>

RITHMETIC AND
 GEBRA

>

z

Samar EIHitti, Marianna Bonanome,

Holly Carley, Thomas Tradler, & Lin Zhou
CUNY New York City College of

Technology & NYC College of Technology

Librelexts"



Book: Arithemtic and Algebra (Bonanome et
al.)



This text is disseminated via the Open Education Resource (OER) LibreTexts Project
( ) and like the thousands of other texts available within this powerful platform, it is
freely available for reading, printing, and "consuming."

The LibreTexts mission is to bring together students, faculty, and scholars in a collaborative effort to
provide an accessible, and comprehensive platform that empowers our community to develop, curate,
adapt, and adopt openly licensed resources and technologies; through these efforts we can reduce the
financial burden born from traditional educational resource costs, ensuring education is more accessible
for students and communities worldwide.

Most, but not all, pages in the library have licenses that may allow individuals to make changes, save,
and print this book. Carefully consult the applicable license(s) before pursuing such effects. Instructors
can adopt existing LibreTexts texts or Remix them to quickly build course-specific resources to meet the
needs of their students. Unlike traditional textbooks, LibreTexts’ web based origins allow powerful
integration of advanced features and new technologies to support learning.

@ Librelexts

LibreTexts is the adaptable, user-friendly non-profit open education resource platform that educators

trust for creating, customizing, and sharing accessible, interactive textbooks, adaptive homework, and
ancillary materials. We collaborate with individuals and organizations to champion open education
initiatives, support institutional publishing programs, drive curriculum development projects, and more.

The LibreTexts libraries are Powered by and was supported by the Department of
Education Open Textbook Pilot Project, the California Education Learning Lab, the UC Davis Office of
the Provost, the UC Davis Library, the California State University Affordable Learning Solutions
Program, and Merlot. This material is based upon work supported by the National Science Foundation
under Grant No. 1246120, 1525057, and 1413739.

Any opinions, findings, and conclusions or recommendations expressed in this material are those of the
author(s) and do not necessarily reflect the views of the National Science Foundation nor the US
Department of Education.

Have questions or comments? For information about adoptions or adaptions contact
or visit our main website at

This text was compiled on 04/01/2026


https://libretexts.org/
https://www.nice.com/resources/cxone-expert-knowledge-management
mailto:info@LibreTexts.org
https://libretexts.org/

LibreTextS"
TABLE OF CONTENTS

Licensing

1: Chapters

o 1.1: Integers

o 1.3: The Order of Operations

o 1.4: Fractions

o 1.5: Decimal Numbers

o 1.6: Evaluating Expressions

o 1.7: Properties of Exponents

o 1.8: Scientific Notation

o 1.9: Polynomials

o 1.10: Adding and Subtracting Polynomial Expressions
o 1.11: Multiplying Polynomial Expressions

o 1.12: Dividing Polynomials

o 1.13: Simplifying Square Roots

o 1.14: Factoring a Monomial from a Polynomial and GCF
o 1.15: Factoring the Difference of Two Squares

o 1.16: Factoring Trinomials and Mixed Factoring

o 1.17: Equations and their Solutions

o 1.18: Solving Linear Equations

o 1.19: Solving Linear Equations, Decimals, Rationals
o 1.20: Word Problems for Linear Equations

o 1.21: Rewriting Formulas

o 1.22: Solving Quadratic Equations by Factoring

o 1.23: Linear Inequalities

o 1.24: Simplifying, Multiplying and Dividing Rational Expressions
o 1.25: Adding and Subtracting Rational Expressions

o 1.26: Solving Fractional Equations

o 1.27: Rectangular Coordinate System

o 1.28: Graphing Linear Equations

o 1.29: Solving a System of Equations Algebraically

o 1.30: Solving a System of Equations Graphically

2: Appendices

o 2.1: The Multiplication Table

o 2.2: Absolute Value

o 2.3: Formulas from Geometry
o 2.4: The Pythagorean Theorem

Index

Detailed Licensing

a https://math.libretexts.org/@go/page/83375


https://libretexts.org/
https://math.libretexts.org/@go/page/83375?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00:_Front_Matter/04:_Licensing
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.01:_Integers
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.03:_The_Order_of_Operations
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.04:_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.05:_Decimal_Numbers
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.06:_Evaluating_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.07:_Properties_of_Exponents
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.08:_Scientific_Notation
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.09:_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.10:_Adding_and_Subtracting_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.11:_Multiplying_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.12:_Dividing_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.13:_Simplifying_Square_Roots
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.14:_Factoring_a_Monomial_from_a_Polynomial_and_GCF
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.15:_Factoring_the_Difference_of_Two_Squares
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.16:_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.17:_Equations_and_their_Solutions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.18:_Solving_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.19:_Solving_Linear_Equations_Decimals_Rationals
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.20:_Word_Problems_for_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.21:_Rewriting_Formulas
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.22:_Solving_Quadratic_Equations_by_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.23:_Linear_Inequalities
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.24:_Simplifying_Multiplying_and_Dividing_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.25:_Adding_and_Subtracting_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.26:_Solving_Fractional_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.27:_Rectangular_Coordinate_System
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.28:_Graphing_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.29:_Solving_a_System_of_Equations_Algebraically
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01:_Chapters/1.30:_Solving_a_System_of_Equations_Graphically
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02:_Appendices
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02:_Appendices/2.01:_The_Multiplication_Table
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02:_Appendices/2.02:_Absolute_Value
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02:_Appendices/2.03:_Formulas_from_Geometry
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02:_Appendices/2.04:_The_Pythagorean_Theorem
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz:_Back_Matter/10:_Index
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz:_Back_Matter/30:_Detailed_Licensing

Li breTexts*

Licensing

A detailed breakdown of this resource's licensing can be found in Back Matter/Detailed Licensing.

https://math.libretexts.org/@go/page/115329


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/115329?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter/04%3A_Licensing
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/30%3A_Detailed_Licensing

LibreTextS"
CHAPTER OVERVIEW

1: Chapters

1.1: Integers

1.3: The Order of Operations

1.4: Fractions

1.5: Decimal Numbers

1.6: Evaluating Expressions

1.7: Properties of Exponents

1.8: Scientific Notation

1.9: Polynomials

1.10: Adding and Subtracting Polynomial Expressions
1.11: Multiplying Polynomial Expressions

1.12: Dividing Polynomials

1.13: Simplifying Square Roots

1.14: Factoring a Monomial from a Polynomial and GCF
1.15: Factoring the Difference of Two Squares

1.16: Factoring Trinomials and Mixed Factoring

1.17: Equations and their Solutions

1.18: Solving Linear Equations

1.19: Solving Linear Equations, Decimals, Rationals
1.20: Word Problems for Linear Equations

1.21: Rewriting Formulas

1.22: Solving Quadratic Equations by Factoring

1.23: Linear Inequalities

1.24: Simplifying, Multiplying and Dividing Rational Expressions
1.25: Adding and Subtracting Rational Expressions
1.26: Solving Fractional Equations

1.27: Rectangular Coordinate System

1.28: Graphing Linear Equations

1.29: Solving a System of Equations Algebraically
1.30: Solving a System of Equations Graphically

1: Chapters is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.



https://libretexts.org/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.03%3A_The_Order_of_Operations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.05%3A_Decimal_Numbers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.06%3A_Evaluating_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.07%3A_Properties_of_Exponents
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.08%3A_Scientific_Notation
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.10%3A_Adding_and_Subtracting_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.11%3A_Multiplying_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.12%3A_Dividing_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.13%3A_Simplifying_Square_Roots
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.14%3A_Factoring_a_Monomial_from_a_Polynomial_and_GCF
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.15%3A_Factoring_the_Difference_of_Two_Squares
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.17%3A_Equations_and_their_Solutions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.18%3A_Solving_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.19%3A_Solving_Linear_Equations_Decimals_Rationals
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.20%3A_Word_Problems_for_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.21%3A_Rewriting_Formulas
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.22%3A_Solving_Quadratic_Equations_by_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.23%3A_Linear_Inequalities
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.24%3A_Simplifying_Multiplying_and_Dividing_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.25%3A_Adding_and_Subtracting_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.26%3A_Solving_Fractional_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.27%3A_Rectangular_Coordinate_System
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.28%3A_Graphing_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.29%3A_Solving_a_System_of_Equations_Algebraically
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.30%3A_Solving_a_System_of_Equations_Graphically
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters
https://creativecommons.org/licenses/by-nc-nd/4.0

LibreTexts"

1.1: Integers

We begin with a brief review of arithmetic with integers i.e. ...,—3,—2,—1,0,1,2,3,...

Any number has a weight and a sign.

The magnitude (or weight) of a number is the distance it is from 0 on the number line.

For example, the weight of -5 is 5 and the weight of 7is 7 .

Two numbers are opposites if, on the number line, they are on opposite sides of zero, but the same distance away from

Zero.

So, -5 is the opposite of 5, and 7 is the opposite of —7 and so on.

Addition

We can add two numbers with the help of a number line .

v/ Example 1.2

Adding two positive numbers: For example to add 3 + 4, we start with 3 on the number line then move 4 units to the right. We

land at 7 which is our answer.

Move 4 units to the right

~ — —

0 1 2 3 4 9 (i} 7 8 9
Start End

So, 3 + 4 = 7. Notice that the answer has the same sign as the signs of 3 and 4 (both positive) and its weight comes from adding

the weights of 3 and 4.

You always move to the right when you add a positive number

v/ Example 1.3

Adding two negative numbers: For example, —10 + (—4) means you are adding a debt of $4 to an already existing debt of $10.
So, we start at -10 on the number line and move 4 units to the left, to land at —14, which is the answer.

You always move to the left when you add a negative number (a debt)

+ B T e e + + + + : + 4 + i
-15 —-14 -13 -12 —-11 -1 -9 -8 -7 -6 -5 -4 -3 -2 -1 O
End Start

So, —10+ (—4) = —14. Notice that the answer has the same sign as the signs of -10 and -4 (both negative) and its weight comes
from adding the weights of -10 and -4

To add numbers of opposite signs, that is, a positive and a negative number, we can also use the number line. For example, to
perform 10 + (—4), we start at 10 on the number line and then move 4 units to the left. We land at 6, which is the answer. Think of
10+ (—4) as having $10 and adding a $4 debt. Because we are adding a debt, we move to the left on the number line!

https://math.libretexts.org/@go/page/41984
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0 1 2 3 4 5 G T 3 9 10
End Start

Move 4 units to the left

So, 10 + (—4) = 6. Notice that the answer has the same sign as the sign of 10 (positive) because it is the number of larger weight,
and its weight comes from finding the difference of the weights of 10 and -4

Notice that because we were adding two numbers of opposite signs, the answer ended up being the difference in weight (6) along
with the sign of the number of larger weight (positive).

v/ Example 1.4

Adding two numbers of opposite signs: For example, 3 + (—7). We start at 3 and move toward 7 units to the left, and we land at

—4, which is our answer.

Move 7 units to the left
; P e — ; . ;
-5 -4 -3 -2 -1 0 1 2 3 4 5 (i}
End Start

-1
o 4+

So, 3 + (—7) = —4. Notice that the answer has the same sign as the signs of -7 (negative) because it is the number of larger
weight, and its weight comes from finding the difference of the weights of 3 and -7.

v/ Example 1.5

Adding opposites: We start at -5 on the number line and jump to the right 5 units to land finally at 0. So —5+5 = 0.

Move 5 units to the right
T T e T : : - -
-5 -4 -3 -2 -1 0 1 2 3 4
Start End

G T 8

(L

Two opposite numbers are called a zero-pair, because adding them always results in 0.

So, =5 and 5 are a zero-pair.

X Adding Intergers

1. To add two numbers of the same sign, add their weights and place it after the sign.
2. To add two numbers of opposite signs, find the difference of their weights and place it after the sign of the number with
the greater weight.

v/ Example 1.7

Add:

a.—8+19=11
b.—8+4=—-4
c.6+(—9)=-3
d.7+(-2)=5
e.(—4)+ (-7 =-11
f.8+7=15

https://math.libretexts.org/@go/page/41984



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/41984?pdf

LibreTexts"

X Note 1.8

While we can add in any order: 4 + 2 = 2 + 4, it is sometimes convenient to add up all of the negative numbers and add up all
of the positive numbers, and then add the results. There are also times when it is best to notice certain simplifications if the
numbers are added in a different order.

For example

—5+4+5+ (—8) = —5+ (—8) + 4+ 5( by reordering )
S0,

—5+4454+(—8)=—5+(—8)+4+5=—-13+9=—4

We could have also simplified this by noting that (-5) and 5 are zero-pair, so we are left with 4 + (—8) which is -4.

v/ Example 1.9

We can calculate
(—4)+(5)+7+(-8)=(-4)+(-5)+(-3)+7=(-12)+7=-5

We could have simplified this by noting that (-4) and (-3) make -7, and -7 and 7 are zero-pair, so the total is -5.

Subtraction (as Addition of the Opposite)

Once we know how to add numbers, we are set to subtract numbers because subtraction is nothing but addition of the opposite.
That is, subtracting 8 — 3 (which reads: subtracting 3 from 8) is the same as 8 + (—3) (which reads: Adding -3 to 8.).

v/ Example 1.10

So, 8 —3 =8 4 (—3), and, we can use the rules of adding two numbers of opposite signs to find out that the answer is 5. We can
also use the number line. We start at 8 and move 3 units to the left (adding -3 is adding a debt, so we move to the left). So 8 —3
=5.—4—3 —2—1012345678 End Start Move 3 units to the left

To calculate 3 — 7 we first rewrite it as an addition problem. 3 — 7 =3 + (—7). We can either use the number line, or the rules of
adding two numbers of opposite signs. And, 50,3—7 =3 + (—7) = —4

v/ Example 1.12

To calculate —4 — 1, we first rewrite it as an addition problem. —4 — 1 = —4 + (—1). We can either use the number line, or the
rules of adding two numbers of the same signs. If we want to use the rules, both numbers are negative, so our answer will be
negative, and, adding the weights of -4 and -1 is 5.50,—4 — 1= —4 + (—1) = -5

On the number line, we start at -4 and move 1 unit to the left, to land on -5 which is our answer.

Move 1 unit to the left

-5 -4 -3 -2 -1 0 1 2 3 4 5 [}
End Start

Changing the subtractions to additions in this way is particularly useful when adding or subtracting several numbers (because we
can add in any order).
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—3—T+5+7+13—6—(-9)
=—34+(-7)+5+7+13+(—6)+9
=—3+(-7)+(-6)+5+7+13+9
=18

—3—-7+54+7+13—-6—(-9)
=—34+ (-7 +5+7+13+(—6)+9
=5+13
=18

X Remark 1.14

Warning: The symbol "-" is used in two different ways. When it is between two expressions, it means subtract (e.g., 3 —4 ).

Otherwise, it means 'opposite' or 'negative' (e.g., —3 +4 ). So in the expression —4 — (—3), the first and last "-" means opposite
and the one in the middle one means subtract. The importance of understanding this can not be overestimated.

Multiplication and Division of Positive Numbers
Multiplication of integers is adding in the sense that 3 x 4 =4+ 4+ 4

To multiply larger numbers, it is better to use the usual scheme of multiplication. For example:

v/ Example 1.15

Let us multiply 152 by 34. We will for convenience sake put the smaller number on the bottom (though it is not necessary). We

have
1 5 2
X 3 4
6 0 8
+ 4 5 6 0
5 1 6 8

And division is the opposite of multiplication in the sense that to compute 45 + 9 is to find a number so that when we multiply
by 9 we get 45. We run through our multiplication tables (which are hopefully in our head) to discover that 5 does the trick: 5
x 9 = 45 so that 45 + 9 = 5. We will discuss division from a different point of view when we discuss fractions.

To divide larger numbers, we can use long division. For example, let’s divide 3571 by 11.

v/ Example 1.16

324
11 3571
—33
271
—22
ol
-+

7 = remainder

Multiplication involving negative numbers

Multiplication is a little tricky to understand without the notion of distribution (discussed later). We will begin with noting again
what it means to multiply a number by a positive number: So if we want to compute 4 - (—7) we note

4-(-N =N+ + (7 +(-7)=-28
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Note that since 4 - 7= 28,4 - (—7) = —(4 - 7). We can multiply positive numbers in any order: 4 - 7 = 7- 4. The same is true of positive
and negative numbers:

(—7)-4=4-(=T) = —(4-7) = —28

5-(—12) = —(5 - 12) = —60 and (—3) - (=2) = —(3 - (—2)) = —(—(3-2)) = 6

v/ Example 1.18

So the size of the product of two numbers is the product of their sizes. The sign is positive if the signs are the same and
negative if they are different.

v/ Example 1.19

Two quantities right next to each other, with no symbol between them (except for parentheses around either or both numbers),
has an implicit multiplication. For example, 3(2) = 3 x 2.

v/ Example 1.20

Multiply:

a. (—5)(—8) =40

b. (—6) -7 = —42

C.4-12 =148

d. (—3)(—6) - 4(—3) = 18 - 4(—3) = 72(—3) = —216( multiplying from left to right )

e. (—3)(—5)-4(—2) = (-3) -4 - (-5)(—2) = —12- 10 = —120( since we can multiply in any order it is convenient to see that —5
.—2=10.)

Exponents of integers

Recall that a positive exponent represents the number of times a number is multiplied by itself.

v/ Example 1.21

Evaluate:

a.52=5.-5=25

b. (—4)3 = (—4)- (—4) - (—4) =16 - (—4) = —64

c(-Nt=-1

d. —2* = —2.2.2.2 = —16 Note: The exponent here is for 2 not —2!
e.(=8)" = (-8):(-8) - (-3) (-8)=9-(-3) - (-8) =—27- (-3) = 81
f.(=2)° =(=2)- (-2) - (-2)- (-2) - (-2) = 32

Exponent rules in details will be further discussed in Chapter 5.

Division involving negative numbers

Division is just a question of knowing multiplication and therefore has the same rule: The size of the quotient of two numbers is the
quotient of the sizes. The sign is positive if the signs are the same and negative if they are different.
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Divide:
a.(—42) +7=-6
b.81+(—9)=-9
c. (—85)+ (-7 =5
d14+2=7
e.0+5 = 0. Note When dividing 0 by any number, the answer is always 0.
f. —10 + 0 = undefined.

Any number divided by 0 is undefined!

X Multiplying and Dividing Integers

Consider two numbers at a time.

1. If the signs of the two numbers are the same, then the sign of the answer is positive.
2. If the signs of the two numbers are different, then the sign of the answer is negative.

This page titled 1.1: Integers is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar ElHitti, Marianna
Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source content
that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/41984



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/41984?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://creativecommons.org/licenses/by-nc-nd/4.0
https://www.citytech.cuny.edu/faculty/SElHitti
https://academicworks.cuny.edu/ny_oers/5
https://academicworks.cuny.edu/ny_oers/5/

LibreTexts"

1.3: The Order of Operations

What is the meaning of the expression '3 times 4 plus 5'. Some will answer 17 while others may answer 27. Why? To take the
ambiguity out, we can write

(Bx4)+5=17
and
3.(4+5) =27,

where we must first evaluate the quantity in parentheses. Since it can be somewhat cumbersome to write a lot of parentheses, there
is an important convention or agreement that if we just write 3 x 4 + 5 we mean (3 x 4) + 5. That is, in the absence of parentheses,
we should multiply before we add. This is part of what is called The Order of Operations. This must be remembered.

# Definition: 1.24: The Order of Operation

When evaluating an expression involving addition, subtraction, multiplication and division which has no parentheses or
exponents, we first perform, from left to right, all of the multiplications and divisions. Then, from left to right, the additions
and subtractions. If there are parts of the expression set off by parentheses, what is within the parentheses must be evaluated

first.

Subtraction can be turned into addition and then addition can be done in any order, not necessarily from left to right. This
explains why addition and subtraction come together in the order of operations. There will be a similar statement for
multiplication and division but will be postponed until fractions are discussed.

’PE(MD)(AS)’ is an easy way to remember the order of operations. This means that the order is: Parentheses, Exponents (this will
be incorporated later), Multiplication and Division (taken together from left to right), and finally, Addition and Subtraction (taken
together from left to right).

Let us try a few problems.

v/ Example 1.26

a.3+2(3+5) =3+2(8)=3+16=19

b.3—2(—4+7)=3-2(3)=3—6=—3

C.—3—4—-2(—2-6—5)=—3—-4—2(—12—5)=—3—-4—2(—17) = -3 —4— (—34) = —3—4+34=27
d—(3—(—6))—(1—4-(=5)+4)=—(8346) — (1— (—20)+4) = —9— (1+20 +4) =—9 — 25 = —9 + (—25) = —34
e.—2(—14+7+7) =—2(—247) = —2(5) =—10

f.—3(=2-7 — (—5)(4) + 2) = —3(—14 — (—20) + 2) = —3(—14 — (~10)) = —3(—4) = 12
g.6+2x3=3x3=9Note: 6+2x36=6+6=1

h.—2(3—1)2— (8—22)+4=—2(2)2— (8—4)+4=—2(4) —4+4=-8—1=—9

? Exit Problem

Evaluate: (3% +5) +4 —4(7—-2)

This page titled 1.3: The Order of Operations is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar
ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via
source content that was edited to the style and standards of the LibreTexts platform.
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1.4: Fractions

In our previous section we identified integers: 0,41, +2,+3,.... To this set, now we will add all ratios of integers with non-zero
denominators, like %, ‘1—171 ... We call this the set of rational numbers. Any rational number looks like % where p and ¢ are integers
and q is not 0.

