)dy = £0 = 41,
so Equation 2.6.10is an integrating factor for Equation 2.6.11on R.

(b) If (N, —M,)/M is independent of z then eqrefeq:2.6.8 holds with p=0 and g = (N, —M,)/M , and a similar
argument shows that Equation 2.6.12is an integrating factor for Equation 2.6.11on R.

The next two examples show how to apply Theorem 2.6.1 .
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v/ Example 2.6.1

Find an integrating factor for the equation
(2zy® — 223y — 4ay® 4 22) dz + (327 +4y) dy =0
and solve the equation.

Solution
In Equation 2.6.13

M =2zy® —2x3y3 —4xy® + 22, N =3x22y? +4y,
and
M,—N, = (6.vvy2 — 623y — 8zy) — 62y’ = —62°y> —8zy,
so Equation 2.6.13isn’t exact. However,

My - N, 6:c3y2 +8£Uy .

N  3x2244y

is independent of y, so Theorem 2.6.1 (a) applies with p(z) = —2z. Since

/p(m)dz:—/2mdm:—m2,

ulz) = e isan integrating factor. Multiplying Equation 2.6.13by p yields the exact equation

e (2zy3 — 22393 —dxy® +2z) dx + e (3z%y% +4y) dy = 0.

To solve this equation, we must find a function F' such that
Fy(z,y) = (2zy® — 22393 — dzy? + 22)
and
Fy(z,y) = e (32%y® +4y).
Integrating Equation 2.6.16 with respect to y yields
F(z,y)=e™ (°y’ +24°) +9(a).
Differentiating this with respect to  yields

Fy(z,y) =e® (2zy® —22°y® —day?) +¢/ (2).

Comparing this with Equation 2.6.15shows that ¢/ () = 2ze " ; therefore, we can let () = —e~

conclude that
e (v (2’y+2)—1)=c

is an implicit solution of Equation 2.6.14. It is also an implicit solution of Equation 2.6.13

Figure 2.6.1 shows a direction field and some integral curves for Equation 2.6.13

(2.6.13)

(2.6.14)

(2.6.15)

(2.6.16)

(2.6.17)

22

in Equation 2.6.17and
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Figure 2.6.1 : A direction field and integral curves for (2zy® — 223y® — 4zy? + 2z) dz + (3z%y% +4y) dy = 0

v/ Example 2.6.2

Find an integrating factor for

2xy’dz + (32°y* + 2’y +1)dy =0 (2.6.18)
and solve the equation.
Solution
In Equation 2.6.1§

M =2zy®, N =3z%y% 422> +1,
and

M, —N, = 62 — (6zy® +2xy°) = —2z9°,

so Equation 2.6.18isn't exact. Moreover,

My _Nz 21‘:(/3

N T 3x2y2 a2y +1

is not independent of y, so Theorem 2.6.1(a) does not apply. However, Theorem 2.6.1(b) does apply, since
Nm _My - 2£L'y3 o
M C2zy3

is not independent of x, so we can take g(y) = 1. Since

/ q(y)dy = / dy =y,

w(y) = €Y is an integrating factor. Multiplying Equation 2.6.18by  yields the exact equation.
2zy®evdz + (3z%y* + 22y + 1)evdy = 0. (2.6.19)

To solve this equation, we must find a function F' such that

Fy(z,y) =2zyeY (2.6.20)

and
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(2.6.21)

Fy(z,y) = (32°y* + 2%y +1)ev.

Integrating Equation 2.6.20 with respect to x yields

F(z,y) =2’y e’ + ¢(y) (2.6.22)

Differentiating this with respect to y yields
F, = 32’y +2%y’)e’ +¢'(y)
and comparing this with Equation 2.6.21 shows that ¢ 0 (y) = e y . Therefore we set ¢(y) = e y in Equation 2.6.22 and

conclude that
(23 +1)e¥ =c

is an implicit solution of 2.6.19, Tt is also an implicit solution of 2.6.1& Figure 2.6.2 shows a direction field and some integral

A/V/v/-'/-'/v/'/'/" -~
L» > » » » = -~
[ v v v v v v~
3 o v v v > v v v 7

curves for 2.6.18

= ~a = -
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Figure 2.6.2 : A direction field and integral curves for (2zy3evdz + (3z%y® + z%y® +1)eVdy =0

Theorem 2.6.1 does not apply in the next example, but the more general argument that led to Theorem 2.6.1 provides an

integrating factor.

v/ Example 2.6.3

Find an integrating factor for
(3zy +6y*)dz + (22% 4+ 9zy)dy =0 (2.6.23)

and solve the equation.

Solution
In Equation 2.6.23
M= 3my—|—6y2, N =247 + 92y,

and
My, — N, = (3z +12y) — (4= +9y) = —z +3y.

Therefore
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M, — N, _ —z+3y and N, — M, -3y

M 3zy+6y? N - 222+ 9zy

so Theorem 2.6.1 does not apply. Following the more general argument that led to Theorem 2.6.1 , we look for functions
p=p(z) and ¢ = ¢(y) such that

M, — N, = p(z)N —q(y) M;
that is,
—z +3y = p(z)(22” +9zy) — q(y) (3zy +6y°).
Since the left side contains only first degree terms in « and y, we rewrite this equation as
zp(z)(2z +9y) —yq(y)(3z +6y) = —z +3y.
This will be an identity if
zp(z) =A andyq(y) = B, (2.6.24)
where A and B are constants such that
—z +3y = A2z +9y) — B(3z + 6y),
or, equivalently,
—z+3y=(24A—-3B)z+(9A—-6B)y.
Equating the coefficients of x and y on both sides shows that the last equation holds for all (z, y) if
2A-3B=-1
9A—-6B =3
which has the solution A = 1, B = 1. Therefore Equation 2.6.24implies that
p@) =7 and o= 7.
Since

[p@ye=tale] and [ o)y =1aly)

we can let P(z) =z and Q(y) = y; hence, p(z,y) = zy is an integrating factor. Multiplying Equation 2.6.23by p yields the
exact equation

(8x%y? +6zy3)dz + (223y + 9x2y?)dy = 0.
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Figure 2.6.3 : A direction field and integral curves for (3zy 4 6y )dx + (22 + 9zy)dy = 0

We leave it to you to use the method of Section 2.5 to show that this equation has the implicit solution
z3y? +322y° =c. (2.6.25)

This is also an implicit solution of Equation 2.6.23. Since x = 0 and y = 0 satisfy Equation 2.6.25 you should check to see that
x =0 and y = 0 are also solutions of Equation 2.6.23. (Why is it necesary to check this?) Figure 2.6.3 shows a direction field
and integral curves for Equation 2.6.23 See Exercise 2.6.28 for a general discussion of equations like Equation 2.6.23

v/ Example 2.6.4

The separable equation

—ydz + (z +2%)dy =0 (2.6.26)
can be converted to the exact equation
d d
== (2.6.27)
x+z6 oy
by multiplying through by the integrating factor
1
z,y)=———.
w(@,y) @2

However, to solve Equation 2.6.27by the method of Section 2.5 we would have to evaluate the nasty integral

/ dx
z+ab’

Instead, we solve Equation 2.6.26 explicitly for y by finding an integrating factor of the form p(z,y) = 2%°.

Solution
In Equation 2.6.26

M=—y, N=z+5,

and

M,—N,=-1-(1+6z")=—-2—62".

We look for functions p = p(z) and g = ¢(y) such that

https://math.libretexts.org/@go/page/43280



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43280?pdf

@@meﬁn&*

that is,

My — N, =p(z)N —q(y)M;

—2 —62° =p(z)(z +2%) +q(y)y. (2.6.28)
The right side will contain the term —6z° if p(x) = —6/z. Then Equation 2.6.28becomes
—2—6z° = —6 —62° +q(y)y,

so q(y) =4/y. Since

(=]

1
de=— | —dx=—-61 =In—
/p(m) x /x x n|z| n—

and

4
/ﬂwdyzfgdyzumwzhwa

we can take P(z) =z~ % and Q(y) = y*, which yields the integrating factor pu(z,y) = z ®y*. Multiplying Equation 2.6.26
by p yields the exact equation

5 4
_y_6 dx + (y_5 +y4> dy =0.
x x

We leave it to you to use the method of the Section 2.5 to show that this equation has the implicit solution
5
(E) +y° =k.
z
Solving for y yields
y= kl/sw(l +m5)71/5,
which we rewrite as
y=cx(l42°)7/°

by renaming the arbitrary constant. This is also a solution of Equation 2.6.26.

Figure 2.6.4 shows a direction field and some integral curves for Equation 2.6.26.

y

B LRSS TR N S A A S T S A A A A I
AT N N N T S SR A s e
O T N W W S ! A S s
NN NNNNNN N e e
AN T T T N T A R O N A AN A S et
sl O NONEINNNINN N YV WA o e e
NALNAENNNNNNYNY VWA A e e -
NS NSNNNN NN YV WA YA e e e
I S N NN R N A 2
N WL N NN NN A b A e e o e
R R N N N / P
Pt SE N N NS A Y AT e o o
S =~~~ ~ X \ = L e e -~ . - .
e — —~—— L — — - — - -
0 > X
02— e / \ NS Sl ————
e e P ) v\ N T e e i
B N S A A NN N
P i Y/ A N T N e T e
oo S VOV N N NN OO T
NV ver w2 A N N NN N e e e
P R N A A AT AN R D T
sl A AT R
N7 207077770ty iy SN na =
W SN L G NN N NN N N e ey
=il -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Figure 2.6.4 : A direction field and integral curves for —ydz + (z +z%)dy = 0
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2.6E: Integrating Factors (Exercises)

Q2.6.1

1.

a.

C.

Verify that p(z, y) = y is an integrating factor for
1
yde+(2z+—)dy=0
Y
on any open rectangle that does not intersect the z axis or, equivalently, that

yidz + (2zy+1)dy =0

is exact on any such rectangle.

. Verify that y = 0 is a solution of (B), but not of (A).
. Show that

ylzy+1)=c

(B)

(©)

is an implicit solution of (B), and explain why every differentiable function y = y(x) other than y = 0 that satisfies (C) is also

a solution of (A).

. Verify that u(z,y) = 1/(z —y)? is an integrating factor for

—y2d:c +:L'2dy =0

on any open rectangle that does not intersect the line y = x or, equivalently, that

is exact on any such rectangle.

. Use Theorem 2.2.1 to show that

Ty
(z—y)
is an implicit solution of (B), and explain why it is also an implicit solution of (A)
Verify that y = z is a solution of (A), even though it can’t be obtained from (C).

Q2.6.2
In Exercises 2.6.3-2.6.16 find an integrating factor; that is a function of only one variable, and solve the given equation.
3.ydx —xdy =0

4. 3z%ydz +2x3dy =0
5.2y3dz +3y?dy =0

6. (
7.(
8. (
5. (
10.

11.
12.

S5zy+2y+5)dz+2zdy=0
zy+z+2y+1)de+(z+1)dy=0
27zy% +8y3) dz + (18z%y + 12zy?) dy =0

. (6zy® +2y) dz + (122°y + 62 +3)dy =0

y?dz + (xy2 +3wy+%) dy=0
(1223y + 2422y?) dz + (92 + 3223y +4y) dy =0
(z’y +4zy+2y)dz + (22 +x)dy =0

https://math.libretexts.org/@go/page/43281



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43281?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.06%3A_Integrating_Factors/2.6E%3A_Integrating_Factors_(Exercises)

LibreTexts"

13. —ydz +(z* —z)dy =0

14. cosz cosy dz + (sinz cosy —sinz siny +y) dy =0
15. (2zy +y?) dz + (2zy + 2% — 222y —229%) dy = 0
16. ysiny dz + z(siny —ycosy)dy =0

Q2.6.3

In Exercises 2.6.17-2.6.23 find an integrating factor of the form p(z,y) = P(z)Q (y)and solve the given equation.
17.y(1+51n|z|)dz +4zln|z|dy =0

18. (ay +yzy) dz + (Bz +dzy) dy =0

19. 322y —y? +y)dx + (—zy +2z)dy =0

20. 2y dx +3(x? +x%y3) dy =0

21. (acoszy —ysinzy) dz + (bcoszy —zsinzy)dy =0

22. gyt dz + 2%y dy =0

23.y(zcosz +2sinz)dz +z(y+1)sinzdy =0

Q2.6.4

In Exercises 2.6.24-2.6.27 find an integrating factor and solve the equation. Plot a direction field and some integral curves for the
equation in the indicated rectangular region.

24. (zty® +y)dz + (2°y? —x)dy=0; {-1<z<1,-1<y<1}

25. (B3zy+2y? +y)de + (22 +2zy+z+2y)dy=0; {-2<z<2,-2<y<2}
26. (12zy +6y3) dz + (922 +10zy?)dy =0; {-2<=z<2,-2<y<2}

27. (32%y% +2y)dz +2xdy =0; {-4<z<4,-4<y<4}

Q2.6.5

28. Suppose a, b, ¢, and d are constants such that ad —bc # 0 , and let m and n be arbitrary real numbers. Show that
(az™y +by" ™) dzx + (cx™! +dzy™)dy =0 (2.6E.1)
has an integrating factor u(z, y) = z%y”.
29. Suppose M, N, M,, and N, are continuous for all (z,y), and u = p(x, y) is an integrating factor for
M(z,y)dz +N(z,y)dy =0. (A)

Assume that y, and p, are continuous for all (z,y), and suppose y = y(z) is a differentiable function such that u(z,y(z)) =0
and g, (z, y(z)) # 0 for all z in some interval I. Show that y is a solution of (A) on I.

This page titled 2.6E: Integrating Factors (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

o 2.6E: Integrating Factors (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.7: Euler's Method

If an initial value problem

y = f(iv’ y)7 y(.’Eo) =Yo (2‘7'1)

cannot be solved analytically, it is necessary to resort to numerical methods to obtain useful approximations to a solution of
Equation 2.7.1. we will consider such methods in this chapter.

We’re interested in computing approximate values of the solution of Equation 2.7.1 at equally spaced points g, %1, ..., , =b in
an interval [zg, b]. Thus,

z; =x9+th, 1=0,1,...,n,
where

po b=z
n

we will denote the approximate values of the solution at these points by yo, 1, -.., Yn; thus, y; is an approximation to y(z;). we
will call

ei =y(@i) —yi
the error at the ith step. Because of the initial condition y(zg) = yo, we will always have ep = 0. However, in general e; # 0 if
1> 0.
We encounter two sources of error in applying a numerical method to solve an initial value problem:

e The formulas defining the method are based on some sort of approximation. Errors due to the inaccuracy of the approximation
are called truncation errors.

o Computers do arithmetic with a fixed number of digits, and therefore make errors in evaluating the formulas defining the
numerical methods. Errors due to the computer’s inability to do exact arithmetic are called roundoff errors.

Since a careful analysis of roundoff error is beyond the scope of this book, we will consider only truncation errors.

Euler’s Method

The simplest numerical method for solving Equation 2.7.1 is Euler’s method. This method is so crude that it is seldom used in
practice; however, its simplicity makes it useful for illustrative purposes. Euler’s method is based on the assumption that the
tangent line to the integral curve of Equation 2.7.1 at (z;, y(x;)) approximates the integral curve over the interval [z;, ;11 ]. Since
the slope of the integral curve of Equation 2.7.1 at (z;,y(z;)) is ¥'(z;) = f(xi,y(xi)), the equation of the tangent line to the
integral curve at (z;, y(x;)) is

y=y(z:) + f(zi, y(z:))(z — zi). (2.7.2)
Setting * = x;,1 = «; +h in Equation 2.7.2 yields
Yir1 = y(@i) +hf(zi, y(z:)) (2.7.3)
as an approximation to y(z;.1 ). Since y(zq) = yo is known, we can use Equation 2.7.3 with ¢ = 0 to compute
Y1 = Yo +hf(zo, o)
However, setting ¢ = 1 in Equation 2.7.3 yields
y2 =y(z1) +hf(z1, y(z1)),
which isn’t useful, since we dont know y(z ). Therefore we replace y(z1) by its approximate value y; and redefine
Y2 =y1 +hf(z1,y1).

Having computed y», we can compute

ys =y2 +hf(z2,92).
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In general, Euler’s method starts with the known value y(zo) = yo and computes y, ¥a, ..., Y, successively by with the formula
Yirn =Y +hf(zi,y:), 0<i<n-L (2.7.4)

The next example illustrates the computational procedure indicated in Euler’s method.

Example 2.7.1

Use Euler’s method with h = 0.1 to find approximate values for the solution of the initial value problem

Y 2y=2'e?, y(0)=1 (2.7.5)
atz =0.1,0.2,0.3
Solution

We rewrite Equation 2.7.5 as
Y =-2y+z’e ™, y(0)=1,
which is of the form Equation 2.7.1, with
f(z,y) = —2y+z3e 2, 20 =0, andyy = 1.

Euler’s method yields

Y1 =yo +hf(zo,y0)
=1+(0.1)£(0,1) =1+(0.1)(-2) = 0.8,
y2 =y1 +hf(z,y)
=0.8+(0.1)£(0.1,0.8) = 0.8+ (0.1) (—2(0.8) +(0.1)*¢ %) = 0.640081873,

Y3 =y2 +hf(z2,92)
=0.640081873 + (0.1) (—2(0.640081873) + (0.2)°e **) =0.512601754.

We’ve written the details of these computations to ensure that you understand the procedure. However, in the rest of the examples

as well as the exercises in this chapter, we will assume that you can use a programmable calculator or a computer to carry out the
necessary computations.

Examples lllustrating The Error in Euler’s Method

Example 2.7.2

Use Euler’s method with step sizes h = 0.1, h =0.05, and h = 0.025 to find approximate values of the solution of the initial
value problem

y' +2y=2’e?, y(0)=1
atz =0,0.1,0.2,0.3, ..., 1.0. Compare these approximate values with the values of the exact solution
=23

4
which can be obtained by the method of Section 2.1. (Verify.)

y=—(a'+4), (2.7.6)

Table 2.7.1 shows the values of the exact solution Equation 2.7.6 at the specified points, and the approximate values of the
solution at these points obtained by Euler’s method with step sizes h = 0.1, h = 0.05, and & = 0.025. In examining this table,
keep in mind that the approximate values in the column corresponding to A = 0.05 are actually the results of 20 steps with
Euler’s method. We haven’t listed the estimates of the solution obtained for  =0.05, 0.15, ..., since there’s nothing to
compare them with in the column corresponding to A = 0.1. Similarly, the approximate values in the column corresponding to
h = 0.025 are actually the results of 40 steps with Euler’s method.

T h=0.1 h =0.05 h =0.025 Exact
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T

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
1.0

T
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.0

h=0.1
1.000000000
0.800000000
0.640081873
0.512601754
0.411563195
0.332126261
0.270299502
0.222745397
0.186654593
0.159660776

0.139778910

Yexzact (1 ) - yapproz(]- ) ~

h=0.1

0.0187
0.0305
0.0373
0.0406
0.0415
0.0406
0.0386
0.0359
0.0327

0.0293

h =0.05
1.000000000
0.810005655
0.656266437
0.532290981
0.432887056
0.353785015
0.291404256
0.242707257
0.205105754
0.176396883

0.154715925

Table 2.7.1: Numerical solution of y' +2y = z3e2®

h =0.025

1.000000000
0.814518349
0.663635953
0.541339495
0.442774766
0.363915597
0.301359885
0.252202935
0.213956311
0.184492463

0.162003293

0.0293withh = 0.1,

0.0144 with h = 0.05,

0.0071 with A = 0.025.

h=0.0
0.0087
0.0143
0.0176
0.0193
0.0198
0.0195
0.0186
0.0174
0.0160

0.0144

5

Tables 2.7.2and 2.7.4 show analogous results for the nonlinear initial value problem

’
Yy =—

2y +zy+2°, y(0) =1,

Exact

1.000000000
0.818751221
0.670588174
0.549922980
0.452204669
0.373627557
0.310952904
0.261398947
0.222570721
0.192412038

0.169169104

, y(0) =1, by Euler’s method.

You can see from Table 2.7.1 that decreasing the step size improves the accuracy of Euler’s method. For example,

Based on this scanty evidence, you might guess that the error in approximating the exact solution at a fixed value of = by
Euler’s method is roughly halved when the step size is halved. You can find more evidence to support this conjecture by
examining Table 2.7.2, which lists the approximate values of Yezact — Yapproz at =0.1,0.2, ..., 1.0.

h =0.0.25

0.0042
0.0069
0.0085
0.0094
0.0097
0.0095
0.0091
0.0086
0.0079

0.0071

Table 2.7.2: Errors in approximate solutions of y' +2y = z3e 2%, y(0) = 1, obtained by Euler s method.

(2.7.7)
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except in this case we cannot solve Equation 2.7.7 exactly. The results in the “Exact” column were obtained by using a more
accurate numerical method known as the Runge-Kutta method with a small step size. They are exact to eight decimal places.

T h=0.1 h =0.05 h = 0.025 Exact
0.0 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.800000000 0.821375000 0.829977007 0.837584494
0.2 0.681000000 0.707795377 0.719226253 0.729641890
0.3 0.605867800 0.633776590 0.646115227 0.657580377
0.4 0.559628676 0.587454526 0.600045701 0.611901791
0.5 0.535376972 0.562906169 0.575556391 0.587575491
0.6 0.529820120 0.557143535 0.569824171 0.581942225
0.7 0.541467455 0.568716935 0.581435423 0.593629526
0.8 0.569732776 0.596951988 0.609684903 0.621907458
0.9 0.614392311 0.641457729 0.654110862 0.666250842
1.0 0.675192037 0.701764495 0.714151626 0.726015790

Table 2.7.3: Numerical solution of y' = —2y? + zy + 2, y(0) =1 , by Euler’s method.

Since we think it is important in evaluating the accuracy of the numerical methods that we will be studying in this chapter, we
often include a column listing values of the exact solution of the initial value problem, even if the directions in the example or
exercise don’t specifically call for it. If quotation marks are included in the heading, the values were obtained by applying the
Runge-Kutta method in a way that’s explained in Section 3.3. If quotation marks are not included, the values were obtained
from a known formula for the solution. In either case, the values are exact to eight places to the right of the decimal point.

x h=0.1 h =0.05 h =0.025
0.1 0.0376 0.0162 0.0076
0.2 0.0486 0.0218 0.0104
0.3 0.0517 0.0238 0.0115
0.4 0.0523 0.0244 0.0119
0.5 0.0522 0.0247 0.0121
0.6 0.0521 0.0248 0.0121
0.7 0.0522 0.0249 0.0122
0.8 0.0522 0.0250 0.0122
0.9 0.0519 0.0248 0.0121
1.0 0.0508 0.0243 0.0119

Table 2.7.4: Errors in approximate solutions of y' = —2y* +zy +x2, y(0) = 1 , obtained by Euler’s method.

Truncation Error in Euler's Method

Consistent with the results indicated in Tables 2.7.1- 2.7.4, we will now show that under reasonable assumptions on f there’s a
constant K such that the error in approximating the solution of the initial value problem

Y =F(z,y), y(o)=uyo,
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at a given point b > o by Euler’s method with step size h = (b —xg)/n satisfies the inequality
|y(b) _yn| < Kha

where K is a constant independent of 7.

There are two sources of error (not counting roundoff) in Euler’s method:

1. The error committed in approximating the integral curve by the tangent line Equation 2.7.2 over the interval [z;, z;41].
2. The error committed in replacing y(x;) by y; in Equation 2.7.2 and using Equation 2.7.4 rather than Equation 2.7.2 to compute

Yi+1.

Euler’s method assumes that y;,1 defined in Equation 2.7.2is an approximation to y(z;41 ). We call the error in this approximation
the local truncation error at the ith step, and denote it by T;; thus,

T = y(zit1) —y(@:) — hf (@i, y(z:)). (2.7.8)

we will now use Taylor’s theorem to estimate T;, assuming for simplicity that f, f, and f, are continuous and bounded for all
(x,y). Then y" exists and is bounded on [z, b]. To see this, we differentiate

Y (2) = f(z,y(2))
to obtain
y'(z) = fa(@,y(2) + fy(z, y(2))y' ()

Since we assumed that f, f, and f, are bounded, there’s a constant M such that

|fo(2,y(2) + fy (@, y(2))y' (2)| <M @9 <z <b

which implies that
ly"(z)| <M, zp<z<b (2.7.9)

Since ;11 = z; + h , Taylor’s theorem implies that
2

(win) = ylai) +hy (@) + oy (80,

where Z; is some number between x; and z;1 . Since y'(z;) = f(z;, y(x;)) this can be written as
2
y(@i1) = y(zs) +hf(zi, y(z:)) + ?y”(ii),

or, equivalently,

R* .
Y(zi1) —y(z:) —hf(zi, y(zi)) = ?y”(wi)'
Comparing this with Equation 2.7.8 shows that
h2
T; = 71/"(5%‘)'
Recalling Equation 2.7.9, we can establish the bound
Mh?
Tl<—— 1<isn (2.7.10)

Although it may be difficult to determine the constant M, what is important is that there’s an M such that Equation 2.7.10 holds.
We say that the local truncation error of Euler’s method is of order h?, which we write as O(h?).

Note that the magnitude of the local truncation error in Euler’s method is determined by the second derivative 3y of the solution of

the initial value problem. Therefore the local truncation error will be larger where |y”'| is large, or smaller where |y"| is small.
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Since the local truncation error for Euler’s method is O(h?), it is reasonable to expect that halving h reduces the local truncation
error by a factor of 4. This is true, but halving the step size also requires twice as many steps to approximate the solution at a given
point. To analyze the overall effect of truncation error in Euler’s method, it is useful to derive an equation relating the errors

eir1 =Y(Ti1) — Y1 and e =y(xi) —y;.

To this end, recall that

y(@ir1) =y(xi) +hf(zi, y(zi) +T; (2.7.11)
and
Yir1 =Yi +hf(2i, yi)- (2.7.12)
Subtracting Equation 2.7.12from Equation 2.7.11yields
eir1 = e +h[f(zi,y(@:)) — fzi, 4:)] + T (2.7.13)

The last term on the right is the local truncation error at the ith step. The other terms reflect the way errors made at previous steps
affect e;,1 . Since |T;| < Mh? /2, we see from Equation 2.7.13that

h2
esial <lei| + 1 (e, @) — Foi,w)] + 5 (2.7.14)

Since we assumed that f, is continuous and bounded, the mean value theorem implies that
f@i,y(@:) — f(i,9:) = fy@i, y) (y(@:) —yi) = fy(zi, y))ei,

where g7 is between y; and y(z;). Therefore

|f(zi,y(z:)) — f(@i,yi)| < Rle|

for some constant R. From this and Equation 2.7.14,

Mh? .
lei1] < (1 +Rh)|e¢|+T, 0<i<n-1. (2.7.15)
For convenience, let C =1+ Rh . Since eg = y(zg) —yo =0 , applying Equation 2.7.15repeatedly yields
Mh?
le| <
Mh? Mh?
les| <Cles|+ <(1+0)

Mh?

Mh2
les| <Cleal t—- <(1+C+C?

MA? _1, MR?

len| < Clen_1|+ <(1+CH+---+C" 1)7. (2.7.16)

Recalling the formula for the sum of a geometric series, we see that
1-Cn (1+Rh)"—1
1 n-l _ =
+C+---+C 1—C &h
(since C =1+ Rh ). From this and Equation 2.7.16
(L+Rh)"—1 Mh
b)—yn| =lep| < —————. 2.7.1
ly(0) —ynl = len| < 7 5 (2.7.17)
Since Taylor’s theorem implies that
1+ Rh <e™

(verify),
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This and Equation 2.7.17imply that

(14 Rh)" < e"fth = eR—20)  (since nh = b — o).

y(b) —ya| < Kh, (2.7.18)
with
eR(bfa:o) -1
K=M
2R

Because of Equation 2.7.18we say that the global truncation error of Euler’s method is of order h, which we write as O(h).

This page titled 2.7: Euler's Method is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 3.1: Euler's Method by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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2.7E: Euler’'s Method (Exercises)
Q3.1.1

You may want to save the results of these exercises, since we will revisit in the next two sections. In Exercises 3.1.1-3.1.5 use
Euler’s method to find approximate values of the solution of the given initial value problem at the points x; = xg +th , where xg
is the point where the initial condition is imposed and ¢ =1, 2, 3. The purpose of these exercises is to familiarize you with the
computational procedure of Euler’s method.

Ly =222+3y*> -2, y(2)=1; h=0.05
2.y =y+/2?+y?, y(0)=1; h=0.1
3.y +3y=a2—-3zy+y?, y(0)=2; h=0.05
4.y =1L y(2)=3; h=0.1

1*1/2 )

5.9 +x’y=sinzy, y(1)=m; h=0.2

Q3.1.2

6. Use Euler’s method with step sizes h = 0.1, h = 0.05, and h = 0.025 to find approximate values of the solution of the initial
value problem

Y +3y =T, y(0)=2 (2.7E.1)

atz =0,0.1,0.2 0.3, ..., 1.0. Compare these approximate values with the values of the exact solution iy = e** +e=3% | which can
be obtained by the method of Section 2.1. Present your results in a table like Table 3.1.1.

7. Use Euler’s method with step sizes h = 0.1, h = 0.05, and h = 0.025 to find approximate values of the solution of the initial
value problem
, 2 3
y+—y=—+1, y(1)=1 (2.7E.2)
z T
atz =1.0,1.1,1.2, 1.3, ..., 2.0. Compare these approximate values with the values of the exact solution

1
Y= @(anx + 23 +2), (2.7E.3)

which can be obtained by the method of Section 2.1. Present your results in a table like Table 3.1.1.
8. Use Euler’s method with step sizes h = 0.05, h =0.025, and h = 0.0125 to find approximate values of the solution of the

initial value problem

, Yoy —a®
y ="

e »oy(l)=2 (2.7E.4)

atz =1.0,1.05,1.10,1.15, ..., 1.5. Compare these approximate values with the values of the exact solution

x .’172
y= gleZ,/;) (2.7E.5)

obtained in Example [example:2.4.3}. Present your results in a table like Table 3.1.1.

9. In Example [example:2.2.3} it was shown that

Yry=a’+z—4 (2.7E.6)
is an implicit solution of the initial value problem
2z +1
!/
= , 2)=1. A
Vs YO ()
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Use Euler’s method with step sizes h =0.1, h =0.05, and h =0.025 to find approximate values of the solution of (A) at
r=2.0,2.1,2.2 2.3 ..., 3.0. Present your results in tabular form. To check the error in these approximate values, construct
another table of values of the residual

R(z,y) =y’ +y—2° —z +4 (2.7E.7)
for each value of (z, y) appearing in the first table.

10. You can see from Example 2.5.1 that

atyd + 22y 22y =4 (2.7E.8)
is an implicit solution of the initial value problem
4x3y3 +22y° + 2y
L 12 5 4 5 y(l):].. (A)
3x*y? +bzxiyt + 22

Use Euler’s method with step sizes h =0.1, h =0.05, and A =0.025 to find approximate values of the solution of (A) at
r=1.0,1.1,1.2, 1.3, ..., 2.0. Present your results in tabular form. To check the error in these approximate values, construct
another table of values of the residual

R(z,y) = z'y® + 29" + 22y —4 (2.7E.9)
for each value of (x, y) appearing in the first table.
11. Use Euler’s method with step sizes h = 0.1, h =0.05, and h = 0.025 to find approximate values of the solution of the initial
value problem
(3y° +4y)y’ +2z +cosz =0, y(0)=1; (Exercise?2.2.13) (2.7E.10)
atx=0,0.1,0.2,0.3 ..., 1.0.

12. Use Euler’s method with step sizes h = 0.1, h =0.05, and h = 0.025 to find approximate values of the solution of the initial
value problem

(y+1)(y—1)(y—2)

!
v z+1

=0, y(1)=0 (Exercise2.2.14) (2.7E.11)

atz=1.0,1.1,1.21.3, ..., 2.0.

This page titled 2.7E: Euler’s Method (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya

Kravets.

o 3.1E: Euler’s Method (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

@ 0 a @ 2.7E.2 https://math.libretexts.org/@go/page/43283


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43283?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.07%3A_Euler's_Method/2.7E%3A_Eulers_Method_(Exercises)
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/02%3A_First_Order_Equations/2.07%3A_Euler's_Method/2.7E%3A_Eulers_Method_(Exercises)?no-cache
https://math.libretexts.org/@go/page/18259
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

Li breTexts*

CHAPTER OVERVIEW

3: Applications of First Order Equations
In this chapter, we consider applications of first order differential equations.

3.1: Growth and Decay

3.1E: Growth and Decay (Exercises)
3.2: Elementary Mechanics

3.2E: Elementary Mechanics (Exercises)
3.3: Autonomous Second Order Equations

3.3E: Autonomous Second Order Equations (Exercises)

Thumbnail: False color time-lapse video of E. coli colony growing on microscope slide. This growth can be model with first order
logistic equation. Added approximate scale bar based on the approximate length of 2.0 um of E. coli bacteria. (CC BY-SA 4.0
International; Stewart EJ, Madden R, Paul G, Taddei F).
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3.1: Growth and Decay

This section begins with a discussion of exponential growth and decay, which you have probably already seen in calculus. We
consider applications to radioactive decay, carbon dating, and compound interest. We also consider more complicated problems
where the rate of change of a quantity is in part proportional to the magnitude of the quantity, but is also influenced by other other
factors for example, a radioactive substance is manufactured at a certain rate, but decays at a rate proportional to its mass, or a
saver makes regular deposits in a savings account that draws compound interest.

Since the applications in this section deal with functions of time, we’ll denote the independent variable by ¢. If Q) is a function of ¢,
Q' will denote the derivative of QQ with respect to ¢; thus,

_ 99
=G
Exponential Growth and Decay

One of the most common mathematical models for a physical process is the exponential model, where it is assumed that the rate of
change of a quantity @ is proportional to @; thus

Q' =aQ, (3.1.1)
where a is the constant of proportionality.
From Example 2.1.3, the general solution of Equation 3.1.1is

Q = ce
and the solution of the initial value problem

Q' =aQ, Qo) =Qo
is
Q = Qoe" ). (3.1.2)

Since the solutions of Q' =a() are exponential functions, we say that a quantity @ that satisfies this equation grows
exponentially if a > 0, or decays exponentially if a < 0 (Figure 4.1.1).

Q
A

Figure 4.1.1 : Exponential growth and decay

Radioactive Decay

Experimental evidence shows that radioactive material decays at a rate proportional to the mass of the material present. According
to this model the mass @ (t) of a radioactive material present at time ¢ satisfies Equation 3.1.1, where a is a negative constant

https://math.libretexts.org/@go/page/43285


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43285?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/03%3A_Applications_of_First_Order_Equations/3.01%3A_Growth_and_Decay

LibreTexts"

whose value for any given material must be determined by experimental observation. For simplicity, we’ll replace the negative
constant a by —k, where k is a positive number that we’ll call the decay constant of the material. Thus, Equation 3.1.1 becomes

Q =—kQ.

If the mass of the material present at ¢t = ¢y is @, the mass present at time ¢ is the solution of

Q' =—kQ, Q(to) = Qo

From Equation 3.1.2with a = —k, the solution of this initial value problem is
Q = Qoe Hh). (3.1.3)
The half-life 7 of a radioactive material is defined to be the time required for half of its mass to decay; that is, if @ (¢9) = Qo , then
Q(T—l—tg):%. (3.1.4)
From Equation 3.1.3 witht =7+t , Equation 3.1.4is equivalent to
ke Q
QOe = 707
S0
1
—kT _ —
e =5
Taking logarithms yields
1
—kr=In—=—-1In2,
2
so the half-life is
1
T:EInZ. (3.1.5)

(Figure 4.1.2 ). The half-life is independent of ¢ and @, since it is determined by the properties of material, not by the amount of
the material present at any particular time.

v/ Example 4.1.1

A radioactive substance has a half-life of 1620 years.
a. If its mass is now 4 g (grams), how much will be left 810 years from now?

b. Find the time ¢; when 1.5 g of the substance remain.

Solution a
From Equation 3.1.3with ) =0 and Qo =4,

Q =4, (3.1.6)
where we determine k from Equation 3.1.5, with 7= 1620 years:
e In2  In2
7 1620°
Substituting this in Equation 3.1.6 yields
Q =4 (Hn2)/1620, (3.1.7)
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Figure 4.1.2 : Half-life of a radioactive substance

Therefore the mass left after 810 years will be
Q(810) =4 (8101n2)/1620_ 4, —~(In2)/2
=2v2g.

Solution b
Setting ¢t = ¢; in Equation 3.1.7 and requiring that @

—

t1) = 1.5 yields

3 _ fe(~tin2)/1620
2
Dividing by 4 and taking logarithms yields
1 3 tl In2
n——=-— .
8 1620

Since lIn3/8 = —1n8/3,
n8/3

L
t;1 =1620——— =~ 2292.4 years.
In2

Interest Compounded Continuously

Suppose we deposit an amount of money g in an interest-bearing account and make no further deposits or withdrawals for ¢
years, during which the account bears interest at a constant annual rate 7. To calculate the value of the account at the end of ¢ years,
we need one more piece of information: how the interest is added to the account, or—as the bankers say—how it is compounded.
If the interest is compounded annually, the value of the account is multiplied by 1 +r at the end of each year. This means that after
t years the value of the account is

Qt)=Qo(1+r)".

If interest is compounded semiannually, the value of the account is multiplied by (1 +7/2) every 6 months. Since this occurs twice
annually, the value of the account after ¢ years is

Q)= (145) "

In general, if interest is compounded n times per year, the value of the account is multiplied n times per year by (1+7/n);
therefore, the value of the account after ¢ years is

Q) = Qo (1+£)”t. (3.1.8)
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Thus, increasing the frequency of compounding increases the value of the account after a fixed period of time. Table 4.1.1 shows
the effect of increasing the number of compoundings over ¢ =5 years on an initial deposit of @}y = 100 (dollars), at an annual
interest rate of 6%.

Table 4.1.1 : The effect of compound interest

n (number of compoundings per year) $100<1 + %) " (value in dollars after 5 years)
1 $133.82
2 $134.39
4 $134.68
8 $134.83
364 $134.98

You can see from Table 4.1.1 that the value of the account after 5 years is an increasing function of n. Now suppose the maximum
allowable rate of interest on savings accounts is restricted by law, but the time intervals between successive compoundings isn’t;
then competing banks can attract savers by compounding often. The ultimate step in this direction is to compound continuously,
by which we mean that n — co in Equation 3.1.8. Since we know from calculus that

T n
lim (1+—) —e
n—0o0 n

this yields

Q) =limy 0o Qo (1+L)™ = Qo[limy o0 (1+2)"]

= QO e"t .
Observe that Q@ = Qge' is the solution of the initial value problem
Q'=rQ, Q(0)=Qu;

that is, with continuous compounding the value of the account grows exponentially.

v Example 4.1.2

If $150 is deposited in a bank that pays 5 %% annual interest compounded continuously, the value of the account after ¢ years is

Q(t) _ 1506'055t

dollars. (Note that it is necessary to write the interest rate as a decimal; thus, » = .055.) Therefore, after t = 10 years the value
of the account is

Q(10) = 150e% ~ $259.99.

v/ Example 4.1.3

We wish to accumulate $10,000 in 10 years by making a single deposit in a savings account bearing 5%% annual interest
compounded continuously. How much must we deposit in the account?

Solution
The value of the account at time ¢ is

Q(t) = Qe (3.1.9)
Since we want (10) to be $10,000, the initial deposit Qo must satisfy the equation

10000 = Qoe®®, (3.1.10)
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obtained by setting ¢ = 10 and Q(10) = 10000in Equation 3.1.9. Solving Equation 3.1.10for Qg yields
Qo = 10000e~%° ~ $5769.50.

Mixed Growth and Decay

v/ Example 4.1.4

A radioactive substance with decay constant k is produced at a constant rate of a units of mass per unit time.

a. Assuming that Q(0) = Qy, find the mass Q(¢) of the substance present at time ¢.
b. Find limy 0 Q(t).

Solution a:

Here
Q@' = rate of increase of Q — rate of decrease of .
The rate of increase is the constant a. Since @) is radioactive with decay constant k, the rate of decrease is kQ. Therefore
Q =a—kQ.

This is a linear first order differential equation. Rewriting it and imposing the initial condition shows that @ is the solution of
the initial value problem

Q' +kQ=a, Q(0)=Qo. (3.1.11)

Since e ¥ is a solution of the complementary equation, the solutions of Equation 3.1.11 are of the form Q = ue ¥, where

we ™ =a,s0u =ae®. Hence,
a gt
u=—e"+c
k
Q
A
a/k ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, —
t
Figure 4.1.3 : Q(t) approaches the steady state value % ast — oo
and

a
Q=ue™ = = +ce M,

Since Q(0) = Qy, setting t = 0 here yields
Q():%—i—c or c:Qg—%.

Therefore
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Q= %—F(Qo—%) e (3.1.12)
b. Since k > 0, limy_,o, e * =0, so from Equation 3.1.12
. _a
tlng(t) ok

This limit depends only on a and k, and not on Q. We say that a/k is the steady state value of Q. From Equation 3.1.12 we
also see that ) approaches its steady state value from above if Q¢ > a/k, or from below if Qo < a/k. If Qo = a/k, then Q
remains constant (Figure 4.1.3).

Carbon Dating

The fact that () approaches a steady state value in the situation discussed in Example 4 underlies the method of carbon dating,
devised by the American chemist and Nobel Prize Winner W.S. Libby.

Carbon 12 is stable, but carbon-14, which is produced by cosmic bombardment of nitrogen in the upper atmosphere, is radioactive
with a half-life of about 5570 years. Libby assumed that the quantity of carbon-12 in the atmosphere has been constant throughout
time, and that the quantity of radioactive carbon-14 achieved its steady state value long ago as a result of its creation and
decomposition over millions of years. These assumptions led Libby to conclude that the ratio of carbon-14 to carbon-12 has been
nearly constant for a long time. This constant, which we denote by R, has been determined experimentally.

Living cells absorb both carbon-12 and carbon-14 in the proportion in which they are present in the environment. Therefore the
ratio of carbon-14 to carbon-12 in a living cell is always R. However, when the cell dies it ceases to absorb carbon, and the ratio of
carbon-14 to carbon-12 decreases exponentially as the radioactive carbon-14 decays. This is the basis for the method of carbon
dating, as illustrated in the next example.

v/ Example 4.1.5

An archaeologist investigating the site of an ancient village finds a burial ground where the amount of carbon-14 present in
individual remains is between 42 and 44% of the amount present in live individuals. Estimate the age of the village and the
length of time for which it survived.

Solution
Let @ = Q(t) be the quantity of carbon-14 in an individual set of remains ¢ years after death, and let Qg be the quantity that
would be present in live individuals. Since carbon-14 decays exponentially with half-life 5570 years, its decay constant is

B In2
~ 5570

Therefore
Q _ Qoe—t(ln 2)/5570

if we choose our time scale so that ty = 0 is the time of death. If we know the present value of ) we can solve this equation
for ¢, the number of years since death occurred. This yields

an/QO.

t=—
5570 oo

It is given that @ = 0.42(Q) in the remains of individuals who died first. Therefore these deaths occurred about

In.42

t1 =— ~ 1
1 5570 02 697
years ago. For the most recent deaths, @ = .44Q)y; hence, these deaths occurred about
In.44
ty = —5570—— ~ 6597
In

years ago. Therefore it is reasonable to conclude that the village was founded about 7000 years ago, and lasted for about 400
years.
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A Savings Program

v Example 4.1.6

A person opens a savings account with an initial deposit of $1000 and subsequently deposits $50 per week. Find the value
Q(t) of the account at time ¢ > 0, assuming that the bank pays 6% interest compounded continuously.

Solution

Observe that @) isn’t continuous, since there are 52 discrete deposits per year of $50 each. To construct a mathematical model
for this problem in the form of a differential equation, we make the simplifying assumption that the deposits are made
continuously at a rate of $2600 per year. This is essential, since solutions of differential equations are continuous functions.
With this assumption, @) increases continuously at the rate

Q' =2600+0.06Q
and therefore @ satisfies the differential equation
Q' —.06Q = 2600. (3.1.13)

(Of course, we must recognize that the solution of this equation is an approximation to the true value of () at any given time.
We’ll discuss this further below.) Since e:%% is a solution of the complementary equation, the solutions of Equation 3.1.13 are
of the form Q = ue°%, where u'e%* = 2600. Hence, v’ = 2600e %,

_ 2600 o6
06° ¢
and
2
Q=ue = —%) +ce’"". (3.1.14)
Setting t = 0 and @ = 1000 here yields
2600
= ]_ —
c=1000+ 0,06’

and substituting this into Equation 3.1.14yields

2600

Q =1000e"" + 06 (e —1) (3.1.15)

where the first term is the value due to the initial deposit and the second is due to the subsequent weekly deposits.

Mathematical models must be tested for validity by comparing predictions based on them with the actual outcome of experiments.
Example 6 is unusual in that we can compute the exact value of the account at any specified time and compare it with the
approximate value predicted by Equation 3.1.15 (See Exercise 4.1.21). The following table gives a comparison for a ten year
period. Each exact answer corresponds to the time of the year-end deposit, and each year is assumed to have exactly 52 weeks.

Table 4.1.3
o Approximate Value of @ Exact Yalue of P Eror O — P Percentage Error
(Example 4.1.6 ) (Exercise 4.1.21) (—P)/P
1 $3741.42 $3739.87 $1.55 .0413
2 6652.36 6649.17 3.19 .0479
3 9743.30 9738.37 4.93 .0506
4 13, 025.38 13, 018.60 6.78 .0521
5 16, 510.41 16, 501.66 8.75 .0530
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Approximate Value of Q
Year

(Example 4.1.6)
20, 210.94
24, 140.30
28, 312.63

© 0 g O

32, 742.97
10 37,447.27

Exact Value of P
(Exercise 4.1.21)

20, 200.11
24,127.25
28,297.23
32,725.07
37,426.72

Error @ — P

10.83
13.05
15.40
17.90
20.55

Percentage Error
(Q-P)/P
.0536

.0541
.0544
.0547
.0549

This page titled 3.1: Growth and Decay is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 4.1: Growth and Decay by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https:/digitalcommons.trinity.edu/mono/9.
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3.1E: Growth and Decay (Exercises)

Q4.1.1
1. The half-life of a radioactive substance is 3200 years. Find the quantity @ (¢) of the substance left at time £ > 0 if @(0) =20 g.

2. The half-life of a radioactive substance is 2 days. Find the time required for a given amount of the material to decay to 1/10 of its
original mass.

3. A radioactive material loses 25% of its mass in 10 minutes. What is its half-life?

4. A tree contains a known percentage pg of a radioactive substance with half-life 7. When the tree dies the substance decays and
isn’t replaced. If the percentage of the substance in the fossilized remains of such a tree is found to be p;, how long has the tree
been dead?

5.1f t, and t, are the times required for a radioactive material to decay to 1/p and 1/q times its original mass (respectively), how
are t, and ¢, related?

6. Find the decay constant k for a radioactive substance, given that the mass of the substance is @7 at time ¢; and Q)5 at time 5.

7. A process creates a radioactive substance at the rate of 2 g/hr and the substance decays at a rate proportional to its mass, with
constant of proportionality k = .1(hr) ! . If Q(t) is the mass of the substance at time ¢, find lim;_,, Q ().

8. A bank pays interest continuously at the rate of 6%. How long does it take for a deposit of @y to grow in value to 2Q?
9. At what rate of interest, compounded continuously, will a bank deposit double in value in 8 years?

10. A savings account pays 5% per annum interest compounded continuously. The initial deposit is Qo dollars. Assume that there
are no subsequent withdrawals or deposits.

a. How long will it take for the value of the account to triple?
b. What is Q) if the value of the account after 10 years is $100,000 dollars?

11. A candymaker makes 500 pounds of candy per week, while his large family eats the candy at a rate equal to Q(¢)/10 pounds
per week, where Q (¢) is the amount of candy present at time ¢.

a. Find Q(t) for ¢t > 0 if the candymaker has 250 pounds of candy at t = 0.
b. Find limy_oe Q (2).

12. Suppose a substance decays at a yearly rate equal to half the square of the mass of the substance present. If we start with 50 g of
the substance, how long will it be until only 25 g remain?

13. A super bread dough increases in volume at a rate proportional to the volume V present. If V' increases by a factor of 10 in 2
hours and V' (0) = V;, find V' at any time ¢. How long will it take for V' to increase to 100V}?

14. A radioactive substance decays at a rate proportional to the amount present, and half the original quantity @ is left after 1500
years. In how many years would the original amount be reduced to 3Q/4? How much will be left after 2000 years?

15. A wizard creates gold continuously at the rate of 1 ounce per hour, but an assistant steals it continuously at the rate of 5% of
however much is there per hour. Let W (¢) be the number of ounces that the wizard has at time ¢. Find W (¢) and limy_,o, W (¢) if
w(0)=1.

16. A process creates a radioactive substance at the rate of 1 g/hr, and the substance decays at an hourly rate equal to 1/10 of the
mass present (expressed in grams). Assuming that there are initially 20 g, find the mass S(¢) of the substance present at time ¢, and
find limy o S(t).

17. A tank is empty at £ = 0. Water is added to the tank at the rate of 10 gal/min, but it leaks out at a rate (in gallons per minute)
equal to the number of gallons in the tank. What is the smallest capacity the tank can have if this process is to continue forever?

18. A person deposits $25,000 in a bank that pays 5% per year interest, compounded continuously. The person continuously
withdraws from the account at the rate of $750 per year. Find V'(¢), the value of the account at time ¢ after the initial deposit.

19. A person has a fortune that grows at rate proportional to the square root of its worth. Find the worth W of the fortune as a
function of ¢ if it was $1 million 6 months ago and is $4 million today.
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20. Let p = p(t) be the quantity of a product present at time ¢. The product is manufactured continuously at a rate proportional to
p, with proportionality constant 1/2, and it is consumed continuously at a rate proportional to p?, with proportionality constant 1/8.
Find p(¢) if p(0) = 100.

21.

a. In the situation of Example 4.1.6 find the exact value P(t) of the person’s account after t years, where t is an integer. Assume that
each year has exactly 52 weeks, and include the year-end deposit in the computation.

HINT: At time t the initial $1000 has been on deposit for ¢ years. There have been 52¢ deposits of $50 each. The first $50 has been
on deposit for t —1/52 years, the second for ¢t —2/52 years ... in general, the j th $50 has been on deposit for ¢t — j/52 years (
1 <j < 52t). Find the present value of each $50 deposit assuming 6% interest compounded continuously, and use the formula

1 .73"+1

l1+z+z*+.. . 42" = I_T(:p #1)
to find their total value.
b. Let
()= Q(t) —P(t)
P P(t)

be the relative error after ¢ years. Find

p(o0) = lim p(t).

t—o00

22. A homebuyer borrows P, dollars at an annual interest rate r, agreeing to repay the loan with equal monthly payments of M
dollars per month over N years.

a. Derive a differential equation for the loan principal (amount that the homebuyer owes) P(¢) at time ¢ >0, making the
simplifying assumption that the homebuyer repays the loan continuously rather than in discrete steps. (See Example 4.1.6.)

b. Solve the equation derived in (a).
c. Use the result of (b) to determine an approximate value for M assuming that each year has exactly 12 months of equal length.
d. It can be shown that the exact value of M is given by

_rh —12ny 1
M=— (1—(1+r/12)72Y) .

Compare the value of M obtained from the answer in (c) to the exact value if (i) Py = $50, 000, \(r=7{1\over2}\)%, N = 20 (ii)
Py =$150,00Q » = 9.0%, N = 30.

23. Assume that the homebuyer of Exercise 4.1.22 elects to repay the loan continuously at the rate of aM dollars per month,
where « is a constant greater than 1. (This is called accelerated payment.)

a. Determine the time T'(«) when the loan will be paid off and the amount S(«) that the homebuyer will save.
b. Suppose Py = $50, 000, r = 8%, and N = 15. Compute the savings realized by accelerated payments with a = 1.05,1.10,
and 1.15.

24. A benefactor wishes to establish a trust fund to pay a researcher’s salary for T" years. The salary is to start at Sy dollars per year
and increase at a fractional rate of a per year. Find the amount of money P, that the benefactor must deposit in a trust fund paying
interest at a rate r per year. Assume that the researcher’s salary is paid continuously, the interest is compounded continuously, and
the salary increases are granted continuously.

25. A radioactive substance with decay constant k is produced at the rate of
at
1+6tQ(2)

units of mass per unit time, where a and b are positive constants and ) (¢) is the mass of the substance present at time ¢; thus, the
rate of production is small at the start and tends to slow when ) is large.

a. Set up a differential equation for Q.
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b. Choose your own positive values for a, b, k, and Qo = Q(0). Use a numerical method to discover what happens to Q (¢) as
t — 0o. (Be precise, expressing your conclusions in terms of a, b, k. However, no proof is required.)

26. Follow the instructions of Exercise 4.1.25, assuming that the substance is produced at the rate of at/(1 +b¢(Q(¢))2) units of
mass per unit of time.

27. Follow the instructions of Exercise 4.1.25, assuming that the substance is produced at the rate of at/(1 + bt) units of mass per
unit of time.

This page titled 3.1E: Growth and Decay (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.
o 4.1E: Growth and Decay (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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3.2: Elementary Mechanics

Newton's Second Law of Motion

In this section we consider an object with constant mass m moving along a line under a force F. Let y = y(¢) be the displacement
of the object from a reference point on the line at time ¢, and let v=v(t) and a = a(t) be the velocity and acceleration of the
object at time ¢. Thus, v=1%' and a =v' =" , where the prime denotes differentiation with respect to t. Newton’s second law of
motion asserts that the force F' and the acceleration a are related by the equation

F =ma. (3.2.1)
X Note: Units

In applications there are three main sets of units in use for length, mass, force, and time: the cgs, mks, and British systems. All
three use the second as the unit of time. Table 4.3.1 shows the other units. Consistent with Equation 3.2.1, the unit of force in
each system is defined to be the force required to impart an acceleration of (one unit of length)/s? to one unit of mass.

Table 4.3.1
Set Length Force Mass
cgs centimeter (cm) dyne (d) gram (g)
mks meter (m) newton (N) kilogram (kg)
British foot (ft) pound (Ib) slug (sl)

If we assume that Earth is a perfect sphere with constant mass density, Newton’s law of gravitation (discussed later in this
section) asserts that the force exerted on an object by Earth’s gravitational field is proportional to the mass of the object and
inversely proportional to the square of its distance from the center of Earth. However, if the object remains sufficiently close to
Earth’s surface, we may assume that the gravitational force is constant and equal to its value at the surface. The magnitude of
this force is mg, where g is called the acceleration due to gravity. (To be completely accurate, g should be called the
magnitude of the acceleration due to gravity at Earth’s surface.) This quantity has been determined experimentally.
Approximate values of g are

g =980 cm/s’ (cgs)
g =9.8m/s (mks)
g =32ft/s’ (British).

In general, the force F' in Equation 3.2.1 may depend upon ¢, y, and y’. Since a =y, Equation 3.2.1 can be written in the form
my" =F(t,y,vy'), (3.2.2)

which is a second order equation. We’ll consider this equation with restrictions on F' later; however, since Chapter 2 dealt only
with first order equations, we consider here only problems in which Equation 3.2.2 can be recast as a first order equation. This is
possible if F' does not depend on y, so Equation 3.2.2is of the form

my" = F(t,y").
Letting v=19" and v’ =" yields a first order equation for v:
mv = F(t,v). (3.2.3)

Solving this equation yields v as a function of ¢. If we know y(#y) for some time #;, we can integrate v to obtain y as a function of
t.

Equations of the form Equation 3.2.3 occur in problems involving motion through a resisting medium.
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Motion Through a Resisting Medium Under Constant Gravitational Force

Now we consider an object moving vertically in some medium. We assume that the only forces acting on the object are gravity and
resistance from the medium. We also assume that the motion takes place close to Earth’s surface and take the upward direction to
be positive, so the gravitational force can be assumed to have the constant value —mg. We’ll see that, under reasonable
assumptions on the resisting force, the velocity approaches a limit as ¢ — co. We call this limit the terminal velocity.

v/ Example 4.3.1

An object with mass m moves under constant gravitational force through a medium that exerts a resistance with magnitude
proportional to the speed of the object. (Recall that the speed of an object is |v|, the absolute value of its velocity v.) Find the
velocity of the object as a function of ¢, and find the terminal velocity. Assume that the initial velocity is vy.

Solution
The total force acting on the object is

F = —mg+ Fy, (3.2.4)

where —myg is the force due to gravity and F; is the resisting force of the medium, which has magnitude k|v|, where k is a
positive constant. If the object is moving downward (v < 0), the resisting force is upward (Figure 4.3.1a ), so

Fy = klv| = k(—v) = —kv.
On the other hand, if the object is moving upward (v > 0), the resisting force is downward (Figure 4.3.1b , so
Fy = —k|v| = —kv.
Thus, Equation 3.2.4 can be written as
F=—-mg—kv, (3.2.5)

regardless of the sign of the velocity.

-

(a) (b)

Figure 4.3.1 : Resistive forces

From Newton’s second law of motion,
F=ma=mv,
so Equation 3.2.5 yields

mv = —mg— kv,

or
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k
v+ —v=—g. (3.2.6)
m
Since e */™ is a solution of the complementary equation, the solutions of Equation 3.2.6 are of the form v = ue */™ | where
we MM = _g sou =—ge*/™ . Hence,
u= —%ekt/m +c,
o)
v =ue k™ :—% +ce7Rt/m, (3.2.7)
Since v(0) = vy,
mg
SUS Sae
S0
mg
c=vp+—=
Tk

and Equation 3.2.7 becomes

Letting ¢ — oo here shows that the terminal velocity is
lim v(t) = ——2,
t—o0 k

which is independent of the initial velocity vy (Figure 4.3.2).

4
A

Figure 4.3.2 : Solutions of mv' = —mg — kv

v/ Example 4.3.2 : Terminal Velocity

A 960-Ib object is given an initial upward velocity of 60 ft/s near the surface of Earth. The atmosphere resists the motion with a
force of 3 1b for each ft/s of speed. Assuming that the only other force acting on the object is constant gravity, find its velocity
v as a function of ¢, and find its terminal velocity.

Solution
Since mg =960 and g =32, m =960,/32 = 30. The atmospheric resistance is —3v b if v is expressed in feet per second.
Therefore
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which we rewrite as

300" = —960 — 3v,

g 32
v+ —v=-32.
10
Since e /10 is a solution of the complementary equation, the solutions of this equation are of the form v = ue 10 where
we 10 = 32 sou’ = —32¢"10. Hence,
u=—320e/10 + c,

o)

v=ue 0 = 3204 ce 0. (3.2.8)

The initial velocity is 60 ft/s in the upward (positive) direction; hence, vy = 60. Substituting t =0 and v =60 in Equation
3.2.8yields

60 = —320 +c,
so ¢ = 380, and Equation 3.2.8 becomes
v=—320+380e /10 ft /s
The terminal velocity is

lim v(t) = —320 ft/s.

t—o0

v/ Example 4.3.3

A 10 kg mass is given an initial velocity vy < 0 near Earth’s surface. The only forces acting on it are gravity and atmospheric
resistance proportional to the square of the speed. Assuming that the resistance is 8 N if the speed is 2 m/s, find the velocity of
the object as a function of ¢, and find the terminal velocity.

Solution
Since the object is falling, the resistance is in the upward (positive) direction. Hence,

mv = —mg+kv?, (3.2.9)

where k is a constant. Since the magnitude of the resistance is 8 N when v =2 m/s,

k(2%) =S8,
so k =2 N-s?/m?. Since m = 10 and g = 9.8, Equation 3.2.9 becomes
100 = —98 + 20 = 2(v® — 49). (3.2.10)
If vg = —7, thenv=—7 forallt > 0. If vy # —7, we separate variables to obtain
1 ;1
v =—, 3.2.11
v2 —49 5 ( )
which is convenient for the required partial fraction expansion
1 1 1 1 1
= =— [— — ] . (3.2.12)
v¥—49  (v—-T)(v+7) 14 [v-T7 v+7

Substituting Equation 3.2.12into Equation 3.2.1 1yields

O I P
14 |v—7 wv+7| 5’

SO
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Integrating this yields
Injv—7| —In|v+7| =14t/5+k.
Therefore

v—T7 — ol eltt/5
v+ 7

Since Theorem 2.3.1 implies that (v—7)/(v+7) cannot change sign (why?), we can rewrite the last equation as

v—T
_ celdt/s

o7 , (3.2.13)
which is an implicit solution of Equation 3.2.1(. Solving this for v yields
c+ e—14t/5
V=— c_eTt/S (3214)
Since v(0) = vy, it Equation 3.2.13implies that
- Vo — 7
N v+ 7 ’

Substituting this into Equation 3.2.14and simplifying yields

,00(1 +e—14t/5) _ 7(1 _ 6—14t/5)
vo(1— 6714t/5) -7(1 _1_6714:5/5) ’

Since vy < 0, v is defined and negative for all ¢ > 0. The terminal velocity is

tllg v(t) = —Tm/s,

independent of vy. More generally, it can be shown (Exercise 4.3.11) that if v is any solution of Equation 3.2.9 such that
vg < 0 then
- S L
tlgoré o) = k-
This is demonstrated in Figure 4.3.3 .

%
A

v

v = - (mg/k)?

Figure 4.3.3 : Solutions of mv' = —mg + kv?, v(0) =vy <0
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A 10-kg mass is launched vertically upward from Earth’s surface with an initial velocity of vy m/s. The only forces acting on
the mass are gravity and atmospheric resistance proportional to the square of the speed. Assuming that the atmospheric
resistance is 8 N if the speed is 2 m/s, find the time 7" required for the mass to reach maximum altitude.

Solution
The mass will climb while v > 0 and reach its maximum altitude when v = 0. Therefore v >0 for 0 <¢ <T and v(T) =0;
therefore, we replace Equation 3.2.10by

100" = —98 — 2¢°. (3.2.15)
Separating variables yields
5
= =il
w49’ T
and integrating this yields
3 tan " - = —t+c
7 7T ’
(Recall that tan™! u is the number 6 such that —7/2 < 6 < 7/2 and tan@ = u.) Since v(0) = vy,
5
c=—tan! v—o,
7 7
so v is defined implicitly by
5 5
> tan™? ; = —t+ tan™! “—70 0<t<T. (3.2.16)
Solving this for v yields
Tt
v:7tan<—— +tan~! v_o)' (3.2.17)
5 7
Using the identity
tan A —tan B
A-B)y=—"7""7"—"—
tan( ) l+tanAtanB

with A =tan! (v /7) and B = 7t/5, and noting that tan(tan—* §) = @ , we can simplify Equation 3.2.17to
v — 7 tan(7¢/5)
7+ tan(7t/5)

Since v(T) =0 and tan' (0) = 0, Equation 3.2.16implies that

5 Vo
T+ 2tan! 2 =0
+ 7 an 7
Therefore
5 -1 Yo
T=—-t —.
7T
Since tan~* (vg/7) < /2 for all vy, the time required for the mass to reach its maximum altitude is less than
5T
— ~1.122
14 °

regardless of the initial velocity. Figure 4.3.4 shows graphs of v over [0, T'] for various values of vj.
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v

A
50
40
30
20
10

\\’\ | V t

0.2 0.4 0.6 0.8 1
Figure 4.3.4 : Solutions of 4.3.15 for various vy > 0

Escape Velocity

Suppose a space vehicle is launched vertically and its fuel is exhausted when the vehicle reaches an altitude h above Earth, where
h is sufficiently large so that resistance due to Earth’s atmosphere can be neglected. Let ¢ =0 be the time when burnout occurs.
Assuming that the gravitational forces of all other celestial bodies can be neglected, the motion of the vehicle for ¢ > 0 is that of an
object with constant mass m under the influence of Earth’s gravitational force, which we now assume to vary inversely with the
square of the distance from Earth’s center; thus, if we take the upward direction to be positive then gravitational force on the
vehicle at an altitude y above Earth is

K
Fe (3.2.18)

© (y+R?’

where R is Earth’s radius (Figure 4.3.5).

Figure 4.3.5 : Escape velocity

Since F' = —mg when y = 0, setting y = 0 in Equation 3.2.18yields

o= g

therefore K = mgR? and Equation 3.2.18can be written more specifically as

mgR?
___mgRk® 3.2.19
(y+R)? ( )
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From Newton’s second law of motion,

d2
F= m—y,
dt?
so Equation 3.2.19implies that
d2y gR2

P (3.2.20)

We’ll show that there’s a number v,, called the escape velocity, with these properties:

1. If vy > v, then v(t) >0 for all t > 0, and the vehicle continues to climb for all ¢ > 0; that is, it “escapes” Earth. (Is it really so
obvious that limy_,, y(t) = oo in this case? For a proof, see Exercise 4.3.20.)

2. If vy < v, then v(t) decreases to zero and becomes negative. Therefore the vehicle attains a maximum altitude y,, and falls
back to Earth.

Since Equation 3.2.20 is second order, we cannot solve it by methods discussed so far. However, we are concerned with v rather
than y, and v is easier to find. Since v =1y’ the chain rule implies that

d’y dv dvdy dv
—_———— = —— = V.
de2  dt dy dt dy
Substituting this into Equation 3.2.20yields the first order separable equation
d R?
A LA (3.2.21)
dy (y+R)?

When ¢t =0, the velocity is vy and the altitude is h. Therefore we can obtain v as a function of y by solving the initial value

problem
dv gR?
v— =—————, v(h)=1y.
dy (y + R)2 ’ ( ) 0
Integrating Equation 3.2.21with respect to y yields
’U2 gRZ
- . 3.2.22
2 y+R e ( )
Since v(h) =g,
B 1.)2 gR2
2 h+R’
so Equation 3.2.22becomes
v2  gR? v gR?
—_— = - - . 3.2.23
2 " y+R \2 hiR (3.2.23)

If

2gR2 1/2
>
vo = (h+R) ’

the parenthetical expression in Equation 3.2.23is nonnegative, so v(y) > 0 for y > h. This proves that there’s an escape velocity

ve. We’ll now prove that
20R? 1/2
Ve = R
(+5%)

by showing that the vehicle falls back to Earth if
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9 R2 1/2
v < (hi—R) . (3.2.24)

If Equation 3.2.24 holds then the parenthetical expression in Equation 3.2.23 is negative and the vehicle will attain a maximum
altitude y,,, > h that satisfies the equation
RZ ’U2 R2
0= g— + 0 _ g A
ym +R 2 h+R

The velocity will be zero at the maximum altitude, and the object will then fall to Earth under the influence of gravity.

This page titled 3.2: Elementary Mechanics is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.

e 4.3: Elementary Mechanics by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.2E: Elementary Mechanics (Exercises)

Except where directed otherwise, assume that the magnitude of the gravitational force on an object with mass m is constant and
equal to mg. In exercises involving vertical motion take the upward direction to be positive.

Q4.3.1

1. A firefighter who weighs 192 Ib slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to his speed, with k = 2.5 1b-s/ft. Assuming that he starts from rest, find his velocity as a function of time and find his
terminal velocity.

2. A firefighter who weighs 192 1b slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to her speed, with constant of proportionality k. Find k, given that her terminal velocity is —16 ft/s, and then find her
velocity v as a function of ¢. Assume that she starts from rest.

3. A boat weighs 64,000 Ib. Its propellor produces a constant thrust of 50,000 lb and the water exerts a resistive force with
magnitude proportional to the speed, with k = 2000 Ib-s/ft. Assuming that the boat starts from rest, find its velocity as a function
of time, and find its terminal velocity.

4. A constant horizontal force of 10 N pushes a 20 kg-mass through a medium that resists its motion with .5 N for every m/s of
speed. The initial velocity of the mass is 7 m/s in the direction opposite to the direction of the applied force. Find the velocity of the
mass fort > 0.

5. A stone weighing 1/2 1b is thrown upward from an initial height of 5 ft with an initial speed of 32 ft/s. Air resistance is
proportional to speed, with k = 1/128 Ib-s/ft. Find the maximum height attained by the stone.

6. A 3200-1b car is moving at 64 ft/s down a 30-degree grade when it runs out of fuel. Find its velocity after that if friction exerts a
resistive force with magnitude proportional to the square of the speed, with k = 1 1b-s? / ft* . Also find its terminal velocity.

7. A 96 1b weight is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the speed. Find its
velocity as a function of time if its terminal velocity is —128 ft/s.

8. An object with mass m moves vertically through a medium that exerts a resistive force with magnitude proportional to the
speed. Let y = y(¢) be the altitude of the object at time ¢, with y(0) = yo. Use the results of Example 4.3.1 to show that

y(t) =y0+%(v0—v—gt).

9. An object with mass m is launched vertically upward with initial velocity vy from Earth’s surface (yop =0) in a medium that
exerts a resistive force with magnitude proportional to the speed. Find the time 7" when the object attains its maximum altitude y,, .
Then use the result of Exercise 4.3.8 to find y,, .

10. An object weighing 256 Ib is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the
square of the speed. The magnitude of the resisting force is 1 Ib when |v| =4 ft/s. Find v for ¢ > 0, and find its terminal velocity.

11. An object with mass m is given an initial velocity vg <0 in a medium that exerts a resistive force with magnitude proportional
to the square of the speed. Find the velocity of the object for £ > 0, and find its terminal velocity.

12. An object with mass m is launched vertically upward with initial velocity vy in a medium that exerts a resistive force with
magnitude proportional to the square of the speed.

a. Find the time T" when the object reaches its maximum altitude.
b. Use the result of Exercise 4.3.11 to find the velocity of the object for ¢ > T'.

13. An object with mass m is given an initial velocity vy <0 in a medium that exerts a resistive force of the form al|v|/(1+ |v|),
where a is positive constant.

a. Set up a differential equation for the speed of the object.

b. Use your favorite numerical method to solve the equation you found in (a), to convince yourself that there’s a unique number ag
such that limy o $(t) = 00 if a < ap and lim; o s(t) exists (finite) if @ > ag . (We say that ag is the bifurcation value of
a.) Try to find ag and lim ., s(¢) in the case where a > ay .
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14. An object of mass m falls in a medium that exerts a resistive force f = f(s), where s = |v| is the speed of the object. Assume
that £(0) =0 and f is strictly increasing and differentiable on (0, c0).

a. Write a differential equation for the speed s = s(t) of the object. Take it as given that all solutions of this equation with
5(0) > 0 are defined for all ¢ > 0 (which makes good sense on physical grounds).

b. Show that if limy o, f(s) < mg then lim; o, s(¢) =00 .

c. Show that if lim,_,, f(s) > mg then lim; ,, s(¢) = sr (terminal speed), where f(sr) =mg..

15. A 100-g mass with initial velocity vg < 0 falls in a medium that exerts a resistive force proportional to the fourth power of the
speed. The resistance is .1 N if the speed is 3 m/s.

a. Set up the initial value problem for the velocity v of the mass for¢ > 0.

b. Use Exercise 4.3.14 (c) to determine the terminal velocity of the object.

¢. To confirm your answer to (b), use one of the numerical methods studied in Chapter 3 to compute approximate solutions on
[0, 1] (seconds) of the initial value problem of (a) , with initial values vy =0, —2, —4, ..., —12. Present your results in
graphical form similar to Figure 4.3.3.

16. A 64-Ib object with initial velocity vy < 0 falls through a dense fluid that exerts a resistive force proportional to the square root
of the speed. The resistance is 64 Ib if the speed is 16 ft/s.

a. Set up the initial value problem for the velocity v of the mass for ¢ > 0.

b. Use Exercise 4.3.14 (c) to determine the terminal velocity of the object.

¢. To confirm your answer to (b), use one of the numerical methods studied in Chapter 3 to compute approximate solutions on
[0, 4] (seconds) of the initial value problem of (a), with initial values vy = 0, —5, —10, ..., —30. Present your results in
graphical form similar to Figure 4.3.3.

Q4.3.2

In Exercises 4.3.17-4.3.20, assume that the force due to gravity is given by Newton’s law of gravitation. Take the upward direction
to be positive.

17. A space probe is to be launched from a space station 200 miles above Earth. Determine its escape velocity in miles/s. Take
Earth’s radius to be 3960 miles.

18. A space vehicle is to be launched from the moon, which has a radius of about 1080 miles. The acceleration due to gravity at the
surface of the moon is about 5.31 ft/s. Find the escape velocity in miles/s.

19.

a. Show that (Equation 4.3.27) can be rewritten as

TYTRET™
b. Show that if v9 = pv. with 0 < p <1, then the maximum altitude y,, attained by the space vehicle is
_h+ Rp?
m 1 _ p2 .

c. By requiring that v(y,,,) = 0, use (Equation 4.3.26) to deduce that if vy < v, then

(1—p2)(ym —y) 1"

y+R ’

v = ve

where y,,, and p are as defined in (b) and y > h.
d. Deduce from (c) that if v < v, , the vehicle takes equal times to climb from y = h to y = y,,, and to fall back from y = y,, to
y=h.

20. In the situation considered in the discussion of escape velocity, show that limy_,, y(¢) = oo if v(¢) > 0 forall¢ > 0.

This page titled 3.2E: Elementary Mechanics (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Zoya Kravets.
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3.3: Autonomous Second Order Equations
A second order differential equation that can be written as
y' =F(y,y') (3.3.1)

where F' is independent of ¢, is said to be autonomous. An autonomous second order equation can be converted into a first order
equation relating v =4’ and y. If we let v =9’ , Equation 3.3.1 becomes

v = F(y,v). (3.3.2)
Since

dv dvdy dv

= = =v—, (3.3.3)
dt dydt dy
Equation 3.3.2 can be rewritten as
dv
vd—y = F(y,v). (3.3.4)

The integral curves of Equation 3.3.4 can be plotted in the (y,v) plane, which is called the Poincaré phase plane of Equation
3.3.1. If y is a solution of Equation 3.3.1then y = y(t),v=y'(¢) is a parametric equation for an integral curve of Equation 3.3.4.
we will call these integral curves trajectories of Equation 3.3.1, and we will call Equation 3.3.4 the phase plane equivalent of
Equation 3.3.1.

In this section we will consider autonomous equations that can be written as

v'+a(y,y")y +p(y) =0. (3.3.5)

Equations of this form often arise in applications of Newton’s second law of motion. For example, suppose y is the displacement of
a moving object with mass m. It’s reasonable to think of two types of time-independent forces acting on the object. One type - such
as gravity - depends only on position. We could write such a force as —mp(y). The second type - such as atmospheric resistance or
friction - may depend on position and velocity. (Forces that depend on velocity are called damping forces.) We write this force as
—mq(y,y')y’, where q(y,y’) is usually a positive function and we’ve put the factor y' outside to make it explicit that the force is
in the direction opposing the motion. In this case Newton’s, second law of motion leads to Equation 3.3.5.

The phase plane equivalent of Equation 3.3.51is
dv
vd—y+q(y, v)v+p(y) =0. (3.3.6)

Some statements that we will be making about the properties of Equation 3.3.5 and Equation 3.3.6 are intuitively reasonable, but
difficult to prove. Therefore our presentation in this section will be informal: we will just say things without proof, all of which are
true if we assume that p = p(y) is continuously differentiable for all y and ¢ = g(y, v) is continuously differentiable for all (y, v).
We begin with the following statements:

« Statement 1: If yo and vy are arbitrary real numbers then Equation 3.3.5 has a unique solution on (—o0, 0o0) such that
y(0) =yo and y'(0) = vp.

« Statement 2: If y = y(¢) is a solution of Equation 3.3.5 and 7 is any constant then y; = y(t —7) is also a solution of
Equation 3.3.5, and y and y; have the same trajectory.

o Statement 3: If two solutions y and y; of Equation 3.3.5 have the same trajectory then y; (t) = y(¢t —7) for some constant
T.

o Statement 4: Distinct trajectories of Equation 3.3.5 cannot intersect; that is, if two trajectories of Equation 3.3.5 intersect,
they are identical.

o Statement 5: If the trajectory of a solution of Equation 3.3.5is a closed curve then (y(t), v(t)) traverses the trajectory in a
finite time T', and the solution is periodic with period T'; that is, y(¢t + 1) = y(¢) for all ¢ in (—o0, 00).
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If ¥ is a constant such that p(y) =0 then y =¥ is a constant solution of Equation 3.3.5. We say that ¥ is an equilibrium of
Equation 3.3.5and (g, 0) is a critical point of the phase plane equivalent equation Equation 3.3.6. We say that the equilibrium and
the critical point are stable if, for any given € > 0 no matter how small, there’s a § > 0, sufficiently small, such that if

(yo—7)* +v3 <6
then the solution of the initial value problem

v +aq(y, v )y +p(y) =0, y(0)=w, ¢'(0)=wvo

satisfies the inequality

VO =7 + (@) <e

for all £ > 0. Figure 4.4.1 illustrates the geometrical interpretation of this definition in the Poincaré phase plane: if (yo, vg) is in the
smaller shaded circle (with radius 6), then (y(¢), v(t)) must be in in the larger circle (with radius €) forall ¢t > 0.

v
A

v
<

Figure 4.4.1 : Stability: if (yo,vo) is in the smaller circle then (y(t),v(¢))is in the larger circle for all ¢ > 0
If an equilibrium and the associated critical point are not stable, we say they are unstable. To see if you really understand what
stable means, try to give a direct definition of unstable (Exercise 4.4.22). we will illustrate both definitions in the following
examples.
The Undamped Case

We will begin with the case where g = 0, so Equation 3.3.5reduces to

y"+p(y) =0. (3.3.7)

We say that this equation - as well as any physical situation that it may model - is undamped. The phase plane equivalent of
Equation 3.3.7is the separable equation

dv
vdy +p(y) =0.
Integrating this yields
o2

where c is a constant of integration and P(y) = / p(y) dy is an antiderivative of p.

If Equation 3.3.7 is the equation of motion of an object of mass m, then mv? /2 is the kinetic energy and mP(y) is the potential
energy of the object; thus, Equation 3.3.8 says that the total energy of the object remains constant, or is conserved. In particular, if

@ 0 a @ 3.3.2 https://math.libretexts.org/@go/page/43289



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43289?pdf

LibreTexts"

a trajectory passes through a given point (yo, vo) then

v/ Example 4.4.1 : The Undamped Spring - Mass System

Consider an object with mass m suspended from a spring and moving vertically. Let y be the displacement of the object from
the position it occupies when suspended at rest from the spring (Figure 4.4.2 ).

y
A

@ (b) ©

Figure 4.42: () y>0(Mb)y=0(c)y <O0.

Assume that if the length of the spring is changed by an amount AL (positive or negative), then the spring exerts an opposing
force with magnitude k| AL|, where k is a positive constant. In Section 6.1, it will be shown that if the mass of the spring is
negligible compared to m and no other forces act on the object then Newton’s second law of motion implies that

my" = —ky, (3.3.9)

which can be written in the form Equation 3.3.7 with p(y) = ky/m. This equation can be solved easily by a method that we
will study in Section 5.2, but that method isn’t available here. Instead, we will consider the phase plane equivalent of Equation

3.3.9.
From Equation 3.3.3, we can rewrite Equation 3.3.9 as the separable equation
dv
- — L
mu ay Y
Integrating this yields
2 2
mu ky
5 2 1 ©
which implies that
mv® +ky® =p (3.3.10)

(p = 2c). This defines an ellipse in the Poincaré phase plane (Figure 4.4.3 ).

We can identify p by setting ¢ =0 in Equation 3.3.1(; thus, p = mvj +kyZ , where yo = y(0) and vy = v(0). To determine
the maximum and minimum values of y we set v =0 in Equation 3.3.1( thus,

Ymax = R and Ymin = — R, withR = \/% (3311)
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Figure 4.4.3 : Trajectories of my” +ky =0

Equation 3.3.9 has exactly one equilibrium, y =0, and it is stable. You can see intuitively why this is so: if the object is
displaced in either direction from equilibrium, the spring tries to bring it back.

In this case we can find y explicitly as a function of ¢. (Don’t expect this to happen in more complicated problems!) If v > 0
on an interval I, Equation 3.3.10implies that

b _ | rky

dt m
on I. This is equivalent to

id—y:wg where wy= ﬁ (3.3.12)
p— ky? dt ’ m

Since

kd k

by =sin* -y | +c
v p—ky? p
=sin* (%) +c

=
—
=
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(see Equation 3.3.11), Equation 3.3.12implies that that there’s a constant ¢ such that
L -1(Y )
S =) = t
in ( wot+ ¢
or

y = Rsin(wot + ¢)

for all ¢ in I. Although we obtained this function by assuming that v > 0, you can easily verify that y satisfies Equation 3.3.9
for all values of ¢. Thus, the displacement varies periodically between —R and R, with period T' = 27 /wy (Figure 4.4.4 ). (If
you’ve taken a course in elementary mechanics you may recognize this as simple harmonic motion.)

v/ Example 4.4.2 : The Undamped Pendulum

Now we consider the motion of a pendulum with mass m, attached to the end of a weightless rod with length L that rotates on
a frictionless axle (Figure 4.4.5 ). We assume that there’s no air resistance.

Let y be the angle measured from the rest position (vertically downward) of the pendulum, as shown in Figure 4.4.5 .

Figure 4.4.5 : The undamped pendulum

Newton’s second law of motion says that the product of m and the tangential acceleration equals the tangential component of
the gravitational force; therefore, from Figure 4.4.5,

mLy" = —mgsiny,
or
__ 9
Yy = I smy. (3.3.13)

Since sinnm = 0 if n is any integer, Equation 3.3.13has infinitely many equilibria y,, = n7. If n is even, the mass is directly
below the axle (Figure 3.3.6a) and gravity opposes any deviation from the equilibrium.

(a) Stable equilibrium (b) Unstable equilibrium
Figure 4.4.6 : (a) Stable equilibrium (b) Unstable equilibrium
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However, if n is odd, the mass is directly above the axle (Figure 3.3.6b) and gravity increases any deviation from the
equilibrium. Therefore we conclude on physical grounds that ys,,, = 2m is stable and ¥s,,,.; = (2m + 1) is unstable.

The phase plane equivalent of Equation 3.3.13is

dv g .
v— = —=—sin
& 7 siny,

where v =1’ is the angular velocity of the pendulum. Integrating this yields

2

% = %cosy—i—c. (3.3.14)
If v =vyp when y =0, then
L% g
2 I

so Equation 3.3.14becomes

——=(1
5 5 T (1 —cosy)
v2 9
which is equivalent to
v? = v} —vZsin’ g, (3.3.15)

where

g
=2,/
Y L

The curves defined by Equation 3.3.15 are the trajectories of Equation 3.3.13. They are periodic with period 27 in y, which
isn’t surprising, since if y = y(t) is a solution of Equation 3.3.13 then so is y,, = y(¢) + 2n7 for any integer n. Figure 4.4.7
shows trajectories over the interval [—r, 7].

Figure 4.4.7 : Trajectories of the undamped pendulum

From Equation 3.3.15 you can see that if |vg| > v, then v is nonzero for all ¢, which means that the object whirls in the same
direction forever, as in Figure 4.4.8 . The trajectories associated with this whirling motion are above the upper dashed curve
and below the lower dashed curve in Figure 4.4.7 . You can also see from Equation 3.3.15 that if 0 < |vg| < v., then v =0
when y = Y4, , Where

Ymax = 2 Sin_l (|1)0|/’Uc)-
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In this case the pendulum oscillates periodically between —ymax and Ymax, as shown in Figure 4.4.9 . The trajectories
associated with this kind of motion are the ovals between the dashed curves in Figure 4.4.7 .

g Y
’ N 2N
/ \ 7/ \
/ \ R
e - o
/ \
'/ RS -7 \\ 7 R
S -Z / \
~ - / \
RN P 7 N
S, 7 / \
/ A\
;%" Ymax | Ymax v,
/ Te=eo|lL=== \
/ \
/ \
/ \
/ \
/ A\
/ \
/ \
/ \
T [
\\\ /’
w. S == _
Sao —— _=Z
T -
-~ - -

Figure 4.4.8 (left) and 4.4.9 (right): (left) The whirling undamped pendulum and (b) The oscillating undamped pendulum

It can be shown (see Exercise 4.4.21 for a partial proof) that the period of the oscillation is

/2 do
T:8/ ———
0 ’/v%—v%sinZG

Although this integral cannot be evaluated in terms of familiar elementary functions, you can see that it is finite if |vg| < v, .>

(3.3.16)

The dashed curves in Figure 4.4.7 contain four trajectories. The critical points (7, 0) and (—, 0) are the trajectories of the
unstable equilibrium solutions y = +. The upper dashed curve connecting (but not including) them is obtained from initial
conditions of the form y(¢g) =0, v(¢g) = v, . If y is any solution with this trajectory then

tll>101(1) y(t)=n and tl}l{rgo y(t) = —m.
The lower dashed curve connecting (but not including) them is obtained from initial conditions of the form
y(to) =0, v(ty) = —v. . If y is any solution with this trajectory then

limy(t)=—7 and lim y(t)=m.
t—o0 t——00

Consistent with this, the integral Equation 3.3.16diverges to oo if vg = v, . (Exercise 4.4.21).

Since the dashed curves separate trajectories of whirling solutions from trajectories of oscillating solutions, each of these
curves is called a separatrix.

In general, if Equation 3.3.7 has both stable and unstable equilibria then the separatrices are the curves given by Equation
3.3.8 that pass through unstable critical points. Thus, if (g, 0) is an unstable critical point, then

112

= +P(y) = P() (3.3.17)

defines a separatrix passing through (y, 0).

Stability and Instability Conditions for y" + p(y) =0

It can be shown (Exercise 4.4.23) that an equilibrium y of an undamped equation
y"+p(y)=0 (3.3.18)
is stable if there’s an open interval (a, b) containing y such that

p(y)<0ifa<y<yandp(y) >0ify<y<b (3.3.19)
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If we regard p(y) as a force acting on a unit mass, Equation 3.3.19 means that the force resists all sufficiently small displacements
from y.

We’ve already seen examples illustrating this principle. The equation Equation 3.3.9 for the undamped spring-mass system is of
the form Equation 3.3.18with p(y) = ky/m, which has only the stable equilibrium y = 0. In this case Equation 3.3.19holds with
a=—00 and b=o00. The equation Equation 3.3.13 for the undamped pendulum is of the form Equation 3.3.18 with
p(y) = (g9/L)siny. We’ve seen that y = 2m is a stable equilibrium if m is an integer. In this case

p(y) =siny <0if 2m — 1) <y < 2mm
and
ply) >0if2mr <y < (2m+1)7
It can also be shown (Exercise 4.4.24) that y is unstable if there’s a b > y such that
p(y) <0ify<y<b (3.3.20)
oran a <y such that
p(y) >0ifa<y<y (3.3.21)

If we regard p(y) as a force acting on a unit mass, Equation 3.3.20 means that the force tends to increase all sufficiently small
positive displacements from y, while Equation 3.3.21 means that the force tends to increase the magnitude of all sufficiently small
negative displacements from y.

