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1.1: Functions, Domains, and Limit Fundamentals

Learning Objectives

e Determine the domain of a function.

e Create new functions by combining two functions together and find the domain.
¢ Define the concept of a limit.

e Evaluate a limit of a explicitly or graphically defined function.

e Understand the limit laws.

Most of mathematics is the study of relationships between objects or numbers. A relation between two variables = and y is
essentially any equation or inequality involving these two letters. A function is a specific type of relationship that follows the rule
of being well-defined: for each input value z, there can be at most one corresponding output value y.

Question of the Day

How do we describe where a function is heading, even if it never actually gets there?

This page titled 1.1: Functions, Domains, and Limit Fundamentals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kenn Huber.
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1.1: Functions and Domains

Graphically, if z and y are related (or f(z) = y), we plot the ordered pair (z,y). A relationship represents a function if its graph
passes the vertical line test, meaning no vertical line intersects the graph in more than one point.

Definition: Domain and Range

For a given function f, there are two fundamental sets of values:

i. The domain of a function is the set of all possible (valid) input values z.
ii. The range of a function is the set of all possible (valid) output values .

To find the domain of an algebraic function, keep three key restrictions in mind:
1. No division by zero.

2. No square roots (or even roots) of negative numbers.
3. Logarithms must always take strictly positive arguments.

Example 1.1.1: Finding Domains of Functions

Find the domain of each of the following functions:

12 — 2x
(@) a(z) = I
(b) b(z) = logs(4 — vz + 1)

z?—4

)= 5 ve

(d)d(z)=\/9—x2+L

rz—1
Solution:

(a) We must satisfy two conditions simultaneously: the denominator cannot be zero, and the expression under the square root
must be nonnegative.

First, set the denominator equal to zero to identify restricted points:
T+T7#0 = z# -7
Next, require the radicand to be nonnegative:

12—-22>0 = 12>2x = <6

Combining these restrictions yields the domain: |(—oc0, —7) U (=7, 6]

(b) For b(z), we must ensure the inner radicand is nonnegative and the argument of the logarithm is strictly positive.
First, for the radical:
r+1>20 = > —1

Second, for the logarithm:

@IOIC]E) 3 (1.1.1)
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41—Vr+1>0 = Vr+1<4 = z+1<16 = <15

Combining these inequalities gives the domain: |[—1, 15)

(c) For ¢(z), the only restriction is that the denominator cannot be zero.

22 —bx4+6=(x—2)(x—3)#0 = z#2andz#3

Domain: | (—o0,2) U (2,3) U (3, 00)]

(d) For d(z), we need two conditions: the radicand must be nonnegative and the denominator must not be zero.

For the square root:

9—22>0 = 22<9 = —-3<z<3

For the denominator:
r—1#0 = z+#1

Combining these gives the domain: |[—3,1) U (1, 3]

Common Pitfall

When finding domains, remember to consider all restrictions simultaneously. A common mistake is to forget that both the
radicand and denominator restrictions must be satisfied at the same time. Always combine your conditions using intersection
(and).

Rule: Function Combinations and Domains

If f(z) has domain D; and g(z) has domain D, we can form new functions whose domains are determined by the
intersections of Dy and D:

i. Sum: (f + g)(z) = f(z) + g(z), with domain D; N D,
ii. Difference: (f — g)(z) = f(z) — g(x), with domain Dy N D,
ifi. Product: (f - g)(z) = f(z) - g(z), with domain Dy N D,
iv. Quotient: (5) (z) = %, with domain Dy N Dy N {z : g(z) # 0}
v. Composition: (f o g)(x) = f(g(z)), with domain {z € D, : g(x) € Dy}

For composition, it is often helpful to think: "The input z must be valid for g, and the output of g(z) must be valid for f."

Example 1.1.2: Combining Functions and Finding Domains

Let f(z) = 2% — z (domain Dy =R) and g(z) = 1 — % (domain D, = (—o0,0) U (0, 0)). Find each combination and its domain:
@) (f + 9)(=)
® (L)@

g
(©) (g f)(z)
(d) (f o 9)()

@IOIC]E) 4(11.2)
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Solution:

(a)
(f+o)@) =z —z+1-<

The domain requires z # 0, so Domain: | (—oo, 0) U (0, c0)

(b)
(i> (z) = it = 2z 1) =z forz#1

1 =il
g 1-1 1

a

We must exclude z = 0 (from D,) and = = 1 (where g(z) = 0). Domain: | (—o0,0) U (0,1) U (1,00)|

(c)
1
z2—z

(g0 f)(z) = g(f(z)) =1—

This requires f(z) # 0, meaning z(z —1) #0 => x # 0 and  # 1. Domain: | (—o0,0) U (0,1) U (1,00)|

(d)
(Fe0)@) = fiota) = (1- 1)~ (1-2)

x

This requires = # 0 (so that g(z) is defined) and g(x) must be a real number (which it is for all = # 0). Domain:
(_007 0) U (0> OO)

Example 1.1.3: More Function Combinations

1 . ] g g
Let f(z) = vz + 3 and g(z) = penrt Find each combination and its domain:

@) (f-g)(x)

(b) (%) (2)

() (fog)(=)
Solution:

First, find the individual domains:
Diy:z+3>0 = 2>-3 so D;=[-3,00)

Dy:z—2#0 = z#2 so Dyg=(—00,2)U(2,00)

]

1 Vz+
z—2 -2

@ (f-9)(z)=vz+3-

Domain:z > —3and z #2 = |[-3,2) U (2,00)

g zzl/(x—Q): 1
(b)<f)( ) vr+3 (r—2)Vx+3

Domain:z > -3,z #2,and f(z) #0 = Va2 +3#0 = z+# -3

So domain: |(—3,2) U (2, c0)

@IOIC]E) 5 (1.1.3)
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(© (2 9)&) = o)) = | +3 Wf; ==
5

>0

Domain requires: z # 2 (for g) and

. 5 s s .
Important points: x = 3 and z = 2. Testing intervals gives: (—oo, —} U (2,00)

This page titled 1.1: Functions and Domains is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.1: Limits

Here is the updated content with the new sections inserted as requested, maintaining the same formatting and style. ---

Now let's examine the foundational concept of modern calculus: the limit.

Consider the rational function f(z) =

T nearr=—landz = 1.

The function is defined at z = —1, but let's look at its behavior nearby using numerical values:

Evaluating f(z) as x approaches -1 from the right (z > —1):

4 40 4 400 4000 40000

Since these function values are approaching —2, we write the right-sided limit:

lim =2
z——1+ x — 1
Evaluating f(z) as = approaches 1 from the left (z < 1):
4 40 4 400 4000 40000
fE1) = ——— =——, f(-101)= ——— =———  f(-1.001) = f(—1.0001) = —

—-11-1 21’ 1.01 -1 201° —2001" 20001

Since these function values are approaching —2, we write the left-sided limit:

lim =2
z——1-x — 1

As z gets closer to —1, f(z) gets closer to —2 from both the right and the left sides. Because it approaches a single real number
from both sides, the overall limit is that number, and we can write

=-2

Note that although f(—1) = —2, this number was not used in the calculation of the limit.

Alternatively, the function is undefined at z = 1, but we can still analyze its behavior nearby using numerical values:

Evaluating f(z) as x approaches 1 from the right (z > 1):

4
1.1) = — 4 1.01) = —— —14 1.001) = 4 1.0001) = 4
F(L1) = 33— =40, f(1.01) = ;5m— =400, f(1.001) = 4000, f(1.0001) = 40000

Since these function values are growing large and positive without bound, we write the right-sided limit:

lim = 400
z—1t T —
Evaluating f(z) as = approaches 1 from the left (z < 1):
4
9) = = —4 . =——=-4 . =—4 . =—4
F09) = 55— 0, f(0.99) = 55— 00, £(0.999) 000,  £(0.9999) 0000

Since these function values are growing large and negative without bound, we write the left-sided limit:

lim
z—=1- T —

=—00

As z gets closer to 1, f(z) grows without bound in magnitude, heading toward +oco from the right and —oco from the left. Because

@IOIC]E) 7 (1.1.1)
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it does not approach a single real number from both sides, the overall limit does not exist.

Definition: Limit Notation

We write the three following variants of the limit:

lim f(z)=L

z—at
means that as z gets arbitrarily close to a from the right side (when z > a), the value of f(z) gets arbitrarily close to L.

lim f(z)=L

T—a

means that as z gets arbitrarily close to a from the left side (when z < a), the value of f(z) gets arbitrarily close to L.
lim f(z) = L

to mean that as z gets arbitrarily close to a (from either side, but = # a), the value of f(z) gets arbitrarily close to L.

A two-sided limit exists if and only if both one-sided limits exist and are equal:

lim f(x) =L < lim f(z)=L and lim f(z)=1L
T—a T—a~ z—at

Important Note

The value of f(a) itself—whether it exists or not—does not matter when evaluating a limit! The limit only cares about what
happens near a, not at a itself. This is why we can find limits even when functions are undefined at the point in question.

Example 1.1.4: Evaluating Limits of a Linear Function

Let f(z) = 3z — 2. Find the following limits:
(a) lim f(z)
z—1
(b) lim_f(x)
T——2
Solution:

For a linear function, we can evaluate the limit by direct substitution (as we will justify later). The idea is that as z gets closer
to a value, the line's output gets closer to the corresponding value.

(a) As z approaches 1, 3z — 2 approaches 3(1) — 2 = 1. We can check numerically: for z = 0.9, 0.99, 0.999, we get 0.7,0.97,0.997
, Which approach 1. Thus:

lim(3z—2)=1
z—1
(b) As z approaches -2, 3z —2 approaches 3(—2) —2 = —8. Numerical check: for x = —1.9,—1.99,—1.999, we get
—7.7,—7.97,—7.997, which approach -8. Thus:
lim (3z —2) = —8
T——2

Notice that in both cases, the limit equals the function value at that point. For linear functions (and more generally, continuous
functions), this is always true.

@IOIC]E) 8 (1.1.2)
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Example 1.1.5: Finding Limits from a Graph

Consider the graph of a function h(z) shown below.

y = hix)

Use the graph to find the following limits:
(a) lim h(x)

1
(b) lim h(z)

z—2

(c) lim h(z)

z—3

Solution:
(a) At z = 1 the graph has a hole, so k(1) is not defined.

As z approaches 1 from the left (values like 8.9, 0.99), the graph's y-values approach 2, so linll h(z)=2
z—1-

From the right (values like 1.1, 1.81), the graph also approaches 2, so lir? h(z) =2
z—1t

Since both one-sided limits equal 2, we have lin% h(z) =2
z—

Notice that even if k(1) is not defined or takes a different value, this does not effect the value of the limit.
(b) At z = 2, the graph has a sudden jump.

From the left, the y-values approach 3, so lim h(z) =3

T2~

From the right, the y-values approach 4. So lirg h(z) =4
T2+

Since the left-hand limit (3) and the right-hand limit (4) are not equal, the two-sided limit does not exist. We write
lin; h(z) = DNE
T—

(c) Near z = 3, the graph has a vertical asymptote.

@IOIC]E) 9 (1.1.3)
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As z approaches 3 from the left, the y-values decrease without bound, so lim h(z) = —co

z—3

As z approaches 3 from the right, the y-values also decrease without bound, so lirg h(z) = —c0
z—3t

Since both one-sided limits equal —oo, we have| liné h(z) = —oc0
z—

Rule: The Limit Laws

Suppose lim f(z) = L and lim g(z) = M exist. Let ¢ be a constant. Then the following algebraic laws hold:
r—a r—a

i. Sum Law:
lim(f(2) + g(z)] = L+ M
ii. Difference Law:
lim(f(z) — g(z)] = L — M
iii. Constant Multiple Law:
lim[c- f(z)]=c-L

r—a
iv. Product Law:
lim[f(z) - g(z)] =L - M

r—a

V. Quotient Law:

lim ﬁz; = % provided M # 0

These laws also apply identically to one-sided limits, provided the limits involved exist.

Example 1.1.6: Using Limit Laws

Suppose hﬁ% f(z)=5and liir%g(x) = —3. Evaluate:
(a) limy [3(2) — 29(@)]
(b) lim [£(z) - g(a) + 4]

G
) I ) —2

Solution:

(a) Using the Constant Multiple, Difference, and Sum Laws:

ilil% Bf(z) —2g(z)] =3(5) —2(—-3)=15+6=21

(b) Using the Product and Sum Laws:

lim [f(z) - g(z) +4] = (5)(—3) +4=—-15+4=—11

T2

(c) Using the Quotient and Difference Laws (note: lin%[f(x) —2]=5—-2=3+#0)
T

@IOIC]E) 10 (1.1.4)
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What Does "Arbitrarily Close" Mean Exactly?

You might wonder: what does it really mean for f(z) to get "arbitrarily close" to L as z gets "arbitrarily close" to a? To make
this precise, mathematicians use the epsilon-delta (e-6) definition of a limit.

The formal definition says:

1131 f(z) = L means that for every e > 0 (no matter how small), there exists a § > 0 such that if 0 < |z — a| < 4, then
|f(z) = L| <e.

In plain English: You can make f(z) as close as you want to L (within any tolerance € > 0) by making z sufficiently close to
a (within some distance § > 0), but not equal to a. The symbol ¢ (epsilon) represents the allowable error in the output, and §
(delta) is the corresponding required closeness in the input.

Let's revisit our linear example, f(z) = 3z — 2, and lin% f(z) = 1, to see how the epsilon-delta definition works.
z—

Suppose we want f(z) to be within e = 0.01 of 1. That is, we want | f(z) — 1] < 0.01. Compute:

0.01
Bz —2)—1|=13z—-3|=3|z—1] <001 = |z—1|< 5 0.00333.

So if we choose ¢ = 0.00333 (or anything smaller), then whenever 0 < |z — 1| < §, we are guaranteed that |f(z) — 1| < 0.01. For
any ¢ > 0, we can choose § = % This shows formally that the limit is indeed 1.

This definition is the rigorous backbone of calculus. It eliminates the vague idea of "approaching" and gives a precise,
testable condition for a limit to exist.

This page titled 1.1: Limits is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

BIOIRIE) 11 (1.1.5)


https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_1_(IVC_Math_C2210_-_Huber)/01%3A_First_Chapter/1.01%3A_A/1.1.02%3A_Limit_Laws
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTextS"

1.1: Practice Set

Exercise 1.1.1a

2

in interval notation.

Find the domain of f(z) = gx .

Answer available at the end of this section.

Exercise 1.1.1b

Find the domain of g(z) = 3z—;9 in interval notation.

Answer available at the end of this section.

Exercise 1.1.1¢

Find the domain of h(z) = v'16 — z? in interval notation.

Answer available at the end of this section.

Exercise 1.1.1d

Find the domain of k(z) = log(5 — 2z) in interval notation.

Answer available at the end of this section.

Exercise 1.1.1e

Find the domain of p(z) = logs;(vz + 4 — 3) in interval notation.

Answer available at the end of this section.

Exercise 1.1.2

1
Y state the simplified formula and find the domain of

Given f(z) = vz + 2 and g(z) =

@ (f +9)(z)
® (L)@

g
(€) (fog)(x)
(d) (ge f)(z)

Answer available at the end of this section.

@IOIC]E) 12 (1.1.1)
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Exercise 1.1.3

Suppose f(z) is defined graphically as follows:

y=f(x)

Determine each of the following limits by checking both one-sided limits.
(a) lim f(z)

T——1
(b) lim f(z)

z—2

Answer available at the end of this section.

Exercise 1.1.4

Suppose that lim f(z) = —4, lim g(z) = 2, lim h(z) = 0and lim h(z) = 1.
z—3 z—3 z—3+

T3~

Evaluate each of the following limits:
() lim [3f(z) — 2g()]
(b) lim [f(z) - g(z) + 5]

z—3

g(z)+6
=

(d) lim [f(z) + h(z)]

z—3

(€) lim [g(x) - h(z)]

- f(=)
U Sy

(@) lim 1&)

r—3+ h(.’L‘)

BIOIRIE) 13 (1.1.2)
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| Answer available at the end of this section.

Answers
Exercise 1.1.1a
We must exclude any value of = that makes the denominator zero:
20 —8=0 = =414
Therefore, the domain is all real numbers except = = 4:
(—00,4) U (4, 00)
Exercise 1.1.1b
We need two conditions:
1. The radicand must be non-negative:
3r—9>20 = >3
2. The denominator cannot be zero:
z—5#+#0 = x+#5
Combining these gives the domain:
[3,5) U (5,00)
Exercise 1.1.1c
The radicand must be non-negative:
16-22>0 = 22<16 = —4<z<4
Therefore the domain is:
[—4,4]
Exercise 1.1.1d
The argument of a logarithm must be positive:

5—2r>0 = —2r>-5H = a:<E

(=3

Thus the domain is:

Exercise 1.1.1e
We need two conditions:
1. The square root requires a non-negative radicand:
r+4>0 = z>—4
2. The argument of the logarithm must be positive:

VZ+4-3>0 = Vo +4>3 = 2+4>9 = z>5
Since = > 5 is more restrictive than z > —4, the domain is:
(5,00)
Exercise 1.1.2
(a) The sum is:
(f+o)a) =VaTi+t —=
The domain requires:
lz+2>0 = z>-2
2:—-34+#0 = z#3
Therefore the domain is:
[—2,3) U (3,00)
(b) The quotient is:
(5) (x):%:\/m-u—:ﬁ)
The domain requires:
1z+2>0 = z>—2(domain of f)
2.2—-3#0 = 1z +# 3 (domain of g)
3. g(z) # 0, which holds for all z
Therefore:
[—2,3) U (3,00)

(c) The composition is:

@IOIC]E) 14 (1.1.3)
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(Fa)(@) = flalw) = fol) +2= | L= 42

14+2(z—-3) [2z-5
z—3 N z—3

Simplify:

The domain requires:
1.2—3#0 = z+ 3 (domain of g)

285>0 = z>3o0rz< g (g(z) inside of domain of f)
Critical points: z = $ and = = 3. Testing intervals gives:
5
(00, 51U (3,00)

(d) The composition is:

1 1
(929 = 90D = F—5 = =5

The domain requires:
1z+2>0 = x> -2 (domain of f)
2V +2-3#0 = Vz+2+#3 = z+2#+9 = z+#7(f(z) inside of domain of g)

Therefore:
[=2,7) U (7,00)
Exercise 1.1.3
(a) As z — —1-, the function is on the horizontal line y = 3, so:
1)<

As z — —1%, the function is on the line segment from (—1,1) to (2,4), approaching the point (—1,1), so:
lim f(z)=1
r——1+

Since the left-hand and right-hand limits are not equal (3 # 1), the two-sided limit does not exist:
lim f(z) = DNE
z——1

(b) As z — 27, the function is on the line segment from (—1,1) to (2,4), approaching the open circle at (2,4), so:
Ay =1

As z — 2%, the function is on the line segment from the open circle at (2, —1) to (5, —4), approaching the open circle at (2,—1), so:
lim f(z) =—1

r—2+

Since the left-hand and right-hand limits are not equal (4 # —1), the two-sided limit does not exist:
lim f(z) = DNE
T2

Exercise 1.1.4
(a) Using the limit laws:
lim [3f(z) — 2g(z)] = 3lim f(z) — 2lim g(z) = 3(—4) —2(2) = —12—4 = —16
r—3 T3 r—3

(b) Using the limit laws:

lim [f(c) - g(z) + 5] = (11315 f(z)) : (mg(m) 45— (-4)(2)+5= 8+5=-3

T3
(c) Using the limit laws, and noting lim,_,3 f(z) = —4 # 0:

_gl@)+6  me@+6 5.6 g
lim = - = - —_9
=3 f(z) lim f(z) —4 —4

3

(d) Using the limit laws, for each one sided limit gives:
lim [f(z) + h(z)] = (lim f(z)) + <1im h(z)) - 440=—4
=3+ 3% =3+
lim [f(z) + h(z)] = (lim f(z)) + (lim h(z)) - 44+1-=-3
=3 T3 T3

Since these do not match, we have:
lim [f(z) + h(z)] = DNE
r—3

(e) Using the limit laws, but noting that lim,_,3 h(z) does not exist since the left and right limits differ:

lim [g(x) - h(z)] = (lim g(z)) : (nm h(z)) —2.0=0

Paveyy T3* T3+
Jm loe) @) = (Jim ow) - (Jim pe)) =212

Since these do not match, we have:
lim [g(z) - h(z)] = DNE

T3

@IOIC]E) 15 (1.1.4)
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(f) Using the limit laws for the one-sided limit, noting lim,_,3- A(z) =1 # 0:

lim f(x)
. f(w)_xHS’ _;4__
e m h() 1 4

(g9) As z — 3%, h(z) — 0 so the limit laws do not apply. We cannot determine the limit value without more information about h.

This page titled 1.1: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.2: Polynomial and Rational Functions

Learning Objectives

e Recognize polynomial functions and take their limits.
e Recognize rational functions and take their limits.
¢ Determine when points outside of the domain of a rational function are holes or asymptotes.

In this section, we build on our foundational understanding of functions by reviewing fundamental function families, graph
transformations, and algebraic simplification techniques essential for calculating limits.

Question of the Day

What happens when a rational function has a factor that cancels? What happens when it doesn't?

This page titled 1.2: Polynomial and Rational Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.
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1.2: Algebraic Functions

Definition: Linear and Power Functions

A linear function is a function of the form
flx)=mz+0b
where m and b are real constants. Its graph is a straight line with slope m and y-intercept (0, b).
A power function has the form
i) =

where n is a constant.

Common Parent Functions to Know

Familiarity with the graphs of basic parent functions is essential for understanding transformations and limits. The most
common parent functions are:

Linear:

Y=

BIOIRIE) 18 (1.2.1)
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Quadratic:

y = a?

19 (1.2.2)
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Square Root:

y=x% = Vi

Cube Root:

1
y=w1 =z

RN amN
=T

@IOIC]E) 20 (1.2.3)
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Reciprocal:

NSNS S I—— E— Y

——

Reciprocal Squared

y =22 1
: : 2

e N TN

P I I I E—

Rule: Graph Transformations

Given a base function y = f(x) and a constant ¢ > 0, we can transform its graph as follows:

e y= f(z) + ¢ Vertical shift upward by c units

o y= f(z) — ¢ Vertical shift downward by ¢ units

e y= f(z + ¢): Horizontal shift left by ¢ units

e y= f(z — ¢): Horizontal shift right by ¢ units

e y=c- f(x): Vertical stretch (if ¢ > 1) or compression (if 0 < ¢ < 1) by a factor of ¢

. . . . 1
e y= f(c- x): Horizontal compression (if ¢ > 1) or stretch (if 0 < ¢ < 1) by a factor of -

e y= —f(z): Reflection across the x-axis
e y= f(—=x): Reflection across the y-axis

@IOIC]E) 21 (1.2.4)
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Example 1.2.1: Describing Transformations

Describe the sequence of transformations needed to obtain each function from its parent function.
(@) g(z) = —(z —2)2 + 1 from f(z) = 22

(b) h(z) = %H — 3 from f(z) =

S

(c) k(z) = =z + 5 from f(z) = V&
Solution:
(a) Starting with f(z) = =%

1. Shift right by 2 units: (z — 2)2

2. Reflect across the x-axis: —(z — 2)?

3. Shift up by 1unit: 3(z — 2)2 + 1

So g(z) is obtained by shifting f(z) right 2 units, reflecting across the x-axis, and shifting up 1 unit.

y = 22 y=—(r—22+1

(b) Starting with f(z) = L:

1. Shift left by 1 unit; =

z+1
2. \Vertically stretch by a factor of 4:

3. Shift down by 3 units: -4+ — 3

4
T+1

So h(z) is obtained by shifting f(z) left 1 unit, vertically stretching by 4, and shifting down 3 units.

BIOIRIE) 22 (1.2.5)
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L

(c) Starting with f(z) = /=

1. Shift left by 5 units: vz +5
2. Reflect across the x-axis: —vz + 5

So k(z) is obtained by shifting f(z) left 5 units and reflecting across the x-axis.

— /=
y=wvi y=—r+5

/‘

This page titled 1.2: Algebraic Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.2: Holes and Asymptotes for Rational Functions

Definition: Polynomials and Rational Functions

A polynomial is a sum of power functions with nonnegative integer exponents:
p(z) = anz™ + an_12" 4 -+ a1z + ag
where a,, # 0 and n is a nonnegative integer representing the degree of the polynomial.

A rational function is a ratio of two polynomials:

The domain of R(xz) consists of all real numbers except values of = where g(z) = 0.

Rule: Limits of Polynomials and Rational Functions

Because limit laws hold for sums, differences, and products, polynomials are continuous everywhere. Thus, for any real
number a and any polynomial p(z):

lim p(z) = p(a)

r—a

Similarly, by the Quotient Law, if R(z) = % is a rational function and g¢(a) # 0:
q\x
: p(a)
lim R(z) = R(a) =
lim R(2) = Rle) = 5

When direct substitution gives the indeterminate form o algebraic simplification (factoring and canceling) is required.

Example 1.2.2: Evaluating Limits of Polynomials and Rational Functions

Evaluate each of the following limits:
(a) lim(z% + 4x)
z—1

2
4

(b) lim _Enem

a—1 g2 + 4z + 4

224z —2

=

. x5 —8
@ in T

=1l
2

@ iy
Solution:

(a) Since p(x) = x? + 4z is a polynomial, evaluate directly by plugging in z = 1:

@IOIC]E) 24 (1.2.1)
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liml(a:2 +4z) =12 +4(1) =
T—>
(b) Direct substitution gives a nonzero denominator 12 +4(1) +4 =9+ 0:

. z? + 4z 12 +4(1)
lim =
a=l x2 +4+4 12+44(1)+4

]
9

. e s . . . 0
(c) Direct substitution yields the indeterminate form e Factor the numerator to cancel the common factor (z — 1):

o224z —2 . (z—1)(z+2)
lim ——— = lim ———=
ap=il r—1 z—1 r—1

=lim(z+2) =1+2=[3]
z—1
. N . 0 . .
(d) Direct substitution gives s Factor the numerator using the difference of cubes:

ozt —8 . (z—2)(x®+2z+4)
lim = lim
=2 T — 2 z—2 xr—2

=lin5(x2+2z+4)=4+4+4=
T

. N . —1 C . . . ..
(e) Direct substitution gives o which is undefined. We check both one-sided limits to be safe:

2z —1 2-0—-1 =il

l. = = —
a0t 2 (0+)? 0+ oo
I 20 —1 2-0—-1 =]l n
im = = — =400
=0~ 2 (0-)? 0+
. . 2x—1
Since these match, we have lim =
=0 g2

Reducing for 3 Limits

When direct substitution yields ik we are always allowed to reduce a function that is inside of a limit.

