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Preface

This is a text for a two-term course in introductory real analysis for junior or senior mathematics majors and science students with a
serious interest in mathematics. Prospective educators or mathematically gifted high school students can also benefit from the
mathematical maturity that can be gained from an introductory real analysis course.

The book is designed to fill the gaps left in the development of calculus as it is usually presented in an elementary course, and to
provide the background required for insight into more advanced courses in pure and applied mathematics. The standard elementary
calculus sequence is the only specific prerequisite for Chapters 1-5, which deal with real-valued functions. (However, other
analysis oriented courses, such as elementary differential equation, also provide useful preparatory experience.) Chapters~6 and 7
require a working knowledge of determinants, matrices and linear transformations, typically available from a first course in linear
algebra. Chapter~8 is accessible after completion of Chapters~1-5.

Without taking a position for or against the current reforms in mathematics teaching, I think it is fair to say that the transition from
elementary courses such as calculus, linear algebra, and differential equations to a rigorous real analysis course is a bigger step
today than it was just a few years ago. To make this step today’s students need more help than their predecessors did, and must be
coached and encouraged more. Therefore, while striving throughout to maintain a high level of rigor, I have tried to write as clearly
and informally as possible. In this connection I find it useful to address the student in the second person. I have included 295
completely worked out examples to illustrate and clarify all major theorems and definitions.

I have emphasized careful statements of definitions and theorems and have tried to be complete and detailed in proofs, except for
omissions left to exercises. I give a thorough treatment of real-valued functions before considering vector-valued functions. In
making the transition from one to several variables and from real-valued to vector-valued functions, I have left to the student some
proofs that are essentially repetitions of earlier theorems. I believe that working through the details of straightforward
generalizations of more elementary results is good practice for the student.

o Chapter 1 is concerned with the real number system. Section~1.1 begins with a brief discussion of the axioms for a complete
ordered field, but no attempt is made to develop the reals from them; rather, it is assumed that the student is familiar with the
consequences of these axioms, except for one: completeness. Since the difference between a rigorous and nonrigorous treatment
of calculus can be described largely in terms of the attitude taken toward completeness, I have devoted considerable effort to
developing its consequences. Section~1.2 is about induction. Although this may seem out of place in a real analysis course, I
have found that the typical beginning real analysis student simply cannot do an induction proof without reviewing the method.
Section~1.3 is devoted to elementary set theory and the topology of the real line, ending with the Heine-Borel and Bolzano-
Weierstrass theorems.

o Chapter~2 covers the differential calculus of functions of one variable: limits, continuity, differentiablility, L’Hospital’s rule,
and Taylor’s theorem. The emphasis is on rigorous presentation of principles; no attempt is made to develop the properties of
specific elementary functions. Even though this may not be done rigorously in most contemporary calculus courses, I believe
that the student’s time is better spent on principles rather than on reestablishing familiar formulas and relationships.

o Chapter~3 is to devoted to the Riemann integral of functions of one variable. In Section~3.1 the integral is defined in the
standard way in terms of Riemann sums. Upper and lower integrals are also defined there and used in Section~3.2 to study the
existence of the integral. Section~3.3 is devoted to properties of the integral. Improper integrals are studied in Section~3.4. I
believe that my treatment of improper integrals is more detailed than in most comparable textbooks. A more advanced look at
the existence of the proper Riemann integral is given in Section~3.5, which concludes with Lebesgue’s existence criterion. This
section can be omitted without compromising the student’s preparedness for subsequent sections.

o Chapter~4 treats sequences and series. Sequences of constant are discussed in Section~4.1. I have chosen to make the concepts
of limit inferior and limit superior parts of this development, mainly because this permits greater flexibility and generality, with
little extra effort, in the study of infinite series. Section~4.2 provides a brief introduction to the way in which continuity and
differentiability can be studied by means of sequences. Sections~4.3—4.5 treat infinite series of constant, sequences and infinite
series of functions, and power series, again in greater detail than in most comparable textbooks. The instructor who chooses not
to cover these sections completely can omit the less standard topics without loss in subsequent sections.

o Chapter~5 is devoted to real-valued functions of several variables. It begins with a discussion of the toplogy of R” in
Section~5.1. Continuity and differentiability are discussed in Sections~5.2 and 5.3. The chain rule and Taylor’s theorem are
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discussed in Section~5.4.

o Chapter~6 covers the differential calculus of vector-valued functions of several variables. Section~6.1 reviews matrices,
determinants, and linear transformations, which are integral parts of the differential calculus as presented here. In Section~6.2
the differential of a vector-valued function is defined as a linear transformation, and the chain rule is discussed in terms of
composition of such functions. The inverse function theorem is the subject of Section~6.3, where the notion of branches of an
inverse is introduced. In Section~6.4. the implicit function theorem is motivated by first considering linear transformations and
then stated and proved in general.

o Chapter~7 covers the integral calculus of real-valued functions of several variables. Multiple integrals are defined in
Section~7.1, first over rectangular parallelepipeds and then over more general sets. The discussion deals with the multiple
integral of a function whose discontinuities form a set of Jordan content zero. Section~7.2 deals with the evaluation by iterated
integrals. Section~7.3 begins with the definition of Jordan measurability, followed by a derivation of the rule for change of
content under a linear transformation, an intuitive formulation of the rule for change of variables in multiple integrals, and
finally a careful statement and proof of the rule. The proof is complicated, but this is unavoidable.

o Chapter~8 deals with metric spaces. The concept and properties of a metric space are introduced in Section~8.1. Section~8.2
discusses compactness in a metric space, and Section~8.3 discusses continuous functions on metric spaces.

Corrections—mathematical and typographical-are welcome and will be incorporated when received.

https://math.libretexts.org/@go/page/33477


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33477?pdf

LibreTexts*
CHAPTER OVERVIEW

1: The Real Numbers
IN THIS CHAPTER we begin the study of the real number system. The concepts discussed here will be used throughout the book.

e SECTION 1.1 deals with the axioms that define the real numbers, definitions based on them, and some basic properties that
follow from them.

e SECTION 1.2 emphasizes the principle of mathematical induction.

e SECTION 1.3 introduces basic ideas of set theory in the context of sets of real numbers. In this section we prove two
fundamental theorems: the Heine—Borel and Bolzano—Weierstrass theorems.

1.1: The Real Number System
1.2: Mathematical Induction
1.3: The Real Line

This page titled 1: The Real Numbers is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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1.1: The Real Number System

Having taken calculus, you know a lot about the real number system; however, you probably do not know that all its properties
follow from a few basic ones. Although we will not carry out the development of the real number system from these basic
properties, it is useful to state them as a starting point for the study of real analysis and also to focus on one property, completeness,
that is probably new to you.

Field Properties

The real number system (which we will often call simply the reals) is first of all a set {a, b, ¢,---} on which the operations of addition
and multiplication are defined so that every pair of real numbers has a unique sum and product, both real numbers, with the
following properties.

a.(A)aCbDbC aandab D ba (commutative laws).

b.(B).aCb/CcDaC.bCc/and.ab/c D a.bc/ (associative laws).

c. (C)a.b Cc/ D ab C ac (distributive law).

d. (D) There are distinct real numbers 0 and 1 such that a C 0 D a and al D a for all a.

e. (E) For each a there is a real number a such that a C .a/ D 0, and if a & 0, there is a real number 1=a such that a.1=a/ D

The manipulative properties of the real numbers, such as the relations

(a+ b)%\ar = a? + 2ab + b,

(3a + 2b)(4c + 2d)\ar = 12ac + 6ad + 8bc + 4bd,
(—a)\ar = (—1)a, a(—b) = (—a)b= —ab,
\arraytext  and

a ¢ ad + be
3+E\a‘r_ bd (b,d:/:O),

all follow from —
. We assume that you are familiar with these properties.
A set on which two operations are defined so as to have properties —

is called a {}. The real number system is by no means the only field. The {} (which are the real numbers that can be written as r
= p/q, where p and ¢ are integers and ¢ # 0) also form a field under addition and multiplication. The simplest possible field consists
of two elements, which we denote by 0 and 1, with addition defined by

0+0=14+1=0, 14+0=0+1=1, (1.1.1)
and multiplication defined by
0-0=0-1=1-0=0, 1-1=1 (1.1.2)

(Exercise~).

The Order Relation
The real number system is ordered by the relation <, which has the following properties.
A field with an order relation satisfying —

is an {} field. Thus, the real numbers form an ordered field. The rational numbers also form an ordered field, but it is impossible to
define an order on the field with two elements defined by and so as to make it into an ordered field (Exercise~).

We assume that you are familiar with other standard notation connected with the order relation: thus, a > b means that b < a; a > b
means that either @ = b or @ > b; a < b means that either a = b or a < b; the {} a, denoted by |a|, equals a if a >0 or —a if a < 0.
(Sometimes we call |a| the {} of a.)

You probably know the following theorem from calculus, but we include the proof for your convenience.

There are four possibilities:

Tha abhalde in Ancac 1 and (1 finnan
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The triangle inequality appears in various forms in many contexts. It is the most important inequality in mathematics. We will use it
often.

Replacing a by a — b in yields

la| < la—b]+ [0,
SO

la —b| > |a| — [b]. (1.1.3)
Interchanging e and b here yields

|b—a| > o] —|al,
which is equivalent to

la —b| > [b] — |al, (1.1.4)
since |b— a| = |a — b|. Since

Bracket argument to \\ must be a dimension

and imply . Replacing b by —b in yields , since | — b| = |b|.

With the real numbers associated in the usual way with the points on a line, these definitions can be interpreted geometrically as
follows: b is an upper bound of S if no point of § is to the right of b; 8 = sup S if no point of S is to the right of 8, but there is at least
one point of S to the right of any number less than g (Figure~).

This example shows that a supremum of a set may or may not be in the set, since §; contains its supremum, but $ does not.

A {} set is a set that has at least one member. The {}, denoted by @, is the set that has no members. Although it may seem foolish to
speak of such a set, we will see that it is a useful idea.

It is one thing to define an object and another to show that there really is an object that satisfies the definition. (For example, does it
make sense to define the smallest positive real number?) This observation is particularly appropriate in connection with the
definition of the supremum of a set. For example, the empty set is bounded above by every real number, so it has no supremum.
(Think about this.) More importantly, we will see in Example~ that properties —

do not guarantee that every nonempty set that is bounded above has a supremum. Since this property is indispensable to the
rigorous development of calculus, we take it as an axiom for the real numbers.

We first show that 8 = sup § has properties and . Since 8 is an upper bound of S, it must satisfy . Since any real number a less than
B can be written as §— ¢ with e = §—a > 0, is just another way of saying that no number less than 3 is an upper bound of S. Hence,
B =sup S satisfies and

Now we show that there cannot be more than one real number with properties and . Suppose that 8; < 8, and 3, has property ; thus,
if e > 0, there is an zy in S such that zy > 85 —e. Then, by taking € = 8, — 8;, we see that there is an z, in S such that

x9 > P2 — (B2 — B1) = B,

so B; cannot have property . Therefore, there cannot be more than one real number that satisfies both and

We will often define a set $ by writing .§ = {z}---, which means that S consists of all z that satisfy the conditions to the right of the
vertical bar; thus, in Example~,

S={z}z<0 (1.1.5)

and

https://math.libretexts.org/@go/page/33436
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We will sometimes abbreviate $x$ is a member of $S$'' by $x\in S$, and gz is not a member of §” by z ¢ S.
For example, if § is defined by , then

81 = {z}z is a negative integer.

—1€S but 0¢S8S.
Since n+ 1 is an integer whenever n is, implies that
n+1e<p
and therefore
nel B—e
for all integers n. Hence, 8 — ¢ is an upper bound of S. Since 8— e < 3, this contradicts the definition of~3.

From Theorem~ with p =1 and ¢ = b — a, there is a positive integer ¢ such that g(b —a) > 1. There is also an integer j such that j
> ga. This is obvious if a < 0, and it follows from Theorem~ with € = 1 and p = ga if a > 0. Let p be the smallest integer such that p
> ga. Then p—1 < qa, so

ga<p<gqa+l.
Since 1 < g(b — a), this implies that
ga<p<ga+q(b—a)=gb,
0 ga < p < gb. Therefore, a < p/q < b.
From Theorem-~, there are rational numbers r; and r4 such that
a<ri<ry<b (1.1.6)

Let

t'r+1(r r1)
=r+—(re—r1)-
V2

Then ¢ is irrational (why?) and r; <t < rp,S0a <t < b, from.

A set S of real numbers is {} if there is a real number a such that z > a whenever z € S. In this case, a is a {} of S. If a is a lower
bound of S, so is any smaller number, because of property

. If ais a lower bound of S, but no number greater than « is, then a is an {} of S, and we write
o =inf S.

Geometrically, this means that there are no points of S to the left of «, but there is at least one point of S to the left of any number
greater than a.

(Exercise~)

A set S'is {} if there are numbers a and b such that a < z < b for all z in S. A bounded nonempty set has a unique supremum and a
unique infimum, and

infS <supS (1.1.7)
(Exercise~).

A nonempty set S of real numbers is {} if it has no upper bound, or {} if it has no lower bound. It is convenient to adjoin to the real
number system two fictitious points, +co (which we usually write more simply as co) and —oo, and to define the order relationships
between them and any real number z by

—00 < & < 00. (1.1.8)

We call oo and —co {}. If S is a nonempty set of reals, we write
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to indicate that § is unbounded above, and

sup S = o0 (1.1.9)

inf S = —o0 (1.1.10)
to indicate that S is unbounded below.

The real number system with co and —oco adjoined is called the {}, or simply the {}. A member of the extended reals differing from
—oo and oo is {}; that is, an ordinary real number is finite. However, the word Tinite'' in finite real number” is redundant
and used only for emphasis, since we would never refer to oo or —oo as real numbers.

The arithmetic relationships among oo, —oo, and the real numbers are defined as follows.
We also define
50+ 00 = 0000 = (—00)(—00) = 00
and
00 — 60 = 00(—00) = (~00)00 = —co.
Finally, we define
Jool =1 = o] = oo.

The introduction of co and —oo, along with the arithmetic and order relationships defined above, leads to simplifications in the
statements of theorems. For example, the inequality , first stated only for bounded sets, holds for any nonempty set S if it is
interpreted properly in accordance with and the definitions of and . Exercises~ and

illustrate the convenience afforded by some of the arithmetic relationships with extended reals, and other examples will illustrate
this further in subsequent sections.

It is not useful to define co — oo, 0 - 0o, co/oo, and 0/0. They are called {}, and left undefined. You probably studied indeterminate
forms in calculus; we will look at them more carefully in Section~2.4.

These axioms are known as {}. The real numbers can be constructed from the natural numbers by definitions and arguments based
on them. This is a formidable task that we will not undertake. We mention it to show how little you need to start with to construct
the reals and, more important, to draw attention to postulate

, which is the basis for the principle of mathematical induction.

It can be shown that the positive integers form a subset of the reals that satisfies Peano’s postulates (with » = 1 and »’ = n+ 1), and
it is customary to regard the positive integers and the natural numbers as identical. From this point of view, the principle of
mathematical induction is basically a restatement of postulate

Let
M = {n}n € N and P, is true.

From, 1 € M, and from , n + 1 € M whenever n € M. Therefore, M = N, by postulate

A proof based on Theorem~ is an {}, or {}. The assumption that P, is true is the {}. (Theorem~ permits a kind of induction proof
in which the induction assumption takes a different form.)

Induction, by definition, can be used only to verify results conjectured by other means. Thus, in Example~ we did not use induction
to {} the sum

Sp=14+2+-+mn; (1.1.11)

rather, we {} that
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_ n(n+1).

"=y (1.1.12)

How you guess what to prove by induction depends on the problem and your approach to it. For example, might be conjectured
after observing that

1-2 2. 4-3
81=1=T, 82=3=T, 83=6=T.

However, this requires sufficient insight to recognize that these results are of the form for n = 1, 2, and 3. Although it is easy to
prove by induction once it has been conjectured, induction is not the most efficient way to find s,, which can be obtained quickly
by rewriting as
sn=n+(n—-1)+-+1
and adding this to to obtain
28, =[n+1]+[(n—1) + 2]+ - +[1 +n].
There are n bracketed expressions on the right, and the terms in each add up to » + 1; hence,
2sp, =n(n+1),
which yields .
The next two examples deal with problems for which induction is a natural and efficient method of solution.

The major effort in an induction proof (after Py, Py, , Py,
have been formulated) is usually directed toward showing that P, implies P,+1. However, it is important to verify Py, since P, may
imply P41 even if some or all of the propositions Py, P, , P,, are false.

The following formulation of the principle of mathematical induction permits us to start induction proofs with an arbitrary integer,
rather than 1, as required in Theorem~.

For m > 1, let Q,, be the proposition defined by @, = Ppin,—1- Then Q; = P,, is true by . If m > 1 and @, = Pp4n,—1 1S true, then

Qum+1 = Prman, 1S true by

with n replaced by m + no — 1. Therefore, @, is true for all m > 1 by Theorem~ with P replaced by @ and n replaced by m. This is
equivalent to the statement that P, is true for all n > n,.

Forn > ny, let Q, be the proposition that Py, Py.+1, , Pr are all true. Then @y, is true by . Since Q,, implies P11 by
, and Qn41 is true if Q,, and P, are both true, Theorem~ implies that Q,, is true for all n > ng. Therefore, P, is true for all n > n,.

One of our objectives is to develop rigorously the concepts of limit, continuity, differentiability, and integrability, which you have
seen in calculus. To do this requires a better understanding of the real numbers than is provided in calculus. The purpose of this
section is to develop this understanding. Since the utility of the concepts introduced here will not become apparent until we are well
into the study of limits and continuity, you should reserve judgment on their value until they are applied. As this occurs, you should
reread the applicable parts of this section. This applies especially to the concept of an open covering and to the Heine—Borel and
Bolzano—Weierstrass theorems, which will seem mysterious at first.

We assume that you are familiar with the geometric interpretation of the real numbers as points on a line. We will not prove that
this interpretation is legitimate, for two reasons: (1) the proof requires an excursion into the foundations of Euclidean geometry,
which is not the purpose of this book; (2) although we will use geometric terminology and intuition in discussing the reals, we will
base all proofs on properties —

(Section~1.1) and their consequences, not on geometric arguments.

Henceforth, we will use the terms {} and {} synonymously and denote both by the symbol \R; also, we will often refer to a real
number as a {} (on the real line).

In this section we are interested in sets of points on the real line; however, we will consider other kinds of sets in subsequent
sections. The following definition applies to arbitrary sets, with the understanding that the members of all sets under consideration
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in any given context come from a specific collection of elements, called the {}. In this section the universal set is the real numbers.

Every set § contains the empty set @, for to say that @ is not contained in S is to say that some member of @ is not in §, which is
absurd since () has no members. If S is any set, then

(8°9)°=8 and SNS°=0.
If S is a set of real numbers, then SU S°¢ = \R.

The definitions of union and intersection have generalizations: If & is an arbitrary collection of sets, then U{S}S € F is the set of
all elements that are members of at least one of the sets in &, and N{S}S € F is the set of all elements that are members of every
set in #. The union and intersection of finitely many sets S;, , S, are also written as |J;_; Sx and (\;_; Sg. The union and
intersection of an infinite sequence {S;}, of sets are written as | Ji2, Sx and ;2 Si.

1pc 1pc
1pc If a and b are in the extended reals and a < b, then the {} (a,) is defined by
(a,b) ={z}a<z <b.
The open intervals (a, 00) and (—oo,b) are {} if @ and b are finite, and (—oo, 00) is the entire real line.

The idea of neighborhood is fundamental and occurs in many other contexts, some of which we will see later in this book.
Whatever the context, the idea is the same: some definition of

closeness'' 1is given (for example, two real numbers are close’if their difference is ~“small”), and a
neighborhood of a point z; is a set that contains all points sufficiently close to z.

A {} of a point z, is a set that contains every point of some neighborhood of z, except for z itself. For example,
S={z}0< |z —z¢| <€
is a deleted neighborhood of zy. We also say that it is a {} of z,.
Let g be a collection of open sets and
S=U{G}G e S.

If zp €8, then z, € Gy for some Gy in G, and since Gy is open, it contains some e-neighborhood of zj. Since Gy c 8, this e-
neighborhood is in S, which is consequently a neighborhood of z,. Thus, $ is a neighborhood of each of its points, and therefore
open, by definition.

Let F be a collection of closed sets and T = Nn{F}F € . Then T° = U{F°}F € & (Exercise~) and, since each F* is open, T is
open, from

. Therefore, T is closed, by definition.

Example~ shows that a set may be both open and closed, and Example~ shows that a set may be neither. Thus, open and closed are
not opposites in this context, as they are in everyday speech.

It can be shown that the intersection of finitely many open sets is open, and that the union of finitely many closed sets is closed.
However, the intersection of infinitely many open sets need not be open, and the union of infinitely many closed sets need not be
closed (Exercises~ and ).

The next theorem says that S is closed if and only if § = S (Exercise~).

Suppose that S is closed and zo € §°. Since S° is open, there is a neighborhood of z, that is contained in $¢ and therefore contains
no points of S. Hence, z, cannot be a limit point of S. For the converse, if no point of §¢ is a limit point of S then every point in S¢
must have a neighborhood contained in §¢. Therefore, §¢ is open and § is closed.

Theorem- is usually stated as follows.

Theorem~ and Corollary~ are equivalent. However, we stated the theorem as we did because students sometimes incorrectly
conclude from the corollary that a closed set must have limit points. The corollary does not say this. If $ has no limit points, then
the set of limit points is empty and therefore contained in S. Hence, a set with no limit points is closed according to the corollary, in
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agreement with Theorem~. For example, any finite set is closed. More generally, S is closed if there is a § > 0 such |z —y| > 6 for
every pair {z,y} of distinct points in S.

A collection # of open sets is an {} of a set S if every point in S is contained in a set H belonging to X; that is, if §
CU{H}H e X.

Since § is bounded, it has an infimum ¢ and a supremum g, and, since §'is closed, ¢ and j belong to § (Exercise~). Define
S:=8NJa,t] fort>eq,
and let
F = {t}a < t < Band finitelymanysets fromJH coverS;.
Since S5 = 8, the theorem will be proved if we can show that 8 € F. To do this, we use the completeness of the reals.

Since a € 8, S, is the singleton set {a}, which is contained in some open set H, from J because # covers S; therefore, a € F.
Since F is nonempty and bounded above by B, it has a supremum +. First, we wish to show that v = 8. Since v < 8 by definition of
F, it suffices to rule out the possibility that ¥ < 8. We consider two cases.

{Case 1}. Suppose that ¥ < 8 and v ¢ S. Then, since S is closed, « is not a limit point of S (Theorem~). Consequently, there is an e
> 0 such that

[y—e,v+eNS=0,

s0 Sy—e = S4. However, the definition of v implies that S,_. has a finite subcovering from %, while S, does not. This is a
contradiction.

{Case 2}. Suppose that v < 8 and v € S. Then there is an open set H, in K that contains v and, along with «, an interval [y —¢,vy
+ ¢] for some positive e. Since S,_. has a finite covering {Hy, ..., H,} of sets from %, it follows that S,;. has the finite covering
{H1, ..., Hp, Hy}. This contradicts the definition of ~.

Now we know that v = 8, which is in S. Therefore, there is an open set Hg in # that contains 8 and along with 8, an interval of the
form [8 —¢, B + €], for some positive e. Since Sg_, is covered by a finite collection of sets {Hj, ..., Hg}, Sp is covered by the finite
collection {Hy, ..., Hi, Hg}. Since Sg = §, we are finished.

Henceforth, we will say that a closed and bounded set is {}. The Heine—Borel theorem says that any open covering of a compact set
S contains a finite collection that also covers S. This theorem and its converse (Exercise~) show that we could just as well define a
set S of reals to be compact if it has the Heine—Borel property; that is, if every open covering of S contains a finite subcovering.
The same is true of \R", which we study in Section~5.1. This definition generalizes to more abstract spaces (called {}) for which
the concept of boundedness need not be defined.

As an application of the Heine—Borel theorem, we prove the following theorem of Bolzano and Weierstrass.

We will show that a bounded nonempty set without a limit point can contain only a finite number of points. If § has no limit points,
then S is closed (Theorem~) and every point = of S has an open neighborhood N, that contains no point of § other than z. The
collection

H={N;}zeS
is an open covering for S. Since S is also bounded, Theorem~ implies that S can be covered by a finite collection of sets from %,

say Ng,, , N, . Since these sets contain only z, , z, from S, it follows that S = {1, ...,z }.
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CHAPTER OVERVIEW

2: Differential Calculus of Functions of One Variable
IN THIS CHAPTER we study the differential calculus of functions of one variable.

SECTION 2.1 introduces the concept of function and discusses arithmetic operations on functions, limits, one-sided limits,
limits at 400, and monotonic functions.

SECTION 2.2 defines continuity and discusses removable discontinuities, composite functions, bounded functions, the
intermediate value theorem, uniform continuity, and additional properties of monotonic functions.

SECTION 2.3 introduces the derivative and its geometric interpretation. Topics covered include the interchange of
differentiation and arithmetic operations, the chain rule, one-sided derivatives, extreme values of a differentiable function,
Rolle’s theorem, the intermediate value theorem for derivatives, and the mean value theorem and its consequences.
SECTION 2.4 presents a comprehensive discussion of L’Hospital’s rule.

SECTION 2.5 discusses the approximation of a function f by the Taylor polynomials of f and applies this result to locating
local extrema of f. The section concludes with the extended mean value theorem, which implies Taylor’s theorem.

2.1: Functions and Limits

2.2: Continuity

2.3: Differentiable Functions of One Variable
2.4: I’Hospital’s Rule

2.5: Taylor’s Theorem

This page titled 2: Differential Calculus of Functions of One Variable is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Functions and Limits

In this section we study limits of real-valued functions of a real variable. You studied limits in calculus. However, we will look
more carefully at the definition of limit and prove theorems usually not proved in calculus.

A rule f that assigns to each member of a nonempty set D a unique member of a set Y is a {}. We write the relationship between a
member z of D and the member y of Y that f assigns to z as

y = f().
The set D is the {} of f, denoted by D;. The members of Y are the possible {} of f. If yo € Y and there is an x; in D such that f(zo)
= yo then we say that f {} or {} the value yo. The set of values attained by f is the {} of f. A {} is a function whose domain and
range are both subsets of the reals. Although we are concerned only with real-valued functions of a real variable in this section, our

definitions are not restricted to this situation. In later sections we will consider situations where the range or domain, or both, are
subsets of vector spaces.

v/ Example 2.1.1

Example 2.1.1 The functions f, g, and h defined on .1; 1/ by f .x/ D x 2 ; g.x/ D sin x; and h.x/ D e x have ranges (£0; 1/, (E1;
1 ,and .0; 1/, respectively. Solution

Add text here.

v/ Example 2.1.2

Example 2.1.2 The equation (Ef .x/ 2 D x (2.1.1) does not define a function except on the singleton set fOg. If x < 0, no real
number satisfies (2.1.1), while if x > 0, two real numbers satisfy (2.1.1). However, the conditions (Ef .x/ 2 D x and f .x/ 0
define a function f on Df D (EO; 1/ with values f .x/ D p x. Similarly, the conditions (Eg.x/ 2 D x and g.x/ 0 define a function
g on Dg D (EO; 1/ with values g.x/ D p x. The ranges of f and g are (E0; 1/and .1; 0 , respectively. Solution

Add text here.

It is important to understand that the definition of a function includes the specification of its domain and that there is a difference
between f , the name of the function, and f .x/, the value of f at x. However, strict observance of these points leads to annoying
verbosity, such as “the function f with domain .1; 1/ and values f .x/ D x.” We will avoid this in two ways: (1) by agreeing that if a
function f is introduced without explicitly defining Df , then Df will be understood to consist of all points x for which the rule
defining f .x/ makes sense, and (2) by bearing in mind the distinction between f and f .x/, but not emphasizing it when it would be a
nuisance to do so. For example, we will write “consider the function f .x/ D p 1 x 2,” rather than “consider the function f defined on
E1l;1 byf.x/Dp1lx2” or “consider the function g.x/ D 1= sin x,” rather than “consider the function g defined for x s k (k D
integer) by g.x/ D 1= sin x.” We will also write f D c (constant) to denote the function f defined by f .x/ D c for all x. Our definition
of function is somewhat intuitive, but adequate for our purposes. Moreover, it is the working form of the definition, even if the idea
is introduced more rigorously to begin with. For a more precise definition, we first define the Cartesian product X Y of two
nonempty sets X and Y to be the set of all ordered pairs .x; y/ such that x 2 X andy 2 Y ; thus, X YD * x; /" " x2 X; y

A nonempty subset f of X x Y is a function if no z in X occurs more than once as a first member among the elements of f. Put
another way, if (z,y) and (x, 1) are in f, then y = y1. The set of z’s that occur as first members of f is the of f. If z is in the domain
of f, then the unique y in Y such that (z,y) € f is the {}, and we write y = f(z). The set of all such values, a subset of Y, is the
range of f.

Arithmetic Operations on Functions

The essence of the concept of limit for real-valued functions of a real variable is this: If L is a real number, then lim;_,;, f(z) = L
means that the value f(z) can be made as close to L as we wish by taking z sufficiently close to zo. This is made precise in the
following definition.

We emphasize that Definition~ does not involve f(z), or even require that it be defined, since excludes the case where = = z.
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The next theorem says that a function cannot have more than one limit at a point.

Suppose that holds and let € > 0. From Definition~, there are positive numbers §; and §, such that
|f(z) —Li|<e if 0<|z—=mo| <6, i=1,2.

If § = min(d;, 62), then

|Ly — Lo|\ar = |L1 — f(x) + f(z) — La|
\ar < |Ln — f(2)[ + [ f(2) — L2| <2 if 0<|o—zo| <4

We have now established an inequality that does not depend on ; that is,
| L1 — Lg| < 2e.
Since this holds for any positive €, L; = Ls.
Definition~ is not changed by replacing with
|f(z) — L| < K, (2.1.1)

where K is a positive constant, because if either of or can be made to hold for any € > 0 by making |z — z¢| sufficiently small and
positive, then so can the other (Exercise~). This may seem to be a minor point, but it is often convenient to work with rather than ,
as we will see in the proof of the following theorem.

From and Definition~, if € > 0, there is a §; > 0 such that

If(z)— Li| < e (2.1.2)
if 0 < |z — zo| < 41, and a §2 > 0 such that
lg(z) — La| < € (2.1.3)
if 0 < |z — zo| < 2. Suppose that
0 < |z — zo| < 6 = min(d1,d2), (2.1.4)

so that and both hold. Then

I(f £ 9)(2) — (L1 £ Ly)|\ar = |(f(z) — L1) + (9(z) — La)|
\ar < |f(z) — La| + |g(e) — La| < 2¢,

which proves and .
To prove , we assume and write
Bracket argument to \\ must be a dimension
if e < 1 and z satisfies . This proves .
To prove , we first observe that if Ly # 0, there is a 3 > 0 such that

| L

lo(@) — Ll < 22,

SO

o) > 122 (2.15)

if
0< |w—z0| < 03.
To see this, let L = L, and ¢ = |L,|/2 in . Now suppose that

0< |$‘ — a:0| < min(51,52,53),

so that , , and all hold. Then
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This proves .

Successive applications of the various parts of Theorem~ permit us to find limits without the e—6 arguments required by
Definition~.

-.2em The function
f(z) =2z sinyz
satisfies the inequality

If(=) <e

if 0 < z < § = ¢/2. However, this does not mean that lim,_,o f(z) = 0, since f is not defined for negative z, as it must be to satisfy
the conditions of Definition~ with zq = 0 and L = 0. The function

x
o) =o+ 2L g,
can be rewritten as
(=) \casespace z+1, 2>0,
T) =
g P z—1, <0

hence, every open interval containing z, = 0 also contains points z; and =, such that |g(z;) — g(z2)| is as close to 2 as we please.
Therefore, lim,_,, g(z) does not exist (Exercise~).

Although f(x) and g(x) do not approach limits as = approaches zero, they each exhibit a definite sort of limiting behavior for small
positive values of z, as does g(z) for small negative values of z. The kind of behavior we have in mind is defined precisely as
follows.

6pt
12pt
Figure~ shows the graph of a function that has distinct left- and right-hand limits at a point z,.

Left- and right-hand limits are also called {}. We will often simplify the notation by writing

im f(z) = f(zo—) and m f(z) = f(zot).

T—To—
The following theorem states the connection between limits and one-sided limits. We leave the proof to you (Exercise~).

With only minor modifications of their proofs (replacing the inequality 0 < |z —z¢| <6 by zp —§ <z < 2 OF 9 < = < T + ), it
can be shown that the assertions of Theorems~ and remain valid if $\1im {x\to x 0}$'' is replaced by
limgyz—"‘OF ~limg g+ throughout (Exercise~).

Limits and one-sided limits have to do with the behavior of a function f near a limit point of Dy. It is equally reasonable to study f
for large positive values of z if D; is unbounded above or for large negative values of z if Dy is unbounded below.

Figure~ provides an illustration of the situation described in Definition~.
6pt
12pt

We leave it to you to define the statement “lim,_, f(z) = L” (Exercise~) and to show that Theorems~ and remain valid if z, is
replaced throughout by co or —co (Exercise~).

We will sometimes denote limz_ f(z) and lim,,_o f(z) by f(co) and f(—o0), respectively.

-.3em The functions

f@)=1, g@)=-y, pla)=sin
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and
1 1
q(z) = Ssn
do not have limits, or even one-sided limits, at 2, = 0. They fail to have limits in different ways:

The kind of behavior exhibited by f and g near z, = 0 is sufficiently common and simple to lead us to define {}.
Throughout this book, “lim;_,,, f(z) exists” will mean that
Extra close brace or missing open brace
To leave open the possibility that L = +00, we will say that
VVis only supported in math mode

This convention also applies to one-sided limits and limits as = approaches +-oo.

We mentioned earlier that Theorems~ and remain valid if $\1im {x\to x 0}$'" is replaced by limg g ‘or
lim,_,;,+.” They are also valid with «, replaced by +co. Moreover, the counterparts of , , and in all these versions of Theorem~
remain valid if either or both of L, and L, are infinite, provided that their right sides are not indeterminate (Exercises~ and ).
Equation and its counterparts remain valid if L,/L, is not indeterminate and L, # 0 (Exercise~).

-.3em A function f is {} on an interval I if

f(z1) < f(z2) whenever z; and z; are in I and z; < z3, (2.1.6)
or {} onIif

f(z1) > f(z2) whenever z; and z; are in I and z; < z5. (2.1.7)

In either case, f is on I. If < can be replaced by < in, fis {} on I. If > can be replaced by > in, fis {} on I. In either of these two
cases, fis {} onI.

6pt

12pt

In the proof of the following theorem, we assume that you have formulated the definitions called for in Exercise~.
We first show that f(a+) = a. If

M > a, there is an z, in (e, b) such that f(z¢) < M. Since f is nondecreasing, f(z) < M if a < z < xy. Therefore, if @ = —o0, then f(a
+)=—00.If &> —00, let M = a+¢ where e > 0. Then a < f(z) < a +¢, so

|f(z) —al<e if a<z<z. (2.1.8)
If a = —o0, this implies that f(—o0) = a. If @ > —oo, let § = zyp — a. Then is equivalent to
[fx)—ca|<e f a<z<a+d,
which implies that f(a+) = a.

We now show that f(b—) = B. If M < B, there is an z; in (a,b) such that f(zo) > M. Since f is nondecreasing, f(z) > M if zy < z
< b. Therefore, if 8 = oo, then f(b—) = 0. If 8 < 00, let M = B—¢, where € > 0. Then 8 — e < f(z) < 3, so

|f(z)—Bl<e if zp<z<b (2.1.9)
If b = oo, this implies that f(co) = 8. If b < oo, let § =b — z. Then is equivalent to
|f(z)—Bl<e if b—6<z<b,
which implies that f(b—) = 8.
The proof is similar to the proof of

(Exercise~).
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Suppose that f is nondecreasing. Applying

to f on (a,zo) and (z, b) separately shows that

f(o—)= sup f(z) and f(zo+)= inf f(z).

a<z <) zp<z<b

However, if 21 < zg < x9, then

f(@1) < f(=o) < f(w2);
hence,

f(zo—) < f(mo) < f(zo+)-

We leave the case where f is nonincreasing to you (Exercise~).
We now introduce some concepts related to limits. We leave the study of these concepts mainly to the exercises.
We say that fis {} on a set S if there is a constant M < oo such that |f(z)| < M forall z in S.
Since Sg(z1; Zo) is the supremum of {f(t)}x1 < t < xo, there is an T in [z1, o) such that

f(@) > Sg(x1;x0) —€/2.

This and imply that f(z) > 8—e. Since ¥ is in [a;, 2¢), this proves

Now we show that there cannot be more than one real number with properties and . Suppose that 81 < 82 and 3, has property ; thus,
if > 0 and ay is in [a, z0), there is an 7 in [a1, o) such that f(z) > B2 — €. Letting € = B2 — B1, we see that there is an z in [a1,b) such
that

[(@) > 2 — (B2 — B1) = B,

so B; cannot have property . Therefore, there cannot be more than one real number that satisfies both and

The proof of the following theorem is similar to this (Exercise~).

In this section we study continuous functions of a real variable. We will prove some important theorems about continuous functions
that, although intuitively plausible, are beyond the scope of the elementary calculus course. They are accessible now because of our
better understanding of the real number system, especially of those properties that stem from the completeness axiom.

The definitions of

fl@o—) = lim f(z), f(zo+)= lim f(z), and lim f(z)

T—T— =T+ T—Zg

do not involve f(zg) or even require that it be defined. However, the case where f(z) is defined and equal to one or more of these
quantities is important.

The following theorem provides a method for determining whether these definitions are satisfied. The proof, which we leave to you
(Exercise~), rests on Definitions~, , and .

From Definition~ and Theorem-~, f is
continuous at = if and only if
f(@o—) = f(zo+) = f(o)
or, equivalently, if and only if it is continuous from the right and left at zo (Exercise~).
6pt
12pt
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The function f defined in Example~ (see also Figure~) is continuous on [0, 1) and [1,2], but not on any open interval containing 1.
The discontinuity of f there is of the simplest kind, described in the following definition.

6pt
12pt

The reason for the adjective ““jump” can be seen in Figures~ and , where the graphs exhibit a definite jump at each point of
discontinuity. The next example shows that not all discontinuities are of this kind.

Theorems~ and imply the next theorem (Exercise~).

Let f be defined on a deleted neighborhood of =z and discontinuous (perhaps even undefined) at z,. We say that f has a at zq if
lim,_,,, f(x) exists. In this case, the function

Bracket argument to \\ must be a dimension

is continuous at .

We have seen that the investigation of limits and continuity can be simplified by regarding a given function as the result of
addition, subtraction, multiplication, and division of simpler functions. Another operation useful in this connection is {} of
functions; that is, substitution of one function into another.

The next theorem says that the composition of continuous functions is continuous.
Suppose that e > 0. Since g(z) is an interior point of D; and f is continuous at g(z), there is a §; > 0 such that f(¢) is defined and
|7(t) — flg(=o))| <€ if [t —g(mo)| < b1 (2.1.10)
Since g is continuous at zq, there is a § > 0 such that g(z) is defined and
lg(z) — g(zo)| < 81 if |z —=zo| <6 (2.1.11)
Now and imply that
|/(9(x)) — f(g(wo))| <€ if [&—mo| <.
Therefore, f o g is continuous at zg.
See Exercise~ for a related result concerning limits.
A function f is {} on a set S if there is a real number m such that
f(z)>mforall z €S.
In this case, the set
V={f@}zes

has an infimum e, and we write

-
If there is a point z; in S such that f(z;) = a, we say that « is the {}, and write

o= 1:336151 f(=).
Similarly, fis {} if there is a real number M such that f(z) < M for all z in S. In this case, V has a supremum g, and we write

B =sup f(=@).
If there is a point z; in § such that f(z,) = B, we say that 8 is the {}, and write

6= max f(a).

ze8s

If f is bounded above and below on a set 8, we say that f is {} on S.
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Figure~ illustrates the geometric meaning of these definitions for a function f bounded on an interval § = [a, b]. The graph of f lies
in the strip bounded by the lines y = M and y = m, where M is any upper bound and m is any lower bound for f on [a,}]. The
narrowest strip containing the graph is the one bounded above by y = 8 = sup,<.<; f(z) and below by y = a = inf << f(2).

6pt
12pt
6pt
12pt
Suppose that ¢ € [a,b]. Since f is continuous at ¢, there is an open interval I; containing ¢ such that
If)—f@®)| <1 if zel;nla,b] (2.1.12)

(To see this, set e =1 in , Theorem~.) The collection & = {I;}a <t < b is an open covering of [a,d]. Since [a,b] is compact, the
Heine—Borel theorem implies that there are finitely many points ¢, ¢y, , ¢, such that the intervals I, I,, , I;, cover [a,b]. According

to with t = ¢,
|f(z)—ft)| <1 i =zelyNnla,b].
Therefore,
Bracket argument to \\ must be a dimension
Let

M=1+@gum»

Since [a,4] C U, (I, N [a,b]), implies that | f(z)| < M if z € [a,}].
This proof illustrates the utility of the Heine—Borel theorem, which allows us to choose M as the largest of a {} set of numbers.
Theorem~ and the completeness of the reals imply that

if f is continuous on a finite closed interval [a, 5], then f has an infimum and a supremum on [a, b]. The next theorem shows that f
actually assumes these values at some points in [a, b].

We show that z; exists and leave it to you to show that z. exists (Exercise~).

Suppose that there is no =z, in [a,b] such that f(z1) =a. Then f(z) >« for all z € [a,b]. We will show that this leads to a
contradiction.

Suppose that ¢ € [a,b]. Then f(t) > a, so

ft) +a
2

f@) > >a

Since f is continuous at ¢, there is an open interval I; about ¢ such that
t
f@) > f()% if zelnlab (2.1.13)
(Exercise~). The collection & = {I;}a <t < b is an open covering of [a,b]. Since [a, b] is compact, the Heine—Borel theorem implies

that there are finitely many points t1, t2, , t, such that the intervals I;,, IL,, , I, cover [a, b]. Define

) f(ti)‘l'c"

1<i<n 2
Then, since [a,b] C UL, (I N [a, b]), implies that
f@®) >a1;, a<t<b

But a1 > @, so this contradicts the definition of . Therefore, f(z1) = @ for some z; in [a, b].
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The next theorem shows that if f is continuous on a finite closed interval [a, ], then f assumes every value between f(a) and f(b) as
z varies from a t0 b (Figure, page).

6pt
12pt
Suppose that f(a) < u < f(b). The set
S={z}a<z<b and f(z)<p

is bounded and nonempty. Let ¢ = sup S. We will show that f(c) = . If f(c) > p, then ¢ > a and, since f is continuous at ¢, there is
an € > 0 such that f(z) > u if ¢ — e < x < ¢ (Exercise~). Therefore, ¢ — e is an upper bound for 8, which contradicts the definition of
c as the supremum of S. If f(¢) < u, then ¢ < b and there is an € > 0 such that f(z) < p for ¢ <z < ¢ +¢, so ¢ is not an upper bound
for 8. This is also a contradiction. Therefore, f(c) = u.

The proof for the case where f(b) < u < f(a) can be obtained by applying this result to —f.

Theorem~ and Definition~ imply that a

function f is continuous on a subset § of its domain if for each ¢ > 0 and each z, in G, there is a § > 0, {}, such that
|[f(z) — f(zo)| <€ if |x—xzo|<d and =z € Dy

The next definition introduces another kind of continuity on a set S.

We emphasize that in this definition § depends only on € and S and not on the particular choice of z and z’, provided that they are
both in S.

Often a concept is clarified by considering its negation: a function f is {} uniformly continuous on S if there is an ¢, > 0 such that
if & is any positive number, there are points z and =’ in S such that

|lz—2'|<d but |f(z)— f(z')| > €o-

Examples~ and show that a function may be continuous but not uniformly continuous on an interval. The next theorem shows that
this cannot happen if the interval is closed and bounded, and therefore compact.

Suppose that € > 0. Since f is continuous on [a, ], for each ¢ in [a, ] there is a positive number §, such that
If(z) — )| < % if |o—t|<25, and z € [a,b]. (2.1.14)
If I, = (t — 6, t + 4:), the collection
H = {L}t € [a,}]

is an open covering of [a, b]. Since [a, b] is compact, the Heine—Borel theorem implies that there are finitely many points ¢i, £, , ¢, in
[a,b] such that It,, I,, , I;, cover [a,b]. Now define

§ = min{8y, 8y, ..., 8¢, }. (2.1.15)
We will show that if
|zr—2z'|<d and <,z €Ja,b, (2.1.16)
then |f(z) — f(z')| < e
From the triangle inequality,
@) — @) \ax = | (£(z) - £(t)) + (f(t) — £(=") | L1

\ar < |f(z) — f(t:)] + |£(¢r) — £(z")]-
Since I, I,, , I, cover [a, b], z must be in one of these intervals. Suppose that ¢ € I ; that is,
|z —t,] < &, (2-1.18)

From with t =¢,,
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€
7(@) — $E)] < 3 (2.1.19)
From , , and the triangle inquality,
|z’ —t| = (' —2) + (z—t,)| < |2’ —z| + |z —t,] < 6+ &, < 26,

Therefore, with ¢ = ¢, and x replaced by «” implies that
|f(a") — £t < 5-

This, , and imply that |f(z) — f(z’)| <e.

This proof again shows the utility of the Heine—Borel theorem, which allowed us to define § in as the smallest of a {} set of
positive numbers, so that § is sure to be positive. (An infinite set of positive numbers may fail to have a smallest positive member;
for example, consider the open interval (0,1).)

Applied to Example~, Corollary~ implies that the function g(z) = cos1/z is uniformly continuous on [p,1] if 0 < p < 1.

Theorem~ implies that if f is monotonic on an interval I, then f is either continuous or has a jump discontinuity at each = in I.
This and Theorem~ provide the key to the proof of the following theorem.

We assume that f is nondecreasing, and leave the case where f is nonincreasing to you (Exercise) Theorem

implies that the set ﬁf = {f(z)}z € (a,b) is a subset of the open interval (f(a+), f(b—)). Therefore,

Ry ={f(@)} UR; U{f(®)} C {f(@} U (flat), F-)) U{f(B)}. (2.1.20)

Now suppose that f is continuous on [a,b]. Then f(a) = f(a+), f(b—) = f(b), so implies that Ry C [f(a), f(b)]. If f(a) < p < f(b), then
Theorem~ implies that 4 = f(z) for some z in (a,b). Hence, Ry = [f(a), f(b)].

For the converse, suppose that Ry = [f(a), f(b)]. Since f(a) < f(a+) and f(b—) < f(b), implies that f(a) = f(a+) and f(b—) = f(b).
We know from Theorem~

that if f is nondecreasing and a < 24 < b, then
f(@o—) < f(zo) < f(zot).

If either of these inequalities is strict, Ry cannot be an interval. Since this contradicts our assumption, f(zo—) = f(zo) = f(zo+).
Therefore, f is continuous at zo (Exercise~). We can now conclude that f is continuous on [a, b].

Theorem~ implies the following theorem.

We first show that there is a function g satisfying and . Since f is continuous, Theorem~ implies that for each y, in [c, d] there is an
z in [a, b] such that

f(zo) = yo, (2.1.21)
and, since f is increasing, there is only one such z,. Define
9(yo) = Zo. (2.1.22)

The definition of =z is illustrated in Figure~: with [e, d] drawn on the y-axis, find the intersection of the line y = y, with the curve y
= f(z) and drop a vertical from the intersection to the z-axis to find z,.

6pt
12pt
Substituting into yields
f(9(y0)) = vo,

and substituting into yields

9(f(0)) = zo.
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Dropping the subscripts in these two equations yields and .
The uniqueness of g follows from our assumption that f is increasing, and therefore only one value of z, can satisfy for each y,.
To see that g is increasing, suppose that y1 < y2 and let z; and z» be the points in [a, b] such that f(z1) = y; and f(z2) = y2. Since fis
increasing, z1 < z». Therefore,
9(y1) = 1 < 22 = g(y2),

so g is increasing. Since R, = {g(y)}y € [¢,d] is the interval [g(c), g(d)] = [a,b], Theorem~ with f and [a,b] replaced by g and [c, d]
implies that g is continuous on [c, d].

The function g of Theorem-~ is the {} of £, denoted by f~1. Since and are symmetric in f and g, we can also regard f as the inverse
of g, and denote it by g~.

In calculus you studied differentiation, emphasizing rules for calculating derivatives. Here we consider the theoretical properties of
differentiable functions. In doing this, we assume that you know how to differentiate elementary functions such as z", e, and sinz,
and we will use such functions in examples.

If f is defined on an open set S, we say that f is {} S if f is differentiable at every point of S. If f is differentiable on S, then f” is a
function on S. We say that f is {} on S if f” is continuous on S. If f is differentiable on a neighborhood of z, it is reasonable to ask
if f/ is differentiable at . If so, we denote the derivative of f’ at &y by f”(zo). This is the {}, and it is also denoted by f®(z).
Continuing inductively, if f®9 is defined on a neighborhood of x;, then the nth {}, denoted by f® (=), is the derivative of f®-1
at zo. For convenience we define the {} of f to be f itself; thus

1O =7.

We assume that you are familiar with the other standard notations for derivatives; for example,

o=, fO=g

and so on, and

To derive differentiation formulas for elementary functions such as sinz, cosz, and e* directly from Definition~ requires estimates
based on the properties of these functions. Since this is done in calculus, we will not repeat it here.

If f(x) is the position of a particle at time z # xo, the difference quotient
f(z) — f(zo)
Tr—2Xp

is the average velocity of the particle between times zy and z. As = approaches zq, the average applies to shorter and shorter
intervals. Therefore, it makes sense to regard the limit , if it exists, as the particle’s {}. This interpretation may be useful even if z is
not time, so we often regard f’(zo) as the {}, regardless of the specific nature of the variable z. The derivative also has a geometric
interpretation. The equation of the line through two points (zy, f(z)) and (z;, f(z1)) on the curve y = f(z) (Figure~) is

f(z1) — f(wo)

y= f(zo) + pa—— (z — z0).
Varying z; generates lines through (zy, f(z,)) that rotate into the line
y = f(z0) + f'(z0)(z — 20) (2.1.23)

as z; approaches zq. This is the {} to the curve ¥ = f() at the point (o, f(x0)). Figure~ depicts the situation for various values of

x].
6pt
12pt

Here is a less intuitive definition of the tangent line: If the function
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approximates f so well near z, that

T(z) = f(zo) + m(z — zo)

o f@—T(@) _

Tz Tr—x

0,

we say that the line y = T(z) is {}.

This tangent line exists if and only if f’(z,) exists, in which case m is uniquely determined by m = f’(z¢) (Exercise~). Thus, is the
equation of the tangent line.

We will use the following lemma to study differentiable functions.
Define
Bracket argument to \\ must be a dimension
Solving for f(x) yields if  # &, and is obvious if & = . Definition~ implies that lim,_;, E(x) = 0. We defined E(x,) = 0 to make
E continuous at xo.
Since the right side of is continuous at zy, so is the left. This yields the following theorem.
The converse of this theorem is false, since a function may be continuous at a point without being differentiable at the point.
The following theorem should be familiar from calculus.
The proof is accomplished by forming the appropriate difference quotients and applying Definition~ and Theorem~. We will prove
and leave the rest to you (Exercises~, , and ).