The undamped pendulum also illustrates this principle. We’ve seen that y = (2m +1)7 is an unstable equilibrium if m is an
integer. In this case

siny <0if 2m+1)r <y < (2m+2)w
so Equation 3.3.20holds with b = (2m +2)7, and
siny >0if2mnm <y < (2m+1)7

so Equation 3.3.21holds with a = 2mr.

v/ Example 4.4.3

The equation
y'+yly—1)=0 (3.3.22)
is of the form Equation 3.3.18with p(y) = y(y — 1) . Therefore y =0 and y = 1 are the equilibria of Equation 3.3.22. Since
y(y—1) >0 ify<Oory>1
<0 if0<y<1
y =0 is unstable and y =1 is stable.

The phase plane equivalent of Equation 3.3.22is the separable equation

dv
=z —1)=
T +y(ly—1)=0
Integrating yields
vyl g2
NG,
2 + 3 2 ’
which we rewrite as
1
v2+§y2(2y—3) =c (3.3.23)
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after renaming the constant of integration. These are the trajectories of Equation 3.3.22. If y is any solution of Equation 3.3.22
the point (y(¢), v(t)) moves along the trajectory of y in the direction of increasing y in the upper half plane (v =1y’ >0 ), or in
the direction of decreasing y in the lower half plane (v =1’ <0).

Figure 4.4.10 shows typical trajectories. The dashed curve through the critical point (0,0), obtained by setting ¢ =0 in
Equation 3.3.23 separates the y-v plane into regions that contain different kinds of trajectories; again, we call this curve a
separatrix. Trajectories in the region bounded by the closed loop (b) are closed curves, so solutions associated with them are
periodic. Solutions associated with other trajectories are not periodic. If y is any such solution with trajectory not on the
separatrix, then

) = Jim )~
tligv(t) = —00, tL‘iﬂo”(t) = 00.

Figure 4.4.10 : Trajectories of y” +y(y—1) =0

The separatrix contains four trajectories of Equation 3.3.22. One is the point (0, 0), the trajectory of the equilibrium y=0.
Since distinct trajectories cannot intersect, the segments of the separatrix marked (a), b, and (c)- which don’t include (0,0) -
are distinct trajectories, none of which can be traversed in finite time. Solutions with these trajectories have the following
asymptotic behavior:

limy(t) =0, lim y(t) =—oo,

t—o0 t——o0

tlig v(t) =0, tl}lg}o v(t) =o0 (on (a))
limy(t) =0, lim y(¢) =0,

t—00 t——00

limo(t) =0,  lim o(t) =0 (on (b))
limy(t) =-oo0, lim y(¢) =0,

t—00 t——o00

tlig u(t) = —oo, tllzIolo () =0 (on (c)).

The Damped Case

The phase plane equivalent of the damped autonomous equation

y" +a(y, ¥ )y +p(y) =0 (3.3.24)

is

https://math.libretexts.org/@go/page/43289



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43289?pdf

LibreTexts"

dv
Uy +q(y,v)v+p(y) = 0.

This equation isn’t separable, so we cannot solve it for v in terms of y, as we did in the undamped case, and conservation of energy
doesn’t hold. (For example, energy expended in overcoming friction is lost.) However, we can study the qualitative behavior of its
solutions by rewriting it as

v _ —q(y,v) — r(y) (3.3.25)

and considering the direction fields for this equation.

In the following examples we will also be showing computer generated trajectories of this equation, obtained by numerical
methods. The exercises call for similar computations. The methods discussed in Chapter 3 are not suitable for this task, since
p(y)/v in Equation 3.3.25 is undefined on the y axis of the Poincaré phase plane. Therefore we are forced to apply numerical
methods briefly discussed in Section 10.1 to the system
y =v
v = _q(ya ’U)’U—p(y),

which is equivalent to Equation 3.3.24 in the sense defined in Section 10.1. Fortunately, most differential equation software
packages enable you to do this painlessly.

In the text we will confine ourselves to the case where ¢ is constant, so Equation 3.3.24and Equation 3.3.25reduce to

y'+cy +p(y) =0 (3.3.26)
and
v _  pW)
dy v

(we will consider more general equations in the exercises.) The constant c is called the damping constant. In situations where
Equation 3.3.261is the equation of motion of an object, c is positive; however, there are situations where ¢ may be negative.

The Damped Spring-Mass System

Earlier we considered the spring - mass system under the assumption that the only forces acting on the object were gravity and the
spring’s resistance to changes in its length. Now we will assume that some mechanism (for example, friction in the spring or
atmospheric resistance) opposes the motion of the object with a force proportional to its velocity. In Section 6.1 it will be shown
that in this case Newton’s second law of motion implies that

my"” +cy +ky=0, (3.3.27)

where ¢ > 0 is the damping constant. Again, this equation can be solved easily by a method that we will study in Section 5.2, but
that method isn’t available here. Instead, we will consider its phase plane equivalent, which can be written in the form Equation
3.3.25as

dv c_ﬁ

dy m  mv

_ (3.3.28)
(A minor note: the ¢ in Equation 3.3.26 actually corresponds to ¢/m in this equation.) Figure 4.4.11 shows a typical direction field
for an equation of this form. Recalling that motion along a trajectory must be in the direction of increasing y in the upper half plane
(v > 0) and in the direction of decreasing y in the lower half plane (v < 0), you can infer that all trajectories approach the origin in
clockwise fashion.
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Figure 4.4.13 : An oscillatory solution of my” +cy’ +ky =0

It is shown in Section 6.2 that there’s a number ¢; such that if 0 < ¢ < ¢; then all solutions of (4.4.27 ) are oscillatory, while if
¢ > ¢y, no solutions of (4.4.27 ) have this property. (In fact, no solution not identically zero can have more than two zeros in this

case.) Figure 4.4.14 shows a direction field and some integral curves for (4.4.28 ) in this case.

éﬁm&m“

fo
5¢]
I
)
M
O 9= — 12} > o0 w
‘T © @ = ™ g =3
2z 3% P &
. ~ 2
25 o s . 9 5
=] o) ~ L — o =
E & @ o
g8 £ S g .
o ) 1= b}
5 » - i
o e £ 3 5
s S = g 2 £
2 S g
T 2 ¢ e m
> S Z T 5 5 S
4 - =) ~ 0
PEP P PP - m W mw. = 5 m
oottt et SOSNN\\WA s = 0 C s . k=
SRS SN L YRR g2 = T
PSP SN 1700000004 1 o g = 1S
7 BN N e = Z 8 o B
\\\\\\\\\\.\\\.\.\.\\.\c\.}/// w VP27 = E = o < = m
PEE I PP LSS \ ! = o o (&} m S O
SO SSSS NI iiiesd 5 = & © g w &
\\\\\\\V Z BT \\\\\\A\\\\\\\ e o = = N = = =
AR Y I I S 1l m © » 2 =S g
AR w5 0t e, // 11407 K “ “ “.ﬂ“ .a/Wu mm m o w.. cm m;
\.\.\.\\.\\\\\\\\\.\\.\\.\.ll// DIl I S o . o o ] m
\.\M«L\\.\\\\\\\\\\\.\\.\.ll//k “ Yyl \\/ 7 2 /AT S “ - m m H o
R 121 Al i — = >z > = 2
i SN N 107 /2222222 2 e g 5 g8 g2 4 . &
ARt _n_v_n_s. o= n b @ O] =
SN (L /1SS AT Z g S 2] “ N g
g TN AT S D = 5 = 2 ;=<
e et W\\\\\\\\\\\\\\x\\ g = & g m = g_L e m
Vs N L R >
Ap g \\\\\\\UW SO S g = > g 5 m 2 =
7 i 7 = o o 0+ .m o S 5 = m
(NS TIA S O Ry & m g | g E g ®© 3 M
S ettt M. g R OO N g + I 5] = | MI =
AILLTLLLIASS S O DD TR B -] 2 = g S5
ARPASASAASASAS LI =] = = 3 I =
g Y Rt s I 5 o > B8 &5 —
- ,\\\\\\\\\\\\\ T ] & = = N S 2 _ > 9 &
PASIASIALSSLSS NSt dees S = B g Eo IS 9w
SIS S S “ N eetiwi, Covivitend R L g o o m =
\\\«,\\\\\\\\““\ 7/{.\\\.\\.\ \\\\\\\\l\\\\m W m = —— E 3 5
AASLASSSS “ “ N S R R e I~ 7 = g o = 9 m
\\\\W\ Vot vy // A R P PP T M < ..m ac] m 2 m ™
SLSLNSS W a1 ///qun\\\-\\\\\\\\\\r\\\\.\\ o v O Mo = o Y Il
AP IRS “ STt /ffT.\n\\\.\.\\.\\\\.\.\\\\.\\.\\.\N S < z &~ = 2 gl
\\\\\\W/ Y //./ff?qn\.\\.\.\\.\\\\.\\.\.\\\\.\\ ! — v o9 w 1) s B
s \WX / //./fff;\q\\n\.\.\\.\\\\\.\\.\.\.\.\.\\.\.\ M.... = = m o - (=1
SIS \\\“,\ //f\\\\\\\.\\\\\\\\\\\.\\ o m S 3 r_.m. © P ..m
SIS “ “ \\\ \ N e Dn,u Wl.. 5 © = d % (==
\\\\\\\\\\ 4// o e e ] ' o0 = m m = = /U\ =]
ST S A LI B < ) 9 =] 8 &
Y N ///a/ff‘ll;\.\;\\n\a\-\.\-\.\\.\\u\\u\.\\.\ = 9 g O o = @
AP PP N I | | | | - W.. g a = 2 M <
L : = g5%
[«F) = s = < o 3
s = 5 5 nw Z @
—~
bl o ¢ & y = ZE 2
o - 2 = < B = =5 2
g = 9 —_ »n = m
b £ 2o 2 A =S
o EEEHE o n w5
= QN <= IE°T
Ll
c @ g8 N — Y w g
v 9 .= o g <+ = 9
o W =] = o = =
X 2 0o =" 25 =
e %73 2z % &5
o B [72]
N Z £ E ElS m E 3

D06



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43289?pdf

LibreTexts*

v y=2n y=4n y=6n
1
|

Figure 4.4.15 : Four trajectories of the damped pendulum
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3.3E: Autonomous Second Order Equations (Exercises)
Q4.4.1

In Exercises 4.4.1-4.4.4 find the equations of the trajectories of the given undamped equation. Identify the equilibrium solutions,
determine whether they are stable or unstable, and plot some trajectories.

Ly"+y*=0
2. y11+y2 =0
3.9"+yly| =0
4.y"+ye ¥ =0
Q4.4.2

In Exercises 4.4.5-4.4.8 find the equations of the trajectories of the given undamped equation. Identify the equilibrium solutions,
determine whether they are stable or unstable, and find the equations of the separatrices (that is, the curves through the unstable
equilibria). Plot the separatrices and some trajectories in each of the regions of Poincaré plane determined by them.

59" —yd+4y=0

6.y +y°—4y=0

79" +yy* —1)(y* —4) =0

8.y +y(ly—2)(y—1)(y+2)=0

Q4.4.3

In Exercises 4.4.9-4.4.12 plot some trajectories of the given equation for various values (positive, negative, zero) of the parameter
a. Find the equilibria of the equation and classify them as stable or unstable. Explain why the phase plane plots corresponding to
positive and negative values of a differ so markedly. Can you think of a reason why zero deserves to be called the critical value of
a?

9.9 "+y>—a=0
10.y" +y® —ay =0
11.y" —y3 +ay=0
129" +y—ay’>=0
Q4.4.4

In Exercises 4.4.13-4.4.18 plot trajectories of the given equation for ¢ = 0 and small nonzero (positive and negative) values of ¢ to
observe the effects of damping.

13.y"+ey +y> =0
14.y"+cy —y=0

15. 9" +cy +y° =0

16.9" +cy +y> =0

17.y" +cy' +yly| =0
18.y" +y(ly—1)+cy=0

Q4.4.5

19. The van der Pol equation

y'—ul -9y +y =0, (A)

https://math.libretexts.org/@go/page/43290
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where p is a positive constant and y is electrical current (Section 6.3), arises in the study of an electrical circuit whose resistive
properties depend upon the current. The damping term —u (1 —y?)y’ works to reduce |y| if |y| < 1 or to increase |y| if |y| > 1. It
can be shown that van der Pol’s equation has exactly one closed trajectory, which is called a limit cycle. Trajectories inside the
limit cycle spiral outward to it, while trajectories outside the limit cycle spiral inward to it (Figure [figure:4.4.16}). Use your
favorite differential equations software to verify this for 4 =.5,1.1.5, 2 Use a grid with -4 <y <4 and -4 <v < 4.

v

y
Figure 4.4E.16 : Trajectories of van der Pol's eugation
20. Rayleigh’s equation,
' —nl— () /3)y +y=0
also has a limit cycle. Follow the directions of Exercise 4.4.19 for this equation.
21. In connection with Equation 4.4.16, suppose y(0) = 0 and y'(0) = v, where 0 < vy < v, .
a. Let T} be the time required for y to increase from zero to Ymyax = 2 sin (vo/v) . Show that
dy :
i vgf'vgsm2y/2, 0<t<T. (A)
b. Separate variables in (A) and show that
Ymax du
7, [ ()
0 v2 —vZsin’ u/2

c. Substitute sinu/2 = (vg/v.) siné in (B) to obtain

/2
T, :2/ L‘ (C)
0 /v —v}sin’0

d. Conclude from symmetry that the time required for (y(¢), v()) to traverse the trajectory

2 .2
v’ =2 —vZsin’y/2

is T =4T), and that consequently y(¢t +7T') = y(¢) and v(t +T) =v(t) ; that is, the oscillation is periodic with period T'.
e. Show that if vy = v, , the integral in (C) is improper and diverges to co. Conclude from this that y(t) < 7 for all ¢ and
limy o0 y(t) = .

22. Give a direct definition of an unstable equilibrium of y” +p(y) =0 .

23. Let p be continuous for all y and p(0) = 0. Suppose there’s a positive number p such that p(y) >0 if 0 <y < p and p(y) <0
if —p<y<0.For0<r<plet

a(r) = min { /0 ' p(z) da, /_ ’ p(z)| dac} \quad and \quadB(r) = max { /0 ' p(z) da, /_

r

0

p(o)] da |

r
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Let y be the solution of the initial value problem

v +p@) =0, y(0)=w, y'(0)=wo,
and define c(yo, vo) = vj +2 [ p(z) dx .

a. Show that

0 < ¢(yo,v0) < vg +28(|yo|)\quad if \quad0 < |yo| < p.
b. Show that

y
v2+2/ p(z)dz = c(yo,v0), t>0.
0

c. Conclude from (b) that if ¢(yo, vo) < 2c(r) then |y| <r, ¢ >0.
d. Given € > 0, let § > 0 be chosen so that

62 +2B(6) <max {€2/2,20(e/+/2)} .

Show that if 4 /y2 +v2 < § then y/y? +v*> < e fort >0, which implies that y = 0 is a stable equilibrium of y” +p(y) =0 .

e. Now let p be continuous for all y and p(y) = 0, where ¥ is not necessarily zero. Suppose there’s a positive number p such that
p(y) >0ify<y<y+p andp(y) <0if y—p <y <y .Show that y is a stable equilibrium of y" +p(y) =0.

24. Let p be continuous for all y.

a. Suppose p(0) = 0 and there’s a positive number p such that p(y) < 0 if 0 <y < p. Let € be any number such that 0 < e < p.
Show that if y is the solution of the initial value problem

¥ +p)=0, y(0)=y, 3(0)=0

with 0 < yo < €, then y(¢) > € for some ¢ > 0. Conclude that y = 0 is an unstable equilibrium of 3" 4+ p(y) =0 .

b. Now let p(y) = 0, where y isn’t necessarily zero. Suppose there’s a positive number p such that p(y) <0 ify <y <y+p .
Show that y is an unstable equilibrium of ¥ +p(y) =0 .

¢. Modify your proofs of (a) and (b) to show that if there’s a positive number p such that p(y) >0 ify—p <y <y, then y is an
unstable equilibrium of ¢ +p(y) =0 .

This page titled 3.3E: Autonomous Second Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.
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CHAPTER OVERVIEW

4: Linear Second Order Equations

In this Chapter, we study a particularly important class of second order equations. Because of their many applications in science
and engineering, second order differential equation have historically been the most thoroughly studied class of differential
equations. Research on the theory of second order differential equations continues to the present day. This chapter is devoted to
second order equations that can be written in the form

Ry(z)y" +Pi(z)y + Pa(z)y = F(z).
Such equations are said to be linear. As in the case of first order linear equations, this differential equation is said to be
homogeneous if F = 0, or nonhomogeneous if F' Z£ 0.
4.1: Homogeneous Linear Equations
4.1E: Homogeneous Linear Equations (Exercises)
4.2: Introduction to Linear Higher Order Equations
4.2E: Introduction to Linear Higher Order Equations (Exercises)
4.3: Constant Coefficient Homogeneous Equations
4.3E: Constant Coefficient Homogeneous Equations (Exercises)
4.4: Higher Order Constant Coefficient Homogeneous Equations
4.4E: Higher Order Constant Coefficient Homogeneous Equations (Exercises)
4.5: Nonhomgeneous Linear Equations
4.5E: Nonhomgeneous Linear Equations (Exercises)
4.6: The Method of Undetermined Coefficients I
4.6E: The Method of Undetermined Coefficients I (Exercises)
4.7: The Method of Undetermined Coefficients II
4.7E: The Method of Undetermined Coefficients II (Exercises)
4.8: Undetermined Coefficients for Higher Order Equations
4.8E: Undetermined Coefficients for Higher Order Equations (Exercises)
4.9: Reduction of Order
4.9E: Reduction of Order (Exercises)
4.10: Variation of Parameters
4.10E: Variation of Parameters (Exercises)
4.11: Variation of Parameters for Higher Order Equations

4.11E: Variation of Parameters for Higher Order Equations (Exercises)

This page titled 4: Linear Second Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by

Zoya Kravets.
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4.1: Homogeneous Linear Equations

A second order differential equation is said to be linear if it can be written as
y'+p(@)y +q(z)y = f(). (4.1.1)

We call the function f on the right a forcing function, since in physical applications it is often related to a force acting on some
system modeled by the differential equation. We say that Equation 4.1.1 is homogeneous if f =0 or nonhomogeneous if f #Z 0.
Since these definitions are like the corresponding definitions in Section 2.1 for the linear first order equation

Y +p(x)y = f(z), (4.1.2)

it is natural to expect similarities between methods of solving Equation 4.1.1 and Equation 4.1.2. However, solving Equation 4.1.1
is more difficult than solving Equation 4.1.2. For example, while Theorem 5.1.1 gives a formula for the general solution of
Equation 4.1.2 in the case where f =0 and Theorem 5.1.2 gives a formula for the case where f # 0, there are no formulas for the
general solution of Equation 4.1.1 in either case. Therefore we must be content to solve linear second order equations of special
forms.

In Section 2.1 we considered the homogeneous equation 3’ 4+ p(z)y = 0 first, and then used a nontrivial solution of this equation
to find the general solution of the nonhomogeneous equation y' + p(z)y = f(z). Although the progression from the homogeneous
to the nonhomogeneous case isn’t that simple for the linear second order equation, it is still necessary to solve the homogeneous
equation

¥ +p(z)y +q(z)y=0 (4.1.3)
in order to solve the nonhomogeneous equation Equation 4.1.1. This section is devoted to Equation 4.1.3.

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value problems for Equation 4.1.3.
We omit the proof.

& Theorem 5.1.1

Suppose p and ¢ are continuous on an open interval (a, ), let 2o be any point in (a, b), and let ko and k; be arbitrary real
numbers. Then the initial value problem

y' +p(@)y +q(z)y =0, y(zo) = ko, y'(z0) = k1

has a unique solution on (a, b).

Since y =0 is obviously a solution of Equation 4.1.3 we call it the trivial solution. Any other solution is nontrivial. Under the
assumptions of Theorem 5.1.1, the only solution of the initial value problem

v +p(@)y +q(@)y =0, y(zo) =0, y'(x0) =0
on (a, b) is the trivial solution (Exercise 5.1.24).

The next three examples illustrate concepts that we’ll develop later in this section. You shouldn’t be concerned with how to find the
given solutions of the equations in these examples. This will be explained in later sections.

v/ Example 5.1.1

The coefficients of ¢’ and y in
y'—y=0 (4.1.4)

are the constant functions p =0 and ¢ = —1, which are continuous on (—o0, 00). Therefore Theorem 5.1.1 implies that every
initial value problem for Equation 4.1.4 has a unique solution on (—o0, 00).

a. Verify that y; = e® and y» = e~* are solutions of Equation 4.1.4 on (—o0, 00).
b. Verify that if ¢; and ¢, are arbitrary constants, y = c;e® +coe™® is a solution of Equation 4.1.4 on (—o0, 00).
c. Solve the initial value problem
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y'—y=0, y(0)=1, y'(0)=3. (4.1.5)

Solution:
a If yy=e” then yj =e” and y =e* =y1, 0 y/ —y1 =0. [f yo =€, then yp =—e® and yj =€ =y», s0
yy —y2=0.
b. If

y=cie’ tce” (4.1.6)
then

Y =cire” —cre’” (4.1.7)
and

y' =cie” + e,
SO

y'—y =(c1e” +c2e™) —(cre” +c2e™")
=ci(e”"—€")+ca(e®—e®)=0

% is a solution of Equation 4.1.4 on (—o0, 00).

for all z. Therefore y = c1€* + coe™
&

We can solve Equation 4.1.5 by choosing ¢; and ¢, in Equation 4.1.6 so that y(0) =1 and y'(0) = 3. Setting z =0 in
Equation 4.1.6 and Equation 4.1.7 shows that this is equivalent to

c1+c =1
Cl1 —Cy = 3.
Solving these equations yields ¢; =2 and ca = —1. Therefore y = 2e® —e™* is the unique solution of Equation 4.1.5 on

(—o00, 00).

v/ Example 5.1.2

Let w be a positive constant. The coefficients of 4’ and v in
y' +uly=0 (4.1.8)

are the constant functions p = 0 and ¢ = w?, which are continuous on (—o0, 00). Therefore Theorem 5.1.1 implies that every
initial value problem for Equation 4.1.8 has a unique solution on (—o0, 00).

a. Verify that y; = coswz and y = sinwz are solutions of Equation 4.1.8 on (—o0, 00).
b. Verify that if ¢; and ¢, are arbitrary constants then y = ¢; coswz + ¢z sinwz is a solution of Equation 4.1.8 on (—o0, 00).
c. Solve the initial value problem

y"+w?y=0, y(0)=1, ¢'(0)=3. (4.1.9)
Solution:
a. If y; =coswz then y; = —wsinwz and yi = —w? coswz = —w?y;, SO yy +wyy =0. If yp =sinwz then,
yh =wcoswz and y§ = —w’ sinwz = —w?ys , s0 Y +w’ys =0.
b. If
Y = €1 COSWT + ¢y sinwz (4.1.10)
then
y' = w(—c sinwz +c; coswz) (4.1.11)
and
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SO

" .
Y = —w?(c; cosw + ¢y sinwe),

Y +uwly = —w?(c1 coswe + ¢y sinwe) 4+ w? (¢ coswe + ¢p sinwe)
= c;w?(— coswz + coswz) + cow? (—sinwz +sinwz) = 0
for all z. Therefore y = ¢; coswz + ¢y sinwz is a solution of Equation 4.1.8 on (—00, 00).
c. To solve Equation 4.1.9, we must choosing ¢; and ¢, in Equation 4.1.10so that y(0) =1 and y'(0) = 3. Setting =0 in
Equation 4.1.10and Equation 4.1.11shows that ¢; =1 and ¢ = 3/w. Therefore

3
Y = COSWT + — SINwWT
w

is the unique solution of Equation 4.1.9 on (—o0, 00).
Theorem 5.1.1 implies that if kg and k; are arbitrary real numbers then the initial value problem
Py(z)y" +Pi(z)y' +Pa(z)y =0, y(zo) =ko, y'(z0)=Fk1 (4.1.12)

has a unique solution on an interval (a, b) that contains zg, provided that Py, P;, and P, are continuous and Py has no zeros
on (a, b). To see this, we rewrite the differential equation in Equation 4.1.12as

Pi(z) ,  P()
Yy +
Py(z)”  PR(z)

and apply Theorem 5.1.1 withp = P, /Py and ¢ = P,/ P, .

v/ Example 5.1.3

The equation

"

2y +zy —4y=0 (4.1.13)

has the form of the differential equation in Equation 4.1.12 with Py(z) =22, P;(z) =z, and Py(z) = —4, which are are all
continuous on (—oo, 00). However, since P(0) =0 we must consider solutions of Equation 4.1.13 on (—o0,0) and (0, 0o).
Since P, has no zeros on these intervals, Theorem 5.1.1 implies that the initial value problem

e’y +oy' —4y=0, y(zo)=ko, y'(x0)=h
has a unique solution on (0, 00) if zy > 0, or on (—o0, 0) if 2y < 0.

a. Verify that y; = x? is a solution of Equation 4.1.130n (—o0, 00) and ys = 1/z? is a solution of Equation 4.1.130n

(—00,0) and (0, o).
b. Verify that if ¢; and c, are any constants then y = ¢; 2> +cp /22 is a solution of Equation 4.1.130n (—o0, 0) and (0, co).
c. Solve the initial value problem

"

22y +oy —4y=0, y(1)=2, ¢'(1)=0. (4.1.14)

d. Solve the initial value problem
2y +xy —4y=0, y(-1)=2, y'(-1)=0. (4.1.15)
Solution:
a.If y; =22 then y| =2z and y;' =2, so

2y +zy —dyr =2°(2) +z(2z) —42® =0

for z in (—00,00). If y» = 1/2?, then y), = —2/z* and y§ = 6/z*, so

6 2 4
Pyl tay, — 4y, =z° (F) —z (a:_3) = =0
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for  in (—o0, 0) or (0, 00).

b. If
2 C
y=azr +— (4.1.16)
x
then
2
y =2cz— —= (4.1.17)
x
and
6
yl/ - 201 _'_if’
x
S0

6 2
22y +xy —4y =2? (201 —l—%) +z (201:1: - %) —4 (cls:z +c—22)
x x x

6 2 4
st st s e (S 2 )
x T
=c1:0+c-0=0
for z in (—o0, 0) or (0, 00).

c. To solve Equation 4.1.14, we choose ¢; and ¢z in Equation 4.1.16 so that y(1) =2 and y'(1) =0. Setting z =1 in
Equation 4.1.16and Equation 4.1.17shows that this is equivalent to

c1+ ¢ =2
261—202 =0.

Solving these equations yields ¢; =1 and cs = 1. Therefore y =2 +1/z? is the unique solution of Equation 4.1.14 on
(0, 00).

d. We can solve Equation 4.1.15 by choosing ¢; and ¢y in Equation 4.1.16 so that y(—1) =2 and y'(—1) =0. Setting
z = —1 in Equation 4.1.16and Equation 4.1.17shows that this is equivalent to

c1+ ¢ =2
—2c¢1 +2c =0.

Solving these equations yields ¢; =1 and c; = 1. Therefore y = 2? +1/2? is the unique solution of Equation 4.1.15 on
(—00,0).

Although the formulas for the solutions of Equation 4.1.14and Equation 4.1.15are both y = x4 1/z? , you should not conclude
that these two initial value problems have the same solution. Remember that a solution of an initial value problem is defined on an
interval that contains the initial point; therefore, the solution of Equation 4.1.14is y = 2 + 1/ z? on the interval (0, 00),
which contains the initial point ¢y = 1, while the solution of Equation 4.1.15is y = 2> +1 / z2 on the interval (—00,0), which
contains the initial point zyp = —1.

The General Solution of a Homogeneous Linear Second Order Equation
If y; and y, are defined on an interval (a, b) and ¢; and ¢, are constants, then
Y =c1y1 +C2y2

is a linear combination of y; and y,. For example, y =2 cosz + 7sinz is a linear combination of y; = cosx and y, =sinz,
withey =2 and ey = 7.

The next theorem states a fact that we’ve already verified in Examples 5.1.1, 5.1.2,5.1.3.
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If y; and yo are solutions of the homogeneous equation
v +p()y +q(z)y=0 (4.1.18)
on (a, b), then any linear combination
Yy =c1ys +c2y2 (4119)

of y; and y, is also a solution of (4.1.18)on (a, b).

Proof
If
Y =ciy1 +C2y2
then
Yy =ay toy, and y'=cay+cyy.
Therefore

Y +p(@)y +a(@)y = (ay] +cyy) +p(z)(c1y] +c2vh) +a(z) (191 +c2y2)
= a1 (yf +p(@)y; +a(x)y) +c2 (¥ +p(2)y; +a(z)y2)
=c1:0+c-0=0,

since y; and y» are solutions of Equation 4.1.18

We say that {y;, y» } is a fundamental set of solutions of (4.1.18)on (a, b) if every solution of Equation 4.1.180n (a, b)
can be written as a linear combination of y; and ys as in Equation 4.1.19 In this case we say that Equation 4.1.191is
general solution of (4.1.18)on (a, b).

Linear Independence

We need a way to determine whether a given set {y;, y» } of solutions of Equation 4.1.18is a fundamental set. The next definition
will enable us to state necessary and sufficient conditions for this.

We say that two functions y; and y» defined on an interval (a,b) are linearly independent on (a,b) if neither is a constant
multiple of the other on (a,b). (In particular, this means that neither can be the trivial solution of Equation 4.1.18 since, for
example, if y; =0 we could write y; = 0y, .) We’ll also say that the set {y1, y2 } is linearly independent on (a, b).

& Theorem 5.1.3

Suppose p and g are continuous on (a, b). Then a set {y1, y2} of solutions of
y"' +p(x)y +q()y =0 (4.1.20)
on (a, b) is a fundamental set if and only if {y;, y» } is linearly independent on (a, b).

Proof

We’ll present the proof of Theorem 5.1.3 in steps worth regarding as theorems in their own right. However, let’s first
interpret Theorem 5.1.3 in terms of Examples 5.1.1,5.1.2,5.1.3.

v/ Example 5.1.4

~% — 2% is nonconstant, Theorem 5.1.3 implies that y = c;e® +cpe™® is the general solution of ¥’ —y =0 on

Since e” /e
(—o00, 00).
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Since coswz/ sinwz = cot wez is nonconstant, Theorem 5.1.3 implies that y = ¢; coswz + ¢2 sinwz is the general solution of
y" +w?y =0 on (—o0,0).

Since z?/z~2 =z* is nonconstant, Theorem 5.1.3 implies that y=c;z?+cy/z? is the general solution of
z2y" +zy' —4y =0 on (—0o0,0) and (0, 0o).

The Wronskian and Abel's Formula

To motivate a result that we need in order to prove Theorem 5.1.3 , let’s see what is required to prove that {y1,y2} is a
fundamental set of solutions of Equation 4.1.20 on (a, ). Let 2o be an arbitrary point in (a,b), and suppose y is an arbitrary
solution of Equation 4.1.200n (a, b). Then y is the unique solution of the initial value problem

y' +p(@)y +a(@)y =0, y(zo)=ko, ¥ (20)=ki; (4.1.21)

that is, ko and k; are the numbers obtained by evaluating y and g’ at xo. Moreover, ko and k; can be any real numbers, since
Theorem 5.1.1 implies that Equation 4.1.21 has a solution no matter how ko and k; are chosen. Therefore {y;,y2} is a
fundamental set of solutions of Equation 4.1.20 on (a,b) if and only if it is possible to write the solution of an arbitrary initial
value problem Equation 4.1.21as y = ¢1y1 + cay2 . This is equivalent to requiring that the system

ay1(zo) +eaya(zo) =ko
(4.1.22)
ca1yy (zo) +e2yh(zo) =k
has a solution (¢, cg) for every choice of (kg, k1 ). Let’s try to solve Equation 4.1.22.
Multiplying the first equation in Equation 4.1.22by y4(zo) and the second by y»(z¢) yields
c1y1(wo)ys (o) + c2y2(20)ys (w0) = y5(wo)ko
19y (20)y2 (o) + c2y3 (wo)y2 (o) =y2(2o)k1,
and subtracting the second equation here from the first yields
(y1(z0)y3 (o) — yi (z0)y2(20)) €1 = y5(20) ko — y2 (o)1 (4.1.23)
Multiplying the first equation in Equation 4.1.22by y/ (o) and the second by y; (z¢) yields
c1y1(zo)y (zo) + c2y2 (o)1 (o) =i (zo)ko
c1y; (wo)y1 (wo) + c2y (z0)y1 (zo) =1 (wo)kr,
and subtracting the first equation here from the second yields
(y1(20)ys (w0) — y1 (T0)y2(w0)) €2 = y1 (o) k1 — ¥ (wo)ko- (4.1.24)
If
y1(20)y5(z0) — y1 (0)y2(20) =0,
it is impossible to satisfy Equation 4.1.23 and Equation 4.1.24 (and therefore Equation 4.1.22) unless kg and k; happen to satisfy
y1(zo)k1 —y; (zo)ko =0
Y3 (z0)ko — y2(zo)k1 = 0.
On the other hand, if
Y1(z0)ys(z0) — y1 (z0)y2(z0) # 0 (4.1.25)
we can divide Equation 4.1.23and Equation 4.1.24 through by the quantity on the left to obtain

c _ Y (o) ko—ya2 () k1
! y1 (20) 4 (@) ] (20)y (20)

4.1.26
va(20)k1 —y) (z0) ko ( )

Y1 (o) ys(z0) —y1 (20)ya(m)’

Cy =

no matter how kg and k; are chosen. This motivates us to consider conditions on y; and y» that imply Equation 4.1.25,
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Suppose p and q are continuous on (a, b), let y; and y, be solutions of

y' +p(z)y +q(z)y =0 (4.1.27)
on (a,b), and define
W =195 —y1 92 (4.1.28)
Let o be any point in (a, b). Then
W(e)=W(zo)e 0?0 % a<e<b (4.1.29)

Therefore either W has no zeros in (a, b) or W =0 on (a, b).

Proof
Differentiating Equation 4.1.28yields
W' =yiys +yyy — iy —yi'y2 = y1¥5 — Yy (4.1.30)
Since y; and y2 both satisfy Equation 4.1.27
Y/ =-py;—qy1 and yy = —py; —qye.
Substituting these into Equation 4.1.30yields
W' =—y1 (pyh +ay2) +v2 (py, +qu1)

= —p(y1ys —v2y1) — a(y1y2 — Y2y1)

= —p(n1ys —y2y;) = —pW.
Therefore W' +p(z)W =0 ; that is, W is the solution of the initial value problem

Y +p(@)y =0, y(z0)=W(x0).

We leave it to you to verify by separation of variables that this implies Equation 4.1.29 If W (zy) # 0, Equation 4.1.29
implies that W has no zeros in (a,b), since an exponential is never zero. On the other hand, if W(z¢) =0, Equation
4.1.29implies that W (z) =0 for all z in (a, b).

The function W defined in Equation 4.1.28is the Wronskian of {y; ,y2 }. Formula Equation 4.1.29is Abel’s formula.

The Wronskian of {y1,ys} is usually written as the determinant

Y1 Y2
W:

oY%
The expressions in Equation 4.1.26for ¢; and ¢z can be written in terms of determinants as

1 ko ya(z0) y1(zo) ko

W (zo)

1
W(zo)

and ¢y =

ki yh(2o) Yl (zo) k|

If you’ve taken linear algebra you may recognize this as Cramer’s rule.

v/ Example 5.1.5

Verify Abel’s formula for the following differential equations and the corresponding solutions, from Examples 5.1.1 , 5.1.2,
5.1.3.

ay'—y=0; y=e’, p=e"
b.y" +wly=0; 1y =coswz, yp =sinwz

ca?y’tay —dy=0; y=qa* =1/
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Solution:

a. Since p = 0, we can verify Abel’s formula by showing that W is constant, which is true, since

=e*(—e ) —e"e ™ =2

for all z.

b. Again, since p = 0, we can verify Abel’s formula by showing that W is constant, which is true, since

COSwWT sinwx

W (z) :‘

—wsinwxr wcoswer

= coswz(wcoswz) — (—wsinwz) sinwz
= w(cos® wx +sin’ wz) = w
for all .

c. Computing the Wronskian of ; = 2 and yp = 1 / x? directly yields

o (_5_3) 2 (m%) -2, (4.1.31)

To verify Abel’s formula we rewrite the differential equation as

z?2  1/x?

2 —2/23

W =

1 4
y//+_y/__2y:0
x x

to see that p(z) = 1/z. If zy and z are either both in (—o0, 0) or both in (0, 0o) then

z T dt z
pu— _:1 _—
AO p(t)dt AD ; n(wo),

so Abel’s formula becomes

I
~—
8
N—
Il
3
~—~

g
N—
ml
=3
&
8
[
I
~—
S
SN—
8 |&

which is consistent with Equation 4.1.3 1.

The next theorem will enable us to complete the proof of Theorem 5.1.3 .

& Theorem 5.1.5

Suppose p and g are continuous on an open interval (a, b), let y; and y, be solutions of

y"' +p(x)y +q(@)y =0 (4.1.32)
on (a,b), and let W = y1y5 —y{y2. Then y; and y, are linearly independent on (a,b) if and only if W has no zeros on
(a,b).

Proof

We first show that if W (z¢) =0 for some zy in (a,b), then y; and y, are linearly dependent on (a,b). Let I be a
subinterval of (a, b) on which y; has no zeros. (If there’s no such subinterval, y; =0 on (a,b), so y; and y, are linearly
independent, and we are finished with this part of the proof.) Then y, /y; is defined on I, and
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/ a0
(y_2> _hnmuk W (4.1.33)

v vy
However, if W (xzo) =0, Theorem 5.1.4 implies that W =0 on (a,b). Therefore Equation 4.1.33 implies that
(y2/y1) =0, so y2/y1 = ¢ (constant) on I. This shows that y3(z) = cy; (z) for all z in I. However, we want to show
that yo = cy; (z) forall z in (a,b). Let Y =y —cy; . Then Y is a solution of Equation 4.1.320n (a, b) such that Y =0
on I, and therefore Y/ =0 on I. Consequently, if zy is chosen arbitrarily in I then Y is a solution of the initial value
problem

y'+p(@)y +q(z)y=0, y(zo)=0, y'(z0)=0,

which implies that Y =0 on (a,b), by the paragraph following Theorem 5.1.1 . (See also Exercise 5.1.24). Hence,
y2 —cy; =0 on (a, b), which implies that y; and y» are not linearly independent on (a, b).

Now suppose W has no zeros on (a, b). Then y; can’t be identically zero on (a, b) (why not?), and therefore there is a subinterval
I of (a, b) on which y; has no zeros. Since Equation 4.1.33implies that y» /y; is nonconstant on I, y, isn’t a constant multiple of
y1 on (a,b). A similar argument shows that y; isn’t a constant multiple of y» on (a, b), since

(y_l)' Y -uny, W
Y2 Ys Ys

on any subinterval of (a, b) where y has no zeros.

We can now complete the proof of Theorem 5.1.3 . From Theorem 5.1.5 , two solutions y; and y» of Equation 4.1.32 are linearly
independent on (a, b) if and only if W has no zeros on (a,b). From Theorem 5.1.4 and the motivating comments preceding it,
{y1,y2} is a fundamental set of solutions of Equation 4.1.32 if and only if W has no zeros on (a,b). Therefore {y;,y>} is a
fundamental set for Equation 4.1.320n (a, b) if and only if {y1, y2} is linearly independent on (a, b).

The next theorem summarizes the relationships among the concepts discussed in this section.

& Theorem 5.1.6

Suppose p and g are continuous on an open interval (a, b) and let y; and y, be solutions of
Yy +p(z)y +q(z)y=0 (4.1.34)
on (a, b). Then the following statements are equivalent; that is, they are either all true or all false.
a. The general solution of (4.1.34)on (a,b) is y = c1y1 +c2y2 -
b. {y1, y2 } is a fundamental set of solutions of (4.1.34)on (a, b).
¢ {v1, y2} is linearly independent on (a, b).

d. The Wronskian of {y;,y2} is nonzero at some point in (a, b).
e. The Wronskian of {1, y2} is nonzero at all points in (a, b).

We can apply this theorem to an equation written as
Py(z)y" +Pi(z)y’ + Pa(z)y =0

on an interval (a, b) where Py, Py, and P, are continuous and Py has no zeros.dd proof here and it will automatically be hidden

& Theorem 5.1.7

Suppose c is in (a, b) and  and S are real numbers, not both zero. Under the assumptions of Theorem 5.1.7 , suppose y; and
Yo are solutions of Equation 4.1.34such that

ayi(c)+py;(c) =0 and ay(c)+pyi(c)=0. (4.1.35)

Then {1, y» } isn’t linearly independent on (a, b).

Proof
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Since « and S are not both zero, Equation 4.1.35implies that

yi(c) wa(c)
yi(c) wh(c)

ZIOMAOIN

w(e) wie)|

and Theorem 5.1.6 implies the stated conclusion.

This page titled 4.1: Homogeneous Linear Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

o 5.1: Homogeneous Linear Equations by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.1E: Homogeneous Linear Equations (Exercises)

Q4.1.1
1.

52 are solutions of

a. Verify that y; =e?® andy, = e
y' =7y +10y =0 (4)

on (—00, ).
b. Verify that if ¢; and c, are arbitrary constants then y = c; €% + cy€®® is a solution of (A) on (—o0, 00).
c. Solve the initial value problem

y' =7y +10y=0, y(0)=-1, y'(0)=1.
d. Solve the initial value problem
y' =Ty +10y =0, y(0)=ko, ¥'(0)="Fi.
2.
a. Verify that y; = e® cosz and y2 = e” sinz are solutions of
y' =2y +2y=0 (A)

on (—00, 00).
b. Verify that if ¢; and ¢, are arbitrary constants then y = ¢;e® cosx + coe” sinz is a solution of (A) on (—o0, 00).
c. Solve the initial value problem

y' =2y +2y=0, y(0)=3, ¥ (0)=-2.
d. Solve the initial value problem
y' =2y +2y=0, y(0)=ko, y'(0)=Fki.
3.
a. Verify that y; = e” and y2 = ze” are solutions of
y' =2y +y=0 (A)

on (—00, ).
b. Verify that if ¢; and ¢y are arbitrary constants then y = e”(c; + coz) is a solution of (A) on (—o0, 00).
c. Solve the initial value problem

y' =2y +y=0, y(0)=7, ¢ (0)=4
d. Solve the initial value problem
y' =2 +y=0, y(0)=ko, y'(0)="Fi.
4.
a. Verify thaty; =1/(x —1) and yo = 1/(z +1) are solutions of
(22 —1)y" +4zy' +2y=0 (A)

on (—oo, —1), (=1, 1), and (1, co). What is the general solution of (A) on each of these intervals?
b. Solve the initial value problem

(@? —1)y" +4zy’ +2y =0, y(0)=-5, y'(0)=1.

What is the interval of validity of the solution?
c. Graph the solution of the initial value problem.
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d. Verify Abel’s formula for y; and y2, with 2y =0.

5. Compute the Wronskians of the given sets of functions.

a {1,e"}
b.{e”,e"sinz}
c{z+1,2%>+2}
d. {z1/2,z-1/3}

e {3BL «52

f. %malﬂn‘wﬁs:z}ln |z|}

g. {€® cos\/z,e*sin/x}
6. Find the Wronskian of a given set {y1, y» } of solutions of

y' +3(z* +1)y —2y =0,
given that W () = 0.
7. Find the Wronskian of a given set {y;, y» } of solutions of
(1-2?)y" — 22y +a(a+1)y =0,
given that W (0) = 1. (This is Legendre’s equation.)
8. Find the Wronskian of a given set {y;, y2} of solutions of
2’y +ay + (@ —v)y =0,

given that W (1) = 1. (This is Bessel s equation.)

9. (This exercise shows that if you know one nontrivial solution of y" 4+ p(z)y’ +q(x)y =0, you can use Abel’s formula to find
another.)

Suppose p and q are continuous and ¥; is a solution of
y"+p()y +q(z)y =0 (A)
that has no zeros on (a, b). Let P(z) = [ p(z) dz be any antiderivative of p on (a, ).

a. Show that if K is an arbitrary nonzero constant and ys satisfies

Y1Y — iy = Ke 7@ (B)
on (a, b), then y, also satisfies (A) on (a, b), and {y1, ¥ } is a fundamental set of solutions on (A) on (a, b).
b. Conclude from (a) that if y» = uy; where v’ = K Z;?z; , then {y1, y2 } is a fundamental set of solutions of (A) on (a, b).
1 xr

Q4.1.2

In Exercises 4.1.10-4.1.23 use the method suggested by Exercise 4.1.9 to find a second solution y» that isn’t a constant multiple of
the solution y; . Choose K conveniently to simplify ys.

10.y" —2y' —3y =0y =€

].].. yll_6yl+9y :0 ;y] :e3z

12.y" —2ay’ +a’y =0 (a = constant); y; = e**

B2y try —y=0;y =z

14. 2%y" —zy' +y=0;y ==

15. 22y" — (2a — 1)zy’ +a’?y =0 (a = nonzero constant); > 0; y; = z®
16. 422y" —4zy' + (3 —1622)y =0 ; y; = z!/2e%*

17.(x—1)y" —zy' +y=0;y1 =e¢"

18. 2%y" —2zy’ + (2 +2)y =0 ;y; =z cosz
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19. 4z%(sinz)y” — 4z (x cosz +sinz)y’ + (2x cosz +3sinz)y =0;y; =z
20. 3z —1)y" — 3z +2)y' — (6 —8)y =0 ;y; =e>*
2

1/2

L (22 —4)y' +4zy +2y =0 ;31 = 5
22. (2z+1)zy" —2(222 — 1)y’ —4(z+1)y =0 ;y = 1
23. (22 —22)y" +(2—2%)y +(2x —2)y =0 ;y; =¢€°

Q4.1.3

24. Suppose p and g are continuous on an open interval (a, b) and let 2y be in (a, ). Use Theorem 4.1.1 to show that the only
solution of the initial value problem

y'+p@)y +a(z)y =0, y(zo) =0, y'(zo)=0
on (a, b) is the trivial solution y = 0.

25. Suppose Py, Py, and P, are continuous on (a, b) and let =y be in (a, b). Show that if either of the following statements is true
then Py(z) =0 for some z in (a, b).

a. The initial value problem
Py(z)y" +Pi(z)y +Pa(z)y =0, y(zo)=ko, ¥'(z0)=k1

has more than one solution on (a, b).
b. The initial value problem

Py(@)y" +Pi(z)y +Pa(z)y =0, y(z0) =0, y'(z9)=0
has a nontrivial solution on (a, b).
26. Suppose p and g are continuous on (a, b) and y; and y, are solutions of
y" +p(x)y +a(z)y =0 (A)
on (a,b). Let
z1=ay1 +Py2 and 2z =7y1+0ys,
where a, f3, v, and § are constants. Show that if {21, 22} is a fundamental set of solutions of (A) on (a, b) then so is {y1, y2 }-
27. Suppose p and g are continuous on (a, b) and {y1, y» } is a fundamental set of solutions of
y'+p(@)y +q(z)y=0 (A)
on (a,b). Let
zi=ay+Pys  and 22 =7y + 0y,
where a, 8,4, and § are constants. Show that {21, 25} is a fundamental set of solutions of (A) on (a, b) if and only if ay— 36 #0.

28. Suppose y; is differentiable on an interval (a, b) and y» = ky; , where k is a constant. Show that the Wronskian of {y,y2} is
identically zero on (a, b).

29. Let

3

x x>0
y1=z" and y2{ s

—z°, x<0.
a. Show that the Wronskian of {y;, y2} is defined and identically zero on (—o0, 00).
b. Suppose a < 0 < b. Show that {y, y2} is linearly independent on (a, b).
c. Use Exercise 4.1.25b to show that these results don’t contradict Theorem 4.1.5, because neither y; nor y, can be a solution of
an equation

y"+p(x)y +q(x)y=0
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on (a, b) if p and ¢ are continuous on (a, b).
30. Suppose p and g are continuous on (a, b) and {y1, y2 } is a set of solutions of
y'+p()y +q(@)y=0

on (a,b) such that either y;(29) =y2(x9) =0 or yj(zo) =y4(xo) =0 for some z in (a,b). Show that {yi,y2} is linearly
dependent on (a, b).

31. Suppose p and g are continuous on (a, b) and {y1, y= } is a fundamental set of solutions of
y" +p(@)y +q(z)y =0
on (a, b). Show that if y1 (z1) = y1(z2) =0, where a < 1 <3 <b , then y(z) = 0 for some z in (z1, z3).
32. Suppose p and g are continuous on (a, b) and every solution of
¥ +p(x)y +q(z)y=0 (A)

on (a, b) can be written as a linear combination of the twice differentiable functions {y;, ¥ }. Use Theorem 4.1.1 to show that y;
and yo are themselves solutions of (A) on (a, b).

33. Suppose p1, p2, q1, and g are continuous on (a, b) and the equations
y'+pi(z)y +a(z)y=0 and y"+ps(z)y +q(z)y=0
have the same solutions on (a, b). Show that p; = p, and ¢; = g2 on (a,b).

34. (For this exercise you have to know about 3 x 3 determinants.) Show that if y; and y, are twice continuously differentiable on
(a, b) and the Wronskian W of {y1, y» } has no zeros in (a, b) then the equation

1 Yy Uy Y2
! ! !
— =0
W yll ylll yl2/
) Y1 Y
can be written as
y" +p(2)y +q(z)y =0, (A)

where p and g are continuous on (a, b) and {y1, y» } is a fundamental set of solutions of (A) on (a, b).
35. Find a linear homogeneous equation for which the given functions form a fundamental set of solutions on some interval.

a. e” cos2x, e’ sin2x
b. z,e?®

cz,zlnz

d. cos(Inz), sin(lnz)
e. coshz, sinhx
f.a?—1,22+1

36. Suppose p and g are continuous on (a, b) and {y1, y» } is a fundamental set of solutions of

Y +p(z)y +a(z)y =0 (4)
on (a, b). Show that if y is a solution of (A) on (a, b), there’s exactly one way to choose ¢; and ¢y so that y = cjy; +coya on
(a,b).
37. Suppose p and g are continuous on (a, b) and zg is in (a, b). Let y; and y, be the solutions of

y'+p(@)y +q(z)y=0 (A)
such that

(o) =1, wyi(xo)=0 and ya(zg)=0, yy(zo)=1.

(Theorem 4.1.1 implies that each of these initial value problems has a unique solution on (a, b).)
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a. Show that {y1, y2} is linearly independent on (a, b).
b. Show that an arbitrary solution y of (A) on (a, b) can be written as y = y(zo)y1 + ' (zo)ys -
c. Express the solution of the initial value problem

y' +o@)y +a@)y =0, y(zo)=ko, ¥'(z0)=F
as a linear combination of y; and ys.
38. Find solutions y; and yo of the equation y"” = 0 that satisfy the initial conditions
y1(zo) =1, yi(xo)=0 and y»(xo)=0, yh(zo)=1.
Then write the solution of the initial value problem
y'=0, y(0)=ky, y'(0)=Fh
as a linear combination of y; and y;.

39. Let zg be an arbitrary real number. Given (Example 4.1.1) that e” and e™* are solutions of 3" —y = 0, find solutions y; and
ys of ¥ —y =0 such that

y1(zo) =1, yj(xo)=0 and ya(zo) =0, yj(zo)=1.
Then use Exercise 4.1.37 (c) to write the solution of the initial value problem
y'—y=0, y(@o)=ko, ¥ (z0)=h
as a linear combination of y; and ys.

40. Let x be an arbitrary real number. Given (Example 4.1.2) that cos wz and sinwz are solutions of 3" 4+ w?y = 0, find solutions
of ¥ +w?y =0 such that

yi(zo) =1, y(z0) =0 and ys(z0) =0, y5(zo) =1.
Then write the solution of the initial value problem
Y +wy =0, y(zo)=ko, ¥'(z0)=Fk
as a linear combination of y; and y». Use the identities

cos(A+ B) =cos Acos B—sin Asin B
sin(A+ B) =sin Acos B+cos Asin B

to simplify your expressions for y;, y2, and y.
41. Recall from Exercise 4.1.4 that 1 /(z —1) and 1/(z 4 1) are solutions of
(x> —1)y" +4zy +2y =0 (A)
on (—1,1). Find solutions of (A) such that
n(©0) =1, ¥(0)=0 and 3 (0)=0, y(0)=1.
Then use Exercise 4.1.37 (c) to write the solution of initial value problem
(2? —1)y" +4zy’ +2y =0, y(0)=ko, y'(0)=Fk
as a linear combination of y; and y-.
42.
a. Verify that y; = 2 and y, = 2® satisfy
22y —4xy +6y=0 (A)

on (—o0, 00) and that {yi, y» } is a fundamental set of solutions of (A) on (—oco, 0) and (0, c0).
b. Let a1, as, b1, and by be constants. Show that
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. { a1z® +apx®, x>0,
biz?+bx3, z<0

is a solution of (A) on (—oo, co) if and only if a; = b; . From this, justify the statement that y is a solution of (A) on (—o0, 00)
if and only if

az?+ex®, >0,
cix? +e3x®, =<0,

where c1, co, and c3 are arbitrary constants.
c. For what values of kg and k; does the initial value problem

2’y —day' +6y =0, y(0)=ky, y'(0)=k

have a solution? What are the solutions?
d. Show that if g # 0 and kg, k; are arbitrary constants, the initial value problem

2’y —day' +6y=0, y(zo)=ko, y'(z0)=k (B)
has infinitely many solutions on (—o0, 00). On what interval does (B) have a unique solution?
43.
a. Verify that y; =z and yp = 2? satisfy
zly" —2zy +2y =0 (A)

on (—o0o, 00) and that {y1, y2} is a fundamental set of solutions of (A) on (—o0, 0) and (0, o©).
b. Let a1, a2, b1, and by be constants. Show that

B { a1z +asx®, x>0,
blw + b2 ar:z, z <0
is a solution of (A) on (—00, 00) if and only if a; = b; and ay = b . From this, justify the statement that the general solution of
(A) on (—00, 00) is y = c1 & +cpz? , where ¢; and c; are arbitrary constants.
c. For what values of kq and k; does the initial value problem
2’y —2zy' +2y=0, y(0)=ko, ¥'(0)=k
have a solution? What are the solutions?
d. Show that if 2y # 0 and kg, k; are arbitrary constants then the initial value problem
2’y" —2zy +2y =0, y(z0)=ko, ¥ (x0)=h

has a unique solution on (—00, 00).

This page titled 4.1E: Homogeneous Linear Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

o 5.1E: Homogeneous Linear Equations (Exercises) by William EF. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.2: Introduction to Linear Higher Order Equations
An nth order differential equation is said to be linear if it can be written in the form

y ™ 4 p1 @)y Y 4 4 pa(2)y = f(2). (4.2.1)

We considered equations of this form with » =1 in Section 2.1 and with n =2 in Chapter 5. In this chapter n is an arbitrary
positive integer. In this section we sketch the general theory of linear nth order equations. Since this theory has already been
discussed for n = 2 in Sections 5.1 and 5.3, we’ll omit proofs.

For convenience, we consider linear differential equations written as
Py(z)y™ +Pi(2)y" )+ + Po(z)y = F(2), (4.2.2)

which can be rewritten as Equation 4.2.1 on any interval on which P, has no zeros, with p; = P,/ P, ..., p, = P,/ P, and
f = F/P,. For simplicity, throughout this chapter we’ll abbreviate the left side of Equation 4.2.2by Ly; that is,

We say that the equation Ly = F' is normal on (a, b) if Py, P, ..., P, and F are continuous on (a, b) and Py has no zeros on
(a, b). If this is so then Ly = F' can be written as Equation 4.2.1 with py, ..., p, and f continuous on (a, b).

The next theorem is analogous to Theorem 5.3.1.

& Theorem 9.1.1

Suppose Ly = F is normal on (a, b), let zy be a point in (a, b), and let kg, k1, ..., k,_1 be arbitrary real numbers. Then the
initial value problem

Ly:F7 y(l'o) :k07 yl(a:()) :kla'“a y("_l)(wo) :kn—l

has a unique solution on (a, b).

Homogeneous Equations

Equation 4.2.2 is said to be homogeneous if F' =0 and nonhomogeneous otherwise. Since y =0 is obviously a solution of
Ly =0, we call it the trivial solution. Any other solution is nontrivial.

If y1, y2, ..., Yn are defined on (a, b) and ¢;, c2, ..., ¢, are constants, then

y=cayrt+cy2t--+CalYn (4.2.3)

is a linear combination of {y;,¥s ..., Yy} It’s easy to show that if y;, ya, ..., Y, are solutions of Ly =0 on (a, b), then so is any
linear combination of {y1, Y2, ..., Yn}- (See the proof of Theorem 5.1.2.) We say that {y1,¥2, ..., Yn} is a fundamental set of
solutions of Ly = 0 on (a, b) if every solution of Ly = 0 on (a, b) can be written as a linear combination of {y1, y2,...,yn}, as
in Equation 4.2.3. In this case we say that Equation 4.2.3 is the general solution of Ly = 0 on (a, b).

It can be shown (Exercises 9.1.14 and 9.1.15) that if the equation Ly =0 is normal on (a,b) then it has infinitely many
fundamental sets of solutions on (a, b). The next definition will help to identify fundamental sets of solutions of Ly = 0.

We say that {91, Y2, - - - , Yn | is linearly independent on (a, b) if the only constants ¢y, c3, ..., ¢, such that
Clyl(x)+02y2(x)+”'+cnyn(x):07 a<z <b7 (424)
are ¢ =cy =--+-=c, =0 . If Equation 4.2.4 holds for some set of constants c¢;, ¢z, ..., ¢, that are not all zero, then

{y1,¥2,---,Yn}is linearly dependent on (a, b)

The next theorem is analogous to Theorem 5.1.3.

& Theorem 9.1.1

If Ly = 0 is normal on (a, b), then a set {y1, y2, - - - , Y } of 1 solutions of Ly = 0 on (a, b) is a fundamental set if and only if
it is linearly independent on (a, b).
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The equation

"

23y —2%y" —2zy +6y =0 (4.2.5)

is normal and has the solutions y; = z2, y2 = 2*, and y3 = 1/x on (—00,0) and (0, c0). Show that {y1,ys,y3} is linearly
independent on (—o0, 0) and (0, 0o). Then find the general solution of Equation 4.2.5 on (—o0, 0) and (0, c0).
Solution
Suppose
2 3,6
caz +er’+—=0 (4.2.6)
z
on (0, 00). We must show that ¢; = ¢2 = ¢ = 0 . Differentiating Equation 4.2.6 twice yields the system

clx2+02w3+2 =0
T
2 C3
201$+362$ ) =0 (427)
a3

2
201 +6C2$+% =0.
x

If Equation 4.2.7 holds for all z in (0, 0o), then it certainly holds at z = 1; therefore,
ci+ co+ ¢cg =0
2c1+3co— ¢c3 =0 (4.2.8)
2c; +6¢co +2c3 =0.

By solving this system directly, you can verify that it has only the trivial solution ¢; = ¢y = c¢3 = 0 ; however, for our purposes
it is more useful to recall from linear algebra that a homogeneous linear system of n equations in n unknowns has only the
trivial solution if its determinant is nonzero. Since the determinant of Equation 4.2.8 is

1 1 1 1 0 0
2 3 —-1/=(2 1 -3|=12,
2 6 2 2 4 0
it follows that Equation 4.2.8 has only the trivial solution, so {y1, y2,ys} is linearly independent on (0, c0). Now Theorem
9.1.2 implies that
c
Y= c1m2 +czw3 + =
x
is the general solution of Equation 4.2.5 on (0, 00). To see that this is also true on (—o0, 0), assume that Equation 4.2.6 holds
on (—o0, 0). Setting z = —1 in Equation 4.2.7 yields
Cl— C— C3 = 0
—2c¢1+3ca— ¢c3 =0
201 — 6(32 — 203 =0.

Since the determinant of this system is

1 -1 -1 1 0 0
2 3 -1|=|-2 1 -3|=-12,
2 —6 -2 2 -4 0

it follows that ¢; = co = ¢3 =0 ; that is, {y1, y2, y3 } is linearly independent on (—o0, 0).
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The equation
Yy 4y Ty —y +6y =0 (4.2.9)
is normal and has the solutions y; =e®, yo =e %, y3 =e>®, and yy =€ 3 on (—o0,00). (Verify.) Show that
{1, Y2, Y3, ya} is linearly independent on (—o0, 00). Then find the general solution of Equation 4.2.9.
Solution
Suppose ¢y, ca, c3, and ¢4 are constants such that
c1€” +cse ¥ 4 c3e2 +cie 2T =0 (4.2.10)
for all . We must show that ¢; = ¢c2 = c3 = ¢4 =0 . Differentiating Equation 4.2.10three times yields the system
cre® +coe 4+ 3+ e = 0
cre® —coe ™ +2c3€2® — 3cqe 3 = 0
e ’ ! (4.2.11)
cie® +coe® +4c3e®® + 9cue 3 = 0
cre® —coe ™ +8c3e?® —27cse™® = 0
If Equation 4.2.11holds for all , then it certainly holds for = 0. Therefore
ci+ec+ cs+ ¢4 = 0
ci—ca+2c3— 3¢4 = 0
cg+cy+4cs+ 9¢4 = 0
ci—co+8c3—27c4, = 0
The determinant of this system is
1 1 1 1 1 11 1
-2 1 -4
1 -1 2 -3 0o 21 -4
= = 0 3 8
1 1 4 9 0 0 3 8
-2 7 =28
1 -1 8 -27 0o -2 7 -28 (4.2.12)
-2 1 -4
3 8
Bpt] = | 0 3 8|=-2 = 240,
6 —24
0 6 —24
so the system has only the trivial solution ¢; = ¢y = c3 = ¢4 =0 . Now Theorem 9.1.2 implies that
y=cie® +cre ® +c3e’ +ce 3
is the general solution of Equation 4.2.9.
The Wronskian
We can use the method used in Examples 9.1.1 and 9.1.2 to test n solutions {y1,¥y2, - - - , Yn } of any nth order equation Ly = 0 for

linear independence on an interval (a, b) on which the equation is normal. Thus, if ¢1, cs,..., ¢, are constants such that

cayr+cyr+--+eyn =0, a<b,

then differentiating n — 1 times leads to the n X n system of equations
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ayi(z) +eye(z)+ -+ +eayal(z) =0
ay (@) +eyy(e)+ - +enyn(z) =0
(4.2.13)
ay V@) tew @+ - e (@) =0
for ¢y, co, ..., cy. For a fixed x, the determinant of this system is
v (z) va(z) - yo(x)
Y1 () ) o (o)
W(z)=
-1 -1 -1
v @) w @) - W)
We call this determinant the Wronskian of {y1,y2,...,y,}. If W(z) # 0 for some z in (a, b) then the system Equation 4.2.13
has only the trivial solution ¢; =c3 =--- =¢, =0 , and Theorem 9.1.2 implies that
Yy=ciyi +cay2 +- - +cpln
is the general solution of Ly = 0 on (a, b).
The next theorem generalizes Theorem 5.1.4. The proof is sketched in Exercises 9.1.17-9.1.20.
& Theorem 9.1.3 Abel's Formula
Suppose the homogeneous linear nth order equation
Po(2)y™) + Py(@)y" + -+ Py(z)y = 0 (4.2.14)

is normal on (a, b), let y1, y2, ..., Yn be solutions of Equation 4.2.140n (a, b), and let zy be in (a, b). Then the Wronskian of
{ylﬂ Y2, .- ’yn}is giVEH by

W(z)= W(a:o)exp{—/z i;g; dt}, a<b. (4.2.15)

Therefore, either W has no zeros in (a, b) or W =0 on (a, b).

Formula Equation 4.2.15is Abel’s formula.

The next theorem is analogous to Theorem 5.1.6.

& Theorem 9.1.4

Suppose Ly = 0 is normal on (a, b) and let y1, 2, ..., ¥, be n solutions of Ly =0 on (a, b). Then the following statements
are equivalent; that is, they are either all true or all false:

a. The general solution of Ly =0 on (a,b) isy = c1y1 +cayo2 ++ - - + CpYn-
b. {1, Y2, - - ., Yn } is a fundamental set of solutions of Ly = 0 on (a, b).

¢ {v1, Y2, - -, Yn}is linearly independent on (a, b).

d. The Wronskian of {y1,¥2, . . ., Yn } is nonzero at some point in (a, b).

e. The Wronskian of {y1,¥2, . . ., Yn } is nonzero at all points in (a, b).

v/ Example 9.1.3

In Example 9.1.1 we saw that the solutions y; = 22, yo = 23, and y3 = 1/ of

n

— a:2y" —2zy' +6y=0

.’1,‘3y
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are linearly independent on (—oo, 0) and (0, co). Calculate the Wronskian of {y1, y2,y3 }-

Solution
If z # 0, then

o
=3
8
[~ 8,
"
w
8
8-

where we factored 22, z, and 2 out of the first, second, and third rows of W (z), respectively. Adding the second row of the
last determinant to the first and third rows yields

3 4z 0
1 3 4x
W(z)=22*|2 3z —=;|=22° (—3>‘ =12z
x>/ |3 6z
3 6z 0

Therefore W (z) # 0 on (—o0, 0) and (0, co).

v/ Example 9.1.4

In Example 9.1.2 we saw that the solutions y; = €®, ys = e %, y3 = €2*, and y4 = e 3% of
y(4) +y/11 . 7y// _yl +6y =0

are linearly independent on every open interval. Calculate the Wronskian of {y1, y2, ¥3, Y4 }-

Solution
For all z,
e e * 6290 6—33:
e —e T 2e¥  _3e7%
W(z)=
e’ €T 4e* 9e 3

e —e T 8e¥ _27e7%7

1 11 1
1 -1 2 -
W(z)=e" =240e™",
1 1 4 9
1 -1 8 27

from Equation 4.2.12,

Under the assumptions of Theorem 9.1.4 , it isn’t necessary to obtain a formula for W (z). Just evaluate W (z) at a convenient
point in (a, b), as we did in Examples 9.1.1 and 9.1.2 .

& Theorem 9.1.5

Suppose c is in (a,b) and a1, as, ..., are real numbers, not all zero. Under the assumptions of Theorem 10.3.3, suppose ¥;

and yo are solutions of Equation 5.1.35 such that
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agi(e) +yi(e) +-+u" () =0, 1<i<n. (4.2.16)
Then {y1, Y2, - - - Y } isn’t linearly independent on (a, b).
Proof
Since a1, ag, ..., a, are not all zero, Equation 4.2.14implies that
-1
n) % - 31
n—1
w©) e - %)
n—1
wl(©) wh(e) - w (o)
o)
yi(c) y2(c) Yn(c)
y1(c) y3(c) yn(c)
=0
v w5 e - w ()
and Theorem 9.1.4 implies the stated conclusion.

General Solution of a Nonhomogeneous Equation

The next theorem is analogous to Theorem 5.3.2. It shows how to find the general solution of Ly = F' if we know a particular
solution of Ly = F' and a fundamental set of solutions of the complementary equation Ly = 0.

& Theorem 9.1.6

The probabilities assigned to events by a distribution function on a sample space are given by.

Proof

Suppose Ly = F' is normal on (a,b). Let y, be a particular solution of Ly = F' on (a,b), and let {y1,¥2,...,ys} be a
fundamental set of solutions of the complementary equation Ly = 0 on (a, b). Then y is a solution of Ly = F' on (a, b) if
and only if

Y=1yYptcyi+c2y2+-+cplyn,

where ¢y, cg, . . ., ¢, are constants.

The next theorem is analogous to Theorem 5.3.2.

& Theorem 9.1.7 The Principle of Superposition

Suppose for each i =1, 2, ..., 7, the function ¥, is a particular solution of Ly = F; on (a, b). Then

Yp =Yp, TYp, T T Yp,
is a particular solution of

Ly =Fi(z)+ Fo(z)+- -+ F.(z)

on (a,b).
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We’ll apply Theorems 9.1.6 and 9.1.7 throughout the rest of this chapter.

This page titled 4.2: Introduction to Linear Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.

o 9.1: Introduction to Linear Higher Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.2E: Introduction to Linear Higher Order Equations (Exercises)

Q4.2.1
1. Verify that the given function is the solution of the initial value problem.
—24
a z%y" 322y’ +6zy —6y=——, y(-1)=0,y'(-1)=0, y"(-1)=0;y=—6z—8z>—3z°+1
x
1 1 -4 3 1 1

by — = ) L =y — =2 "M== 4"(1)=1 = -

y' -2y =y roy=——— y()=35, y(1)=59"1) Y=zt
cay"—y —zy +y=22, y(1)=2, Y (1)=5, y'(1)=-1 ;y=-22-242e"N e @V 14z

17 63

d. 423y +4x%y" — by’ +2y =302%, y(1)=5, '(1)= > (1) = R A 222 Inz — x/% 4 227 /2 + 422

e zty® —4ady" +122%y" — 24ay’ +24y =62, y(1)=-2 '(1)=-9, ¢"(1)=-27, y"(1)=-52;
y=z'lnz 4z — 2z + 3% — 42*

fay® —y" —dxy" + 4y’ = 9622, y(1)=-5, y'(1)=-24 ;
y"(1)=-36; y"(1)=-48; y=9—12z+6x>—8z°

2. Solve the initial value problem

3 m

2y — 2’y —2zy +6y =0, y(-1)=-4, o (-1)=-14, y"(-1)=-20.
HINT: See Example 9.1.1.
3. Solve the initial value problem
y W4y =Ty’ —y' +6y=0, y(0)=5, y'(0)=-6, y"(0)=10, y"(0)—36.

HINT: See Example 9.1.2.
4. Find solutions 1, ¥, ..., Yy, of the equation y(”) = 0 that satisfy the initial conditions

i 07 .77é i— ]-7

yi(J)(;vO) = 1<i<n.
1, j=i1-1,

5.

a. Verify that the function

=
y= a1z +epx? + —
T

satisfies

"

2y — 2%y —2zy +6y =0 (A)

if ¢1, c9, and c3 are constants.
b. Use (a) to find solutions 1, y2, and y3 of (A) such that

w1 =1, y1)=0, y(1)=
(1) =0, y»1)=1, »w1)=
ys(1) =0, 3(1)=0, w5(1)=1.
c. Use (b) to find the solution of (A) such that
y(l) :k()? y/(l) :kla y”(l) :k2-
6. Verify that the given functions are solutions of the given equation, and show that they form a fundamental set of solutions of the
equation on any interval on which the equation is normal.
ay"+y' —y —y=0; {e’, e, ze "}
b.y" —3y"+7y —b5y=0; {e*, " cos2zx, e”sin2z} .
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cay” —y"—zy +y=0; {e*, e, x}

d 22y +2zy" — (22 +2)y =0; {e*/z, e */xz, 1}

e. (22 -2z +2)y" — 22y +22y' —2y=0; {z, 2?, *}

f. (22 — 1)y —dzy" + (5 —2z)y" +4zy’ —4y =0; {z, e, e, ¥}

g zy W) —y" —dzy + 4y’ =0; {1,2?%, %, e 2%}
7. Find the Wronskian W of a set of three solutions of

y”,—"—2$y” +exy/ _y — 0’
given that W(0) = 2.
8. Find the Wronskian W of a set of four solutions of
y® + (tanz)y"” +2%y" + 22y =0,

given that W(w/4) = K.
9.

a. Evaluate the Wronskian W {e®, ze®, z2e”}. Evaluate W (0).
b. Verify that y;, y2, and ys satisfy

ylll_3yll+3yl_y:0. (A)

c. Use W(0) from (a) and Abel’s formula to calculate W ().
d. What is the general solution of (A)?

10. Compute the Wronskian of the given set of functions.

a{1,e*, e "}

b. {e%, e*sinz, e” cosz}
c {2, z+1, 2> +2}
dz,zlnz, 1/}
e{le, 2, 5%, &
f.{e", e ”, z}

g {e"/z, e "]z, 1}

h. {z, 2%, e}

i {z, 23 1/z,1/2}
j-{e®, e7®, z, ¥}

k. {e’, e 22 1, 2%}

Q4.2.2

11. Show that if the Wronskian of the n-times continuously differentiable functions {y1, y2, . .., ¥, } has no zeros in (a,b), then
the differential equation obtained by expanding the determinant

Y Y1 Y2 Yn
vooou % Yn
= 0,
ym oy oy yi
in cofactors of its first column is normal and has {y1,y2, - - - , Yn } as a fundamental set of solutions on (a, b).

12. Use the method suggested by Exercise 4.2.11 to find a linear homogeneous equation such that the given set of functions is a
fundamental set of solutions on intervals on which the Wronskian of the set has no zeros.

a {z, 2 -1, 2 +1}
b.{e*, e *, z}
c {e*, ze ", 1}
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d. {z, 2%, €*}

e {z, 2% 1/z}
f.{zx+1, %, &3}

g {z, 23, 1/z, 1/2%}
h.{z, zlnz, 1/z, %}
i {e%, e, x, e}

j- {6211:’ e—Zz, 1’ $2}

This page titled 4.2E: Introduction to Linear Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.

o 9.1E: Introduction to Linear Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.3: Constant Coefficient Homogeneous Equations
This section deals with homogeneous equations of the special form
ay" +by +cy=0, (4.3.1)

where a, b, and c are constant (a # 0). When you've completed this section you'll know everything there is to know about solving
such equations.

If a, b, and c are real constants and a # 0, then
ay’ +by +cy=F(z)
is said to be a constant coefficient equation. In this section we consider the homogeneous constant coefficient equation
ay’ +by' +cy=0. (4.3.2)

As we’ll see, all solutions of Equation 4.3.2 are defined on (—o0, 00). This being the case, we’ll omit references to the interval on
which solutions are defined, or on which a given set of solutions is a fundamental set, etc., since the interval will always be
(—00, ).

The key to solving Equation 4.3.2 is that if y = €™ where 7 is a constant then the left side of Equation 4.3.2 is a multiple of e™;
thus, if y = e’ then y’ =re™ and y”’ =r%e’™, so

ay” +by +cy=ar’e™ +bre™ +ce™ = (ar’ +br+c)e’”. (4.3.3)
The quadratic polynomial
p(r) =ar® +br+c

is the characteristic polynemial of Equation 4.3.2, and p(r) = 0 is the characteristic equation. From Equation 4.3.3 we can see
that y = €™ is a solution of Equation 4.3.2if and only if p(r) = 0.

The roots of the characteristic equation are given by the quadratic formula

—b+ Vb2 —4ac
r=— (4.3.4)
2a
X Consider Three Cases
e Case 1: b2 —4ac > 0, so the characteristic equation has two distinct real roots.
e Case 2: b —4ac =0, so the characteristic equation has a repeated real root.
e Case 3: b —4ac < 0, so the characteristic equation has complex roots.
In each case we’ll start with an example.
Case 1: Distinct Real Roots
v/ Example 5.2.1
a. Find the general solution of
y"'+6y' +5y=0. (4.3.5)
b. Solve the initial value problem
y"+6y' +5y=0, y(0)=3, ¢y (0)=-1. (4.3.6)

Solution
a. The characteristic polynomial of Equation 4.3.5 is

o(r) =7’ 4+ 6r+5= (r+1)(r+5).
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Since p(—1) =p(—5) =0, y; =e® and y =e > are solutions of Equation 4.3.5. Since y,/y; = e ** is nonconstant,
Theorem 5.1.6 implies that the general solution of Equation 4.3.5is

y=cie® +cpe 52, (4.3.7)
b. We must determine ¢; and ¢y in Equation 4.3.7 so that y satisfies the initial conditions in Equation 4.3.6. Differentiating
Equation 4.3.7 yields

T

y' =—c1e™® —5cae 2. (4.3.8)
Imposing the initial conditions y(0) = 3, y’(0) = —1 in Equation 4.3.7 and Equation 4.3.8 yields
ci+ ¢ = 3
—c1 —bcy = -—1.
The solution of this system is ¢; = 7/2, c; = —1/2. Therefore the solution of Equation 4.3.6is

7 1

Y= 56—:12 _56—590

Figure 5.2.1 is a graph of this solution.

If the characteristic equation has arbitrary distinct real roots r; and 7y, then y; =e€™® and y, =e€™® are solutions of

ay’ +by +cy =0 . Since yp/y1 = (=) js nonconstant, Theorem 5.1.6 implies that {y1,y2} is a fundamental set of
solutions of ay” +by’ +cy =0 .

y
A
3
2 -
1 -
! ! ! Ly x
1 2 3 4 5
Figure 5.2.1:y = %e‘z - %6_52
Case 2: A Repeated Real Root
v/ Example 5.2.2
a. Find the general solution of
y" +6y +9y=0. (4.3.9)
b. Solve the initial value problem
y"'+6y' +9y=0, y(0)=3, ¢y (0)=-1. (4.3.10)

Solution
a. The characteristic polynomial of Equation 4.3.9 is

p(r)=r>+6r+9=(r+3)2%
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so the characteristic equation has the repeated real root r; = —3. Therefore y; = e is a solution of Equation 4.3.9. Since
the characteristic equation has no other roots, Equation 4.3.9 has no other solutions of the form e"*. We look for solutions of
the form y = uy; = ue 3%, where u is a function that we’ll now determine. (This should remind you of the method of
variation of parameters used in Section 2.1 to solve the nonhomogeneous equation y' + p(x)y = f(z), given a solution y; of
the complementary equation y' 4+ p(z)y = 0. It’s also a special case of a method called reduction of order that we’ll study in
Section 5.6. For other ways to obtain a second solution of Equation 4.3.9 that’s not a multiple of e3*, see Exercises 5.1.9,
5.1.12, and 5.1.33.

3z

If y = ue=37, then

Yy =u'e 3 —3ue™ and 3y’ =u'e 3 —6u'e 3 +9ue 7,

so
y"'+6y +9y =e 3 [(u —6u' +9u)+6(u —3u)+9u]

=e " [u — (6 —6)u +(9—18+9)u] =u"e .

-3z

Therefore y = ue is a solution of Equation 4.3.9 if and only if ' = 0, which is equivalent to u = ¢; + cox , where ¢; and
¢ are constants. Therefore any function of the form

y=e3%(c; +cox) (4.3.11)

is a solution of Equation 4.3.9. Letting ¢; = 1 and c; = 0 yields the solution y; = e 3% that we already knew. Letting ¢; = 0
and c2 =1 yields the second solution y2 = ze 3% . Since y2/v1 = is nonconstant, Theorem 5.1.6 implies that {y1,y2} is
fundamental set of solutions of Equation 4.3.9, and Equation 4.3.111is the general solution.

b. Differentiating Equation 4.3.11yields
y' = —3e73%(c; +caz) +cre 32, (4.3.12)

Imposing the initial conditions y(0) =3, ¢’(0)=—1 in Equation 4.3.11 and Equation 4.3.12 yields ¢; =3 and
—3c1 +c2 = —1, 50 ¢y = 8. Therefore the solution of Equation 4.3.10is

y=e3%(3+8z).

Figure 5.2.2 is a graph of this solution.

y
A
3

! L .
1 2 3
Figure 5.2.2 : y = e~ >*(3 4 8z)

If the characteristic equation of ay”’ + by’ +cy =0 has an arbitrary repeated root 71, the characteristic polynomial must be
p(r) =a(r— 7'1)2 = a(r2 —2rir+72).
Therefore

ar? +br+c =ar® — (2ary)r +ar?,
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which implies that b= —2ar; and ¢ = ar? . Therefore ay” + by’ +cy =0 can be written as a(y” —2r1y’ +73y) =0 . Since
a # 0 this equation has the same solutions as

y"' —2ry +riy=0. (4.3.13)

Since p(r1) =0, t y; = €™ is a solution of ay”’ + by’ +cy =0 , and therefore of Equation 4.3.13 Proceeding as in Example
5.2.1, we look for other solutions of Equation 4.3.13 of the form y = ue™*; then

y =u'e"” +rue"® and y' =u"e"" +2riu'e"” +riue?,
S0
y'—2ry +riy =¢€"° [(u" +2ru +riu) — 27 (v +riu) +r?u]
=" [u' +(2ry —2r)u + (r] — 27} +72)u] =u'e"”.

Therefore y = ue™? is a solution of Equation 4.3.13if and only if " = 0, which is equivalent to u = ¢; + cox , where ¢; and ¢y
are constants. Hence, any function of the form

y:erlz(cl +Cg$) (4314)

is a solution of Equation 4.3.13, Letting ¢c; =1 and ¢y = 0 here yields the solution y; = €™? that we already knew. Letting ¢; =0
and ¢y =1 yields the second solution y, = ze™*. Since y»/y; = is nonconstant, Theorem 5.1.6 implies that {y;,y2} is a
fundamental set of solutions of Equation 4.3.13, and Equation 4.3.14is the general solution.

Case 3: Complex Conjugate Roots

v/ Example 5.2.3

a. Find the general solution of
y" +4y +13y =0. (4.3.15)
b. Solve the initial value problem
Y’ +4y +13y =0, y(0)=2, ¥'(0)=-3. (4.3.16)

Solution
a. The characteristic polynomial of Equation 4.3.15is

p(r)=r’+4r+13 =r2 +4r+4+9=(r+2)2+9.

The roots of the characteristic equation are r; = —2 43¢ and 7o = —2 — 3¢ . By analogy with Case 1, it is reasonable to
expect that i (22392 gre solutions of Equation 4.3.15 This is true (see Exercise 5.2.34); however, there are
difficulties here, since you are probably not familiar with exponential functions with complex arguments, and even if you are,
it is inconvenient to work with them, since they are complex—valued. We’ll take a simpler approach, which we motivate as
follows: the exponential notation suggests that

and e

—2+43i)z _ 2z 3i —2-3)z _ 2z, -3i
e( z)z_e Tz and e( z)z_e T 1z’
so even though we haven’t defined e and e %, it is reasonable to expect that every linear combination of e(~2"3)% and
e(=2-39z can be written as y = ue~2?, where u depends upon z. To determine u, we note that if y = ue=2% then

! !

y :ue72z_2u672 2z

x

1 " _— ! _— =
and v’ =u"e® —4u'e ?® +4ue

S0
y"'+4y' +13y =e 2 [(u" —4u' +4u) +4(uv’ —2u) +13u]
=e [ —(4—4)u + (4 -8 +13)u] = e ¥ (u”" 4 9u).

=243

Therefore y = ue™“® is a solution of Equation 4.3.15if and only if

u'+9u=0.

https://math.libretexts.org/@go/page/43294


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43294?pdf

LibreTexts"

From Example 5.1.2, the general solution of this equation is
u =c1c083x +cosindzx.
Therefore any function of the form

y =e 2%(c; cos3z +cy sin3x) (4.3.17)

is a solution of Equation 4.3.15 Letting ¢; =1 and ¢, =0 yields the solution y; = e 2% cos 3z. Letting ¢; =0 and ¢y =1

yields the second solution ys = e 2% sin3z. Since y, /y1 =tan3z is nonconstant, Theorem 5.1.6 implies that {y;,y2} is a
fundamental set of solutions of Equation 4.3.15 and Equation 4.3.17is the general solution.

b. Imposing the condition y(0) = 2 in Equation 4.3.17shows that ¢; = 2. Differentiating Equation 4.3.17yields

Y = —2e 2" (c; cos 3z + ¢y sin3z) + 3¢ 2*(—¢; sin 3z + ¢y cos 3z),

and imposing the initial condition y'(0) = —3 here yields —3 = —2c¢; +3cy = —4+3cy , so ca =1/3. Therefore the
solution of Equation 4.3.16is

1
y=e 2*(2cos3z + 3 sin3z).

Figure 5.2.3 is a graph of this function.

Now suppose the characteristic equation of ay” 4+ by’ +cy =0 has arbitrary complex roots; thus, b> —4ac < 0 and, from
Equation 4.3.4, the roots are

 —b+ividac—b? —b—iv4dac —b?

T =

To =

2a ’ 2a ’
which we rewrite as
rI=A4iw, T3=A—iw, (4.3.18)
with
b Vidac—b?
A = ——7 W= - .
2a 2a

Don’t memorize these formulas. Just remember that r; and 79 are of the form Equation 4.3.18 where A is an arbitrary real
number and w is positive; A and w are the real and imaginary parts, respectively, of r;. Similarly, A and —w are the real and
imaginary parts of 5. We say that 1 and r5 are complex conjugates,

y
A

Figure 5.2.3 : y = e *(2 cos 3z + 3sin 3z)

which means that they have the same real part and their imaginary parts have the same absolute values, but opposite signs.
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As in Example 5.2.3 , it is reasonable to to expect that the solutions of ay” + by’ +cy =0 are linear combinations of e(***)% and

A—iw)z

el . Again, the exponential notation suggests that

(A—iw)z Az —iwz

Ati Az i
eMHiwT — Moz ang e =ee T,

so even though we haven’t defined e®* and e~?2, it is reasonable to expect that every linear combination of e(*+)z and e(*—iw)z
can be written as y = ue*®, where u depends upon z. To determine u we first observe that since 7y = A +iw and ry = X\ —iw are
the roots of the characteristic equation, p must be of the form

p(r) =alr—mr1)(r—rq)
=a(r—A—iw)(r—A+iw)
=a [(7" —)? —|—w2]
=a(r’ —2Ar + A2 +w?).
Therefore ay” + by’ +cy =0 can be written as
aly" =20y + (N +u?)y] =0.
Since a # 0 this equation has the same solutions as
y' =22y + (A2 +w?)y =0. (4.3.19)
To determine u we note that if y = ue*® then
Y =u'e™ +Aue™ and 3’ =u"e +2xu'eM + Nue.
Substituting these expressions into Equation 4.3.19and dropping the common factor e yields
(u" + 220" +A2u) — 2 (v 4+ Au) + (A2 +w?)u =0,
which simplifies to
v’ 4w =0.
From Example 5.1.2, the general solution of this equation is
U = €1 COSWT + C Sinwz.
Therefore any function of the form

y=e¥(

¢1 coswz + ¢z sinwzr) (4.3.20)

is a solution of Equation 4.3.19. Letting ¢; = 1 and ¢y = 0 here yields the solution y; = e’ coswz. Letting ¢; =0 and ¢, = 1

yields a second solution y; = e sinwz . Since ¥, /y1 =tanwz is nonconstant, so Theorem 5.1.6 implies that {y;,y2} is a

fundamental set of solutions of Equation 4.3.19, and Equation 4.3.20is the general solution.