This is because the reduced form of a function can only differ from its original form at a finite number of points, which cannot
effect the value of a limit.

Remember: You can only cancel factors that are multiplied in the numerator and denominator, not terms that are added or
subtracted!

Definition: Holes vs. Vertical Asymptotes

p(z)

For a rational function R(z) = —— and a point z = a where ¢(a) = 0:

q(x)

¢ Hole (Removable Discontinuity): Occurs when the factor (z — a) cancels completely from the denominator. The limit
lim R(z) exists and is finite, but the function is undefined at z = a.
r—a

e Vertical Asymptote: Occurs when the factor (z — a) remains in the denominator after reducing. The limits lim R(z)

z—at

= +oo and lim R(z) = 400 so lim R(z) = 400 when both agree or does not exist when they disagree.
T—a- r—a

Example 1.2.3: Identifying Holes and Vertical Asymptotes

Find all holes and vertical asymptotes for each function:

BIOIRIE) 25 (1.2.2)
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x2—4
a = =
@ f@) = 7573
2 —z
b =T =%
(b) g(z) 3 —222+
3z2 —12
h(z) = —% — 22
() h(z) 2 —4x+4
Solution:

(a) Factor completely:

z? —4 (z —2)(z+2)
=) = 22— 3z+2 (z —1)(z—2)

The values outside of the domain are x =1 and z = 2.

T+ 2

Reducing for z # 2: f(z) = .
z—

i ) . 242 )
e Atz = 2: The factor (z — 2) cancels completely. There is a hole at x = 2. The y-value is ST 4, so the hole is at [(2,4)

e Atz = 1: The factor (z — 1) remains in the denominator. There is a vertical asymptote at

(b) Factor completely:

o x(@*—-1)  ze—1)(x+1)
Coz(a2—2z+1) z(z—1)2

g(z)

The values outside of the domainare z =0 and z = 1.

. 1
Reducing for z # 0, 1: g(z) = i f T

1 .
+ T —1, so the hole is at [ (0,—1)

e At z = 1: One factor of (z — 1) remains in the denominator. There is a vertical asymptote at

e At z = 0: The factor z cancels completely. There is a hole at z = 0. The y-value is 8

(c) Factor completely:

3(x2—4) 3(z—2)(z+2)
Mo)=oap =7 @2

The value outside of the domain is z = 2.

3(z+2)

Reducing for = # 2: h(z) = —>

e At z = 2: The factor (x — 2) remains in the denominator after canceling one factor. There is a vertical asymptote at

¢ No holes since the factor does not cancel completely.

Example 1.2.4: Limit at a Hole
z2+x+b

Find all value(s) of b that will yield a finite value for lim ————— and find the value of that limit.
223 22 —4x + 3

Solution:

@IOIC]E) 26 (1.2.3)
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We can see that z = 3 causes the denominator to be 0, so in order for the limit to be finite we need the numerator to also go
to 0.

lim (2> +2+b)=3"+3+b=12+b
T3

Setting this equal to zero gives 12 +b=0 =

When b = —12, our limit becomes:

x4+ x—12 . (z—3)(z+4) . xz+4 3+4 7
lim ——— = lim = lim = ==
=3 g2 —4x + 3 =3 (x —1)(z — 3) z=3 x— 1 3—1 2

This page titled 1.2: Holes and Asymptotes for Rational Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kenn Huber.
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1.2: Practice Set

Exercise 1.2.1
Evaluate lim_ (4z” — 3z + 7) using direct substitution and limit laws.

T——

Answer available at the end of this section.

Exercise 1.2.2

Evaluate lim (82° — 4z + 1) using direct substitution and limit laws.

1

Answer available at the end of this section.

Exercise 1.2.3

Evaluate lim (z* — 32% + 5) using direct substitution and limit laws.
T—

Answer available at the end of this section.

Exercise 1.2.4

2_4
Evaluate lim x 5 If the limit does not exist, state so.

T——2 X

Answer available at the end of this section.

Exercise 1.2.5

22 — 5z +6

5 . If the limit does not exist, state so.
22 —

Evaluate lim
x—3

Answer available at the end of this section.

Exercise 1.2.6

8 I
w

1 .. .
Evaluate lin% T If the limit does not exist, state so.

z—1 x4 —

Answer available at the end of this section.

Exercise 1.2.7

222 — 9z

-5 .. .
Evaluate lin% 5 . If the limit does not exist, state so.
T

BIOIRIE) 28 (1.2.1)
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Answer available at the end of this section.

Exercise 1.2.8

24 62+9 . .
Evaluate lim 279 1t the limit does not exist, state so.
z—-3 2+ 2z — 3

Answer available at the end of this section.

Exercise 1.2.9

2_16
Evaluate lim x—. If the limit does not exist, state so.
z—4 22 — 8x + 16

Answer available at the end of this section.

Exercise 1.2.10

3z —6 L N . . .
For f(z) = 2—4 determine its domain, find the coordinates (z,y) of any holes, and state the equations of any vertical
22 —
asymptotes.

Answer available at the end of this section.

Exercise 1.2.11

2-3z-10 . I . . .
For g(z) = L, determine its domain, find the coordinates (z, y) of any holes, and state the equations of any vertical
2 —25

asymptotes.

Answer available at the end of this section.

Exercise 1.2.12

34
For h(z) = xz—;, determine its domain, find the coordinates (z,y) of any holes, and state the equations of any vertical
T — 4%

asymptotes.

Answer available at the end of this section.

Exercise 1.2.13

222 + 5z — 3 L . . . .
For k(z) = 6m2+—5x+1, determine its domain, find the coordinates (z, y) of any holes, and state the equations of any vertical
I — ok
asymptotes.

Answer available at the end of this section.
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Exercise 1.2.14

— 2

3
5
For p(z) = g

asymptotes.

Answer available at the end of this section.

Exercise 1.2.15

and vertical asymptote.

Answer available at the end of this section.

Exercise 1.2.16

stretching it by a factor of 2, and shifting it down by 5 units.

Answer available at the end of this section.

Exercise 1.2.17

p(z)
q(z)
vertical asymptote at x = a when (z — a) remains in g(z) after fully simplifying.

Answer available at the end of this section.

Answers

Exercise 1.2.1
Since this is a polynomial, we can evaluate by direct substitution:

lim3(47:273z+7):4(73)273(73)+7:4(9)+9+7:36+9+7:52
T—r

Exercise 1.2.2
Since this is a polynomial, we can evaluate by direct substitution:
lim (8z3—4x+1):8<é>3—4(1) +1:s(%) —2+1=1-24+1=0

Ty 2

[0]

Exercise 1.2.3
Since this is a polynomial, we can evaluate by direct substitution:

1in§(z473z2+5):2473(22)4»5:1673(4)+5:16712+5:9
T

[

Exercise 1.2.4
Direct substitution gives %, so we factor and simplify:

22—4  (z—-2)(xz+2)
pror 12 =z—2 forxz+# -2

Therefore:

@IOIC]E) 30 (1.2.3)

. . . 4
Let f(x) = .. Describe the sequence of transformations needed to obtain the graph of g(z) = -

— 6. .. . g . . .
9 id , determine its domain, find the coordinates (z, y) of any holes, and state the equations of any vertical
i

5 and state its domain

Given p(z) = x2, write the formula for the function ¢(z) obtained by shifting the graph of p(z) left by 3 units, vertically

Explain why a rational function R(z) = ——= has a hole at x = a when (z — a) cancels completely from ¢(x), whereas it has a

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)

(1.2.7)
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=lim(@z—2)=-2-2=-4 (1.2.8)

1m
z—>—2 T+ 2 T——2

(1.2.9)

Exercise 1.2.5

Direct substitution gives % so we factor and simplify:

= = fi 3 1.2.10
229 @ 3@+ o3 o7 (12.10)
Therefore:
. z2—5x+6 1
lim ——— = =5 (1.2.11)
(1.2.12)
Exercise 1.2.6
Direct substitution gives %, so we factor and simplify:
31 —1)(z? 1 2 1
i = (z=l@ +o+1) _rtrd forz #1 (1.2.13)
z2—1 (z—1)(xz+1) z+1
Therefore:
31 2 1 141+1
Rl VOO e e U e e . (1.2.14)
=1 g2 —1 251 z+1 1+1 2

3
1.2.1

Exercise 1.2.7
Direct substitution gives % so we factor and simplify:

222 -9z —5 (2z+41)(z—5)

P = P =2zx+1 forz#5 (1.2.16)
Therefore:
222 -9z —5 3
lim ————— = lim(2s + 1) = 2(5) + 1 = 11 (1.2.17)
(1.2.18)
Exercise 1.2.8
Direct substitution gives %, so we factor and simplify:
22 +6x+9 (z+3)? z+3
= = fi -3 1.2.19
22+2c—-3 (z4+3)(z—1) x-1 or @ # ( )
Therefore:
2 —
j £ 029 g 23 8430, (1.2.20)
=322 +4+2x—3 =3z —1 —-3—-1 —4
[0] (1.2.21)
Exercise 1.2.9
Direct substitution gives %, so we factor and simplify:
22— 16 (z—4)(z+4) z+4
= = f 4 1.2.22
z? — 8z + 16 (z—4)2 z—4 or z # ( )

As z — 4~, the denominator approaches 0, and as = — 4%, the denominator approaches 0*. The one-sided limits are not equal (they approach —oco and +oo
respectively), so:

[The limit does not exist] (1.2.23)
Exercise 1.2.10
Factor the numerator and denominator:
3(z—2) _ 3
(z—2)(z+2) z+2
The domain is all real numbers except z = +2:[(—00,—2) U (=2,2) U (2,00)]

flz) = for z # 2 (1.2.24)

Since (z — 2) cancels completely, there is a hole at z = 2. To find the y-coordinate, evaluate the simplified function at z = 2:

y=—_ =2 (1.2.25)

3
Hole: | ( 2, —
oe(,4>

Since (z + 2) remains in the denominator, there is a vertical asymptote at:

T=—2 (1.2.26)
Exercise 1.2.11
Factor the numerator and denominator:
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_(z=5)(z+2) x+2
g(z)fmf P forx +#5

The domain is all real numbers except = +5:|(—00, —5) U (=5,5) U (5,00)]

Since (z — 5) cancels completely, there is a hole at z = 5. To find the y-coordinate, evaluate the simplified function at z = 5:
_54+2 7
T 545 10

7
Hole: —
ole (5,10)

Since (z + 5) remains in the denominator, there is a vertical asymptote at:

[z = 5]
Exercise 1.2.12
Factor the numerator and denominator:
z(z?—4)  z(z—2)(z+2)

h(z) = z(z —2) - z(z —2)

=xz+2 forz+#0,2

The domain is all real numbers except z = 0,2: [(—00,0) U (0,2) U (2, 00)].

Both z and (z — 2) cancel completely, so there are holes at z = 0 and z = 2. Find the y-coordinates using the simplified function:

Atz=0y=0+2=2
Atz =2y=2+2=4
Holes: |(0,2)|and |(2,4)

No factors remain in the denominator, so there are:

No vertical asymptotes

Exercise 1.2.13
Factor the numerator and denominator:
222 + 52 —3 = (22— 1)(z +3)
62> — 5z +1= 3z —1)(2x —1)
2z —1)(z +3) z+3

1
k(z) = Bz — D2z 1) = py— forz#;

L. 1 11 1
The domain is all real numbers except z = &, :|(—o0, §> U (5’ 5) U (5,00) s

Since (2z — 1) cancels completely, there is a hole at z = 1. Find the y-coordinate using the simplified function:

1 7
3 +3 3

y:mzz,

1
Hole: (5,7>

Since (3z — 1) remains in the denominator, set 3z —1=0 = = = 1. There is a vertical asymptote at:

T =

1
3

Exercise 1.2.14

Factor the numerator and denominator:
z(@?—z—-6) z(xz—3)(z+2) z4+2
= = = f 0,3
P@) = = T T a@ ) @td) o3 7

The domain is all real numbers except z = —3,0,3: | (—00,—3) U (—3,0) U (0,3) U (3,00) |

Both z and (z — 3) cancel completely, so there are holes at z = 0 and z = 3. Find the y-coordinates using the simplified function:

Atz=0y=§Z =3

3
Atz=3y=32-12%

2 5
Holes: | (0, - d|(3,—
oesi| (0.5 Jone| (4. 5)

Since (z + 3) remains in the denominator, set z +3=0 = 2 = —3. There is a vertical asymptote at:

Exercise 1.2.15
Starting with f(z) = 1:
1. Shift right by 2 units: L5
2. Vertically stretch by a factor of 4: 4>

The domain is all real numbers except z = 2:|(—o0,2) U (2,00)
The vertical asymptote is:

Exercise 1.2.16

Starting with p(z) = 2
1. Shift left by 3 units: (z + 3)?
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2. Vertically stretch by a factor of 2: 2(x + 3)?
3. Shift down by 5 units: 2(z +3)2 — 5

q(z)=2(z+3)*—5 (1.2.39)
Exercise 1.2.17

When (z —a) appears in both the numerator and denominator, it can be canceled algebraically. If it cancels completely from the denominator after full

simplification, then the function is defined (in the simplified form) at = = a, but the original function was not. This creates a removable discontinuity—a hole—at =
= a.

However, if after canceling all common factors, a factor of (z — a) still remains in the denominator, then as z — a, the denominator approaches zero while the
numerator approaches a nonzero value. This causes the function to grow without bound (+o0), creating a vertical asymptote at z = a.

In summary:
e (z — a) cancels completely from denominator hole
e (z —a) remains in denominator after simplifying vertical asymptote

Hole if factor cancels completely; vertical asymptote if factor remains in denominator (1.2.40)

This page titled 1.2: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.3: Trigonometric Limits and the Squeeze Theorem

Learning Objectives

e Review the graphs and domains of the six trigonometric functions.
e Evaluate limits involving the six trigonometric functions.
e Use the Squeeze Theorem to evaluate limits that oscillate as they approach a value.

In this section, we review the fundamental trigonometric functions, analyze the behavior of oscillating functions, and introduce
the Squeeze Theorem to establish essential trigonometric limits.

Question of the Day

How do we find limits of functions that involve trigonometric functions, oscillate, or are trapped between two other functions?

This page titled 1.3: Trigonometric Limits and the Squeeze Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kenn Huber.
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1.3: Trigonometric Limits

Definition: Trigonometric Functions

On the unit circle 22 +¢? =1, an angle f in standard position determines a point (z,y) = (cos#f,sin#). The remaining
trigonometric functions are defined in terms of sine and cosine:

cos(x) 1 ese(z) = 1

tan(z) = cot(x) =

Key Trigonometric Values to Memorize

sin(z) sin(z)

The following values appear frequently in trigonometric limits:
0 0 T r x T
6 4 3 2
sin(6) 0 1 V2 <8 1
2 2
cos(6) 1 ﬁ ﬁ 1 0
2 2
tan(6) 0 1 1 V3 undefined
V3
cot(6) undefined V3 1 1 0
V3
sec(0) 1 2 V2 2 undefined
V3
csc(9) undefined 2 V2 i 1
V3
Also note: sin(—6) = —sin(6), cos(—6) = cos(f)
Therefore, we have tan(—6) = — tan(), cot(—6) = — cot(6), sec(—0) = sec(d), and csc(—60) = — csc()

Review: The Six Trigonometric Functions

Each of these functions' domains, ranges, and graphs are provided below:

f(z) = sin(z) has domain (—oo, c0) and range [—1, 1]

@IOIC]E) 35 (1.3.1)
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y = sin(x)

TN N
N N N

f(z) = cos(x) has domain (—oo, o) and range [—1,1]

y = cos(x)

RN SN
NS N

. 2k+1
f(z) = tan(z) has domain {x | = # ( —; ) for all integers k} and range (—oo, 00)
y = tan(r)
v v v v
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cot(z) has domain {z | = # k for all integers k} and range (—oo, 00)

f(z)
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(2k +1
2

f(z) = sec(z) has domain {z | z #

csc(z) has domain {z | z # kr for all integers k} and range (—oo, —1] U [1, 00)

f(z)

37 (1.3.3)
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y = csc(x)

e I e
f9 NSRS S S SN I A A —Y
D L L Lk T T e N L L
e e e

Example 1.3.1: Basic Trigonometric Limits

Evaluate each limit using direct substitution or visual inspection of basic trigonometric graphs:
(a) lim sin(z)
T—=—T

(b) lim cos(z)

ToT

(c) lim tan(z)

z—0*

(d) limﬁ cot(x)

(e) lim sec(x)
o3+

Solution:
(a) Since sin(z) is defined everywhere, the limit matches the function value:

lim sin(z) = sin(—) = [0]

T——T
(b) Since cos(z) is defined everywhere, the limit matches the function value:

lim cos(z) = cos(m) =

T
(c) Since tan(z) is defined at zero, the limit matches the function value:

lim tan(z) = tan(0) = [0]

z—0*
(d) As x — 7, sin(z) — 0" while cos(z) — —1:
y H(z) = i cos(x) -1
im cot(z) = lim =— =
T—m z—r sin(x) 0+

+
(e) As z — g , cos(z) = 0:
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1
lim sec(z) = lim ===

PR, -zt cos(z)

This page titled 1.3: Trigonometric Limits is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.3: The Squeeze Theorem

Now that we can safely take the limits of any vanilla trigonometric function, we explore some tougher variants.

Warning: Not all One-Sided Limits Exist

. .. 1
Consider the limit lim sin (—)
z—0t x

The graph of this function is provided below:

. ( | )
y = sin | —
-

Notice that as z approaches zero from the right, the function values do not apprach a single value, but instead oscillate faster
. . . 1
and faster between all values in the interval [—1, 1]. Because of this, we say that lirg sin (—) = DNE
z—0* T

Since the function f(z) = sin (—) does not have a limit as z — 0™, we cannot use our limit laws when evaluating something like
X

: . ( 1 )
lim zsin | —
z—0* T

. 1 T .
A quick look at the graph of y = xsin (—) tells us that this limit should in fact be zero:
T
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To help us determine when this happens, we introduce a powerful theorem.

Theorem: The Squeeze Theorem

If g(z) < f(x) < h(z) for all z near a (except possibly at a) and

lim g(z) = lim h(z) = L

r—a r—a
then

lim f(z) =L

r—a

This theorem is especially useful when a function is multiplied by a bounded factor that oscillates but is "squeezed" to zero
by a factor that tends to zero.

Illustration 1.3.1: Applying the Squeeze Theorem

1
Evaluate lim zsin (—)
x—0t x
Since the sine function is bounded between —1 and 1 for all real arguments, we have for all z + 0:
1
—1 < sin (—) <1
X
Multiplying the inequality by z (which is strictly positive for z > 0):
. 1
—x < xsin (—) <z
x
Evaluating the limits of the bounding functions as z — 0:

lim —z=0 and limxz=0
z—0= z—0t

1
By the Squeeze Theorem, lim x sin (—) =0
z—0t 4
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Example 1.3.2: The Squeeze Theorem with Absolute Value

2
Evaluate lim 4/ |z| cos (—)
z—0 x

Solution:

Since —1 < cos () < 1 for all z # O:

i o (2)

As z — 0, both —/|z| and /|z| approach 0. By the Squeeze Theorem:

. 2
ill}% |z| cos (;) =[0]

Example 1.3.3: The Squeeze Theorem

(z—1)%sin (%) +6

&=l

222 +1

Evaluate lim
x—1

Solution:

Since —1 < sin (-%7) < 1 for all = # 1, multiply through by (z — 1)? > 0

—(z-1)?< (z—1)’sin (ﬁ) < (z—1)

Add 6 to all sides:

6—(m—1)2§(z—1)251n< )+6§6+(m—1)2

rz—1

Divide by 2z% + 1 (which is always positive):

6—(z—12 _(e-1*sin(Z)+6 6+ (x—1)
222 4+ 1 - 222 +1 - 22241

Now we take the limit of each side as z — 1:

6—(z—1)> 6—-0 6

li = =—=2
sl 222 1 2+1 3
6+(z—1)2% 64+0 6
lim = = — =
=1 22241 2+1 3
Since both bounds approach 2, by the Squeeze Theorem:
) (z—l)zsin(ﬁ)—l—ﬁ
e 202 + 1 -

This page titled 1.3: The Squeeze Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.3: The Fundamental Trigonometric Limit

Proof of the Fundamental Trigonometric Limit

Consider the part of the unit circle with 0 < 0 < %:

Comparing the lengths of the three curves in the image above we get:
sin(f) < 6 < tan(6)
Dividing all sides by sin(f) and then taking reciprocals gives:

sin(6)
0

cos() < <1

in(6) .

As 0 — 0T, cos(f) — 1, so by the Squeeze Theorem, > 7

sin(6)

2 is an even function.

The same argument works for 6 — 0~ since

Therefore, we have an incredibly useful limit:

m sin(6) _

Example 1.3.4: Using the Fundamental Trigonometric Limit

Evaluate each of the following trigonometric limits:

. sin(4z)
(@) i% 2z

. tan(6x)
(b) i e
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(©) lim sin(8z)
20 tan(2z)

. sin?(6x)

@ i S0

. 1—cos(x)
o iy
Solution:

(a) Rewrite the denominator to match the argument 2x:

in(4 in(4z) 4 in(4
o S02) _ ) sintie) 4o —(lir%sm( x))-(lim2)=1'2=
T

=0 2% z—=0 4dx 2 4z 0

sin(6x)

cos(6x)

tan(6 in(6 in(6
i Jo(62) _ . sin(6e) 6 () sm(@2)y (. 003 N _, 3 _[3
=0  2x =0 6z 2z cos(6x) -0 6% z—0 cos(6x) cos(0)

(c) Rewrite the fraction in the limit to match the arguments:

in(8 in(8 2 8 2 in(8 2
lim sin(8z) = lim sin(8z) | - v Bweos(2e) = [ lim sin8z) ) | lim — i . (lim lim4cos(2x)) =1-1-4cos(0) =
z=0 tan(2z) =0 8z sin(2z) 2z =0 8z 20 sin(2z) 20 2—0

(b) Express tan(6z) as

(d) Rewrite the fraction in the limit to match the argument:

lim sin(6x)
z—0 6x

_ sin*(6z) . sin(6z) sin(6z) 6z -6z
lim = lim : 0 =
=0  3x? z-0 6 6z 3x?

2
) : (lile) =12.12 =[12]
z—0

(e) Use the identity 1 — cos?(z) = sin?(z) by multiplying the fraction by 1 + cos(z):

. 1—cos(z) 1+ cos(z) . 1 — cos?(z) . sin?(z) . sin(z) sin(x) 1

lim . = lim = lim = lim . .

@0 e 1+4cos(z) o0 z2(1+cos(z)) 2-0 22 (1+cos(z)) =220 @ 1 + cos(z)
1

sin(z) \ 1 1
= (1m Z222) . (lim—0" =12-—=
=0 T -0 1+ cos(z) 1 + cos(0) 2

Remember, this trick only works for limits of the form %

. . in(7 . .
For instance, lim sin(z) = sin(7) # 1 and lim sin(z) = sin(m) =0+#1
=7 T 7 I s

Summary: Trigonometric Limit Strategies

When evaluating trigonometric limits:

1. Direct substitution if the function is defined at the point.
2. Consider the graph of the trigonometric function if there is a vertical asymptote at the point to determine +co.
3. Use the Squeeze Theorem for functions involving oscillating factors multiplied by a term that tends to zero.
. sin(6 L. .
4. Manipulate to use lin(l) # = 1 by multiplying numerator and denominator to match arguments.
T—

This page titled 1.3: The Fundamental Trigonometric Limit is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber.
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1.3: Practice Set

Exercise 1.3.1

Evaluate each of the following limits:

(a) lim (sin(z) + cos(z))

T
=%

(b) lim tan(z)

P
T2

(c) lim csc(x)
z—0T

(d) lim cot(zx)

(e) lim tan(z)sec(x)

(f) im (cot(z) — csc(x))

.
T3

Answer available at the end of this section.

Exercise 1.3.2

Use the Squeeze Theorem to evaluate the following limits:

(a) lim z* cos (;)

z—0

. (1
(b) 31513(1) || sin (ﬁ)

(©) lim xsin(%) +3
z—0+ 1'2 +5

Answer available at the end of this section.

Exercise 1.3.3

Evaluate each of the following limits by using the Fundamental Trigonometric Limit:

sin(4x)
im
20 sin(2z)

. sin(7z)
o 5

tan(6
(c) Tim —2062)_
20 z cos(3x)

sin(3z)
@ }xlgtl) tan(9z)
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sin?(5z)

e iy

(f) lim z sin(3z)
2=0 tan(4x?)

(g) lim 1 — cos(2z)

z—0

Answer available at the end of this section.

Exercise 1.3.4

Find the domain and any holes/vertical asymptotes of each function below:

(@) f(z) = —Cos(f) —
in(z — 1
(€) h(z) = S;l(—jxl)

Answer available at the end of this section.

Exercise 1.3.5

Given that 2 — 2% < f(z) < 2cos(z) for all z # 0, find lirr(l) flx)
z—

Answer available at the end of this section.

Answers

Exercise 1.3.1
(a) Atz = 1, both sin(z) and cos(z) are defined, so using direct substitution:

. . (T T\ V3 o1
Ihﬁné (sin(z) + cos(z)) = sin ( 3) + cos ( ) = + 3
(b) At z = %, tan(x) is defined, so using direct substitution:

lim tan(z) = tan (g) =1

T+
=T

(c) At z = 0, csc(z) is not defined.