Just as we are able to perform arithmetic operations with integers we can also perform arithmetic operations with rational numbers

(fractions). The two types of fractions we will encounter are called proper and improper:

o Proper fractions have value less than 1, for example 2 and 1. Observe that for these fractions the numerator is less than the
denominator.
« Improper fractions have value greater than or equal to 1, for example % and 2. For these fractions the numerator is greater

than the denominator.
Each fractional value can have many different, equivalent forms, for example 1= 2 = =% = ... In order to determine whether two

fractions are equivalent we can use the fundamental principle of fractions.

The Fundamental Principle of Fractions

That is, as long as you multiply both numerator and denominator by the same number, the fraction value does not change, and you
obtain equivalent fractions.

v/ Example 2.1

Write a fraction that is equivalent to 2.

Solution
Begin with our original fraction £ and apply the fundamental principle of fractions to get

3 3-2 6

5 5.2 10
v/ Example 2.2

Simplify the fraction 2.

Solution
Begin with our original fraction and apply the fundamental principle of fractions in reverse to get

15 _35_3
3 7.5 7
Multiplying Fractions
We multiply numerators together and denominators together:
e c_2c
b d b-d
4.9 _2:7-33_6_,
3.7 3.7 1
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X The Reciprocal of a Fraction

The reciprocal of a fraction £ is the fraction formed by switching the numerator and denominator, namely £

v/ Example 2.4

a. The reciprocal of 2 is 3.

b. The reciprocal of 32 is % = 3
c. The reciprocal of § is & =8.
d. The reciprocal of 4 = % is .

Dividing Fractions

We multiply the first fraction by the reciprocal of the second:

e, c_o d_ead
b d b ¢ b-c
The quotient of these two fractions is found as follows:
8.4_8 5 _85_ 245 _ 10
3 ° 5 3 4 34 34 3
Adding Fractions (with same denominators)
a c a+c
T T e
Subtracting Fractions (with same denominators)
a_¢c_a—c
b b b
v/ Example 2.6
Add £+ %
Solution
3,1 3+1 4
5t5="5 ~ %

Adding or Subtracting Fractions (with unlike denominators)

Adding (or subtracting) fractions with unlike denominators requires us to first find a common denominator. The LCD or least
common denominator is the smallest number that both denominators evenly divide. Once we rewrite each of our fractions so their
denominator is the LCD, we may add or subtract fractions according to the above properties.

X Finding the LCD

e Step 1: Make a list of (enough) multiples of each denominator.
o Step 2: Identify the lowest common multiple. If you can’t see one, then your lists in Step 1. need to be expanded.

To be able to add or subtract fractions, we need to go one more step: Once you’ve identified the LCD, rewrite both fractions (by

multiplying both numerator and denominator by the appropriate same number) to get the LCD as denominator.

https://math.libretexts.org/@go/page/42840


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/42840?pdf

LibreTexts"

Find the LCD and then add and simplify % + 5.

Solution
Let us first find the LCD by following our procedure.
Step 1. Make a list of (enough) multiples:
8:8,16,24,32, ...
12: 12,24, 36,48, ...
Step2. LCD: 24,8 -3=24,12-2=24

Step 3. Rewrite each fraction using the LCD:

3_32_6
127 12.2 7 24
and
5_53_15
8 8.3 24
Now we are ready to add our fractions
6 15 21
24 ' 24 24
simplifying yields
A _87_1
1. 24 3. 8
v/ Example 2.8
Find the LCD and then subtract and simplify § — 2.
Solution
Let us first find the LCD by following our procedure.
Step 1. Make a list of (enough) multiples:
9:9,18,27, 36,45, 54,63, ...
5: 5,10, 15,20, 25, 30, 35, 40, 45, 50, 55, ...
Step 2. LCD: 45
Step 3. Rewrite each fraction using the LCD:
4_46_ 5
9 9.5 45
and
3_3.9 o
5 5.9 45

Now we are ready to subtract our fractions, but, first, we rewrite the subtraction as addition of the opposite:

1 3 1 3y 5 27\ _ 5+(=27)  -22
9_5_9+( 5)_ +( )_ N

45 "\ 45 45 45
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Writing an Improper Fraction as a Mixed Number

1. Divide the numerator by the denominator.
2. If there is a remainder, write it over the denominator.

v/ Example 2.9

Write ‘% as a mixed number.

Solution
We begin by dividing the numerator 42 by the denominator 5 to get 8, with a remainder of 2. Our mixed number is 82.

Writing a Mixed Number as an Improper Fraction
1. Multiply the whole number and the denominator then add the numerator. Use the result as your new numerator.
2. The denominator remains the same

v/ Example 2.10

Write the mixed number 3% as an improper fraction.

Solution
1. Multiply the denominator by the whole number. 5

[
Il
[
=
Il

=]

2. Add this result to the numerator.
3. Set this new numerator 23 over the denominator of 6.

We multiply the whole number 3 and the denominator 6 to get 18. Next, we add to this the numerator 5 to get 23. This is our
new numerator and our improper fraction becomes 2.

Addition and Subtraction of Mixed Numbers

To add (or subtract) mixed numbers, we can convert the numbers into improper fractions, then add (or subtract) the fractions as we
saw in this chapter.

v/ Example 1.4.1

Subtract 7—23.

Solution
First we convert 23 = 1. Then, we rewrite the subtraction operation as addition of opposite:

19 19 7 19 56 19 56 + (—19) 37 5
e ) B e B e e

Also, we can keep mixed fractions and mixed fraction, and, add (or subtract) the integer parts together and the fraction parts
together.

v/ Example 2.12

3 1
Add 72 +31
Solution
Here,weadd7+3=10and 3 + 1 =2 + £ = 18

And, our final answer is 1042. Note that 12 is a proper fraction, so, our work is done. But, if our answer ended up with an
improper fraction, we would have had to make the conversion to write the answer in simplified form.
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Multiplying and Dividing of Mixed Numbers

Be careful when multiplying mixed numbers. You must first convert them to improper fractions and use the rules for multiplying
fractions to finish your problem.

v/ Example 2.13

Multiply 28 and 33.

Solution
Begin by rewriting each mixed number as an improper fraction: 2¢ =2 and 31 = I. Now we proceed by multiplying the
fractions

1B.7_18.7_9

5 2 5.2 10

We can now write the result (if we wish) as a mixed number: 955.

v/ Example 2.14
Divide (1%) + (1)
Solution

Begin by rewriting each mixed number as a improper fraction: 14 = £ and 11 = £. Now we proceed by dividing the fractions

©
[\
w
(3]

o] ©
o] ©
w| N

|
[
w0

I
338
=

Il
SN2

Il

-

|

? Exit Problem

.3 5
Evaluate: 3 — 12.

This page titled 1.4: Fractions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar ElHitti,

Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source
content that was edited to the style and standards of the LibreTexts platform.
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1.5: Decimal Numbers

Consider the number 23.7456. Each digit occupies a 'place". The 2 is in the tens place, the three in the ones place, the 7 in the tenths
place, the 4 in the hundredths place, the 5 in the thousandths place, and the 6 in the ten thousandths place. Why? Because:

1 1 1 L
23.1456=2-10+3-1+7- 35 +4" 755 +5 1900 T 10, 000

Rounding

Rounding is associated with cutting or truncating a number, and that the rounding compensates for the lost tail of the number. For
example, to round a given number to the nearest tenth, we look one digit to the right of the tenths place (the hundredths place) and
if it is greater than or equal to 5, we add one to the tenths place and remove all the digits to the right, otherwise we leave the tenths
place as it is and remove all the digits to the right.

v/ Example 1.5.1

a. 234.45 rounded to the nearest ten is 230.

b. 45.6 rounded to the nearest ones (whole number) is 46.

c. 34.555 rounded to the nearest tenth is 34.6.

d. 34.54 rounded to the nearest tenth is 34.5.

e. 34.95 rounded to the nearest tenth is 35.0.

f. 34.554 rounded to the nearest hundredth is 34.55.

g. 56.7874778 rounded to the nearest ten-thousandth is 56.7875

Adding and Subtracting Decimal Numbers

To add decimals, we line up the decimal points, and wherever there is a missing digit, we fill it in with a zero. For example, add
45.23 and 2.3:

NI SN
<o et
| o
wlo w

Subtracting is similar. To subtract 45.23 from 2.3 we first note that the answer should be negative and proceed to subtract 2.3 from

45.23:
4 5 2 3
- 2 3 0
4 2 9 3

So, the answer of 2.3 — 45.23 = —42.93

a. 2.4+ 32.032 = 34.432
b. 3.44 +12.035 = 15.475
c.34.3 —0.05 = 34.25
d.6.3—9.72 = —3.42

Multiplying and Dividing Decimal Numbers
Multiplying and Dividing Decimal Numbers by 10, 100, 1000, . . .

We first look at the special multiplication of decimals by 10, 100, 1000, . . .
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12.415 x 10 =124.15
12.415 x 100 =1241.5
12.415 x 1000 = 12415

When we multiply by 10 we move the decimal point to the right one place (because 10 has one decimal place). Multiplying by 100
moves the decimal point two places (because 100 has two decimal places), etc.

12.415 = 10 = 1.2415

12.415 + 100 = 0.12415

12.415 =+ 1000 = 0.012415
When we divide by 10 we move the decimal point to the left one place (because 10 has one decimal place). Dividing by 100 moves
the decimal point to the left two places (because 100 has two decimal places), etc.

X 10™ notation

10 = 10!
100 = 10 x 10 = 102
1000 = 10 x 10 x 10 = 103

Notice that the exponent of 10 in 10™ notation reflects the number of zeros! So, 10000 = 10*(4 zeros, exponent is 4) and 100, 000

=107, ...
X Multiplying by 10™

Multiplying a decimal number by 10™ moves the decimal place n spots to the right. For example:

5.435 x 10 = 54.35
5.435 x 100 = 543.5
5.435 x 10000 = 54350

Multiplying Decimal Numbers

To multiply two decimal numbers, we multiply as if there is no decimal point, then place a decimal point as described in the next
example.

v/ Example 3.3

Multiply 5.4 by 1.21.

Solution
1

(SN =28
v Q| Ot N
(=R N N

6
6 3 4

Now, to write out the answer, we notice that there are two digits after the decimal point in the first number 1.21, and one digit
after the decimal point in the second number 5.4. The product then should have 3 digits after the decimal point. So, 5.4 x 1.21

=6.534

v/ Example 3.4

Multiply 3.72 by 13.
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Solution
3

X
N ==
O O|Ww N

8 3 6

Now, to write out the answer, we notice that there are two digits after the decimal point in 3.72 while 13 has no decimal part.
The product then should have 2 digits after the decimal point: 3.72 x 13 = 48.36

Dividing Decimal Numbers

Dividing a decimal number is a lot like dividing a whole number, except you use the position of the decimal point in the dividend
to determine the decimal places in the result.

v/ Example 3.5

a.6.5+2
b. 55.318 + 3.4

Solution
a) Divide as usual:

If the divisor does not go into the dividend evenly, add zeros to the right of the last digit in the dividend and continue until
either the remainder is 0, or a repeating pattern appears. Place the position of the decimal point in your answer directly above
the decimal point in the dividend.

3.25
2] 6.5
—6
05
—4
10
—10
0

b)

If the divisor in not a whole number, move the decimal point in the divisor all the way to the right (to make it a whole number).
Then move the decimal point in the dividend the same number of places.

In this example, move the decimal point one place to the right for the divisor from 3.4 to 34. Therefore, also move the decimal
point one place to the right for the dividend, from 55.318 to 553.18 .

16.27
34 | 553.18
—34
213
—204
91
—68
238
—238
0

Converting Decimals to Fractions

To convert a decimal to a fraction is as simple as recognizing the place of the right most digit.

Example: Note that in the number 2.45, the right most digit 5 is in the hundredths place so 2.45 = 285 = % or 2%
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v/ Example 3.6

Here are a few more examples:

al2=2="%or1}
b. 0.0033 = 12
€.0.103 = 3%

Converting Fractions to Decimals

To convert a fraction to a decimal you simply perform long division.

v/ Example 3.7

Convert the given fraction to a decimal:

Converting Decimals to Percents and Percents to Decimals

"Percent" comes from Latin and means per hundred. We use the sign \% for Por example, if you know that 256% of the students
speak Spanish fluently, it means that 25 of every 100 students speak fluent Spanish. Presented as fraction, it would be 2 and as a
decimal 0.25.

v/ Example 3.8

Convert the given percent to fraction then to a decimal:

a. 1% is +5 =0.17
b.31% is 3 =0.31

C. 23.44% is B4 — 0.2344

v/ Example 3.9

Convert the given decimal to a fraction then to percent:

a.0.55 = 2 which is 55%
b. 8.09 = % which is 809%
c. 98.08 = 8% which is 9808%

d.0.5 = 3 which is 50%

? Exit Problem

Divide: 782.56 + 3.2

This page titled 1.5: Decimal Numbers is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar ElHitti,
Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source
content that was edited to the style and standards of the LibreTexts platform.
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1.6: Evaluating Expressions

If a family pays $30 per phone line, and $20 per 1GB data, per month to a phone service provider, we can write a mathematical
expression to represent the cost that this family pays per month.

Let's use z to represent the number of phone lines that the family has, and y to represent the number of GB of data the family uses.
Then 30z + 20y is a mathematical expression that represents the cost of the family phone services per month.

30z 4 20y is an algebraic expression. A mathematical expression that consists of variables, numbers and algebraic operations is
called an algebraic expression.

Each algebraic expression can contain several terms. For example, the expression above contains two terms: 30z and 20y. The
numerical factor of each term is called a coefficient. The coefficients of the terms above are 30 and 20, respectively. When
considering a variable term, we see that it is composed of a numerical coefficient and a variable part. In the term 30z the
numerical coefficient is 30 and the variable part is z.

The value of an algebraic expression can vary. For example, the value of the expression above can vary depending on the number
of phone lines and the number of GB of data the family uses.

If & = 2 (the family uses 2 lines), and y = 3 (the family uses 3GB of data), then the cost of the family phone services is 30 -2 +20- 3
= $120 for this month.

If z = 4, and y = 2, then the cost of the family phone devices is 30 - 4 + 20 - 2 = $160 for this month.

Finding the value of the expressions when the variables are substituted by given values is called evaluating an algebraic expression.

v/ Example 4.1

The algebraic expression 5z% — 2y? — z + 4, which we write using only addition as 5z%y + (—2y%) + (—=2) + 4, contains four
terms: 53y, —2y%,—2z and +4. The first three terms are variable terms and the 4 is the constant term. Notice that the
coefficient of —z is —1, and we usually write —z instead of —1z. In the same way, if the coefficient is 1, we usually omit it.

This process of finding the value of an algebraic expression for particular values of its variables is called evaluating an
expression.

X Evaluating an expression

1. Replace each variable by the given numerical value.
2. Simplify the resulting expression. Be careful to follow the order of operations.

Helpful tip: When evaluating a variable expression containing a fraction bar, don’t forget to work out the numerator and
denominator separately (being careful to follow the order of operations as you do so); finally, divide the numerator by the
denominator.

v/ Example 4.2

Evaluate ifa =1,b=2,c=4,andd = —1:

8b
a) =8(2)
=16
a+c
b) =1+4
=5
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a—d
=1-(-1)
=1+1
=2

<)

v/ Example 4.3

Evaluate ifa = —3,b=5,c =—2,andd=7:

4c—2b

4(—2) —2(5)
a) =—8—10

= (—8) + (-10)
=—18

b2 +b

=5245
=25+5

=30

b)

3c?

= 3(—2)2
=3(4)
=12

(c+a) (2 —ac+a?)

=((=2)+ (=3)) ((=2)* = (=3)(-2) + (-3)?)
q =H(E=(=8)(=2)+9)

= (—5)(4—6+9)

— (-5)(7)

=35

4b+5d—

= -
= 4(5) +5(7) — =5
=4(5)+5(1) —
=20+35—2
= Q-3
— 604105-2

3

— 163
- 3
=541
=541

f) —d? = —(7)2 = —49
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Application

Here are some applications that come from geometry.

v/ Example 4.4

a) Find the perimeter of a rectangle with length 33cm and width 17cm.
P=2l+2w

= 2(33cm) + 2(17cm)

= 66cm + 34cm

= 100cm

b) Find the area of a rectangle that is 12cm long and 16cm wide.

A=l-w
= 12cm - 16cm
= 192cm?

c) Find the area of a triangle with height of 20in and a base of 30in.
1
A = Eb . h

= %20in - 30in
= 300in?

d) Find the area of a circle with radius 7cm, round your answer to the nearest tenth.

A=mr?

= w(7cm)?

~ 3.14 - 49cm?
= 153.86cm>
~ 153.9cm?

? Exit Problem

Evaluate if g = —2: —3a2 —4a — 16

This page titled 1.6: Evaluating Expressions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar
ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via
source content that was edited to the style and standards of the LibreTexts platform.
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1.7: Properties of Exponents

Multiplication Properties

Recall from chapter 1 that 53 = 5. 5 - 5. In the same way we have

v/ Example 5.1

Perform the given operations:

r =TT

5 8

a'z3.z =X T T T T =

=3 =gb

4
b. (%) =2%2% 23 23 =g-5- g2 2-2--¢g.5-52- -2 =20
N—— N——

We can summarize these examples into the following useful rules:

X Multiplication and Exponentiation Rules

For any integers n and m

1' ™ = xn+m
2. (z™)™ = g™

3. (ay)" = 2"y

v/ Example 5.2

Perform the given operation using the multiplication properties of exponents and write your answer in simplest form:

a. b% - b® = b**3 = p° (recall the meaning of exponents)
b. 2827 = 287 = £15 (note that juxtaposition indicates multiplication)
C. a®a% 14 = gB+o+14 _ 431
d. 4z* . 728 = (4-7) (z* - z°) = 28210
e. 5zy® - 6y = (5-6)(2) (4* - y) = 30zy*
f. (52%9?) (207y%) = 10047y = 10zVy5
g. (22) = 230 = 823
h. (—4a%b%)® = (—4)3a?3p5% = —6445p'°

(—51'33)2 . (21'433)3 - (—r?s?) = (—5)%r*2s? - 2%p435%3 . (—1)rPs?
i = 257852 . 871269 . (—1)r2s?

= —200r20s

Division Properties

2

1
1
2

Yyyyy ¥

5

We can summarize these examples into the following useful rules:
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X Division Rules

For any integers n and m
=z
oo
v/ Example 5.4

Perform the given operation using the division properties of exponents and state your answer in simplest form:

n—m

asl“

< |

b8
a === P3N =pl =
z12y2
b. = T1282-1 12K 24 (1) = gyl — gy
QW _ 4 w4
" 6x5y” 3g7— 35 3yt
(m2) m6n20 ’I120
(m3)3 T om® md
3a2bt 2 a2bt 2 a22pt? albd 3a2b? 2 32q22pt2 9a4h8
. = = ——— = — Another way to simplify this correctly is this: = =
€ ( 94038) (3c3) 3232 | 9cb way to simplify thi y is thi ( 9¢3 ) 92532 8lch
a*b
9cb

Zero Exponent

Recall from chapter 1 that (—7)° =1 and 8° = 1. In the same way we have z° =1

& Zero Exponent

v/ Example 5.5

Evaluate

a.15%=1

b. (150 =1
c.—159 = —

d. (152)° =1
e.15z°=15-1=15

Negative Exponents

X Negative Exponents

For any integer n

l.a™™= in
a
1
2. —= a™

Note 5.6. The negative exponent rules can be used to switch terms from numerator to denominator or vice versa, and is useful to

write expressions using positive exponents only.
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v/ Example 5.8

Perform the given operation and write your answer using positive exponents only

a aty? = g 3y2(-8) = (R 248 _ pp
" 23y3

3

- _ T

b. (e2y) - (zy~*) = gy = g3y3 = 7

? Exit Probelm

This page titled 1.7: Properties of Exponents is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar
ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via
source content that was edited to the style and standards of the LibreTexts platform.
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1.8: Scientific Notation

To write 1 trillion (1 followed by 12 zeros) or 1 googol (1 followed by 100 zeroes) takes a lot of space and time. There is a
mathematical scientific notation which is very useful for writing very big and very small numbers.

v/ Example 1.8.1

Large numbers in scientific notation:

a. 1 trillion is written as 1 x 102 in scientific notation.
b. 4 trillion is written as 4 x 10!2 in scientific notation.
c. 1 googol is written as 1 x 10! in scientific notation.

v/ Example 1.8.2

a. 0.00000547 is written as 5.47 x 10~ in scientific notation.
b. 0.00031 is written as 8.1 x 10~* in scientific notation.