Summary

The next theorem summarizes the results of this section.

& Theorem 5.2.1

Let p(r) = ar? +br+c be the characteristic polynomial of
ay" +by' +cy=0. (4.3.21)
Then:

a. If p(r) = 0 has distinct real roots 7y and r2, then the general solution of Equation 4.3.211is

y=cre"* +coe™”.
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b. If p(r) = 0 has a repeated root r1, then the general solution of Equation 4.3.211is
Y= erlz(cl +Czil7).

c. If p(r) = 0 has complex conjugate roots 71 = A +iw and 72 = XA —iw (where w > 0), then the general solution of
Equation 4.3.21is

y = e (c; coswz + ¢ sinwz).

This page titled 4.3: Constant Coefficient Homogeneous Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.

o 5.2: Constant Coefficient Homogeneous Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.3E: Constant Coefficient Homogeneous Equations (Exercises)

Q4.3.1

In Exercises 4.3.1-4.3.12 find the general solution.
.y +5y —6y=0

LY —4y' +5y =0

Y +8y +Ty=0
Yy —4y' +4y=0
Yy 42y +10y=0

Y +6y +10y=0
.y =8y +16y =0
Y4y =0

Y =2y +3y=0
10. y" +6y' +13y =0

© 0o N o U kA W N

11. 4y" +4y' +10y =0
12.10y" -3y’ —y =0

Q4.3.2

In Exercises 4.3.13-4.3.17 solve the initial value problem.
13.y" +14y' +50y =0, y(0)=2, ¢'(0)=-17
14.6y" —y'—y=0, y(0)=10, ¥'(0)=0
15.6y"+y' —y=0, y(0)=-1, y'(0)=3
16.4y" —4y' —3y=0, y(0)=13, y(0)=2
17.4y" — 12y +9y =0, y(0)=3, y'(0)=3

Q4.3.3

In Exercises 4.3.18-4.3.21 solve the initial value problem and graph the solution.
18.y"+7y +12y =0, y(0)=-1, ¢'(0)=0
19.9" -6y’ +9y =0, y(0)=0, 3'(0)=2
20.36y" —12y' +y =0, y(0)=3, y'(0)=3
21.y" +4y' +10y =0, y(0)=3, '(0)=-2
22.y"+4y=0, y(r/12)=1, ¢'(x/12)=0
Q4.3.4
23.
a. Suppose y is a solution of the constant coefficient homogeneous equation
ay" +by' +cy=0. (A)
Let z(x) = y(x — xo) , where z is an arbitrary real number. Show that

az"" +bz' +cz=0.
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b. Let z1(z) = y1(x —z¢) and z3(z) = y2(z — xg) , where {y1, yo } is a fundamental set of solutions of (A). Show that {21, 22 }
is also a fundamental set of solutions of (A).
c. The statement of Theorem 5.2.1 is convenient for solving an initial value problem

ay’ +by' +ey=0, y(0)=ko, y'(0)="ki,
where the initial conditions are imposed at £y = 0. However, if the initial value problem is
ay”" +by' +cy=0, y(zo)=ko, y'(z0)=k, B)
where zy # 0, then determining the constants in
y=cie"* +ce™®, y=e€"%(c; +cz), ory = e (c1 coswz + ¢3 sinwz)

(whichever is applicable) is more complicated. Use (b) to restate Theorem 5.2.1 in a form more convenient for solving (B).

Q4.3.5
In Exercises 5.2.23-5.2.28 use a method suggested by Exercise 5.2.22 to solve the initial value problem.
24.9"+3y'+2y =0, y(1)=-1, y'(1)=4
25.y" -6y —Ty=0, y(2)=-— y'(2)=-5

Y

)
)

T
26.y" — 14y’ +49y =0, y(1)=2, ' (1)=11
27.9y" +6y' +y=0, y(2)=2, y(2)=-%1
28.9y" +4y =0, y(r/4)=2, y'(r/d)=-2
20.y"+3y =0, y(r/3)=2, ¢ (r/3)=-1

Q4.3.6
30. Prove: If the characteristic equation of

ay’ +by' +cy=0 (A)
has a repeated negative root or two roots with negative real parts, then every solution of (A) approaches zero as £ — co.

31. Suppose the characteristic polynomial of ay” 4+ by’ +cy =0 has distinct real roots r; and r2. Use a method suggested by
Exercise 5.2.22 to find a formula for the solution of

ay’ +by' +cy=0, y(zo)=ko, y'(zo)=k.

32. Suppose the characteristic polynomial of ay” + by’ +cy =0 has a repeated real root r;. Use a method suggested by Exercise
5.2.22 to find a formula for the solution of

ay”-i-byl-i-Cy:O, y(w(J) :kUa y/(JL‘O) :kl’

33. Suppose the characteristic polynomial of ay” + by’ +cy =0 has complex conjugate roots A +4w. Use a method suggested by
EXxercise 5.2.22 to find a formula for the solution of

ay’ +by' +cy=0, y(zo)=ko, y'(x0)="Fi.
34. Suppose the characteristic equation of
ay' +by +cy=0 (A)
has a repeated real root 7. Temporarily, think of ™ as a function of two real variables z and r.
a. Show that

8_2( m)—l—bi( rm)+ rT __ ( _ )2 rT (B)
aé)?we 6:1,‘6 ce =al\r—ry)e .

b. Differentiate (B) with respect to 7 to obtain
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a 82 a 6 T T\ __ T
as- (62 (e" )) +b§ (6_( )) +c(ze™) =2+ (r—r1)z]a(r —r1)e™. (C)
c. Reverse the orders of the partial differentiations in the first two terms on the left side of (C) to obtain
62 8 TT T
e —(ze )—i—ba—(xe )+e(ze™)=[24+(r—r1)z]a(r —r)e™. (D)

d. Set r =r; in (B) and (D) to see that y; = ™" and y, = xze"'* are solutions of (A)

35. In calculus you learned that e*, cosu, and sinw can be represented by the infinite series

00 u® 2 3 u®
v N . = A
e 2 +1ﬁ- +y+ ot (A)
00 u2n u2 4 u2n
= -1)" =1—-—+—- 1 B
cosu 20( ) (2n)] TR S (=1)" (2n)! +eeey (B)
and

0 u2n+l w ub u2ntl
i = -Vr—=u-——F 4+ -+ (-1t C
o ;( AT R TR V' ) ©

for all real values of u. Even though you have previously considered (A) only for real values of u, we can set u = 6, where 0 is
real, to obtain

o3 o

n=0

Given the proper background in the theory of infinite series with complex terms, it can be shown that the series in (D) converges
for all real 6.

a. Recalling that i = —1, write enough terms of the sequence {i"} to convince yourself that the sequence is repetitive:
1a i? _17 _ia 17 ia _1a _iv 1a i? _17 _ia 17 ia _1a _iv e

Use this to group the terms in (D) as

& :<1—§+%+~')—H(6 §i+i5,+ )
00 2n 00 2n+1
:nzzo(_m (zn)' ”nzzo(_ (2(jz+1)
By comparing this result with (B) and (C), conclude that
e =cosf+isiné. (E)

This is Euler’s identity.
b. Starting from

e e® = (cosfy +isinb;)(cosby +isinby),

collect the real part (the terms not multiplied by %) and the imaginary part (the terms multiplied by 7) on the right, and use the
trigonometric identities

cos(6; +6;) = cosB; cosfy —sinb sinby
sin(6; 4+ 602) =sinb; cosfy + cos b sinby
to verify that
ei(01+92) _ 61,91 6192

as you would expect from the use of the exponential notation e
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c. If o and S are real numbers, define
et = % = ¢%(cos B+isinB). (F)

Show that if z2; = a1 +48; and z3 = as +i8 then
2tz ezl

e e.

d. Let a, b, and ¢ be real numbers, with @ # 0. Let z = u +iv where u and v are real-valued functions of z. Then we say that z is
a solution of

ay" +by +ey=0 (G)

if u and v are both solutions of (G). Use Theorem 5.2.1 (c) to verify that if the characteristic equation of (G) has complex
conjugate roots A & iw then z; = e(M®)e and zy = e(A~@) are both solutions of (G).

This page titled 4.3E: Constant Coefficient Homogeneous Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.

o 5.2E: Constant Coefficient Homogeneous Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.4: Higher Order Constant Coefficient Homogeneous Equations
If ag, a1, ..., a, are constants and ay # 0, then

(n) (n-1)

ay'" +ary" )+ +any =F(z)

is said to be a constant coefficient equation. In this section we consider the homogeneous constant coefficient equation
aoy™ + a1y V4. 4a,y=0. (4.4.1)
Since Equation 4.4.1 is normal on (—o0, 00), the theorems in Section 9.1 all apply with (a, b) = (—o00, 00) .
As in Section 5.2, we call
p(r) =agr +ar" e ta, (4.4.2)

the characteristic polynomial of Equation 4.4.1. We saw in Section 5.2 that when n =2 the solutions of Equation 4.4.1 are
determined by the zeros of the characteristic polynomial. This is also true when n > 2, but the situation is more complicated in this
case. Consequently, we take a different approach.

If k is a positive integer, let D* stand for the k-th derivative operator; that is
Dry=y®.
If
q(r) =bgr™ + by 4 4 by,

is an arbitrary polynomial, define the operator

q(D) =bgD™ +b; D™+ + by,
such that

g(D)y = (boD™ + b1 D™ -+ 4 by )y = boy ™ + by by

whenever y is a function with m derivatives. We call ¢(D) a polynomial operator.

With p as in Equation 4.4.2,
p(D)=ayD" +a; D" ' +- - +a,,
so Equation 4.4.1 can be written as p(D)y = 0. If r is a constant then
p(D)em _ (aODnem —l—aan_lem +..- —|—anem)
= (apr" 4+ a1+ +ay)e™;
that is
p(D)(e™) =p(r)e™.

This shows that y = €™ is a solution of Equation 4.4.1 if p(r) = 0. In the simplest case, where p has n distinct real zeros ry,
79,..., T, this argument yields n solutions

y=e", y=e"", ..., y,=¢e"".
It can be shown (Exercise 9.2.39) that the Wronskian of {e"?, e ... e™*} is nonzero if ry, 79, ..., 7, are distinct; hence,
{enz er® ... e }is a fundamental set of solutions of p(D)y = 0 in this case.
v/ Example 9.2.1
a. Find the general solution of
y" —6y" +11y —6y =0. (4.4.3)
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b. and solve the initial value problem
y" —6y" +11y' —6y =0, y(0)=4, ' (0)=5, 3"(0)=09. (4.4.4)

Solution a
The characteristic polynomial of Equation 4.4.3 is

p(r)=7r>—6r2 +11r—6 = (r—1)(r —2)(r —3).

Therefore {e”, e2%, €37} is a set of solutions of Equation 4.4.3. It is a fundamental set, since its Wronskian is
e 2 o3 11 1
W(z)=|er 2e? 3e¥|=e5"|1 2 3|=2e5"+£0.
e’ 4e’® 93 1 49

Therefore the general solution of Equation 4.4.3 is
y=cre” 4 cye®® +c3e’”. (4.4.5)

Solution b

We must determine cj, ¢ and c3 in Equation 4.4.5 so that y satisfies the initial conditions in Equation 4.4.4. Differentiating
Equation 4.4.5 twice yields

! T 2x 3z
y = c1e¥+2ce”” +3cse
(4.4.6)
Yy = cre® +4coe?® +9czed?.

Setting £ = 0 in Equation 4.4.5 and Equation 4.4.6 and imposing the initial conditions yields

ci+ co+ cg = 4
c1+2co+3c3 = b
c1+4co+9c3 = 9.
The solution of this system is ¢; =4, ¢y = —1, c3 = 1. Therefore the solution of Equation 4.4.4is

y:4ez_e2m+e3z

(Figure 9.2.1).

700
600 -
500 -
400
300 -
200

100 -

0.5 10 15 2.0
Figure 9.2.1: y = 4e® — 2 4 €%

Now we consider the case where the characteristic polynomial Equation 4.4.2 does not have n distinct real zeros. For this purpose
it is useful to define what we mean by a factorization of a polynomial operator. We begin with an example.
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Consider the polynomial
p(r)=r’—r’ +r-1
and the associated polynomial operator
p(D)=D*-D*+D—1.
Since p(r) can be factored as
p(r) = (r=1)(r" +1) = (r* +1)(r - 1),
it is reasonable to expect that p(D) can be factored as
p(D)=(D—-1)(D*+1) = (D*+1)(D-1). (4.4.7)

However, before we can make this assertion we must define what we mean by saying that two operators are equal, and what
we mean by the products of operators in Equation 4.4.7. We say that two operators are equal if they apply to the same
functions and always produce the same result. The definitions of the products in Equation 4.4.7 is this: if y is any three-times
differentiable function then

a. (D—1)(D?*+1)y is the function obtained by first applying D? +1 to y and then applying D — 1 to the resulting function
b. (D* +1)(D —1)y is the function obtained by first applying D — 1 to y and then applying D? +1 to the resulting

function.
From (a):
(D-1)(D*+1)y = (D-1)[(D*+1)y]
= (D-1)@"+y)=Dy"+y) - (y"+vy) (4.4.8)
= @"+y)-W"+y)
= y'—y'+y-y=(D*-D*+D-1)y.
This implies that
(D-1)(D*+1)=(D*-D*+D-1).
From (b):
(D*+1)(D-1)y = (D*+1)[(D—1)y]
= DO+ -y) =Dy —y)+ ¥ —v) (4.4.9)
= @"=y)+W -v)
= y'—y'+y —y=(D°-D*+D-1)y,
(D*+1)(D-1)=(D*-D*+D—-1),
which completes the justification of Equation 4.4.7.
Use the result of Example 9.2.2 to find the general solution of
y" —y" +y —y=0. (4.4.10)

Solution

From Equation 4.4.& we can rewrite Equation 4.4.10as

(D—-1)(D*+1)y =0,
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which implies that any solution of (D? 4+ 1)y =0 is a solution of Equation 4.4.1(. Therefore y; = cosz and y, =sinz are
solutions of Equation 4.4.10.

From Equation 4.4.9, we can rewrite Equation 4.4.10as
(D* +1)(D—1)y =0,

which implies that any solution of (D — 1)y =0 is a solution of Equation 4.4.10. Therefore y3 = e* is solution of Equation
4.4.10
The Wronskian of {e®, cosz, sinz }is

T

cosz sinx e
W(z)=|—sinz  cosz e*|.
—cosx —sinz €
Since
1 01
W)= 0 1 1|/=2,
-1 0 1

{cosz,sinz, e® }is linearly independent and
Y =1 COST + Cco sinx + cze”

is the general solution of Equation 4.4.10.

v/ Example 9.2.4

Find the general solution of

y@ —16y=0. (4.4.11)

Solution
The characteristic polynomial of Equation 4.4.111is

p(r) =r*—16
= (1 —4)(r* +4)
=(r—2)(r+2)(r*+4).
By arguments similar to those used in Examples 9.2.2 and 9.2.4, it can be shown that Equation 4.4.11 can be written as
(D* 4+4)(D+2)(D—2)y =0
or
(D? +4)(D—2)(D+2)y =0
or
(D —2)(D+2)(D*+4)y =0.
Therefore y is a solution of Equation 4.4.11if it is a solution of any of the three equations

(D-2)y=0, (D+2)y=0, (D*>+4)y=0.

Hence, {€?%, e 2%, cos 2, sin 2z }is a set of solutions of Equation 4.4.1 1. The Wronskian of this set is
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—2z

e e cos2zx sin2x
2e%*  _—2¢72*  _2sgin2z 2cos2z
W(z) =
4e%® 4e7?® _4cos2zx —4sin2z
8e2* —Be 27 8sin2x —8cos2zx
Since
1 1 1 0
2 -2 2
w(0) = =—-512,
4 4 —4 0
8§ -8 0 -8
e*® e 2% cos2z, sin 2z }is linearly independent, and
e, e, . y indep
Y1 = c1€%% +cpe 2% 4¢3 cos 2z + ¢y 5in 2z
is the general solution of Equation 4.4.11.

It is known from algebra that every polynomial
p(r) =aor" +air™ '+ +ay
with real coefficients can be factored as

p(r) = aop1(r)p2(r) - - - p(r),

where no pair of the polynomials p;, ps, ..., px has a commom factor and each is either of the form
pj(r) = (r—r))™, (4.4.12)
where r; is real and m; is a positive integer, or
2, 2]™
pi(r) = [(r— ) +wj] , (4.4.13)

where ); and w; are real, w; # 0, and m; is a positive integer. If Equation 4.4.12 holds then r; is a real zero of p, while if
Equation 4.4.13 holds then A +4w and A —iw are complex conjugate zeros of p. In either case, m; is the multiplicity of the
zero(s).

By arguments similar to those used in our examples, it can be shown that

p(D) = aop1(D)p2(D) - - - pr(D)

and that the order of the factors on the right can be chosen arbitrarily. Therefore, if p;(D)y = 0 for some j then p(D)y = 0. To see
this, we simply rewrite Equation 4.4.14 so that p;(D) is applied first. Therefore the problem of finding solutions of p(D)y =0
with p as in Equation 4.4.14reduces to finding solutions of each of these equations

p;(D)y =0,

where p; is a power of a first degree term or of an irreducible quadratic. To find a fundamental set of solutions {y1,y2, - .., ys } of
p(D)y =0, we find fundamental set of solutions of each of the equations and take {y;,ya, - . ., Yn } to be the set of all functions in
these separate fundamental sets. In Exercise 9.2.40 we sketch the proof that {y1, y2, . . . , Y } is linearly independent, and therefore
a fundamental set of solutions of p(D)y = 0.

(4.4.14)

1<j<k,

To apply this procedure to general homogeneous constant coefficient equations, we must be able to find fundamental sets of
solutions of equations of the form

(D—a)"y=0

and
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[(D-X)?+uw?] "y =0,

where m is an arbitrary positive integer. The next two theorems show how to do this.

& Theorem 9.2.1

If m is a positive integer, then
{e® xe®, ... ™ lew} (4.4.15)
is a fundamental set of solutions of
(D—a)™y=0. (4.4.16)
Proof
We’ll show that if

flz)=c+cz+-- ezt

is an arbitrary polynomial of degree <m —1, then y =e®” f is a solution of Equation 4.4.16 First note that if g is any
differentiable function then

(D_a)eazg:Deazg_aeawg:aeazg+eazgl_aeazg,

SO
(D—a)e™g=e"g. (4.4.17)
Therefore
(D—a)e™f = e=f (from (4.4.17) with g = f)
(D—a)?e®f = (D—a)e“f =e=f" (from (4.4.17) with g = f')
(D—a)e®f = (D—a)e<f'=e=f" (from (4.4.17) with g = f")
(D—a)me*f = (D—a)ef(m1) =esf(m (from (4.4.17) with g= f(m-1)).

Since f(m) =0, the last equation implies that y = e3¢ f is a solution of Equation 4.4.16if f is any polynomial of degree
<m —1. In particular, each function in Equation 4.4.15is a solution of Equation 4.4.16 To see that Equation 4.4.15is
linearly independent (and therefore a fundamental set of solutions of Equation 4.4.1¢), note that if

cre® +coze® 4c- - Fepmorx™ e® =0
for all z in some interval (a, b), then

1
ci+extco--+epmix” =0

for all z in (a,b). However, we know from algebra that if this polynomial has more than m —1 zeros then
co=cp=---=c¢,=0 .

v/ Example 9.2.5

Find the general solution of

y" +3y" +3y +y=0. (4.4.18)

Solution
The characteristic polynomial of Equation 4.4.18is

p(r)=7r>+3r2 +3r+1=(r+1)3.
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Therefore Equation 4.4.18can be written as
(D+1)*y =0,
so Theorem 9.2.1 implies that the general solution of Equation 4.4.18is

y=e *(c1+ ez +03w2).

The proof of the next theorem is sketched in Exercise 9.2.41.

& Theorem 9.2.2

If w # 0 and m is a positive integer, then

Az m—1 e)\z

{e™ coswz, ze coswz, ...,z coswe,
eV sinwz, xeM sinwz, ...,zm leM sinwz}
is a fundamental set of solutions of
[(D—\)? 4w ™y =0.
Find the general solution of
(D* 44D +13)%y =0. (4.4.19)

Solution
The characteristic polynomial of Equation 4.4.19is

p(r) = (* +4r+13)° = ((r+2)+9)°.
Therefore Equation 4.4.19 can be be written as
[(D+2)*+9]°y =0,
so Theorem 9.2.2 implies that the general solution of Equation 4.4.19is

y = (a1 +asx +a3z?)e>* cos 3z + (by +box +b3z®)e 2% sin3z.

v/ Example 9.2.7

Find the general solution of

n

y @ 4y +6y" +4y =0. (4.4.20)

Solution
The characteristic polynomial of Equation 4.4.20is

p(r) = rt+4r® +6r° +4r

r(rd +4r? +6r+4)
r(r+2)(7‘2 +2r+2)
r(r+2)[(r+1)2 +1].

Therefore Equation 4.4 .20 can be written as

[(D+1)*+1](D+2)Dy =0.

Fundamental sets of solutions of
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[(D+1)2+1]y=0, (D+2)y=0, and Dy=0.
are given by
{e®cosz,e *sinz}, {e?*}, and {1},
respectively. Therefore the general solution of Equation 4.4.20is

y=e “(cycosz+cosinz) +eze 2 4y,

v/ Example 9.2.8

Find a fundamental set of solutions of
(D+1)*+12(D—-1)*(D+1)D*y =0. (4.4.21)

Solution
A fundamental set of solutions of Equation 4.4.21 can be obtained by combining fundamental sets of solutions of

[(D+1)*+1] "y =0
. (D—1)3y=0

« (D+1)y=0

(] D2y=0

Fundamental sets of solutions of these equations are given by
o {e*cosz,ze cosz,e *sinx,ze *sinz}

. {e’”, ze®, a:Ze””}

« {7}

° {1’ T }

respectively. These ten functions form a fundamental set of solutions of Equation 4.4.21,
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4.4E: Higher Order Constant Coefficient Homogeneous Equations (Exercises)

Q4.4.1
In Exercises 4.4.1-4.4.14 find the general solution.

1Ly"—-3y"+3y' —y=0

2.y +8y" —9y =0

3.y —y"+16y —16y =0
4.2y" +3y" -2y -3y =0
59" +5y"+9y' +5y =0
6.4y" —8y" +5y —y=0
7.27y" +27y" + 9y +y =0
8.yW+y" =0

9.4 —16y =0

10. y™¥ +12y" +36y =0

11. 16y — 724" +81y =0

12. 6y +5y" +7y" + 5y’ +y =0

13. 4y + 12"+ 3y" — 13y —6y =0
14. y® — 4y +7y" — 6y’ +2y =0

Q4.4.2

In Exercises 4.4.15-4.4.27 solve the initial value problem. Graph the solution for Exercises 4.4.17-4.4.19 and 4.4.27.
15.y" —2y"+4y —8y =0, y(0)=2, '(0)=-2, y"(0)=0

16.y" +3y"—y' -3y =0, y(0)=0, 3'(0)=14, y"(0)=-40

179" —y" =y’ +y =0, y(0)=-2, ¢'(0)=9, y"(0)=4

18.y" -2y’ —4y =0, y(0)=6, y'(0)=3, ¢"(0)=22

19.3y" —y" =7y’ +5y =0, y(0)= %, y'
20.y" — 6y’ +12¢y' —8y =0, y(0)=1, ¢
21.2y"" —11y" +12¢' +9y =0, y(0)=6, ' (0)=3, ¢"(
22.8y" —4y" =2y’ +y =0, y(0)=4, ¥ (0)=-3, ¢"(0)=-1
23.yW 16y =0, y(0)=2, y'(0)=2, y"(0) =~2, y"(0) =0
24.yW —6y" +7y" + 6y —8y =0, y(0)=-2, y'(0)=-8, ¥"(0
25.4y® —13y"+9y =0, y(0)=1, ¢'(0)=3, ¥"(0)=1, y"(0
26y +2y" —2y" —8y' ~8y =0, y(0)=5, ¥ (0)=-2, y"(0)=6, y"(0)=8

27. 4y +8y" +19y" +32y +12y =0, y(0)=3, ' (0)=-3, y"(0)=-I, y"(0)=3L

Q4.4.3
28. Find a fundamental set of solutions of the given equation.

ay"—y=0
b. ylll+y:0
cy® +64y=0
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dy® —y=0
e y® 464y =0
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4.5: Nonhomgeneous Linear Equations
We’ll now consider the nonhomogeneous linear second order equation
¥ +p(z)y +4q(z)y = f(z), (4.5.1)

where the forcing function f isn’t identically zero. The next theorem, an extension of Theorem 5.1.1, gives sufficient conditions for
existence and uniqueness of solutions of initial value problems for Equation 4.5.1. We omit the proof, which is beyond the scope of
this book.

& Theorem 5.3.1 : Uniqueness

Suppose p, , g and f are continuous on an open interval (a, b), let zy be any point in (a, b), and let ko and k; be arbitrary real
numbers. Then the initial value problem

y' +p(@)y +q(@)y = f(z), y(zo) =ko, ¥'(z0) =k

has a unique solution on (a, b).

To find the general solution of Equation 4.5.1 on an interval (a,b) where p, ¢, and f are continuous, it is necessary to find the
general solution of the associated homogeneous equation

y'+p(2)y +q(z)y=0 (4.5.2)
on (a, b). We call Equation 4.5.2 the complementary equation for Equation 4.5.1.

The next theorem shows how to find the general solution of Equation 4.5.1 if we know one solution y, of Equation 4.5.1 and a
fundamental set of solutions of Equation 4.5.2. We call y,, a particular solution of Equation 4.5.1 ; it can be any solution that we
can find, one way or another.

& Theorem 5.3.2

Suppose p, g, and f are continuous on (a, b). Let y,, be a particular solution of

y' +p(2)y +4q(z)y = f(z) (4.5.3)
on (a, b), and let {y;, y2 } be a fundamental set of solutions of the complementary equation
y"' +p(z)y +q(z)y =0 (4.5.4)

on (a, b). Then y is a solution of (4.5.3)on (a, b) if and only if
Y =Yp +C1y1 +C2Y2, (4.5.5)
where ¢; and ¢ are constants.

Proof

We first show that y in Equation 4.5.5is a solution of Equation 4.5.3 for any choice of the constants ¢; and cj.
Differentiating Equation 4.5.5twice yields

Y =ypt+ay ey, and y' =yl +ayl +cyl,
SO
Y +p(@)y +a(@)y = () +ayl +eyl) +p@)(y) +ery) +cah) +a(2)(yp + iy +c2ya)
= (yy +p(@)yp +a(@)yp) + 1 (yy +p(@)y; +a(x)y1) +c2(yy +p(2)ys +a(z)y2)
=f+c1-0+cy-0=F,

since y,, satisfies Equation 4.5.3and y; and y, satisfy Equation 4.5.4
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Now we’ll show that every solution of Equation 4.5.3has the form Equation 4.5.5for some choice of the constants ¢; and
cz. Suppose y is a solution of Equation 4.5.3 We’ll show that y —1y,, is a solution of Equation 4.5.4 and therefore of the
form y —y, = c1y1 +c2y2 , which implies Equation 4.5.5 To see this, we compute

—u)" +p@) W —u) +a@)y—v) =0"—)+p@)0 —v)+a@)y—y)
=" +p@)y +a(z)y) — (5 +p()yp +q(x)yp)
=f(z) - f(z) =0,
since y and y, both satisfy Equation 4.5.3

We say that Equation 4.5.5is the general solution of (4.5.3)on (a, b).

If Py, P;, and F are continuous and P, has no zeros on (a, b), then Theorem 5.3.2 implies that the general solution of
Py(z)y" +Pi(z)y’ + Py(z)y = F(z) (4.5.6)

on (a,b) is y =y, +c1y1 +c2y2 , where y, is a particular solution of Equation 4.5.6 on (a, b) and {y1,y»} is a fundamental set
of solutions of

Py(z)y" +Pi(z)y +Pa(z)y =0
on (a, b). To see this, we rewrite Equation 4.5.6 as

P1 (iB) yl
Py(z) Py(z)

Py(z)

"

and apply Theorem 5.3.2 withp = P, /Py, q= Py /Py, and f = F / P,.

To avoid awkward wording in examples and exercises, we will not specify the interval (a,b) when we ask for the general
solution of a specific linear second order equation, or for a fundamental set of solutions of a homogeneous linear second order
equation. Let’s agree that this always means that we want the general solution (or a fundamental set of solutions, as the case
may be) on every open interval on which p, g, and f are continuous if the equation is of the form Equation 4.5.3, or on which
Py, P;, P,, and F' are continuous and Py has no zeros, if the equation is of the form Equation 4.5.6. We leave it to you to
identify these intervals in specific examples and exercises.

For completeness, we point out that if Py, P;, P, and F are all continuous on an open interval (a, b), but Py does have a zero in
(a, b), then Equation 4.5.6 may fail to have a general solution on (a, b) in the sense just defined. Exercises 5.1.42-5.1.44 illustrate
this point for a homogeneous equation.

In this section we to limit ourselves to applications of Theorem 5.3.2 where we can guess at the form of the particular solution.

v/ Example 5.3.1

a. Find the general solution of
y' +y=1. (4.5.7)
b. Solve the initial value problem
y'+y=1, y(0)=2, y'(0)=T7. (4.5.8)

Solution

a. We can apply Theorem 5.3.2 with (a,b) = (—o0, 00), since the functions p =0, ¢g=1, and f =1 in Equation 4.5.7 are
continuous on (—oo, 0o). By inspection we see that y, =1 is a particular solution of Equation 4.5.7. Since y; = cosz and
y2 =sinz form a fundamental set of solutions of the complementary equation y” +y = 0, the general solution of Equation
4.5.7is

y=1+cicosz+cysinz. (4.5.9)
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b. Imposing the initial condition y(0) =2 in Equation 4.5.9 yields 2=1+¢; , so ¢; = 1. Differentiating Equation 4.5.9
yields

y' = —c1sinx +cycoszx.
Imposing the initial condition y'(0) = 7 here yields ca = 7, so the solution of Equation 4.5.8 is
y=14cosz +7sinz.

Figure 5.3.1 is a graph of this function.

Figure 53.1:y=1+4cosxz +7sinz

v/ Example 5.3.2

a. Find the general solution of
y' -2y +y=—-3—x+22. (4.5.10)
b. Solve the initial value problem
y' =2y +y=-3—-z+2?, y(0)=-2, y(0)=1. (4.5.11)

Solution
a. The characteristic polynomial of the complementary equation

yll_2y1+y:0

isr?2 —2r+1=(r—1)? ,s0y; =e® and y» = ze” form a fundamental set of solutions of the complementary equation. To
guess a form for a particular solution of Equation 4.5.10, we note that substituting a second degree polynomial

Yp =A+ Bz + Cz? into the left side of Equation 4.5.10 will produce another second degree polynomial with coefficients
that depend upon A, B, and C'. The trick is to choose A, B, and C so the polynomials on the two sides of Equation 4.5.10
have the same coefficients; thus, if

yy=A+Bz+Cz® then y,=B+2Cz and vy} =20,
so
yy —2yp+y, =2C—2(B+2Cz)+(A+ Bz +Cz?)
=(2C —2B+A)+(-4C+B)z +Cz® = -3 —z +2°.

Equating coefficients of like powers of 2 on the two sides of the last equality yields

https://math.libretexts.org/@go/page/43296


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43296?pdf

LibreTexts"

c= 1
B—4C =-1
A—2B+2C = -3,

so C=1, B=-1+4C=3, and A=-3-2C+2B=1 . Therefore y, =1+3z+x> is a particular solution of
Equation 4.5.10and Theorem 5.3.2 implies that

y=1+3z+z%+e%(c; +caz) (4.5.12)

is the general solution of Equation 4.5.10.

b. Imposing the initial condition y(0) = —2 in Equation 4.5.12yields —2 =1+¢; , so ¢; = —3. Differentiating Equation
4.5.12yields

Yy =342z +e"(c; +caz) +c2e”,
and imposing the initial condition y'(0) = 1 here yields 1 =3 +c¢; + ¢ , s0 ca = 1. Therefore the solution of Equation 4.5.11
is
y=1+3z+2">—e*(3—zx).

Figure 5.3.2 is a graph of this solution.
y

A

16 -

14 -

12 -

| | | | » x
/er_( 1.0 15 20

Figure 5.3.2 :y =1+3z + 2% —e*(3 — )

v/ Example 5.3.3

Find the general solution of
2*y" +xy — 4y =22" (4.5.13)
on (—o0, 0) and (0, co).

Solution
In Example 5.1.3, we verified that y; = 22 and y = 1/x2 form a fundamental set of solutions of the complementary equation

m2y”+wy’ _4y =0

on (—oo, 0) and (0, co). To find a particular solution of Equation 4.5.13 we note that if y,, = Az*, where A is a constant then
both sides of Equation 4.5.13will be constant multiples of z* and we may be able to choose A so the two sides are equal. This
is true in this example, since if y, = Az* then

22yl +xy, — 4y, = * (1242°) + z(4A2%) — 44z* =124z = 22*
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if A=1/6; therefore, y, = z*/6 is a particular solution of Equation 4.5.13 on (—o0, 00). Theorem 5.3.2 implies that the
general solution of Equation 4.5.130n (—oo, 0) and (0, 0o) is

4
€T 2 Co
y= ? +ciz” + a:_2
The Principle of Superposition

The next theorem enables us to break a nonhomogeous equation into simpler parts, find a particular solution for each part, and then
combine their solutions to obtain a particular solution of the original problem.

& Theorem 5.3.3 the principle of superposition

Suppose y,, is a particular solution of
¥ +p(@)y +a(@)y = fi(z)
on (a, b) and y,, is a particular solution of
y' +p(@)y +a(@)y = f2(z)
on (a,b). Then
Y =Y, T Yp,
is a particular solution of
v +p(@)y +a(@)y = f1(z) + f2(z)
on (a,b).
Proof
If yp = yp, +yp, then
v +p(@)yp +a(@)yp = (Up, +9p,)" +2(@) Wp, +Yp) + (@) (Up, +Yp,)
= (. +p@)yp +a(@)yp) + (U5 +P(@)Yp, + ()Y, )
= fi(@) + fa(=).

It’s easy to generalize Theorem 5.3.3 to the equation
y'+p()y +a(z)y = f(z) (4.5.14)
where
f=h+ft -+ fr
thus, if y,, is a particular solution of
y" +p(@)y +a(z)y = fi(z)

on (a,b) fori =1,2, ..., k, then y, +y, +---+y, isa particular solution of Equation 4.5.14 on (a, b). Moreover, by a proof
similar to the proof of Theorem 5.3.3 we can formulate the principle of superposition in terms of a linear equation written in the
form

Py(z)y" +Pi(z)y + Py(z)y = F(z)
that is, if 4, is a particular solution of
Py(z)y" + Pi(z)y +Pa(z)y = Fi()

on (a, b) and y,, is a particular solution of
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on (a,b), then y, +y,, is a solution of

Py(z)y" + Pi(z)y' + P2(z)y = Fa(z)

Py(z)y" + Pi(z)y’ + Pa(z)y = Fi(z) + Fa(z)
on (a,b).

v/ Example 5.3.4

The function y, = x*/15 is a particular solution of
x2y" +dxy’ + 2y =2z (4.5.15)
on (—00, 00) and y,, = */3 is a particular solution of
2’y + 4y + 2y = 42° (4.5.16)
on (—o00, 00). Use the principle of superposition to find a particular solution of
2%y +4zy + 2y = 22" + 42° (4.5.17)

on (—o0, 00).

Solution
The right side F'(z) = 2z* +4x? in Equation 4.5.17is the sum of the right sides

Fi(z)=2z' and Fy(z)=4z".
in Equation 4.5.15and Equation 4.5.16 Therefore the principle of superposition implies that

x4 z?
Yp =Yp, T Up, = E"‘?

is a particular solution of Equation 4.5.17.

This page titled 4.5: Nonhomgeneous Linear Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 5.3: Nonhomogeneous Linear Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.5E: Nonhomgeneous Linear Equations (Exercises)
Q4.5.1

In Exercises 4.5.1-4.5.12 find a particular solution. Then find the general solution and, where indicated, solve the initial value
problem and graph the solution.

Ly" 45y —6y =22 +18z — 182°
2.y 4y +5y=1+52
3.y"+8y' +Ty=—8 -z +242’ + 72’
4.y" — 4y +4y =2 +8z — 4a®
5.y"+2y +10y =4+262 + 627 +102°, y(0)=2, y'(0)=9
6.y" +6y'+10y =22+20z, y(0)=2, y'(0) = -2
7.y +5y — 6y = 6e*
8.y" —4y' +5y =€
9.y"+8y +7y =10e7*, y(0) =2, y/(0) =10
10.y" —4y' +4y =e®, y(0)=2, ¢'(0)=0
1.y 42y + 10y = e®/2
12.y" 46y +10y = e %
Q4.5.2
13. Show that
y'+y =142z +2? %)

will not yield a particular solution of the form y, = A+ Bz +C 22 , where A, B, and C are constants.
14. Show that
Y =Ty +12y = 5¢e*7; (A)
will not yield a particular solution of the form y, = Ae*®
15. Prove: If a and M are constants and M # 0 then constant coefficient equation
ay" +by' +cy=Me** (4.5E.1)

has a particular solution y, = Ae*® (A = constant) if and only if e*® isn’t a solution of the complementary equation.

Q4.5.3

In Exercises 4.5.16-4.5.21 find a particular solution. Then find the general solution and, where indicated, solve the initial value
problem and graph the solution.

16. y" — 8y’ +16y = 23 cosz — Tsinz
17.y" +y' = —8 cos 2z + 6 sin 2z
18.y" —2y' +3y = —6cos3z +6sin3z

19.y" +6y' +13y =18 cosx +6sinx
20.y" 4+ 7y +12y = —2cos2zx +36sin2z, y(0)=-3, ¥ (0)=3
21.y" — 6y +9y =18cos3z +18sin3z, y(0)=2, ¢'(0)=2
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Q454

In Exercises 4.5.22-5.3.27 use the principal of superposition to find a particular solution. Then find the general solution.
22.y" 4+ 5y — 6y =22 + 18z — 1822 4 6e3®

23.y" —4y' +5y=1+5z +e*®

24. y" +8y' + Ty = —8 —x + 242> + 72® +10e™%*

25.y" —4y' +4y =2 +8x —4x? +€”

26. y" +2y' +10y =4+ 262 + 62> +102° + /2

27.y" + 6y’ +10y =22 +20x +e 3%

Q4.55
28. Prove: If y,, is a particular solution of
Py(z)y" + Pi(z)y + Py(z)y = Fi(z) (4.5E.2)
on (a, b) and y,, is a particular solution of
Py(z)y" + Pi(z)y + Pa(z)y = Fo(z) (4.5E.3)
on (a, b), then y, =y, +1,, isasolution of
Py(z)y" + Pi(z)y + Py(x)y = Fi(z) + Fy(z) (4.5E.4)

on (a,b).
29. Suppose p, ¢, and f are continuous on (a,b). Let yi, y2, and y, be twice differentiable on (a,b), such that
Yy =ci1y1 +c2y2 +¥yp s asolution of

y' +p()y +a(@)y = f (4.5E.5)

on (a, b) for every choice of the constants c;, c. Show that y; and y» are solutions of the complementary equation on (a, b).

This page titled 4.5E: Nonhomgeneous Linear Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.

¢ 5.3E: Nonhomgeneous Linear Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.6: The Method of Undetermined Coefficients |
In this section we consider the constant coefficient equation

ay” +by' +cy =e**G(z), (4.6.1)
where « is a constant and G is a polynomial.

From Theorem 5.3.2, the general solution of Equation 4.6.1is y =y, +c1y1 +c2y2 , where y, is a particular solution of Equation
4.6.1and {y1,y2} is a fundamental set of solutions of the complementary equation

ay” +by +cy=0.

In Section 5.2 we showed how to find {31, y2}. In this section we’ll show how to find y,. The procedure that we’ll use is called
the method of undetermined coefficients. Our first example is similar to Exercises 5.3.16-5.3.21.

v/ Example 5.4.1

Find a particular solution of
Y =Ty +12y = 4€*°. (4.6.2)
Then find the general solution.

Solution

Substituting y, = Ae*® for y in Equation 4.6.2 will produce a constant multiple of Ae?® on the left side of Equation 4.6.2, so
it may be possible to choose A so that ¥, is a solution of Equation 4.6.2. Let’s try it; if y, = Ae®® then

Yl — Ty, +12y, = 44> —14Ae™ +124e™ = 24e™ = 4™

if A=2. Therefore y, = 2e%* is a particular solution of Equation 4.6.2. To find the general solution, we note that the
characteristic polynomial of the complementary equation

y' =Ty +12y =0 (4.6.3)

isp(r)=r2—7r+12=(r—3)(r—4) , so {€°%,e**} is a fundamental set of solutions of Equation 4.6.3. Therefore the
general solution of Equation 4.6.2is

y =2e* 4 1% + cpe’”.

v/ Example 5.4.2

Find a particular solution of

Yy =Ty +12y = 5e*e. (4.6.4)
Then find the general solution.
Solution
Fresh from our success in finding a particular solution of Equation 4.6.2 — where we chose y, = Ae®® because the right side
of Equation 4.6.2 is a constant multiple of e>* — it may seem reasonable to try Yp = Ae*® as a particular solution of Equation
4.6.4. However, this will not work, since we saw in Example 5.4.1 that e® is a solution of the complementary equation

Equation 4.6.3, so substituting y, = Ae*® into the left side of Equation 4.6.4) produces zero on the left, no matter how we
chooseA. To discover a suitable form for 4,, we use the same approach that we used in Section 5.2 to find a second solution of

ay” +by +cy=0

in the case where the characteristic equation has a repeated real root: we look for solutions of
Equation 4.6.4 in the form y = ue*® , where u is a function to be determined. Substituting

y=ue'®, oy =ue'+4ue’®, and y' =u"e'® +8u'e' +16ue’® (4.6.5)
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into Equation 4.6.4 and canceling the common factor e** yields
(u" +8u' +16u) —7(uw +4u) +12u =5,
or
o'+ =5.
By inspection we see that u, = 5z is a particular solution of this equation, so \(y_p=5xe{4x}\) is a
particular solution of Equation 4.6.4. Therefore
y =5xel® + €32 4 cpel®

is the general solution.

v/ Example 5.4.3

Find a particular solution of
Y —8y +16y = 2e*". (4.6.6)
Solution
Since the characteristic polynomial of the complementary equation
y" —8y +16y =0 (4.6.7)

isp(r) =r2 —8r+16 = (r—4)? , both y; = €*® and y, = ze® are solutions of Equation 4.6.7. Therefore Equation 4.6.6)
does not have a solution of the form y, = Ae*® or Yp = Aze*® . As in Example 5.4.2 , we look for solutions of Equation 4.6.6
in the form y = ue®, where u is a function to be determined. Substituting from Equation 4.6.5 into Equation 4.6.6 and
canceling the common factor ** yields

(u" +8u' +16u) —8(u +4u) +16u =2,
or
u// :2

Integrating twice and taking the constants of integration to be zero shows that u, = z?

SO Y, = x2e*® is a particular solution of Equation 4.6.4 Therefore

is a particular solution of this equation,

y=e"(z +e1 +cox)

is the general solution.

The preceding examples illustrate the following facts concerning the form of a particular solution y, of a constant coefficent
equation

ay" +by' +cy =ke*,
where k is a nonzero constant:
a. If e*® isn’t a solution of the complementary equation
ay’ +by' +cy=0, (4.6.8)

then y, = Ae®” , where A is a constant. (See Example 5.4.1).
b. If e is a solution of Equation 4.6.8 but ze®® is not, then y, = Axe®®, where A is a constant. (See Example 5.4.2 .)
c. If both e** and ze*” are solutions of Equation 4.6.8, then ¥, = Ax?e®® where A is a constant. (See Example 5.4.3 .)

See Exercise 5.4.30 for the proofs of these facts.

In all three cases you can just substitute the appropriate form for g, and its derivatives directly into

ayy + by + cy, = ke,
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and solve for the constant A, as we did in Example 5.4.1 . (See Exercises 5.4.31-5.4.33.) However, if the equation is
ay’ + by +cy = ke**G(x),

where G is a polynomial of degree greater than zero, we recommend that you use the substitution y = ue*® as we did in Examples
5.4.2 and 5.4.3 . The equation for u will turn out to be

av" +p' (a)u +p(a)u = G(z), (4.6.9)

where p(r) =ar?+br+c is the characteristic polynomial of the complementary equation and p'(r) =2ar+b (Exercise
5.4.30); however, you shouldn’t memorize this since it is easy to derive the equation for % in any particular case. Note, however,
that if e** is a solution of the complementary equation then p(«) = 0, so Equation 4.6.9 reduces to

au” +p' (@)u' = G(z),

while if both e*® and ze®® are solutions of the complementary equation then p(r) =a(r —a)? and p'(r) =2a(r—a), so

p(a) =p'(a) =0 and Equation 4.6.9) reduces to

au'" = G(z)
Find a particular solution of
Y’ =3y +2y =€ (—1+2z +2°). (4.6.10)
Solution
Substituting

y=ue’, y =u'e*+3ue?®, andy”’ =u"e> 4 6u'e>” +Jued”
into Equation 4.6.1() and canceling e3* yields
(v 4 6u +9u) — 3(u +3u) +2u = —1 4 2z + 2,
or
u’ +3u +2u = —1+2z + 2% (4.6.11)

As in Example 5.3.2, in order to guess a form for a particular solution of Equation 4.6.11), we note that substituting a second
degree polynomial u, = A+ Bz + Cz? for u in the left side of Equation 4.6.11) produces another second degree polynomial
with coefficients that depend upon A, B, and C thus,

if u,=A+Bz+Cz> then u,=B+2Cz and uj=2C.
If u,, is to satisfy Equation 4.6.11), we must have
uy +3u}, +2u, =2C+3(B+2Cz)+2(A+ Bz +Cz?)
=(2C+3B+2A4)+(6C +2B)z +2Cz* = -1 + 2z +z?.

Equating coefficients of like powers of  on the two sides of the last equality yields

2C¢ =1
2B+6C =2
2A+3B+2C =-1.

Solving these equations for C', B, and A (in that order) yields C =1/2, B=—1/2, A = —1/4. Therefore

1
Up :_Z(l —|—2x—2w2)

is a particular solution of Equation 4.6.11, and
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3z

yp :upe?’z = —64 (1 +2:IJ —21’2)

is a particular solution of Equation 4.6.10.

v Example 5.4.5

Find a particular solution of
y" — 4y’ +3y = 3% (6 + 8z + 122?). (4.6.12)

Solution
Substituting

y= ue3w’ y/ _ ule3x + 3’LL€3$, and y// _ u//e3x + 6u/e3m + gue3x
into Equation 4.6.12 and canceling e>* yields
(u" +6u' +9u) —4(u' + 3u) +3u = 6 + 8z + 1222,
or

u’ +2u' =648z +122%. (4.6.13)

There’s no u term in this equation, since e3? is a solution of the complementary equation for Equation 4.6.12). (See Exercise

5.4.30.) Therefore Equation 4.6.13 does not have a particular solution of the form u, = A+ Bz + Cz? that we used
successfully in Example 5.4.4 , since with this choice of w,,

up +2up, =2C + (B+2Cx)

can’t contain the last term (12z2) on the right side of Equation 4.6.13). Instead, let’s try u, = Az + Bz? +Cz? on the
grounds that

up = A+2Bz+3Cz> and uj =2B+6Cx
together contain all the powers of « that appear on the right side of Equation 4.6.13).

Substituting these expressions in place of ' and 4" in Equation 4.6.13) yields
(2B+6Cz)+2(A+2Bz +3Cz®) = (2B+2A) +(6C +4B)z + 6Cz® = 6 + 8z + 1222.

Comparing coefficients of like powers of = on the two sides of the last equality shows that u,, satisfies Equation 4.6.13) if

6C =12
4B+6C =8
2A+2B =6.

Solving these equations successively yields C =2, B= —1, and A = 4. Therefore
up =z (4 —z +2z?%)
is a particular solution of Equation 4.6.13, and
Yp = upe®® = ze3?(4 —z +227%)

is a particular solution of Equation 4.6.12),

v/ Example 5.4.6

Find a particular solution of
4y" + 4y +y=eV?(—8 4+ 48z + 1442?). (4.6.14)

Solution
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Substituting
y=ue 2, ' =ue - %ueﬂm, and y" =u'e ™ /e ? 4 iueﬂ”/2
into Equation 4.6.14) and canceling e */? yields
4 (u” — +%) +4 (u' _ %) tu—4u" = —8+48z + 14422,
or
v’ =—2+12z + 3622, (4.6.15)

which does not contain u or u’ because e */2 and ze*/? are both solutions of the complementary equation. (See Exercise
5.4.30.) To obtain a particular solution of Equation 4.6.15 we integrate twice, taking the constants of integration to be zero;
thus,

u) =—2z+622+122° and w, = —z%+223 +3z* = 2?(~1 + 2z + 3z?).
Therefore
Yp = upe /% = z2e7%/2(—1 + 22 + 3z?)

is a particular solution of Equation 4.6.14).

Summary
The preceding examples illustrate the following facts concerning particular solutions of a constant coefficent equation of the form
ay" + by’ +cy = e**G(z),
where G is a polynomial (see Exercise 5.4.30):
a. If e** isn’t a solution of the complementary equation
ay" +by' +cy=0, (4.6.16)

then y, = e**Q(z), where @ is a polynomial of the same degree as G. (See Example 5.4.4 ).

b. If e is a solution of Equation 4.6.16but ze®® is not, then y, = ze**Q (), where @ is a polynomial of the same degree as G.
(See Example 5.4.5 .)

c. If both e** and ze*” are solutions of Equation 4.6.16, then y, = z2e*®Q(x), where Q is a polynomial of the same degree as
G. (See Example 5.4.6 .)

In all three cases, you can just substitute the appropriate form for y, and its derivatives directly into
ayy +by, +cyp =" G(z),

and solve for the coefficients of the polynomial . However, if you try this you will see that the computations are more tedious
than those that you encounter by making the substitution y = ue“® and finding a particular solution of the resulting equation for w.
(See Exercises 5.4.34-5.4.36.) In Case (a) the equation for u will be of the form

au’ +p'(@)u’ +p(a)u = G(z),

with a particular solution of the form u, = Q(z), a polynomial of the same degree as GG, whose coefficients can be found by the
method used in Example 5.4.4 . In Case (b) the equation for u will be of the form

av’ +p' (a)u' = G(x)

(no u term on the left), with a particular solution of the form wu, = zQ(z), where Q is a polynomial of the same degree as G
whose coefficents can be found by the method used in Example 5.4.5 . In Case (c), the equation for u will be of the form

av’ = G(z)

with a particular solution of the form u, = z2Q(z) that can be obtained by integrating G(z)/a twice and taking the constants of
integration to be zero, as in Example 5.4.6 .
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Using the Principle of Superposition
The next example shows how to combine the method of undetermined coefficients and Theorem 5.3.3, the principle of

superposition.

v/ Example 5.4.7

Find a particular solution of

Y — Ty +12y = 4e*® +5¢*7. (4.6.17)

Solution
In Example 5.4.1 we found that y, = 2e%? is a particular solution of
y" =Ty +12y = 4€*°,
and in Example 5.4.2 we found that ¥, = 5ze*® is a particular solution of
Y — Ty +12y = 5e'".

Therefore the principle of superposition implies that 1, = 2e%* 4 5xe*® is a particular solution of Equation 4.6.17).

This page titled 4.6: The Method of Undetermined Coefficients I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or

curated by Zoya Kravets.
5.4: The Method of Undetermined Coefficients I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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4.6E: The Method of Undetermined Coefficients | (Exercises)
Q4.6.1

In Exercises 4.6.1-4.6.14 find a particular solution.
=3y +2y=€e>(1+2x)

.y — 6y +5y =e3%(35 —8x)

Yy =2y —3y=e"(—8+3x)

Y2y +y = e (—T7— 15z +9x?)

Y +4y =e (7 — 4z +52%)

Y~y 2y =e%(9+ 2z — 4x?)

.y —4y — 5y =—6ze*

.y =3y +2y=¢€"(3 —4x)

'y — 12y =3 (-6 +Tx)

10. 2y" — 3y’ —2y = e?*(—6 +10x)
11.y"+2y' +y=e"(2+3z)

12.y" =2y +y=€"(1—6z)

13.y" — 4y’ +4y = €**(1 — 3z + 62?)
14.9y" + 6y’ +y =e */3(2 — 4z + 42?)

© 0o N o U kA W N

Q4.6.2

In Exercises 4.6.15-4.6.19 find the general solution.

15.y" — 3y’ + 2y =e3*(1 +z)

16.y" — 6y’ + 8y =€*(11 —6x)

17.y" + 6y’ + 9y = €**(3 — 5z)

18. y" +2y' — 3y = —16ze”

19.y" -2y +y=€"(2—12z)

Q4.6.3

In Exercises 4.6.20-4.6.23 solve the initial value problem and plot the solution.
20.y" —4y' —5y =9e**(1+z), y(0)=0, %' (0)=-10

21.y" +3y' —4y =€e2*(7T+6z), y(0)=2, 3 (0)=8

2.y " +4y +3y=—-e*(2+8z), y(0)=1, %'(0)=

23.y" -3y —10y =7e2, y(0)=1, ' (0)=-17

Q4.6.4

In Exercises 4.6.24-4.6.29 use the principle of superposition to find a particular solution.
24. 4" +y' +y=ze® +e % (1+2zx)

25.y" —Ty' +12y = —€®(17 —42z) — 3°

26.y" —8y' +16y =6z’ +2 + 162 + 162>

27.y" -3y’ +2y = —€?*(3 +4z) —€®

@ 0 a @ 4.6E.1 https://math.libretexts.org/@go/page/43299


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43299?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/04%3A_Linear_Second_Order_Equations/4.06%3A_The_Method_of_Undetermined_Coefficients_I/4.6E%3A_The_Method_of_Undetermined_Coefficients_I_(Exercises)

LibreTexts"

28.y" —2y' +2y =e*(1 +x)+e % (2 8z +5z?)
29.y" +y=e*(2—4z +22?) +€3*(8 — 12z — 10z?)

Q4.6.5

30. Suppose a # 0 and k is a positive integer. In most calculus books integrals like [ zFe®® dg are evaluated by integrating by
parts k times. This exercise presents another method. Let

y= /e‘”P(x) dz
with
P(z)=py+p1z+--+ppz’

(where py, # 0).

a. Show that y = e**u, where

v +ou = P(z). (A)
b. Show that (A) has a particular solution of the form
up, = Ag+ A1z +- - - + Ak,

where Ay, Aj_1, ..., Ag can be computed successively by equating coefficients of =¥, !, ... 1 on both sides of the
equation
up +au, = P(z).

c. Conclude that
/e‘””P(z) dz = (Ao + A1z +- -+ Apak) e*® +e,

where c is a constant of integration.
31. Use the method of Exercise 4.6.30 to evaluate the integral.

a [e"(4+z)dx

b. fe®(—1+2?)dz

c [zPe*dx

d [e*(1+z)*dz

e. [€¥*(—14+30z +272%)dz

f. [e (1 +6z® —14z® +3z*)dz

32. Use the method suggested in Exercise 4.6.30 to evaluate [ zFe® dx, where k is an arbitrary positive integer and o # 0.
This page titled 4.6E: The Method of Undetermined Coefficients I (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,

remixed, and/or curated by Zoya Kravets.

e 5.4E: The Method of Undetermined Coefficients I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.7: The Method of Undetermined Coefficients Il
In this section we consider the constant coefficient equation
ay" +by' +cy =™ (P(z) coswz + Q(z) sinwz) (4.7.1)

where A and w are real numbers, w # 0, and P and () are polynomials. We want to find a particular solution of Equation 4.7.1. As in Section 5.4,
the procedure that we will use is called the method of undetermined coefficients.

Forcing Functions Without Exponential Factors

We begin with the case where A = 0 in Equation 4.7.1 ; thus, we we want to find a particular solution of

ay” +by' +cy = P(z) coswz + Q(z) sinwz, (4.7.2)
where P and @ are polynomials.
Differentiating " coswz and 2" sinwz yields
d—m’” coswz = —wz' sinwz +rz’ ' coswz
x
and
d—:cT sinwz = wz’ coswz +re" ! sinwa.
x

This implies that if
yp = A(z) coswz + B(z) sinwz
where A and B are polynomials, then
ayy +byp +cyp = F(z) coswz + G(z) sinwz,

where F' and G are polynomials with coefficients that can be expressed in terms of the coefficients of A and B. This suggests that we try to choose
A and B so that F' = P and G = @, respectively. Then y,, will be a particular solution of Equation 4.7.2. The next theorem tells us how to choose
the proper form for y,,. For the proof see Exercise 5.5.37.

Theorem 4.7.1

Suppose w is a positive number and P and @ are polynomials. Let k be the larger of the degrees of P and @. Then the equation
ay" + by’ +cy = P(z) coswz + Q(z) sinwz
has a particular solution
yp = A(z) coswz + B(z) sinwz, (4.7.3)
where
Az)=Ag+ A1z +--- +Apz®  and B(z)=By+Biz+--- + Byzt,
provided that cos wz and sinwz are not solutions of the complementary equation. The solutions of
a(y" +w’y) = P(z) coswz + Q(z) sinwz
for which cos wz and sinwz are solutions of the complementary equation are of the form of Equation 4.7.3, where

Az) = Aoz + A2+ + At and B(z) = Byz +Biz® +---+ By,

Theorem 4.7.1 implies the next theorem:

Theorem 4.7.1

Suppose w is a positive number and P and @ are polynomials. Let k be the larger of the degrees of P and Q. Then the equation
ay’ +by' +cy = e (P(z) coswz 4+ Q(z) sinwz) (4.7.4)
has a particular solution
yp =™ (A(z) coswz + B(z) sinwz) (A)

where
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43300?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/04%3A_Linear_Second_Order_Equations/4.07%3A_The_Method_of_Undetermined_Coefficients_II

LibreTexts"

Alz)=Ag+ A1z +--- + Apz® and B(z)=By+Biz+--- + Bizt, (4.7.5)
provided that e’ cos wz and e sinwz are not solutions of the complementary equation. The equation
aly’—2xy + (\? +w2)y} = e (P(z) coswz + Q(z) sinwe) (4.7.6)
(for which e** coswa and e sinwz are solutions of the complementary equation) has a particular solution of the form (A), where
A(z) = Agz 4+ A1z’ +-- -+ A44z* and B(z) = Byx + Bz’ +- - - + Bpa™ . (4.7.7)
Find a particular solution of
y"' —2y +y=>5cos2z +10sin2z. (4.7.8)

Solution

In Equation 4.7.8 the coefficients of cos2x and sin2z are both zero degree polynomials (constants). Therefore Theorem 4.7.1 implies that
Equation 4.7.8 has a particular solution

yp = Acos2z + Bsin2z.
Since
yp = —2Asin2z +2Bcos2z and y; =—4(Acos2z+ Bsin2z),
replacing y by y,, in Equation 4.7.8 yields

yy —2yp+vy, =—4(Acos2z+ Bsin2z)—4(—Asin2z + Bcos2z)
+(Acos2z + Bsin2z)
=(—3A—4B)cos2z + (4A—3B)sin2z.

Equating the coefficients of cos2z and sin2z here with the corresponding coefficients on the right side of Equation 4.7.8 shows that y, is a
solution of Equation 4.7.8 if

—34—-4B= 5
4A—-3B =10.

Solving these equations yields A =1, B = —2. Therefore
Yp =C0s2z —2sin2zx

is a particular solution of Equation 4.7.8&.

Example 4.7.2

Find a particular solution of
y" +4y =8cos2z +12sin2z. (4.7.9)
Solution
The procedure used in Example 4.7.1 doesn’t work here; substituting y, = A cos 2z 4+ Bsin2z for y in Equation 4.7.9 yields
yy +4y, = —4(Acos2z + Bsin2z) +4(Acos2z + Bsin2z) =0

for any choice of A and B, since cos2z and sin 2z are both solutions of the complementary equation for Equation 4.7.9. We’re dealing with
the second case mentioned in Theorem 4.7.1, and should therefore try a particular solution of the form

yp = x(Acos2z + Bsin2z). (4.7.10)
Then
yp = Acos2z + Bsin2z 4 2z(—Asin2z + Bcos2z)
andy, = —4Asin2z +4Bcos2z —4x(Acos2z + Bsin2z)
= —4Asin2z +4Bcos2z — 4y, (see (4.7.10)),
so

yp +4y, = —4Asin2z +4Bcos2z.
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Therefore y, is a solution of Equation 4.7.9if
—4Asin2z +4Bcos2z =8 cos 2z + 12sin 2z,
which holds if A = —3 and B = 2. Therefore
yp = —x(3cos2z —2sin2z)

is a particular solution of Equation 4.7.9.

Example 4.7.3

Find a particular solution of
y" +3y' +2y = (16 +20z) cosz + 10sinz. (4.7.11)
Solution

The coefficients of cosx and sinz in Equation 4.7.11are polynomials of degree one and zero, respectively. Therefore Theorem 4.7.1tells us to
look for a particular solution of Equation 4.7.11of the form

yp = (Ao +Aiz) cosz + (B + Biz)sinz. (4.7.12)
Then
yh = (A1 + By + Byz)cosz + (B — Ay — Ajz) sinz (4.7.13)
and
yy = (2B1 — Ay — Aiz) cosz — (241 + By + Byz)sinz, (4.7.14)
so
yp +3yp +2y, =[Ag+3A4:1+3By+2B; + (A1 +3Bi)z]|cosz +[By+3B;1 —34p —2A4; +(By —3A;)z|sinz.  (4.7.15)

Comparing the coefficients of x cosz, z sinz, cosz, and sinz here with the corresponding coefficients in Equation 4.7.11shows that y, is a
solution of Equation 4.7.11if

A1 +3B; =20

-341+ B =
Ag +3By+34; +2B; =16
—3A4p+ By—24A;+3B; =10.

Solving the first two equations yields 4; =2, By = 6. Substituting these into the last two equations yields

Ap+3By —16—34; —2B; = —2
—34p+ By =10+2A4; —3B; = —4.

Solving these equations yields A9 =1, By = —1 . Substituting Ag =1, A; =2, By = —1, B; =6 into Equation 4.7.12shows that
yp = (1+2z)cosz — (1 —6z)sinz

is a particular solution of Equation 4.7.11.

A Useful Observation

In Equations 4.7.13,4.7.14, and 4.7.15the polynomials multiplying sin z can be obtained by replacing A, A1, By, and B; by By, B1, —A4,, and
—Aj, respectively, in the polynomials mutiplying cos . An analogous result applies in general, as follows (Exercise 5.5.36).

Theorem 4.7.2

If
yp = A(z) coswz + B(z) sinwz,
where A(z) and B(xz) are polynomials with coefficients A ..., Ay and By, ..., By, then the polynomials multiplying sinwz in
Yoo Yp, ayy+by,tey, and g +wy,
can be obtained by replacing Ay, ..., Ay by By, ..., By and By, ..., By by —Ay, ..., —Aj in the corresponding polynomials multiplying
COSWZT.

We will not use this theorem in our examples, but we recommend that you use it to check your manipulations when you work the exercises.

https://math.libretexts.org/@go/page/43300



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43300?pdf

LibreTexts"

Find a particular solution of
y"+y=(8—4z)cosz — (8 +8z)sinz. (4.7.16)
Solution
According to Theorem 4.7.1, we should look for a particular solution of the form
Yp = (Aoz + A12?) cos z + (Boz + Biz?) sinz, (4.7.17)
since cosz and sina are solutions of the complementary equation. However, let’s try
yp = (Ao +Arz) cosz + (B + Biz) sinz (4.7.18)
first, so you can see why it doesn’t work. From Equation 4.7.14
yy = (2B1 — Ay — Aiz) cosz — (241 + By + Byz) sinz,
which together with Equation 4.7.18implies that
Yy +1yp =2Bjcosxz —2A; sinz.

Since the right side of this equation does not contain « cosz or = sinx, Equation 4.7.18can’t satisfy Equation 4.7.16no matter how we choose
Ao, Al, BO, and Bl.

Now let y, be as in Equation 4.7.17. Then
yp = [Ag +(24; +By)z —|—B1m2] coszT
+ [BO + (2B —Ap)z — A1$2] sinz
and
yy = [2A1 +2By—(Ay—4By)z — A1m2] cosx
+ [2B1 —2A40—(By+44;)z — Blmz] sinz,
so
y +yp = (241 + 2By +4Byz) cosz + (2B; —2A4) —4 A z)sinz.

Comparing the coefficients of cosz and sinz here with the corresponding coefficients in Equation 4.7.16shows that y, is a solution of
Equation 4.7.16if

4B, =-4
—4A1 =-8

2By +24; =8
—240+2B; =-8.

The solution of this system is Ay =2, By = —1, Ay =3, By = 2. Therefore
yp =z [(3+2z)cosz + (2 —z)sinz]

is a particular solution of Equation 4.7.16.

Forcing Functions with Exponential Factors
To find a particular solution of
ay" +by +cy = e (P(z) coswz + Q(z) sinwz) (4.7.19)

when X # 0, we recall from Section 5.4 that substituting y = ue* into Equation 4.7.19will produce a constant coefficient equation for u with the
forcing function P(z) coswz + Q(z) sinwz. We can find a particular solution u,, of this equation by the procedure that we used in Examples 4.7.1-
4.7.4 Then y, = upe)“ is a particular solution of Equation 4.7.19,

Example 4.7.5

Find a particular solution of

y" -3y +2y =e 2 [2cos3z — (34 — 150z) sin3z] . (4.7.20)

Let y = ue 2%. Then
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y" =3y +2y =e ¥ [(u —4u +4u) —3(v —2u)+2u]
=e (W' —Tu +12u)
= e 2" [2cos 3z — (34 — 150z) sin 3z

if
' —Tu' +12u =2 cos 3z — (34 —150z) sin3z. (4.7.21)
Since cos 3z and sin 3z aren’t solutions of the complementary equation
' —Tu +12u =0,

Theorem 4.7.1tells us to look for a particular solution of Equation 4.7.210f the form

up = (Ao + A1) cos 3z + (By + Biz) sin 3. (4.7.22)
Then
up =(A;+3By+3Biz)cos3z +(B; —34p — 34 z)sin3z
and  uf =(-94y+6B;1 —94;z)cos3z — (9B +6A; +9Bz)sin3z,
so

up —Tup+12u, =[349—21By—"7A;+6B;+(34; —21B;)z]cos3z
+[21A49+3By —6A; —7B; + (2141 + 3B )z] sin3z.

Comparing the coefficients of x cos 3z, x sin 3z, cos 3z, and sin 3z here with the corresponding coefficients on the right side of Equation
4.7.21shows that u,, is a solution of Equation 4.7.21if

34, -21B; =0
34, —21B, —2;211: ggf = 15(; (4.7.23)
21A0+ 3By—64;1— 7By =-34.
Solving the first two equations yields A; =7, By = 1. Substituting these values into the last two equations of Equation 4.7.23yields
340—21By = 2+7A;—6B; =45
21A0+ 3By =-34+6A, +7B; =15.
Solving this system yields Ag =1, By = —2 . Substituting A9 =1, A; =7, By = —2, and B; =1 into Equation 4.7.22shows that
up=(1+7z)cos3z — (2 —z)sin3z
is a particular solution of Equation 4.7.21. Therefore
yp =€ 2 [(1+7z)cos3z — (2 —z)sin3z]
is a particular solution of Equation 4.7.2(.
Find a particular solution of
y"+2y' +5y =e " [(6 —16z)cos2z — (8 +8z)sin2z] . (4.7.24)
Solution
Lety =wue™®. Then
y'+2y +5y =e " [(u —2u +u)+2(u —u)+5y]
=e "(u' +4u)
=e “[(6 —16z)cos2z — (8 + 8z)sin2z]
if
u’ +4u = (6 —16z) cos2z — (8 +8z) sin2z. (4.7.25)

Since cos 2z and sin 2z are solutions of the complementary equation
u' +4u =0,
Theorem 4.7.1tells us to look for a particular solution of Equation 4.7.250f the form

up = (Aoz + A12°) cos 2z + (Boz + B17%) sin2z.
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Then
up, = [Ag+ (241 +2By)z +2B,z%] cos 2z
+ [Bo + (2By —2A¢)z — 2A1x2] sin 2z
and
uy = [24;+4B — (44 —8B1)z — 4A1m2] cos 2z
-+ [2B1 - 4A0 - (4Bg +8A1).’1} —4B1$2] sin 2:1:,
)

upy +4u, = (24; +4By + 8B z) cos 2z + (2B; —4Ap — 84, z)sin2z.

Equating the coefficients of z cos 2z, z sin2z, cos 2z, and sin 2z here with the corresponding coefficients on the right side of Equation 4.7.25
shows that u,, is a solution of Equation 4.7.25if

8B; =-16
_8A; —_
84, 8 (4.7.26)
4By +24; =6
—4Ay+2B; =-8.

The solution of this system is Ay =1, By = -2, By =1, Ay = 1. Therefore
up =z[(1+2)cos2z + (1 — 2z) sin 2z
is a particular solution of Equation 4.7.25 and
yp =z€ " [(1+z)cos2z + (1 —2z)sin 2z]
is a particular solution of Equation 4.7.24
You can also find a particular solution of Equation 4.7.24by substituting
yp =ze ¥ [(Ag +Aiz) cos 2z + (By + Biz) sin 2z|
for y in Equation 4.7.24and equating the coefficients of ze™* cos 2z, ze * sin2z, e " cos 2z, and e * sin 2z in the resulting expression for
Yy +2yp +5yp

with the corresponding coefficients on the right side of Equation 4.7.24 (See Exercise 5.5.38). This leads to the same system Equation 4.7.26
of equations for Ay, A;, By, and B; that we obtained in Example 4.7.6. However, if you try this approach you’ll see that deriving Equation
4.7.26this way is much more tedious than the way we did it in Example 4.7.6.

This page titled 4.7: The Method of Undetermined Coefficients II is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.
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4.7E: The Method of Undetermined Coefficients Il (Exercises)
Q4.7.1

In Exercises 4.7.1-4.7.17 find a particular solution.

.y +3y' +2y="Tcosz —sinz

.y"+3y' +y=(2—6z)cosz —9sinz

Y +2y +y=e€"(6cosz+17sinz)

Y +3y — 2y = —e**(5 cos 2z +9sin2z)

Y —y +y=e€"(2+z)sinz

Y +3y —2y =e2*[(4+20z) cos 3z + (26 — 32z) sin 3]
.y" +4y =—12cos2z —4sin2z

.y'+y=(—4+8x)cosz + (8 —4z)sinz

© 0o N o U kA W N

.4y +y=—4cosz/2 —8xsinz/2

10. y" +2y' +2y = e *(8 cosz —6sinz)

11.y" —2y' +5y = €* [(6 +8z) cos 2z + (6 — 8z) sin 2z

12.y" +2y' +y =8z% cosz — 4z sinz

13.y" + 3y’ + 2y = (12 420z + 10z?) cos z + 8z sinx

14.y" + 3y +2y = (1 —x — 42?) cos 2z — (1 + 7z +22?) sin 2z
15.y" — 5y’ +6y = —e® [(4+ 6z —2?) cosz — (2 — 4z + 32?) sinz|
16.y" -2y +y=—e" [(3+4z —2?)cosz + (3 — 4z —2?)sinz]
17.y" =2y +2y =" [(2 — 22 — 62%) cosz + (2 — 10z + 627) sinz |

Q4.7.2

In Exercises 4.7.18-4.7.22 solve the initial value problem.

18.y" — Ty’ +6y = —€“(17cosz —Tsinz), y(0)=4, y'(0)=2

19.y" -2y’ +2y = —e*(6cosz +4sinz), y(0)=1, y'(0)=4

20.y" +6y +10y = —40e® sinz, y(0)=2, %' (0)=-3

21.y" — 6y +10y = —€3*(6 cosz +4sinz), y(0)=2, '(0)=7
22.y" — 3y’ +2y =e3% [21 cosz — (11 +10z)sinz], y(0) =0, %' (0)=6

Q4.7.3

In Exercises 4.7.23-4.7.28 use the principle of superposition to find a particular solution. Where indicated, solve the initial value
problem.

23.y" —2y' — 3y = 4€3" +e%(cosz —2sinz)
24.y" +y=4cosz —2sinz +ze® +e*

25. y" — 3y’ + 2y = ze® +2e%* +sinz

26.y" — 2y’ +2y =4xe® cosx +xe® +1+ 2>

27.y" —4y' +4y =e?*(1 +z) +e**(cosz —sinz) +3e3* +1+x

28.y" —4y' +4y =6e?* +25sinz, y(0)=5, y'(0)=3
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Q4.7.4

In Exercises 4.7.29-4.7.31 solve the initial value problem and graph the solution.
29.y" +4y = —e > [(4—Tz)cosz + (2 —4z)sinz], y(0) =3, y'(0)=1
30.y" +4y’ +4y =2cos2z +3sin2z +e %, y(0)=-1, y'(0) =2
31.y" +4y = €% (11 4+ 15x) + 8 cos 2z — 12sin2z, y(0)=3, y'(0)=5

Q4.7.5
32. This exercise presents a method for evaluating the integral
Y= /e’\x (P(z) coswz + Q(z) sinwz) dz (4.7E.1)
where w #£ 0 and
P(@)=po+pz+---+pa’, Q@)=gq+qz+---+qa’ (4.7E.2)
a. Show that y = e u, where
v +Au = P(z) coswz + Q(z) sinwz. (A)

b. Show that (A) has a particular solution of the form
up = A(z) coswz + B(z) sinwe, (4.7E.3)
where
A(z) = Ay + A1z +- -+ Apz¥, B(z)=By+Biz+---+ Bz", (4.7E.4)

and the pairs of coefficients (A, By), (Ag—1, Bk-1), -..,(Ao, Bo) can be computed successively as the solutions of pairs of
equations obtained by equating the coefficients of " coswz and " sinwz forr=k,k—1, ..., 0.
c. Conclude that

/e’“’ (P(z) coswz + Q(z) sinwz) dz = ™ (A(z) coswz + B(z) sinwz) +c, (4.7E.5)

where c is a constant of integration.
33. Use the method of Exercise 4.7.32 to evaluate the integral.

a. [2? coszdz

b. [z%e® coszdz

¢ [ze ®sin2zdz

d. [z?e " sinzdz

e. [23e” sinzdx

f. [e*[zcosz — (1+3z)sinz]dx

g [e*[(1+x?)cosz + (12)sinz]dz

This page titled 4.7E: The Method of Undetermined Coefficients II (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.

e 5.5E: The Method of Undetermined Coefficients II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
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4.8: Undetermined Coefficients for Higher Order Equations

In this section we consider the constant coefficient equation

(n) (n-1)

apy\"™ + a1y +---+ayy = F(z), (4.8.1)

where n > 3 and F is a linear combination of functions of the form

e (po+prz+- - +prat)

or

e [(PO +pix+--- +Pk$k) coswzr + (qo +qz+--- +qkwk) sinw:c} .

From Theorem 9.1.5, the general solution of Equation 4.8.1is y = y, +y. , where , is a particular solution of Equation 4.5.1 and
1. is the general solution of the complementary equation

(n) (n-1)

aoy" +ary +---+ay=0.

In Section 9.2 we learned how to find y.. Here we will learn how to find y, when the forcing function has the form stated above.
The procedure that we use is a generalization of the method that we used in Sections 5.4 and 5.5, and is again called method of
undetermined coefficients. Since the underlying ideas are the same as those in these section, we’ll give an informal presentation

based on examples.
Forcing Functions of the Form e“*(po + p1z+-... +pkazk)
We first consider equations of the form

(n) (n—1)

apy "’ +a1y +tapy =€ (p0+P1$+"'+pk$k)-
Find a particular solution of
y" +3y" +2y —y = e®(21 + 24z + 2822 + 5z%). (4.8.2)
Solution
Substituting
y =ue’,
y =€’ +u),
Yy’ =" (v +2u +u),
y" =€ (u" +3u" +3u +u)

into Equation 4.8.2 and canceling e” yields
(u" 4+ 3u" +3u' +u) +3(u’ +2u’ +u)+2(u +u) —u =21+ 24z +28z2 + 523,
or
o +6u" + 11 +5u = 21 + 24z + 2822 + 523, (4.8.3)
Since the unknown v appears on the left, we can see that Equation 4.8.3 has a particular solution of the form
u, = A+ Bz +Cz? + Dz’.
Then

up = B+2Cz +3Da?
upy =2C +6Dz
up! =6D.

https://math.libretexts.org/@go/page/43354
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Substituting from the last four equations into the left side of Equation 4.8.3 yields
ul)' +6ul) + 11u}, +5u, =6D+6(2C +6Dz)+11(B+2Cz +3Dz?)
+5(A+ Bz +Cz%+ Dz?)
=(A+11B+12C+6D)+(56B+22C +36D)z
+(5C +33D)z? +5Dz5.

Comparing coefficients of like powers of z on the right sides of this equation and Equation 4.8.3 shows that w,, satisfies
Equation 4.8.3if

5D =5
5C+33D =28
5B+22C +36D =24
5A+11B+12C+ 6D =21.
Solving these equations successively yields D =1, C = —1, B=2, A = 1. Therefore
Up =142z —2%+2°
is a particular solution of Equation 4.8.3, so
Yp = e%u, = (1 + 2z — 2% + 2°)

is a particular solution of Equation 4.8.2 (Figure 9.3.1 ).

y
A

50
40
30
20

10

I I > X

1 2
Figure 9.3.1:y, = e®(1+2z — 2% + 2°)

v/ Example 9.3.2

Find a particular solution of
y W —y" —6y" + 4y +8y = (44 19z + 622). (4.8.4)

Solution
Substituting
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y" =e¥(u" +6u" +12u' +8u),
y@ =2 (u®) 4 8u" +24u" + 324 +16u)
into Equation 4.8.4 and canceling e2* yields
(™ +8u" 4 24u" + 320’ +16u) — (v + 6u” +12u’ 4 8u)
—6(u +4u’ +4u) + 4 (v +2u) + 8u =4+ 19z + 627,
or
u® + 70" + 120" = 4 + 19z + 622 (4.8.5)
Since neither u nor ' appear on the left, we can see that Equation 4.8.5 has a particular solution of the form
u, = Az’ + Bz3 + Cz*. (4.8.6)
Then
u}, =2Az + 3Bz’ +4Cz?
uf =2A+6Bz+12Cz?
uy’ =6B+24Cx
uP) =24C.

Substituting uy, uy’, and u},‘l) into the left side of Equation 4.8.5 yields

ul) + 7wl 412 =24C +7(6B +24Cx) +12(24 + 6Bz +12Cz?)
= (24A+42B+24C) + (72B+168C)z +144Cz*.

Comparing coefficients of like powers of x on the right sides of this equation and Equation 4.58.5 shows that u, satisfies
Equation 4.8.5if

144C =6
72B+168C =19
24A+42B+ 24C =4.
Solving these equations successively yields C' =1/24, B=1/6, A = —1/6. Substituting these into Equation 4.8.6 shows

that
22
up, = ﬂ(_‘l +4z +z?%)
is a particular solution of Equation 4.8.5, so
2 2z
Yp = € u, = %(—4 + 4z +2?)

is a particular solution of Equation 4.8.4 (Figure 9.3.2 ).
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x

Figure 9.3.2: y, = re

_ 2
21 (—4+4z +2?)

Forcing Functions of the Form e®* (P(z) coswz + Q(x) sinwx)

We now consider equations of the form

aoy™ +a1y™ Y+ +a,y =€ (P(z) coswz + Q(z) sinwz)
where P and @ are polynomials.
Find a particular solution of
y" +y" — 4y — 4y =€[(5 —5z)cosz + (2 +5x)sinz]. (4.8.7)
Solution
Substituting
y =ue’,
Yy =e(u +u),
y" =e"(u' +2u +u),
y" =€ (u"+3u" 4+ 3u +u)

into Equation 4.8.7 and canceling e* yields
(u"+3u"+3u +u)+ (v +2u' +u) —4(v +u) —4u = (5 —5z) cosz + (2 +5z) sinz,
or
u" +4u" +u' —6u = (5—5z)cosz + (2 +5z)sinz. (4.8.8)
Since cosz and sinz are not solutions of the complementary equation
w4+ 4u" 44 —6u=0,
a theorem analogous to Theorem 5.5.1 implies that Equation 4.8.8 has a particular solution of the form

up = (Ag + A1z) cosz + (By + Biz)sinz. (4.8.9)

Then
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ul, = (A1 + B+ Biz)cosz + (B; — Ay — Ajz)sinz,
u, =(2By—Ay—Aiz)cosz — (24, + By + Bz)sinz,
upy’ =—(341+By+Biz)cosz —(3B; — Ay — Ajz)sinz,
SO
uf! +4uf +uj — 6u, = — [104g +24; —8B; +10A;z] cosz — [10By +2B; +84; +10Bz]sinz.

Comparing the coefficients of x cosx, z sinz, cosz, and sinz here with the corresponding coefficients in Equation 4.8.8
shows that u,, is a solution of Equation 4.8.8 if

—104; =5
—10B; =5
—104p—24;+8B; =5
—10By —2B; —84; =2.
Solving the first two equations yields A; = 1/2, B; = —1/2. Substituting these into the last two equations yields
—104y =5+24; —8B; =10
—10By =2+2B; +8A4; =5,
so Ag =—1, By = —1/2. Substituting Ay = -1, A; =1/2, By =—-1/2, B; = —1/2 into Equation 4.8.9 shows that
1

up = —5[(2 —z)cosz +(1+z)sinz]
is a particular solution of Equation 4.8.8, so
el‘
yp =€ up, = = [(2—z)cosz + (1 +=z)sinz]

is a particular solution of Equation 4.8.7 (Figure 9.3.3 ).
y
A
100
80 -
60
40 -
20 -
_207

Figure 9.3.3 : y, = {e®u, = —% [(2—2)cosz+ (1+x) sin z]

v/ Example 9.3.4

Find a particular solution of

Yy +4y" +6y +4y =€ [(1 —6z)cosz — (3 +2z)sinz]. (4.8.10)

Solution
Substituting
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—T

y=ue*,
=e (u —u),

n

/

Y

y// —e T (u//_2u/+u)’

y/// —e® (u _3u//+3u1_u)

into Equation 4.8.10and canceling e™* yields
(u" —3u" +3u' —u) +4(u" —2u +u)+6(u —u)+4u = (1 —62)cosz — (3 +2z)sinz,
or
v +u" +u +u=(1-6x)cosz —(3+2z)sinz. (4.8.11)
Since cosz and sinz are solutions of the complementary equation
1

Wl U e =0,

a theorem analogous to Theorem 5.5.1 implies that Equation 4.8.11has a particular solution of the form

up, = (Aox + A12%) cosz + (Boz + By 2?) sinz. (4.8.12)
Then
uh = [Ag +(24;1 + By)z + B1z?| cosz + [By + (2B1 — Ag)z — A12%] sinz,
ull = [24; +2By — (Ag —4B1)z — Ayz%] cosz
+[2B; —24) — (By +44,)z — Bz’ sinz,
u)) = —[349 — 6By + (6A; + By)z + Biz*] cosz
—[3By +6A; + (6B; — Ag)x — A1 2?] sinz,
s0

up' +ul +up+up = —[249—2By —2A4; —6B; +(4A; —4B;)z]cosz
— [2B0 —|—2A0 — 2Bl —|—6A1 + (4B1 —|—4A1 )1’] sinz.

Comparing the coefficients of z cosz, x sinz, cosz, and sinz here with the corresponding coefficients in Equation 4.8.11
shows that u,, is a solution of Equation 4.8.11if

—4A,+4B; =-6
—4A; —4B; =-2
—240+2By+24,+6B, = 1
—2A9—2By—6A4;+2B; =-3.

Solving the first two equations yields A; =1, B; = —1/2. Substituting these into the last two equations yields

—2A0+2By = 1—2A,—6B; =2
24 —2By ——3+64; —2B; —4,
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0.2 -

0.1

ze

Figure 9.34: yp = — [(8—2z) cosz + (1+z) sin z]

so Ag =—3/2 and By = —1/2. Substituting Ay = —-3/2, Ay =1, By=—-1/2, B; =—1/2 into Equation 4.8.12 shows
that

Up = —% [(3—2z)cosz + (1 +z)sinz]
is a particular solution of Equation 4.8.11, so

re *

[(3—2z)cosz + (1 +xz)sinz]

Figure 9.3.4 is a particular solution of Equation 4.8.10.

This page titled 4.8: Undetermined Coefficients for Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.
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4.8E: Undetermined Coefficients for Higher Order Equations (Exercises)
Q4.8.1

In Exercises 4.8.1-4.8.9 find the general solution.

"=y =y +y=€*(10+3z)

Yty —2y = —e3%(9 + 67z + 1722?)

Y —6y" + 11y — 6y = ¥ (5 — 4z — 3z?)

Y42y -y = —2e7% (7T — 18z + 622)

Yy =3y +3y —y=e€*(1+1)

YW 2y py = —e7"(4 -9z +32?)

" +2y" —y' —2y =e 22 [(23 —2z) cosz + (8 — 9z) sinz]
LYW =3y 4y — 2y = e® [(28 +62) cos 2z + (11 — 122) sin 2z]
YW — 4y +14y" — 20y’ + 25y = €® [(2 + 6) cos 2z + 3 sin 2z]
10. y""+3y" 4+ 3y’ +y =12e % +9 cos2z —13sin 2z

© 00 N o U kA W N

Q4.8.2

In Exercises 4.8.10-4.8.15 solve the initial value problem and graph the solution.