Since csc(z) = ﬁ and as z — 07, sin(z) — 0T, we have:
lim csc(z) = LI +00
z—0* - 0+ -

(d) At z = 7, cot(z) is not defined.

Since cot(z) = %&) and as ¢ — 7, cos(z) — —1 and sin(z) — 0T, we have:
lim cot(z) = L
s oot

(e) At z = Z, both tan(z) and sec(z) are not defined. Since tan(z) = Z;‘;((;)) and sec(z) = oyt

sin(z)

tan(z) sec(z) = o2(z)

As z — I, sin(z) — 1 and cos(z) — 07, so cos?(z) — 0*. Therefore:
1
zlin;ﬁ tan(z) sec(x) = oF = oo
2

cos(z)
sin(xz)

(f) At z = £, both cot(z) and csc(z) are not defined. Rewrite using cot(z) = and csc(z) =

sin(z) :
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1 —1
cot(x) —csc(x) = C?s(z) - — = COS‘(I)
sin(z)  sin(z) sin(z)
As x — 4, cos(z) — 0 and sin(z) — 1. Using direct substitution:
-1
lim (cot(z) — csc(z)) = o=t -1
T3 1

Exercise 1.3.2
(a) We know that —1 < cos (2) < 1 for all z # 0.
Multiply by z* > 0:
—zt < z* cos (3> < z*
xr

Since lir%(fw4) =0and hrr[l] z* = 0, by the Squeeze Theorem:
T T

lim z* cos (2) =0
T

z—0
(b) We know that —1 < sin (%) < 1 for all z # 0.
Multiply by +/|z| > 0:

R < () £

Since BL]%(*\/ |z|) = 0 and 11% |z| = 0, by the Squeeze Theorem:

1
lim 1/ |z| sin (—2> =0
=0 xT
(c) We know that —1 < sin () < 1,s0 —z < zsin (2) < =.
Add 3 to all parts:
1
3fz§zsin(—) +3<3+=z
x
Divide by z? + 5 > 0:

3¢ zsin (L) +3 342

z24+5 ~ z2+5 ~ 2245
Since lim ﬂ = E and lim ﬂ = i by the Squeeze Theorem:
=0t 22 +5 5 =0t 22 +5 5
x sin (—) +3 3
lim ==
z—0* 245 5

Exercise 1.3.3
(a) We rewrite the function:

4 in(4
i S0U2) _ sinGn) | 2w Az,
20 sin(2z) 220 4z sin(2z) 2z
(b) We rewrite the function:
" sin(7z) , sin(7z) 7 T T
a0 3z a0 7z 3 3 3
(c) We rewrite the function:
tan(6z) — lim sin(6x) - lim sin(6zx) ) 6 _1. 6
220 zcos(3xz) 20 zcos(6z)cos(3z) w0 bz cos(6z) cos(3z) 1-1
(d) We rewrite the function:
sin(3z) . sin(3z) . sin(3x) cos(9z)
=i =
20 tan(9z) x50 sin(z) 20 sin(9z)

cos(9z)

in(3.
= lim sin(32) — 9z -3—z-cos(9$) =1-1-
3z sin(9z) 9z

w|

1
3

z—0

(e) We rewrite the function:

T L (M)Z = lim (sm(sz) .5>2 =(1-5)2=25

=0 T -0 T 5z

(f) We rewrite the function:

zsin(3x) . xsin(3z) . xsin(3x) cos(4x?)
im =lim ———= = lim
20 tan(4x?) 20 sin(4e?) 20 sin(4z?)
os(da?)
. sin(3zx) 42? z -3z s 3 3
=1 . . . cos(4 —-1.1.-2.1=2
sy ( 3z sin(4z?) 422 cos(4z”) 4 4

(g) We rewrite the function using the identity 1 — cos(2z) = 2sin®(z):

o o2 "
lim 1 — cos(2z) — lim 2sin®(z) — lim . sin(z)
z

z—0 T z—0 T =0

-sin(z) =2-1-0=0

1 — cos(h)

Alternatively, use lim =0 with h = 2a:
h—0
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Exercise 1.3.4
(a) The denominator is zero when cos(z) —1=0 = cos(z) =1 = « = 27k for any integer k.
Domain: {z € R| z # 27k, k€ Z} or R\ {27k : k € Z}.
To determine holes vs. vertical asymptotes, use the identity cos(z) — 1 = —2sin? (%):

T
)= —
f@) —2sin? (£)
At z = 0, the numerator is also 8. Using sin (4 ) ~ 4 for small x:
T T 2
flz) ~ —= =
-2(3)° -%

So as ¢ — 0, f(x) — +oo. Thus there is a vertical asymptote at z = 0 (and no hole).
At z = 27k for k # 0, the numerator is 27k # 0 while the denominator is 8. Thus there are vertical asymptotes at = = 27k for all integers k.
Therefore: No holes. Vertical asymptotes at z = 27k for all integers k.
(b) Factor the denominator:
22 —2r+1=(z—1)°

Domain: z # 1.

sin(z — 1)
U
Letu=2z—1.Asz— 1,u— 0, and:
i i 1
lim g(z) = lim 31n(2u) = lim sin(w) | 1
z—1 u—0 U u—0 U u
Since 224 _, 1 and % — +oo depending on the side, the limit does not exist (it goes to +o0o on one side and —co on the other).

w

Therefore: No holes. Vertical asymptote at z = 1.
(c) Factor the denominator:

?2—1=(x—1)(z+1)
Domain: z # +1.

sin(mz)
h(z) = —————F—
@) (z—1)(z+1)
At z = 1: sin(7) = 0, so both numerator and denominator are ®. Letu=2 —1.Thenz=u+1landz +1=u+2:
Jim h(z) = lim sin(m(u + 1)) — lim sin(mu + ) - lim —sin(7u)
) us0 u(u+2) w0 u(u+2) w50 u(u + 2)
BTN G0 IO S B A
u—0 U u+2 2 2

Since the limit exists and is finite, there is a hole at 2 = 1 with y-value —%..
At z = —1: sin(—m) = 0, so both numerator and denominator are ®. Letu =z +1.Thenz=u—landz —1=u—2:

. . sin(m(u — 1)) . sin(mu—m) . —sin(mu)
lim h(z) = lim = lim = lim
z—1 =0 u(u—2) u=0  u(u—2) u=0 u(u — 2)
i sin(mu) ™ _ 4, _T
=5 ™ u—2) -2 2

Since the limit exists and is finite, there is a hole at z = —1 with y-value 7.
Therefore: Holes at x = 1 (y = — %) and = —1 (y = ). No vertical asymptotes.
Exercise 1.3.5
Since alcig(lJ@ —z?%) =2and iig{l)Qcos(z) = 2cos(0) =2,
by the Squeeze Theorem:
lim f(z) =2

z—0

This page titled 1.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.4: Piece-wise Functions, Continuity, and the Intermediate
Value Theorem

Learning Objectives

e Review how to evaluate and sketch piecewise functions.

¢ Define continuity and the four types of discontinuities.

e Understand continuity at a point and on an interval.

e Use the Intermediate Value Theorem to prove the existence of solutions to equations involving continuous functions.

In this section, we study piecewise functions, formalize the concept of continuity, explore types of discontinuities, and apply the
Intermediate Value Theorem.

Question of the Day

What does it mean for a function to interact well with the limit?

This page titled 1.4: Piece-wise Functions, Continuity, and the Intermediate Value Theorem is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Kenn Huber.
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1.4: Piece-wise Functions

Definition: Piecewise Functions

A piecewise function is a function that is defined by different formulas or expressions on different intervals of its domain.
It is written as:

[ formula;, if x satisfies condition;
) = Tformulaz, }f x satisfies conditions

formula,, if z satisfies condition,,

The domain of a piecewise function is the union of all intervals specified in the conditions.

Example 1.4.1: Evaluating a Piecewise Function

Consider the piecewise function:

2?41, ifz<l
f(z)_{2z+3, if x> 1

Evaluate the following:

Solution:
For each input, we determine which condition it satisfies and use the corresponding formula.

(@) z=0.Since 0 < 1, we use f(z) =22 + 1:
(b) z = 2. Since 2 > 1, we use f(z) =2z + 3:

(c) z = —3. Since —3 < 1, we use f(z) = 22+ 1:
f(=3)=(=3)+1=
(d) z = 1. Since 1 does not satisfy either of x > 1 or z < 1, the function does not accept it in its domain:

fa) =

Important Note on Evaluation

When evaluating piecewise functions, always check the condition first. Pay close attention to whether the boundary value
belongs to the left piece (using < or >) or the right piece (using > or <).
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Example 1.4.2: Sketching a Piecewise Function

Sketch the graph of:
—z, ifz <0
flz) =12, fo<z<3
r—1, ifx>3
Solution:
We sketch each piece on its specified interval:
Piece 1: f(z) = —z forz < 0

e This is a line with slope —1 passing through the origin.
e For z = 0, the point would be (0, 0), but since z < 0, we use an open circle at (0,0).
e Plot points: (—1,1), (—2,2), etc., and draw the line extending left.

Piece 2: f(z) =2for0<z <3
e This is a horizontal line at y = 2.
e Atz =0, the point is (0,2) with a closed circle (since 0 < z).
e At z = 3, the point would be (3,2), but since z < 3, we use an open circle at (3,2).
e Draw the horizontal segment from z = 0 to z = 3.

Piece 3: f(z) =z —1forz >3

e This is a line with slope 1 and y-intercept —1.
e Atz =3, f(3) =2.Since z > 3, we use a closed circle at (3,2).
e Plot points: (4, 3), (5,4), etc., and draw the line extending right.

The resulting graph should look like three line segments with appropriate open/closed endpoints.

Strategy: Evaluating Limits of Piecewise Functions

To evaluate limits of piecewise functions at a point z = a:
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1. Identify which piece(s) apply as z approaches a from the left and from the right.
2. Evaluate the one-sided limits using the appropriate formula(s):
o If a lies strictly inside one interval (not at a boundary), the limit is simply the value of that piece at a (if it's continuous
there).
o If a is a boundary point, you must compute both one-sided limits separately.
3. Compare the one-sided Llimits:
o If both one-sided limits exist and are equal, the two-sided limit exists and equals that common value.
o If they are not equal, or if either one does not exist, the two-sided limit does not exist.

Example 1.4.3: Limits of a Piecewise Function

Consider the piecewise function from Example 2:
—x, ifz<0
flx) =<2, f0<x<3
r—1, ifx>3
Evaluate the following limits:
(@) lim f(z)
z——1
(b) lim f(z)
z—0
(c) lim f(z
z—2
(d) lim f(z)
z—3
Solution:
(a) z — —1: Since —1 < 0, both sides of x = —1 are on the first piece f(z) = —z:
lim f(z) = lim —z=—(—1) =
z——1 z——1
(b) z — 0: This is a boundary point, so each side of z = 0 uses a different rule:
Left-hand limit: As  — 0, < 0, so use f(z) = —a:

lim f(z) = lim —e=—-0=0

z—0~ z—0~
Right-hand limit: As z — 0%, 0 < z < 3, so use f(z) = 2:

lim f(z) = lim 2=2

—0" —0"
Since 0 # 2, the two-sided limit does not exist:
lim f(z) = DNE
(c) x — 2: Since 2 is strictly inside the interval 0 < z < 3, both sides will use f(z) = 2:
i i =i =
(d) z — 3: This is also a boundary point, so each side of z = 3 uses a different rule:
Left-hand limit: Asz — 37,0 < z < 3, so use f(z) = 2:
Jm flo) = lim2=2

Right-hand limit: As z — 3%, z > 3, so use f(z) =z — 1
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lim f(z) = lim (z —1)=3—-1=2

z—3+ r—3+
Since both one-sided limits equal 2, the two-sided limit exists:

lim f(z) =

z—3

Common Pitfalls with Piecewise Limits

When evaluating limits at boundary points, be careful:

¢ Do not assume the limit equals the function value at the boundary (it may not be continuous there).
« Always check both sides independently—one-sided limits can differ even if the function is defined at the point.
o If the boundary condition uses < on one side, that side's formula includes the endpoint, but the limit only cares about

values near the endpoint, not at it.

This page titled 1.4: Piece-wise Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.4: Continuity

Definition: Formal Continuity

A function f is continuous at z = a if
lim f(z) = f(a)
Implicitly, this requires three conditions to hold simultaneously:

1. f(a) is defined (meaning a is in the domain of f).
lim f(z) exists and is finite.
T—a

lim f(z) = f(a).

If any of these conditions fail, f is discontinuous at z = a.

Continuity Check: The Three Conditions

When testing whether a function is continuous at a point, always check the three conditions in order:

1. Does f(a) exist? If not, the function is discontinuous.

2. Does lim f(z) exist? If not, the function is discontinuous.
Tr—a

3. Does li_r>n f(z) = f(a)? If not, the function is discontinuous.
r—a

Only if all three conditions are satisfied is the function continuous at z = a.

Example 1.4.4: Testing Continuity at a Point

Determine whether each function is continuous at the given point:

z2—9
(a)f(w)={ =3 “73atg—3

6 B=3
224+1 <2
(b) g(z) =<7 r=2atx=2
20+1 x>2
1
(c) h(z) = — atz=1
Solution:

(a) Check the three conditions at z = 3:
1. f(3) = 6, so f(3) exists.

2. lim f(z) = lim 22=9 _ . (@=3)(@+3)

z—3 z—3 T —3 z—3 r—3

= lim(z + 3) = 6, so the limit exists.
z—3

& liné f(z) =6 = f(3), so the limit equals the function value.
T

@IOIC]E) 54 (1.4.1)



LibreTextS'“

All three conditions are satisfied: [Continuous at = = 3].

(b) Check the three conditions at z = 2:
1. g(2) =7, so g(2) exists.

2. Compute the one-sided limits:

}L‘% g(z) = zli)%l,(wQ +1)=5

lim g(z) = lim 2z +1) =5

z—2+ T—2+

Since both one-sided limits are equal, lin% g(z) = 5.
T

3. lim2 g(z) = 5+# 7= g(2), so the limit does not equal the function value.
T—>

Therefore: [Not continuous at z = 2| (removable discontinuity).

(c) Check the three conditions at z = 1:

1. h(1) = &, which is undefined. So h(1) does not exist.

Since the first condition fails: [Not continuous at z = 1] (infinite discontinuity).

Example 1.4.5: Enforcing Continuity in Piecewise Functions

Find the value of k such that the following piecewise function is continuous at z = 2:

kxz, ifz <2
flo) = {Sx-l—l, if x> 2

Solution:

For continuity at z = 2, we need:

lim f(z) = £(2)

T2

Since the limit exists if and only if the one-sided limits are equal:
Left-hand limit: As z — 27, use f(z) = kx?:

lim f(z) = k(2)% = 4k

T2~
Right-hand limit: As z — 2%, use f(z) =3z + 1

lim f(z)=3(2)+1=7
r—2t
For the two-sided limit to exist, we need 4k = 7, so:
7
k=1

Check: f(2) = k(2)? = T - 4 = 7, which matches the limit. Therefore, k = L makes the function continuous at z = 2.
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Example 1.4.6: Enforcing Continuity in Piecewise Functions

Consider the piecewise function

1 ifx=3
bz? —8 ifxz>3

{2:5 +a ifx<3
Find the values of a and b such that f(z) is continuous at x = 3.
Solution:
For the two-sided limit to exist and equal f(3) = 1, both one-sided limits at z = 3 must equal 1:
Left-hand limit:
zliﬁrglﬁ flz) = zliglﬁ(2x +a)=2-3+a=a+6
Setting thisequalto l:a+6=1 = |a= -5
Right-hand limit:
lim f(z) = Ili_)rg1+(bm2 —8)=b-32-8=9h—38

Setting thisequalto 1: 90 —8=1 = |b=1

Definition: Types of Discontinuities

When a function f fails to be continuous at z = a, the discontinuity is classified as follows:

¢ Removable Discontinuity (Hole): liin f(z) exists and is finite, but liir)n f(z) # f(a) (or f(a) is undefined).
e Jump Discontinuity: Both lim f(z) and lim f(z) exist and are finite, but lim f(z) # lim f(z).
T—a~ z—at T—a~ z—at
o Infinite Discontinuity (Vertical Asymptote): At least one of the one-sided limits lim f(z) is +oo.
r—a*

¢ Oscillating Discontinuity: At least one of the one-sided limits lim f(z) fails to exist due to wild oscillation.
T—a*

Example 1.4.7: Classifying Discontinuities

Classify all discontinuities for the function

1
T ifz>1
fle)=4 sinz) ifo<z<l1
T

z22+1 ifz<0

Solution:

We check the transition points z = 0 and =z = 1, as well as internal domain restrictions (such as division by zero at z = 2):

. 1 . 1 1
Atm—2.$lir£1+2_x —0—7——ooandxh%r§17 - —0—+—+oo

There is an |infinite discontinuity at z = 2
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Atz =1: lim f(z)= lim is =1land lim f(z)= lim (1 —z)=0= f(1).

T—1- z—1- T z—1+ z—1+

Since the one-sided limits are finite but unequal, there is a |jump discontinuity at z = 1

sin(z) 3

Atz=2: lim f(z)= lim (2> 4+ 1)=1and lim f(z)= lim
z—0 z—0 z—0* =il x

Since lit% f(z) =1, but f(0) is undefined, there is a |removable discontinuity at z =0
z—

Summary: Continuity Checklist

To determine continuity of a function:

Polynomials, sine, cosine, and exponential functions are continuous everywhere on their domains.

Rational functions are continuous everywhere except where the denominator is zero.

Piecewise functions require checking each individual piece and the boundary points where they might meet.

Sums, differences, products, and compositions of continuous functions are continuous wherever they are defined.

PN o

This page titled 1.4: Continuity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.4: Intermediate Value Theorem

Definition: Continuity on an Interval

A function f is continuous on an open interval (q, b) if it is continuous at every point in the interval.

A function f is continuous on a closed interval [q,b] if it is continuous on (a,b) and exhibits continuous one-sided
boundaries:

Theorem: The Intermediate Value Theorem (IVT)

If f is continuous on the closed interval [a,b] and k is any number strictly between f(a) and f(b), then there exists at least
one value c € (a,b) such that

fle)=k

In particular, if f(a) and f(b) have opposite signs, then there is at least one root ¢ € (a, b) such that f(c) = 0.

Example 1.4.8: Applying the Intermediate Value Theorem

Show that the equation 2sin(rz) + 2% = 7 has at least one solution in the interval [2, 3].
Solution:
Define g(z) = 2sin(rz) + 2, which is continuous on the interval [2, 3].
If we evaluate g(z) at the endpoints:
g(2) =2sin(m-2) +22=4<7

g(3) =2sin(7-3) +32=9>7

|Since 9(2) < 7 < g(3), by the Intermediate Value Theorem, there exists at least one number ¢ € (2, 3) such that g(c) = 7|

Example 1.4.9: The IVT with Polynomials

Show that P(x) = 1 + 3z — 2® has at least positive real root.

Solution:
We know that P(z) is a polynomial, so it is continuous everywhere.
If we evaluate P(z) at a few points:
P0)=14+3-0-0*=1>0

P(1)=14+3-1-13=3>0
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P(2)=1+3-2-23=-1<0

|Since P(2) < 0 < P(1), by the Intermediate Value Theorem, there exists at least one number ¢ € (1,2) such that P(c) = 0|

This page titled 1.4: Intermediate Value Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.
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1.4: Practice Set

Exercise 1.4.1

State whether each function below is continuous at a = 3. If not, determine the type of discontinuity.
-9
-3

z2—9
(mm@={§?? 7
6 r=3

(a) f(z) =

2
+1 <3
(©) h(m):{;x+1 ﬁ>3

Answer available at the end of this section.

Exercise 1.4.2

For each piecewise function below, find all values of = where the function is discontinuous and classify each discontinuity.

r<1
z2—16

l<z<4
2 _br+4 v

{ z>4
4—-2r x2>2
16

b)glx)={ =  —2<a<2
T
cos(mz) x < —2
{Sx >3

z°—5x+6

c) h(z) = 0<z<3

r — 27 r <0

(d) p(z) = {x%m(i) =70

8 z=0

Answer available at the end of this section.

Exercise 1.4.3
cc+1 x<2

Find ¢ such that g(z) = { %

is continuous on (—oo, 00).
cx®*—3 >2 ( »0)

Answer available at the end of this section.
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Exercise 1.4.4

623 sin(2x)

. ——— #0
Find k such that h(z) = ¢ sin?(3z2)

k r=0

is continuous at z = 0.

Answer available at the end of this section.

Exercise 1.4.5

z2+a <3
Find a and b such that f(z) = < 10 x = 3 is continuous at z = 3.
br+4 x>3

Answer available at the end of this section.

Exercise 1.4.6

Explain why the function f(x) = z* — cos(wz) must have at least one real zero in the interval [0, 1].

Answer available at the end of this section.

Exercise 1.4.7

Show that sin(mz?) + 2z = cos(nz) has at least one positive solution.

Answer available at the end of this section.

Exercise 1.4.8

Show that the equation z2 =1 + has at least one solution.

r—1

Answer available at the end of this section.

Exercise 1.4.9

A space probe is sent from Earth to Mars in 400 days. Is there a day where the probe must be exactly equidistant between
the two planets? Justify your answer.

Answer available at the end of this section.

Answers

Exercise 1.4.1

(a) £(3) = 2= = 3, which is undefined. So f(3) does not exist.

lim £(z) = lim (Z= 2@ +3)

=limz+3=6
z—3 =3 T — 3

Thus, f(z) has a removable discontinuity at z = 3.
(b) In the piecewise function, we see that g(3) exists and is defined to be 6.

lim g(z) = lim (e=3)(=+3)

=limz+3=6
z—3 3 z—3 3
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These match, so g(z) is continuous at z = 3.
(c) In the piecewise function, we see that h(3) exists and is defined by h(3) =2-3+1=7
lim h(z) = lim (22 +1) = 10
=3~ =3~
lim h(z) = lim 2z +1) =7
T3+ T3+

Since these two limits do not match, i(z) has a jump discontinuity at z = 3.
Exercise 1.4.2
(a) For z > 4 or z < 1, the top and bottom functions are constant, and clearly continuous. We factor the rational function in the middle to see:
\[ f(x)=\dfrac{x*2-16{x"2 - 5x + 4} = \dfrac{(x-4)(x+4)}{(x - 1)(x - 4)}=\frac{x+4}{x-1} \text{ for 1
This is also continuous (where we are using it) so we only need to check the edge cases z = 1 and z = 4.
At z = 1, we see that f(1) = 2.
lim f(z) = lim 2=2

T—1" =17
. . rz+4 5
A= ln Ty oy =

Therefore, f(z) has an infinite discontinuity at z = 1.
At z = 4: we see that f(4) = 5.

. .. T+4 8
Jim flo) = lim ——7 =3

A )=l 5 =5
Therefore, f(z) has a jump discontinuity at z = 4.

(b) For z > 2 and = < —2, the top and bottom functions are clearly continuous. For \(-2

At z = —2, we see that g(—2) is undefined.

lim g(z) = lim cos(mz) = cos(—2m) =1
T——2 -2

li = lim — =1
A, 0@) = lim, 25
Therefore, g(z) has a removable discontinuity at z = —2.
At z = 0, we see that g(0) is undefined.
) .16 16
Jim gle) = lim 75 = G = Foo
16 16
li = lim — = — =
o) =l or = gr =

Therefore, g(x) has an infinite discontinuity at z = 0.
At z = 2, we see that g(2) = 0.
16
li = lim — =1
Jip o) = i

li = lim (4 —2z) =
Jim ola) = Jim (4-22) =0

Therefore, g(z) has a jump discontinuity at z = 2.

(c) For z > 3, h(z) = 5z and for z < 0, h(z) = ¥/z — 27. These are both clearly continuous everywhere. We factor the rational function in the middle to see:
\[ h(x)=\dfrac{x"2-5x+6H{x"2-x-2} = \dfrac{(x-2)(x-3)H(x-2)(x+1)} = \frac{x-3}{x+1} \text{ for }®

This is continuous for \(®

We will check the edge cases z = 0 and = = 3, and the point = = 2 inside the middle interval.

At z = 0, we see that h(0) = —3.

lim h(z) = lim vz —27= -3
z—0 z—0

) . xr—3 -3
Jim h(e) = Jim g =1 =3

Therefore, h(z) is continuous at z = 0.
At z = 2, we see that h(2) is undefined.

. . or—3 1

Mpho=ln ="y
z—3 1

li =1 [
Jim he) = lim 227 =73

Therefore, h(x) has a removable discontinuity at « = 2.
At z = 3, we see that h(3) = 15.

lim h(z) = lim °-3 _

z—3~ z—3- T+ 1
lim h(z) = lim 5z =15
z—3* r—3*

Therefore, h(z) has a jump discontinuity at z = 3.

(d) For z # 0, p(z) = z%sin (—) is a product of continuous functions, so it is continuous everywhere except possibly at x = 0. We check the only possible
x

discontinuity at z = 0.
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At z = 0, we see that p(0) = 8.

. 1 .
Since liIr(lJ sin (—) does not exist, we use the Squeeze Theorem to evaluate linép(z).
r— xr T

We take —1 < sin (1) < 1, and multiply both sides by =2 to get:

E3

We see that lim z2=0and limy —2? = 0, so by the Squeeze Theorem:
T T

lim z? sin (l) =0
T

z—0
Therefore, p(z) has a removable discontinuity at z = 0.
Exercise 1.4.3
For continuity on (—oo, o), we only need to check the boundary at z = 2.