The trick is to add and subtract the right quantity in the numerator of the difference quotient for (fg)’(zo); thus,

f(z)g(z) — f(z0)g(z0) \ar = f(z)g(z) — f(z0)g(z) + f(z0)g(x) — f(z0)g(zo)
T — T T — o
\or = 1@ = f(()wo) o(®) + f(zg) 9©) = 9(0)

T— Tr— g

The difference quotients on the right approach f’(z¢) and g’(z0) as = approaches zo, and lim,_,;, g(z) = g(z¢) (Theorem~). This
proves

Here is the rule for differentiating a composite function.
Since f is differentiable at g(zo), Lemma~ implies that

£(t) = f(g(z0)) = [f'(9(=0)) + E@)][t — g(zo)],
where

lim E(t) = E(g(zo)) = 0. (2.1.24)
t—rg(2o)

Letting t = g(z) yields
f(g(z)) — f(g(z0)) = [f'(9(z0)) + E(g(x))]lg(z) — g(z0)]-
Since h(z) = f(g(z)), this implies that

h(z) — h(zo)

=20 — 17 (g(a0) + Bl 212, (2125

Since g is continuous at z¢ (Theorem~), and Theorem~ imply that
Jlim E(g(x)) = E(g(z0)) = 0.

Therefore, implies that
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K (zo) = lim TE) 130

T—To Tr —

= f"(9(z0))g’ (o),

as stated.

It may seem reasonable to justify the chain rule by writing

he) = h@o) . _ Flo(@)) = Flolav))
r— 2o T — 2o
\ar = f(g(z)) — f(g(x0)) g(z) — g(zo)
9(z) — g(zo) T—Zo

and arguing that

en 6(2) — £(g(0)

Jlim S e = £ (6(a0)

(because lim,,, g(z) = 9(xo)) and

. g(x)—g(zo) _ ,
lim ———— = .
i = g’ (z0)
However, this is not a valid proof (Exercise~).

One-sided limits of difference quotients such as and in Example~ are called {} or {}. That is, if f is defined on [xo,b), the {} is
defined to be

fi(xo) = lim J(@) = f(=0)

T+ T — To

if the limit exists, while if f is defined on (a, z¢], the {} is defined to be

£ (@o) = lim LB =F@0)

ZTTo— Tr—X
if the limit exists. Theorem~ implies that f is differentiable at z, if and only if f (20) and f (zo) exist and are equal, in which case
I’ (@o) = fi(20) = fL(20).
In Example~, £1(0) =1 and f’ (0) = —1.

This example shows that there is a difference between a one-sided derivative and a one-sided limit of a derivative, since f;(0) =0,
but, from , f/(0+) = lim,+ f’(z) does not exist. It also shows that a derivative may exist in a neighborhood of a point zy (= 0 in
this case), but be discontinuous at .

Exercise~ justifies the method used in Example~ to compute f’(z) for = # 0.

We say that f(zg) is a {} of fif there is a § > 0 such that f(z) — f(zo) does not change sign on

(w0 — 8,20 + 8) N Dy (2.1.26)

More specifically, f(zo) isa {} of fif

f(z) < f(z0) (2.1.27)
ora{} of fif

f(@) = f(zo) (2.1.28)
for all  in the set . The point z is called a {} of f, or, more specifically, a {} or {} of f.
6pt
12pt
4pt
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It is geometrically plausible that if the curve y = f(x) has a tangent at a local extreme point of f, then the tangent must be
horizontal; that is, have zero slope. (For example, in Figure~, see £ = 1, z = 3, and every z in (—1,—1/2).) The following theorem
shows that this must be so. 4pt

4pt
We will show that z is not a local extreme point of f if f’(xo) # 0. From Lemma-~,

f(z) — f(xo)

r—2X

= f'(z0) + E(z), (2.1.29)

where lim,_,;, E(z) = 0. Therefore, if f/(z¢) # 0, there is a § > 0 such that

|E@)| < |f' (o)l if |&—o| <,
and the right side of must have the same sign as f’(zo) for |z — zo| < 8. Since the same is true of the left side, f(z) — f(z¢) must
change sign in every neighborhood of zo (since £ — zo does). Therefore, neither nor can hold for all z in any interval about z,. 4pt

If f'(z¢) = 0, we say that zq is a {} of f. Theorem~ says that every local extreme point of f at which f is differentiable is a critical
point of f. The converse is false. For example, 0 is a critical point of f(z) = 23, but not a local extreme point. 4pt

The use of Theorem~ for finding local extreme points is covered in calculus, so we will not pursue it here. However, we will use
Theorem~ to prove the following fundamental theorem, which says that if a curve y = f(z) intersects a horizontal line at z = a and
z = b and has a tangent at (z, f(z)) for every = in (a, b), then there is a point ¢ in (e, b) such that the tangent to the curve at (¢, f(c)) is
horizontal (Figure~).

6pt

12pt

Since f is continuous on [a,b], f attains a maximum and a minimum value on [a,b] (Theorem-~). If these two extreme values are the

same, then f is constant on (a,b), so f'(z) =0 for all £ in (a,b). If the extreme values differ, then at least one must be attained at
some point ¢ in the open interval (a,b), and f’(c) = 0, by Theorem-~.

A derivative may exist on an interval [a, b] without being continuous on [a, b]. Nevertheless, an intermediate value theorem similar to
Theorem~ applies to derivatives.

Suppose first that

@) <p<f(b) (2.1.30)
and define
9(z) = f(z) — pa.
Then
@ =F(e)—p a<z<b, (2.1.31)
and implies that
g'(a) <0 and ¢'(b) >0. (2.1.32)

Since g is continuous on [a, b], g attains a minimum at some point ¢ in [a, b]. Lemma~ and imply that there is a § > 0 such that
g(z) < g(a), a<z<a+d, and g(z)<gb), b—d<z<b
(Exercise~), and therefore ¢ # a and ¢ # b. Hence, a < ¢ < b, and therefore g’(c) = 0, by Theorem~. From, f’(c) = p.
The proof for the case where f’(b) < ¢ < f’(a) can be obtained by applying this result to —f.
The function
h(z) = [9(b) — g(a)]f(2) — [f(b) — F(a)lg(x)

is continuous on [a, b] and differentiable on (a, b), and
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h(a) = h(b) = g(b)f(a) — f(b)g(a)-

Therefore, Rolle’s theorem implies that A’(c) = 0 for some cin (a, d). Since

K (e) = [9(8) — g(a)]f’(c) — [£(b) — f(a)lg' (c),
this implies .
The following special case of Theorem~ is important enough to be stated separately.
Apply Theorem~ with g(z) = z.

Theorem~ implies that the tangent to the curve y = f(x) at (¢, f(c)) is parallel to the line connecting the points (a, f(a)) and (b, f(b))
on the curve (Figure~, page ).

If f is differentiable on (a,b) and z;, z; € (a,b) then f is continuous on the closed interval with endpoints z; and zs and
differentiable on its interior. Hence, the mean value theorem implies that

f(@2) = f(z1) = f'(c) (w2 — 71)
for some ¢ between z; and z,. (This is true whether $x_1<x_2 $ or 25 < 2;.) The next three theorems follow from this.
A function that satisfies an inequality like for all z and z’ in an interval is said to satisfy a {} on the interval.
6pt
12pt

The method of Theorem~ for finding limits of the sum, difference, product, and quotient of functions breaks down in connection
with indeterminate forms. The generalized mean value theorem (Theorem~) leads to a method for evaluating limits of
indeterminate forms.

We prove the theorem for finite L and leave the case where L = 400 to you (Exercise~).

Suppose that ¢ > 0. From , there is an zg in (a, b) such that

f,(c) —L‘ <e if zg<e<bd. (2.1.33)
g'(c)
Theorem~ implies that if  and ¢ are in [z, b), then there is a ¢ between them, and therefore in (zg, b), such that
[9(z) — g@®)If'(0) = [f(z) — f(t)]g’ (©). (2.1.34)

Since g’ has no zeros in (a, b), Theorem~ implies that
9(z) —g(t) #0 if =z,t€ (a,b).

This means that g cannot have more than one zero in (a,b). Therefore, we can choose z, so that, in addition to , g has no zeros in
[zo,b). Then can be rewritten as

fl@)— @) _ f'(e)
gx)—g@) g0’

so implies that

f@) = £t) ‘ .
@) = o(0) Li<e if z,t€[xg,b). (2.1.35)
If holds, let = be fixed in [z, b), and consider the function
_f@) 1@ _
0= 9@ o) "

From ,

Jim f() = lim g(t) =0,
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SO

; _fl@)
lim 6() = 5~ L. (2.1.36)

Since
|G(t)| <€ if mp<t<b,

because of , implies that

2 <

This holds for all  in (z, b), which implies .
The proof under assumption is more complicated. Again choose z, so that holds and g has no zeros in [z, ). Letting ¢ = zg in , we

see that

f(z) — f(xo) .
’m”’*\“ if so<z<h (2.1.37)

Since lim, - f(z) = +00, we can choose z; > o so that f(z) # 0 and f(z) # f(zo) if 1 < < b. Then the function

_ 1—=9(z0)/9()

"= 1= fan)/ fla)
is defined and nonzero if z; < z < b, and
zll)r‘?_u(:l:) =1, (2.1.38)
because of .
Since

f@) = f@o) _ f@) 1= f(@o)/f@) _  fa)
9(z) —g(xo)  g(x) 1—g(xo)/9(x)  glz)u(z)’

implies that

f(z) .
‘g(z)u(z) —Ll<e if z1<xz<b,
which can be rewritten as
% — Lu(z)| < elu(z)| if =z1<z<b (2.1.39)
From this and the triangle inequality,
% — L‘ < % — Lu(z)| + | Lu(z) — L| < €l|u(z)| + |L| |u(z) —1]. (2.1.40)

Because of , there is a point z5 in (z1, ) such that
|u(z) —1| < e and therefore |u(z)|<l+e if z2<z<b.
This, , and imply that

@_L‘<e(1+e)+|l}|e if za<z<b,

9(=)
which proves under assumption .

Theorem~ and the proof given here remain valid if $ = o0 and $x\to b-$'' is replaced by z — co” throughout. Only
minor changes in the proof are required to show that similar theorems are valid for limits from the right, limits at —oco, and ordinary
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(two-sided) limits. We will take these as given.

-.4em We say that f/g {} = — b— if

lim f(z) = lim g(z) =0,

z—b— z—b—
or {}if

lim f(z) = +o00

T—b—
and

lim g(z) = foo0.

T—b—
The corresponding definitions for z — b+ and z — 400 are similar. If f/g is of one of these forms as z — b— and as z — b+, then
we say that it is of that form as z — b.

In using L’Hospital’s rule we usually write, for example,

lim @ = lim &

a3 g(z) T o g (z) (2.1.41)

and then try to find the limit on the right. This is convenient, but technically incorrect, since is true only if the limit on the right
exists in the extended reals. It may happen that the limit on the left exists but the one on the right does not. In this case, is incorrect.

We say that a product fg {} if one of the factors approaches 0 and the other approaches oo as # — d—. In this case, it may be useful
to apply L’Hospital’s rule after writing

foh) = ok o flalata) = 9,

since one of these ratios is of the form 0/0 and the other is of the form co/cc as z — b—.

Similar statements apply to limits as ¢ — b+, £ — b, and z — F-oc0.

I \enlargethispage{100pt}

A difference f — g {} if

lim f(z) = lim g(z) = +oo.

T—b— T—b—

In this case, it may be possible to manipulate f — g into an expression that is no longer indeterminate, or is of the form 0/0 or co/c0
as ¢ — b—. Similar remarks apply to limits as £ — b+, z — b, or £ — +00.

The function f9 is defined by
F(@)® = n@ee @) — exp(g(z) log f(z))
for all  such that f(z) > 0. Therefore, if f and g are defined and f(z) > 0 on an interval (a,b), Exercise~ implies that
Jim (@)} = exp (lim (o) log £(2)) (2.1.42)
if lim,;— g(z)log f(z) exists in the extended reals. (If this limit is +oo then is valid if we define e=> =0 and e® = c0.) The product
glog f can be of the form 0 - co in three ways as z — b—: 10pt
10pt In these three cases, we say that f¢ {}. Similar definitions apply to limits as £ — b+,  — b, and  — 4-00.
10pt
10pt

\begin{exerciselist}
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Prove Theorem~ for the case where lim,_,;,— f(z)/¢’(z) = +oc.

. -1 . -
\dst lim;_9 ::T: & \dstlim,_49 l:g(f—fmﬁ)&

\dst lim,_,o; 1£22\ \end {tabular}

es—1

\dst limg,» 222 & \dst lim,_s log(lﬂ) &

\dst lim,_,00 €7 sin e~*"\ \end{tabular}

\dst limg_0 zsin(1/7)& \dst limg ;00 v/Z(e % — 1)&
\dst lim,_,o+ tan z log = \end{tabular}

\dst lim,_,, sin z log(| tan z|)&

\dstlimg_,04 [% + log(tan z)]\ \end{tabular}

\dst imgs00(VZ F 1 — v2)&

\dst lim,_,o (=5 — 1)\ \end{tabular}

\dst lim,_yo(cot z — cscz) &
— 1)\ \end{tabular}

\dst lim,_, | sin z|**®* &

\dSt limz_)g ( oz
\dst lim,_,/ | tan z|*°**\ \end {tabular}
\dst lim,_,g | sin z|*&

\dst lim_,q (1 4+ z)'/#\ \end{tabular}
\dst limg_,0 2521/%) &

\dst lim, 0 (=% — 2)\ \end{tabular}

—COS T

\dst lim,_,o+ % log z&

\dst lim,_,, log(log) \ \ad{ tabular}

sin(z—e)

\dst im0 ( z*'i ) ?lg

\dstlimg_,1+ (2£1) Y\ \end{tabular}
\dst lim, q, L2 &

\dst lim,_,o (cosh  — sinh 2)\ \end{tabular}
\dst limgs0(2® — log #)&

\dst limg_,_o €*" sin(e®)\ \end{tabular}
\dst limz o0 2(2 + 1) [log(1 + 1/2)]*&

\dst lim,_q w\ \end{tabular}

£&

\dst lim, ;00 £

\dst lim_,3,/5— %2 cos 2\ \end{tabular}
\dst lim,_,;+ \dst(log z)* log(log )&
\dst limy—s00 % \end{tabular}

\dst lim,_, /3 (sin z)*2"®

\dst lim,_,o Ez_\dﬂw—z,.:"”"ﬂﬂ (n = integer > 1)

ds g2+l
\dSt lim, o sinz—\ tEZ:I( 1) Gt (TL — integer > 0)
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e—1/a?
7

\dstlimg_,o = 0(n = integer)
The {} are defined by Ly(z) = z and

Ly(z) =log(Lyp-1(z)), =>an, n>1,
where a; =0 and a,, = e®*1,n > 1. Show that

Let f be positive and differentiable on (0, 00), and suppose that

lim f'@)
=0 f(x)

=L, where 0<L<o0.

Define fo(z) = = and
fa(@) = f(faar(z), n21

Use L’Hospital’s rule to show that

o @) _

Z—00 fn—l(z) -

if >0 and n>1.

Let f be differentiable on some deleted neighborhood N of =z, and suppose that f and f’ have no zeros in N. Find

Suppose that f and g are differentiable and g’ has no zeros on (a,b). Suppose also that lim,_,;_ f'(x)/¢’(x) = L and either
S @) = B ol@) =0

or

lim f(z) =c0 and lim g(z) = too0.
z—b— z—b—

Find limg (1 + f(z)) /@)

We distinguish between oo - 0o (= 00) and (—oo)oo (= —o0) and between oo + oo (= 00) and —oo — oo (= —o0). Why don’t we
distinguish between 0 - co and 0 - (—o0), 0o — 0o and —oo + 00, co/oc and —oo /oo, and 1% and 177

\end{exerciselist}
A {} is a function of the form
p(z) = ag + a1(x — xo) + -+ + an(x — x0)", (2.1.43)

where ay, , a, and z, are constants. Since it is easy to calculate the values of a polynomial, considerable effort has been devoted to
using them to approximate more complicated functions. Taylor’s theorem is one of the oldest and most important results on this
question.

The polynomial is said to be written {} z — x¢, and is {} n if a,, # 0. If we wish to leave open the possibility that a,, = 0, we say that
p is of degree < n. In particular, a constant polynomial p(z) = ao is of degree zero if agy + 0. If ag = 0, so that p vanishes identically,
then p has no degree according to our definition, which requires at least one coefficient to be nonzero. For convenience we say that
the identically zero polynomial p has degree —oo. (Any negative number would do as well as —oo. The point is that with this
convention, the statement that p is a polynomial of degree < n includes the possibility that p is identically zero.)

We saw in Lemma- that if f is differentiable at x, then
f(®) = f(zo) + ' (20) (x — 20) + E(z) (2 — z0),
where

lim E(z) = 0.

Tz

To generalize this result, we first restate it: the polynomial

T1(2) = f(@o) + f (wo)(z — x0),
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which is of degree < 1 and satisfies

Ti(zo) = f(zo), Tj(zo) = f’(z0),

approximates f so well near =z, that

im @ =TE@ _, (2.1.44)

=39 T — g
Now suppose that f has n derivatives at zy and T, is the polynomial of degree~< n such that
T\ (z0) = f™(z0), 0<r <. (2.1.45)

How well does T;, approximate f near zo?
To answer this question, we must first find Ty. Since T is a polynomial of degree~< n, it can be written as

To(z) = agp + a1(z — ) + - + an(z — 20)", (2.1.46)
where ao, , a, are constants. Differentiating yields

T,ET) (zo) =rla,, 0<r<n,

so determines a, uniquely as

Therefore,

M)
[

(n)
1 (x—xo) + -+ T(x —zo)"

Tn(z)\ar = f(zo) +

Wecall T, {} {}.
The following theorem describes how T;, approximates f near z.

The proof is by induction. Let P, be the assertion of the theorem. From we know that is true if n =1; that is, P; is true. Now
suppose that P, is true for some integer n > 1, and f®*+" exists. Since the ratio

f(@) — T (x)

(x — zo)™!
is indeterminate of the form 0/0 as ¢ — o, L’Hospital’s rule implies that

pn F@=Tan(@) _ 1 (@) = Ta(e)

T—T (:I) - :L'())"'H n+ 1 z-z (z — o)™

(2.1.47)
if the limit on the right exists. But f/ has an nth derivative at zg, and

n (r+1)
T =3 L C o gy
r=0 °

is the nth Taylor polynomial of f’ about zo. Therefore, the induction assumption, applied to f, implies that

f'(@) — Taa(2)

I]ggo (g; — mo)ﬂ =0.
This and imply that
i {@ = Tn@ _

g2z (x — o)™l

which completes the induction.
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It can be shown (Exercise~) that if
Pn = ag + a1(% — Do) + + + an(z — 2o)"
is a polynomial of degree < n such that

i 1@ =@ _
T (z — g;o)"

then

_ f(r) (wo) )

rl

ar

that is, p, = T,.. Thus, T;, is the only polynomial of degree < n that approximates f near z, in the manner indicated in .
Theorem~ can be restated as a generalization of Lemma-.

Define

\dst%, z € Dy — {z0},

E,(z) = {\casespace

R T = x.

Then implies that lim,,,, En(z) = E,(x0) = 0, and it is straightforward to verify .

If ¢ is a nonnegative integer, then \dst(;{) is the binomial coefficient defined in Exercise~. In this case, we see from that
Ta(@) = (1+2)! = f(z), n>gq

Lemma-~ yields the following theorem.

Since £ (x¢) =0for 1 < r < n—1, implies that

f(z) = f(zo

n!

)= [M + En(m)] (z — zo)" (2.1.48)

in some interval containing . Since limg, 5, E,(z) = 0 and f™(zq) # 0, there is a § > 0 such that

)
|En(z)| < ‘fT('SFo) if |z—zo| <.
This and imply that
f(z) — f(=zo)
o0 (2.1.49)

has the same sign as f®™(z) if 0 < |z —zo| < 6. If n is odd the denominator of changes sign in every neighborhood of x,, and
therefore so must the numerator (since the ratio has constant sign for 0 < |z — zg| < d). Consequently, f(z,) cannot be a local
extreme value of f. This proves . If n is even, the denominator of is positive for  # x, so f(z) — f(zo) must have the same sign as
™ (zq) for 0 < |z — zo| < 4. This proves

Forn =2,
is called the {} for local extreme points.

Theorem~ implies that the error in approximating f(z) by T,,(z) approaches zero faster than (z — ()™ as = approaches z; however,
it gives no estimate of the error in approximating f(z) by Ty (z) for a {} =. For instance, it provides no estimate of the error in the
approximation

0.1  (0.1)2

0.1 —
M T01) =14 55 +

=1.105 (2.1.50)
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obtained by setting n =2 and z = 0.1 in . The following theorem provides a way of estimating errors of this kind under the
additional assumption that £®* exists in a neighborhood of z.

This theorem follows from an extension of the mean value theorem that we will prove below. For now, let us assume that
Theorem~ is correct, and apply it.

We now consider the extended mean value theorem, which implies Theorem~ (Exercise~). In the following theorem, ¢ and p are the
endpoints of an interval, but we do not assume that a < b.

The proof is by induction. The mean value theorem (Theorem~) implies the conclusion for n =0. Now suppose that n > 1, and
assume that the assertion of the theorem is true with n replaced by n — 1. The left side of can be written as

f ( _a)n+1
F(6)— E oD (2.1.51)
for some number K. We must prove that K = f®*+1(c) for some ¢ in I°. To this end, consider the auxiliary function
o @), (@)
ha) = 1) = 33 o =0 — K=
which satisfies
h(a) =0, h(b)=0,
(the latter because of ) and is continuous on the closed interval I and differentiable on I9, with
n—1 1
, , Fr+(a ” z—a)
MM=f@—Z;—FQm—®—KL?¥< (2.1.52)
Therefore, Rolle’s theorem (Theorem~) implies that #’(b1) = 0 for some b; in I°; thus, from ,
" n—1 f(r+1)(a) b . K(bl —a,)" 3
£ =3 T b e — K 0
If we temporarily write f’ = g, this becomes
9" (e - by —a)®
w)—E: () a)—KLLaJ—=0. (2.1.53)

r=0

Since b; € I°, the hypotheses on f imply that g is continuous on the closed interval J with endpoints a and by, g™ exists on J°, and,
ifn>1,g,,9"" exist and are continuous at a (also at by, but this is not important). The induction hypothesis, applied to g on the
interval J, implies that

-

n—

EDS

r=0

g(r)(a‘) (bl _ a)r

g(n)( ) (b — a)™

for some ¢ in J°. Comparing this with and recalling that g = f’ yields
K =g¢"(c) = (o).
Since ¢ is in I?, this completes the induction.

This page titled 2.1: Functions and Limits is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

3: Integral Calculus of Functions of One Variable

IN THIS CHAPTER we discuss the Riemann on a finite interval [a, b], and improper integrals in which either the function or the
interval of integration is unbounded.

SECTION 3.1 begins with the definition of the Riemann integral and presents the geometrical interpretation of the Riemann
integral as the area under a curve. We show that an unbounded function cannot be Riemann integrable. Then we define upper
and lower sums and upper and lower integrals of a bounded function. The section concludes with the definition of the
Riemann-Stieltjes integral.

SECTION 3.2 presents necessary and sufficient conditions for the existence of the Riemann integral in terms of upper and
lower sums and upper and lower integrals. We show that continuous functions and bounded monotonic functions are Riemann
integrable.

SECTION 3.3 begins with proofs that the sum and product of Riemann integrable functions are integrable, and that |f| is
Riemann integrable if f is Riemann integrable. Other topics covered include the first mean value theorem for integrals,
antiderivatives, the fundamental theorem of calculus, change of variables, integration by parts, and the second mean value
theorem for integrals.

SECTION 3.4 presents a comprehensive discussion of improper integrals. Concepts defined and considered include absolute
and conditional convergence of an improper integral, Dirichlet’s test, and change of variable in an improper integral.
SECTION 3.5 defines the notion of a set with Lebesgue measure zero, and presents a necessary and sufficient condition for a
bounded function f to be Riemann integrable on an interval [a, 8]; namely, that the discontinuities of f form a set with Lebesgue
masure zero.

3.1: Definition of the Integral
3.2: Existence of the Integral
3.3: Properties of the Integral
3.4: Improper Integrals

3.5: A More Advanced Look at the Existence of the Proper Riemann Integral

This page titled 3: Integral Calculus of Functions of One Variable is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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3.1: Definition of the Integral

The integral that you studied in calculus is the {}, named after the German mathematician , who provided a rigorous formulation of
the integral to

replace the intuitive notion due to and . Since Riemann’s time, other kinds of integrals have been defined and studied; however,
they are all generalizations of the Riemann integral, and it is hardly possible to understand them or appreciate the reasons for
developing them without a thorough understanding of the Riemann integral. In this section we deal with functions defined on a
finite interval [a,b]. A {} is a set of subintervals

[zo, z1], [z1,22]; ..., [Ta—1, Zal, (3.1.1)
where
a=zg<z1-<Zp=b (3.1.2)
Thus, any set of n + 1 points satisfying defines a partition P of [a, b], which we denote by
P = {z,%1,..-,Tn}-
The points g, 1, , z, are the {} of P. The largest of the lengths of the subintervals is the {} of P, written as ||P|; thus,
IP| = max (@i —zi1)-

If P and P’ are partitions of [a,b], then P’ is a {} if every partition point of P is also a partition point of P’; that is, if P’ is obtained
by inserting additional points between those of P. If f is defined on [a, 3], then a sum

o= Xn: f(cj) (x5 — 1),
g

where

x,-_lscjs.'z:,-, ISan,
is a . (Occasionally we will say more simply that ¢ is a Riemann sum of f over [a, ].) Since ¢; can be chosen arbitrarily in [z;, z;_1],
there are infinitely many Riemann sums for a given function f over a given partition P.

We leave it to you (Exercise~) to show that f a” f(z) dz is unique, if it exists; that is, there cannot be more than one number L that
satisfies Definition~.

For brevity we will say integrable'' and integral’‘when we mean Riemann integrable'' and Riemann
integral.”” Saying that [, : f(z) dz exists is equivalent to saying that f is integrable on [a, b].

-.3em An important application of the integral, indeed, the one invariably used to motivate its definition, is the computation of the
area bounded by a curve y = f(z), the g-axis, and the lines z = ¢ and z = b (""the area under the curve”), as in Figure~.

6pt
12pt

For simplicity, suppose that f(z) > 0. Then f(c;)(z; — z;—1) is the area of a rectangle with base x; — z;_; and height f(c;), so the
Riemann sum

Z Fe5) (@5 —z51)

can be interpreted as the sum of the areas of rectangles related to the curve y = f(z), as shown in Figure~.
6pt
12pt

An apparently plausible argument, that the Riemann sums approximate the area under the curve more and more closely as the
number of rectangles increases and the largest of their widths is made smaller, seems to support the assertion that |’ : f(z) dz equals

@ 0 g @ @ https://math.libretexts.org/@go/page/33446
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the area under the curve. This argument is useful as a motivation for Definition~, which without it would seem mysterious.
Nevertheless, the logic is incorrect, since it is based on the assumption that the area under the curve has been previously defined in
some other way. Although this is true for certain curves such as, for example, those consisting of line segments or circular arcs, it is
not true in general. In fact, the area under a more complicated curve is {} to be equal to the integral, if the integral exists. That this
new definition is consistent with the old one, where the latter applies, is evidence that the integral provides a useful generalization
of the definition of area.

6pt
12pt
6pt
12pt

We will show that if f is unbounded on [a, ], P is any partition of [a, 4], and M > 0, then there are Riemann sums ¢ and ¢’ of f over
P such that

lo—d’| > M. (3.1.3)
We leave it to you (Exercise~) to complete the proof by showing from this that f cannot satisfy Definition~.

Let
o= flej)(@;—zj1)
=1

be a Riemann sum of f over a partition P of [a,b]. There must be an integer ¢ in {1,2,...,n} such that

M

|f(e) = fle:)| = P (3.1.4)
for some cin [z;_;2;], because if there were not so, we would have
M .
lf(@) = fle)| < ———— zi1<z<gz; 1<j<n
ZTj—Tj1
Then
|f(@)\ar = |f(c;) + f(z) — fe;)| < |£(e5)| + | £(z) — f(c)]
\ar < |f(cj)|+L, zj1<z<zj; 1<j<n.
Tj—Tj-1
which implies that
@) < max |f(e)| + ——, a<z<b
z _137% € :cj—:z:j_l’ 8=T=5%

contradicting the assumption that f is unbounded on [a, 3].

Now suppose that ¢ satisfies , and consider the Riemann sum
n
o’ =Y f(e))(@j —zm1)
=1

over the same partition P, where

#i,

’ Cjy J
c; = 9 \casespace .
e, j=i.

)

Since

lo —d’'| = | f(e) — fleo)|(xi — 2i1),

implies .
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Because of Theorem~, we consider only bounded functions throughout the rest of this section.

To prove directly from Definition~ that f a” f(z) dz exists, it is necessary to discover its value L in one way or another and to show
that L has the properties required by the definition. For a specific function it may happen that this can be done by straightforward
calculation, as in Examples~ and . However, this is not so if the objective is to find general conditions which imply that f : f(z)dz
exists. The following approach avoids the difficulty of having to discover L in advance, without knowing whether it exists in the
first place, and requires only that we compare two numbers that must exist if £ is bounded on [a,b]. We will see that [ : f(z) dz
exists if and only if these two numbers are equal.

If m < f(z) < M for all z in [a, ], then
m(b—a) < s(P) < S(P) < M(b—a)

for every partition P; thus, the set of upper sums of f over all partitions P of [a,?] is bounded, as is the set of lower sums.

Therefore, Theorems~ and imply that f_: f(z)dz and [ : f(z) dz exist, are unique, and satisfy the inequalities

m@—@SLU@MmSMQ—@

and

MM@S/U@MSMWW)

a

If P = {zg,z1,...,2}, then
S(P) =Y Mj(z;—=z;1),
=

where

M;= sup f(z).

;1 <T<x;

An arbitrary Riemann sum of f over P is of the form
o= flcj)(mj— zj-1),
j=1

where z;_; < ¢; < z;. Since f(c;) < M;, it follows that o < S(P).
Now let e > 0 and choose ¢; in [z;_;, ;] so that

€

flej) > M;— =)

1<j<n.

The Riemann sum produced in this way is
n n €
o=) flc)(zj—zj-1)> [M—i)] (zj—xjm1) =S(P) —e.
;:1: AN} J-1 ; J n(z; — Tj 1) i %1

Now Theorem~ implies that S(P) is the supremum of the set of Riemann sums of f over P.

Exercise~.
Unknown environment 'example’

The motivation for Definition~ can be seen by again considering the idea of area under a curve. Figure~ shows the graph of a
positive function y = f(z), a < z < b, with [a, b] partitioned into four subintervals.

6pt

12pt
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The upper and lower sums of f over this partition can be interpreted as the sums of the areas of the rectangles surmounted by the
solid and dashed lines, respectively. This indicates that a sensible definition of area A under the curve must admit the inequalities

s(P) < A< S(P)

for every partition P of [a,b]. Thus, A must be an upper bound for all lower sums and a lower bound for all upper sums of f over
partitions of [a, b]. If

/ bf(x) dr = / bf(x) dr, (3.1.5)

there is only one number, the common value of the upper and lower integrals, with this property, and we define A to be that
number; if does not hold, then A is not defined. We will see below that this definition of area is consistent with the definition stated
earlier in terms of Riemann sums.

The {} is an important generalization of the Riemann integral. We define it here, but confine our study of it to the exercises in this
and other sections of this chapter.

\begin{exerciselist}
Show that there cannot be more than one number L that satisfies Definition~.
2pt

Suppose that |, : f(z) dz exists and there is a number A such that, for every e > 0 and § > 0, there is a partition P of [a,8] with |P| < §
and a Riemann sum ¢ of f over P that satisfies the inequality |c — A| < e. Show that | : f(z)dz = A.

2pt

Prove directly from Definition~ that

b 3 3
b°—a

2 —
/a:cda:— 3

Do not assume in advance that the integral exists. The proof of this is part of the problem.
2pt

Generalize the proof of Exercise~ to show directly from Definition~ that

b m+1l _ ,m+1
/ mmdm=b—a
o m+1

if m is an integer > 0.
2pt

Prove directly from Definition~ that f(z) is integrable on [a,b] if and only if f(—=) is integrable on [—b,—a], and, in this case,

b —a
'/a f(z)dz = , f(—z) dz.

2pt

Let f be bounded on [a,?] and let P be a partition of [a,b]. Prove: The lower sum s(P) of f over P is the infimum of the set of all
Riemann sums of f over P.

2pt Let f be defined on [a, b] and let P = {zg, z1, ..., 2, } be a partition of [a, b].
Find f, f(z)dz and J; f(z) de if

-.5em

Given that [’ e® dz exists, evaluate it by using the formula

1— ,,.n+1

Ltrdritetr=—0—— (r#1)
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to calculate certain Riemann sums.
Given that [, é’ sin z dz exists, evaluate it by using the identity

cos(j — 1)8 — cos(j + 1)8 = 2 sin fsin 56
to calculate certain Riemann sums.
Given that |, (f cosz dz exists, evaluate it by using the identity

sin(j + 1)0 —sin(j — 1)6 = 2sin f cos j0
to calculate certain Riemann sums.

Show that if g(z) = z + ¢ (c=constant), then || : J(z) dg(z) exists if and only if | : f(z) dz exists, in which case

b b
[ 1@ dse) = [ 1o de.
Suppose that —co < @ <d < ¢ < oo and

g1, a<z<d,

= constants
g2, d<z<b, (91,92 ),

g(z) = {\ca.sespace
and let g(a), g(b), and g(d) be arbitrary. Suppose that f is defined on [a, b], continuous from the right at a and from the left at b, and
continuous at d. Show that || : f(z) dg(z) exists, and find its value.

Suppose that —co < a = ap < a1 <+ < ap = b < 00, let g(z) = g, (constant) on (ay_1,ary), 1 <m < p, and let g(ao), g(a1), , g(a,) be
arbitrary. Suppose that f is defined on [a, 3], continuous from the right at a and from the left at b, and continuous at a;, az, , ap.
Evaluate [ f(z) dg(x).

For the case where g is nondecreasing and f is bounded on [a, ], define upper and lower Riemann-Stieltjes integrals in a way
analogous to Definition~.

\end{exerciselist}
The following lemma is the starting point for our study of the integrability of a bounded function f on a closed interval [a, b].

We will prove and leave the proof of to you (Exercise~). First suppose that » = 1, so P’ is obtained by adding one point ¢ to the
partition P = {zg, 1, ...,Zn}; then z;_; < ¢ < z; for some ¢ in {1,2,...,n}. If j # i, the product Mj(x; — z;—) appears in both S(P)
and S(P’) and cancels out of the difference S(P)— S(P’). Therefore, if

My = sup f(x) and M= sup f(z),

z1<w<e P
then

Bracket argument to \\ must be a dimension
Since implies that

0< M;— My, <2M, r=1,2,
implies that

0< S(P)— S(P") < 2M(z; — z;—1) < 2M| P].

This proves for r = 1.

Now suppose that » > 1 and P’ is obtained by adding points ¢y, ¢, , ¢, to P. Let P©® = P and, for j > 1, let PY be the partition of
[a, b] obtained by adding ¢, to PU~Y. Then the result just proved implies that

0 < §(PU) - g(PY) < 2M|PU-D|, 1<ji<r

Adding these inequalities and taking account of cancellations yields
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Since PO® = P, P® = P’ and |P®| < |P*Y)| for 1 < k <r—1, implies that

0< S(P®) —S(PD) <2M(IPO] + [PY] + - + [P (3.1.6)

0< S(P) - S(P") < 2Mr|P|,
which is equivalent to .

Suppose that P; and P, are partitions of [a, 4] and P’ is a refinement of both. Letting P = P; in and P = P; in shows that
s(P) <s(P) and S(P’)<8(P).

Since s(P’) < S(P’), this implies that s(P;) < S(P). Thus, every lower sum is a lower bound for the set of all upper sums. Since
i) : f(z) dz is the infimum of this set, it follows that

Y
s(Py) < / f(@) do

for every partition P; of [a,b]. This means that f_: f(z) dz is an upper bound for the set of all lower sums. Since f: f(z) dz is the

supremum of this set, this implies .

We prove that f_: f(z)dz = [? f(z) dz and leave it to you to show that f_: f(z) de = [ f(z) dz (Exercise~).
Suppose that P is a partition of [a,b] and o is a Riemann sum of f over P. Since

Bracket argument to \\ must be a dimension
the triangle inequality implies that

Bracket argument to \\ must be a dimension

Now suppose that € > 0. From Definition~, there is a partition Py of [a, 4] such that

— — .
/ F(@)dz < S(Py) < / fe)do+ <. (3.1.7)

From Definition~, there is a § > 0 such that

a—/: f(m)dm‘ << (3.1.8)

if | P|| < 6. Now suppose that | P|| < § and P is a refinement of Py. Since S(P) < S(Py) by Lemma~, implies that

5 5 )
/ f(@)dz < S(P) < / f@)da+ %,

SO

—
S(P) — / (z) dz

€
<4 (3.1.9)
in addition to . Now , , and imply that

b b %
/ (z)dz — / f(z)da| < 2 +15(P) o] (3.1.10)

for every Riemann sum o of f over P. Since S(P) is the supremum of these Riemann sums (Theorem~), we may choose ¢ so that

€
IS(P)— ol < -

Now implies that
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<e

ff(m) dz — /ab f(z) dz

Since € is an arbitrary positive number, it follows that
b b
/ f(z)dz = / f(z) de.

We show that holds if | P| is sufficiently small, and leave the rest of the proof to you (Exercise~).

-6.5ex6.5ex

The first inequality in follows immediately from Definition~. To establish the second inequality, suppose that |f(z)| < K ifa <z
< b. From Definition~, there is a partition Py = {0, 1, --- , #r+1} Of [a, 8] such that

_b €
S(Py) < / f(@)da+ ¢ (3.1.11)

If P is any partition of [a, b], let P’ be constructed from the partition points of Py and P. Then
S(P") < S(Po), (3.1.12)
by Lemma-. Since P’ is obtained by adding at most r points to P, Lemma-~ implies that
S(P’) > S(P) — 2Kr| P|. (3.1.13)
Now , , and imply that

S(P)\ar < S(P’) + 2Kr|P|
\ar < S(Py) + 2Kr|P|

—
< / f() da+ ¢ + 2Kr|P].

Therefore, holds if

€
4Kr~

1Pl <d=

-4.5ex4.5ex

If € > 0, there is a § > 0 such that

b i
/ flz)dr—e< s(P) < S(P)< / f(z)dz +¢€ (3.1.14)

if | P| < 6 (Lemma-~). If ¢ is a Riemann sum of f over P, then

s(P) <o < 8(P),
so and imply that

L—e<o<L+e
if | P| < 6. Now Definition~ implies .
Theorems~ and imply the following theorem.
The next theorem translates this into a test that can be conveniently applied.

We leave it to you (Exercise~) to show that if [ ab f(z) dz exists, then holds for |P| sufficiently small. This implies that the stated
condition is necessary for integrability. To show that it is sufficient, we observe that since

b b
s(P) < / f(z)dz < / f(z) dz < S(P)
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for all P, implies that

0Sff(m)dm—/_jf(m)dm<e.

Since e can be any positive number, this implies that

ff(z) dz = L.bf(z) dz.

Therefore, [ : f(z) dz exists, by Theorem-~.
The next two theorems are important applications of Theorem-.
Let P = {, 21, ...,%,} be a partition of [a,b]. Since f is continuous on [a, b], there are points ¢; and ¢j in [z;_;,z;] such that

flej) =Mj= sup f(x)

T 1<ST<T;

and

fej)=mj= inf f(z)

T ST<T;

(Theorem~). Therefore,
S(P)— s(P) = 3 [£(e) — £(&))] (5 — 53-0) (3.1.15)

=

Since f is uniformly continuous on [a, b] (Theorem~), there is for each ¢ > 0 a § > 0 such that

|f(z") = f(=)| <

€
b—a
if z and 2’ are in [a,b] and |¢ — 2’| < 4. If | P|| < 6, then |¢; — ¢j| < ¢ and, from,
€ n
S(P)—s(P) < 3— Y (@i—zi) =€
§=1
Hence, f is integrable on [a, b], by Theorem-~.

Let P = {z, z1, ..., £} be a partition of [a, 8]. Since f is nondecreasing,

f(zj)\ar = M= sup f(z)
T 15T

\arraytextand
f@ia)\er =m;=_inf f(z).

£; 1527

Hence,
S(P)— s(P) = J_Z:;(f(wj) — f(@30) (@5 — 351).
Since 0 < zj — @1 < |P| and f(z;) — f(wj-1) 20,
S(P) — s(P)\ax < IPI S ($(e5) — F(@))
\or = IPICSE) — F(@).

Therefore,

S(P)—s(P)<e i |P|(f(b) - fla)) <&

so f is integrable on [a, b, by Theorem~.
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The proof for nonincreasing f is similar.

We will also use Theorem~ in the next section to establish properties of the integral. In Section~3.5 we will study more general
conditions for integrability.

We now use the results of Sections~3.1 and 3.2 to establish the properties of the integral. You are probably familiar with most of
these properties, but not with their proofs.

4pt

Any Riemann sum of f+ g over a partition P = {zg,z, ...,z } Of [a,b] can be written as
Bracket argument to \\ must be a dimension

where ¢ and o, are Riemann sums for f and g. Definition~ implies that if ¢ > 0 there are positive numbers 4; and 6, such that

a_,e—/jf(x) dz

\ar<§ if |P]<é
\arraytextand

b
0g— / 9(z) dz \ar<§ if ||P| < 8a.

If | P| < 6 = min(éy, 82), then

ota- [ sz [ @) e\

(O'f—‘/';bf(w)da:) + (ag—/abg(:z;)da:)‘

af—/abf(a:)da: ag—ng(w)dw

\ar < +

€ €
2727°

<
so the conclusion follows from Definition~.
The next theorem also follows from Definition~ (Exercise~).
Theorems~ and and induction yield the following result (Exercise~).

Since g(z) — f(z) > 0, every lower sum of g— f over any partition of [a, b] is nonnegative. Therefore,

b
/a (9(z) — f(z))dz > 0.

Hence,
Bracket argument to \\ must be a dimension

which yields . (The first equality in follows from Theorems~ and ; the second, from Theorem~.)
Let P be a partition of [a,b] and define
Mj\ar = sup{f(z)}zj1 <z < z;,
mj\ar = inf{f(2) )1 < 2 < o,

M;\ar = sup{|f(z)|}zj-1 < = < x5,
mj\ar = inf{|f(z)[}z;1 <2 < z;.

Then
M;—mj\ar = \dstsup{|f(2)| - |f(z')}oj1 < 2,2’ <
\ar < \dstsup{|f(z) — f(z')|}zjm1 < z,2’ < = (3.1.16)
\ar = M; —mj;.
Therefore,
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S(P)—3(P) < S(P)—s(P),

where the upper and lower sums on the left are associated with | f| and those on the right are associated with f. Now suppose that €
> 0. Since f is integrable on [a,b], Theorem~ implies that there is a partition P of [a, ] such that S(P) — s(P) < e. This inequality
and imply that §(P) —3(P) < e. Therefore, |f| is integrable on [a, b], again by Theorem-.

Since
f(z) <|f(z)] and —f(z)<|f(z)l, a<z<b,

Theorems~ and imply that

[ 1@< [l o - [ 1@< [ @),

which implies .

We consider the case where f and g are nonnegative, and leave the rest of the proof to you (Exercise~). The subscripts f, g, and fg
in the following argument identify the functions with which the various quantities are associated. We assume that neither f nor gis
identically zero on [a, 8], since the conclusion is obvious if one of them is.

If P = {zo, %1, ..., 25} is a partition of [a,b], then

Stq(P) — 814(p) = Zn:(Mfy,j — M) (Tj — Tj1)- (8.1.17)
=1

Since f and g are nonnegative, My, ; < My ;M ; and mgg; > myymg ;. Hence,
Bracket argument to \\ must be a dimension
where My and M, are upper bounds for f and g on [a, b]. From and the last inequality,
S19(P) — 875(P) < Mg[S;(P) — 57(P)] + My[Sg(P) — 54(P)]- (3-1.18)
Now suppose that € > 0. Theorem~ implies that there are partitions P; and P; of [, 8] such that

€ €
Sf(Pl) —_ Sf(Pl) < 2—% and Sg(P2) — Sg(Pg) < 2—Mf (3119)

If Pis a refinement of both P, and P,, then and Lemma~ imply that

€

€
This and yield
Spu(P)—s(P) < 5+ 5 =«

Therefore, fg is integrable on [a, b], by Theorem~.

3pt From Theorem~, u is integrable on [a,b]. Therefore, Theorem~ implies that the integral on the left exists. If m
= min{u(z)}a < z < band M = max{u(z)}a < z < b (recall Theorem~), then

m<u(r) <M
and, since v(z) >0,
mo(z) < u(z)v(z) < Mo(z).

Therefore, Theorems~ and imply that 2pt

m/ab v(z)dz < /ab u(z)v(z) dz < M/: v(z) dz. (3.1.20)

2pt This implies that holds for any cin [a,8] if [} v(z) dz = 0. If [?v(z)dz # 0, let 1pt
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\dst f: u(z)v(z) dz
\dst f: v(z) dz

(3.1.21)

u=

1pt Since [, : v(z) dz > 0 in this case (why?), implies that m < u < M, and the intermediate value theorem (Theorem~) implies that u
= u(c) for some c in [a, b]. This implies .

1pt If v(z) = 1, then reduces to

_ 1 b
u= m‘/‘; u(z) dz,

so u is the average of u(z) over [a,b]. More generally, if v is any nonnegative integrable function such that |, : v(z) dz #+ 0, then w in
is the {}. Theorem~ says that a continuous function assumes any such weighted average at some point in [a, b].

3pt
Suppose that ¢ > 0. From Theorem-~, there is a partition P = {zg, 1, ..., 5} Of [a, ] such that

n

S(P)—s(P) = Z(Mj —m;)(z;—zj1) <€ (3.1.22)

J=1
We may assume that a; and b, are partition points of P, because if not they can be inserted to obtain a refinement P’ such that
S(P’)—s(P’) < S(P) — s(P) (Lemma~). Let a; = z, and b, = z,. Since every term in is nonnegative,
8
> (Mj—my)(z;—z51) <.
j=r+1
Thus, P = {&,, 41, ..., 25} is a partition of [a;, b;] over which the upper and lower sums of f satisfy
S(P)—s(P) <e
Therefore, f is integrable on [a1,b1], by Theorem~.
We leave the proof of the next theorem to you (Exercise~).

So far we have defined | f f(z) dz only for the case where o < 8. Now we define

Aaf(x)dx=—[lﬂf(x)dx

if & < B, and

/: f(z)dz = 0.

With these conventions, holds no matter what the relative order of a, b, and ¢, provided that f is integrable on some closed interval
containing them (Exercise~).

Theorem~ and these definitions enable us to define a function $ F(x)=_c/x f(t),dt$, where ¢ is an arbitrary, but fixed, point in [a, b].

If z and =’ are in [a, b], then

F@)-Fa) = [ foa- [ " feydt = [ o

by Theorem~ and the conventions just adopted. Since |f(¢)| < K (a < t < b) for some constant K,

/ f(t)dt‘§K|z—a:’|, a<lz, o’ <b
(Theorem~), so
|F(z) — F(z')| < K|z —1'|, a<z,z’<b.

-2em2em
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We consider the case where a < z¢ < b and leave the rest to you (Exercise~). Since

1
Tr— T

[ 1a0de= @),

we can write

FE=F)  fay = - [ 116) -~ sGool .
T ton) T Zo zo
From this and Theorem-~,
F(z)— F(z) _

T — T

1
f(mo)‘ < m

110 - s atl. (3.1.23)

(Why do we need the absolute value bars outside the integral?) Since f is continuous at z, there is for each e > 0 a § > 0 such that
|F(@®) — f(zo)| <€ if |z—=zo| <O
and ¢ is between z and zy. Therefore, from ,

F(z)— F -
P& F@0) _ gy <2220 _ e it 0< fo—ao| <.
T — o |z — ol

Hence, F’(zo) = f(z0).-
The next theorem relates integration and differentiation in another way.

If P = {zo, z1,..., 25} is a partition of [a,d], then
F(b) — F(a) = Y (F(z)) — F(aj)). (3.1.24)
=1

From Theorem-, there is in each open interval (z;_,,z;) a point ¢; such that
F(z;) — F(zj1) = fle;) (@ — Tj-1).-

Hence, can be written as
n
F(b)—F(a) =Y f(ej)(@j—zj) = o,
=1
where ¢ is a Riemann sum for f over P. Since f is integrable on [a, ], there is for each € > 0 a § > 0 such that

a—/abf(a:)da:

<e if |P|<3.
Therefore,

<e€

‘F(b) — F(a) — /ab f(z)dz

for every e > 0, which implies .

Apply Theorem~ with F and f replaced by f and f’, respectively.

A function F is an {} of f on [a, ] if F is continuous on [a, b] and differentiable on (a, b), with
F'(z)=f(z), a<z<b

If F is an antiderivative of f on [a,b], then so is F' + ¢ for any constant c¢. Conversely, if F1 and F» are antiderivatives of f on [a,b],
then Fy — F; is constant on [a, 5] (Theorem; rjeqrem Shows that antiderivatives can be used to evaluate integrals.

The function Fy(z) = [ f(t) dt is continuous on [a,b] by Theorem~, and Fy(z) = f(z) on (a,b) by Theorem~. Therefore, Fy is an
antiderivative of f on [a,b]. Now let F = Fj + ¢ (¢ = constant) be an arbitrary antiderivative of f on [a, b]. Then -2pt
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F(b)—F(a)=Lbf(w)dw+c—/zaf(w)dw—c=/abf(w)d:c.

-2.5em2.5em

When applying this theorem, we will use the familiar notation

Since % and v are continuous on [a, b] (Theorem~), they are integrable on [a, b]. Therefore, Theorems~ and imply that the function
(wv)’ = u'v+uw’

is integrable on [a, b], and Theorem~ implies that

b b
[ @) @)+ v @(@)) do = ua)o(s)|

a
which implies .
We will use Theorem~ here and in the next section to obtain other results.

Since f is differentiable on [a,], it is continuous on [a,b] (Theorem~). Since g is continuous on [a,d], so is fg (Theorem~).
Therefore, Theorem~ implies that the integrals in exist. If

G(z) = / Ig(t) dt, (3.1.25)

then G’(z) = g(z), a < z < b (Theorem~). Therefore, Theorem~ with © = f and v = G yields

b b b
[ t@@)de = 1e)6@)| - [ 1 @6 . (3.1.26)

Since f’ is nonnegative and G is continuous, Theorem~ implies that

b b
/a F(2)G(z) dz = G(c) / £(z)do (3.1.27)

for some cin [a, b]. From Corollary~,

b
/a £ (@) dz = £(5) - f(a).

From this and , can be rewritten as

b c
/a F(@)G() dz = (f(b) — f(a)) / o() de.

Substituting this into and noting that G(a) = 0 yields
c

b b
/a F()g(z) dz\ax = £(8) / o(@) dz — (£(b) — f(a)) / o() da,

a

\er = @ [ g(o)do +10) ( i ’g(z)do [ 9@ dw)

c b
\ar = 1(0) [ g(a)da+ 10) [ ola) da.