The number 45,600,000 is a large number, and, basically is 4.56 x 10,000, 000. So, it can be written as 4.56 x 107
Similarly, if we consider the number 0.00006772. This is a small number which is 6.772 X 15055 - That is, it can be written as 6.772
x 1075,

The numbers 4.56 x 107 and 6.772 x 10~% are said to be written in scientific
notation because the number before the power of 10 is greater than (or equal) to 1 and less than 10, and the decimal number is
followed by multiplication by a power of 10.

X Standard Form and Scientific Notation

Standard form  Scientific notation
34,500,000,000 3.45 x 100
0.00000000889  8.89 x 10~°

Recall from chapter 3 how multiplying or dividing a decimal number by 10, 100, 100, ... affects the position of the decimal point.

v/ Example 1.8.3

The given numbers are not in scientific notation. Modify each so that your answer is in scientific notation:

a. 1500 = 1.5 x 10°

b. 225000 = 2.25 x 10°

c. 0.0155 = 1.55 x 102

d. 0.00000094 = 9.4 x 107

v/ Example 1.8.4

The given numbers are not in scientific notation (look at the decimal number and see that it is either less than 1 or greater than
10). Modify each so that your answer is in scientific notation:

a. 56.7 x 10® = 5.67 x 10°?
b.88.9 x 107 = 8.89 x 10~°
€. 0.55 x 10° = 5.5 x 10®
d.0.88 x 107 =8.8 x 1075

Helpful tip: Note that the given numbers were not in scientific notation because the decimal number was either greater than 10 or
less than 1. To modify the decimal and rewrite the given number in scientific notation, we either increase its size, and thus we must
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decrease the size of the exponent, or, we decrease its size, and thus, we must increase the size of the exponent.

Multiplication and Division using Scientific Notation

By grouping the decimal numbers together, and the power of 10 terms together, it becomes easy to multiply and divide numbers in
scientific notation. First, we need to recall the properties of exponents (we only need base 10 for this section):

X Properties of Exponents (for base 10)

1. Product Property 10™ . 10" = 10™"
Examples: 10%-10% = 10?*5 = 10" and 10 - 103 = 10~°+3 = 1078
2. Quotient Property 19 = 10m—

Examples: 18 =10%% =10 and 1%, = 1054 = 10°* = 10°

v/ Example 1.8.5

Perform the given operation:

a. (23 x10%) (3 x 107*) = (2.3 -3) x (108-107*) = (2.3 - 3) x 10%+(-4 = 6.9 x 10*
64x10° _ 64 ( 10° _ % x 10795 =2 x 10~4

*3.2x107° T 32 10—° 3.

Helpful tip: Notice how when we multiplied, we added the exponents, and when we divided, we subtracted the exponent in the
denominator from the exponent in the numerator. We simply followed the exponent rules.

v/ Example 1.8.6

Perform the given operation and write your answer in scientific notation:

a. (6.2 x 10%) (3.0 x 107) = 6.2 - 3 x 1087 = 18.6 x 10'% = 1.86 x 106
(

5
A0 _ 4 %1079 = 0.5 x 105 = 5.0 x 107

Note: Writing 5.0 x 107 is the same as writing 5 x 107. They are interchangeable.

v Example 1.8.7

Perform the given operation and write your answer in scientific notation:

(2.1x10%)(3.2x10~°)  grax105 _ 18
Ex10(Ex10%) . 6x10% =1.12x10

v/ Example 1.8.8

The debt of a nation is 7 trillion dollars, and there are 300 thousand inhabitants. If the debt was distributed evenly among all
the inhabitants, how much would each person have to pay to pay off the debt?

. . 88 . _T trillion dollars
To answer this question we have to divide: {5 eacocars_ el -

Since we are dealing with large numbers, we change each to scientific notation and perform the division to find the amount to
be paid per person:

Ix10° dollars per person = £ x 10* dollars per person ~ 2.3333 x 10* dollars per person.

In standard form, the amount is $23, 333 per person.
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? Exit Problem

Compute and write the answer in scientific notation:

(6.2 x10%) (1.5 x 107%)
3.1x107°

This page titled 1.8: Scientific Notation is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar EIHitti,
Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source

content that was edited to the style and standards of the LibreTexts platform.
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1.9: Polynomials
A polynomial is a sum of monomials. So, expressions like:
x4+ 3z 47
—223 + 42® — 5z + 2
z+z?

—4g3

2
Tyz
m2y+yT—8y

2,2
are examples of polynomials. However, the following are not polynomials:

2243244
z+5

2z%y28

—zy?
—A4zV 62

The degree of a polynomial is the highest power of the variable(s) that has a non-zero coefficient.

v Example 1.9.1

The degree of —2z% + 422 — 52 + 2 is 3.

v/ Example 1.9.2

Determine whether the given expression is a polynomial and if so, find its degree.
a) 5z + 4% -3z +7

This is a polynomial of degree 3.

B s

This is a not a polynomial.

c) 2234 5z* +3z —8

This is a polynomial of degree 4.

d) 6.2 x 107528

This is a polynomial of degree 8.

A polynomial with one term is called a monomial. For example, 2a% and —3zy? are monomials. A polynomial with two terms is
called a binomial. 5z% + 3z is an example of a binomial. A polynomial with three terms is called a trinomial. 3z% + 5z —1 is a
trinomial. It has three terms: 322, 52 and -1

Just as we did in chapter 4 when evaluating expressions, we can evaluate polynomials as well.

v Example 1.9.3

Evaluate the given polynomial at the given value of the variable(s):

a. 3z + 7 when ¢z = 2:

32)+7=6+7=13
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b. 22+ 3z +2 when z = 5:
(5)24+3(5)+2=25+154+2 =42
c. 2z% + 4% — 3z when z = —2:
2(—2)% +4(—2)2 —3(—2) =2(-8) + 4(4) — (-6) = —16+ 16 +6 =6

d. —4z7 — 3z* when z = —1:

—4(-1)"—3(-1)*=—4(-1)-3(1) =4-3=1
e. 2x%y — 5z3y? when z = —3 and y = 2:

2(=3)%(2) —5(=3)%(2)* = 2(9)(2) - 5(-21)(4)

=18(2) + 135(4)

= 36 + 540
= 576

Function Notation

A specific kind of notation, called function netation, can be used to represent polynomials. This notation uses a letter (the name of
the function) and the variable at hand (for example, z.)

v/ Example 1.9.4

a. f(z) = 3z + 7 is representing the polynomial 3z + 7 as a function called f. The z in f(z) is to indicate that the variable in the
polynomial is z.

b. g(z) = z? + 3z + 2 is representing the polynomial z% + 3z + 2 as a function called g. Again, the z in g(z) is to indicate that
the variable in the polynomial is .

c. f(z,y) = 2z%y — 523y is representing the polynomial 222y — 5z3y? as a function called f. The « and y in f(z,y) are to
indicate that the variables in the polynomial are z and y.

You will learn about functions and function notation in a pre-calculus class, but, here we use the notation because it facilitates
asking to evaluate a polynomial at a given value of the variable(s), as we saw in Example 7.3.

So, for example, find f(2) when f(z) = 3z + 7 is asking to evaluate the polynomial 3z + 7 when z = 2. So, f(2) =3 -2+ 7= 13.

v/ Example 1.9.5

f(z) = 2% — 1. Find f(-3)

Solution

v/ Example 1.9.5

g(z) = —3z% + 5. Find g(—2).

Solution
9(—2)=-3-(—2>%+5=-3-(-8)+5=24+5=29

? Exit Problem

Evaluate f(—1) for the function f(z) = —22% + 32% —z
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1.10: Adding and Subtracting Polynomial Expressions

Polynomials can be added, subtracted, multiplied and divided. When adding or subtracting, we can only combine terms that are
like terms.

What Are Like Terms?
Consider the expression
5zty? + 6%y — Tylxt
First, we rewrite the given expression using addition only:
5z*y? + 623y + (—Ty’z?)
Here the terms are: 5z*y?, 6z3y, and —7y?z*. The terms are added to get the expression.

Two terms are either “unlike” or “like”.

Like terms are terms that have the same exponents on the same variables.

For example, in the above expression 5z*y? and —7y?z* are like terms since y has the same exponent (2) and the 2 has the same
exponent (4). On the other hand, 5z*y? and 6z3y? are unlike terms since z# appears in the first term but %8 appears in the second.

v/ Example 8.1

Consider the expression:
—2x%y% — 5xy? 4 6x%y?

Solution
The like terms are: —2z5y? and 6z5y2.

Adding or Subtracting Like Terms

X Adding or Subtracting Like Terms

We can only add or subtract like terms, and, we do so by adding or subtracting their coefficients.

v/ Example 8.2

—22592 + 62%y? = 425y? so that our expression in the previous example can be simplified:

—2512 — 5aty? + 6a5y® = 425y? — Saty?

Now, let’s add and subtract polynomials.

v/ Example 8.3

Add or subtract the polynomials.
2) (32® + 5z + 6) + (42 + 3z — 8) = 3z% + 5z + 6 + 4z° + 3z — 8
=Tz +8x—2
z* —27% + 62) + (52° + 22% + 9z + 4) = 2* — 22° + 6z + 52° + 22% + 9z + 4

~
) =z + 323 + 222 + 15z + 4
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0 (2ab2 —3a?— 7a,b) + (—a2 — 5azb) = 2abz - 3az —Tab— a22— 5a2b
= 2ab” — 4a” — Tab — 5a°b
Note: Above, the only like terms that can be combined are —3a2? and —a? The remaining terms cannot be combined any further.
4 (322 + 5z + 6) — (42 + 3z — 8) =3:1;22+5.7:+6—4:r,2—3.7:+8
=—z°+2z+14
Note: Removing the parenthesis when subtracting changes the sign for all the terms of the polynomial that is being subtracted.

8 (5m +3n) — (Tm+2n) = 5m+3n— Tm —2n
=—2m+n

f) Subtract 4a% — 5a from 6a + 4.
(6a +4) — (4a® —5a) = 6a + 4 — 4a® + 5a
=—4a® +1la+4
Note: Subtracting 4e? — 5a from 6a + 4 requires to write 6a + 4 first, and then to subtract 4a® — 5a from it. Reversing the order
would yield a wrong answer!
g) Subtract —3q+ 4pq — 2p from —9p.

—9p— (—3¢+4pq—2p) = —9p +3¢—4pg+2p
=—Tp+3q—4pq

? Exit Problem

Simplify: (9m?n — 15mn?) — (3mn? + 2m?n)

This page titled 1.10: Adding and Subtracting Polynomial Expressions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed,
and/or curated by Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at
CUNY Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.
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1.11: Multiplying Polynomial Expressions

In this chapter, we multiply polynomials. For the multiplication of a monomial by a polynomial, we need to distribute the
monomial to multiply each term of the polynomial.

& Theorem: Distributive Law

a(b+c) =ab+ac (1.11.1)

By distributing factors, we can multiply a monomial by a polynomial

v/ Example 1.11.1

Multiply the terms and simplify.
a) 3 (4% + 5z) = 122% + 15z
b) 2p(4p — 7q) = 8p* — 14pq

) —3a (a® —4a + 5) = —3a3 + 12a® — 15a
6z + Ty + 4(3z + 2y) = 6z + Ty + 12z + 8y
=18z + 15y

2 (3z® +5) + 3z(4z — 2) = 62® + 10 + 122% — 6z

= 182> — 6z + 10
v (y+3) —2y(—y+5) — 4 (2y® + 12y + 1) = 3* + 3% + 2> — 10y — 8y — 48y — 4

=y — 32 —58y—4
—4ab(—a — 3b) + 2a (86> — 7ab) = 4a%b + 12ab* + 16ab® — 14a’b
= —10ab + 28ab*

d)

e)

f)

g)

When multiplying general polynomials, we need to have a more general distributive law. We show how this is done for the product
of two binomials.

& Rule 1.11.2: FOIL

To multiply binomials, we need to multiply each term of the first polynomial with each term of the second polynomial. This
procedure is known under the name FOIL, which stands for First, Outer, Inner, Last.

For example, when multiplying (z + 3) with (z + 5), we multiply the terms

. i
/F)Z%T\ gew ¥
I

5 . Inner +3x
( * & h * - ) Last +15

The products of the first terms (z - z = #?) , the outer terms (z - 5 = 5z), the inner terms (3 -z = 3z), and the last terms (3 - 5 = 15)
are added to give the result. Therefore, applying FOIL and combining like terms, we obtain:

(z+3)(x+5)=2>+5x+3z+15=224+8c+15

v/ Example 9.3

Multiply and simplify.

2) (z+2)(z—T)=2>—Tz+2x — 14
=z’ —5z—14
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(2a + 3b)(4a + 5b) = 8a? + 10ab + 12ab + 15b%

b) = 8a% 4 22ab + 15b%
(m — 4n)? = (m — 4n)(m — 4n)
) =m? — 4mn — 4mn + 16n>
=m? — 8mn + 16n?
—5p(3p + 29)* = —5p(3p + 29)(3p + 29)
d) = —5p (9p® + 6pq + 6pq + 4¢°)

= —5p (9* + 12pq + 4¢%)

= —45p° — 60p%q — 20pg>
Above we have chosen to first evaluate the square (3p + 29)(3p + 2q). Alternatively, we could also have first multiplied —5p(3p
+ 2q), which also gives the correct result:

—5p(3p + 29)* = —5p(3p + 29) (3p + 29)
(—15p* — 10pq) (3p + 29)
—45p® — 30p%q — 30p%q — 20pq?
= —45p% — 60p%q — 20pq?
(r4+3)2—(r+s8)(r—s) = (r+s)(r+s)—(r+s)(r—s)
= (r2+1's+rs+s2) = (r2—rs+rs—s2)

e) = (r’+2rs+ s%) — (r* — &%)
=r’+2rs+8®—r’+ s
= 2rs + 2s%
2zy — 3(5z + y) (5z — y) + 4y(3z + 2y) = 2zy — 3 (25.1!:2 — 5zy + Szy — y2) + 12zy + 8y°
H = 2zy — 3 (252% — ) + 127y + 8y°
= 2zy — 7522 + 3y? + 12y + 8y?
= —752” + 14zy + 1137

(22 —1) (2 — 42 +6) = (22 + (-1)) (2® — 42+ 6)
=2z (2° — 4z + 6) + (—1) (z° — 4z + 6)
g) =2z-2%+2z- (—4z) + 2z -6+ (—1) - 22 + (-1) - (—4x) + (-1) - 6
=223 — 822+ 120 —2? + 42— 6
=2z%—9z2 4 162 —6

? Exit Problem

Multiply: (5z —2) (z2 —3z —7)

Simplify: —3a3b? + 4a? (a + 2ab?) — 7a®
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1.12: Dividing Polynomials

In the previous chapter, we added, subtracted, and multiplied polynomials. Now, what remains is dividing polynomials. We will
only consider division of a polynomial by a monomial. The division of a monomial by a monomial was already considered in

Chapter 5, which we now recall.

X Rule1.12.1

We recall the rules for dividing variables.
= =g (1.12.1)

for any integers » and m

v/ Example 1.12.2

Simplify.
20z%yP 27w
. 31;2;,, = Y = 9ply? = 9qy?
_EA8p6ad _Epa8-576—1.4—4
5ga5: f = 56a ,bz ¢ = 8a3b5c0 = 8a3b®
—Tabbe =

Of course, when the power of a variable is higher in the denominator than in the numerator, then those variables will remain in the

denominator, just as we did in chapter 5.

v/ Example 1.12.3

Simplify.

a 42p"g* _ 42 4o 7a_
" —3p3¢2 -3
4
2474595 _ 24 pA-1g0-65-2

14
__1q2p3 — _14q2p3

6 3,343
Tt o — 353
20rs2 20 5 °

We now study how a polynomial can be divided by a monomial. Recall the usual rule for adding fractions with common
denominator.

X Same Denominator Fractions

Fractions with common denominator can be added (or subtracted) by adding (or subtracting) the numerators:

o Add:
.l oy (1.12.2)
c ¢ c

e Subtract:
a_b_a-b (1.12.3)
c C [+

Reversing the above rule helps us to divide a polynomial by a monomial.

v/ Example 1.12.4

Simplify as much as possible.

6z + 15 6z 15
= +
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1423 — 822  14x3  8x?
b) o = —%=7w2—4x
1495 — 285 + 2153 145 285 | 2158
0 —Ty? - —Ty? - —Ty? + —Ty?
=—2y' — (—4°) — 3y
=2y + 447 — 3y
a?b* — 4ab® — 2a*b? _ a?b?  4ab®  2a%?
d) ab? T ab? ab? | ab?
= ab? — 4b — 2a°
—6r5t% 4 30r4s2t® — 42r35%t3 _ —6r5tt i 30rts?t5 4278523
e) —6rt3 —6rt3 —6rt3 —67t3
=t — 5r3s%% — (—7r232)
= rit — 5r3s%2 + Trls?

? Exit Problem

27z%y — 3zy + 15zy°

Simplify: 30y

This page titled 1.12: Dividing Polynomials is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar
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1.13: Simplifying Square Roots
Finding a square root of a number is the inverse operation of squaring that number. Remember, the square of a number is that

number times itself. For example,
5°=5.-5=25
and
(~8)% = (=5) - (~5) = 25.

The square root of a number n, written as /n, is the positive number that gives n when multiplied by itself. For example, v/25
= 5 and not -5 because 5 is the positive number that multiplied by itself gives 25.

The perfect squares are the squares of whole numbers:

¢ 1=12

o 4=22

e 9=32

o 16=42
o 25=52
o 36=62
o 49=T72
o 64=82
o 81=92
e 100 =102,

and finding their square roots is straightforward. So

VIE=VE
=14
V100 = V10?
=10.

What about 4/50? Can you think of a number you multiply by itself and the answer is 50? The only thing we can do is simplify the
square root. We say that a square root is simplified if it has no perfect square factors.

So, to simplify v/50 we first write 50 into its factor and look for perfect squares.

50=25-2=5%.2.

Then,
V50 = /25 -2
V3
=5-1/2.

The justification for separating v/52 and /2 is the fact that the square root of a product is equal to the product of the square root of
each factor:

X Product Rule for Radicals

Va-b=+a- Vb (1.13.1)

https://math.libretexts.org/@go/page/45436
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Simplify each of the following radical expressions:
\/ﬁ Vi-6=122.6
=v22.v/6=2-V6
b. V108 =v36-3=v62-3=v62-v/3=6-3
2-/80=2-V/16-5=2-v42.5
c =2.V42.v/5=2.4.15
=8-5

How to combine “like” square roots

We can combine “like” square roots the same way we combined “like terms” in chapter 8.

X Like Square Roots

Two (or more) square roots are "like" if they have the same quantity under the root.

Note: Always simplify the square root if possible before identifying "like" roots.

v/ Example 11.2

Like square roots:

a. V3 and —6v/3

b. 2v/5 and —4v/5

c. V7 and v/28, because v/28 = v4-7=v4- V7 =27

d. v/90 and /250 because v90 = v/9-10 = v/9- v/10 = 3v/10 and v250 = v/25 - 10 = v/25 - +/10 = 510

To add or to subtract radicals, we need to first simplify radicals, then combine like radicals.

Add or Subtract radicals:

a. V160 + V490 = v/16 - 10+ v49 - 10 = v/16 - V10 + /49 - V10 = 4- v/10+ 7 - +/10 = (4 + 7)v/10 = 11v10
b.2v27—5v3=2v9-3 —5V/3=2v9-1/3—5v3=2-3/3—-5v/3=6v3—5v3=(6—5)v3=1/3=+3
C.4V18 —TvV8—3v1 =4V9/2—7V/4/2—-3-1=4.3v2—-7.2¢/2—-3=12v/2—-14v/2 -3 = (12— 14)v/2 -3 = —2v2-3

Note: Only “like” roots can be combined.

How do we simplify non-numerical radicals?

Similar to numbers, variables inside the square root that are squared (raised to the power 2 ) can be simplified. So, V22 = z in the
same way that v/82 = 8. So, we need to find as many multiples of variables that are squared:

Vit = Va2 g2 2?22

—z.z-2 2
=$4
=22 22 /5
—z-2-Vz

N
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If you have a number and a variable inside the square root (or more than one variable), you work with each one separately. For

example:

v/ Example 11.4

Simplify each of the following radical expressions:

V5028 = V50 - V28 = 5v/2 - 24 = 5z%V2

2632 =2 V63 V23 =2-v9-7- V/a?
d) =2.,/32.7.,/12.:5:2.\/?.\/7.\/;.\/5
=2.3V7-2-/z =6z -7z = 62V7x

Similar to the product rule, the quotient rule allows us to separate square roots as follows:

X Quotient Rule for Radicals

And notice that both rules can be read from right to left as follows:

Va- Vo=va-b
va_ [a
Vb b
This provides us with the necessary tools to combine and simplify square roots, when the operation is multiplication or division
only.
v/ Example 11.5
Simplify completely:
V1570 /1570
V5 V5
a. _\/15-70_\/5-3-7-5-2
B 5 5
=v5:3-2-7T=v210
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—z4/12y3 - 3y>V/15z = —3zy? - /1243 - 15z = —3zy? - /12 - 1533
=—3zy®-/4-3-3-5z13
= —3zy?-/4-32-5zy- 2
b.
=32y’ V4. V32 \/Bay - /2
=—3zy%-2-3-y/5zy-y

= —18zy® . /by

? Exit Problem

Simplify: 5v/24 — 2v/54 — 3v/16
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1.14: Factoring a Monomial from a Polynomial and GCF

We have learned how to multiply polynomials. For example using the distributive property on 2z(z — 1) we get 2% — 2z or using
FOIL on (z + 1)(2z — 5) results in 222 — 3z — 5. Factoring is an inverse procedure of multiplying polynomials. If we write 222 — 2z
=2z(z —1) or 2z2 — 3z — 5 = (z + 1)(2z — 5), this is called factoring. In general, factoring is a procedure to write a polynomial as a
product of two or more polynomials. In the first example 2z and (z — 1) are called factors of 2z% — 2. In the second example (z
+1) and (2z — 5) are factors of 2z% — 3z — 5.