We see that g(2) = ¢-2 + 1 = 2¢c + 1, so we need:
lim g(z) =2c+1 and lim g(z) =2c+1
=27

T2

First, we evaluate the left limit:
lim (cx +1) =2c+1
T2

This is already equal to g(2), so we move on to the right limit:
.tlirglv(czz —3)=4c—3
Setting this equal to g(2) gives:
2c+1=4c—3 = 4=2c = c=2

Exercise 1.4.4
For continuity at z = 0, we need hrr[l] h(z) = h(0)
T

_ 6z%sin(2z)

Since h(0) = k, and both sides of z = 0 use the rule h(z) = WY we compute the limit:
sin®(3x
63 si i 2 2 4
o 8% sin(2z) - lim sin(2x) ) .3z ) .31 122 :1'1.1'£:£
20 sin?(322) 20 2% sin(3z2) sin(3z2) 9zt 3 3

. . . . 4
Setting this equal to ~(0), we arrive at our solution: k = 3

Exercise 1.4.5
We see that f(3) = 10, so to ensure continuity at z = 3, we need:
lim f(z) =10 and lim f(z) =10
T—3

r—3*

Left limit:
lim (z2 +a) =9+a

T3~

Setting this equal to 10 gives:
94a=10 = a=1

Right limit:
lim (bz +4) =3b+4
3%

Setting this equal to 10 gives:
3b+4=10 = b=2

Exercise 1.4.6
f is continuous on [0, 1] since it is the sum of a polynomial and a cosine function, both of which are continuous everywhere.
Evaluate at the endpoints:
£(0)=0* —cos(0) =0—-1=-1<0
f(1)=1*—cos(m) =1—(~=1)=2>0
Since f(0) < 0 < f(1), by the Intermediate Value Theorem, there must exist some ¢ € (0, 1) such that f(c) = 0.
Exercise 1.4.7

To use the IVT, we must first rewrite as sin(rz?) +  — cos(nz) = 0.
F(z) = sin(rz?) + & — cos(rz) is continuous for all z since it is a sum of continuous functions.

Evaluate at z = 0:
F(0) =sin(0) +0—cos(0)=0+0—-1=-1<0

Evaluate at z = 1:
F(1) =sin(m) +1—cos(m) =0+1—(-1)=2>0

Since \(F(8) < ®
Therefore, the equation sin(rz?) + z = cos(rz) has at least one positive solution in (0, 1).

Exercise 1.4.8
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. 8
Rewrite as 2> — —— =1
z—1

8 . . . .
F(z) =2%— 1 is continuous on any closed interval that does not contain z = 1.
Evaluating a few points leads us to:

F(2):4—§:_4<1

8
F(5)=25— 7 =23>1

Since F(2) < 1 < F(5), by the Intermediate Value Theorem, there must exist some ¢ € (2, 5) such that F(c) = 1.

8 I
1 has at least one solution in (2,5).
z—

Therefore, the equation z? = 1 +

Exercise 1.4.9
Let d(t) = (the distance from the probe to Earth) — (the distance from the probe to Mars) at time ¢ (in days), where ¢ = 0 is the start and ¢ = 400 is the end.

At the start, the probe is at Earth, so the distance to Mars is clearly greater than the distance to Earth. This means d(0) < 0
At the end, the probe is at Mars, so the distance to Mars is clearly smaller than the distance to Earth. This means d(400) > 0
Equidistant between the two planets means d(t) = 0.

Assuming the probe cannot teleport, the distance function d(t) is continuous on the interval [0, 400].

Since \(d(0) < ®

Therefore, there is at least one day during the trip when the probe is exactly equidistant between Earth and Mars.

This page titled 1.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.5: Limits at Infinity, Transcendental Functions, and
Inverses

Learning Objectives

e Take limits of functions at positive and negative infinity.

e Find the horizontal asymptotes of algebraic functions.

e Find the inverse of an invertible function.

o Define the inverses of the six trigonometric functions.

e Take limits involving inverse trigonometric functions.

e Define the exponential and logarithmic functions.

e Take limits of exponential and logarithmic functions.

e Use the properties of logarithms to simplify expressions and solve equations.

In this section, we study the end behavior of functions at infinity, formalize horizontal asymptotes, review inverse functions
(including restricted inverse trigonometric functions), and examine exponential and logarithmic functions.

Questions of the Day

1. How do functions behave as the input grows without bound?
2. What happens when we switch = and y in a function?

This page titled 1.5: Limits at Infinity, Transcendental Functions, and Inverses is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Kenn Huber.
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1.5: Limits at Infinity

Definition: Horizontal Asymptotes & Limits at Infinity

We write li_>m f(z) = L to mean that as = becomes arbitrarily large (positive), f(x) gets arbitrarily close to the finite number

L. Similarly, lim f(z)= L means as x becomes arbitrarily negative, f(z) gets arbitrarily close to L.
T—>—00

If either one-sided limit at infinity exists as a finite number, the line y = L is called a horizontal asymptote of the graph of
y = f(z). A function can have at most two horizontal asymptotes (one as z — oo and one as z — —o0), and they need not be
the same.

p(z)

For rational functions R(z) = ——, where p and ¢ are polynomials:

q(x)

o If deg(p) < deg(q), then grin R(z) = 0. The horizontal asymptote is y = 0.
x {o0]

leading coefficient of p

If - then i _ -
* deg(p) = deg(q), then s R(z) leading coefficient of g

o If deg(p) > deg(q), then the limit is infinite (+00) and no horizontal asymptote exists.

These rules work for both z — co and z — —oco. Be careful with the sign when the degree of the numerator is larger and z
— —00.

Strategy for Limits at Infinity

For rational functions, the fastest way to evaluate limits at infinity is to compare degrees:

1. Numerator degree < Denominator degree: Limit = O (HA: y = 0)
2. Numerator degree = Denominator degree: Limit = ratio of leading coefficients (HA: y = that ratio)
3. Numerator degree > Denominator degree: Limit = co or —co (no HA)

For non-rational functions, a reliable method is to divide by the highest power of x that appears in the denominator (or
factor out the dominant term). This often works for algebraic functions involving roots as well. For trigonometric functions,
remember that sinz and cos z oscillate and do not settle to a single value, so their limits at infinity do not exist (unless they
are multiplied by a term that goes to 0).

A function may have a horizontal asymptote even if it is not rational. Always check the behavior as z — co and z — —oo
separately.

Example 1.5.1: Limits at Infinity for Rational Functions

Evaluate the following limits at infinity.

. 22+ 7
(a) im —
=00 22 — 5 + 2

. 82+ 5zt -3z
(®) zEIPOO 2210 — 1

() lim d = I
5 Qul T

2z% — 13
d) lim ———
(o lim
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Solution:
(a) Divide numerator and denominator by the highest power of = on the bottom, which is z2:
222 4+ 7 2+ 5 240
lim —— ~*  _ o -2
2o 22 — Bz + 2 zl—>nolol_%+% 1-0+40

(b) Divide numerator and denominator by the highest power of z on the bottom, which is z1%:
8.5 _3
8z + 5z — 3z . & & 0+0—0
= lim T =—5_0 = @

T——00 —_—
)=

T——00 2210 — 1

(c) Divide numerator and denominator by the highest power of 2 on the bottom, which is z2:

23-13  22—8 40
P g e A =Fl

(d) Divide numerator and denominator by the highest power of z on the bottom, which is z2:

2313 . 2z—18 o
e

1m —k—— = lIIm
z—00 9x2 4+ 7 T—00 Q4 el

Example 1.5.2: Finding Horizontal Asymptotes for Algebraic Functions

Find the horizontal asymptotes of the functions below:

@y 4z2 +1
Y= "3z—5

(b)y= (\/w2+3w—m)

Solution:

. . V4z? 41
First, we evaluate lim ———
z—o00 3xr—5

Divide numerator and denominator by z (the highest power in the denominator):

A3 11 Viz L —
lim ﬂ = lim 4;+1 = lim it = ol =
z—00 3 — 5 T—00 3f% T—00 3f% 3—-0

422 +1
Now, we evaluate lim Veriart
z——00 3x—5H

For z < 0, we have z = —|z| = —V z2. Divide by z carefully:

1+ 1 sl —Vit= Vi
lim ——— = lim z = lim
T——00 3xr—5 Z——00 3 _ 3

8 o

So this function has two different horizontal asymptotes:

(b) This is an indeterminate form co — co. We rationalize by multiplying by the conjugate:

67 (1.5.2)
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\/zz_l_—?w_w_(\/x2+3xfx)(\/x2+3z+a:)_(x2+3x)—x2_ 3z
Va2 43z +z Vzl+3z+z Vi?+3z+z

Now divide numerator and denominator by z (since = > 0 for large positive z):

lim 3 = lim 3 3 3

T
150 /2T 1 32 + 1 zﬁm\/u—é+1_1+1_2
T

. 3
Horizontal asymptote: y = 2

For z < 0, dividing by = changes the sign inside the root. Alternatively, factor 22 from the root:

3 3
Va?+3z=|z|4/1+—=—xy/1+ = (since 2 < 0)
& 0
3 3
—zA/l+——r=—2 (Hl—i———l—l)
z &

3 . . .
Asz— —o00,4/1+ — — 1,50 —z - (1 + 1) — +oo because —z is positive and grows without bound. Therefore,
x

Then the expression becomes

lim (\/x2+3xfx) = +o0

T——00

. . . 3
Therefore, this function has one horizontal asymptote: |y = 7

Example 1.5.3: Trigonometric Functions

Evaluate the following limits to infinity involving trigonometric functions:

(a) zh_}r{.lo sin(x)

(b) lim w

T—00 x

Solution:

(a) This limit does not exist because sin(z) keeps oscillating between —1 and 1 and never approaches a single finite value.
There is no horizontal asymptote on its graph.

We write lim sin(z) =
T—00

(b) The numerator sin z oscillates between —1 and 1, while the denominator grows without bound. By the squeeze theorem,

sinx

<

1
< =
T

8|~

T

1 1
Since lim —— =0 and lim — = 0, we have
T—00 X T—00 I
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 Note|

As with sin(z) in part (a) of the Example above, we have lim cos(z) does not exist, and lim tan(x) also does not exist. The
T—00 T—00

same can be said of any of the standard periodic trigonometric functions' limits at positive and negative infinity.

However, if a trig function is multiplied by a term that decays to O, the product may have a limit of ®, as seen above in part

(b).

Common Pitfalls

¢ Assuming a function has only one horizontal asymptote. Some functions have two different horizontal asymptotes
(one for each direction). Always check both co and —occ.

o Forgetting absolute values when dealing with square roots. For even roots, vz2 = ||, which is z for z — oo and —z
for z — —oo. This affects the sign of the limit.

¢ Confusing "no horizontal asymptote" with "limit does not exist." A limit can be infinite (e.g., o) and still be a valid
statement; it just means no horizontal asymptote. A limit DNE means the function oscillates or behaves erratically without
approaching any value (finite or infinite).

e Applying rational function rules to non-rational functions. The degree comparison rule only works for rational
functions. For others, use algebraic manipulation or the squeeze theorem.

This page titled 1.5: Limits at Infinity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.5: Inverse Functions

Definition: Inverse Functions

A function f is one-to-one (or injective) if every horizontal line intersects the graph of f at most once. Equivalently, f(z1)
= f(z2) implies z1 = z.

If a function f is one-to-one on its domain, then it has an inverse function, denoted f~!, that "undoes" the action of f. That
is, for every z in the domain of f:

7 (f@) =2
And for every z in the range of f:
F(f@) =2
The domain of f~! is the range of f, and the range of f~! is the domain of f.
Finding an inverse function:
Replace f(z) with y.
Swap the variables z and y.

Solve for y in terms of z.
Replace y with f~1(x).

HpPwON o

Important Note

. 1 . . .
The notation f~! does not mean ——. It denotes the inverse function, not the reciprocal.

f(x)

Example 1.5.4: Finding Inverse Functions

Find the explicit formula for the inverse of each function and state its domain and range:

(@) f(z) =2x° -3

4z — 3
(b) g(a) = 53—

1 . . .
(c) h(y) = 1 > with domain restrictedto 0 < y < 1
-y

Solution:
(a) Set y = 225 — 3, swap z and y: = 2y° — 3.

s/ T+ 3
2

Solvefory: 2y’ =2 4+3 = y=

Domain of f~1: (—o0, 00)
Range of f~1: (—o0, 00)
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4
(b) Set y = —=
T

and swa and y:
1 P E e

4y—3
Tr =
2y+1

Solve explicitly for y:
z(2y+1)=4y—3
2zy+z=4y—3
2zy —4dy=—x—3
y(2z —4) = —(z +3)

_—z—3 z+3
vy= 2c—4  4—2z

Domainof g71:4 —22#0 = 1z # 2,50 (—00,2) U (2,00)

_a . 1 1 1
Range of g~': Same as the domain of g, where 22 +1#0 = x;é—g,so —00,—35 U —5

. 1
(c) Given x = ——, solve for y:
1—q2

z(1—9%) =1
zfmy2=1
xy2=x—1
) = z—1

T

Since 0 < y < 1, take the positive root. Also = > 1 for the restriction to hold.

r—1

) =

Domain of A~ (1, 00)
Range of A7%: (0,1)

Review: Inverse Trigonometric Functions

Trigonometric functions are periodic and not one-to-one on their entire domains; therefore, their domains must be restricted
to define inverse functions:

y = sin~!(z) has domain [—1, 1] and range [—g, g]

BIOIRIE) 71 (1.5.2)
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y=sin "(x)

y = cos ! (x) has domain [—1,1] and range [0, 7]

y = cos '(x)

y = tan"!(x) has domain (—oco, 00) and range (—g, 1)

@IOIC]E) 72 (1.5.3)
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iy = tan ][,r'}

Horizontal Asymptotes: lim tan™'(z) = Z and lim tan~!(z) = —
T—00 2 T——00 2

y = cot ! (x) has domain (—oo, 00) and range (0, )

Horizontal Asymptotes: lim cot™!(z) =0 and lim cot™*(z) =
T—00

T—>—00

y = sec(z) has domain (—oo, —1] U [1,c0) and range [O, %) u [71', 3777)
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y = sec” Hx)

Horizontal Asymptotes: lim sec !(z) = — and lim sec '(z) = &
T—00 2 T——00

y = csc(z) has domain (—oo, —1] U [1,00) and range (0, g] u (71', 37”]

y = cse )

Horizontal Asymptotes: lim csc'(z) = 0 and lim csc™!(z) =7
T—00

T——00

Example 1.5.5: Inverse Trigonometric Evaluations

Evaluate the following inverse trigonometric limits:

(b) lim cos™! ()

T——%
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(c) lim sin™'(z)
gp==il3r

(d) lim tan~(z)
T——1"
(e) Egl tan ! (x) + cot ()

. sec l(x)
01y <

Solution:

1
. ] a2
lim sin (z) = sin ( 5 )

To—3

lim cos™'(z) =
-1

(c) As  — —1%, sin~!(z) approaches the left endpoint of its range:

li Si -1
A, st ()

2

sec(x)
T 2

lim
z—2

This page titled 1.5: Inverse Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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(a) Since sin~!(z) is continuous on its domain [—1, 1], we can evaluate by direct substitution:

™
6

(d) As  — —1—, tan!(x) approaches tan—!(—1) from the left. Since tan—!(x

(b) Since cos~!(z) is continuous on its domain [—1, 1], we can evaluate by direct substitution:

2w

3

) is continuous on (—oo, 00):

lim tanfl(a:) = tanfl(—l) S
z——1" 4
(e) As z — —oo, tan"!(z) — —g and cot~!(z) — . Therefore:
i =1 )] = —Z 4 a=|Z
IEIEIOO [tan~'(z) + cot ' (z)] = 5 +7=

(f) Since sec~!(z) is continuous on its domain and z = 2 is in the domain, we can evaluate by direct substitution:
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1.5: Transcendental Functions

Definition: Exponential & Logarithmic Functions

An exponential function has the form f(z) = b® where b > 0 and b # 1. It has domain (—oo, 0o0) and range (0, 0o).

The natural exponential function is f(z) = e* where e ~ 2.718....

Horizontal Asymptotes: lim e* = co and lim e*=0
T—00

Z——00
Since exponential functions are continuous and pass the horizontal line test, they are invertible.
The inverse of the exponential function is the logarithm function:

y=log,(z) < a’=2z fora>0,a#1, and z >0
The logarithm function has domain (0, o) and range (—oo, o).

The natural logarithm function is f(z) = In(z) = log, (z).

@IOIC]E) 76 (1.5.1)
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y = In(x)

Key Limits: lim In(z) =c0 and lim In(z) = —oc0
T—00 z—0F

Example 1.5.6: Exponential and Logarithmic Limits

Evaluate each of the following limits:

(@) lim e™®

T—00

(b) lim e™®

T—>—00

(e) lim log,(z)
z—8

Solution:

(a) Since the graph of y = e~ is a horizontal reflection of y = e?, we see:
lim e = lim e* = @

T—00 T——00

(b) Since e® — 0™ as x — —oo, we have:

(c) Divide numerator and denominator by e®:

. 3e"+2 . 342" 340
lim = lim —— = =

a0 5e* —1 o 5—e®  5—0

(d) Since y = 22 approaces 0 and is positive as  — 0 we have:

lim In(z?) = lim In(y) =

z—0 y—0+
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(e) Since y = log,(z) is continuous on its domain for all b we can plug in z = 8 to get:

lim log, (¢) = log,(8) = log,(2*) =
Tr—

Properties of Logarithms

Fora >0, a +# 1, and z,y > 0, the following properties hold:

e Product Property: log,(zy) = log,(z) + log,(y)

¢ Quotient Property: log, (%) = log,(x) — log,(y)
e Power Property: log,(z") = rlog,(x)

_ log,(z)

~ logy(a)
 Inverse Properties: log,(a”) = z and ") = z

e Change of Base: log,(z)

Example 1.5.7: Simplifying Logarithmic Expressions

Simplify each expression:
(a) logy(8z%) — log,(22) for z > 0
(b) In(e%) + In(e?)
(c) log,(16x2) — log,(2z) for > 0
Solution:
(a) Use the quotient property:

log(82°) — logy(22) = log, (S ) = logy(427) = logy (4) + log,(4”) =
(b) In(e®*) = 3z and In(e?) = 2, so:

In(e*) + In(e?) =[3z + 2

(c) Use the quotient property:

2

16x
log(162°) log(22) = log, ( T9 ) = log,(52) = log. () + ok (2)

. 3
Since 8 = 4%, we have log,(8) = 3 Therefore:

log (1607) —log(20) = 5 +log,(z)

Example 1.5.8: Solving Logarithmic Equations

Solve each equation for z:

(a) logg(2z — 1) + logs(z —2) = 3

(b) logs(2z + 1) —logz(z —1) =1

@IOIC]E) 78 (1.5.3)



LibreTextS“'

(c) logy(z + 3) +logy(z —1) =3
Solution:
(a) Use the product property:
logs((2z —1)(x — 2)) =3
Convert to exponential form:

(22 —1)(z—2) =3 =27
20? — 5z +2 =27

222 — 52 —25=0

(2z+5)(z—5) =0

== =5
X 2OI'I

. 5 .
Check domain: z > 2, 50 z = — is extraneous.

(b) Use the quotient property:

2+ 1
1 =1
085 ( | )
Convert to exponential form:

2+ 1

1
] =5 =5
2c+1=5x—5
6 =3x
=2

Check domain: z > 1, so z = 2 is valid.
(c) Use the product property:

logy((z +3)(x —1)) =3
Convert to exponential form:

(x+3)(z—1)=23=8
22 +22—-3=8
22422 —11=0

Use the quadratic formula:
. —24+ V4444
S————
—2 4+ /48

2
2443

2
=—1+2V3

Check domain: z > 1 (since z — 1 > 0), so z = —1 — 2v/3 is extraneous. |z = —1 + 2V/3

This page titled 1.5: Transcendental Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.5: Practice Set

Exercise 1.5.1

Evaluate each limit:

. Tzt —32%242
(a) im ——
e—oo 5zt 4+ 8x —1

3z — 223 + z
b) lim — =~ ™=
(b) xalfoo 475+ 722 —5

. 922 + 4
(c) im ——
@00 223 — bz + 1

6z* — 3z
) T — 8
(@) im ooz —7

@) li 22% — 32% +
im ————
z—oco 6x3 +4x — 9

Answer available at the end of this section.

Exercise 1.5.2

Find all horizontal asymptotes of each function:
622 — 5z + 2
@)= Sa =t
4% — 2z +1
b =
(b)9(@) = g =5
527 — 42249
o) h(z)= — -
@) ) 225 + 7x — 3
(d) p(z) = Vii+l-—w
P\E) = x4+ 2
V9zr2 —2x+1+ 3z
(e) g(z) = 5219
Answer available at the end of this section.

Exercise 1.5.3

Find the inverse function of each function and state its domain and range:

(@) f(z) =3z —4

S5 — 2

() g(2) = 5=

© hz)=2°+7
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d)pz)=vz—2+1

(e) a(z) = logy(2z +1) — 1

1 . 0 g
(f) r(z) = Epp— with domain restricted to < 0

Answer available at the end of this section.

Exercise 1.5.4

Evaluate each limit:

(a) lim sin ()

1
g

(b) lim cos™(x)
z—%2

(c) lim sin~!(z)
a==ilF

(d) 13517 cos ! (e%)
@ Jim_ i) +sec (o)

t_l
@ lim 2@
=3 2 +1

Answer available at the end of this section.

Exercise 1.5.5

Evaluate each limit:

(@) lim e 2®
T—00

(b) lim logg (

z—3

x—i—l)

(d) lim In(z% —1)

z—1+

Answer available at the end of this section.

Exercise 1.5.6

Solve each equation for z:
(a) logy(z + 1) +logy(z — 1) = 3
(b) log,(3z —2) —log,(z) =1

Answer available at the end of this section.
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Answers

Exercise 1.5.1
(a) Divide numerator and denominator by the highest power of z in the denominator, z*:

3 2
ort—3e242 Tt oT 7—0+40 7
lim = lim = = —
z—o0 Hrd 4+ 8z — 1 T—00 8 1 5+0—0 5
St
x x
(b) Divide numerator and denominator by z°:
3 2 1
lim 3z° —20% +x lim 7§+F7370+07§
oto dgd + 722 — 5 ase 7 5  4+0—-0 4
44 — — —
3 b
(c) Divide numerator and denominator by z° :
9 4
9% +4 : T3 0+0
lim = lim = =
=00 233 —Bx +1  a—o 5 1 2—-0+4+0
2— - + -3
X
(d) Divide numerator and denominator by z%:
6 _3
lim 6zt — 3z ~ lim z2 5 _ 0—-0 _
z——00 826 4 22 — 7 T=—0 2 7 8+0-0
8+ -3
x T
(e) Divide numerator and denominator by z3:
2 _ -
. 223z +z . 2 3+a¢2
lim - = lim =00
z—00 6x3 +4x —9 T—00 4 9
b+ 5
x s

The numerator grows without bound while the denominator approaches 6, so the limit is oco.

Exercise 1.5.2
(a) We take the limits to both positive and negative infinity:

6 —bz+2 | 6-2+% ¢
lim = lim =—=2
a0 324w —7 eve 34l T3
622 —5z+2 . 6-2+% ¢
im ————— = lim ————— = — =2
s B2z —T7 sow3fl T3
HA: y=
(b) We take the limits to both positive and negative infinity:
42 — 2z + 1

im =
a0 874 + 322 — 5

423 — 2z + 1
m — =
z——c0 874 + 322 —5

(c) We take the limits to both positive and negative infinity:

T g2 522 — 4 + %
im S5z’ —4x* 49 - lim RN
z—o0 225 + Tz — 3 s Q4 Lo 3
527 —4x? +9 -5+ 5
im = lim = 400
z—00 20% + Tz —3  a——o 2+T717%
No horizontal asymptote
(d) We take the (careful) limits to both positive and negative infinity:
7 4+ L 1
. V4’ +1—=x . zZ 2—1
lim = lim == =1
z—y00 T+2 300 1 % 1+0
1
 VAri-z . Witwol 9
lim = lim = =-3
T—3—00 x+2 r—00 1_»'_% 1+0
HA:y=1land y=-3
(e) We take the (careful) limits to both positive and negative infinity:
2 1
V9 —2z+1+3z . V9 T twt3 343
im —-——=lm —-———=— =3
Z—00 2x+9 z—00 2+% 240
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2 1
VT —2w+i43c . V97Tt 3 343
lim = lim =
T——00 2+ 9 T——00 242 240

£l

=0

HA:y=3and y=0
Exercise 1.5.3
(a) Replace f(z) with y:y =3z —4.Swap z and y: z = 3y — 4

Solve for y:
z=3y—4
z+4=3y
z+4
y= 3
1 r+4
@) =5
Domain: (—oo, 00) Range: (—oo, c0)
(b)y:5z .Swapxandy:z:5y_
3z+1 3y+1
Solve for y:

z(3y+1) =5y—2
3zy+x =5y—2
3zy —dy=—x—2
y(Bz —5)=—z—2
—z—2 z+2
3z—5  5—3z

N TH2
9 (@) =g
: 5 5 5
Domain:5 -3z #0 = z# 3780 <7oo,§) U (5,00)
. 1 1 1
Range: Same as domain of g, where 3z + 1+ 0 = z # -3 SO (—007 _5) U (_57()0)
(c)y=x+7.Swapzandyz=1° +7
Solve for y:
r=y +7
r—T=19
y=vVr—17
hli(x)=Va -7
Domain: (—oo, c0) Range: (—oo, 00)
dy=vz—2+1Swapzrandyz=/y—2+1
Solve for y:
z=vy—2+1
z—1=+/y—2

(z—1)°=y—2
y=(z— 1)5 +2
p @) =(—-1)°+2
Domain: (—oo, c0) Range: (—oo, 00)
(e) y=logy(2z + 1) — 1. Swap z and y: x = log,(2y + 1) — 1
Solve for y:

z =log,(2y+1)—1
z+1=logy(2y+1)

27 =2y +1
27+l 1 =19y
gutl _q
Y= Y
271 -1
—1 —
(@)= —
Domain: (—oo, c0) Range: (—oo, 00)
1 . . . 1
(f) y = ——— with domain restricted to z < 0. Swap z and y: = ——
1— e 1—e¥
Solve for y:
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_ 1
’= 1—e¥

z(l—e?)=1
1—e? -1
z

e—y2_171

z

eiyz_ r—1

z
7y2:1n<x_1)
T
() n()
T z—1

Since the original domain is z < 0, we take the negative root for y to maintain the restriction:

r’l(x):f ln(xil)

Domain: (0,1) Range: (—o0, 0)
Exercise 1.5.4
(a) Since sin~!(z) is continuous on its domain [—1, 1], we can evaluate by direct substitution:
1
Tl:n; sin~!(z) = sin ! <5> = %
(b) Since cos~!(x) is continuous on its domain [—1, 1], we can evaluate by direct substitution:
2 3
lim cos™!(z) = cos™! (—i) =T

ey V2 2
-G

(c) As z — —1*, sin~!(z) approaches the left endpoint of its range (71, 7%):

lim zsin’l(x) =_1. <,£) _r
r——11

(d) As z — 0, y = e” approaches 1 from below, so:

lim cos™! (e®) = lim cos (y) =7

=0~ y—1-
3
(e) As z — —oo, tan"!(z) — —% and sec”(z) — ?W Therefore:
- 1 o) = - 4+ 37 _
Jim [tan~"(z) + sec”'(z)] = st5 =7

(f) Since cot~!(z) is continuous on its domain and z = v/3 is in the domain, we can evaluate by direct substitution:

cot ™ (z) cot ™ (\/§)

lim - = _6 _ 7T
v Ti41 4 4 24
Exercise 1.5.5
(a) lim e %" = lim - =0
T—00 r—0o0 esT

(b) Since z = 3 is in the domain of y = logg ( 1 ), we use direct substitution and the change of base formula:

T+
1 1\ logy (1) -2
limlog, (—— ) =log, [+ ) = —&2\1) _ —=
P Ogg(z+1> °g8(4> log,(8) 3

(c) Divide numerator and denominator by e?:

4 3
et +3 . Ta 440
li: = lim =——=2
z—00 28T — 5  a—c _i 2—0
P
(d)As z — 1%, y = 22 — 1 — 0 from above, so:
lim In(z? —1) = lim In(y) = —o0
a1t y—0+

Exercise 1.5.6
(a) Use the product property:

logy((zx+1)(z—1)) =3
Convert to exponential form:

(z+1)(z—1)=23=38

z2—1=38
z22=9
T =43
Check domain:z+1>0 = z>-landz—1>0 = z>1Soz>1
Thus z = —3 is extraneous. z = 3 is valid.
=3

(b) Use the quotient property:
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-2
log4<3wz ):1

Convert to exponential form:
3z —2

=41 =4
x
3xr—2=4z
—2==x
. 2 2

Check domain:3z —2>0 = x> 3 andz > 0.So z > 3

Thus z = —2 is extraneous. No solution.
No solution

This page titled 1.5: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.6: The Derivative and Tangent Lines

Learning Objectives

e Explore the different between average and instantaneous velocity.
¢ Define the derivative of a function at a point as a limit.
e Find the tangent line to a function by using the derivative.