-2.5em2.5em

-.4em The following theorem on change of variable is useful for evaluating integrals.

Both integrals in exist: the one on the left by Theorem~, the one on the right by Theorems~ and and the continuity of f(¢(t)). By
Theorem-~, the function
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Fz) = / " i) dy

is an antiderivative of f on [a, ] and, therefore, also on the closed interval with endpoints a and 8. Hence, by Theorem-,

B
/ f(z)dz = F(B) — F(a). (3.1.28)
By the chain rule, the function

G(t) = F(¢(1))

is an antiderivative of f(¢(t))¢’(¢) on [, d], and Theorem~ implies that

d
/c f($(£))4' (t) dt\ar = G(d) — G(c) = F(4(d)) — F(4(c))
\ar = F(8) — F(a).

Comparing this with yields .

These examples illustrate two ways to use Theorem~. In Example~ we evaluated the left side of by transforming it to the right side
with a suitable substitution z = ¢(t), while in Example~ we evaluated the right side of by recognizing that it could be obtained from
the left side by a suitable substitution.

The following theorem shows that the rule for change of variable remains valid under weaker assumptions on f if ¢ is monotonic.
We consider the case where f is nonnegative and ¢ is nondecreasing, and leave the the rest of the proof to you (Exercises~ and ).

First assume that ¢ is increasing. We show first that

) Y
[ 1@de= [ s60p0' @) at. (3.29)

Let P = {to,t1, ..., ta} be a partition of [¢,d] and P = {zo, 1, ..., 2.} With z; = ¢(t;) be the corresponding partition of [a, b]. Define

Uj\ar = sup{¢’ (t)}t;-1 <t < tj,
uj\ar = inf{¢’(t)}t;1 <t <1y,
Mj\ar = sup{f(z)}z; 1 <z < =,
\arraytextand

M;\ar = sup{f($(£))¢’ (£)}t;1 <t <t;.
Since ¢ is increasing, u; > 0. Therefore,
0<u; <¢'(t) <Uj, i1 <t<ty.
Since f is nonnegative, this implies that
0 < f(o(t)u; < f(8(1)¢ (1) < F(ENUjy i1 <t <t;.
Therefore,
Mju; < M; < M;U;,

which implies that

Mj = Mjp]', (3130)
where
'u,]- S p]' S Uj. (3.1.31)
Now consider the upper sums
S(P) =) Mj(tj—ti1) and S(P)=)_ Mj(z;— ;). (3.1.32)
=1 =1

3.1.14 https://math.libretexts.org/@go/page/33446



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33446?pdf

LibreTexts"

From the mean value theorem,

zj— zj1 = B(t;) — d(tj-1) = ¢ () (t; — tj-1), (3.1.33)
where ¢;_; < 7; <t;j, SO
u; < ¢'(75) < Uj. (3.1.34)
From, , and,
S(P)—S(P) =Y Mj(p; — &' (1)) (t; — tj-1)- (3.1.35)
=1

Now suppose that |f(z)| £ M, a < x < b. Then, , and imply that
|S(P) — S(P)| < MY _(U; — uj)(t; — ti).
=1
The sum on the right is the difference between the upper and lower sums of ¢’ over P. Since ¢ is integrable on [¢,d], this can be
made as small as we please by choosing |P| sufficiently small (Exercise~).

From, |P| < K|P| if |¢’(£)| < K, ¢ <t < d. Hence, Lemma~ implies that

b _ d
‘S(P)— / f(w) de 8(P) - / FOE)8 (2) dt

<§ and

€
< E (3136)

if | P| is sufficiently small. Now

) rd
/a f(e)de — / F(8(6) &' () dt| \ar

= _
< / f(@) dz— S(P)| +S(P) — 5(P)|

+

__ Td
5(P) - / FO)6' () dt

Choosing P so that |S(P) — S(P| < ¢/3 in addition to yields

/ab f(z)dz — /cd f(()¢’ () dt‘ <e

Since e is an arbitrary positive number, this implies .

If ¢ is nondecreasing (rather than increasing), it may happen that z; ; = z; for some values of j; however, this is no real
complication, since it simply means that some terms in S(P) vanish.

By applying to —f, we infer that

b d
/ f(@) do\ar = / F6)8 () dt, (3.1.37)

[2\jot]\arraytextsince

Zb(—f)(w) de\ar = — Lb f(z) dz

\arraytextand

d d
/c (—f($(t)¢' (1)) dt\ar = — /c f($(£)¢' (t) dt.

Now suppose that f is integrable on [a, b]. Then

Lf f(@)dz = be(w) aa= [ ’ f(w) da,

3.1.15 https://math.libretexts.org/@go/page/33446



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33446?pdf

@@meﬁn&*

by Theorem~. From this, , and ,

d “rd b
[ rews@a= [ remw o= [ e
This and Theorem~ (applied to f(¢(t))¢’(¢)) imply that f(4(t))¢’(t) is integrable on [c, d] and

b d
/ﬂma=/fwmwma (3.1.38)

A similar argument shows that if f(¢(t))¢’(¢) is integrable on [c, d], then f is integrable on [a, b], and holds.
\begin{exerciselist}

Prove Theorem-~. 4pt

Prove Theorem~.

4pt

Can | f| be integrable on [a, 8] if f is not? 4pt

Complete the proof of Theorem-~.

4pt

Prove: If f is integrable on [a,b] and | f(z)| > p > 0 for a < z < b, then 1/f is integrable on [a, b]

Suppose that f is integrable on [a, 5] and define
Bracket argument to \\ must be a dimension

Show that f+ and f~ are integrable on [a, b], and

/:f(:c) do = /:f+(x) dz+/abf_(:r,) dz.

Find the weighted average u of u(z) over [a,b] with respect to v, and find a point ¢ in [a, b] such that u(c) =u.
Prove Theorem-~.

Show that

AV@M=AU@M+A?@M

for all possible relative orderings of a, b, and ¢, provided that f is integrable on a closed interval containing them.

Prove: If f is integrable on [a,4] and a = ap < a1 < -- < a,, = b, then

/: f(z)dz = /aoal f(=z) dac+‘/:2 f(=z) dm+...+/:: f(z) da.

Suppose that f is continuous on [a,b] and P = {zg, 1, ..., z,} is a partition of [a,d]. Show that there is a Riemann sum of f over P

that {} f: f(z)d=.

Suppose that f” exists and |f’(x)| < M on [a,b]. Show that any Riemann sum ¢ of f over any partition P of [a, b] satisfies

b
a—Lﬁ@hSM@—MW-

Prove: If f is integrable and f(z) > 0 on [a,b], then [’ f(z)dz > 0, with strict inequality if f is continuous and positive at some point
in [a, b].

Complete the proof of Theorem-.

State theorems analogous to Theorems~ and for the function
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G(a) = / f@a,

and show how your theorems can be obtained from them.

The symbol [ f(z) dz denotes an antiderivative of f. A plausible analog of Theorem~ would state that if f and g have
antiderivatives on [a, b], then so does f + g, which is true, and

[t +9@ds= [ ) do+ [ g(a) do\cano(a)

However, this is not true in the usual sense.

(See Exercise~.) Formulate a valid interpretation of the relation

/ (@) do=c / f@)de (c#0).

Is your interpretation valid if ¢ = 0?

In addition to the assumptions of Theorem~, suppose that f(a) =0, f #0, and g(z) >0 (a < z < b). Show that there is only one
point ¢ in [a, b] with the property stated in Theorem-.

Assuming that Theorem~ is true under the additional assumption that f is nonnegative on [a, b], show that it is true without this
assumption.

Assuming that the conclusion of Theorem-~ is true if ¢ is nondecreasing, show that it is true if ¢ is nonincreasing.
Suppose ¢’ is integrable and f is continuous on [a, 4. Show that f: f(z) dg(z) exists and equals fab f(z)g’ (z) dz.
Suppose f and g” are bounded and fg’ is integrable on [a, b]. Show that f : f(z) dg(z) exists and equals || : f(z)g’ () dz.
\end{exerciselist}
So far we have confined our study of the integral to bounded functions on finite closed intervals. This was for good reasons:
In this section we extend the definition of integral to include cases where f is unbounded or the interval is unbounded, or both.
We say fis {} on an interval I if f is integrable on every finite closed subinterval of I. For example,

f(z) =sing

is locally integrable on (—o0, 00);

is locally integrable on (—o0,0), (0,1), and (1, oc); and
h(z) = V=
is locally integrable on [0, 00).

The limit in always exists if [a,b) is finite and f is locally integrable and bounded on [a,b). In this case, Definitions~ and assign the
same value to [, : f(z) dz no matter how f(b) is defined (Exercise~). However, the limit may also exist in cases where b = co or b
< oo and f is unbounded as z approaches p from the left. In these cases, Definition~ assigns a value to an integral that does not exist
in the sense of Definition~, and j: f(x) dz is said to be an {} that {} to the limit in . We also say in this case that fis {} [a,b) and
that f: f(z) dz {}. If the limit in does not exist (finite), we say that the improper integral f: f(z) dz {}, and f is {} [a,b). In
particular, if lim, s [ f(z) de = o0, we say that [ f(z) dz {} &o0, and we write

/abf(:c)da:=oo or /(ff(:c)d:z=—oo,

whichever the case may be.
Similar comments apply to the next two definitions.

The existence and value of [, : f(z) dz according to Definition~ do not depend on the particular choice of @ in (a, ) (Exercise~).
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When we wish to distinguish between improper integrals and integrals in the sense of Definition~, we will call the latter {}.

In stating and proving theorems on improper integrals, we will consider integrals of the kind introduced in Definition~. Similar
results apply to the integrals of Definitions~ and . We leave it to you to formulate and use them in the examples and exercises as the
need arises.

If a < ¢ < b, then

/c(clfl + cafo + -+ cufrn)(x) dz\ar = c1 /cfl(a;)d.’t +cy /cfg(a:) dz
\ar + -+ +cn/cfn(w) dz,

by Theorem~. Letting ¢ —+ b— yields the stated result.

The theory of improper integrals of nonnegative functions is particularly simple.
2pt Since F is nondecreasing on [a, b), Theorem~

implies the conclusion.

We often write 1pt

Lbf(m)dx<m

2pt

to indicate that an improper integral of a nonnegative function converges. Theorem~ justifies this convention, since it asserts that a
divergent integral of this kind can only diverge to co. Similarly, if f is nonpositive and |, : f(z) dz converges, we write 1pt

/abf(m) dz > —oo

2pt

because a divergent integral of this kind can only diverge to —co. (To see this, apply Theorem~ to —f.) These conventions do not
apply to improper integrals of functions that assume both positive and negative values in (a,b), since they may diverge without
diverging to +oo.

4pt

Assumption implies that

/zf(t)dts/mg(t)dt, a<z<b

(Theorem~), so

xr x
sup f(t)dt < sup / g(t) dt.
asz<b Ja

a<z<b Ja

If f : g(z) dz < oo, the right side of this inequality is finite by Theorem~, so the left side is also. This implies that j: f(z) dz < oo,
again by Theorem-.

The proof is by contradiction. If | : g(z) dz < oo, then
implies that f : f(z) dx < oo, contradicting the assumption that || : f(z)dz = oo,

The comparison test is particularly useful if the integrand of the improper integral is complicated but can be compared with a
function that is easy to integrate.

If f is any function (not necessarily nonnegative) locally integrable on [a, b), then

'/acf(z)da;='/aa1f(:c)da:+/‘:f(a:)dz
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if ¢; and c are in [a,b). Since [ f(z) dz is a proper integral, on letting ¢ — b— we conclude that if either of the improper integrals
J, : f(z)dzand [, abl J(z) dz converges then so does the other, and in this case

/abf(:t:) dx = /aal f(=z) da:+/u: f(z)dz.

This means that any theorem implying convergence or divergence of an improper integral f: f(z) dz in the sense of Definition~
remains valid if its hypotheses are satisfied on a subinterval [a;,b) of [a,b) rather than on all of [a,b). For example, Theorem~
remains valid if is replaced by

Osf(-’t)Sg(:t), 01£z<b,
where g, is any point in [a, ).

From this, you can see that if f(z) > 0 on some subinterval [a4,b) of [a, ), but not necessarily for all z in [a, ), we can still use the
convention introduced earlier for positive functions; that is, we can write f : f(z) dz < oo if the improper integral converges or
fﬂb f(z) dz = oo if it diverges.

From , there is a point as in [a1,b) such that

0<—<@<ﬁ, ay <z <b,
g(z) 2
and therefore
%g(z‘) < flz) < %g(z), az <z <b. (3.1.39)

Theorem~ and the first inequality in imply that
b b
/ g(z)dz <oo if / f(z)dz < oo.
az as
Theorem~ and the second inequality in imply that
b b
/ f(z)dz < o0 if / g(z) dz < oco.
az a2

b b . . . . .
Therefore, [, f(z) dz and [, g(z) dz converge or diverge together, and in the latter case they must diverge to oo, since their
integrands are nonnegative (Theorem~).

If M = oo, there is a point aj in [ay,b) such that

f(z) 2 g(z), a2<z <),
so Theorem~
implies that [ : f(z) dz = oo.
If M = 0, there is a point ay in [a1, b) such that

f(@) < g(x), az<z <Y,
so Theorem~
implies that f: f(z)dz < oo.

The hypotheses of Theorem~ and do not imply that [ : f(z) dz and [, : g(z) dz necessarily converge or diverge together. For example,
if b = oo, then f(z) = 1/z and g(z) = 1/z? satisfy the hypotheses of Theorem~ , while f(z) = 1/z2 and g(z) = 1/= satisfy the
hypotheses of Theorem~

. However, [[°1/zdz = oo, while [{°1/z%dz < oo.
lem

{
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lem
lem
If
9(x) = |f(z)| - f(z),
then
0 < g(z) <2|f(2)]
and [, : g(z) de < oo, because of Theorem~ and the absolute integrability of f. Since
f=1fl-g
Theorem~ implies that f, : f(z) dz converges.

-.15em We say that f is {} at b= (=00 if b= 00) if fis defined on [a,b) and does not change sign on some subinterval [a1,b) of
[a,b). If f changes sign on every such subinterval, f is {} at b—. For a function that is locally integrable on [a, b) and nonoscillatory
at b—, convergence and absolute convergence of [, : f(z) de amount to the same thing (Exercise~), so absolute convergence is not an
interesting concept in connection with such functions. However, an oscillatory function may be integrable, but not absolutely
integrable, on [a, b), as the next example shows. We then say that f is {} integrable on [a, ), and that [ : f(z) dz converges {}.

The method used in Example~ is a special case of the following test for convergence of improper integrals.

The continuous function fg is locally integrable on [a, b). Integration by parts yields

/ F(@)g(z) dz = F(c)g(c) — / Fz)g (z)dz, a<c<b. (3.1.40)
Theorem~ implies that the integral on the right converges absolutely as ¢ — b—, since f: |¢’ (z)| dz < oo by assumption, and
|F()g ()| < Mlg' (=),

where M is an upper bound for |F| on [a, ). Moreover, and the boundedness of F* imply that lim.,;— F(c)g(c) = 0. Letting ¢ — b— in
yields

[ t@oe @ =~ [ Py @,

where the integral on the right converges absolutely.

Dirichlet’s test is useful only if f is oscillatory at b—, since it can be shown that if f is nonoscillatory at 5— and F is bounded on
[a,b), then f: | f(z)g(z)| dz < oo if only g is locally integrable and bounded on [a,b) (Exercise~).

The method used in Example~ is a special case of the following test for divergence of improper integrals.

The proof is by contradiction. Let f =wv and g =1/v, and suppose that [ : u(z)v(z) dz converges. Then f has the bounded
antiderivative F(z) = [7 u(t)v(t) dt on [a, b), lim, 0 g(z) = 0 and g’ = —v’ /v? is absolutely integrable on [a, b). Therefore, Theorem~
implies that f : u(z) dz converges, a contradiction.

If Dirichlet’s test shows that f: f(z)g(z) dx converges, there remains the question of whether it converges absolutely or
conditionally. The next theorem sometimes answers this question. Its proof can be modeled after the method of Example~
(Exercise~). The idea of an infinite sequence, which we will discuss in Section~4.1, enters into the statement of this theorem. We
assume that you recall the concept sufficiently well from calculus to understand the meaning of the theorem.

-.4em The next theorem enables us to investigate an improper integral by transforming it into another whose convergence or
divergence is known. It follows from Theorem~ and Definitions~, , and . We omit the proof.

In Section~3.2 we found necessary and sufficient conditions for existence of the proper Riemann integral, and in Section~3.3 we
used them to study the properties of the integral. However, it is awkward to apply these conditions to a specific function and
determine whether it is integrable, since they require computations of upper and lower sums and upper and lower integrals, which
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may be difficult. The main result of this section is an integrability criterion due to that does not require computation, but has to do
with how badly discontinuous a function may be and still be integrable.

We emphasize that we are again considering proper integrals of bounded functions on finite intervals.

For a fixed z in (a,b), Wg(z — h,x + k) is a nonnegative and nondecreasing function of 4 for 0 < b < min(z — a,b — z); therefore,
wy(z) exists and is nonnegative, by Theorem~. Similar arguments apply t0 wy(a) and w(b).

Suppose that a < ¢ < b. First, suppose that w¢(zo) =0 and € > 0. Then
Welzo — h,zo+h] <€
for some h > 0, so
|f(z) = f(z')| <e if mo—h<zz <z+h.
Letting ¢’ = xo, we conclude that
|[f(z) — f(zo)| <€ if |z—azo| <h.
Therefore, f is continuous at zo.

Conversely, if f is continuous at x¢ and € > 0, there is a § > 0 such that
f(2) — fl@o)l < 5 and |f(z) — f@o) < 5
ifzg— 6 <z, 3’ < 3o+ 6. From the triangle inequality,
|f(z) — £(2")| < |£(2) — f(@o)| + |f(z") — f(mo)| <,
so
Welzo—h,zo+h]<e if h<G§;

therefore, wg(zo) = 0. Similar arguments apply if o = a or o = b.
We use the Heine—Borel theorem (Theorem~). If w¢(x) < ¢, there is an h; > 0 such that

|7(2") — f(z")| <e (3.1.41)
if

x—2h, <z’,2” <z +2h, and z’,z” € [a,b)] (3.1.42)

If I, = (z — hg, T + h;), then the collection

H={L}a<z<b

is an open covering of [a, b], so the Heine—Borel theorem implies that there are finitely many points z;, 2, , z,, in [a,b] such that I, ,
I, , I, cover [a,b]. Let

h = min hg,
1<i<n

and suppose that [ay, ;] C [a,b] and b; —a; < h. If ” and z” are in [ay, by], then 2’ € I, for some r (1 < r < n), SO
|z" — z,| < Ry,
Therefore,

|z” —z,|\ar < |z” — 2’| + |2 — z,| < b1 — a1 + ks,
< b+ hy, < 2h,,.

Thus, any two points =’ and z” in [ay, b;] satisfy with £ = =, so they also satisfy . Therefore, € is an upper bound for the set
{If(") — f@") [}z’ 2" € [ar, b1],

which has the supremum Wy[a1, b1]. Hence, W¢[a1,b1] < €.
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In the following, L(I) is the length of the interval I.

We first show that E, is closed. Suppose that #, is a limit point of E,. If & > 0, there is an Z from E, in (z9 — k,zo + h). Since [z
— h1, T+ ] C [zo— h,zo + k] for sufficiently small h; and W[z — h1,Z + h1] > p, it follows that W[zg — h,zo + k] > pfor all A > 0.
This implies that zq € E,, so E,, is closed (Corollary~).

Now we will show that the stated condition in necessary for integrability. Suppose that the condition is not satisfied; that is, there is
ap>0anda >0 such that

P
S L) >é
=1
for every finite set {Iy, I, ..., I,} of open intervals covering E,. If P = {zg,zy,...,z,} is a partition of [, b], then
S(P) —s(P) =Y (Mj —my)(z; — zj1) + Y_(M;—my)(z; — 1), (3.1.43)
jeA jeB

where
A={j}z;1,5]NE,#0 and B={j}zj1,2]NE,=0

Since Uje4(%j-1,;) contains all points of E, except any of zo, 1, , z, that may be in E,, and each of these finitely many possible
exceptions can be covered by an open interval of length as small as we please, our assumption on E, implies that

Y (@i 1) 26

jeA
Moreover, if j € A, then
Mj —m; > P,

so implies that

S(P)—s(P)>p) (zj— 1) = po.
jeA

Since this holds for every partition of [a,b], f is not integrable on [a,}], by Theorem~. This proves that the stated condition is
necessary for integrability.

For sufficiency, let p and é be positive numbers and let Iy, I, , I, be open intervals that cover E, and satisfy . Let
I; = [a, 0] NT;.
(I; = closure of I.) After combining any of I, I, , T, that overlap, we obtain a set of pairwise disjoint closed subintervals
Ci=le;Bsl, 1<i<q(<p),
of [a, b] such that

alar<Pi<op< Py <og1<Pe1<og<Bg<h (3.1.44)

zq: (Bi—a;) < (3.1.45)

i=1
and

wi(x) <p, Bi<ez<Laj, 1<j<qg-—1
Also, wy(z) < pfora<z <eyifa<a;andfor g, <z <bif B, <b.

Let P be the partition of [a, b] with the partition points indicated in , and refine Py by partitioning each subinterval [8;, aj+1] (as well
as [a,04] if a < oy and [,,b] if B, < b) into subintervals on which the oscillation of f is not greater than p. This is possible by
Lemma-~. In this way, after renaming the entire collection of partition points, we obtain a partition P = {=z, z1, ... ,z»} 0f [a,b] for
which S(P) — s(P) can be written as in , with
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Z(wj —Zj1) = Z Bi—ai) <6
p

jEA
(see ) and
Mj —m; < p, jE€B.

For this partition,

> (M;—my) (25— 251) < 2K Y (z5— z5-1) < 2K$,
jeA jeA

where K is an upper bound for |f| on [a, b] and

> (M;—my)(z;— z5-1) < p(b—a).
jeB

We have now shown that if p and § are arbitrary positive numbers, there is a partition P of [a, 8] such that
S(P) —s(P) < 2K6+ p(b— a). (3.1.46)

If e >0, let

Then yields
S(P) —s(P) < e,

and Theorem~ implies that f is integrable on [a, b].
We need the next definition to state Lebesgue’s integrability condition.
-3em
Note that any subset of a set of Lebesgue measure zero is also of Lebesgue measure zero. (Why?)
-2em
There are also nondenumerable sets of Lebesgue measure zero, but it is beyond the scope of this book to discuss examples.
The next theorem is the main result of this section.
From Theorem-~,

S ={z € [a,b]}ws(x) >0

Since wg(z) > 0 if and only if wy(z) > 1/i for some positive integer ¢, we can write
s=Js: (3.1.47)

where
Si = {z € [a,b]}ws(z) > 1/i.

Now suppose that f is integrable on [e, 5] and e > 0. From Lemma-~, each §; can be covered by a finite number of open intervals I;;,
I, » I, of total length less than e/2¢. We simply renumber these intervals consecutively; thus,

I, I, = Tna, oo s Tings o1y oo s Tongy <o ity oo Lingy e
Now and hold because of and , and we have shown that the stated condition is necessary for integrability.

For sufficiency, suppose that the stated condition holds and e > 0. Then S can be covered by open intervals I, I, ... that satisfy . If p
> 0, then the set

E,={z €la,bl}ws(z) 2 p
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of Lemma-~ is contained in $ (Theorem~), and therefore E, is covered by Iy, I, .... Since E, is closed (Lemma~) and bounded, the
Heine—Borel theorem implies that E, is covered by a finite number of intervals from Iy, I, .... The sum of the lengths of the latter is
less than €, so Lemma~ implies that £ is integrable on [a, b].

This page titled 3.1: Definition of the Integral is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William
F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

4

. Infinite Sequences and Series

IN THIS CHAPTER we consider infinite sequences and series of constants and functions of a real variable.

SECTION 4.1 introduces infinite sequences of real numbers. The concept of a limit of a sequence is defined, as is the concept
of divergence of a sequence to +00. We discuss bounded sequences and monotonic sequences. The limit inferior and limit
superior of a sequence are defined. We prove the Cauchy convergence criterion for sequences of real numbers.

SECTION 4.2 defines a subsequence of an infinite sequence. We show that if a sequence converges to a limit or diverges to
+o00, then so do all subsequences of the sequence. Limit points and boundedness of a set of real numbers are discussed in terms
of sequences of members of the set. Continuity and boundedness of a function are discussed in terms of the values of the
function at sequences of points in its domain.

SECTION 4.3 introduces concepts of convergence and divergence to +oo for infinite series of constants. We prove Cauchy’s
convergence criterion for a series of constants. In connection with series of positive terms, we consider the comparison test, the
integral test, the ratio test, and Raabe’s test. For general series, we consider absolute and conditional convergence, Dirichlet’s
test, rearrangement of terms, and multiplication of one infinite series by another.

SECTION 4.4 deals with pointwise and uniform convergence of sequences and series of functions. Cauchy’s uniform
convergence criteria for sequences and series are proved, as is Dirichlet’s test for uniform convergence of a series. We give
sufficient conditions for the limit of a sequence of functions or the sum of an infinite series of functions to be continuous,
integrable, or differentiable.

SECTION 4.5 considers power series. It is shown that a power series that converges on an open interval defines an infinitely
differentiable function on that interval. We define the Taylor series of an infinitely differentiable function, and give sufficient
conditions for the Taylor series to converge to the function on some interval. Arithmetic operations with power series are
discussed.

4.1: Sequences of Real Numbers

4.2: Earlier Topics Revisited With Sequences
4.3: Infinite Series of Constants

4.4: Sequences and Series of Functions

4.5: Power Series

This page titled 4: Infinite Sequences and Series is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
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4.1: Sequences of Real Numbers

An {} (more briefly, a {}) of real numbers is a real-valued function defined on a set of integers {n}n > k. We call the values of the
function the {} of the sequence. We denote a sequence by listing its terms in order; thus,

{sn}% = {sk, sk41,--.}- (4.1.1)

For example,

1\, [, 11 1
71,2—_'_1 0 \a.l'— 1,5, g,...,n2—_'_1,... )
1,

{-D)"}\ar = {1,—-1,1, ..., (-1)",...},

\arraytextand

1 o0 11 1
=<1, -, =,.. e
{n—2}3 \ar {’2’3’ "n—2’ }

The real number s, is the nth {} of the sequence. Usually we are interested only in the terms of a sequence and the order in which
they appear, but not in the particular value of & in . Therefore, we regard the sequences

1 o 1\*®
{n—2}3 and {;}1

We will usually write {s,} rather than {s,}$°. In the absence of any indication to the contrary, we take k& = 0 unless s, is given by a
rule that is invalid for some nonnegative integer, in which case & is understood to be the smallest positive integer such that s,, is
defined for all n > k. For example, if

as identical.

1
" D@9
then k= 6.
The interesting questions about a sequence {s,} concern the behavior of s, for large n.
As we saw in Section~2.1 when discussing limits of functions, Definition~ is not changed by replacing with
|sn —s| < Ke if n>N,

where K is a positive constant.

Definition~ does not require that there be an integer N such that holds for all ¢; rather, it requires that for each positive e there be an
integer NV that satisfies for that particular e. Usually, N depends on e and must be increased if ¢ is decreased. The constant sequences
(Example~) are essentially the only ones for which N does not depend on € (Exercise~).

We say that the terms of a sequence {s,}$ satisfy a given condition {} n if s, satisfies the condition for all n > &, or {} n if there is
an integer N > k such that s, satisfies the condition whenever n > N. For example, the terms of {1/n}$° are positive for all n, while
those of {1 — 7/n}$° are positive for large n (take N = 8).

Suppose that
nli_x)gosn =s and nli_]):glosn =s'.
5pt We must show that s = s’. Let ¢ > 0. From Definition~, there are integers N; and N, such that
|sn—8| <€ if n>N;
5pt (because lim, o 8, = 8), and
|sn —8’| <€ if n>N,

(because limy,_;o0 3, = 8”). These inequalities both hold if n > N = max(Ni, N3), which implies that
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|s —s’|\ar = |(s — sn) + (sv — 8")|
\ar < |[s —sn| + sy — 8’| < e+ e=2e.

Since this inequality holds for every ¢ > 0 and |s — 5’| is independent of ¢, we conclude that |s — s’| = 0; that is, s = s’.
We say that

Jim o= oo
if for any real number a, s, > a for large n. Similarly,

lim s, = —00
n—oo

if for any real number g, s, < a for large n. However, we do not regard {s,} as convergent unless lim,_,, s, is finite, as required by
Definition~. To emphasize this distinction, we say that {s,} {} oo (—00) if limy_;00 8, = 00 (—00).

Unknown environment 'definition’

By taking ¢ = 1 in, we see that if lim,_, 8, = s, then there is an integer N such that
|[sn —s| <1 if n>N.
Therefore,
|8al = |(sn —8) + 8| < |sn—s|+|s| <1+]s| if n>N,
and
|sn| < max{|sol, |s1], ..., [sn-1], 1+ 5|}
for all n, so {s,} is bounded.
. Let B =sup{s,}. If B < oo, Theorem~ implies that if ¢ > 0 then
B—e<sy<B

for some integer N. Since sy < s, < 8 if n > N, it follows that

B—e<s,<B if n=N.

This implies that |s, — 8| < € if n > N, 50 lim,_ 8, = 8, by Definition~. If 8 = co and b is any real number, then s, > b for some
integer N. Then s, > b for n > N, 50 lim,,_,c0 85, = 00.

We leave the proof of
to you (Exercise~)

The next theorem enables us to apply the theory of limits developed in Section~2.1 to some sequences. We leave the proof to you
(Exercise~).

The next theorem enables us to investigate convergence of sequences by examining simpler sequences. It is analogous to
Theorem~.

We prove and and leave the rest to you (Exercises~ and ). For , we write
Sptn — 8t = 8ply — Sty + Sty — St = (85 — 8ty + 8(tn — 1);
hence,
|Sntn — st| < |8n — 8| |ta] + |8 |tn —E|- (4.1.2)
Since {t,} converges, it is bounded (Theorem~). Therefore, there is a number R such that |¢,| < R for all n, and implies that
|$ntn — st| < R|sp, — 8| + |s] [tn — t]- (4.1.3)

From , if € > 0 there are integers N1 and N2 such that
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|sn —s\ar <e if n>N; (4.1.4)
\arraytextand
|tn —t|\ar <€ if n> N,. (4.1.5)

If N = max(Ny, Ny), then and both hold when n > N, and implies that
|sntn —st| < (R+|s)e if n>N.
This proves .

Now consider in the special case where s,, = 1 for all » and ¢ # 0; thus, we want to show that

lim — = —.
n—oo ty, t

First, observe that since lim, . t, =t # 0, there is an integer M such that |¢,| > |¢t|/2 if n > M. To see this, we apply Definition~
with e = |¢|/2; thus, there is an integer M such that |t,, — | < |t/2| if n > M. Therefore,

¢l

ol =lt+ G =Dl 2 [t = ta—tll 2 - i n>M.
If € > 0, choose Ny so that |¢, —t| < € if n > Ny, and let N = max(Ny, M). Then
t—t
l—lk=| ”gz%ifnZM
tn 2 [tal [E] ¢

hence, lim,—,0o 1/t, = 1/t. Now we obtain in the general case from with {¢,} replaced by {1/t,}.

Equations — are valid even if s and ¢ are arbitrary extended reals, provided that their right sides are defined in the extended reals
(Exercises~, , and ); is valid if s/t is defined in the extended reals and ¢ # 0 (Exercise~).

Requiring a sequence to converge may be unnecessarily restrictive in some situations. Often, useful results can be obtained from
assumptions on the {} and {} of a sequence, which we consider next.

We will prove and leave the proof of

to you (Exercise~). Since {sn} is bounded above, there is a number B such that s, < g for all n. Since {s,} does not diverge to —oo,
there is a number a such that s,, > o for infinitely many n. If we define

My = sup{sk, Sk+1y+ee s Skt }a
then a < My < B, so {M;} is bounded. Since {Mj} is nonincreasing (why?), it converges, by Theorem~. Let

5= lim M;. (4.1.6)

k—o0
If € > 0, then My < 5 + € for large k, and since s, < M, for n > k, 5 satisfies .
If were false for some positive ¢, there would be an integer K such that
sn<s—e if n>K.

However, this implies that

which contradicts . Therefore, s has the stated properties.
Now we must show that 3 is the only real number with the stated properties. If ¢ < 3, the inequality

S <t+§_t =3 s—t
" 2 2

cannot hold for all large n, because this would contradict with e = (s —t)/2. If 5 < ¢, the inequality

t—s
2

t—s _
Sp>t— ) =8+
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cannot hold for infinitely many n, because this would contradict with e = (¢ —35)/2. Therefore, 3 is the only real number with the
stated properties.

The existence and uniqueness of s and s follow from Theorem~ and Definition~. If 5 and s are both finite, then and imply that
s—e<S+e

for every ¢ > 0, which implies . If s = —0o0 or 5 = oo, then is obvious. If s = 0o or 5 = —oo, then follows immediately from
Definition~.

If s = 400, the equivalence of and follows immediately from their definitions. If lim, . s, = s (finite), then Definition~ implies
that — hold with 5 and s replaced by s. Hence, follows from the uniqueness of 5 and s. For the converse, suppose that 3 = s and let s
denote their common value. Then and imply that

s—e< 8, <8+¢€
for large n, and follows from Definition~ and the uniqueness of lim,_, s, (Theorem~).

To determine from Definition~ whether a sequence has a limit, it is necessary to guess what the limit is. (This is particularly
difficult if the sequence diverges!) To use Theorem~ for this purpose requires finding s and s. The following convergence criterion
has neither of these defects.

Suppose that lim,_, s, = s and € > 0. By Definition~, there is an integer N such that
€ .
|sr —s| < 5 if r>N.
Therefore,
|8n — 8m| =|(8n—8) + (8 —8m)| < |8n— 8|+ |s—8m| <€ if n,m>N.

Therefore, the stated condition is necessary for convergence of {s,}. To see that it is sufficient, we first observe that it implies that
{s.} is bounded (Exercise~), so s and s are finite (Theorem~). Now suppose that ¢ > 0 and V satisfies . From and ,

[sn —3] <, (4.1.7)
for some integer n > N and, from and,

3m—38| <€ (4.1.8)
for some integer m > N. Since

[s —s\ar = |(5 — 8n) + (8n — 8m) + ($m — 3)|
\ar < [8 — 8n| + |8n — 8m| + |8m — 8|,

— imply that
[s—s| < 3e.
Since e is an arbitrary positive number, this implies that 3 = s, so {s,} converges, by Theorem~.

To see that cannot have more than one solution, suppose that z = f(z) and z’ = f(z’). From and the mean value theorem
(Theorem~),

z—a' = f'(c)(z —2)
for some ¢ between g and z’. This and imply that
|z —z'| < r|lz—2'|.
Sincer< 1, z=2".
We will now show that has a solution. With z, arbitrary, define
Tp = f(Tp-1), n>1 (4.1.9)

We will show that {z,} converges. From and the mean value theorem,
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where ¢, is between z,_; and z,. This and imply that

Tnt1 — Tn = f(@n) — f(@n-1) = f'(cn)(Tn — Tn-1),

|Tnt1 — Zn| L 7|Tp — Tp—1| f n>1 (4.1.10)
The inequality
Tpt1 — Zn| < |21 — o] if n >0, (4.1.11)
follows by induction from . Now, if n > m,

[€n — Tm|\ar = |(€n — Tn-1) + (Tn1 — Tn2) + = + (Tmi1 — Tm)]
\ar < |&n — Tn—1| + |Tn1 — Tn2| + - + |[Tmt1 — Tl

and yields
|Zn — 2| < |21 — @o| r™(L 4 1 4 - + ¢ ™LY, (41.12)
In Example~ we saw that the sequence {s} defined by
sp=14r+-4rF

converges to 1/(1 —r) if |r| < 1; moreover, since we have assumed here that 0 < r < 1, {sx} is nondecreasing, and therefore s
< 1/(1—r) for all k. Therefore, yields

T —
xn—mm|<Mrm if n>m.
1—7r
Now it follows that
T, — T
|:cn—mm|<%r1v if n,m>N,

and, since imy_0o ™V = 0, {z,,} converges, by Theorem~. If # = lim,_,o, #,, then and the continuity of f imply that # = f(£).

In Chapter~2.3 we used e—4 definitions and arguments to develop the theory of limits, continuity, and differentiability; for example,
f is continuous at z if for each ¢ > 0 there is a § > 0 such that |f(z) — f(z0)| < e when |z —zo| < 4. The same theory can be
developed by methods based on sequences. Although we will not carry this out in detail, we will develop it enough to give some
examples. First, we need another definition about sequences.

Note that {s,} is a subsequence of itself, as can be seen by taking nj = k. All other subsequences of {s,,} are obtained by deleting
terms from {s,} and leaving those remaining in their original relative order.

Since a subsequence {sy,} is again a sequence (with respect to k), we may ask whether {s,,} converges.

The sequence in this example has subsequences that converge to different limits. The next theorem shows that if a sequence
converges to a finite limit or diverges to 400, then all its subsequences do also.

We consider the case where s is finite and leave the rest to you (Exercise~). If holds and € > 0, there is an integer N such that
|sn—s|<e if n>N.

Since {n.} is an increasing sequence, there is an integer K such that ny > N if £ > K. Therefore,
|sn, —L| <€ if k>K,

which implies .

We consider the case where {s,} is nondecreasing and leave the rest to you (Exercise~). Since {s,, } is also nondecreasing in this
case, it suffices to show that

sup{sn, } = sup{s,} (4.1.13)
and then apply Theorem~

. Since the set of terms of {s,,} is contained in the set of terms of {s,},

@ 0 g @ @ https://math.libretexts.org/@go/page/33452



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33452?pdf

LibreTexts-
sup{s,} > sup{sn,}. (4.1.14)

Since {s»} is nondecreasing, there is for every n an integer ni such that s, < sn,. This implies that
sup{sn} < sup{sn,}.
This and imply .

In Section~1.3 we defined {} in terms of neighborhoods: 7 is a limit point of a set § if every neighborhood of z contains points of S
distinct from z. The next theorem shows that an equivalent definition can be stated in terms of sequences.

For sufficiency, suppose that the stated condition holds. Then, for each e > 0, there is an integer N such that 0 < |z, —z| < e if n
> N. Therefore, every e-neighborhood of z contains infinitely many points of S. This means that z is a limit point of S.

For necessity, let z be a limit point of . Then, for every integer n > 1, the interval (z — 1/n,z + 1/n) contains a point z,, (#z) in S.
Since |z, — | < 1/nif m > n, lim, 00 Tn = =

We will use the next theorem to show that continuity can be defined in terms of sequences.

We prove and leave and

to you (Exercise~). Let S be the set of distinct numbers that occur as terms of {z,}. (For example, if {z»} = {(—1)"}, S = {1,—1}; if

{z.} ={1,%,1,1,...,1,1/n,..}, S={1,1,..,1/n,..}.) If § contains only finitely many points, then some z in § occurs infinitely

3 2Ly gy 3

often in {«,}; that is, {z,} has a subsequence {z,,} such that z,, =z for all k. Then lim; , z,, = Z, and we are finished in this case.

If S is infinite, then, since S is bounded (by assumption), the Bolzano—Weierstrass theorem (Theorem~) implies that $ has a limit
point z. From Theorem-, there is a sequence of points {y;} in S, distinct from z, such that

lim y; = . (4.1.15)

j—o00
Although each y; occurs as a term of {z,}, {y;} is not necessarily a subsequence of {z,}, because if we write
Yj = Tnys

there is no reason to expect that {n;} is an increasing sequence as required in Definition~. However, it is always possible to pick a
subsequence {n;,} of {n;} that is increasing, and then the sequence {y;,} = {sn,} is a subsequence of both {y;} and {z,}. Because
of and Theorem~ this subsequence converges to~x.

-.3em We now show that continuity can be defined and studied in terms of sequences.

Assume that ¢ < 7 < b; only minor changes in the proof are needed if z = a or z = b. First, suppose that f is continuous at z and
{z,} is a sequence of points in [a, b] satisfying . If ¢ > 0, there is a § > 0 such that

|[f(z)— f@)| <e if |z—7<é. (4.1.16)
From , there is an integer N such that |z, —Z| < § if n > N. This and imply that |f(z,) — f(Z)| < € if » > N. This implies , which
shows that the stated condition is necessary.

For sufficiency, suppose that f is discontinuous at z. Then there is an ¢y > 0 such that, for each positive integer n, there is a point z,,
that satisfies the inequality

— 1
|z, —Z| < =
n

while
[f(zn) — f@)] = o

The sequence {z,} therefore satisfies , but not . Hence, the stated condition cannot hold if f is discontinuous at z. This proves
sufficiency.

Armed with the theorems we have proved so far in this section, we could develop the theory of continuous functions by means of
definitions and proofs based on sequences and subsequences. We give one example, a new proof of Theorem~, and leave others for
exercises.
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The proof is by contradiction. If f is not bounded on [a, 8], there is for each positive integer n a point z,, in [a, b] such that | f(z,)|
> n. This implies that

Jim |f(zn)| = oo. (4.1.17)

Since {z,} is bounded, {z,} has a convergent subsequence {z,} (Theorem~

). If

ZT = limx
k—o0 e

then 7 is a limit point of [a, b], SO Z € [a, ]. If f is continuous on [g, 5], then

lim f(zr,) = f(Z)

k—o0

by Theorem~, so
lim |f(zn,)| = |/(@)
(Exercise~), which contradicts . Therefore, f cannot be both continuous and unbounded on [a, 3]

The theory of sequences developed in the last two sections can be combined with the familiar notion of a finite sum to produce the
theory of infinite series. We begin the study of infinite series in this section.

2pt We will usually refer to infinite series more briefly as {}. 2pt
The series Y~.2, r™ is called the {}. It occurs in many applications.
An infinite series can be viewed as a generalization of a finite sum
N
A= Zan =ap+ap1+-+an

n=k

by thinking of the finite sequence {a, a1, ..., an} as being extended to an infinite sequence {a,}$° with a, = 0 for n > N. Then the
partial sums of Y o2, a, are

Ap,=0r+ag1+-+a,, k<n<N,
and
A,=A, n>N;

that is, the terms of {A4,}¢° equal the finite sum A for n > k. Therefore, limy_,0 An
= A

The next two theorems can be proved by applying Theorems~ and to the partial sums of the series in question (Exercises~ and ).

Dropping finitely many terms from a series does not alter convergence or divergence, although it does change the sum of a
convergent series if the terms dropped have a nonzero sum. For example, suppose that we drop the first  terms of a series } > ; ap,
and consider the new series > . a,,. Denote the partial sums of the two series by

A \ar=ap+ a1 +-+a,, n>0,
\arraytextand
Al\ar =ap+ap1+ -+ aq, n>k

Since

A, =(ao+ar+-+ar1)+A4,, n>k,

it follows that A = lim,,_,o, A, exists (in the extended reals) if and only if A” = lim,,_, A/, does, and in this case
A=(ap+a1+-+ap1)+A".

An important principle follows from this.
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We will soon give several conditions concerning convergence of a series Y..>, a, with nonnegative terms. According to Lemma-,
these results apply to series that have at most finitely many negative terms, as long as a,, is nonnegative and satisfies the conditions
for n sufficiently large.

When we are interested only in whether > 2, a, converges or diverges and not in its sum, we will simply say
$\sum a_n$ converges'' or Y a, diverges.” Lemma~ justifies this convention, subject to the understanding that " a,
stands for 3,2, an, where k is an integer such that a,, is defined for n > k. (For example,

1 > 1
—— stands f —
Y g st 3ot

-.3em where k > 7.) We write Y a, = 0o (—o0) if 3 a,, diverges to oo (—oo). Finally, let us agree that

00 00
Z an, and Z Onij
n==k n=k—j

-.35em (where we obtain the second expression by shifting the index in the first) both represent the same series.
The Cauchy convergence criterion for sequences (Theorem~) yields a useful criterion for convergence of series.
In terms of the partial sums {4,} of 3" ay,

an+ant1+ ot am=An —Ap .
Therefore, can be written as

|Am — Apa|<e if m>n>N.
Since Y a, converges if and only if {A,} converges, Theorem~ implies the conclusion.
Intuitively, Theorem~ means that ) a,, converges if and only if arbitrarily long sums

p + Gpy1 + -+ Gy, M2,

can be made as small as we please by picking = large enough.
Letting m = n in yields the following important corollary of Theorem-~.

It must be emphasized that Corollary~ gives a {} condition for convergence; that is, Y a, cannot converge unless lim,_ ;o an, = 0.
The condition is {}; 3 a, may diverge even if lim, ,» a, = 0. We will see examples below.

We leave the proof of the following corollary of Theorem~ to you (Exercise~).

The theory of series } a,, with terms that are nonnegative for sufficiently large n is simpler than the general theory, since such a
series either converges to a finite limit or diverges to oo, as the next theorem shows.

Since A, = 4,1 + a,, and a,, > 0 (n > k), the sequence {4,} is nondecreasing, so the conclusion follows from Theorem~
and Definition~.

If a,, > 0 for sufficiently large n, we will write 3" a,, < oo if 3 a, converges. This convention is based on Theorem~, which says
that such a series diverges only if 3~ a, = co. The convention does not apply to series with infinitely many negative terms, because
such series may diverge without diverging to oo; for example, the series }7° ; (—1)" oscillates, since its partial sums are alternately
1 and 0.

If
A,=ar+apy+--+a, and B, =by+bg+-+by, n>k,
then, from,
A, < By, (4.1.18)

Now we use Theorem~. If 3~ b, < oo, then {B,} is bounded above and implies that {4,} is also; therefore, 3" a,, < co. On the other
hand, if 3" a, = oo, then {4,} is unbounded above and implies that {B,} is also; therefore, 3"b, = oo.
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We leave it to you to show that implies

The comparison test is useful if we have a collection of series with nonnegative terms and known convergence properties. We will
now use the comparison test to build such a collection.

We first observe that holds if and only if
00 n+1l
Z/ f(z)dz < 00 (4.1.19)
n=kJ N

(Exercise~), so it is enough to show that holds if and only if does. From and the assumption that f is nonincreasing,
erii=fn+1) < f(x) < f(n)=¢cpn, n<z<n+1l, n>k

Therefore,

n+1 n+1 n+l
Cntl = / Cnyrdz < / f(z)dr < / chdr=c,, n>k
n n

n

(Theorem~). From the first inequality and Theorem~ with a, = cnt1 and b, = [ n"“ f(z) dz, implies that 3" ¢p41 < oo, which is
equivalent to . From the second inequality and Theorem~

witha, = [ :“ f(z)dz and b, = c,, implies .

This example provides an infinite family of series with known convergence properties that can be used as standards for the
comparison test.

Except for the series of Example~, the integral test is of limited practical value, since convergence or divergence of most of the
series to which it can be applied can be determined by simpler tests that do not require integration. However, the method used to
prove the integral test is often useful for estimating the rate of convergence or divergence of a series. This idea is developed in
Exercises~ and .

The next theorem is often applicable where the integral test is not. It does not require the kind of trickery that we used in
Example~.

If lim sup,,_,o, @n/bsn < 0o, then {a,/b,} is bounded, so there is a constant M and an integer k such that
a, < Mb,, n>k.
Since Y b, < oo, Theorem~ implies that Y (Mb,) < co. Now Y a, < oo, by the comparison test.
If iminf,, o @5 /b, > 0, there is a constant m and an integer k such that
ap > mb,, n>k.
Since 37 b, = oo, Theorem~ implies that }~(mb,) = co. Now 3" a,, = oo, by the comparison test.
The following corollary of Theorem~ is often useful, although it does not apply to the series of Example~.

It is sometimes possible to determine whether a series with positive terms converges by comparing the ratios of successive terms
with the corresponding ratios of a series known to converge or diverge.

Rewriting as

Qnt1 < (23

bn+1 - bn ’

we see that {a,/b,} is nonincreasing. Therefore, lim sup,, ,, @n/bn < o0, and Theorem~ implies

To prove , suppose that } a, = 0o. Since {a,/b,} is nonincreasing, there is a number p such that b, > pa,, for large n. Since 3" (pay,)
= oo if 3" a, = oo, Theorem~

(with a,, replaced by pa,) implies that } b, = co.

We will use this theorem to obtain two other widely applicable tests: the ratio test and Raabe’s test.
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If

a
limsup — <1,

n—oo  Gp

there is a number r such that 0 < 7 < 1 and

a
n+1 <r
n
for n sufficiently large. This can be rewritten as
An+1 < it .
[ "
Since ) 7" < oo, Theorem~
with b, = v implies that 3" a,, < oo.
If
a
lim inf =L > 1,
n—00 Gy
there is a number r such that » > 1 and
a
ot >r
an
for n sufficiently large. This can be rewritten as
Qng1 rotl
[ e

Since ™ = oo, Theorem~
with a, = r™ implies that > b, = oo.

To see that no conclusion can be drawn if holds, consider
LRI
a, = vy
This series converges if p > 1 or diverges if p < 1; however,

. Qn+1 o s o Ontl
limsup =% =liminf = =1
n—oo an n—00 an

for every p.
The following corollary of the ratio test is the familiar ratio rest from calculus.

The ratio test does not imply that ) a, < oo if merely

Gotl <1 (4.1.20)
Qp

for large n, since this could occur with lim, s @nt1/a, = 1, in which case the test is inconclusive. However, the next theorem
shows that 3~ a, < oo if is replaced by the stronger condition that

On+1 <1-— P
ay, n
for some p > 1 and large n. It also shows that } a,, = oo if
Onil >1-— g
ay n

for some ¢ < 1 and large n.

We need the inequality
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1

—_—>1— . 4.1.21
(1+$)p> pr, £>0,p>0 ( )
This follows from Taylor’s theorem (Theorem~), which implies that
1 1 p(p+1) ,

2 (14?2 5
where 0 < ¢ < z. (Verify.) Since the last term is positive if p > 0, this implies .

Now suppose that M < —p < —1. Then there is an integer & such that

n(u—l) <-p, n=k,

Qn
o}
il 3P o>
an, n
Hence,
Gn+1 1

Gntl o1 >k
an A+ 1/mp’ =T

as can be seen by letting z = 1/n in . From this,

an+1<#/i’ n>k
an (n+1)2/ np

Since ¥~ 1/n? < oo if p > 1, Theorem~
implies that 3" a,, < oco.
Here we need the inequality
(1—2z)0¥<1—¢gz, 0<z<1l, 0<g<l (4.1.22)

This also follows from Taylor’s theorem, which implies that

2
(1o =1-g+qq— DA -2,

where 0 < c < .

Now suppose that —1 < —g < m. Then there is an integer k such that

n(@—1)>—q, n >k,

Qan

SO

%>1—2 n > k.

= ] =

an n

If ¢ < 0, then " a,, = oo, by Corollary~. Hence, we may assume that 0 < ¢ < 1, so the last inequality implies that

1\¢
%>(1__) , 'I’LZ’C,
an n

as can be seen by setting z = 1/n in . Hence,

Since 3 1/n? = oo if ¢ < 1, Theorem~

implies that }" a,, = co.
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The next theorem, which will be useful when we study power series (Section~4.5), concludes our discussion of series with
nonnegative terms.

If lim sup,,_,o, a,l./ " <1, there is an r such that 0 < r < 1 and a}./ " < r for large n. Therefore, a, < r for large n. Since 3" r* < oo, the
comparison test implies that Y~ a, < co.