1. y" —2y" — 5y’ + 6y =2¢"(1 —6z), y(0)=2, y'(0)=7, ¢"(0)=9

R.y"—y"—y' +y=—e"(4-8z), y(0)=2, y'(0)=0, y"(0)=0

13.4y" -3y —y=e2(2-3z), y(0)=-1, ' (0)=15 ¢"(0)=-17

14.yW 429" 42" + 2y’ +y =e7*(20 — 12z), y(0) =3, '(0) = —4, y"(0) =7, y"'(0) = —22
15. 9" +2y" +9y +2y =30cosz —10sinz, y(0)=3, ¢'(0)=-4, ¢"(

16. y™® — 3y +5y" — 2y = —2e*(cosz —sinz), y(0) =2, ¥’ (0) =0, y"(0) = —1, ¥""(0) =—5

This page titled 4.8E: Undetermined Coefficients for Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was
authored, remixed, and/or curated by Zoya Kravets.

¢ 9.3E: Undetermined Coefficients for Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.
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4.9: Reduction of Order
In this section we give a method for finding the general solution of
Py(2)y" + Pi(2)y + Py(w)y = F() (4.9.1)
if we know a nontrivial solution y; of the complementary equation
Py(z)y" + Pi(z)y’ + Px(z)y =0. (4.9.2)

The method is called reduction of order because it reduces the task of solving Equation 4.9.1 to solving a first order equation.
Unlike the method of undetermined coefficients, it does not require Py, Py, and P, to be constants, or F' to be of any special form.

By now you shoudn’t be surprised that we look for solutions of Equation 4.9.1 in the form
y=uy (4.9.3)
where u is to be determined so that y satisfies Equation 4.9.1. Substituting Equation 4.9.3 and
Y =y +uy
y" =u"y1 + 2y +uyl
into Equation 4.9.1 yields
Po(z)(u"yr +2u'y] +uy)) + Pu(z)(w'ys +uyp) + Po(z)uyy = F(z).
Collecting the coefficients of u, ', and u yields
(Poyr)u" + (2Poy| + Piy1 )u' + (Poy) + Pry| + Payr)u = F. (4.9.4)
However, the coefficient of u is zero, since y; satisfies Equation 4.9.2. Therefore Equation 4.9.4 reduces to
Qo(z)u" +Q1(z)u = F, (4.9.5)
with
Qo=Fys and Qi=2FPy;+Puy.

(It isn’t worthwhile to memorize the formulas for Qg and @Q;!) Since Equation 4.9.5 is a linear first order equation in «’, we can
solve it for ' by variation of parameters as in Section 1.2, integrate the solution to obtain u, and then obtain y from Equation
4.9.3.

v/ Example 5.6.1

a. Find the general solution of
zy" — 2z +1)y +(z +1)y =22, (4.9.6)
given that y; = €” is a solution of the complementary equation
zy’' —(2z+1)y +(z+1)y=0. (4.9.7)
b. As a byproduct of (a), find a fundamental set of solutions of Equation 4.9.7.

Solution
a.If y =ue?, theny’ =u'e® +ue® and y” =u'e* +2u'e® +ue? , so

n_x

zy — Rz +1)y +(z+1)y =z(u"e” +2u'e” +ue®) — (2z+1)(u'e” +ue®) + (z +1)ue”

n T

= (zu” —u')e".
Therefore y = ue® is a solution of Equation 4.9.6 if and only if

(zu” —u')e" =,

which is a first order equation in u'. We rewrite it as
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u' —— =ze . (4.9.8)

!

To focus on how we apply variation of parameters to this equation, we temporarily write z=1wu', so that Equation 4.9.8

becomes
z -
2 —==ze". (4.9.9)
x
We leave it to you to show (by separation of variables) that z; = z is a solution of the complementary equation
z
Z—==0
z

for Equation 4.9.9. By applying variation of parameters as in Section 1.2, we can now see that every solution of Equation 4.9.9
is of the form

z=vx where vz=2ze®, so v=e* and v=-—-e%+C].

Since u' = 2z = vz , u is a solution of Equation 4.9.8 if and only if

u =vr =—xze*+Ciz.

Integrating this yields
C
u=(z+1)e ™+ 71332 +Cs.
Therefore the general solution of Equation 4.9.6 is
T Cl 2,z T
Yy =ue =m+1+?m e’ + Cye”. (4.9.10)

b. By letting C; = C» =0 in Equation 4.9.10, we see that y,, =2 +1 is a solution of Equation 4.9.6. By letting C; =2 and
C; =0, weseethaty, =z +1+ z?e® is also a solution of Equation 4.9.6. Since the difference of two solutions of Equation
4.9.6 s a solution of Equation 4.9.7, Yo = yp, — Yp, = z?e® is a solution of Equation 4.9.7. Since y5 /4 is nonconstant and
we already know that y; = e is a solution of Equation 4.9.6, Theorem 5.1.6 implies that {e”, z%e”} is a fundamental set of
solutions of Equation 4.9.7.

Although Equation 4.9.10 is a correct form for the general solution of Equation 4.9.6, it is silly to leave the arbitrary
coefficient of z2e* as C;/2 where C; is an arbitrary constant. Moreover, it is sensible to make the subscripts of the
coefficients of y; =e® and y = z2e® consistent with the subscripts of the functions themselves. Therefore we rewrite
Equation 4.9.10as

y=xz+1+cre” +eoxle”

by simply renaming the arbitrary constants. We’ll also do this in the next two examples, and in the answers to the exercises.

v/ Example 5.6.2

a. Find the general solution of

$2yll+$y/ —y :1:2 _’_1’

given that y; = z is a solution of the complementary equation

22y +zy —y =0. (4.9.11)

As a byproduct of this result, find a fundamental set of solutions of Equation 4.9.11.
b. Solve the initial value problem

2y oy —y=2"+1, y(1)=2, (1) =-3. (4:0-02)

Solution
a.lfy=ux, theny =v'z+u andy” =u"z+2u', so
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22y +zy —y =2 (u'z+2v) +z(vz+u)—uzx

=23 + 322,

Therefore y = ux is a solution of Equation 4.9.12if and only if
22 +32%u =2 +1,
which is a first order equation in u'. We rewrite it as

3
Wt —u ==+ (4.9.13)

To focus on how we apply variation of parameters to this equation, we temporarily write 2=, so that Equation 4.9.13

becomes
3 1 1
Zt—z=—4—. (4.9.14)
T T oz

We leave it to you to show by separation of variables that z; =1 /23 is a solution of the complementary equation
3
2+ =2=0
T
for Equation 4.9.14, By variation of parameters, every solution of Equation 4.9.14is of the form
/ 1 1 3
2= 2 where — = —4+—, so v=z41 and v= m——w—m—i—C’l.
z® 2 oz 28 3

Since v = z=wv/x3 , u is a solution of Equation 4.9.14if and only if

Integrating this yields

C
y:um:m——l——l—l—Cza:. (4.9.15)
3 43
Reasoning as in the solution of Example 4.9.1a, we conclude that y; =z and y» = 1/z form a fundamental set of solutions
for Equation 4.9.11.

As we explained above, we rename the constants in Equation 4.9.15and rewrite it as

2

yz%—l—i—clw—i—%. (4.9.16)
b. Differentiating Equation 4.9.16yields
2
Y= e — = (4.9.17)
3 x2

Setting = 1 in Equation 4.9.16and Equation 4.9.17and imposing the initial conditions y(1) =2 and /(1) = —3 yields

c1+cy = g
1
Cl —Cy = —?.
Solving these equations yields ¢; = —1/2, co = 19/6. Therefore the solution of Equation 4.9.12is
T2, 1
3 2 6z
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Using reduction of order to find the general solution of a homogeneous linear second order equation leads to a homogeneous linear
first order equation in v’ that can be solved by separation of variables. The next example illustrates this.

v/ Example 5.6.3

Find the general solution and a fundamental set of solutions of
2’y —3zy' +3y =0, (4.9.18)
given that y; = x is a solution.

Solution
Ify=uztheny =v'z+u andy”’ ="z +2v, so
2y" —3zy +3y ==22(u"z+2u') —3z(v'z +u)+3uz
=z — 2%
Therefore y = ux is a solution of Equation 4.9.18if and only if

" !
2 — 2% =0.

Separating the variables v’ and z yields

u p—
u oz’
SO
In|v'| =In|z|+k, orequivalently u' =Ciz.
Therefore
C
u=—=z%+ Csy,
2
so the general solution of Equation 4.9.18is
C
Yy=uxr = 71w3 + Chz,

which we rewrite as
_ 3
y=cxtcox’.

Therefore {x, 3} is a fundamental set of solutions of Equation 4.9.1&
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4.9E: Reduction of Order (Exercises)
Q4.9.1

In Exercises 4.9.1-4.9.17 find the general solution, given that y; satisfies the complementary equation. As a byproduct, find a
fundamental set of solutions of the complementary equation.

L(z+1)y -2y —(2z+3)y=(2z+1)% y1=e*
2.2%" +ay —y=35 m=e
.2%y" —ay' +ty=a; Y=z
49" =3y +2y=11=; w =€
y' =2y +y="T2%" y =¢"
Az?y" + (dz — 8a?)y + (42 — 4z — 1)y = 422 (1 +4z); y1 = 2/2"

2

5

6

7.y" -2y 42y =e®secx; y; =e®cosx

8.y +4zy + (42 +2)y =8e 2@, y ="
9. 2%y’ +xy —dy=—6x—4; y =2*

10. 2%y" + 2z (x — 1)y’ + (z® — 2z +2)y = 23e?*; y; =ze®
1. 2%y" —z(2z — 1)y + (22 —x — 1)y = 2%€%; y; = ze”

12. (1 —22)y" +2y + (22 —3)y = (1 — 4z +4z%)e”; 1y =¢€”
13. 2%y — 3zy’ +4y = 42*; y, =2

14.2zy" + 4z +1)y' + 2z + 1)y =3z'%e™; y=e®
15.2y" — 2z + 1)y +(z+1)y=—€"; y =¢€"

16. 422y —dz(z +1)y + (22 +3)y = 42%/2*®;  y, =z'/?
17. 2%y" —bxy’ +8y =42?; y =2°

Q4.9.2

In Exercises 4.9.18-4.9.30 find a fundamental set of solutions, given that y; is a solution.
18.zy" +(2—-22)y' +(z—2)y=0; y =e€"

19. 22y" —dxy' +6y =0; 1y, = x>

20, 22(1n o2y — (2o nfe])y + @ +Tnfz)y =0; 3 =Inla

21. 4zy" + 2y +y=0; 1y =sin/z

22.2y" — 2z +2)y' +(z+2)y=0; y =€"

23.2%y" — (2a—1)zy' +a’y =0; y, ==z°

24. x%y" — 22y + (2> +2)y =0; y; =zsinz

25.zy" —(dz+ 1)y’ + (dz +2)y =0; y; =e>*

26.4z%(sinz)y” — 4z (z cosz +sinz)y’ + (2z cosz +3sinz)y =0; y; ==z'/2
27. 4x2y" —dzy + (3 —1622)y =0; 1y, =z!/2e2®

28. 2z +1)zy" —2(222 - 1)y’ —4(z+1)y=0; y1=1/z

29. (¢* —22)y" + (2 —2*)y + (22 —2)y =0; y1 =¢

30. zy" — (4z + 1)y + (4z +2)y =0; y =e*®
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Q4.9.3

In Exercises 4.9.31-4.9.33 solve the initial value problem, given that y; satisfies the complementary equation.
31. 2%y —3zy’ +4y =4zt, y(-1)=7, y(-1)=-8; y =z

32.(3z—1)y" — 8z +2)y' — (6 —8)y =0, y(0)=2, y'(0)=3; y; =e>*

33. (z+1)%" —2(z+1)y' — (2® +2z — 1)y =(z +1)%", y(0)=1, ¢'(0)= —1; yi=(z+1)e”

Q4.9.4

In Exercises 4.9.34 and 4.9.35 solve the initial value problem and graph the solution, given that y; satisfies the complementary
equation.

3d.2%y" 122y —2y =2, y(1)=%, ¥y ()=3 wm=q
35. (a® —4)y" +dey +2y=c+2, y(0)=—3, ¥Y(0)=-1 wn=5

This page titled 4.9E: Reduction of Order (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 5.6E: Reduction of Order (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.10: Variation of Parameters
In this section we give a method called variation of parameters for finding a particular solution of
Py(a)y" + Pi(2)y' + Py(a)y = F(a) (4.10.1)
if we know a fundamental set {y;, ¥ } of solutions of the complementary equation
Py(z)y" + Pi(z)y' + Py(x)y =0. (4.10.2)
Having found a particular solution y,, by this method, we can write the general solution of Equation 4.10.1as

Y=1yYpt+ciy1 +cayo.

Since we need only one nontrivial solution of Equation 4.10.2to find the general solution of Equation 4.10.1by reduction of order,
it is natural to ask why we are interested in variation of parameters, which requires two linearly independent solutions of Equation
4.10.2to achieve the same goal. Here’s the answer:

o If we already know two linearly independent solutions of Equation 4.10.2then variation of parameters will probably be simpler
than reduction of order.

o Variation of parameters generalizes naturally to a method for finding particular solutions of higher order linear equations
(Section 9.4) and linear systems of equations (Section 10.7), while reduction of order doesn’t.

e Variation of parameters is a powerful theoretical tool used by researchers in differential equations. Although a detailed
discussion of this is beyond the scope of this book, you can get an idea of what it means from Exercises 5.7.37-5.7.39.

We’ll now derive the method. As usual, we consider solutions of Equation 4.10.1and Equation 4.10.20n an interval (a, b) where
Py, Py, P,, and F are continuous and Py has no zeros. Suppose that {y;,y2} is a fundamental set of solutions of the
complementary equation Equation 4.10.2 We look for a particular solution of Equation 4.10.1in the form

Yp = U1Y1 + U2l (4.10.3)

where u; and uy are functions to be determined so that y, satisfies Equation 4.10.1. You may not think this is a good idea, since
there are now two unknown functions to be determined, rather than one. However, since w; and uy have to satisfy only one
condition (that ¥, is a solution of Equation 4.10.1), we can impose a second condition that produces a convenient simplification, as
follows.

Differentiating Equation 4.10.3yields
Yp = 1Y) T U2y + Ui Y1 +uhye. (4.10.4)
As our second condition on u; and us we require that
uyyr +uhys =0. (4.10.5)
Then Equation 4.10.4becomes
Yp = w1y +Usys; (4.10.6)
that is, Equation 4.10.5 permits us to differentiate g, (once!) as if u; and uy are constants. Differentiating Equation 4.10.4yields
v =y + sy + g + gy (4.10.7)

(There are no terms involving u{ and u} here, as there would be if we hadn’t required Equation 4.10.5) Substituting Equation
4.10.3 Equation 4.10.6 and Equation 4.10.7into Equation 4.10.1and collecting the coefficients of u; and uy yields

w1 (Poyy + Pry; + Poyr) +u2 (Poyl + Pryh + Payo) + Po(uwjy) +uby)) = F.

As in the derivation of the method of reduction of order, the coefficients of u; and us here are both zero because y; and y, satisfy
the complementary equation. Hence, we can rewrite the last equation as

Py(uhy; +ubyl)=F. (4.10.8)

Therefore ¥, in Equation 4.10.3satisfies Equation 4.10.1if
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ujyr tupy, =0
(4.10.9)
wiy Fuhys =4

where the first equation is the same as Equation 4.10.5and the second is from Equation 4.10.&

We’ll now show that you can always solve Equation 4.10.9 for 4} and u}. (The method that we use here will always work, but
simpler methods usually work when you’re dealing with specific equations.) To obtain u}, multiply the first equation in Equation
4.10.9by y4 and the second equation by y». This yields

/

w1y, +ubyayy =0

Fy,
LYy +ubyhys = 5
0

Subtracting the second equation from the first yields

uy (1yp — YY) = ———- (4.10.10)

Since {y1,¥2} is a fundamental set of solutions of Equation 4.10.2 on (a,b), Theorem 5.1.6 implies that the Wronskian
y1Y5 —y1y2 has no zeros on (a, b). Therefore we can solve Equation 4.10.10for ], to obtain
Fy,
Uy = ——————. (4.10.11)
! Py(y1yh —y192)
We leave it to you to start from Equation 4.10.9and show by a similar argument that

Fy
= —I 4.10.12
2 Po(nivh —viy2) ( )

We can now obtain u; and uy by integrating u and ). The constants of integration can be taken to be zero, since any choice of u;
and wuy in Equation 4.10.3will suffice.

You should not memorize Equation 4.10.11 and Equation 4.10.12 On the other hand, you don’t want to rederive the whole
procedure for every specific problem. We recommend the a compromise:

a. Write
Yp = UryY1 +u2y2 (4.10.13)

to remind yourself of what you’re doing.
b. Write the system

uiyr +ubys =0
L r (4.10.14)
uY t Yy =g
for the specific problem you’re trying to solve.
c. Solve Equation 4.10.14for u} and u}, by any convenient method.
d. Obtain u; and uy by integrating v} and u}, taking the constants of integration to be zero.
e. Substitute u; and uy into Equation 4.10.13to obtain y,.
v/ Example 5.7.1
Find a particular solution ¥, of
xzy/’_zwyl+2y:w9/2’ (410.15)

given that y; =z and yp = x>

are solutions of the complementary equation
z2y" —2zy’ +2y =0.

Then find the general solution of Equation 4.10.15
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Solution
We set
Yp =1 T —|—’LL2:1,‘2,
where
uj T+ u’2w2 =0
9/2
x
u; +2upr = — =22,
T
From the first equation, u} = —ufx . Substituting this into the second equation yields u,x = z%/2, so ubh = 2%/? and therefore
u) = —uhx = —x5/2 | Integrating and taking the constants of integration to be zero yields
2 72 2 52
U =—==r and wuy=—z"/".
YT 75
Therefore
2 2 4
_ 2_ 2 7/2 4. 5/2.2 % 9/
=wyztux’ =——z''x @ = —a3
yp 1 + 2 7 + 5 35 )
and the general solution of Equation 4.10.15is
Y= iar:g/z +czx —|—c2a:2.
35

v/ Example 5.7.2

Find a particular solution ¥, of
(z-1)y' —zy +y=(z 1), (4.10.16)
given that y; =« and y» = €® are solutions of the complementary equation
(z—1)y" —zy +y=0.

Then find the general solution of Equation 4.10.16

Solution
We set
Yp =T +uze”,

where

ujx +uhe” =0

u) +uhe” :(wx;_ll)Z =z—1.
Subtracting the first equation from the second yields —uj(z —1) =2 —1, so w} = —1. From this and the first equation,
uh = —xe “u} =xe ® . Integrating and taking the constants of integration to be zero yields

up=—z and us=—(z+1)e”.

Therefore

Yp=wT tuze” = (—z)z+ (—(z+1)e ®)e® = —z* —z -1,
so the general solution of Equation 4.10.16is

y=yptcaz+ce’ = —2?—z—1+4cztce® =—a2—1 +(e1 — 1)z +ce”. (4.10.17)

4.10.3 https://math.libretexts.org/@go/page/43304



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43304?pdf

LibreTexts"

However, since c; is an arbitrary constant, so is ¢; — 1 ; therefore, we improve the appearance of this result by renaming the
constant and writing the general solution as

y=—2%—1+cix+ce®. (4.10.18)

There’s nothing wrong with leaving the general solution of Equation 4.10.16in the form Equation 4.10.17% however, we think
you’ll agree that Equation 4.10.18 is preferable. We can also view the transition from Equation 4.10.17 to Equation 4.10.18
differently. In this example the particular solution y, = —az? —z —1 contained the term —z, which satisfies the complementary
equation. We can drop this term and redefine y, = —z? —1, since —2> —x —1 is a solution of Equation 4.10.16and z is a
solution of the complementary equation; hence, —x? —1 = (—2? —z — 1)+ is also a solution of Equation 4.10.16 In general,
it is always legitimate to drop linear combinations of {y;, y»} from particular solutions obtained by variation of parameters. (See
Exercise 5.7.36 for a general discussion of this question.) We’ll do this in the following examples and in the answers to exercises
that ask for a particular solution. Therefore, don’t be concerned if your answer to such an exercise differs from ours only by a
solution of the complementary equation.

v/ Example 5.7.3

Find a particular solution of

y'+3y +2y= e (4.10.19)
Then find the general solution.
Solution
The characteristic polynomial of the complementary equation
y' +3y +2y=0 (4.10.20)

is p(r)=r2+3r+2=(r+1)(r+2) , so y1 =e® and y, =e2* form a fundamental set of solutions of Equation
4.10.20 We look for a particular solution of Equation 4.10.19in the form

—z —2z
Yp =uUr€ +uge )

where

e+ uhe ™ =0

1
! ,—T ! 2T __
—uje —2u26 = —.
1+e
Adding these two equations yields
1 e2z
—uée’h = , SO uh=— .
1+e® 1+4e®
From the first equation,
ez
ul = —ule = .
1 & 1+e®

Integrating by means of the substitution v = €* and taking the constants of integration to be zero yields

e’ dv .
ul_/l—i—ew dz—/1+v =In(1+4v) =In(1+€")

2z
Uz :—/ © da:z—/ Y dv:/[ ! —1]dv
1+4e® 1+v 14+v

=In(14+v) —v=In(l+€")—e".

and
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Therefore
Yp =UuUre ” +uge 2
=[In(1 +¢€%)]e™® + [In(1 +€%) —e®] e 22,
o)
yp= (e +e**)In(l +e") —e .
Since the last term on the right satisfies the complementary equation, we drop it and redefine
yp = (7 +e**)In(1 +€").

The general solution of Equation 4.10.19is

y=yp+cie” +ege 2 = (e’

v/ Example 5.7.4

Solve the initial value problem

are solutions of the complementary equation
(2 —1)y" +4zy +2y =0.

Solution
We first use variation of parameters to find a particular solution of

2
(z® —1)y" +4zy’' +2y = Py
on (—1,1)in the form
(5% Ug
z+1

Yo rz—1

where
! !
Uy Usy

r+1 =0

z—1
oW Y 2
(x—1)2 (z+1)? (x+1)(z2—1)

Multiplying the first equation by 1/(z — 1) and adding the result to the second equation yields

[ 1 1 ] , 2

— ul, = .
22-1 (e+1)2)] 2 (z+1)(22—1)
Since

(x+1)—(z—1) 2

2
(m2 - 1)y”+4$yl +2y = CL'—-H., y(O) = _1a yl(o) = _57
given that
1 1
w=—"7 and y=—

[z21—1 - (m—il)2] -

Equation 4.10.23implies that ), = 1. From Equation 4.10.23

D06

“+e ) In(l+e”)+cre +cre 2.

(4.10.21)

(4.10.22)

(4.10.23)

z+1)(22-1) (e+1)@2-1)
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z—1 , z—1
— Uy = — .
z+1 2 rz+1

[
U; =

Integrating and taking the constants of integration to be zero yields

rz—1 rz+1-—2
“ /w—i—l v / z+1 v

:/[ 2 _1] i = Al 4 1) —

z+1
and
m:/dm:m.
Therefore
Uy (%) 1 1
L a:—1+a:—|—1 [2In(z+1) w]a:—1+xa:—|—1
_21n(z+1)+w[ 1 1 ]_2ln(z+1) 2z
o oz-1 t+1 z-1] -1 (z+1)(z—1)"

However, since

($+12):(Ez—1) - [m—li-l + mil]

is a solution of the complementary equation, we redefine

2In(z+1)
T
Therefore the general solution of Equation 4.10.24is
2 111(.1! + 1) C1 Co
= . 4.10.24
z—1 z—1 + z+1 ( )
Differentiating this yields
, 2 2In(z+1) __a o

T2 -1 (2-12 (-1 (z+12
Setting z = 0 in the last two equations and imposing the initial conditions y(0) = —1 and y'(0) = —5 yields the system
—c1+cy =—1
—2—c;—cy =-b.

The solution of this system is ¢; =2, ca = 1. Substituting these into Equation 4.10.24yields

2In(z +1) 2 1
y = +
z—1 z—1 z+1
~ 2In(z+1) N 3z+1
- z-—1 z2—1

as the solution of Equation 4.10.21. Figure 5.7.1 is a graph of the solution.
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2In(z+1)
=1

3z+1
z2—1

Figure 5.7.1:y = +

We’ve now considered three methods for solving nonhomogeneous linear equations: undetermined coefficients, reduction of order,
and variation of parameters. It’s natural to ask which method is best for a given problem. The method of undetermined coefficients
should be used for constant coefficient equations with forcing functions that are linear combinations of polynomials multiplied by
functions of the form e®*, e’ cosw, or €™ sinwz. Although the other two methods can be used to solve such problems, they will
be more difficult except in the most trivial cases, because of the integrations involved.

If the equation isn’t a constant coefficient equation or the forcing function isn’t of the form just specified, the method of
undetermined coefficients does not apply and the choice is necessarily between the other two methods. The case could be made that
reduction of order is better because it requires only one solution of the complementary equation while variation of parameters
requires two. However, variation of parameters will probably be easier if you already know a fundamental set of solutions of the
complementary equation.

This page titled 4.10: Variation of Parameters is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.

e 5.7: Variation of Parameters by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.10E: Variation of Parameters (Exercises)
Q4.10.1

In Exercises 4.10.1-4.10.6 use variation of parameters to find a general solution.
1.y"+9y =tan3z

2. y" + 4y = sin2z sec? 2z

3.y" -3y +2y =

1+e‘z
4.y" —2y' +2y =3e” secx
5. yn _ 2?// +y= 1423/2¢7

41‘
6y—y—1ee

Q4.10.2

In Exercises 4.10.7- 4.10.29 use variation of parameters to find a particular solution, given the solutions y;,ys of the
complementary equation.

7.2%y" +xy —y=222+2; yi=zx, Y=<
8.zy"+(2-22)y +(z -2y =€ ym=e, p=%
9.4x2y" + (4= — 8x2)y’ + (4z2 — 4z — 1)y =4z'/2e*, x>0 ;y; =z'/%?, yp =2 /2

2

10. y" +4zy’ + (422 +2)y =4e (@42 gy =™ yy==ze

—?

11 22y —day' +6y =22, £ >0; y =22, yp=2°
12. 2%y" — 3zy’ + 3y = 22*sinz; y ==z, yp =23

13. 2z +1)y" -2y — 2z +3)y = 2z +1)%e®; yr=e %, yo==zxe"
14. 4zy" 4+ 2y’ +y =siny/z; y1 =cosy/zT, Y =sin/z

15. 2y — 2z +2)y + (z +2)y = 6z%e%; y =€%, yo =z

16. 2%y" — (2a—1)zy' +a’y =z°"!; y =2, yr=z%lnz

17. 22y" —2zy' + (22 +2)y =x3cosz; y; =zxcosz, Yy =zsinz

18. 2y —y —4zdy =8z%; y =e€", yp=e

19. (sinz)y"” + (2sinz —cosz)y’ + (sinz —cosz)y=€*; y1=e *, y»=e€ ®cosz
20. 4x%y" —dzy' +(3 —162%)y =82%/%; 1y, = \/ze®®, yp = JTE

21. 4a?y" —dxy' + (42 +3)y =27/ y, = /Tsinz, y» = /T cosz

22. 2%y —2zy — (2 —2)y =3z*; yy =xe®, yo =z

23. 2%y" —2z(z + 1)y + (22 + 2z +2)y = z%e®; y; =ze®, y, =z2€®
24, 229" —xy' -3y =232, y =1/z, y,=2a3

25. 2%y —x(x+4)y +2(z+3)y =zte®; y =22, yp =22

26. 22y" —2x(x +2)y' + (22 +4z +6)y = Zzez; y1 =x2e®, Yy =x€®
27. 2%y —dxy' + (2> +6)y =x*; y, =x2cosz, 1y =x’sinz

28. (z— 1)y —zy +y=2(x—1)%%; y1=x, y=¢€"

29.42y" —dz(z + 1)y + (22 +3)y =2°e"; y1 =z, 1y =z
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Q4.10.3

In Exercises 4.10.30—4.10.32 use variation of parameters to solve the initial value problem, given y;, y» are solutions of the
complementary equation.

30. 3z —1)y" — 3z +2)y' — (62 —8)y = (3z —1)%e*®, y(0)=1, y'(0)=2 ;y; =%, yo =z ®
31. (z —1)%y" —2(z — 1)y +2y = (z —1)%, y(0)=3, ¥ (0)=-6 ;

yp=z—1,y=2>—1

32.(x—1)%"— (@ — 1)y’ + (@ + 1)y =(z —1)%", y(0)=4, y'(0)=-6 ;

pn=(x-1)e*, yp=z-1

Q4.10.4

In Exercises 4.10.33- 4.10.35 use variation of parameters to solve the initial value problem and graph the solution, given that y;, y2
are solutions of the complementary equation.
1

33. (2? — 1)y’ +4zy +2y =22, y(0)=0,y'(0)=—-2; y1=77, v2=77
3.2y +2zy 2y =-22°, y()=L y(1)=-1 wn==z,m=y

35. (z+1)(2z +3)y" +2(z+2)y' —2y = (22 +3)%, y(0)=0, ¥ (0)=0 ;y1=x+2, yo= ﬁ

This page titled 4.10E: Variation of Parameters (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

e 5.7E: Variation of Parameters (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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4.11: Variation of Parameters for Higher Order Equations

Derivation of the method
We assume throughout this section that the nonhomogeneous linear equation
Py(2)y™ + Py (z)y" V) 4+ 4 Py(z)y = F () (4.11.1)
is normal on an interval (a, b). We’ll abbreviate this equation as Ly = F', where
Ly =Py(z)y"™ + Py (z)y" ™V +- - + P, (z)y.

When we speak of solutions of this equation and its complementary equation Ly = 0, we mean solutions on (a, b). We’ll show
how to use the method of variation of parameters to find a particular solution of Ly = F', provided that we know a fundamental set
of solutions {y1, y2, - - ., yn } of Ly = 0.

We seek a particular solution of Ly = F' in the form
Yp = UrlY1 +U2Y2 +- -+ UnYn (4.11.2)
where {y1,¥2, - .., Yn }is a known fundamental set of solutions of the complementary equation

Py(z)y™ +Pi(z)y™ 4+ Pu(z)y =0

and u1, ug, ..., U, are functions to be determined. We begin by imposing the following n — 1 conditions on u1, u2, . . . , Uy:
Wyt Uyt e Funy, =0
wy tupyy+ o tunyn =0
(4.11.3)
u'lyin_z) +u’2y§n_2)—|— .- —|—u$1y,(1"_2) =0.

These conditions lead to simple formulas for the first n — 1 derivatives of y,,:

) =wy” +uyy” -y, 0<r<n—1. (4.11.4)

These formulas are easy to remember, since they look as though we obtained them by differentiating Equation 4.11.2n —1 times
while treating uq, us, ..., u, as constants. To see that Equation 4.11.3 implies Equation 4.11.4, we first differentiate Equation
4.11.2to obtain

Yp =wiy) +u2ys + - HunYn HUYr Fuhya + -+ URYn,
which reduces to
Yp =wry] +usys+ o FUnyn
because of the first equation in Equation 4.11.3 Differentiating this yields
yp = uryy +uoyy +- - Fupyn Huly Fubyh 4+ unyn,
which reduces to
Yp =wiyy tu2yy + o unyn
because of the second equation in Equation 4.11.3, Continuing in this way yields Equation 4.11.4,

The last equation in Equation 4.11.4is

ui" ) = u Y gyl Y.

Differentiating this yields

(n) (n) (n)

2 = ™ + g (M) 4yt D) 4 g D) (n-1)

++unyn +u11y1 +ul2y2 ++Uhyn

4.11.1 https://math.libretexts.org/@go/page/43356



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43356?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/04%3A_Linear_Second_Order_Equations/4.11%3A_Variation_of_Parameters_for_Higher_Order_Equations

@%meﬂ@uy

Substituting this and Equation 4.11.4into Equation 4.11.1yields

u1 Lyy +us Ly +- - - +up Ly, + Po(x) (Uiygn_l) +“’2y§n_1) +--- —I-%yr(zn_l)) = F(z).

Since Ly; =0 (1 <14 <n), this reduces to

_ _ _ F(z)
12 (TL 1) ! (n 1) . ! (n 1):
ul yl + u2 y2 + + UnYn PO (:I:) .
Combining this equation with Equation 4.11.3shows that
Yp = U1Y1 +uy2 + - +uUpYn
is a solution of Equation 4.11.1if
uiyr Hupyet e Aupyn =0
uy Hupyyt e Funyn =0
u’lyfn_” +u’2yén_2)+ .. —|—u£1y,(ln_2) =0
-1 -1 -1
u’lyf" ) +u’2y§” '+ u" Y =F/P,
which can be written in matrix form as
Y1 2 0 Y [Tl T o0 T
Y Y2 Yn ul 0
= : . (4.11.5)
-2 -2 -2
IR SRR Gl I KA 0
-y§n—1) yén—l) o yr(bn—l) |1 ul | | F'/ Py |
The determinant of this system is the Wronskian W of the fundamental set of solutions {y,¥s, .. ., Y}, which has no zeros on
(a, b), by Theorem 9.1.4. Solving Equation 4.11.5by Cramer’s rule yields
L FW; .
ujp=(-1)" ]POW’ 1<j<n, (4.11.6)
where W; is the Wronskian of the set of functions obtained by deleting y; from {yi,¥2,...,¥yn} and keeping the remaining
functions in the same order. Equivalently, W is the determinant obtained by deleting the last row and j-th column of W.
Having obtained u}, ul, ... ,us, we can integrate to obtain uy, us, ..., u,. As in Section 5.7, we take the constants of integration
to be zero, and we drop any linear combination of {y1, ys, . .., yn } that may appear in y,.
For efficiency, it's best to compute Wy, Wy, - - -, W, first, and then compute W by expanding in cofactors of the last row; thus,

W =" (-1)" " V.
j=1

Third Order Equations
If n =3, then
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Y Y2 Y3

1 !

T
Therefore
Y2 Y3 Y Y3 Y1 Y2
Wl - /! ! ’ W2 - ! ! ’ W3 - /! /! ’
Ys Y3 Y1 Y3 Y1 Y
and Equation 4.11.6becomes
FWw, FW, FW;
- , == [ . 4.11.7
“Epw T TRW ST ERW (4-11.7)
v/ Example 9.4.1
Find a particular solution of
ey —y" —zy +y=8z2e, (4.11.8)

given that y; =z, y» = €%, and y3 = e * form a fundamental set of solutions of the complementary equation. Then find the
general solution of Equation 4.11.&

Solution

We seek a particular solution of Equation 4.11.8of the form

Yp = U1 T +uge” +uze .

The Wronskian of {y,y2,y3} is

z e* e ”
W(z)=|1 e* —e2|,
0 €e* e ”
)
et e *
W, = =-2,
er —e®
T e ®
W, = =—e"(z+1),
_e_w
z e’
W = =e"(z—1)
1 e*

Expanding W by cofactors of the last row yields
W =0W;—e"Wy+e W3 =0(-2) —€” (—e “(z+1)) +e "e"(z — 1) = 2a.
Since F(z) = 8z2%¢® and Py(z) =z,

=4e".

F 8z2e”
PW  z-2z

Therefore, from Equation 4.11.7
up = 4e"Wi= 4e”(-2)= -8,
uy =—4e"Wy = —4e” (—e " (z +1)) =4(z +1),
up = 4€"Wy= 4e” (e°(z —1)) =4 (z —1).
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Integrating and taking the constants of integration to be zero yields
up = —8e%, wuy=2(z+1)% uz =e*(2z —3).
Hence,
Yp = UrY1 +U2y2 +U3Y3

= (-8¢")z +€e"(2(x +1)*) +e " (e (22 — 3))

=e%(22% -2z —1).
Since —e? is a solution of the complementary equation, we redefine

yp =2ze"(z —1).

Therefore the general solution of Equation 4.11.8is

T

y=2ze"(xz —1)+c1z +cae” +cze .

Fourth Order Equations

If n =4, then
Y Y2 Y3 Ys
YooY Yy Yy
W= " " " n|’
Y Y Ys Y,
yi/l yéll yéll yi”
Therefore
Y2 Ys Ya Y Ys Ya
Wi=|vy, w3 vy|, Wo=|y1 ¥ Ui,
vy Y3 vy v oys vy
Y Y2 Ya Y Y2 Y3
Ws=|y1 % Y| Wi=|y1 v 3|,
vy vy vy vy
and Equation 4.11.6becomes
FW, FW, FW, FW,
—— I — —— | == 4.11.9
“WETpw T Rw BT TRW “T Bw ( )
v/ Example 9.4.2
Find a particular solution of
aty® 16y +22%y" — dzy +4y = 1222, (4.11.10)

given that y; =z, y» =22, y3 = 1/x and y, = 1/z* form a fundamental set of solutions of the complementary equation.
Then find the general solution of Equation 4.11.100n (—o0, 0) and (0, co).

Solution
We seek a particular solution of Equation 4.11.100f the form

2, U3 | U4
Yp =UIT + U T —|———|——2.
T T

The Wronskian of {y,y2,ys, Y4 } is
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z z2 1)z —1/x?

1 2z —-1/2>2 —2/a°
W(a) = ; |,

0 2 2/z 6/x

0 0 —6/z' —24/2°

s0
2 1/z 1/z?
12
Wi =2z -1/ -2/23 iy
2 2/z%  6/z!
z 1/z 1/x2
6
Wy =|1 -1/2* -2/z8 =—
0 2/a3 6/z*
r 2 1/xz?
12
_ 3|_ 14
Ws; =1 2z —2/z =2
0 2 6/«
r z2 1/z
Wy=|1 2z —1/z? :%.
0 2 2/z°

Expanding W by cofactors of the last row yields

W =-0W; +0W, — (—%) W3+ (——) Wy
xr X

6 12 246 72

Since F(z) = 12z2 and Py(z) = z*,

Therefore, from Equation 4.11.9,

4 4
11,2 6 2 6 ( :1,‘5 - s
4 4
T z* 12
uy =— (—F) W3 = i 22,
x* x4 6
w = —ZWy=-—"21— = _g3
4 6 6 z
Integrating these and taking the constants of integration to be zero yields
9223 !
w=-20, w=lnlal, u=—u=-".

Hence,
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Yp = U1Y1 +U2Y2 +U3Y3 +U4Ys

223 1 zt\ 1
_ 2 4T 2 (T )2
= (—2z)z + (In|z|)z” + 3 m+< 4)962
19z°
2
= 1 —_ .
z” ln|z| 5

Since —19z2 /12is a solution of the complementary equation, we redefine
yp =2 In|z|.
Therefore
c c
y= z2 In|z| + ozt + =4 —‘;
T oz

is the general solution of Equation 4.11.100n (—o0, 0) and (0, co).

This page titled 4.11: Variation of Parameters for Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.

« 9.4: Variation of Parameters for Higher Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.11E: Variation of Parameters for Higher Order Equations (Exercises)
Q4.11.1

In Exercises 4.11.1-4.11.21 find a particular solution, given the fundamental set of solutions of the complementary equation.

123y —z*(z +3)y" +2x(x +3)y' —2(z +3)y = —4z* ; {z, 2%, ze®}

2.9y" 4+ 6xy" + (6 +122)y + (122 +82%)y = 2% ;{e®, ze®, z2e '}

3. 23y" — 3z%y" + 6zy’ — 6y =2z ; {z, 2%, 2%}

4. 22y +2zy" — (2* +2)y’ =222 {1, €% /x, e%/2}

5.2%y" —3z%(z +1)y" + 3z (x? + 22 +2)y’ — (2° +322 + 62 +6)y =zte 3 ;{ze®, x2e”, 23e%}
6. x(x2—2)y"" + (22 —6)y" + (2 —22)y' + (6 —2?)y =2(22 —2)? ;{e*, e, 1/x}

7.2y" —(z=3)y" — (2 +2)y +(z — 1)y =—4e™® ;{e*, e /z, e */z}

8. 423y +4z%y" — 5xy’ +2y =302% ; {/z, 1/, z*}

9. z(z® — 1)y + (522 +1)y" + 22y —2y =122% ;{z, 1/(z—1), 1/(z +1)}

10.z(1—2)y" + (2> -3z +3)y" +zy —y=2(z—1)* ;{=z, 1/z,e%/z}

11. 2%y +2%y" — 2zy' +2y =2* ; {z, 2%, 1/z}

12.zy" —y —zy +y =22 ; {z, %, e %}

13. zyW 44y = 61n|z|; {1, z, 22, 1/}

14. 1624y 49623y + 7222y" — 24ay’ +9y = 962°/%; {/z, 1//z, 23/%, x73/%}

15. z(2? — 6)y™ +2(22 —12)y"" + (6 — 22)y" +2(12 — z?)y’ = 2(a? —6)2 AL, 1/, €%, e}
16. 2ty — 4Py +1222y" — 24xy’ +24y = z* ; {z, 22, 2°, =%}

17. 2ty — 43y + 222 (6 — 2?)y" + 4z (2 — 6)y + (2! — 42 +24)y =42°e”  {ze®, 2%, ze ®, zle "}
18. 2ty + 623y + 22%y" — day' + 4y = 122% ; {z,2?,1/x,1/2%}

19. zyW 44y —2zy" — 4y’ +xy =4€® ; {e®, e®, €% /x, e % /x}

20. 2y + (4 — 62)y" + (132 — 18)y" + (26 — 12z)y’ + (4= —12)y = 3e® ; {€%, €2, €/, 2% /z}

21. 2ty —4xdy" £ 22(12 — 2?)y" + 2z (22 —12)y' +2(12 —2®)y = 22° ; {z, 2%, ze®, ze ™}

Q4.11.2

In Exercises 4.11.22-4.11.33 solve the initial value problem, given the fundamental set of solutions of the complementary equation.
Graph the solution for Exercises 4.11.22, 4.11.26, 4.11.29, and 4.11.30.

22. 23y —22%y" +3zy’' —3y =4z, y(1)=4, y'(1)=4, y'(1)=2;{z, 23 zlnz}

23. 2%y — 522y’ +14xy — 18y =2, y(1)=0, ' (1)=1, 3"(1)=7;{z? 3, 23Inz}

24. (5—6z)y" + (122 —4)y" + (6 —23)y' + (22 — 12z)y = —(6z —5)%" {y(0)=—4, ¥'(0)=-3,
y"(0) = —19; {€®, €¥*, ze *}

25. 3y —6x2y" +16zy’ — 16y =924, y(1)=2, ¢'(1)=1, y"(1)=5 ;{z, 2%, z*1n|z|}

26. (22 —2z +2)y" — 22y +2zy’ — 2y = (2 —22+2)%, y(0)=0, ¢'(0)=5 ,y"(0)=0;{z, 22, e}

27. 2%y + 2ty —2zy + 2y =x(z+1), y(-1)=-6, ¢ (-1)=2 4'(-1)= —%;{x, z? 1/z}
28. (3z —1)y"" — (12 — 1)y"—|—9(:r+1)y’—9y:2e“”(3m—1)2, y0)=3, y(0)=2,
Y0 = Lo 41, e, )
29. (22 —2)y"" —2zy" + (2 —2?)y’ + 22y =2(z* —2)?, y(0)=1, ¢'(0)=-5 ,y"(0)=5;{z? €%, e}
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30. 'y + 32y —a?y" + 22y 2y =927, y(1)=-7, y'(1)=-11, y'(1)=-5 y"(1)=6;
{z, 2% 1/z, zInz}
31. 2z — 1)y —day” + (5 —22)y" +4zy' —4y = 6(22 —1)>, y(0)=22, ¢'(0)=0, ¢"(0)=13,
y”’(O) _ 1;{:1:, ea;, e—w, e2w}
32. 4zty™ + 2403y + 232" —zy/ +y =6z, y(1)=2, y'(1)=0, y'(1)=4,
ym(l) = _34_75 {:L‘, \/5’ 1/1" 1/\/5}
33. zty* + 523y — 3x2y" —6zy’ + 6y =402%, y(-1)=-1, ¢/(-1)=-T7,
y'(-1)=-1, y"(-1)=-31;{z, 2* 1/z, 1/2*}
This page titled 4.11E: Variation of Parameters for Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was
authored, remixed, and/or curated by Zoya Kravets.

¢ 9.4E: Variation of Parameters for Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

5: Applications of Linear Second Order Equations
In this Chapter, we study applications of linear second order equations.
5.1: Spring Problems I
5.1E: Spring Problems I (Exercises)
5.2: Spring Problems II
5.2E: Spring Problems II (Exercises)
5.3: The RLC Circuit
5.3E: The RLC Circuit (Exercises)

Thumbnail: A series RLC network: a resistor, an inductor, and a capacitor. Image used with permission (CC BY-SA 3.0;
Spinningspark at Wikipedia)

This page titled 5: Applications of Linear Second Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
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5.1: Spring Problems |

We consider the motion of an object of mass m, suspended from a spring of negligible mass. We say that the spring—mass system is
in equilibrium when the object is at rest and the forces acting on it sum to zero. The position of the object in this case is the
equilibrium position. We define y to be the displacement of the object from its equilibrium position (Figure 6.1.1 ), measured
positive upward.

@ (b) ©

Figure 6.1.1: @)y >0(b)y=0,(c)y <0
Our model accounts for the following kinds of forces acting on the object:

e The force —mg, due to gravity.

o A force F; exerted by the spring resisting change in its length. The natural length of the spring is its length with no mass
attached. We assume that the spring obeys Hooke’s law: If the length of the spring is changed by an amount AL from its
natural length, then the spring exerts a force F; = kAL, where k is a positive number called the spring constant. If the spring
is stretched then AL > 0 and F; > 0, so the spring force is upward, while if the spring is compressed then AL < 0 and
F,; <0, so the spring force is downward.

o A damping force F; = —cy’ that resists the motion with a force proportional to the velocity of the object. It may be due to air
resistance or friction in the spring. However, a convenient way to visualize a damping force is to assume that the object is
rigidly attached to a piston with negligible mass immersed in a cylinder (called a dashpot) filled with a viscous liquid (Figure
6.1.1). As the piston moves, the liquid exerts a damping force. We say that the motion is undamped if ¢ = 0, or damped if
c>0.

o An external force F', other than the force due to gravity, that may vary with ¢, but is independent of displacement and velocity.
We say that the motion is free if F' =0, or forced if F' # 0.

https://math.libretexts.org/@go/page/43307



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43307?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/05%3A_Applications_of_Linear_Second_Order_Equations/5.01%3A_Spring_Problems_I

LibreTexts"

Figure 6.1.2 : A spring — mass system with damping
From Newton’s second law of motion,
my'=-mg+F;+F;+F=—-—mg—cy +F;+F. (5.1.1)

We must now relate F to y. In the absence of external forces the object stretches the spring by an amount Al to assume its
equilibrium position (Figure 6.1.3 ). Since the sum of the forces acting on the object is then zero, Hooke’s Law implies that
mg = kAl. If the object is displaced y units from its equilibrium position, the total change in the length of the spring is
AL = Al —vy, so Hooke’s law implies that

F; =kEAL =kAl—ky.
Substituting this into Equation 5.1.1 yields
my" =-mg—cy +kAL—ky+F.
Since mg = kAl this can be written as
my"’ +cy +ky=F. (5.1.2)

We call this the equation of motion.

@ (b)

S
ooy

Figure 6.1.3 : (a) Natural length of spring (b) Spring stretched by mass

Simple Harmonic Motion

Throughout the rest of this section we’ll consider spring—mass systems without damping; that is, ¢ = 0. We’ll consider systems
with damping in the next section. We first consider the case where the motion is also free; that is, '=0. We begin with an example.

https://math.libretexts.org/@go/page/43307
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An object stretches a spring 6 inches in equilibrium.

a. Set up the equation of motion and find its general solution.
b. Find the displacement of the object for ¢ > 0 if it is initially displaced 18 inches above equilibrium and given a downward
velocity of 3 ft/s.

Solution a:
Setting ¢ = 0 and ' = 0 in Equation 5.1.2 yields the equation of motion
my" +ky =0,

which we rewrite as
" k
m

Although we would need the weight of the object to obtain & from the equation mg = kAl we can obtain k/m from Al alone;
thus, k/m = g/ Al. Consistent with the units used in the problem statement, we take g =32 ft/s?. Although Al is stated in
inches, we must convert it to feet to be consistent with this choice of g; that is, Al = 1/2 ft. Therefore

k 32

e 1—/2 =64
and Equation 5.1.3 becomes
y" +64y = 0. (5.1.4)
The characteristic equation of Equation 5.1.4is
r24+64=0,

which has the zeros r = £8:. Therefore the general solution of Equation 5.1.41is
y = c1 cos 8t + ¢y sin 8. (5.1.5)
Solution b:

The initial upward displacement of 18 inches is positive and must be expressed in feet. The initial downward velocity is
negative; thus,

3
y(0) = > and 3'(0) =-3.
Differentiating Equation 5.1.5 yields

y' = —8c; sin8t + 8¢, cos 8t. (5.1.6)

Setting t =0 in Equation 5.1.5 and Equation 5.1.6 and imposing the initial conditions shows that ¢; = 3/2 and ¢; = —3/8.
Therefore

Y= % cos8t — % sin 8%,
where y is in feet (Figure 6.1.4 ).
We’ll now consider the equation
my” +ky=0
where m and k are arbitrary positive numbers. Dividing through by m and defining wy = \/k/-m yields

y" +wiy=0.

The general solution of this equation is

https://math.libretexts.org/@go/page/43307
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We can rewrite this in a more useful form by defining

y = c1 coswyt + ¢ sinwyt. (5.1.7)

R=,/c+c3, (5.1.8)

AN
AYRTRVAYI

=20

Figure 6.1.4 :y = %cos 8t — %sin 8t
and
=Rcos¢ and cy;=Rsing. (5.1.9)
Substituting from Equation 5.1.9 into Equation 5.1.7 and applying the identity
coswyt cos ¢ + sinwyt sin ¢ = cos(wot — @)
yields
y = Rcos(wpt — ¢). (5.1.10)

From Equation 5.1.8 and Equation 5.1.9 we see that the R and ¢ can be interpreted as polar coordinates of the point with
rectangular coordinates (¢, c2) (Figure 6.1.5 ). Given ¢; and ¢y, we can compute R from Equation 5.1.8. From Equation
5.1.8and Equation 5.1.9, we see that ¢ is related to ¢; and cy by

a . Cs
———— and sing=——.
[ 2 2 [ 2| 2
c)t6 C] +6

There are infinitely many angles ¢, differing by integer multiples of 2, that satisfy these equations. We will always choose ¢
sothat —m < ¢ <.

cos¢ =

The motion described by Equation 5.1.7 or Equation 5.1.10 is simple harmonic motion. We see from either of these
equations that the motion is periodic, with period

T:27T/(.U0.

This is the time required for the object to complete one full cycle of oscillation (for example, to move from its highest position
to its lowest position and back to its highest position). Since the highest and lowest positions of the object are y = R and
y = —R, we say that R is the amplitude of the oscillation. The angle ¢ in Equation 5.1.10is the phase angle. It’s measured
in radians. Equation Equation 5.1.10is the amplitude—phase form of the displacement. If ¢ is in seconds then wy is in radians
per second (rad/s); it is the frequency of the motion. It is also called the natural frequency of the spring—mass system without
damping.

https://math.libretexts.org/@go/page/43307


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43307?pdf

LibreTexts"

v

Figure 6.1.5: R=/c? +cZ;c; = Rcos ¢; c; = Rsin ¢
v/ Example 6.1.2
We found the displacement of the object in Example 6.1.1 to be
3 3
Yy = —cos 8t — —sin8¢.
2 8

Find the frequency, period, amplitude, and phase angle of the motion.
Solution:

The frequency is wy = 8 rad/s, and the period is T' = 27 /wy = 7/4 s. Since ¢; = 3/2 and c; = —3/8, the amplitude is

3\ /3\® 3 —
R=,/ci+c = (5) +(§> = SVIT.

The phase angle is determined by

3
2 4
2
cos¢ = = — 5.1.11
? Vit VT ( )
and
_3
sing = —3 - (5.1.12)
Vit V1T

Using a calculator, we see from Equation 5.1.11that
¢ ~ +.245 rad.
Since sin ¢ < 0 (see Equation 5.1.19), the minus sign applies here; that is,

¢ ~ —.245 rad.

v/ Example 6.1.3

The natural length of a spring is 1 m. An object is attached to it and the length of the spring increases to 102 cm when the
object is in equilibrium. Then the object is initially displaced downward 1 cm and given an upward velocity of 14 cm/s. Find
the displacement for ¢ > 0. Also, find the natural frequency, period, amplitude, and phase angle of the resulting motion.
Express the answers in cgs units.
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Solution:

In cgs units g = 980 cm/s?. Since Al =2 cm, w3 = g/ Al =490 . Therefore
y" +490y =0, y(0)=-1, ¢'(0)=14.
The general solution of the differential equation is
y = c1 cos T4/10t + ¢ sin 7+/10t,
so
y' = T7+4/10 (—c; sin 74/10t + ¢ cos 7+/10¢) .

Substituting the initial conditions into the last two equations yields ¢; = —1 and ¢ = 2/+/10. Hence,

2
——sin74/10t.
V10

The frequency is 7+/10 rad/s, and the period is T' = 27/(7+/10) s. The amplitude is

R:mz\/(—l)er (%)2 =\/§cm

y=—cosT/10t +

The phase angle is determined by

/ 2
coscﬁz%z— ; and sinqb:c—];: 7
Therefore ¢ is in the second quadrant and
L[5
¢=cos | — = ~ 2.58rad
Undamped Forced Oscillation

In many mechanical problems a device is subjected to periodic external forces. For example, soldiers marching in cadence on a
bridge cause periodic disturbances in the bridge, and the engines of a propeller driven aircraft cause periodic disturbances in its
wings. In the absence of sufficient damping forces, such disturbances — even if small in magnitude — can cause structural
breakdown if they are at certain critical frequencies. To illustrate, this we’ll consider the motion of an object in a spring—mass
system without damping, subject to an external force

F(t) = Fycoswt
where Fj is a constant. In this case the equation of motion Equation 5.1.2is
my" + ky = F cosuwt,
which we rewrite as
F
Y +wly = =0 coswt (5.1.13)
m

with wg = y/k/m. We’ll see from the next two examples that the solutions of Equation 5.1.13 with w# wy behave very
differently from the solutions with w = wy.

v/ Example 6.1.4

Solve the initial value problem

F
y”—i—wgy:ﬁcoswt, y(0)=0, %'(0)=0, (5.1.14)

given that w # wy .
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Solution:

We first obtain a particular solution of Equation 5.1.13by the method of undetermined coefficients. Since w # wy, coswt isn’t
a solution of the complementary equation

y' +wiy=0.
Therefore Equation 5.1.13has a particular solution of the form

yp = Acoswt + Bsinwt.

Since
Yl = —w?(Acoswt + Bsinwt),
F
Yy +wiy, = =2 coswt
m
if and only if
2 2 q Fo
(w2 —w”) (Acoswt + Bsinwt) = — coswt.
m
This holds if and only if
Fi
A=——=% _ and B=o0,
m(wf —w?)
S0
Fy "
=————coswt.
& m(wj —w?)
The general solution of Equation 5.1.13is
Fy .
y=——— coswt+cy coswyt + ¢ sinwyt, (5.1.15)
m(wj —w?
so
/ _UJFO . o
Y =—>5r sinwt + wp (—c; sinwgt + ¢z coswyt).
m(wg —w?)

The initial conditions ¢(0) = 0 and %' (0) = 0 in Equation 5.1.14imply that

Fy
co=——"—7—>- and c=0.
! m(wi —w?) 2
Substituting these into Equation 5.1.15yields
F
y= —O(coswt—coswgt). (5.1.16)
m(wi —w?)

It is revealing to write this in a different form. We start with the trigonometric identities

cos(a —f) =cosacosfB+sinasinf

cos(a+B) =cosacosf —sinasinf.
Subtracting the second identity from the first yields

cos(a — ) —cos(a+ ) =2sinasin (5.1.17)
Now let

a—FB=wt and a4+ =uwt, (5.1.18)

so that
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t —w)t
QZM and ﬁ:M' (5_1.19)
2 2
Substituting Equation 5.1.18and Equation 5.1.19into Equation 5.1.17yields
wo —w)t +w)t
coswt — coswyt = 2 sin (wo ) sin (wo ) ,
2 2
and substituting this into Equation 5.1.16yields
wo +w)t
y=R(t) sin¥, (5.1.20)
where
2F, (w() - w)t
R(t) = sin . 5.1.21
®) m(wl —w?) 2 ( )

From Equation 5.1.20 we can regard y as a sinusoidal variation with frequency (wo +w)/2 and variable amplitude | R(t)|. In
Figure 6.1.6 the dashed curve above the ¢ axis is y = |R(t)|, the dashed curve below the ¢ axis is y = —|R(¢)|, and the
displacement y appears as an oscillation bounded by them. The oscillation of y for ¢ on an interval between successive zeros of
R(t) is called a beat.

Figure 6.1.6 : Undamped oscillation with beats
You can see from Equation 5.1.20and Equation 5.1.21 that
2|Fy
m|w? —w?|’

(@)l <

moreover, if w+ wy is sufficiently large compared with w — wy , then |y| assumes values close to (perhaps equal to) this upper
bound during each beat. However, the oscillation remains bounded for all ¢. (This assumes that the spring can withstand
deflections of this size and continue to obey Hooke’s law.) The next example shows that this isn’t so if w = wy.

v/ Example 6.1.5

Find the general solution of
F
Y +wiy= =L coswot. (5.1.22)
m

Solution:

We first obtain a particular solution y, of Equation 5.1.22, Since coswyt is a solution of the complementary equation, the form

for y, is
yp = t(Acoswyt + Bsinwyt). (5.1.23)
Then
yp = Acoswyt + Bsinwyt +wpt(—A sinwgt + Bcoswyt)
and

yp = 2wy (—Asinwyt + Beoswyt) —wit(Acoswot + Bsinwyt). (5.1.24)
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From Equation 5.1.23and Equation 5.1.24 we see that y, satisfies Equation 5.1.22if

F
—2 Awq sinwyt + 2Bwq cos wyt = =0 coswyt;
m

that is, if
F
A=0 and B=—>.
2muwy
Therefore
Yp = sinwyt
2muwy

is a particular solution of Equation 5.1.22 The general solution of Equation 5.1.22is

Fot . .
= sinwyt + ¢y coswyt + co sinwyt.
2muwy

SV

S= y=—F0t/2mmo

Figure 6.1.7 : Undamped displacement due to resonance.
The graph of y,, is shown in Figure 6.1.7 , where it can be seen that ¥, oscillates between the dashed lines
Fot Fot

= and =—
Y 2muwy Y 2muwy

with increasing amplitude that approaches oo as ¢ — oco. Of course, this means that the spring must eventually fail to obey
Hooke’s law or break.

This phenomenon of unbounded displacements of a spring—mass system in response to a periodic forcing function at its natural
frequency is called resonance. More complicated mechanical structures can also exhibit resonance-like phenomena. For
example, rhythmic oscillations of a suspension bridge by wind forces or of an airplane wing by periodic vibrations of
reciprocating engines can cause damage or even failure if the frequencies of the disturbances are close to critical frequencies
determined by the parameters of the mechanical system in question.

This page titled 5.1: Spring Problems I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

o 6.1: Spring Problems I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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5.1E: Spring Problems | (Exercises)

In the following exercises assume that there’s no damping.

Q5.1.1

1. An object stretches a spring 4 inches in equilibrium. Find and graph its displacement for ¢ > 0 if it is initially displaced 36
inches above equilibrium and given a downward velocity of 2 ft/s.

2. An object stretches a string 1.2 inches in equilibrium. Find its displacement for ¢ > 0 if it is initially displaced 3 inches below
equilibrium and given a downward velocity of 2 ft/s.

3. A spring with natural length .5 m has length 50.5 cm with a mass of 2 gm suspended from it. The mass is initially displaced 1.5
cm below equilibrium and released with zero velocity. Find its displacement for ¢ > 0.

4. An object stretches a spring 6 inches in equilibrium. Find its displacement for ¢ > 0 if it is initially displaced 3 inches above
equilibrium and given a downward velocity of 6 inches/s. Find the frequency, period, amplitude and phase angle of the motion.

5. An object stretches a spring 5 cm in equilibrium. It is initially displaced 10 cm above equilibrium and given an upward velocity
of .25 m/s. Find and graph its displacement for ¢ > 0. Find the frequency, period, amplitude, and phase angle of the motion.

6. A 10 kg mass stretches a spring 70 cm in equilibrium. Suppose a 2 kg mass is attached to the spring, initially displaced 25 cm
below equilibrium, and given an upward velocity of 2 m/s. Find its displacement for ¢ > 0. Find the frequency, period, amplitude,
and phase angle of the motion.

7. A weight stretches a spring 1.5 inches in equilibrium. The weight is initially displaced 8 inches above equilibrium and given a
downward velocity of 4 ft/s. Find its displacement for ¢ > 0.

8. A weight stretches a spring 6 inches in equilibrium. The weight is initially displaced 6 inches above equilibrium and given a
downward velocity of 3 ft/s. Find its displacement for ¢ > 0.

9. A spring—mass system has natural frequency 74/10 rad/s. The natural length of the spring is .7 m. What is the length of the
spring when the mass is in equilibrium?

10. A 64 1b weight is attached to a spring with constant k = 8 1b/ft and subjected to an external force F'(t) = 2sint. The weight is
initially displaced 6 inches above equilibrium and given an upward velocity of 2 ft/s. Find its displacement for ¢t > 0.

11. A unit mass hangs in equilibrium from a spring with constant ¥ =1/16. Starting at t = 0, a force F'(t) = 3sint is applied to
the mass. Find its displacement for ¢t > 0.

12. A 4 b weight stretches a spring 1 ft in equilibrium. An external force F'(¢t) =.25sin8t¢ Ib is applied to the weight, which is
initially displaced 4 inches above equilibrium and given a downward velocity of 1 ft/s. Find and graph its displacement for ¢ > 0.

13. A 2 1b weight stretches a spring 6 inches in equilibrium. An external force F'(¢) =sin8t Ib is applied to the weight, which is
released from rest 2 inches below equilibrium. Find its displacement for £ > 0.

14. A 10 gm mass suspended on a spring moves in simple harmonic motion with period 4 s. Find the period of the simple harmonic
motion of a 20 gm mass suspended from the same spring.

15. A 6 1b weight stretches a spring 6 inches in equilibrium. Suppose an external force F'(t) = 13—6 sinwt + % coswt 1b is applied
to the weight. For what value of w will the displacement be unbounded? Find the displacement if w has this value. Assume that the
motion starts from equilibrium with zero initial velocity.

16. A 6 1b weight stretches a spring 4 inches in equilibrium. Suppose an external force F'(t) =4 sinwt — 6 coswt 1b is applied to
the weight. For what value of w will the displacement be unbounded? Find and graph the displacement if w has this value. Assume
that the motion starts from equilibrium with zero initial velocity.

17. A mass of one kg is attached to a spring with constant k =4 N/m. An external force F'(t) = — coswt — 2sinwt n is applied to
the mass. Find the displacement y for £ > 0 if w equals the natural frequency of the spring—mass system. Assume that the mass is
initially displaced 3 m above equilibrium and given an upward velocity of 450 cm/s.

18. An object is in simple harmonic motion with frequency wy, with y(0) = yo and y'(0) = vy . Find its displacement for ¢ > 0.
Also, find the amplitude of the oscillation and give formulas for the sine and cosine of the initial phase angle.

@ 0 e @ 5.1E.1 https://math.libretexts.org/@go/page/43308



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43308?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/05%3A_Applications_of_Linear_Second_Order_Equations/5.01%3A_Spring_Problems_I/5.1E%3A_Spring_Problems_I_(Exercises)

LibreTexts*

19. Two objects suspended from identical springs are set into motion. The period of one object is twice the period of the other. How
are the weights of the two objects related?

20. Two objects suspended from identical springs are set into motion. The weight of one object is twice the weight of the other.
How are the periods of the resulting motions related?

21. Two identical objects suspended from different springs are set into motion. The period of one motion is 3 times the period of
the other. How are the two spring constants related?

This page titled 5.1E: Spring Problems I (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

o 6.1E: Spring Problems I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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5.2: Spring Problems Il

Free Vibrations with Damping
In this section we consider the motion of an object in a spring—mass system with damping. We start with unforced motion, so the
equation of motion is

my" +cy' +ky=0. (5.2.1)

Now suppose the object is displaced from equilibrium and given an initial velocity. Intuition suggests that if the damping force is
sufficiently weak the resulting motion will be oscillatory, as in the undamped case considered in the previous section, while if it is
sufficiently strong the object may just move slowly toward the equilibrium position without ever reaching it. We’ll now confirm
these intuitive ideas mathematically. The characteristic equation of Equation 5.2.1 is

mr® +cr+k=0.

The roots of this equation are

—c—Vc2—4mk —c+Ve2—4mk

= d =
T1 om an T2 om

(5.2.2)

We saw in Section 5.2 that the form of the solution of Equation 5.2.1 depends upon whether ¢ —4mk is positive, negative, or
zero. We’ll now consider these three cases.

Underdamped Motion

We say the motion is underdamped if ¢ < v/4mk. In this case r; and 7y in Equation 5.2.2 are complex conjugates, which we
write as

C . Cc .
rn=———wyt and ry=———+wi,
2m 2m

where

v 4dmk — c?

w1 =
2m

The general solution of Equation 5.2.1 in this case is

y= e‘cmm(cl coswit +cg sinwyt).

By the method used in Section 6.1 to derive the amplitude—phase form of the displacement of an object in simple harmonic motion,
we can rewrite this equation as

y = Re™?™ cos(wit — ), (5.2.3)
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Figure 6.2.1 : Underdamped motion

R=,/c2+c3, Rcos¢=ci, and Rsing=c,.

The factor Re~*/?>™ in Equation 5.2.3 is called the time—varying amplitude of the motion, the quantity w; is called the
frequency, and T = 27 /w; (which is the period of the cosine function in Equation 5.2.3 is called the quasi—period. A typical

graph of Equation 5.2.3 is shown in Figure 6.2.1 . As illustrated in that figure, the graph of y oscillates between the dashed
—ct/2m

where

exponential curves y = +Re

Overdamped Motion

We say the motion is overdamped if ¢ > v/4mk. In this case the zeros r; and ry of the characteristic polynomial are real, with
r1 <19 <0 (see5.2.2), and the general solution of 5.2.11s

y=cre" +cye™.
Again limy_,, y(t) =0 as in the underdamped case, but the motion isn’t oscillatory, since y can’t equal zero for more than one
value of ¢ unless ¢; = co =0 . (Exercise 6.2.23.)
Critically Damped Motion

We say the motion is critically damped if ¢ = v/4mk. In this case r; =r2 = —¢/2m and the general solution of Equation 5.2.1
is

y=e M (c; +ct).

Again lim; ., y(t) =0 and the motion is nonoscillatory, since y can’t equal zero for more than one value of ¢ unless ¢; =c3 =0.
(Exercise 6.2.22).

v/ Example 6.2.1

Suppose a 64 1b weight stretches a spring 6 inches in equilibrium and a dashpot provides a damping force of ¢ 1b for each
ft/sec of velocity.

a. Write the equation of motion of the object and determine the value of ¢ for which the motion is critically damped.
b. Find the displacement y for ¢ > 0 if the motion is critically damped and the initial conditions are y(0) =1 and y'(0) = 20.
c. Find the displacement y for ¢ > 0 if the motion is critically damped and the initial conditions are y(0) =1 and
!
y'(0) = —20.
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Solution a
Here m = 2 slugs and k = 64 /.5 = 128 1b/ft. Therefore the equation of motion Equation 5.2.1is

2y" +cy' +128y =0. (5.2.4)
The characteristic equation is
2r? +cr+128 = 0,

which has roots

—c+vc?2—-8-128
i .

T =
Therefore the damping is critical if
c=+/8-128 = 32 Ib-sec/ft.

Solution b
Setting ¢ = 32 in Equation 5.2.4 and cancelling the common factor 2 yields

y" +16y+64y =0.
The characteristic equation is
7 4+ 167464y = (r+8)2 = 0.
Hence, the general solution is

y =e % (c; +cat). (5.2.5)

| | | | > x
0.2 0.4 . 0.8 1.0

(b)

_0.5,
Figure 6.2.2 : (a) y = e~%(1+28¢) and (b) y = e~ % (1 — 12¢)

Differentiating this yields
= —8y+coe O, (5.2.6)

y/
6.2.2 Imposing the initial conditions y(0) =1 and y’(0) = 20 in the last two equations shows that 1 =¢; and 20 = —8 +¢3 .
Hence, the solution of the initial value problem is

y=e '(1+428t).

Therefore the object approaches equilibrium from above as ¢ — co. There’s no oscillation.

Solution ¢
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Imposing the initial conditions y(0) =1 and y'(0) = —20 in Equation 5.2.5 and Equation 5.2.6 yields 1 =¢; and
—20 = —8 4 c¢o . Hence, the solution of this initial value problem is

y=e 8 (1-12t).

Therefore the object moves downward through equilibrium just once, and then approaches equilibrium from below as t — co.
Again, there’s no oscillation. The solutions of these two initial value problems are graphed in Figure 6.2.2 .

v/ Example 6.2.2

Find the displacement of the object in Example 6.2.1 if the damping constant is ¢ = 4 lb—sec/ft and the initial conditions are
y(0) =1.5ftand y'(0) = —3 ft/sec.

Solution
With ¢ = 4, the equation of motion Equation 5.2.4 becomes

y"+2y +64y =0 (5.2.7)
after cancelling the common factor 2. The characteristic equation
r’ +2r+64=0
has complex conjugate roots
—2+./4—-4-64
r= 5 6 = —1+34/Ti.

Therefore the motion is underdamped and the general solution of Equation 5.2.7is
y =€ '(c; cos3/Tt + ¢y sin3+/Tt).
Differentiating this yields
y' = —y+3/Te " (—c1sin3+/Tt + 3 cos 34/Tt).

Imposing the initial conditions y(0)=1.5 and y'(0)=-3 in the last two equations yields 1.5=¢; and
—-3=-1.5+ 3\/702 . Hence, the solution of the initial value problem is

3 1
Y = (5 cos3+/Tt —

2/7

sin3\/7t) . (5.2.8)

The amplitude of the function in parentheses is

where

Therefore ¢ = —0.125 radians.

v/ Example 6.2.3

Let the damping constant in Example 6.2.1 be ¢ = 40 Ib-sec/ft. Find the displacement y for ¢ > 0 if y(0) =1 and y'(0) = 1.

Solution
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With ¢ = 40, the equation of motion Equation 5.2.4 reduces to
y" +20y' +64y =0 (5.2.9)
after cancelling the common factor 2. The characteristic equation

72 4+20r+64 = (r+16)(r+4)=0

has the roots r; = —4 and r, = —16. Therefore the general solution of Equation 5.2.9is
y=cre et (5.2.10)
Differentiating this yields
y = —de ™ —16cye 0.

Figure 6.2.3:y = }—ge*‘“ = %eflst

The last two equations and the initial conditions y(0) = 1 and y'(0) = 1 imply that
c + co =1
—4c; — 16c; =1.
The solution of this system is ¢; =17/12, ¢, = —5/12. Substituting these into Equation 5.2.10yields

_ 17 —4¢ 5 —16t
~12° 12°

as the solution of the given initial value problem (Figure 6.2.3 ).

Y

Forced Vibrations with Damping

Now we consider the motion of an object in a spring-mass system with damping, under the influence of a periodic forcing function
F(t) = Fy coswt, so that the equation of motion is

my" +cy' +ky = F, coswt. (5.2.11)

In Section 6.1 we considered this equation with ¢ = 0 and found that the resulting displacement y assumed arbitrarily large values
in the case of resonance (that is, when w =wg = /k/m ). Here we’ll see that in the presence of damping the displacement
remains bounded for all ¢, and the initial conditions have little effect on the motion as ¢ — oco. In fact, we’ll see that for large ¢ the
displacement is closely approximated by a function of the form

y = Rcos(wt — ¢), (5.2.12)
where the amplitude R depends upon m, c, k, Fj, and w. We’re interested in the following question:
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Assuming that m, ¢, k, and Fj are held constant, what value of w produces the largest amplitude R in Equation 5.2.12 and
what is this largest amplitude?

To answer this question, we must solve Equation 5.2.11 and determine R in terms of Fp, wq, w, and c. We can obtain a particular
solution of Equation 5.2.11by the method of undetermined coefficients. Since coswt does not satisfy the complementary equation
my" +cy' +ky =0,

we can obtain a particular solution of Equation 5.2.11in the form
yp = Acoswt + Bsinwt. (5.2.13)
Differentiating this yields
yp = w(—Asinwt+ Bcoswt)
and
y) = —w?(Acoswt + Bsinwt).
From the last three equations,
myl! + ey + kyp, = (—mw? A+ cwB+ kA) coswt + (—mw’ B — cwA + kB) sinwt,
so y, satisfies Equation 5.2.11if
(k—mw?)A+ cwB =F
—cwA  +(k—mw?)B =0.
Solving for A and B and substituting the results into Equation 5.2.13yields
Fy

k—mw?)? + c?w?

yp = ( [(k—mw?) coswt + cwsinwt|

which can be written in amplitude—phase form as

(5.2.14)
where
k— 2
cos¢ = hdad and sing = iad . (5.2.15)
V (k—mw?)? +2w? V (k—mw?)? +2w?
To compare this with the undamped forced vibration that we considered in Section 6.1 it is useful to write
k
k—mw2=m<——w2) =m(w? —u?), (5.2.16)
m

where wg = y/k/m is the natural angular frequency of the undamped simple harmonic motion of an object with mass m on a
spring with constant k. Substituting Equation 5.2.16into Equation 5.2.14yields

— FO
\/m2(w% —w?)2 4 22

Up cos(wt — ). (5.2.17)

The solution of an initial value problem

my" +cy' +ky=Fycoswt, y(0)=yy, ¥ (0)=up,

is of the form y = y. + 1y, , where y. has one of the three forms
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Yo = efct/2m(

¢y coswit +eo sinwyt),
Ye =€ " (c1 +eot),
Yo =c1e’ +epe’™ (ry, 2 <0).
In all three cases tlirg y.(t) =0 for any choice of ¢; and cy. For this reason we say that y, is the transient component of the

solution y. The behavior of y for large ¢ is determined by y,,, which we call the steady state component of y. Thus, for large ¢ the
motion is like simple harmonic motion at the frequency of the external force.

The amplitude of y, in Equation 5.2.17is
Fy

R: ’
\/m2(w3 —w?)2 4 2u?

(5.2.18)

which is finite for all w; that is, the presence of damping precludes the phenomenon of resonance that we encountered in studying
undamped vibrations under a periodic forcing function. We’ll now find the value wy,,x of w for which R is maximized. This is the
value of w for which the function

p(w) =m? (W2 —w?)® +Pw’
in the denominator of Equation 5.2.18attains its minimum value. By rewriting this as
p(w) =m?(wy +w?) + (¢ — 2m*wl)w?, (5.2.19)

you can see that p is a strictly increasing function of w? if
c> 2m2w3 =+/2mk.

(Recall that wg = k/m). Therefore wp,x = 0 if this inequality holds. From Equation 5.2.15 you can see that ¢ =0 if w=0. In
this case, Equation 5.2.14reduces to

Yp = .

B R
m2wj k

which is consistent with Hooke’s law: if the mass is subjected to a constant force Fj, its displacement should approach a constant
yp such that ky, = F, . Now suppose ¢ < v/2mk. Then, from Equation 5.2.19,

2.2, 2 2
P (w) =2w(2m’w” + ¢ —2m°w}),

and wax i the value of w for which the expression in parentheses equals zero; that is,

B . ¢ |k 1 c?
Wmax =4 [ @o am?2 \/m 2km )’

(To see that p(wmayx) is the minimum value of p(w), note that p' (w) < 0 if w < Wpax and p'(w) > 0 if w > wpax.) Substituting
W = Wpax in Equation 5.2.18and simplifying shows that the maximum amplitude R, is

2mF0
Rpox=———— if e <+2mk.
* cv4dmk —c?

We summarize our results as follows.

& Theorem 6.2.1

Suppose we consider the amplitude R of the steady state component of the solution of
my" +cy' +ky = Fycoswt

as a function of w.

a. If ¢ > v/2mk, the maximum amplitude is Ry,.x = Fy/k and it is attained when w = wyax = 0.
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b. If ¢ < v/2mk, the maximum amplitude is

2mF0
Rpyox = —— (5.2.20)
eVamk—¢c2’
and it is attained when
W= Wiy = (5.2.21)

Note that R,y and wpax are continuous functions of ¢, for ¢ > 0, since Equation 5.2.20 and Equation 5.2.21 reduce to
Rpax = Fo/k and wyayx =0 if ¢ = /2km.

This page titled 5.2: Spring Problems I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 6.2: Spring Problems IT by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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5.2E: Spring Problems Il (Exercises)
Q5.2.1

1. A 64 1b object stretches a spring 4 ft in equilibrium. It is attached to a dashpot with damping constant ¢ = 8 1b-sec/ft. The object
is initially displaced 18 inches above equilibrium and given a downward velocity of 4 ft/sec. Find its displacement and time—
varying amplitude for¢ > 0.

2. A 16 1b weight is attached to a spring with natural length 5 ft. With the weight attached, the spring measures 8.2 ft. The weight is
initially displaced 3 ft below equilibrium and given an upward velocity of 2 ft/sec. Find and graph its displacement for £ > 0 if the
medium resists the motion with a force of one 1b for each ft/sec of velocity. Also, find its time—varying amplitude.

3. An 8 Ib weight stretches a spring 1.5 inches. It is attached to a dashpot with damping constant ¢ = 8 1b-sec/ft. The weight is
initially displaced 3 inches above equilibrium and given an upward velocity of 6 ft/sec. Find and graph its displacement for ¢t > 0.

4. A 96 Ib weight stretches a spring 3.2 ft in equilibrium. It is attached to a dashpot with damping constant ¢=18 Ib-sec/ft. The
weight is initially displaced 15 inches below equilibrium and given a downward velocity of 12 ft/sec. Find its displacement for
t>0.

5. A 16 Ib weight stretches a spring 6 inches in equilibrium. It is attached to a damping mechanism with constant c. Find all values
of ¢ such that the free vibration of the weight has infinitely many oscillations.

6. An 8 lb weight stretches a spring .32 ft. The weight is initially displaced 6 inches above equilibrium and given an upward
velocity of 4 ft/sec. Find its displacement for ¢ > 0 if the medium exerts a damping force of 1.5 1b for each ft/sec of velocity.

7. A 32 Ib weight stretches a spring 2 ft in equilibrium. It is attached to a dashpot with constant ¢ = 8 lb-sec/ft. The weight is
initially displaced 8 inches below equilibrium and released from rest. Find its displacement for ¢ > 0.

8. A mass of 20 gm stretches a spring 5 cm. The spring is attached to a dashpot with damping constant 400 dyne sec/cm.
Determine the displacement for £ > 0 if the mass is initially displaced 9 cm above equilibrium and released from rest.

9. A 64 1b weight is suspended from a spring with constant k = 25 Ib/ft. It is initially displaced 18 inches above equilibrium and
released from rest. Find its displacement for ¢ > 0 if the medium resists the motion with 6 1b of force for each ft/sec of velocity.

10. A 32 1b weight stretches a spring 1 ft in equilibrium. The weight is initially displaced 6 inches above equilibrium and given a
downward velocity of 3 ft/sec. Find its displacement for £ > 0 if the medium resists the motion with a force equal to 3 times the
speed in ft/sec.

11. An 8 Ib weight stretches a spring 2 inches. It is attached to a dashpot with damping constant ¢ =4 lb-sec/ft. The weight is
initially displaced 3 inches above equilibrium and given a downward velocity of 4 ft/sec. Find its displacement for ¢ > 0.

12. A 2 b weight stretches a spring .32 ft. The weight is initially displaced 4 inches below equilibrium and given an upward
velocity of 5 ft/sec. The medium provides damping with constant ¢ = 1/8 Ib-sec/ft. Find and graph the displacement for ¢ > 0.

13. An 8 1b weight stretches a spring 8 inches in equilibrium. It is attached to a dashpot with damping constant ¢ = .5 lb-sec/ft and
subjected to an external force F'(¢t) = 4 cos 2t 1b. Determine the steady state component of the displacement for ¢ > 0.

14. A 32 Ib weight stretches a spring 1 ft in equilibrium. It is attached to a dashpot with constant ¢ =12 lb-sec/ft. The weight is
initially displaced 8 inches above equilibrium and released from rest. Find its displacement for ¢ > 0.

15. A mass of one kg stretches a spring 49 cm in equilibrium. A dashpot attached to the spring supplies a damping force of 4 N for
each m/sec of speed. The mass is initially displaced 10 cm above equilibrium and given a downward velocity of 1 m/sec. Find its
displacement for ¢t > 0.

16. A mass of 100 grams stretches a spring 98 cm in equilibrium. A dashpot attached to the spring supplies a damping force of 600
dynes for each cm/sec of speed. The mass is initially displaced 10 cm above equilibrium and given a downward velocity of 1
m/sec. Find its displacement for ¢ > 0.

17. A 192 1b weight is suspended from a spring with constant k =6 1b/ft and subjected to an external force F'(t) = 8 cos 3¢ 1b.
Find the steady state component of the displacement for ¢ > 0 if the medium resists the motion with a force equal to 8 times the
speed in ft/sec.
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18. A 2 gm mass is attached to a spring with constant 20 dyne/cm. Find the steady state component of the displacement if the mass
is subjected to an external force F'(t) = 3 cos4t — 5sin4t dynes and a dashpot supplies 4 dynes of damping for each cm/sec of
velocity.

19. A 96 1b weight is attached to a spring with constant 12 Ib/ft. Find and graph the steady state component of the displacement if
the mass is subjected to an external force F'(t) = 18 cost —9sint Ib and a dashpot supplies 24 1b of damping for each ft/sec of
velocity.

20. A mass of one kg stretches a spring 49 cm in equilibrium. It is attached to a dashpot that supplies a damping force of 4 N for
each m/sec of speed. Find the steady state component of its displacement if it is subjected to an external force
F(t) =8sin2t —6 cos2t N.

21. A mass m is suspended from a spring with constant k and subjected to an external force F'(t) = a coswot + S sinwpt , where
wy is the natural frequency of the spring—mass system without damping. Find the steady state component of the displacement if a
dashpot with constant ¢ supplies damping.

22. Show that if ¢; and ¢y are not both zero then

y=e""(c1 +cat) (5.2E.1)
can’t equal zero for more than one value of ¢.
23. Show that if ¢; and ¢y are not both zero then
y=cre"t fcpe (5.2E.2)
can’t equal zero for more than one value of ¢.
24. Find the solution of the initial value problem
my” +cy +ky=0, y(0)=uyo, ¥'(0) =, (5.2E.3)

given that the motion is underdamped, so the general solution of the equation is
y=e 2 (¢; coswit + ¢y sinwi t). (5.2E.4)
25. Find the solution of the initial value problem
my" +cy' +ky =0, y(0)=1yo, y'(0) = vo, (5.2E.5)
given that the motion is overdamped, so the general solution of the equation is
y=cre" e (r, 75 <0). (5.2E.6)
26. Find the solution of the initial value problem
my" +cy +ky=0, y(0)=1yo, ¥'(0) =y, (5.2E.7)
given that the motion is critically damped, so that the general solution of the equation is of the form
y=e""(c; +cot) (1 <0). (5.2E.8)
This page titled 5.2E: Spring Problems II (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by

Zoya Kravets.

e 6.2E: Spring Problems II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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5.3: The RLC Circuit

In this section we consider the RLC circuit, shown schematically in Figure 6.3.1 . As we’ll see, the RLC circuit is an electrical
analog of a spring-mass system with damping.

Nothing happens while the switch is open (dashed line). When the switch is closed (solid line) we say that the circuit is closed.
Differences in electrical potential in a closed circuit cause current to flow in the circuit. The battery or generator in Figure 6.3.1
creates a difference in electrical potential E = E(t) between its two terminals, which we’ve marked arbitrarily as positive and
negative. (We could just as well interchange the markings.) We’ll say that E(t) > 0 if the potential at the positive terminal is
greater than the potential at the negative terminal, E(t) < 0 if the potential at the positive terminal is less than the potential at the
negative terminal, and E(¢) = 0 if the potential is the same at the two terminals. We call E the impressed voltage.

Induction Coil
(Inductance L)

000 ==

Resistor % \ o acitor

; Cag
(Resistance R) A\ —— (Capacitance C)

«—

4-/\ _ 7 -
U Switch

Battery or Generator
(Impressed Voltage E=E(t))

Figure 6.3.1 : An RLC circuit

At any time ¢, the same current flows in all points of the circuit. We denote current by I = I(t). We say that I(¢) > 0 if the
direction of flow is around the circuit from the positive terminal of the battery or generator back to the negative terminal, as
indicated by the arrows in Figure 6.3.1 I(t) < 0 if the flow is in the opposite direction, and I(¢) = 0 if no current flows at time ¢.

Differences in potential occur at the resistor, induction coil, and capacitor in Figure 6.3.1 . Note that the two sides of each of these
components are also identified as positive and negative. The voltage drop across each component is defined to be the potential on
the positive side of the component minus the potential on the negative side. This terminology is somewhat misleading, since “drop”
suggests a decrease even though changes in potential are signed quantities and therefore may be increases. Nevertheless, we’ll go
along with tradition and call them voltage drops. The voltage drop across the resistor in Figure 6.3.1 is given by

Vr =1R, (5.3.1)
where I is current and R is a positive constant, the resistance of the resistor. The voltage drop across the induction coil is given by

dI
Vi=L— =LI', (5.3.2)

where L is a positive constant, the inductance of the coil.

A capacitor stores electrical charge @ = Q(t), which is related to the current in the circuit by the equation

t

QW=+ [ 1(ar, (5.3.3)
0
where Qg is the charge on the capacitor at ¢ = 0. The voltage drop across a capacitor is given by

Vo ==, (5.3.4)
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where C'is a positive constant, the capacitance of the capacitor.

Table 6.3.1 names the units for the quantities that we’ve discussed. The units are defined so that
1volt = lampere - lohm
= lhenry - 1 ampere/second
= lcoulomb/farad
and
lampere = 1coulomb/second.