In this section, we introduce the concept of the derivative at a point, explore its geometric interpretation as the slope of a tangent
line, and compute tangent line equations for fundamental algebraic functions.

Question of the Day

How do we find the slope of a tangent line (or instantaneous speed) at a single point?

This page titled 1.6: The Derivative and Tangent Lines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated

by Kenn Huber.
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1.6: Tangent Lines

Definition: Average Velocity vs. Instantaneous Velocity

Suppose an object moves along a straight line and its position at time ¢ is given by a function s(t). The average velocity of
the object over the time interval [a, a + h] is the change in position divided by the change in time:

s(a+ h) — s(a)
h

Vavg =

Geometrically, this is the slope of the secant line connecting the points (a, s(a)) and (a + h, s(a + h)).

1gent, line secant line

As we make the time interval smaller and smaller (letting h — 0), the secant line approaches the tangent line at the point
(a, s(a)). The slope of this tangent line is the instantaneous velocity at time ¢t = a:

. sla+h)—s(a)
Vinst — llm e —
h—0

Illustration 1.6.1: Average vs. Instantaneous Rate of Change

An object is dropped from a height of 70 feet. Its height above ground in feet after t seconds is given by h(t) = 70 — 16t2. The

object hits the ground at ¢ = 2 seconds. What is the instantaneous velocity of the object at the exact moment it hits at ¢t = 2
seconds?

The average velocity over the interval [z, 2] is the slope of the secant line:
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h(2) — h(z)
2—z
(70 — 16(2)%) — (70 — 1622)
2—z
6 — (70 — 1622)
2—z
162% — 64
2—z
16(z% —4)
%=
16(z — 2)(z + 2)
—(z—2)
=—16(z +2) ft/s

Vavg =

The average velocity between t = z and ¢t = 2 is —16(z + 2) ft/s. The instantaneous velocity at ¢ = 2 is the limit of the average
velocity as z — 2:

= lin% —16(z + 2) = —16(2 + 2) = —64 ft/s
T—

Thus, the object is moving at an instantaneous velocity of —64 ft/s when it hits the ground.

Definition: The Derivative at a Point

The derivative of a function f(z) at z = @, denoted by f’(a), represents the instantaneous rate of change or the slope of the
tangent line at (a, f(a)):

@) — tim 22 @)

T—a r—a
Equivalently, letting h = x — a, we have the alternate form of the derivative:

@) = i 1€+ 1(0)

The equation of the tangent line to the curve y = f(z) at the point (a, f(a)) is:

y— fa) = f'(a)(x —a)

Interpreting the Derivative

The derivative f’(a) can be interpreted in several ways:

e Geometrically: The slope of the tangent line to the graph of f at the point (a, f(a)).
¢ Physically: The instantaneous rate of change of f with respect to z at z = a.
fla+h) — f(a)

h b
b ash—0

¢ Algebraically: The limit of the difference quotient

Example 1.6.1: Evaluating Derivatives Using the Limit Definition

Use the limit definition of the derivative to find the line tangent to each function at the given value of a:

(@) f(z)=7T—2zata=4
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(b) f(z) =22 —10ata=>5
(c) f(x) =4a? —zata=—1
(d) f(z)=23+2ata=1
Solution:

(a) Using the h — 0 form:

f'(4) = lim

fA+h) -5

h

i 1= 2644 0)] = [7 = 2(4)]

h—0

= lim

h

(7T—8—2h)— (T—8)

Using the z — a form:

@O0

h—0 h
. (=1-2h)—(=1)
=lim—————~
h—0 h
= lim —2h
- h—0 h
=i =2
Using the z — a form:
vy e F@) = f(4)
Fi)= alclgzli z—4
. (T—2z) — (1)
= lim
T—4 xr—4
— 1 8 — 2z
- zlglll r—4
e —2(z—4)
~ et r—4
e e
Thus f’(4) = —2. The tangent line at (4, f(4)) = (4,—1) is
[y+1=—2(z—49)]
(b) Using the h — 0 form:
ey _ e J(5+R) — f(5)
F(5) = Jim h
2 _ _ _
_ ligg (6 7)* —10] — [25 — 10]
h—0 h
(25 + 10h + h? —10) — 15
= lim
h—0 h
. 10h + h?
= lim ————
h—0 h

= 1lim(10 4+ k) = 10
h—0

89 (1.6.3)
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. (z—5)(z+5)
= lim —————~
5 r—5

= lim(z 4+ 5) =10
z—5

Thus f’(5) = 10. The tangent line at (5, f(5)) = (5, 15) is:
ly— 15 = 10(z — 5)]

(c) Using the h — 0 form:

—14+h)—f(—1
£/(=1) = lim £( +})L =)
i AR’ — (14 )] - [4(1) — (D))
h—0 h
_ [4(1—2h+h*)+1—h]—[4+1]
h—0 h
. (4—8h+4R*+1—h)—5
= lim
h—0 h
iy 2R 4R
= o h

= lim(—9 + 4h) = —9
h—0

Using the z — a form:

FED = tim =5

(42?2 —x)—5

T——1 z+1

4z —z -5

m ==

rz——1 £E+1

_ (z+1)(4z —5)

z——1 r+1

lim (4z —5)=—-4—-5=-9

z——1

—_
=

Thus f’(—1) = —9. The tangent line at (—1, f(—1)) = (—1,5) is:
|y75 =—9(z + 1)|

(d) Using the h — 0 form:
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Using the z — a form:

- lim (x—1)(z?+z+1)
z—1 r—1

=lim@?+z4+1)=1+1+1=3
z—1

Thus f/(1) = 3. The tangent line at (1, f(1)) = (1,3) is:

Example 1.6.2: More Challenging Derivatives

Find the equation of the line tangent to each curve below at the given point:

(@) y=—— at(1,1)
2x
(b)y = —— at (-2,~4)

(c) y = /7 at (100, 10)
(d)y=+v=zx?+5at(2,3)
Solution:

(a) Using the A — 0 form:
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Using the z — a form:

1 . .
Thus f/(1) = == The tangent line at (1,1) is:

(b) Using the h — 0 form:

@O0

=M

=1
hlg(l) h

= lim kil
z—1 r—1
11—z
— z+1
= lim
z—1 x—1
. —(z—-1)
= lim ———
AT DE-1)

92 (1.6.6)
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Using the z — a form:

@O0

f(=2+h) - f(=2)

(c) Using the h — 0 form:

’ 9= |
f(=2) = lim W
2(—2+h)
(—2+hy—3_*_®
= lim
h—0 h
—4
;%Jﬂl
i 4—4h+h?—3
= lim
h—0 h
—4
a2,
i 1—4h + h?
=lim —————
h—0 h
—4+2h + 4(1 — 4h + h?)
. 1—4h+ h?
= lim
h—0 h
—4 +2h + 4 — 16h + 4R
_ 2
. 1—4dh+h
h—0 h
—14h + 4h?
i 1—4h + h?
= lim ————
h—0 h
—14+4 —14
:limi—i_ h =—=-14

= lim
T——2

= lim
T——2

lim
r——2
= lim

T——2

T——2

Thus f’(—2) = —14. The tangent line at (—2,—4) is:

h—0 1 — 4h + h? 1

T+ 2

2z + 4(z? - 3)
z2—3
T+ 2

4z? 4+ 22 — 12
z2 —3
z+2

2(2z% + = — 6)

(z2—=3)(z +2)

2(2z — 3)(z +2)
(

(% —3)(z +2)

202z -3)  2(—4-3) —14

2—3 ~  4-3 = 1

[y+41=-14(z+2)]

93 (1.6.7)
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£(100 + ) — £(100)

£/(100) = lim

h
_ iy Y100+ —10
- h—0 h

., (VI0O+ 7 — 10)(v/100 + 7 + 10)

h=0 h(v/100 + & + 10)
(100 + k) — 100

= 1m
h=0 h(/100 + h + 10)
h

= lim

h=0 h(1/100 + h + 10)
im 1 _ 1 1
=0 /T00 + h+10 10+10 20

Using the z — a form:

f(z) — £(100)
2100 x — 100
vz —10
m —-
z—100 x — 100
. vz —10
lim
2100 (\/z — 10)(+/z + 10)
lim 1 . 1 1
25100 /7 +10 10+10 20

£'(100) =

1 . .
Thus f(100) = 20" The tangent line at (100, 10) is:

10 = - (z — 100)
y= =5\

(d) Using the h — 0 form:

2) — i LOED =)

h—0 h

. V(@2+h)2+5-3
= lim

h—0 h

. V4+4h+h2+5-3
= lim

h—0 h
- Vh2+4h +9—3
h—0 h
(VA2 +4h +9—3)(Vh2 +4h + 9+ 3)

= l1im

h—0 h(Vh2+4h + 9+ 3)

) (h2+4h+9)—9
= lim

h=0 h(v/h? 4+ 4h +9 + 3)

. h? + 4h
= lim

h=0 h(v/h2 4+ 4h + 9 + 3)

h+4 4 4

= lim

Using the z — a form:
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(Va2 +5—3)(Vz? + 5+ 3)

Te% (- 2)(Va215+3)
. (z2+5)—9

292 (g — 2)(Vz? + 5 + 3)

22 —4

T2 (g 2)(Val F 51 3)
— lim (z—2)(z+2)

22 (g — 2)(Va? + 5 + 3)
2 4 4 2

©2 \iZ15+3 A+5+3 3+3 3

Thus f/(2) = % The tangent line at (2, 3) is:

Summary: Derivative at a Point

To find f’(a) using the limit definition:

fla+h) — f(a)
h T —a

2. Simplify algebraically: Factor, rationalize, combine fractions, or use trigonometric identities.

3. Take the limit: As h — 0 (or z — a), evaluate the simplified expression.

1. Write the difference quotient:

Remember: The derivative exists only if this limit exists and is finite!

This page titled 1.6: Tangent Lines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.6: Practice Set

Exercise 1.6.1

Find the equation of the tangent line to each function at the given point using the limit definition of the derivative. Show both
the h — 0 and x — a methods.

(a) f(z) =4z — 7 at (2,1)
(b) f(z) = 2% + 3z at (1,4)
(c) f(z) = 22% — 5z + 1 at (—1,8)

(d) f(z) = V2z + 1 at (4,3)

() f(z) = xi2 at (5,1)
(0 1) = 2520 at (4,9)

Answer available at the end of this section.

Exercise 1.6.2

Use the limit definition of the derivative to find f’(a) at the given value of a. Show both the h — 0 and z — a methods.

(@) f(x) =322 -2z +5ata=2
(b) f(z) =v4z —3 ata=3
(c) f(z)=va?+9ata=14

(d) f(z) ata=2

- 241

(e)f(x)=%ata=4

Answer available at the end of this section.

Exercise 1.6.3

A particle moves along a straight line with position function s(t) = 4t> — 3t + 2, where s is measured in meters and ¢ in
seconds.

(a) Find the average velocity over the interval [1, 3]
(b) Find the average velocity over the interval [1, 1.5]
(c) Find the instantaneous velocity at t =1

Answer available at the end of this section.
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Exercise 1.6.4

A particle moves along a straight line with position function s(t) = /3t + 1, where s is measured in feet and ¢ in minutes.
(a) Find the average velocity over the interval [1, 5]

(b) Find the average velocity over the interval [1, 3]

(c) Find the instantaneous velocity at t = 1

Answer available at the end of this section.

Answers

Exercise 1.6.1
(a) Using the h — 0 form:

1) = Jimy h
o @R T[4 - 7]
h—0 h
~ lim 8+4h—7)—(8—T)
h—0 h
. (1+4h)—1
=lim ———
h—0 h
i 4h
=
=lim4 =4
h—0
Using the z — a form:
fl@) — f(2)
’ —
@)= }g% z—2
. (dz—7)—1
= lim
2 r—2
4 —8
= lim
=2 T —
. A(z—2)
= lim
T2 1 —2
=lim4 =14

Thus f’(2) = 4. The tangent line at (2,1) is:
y—1l=4(zx—2)
(b) Using the h — 0 form:

1) — i 200 )

h—0 h
2 _
— lim [(1+R)*+3(1+h)]—[1+3]
h—0 h
 (1+2h+h>+3+3h)—4
= lim
h—0 h
. Bh+h?
T h

Using the z — a form:
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Thus f’(1) = 5. The tangent line at (1,4) is:
y—4=>5(x—1)
(c) Using the h — 0 form:

(1) = iy LR =S

2(—1+h)2—5(—1+h)+ 1] — [2(1) — 5(—1) + 1]

= lim

h—0 h
2(1—2h+h%) +5—5h+1]—[2+5+1]
B0 h
. (2—4h+2R*+5—5h+1)—38
= lim
h—0 h
. —9h+2h?
= lim
h—0 h
= lim(—9 4 2h) = —9
h—0
Using the z — a form:
—f(=1
1) = 1 1@ =D

z—=-1 T — (71)

(222 -5z +1)—8
z——1 r+1

222 — 5z — 17

m =~
z——1 x+1

m (z+1)(2z—7)
z——1 r+1

Thus f’(—1) = —9. The tangent line at (—1,8) is:

y—8=-9(z+1)
(d) Using the h — 0 form:
fA+h) —f4)

’ —
F4) = Jim h
— lim 24+h)+1-3
7hAO h
i V923
T 0 h

im (V9+2h—3)(VI+2h+3)
h—0 h(vV9+2h 4+ 3)
. (9+2h)—9

=lim ——

h=0 h(v/9 4 2h + 3)

. 2h

lim —

h=0 h(v/9 + 2h + 3)

Il
=

2 2
lim —m0m7m7M8M— = —— =
h=0 9+ 2h+3 3+3

w| =

Using the x — a form:

lim (V2z+1-3)(V2z+1+3)
24 (z—4)(V2z+1+3)

i (2e+) -9
=4 (2 —4)(V2z +1+3)

_ 2z — 8

T @)V r1+9)

— lim 2(x —4)

=4 (r —4)(vV2z +1+3)
2

=lim——=——=

=4 \2r +1+3 3+3

| =

Thus f/(4) = % The tangent line at (4, 3) is:
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(e) Using the h — 0 form:

Using the z — a form:

1 . .
Thus f/(5) = -3 The tangent line at (5,1) is:

(f) Using the A — 0 form:
vy i JA+R) — f(4)
7@ = Jim = ———
24+h)+1 g

:limizl-"_h_3

h—0

= lim
h—0

= lim
h—0

= lim
h—0

= lim
h—0

Using the x — a form:

@O0

8+2h+1

h

9
h+1

h
2
9+ h79

h+1

h

9+2h—9(h+1)

h+1
h

9+42h—9h—9

h+1
h
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f(4) = lim —1

2 1
T + 9

= lim z—3
o4 r—4

2z +1—9(z—3)

flz) = 14)
x

I z—3
= lim
74 xr—4
2c+1—9z + 27
= lim z—3
T4 r—4
—Tx + 28
:hmz—*?‘
=4 T —4
—7(x—4)
— lim —%=3
z—4 x—4
= lim il —;7:—7
z—d T — 3 1

Thus f’(4) = —7. The tangent line at (4,9) is:

Exercise 1.6.2
(a) Using the h — 0 form:

f'(2) = lim

h—=0

f@+h)—f2)
h

B2+ h)?2 —2(2+ h) + 5] — [3(4) — 4+ 5]

= jim h

. [3(4+4h+h%) —4—2h+5]—13
= lim

h—0 h

(12 +12h +3h2 —4—2h +5) — 13

= lim

h—0 h

. (134 10h +3h%) —13
=lim —m"——————

h—0 h

. 10h + 3h?
= lim

h—0 h

= 1im(10 + 3h) = 10
h—0
Using the z — a form:
sy e J(@) — f(2)
£ =lim———
(32 —2x+5)—13
=lm —M—
T2 r—2
. 3z2—2z—8
=lim ———
T2 x—2
- lim (z—2)(3z +4)
2 x—2
=lim3z+4)=6+4=10
T2

(b) Using the h — 0 form:

im (V9 +4h —3)(vV9+4h +3)
h—0 h(V9+4h +3)

(9+4h)—9
=lim ———
h=0 h(v/9 + 4h + 3)
. 4h
=lim ——
h=0 h(/9+4h + 3)

i 4 4 2
=lm—=—== =
h=0 \/9+4h+3 3+3 3
Using the z — a form:
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, i z)— f(3
= lim —\/%—7373
-3 r—3
(Vir —3-3)(v4z —3+3)

25 (z—3)(Viz —3+3)
i (4z—3)—9

@23 (z—3)(Vdz —3+3)
- lim 4x —12

*3 (2 —3)(Vdz —3+3)
= lim —4(3:73)

@23 (z—3)(Vdz — 3 +3)

4 4
=lm——=—
o3 iz —3+3 B3+3

w| N

(c) Using the h — 0 form:
vy S+ R) — f(4)
il

 VJ(@4+h)?2+9-5
=lim —

h—0 h

. V16+8h+h2+9-5
=lim—r——————

h—0 h

Vh?+8h+25—5
= lim ———M8M % °

h—0 h

(VhZ+8h + 25 — 5)(Vh? + 8h + 25 + 5)
= lmm
h=0 h(Vh? 4+ 8h 425+ 5)
 (h*+8h+25)—25
=lim—r-—
h=0 h(v'h? + 8h + 25+ 5)
. h%+8h
=lim——-n————
h=0 h(v/h? + 8h + 25 + 5)
. h+8 8 4
=lm—m— - = =
h>0 /B2 8h+25+5 9+5 5
Using the x — a form:
f(@) — f(4)
r—4
. Va2+9-5
=lim ——
z—4 r—4
lim(\/952-‘,—9—5)(\/:1:2+9+5)
=t (g—4)(VEE+9+5)

f'(4) = lim

i (x24+9)—25
o4 (g —4)(Va? + 9 +5)
—m T 16
a4 (3 — 4) (Va2 + 9+ 5)
B et (G )
o4 (g —4) (Va2 + 9 +5)
z4+4 8

=4 /221 9+5  5+5

(d) Using the h — 0 form:
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, . f2+h)—f(2)
2) = lim ——— "~
f(2) = lim M’
-
(2+h)2+1
m— T
h—0 h
5
W iahis
= lim ——m—M———
h—0 h
5— (h®+4h +5)
2
— li P2t 4R +5
h—0 h
—h?—4h
i h*+4h+5
=1lm —-
h—0 h
—h—4 —4

:1jm7:_,_£
h=0 h? +4h +5 5 5

Using the z — a form:
iy i F(@) = £(2)
'@ 791513% Tz —2
5
— hm&
z—2 r—2
5— (22 +1)
— lim z2+1
T2 r—2
4 —g?
— lim z2+1
=2 T —2
—(z—2)(z+2)
— lim 241
z—2 r—2
—(z+2) —4 4

=2 241 5 5
(e) Using the h — 0 form:

im 2—vV4+h)(2+V4+h)
h=0 2h\/4+ h(2+V4+h)
" 4—(4+h)
=lim—

h=0 2h\/4 + h(2+ V4 + h)

. —h
=lm—rr——

0 AT R(2+ VAT )

1 -1

:;1113(1) 2VAF h(2+ VAT h) - 2(2)(2+2)

Using the z — a form:
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/(@) = lim

= lim
T4

-9
VB2 VE)

0 2@ — 4)(2 + Va)
— % 4—x
TN 2w — 92+ Va)
:lim&

2 25— 4) 2+ V3)
— i —1 I S
TN+ ve)  22(2+2) 16

Exercise 1.6.3
(a) The average velocity over [1, 3] is:
5(3) —s(1)
1
[4(9) —3(3) +2] — [4(1) —3(1) + 2]
2
(36 —9+2)— (4—3+2)
2
29 -3 26

== :7:13m/s

Vavg =

(b) The average velocity over [1,1.5] is:
s(1.5) — s(1)
15—-1
[4(2.25) —3(1.5) +2] — 3
0.5
(9—45+2)—3
0.5
6.5—3 3.5

=05 “o5 W

Vavg =

(c) The instantaneous velocity at ¢t = 1 is the derivative s’(1).
Using the h — 0 form:

h—0 h

. [4(1+2h+h*)—3—-3h+2]—3
= lim

h—0 h

. (4+8h+4h>—3—-3h+2)—3
= lim

h—0 h

_ (3+5h+4h?) -3
=lim ——>"—

h—0 h

. 5h+4h?
= lim ——

h—0 h
=lim(5+4h) =5m/s

h—0

Using the z — a form:
s(t) —s(1)
m— )
t—1 t—1
(46> —3t+2)—3
t—1 t—1
42 —3t—1
t—1 t—1
L (t—=1)(4t+1)
=lim ——=
i1 t—1
=lim(4t+1) =5m/s
t—1

Exercise 1.6.4
(a) The average velocity over [1, 5] is:

@IOIC]E) 103 (1.6.8)



LibreTextS“'

5(5) —s(1)
Une =TT
VBB F1-BI) +1
o 4
V- VE
- 4
4—2 2 1 )
=] =713 ft/min
(b) The average velocity over [1, 3] is:
5(3) —s(1)
.
CVBE) F1- B0+ 1
B 2
VIO -2 ft/min
2
(c) The instantaneous velocity at ¢t = 1 is the derivative s’ (1).
Using the h — 0 form:
, s(14+h)—s(1)
') = Jim —————
. V31 +h)+1-2
=lim ——F——
h—0 h
. V3h+4-2
=lim ——
h—0 h

o (V3h+4—2)(V3h+4+2)
= h(V3h+4+2)

(Bh+4)—4
=lim—r ' =
h=0 h(v/3h+4 +2)
. 3h
= lim
h=0 h(\/3h + 4+ 2)

. 3 3 3 .
=lim——— = —— = — ft/min
=0 \/3h+442 2+2 4

Using the z — a form:

1 t—1
(VBE+1—-2)(V3E+1+2)

o (t—1)(V3t+1+2)
—lim Bt+1)—4

51 (¢ —1)(V3E+1+2)
= lim . st=8

=1 (- 1)(V3E+T+2)

3(t—1)

(t—1)(V3t+1+2)
= limi3 = i
=1 /3142 2+2

= lim
t—1

= % ft /min

This page titled 1.6: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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1.7: Differentiability and Higher-Order Derivatives

Learning Objectives

¢ Define the derivative as a function.
Determine whether a function is differentiable at a given point based on its graph.

[ )
Define second, third, and other higher order derivatives of a function.

In this section, we transition from finding the derivative at a single point to treating the derivative as a function itself, examine
the relationship between the graphs of f(z) and f’(z), establish the conditions for differentiability, and introduce higher-order

derivatives.

Question of the Day

How does the graph of f’(z) relate to the graph of f(z)?

This page titled 1.7: Differentiability and Higher-Order Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/

or curated by Kenn Huber.
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1.7: The Derivative Function

Definition: The Derivative as a Function

Instead of computing a separate limit for each specific point a, we can treat = as an independent variable to define the
derivative function f’(z):

, _fl@+h) - f2)
f'(z) =hmf

h—0

Equivalently, using the z — a form with a replaced by z:

/(@) — tim FO= @)

t—x t—2x

The domain of f’ consists of all values of = in the domain of f for which this limit exists.