Factoring is extremely useful when we try to solve polynomial equations and simplify algebraic fractions. In the following three

chapters, we will learn several methods of factoring.

Factoring the Greatest Common Factor (GCF)

In this section we will explain how to factor the greatest common factor (GCF) from a polynomial. The GCF is the largest
polynomial that divides every term of the polynomial. For example, the polynomial 923 + 622 + 12z* is the addition of three terms
923, 622 and 12z*. From factorization, we have:

gm3=3,3.x.m-m=(3mz)(3x)
622 =2-3-z-z = (32%) (2)

Therefore, the monomial 322 is the GCF of 923,6x% and 12z*. Once the GCF is identified, we can use the distributive property to
factor out the GCF as follows:

923 + 627 + 122* = 32%(3z) + 32%(2) + 32 (42?)
= 3z (3z + 2 + 42?)

v/ Example 1.14.1

Factor out the GCF from the given polynomial.
a) 6a* — 8a
The GCF is 2a
6a* —8a = 2a (3a®) — 2a(4) = 2a (3a® — 4)
b) 15ab®c — 10abc + 25b%c3
The GCF is 5bc

15ab%c — 10a%bc + 25b%c® = 5be (3ab?) — 5be (2a®) + 5be (5bc?)
= bbe (3ab2 —2a% + 5bcz)

C) 3z% — 6z + 12
The GCF is 3.

3z® — 6z + 12 = 3 (2®) — 3(2z) —3(4) =3 (a® — 22— 4)

In the problems we have done so far, the first term of the polynomial has been positive. If the first term of the polynomial is
negative, it is better to factor the opposite of the GCF. The procedure is exactly the same, but we need to pay attention to the sign of
each term.
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Factor out the GCF from the given polynomial:
a) —8x2y + 12zy* — 16zy
The GCF is 4zy. since the first term of the polynomial is negative, we factor out —4zy instead.

—8z%y + 12zy% — 16zy = (—4xy)(2z) + (—4zy)(—3y) + (—4zy)(4)
= —4zy(2z — 3y + 4)

Note: Inside the parentheses, the sign has been changed for every term in the remaining factor.
b) —95° — 15b* + 2163 + 2762
since the first term is negative, we factor out the opposite of the GCF : —3b2

— 9b° — 15b* + 21b° + 27b*
=(—3b%) (36%) + (—3b%) (5b%) + (—3b%) (—7b) + (—3b%) (=9)
=—3b” (3b> + 56° — 76— 9)

Again, notice how inside the parentheses, the sign of each of the remaining terms has been changed.

X Factoring Out the Greatest Common Factor (GCF)

o Step 1: Identify the GCF of each term of the polynomial.
e Step 2: Write each term of the polynomial as a product of the GCF and remaining factor. If the first term of the polynomial

is negative, we use the opposite of the GCF as the common factor.
o Step 3: Use the distributive property to factor out the GCF.

Factoring by Grouping
In many expressions, the greatest common factor may be a binomial. For example, in the expression z?(2z + 1) + 5(2x + 1), the
binomial (22 + 1) is a common factor of both terms. So we can factor out this binomial factor as following:

2z +1) + 52z + 1) = (2z + 1) (z* + 5)

This idea is very useful in factoring a four-term polynomial using the grouping method. For example, 6a? — 10a + 3ab — 5b is a
polynomial with four terms. The GCF of all four terms is 1. However, if we group the first two terms and the last two terms, we get
(6a® — 10a) + (3ab — 5b). Notice that in the first group, 2a is a common factor and in the second group, b is a common factor, so we
can factor them out: 2a(3e —5) + b(3a — 5). The two terms now have a common binomial factor 3a — 5. After factoring it out, we
get:

2a(3a — 5) + b(3a — 5) = (3a — 5)(2a + b). (1.14.1)

Factoring by grouping is a very useful method when we factor certain trinomials in a later session.

v Example 1.14.3

Factor the given polynomials by the grouping method.
a)z3+3z2+2z+6

2?4+ 322 + 20 + 6 = (2° + 32%) + (22 + 6)
=z(z+3)+2(x +3)
=(z+3)(z®+2)

b) 622 — 3z — 2zy+y
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6% — 3z — 2oy +y= (62:2 — 32:) + (—2zy+y)
=3z(2z — 1) + (—y)(2z — 1)
= (20— 1)(3z—)

) 10az + 15ay — 8bx — 12by

10az + 15ay — 8bz — 12by = (10ax + 15ay) + (—8bz — 12by)
= 5a(2z + 3y) + (—4b) (2 + 3y)
= (2z + 3y)(5a — 4b)

Note: In the last two problems of the example, the third term in the polynomial is negative. When grouping, we need to add an
extra addition sign between two groups, and in factoring the second group, factoring the opposite of the GCF is helpful.

? Exit Problem

Factor completely: 12a%b%c® — 36a%b%c — 24ab?

Factor by grouping: 35zy + 21ty — 152z — 9tz

This page titled 1.14: Factoring a Monomial from a Polynomial and GCF is shared under a CC BY-NC-ND 4.0 license and was authored,
remixed, and/or curated by Samar EIHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of
Technology at CUNY Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/45437



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/45437?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.14%3A_Factoring_a_Monomial_from_a_Polynomial_and_GCF
https://creativecommons.org/licenses/by-nc-nd/4.0
https://www.citytech.cuny.edu/faculty/SElHitti
https://academicworks.cuny.edu/ny_oers/5
https://academicworks.cuny.edu/ny_oers/5/

LibreTexts"

1.15: Factoring the Difference of Two Squares

In this chapter, we will learn how to factor a binomial that is a difference of two perfect squares. We have learned in multiplying
polynomials that a product of two conjugates yields a difference of two perfect squares:

(a+b)(a—b)=a®—ab+ab—b% =a? — 12

This indicates that the factor form of a? — b% is (a + b)(a — b), a product of two conjugates. Let's put this as a formula:

X Factoring the Difference of Two Squares

a2 —b2=(a+b)(a—b)

Factor a difference of two squares.
499 = (72 -y’ = (T+y)(T—y)
b. 16w? — z2y? = (4w)? — (zy)? = (4w + zy) (4w — zY)
C. 9a5 — b* = (3a3)” — (b2)° = (33 + ) (323 — b?)

Sometimes, the binomial is not a difference of two perfect squares, but after we factor out the GCF, the resulting binomial is a
difference of two perfect squares. Then we can still use this formula to continue factoring the resulting binomial.

Factor the binomial completely.

a. 1823 — 8zy? = 2z (9% — 4?) = 2z [(3z)% — (2y)?] = 2z(3z + 2y)(3z — 2y)
b. 35 — 27ab? = 3a (a* — 96%) = 3a [(a®)” — (3b)2] = 3a (a® + 3b) (a> — 3b)

? Exit Problem

Factor completely: 16z2 — 36

This page titled 1.15: Factoring the Difference of Two Squares is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or
curated by Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY
Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.
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1.16: Factoring Trinomials and Mixed Factoring

Factoring Trinomials az? + bz + ¢ by the ac-Method

We know that multiplying two binomials by the FOIL method results in a four-term polynomial and in many cases it can be
combined into a three-term polynomial. For example:

(@+3)2x+1) =22+ 1z +6x+3
=222+ 77 +3.
This indicates that if we want to factor the expression 2z2 + 7z + 3, we will get a product of two binomials (z + 3) and (2z + 1), that
is,
222 + Tz +3 = (z + 3)(2z + 1).

In this section, we will learn how to reverse the procedure of FOIL to factor trinomials of the form az? + bz + c. The procedure is
called the ac-Method.

ac-Method to factor az? + bz +c;a # 0

o Step 1. Find the product ac, that is the product of the coefficients of the first and last terms.

o Step 2. Find two integers whose product is ac and whose sum is b. If such an integer pair cannot be found, then the polynomial
cannot be factored out.

o Step 3. Use the two integers found in step 2 to rewrite the term bz as a sum of two terms.

o Step 4. Factor by the grouping method.

For example: Factor 222 + 7z + 3.
Step 1. The product of ac is 2- 3 = 6.

Step 2. We look for two numbers whose product is 6 and whose sum is 7 . We can do this by inspection or by writing all pairs of
numbers whose product is 6 and calculate the sum for each pair: 1+ 6 = 7,24+ 3 = 5. So 1 and 6 are the numbers we are looking for.

Step 3. We write 7z = 1z + 6z so
20>+ 72 +3=22"+z+62+3
Step 4.

2¢® + g + 6z + 3 = (222 + z) + (6z + 3) Factor by Grouping
=z(2x +1)+ 32z +1)
=(z+3)(2z+1)

We can check to see if we factored correctly by distributing our answer. We can use the FOIL method learned previously to check if
the factored binomials give us the original trinomial 222 + 7z + 3.

First 212
% Outer +1x

(= + 3 ) (= + 1) W%

=202 4+ 1z 46z +3=2224+Tc+3

Example 1.16.1

Factor the given polynomial by the ac-Method.
a) 2z% 4+ 15z — 27
o Step 1. The product of ac = (2)(—27) = —54

https://math.libretexts.org/@go/page/45449



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/45449?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.11%3A_Multiplying_Polynomial_Expressions

éﬁh@ﬁm“

o Step 2. Now we need to find two integers whose product is - 54 . We can list all the possibilities:
(=1(54), (=2)(27), (-3)(18), (-6)(9),
(1)(-54), (2)(=27), (3)(-18), (6)(-9)

and calculate the sum of each pair. Only integers -3 and 18 add up to 15 .

« Step 3. We can rewrite the middle term 15z = —3z + 18z. So 2z2 + 15— 27 = 2% — 3z + 18z — 27
o Step 4. We factor by grouping.

222 + 15z — 27 = 222 — 3z + 18z — 27
= (22® — 3z) + (18z — 27)
=z(2z —3) +9(2z — 3)
=(z+9)(2z —3)

b) 1222 — 112+ 2::
Step 1. The product of ac = (12)(2) = 24
Step 2. We need to find two integers whose product is 24 and whose sum is -11 . We list all pairs of factors of 24:
M(24), 2)(12), 3)(@8), (4)(6)
(-1D(=24), (-2)(-12), (-3)(-8), (-4)(-6)
The pair -3 and -8 will have a sum -11.
Step 3. We rewrite the middle term —11z = (—3z) + (—8z).

Step 4. Then we can finish the factoring.
122% — 11z + 2 = 1222 — 3z + (—8z) + 2
= (122% — 8z) + (—8z + 2)

=3z(4r —1) + (—2)(4x — 1)
=(3z—2)(4z—1)

Note that when we rewrite the middle term, we write it as a sum (even if the second term is negative). This is in order to be able to
group without worrying about subtraction. since otherwise the grouping step would look like this:

122% — 3z — 8z + 2 = (122 — 3z) — (82— 2)
(note the subtraction of 2). Also, note that we factored out (-2) in the second to the last step. This was in order to make sure that (4=
— 1) was a common factor.
) 3z2 4+ 42 —2
The product of ac = (3)(—2) = —6, and this number factors as:

(~DE), (-2@), W), (@)(-3)

It is clear that none of pairs in the list will give a sum 4. This means that the polynomial 32% + 42 — 2 cannot be factored into two
binomials (using integers). We call it a prime polynomial.

Factoring Trinomials z2 + bz + ¢

In the special case when a =1, the AC-method still works. For example, to factor z2 — 6z + 5, we first compute ac = (1)(5) = 5.
Then we need to find two numbers whose product is 5 and whose sum is —6. since (—1)(—5) =5 and (—1) + (—5) = —6, by the
grouping method we have:

22 —6z+5=x22—1z+ (—5z)+5
= (z* — 1z) + (-5z +5)
=z(r—1)+ (-5)(z—1)
=(z—5)(z—1)
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Now let's observe the result. The result has the form (z + [-5])(z + [-1]), and the two numbers in the two boxes are just the two
numbers we get to rewrite the coefficient of the middle term —6, that is -1 and —5.

This example shows that to factor z2 + bz + ¢, the grouping method can be simplified. We can directly write out the factored form
of the polynomial once we know the two numbers that multiply to ac and add to b. In other words, z? + bz + ¢ is factored as (z
+0)(z+0), the product of the two numbers in the boxes being ac = (1)(¢) = ¢ and the sum of the two numbers in the boxes being b,

Example 14.2

Factor the given trinomial.
a) z2 + Tz + 10:

We need to find two numbers whose product is ac = ¢ = 10, and whose sum is 7. Number 10 is a product of the following two
numbers:

1@0), (2)(8), (-1)(-10), (=2)(-5)
The pair 2 and 5 gives a sum 7, therefore the trinomial can be factored as:
224 724+10=(z +2)(x +5)
b) t? + 4t —12:

We need to find two numbers whose product is ac = ¢ = —12 whose sum is 4. The number -12 is a product of the following two
numbers:

(1)(-12), @)(-6), (3)(—9)
(-1)(12), (-2)6), (-3)().
The pair -2 and 6 gives a sum 4, therefore the trinomial can be factored as:
244t —12=(t+(—2))t+6) = (t—2)(t+6)

c) 22— 3z —24:
We need to find two numbers whose product is ac = ¢ = —24 whose sum is -3. The number -24 can be factored as:

M(=24), (2)(-12), (3)(=8), (4)(-6)

(=124), (-2)(12), (=3)(8), (—4)(6)-
Since none of the pairs in the list adds up to —3, the trinomial cannot be factored as a product of two binomials. This is a prime

polynomial.

Mixed Factoring

So far, we have explained the basic techniques of factoring polynomials. Here is the guideline we can follow to select the right
method to factor a given polynomial completely.

Guidelines to Factoring a Polynomial Completely

o Step 1. Factor out the GCF from all terms if possible.

o Step 2. Count the number of terms of the polynomial: if the polynomial has two terms, try the formula of difference of two
squares; if the polynomial has three terms, try the AC-method; if the polynomial has four terms, try the grouping method.

o Step 3. Check to see if the factors themselves can be factored. If the answer is yes, then factor them completely using the
methods in step 2 .
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Factor the given polynomial completely.
a) 3x2—12:

3z2—-12=3 (:1:2 — 4) Factor out the GCF 3

=3(z +2)(z+ (—2)) Factor the difference of two squares =2 — 4
=3(zx+2)(x—2)

b) 428 — 202% 4 24x:

473 — 2022 + 24z = 4z (:):2 — 5z + 6) Factor out the GCF 4z

=4z(z+ (=2))(z + (—3)) Factor the trinomial 2% — 5z + 6
=4z(z —2)(z —3)

c) —1022 — 4z +6:

—102%2 — 424+ 6 =—2 (5z2 +2z— 3) Factor out the opposite of the GCF — 2
=—2(522—3z+52—3) Factor the trinomial 522 + 22z —3
=—2[(52% — 32) + (52— 3)]
= —2[2(5z2 — 3) + 1(5z — 3)]
=—-2(z+1)(52—3)

d) 23 — 722 — 4z + 28

z® —7a® — 4z + 28 = (z° — 72%) + (—4x + 28)  Factor by grouping
=22z -7+ (—4)(z—7)
=(z2—4)(z—7)
(z+2)(z+ (—2))(z—T7) Factor 22 —4
=(z+2)(z—2)(z—7)

e) 3022 + 10z* — 280

3022 + 10z* — 280 = 10z* + 3022 — 280  Reorder in decreasing powers of the variable
=10 (:1:4 +32% — 28) Factor out the GCF 10
=10 (y2 +3y— 28) Write y = % to recognize as a quadratic expression
=10(y+7)(y—4)
=10 (z*+7) (2 —4)
Replace y with z%and look to see if anything can be factor out
=10(z*+7) (z+2)(z —2)

Factor completely: 822 — 10z + 3

This page titled 1.16: Factoring Trinomials and Mixed Factoring is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or
curated by Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY
Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.
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1.17: Equations and their Solutions

An equation is an expression that is equal to another expression.

v/ Example 15.1

Examples of equations:
a)r—4=6

b) 5z —6 =4z +2

C) 6z —30=0
d)z?+8z—4=0

e) 3z —2z=—1
a3+ z24+2c+1=0

g) 2z — 5 > 3 is not an equation. It is an inequality and will be discussed in chapter 21

A solution of an equation is any value of the variable that satisfies the equality, that is, it makes the Left Hand Side (LHS)
and the Right Hand Side (RHS) of the equation the same value.

To solve an equation is to find the solution(s) for that equation. The method to solve an equation depends on the kind of equation
at hand. We will study how to:

¢ solve linear equations in chapters 16 and 17
¢ solve quadratic equations in chapter 20

v/ Example 15.2

Solutions of equations:
a) A solution for z — 4 = 6 is # = 10 because the LHS evaluated at 2 = 10 is 10 — 4 = 6 which is equal to the RHS.

b) A solution for 5z — 6 = 4z + 2 is = = 8 because the LHS evaluated at z = 8 is 5(8) — 6 = 40 — 6 = 34 and the RHS evaluated at
x=8is 4+ 2 = 4(8) + 2 = 32 + 2 = 34, and they are equal!

So, given a value of z, we can check if it is a solution or not by evaluating simultaneously the LHS and RHS of an equation. If they
are equal, then the value is a solution. If they are not equal, then the value is not a solution.

v/ Example 15.3

a) Is z = 2 a solution of the equation
—4x+8+zx=5—-2x+1
?
The LHS evaluated at g = 21is —4(2) +8 +2=-8 +8+2=2.
The RHS evaluated at £ =2is5 —2(2) +1=5—-4+1=5+(—4)+1=1+1=2.
Since they are equal, then we say that z = 2 is a solution for the given equation.

b) Is z = —1 a solution of the equation

22 +4c=—-3z+8
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The LHS evaluated at z = —1is (—1)2+4(=1) = 1 + (—4) = -3.
The RHS evaluated at z = —1is —3(—1)+8 =3 + 8 = 11.
Since —3 # 11, then we say that z = —1 is not a solution for the given equation.
¢) Is z = —2 a solution to
22— 20 +1=38z2+2z+1
?
The LHS evaluated at z = —2is (—2)2—2(—2) +1=4+4+1 =9,

The RHS evaluated at & = —2 is 3(—2)2 +2(—2) +1=3-4—4+1=12—4+1=9. since 9 = 9, the LHS = RHS and z = —2 is
a solution to the equation.

? Exit Problem

Check: Is = —6 a solution of the equation

10 + 10z = 13 + 6z + 17

This page titled 1.17: Equations and their Solutions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by
Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic
Works) via source content that was edited to the style and standards of the LibreTexts platform.
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1.18: Solving Linear Equations

The kind of the equation will determine the method we use to solve it. We will first discuss linear equations. These are equations
that only contain the first power of a variable and nothing higher.

v/ Example 16.1

Examples of linear equations:

a.x —4 = 6is a linear equation.
b. 52 — 6 = 4z + 2 is a linear equation.
c. 22 — 2z + 1 = 0 is not a linear equation, since the variable z is to the second power. This is a quadratic equation which we

will study in chapter 20.

Critical Observation: We can add or subtract anything from an equation as long as we do it to both sides at the same time. This is
a very essential tool to solve linear equations. It will help us isolate the variable on one side of the equation and the numbers on the

other side of the equation.

If ea=b then a+ec=b+e.

If a=b then a—c=b—c

v/ Example 16.2

Isolate the variable in the given equation:
a)z—4=6
Here we add 4 to both sides of the equation to get
z—44+4=6+4

which has the effect of isolating the z on one side of the equation and the numbers on the other since upon simplifying we see

that
=10
It can be helpful to write this in a vertical form:
z—4=6
+4  +4]
= =10 (1.18.1)

b) z + 7 = —2. Here we add -7 from both sides because it will have the effect of isolating the z : (vertically written)

T+T7=-2
+-7 -7
=z =—9

Cc)brx—6=4z +2
Here z appears on both sides of the equation. If we subtract one of the terms from both sides, it will have the effect of isolating
the  on one side.