If lim sup,_,, a/® > 1, then /™ > 1 for infinitely many values of n, so Y a, = oo, by Corollary~.

We now drop the assumption that the terms of Y a, are nonnegative for large n. In this case, Y a, may converge in two quite
different ways. The first is defined as follows.

Any test for convergence of a series with nonnegative terms can be used to test an arbitrary series Y a, for absolute convergence
by applying it to Y |a,|. We used the comparison test this way in Examples~ and .

The proof of the next theorem is analogous to the proof of Theorem~. We leave it to you (Exercise~).

For example, Theorem~ implies that

Z sinnf
np
converges if p > 1, since it then converges absolutely (Example~).

The converse of Theorem-~ is false; a series may converge without converging absolutely. We say then that the series converges {},
or is {}; thus, Y (—1)"/n® converges conditionally if 0 < p < 1.

Except for Theorem~ and Corollary~, the convergence tests we have studied so far apply only to series whose terms have the same
sign for large n. The following theorem does not require this. It is analogous to Dirichlet’s test for improper integrals (Theorem~).

The proof is similar to the proof of Dirichlet’s test for integrals. Define
Bp=bp+bgt1++bp, n>k
and consider the partial sums of Y72 ; anby:
Sn = agby + apr1bk+1 + -+ anbn, m>k. (4.1.23)
By substituting
br=By and b,=B,—B,1, n>k+1,
into , we obtain
Sn = ak B + ak+1(Bik+1 — Bi) + - + an(Bn — Ba-1),
which we rewrite as

Sn\ar = (ar — apy1)Br + (@ks1 — Opt2) Brp +

\ar + (@n—1 — @n)Brn—1 + anBn. (41.24)
(The procedure that led from to is called {}. It is analogous to integration by parts.) Now can be viewed as
Sn =Tp1+ anBy, (4.1.25)
where
Tn-1 = (ar — Gk41)Be + (@ks1 — Gkt2) Bipa + - + (@n—1 — Gn) Bn_1;
that is, {T,} is the sequence of partial sums of the series
o
Z;(Gj —a;41)B;. (4.1.26)
=

Since

[(a; — @j+1)B;j| < M|a; — aj1
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from , the comparison test and imply that the series converges absolutely. Theorem~ now implies that {T,,} converges. Let T
= limy_yo0 T Since {B,} is bounded and lim,_,, @, = 0, we infer from that

lim S, = lim T}, 3 + lim a,B, =T+0=T.
n—oo n—00

n—o0
Therefore, 3" a,b, converges.

\begin{example }\rm To apply Dirichlet’s test to

n=2

we take

an = and b, = sinnd.

n+ (=1)"
Then lim, o @, = 0, and

3

— < —
Qn+1 anl n(n — 1)

(verify), so

Z |@nt1 — an| < o0o.
Now
B,, = sin20 + sin 30 + --- + sin nf.
To show that {B,} is bounded, we use the trigonometric identity

cos (r— %)O—COS (r+ %)0
2sin(6/2) ’

sinrf = 0 # 2km,

to write
Bracket argument to \\ must be a dimension

which implies that

| Bp| < n>2.

1
sin(6/2) |’
Since {a,} and {b,} satisfy the hypotheses of Dirichlet’s theorem, } a,b, converges. \end{example}
Dirichlet’s test takes a simpler form if {a,} is nonincreasing, as follows.

If any1 < an, then
m m
E |a'n+1 - anl = Z(an - afn+1) =0 — AQm+1-
n=k n=k
Since limy, 00 @my1 = 0, it follows that

(o)
Z |@ni1 — an| = ax < oo.
n=k
Therefore, the hypotheses of Dirichlet’s test are satisfied, so 3~ a,b, converges.
The alternating series test from calculus follows easily from Abel’s test.

Let b, = (—1)"; then {|B,|} is a sequence of zeros and ones and therefore bounded. The conclusion now follows from Abel’s test.

The terms of a finite sum can be grouped by inserting parentheses arbitrarily. For example,
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According to the next theorem, the same is true of an infinite series that converges or diverges to +oo.

A4+7)+6+5)+4=1+74+6)+(5+4)=(1+T7)+(6+5+4).

If T, is the rth partial sum of }322; b,; and {A,} is the nth partial sum of 3532 a,, then

Tr\ar = by +bg + -+ b,
\ar = (a1 ++ +n) + (@ng1 + - + Gny) + o0+ (g1 + -+ Gn,)
\ar = A,_.

Thus, {T+} is a subsequence of {A4,}, so lim, o Ty = limp_s00 An = A by Theorem~.
-.4em A finite sum is not changed by rearranging its terms; thus,
1+434+7=1474+3=34+14+7=34+7+1=74+14+3=7+3+1.

This is not true of all infinite series. Let us say that )_ b, is a {} of ) a, if the two series have the same terms, written in possibly
different orders. Since the partial sums of the two series may form entirely different sequences, there is no apparent reason to
expect them to exhibit the same convergence properties, and in general they do not.

We are interested in what happens if we rearrange the terms of a convergent series. We will see that every rearrangement of an
absolutely convergent series has the same sum, but that conditionally convergent series fail, spectacularly, to have this property.

Let

Ay = |ay| + |az] + -+ |an| and B, = |by| + |ba| 4 - + [bal-

For each n > 1, there is an integer k,, such that b, b, , b, are included among ay, ay, , a,, SO B, < Ay, . Since {A,} is bounded, so is
{B.,}, and therefore ¥~ |b,| < co (Theorem~).

Now let

Ap\ar =ai+ a2+ +an, Bn=Dbi+by+-+by,

o0 o0
A\ar = Zan, and B= an.
n=1

n=1

We must show that A = B. Suppose that e > 0. From Cauchy’s convergence criterion for series and the absolute convergence of
3" ay, there is an integer N such that

lan+1] + lansa| + - + lanse| <€, k>1.

-.3em Choose N; so that a1, as, , an are included among by, by, , by,. If n > Ny, then A,, and B, both include the terms a1, as, , aw,
which cancel on subtraction; thus, |A, — By| is dominated by the sum of the absolute values of finitely many terms from ) a,, with
subscripts greater than N. Since every such sum is less than~ze,

|An— Byl <€ if n>Nj.
Therefore, limy, 0(An, — Br) =0 and A = B.

To investigate the consequences of rearranging a conditionally convergent series, we need the next theorem, which is itself
important.

If both series in converge, then 3" a,, converges absolutely, while if one converges and the other diverges, then " a,, diverges to co
or —x. Hence, both must diverge.

The next theorem implies that a conditionally convergent series can be rearranged to produce a series that converges to any given
number, diverges to +o0, or oscillates.

We consider the case where y and v are finite and leave the other cases to you (Exercise~). We may ignore any zero terms that
occur in Y . a,. For convenience, we denote the positive terms by P = {@;}$° and and the negative terms by Q = {—3,}$°. We
construct the sequence

{bn}<1x> = {ah vee s Oy _,Bly (AN _ﬂnu Qmny+1y oo s Bmgy _,B‘n1+la cee _.an’ }’ (4127)
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with segments chosen alternately from P and Q. Let mg =no =0. If k¥ > 1, let m; and n; be the smallest integers such that m;
> Mg—1, Nk > N1,
Np—1

mg il Nk
Zai_ZﬂjZV; and zai_ZﬂjSP-
=1 = =1 =

Theorem~ implies that this construction is possible: since } a; = >~ 8; = 0o, we can choose my, and n so that
my Nk
$awma g
1=mp_1 J=np-1

are as large as we please, no matter how large my_; and n;_; are (Exercise~). Since m; and nj are the smallest integers with the
specified properties,

v < Bmm \ar <v+ap,, k>2, (4.1.28)
\arraytextand
u— Bu\ar < Bpyin, < p, k2>2. (4.1.29)
From , b, < 0 if my + ny_1 < n < my + ng, SO
Bmk+nk <B,< Bmk+nb_17 mg + ng-1 < n < mg +ng, (4130)
while b, > 0 if mg+ ng < n < mgyy + ng, SO
Bmk+nk S Bn S Bmk+1+nk7 mg + Ny S n S Mgyt + ng. (4131)
Because of and , and imply that
4—PBr\ar < By < v+ am,, mg+np1 <n < mg+ng, (4.1.32)
\arraytextand
p—PBr\ar < By < v+ am,,,, mp+ng<n < myy +ng. (4.1.33)

From the first inequality of , B, > v for infinitely many values of n. However, since lim; , o; = 0, the second inequalities in and
imply that if € > 0 then B,, > v + ¢ for only finitely many values of n. Therefore, limsup,,_,., B, = v. From the second inequality in,
B,, < pfor infinitely many values of n. However, since lim;_,, 8; = 0, the first inequalities in and imply that if e > 0 then B, < p —¢
for only finitely many values of n. Therefore, liminf,, o By = p.

-.5em The product of two finite sums can be written as another finite sum: for example,

(ao +a; + ag)(bo + b1+ bg)\a.l‘ = agbg + agb1 + agbs
\ar + a1bo + a1b1 + a1bs
\ar + agby + a2b; + asho,

where the sum on the right contains each product a;b; (4,5 = 0,1,2) exactly once. These products can be rearranged arbitrarily
without changing their sum. The corresponding situation for series is more complicated.

I \enlargethispage{100pt}

Given two series 1pc

f:a,,. and f: by,

n=0 n=0

1pc (because of applications in Section~4.5, it is convenient here to start the summation index at zero), we can arrange all possible
products a;b; (¢,5 > 0) in a two-dimensional array: 1pc

a.()bo a.()bl aob2 a0b3
a,1b0 a.1b1 alb2 a,1b3
G,Qbo a.2b1 a2b2 azb;; (4134)
a3b0 a3b1 a362 a3b3
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1pc

where the subscript on a is constant in each row and the subscript on b is constant in each column. Any sensible definition of the

() (£2)

1pc clearly must involve every product in this array exactly once; thus, we might define the product of the two series to be the
series >»° ,pa, Where {pn} is a sequence obtained by ordering the products in according to some method that chooses every
product exactly once. One way to do this is indicated by 2pc

product 1pc

aobo — aob1 a0b2 — aob3

1 ) 1
a1b0 — aib; a1by a,1b3
l T 1
a2b0 — a1 — abs a2b3 (4.1.35)

1
asbg < azby < asby < aszbs

\J

and another by

apbo aghy agbs agbs agby

N4
N

a1bo aib abs a1b3

1

agbo a2b1 a2b2 a2b3 (4.1.36)

agby asb; azb, a3b3

{

a4b0

NN NY
pV

There are infinitely many others, and to each corresponds a series that we might consider to be the product of the given series. This
raises a question: If

00 o0
dan=A and Y b, =B
n=0 n=0
where A and B are finite, does every product series Y2, p» constructed by ordering the products in converge to AB?
The next theorem tells us when the answer is yes.

First, let {p,} be the sequence obtained by arranging the products {a;b;} according to the scheme indicated in , and define
Bracket argument to \\ must be a dimension
From , we see that
Py=AoBy, P3;=A1B1, P3=AyB,,
and, in general,
Piniiy1 = AmBnm. (4.1.37)

Similarly,

Plni1y—1 = AmBm. (4.1.38)
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If 3" |an| < 00 and ¥ |ba| < oo, then {4,,B,} is bounded and, since P,, < P41y, implies that {P,,} is bounded. Therefore, 3 [p,|
< 00, SO Y. p,, converges. Now

Bracket argument to \\ must be a dimension

Since any other ordering of the products in produces a a rearrangement of the absolutely convergent series > >, pn, Theorem~
implies that Y |gn| < oo for every such ordering and that >, ¢, = AB. This shows that the stated condition is sufficient.

For necessity, again let ".>,»» be obtained from the ordering indicated in , and suppose that Y., p, and all its rearrangements
converge to AB. Then ¥ p, must converge absolutely, by Theorem~. Therefore, {P,:_;} is bounded, and implies that {4,,} and
{B} are bounded. (Here we need the assumption that neither 3" a,, nor 3_ b, consists entirely of zeros. Why?) Therefore, 3~ |ay|
< ooand Y |bs| < oo.

The following definition of the product of two series is due to Cauchy. We will see the importance of this definition in Section~4.5.
-3em3em

Henceforth, (3"i2g @n) (3 aep bs) should be interpreted as the Cauchy product. Notice that

() ()= (£x) (),

and that the Cauchy product of two series is defined even if one or both diverge. In the case where both converge, it is natural to
inquire about the relationship between the product of their sums and the sum of the Cauchy product. Theorem~ yields a partial
answer to this question, as follows.

Let C, be the nth partial sum of the Cauchy product; that is,
n==Co+c1+ +cp

(see ). Let Yoo pn be the series obtained by ordering the products {a;,b;} according to the scheme indicated in , and define P, to be
its nth partial sum; thus,

Po=po+p1+-+pn.
Inspection of shows that ¢, is the sum of the n+ 1 terms connected by the diagonal arrows. Therefore, C,, = Py, , where

n(n + 3) ‘

mp=14+2+4+--4+(Mn+1)—1= 5

From Theorem~, limy, ;00 Pm, = AB, s0 lim, ,, Cr = AB. To see that ) |cs| < 00, we observe that

n My
Doled <> Il

r=0 =0
and recall that ), [ps| < oo, from Theorem~.

The Cauchy product of two series may converge under conditions weaker than those of Theorem~. If one series converges
absolutely and the other converges conditionally, the Cauchy product of the two series converges to the product of the two sums
(Exercise~). If two series and their Cauchy product all converge, then the sum of the Cauchy product equals the product of the
sums of the two series (Exercise~). However, the next example shows that the Cauchy product of two conditionally convergent
series may diverge.

Until now we have considered sequences and series of constants. Now we turn our attention to sequences and series of real-valued
functions defined on subsets of the reals. Throughout this section, subset'' means nonempty subset.”

If Fy, Fyyy, , Fu, ... are real-valued functions defined on a subset D of the reals, we say that {F,} is an {} or (simply a {}) {} D. If
the sequence of values {F,(z)} converges for each z in some subset S of D, then {F,} defines a limit function on S. The formal
definition is as follows.

\begin{example}
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If z is irrational, then z ¢ S, for any n, so F,(z) =0, n > 1. If z is rational, then z € S, and F,(z) = 1 for all sufficiently large n.

Therefore,
. 1 if z is rational,
r}l)rg; Fn(z) = F(z) = {\ca.sespace 0 if z is irrational.
\end{example}
10pt
18pt

-.4em The pointwise limit of a sequence of functions may differ radically from the functions in the sequence. In Example~, each F,
is continuous on (—oo, 1], but F is not. In Example~, the graph of each F; has two triangular spikes with heights that tend to oo as n
— oo, while the graph of F (the z-axis) has none. In Example~, each F, is integrable, while F' is nonintegrable on every finite
interval. (Exercise~). There is nothing in Definition~ to preclude these apparent anomalies; although the definition implies that for
each z¢ in §, F,(xo) approximates F(x) if n is sufficiently large, it does not imply that any particular F,, approximates F well over
{} of 8. To formulate a definition that does, it is convenient to introduce the notation

lgls = sup |g(=)]
zeS

and to state the following lemma. We leave the proof to you (Exercise~).
-lemlem
If S = [a,b] and F is the function with graph shown in Figure~, then implies that the graph of
y=Fu(z), a<z<b,

lies in the shaded band

Fz)—e<y<F(z)+e, a<z<),
ifn>N.
From Definition~, if {F,} converges uniformly on §, then {F,} converges uniformly on any subset of S (Exercise~).
12pt 6pt
12pt

The next theorem provides alternative definitions of pointwise and uniform convergence. It follows immediately from Definitions~
and .

\begin{theorem} Let {F,} be defined on S. Then \begin{alist} % (a) {F,} converges pointwise to F on S if and only if there is, for
each e > 0 and z € 8, an integer N (which may depend on z as well as ¢€) such that

|Fo(z) — F(z)| <e if n>N.

% (b) {F»} converges uniformly to F on $ if and only if there is for each e > 0 an integer N (which depends only on € and not on
any particular z in S) such that

|Fo(z) — F(z)|<e forallzin Sifn> N.
\end{alist} \end{theorem}
6pt
12pt
The next theorem follows immediately from Theorem~ and Example~.

The next theorem enables us to test a sequence for uniform convergence without guessing what the limit function might be. It is
analogous to Cauchy’s convergence criterion for sequences of constants (Theorem-~).

For necessity, suppose that {F,} converges uniformly to F on S. Then, if € > 0, there is an integer N such that
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|Fx — Fls < % if k> N.
Therefore,

|1Fn — Frls\ar = |[(Fp — F) + (F — Fn)l s
\ar < |Fy — Fls + |F — Fulls  (Lemma 777)

+%=e if m,n> N.

| @

For sufficiency, we first observe that implies that
|Fo(z) — F(z)| <e if m,m>N,

for any fixed = in §. Therefore, Cauchy’s convergence criterion for sequences of constants (Theorem~) implies that {F,(z)}
converges for each z in S; that is, {F,} converges pointwise to a limit function F on S. To see that the convergence is uniform, we

write
|Fm(z) — F(z)|\ar = |[Frn(2) — Fr(x)] + [Fo(z) — F(2)]|
\ar < |Fin(2) — Fo(2)] + | Fo(2) — F(2)|
\ar < |Fr — Fuls + |Fu(z) — F()|-
This and imply that

|Fin(z) — F(z)| < €+ |Fo(z) — F(z)| if n,m>N. (4.1.39)
Since lim,, o Fy(z) = F(z),
|Fa(2) — F(2)| <€
for some n > N, so implies that
|Fn(z) — F(z)] <2 if m>N.
But this inequality holds for all z in S, so
|Fn—Fls <2 if m>N.
Since € is an arbitrary positive number, this implies that {F,,} converges uniformly to ¥ on~S.
The next example is similar to Example~.

We now study properties of the functions of a uniformly convergent sequence that are inherited by the limit function. We first
consider continuity.

Suppose that each F, is continuous at zg. If z € S and n > 1, then

|F(2) — F(zo)|\ar < |F(z) — Fu(2)| + | Fn(2) — Fa(20)| + | Fa(20) — F(20)|
\ar < |Fy(z) — Fu(2o)| + 2| Fn — Fls.

(4.1.40)
Suppose that ¢ > 0. Since {F,} converges uniformly to F on S, we can choose n so that |F, — F|s < e. For this fixed n, implies that
|F(z) — F(zo)| < |Fn(z) — Fu(zo)| +2¢6, z€S. (4.1.41)

Since F, is continuous at zg, there is a § > 0 such that

|Fr(z) — Fo(zo)| <€ if |z—xo| <9,
so, from ,

|F(z) — F(mo)| < 3¢, if |z— o] <.
Therefore, F is continuous at xo. Similar arguments apply to the assertions on continuity from the right and left.

Now we consider the question of integrability of the uniform limit of integrable functions.

Since
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/: Fr(z) d:c—/abF(:c) dz|\ar < /ab|Fn(:c) — F(z)|dz

\ar < (b—a)|F — Fls

and lim,,_, | Fy, — F||s = 0, the conclusion follows.

In particular, this theorem implies that holds if each F, is continuous on [a,], because then F is continuous (Corollary~) and
therefore integrable on [a, 3].

The hypotheses of Theorem~ are stronger than necessary. We state the next theorem so that you will be better informed on this
subject. We omit the proof, which is inaccessible if you skipped Section~3.5, and quite involved in any case.

Part of this theorem shows that it is not necessary to assume in Theorem~ that F is integrable on [a, b], since this follows from the
uniform convergence. Part is known as the {}. Neither of the assumptions of

can be omitted. Thus, in Example~, where {|Fy| o} is unbounded while F is integrable on [0,1],
1 1
/ Fo(z)dz =1, n>1, but / F(z)dz =0.
0 0
In Example~, where |F, | = 1 for every finite interval [a, 8], F,, is integrable for all n > 1, and F is nonintegrable on every interval

(Exercise~).

After Theorems~ and , it may seem reasonable to expect that if a sequence {F,} of differentiable functions converges uniformly to
Fon S, then F’ = lim,_,« F,, on §. The next example shows that this is not true in general.

Since F,, is continuous on [a, b], we can write
T
Fi(z) = Fa(z0) + / F/(f)d, a<s<b (4.1.4)
Zo
(Theorem~). Now let
L\ar = li_)m Fo(zo)
\arraytextand
G(z)\ar = 7}1_1)1; F,(z). (4.1.43)

Since F,, is continuous and {F, } converges uniformly to G on [a,b], G is continuous on [a,b] (Corollary~); therefore, and Theorem~
(with F and F;, replaced by G and F,)) imply that {F,} converges pointwise on [a, ] to the limit function

z
Fl@)=L+ / G(t) dt. (4.1.44)
o
The convergence is actually uniform on [a, b], since subtracting from yields

|F(z) — Fa(z)\ar < |L — Fn(xo)| + ‘/: |G(t) — F, (t)| dt|
\eor < L= Fa(ao)] + lo — 20l 16~ Fylas
so
IF = Fullay) < |L — Fu(zo)| + (b— a)|G — Fyla,81,
where the right side approaches zero as n — co.
Since G is continuous on [a, ], , , Definition~, and Theorem~ imply and .

In Section~4.3 we defined the sum of an infinite series of constants as the limit of the sequence of partial sums. The same definition
can be applied to series of functions, as follows.

As for series of constants, the convergence, pointwise or uniform, of a series of functions is not changed by altering or omitting
finitely many terms. This justifies adopting the convention that we used for series of constants: when we are interested only in
whether a series of functions converges, and not in its sum, we will omit the limits on the summation sign and write simply 3 f..
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Theorem-~ is easily converted to a theorem on uniform convergence of series, as follows.
5pt Apply Theorem-~ to the partial sums of 3~ f,,, observing that

fot fari+ 4 fm=Fn—Fpa.
-2em2em

Setting m = n in yields the following necessary, but not sufficient, condition for uniform convergence of series. It is analogous to
Corollary~.

Spt
Theorem~ leads immediately to the following important test for uniform convergence of series.
Spt
Spt
From Cauchy’s convergence criterion for series of constants, there is for each € > 0 an integer N such that
M, +Mpp1++Myp<e if m>n2>N,
which, because of , implies that
Ifals + 1 fatils + -+ | fmls <€ if m,n>N.
Lemma~ and Theorem~ imply that ) f, converges uniformly on S.

Weierstrass’s test is very important, but applicable only to series that actually exhibit a stronger kind of convergence than we have
considered so far. We say that 3~ f, {} Sif 3 |fn| converges pointwise on S, and {} on S if } |f,| converges uniformly on S. We
leave it to you (Exercise~) to verify that our proof of Weierstrass’s test actually shows that ), f, converges absolutely uniformly on
S. We also leave it to you to show that if a series converges absolutely uniformly on S, then it converges uniformly on S
(Exercise~).

The next theorem applies to series that converge uniformly, but perhaps not absolutely uniformly, on a set S.
The proof is similar to the proof of Theorem~. Let
Gn =gk +gk+1+ -+ gn,
and consider the partial sums of Y72 ; frgn:
Hy = frgr + frr19k+1 + - + fogn- (4.1.45)
By substituting
gr=Gr and g,=Gn—Gp1, n>k+1,
into , we obtain
Hy = fkGx + fr41(Grir — Gi) + = + fn(Gn — Gn),
which we rewrite as
Hp = (fi — fir1)Gr + (frsr — for2)Grrr + = + (fam1 — fn) G + fnGh,
or
Hy=Jo 1+ faGh, (4.1.46)
where
In1= (fi — frr1)Gr + (frr1 — fr2)Grar + - + (fam1 — fn) G-t (4.1.47)

That is, {J»} is the sequence of partial sums of the series
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> (fi— f141)G;. (4.1.48)
=

From and the definition of Gj,

m

D Ifi(@) — fina (2)]Gs(=)

j=n

<MY |fi@) — fim(e), z€S,

j=n

SO

<M

S

Z(fj — fin1)Gj E | f5 — fixal
J=n j=n

5
Now suppose that € > 0. Since Y(f; — fj+1) converges absolutely uniformly on S, Theorem~ implies that there is an integer N such
that the right side of the last inequality is less than € if m > n > N. The same is then true of the left side, so Theorem~ implies that
converges uniformly on~S.

We have now shown that {J,} as defined in converges uniformly to a limit function .7 on §. Returning to , we see that
Hy,—J=Jp1—J+ fuGnr.
Hence, from Lemma~ and ,

1Hr — Jls\ar < |Jn-1 = Jls + | falsIGnlls
\ar < | Jn-1 = Ils + M| fals-

Since {Jp—1 — J} and {f,} converge uniformly to zero on S, it now follows that lim,_ |Hy — J|s = 0. Therefore, {H,} converges
uniformly on~S.

The proof is similar to that of Corollary~. We leave it to you (Exercise~).

\begin{example }\rm Consider the series

i sin nz
n=1 n
with f,, = 1/n (constant), g, (z) = sinnz, and
Gr(z) = sinz + sin 2z + - + sinnz.

We saw in Example~ that

|G n>1, n#2kr (k= integer).

1
n(2)] < W’

Therefore, {|Gy|s} is bounded, and the series converges uniformly on any set S on which sinz/2 is bounded away from zero. For
example, if 0 < § < =, then

T )
sin — [ > sin —
ein 5| > sin 5
if z is at least § away from any multiple of 27; hence, the series converges uniformly on

S= | [2kr+6,2(k+ 1)r — ).
k=—00

Since

0o, T Fkw

>

sinnx ’
n

(Exercise~

), this result cannot be obtained from Weierstrass’s test. \end{example}
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We can obtain results on the continuity, differentiability, and integrability of infinite series by applying Theorems~, , and to their
partial sums. We will state the theorems and give some examples, leaving the proofs to you.

Theorem~ implies the following theorem (Exercise~).

The next theorem gives conditions that permit the interchange of summation and integration of infinite series. It follows from
Theorem~ (Exercise~). We leave it to you to formulate an analog of Theorem~ for series (Exercise~).

We say in this case that >°2° , f» can be integrated {} over [a, b].

The next theorem gives conditions that permit the interchange of summation and differentiation of infinite series. It follows from
Theorem~ (Exercise~).

We say in this case that Y2 f, can be differentiated {} on [a,5]. To apply Theorem~, we first verify that }>>° , f,(z¢) converges for
some z, in [a,b] and then differentiate },>, f» term by term. If the resulting series converges uniformly, then term by term
differentiation was legitimate.

We now consider a class of series sufficiently general to be interesting, but sufficiently specialized to be easily understood.
The following theorem summarizes the convergence properties of power series.

In any case, the series converges to aq if z = z,. If
D lanlr™ < oo (4.1.49)

for some r > 0, then 3" a,(xz — 20)™ converges absolutely uniformly in [z¢ — r, o + ], by Weierstrass’s test (Theorem~) and
Exercise~. From Cauchy’s root test (Theorem~), holds if

limsup (|a,|r™)V/™ < 1,
n—o0
which is equivalent to

r lim sup |a"|1/n <1
n—oo

(Exercise~ ). From , this can be rewritten as r < R, which proves the assertions concerning convergence in and

If 0 < R < oo and |z — 9| > R, then

so implies that

1
laa|'/® > —=——  and therefore |an(z — z0)"| > 1
|z — o

for infinitely many values of n. Therefore, Y an(z — )" diverges (Corollary~) if |z — zo| > R. In particular, the series diverges for
all z # zo if R=0.

To prove the assertions concerning the possibilities at z = 2y + R and £ = 2o — R requires examples, which follow. (Also, see
Exercise~.)

The number R defined by is the {} of 3" a,(z — xo)™. If R > 0, the {} interval (z¢g — R, zo + R), Or (—00,00) if R = o0, is the {} of the
series. Theorem~ says that a power series with a nonzero radius of convergence converges absolutely uniformly in every compact
subset of its interval of convergence and diverges at every point in the exterior of this interval. On this last we can make a stronger
statement: Not only does 3" a,(xz — zo)" diverge if |z — x| > R, but the sequence {a,(z — zo)"} is unbounded in this case (Exercise~

).
The next theorem provides an expression for R that, if applicable, is usually easier to use than .

From Theorem-~, it suffices to show that if
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An+1

L= lim o (4.1.50)
exists in the extended reals, then
L = lim sup |a,|*/". (4.1.51)
n—c0
We will show that this is so if 0 < L < oo and leave the cases where L = 0 or L = oo to you (Exercise~).
If holds with 0 < L < o0 and 0 < € < L, there is an integer N such that
L—e< |2l cL+e if m>N,
am
so
lam|(L —€) < lamu| <lam|(L+€) i m>N.
By induction,
lan|(L — €)™ N < |aa| < lan|(L+ &)™ N if n>N.
Therefore, if
Ki=|ay|(L—€)™ and K= |ay|(L+e)7Y,
then
K/™ML =€) < |an|" < K}/™(L +¢). (4.1.52)

Since lim,_,, K/* =1 if K is any positive number, implies that

L — e < liminf |a,|"" < limsup |a,|Y* < L +e.
fi—300 n—00
Since e is an arbitrary positive number, it follows that
lim |a,|*" = L,
n—oo
which implies .

We now study the properties of functions defined by power series. Henceforth, we consider only power series with nonzero radii of
convergence.

First, the series in and are the same, since the latter is obtained by shifting the index of summation in the former. Since
: 1/n — 1 1/n 1/n
limsup ((n + 1)|a,|)”™\ar = limsup (n + 1)/"|ay|
n—oo n—00
\ar = (]jm (n+1)Y ") (lim sup |a,|Y/ ") (Exercise ?7?\parta)
n—00 n—00

. log(n + 1) X e\ _ e 1
\ar = [ﬂlgngcexp (f (llﬂi}p |an] ) =E=®

the radius of convergence of the power series in is R (Theorem~). Therefore, the power series in converges uniformly in every
interval [zg — 7, o + r] such that 0 < 7 < R, and Theorem~ now implies for all z in (zy — R, zo + R).

Theorem~ can be strengthened as follows.

The proof is by induction. The assertion is true for k = 1, by Theorem~. Suppose that it is true for some k > 1. By shifting the index
of summation, we can rewrite as

FO(&) = 30+ Rt k= 1) (14 Danasle — 0)", o — 20l <.

n=0

Defining
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we rewrite this as

bpy=(Mn+k)(n+k—1)(n+1)ansk, (4.1.53)

O () = i ba(z —z0)", |z — 20| < R.

n=0
By Theorem~, we can differentiate this series term by term to obtain
FED () = ann(z‘ —zo)"", |z —x0| <R.
n=1
Substituting from for b, yields

FED () = i(n +k)(m+k—1) 0+ Dnankle—20)"", |z—xz0 <R.

n=1
Shifting the summation index yields
00
SO () = Z n(n—1)-(n—k)a.(x —z0)" *, |z—z0| <R,
n=k+1

which is with i replaced by & + 1. This completes the induction.
Theorem~ has two important corollaries.
Setting z = =z in yields

F®(z) = Klag.

-2em2em
Let
flx)= Za,.(:z: —z0)" and g(z)= Z bu(z — o)™

n=0 n=0

From Corollary~,
() (»)
an = f—(,m") and by, = g—(,m"). (4.1.54)
n: n:

From, f=gin (zg—r,z+ r). Therefore,
7™ (o) = g™ (z0), n2>0.
This and imply .
Theorems~ and imply the following theorem. We leave the proof to you (Exercise~).
Example~ presents an application of this theorem.

So far we have asked for what values of = a given power series converges, and what are the properties of its sum. Now we ask a
related question: What properties guarantee that a given function f can be represented as the sum of a convergent power series in x
— xo? A partial answer to this question is provided by what we already know: Theorem~ tells us that f must have derivatives of all
orders in some neighborhood of zo, and Corollary~ tells us that the only power series in # — o that can possibly converge to f in
such a neighborhood is

00 f(n) (-’Bo)

n!

(z — o)™ (4.1.55)

n=0

This is called the {} (also, the {} of f, if zop = 0). The mth partial sum of is the Taylor polynomial
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defined in Section~2.5.

The Taylor series of an infinitely differentiable function f may converge to a sum different from f. For example, the function

—1/z?
f(z) = {\casespace g > 2#0,

) z =0,
is infinitely differentiable on (—oo, 00) and f™(0) = 0 for n > 0 (Exercise~), so its Maclaurin series is identically zero.

The answer to our question is provided by Taylor’s theorem (Theorem~), which says that if f is infinitely differentiable on (a,b)
and z and = are in (a, b) then, for every integer n > 0,

f(n+1) (Cn)

e @ (4.1.56)

f(@) = Tu(z) =

where ¢, is between z and zy. Therefore,

0 (n) T
fy =3 L) gy
n=0

n:
for an z in (a,b) if and only if

lim 7')‘ e (cn)

_ n+l __
o D) (x—zo)"™ =0.

It is not always easy to check this condition, because the sequence {c,} is usually not precisely known, or even uniquely defined;
however, the next theorem is sufficiently general to be useful.

From ,

,,.n+1

|f —Talz, < mﬂf("ﬂ)ﬂlr <

,,.n+1

(n+ 1)| ||f(n+1)"17

so implies the conclusion.

We cannot prove in this way that the binomial series converges to (1 + z)? on (—1,0). This requires a form of the remainder in
Taylor’s theorem that we have not considered, or a different kind of proof altogether (Exercise~). The complete result is that

=50 - .
(1+1) ;0 , )2 l<z<l, (4.1.57)
for all ¢, and, as we said earlier, the identity holds for all z if q is a nonnegative integer.
We now consider addition and multiplication of power series, and division of one by another.
We leave the proof of the next theorem to you (Exercise~).

Suppose that R; < R,. Since the series and converge absolutely to f(z) and g(z) if |z — 2| < R1, their Cauchy product converges to
f(z)g(z) if |z — xo| < Ry, by Theorem~. The nth term of this product is

Zn: ar(T — 20) " bp—r(z —z0)" " = (Xﬂ: arbn_r> (z — z0)" = en(x — zo)™.
=0

r=0
-4em4em

The quotient

flz) = —= (4.1.58)

of two power series
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00
h(z)\ar = Z en(z—2z0)", |z — 20| < Ry,

n=0
[
\noalignandg(z)\ar = Z bu(z —z0)", |z — 0| < Ra,
n=0
can be represented as a power series
00
f@) =) an(z—zo)" (4.1.59)
n=0
with a positive radius of convergence, provided that
bg = g(ZQ) =,é 0

This is surely plausible. Since g(zo) # 0 and g is continuous near z,, the denominator of differs from zero on an interval about z,.
Therefore, f has derivatives of all orders on this interval, because g and h do. However, the proof that the Taylor series of f about
o converges to f near zo requires the use of the theory of functions of a complex variable. Therefore, we omit it. However, it is
straightforward to compute the coefficients in if we accept the validity of the expansion. Since

f(z)g(z) = h(=),
Theorem~ implies that
Za'rbn—r =¢p n2=0.
r=0

Solving these equations successively yields

Co
ap\ar = ——,
bo

1 n—1
ap\ar = E (cn — ;bn_rar) , nm>1.

It is not worthwhile to memorize these formulas. Rather, it is usually better to view the procedure as follows: Multiply the series f
(with unknown coefficients) and g according to the procedure of Theorem~, equate the resulting coefficients with those of h, and
solve the resulting equations successively for ag, a1, .

From Theorem~, we know that a function f defined by a convergent power series
00
f@) =) anlz—z0)" |z—z| <R, (4.1.60)
n=0

is continuous in the open interval (z¢ — R, zo + R). The next theorem concerns the behavior of f as = approaches an endpoint of the
interval of convergence.

We consider a simpler problem first. Let

g(y)\ar = f: bay"”
n=0

\arraytextand
an\a.r =g (finite).
n=0
We will show that
y]igl_ 9(y) =s. (4.1.61)
From Example~,
o0
9¥) =(1—9) Y sny”, (4.1.62)
n=0
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where
Sp = b0+b1 ++bn

Since

0 e
T = Zy" and therefore 1= (1—y) Zy”, ly] <1, (4.1.63)
1- 4 n=0 n=0
we can multiply through by s and write
[
s=(1—-y)) 8" <L

n=0

Subtracting this from yields
9 —s=01—-1)> (sa— 9" Jyl<L
n=0
If € > 0, choose N so that
|sn—s|<e if n>N+1.

Then, if0<y <1,

N )
l9) —sN\ax < (L—9) D lsn—sly" +(1—y) Y |sn—sly"
n=0 n=N+1
N =]
\ar < (1—9) Y |sn—sly” + (1 —p)ey™ Yo"
n=0 n=0
N
\ar < (1—y)Z|s"—s|+e,
n=0

because of the second equality in . Therefore,

l9(y) — s < 2€
if
N
1—9)> lsn—s <e.
n=0

This proves .
To obtain from this, let b, = a,R" and g(y) = f(zo + Ry); to obtain
, let b, = (—1)"a,R"™ and g(y) = f(zo — Ry).
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CHAPTER OVERVIEW

5: Real-Valued Functions of Several Variables
IN THIS CHAPTER we consider real-valued function of » variables, where n > 1.

e SECTION 5.1 deals with the structure of \R", the space of ordered n-tuples of real numbers, which we call {}. We define the
sum of two vectors, the product of a vector and a real number, the length of a vector, and the inner product of two vectors. We
study the arithmetic properties of \R", including Schwarz’s inequality and the triangle inequality. We define neighborhoods and
open sets in \R", define convergence of a sequence of points in \R", and extend the Heine—Borel theorem to \R". The section
concludes with a discussion of connected subsets of \R".

e SECTION 5.2 deals with boundedness, limits, continuity, and uniform continuity of a function of = variables; that is, a function
defined on a subset of \R™.

e SECTION 5.3 defines directional and partial derivatives of a real-valued function of n variables. This is followed by the
definition of differentiablity of such functions. We define the differential of such a function and give a geometric interpretation
of differentiablity.

e SECTION 5.4 deals with the chain rule and Taylor’s theorem for a real-valued function of = variables.

5.1: Structure of Rn
5.2: Continuous Real-Valued Function of n Variables
5.3: Partial Derivatives and the Differential

5.4: The Chain Rule and Taylor’s Theorem

This page titled 5: Real-Valued Functions of Several Variables is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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5.1: Structure of Rn

In this chapter we study functions defined on subsets of the real n-dimensional space \R", which consists of all ordered n-tuples X
= (z1, %2, ... , ©,) Of real numbers, called the {} or {} of X. This space is sometimes called {}.

In this section we introduce an algebraic structure for \R". We also consider its {} properties; that is, properties that can be
described in terms of a special class of subsets, the neighborhoods in \R". In Section~1.3 we studied the topological properties of
\R!, which we will continue to denote simply as \R. Most of the definitions and proofs in Section~1.3 were stated in terms of
neighborhoods in \R. We will see that they carry over to \R" if the concept of neighborhood in \R" is suitably defined.

Members of \R have dual interpretations: geometric, as points on the real line, and algebraic, as real numbers. We assume that you
are familiar with the geometric interpretation of members of \R? and \R? as the rectangular coordinates of points in a plane and
three-dimensional space, respectively. Although \R™ cannot be visualized geometrically if n > 4, geometric ideas from \R, \R?, and
\R? often help us to interpret the properties of \R™ for arbitrary n.

As we said in Section~1.3, the idea of neighborhood is always associated with some definition of “closeness” of points. The
following definition imposes an algebraic structure on \R", in terms of which the distance between two points can be defined in a
natural way. In addition, this algebraic structure will be useful later for other purposes.

-2em

Note that $+$'' has two distinct meanings in \eqref{eq:5.1.1}: on the left, 4’‘stands for the
newly defined addition of members of \R" and, on the right, for addition of real numbers. However, this can never lead to
confusion, since the meaning of “*+” can always be deduced from the symbols on either side of it. A similar comment applies to
the use of juxtaposition to indicate scalar multiplication on the left of and multiplication of real numbers on the right.

We leave the proof of the following theorem to you (Exercise~).
Clearly, 0 = (0,0, ...,0) and, if X = (z;, z3, ..., 2,), then

—X = (—Z1,—T2, .., —Tn)-
We write X + (—Y) as X — Y. The point 0 is called the {}.

A nonempty set V = {X,Y,Z, ...}, together with rules such as , associating a unique member of V with every ordered pair of its
members, and , associating a unique member of V' with every real number and member of Vv, is said to be a {} if it has the
properties listed in Theorem~. The members of a vector space are called {}. When we wish to emphasize that we are regarding a
member of \R™ as part of this algebraic structure, we will speak of it as a vector; otherwise, we will speak of it as a point.

If n = 1, this definition of length reduces to the familiar absolute value, and the distance between two points is the length of the
interval having them as endpoints; for n = 2 and n = 3, the length and distance of Definition~ reduce to the familiar definitions for
the plane and three-dimensional space.

If Y = 0, then both sides of are 0, so holds, with equality. In this case, Y = 0X. Now suppose that Y # 0 and ¢ is any real number.
Then

O\ar < \dst3>_7, (z; —ty:)?
\ar = \dst>p; @7 — 2630 miyi + 2 30 y? (5.1.1)

\ar = |X]2 — 2(X - Y)t + 2|2

The last expression is a second-degree polynomial p in ¢. From the quadratic formula, the zeros of p are

X-Y)+ VX Y)?— [XP[Y]?
Y[? '

Hence,

(X-Y)2 < XY, (5.1.2)
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because if not, then p would have two distinct real zeros and therefore be negative between them (Figure~), contradicting the
inequality . Taking square roots in yields if Y # 0.

If X =tY, then |X - Y| = |X]|[Y]| = |t|[Y|? (verify), so equality holds in . Conversely, if equality holds in , then p has the real zero ¢,
— (X-Y)/[¥?, and

n
D (@i —toys)> =0
=1

from ; therefore, X = ¢Y.
6pt
12pt
By definition,

Bracket argument to \\ must be a dimension
Hence,

X+ Y < (X|+[Y)])%

Taking square roots yields .

From the third line of , equality holds in if and only if X - Y = |X||Y|, which is true if and only if one of the vectors X and Y is a
nonnegative scalar multiple of the other (Lemma-~).

Write
X-Z=X-Y)+(Y-12),
and apply Theorem~ with X and Y replaced by X—Y and Y — Z.
Since
X=Y+((X-Y),

Theorem~ implies that

IXI < Y]+ X -Y],
which is equivalent to

IX| - [Y] < X - Y.
Interchanging X and Y yields

Y] - [X| < [Y - X|.
Since |X — Y| = |Y — X]|, the last two inequalities imply the stated conclusion.

The next theorem lists properties of length, distance, and inner product that follow directly from Definitions~ and . We leave the
proof to you (Exercise~).

The equation of a line through a point Xy = (zo, yo, 20) in \R® can be written parametrically as
Tz=xo+uit, Yy=1yo+ul, 2z=2)+uzl, —oo<t<oo,
where u;, uy, and u3 are not all zero. We write this in vector form as
X=Xp+tU, —o0o<t<oo, (5.1.3)
with U = (u1, ug, u3), and we say that the line is {}.
There are many ways to represent a given line parametrically. For example,

X=Xp+s5V, —oo0<s<oo, (5.1.4)
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represents the same line as if and only if V = aU for some nonzero real number a. Then the line is traversed in the same direction
as s and ¢ vary from —oo to oo if @ > 0, or in opposite directions if @ < 0.

To write the parametric equation of a line through two points X, and X; in \R?, we take U = X; — 0 in , which yields
X =Xg+t(X;—Xg) =tX1+ (1 —t)X,, —o0<t<oo.

The line segment from X, to X; consists of those points for which 0 <¢ < 1.

These familiar notions can be generalized to \R", as follows:

Having defined distance in \R", we are now able to say what we mean by a neighborhood of a point in \R".

An e-neighborhood of a point X, in \R? is the inside, but not the circumference, of the circle of radius e about Xo. In \R? it is the
inside, but not the surface, of the sphere of radius € about Xg.

In Section~1.3 we stated several other definitions in terms of e-neighborhoods: {}, {}, {}, {}, {},{}, {}, {}, {}, {}, {}, and {}.
Since these definitions are the same for \R" as for \R, we will not repeat them. We advise you to read them again in Section~1.3,
substituting \R" for \R and X, for z.

1pc 12pt 6pt
12pt
6pt
12pt
Open and closed n-balls are generalizations to \R" of open and closed intervals.
The following lemma will be useful later in this section, when we consider connected sets.
The line segment is given by

X=tXp+(1-9)X;, 0<t<l
Suppose that r > 0. If

X1 —Xo|<r, |Xo—Xo|<m,

and 0 < t < 1, then

X — Xo[\ar = [tXz + (1 — )X; — X0 — (1 — )X,
\ar = [£(X3 — Xo) + (1 - £)X; — X,)|

\ar < t|X2 — X()| + (1 —t)le — X()|

\ar<tr+ (1—t)r=r.

-2em2em

The proofs in Section~1.3 of Theorem~ (the union of open sets is open, the intersection of closed sets is closed) and Theorem~ and
its Corollary~ (a set is closed if and only if it contains all its limit points) are also valid in \R". You should reread them now.

The Heine—Borel theorem (Theorem~) also holds in \R", but the proof in Section~1.3 is valid only for n = 1. To prove the Heine—
Borel theorem for general n, we need some preliminary definitions and results that are of interest in their own right.

The next two theorems follow from this, the definition of distance in \R", and what we already know about convergence in \R. We
leave the proofs to you (Exercises~ and ).

The next definition generalizes the definition of the diameter of a circle or sphere.
Let {X,} be a sequence such that X, € S, (r > 1). Because of , X,. € Sy if r > k, so
X, —X,| <d(Sg) if r,s>k.

From and Theorem~, X, converges to a limit X. Since X is a limit point of every Sy and every S is closed, X is in every S
(Corollary~). Therefore, X € I, so I # 0. Moreover, X is the only point in I, since if Y € I, then
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and implies that Y = X.

We can now prove the Heine—Borel theorem for \R"™. This theorem concerns {} sets. As in \R, a compact set in \R" is a closed and
bounded set.

Recall that a collection % of open sets is an open covering of a set § if
ScU{H}He X.

The proof is by contradiction. We first consider the case where n = 2, so that you can visualize the method. Suppose that there is a
covering # for § from which it is impossible to select a finite subcovering. Since § is bounded, S is contained in a closed square

T={(z,y)le1 <z <a1+Lyas <z <ay+L}
with sides of length L (Figure~).
6pt
12pt

Bisecting the sides of T as shown by the dashed lines in Figure~ leads to four closed squares, TO, 7@ TG) and T, with sides of
length L/2. Let

SO =6nTH 1<i<4.

Each $®@, being the intersection of closed sets, is closed, and

4
§=|)s9.
Y

Moreover, & covers each S®, but at least one S® cannot be covered by any finite subcollection of %, since if all the S® could be,
then so could S. Let S; be a set with this property, chosen from S®, @, §®), and S®. We are now back to the situation we started
from: a compact set S; covered by #, but not by any finite subcollection of . However, S; is contained in a square 7; with sides
of length L/2 instead of L. Bisecting the sides of Ty and repeating the argument, we obtain a subset S, of §; that has the same
properties as 8, except that it is contained in a square with sides of length L/4. Continuing in this way produces a sequence of
nonempty closed sets Sy (= 8), S1, Ss, , such that S O Spy; and d(Sy) < L/2¥%2 (k > 0). From Theorem-~, there is a point X in
MNie; Sk- Since X € 8, there is an open set H in % that contains X, and this H must also contain some e-neighborhood of X. Since
every X in Sy satisfies the inequality

|X _ i| < 2_k+1/2L,

it follows that Sy C H for k sufficiently large. This contradicts our assumption on #, which led us to believe that no S, could be
covered by a finite number of sets from #. Consequently, this assumption must be false: & must have a finite subcollection that
covers S. This completes the proof for n = 2.

The idea of the proof is the same for n > 2. The counterpart of the square T' is the {} with sides of length L:
T ={(z1,z2,--,Zn)}a;i <z < a;+ L,i=1,2,...,n.

Halving the intervals of variation of the n coordinates z1, zs, , z, divides T into 2" closed hypercubes with sides of length L/2:
TO = {(21,22,...,20)}0; < 2 < b;+ L/2,1 <i <n,

where b; = a; or b; = a; + L/2. If no finite subcollection of H covers S, then at least one of these smaller hypercubes must contain a
subset of .S that is not covered by any finite subcollection of S. Now the proof proceeds as for n = 2.

The Bolzano—Weierstrass theorem is valid in \R"; its proof is the same as in \R.

Although it is legitimate to consider functions defined on arbitrary domains, we restricted our study of functions of one variable
mainly to functions defined on intervals. There are good reasons for this. If we wish to raise questions of continuity and
differentiability at every point of the domain D of a function f, then every point of D must be a limit point of D°. Intervals have this
property. Moreover, the definition of | a” f(z) dz is obviously applicable only if f is defined on [a, b].
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It is not productive to consider questions of continuity and differentiability of functions defined on the union of disjoint intervals,
since many important results simply do not hold for such domains. For example, the intermediate value theorem (Theorem~; see
also Exercise~) says that if f is continuous on an interval I and f(z1) < p < f(z2) for some z; and z, in I, then f(z) = p for some =
in I. Theorem~ says that f is constant on an interval I if f’ =0 on I. Neither of these results holds if I is the union of disjoint
intervals rather than a single interval; thus, if f is defined on I = (0,1) U (2,3) by

_ 1, 0<z<1,
flz) = {\ca,sespa.ce 0 2<z<3

then f is continuous on I, but does not assume any value between 0 and 1, and f” = 0 on I, but f is not constant.

It is not difficult to see why these results fail to hold for this function: the domain of f consists of two disconnected pieces. It would
be more sensible to regard f as two entirely different functions, one defined on (0,1) and the other on (2,3). The two results
mentioned are valid for each of these functions.

As we will see when we study functions defined on subsets of \R", considerations like those just cited as making it natural to
consider functions defined on intervals in \R lead us to single out a preferred class of subsets as domains of functions of n
variables. These subsets are called {}. To define this term, we first need the following definition.

6pt
12pt

If Xy,Xy,...,X are points in \R” and L; is the line segment from X; to X;1, 1 <i < k—1, we say that L1, Ly, , Ly form a {}
from X; to Xy, and that X; and X are {} by the polygonal path. For example, Figure~ shows a polygonal path in \R? connecting
(0,0) to (3,3). A set Sis {} if every pair of points in § can be connected by a polygonal path lying entirely in S.

For sufficiency, we will show that if S is disconnected, then $ is not poly-gonally connected. Let S = A U B, where A and B satisfy
. Suppose that X; € A and X, € B, and assume that there is a polygonal path in S connecting X; to Xs,. Then some line segment L
in this path must contain a point Y; in A and a point Y3 in B. The line segment

X =tYy+(1—t)Y:, 0<t<1,
is part of L and therefore in S. Now define
p=sup{r}tYa+(1—-t)Y1 €4, 0<t<7<1,
and let
X,=pY+(1—-p)Y:.
Then X, € A NB. However, since $_AB $ and A nB = A N B =0, this is impossible. Therefore, the assumption that there is a
polygonal path in S from X; to X, must be false.

For necessity, suppose that S is a connected open set and X, € S. Let A be the set consisting of X, and the points in S can be
connected to Xg by polygonal paths in S. Let B be set of points in S that cannot be connected to Xq by polygonal paths. If Y, € S,
then S contains an e-neighborhood N,(Y,) of Y, since S is open. Any point Y; in N,(Y, can be connected to Y, by the line
segment

X=tY1+(1—8)Y, 0<t<1,

which lies in N¢(Y() (Lemma~) and therefore in S. This implies that Y, can be connected to Xy by a polygonal path in S if and
only if every member of N.(Yy) can also. Thus, N.(Y) C A if Yo € 4, and N.(Y,) € B if Y, € B. Therefore, A and B are open.
Since AN B = 0, this implies that ANB = AN B = 0 (Exercise~). Since A is nonempty (X, € 4), it now follows that B = 0, since if
B # 0, S would be disconnected (Definition~). Therefore, A = S, which completes the proof of necessity.