Derivative Notation

The derivative of a function can be written in several equivalent ways:
e f’(z) — Lagrange notation

e y' — Prime notation (when y = f(z))

d d . .
. —f or & _ Leibniz notation

dcf dx
%[f(x)] — Operator notation

All of these represent the same concept: the instantaneous rate of change of f with respect to z.

Example 1.7.1: Computing Derivative Functions

Use the limit definition to find the derivative function for each:

(@) f(z)=2>—22+3
(b) g(z) = %

(c) h(z) =3z% + 5z —7

(d) k(z) = %4_1

Solution:

(a) Using the h — 0 form:
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[(z+h)2—2(z+h) +3] — [z — 2z + 3]

’ =1~
f'(@) = lim W
_y 22+ 22h+h? -2z —2h+3 — 22+ 22z —3
_h~>0 h
. 2zh+h?—2h
=lim ——
h—0 h

=lim(2z + h—2) =2z —2
h—0

Using the z — a form (with a replaced by z):

b () = flx)
Fi@) = lm —=——
(2 —2t+3)— (22— 2z +3)
= lim
t—x t—a3
. -2t —2t+ 2z
=lim —————
t—x t—=x
— t—z)t+z)—2(t—2x)
t—z t—a

=lim(t+z—2) =2z —2
t—x
fl(@)=22—2

(b) Using the h — 0 form:

1 1
by (@R 2P
R
z? — (z + h)?
2 2
h—0 h
. x2— (22 +2zh + h?)
= lim
h—0 h-z?(z+ h)?
— im —2zh — h?
" h=0 b z2(z 4+ h)2
—2x —h —2z 2

=1 — - _“
e z%(z + h)? x4 z3

Using the z — a form:

1 1
2 g2
tvz t—=x
1:2 _t2
- limi
twzx t—x
—(t — t
o —-o)ta)
tor 22t?(t — )
—(t+z) 2z 2

=lim ——— = =——
e oo 24 s

g (z) =3
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(c) Using the h — 0 form:

[3(z +h)? +5(xz+h) — 7] — [32% + 5z — 7]

W)= i h
. 322 46xh+3R24+52+5h—7—322 -5+ 7
= lim
h—0 h
. 6xh+3h%+5h
=lim ——M8
h—0 h

= lim(6z + 3h +5) =6z + 5
h—0

Using the z — a form:

(Bt 4+5t—T7)— (3x2 + 5z —7)
m

h/(x) = }lﬁw t—=x
3 -z +5(t—x)
= lim
t—x t—2x
. (t—=x)3t+3z+5)
= lim
t—z t—x

:%i_r}n(3t—l—3x—l—5)=69:+5
h'(z) =6x+5

(d) Using the h — 0 form:

1 1
k,(m):}lg% ;E—l—h—l—lh z+1
(z4+1)—(z+h+1)
. (z+h+1)(z+1)
= lim
h—0 h
. —h
= lim
h—0 h(z +h+1)(x +1)
n -1 1
= lim ==
h=0 (x +h+1)(z+1) (z+1)2

Using the z — a form:

1 1
t+1 z+41

t—z t—x

(z+1)—(t+1)

. (t-‘rl)(rL‘-l—l)
=lim——— 2
t—x t—2x
. —(t—x)

im
toz (t—x)(t+1)(z+1)
—1 1

T T S AT
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Theorem: Differentiability and Continuity

A function f is differentiable at z = a if f’(a) exists and is finite.
Differentiability Implies Continuity: If f is differentiable at z = q, then f is continuous at z = a.

Note: The converse is false. Continuity does not guarantee differentiability. A continuous function fails to be differentiable at
z = q if it has:

e A corner or cusp (sharp turns where left-hand and right-hand derivative limits differ)
¢ A vertical tangent line (where the derivative limit evaluates to +o0)
¢ A discontinuity (jump, removable, or infinite)

Illustration 1.7.1: Non-Differentiability at a Corner

The function f(z) = |z| is not differentiable at z = 0, despite being continuous there.
First, we verify continuity at =z = 0:

lim [z = 0 = f(0)
So f is continuous at xz = 0.

Now check differentiability using the A — 0 form:

vy i JO+R)—f(O) . |R[=0 _|h|
FO=eT = T
Evaluate the one-sided limits:
. |pl .. h
A T am gy =l
Al —h
e
Using the z — a form:
rn o J@) = F0) |z
FO) =l == = m >
Again, the one-sided limits differ:
limﬂzl, limmz—l
z—0t X z—0- X

Since the left-hand and right-hand derivative limits are not equal, the derivative at z = 0 does not exist.

The graph of y = |z| has a sharp corner at the origin, which is why it is not differentiable there even though it is continuous.
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y = ||

Example 1.7.2: Parallel Tangent Lines

Is there a line tangent to y = x2 which is parallel to y = 6z + 5?

Solution:

A line parallel to y = 6z + 5 must have a slope of m = 6. We need to find an z-value where the derivative (slope of the tangent
line) equals 6.

Using the definition of the derivative at a point z:

v (@4 h)?—2?
7o) = oy
. x?+2zh+h? — 2
= lim
h—0 h
=lim(2z + h) = 2z
h—0

Setting the slope equal to 6:
2r=6 = =3

At z = 3, y = 3% = 9. The point of tangency is (3,9), and the equation of the tangent line is:
y—9="6(x—3)

Example 1.7.3: Finding Constants for Differentiability

What values of a and b will make the function differentiable at z = 1?

2z
flo)=q %72
ax?+b ifz>1

ifz<1

Solution:
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1. Enforce Continuity at z = 1:

For the function to be continuous, the left-hand and right-hand limits must equal f(1).

li = li =_92
i fle) = lim ==

lim f(z) = lim (az® +b) =a(1)*+b=a+b
z—1+ z—1+
Setting these equal gives: a + b= —2.

2. Enforce Equal One-Sided Derivatives at z = 1:

Using the h — 0 form for the left side of the derivative limit gives:

fa+h -1

Fan = hli)%l’ h
2(1+h)
=)
I (I4+h)—2
oo h
2+ 2h
T 4o
= lim =1,
h—0 h
24+2h+2h—2
= lim =1
h—0~ h
4h
. h-1
=i h
Bl e
o 4
So f'(1 )Z*WZf&

Using the h — 0 form for the right side of the derivative limit gives:

a(l+h)2+b—(a+b)

1) = 1
fa7) = iz, B
o a(l+2h+h?) +b—a—b
= hoor h
2ah + ah?
= lim Zah tah” _ lim (2a + ah) = 2a
h—0+ h h—0+

Setting the one-sided derivatives equal:
20=—4 = a=-2

Substituting a = —2 into a + b = —2 gives b = 0 so our final answers are:
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Example 1.7.4: Finding Constants for Differentiability (Another Case)

.’E2 x

Find the values of m and b that make g(z) = {mz b i ; differentiable at = = 2.

Solution:
1. Enforce Continuity at z = 2:
For the function to be continuous, the left-hand and right-hand limits must equal g(2).
g(2) =22 =4
Jim g(e) = Jim o* =4

lim g(z) = wlLII21+(mx +b)=m2)+b=2m+b

z—2+
Setting these equal gives: 2m + b = 4.
2. Enforce Equal One-Sided Derivatives at z = 2:

Using the h — 0 form for the left side of the derivative limit gives:

Vio—y _ 1 92+ h)—g(2)
27)=1
7@ =lm =
. (24h)?*—4
= lim
h—0— h
. 4+4h+h2—4
= lim ——
h—0— h
. 4h+ h?
= lim ——
h—0~ h
= lim (44+h) =4
h—0—

Using the h — 0 form for the right side of the derivative limit gives:

92+h)—9(2)

PIGE=\ T
9@ =l =
— e [m(2+h)+b] —4
h—0+ h
— Jim 2m +mh+b—4
h—0+ h

For this limit to exist, the constant term must be zero (since h — 0, a nonzero constant over h would diverge). From the
continuity equation 2m + b = 4, we have 2m + b — 4 = 0, so the constant term is already zero.

Thus:

h
"oy = i m — _
g =l S =y m=m

Setting the one-sided derivatives equal:

Substituting m = 4 into 2m + b = 4:

24)+b=4 = 8+b=4 = b=—4
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Thus our final answers are:

This page titled 1.7: The Derivative Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.7: Higher Order Derivatives

Illustration \(\PageIndex{2}\): Sketching the Derivative from a Graph

Given the graph of \(y = f(x)\) below, sketch the graph of its derivative \(y = f'(x)\).

To sketch the derivative, we analyze the slope of the tangent line at various points:

e Where \(f\) is increasing, \(f'(x) > O\) (the derivative is positive)
e Where \(f\) is decreasing, \(f(x) < O\) (the derivative is negative)
e Where \(f\) has a horizontal tangent (local max/min or stationary point), \(f'(x) = 8\)

The easiest points to graph for a derivative are places where the function has horizontal tangent lines (slope equal to zero).
This occurs twice on our graph of \(y=f(x)\), once at \(x=-1\) and once at \(x=1\). This means that we have \(f'(-1)=0\) and
\(f'(1)=0\).

For \(x<-1\), the function starts with a very small negative slope and decreases until it reaches \(x=-1\). The slope of the
tangent line is steepest at around \(x=-1.7\), with an approximate slope of \(m=-1.3\). Therefore, we draw the graph of \(y=f'(x)\)
to start barely negative on the far left, and dip down to \(f(-1.7)=-1.3\), then return up toward \(f'(-1)=0\). (your estimates may
vary, but should be in the same ballpark).

For \(-1

For \(x>1\), the function is decreasing again. The slopes of the tangent lines begin with \(f'(1)=0\), then become negative,
reaching their steepest point around \(x=1.7\), with an approximate slope of \(m=-1.3\). After this point, slopes remain
negative, but are less and less steep, tending toward zero. Therefore, we draw the graph of \(y=f'(x)\) to start at zero, dip down
to \(f'(1.7)=-1.3\), and then return up toward zero on the far right end.

We use a horizontal asymptote to denote that fact that the slopes tend toward zero on the far edges of the graph of \(y=f'(x)\),
as pictured below:
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Definition: Higher-Order Derivatives

If \(f'\) is itself a differentiable function, its derivative is called the second derivative:
\[f"(x) = \dfrac{dH{dx}[f'(x)] = \lim_{h \to O} \dfrac{f'(x + h) - f(x)}{h} \nonumber \]
Notation: \(f"(x)\), \(y"\), or \(\dfrac{d*2f}{dx"2}\).
In general, the \(n*{\text{th}}\) derivative is obtained by differentiating iteratively \(n\) times:
\[fA{(n)}(x) = \dfrac{d”*n f{dx~n} = y*{(n)} \nonumber \]

Higher-order derivatives have important interpretations in physics (acceleration is the second derivative of position) and
geometry (curvature).

Example \(\PageIndex{5}\): Higher-Order Derivatives

(a) For \(f(x) = xA3 - 3x*2 + 2x - 1\), find \(f"(x)\)
(b) For \(g(x) = \sqrt{x}\), find \(g"(100)\)
Solution:
(a) Compute successive derivatives:
\[f'(x) = 3x*2 - 6x + 2 \nonumber \]
\[f"(x) = 6x - 6 \nonumber \]
\[f"(x) = 6 \nonumber \]
\[ \boxed{f"(x) = 6} \nonumber \]
(b) Compute the first and second derivatives of \(g(x) = x*{1/2}\):

\[g'(x) = \dfrac{1}{2}x*-1/2} = \dfrac{1H{2\sart{x}} \nonumber \]
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\[g"(x) = -\dfrac{1{4}x*{-3/2} = -\dfrac{1{4\sart{x*3}} \nonumber \]
Evaluate at \(x = 100\):
\[g"(100) = -\dfrac{1H{4\sart{10073}} = -\dfrac{1{4(1000)} = -\dfrac{1{4000} \nonumber \]

\[ \boxed{g"(180) = -\dfrac{1}{4000}} \nonumber \]

Example \(\PageIndex{6}\): Differentiability Analysis

Consider the function \(f(x) = \begin{cases} x{4/3} & \text{if } x \neq ® \\ ® & \text{if } x = ® \end{cases}\)
(a) Is \(f(x)\) continuous at \(x = O\)?
(b) Is \(f(x)\) differentiable at \(x = O\)?
(c) Is \(f"(®)\) defined?
Solution:
(a) Check continuity at \(x = O\):
\[ \lim_{x \to 8} x*{4/3} = O = f(®) \nonumber \]
\[ \boxed{\text{Yes, } f \text{ is continuous at } x = 0.} \nonumber \]
(b) Evaluate the derivative limit at \(x = ®\) using the \(h \to ®\) form:

\[ \begin{align*} f(0) &= \lim_{h \to 8} \dfrac{f(® + h) - f(®)}{h} \\[4pt] &= \lim_{h \to 8} \dfrac{h*{4/3} - OH{h} \\[4pt] &=
\lim_{h \to 8} h~{1/3} = ® \end{align*} \nonumber \]

Using the \(x \to a\) form:

\[ \begin{align*} f(0) &= \lim_{x \to 0} \dfrac{f(x) - f(®)}{x - O} \\[4pt] &= \lim_{x \to O} \dfrac{x*4/3}H{x} \\[4pt] &= \lim_{x
\to 0} x*{1/3} = ® \end{align*} \nonumber \]

\[ \boxed{\text{Yes, } f \text{ is differentiable at } x = O,\ f(0) = 8.} \nonumber \]
(c) For \(x \neq ®\), compute the derivative:

\[f'(x) = \dfrac{4}{3}x*{1/3} \nonumber \]
Now check if \(f"(®)\) exists:

\[ \begin{align*} f'(8) &= \lim_{h \to O} \dfrac{f'(h) - f(0)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{4}{3}h~*{1/3} - O}{h} \\[4pt]
&= \lim_{h \to 0} \dfrac{4}{3} h~{-2/3} = \infty \end{align*} \nonumber \]

Using the \(x \to a\) form:

\[ \begin{align*} f'(®) &= \lim_{x \to O} \dfrac{f'(x) - f(®)}{x - 0} \\[4pt] &= \lim_{x \to O} \dfrac{\dfrac{4}{3}x {1/3}}{x} \\[4pt]
&= \lim_{x \to O} \dfrac{4}{3} x*{-2/3} = \infty \end{align*} \nonumber \]

Since the limit evaluates to \(\infty\), the second derivative does not exist as a finite value.

\[ \boxed{f"(®) \text{ does not exist (infinite).}} \nonumber \]
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Example \(\PageIndex{7}\): Higher-Order Differentiability

What values of \(a, b, ¢ \in \mathbb{R}\) make \(h"(-1)\) exist for
\[h(x) = \begin{cases} 2x*3 + 1 & \text{if } x \ge -1\\ ax*2 + bx + ¢ & \text{if } x < -1 \end{cases} \nonumber \]
Solution:
For \(h"(-1)\) to exist, \(h(x)\), \(h'(x)\), and \(h"(x)\) must all be continuous at \(x = -1\).
1. Continuity of \(h(x)\) at \(x = -1\):
\[h(-1) = 2(-1)A3 + 1 = -1 \nonumber \]
\[\lim_{x \to -1*-} h(x) = a(-1)*2 + b(-1) + c = a - b + ¢ \nonumber \]
Equation 1:\(a-b + c = -1\)
2. Continuity of \(h'(x)\) at \(x = -1\):
For \(x \ge -1\), \(h'(x) = 6x*2 \implies h'(-1) = 6\).
For \(x < -1\), \(h'(x) = 2ax + b \implies \lim_{x \to -17-} h'(x) = -2a + b\).
Equation 2: \(-2a + b = 6\)
3. Continuity of \(h"(x)\) at \(x = -1\):
For \(x \ge -1\), \(h"(x) = 12x \implies h"(-1) = -12\).
For \(x < -1\), \(h"(x) = 2a \implies \lim_{x \to -1*-} h"(x) = 2a\).
Setting these equal: \(2a = -12 \implies a = -6\).
Substitute \(a = -6\) into Equation 2:
\[-2(-6) + b = 6 \implies 12 + b = 6 \implies b = -6 \nonumber \]
Substitute \(a = -6\) and \(b = -6\) into Equation 1:
\[(-6) - (-6) + ¢ = -1 \implies c = -1 \nonumber \]

\[ \boxed{a = -6,\ b = -6,\ ¢ = -1} \nonumber \]

This page titled 1.7: Higher Order Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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1.7: Practice Set

Exercise \(\PageIndex{1}\)

Use the limit definition to find the derivative function for each. Show both the \(h \to 8\) and \(x \to a\) methods.
(a) \(f(x) = 5x - 3\)

(b) \(g(x) = 2x*2 - 4x + 1\)

(c) \(h(x) = \sqrt{2x + 5}\)

(d) \(p(x) = \dfrac{3x - 1}{x + 2}\)

(e) \(a(x) = \dfrac{\sart{x}}{x + 1}\)

Answer available at the end of this section.

Exercise \(\PageIndex{2}\)

Find the second derivative of each function.

(a) \(f(x) = 3x*2 - 2x + 7\)

(b) M(g(x) = 2x"3 - 5x*2 + 4x - 1\)
(c) \(h(x) = \dfrac{1}{x - 3}\)

(d) \(p(x) = \dfrac{2x + 1}{x - 4}\)

Answer available at the end of this section.

Exercise \(\PageIndex{3}\)

For each piecewise function, find all values of \(x\) where the function is not differentiable. Justify your answer.
(a) \(f(x) = \begin{cases} x*2 + 1 & x \le 2 \\ 5x - 3 & x > 2 \end{cases}\)

(b) (g(x) = \begin{cases} 2x + 3 & x \le 1\\ x*2 + 4 & x > 1 \end{cases}\)

(c) \(h(x) = \begin{cases} x*2 & x \le ® \\ 2x & @ < x \le 2 \\ -x + 6 & x > 2 \end{cases}\)

Answer available at the end of this section.

Exercise \(\Pagelndex{4a}\)

Given the graph of the function below, sketch the graph of its derivative.
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y = alz)

Answer available at the end of this section.

Exercise \(\PageIndex{4b}\)

Given the graph of the function below, sketch the graph of its derivative.

y = blx)

Answer available at the end of this section.

Exercise \(\PageIndex{4c}\)

Given the graph of the below, sketch the graph of its derivative.
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y = clx)

| A —— Y

Answer available at the end of this section.

Exercise \(\PageIndex{5}\): Finding Constants for Differentiability

Find the values of \(a\), \(b\), and \(c\) that make \(h"(2)\) exist for:
\[h(x) = \begin{cases} x*3 - 4 & \text{if } x \ge 2 \\ ax*2 + bx + ¢ & \text{if } x < 2 \end{cases} \nonumber \]

Answer available at the end of this section.

Answers

Exercise \(\PageIndex{1}\)
(a) Using the \(h \to ®\) form:
\[ \begin{align*} f'(x) &= \lim_{h \to 8} \dfrac{f(x+h) - f(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{[5(x+h) - 3] - [5x - 31}{h} \\[4pt] &= \lim_{h \to O} \dfrac{5x + 5h - 3 -
5x + 3}{h} \\[4pt] &= \lim_{h \to O} \dfrac{Sh}{h} \\[4pt] &= \lim_{h \to 8} 5 = 5 \end{align*} \nonumber \]
Using the \(x \to a\) form:
\[ \begin{align*} f'(x) &= \lim_{t \to x} \dfrac{f(t) - f(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(5t - 3) - (5x - 3)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{5t - 5x}{t - x}
\\[4pt] &= \lim_{t \to x} \dfrac{5(t - x){t - x} \\[4pt] &= \lim_{t \to x} 5 = 5 \end{align*} \nonumber \]

Thus \(f'(x) = 5\).

(b) Using the \(h \to ®\) form:

\[ \begin{align*} g'(x) &= \lim_{h \to 0} \dfrac{g(x+h) - g(x){h} \\[4pt] &= \lim_{h \to O} \dfrac{[2(x+h)*2 - 4(x+h) + 1] - [2x*2 - 4x + 1]{h} \\[4pt] &= \lim_{h \to O}
\dfrac{[2(x*2 + 2xh + h"2) - 4x - 4h + 1] - [2x"2 - 4x + 1]{h} \\[4pt] &= \lim_{h \to O} \dfrac{2x*2 + 4xh + 2h"2 - 4x - 4h + 1 - 2x*2 + 4x - 1}{h} \\[4pt] &= \lim_{h
\to O} \dfrac{4xh + 2h"2 - 4h}{h} \\[4pt] &= \lim_{h \to 8} (4x + 2h - 4) = 4x - 4 \end{align*} \nonumber \]

Using the \(x \to a\) form:

\[ \begin{align*} g'(x) &= \lim_{t \to x} \dfrac{g(t) - g(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(2t*2 - 4t + 1) - (2x"2 - 4x + 1)}t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{2(t"2 - x*2) - 4(t - x)Ht - x} \\[4pt] &= \lim_{t \to x} \dfrac{2(t - x)(t + x) - 4(t - x)Ht - x} \\[4pt] &= \lim_{t \to x} \dfrac{(t - x)(2t + 2x - 4)}{t - x} \\[4pt] &=
\lim_{t \to x} (2t + 2x - 4) = 2x + 2x - 4 = 4x - 4 \end{align*} \nonumber \]

Thus \(g'(x) = 4x - 4\).
(c) Using the \(h \to ®\) form:

\[ \begin{align*} h'(x) &= \lim_{h \to 8} \dfrac{h(x+h) - h(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\sqrt{2(x+h) + 5} - \sart{2x + 5}}{h} \\[4pt] &= \lim_{h \to O}
\dfrac{\sqrt{2x + 2h + 5} - \sqrt{2x + 5}}{h} \\[4pt] &= \lim_{h \to O} \dfrac{(\sart{2x + 2h + 5} - \sqrt{2x + 5})(\sart{2x + 2h + 5} + \sqrt{2x + 5})H{h(\sart{2x + 2h +
5} + \sart{2x + 5})} \\[4pt] &= \lim_{h \to 8} \dfrac{(2x + 2h + 5) - (2x + 5)}{h(\sart{2x + 2h + 5} + \sqrt{2x + 5})} \\[4pt] &= \lim_{h \to O} \dfrac{2h}{h(\sart{2x + 2h
+ 5} + \sqrt{2x + 5})} \\[4pt] &= \lim_{h \to O} \dfrac{2}{\sart{2x + 2h + 5} + \sart{2x + 5}} \\[4pt] &= \dfrac{2H{\sart{2x + 5} + \sqrt{2x + 5}} = \dfrac{2}{2\sqrt{2x +

51} = \dfrac{1}{\sart{2x + 5}} \end{align*} \nonumber \]
Using the \(x \to a\) form:

\[ \begin{align*} h'(x) &= \lim_{t \to x} \dfrac{h(t) - h(x)H{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{\sqrt{2t + 5} - \sqrt{2x + 5}}{t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{(\sqrt{2t + 5} - \sqrt{2x + 5})(\sqrt{2t + 5} + \sart{2x + S}HH(t - x)(\sart{2t + 5} + \sqrt{2x + 5})} \\[4pt] &= \lim_{t \to x} \dfrac{(2t + 5) - (2x + 5)}{(t -
x)(\sart{2t + 5} + \sqrt{2x + 5})} \\[4pt] &= \lim_{t \to x} \dfrac{2(t - x)}{(t - x)(\sart{2t + 5} + \sqrt{2x + 5})} \\[4pt] &= \lim_{t \to x} \dfrac{2}{\sart{2t + 5} + \sqrt{2x
+ 51} \\[4pt] &= \dfrac{2{\sqrt{2x + 5} + \sqrt{2x + 5}} = \dfrac{2H{2\sqrt{2x + 5}} = \dfrac{1}{\sart{2x + 5}} \end{align*} \nonumber \]
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Thus \(h'(x) = \dfrac{1{\sart{2x + 5}}\).
(d) Using the \(h \to ®\) form:

\[ \begin{align*} p'(x) &= \lim_{h \to 8} \dfrac{p(x+h) - p(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{3(x+h) - T{(x+h) + 2} - \dfrac{3x - TH{x + 2}}{h} \\[4pt] &=
\lim_{h \to ®} \dfrac{\dfrac{3x + 3h - 1{x + h + 2} - \dfrac{3x - 1{x + 2}}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{(3x + 3h - 1)(x + 2) - (Bx - 1)(x + h + 2){(x + h +
2)(x + 2)}I{h} \\[4pt] &= \lim_{h \to 8} \dfrac{(3x + 3h - 1)(x + 2) - (3x - 1)(x + h + 2){h(x + h + 2)(x + 2)} \end{align*} \nonumber \]