We have a choice. We will subtract 42 from both sides so that an z is on the LHS. The alternative would have been to subtract
52 which would have left us with —z on the RHS ( this would be somewhat inconvenient). We have (vertically written)
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5z —6 =4z +2
—4zr — 4z

=z—6=2
+6 +6

= x =8

Note that each solution can be checked by plugging the number found into the original equation.

v/ Example 16.3

Solve:
a) 17— (4—2z) = 3(z + 4)
To solve this equation, we first need to remove all parentheses and combine any like terms.
17— (4—2z) = 3(z + 4)
= 17—44+ 2z =3z + 12
=13+ 2z =3z 412

Following the example above, the solution is found (by subtracting 2z from both sides and subtracting 12 from both sides) to
be z = 1. Now, we can check if our work is correct by substituting z = 1 in the original equation and seeing whether the RHS
and LHS yield the same value:

RHS: 17— (4 —22) =17+ (—1)(4 + (-2z)) =17+ (-1) 4 + (-2 -1)) =17+ (-1)(4 + (-2)) =17+ (-1)(2) =17+ (—2) =15
LHS:3(z+4) =3(1+4) =3(5) =15

Since both values are equal, our solution of z = 1 is correct.

Critical Observation: We can multiply or divide an equation by any nonzero number as long as we do it to both sides at the same
time. This is a very essential tool to solve linear equations where the coefficient of the variable is not 1.

Ifa=bthenaxc=bxec

Ifa=bthen ¢ =2 whenc+#o.

v/ Example 16.4

a) 6z = 42
6z = 42
B _ &
6 6
=z="7
b) -4z —-30=0

In this example we will first isolate the ' z -term' which is 4z before isolating z.
—4z—-30=0
+30 +30

= —4z =30
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—tz _ 30
— —4

02=1%

= L
= —
8

Note that dividing by 2 on both sides of the equation is the same as multiplying by 1. So, we can rewrite the solution like this:

1
2% = =
T=12
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)
8

N
'y
N

=>:1:—1
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Generally, multiplying a number by its reciprocal results in 1:

ab_ab_,
b o ba
Let's use this fact in the next example.
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e)§+3=6
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f)5z —6=2z+3
5z —6=2z+3
+6 +6
=5z =2x+9

= —2r —2

= 3z=9
B _9
3 3
=z=3

g)-3(z—1)=4(z+2)+2

We first remove the parentheses and collect like terms.
—-3(z—1)=4(z+2)+2
= 3z+3=4z+842

= —3z+3=4z4+10
Now we proceed to solve the linear equation by isolating the variable:
—3z+3=42x+10
-3 -3

= 3Jr =4z +7

—4r —4z

= —Te="7
U3 U
-7 -7

=z=-1

h) 10— 3z = —2(z— 1)
10 -3z =—-2(z—1)
=10—-3z=—-2z+2
—10 —10

= 3z =—-2r—8

+2r + 2z
= —x = —8
=z=2_8
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? Exit Problem

Solve: 5y — (7 —2y) = 2(y + 4)

This page titled 1.18: Solving Linear Equations is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar

ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via
source content that was edited to the style and standards of the LibreTexts platform.
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1.19: Solving Linear Equations, Decimals, Rationals

In this chapter we look at certain types of linear equations, those including decimal coefficients or rational coefficients. The reason
why we discuss these separately is because we can “get rid” of the decimal numbers or denominators in the equation by performing

a simple trick.

Recall from page 22 how we multiply decimal numbers by powers of 10 (that is 10, 100, 1000, ...).

v/ Example 17.1

Examples of multiplying by powers of 10:

a.0.05 x 100 =5
b.2.23 x 10 =22.3
c.0.7x100="70
d.02x10=2

Let’s look at the following linear equation with decimal coefficients:
0.02y + 0.1y = 2.4
Step 1. Look at all the decimal numbers in the given equation: 0.02,0.1 and 2.4
Step 2. Pick the number (s) with the most decimal place (s) and count how many: 0.02 has twe decimal places.

Step 3. Multiply both sides of the equation by 100(1 and two zeros) because the most number of decimal places is two.

Multiply both sides by 100 : 100 x (0.02y + 0.1y) = 100 x (2.4)
Distribute : 100 x 0.02y + 100 x 0.1y = 100 x 2.4
=> 2y + 10y = 240

Step 4. Proceed to solve the linear equation as usual.

2y + 10y = 240
— 12y = 240
L

Y=
L, 122

Y=
= y=20

v/ Example 17.2

Solve the given equation:

a)l4=02z+4

Step 1. Look at all the decimal numbers in the given equation: 1.4 and 0.2

Step 2. Pick the number(s) with the most decimal places and count how many: 1.4 and 0.2 both have one decimal place.\

Step 3. Multiply both sides of the equation by 10(1 and one zero) because the most number of decimal places is one.

Multiply both sides by 100: 10010 x (1.4) =10 x (0.2z + 4)
Distribute : 10x1.4=10x 0.2z +10 x 4
14 =2z 440

Step 4. Proceed to solve the linear equation as usual.
14 =22+ 40

—40 —40
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= —26 =2z
—26 2z
2 T 2
= —-13=z

b) 0.7 + 0.28z = 1.26
Step 1. Look at all the decimal numbers in the given equation: 0.7,0.28 and 1.26
Step 2. Pick the number(s) with the meost decimal places and count how many: 0.28 and 1.26 both have two decimal places.

Step 3. Multiply both sides of the equation by 100(1 and two zeros) because the most number of decimal places is two.

Multiply both sides by 100: 100 x (0.7 + 0.28z) = 100 x (1.26)
Distribute : 100 x 0.7 4 100 x 0.28z = 100 x 1.26
70 + 28z = 126

Step 4. Proceed to solve the linear equation as usual.

70 + 28z = 126
-7 —70
= 28z = 56

285 _ 56
28 28
=z=2

¢) 0.5z —0.235 = 0.06
Step 1. Look at all the decimal numbers in the given equation: 0.5, 0.235 and 0.06.
Step 2. Pick the number(s) with the most decimal places and count how many: 0.235 has three decimal places.

Step 3. Multiply both sides of the equation by 1000 (1 and three zeros) because the most number of decimal places is three.

Multiply both sides by 1000: 1000 x (0.5z — 0.235) = 1000 x (0.06)
Distribute : 1000 x 0.5z — 1000 x 0.235 = 1000 x 0.06
500z — 235 = 60

Step 4. Proceed to solve the linear equation as usual
500z — 235 = 60
+235 4235
= 500z = 295

500 295

500 500
_ 5-59
~ 5-100
59
100

==

==

In the last example, we could have proceeded as follows. Writing the equation using fractions gives

S, 25 _ 6
10 1000 ~— 100

Note that in the above example we multiplied by 1000 which is the least common denominator (the denominators being 10, 1000,
and 100 ). We get

1000 -5 1000-235 _ 1000 - 6

10 °7 1000 100
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Simplifying gives
100 - 52 — 235 = 10 - 6, or equivalently, 500z — 235 = 60
This brings us to Step 4 above.

We can use this method to solve a linear equation involving fractions. Lets look at a couple of examples.

v/ Example 17.3

Solving linear equations with rational coefficients

1_3,_1
a) Solve 53 — 3z = ¢.

We could just treat this as in the last section but the arithmetic involves fractions. Subtract 1 from both sides (noting that %

—_—— = ——

Now multiplying both sides by —% gives
- ()
-\ 3 3/ 9

Step 1. List the denominators. The denominators are 2, 5, and 6.

But we could also proceed by clearing fractions:

Step 2. Find the least common denominator. The least common denominator is 30.
Step 3. Multiply both sides of the equation by the LCD (30) and simplify:

30-1 30-3 30-1
— = 15— 18z =
2 5 T 6 =15 8x =25

Step 4. Solve as usual. We subtract 15 from both sides:
—18z = —10
Dividing by -18 gives

_ 10
T 18

b)Solve2 — 5z =3 _ 1

Step 1. Identify the denominators 3, 5, and 6.
Step 2. Find the least common denominator 30.

Step 3. Multiply both sides of the equation by 30 and simplify.

30.2— 30:',’55” = 3053” — 306'1 — 60— 50z = 18z — 5

Step 4. Solve as usual. Adding 50z to both sides gives

60 = 68z — 5
Adding 5 to both sides gives
65 = 68z
Dividing by 68 gives
e D
68
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? Exit Problem

Solve: 0.03z + 2.5 = 4.27

1.19: Solving Linear Equations, Decimals, Rationals is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by
LibreTexts.

https://math.libretexts.org/@go/page/45639



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/45639?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.19%3A_Solving_Linear_Equations_Decimals_Rationals
https://creativecommons.org/licenses/by-nc-nd/4.0

LibreTexts"

1.20: Word Problems for Linear Equations

Word problems are important applications of linear equations. We start with examples of translating an English sentence or phrase
into an algebraic expression.

v/ Example 18.1

Translate the phrase into an algebraic expression:
a) Twice a variable is added to 4
Solution: We call the variable z. Twice the variable is 2z. Adding 2z to 4 gives:
4+ 22
b) Three times a number is subtracted from 7.
Solution: Three times a number is 3z. We need to subtract 3z from 7. This means:\
7—3=z
c) 8 less than a number.
Solution: The number is denoted by z.8 less than = mean, that we need to subtract 8 from it. We get:
z—8
For example, 8 less than 10 is 10 — 8 = 2.
d) Subtract 5p% — 7p + 2 from 3p2 + 4p and simplify.
Solution: We need to calculate 3p? + 4p minus 5p? — Tp+ 2 :
(3p% +4p) — (5p> — Tp +2)
Simplifying this expression gives:
(30" +4p) — (50> —Tp+2) = 3p" +4p—5p° + Tp—2=—2p* + 11p—2
e) The amount of money given by z dimes and y quarters.

Solution: Each dime is worth 10 cents, so that this gives a total of 10z cents. Each quarter is worth 25 cents, so that this gives a
total of 25y cents. Adding the two amounts gives a total of

10z + 25y cents or .10z + .25y dollars

Now we deal with word problems that directly describe an equation involving one variable, which we can then solve.

v/ Example 18.2

Solve the following word problems:
a) Five times an unknown number is equal to 60. Find the number.
Solution: We translate the problem to algebra:

5z = 60

We solve this for z :

=Y 19
=

b) If 5 is subtracted from twice an unknown number, the difference is 13. Find the number.

Solution: Translating the problem into an algebraic equation gives:
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We solve this for z. First, add 5 to both sides.

2r —5=13

2z =13 + 5, so that 2z = 18
Dividing by 2 gives z = 18 =9.
¢) A number subtracted from 9 is equal to 2 times the number. Find the number.

Solution: We translate the problem to algebra.

We solve this as follows. First, add z :
9 =2z + z so that 9 = 3z
Then the answerisz = 3 =3
d) Multiply an unknown number by five is equal to adding twelve to the unknown number. Find the number.
Solution: We have the equation:
Sz ==z +12.
Subtracting z gives
4z = 12.
Dividing both sides by 4 gives the answer: z = 3.
e) Adding nine to a number gives the same result as subtracting seven from three times the number. Find the number.

Solution: Adding 9 to a number is written as z + 9, while subtracting 7 from three times the number is written as 3z — 7. We
therefore get the equation:

z+9=3z—1T1.
We solve for z by adding 7 on both sides of the equation:
416 = 3z.
Then we subtract z :
16 = 2z.

After dividing by 2, we obtain the answer z =8

The following word problems consider real world applications. They require to model a given situation in the form of an equation.

v/ Example 18.3

Solve the following word problems:

a) Due to inflation, the price of a loaf of bread has increased by 5%. How much does the loaf of bread cost now, when its price
was $2.40 last year?

Solution: We calculate the price increase as 5% - $2.40. We have
5% -2.40 = 0.05 - 2.40 = 0.1200 = 0.12
We must add the price increase to the old price.
2.40 4+ 0.12 = 2.52

The new price is therefore $2.52.
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b) To complete a job, three workers get paid at a rate of $12 per hour. If the total pay for the job was $180, then how many hours
did the three workers spend on the job?

Solution: We denote the number of hours by z. Then the total price is calculated as the price per hour ($12) times the number
of workers times the number of hours (3). We obtain the equation

12.3-2 =180
Simplifying this yields
36z = 180
Dividing by 36 gives
180
=36 0

Therefore, the three workers needed 5 hours for the job.

¢) A farmer cuts a 300 foot fence into two pieces of different sizes. The longer piece should be four times as long as the shorter
piece. How long are the two pieces?

z + 4z = 300
Combining the like terms on the left, we get
52 = 300
Dividing by 5, we obtain that
300

Therefore, the shorter piece has a length of 60 feet, while the longer piece has four times this length, that is 4 x 60 feet =240
feet.

d) If 4 blocks weigh 28 ounces, how many blocks weigh 70 ounces?
Solution: We denote the weight of a block by . If 4 blocks weigh 28, then a block weighs z = 2 =7
How many blocks weigh 70? Well, we only need to find % = 10. So, the answer is 10.

Note You can solve this problem by setting up and solving the fractional equation % = 12 Solving such equations is addressed
in chapter 24.

e) If a rectangle has a length that is three more than twice the width and the perimeter is 20 in, what are the dimensions of the
rectangle?

Solution: We denote the width by «. Then the length is 2z + 3. The perimeter is 20 in on one hand and 2(length) + 2(width) on
the other. So we have

20 = 2z + 2(2z + 3)
Distributing and collecting like terms give
20=6x+6
Subtracting 6 from both sides of the equation and then dividing both sides of the resulting equation by 6 gives:

20—6=6a:=>14=6x=>x=%in =%in =2% in.

f) If a circle has circumference 4in, what is its radius?
Solution: We know that C = 2zr where C is the circumference and r is the radius. So in this case

4=2nr
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Dividing both sides by 27 gives
_ A 25 ~o6m
2r 0w

g) The perimeter of an equilateral triangle is 60 meters. How long is each side?

Solution: Let z equal the side of the triangle. Then the perimeter is, on the one hand, 60, and on other hand 3z. So 3z = 60 and
dividing both sides of the equation by 3 gives z = 20 meters.

h) If a gardener has $600 to spend on a fence which costs $10 per linear foot and the area to be fenced in is rectangular and
should be twice as long as it is wide, what are the dimensions of the largest fenced in area?

Solution: The perimeter of a rectangle is P = 2L +2W. Let z be the width of the rectangle. Then the length is 2z. The

perimeter is P = 2(2z) + 2z = 6z. The largest perimeter is $600/($10/ft) = 60 ft. So 60 = 6z and dividing both sides by 6 gives
2 = 60/6 = 10. So the dimensions are 10 feet by 20 feet.

i) A trapezoid has an area of 20.2 square inches with one base measuring 3.2 in and the height of 4 in. Find the length of the
other base.

Solution: Let b be the length of the unknown base. The area of the trapezoid is on the one hand 20.2 square inches. On the
other hand it is (3.2+b) - 4= 6.4 + 2b. So

202=6.4+2b
Multiplying both sides by 10 gives
202 = 64 + 20b
Subtracting 64 from both sides gives
138 69 .
= W = ﬁ =6.9 in

and dividing by 20 gives

? Exit Problem

Write an equation and solve: A car uses 12 gallons of gas to travel 100 miles. How many gallons would be needed to travel 450
miles?

1.20: Word Problems for Linear Equations is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.21: Rewriting Formulas

Michael Faraday (1791 - 1867) was an English scientist who contributed to the fields of electromagnetism and electrochemistry.
His mathematical abilities, however, were limited and so he mainly relied on expressing his ideas in clear and simple writing. Later,
the scientist James Clerk Maxwell came along and took the work of Faraday (and others), and summarized it in a set of equations
known as “Maxwell’s Equations”. His equations are accepted as the basis of all modern electromagnetic theory and take on many
different mathematical forms.

The language of mathematics is powerful. It is a language which has the ability to express relationships and principles precisely and
succinctly. Faraday was a brilliant scientist who made history-making discoveries yet they were not truly appreciated until Maxwell
was able to translate them into a workable language, that of mathematics.

# Definition of a Formula

A formula is a mathematical relationship expressed in symbols.

For example let's consider Einstein's E = mc? (arguably the most famous formula in the world). This formula is an equation which
describes the relationship between the energy a body transmits in the form of radiation (the £ ) and its mass (the m ) along with the
speed of light in vacuum (the ¢ ). It says that a body of mass m emits energy of the amount E which is precisely equal to me? It can
also say that if a body emits an amount of energy E, then its mass m must be E/c?. We can say this because we solved E = mc? for
m, that is, we rewrote the formula in terms of a specific variable.

v/ Example 19.1

More familiar formulas:

a. A = lw Area of a rectangle = length . width.
b. C = 2ar Circumference of a circle = 2 - #- radius.
c. S =d/t Speed = distance traveled = time.

We note that the formula C = 2#r is "solved" for C since C is by itself on one side of the equation. Suppose we know the
circumference of a circle C is equal to 5 inches and we wish to find its radius r. One way to do this is to begin by solving the
formula C = 2ar and then substituting the known values.

Begin with:
C =2nr
and divide both sides by 2r to get
C
o r

Next we substitute the value ¢ = 5 and = to get

r= =~ 0.8 in rounded to the nearest tenth

2

So r = 0.8 inches when we round to the nearest tenth.

# Solving an Equation for a Specified Variable

1. Use the distributive property of multiplication (if possible).

2. Combine any like terms (if possible).

3. Get rid of denominators (if possible).

4. Collect all terms with the variable you wish to solve for one side of the equation. Do this by using the addition property of
equality.

5. Use the distributive property and the multiplication property of equality to isolate the desired variable.
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v/ Example 19.2

Solve the following equations for the specific variable indicated in parenthesis.
a) E=IR(for I

Divide both sides by Rto get I = £,

b) PV = nRT (for R)

Divide both sides by nT to get R = £

c) S= Z(for P)

Multiply each side by P to get PS = T then divide each side by Sto get P = Z,
d) v =YL (for N)

Multiply each side by 4Z to get 4ZV = MN, then divide each side by M to get N = 4V,
e)d=a+b+c(ford)

Subtract a and ¢ from both sides to get b =d—a — co

f) B = 22 ( for p)

Multiply each side by W to get WB = zI*p, then divide both sides by zI* to get p = %3,

g)P=S8—c(forc)

Add cto both sides to get ¢+ P = 8, then subtract P from both sides to getc = § — Po
h)A=EC +G (forC)

Subtract G from both sides to get A — G = EC, then divide both sides by E to get ¢ = 4:¢.
)w=2z—3y(forz)

Add 3y to both sides to get w + 3y = 2z, then divide both sides by 2 to get %‘q”’ =z, and so, z = %3”0

? Exit Problem

The formula for the area of a triangle is A = %bh. Solve this equation for b

1.21: Rewriting Formulas is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.22: Solving Quadratic Equations by Factoring

As mentioned earlier, solving equations is dependent on the type of equation at hand. You can review solving linear equations in
chapter 16. This chapter will deal with solving quadratic equations. These are equations that contain the second power of a
variable and nothing higher.

v/ Example 20.1

Examples of quadratic equations:

a) #2 — 3z — 18 = 0 is a quadratic equation.
b) 2% = 81 is a quadratic equation.

C) 422 — 36 = 0 is a quadratic equation.

d) 3 — 27 = 0 is not a quadratic equation, since it includes a third degree variable - we will not discuss solving such equations
in this class.

Solving Quadratic Equations

Solving quadratic equations involves three basic steps. We will look at each of these steps as we proceed to solve £2 = 100.
Step 1. Standard Form

We say that an equation is in standard form if all the terms are collected on one side of the equal sign, and there is only a 0 on the
other side. For instance, equations a) and c) in the previous example are quadratic equations in standard form.

If we are working with an equation that is not in standard form, we can easily get it to the desired form by adding or subtracting
terms from both sides.

For instance, the equation £2 = 100 is not in standard form. To get it to standard form, we subtract 100 from both sides of the
equation:

22 =100
—100 —100
=22-100=0
Note: If the equation at hand is already in standard form, then we skip this step.

Step 2. Factor

Now that all the terms are on one side of the equation, we factor the quadratic expression at hand. It is a good idea to review the
factoring techniques introduced in chapters 12, 13 and 14.

z2—-100=0
=z2— (10 =0
= (z—10)(z + 10) =0

Step 3. Use the Zero-Product Property

& Zero-Product Property

IfA-B=0then A=00r B=0.

The reason why this property is helpful in solving quadratic equations is because after you have put your equation in standard form
and factored, you are exactly in a situation where you can apply the Zero-Product Property.

(z —10)(z +10) =0
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translates into:
(z—10)=0or (z+10) =0

and now, both of the equations at hand are linear, and solving them is a matter of isolating the variable with some algebraic
manipulations. Notice that now you have two linear equations, each will give its own solution. So, your original quadratic equation
will have two solutions.

z—10=0 gives z =10
and

z+ 10 =0 gives z = —10
So, the solutions of the equation z? = 100 are z = 10 and z = —10.
Step 4. Check (optional)

It is not mandatory (unless the question specifically asks for it), but it is a good habit to check whether the solutions obtained are
correct. To check if our solutions are correct, we need to substitute 10 and -10 into the original equation z* = 100.

We easily see that (10)2 = 100 and (—10)2 = 100, so both solutions work.

v/ Example 20.2

Solve:

a)5(z —2)(z+3)=0

Notice that this equation is already in standard form and factored. To apply the Zero-Product Property for
5(z—2)(z+3)=0

We first divide both sides of the equation by 5 (or multiply by 4 ):

5(x—2)(z+3) 0
5 5

This gives
(z—2)(z+3)=0
Now we apply the Zero-Product Property
(x—2)=0o0r (z+3)=0
€ —2=0givesz =2
and
z+3=0gives z =—3

So, the solutions of the equation 5(z — 2)(z + 3) = 0 are z = 2 and z = —3. We can easily check that 5(z — 2)(z + 3) evaluated at
x = 2 gives 0 and also at z = —3 gives 0.

b) (5z —4)(x —6) =0
Notice that this equation is already in standard form and factored, and we can directly apply the Zero-Product Property.