We did not use the assumption that S is open in the proof of sufficiency. In fact, we actually proved that any polygonally connected
set, open or not, is connected. The converse is false. A set (not open) may be connected but not polygonally connected (Exercise~).

Our study of functions on \R" will deal mostly with functions whose domains are regions, defined next.
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From Definition~, a sequence {X,} of points in \R"® converges to a limit X if and only if for every e > 0 there is an integer K such
that
X,—X|<e if r>K.

The \R" definitions of divergence, boundedness, subsequence, and sums, differences, and constant multiples of sequences are
analogous to those given in Sections 4.1 and 4.2 for the case where » = 1. Since \R" is not ordered for n» > 1, monotonicity, limits
inferior and superior of sequences in \R", and divergence to oo are undefined for n > 1. Products and quotients of members of
\R" are also undefined if n > 1.

24pt 6pt 12pt

12pt

Several theorems from Sections~4.1 and 4.2 remain valid for sequences in \R", with proofs unchanged, provided that ™

|" is
interpreted as distance in \R". (A trivial change is required: the subscript n, used in Sections~4.1 and 4.2 to identify the terms of the
sequence, must be replaced, since n here stands for the dimension of the space.) These include Theorems~ (uniqueness of the
limit), (boundedness of a convergent sequence), parts of (concerning limits of sums, differences, and constant multiples of
convergent sequences), and (every subsequence of a convergent sequence converges to the limit of the sequence).

{
), and ?7?7.}
We now study real-valued functions of n variables. We denote the domain of a function f by Dy and the value of f at a point X

= (z1, %2, ..., Zn) by f(X) or f(z1,Z2,...,%,). We continue the convention adopted in Section~2.1 for functions of one variable: If a
function is defined by a formula such as

fX)\ar=(1—22 —zf— - — xi)lﬂ (5.1.5)
\arraytextor
gX)\ar=(1—22 —2f— - — mf,)_l (5.1.6)

without specification of its domain, it is to be understood that its domain is the largest subset of \R" for which the formula defines a
unique real number. Thus, in the absence of any other stipulation, the domain of f in is the closed n-ball {X}|X| < 1, while the
domain of g in is the set {X}|X| # 1.

The main objective of this section is to study limits and continuity of functions of n variables. The proofs of many of the theorems
here are similar to the proofs of their counterparts in Sections~2.1 and . We leave most of them to you.

Definition~ does not require that f be defined at X, or even on a deleted neighborhood of X.
6pt
The following theorem is analogous to Theorem~2.1.3. We leave its proof to you (Exercise~).

When investigating whether a function has a limit at a point Xg, no restriction can be made on the way in which X approaches Xj,
except that X must be in Dy. The next example shows that incorrect restrictions can lead to incorrect conclusions.

The sum, difference, and product of functions of n variables are defined in the same way as they are for functions of one variable

(Definition~), and the proof of the next theorem is the same as the proof of Theorem-~.

6pt

12pt

We leave it to you to define lim x|, f(X) = oo and limx|_,o f(X) = —oo (Exercise~).

We will continue the convention adopted in Section~2.1:
$\1im_{\mathbf{X}\to \mathbf{X}_0} f(\mathbf{X})$ exists'' means that
$\1im_{\mathbf{X}\to\mathbf{X}_0} f(\mathbf{X})=L$, where $L$ is finite; to leave open

the possibility that $L=\pm\infty$, we will say that
limx_,x, f(X) exists in the extended reals.”” A similar convention applies to limits as |X| — cc.
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Theorem~ remains valid if $\1im_{\mathbf{X}\to\mathbT{X} 0}$'" is replaced by limxj,e,” provided that
D is unbounded. Moreover, , , and are valid in either version of Theorem~ if either or both of L; and L, is infinite, provided that
their right sides are not indeterminate, and remains valid if Ly # 0 and Ly /L is not indeterminate.

We now define continuity for functions of n variables. The definition is quite similar to the definition for functions of one variable.
The next theorem follows from this and Definition~.

In applying this theorem when X, € D%, we will usually omit ““and X € Dy,” it being understood that S5(X,) C Dy.

We will say that f is {} S if f is continuous at every point of S.

Theorem~ implies the next theorem, which is analogous to Theorem~ and, like the latter, permits us to investigate continuity of a
given function by regarding the function as the result of addition, subtraction, multiplication, and division of simpler functions.

Suppose that g1, g2, , g, are real-valued functions defined on a subset T of \R™, and define the {} G on T by
G(U) = (1(U), 92(0), ... ,gn(U)), UE€T.
Then gy, go, , gy, are the {} of G = (g1, 92, ..., gn). We say that
Jim G(U) =L = (L1, L3, ., Ln)
if
Uli_)x%og,-(U) =L; 1<i<n,
and that G is {} at Uy if gy, g, , gn are each continuous at U.
The next theorem follows from Theorem~ and Definitions~ and . We omit the proof.
The following theorem on the continuity of a composite function is analogous to Theorem-~.
6pt
12pt
Suppose that € > 0. Since f is continuous at X, = G(Uy), there is an ¢; > 0 such that
|£(X) — f(G(Uo))| <€ (5.1.7)
if
|X—G(Uy)| <& and X € Dy. (5.1.8)
Since G is continuous at Uy, there is a § > 0 such that
|G(U)—G(Up)|<e if [U-Uy<d and U e Dg.
By taking X = G(U) in and , we see that
|h(U) — b(Uo)| = |F(G(U) — £(G(Uo))| <€
if
|[U—-Uy|<é and UeT.

-.4em The definitions of {}, and {} on a set § are the same for functions of n variables as for functions of one variable, as are the
definitions of {} and {} of a function on a set S (Section 2.2). The proofs of the next two theorems are similar to those of
Theorems~ and (Exercises~ and ).

The next theorem is analogous to Theorem-~.
If there is no such C, then S = R U T, where

R\ar= {X}X € Sand f(X) <u
\arraytextand
T\ar = {X}X € S and f(X) > u.
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If X, € R, the continuity of f implies that there is a § > 0 such that f(X) < u if |X —Xo| < 6 and X € . This means that X, ¢ T.
Therefore, RN T = @. Similarly, RN T = . Therefore, S is disconnected (Definition~), which contradicts the assumption that S is a
region (Exercise~). Hence, we conclude that f(C) = u for some C in S.

-.4em The definition of uniform continuity for functions of » variables is the same as for functions of one variable; f is uniformly
continuous on a subset S of its domain in \R" if for every ¢ > 0 there is a § > 0 such that

IF(X) - f(X)] <€

whenever |X —X’| < d and X, X’ € S. We emphasize again that § must depend only on € and S, and not on the particular points X
and X’.

The proof of the next theorem is analogous to that of Theorem~. We leave it to you (Exercise~).

{}

To say that a function of one variable has a derivative at x; is the same as to say that it is differentiable at z. The situation is not so
simple for a function f of more than one variable. First, there is no specific number that can be called {} derivative of f at a point
Xy in \R". In fact, there are infinitely many numbers, called the {} X, (defined below), that are analogous to the derivative of a
function of one variable. Second, we will see that the existence of directional derivatives at X, does not imply that f is
differentiable at X, if differentiability at X, is to imply (as it does for functions of one variable) that f(X) — f(X,) can be
approximated well near X, by a simple linear function, or even that f is continuous at X,.

We will now define directional derivatives and partial derivatives of functions of several variables. However, we will still have
occasion to refer to derivatives of functions of one variable. We will call them {} derivatives when we wish to distinguish between
them and the partial derivatives that we are about to define.

-2em2em
The directional derivatives that we are most interested in are those in the directions of the unit vectors
E: =(1,0,..,0), E;=(0,1,0,..,0),.., E,=(0,...,0,1).

(All components of E; are zero except for the jth, which is 1.) Since X and X + ¢E; differ only in the jth coordinate, 8f(X)/0E; is
called the {}. It is also denoted by 8f(X)/8z; or f,,(X); thus,

af(X) o flei 3, e, @) — f(21, 32, .0, Ta)
oy = 1) =l ; ,
af(X) — £.(X) = lim F(®1y oo s Bi1, i H b, Tig 1y e s Tn) — F(T1, T2, on y Tar)
Ox; o t—0 t
if2<4i<n,and
Af(X) — £, (X) = lim f(Z1, . s Tn1,Tn + 1) — f(Z1, eoe s Tpm1, Tur)
Oz, On =0 t ’

if the limits exist.

If we write X = (z, y), then we denote the partial derivatives accordingly; thus,

of(z, ‘ h— e
%vﬂ‘:fz(%w =11:1_1>I(1) fla+ y’)l flz,y)

\arraytextand
6 , i I h — ,

It can be seen from these definitions that to compute f,,(X) we simply differentiate f with respect to z; according to the rules for
ordinary differentiation, while treating the other variables as constants.

1pc

-3em3em
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The next theorem follows from the rule just given for calculating partial derivatives.

If £,.(X) exists at every point of a set D, then it defines a function f,, on D. If this function has a partial derivative with respect to
z; on a subset of D, we denote the partial derivative by

2 () 2
6:1:_7' 69;“' - Ba:jaa:i

= fr,-:c_.,—-

Similarly,

o (B N__ 8,
895;; 81:,-8:5,- a 8mk8mj8:c,- T ST

The function obtained by differentiating f successively with respect to =;,, z;,, ... , z;, is denoted by

orf
0z;,0z;,_, 0z Fay + Birs @iy
itis an {}.

This example shows that f,,(X,) and f,,(X,) may differ. However, the next theorem shows that they are equal if f satisfies a fairly
mild condition.

Suppose that € > 0. Choose ¢ > 0 so that the open square
Ss ={(z,9)}z — 20| <6,|ly—1yo| <6
isin N and
|foy(#,9) — fay(@o, o)l <€ if (&) € Ss. (5.1.9)
This is possible because of the continuity of fa, at (9, yo). The function
A(h, k) = f(zo + hyyo + k) — f(zo + h, y0) — f(2o, o + k) + (0, y0) (5.1.10)
is defined if —6 < h, k < &; moreover,
A(h, k) = ¢(zo + h) — ¢(z0), (5.1.11)
where
é(z) = f(z,y0 + k) — f(z, y0)-
Since
¢’ (@) = fo(x,90 + k) — fal@,90), |z —z0| <9,
and the mean value theorem imply that
A(h, k) = [f2(&,y0 + k) — fo(2,0)] B, (5.1.12)
where 3 is between z, and z, + h. The mean value theorem, applied to f,(%,y) (Where £ is regarded as constant), also implies that
fo(&,90 + k) — fo(£,50) = foy (£, DE,
where § is between yo and yg + k. From this and ,
A(h, k) = fuy(&,§)bE.
Now implies that

A(h,k JR .
(hk ) — fay(o,90)| = |fxy(w,y) — f,,,(a:o,yo)| <e if 0<|h|, |kl <3d. (5.1.13)

Since implies that
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A(h, k) m f(zo + h,yo + k) — f(zo + h, y0)

fm = \er=lim hk
. .f(m()a Yo + k) — f(zoa yO)
\ar — lim hk
\ar = fy(o + hy yo) — fy(Zo, Yo)
= - ,

it follows from that

f?](wO + h, yO) - fy(-’EO,yo)
h

— fay(zo,m0)| <€ if 0< || <.

Taking the limit as A — 0 yields
| fyz (20, Y0) — fay(@0,Y0)| < €.
Since € is an arbitrary positive number, this proves .
Theorem~ implies the following theorem. We leave the proof to you (Exercises~ and ).
For example, if f satisfies the hypotheses of Theorem~ with k =4 at a point X in \R" (n > 2), then
Jzoyy(Xo) = Fayay(Xo) = Fayye(Xo) = Fyyoz(Xo) = Fyays(Xo) = Fyway(Xo),
and their common value is denoted by

8* f(Xo)
e
It can be shown (Exercise~) that if f is a function of (z1,zs, ..., ;) and (r1,r,...,7,) is a fixed ordered n-tuple that satisfies and ,

then the number of partial derivatives fz, x,..s; that involve differentiation r; times with respect to «;, 1 < ¢ < n, equals the {}

7l
rilrgl ey’

A function of several variables may have first-order partial derivatives at a point Xo but fail to be continuous at Xo. For example, if
Bracket argument to \\ must be a dimension
then

£2(0,0)\ax = rlﬁw L

h—0
\arraytextand
7,0,0)\er = Jim TOB IOy, 020

but f is not continous at (0,0). (See Examples~ and .) Therefore, if differentiability of a function of several variables is to be a
stronger property than continuity, as it is for functions of one variable, the definition of differentiability must require more than the
existence of first partial derivatives. Exercise~ characterizes differentiability of a function f of one variable in a way that suggests
the proper generalization: f is differentiable at z, if and only if

lim f(@) — f(wo) —m(z —z0) _

T—To Tr— T

0

for some constant m, in which case m = f’(zy).

The generalization to functions of n variables is as follows.

From , my = f;(z0,y0) and ms = f, (2o, yo) in Example~. The next theorem shows that this is not a coincidence.

Let i be a given integer in {1,2,...,n}. Let X = Xo + tE;, so that z; = zi +t, z; =zjo if j # 4, and |X —X,| = |¢|. Then and the
differentiability of f at X¢ imply that

lim f(Xg + tE,‘) - f(X()) bl m,-t

t—0 t =0
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Hence,

lim f(Xo +tEi) — f(Xo) _ m
t—0 t

6pt
This proves , since the limit on the left is f,,(X,), by definition.
A {} is a function of the form
L(X) = miz1 + mazo + - + Mp Ty, (5.1.14)

where mj, mg, , m, are constants. From Definition~, f is differentiable at X, if and only if there is a linear function L such that
f(X) — f(X,) can be approximated so well near Xg by

L(X) — L(X,) = L(X — Xo)

that
F(X) — £(Xo) = L(X — Xo) + EX) (X — X)), (5.1.15)
where
Jim E(X) =0. (5.1.16)
6pt

From and Schwarz’s inequality,
|IL(X — Xo)| < M|X — X,
where
M = (m?+mj+-+m?2)'/2
This and imply that
|f(X) — f(Xo)| < (M + |EX))IX — Xy,
which, with , implies that f is continuous at X,.

Theorem~ implies that the function f defined by is not differentiable at (0,0), since it is not continuous at (0,0). However, f,(0,0)
and f,(0,0) exist, so the converse of Theorem~ is false; that is, a function may have partial derivatives at a point without being
differentiable at the point.

Theorem~ implies that if f is differentiable at X, then there is exactly one linear function L that satisfies and :
L(X) = f2,(X0)Z1 + fo,(Xo)x2 + - + f2,(Xo)Zn.
This function is called the {}. We will denote it by dx, f and its value by (dx, f)(X); thus,
(dx,£)(X) = fo,(Xo)21 + fo,(Xo)@2 + - + fo,(Xo)2n- (5.1.17)

In terms of the differential, can be rewritten as

o FX) = £(Xo) — ()X ~Xo) _

0.
XX, |X — Xol

For convenience in writing dx, f, and to conform with standard notation, we introduce the function dz;, defined by
dx,' (X) =T;;

that is, d; is the function whose value at a point in \R" is the ith coordinate of the point. It is the differential of the function g;(X)

=gz;. From,

dxof = fz,(Xo) dz1 + fz,(Xodzg + ++ + fz,(Xo) dzp. (5.1.18)
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If we write X = (z,y, ..., ), then we write

dx,f = f2(Xo) dz + f(Xo) dy + -,
where dz, dy, are the functions defined by

dz(X) ==z, dyX)=y,...

When it is not necessary to emphasize the specific point X,, can be written more simply as

df = fu, d21 + fuy daa + -+ fz, den.
When dealing with a specific function at an arbitrary point of its domain, we may use the hybrid notation

df = fo,(X) dz1 + for (X) dzg + -+ + f5,(X) dp.

Unfortunately, the notation for the differential is so complicated that it obscures the simplicity of the concept. The peculiar symbols
df, dz, dy, etc., were introduced in the early stages of the development of calculus to represent very small (" infinitesimal”’)
increments in the variables. However, in modern usage they are not quantities at all, but linear functions. This meaning of the
symbol dz differs from its meaning in f: f(z) dz, where it serves merely to identify the variable of integration; indeed, some
authors omit it in the latter context and write simply | : f.

Theorem~ implies the following lemma, which is analogous to Lemma~. We leave the proof to you (Exercise~).
Theorems~ and and the definition of the differential imply the following \theorem.
The next theorem provides a widely applicable sufficient condition for differentiability.

Let Xy = (10, Z20, --- , Tno) and suppose that € > 0. Our assumptions imply that there is a § > 0 such that f,,, fz,, .-, fz, are defined in
the n-ball

S5(Xo) = {XHX —Xo| < ¢
and
|fz;(X) — fo;(Xo) < e if [X—Xo|<d, 1<j<m. (5.1.19)
Let X = (21, =, ..., 7,) be in S5(X,). Define
X;= (1.0, Tj, Tjp1,0y o1 Tmp); 1< j<m—1,
and X, = X. Thus, for 1 <j <n, X; differs from X;_; in the jth component only, and the line segment from X; ; to X; is in

S5(Xo). Now write

FX) — F(Xo) = £(Xa) — F(Xo) = 32 1FXs5) — FXK0)], (5.1.20)

=1
and consider the auxiliary functions
Bracket argument to \\ must be a dimension

where, in each case, all variables except ¢ are temporarily regarded as constants. Since

F(X5) = f(Xj1) = gj(z5) — gj(j0),
the mean value theorem implies that

F(X;5) = f(Xj-1) = g5(75) (x5 — z40),
where 7; is between z; and z ;9. From,

9j(r) = f2,X;),

where ’Xj is on the line segment from X; ; to X;. Therefore,
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F(X5) — f(Xj1) = fo, X)) (@) — 50),

and implies that
£X) — F(Xo)\ar = ; 1o, (®) @5 — 2)
\or = Z fos(Xo) @ — 70) + Z () — fuy (X)) (@5 — 2.
From this and ,
FX) — 1(Xo) — jz:;fx,.(xo)(zj —ap)| < ; 2 — 2,0] < melX — Xol,

which implies that f is differentiable at X,.

We say that fis {} on a subset § of \R" if S is contained in an open set on which f,,, fz,, , fz, are continuous. Theorem~ implies
that such a function is differentiable at each X, in §.

In Section~2.3 we saw that if a function f of one variable is differentiable at zo, then the curve y = f(z) has a tangent line
y =T(z) = f(zo0) + f'(z0)(z — 20)

that approximates it so well near z that

i 1@ =T(@)

Tz r—x

=0.

Moreover, the tangent line is the “limit” of the secant line through the points (z1, f(zo)) and (z, f(xo)) as . approaches z.
6pt

12pt Differentiability of a function of n variables has an analogous geometric interpretation. We will illustrate it for n = 2. If f is
defined in a region D in \R?, then the set of points (z,y, z) such that

z=f(z,y), (z,y)€D, (5.1.21)
isa {}in \R® (Figure~).
6pt
12pt
If f is differentiable at X¢ = (o, y0), then the plane
z=T(z,y) = f(Xo) + f2(Xo)(z — zo) + f4(Xo)(y — y0) (5.1.22)

intersects the surface at (zg, yo, f(zo, ¥o)) and approximates the surface so well near (zg, o) that

im f(@,y) —T(x,y)
@0)=(zow0) \/(z — 20)% + (y — y0)?

(Figure~). Moreover, is the only plane in \R? with these properties (Exercise~). We say that this plane is {} (2o, yo, (o, %0)). We
will now show that itis the 1imit'' of secant planes” associated with the surface z = f(z,y), just as a tangent line to a curve
y = f(z) in \R? is the limit of secant lines to the curve (Section~2.3).

Let X; = (z;,4:) (i =1,2,3). The equation of the ““secant plane” through the points (z;,y;, f(zi,%;)) (i =1,2,38) on the surface z
= f(z,y) (Figure~) is of the form

z= f(Xo) + Az — z0) + B(y — yo), (5.1.23)
where A and B satisfy the system

FX)\ar = f(Xo) + A(z1 — zo) + B(y1 — o),
f(X2)\ar = f(Xo) + A(z2 — z0) + B(y2 — %0)-
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Solving for A and B yields

Alar = (F(X1) — f(X0)) (w2 — 90) — (F(X2) — F(X0)) (1 — v0)

(1 — 20) (y2 — Yo) — (22 — z0)(y1 — %0) (65124
\arraytextand
if
(z1 — 20)(y2 — y0) — (z2 — z0)(y1 — %0) # O, (5.1.26)
which is equivalent to the requirement that Xg, X;, and X, do not lie on a line (Exercise~). If we write
X;=Xp+tU and Xy=X(+1tV,
where U = (u1,us) and V = (v1,v;) are fixed nonzero vectors (Figure~), then , , and take the more convenient forms
\dst JKHU) 1K), FRttV)—f(Ke)
A\ar = P~ , (5.1.27)
\dst JKHVIAKe) | SO0 1K),
B\ar = P , (5.1.28)
and
u1v2 — ugvy # 0.
6pt
12pt
If f is differentiable at X, then
F(X) = f(Xo) = f2(Xo)(& — o) + F(Xo)(y — y0) + (X)X — Xol, (5.1.29)
where
Jim €(X) =0. (5.1.30)
Substituting first X = X + tU and then X = X+ ¢V in and dividing by ¢ yields
f(Xo + ﬂ? —F(Xo) _ FoXo)us + f,(Xo)uz + Ex(8)| U] (5.1.31)
and
fXo +t‘? —fXo) _ Fo(Xo)or + £, (Xo)ve + Ea(8)[ V], (5.1.32)
where
Eq(t) = e(Xo+tU)[t|/t and Ey(t) = e(Xo +tV)]tl/2,
SO
lim Ey(t) =0, i=12, (5.1.33)
because of . Substituting and into and yields
A= f,(Xo) + A1(t), B= fy(Xo) + Az(t), (5.1.34)
where
sty = VB — VI
and
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u1|V]E(t) — vi1|U|Ev(2)
U1V — UV ’

Ay(t) =

SO
lim Ai(t) =0, i=1.2, (5.1.35)
because of .
From and , the equation of the secant plane is
z= f(Xo) + [fz(X0) + A1(t)](z — z0) + [£,(Xo0) + A2()](y — vo)-
Therefore, because of , the secant plane ““approaches” the tangent plane as £ approaches zero.

We say that Xg is a {} of f if there is a § > 0 such that

F(X) — f(Xo)
does not change sign in S5(Xo) N Dy. More specifically, X, is a {} if

F(X) < f(Xo)
ora{}if

F(X) > f(Xo)
for all X in S5(Xo) N Dy.
The next theorem is analogous to Theorem~.
Let

E, =(1,0,..,0), E;=(0,1,0,...,0),..., E,=(0,0,..,1),

and

gi(t) = f(Xo +tE;), 1<i<m.
Then g; is differentiable at ¢ = 0, with
9:(0) = f2,(Xo)

(Definition~). Since X, is a local extreme point of f, ¢, = 0 is a local extreme point of g;. Now Theorem~ implies that g{(0) = 0, and
this implies .

The converse of Theorem~ is false, since may hold at a point X, that is not a local extreme point of f. For example, let Xo = (0,0)
and

f(z,y) = 2% + 4%

We say that a point X, where holds is a {} of f. Thus, if f is defined in a neighborhood of a local extreme point Xg, then Xg is a
critical point of f; however, a critical point need not be a local extreme point of f.

The use of Theorem~ for finding local extreme points is covered in calculus, so we will not pursue it here.
We now consider the problem of differentiating a composite function
h(U) = £(G(U)),
where G = (g1, g9, ---, gn) is @ vector-valued function, as defined in Section~5.2. We begin with the following definition.
We need the following lemma to prove the main result of the section.

Since g1, g2, , g» are differentiable at Uy, applying Lemma-~ to g; shows that

Bracket argument to \\ must be a dimension
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where

Ulg%u E;(U)=0, 1<i<m. (5.1.36)

From Schwarz’s inequality,

|9:(U) — g:(Uo)| < (M; + | E;(U)|)|U — Uy,

where
e (35 (Pa00))
= j
Therefore,
160D ~ &Ml (Z (i + |E-(U>|)2) :
U-U ~“\g " ™ '
From ,

n 1/2 n 1/2
i p . 2 = 2 =
Jim (; (M; + |Ei(U))) ) (; M; ) M,

which implies the conclusion.
The following theorem is analogous to Theorem-~.

We leave it to you to show that Uy is an interior point of the domain of k (Exercise~), so it is legitimate to ask if & is differentiable
at Uy.

Let Xo = (210, %20, --- » Tno). Note that
zio = gi(Ug), 1<i<m,

by assumption. Since f is differentiable at X,, Lemma~ implies that

FX) — F(X0) = 3 Fa (Ko & — 210) + E(X) X~ X, (5.1.37)

i=1
where

lim E(X) =0.
X—Xq
Substituting X = G(U) and X, = G(Uy) in and recalling yields

h(U) — h(Uo) = \dstzn: f2:(X0)(9:(U) — 9i(Uo)) + E(G(U))|G(U) — G(Up)|- (5-1.38)

i=1

Substituting into yields
h(U) — h(Uo)\ar = \dst3ZiL; fz,(Xo) (du,g:) (U — Uo) + \dst(LiL; foi(Xo) Ei(U))|U — Uy
\ar + E(G(U))|G(U) — G(Uy|.
Since
Jim BG(U)) = Jig BX) =0,
and Lemma~ imply that

h(U) — h(Uo) — \dst 37i_; fai(Xodu,gi(U —Uo) _

0.
[U - Uy
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Therefore, h is differentiable at Uy, and dy,k is given by .

Substituting

99:(Up) 39:( 0) 9gi(Uo)
Ouy Su

m

du,gi = dui + ————dug+ -+ ———=dunm, 1<i<mn,

into and collecting multipliers of du;, dus, , du,, yields

duh =3 (z": _31;(:0) 39;2‘3_0) ) du;.

i=1 \ j=1

However, from Theorem-~,

. Oh(U
dUoh=Z 6(u0)d

=1 i
Comparing the last two equations yields .

When it is not important to emphasize the particular point X,, we write less formally as

fag] X
= < .
E 6:::]6'u’ 1<i<m, (5.1.39)

Bu,
with the understanding that in calculating oh(Uyg)/dus, 8g;/0u; is evaluated at Ug and df/0x; at Xy = G(Up).
The formulas and can also be simplified by replacing the symbol G with X = X(U); then we write

r(U) = f(X(U))

and
0h(Uy) Z 0f(Xo) 3$J(U0)
3%; — or; 6’11,'
j=1 7
or simply
oh of Oz;
Bus = 2 B, Bu;” (5.1.40)

The proof of Corollary~ suggests a straightforward way to calculate the partial derivatives of a composite function without using
explicitly. If A(U) = f(X(U)), then Theorem~ , in the more casual notation introduced before Example~, implies that

dh = fmldzl + fzgd$2 +--+ fzndmm (5141)
where dz;, dzs, , dz, must be written in terms of the differentials duy, dus, , dun, of the independent variables; thus,

ox; T
=  dtg,.

da: = O by oo
P by Oug Oum,

Substituting this into and collecting the multipliers of du;, dus, , du,, yields~.

Higher derivatives of composite functions can be computed by repeatedly applying the chain rule. For example, differentiating with
respect to uy yields

Bracket argument to \\ must be a dimension

o ()

We must be careful finding

which really stands here for
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9 (of(X(U))
S ( ey . (5.1.42)
The safest procedure is to write temporarily
_ 9f(X)

then becomes

9¢(X(U)) _ Z": 99(X(U)) 9z5(U)

Buy, ~ Oz, Auy,
Since
9 _ o%f
0z, 0Oz,0z;’
this yields

0 (6f) " 9*f Oz,

Buy, \ Bz

Substituting this into yields

" Bz; I 8f O,

+
=1 6’(1, —1 6.’Es 6.1:,-

2 n 0%z
= > o Ou. (5.1.43)
j=1

Ouy, Ouy; 8z Buy,Bu;

&

To compute hy,,, (Up) from this formula, we evaluate the partial derivatives of #;, z,, , z,, at U, and those of f at X, = X(Uy). The
formula is valid if z1, s, , £, and their first partial derivatives are differentiable at Uy and f, fs,, fz,, 5 fz, and their first partial
derivatives are differentiable at X,.

Instead of memorizing , you should understand how it is derived and use the method, rather than the formula, when calculating
second partial derivatives of composite functions. The same method applies to the calculation of higher derivatives.

For a composite function of the form
h(t) = f(21(t), 22(8), --- , @a(2))

where t is a real variable, z1, z2, , x, are differentiable at ¢, and f is differentiable at Xy = X(%y), takes the form
n
B (to) = ) fu,(X(t0));(to)- (5.1.44)
j=1

This will be useful in the proof of the following theorem.
An equation of L is
X=X@t)=tXs+(1—-1t)X;, 0<t<1.
Our hypotheses imply that the function
h(t) = f(X(t))
is continuous on [0, 1] and differentiable on (0,1). Since
z;(t) = tzig + (1 — t)z41,

implies that
R ()= fo(X®) (@2 —7a), 0<t<L
i=1

From the mean value theorem for functions of one variable (Theorem~),
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for some ¢, € (0,1). Since h(1) = f(X2) and A(0) = f(X;), this implies with Xo = X(%,).

h(1) — h(0) = k' (to)

We will show that if X, and X are in §, then f(X) = f(X,). Since § is an open region, § is polygonally connected (Theorem~).
Therefore, there are points

X0, X1y, Xp =X
such that the line segment L; from X;_; to X; is in 9, 1 < i < n. From Theorem-,
F(Xi) = F(Xim1) = D (dg H)(Xi — Xir),
i=1

where X is on L; and therefore in S. Therefore,

FouKi) = far(Ki) = = f0,Xi) = 0,
which means that dfi.- f=0. Hence,
f(Xo) = f(Xq) = - = f(Xn);
that is, f(X) = f(Xo) for every X in S.
Suppose that f is defined in an n-ball B,(Xy), with p > 0. If X € B,(Xy), then
X(t) = Xo + (X — Xo) € B,(X), 0<t<]1,
so the function
h(t) = f(X(¢))

is defined for 0 < ¢ < 1. From Theorem~ (see also ),
B () = fo(X(t)(mi — Ti0)
i=1

if f is differentiable in B,(X,), and

h” (t)\ar = z": % (Z c’)fgi(t)) (= Eio)) (@ —zj0)

j=1 =1

O2f(X(t
Z 0% f(X(t) ())

o2, 0z, — Tio)(z; — Tjo)
J

ij=1

if fz1, foas » fon are differentiable in B,(Xo). Continuing in this way, we see that

= 3 B a0, 210 a1, 210 (5145

$1,89,---,0r=1
if all partial derivatives of f of order < r — 1 are differentiable in B,(Xo).
This motivates the following definition.

Under the assumptions of Definition~, the value of

0" f(Xo)

6:Bir6$,'p_l 695,-1

depends only on the number of times f is differentiated with respect to each variable, and not on the order in which the
differentiations are performed (Exercise~). Hence, Exercise~ implies that can be rewritten as

") p_ 9" f(Xo)
dxof_ Z rilrg! oy 3:1:;161:” .ozt

(dz1)™ (dz2)™ - (dp)"™, (5.1.46)

where Y, indicates summation over all ordered n-tuples (r1,2,...,7) of nonnegative integers such that
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and 9z is omitted from the “"denominators” of all terms in for which r; = 0. In particular, if n = 2,

r1+reot+rp=r

(") p__ LI M . .
dXOf_J'=0 (.7) Oz By (dz)? (dy)™.

The next theorem is analogous to Taylor’s theorem for functions of one variable (Theorem~).
Define
h(t) = f(Xo +t(X — Xo)). (5.1.47)

With ® = X — X, our assumptions and the discussion preceding Definition~ imply that A, &', , R*+1 exist on [0,1]. From Taylor’s
theorem for functions of one variable,

£ h@(0) | aH(r)

for some 7 € (0,1). From,
h(0) = f(Xo) and h(1) = f(X). (5.1.49)
From and with & = X — X,
RO©O)\ar = (@QN(X - Xo), 1<r<k, (5.1.50)
\arraytextand
R+ (r)\ar = (d;rl f) (X — Xo) (5.1.51)

where
X = X + 7(X — Xg)
is on L and distinct from X, and X. Substituting , , and into yields .
By analogy with the situation for functions of one variable, we define the kth {} X, by
k
Te(X) = ) (@0 NX —Xo)

|
!

if the differentials exist; then can be rewritten as

F%) = Tu(X) + g5 @™ HX ~Xa).

The next theorem leads to a useful sufficient condition for local maxima and minima. It is related to Theorem~. Strictly speaking,
however, it is not a generalization of Theorem (gxercise)-

If € > 0, there is a § > 0 such that B;(X,) c N and all kth-order partial derivatives of f satisfy the inequality

0 1(X) 0*(Xo) %
5,02, O, - 525,05, . - O3, <e€ X € B;(Xo)- (5.1.52)
Now suppose that X € Bs(X,). From Theorem~ with k replaced by & — 1,
1
F(X) = Tos (X) + 77 (A2 1)(X — Xo), (5.1.53)

where X is some point on the line segment from X, to X and is therefore in Bs(X,). We can rewrite as
1
F(X) = Tu(X) + 75 |42 H(X—Xo) — (@ )X —Xo)] . (5.1.54)

But and imply that
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‘(d%“) (X = Xo) — (P (X - x0)| < nFe[X — X,f¥ (5.1.55)
(Exercise~), which implies that

|f(X) — Ti(X)| _ n*e
W) Z 2K P x e Byx
X—XoF < @ X€BiXo),

from . This implies .

Let r be a positive integer and Xy = (19, Z20, ... , no)- A function of the form

PX) =) iy (@1 — T10)" (@2 — T20)"™ -+ (T — Tn) ™, (5.1.56)

where the coefficients {@r,r,..r,} are constants and the summation is over all n-tuples of nonnegative integers (r1,rs, ..., 7») such that
ritra ety =1,

is a {}, provided that at least one of the coefficients is nonzero. For example, if f satisfies the conditions of Definition~, then the
function

P(X) = (d,/)(X — Xo)
is such a polynomial if at least one of the rth-order mixed partial derivatives of f at X, is nonzero.

Clearly, p(X,) = 0 if p is a homogeneous polynomial of degree r > 1 in X — X,. If p(X) > 0 for all X, we say that p is {}; if p(X)
> 0 except when X =Xy, pis {}.

Similarly, p is {} if p(X) < 0or {} if p(X) < 0 for all X # X,. In all these cases, p is {}.
With p asin ,
p(—X +2Xy) = (—1)"p(X),
so p cannot be semidefinite if r is odd.
From Theorem-~, if f is differentiable and attains a local extreme value at Xy, then
dx,f =0, (5.1.57)

since fy,(Xo) = fr,(Xo) =+ = f5,(Xo) = 0. However, the converse is false. The next theorem provides a method for deciding
whether a point satisfying is an extreme point. It is related to Theorem~.

From and Theorem-~,

I — f(Ke) — \dsth ()X - Xo) _

i 0 1.
XXo X — X,|F (5.1.58)
If X = X + tU, where U is a constant vector, then
(@@ 1) (X — Xo) = tH(dQ (V)
so implies that
F(Xo +£U) — f(Xo) — \dst & (d% )(U)
lim - =0,
t—0 t’c
or, equivalently,
. fXo+tU)—f(Xo) 1, .
lim 7 = S @2N() (5.1.59)

for any constant vector U.

To prove

@ 0 g @ 5.1.21 https://math.libretexts.org/@go/page/33458



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33458?pdf

LibreTexts"

, suppose that dgg f is not semidefinite. Then there are vectors U; and Uy such that
(@ f)(U1) >0 and (@) (Us) <0.
This and imply that
f(Xo+1U1) > f(Xo) and f(Xo+1Uz) < f(Xo)
for ¢ sufficiently small. Hence, X, is not a local extreme point of f.

To prove

, first assume that dglzg f is positive definite. Then it can be shown that there is a p > 0 such that

(@ f)(X - Xo)

o > p|X — X,/ (5.1.60)

for all X (Exercise~). From , there is a § > 0 such that

F(X) — f(Xo) —\dst % (@)X —Xo)

|x_x0|k >—5 if |X—X0|<5.
Therefore,
1 ® p ko
F(X) = f(Xo) > 17 (dy)(X = Xo) = SIX = XKo" if |X—Xo| <4
This and imply that

FX) = f(Xo) > £IX =X i [X—Xol <3,
which implies that X is a local minimum point of f. This proves half of

. We leave the other half to you (Exercise~).

To prove

merely requires examples; see Exercise~.
Write (z — zo, ¥y — yo0) = (u,v) and
p(u,v) = (dggf)(u, v) = Au? + 2Buv + Cv?,
where A = fou (%0, 90), B = fay(Z0, %0), and C = fy (0, Y0), SO
D=AC- B

If D > 0, then A # 0, and we can write

, 2B B, B%\ ,

p(u,v)\ar = A ('u, +—guvt 2z ) + (C— 7) v
\ar=A (u+ gv)2 + %vz.

This cannot vanish unless 4 = v = 0. Hence, dgi f is positive definite if A > 0 or negative definite if A < 0, and Theorem~ implies

If D <0, there are three possibilities:

In each case the two given values of p differ in sign, so X, is not a local extreme point of f, from Theorem~

{}
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CHAPTER OVERVIEW

6: Vector-Valued Functions of Several Variables

IN THIS CHAPTER we study the differential calculus of vector-valued functions of several variables.

SECTION 6.1 reviews matrices, determinants, and linear transformations, which are integral parts of the differential calculus as
presented here.

SECTION 6.2 defines continuity and differentiability of vector-valued functions of several variables. The differential of a
vector-valued function F is defined as a certain linear transformation. The matrix of this linear transformation is called the
differential matrix of F, denoted by F’. The chain rule is extended to compositions of differentiable vector-valued functions.
SECTION 6.3 presents a complete proof of the inverse function theorem.

SECTION 6.4. uses the inverse function theorem to prove the implicit function theorem.

6.1: Linear Transformations and Matrices
6.2: Continuity and Differentiability of Transformations
6.3: The Inverse Function Theorem

6.4: The Implicit Function Theorem

This page titled 6: Vector-Valued Functions of Several Variables is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
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6.1: Linear Transformations and Matrices

In this and subsequent sections it will often be convenient to write vectors vertically; thus, instead of X = (z1, %2, ..., 2,) We will
write

Tn
when dealing with matrix operations. Although we assume that you have completed a course in linear algebra, we will review the
pertinent matrix operations.

We have defined vector-valued functions as ordered n-tuples of real-valued functions, in connection with composite functions A
= fo G, where f is real-valued and G is vector-valued. We now consider vector-valued functions as objects of interest on their
own.

If f1, f2, , fm are real-valued functions defined on a set D in \R", then

Bl
F=|
fm
assigns to every X in D an m-vector
f1(X)
F(x)= | 20
Fn(X)
Recall that fi, f2, , fm are the {}, or simply {}, of F'. We write
F:\R" - \R"

to indicate that the domain of F is in \R"™ and the range of F is in \R™. We also say that F is a {} \R" {} \R™. If m = 1, we identify
F with its single component function f; and regard it as a real-valued function.

.75pc
The simplest interesting transformations from \R" to \R™ are the {}, defined as follows
.75pc
If can be seen by induction (Exercise~) that if L is linear, then
L(a1X; + aeXs + - + apXg) = a1 L(Xy) + aoL(X32) + -+ + apL(Xy) (6.1.1)

for any vectors X;, Xy, , X;, and real numbers ay, as, , az. Any X in \R" can be written as

T1 1 0 0
T 1

X\ar = :2 =z |, [+z2| , [+t
Tp 0 0 1

\ar = z:E; + 22Eg + -+ + z,E,,.
Applying with k = n, X; = E;, and a; = z; yields

Now denote
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a1j
L(Ej) = afj )
amj
so becomes
a a12 QA1n
LX)=u1z afl + x4 a:m + ot z, a?n ,
Am1 Am2 Gmn

which is equivalent to . This proves that if L is linear, then L has the form . We leave the proof of the converse to you (Exercise~).

We call the rectangular array

ail a2 Q1n
az1 a2 a2

A= : " (6.1.3)
@ml Gm2 ** Gmn

the {} of the linear transformation . The number a;; in the ith row and jth column of A is called the {} A. We say that A isanm x n
matrix, since A has m rows and n columns. We will sometimes abbreviate as

A = [a;)].
We will now recall the matrix operations that we need to study the differential calculus of transformations.
We leave the proofs of next three theorems to you (Exercises~—)
The next theorem shows why Definition~ is appropriate. We leave the proof to you (Exercise~).
If a real-valued function f: \R" — \R is differentiable at X, then
dx.f = fu,(X0) dz1 + fo,(Xo) dg + -+ + fa,(Xo) A

This can be written as a matrix product

dzy
df = faX) uXe) = fo (Kol | | (6.04
dz,
We define the {} by
F'(Xo) = [fa,(X0) far(Xo) ++  fan(Xo)] (6.1.5)
and the {} by
dz,
dX — dzo
dzy,
Then can be rewritten as
dx,f = f'(Xo) dX. (6.1.6)

This is analogous to the corresponding formula for functions of one variable (Example~), and shows that the differential matrix
f/(Xy) is a natural generalization of the derivative. With this new notation we can express the defining property of the differential
in a way similar to the form that applies for n = 1:
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m F(X) = f(Xo) — f/(Xo)(X —Xg)

x]'i—>x0 [X — Xo| =0,
where X = (19, Z20, --- , Zno) and f’(Xo)(X — Xj) is the matrix product
1 — T
(X)) fuXo) - fa o) | 7T
Ty — Tno

As before, we omit the X, in and when it is not necessary to emphasize the specific point; thus, we write

f'=fa, foo - fz) and df=fdX.
We will need the following definition in the next section.
To justify this definition, we must show that |A| exists. The components of Y = AX are
Ui = 01T1 + QT2 + - + ATy, 1< i<

By Schwarz’s inequality,

¥? < (a +ad + - +al,) X%

m n
[Y|? < 24 la'?j X2
i=1 j=

B={K}AX|< K|X]| forall Xin \R"

Summing this over 1 < i < m yields

Therefore, the set

is nonempty. Since B is bounded below by zero, B has an infimum a. If ¢ > 0, then a + € is in B because if not, then no number less
than a4+ € could be in B. Then o + ¢ would be a lower bound for B, contradicting the definition of a. Hence,

|AX| < (a+¢€)|X|, X €\R"
Since € is an arbitrary positive number, this implies that
[AX| < a|X|, Xe\R",
S0 a € B. Since no smaller number is in B, we conclude that |A| = .

In our applications we will not have to actually compute the norm of a matrix A; rather, it will be sufficient to know that the norm
exists (finite).

Linear transformations from \R" to \R" will be important when we discuss the inverse function theorem in Section~6.3 and change
of variables in multiple integrals in Section~7.3. The matrix of such a transformation is {}; that is, it has the same number of rows
and columns.

We assume that you know the definition of the determinant

@11 G2 - Qlp
det(a)=| T
Gn1 Qp2 - Qpp
of an n x n matrix
ail a1z - Gln
A= a.21 a‘22 0'-2n
Gn1 Op2 - Gpp
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The {}, At, of a matrix A (square or not) is the matrix obtained by interchanging the rows and columns of A; thus, if

12 3 13 0
A=|3 1 4|, them Af=|2 1 1
01 —2 3 4 —2

A square matrix and its transpose have the same determinant; thus,
det(A?) = det(A).

We take the next theorem from linear algebra as given.

.2pc

The entries ai, 1 <i <n, of an n x » matrix A are on the {} of A. The n x n matrix with ones on the main diagonal and zeros
elsewhere is called the {} and is denoted by T; thus, if n = 3, .4pc

1
I=|0
0

(== o]

0
0
1
.4pc We call I the identity matrix because AI = A and IA = A if A is any n X n matrix. We say that an n x n matrix A is {} if there

is ann x n matrix A7}, the {} A, such that AA~* = A~1A =I. Otherwise, we say that A is {}

Our main objective is to show that an n x » matrix A is nonsingular if and only if det(A) # 0. We will also find a formula for the
inverse.

Apc
For a proof of the following theorem, see any elementary linear algebra text.

If we compute det(A) from the formula
det(A) = Eaikcik,
k=1

we say that we are {}. Since we can choose i arbitrarily from {1, ...,n}, there are n ways to do this. If we compute det(A) from the
formula

n
det(A) = Zakjckj,
k=1

we say that we are {}. There are also n ways to do this.
In particular, we note that det(I) = 1 for all n > 1.

If det(A) =0, then det(AB) =0 for any n x n matrix, by Theorem~. Therefore, since det(I) = 1, there is no matrix n x » matrix B
such that AB =T; that is, A is singular if det(A) = 0. Now suppose that det(A) # 0. Since implies that

A\adj(A) = det(A)I
and implies that
\adj(A)A = det(A),

dividing both sides of these two equations by det(A) shows that if A1 is as defined in, then AA—! = A-'A =1I. Therefore, A~ is
an inverse of A. To see that it is the only inverse, suppose that B is an n x n matrix such that AB =I. Then A=}(AB) = A}, so
(A7'A)B = Al Since AA~! =T and IB = B, it follows that B = A~L.

Now consider the equation
AX =Y (6.1.7)

with
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ail a2 Q1n z Y1

a1 G2 Q2n T2 Y2
A= : : : , X= , and Y= .

Gpl  On2 Qpn Tn Yn

Here A and Y are given, and the problem is to find X.
Suppose that A is nonsingular, and let X = A-1Y. Then
AX=AAY)=(AA )Y =TY =Y;
that is, X is a solution of . To see that X is the only solution of , suppose that AX; = Y. Then AX;

AY(AX)\ar = A71(AX;)
\arraytextand
(ATA)X\ar = (A7TA)X,,

which is equivalent to IX = IX;, or X = X.

Conversely, suppose that has a solution for every Y, and let X; satisfy AX; = E;, 1 <i < n. Let
B = [X; X3 - Xa];

that is, X;, X, , X,, are the columns of B. Then

AB = [AX; AX; - AX,] = [E;E; - E;] =L

= AX, so

To show that B = A~1, we must still show that BA = I. We first note that, since AB =1 and det(BA) = det(AB) =1 (Theorem~),

BA is nonsingular (Theorem~). Now note that
(BA)(BA) =B(AB)A) = BIA;
that is,
(BA)(BA) = (BA).
Multiplying both sides of this equation on the left by BA)™! yields BA =1.
The following theorem gives a useful formula for the components of the solution of .

From Theorems~ and , the solution of AX =Y is

T1 Ci1 C21 Cnl 1
T _ 1 c12 C2 Cn2 2
. =A 1Y\ar = ™ y
: det(A) :
T Cin C2n Cnn Yn

c11y1 + ca1y2 + - + CniYn

C12y1 + c2Y2 + - + Cn2Yn
\ar = :

C1aY1 + ConY2 + -+ + Crn¥Yn

But
Y1 a2 A1n
Y2 a2 Q2n
cuyi+cays + -+ Cuiyn = | . .|
Yn Qn2 Qnn

as can be seen by expanding the determinant on the right in cofactors of its first column. Similarly,

a11 Y1 aig a1n

G21 Y2 a3 aon
C12y1 +CnYz + -+ Cu2yn = | . . .

anl Yn Qn3 Qnn
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as can be seen by expanding the determinant on the right in cofactors of its second column. Continuing in this way completes the
proof.

A system of n equations in n unknowns

a11%1 + a12%a + - + a1ay\ar = 0
G91T1 + G92%T2 + ++ + G2pTp\ar = 0

2171 + G22%2 2nTn\ (6.1.8)
@n1Z1 + Gn2T2 + - + Anpn\ar = 0

(or, in matrix form, AX = 0) is {}. It is obvious that X, = 0 satisfies this system. We call this the {} of . Any other solutions of , if
they exist, are {}.

We will need the following theorems. The proofs may be found in any linear algebra text.

Throughout the rest of this chapter, transformations F and points X should be considered as written in vertical form when they
occur in connection with matrix operations. However, we will write X = (zy, z, ..., ,) when X is the argument of a function.

-.2em In Section~5.2 we defined a vector-valued function (transformation) to be continuous at X, if each of its component
functions is continuous at Xg. We leave it to you to show that this implies the following theorem (Exercise~1).

This theorem is the same as Theorem~ except that the ““absolute value” in now stands for distance in \R™ rather than \R.
If Cis a constant vector, then *“limx_,x, F(X) = C”” means that

lim [F(X)—C|=0.
X=Xy

Theorem~ implies that F is continuous at X if and only if

xl:n}:t{0 F(X) = F(X).

In Section~5.4 we defined a vector-valued function (transformation) to be differentiable at X, if each of its components is
differentiable at X, (Definition~). The next theorem characterizes this property in a useful way.

Let Xo = (%10, %20, --- » Tno). If F is differentiable at Xy, then so are f1, f2, , fm (Definition~). Hence,

afi
li \dst fi(X) — fi(Xo) — X7 fﬁ(w)jo) (25— 2j0) 0, 1<i<
Xg_‘g[(o |X_x0| =Y <t1<m,

which implies with A as in.

Now suppose that holds with A = [a;;]. Since each component of the vector in approaches zero as X approaches Xy, it follows that

dst f;(X) — fi(Xo) — \dst>"_,a;i(z; — x4
i 0~ HK0) —\E L olas =) _
X->X, [X — X

so each f; is differentiable at Xg, and therefore so is F (Definition~). By Theorem-~,

_ 85:(Xo)
= "oa;

which implies .
A transformation T : \R™ — \R™ of the form
T(X)=U+AX -X),

where U is a constant vector in \R™, X, is a constant vector in \R", and A is a constant m x n matrix, is said to be {}. Theorem~
says that if F is differentiable at X, then F can be well approximated by an affine transformation.

If F = (f1, f2, --- , fm) is differentiable at Xo, we define the {} Xo to be the linear transformation
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dx, f1
dx,F = dxf & (6.1.9)
dx;f m
We call the matrix A in and denote it by F’(X,); thus,
\dst%:f") \dst%’:") o \dst %?:o)
F(Xo) = [3\jot[];gitt ;fg(zzfo) \dst fi‘f;(zfo) \dst% (61.10)
[3\jot]\dst 5o \qst nXe) ... \gst OnKe)

(It is important to bear in mind that while F is a function from \R" to \R™, F” is not such a function; F’ is an m x n matrix.) From
Theorem-~, the differential can be written in terms of the differential matrix as

dx;
dx,F = F'(Xo) dfz (6.1.11)
day
or, more succinctly, as
dx,F = F'(X,) dX,
where
dzy
ax=| %,
dzn
as defined earlier.

When it is not necessary to emphasize the particular point Xo, we write as

af:
| ),
dfm
as .5pc
\dst 92 \dst 2 \dst 2
,_ | Blot]\dstg2 \dstgZ - \dstgZ |
[3\jot]: : :
[B\jot]\dst 3z \dst e ... \dstfm
.5pc and as
dF = F’ dX.