Expand the numerator:
\[ \begin{align*} &(3x + 3h - 1)(x + 2) - (3x - 1)(x + h + 2) \\[4pt] &= (3x"2 + 6X + 3xh + 6h - x - 2) - (3x"2 + 3xh + 6x - X - h - 2) \\[4pt] &= (3x*2 + 5x + 3xh + 6h -
2) - (3x"2 + 5x + 3xh - h - 2) \\[4pt] &= 3x"2 + 5x + 3xh + 6h - 2 - 3x*2 - 5x - 3xh + h + 2 \\[4pt] &= 7h \end{align*} \nonumber \]
Thus:
\[ p'(x) = \lim_{h \to 8} \dfrac{Zh}{h(x + h + 2)(x + 2)} = \lim_{h \to 8} \dfrac{7}{(x + h + 2)(x + 2)} = \dfrac{7}(x + 2)*2} \nonumber \]
Using the \(x \to a\) form:
\[ \begin{align*} p'(x) &= \lim_{t \to x} \dfrac{p(t) - p(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{3t - 1{t + 2} - \dfrac{3x - 1}{x + 2}}{t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{(3t - 1)(x + 2) - (3x - 1)(t + 2)H(t - x)(t + 2)(x + 2)} \\[4pt] &= \lim_{t \to x} \dfrac{(3tx + 6t - x - 2) - (3xt + 6x - t - 2)H(t - X)(t + 2)(x + 2)} \\[4pt] &= \lim_{t \to
x} \dfrac{3tx + 6t - x - 2 - 3xt - 6x + t + 2H(t - x)(t + 2)(x + 2)} \\[4pt] &= \lim_{t \to x} \dfrac{7t - 7x}(t - x)(t + 2)(x + 2)} \\[4pt] &= \lim_{t \to x} \dfrac{7(t - x)}{(t -
X)(t + 2)(x + 2)} \\[4pt] &= \lim_{t \to x} \dfrac{7}{(t + 2)(x + 2)} = \dfrac{7H(x + 2)(x + 2)} = \dfrac{7H{(x + 2)*2} \end{align*} \nonumber \]
Thus \(p'(x) = \dfrac{7}{(x + 2)*2}\).
(e) Using the \(h \to ®\) form:
\[ \begin{align*} q'(x) &= \lim_{h \to 8} \dfrac{a(x+h) - a(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{\sqrt{x + h}}{x + h + 1} - \dfrac{\sart{x}H{x + 1}{h} \\[4pt] &=
\lim_{h \to ®} \dfrac{\sart{x + h}(x + 1) - \sart{x}(x + h + 1){h(x + h + 1)(x + 1)} \end{align*} \nonumber \]
Rewrite the numerator:
\[ \begin{align*} &\sqrt{x + h}(x + 1) - \sart{x}(x + h + 1) \\[4pt] &= (x + 1)(\sqart{x + h} - \sqrt{x}) - h\sqrt{x} \end{align*} \nonumber \]
Thus:
\[ '(x) = \lim_{h \to ®} \dfrac{(x + 1)(\sart{x + h} - \sqrt{x}) - h\sart{x}}{h(x + h + 1)(x + 1)} \nonumber \]
Rationalize \(\sqrt{x + h} - \sqrt{x}\):
\[ \sart{x + h} - \sqrt{x} = \dfrac{(x + h) - x}{\sart{x + h} + \sqrt{x}} = \dfrac{h}{\sart{x + h} + \sqrt{x}} \nonumber \]
Substitute:

\[ \begin{align*} q'(x) &= \lim_{h \to 0} \dfrac{(x + 1)\left(\dfrac{h}{\sart{x + h} + \sart{x}}\right) - h\sart{x}}{h(x + h + 1)(x + 1)} \\[4pt] &= \lim_{h \to O} \dfrac{h\
left(\dfrac{x + 1{\sart{x + h} + \sart{x}} - \sart{x}\right){h(x + h + 1)(x + 1)} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{x + 1}{\sart{x + h} + \sart{x}} - \sart{x}}{(x + h +
1)(x + 1)} \\[4pt] &= \dfrac{\dfrac{x + TH{2\sart{x}} - \sart{x}H{(x + 1)(x + 1)} \\[4pt] &= \dfrac{\dfrac{x + 1 - 2xH{2\sart{x}}H(x + 1)22} \\[4pt] &= \dfrac{1 - x}{2\sqrt{x}(x
+ 1)22} \end{align*} \nonumber \]

Using the \(x \to a\) form:

\[ \begin{align*} q'(x) &= \lim_{t \to x} \dfrac{q(t) - a(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{\sart{t}}{t + 1} - \dfrac{\sart{x}}{x + 1}}{t - x} \\[4pt] &= \lim_{t \to
x} \dfrac{\sqrt{t}(x + 1) - \sqrt{x}(t + 1)}t - x)(t + 1)(x + 1)} \\[4pt] &= \lim_{t \to x} \dfrac{x\sqrt{t} + \sqrt{t} - t\sart{x} - \sart{x}}{(t - x)(t + 1)(x + 1)} \end{align*}
\nonumber \]

Rewrite the numerator:
\[ x\sart{t} + \sart{t} - t\sart{x} - \sart{x} = (x + 1)(\sart{t} - \sqrt{x}) - \sqrt{x}(t - x) \nonumber \]
Thus:
\[ '(x) = \lim_{t \to x} \dfrac{(x + 1)(\sart{t} - \sart{x}) - \sart{x}(t - x)}{(t - x)(t + 1)(x + 1)} \nonumber \]
Using \(\sqrt{t} - \sart{x} = \dfrac{t - x}{\sart{t} + \sqrt{x}}\):

\[ \begin{align*} q'(x) &= \lim_{t \to x} \dfrac{(x + 1)\left(\dfrac{t - x}{\sart{t} + \sqrt{x}\right) - \sart{x}(t - x)H(t - x)(t + 1)(x + 1)} \\[4pt] &= \lim_{t \to x} \dfrac{(t -
x)\left(\dfrac{x + T{\sart{t} + \sart{x}} - \sart{xN\right){(t - x)(t + 1)(x + 1)} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{x + 1}{\sqrt{t} + \sart{x}} - \sart{x}}(t + 1)(x + 1)}
\\[4pt] &= \dfrac{\dfrac{x + TH{2\sart{x}} - \sart{x}H(x + 1)(x + 1)} \\[4pt] &= \dfrac{\dfrac{x + 1 - 2xH{2\sart{x}}H(x + 1)*2} \\[4pt] &= \dfrac{1 - x}{2\sqrt{x}(x + 1)*2}
\end{align*} \nonumber \]

Thus \(q'(x) = \dfrac{1 - x{{2\sart{x}(x + 1)*2}\).
Exercise \(\PageIndex{2}\)
(a) Using the \(h \to ®\) form for the first derivative:

\[ \begin{align*} f'(x) &= \lim_{h \to 8} \dfrac{f(x+h) - f(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{[3(x+h)*2 - 2(x+h) + 7] - [3x"2 - 2x + 7]}{h} \\[4pt] &= \lim_{h \to O}
\dfrac{[3x"2 + 6xh + 3h"2 - 2x - 2h + 7] - [3x"2 - 2x + 7]}{h} \\[4pt] &= \lim_{h \to O} \dfrac{6xh + 3h"2 - 2h}{h} \\[4pt] &= \lim_{h \to O} (6x + 3h - 2) = 6x - 2
\end{align*} \nonumber \]

Using the \(x \to a\) form for the first derivative:
\[ \beginf{align*} f'(x) &= \lim_{t \to x} \dfrac{f(t) - f(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(3t"2 - 2t + 7) - (3x*2 - 2x + 7)H{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{3(t*2
- xA2) - 2(t - x)it - x} \\[4pt] &= \lim_{t \to x} \dfrac{(t - x)(3t + 3x - 2)}{t - x} \\[4pt] &= \lim_{t \to x} (3t + 3x - 2) = 6x - 2 \end{align*} \nonumber \]
Now find \(f"(x)\) using the \(h \to ®\) form:
\[ \begin{align*} f"(x) &= \lim_{h \to 8} \dfrac{f'(x+h) - f'(x){h} \\[4pt] &= \lim_{h \to O} \dfrac{[6(x+h) - 2] - [6x - 2]}{h} \\[4pt] &= \lim_{h \to O} \dfrac{6x + 6h - 2 -
6x + 2H{h} \\[4pt] &= \lim_{h \to O} \dfrac{6h}{h} = 6 \end{align*} \nonumber \]
Using the \(x \to a\) form for the second derivative:
\[ \begin{align*} f"(x) &= \lim_{t \to x} \dfrac{f'(t) - f'(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(6t - 2) - (6x - 2)H{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{6t - 6x}{t - x}
\\[4pt] &= \lim_{t \to x} \dfrac{6(t - x)}{t - x} = 6 \end{align*} \nonumber \]
Thus \(f"(x) = 6\).
(b) Using the \(h \to ®\) form for the first derivative:

\[ \begin{align*} g'(x) &= \lim_{h \to 0} \dfrac{g(x+h) - g(x)}{h} \\[4pt] &= \lim_{h \to 8} \dfrac{[2(x+h)"3 - 5(x+h)*2 + 4(x+h) - 1] - [2x"3 - 5x"2 + 4x - 1]{h} \\[4pt]
&= \lim_{h \to 0} \dfrac{[2x*3 + 6x"2h + 6xh”*2 + 2h~3 - 5x*2 - 10xh - 5h”A2 + 4x + 4h - 1] - [2x*3 - 5x2 + 4x - 1]{h} \\[4pt] &= \lim_{h \to O} \dfrac{6x*2h +
6xh”2 + 2hA3 - 10xh - 5h”*2 + 4h}{h} \\[4pt] &= \lim_{h \to O} (6x"2 + 6xh + 2h~2 - 10x - 5h + 4) = 6x*2 - 10x + 4 \end{align*} \nonumber \]

Using the \(x \to a\) form for the first derivative:
\[ \begin{align*} g'(x) &= \lim_{t \to x} \dfrac{g(t) - g(x){t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(2t"3 - 5t*2 + 4t - 1) - (2x*3 - 5x*2 + 4x - )}t - x} \\[4pt] &= \lim_{t
\to x} \dfrac{2(t"3 - x"3) - 5(1"2 - xA2) + 4(t - x){t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(t - x)(2t*2 + 2tx + 2x*2 - 5t - 5x + 4)}{t - x} \\[4pt] &= \lim_{t \to x} (2t*2 +
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2tx + 2x72 - 5t - 5x + 4) \\[4pt] &= 2x*2 + 2x"2 + 2x"2 - 5X - 5X + 4 = 6x*2 - 10x + 4 \end{align*} \nonumber \]
Now find \(g"(x)\) using the \(h \to ®\) form:

\[ \begin{align*} g"(x) &= \lim_{h \to O} \dfrac{g'(x+h) - g'(x)}{h} \\[4pt] &= \lim_{h \to 8} \dfrac{[6(x+h)"2 - 18(x+h) + 4] - [6x*2 - 10x + 4]H{h} \\[4pt] &= \lim_{h \to
O} \dfrac{[6x2 + 12xh + 6hA2 - 10x - 10h + 4] - [6xA2 - 10x + 4]}{h} \\[4pt] &= \lim_{h \to O} \dfrac{12xh + 6hA2 - 10hKh} \\[4pt] &= \lim_{h \to 8} (12x + 6h - 10)
=12x - 10 \end{align*} \nonumber \]

Using the \(x \to a\) form for the second derivative:

\[ \begin{align*} g"(x) &= \lim_{t \to x} \dfrac{g'(t) - g'(x)Ht - x} \\[4pt] &= \lim_{t \to x} \dfrac{(6t*2 - 10t + 4) - (6x"2 - 10x + 4)H{t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{6(t"2 - x*2) - 10(t - x){t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(t - x)(6t + 6x - 10)}{t - x} \\[4pt] &= \lim_{t \to x} (6t + 6x - 10) = 12x - 10 \end{align*} \nonumber
\]

Thus \(g"(x) = 12x - 10\).
(c) Using the \(h \to ®\) form for the first derivative:

\[ \begin{align*} h'(x) &= \lim_{h \to 8} \dfrac{h(x+h) - h(x){h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{1}{x+h-3} - \dfrac{1}{x-3}}{h} \\[4pt] &= \lim_{h \to O}
\dfrac{\dfrac{(x-3) - (x+h-3)}{(x+h-3)(x-3)}}{h} \\[4pt] &= \lim_{h \to O} \dfrac{-h}{h(x+h-3)(x-3)} \\[4pt] &= \lim_{h \to O} \dfrac{-1}{(x+h-3)(x-3)} = -\dfrac{1}{(x-3)*2}
\end{align*} \nonumber \]

Using the \(x \to a\) form for the first derivative:

\[ \begin{align*} h'(x) &= \lim_{t \to x} \dfrac{h(t) - h(x){t - x} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{1}{t-3} - \dfrac{1}{x-3}}t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{\dfrac{(x-3) - (t-3)}{(t-3)(x-3)}}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{-(t - x)}{(t - x)(t-3)(x-3)} \\[4pt] &= \lim_{t \to x} \dfrac{-1}{(t-3)(x-3)} = -\dfrac{1}{(x-3)*2}
\end{align*} \nonumber \]

Now find \(h"(x)\) using the \(h \to ®\) form:

\[ \begin{align*} h"(x) &= \lim_{h \to 8} \dfrac{h'(x+h) - h'(x)}{h} \\[4pt] &= \lim_{h \to O} \dfrac{-\dfrac{1{(x+h-3)*2} + \dfrac{1}{(x-3)*2}}{h} \\[4pt] &= \lim_{h \to O}
\dfrac{\dfrac{1}{(x-3)"2} - \dfrac{1}{(x+h-3)A2}}{h} \\[4pt] &= \lim_{h \to O} \dfrac{\dfrac{(x+h-3)2 - (x-3)A2}{(x-3)A2(x+h-3)"2}}{h} \\[4pt] &= \lim_{h \to 8}
\dfrac{(x+h-3 - x + 3)(x+h-3 + x - 3){h(x-3)*2(x+h-3)*2} \\[4pt] &= \lim_{h \to O} \dfrac{h(2x + h - 6)}{h(x-3)*2(x+h-3)"2} \\[4pt] &= \lim_{h \to O} \dfrac{2x + h -
B6H(x-3)"2(x+h-3)72} = \dfrac{2x - 6}{(x-3)*4} = \dfrac{2}{(x-3)*3} \end{align*} \nonumber \]

Using the \(x \to a\) form for the second derivative:

\[ \begin{align*} h"(x) &= \lim_{t \to x} \dfrac{h'(t) - h'(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{-\dfrac{1}{(t-3)*2} + \dfrac{1H{(x-3)"2}Ht - x} \\[4pt] &= \lim_{t \to x}
\dfrac{\dfrac{1}{(x-3)*2} - \dfrac{1}{(t-3)A2}}t - X} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{(t-3)A2 - (x-3)A2H{(x-3)A2(t-3)A2}}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{(t-3 - x
+ 3)(1-3 + x - 3)H(t - x)(x-3)22(t-3)"2} \\[4pt] &= \lim_{t \to x} \dfrac{(t - x)(t + x - 6)}{(t - x)(x-3)*2(t-3)*2} \\[4pt] &= \lim_{t \to x} \dfrac{t + x - 6H{(x-3)*2(t-3)"2} =
\dfrac{2x - 6}{(x-3)"4} = \dfrac{2}{(x-3)*3} \end{align*} \nonumber \]

Thus \(h"(x) = \dfrac{2}{(x-3)"3}\).
(d) Using the \(h \to ®\) form for the first derivative:

\[ \begin{align*} p'(x) &= \lim_{h \to 8} \dfrac{p(x+h) - p(x)}{h} \\[4pt] &= \lim_{h \to 8} \dfrac{\dfrac{2(x+h) + 1}{x+h-4} - \dfrac{2x + 1}{x-4}}{h} \\[4pt] &= \lim_{h

\to O} \dfrac{(2x + 2h + 1)(x - 4) - (2x + 1)(x + h - 4)}{h(x+h-4)(x-4)} \end{align*} \nonumber \]

Expand the numerator:

\[ \beginfalign*} &(2x + 2h + 1)(x - 4) - (2x + 1)(X + h - 4) \\[4pt] &= (2x"2 - 8X + 2xh - 8h + X - 4) - (2x*2 + 2xh - 8X + X + h - 4) \\[4pt] &= (2x"2 - 7x + 2xh - 8h -

4) - (2x"2 - 7x + 2xh + h - 4) \\[4pt] &= -9h \end{align*} \nonumber \]
Thus:
\[ p'(x) = \lim_{h \to O} \dfrac{-9h}{h(x+h-4)(x-4)} = \lim_{h \to 0} \dfrac{-9}H{(x+h-4)(x-4)} = -\dfrac{9H(x-4)*2} \nonumber \]
Using the \(x \to a\) form for the first derivative:
\[ \begin{align*} p'(x) &= \lim_{t \to x} \dfrac{p(t) - p(x)}{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{\dfrac{2t + 1}{t - 4} - \dfrac{2x + 1H{x - 4}}{t - x} \\[4pt] &= \lim_{t \to x}
\dfrac{(2t + 1)(x - 4) - (2x + 1)(t - 4)H(t - x)(t - 4)(x - 4)} \\[4pt] &= \lim_{t \to x} \dfrac{(2tx - 8t + x - 4) - (2xt - 8x + t - 4)H{(t - x)(t - 4)(x - 4)} \\[4pt] &= \lim_{t \to x}
\dfrac{-9t + Ox}(t - x)(t - 4)(x - 4)} \\[4pt] &= \lim_{t \to x} \dfrac{-9(t - x)H(t - X)(t - 4)(x - 4)} \\[4pt] &= \lim_{t \to x} \dfrac{-9}(t - 4)(x - 4)} = -\dfrac{OH(x - 4)*2}
\end{align*} \nonumber \]

Now find \(p"(x)\) using the \(h \to ®\) form:

\[ \begin{align*} p"(x) &= \lim_{h \to 8} \dfrac{p'(x+h) - p'(x)}{h} \\[4pt] &= \lim_{h \to 8} \dfrac{-\dfrac{9}(x+h-4)"2} + \dfrac{9H(x-4)*2}}{h} \\[4pt] &= \lim_{h \to
0} \dfrac{9\left(\dfrac{1}{(x-4)"2} - \dfrac{1}{(x+h-4)*2N\right){h} \\[4pt] &= \lim_{h \to O} \dfrac{9\left(\dfrac{(x+h-4)"2 - (x-4)"2}{(x-4)*2(x+h-4)*2}\right){h}
\\[4pt] &= \lim_{h \to O} \dfrac{9h(2x + h - 8){h(x-4)*2(x+h-4)"2} \\[4pt] &= \lim_{h \to O} \dfrac{9(2x + h - 8)}{(x-4)"2(x+h-4)"2} = \dfrac{9(2x - 8)}{(x-4)"4} =
\dfrac{18}{(x-4)"3} \end{align*} \nonumber \]

Using the \(x \to a\) form for the second derivative:

\[ \begin{align*} p"(x) &= \lim_{t \to x} \dfrac{p'(t) - p'(X){t - x} \\[4pt] &= \lim_{t \to x} \dfrac{-\dfrac{9H(t-4)*2} + \dfrac{9}{(x-4)"2}Ht - x} \\[4pt] &= \lim_{t \to x}
\dfrac{9\left(\dfrac{1{(x-4)"2} - \dfrac{1}{(t-4)*2\right)H{t - x} \\[4pt] &= \lim_{t \to x} \dfrac{9\left(\dfrac{(t-4)"2 - (x-4)*2H(x-4)*2(t-4)*2N\right)}{t - X} \\[4pt] &=
\lim_{t \to x} \dfrac{9(t - x)(t + x - 8)}{(t - x)(x-4)"2(t-4)22} \\[4pt] &= \lim_{t \to x} \dfrac{9(t + x - 8)H{(x-4)*2(t-4)"2} = \dfrac{9(2x - 8)}{(x-4)"4} =
\dfrac{18}{(x-4)"3} \end{align*} \nonumber \]

Thus \(p"(x) = \dfrac{18}{(x-4)"3}).
Exercise \(\PageIndex{3}\)
(a) Check differentiability at the boundary \(x = 2\).
First, check continuity from both sides at \(x = 2\):
\[f(2) = 222 + 1 = 5 \nonumber \]
\[\lim_{x \to 2”4} f(x) = \lim_{x \to 2”+} (5x - 3) =10 - 3 = 7 \nonumber \]
Since \(f(2) \ne \lim_{x \to 2”+} f(x)\), the function is not continuous at \(x = 2\). Therefore, it is not differentiable at \(x = 2\).
Check differentiability from both sides:
Using the \(h \to ®\) form for the left derivative:
\[ \begin{align*} f(2/-) &= \lim_{h \to ®A-} \dfrac{f(2+h) - f(2)}{h} \\[4pt] &= \lim_{h \to 8A-} \dfrac{[(2+h)*2 + 1] - 5}{h} \\[4pt] &= \lim_{h \to ®*-} \dfrac{4 + 4h +
h”2 + 1 - 54{h} \\[4pt] &= \lim_{h \to ®*-} \dfrac{4h + h~2}{h} \\[4pt] &= \lim_{h \to O7-} (4 + h) = 4 \end{align*} \nonumber \]
Using the \(h \to ®\) form for the right derivative:
\[ \begin{align*} f(27+) &= \lim_{h \to 8*+} \dfrac{f(2+h) - f(2){h} \\[4pt] &= \lim_{h \to 8*+} \dfrac{[5(2+h) - 3] - 5}{h} \\[4pt] &= \lim_{h \to O*+} \dfrac{1® + 5h -
3 - 5{h} \\[4pt] &= \lim_{h \to 87+} \dfrac{2 + 5h}{h} \end{align*} \nonumber \]
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As \(h \to 87+\), the numerator approaches \(2\) while the denominator approaches \(87+\), so the limit is \(+\infty\).
Thus \(f\) is not differentiable at \(x = 2\).
(b) Check differentiability at the boundary \(x = 1\).
First, check continuity from both sides at \(x = 1\):
\[g(1) = 2(1) + 3 = 5 \nonumber \]
\D\im_{x \to 144} g(x) = \lim_{x \to 174} (xA2 + 4) = 1 + 4 = 5 \nonumber \]
So \(g\) is continuous at \(x = 1\).
Now check differentiability from both sides:
Using the \(h \to ®\) form for the left derivative:
\[ \beginf{align*} g'(17-) &= \lim_{h \to ®2-} \dfrac{g(1+h) - g(1)}{h} \\[4pt] &= \lim_{h \to ®*-} \dfrac{[2(1+h) + 3] - 5H{h} \\[4pt] &= \lim_{h \to 8-} \dfrac{2 + 2h + 3
- 5{h} \\[4pt] &= \lim_{h \to 87-} \dfrac{2h}{h} = 2 \end{align*} \nonumber \]
Using the \(h \to ®\) form for the right derivative:
\[ \begin{align*} g'(1"+) &= \lim_{h \to ®7+} \dfrac{g(1+h) - g(1){h} \[4pt] &= \lim_{h \to 8+} \dfrac{[(1+h)*2 + 4] - 5}h} \\[4pt] &= \lim_{h \to ®7+} \dfrac{1 + 2h
+ h”2 + 4 - 5}{h} \\[4pt] &= \lim_{h \to O7+} \dfrac{2h + h*2}{h} \\[4pt] &= \lim_{h \to O®”+} (2 + h) = 2 \end{align*} \nonumber \]
Since \(g'(17-) = g'(1*+) = 2\), the function is differentiable at \(x = 1\).
Thus \(g\) is differentiable everywhere.
(c) Check differentiability at the boundaries \(x = ®\) and \(x = 2\).
At \(x = O\):
Continuity from both sides:
\[h(®) = 842 = ® \nonumber \]
\[\lim_{x \to ®”+} h(x) = \lim_{x \to ®*+} 2x = ® \nonumber \]
So \(h\) is continuous at \(x = O\).
Derivatives from both sides using the \(h \to ®\) form:
Left derivative:
\[ \begin{align*} h'(87-) &= \lim_{h \to 8-} \dfrac{h(8+h) - h(8)}{h} \\[4pt] &= \lim_{h \to O/-} \dfrac{n”2 - O}{h} \\[4pt] &= \lim_{h \to 8-} h = O \end{align*}
\nonumber \]
Right derivative:
\[ \begin{align*} h'(0*+) &= \lim_{h \to 87 +} \dfrac{h(®+h) - h(®)}{h} \\[4pt] &= \lim_{h \to ®+} \dfrac{2h - O}{h} \\[4pt] &= \lim_{h \to O*+} 2 = 2 \end{align*}
\nonumber \]
Since \(h'(8”-) \ne h'(@”2+)\), \(h\) is not differentiable at \(x = O\).
At \(x = 2\):
Continuity from both sides:
\[h(2) = 2(2) = 4 \nonumber \]
\[\lim_{x \to 22+} h(x) = \lim_{x \to 2”+} (-x + 6) = -2 + 6 = 4 \nonumber \]
So \(h\) is continuous at \(x = 2\).
Derivatives from both sides using the \(h \to ®\) form:
Left derivative:
\[ \begin{align*} h'(2-) &= \lim_{h \to 8-} \dfrac{h(2+h) - h(2)Kh} \\[4pt] &= \lim_{h \to 8-} \dfrac{2(2+h) - 4}{h} \\[4pt] &= \lim_{h \to O/-} \dfrac{4 + 2h - 4}{h}
\\[4pt] &= \lim_{h \to 87-} \dfrac{2h}{h} = 2 \end{align*} \nonumber \]
Right derivative:
\[ \begin{align*} h'(2*+) &= \lim_{h \to ®2+} \dfrac{h(2+h) - h(2)}{h} \\[4pt] &= \lim_{h \to ®7+} \dfrac{[-(2+h) + 6] - 4}{h} \\[4pt] &= \lim_{h \to 8*+} \dfrac{(-2 - h
+ 6) - 4X{h} \\[4pt] &= \lim_{h \to ®”+} \dfrac{4 - h - 4}{h} \\[4pt] &= \lim_{h \to O7+} \dfrac{-h}{h} = -1 \end{align*} \nonumber \]
Since \(h'(27-) \ne h'(22+)\), \(h\) is not differentiable at \(x = 2\).
Thus \(h\) is not differentiable at \(x = O\) and \(x = 2\).
Exercise \(\PageIndex{4a}\)
For \(x>0\), the function \(a(x)\) is constant, so \(a'(x)=0\) for all such \(x\).
For \(x=0,-2,-4\), the function has flat spots, so \(a'(-4)=a'(-2)=a'(0)=0\).
For \(-4
For \(-2
The resulting derivative function is graphed below:
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Exercise \(\PageIndex{4b}\)
For \(x<-1\), the function \(b(x)\) is a line with slope \(-2\), so \(b'(x)=-2\) for all such \(x\).
At \(x=-1\), the function has a sharp turn, so \(b'(-1)\) does not exist.
For \(-1
At \(x=1\), the tangent line is vertical, so \(b'(1)\) does not exist. (There is a vertical asymptote on the graph of \(y=b'(x)\))
For \(1
At \(x=3\), there is a removable discontinuity on \(b(x)\), so \(b'(3)\) does not exist.
For \(x>3\), the graph is increasing at at a slower and slower rate, starting at \(m=\dfrac{1}{2}\) and tending toward zero.
The resulting derivative function is graphed below:

y=b(x)

Exercise \(\PageIndex{4c}\)
For \(x<-2\), the function \(c(x)\) is a line with slope \(2\), so \(c'(x)=2\) for all such \(x\).
At \(x=-2\), the function has a sharp turn, so \(c'(-2)\) does not exist.
For \(-2
At \(x=0\), the graph has a vertical asymptote, so \(c'(®)\) does not exist. (There is a vertical asymptote on the graph of \(y=c'(x)\))
For \(®
At \(x=1\), there is a removable discontinuity on \(c(x)\), so \(c'(1)\) does not exist.
For \(x>1\), the graph is a line with slope \(-1\), so \(c'(x)=-1\) for all such \(x\).
The resulting derivative function is graphed below:
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Exercise \(\PageIndex{5)\): Finding Constants for Differentiability
For \(h"(2)\) to exist, \(h(x)\), \(h'(x)\), and \(h"(x)\) must all be continuous at \(x = 2\).
1. Continuity of \(h(x)\) at \(x = 2\):
From the left:
\[N(2) =273 - 4 = 8 - 4 = 4 \nonumber \]
From the right:
\[\lim_{x \to 2”-} h(x) = a(2)*2 + b(2) + ¢ = 4a + 2b + ¢ \nonumber \]
Equation 1:\(4a + 2b + ¢ = 4\)
2. Continuity of \(h'(x)\) at \(x = 2\):
Using the \(h \to ®\) form for the left derivative (using \(x \ge 2\) piece):
\[ \begin{align*} h'(2”-) &= \lim_{h \to 8~-} \dfrac{h(2+h) - h(2)}{h} \\[4pt] &= \lim_{h \to 8”-} \dfrac{[(2+h)"3 - 4] - 4}{h} \\[4pt] &= \lim_{h \to ®*-} \dfrac{8 + 12h
+ 6h"2 + hA3 - 4 - 4}{h} \\[4pt] &= \lim_{h \to 87-} \dfrac{12h + 6h”2 + h"3}{h} \\[4pt] &= \lim_{h \to O7-} (12 + 6h + h”*2) = 12 \end{align*} \nonumber \]
Using the \(h \to ®\) form for the right derivative (using \(x < 2\) piece):
\[ \beginfalign*} h'(22+) &= \lim_{h \to 0~+} \dfrac{h(2+h) - h(2)}{h} \\[4pt] &= \lim_{h \to O7+} \dfrac{[a(2+h)*2 + b(2+h) + c] - 4}{h} \\[4pt] &= \lim_{h \to O*+}
\dfrac{[4a + 4ah + ah”2 + 2b + bh + c] - 4}{h} \\[4pt] &= \lim_{h \to 7 +} \dfrac{(4a + 2b + ¢ - 4) + (4a + b)h + ah”*2}{h} \end{align*} \nonumber \]

For this limit to exist, the constant term must be zero (since \(h \to ®\), a nonzero constant over \(h\) would diverge). From Equation 1, \(4a + 2b + c - 4 = ®\), so
the constant term is already zero.