(bzr—4)=0o0r (z—6)=0
. 4
5z—4=0g1ves§a:=4andthusz=g

and

z—6=0givesx =6
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l So, the solutions of the equation (5z —4)(z—6) =0 arez = 4 and z = 6.

v/ Example 20.3

Solve the given quadratic equations:
a)z?—3x—18=0

This is a quadratic equation in standard form.

Standard Form z2—3r—18=0
Factor = (z—6)(z+3)=0
Zero-Product Property —> (z—6)=0or (z+3)=0

r—6=0givesx =6
and

z+3=0gives z =—3
Soz=6o0rz=-3.
b) z2 =81

This is a quadratic equation net in standard form.

Standard Form z2—-81=0
Factor =z2—-(9)2=0

= (z—9)(z+9)=0
Zero-Product Property = (z—9)=0or (z+9) =0

z—9=0givesz=9
and
z+9=0gives z = —9
The solutions are £ = 9 and z = —9.
€)3z2—27=0

This is a quadratic equation in standard form.
Standard Form 322 -27=0
Factor =3-22-3.9=0
=3(=z2-9)=0
=3(22—-3%) =0
=3(z—3)(z+3)=0
Zero-Product Property —> (z—3)=0or (z+3) =0

z—3=0givesz =3
and

z+3=0givesx = —3
The solutions are z = 3 and z = —3.
d)z?+5x+4=0

Standard Form 22 +5z+4=0
Factor = (z+4)(z+1)=0
Zero-Product Property => (z+4)=0or (z+1)=0

z+4=0givesz = —4
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and
z+1=0gives z = —1

Soifz2+5z+4=0thenz=—4orz=—1.

e)z?="Tz
Standard Form z2—Tx=0
Factor =z-z—T7-z=0
=z(z—7)=0
Zero-Product Property =>z=0o0r (z—7) =0
z=0givesz =0
and

z—T7T=0givesxz =17
The solutions are z=0and z =7
f) 422 + 20z =0

Standard Form 412 + 205 =0

Factor = 4rc-z+4zx-5=0
= 4z(z+5) =0

Zero-Product Property =>4z =0or (x+5) =0

l 1z 0
4:c—0g1vesT—Zthusa:—0

and
45 =0 gives x = —5

The solutions are £ = 0 and z = —5.

g)4z% —25=0
Standard Form 472 —25=0
Factor = (22)2—(5)%2=0
= (22 —5)(2¢+5) =0
Zero-Product Property => (2z —5)=0or (22 +5) =0
. 5
2z — 5 =0 gives 2z = 5 thus z = 3
and

2z+5=0give52m=—5thusa:=7

The solutions are z = 3 orz = —

o

h)322+7z+2=0

Standard Form 3224+ 7x+2=0

Factor =3 +6x+x+2=0
=3r-z+3z-24+24+2=0
=3z(z+2)+(z+2)=0
= (Bz+1)(z+2)=0

Zero-Product Property => (3z+1)=0or (z+2)=0

3m+1=0gives3m=—1thusm=T
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and

z+2=0gives x = —2
The solutions are z = —% and z = —2.
z?2=—2cr—1

Standard Form =z2+22+1=0
Factor = (z+1)(z+1)=0
Zero-Product Property => (z+1)=0or (z+1)=0

z+1=0gives z = —1
and
z+1=0gives x =—1

Since both solutions are the same, we say that we have a double solution z = —1.

i)222 —32=0
Standard Form =222-32=0
Factor
—=2.22-2.16=0 =>2(z2—16)=0
=2(z2—4%) =0
=2(z—4)(z+4)=0
= (z—4)(z+4)=0
Zero-Product Property => (z—4)=0or (z+4)=0
z—4=0gvesz =4
and

z+4=0givesx = —4
The solutions are z = 4 and z = —4.
k) 322 —3z — 6 =0

Standard Form 322 -3z —6=0

Factor =3.22-3.2-3-2=0
=3(z2—z—-2)=0
=3(z—2)(z+1)=0
= (z—2)(z+1)=0

Zero-Product Property = (z —2)=0or (z+1)=0

rz—2=0givesx =2
and

z+1=0gives z = —1

The solutions are z = 2 and z = —1.

If a rectangle has area 15 square feet and its length is two feet less than its width then what are the dimensions of the rectangle.

Let z represent the width. Then the length is 2 — 2. The area, on the one hand is 15 square feet, and on the other hand is I x w. So
15 =z(z—2)

We first distribute to get

15 =122 — 2z

https://math.libretexts.org/@go/page/45982



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/45982?pdf

LibreTexts"

Now we put it in standard form by subtracting 15 from both sides:
22 —2x—-15=0
Now we factor so that we can use the Zero-Product Property:
(z—5)(x+3)=0
Then z — 5 = 0 or z + 3 = 0, which gives that z = 5 or 2 = —3. But = is the width of a rectangle and therefore it can not be negative.
The only solution to this problem is z = 5 (and  — 2 = 3 ). So the dimensions of the rectangle are 5 feet by 3 feet.

Solving Quadratic Equations Of The Form z2 = A

In the special case when a quadratic equation is of the form z2 = A, we can resort to a short-cut to solve it. Be aware that this short-
cut only works in this special case.

We first note that if 2 =9 then, by inspection, the solutions are 3 and -3 We see that in general to solve z? = A, we see that the
solutions are z = VA4 and z = —vV/A.

Notice that if we use the factoring method, the equation z2 = A becomes z%2 — A = 0 in standard form, and the factored form of the
equation is (z— v A)(z + v/A) = 0 which gives the solutions z = vA and £ = —VA.

v/ Example 20.4

Use the shortcut above to solve the given special quadratic equation:
a) z2 =100

Step 1. v100 = 10

Step 2. The solutions are z = 10 and z = —10

b) z2 =72

Step 1. V72 =62

Step 2. The solutions are x = 6v/2 and £ = —6v/2

C)z2—75=0

Step 1. V75 = 5v/3

Step 2. The solutions are = 5v/3 and & = —5v/3

d) The area of a square is 20 square feet. How long is each side?

Let z be the length of each side. Then z2 = 20. So = = +/20 = 2v/5. Note that it can not be —2+/5 since = is a length. Each side is
2V/5 ft.

Application to the Pythagorean Theorem
The Pythagorean Theorem relates the lengths of the legs of a right triangle and the hypotenuse.

The Pythagorean Theorem: If ¢ and b are the lengths of the legs of the right triangle and c is the length of the hypotenuse (the side
opposite the right angle) as seen in this figure,

then

a2+ =c?
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X Remark 20.5

In the theorem a and b are interchangeable.

v/ Example 20.6

Consider the following right triangle.

=

3

It satisfies the conclusion of the Pythagorean Theorem since 32 + 42 = 52 (check it).

X Remark 20.7

Do not take the proportions of the triangles drawn seriously— what appears to be the shortest leg may not in fact be. These
drawings are just cartoons that exhibit a relationship between the legs as they relate to the angles.

If we know any two sides of a right triangle we can find the third using the Pythagorean Theorem. We will look at a few examples.

v/ Example 20.8

Find z if

T

By the Pythagorean Theorem (noting that the length of the hypotenuse is 9 and so 81 belongs on one side of the equality)
22 + 62 = 92, or equivalently ,2% + 36 = 81
so that
z? = 81 — 36, or equivalently ,z? =45

Now since z represents a length, it is positive so that

t=v45=v9-5=3V5

v/ Example 20.9

Find z given the following picture

6

By the Pythagorean Theorem (noting that the length of the hypotenuse is « and so z2 belongs on one side of the equality)

62 + 92 = 22, or equivalently ,36 + 81 = z*
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so that
z? =117
Now since g represents a length, it is positive so that

z=v117T=+9.13=3V13

v/ Example 20.10

Suppose you must reach a window of a house with a ladder so that the ladder meets the house 7 ft off the ground. Suppose also
that the ladder must be 5 ft from the base of the house. How long must the ladder be?

This information leads to the triangle (not drawn to scale):

[T\

5

So by the Pythagorean Theorem says
52 + 72 — m2

so that #2 = 74. Therefore the ladder must be /74 ft long which is approximately 8.6 ft long.

? Exit Problem

1. Solve: 22 — 5z =6

2. Solve: 16z = 81

3. Solve: —24z = 10z2

4. Solve for g in the given right triangle. 6

1.22: Solving Quadratic Equations by Factoring is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by
LibreTexts.
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1.23: Linear Inequalities
In this section we solve linear inequalities.

Consider the inequality 2z — 1 > 2. To solve this means to find all values of ¢ that satisfy the inequality (so that when you plug in
those values for z you get a true statement). For example, since 2-5—-1=9 > 2,z =5 isa solution and since2-1 —1=1#2,z=1
is not a solution.

We can solve an inequality in much the same way as we solve an equality with one important exception:
Multiplication or division by a negative number reverses the direction of the inequality.

For example —3z > 9 <= =% < £ <= £ < —3. We see that
z = —10 satisfies all of these inequalities and = = 3 satisfies none of them. We can graph the solution on the number line:

For instance, check that £ = 5 (which is greater than 3 ) satisfies the inequality.

v/ Example 21.1

Solve the given inequality and represent the solution on the number line:

A)5z>10=z> 8 =g>2

] | 1 | | 1 L L 1
T T T T T b T T U

|
T
-5 -4 -3 -2 -1 0 1 2 3 4

f)3(z—2)+5<5-2(z+1)<=>32—-6+5<5-22—-2=32—1<3-2r=3+2r<3+1<=x<4<=z< %
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Note: There is more than one way to do a problem. For example:
3z -2<1l4>-32<2+1 -3z<3e= > o>
or,

-3z —-2<1< -2<1+3r<= —-2-1< 3z < -3 < 3z < —1 < z( which is the same as z > —1)

? Exit Problem

Solve the inequality and show the graph of the solution:

Tr+4<2x—6

1.23: Linear Inequalities is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.24: Simplifying, Multiplying and Dividing Rational Expressions

We recall that a rational number is one which can be written as a ratio % where p and g are integers and ¢ # 0. A rational expression
(also called an algebraic fraction) is one which can be written as a ratio % where P and @ are polynomials and @ # 0. Just as we
can write a number in simplest (or reduced) form, we can do the same for rational expressions.

# The Fundamental Principle of Rational Expressions

For polynomials P,Q and RwithQ #0and R+ 0

|
=]

Q'
Q
=]

# To Simplify a Rational Expression

e Step 1. Find the Greatest Common Factor (GCF) of both numerator and denominator, if you can.

o Step 2. Factor completely both numerator and denominator.
o Step 3. Use the Fundamental Principle of Rational Expressions to divide out the common factor from the numerator and

denominator.

v/ Example 22.1

25a56°
5a3b5
We begin by noting that the GCF of the numerator and denominator is 5a3b3. Using this, we can factor the numerator and

Simplify the following rational expression

denominator to get

25a86°  (5a%b?) (5a®)
5a305  (5a3b3) (b2)

Lastly we can use the Fundamental Principle of Rational Expressions to simplify

(fa®t?) (5%) _ 5a®

(/5a3b3) (b2) T2

Another way to approach this same problem is to factor both numerator and denominator completely and then cancel where

appropriate
250553 _ 5@ -g-g-aaakf -K-¥
5a3b° pog @@ fF B bb
_50,3
T

v/ Example 22.2

Simplify:

2x+ 2
2 —1

First we factor both numerator and denominator, then, once in factored form, we can use The Fundamental Principle of

Rational Expressions to simplify.

2(x+1)
(z—1(z+1)

Now notice that (z + 1) is in common, so, we can cancel it out. Finally, our simplified rational expression is:
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2
| @1

Simplify:

4—-16 4(z—4) 4
22—z—-12 (z—4)(z+3) (z+3)

Multiplying Rational Expressions

# Multiplying Rational Expressions

Let P,Q, R, S be polynomials with @ # 0 and S # 0 then

A (O
Q S Q-8
v/ Example 22.4
Multiply and write your answer in simplest form:
10z%  149°
2y?2 5z

10z 14y°  (102%) (145°)  1402%° 144

22 5zd (2y2) (5z3) ~  10x3y2 z

Alternatively, we could do some canceling before multiplying and achieve the same result

1002 149° _ R 5 7 14 PR 14y?
2?2 513 pye 5 k2-z T oz

v/ Example 22.5

Multiply and write the answer in simplest form

1125 —10y° 212°

—Ty7 22 33232 —622
An organized way of doing this problem is to rearrange so that we can handle the “numerical portion” and “variable portion”
separately. We are allowed to do this because multiplication of real numbers is commutative, i.e. we can multiply in any order

we wish. The rearrangement results in:
( 11 -10 21 ) x5 P 2
—7 33 —6/)\y"22 =232 22

Now we can go ahead and do some canceling, carefully, one portion at a time:

Mof25 Bf s

and

N
VP2 e fo? 92

Lastly, we put our pieces back together to get the final solution of our problem which is
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_52
3y?
v/ Example 22.6
Multiply and simplify:
4 9z +6y _ 4 33z +2y)
27z + 18y 6  9(3r+2y) 6

Notice that (3z + 2y) is in common in both numerator and denominator and thus can be simplified. So:

4 9r+6y 4

4-3
27z + 18y 6 9 .

3_43_2
6 9-6 9

We divide rational expressions in the same way that we divide fractions. We can view the division as the multiplication of the

first expression by the reciprocal of the second.

# Dividing Rational Expressions

Let P,Q, U,V be polynomials with @ # 0 and V # 0 then

v/ Example 22.7

Divide and write the answer in simplest form:

6e’f3g . 24f%¢

5e3g3 = ef

We multiply the first rational expression by the reciprocal of the second:

6e’f3g  ef
5e3¢g3  24f6g2

Next we can rearrange our problem into numerical and variable portions to get

6 1 e2f3g ef
(gﬁ) ( e3gd W)

Now we independently and carefully simplify each portion

s 1
5-46 20
and
£ P-4 Z-f 1

fgg-¢ [fr e e
Finally we put our pieces back together to form the solution to our problem which is

_1
20f294
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? Exit Problem

352%0° 1547
—2la%y = lday

Simplify:

1.24: Simplifying, Multiplying and Dividing Rational Expressions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed,
and/or curated by LibreTexts.

https://math.libretexts.org/@go/page/47197



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/47197?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.24%3A_Simplifying_Multiplying_and_Dividing_Rational_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0

LibreTexts"

1.25: Adding and Subtracting Rational Expressions

Think back to the chapter on rational expressions. Let's remember that a rational expression (also called an algebraic fraction) is

. . . P . . .
one which can be written as a ratio of 2 where P and Q are polynomials and Q # 0. We can add and subtract rational expressions

in the same way we can add and subtract fractions.

Rational Expressions with “Like” Denominators

# Adding and Subtracting Rational Expressions

Let P,Q and R be polynomials with R # 0

v/ Example 23.1

Add and write the answer in simplest form:

3y , 5y
16 + 16
3y | 5y
w+16
3y 5w _3dy+sy 8y _y
16 16 16 16 2
v/ Example 23.2
Subtract and write the answer in simplest form:
5z 15
z—3 z-—3
We begin by subtracting the numerators to get
52 15
zr—3 -3

Next, we simplify the rational expression by using a method for we learned in the previous section. We factor the numerator
and then cancel the common factor from the numerator and denominator

5z2—15 5 [z—3)

z—3 = [z—3) =5

Rational Expressions with Unlike Denominators

Recall that in order to combine “unlike” fractions (those with different denominators) we first had to rewrite them with a common
denominator. We chose to work with the least such common denominator because it streamlined the process. Combining unlike
rational expressions requires us to do the same thing. We can find the LCD for rational expressions in exactly the same manner as
we found the LCD for fractions, refer to Chapter 2 for the procedure. The only difference to keep in mind is that denominators of
rational expressions may be polynomials. But this doesn’t hinder us. When we factor our denominators, we simply factor them as
products of powers of prime numbers and polynomials. A prime (or irreducible) polynomial is a polynomial which cannot be

factored any further.

@ 0 a e 1.25.1 https://math.libretexts.org/@go/page/48328
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. 5x 2z
Combine — — =,
e g3

Recall the steps to find the LCD (Chapter 2):

o Step 1 Factor (the denominators): 6 factors into 2 - 3 and 3 factors into 3 - 1
e Step 2. List (the primes) 2,3
e Step 3. (Form the) LCD:2-3=6

Now that we have found the LCD, we use it to rewrite each rational expression to transform our problem from

to

Now we can combine the rational expressions to get

v/ Example 23.4

. 4
Combine r P =
z 3

We encounter here our first "prime polynomial" which is z. The LCD for this example is 3z and so we begin by rewriting the

problem to read

w
-3
-~
8

3-z+3-:c
21+4x
3z 3z

Now, we combine the “like” rational expressions to yield the solution

21 + 4z
3z

which cannot be simplified any further.

v/ Example 23.5

. 5 (
Combine -6

Let us begin by computing the LCD, keeping in mind that here a is a prime polynomial.

e Step 1. Factor: 4q factors into 22 . q and 6 factors into 2 - 3
e Step 2. List: 2,3,a
e Step3.LCD:2%?.3.a=12a

Next, we rewrite each fraction using this LCD:
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Finally we can combine “like” rational expressions to get

15 14ab 15— 14ab
12a 12¢ 12a

which cannot be reduced any further.

? Exit Problem

N 7 5
Simplify: — — —

HPEY 12 ~ 8
1.25: Adding and Subtracting Rational Expressions is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by
LibreTexts.
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1.26: Solving Fractional Equations

A fractional equation is an equation involving fractions which has the unknown in the denominator of one or more of its terms.

v/ Example 24.1

The following are examples of fractional equations:

3 _ 9
Q) =12

z=2 _ 3

42 5

3 _ 4

)3 =335
i -£=0
0f-% -1
The Cross-Product property can be used to solve fractional equations.

# Cross-Product Property

If4=CthenA-D=B-C.

Using this property we can transform fractional equations into non-fractional ones. We must take care when applying this property
and use it only when there is a single fraction on each side of the equation. So, fractional equations can be divided into two
categories.

I. Single Fractions on Each Side of the Equation

Equations a), b) and c) in Example 24.1 fall into this category. We solve these equations here.

3 =9
a) Solve 2 = 3

Cross-Product 3:20=9z
Linear Equation 60 =9z
Divide by 9 both sides £ =gz

The solution is ¢ = G = 2.

b)fm=1%
Cross-Product 5-(z—2)=3-(z+2)
Remove parentheses 52—10=3z 46
Linear Equation: isolate the variable 5 —3z =10+ 6
2z =16
Divide by 2 both sides 271 = %
the solution is z = 8.
) 5 = 5
Cross-Product 3-(z—5)=4-(z—3)
Remove parentheses 3r—15=4x— 12
Linear Equation: isolate the variable 3z —4z =15—12
—z=3
- . -z _ 3
Divide by 2 both sides ==

The solution is ¢ = —3

Note: If you have a fractional equation and one of the terms is not a fraction, you can always account for that by putting 1 in the
denominator. For example:
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Solve
3 _15
T
We re-write the equation so that all terms are fractions.
3_1
z 1
Cross-Product 3-1=15-z
Linear Equation: isolate the variable 3 = 15
Divide by 15 both sides % = 115—5’”

onisp— 3 — 3L _ 1
The solutionis z= % = §% = ¢.

|

II. Multiple Fractions on Either Side of the Equation

Equations d) and e) in Example 24.1 fall into this category. We solve these equations here.

We use the technique for combining rational expressions we learned in Chapter 23 to reduce our problem to a problem with a single
fraction on each side of the equation.

d) Solve § — L =0

First we realize that there are two fractions on the LHS of the equation and thus we cannot use the Cross-Product property
immediately. To combine the LHS into a single fraction we do the following:

Find the LCM of the denominators 8z

Rewrite each fraction using the LCM % — SLz =0
Combine into one fraction % =0

Re-write the equation so that all terms are fractions G”gl = %
Cross-Product (6z—1)-1=8z-0
Remove parentheses 6z—1=0

Linear Equation: isolate the variable 6z =1

Divide by 6 both sides %’ = %

The solution is & = %

e)Solve ¢ + £ =2

Find the LCM of the denominators of LHS 6x
Rewrite each fraction on LHS using their LCM 22 4 22 — 2

244 — 2 Combine into one fraction (22 +4)-3=6z-2
Cross-Product 32 4+12=12z

Remove parentheses 3r2—12x+12=0
Quadratic Equation: Standard form 3r2 —122+12=0
Quadratic Equation: Factor 3.22-3.424+3-4=0

3(z2—4z+4)=0

3(r—2)(x—2)=0
Divide by 3 both sides w =20

(z—2)(z—2)=0
Quadratic Equation: Zero-Product Property (x—2)=0o0r (z—2)=0

=]

Since both factors are the same, then z — 2 = 0 gives & = 2. The solution is z = 2

Note: There is another method to solve equations that have multiple fractions on either side. It uses the LCM of all denominators in

the equation. We demonstrate it here to solve the following equation: $ — 2 = 2

Illegal pream-token (\)

1.26.2 https://math.libretexts.org/@go/page/48329



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/48329?pdf

Li breTexts*

The solutionis z =5

? Exit Problem

.2 ,1 1
Solve: 2+ 3 =3

1.26: Solving Fractional Equations is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.27: Rectangular Coordinate System

In Chapter 1, we learned that a real number can be represented as a point on a number line. In this section we will learn that an
ordered pair of real numbers can be represented as a point in a plane. This plane is called a rectangular coordinate system or
Cartesian coordinate system named after a French mathematician, Ren’e Descartes.