Table 6.3.1 : Electrical Units

Symbol Name Unit
E Impressed Voltage volt
I Current ampere
Q Charge coulomb
R Resistance ohm
L Inductance henry
C Capacitance farad

According to Kirchoff’s law, the sum of the voltage drops in a closed RLC circuit equals the impressed voltage. Therefore, from
Equation 5.3.1, Equation 5.3.2, and Equation 5.3.4,

LI’+RI+%Q — E(t). (5.3.5)

This equation contains two unknowns, the current [ in the circuit and the charge @ on the capacitor. However, Equation 5.3.3
implies that @' = I, so Equation 5.3.5 can be converted into the second order equation

1
LQ”+RQ’+EQ = E(t) (5.3.6)
in Q. To find the current flowing in an RLC circuit, we solve Equation 5.3.6 for @ and then differentiate the solution to obtain 1.
In Sections 6.1 and 6.2 we encountered the equation
my" +cy' +ky = F(t) (5.3.7)

in connection with spring-mass systems. Except for notation this equation is the same as Equation 5.3.6. The correspondence
between electrical and mechanical quantities connected with Equation 5.3.6 and Equation 5.3.7 is shown in Table 6.3.2 .

Table 6.3.2 : Electrical and Mechanical Units

Electrical Mechanical
charge @ displacement y
current [ velocity y’
impressed voltage E(t) external force F(t)
inductance L mass m
resistance R damping ¢
1/capacitance 1/C spring constant k
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The equivalence between Equation 5.3.6 and Equation 5.3.7 is an example of how mathematics unifies fundamental similarities in
diverse physical phenomena. Since we’ve already studied the properties of solutions of Equation 5.3.7 in Sections 6.1 and 6.2, we
can obtain results concerning solutions of Equation 5.3.6 by simply changing notation, according to Table 6.3.1 .

Free Oscillations
We say that an RLC circuit is in free oscillation if E(t) =0 for¢ > 0, so that Equation 5.3.6 becomes

1
LQ”+RQ’+5Q =0. (5.3.8)
The characteristic equation of Equation 5.3.8is

1
Lr’+Rr+—= =0,

C
with roots
-R—,/R?—4AL/C —-R+./R?—4L/C
r = 5T and 7y = 5T . (5.3.9)

There are three cases to consider, all analogous to the cases considered in Section 6.2 for free vibrations of a damped spring-mass
system.

Case 1: Underdamped Motion

The oscillation is underdamped if R < /4L/C. In this case, 71 and r2 in Equation 5.3.9 are complex conjugates, which we
write as

"m=-37 +iw; and ry= 5L —iwr,

where

VAL]C —R?

W= —m.

2L

The general solution of Equation 5.3.8is
Q= e Bt/2L (c1 coswit +ca sinwy t),
which we can write as

Q = Ae B/2L cos(wit — ), (5.3.10)

Az,/c?—i—cg, Acos¢p=c;, and Asing =cs.

In the idealized case where R = 0, the solution Equation 5.3.10reduces to

QzAcos(\/é/_cf—qb),

which is analogous to the simple harmonic motion of an undamped spring-mass system in free vibration.

where

Actual RLC circuits are usually underdamped, so the case we’ve just considered is the most important. However, for
completeness we’ll consider the other two possibilities.

Case 2: Overdamped Motion

The oscillation is overdamped if R > /4L/C. In this case, the zeros 1 and 7y of the characteristic polynomial are real, with
r1 <79 <0 (see 5.3.9), and the general solution of 5.3.81is
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Case 3: Critically Damped

The oscillation is critically damped if R = {/4L/C'. In this case, 71 =72 = —R/2L and the general solution of Equation 5.3.8
is

Q =cre"t +coe™t. (5.3.11)

Q = e 2L (¢) 4 cyt). (5.3.12)

If R0, the exponentials in Equation 5.3.1(, Equation 5.3.11, and Equation 5.3.12 are negative, so the solution of any
homogeneous initial value problem

LQ"+RQ + 2@ =0, Q)= QO)=h,

approaches zero exponentially as ¢ — oo. Thus, all such solutions are transient, in the sense defined Section 6.2 in the discussion
of forced vibrations of a spring-mass system with damping.

v Example 6.3.1

At t =0 a current of 2 amperes flows in an RLC' circuit with resistance R =40 ohms, inductance L =.2 henrys, and
capacitance C' = 1075 farads. Find the current flowing in the circuit at £ > 0 if the initial charge on the capacitor is 1 coulomb.
Assume that E(t) =0 fort > 0.

Solution
The equation for the charge @ is

1
Q" +40Q' +10000Q =0,

or
Q" +200Q’ +50000Q = 0. (5.3.13)
Therefore we must solve the initial value problem
Q" +200Q' +50000Q =0, Q(0)=1, Q'(0)=2. (5.3.14)
The desired current is the derivative of the solution of this initial value problem.

The characteristic equation of Equation 5.3.13is
7% 42007 + 50000 = 0,
which has complex zeros » = —100 = 200<. Therefore the general solution of Equation 5.3.13is
Q = e %% (c; cos 200t + ¢, sin 200t). (5.3.15)
Differentiating this and collecting like terms yields
Q' = —e 1% [(100¢; —200c¢y) cos 200t + (100c; +200c; ) sin 200t] . (5.3.16)

To find the solution of the initial value problem Equation 5.3.14, we set t =0 in Equation 5.3.15 and Equation 5.3.16 to
obtain

c1=Q(0)=1 and —100¢; +200c; =Q'(0) =2;
therefore, ¢; =1 and ¢, = 51/100, so

51

100¢ .

= 200t + —— sin2
Q=ce (cos 00t sin OOt)

is the solution of Equation 5.3.14. Differentiating this yields

I =e%%(2 cos 200t — 251 sin 200¢).
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Forced Oscillations With Damping

An initial value problem for Equation 5.3.6 has the form

LQ"+RQ + ZQ =B, Q0)=Q, Q0)=I, (5.3.17)

where @ is the initial charge on the capacitor and Ij is the initial current in the circuit. We’ve already seen that if £ =0 then all
solutions of Equation 5.3.17 are transient. If E # 0, we know that the solution of Equation 5.3.17 has the form Q = Q. +Q,,
where Q). satisfies the complementary equation, and approaches zero exponentially as ¢ — co for any initial conditions, while @,
depends only on E and is independent of the initial conditions. As in the case of forced oscillations of a spring-mass system with
damping, we call @, the steady state charge on the capacitor of the RLC circuit. Since I = Q' = Q.+ @)}, and Q. also tends to
zero exponentially as ¢ — oo, we say that I, = Q) is the transient current and I, = @}, is the steady state current. In most
applications we are interested only in the steady state charge and current.

v Example 6.3.2

Find the amplitude-phase form of the steady state current in the RLC circuit in Figure 6.3.1 if the impressed voltage, provided
by an alternating current generator, is E(t) = Ey coswt .

Solution
We’ll first find the steady state charge on the capacitor as a particular solution of

LQ"+ RQ' + %Q = Ej coswt.

To do, this we’ll simply reinterpret a result obtained in Section 6.2, where we found that the steady state solution of

my" +cy’ +ky = Fy coswt

is
Fy
= cos(wt — @),
yp \/(k—mwz)Z +C2w2 ( ¢)
where
2
cos¢p = k- mw and sin¢g = o .
V (k—mw?)? + 2w? V (k—mw?)? + 2w?

(see Equations 5.3.14 and Equation 5.3.15) By making the appropriate changes in the symbols (according to Table 6.3.2 )
yields the steady state charge

Ey

Qp =~ cos(ut — ),
v/ (1/C — Lw?)? + Rw
where
T2
os¢p = 1/C—Lw and sin¢g = Rw .
\/(1/6’—Lo.;2)2+R2w2 \/(1/6’—Lw2)2+R2w2

Therefore the steady state current in the circuit is

(UE()
v/ (1/C — Lw?)? + R?w?

I,=Q,=— sin(wt — ¢).

This page titled 5.3: The RLC Circuit is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 6.3: The RLC Circuit by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https:/digitalcommons.trinity.edu/mono/9.
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5.3E: The RLC Circuit (Exercises)

0Q5.3.1

In Exercises 6.3.1-6.3.5 find the current in the RLC circuit, assuming that E(¢) =0 for¢ > 0.
1. R=3 ohms; L =.1 henrys; C = .01 farads; Qo = 0 coulombs; Iy =2 amperes.

2. R=2 ohms; L =.05 henrys; C =.01 farads’; Qo =2 coulombs; Iy = —2 amperes.

3. R=2 ohms; L =.1henrys; C =.01 farads; Qo =2 coulombs; Iy =0 amperes.

4. R =6 ohms; L =.1 henrys; C =.004 farads’; Qo = 3 coulombs; Iy = —10 amperes.
5. R =4 ohms; L =.05 henrys; C =.008 farads; Qo = —1 coulombs; Iy = 2 amperes.

Q5.3.2

In Exercises 6.3.6-6.3.10 find the steady state current in the circuit described by the equation.
6. 15Q" +3Q' +100Q =5cos 10t — 5sin 10t

7. 30@Q" +2Q' +100Q =10 cos 25t — 5 sin25¢

8. 15Q" +2Q' +100Q = 3 cos 50t — 6 sin 50t

9. 35Q" +6Q' +250Q = 10 cos 100t + 30 sin 100¢

10. 5-Q" +4Q' +125Q = 15 cos 30t — 30 sin 30¢

Q5.3.3

11. Show that if E(¢t) = U coswt + V sinwt where U and V are constants then the steady state current in the RLC circuit shown
in Figure 6.3.1 is
_ «*RE()+(1/C — Lw*)E'(t)

I,= n : (5.3E.1)

where
A:(l/C—Lw2)2—|—R2w2. (5.3E.2)

12. Find the amplitude of the steady state current I, in the RLC' circuit shown in Figure 6.3.1 if E(¢) = U coswt + Vsinwt ,
where U and V are constants. Then find the value wy of w maximizes the amplitude, and find the maximum amplitude.

Q5.3.4

In Exercises 6.3.13-6.3.17 plot the amplitude of the steady state current against w. Estimate the value of w that maximizes the
amplitude of the steady state current, and estimate this maximum amplitude. HINT: You can confirm your results by doing Exercise
6.3.12.

13. 5-Q" +3Q' +100Q = U coswt + V sinwt
14. 5-Q" +2Q' +100Q = U coswt + V sinwt
15. Q" +2Q' +100Q = U coswt + V sinwt
16. 35Q" +6Q' +250Q = U coswt + V sinwt
17. %Q”+4Q’ +125Q =Ucoswt+ Vsinwt

This page titled 5.3E: The RLC Circuit (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 6.3E: The RLC Circuit (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

6: Series Solutions of Linear Second Order Equations

In this Chapter, we study a class of second order differential equations that occur in many applications, but cannot be solved in
closed form in terms of elementary functions.

6.1: Prelude to Series Solutions of Linear Second Order Equations
6.2: Review of Power Series

6.2.1: Review of Power Series (Exercises)
6.3: Series Solutions Near an Ordinary Point I

6.3.1: Series Solutions Near an Ordinary Point I (Exercises)
6.4: Regular Singular Points Euler Equations

6.4.1: Regular Singular Points Euler Equations (Exercises)
6.5: The Method of Frobenius I

6.5.1: The Method of Frobenius I (Exercises)
6.6: The Method of Frobenius II

6.6.1: The Method of Frobenius II (Exercises)
6.7: The Method of Frobenius III

6.7.1: The Method of Frobenius IIT (Exercises)
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6.1: Prelude to Series Solutions of Linear Second Order Equations

In this Chapter, we study a class of second order differential equations that occur in many applications, but cannot be solved in
closed form in terms of elementary functions. Here are some examples:

1. Bessel’s equation which occurs in problems displaying cylindrical symmetry, such as diffraction of light through a circular
aperture, propagation of electromagnetic radiation through a coaxial cable, and vibrations of a circular drum head.

2y +zy' + (2" —1?)y =0,
2. Airy’s equation which occurs in astronomy and quantum physics.
y'—zy =0,
3. Legendre’s equation which occurs in problems displaying spherical symmetry, particularly in electromagnetism.
(1—2*)y —2zy' +ala+1)y =0,
These equations and others considered in this chapter can be written in the form
Py(z)y" + Pi(x)y' + Py (x)y =0, (6.1.1)

where Py, Py, and P; are polynomials with no common factor. For most equations that occur in applications, these polynomials
are of degree two or less. We’ll impose this restriction, although the methods that we’ll develop can be extended to the case where
the coefficient functions are polynomials of arbitrary degree, or even power series that converge in some circle around the origin in
the complex plane.

Since Equation 6.1.1 does not in general have closed form solutions, we seek series representations for solutions. We’ll see that if
P,(0) # 0 then solutions of (A) can be written as power series

o0
y= E apz"”
n=0

that converge in an open interval centered at x = 0.

This page titled 6.1: Prelude to Series Solutions of Linear Second Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored,
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6.2: Review of Power Series

Many applications give rise to differential equations with solutions that can’t be expressed in terms of elementary functions such as
polynomials, rational functions, exponential and logarithmic functions, and trigonometric functions. The solutions of some of the
most important of these equations can be expressed in terms of power series. We’ll study such equations in this chapter. In this
section we review relevant properties of power series. We’ll omit proofs, which can be found in any standard calculus text.

Definition 6.2.1

An infinite series of the form

oo
Zan(m—wo)", (6.2.1)
n=0

where z and ag, a1, ..., a,, ...are constants, is called a power series in x —xy. We say that the power series Equation 6.2.1

converges for a given z if the limit

N
lim Z an(z —xo)"
=0

N—o0
=

exists; otherwise, we say that the power series diverges for the given x.

A power series in £ — zy must converge if £ = x, since the positive powers of x —x( are all zero in this case. This may be the
only value of z for which the power series converges. However, the next theorem shows that if the power series converges for
some z # x then the set of all values of x for which it converges forms an interval.

Theorem 6.2.2

For any power series

exactly one of the these statements is true:

I. The power series converges only for = .
II. The power series converges for all values of .
ITL. There’s a positive number R such that the power series converges if |z —zo| < R and diverges if |z — x| > R.

In case (iii) we say that R is the radius of convergence of the power series. For convenience, we include the other two cases in this
definition by defining R = 0 in case (i) and R = oo in case (ii). We define the open interval of convergence of 3 > | a,(x —xo)"
to be

(xo—R,z0+R) if 0<R<o0, or (—oo,00) if R=o0.
If R is finite, no general statement can be made concerning convergence at the endpoints = xo =+ R of the open interval of
convergence; the series may converge at one or both points, or diverge at both.

Recall from calculus that a series of constants »>° | o, is said to converge absolutely if the series of absolute values > > [ay,|
converges. It can be shown that a power series Y >°  a,(x — o)™ with a positive radius of convergence R converges absolutely
in its open interval of convergence; that is, the series

00
D lanlle —a|"
n=0

of absolute values converges if |x — x| < R. However, if R < oo, the series may fail to converge absolutely at an endpoint
zo = R, even if it converges here.
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The next theorem provides a useful method for determining the radius of convergence of a power series. It’s derived in calculus by
applying the ratio test to the corresponding series of absolute values. For related theorems see Exercises 7.2.2 and 7.2.4.

Theorem 6.2.3

Suppose there’s an integer IV such that a,, # 0 if n > N and

Ap 41
an

lim

n—oo

=1L,

where 0 < L < co. Then the radius of convergence of > > an(z — )"

that R=0 if L =00, or R=00 if L =0.

Example 6.2.1

Find the radius of convergence of the series:

a. >
E nlx”
n=0

is R =1/L, which should be interpreted to mean

b 0 "
0
n=10

o0
c Z 2"n2(xz — 1)
n=0
Solution a

Here a,, = n!, so

Ap+1 (n + 1)'

lim = lim = lim (n+1) = oo.
n—oo | n—00 n! n—00
Hence, R=0.
Solution b
Here a,, = (1)"/n! forn > N =10, so
! 1
lim |22 = lim ——— = =0
n—oo | @, n—00 (n-|—1)| n—oo n+1
Hence, R = c0.
Solution ¢
Here a,, = 2"n?, so
2n+1 1 2 1 2
fim | 2| g 25D o (1+—) — 9!
n—oo | q, n—00 22 n—00 n

Hence, R=1/2.

Taylor Series

If a function f has derivatives of all orders at a point £ = x, then the Taylor series of f about x is defined by

00 (n) Zo
Z f_()(m —z)".

|
=0 n.

In the special case where xy = 0, this series is also called the Maclaurin series of f.
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Taylor series for most of the common elementary functions converge to the functions on their open intervals of convergence. For
example, you are probably familiar with the following Maclaurin series:

o0 mn
emzz—', —00 <z <00 (6.2.2)
n=0 v
0 2+l
sinz = ', —o<z<x 6.2.3
2V Gy (6.23)
S 2n
cos:c:Z(—l)" (; I —00< T <00 (6.2.4)
— n)!
1 o0
1_:6:21;" —l<z<1 (6.2.5)
n=0

Differentiation of Power Series

A power series with a positive radius of convergence defines a function

o0

f(:l:) = Zan(w _-'L'O)n

n=0

on its open interval of convergence. We say that the series represents f on the open interval of convergence. A function f
represented by a power series may be a familiar elementary function as in Equations 6.2.2 - 6.2.5; however, it often happens that f
isn’t a familiar function, so the series actually defines f.

The next theorem shows that a function represented by a power series has derivatives of all orders on the open interval of
convergence of the power series, and provides power series representations of the derivatives.

Theorem 6.2.4: A power series

A power series

F@) = (@ —z0)"

n=0

with positive radius of convergence R has derivatives of all orders in its open interval of convergence, and successive
derivatives can be obtained by repeatedly differentiating term by term; that is,

f'(=) Zinan(w—wo)n‘l, (6.2.6)

" (x) :Z;n(n—l)an(a:—wo)"_z, (6.2.7)
fO(z) = in(n— 1)---(n—k+1a,(z —zo)" . (6.2.8)
n==k

Moreover, all of these series have the same radius of convergence R.

Example 6.2.2

Let f(z) = sinz. From Equation 6.2.3,

From Equation 6.2.6,

https://math.libretexts.org/@go/page/43315
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00 p2ntl 0 . 2n
; [2n+1] ;_)

which is the series Equation 6.2.4 for cos z.

Uniqueness of Power Series

The next theorem shows that if f is defined by a power series in  —x, with a positive radius of convergence, then the power
series is the Taylor series of f about x.

Theorem 6.2.5

If the power series

has a positive radius of convergence, then

™ (zo)

T (6.2.9)

a, =

thatis, >~ an(z — o)™ is the Taylor series of f about zo.

This result can be obtained by setting = z( in Equation 6.2.8, which yields
®)(zg) =k(k—1)---1-a; = klay.
This implies that

f(k) (x0)

W= T

Except for notation, this is the same as Equation 6.2.9.

The next theorem lists two important properties of power series that follow from Theorem 6.2.4.

Theorem 6.2.6

a. If
o0 o0
Z z—x0)" an z—xo)"
n=0 n=0

for all  in an open interval that contains xg, then a, = b, forn=0,1, 2, ....
b. If

ian(m —zp)" =0

n=0

for all z in an open interval that contains g, then a, =0 forn =0, 1, 2, ....

To obtain (a) we observe that the two series represent the same function f on the open interval; hence, Theorem 6.2.4 implies that

(n)
a":bn:fT('mo), n=0,1,2,....

(b) can be obtained from (a) by taking b, =0 forn =0, 1, 2, ....
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Taylor Polynomials
If f has IV derivatives at a point xy, we say that
YL ) (o)
Ty(z)=) —!(w — )"

n=0 n

is the N-th Taylor polynomial of f about x. This definition and Theorem 6.2.4 imply that if

F@) = (@ —z0)",

n=0

where the power series has a positive radius of convergence, then the Taylor polynomials of f about x( are given by

N
Ty(z) = Zan(m —xp)".
n=0

In numerical applications, we use the Taylor polynomials to approximate f on subintervals of the open interval of convergence of
the power series. For example, Equation 6.2.2 implies that the Taylor polynomial Ty of f(z) = e® is

N _n

Tn(z) :Z%.

n=0

The solid curve in Figure 6.2.1 is the graph of y = e” on the interval [0, 5]. The dotted curves in Figure 6.2.1 are the graphs of the
Taylor polynomials 71, ..., Tg of y = e® about y = 0. From this figure, we conclude that the accuracy of the approximation of
y = e” by its Taylor polynomial T improves as N increases.

¥
A

_“f_ -
‘_:,154_-.‘_-” =
I -1-- - C - N=1

1 2 3 4 5
Figure 6.2.1: Approximation of y = e® by Taylor polynomials about z = 0

Shifting the Summation Index

In Definition 6.2.1 of a power series in ¢ — zg, the n-th term is a constant multiple of (z —x)™ . This isn’t true in Equation 6.2.6,
Equation 6.2.7, and Equation 6.2.8, where the general terms are constant multiples of (z —z)" !, (z —z)" 2, and
(z —x0)" %, respectively. However, these series can all be rewritten so that their n-th terms are constant multiples of (z —zo)™.
For example, letting n = k+ 1 in the series in Equation 6.2.6 yields

o

fl(@) =" (k+1)aru (x — )", (6.2.10)
k=0

where we start the new summation index k from zero so that the first term in Equation 6.2.10 (obtained by setting k = 0) is the
same as the first term in Equation 6.2.6 (obtained by setting n = 1). However, the sum of a series is independent of the symbol
used to denote the summation index, just as the value of a definite integral is independent of the symbol used to denote the variable
of integration. Therefore we can replace k£ by n in Equation 6.2.10to obtain
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(o]

fl@) =) (n+1)ana(z—z0)", (6.2.11)

n=0

where the general term is a constant multiple of (z — ()" .

It isn’t really necessary to introduce the intermediate summation index k. We can obtain Equation 6.2.11 directly from Equation
6.2.6 by replacing n by n+1 in the general term of Equation 6.2.6 and subtracting 1 from the lower limit of Equation 6.2.6. More
generally, we use the following procedure for shifting indices.

Shifting the Summation Index in a Power Series

For any integer k, the power series

can be rewritten as
n
E bk (T —20)
n=no—k

that is, replacing n by n+k in the general term and subtracting k from the lower limit of summation leaves the series

unchanged.

Example 6.2.3

Rewrite the following power series from Equation 6.2.7 and Equation 6.2.8 so that the general term in each is a constant
multiple of (z —z)":

(a)Zn(n—1)an(z—:c0)”72 n(n (n—k+1)an(z —z0)" ",
n=2 n:k
Solution a
Replacing n by n 42 in the general term and subtracting 2 from the lower limit of summation yields
n(n—1)a,(z —zo)" (n+2)(n+1)ay2(z —x0)".
n=2 n=0
Solution b
Replacing n by n+ & in the general term and subtracting &k from the lower limit of summation yields
Zn(n —1)---(n—k+1)ay(z—zo)"* = Z(n +E)(n+k—1)--- (n+1)anr(z —z0)"
n==k n=0
Example 6.2.4
Given that

00
z) = g apz",
n=0

write the function z f" as a power series in which the general term is a constant multiple of z".
Solution

From Theorem 6.2.4 with g =0,

o0
(= g n(n—1)a,z" 2.
n=2
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Therefore

n(n—1)a,z" 1.

NgE

zf"(z) =

||
I\

n

Replacing n by n+1 in the general term and subtracting 1 from the lower limit of summation yields

o0
zf'(z) = Z(n +1nap1z".
n=1
We can also write this as
o0
zf'(z) = Z(n +1)nap 12",

Il
o

n

since the first term in this last series is zero. (We’ll see later that sometimes it is useful to include zero terms at the beginning of
a series.)

Linear Combinations of Power Series

If a power series is multiplied by a constant, then the constant can be placed inside the summation; that is,

o0
c Z an(z —z)" Z can(z
n=0
Two power series
[o.¢] o0
@)=Y an(w—z)" and gx) = bu(e—a0)"
n=0 n=0

with positive radii of convergence can be added term by term at points common to their open intervals of convergence; thus, if the
first series converges for |[x —zy| < R; and the second converges for |z — zy| < Ry, then

o0

F(@)+9(x) =) (an +ba)( —20)"

n=0

for |z — zg| < R, where R is the smaller of Ry and Ry. More generally, linear combinations of power series can be formed term
by term; for example,

c1f(z)+eaf(x) = (cran +caby)(@ — )"
n=0

Example 6.2.5

Find the Maclaurin series for cosh z as a linear combination of the Maclaurin series for e* and e~*.
Solution

By definition,

Since

it follows that
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coshz :i—[l—i—(—l)”]?n. (6.2.12)

n=0
Since

5[1_’_(_1)11] _ { 1In m, an even integer,

0 ifn=2m+1, anodd integer,

we can rewrite Equation 6.2.12more simply as

o0 w2m
coshx = Z (2m)!'
m=0

This result is valid on (—o0, 00), since this is the open interval of convergence of the Maclaurin series for e* and e™*.

Example 6.2.6

Suppose

o0
y=> anc"
n=0
on an open interval I that contains the origin.
a. Express
(2-2z)y" +2y

as a power series in z on I.
b. Use the result of (a) to find necessary and sufficient conditions on the coefficients {a, } for y to be a solution of the
homogeneous equation

(2-=z)y"+2y=0 (6.2.13)
onl.
Solution a

From Equation 6.2.7with g =0,

Therefore
(2-=z)y" +2y =2y" —zy' +2y
=Y 2n(n—1a,z" 2 =Y o sn(n—1a,z" 1+ 3,7 2a,z"

To combine the three series we shift indices in the first two to make their general terms constant multiples of z; thus,

(6.2.14)

o0 o]

Y 2n(n—1)anz 2(n+2)(n+1)a, pz" (6.2.15)
n=2 n=0
and
n(n—1)a,z (n+1)nay 1z —Z(n+1)nan+1m", (6.2.16)
n=2 n=1 n=0

where we added a zero term in the last series so that when we substitute from Equation 6.2.15 and Equation 6.2.16 into
Equation 6.2.14all three series will start with n = 0; thus,
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(2—2)y" +2y= i[2(n+2)(n+ Dani2 — (n+1)nayi1 + 2a,)z". (6.2.17)

n=0
Solution b
From Equation 6.2.17we see that y satisfies Equation 6.2.130on I if
2(n+2)(n+1)aps2 — (n+1)naps1 +2a, =0, n=0,1,2,.... (6.2.18)
Conversely, Theorem 6.2.5b implies that if y = > > | a,z™ satisfies Equation 6.2.13on I, then Equation 6.2.18holds.

Example 6.2.7

Suppose

on an open interval I that contains oy = 1. Express the function
(1+2z)y" +2(x—1)%y +3y (6.2.19)
as a power series inz — 1 on I.

Solution
Since we want a power series in z —1, we rewrite the coefficient of y” in Equation 6.2.19as 14z =24 (z—1) , so
Equation 6.2.19becomes

2y" + (z —1)y" +2(x —1)%y' +3y.

From Equation 6.2.6 and Equation 6.2.7 with g =1,

o0

o0
Z n(z—1)" and y" Znn a,(z —1)" 2.
n=2

n=1

Therefore

3a,(z—1)".

o0
>
n=2
o0
20z —1)% = Z 2na,(z —1)"",
n=1
D

Before adding these four series we shift indices in the first three so that their general terms become constant multiples of
(z —1)™. This yields
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2y =) 2(n+2)(n+1ansa(z—1)", (6.2.20)
n=0

(@-1)y" = (n+1)naya(z—1)", (6.2.21)

n=0

2(z —1)%y =i2(n—1)an_1(m—l)”, (6.2.22)
n=1

o0
3y =) 3an(z—1)", (6.2.23)
n=0
where we added initial zero terms to the series in Equation 6.2.21 and Equation 6.2.22. Adding Equation 6.2.20 —Equation
6.2.23yields

(1+z)y" +2(x 1)y +3y =2y"+(z—1)y" +2(z—1)%y +3y
Y b1,
n=0

where
by =4as +3ayg, (6.2.24)
b, =2(n+2)(n+1)aps2+(n+1)naps +2(n—1)ap—1 +3a,, n>1. (6.2.25)

The formula Equation 6.2.24 for by can’t be obtained by setting » = 0 in Equation 6.2.25 since the summation in Equation
6.2.22begins with n = 1, while those in Equation 6.2.2(, Equation 6.2.21, and Equation 6.2.23begin withn =0.

This page titled 6.2: Review of Power Series is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.

o 7.2: Review of Power Series by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.2.1: Review of Power Series (Exercises)
Q6.2.1

1.For each power series find the center, the interval and the radius of convergence.
= (="

a.z o (z—1)"

n=0

Q6.2.2

For Exercises 6.2.2-6.2.5 verify that the given power series is a solution of the indicated differential equation.
o0
(=1
2.
nZ:O (2n)
1
2"n!

n
|

w2n’yn+y:0

3.

l‘2n, y”—:cy’ —y =0

(-D)"z", (z+1)y"+2y' =0, -1<z <1

(_1)n+1

e 10 10

", (z+1)y" +y' =0,-1<z <1

3
I
_

Q6.2.3

Suppose y(z) =Y " a,x" on an open interval that contains g = 0. For Exercises 6.2.6-6.2.10 find a power series in x.
6.(2+z)y" +=zy +3y

7. (1+3z%)y" + 322y’ — 2y

8. (14+222)y" +(2—3z)y’ +4y

9. (1+2?)y"+(2—z)y' +3y

10. (1 +3z%)y" — 22y’ +4y

Q6.2.4
(o9}
11. Suppose y(z) = Z a,(z+1)" on an open interval that contains £y = —1 . Find a power series in  + 1 for
n=0
zy” +(4+22)y +(2+2z)y.
o0
12. Suppose y(z) = Z an(z —2)™ on an open interval that contains g = 2. Find a power series in z — 2 for
n=0
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z?y" 4+ 2zy’ — 3zy.

This page titled 6.2.1: Review of Power Series (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Zoya Kravets.

e 7.2E: Review of Power Series (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.3: Series Solutions Near an Ordinary Point |
Many physical applications give rise to second order homogeneous linear differential equations of the form
Py(z)y" + Pi(z)y + Pa(z)y =0, (6.3.1)

where Py, P;, and P, are polynomials. Usually the solutions of these equations can’t be expressed in terms of familiar elementary
functions. Therefore we’ll consider the problem of representing solutions of Equation 6.3.1 with series.

We assume throughout that Py, P; and P, have no common factors. Then we say that x is an ordinary point of Equation 6.3.1 if
Py(zo) #0, or a singular point if Py(z¢) = 0. For Legendre’s equation,

(1-2%)y" —2zy +a(a+1)y =0, (6.3.2)
zo =1 and &y = —1 are singular points and all other points are ordinary points. For Bessel’s equation,
2y +zy' + (2* —1?)y =0,
o = 0 is a singular point and all other points are ordinary points. If P, is a nonzero constant as in Airy’s equation,
y' —zy=0, (6.3.3)
then every point is an ordinary point.

Since polynomials are continuous everywhere, P; / Py and P,/ Py are continuous at any point xq that isn’t a zero of Py. Therefore,
if ¢ is an ordinary point of Equation 6.3.1 and @y and a; are arbitrary real numbers, then the initial value problem

Py(z)y" +Pi(z)y +P(z)y=0, y(z0)=ao, ¥ (z0)=a1 (6.3.4)

has a unique solution on the largest open interval that contains zy and does not contain any zeros of P,. To see this, we rewrite the
differential equation in Equation 6.3.4 as

Pi(z) , P(z)
@)’ "B

"

Yy +

y=0
and apply Theorem 5.1.1 with p = P, /Py and ¢ = P,/ Py . In this section and the next we consider the problem of representing
solutions of Equation 6.3.1 by power series that converge for values of x near an ordinary point .

We state the next theorem without proof.

& Theorem 7.3.1

Suppose Py, P;, and P are polynomials with no common factor and P, isn’t identically zero. Let g be a point such that
Py (o) # 0, and let p be the distance from z to the nearest zero of Py in the complex plane. (If Py is constant, then p = c0.)
Then every solution of

Py(z)y" +Pi(z)y + Pa(z)y =0 (6.3.5)
can be represented by a power series
y=> an(z—=o)" (6.3.6)
n=0

that converges at least on the open interval (zg — p, zo +p) . ( If Py is nonconstant, so that p is necessarily finite, then the
open interval of convergence of (6.3.6) may be larger than (zg—p,zo+p). If By is constant then p=o0 and

(zo — pyx0 +p) = (—00,00) .

We call Equation 6.3.6 a power series solution in @ — x¢ of Equation 6.3.5. We’ll now develop a method for finding power
series solutions of Equation 6.3.5. For this purpose we write Equation 6.3.5as Ly = 0, where

Ly =Pyy" + Py + Poy. (6.3.7)

Theorem 7.3.1 implies that every solution of Ly =0 on (zg — p, zg +p) can be written as

@ 0 g @ 6.3.1 https://math.libretexts.org/@go/page/43317
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o0
y= Zan(:c —x)".
n=0
Setting £ = ¢ in this series and in the series
o0
y = Z nay (z —xo)" "
n=1

shows that y(zo) = ag and y'(z9) = a; . Since every initial value problem Equation 6.3.4 has a unique solution, this means that
ag and a; can be chosen arbitrarily, and a9, as, ...are uniquely determined by them.

To find as, as, ..., we write Py, P;, and P in powers of  — x, substitute

an(z —z0)",

<
I

:Q\
I
M 1 10

na,(z —x0)" 1,

n(n—1)a,(z —zo)" 2

<
|

[

)

n

into Equation 6.3.7, and collect the coefficients of like powers of  — . This yields

o0

Ly=> bu(z—zo)", (6.3.8)
n=0
where {bg,b1,...,bn,...} are expressed in terms of {ag,ai,...,an,...}and the coefficients of Py, P, and P, written in

powers of x —x(. Since Equation 6.3.8 and (a) of Theorem 7.1.6 imply that Ly = 0 if and only if b, =0 for n > 0, all power
series solutions in £ —xy of Ly = 0 can be obtained by choosing ay and a; arbitrarily and computing as, as, ..., successively so
that b, =0 for n > 0. For simplicity, we call the power series obtained this way the power series in @ — (¢ for the general
solution of Ly = 0, without explicitly identifying the open interval of convergence of the series.

v/ Example 7.3.1

Let x( be an arbitrary real number. Find the power series in * — x( for the general solution of Equations like Equations 6.3.11,
6.3.12 and 6.3.13 which define a given coefficient in the sequence {a,} in terms of one or more coefficients with lesser
indices are called recurrence relations. When we use a recurrence relation to compute terms of a sequence we are computing
recursively.

In the remainder of this section we consider the problem of finding power series solutions in z — z( for equations of the form
(1+a(x—x0)?) y" +B(z —z0)y' +vy =0. (6.3.9)

Many important equations that arise in applications are of this form with £y = 0, including Legendre’s equation Equation
6.3.2, Airy’s equation Equation 6.3.3, Chebyshev’s equation,

1-2*)y" —zy' +a’y =0,
and Hermite’s equation,
y' —2zy +2ay=0.
Since
Py(z) =1+a(z —x)*

in Equation 6.3.9, the point z is an ordinary point of Equation 6.3.9, and Theorem 7.3.1 implies that the solutions of Equation
6.3.9 can be written as power series in © — o that converge on the interval (zg —1/4/ laf, 2o +1/ \/Ta|) if  #0, or on
(—o00, 00) if @ = 0. We’ll see that the coefficients in these power series can be obtained by methods similar to the one used in
Example 7.3.1 .
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To simplify finding the coefficients, we introduce some notation for products:

Hbj =bybys1-- by if s>
j=r

Thus,
7
H bj = byb3bsbsbebr,
=2
4
(27+1) = (1)(3)(5)(7)(9) = 945,
7=0
and
2
[I7=2"=4
=2
We define

f[bj:]. if s<r,

=

no matter what the form of b;.

v/ Example 7.3.2

Find the power series in z for the general solution of

y'+y=0. (6.3.10)
Solution
Here
Ly=y"+y.
If
o0
y= Zan(w —xz)",
n=0
then
o0
y'= Zn(n —1a,(z —z0)" 2,
n=2
SO
o0 o0
Ly= Z n(n—1)a,(z —zo)" 2 + Z an(x —xz0)".
n=2 n=0

To collect coefficients of like powers of  — x(, we shift the summation index in the first sum. This yields

Ly = Zo(n+2)(n+1)an+2(m —zo)" +Zoan(-73 —xo)" = Zobn(flC —x0)",

with

b, =(n+2)(n+1)ayi2+an.

https://math.libretexts.org/@go/page/43317
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Therefore Ly = 0 if and only if
—n >0 (6.3.11)
Qpig=—"—""——, n>0, .3.
" (n+2)(n+1)
where ag and a; are arbitrary. Since the indices on the left and right sides of Equation 6.3.1 1 differ by two, we write Equation
6.3.11separately for n even (n =2m) and n odd (n = 2m +1). This yields
—a2m
Aom+2 = , m2>0, 6.3.12
T om 1 2)(2m +1) ( )
and
Qamrs = ezl , m>0. (6.3.13)
(2m+3)(2m+2)
Computing the coefficients of the even powers of x — xy from Equation 6.3.12yields
T
as 1 ( ag ) ag
a4 = — = — —_ = ,
4-3 4-3 2-1 4-3-2-1
ay 1 ( ag ) ag
Qa, = — = — = — ,
7765 6-5\4.3.2-1 6-5-4-3-2-1
and, in general,
m a0
agm =(—1)"———, m>0. 6.3.14
o= ()" oo (6:3.14)
Computing the coefficients of the odd powers of  — 2y from Equation 6.3.13yields
a1
a3 = ———
T 32
as 1 ( a ) a
a5 = — = — —_ = 5
5-4 5-4 3:-2 5-4-3-2
as 1 ( ai ) ai
a7y = — = — = —
T 7-6 7-6 \5-4-3-2 7-6-5-4-3-2"
and, in general,
(=1)"ay
= — m 6.3-15
a2m+1 (2m+ 1)! Za ( )
Thus, the general solution of Equation 6.3.10can be written as
y=> am(®—0)*" + Y agmia (& —x0)*™*,
m=0 m=0
or, from Equation 6.3.14and Equation 6.3.15 as
= (:c mo (z— m'o)zm+1
™ . 3.1
Z +a12( (2m+1)! (6.3.16)
If we recall from calculus that
00 2 2m+1
(x — o)™ (z — o)™
mx - 7 _ N Y 28 _
,,;)(_1) @m)! =cos(z —zp) and Z @m+1)] =sin(z — o),
then Equation 6.3.16becomes
y = ag cos(z — xg) + a1 sin(z — ),

https://math.libretexts.org/@go/page/43317
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which should look familiar.

(1+222)y" +6xy’ +2y =0. (6.3.17)
Solution
Here
Ly = (1+222)y" +6zy’ +2y.
If
o0
n=0
then
o0 o0
y' = Z na,z” ' and y’ = Z n(n—1)a,z" 2,
n=1 n=2
)
Ly = 1—|—2z Znn Da,z"" 2+6w2nan 1—1—22%1‘"
n=2 =1 n=0
o0 o0
= Z n(n—1)a,z" 2 + Z 2n(n—1)+6n+2]a,z"
n=2 n=0
o0 o0
= Z n(n—1)a,z" 2 +2 Z(n +1)2%a,z"
n=2 n=0
To collect coefficients of ", we shift the summation index in the first sum. This yields
o0 o0 o0
Ly= Z(n +2)(n+1)ay 22" +2 Z(n +1)2a,z" = Z bpa”,
n=0 n=0 n=0

with
by =(n+2)(n+1)ap2+2(n+1)%a,, n>0.
To obtain solutions of Equation 6.3.17, we set b,, =0 for n > 0. This is equivalent to the recurrence relation

n+1
a
n—+2

Apio = —2 n>0. (6.3.18)

Since the indices on the left and right differ by two, we write Equation 6.3.18separately for n =2m and n =2m +1, as in
Example 7.3.1 . This yields

2m+1 2m+1
— 92" - == 1 = > 3.1
A2m+2 2m+2a2m ] A2m, m_Oa (6 3 9)
and
2m+2 m+1
Gomts = 25 S tma = —45 m g dama, m 20, (6.3.20)

Computing the coefficients of even powers of x from Equation 6.3.19yields
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1-2

g =gy =2 (L3, o L35,

6 37 73\ 1.2) 7 T 1.2.37

W T T( 1:3:5\  1.3.5.7

8 4% 4\ 1.2.3) 1.2.347°
In general,

T(25-1)
a2m_(_1)m = ag, m=>0
m!

Computing the coefficients of odd powers of « from Equation 6.3.20yields

The results in Examples 7.3.1 and 7.3.2 are consequences of the following general theorem.

& Theorem 7.3.2

The coefficients {a, } in any solution y = >~ ; an(x —20)" of

(1+a(z—z0)?) y" +B(x —z0)y' +7y =0

satisfy the recurrence relation

p(n)
I T T 9) (1) n=0,
where
p(n) (n—1)+pn+y

(Note that Equation 6.3.211is correct for m = 0 because we defined H2:1 b; =1 for any b;.)

1
as :—4 gal,
2 2 1 1.2
=-4—-a3=—4—-|-4- =4"—
as 5a3 5 ( 3) a 3 501,
3 3 1.2 1-2-3
o 7% 7( 3-5)“1 3.5.70
4 4 1.2-3 1-2-3-4
0 9% 9( 3 5-7)“1 3.5.7.9
In general,
(=1)"4™m) -
Qom+l = Tom 5 v 4, m=2U.
BN VERICYESY
From Equation 6.3.21and Equation 6.3.22,
> 11 (2j 4"m)
D Y
m=0 m=0 =1 (2-7 + 1)

(6.3.21)

(6.3.22)

2m+1

is the power series in z for the general solution of Equation 6.3.17. Since Py(xz) =1+ 22 has no real zeros, Theorem 5.1.1
implies that every solution of Equation 6.3.17 is defined on (—oo0,c0). However, since Py(4i/+/2)
implies only that the power series converges in (—1/+/2, 1/+/2) for any choice of ag and a; .

=0, Theorem 7.3.1

(6.3.23)

(6.3.24)

(6.3.25)
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Moreover, the coefficients of the even and odd powers of  — x( can be computed separately as

p(2m)
m+2 = my, >0 6.3.26
dam 2 (2m+2)(2m+1) 2 ( )
p(2m+1)
= , >0, 6.3.27
a2m+3 (2 +3)(2 +2) A2m+1 m = ( )

where ag and a; are arbitrary.

Proof
Here
Ly= (1+a(z—m) )y + B —z0)y +y.
If
o0
Y= Zan(m —xo)",
n=0
then
o0 o0
y' = Znan (x—z)" ' and 9= Zn(n —1an(z —z9)" 2.
n=1 n=2
Hence,

Ly =Y nn—Dan(z—20)"?+ 3% [an(n—1)+pn+9] an(z —20)"
=Y n(n—1)an(z —z0)" 2 + 327 g p(n)an(z —20)",

from Equation 6.3.25 To collect coefficients of powers of © — g , we shift the summation index in the first sum. This
yields

o0}

Ly = Z [(n+2)(n+1)ant2 +p(n)as] (x —zo0)".

n=0
Thus, Ly = 0 if and only if
(n+2)(n+1)aps2 +p(n)a, =0, n>0,

which is equivalent to Equation 6.3.24 Writing Equation 6.3.24separately for the cases where n =2m and n =2m +1
yields Equation 6.3.26and Equation 6.3.27

v/ Example 7.3.3

Find the power series in z — 1 for the general solution of

(2+4z —22%)y" —12(z — 1)y’ — 12y =0. (6.3.28)

Solution
We must first write the coefficient Py(xz) =2 +4x —z? in powers of z —1. To do this, we write z = (z —1) +1 in Py(z)
and then expand the terms, collecting powers of  — 1; thus,

244z —22° =24+4[(x—1)+1]—2[(z —1)+1]?
=4-2(z-1)2%
Therefore we can rewrite Equation 6.3.28as

(4-2(z-1)%)y" —12(z 1)y’ — 12y =0,

https://math.libretexts.org/@go/page/43317



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43317?pdf

LibreTexts"

or, equivalently,
1 2 " ' -
1—5(z—1) y' —=3(x-1)y —3y=0.
This is of the form Equation 6.3.23with « = —1/2, 8 = —3, and v = —3. Therefore, from Equation 6.3.25
n(n—1 n+2)(n+3
PR e | N e LSS )
2 2
Hence, Theorem?7.3.2 implies that
a == p@2m) a
(2m+2)(2m+3) 2m+3 -0
= Aom = a my m =
22m+2)2m+1) " 22m+1)
and
p(2m+1)
a == a2m
(2m+3)(2m +4) m+2 >0
= Ami1l = ——Q2m+1, m>0.
22m+3)2m+2) T 2(m+1) !
We leave it to you to show that
2m+1 m+1
O2m = —om— 0 and agp1 = om0, ™ >0,
which implies that the power series in  — 1 for the general solution of Equation 6.3.28is
2, 2m+1 > m+1
=a ——(x—1)*"4a z — 1)+,
y=a ) T (o1t ) T e

In the examples considered so far we were able to obtain closed formulas for coefficients in the power series solutions. In some
cases this is impossible, and we must settle for computing a finite number of terms in the series. The next example illustrates this

with an initial value problem.

v/ Example 7.3.4

(1+22%)y" +10zy’ +8y =0,

Solution
Since a =2, =10, and y = 8 in Equation 6.3.29,

Therefore

(n+2)2

Ant2 = — a

(n+2)(n+1) "

(2m+2)
A2m42 = — m 2m =
2m+3
A2m+3 = — om +_2 a2m+1 = —

Compute ay, a1, ..., a7 in the series solution y = ZZOZO a,z" of the initial value problem

p(n) =2n(n—1)+10n+8 =2(n+2)%

Writing this equation separately for n = 2m and n =2m +1 yields

y(0)=2, y'(0)=-3. (6.3.29)
2
= — ian, n > 0.
n+1
m+1
—4 am, m>0 (6.3.30)
2m+1
2m+3
ma1 am1, m2=>0 (6.3.31)
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Starting with ag = y(0) = 2, we compute as, a4, and ag from Equation 6.3.30:

1
ay=—472=-8,

2 64
—_42(_8)=—
aq 3(=8) =%
VL & 00 N .
ST s \3) 5
Starting with a; = y'(0) = —3 , we compute as, a5 and a7 from Equation 6.3.31:
3
as __T(_?)): ,
5 45
ay = ——J=—"7,
2 2

Therefore the solution of Equation 6.3.29is

4 4 2 1
y=2—3m—8m2+9m3+%m4—?5m5—%xﬁ—i—%ﬂ—%--- .

Using Technology

Computing coefficients recursively as in Example 7.3.4 is tedious. We recommend that you do this kind of computation by writing
a short program to implement the appropriate recurrence relation on a calculator or computer. You may wish to do this in verifying
examples and doing exercises (identified by the symbol C') in this chapter that call for numerical computation of the coefficients in
series solutions. We obtained the answers to these exercises by using software that can produce answers in the form of rational
numbers. However, it is perfectly acceptable - and more practical - to get your answers in decimal form. You can always check
them by converting our fractions to decimals.

If you’re interested in actually using series to compute numerical approximations to solutions of a differential equation, then
whether or not there’s a simple closed form for the coefficients is essentially irrelevant. For computational purposes it is usually
more efficient to start with the given coefficients ag = y(z¢) and a3 = y'(z¢), compute as, ..., ay recursively, and then compute
approximate values of the solution from the Taylor polynomial

N
Tn(z) = Z an(z —xzo)".

n=0
The trick is to decide how to choose N so the approximation y(z) = T (z) is sufficiently accurate on the subinterval of the
interval of convergence that you’re interested in. In the computational exercises in this and the next two sections, you will often be
asked to obtain the solution of a given problem by numerical integration with software of your choice (see Section 10.1 for a brief
discussion of one such method), and to compare the solution obtained in this way with the approximations obtained with T for
various values of N. This is a typical textbook kind of exercise, designed to give you insight into how the accuracy of the
approximation y(z) = Ty (x) behaves as a function of N and the interval that you’re working on. In real life, you would choose
one or the other of the two methods (numerical integration or series solution). If you choose the method of series solution, then a
practical procedure for determining a suitable value of N is to continue increasing N until the maximum of |T —T_1/| on the
interval of interest is within the margin of error that you’re willing to accept.

In doing computational problems that call for numerical solution of differential equations you should choose the most accurate
numerical integration procedure your software supports, and experiment with the step size until you’re confident that the numerical
results are sufficiently accurate for the problem at hand.

This page titled 6.3: Series Solutions Near an Ordinary Point I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.
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6.3.1: Series Solutions Near an Ordinary Point | (Exercises)
Q6.3.1

In Exercises 6.3.1-6.3.8 find the general solution about the ordinary point x = 0. Also, find a fundamental set of solutions.
L (1+2%)y" +6zy +6y=0

2.(1+2?)y"+2zy' —2y =0
3. (1+22)y" —8zy +20y =0
4. (1—2%)y" —8zy' —12y =0
5.(1+22%)y" +7zy +2y =0
6. (1+z2)y" +2zy' + y 0
7. (x+2)y" +zy —y=0
8. (1+2?)y" —10zy’ +28y =0
Q6.3.2

In Exercises 6.3.11-6.3.13 find ag,...,ay for N at least 7 in the power series solution y = EZOZO an
problem.

9. (L+a?)y" +zy +y=0, y(0)=2, ¥ (0)=-
10. (1+22%)y" —9zy' —6y =0, y(0)=1, %' (0)=-1
11. (1+8z%)y" +2y =0, y(0)=2, ' (0)=-1

" of the initial value

06.3.3

In Exercises 6.3.12-6.3.16 find the power series in © — xy for the general solution.
12.y"—y=0; xzy=3

13.y"—(z-3)y —y=0; z=3

14. (1 -4z +22%)y" +10(z — 1)y’ +6y =0; zo=1

15. (11 — 8z +22°)y" —16(z —2)y’' +36y =0; =z =2

16. (5462 +32%)y" +9(z +1)y' +3y=0; zo=-1

Q6.3.4

In Exercises 6.3.17-6.3.22 find ay, . . . a for N at least 7 in the power series y =Y > a,(x —xo)" for the solution of the initial
value problem. Take x to be the point where the initial conditions are imposed.

17. (2* —4)y" —zy’ =3y =0, y(0)=-1, ¢'(0)=2
18.y"+(z-3)y +3y=0, y(3)=-2, ¥'(3)=3
19. (5 -6z +3z%)y" +(z— 1)y +12y =0, y(1)=-1, y'(1)=1

0. (42 — 24z +37)y" +y =0, y(3)=4, ¥y (3)=-6

L (22 -8z +14)y" —8(z —4)y' +20y =0, y(4)=3, y'(4)=-4

2. (22° +4z +5)y" —20(z +1)y' +60y =0, y(-1)=3, ¢'(-1)=-3
06.3.5
23.

a. Find a power series in z for the general solution of

(1+2°)y" +4zy 42y =0. (A)

https://math.libretexts.org/@go/page/43318
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b. Use (a) and the formula
1
T =l e (C1<r <)

for the sum of a geometric series to find a closed form expression for the general solution of (A) on (—1, 1).
c. Show that the expression obtained in (b) is actually the general solution of of (A) on (—o0, 00).

This page titled 6.3.1: Series Solutions Near an Ordinary Point I (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by Zoya Kravets.
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6.4: Regular Singular Points Euler Equations
In the next three sections we’ll continue to study equations of the form
Py(z)y" + Pi(z)y + Pa(z)y=0 (6.4.1)

where Py, P;, and P are polynomials, but the emphasis will be different from that of Sections 7.2 and 7.3, where we obtained
solutions of Equation 6.4.1 near an ordinary point xg in the form of power series in © — xq. If g is a singular point of Equation
6.4.1 (that is, if P(x¢) =0), the solutions can’t in general be represented by power series in z — zo. Nevertheless, it is often
necessary in physical applications to study the behavior of solutions of Equation 6.4.1 near a singular point. Although this can be
difficult in the absence of some sort of assumption on the nature of the singular point, equations that satisfy the requirements of the
next definition can be solved by series methods discussed in the next three sections. Fortunately, many equations arising in
applications satisfy these requirements.

Theorem 6.4.1: regular singular points

Let Py, P;, and P, be polynomials with no common factor and suppose Py(z¢) =0. Then z is a regular singular point of
the equation

Py(z)y" +Pi(z)y + P(z)y=0 (6.4.2)
if (6.4.2) can be written as
(z —z0)2A(z)y" + (z — 20)B(z)y' +C(z)y =0 (6.4.3)

where A, B, and C are polynomials and A(zg) # 0; otherwise, g is an irregular singular point of Equation 6.4.2.

Example 6.4.1: Bessel's equation

Bessel’s equation,
2y +zy' + (2 —v?)y =0, (6.4.4)

has the singular point zy = 0. Since this equation is of the form Equation 6.4.3 with g =0, A(z) =1, B(z) =1, and
C(z) = x* — 1?2, it follows that zy = 0 is a regular singular point of Equation 6.4.4.

Example 6.4.2: Legendre’s equation

Legendre’s equation,
(1—-2%)y" —2zy +a(a+1)y =0, (6.4.5)
has the singular points o = 1. Mutiplying through by 1 — z yields
(z—-1)2%(z+1)y" +2z(z— 1)y —a(a+1)(z—1)y =0,

which is of the form Equation 6.4.3 with g =1, A(z) =z +1, B(z) =2z, and C(z) = —a(a+1)(z —1) . Therefore
xo =1 is a regular singular point of Equation 6.4.5. We leave it to you to show that g = —1 is also a regular singular point of
Equation 6.4.5.

Example 6.4.3

The equation
xBy//+wy/ +y= 0

has an irregular singular point at zy = 0. (Verify.)

For convenience we restrict our attention to the case where xy = 0 is a regular singular point of Equation 6.4.2. This isn’t really a
restriction, since if o 7 0 is a regular singular point of Equation 6.4.2 then introducing the new independent variable t =z — x,
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and the new unknown Y (¢) = y(t +z) leads to a differential equation with polynomial coefficients that has a regular singular
point at £y = 0. This is illustrated in Exercise 7.4.22 for Legendre’s equation, and in Exercise 7.4.23 for the general case.

Euler Equations

The simplest kind of equation with a regular singular point at zy = 0 is the Euler equation, defined as follows.

Theorem 6.4.2: Euler equation

An Euler equation is an equation that can be written in the form
az?y" +bzy' +cy =0, (6.4.6)

where a, b, and c are real constants and a # 0.

Theorem 5.1.1 implies that Equation 6.4.6 has solutions defined on (0, 0o) and (—oo, 0), since Equation 6.4.6 can be rewritten as
b c
ay// + _y/ + —y= 0.
z z

For convenience we’ll restrict our attention to the interval (0, 0o). (Exercise 7.4.19 deals with solutions of Equation 6.4.6 on
(—00,0).) The key to finding solutions on (0, 00) is that if > 0 then &" is defined as a real-valued function on (0, 0o) for all
values of 7, and substituting y = =" into Equation 6.4.6 produces

az®(z")" +bz(a") +ecz”  =az’r(r—1)z"* +bere’ " +ca” (6.4.7)
:[a"'(”'—l)-i-b’l‘—l—c]xr, S

The polynomial
p(r)=ar(r—1)+br+c

is called the indicial polynomial of Equation 6.4.6, and p(r) =0 is its indicial equation. From Equation 6.4.7 we can see that
y =1" is a solution of Equation 6.4.6 on (0, co) if and only if p(r) = 0. Therefore, if the indicial equation has distinct real roots
r1 and 79 then y; = 2™ and yo =™ form a fundamental set of solutions of Equation 6.4.6 on (0, 00), since y2/y; =™ "™ is
nonconstant. In this case

y=ciz'' +cyz”

is the general solution of Equation 6.4.6 on (0, co).

Example 6.4.4

Find the general solution of
2’y —zy' —8y=0 (6.4.8)
on (0, 00).
Solution
The indicial polynomial of Equation 6.4.8is

p(r)=r(r—1)—r—8=(r—4)(r+2).

2

Therefore y; = z* and yp = 22 are solutions of Equation 6.4.8 on (0, 00), and its general solution on (0, 0o) is

4, C
y=cT +—2.
T
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Find the general solution of

622y +5zy —y =0 (6.4.9)

on (0, co).

Solution

The indicial polynomial of Equation 6.4.9is
p(r)=6r(r—1)+5r—1=(2r—1)(3r+1).

Therefore the general solution of Equation 6.4.9 on (0, 00) is

1/2 1/3

y=cix’'“+cor

If the indicial equation has a repeated root 71, then y; = 2™ is a solution of

az’y” +bxy +cy =0, (6.4.10)

on (0, 00), but Equation 6.4.10has no other solution of the form y = z". If the indicial equation has complex conjugate zeros then
Equation 6.4.10 has no real-valued solutions of the form y = «”. Fortunately we can use the results of Section 5.2 for constant
coefficient equations to solve Equation 6.4.10in any case.

Theorem 6.4.3

Suppose the roots of the indicial equation

ar(r—1)+br+c=0 (6.4.11)
are 71 and ro. Then the general solution of the Euler equation
az?y" +bzy' +cy =0 (6.4.12)
on (0, 00) is
y =c12™ +cox™ if r1 and ry are distinct real numbers ;
y =z (c1 +eelnz)ifry =y
y =2z’ [c; cos(wlnz) 4 ¢y sin(winz)] if 71,7y = A +iw withw > 0.
Proof

We first show that y = y(z) satisfies Equation 6.4.12on (0,00) if and only if Y () =y(e’) satisfies the constant
coefficient equation
d*Y dy
Ly +(b—a)E +cY =0 (6.4.13)

on (—o0,00) . To do this, it is convenient to write = e’, or, equivalently, t =Inz; thus, Y (¢t) = y(x), where z = e’ .

From the chain rule,

v _dyds
dt  dx dt
and, since
dz o
a7
it follows that
dY dy
— =r—. 6.4.14
at Cda ( )
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Differentiating this with respect to ¢ and using the chain rule again yields

¢ _d (dY\_d ( dy

diz2  dt \ dt )] dt \'dz
_dady | dyds
Cdtdr da? dt

= ﬁ-ﬁ- 2@ sinced—z—
_xda: T T2 7 =z ).

From this and Equation 6.4.14
Ly Yy
dz  d2  dt’
Substituting this and Equation 6.4.14 into Equation 6.4.12 yields Equation 6.4.13 Since Equation 6.4.11 is the
characteristic equation of Equation 6.4.13 Theorem 5.2.1 implies that the general solution of Equation 6.4.13 on
(—o0,00) is

Y (t) = cie™ + coe™! if r; and ry are distinct real numbers;
Y (t) = e (c1 +cot) if ry =195
Y(t) = e (c1 coswt +eosinwt) if ry, 7y = A +iw withw # 0.

Since Y (t) = y(e'), substituting ¢ = Inz in the last three equations shows that the general solution of Equation 6.4.120n
(0, 00) has the form stated in the theorem.

Example 6.4.6

Find the general solution of

z2y" —5zy +9y =0 (6.4.15)
on (0, ).
Solution

The indicial polynomial of Equation 6.4.15is
p(r)=r(r—1)—5r+9 = (r—3)%
Therefore the general solution of Equation 6.4.150n (0, o) is

y=xz3(c; +czInzx).

Example 6.4.7

Find the general solution of
22y +3zy +2y =0 (6.4.16)
on (0, co).
Solution
The indicial polynomial of Equation 6.4.16is
p(r)=r(r—1)+3r+2=(r+1)>+1.

The roots of the indicial equation are 7 = —1 £ 4 and the general solution of Equation 6.4.160n (0, 00) is

1
y=—[c1cos(Inz) +cosin(Inz)].
o
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6.4.1: Regular Singular Points Euler Equations (Exercises)
Q6.4.1

In Exercises 7.4.1-7.4.18 find the general solution of the given Euler equation on (0, c0).
z2y" +Tzy +8y =0
—Tzy' +7y=0
cx2?y —xy +y=0
22y’ +5zy +4y =0
2’y +ay +y=0
.x?y" —3zy +13y=0
22y +3zy —3y =0
J122%y" —5xy" +6y =0
JAz?y" +8zy' +y=0

L°°°.\1°’.U":'>W!\-’t‘

10. 3z%y" —zy' +y =0
11. 2z%y" — 3zy' +2y =0
12. 2%y" 4+ 3zy +5y =0
13. 922y" +15zy’ +y =0
14. 2%y" — 2y’ + 10y =0
15. 22y"” —6y =0

16. 22%y" 4+ 3zy —y =0
17. 2%y" —3zy' +4y =0
18. 22%y" +10zy’ +9y =0

Q6.4.2
19.

a. Adapt the proof of Theorem 7.4.3 to show that y = y() satisfies the Euler equation

az’y” +bxy +cy =0 (A)

on (—o0,0) if and only if Y () = y(—e€")

d’y dy
c- 2 ey =
s +(—a) e 0.

on (—00, ).
b. Use (a) to show that the general solution of Equation A on (—o0, 0) is

y =c1|z|™ +ca|z|™ if r; and ry are distinct real numbers;
y =z (1 +exlnl|z|) if ry =75
=|z|* [e1 cos(wln |z|) + ¢y sin(wln |z|)] if 71,7y = A+ iw with w > 0.
20. Use reduction of order to show that if
ar(r—1)+br+c=0

has a repeated root 7 then y = 2" (¢; + ¢y Inz) is the general solution of

az’y" +bxy +cy=0

https://math.libretexts.org/@go/page/44714



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/44714?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/06%3A_Series_Solutions_of_Linear_Second_Order_Equations/6.04%3A_Regular_Singular_Points_Euler_Equations/6.4.01%3A_Regular_Singular_Points_Euler_Equations_(Exercises)

LibreTexts"

on (0, 00).
21. A nontrivial solution of
Py(z)y" +Pi(z)y' + P (z)y =0

is said to be oscillatory on an interval (a, b) if it has infinitely many zeros on (a, b). Otherwise y is said to be nonoscillatory on
(a, b). Show that the equation

2?y"+ky=0 (k= constant)

has oscillatory solutions on (0, co) if and only if k£ > 1/4.

22. In Example 7.4.2 we saw that £y = 1 and &y = —1 are regular singular points of Legendre’s equation
(1—2*)y" —2zy' +a(a+1)y =0. (A)
a. Introduce the new variables t =z —1 and Y (¢) = y(t +1) , and show that y is a solution of (A) if and only if Y is a solution
of
d*y dy
t24+t)—+2(14+t)— — 1)Y =

which has a regular singular point at £y = 0.
b. Introduce the new variables t =z +1 and Y'(¢) = y(¢ —1) , and show that y is a solution of (A) if and only if Y is a solution

of
d’Y

dYy
W+2(1—t)—+a(a+1)Y:0,

12—t
(2-1) 7
which has a regular singular point at ) =0.
23. Let Py, P1, and P; be polynomials with no common factor, and suppose x( # 0 is a singular point of
Py(z)y" +Pi(z)y + Pa(z)y =0. (A)
Lett =z —x and Y () =y(t+=o) .

a. Show that y is a solution of (A) if and only if Y is a solution of

d’y dY
RO(t)W +R1(t)ﬂ —|—R2(t)Y=0. (B)

where
R;(t)=Pi(t+z), =0,1,2.
b. Show that Ry, Ry, and R, are polynomials in ¢ with no common factors, and Ry (0) = 0; thus, ¢, = 0 is a singular point of
(B).
This page titled 6.4.1: Regular Singular Points Euler Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,

remixed, and/or curated by Zoya Kravets.

o 7.5E: Regular Singular Points Euler Equations (Exercises) by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.5: The Method of Frobenius |

Sections 7.5-7.7 deal with three distinct cases satisfying the assumptions introduced in Section 7.4. In all three cases, (A) has at
least one solution of the form

00
y=z" E a,z",
n=0

where 7 need not be an integer. The problem is that there are three possibilities - each requiring a different approach - for the form
of a second solution y, such that {y;,y2} is a fundamental pair of solutions of (A).

In this section we begin to study series solutions of a homogeneous linear second order differential equation with a regular singular
point at £y = 0, so it can be written as

2 A(z)y" +xB(z)y +C(z)y =0, (6.5.1)
where A, B, C are polynomials and A(0) # 0.

We’ll see that Equation 6.5.1 always has at least one solution of the form

o0
y=z" E apx"
n=0

where ag # 0 and r is a suitably chosen number. The method we will use to find solutions of this form and other forms that we’ll
encounter in the next two sections is called the method of Frobenius, and we’ll call them Frobenius solutions.

It can be shown that the power series >.>° j ana™ in a Frobenius solution of Equation 6.5.1 converges on some open interval
(—p, p), where 0 < p < co. However, since " may be complex for negative z or undefined if z =0, we’ll consider solutions
defined for positive values of z. Easy modifications of our results yield solutions defined for negative values of x. (Exercise
7.5.54).

We’ll restrict our attention to the case where A, B, and C are polynomials of degree not greater than two, so Equation 6.5.1
becomes

2 (ap + a1z +agz?)y" +z(Bo + iz + Bz’ )y + (o +mz + ez’ )y =0, (6.5.2)

where «;, B;, and ; are real constants and ag 7% 0. Most equations that arise in applications can be written this way. Some
examples are

az’y" +Bzy +yy =0 (Euler’s equation)
2y +ay +(* 1)y =0 (Bessel’s equation)
and

zy"+(1—z)y' +Ay=0

where we would multiply the last equation by z to put it in the form Equation 6.5.2. However, the method of Frobenius can be
extended to the case where A, B, and C are functions that can be represented by power series in & on some interval that contains
zero, and Ay (0) # 0 (Exercises 7.5.57 and 7.5.58).

The next two theorems will enable us to develop systematic methods for finding Frobenius solutions of Equation 6.5.2.

& Theorem 7.6.1

Let

Ly = 2 (a0 +n + )y +2(Bo + Bz +Baz’)y + (0 +m1@ + 7227y,

and define
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Suppose the series

y=> ana"" (6.5.3)
n=0
converges on (0, p). Then
Ly=> buz"" (6.5.4)
on (0, p), where
bo = po(r)ao
bi =po(r+1)as +pi(r)ag (6.5.5)

b, =po(n+r)a,+pi(n+r—1)a,_1+p2(n+r—2)a,_2, n>2

Proof

We begin by showing that if y is given by Equation 6.5.3and «, 3, and -y are constants, then
o0
az’y’ +Bzy +yy = p(n+r)a.z""", (6.5.6)
n=0
where
p(r) =ar(r—1)+pr+1.

Differentiating twice yields

o0
Z n+r)a,z" (6.5.7)
n=0
and
o0
y' = Z(n—i—r)(n—l—r—l) R T2, (6.5.8)

Il
o

n

Multiplying Equation 6.5.7by 2 and Equation 6.5.3by z? yields

o0
zy = Z(n +7r)a,z"t"

n=0

and
Z n+r)(n+r—1)a,z""".
n=0
Therefore

az?y"+Bzy +yy =) [am+r)(n+r—1)+B(n+r)+9] apz"

which proves Equation 6.5.6
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{
Multiplying Equation 6.5.6 by & yields

z(azy" + By +yy) = Z p(n+r)a,z" " = Zp(n +r—1)a, 12" (6.5.9)
n=0 n=1
Multiplying Equation 6.5.6 by z? yields
2 (ay" + Bxy +vyy) = Zp(n +7)anz™ T = Zp(n +7—2)a, 22", (6.5.10)
n=0 n=2

To use these results, we rewrite

Ly =z*(ag + auz + a2z?)y” +z(Bo + Bz + B22%)y + (Yo + 1z + 7222y

as

Ly = (coz®y" +Pozy’ +0y) +z (crz?y” +frzy’ +my) ( )
6.5.11
+2? (a2?y" + fazy’ +m2y) -

From Equation 6.5.6 with p = pg,

[o¢]
aoz®y" + oy’ +v0y = ZPO (n+7r)anz""".

n=0
From Equation 6.5.9 with p = py,
o0
z (almZyll +,31£I3yl +’yly) = Zpl (TL+7‘ — ].)anf]_CL'TLJrT'
n=1
From Equation 6.5.10with p = p2,
o0
z2 (a2m2y” + Bozy’ +72y) — Zp2 (n+r— 2)an,2mn+r.
n=2
Therefore we can rewrite Equation 6.5.11as
00 o0
Ly = Zpo (n + r)an:zn+r + Zp1 (n —+7r— 1)an,1$n+r
n=0 n=1

o0
+ sz (n+7r—2)a,_2z"",

n=2

or

Ly =po(r)agz” + [po(r+1)a; +pi(r)ag] "

—1—2 [po(n+7)a, +p1(n+7—1)an_1+pa(n+7—2)a, o] 2",

n=2

which implies Equation 6.5.4 with {b,, } defined as in Equation 6.5.5.

& Theorem 7.6.2

Let

Ly =a*(ao + auz + a2z®)y” + (8o + B1z + B22?)y' + (Yo + Mz +722?)y,

where o # 0, and define
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po(r) =aor(r—1)+ Bor +0,
pi(r) =aur(r—1)+pir+m,
p2(r) =agr(r—1)+ Bar +72.

Suppose 7 is a real number such that py(n + ) is nonzero for all positive integers n. Define

ap(r) =1, (6.5.12)
pi(r)
- 6.5.13
al(r) pO(T+1) ’ ( )
+ - 1 n— + + - 2 n—
an(r) = - PO Nana ) tmlntr = 2enal) o, (6.5.14)
po(n+r)
Then the Frobenius series
o0
y(z,r) :wTZan(r)m" (6.5.15)
=0
converges and satisfies
Ly(z,r) =po(r)z" (6.5.16)

on the interval (0, p), where p is the distance from the origin to the nearest zero of A(z) = ap + a1z + agz?

plane (if A is constant, then p = 00.)

in the complex

If {a,(r)} is determined by the recurrence relation Equation 6.5.12 then substituting a,, = a,(r) into Equation 6.5.5 yields
by =po(r) and b, =0 for n > 1, so Equation 6.5.4 reduces to Equation 6.5.16 We omit the proof that the series Equation 6.5.15
converges on (0, p).

Ifa; =6; =7 =0 fori=1, 2, then Ly = 0 reduces to the Euler equation

aoz?y" + Bozy’ + 0y = 0.

Theorem 7.4.3 shows that the solutions of this equation are determined by the zeros of the indicial polynomial
po(r) = apr(r—1) + Bor +o-

Since Equation 6.5.16implies that this is also true for the solutions of Ly = 0, we’ll also say that py is the indicial polynomial of
Equation 6.5.2, and that po(r) = 0 is the indicial equation of Ly = 0. We’ll consider only cases where the indicial equation has
real roots 1 and ro, with 7y > 7o

& Theorem 7.6.3

Let L and {a,(r)} be as in Theorem 7.6.2 , and suppose the indicial equation py(r) =0 of Ly = 0 has real roots r; and rs,
where 7; > r9. Then

o0

yi(z) =y(z,r) =2™ Zan(rl)x"

n=0
is a Frobenius solution of Ly = 0. Moreover, if 71 — 72 is not an integer then

o0

y2(z) =y(z,re) = 2™ Zan(rz)m”

n=0

is also a Frobenius solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.

Proof

Since r; and 79 are roots of py(r) = 0, the indicial polynomial can be factored as

po(r) = ao(r—r1)(r—r2). (6.5.17)
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Therefore
po(n+r1) =nag(n+r —rs),

which is nonzero if n > 0, since r; —ry > 0 . Therefore the assumptions of Theorem 7.6.2 hold with » = 7; , and Equation
6.5.16implies that Ly; = po(r1)z™ =0 .

Now suppose 71 — 73 is not an integer. From Equation 6.5.17
po(n+re) =nag(n—r1 +r3) #0 if n=1,2,--.

Hence, the assumptions of Theorem 7.6.2 hold with » =75, and Equation 6.5.16implies that Lys = pp(ry)z"™ =0 . We
leave the proof that {y;, ¥ } is a fundamental set of solutions as an Exercise 7.5.52.

It is not always possible to obtain explicit formulas for the coefficients in Frobenius solutions. However, we can always set up the
recurrence relations and use them to compute as many coefficients as we want. The next example illustrates this.

v/ Example 7.6.1

Find a fundamental set of Frobenius solutions of
222(1+z +2?)y" +z(9+ 11z +11z%)y’ + (6 + 10z + 7z?)y =0. (6.5.18)
Compute just the first six coefficients ay,..., a5 in each solution.

Solution

For the given equation, the polynomials defined in Theorem 7.6.2 are

po(r) =2r(r—1)+97+6 =(2r+3)(r+2),
pm(r) =2r(r—1)+11r+10 =(2r+5)(r+2),
pa(r) =2r(r—1)+11r+7 =(2r+7)(r+1).
The zeros of the indicial polynomial py are 74 = —3/2 and ry = —2, so r; — 3 = 1/2. Therefore Theorem 7.6.3 implies that
o0
=g Za —3/2)z" and gy =z > Zan(—2):c" (6.5.19)
n=0

form a fundamental set of Frobenius solutions of Equation 6.5.1& To find the coefficients in these series, we use the
recurrence relation of Theorem 7.6.2 ; thus,

ap(r) =1,
ar(r) = — p(r)  @Qr+5)Fr+2) 742
T pe(r+1) — (2r+5)(r+3)  r+3’
pi(n+r—1)an1+p(n+r—2)an—s
an(r) = —
po(n+r)
~_(r+r+1)@2n+2r+3)api(r) +(n+r—1)(2n+2r+3)an—s(r)
B (n+r+2)2n+2r+3)
(mn+r+1a,_1(r)+(n+r—1)a,_a(r)
=— , n>2.
n+r+2
Setting r = —3/2 in these equations yields
ap(-3/2) =1,
a1(-3/2) =-1/3, (6.5.20)
2n—1)anp-1(—3/2 2n—5)an—2(—3/2
an(—3/2) _ _ (@n-lanq( /27);(1 Jan—2(—3/ )’ n>2,
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and setting r = —2 yields

ag(—2) = 1,
a(-2) =0, (6.5.21)
a"(_z) __ (n—l)anfl(—2)7-:—(71—3)%72(—2), n>2.

Calculating with Equation 6.5.20 and Equation 6.5.21 and substituting the results into Equation 6.5.19 yields the fundamental
set of Frobenius solutions

1 2, 5 7 76
_g%2 (2, 22 2 8 (a4 (0 5
ho=e ( 37T Tt T 138 Timss” T )

Special Cases With Two Term Recurrence Relations

For n > 2, the recurrence relation Equation 6.5.12 of Theorem 7.6.2 involves the three coefficients a, (7), a,—1(r), and a,—2(r).
We’ll now consider some special cases where Equation 6.5.12 reduces to a two term recurrence relation; that is, a relation
involving only a,(r) and a,_1(r) or only a,(r) and a,_2(r). This simplification often makes it possible to obtain explicit
formulas for the coefficents of Frobenius solutions.

We first consider equations of the form
2’ (o +arz)y” + (8o +Arz)y + (vo +mz)y =0

with ag # 0. For this equation, ag = 83 =2 =0 , so p2 = 0 and the recurrence relations in Theorem 7.6.2 simplify to

ag(r) =1,
) = HEm ), nzl o2
Find a fundamental set of Frobenius solutions of
2?3 +z)y +5z(1+2z)y —(1—4z)y=0. (6.5.23)
Give explicit formulas for the coefficients in the solutions.
Solution
For this equation, the polynomials defined in Theorem 7.6.2 are
po(r) =3r(r—1)+5r—1 =Br-1)(r+1),
pi(r) =r(r—1)+5r+4 = (r+2)2,
pa(7) =0.
The zeros of the indicial polynomial py are 4 =1/3 and ro = —1, so 7y —r5 = 4/3. Therefore Theorem 7.6.3 implies that
y =/ i a,(1/3)z" and yy=z""! i an(—1)z"
n=0 n=0
form a fundamental set of Frobenius solutions of Equation 6.5.23 To find the coefficients in these series, we use the
recurrence relationss Equation 6.5.22; thus,
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ap(r) =1,

(n+r-1)
an(r) = __p1170(7’b+7‘) >a,-1(r)
_ (ntr+1)? (6.5.24)
= T Bni3r_1)(niri1) dn-1 (r)

_ n+r+1
= " 3ntar19n-1 (T)’ n=>1

Setting r = 1/3 in Equation 6.5.24 yields
ag(1/3) =1,

3n+4

By using the product notation introduced in Section 7.2 and proceeding as we did in the examples in that section yields
()" [T} (35 +4)

9"n!

an-1(1/3), m>1.

a,(1/3) = , n>0.

Therefore

o= ml/gi (_1) Hj:]_ (3]+4) wn
n=0

9"n!

is a Frobenius solution of Equation 6.5.23

Setting » = —1 in Equation 6.5.24yields

a()(—l) = 1,
n
a,(—1) =— 3n_4an_1( 1), n>1,
S0
—1)*pn!
)= — )
3—1(3-7_4)
Therefore
00 _1)nn|
) (
Y=
; ?:1(3.7_4)

is a Frobenius solution of Equation 6.5.23 and {y;, y» } is a fundamental set of solutions.

We now consider equations of the form

z? (g +azz?)y" +z(Bo + B2z®)y + (Y0 +7122%)y =0 (6.5.25)

with g # 0. For this equation, a; = 81 =1 =0, so p; = 0 and the recurrence relations in Theorem 7.6.2 simplify to

ap(r) =1,
a1(r) =0,
an(r) = —Man_2(r), n>2.

po(n+7)

Since a3 (1) = 0, the last equation implies that a,,(7) = 0 if n is odd, so the Frobenius solutions are of the form

o0
y(z,r)=2z" z agm (r)z®™,
m=0

where
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_ _p2(2m+r72) (6526)

agm(r) oy Gema(r), m>1.

v/ Example 7.6.3

Find a fundamental set of Frobenius solutions of
2?2 -2y —x(3+42%)y +(2—22%)y =0. (6.5.27)
Give explicit formulas for the coefficients in the solutions.

Solution
For this equation, the polynomials defined in Theorem 7.6.2 are

po(r) =2r(r—1)—3r+2 =(r—2)(2r—1),
p1(r) =0
po(r) =—[r(r—1)+4r+2] =—(r+1)(r+2).

The zeros of the indicial polynomial py are r; =2 and 7y =1/2, so r; —ro = 3/2. Therefore Theorem 7.6.3 implies that

o0 o0
y1=2"Y ay(1/3)z™ and gy =22 agn(1/2)z™"
m=0

m=0
form a fundamental set of Frobenius solutions of Equation 6.5.27. To find the coefficients in these series, we use the
recurrence relation Equation 6.5.26; thus,
ap(r) =1,

(2m+r-2)
aom(r) == aama (1) (6.5.28)

_ (2mtr)(2mAr-1)
= G2 @miay @2m—2(r), m=>1.

Setting 7 = 2 in Equation 6.5.28yields

a0(2) :].,
(m+1)(2m+1)
2) = asm—-2(2), m2>1,
a2m( ) m(4m+3) 2m 2( ) =
SO
o o254+1
2) = 1
a2m( ) (m ) =] 4J+3
Therefore

is a Frobenius solution of Equation 6.5.27.
Setting r = 1/2 in Equation 6.5.28yields
ao(1/2) =1,

aZm(1/2) = (47781?7:(]4-1)7’5147—71;)_ 1) a2m72(1/2)? m > 1,

SO
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(4j—1)(45+1)
n(1/2) .
am(1/2) Smm'H 45-3

Therefore

™ (45— 1)(45+1)
_1/2 2m
~ 3" o ([ ) -

J=

is a Frobenius solution of Equation 6.5.27and {y, y2} is a fundamental set of solutions.

Thus far, we considered only the case where the indicial equation has real roots that don’t differ by an integer, which allows us
to apply Theorem 7.6.3 . However, for equations of the form Equation 6.5.25 the sequence {as,(r)} in Equation 6.5.26 is
defined for » = ry if r; —ry isn’t an even integer. It can be shown Exercise 7.5.56 that in this case

o0 [ee)
yp =2z Z azm(rl)mzm and y; =z Z Qam (r2)w2m
m=0

m=0

form a fundamental set of Frobenius solutions of Equation 6.5.25.

Using Technology

As we said at the end of Section 7.2, if you’re interested in actually using series to compute numerical approximations to solutions
of a differential equation, then whether or not there’s a simple closed form for the coefficents is essentially irrelevant; recursive
computation is usually more efficient. Since it is also laborious, we encourage you to write short programs to implement recurrence
relations on a calculator or computer, even in exercises where this is not specifically required.

In practical use of the method of Frobenius when xy = 0 is a regular singular point, we are interested in how well the functions

N
yN(m;Ti):m”Zan(Ti)xna i:1727

n=0

approximate solutions to a given equation when 7; is a zero of the indicial polynomial. In dealing with the corresponding problem
for the case where zy =0 is an ordinary point, we used numerical integration to solve the differential equation subject to initial
conditions y(0) = ag, %'(0) = ay, and compared the result with values of the Taylor polynomial

N
S
n=0
We can’t do that here, since in general we can’t prescribe arbitrary initial values for solutions of a differential equation at a singular

point. Therefore, motivated by Theorem 7.6.2 (specifically, Equation 6.5.16), we suggest the following procedure.

Verification Procedure
Let L and Y, (z; 7;) be defined by

L, =2*(ag +auz +agz®)y" +x(Bo + iz + Baz? )y + (o + 11z +7227)y

and

N
yn (@) =2 an(r;)a"
n=>0

where the coefficients {a, (r;)})_, are computed as in Equation 6.5.12 Theorem 7.6.2 . Compute the error

En(z;r;) =2 " Lyn(z; 1)/ 00 (6.5.29)

for various values of N and various values of z in the interval (0, p) with p as defined in Theorem 7.6.2
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The multiplier z " /ag on the right of Equation 6.5.29 eliminates the effects of small or large values of z" near z =0, and of
multiplication by an arbitrary constant. In some exercises you will be asked to estimate the maximum value of Ey(x;7;) on an
interval (0, d] by computing Ex(z.,;7;) at the M points z,, =mdé/M, m =1, 2, ..., M, and finding the maximum of the
absolute values:

on(6) =max{|En(xzm;ri)|, m=1,2,...,M}. (6.5.30)
(For simplicity, this notation ignores the dependence of the right side of the equation on ¢ and M)

To implement this procedure, you’ll have to write a computer program to calculate {a,(r;)} from the applicable recurrence
relation, and to evaluate Ey (z; ;).

The next exercise set contains five exercises specifically identified by that ask you to implement the verification procedure. These
particular exercises were chosen arbitrarily you can just as well formulate such laboratory problems for any of the equations in any
of the Exercises 7.5.1-7.5.10, 7.5.14-7.4.25, and 7.5.28-7.5.51 .

This page titled 6.5: The Method of Frobenius I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya

Kravets.

e 7.6: The Method of Frobenius I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.5.1: The Method of Frobenius | (Exercises)

This set contains exercises specifically identified by that ask you to implement the verification procedure. These particular
exercises were chosen arbitrarily you can just as well formulate such laboratory problems for any of the equations in Exercises
7.5.1-7.5.10, 7.5.14-7.5.25, and 7.5.28-7.5.51.

Q7.5.1

In Exercises 7.5.1-7.5.10 find a fundamental set of Frobenius solutions. Compute ag, a1, - . . ,ay for N at least 7 in each solution.
1.222(14+z+22)y" +z(3+3z+522)y' —y=0

2.3x%y" +2z(1 +z —222)y’ + (22 —8z%)y =0

3.22(3+ 3z +22)y" +z(5+8z +7z%)y’ — (1 -2z —9z%)y =0

4. 4z%y" + (7T +2z +42%)y — (1 -4z —Tz*)y =0

5.122%(1 +z)y” + z(11 4+ 35z +322)y’ — (1 — 10z —52?)y =0

6. 22(5+z +10z%)y" +z(4 + 3z +48z%)y’ + (z +3622)y =0

7.8z%y" —2z(3 —4z —2?)y’ + (3+ 6z +2%)y =0

8.18z%(1 +z)y" +3z(5+ 11z +2%)y' — (1 — 2z —52%)y =0

9.283+z+z2)y"+(d+z—2?)y +zy=0

10. 1022 (1 +z +22%)y" + (13 + 13z + 662%)y’ — (1 +4z +10z%)y =0

Q7.5.2

11. The Frobenius solutions of

222(1+z+2°)y" +2(9+11z +112%)y + (6 + 10z +72*)y =0

obtained in Example 7.5.1 are defined on (0, p), where p is defined in Theorem 7.5.2. Find p. Then do the following experiments
for each Frobenius solution, with M =20 and § = .5p, .7p, and .9p in the verification procedure described at the end of this
section.

a. Compute o (8) (see Equation 7.5.28) for N =5, 10, 15,..., 50.
b. Find N such that o () <107°.
c. Find N such that o (8) <1071,

12. By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 7.5.4 are defined on (0, co). Do experiments (a), (b), and
(c) of Exercise 7.5.11 for each Frobenius solution, with M =20 and § =1, 2, and 3 in the verification procedure described at the
end of this section.

13. The Frobenius solutions of the equation in Exercise 7.5.6 are defined on (0, p), where p is defined in Theorem 7.5.2. Find p and
do experiments (a), (b), and (c) of Exericse 7.5.11 for each Frobenius solution, with M =20 and § = .3p, .4p, and .5p, in the
verification procedure described at the end of this section.

Q7.5.3

In Exercises 7.5.14-7.5.25 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients in each
solution.

14.2z%y" +z(3 +2z)y — (1 —z)y =0

15. 223+ z)y" +z(5+4z)y’ — (1 —2z)y =0
16.2z%y" +z(5+z)y — (2—3z)y =0
17.32%y" +z(1+z)y' —y =0

18. 22%y" —zy' + (1 —2z)y =0
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19. 92%y" +9zy’ — (1 +32)y =0

20.32%y" +z(1+z)y' — (1 +3z)y=0

21.22%(3 +2)y" +z(1 +52)y + (1 +z)y =0
22.22(4+2z)y" —z(1-3z)y' +y=0

23.22%y" +52y + (1 +z)y =0

24. 2% (3 +4z)y" +z(5+18z)y — (1 —12z)y =0
25.622y" +z(10 —z)y' — (2+z)y =0

Q7.5.4

26. By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 7.5.17 are defined on (0, o). Do experiments (a), (b),
and (c) of Exercise 7.5.11 for each Frobenius solution, with M =20 and 6 =3, 6, 9, and 12 in the verification procedure
described at the end of this section.

27. The Frobenius solutions of the equation in Exercise 7.5.22 are defined on (0, p), where p is defined in Theorem 7.5.2. Find p
and do experiments (a), (b), and (c) of Exercise 7.5.11 for each Frobenius solution, with M =20 and § = .25p, .5p, and .75p in
the verification procedure described at the end of this section.

Q7.5.5

In Exercises 7.5.28- 7.5.32 find a fundamental set of Frobenius solutions. Compare coefficients ay, . . . , ay for IV at least 7 in each
solution.