With the differential notation we can rewrite as

lim EX) —F(Xo) ~F'(Xo)(X ~Xo) _

0.
X—Xo |X — X

If m = n, the differential matrix is square and its determinant is called the {}. The standard notation for this determinant is
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\dstg—ﬁ \dstg—z \dstg—;’:;

O(f1, f2y s fn) _ [3\jot]\dst%fi \dstg—ﬁ \dstg—ii
(z1, 29, ..., Tp) [3\jot]: : :

[B\jot]\dst 3= \dst > .. \dstZfe

We will often write the Jacobian of F more simply as J(F), and its value at X, as JF(X).

Since an n x n matrix is nonsingular if and only if its determinant is nonzero, it follows that if F : \R" — \R" is differentiable at X,
then F’(X,) is nonsingular if and only if JF(X,) # 0. We will soon use this important fact.

We leave the proof of the following theorem to you (Exercise~).
Theorem~ and Definition~ imply the following theorem.

We say that F' is {} on a set S if S is contained in an open set on which the partial derivatives in are continuous. The next three
lemmas give properties of continuously differentiable transformations that we will need later.

Consider the auxiliary function
G(X) =F(X) - F'(X)X. (6.1.12)
The components of G are
" 8fi(Xo)0z;
a(X) = fi(X)— > %j,
=1

SO

99i(X) _ 8fi(X) _ 8fi(Xo)
393]' 81-]- 393]' )

Thus, 8g;/8z; is continuous on N and zero at Xg. Therefore, there is a § > 0 such that

‘8%,-—:5() <\/;ﬁ for 1<i<m, 1<j<n, if [X—Xol<3d. (6.1.13)
Now suppose that X, Y € B;(X,). By Theorem-~,
" 9g;(X;;
g(X) —a(Y)=) %(@i —¥j), (6.1.14)
=1 i

where X; is on the line segment from X to Y, so X; € Bs(Xq). From , , and Schwarz’s inequality,

(9:(X) — gi(YV))? < (z [%

]2) X -Y|]2< ﬁ|x-¥|2.
=1 m
Summing this from ¢ = 1 to 4 = m and taking square roots yields

IGX)—-G(Y)| <eX-Y| if X,Y e BsXo). (6.1.15)
To complete the proof, we note that

F(X)-F(Y)=GX) - G(Y) + FF(Xo)(X-Y), (6.1.16)
so and the triangle inequality imply .
Let X and Y be arbitrary points in Df and let G be as in . From ,

[F(X) — F(Y)| 2 [[F'(Xo)(X - Y)| - |G(X) — G(Y)]|, (6.1.17)

Since

X -Y = [F(Xo)] 'F (X)X -Y),
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implies that
1.
X —Y| < JIF'(Xo)(X -],

SO
[F'(Xo)(X—Y)| > rX Y] (6.1.18)
Now choose 6 > 0 so that holds. Then and imply .
See Exercise~ for a stronger conclusion in the case where F is linear.
On
S={X,Y)}X,YeDc\R™"
define

Bracket argument to \\ must be a dimension

Then g is continuous for all (X,Y) in S such that X # Y. We now show that if X, € D, then

B 9(X,Y) =0 = g(Xo, Xo); (6.1.19)

that is, g is also continuous at points (Xg, Xg) in S.

Suppose that e > 0 and X, € D. Since the partial derivatives of fi, fa, , fm are continuous on an open set containing D, there is a §
> 0 such that

Of; (Y) of; (X) €

0z oz ; \/n%

if X,YeBsX),1<i<m,1<j<n. (6.1.20)

(Note that 8f;/0z; is uniformly continuous on B;(Xo) for § sufficiently small, from Theorem~.) Applying Theorem~ to fi, fa, , fm,
we find that if X, Y € B;(Xy), then

where X; is on the line segment from X to Y. From this,

700~ 1)\ 25 _m,)] \ar = [ (et -4 (yj—mj)]

\ar < [Y — X|? Z[af'(x) a,;ﬂ(;c)

\ar(by Schwarz’s inequality)

2
\ar < %w— X2 (by (6.1.20)

Summing from i = 1 to 4 = m and taking square roots yields
[F(Y)-FX)-FX)(Y-X)| <Y -X]| if X,Y € BsXo).
This implies and completes the proof that g is continuous on S.
Since D is compact, so is S (Exercise~). Therefore, g is bounded on 8 (Theorem~); thus, for some Mj,
[F(Y)—FX) -F'(X)(Y-X)|<M;X-Y]| if X, YeD.
But

[F(Y) — F(X)[\ar < [F(Y) — F(X) - F/(X)(Y — X)| + [F/(X)(Y — X)|

\ar < (M; + [F/(X))I(Y ~ X]. (6.1.21)
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Since

o 4

% j=1

m n . 2 1/2
IIF’(X)IIS(_ [W—(X)])

and the partial derivatives {8f;/8z;} are bounded on D, it follows that |F’(X)| is bounded on D; that is, there is a constant M, such
that

IF'(X)| < Ma, X€D.
Now implies with M = My + M,.

By using differential matrices, we can write the chain rule for transformations in a form analogous to the form of the chain rule for
real-valued functions of one variable (Theorem-~).

The components of H are hy, hg, , hy, Where
hi(U) = f:(G(U)).

Applying Theorem~ to h; yields

duhi = 2": 6f;§°) du,gj, 1<i<m. (6.1.22)
=1 J
Since
du,h1 dy,91
dy,H = dU;’h2 and dy,G = dU:""” ,
du,hm du,gn

5pt the m equations in can be written in matrix form as

dy,H = F'(X()dy,G = F'(G(Uyp))dy,G- (6.1.23)
But
dy,G = G'(Uy) dU,
where
duy
au=|" |,
duy

so can be rewritten as
du,H = F/(G(Uy))G’ (Uy) dU.
On the other hand,
du,H = H'(U,) dU.

Comparing the last two equations yields . Since G’(Uy) is the matrix of dy,G and F/(G(Uy)) = F/(Xo) is the matrix of dx,F,
Theorem~

and imply~.

So far our discussion of transformations has dealt mainly with properties that could just as well be defined and studied by
considering the component functions individually. Now we turn to questions involving a transformation as a whole, that cannot be
studied by regarding it as a collection of independent component functions.

In this section we restrict our attention to transformations from \R" to itself. It is useful to interpret such transformations
geometrically. If F = (fi, fa, ..., fa), we can think of the components of
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F(X) = (fl(x)7 f2(x)7 7fn(X))

as the coordinates of a point U = F(X) in another ““copy” of \R". Thus, U = (uy, uz, ... , un), With
up = fi(X), ue=fo(X), .., un=fa(X).
We say that F {}, and that U {} F. Occasionally we will also write du;/dz; to mean 8f;/8z;. If S C Dy, then the set
F(S) = {UJU=F(X),X € §
is the {}.
We will often denote the components of X by z, ¥, , and the components of U by u, v, .
6pt
12pt

-.15em A transformation F is {}, or {}, if F(X;) and F(X;) are distinct whenever X; and X, are distinct points of Dg. In this case,
we can define a function G on the range

R(F) = {U}U = F(X) for some X € Dy
of F by defining G(U) to be the unique point in Dy such that F(U) = U. Then
Dg =R(F) and R(G)= Dg.
Moreover, G is one-to-one,
G(F(X)) =X, X€ Dy,
and
F(G(U))=U, Ue€Dg.

We say that G is the {} of F, and write G = F~. The relation between F and G is symmetric; that is, F is also the inverse of G, and
we write F = G~

The crucial difference between the transformations of Examples~ and is that the matrix of L is nonsingular while the matrix of L,
is singular. Thus, L (see ) can be written as
U 1 -1 T
BRIt 0129

where the matrix has the inverse

1 1
2 2
Locd ]
(Verify.) Multiplying both sides of by this matrix yields
1 1
5 7 vu| |z
|:[3\jot]—% %“v]_[y]’

which is equivalent to .

Since the matrix

11
2 2
of L, is singular, cannot be solved uniquely for (z, y) in terms of (u, v). In fact, it cannot be solved at all unless v = 2u.

The following theorem settles the question of invertibility of linear transformations from \R" to \R". We leave the proof to you
(Exercise~).
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-.5em We will now briefly review polar coordinates, which we will use in some of the following examples.
The coordinates of any point (z,) can be written in infinitely many ways as

z =rcosf, y=rsinb, (6.1.25)
where

r? = g% 44

and, if r > 0, @ is the angle from the z-axis to the line segment from (0, 0) to (z,y), measured counterclockwise (Figure~).
1pc 6pt
12pt 1pc

For each (z,y) # (0,0) there are infinitely many values of 9, differing by integral multiples of 2, that satisfy . If 8 is any of these
values, we say that §is an {} of (z,y), and write

6 = arg(z, y).
By itself, this does not define a function. However, if ¢ is an arbitrary fixed number, then
0 = arg(z,y), ¢$<0<¢+2m
does define a function, since every half-open interval [¢, ¢ + 27) contains exactly one argument of (z,y).
We do not define arg(0, 0), since places no restriction on 8 if (z,y) = (0,0) and therefore » = 0.
The transformation
R [ onrete ] | PSR <otan
is defined and one-to-one on
D ={(z,9)}(z,y) # (0,0),
and its range is
R(G) ={(r,0)}r>0,¢ <6< ¢+2m

For example, if ¢ = 0, then

_ V2
G(,1) = |: [B\jot]\dst % |’
since w/4 is the unique argument of (1,1) in [0, 27). If ¢ = =, then
G(1,1) = V2
[3\jot]\dst 2~

since 9r/4 is the unique argument of (1,1) in [x, 37).

If arg(zo,%0) = &, then (zg, o) is on the half-line shown in Figure~ and G is not continuous at (zo, yo), since every neighborhood of
(%0, o) contains points (z,y) for which the second component of G(z,y) is arbitrarily close to ¢ + 2, while the second component
of G(xo,y0) is ¢. We will show later, however, that G is continuous, in fact, continuously differentiable, on the plane with this half-
line deleted.

6pt
12pt

A transformation F may fail to be one-to-one, but be one-to-one on a subset S of Dg. By this we mean that F(X;) and F(X3) are
distinct whenever X; and X are distinct points of S. In this case, F is not invertible, but if Fg is defined on S by
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and left undefined for X ¢ S, then F is invertible. We say that F is the {}, and that Fgl is the {}. The domain of Fgl isF(S).

Fs(X) =F(X), X€S,

If F is one-to-one on a neighborhood of Xg, we say that F is {}. If this is true for every Xj in a set 3, then F is {}.

The question of invertibility of an arbitrary transformation F : \R™ — \R" is too general to have a useful answer. However, there is
a useful and easily applicable sufficient condition which implies that one-to-one restrictions of continuously differentiable
transformations have continuously differentiable inverses.

To motivate our study of this question, let us first consider the linear transformation

ajy a2 - Qlp Ty

a1 QG - G2 T2
FX)=AX=| 7 "= 7 .

Apl Qp2 - Qpp Tn

From Theorem~, F is invertible if and only if A is nonsingular, in which case R(F) = \R" and
F(U)=A"'U.

Since A and A~ are the differential matrices of F and F~, respectively, we can say that a linear transformation is invertible if and
only if its differential matrix F is nonsingular, in which case the differential matrix of F~! is given by

(F—l)/ — (F/)_l.

Because of this, it is tempting to conjecture that if F : \R® — \R" is continuously differentiable and A’(X) is nonsingular, or,
equivalently, JF(X) # 0, for X in a set S, then F is one-to-one on S. However, this is false. For example, if

e’ cosy
F(z,y) = [ ¢ siny ]

then

e“cosy —e®siny
JF(z,y) =
(@,9) e®siny  e®cosy

‘ =¥ 40, (6.1.26)

but F is not one-to-one on \R* (Example~). The best that can be said in general is that if F is continuously differentiable and JF(X)
# 0 in an open set S, then F is locally invertible on S, and the local inverses are continuously differentiable. This is part of the
inverse function theorem, which we will prove presently. First, we need the following definition.

We first show that if X, € S, then a neighborhood of F(X,) is in F(S). This implies that F(S) is open.

Since S is open, there is a p > 0 such that B,(X,) c S. Let B be the boundary of B,(X,); thus,

B ={X}X —Xj| =p. (6.1.27)
The function

o(X) = [F(X) — F(Xo)|

is continuous on § and therefore on B, which is compact. Hence, by Theorem~, there is a point X; in B where ¢(X) attains its
minimum value, say m, on B. Moreover, m > 0, since X; # X, and F is one-to-one on §. Therefore,

FX)-FXo)|=2m>0 if |X—Xo|=p. (6.1.28)
The set
{U}U —F(Xo)| < m/2
is a neighborhood of F(X,). We will show that it is a subset of F(S). To see this, let U be a fixed point in this set; thus,
U — F(Xo)| < m/2. (6.1.29)

Consider the function
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01(X) = [U-F(X),
which is continuous on S. Note that

m2
al(X) > T if |X—X0| =p, (6130)

since if |[X — X,| = p, then

|U - F(X)|\ar = |(U — F(Xo)) + (F(Xo) — F(X))|
\ar 2 ||F(Xo) — F(X)| — [U — F(Xo)||

\ar > m m_r
= 2~ 2

from and .

Since g, is continuous on S, ¢, attains a minimum value 4 on the compact set B,(X,) (Theorem~); that is, there is an X in B,(Xq)
such that

0'1(X) > Ul(i) = U, X e Bp(XO).
Setting X = X,, we conclude from this and that

0'1(X) =p< 01(X0) < T

Because of and , this rules out the possibility that X € B, so X € B,(X).

Now we want to show that x = 0; that is, U = F(X). To this end, we note that ¢, (X) can be written as

a(X) =3 (- X)),

=1

-4em so oy is differentiable on B,(X,). Therefore, the first partial derivatives of o, are all zero at the local minimum point X
(Theorem~), so 3pt

z": 0f;(X) (u;— £;X)) =0, 1<i<n,

=1 81:,-
or, in matrix form,
F'(X)(U-F(X))=0.

Since F’(X) is nonsingular this implies that U = F(X) (Theorem~). Thus, we have shown that every U that satisfies is in F(S).
Therefore, since Xy is an arbitrary point of S, F(S) is open.

Next, we show that G is continuous on F(S). Suppose that Uy € F(S) and X is the unique point in § such that F(Xo) = Uy. Since
F’(X,) is invertible, Lemma~ implies that there is a A > 0 and an open neighborhood N of X, such that N C S and

[F(X) — F(Xo)| > AIX — Xo| if XeN. (6.1.31)

(Exercise~ also implies this.) Since F satisfies the hypotheses of the present theorem on N, the first part of this proof shows that
F(N) is an open set containing Uy = F(Xj). Therefore, there is a § >0 such that X = G(U) is in N if U € B;(Uy). Setting X
= G(U) and X, = G(Uy) in yields

|F(G(U)) — F(G(Up))| > AIG(U) — G(Uy)| if U € Bs(Uo).
Since F(G(U)) = U, this can be rewritten as
G(U) -~ G(U)| < 1 [U-To| i UeBy(Uy), (61.32)

which means that G is continuous at Uy. Since Uy is an arbitrary point in F(8), it follows that G is continous on F(S).

We will now show that G is differentiable at U,. Since
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the chain rule (Theorem~) implies that {} G is differentiable at Uy, then

GF(X) =X, Xe&,

G’ (Ug)F'(Xq) =1
(Example~). Therefore, if G is differentiable at Uy, the differential matrix of G must be
G’(Uo) = [F'(Xo)] ™,
so to show that G is differentiable at Uy, we must show that if

G(U) — G(Uy) — [F'(X,)] ™ (U —Uy)

H(U) = [T— U] (U # Uy), (6.1.33)
then
Jim H(U) =0 (6.1.34)

Since F is one-to-one on S and F(G(U)) = U, it follows that if U # U,, then G(U) # G(Uy). Therefore, we can multiply the
numerator and denominator of by |G(U) — G(Uj)| to obtain

_ IG(U)-G(Uy| ( G(U)—G(Uo)—[F’(Xo)| " (U~Uy)
H(U)\ar = \dst S5l ( i)

_ IGO)-CCUN g (x|~ ( U=Uo=F’ (Ka)(G(U)~G (V)
\ar = —\dst- S g IF (Xo)] ™ (5 eorcor )

if 0 < |JU —Uy| < 6. Because of , this implies that

U — U, — F/(X0)(G(U) — G(Uy))
|G(U) — G(Uy)|

[H(U)] < +IIF (Xo)]

if 0 < |[U —Ug| < 6. Now let

U — U, — F'(X0)(G(U) — G(Uy))

H.(U) = IG(U) — G(Ty)]

To complete the proof of , we must show that

Jim Hy(U) =0. (6.1.35)

Since F is differentiable at X, we know that if

F(X) — F(Xo) — F/(Xo)(X — Xo)
|X — Xo| ’

HuX) = iy

then

Jim H(X) = 0. (6.1.36)

Since F(G(U)) = U and X, = G(U)),
H;(U) = Hy(G(U)).

Now suppose that € > 0. From , there is a §; > 0 such that

Hy(X)| <e if 0<|X—Xo|=|X—G(Up)| < éi. (6.1.37)
Since G is continuous at Uy, there is a d; € (0, §) such that

|G(U)—G(Up)| <8 if 0<|U—Uy|< .

This and imply that

[H,(U)| = Ha(G(U))| <e if 0<|U—TUy < by
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Since this implies , G is differentiable at X.

Since Uy is an arbitrary member of F(N), we can now drop the zero subscript and conclude that G is continuous and differentiable
on F(N), and

G'(U) = [F'(X)]”, UeF®N).
To see that G is on F(N), we observe that by Theorem~, each entry of G’(U) (that is, each partial derivative 8g;(U)/du;, 1 <14,
< n) can be written as the ratio, with nonzero denominator, of determinants with entries of the form

81,(G(V))

9o, (6.1.38)

Since 8f,/dz, is continuous on N and G is continuous on F(N), Theorem~ implies that is continuous on F(N). Since a determinant
is a continuous function of its entries, it now follows that the entries of G’(U) are continuous on F(N).

-4em If F is regular on an open set S, we say that Fg' is a {} F~1. (This is a convenient terminology but is not meant to imply that
F actually has an inverse.) From this definition, it is possible to define a branch of F~! on a set T ¢ R(F) if and only if T = F(S),
where F is regular on S. There may be open subsets of R(F) that do not have this property, and therefore no branch of F~! can be
defined on them. It is also possible that T' = F(S;) = F(S2), where $; and §, are distinct subsets of Dg. In this case, more than one
branch of F~! is defined on 7. Thus, we saw in Example~ that two branches of F—! may be defined on a set T. In Example~
infinitely many branches of F~! are defined on the same set.

It is useful to define branches of the argument To do this, we think of the relationship between polar and rectangular coordinates in
terms of the transformation

[ z ] = F(r,0) = [ reosf ] , (6.1.39)

rsin 6

where for the moment we regard » and ¢ as rectangular coordinates of a point in an r-plane. Let S be an open subset of the right
half of this plane (that is, 8 C {(r,6)}r > 0)

that does not contain any pair of points (r,6) and (r,8 + 2kx), where k is a nonzero integer. Then F is one-to-one and continuously
differentiable on S, with

, __ [ cos@ —rsind
F(r,6) = [ sinf  rcosd ] (6.1.40)
and
JF(r,0)=r>0, (r,0)€S. (6.1.41)

Hence, F is regular on S. Now let T = F(S), the set of points in the zy-plane with polar coordinates in S. Theorem~ states that T is
open and F has a continuously differentiable inverse (which we denote by G, rather than F3, for typographical reasons)

[’"]=G(m,y)=[ Val e } (ey) €T,

# [3\jot] args(2, 9)
where argg(z, y) is the unique value of arg(z, y) such that
(r,6) = (Va2 +42, angs(z.9)) € S.
We say that argg(z, ) is a {}. Theorem~ also implies that

cos @ sin 6

G,(.’L‘,y) = [F,(Ta 0)]_ \ar = |: \dSt—% \dSt&;o

:| (see (6.1.40))

[3\jot]\dst— 52 \dst—Z

o242

dst—= dst—=2
\a.r=l \S V”ﬂ"] (see (6.1.39)).

z2y?

1pc Therefore,
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Oargg(z,y) Y dargg(x,y) =

oz Tr2 gy oy T a2ty

(6.1.42)

A branch of arg(z,y) can be defined on an open set T of the zy-plane if and only if the polar coordinates of the points in T' form an
open subset of the rf-plane that does not intersect the -axis or contain any two points of the form (r,6) and (r, 8 + 2kr), where k is
a nonzero integer. No subset containing the origin (z,y) = (0,0) has this property, nor does any deleted neighborhood of the origin
(Exercise~), so there are open sets on which no branch of the argument can be defined. However, if one branch can be defined on
T, then so can infinitely many others. (Why?) All branches of arg(x, ) have the same partial derivatives, given in .

We leave it to you (Exercise~) to verify that and can also be obtained by differentiating directly.

\begin{example }\rm If

[ Z ] =F(z,y) = [ e® cosy ]

e’siny

(Example~), we can also define a branch G of F~! on any subset T of the uv-plane on which a branch of arg(u,v) can be defined,
and G has the form

2 4 2)1/2
[ e ] — Gy = | @) (6.1.43)
y arg(u, v)
Since the branches of the argument differ by integral multiples of 2z, implies that if G; and G are branches of F~2, both defined
on T, then
Ga(1,9) ~ Ga(wyw) = | ) | (k= integer
1(u,v 2(u,v) = ok = integer).

From Theorem-~,

Bracket argument to \\ must be a dimension

Substituting for ¢ and y in terms of 4 and v from , we find that

17
az\ar = % =e 7 Cosy = 6_21'111 = uzL-i-’(ﬁ
\arraytextand
oz oy z . _op v
6'U\ar— By =€ Smy=eu=_5.

\end{example}

Examples~ and show that a continuously differentiable function F may fail to have an inverse on a set S even if JF(X) #0on S.
However, the next theorem shows that in this case F is locally invertible on S.

Unknown environment 'theorem'

Lemma~ implies that there is an open neighborhood N of X, on which F is one-to-one. The rest of the conclusions then follow
from applying Theorem~ to F on N.

By continuity, since JF’(X,) # 0, JF'(X) is nonzero for all X in some open neighborhood S of X,. Now apply Theorem~.

Theorem~ and imply that the transformation is locally invertible on S = {(r,8)}r > 0, which means that it is possible to define a
branch of arg(z, y) in a neighborhood of any point (zo,y0) # (0, 0). It also implies, as we have already seen, that

the transformation of Example~ is locally invertible everywhere except at (0,0), where its Jacobian equals zero, and the
transformation of Example~ is locally invertible everywhere.

In this section we consider transformations from \R™*™ to \R™. It will be convenient to denote points in \R™*™ by
(xa U) = (xla L2y 000y Ty UL, U2, .o ,Um)-

We will often denote the components of X by =, y, , and the components of U by u, v, .
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To motivate the problem we are interested in, we first ask whether the linear system of m equations in m + n variables
Missing dimension or its units for \hspace

determines wu;, uy, , u,, Uniquely in terms of zy, xs, , ,. By rewriting the system in matrix form as

AX +BU =0,
where
a1 a2 - Qip buu bz o bim
A ll.21 0?2 a-2n . B= ba1 b?z bom ’
Gmi @z v Qo b bmz - bmm
F3l (1
X=| "], ad U=|" |,
Ty U

we see that can be solved uniquely for U in terms of X if the square matrix B is nonsingular. In this case the solution is

U=-B'AX.
For our purposes it is convenient to restate this: If
F(X,U) = AX + BU, (6.1.44)
where B is nonsingular, then the system
F(X,U)=0

determines U as a function of X, for all X in \R".

Notice that F in is a linear transformation. If F is a more general transformation from \R™™ to \R™, we can still ask whether the
system

F(X,U) =0,
or, in terms of components,

Fi(z1, 29, ey Ty U1, Uy oo, U ) \T = 0
f2($1,$2, cee s Ty UL, U2, --- ,um)\ar =0

Fm(Z1, T2, oo Ty U, U2, .., Up) \ar = 0,

can be solved for U in terms of X. However, the situation is now more complicated, even if m = 1. For example, suppose that m
=1and

fl@,yu) =1—2 —y* —u®.

If 22 4+ 42 > 1, then no value of « satisfies
f(z,y,u) =0. (6.1.45)
However, infinitely many functions » = u(z, y) satisfy on the set
S={(z,9}’ +y* <1.
They are of the form
u(z,y) = e(z,y)V1—2° — 92

where e(z,y) can be chosen arbitrarily, for each (z,y) in S, to be 1 or —1. We can narrow the choice of functions to two by requiring
that « be continuous on S; then
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uw(z,y)\ar = /1 —z2 —y? (6.1.46)

\arraytextor
w(@,y)\ar = —/I— 22— 2.

We can define a unique continuous solution u of by specifying its value at a single interior point of S. For example, if we require
that

u (L L) -1
V3’ V3 3’
then » must be as defined by .
The question of whether an arbitrary system
F(X,U) =

determines U as a function of X is too general to have a useful answer. However, there is a theorem, the implicit function theorem,
that answers this question affirmatively in an important special case. To facilitate the statement of this theorem, we partition the
differential matrix of F: \R™™ — \R™

\dst2h  \dstSh .. \dst2 | \dstZ \dstZE .. \dst 2l
g _ | Blothdstglt \dstgl - \dst M | \dst gl \dst M w \dstgft (6.1.47)
[3\jot]: ; . | : :
ot e o \dtl | \dwle \dstfe - \dwde
or
F, = [FX7FU];

where Fx is the submatrix to the left of the dashed line in and Fy is to the right.

For the linear transformation , Fx = A and Fy = B, and we have seen that the system F(X, U) = 0 defines U as a function of X for
all X in \R" if F'y is nonsingular. The next theorem shows that a related result holds for more general transformations.

Define & : \R™™ — \R™™ by

x
z2
B(X,U) = On (6.1.48)
’ fl (X’U) o
[8\jot] f2(X, U)
fm(X,0)
or, in ~horizontal’notation by
®(X,U) = (X,F(X,U)). (6.1.49)
Then @ is continuously differentiable on S and, since F(Xo, Ug) = 0,
(X, Ug) = (Xo,0). (6.1.50)

The differential matrix of ® is
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1 0 - 0 0 0 0
[3\jot]0 1 0 0 0 0
0 0 1 0 0 0
® = | [B\jot]\dstg2 \dstZZ .. \dstSZ \dst2L \dstOZ .. \dstPl
[B\jot]\dst 32 \dst3Z .. \dstoZ "’fﬂ \dst 92 \dst% e \dst 22
[3\J0t]. : . : : : 3 H
| [Blot]\dst gz \dstgz - \dstFe \dstPfe \dstPfe . \dstglm |
II 0
" | Fx Fu |’

where I is the n x n identity matrix, 0 is the n x m matrix with all zero entries, and Fx and Fy are as in . By expanding det(®’) and
the determinants that evolve from it in terms of the cofactors of their first rows, it can be shown in n steps that .5pc

\dst o= % \dst 5 M - \dst 5 %
3.f2 afz 3.f2

J® = det(®’) = [3\JF;]\}::‘; \dSt \dSt = det(Fuy).
\dst 3= a'f m \dst F= 3f mo.. \dst af m

.5pc In particular,

J@(Xo, Uo) = det(Fu(Xo, U()) #0.
Since @ is continuously differentiable on S, Corollary~ implies that @ is regular on some open neighborhood M of (X¢, Up) and
that M = &(M) is open.

Because of the form of & (see or ), we can write points of M as (X, V), where V € \R™. Corollary~ also implies that & has a a
continuously ~ differentiable inverse I'(X,V) defined on M with values in M. Since & leaves the
$\mathbf{X}$ part" of $(\mathbf{X},\mathbf{U})$ fixed, a local inverse of
$\boldsymbol{\Phi}$ must also have this property. Therefore, $\boldsymbol{\Gamma}$
must have the form \vskip.5pc \ [ \boldsymbol{\Gamma}
(\mathbf{X}, \mathbf{V})=\1left[\begin{array}{c} X_1\\ x_2\\\vdots\\ x_n\\[3\jot]
h_1(\mathbf{X}, \mathbf{V})\\[3\jot] h_2(\mathbf{X}, \mathbf{V})\\  \vdots\\ [3\jot]
h_m(\mathbf{X}, \mathbf{V})\end{array}\right] $$ \vskiplpc or, in

horizontal” notation,

I'(X,V)=(X,H(X,V)),
where H : \R™™ — \R™ is continuously differentiable on 4. We will show that G(X) = H(X, 0) has the stated properties.

From , (X,,0) € M and, since M is open, there is a neighborhood N of X, in \R” such that (X,0) € M if X € N (Exercise~).
Therefore, (X,G(X)) =I'(X,0) € M if X € N. Since T = &1, (X,0) = (X, G(X)). Setting X = X, and recalling shows that
G(Xg) = Uy, since P is one-to-one on M.

Henceforth we assume that X € N. Now,

(X,0)\ar = ®(T'(X,0)) (since @ =T1)
\ar = ¥(X, G(X)) (since I'(X, 0) = (X, G(X)))
\ar = (X, F(X,G(X))) (since 2(X,U) = (X,F(X,1))).

Therefore, F(X, G(X)) = 0; that is, G satisfies . To see that G is unique, suppose that G1 : \R" — \R™ also satisfies . Then
2(X, G(X)) = (X,F(X,G(X))) = (X,0)

and
(X, G1(X)) = (X, F(X, G:(X))) = (X,0)

for all X in NV. Since & is one-to-one on M, this implies that G(X) = G;(X).
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Since the partial derivatives

Ohi 1<i<m, 1<j<n,
31:]'

are continuous functions of (X, V) on M, they are continuous with respect to X on the subset {(X,0)}X € N of M. Therefore, G is
continuously differentiable on . To verify , we write F(X, G(X)) = 0 in terms of components; thus,

f,‘,(wl,ﬁg,...,(En,gl(x),gg(x),-..,gm(x)) =0, 1<i<m, X E€eN.

Since f; and gy, g, , gm are continuously differentiable on their respective domains, the chain rule (Theorem~) implies that

3f1(X G(X)) - 3fz(X G(X)) 99-(X) . .
; Bu gam,- =0, 1<i<m,1<j<n, (6.1.51)
or, in matrix form,
Fx(X,G(X)) + Fu(X, G(X))G'(X) = 0. (6.1.52)

Since (X, G(X)) € M for all X in N and Fy(X, U) is nonsingular when (X, U) € M, we can multiply on the left by Fg'(X, G(X)) to
obtain . This completes the proof.

In Theorem~ we denoted the implicitly defined transformation by G for reasons of clarity in the proof. However, in applying the
theorem it is convenient to denote the transformation more informally by U = U(X); thus, U(Xg) = Uy, and we replace and by

(X, UX))eM and X(X,UX))=0 if XeN,
and
U'(X) = -[Fu(X,UX))|'Fx(X,U(X)), XeN,
while becomes

Ofi | N\~ Ofi Ouy
8:1:,- aur 61‘]'

=0, 1<i<m,1<j<n, (6.1.53)
r=1

it being understood that the partial derivatives of u, and f; are evaluated at X and (X, U(X)), respectively.
The following corollary is the implicit function theorem for m = 1.
-2em2em

It is not necessary to memorize formulas like and . Since we know that f and = are differentiable, we can obtain and by applying
the chain rule to the identity

f(@ 9, u(z,y)) = 0.

If we try to solve for u, we see very clearly that Theorem~ and Corollary~ are {} theorems; that is, they tell us that there is a
function u = u(z,y) that satisfies , but not how to find it. In this case there is no convenient formula for the function, although its
partial derivatives can be expressed conveniently in terms of z, y, and u(z,y):

fa(2, 3, u(z,9)) fy(=@,y,u(z,y))

Ug(T,y) = — , UylT,y) =—FF——— -
OV =" epu@y) Y L)
In particular, since u(1,—1) =1,
0 4 4
Uz(l,—l) = —_—7 = 0, 'u,y(l, —1) = —_—7 = 7

Again, it is not necessary to memorize , since the partial derivatives of an implicitly defined function can be obtained from the
chain rule and Cramer’s rule, as in the next example.

-.4em It is convenient to extend the notation introduced in Section 6.2 for the Jacobian of a transformation F : \R™ — \R™. If f;, f,,
, fm are real-valued functions of & variables, k > m, and ¢;, &, , &, are any m of the variables, then we call the determinant

@ 0 e @ 6.1.21 https://math.libretexts.org/@go/page/33463



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33463?pdf

LibreTexts"

\dstg—g \dstg—g \dst%
[B\jot]\dst 32 \dst3Z . \dstgl ,
[3\jot]: : :
[B\jot]\dst = \dst3fe .. \dst@=
the {}. We denote this Jacobian by
O(f1, f2y s fm)

6(511 621 1£m) ’

and we denote the value of the Jacobian at a point P by

a(fh .f2, ,fm)
6(517 62’ ;EWI-)

The requirement in Theorem~ that Fy(Xo, Up) be nonsingular is equivalent to

8(.f17f27"'afm)

a(uh U2y -ee 7u‘m)

P

#0.

(X0,U0)
If this is so then, for a fixed j, Cramer’s rule allows us to write the solution of as

O(f1,fareresiseensfim)
Au; N Crer——r .
— —_ , 1<i<m,
Oz; \dst O(f1,foreenrfiseenrfm)

O(u1,u2yereUiyereslhm)

Notice that the determinant in the numerator on the right is obtained by replacing the ith column of the determinant in the
denominator, which is

\dst % \dst %
[3\jot] \dst 92 by [3\jot]\dst g2
\dst %’;‘ \dst %’;‘

So far we have considered only the problem of solving a continuously differentiable system
F(X,U)=0 (F:\R™™ = \R™) (6.1.54)

for the last m variables, u;, us, , 4y, in terms of the first n, 1, xs, , z,. This was merely for convenience; can be solved near
(X, Uy) for any m of the variables in terms of the other n, provided only that the Jacobian of fi, fa, , fm with respect to the chosen
m variables is nonzero at (Xg, Uy). This can be seen by renaming the variables and applying Theorem~.

We close this section by observing that the functions w;, ug, , un, defined in Theorem~ have higher derivatives if fi, fa, ..., fm do,

and they may be obtained by differentiating , using the chain rule. (Exercise~).
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CHAPTER OVERVIEW

7: Integrals of Functions of Several Variables
IN THIS CHAPTER we study the integral calculus of real-valued functions of several variables.

e SECTION 7.1 defines multiple integrals, first over rectangular parallelepipeds in \R" and then over more general sets. The
discussion deals with the multiple integral of a function whose discontinuities form a set of Jordan content zero, over a set
whose boundary has Jordan content zero.

e SECTION 7.2 deals with evaluation of multiple integrals by means of iterated integrals.

e SECTION 7.3 begins with the definition of Jordan measurability, followed by a derivation of the rule for change of content
under a linear transformation, an intuitive formulation of the rule for change of variables in multiple integrals, and finally a
careful statement and proof of the rule. This is a complicated proof.

7.1: Definition and Existence of the Multiple Integral
7.2: Tterated Integrals and Multiple Integrals
7.3: Change of Variables in Multiple Integrals

This page titled 7: Integrals of Functions of Several Variables is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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7.1: Definition and Existence of the Multiple Integral

We now consider the Riemann integral of a real-valued function f defined on a subset of \R", where n > 2. Much of this
development will be analogous to the development in Sections~3.1-3 for n = 1, but there is an important difference: for n = 1, we
considered integrals over closed intervals only, but for n > 1 we must consider more complicated regions of integration. To defer
complications due to geometry, we first consider integrals over rectangles in \R", which we now define.

-.4em The
S’1XS'2>(---XS'n

of subsets S;, Sa, , S, of \R is the set of points (zy,z2,...,2,) in \R" such that z; € 1,25 € Ss,...,2, € S,. For example, the
Cartesian product of the two closed intervals

[a1,01] X [ag, b5] = {(z,y)}a1 <2 < b1, a3 <y < by

is a rectangle in \R? with sides parallel to the z- and y-axes (Figure~).
6pt
6pt
The Cartesian product of three closed intervals

[a1, b1] X [ag,b] X [a3,b3] = {(z,9,2)}a1 ST < b1, a2 <y < by, a3 <2< b3
is a rectangular parallelepiped in \R? with faces parallel to the coordinate axes (Figure~).
6pt
6pt

If n =1, 2, or 3, then V(R) is, respectively, the length of an interval, the area of a rectangle, or the volume of a rectangular
parallelepiped. Henceforth, rectangle'' or cube’*will always mean coordinate rectangle'' or coordinate
cube” unless it is stated otherwise.

If
R = [a1,b1] X [ag,ba] X -+ X[@n, bs]
and
Prar=an <ap < < Oy, = by
is a partition of [ar, by], 1 < r < n, then the set of all rectangles in \R" that can be written as
[01,4,-1, 813,] X [82,5,1, @23,] X = X[@nj—1,@nz), 1< Gr<my, 1<T <,
is a {} of R. We denote this partition by
P=P xPyx-xXP, (7.1.1)
and define its {} to be the maximum of the norms of P;, P, , P,, as defined in Section~3.1; thus,
P = max{| Py, [P, ..., | Pull}-
Put another way, ||P| is the largest of the edge lengths of all the subrectangles in~P.

Geometrically, a rectangle in \R? is partitioned by drawing horizontal and vertical lines through it (Figure~); in \R?, by drawing
planes through it parallel to the coordinate axes. Partitioning divides a rectangle R into finitely many subrectangles that we can
number in arbitrary order as R;, Rs, , Rx. Sometimes it is convenient to write

P= {R1, R21 (K} Rk}
rather than .

6pt
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12pt

IfP=P x P, x--x P, and P’ = P/ x P§ x --- x P} are partitions of the same rectangle, then P’ is a {} of P if P/ is a refinement
of P;, 1 < i< n, as defined in Section~3.1.

Suppose that f is a real-valued function defined on a rectangle R in \R", P = {Ry, Rs, ..., Rt} is a partition of R, and X; is an
arbitrary point in R;, 1 < j < k. Then

k
o= z_: FXNV(Ry)

is a {}. Since X; can be chosen arbitrarily in R;, there are infinitely many Riemann sums for a given function f over any partition P
of R.

The following definition is similar to Definition~.

If R is degenerate, then Definition~ implies that [, f(X) dX = 0 for any function f defined on R (Exercise~). Therefore, it should
be understood henceforth that whenever we speak of a rectangle in \R™ we mean a nondegenerate rectangle, unless it is stated to
the contrary.

The integral f, f(X)dX is also written as

[ femden 0=2. [ fenddens @=9),
or
/R f(z1, %9, ... ,&n) d(z1, T2, ... ,T5) (m arbitrary).
Here dX does not stand for the differential of X, as defined in Section~6.2. It merely identifies z;, z5, , z,, the components of X, as

the variables of integration. To avoid this minor inconsistency, some authors write simply [ f rather than f, f(X) dX.

As in the <case where n»n =1, we will say simply integrable'' or integral’when we mean

Riemann integrable'' or Riemann integral.” If n > 2, we call the integral of Definition~ a {}; for n =2 and n = 3 we
also call them {} and {}, respectively. When we wish to distinguish between multiple integrals and the integral we studied in
Chapter~ (n = 1), we will call the latter an {} integral.

Let P; and P, be partitions of [a,b] and [c, d]; thus,
Pia=zp<z1<<zZy=b and Pr:c=y<y1 <--<ys=d.

A typical Riemann sum of f over P = P, x P, is given by

T 8
o= E E(&j + ni5) (2 — 1) (Y5 — Yj—1), (7.1.2)
=1 g=1
where
Ti—1 < E,'j < T; and Yi—1 < Mij < Yj- (7.1.3)
The midpoints of [z;_1, ;] and [y;—1,y;] are
_ T; + Ti _ Yj + Yj—1
T = % and y; = T’ (714)
and implies that
o P; P
6l < Dt < JBL P (7.L5)
\arraytextand
_ Yj — Yj- P, P
Iy —Tl\ar < U U < "2_2" < Q (7.1.6)

Now we rewrite as
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Bracket argument to \\ must be a dimension

To find [, f(x,y) d(=,y) from , we recall that

r 8
Y (@i—zi1)=b—a, Y (yi—y;r1)=d—c (7.1.7)
i=1 j=1
(Example~), and
T 8
D> @l—aly)=bt*—a’, Y (¥ —y)=d"—¢ (7.1.8)
i=1 j=1

(Example~).

Because of and the absolute value of the second sum in does not exceed

PIS S @i — i) (5 — ysn)\er = [P |3 o —zi_l)] [ij(yj —y,-_l)]
i=1 j=1

=1 =1
\ar = [P[(b—a)(d—c)
(see ), so implies that
T 38
o= Y @i+ ;) (@i — zia) (W — yj-1)| < [PI(0—a)(d— o). (7.1.9)
=1 j=1
It now follows that
Missing dimension or its units for \hspace
Similarly,
T 3 _ b_ a 2 2
SN Ui —wia) (Wi — i) = —5— (@ =)
i=1 j=1
Therefore, can be written as
d—c b—a
lo— S50 —ah) - 25 (@ - )| < IPIG—a)(d—o)

Since the right side can be made as small as we wish by choosing |P| sufficiently small,

[ @rnden = 5 [@-9F e+ 6-a@ -]

The following theorem is analogous to Theorem-.

We will show that if f is unbounded on R, P = {Ry, Ry, ..., Rx} is any partition of R, and M > 0, then there are Riemann sums o and
o’ of f over P such that

lo—o’| > M. (7.1.10)
This implies that f cannot satisfy Definition~. (Why?)
Let
E
o= ]Z; FXH)V(R;)
be a Riemann sum of f over P. There must be an integer ¢ in {1,2, ..., k} such that

I£(X) — f(Xa)| > % (7.1.11)

for some X in R;, because if this were not so, we would have
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[£(X) — f(X)] < XeR; 1<j<k

M
V(R))’
If this is so, then

[FX)Nar = [£(X;) + £(X) — F(Xy)| < |FX))] + [F(X) — £(X5)]
\ar < |F(X;)] + V?;) XeR;, 1<j<k

However, this implies that

IfF(X)| < max{|f(X;)| + == <j<k XE€R,

V(R )
which contradicts the assumption that f is unbounded on R.

Now suppose that X satisfies , and consider the Riemann sum

o = FXYV(R)
=1

[
|

over the same partition P, where

r_ xj7 .7 7& Z'a
X;= {\ca.sespa.ce X, j=i.
Since
o —o’| = 1£(X) — f(X)|V(R:),
implies .

Because of Theorem~, we need consider only bounded functions in connection with Definition~. As in the case where n =1, it is
now convenient to define the upper and lower integrals of a bounded function over a rectangle. The following definition is
analogous to Definition~.

The following theorem is analogous to Theorem~.
Exercise~.
If
m< fX)<M for Xin R,
then
mV(R) < s(P) < S(P) < MV(R);

therefore, f_R J(X)dX and [, f(X) dX exist, are unique, and satisfy the inequalities

7 X)dX < MV(R)
Ja

and

mV(R) < [ f(X)dX < MV(R).
The upper and lower integrals are also written as

/ f(&,y)dz,y) end / f@ ) dzy) (n=2),
R R

/f(w,y,Z)d(w,y,z) and /f(w,y,Z)d(w,y,Z) (n=3),
R JIr
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or

/f(a:l,a:g,...,mn)d(ml,mz,...,mn)
R

and

/ f(z1, %2, - , ) d(z1, T2, - , Tp) (n arbitrary).
R

Let P; and P; be partitions of [a, ] and [c, d]; thus,
Piia=xp<z11<<Zp=b and Pr:c=y<y1<--<ys=d.

The maximum and minimum values of f on the rectangle [z;_1, ;] X [y;—1,y;] are «; + y; and ;1 + y;_1, respectively. Therefore,

S(P)\ar = 2': zs:(l'a + ;) (@i — 1) (Y5 — Y1) (7.1.12)
=1 j=1
\arraytextand
s(P)\ar = Z Z(fb‘i—l + 1) (@i — i) (Y5 — Yj-1)- (7.1.13)

By substituting

Tty = %[(xi +zi1) + (Y5 + Y1) + (@ — zi1) + (Y5 — y5-1)]
into , we find that
S(P) = %(21 + X+ B3+ By), (7.1.14)

where

Bracket argument to \\ must be a dimension
Substituting these four results into shows that

I<S(P)<I+|P|(d—a)d—c),
where

I (d—e)(¥* —a?) + (b—a)(d? —c2)‘
2

From this, we see that

[ e+vdep -1
R
After substituting

Ti1 +Yjo1 = %[(931' + 1) + (5 + Y1) — (T — zi-1) — (Y5 — Y-1)]
into , a similar argument shows that
I—|P|(b—a)(d—c) < s(P) <,
SO
Extra close brace or missing open brace

We now prove an analog of Lemma-~.
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We will prove and leave the proof of to you (Exercise~). First suppose that Py is obtained by adding one point to P;, and P/ = P;
for 2 < j < n. If P, is defined by

Pria,=ap<an << =b, 1<r<n,
then a typical subrectangle of P is of the form
Rjjyij = (01,511, 0151] X [02,5-1, @2,] X -+ X[@n -1, By ).
Let ¢ be the additional point introduced into P; to obtain P/, and suppose that
01k-1 < €< A1k

If j1 #k, then Rjj,..;, is common to P and P’, so the terms associated with it in §(P’) and S(P) cancel in the difference S(P)
— S(P’). To analyze the terms that do not cancel, define

Bracket argument to \\ must be a dimension

Myj,...;, = sup{ f(X)}X € Rgj,...j, (7.1.15)
and
MY . =sup{f(X)}XeR]) ., i=1.2 (7.1.16)

Then $(P) — S(P’) is the sum of terms of the form

[Mka---j,. (@1k — a16-1) — M;S:," (c—aip-1) — M,gz," (aw — C)]

(7.1.17)
X (@), — @2,jp-1) -+ (Gnj, — Gn,j,—1)-
The terms within the brackets can be rewritten as
(Mg — M) ) (e — 1) + (Migyg, — ME) ) (a1 — ©), (7.1.18)
which is nonnegative, because of and . Therefore,
S(P’) < 8(P). (7.1.19)

Moreover, the quantity in is not greater than 2M(a1x — a14-1), SO implies that the general surviving term in $(P) — S(P’) is not
greater than

2M|P|(azj, — azj—1) -+ (@nj, — @nj,—1)-

The sum of these terms as js, , j» assume all possible values 1 < j; <m;, 2 <i <m, is

2M|P|V(R
2MIP](b2 — ) (b — an) = M ),

This implies that

S(P) <SP+ 2MIPIV(R) .

b1 —al

This and imply forr; =1and ry=--=r, =0.
Similarly, if »; = 1 for some iin {1,...,n} and r; = 0 if 5 # 4, then

S(P) < S(P’) + 72]‘2'?_":@ :

To obtain in the general case, repeat this argument r; + 75 + --- +r,, times, as in the proof of Lemma-~.
Lemma~ implies the following theorems and lemma, with proofs analogous to the proofs of their counterparts in Section~3.2.

Exercise~.
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The next theorem is analogous to Theorem~3.2.3.

Exercise~.

Exercise~.

The next theorem is analogous to Theorem~3.2.5.

Exercise~.

Theorems~ and imply the following theorem, which is analogous to Theorem-~.

The next theorem translates this into a test that can be conveniently applied. It is analogous to Theorem-~.

Exercise~.

Theorem~ provides a useful criterion for integrability. The next theorem is an important application. It is analogous to Theorem-~.

Let e > 0. Since f is uniformly continuous on R (Theorem~), there is a § > 0 such that

€

1£06) — FX')) < s

(7.1.20)

if X and X’ are in R and |X —X’| < 6. Let P = {Ry, Ry, ..., Ry} be a partition of R with |P| < §/+/n. Since f is continuous on R,
there are points X; and X} in R; such that

f(Xy) =M;= Sup f(X) and f(X))=m;= - f(X)

(Theorem~). Therefore,

n

S(P) —s(P) =Y _(f(X;) = FX))V(R))-

Jj=1

Since |P| < §/+/n, |X;—X}| < 4, and, from with X = X; and X’ = X/,
e &
SP)—s(P)< == ) V(Rj)==e

Hence, fis integrable on R, by Theorem-~.

The next definition will enable us to establish the existence of [ f(X)dX in cases where f is bounded on the rectangle R, but is not
necessarily continuous for all X in R.

6pt

12pt

The next lemma follows immediately from Definition~.

The following theorem will enable us to define multiple integrals over more general subsets of \R".

Suppose that € > 0. Since E has zero content, there are rectangles Ty, T, , Ty, such that

EcT; (7.1.21)
j=1
and
V() <e (7.1.22)
j=1

We may assume that Ty, Ty, , T}, are contained in R, since, if not, their intersections with R would be contained in R, and still
satisfy and . We may also assume that if T" is any rectangle such that

T QCI}O)=$, then TNE=0 (7.1.23)
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since if this were not so, we could make it so by enlarging T3, Tb, , T}, slightly while maintaining . Now suppose that
T; = a1, bij] X [azj, baj] X -+ X[anj, bpj], 1<j<m,
let P,y be the partition of [a;, b;] (see ) with partition points
ai, bi, a1, bi1, @iz, bia, ... , Gim, bim \ Vspace * 1pt
(these are not in increasing order), 1 < i < n, and let
Py = Pyp X Py X -+ X Pyy.

-.3em Then P, consists of rectangles whose union equals UT, T; and other rectangles Ty, Ty, , Ty that do not intersect E. (We need
tobesurethat T/ N E=0,1 < < k.) If we let

m k
B=J1; and Cc=JT,
=1 i=1

then R = BUC and { is continuous on the compact set C. If P = {Ry, Ry, ..., Ri} is a refinement of Py, then every subrectangle R;
of P is contained entirely in B or entirely in C. Therefore, we can write

S(P) — s(P) = 31(M; — m;)V(R;) + Za(M; — m;)V(R;), (7.1.24)
-.3em where %, and 3, are summations over values of j for which R; C B and R; C C, respectively. Now suppose that
|FX)| <M for Xin R.

Then

m

B1(M; — m;)V(Ry) < 2M 5,V (R;) = 2M Y | V(T) < 2Me, (7.1.25)

j=1

from . Since f is uniformly continuous on the compact set C (Theorem~), there is a 4 > 0 such that M; —m; < € if |P| < d and R;
c C; hence,

Za(M; —m;)V(R;) < X2 V(R;) < eV(R).
This, , and imply that
S(P) — s(P) < [2M + V(R)]e
if |P| < é and P is a refinement of Py. Therefore, Theorem~ implies that f is integrable on R.
6pt
12pt
We can now define the integral of a bounded function over more general subsets of~\R".

To see that this definition makes sense, we must show that if R, and R, are two rectangles containing S and [, fs(X) dX exists,
then so does [ fs(X)dX, and the two integrals are equal. The proof of this is sketched in Exercise~.

Let fs be as in . Since a discontinuity of fs is either a discontinuity of f or a point of 885, the set of discontinuities of fg is the union
of two sets of zero content and therefore is of zero content (Lemma~). Therefore, fs is integrable on any rectangle containing S
(from Theorem~), and consequently on § (Definition~).