The figure on the next page shows the rectangular coordinate system. It consists of two number lines perpendicular to each other.
The horizontal line is called x-axis, and the vertical line is called y-axis. The two number lines intersect at the origin of each
number line and the intersection is called the origin of the coordinate system. The axes divide the plane into four regions. They are
called quadrants. From the top right to the bottom right, the quadrants are ordered as I, II, IIT and IV in a counter-clockwise
direction.

Every point P on the plane is represented by an ordered pair (z,y), which is referred to as the coordinates of the point P. The first
value is called z coordinate, and the second one is called y -coordinate. The z -coordinate measures the distance of the point from
the y -axis, and the y -coordinate measures the distance of the point from the « -axis. If z > 0, the point is to the right of the y -axis;
if z < 0, the point is to the left of the y -axis; if z = 0, the point is on the y -axis. If y > 0, the point is above the z -axis; if y < 0, the
point is below the y -axis; if y = 0, the point is on the z -axis.

Y
[ T2 \
HNEE
R ]
Quadrantl] | 4 Quadrantl
| [
| | 4| origin
1]
| [ |
-F-6-p-4-3-2-1 12345 67Fc
|

|
_Q-rn Tl 7*’?-’_1 31— Q‘ua.cr'.r.auﬂv

v/ Example 25.1

Plot the given points on the rectangular coordinate system.

4 Y

[T -

B(2. 3)

N B
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F(-1, 0)
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To plot point (4,2), we start from the origin then move 4 units to the right and 2 units up. The point (4,2) is labeled as A. To
plot point (-2,3) , we start from the origin then move 2 units to the left and 3 units up. The point (-2,3) is labeled as B. Points
(C) and (D) are plotted in a similar way. To plot (0, 1), from the origin, we only move 1 unit up, so the point E is on the y -axis.
Similarly, the point (-1,0) is on the z -axis, 1 unit to the left of the origin. The point (0,0) is just the origin of the coordinate
system.

v/ Example 25.2

Determine the coordinates of following points:

Y

A

ORI B

c
7654321 |1232465¢6T7¢®

E

=2 T ¥ R VI A G

Point A: 1 unit right, 2 units up (1,2)

Point B: 1 unit left, 5 units up (—1,5)

Point C: 3 units left, 0 units up or down (-3, 0)
Point D: 0 units left or right, 4 units down (0, —4)

Point E: 4 units right, 3 units down (4, —3)

Linear Equations in Two Variables

In Chapter 16, we solved linear equations in one variable. In this section, we will learn how to find solutions of linear equations in
two variables, and how to represent them in a rectangular coordinate system.

The equation y = 2z + 3 is an example of a linear equation in two variables, z and y. The solution to this equation is an ordered pair
of two real numbers (a, b) so that when z is replaced by a and y is replaced by b, the equation is a true statement. For example, (1,5)
is a solution of y =2z + 3 because when we substitute 1 for = and 5 for y, we get 5 =2(1) + 3, which is a true statement. The
ordered pair (4,3) is not a solution to the equation because substituting 4 for z and 3 for y does not satisfy the equation i.e. 3 # 2(4)
+ 3.

v/ Example 25.3

Check if the following ordered pairs are solutions of the equation 2z — 3y = 5.

5
(AL-DB)1)(©) (3.0)
To check, let’s substitute the values into our equation.
(A)2(1) —3(-1)=5=2+3=5=5=>5True

(B)2(2)—3(1) =5 =>4—3=5=1=5False
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(C)2(5)—3(0)=5=5-0=5=5=5True

Therefore (A) and (C) are solutions and (B) is not a solution.
From the last example we see that the solutions of an equation in two variables are ordered pairs (z,y). Therefore they can be
represented by points on a rectangular coordinate system. By connecting all possible points, we get the graph of the equation.

Now let's find the graph of the equation ¥ = 2z + 3 by finding solution pairs and plotting them. Since we have only one equation for
two variables = and y, we can first choose a few z values, say z = —2,—1,0,1,2, and then find their corresponding y values. For
example, if ¢ = —2 then y = 2(—2) + 3 = —1. So (-2,-1) is a solution pair. It is helpful to set up a table to keep track.

Value of z Calculate y =2z +3 Solution Pair —2 y=2(-2)+3=-1 (-2,—1)

-1 y=2(-1)+3=1 (=1,1)
0 y=2(0)+3=3 (0,3)
1 y=2(1)+3=5 (1,5)
y=2(2)+3=7 (2,7
4
2 ey
-8 .:'*A
4 B
ol /1(27)
2 15
'/f/ ©3)
1‘_1}/ 1
‘-9-3-?-5-5-4-9/-1 1 2 4 5 6 7 9 T

N~
|
w MR

rANEEEN

After plotting these points on a rectangular coordinate system, it is easy to guess that the graph of y = 2z + 3 might be a straight
line. In fact, the graph of the equation y = 2z + 3 is a straight line - which is why it is referred to as a linear equation.

v/ Example 25.4

Graph the equation 3z + 2y = 4 by plotting points.

To graph the equation, we need to first find a couple of solution pairs. Let's begin by solving for y :
3z+2y=4 = 2Y=-3z+4 = y=-H o ==k,

Let ¢ = —4,—2,0,2,4. Here only even numbers are chosen so the results are not fractions.

Value of z Calculate y = % +2 Solution Pair—4 y= # +2=8 (—4,8)
—3(=2)

—92 y="5>+2=5 (—2,5)
0 y="9 49-9 0,2)

2 y="3 42-—1 (2,1
4 y="W 12— 4  (4,-4)

The graph of the line 3z + 2y = 4 is shown in the following figure.
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? Exit Problem

Graph the equation: 3z +2y =8

1.27: Rectangular Coordinate System is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.28: Graphing Linear Equations
In general, a linear equation in two variables is of the form
Az+By=C

in which A, B, C are real numbers and A and B cannot both be 0. This is called the standard form of a linear equation. Here are a
few examples of linear equations in standard form:

2
3z +2y=4, —0.25z+ §y= 1, 3z=2, 4y=3
Some linear equations are not written in standard form, but they can be easily transformed to a standard form. For example, the

linear equation ¥ = —2z — 3 can be written in a standard form of 2z 4 y = —3 by adding 2z to both sides of the equation.

The graph of a linear equation is a straight line in the rectangular coordinate system. In the last chapter, we learned how to plot a
straight line by plotting some points of a given linear equation. In this chapter, we will learn some important concepts of linear
equations and use them to plot straight lines.

Graphing Linear Equations Using Intercepts

On the graph of a straight line in the rectangular coordinate system, there are two special points, the z -intercept and the y -
intercept.

From geometry, we know that a straight line is fully determined by two points. Therefore, after identifying the intercepts of a given

linear equation, we can plot its graph by using these two points. It is a good practice to find a third point. If the third point doesn’t
lie on the straight line determined by the intercepts, this indicates that we may have made an error in our calculations.

& The z -intercept
The z -intercept is the point where the graph intersects the z -axis.

To find the z -intercept, evaluate the equation at y = 0.

The z -intercept will look like (z -intercept , 0).

# The y -intercept
The y -intercept is the point where the graph intersects y -axis.
To find the y -intercept, evaluate the equation at = 0.

The y -intercept will look like (0, y -intercept ).

v/ Example 26.1
Find the intercepts of —2z + 4y = 8 and use them to graph the linear equation.
Lety=0 = -2z+4(0)=8 = -2z=8 = z=-4
Therefore, the z— intercept is (-4,0).
Letx=0 = —-200)+4y=8 = 4y=8 = y=2

Therefore, the y— intercept is (0,2)
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v/ Example 26.2

Find the intercepts of 5z + 2y = 6 and use them to graph the equation. We first find the two intercepts (and then find a third
point).

Lety=0 — 52+20)=6 — 5z=6 —> m=g=1.2

Letz=0 = 50)+2y=6 = 2y=6 = y=3
Letz=2 = 5(2)+2y=6 = 1:0+4+2y=6 = y=-2
Now we have three solution pairs: (1.2,0),(0,3) and (2, —2). The following figure is the graph of the equation 5z + 2y = 6.
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The Slope of a Line

Different straight lines have different steepness. Mathematically, there is a number that can measure the steepness of a given line.
This number is called the slope of a line, and is denoted by the letter m. The following figure helps us to determine the formula for
calculating the slope m.

In the figure below, P and Q are two arbitrary points on the given line. Point P has the coordinates (#1,%1), and point @ has the
coordinates (z2,y2) . Here we use subscripts to distinguish coordinates for different points. The slope m is defined as the ratio of the
change of the two points in the g direction to the change of the two points in the z direction.

el
6 Qi)
| 4
- Y2 +
i [ / |
i 1]
- ) x v
/E :1:2—.1'1:
_______.2 f | ; N—
/ i I
A
7 b 5 -4 B 2 T 2 $ & 5

since the y direction is vertical, the change in y coordinates referred to as the "rise." Similarly, the z direction is horizontal so the
change in z coordinates is referred to as the "run." So another way of remembering the formula for finding the slope is to remember
that it is the "rise over run."

# The Slope of a Line

The slope of a line passing through (z1,%1) and (z, y2) is

Y2—4 rise
m=--——=——
X9 — X1 run

v/ Example 26.3

Find the slope of the line passing through the following points and use the given points to graph the line.
a) (1,2) and (3,3)

We choose (z1,%1) = (1,2) and (z2,y2) = (3,3). Actually it doesn't matter which point we assign as the first and the second
point. We will always get the same slope.

y2—y1 _ 3—2

m= —— = _—__ =

Iy — 1 3—1
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The slope is positive. The graph shows it is a rising line from left to right.
b) (-2,4) and (2,-4)
Let (z1,y1) = (—2,4) and (z3,y2) = (2,—4). Then

_Y—un —4—4 —8

m = = — =-2
To— I 2—(—2) 4
Y
7
T
NN
{20 AY A
EH =
o
2
¥ -6 -5 -4 -3 2 -1 1 2 4 5 6 T *

=1
2
.‘3.

A (2 1A%

& (C-Tames
-
5
=7

The slope is negative. The graph shows it is a falling line from left to right, and this line is steeper than the line in part a).
¢) (-3,2) and (4,2)

Let (z1,91) = (—3,2) and (z2,y2) = (4,2). Then
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_ Y-y 2-2 0

m= To — 1 - 4—(—3) =7=0

The slope is 0. The graph shows it is a horizontal line.

Note: All horizontal lines are characterized by points that have the same y value, so they all have a slope 0.

Y
7
6
| =~
4
— -3

(-3, 2) (4] 2)

7 6 5 4 3 2 -1 1 2 3 4 § ¢ 7 ¢
! 1
&
-3
A
| N
| 6
-7

d) (1,2) and (1,-3)
Let (z1,91) = (1,2) and (x2,y2) = (1,—3). Then

— —-3—-2
D = Y2—Y1 _

T9 — X1 1-1

= %5 = undefined

The slope is undefined. The graph shows it is a vertical line.

Note: All vertical lines are characterized by points that have the same z value, so they all have an undefined slope.

4+
7 F
6
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& Properties of the Slope

1. If the slope is positive, the line goes upward from left to right.

2. If the slope is negative, the lines goes downward from left to right.

3. If the slope is 0, the line is horizontal, that is, there is no rise in the y direction.

4. If the slope is undefined, the line is vertical, that is, there is no run in the z direction.
5. The larger the absolute value of the slope, the steeper the straight line.

Slope-Intercept Form of the Equation of a Liney = mx + b

In the previous section, learned that to find the slope of a line, we need two points on the line. Given an equation of a line, we can
easily find two points on the line by finding two solution pairs of the equation. However, there is another way to identify the slope.

Let's find the slope of the line given by the equation: 2z — 3y = 4. We can choose any two points on the line, so let's choose to work

with the z and y -intercepts.

4
Letz=0 = 2(0)—-3y=4 = -3y=4 = y=—3
Lety=0 = 22-300=4 = 2z=4 = 2z=2

Therefore the intercepts are: (0,—4) and (2,0) and so the slope is :

Suppose we return to our original equation and solve it for y :

2r —3y=4= —3y=—-22+4

— = —2z + 4
y=73
2, 4

¥=3%73

Rewriting the equation in this way helps us to identify two numerical values 2 and —%. The first value is exactly the same as the
slope and the second is exactly the same as the y -intercept! This is true in general. If the equation of a line is written in the form y
= mgz + b, then the coefficient of the z term is the slope of the line and the constant term is the y -coordinate of the y— intercept (so
we write (0, )).

# The slope-intercept form of the equation of a line

y=mz+b

is called the slope-intercept form of the equation of a line with slope m and y -interecpt (0, b).

v/ Example 26.4

Find the slope and y— intercept of the line by rewriting the line equation z + 4y = 8 in the slope-intercept form.

c+4y=8=4y=—2x+8
—z+8
4

1
=>y=—zx+2

= y=

The slope is —% and the y -intercept is (0,2) . Reminder: The slope is a numerical value. Don't let the « variable tag along

when you write it down!
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Graphing Linear Equations Using the Slope and the y intercept

Using the y -intercept and the slope of a line, we can easily sketch the graph of a straight line. Remember that we only need two
points to graph a line. We use the y -intercept as the first point, then we use the slope and the y -intercept to get another point.

v/ Example 26.5

Graph the given linear equation by using the slope and the y -intercept:
Ay=4sz—2

Step 1 Write the linear equation in the slope-intercept form. In this problem the equation given is already in y = mz + b form,
so we can identify that the slope is m = 4 and the y— intercept is (0,-2).

Step 2 Plot the y— intercept (0,-2) on the y— axis of the coordinate system.

Step 3 Use the slope m = 4 = 2 to Jocate the second point, that is, from the y -intercept we move to the right (run) three
units and up (rise) 4 units to plot a second point at (3,2).

Step 4 Draw a line passing though the two points.

4 Y

=

3]

Qo
™,

/{3,2)-

b)z+4y=8

Step 1 Write the linear equation in the slope-intercept form. (Refer to Example 26.4 to see how this is done):
1
z+4y=8 = y=—Za:+2

Step 2 Plot the y -intercept (0,2) on the y -axis of the coordinate system.

Step 3 Using the slope m = —1 = =L = 1 0 Jocate the second point, that is, from the y -intercept we move to the right (run)

four units and down (rise) one unit (because the change in y is negative, we move down) and plot a second point at (4, 1).

Here we chose to put the negative sign in the numerator, but we could have easily assigned the negative sign to the
denominator. This can be done because
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If we decided to work with the slope written as m = -, from the y -intercept (0,2) we would move four units left (run) and one
unit up (rise). This would land us at the point (—4, 3).

Step 4 Draw a line passing though the two points. Whichever two points we end up working with either (0, 2) and (4,1) or (0, 2)
and (—4, 3)— we get the same line, try it! The figure below shows the line as drawn from the points (0,2) and (4, 1).

<)

g ) |

| [l
R e e e
1J

0)2x—y=0
Step 1 Write the linear equation in the slope-intercept form.
2z —y=0 = —y=-2z = y=2
Here the slope is 2 and the y— intercept is (0, 0).
Step 2 Plot the y -intercept (0,0) on the y -axis, which is the origin of the coordinate system.

Step 3 Using the slope m = 2 = 2 = {0 Jocate the second point, that is, from the y -intercept we move to the right (run) one
unit and up (rise) two units, plot a second point at (1, 2).

Step 4 Draw a line passing through the two points.
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Point-Slope Form of the Equation of a Line y — yo = m (z — o)

Suppose we are given only the slope of a line and one point on the line and are asked to find its equation. Even though we do not
know the y -intercept offhand, we can still find the equation of the line by using what's called the point-slope formula (or form).

# The point-slope form of the equation of a line

Y— Yo = m (T — o)

is called the point-slope form of the equation of a line of slope m passing through the point (zo, yo)-

v/ Example 26.6

Find the equation of the line passing through the point (1,-2) with slope .

We use the point-slope formula here, with m = },20 =1 and yo = —2 So, the equation of the line will be given by y — (—2)
=lz-1)y+2=%tz—%,soy=1z—1 -2 and

_1 . u
VTETT S
Note: The equation y = 3z — & is written in the slope-intercept form, therefore we can read off the y -intercept if we wish:

©0,—%)-

v/ Example 26.7

Find the equation of the line passing through the points (3,2) and (—4, 3).

Notice that here we are not given the slope. We need to find it before we can proceed to find the equation of the line.

The slope ism = 2% = —1.
Now, we can choose any of the given points as our one point and use the point-slope form to find the equation of the line. Let's

use (3,2).

So, withm = —%,z = 3 and yo = 2, the equation of the line will be given by
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and, finally,
_ 1.
=R

Note: Again, if we wish to read off the y— intercept, it is (0, 7).

Equations of Horizontal and Vertical Lines

Recall that all horizontal lines have slope 0.

# Equation of a Horizontal Line

The equation of a horizontal line passing through the point (a,b) is y =b

Recall that all vertical lines have an undefined slope.

# Equation of a Vertical Line

The equation of a vertical line passing through the point (a,b) is z = a

v/ Example 26.8

a) The equation of the horizontal line passing through the point (3,-7) is y = —7.
b) The equation of the vertical line passing through the point (2,—1) is z = 2.
¢) The equation of the horizontal line passing through the point (4,0) is y = 0.

d) The equation of the vertical line passing through the point (—4,0) is z = —%.

? Exit Problem

Indicate the slope and the y -intercept, and graph the equation: 6z 4 4y = 6

1.28: Graphing Linear Equations is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.29: Solving a System of Equations Algebraically

Suppose that Adam has 7 bills, all fives and tens, and that their total value is $40. How many of each bill does he have? In order to
solve such a problem we must first define variables.

Let = be the number of five dollar bills.
Let y be the number of ten dollar bills.
Next, we write equations that describe the situation:
52+ 10y =40 : The combined value of the bills is $40.
That is, we must solve the following system of two linear equations in two variables (unknowns):
z+y="7 :Adam has 7 bills.
5z + 10y = 40 : The combined value of the bills is $40.

That is, we must solve the following system of two linear equations in two variables (unknowns):
Erroneous nesting of equation structures

This chapter deals with solving systems of two linear equations with two variable, such as the one above. We will consider two
different algebraic methods: the substitution method and the elimination method.

The Substitution Method

In this section we solve systems of two linear equations in two variables using the substitution method. To illustrate, we will solve
the system above with this method. We begin by solving the first equation for one variable in terms of the other. In this case we will
solve for the variable y in terms of z:

z+y="T
=y=T7—=<

Next, we substitute y = 7— z into the second equation 5z + 10y = 40 :
5z + 10(7 — z) = 40
The equation above can now be solved for z since it only involves one variable:

5z + 10(7 — z) = 40
5z + 70 — 10z = 40 distribute 10 into the parentheses
—5z 4+ 70 =40 collect like terms
—5z = —30 subtract 70 from both sides
z =6 divide both sides by —5

Hence, we get £ = 6. To find y, we substitute = 6 into the first equation of the system and solve for y (Note: We may substitute x
= 6 into either of the two original equations or the equation y =7 —z ):

6+y="7
y = lsubtract 6 from both sides

Therefore the solution to the system of linear equations is

Before we are truly finished, we should check our solution. The solution of a system of equations are the values of its variables
which, when substituted into the two original equations, give us true statements. So to check, we substitute £ =6 and y =1 into
each equation of the system:

r+y=7T=6+1=7=7=7 true!
52 + 10y = 40 => 5(6) + 10(1) = 40 => 30 + 10 = 40 = 40 = 40 true!

1.29.1 https://math.libretexts.org/@go/page/41230



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/41230?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.29%3A_Solving_a_System_of_Equations_Algebraically

LibreTexts"

Hence, our solution is correct. To answer the original word problem - recalling that z is the number of five dollar bills and y is the
number of ten dollar bills we have that:

v/ Example 27.1

Adam has 6 five dollar bills and 1 ten dollar bill.

6z + 2y =72
3z +8y =178

Again, here we solve the system of equations using substitution. First, solve the first equation 6z + 2y = 72 for y :

6z + 2y ="T2
=> 2y=—6x+ 72 subtract 6x from both sides
= y=-3r+36 divide both sides by 2

Substitute y = —3z + 36 into the second equation 3z + 8y =78 :

3z +8y="T8
=3z + 8(—3z +36) =78
=z =10

Hence z = 10. Now substituting z = 10 into the equation y = —3z + 36 yields y = 6, so the solution to the system of equations is
x = 10,y = 6. The final step is left for the reader. It must be checked that £ = 10 and y = 6 give true statements when substituted
into the original system of equations.