28.22(8+z)y" +z(2+3z)y’ + (1 +z)y=0

29. 22(3 +4z)y" +z(11 +4z)y — (3+4z)y =0
30. 222(2+3z)y" +z(4 +11z)y — (1 —z)y =0
31.2%(2+2)y” +5x(1 —z)y' — (2—82)y
32.22(6+ )y +x(11+4z)y’ +(1+2z)y =0

Q7.5.6

In Exercises 7.5.33-7.5.36 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients in each
solution.

33.8z%y" +z(2+2?)y' +y=0

34.82%(1 —2?)y" +2z(1 — 13z%)y' 4+ (1 —92?)y =0
35. 2% (1 +2?)y" —2z(2 —2%)y' +4y =0

36. z(3+z2)y" + (2 —2%)y' —8zy =0

37. 422 (1 —2?)y" +2(7—192%)y’ — (1 +142%)y =0
38.32%(2 — 2?)y" + (1 — 11a?)y' + (1 — 5a?)y =
39. 222 (2 + 22)y" — (12 — 72?)y' + (7 +32?)y
40.22%(2+2%)y" +2(4+Ta?)y — (1-32)y =0
41. 222 (1 +222)y" +5z(1 +622)y’ — (2 —4022)y =0
42,32 (1 +2?)y" + 5z (1 +2?)y’ — (1+52%)y =0
43. x(142?)y" + (44 722y +8zy =0

4. 222+ 2%y + (3 +2)y —y =0
45.20%(1+2%)y" + 2(3+82%)y' — (3 —42?)y =0
46.92%y" +3z(3 +z2)y’ — (1 —5z%)y =0

&2

0
0
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Q7.5.7

In Exercises 7.5.47-7.5.51 find a fundamental set of Frobenius solutions. Compare the coefficients ay, . . . , asps for M at least 7 in
each solution.

47.62%y" +z(1+622)y’ + (1 +922)y =0

48. 2% (8 + 2)y" +7x(2 +2%)y' — (2 —922)y =0
49.922 (1 +2%)y" +3z(3 +132%)y’ — (1 —252%)y =0
50. 4z%(1 +2?)y" 4+ 4z(1 +622)y’ — (1 —2522)y =0
51. 8z%(1+222)y" +2z(5 + 3422)y’ — (1 —3022)y =0

Q7.5.8
52. Suppose 1 > 72, ag = by =1, and the Frobenius series
o0 o0
yp =z Z a,z" and y» =2z" Z b,z"
n=0 n=0

both converge on an interval (0, p).

a. Show that y; and y, are linearly independent on (0, p). HINT: Show that if ¢; and ¢, are constants such that ¢;y; +cay2 =0
on (0, p), then

o0 o0
crz™ " Zanx” +co anm" =0, O<x<p

b. Use the result of (b) to complete the proof of Theorem 7.5.3.

53. The equation

2y +zy' + (2 —v )y =0 (A)
is Bessel’s equation of order v. (Here v is a parameter, and this use of “order” should not be confused with its usual use as in “the
order of the equation.”) The solutions of Equation A are Bessel functions of order v.

a. Assuming that v isn’t an integer, find a fundamental set of Frobenius solutions of Equation A.
b. If v = 1/2, the solutions of Equation A reduce to familiar elementary functions. Identify these functions.

54.
a. Verify that

2

2
and —(|z|'z")=(n+r)(n+r—1)|z| z
dx?

n—1 T _n—2

d T r
= (jal'e") = (n+7lal@

ifz #0.
b. Let

Ly =2*(ag + onz + 03 )y" +2(Bo + P12 + Baz® )y + (Yo + Mz + 722 )y = 0.
Show that if 2" "> | a,a™ is a solution of Ly = 0 on (0, p) then |z|" 3", a,2™ is a solution on (—p, 0) and (0, p).
55.

a. Deduce from Equation 7.5.20 that

"ﬁ p1(j+r—1) '

=1 Po (G+r)

b. Conclude that if po(r) = ag(r —71)(r —r3) where 7, —ro is not an integer, then

o0 o0
yr=z" Z an,(r)z" and gy, =2z Z an(re)z
n=0 n=0
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form a fundamental set of Frobenius solutions of

22 (o +onz)y” +z(Bo + frz)y’ + (Yo +mz)y = 0.
c¢. Show that if py satisfies the hypotheses of (b) then

R (-1 (7) .
y=z ; — | Z

=0 I G+ —r2) \ao

and

00 _1)n n
y2=2z" ( - ) <l> z"

= ! (G+r2—m) \ao
form a fundamental set of Frobenius solutions of
aoz*y" + Bozy’ + (v +mz)y =0.
56. Let
Ly =2*(ag + aa®)y" +2(Bo + Boz® )y + (0 +7122”)y =0
and define
po(r) =aor(r—1)+Bor+v and pa(r) =asr(r—1)+ Bor +7o.
a. Use Theorem 7.5.2 to show that if
a(r) = 1
po(2m +7)agy (1) +p2(2m+r—2)agm—o(r) = 0, m>1,
then the Frobenius series y(z,r) = 2" >~ asmx®™ satisfies Ly(z, r) = po(r)z"

b. Deduce from Equation A that if py(2m +r) is nonzero for every positive integer m then

_ mH D2 2J+7‘—

a
am(r po(2j+7)

=1

c. Conclude that if py(r) = ap(r —r1)(r —r2) where r; —rs is not an even integer, then

(o] (o]
Yy =z Z azm(r1)z”™  and  yy =" Z agm(ra)z™™
m=0 m=0

form a fundamental set of Frobenius solutions of Ly = 0.
d. Show that if py satisfies the hypotheses of (c) then

yy =2z N SR (ﬁ)mmZm

5 2"m! HT:1 (2j+r1—r2) \ @
and
Yo =" - (_1)m (ﬁ)mxm"
= 2mm! [ (25+r2—r) \

form a fundamental set of Frobenius solutions of
az?y" + Py’ + (Y0 + 7227y = 0.
57. Let

Ly=2’q(z)y" +za1(z)y +q(2)y,

where
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and define

Lety=a"> > anz™. Show that

o0

Ly==z" Z by,z",
n=0
where
n
bn = ij (n +r— ])an—J
j=0
58.

a. Let L be as in Exercise 7.5.57. Show that if

(e e)
y(z,r)=2" Y ay(r)z"
n=0
where
ao(r) = 1,
1 n
a,(r) = _ (n+r—73)a,_i(r n>1
( ) po(n+7’) J;p]( J) ]( )7 )
then

T

Ly(z,r) =po(r)z".
b. Conclude that if
po(r) =ag(r—r1)(r—r2)
where r; —ry isn’t an integer then y; = y(z, r1) and yo = y(x, r2) are solutions of Ly = 0.
59. Let
Ly = 2*(ag + agz?)y" +2(Bo + 2"y + (0 +7,2%)y
where q is a positive integer, and define
po(r) =or(r—1)+pfor+7v and py(r) =oagr(r—1)+ B+,
a. Show that if

Ywr) =" > agn ()

where

ap(r) = 1,

_ pyla(m=1)+7)

mlgmeny Cam-n(T) m 21,

then

Ly(z,7) =po(r)z".

b. Deduce from Equation A that

https://math.libretexts.org/@go/page/44716
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Py (q(j—1)+7)
po(gj+r)

=

I
—

agm (r) = (=1)"

¢. Conclude that if py(r) = ag(r —r1)(r —re) where r; —ro is not an integer multiple of g, then

o0 o0
yp =z Z agm (r1)z®™ and gy, =z™ Z Agm (r2) ™
m=0 m=0

form a fundamental set of Frobenius solutions of Ly = 0.
d. Show that if py satisfies the hypotheses of (c) then

00 —1)m m
ylth ( ) (ﬁ) ™

m=0 a"m! H}nﬂ (qj+m1i—r2)

and

o0 _lm m
yo =z (=) (ﬁ) z™™

=0 a"m! I (g +re—m1)
form a fundamental set of Frobenius solutions of
aoz’y" + Bozy’ + (0 +742")y = 0.
60.

a. Suppose oy, a1, and aw are real numbers with ay # 0, and {an}z" o is defined by

apa; +arag =0

and
aga, +a1a,-1 +a2a, 2 =0, n>2.
Show that
o0
(g + oz —|—a2;1:2) Z apx" = agag,
n=0

and infer that

[o @]

n Qo ag
g anT = 7
= g t+a1T +asx

b. With o, a1, and o as in (a), consider the equation

2*(ao +onz + 2’y +z(Bo + Bz + Baz’ )y + (o + iz +722%)y =0, (A)
and define
p;i(r) =ayr(r—1)+pr+v;, j=0,1,2.
Suppose
pi(r—1) o pa2(r—2) _x
po(r) ap’ po(r) a’
and

po(r) =ag(r—mr1)(r—ry),
where 7; > 7o . Show that

71 T2
x x
and Yo =

=

ap+a1x +asrx? ap+a1x +asx?
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form a fundamental set of Frobenius solutions of Equation A on any interval (0, p) on which g + a1z + a2 has no zeros.

Q7.5.9
In Exercises 7.5.61-7.5.68 use the method suggested by Exercise 7.5.60 to find the general solution on some interval (0, p).
61.22%(1+2z)y" —z(1 —-3z)y' +y =0
62. 62%(1+22%)y" +z(1+50z%)y’ + (1 +302%)y =0
63.282%(1 —3z)y" —7z(5+9z)y' +7(2+9z)y =0
64.922(5+z)y" +9z(5+3z)y — (5 —8z)y =0
65. 8x2(2 — x2)y" +2x(10 — 21z2)y’ — (24 352%)y =0
66. 4z%(1 +3z +22)y" —4z(1 -3z —32)y' +3(1 —z +2%)y =0
67.3z%(1+2)%y" —z(1 — 10z — 1122)y’ + (1 +522)y =0
2’ (

68. 42%(3 42z +2”)y" — (3 — 14z —152%)y' + (3 + T2%)y =0

This page titled 6.5.1: The Method of Frobenius I (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

e 7.6E: The Method of Frobenius I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.6: The Method of Frobenius I

In this section we discuss a method for finding two linearly independent Frobenius solutions of a homogeneous linear second order
equation near a regular singular point in the case where the indicial equation has a repeated real root. As in the preceding section,
we consider equations that can be written as

2’ (o +auz + asz?)y” +z(Bo + Bz + Box?)y + (Yo + Mz +7222)y =0 (6.6.1)

where o # 0. We assume that the indicial equation py(r) = 0 has a repeated real root 1. In this case Theorem 7.5.3 implies that
Equation 6.6.1 has one solution of the form

but does not provide a second solution y, such that {y1, y» } is a fundamental set of solutions. The following extension of Theorem
7.5.2 provides a way to find a second solution.

& Theorem 7.7.1

Let
Ly = z*(ap + anz + azz)y" + (8o + Bz + oz )y + (Yo + iz +7227)y, (6.6.2)

where g £ 0 and define

po(r) =aor(r—1)+Bor +0,
pi(r) =aur(r—1)+pir+m,
p2(r) = agr(r—1)+ Bar +72.

Suppose 7 is a real number such that py(n +r) is nonzero for all positive integers n, and define

a'U(T) =1,
pi(r)
a(r) =—
1( ) p0(7’+1) )
pi(n+r—1)a,_1(r) +p2(n+7r—2)a,_2(r)
ap(r) =— , n>2.
po(n+7)
Then the Frobenius series
o0
y(z,r)=2" Zan(r)m" (6.6.3)
n=l
satisfies
Ly(z,r) =po(r)z". (6.6.4)
Moreover,
% (z,r) =yl r)Inz +2" 3 al ()" 6.6.5
5 (&T) =Y z,7)lnz+z Zan(r)a: , (6.6.5)
n=1
and
%y A
L E(x,r) =pp(r)z" +z"py(r)Inz. (6.6.6)
Proof

Theorem 7.5.2 implies Equation 6.6.4 Differentiating formally with respect to 7 in Equation 6.6.3yields
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35, @) =5 (@ )nE:O an(r)z” +a nE:I an(r)z

oo [o¢]
=z'lnz Y a,(r)z" +z" Z an(r)z"
n=1

n=0
o0
=y(z,r)lnz +z" Z ap(r)z",
n=1

which proves Equation 6.6.5

To prove that Oy(z, r) /Or satisfies Equation 6.6.6 we view y in Equation 6.6.2as a function y = y(z, ) of two variables,
where the prime indicates partial differentiation with respect to x; thus,

Oy 0%y
y =9y (z,r)= %(m, r) and 9y’ =y"(z,7)= ﬁ(w,r).

With this notation we can use Equation 6.6.2to rewrite Equation 6.6.4as
m2qo<m>g—;g<m, r)+2q <x>g—g<m, r) +a(@)y(e,r) = po(r)a’, (6.6.7)
where
9 (z) = ap + a1z +azx?,
a1 (z) = Bo+ Pz + Pz’
@ () =70 +m1z+ 7122’

Differentiating both sides of Equation 6.6.7with respect to 7 yields

03 02 0
z*qo (x)mayjjz (z,7)+zq (w)?ai (z,7) +q2(w)8—i (z,7) =pj(r)z" +po(r)z" Inz.
By changing the order of differentiation in the first two terms on the left we can rewrite this as
o? 2 0
2’ qo (1’)% (z,7)+zq(x) 8w§r (z,7)+¢q (m)a—z (z,r) =py(r)z" +po(r)z" Inz,

or

2 /0 0 0
m2q0(m)% <8—z(m,r)) +mq1(m)% (8—z(m,r)> +q2(m)a—i(m,r) =p)(r)z" +po(r)z"Inz,

which is equivalent to Equation 6.6.6

& Theorem 7.7.2

Let L be as in Theorem 7.7.1 and suppose the indicial equation po(r) = 0 has a repeated real root r;. Then

1(@) =y(e,m) =" 3 an(rr)a”
n=0
and
Oy =
yo(z) = =(z,m1) =y1(z)Inz + 2" Zaz(rl)mn (6.6.8)

or

n=1

form a fundamental set of solutions of Ly = 0.

Proof
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Since r; is a repeated root of py(r) = 0, the indicial polynomial can be factored as

po(r) = ao(r —7’1)2,
)

po(n+7r1) = agn?,
which is nonzero if n > 0. Therefore the assumptions of Theorem 7.7.1 hold with » = r; , and Equation 6.6.4implies that
Ly; =pp(r1)z™ =0 . Since

Ph(r) = 2a(r —r1)
it follows that p (1) = 0, so Equation 6.6.6implies that

Ly; = pfy(r1)z™ + 2™ po(r1)Inz =0.

This proves that y; and ys are both solutions of Ly = 0. We leave the proof that {y;,y>} is a fundamental set as an
Exercise 7.6.53.

v/ Example 7.7.1

Find a fundamental set of solutions of
2’(1-2z+2?)y" —2z(3+z)y +(4+z)y=0. (6.6.9)
Compute just the terms involving "™, where 0 < n <4 and 1 is the root of the indicial equation.
Solution
For the given equation, the polynomials defined in Theorem 7.7.1 are
po(r) =r(r—1)—3r+4
= (r—2%
pi(r) ==2r(r—1)—r+1
=—(r—1)(2r+1),
pa(r) =r(r—1).

Since 1 = 2 is a repeated root of the indicial polynomial py, Theorem 7.7.2 implies that

[o¢] o0

y =’ Z an(2)z" and yy =y lnz 42 Z an(2)z" (6.6.10)

n=0 n=1

form a fundamental set of Frobenius solutions of Equation 6.6.9. To find the coefficients in these series, we use the recurrence

formulas from Theorem 7.7.1 :

ag(r) =1,

an(r) = — p(r) (- 1@r+l)  2r+1

W) ="+ (12  r-1°

an(r) = pr(n+r—1)a, 1(r) +p2(n+r—2)an »(r)

o po(n+r)
_ _(n4r—-2)[@n+2r— Dan(r) — (n+7—3)ans(r)]

(n+r—2)2

:MGH(T)_M%Q(T% n> 2.

(n+r—2) (n+r—2)

Differentiating yields
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3
ay(r) =~
2n+2r—1 n+r—3
/ — ! _ /
Qn (T) n+7’_2 an71 (7') n+7’_2 n—2 (7')
3 1

27 07

_(n—l—r— n+r—2)

Setting » = 2 in Equation 7?7 and Equation 777 yields

a(2) =1,
@) =5 (6.6.11)
an(2) = (2nn+3) a1 (2) — (n:)an_2 @), n>2
and
ai(2) =-3,
a2 =22g 2)-La ,(2)- Lan1(2) - Laa(2), n>2. (6.6.12)

Computing recursively with Equation 6.6.11and Equation 6.6.12yields

143 355
a0(2) =1, a;(2) =5, a(2) =17, a3(2) = ~ as(2) = =
and
29 859 4693
4@ =3 a@) =3, 4@ ="75 4@ ="

Substituting these coefficients into Equation 6.6.10yields
143 355
y = <1+5:c+17w2+—3 cc3+—3 m4+-~-)

and

=y lnz—2? 3+§x+@x2+—4693w3+
b= 2" 18 36 ‘

Since the recurrence formula Equation 777 involves three terms, it is not possible to obtain a simple explicit formula for the
coefficients in the Frobenius solutions of Equation 6.6.9. However, as we saw in the preceding sections, the recurrence formula for
{a,(r)} involves only two terms if either &y =81 =41 =0 or as =2 =72 =0 in Equation 6.6.1. In this case, it is often
possible to find explicit formulas for the coefficients. The next two examples illustrate this.

v Example 7.7.2

Find a fundamental set of Frobenius solutions of
2z2%(2 +z)y" +5z%y + (1 +z)y =0. (6.6.13)
Give explicit formulas for the coefficients in the solutions.

Solution

For the given equation, the polynomials defined in Theorem 7.7.1 are

po(7) =4r(r—1)+1 =(2r—1)2,
pi(r) =2r(r—1)+5r+1 =(r+1)(2r+1),
pa(7) =0.
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y =x'/? Zan(1/2)m”
n=0

and

o0
yo =y Inz +x1/22a41(1/2)w"

n=1

reduce to
ag(r)zl,
pi(n+r—1)
anp(r ——a,_1(7),
n( ) po(n—l-’l‘) n 1( )
n+r)2n+2r—1
() =
(2n+2r—1)
n—+r
= ——a,_ >0.
oo i) n2

We leave it to you to show that

n J+7"
ap(r)=-1)"|| =—————, n>0.
;;[1 27+2r—1

Setting r = 1/2 yields

_ e

4nn! )

Substituting this into Equation 6.6.14yields

H] 1(2]+1)

1/2 n
—z/z yi z",

Equation 6.6.16
i+
> 1.
lan (r) H2]—|—2r—1| "=

Therefore

In|a,(r)| = (In|j+r|—In|2j+2r—1]).
j=1

Differentiating with respect to r yields

an(r) & ( 1 2 )
an(r)_j:1 jH+r  2j+2r—1)°

Therefore

3

j+r  2j5+2r—1

Since r; =1/2 is a repeated zero of the indicial polynomial py, Theorem 7.7.2 implies that

an(1/2) = (1" [y 252 = (-1 17, 22

%MZMﬂl(? )

(6.6.14)

(6.6.15)

form a fundamental set of Frobenius solutions of Equation 6.6.13. Since py =0, the recurrence formulas in Theorem 7.7.1

(6.6.16)

(6.6.17)

To obtain y» in Equation 6.6.15 we must compute a},(1/2) forn =1, 2,.... We’ll do this by logarithmic differentiation. From
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Setting r = 1/2 here and recalling Equation 6.6.17yields

, )" T 24+ (& 1 il
an(1/2) = e <; T2 —;}> : (6.6.18)
Since
1 1 j-j-1/2 1
+1/2 3 G+1/2) 0 §2i+1)]

Equation 6.6.18 can be rewritten as

(=1)" 12j+1) &
n(1/2)=—

J=1

Therefore, from Equation 6.6.15,

< ()" Q25+1) (& 1
- 1/2 j=1 n
Yo=yilnz—2z E T
= 4"n! 3(25+1)

j=1

v/ Example 7.7.3

Find a fundamental set of Frobenius solutions of
z2(2 —22)y" — 2z (1 +22%)y’ + (2 —22%)y =0. (6.6.19)

Give explicit formulas for the coefficients in the solutions.

Solution

For Equation 6.6.19, the polynomials defined in Theorem 7.7.1 are
po(r) =2r(r—1)—2r+2 :2(7"_1)27
pi(r) =0,
po(r) =—r(r—1)—4r—2 =—(r+1)(r+2).

As in Section 7.5, since p; = 0, the recurrence formulas of Theorem 7.7.1 imply that a,, (r) = 0 if n is odd, and

ap(r) =1,

p2(2m +r—2)

po(2m +7)
@2m+r—1)2m+r)

= emir_e e
2m—+r

T 2@m+r-1)

azm(r) = — azm—2(r)

asm—2(r), m>1.

Since 7; =1 is a repeated root of the indicial polynomial py, Theorem 7.7.2 implies that
o0
Y1 =Y agn(l)a® (6.6.20)
m=0
and
o0
w=ylnz+zd ay, (1)z" (6.6.21)
m=1

form a fundamental set of Frobenius solutions of Equation 6.6.19 We leave it to you to show that
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1 & 25+
am(r)=om [ 55T (6.6.22)

Setting r =1 yields

azm(1) = =— 1 = , (6.6.23)

and substituting this into Equation 6.6.20yields
1(25+1)
m
Y1=2 E 4mm' —_— "

To obtain ys in Equation 6.6.21, we must compute a’2m(1) form =1, 2, .... Again we use logarithmic differentiation. From
Equation 6.6.22

25+
a
la2m() = g H 2j+7—1]
Taking logarithms yields
m
In |ag, (r)] :—mln2+2(ln|2j+r|—1n|2j+r—1|).
=

Differentiating with respect to r yields

ab, (r) i 1
azm(r) = 2]+r 2j+r—1 )"

Therefore

i 1
a2m —a2m Z(2J+T 2]+T—1)

=

Setting » = 1 and recalling Equation 6.6.23yields

[T (25+1) & 1 1
@, (1) = — Z ( T 2—J) (6.6.24)

Jj=1

Since

1 1 1

295+1 25 2j(25+1)’

Equation 6.6.24 can be rewritten as

2-4"m! £ j(2j+1)

ity (1) = —
=]

Substituting this into Equation 6.6.21yields

2J+1) u 1 )
Yo =11 lnm—— — ™.
> (Z J<za+1>)

If the solution y; = y(z,71) of Ly =0 reduces to a finite sum, then there’s a difficulty in using logarithmic differentiation to
obtain the coefficients {a}, (1)} in the second solution. The next example illustrates this difficulty and shows how to overcome it.

v/ Example 7.7.4
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Find a fundamental set of Frobenius solutions of
2y —z(5—z)y +(9—4z)y =0. (6.6.25)
Give explicit formulas for the coefficients in the solutions.

Solution
For Equation 6.6.25the polynomials defined in Theorem 7.7.1 are

po(r) =r(r—1)—5r+9 = (r—3)3%,
pi(r) =r—4,
p2(r) =0.

Since r; = 3 is a repeated zero of the indicial polynomial py, Theorem 7.7.2 implies that

o0

=2 a,(3)z" (6.6.26)
n=0
and
(o)
Y2 =1 1n$+$3zah(3)$” (6.6.27)
n=1

are linearly independent Frobenius solutions of Equation 6.6.25 To find the coefficients in Equation 6.6.26 we use the
recurrence formulas

ap(r) =1,
-1
an () = _manfl(r)
po(n+7)
n+r—>
=——a,-1(r), n>1.
(n+r—3)2 1(r),
We leave it to you to show that
n
10 A (6.6.28)
=1 (G+r—
Setting 7 = 3 here yields
n < ]_2
1) H =
j=1
soa1(3) =1 and a,,(3) =0 if n > 2. Substituting these coefficients into Equation 6.6.26 yields
y =z3(1+x).
To obtain y, in Equation 6.6.27 we must compute ay,(3) for n =1, 2, .... Let’s first try logarithmic differentiation. From
Equation 6.6.2§
j+7—5
PRCT | i Ny
=1 |j+7r =3
S0
n
In|a,(r)| = (In|j+r—5]—2In|j+r—3|).
j=1

Differentiating with respect to r yields
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Therefore

Con J 1 2
an(r)—an(r)z(J,M_5 R ) . (6.6.29)

J=1

However, we can’t simply set » = 3 here if n > 2, since the bracketed expression in the sum corresponding to j = 2 contains
the term 1/(r — 3). In fact, since a,(3) =0 for n > 2, the formula Equation 6.6.29 for aj,(r) is actually an indeterminate
formatr=3.

We overcome this difficulty as follows. From Equation 6.6.28 withn =1,

r—4
aj (7’) = —W.
Therefore
, _ r—6
al (’I‘) (1"—2)3 ’
)
ay (3)=-3. (6.6.30)

From Equation 6.6.28with n > 2,

[[;_s(j+r—5)

onlr) = (A=)l =3) gy = = Henle)
where
_ n ?:3(.7"_7"_5)
en(r) =(=1)"(r —4) TLGrr92 n>2.
Therefore

an(r) =cu(r)+(r—3)en(r), n>2,
which implies that ay,(3) = ¢,(3) if n > 3. We leave it to you to verify that
(o

n(n—1)n!’

ah(3) = ca(3) =

n > 2.
Substituting this and Equation 6.6.30into Equation 6.6.27yields

0 —1)"
y2=z3(1+m)lnx—3z4—x3z I G z".

= n(n—1)n!

This page titled 6.6: The Method of Frobenius II is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.

e 7.7: The Method of Frobenius IT by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.6.1: The Method of Frobenius Il (Exercises)
Q7.6.1

In Exercises 7.6.1-7.6.11 find a fundamental set of Frobenius solutions. Compute the terms involving "™, where 0 <n < N (
N at least 7) and r; is the root of the indicial equation. Optionally, write a computer program to implement the applicable
recurrence formulas and take NV > 7.

2y’ —z(l-z)y +(1-2*)y=0
2214z +222)y +2(3+ 62+ 722)y + (1 +6x —3z2)y =0
22(1+2z +2°)y" +2(1+3z +42?)y —z(1 - 22)y =0
A?(1+z+2°)y" +1222(1+2)y + (1 +32+32)y =0

. 92%y" +3z(5+3z —22%)y’ + (1 + 12z — 14z%)y =0
2ty (14t +2?)y +x(2—z)y=0
2?(1+2z)y" +x(5+ 14z +32%)y’ + (4 + 182 +122%)y =0
Az’y" +2z(4+z+2%)y + (1 +52 +322)y =0
10. 162%y" + 4z (6 + = + 222)y’ + (1 + 5z +1822)y =0

1
2
3
4
5.22(1+z+2%)y" —z(1 — 4z —222)y’ +y =0
6
7
8
9

11.922(1 +2)y” +3z(5+ 11z — 2?)y’ + (1 + 16z — Tz*)y =0

Q7.6.2

In Exercises 7.6.12-7.6.22 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients.
12. 42%y" + (1 +4z)y =0

13. 362%(1 —2z)y" +24z(1 - 9z)y' + (1 —70z)y =0
14.22(1+z)y" —z(3—2)y' +4y=0

15.2%(1 —2z)y" —z(5 —4z)y’ +(9 —4z)y =0
16.25z%y" +z(15+z)y' + (1 +z)y =0
17.22°2+z)y" +2%y'+ (1 —z)y =0
18.22(9+4z)y" +3zy' + (1 +z)y =0

19. 22y" —z(3 —22)y' + (4 +3z)y =0

20. z%(1 —4z)y" +3z(1 —6z)y’ + (1 —12z)y =0

21. 2%(1+2z)y" +z(3+52)y + (1 —2z)y =0
22.222(1+z)y" —z(6—z)y' +(8 —z)y=0

Q7.6.3

In Exercises 7.6.23-7.6.27 find a fundamental set of Frobenius solutions. Compare the terms involving "™, where 0 <n < N (
N at least 7) and r; is the root of the indicial equation. Optionally, write a computer program to implement the applicable
recurrence formulas and take N > 7.

23. 22(1+22)y" +z(5+92)y + (4 +32)y =
24. 22(1 —22)y" —z(5+4z)y' + (9 +4z)y

(
25.22(1 +4z)y" —z(1 —4z)y’ + (1 +=z)y =0
(
(

0
0

26. 22(1+2)y" +z(1+2z)y' +zy =0

27.2*(1—z)y" +z(7T+2)y' +(9—z)y =0
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Q7.6.4

In Exercises 7.6.28-7.6.38 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients.
28.2%y" —z(1—2?)y' + (1 +2*)y =0

29. 2%(1 +2%)y" —3z(1 —z%)y '+4y =0

30. 42%y" + 223y + (1 +32%)y =

3. 22(1+2%)y" —z(1 —22%)y’ +y=0

32.2z2(2 4+ 22)y" + 723y + (1 +322)y =0

33. 22(1+2%)y" —z(1 —4z?)y’ + (1 +22%)y =0
34. 4z (4 + 22)y" + 3z (8 +32)y' + (1 — 92?)y =
35.32%(3 +2?)y" +z(3+112?)y’ + (1 +5z?)y =
36. 422 (1 +422)y" +322%y' +y =0

37.92%y" — 32 (7 —22%)y’' + (25 +22%)y =0

38. 22(1+22%)y" +2(3 +7z%)y’ + (1 —32%)y =0

Q7.6.5

In Exercises 7.6.39-7.6.43 find a fundamental set of Frobenius solutions. Compute the terms involving where
0<m <M (M at least 3) and r; is the root of the indicial equation. Optionally, write a computer program to implement the
applicable recurrence formulas and take M > 3.

39. 22(1+22)y" +z(3 +8z%)y’ + (1 +1222)y

40. 2%y" —z(1 -2y + (1 +2?)y =0

41. 2% (1 —22%)y" +z(5 —92%)y' + (4 —32%)y =0
42.222+2%)y" +z(14 — 2y +2(9 +2*)y =0
43. 22 (1+2?)y" +z(3+72%)y’ + (1 +82%)y =0

2m4ry
’

Q7.6.6
In Exercises 7.6.44-7.6.52 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients.
44. 2% (1 —2z)y" +3zy’ + (1 +4z)y =0

45. z(1+z)y"+(1—z)y' +y=0

46. 2%(1 —z)y" +2(3 —22)y' + (1 +2z)y =0

47. 4z (1 +z)y" —4z’y' + (1 —52)y =0

48. 22(1 —z)y" —z(3—5z)y’' + (4 —5z)y =0

49. 2% (1 +2%)y" —z(1 +92%)y’ + (1 +252%)y =0

50. 92%y" +3z(1 —z%)y' + (1 +7z%)y =0

5Lz(1+2%)y" +(1 -2y —8zy=0

52. 4z’y" +2x(4 —2?)y' + (1 +72%)y =0

Q7.6.7

53. Under the assumptions of Theorem 7.6.2, suppose the power series

Z an(ry)z”  and Z an(r)z
n=0 n=1

converge on (—p, p).
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a. Show that

yp =z Z an(ri)z" and gy =y lnz 42" Z ap(r1)z"
n=0

n=1

are linearly independent on (0, p). HINT: Show that if ¢; and ¢y are constants such that ¢;y; +coy2 =0 on (0, p), then

o0 o0
(c1 +c21nz) Zan(rl)wn +co Zaﬁl(rl)zn =0, 0<z<p
n=0 n=1

Then let x — 0+ to conclude that co = 0.
b. Use the result of (a) to complete the proof of Theorem 7.6.2.

54. Let
Ly =z*(ag +ouz)y” +2(Bo + B1z)y + (0 +712)y
and define
po(r) =aor(r—1)+pfor+v and pi(r) =our(r—1)+pir+.

Theorem 7.6.1 and Exercise 7.5.55a

imply that if
o0
y(z,7)=a" Y an(r)z"
n=0
where
n .
W1y P+r—1
an(r) = (-1 [ 2L
j=1 Po (.7 + T’)

then

Ly(z,r) =p(r)z".
Now suppose py(r) = ag(r —71)? and p;(k+71) #0 if k is a nonnegative integer.

a. Show that Ly = 0 has the solution
o0
y1 =" Z an(r1)z",
n=0

where

b. Show that Ly = 0 has the second solution
Y2 =yilnz +z" Z an(r1)Jnz",
n=1
where
" pi(G+ri—1) <

1
Jn == L R —2 -

c. Conclude from (a) and (b) that if y; 7 0 then
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and

are solutions of
aoz’y" + Bozy’ + (o +mz)y =0.
(The conclusion is also valid if vy = 0. Why?)
55. Let

Ly = 2" (a0 + ag2?)y" +2(Bo + B,2")y + (0 +742%)y
where ¢ is a positive integer, and define

po(r) =aor(r—1)+Bor+v and  pg(r) = agr(r—1)+ Byr +7,-
Suppose

po(r) =ap(r—r1)®> and p,(r) Z0.
a. Recall from Exercise 7.5.59 that Ly = 0 has the solution

o0
yp=z" Z Agm (1) 2™
m=0

where

I G ) N 1)
9 (1) = (o D gpq (q—1)+m1).

b. Show that Ly = 0 has the second solution

o]
Yo =y1 Iz +2" Y agn (r1) I,

where

c. Conclude from (a) and (b) that if v, # 0 then

and

are solutions of

aoz®y" + Bowy' + (vo +742%)y = 0.

56. The equation
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is Bessel’s equation of order zero. (See Exercise 7.5.53.) Find two linearly independent Frobenius solutions of this equation.

zy'+y +zy=0

57. Suppose the assumptions of Exercise 7.5.53 hold, except that

PO(T) = C¥0(7’ —7"1)2-
Show that

T1

T " lnz

Y1 = and  yp =

ap + a1z + asx? ap + a1z + asx?

are linearly independent Frobenius solutions of

2 (g + a1z +agz®)y" +2(Bo + bz + Baz®)y + (o + 712 + 1227 )y =0

on any interval (0, p) on which g+ + aaz® has no zeros.

Q7.6.8

58. 422 (1 +z)y" +8z%y' + (1 +z)y =0

59.922(3 +z)y" +3z(3 +Tz)y’ +(3+4z)y=0

60. z%(2 —2®)y" —z(2+3z%)y' + (2 —2})y =0

61. 1622(1 4+ z2)y"” +8z(1 +922)y’ + (1 +4922)y =0

62. 2%(4+3z)y" —x(4 —3z)y +4y =0

63.4z%(1+ 3z +22)y" +822(3 +2z)y’ + (1 +3z +9z%)y =0

64. 22(1 —2)%y" —z(1+ 2z — 322)y' + (1 +22)y =0

65.922(1 +z +2%)y" +3z(1 + Tz +13z%)y’ + (1 +4z +252%)y =0
Q7.6.9

66.
a. Let L and y(z, ) be as in Exercises 7.5.57 and 7.5.58. Extend Theorem 7.6.1 by showing that

L (%(m,r)) = pl\(r)z” +2"po(r) Inz.

b. Show that if

po(r) =ag(r—r1)?

then
0
y1 =y(z,m1) and yp= 8_3:(33,7"1)
are solutions of Ly = 0.

This page titled 6.6.1: The Method of Frobenius II (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

e 7.7E: The Method of Frobenius II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.7: The Method of Frobenius IlI

| This page is a draft and is under active development.

In Sections 7.5 and 7.6, we discussed methods for finding Frobenius solutions of a homogeneous linear second order equation near
a regular singular point in the case where the indicial equation has a repeated root or distinct real roots that don’t differ by an
integer. In this section we consider the case where the indicial equation has distinct real roots that differ by an integer. We’ll limit
our discussion to equations that can be written as

2*(ag +onz)y" +x(Bo+ P1z)y + (Yo +mz)y =0 (6.7.1)
or
2 2\, 1 24, 1 2
z”(ap +aaz”)y" +z(Bo + B22”)y + (10 +7227)y =0,
where the roots of the indicial equation differ by a positive integer.
We begin with a theorem that provides a fundamental set of solutions of equations of the form Equation 6.7.1.
& Theorem 7.8.1
Let
Ly = 2*(ag + aaz)y" +2(Bo + Biz)y’ + (v + nz)y,
where o # 0, and define
po(r) = aor(r—1)+Bor + 0,
pi(r) =agr(r—1)+Bir+71.
Suppose 7 is a real number such that py(n +7) is nonzero for all positive integers n, and define
ap(r) =1
p1(n+r-1) (672)
= >
an(r) mnan) T 1

Let r; and 73 be the roots of the indicial equation py () = 0, and suppose 71 = ro +k, where k is a positive integer. Then
o0
y=2z" Z an(r)z"
n=0

is a Frobenius solution of Ly = 0. Moreover, if we define

Proof

D06

ao(r2) =1,
1(n+ry—1 (673)
(1n(7‘2) :—% n_1(7"2), 1<n<k-1,
and
pi(r1—1
=" (kag @1 (r2), (6.7.4)
then
k-1 %)
Yy = Z ay(re)z" +C <y1 Inz +z" Z a}t(rl)w"> (6.7.5)
n=0 n=1

is also a solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.
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Theorem 7.5.3 implies that Ly; = 0. We’ll now show that Ly, = 0. Since L is a linear operator, this is equivalent to
showing that

k-1 o
L <m”’ Zan(rz)w") +CL <y1 Inz + 2™ Zaé(rl)«?ﬁ") =0. (6.7.6)
n=0

n=1

To verify this, we’ll show that

k—1
L (m > an (rg)x") = p1(r1 — 1)ag_1 (r2)z" (6.7.7)
n=0
and
L (y1 Inz + 2™ Zag(rl)x") =kagz™. (6.7.8)
n=1

This will imply that Ly, = 0, since substituting Equation 6.7.7and Equation 6.7.8into Equation 6.7.6and using Equation
6.7.4yields

Lyg = [pl (7"1 — 1)(1]‘,,1 (7’2) + Cka()] gl
=[p1(r1 —1)ak-1(rz) —p1(r1 — L)ak-1(r2)] 2™ =0.
We’ll prove Equation 6.7.&first. From Theorem 7.6.1,
oo
L (y(:c, r)lnz +z" Z an (r):p”) =pp(r)z" +z"po(r)Inz.
n=1
Setting r =71 and recalling that py(r1) =0 and y; = y(z,r;) yields
o0
L|yilnz+2z™ Zah(rl)w" =pj(r)z". (6.7.9)
n=1
Since r; and 79 are the roots of the indicial equation, the indicial polynomial can be written as
po(r) =ag(r—r1)(r—mry) =y [7'2 —(ri1+7r2)r —i—rlrz] .
Differentiating this yields
D) (r) = ap(2r — 71 —13).

Therefore pj(r1) = ag(r1 —r2) = kag , so Equation 6.7.9implies Equation 6.7.8

Before proving Equation 6.7.7, we first note a,(r2) is well defined by Equation 6.7.3 for 1 <n <k—1, since pg(n+73) #0
for these values of n. However, we can’t define a,(rs) for n >k with Equation 6.7.3, since py(k+79) =po(r1) =0 . For
convenience, we define a,, (7o) =0 for n > k. Then, from Theorem 7.5.1,

k-1 00 00
L (’”” > an (’"2)$n> =L <~T” > an(rz)m"> =2y bua”, (6.7.10)
n=0 n=0 n=0
where by =po(r2) =0 and

by =po(n+72)an(ra) +pi(n+7r2 —1)ap_1(r2), n>1.

If 1 <n<k-—1,then Equation 6.7.3 implies that b, =0.If n > k+1, then b, = 0 because a,,_1(r3) = a,(r2) =0 . Therefore
Equation 6.7.10reduces to

k-1
L (gcr2 Zan(TZ)‘En) = [po(k+72)ar(r2) +p1(k+ry —1)ag_1(r2)] 7.
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Since ay(ry) =0 and k+ry =7y , this implies Equation 6.7.7.

We leave the proof that {y, y2} is a fundamental set as an Exercise 7.7.41.

v/ Example 7.8.1 :

Find a fundamental set of Frobenius solutions of
2z (2+z)y" —z(4—Tz)y — (5—3z)y =0.
Give explicit formulas for the coefficients in the solutions.

Solution
For the given equation, the polynomials defined in Theorem 7.8.1 are

po(r) =d4r(r—1)—4r—5 =(2r+1)(2r—5),

m(r) =2r(r—1)+7r+3 =(r+1)(2r+3).
The roots of the indicial equation are r; =5/2 and 7y = —1/2, so k =r; —ry = 3 . Therefore Theorem 7.8.1 implies that
[o¢]
y=2""Y " a,(5/2)2" (6.7.11)
n=0
and
2 0
yp =12 Z a,(—=1/2)+C <y1 Inz + %2 Z a’"(5/2)w”> (6.7.12)
n=0 n=1
(with C as in Equation 6.7.4) form a fundamental set of solutions of Ly = 0. The recurrence formula Equation 6.7.2is
ap(r) =1,
_ pl(n+r71)
() ==t on1(r)
. (n+r)(2n+27+1) (6.7.13)
= G o1 (),
+
=G an1(r), n 21,
which implies that
an(r) = ( 1)"ﬁj+—r, >0. (6.7.14)
e 2j+2r—5 -
Therefore
()" ;= (25+5)
2(5/2) = J‘ 7.1
an(5/2) o (6.7.15)
Substituting this into Equation 6.7.11yields
<, (=1)" [T} (25+5)
_.5/2 J=1 n
h1=2 nZ:o | T,

To compute the coefficients ag(—1/2),a1(—1/2)and as(—1/2) in y2, we set r = —1/2 in Equation 6.7.13 and apply the
resulting recurrence formula for n =1, 2; thus,
04](-1/2) = 17
2n—1
an(—1/2) = ———a,_1(—1/2), n=1, 2.
(1/2) =~ e aua(-1/2)

The last formula yields
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Substituting 1y =5/2,7o = —1/2,k =3, and ap =4 into Equation 6.7.4 yields C = —15/128. Therefore, from Equation
6.7.12

a1(—1/2)=1/8 and a9(—-1/2)=3/32.

1 3 15
L2 5/2
Y = <1+8x+32 ) 128 (yllnm—i—x E an(5/2)x ) (6.7.16)

n=1

We use logarithmic differentiation to obtain obtain a}, (). From Equation 6.7.14,

Therefore

S

Differentiating with respect to r yields

an(r) & ( 1 2 )
an(r) = \j+r 2j+2r—5 )"

Therefore

21 2
! = — .
i) = an ) — (j+r 2j+2r—5 )

<.
|

Setting » = 5/2 here and recalling Equation 6.7.15yields

(D" [[j=1(25+5) & 1 1
@i (5/2) = - —— =), (6.7.17)
4"n) j+5/2 3
Since
1 1 5
i+5/2 7 §(2j+5)’
we can rewrite Equation 6.7.17as
52— 5 T LA CI9) (o
an = - n e - .
4"n! = J(25+5)
Substituting this into Equation 6.7.16yields
1 3 15
e V(1 — ——uyl
b2 ( Tt R ) 1281
75 o (D" 25+5) (& 1
iy _ws/zz .ZL 1' Z o0 2 z".
128 ~ 4"n! = 3(2j+5)
If C =0 in Equation 6.7.4, there’s no need to compute
o0
yilnz +2n Z ap(r)z™
n=1
in the formula Equation 6.7.5 for yo. Therefore it is best to compute C' before computing {af,(r1)}2° ;. This is illustrated in the
next example. (See also Exercises 7.7.44 and 7.7.45.)
f
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Find a fundamental set of Frobenius solutions of
2> (1 —2z)y" +x(8 —9z)y' + (6 —3z)y = 0.
Give explicit formulas for the coefficients in the solutions.

Solution
For the given equation, the polynomials defined in Theorem 7.8.1 are

po(r) = r(r—1)+8r+6 = (r+1)(r+6)
pi(r) = =2r(r—-1)—-97—-3 = —(r+3)(2r+1).
The roots of the indicial equation are r; = —1 and ro = —6,s0 k =71, —ry =5 . Therefore Theorem 7.8.1 implies that
y=a! Zan(—l)w" (6.7.18)
n=0
and
4 )
yp =28 Z an(—6)+C (yl Inz+z! Z aél(—l)w") (6.7.19)
n=0 n=1
(with C as in Equation 6.7.4) form a fundamental set of solutions of Ly = 0. The recurrence formula Equation 6.7.2is
ap(r) =1,
py(nt+r-1)
an(r) =—" 0y an1(r) (6.7.20)
_ (n+r+2)(2n+2r-1)
= “rriD(merre) 1), n 21,
which implies that
o (G4r42)(25+2r-1)
an(T) - Hj:l (j+r+1)(j+r+6) (6 v 21)
_ n JHr+2 n 2j+2r—1 o
B J=1 j+r+l Jj=1 j+r+6 J°
Since

ﬁ jtr+2  (r+3)(r+4)---(n+r+2)  n+r+2
jtr+1l  (r+2)(r+3)---(n+r+1)  r+2

because of cancellations, Equation 6.7.21 simplifies to

n+r+2 o 2j+2r—1
ay(r) = H : .
r+2 e j+r+6
Therefore
tr25—3
an(-1)=(m+1) || ——F
1.1;[1 j+5

Substituting this into Equation 6.7.18yields

ylzm_lf:(n—l—l) ﬁ2j_3 "
n=0 ]+5 .
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To compute the coefficients ag(—6), . .., as(—6) in y2, we set r = —6 in Equation 6.7.20 and apply the resulting recurrence
formula forn =1, 2, 3, 4; thus,

ao(—ﬁ) = 1,
(n—4)(2n—13)
—6) = ~1(—6), n=1,2,3,4.

a‘n( ) TL(TL—5) an 1( ), n 1 &y

The last formula yields
33 99 231
al(—6) = —T, 0@(-6) = T, (13(—6) = —T, (14(—6) =0.

Since a4(—6) =0, Equation 6.7.4 implies that the constant C' in Equation 6.7.19is zero. Therefore Equation 6.7.19reduces

to

= 33 99 231
Y =1 6 <1—T:1:+Tx2—Tw3) .

We now consider equations of the form

2 (ap +agz? )y +z(Bo + Baz?)y + (10 +722%)y =0,

where the roots of the indicial equation are real and differ by an even integer. The case where the roots are real and differ by an
odd integer can be handled by the method discussed in Exercise 7.5.56.

The proof of the next theorem is similar to the proof of Theorem 7.8.1 (Exercise 7.7.43).

& Theorem 7.8.2

Let
Ly = 2*(ag +a2z?)y" +2(Bo + B22)y' + (0 +7122%)y,
where o # 0, and define
po(r) =aor(r—1)+Bor +0,
p2(r) =aor(r—1)+far +7,.
Suppose 7 is a real number such that py(2m +r) is nonzero for all positive integers m, and define

ap(r) =1,

_ D (2m+r—2)
po(2m+r)

(6.7.22)

agm (1) asm—o(r), m>1.

Let r; and 75 be the roots of the indicial equation py(r) = 0, and suppose r; = rs + 2k, where k is a positive integer. Then
o0
Y1 = " Z aoam (’7'1 )wzm
m=0

is a Frobenius solution of Ly = 0. Moreover, if we define

ao(’f'g) = 1,

p2(2m+1ry —2)

azm(r2) o (@m +72) azm—2(r2), <m<k
and
pa(r1 —2)
C= —Wa%,g(rg), (6.7.23)
then
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k—1 )
Yo =" Z agm(ra)z*™ +C <y1 Inz + 2" Z a’zm(rl)x%’) (6.7.24)

m=0

is also a solution of Ly = 0, and {y1, y»} is a fundamental set of solutions.

v/ Example 7.8.3

Find a fundamental set of Frobenius solutions of
(142" +2(3+102%)y — (15 — 142%)y = 0.

Give explicit formulas for the coefficients in the solutions.

Solution
For the given equation, the polynomials defined in Theorem 7.8.2 are
po(r) =r(r—1)43r—15 =(r—3)(r+5)
pa(r) =r(r—1)+10r+14 =(r+2)(r+7).
= —5,50 k= (ry —r2)/2 =4 . Therefore Theorem 7.8.2 implies that

(6.7.25)

The roots of the indicial equation are 71 = 3 and 79
o0
3 2
Y=z Z asm(3)z ™
m=0

and
3 0
Yy =x° Z azm(—5)2>"+C | y1Inz +2° Z a’2m(3)m2m
m=1

m=0
(with C as in Equation 6.7.23) form a fundamental set of solutions of Ly = 0. The recurrence formula Equation 6.7.22is
ap(r) =1,
Do (2m+r—2)
po(2m-+r) =7 (T)
(6.7.26)

(2m+r)(2m+r+5)
== (2m+4r—3)(2m+r+5) a2m—2 (T)

azm ()

_ 2m+r
- 2m+r—3 a2m—2 (7'), m Z 17

which implies that
25+

() = (=1)™ —— __ m>0. 6.7.27

oan() = (V" [[ 75 m 2 (6.7.27)

Therefore
—1)" 1% (25+3
SBVEICLDN (6.7.28)

axm(3) = 2™ m/!

Substituting this into Equation 6.7.25yields
<, (=)™ 175 (25+3)
Yy = .’.E3 Z 2"Zm| 1132m
m=0 :

To compute the coefficients az(—5), as(—5), and ag(—5) in y2, we set = —5 in Equation 6.7.26 and apply the resulting

recurrence formula form =1, 2, 3; thus,
2m —5
T pma(—5), m=1,2,3.

0 =)
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This yields
1 1 1
ay(=5) = —5 a1(~5) = 5, as(~5) = 75
Substituting r; =3, 75 = —5, k=4, and oy = 1 into Equation 6.7.23yields C = —3/16. Therefore, from Equation 6.7.24,
1 1 1 3
Y2 :;1;_5 (1_§x2+§z4+ﬁz6) ]_6 (yl lnm—l—s: 1;(12m 3)$2m> . (6729)
To obtain al,, () we use logarithmic differentiation. From Equation 6.7.27,
125 +T|
a = ,m>1.
| 2m | H |2]+T =
Therefore
In|agm(r)| =) (n|2j+r|—1n|2j+r—3]).
j=1
Differentiating with respect to r yields
h(T) X"‘: ( 1 1 )
agm () = 2j+r 2j+r—3)°
Therefore
n
1 1
() =a2n® > (5757~ 5775 )
= 2j+r 2j+r-—3
Setting 7 = 3 here and recalling Equation 6.7.28yields
(D™ I (25+3) & 1
5 (3) = — . 6.7.30
Since
1 1 3
2j+3 25  25(2j+3)’

we can rewrite Equation 6.7.30as

o 3 CUTINGHY) (e 1
a5, (3) = —3 2! (Z 3(25+3) ) '

j=1

Substituting this into Equation 6.7.29yields
2 8 16

+ix3i (=)™ T (25+3) Em: om
32 4~ 2™m/! ]2]—1—3 '

Jj=1

(1, 1, 1 3
Yo =1 1-=2®+=z'+ —2° 162/1111415

v/ Example 7.8.4

Find a fundamental set of Frobenius solutions of
z%(1 —222)y" +z(7 — 1322)y’ — 1422y =0.

Give explicit formulas for the coefficients in the solutions.
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Solution
For the given equation, the polynomials defined in Theorem 7.8.2 are

me) = DT =rre),
pa(r) = —2r(r—1)—13r—14 = —(r+2)2r+7).
The roots of the indicial equation are 7; =0 and ry = —6, so k = (r; —72)/2 = 3 . Therefore Theorem 7.8.2 implies that
n=> an0)™, (6.7.31)
m=0
and
2 o0
=270 aan(=6)a®" +C (yl Inz+3 aém(O)r2m> (6.7.32)
m=0 m=1
(with C as in Equation 6.7.23) form a fundamental set of solutions of Ly = 0. The recurrence formulas Equation 6.7.22are
a(r) =1,
2m+r—2
A2m (’l”) = pzpfo(glm-i-r) ) A2m—2 (7')
(2mt7) (4m+2r+3) (6.7.33)

= “mmanire) %m-2(r)

4m+2r+3
= Smirro G2m—2(r), m>1,
which implies that
4j+2r+3
ey J-_[ 2j+r+6
Setting » = 0 yields
a3 (0) = 6 1(45+3)
2m 2m(m+3)
Substituting this into Equation 6.7.31yields
1 (45+3)

2m

GZ 2m m—|—3

To compute the coefficients ag(—6), az(—6), and a4(—6) in y, we set r = —6 in Equation 6.7.33 and apply the resulting
recurrence formula for m =1, 2; thus,

4m -9
GQm(_G) = m agm—2 (—6), m = ]_’ 2.

The last formula yields
5
az(—6) = —3 and a4(—6)=—.

Since py(—2) =0, the constant C in Equation 6.7.23is zero. Therefore Equation 6.7.32reduces to
5 5
-6 2 4
=z 1——z"+-=2"].
Y2 ( 2 3 )

This page titled 6.7: The Method of Frobenius II1 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya
Kravets.
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e 7.8: The Method of Frobenius III by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.7.1: The Method of Frobenius Il (Exercises)
Q7.7.1

In Exercises 7.7.1-7.7.40 find a fundamental set of Frobenius solutions. Give explicit formulas for the coefficients.
1. 2%y" —3zy' +(3+4z)y=0

2.2y"+y=0

3.42%(1+z)y" +4z(1+2z)y’ — (1 +3z)y =0
4.zy"+zy +y=0

5.222(2+3z)y" +z(4+21z)y’ — (1 —-9z)y =0
6.2%y" +z(2+z)y —(2—3z)y=0

7. 4z%y" +4zy’ — (9 —z)y =0

8. z%y" +10zy’ + (14 +z)y =0

9.42%(1 +z)y" +4z(3+8z)y’ — (5 —49z)y =0
10. 22(14z)y"” — (3 +10x)y’ + 302y =0

1. 2%y" +z(1+2)y’ =33 +z)y=0

12.2%" +2z(1-2z)y —(4+=z)y=0
13.z(1+z)y" —4y —2y=0

14. 2% (1 +22)y" +z(9+13z)y’ +(7+5z)y =0
15. 4z2y" —2z(4 —z)y' — (7T +5x)y =0

16. 3223 +z)y" —xz(15+z)y —20y =0
17.22(1 +z)y" +z(1 —102)y’ — (9 —10z)y =0
18. 22(1 +z)y" +32%y — (6 —x)y =0

19. 2%(1+2z)y"” —2z(3 + 14z)y’ + (6 +100z)y =0
20. 22(1+2)y" —z(6 +11z)y’ + (6 +32z)y =0
21. 422 (1 +z)y" +4z(1 +4z)y’ — (49 +27z)y =0
22. 22(1+22)y" —2(9+8z)y —12zy =0

23. 2% (1+2%)y" —z(7—22%)y' +12y =0

24. 2%y —2(7T— 2y +12y =0

25. zy" —by' +xy=0

26. 2%y" +z(1+22%)y — (1 -10z*)y =0

27. 2%y" —xy' — (3 —x*)y =0

28.4z%y" +22(8 + %)y’ + (5+3z%)y =0

29. z2%y" +z(1+2%)y’ — (1 —-3z%)y =0

30. 22y + (1 —22%)y’ —4(1 +22%)y =0

31. 4x%y" +8zy — (35 —x?)y =0

32.92%y" — 3z (11 +22%)y’ + (13 +1022)y =0
33. 2%y +z(1—22%)y’ —4(1—2?)y =0

34. 2%y" + (1 —32%)y' —4(1 - 32%)y =0

https://math.libretexts.org/@go/page/44720
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35. 22(1 +2%)y" +z(5 +112?)y’ + 242’y =0

36. 422(1+2?)y" +8zy' — (35 —2%)y =0
37.22(1+22)y" — (5 — )y’ — (T+25z2%)y =0
38. 2%(1+2%)y" +z(5+22%)y’ — 21y =0

39. z2(1+222)y" —z(3 +z%)y’ — 22’y =0
40.422(1 +2?)y" +4z(2+ %)y — (156 +2%)y =0
Q7.7.2

41.

a. Under the assumptions of Theorem 7.7.1, show that
o0
Yy =" Z an(ry)z"
n=0

and
k—1 00
Yy =" Zan(r2)m" +C|y1lnz+z" Zag(rl)x"
n=0 n=1

are linearly independent.
b. Use the result of (a) to complete the proof of Theorem 7.7.1.

42. Find a fundamental set of Frobenius solutions of Bessel’s equation
2’y +ay + (2 —v?)y =0
in the case where v is a positive integer.
43. Prove Theorem 7.7.2.
44. Under the assumptions of Theorem 7.7.1, show that C' = 0 if and only if py (ra+) = 0 for some integer £ in {0,1,...,k—1}.

45. Under the assumptions of Theorem 7.7.2, show that C' =0 if and only if py(rs+2)=0 for some integer £ in

{0,1,...,k—1}.
46. Let
Ly = apz’y" + Pozy’ + (v +mz)y
and define
po(r) =aor(r—1)+ Bor + 7.
Show that if

po(r) = ao(r—r1)(r —72)
where r; —r9 =k, a positive integer, then Ly = 0 has the solutions
o0 _1 n n
Y1 = ‘,1:7‘1 '(n—)‘ <7_1> mn
= L (k) \ oo

and

k—
Yo =2 - — =" _(V—I)nm"
n=0 n! ?:1 (-7_ k)

S S T o T S W G D LI (/R W R
k!(k—l)!(ao) (yll = nyny_l(j+k)(a0) (; j(j—i—k)) )
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47. Let
Ly = coz®y" + Bozy’ + (o + 722y
and define
po(r) = aor(r— 1)+ Bor +70-
Show that if

po(r) =ao(r—ri)(r—r2)
where 7y —ry = 2k, an even positive integer, then Ly = 0 has the solutions

=z c =™ (7—2)mm2m
2 T G+ \ag

and

k—1 m
Yo =" () (ﬁ) zim

= Amm! T (- k) \ o

2 7\ g & ()" 2 \" [ 2tk \ om
Rk 1) (a_o) (ylln”_ 5 2 Tl TGP (a_o) (; j(j+k))” )

48. Let L be as in Exercises 7.5.57 and 7.5.58, and suppose the indicial polynomial of Ly = 0 is

po(r) =ag(r—r1)(r—mra),

with k =7y —ry , where k is a positive integer. Define ag(r) =1 for all 7. If r is a real number such that py(n +r) is nonzero for
all positive integers n, define

1 n
ap(r)=——F——— pi(n+r—7jla,—i(r),n>1,
and let
o0
n ::p”Zan(rl)m"
n=0
Define
1 n

an(ry) = ij(n—i—rz —J)an—j(r2)ifn > 1andn #k,

and let ay,(r2) be arbitrary.

a. Conclude from Exercise 7.6.66 that

b. Conclude from Exercise 7.5.57 that

where
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c. Show that y; and

— T2 _ 1 T1
=z Zan(TZ T | U1 nz+z Z‘:an )T
form a fundamental set of Frobenius solutions of Ly = 0.
d. Show that choosing the arbitrary quantity ay(r2) to be nonzero merely adds a multiple of y; to y2. Conclude that we may as
well take ag(rg) = 0.

This page titled 6.7.1: The Method of Frobenius 111 (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

o 7.8E: The Method of Frobenius III (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

7: Laplace Transforms

IN THIS CHAPTER we study the method of Laplace transforms, which illustrates one of the basic problem solving techniques in
mathematics: transform a difficult problem into an easier one, solve the latter, and then use its solution to obtain a solution of the
original problem. The method discussed here transforms an initial value problem for a constant coefficient equation into an
algebraic equation whose solution can then be used to solve the initial value problem. In some cases this method is merely an
alternative procedure for solvingproblems that can be solved equally well by methods that we considered previously; however, in
other cases the method of Laplace transforms is more efficient than the methods previously discussed. This is especially true in
physical problems dealing with discontinuous forcing functions.
7.1: Introduction to the Laplace Transform
7.1E: Introduction to the Laplace Transform (Exercises)
7.2: The Inverse Laplace Transform
7.2E: The Inverse Laplace Transform (Exercises)
7.3: Solution of Initial Value Problems
7.3E: Solution of Initial Value Problems (Exercises)
7.4: The Unit Step Function
7.4E: The Unit Step Function (Exercises)
7.5: Constant Coefficient Equations with Piecewise Continuous Forcing Functions
7.5E: Constant Coefficient Equations with Piecewise Continuous Forcing Functions (Exercises)
7.6: Convolution
7.6E: Convolution (Exercises)

7.7: A Brief Table of Laplace Transforms

This page titled 7: Laplace Transforms is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.
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7.1: Introduction to the Laplace Transform

Definition of the Laplace Transform

To define the Laplace transform, we first recall the definition of an improper integral. If g is integrable over the interval [a, T for
every T > a, then the improper integral of g over [a, 00) is defined as

[e9) T
/ otydt = tim | g(t)dt. (7.1.1)
a T—o0 Jq

We say that the improper integral converges if the limit in Equation 7.1.1 exists; otherwise, we say that the improper integral
diverges or does not exist. Here’s the definition of the Laplace transform of a function f.

# Defintion 8.1.1 : Laplace Transform

Let f be defined for £ > 0 and let s be a real number. Then the Laplace transform of f is the function F' defined by

F(s) = /0 T et i (t) dt, (7.1.2)

for those values of s for which the improper integral converges.

It is important to keep in mind that the variable of integration in Equation 7.1.2is ¢, while s is a parameter independent of ¢. We
use t as the independent variable for f because in applications the Laplace transform is usually applied to functions of time.

The Laplace transform can be viewed as an operator £ that transforms the function f = f(¢) into the function F' = F(s). Thus,
Equation 7.1.2 can be expressed as

F=c(f).
The functions f and F' form a transform pair, which we’ll sometimes denote by
f(t) < F(s).

It can be shown that if F'(s) is defined for s = s then it is defined for all s > s .

Computation of Some Simple Laplace Transforms

v/ Example 8.1.1

Find the Laplace transform of f(¢) =1.

Solution
From Equation 7.1.2 with f(¢) =1,

T—o0 0
If s #0 then
r 1 7 1—e*T
/ e dtdt = ——e 0= - (7.1.3)
0 S S
Therefore
T l, s >0,
lim [ e ™dt= { ° (7.1.4)
T Jo oo, s§<0.

If s = 0 the integrand reduces to the constant 1, and
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T T
lim 1dt = lim 1dt = lim T = oo.
T—o00 0 T—o0 0 T—o00

Therefore F'(0) is undefined, and

0 1
F(s):/ e tdt=—, s>0.
0

V)

or as the transform pair

It is convenient to combine the steps of integrating from 0 to 7" and letting 7" — oo . Therefore, instead of writing Equation

7.1.3and 7.1.4 as separate steps we write
* { %, s>0
0 00, §<0

° 1
e tdt=——e*
0 S

We'll follow this practice throughout this chapter.

v/ Example 8.1.2

Find the Laplace transform of f(¢) =t¢.

Solution
From Equation 7.1.2with f(t) =¢,

o0
F(s) =/ e St dt. (7.1.5)
0
If s £ 0, integrating by parts yields

o° tet | 1 [ t 1
/ ettdt = = +—/ et dt =— [—4——2] e s
0 S 0 S 0 S S

1
_{3_2’ S>0,
o0, s <0.

If s =0, the integral in Equation 7.1.5becomes

Therefore F'(0) is undefined and

This result can also be written as

or as the transform pair

@ 0 a @ 7.1.2 https://math.libretexts.org/@go/page/43322
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1
| t<—>8—2, s> 0.

v/ Example 8.1.3

Find the Laplace transform of f(¢) = e*, where a is a constant.

Solution
From Equation 7.1.2with f(t) = e*,

F(s):/ e e dt.
0

Combining the exponentials yields

F(s) :/ e~ (5=t g,
0

However, we know from Example 8.1.1 that

Replacing s by s —a here shows that

This can also be written as

v/ Example 8.1.4

[Find the Laplace transforms of f(¢) = sinwt and g(t) = coswt, where w is a constant.

Solution
Define
[o¢]
F(s)= / e * sinwt dt (7.1.6)
0

and

G(s) = / e ™ coswt dt. (7.1.7)

0

If s > 0, integrating Equation 7.1.6 by parts yields

—st €9 0

F(s)=— = sinwt‘ e / e coswt dt,

S 0 s Jo

SO
w
F(s) = —G(s). (7.1.8)
s

If s > 0, integrating Equation 7.1.7 by parts yields

—st wit |00 e}

G(s) = — € <os ‘ _= / e * sinwt dt,
S 0 S Jo

SO

https://math.libretexts.org/@go/page/43322
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1
G(s) == — 2 F(s)
s
Now substitute from Equation 7.1.8 into this to obtain
1 w?
G(s)=———
(s) = 5 — 256(s)
Solving this for G(s) yields
S
(s) = R s>0
This and Equation 7.1.8 imply that
w
(s)= WY s>0

Tables of Laplace Transforms

Extensive tables of Laplace transforms have been compiled and are commonly used in applications. The brief table of Laplace
transforms in the Appendix will be adequate for our purposes.

v/ Example 8.1.5

Use the table of Laplace transforms to find £(¢3e*?).

Solution
The table includes the transform pair

Setting n = 3 and a =4 here yields

L(t3et) = =

We’ll sometimes write Laplace transforms of specific functions without explicitly stating how they are obtained. In such cases you
should refer to the table of Laplace transforms.

Linearity of the Laplace Transform

The next theorem presents an important property of the Laplace transform.

& Theorem 8.1.2 Linearity Property

Suppose L(f;) is defined for s > s;, 1 <i <n). Let sq be the largest of the numbers s1, $2, ...,S,, and let ¢1, ca,..., ¢, be
constants. Then

E(clfl +c2f2 4 +Cnfn) = Clc(fl) +Cz£(f2) SFcoo +Cn£(fn) for s > sg.

Proof

We give the proof for the case where n =2 . If s > s¢ then

ﬁmﬁ+qh)=lw€“©ﬁ@+qhwnﬁ

=c1/ooe‘3tf1(t) dt+02/ooe‘5tf2(t) dt
0

0
= Clﬁ(fl) + (12£(f2).

https://math.libretexts.org/@go/page/43322
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Use Theorem 8.1.2 and the known Laplace transform
1
;C« at
(€)= —
to find L(coshbt) (b #0).
Solution
By definition,
bt | —bt
coshbt = te
2
Therefore
L(coshbt) = L(3€"+3e™)

_ 1 1 . . .

= SL(eP)+ 5 L(e7t) (linearity property) (7.1.9)

11 11

= 2535 3w
where the first transform on the right is defined for s > b and the second for s > —b; hence, both are defined for s > |b].
Simplifying the last expression in Equation 7.1.9 yields

s
[,(COShbt) = m, s> |b|

The next theorem enables us to start with known transform pairs and derive others. (For other results of this kind, see Exercises
8.1.6 and 8.1.13.)

& Theorem 8.1.3 First Shifting Theorem

If

[o¢]
F(s) = / e £(t) dt (7.1.10)
0
is the Laplace transform of f(t) for s > sq , then F((s —a) is the Laplace transform of e f(t) for s > sp +a .

Proof

Replacing s by s —a in Equation 7.1.10yields
[o¢]
F(s—a) :/ e Dt f(t) dt (7.1.11)
0
if s—a > s¢ ; thatis, if s > so +a . However, Equation 7.1.11can be rewritten as

F(s—a) :/000 e ™ (e"£(t)) dt,

which implies the conclusion.

v/ Example 8.1.7

Use Theorem 8.1.3 and the known Laplace transforms of 1, £, coswt, and sinwt to find
L(e™), L(te™), L(eMsinwt),and L(e coswt).

Solution

@ 0 a @ 7.1.5 https://math.libretexts.org/@go/page/43322
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In the following table the known transform pairs are listed on the left and the required transform pairs listed on the right are
obtained by applying Theorem 8.1.3 .
Table 8.1.1
f(t) & F(s) e f(t) < F(s—a)
1<—>%, s>0 et ﬁ, s>a
1 at 1
t<—>s—2, s>0 te <—>(87a)2, s>a
. w Py w
sinwt <> =, s> 0 eV sinwt + e 8 > A
s M i —s=A
cos wt <> T S >0 e sinwt <> = +eR §> A

Existence of Laplace Transforms

Not every function has a Laplace transform. For example, it can be shown (Exercise 8.1.3) that

e 2
/ e el dt =00
0

2
for every real number s. Hence, the function f(¢) = e’ does not have a Laplace transform.

Our next objective is to establish conditions that ensure the existence of the Laplace transform of a function. We first review some
relevant definitions from calculus.

Recall that a limit

exists if and only if the one-sided limits

lim f(¢t) and lim f(¢)

t—to— t—to+

both exist and are equal; in this case,

lim f(¢t) = lim f(¢) = lim f(¢).

t—to t—to— t—to+

Recall also that f is continuous at a point ¢y in an open interval (a, b) if and only if
lim f(£) = f(to),

which is equivalent to

lim f(t)= lim f(t) = f(t). (7.1.12)

t—to+ t—to—

For simplicity, we define
flto+) = lim f(t) and  f(to—) = lim f(¢),
so Equation 7.1.12can be expressed as

fto+) = f(to—) = f(to)-

If f(to+) and f(to—) have finite but distinct values, we say that f has a jump discontinuity at ¢y, and

f(to+) — f(to—)
is called the jump in f at ¢y (Figure 8.1.1).
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Figure 8.1.1 : A jump discontinuity.
If f(to+) and f(to—) are finite and equal, but either f isn’t defined at ¢, or it is defined but

f(to) # f(to+) = f(to—),

we say that f has a removable discontinuity at ¢, (Figure 8.1.2 ). This terminology is appropriate since a function f with a
removable discontinuity at £y can be made continuous at ¢y by defining (or redefining)

f(to) = f(to+) = f(to—).

)

ft, ) =t - - - m e m oo ‘

Figure 8.1.2

We know from calculus that a definite integral is not affected by changing the values of its integrand at isolated points.
Therefore, redefining a function f to make it continuous at removable discontinuities does not change L(f).

& Definition 8.1.4 : Piecewise Continuous

« A function f is said to be piecewise continuous on a finite closed interval [0, T'] if f(0+) and f(7'—) are finite and f is
continuous on the open interval (0, T") except possibly at finitely many points, where f may have jump discontinuities or
removable discontinuities.

e A function f is said to be piecewise continuous on the infinite interval [0, o) if it is piecewise continuous on [0, T for
every T' > 0.
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\ |
Figure 8.1.3 shows the graph of a typical piecewise continuous function.

It is shown in calculus that if a function is piecewise continuous on a finite closed interval then it is integrable on that interval. But
if f is piecewise continuous on [0, 0o), then so is e f(¢), and therefore

T
/ e St f(t)dt
0

T~

I

1

I

I

I

I

1 I

) 1
a b

Figure 8.1.3

exists for every T' > 0. However, piecewise continuity alone does not guarantee that the improper integral

/ ety di— tim [ e f(t)dt (7.1.13)
0

T—00 0

converges for s in some interval (s, 00). For example, we noted earlier that Equation 7.1.13 diverges for all s if f(t) = e’
Stated informally, this occurs because e’ increases too rapidly as ¢ — oo. The next definition provides a constraint on the growth

of a function that guarantees convergence of its Laplace transform for s in some interval (sq, 00).

# Definition 8.1.5 : of exponential order

A function f is said to be of exponential order s if there are constants M and ¢ such that
|f(t)] < Me*t, t>t,. (7.1.14)

In situations where the specific value of s is irrelevant we say simply that f is of exponential order.

The next theorem gives useful sufficient conditions for a function f to have a Laplace transform. The proof is sketched in Exercise
8.1.10.

& Theorem 8.1.6

If f is piecewise continuous on [0, 00) and of exponential order sg, then £(f) is defined for s > s .

We emphasize that the conditions of Theorem 8.1.6 are sufficient, but not necessary, for f to have a Laplace transform. For
example, Exercise 8.1.14(c) shows that f may have a Laplace transform even though f isn’t of exponential order

v/ Example 8.1.8

If f is bounded on some interval [¢g, 00), say
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then Equation 7.1.14 holds with sy =0, so f is of exponential order zero. Thus, for example, sinwt and coswt are of
exponential order zero, and Theorem 8.1.6 implies that L(sinwt) and £(coswt) exist for s > 0. This is consistent with the
conclusion of Example 8.1.4 .

v/ Example 8.1.9

It can be shown that if limy .., e %’ f(¢) exists and is finite then f is of exponential order s (Exercise 8.1.9). If « is any real
number and sy > 0 then f(¢) =t is of exponential order s, since

@) <M, t>t,

lim e~*¢* =0,
t—o0

by L’Hépital’s rule. If & > 0, f is also continuous on [0, 00). Therefore Exercise 8.1.9 and Theorem 8.1.6 imply that £(¢*)
exists for s > sg . However, since sq is an arbitrary positive number, this really implies that £(¢*) exists for all s > 0. This is
consistent with the results of Example 8.1.2 and Exercises 8.1.6 and 8.1.8.

v/ Example 8.1.10

Find the Laplace transform of the piecewise continuous function

1, o0<t<l,
ft) =
—3e7t, t>1.

Solution
Since f is defined by different formulas on [0, 1) and [1, 00), we write

F(s) :/Oooe_Stf(t) dt:/01e_St(l)dH—/looe_St(—3e_t)dt.

Since

and

it follows that

This is consistent with Theorem 8.1.6 , since

and therefore f is of exponential order sy = —1.

In Section 8.4 we’ll develop a more efficient method for finding Laplace transforms of piecewise continuous functions.

v/ Example 8.1.11
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We stated earlier that

for all s, so Theorem 8.1.6 implies that f(t) = e’ is not of exponential order, since
li etz — 1 2
1508 Met o0 M©

o
2
et > Me®?

for sufficiently large values of ¢, for any choice of M and s, (Exercise 8.1.3).

This page titled 7.1: Introduction to the Laplace Transform is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

o 8.1: Introduction to the Laplace Transform by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.1E: Introduction to the Laplace Transform (Exercises)

Q7.1.1
1. Find the Laplace transforms of the following functions by evaluating the integral F'(s) = fooo et f(t)dt.

a.t

b. tet

c. sinh bt

d. e2t — 3et
e. t2

f. t2e3t

g e?t(t+1)?
h. et sin4t

2. Find the Laplace transforms of the following functions.

a. coshtsint

b. sin®t

c. cos? 2t

d. cosh?® ¢

e. tsinh 2¢
f.sint cost

g sin(t+Z)

h. cos 2t —cos 3t
i. sin2t +cos4t

3. Show that
0 2
/ e el dt = o
0

4. Graph the following piecewise continuous functions and evaluate f(¢+), f(¢t—), and f(t) at each point of discontinuity.

for every real number s.

—t, 0<t<2,

a f(t)={t—4, 2<t<3,
1, t>3.

?+2, 0<t<l1,
b. f(t) = 4, t=1,
t, t>1.

sint, 0<t<m/2,
c. f(t)={ 2sint, =w/2<t<m,
cost, t>m.

t, 0<t<l,
2, t=1,

d fit)=¢2—-t, 1<t<2,
3, t=2,
6, t>2.

5. Find the Laplace transform:

et, 0<t<1
a (1) ={ ’

e, t>1.
1, 0<t<4,
hﬂﬂ:{t t>4

@ 0 a @ 7.1E.1 https://math.libretexts.org/@go/page/43323
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t, 0<t<l,

C'f(t):{l t>1
tet, 0<t<l,

e 10)={",

e, t>1.

6. Recall the next theorem from calculus.

Theorem 7.1E. 1

Let g be integrable on [0, T'] for every T' > 0. Suppose there’s a function w defined on some interval [7, 0o) (with 7 > 0) such
that |g(t)| <w(t) fort > and [~ w(t)dt converges. Then [;* g(t) d¢ converges.

Use Theorem 7.1E.1 to show that if f is piecewise continuous on [0, 00) and of exponential order sg, then f has a Laplace
transform F'(s) defined for s > s .

7. Prove: If f is piecewise continuous and of exponential order then lim, ,, F((s) = 0.

8. Prove: If f is continuous on [0, 00) and of exponential order sy > 0, then

c (/Otf('r)d7'> - %ﬁ(f), s> 8.

HINT: Use integration by parts to evaluate the transform on the left.

9. Suppose f is piecewise continuous and of exponential order, and that limy; o f(t)/t exists. Show that
t o0
E(@) :/ F(r)dr.

10. Use the result of Exercise 7.1.9 to find the Laplace transforms of the following functions.

HINT: Use the results of Exercises 8.1.6 and 8.1.11.

a SOt (4 0)
b £2etl (> 0)
eat _ght
C. _'il .
cosh t—
d, cshd
e sinh® ¢

t

11. The gamma function is defined by

which can be shown to converge if a > 0.
a. Use integration by parts to show that
Na+1)=al'(a), a>0.
b. Show thatT'(n+1) =n! ifn=1,2,3,....
¢. From (b) and the table of Laplace transforms,

I'(a+1)
gatl

E(t”) = §> Oa

if a is a nonnegative integer. Show that this formula is valid for any o« > —1. HINT: Change the variable of integration in the
integral for T'(ac+1).

12. Suppose f is continuous on [0, T] and f(¢t+7') = f(¢) forall¢ > 0. (We say in this case that f is periodic with period T'.)

a. Conclude from Theorem 7.1.6 that the Laplace transform of f is defined for s > 0.
b. Show that

@ 0 a @ 7.1E.2 https://math.libretexts.org/@go/page/43323
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1 T —st
F(s):m/o e " ft)dt, s>0.
HINT: Write
00 (n+1)T
Fs)=Y / e F(t)dt
n=0JnT
Then show that

(n+1)T T
/ e f(t)dt =e ™7 / e f(t)dt
nT 0

and recall the formula for the sum of a geometric series.

13. Use the formula given in Exercise 7.1.12b to find the Laplace transforms of the given periodic functions. Graph each function
over one period.

6 0<t<l, B
wi={," 15,5y fesn=s0, 20
1, 0<t<i,
=1 LT =g, 620
) 2 — )

¢ f(t) =|sint|

d f(t)_{sint, 0<t<m,
' B 0, =7<t<2m

fE+2m) = f(t)
This page titled 7.1E: Introduction to the Laplace Transform (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.

e 8.1E: Introduction to the Laplace Transform (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.2: The Inverse Laplace Transform

Definition of the Inverse Laplace Transform

In Section 8.1 we defined the Laplace transform of f by

We’ll also say that f is an inverse Laplace Transform of F', and write
f=L7(F).

To solve differential equations with the Laplace transform, we must be able to obtain f from its transform F'. There’s a formula for
doing this, but we can’t use it because it requires the theory of functions of a complex variable. Fortunately, we can use the table of
Laplace transforms to find inverse transforms that we’ll need.

v/ Example 8.2.1

Use the table of Laplace transforms to find

a. 1 1
L
<32—1)

Solution a
Setting b =1 in the transform pair

shows that

Solution b
Setting w = 3 in the transform pair

shows that

£t ( 219) = cos 3t.
s

The next theorem enables us to find inverse transforms of linear combinations of transforms in the table. We omit the proof.

& Theorem 8.2.1 : Linearity Property

If 1, Fs, ..., F,, are Laplace transforms and ¢y, ¢2, ..., ¢, are constants, then

£t (aFi+coFo+---+c, Fp) = clﬁ_l (Fl) +C2£_1 (F2) SFooo +Cn[,_1Fn.

v/ Example 8.2.2

Find

https://math.libretexts.org/@go/page/43324
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Solution
From the table of Laplace transforms in Section 8.8,,

eat

>

s—a 52 +w2 :
Theorem 8.2.1 with a = —5 and w = /3 yields
8 7 1 1
c =) =sct —) 7S ( )
(s+5 52+3> 5+5 s2+3

(
- (o) (7
.

7
—— sin+/3t.
V3 v3

v Example 8.2.3

Find

-1 3s+8 .
s2+2s+5
Solution
Completing the square in the denominator yields

3s+8 3s+8

s24254+5  (s+1)2+4°

Because of the form of the denominator, we consider the transform pairs

1
L and e !sin2t < —
(s+1)2+4 (s+1)2+4

2

5
=e *(3cos2t+ 5 sin 2t).

e tcos2t &

and write

We’ll often write inverse Laplace transforms of specific functions without explicitly stating how they are obtained. In such
cases you should refer to the table of Laplace transforms in Section 8.8.

Inverse Laplace Transforms of Rational Functions

Using the Laplace transform to solve differential equations often requires finding the inverse transform of a rational function

https://math.libretexts.org/@go/page/43324
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where P and @) are polynomials in s with no common factors. Since it can be shown that lim,_,o, F'(s) =0 if F' is a Laplace
transform, we need only consider the case where degree(P) < degree(Q). To obtain £ *(F'), we find the partial fraction
expansion of F, obtain inverse transforms of the individual terms in the expansion from the table of Laplace transforms, and use
the linearity property of the inverse transform. The next two examples illustrate this.

v/ Example 8.2.4

Find the inverse Laplace transform of

3s+2
F(s)= . 7.2.1
O =53 (7.2.1)
Solution
(Method 1)
Factoring the denominator in Equation 7.2.1 yields
3542
F(s)= —————. 7.2.2
() G2 (7.2.2)
The form for the partial fraction expansion is
3s+2 A B
s S — (7.2.3)

(s—=1)(s—2) s—1 s-—2
Multiplying this by (s —1)(s —2) yields
3s+2=(s—2)A+(s—1)B.
Setting s = 2 yields B = 8 and setting s = 1 yields A = —5. Therefore

5 8

F(s):_s—l i s—2

and
LH(F)=-5C"" L) st (=) = —set 4 8e.
s—1 s—2
(Method 2) We don’t really have to multiply Equation 7.2.3 by (s —1)(s—2) to compute A and B. We can obtain A by

simply ignoring the factor s —1 in the denominator of Equation 7.2.2 and setting s =1 elsewhere; thus,

3s+2| 3142

A= = 7.2.4
§—2 ls21 1-2 ( )
Similarly, we can obtain B by ignoring the factor s —2 in the denominator of Equation 7.2.2 and setting s = 2 elsewhere;
thus,
35+2 3:242
p=28te| _22+2 g (7.2.5)
s§—1 |s=o 2-1

To justify this, we observe that multiplying Equation 7.2.3by s — 1 yields

3s+2
s—2

and setting s = 1 leads to Equation 7.2.4. Similarly, multiplying Equation 7.2.3by s — 2 yields

=A+(s-1)_—,

3s+2
s—1

=(s—2) +B

s—2

and setting s = 2 leads to Equation 7.2.5. (It isn’t necesary to write the last two equations. We wrote them only to justify the
shortcut procedure indicated in Equation 7.2.4 and Equation 7.2.5.)
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The shortcut employed in the second solution of Example 8.2.4 is Heaviside’s method. The next theorem states this method
formally. For a proof and an extension of this theorem, see Exercise 8.2.10.

& Theorem 8.2.2

Suppose
P(s)
F(s) = (7.2.6)
(s—s1)(s—82) - (5s—8,)
where s1, s3, ..., s, are distinct and P is a polynomial of degree less than n. Then
A A A
F(s)= Y -,
S$— 81 S— 8o §—8p
where A; can be computed from Equation 7.2.6 by ignoring the factor s — s; and setting s = s; elsewhere.
v/ Example 8.2.5
Find the inverse Laplace transform of
6+(s+1)(s2—5s+11
F(s)= ( I ) (7.2.7)

s(s—1)(s—2)(s+1)

Solution
The partial fraction expansion of Equation 7.2.7 is of the form

A B 9 D
F(s)_s+s_1+3_2+s+1. (7.2.8)

To find A, we ignore the factor s in the denominator of Equation 7.2.7 and set s = 0 elsewhere. This yields

_64+(1)(11) 17
(-)(=2)1) 2
Similarly, the other coefficients are given by
6 7
po SO o
L)(=1)(2)
6-+3(5
o 5436) T
21)3) 2
and
6
D= =-1
(—1)(-2)(-3)
Therefore
171 10 7 1 1
F(s)_72_5—1 +5 s—2 s+1
and
17 1 7 1 1
1 1 - L -l
) = 2£ 0c™ s—1 +2£ s—2 s+1
17 7,
- _1 t —t
5 Oe +2 —e
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We didn’t “multiply out” the numerator in Equation 8.2.7 before computing the coefficients in Equation 8.2.8 , since it
wouldn’t simplify the computations.

v/ Example 8.2.6

Find the inverse Laplace transform of

8 — (5+2)(4s+10)
(s+1)(5+2)2

F(s)= (7.2.9)
Solution
The form for the partial fraction expansion is

A B C

F(s)= .
(s) st1 T st2 T (st2)p

(7.2.10)

Because of the repeated factor (s+2)? in Equation 7.2.9, Heaviside’s method doesn’t work. Instead, we find a common
denominator in Equation 7.2.1(. This yields

A(s+2)2+B(s+1)(s+2)+C(s+1)

F(s) = 7.2.11
(s) (s+1)(s+2)2 ( )

If Equation 7.2.9 and Equation 7.2.11are to be equivalent, then
A(s+2)*+B(s+1)(s+2)+C(s+1) =8 — (s +2)(4s+10). (7.2.12)

The two sides of this equation are polynomials of degree two. From a theorem of algebra, they will be equal for all s if they are
equal for any three distinct values of s. We may determine A, B and C' by choosing convenient values of s.

The left side of Equation 7.2.12 suggests that we take s = —2 to obtain C = —8, and s = —1 to obtain A = 2. We can now
choose any third value of s to determine B. Taking s =0 yields 44+2B+C =—12 . Since A=2 and C = —8 this
implies that B = —6 . Therefore

2 6 8
s+1  s+2  (s+2)?

LHF) =207 (s—|1—1 ) —6L7 (54%2) s (ﬁ)

F(s)=

and

v Example 8.2.7

Find the inverse Laplace transform of

(s) 82 —5s+7
S)=———r
(s+2)3
Solution
The form for the partial fraction expansion is
A B C

FO= T "oy T Grr

The easiest way to obtain A, B, and C'is to expand the numerator in powers of s+ 2 . This yields

2 —bs+7=[(s+2)—22-5[(s+2)—2]+7=(5+2)>—9(s+2) +21.

Therefore
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(s+2)2—9(s+2)+21
(s+2)3
1 9 21
512 (5122 | (512p

LHF) =L (Sig) =02~ ((s+12)2 ) +%£_1 (ﬁ)

F(s) =

and

v/ Example 8.2.8

Find the inverse Laplace transform of

1—5(5+3s)
F(s)=———777. 2.1
) = [z +1] (7.2.13)
Solution
One form for the partial fraction expansion of F is
A B
F(s)= 24 B:tC (7.2.14)

s (s+1)2+1°

However, we see from the table of Laplace transforms that the inverse transform of the second fraction on the right of Equation
7.2.14will be a linear combination of the inverse transforms

etcost and e lsint

of

s+1 d 1
(s+1)2+1 an (s+1)2+1

respectively. Therefore, instead of Equation 7.2.14we write

Fls)= 2 %. (7.2.15)

Finding a common denominator yields

A[(s+1)2+1] +B(s+1)s+Cs
s[(s+1)2+1]

F(s) =

(7.2.16)

If Equation 7.2.13and Equation 7.2.16are to be equivalent, then
A[(s+1)*+1] +B(s+1)s+Cs=1—s(5+3s).