, defined as follows, form an important class of sets of zero content in \R".
Let S, D, and G be as in Definition~. From Lemma-~, there is a constant M such that

IG(X)—-G(Y)|<M[X-Y]| if X,YeD. (7.1.26)
Since D is bounded, D is contained in a cube

C = [a1,b1] x [ag,b2] X -+ X[am, bm],
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where
bi—a,,-=L, lngm

Suppose that we partition C into N™ smaller cubes by partitioning each of the intervals [a;, b;] into N equal subintervals. Let Ry, Ry,
, Ry, be the smaller cubes so produced that contain points of D, and select points X;, Xj, , Xi such that X; e DNR;, 1<i<k. IfY
€ D N R;, then implies that

|G(X:) — G(Y)| < M|X; - Y]. (7.1.27)
Since X; and Y are both in the cube R; with edge length L/N,

Ly/m
X;—Y|< A
This and imply that

60x) - 6(v) < ML,

which in turn implies that G(Y) lies in a cube &; in \R" centered at G(X;), with sides of length 2ML/m/N. Now
k n n

EV(E) =k (M) < N™ (M) = (2MLym)"N™™,

~ N N
Since n > m, we can make the sum on the left arbitrarily small by taking N sufficiently large. Therefore, S has zero content.
Theorems~ and imply the following theorem.
12pt 6pt
12pt

We now list some theorems on properties of multiple integrals. The proofs are similar to those of the analogous theorems in
Section~3.3.

Note: Because of Definition~, if we say that a function f is integrable on a set S, then S is necessarily bounded.
Exercise~.

Exercise~.

Exercise~.

Exercise~.

Exercise~.

Exercise~.

From Definition~ with f and S replaced by fg and T},

fs(X), XeT,

(fs)rX) = {\casespace 0, X¢T.

Since § C T, (fs)r = fs- (Verify.) Now suppose that R is a rectangle containing T'. Then R also contains S (Figure~), 6pt
12pt so
Bracket argument to \\ must be a dimension
which completes the proof.
Fori=1, 2, let
Bracket argument to \\ must be a dimension

From Lemma~ with § = S; and T = 8; U Ss, fs, is integrable on $; U S5, and
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/ fs,(X)dX = / fX)dX, i=1,2.
S1US, S;
Theorem~ now implies that fg, + fg, is integrable on §; U S5 and

[ Us+immax= [ qooax+ [ . (7.1.28)
S1US; S Sz

Since SN Sy, =0,
(fs, + f5,) (X) = f5,(X) + f5,(X) = f(X), X €S1USe.
Therefore, implies .
We leave it to you to prove the following extension of Theorem (gyercise
).
6pt
12pt
We will discuss this example further in the next section.
\begin{exerciselist}
Prove: If R is degenerate, then Definition~ implies that [ f(X)dX = 0if f is bounded on R.
Evaluate directly from Definition~.

Suppose that [ : f(z)dz and [ cd g(y) dy exist, and let R = [a,b] x [c,d]. Criticize the following ““proof” that [, f(z)g(y) d(z,y) exists

and equals
b d
( / f(m)dm) ( / g(y)dy)-

(See Exercise~ for a correct proof of this assertion.)
““Proof.” Let
Pia=zy<z1<+<x,=b and Pric=y<y<--<ys=d

be partitions of [a,b] and [¢,d], and P = P, x P,. Then a typical Riemann sum of fg over P is of the form

o= 33 FE)9ms) @i — oe-1) s — 451) = 0103,

i=1 j=1

where
r 8
o1=Y f)(@i—=zi) and o= g(n;)(y;—ys1)
i=1 =1
are typical Riemann sums of f over [a, b] and g over [¢,d]. Since f and g are integrable on these intervals,

b d
01—/ f(z)dz| and 02—/ g(y)dy‘

can be made arbitrarily small by taking |P;| and | Py| sufficiently small. From this, it is straightforward to show that

o— (/abf(w)dm) (/cdg(y)dy)

can be made arbitrarily small by taking |P| sufficiently small. This implies the stated result.

Suppose that f(z,y) >0 on R = [a,b] X [c,d]. Justify the interpretation of [, f(z,y) d(z,y), if it exists, as the volume of the region in
\R? bounded by the surfaces z = f(z,y) and the planes 2=0,z =a,2 =b, y=¢, and y = d.
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Prove Theorem-~.

Suppose that
0 if z and y are rational,
(1) \ 1 if 2 is rational and ¥ is irrational,
x,y) = 4 \casespace
Y P 2 if z is irrational and ¥ is rational,
3 if z and y are irrational.
Find

/ f(z,v)d(@,y) and / f@v)d@y) i R=[abx[cd.
R R

Prove Eqn.~ of Lemma-.

Prove Theorem~

Prove Theorem~

Prove Lemma~

Prove Theorem~

Prove Theorem~

Give an example of a denumerable set in \R? that does not have zero content.

%:14 Prove:

Show that a degenerate rectangle has zero content.

Suppose that f is continuous on a compact set § in \R"™. Show that the surface z = f(X), X € S, has zero content in \R™".
Let S be a bounded set such that § n 8S does not have zero content.

Suppose that f is integrable on a set S and S is a subset of S such that 83, has zero content. Show that f is integrable on Sj.
Prove Theorem~

Prove Theorem-~.

Prove Theorem~

Prove Theorem~

Prove Theorem~

Prove Theorem~

Prove: If f is integrable on a rectangle R, then f is integrable on any subrectangle of R.

Suppose that R and R are rectangles, R C R, g is bounded on &, and g(X) = 0if X ¢ R.

Suppose that f is continuously differentiable on a rectangle R. Show that there is a constant M such that

o~ [ s00ax] < i)

if o is any Riemann sum of f over a partition P of R.
Suppose that | ab f(z)dz and [ cd g(y) dy exist, and let R = [a, b] X [, d].
\end{exerciselist}

Except for very simple examples, it is impractical to evaluate multiple integrals directly from Definitions~ and . Fortunately, this
can usually be accomplished by evaluating n successive ordinary integrals. To motivate the method, let us first assume that f is
continuous on R = [a, b] X [¢,d]. Then, for each y in [e, d], f(z,y) is continuous with respect to  on [a, 8], so the integral
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b
F(y) = / f(,y) da

exists. Moreover, the uniform continuity of f on R implies that F' is continuous (Exercise~) and therefore integrable on [c,d]. We

11=/ch(y)dy=/cd (/:f(w,y)dw) dy

isan {} of f over R. We will usually write it as

say that

I, = /cddy/abf(z,y)dm.

Another iterated integral can be defined by writing

d
G(r)=/ f(z,y)dy, a<z<b,

and defining

12=/:G(w)dz=/: (/cdf(w,y)dy) daz,

which we usually write as

I2=/:d:c/cdf(w,y)dy.

In this example, I; = Iy; moreover, on setting a =0, b=1, ¢ =1, and d = 2 in Example~, we see that
| @+ndan =2,

so the common value of the iterated integrals equals the multiple integral. The following theorem shows that this is not an accident.
Let
Pia=zg<z1<<z,r=b and Pr:c=yo<ypn<--<y,=d

be partitions of [a, ] and [¢, d], and P = P, x P,. Suppose that

Yi-1 <0<y, 1<j<s, (7.1.29)
SO
o= F(n;)(y;— yi-1) (7.1.30)
j=1

is a typical Riemann sum of F over P,. Since

P = [ o) do = > [ semias

implies that if

mig\ar = inf{f(z,9)}zi-1 < T < @4, yj—1 <Y L yj
\arraytextand
Mij\ar = sup{f(z,y)}zi1 <z <=, yj1 <y <y,

then

T T
> mii(mi — i) < F(my) < Y Mij(i — @ic1).
i=1 =1
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Multiplying this by y; — y;—1 and summing from j = 1 to j = s yields

DO mis(mi — i) (y; — yi1)\ar < D F(ny)(y; — yj-1)
j=1 i=1 j=1
\ar < Z Z Mij(z; — z5-1) (Y5 — y5-1),
=1 i=1
which, from , can be rewritten as
s_f(P) <o< Sf(P), (7.1.31)

where s¢(P) and S¢(P) are the lower and upper sums of f over P. Now let sp(P2) and Sr(P2) be the lower and upper sums of F'
over Py; since they are respectively the infimum and supremum of the Riemann sums of F over P, (Theorem~), implies that

Sf(P) S SF(Pz) S SF(Pg) S Sf(P) (7.1.32)

Since f is integrable on R, there is for each ¢ > 0 a partition P of R such that S¢(P) — s;(P) < ¢, from Theorem~. Consequently,
from , there is a partition P, of [¢,d] such that Sp(P,) — sp(P2) < €, so F is integrable on [¢,d], from Theorem~.

It remains to verify . From and the definition of [ c" F(y) dy, there is for each ¢ > 0 a § > 0 such that

d
[ Foa—o|<c it IPl<s

that is,
d
o—¢ </ Fyydy<o+e if |Pf <.
This and imply that
d
8;(P) —e < / Fy)dy < Sy(P) +¢ if [P|<3,

and this implies that

) _
/ f(,y) d(z,y) — € < / Fly)dy < / () d(z,v) +e (7.1.33)
JR c R

(Definitiony, since

[ fevd@n = [ s@ndes

Jr R

(Theorem) @nd e can be made arbitrarily small, implies .

If f is continuous on R, then f satisfies the hypotheses of Theorem~ (Exercise~), so is valid in this case.

If [ f(z,y)d(z,y) and

d
/ f@,y)dy, a<z<bh,

exist, then by interchanging z and y in Theorem~, we see that

LbdmAdf(m,y)dy=Af(m,y)d(m,y)‘

This and yield the following corollary of Theorem~.
-2emZem

A plausible partial converse of Theorem~ would be that if [, c" dy [, : f(=z,y) dz exists then so does [ f(z,y) d(z,y); however, the next
example shows that this need not be so. \begin{example}\rm If f is defined on R = [0, 1] x [0, 1] by
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2 if y is rational
e y) = {\casespace zy if y is rational,
Y

if y is irrational,

then

1
/ f(m,y)da,':y, 0<y<],
0

and

1 1 1 1
/dy/ f(w,y)dfv=/ ydy= 5.
0 0 0

However, f is not integrable on R (Exercise~). \end{example}
The next theorem generalizes Theorem~ to \R".

For convenience, denote (zp41,Tpi2,---,2s) Dy Y. Denote B =1I; xIp x- xI, and T =I5 x Ipys x- x I, Let P
={Ry,Ry,...,Ry} and Q = {T}, Ty, ..., T,} be partitions of R and T, respectively. Then the collection of rectangles of the form R;
x T;(1 <i<k 1<j<s)isapartition P of R; moreover, every partition P of R is of this form.

Suppose that

Y;eT;, 1<j<s, (7.1.34)
SO
o= F(Y,)V(T)) (7.1.35)
j=1

is a typical Riemann sum of F, over Q. Since
F,(Yj)\ar = /Ef(zl,:vg, vy &p, Yj) d(Z1, T2, ..., Tp)

k
\ar=z‘/§ f(x1, 2, .0y Tp, Y ;) d(z1, T2, ..., Tp),
=1V/E;

implies that if

mg;\ar = inf{f(x1, 2, ..., Tp, Y)}(1, T2, ... , Tp) € R,Ye T;
\arraytextand
M;;\ar = sup{f(z1, %2, ..., Tp, Y)} (21, T2, ... , Tp) € E-, Y eT;

then

zk:mijv(ﬁi) < F(Yy) <> MuV(Ry).

k
i1

i=1 %

Multiplying this by V(7};) and summing from j = 1 to j = s yields

8 k s 8 k
DY mgVRIV(T) <Y Fp(Y)V(T)) < MV(R)V(Ty),
=1 i=1 =1 =1 i=1
which, from , can be rewritten as
s¢(P) <0 < S¢(P), (7.1.36)

where s¢(P) and S¢(P) are the lower and upper sums of f over P. Now let s5,(Q) and Sr,(Q) be the lower and upper sums of F,
over Q; since they are respectively the infimum and supremum of the Riemann sums of , over Q (Theorem~), implies that

57(P) < sp,(Q) < Sr,(Q) < S¢(P). (7.1.37)
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Since f is integrable on R, there is for each € > 0 a partition P of R such that S;(P) — s;(P) < ¢, from Theorem~. Consequently,
from , there is a partition Q of T such that Sk,(Q) — sr,(Q) < ¢, so Fy, is integrable on T, from Theorem-~.

It remains to verify that
/ A(X)dX = / Fy(Y) dY. (7.1.38)
R T
From and the definition of [ F,(Y)dY, there is for each € > 0a § > 0 such that
[ Bay—d<c it 1Q1<5
that is,
c—e< ‘/TF,,(Y)dY <ote if Q<6
This and imply that
s/(P)—e< /TF,.(Y) dY < S;(P)+¢ if |P|<3,

and this implies that

/ FX)dX —e < / Fp(Y)dY§7 AX)dX +e. (7.1.39)
JR T R

Since \dst [ f(X)dX = f_R f(X)dX (Theorem~) and e can be made arbitrarily small, implies .

The proof is by induction. From Theorem-~, the proposition is true for n = 2. Now assume n > 2 and the proposition is true with n
replaced by » — 1. Holding z,, fixed and applying this assumption yields

bp1 bu2 by b1
Fﬂ(a}n) =/ dﬁﬂ_1/ d.’En_z / d:L‘z f(X) d:I}1.

n—1 n—2 2 ay

Now Theorem~ with p = n — 1 completes the induction.

The hypotheses of Theorems~ and ~ are stated so as to justify successive integrations with respect to z1, then z», then =3, and so
forth. It is legitimate to use other orders of integration if the hypotheses are adjusted accordingly. For example, suppose that

{i1,42, ..., i} is a permutation of {1,2,...,n} and [ f(X)dX exists, along with
/ f(x) d(xipmiz:"'yxij)y 1 SJ <n-— 1, (7140)
I.lxI,-zx---xI,-J

for each

(illz'jﬂ,l‘,'j“, ,:Cin) in I"jJr1 X Ii_,-+g X eee X I" (7141)

e

Then, by renaming the variables, we infer from Theorem~ that

bin bip biy biy
/ f(X) dX = / dmi,, / d.’L'in_l / diL‘iz / f(X) d{L‘il. (7142)
R Qi a, aj, a;;

in—1

Since there are n! permutations of {1,2,...,n}, there are n! ways of evaluating a multiple integral over a rectangle in \R", provided
that the integrand satisfies appropriate hypotheses. In particular, if f is continuous on R and {iy, s, ...,4,} iS any permutation of
{1,2,...,n}, then f is continuous with respect to (z;,, Zs,, ..., i;) 0N I;; x I, x - x I;; for each fixed (=, i, -, =i,) satisfying .
Therefore, the integrals exist for every permutation of {1,2,...,n} (Theorem~). We summarize this in the next theorem, which now
follows from Theorem-.

We now consider the problem of evaluating multiple integrals over more general sets. First, suppose that f is integrable on a set of
the form
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(Figure~).

§={(z,y)}u(y) <z <o(y), c<y<d (7.1.43)

If u(y) > aand v(y) < bforc<y <d, and
Bracket argument to \\ must be a dimension

then

f f(@,9) d(z,y) = f fs(z,9) d(z, ),
S R

where R = [a,b] X [¢, d].. From Theorem-~,

fs(z,y)d(z,y) = ddy bfs(w,y) dx
I, o)

provided that |, : fs(z,y) dz exists for each y in [¢, d]. From and , this integral can be written as

/ " e,y do. (7.1.44)
u(y)

Thus, we have proved the following theorem.

6pt

12pt

From Theorem-~, the assumptions of Theorem~ are satisfied if f is continuous on S and » and » are continuously differentiable on
[c,d].
Interchanging = and y in Theorem~ shows that if f is integrable on

S={(z,y)}u(x) <y<v(z), a<z<b (7.1.45)

(Figure~) and

v(z)
/ © f(z,y)dy

exists for a < z < b, then

b (z)
/S f@,y)d(z,y) = /a dz /u © f(=z,y) dy. (7.1.46)

6pt
18pt
6pt
12pt
6pt
12pt Theorem~ has an analog for n > 2. Suppose that f is integrable on a set S of points X = (z1,s,...,2,) satisfying the
inequalities
Ui(Tjg1y ooy Zn) S 25 S V(Tj41yee, ), 1< j<n—1,
and

ap < Tp < by

Then, under appropriate additional assumptions, it can be shown by an argument analogous to the one that led to Theorem~ that
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be Va(2n) v2(T3,..Tn) v1(T2,..,Tn)
/ A(X)dX = / don / dap s / dos / £(X) das.
s an Un(Zn) U2 (T35eesTn) U1(%2,--,Tn)

These additional assumptions are tedious to state for general . The following theorem contains a complete statement for n = 3.
2em

Thus far we have viewed the iterated integral as a tool for evaluating multiple integrals. In some problems the iterated integral is
itself the object of interest. In this case a result

like Theorem~ can be used to evaluate the iterated integral. The procedure is as follows.
This procedure is called {} of an iterated integral.

6pt

12pt

\begin{exerciselist}

Evaluate

Let I; = [a;,b;], 1 < j < 3, and suppose that f is integrable on R = I} x I x I3. Prove:

Prove: If f is continuous on [a, ] x [c, d], then the function

b
F(y) =/ f(z,y) dz

is continuous on [e, d].
Suppose that

f&'y)> flz,y) if a<z<z' <b c<y<y <d.
Show that f satisfies the hypotheses of Theorem~ on R = [a,b] X [c, d].

Evaluate by means of iterated integrals:

Let A be the set of points of the form (27™p,27™g), where p and ¢ are odd integers and m is a nonnegative integer. Let
Bracket argument to \\ must be a dimension

Show that f is not integrable on any rectangle R = [a, b] X [c, d], but

[@ [ seva=["a [ 02 = 0-a)a—o)\canoa)
Let

Ty if y is rational,
if y is irrational,

flz,y) = {\casespace 12/

and R = [0,1] x [0, 1] (Example~).

Let R=[0,1] x [0,1] x [0,1], B = [0,1] x [0,1], and

2zy + 2xz

2
\casespace vt 2zz
2zy+ 2

y+z

f(w,y,2) =

Calculate Suppose that f is bounded on R = [a, b] X [c, d]. Prove:

if y and z are rational,

if y is irrational and z is rational,
if y is rational and z is irrational,
if y and z are irrational.

Use Exercise~ to prove the following generalization of Theorem~: If f is integrable on R = [a, ] X [¢, d], then

Y d
/ f(z,y)dy and / f(z,y) dy
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are integrable on [, ], and
b ([ rd b d
/ ( [ 1@ dy) da= [ ( L f(x,y)dy) ds = [ foi)do,s).

Evaluate f¢(x +y) d(z,y), where § is bounded by y = 2? and y = 2z, using iterated integrals of both possible types.

Evaluate Evaluate

Find the area of the set bounded by the given curves.

In Example~, verify the last five representations of f4 f(z,y, 2) d(z,y, 2) as iterated integrals.

Let S be the region in \R? bounded by the coordinate planes and the plane z + 2y + 3z = 1. Let f be continuous on S. Set up six
iterated integrals that equal [, f(z,v, 2) d(=, ¥, 2).

Evaluate Find the volume of S.
Let R = [a1,b2] X [ag,bs] X -+ X[an, by]. Evaluate

Assuming that f is continuous, express

1 Vi
/1/2 dy/_ﬁ f(z,y) dz

as an iterated integral with the order of integration reversed.

Evaluate f¢(z + y) d(z,y) of Example~ by means of iterated integrals in which the first integration is with respect to z.

Evaluate \dst [y ¢ dz [Y'™ \/:}’Tyz.

Suppose that f is continuous on [a, 00),

and y(a) = y’(a) == y("_l)(a) =0.
Let T, = [0, o] x [0, p], p > 0. By calculating

5 —
I(a) _,,1320 Tﬂe sin az d(z,y)

in two different ways, show that

00 s
/ smamdw=£ if a>0.
0 T 2

\end{exerciselist}

In Section~3.3 we saw that a change of variables may simplify the evaluation of an ordinary integral. We now consider change of
variables in multiple integrals.

Prior to formulating the rule for change of variables, we must deal with some rather involved preliminary considerations.

-.4em In Section~ we defined the content of a set § to be
V(S) = /S X (7.1.47)
if the integral exists. If R is a rectangle containing S, then can be rewritten as
V) = [ wsx)ax,
where g is the characteristic function of S, defined by

1, Xes,
Ps(X) = {\casespace 0, X¢8.
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From Exercise~, the existence and value of V'(S) do not depend on the particular choice of the enclosing rectangle R. We say that S
is {} if V(S) exists. Then V(S) is the {}S.

We leave it to you (Exercise~) to show that S has zero content according to Definition~ if and only if S has Jordan content zero.

Let R be a rectangle containing S. Suppose that V(dS) = 0. Since g is bounded on R and discontinuous only on dS (Exercise~),
Theorem~ implies that [ 45(X) dX exists. For the converse, suppose that 85 does not have zero content and let P
= {Ry, Ry, ..., R} be a partition of R. For each jin {1, 2, ..., k} there are three possibilities:

Let
Ur={j}R;CS and Uy={j}R;NS+#0and R;NS° #0. (7.1.48)
Then the upper and lower sums of g over P are
Bracket argument to \\ must be a dimension

and

s(P)\ar = \dst > ey, V(Ry)

7.1.49
\ar = total content of the subrectangles in P contained in S. ( )

Therefore,

S(P)—s(P) =) _ V(R)),

JEU,

which is the total content of the subrectangles in P that intersect both § and S¢. Since these subrectangles contain 85, which does
not have zero content, there is an €o > 0 such that

S(P)—s(P)>¢
for every partition P of R. By Theorem~, this implies that 9 is not integrable on R, so § is not Jordan measurable.
Theorems~ and imply the following corollary.

Since V(K) =0,

/ $x(X) dX = 0
C

if C is any cube containing K. From this and the definition of the integral, there is a § > 0 such that if P is any partition of C with
|P| < § and o is any Riemann sum of g over P, then
0<o<e (7.1.50)
Now suppose that P = {C4, Cs, ..., Cy} is a partition of C into cubes with
IP| < min(p, 8), (7.1.51)

and let Cj, Cs, , Cy be numbered so that C;N K #0if 1 <j<rand C;N K =0 if r +1 < j < k. Then holds, and a typical Riemann
sum of ¥ over P is of the form

o= ¥x(X;)V(C))
=1
with X; € Cj, 1 < j < r. In particular, we can choose X ; from K, so that yx(X;) =1, and
o= _V(C).
=1

Now and imply that Cy, C,, , C; have the required properties.

To formulate the theorem on change of variables in multiple integrals, we must first consider the question of preservation of Jordan
measurability under a regular transformation.
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Since K is a compact subset of the open set S, there is a p; > 0 such that the compact set
Kp = {(XP\dist(X, K) < py

is contained in S (Exercises 1.26). From Lemma, there is a constant M such that

IG(Y) - GX)| < MY -X| if X,Y€K,,. (7.1.52)
Now suppose that € > 0. Since V(K) = 0, there are cubes C;, C,, , C, with edge lengths sy, 8o, , 8, < p1/v/n suchthat C;Nn K #+0, 1
<j<r,
KclJc;
§=1

and

Y v(Cy)<e (7.1.53)

j=1

(Lemma~). For1 < j<r letX; € C;n K. If X € Cj, then
X —X;| < s5v/n < p1,

s0 X € K and |G(X) — G(X;)| < M|X — X;| < My/n s;, from . Therefore, G(C;) is contained in a cube C; with edge length 2M/n
sj, centered at G(X;). Since

V(C)) = (2My/n)"s} = (2My/n)"V(C;),

we now see that

G

_-

G(K) cC '

j=1

and
”

Y V(@) < GMVR" S V(C)) < (2My)s

=1 =1
where the last inequality follows from . Since (2M+/n)" does not depend on ¢, it follows that V(G(K)) = 0.

We leave it to you to prove that G(S) is compact (Exercise~6.2.23). Since S is Jordan measurable, V(8S) =0, by Theorem~.
Therefore, V(G(8S)) =0, by Lemma-~. But G(8S) = 8(G(S)) (Exercise~), so V(8(G(S))) =0, which implies that G(S) is Jordan
measurable, again by Theorem-~.

-.4em To motivate and prove the rule for change of variables in multiple integrals, we must know how V(L(S)) is related to V(S) if
S is a compact Jordan measurable set and L is a nonsingular linear transformation. (From Theorem~, L(S) is compact and Jordan
measurable in this case.) The next lemma from linear algebra will help to establish this relationship. We omit the proof.

Matrices of the kind described in this lemma are called {} matrices. The key to the proof of the lemma is that if E is an elementary
n x n matrix and A is any n x n matrix, then EA is the matrix obtained by applying to A the same operation that must be applied to
I to produce E (Exercise~). Also, the inverse of an elementary matrix of type, , or

is an elementary matrix of the same type (Exercise~).
The next example illustrates the procedure for finding the factorization .
Lemma~ and Theorem~
imply that an arbitrary invertible linear transformation L : \R" — \R", defined by
X =L(Y) = AY, (7.1.54)

can be written as a composition
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where

L=LgoLgjo- oLy, (7.1.55)

Li(Y)=EY, 1<i<k
Theorem~ implies that L(S) is Jordan measurable. If
V(L(R)) = |det(A)|V(R) (7.1.56)

whenever R is a rectangle, then holds if S is any compact Jordan measurable set. To see this, suppose that € > 0, let R be a rectangle
containing S, and let P = {Ry, Ry, ..., Ri} be a partition of R such that the upper and lower sums of #g over P satisfy the inequality

S(P)—s(P) <e. (7.1.57)
Let &; and U2 be as in . From and ,
s(P)=>D V(R) SV(S) < D V(R)+ Y V(R;) = S(P). (7.1.58)
JEUs JeU, JEU,

Theorem~ implies that L(R;), L(Rz), , L(Rg) and L(S) are all Jordan measurable. Since

URicsc | B;

jely JES1US,
it follows that
L(U R,-) cr®crL| Y R,-).
JEUs jES1US2

Since L is one-to-one on \R", this implies that

D VL(R)) S VI(S) < D V(L(Ry) + Y, V(L(Ry)). (7.1.59)

JEUL JEU JEU 2
If we assume that holds whenever R is a rectangle, then
V(L(R))) = |det(A)[V(R;), 1<j<k,
so implies that

V(L(S))
s(P) < [det(A)] < S(P).
This, and imply that

V(L(S))

V) = Taet(a)]

<e§

hence, since e can be made arbitrarily small, follows for any Jordan measurable set.
To complete the proof, we must verify for every rectangle
R = [a1, b1] X [a2,ba] X -+ X[@n,by] = I1 X Ig X --- X I.
Suppose that A in is an elementary matrix; that is, let
X =L(Y) = EY.
{Case 1}. If E is obtained by interchanging the ith and jth rows of I, then

yr ifr+#iandr#3j;
z, = 4 \casespace y; ifr=14;
yi ifr=j.

Then L(R) is the Cartesian product of I, I, , I, with I; and I; interchanged, so
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since det(E) = —1 in this case (Exercise~

).

{Case 2}. If E is obtained by multiplying the rth row of I by q, then

V(L(R)) = V(R) = | det(E)|V(R)

yr ifr+#i,
ay; ifr=i.

T, = {\casespace

Then

L(R)=1Iy x - x Ii_g X I] X Iyq X = X I,
where I/ is an interval with length equal to |a| times the length of I;, so

V(L(R)) = |a|V(R) = | det(E)|V(R)

since det(E) = g in this case (Exercise~
).
{Case 3}. If E is obtained by adding a times the jth row of I to its ith row (j # ¢), then

_{, Yr if r +14;
T, = 4 \casespace yitay; ifr=i.
Then
L(R) = {(z1,%2, ..., Zn)}a; + ax; < z; < b; + az; and a, < x, < byif r # 4,

which is a parallelogram if n» = 2 and a parallelepiped if n = 3 (Figure~). Now

V(L(R)) = / dX,

L(R)

which we can evaluate as an iterated integral in which the first integration is with respect to z;. For example, if ¢ = 1, then

n—1 bo bl+az:_7
V(L(R)) = / dan / don_1- / dzs / - (7.1.60)
a1+a:c_,
bi+az; by
/ dy1 = / dy,
a1+az; ay
n—1 by by
R))\ar = / dz,, / dz, ;- / dzs dxq
Gny ag a;

\ar = (b, — @) (bn—1 — @n—1) - (b1 — a1) = V(R).
Hence, V(L(R)) = | det(E)|V(R), since det(E) =1 in this case (Exercise~
).
12pt 6pt
12pt

Since

can be rewritten as

From what we have shown so far, holds if A is an elementary matrix and S is any compact Jordan measurable set. If A is an
arbitrary nonsingular matrix,

-.0em then we can write A as a product of elementary matrices and apply our known result successively to L, L, , Ly, (see ). This
yields

V(L(8)) = | det(Ex)| | det(Ex-1)| | det E1|V(S) = | det(A)|V(S),
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by Theorem~ and induction.

We now formulate the rule for change of variables in a multiple integral. Since we are for the present interested only in
““discovering” the rule, we will make any assumptions that ease this task, deferring questions of rigor until the proof.

Throughout the rest of this section it will be convenient to think of the range and domain of a transformation G : \R" — \R" as
subsets of distinct copies of \R". We will denote the copy containing D¢ as \E", and write G : \E" — \R" and X = G(Y), reversing
the usual roles of X and Y.

If G is regular on a subset S of \E", then each X in G(S) can be identified by specifying the unique point Y in S such that X
= G(Y).

Suppose that we wish to evaluate [, f(X) dX, where T is the image of a compact Jordan measurable set S under the regular
transformation X = G(Y). For simplicity, we take S to be a rectangle and assume that f is continuous on T = G(S).

Now suppose that P = {Ry, Ry, ..., Ry} is a partition of S and T; = G(R;) (Figure~).
6pt

8pt

Then

k
/ fX)ax=Y" / f(X)dXx (7.1.61)
T j=14T;
(Corollary~ and induction). Since f is continuous, there is a point X; in 7} such that
[ rmax = g% [ ax = sxvi)

(Theorem~), so can be rewritten as

k
/T FX)dX =" f(X)V(T)). (7.1.62)
=1
Now we approximate V(T}). If
X; = G(Y;), (7.1.63)
then Y; € R; and, since G is differentiable at Y},
G(Y) ~ G(Y;) + G/(Y,)(Y - Y)). (7.1.64)

Here G and Y —Y; are written as column matrices, G’ is a differential matrix, and $\approx$'' means approximately
equal” in a sense that we could make precise if we wished (Theorem~).

It is reasonable to expect that the Jordan content of G(R;) is approximately equal to the Jordan content of A(R;), where A is the
affine transformation

A(Y) =G(Y;) +G'(Y;))(Y-Y))
on the right side of ; that is,
V(G(R;j)) ~ V(A(R;)). (7.1.65)
We can think of the affine transformation A as a composition A = Az As o A;, where

Al(Y)\ar =Y — Yj,
Ay(Y)\ar = G/ (Y)Y,
\arraytextand
Az(Y)\ar=G(Y;) +Y.

Let R} = A;(R;). Since A; merely shifts R; to a different location, R} is also a rectangle, and

@ 0 g @ 7.1.23 https://math.libretexts.org/@go/page/33468



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33468?pdf

LibreTexts"

V(R)) = V(R,). (7.1.66)

Now let R} = Az(R;). (In general, R} is not a rectangle.) Since A; is the linear transformation with nonsingular matrix G’(Y}),
Theorem~ implies that

V(R})) = |det G'(Y;)|V(R;) = |JG(Y,)|V(R;), (7.1.67)
where JG is the Jacobian of G. Now let R}’ = A3(RY). Since A3 merely shifts all points in the same way,
V(R]) = V(R]). (7.1.68)
Now — suggest that
V(T;) ~ |[JG(Y;)|V(R;).

(Recall that T; = G(R;).) Substituting this and into yields
k
[ 10X~ 3 HGIGY)IVIR).
=1

But the sum on the right is a Riemann sum for the integral
[ remremiay,
which suggests that
[rxax= [ remyemyay.

We will prove this by an argument that was published in the {} [Vol. 61 (1954), pp. 81-85] by J. Schwartz.

We now prove the following form of the rule for change of variable in a multiple integral.

Since the proof is complicated, we break it down to a series of lemmas. We first observe that both integrals in exist, by Corollary~,
since their integrands are continuous. (Note that S is compact and Jordan measurable by assumption, and G(S) is compact and

Jordan measurable by Theorem~.) Also, the result is trivial if V(S) = 0, since then V(G(S)) = 0 by Lemma-, and both integrals in
vanish. Hence, we assume that V(S) > 0. We need the following definition.

Let s be the edge length of C. Let Yy = (c1,¢2,...,cn) be the center of C, and suppose that H = (y1,%2,...,4n) €C. If H
= (h1, ha, ..., hy,) is continuously differentiable on C, then applying the mean value theorem (Theorem~) to the components of H

yields
n
(Y :
hi(Y) — hi(Yo) = Z 6hé§;_ i) (yj—cj), 1<i<m,
j=1 J

where Y; € C. Hence, recalling that

on; 1"

HI(Y) — 1 ] ,
a?JJ' i,j=1

applying Definition~, and noting that |y; — ¢;| < s/2, 1 < j < n, we infer that
[hi(Y) = hi(¥o)| < 5 max{JH'(Y)|}Y €C, 1<i<n.
This means that H(C) is contained in a cube with center Xo = H(Y,) and edge length
smax{|H'(Y)|~}Y € C.
Therefore,
Missing \left or extra \right

Now let
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and set H = Lo G; then

L(X)=A"X

H(C) =L(G(C)) and H’' =A"'G’,
so implies that
V(L(G(0))) < [max{|A'G’(Y)|}Y € C]" V(). (7.1.69)
Since L is linear, Theorem~ with A replaced by A—! implies that
V(L(G(C))) = | det (A)H|V(G(O)).
This and imply that
|det(A™)|V(G(0)) < [max{|AT'G"(Y)|x}Y € C]" V(O).
Since det(A™!) =1/ det(A), this implies .

Let P be a partition of C into subcubes Cy, Cs, , Ci with centers Y, Y3, , Y. Then

E
V(G(0) = ) V(G(Cy)). (7.1.70)
=1
Applying Lemma~ to C; with A = G’(A,) yields
V(G(0) < JG(Y;)| [max{(G'(Y;)) G/ (Y)|w}Y € Cj]" V(C)). (7.1.1)

Exercise~ implies that if e > 0, there is a § > 0 such that
max{|(G'(Y))'G' (Y)|o}Y €Cij<1+e, 1<j<k, if |P|<d.
Therefore, from ,
V(G(Cy)) < (1 +€)"|IG(Y)|V(C;),
so implies that
k
V(G(O) < (L+" Y ITG(Y)IV(Cy) i [P|<6.
=1
Since the sum on the right is a Riemann sum for [, |JG(Y)|dY and e can be taken arbitrarily small, this implies .

Since § is Jordan measurable,
[ wsxjax=vis)
if C is any cube containing S. From this and the definition of the integral, there is a § > 0 such that if P is any partition of C with
|P|| < ¢ and o is any Riemann sum of g over P, then o > V(S) — €/2. Therefore, if s(P) is the lower sum of g over P, then
s(P)>V(S)—e if |P| <. (7.1.72)

Now suppose that P = {C1, C, ..., Cx} is a partition of C into cubes with |P| < min(p, d), and let Ci, Cs, , Ci be numbered so that C;
c8if1<j<randC;jnS° #0if j>r. From, s(P) = Y_7_; V(Cy). This and imply . Clearly, C) N C? = @ if i # j.

From the continuity of JG and f on the compact sets S and G(S), there are constants M; and M; such that

[JG(Y)| <M, if YeS (7.1.73)
and

IfX) <M, if XeG(S) (7.1.74)

(Theorem~). Now suppose that € > 0. Since fo G is uniformly continuous on S (Theorem~), there is a § > 0 such that
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Now let Cy, Cs, , C, be chosen as described in Lemma~, with p = §/4/n. Let

IF(GY)) — F(G(Y))| <€ if [Y—Y|<6andY,Y €S (7.1.75)

S ={YeS}Y¢ LTJC,-.
=1

Then V(S;) < e and

5= (U1 Cj) U Sy (7.1.76)
Suppose that Y1, Y5, , Y, are points in C1, Cs, , C, and X; = G(Y;), 1 < j < r. From and Theorem~,
Q(S)\ar = /G(Sl) sxyax— [ feonemiay
\a+ 3 /G(c,.) a3 /c,. HG)IG(Y)|dY
\ar = /G(Sl) FX) dx,_ /. #ecoisemiay
e BRI O
\er + Z /Cj((f(G(Yj)) — HGY)II(G(Y)]dY
o+ 351659 (V(G(cj)) -/, vewv) arY) -
Since £(X) > 0,
| recoea o

and Lemma~ implies that the last sum is nonpositive. Therefore,

S <hi+ Lt 1, (7.1.77)
where
I, = /G(Sl) FX)dX, I,= ]Z:;/G(cj) |F(X) — £(X;)| dX,
and

=3 [ @Y%) - (GNIVEY)| Y.
Jj=1 ¢]

We will now estimate these three terms. Suppose that ¢ > 0.

To estimate I;, we first remind you that since G is regular on the compact set S, G is also regular on some open set @ containing S
(Definition~). Therefore, since S; ¢ S and V(S;) < ¢, S; can be covered by cubes Ty, Ts, , T}, such that

zr: V(T)) < e (7.1.78)
j=1

and G is regular on U;’;l T;. Now,
Bracket argument to \\ must be a dimension

To estimate I,, we note that if X and X; are in G(C;) then X = G(Y) and X; = G(Y;) for some Y and Y; in C;. Since the edge
length of Cj is less than &/4/n, it follows that |[Y — Y| < 6, so | f(X) — f(X;)| < e, by . Therefore,
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Bracket argument to \\ must be a dimension

To estimate I3, we note again from that |f(G(Y;)) — f(G(Y))| < e if Y and Y are in C;. Hence,
L\ar < eZ/ [JG(Y)|dY
=17 C;

\ar < Mlezr: V(C;) (from (7.1.73)
- \ar < MV (S)e
because |Jj_, C; c Sand C) N CY = 0 if i # j.
From these inequalities on Iy, I», and I3, now implies that
Q(S) < My(My +2V(S))e.
Since ¢ is an arbitrary positive number, it now follows that @(S) < 0.
Let
G =G, 8,=G(S), fi=(JG)f-G, (7.1.79)

and

Q1(S1)\ar = \dst [g,(5,) [1(Y) dY — [ f1(G1(X))|JG1(X)| dX. (7.1.80)

Since G; is regular on S; (Theorem~) and f; is continuous and nonnegative on G1(S1) =S, Lemma~ implies that Q1(S1) <0.
However, substituting from into and again noting that G1(S;) = § yields

Q1(81)\ar = \dst [5 f(G(V)IG(Y)|dY

\ar — \dst [q5) F(G(G™1(X)))|JG(G1(X))||JG(X)| dX. (7.1.81)

Since G(G7Y(X)) =X, f(G(G™Y(X))) = f(X). However, it is important to interpret the symbol JG(G~(X)) properly. We are not
substituting G™(X) into G here; rather, we are evaluating the determinant of the differential matrix of G at the point Y = G7}(X).
From Theorems~ and ~,

VGG (X))IIGTH(X)| =1,

so can be rewritten as
sy = [ recolemiay - [ )@ =-qe).

Since Q:(51) < 0, it now follows that Q(S) > 0.
We can now complete the proof of Theorem | o,mas and imply if f is nonnegative on S. Now suppose that
m = min{f(X)}X € G(S) < 0.

Then f —m is nonnegative on G(S), so with f replaced by f —m implies that
/G(S)( F(X) —m) dX = '/S (F(G(Y) —m)|JG(Y)|dY. (7.1.82)

However, setting f =1 in yields

/G(S) ax - [ elay,

so implies .

The assumptions of Theorem~ are too stringent for many applications. For example, to find the area of the disc

{(z,9)}=* +y* <1,
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it is convenient to use polar coordinates and regard the circle as G(S), where

G(r,0) = [ ::f;z ] (7.1.83)

and S is the compact set

S={(r0}<r<1,0<0<2n (7.1.84)
(Figure~).
12pt 6pt
12pt
Since

0= 5p Tems ]

it follows that JG(r, ) = r. Therefore, formally applying Theorem~ with f = 1 yields

27

1
A= dX=/rd(r,0)=/ rdr do=m.
G(S) s 0 0

Although this is a familiar result, Theorem~ does not really apply here, since G(r,0) = G(r,2x), $0rl $, so G is not one-to-one on
S, and therefore not regular on S.
The next theorem shows that the assumptions of Theorem~ can be relaxed so as to include this example.
Since f is continuous on G(S) and (|JG|)f - G is continuous on S, the integrals in both exist, by Corollary~. Now let

p = \dist (8S,N°)

(Exercise~5.1.25), and
P = {Y}\dist(Y,88) < g.

Then P is a compact subset of N (Exercise~5.1.26) and 88 c P° (Figure~).

Since § is Jordan measurable, V(8S) = 0, by Theorem~. Therefore, if e > 0, we can choose cubes Cy, C, , Cy, in P? such that

k
ascl ey (7.1.85)
j=1
and
k
D V(C)) <e (7.1.86)
j=1

Now let S; be the closure of the set of points in S that are not in any of the cubes Ci, C», , Cy; thus,
S1=8n(uk,0y)".

Because of , $1 N8S =0, so Sy is a compact Jordan measurable subset of S°. Therefore, G is regular on S, and £ is continuous on
G(S1). Consequently, if Q is as defined in , then Q(S1) = 0 by Theorem~.
12pt 6pt
12pt
Now

Q(8) = Q(81) +Q(SN 87) =Q(SN 85) (7.1.87)

(Exercise~) and
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lR(SN 87| < H(GY))IG(Y)|dY].

Snsg

/ A(X) dx‘ +
G(snsy)

But
‘/Snsc FIGY)|IG(Y)| Y| £ MiM,V (SN SY), (7.1.88)

where M; and M; are as defined in and . Since SN S{ C U;?_IC]-, implies that V(S N S¥) < ¢; therefore,

FGY)JG(Y)|dY| < My Mze, (7.1.89)
snse
from . Also
k
/ £(X) dx‘ < MV(G(SNSD) < My 3 V(G(C))- (7.1.90)
a(snsp y=

By the argument that led to with H= G and C = C;,
V(G(Cy)) < [max{|G'(Y)|}Y € Cj]" V(C)),

so can be rewritten as

[ dX‘ < My max{| G (¥) | }Y € PI"c,
G(Snss)

because of . Since ¢ can be made arbitrarily small, this and imply that Q(Sn S¢) = 0. Now Q(S) = 0, from .

The transformation to polar coordinates to compute the area of the disc is now justified, since G and S as defined by and satisfy the
assumptions of Theorem~.

If G is the transformation from polar to rectangle coordinates

[ z ] =G(r,6) = [ rcos 6 ] , (7.1.91)

rsin 6

then JG(r, ) = r and becomes
/ f(z,y)d(z,y) = / f(rcos,rsin@)rd(r,0)
G(S) s

if we assume, as is conventional, that S is in the closed right half of the r9-plane. This transformation is especially useful when the
boundaries of S can be expressed conveniently in terms of polar coordinates, as in the example preceding Theorem~. Two more
examples follow.

6pt
12pt
6pt
12pt

If G is the transformation from spherical to rectangular coordinates,

T rcos @ cos ¢
y | =G(r,0,¢) = | rsinfcoso |, (7.1.92)
z rsin ¢

then

cosfcos¢p —rsinfcos¢ —rcosfsing
G'(r,0,¢) = | sinfcos¢ rcosfcosd —rsinfsing

sin ¢ 0 7 COoS ¢
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and JG(r, 8, ¢) = r? cos ¢, SO becomes

\dSt f(;(s) f(mi y: z) d(m7 y: z)
(7.1.93)
= \dst [ f(rcos@cos ¢, rsin 6 cos ¢, rsin ¢)r* cos ¢ d(r, 6, ¢)
if we make the conventional assumption that || < x/2 and r > 0.
We now consider other applications of Theorem~.
12pt 6pt
12pt

This page titled 7.1: Definition and Existence of the Multiple Integral is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
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8: Metric Spaces
IN THIS CHAPTER we study metric spaces.

e SECTION 8.1 defines the concept and basic properties of a metric space. Several examples of metric spaces are considered.
o SECTION 8.2 defines and discusses compactness in a metric space.
e SECTION 8.3 deals with continuous functions on metric spaces.

8.1: Introduction to Metric Spaces

8.2: Compact Sets in a Metric Space

8.3: Continuous Functions on Metric Spaces
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8.1: Introduction to Metric Spaces
If n > 2 and wuy, ugy, , u, are arbitrary members of A, then
and induction yield the inequality
n—1
p(u1,un) < ;P(ui;"’Hl)-
Motivated by this example, in an arbitrary metric space we call p(u,v) {}, and we call Definition~
{}.

Example~ shows that it is possible to define a metric on any nonempty set A. In fact, it is possible to define infinitely many metrics
on any set with more than one member (Exercise~). Therefore, to specify a metric space completely, we must specify the couple
(4, p), where A is the set and p is the metric. (In some cases we will not be so precise; for example, we will always refer to the real
numbers with the metric p(u, v) = |u — »| simply as \R.)

There is an important kind of metric space that arises when a definition of length is imposed on a vector space. Although we
assume that you are familiar with the definition of a vector space, we restate it here for convenience. We confine the definition to
vector spaces over the real numbers.

We say that A is {} if (1) is true, and that A is {} if (6) is true. It can be shown that if B is any nonempty subset of A that is closed
under vector addition and scalar multiplication, then B together with these operations is itself a vector space. (See any linear
algebra text for the proof.) We say that Bis a {} of A.

From withu =z —y, p(z,y) = N(z —y) > 0, with equality if and only if z = y. From withu =z —yand a = —1,
p(y,z) = N(y—z) = N(—(z —y)) = N(z —y) = p(z,9).
From
withu =g —zandv=2—gy,
p(z,y) = N(z —y) < N(z —2) + N(z—v) = p(z, 2) + p(2, 1)
-2em2em

We will say that the metric in is {} . Whenever we speak of a normed vector space (4, N), it is to be understood that we are
regarding it as a metric space (4, p), where p is the metric induced by N.

We will often write N(u) as |u|. In this case we will denote the normed vector space as (4, | - |)).
Since
z=y+(z—y),

Definition~ with w = y and v = z — y implies that

N(z) < N(y) + N(z — ),
or

N(z) —N(y) < N(z —y).
Interchanging z and y yields

N(y) — N(z) < N(y —z).
Since N(z — y) = N(y— z) (Definition~
with u =z — y and a = —1), the last two inequalities imply .

In Section~5.1 we defined the norm of a vector X = (z;, z2, ..., ) in \R" as
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The metric induced by this norm is

n 1/2
p(X,Y) = (Z (w,-—y.-)z) -

Whenever we write \R" without identifying the norm or metric specifically, we are referring to \R" with this norm and this induced
metric.

The following definition provides infinitely many norms and metrics on \R".

To justify this definition, we must verify that actually defines a norm. Since it is clear that |X|, > 0 with equality if and only if X
=0, and [aX|, = |a||X]), if @ is any real number and X € \R", this reduces to showing that

IX+ Yl < [X]p + Y, (8.1.1)
for every X and Y in \R". Since
|zi + il < |zl + lwil,

summing both sides of this equation from i =1 to n yields with p = 1. To handle the case where p > 1, we need the following
lemmas. The inequality established in the first lemma is known as {}.

Let o and B be any two positive numbers, and consider the function

B=2 18 o
p q

where we regard e as a constant. Since f'(8) = 82! —a and f”(8) = (¢ —1)822 > 0 for 8 >0, f assumes its minimum value on
[0,00) at B = /@) = oP71. But

P (r—1)g
f(ap_1)=a—+a —a"=a"(l+l—1)=0.
p 14 q
Therefore,
4 q
aB< 1B apso (8.1.2)
p q
Now let
n -1/p n —1/q
Qi = (Zuﬁ') and B =y; (Z V;’)
=1 j=1
From ,

p,‘.' L -1 v n -
wpis (i) +4(3u)
=1
From , summing this from i = 1 to n yields Y7 ; ;8; < 1, which implies .

Again, let ¢ = p/(p— 1). We write
Z (ui +v)P = E wi(ug +v)P 7+ Z vi(u; + ;)P (8.1.3)
=1 =1 =1

From H"older’s inequality with u; = u; and v; = (u; + ;)P

n n 1/p n 1/q
Z wi(u; + )Pt < (Z uf) (E (ui + v,-)") ) (8.1.4)
i=1 i=1

i=1
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since g(p — 1) = p. Similarly,

n n 1/p n 1/q
E vi(u; + ;)P < ( vf) (Z (ui + v,-)") .
p =1 i=1

This, , and imply that
n n 1/p n 1/p n 1/q

Z (ui +v:)? < l(zuf) + (Z”f) ] ( (ui +v,-)”) .
=1 =1 i

Since 1 —1/g = 1/p, this implies , which is known as {}.

We leave it to you to verify that Minkowski’s inequality implies if p > 1.

We now define the co-{} on \R" by

[X|oo = max{|z;|}1 < i <mn. (8.1.5)
We leave it to you to verify (Exercise~) that || - |« is @ norm on \R". The associated metric is
Po(X,Y) = max{|z; —y;|}1 < i< n.
The following theorem justifies the notation in .

Let uy, us, , u, be nonnegative and M = max{u;}1 < i < n. Define

n 1/p
o(p) = (Z uf) .
=1

Since u;/o(p) < 1 and py > py,

(7) = (G0)

n o\ Y7 RN AT
-GG B -

$0 o(p1) > a(ps). Since M < a(p) < Mnl/?, lim, o, o(p) = M. Letting u; = |x;| yields and .

therefore,

Since Minkowski’s inequality is false if p < 1 (Exercise~), is not a norm in this case. However, if 0 < p < 1, then

n
1Xlp = l2il?
i=1

is anorm on \R" (Exercise~).

In this section and in the exercises we will consider subsets of the vector space \R™ consisting of sequences X = {z;}$,, with

=1

vector addition and scalar multiplication defined by
X+Y={z;+y}2; and rX={rz;}2;.

The metric induced by | - ||, is

00 1/p
P(X,Y) = (Z |z —in"> :
i=1

Henceforth, we will denote (£, - |,) simply by £,.
The metric induced by | - | is

Poo(X,Y) = sup{|z; —y;|}i > 1.

@ https://math.libretexts.org/@go/page/33472



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33472?pdf

LibreTexts"

Henceforth, we will denote (£e, || - [lco) SIMPLY bY £e.
At this point you may want to review Definition~ and Exercises~ and , which apply equally well to subsets of a metric space (A4, p).

We will now state some definitions and theorems for a general metric space (4, p) that are analogous to definitions and theorems
presented in Section~1.3 for the real numbers. To avoid repetition, it is to be understood in all these definitions that we are
discussing a given metric space (A4, p).

We must show that if u; € S,(uy), then there is an e > 0 such that
Se(u1) C Sr(up). (8.1.6)
If u; € Sy(uo), then p(u1,uo) < r. Since
p(u, uo) < p(u,u1) + p(u1, uo)
for any w in A, p(u,ug) < rif p(u,u1) < r — p(u1,uo). Therefore, holds if € < r — p(u1,up).

The entire space 4 is open and therefore @ (= A°) is closed. However, § is also open, for to deny this is to say that it contains a point
that is not an interior point, which is absurd because § contains no points. Since @ is open, A (= 0°) is closed. If A =\R, these are
the only sets that are both open and closed, but this is not so in all metric spaces. For example, if p is the discrete metric, then every
subset of A is both open and closed. (Verify!)

A {} of a point uy is a set that contains every point of some neighborhood of ug except ug itself. (If p is the discrete metric then the
empty set is a deleted neighborhood of every member of A!)