To summarize the steps we followed to solve a system of linear equations in two variables using the algebraic method of

substitution, we have:

# Solving a System of Two Linear Equations in Two Variables using Substitution

1. Solve one equation for one variable.

2. Substitute the expression found in step 1 into the other equation.

3. Solve the resulting equation.

4. Substitute the value from step 3 back into the equation in step 1 to find the value of the remaining variable. 5
5. Check your solution!

6. Answer the question if it is a word problem.

A system of two linear equations in two variables may have one solution, no solutions, or infinitely many solutions. In Example
27.2 we will see a system with no solution.

v/ Example 27.2

Solve the following system of equations by substitution.

z+y=1
y=—c+2

The second equation is already solved for y in terms of z so we can substitute it directly intoz +y=1:
2+ (—z+2)=1=2=1 False!

Since we get the false statement 2 = 1, the system of equations has ne solution.

The Elimination Method

A second algebraic method for solving a system of linear equations is the elimination method. The basic idea of the method is to
get the coefficients of one of the variables in the two equations to be additive inverses, such as -3 and 3, so that after the two
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equations are added, this variable is eliminated. Let's use one of the systems we solved in the previous section in order to illustrate
the method:

c+y="7

5z + 10y = 40
The coefficients of the g variable in our two equations are 1 and 5. We can make the coefficients of z to be additive inverses by
multiplying the first equation by —5 and keeping the second equation untouched:

(956 + 11/0 = ZO):((—&(w ) (—5)7)
z + y =

5z + 10y = 40
Using the distributive property, we rewrite the first equation as:

-5z — 5y =—-35

Now we are ready to add the two equations to eliminate the variable z and solve the resulting equation for y :

-5z — by = -3
+ 5z + 10y = 40
b5y =
= vy =1

To find z, we can substitute y = 1 into either equation of the original system to solve for z :
z+1=7 = z=6

Hence, we get the same solution as we obtained using the substitution method in the previous section:

In this example, we only need to multiply the first equation by a number to make the coefficients of the variable z additive
inverses. Sometimes, we need to multiply both equations by two different numbers to make the coefficients of one of the variables
additive inverses. To illustrate this, let's look at Example 27.3.

v/ Example 27.3

Lets aim to eliminate the y variable here. Since the least common multiple of 2 and 3 is 6, we can multiply the first equation by

3)3
(2)(-6) )

3 and the second equation by 2, so that the coefficients of y are additive inverses:

3 B)(—3z + 2
—6):((2>(4m - 3

4z — 3y

(—3:1: + 2y

Using the distributive property, we rewrite the two equations as:

—9z + 6y = 9
8 — 6y = —12

Adding them together gives:
—lz=-3 = zz=3
To find y, we can substitute z = 3 into the first equation (or the second equation) of the original system to solve for y :
—338)+2y=3—=—9+2y=3—2y=12—>y=6
Hence, the answer to the problem is:
=3 y=6

We can check the answer by substituting both numbers into the original system and see if both equations are correct.
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The following steps summarize how to solve a system of equations by the elimination method:

# Solving a System of Two Linear Equations in Two Variables using Elimination

1. Multiply one or both equations by a nonzero number so that the coefficients of one of the variables are additive inverses.
2. Add the equations to eliminate the variable.

3. Solve the resulting equation.

4. Substitute the value from step 3 back into either of the original equations to find the value of the remaining variable.

5. Check your solution!

6. Answer the question if it is a word problem.

? Exit Problem

Solve algebraically:

8z — 4y = 4
3z — 2y = 3

This page titled 1.29: Solving a System of Equations Algebraically is shared under a CC BY-NC-ND 4.0 license and was authored, remixed,
and/or curated by Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at
CUNY Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.
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1.30: Solving a System of Equations Graphically

We saw in Chapter 27 how to solve a system of linear equations algebraically (by substitution and by elimination). Since we know
that graphs of linear equations are lines, it is natural to graph the lines representing our system and observe where they are with
respect to one another in the coordinate plane. There are only three possible configurations: the lines intersect at a single point, the
lines coincide, the lines are parallel. Finding this intersection (if possible) amounts to solving the linear system.

v/ Example 1.30.1

Consider Example 27.1 from Chapter 27.
Consider Example 27.1 from Chapter 27.

6z + 2y 72
3z + 8y = 78

The solution we found (by substitution) was £ = 10 and y = 6.
To solve this system by graphing, we start by graphing each of the given linear equations.
First, we graph 6z + 2y = 72. Remember, we find two points:
z=0 = y=236
y=0 = z=12
Similarly, we graph 3z + 8y = 78 by finding two points on this line:
z=2 = y=9
y=3 = z=18

The lines are graphed in the same coordinate system as shown below.
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The coordinates of the point of intersection of the two graphs are the solution of the system. Observe from the graph that the z
and y coordinates of the point of intersection are z = 10 and y = 6.

v/ Example 1.30.1

Solve by graphing:

z +y =17
52 + 10y = 40

Step 1 Graph both lines:

r+y=7: z=0,y="7
y=0,2=7

5c+10y=40: z=0,y=4
y=0,z=28

RN AN

w o

/
%

N
NN
\solutl(}n (6, 1)
N

10987654321 1234856 (N8 KI 7

R W R

t \ ~
-3 \\
4 N
8
9
Step 2 Read off the coordinates of the point of intersection:
r=6,y=1

Step 3 The solution of the system is ¢ = 6,y = 1.

X Remark 28.3

1. If the graphs of the two lines do not have a point of intersection, then the system has no solution.
2. If the graphs of the lines coincide, then the system has infinitely many solutions.

# Solving a System ot Two Linear Equations by Graphing

o Step 1: Graph each linear equation on the same coordinate system.

e Step 2: Label the point of intersection on the graph (if there is any).

o Step 3: Read off the coordinates of the point of intersection (if possible). If the lines coincide, every point on them is
considered an intersection point.

o Step 4: Depending on Step 3, state whether the system has no solution (lines are parallel), infinitely many solutions (lines
coincide), or one solution (single intersection point).
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? Exit Problem

Solve graphically:

8 — 4y = 4
3z — 2y = 3

This page titled 1.30: Solving a System of Equations Graphically is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or
curated by Samar ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY
Academic Works) via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

2: Appendices
2.1: The Multiplication Table
2.2: Absolute Value

2.3: Formulas from Geometry
2.4: The Pythagorean Theorem

This page titled 2: Appendices is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar ElHitti,
Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source
content that was edited to the style and standards of the LibreTexts platform.
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2.1: The Multiplication Table

4|15 |6 |78 9 10 | 11 | 12
415|678 9 10 | 11 | 12
8§ 110|112 |14 (16| 18 | 20 | 22 | 24
1211518 |21 (24| 27 | 30 | 33 | 36
12116 |20 |24 (28 (32| 36 | 40 | 44 | 48
20| 25|30(35|40 | 45 | 50 | 55 [ 60
12 (18124 |30 | 36|42 (48| 54 | 60 | 66 | 72
14 (21|28 (35(42|49 (56| 63 | 70 | 77 | 84
16 (24|32 |40 | 48|56 (64| 72 | 80 | 88 | 96
1812736 |45 (54 (63|72 81 | 90 | 99 | 108
40 [ 50 [ 60 | 70 | 80 | 90 | 100 | 110 | 120
44 | 55 | 66 | 77 | 88| 99 | 110 | 121 | 132
48 |60 | 72| 84 | 96 | 108 | 120 | 132 | 144
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2.2: Absolute Value

Every real number can be represented by a point on the real number line. The distance from a number (point) on the real line to the
origin (zero) is what we called the magnitude (weight) of that number in Chapter 1. Mathematically, this is called the absolute
value of the number. So, for example, the distance from the point -5 on the number line to the origin is 5 units.

Move 5 units to the right

g LB s <golgowd Qg 4 9% @ o
Start End

(5]

G

So is the distance from 5 to 0. Algebraically we can represent the absolute value as

—xifz<0
|z| = 0ifz=0
zifzx>0

v/ Example B.1

Evaluate each expression:
a.|r=7
b.|—17=7
-1 1
c|F=1
d.|-3|+2|=3+2=5
e.|—-3+2l=|-1=1
.13 —|2/=3-2=1
|=16] _ 16
I
h, D=8l -7 _ —12 _
—I-3 =3 =3
i. 10 @+2=10-@+2=10-%+2=10-%+2=,2-5-zi2+2=5-g+2=5-3+2=15+2=17

Note In relation to the order of operations PE(MD)(AS), the absolute value symbol is treated as a parenthesis, and so, what is
inside has the priority over other operations.

This page titled 2.2: Absolute Value is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar ElHitti,
Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via source
content that was edited to the style and standards of the LibreTexts platform.
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2.3: Formulas from Geometry
We review some well-known formulas from planar geometry.

The rectangle with length { and width w :

[Perimeter: P=2+ 211.']

The square with side length ¢ :

Perimeter: P = 4a

The triangle with base b and height &, and with side lengths a, b, ¢

Area: A= %bh

| Perimeter: P =a + b+(,‘[

The circle with radius » and diameter d :

|Circumference: C= 21r-rl

The parallelogram with base b and height 4, and side lengths ¢ and b :

Area: A =bh

[ Perimeter: P = 2a + Qb|

The trapezoid with bases b, and by, height h, and side lengths a, ¢, b, b5 :

‘Area: A=1(b +by)h |

|Perimeter: P=a+b +c+62]
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2.4: The Pythagorean Theorem

The Pythagorean Theorem relates the lengths of the legs of a right triangle and the hypotenuse.

& Theorem 2.4.1: The Pythagorean Theorem

If @ and b are the lengths of the legs of the right triangle and ¢ is the length of the hypotenuse (the side opposite the right angle)
as seen in this figure.

then

a® +b% =c?

You can verify the truth of the Pythagorean Theorem by measuring various triangles and checking to see that they satisfy a?
+ b? = ¢? where ¢ is the length of the hypotenuse and g and b are the lengths of the legs. However, you would have to measure
every such triangle to know its absolute truth which, of course, is impossible. We therefore would like to find a way to see it is
true for all right triangles. The Pythagorean Theorem can be seen to be true by considering the following construction. Start
with the triangle (any right triangle can be oriented this way)

a

then construct three other triangles which are the same size and shape as the first (i.e., congruent to the first):
b a

|

o

Now, compute the area of the large square in two ways:
1. Using the area of a square formula:

Area = (a + b)?
= a? + 2ab + b?

2. Adding up the sum of the four triangles plus the little square inside:
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Area =4- (%ab) + c?
=2ab+c?
Since both are equal to the area of the square, we must have
a® +2ab+ b = 2ab +c*
Subtracting 2¢b from both sides gives

a? + % = c?

This page titled 2.4: The Pythagorean Theorem is shared under a CC BY-NC-ND 4.0 license and was authored, remixed, and/or curated by Samar
ElHitti, Marianna Bonanome, Holly Carley, Thomas Tradler, & Lin Zhou (New York City College of Technology at CUNY Academic Works) via

source content that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/41236


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/41236?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.04%3A_The_Pythagorean_Theorem
https://creativecommons.org/licenses/by-nc-nd/4.0
https://www.citytech.cuny.edu/faculty/SElHitti
https://academicworks.cuny.edu/ny_oers/5
https://academicworks.cuny.edu/ny_oers/5/

@é@LHﬂ%ﬂt»d5“

Index

A
Absolute Value
2.2: Absolute Value
Adding Fractions
1.4: Fractions
algebraic expression

1.6: Evaluating Expressions

B
binomial

1.9: Polynomials

D
decimal numbers
1.5: Decimal Numbers
degree of a polynomial
1.9: Polynomials
dividing polynomials
1.12: Dividing Polynomials

E
elimination method

1.29: Solving a System of Equations Algebraically

F
factoring trinomials

1.16: Factoring Trinomials and Mixed Factoring
FOIL

1.11: Multiplying Polynomial Expressions
function notation

1.9: Polynomials
fundamental principle of fractions

1.4: Fractions
Fundamental

Principle of Rational

Expressions
1.24: Simplifying, Multiplying and Dividing
Rational Expressions

G
googol

1.8: Scientific Notation

greatest common factor

1.14: Factoring a Monomial from a Polynomial and
GCF

I
improper fractions
1.4: Fractions
integers
1.1: Integers
irreducible polynomials
1.25: Adding and Subtracting Rational Expressions

L
like term

1.10: Adding and Subtracting Polynomial
Expressions

linear equations
1.18: Solving Linear Equations
linear inequalities

1.23: Linear Inequalities

M
magnitude (weight)

1.1: Integers
2.2: Absolute Value

Mixed Factoring
1.16: Factoring Trinomials and Mixed Factoring
monomial
1.9: Polynomials
multiplication table
2.1: The Multiplication Table
Multiplying Polynomials

1.11: Multiplying Polynomial Expressions

N
negative numbers

1.1: Integers
numerical coefficient

1.6: Evaluating Expressions

Order of Operations
1.3: The Order of Operations

P
PE(MD)(AS)
1.3: The Order of Operations
polynomial
1.9: Polynomials
prime polynomials

1.16: Factoring Trinomials and Mixed Factoring
1.25: Adding and Subtracting Rational Expressions

product rule for radicals
1.13: Simplifying Square Roots
proper fractions
1.4: Fractions
Pythagorean Theorem

2.4: The Pythagorean Theorem

quotient rule for radicals
1.13: Simplifying Square Roots

R

rational numbers
1.4: Fractions
rounding

1.5: Decimal Numbers

S
scientific notation
1.8: Scientific Notation
square root
1.13: Simplifying Square Roots
substitution method
1.29: Solving a System of Equations Algebraically
Subtracting Fractions
1.4: Fractions

T
trinomial

1.9: Polynomials

https://math.libretexts.org/@go/page/83373



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/83373?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/10%3A_Index
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.02%3A_Absolute_Value
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.06%3A_Evaluating_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.05%3A_Decimal_Numbers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.12%3A_Dividing_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.29%3A_Solving_a_System_of_Equations_Algebraically
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.11%3A_Multiplying_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.24%3A_Simplifying_Multiplying_and_Dividing_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.08%3A_Scientific_Notation
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.14%3A_Factoring_a_Monomial_from_a_Polynomial_and_GCF
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.25%3A_Adding_and_Subtracting_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.10%3A_Adding_and_Subtracting_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.18%3A_Solving_Linear_Equations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.23%3A_Linear_Inequalities
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.02%3A_Absolute_Value
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.01%3A_The_Multiplication_Table
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.11%3A_Multiplying_Polynomial_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.06%3A_Evaluating_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.03%3A_The_Order_of_Operations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.03%3A_The_Order_of_Operations
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.25%3A_Adding_and_Subtracting_Rational_Expressions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.13%3A_Simplifying_Square_Roots
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.04%3A_The_Pythagorean_Theorem
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.13%3A_Simplifying_Square_Roots
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.05%3A_Decimal_Numbers
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.08%3A_Scientific_Notation
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.13%3A_Simplifying_Square_Roots
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.29%3A_Solving_a_System_of_Equations_Algebraically
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials

LibreTextS'"

Detailed Licensing

Overview

Title: Arithmetic and Algebra (ElHitti, Bonanome, Carley, Tradler, and Zhou)
Webpages: 45

Applicable Restrictions: Noncommercial, No Derivatives

All licenses found:

e CC BY-NC-ND 4.0: 97.8% (44 pages)
e Undeclared: 2.2% (1 page)

By Page

e Arithmetic and Algebra (EIHitti, Bonanome, Carley, Tradler, = 1.18: Solving Linear Equations - CC BY-NC-ND 4.0
and Zhou) - CC BY-NC-ND 4.0 = 1.19: Solving Linear Equations, Decimals, Rationals -
o Front Matter - CC BY-NC-ND 4.0 CC BY-NC-ND 4.0

= 1.20: Word Problems for Linear Equations - CC BY-
NC-ND 4.0

= 1.21: Rewriting Formulas - CC BY-NC-ND 4.0

= 1.22: Solving Quadratic Equations by Factoring - CC
BY-NC-ND 4.0

= 1.23: Linear Inequalities - CC BY-NC-ND 4.0

= 1.24: Simplifying, Multiplying and Dividing Rational

= TitlePage - CC BY-NC-ND 4.0
= InfoPage - CC BY-NC-ND 4.0
= Table of Contents - Undeclared
= Licensing - CC BY-NC-ND 4.0
o 1: Chapters - CC BY-NC-ND 4.0
= 1.1: Integers - CC BY-NC-ND 4.0

= 1.3: The Order of Operations - CC BY-NC-ND 4.0 Expressions - CC BY-NC-ND 4.0
= 1.4: Fractions - CC BY-NC-ND 4.0 » 1.25: Adding and Subtracting Rational Expressions -
= 1.5: Decimal Numbers - CC BY-NC-ND 4.0 CC BY-NC-ND 4.0
= 1.6: Evaluating Expressions - CC BY-NC-ND 4.0 = 1.26: Solving Fractional Equations - CC BY-NC-ND
= 1.7: Properties of Exponents - CC BY-NC-ND 4.0 4.0
= 1.8: Scientific Notation - CC BY-NC-ND 4.0 = 1.27: Rectangular Coordinate System - CC BY-NC-
= 1.9: Polynomials - CC BY-NC-ND 4.0 ND 4.0
= 1.10: Adding and Subtracting Polynomial = 1.28: Graphing Linear Equations - CC BY-NC-ND 4.0
Expressions - CC BY-NC-ND 4.0 = 1.29: Solving a System of Equations Algebraically -
= 1.11: Multiplying Polynomial Expressions - CC BY- CC BY-NC-ND 4.0
NC-ND 4.0 = 1.30: Solving a System of Equations Graphically -
= 1.12: Dividing Polynomials - CC BY-NC-ND 4.0 CC BY-NC-ND 4.0
= 1.13: Simplifying Square Roots - CC BY-NC-ND 4.0 o 2: Appendices - CC BY-NC-ND 4.0

= 1.14: Factoring a Monomial from a Polynomial and
GCF - CC BY-NC-ND 4.0
= 1.15: Factoring the Difference of Two Squares - CC

s 2.1: The Multiplication Table - CC BY-NC-ND 4.0
= 2.2: Absolute Value - CC BY-NC-ND 4.0
= 2.3: Formulas from Geometry - CC BY-NC-ND 4.0

BINCND 2.0 2.4: The Pyth Th CC BY-NC-ND 4.0
= 2.4:The agorean Theorem - -NC- .
= 1.16: Factoring Trinomials and Mixed Factoring - CC ythag
BY-NC-ND 4.0 o Back Matter - CC BY-NC-ND 4.0
= 1.17: Equations and their Solutions - CC BY-NC-ND = Index - CC BY-NC-ND 4.0
4.0 » Glossary - CC BY-NC-ND 4.0

= Detailed Licensing - CC BY-NC-ND 4.0

https://math.libretexts.org/@go/page/115330


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/@go/page/115330?pdf
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/30%3A_Detailed_Licensing
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book:_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter/01%3A_TitlePage
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter/02%3A_InfoPage
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter/03%3A_Table_of_Contents
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/00%3A_Front_Matter/04%3A_Licensing
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.01%3A_Integers
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.03%3A_The_Order_of_Operations
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.04%3A_Fractions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.05%3A_Decimal_Numbers
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.06%3A_Evaluating_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.07%3A_Properties_of_Exponents
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.08%3A_Scientific_Notation
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.09%3A_Polynomials
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.10%3A_Adding_and_Subtracting_Polynomial_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.11%3A_Multiplying_Polynomial_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.12%3A_Dividing_Polynomials
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.13%3A_Simplifying_Square_Roots
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.14%3A_Factoring_a_Monomial_from_a_Polynomial_and_GCF
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.15%3A_Factoring_the_Difference_of_Two_Squares
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.16%3A_Factoring_Trinomials_and_Mixed_Factoring
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.17%3A_Equations_and_their_Solutions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.18%3A_Solving_Linear_Equations
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.19%3A_Solving_Linear_Equations_Decimals_Rationals
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.20%3A_Word_Problems_for_Linear_Equations
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.21%3A_Rewriting_Formulas
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.22%3A_Solving_Quadratic_Equations_by_Factoring
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.23%3A_Linear_Inequalities
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.24%3A_Simplifying_Multiplying_and_Dividing_Rational_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.25%3A_Adding_and_Subtracting_Rational_Expressions
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.26%3A_Solving_Fractional_Equations
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.27%3A_Rectangular_Coordinate_System
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.28%3A_Graphing_Linear_Equations
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.29%3A_Solving_a_System_of_Equations_Algebraically
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/01%3A_Chapters/1.30%3A_Solving_a_System_of_Equations_Graphically
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.01%3A_The_Multiplication_Table
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.02%3A_Absolute_Value
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.03%3A_Formulas_from_Geometry
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/02%3A_Appendices/2.04%3A_The_Pythagorean_Theorem
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/10%3A_Index
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/20%3A_Glossary
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://math.libretexts.org/Bookshelves/Algebra/Book%3A_Arithmetic_and_Algebra_(ElHitti_Bonanome_Carley_Tradler_and_Zhou)/zz%3A_Back_Matter/30%3A_Detailed_Licensing
https://creativecommons.org/licenses/by-nc-nd/4.0/