This is true for all s if it is true for three distinct values of s. Choosing s =0, —1, and 1 yields the system

24 = 1
A-C = 3
5A+2B+C = -T.
Solving this system yields
1 7 5
A=3 B=rg3 U=
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Hence, from Equation 7.2.15

v/ Example 8.2.9

Find the inverse Laplace transform of

easier way: the expansion of

8+3s
F(s)= —/————75—.
(s) (s2+1)(s2+4)

Solution
The form for the partial fraction expansion is

A+Bs C+Ds

F(s)=—; > .
s“+1 s°+4

F(s)_i_z s+1 5 1
25 2 (s+1)2+41 2 (s+1)2+41°
Therefore
1 1 1 1
e -1 (3) -4 (i) -3 ()

2 s 2 (s+1)2+1 2 (s+1)2+1
= l — ze_t cost — Ee_t sint
T2 2 2 ’

(7.2.17)

The coefficients A, B, C' and D can be obtained by finding a common denominator and equating the resulting numerator to
the numerator in Equation 7.2.17. However, since there’s no first power of s in the denominator of Equation 7.2.17, there’s an

X Using Technology

1
F(s)= ————FF——
ite) (s2+1)(s2 +4)
can be obtained quickly by using Heaviside’s method to expand
1 (L _ L)
(z+1)(z+4) 3\z+1 =z+4
and then setting = s? to obtain
1 1 ( 1 1 )
(s2+1)(s2+4) 3\ 241 s24+4 )"
Multiplying this by 8 4 3s yields
F(s) = 8+3s _1(/8+43s 8+43s
C(s24+1)(s24+4) 3\ 8241 8244 )7
Therefore
] 8 . 4
L (F)= 3 sint +cost — 3 sin 2¢ — cos 2t.

Some software packages that do symbolic algebra can find partial fraction expansions very easily. We recommend that you use
such a package if one is available to you, but only after you’ve done enough partial fraction expansions on your own to master

the technique.

This page titled 7.2: The Inverse Laplace Transform is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.
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7.2E: The Inverse Laplace Transform (Exercises)
Q7.2.1

1. Find the inverse Laplace transform.

3
(s=7)"
2s—4
© s2—4s+13
1

a.

a0 o

s? ;—4s+20

$2+9
$2—1
(.s2+1)2
1
(s—2)%—4
125—24
(s2—45+85)2
—2
(s—3)*-9
s2—45+3
(s2—45+5)*

g

e R

2. Find the inverse Laplace transform.

a 25+3
(s
s2—1

(s-2)°

s+5

s2+6s+18
2s+1

s2+9
s

=

& o

)

© 8242541
s+1

s}

s2—-9
534252 —s—3
(s+1)*
25+3
(s—1)°+4
i -2
] s24+1
3s+4
s2-1
3 4s+l
k. P s249
3 _ 2s+6
T (s+2)? s°+4

5@

—

3. Find the inverse Laplace transform.

—s’+s+5
s34s2—45—4
55—4
$3—s2—2s
35 +2s+1
(s%4+1)(s2+2s+2)
—s+1
T (4s241)(s2+1)
34—17s
(2s—1)(s*—2s+5)
£ s—6
T (s2-1)(s2+4)
3542
" (s241)(s—1)?

o ®

a o

™

This page titled 7.2E: The Inverse Laplace Transform (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.

o 8.2E: The Inverse Laplace Transform (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.
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7.3: Solution of Initial Value Problems

Laplace Transforms of Derivatives

In the rest of this chapter we’ll use the Laplace transform to solve initial value problems for constant coefficient second order
equations. To do this, we must know how the Laplace transform of f’ is related to the Laplace transform of f. The next theorem
answers this question.

& Theorem 8.3.1

Suppose f is continuous on [0, 0o) and of exponential order sy, and f’ is piecewise continuous on [0, 0c0). Then f and f’ have
Laplace transforms for s > sg, and

L(f") =sL(f) — £(0). (7.3.1)

Proof

We know from Theorem 8.1.6 that £(f) is defined for s > s, . We first consider the case where f’ is continuous on [0, 00).
Integration by parts yields

T —st gl —s o ’ —s
/0 et f(t)dt =e tf(t)\0+s/0 et f(t) dt

T
— =T F(T)— £(0) +5 / e () dt (7.3.2)
0
for any 7' > 0. Since f is of exponential order sg, Tlim e *T f(T) =0 and the integral in on the right side of Equation
—00
7.3.2converges as T' — oo if s > s¢ . Therefore

/Ooe*“f’(t) dt = —f(0)+s/ooe*stf(t) dt

0 0
= —f(O) +S‘C(f)a
which proves Equation 7.3.1

Suppose T'>0 and f' is only piecewise continuous on [0,77], with discontinuities at t; <ty <--- <t,_1 . For
convenience, let ) =0 and ¢,, =T . Integrating by parts yields

ti

/ e p ey dt =t £(t)
ti 1

ti
+s/ e f(t)dt
=2 i1

t;
=e " f(t:) —e " f(ti1) + 5 / e " f(t)dt.
ti-1
Summing both sides of this equation from ¢ = 1 to n and noting that
(€7 f(tr) —e " f(t0)) + (€7 f(t2) —e*1 f(t2)) +- -~ + (€7 F(tn) —e ™' f(tn-1))
=e M f(tn) —e ™ f(to) = e T £(T) — f(0)

yields Equation 7.3.7 so Equation 7.3.1follows as before.

v/ Example 8.3.1

In Example 8.1.4 we saw that

E(COS wt) = 52—|—_w2

Solution

https://math.libretexts.org/@go/page/43326
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Applying Equation 7.3.1 with f(t) = coswt shows that

S w2

L(—wsinwt) =—— 1= ———.
( ) §2 +w? 52 4 w?
Therefore

w

L(sinwt) = o

which agrees with the corresponding result obtained in 8.1.4.

In Section 2.1 we showed that the solution of the initial value problem

y' =ay, y(0)=1yo, (7.3.3)
is y = ype® . We’ll now obtain this result by using the Laplace transform.

Let Y(s) = L(y) be the Laplace transform of the unknown solution of Equation 7.3.3. Taking Laplace transforms of both sides of
Equation 7.3.3 yields

L(y') = L(ay),
which, by Theorem 8.3.1, can be rewritten as
sL(y) —y(0) = aLl(y),
or
sY (s) —yo =a¥(s).

Solving for Y (s) yields

SO

which agrees with the known result.

We need the next theorem to solve second order differential equations using the Laplace transform.

& Theorem 8.3.2

Suppose f and f' are continuous on [0, co) and of exponential order s, and that f is piecewise continuous on [0, o). Then
f, f', and f" have Laplace transforms for s > sq ,

L(f') = sL(f) - £(0), (7.3.4)

and
L(f") = sL(f) — f'(0) —s£(0). (7.3.5)

Proof

Theorem 8.3.1 implies that £(f') exists and satisfies Equation 7.3.4for s > sg . To prove that £(f"') exists and satisfies
Equation 7.3.5for s > sq , we first apply Theorem 8.3.1 to g = f’ . Since g satisfies the hypotheses of Theorem 8.3.1 , we
conclude that £(g") is defined and satisfies

L(g") = sL(g) —9(0)

for s > so . However, since g’ = f", this can be rewritten as

@ 0 a @ 7.3.2 https://math.libretexts.org/@go/page/43326
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L(f")=sL(f")— £'(0).

Substituting Equation 7.3.4into this yields Equation 7.3.5

Solving Second Order Equations with the Laplace Transform

We’ll now use the Laplace transform to solve initial value problems for second order equations.

v/ Example 8.3.2

Use the Laplace transform to solve the initial value problem

y" —6y +5y=3e*, y(0)=2, y'(0)=3. (7.3.6)
Solution
Taking Laplace transforms of both sides of the differential equation in Equation 7.3.6 yields
L(y" -6y’ +5y) =L (3e*) = %
which we rewrite as
L0y ~6L0) +5L() = ——. (7.3.7)
Now denote £L(y) = Y (s) . Theorem 8.3.2 and the initial conditions in Equation 7.3.6 imply that
L(y') = sY (s) —y(0) = Y (s) —2
and
L(y") =5*Y(s) —y'(0) — sy(0) = s2Y (s) — 3 —2s.
Substituting from the last two equations into Equation 7.3.7 yields
(s2¥ (5) — 3 —25) — 6 (s¥ (s) —2) + 5Y(s) = 5%2
Therefore
(s> —65+5)Y(s) = 3%2 +(3+2s)+6(—2), (7.3.8)
SO
(s-5)(s 1)y (5) = 2227
and

3+(s—2)(25—9)

Y(s)= (G-2)(s—5)(s-1)

Heaviside’s method yields the partial fraction expansion

as the solution of Equation 7.3.6.
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It isn’t necessary to write all the steps that we used to obtain Equation 7.3.8 To see how to avoid this, let’s apply the method of
Example 8.3.2 to the general initial value problem

ay” +by' +ey=f(t), y(0)=ko, y'(0)=ki. (7.3.9)
Taking Laplace transforms of both sides of the differential equation in Equation 7.3.9 yields
al(y")+bL(y")+cL(y) = F(s). (7.3.10)

Now let Y (s) = L(y) . Theorem 8.3.2 and the initial conditions in Equation 7.3.9 imply that
L(y)=sY(s)—ky and L(y")=3sY(s)—k —kos.
Substituting these into Equation 7.3.10yields
a (szY(s) — k1 —kos) +b (sY(s) — ko) +cY (s) = F(s). (7.3.11)
The coefficient of Y(s) on the left is the characteristic polynomial
p(s) =as® +bs+c

of the complementary equation for Equation 7.3.9. Using this and moving the terms involving ky and k; to the right side of
Equation 7.3.11yields

p(s)Y (s) = F(s) +a(k1 + kos) + bko. (7.3.12)

This equation corresponds to Equation 7.3.8 of Example 8.3.2 . Having established the form of this equation in the general case, it
is preferable to go directly from the initial value problem to this equation. You may find it easier to remember Equation 7.3.12
rewritten as

v/ Example 8.3.3

Use the Laplace transform to solve the initial value problem

2y" +3y +y=8e2, y(0)=—4, y'(0)=2. (7.3.14)

p(s)Y (s) = F(s) +a(y'(0)+sy(0)) +by(0). (7.3.13)

Solution
The characteristic polynomial is

p(s) =282 +3s+1=(2s+1)(s+1)

and

so Equation 7.3.13becomes

(2s+1)(s+1)Y(s) = % +2(2 —4s)+3(—4).

Solving for Y (s) yields
4(1—(s+2)(s+1))

Y(s)= .
(s) (s+1/2)(s+1)(s+2)
Heaviside’s method yields the partial fraction expansion
4 1 8 8 1
Y(s)=— — =
&)=35772 531 T3s72

so the solution of Equation 7.3.14is

https://math.libretexts.org/@go/page/43326
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(Figure 8.3.1).

-3

-4

Figure 8.3.1:y = %e’m —8e T+ %e’%

v/ Example 8.3.4

Solve the initial value problem
y'+2y +2y=1, y(0)=-3, y'(0)=1. (7.3.15)

Solution
The characteristic polynomial is

p(s)=8>+2s+2=(s+1)2+1

and
1
F(S) = [,(].) S ;,
so Equation 7.3.13becomes
1
[(s+1)>+1] Y(s)=—=+1-(1-3s)+2(-3).
s

Solving for Y (s) yields

_ 1-5(5+3s)
YO = ez

In Example 8.2.8 we found the inverse transform of this function to be
1 7, ; 5 ., . ;
=———e ‘cost——e 'sin
Y7273 2

(Figure 8.3.2 ), which is therefore the solution of Equation 7.3.15.
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igure8.3.2:y = 5 —ye "cost — Je "sint
X Note
In our examples we applied Theorems 8.3.1 and 8.3.2 without verifying that the unknown function y satisfies their hypotheses.
This is characteristic of the formal manipulative way in which the Laplace transform is used to solve differential equations.
Any doubts about the validity of the method for solving a given equation can be resolved by verifying that the resulting
function y is the solution of the given problem.

This page titled 7.3: Solution of Initial Value Problems is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 8.3: Solution of Initial Value Problems by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.3E: Solution of Initial Value Problems (Exercises)
Q7.3.1

In Exercises 7.3.1-7.3.31 use the Laplace transform to solve the initial value problem.

Ly"+3y' +2y=¢', y(0)=1, 3'(0)=-6
2.y"—y' —6y=2, y(0)=1, ¢'(0)=0

3.9 +y —2y=2e%, y(0)=-1, ¢'(0)=4
4.9"—4y=2¢", y(0)=1, y'(0)=-1
5.9"+y —2y=e”, y(0)=1, ' (0)=-1
6.y"+3y +2y=6¢, y(0)=1, y'(0)=-1
7.y"+y=sin2t, y(0)=0, ' (0)=1

8.y" -3y +2y =2, y(0)=1, ¢ (0)=-1
9.9" -3y +2y=e*, y(0)=1, y'(0)=-2

10.y" =3y’ +2y=e¥, y(0)=-1, y'(0)=—4
1Ly"+3y +2y =2¢', y(0)=0, y'(0)=-1
12.y"+y' —2y=—4, y(0)=2, y'(0)=3
13.y" +4y =4, y(0)=0, y'(0)=1

4.9 —y —6y=2, y(0)=1, ' (0)=0
15.y"+3y' +2y=¢', y(0)=0, y(0)=1
16.y"—y=1, y(0)=1, ¢ (0)=0
17.y" +4y =3sint, y(0)=1, y'(0)=-1
18.y"+y =2¢%, y(0)=-1, y'(0)=4
19.9"+y=1, y(0)=2, y(0)=0
20.y"+y=t, y(0)=0, y'(0)=2
21.y"+y=t—3sin2t, y(0)=1, ¥'(0)=-3
22.y"+5y' +6y=2¢", y(0)=1, ¢'(0)=3
23.y"+2y +y =6sint —4dcost, y(0)=-1
24.y" -2y —3y=10cost, y(0)=2, ¢'(0)=7
25.y" +y=4sint+6cost, y(0)=-6, y'(0)=2

Q:\
—~
o
~
Il
—

26.y" +4y =8sin2t+9cost, y(0)=1, ¢
27.y" — 5y’ +6y =10e' cost, y(0)=2, y'(0)=1

28.y" +2y' +2y=2t, y(0)=2, ¢'(0)=-7

29.y" —2y' +2y =5sint+10cost, y(0)=1, y'(0)=2
30.y" +4y' +13y =10e~* —36€', y(0)=0, y'(0)=—16
31.y" +4y’ +5y =e (cost +3sint), y(0)=0, y'(0)=4
Q7.3.2

32.2y" -3y —2y=4e', y(0)=1, y'(0)= -2

3.6y —y —y =3¢, y(0)=0, y'(0) =0

@ 0 a @ 7.3E.1 https://math.libretexts.org/@go/page/43327
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34.2y" +2y' +y=2t, y(0)=1, y'(0)=-1

35.4y" — 4y’ + 5y =4sint —4 cost, y(0)=0, y'(0)=11/17
36.4y" +4y' +y =3sint +cost, y(0)=2, ¢'(0)=-1
37.9y" + 6y +y =3€3, y(0)=0, y'(0)=-3

38. Suppose a, b, and ¢ are constants and a # 0. Let

=] as+b 1 a
= - d = - .
n==~L (a32+bs+c) and gy =L (a32+bs+c>

Show that
v1(0)=1, (0)=0 and ,(0)=0, y;(0)=1.
HINT: Use the Laplace transform to solve the initial value problems

ay’ +by +cy=0, y(0)
ay” +by' +cy=0, y(0)

)

1, 9 (0)=0
0’ y’(o):1

This page titled 7.3E: Solution of Initial Value Problems (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.
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7.4: The Unit Step Function

In the next section we’ll consider initial value problems

ay” +by’ +ey=f(t), y(0)=ko, y'(0)=ki,

where a, b, and ¢ are constants and f is piecewise continuous. In this section we’ll develop procedures for using the table of
Laplace transforms to find Laplace transforms of piecewise continuous functions, and to find the piecewise continuous inverses of
Laplace transforms.

v/ Example 8.4.1

Use the table of Laplace transforms to find the Laplace transform of

2641, 0<t<2,
10 :{ (7.4.1)

3t, t>2

[ =S
o = N
T T <

P N W b OO N 0 ©

\ \ \ e g
1 2 3 4

Figure 8.4.1 : The piecewise continuous function Equation 7.4.1.

Solution
Since the formula for f changes at t = 2, we write

£(f) = / e f(t) dt

:/02(3“ (2t+1)dt+/20065t (3t) dt. (7.4.2)
To relate the first term to a Laplace transform, we add and subtract
/Oo e (2t+1)dt
2
in Equation 7.4.2to obtain

[o¢]
/ e (2t +1) dt+/ et (3t—2t—1)dt
2

/ e (2t +1) dt—i—/ e (t—1)dt
2

=L(2t+1)+ / st —1)dt. (7.4.3)

To relate the last integral to a Laplace transform, we make the change of variable z =t — 2 and rewrite the integral as
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/;O et(t—1)dt = ./000 e s(at2) (z+1)dz

[o¢]
=e % / e T (z+1)dz.
0

Since the symbol used for the variable of integration has no effect on the value of a definite integral, we can now replace x by
the more standard ¢ and write

/ e_St(t—l)dt:e_23/ e t(t+1)dt =e P L(t+1).
2 0

This and Equation 7.4.3 imply that
L(f)=L(2t+1)+e *L(t+]1).

Now we can use the table of Laplace transforms to find that

L(f)=3+%+e‘23 (i+l).

52 s s

Laplace Transforms of Piecewise Continuous Functions

We’ll now develop the method of Example 8.4.1 into a systematic way to find the Laplace transform of a piecewise continuous
function. It is convenient to introduce the unit step function, defined as

m-{" " (7.4.0)
u(t) = 7.4.4
1, t>0.
Thus, u(t) “steps” from the constant value O to the constant value 1 at ¢ = 0. If we replace ¢ by ¢t — 7 in Equation 7.4.4, then
0, t<m,
u(t—7) = ;
1, t>71

that is, the step now occurs at t = 7 (Figure 8.4.2).

y
A

\J

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
T

Figure 8.4.2 :y =u(t—71)
The step function enables us to represent piecewise continuous functions conveniently. For example, consider the function

fO(t)’ O§t<tl;
f) = { (7.4.5)
fi), t>t,
where we assume that fy and f; are defined on [0, c0), even though they equal f only on the indicated intervals. This assumption
enables us to rewrite Equation 7.4.5 as

f@t) = folt) +u(t—t1) (fr(t) = fo(t))- (7.4.6)
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To verify this, note that if t < ¢; then u(¢ —¢;) =0 and Equation 7.4.6 becomes

f(@t) = fo(t)+(0) (f1(t) — fo(t)) = fo(t).
Ift > ¢ thenu(t—t;) =1 and Equation 7.4.6 becomes

F@) = fo(t)+ Q) (£1(t) = fo(8)) = fr(D).

We need the next theorem to show how Equation 7.4.6 can be used to find £(f).

& Theorem 8.4.1

Let g be defined on [0, o). Suppose 7 > 0 and L (g(t + 7)) exists for s > so. Then £ (u(t —7)g(t)) exists for s > s¢, and
L(u(t—T)g(t)) =e " L(g(t+7)).
Proof
By definition,

L(u(t—7)g(t)) = /Ooo e *tu(t—7)g(t) dt.

From this and the definition of u(t —7),

£ (u(t—)g(t)) = A "ot (0)dt + / et g(t) dt.

The first integral on the right equals zero. Introducing the new variable of integration £ =t —7 in the second integral
yields

Lut—T1)9t)) = /000 e @) g(x 4 1) dx = " /000 e gz +7)de.

Changing the name of the variable of integration in the last integral from x to ¢ yields

L (u(t—7)g(t)) = e /0 Y et gt+ 1) dt = e L(g(t+7)).

v/ Example 8.4.2

Find
L(u(t—1)(t*+1)).
Solution
HereT =1 and g(t) =t +1,s0
glt+1) = (t+1)>+1=1>+2¢t+2.
Since

2 2

2
Llet+D) =5+ +2,

Theorem 8.4.1 implies that

L(ut-1)+1)=e"* (3 +£+3) .

s3  s2 s

v/ Example 8.4.3

Use Theorem 8.4.1 to find the Laplace transform of the function
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) 2t+1, 0<t<2,
3t, t>2,
from Example 8.4.1 .

Solution
We first write f in the form Equation 7.4.6 as

fA)=2t+1+u(t—2)(t—-1).
Therefore
L(f) =L2t+1)+L(u(t—2)(t—1))
=L(2t+1)+e *L(t+1) (from Theorem 7.4.1)
:rz+l+€h(L+l),
s2 s s2 s

which is the result obtained in Example 8.4.1 .

Formula Equation 7.4.6 can be extended to more general piecewise continuous functions. For example, we can write
fot), 0<t<ty,
f@)=4q A@#), t<t<t,
L), t>ts,
as
f() = fot) +ult —t1) (f1(t) — fo(t)) +u(t —t2) (f2(t) — £1(2))
if fo, f1, and f» are all defined on [0, co).

v/ Example 8.4.4

Find the Laplace transform of

1, 0<t<2,
—2t+1, 2<t<3,
ft)= (7.4.7)
3t, 3<t<5,
t—1, t>5
y
16
14 -
12
10 -
ol
sl
. —
2 |
L L L L L L Vt
1 2 3 4 5 6
_2,
-4 \
_6,

Figure 8.4.3 : The piecewise continuous function Equation 7.4.7

Solution
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In terms of step functions,

ft) =14u(t—2)(—2t+1—1)+u(t—3)(3t+2t—1)

=4u(t—5)(t—1-3t),

or

f@)=1-2u(t—-2)t+u(t—3)(5t—1)—u(t—5)(2t+1).
Now Theorem 8.4.1 implies that

L(f) =L£1)—2e 2 LEt+2)+e *L(5(t+3)—1)—e *L(2(t+5)+1)
=L(1)—2e 2Lt +2)+e 3 L(5t+14) —e > L(2t +11)

1 1 2 5 14 2 11
:__26725 — a2 _|_e73s —_ _e75s — ).
s s2 s s2 s s2 s

The trigonometric identities
sin(A+ B) =sin A cos B+cos Asin B (7.4.8)
cos(A+ B) =cos Acos B—sin Asin B (7.4.9)

are useful in problems that involve shifting the arguments of trigonometric functions. We’ll use these identities in the next example.

v/ Example 8.4.5

Find the Laplace transform of

sint, 0<t<3
f(t)=1q cost—3sint, T <t<m (7.4.10)
Jcost, t>mw
y
A
37
27
17
| | | | | | ~ g
1 2 3 4 5 6
_17
_27
_37

Figure 8.4.4 : The piecewise continuous function Equation 7.4.10.

Solution
In terms of step functions,

f(t) =sint+u(t —7m/2)(cost —4sint) +u(t —w)(2 cost + 3sint).

Now Theorem 8.4.1 implies that
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L = L(sint)+e 2°L (cos(t+Z) —4sin(t+ Z
+e ™ L(2cos(t+m)+3sin(t+)).
Since
™ . ™ o .
cos(t + 5) —4 sm(t + 5) = —sint —4 cost
and
2 cos(t +m) + 3sin(t +m) = —2 cost — 3sint,
we see from Equation 7.4.11 that
L(f) = L(sint)—e ™ L(sint+4 cost) —e ™ L(2cost+3sint)
1 1S<1—|—4s) ,,5(34—25)
= —e 2 —e .
s24+1 s2+1 s24+1
The Second Shifting Theorem
Replacing g(t) by g(t —7) in Theorem 8.4.1 yields the next theorem.
& Theorem 8.4.2 : Second Shifting Theorem
If 7 >0 and £(g) exists for s > s then £ (u(t —7)g(t — 7)) exists for s > sy and
L(u(t—T)g(t —7)) =~ L(g(t)),
or, equivalently,
if g(t) > G(s), thenu(t —7)g(t —7) <> e~ G(s). (7.4.12)

Recall that the First Shifting Theorem (Theorem 8.1.3) states that multiplying a function by e® corresponds to shifting the
argument of its transform by a units. Theorem 8.4.2 states that multiplying a Laplace transform by the exponential e™"*
corresponds to shifting the argument of the inverse transform by 7 units.

v/ Example 8.4.6

Use Equation 7.4.12to find

—2s
(e
c ( 5 ) .
Solution
To apply Equation 7.4.12we let 7 =2 and G(s) = 1/s?. Then g(t) =t and Equation 7.4.12implies that

ct (‘323 ) —u(t—2)(t—2).

g2

v/ Example 8.4.7

Find the inverse Laplace transform h of

and find distinct formulas for & on appropriate intervals.
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Solution
Let
1 1 2 4 1
G0(8)28—2, G1(8)=s—2+;, G2(s)=§+;.
Then

go(t) =t, gi(t) =t+2, ga(t) =2t* +1.
Hence, Equation 7.4.12and the linearity of £~ imply that
h(t) =L (Go(s)) — L7 (€°Gi(s)) + L7 (e Ga(s))
=t—u(t—1)[(t—1)+2] +u(t—4) [2(t—4)*+1]
=t—u(t—1)(t+1)+u(t—4)(2t* — 16t +33),
which can also be written as
t, 0<t<1,
h(t) = ~1, 1<t<4,
2t> — 16t +32, t>4.

v/ Example 8.4.8

Find the inverse transform of

2s x.3s+1 B s+1
(s) = —e 2° e .
s2+4 249 52 +6s5+10
Solution
Let
2s (3s+1)
Go(s) = o, Gals) = -,
&)= 1(8) s2+9
and
1 s+3)—-2
Gz(s)z ST = ( ) .
s24+6s+10  (s+3)2+1
Then
1,
go(t) =2cos2t, gi1(t)=—3cos3t— 3 sin 3¢,
and

g2(t) = e *(cost — 2sint).

Therefore Equation 7.4.12and the linearity of £~! imply that
1
h(t) =2cos2t—u(t—m/2) [3 cos3(t—m/2)+ 2 sin3 (t - g)]

= tu(t —m)e 2™ [cos(t — ) — 2 sin(t — )] .

Using the trigonometric identities Equation 7.4.8 and Equation 7.4.9, we can rewrite this as

1
h(t) =2cos2t+u(t—7/2) (3 sin 3t — 3 cos 3t) (7.4.13)

= —u(t—m)e " (cost —2sint) (7.4.14)
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Figure 8.4.5 : The piecewise continuous function Equation 7.4.13.
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7.4E: The Unit Step Function (Exercises)

Q7.4.1

In Exercises 7.4.1-7.4.6 find the Laplace transform. Then express the given function f in terms of unit step functions and find

L(f). Graph f for Exercises 7.4.3 and 7.4.4.

1, 0
ot

11—

t
t
1, ¢

t

{
{
Lot
{ 1
{

+

t—

)

4,

2. ()
3. £(t)
4. f(t)
5. f(t)
6. £(t)

2t—1,

<t<d,
> 4.

, 0<t<l1,

>1.

t>2.
0<t <1,
t>1.
0<t <2,
t>2.

2, 0<t<1,

0, t>1.

Q7.4.2

0<t<2,

In Exercises 7.4.7-7.4.18 express the given function f in terms of unit step functions and find £(f). Graph f for Exercises 7.4.15-

7.4.18.

?+2, 0<t<l,
o
t, t>1.
tet, 0<t<1,
> f(t):{ e, t>1.
10.f(t)={et’ 0<t<l,
e 2, t>1.
—t, 0<t<2,
1. f(t) = t—4, 2<t<3,
1, t>3.
0, 0<t<1,
12.ft)={t, 1<t<2,
0, t>2.
t, 0<t<l,
13. f(t) =< 3, 1<t<2,
0, t>2.
0L

£ 0, 0<t<2,
7.f(t) =
2 +3t, t>2.
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t, 0<t<l,

4. f(t) =4 2—t, 1<t<2,
6, t>2.
sint, 0<t<Z

15. f(t) ={ 2sint, 7 <t<m

cost, t=>mw

2, 0<t<1,
16. f(t) =4 —2t+2, 1<t<3,
3t, t>3.

3, 0<t<2,
17. f(t) = 3t+2, 2<t<A4,

4¢,  t>4.
£t (t+1)2, 0<t<l,
18. f(t) =
(t+2)?, t>1.

Q7.4.3

In Exercises 7.4.19-7.4.28 express the inverse transforms in terms of step functions, and then find distinct formulas the for inverse
transforms on the appropriate intervals, as in Example 7.4.7. Graph the inverse transform for Exercises 7.4.21, 7.4.22, and 7.4.25.

2s

19. H(s) = &5
20. H(s) = 5(2;:1)

s ~2s
21. H(S) = 3 +e_2

210 = () e (fod) e (143)
0= (3 3) o (54 )

24. H(s) = =2

25. H(s) = (1 -4 ) +e 5 (57)

2. His) = [ ~ otiem |

27. H(s) :%—’_3_12 +e* (%—l—s%) +e73¢ (%—i—%)

e—4s
2

28 H(s)=1 -2 12 (%—3%)+ :

Q7.4.4
29. Find £ (u(t — 7)) .

This page titled 7.4E: The Unit Step Function (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Zoya Kravets.

e 8.4E: The Unit Step Function (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.5: Constant Coefficient Equations with Piecewise Continuous Forcing Functions

We’ll now consider initial value problems of the form
ay” +by’ +ecy=f(t), y(0)=ko, ¥'(0)=k, (7.5.1)

where a, b, and ¢ are constants (a # 0) and f is piecewise continuous on [0, co). Problems of this kind occur in situations where
the input to a physical system undergoes instantaneous changes, as when a switch is turned on or off or the forces acting on the
system change abruptly.

It can be shown (Exercises 8.5.23 and 8.5.24) that the differential equation in Equation 7.5.1 has no solutions on an open interval
that contains a jump discontinuity of f. Therefore we must define what we mean by a solution of Equation 7.5.1 on [0, c0) in the
case where f has jump discontinuities. The next theorem motivates our definition. We omit the proof.

Theorem 7.5.1

Suppose a, b, and ¢ are constants (a # 0), and f is piecewise continuous on [0, o). with jump discontinuities at ¢1, ..., ¢y,
where

0<t; < -+ <ty
Let ko and k; be arbitrary real numbers. Then there is a unique function y defined on [0, co) with these properties:

a. y(0) =ko and y'(0) = k..
b. y and y' are continuous on [0, co).
c. y” is defined on every open subinterval of [0, co) that does not contain any of the points ¢y, ..., t,, and

ay" +by' +cy = f(t)

on every such subinterval.
d. 3" has limits from the right and left at ¢1, ..., t,.

We define the function y of Theorem 7.5.1to be the solution of the initial value problem Equation 7.5.1.

We begin by considering initial value problems of the form

f()(t), 0 §t<t1,
ay” +by' +cy= { y(0) =k, y'(0) =k, (7.5.2)
fi(t), t>t,

where the forcing function has a single jump discontinuity at ¢;.

Howto: Solve Constant Coefficient Equations with Piecewise Continuous Forcing Functions

We can solve Equation 7.5.2 by the these steps:
o Step 1. Find the solution ¥ of the initial value problem
ay’ +by +cy=fo(t), y(0)=ko, y'(0)=Fi.

« Step 2. Compute ¢y =y (1) and ¢; = yg(t1).
o Step 3. Find the solution y; of the initial value problem

ay’ +by +ey=fi(t), yt)=co, ¥'(t)=c1.
o Step 4. Obtain the solution y of Equation 7.5.2 as
y(t), 0<t<ty
y_{yl(t)a t>1;.

It is shown in Exercise 8.5.23 that y' exists and is continuous at ¢;. The next example illustrates this procedure.
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Solve the initial value problem

y'+y=£@t), y(0)=2,y(0)=-1, (7.5.3)
where
1, 0<t<7,
£(t) = )
-1, t> T
: 4
i
2
1k
1 - |
1
=1
-2
Figure 7.5.1: Graph of Equation 7.5.4
Solution

The initial value problem in Step 1 is
y'+y=1, y(0)=2, y'(0)=-1
We leave it to you to verify that its solution is
Yo = 1 +cost —sint.

Doing Step 2 yields yo(7/2) = 0 and y{(7/2) = —1, so the second initial value problem is

=t ()= (3) =
y +y v Y3 0, y 5

We leave it to you to verify that the solution of this problem is

y1 = —14cost +sint.
Hence, the solution of Equation 777 is
1+cost—sint, 0<t< %,
y= (7.5.4)

—1+cost+sint, t>7%

If fo and f; are defined on [0, 0o), we can rewrite Equation 7.5.2 as
ay” +by' +ey = fo(t) +ult —t:) (f1(t) — fo(t), y(0)=ke, ¥'(0)=ky,

and apply the method of Laplace transforms. We’ll now solve the problem considered in Example [example:8.5.1} by this method.

Use the Laplace transform to solve the initial value problem

y'+y=f@), y(0)=2,y(0)=-1, (7.5.5)

where

https://math.libretexts.org/@go/page/43330


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43330?pdf

LibreTexts"

Solution

Here

so Theorem 7.5.1 (with g(¢) = 1) implies that

1 267#3/2
L) =—=
Therefore, transforming Equation 7.5.5 yields
1-2 —7s/2
(s +1)Y(s) = + —1+2s,
SO
2s—1
Y(s) = (1—2e™/%)G(s)+ , 7.5.6
() = ( )G+ (7.5.6)
with
1
G(s) = —————.
(s) s(s?+1)
The form for the partial fraction expansion of G is
1 A Bs+C
_4,Zre (7.5.7)

D s T
Multiplying through by s(s? +1) yields
A(s?+1)+(Bs+C)s=1,
or
(A+B)s* +0s+A=1.

Equating coefficients of like powers of s on the two sides of this equation shows that A=1, B=—-A=—-1 and C =0.
Hence, from Equation 7.5.7,

1 s
G(s)=—— .
(5) =~ 21
Therefore
g(t) =1 —cost.

From this, Equation 7.5.6, and Theorem 8.4.2,
y=1—cost—2u (t— %) (1 —cos(t— %)) +2cost —sint.
Simplifying this (recalling that cos(t —7/2) =sint) yields
y=1+cost —sint —2u (t - g) (1 —sint),
or

<t<
T
23

ST

U= —1+4cost+sint,

{ 1+cost —sint, 0
t

https://math.libretexts.org/@go/page/43330


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43330?pdf

LibreTexts"

l which is the result obtained in Example 7.5.1.

[ Note |

It isn’t obvious that using the Laplace transform to solve Equation 7.5.2 as we did in Example 7.5.2 yields a function y with
the properties stated in Theorem 7.5.1; that is, such that y and y' are continuous on [0, c0) and " has limits from the right and
left at ¢;. However, this is true if fo and f; are continuous and of exponential order on [0, 0o). A proof is sketched in Exercises
8.6.11-8.6.13.

Example 7.5.3

Solve the initial value problem

y' —y=1@), y(0)=-1,y'(0)=2, (7.5.8)
where
t, 0<t<l,
f(t):{l, t>1.
Solution
Here
ft)=t—ut-1)(t-1),
L(f) =L(t)—L(u(t-1)(t-1))
=L(t) —e *L(t) (from Theorem 8.4.1)
1 e s
T e

Since transforming Equation 7.5.8 yields

we see that
Y(s) = (1 —e—*)H(s)+ ;‘;_‘; : (7.5.9)
where
1 1 1
H(s) = s2(s2—-1) T 21 &
therefore
h(t) =sinht —t. (7.5.10)
Since
£t (;;_81) =2sinht —cosht,
we conclude from Equation 7.5.9, Equation 7.5.1(, and Theorem 7.5.1 that
y=sinht —t —u(t —1) (sinh(¢ —1) —¢+1) +2sinh¢ — cosht,
or
y=3sinht —cosht —t —wu(t —1) (sinh(t —1) —t+1) (7.5.11)
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l We leave it to you to verify that ¢ and 3’ are continuous and "’ has limits from the right and leftat¢; = 1.

Example 7.5.4

Solve the initial value problem

y'+y=f(t), y(0)=0, y'(0)=0, (7.5.12)

where

0, o0<t<z

ft)=4 cos2t Z<t<m

0, t>mw
Solution
Here

f(t) =u(t—m/4)cos2t —u(t — ) cos2t,

so

L(f) =L (u(t—m/4)cos2t) — L (u(t — ) cos2t)
—e ™/ L (cos2(t+7/4)) —e ™ L (cos2(t+))
= —e ™/ L(sin2t) — e ™ L(cos 2t)

267175/4 se” ™

8244 s244°

Since transforming Equation 7.5.12yields

(s> +1)Y(s) = L(f),

we see that
Y(s) =e ™" Hy(s)+e ™ Hy(s), (7.5.13)
where
[ Y . — (7.5.14)
(s2+1)(s2+4) (s2+1)(s2+4)

To simplify the required partial fraction expansions, we first write

1 1 1 1
(x+1)(z+4) 3|lz+1 =z+4)]°
Setting = s> and substituting the result in Equation 7.5.14yields

2 1 1 1 s ]
B =3 || =0 mO=g] |

The inverse transforms are

2 1 1 1
hi(t) = ~3 sint + 3 sin2¢ and hy(t) = ~3 cost+ 3 cos 2t.

From Equation 7.5.13and Theorem 8.4.2,

y=1u (t - %) h (t— %) Fu(t —m)ha(t — ). (7.5.15)

Since
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T 2 . ™ 1 . ™
h1 (t—4) ——3sm(t—4)+3s1n2(t—4)

1
= —T(sint—cost) ~3 cos 2t

()

and

ho(t—7m) = —% cos(t—7r)—|—%cos2(t—7r)

1
= 3 cost+§cos2t,

Equation 7.5.15can be rewritten as

1 1
y=-gu (t - %) (v/2(sint — cost) +cos 2t) + gu(t —m)(cost + cos 2t)

or
0, 0<t< %
V2. 1 s
——5(sint —cost) — zcos2t, T <t<m, (7.5.16)
—gsint—l—%cost, t>m

We leave it to you to verify that y and y' are continuous and y" has limits from the right and left at ¢; =7 /4 and ¢ty =
(Figure 7.5.2).

05 -

Figure 7.5.2: Graph of Equation 7.5.16
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7.5E: Constant Coefficient Equations with Piecewise Continuous Forcing Functions
(Exercises)

Q7.5.1

In Exercises 7.5.1-7.5.20 use the Laplace transform to solve the initial value problem. Graph the solution for Exercise 7.5.6, 7.5.9,
7.5.13, and 7.5.19.

. 3, 0<t<m, ,
1Ly'"+y= y(0)=0, ¥'(0)=0
0, t>m,
3 0<t<4
2. N+ = ’ - ’ 0 :1a /0 =0
vy {2t—5, t>4, v(0) y0)
"_ oyl — 4 Ost<l, 0)=-6 "0)=1
3.y —2y = y(0)=—6, ¥'(0)=
67 tzl)
i} e, 0<t<2, )
1, t>2,
0, 0<t<1,
5.9 -3y +2y=¢ 1, 1<t<2,  y(0)=-3, ¢'(0)=1
-1, t>2,
, |sint|, 0<t<2m, /
0, t>2m,
1, 0<t<1
79" =5y +4y=1¢ -1, 1<t<2,  y(0)=3, ¢ (0)=-5
0, t>2,
wyroy={ 0 OSET 020y =0
Y9y = =5 -
y Y sint, t23—2’r, Y Y

" 2 0St<%’ /
9.y" +4y = fo ¥(0)=0, ¥'(0) =0
™, Z 3

10. y”+y={ , y(0) =0, y'(0)=0

<
11.y”—3y'+2y:{ 0, 0st<2

2%—4, t>2,
12.y”+y={_t2’t’ S;:%’ 0)=1, y'(0)=2
13.y”+3y’+2y:{_1: 3;,“’ y(0)=0, y/(0) =0
14.y”—4y’+3y:{_1: 3;51’ y(0)=0, 4/(0)=0
15.y”+2y/+y:{ete_t’1, SZSI’<1, W(0) =3, /(0) = -1

y(0) =0, y'(0)=0

16.y”+2y’+y:{4et’ 0<t<1,

0, t>1,
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“t0<t<1,
17. y//+3y/+2y:{€ >

0, t>1,

2t <
18yll_4y/+4y:{ e2t7 O_t<2a

y(0)=1, y'(0) =1

y(0) =0, y'(0)=—-1

—et, t2>2,
2, 0<t<l,
19.9"=4¢ —t, 1<t<2, y(0)=1, ¢'(0)=0
t+1, t>2,
1, 0<t<2m,
20.y" +2y +2y = t, 2r<t<3m y(0)=2, ¢'(0)=-1
-1, t>3m,

Q7.5.2

21. Solve the initial value problem

where
fO)=m+1, m<t<m+1l, m=0,1,2,....

22. Solve the given initial value problem and find a formula that does not involve step functions and represents y on each interval
of continuity of f.
ay'+y=F(t), y(0)=0, y'(0)=0;
fO)=m+1, mr<t<(m+Lm, m=0,1,2,....

b.y"+y=f(t), y(0)=0, y(0)=0;
f@)=m+1), 2mr<t<2(m+1l)r, m=0,1,2,... HINT: You'll need the formula

1+2+...+mzw'
cy’'+y=f(t), y(0)=0, y'(0)=0
f@&)=(1m, m7r<t<(m+1), m=0,1,2,.
dy"—y=f@1), »(0)=0, ¢(0)=0;
flt)=m+1, m§t<(m+1), m=0,1,2,....
HINT: You will need the formula

1— m+1
L 1" = e (r £ 1),

ey’ +2y' +2y=f(t), y(0)=0, ¥'(0)=0;

f(t)=(m+1)(sint +2cost), 2mr<t<2(m+1)mr, m=0,1,2,....
(See the hint in d.)

fy" =3y +2y=f(t), y(0)=0, ¥'(0)
g ft)=m+1, m<t<m+l, m=0
(See the hints in b and d.)

1,2, ..

This page titled 7.5E: Constant Coefficient Equations with Piecewise Continuous Forcing Functions (Exercises) is shared under a CC BY-NC-SA
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7.6: Convolution

In this section we consider the problem of finding the inverse Laplace transform of a product H(s) = F(s)G(s) , where F' and G
are the Laplace transforms of known functions f and g. To motivate our interest in this problem, consider the initial value problem

ay” +by' +ey=f(t), y(0)=0, y'(0)=0.

Taking Laplace transforms yields

(as® +bs+c)Y(s) = F(s),

Y (s) = F(s)G(s), (7.6.1)
where
Gls) = as? +1bs +e

Until now wen’t been interested in the factorization indicated in Equation 7.6.1, since we dealt only with differential equations
with specific forcing functions. Hence, we could simply do the indicated multiplication in Equation 7.6.1 and use the table of
Laplace transforms to find y = ct (Y). However, this isn’t possible if we want a formula for y in terms of f, which may be
unspecified.

To motivate the formula for £ (F'G), consider the initial value problem
y —ay=f(t), y(0)=0, (7.6.2)

which we first solve without using the Laplace transform. The solution of the differential equation in Equation 7.6.2 is of the form
y = ue™ where

u' =e " f(t).
Integrating this from 0 to ¢ and imposing the initial condition «(0) = y(0) = 0 yields

u= /Ot e " f(r)dr.

Therefore

y(t) = eat/o e T f(r)dr = /0 ea(t_T)f(T) dr. (7.6.3)

Now we’ll use the Laplace transform to solve Equation 7.6.2 and compare the result to Equation 7.6.3. Taking Laplace transforms
in Equation 7.6.2 yields

S0
¥ (s) = Fls)
8) =F(s)—,
which implies that
1
ty=L""(F . 7.6.4
v =27 (P52 ) (7.6.4)
If we now let g(t) = e, so that
1
G(S) - s—a )

then Equation 7.6.3 and Equation 7.6.4 can be written as

@ 0 a @ 7.6.1 https://math.libretexts.org/@go/page/43332
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and

respectively. Therefore

LNFG) = /0 f(r)g(t—7)dr (7.6.5)

in this case.

This motivates the next definition.

# Definition 8.6.1 : Convolution

The convolution f * g of two functions f and g is defined by
t
(Fr90) = [ f(r)gte—r)ar
It can be shown (Exercise 8.6.6) that f x g = g* f ; that is,

/0 £t —7)g(r) dr = / F(r)glt ) dr.

Equation 7.6.5 shows that ct (FG) = f*g in the special case where g(t) = e® . This next theorem states that this is true in
general.

& Theorem 8.6.2 : The Convolution Theorem

If £L(f) = F and L(g) = G, then
L(f+g)=FG.

A complete proof of the convolution theorem is beyond the scope of this book. However, we’ll assume that f * ¢ has a Laplace
transform and verify the conclusion of the theorem in a purely computational way. By the definition of the Laplace transform,

[:(f>|<g):./oooeSt(f*g)(t)dt:‘/OooeSt/0 f(m)g(t —7)drdt.

This iterated integral equals a double integral over the region shown in Figure 8.6.1 . Reversing the order of integration yields

L(frg) = /000 f(T)/OO e gt — 1) dt dr. (7.6.6)

However, the substitution x = ¢ — 7 shows that
o0 o0
/ e ftglt—7)dt = / e (@4 g(z) da
T 0

oo
=e 7 / e Tg(z)dr =e " G(s).
0
Substituting this into Equation 7.6.6 and noting that G(s) is independent of 7 yields

L(frg) = /0 " e f()G(s) dr

— G(s) /0 et f(r) dr = F()G(s).

https://math.libretexts.org/@go/page/43332
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v/ Example 8.6.1

Let

Solution
We first compute

Since

it follows that

Figure 8.6.1

f(t)=e" and g(t)=e" (a #£b).

Verify that L(f * g) = L(f)L(g) , as implied by the convolution theorem.

_ evbr _ etlelett 1]
a=b|, a—b
- eat _ ebt
T a-—b
1 1
e & and e ,
s—a s—b

A Formula for the Solution of an Initial Value Problem

The convolution theorem provides a formula for the solution of an initial value problem for a linear constant coefficient second
order equation with an unspecified. The next three examples illustrate this.

v/ Example 8.6.2

Find a formula for the solution of the initial value problem

https://math.libretexts.org/@go/page/43332
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Solution

y' =2y +y=r(1), y(0)=ko, ' (0)=F. (7.6.7)

Taking Laplace transforms in Equation 7.6.7 yields
(2 —25+1)Y(s) = F(s) + (k1 + kos) — 2ko.
Therefore

1 k1 +kos —2kg
Y(S) = —F(S) I W

1 k ki —k
:—F(s)+s_01+ 170

(s—1)*

From the table of Laplace transforms,

1 _ko ki—ko \ _ 4 _
L (8—1 + (8—1)2 =e€ (k0+(k1 kg)t).

Since

the convolution theorem implies that

Therefore the solution of Equation 7.6.7is

y(t) = €' (ko + (k1 —ko)t) —i—/o Te' f(t—7)dr.

v/ Example 8.6.3

Find a formula for the solution of the initial value problem
y'+4y=f(t), y(0)=ko, y'(0)=Fi. (7.6.8)

Solution
Taking Laplace transforms in Equation 7.6.8 yields

(8> +4)Y (s) = F(s) + k1 +kos.

Therefore
1 k1 +kos
Y(s)=———FF(s)+ ———.
(s) (s2+4) (5) s2+4
From the table of Laplace transforms,
ki+k k
o F1tkos = kg cos2t + L sin2t.
s2+4 2
Since
1 1
m <~ 5 sin2t and F(S) <~ f(t),

the convolution theorem implies that

https://math.libretexts.org/@go/page/43332
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= (ﬁp@)) :%/Otf(t—'r) sin2r dr.

Therefore the solution of Equation 7.6.8is

k 1 (!
y(t):kocos2t+?1sin2t+§/ f(t—7)sin2rdr.
0

v/ Example 8.6.4

Find a formula for the solution of the initial value problem
y'+2y' +2y=f(t), y(0)=ko, ¢'(0)=Fs. (7.6.9)

Solution
Taking Laplace transforms in Equation 7.6.9 yields

(s +25+2)Y (s) = F(s)+ky +kos+ 2ko.

Therefore
1 k1 +kos+2kg
Y(s)=—oF A SN N
(s) (s+1)2+41 () + (s+1)2+1
1 (k1 +ko) +ko(s+1)
=———F(s)
(s+1)2+4+1 (s+1)2+1

From the table of Laplace transforms,

B (k1 +ko)+ko(s+1)
£ 1( (s+1)2+41

) = e " ((ky + ko) sint + ko cost) .

Since
1

m e tsint and F(S) < f(t),

the convolution theorem implies that

=1 ! = t —7)e T sinTdr

Therefore the solution of Equation 7.6.9is

t
y(t) = e (k1 + ko) sint + ko cost) —|—/ f(t—7)e "sinTdr. (7.6.10)
0

Evaluating Convolution Integrals

t
We’ll say that an integral of the form / u(t)v(t —7)dr is a convolution integral. The convolution theorem provides a
0

convenient way to evaluate convolution integrals.

v/ Example 8.6.5

Evaluate the convolution integral
t
h(t) = / (t—)r7dr.
0

Solution

@ 0 a @ 7.6.5 https://math.libretexts.org/@go/page/43332
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We could evaluate this integral by expanding (¢ — 7)5 in powers of 7 and then integrating. However, the convolution theorem
provides an easier way. The integral is the convolution of f(t) =t° and g(t) =t . Since

5! 7!
o — and t'eo —,

6 s8
the convolution theorem implies that

5!70 517! 13!

h(t)(—) 1 :]__?)'ﬁ7

where we have written the second equality because

1_3! <_>t13

Hence,

v/ Example 8.6.6

Use the convolution theorem and a partial fraction expansion to evaluate the convolution integral

h(t)z/0 sina(t —7) cosbrdr (|a] # |b]).

Solution
Since
. a
sinat <> ——— and cosbt < BUERTR,

s’ +a s +b

the convolution theorem implies that
a s
H(s) =

S2+(12 S2+b2 :

Expanding this in a partial fraction expansion yields

a s s
H(s) = -
(s) B2—a? | s24+a2  s24b2
Therefore
a
h(t) = o (cosat —cosbt).
Volterra Integral Equations
An equation of the form
t
v(t) =10+ [ ke -y(r)dr (76.11)
0

is a Volterra integral equation. Here f and k are given functions and y is unknown. Since the integral on the right is a
convolution integral, the convolution theorem provides a convenient formula for solving Equation 7.6.11. Taking Laplace
transforms in Equation 7.6.11yields

Y (s)=F(s)+K(s)Y(s),

and solving this for Y'(s) yields

@ 0 a @ 7.6.6 https://math.libretexts.org/@go/page/43332



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43332?pdf

LibreTexts"

F
¥ (s) = —2)
1—K(s)
We then obtain the solution of Equation 7.6.11asy = £ (Y).
v/ Example 8.6.7
Solve the integral equation
t
y(t) =1 +2/ e 2=y (1) dr. (7.6.12)
0
Solution
Taking Laplace transforms in Equation 7.6.12yields
1 2
Y(s)=— Y
() = s+ —5 ¥ ()
and solving this for Y (s) yields
1 2
Hence,
y(t) =1+2t.

Transfer Functions

The next theorem presents a formula for the solution of the general initial value problem
ay” +by’ +ey=f(t), y(0)=ko, ' (0)=ki,

where we assume for simplicity that f is continuous on [0, c0) and that £(f) exists. In Exercises 8.6.11-8.6.14 it is shown that the
formula is valid under much weaker conditions on f.

& Theorem 8.6.3

Suppose f is continuous on [0, co) and has a Laplace transform. Then the solution of the initial value problem
ay’ +by' +cy=f(t), y(0)=ko, vy (0)=k, (7.6.13)
is
t
y(t) = koy1 (t) + k1y2 (¢) —f—A w(7)f(t—71)dr, (7.6.14)
where y; and y» satisfy
ayy +by; +cy1 =0, 31(0)=1, y;(0)=0, (7.6.15)
and
ayy +by, +ey2 =0, 12(0)=0, 3,(0)=1, (7.6.16)
and
1
w(t) = s (t). (7.6.17)
Proof
Taking Laplace transforms in Equation 7.6.13yields
p(8)Y (s) = F(s) +a(ky +kos) + bky,

https://math.libretexts.org/@go/page/43332
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where
p(s) =as® +bs+c.
Hence,
Y (s) =W(s)F(s)+V(s) (7.6.18)
with
1
W(s)=—— (7.6.19)
p(s)
and
a(k1 +kos)+ bk
(o) B RGO DR (7.6.20)
p(s)
Taking Laplace transforms in Equation 7.6.15and Equation 7.6.16shows that
p(s)Yi(s) —as+b and p(s)¥s(s) =a.
Therefore
as+b
Yi(s) =
p(s)
and
a
Ys5(s) = —. (7.6.21)
p(s)
Hence, Equation 7.6.20can be rewritten as
V(s) =koYi(s)+k1Ya(s).
Substituting this into Equation 7.6.18yields
1
Y (s) =koYi(s) +k1Ya(s) + EY2(3)F(5).
Taking inverse transforms and invoking the convolution theorem yields Equation 7.6.14 Finally, Equation 7.6.19 and
Equation 7.6.21imply Equation 7.6.17

It is useful to note from Equation 7.6.14 that y is of the form
y=v+h,
where
v(t) = koy1 (t) + k1y2(t)

depends on the initial conditions and is independent of the forcing function, while

t
h(t) = / w(r)f(t—7)dr
0
depends on the forcing function and is independent of the initial conditions. If the zeros of the characteristic polynomial
p(s) =as®> +bs+c

of the complementary equation have negative real parts, then y; and ys both approach zero as t — 0o, so limy ., v(¢) =0 for any
choice of initial conditions. Moreover, the value of h(t) is essentially independent of the values of f(¢t —7) for large T, since
lim, o, w(7) = 0. In this case we say that v and h are transient and steady state components, respectively, of the solution y of
Equation 7.6.13. These definitions apply to the initial value problem of Example 8.6.4 , where the zeros of
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are —1 4. From Equation 7.6.10, we see that the solution of the general initial value problem of Example 8.6.4 is y=v+h,
where

p(s)=s>+2s+2=(s+1)+1

v(t) = e ((k1 + ko) sint + ko cost)

is the transient component of the solution and

t
h(t) = / ft—7)e " sinTdr
0
is the steady state component. The definitions don’t apply to the initial value problems considered in Examples 8.6.2 and 8.6.3 ,
since the zeros of the characteristic polynomials in these two examples don’t have negative real parts.

In physical applications where the input f and the output y of a device are related by Equation 7.6.13 the zeros of the
characteristic polynomial usually do have negative real parts. Then W = L(w) is called the transfer function of the device. Since

H(s) =W(s)F(s),
we see that

()
F(s)

W (s)

is the ratio of the transform of the steady state output to the transform of the input.

Because of the form of

h(t) = /0 o)t —7) dr,

w is sometimes called the weighting function of the device, since it assigns weights to past values of the input f. It is also called
the impulse response of the device, for reasons discussed in the next section.

Formula Equation 7.6.14is given in more detail in Exercises 8.6.8-8.6.10 for the three possible cases where the zeros of p(s) are
real and distinct, real and repeated, or complex conjugates, respectively.
This page titled 7.6: Convolution is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.
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7.6E: Convolution (Exercises)
Q7.6.1

1. Express the inverse transform as an integral.

1
" s2(s214)

o P

T (s42)(s249)
)

(s%4+4)(s2+9)
s
(s241)?
1
s(s—a)
f 1
T (s+1)(s242s+2)
1

e o

g

(s+1)°(s2+45+5)

-1

(s—1)%(s+2)*

s—1

s2(s2—2s+42)
s(s+3)

(s2+4)(s*+65+10)

1

(s-3)%s0

L —
T (s=1)%(s2+4)
1

s2(s—2)°
1

5@

—

m.

n.
s7(s—2)8

2. Find the Laplace transform.

a. [ sinarcosb(t—7)dr
b. fot e"sina(t —7)dr
C fot sinhar cosha(t — ) dr
d. fo 7(t —7)sinwr cosw(t — 7) dr
e e [ sinwrcosw(t —7)dr
f. et Ot T2(t —T)e" dr
get [le " rcosw(t—7)dr
h. etft e¥" sinh(t —7)dr
i. fo T€¥ sin2(t —7) dr
j- fot (t—7)%e" dr
k. ftT e " sin3(t —7)dr
L ft 2t—71)dr

m. [y (t—7)7e " sin27dr
n. fot (t— 7')4 sin27 dr

3. Find a formula for the solution of the initial value problem.
ay'+3y' +y=7(t), y(0)=0, y'(0)=0
b.y"+4y=f(t), y(0)=0, ¥'(0)=0
cy'+2'+y=Ff(t), y(0)=0, y'(0)=0
dy'+ky=f(t), y0)=1, y'(0)=-1
ey’ +6y +9y=f(t), y(0)=0, y'(0)=-2
fy"—4y=f{t), 3(0)=0, ¢'(0)=
gy’ =5y +6y=f(t)
h.y”+wly=f(t), y(0)=ko, y'(0)=Fk

4. Solve the integral equation.
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a y(t)=t— [yt —1)y(r)dr
b. y(t) =sint —2 [ cos(t —7)y(r) dr
cy(t)=1+2 fot y(r)cos(t — ) dr
dy(t) = t+f0t y(r)e_(t‘f) dr
e y'(t) =t+ [ y(r)cos(t — ) dr, y(0) =4
f.y(t) = cost —sint + fot y(7)sin(t —7)dr
5. Use the convolution theorem to evaluate the integral.
a. fot (t— 7')77'8 dr
b. fot (t—7)3r7dr
C. fot (t—7)577dr
d. fot e "sin(t —7)dr
e fot sinTcos2(t —7)dr

6. Show that

[ #te=matmar= [ st ar

by introducing the new variable of integration * =t — 7 in the first integral.

7. Use the convolution theorem to show that if f(¢) <> F'(s) then

/Otf(‘r)d7'<—> Fls),

S

8. Show that if p(s) = as® +bs+c has distinct real zeros r; and r, then the solution of
ay" +by +ey=f(t), y(0)=ko, y'(0)="r

is

r e’r'lt —r erzt erzt _ ent
y(t) = ko 2 L + kl
T2 —T1 r2—"
1 t
4+ —_ / (e™" —enT)f(t—7)drT.
a(r2 - 7"1) 0

9. Show that if p(s) = as® +bs+c has a repeated real zero 1 then the solution of
ay’ +by +ey=f(t), y(0)=ko, ¥ (0)=k
is
1 t
y(t) = ko(1 —rit)e™ +kyte"t + = / e f(t—7)dr.
a Jo
10. Show that if p(s) = as? +bs+c has complex conjugate zeros A + 4w then the solution of

ay” +by +ey=f(t), y(0)=ko, ¥ (0)=k
is
y(t) = e [kg (coswt — A sinwt) + L2} Sinwt]
w w

1 t
+— / eM f(t —7)sinwr dr.
aw Jo
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7.7: A Brief Table of Laplace Transforms

| This page is a draft and is under active development.

f(t)

1
t’I'L
(n = integer >0)

', p>—1

tneat
(n = integer >0)
cos wt

sinwt

e coswt

eMsinwt

cosh bt

sinh bt
t cos wt
tsinwt
sinwt — wt cos wt
wt — sinwt

1
—sinwt
t

e f(t)
thf(t)

flwt)

Table 7.7.1
F(s)
1

S

n!
sn+1

I'(p+1)
s+1)

s—a
n!

(s>0)

(s>0)

(s>0)
(s>a)

(s>0)

(s>0)
(s>0)

(s>N)

(s>N)

(s > [0])

(s > [8])

(s>0)

(s >0)

(s>0)

(s>0)

(s>0)

https://math.libretexts.org/@go/page/43336



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43336?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/07%3A_Laplace_Transforms/7.07%3A_A_Brief_Table_of_Laplace_Transforms

Li breTexts*

) F(s)
u(t 1) (s> 0)
u(t =)t —7) (7 > 0) e F(s)
[ #re—myar F(s)- G(s)
§(t—a) e (s>0)

This page titled 7.7: A Brief Table of Laplace Transforms is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
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CHAPTER OVERVIEW

8: Boundary Value Problems and Fourier Expansions

IN THIS CHAPTER we develop series representations of functions that will be used to solve partial differential equations in
Chapter 9.

8.1: Eigenvalue Problems for y" + Ay = 0

8.1E: Eigenvalue Problems for y" + Ay = 0 (Exercises)
8.2: Fourier Series I

8.2E: Fourier Series I (Exercises)
8.3: Fourier Series II

8.3E: Fourier Series II (Exercises)

This page titled 8: Boundary Value Problems and Fourier Expansions is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.
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8.1: Eigenvalue Problems for y" + Ay = 0

In Chapter 9 we’ll study partial differential equations that arise in problems of heat conduction, wave propagation, and potential
theory. The purpose of this chapter is to develop tools required to solve these equations. In this section we consider the following
problems, where A is a real number and L > 0:

e Problem 1:y"+ Ay =0, y(0)=0,
e Problem2:y" +Ay=0, ¢ (0)=0, %'(L)=0
e Problem3:4y" +Ay=0, y(0)=0, ¢'(L)=
e Problem4:y”"+Ay=0, 3'(0)=0, y(L)
e Problem5:y"+Ay=0, y(—L)=y(L), v'(-L)=4vy'(L)

In each problem the conditions following the differential equation are called boundary conditions. Note that the boundary
conditions in Problem 5, unlike those in Problems 1-4, don’t require that y or 4’ be zero at the boundary points, but only that y
have the same value at z = £, and that y’ have the same value at x = +L. We say that the boundary conditions in Problem 5 are
periodic.

Obviously, y = 0 (the trivial solution) is a solution of Problems 1-5 for any value of A. For most values of A, there are no other
solutions. The interesting question is this:

For what values of A does the problem have nontrivial solutions, and what are they?

A value of A for which the problem has a nontrivial solution is an eigenvalue of the problem, and the nontrivial solutions are A-
eigenfunctions, or eigenfunctions associated with A. Note that a nonzero constant multiple of a A-eigenfunction is again a A-
eigenfunction.

Problems 1-5 are called eigenvalue problems. Solving an eigenvalue problem means finding all its eigenvalues and associated
eigenfunctions. We’ll take it as given here that all the eigenvalues of Problems 1-5 are real numbers. This is proved in a more
general setting in Section 13.2.

Theorem 8.1.1

Problems 1-5 have no negative eigenvalues. Moreover, A =0 is an eigenvalue of Problems 2 and 5, with associated
eigenfunction yp =1, but A = 0 isn’t an eigenvalue of Problems 1, 3, or 4.

Proof

We consider Problems 1-4, and leave Problem 5 to you (Exercise 11.1.1). If y" + Ay =0, then y(y"' + Ay) =0, so

A y(@)(y" () + dy(z)) do = 0;

therefore,

L L
)\/ yi(z)dz = —/ y(z)y"(z) dz. (8.1.1)
0 0
Integration by parts yields

L I L
Jo y(@)y" (z) dz = y(@)y'(@)ly — fo ' (2))* dz
iz
= y(L)y'(L) —y(0)y'(0) — [y (¥'(x))* da.
However, if y satisfies any of the boundary conditions of Problems 1-4, then

y(L)y'(L) —y(0)y'(0) = 0;

(8.1.2)

hence, Equation 8.1.1and Equation 8.1.2imply that

A /0 * (@) da = /0 "W @) do.
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If y #0, then fOL y%(z)dz > 0. Therefore A >0 and, if A =0, then y’(z) =0 for all z in (0,L) (why?), and y is
constant on (0, L). Any constant function satisfies the boundary conditions of Problem 2, so A =0 is an eigenvalue of
Problem 2 and any nonzero constant function is an associated eigenfunction. However, the only constant function that
satisfies the boundary conditions of Problems 1, 3, or 4 is y = 0. Therefore A =0 isn’t an eigenvalue of any of these
problems.

Example 8.1.1

Solve the eigenvalue problem
y"+dy=0, y(0)=0, y(L)=0. (8.1.3)
Solution

From Theorem 8.1.1, any eigenvalues of Equation &.1.3 must be positive. If y satisfies Equation &.1.3 with A > 0, then
y=c cosvVAz+eysinvz,

where ¢; and ¢y are constants. The boundary condition y(0) =0 implies that ¢; = 0. Therefore y = ¢, sinv/A . Now the
boundary condition y(L) =0 implies that cssiny/AL =0. To make cysiny/AL =0 with c; #0, we must choose
VX =nn/L, where n is a positive integer. Therefore \,, = n*7%/L? is an eigenvalue and

nwT
L

Yp = sin

is an associated eigenfunction.

For future reference, we state the result of Example 8.1.1 as a theorem.

Theorem 8.1.2

The eigenvalue problem
y'+Ay=0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues \,, = n?m?/L?, with associated eigenfunctions

nwT
yn:sinT, n=12,3,....

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 2 by an argument like that of Example 8.1.1 (Exercise 11.1.17).

Theorem 8.1.3

The eigenvalue problem
y'+Ay=0, %'(0)=0, ¢ (L)=0

has the eigenvalue \g = 0, with associated eigenfunction yo = 1, and infinitely many positive eigenvalues ), =n?72/L?,
with associated eigenfunctions

nmT
n=cos— ,n=1,23....
Y COS L n

There are no other eigenvalues.
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Solve the eigenvalue problem
y"+Ay=0, y(0)=0, ¢'(L)=0. (8.1.4)
Solution:

From Theorem 8.1.1, any eigenvalues of Equation &.1.4 must be positive. If y satisfies Equation &.1.4 with A > 0, then
y=c cosvVAz+eysinvz,

where ¢; and ¢, are constants. The boundary condition y(0) =0 implies that ¢; = 0. Therefore y = ¢y sinyv/Az. Hence,
y' = c2v/Acosv/ Az and the boundary condition y'(L) = 0 implies that ¢, cosv/A L = 0. To make ¢ cosv/A L =0 with
c2 # 0 we must choose
_ (@2n—1)n
VA= 5T

where 7 is a positive integer. Then \,, = (2n —1)?7%/4L? is an eigenvalue and

2n—1)rz

n, = Sin
Y oL

is an associated eigenfunction.

For future reference, we state the result of Example 8.1.2 as a theorem.

Theorem 8.1.4

The eigenvalue problem
y'+Ay=0, y(0)=0, y'(L)=0
has infinitely many positive eigenvalues A, = (2n — 1)272/4L2, with associated eigenfunctions

(2n—1)rz

=1,2,3,....
2L K n ’73)

Yp, = Sin

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 4 by an argument like that of Example 8.1.2 (Exercise 11.1.18).

Theorem 8.1.5

The eigenvalue problem
y/l"’_)‘y:Oa yl(o) =0, y(L) =0

has infinitely many positive eigenvalues )\, = (2n — 1)272 /4L?, with associated eigenfunctions

(2n—1)7z Ty
Yn = COS 5T " L23.
There are no other eigenvalues.
Example 8.1.3
Solve the eigenvalue problem
y'+2y =0, y(-L)=y(L), y'(-L)=y'(L). (8.1.5)

Solution
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From Theorem 8.1.1, A =0 is an eigenvalue of Equation 8.1.5 with associated eigenfunction yy =1, and any other
eigenvalues must be positive. If y satisfies Equation 8.1.5with A > 0, then

y=cicosVAz+csinye, (8.1.6)
where ¢; and ¢, are constants. The boundary condition y(—L) = y(L) implies that
c1c0s(—v/X L) +cy sin(—/X L) = ¢; cos VA L +cysiny/A L. (8.1.7)

Since
cos(—vVAL)=cosvVAL and sin(—vAL)=—sinv\L, (8.1.8)

Equation &.1.7 implies that

cz2siny/A L =0. (8.1.9)
Differentiating Equation 8.1.6 yields

y' = (—01 sinvz + ¢5 cos \/Xa:) .
The boundary condition y'(—L) = y'(L) implies that
—cy sin(—+y/A L) + ¢y cos(—+/A L) = —c; siny/A L+ ¢z cos /A L,

and Equation 8.1.8 implies that

c1siny/ AL =0. (8.1.10)

Eqns. Equation 8.1.9 and Equation 8.1.10 imply that ¢; = ¢y =0 unless v = nm/L, where n is a positive integer. In this
case Equation 8.1.9 and Equation 8.1.10 both hold for arbitrary ¢; and cs. The eigenvalue determined in this way is
A, =n?m?/L?, and each such eigenvalue has the linearly independent associated eigenfunctions

nmwr

nwT .
cos—— and sin

L

For future reference we state the result of Example 8.1.3 as a theorem.

Theorem 8.1.6

The eigenvalue problem

Y'+Ay=0, y(-L)=y(L), y'(-L)=y'(L),
has the eigenvalue \g = 0, with associated eigenfunction yo =1 and infinitely many positive eigenvalues \, =n?m?/L?,
with associated eigenfunctions

nmwx
L )

nwe
yln:COST and yy, =sin n=1,2,3,....

There are no other eigenvalues.

Orthogonality

We say that two integrable functions f and g are orthogonal on an interval [a, b] if

b
/ f(z)g(z) dz =0.

More generally, we say that the functions ¢y, ¢a, ..., ¢y, ...(finitely or infinitely many) are orthogonal on [a, b] if

/b ¢i(x)pj(x)der =0 whenever i #j.

The importance of orthogonality will become clear when we study Fourier series in the next two sections.
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Show that the eigenfunctions

2 2
1, cos %, sin 7;_m’ cos %, sin%, ...,COS %, sin "Lﬂ’ e (8.1.11)
of Problem 5 are orthogonal on [—L, L].
Solution
We must show that
L
/ Al ks =0 (8.1.12)
5
whenever f and g are distinct functions from Equation 8.1.11. If r is any nonzero integer, then
L L
rTE L rTE
—dz=—sin—| =0. 8.1.13
/_Lcos T o o I ( )
and
L L
L
/ sinmdacz——cosm =0.
_L L T L |

Therefore Equation 8.1.12holds if f =1 and g is any other function in Equation 8.1.11.

If f(z) = cosmmz/Land g(z) = cosnmz /L where m and n are distinct positive integers, then

i i
/ f(z)g(z)dz = / cos m;w cos % dz. (8.1.14)
-L -L

To evaluate this integral, we use the identity
1
cosAcosB= 3 [cos(A — B) +cos(A + B)]

with A =mmz /L and B = nnz /L. Then Equation 8.1.14becomes
L 1[[F m—n)rz i m+n)rz
/ f(z)g(z)dz == [/ cosﬁdaH—/ cosﬁdaz .
. 21/, L . L

Since m —n and m +n are both nonzero integers, Equation 8.1.13 implies that the integrals on the right are both zero.
Therefore Equation &.1.12is true in this case.

If f(z) =sinmmz/Land g(z) = sinnmz /L where m and n are distinct positive integers, then

i L
/ f(x)g(x) dx :/ sin m;rac sin % dz. (8.1.15)
-L —

To evaluate this integral, we use the identity
1
sin Asin B = 5 [cos(A — B) —cos(A + B)]

with A =mmz /L and B = nnz/ L. Then Equation 8.1.15becomes
L L L
1 —~ +
/ f(x)g(z)dz == / cos M dx —/ cos M dx| =0.
. 2 )., L . L

If f(z) =sinmmez/Land g(x) = cosnma /L where m and n are positive integers (not necessarily distinct), then

nmwr

i L
. mmnz B
[L f(z)g(z)dz —KL sin —— cos — dr=0
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l because the integrand is an odd function and the limits are symmetric about z = 0.

Exercises 11.1.19-11.1.22 ask you to verify that the eigenfunctions of Problems 1-4 are orthogonal on [0, L]. However, this also
follows from a general theorem that we'll prove in Chapter 13.

This page titled 8.1: Eigenvalue Problems for y" + Ay = 0 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Zoya Kravets.

e 11.1: Eigenvalue Problems for y'" + Ay = 0 by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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8.1E: Eigenvalue Problems for y" + Ay = 0 (Exercises)
Q8.1.1

1. Prove that A =0 is an eigenvalue of Problem 5 with associated eigenfunction yy = 1, and that any other eigenvalues must be

positive.

Q8.1.2

In Exercises 8.1.2-8.1.16 solve the eigenvalue problem.
2.y"+Ay=0, y(0)=0, y(m)=0
3.9"+Ay=0, ¢¥'(0)=0, y'(m)=0
4.y"+xy=0, y(0)=0, y'(r)=0
59"+Ay=0, ¢'(0)=0, y(m)=0
6.9"+Ay=0, y(—m)=y(n), y'(-7)=y'(r)
7.9y"+ Ay =0,
8.y"+Ay=0,
9.¢y"+Ay=0, y(0)=0, y(1)=0

10.y"+Ay =0, y(-1)=y(1), y'(-1)=y'(1)
1. y"+Ay=0, y(0)=0, ¢'(1)=0

12,97+ Ay =0, y(-2)=y(2), ¥'(-2)=y¢(2)
13.y"+Xy=0, y(0)=0, y(2)=0
14.9"+2y=0, ¢'(0)=0, y(3)=0
15.9"+Xy=0, y(0)=0, ¢ (1/2)=0
16.y"+Xy=0, ¥'(0)=0, ¢'(5)=0

Q8.1.3
17. Prove Theorem 8.1.3.

18. Prove Theorem 8.1.5.

19. Verity that the eigenfunctions

sin™ g 2z gin 77T
in—,sin—,...,sin—,...
L ) L ) ) L )
of Problem 1 are orthogonal on [0, L].
20. Verify that the eigenfunctions
1 ™ 27 nwe
) COS =, COS —7—,..., COS ——, ...
of Problem 2 are orthogonal on [0, L].
21. Verity that the eigenfunctions
Tz . 3mx . (2n—1)7r:1c
sin o, sin 2, ..., sin 5T ,

of Problem 3 are orthogonal on [0, L].

22. Verity that the eigenfunctions
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3rx 2n—1)rz

of Problem 4 are orthogonal on [0, L].

Q8.1.4

In Exercises 8.1.23-8.1.26 solve the eigenvalue problem.
23.y"+Ay=0, y(0)=0, fOL y(z)dz =0
24.¢y"+xy=0, ¢'(0)=0, fOL y(z)dz =0
25.y"+Ay=0, y(L)=0, fOL y(z)dz =0
26.y"+Ay=0, y'(L)=0, fOL y(z)dz =0

This page titled 8.1E: Eigenvalue Problems for y" + Ay = 0 (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.

« 11.1E: Eigenvalue Problems for y" + Ay = 0 (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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8.2: Fourier Series |

In Example 8.1.4 and Exercises 8.1.4-8.1.22 we saw that the eigenfunctions of Problem 5 are orthogonal on [—L, L] and the
eigenfunctions of Problems 1-4 are orthogonal on [0, L]. In this section and the next we introduce some series expansions in terms
of these eigenfunctions. We’ll use these expansions to solve partial differential equations in Chapter 9.

Theorem 8.2.1

Suppose the functions ¢y, @2, @3, ..., are orthogonal on [a, b] and

b
/ #2(z)dz #0, n=1,2,3,.... (8.2.1)

Let ¢, c3, cs3,...be constants such that the partial sums fy (z) = 2ﬁ:1 cm®m () satisfy the inequalities
|[fn(z)| <M, a<z<b, N=1,2,3,...

for some constant M < oco. Suppose also that the series

@)=Y entm(@) (8.2.2)
m=1
converges and is integrable on [a, b]. Then
b
:M, n=1,2,3,.... (8.2.3)
N 2 (z) dx

Proof

Multiplying Equation 8.2.2by ¢,, and integrating yields

b b 00
/ f(w)¢n(m)dm=/ () (Z cm¢m(m)> dz. (8.2.4)
a a m=1

It can be shown that the boundedness of the partial sums { f]\r}Jovo=1 and the integrability of f allow us to interchange the
operations of integration and summation on the right of Equation 8.2.4 and rewrite Equation 8.2.4as

b o0 b
/ Al it = Zcm/ 60 (%) () do. (8.2.5)
a m=1 a
(This isn’t easy to prove.) Since

/b¢n(w)¢m(x)dac:0 if m#n,

Equation 8.2.5reduces to

[ 1@t =e [ 6@

Now Equation 8.2.1implies Equation 8.2.3

Theorem 8.2.1 motivates the next definition.

Theorem 8.2.2

Suppose ¢1, @3, ..., ¢n,...are orthogonal on [a, b] and fab ¢2(z)dz #0,n=1, 2, 3, .... Let f be integrable on [a, b], and
define
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) F@)gn(@) da
Cn =" —
[, #%(z) dz

Then the infinite series ) - | ¢, ¢y () is called the Fourier expansion of f in terms of the orthogonal set {¢,}2° ;, and ¢1, ¢z,
.ess Cn, ... are called the Fourier coefficients of f with respect to {¢,}>° ;. We indicate the relationship between f and its
Fourier expansion by

, n=1,2,3,.... (8.2.6)

f@)~) cnpn(x), a<az <. (8.2.7)
n=1

You may wonder why we don’t write

F@) =3 eutn(@), a<z<b
n=1

rather than Equation 8.2.7. Unfortunately, this isn’t always true. The series on the right may diverge for some or all values of z in
[a, b], or it may converge to f(z) for some values of z and not for others. So, for now, we’ll just think of the series as being
associated with f because of the definition of the coefficients {c,}, and we’ll indicate this association informally as in Equation
8.2.7.

Fourier Series

We’ll now study Fourier expansions in terms of the eigenfunctions

T . X 2tx . 27z nwr . NTAX
].,COST,SIIIT,COST,SIHT,...,COST,SIHT,....

of Problem 5. If f is integrable on [—L, L], its Fourier expansion in terms of these functions is called the Fourier series of f on

[—L, L]. Since
L
/12dm:2L,
-L
L nwT 1 [t 2nmwr 1 L 2nme L
[LCOS2T T = E/LL <1+cos T )d:czg(w—i—%sin T ) _L:L,
and
L L L
1 2 1 L 2
/_Lsin2nLﬂ T = 5/_L <1cos n;m:) dm5<m%5in rzrx), =1L,

we see from Equation 8.2.6 that the Fourier series of f on [—L, L] is

> nwT . nwT
ap + g an cosT + b, sin ,
n=1

L

where

1 L
ao:ﬁ/,fdﬂw)dx’
1 [t 1 [t
an:f[Lf(x)cos%ﬂdm, and bn:f[Lf(z)sinzﬂdm,n21.

Note that ag is the average value of f on [—L, L], while a,, and b, (for n > 1) are twice the average values of

nre . nTT
f(z)cos - and f(z)sin <

on [—L, L], respectively.
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Convergence of Fourier Series

The question of convergence of Fourier series for arbitrary integrable functions is beyond the scope of this book. However, we can
state a theorem that settles this question for most functions that arise in applications.

Theorem 8.2.3

A function f is said to be piecewise smooth on [a, b] if:

a. f has at most finitely many points of discontinuity in (a, b);

b. f' exists and is continuous except possibly at finitely many points in (a, b);

. f(wo+) =limgy g+ f(2) and f'(zo+) =lim,, 1 f'(x) existifa <zp <b;
d. f(zo—) =lim,,— f(z) and f'(zo—) =lim, ., — f'(z) existifa <xo <b.

Since f and f’ are required to be continuous at all but finitely many points in [a, b], f(zo+) = f(zo—) and f'(zo+) = f'(z¢—)
for all but finitely many values of zg in (a,b). Recall from Section 8.1 that f is said to have a jump discontinuity at zq if

f(zo+) # fzo—).

The next theorem gives sufficient conditions for convergence of a Fourier series. The proof is beyond the scope of this book.

Theorem 8.2.4

If f is a piecewise smooth on [—L, L], then the Fourier series

—a0+2 (an cos == 1 b, sm%) (8.2.8)

of f on [—L, L] converges for all z in [—L, L]; moreover,

f(z) if —L <z <Land f iscontinuous at
F(z)= w if —L<x < Land fisdiscontinuous at
f(=L+)+f(L-) .
_— ifr=Lorxz=—-L

Since f(z+) = f(z—) if f is continuous at z;, we can also say that

{ —f(“);rf(“) if —-L<z<L

UL pg

F(z)=

Note that F' is itself piecewise smooth on [—L, L], and F(z) = f(z) at all points in the open interval (—L, L) where f is
continuous. Since the series in Equation 8.2.8 converges to F'(z) for all z in [—L, L], you may be tempted to infer that the error

N
Z (an cos —_— +b sin mm)
L

EN(x)

n=1

can be made as small as we please for all z in [—L, L] by choosing N sufficiently large. However, this isn’t true if f has a
discontinuity somewhere in (—L, L), or if f(—L+) # f(L—). Here’s the situation in this case.

If f has a jump discontinuity at a point @ in (—L, L), there will be sequences of points {uy} and {vy} in (—L, @) and (a, L),

respectively, such that

lim uy = hm UN =«
N—o00

and

Ey(uy)~.09[f(a—) - f(at)| and Ey(vy)~.09/f(a—)—flat)|.

Thus, the maximum value of the error E(x) near @ does not approach zero as N — oo, but just occurs closer and closer to (and
on both sides of ) «, and is essentially independent of N.
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If f(—L+) # f(L—), then there will be sequences of points {uy } and {vy} in (—L, L) such that

lim uy =—L, lim vy =1L,
N—o0 N—o0

En(un) = .09|f(—L+) - f(L-)| and En(vy)~.09|f(—L+)— f(L—)|.

This is the Gibbs phenomenon. Having been alerted to it, you may see it in Figures 8.2.2 - 8.2.4, below; however, we’ll give a
specific example at the end of this section.

Example 8.2.1

Find the Fourier series of the piecewise smooth function

-z, —2<zx<0,

o=

X O<x<2

on [—2, 2] (Figure 8.2.1). Determine the sum of the Fourier series for —2 <z < 2.

¥
L

1=

Figure 8.2.1

Solution

Note that wen’t bothered to define f(—2), f(0), and f(2). No matter how they may be defined, f is piecewise smooth on
[—2, 2], and the coefficients in the Fourier series

= nwT nwx
F(z)=ag+ (ancos——i—bnsin—)
(z) = ag ; 5 5

are not affected by them. In any case, Theorem 8.2.4 implies that F'(z) = f(z) in (=2, 0) and (0, 2), where f is continuous,

while
F(-2)=F(@)= {20H1E) 2 (2 +%) -2
and
f(0—)+ f(0+) 1 1 1
FO) == :E@ E):Z

To summarize,
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If n > 1, then

2

5 _
T r=—-2
-z, —2<z<0,
Fz)={ %, =z=0,
%, O<x <2,
5 —
Z, 113—2

We compute the Fourier coefficients as follows:

aozi/_:f(s:)dx:i[/_:(—m)dw—i—/oz :

—dzx

2
T

|

2

approximates f(z) for m =5 (dotted curve), m

1 1[0 21
an, =—/ f(w)cosﬂdmz— /(—m)coswdm—i—/ = cos 22 4z
2 -2 2 2 -2 2 0 2 2
2
= ﬁ(cosnﬂ—l),
™
and
1 [? 1[0 21
25/72f(w)sin%d:c:§ [/J—x)sin% d:r—i—/o Esindem]
—W(1+3cosmr).
T
Therefore
3 2 X cosnm—1 nrx 1 = 1+3cosnm | nmr
F SATLE — i :
(z) = 4 - ; cos — 271-; - sin —
Figure 8.2.2 shows how the partial sum
3 2 < cosnm—1 e 1 &S 1+3cosnm nwT
Fn(z)=<+= — i
m(@) =7+ 22 R R n ST

n—=
= 10 (dashed curve), and m = 15 (solid curve).

3 4
[
2

Even and Odd Functions

Figure 8.2.2

Computing the Fourier coefficients of a function f can be tedious; however, the computation can often be simplified by exploiting
symmetries in f or some of its terms. To focus on this, we recall some concepts that you studied in calculus. Let u and v be defined
n [—L, L] and suppose that
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Then we say that w is an even function and v is an odd function. Note that:

u(—z)=u(z) and wv(—z)=-v(z), —-L<z<L.

e The product of two even functions is even.
e The product of two odd functions is even.
o The product of an even function and an odd function is odd.

Example 8.2.2

The functions u(z) = coswz and u(z) =z
is neither even nor odd.

2 3 3

are even, while v(z) = sinwz and v(z) = z° are odd. The function w(z) =e

You learned parts (a) and (b) of the next theorem in calculus, and the other parts follow from them (Exercise 11.2.1).

Theorem 8.2.5

Suppose u is even and v is odd on [—L, L]. Then:

a. f z)dx —2f0 z)dz,

b. fL (m)dw =

C f_LL u(z) cos 2= d —2f0L ) cos *2= dz,
d. f_LL v(z) sin m dz =2 fo smm dz,
e [
£ [

T u(z) sin”Lﬂ dx=0

~

~; v(z) cos M= dx = 0.

Example 8.2.3

Find the Fourier series of f(z) =z2 —z on [—2, 2], and determine its sum for —2 <z < 2.

Solution
Since L =2,
nwe
- : by sin 722
ag—i—Z(a cos —|— sin 2
where
1 [2
aoz—/ (2 — ) dz, (8.2.9)
4/,
1 (2 2 nwT
an =73 (117 —.’II)COS—d:L', n=1,2,3,..., (8210)
2 /., 2
and
1 [2 9 . nmx
b‘n:E (I —w)sm 9 dz, n=1,2,3,.... (8211)
-2

We simplify the evaluation of these integrals by using Theorem [thmtype:11.2.5} with u(z) = z* and v(z) = z; thus, from
Equation 8.2.9,

From Equation 8.2.1(0,
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2 2 2

nrx

a, —/ x2cos—dz:—[x2sm— —2/ T sin — dz
0 nmw 2 lo 0
nwx |? 2 T
=— 5 |zcos—| — cos — dx
nm 0 0

. nwx 16
=—— |2cosnm ——sin——| | =(-1)"—=
n2m 2 | n2m

From Equation 8.2.11,

2 2
2 2
b, = — :L'sinmdx:—[:ncosm — coswdz
0 2 nm 2 lo 0 2

] _(apd

2 [ 2 . nrz
— [2cosnm — — sin ——

nm nm nm

Therefore

Theorem 8.2.4 implies that

4, r=-2,
Fz)=} 22—z, —-2<z<2,
4, T =

approximates f(z) for m =5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).