The proof of the following theorem is identical to the proof Theorem~.
Although this definition is identical to Definition~, you should not assume that conclusions valid for the real numbers are
necessarily valid in all metric spaces. For example, if A = \R and p(u,v) = |u — v|, then
Sr(uo) = {u}p(u,ug) <.
This is not true in every metric space (Exercise~).
For the proof of the following theorem, see the proofs of Theorem~ and Corollary~.

Since metric spaces are not ordered, concepts and results concerning the real numbers that depend on order for their definitions
must be redefined and reexamined in the context of metric spaces. The first example of this kind is completeness. To discuss this
concept, we begin by defining an {} (more briefly, a {}) in a metric space (4, p) as a function defined on the integers n > k with
values in A. As we did for real sequences, we denote a sequence in A by, for example, {us} = {u,}3,. A subsequence of a
sequence in A is defined in exactly the same way as a subsequence of a sequence of real numbers (Definition~).

We leave the proof of the following theorem to you. (See the proofs of Theorems~ and .)
-2em2em
We note that if p is the metric induced by a norm | - | on 4, then and can be replaced by
Jim fu, —u] =0
and
|tr —um| <€ and m,n >N,
respectively.
Suppose that limy o un, = u. If € > 0, there is an integer N such that p(us,u) < €/2 if n > N. Therefore, if m, n > N, then
P(un; um) < plun, u) + p(u, um) < €.
-2em2em

This example raises a question that we should resolve before going further. In Section~1.1 we defined completeness to mean that
the real numbers have the following property:
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Axiom {}. Every nonempty set of real numbers that is bounded above has a supremum.

Here we are saying that the real numbers are complete because every Cauchy sequence of real numbers has a limit. We will now
show that these two usages of ““complete” are consistent.

The proof of Theorem~ requires the existence of the (finite) limits inferior and superior of a bounded sequence of real numbers, a
consequence of Axiom~{}. However, the assertion in Axiom~{} can be deduced as a theorem if Axiom~{} is replaced by the
assumption that every Cauchy sequence of real numbers has a limit. To see this, let 7 be a nonempty set of real numbers that is
bounded above. We first show that there are sequences {u;}$; and {v;}%, with the following properties for all § > 1:

Since T is nonempty and bounded above, u; and v; can be chosen to satisfy with ¢ =1. Clearly, holds with ¢ = 1. Let w; = (u;
+v1)/2, and let

(w1,v1) ifwy <t for somet €T,

(uz,v2) = {\casespace (w1,w1) Hw>tforallteT.

In either case, and hold with ¢ = 2 and holds with ¢ = 1. Now suppose that » > 1 and {uy,...,u,} and {vy, ...,v,} have been chosen
so that and hold for 1 < ¢ < n and holds for 1 <4 <n —1. Let w, = (un +v,)/2 and let

(wn,vn) ifw, <tforsometeT,

(Uas1, V1) = {\casespace (U, wp) fw,>tforallteT.

Then and hold for 1 < i <n+1and

holds for 1 < ¢ < n. This completes the induction.

Now and imply that
0<uiy1 —u; < 2i_1(’U1 — ul) and 0<v;—vin < 2i_1(v1 — ul), 1> 1.

By an argument similar to the one used in Example~, this implies that {u;}$, and {v;}%, are Cauchy sequences. Therefore the
sequences both converge (because of our assumption), and

implies that they have the same limit. Let

lim u; = lim v; = .
1—00 1—00

If t € T, then v; >t for all 4, so B = lim; ,,, v; > t; therefore, 8 is an upper bound of 7. Now suppose that € > 0. Then there is an
integer N such that uy > B — e. From the definition of uy, there is a ¢y in T such that ¢ty > uy > 8 — . Therefore, 8 = supT.

-2em
We say that a sequence {75} of sets is {} if Tn41 C Ty for all n.

Suppose that (A4, p) is complete and {T,.} is a nested sequence of nonempty closed subsets of A such that lim,_,., d(T) = 0. For each
n, choose t, € T,,. If m > n, then t,, t, € Ty, SO p(tn,tm) < d(Ty). Since lim, o d(T,) =0, {t,} is a Cauchy sequence. Therefore,
lim,,,o0 t, = ¢ exists. Since ¢ is a limit point of T, and T, is closed for all n, t € T, for all n. Therefore, t € N®,T,; in fact, N, T,
= {t}. (Why?)

Now suppose that (A4, p) is not complete, and let {¢,} be a Cauchy sequence in A that does not have a limit. Choose n; so that
P(tnytn,) <1/2 if n > ny, and let Ty = {t}p(t,tn,) < 1. Now suppose that j > 1 and we have specified ny, ny, , nj— and Ty, Ts, , Tj-1.
Choose nj > nj_1 so that p(ts,tn;) < 277 if n > ny, and let T; = {t}p(¢, t5,) < 279+, Then Tj is closed and nonempty, Tj41 C Tj for all
J, and lim;_,, d(T;) = 0. Moreover, ¢, € T; if n > n;. Therefore, if t € N2 Ty then p(tn,t) < 279, n > nj, S0 limy e tn = ¢, contrary to
our assumption. Hence, N2, T; = 0.

When considering more than one metric on a given set A we must be careful, for example, in saying that a set is open, or that a

sequence converges, etc., since the truth or falsity of the statement will in general depend on the metric as well as the set on which
it is imposed. In this situation we will alway refer to the metric space by its ~*full name;" that is, (A4, p) rather than just A.

Suppose that holds. Let S be an open set in (4, p) and let ¢y € S. Then there is an ¢ > 0 such that z € S if p(z, ) < ¢, so the second
inequality in implies that zq € S if o(z, ) < €/B. Therefore, § is open in (4, g).
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Conversely, suppose that S is open in (4,0) and let zo € S. Then there is an ¢ > 0 such that z € S if o(z,z¢) < so the first
inequality in implies that zg € S if p(z, zo) < ea. Therefore, S is open in (4, p).

It suffices to show that there are positive constants « and 8 such

Ni(X)
= MX)

<B if X#0. (8.1.7)

We will show that if N is any norm on \R", there are positive constants ay and by such that
anlX|: S N(X) <bdy|X]2 if X#0 (8.1.8)
and leave it to you to verify that this implies with a = ay, /by, and g = by, /an,.
We write X — Y = (z1, T, ... , Tp) aS
n
X-Y=3 (zi—%)Es,
i=1
where E; is the vector with sth component equal to 1 and all other components equal to 0. From Definition~, , and induction,
n
NX-Y) <) |z — %l N(Es);
i=1
therefore, by Schwarz’s inequality,
NX-Y) <K|X-Y]s, (8.1.9)

where

n 1/2
K= (ZN2(Ei)) .
=1
From and Theorem-~,
INX) = N(Y)| < K|X =Yz,
so N is continuous on \R3 = \R". By Theorem-~, there are vectors U; and Uy such that [Uy|, = |[Us|2 =1,
N(U;) =min{N(U)}|U|: =1, and N(Uz)=max{N(U)}|U|,=1.

If ay = N(U,) and by = N(Uy), then ay and by are positive (Definition~ ), and

X
ay <N (—
X2

) <by if X=#0.
This and Definition~
imply .
We leave the proof of the following theorem to you.
Throughout this section it is to be understood that (4, p) is a metric space and that the sets under consideration are subsets of A.
We say that a collection # of open subsets of A is an {} of T if T Cc U{H}H € K. We say that T {} if every open covering K of T
contains a finite collection # such that
TcU{H}He XK.

From Theorem~, every nonempty closed and bounded subset of the real numbers has the Heine—Borel property. Moreover, from
Exercise~, any nonempty set of reals that has the Heine—Borel property is closed and bounded. Given these results, we defined a
compact set of reals to be a closed and bounded set, and we now draw the following conclusion:

{}.
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The definition of boundedness of a set of real numbers is based on the ordering of the real numbers: if a and b are distinct real
numbers then either ¢ < b or b < a. Since there is no such ordering in a general metric space, we introduce the following definition.

As we will see below, a closed and bounded subset of a general metric space may fail to have the Heine—Borel property. Since we
want compact" and has the Heine—Borel property" to be synonymous in connection with a general metric space, we simply
make the following definition.

Suppose that T has an infinite subset E with no limit point in 7. Then, if ¢t € T, there is an open set H; such that ¢t € H; and H,
contains at most one member of E. Then & = U{H,}t € T is an open covering of T, but no finite collection {H;,, Hy,, ..., Hy,} of sets
from F can cover E, since E is infinite. Therefore, no such collection can cover T} that is, T is not compact.

Now suppose that every infinite subset of 7 has a limit point in T, and let & be an open covering of 7. We first show that there is a
sequence {H;}%, of sets from # that covers T.

=1
If € >0, then T can be covered by e-neighborhoods of finitely many points of T. We prove this by contradiction. Let t; € T. If
Nc(t1) does not cover T, there is a tz € T such that p(t1,t2) > e. Now suppose that » > 2 and we have chosen t, t2, , t, such that
p(tint;) =6 1<1i<j<n. If UL N.(t;) does not cover T, there is a t,,; € T such that p(t;,tn1) > €, 1 < ¢ < n. Therefore, p(t;,t;)
>e¢ 1 <i<j<n+1. Hence, by induction, if no finite collection of e-neighborhoods of points in 7" covers T, there is an infinite
sequence {t,}%, in T such that p(¢;,t;) > ¢, i + 4. Such a sequence could not have a limit point, contrary to our assumption.

n=1
By taking e successively equal to 1, 1/2, , 1/n, , we can now conclude that, for each n, there are points tin, t2s, , tx,n» such that
kn
TC UNl/n(tin)-
=1
Denote B, = Nyn(tin), 1 <i<n,n > 1, and define
{G1,G2,G3, ...} = {Bu1, -, Bry 1, Bi2, -+ B2, By -y By 3, -}
If ¢ € T, there is an H in J¢ such that ¢ € H. Since H is open, there is an ¢ > 0 such that N.(t) c H. Since ¢ € G; for infinitely many
values of j and lim;_, d(G;) =0,
G;CN.(t)CcH

for some j. Therefore, if {G;}2,; is the subsequence of {G;} such that Gj; is a subset of some H; in # (the {H;} are not necessarily
distinct), then

oo
T c | JH: (8.1.10)
i=1
We will now show that
N
T c|JH. (8.1.11)
i=1
for some integer N. If this is not so, there is an infinite sequence {¢,}% , in T such that
n
tn¢ | JH;, n>1 (8.1.12)
i=1

From our assumption, {t,}%, has a limit¢ in T. From , ¢ € H;, for some k, so N(t) C Hy, for some € > 0. Since lim,_, t, = £, there
is an integer N such that

n
ta € N(t) CHyC | JHi, n>k,
i=1
which contradicts . This verifies , so T' is compact.

Any finite subset of a metric space obviously has the Heine—Borel property and is therefore compact. Since Theorem~ does not
deal with finite sets, it is often more convenient to work with the following criterion for compactness, which is also applicable to
finite sets.
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Suppose that T is compact and {t,} c T If {t,} has only finitely many distinct terms, there is a £ in T such that t, =t for infinitely
many values of »; if this is so for ny <ng < -, then limj o0 ts; = t. If {t,} has infinitely many distinct terms, then {t,} has a limit
point ¢ in T, so there are integers nj < nz < - such that p(tn;, t) < 1/j; therefore, lim;—,o tn; = t.

Conversely, suppose that every sequence in T has a subsequence that converges to a limit in T'. If S is an infinite subset of T, we
can choose a sequence {t,} of distinct points in S. By assumption, {t,} has a subsequence that converges to a member ¢ of T. Since
t is a limit point of {¢,}, and therefore of T, T is compact.

By Theorem-~, {¢,} has a subsequence {t,,} such that

lim t,, =t € T. (8.1.13)

j—oo
We will show that lim,,_,o £, = t.

Suppose that € > 0. Since {t,} is a Cauchy sequence, there is an integer N such that p(t,,t,) < €, n >m > N. From , there is an m
=mn; > N such that p(tm,?) < €. Therefore,

P(tn,t) < p(tn, tm) + p(tm, t) < 26, n>m.
-2em2em

Suppose that ¢ is a limit point of T. For each n, choose t, # t € By/s(t) N T. Then lim, , t, = t. Since every subsequence of {¢,}
also converges to t, t € T, by Theorem~. Therefore, T is closed.

The family of unit open balls & = {B;(t)}t € T is an open covering of T. Since T is compact, there are finitely many members ¢,
ta, , tn Of T such that § C U}, Bi(¢;). If u and v are arbitrary members of T, then u € Bi(¢,) and v € By (t,) for some r and s in
{1,2,...,n}, so

p(u,v)\ar < p(u, tr) + p(tr, ts) + p(ts, v)
\ar < 2+ p(tr, ts) < 24+ max{p(t;,t;)}1 <i< j<n.

Therefore, T is bounded.

The converse of Theorem~ is false; for example, if A is any infinite set equipped with the discrete metric (Example~.), then every
subset of A is bounded and closed. However, if T is an infinite subset of A, then # = {{t}}t € T is an open covering of T, but no
finite subfamily of # covers T.

We leave it to you (Exercise~) to show that every totally bounded set is bounded and that the converse is false.

We will prove that if T is not totally bounded, then T is not compact. If T is not totally bounded, there is an € > 0 such that there is
no finite e-net for T. Let ¢; € T. Then there must be a ¢, in T' such that p(t;,t) > €. (If not, the singleton set {¢;} would be a finite e-
net for T.) Now suppose that n > 2 and we have chosen t1, ts, , t, such that p(t;,¢;) > €, 1 <4 < j < n. Then there mustbe a t,4; € T
such that p(ti,tny1) =€, 1 <3 < n. (If not, {t1,%2,...,t,} would be a finite e-net for T.) Therefore, p(¢;,t;) > € 1 <i <j<n+1.
Hence, by induction, there is an infinite sequence {¢,}22; in T such that p(t;,t;) > ¢, i # j. Since such a sequence has no limit point,
T is not compact, by Theorem~.

Let S be an infinite subset of T, and let {s;}32; be a sequence of distinct members of S. We will show that {s;}{2, has a convergent
subsequence. Since T is closed, the limit of this subsequence is in T, which implies that 7" is compact, by Theorem-~.

For n > 1, let Ty, be a finite 1/n-net for T. Let {si}2; = {si}{2;. Since T; is finite and {si}, is infinite, there must be a member
t; of Ty such that p(s;,¢1) < 1 for infinitely many values of i. Let {s;1}32; be the subsequence of {s;}32; such that p(s;1,21) < 1.

We continue by induction. Suppose that n > 1 and we have chosen an infinite subsequence {s;,_1}®, of {s;,_»},. Since Ty, is
finite and {s;, 1}, is infinite, there must be member ¢, of Ty, such that p(s;n_1,¢.) < 1/n for infinitely many values of 4. Let
{sin}$2; be the subsequence of {s;—1}2; such that p(sin,ts) < 1/n. From the triangle inequality,

p(Sin,8jn) <2/n, 4,j>1, n>1. (8.1.14)

Now let 3; = s;;, i > L. Then {§;}, is an infinite sequence of members of T. Moroever, if 4,5 > n, then §; and §; are both included
in {s;z}2,, so implies that p(3;, §;) < 2/n; that is, {§;}, is a Cauchy sequence and therefore has a limit, since (4, p) is complete.
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We will show that T is totally bounded in £,. Since £, is complete (Exercise) Theorem Will then imply that T' is compact.

Let ¢ >0. Choose N so that y; <e if i >N. Let 4 =max{u;}1 <i<n and let p be an integer such that pe > u. Let Q.
= {r;e}r; = integer in[—p, p]. Then the subset of £,, such that z; € Q., 1 < i < N, and z; = 0, i > N, is a finite e-net for T.

In Example~ we showed that Cle, b] is a complete metric space under the metric

p(f,9) = — gl = max{|f(z) — g(z)|}a < = <b.
We will now give necessary and sufficient conditions for a subset of Cl[a, b] to be compact.
Theorem~ implies that for each f in C[a, b] there is a constant My {} £, such that

|[f(x)] <M; if a<z<b,
and Theorem~ implies that there is a constant §; {} such that
|f(z1) — f(z2)| <€ if x1,z2€a,b] and |21 — x| < dy.

The difference in Definition~ is that the {} M and é apply to {} finT.

For necessity, suppose that T is compact. Then T is closed (Theorem~) and totally bounded (Theorem~). Therefore, if € > 0, there
is a finite subset T, = {g1, ga, ---, gx} of Cla,b] such that if f € T, then |f — g;| < € for some 7 in {1,2,...,k}. If we temporarily let e
= 1, this implies that

11 =1(f — 9) + @il < 1f — gl + lgal <1+ gl
which implies with
M=1+max{|g|}l <i<k.

For , we again let ¢ be arbitary, and write

|f(z1) — f(z2)|\ar < |f(21) — gi(z1)| + |gi(21) — gi(w2)| + |gi(22) — f(z2)]
\ar < |gi(21) — gi(@2)| + 2| — gil (8.1.15)
\ar < |gi(z1) — gi(@2)| + 2e.

Since each of the finitely many functions g1, gs, , g& is uniformly continuous on [a,b] (Theorem~), there is a § > 0 such that
|9i(x1) — gi(w2)| <€ i |z1—wa<d, 1<i<k.
This and imply with e replaced by 3e. Since this replacement is of no consequence, this proves necessity.

For sufficiency, we will show that T is totally bounded. Since T is closed by assumption and Cla, b] is complete, Theorem~ will
then imply that T is compact.

Let m and n be positive integers and let

M
§r=a+%(b—a), 0<r<m, and 7]3=ST, —n < s<n;

that is, a = & < & < -~ < &n = b is a partition of [a, ] into subintervals of length (b—a)/m, and —M =n_, < 7—p41 < < M1 < 7In
= M is a partition of the

segment of the y-axis between y = —M and y = M into subsegments of length M/n. Let Sp,, be the subset of C[a,b] consisting of
functions g such that

{g(EO)’ g(&l)a ’g(é-m)} c {n—n; N—n+1 --- ;nn—l;nn}
and g is linear on [¢;_4,&;], 1 < i < m. Since there are only (m + 1)(2n + 1) points of the form (&,,7s), Smx is a finite subset of Cfa, 8].

Now suppose that € > 0, and choose § > 0 to satisfy . Choose m and n so that (b —a)/m < é and 2M/n <e. If f is an arbitrary
member of 7T, there is a g in Sy, such that

lg(¢) — f(¢)] <€, 0<i<m. (8.1.16)

Ifo<i<m-—1,
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|9(&:) — 9(&i+1)] = |9(&:) — F(E) + | (&) — F&wr)| + 1 F(Eirr) — g(&iv)l- (8.1.17)

Since ¢;41 — & <4, , , and imply that
l9(&:) — g(&i+1)| < 3e.
Therefore,
l9() —g()| <3¢, &<z <&, (8.1.18)
since g is linear on [¢;, £;11].
Now let z be an arbitrary point in [a, 8], and choose i so that = € [£;, £41]. Then
(@) — g(@)| < |f(=) = F(€)| + (&) — g(€)l + |9(&:) — 9(=));
so, , and imply that |f(z) — g(z)| < 5¢, a < z < b. Therefore, Sy, is a finite 5e-net for T, so T is totally bounded.

Let T be the closure of #; that is, f € T if and only if either f € T or f is the uniform limit of a sequence of members of #. Then T'
is also uniformly bounded and equicontinuous (verify), and T is closed. Hence, T is compact, by Theorem~. Therefore, # has a
limit point in T. (In this context, the limit point is a function f in T'.) Since f is a limit point of &, there is for each integer n a
function f,, in # such that | f, — f| < 1/n; that is {f,} converges uniformly to f on [a, b].

In Chapter~ we studied real-valued functions defined on subsets of \R”, and in Chapter~6.4. we studied functions defined on
subsets of \R" with values in \R™. These are examples of functions defined on one metric space with values in another metric
space.(Of course, the two spaces are the same if n = m.)

In this section we briefly consider functions defined on subsets of a metric space (4, p) with values in a metric space (B, ). We
indicate that f is such a function by writing

f:(4,p) = (B,0).
The {} and {} of f are the sets
Dy = {u € A} f(u) is defined
and
R; = {v € B}v = f(u) for some u in Dy.
Note that can be written as
f(Df N N5(@)) C Ne(f(3)).
Also, f is automatically continuous at every isolated point of D;. (Why?)

Suppose that is true, and let {u,} be a sequence in Dy that satisfies . Let ¢ > 0 and choose § > 0 to satisfy . From , there is an integer
N such that p(u,,4) < 6 if n > N. Therefore, o(f(u,), ) < €if n > N, which implies .

For the converse, suppose that is false. Then there is an ¢; > 0 and a sequence {u,} in D; such that p(u,, %) < 1/n and o(f(un,),d)
> €, SO is false.

We leave the proof of the next two theorems to you.

Let {vn} be an infinite sequence in f(T). For each n, v, = f(uy) for some u, € T. Since T is compact, {u,} has a subsequence {un,}
such that lim; oo un; =% € T (Theorem~). From Theorem~, lim; ,o f(un,) = f(2); that is, lim; . vn, = f(@). Therefore, f(T) is
compact, again by Theorem~.

If f is not uniformly continuous on T, then for some ¢, > 0 there are sequences {u,} and {v,} in T such that p(uy,v,) < 1/n and

o(f(un), f(vn)) = €0 (8.1.19)

Since T is compact, {u,} has a subsequence {u,,} that converges to a limit @ in T (Theorem~). Since p(tn,, Vn,) < 1/1k, img 00 U,
= g also. Then
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Jim f(up,) = \dst lim f(v,) = /()
(Theorem~~), which contradicts .
We note that a contraction of (A4, p) is uniformly continuous on A.
To see that cannot have more than one solution, suppose that v = f(u) and v = f(v). Then

p(u,v) = p(£(u), f(v)- (81.20)
However, implies that

p(£(u), f(v)) < ap(u,v). (8.1.21)
Since and imply that

p(u,v) < ap(u,v)

and a < 1, it follows that p(u,v) = 0. Hence u = v.

We will now show that has a solution. With w arbitrary, define

Up = f(tn-1), n>1 (8.1.22)
We will show that {u,} converges. From and ,
P(Uni1,8n) = p(f(tun), f(un-1)) < 0p(un, tn-). (8.1.23)
The inequality
P(Unt1,%n) < @™p(u1,up), n >0, (8.1.24)

follows by induction from . If » > m, repeated application of the triangle inequality yields
p(una um) < P(um un—l) + P(un—l, un—Z) + -+ p(um+1; um)v
and yields

am

p(tn, Um) < p(us, uo)a™ (L + a4 +0" ") < ——.
Now it follows that

p(u1, ug) o

I— o if n,m >N,

p(una 'U'm) <
and, since limy_,oc & =0, {u,} is a Cauchy sequence. Since A is complete, {u,} has a limit 4. Since £ is continuous at 4,
£(@) = lim f(un-1) = lim u, =4,
where Theorem~~ implies the first equality and implies the second.
Let A be Cla,b], which is complete. If u € C[a, b], let f(u) = v, where
b
v(z) = h(z) + )\/ K(z,y)u(y)dy, a<z<bh
a

Since v € Cla, b], f: Cla,b] — Cla,b]. If u1, ug € Cla,b], then

b
|v1(z) —va(2)| < |/\|/a |K(z,y)|u1(y) — v1(y)| dy,

so
vy — vall < [A[M(b— a)llus — us].

Since |\|M(b— a) < 1, f is a contraction. Hence, there is a unique u in Cf[a, b] such that f(u) = w. This u satisfies .
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Answers to Selected Exercises

2 max(a, b) 2min(a, b) 4 max(a, b, c)

4min(a, b, c)

oo (n0); —1 (yes) 3 (no); —3 (no) V7 (yes); —v7 (yes)\ 2 (no); —3 (no) 1 (no); —1 (no)
V7 (n0); —v/7 (no)

27/(2n)! 2-3"/(2n + 1)! 27"(2n)!/(n!)?

n" i\

no

no

\dstd, = & (lnz— X7, +)

fa(z1, 22, .., zn) = 2"t max(z1, T2, ... , Tn)s Gn(T1, T2, .. , Tp) = 27 min(zy, T2, ..., Tn)

[%’ 1): (—00, %) U []-a OO), (_0070] U (%7 OO), (07 %]; (_00’0] U (%700): (—00, %] U [1700) (_3’ _2) U (253)) (_007 _3] U [_272] U [35 00)’ w)
(—00, 00);0; (—o0,—3]U [—2,2] U [3, 00)

0; (—o0, 00); B; (—00, 00); B; (—00, 00)

0; (—o0,00); [-1,1]; (—o0,—1) U (1, 00); [-1,1]; (—00,00)
(0,3] [0,2] (—o0,1) U (2,00)

(—00, 0] U (37 00)

Le

3

1
4
1

neither; (—1,2) U (3, 00); (—o0,—1) U (2,3); (—oo,—1] U (2,3); (—o0,—1] U [2,3] open; S; (1,2); [1,2] closed; (—3,—2) U (7,8);
(_007 _3) U (_277) U (8’00)’ (—OO— 3] U [_277] U [87 OO)

closed; 0; J{(n,n + 1)}n = integer; (—o0, 00)

{e}r=1/n, n=1,2,...; 0, S; = rationals, Sz = irrationals any set whose supremum is an isolated point of the set , the rationals
S, = rationals, S, = irrationals

Dy =[-2,1)U[3,00), Dy = (—00,—3]U[3,7) U (7,00), Dy = Dy =[3,7) U(7,00), Dyj, = (3,4) U (4,7) U(7,00)

, {z}z # (2k + 1)7/2 where k = integer {z}z # 0,1 {z}z # 0

[1,00)

412-12

-2

[ 3] »—Al»—l
=
[P0\
ol

0,20, none —3, +
none, 0

0 0 none 0 none

0

0 0 none none none

0

o0 —00 00 00 00
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none oo oo

none

o0 00 00 —00 None
(e o]

%M—OOOO

= e

limy oo m(z) =00 if n >m and ap/by, >0; =—00 if n >m and ap/by <0; =an/by if n =m; =0 if n <m. lim,, «r(z)
= (—1)""™limg 00 7(z)

limg .z, f(z) = limgss, 9(z)

limsup,_,,,(f —9)(z) < limsup, ., f(z) — liminf, ;- g(2); liminfs g, (f — 9)(x) > liminf, ;. f(z) — limsup, . 9(z)
from the right continuous none continuous none continuous

from the left

[0,1), (0,1), [1,2), (1,2), (1,2], [1,2] [0,1), (0,1), (1,00)

tanh z is continuous for all z, cothz for all z # 0

No [1,1], [0, 00) U2 _o (20, (2n + 1)7), (0,00) Upe o (0, (n+ 1)), (—00,—1) U (—1,1) U (1, 00)

Uz oo, (n+ )7, [0, 00)

(—1,1) (—o0,00) o # (2k + 3m), k=integerz # + z + 1z # (k+ ), k=integer z # (k + 37), k=integer z £ 0
z#0

p(c) = ¢(c) and p’ (c) = ¢} (c)

fO@) =nn—-1)nm—k—=Dz"*z|if 1<k <n—1; f®(@)=nlif 2 >0; f®(z) =—nl ifz <0, fP(z) =0if k> n and z + 0;
f£®(0) does not exist if k > n.

¢’ =ac—bs, s’ =bc+as

c(z) = e** cos bz, s(z) = e** sin bz

f(x)=—1if £ <0, f(x) =1 if = > 0; then f'(0+) = 0, but £1(0) does not exist.
continuous from the right

There is no such function (Theorem~2.3.9).

Counterexample: Let zg = 0, f(z) = |z|3/?sin(1/z) if x # 0, and £(0) =0.
Counterexample: Let zg = 0, f(z) = z/|z| if z # 0, £(0) = 0.
—oifa<0,0ifa>0

oifa>0,—0ifa<0

—00 —0ifa<0,0ifa >0

0

Suppose that g’ is continuous at zy and f(z) = g(z) if z < zo, f(z) = 1 + g(z) if z > zo.
le

1el

FO (@) /(n + 1)

Counterexample: Let z, = 0 and f(z) = z|z|.

Let g(z) =1 + |z — z¢|, SO f(z) = (z — z0)(1 + |z — Z0]).

Let g(z) = 1 + |z — 2, 50 f(z) = (z — 20)2(L + |z — =o|).
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1,2,2,00, —m, 37/2, —4n + w3/2\ —n?/4, —2m, —6 + w2 /4, 4w

—2, 5, —16, 65

0,—1,0,5

0,1,0,5—1, 0, 6, —24 V2, 3v/2, 11v/2, 57v/2 —1, 3, —14, 88 min neither min max min neither min
min

f(z) = e /=" if & # 0, £(0) = 0 (Exercise~)

None if 8 —4c < 0; local min at #; = (—b + v/b2 — 4¢)/2 and local max at #; = (—b — V6% — 4c)/2 if b2 —4c > 0; if b? = 4c then «
= —b/2 is a critical point, but not a local extreme point.

\dst%(%)?’ \dsts—l3 \dstﬁ

\dst@

M3h/3, where Mg = sup, g <p, | £ (c)|\

Mh?/12 where My = sup,_<;, |f®(0)]

k=—h/2

monotonic functions

Let [a,b] = [0,1] and P = {0,1}. Let f(0) = f(1) = 1 and f(z) =z if 0 < = < 1. Then s(P) = 0 and S(P) = 1, but neither is a Riemann
sum of f over P.

>

N

J1e®—e®1—cosbsinb

f(a)lg1 — g(a)] + f(d)(g2 — g1) + f(B)[g(b) — g2

F(@)lgr — 9(a)] + FO)lg®) — g5l + X021 f(am)(Gmi1 — gm)
If g=1 and f is arbitrary, then : f(z)dg(x) = 0.

c= % u=c=0

(e—2)/(e—1), c=Va

[ Yo

el
Il

u

n! $ divergent 1 —1

0

divergent convergent divergent convergent convergent
divergent

p<2p<1lp>-1-1<p<2nonenone

p<l1
P—q<lpg<l-1<p<2q—1¢>-1,p+g>1p+g>1
g+1<p<3g+1

degg—degf>2

2101/2 1/2 1/2

1/2

VA111l—o0

0

If s, = 1 and t,, = —1/n, then (limy 00 55)/ (limp—s00 tn) = 1/0 = 0o, but limp,_,e0 8n/tn = —co.

00,000, —o0if |r| > 1;2, —2ifr=—-1;0,0if r=1;1, —1if |r| <loo, —c0ifr < —1;0,0if |r| <1; 1, § if r=1; 00,00 if > 1\ 00,
o ]
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|t|: _|t|
1,-12,—-23, -1
V3/2,—/3/2

If {s,} = {1,0,1,0,...}, then lim, oo tn = %

lim 00 S2m = 00, limy 00 S2m41 = —00\ liMyy 300 S4m = 1, im0 Sam+2 = —1, liMpy 00 S2mt+1 = O\ limy, o0 S2 = 0, limy 00 Sgmt1 = 1,
lim 00 S4m+3 = -1\ limy, ;00 85 = 0 limyy 00 S2m = 00, limy 00 Som+1 = 0\

limm o0 Sgm = liMms00 S8ma2 = 1, liMpmooo Sgmt1 = \/E,\ limm 00 S8m+3 = liMm—soo S8ma7 = 0, liMmo0 Semt5 = —V2,\ liMp o0 Semsd
= limpy 00 Sgm+6 = —1

{1,2,1,2,3,1,2,3,4,1,2,3,4,5,..}

Let {t,} be any convergent sequence and {s,} = {t1,1,t2,2,...,ts,N,...}.

No; consider Y- 1/n

convergent convergent divergent divergent \ convergent convergent divergent
convergent

p>1lp>1

p>1

convergent convergent if 0 < r < 1, divergent if » > 1\ divergent convergent divergent
convergent

convergent convergent convergent

convergent

divergent convergent if and only if 0 < » < 1 or r = 1 and p < —1 convergent convergent
convergent

divergent convergent convergent

convergent if @ < §—1, divergentifa > g —1

divergent convergent convergent

convergent

X (=) T (1) /n, T \dst [GF + g\ S (<)

(=)

conditionally convergent conditionally convergent absolutely convergent

absolutely convergent
%\begin{exercisepatch1}

Let k and s be the degrees of the numerator and denominator, respectively. If |r| = 1, the series converges absolutely if and only if s
> k + 2. The series converges conditionally if s = k + 1 and r = —1, and diverges in all other cases, where s > k+1and |r| = 1.

X (=1)"/v/n0
2A— Qg

F(z)=0, |z| <1F(z)=0, |[z| <1\ F(z) =0, —1<z<1F(z)=sinz, —o<z<oo\F(z)=1, —1<z<1; F(z)=0, |z|>1
F(z)=%, —co<z <o\ F(z)=22/2, —c0o<z <00 F(z)=0, —00 <z < oo\

F(r)=1, —co<z <00
F(z)=0F(z)=1, |z|<1; F(z) =0, |z| > 1\
F(z) =sinz/z
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Fo(z) = 2% S = [-k/(k+1),k/(k + 1)]

[-1,1] [-r,7JUu{1}U{-1}, O<r<1[-r,r]U{1}, O<?r <1\ [—r,7], >0 (—00,—1/7]U [—r,r]U[1/r,00) U {1}, 0 < <1\ [-r,7], T
>0 [—r,r], 7> 0 (—o00,—r]U[r,0c0) U{0}, r>0\

[-7,r], r>0
Let S = (0,1], Fp(x) = sin(z/n), Gn(z) = 1/2?; then F =0, G = 1/z?%, and the convergence is uniform, but |F,Gq|s = co.
313

e—1

compact subsets of (—2,00) [—%, 00) closed subsets of \dst (1‘2 5 1+2‘/5) (—00,00) [r,00), r>1
compact subsets of (—oo,0) U (0, 00)

Let § = (—00,00), fs = a, (constant), where " a,, converges conditionally, and g, = |a,|.
““absolutely"

means that Y |f.(z)| converges pointwise and Y, f,(z) converges uniformly on S, while

means that Y, |fn()| converges uniformly on S.

2n+1

\dst}=o%, (—1)" nl(2nt1) 2n+1)

2n+1
\dStEn_o( n" 2n+1 Y(@nt+1)!

1/3e1 41

[0, ¢]

14241/

1

2(1+12)/(1—2)® e\ \dst, S0 (z — 1) R=1

Tan 'z = \dst 352 (—1)" gy F@™(0) = 0; fm+1)(0) = (—1)2(2m);
\dstZ =Tan 'L =32, %

73

coshz = \dst) >° sinhz = \dst )%, &

n=0 ( 2n)' n=0 (2n+1)!
(1 —z)> o2y 2™ =1 converges for all z

4

\dsta + 22+ & — 38 4 \dstl —g— & + 5 4. \dstl— 2 + & — T2 4

\dstz2—”—3+%‘—%5+---

\dstl+z+ 2 + 2 4. \dstl —z— 20 4 3 . \dstl + 2 + B2 4 BLa® 4. \gst1 4 &8 4 T8 4 S
\dst2 — z? +__W+"'

\dstF(z) = gy = T + 7w = Laxol3" — ()" ]e" 1

(37 07 3, 3) (_17 _15 4)

1123 5
67127 24 36

V15 V/65/12 /31
V3

V89 V166/12 3
V31

12 &

27

X =Xy +tU (—oo < t < 00) in all cases.
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...Uand X; — X, are scalar multiples of V.

X =(1,-3,4,2) + t(1,3,—5,3)

X=(,1,-21,4,) +t(-1,-1,1,3,-7)
X=(1,2,-1)+1t-1,-3,0)

52

1/2v5

{(z1, 2, z3,24) }|zi| < 3 (i = 1,2,3) with at least one equality {(z1,Z2, z3,24)}|z:| <3 (i =1,2,3)
S

{(z1, 2, x3,x4) }|x;| > 3 for at least one of i =1,2,3
SS0

{(z,y,2)}z#1orz? +9y?> > 1

open neither

closed

(m,1,0)

(1,0,¢€)

66 2v/52L\/n

[e.o]

{@ v} +y* =1

... if for A there is an integer R such that |X,.| > A if » > R.
103100

0

a/(1+a?)

o0 00 N0 —O0

no

00none 0

none

if Dy is unbounded and for each M there is an R such that f(X) > M if X € Dy and |X| > R. Replace $>M$'' by <M”in

limx_0 f(X) =0 if a; + a2 + -+ + a5, > b; no limit if a; + a2 + - + a, < band a,% +a§ + - +a2 #0; imx_0 f(X) =0 ifa; = a3 =
=a"=081'1db>0.

No; for example, lim,, g(z, +/z) = 0.

R*R’R*R? {(z,y)}z > y

Rﬂ-

R3 —{(0,0,0)} R? R? R?

]R2

f(z,y) = zy/(2® +y?) if (z,) # (0,0) and £(0,0) =0

\dst%(a: + ycosz — zysinz) — 2\/2(:1: cos ) \dstl_—\/?’e_“”z“z \dst% (T +z2 4+ + z0)

1/Ql+z+y+2)
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#2¢2 —5m/V6 —2e0

0

fo=Ffy=1(z+y+22), f,=2/(z +y+22)

fe =22+ 3yz+ 2y, f, = 3x2+ 2, f, = 3xy fr = ¥, f, = v2e¥?, f, = xye?”

2cosxly, f,=1

fe = 2zycos 2y, fy=zx
foo = fiy = foy = fro = =1/ (@ + Y+ 222 foo = fuo = fra = fy = —2/(x + ¥+ 22)%, e = —4/(z + y + 22)°
foz =2, fiy =F =0, foy=fro =82+2, for = foe =3y, fro=fy =32

faz =0, fyy = 22%€%, frn = 2Y?€¥, foy = fyo = 26¥, for = [ = Y%, fyp = fry = we¥

Lsing?y, fo, =0, foy = fyo = 2z cos 2y — 203ysin T2y, for = for = fre = fy =0
f22(0,0) = £,(0,0) =0, f2,(0,0) = —1, £,z(0,0) =1\

f22(0,0) = £5(0,0) =0, f2y(0,0) = —1, £z(0,0) =1

f(z,y) = g(z,y) + h(y), where g,, exists everywhere and & is nowhere differentiable.

fre = 2ycosz’y — dzy? sinzy, fi = —x

df = (3z2 + 4y* + 2ysinz + 2zycos z) dx + (8xy + 2z sin ) dy,\ dx, f = 16 dz, (dx,f)(X — Xo) = 16z \ df = —e~*¥~* (dz + dy + d2),
dx,f = —dz —dy — dz,\ (dx,f)(X — Xo) = —z —y— 2\ df = (1 + 1 + 252 + - +nz,) " L, jdzj, dx,f = T}, jde;, \ (dx,f)(X
- XO) = E?:l jxj)\

df = 2r|X|*2 Y0, @ daj, dxof = 2rn™! Y, duj, \ (dx,f)(X — Xo) = 2rn" 1 30, (2 — 1),

The unit vector in the direction of (f,,(Xo), fz,(Xo), --- , fz,(Xo)) provided that this is not 0; if it is 0, then 8f(X,)/8® = 0 for every
$.

z2=2z+4y—62=2z+3y+1z=(nz)/2 +y — /2

z=z+10y+4

5du +34dv 0 6du —18dv

8du

hy = fzcos0+ fysinb, hy = r(—fzsind + f,cosh), h, = f,

h, = fysingcosf + f,sin@sinf+ f,cos ¢, hg = rsin¢(—f;sin 0+ f, cosb), hy = r(fs; cos pcosd + f, cos psinf — f,sin ¢)
hy = g:2y + gy + guwy, bz = gz2:+ 9. + guw,

hyr = frz8in? ¢ cos? 0 + £y, sin® ¢sin? 0 + f, cos? ¢+ fyy sin? Psin 20 + f,,sin24sind + £, sin2¢ cos b,

\dsth,g = (—fzsind + f,cos6)sin + 5 (fyy — foz) sin® ¢sin20 + rf,, sin® ¢ cos 20 + % (foy c0s 0 — £, sin 6) sin 2¢

2

2
\dstl+z+2 — L 42 2

Yz
(d%o‘o)p) (w,y) = (d?o,o)q) (z,9) = 2(z — y)?
(3 4 6
2 —4 2
|7 2 3
(2 4
3 -2
7 —4
[ 6 1
[ 8 8 16 24
0 0 4 12
| 12 16 28 44
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—2 —6 0
0 —2 —4
| -2 2 —6 |
[—2 2 6]
6 7 =3
| 0 —2 6|
[ -1 7
3 6
| 5 14
13 25
16 31
| 16 25
[ 29
| 50
A and B are square of the same order.
(7 3 3
4 177
|6 -9 1
[14 10
6 —2
[ 14 2
[—7 6 4 -5 6 0
-9 7 13 |, 4 -12 3
5 0 —14 4 0 3

[Gzyz 3zz2 3z2y ];
[-6 3 —3]

cos(z+y)[1 1];[0 0]
[ (1—z2)ye ™ ze™>* —zlye ™" ]; [2 1 2]\

sec’(z+2y+2)[1 2 1];[2 4 2]

X7 [ 21 @2 o za [s\dstZ= 101 - 1]
(2,3,-2) (2,3,0) (—2,0,-1)
(3,1,3,2)

4 2
\dstll—o[_3 1]

-1 1 2
\dst| 3 1 —4

-1 -1 2

4 3 -5
\dstx | 6 —8 5

-3 4 10

[ 1 -1 1
\dst3 [ -1 1 1
0
0

\dst+

o O N W
= N O O
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-1 -2 0 5
—14 -18 10 20
1
st |91 22 10 25
17 24 —10 —25
Bracket argument to \\ must be a dimension;\[2] JEF(X) =e™sin(z +y +2)[z(1 —2z)(y —2) —yh\M2] GX) =1
1
21 2 rz—1
+loo0o o] y+2
0 0 —1 z
r .z PR ) _
Fx) = | 0V Y L ey e = [ O+ [0 T 7
| e’siny e®cosy 1 0 — /2
2r —2y 0 2 0 z—1
F'(X) = 0 2y —2z |;JF=0\[2]G(X)= 0 -2 y—1
| —2z 0 2z —2 0 2 z—1
, _ [ z+y+2+1)er e €®
F/(X) = 2z —z?—y%e™ 2ye® 0
[ g1(2)
poo < | %@ ||
| 9a(2)
e’sinyz ze®cosyz yeTcosyz
F/(r,0) = | 2e¥coszz e¥Ysinzz zeYcoszz
ye*coszy wecosxy e*sinzy
F’(r,0) = [ cos _Tsma] JF(r,0) = 1\[2]
sinf rcosé
cosfcos¢p —rsinfcos¢ —rcosfsing
F'(r,0,4) = | sinfcos¢ rcosfcoséd —rsinfsing |[;\ JF(r,0,4) = r?cos p\[2]
sin ¢ 0 7COS ¢
cosf —rsind 0
F'(r,0,z) = | sin@ rcos® 0 |; JF(r,0,2)=r
0 0 1
[0 0 4] [ —18 0]
[0 —3 0 20
(9 -3
3 -8
1 0
[4 -3 1 20
o 11][20
[ 5 10
9 18
| 4 -8
[1,7/2] [1,2x] [1,7] [2V2,97/4]
[v2,3r/4]
[1,—3n/2] [t,~2] [t, —] 2V, ~7n/4
[V2,—57/4]

Let fi) =2 (0 <z < 1), f(z) =z— 1 (3 <z <1); then fis locally invertible but not invertible on [0, 1].
F(S) = {(u,v)}—7 + 2¢ < arg(u,v) < 7+ 2¢, where ¢ is an argument of (a, b);

Bracket argument to \\ must be a dimension

https://math.libretexts.org/@go/page/33480

D06



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/33480?pdf

LibreTexts"

z | _ 1 u—2v |, v 1 1 -2
[y]_\dSt1°[3u+4'v]’(F )_\dSt1°[3 4

z u+2v+ 3w 1 2 3
y | =\dst3 u—w ;(EYY =\dst3 |1 0 —1
z u+v+ 2w 1 1 2
[ vu+v 1/vVu+v 1/\/ut+v
Gy (u,v) = \dst 1 {(w,v) = \dst g1 /v Y
[ VU—v 1/Vu—v —1/\/u—v
- i L B
Ga(u,v) = \dst -1 utv | Gh(u,0) = \dst 71 Nut+v =1/ utw
| Vu—v | | 1/\/u—v —1/\/u—v
G3(u,v) = \dst—= uty , Gi(u,v) = \dst 1= Vuto 1/Vutw
V2 | —Vu—v | 2v2 __1/ fu—v 1/u—v
Ga(u,v) = \dst > | ute |, Gi(u,v) = \dst o= —1/vVutv —1/vutw
V2 | —Vu—v | 2v2 __1/ fi—v  1/u—v

From solving z = rcos 8, y = rsin @ for @ = arg(x, y). Each equation is satisfied by angles that are not arguments of (z, ), since none
of the formulas identifies the quadrant of (z,y) uniquely. Moreover,

does not hold if z = 0.
Bracket argument to \\ must be a dimension,

where 8 — 7/2 < arg(u,v) < B+ «/2 and B is an argument of (a, b);

’ T
G’ (u,v) = \dstgrt [ v ]

—y =z
If F(z1, 22, ., Zn) = (23,23, ...,23), then F is invertible, but\ JF(0) = 0.
M1 1[5 5 u+5
A(U)___l]_\dstﬁ[?‘ 8][1)_4]
M1 [ 4 —21[u-2
A(U)—_1]+\dst€[_3 3][0_3]
0 0 -1 1 u—1
AUO)=(1|+]| -1 10 v—1
L 1 1 00 w—2
(1 0 -1 o u
AU)=|x/2|+|1 0 o0 v+1
| T 0 0 -1 w

Bracket argument to \\ must be a dimension

Bracket argument to \\ must be a dimension

[ -3 4 T
= \dsti
BRI
[ u 3 3 .z-
v |=\dst—3| -1 2 [ ]
| w 2 3|7
[ u 2 -1 —y+sing
= \dsti
B R | e
U=—I,0V=—Y, 2= —W

fi(X,U) = \dst (2;;1 aij(z; — m,-g))r — (us —u40)*, 1 < i < m, where r and s are positive integers and not all g;; =0.r=s=3; r=1,
s=3;

>
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us(1,1,1) = 3, uy(1,1,1) = =3, u,(1,1,1) = §
(1,2) =0, uz(1,2) = uy(1,2) = —4

u(—1,-2) =2, ug(—1,—-2) = 1, uy(—1,-2) = —%
w(m/2,7)2) = ug(7/2,7/2) = uy(7/2,7/2) =0
uw(1,1) =1, us(1,1) = uy(1,1) = -1

ui(1,1) = 1,\dst 2401 = 5, \dst 240D) — 9
us(1,1) = 2, \dst 220D = _14; \dst 22D — 9

up(0,m) = (2k+1)m/2, \dst 2407 = 0, \dst 2400 — 1k = integer

-1 -2 1
1 ’ _ ’ —_

\dstsl:_1 9 1:|u(0)—3,v(0)— 1

5 5
\dsti [ =5 —5

6 6

3 13

U:(1,1) = U;(1,1) = :
1(5) [1]’ 1(7) [_1 2];

Uz(1,1)=—[?],U;(1,1)=_[ _i Z]

u’w(oa 07 0) = 2) ’Uz(o, 01 0) = ’U)m(o, 07 0) =-2

i 2 i st \is
Yz = —\dst g7y, Yo = —\dsb —5am-» 22 = —\dst 15c20ak) ?
\“ " B(yy2vu) \“ (o) \ " Az,
\dst 302 \dst e \dst el
2y = —\dst—gla-, us = —\dst —gra-, Uy = —\dst—5on-
\dst El v:iu \dst & V,Z,u \dst 3| i,lzl,u'

T=—-2y—u,z2=—-20,2=—2y—u,v=—\dst3;, y =—\dst§ —\dst}, 2 = —2v; y = —\dst§ — \dst§, v=—\dst3; 2 = -2, u=—z

-2y u=—x—2y,v=—\dst%
y:(1,-1,-2) = _%: vu(1,-1,-2) =1
uw(0,—1) = £, uy(0,—1) = 0, vy(0, —1) = — &, v,(0,—1) = 0,\ 7,(0, —1) = 1, z,(0,—1) = —1

up(1,1) = 0, uy(1,1) = 0, v5(1,1) = =1, vy(1,1) = —L, uge(1,1) = 2\ ugy(1,1) = 1, 2y (1, 1) = 2, vza(1, 1) = —2, vgy(1,1) = —1, vy (1,1)
=—2

ug(l,—1) =0, uy(1,—1) =\dst1, vs(1,—1) = —\dst 1, vy(1,—1) = 0,\ uge(1,—1) = —\dst, ugy(1,—1) = \dst3, uy(l,—1) = \dsti,
V(1 —1) = —\dst$,\ vgy (1, —1) = —\dst 1, vy, (1,—1) = \dst

28

1 3(b—a)(d—c), 0 {(m, n)}m,n = integers

1281

(1 —1log2)/2

117 3(Wa-)

AHEIEHDT6+D)
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361 %
(€8 +17)/2

112
16 6 21
sy
2
1

2 (b1—a1) -+ (b —an) E;‘I=1(aj +))
1(b1—a1) - (bn — an) Ty (a2 + ajb; + b2)
2—n(b% _ a%) (b2 —a2)

n

V3/2 Vi—z?
e [ f@,y)dy §

Let S: and S2 be dense subsets of R such that $; U S; =R.

—1; ¢ (constant); 1 (ug — uy)(v2 — v1)/|ad — be|

5 4

6 9

log3 31 3e(e—1)

£ mabe 2m(e?® — ) 167/3 21/64
(m/8)log5 (m/4)(e* — 1)

2r/15

m2a?/2

(B1 — 1)~ (Bn — )| det(A)] lasaz - anlV
\end{document}

{}

Suppose f € Cla, b]. Acording to the , if € > 0, there is a polynonmial p such that | f(z) — p(z)| < €, a < ¢ <b. Now suppose that
ST <L < <L b, < Y1n <Yz < <Y <b, n2=>1

and

Ll
'}1_{20 ; ; |93m - ym| =0.
Show that if f € C[a, b, then

tim 23 £(@in) — fgin)| =0.

n—voo 1 &=
By the triangle inequality,
|f(@in) — f(in)| < |f(@in) — P(@in)| + [P(Tin) — P(Yin)| + [P(Yin) — f(Yin)],

SO

|f(zin) — f(yin)| < |p(Tin) — P(yin)| + 2¢. (A)
Let M = max,<,< [p’()|- By the mean value theorem,

[p(%in) — P(¥in)| < M|Zin — yinl-

This and (A) imply that
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n

1 & M
n ; |f(xm) - f(yin)| <2+ n Z |xin _yinl'

i=1

From this and (A),
1 n
li —_ in) — in S 2¢.
Iﬂriigpnglf(x ) — Fyin)| < 2¢

Since e is arbitrary, this implies the conclusion.

{} In the setting of Exercise~1, let
i n
n=0+— - <i< >1.
Yin =0a + n;(b a), 1<i<n, n>1
Show that
lim lz":f(ar: )= L/bf(m)dm
noon & T b—a J, )

{Solution 2.} Since f € Cla, 3], f: f(z) dz exists (Theorem~3.2.8, p.~133).
Therefore, from Definition~3.1.1 (p.114),

n b
Yt =51 [ fde

Since

1
n

n b n n b
3 stew) - - / f(z)da| < %;mzm) — Fln)l + %;f(ym) R / f(z)dE‘,
Exercisel implies the conclusion.

Suppose g is continuous and nondecreasing on [c, d]. For

\end{document}
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