-2 -1 1 2

X

Figure 8.2.3: Approximation of f(z) = 2® — by partial sums of its Fourier series on [—2, 2]

Theorem 8.2.5 ilmplies the next theorem follows.

Theorem 8.2.6

Suppose f is integrable on [—L, L].

a. If f is even, the Fourier series of f on [—L, L] is
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nmwr

F(z)=ay +Zan cos ——,
n=1

where
1 [t 2 [*
aozf/o f(z)dz and anzf/o‘ f(m)cos%dm, n>1.

b. If f is odd, the Fourier series of f on [—L, L] is

where

Example 8.2.4

Find the Fourier series of f(z) = on [—, 7} and determine its sum for —7 <z <.
Solution

Since f is odd and L =,

F(z)= Z by, sinnx
n=1

where
2 [T 2 T
b, :—/ zsinnmda::——[mcosnﬂg—/ cosnzdz]
m™Jo nm 0
2 2 g 2
= —=cosnm+ ——sinnz| =(-1)""=.
n nem 0 n
Therefore

F(z)=-2 i % sinnz.

Theorem 8.2.4 implies that

0, 18 = =77,
Flz)=Q 2z, —wm<z<m,
0, T=T7

Figure 8.2.4 shows how the partial sum

approximates f(z) for m =5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).
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2F

-3}

Figure 8.2.4: Approximation of f(z) = x by partial sums of its Fourier series on [—, 7]

Example 8.2.5

Find the Fourier series of f(x) = |z| on [—m, 7] and determine its sum for
—nm<zx<mT.

Solution:

Since f is even and L =,

F(z)=ap+ Y a,cosnz.

s3]
n=1

Since f(z) =z ifz >0,

1 /’r 22" 7«
ay = — zder=—| =—
7 Jo 2r|, 2
and, ifn>1,
2 [T 2 . & T
a, =— [ zcosnzdr=—I|[zsinnz|j— [ sinnzdz
™ Jo nm 0
g 2 2
= —cosnz| =—(cosnr—1)=—[(-1)"-1].
n2m 0 nim n2w
Therefore
2 —1)n—1
F(m)z%—f-; %cosnm. (8.2.12)

However, since
(1) —1= 0 i.fn:2m,
-2 ifn=2m+1,

the terms in Equation 8.2.12 for which n = 2m are all zeros. Therefore we only to include the terms for which n =2m +1;
that is, we can rewrite Equation 8.2.12as

T4 1
F(z)=1 =Y ————cos(2m +1)z.
(z) 2 72 Ema1p cos(2m+1)z

However, since the name of the index of summation doesn’t matter, we prefer to replace m by n, and write
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T (o]
_5_ ZO 2n+1 5 cos(2n+1)z.

Since |z|is continuous for all  and | — 7| = ||, Theorem 8.2.4 implies that F'(z) = || for all z in [, 7].

Example 8.2.6

Find the Fourier series of f(x) = z(z? — L?) on [~L, L], and determine its sum for —L <z < L.

Solution:
Since f is odd,
= . nwz
=ansm—,
n=1
where
9 L
bn :f/ x(mz—LQ)smn%dw
0
2 9 nmx | L L 9 .9 nwE
——= L - — L) cos 22 g
— [z(m ) cos — 7 |4 /0 (3z ) cos 7 dz
2L nrx | L L nwe
- 32? — L?)si ‘—6/ in 272 g
o [( z ) sin 7 A zsin —— dz
12L2 nmx |L L nwT 123
~ e [m COST}O _/0 COSTdm] =V
Therefore
1213 &K (1) | nrz
F(z)= — Z — sin——.

n=1

Theorem 8.2.4 implies that F(z) = z(2? — L?) for all z in [-L, L].

Example 8.2.7 Gibbs Phenomenon

The Fourier series of

on[—1,1]is

—~ 2n—1
(Verity.) According to Theorem 8.2.4
0, —-1<z< —%,
1 1
3 T=-%,
— 1 1
F(z)=41, —3<z<gy,
%, T = %,
0, % <z <1

thus, F' (as well as f) has unit jump discontinuities at z = :I:% . Figures 8.2.5-8.2.7 show the graphs of y = f(z) and
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N -1
2 (-1)"
_§ _ m—1

+ o1 cos(2n —1)mx

N =

y=Fy(z)=

n=1
for N =10, 20, and 30. You can see that although F5y_; approximates F' (and therefore f) well on larger intervals as N
increases, the maximum absolute values of the errors remain approximately equal to .09, but occur closer to the discontinuities

1 Q
T ==35 as N increases.

1 b ‘”UI UAUU 1 If—-
Figure 8.2.5: The Gibbs Phenomenon Example 8.2.7, N =10

¥

y=-109
y- 100

x
-t 1y oo

Figure 8.2.6: The Gibbs Phenomenon: Example 8.2.7, N = 20

y=109
y=1.00

5 - X
.. Vy=-.09

Figure 8.2.7: The Gibbs Phenomenon: Example 8.2.7, N = 30

Using Technology

The computation of Fourier coefficients will be tedious in many of the exercises in this chapter and the next. To learn the
technique, we recommend that you do some exercises in each section “by hand,” perhaps using the table of integrals at the front of
the book. However, we encourage you to use your favorite symbolic computation software in the more difficult problems.

This page titled 8.2: Fourier Series [ is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

11.2: Fourier Series I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https:/digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/43340



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43340?pdf
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/08%3A_Boundary_Value_Problems_and_Fourier_Expansions/8.02%3A_Fourier_Series_I
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/Mission_College/Math_4B%3A_Differential_Equations_(Kravets)/08%3A_Boundary_Value_Problems_and_Fourier_Expansions/8.02%3A_Fourier_Series_I?no-cache
https://math.libretexts.org/@go/page/9461
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

8.2E: Fourier Series | (Exercises)

Q8.2.1
1. Prove Theorem 8.1.5.

Q8.2.2

In Exercises 8.2.2-8.2.16 find the Fourier series of f on [—L, L] and determine its sum for —L <z < L. Graph f for Exercises
8.2.2,8.2.6,82.8,8.2.15, and 8.2.16 and

=ay +Z (an cos +b sin nza:)

on the same axes for variable values of m.

2.L=1; f(z)=2—2z
3. L=m; f(z) = 2z — 3x°
4. L=1; f(z)=1-322
5.L=m; f(z) =|sinz|
6. L=m; f(z) =xcosz
7.L=m; f(z) = |z|cosz
8.L=m; f(z)=zsinz
9.L=m; f(z)=|z|sinz

0, %<cc<1

0, —1<:1:<—%,
11.L=1; f(z) =} wcosmw, —% <z <43,

0, %<w<1

0, “-l<z<—=

12.L=1; f(z) = { sinTz, —%<z<3,

0, s<zx<l

0, -l<z<—3
13. L =1; f(x) =< |sinmz|, —%<m<%,

0, s <z<l

0, -l<x<—=
14.L=1; f(z) =< zsinwz, —%<z<%,

0, i<z<l1
L IO

z?, 1<z <0,
16'L:1;f(x):{1—m2, O<z<l

@ 0 a @ 8.2E.1 https://math.libretexts.org/@go/page/43341
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Q8.2.3

17. Verify the Gibbs phenomenon for f(z) = 1, -1<z<l,

18. Verify the Gibbs phenomenon for f(z) =4 3, —2<z <2,

19. Deduce from Example 11.2.5 that

20.

a. Find the Fourier series of f(z) = €” on [—m, 7}
b. Deduce from (a) that

i 1 7rcoth7r—1‘

— n?+1 N 2
21. Find the Fourier series of f(z) = (z — ) cosz on [—, 7.
22. Find the Fourier series of f(z) = (z —m)sinz on [—m, 7
23. Find the Fourier series of f(z) =sinkz (k # integer) on [—m, 7]
24. Find the Fourier series of f(z) = cos kz (k # integer) on [—, 7.

25.

a. Suppose f(—L) = f(L), f'(—L) = f'(L), f’ is continuous, and f" is piecewise continuous on [—L, L]. Use Theorem 8.2.4
and integration by parts to show that

nmwx
—a0+Y (ancos T +b,sn ), —L<w <L,
= Qg Z a. COS sin L i
with
1 L
—L/_Lf(:c)dac

L L
" nre L " . nTT
[Lf (m)coswa, and b":_n27r2 [Lf (m)sdew, n>1.

a, = —
n2m?

b. Show that if, in addition to the assumptions in (a), " is continuous and f'’ is piecewise continuous on [—L, L], then
//I
sin—
= ndns / P

flzx+L)=f(z), —-L<z<0

dzx.

26. Show that if f is integrable on [—L, L] and

(Figure 8.2.8), then the Fourier series of f on [—L, L] has the form

2n 2
A0+Z(A cos — 7 —I—Bn m%)

n=1

where

@ 0 a @ 8.2E.2 https://math.libretexts.org/@go/page/43341
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L
AOZ%A f(m)da:,

and

L 2 2 L 2
/Of(:z:)cos nlimd:c, Bn:f/O f(z)sin nlimd:v, n=1,2,3,....

o

¥

= T

Figure 8.2.8: y = f(z), where f(z +L) = f(z),-L<z <0

¥

Figure 8.2.9: y = f(z), where f(x + L) = —f(z),—-L <z <0
27. Show that if f is integrable on [—L, L] and
flz+L)=-f(z), —-L<z<0
(Figure 8.2.9), then the Fourier series of f on [—L, L] has the form
> 2n—1)rz (2n—1)rz )
— |

Z (An cos 7 + B, sin T
n=1

where

2 L 2n—1 2 * 2n—1
a=2f f@)cos ZDT gy ana B.-2 [ f@sinZ T gy o1,

This page titled 8.2E: Fourier Series I (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya

Kravets.

e 11.2E: Fourier Series I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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8.3: Fourier Series Il

In this section we discuss Fourier expansions in terms of the eigenfunctions of Problems 1-4 for Section 8.1.

Fourier Cosine Series

From Exercise 8.1.20, the eigenfunctions

1 e 21 nwe
» COS ™=, COS =, COS ——, ...
of the boundary value problem
y'+Ay=0, 3 (0)=0, 3(L)=0 (8.3.1)

(Problem 2) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of these functions is
called the Fourier cosine series of f on [0, L]. This series is

o0
nwe
ap + Eﬁ a, cos I
n=1

where

Jy f@)ydz 1 o
aO:Oﬁf’T:f/o f(z)dzx

and

L
f(x)cos 2 dx o (L
an:fo L :f/ Fl@)cos 22 dz, n=1,2,3,....
0

T
fo cos? 2L g

Comparing this definition with Theorem 8.2.6a shows that the Fourier cosine series of f on [0, L] is the Fourier series of the
function
f(=z), —-L<z<0
nw={" 2 |
f(=z), 0<z<L

obtained by extending f over [—L, L] as an even function (Figure 8.3.1).

¥

y ==}, y="fx)

\
Lt

Figure 8.3.1

Applying Theorem 8.2.4 to f; yields the next theorem.
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If f is piecewise smooth on [0, L], then the Fourier cosine series
> nrz
Cx) = n COS ——
(z) ag—i—Za cos —
n=1
of f on [0, L], with
1 [t 2 (f
ay = E/o f(z)dz and a,= f/o f(m)cosnLﬂdm, n=1,2,3,...,

converges for all z in [0, L]; moreover,

f(0+) ifr=0
f(z) i1f0 <z < Land fis continuous at ©
C(@) =9 fa)tft) . o :
—————— if0<z < Land fisdiscontinuous at x
fI-)  ife-L

Example 8.3.1

Find the Fourier cosine series of f(z) =z on [0, L].

The coefficients are

_l/Ld_lﬁL_é
WEL )y TET L2, T 2
and, ifn>1
B[ n . nmx|L L x
a, =— rcos——dr = — [z sin ‘ — sin dz
L 0 ™ L 0 0
2 nwT 2L nma |© 2L n
E— ; sin —— dr = 2 OS] . = [(—1)" —1]
4L YBm _
:{ Tm1)m? ifn=2m—1,
0 ifn=2m.
Therefore
L 4L & 1 (2n—1)rz
=5 "= ; @n-12" L

Theorem 8.3.1 implies that

Fourier Sine Series
From Exercise 8.1.19, the eigenfunctions

. T . 27x . nTT
sm—,smT,...,sm—

L

of the boundary value problem

y'+xy=0, y(0)=0, y(L)=0

(Problem 1) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of these functions is
called the Fourier sine series of f on [0, L]. This series is

https://math.libretexts.org/@go/page/43342
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o0

. NI
E bn smT,
n=1

where

L 3 nTe
_ Jo f(z)sin 222 dz _

L . 2 nm
Jy sin® 222 dg

bn

2 L
f/ f(w)sin%dw, n=1,2,3,....
0

Comparing this definition with Theorem 11.2.6b shows that the Fourier sine series of f on [0, L] is the Fourier series of the
function

—f(-z), -L<z<0

fm):{ fz), 0<z<L,

obtained by extending f over [—L, L] as an odd function (Figure 8.3.2).

¥

L
y=1x)
. o= =
y=-i-x)," !
Figure 8.3.2
Applying Theorem 8.2.4 to fo yields the next theorem.
Theorem 8.3.2
If f is piecewise smooth on [0, L], then the Fourier sine series
o0
S(z) = Z by, sin nLﬂ
n=1
of f on [0, L], with
2 L
b, = ), f(z)sin < dz,
converges for all  in [0, L]; moreover,
0 ife=0
f(z) if0<z < Land f is continuous at x
5@) =1 fa)ifer) | N
5 if 0 <z < Land fisdiscontinuous at x
0 ife=1L

Example 8.3.2

Find the Fourier sine series of f(z) =z on [0, L].

Solution
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The coefficients are

. 2 P ’I’LTl'fL'd 2 [ nmz L 2 mm:d
= Z sin r=——|xCcos—| — cos—dzx
2L 2L nrz | L 2L
= (=1 n+l 2~ el (-1 n+1_.
(=1) nw + n2m? ST 0 (=1) nmw

Therefore

S(z) = —Ei ﬂsin%.

n

Theorem 8.3.2 implies that

z, 0<z<L,

0, z=0L.
Mixed Fourier Cosine Series
From Exercise 8.1.22, the eigenfunctions
3rx 2n—1)rz
2L,cos L,...,cos 5T Yoo
of the boundary value problem
y'+Ay=0, ¥ (0)=0, y(L)=0 (8:3.2)

(Problem 4) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of these functions is

= 2n—1)rz
Z Cp COS T,

n=1

where

(2n— 1 )z
cos 2n—-1
cp = fo =— / f(z) cos ———— ) dx.

L 9 (2n—-1)mz
fo cos T

We’ll call this expansion the mixed Fourier cosine series of f on [0, L], because the boundary conditions of ( Equation 8.3.2) are
“mixed” in that they require y to be zero at one boundary point and 3’ to be zero at the other. By contrast, the “ordinary” Fourier
cosine series is associated with ( Equation ?77), where the boundary conditions require that 3y’ be zero at both endpoints.

It can be shown (Exercise 8.3.57) that the mixed Fourier cosine series of f on [0, L] is simply the restriction to [0, L] of the Fourier
cosine series of

f(z), 0<z <L,
fs(@) =
—f(2L—z), L<z<2L

on [0, 2L] (Figure 8.3.3).
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y=1f(x)

L ;e

o y=—tzlx)

Figure 8.3.3
Applying Theorem 8.3.1 with f replaced by f3 and L replaced by 2L yields the next theorem.

Theorem 8.3.3

If f is piecewise smooth on [0, L], then the mixed Fourier cosine series

s (2n—1)rz
Cu(z) = ;cn cos ——7——

of f on [0, L], with

2 L (2n — 17z
Cn_f/() f(m)coswa,

converges for all z in [0, L]; moreover,

f(0+) ifz=0
f(z) if0 <z < Land f is continuous at ©
Cu(@) =19 fa)tfen) . o :
== if0<z <Land fisdiscontinuous at x
0 ife=L

Example 8.3.3

Find the mixed Fourier cosine series of f(z) =z — L on [0, L].
Solution

The coefficients are

2 /L (2n—1)mzx
ch = — z—L)cos —————dz
=7 ) 2L
4 @2n—1)rz | * L (@2n-1rz
=———|(z—L)sin——— —/ sin ————dz
2n—1)m [ 2L o Jo 2L
__ 8 @n-Dme" 8L
- (2n—1)2x2 2L |,  (2n-1)2n2"
Therefore
8L & 1 (2n—1)mx
C =—— cos .
(@)= ; (@n—1) 2L

https://math.libretexts.org/@go/page/43342


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/43342?pdf

LibreTexts"

l Cy(z)=z—L, 0<z<L.

Mixed Fourier Sine Series

From Exercise 8.1.21, the eigenfunctions

wx . 37z . @2n-1mz
in oy sin s sin T

of the boundary value problem
y'+xy=0, y(0)=0, y'(L)=0

(Problem 3) are orthogonal on [0, L]. If f is integrable on [0, L], then the Fourier expansion of f in terms of these functions is

(2n— 1)7r:v
Zd sin ——————
where
(2n— 1 )z
fo ) sin (2n— 1)
dp, = Lz Cn b =— f )sin —————dz.
fo S

We’ll call this expansion the mixed Fourier sine series of f on [0, L].

It can be shown (Exercise 8.3.58) that the mixed Fourier sine series of f on [0, L] is simply the restriction to [0, L] of the Fourier
sine series of

f('z')a 0§$<La

fa(@) = { feL-z), L<z<2L,

on [0, 2L] (Figure 8.3.4).

y =10 N y=t2L-x)
' R
Figure 8.3.4

Applying Theorem 8.3.2 with f replaced by f4 and L replaced by 2L yields the next theorem.

Theorem 8.3.4

If f is piecewise smooth on [0, L], then the mixed Fourier sine series

w)—Zd sin —————

(2n— 1)

of f on [0, L], with
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£ 2n—1
dnz%/0 f(z)sin%dm,

converges for all z in [0, L]; moreover,

0 ifx=0
f(z) if0 <z < Land fis continuous at ©
SM(z) = )+l
(=) w if 0 <z < Land f is discontinuous at
fL-)  ife=L

Example 8.3.4

Find the mixed Fourier sine series of f(z) =z on [0, L].
Solution

The coefficients are

- 4 (2n—1)rz |- L (2n—1)rz ’
T @n—0r T 2|, _A ST
4 Z 2n—1
ey cos 21z
2n—-1)r Jo 2L
i
L 2n—1 L
_ 8 = sin( n )71':1,’ _(_1)n+1 8 — -
(2n—1)2~x 2L 5 (2n—1)2x
Therefore
S (IL‘)——SL P sin (@n—1)re
M T2 £~ (2n—1)2 2L

Theorem 8.3.4 implies that

A Useful Observation

In applications involving expansions in terms of the eigenfunctions of Problems 1-4, the functions being expanded are often
polynomials that satisfy the boundary conditions of the problem under consideration. In this case the next theorem presents an
efficient way to obtain the coefficients in the expansion.

Theorem 8.3.5

a If f/(0) = f'(L) =0, f" is continuous, and f'" is piecewise continuous on [0, L], then

f(w)=ao+zan008$, 0<z<L, (8.3.3)
n=1
with
1 L 2L2 L
ap = —/ f(z)dz and a,= / " (z) sin e de, n>1. (8.3.4)
L Jy n3wd Jo L

Now suppose f' is continuous and f”’ is piecewise continuous on [0, L].
b. If £(0) = f(L) =0, then

https://math.libretexts.org/@go/page/43342
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with
n2ﬂ'2 / f'(z sm—da: (8.3.5)
c. If f'(0) = f(L) =0, then
(2n— 1)
ch cos————, 0<z<L,
with
8L Lo (2n—1)rz
Cp=— @n—1)2n? /0 " (z)cos Y7 dz. (8.3.6)

d. If f(0) = f'(L) =0, then

s 2n—1
:Zdnsin%, 0<z<L,

with
8L Lo . (2n—1)z
d"__(2n—1)27r2/0 " (x)sin oL dz. (8.3.7)
Proof

We'll prove (a) and leave the rest to you (Exercises 8.3.35, 8.3.42, and 8.3.50). Since f is continuous on [0, L], Theorem
8.3.1limplies ( Equation 8.3.3 with ag, a1, as2,... as defined in Theorem 8.3.1 We already know that ay is as in ( Equation
8.3.4.If n > 1, integrating twice by parts yields

:—/ f(z cos—d:c

=— {f( sin 2% / f(z sm ]

— 2 [ (a)sin ™2 ds (snce sind —sinnr )
S sin — L z (since sin0 = sinnmw
2L, nmz |k Lo nwe
== [f (z) cos I {0 —A f"(z) cos I dx

=— n22i2 /OL f"(x) cos % dz (since f'(0) = f'(L) =0)

2 L L
S [f”(ac)sinm —/ f”’(ac)sinm dm]
L A L

n3mws 0
2L2

n3mws

L
/ f"(x)sin nLﬂ dz (since sin0 = sinnm = 0).

(By an argument similar to one used in the proof of Theorem 8.3.1, the last integration by parts is legitimate in the case
where f'' is undefined at finitely many points in [0, L], so long as it is piecewise continuous on [0, L].) This completes the
proof.
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Find the Fourier cosine expansion of f(z) = x2(3L —2z) on [0, L].

Solution
Here
1 L 1 aN | L 3
ap ——/0‘ (3La® —22°) dx = I (Lm?’—%) . =5
and

2 L
a":f/o (3Lm2—2w3)cos$dw, n>1.

Evaluating this integral directly is laborious. However, since f’(z)= 6Lz —6z%, we see that f'(0) = f'(L) =0. Since

f"(z) = —12, we see from ( Equation 8.3.4) that if n > 1 then

2412 L nnz 2418  nmz|" 243
an n37r3/0 sin—=dg = = cos — T i [(-1) ]
{ ML ifp—om 1,

= (2m—1)"m*

0 ifn=2m.
Therefore
(@) L} 4813 & 1 (2n—1)rz

z)="—— cos .

2 m n=1 (2n_1)4 L

Example 8.3.6

Find the Fourier sine expansion of f(z) = z(2® — 3Lz +2L?) on [0, L].

Solution
Since f(0) = f(L) =0 and f"(z) =6(z — L), we see from ( Equation 8.3.5) that

L
b, = — 12L/ (:L'—L)sinﬂdz
A L

n2m?
1212 L L
== {(:1: — L) cos nre —/ cos nre dx]
nem L lo 0 L
1212 ;L. nmz Ll 1218
= —sin—— = .
ndx3 L |, ndx3

Therefore

Example 8.3.7

Find the mixed Fourier cosine expansion of f(z) =3z® —4Lz%+ L? on [0, L].

Solution
Since f'(0) = f(L) =0 and f"(x) =2(9z —4L), we see from ( Equation 8.3.6) that
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16L L (2n—1)mx
S m—— —4L)cos ——2 g
¢ @n—1y2n /0 (9z ) cos oL x
32L2 (2n—1)mz |- L @2n—-1mnz
. ofr —AL)sin—— 27| _ ' d
@n_1)ir [(Qw ) sin 5T ) /0 sin 5T z
3212 18L (2n — 1)z |
= ————— [(-1)"'5L+ cos
(2n—1)3x3 [( ) (2n—1)m 2L .
32L3 18
= (1) ———|.
(2n—1)sr [( T ]
Therefore
YIRS 1 18 2n—1)rz

7 2 (2n—1)3 [(_1)n5+ (2n—1)7r] ST or

Example 8.3.8

Find the mixed Fourier sine expansion of

f(z) = z(22> —9Lx +12L?)
on [0, L].
Solution

Since f(0) = f'(L) =0, and f""(z) = 6(2z —3L), we see from ( Equation 8.3.7) that

48L L (2n—1)7Tz
dy =————-—— [ (22 —3L)sin—————d
o 1) /0 (22 —3L)sin 5T z
96 L2 @n—1)rz|" /L (2n—1)mz
= _|(2z—3L)cos ————2—| -2 4
2n—1)°x3 [( z—3L)cos —7 A T A
__ 96L? 4L (@n-Dme L
(2n—1)3x3 2n—1)m 2L 0
96L3 4
= 34+ (-1)"———
(2n—1)37r3[ (=1) (2n—1)7r]

Therefore

96L& 1 n 4 . 2n—-1)rz
Sul®)==5 Z(2n—1)3 [3+(_1) (2n—1)7r]sm 2L

n=1

This page titled 8.3: Fourier Series II is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.
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8.3E: Fourier Series Il (Exercises)

In Exercise 8.3.2 graph f and some partial sums of the required series.

08.3.1
In Exercises 8.3.1-8.3.10 find the Fourier cosine series.
1. f(z) =22; [0, L]

2. f(z)=1-z;10,1]

3. f(z) =2%—2Lz; [0, L]

4. f(z) =sinkz (k # integer);[0, 7]

0, L<z<I;
6. f(z) =2*—L*;[0, L]
7. f(@) = (z—1)*;[0,1]
8. f(z) =e€®; [0, 7]
9. f(z)=x(L—z); [0, L]

10. f(z) = z(xz —2L); [0, L]

Q8.3.2
In Exercises 8.3.11-8.3.17 find the Fourier sine series
11. f(z)=1; [0, L]

12. f(z)=1—=;0,1]

13. f(z) = coskz (k # integer); [0, ]

Q8.3.3
In Exercises 8.3.18-8.3.24 find the mixed Fourier cosine series.
18. f(z) =1; [0, L]
19. f(z) = z%; [0, L]
20. f(z) ==; [0, 1]
21.f(x):{1’ O<=<y [0, L]
0, L<z<i; 7
22. f(z) =cosz; [0, 7
23. f(z) =sinz; [0, 7
24. f(z) =z(L—=); [0, L]
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Q8.3.4

In Exercises 8.3.25-8.3.30 find the mixed Fourier sine series.

25. f(z) =1; [0, L]

26. f(z) ==; [0, L]
27 _ [ 0=esg 0,L
flz) = 0. £<m<L,[,]

Q8.3.5
In Exercises 8.3.31-8.3.34 use Theorem 8.3.5a to find the Fourier cosine series of f on [0, L].
31. f(x) = 32%(z — 2L?)

32. f(z) = 23(3z —4L)

33. f(z) = 22(32® — 8Lz +6L?)
34. f(z) =2 (x — L)°

0Q8.3.6

35.

a. Prove Theorem 8.3.5b.
b. In addition to the assumptions of Theorem 8.3.5b, suppose f”/(0) = f”(L) =0, f"" is continuous, and f(4) is piecewise
continuous on [0, L]. Show that

2L3
= 44/ @ sm—dac n>1.
ntr

Q8.3.7
In Exercises 8.3.36-8.3.41 use Theorem 8.3.5b or, where applicable, Exercises 8.1.35b to find the Fourier sine series of f on [0, L].

36. f(z)=z(L—z)

37. f(z) =2*(L —x)

38. f(z) =z (L% —z?)

39. f(z) =z (x> — 2Lx? + L)

40. f(z) = z(3z* —10L2%22 + 7L*)
41. f(z) = z(3z* —5La® +2L%)
Q8.3.8

a. Prove Theorem 8.3.5c.
b. In addition to the assumptions of Theorem 8.3.5¢, suppose f"(L) =0, f" is continuous, and f'” is piecewise continuous on
[0, L]. Show that

16L2 L " . (2n—1)7rw
cn:m/ f (w)sdem, n>1.
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08.3.9

In Exercises 8.3.43-8.3.49 use Theorem 8.3.5c, or where applicable, Exercise 8.1.42b, to find the mixed Fourier cosine series of f
on [0, L.

43. f(z)
44. f(z)
45. f(z)
46. f(z)
(z)
(z)
(z)

2*(L — )
LZ
L3
3+3Lx —5L3
43:3+3Lm2 7L3
=g* —2Laz% 4+ L*
=z* —4Lz% +6L%x* - 3L*

T

47. f(z

48. f(z
49. f(z

08.3.10
50.

a. Prove Theorem 8.3.5d.
b. In addition to the assumptions of Theorem 8.3.5d, suppose f”(0) =0, f" is continuous, and " is piecewise continuous on
[0, L]. Show that

d :—LB/ "z cosudm n>1.
" (2n—1)3x3 2L ’ -
Q8.3.11
In Exercises 8.3.51-8.3.56 use Theorem 8.3.5d or, where applicable, Exercise 8.3.50b, to find the mixed Fourier sine series of the f
on [0, L].
51. f(z) =z(2L —z)
52. f(z) = z%(3L —2z)
53. f(z) = (z — L)® + L3
54. f(z) = z(z? — 3L?)
55. f(z) = 23 (3z —4L)
56. f(z) =z (x> — 2La% +2L3)
Q8.3.12

57. Show that the mixed Fourier cosine series of f on [0, L] is the restriction to [0, L] of the Fourier cosine series of

f(z), 0<z<L,

fa(@) = { ~f@L-z), L<z<2L

on [0, 2L} Use this to prove Theorem 8.3.3.

58. Show that the mixed Fourier sine series of f on [0, L] is the restriction to [0, L] of the Fourier sine series of

_ f(z), 0<z<L,
fa(@) = { feL-z), L<z<2L

on [0, 2L} Use this to prove Theorem 8.3.4.
59. Show that the Fourier sine series of f on [0, L] is the restriction to [0, L] of the Fourier sine series of

_ f(z), 0<z<L,
f3(m)_{—f(2L—:c), L<z<2L

on [0,2L)
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60. Show that the Fourier cosine series of f on [0, L] is the restriction to [0, L] of the Fourier cosine series of

f4(m)_{f(2L—w), L<z<2L
on [0,2L]

This page titled 8.3E: Fourier Series Il (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 11.3E: Fourier Series II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

9: Fourier Solutions of Partial Differential Equations

In this chapter, we use the series discussed in Chapter 11 to solve partial differential equations that arise in problems of
mathematical physics.

9.1: The Heat Equation

9.1E: The Heat Equation (Exercises)
9.2: The Wave Equation

9.2E: The Wave Equation (Exercises)

This page titled 9: Fourier Solutions of Partial Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.
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9.1: The Heat Equation

We begin the study of partial differential equations with the problem of heat flow in a uniform bar of length L, situated on the =
axis with one end at the origin and the other at z = L (Figure 12.1.1).

We assume that the bar is perfectly insulated except possibly at its endpoints, and that the temperature is constant on each cross
section and therefore depends only on = and . We also assume that the thermal properties of the bar are independent of z and ¢. In
this case, it can be shown that the temperature u = u(z,t) at time ¢ at a point z units from the origin satisfies the partial
differential equation

w =a’uz, 0<z<L, t>0,

where a is a positive constant determined by the thermal properties. This is the heat equation.

|
% X
\
x=0 x=L
Figure 12.1.1 : A uniform bar of length L

To determine u, we must specify the temperature at every point in the bar when ¢t = 0, say
u(z,0) = f(z), 0<z<L.

We call this the initial condition. We must also specify boundary conditions that « must satisfy at the ends of the bar forall ¢ > 0.
We’ll call this problem an initial-boundary value problem.

We begin with the boundary conditions « (0, ¢) = u(L,t) = 0, and write the initial-boundary value problem as
e =0a’uyy, O<xz <L, t>0,
u(0,t)=0, wu(L,t)=0, t>0, (9.1.1)
u(z,0)=f(z), 0<z<L.

Our method of solving this problem is called separation of variables (not to be confused with method of separation of variables
used in Section 2.2 for solving ordinary differential equations). We begin by looking for functions of the form

v(z,t) = X(2)T'(¢)
that are not identically zero and satisfy
vy =a?vg, v(0,t)=0, v(L,t)=0
for all (z, t). Since
vy =XT' and v, =X"T,

v = av,, if and only if

XT' =a’X"T,
which we rewrite as
T/ Xl/
a’T - Y

Since the expression on the left is independent of & while the one on the right is independent of ¢, this equation can hold for all
(z,t) only if the two sides equal the same constant, which we call a separation constant, and write it as —\; thus,

XH Tl
X —oap ™
X a7
This is equivalent to
X"+AX =0

https://math.libretexts.org/@go/page/43345
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and
T' = —a’\T. (9.1.2)
Since v(0,t) =X (0)T'(t) =0 and v(L,t) = X(L)T(t)=0 and we don’t want T to be identically zero, X(0) =0 and
X(L) =0. Therefore A must be an eigenvalue of the boundary value problem
X"+AX =0, X(0)=0, X(L)=0, (9.1.3)

and X must be a A-eigenfunction. From Theorem 11.1.2, the eigenvalues of Equation 9.1.3 are A, = n?n?/L?, with associated
eigenfunctions

X, =sin 22 n=1,2,3,....
L
Substituting A = n?m%/L? into Equation 9.1.2yields
T' = —(n*r%a®/L*)T,
which has the solution

T _e—n27r2a2t/L2
n= .

Now let
(2, 8) = X (2)T, (t) = e "™ sin % n=1,2,3,...
Since
. N
vp(z,0) = sin ——,
vy, satisfies Equation 9.1.1 with f(z) = sinnmz /L. More generally, if a, . . ., a,,, are constants and

m
2_2 2 2 ., nNmx
U (z,t) = Zane_" mat/L sin——,
n=1
then u,, satisfies Equation 9.1.1 with

nmr

f = 7 Sin
(z) ;a sin —

This motivates the next definition.

& Definition 12.1.1

The formal solution of the initial-boundary value problem
u =a’uy,, 0<xz<L, t>0,
u(0,t) =0, wu(L,t)=0, ¢>0, (9.1.4)
u(z,0)=f(z), 0<z<L
is

o0
)= ape T i T2 9.1.5
u(z,t) nzlane sin — ( )

where

is the Fourier sine series of f on [0, L]; that is,
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ap = % /(]Lf(w)sin% dz.

We use the term “formal solution” in this definition because it is not in general true that the infinite series in Equation 9.1.5
actually satisfies all the requirements of the initial-boundary value problem Equation 9.1.4 when it does, we say that it is an actual
solution of Equation 9.1.4.

Because of the negative exponentials in Equation 9.1.5, u converges for all (z,t) with £ > 0. Since each term in Equation 9.1.5
satisfies the heat equation and the boundary conditions in Equation 9.1.4, u also has these properties if u; and u,, can be obtained
by differentiating the series in Equation 9.1.5 term by term once with respect to ¢ and twice with respect to «, for ¢t > 0. However,
it is not always legitimate to differentiate an infinite series term by term. The next theorem gives a useful sufficient condition for
legitimacy of term by term differentiation of an infinite series. We omit the proof.

& Theorem 12.1.2

A convergent infinite series

can be differentiated term by term on a closed interval [z7, 23] to obtain

o0
W'(z) = wi(2)
n=1
(where the derivatives at z =27 and z = 25 are one-sided) provided that w}, is continuous on [z1, z2] and
lwh(2)| <M, zn<z<z, n=12,3,...,

where My, M>, ..., M,, ..., are constants such that the series fozl M, converges.

Theorem 12.1.2 , applied twice with z =z and once with z =t , shows that u,, and u; can be obtained by differentiating u term
by term if £ > 0 (Exercise 12.1.54). Therefore u satisfies the heat equation and the boundary conditions in Equation 9.1.4 for
t > 0. Therefore, since u(z,0) = S(z) for 0 <z < L, u is an actual solution of Equation 9.1.4 if and only if S(z) = f(z) for
0 <z < L. From Theorem 11.3.2, this is true if f is continuous and piecewise smooth on [0, L], and f(0) = f(L) =0.

In this chapter we’ll define formal solutions of several kinds of problems. When we ask you to solve such problems, we always
mean that you should find a formal solution.

v/ Example 12.1.1

Solve Equation 9.1.4 with f(z) = z(z? —3Lz +2L?).

Solution
From Example [example:11.3.6}, the Fourier sine series of f on [0, L] is

S(z) =

—Q s —

12L3i 1 . nmz
n3 L

3
s n=1

Therefore

12L3001_222 2 . nmx
§:_36n7'rat/L i
n
n=1

If both ends of bar are insulated so that no heat can pass through them, then the boundary conditions are

uy(0,¢) =0, wu,(L,t)=0, t>0.
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We leave it to you (Exercise 12.1.1) to use the method of separation of variables and Theorem 11.1.3 to motivate the next

definition.

& Definition 12.1.3 : Formal Solution

The formal solution of the initial-boundary value problem
U = a’uy,, 0<z<L, t>0,
uz(0,t) =0, wu.(L,t)=0, t>0, (9.1.6)

U(CC,O):f(.’L'), 0<z<L

is
o0
w(z,t) =ag+ Y e ™ T UL cos nre
n=1
where
> nwT
C(z)= —_—
() =ap +;an cos —
is the Fourier cosine series of f on [0, L]; that is,
1 [r 2 [T
oy = f/o f(z)dz and a, :Z/o f(w)cos%dw, n=1,2,3,....
v/ Example 12.1.2
Solve Equation 9.1.6 with f(z) = z.
Solution
From Example 11.3.1, the Fourier cosine series of f on [0, L] is
L 4L & 1 (2n—1)rz
Clzx)==—— cos
(=) 2 7?4~ (2n—1)2 L
Therefore
L 4L 0 1 2 2 2,/72 (277,—1)71':1,‘
u(z,t) == —— — e ) mat g -~
(%) 2 g2 nz:; (2n—1)2 L

We leave it to you (Exercise 12.1.2) to use the method of separation of variables and Theorem 11.1.4 to motivate the next

definition.

& Definition 12.1.4

The formal solution of the initial-boundary value problem

U =a’Uyy, 0<z <L, t>0,
u(0,t) =0, wu,(L,t)=0, t>0,
u(CL',O):f(.’B), 0<z<L

is

2n—1)mx
u(z,t) = Z ape” B TEHAL g %

(9.1.7)

)
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where

= 2n—1
Su(z) = ;an sin%

is the mixed Fourier sine series of f on [0, L]; that is,

L n—1)rz
/0 f(z) sinu dz.

_2
2= 2L

v/ Example 12.1.3

Solve Equation 9.1.7 with f(z) = z.

Solution
From Example 11.3.4, the mixed Fourier sine series of f on [0, L] is

8L (1) . (2n—1)mz
,S’M(:I:)——ﬂ_2 2 an-1y sin ST .
Therefore
u(a: t) _ _% = (_1)77, (2—(271—1)27r2a2t/4L2 sin (27’),— ]')7.‘-m .
’ 72~ (2n—1) 2L

Figure 12.1.2 shows a graph of u = u(z, t) plotted with respect to z for various values of ¢. The line y = z corresponds to
t = 0. The other curves correspond to positive values of £. As t increases, the graphs approach the line v = 0.

u

A

Figure 12.1.2

We leave it to you (Exercise 12.1.3) to use the method of separation of variables and Theorem 11.1.5 to motivate the next
definition.

& Definition 12.1.5

The formal solution of the initial-boundary value problem
w = aUyy, 0<z <L, t>0,
uz(0,t) =0, w(L,t)=0, t>0, (9.1.8)
u(z,0)=f(z), 0<z<L

is
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> 2n — 1)z
u(z,t) = Z ozn67(2"71)2”2“2”4L2 cos @n—1l)re 2L) )

n=1

where

(2n—1)rz

Cu(z)=)» a,cos—(——
2 o

is the mixed Fourier cosine series of f on [0, L]; that is,

2 L (2n—1)rz
oy = f/o f(z)cos —7 dz.

v/ Example 12.1.4

Solve Equation 9.1.8 with f(z) =z — L.

Solution
From Example 11.3.3, the mixed Fourier cosine series of f on [0, L]is

8L & 1 (2n—1)rz
Oule)=—"52 @n_12 7 2r

n=1

Therefore

8L = 1 —(2n—1)%n2a2t/AL2 (2?’),—1)7T$
u(%,t)z—?Zme(n ymialt/ COST.

n=1

Nonhomogeneous Problems
A problem of the form
s = auge +h(z), 0<z <L, t>0,
u(0,t) =ug, u(L,t)=wug, t>0, (9.1.9)
u(z,0)=f(z), 0<z<L
can be transformed to a problem that can be solved by separation of variables. We write
u(z, t) =v(z,t) +q(x), (9.1.10)
where q is to be determined. Then
w=v and Uy =y +q"
so u satisfies Equation 9.1.9if v satisfies
vy = a?vy +a?q¢"(z) +h(z), 0<z <L, t>0,
v(0,t) =uo—q(0), v(L,t)=ur—q(L), t>0,
v(z,0) = f(z) —q(z), 0<z<L.
This reduces to
v =0V, 0<z<L, t>0,
v(0,t)=0, wo(L,t)=0, t>0, (9.1.11)
v(z,0) = f(z) —q(z), 0<z<L

if
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We can obtain ¢ by integrating ¢"’ = —h/a? twice and choosing the constants of integration so that ¢(0) =w and ¢(L) = uy,.
Then we can solve Equation 9.1.11 for v by separation of variables, and Equation 9.1.10is the solution of Equation 9.1.9.

v/ Example 12.1.5

a’q"+h(z) =0, ¢(0)=ug, q(L)=uz.

Solve
U =Uge —2, O0<z <1, t>0,
u(0,t)=-1, wu(l,t)=1, t>0,
u(z,0) =3 —2224+3z—-1, 0<z<I1.
Solution

We leave it to you to show that

gz)=z*+z—1

satisfies
¢"-2=0, ¢(0)=-1, ¢(1)=1.

Therefore

u(z,t) =v(z,t) +a+z -1,
where

Vp =Vpe, O0<ax<1l, t>0,

v(0,¢) =0, wv(1,¢£)=0, t>0,

and

v(z,0) =23 -222+3z—-1-22 —z+1=2z(z? -3z +2).

From Example 12.1.1 witha =1 and L =1,

)= 12 i 1 oy
v(z,t)=—=)» —e sinnwz.
g w3 = 3
Therefore
2 1 €9 1 —n27r2t .
u(z,t) == —}-:1:—1—1——2— sinnmz.
73 = 3

A similar procedure works if the boundary conditions in Equation 9.1.11are replaced by mixed boundary conditions
uy(0,t) =ug, uw(L,t)=wug, t>0

or
u(0,t) =wg, ux(L,t)=ug, t>0;

however, this isn’t true in general for the boundary conditions

uy(0,t) =ug, ugz(L,t)=wug, t>0.
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Numerical experiments can enhance your understanding of the solutions of initial-boundary value problems. To be specific,
consider the formal solution

00

_n2r2q2t/L2 . NTIL

u(m,t):g e T sin——,
n=1

of Equation 9.1.4, where

nmr

S(z) = ;an sin —

is the Fourier sine series of f on [0, L]. Consider the m-th partial sum

& P . nmwzx
Um(l',t):;ane clsadls sin ——. (9.1.12)

For several fixed values of ¢ (including ¢ = 0), graph u,,(z,t) versus ¢. In some cases it may be useful to graph the curves
corresponding to the various values of ¢ on the same axes in other cases you may want to graph the various curves successively
(for increasing values of t), and create a primitive motion picture on your monitor. Repeat this experiment for several values of
m, to compare how the results depend upon m for small and large values of ¢t. However, keep in mind that the meanings of
“small” and “large” in this case depend upon the constants a2 and L2. A good way to handle this is to rewrite Equation 9.1.12

as
m
—n2r nmTx
Um (z,t) = g ape A
n=1
where
w2a’t

(9.1.13)

and graph u,, versus z for selected values of 7.

These comments also apply to the situations considered in Definitions 12.1.3 -12.1.5 , except that Equation 9.1.13 should be
replaced by

_ n2a’t

T=
in Definitions 12.1.4 and 12.1.5 .

This page titled 9.1: The Heat Equation is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 12.1: The Heat Equation by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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9.1E: The Heat Equation (Exercises)

In some of the exercises we say “perform numerical experiments.” This means that you should perform the computations just
described with the formal solution obtained in the exercise.

Q9.1.1
Explain Theorem 9.1.3.
Explain Theorem 9.1.4.
Explain Theorem 9.1.5.

Perform numerical experiments with the formal solution obtained in Example 9.1.2.

1.

2.

3.

4. Perform numerical experiments with the formal solution obtained in Example 9.1.1.
5.

6. Perform numerical experiments with the formal solution obtained in Example 9.1.3.
7.

Perform numerical experiments with the formal solution obtained in Example 9.1.4.

Q9.1.2

In Exercises 9.2.8-9.2.19 solve the initial-boundary value problem.

8. u=1uz,, O0<z<l, t>0,
u(0,t) =0, wu(1,t)=0, ¢>0,
u(z,0)=z(l—2z), 0<z<1

9. u =%y, 0<zxz<4, t>0.
u(0,t) =0, wu(4,t)=0, ¢>0,
u(z,0)=1, 0<z<4

10. vy = 3uy,, O<z<m, t>0.
u(0,t)=0, wu(mt)=0, t>0,
u(z,0)=zsinz, 0<z<~

11 up = Uy, O0<ax <2, t>0,
u(0,t)=0, wu(2,¢)=0, t>0,
u(z,0)=22(2—-z), 0<z<2

12, up =4uy,,, 0<z<3, t>0,
w(0,8) =0, wu(3,t)=0, t>0,
u(z,0)==z(9—2%), 0<z<3

13.uy =4u,,, 0<zr<2, t>0,
u(0,¢) =0, wu(2,t)=0, ¢>0,

0<z<1
u(z,0) = T =TS
2—z, 1<z<2.

14.uy =4u,,, 0<zx<2, t>0,
ug(0,8) =0, wu,(2,¢)=0, t>0,
u(z,0)=z(x—4), 0<z<2

15. 4 =9y, O<z <1, t>0,
ug(0,8) =0, wu.(1,¢)=0, t>0,
u(z,0)=z(l-2z), 0<z<1

26. up =3Uy, O<axz<m, t>0,
u(0,t) =0, wuy(mt)=0, t>0,
u(z,0)=z(r—z), 0<z<mw
17.up =5uy,, 0<z <2, t>0,
u(0,t) =0, wu,(2,t)=0, ¢>0,
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u(z,0)=2z(4d—-2z), 0<z<2

18. uy = 16uy,, O0<z <2m, t>0,
uz(0,¢) =0, wu(2m,t)=0, t>0,
u(z,0)=4, 0<z <27

19.u =3uy,,, O0<z <1, t>0,

uz(0,¢8) =0, wu(1,t)=0, ¢>0,

u(z,0)=1-—2z, 0<z<l1

This page titled 9.1E: The Heat Equation (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 12.1E: The Heat Equation (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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9.2: The Wave Equation
In this section we consider initial-boundary value problems of the form
Uy = auy,, 0<z <L, t>0,
u(0,¢) =0, wu(L,t)=0, t>0, (9.2.1)
u(z,0)=f(z), w(z,0)=g(z), 0<z<L,

where a is a constant and f and g are given functions of x. The partial differential equation uy = a?u,, is called the wave
equation. It is necessary to specify both f and g because the wave equation is a second order equation in ¢ for each fixed x. This
equation and its generalizations

2 2
Uy =" (Ugy +Uyy) and  uy =a” (Ugp +Uyy +Usz;)
to two and three space dimensions have important applications to the the propagation of electromagnetic, sonic, and water waves.

The Vibrating String

We motivate the study of the wave equation by considering its application to the vibrations of a string — such as a violin string —
tightly stretched in equilibrium along the z-axis in the zu-plane and tied to the points (0,0) and (L, 0) (Figure 12.2.1).
u

T .

-

Figure 12.2.1 : A stretched string

If the string is plucked in the vertical direction and released at time ¢ = 0, it will oscillate in the zu-plane. Let u(z,t) denote the
displacement of the point on the string above (or below) the abscissa « at time ¢.

We’ll show that it is reasonable to assume that w satisfies the wave equation under the following assumptions:

1. The mass density (mass per unit length) p of the string is constant throughout the string.

2. The tension 7" induced by tightly stretching the string along the z-axis is so great that all other forces, such as gravity and air
resistance, can be neglected.

3. The tension at any point on the string acts along the tangent to the string at that point, and the magnitude of its horizontal
component is always equal to T, the tension in the string in equilibrium.

4. The slope of the string at every point remains sufficiently small so that we can make the approximation

VItuZ ~1. (9.2.2)

Figure 12.2.2 shows a segment of the displaced string at a time ¢ > 0. (Don’t think that the figure is necessarily inconsistent with
Assumption 4; we exaggerated the slope for clarity.)
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>

v
x

Figure 12.2.2 : A segment of the displaced string

The vectors T and T are the forces due to tension, acting along the tangents to the segment at its endpoints. From Newton’s
second law of motion, T; — Ty is equal to the mass times the acceleration of the center of mass of the segment. The horizontal
and vertical components of T; — T are

| Ty cosfy —|T1|cosf; and |Tq|sinby —|T|sinb;,
respectively. Since
|T2| cosby = |T1|costh =T (9.2.3)

by assumption, the net horizontal force is zero, so there’s no horizontal acceleration. Since the initial horizontal velocity is zero,
there’s no horizontal motion.

Applying Newton’s second law of motion in the vertical direction yields
|To|sindy —|T|sin6; = pAsuy(z,t), (9.2.4)
where As is the length of the segment and z is the abscissa of the center of mass; hence,
r<z<z+Az.

From calculus, we know that

z+Az
As:/ \/14+uZ(o,t) do;

however, because of Equation 9.2.2, we make the approximation
z+Ax
As~ / 1do = Az,
xr

so Equation 9.2.4 becomes
|Ty|sinfy — |Ty|sind; = pAz uy(z, t).
Therefore

|T2| sint92 - |T1| sin91
Az

= puy (T, t).

Recalling Equation 9.2.3, we divide by 1" to obtain

tanfy —tan6;  p _
AL = Tutt(z,t). (9.2.5)

Since tanf; = u,(z,t) and tanf, = u, (z + Az, t), Equation 9.2.5 is equivalent to
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Uz (T + Az) —uy(z,t)
Az

= — Ut (f, t)

Nl

Letting Az — 0 yields
Uy (T, 1) = ﬁuu (z,t)
b T b b
which we rewrite as uy = au,, , with a®? =T /p.

The Formal Solution

As in Section 12.1, we use separation of variables to obtain a suitable definition for the formal solution of Equation 9.2.1. We
begin by looking for functions of the form v(z,t) = X (z)T'(¢) that are not identically zero and satisfy

Vg = Ve, v(0,8)=0, v(L,t)=0
for all (z,t). Since
vy = XT" and vy, :X"T,
vy = a’vy, if and only if
XT" =a’X"T,

which we rewrite as

T X"
2T X
For this to hold for all (z, t), the two sides must equal the same constant; thus,
X" T
X “ar- ™
which is equivalent to
X"+2X =0
and
T" +a*\T =0. (9.2.6)

Since v(0,¢) = X(0)T'(t) =0 and v(L,t) =X(L)T(t) =0 and we don’t want T' to be identically zero, X(0)=0 and
X(L) = 0. Therefore A must be an eigenvalue of

X"4+AX=0, X(0)=0, X(L)=0, (9.2.7)

and X must be a A-eigenfunction. From Theorem 11.1.2, the eigenvalues of Equation 9.2.7 are A, = n2n? / L?, with associated
eigenfunctions

nwe
X, =sin — =1,2,3,....
n sin L ) n ) ) )
Substituting A = n?m?/L? into Equation 9.2.6 yields
T" + (n*n%a®/L*)T =0,

which has the general solution

nmat L nmwat
T, = a, cos + Bn sin ,
nmwa L

where «, and (3, are constants. Now let

p(z,t) = X (2) T (t) = (an cos

nmat B,L . mrat) . nmz
+ sin sin

nwa L L
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Then
Ov, (z,1) nwa . nmat +8 nmwat\ . nwx
z,t) = ( ———a,, sin —— + f3, cos sin —,
ot 7’ L L L L
o
. nwT Ovy, . nwx
vp(z,0) = o sin —— and E(w,ﬂ) = B sin 7

Therefore v, satisfies Equation 9.2.1 with f(z) = o, sinnmz /L and g(z) = B, cosnmwz /L. More generally, if aq, ag, ..., am
and 1, Ba,..., Bm are constants and

- t L t
U (z,t) = Z (an cos m;a + ijra sin nza ) sin nz:c,

n=1

then u,, satisfies Equation 9.2.1 with
o nwe nwe
= nil oy sin —— and g(z Z B sin I

This motivates the next definition.

& Definition 12.2.1

If f and g are piecewise smooth of [0, L], then the formal solution of Equation 9.2.1 is

> t L t
u(z,t) = ; (a" cos n7IrJa + iﬂ'a sin m;a ) sin nz:z:, (9.2.8)
where
St(x) =Zan sin% and Sy(z) :Z,Bn sin%
n=1 n=1

are the Fourier sine series of f and g on [0, L]; that is,

2 L
an:f/[] f(:c)sinnLﬂdw and an—/ sm—dw

Since there are no convergence-producing factors in Equation 9.2.8 like the negative exponentials in ¢ that appear in formal
solutions of initial-boundary value problems for the heat equation, it is not obvious that Equation 9.2.8 even converges for any
values of = and ¢, let alone that it can be differentiated term by term to show that uy = a’u,, . However, the next theorem
guarantees that the series converges not only for 0 <z < L and ¢ > 0, but for —oco < z < 0o and —00 <t < 00 .

& Theorem 12.2.2

If f and g are piecewise smooth on [0, L], then w in Equation 9.2.1 converges for all (z, t), and can be written as

z+at

1S(z+at) + Syla—at)] + 5= / S,(r) dr. 9.2.9)

at

u(z,t) =

N |

Proof

Setting A =nnz /L and B = nmat/ L in the identities

1
sin Acos B= 5 [sin(A + B) +sin(A — B)]

and
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sinAsin B=— % [cos(A+ B) — cos(A — B)]

yields
t 1 nm(x +at nw(z —at
cos =2 sin? = [sin ( T ) +sin ( 7 )} (9.2.10)
and
sin ”E’” sin 272 = —% [ s —M(?at) —cos m(f:_at) ]
(9.2.11)
_ nmw z+at . md
= o Jp o sintdr
From Equation 9.2.1()
S oo | oy €OS "Tt sin % = % S o (sin m(z;at) +sin M(Tat) )
(9.2.12)

_ %[Sf(il' +at) + S¢(z —at)]

Since it can be shown that a Fourier sine series can be integrated term by term between any two limits, Equation 9.2.11
implies that

X BuL . nmat . nwx 1 & / zHat T
sin sin =— )Y B, sin —dr
; nwa L L 2a ; T—at L
1 /‘”“t = nwT
S Bnsin— | dr
2a Jy—at ; " L
1 z+at S ( )d
=— T)dT
2a z—at I

This and Equation 9.2.12imply Equation 9.2.9 which completes the proof.

As we’ll see below, if Sy is differentiable and S ¢ 1s twice differentiable on (—oo, 00), then Equation 9.2.9 satisfies uy = a2y,
for all (z,t). We need the next theorem to formulate conditions on f and g such that S 7 and S, to have these properties.

& Theorem 12.2.3

Suppose h is differentiable on [0, L]; that is, h'(z) exists for 0 < & < L, and the one-sided derivatives
h(x)—h h(x)—h(L
K, (0) = lim @) =hO) i b ()= tim B ZRE)
z—0+ T z—L— x—L
both exist.
a. (a) Let p be the odd periodic extension of 4 to (—o0, 00); that is,
h(z), 0<z<IL,
p(z) = andp(z+2L) =p(z), —o0o<z < o0.
—h(-z), —-L<z<0,
Then p is differentiable on (—o0, 00) if and only if
h(0)=h(L)=0 (9.2.13)
b. Let g be the even periodic extension of h to (—oo, 00); that is,
h(z), 0<z<L,
(z) =

and g(z +2L) =q(z), —oo<z < oo.
h(—z), —-L<z<0,

Then pgq is differentiable on (—oo, 00) if and only if
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R (0)=h (L) =0 (9.2.14)

Proof

Throughout this proof, k denotes an integer. Since f is differentiable on the open interval (0, L), both p and g are
differentiable on every open interval ((k— 1)L, kL) . Thus, we need only to determine whether p and q are differentiable
at x = kL for every k.

(a) From Figure 12.2.3 , p is discontinuous at ¢ = 2kL if h(0) # 0 and discontinuous at x = (2k—1)L if h(L) #0.
Therefore p is not differentiable on (—oo, 00) unless h(0) = h(L) =0 . From Figure 12.2.4 , if h(0) = h(L) =0 , then

p'(2kL) =h'(0) and p'((2k—1)L)=h' (L)

for every k; therefore, p is differentiable on (—oo, 00) .

y
> X
I [
| |
| |
| |
| |
| |
x=-3L x=-2L X=- x=0 X=L Xx=2L x= 3L
Figure 12.2.3 : The odd extension of a function that does not satisfy 9.2.13
y

=-2L x=-L x=0
Figure 12.2.4 : The odd extension of a function that satisfies 9.2.13

(b) From Figure 12.2.5,
¢/ (kL) = —H,(0) and q\(2kL) = !, (0),
so g is differentiable at & = 2kL if and only if A/, (0) = 0. Also,
¢ ((2k—1)L)=h_(L) and ¢, ((2k—1)L)=—-h"(L),

so g is differentiable at # = (2k — 1)L if and only if A’ (L) = 0. Therefore g is differentiable on (—oo, c0) if and only if
h!_(0) =h/(L) =0, as in Figure 12.2.6 . This completes the proof.
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y
A

\/

I

|

I

| | | |
==L x=0 x=L X=2L x= 3L
Figure 12.2.6 : The even extension of a function that satisfies 9.2.14

& Theorem 12.2.4

The formal solution of (9.2.1)is an actual solution if g is differentiable on [0, L] and

9(0) =g(L) =0, (9.2.15)
while f is twice differentiable on [0, L] and

f(0)=f(L)=0 (9.2.16)
and

(0) = f"(L) =0. (9.2.17)
Proof

We first show that S, is differentiable and Sy is twice differentiable on (—oo, c0) . We’ll then differentiate Equation 9.2.9
twice with respect to  and ¢ and verify that Equation 9.2.9is an actual solution of Equation 9.2.1,

Since f and g are continuous on (0,L), Theorem 11.3.2 implies that S¢(z)= f(z) and Sy(xz)=g(x) on [0, L].
Therefore Sy and S, are the odd periodic extensions of f and g. Since f and g are differentiable on [0, L], Equation 9.2.15
Equation 9.2.16 and Theorem 12.2.3 a imply that Sy and S, are differentiable on (—c0, 00) .

Since S%(z) = f'(z) on [0, L] (one-sided derivatives at the endpoints), and S} is even (the derivative of an odd function
is even), S } is the even periodic extension of f’. By assumption, f' is differentiable on [0, L]. Because of Equation 9.2.17

Theorem 12.2.3 b with h = f’ and ¢ =S implies that S} exists on (—o0, 00).

Now we can differentiate Equation 9.2.9twice with respect to z and ¢:

o (2, 8) = %[S}(:r—l—at) + 8z —at) + %[sg(gg +at)— S,(z —at)],

1

Uz (T,1) = 5

(S (z +at)+ S}(z —at)] + 2%1 [S¢(x +at) — Sj(x —at)], (9.2.18)
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w(z,t) = %[S}(w +at) — Si(z —at)] + %[Sg(a: +at) +Sy(z —at)], (9.2.19)
and
ug(z,t) = %[s;:(a: +at) — §Y(z —at)] + %[s;(z +at)— Sz —at)]. (9.2.20)

Comparing Equation 9.2.18and Equation 9.2.20shows that us (z,t) = a*u., (z,t) forall (z,t).

From Equation 9.2.8 u(0,t) =u(L,t) =0 for all t. From Equation 9.2.9 u(z,0) = S¢(z) for all z, and therefore, in
particular,

u(z,0) = f(z), 0<z<L.
From Equation 9.2.19 u(z,0) = Sy() for all z, and therefore, in particular,
w(z,0)=g(z), 0<z<L.

Therefore u is an actual solution of Equation 9.2. 1. This completes the proof.

Equation 9.2.9 is called d’Alembert’s solution of Equation 9.2.1. Although d’Alembert’s solution was useful for proving
Theorem 12.2.4

and is very useful in a slightly different context (Exercises 12.2.63 - 12.2.68), Equation 9.2.8 is preferable for computational
purposes.

v/ Example 12.2.1

Solve Equation 9.2.1 with
f(z)=z(z® —2Lz* +L*) and g(z)=z(L—=z).
Solution
We leave it to you to verify that f and g satisfy the assumptions of Theorem 12.2.4 .
From Exercise 11.3.39,
96 L% & 1 (2n — 1)z
Se(z) = sin
(=) m —~ (2n—1)5 L
From Exercise 11.3.36,
8L2 & 1 (2n— 17z
Sy(x) = — sin
o) =" ; (2n—1)3 L
From Equation 9.2.8,
96 L% & 1 (2n—1)mat . (2n—1)7z
u(z,t) = cos sin
( ) J; ; (2n— 1)5 L ! L
8L & 1 . (2n—1)mat . (2n—1)7z
P sin sin
amt ; (2n—1)* L L

Theorem 12.1.2 implies that u,, and uy can be obtained by term by term differentiation, for all (z,t), S0 uy = a*u,, for all (z,t)
(Exercise 12.2.62). Moreover, Theorem 11.3.2 implies that Sy(z)= f(z) and Sy(x) =g(x) if 0 <z <L. Therefore
u(z,0) = f(x)and us(z,0) = g(x) if 0 <z < L. Hence, u is an actual solution of the initial-boundary value problem.
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In solving a specific initial-boundary value problem (Equation 9.2.1), it is convenient to solve the problem with g =0, then
with f =0, and add the solutions to obtain the solution of the given problem. Because of this, either f =0 or g =0 in all the
specific initial-boundary value problems in the exercises.

The Plucked String

If f and g don’t satisfy the assumptions of Theorem 12.2.4 , then Equation 9.2.8 is not an actual solution of Equation 9.2.1 in fact,
it can be shown that Equation 9.2.1 doesn’t have an actual solution in this case. Nevertheless, w is defined for all (z, t), and we can
see from Equation 9.2.18 and Equation 9.2.20 that s (,t) = a®ug, (z,t) for all (x,t) such that S¥(z +at) and Sy(z +at)
exist. Moreover, u may still provide a useful approximation to the vibration of the string; a laboratory experiment can confirm or
deny this.

We’ll now consider the initial-boundary value problem Equation 9.2.1 with

z, 0<z<%,

flz) = (9.2.21)

L—z, %SxSL

and g = 0. Since f is not differentiable at z = L/2, it does’nt satisfy the assumptions of Theorem 12.2.4 , so the formal solution of
Equation 9.2.1 can’t be an actual solution. Nevertheless, it is instructive to investigate the properties of the formal solution.

The graph of f is shown in Figure 12.2.7 . Intuitively, we are plucking the string by half its length at the middle. You’re right if you
think this is an extraordinarily large displacement; however, we could remove this objection by multiplying the function in Figure
12.2.7 by a small constant. Since this would just multiply the formal solution by the same constant, we’ll leave f as we’ve defined
it. Similar comments apply to the exercises.

y
A

I
SL L

\
x

Figure 12.2.7 : Graph of Equation 9.2.21

From Exercise 11.3.15, the Fourier sine series of f on [0, L] is

4L &S (1" (2n—1)mz
S¢(x) :?Zl (2 1) sin T

which converges to f for all z in [0, L], by Theorem 11.3.2. Therefore

4L & (1)t (2n—1)mat . (2n—1)7z
= — COSs sin
7 = (2n—1)? L L

u(z,t) (9.2.22)

This series converges absolutely for all (x, t) by the comparison test, since the series

> 1
Z (2n—1)2

n=1

converges. Moreover, Equation 9.2.22satisfies the boundary conditions
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and the initial condition

u(0,t) =u(L,t)=0, t>0,

u(z,0)=f(z), 0<z<L.

However, we can’t justify differentiating Equation 9.2.22 term by term even once, and formally differentiating it twice term by
term produces a series that diverges for all (z, t). (Verify.). Therefore we use d’Alembert’s form

w(z, t) = %[Sf(ac—l—at)—&—sf(a:—at)] 9.2.23)

for u to study its derivatives. Figure 12.2.8 shows the graph of Sy, which is the odd periodic extension of f. You can see from the
graph that Sy is differentiable at z (and S (z) = +1) if and only if 2 is not an odd multiple of L/2.

y
.5L“f
> x
_'SL,
x=-3L x=-2L xX=-L x=0 xX=L Xx=2L x= 3L

Figure 12.2.8 : The odd periodic extension of 9.2.21

In Figure 12.2.9 the dashed and solid curves are the graphs of y = Sy(x —at) and y = Sy(z +at) respectively, for a fixed value
of t. As t increases the dashed curve moves to the right and the solid curve moves to the left. For this reason, we say that the
functions u; (z,t) = S¢(x +at) and uy(x,t) = Sf(x —at) are traveling waves. Note that u; satisfies the wave equation at
(z,t) if £ +at is not an odd multiple of L/2 and u; satisfies the wave equation at (z,t) if x —at is not an odd multiple of L/2.
Therefore Equation 9.2.23 (or, equivalently, Equation 9.2.29) satisfies uy (z,t) = a®uy (z,t) =0 for all (z, ) such that neither
x —at nor = + at is an odd multiple of L/2.

y
A
- - ---
N 5L A -— A
s ;N S
s s A
\ \ , \
N / N / N /
N / N / N /
\\ / \\ ! ' /
/ / / >
7 7 7 > X
N / N / N /
N / N / N /
\ , \ N 7
/ / /
A Ny A
N Ny Ny
N _\/51_, %
xX=-3L xX=-2L X=-L x=0 X=L x=2L x= 3L

Figure 12.2.9 : Graphs of y = S¢(x —at) (dashed) and y = Sy(x — at) (solid), with f asin 9.2.21
We conclude by finding an explicit formula for u(z, ¢) under the assumption that
0<z<L and 0<t<L/2a. (9.2.24)
To see how this formula can be used to compute u(z,t) for 0 <z < L and arbitrary ¢, we refer you to Exercise 12.2.16.

From Figure 12.2.10,

T —at, OSwS%—i—at,
St(x—at) =
L—x+at, %—i—atSwSL
and
T +at, 0<z<L_at,
St(x+at) =

if (z, t) satisfies Equation 9.2.24,
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>
>

5L ~

x=.5L - at x =.5L +at
Figure 12.2.9 on [0, L]

Therefore, from Equation 9.2.23,

T, OSmS%—at,
u(z,t) = %—at, %—atﬁmﬁ%—kat,
L—z, %—atgrch

if (z,t) satisfies Equation 9.2.24, Figure 12.2.11 is the graph of this function on [0, L] for a fixed ¢ in (0, L/2a).

y
A

5L

y=.5L-at

x=.5L - at x =.5L + at
Figure 12.2.11 : The graph of 9.2.23 on [0, L] for a fixed ¢ in (0, L/2a)

X Using Technology

Although the formal solution

> nmat L . nmat nwx
u(m,t):Z(ancos TIFJ +7ﬂ;msin 7; )sin 2

n=1

of Equation 9.2.1 is defined for all (z,t), we are mainly interested in its behavior for 0 <z < L and ¢t > 0. In fact, it is
sufficient to consider only values of ¢ in the interval 0 < ¢ < 2L/a, since

u(z,t+2kL/a) =u(z,t)
for all (z,t) if k is an integer. (Verify.)

You can create an animation of the motion of the string by performing the following numerical experiment.
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Let m and k be positive integers. Let

2L .
tj:E, JZO,l,...k;

thus, ¢g, 1, ...ty are equally spaced points in [0, 2L /a]. For each =0, 1,2, ...k, graph the partial sum

e nmat; L nmat; nwe
Vol e = Z (an cos Zy b sin ]) sin =

L nwa L L

n=1

on [0, L] as a function of z. Write your program so that each graph remains displayed on the monitor for a short time, and is
then deleted and replaced by the next. Repeat this procedure for various values of m and k.

This page titled 9.2: The Wave Equation is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Zoya Kravets.

e 12.2: The Wave Equation by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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9.2E: The Wave Equation (Exercises)

Q9.2.1
In Exercises 9.2.1-9.2.8 solve the initial-boundary value problem.

l.utt:9um, 0<-’17<1, t>0,
u(0,t)=0, wu(l,¢)=0, t>0,

u(z,0)=0, w(z,0)= { )

IN

z <

z, 0 %,
1 , 0<zx<1
3 1

-z, Smg

2.uy =%, O0<z<l, t>0,
u(0,t) =0, wu(1,t)=0, ¢>0,
u(z,0)=z(l—z), w(z,0)=0, 0<z<1

3ouy =%y, 0<z<2, t>0,
u(0,t) =0, wu(2,t)=0, t>0,
u(z,0)=4—z% w(z,0)=0, 0<z<2

4ouy =4uy,, 0<z<l, t>0,
uz(0,t) =0, wu(l,t)=0, t>0,
u(z,0)=2?(1-2), w(z,0)=0, 0<z<1

5. uyg =64uy,, O0<x<m, t>0,
u(0,t) =0, wuy(m,t)=0, t>0,
u(z,0) =227 —z), w(z,0)=0, 0<z<~

6. uy = 64uy,, O<x<m, t>0,
u(0,t) =0, wuy(m,t)=0, ¢>0,
u(z,0)=0, w(z,0)=z(2r—=z), 0<z<mw

7. Uy =dUy, 0<z <2, t>0,
uy(0,8) =0, wuy(2,t)=0, t>0,
u(z,0) =222(3—z), w(z,0)=0, 0<z<2
8. uy =5uz,, 0<zx<2, t>0,
u(0,8) =0, wu,(2,t)=0, t>0,
u(z,0) =0, wu(z,0)=222(3—-z), 0<z<2

This page titled 9.2E: The Wave Equation (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Zoya Kravets.

e 12.2E: The Wave Equation (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

10: Linear Systems of Differential Equations

IN THIS CHAPTER we consider systems of differential equations involving more than one unknown function. Such systems arise
in many physical applications.SECTION 10.1 presents examples of physical situations that lead to systems of differential
equations. SECTION 10.2 discusses linear systems of differential equations. SECTION 10.3 deals with the basic theory of
homogeneous linear systems. SECTIONS 10.4, 10.5, AND 10.6 present the theory of constant coefficient homogeneous systems.
SECTION 10.7 presents the method of variation of parameters for nonhomogeneous linear systems.

10.1: Introduction to Systems of Differential Equations

10.1E: Introduction to Systems of Differential Equations (Exercises)

This page titled 10: Linear Systems of Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Zoya Kravets.
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10.1: Introduction to Systems of Differential Equations

Many physical situations are modelled by systems of n differential equations in n unknown functions, where n > 2. The next three
examples illustrate physical problems that lead to systems of differential equations. In these examples and throughout this chapter
we’ll denote the independent variable by ¢.

v/ Example 10.1.1 : Flow

Tanks 77 and T3 contain 100 gallons and 300 gallons of salt solutions, respectively. Salt solutions are simultaneously added to
both tanks from external sources, pumped from each tank to the other, and drained from both tanks (Figure 10.1.1 ). A solution
with 1 pound of salt per gallon is pumped into 7 from an external source at 5 gal/min, and a solution with 2 pounds of salt per
gallon is pumped into 75 from an external source at 4 gal/min. The solution from 77 is pumped into 75 at 2 gal/min, and the
solution from 7% is pumped into T} at 3 gal/min. T} is drained at 6 gal/min and 75 is drained at 3 gal/min. Let Q1 (¢) and
Q2(t) be the number of pounds of salt in 77 and T5, respectively, at time ¢ > 0. Derive a system of differential equations for
Q1 and Q2. Assume that both mixtures are well stirred.

5 gal/min; 1 Ib/gal 4 gal/min; 2 Ib/gal
Y
Ug 2 gal/min Ug,
300 gal
3 gal/min
100gal | ¢
Y
6 gal/min 3 gal/min

Figure 10.1.1
As in Section 4.2, let rate in and rate out denote the rates (Ib/min) at which salt enters and leaves a tank; thus,
Q) = (rate in); — (rate out);,
Q, = (rate in), — (rate out).
Note that the volumes of the solutions in 77 and 75 remain constant at 100 gallons and 300 gallons, respectively.
T receives salt from the external source at the rate of
(11b/gal) x (5-gal/min) = 5 1b/min,

and from 75 at the rate of

(Ib/galin T3) x (3-gal/min) = —— 0, x 3

300
1
= r.o Q2 lb/mln
Therefore
1
tein), = —Qs. 10.1.1
(rate in), 5+100Q2 (10.1.1)
Solution leaves T} at the rate of 8 gal/min, since 6 gal/min are drained and 2 gal/min are pumped to 75; hence,
1 2
(rate out); = (1b/galin T, ) x (8~gal/min) = le x 8 = %Ql. (10.1.2)

Equations 10.1.1and Equation 10.1.2imply that
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1 2
f=5+—Qs — —0Q1. 10.1.3
Q=5+ 100 Q2 %5 Q1 ( )
T5 receives salt from the external source at the rate of
(21b/gal) x (4~gal/min) = 8 Ib/min,

and from 7 at the rate of
1
(Ib/galinTy) x (2~gal/min) = rlOQl X 2

= %Ql Ib/min.

Therefore
. 1
(rate in), =8—|—EQ1. (10.1.4)
Solution leaves T5 at the rate of 6 gal/min, since 3 gal/min are drained and 3 gal/min are pumped to 77 ; hence,
1 1
(rate out)s = (1b/gal in Ty) x (6~gal/min) = ﬁQQ X6 = EQQ. (10.1.5)

Equations 10.1.4and 10.1.5imply that

1 1
Q=8+ -0 0,. 10.1.6
2 50 ' 50 ( )

We say that Equations 10.1.3and 10.1.6 form a system of two first order equations in two unknowns, and write them
together as

2 1
/=5 - — —_
Ql =5 25@1 + 100Q2

1 1
[— — —_ —
Q) —8+50Q1 50Q2.

v/ Example 10.1.2 : Coupled Springs

A mass m; is suspended from a rigid support on a spring S7 and a second mass ms is suspended from the first on a spring S,
(Figure 10.1.2 ). The springs obey Hooke’s law, with spring constants k; and k. Internal friction causes the springs to exert
damping forces proportional to the rates of change of their lengths, with damping constants ¢; and cz. Let y; =y;(¢) and
y2 =y2(t) be the displacements of the two masses from their equilibrium positions at time ¢, measured positive upward.
Derive a system of differential equations for y; and y2, assuming that the masses of the springs are negligible and that vertical
external forces F7 and F5 also act on the objects.

Solution
In equilibrium, Sy supports both 7 and ms and Ss supports only ms. Therefore, if A¢; and Afs are the elongations of the
springs in equilibrium then

(mi+my)g=k1Al; and mog=kyAls. (10.1.7)
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Figure 10.1.2

Let H; be the Hooke’s law force acting on mq, and let D; be the damping force on m;. Similarly, let Hy and Ds be the
Hooke’s law and damping forces acting on my. According to Newton’s second law of motion,

mayy = —mag+Hy + Dy + F>. )

When the displacements are y; and y,, the change in length of S; is —y; +A/¢; and the change in length of Sy is
—ys +1y1 + Als . Both springs exert Hooke’s law forces on m;, while only Sy exerts a Hooke’s law force on my. These
forces are in directions that tend to restore the springs to their natural lengths. Therefore

H; :kl(_yl —‘rAfl)—kz(—yz +1u —l—Afg) and H, :kg(—yg +y1 +A£2) (1019)

When the velocities are y; and y}, S; and Sy are changing length at the rates —y; and —y) +y; , respectively. Both springs
exert damping forces on m;, while only Sy exerts a damping force on ms. Since the force due to damping exerted by a spring
is proportional to the rate of change of length of the spring and in a direction that opposes the change, it follows that

D) =—cay|+ce(yh—vy;) and Dy =—cy(y}—y)). (10.1.10)
From Equations 10.1.8 10.1.9 and 10.1.1(
=-—mig+ki(—y1 +Al) —ky(—y2 + 1 +Al) —cry; +ea(yh — i) +F1 (10.1.11)
= —(m1g— k1Al + ko Aly) —kiyr + ko (y2 —y1) —cryy +e2(yy —yy) + FA
and
mayy =-—mag+ko(—y2 +y1 +Al) —co(yh —y}) + F> i)
= —(mag—kaAly) —ka(y2 —y1) —c2(y, —y;) + Fo.
From Equation 10.1.7,
m1g—ki Al + ko Aly = —mog+ ko Als = 0.
Therefore we can rewrite Equation 10.1.11and Equation 10.1.12as
miyy = —(c1+e2)y; +eayy — (ky+k2)yr +kaye + Fy
mayy = Cay) — C2Yy + kot —kayo + .
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v/ Example 10.1.3 : Gravity

Let X =X(t) =z(t)i+y(t)j+2(t) k be the position vector at time ¢ of an object with mass m, relative to a rectangular
coordinate system with origin at Earth’s center (Figure 10.1.3).

y X(®
A

v
N

Figure 10.1.3

According to Newton’s law of gravitation, Earth’s gravitational force F = F(z, y, z) on the object is inversely proportional to
the square of the distance of the object from Earth’s center, and directed toward the center; thus,

F—L(_L)__ xit+yj+zk
||}(||2 ”X” (x2+y2+z2)3/2’

where K is a constant. To determine K, we observe that the magnitude of F is

(10.1.13)

X IXIP (2 y? e

X K K
IF| =K >
Let R be Earth’s radius. Since ||F|| = mg when the object is at Earth’s surface,

K

= o K=mgR’.

mg

Therefore we can rewrite Equation 10.1.13as
., zityjt+zk
(o2 +y2 +22) 2

F=-—mgR

Now suppose F is the only force acting on the object. According to Newton’s second law of motion, F = mX"'; that is,
zit+yj+zk

m(z"i+y"j+2"k) = —mgR? T
T

Cancelling the common factor m and equating components on the two sides of this equation yields the system

gR%x

1

@ ==
(132 +y2 +Z2)3/2
2
y' = IRy (10.1.14)
(:1:2 +y2 —|—Z2)3/2
o gR*z
(z2 +y2 —|—z2)3/2 ’
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Rewriting Higher Order Systems as First Order Systems

A system of the form

Y1 :gl(taylay%"'ayn)

vy =g2(t, 1,92, Yn)
(10.1.15)

Un  =gn(t,y1,92,- -, Yn)

is called a first order system, since the only derivatives occurring in it are first derivatives. The derivative of each of the unknowns
may depend upon the independent variable and all the unknowns, but not on the derivatives of other unknowns. When we wish to
emphasize the number of unknown functions in Equation 10.1.15we will say that Equation 10.1.15is an n X n system.

Systems involving higher order derivatives can often be reformulated as first order systems by introducing additional unknowns.
The next two examples illustrate this.

v/ Example 10.1.4

Rewrite the system
1 / !
miy, = —(c1te)y) +eayy — (k1 +k2)yn +kaye + F1
' L (10.1.16)
mayy = oy — oy +kayn — kayp + B
derived in Example 10.1.2 as a system of first order equations.
Solution
If we define v; =y} and vy =y}, then v} =y}’ and v}, =y, so Equation 10.1.16becomes
mivy = —(e1+c2)v1 +epvp — (k1 +k2)yr +haye + F1
Mavhy = Cov1 — 20 +koyr — koo + F.
Therefore {y1, y2, v1, V2 } satisfies the 4 x 4 first order system
Yy =u
Yy =102
1
v = —[-(ateu+evs — (ki ko)y +haye + B (10.1.17)
1
, 1
v, = —[cov1 —cava + ko1 — ko + 3.
ma

The difference in form between Equation 10.1.15and Equation 10.1.17 due to the way in which the unknowns are denoted in
the two systems, isn’t important; Equation 10.1.17is a first order system, in that each equation in Equation 10.1.17expresses
the first derivative of one of the unknown functions in a way that does not involve derivatives of any of the other unknowns.

v/ Example 10.1.5

Rewrite the system

ftz, = y,y,y")

gtz ', y,y'y")

as a first order system.
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Solution
We regard z, =, y, ¥, and y"" as unknown functions, and rename them

r=z, 2 =23, y=vy1, ¥ =%, ¥ =us.

These unknowns satisfy the system
T =z
zy = f(t,z1,22,Y1,Y2,3)
Y =92
Yy =3
vy = g(t, 1,2, Y1, Y2, ¥3)-

Rewriting Scalar Differential Equations as Systems

In this chapter we’ll refer to differential equations involving only one unknown function as scalar differential equations. Scalar
differential equations can be rewritten as systems of first order equations by the method illustrated in the next two examples.

v/ Example 10.1.6

Rewrite the equation
y W +4y" +6y" +4y +y =0 (10.1.18)
as a4 x4 first order system.

Solution
We regard y, y', y”, and y'"’ as unknowns and rename them

y=v, ¥ =v, y'=y; and y"=uy.
Then y(4) =1, so Equation 10.1.18can be written as
Yy +4ys +6ys +4y, +y1 =0.

Therefore {y1, y2, Y3, Y4 } satisfies the system

y{ =12
Yy = Y3
y{,, =Ya

Yy = —4ys —6ys —4y2 —y1.

v/ Example 10.1.7

Rewrite
" / 1
T Zf(t,.’l,‘,:li )y L )
as a system of first order equations.

Solution
We regard x, ', and '’ as unknowns and rename them
I "
=y, T =y, and x =uy;.
Then

A P d po_
Y11= =92, Y= =y3, and Ys==T .
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Therefore {y1, y2, y3 } satisfies the first order system
Y=Y
Yo =Y3
vy = f(t,y1,92,93)-

Since systems of differential equations involving higher derivatives can be rewritten as first order systems by the method used in
Examples 10.1.5 -10.1.7 , we’ll consider only first order systems.

Numerical Solution of Systems

The numerical methods that we studied in Chapter 3 can be extended to systems, and most differential equation software packages
include programs to solve systems of equations. We will not go into detail on numerical methods for systems; however, for
illustrative purposes we’ll describe the Runge-Kutta method for the numerical solution of the initial value problem

yi =16y, 92),  yi(to) = o,
Yy =92(t,y1,92),  yalto) =y20
at equally spaced points tg, t1, ..., t, = b in an interval [tg, b]. Thus,
t; =to+ih, i=0,1,...,n,

where

We’ll denote the approximate values of y; and y, at these points by yi9, Y11, - - -, Y1n and y20, Y21, - - - , Yon. The Runge-Kutta
method computes these approximate values as follows: given y;; and ys;, compute

L = g1(ti, y1i, Y2i)s
Jii = g2 (tis Y1i, ¥2i),

Li =q (ti + %,yli-i- gIliay2i+%J1i> )
Joi =92 (ti+%ayli+%I1iay2i+%Jli> ,
Ii =g (ti + %,yu-# gfzi,ym-F%Jm) ,
Jsi =92 (ti + %,yu-F gIZiay%"‘%JQi) )

Isi = g1 (ti + by yri +hlsi, y2i +hJsi),
Jui = g2(ti + b, y1i + Rl yoi + hJ3i),

and
h
Y1,i+1 = Y1+ 5 (I + 21y + 215, + Iy;),
h
Y241 = Y2i + o (J1i +2J9 +2J3; + Ju;)
for ¢ =0, ..., n— 1. Under appropriate conditions on g; and gs, it can be shown that the global truncation error for the Runge-

Kutta method is O(h*), as in the scalar case considered in Section 3.3.

This page titled 10.1: Introduction to Systems of Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Zoya Kravets.
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10.1E: Introduction to Systems of Differential Equations (Exercises)
Q10.1.1

1. Tanks T and T contain 50 gallons and 100 gallons of salt solutions, respectively. A solution with 2 pounds of salt per gallon is
pumped into T} from an external source at 1 gal/min, and a solution with 3 pounds of salt per gallon is pumped into T, from an
external source at 2 gal/min. The solution from T} is pumped into 75 at 3 gal/min, and the solution from T5 is pumped into 77 at 4
gal/min. T} is drained at 2 gal/min and 75 is drained at 1 gal/min. Let Q1 (¢) and Q2 (t) be the number of pounds of salt in T; and
T5, respectively, at time ¢ > 0. Derive a system of differential equations for ¢); and (). Assume that both mixtures are well
stirred.

2. Two 500 gallon tanks 77 and 75 initially contain 100 gallons each of salt solution. A solution with 2 pounds of salt per gallon is
pumped into 77 from an external source at 6 gal/min, and a solution with 1 pound of salt per gallon is pumped into 75 from an
external source at 5 gal/min. The solution from 77 is pumped into 75 at 2 gal/min, and the solution from 75 is pumped into 7} at 1
gal/min. Both tanks are drained at 3 gal/min. Let Q1 (¢) and Q2 (t) be the number of pounds of salt in T} and T%, respectively, at
time ¢ > 0. Derive a system of differential equations for (J; and Q2 that’s valid until a tank is about to overflow. Assume that both
mixtures are well stirred.

3. A mass m; is suspended from a rigid support on a spring S; with spring constant k; and damping constant ¢;. A second mass
me is suspended from the first on a spring S, with spring constant k; and damping constant c,, and a third mass mg is suspended
from the second on a spring S3 with spring constant k3 and damping constant c3. Let y1 = y1(¢), y2 = y2(t), and y3 = y3(t) be
the displacements of the three masses from their equilibrium positions at time ¢, measured positive upward. Derive a system of
differential equations for y1, y» and ys3, assuming that the masses of the springs are negligible and that vertical external forces F7,
F5, and F3 also act on the masses.

4.Let X =xi+yj+ zk be the position vector of an object with mass m, expressed in terms of a rectangular coordinate system
with origin at Earth’s center (Figure 10.1.3). Derive a system of differential equations for z, y, and z, assuming that the object
moves under Earth’s gravitational force (given by Newton’s law of gravitation, as in Example 10.1.3) and a resistive force
proportional to the speed of the object. Let o be the constant of proportionality.

5. Rewrite the given system as a first order system.

z" = f(ta Y, y,)
a.

y' =g(t,y,y")
ul = f(t7 u’ v? ’Ul7w/)
g

b' ’U” = (tv ua 1), 'U,7 ’LU)
w" =h(t,u,v, v, w,w)
C y”/ = f(t7 Y, y,a y”)
d.y™ = f(t,y)
a' = f(t,z,y)
y' =g(t,z,y)

6. Rewrite the system Equation 10.1.14 of differential equations derived in Example 10.1.3 as a first order system.

e,

7. Formulate a version of Euler’s method (Section 3.1) for the numerical solution of the initial value problem

91(t,y1,92),  w1(to) = Y10,

<
iy
I

92(t,y1,92),  y2(to) = y20,

<
%
I

on an interval [¢g, b].

8. Formulate a version of the improved Euler method (Section 3.2) for the numerical solution of the initial value problem

a1(t,y1,92),  y1(to) = Y0,

<
—
Il

92(t,y1,42),  Y2(to) = Y20,

<
N
Il

on an interval [¢g, b].
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