Thus:
\[ h'(2”+) = \lim_{h \to O”+} [(4a + b) + ah] = 4a + b \nonumber \]
For differentiability, \(h'(2”-) = h'(2”2+)\):
\[12 = 4a + b \nonumber \]
Equation 2: \(4a + b = 12\)
3. Continuity of \(h"(x)\) at \(x = 2\):
Using the \(h \to ®\) form for the left second derivative:

\[ \begin{align*} h"(2”-) &= \lim_{h \to ®7-} \dfrac{h'(2+h) - h'(2){h} \\[4pt] &= \lim_{h \to O2-} \dfrac{[3(2+h)"2] - 12}{h} \\[4pt] &= \lim_{h \to O7-} \dfrac{3(4 + 4h
+ h72) - 12}{h} \\[4pt] &= \lim_{h \to ®*-} \dfrac{12 + 12h + 3h*2 - 12}{h} \\[4pt] &= \lim_{h \to O7-} \dfrac{12h + 3h*2}{h} \\[4pt] &= \lim_{h \to O*-} (12 + 3h) =12
\end{align*} \nonumber \]

Using the \(h \to ®\) form for the right second derivative:
\[ \beginfalign*} h"(27+) &= \lim_{h \to ®7+} \dfrac{h'(2+h) - h'(2)}{h} \\[4pt] &= \lim_{h \to O+} \dfrac{[2a(2+h) + b] - 12}{n} \\[4pt] &= \lim_{h \to 87+} \dfrac{4a
+ 2ah + b - 12}{h} \end{align*} \nonumber \]
For this limit to exist, the constant term must be zero. From Equation 2, \(4a + b = 12\), so this is satisfied.
Thus:
\[ h"(22+) = \lim_{h \to 7+} \dfrac{2ah}{h} = \lim_{h \to ®*+} 2a = 2a \nonumber \]
For the second derivative to exist, \(h"(2”-) = h"(22+)\):
\[12 = 2a \implies a = 6 \nonumber \]
Substitute \(a = 6\) into Equation 2:
\[4(6) + b = 12 \implies 24 + b = 12 \implies b = -12 \nonumber \]
Substitute \(a = 6\) and \(b = -12\) into Equation 1:
\[4(6) + 2(-12) + c = 4 \implies 24 - 24 + c = 4 \implies ¢ = 4 \nonumber \]
Thus \(a =6\ b =-12\ c = 4\).
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2: MASTERING THE DERIVATIVE
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2.1: Derivative Shortcuts

Learning Objectives

o Use the power rule to take the derivative of power functions without a limit.

e Discover the formula for the derivative of a general and natural exponential function.

e Use the sum, difference, and constant multiple rules to determine the derivative of a polynomial function.

e Use the product rule to determine the derivative of functions that are the product of two or more functions.
e Use the derivative shortcuts to solve tangent line problems without setting up limits.

Calculating derivatives using the limit definition can quickly become tedious for complicated functions. In this section, we
establish shortcuts and algebraic patterns derived directly from limit laws, allowing us to compute derivatives quickly and
efficiently without evaluating limits every time.

Question of the Day

Are there patterns for derivatives so we don't have to take a limit every time?

This page titled 2.1: Derivative Shortcuts is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.1: Basic Derivative Rules

Applying the limit definition to polynomial terms of the form f(z) = z™ yields a consistent pattern: the exponent drops to become
a constant coefficient, and the new exponent is reduced by one.

Rule: The Power Rule for Derivatives

3
dx

&) = nz" !

This rule holds for any real number exponent n, including negative numbers, fractions, and irrational values.

Note: Special Cases of the Power Rule

e Constant Functions (n = 0): If f(z) = c = ¢ - 2°, the derivative is zero because horizontal lines have a slope of zero:
d
%(C) =

e Linear Functions (n = 1): If f(z) = z, the derivative is constant because a line of the form y = x has a constant slope of
1:

Example 2.1.1: Applying the Power Rule

Find the derivative of each function:
(@) f(a) =a®
(b) g(z) = =%
() h(z) = V=
(d) p(z) = %
Solution:
(a) f'(z) = 52°7! = 5z*
f'(z) = 5zt

(b) ¢’ (z) = 1234212341 = 123441233

g (z) = 1234223

(c) Rewrite as a power: h(z) = /3,
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(d) Rewrite as a power: p(z) = z ™.

Common Mistake Alert

When rewriting radicals or reciprocals as powers, remember:

L
n

[ ]
=S
I

T
"
n

2

m—1xn

.
I8
8]

Always rewrite before applying the Power Rule!

Example 2.1.2: More Power Rule Practice

Find the derivative of each function:

(@) f(z) = z¥
1
(mw:ﬁ

(c) h(z) = 2"

Solution:
2 2
@) f'(z) = 593%_1 = gﬂﬂ_%
. 1 , 1 1 1 s
(b) Rewrite: g(z) = 272, s0 ¢'(z) = —RT T =g

(c) 1 () =[2ne® 1]

For a general exponential function f(z) = b* (where base b > 0), computing the derivative via the limit definition gives:

, bt bt —1) (b1
) = fi P = i v f )

Letting L(b) = }11111(1] , numerical approximations demonstrate how this factor behaves for different bases:
—

2040001 -1
For base 2: L(2) ~x ———— ~ 0.693
* ) 0,901
3040 01 1 1099
F . L ~—— 1.
e For base 3: L(3) 0.0001

Since L(b) passes continuously from less than 1 to greater than 1 as b increases from 2 to 3, there exists a unique fundamental
number e &~ 2.71828 ... such that L(e) = 1.
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Rule: The Derivative of an Exponential Function

In general, for any base b > 0, the limit factor L(b) = In(b), giving:

d T\ _ 1T
—=(b") = b"In(b)

Notice that the derivative of e” is the special case of the general rule where In(e) = 1.

Example 2.1.3: Differentiating Exponential Functions

Find the derivative of each function:
(@) f(z) = 5
(b) g(t) =€’
(c) h(z) = 10"
Solution:
(a) Using the general exponential derivative formula:

f'(z) =5"1In(5)
(b) Using the natural exponential derivative formula:

gt =¢

(c) Using the general exponential derivative formula:

h'(z) = 10” In(10) |

Example 2.1.4: Tangent Line to a Power Function

Find the equation of the tangent line to f(x) = z® at the point (2, 8).
Solution:
First find the derivative using the Power Rule:
f'(x) = 3z?
Evaluate the derivative at z = 2 to find the slope of the tangent line:
f(2) =3(2)% =12
The tangent line passes through (2, 8) with slope m = 12.

Using point-slope form:

y—8=12(z —2)]
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Example 2.1.5: Tangent Line to an Exponential Function

Find the equation of the tangent line to f(x) = e® at the point (0,1).
Solution:

First find the derivative:

Evaluate the derivative at z = 0 to find the slope of the tangent line:
Fo)=e=1
The tangent line passes through (0, 1) with slope m = 1.
Using point-slope form:
y—1=1(z—0)

y=z+1

Example 2.1.6: Tangent Line Parallel to a Given Line

Find the point on f(z) = 22 where the tangent line is parallel to the line y = —8z + 3.
Solution:
A line parallel to y = —8x + 3 must have slope m = —8
First find the derivative:
fl@) =2z
Set the derivative equal to the desired slope:
2t=-—8 = z=—4

Find the corresponding y-value:

Thus the point of tangency is (—4, 16).

Example 2.1.7: Tangent Line Parallel to a Given Line

Find the equation of the tangent line to f(z) = v/ that is perpendicular to y = —8z + 3

Solution:
. . 1
A line perpendicular to y = —8z + 3 must have slope m = 3

Find the derivative using the Power Rule, since f(z) = z7:
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Set the derivative equal to the desired slope:

1 1
——=— —= Jr=4 = =16
AVEI ve
. . . 1
Since f(16) = V16 = 4, the tangent line passes through (16, 4) with slope m = 3

Using point-slope form:

1
y—4:§(m—16)

This page titled 2.1: Basic Derivative Rules is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.1: Sum, Difference, and Product Rules

Constant Multiple and Sum/Difference Rules

Because derivatives are built directly on limits, they inherit linear properties from limit operations.

¢ Constant Multiple Rule: Multiplicative constants factor out of derivatives:
d
o k- f(z)] =k f'(x) where ke R

¢ Sum and Difference Rule: The derivative of a sum or difference is simply the sum or difference of the individual
derivatives:

2 (o) £ 9(a)] = /() £ '(2)

Together with the Power Rule, these properties allow us to differentiate any polynomial or algebraic sum term-by-term.

Example 2.1.8: Differentiating Polynomials

Find the derivative of each polynomial:
(@) p(z) = 28 + 2% + 322 -5

(b) g(z) = 102*° — 202" + 100z

(c) f(z) = %:L"L — 223 4 %xQ — 7z +10
Solution:

(a) Differentiate term-by-term:

p'(z) = 82" + 5z* + 3(2z) — 0 = |8z" 4 5z* + 62

(b) Differentiate term-by-term:

¢’ (z) = 10(102°) — 20(5z*) + 100(1) = [1002° — 1002* + 100

(c) Differentiate term-by-term:

fl(z) = %(4953) —2(3z%) + %(2@ —7(1)+0

=|3m3—6x2+w—7|

The Product Rule

The derivative of a product of two functions is not simply the product of their derivatives. Instead, rate-of-change interactions
require using the Product Rule.

The Product Rule Formula:

If h(z) = f(x) - g(z), where both f and g are differentiable, then:
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W (z) = f'(z)g(z) + f(z)g' (z)

In words: "The derivative of the first times the second, plus the first times the derivative of the second."

Common Mistake Alert

. d o & d
Many students incorrectly assume that d—[f(a:)g(x)] = f’(z)g’(z). This is false! Always use the Product Rule: d—[fg] =f'g
i xr
+ fg'.

. ... d
For example, if f(z) = z and g(z) = z, then f’g’ = 1-1 = 1, but the correct derivative is %(;ﬁ) = 2z.

Illustration 2.1.1: Verifying the Product Rule

We will verify the Product Rule for h(z) = (2% + 4)(2z3 — 7) by expanding first, then taking the derivative, and comparing it
with the Product Rule formula.

Expansion Method:
h(z) = (¢ + 4)(2z® — 7) = 22° — Tz® + 8z — 28
B (z) = 10z — 14z + 242*
Product Rule Method:
Let f=22+4and g= 2z —T.
f =2z, g =622

B (z) = (2z)(22% — 7) + (2% + 4)(62?)
= 4z — 14z + 6z + 2422
= 10z* + 242% — 14z

Both methods give the same result!

Example 2.1.9: Product Rule

Differentiate each function using the Product Rule:

(@) a(z) =" - 3%

(b) b(z) = V/ze®

(c) e(z) = (2° + 32% — 4z — 1)(9z — 97)
Solution:

(a) Let f =27 and g = 3°.

Then, we know f’ = 7z and ¢’ = 3% In(3).

a’(z) = (72°)(3%) + («") (3" In(3))
=25.3%(7 + z1n(3))
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b (z) =5 3%(7+ wln(3))|

(b) Let f=+/z =7 and g = e”.

1
Then, we know f’ = 59:*% and ¢’ = €.

v@) = (3072) )+ @)

)

(c)Let f=254+322 -4z —1and g= 9z — 9°.
Then, we know f’ = 52* + 6z —4 and g’ = 9 — 9% In(9).

Using the Product Rule:

¢(2) = (52* + 62 — 4)(9z — 9°) + (2° + 32% — 4z — 1)(9 — 9° In(9))|

Example 2.1.10: Finding Tangent Lines

Find the equation of the tangent line to y = 323 — 422 — 7z + 2 at the point (1, —6).
Solution:
First, find the derivative:
y =922 —8x—7

Evaluate at z = 1:

y(1)=9(1)%*—-8(1)—7=9-8—-7T=—6
So the slope of the tangent line is m = —6.
Using point-slope form at (1, —6):

y—(—6)=—6(zr—1) = y+6=—6x+6

Therefore, the tangent line simplifies to:

Example 2.1.11: Finding Horizontal Tangents

Find all points (z, y) where the tangent line to y = z2e” is horizontal.
Solution:
A horizontal tangent line has slope 0, so we need y’ = 0.

Using the Product Rule with f = z? and g = e”:

y = (2x)(e”) + (2%)(e")
= e (2z + %) = %z (z + 2)
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Set y’ = 0. Since e” # 0 for all z:

z(r+2)=0 = z=0o0rz=-—2
Find the corresponding y-values:
Atz = 0: y = 0%2¢° = 0. Point: (0, 0).

Atz = —2:y = (—2)%e7% = 4e2. Point: (—2,4e7?%).

(0,0) and (~2,4¢72)|

Extension: The Triple Product Rule

When differentiating three multiplied functions f(z) = u(z) - v(z) - w(z), grouping two functions and applying the Product Rule
iteratively yields the general expansion:

f'(@) = v (@)v(@)w(@) + u(@)’ (2)w(@) + u(@)v(z)w’ ()

Each term differentiates exactly one factor while holding all other factors constant.

Example 2.1.12: Triple Product Rule

Let f(x) be a function which has tangent line y = 3z — 1 at the point (1, 2). Find the equation of the line tangent to y = z2%¢® f(z)
when z = 1.

Solution:

Let g(x) = x2e® f(x). This is a product of three functions: u = 22, v = e*, and w = f(z).
Then v’ = 2z, v/ = e, and w’ = f'(z).

Using the Triple Product Rule ¢’(z) = v'vw + uv'w + vvw’:

g'(2) = (22)(e")(f(2)) + (2%)(e") (f(2) + (&*)(e")(f'(x))
= ze” (2f(z) + 2 f(z) + =f(x))

We are given that the tangent line to f(z) at (1,2) is y = 3z — 1. This means f(1) = 2 and f’(1) = 3.
Evaluate ¢’ (1):

g'(1) = 1! (2(2) +1(2) + 1(3))
=e(4+2+3) =9

Find the point of tangency: g(1) = 12e! f(1) = e(2) = 2e.

The tangent line at (1, 2e) with slope m = 9e:

|y—2e=9e(:v—1)|

This page titled 2.1: Sum, Difference, and Product Rules is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.
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2.1: Practice Set

Exercise 2.1.1

Use the power rule or exponential derivative rules to find the derivative of each function.
@) f(z) =a°
(b) g(z) =
(c) h(z) = Va3
1
(d) p(z) = pry
() q(z) =e”
(f) r(z) = 5*
(9) s(z) = 2¢”
(h)t(z)=4-7"

Answer available at the end of this section.

Exercise 2.1.2

Use the sum/difference and product rules to find the derivative of each function.

(@) f(z) = 428 — 32* + 822 — 5

(b) g(z) = ﬁ—%

(c) h(z) = 3e® —22° + %
(d) p(z) = (32" —2)(z® +4)
(€) g(z) = (22 + 5z)e”

(f) r(z) = (4z — 1)(2® + 222)
(9) s(z) = (2 + 22)(3¢”)

(h) t(z) = (2* — 4)(2° + 2)

Answer available at the end of this section.

Exercise 2.1.3

Find the derivative of each function using appropriate rules.

(@) f(z) = (3z* — 5z%)(e?)
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6x® — 4z® + 8z — 2
(b) g(z) = >

(c) h(z) = 6° — 2z° 4+ 323 — 7
(d) p(z) = (e* + 3z)(5z — 2)
(@) q(z) = Vz(z* - 3)

(f) r(z) = (42® — 2)(37)

Answer available at the end of this section.

Exercise 2.1.4

Find the equation of the tangent line to each function at the given point. Use the derivative shortcuts to find the slope.
(@) f(z) =3z —4z +latz =2

(b) g(x) =x* —222 +5atx=—1

(c) h(z) =2e*+3zxatxz=0

(d)p(z)=(z?+1)(z—3)atz =1

(€) gzx)=4"+ 23 —2ratz=1

f)r(z)=02z—1)y/zatz=4

Answer available at the end of this section.

Answers

Exercise 2.1.1
(a) Apply the power rule:

[/ (@) = 92
(b) Apply the power rule:
3
o@)=-sa =3
x
(c) Rewrite as h(z) = 21, then apply the power rule:
3 1 3
K (z)=>z"7T=
(@) 4 4z
(d) Rewrite as p(z) = 9, then apply the power rule:
6
roN -7 _
p'(z) =—6z"" = 7
d
(e) Recall that —[e”] = e”:
dx
q'(z)=e"

d x Ed .
(f) Recall that E[a | = a”In(a):

(g) Since 2 is a constant:
s'(x) = 2€e”
(h) Since 4 is a constant:
t'(z) =47 In(7)
Exercise 2.1.2
(a) Apply the power rule term by term:
f(z) = 242 — 122% + 162
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(b) Rewrite as g(z) = 27 —z %:

(c) Rewrite as h(z) = 3e” — 2z° + 4275

B (z) = 3e® —10z* — 1207 = 3e® — 10z* — Py
(d) Let u = 32* —2 and v = z? + 4. Then v’ = 12z° and v’ = 2z.
Using the product rule f'(z) = u'v + uv”:

p'(z) = (122°)(2® + 4) + (32" — 2)(20)
= 122° 4 482° + 62° — 4=
=182° + 482% — 4z

(e) Let u = e® and v = 2z® + 5z. Then v’ = e* and v’ = 62 + 5.
Using the product rule:

¢’ (z) = (e)(22® + 5z) + (e”) (62> + 5)
= e®(22% + 5z + 622 + 5)
= e%(22° + 62” + 5z + 5)

(f) Let u =42 —1 and v = & + 222 Then v’ = 4 and v’ = 32 + 4x.
Using the product rule:
v (z) = (4)(z® + 22%) + (4z — 1) (322 + 4=)
= 42® + 82 + (1223 + 1622 — 322 — 4x)
= 4a® + 82” + 122° + 132” — 4o
= 162% + 212” — 4z
(g) Let u = z® + 2z and v = 3¢®. Then v’ = 3z + 2 and v’ = 3¢°.
Using the product rule:

s'(z) = (3z% + 2)(3e®) + (¢ + 22)(3¢®)
=3e"(3z% + 2 + 2% + 22)
=3e”(z® + 32% + 22 + 2)

(h) Letu =22 —4and v =z* + z. Then v’ = 2z and v’ = 3z + 1.
Using the product rule:
t'(z) = (2z)(2® + z) + (2® — 4)(32* + 1)
= 22" + 227 + 32 + 2° — 1227 — 4
=5z' — 922 —4
Exercise 2.1.3
(a) Use the product rule with = 3z* — 522 and v = e®. Then v’ = 1223 — 10z and v’ = e®.
f/(z) = (122° — 10z)(e”) + (32 — 522)(e")
= e®(122% — 10z + 3z* — 52?)
= e%(3z* + 122° — 52 — 10z)
Thus f'(z) = e*(3z* + 122° — 532 — 10z).
(b) Rewrite as g(z) = %(st —4z3 + 8z —2) =32° —22° + 4z — 1.
g’ (z) = 152* — 627 +4
(c) Apply the sum/difference rules:
R (z) = 6" In(6) — 10z + 9z°
(d) Use the product rule with u = e® 4+ 3z and v = 5z — 2. Then v’ = e® + 3 and v’ = 5.
P’ (z) = (e +3)(5z — 2) + (" + 32)(5)
= (5z — 2)e” + 15z — 6 + 5e” + 15z
=e"(5bz +3) + 30z — 6
(e) Rewrite as q(z) = z'/3(z* — 3). Use the product rule with « = z!/3 and v = &* — 3. Then u’ = %m—m and v’ = 423,

7@ = (3% @ -3)+ (@) 4e?)

_ o' -3 + 4710/3
3V/z?

zt -3 n 12z*
3V 3Va?
13z -3

3V x?
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(f) Use the product rule with u = 42 — 2 and v = 3. Then v’ = 1222 and v = 3" In(3).
' (z) = (122%)(3%) + (42° — 2)(3% In(3))
= 37(122% + (42® — 2) In(3))
Exercise 2.1.4

(a) First find the derivative:

fl(z)=6z—4
Evaluate at z = 2: f/(2) = 6(2) —4=12—-4=28.
Find the point: f(2) =3(4) —4(2) +1=12—-8+1=5.
The tangent line at (2,5) with slope m = 8:

y—5=8(z—2)
(b) First find the derivative:

g (z) = 42® — 4z
Evaluate at z = —1: ¢/(—1) = 4(—1)® —4(-1) = -4 +4=0.
Find the point: g(—1) = (=1)* —2(=1)2 +5=1—-2+5=4.
The tangent line at (—1, 4) with slope m = 0:

y—4=0x+1)
(c) First find the derivative:

h'(z) = 2" +3
Evaluate at z = 0: h(0) = 2e* +3=2+3=5.
Find the point: h(0) = 2¢* +3(0) =2 + 0 = 2.
The tangent line at (0, 2) with slope m = 5:

y—2=>5(z—0)
(d) First expand or use the product rule. Using the product rule withu = z? + landv =z — 3: v’ = 2z, v" = 1.

P (@) = (2z)(z — 3) + (" + 1)(1)
=22"—6r+2°+1=3z"—6x+1

Evaluate at z = 1:p’(1) = 3(1) = 6(1) + 1 =3 -6+ 1= —2.
Find the point: p(1) = (12 +1)(1 — 3) = (2)(—2) = —4.
The tangent line at (1, —4) with slope m = —2:

(e) First find the derivative:
q'(z) = 4% In(4) + 32% — 2
Evaluate at z = 1: ¢/(1) = 4'In(4) + 3(1)2 —2=4In(4) + L.
Find the point: g(1) =4' + 13 —2(1) =4 +1—-2=3.
The tangent line at (1,3) with slope m = 41In(4) + 1:
y—3=(4In(4) +1)(z —1)

. . 1
(f) Rewrite as r(z) = z'/?(2¢ — 1). Use the product rule with u = z'/2 and v = 2z — 1: v’ = Em*I/Z, v =2

r@) = (3o) 2= 1)+ @)
2z —1
W +2Vz
2 —1 dr 6z —1

= +

2T 2VT 2T

6(4)—1 24-1 23
2va 22 47
Find the point: 7(4) = vV4(2(4) — 1) = 2(8 — 1) = 2(7) = 14.

Evaluate at z = 4: r'(4) =

. 5 2
The tangent line at (4, 14) with slope m = 73:

2
y714:—3(z74)

This page titled 2.1: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.2: Derivative Shortcuts for Division

Learning Objectives

e Use the quotient rule to determine the derivative of functions that are the result of division of two functions.
e Determine the derivative of the six trigonometric functions without using limits.
e Find the equation of tangent lines to functions we know how to differentiate with our known shortcuts.

While the Product Rule handles functions multiplied together, evaluating the derivative of a ratio of functions using the limit
definition quickly becomes algebraically cumbersome. In this section, we establish the Quotient Rule and combine our derivative
toolkit to find the rates of change for all six trigonometric functions.

Question of the Day

How do we differentiate a ratio of two functions without using the limit definition every time?

This page titled 2.2: Derivative Shortcuts for Division is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.
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2.2: Quotient Rule

The Quotient Rule

If two functions f(z) and g(z) are differentiable and g(z) # 0, the derivative of their quotient is given by taking the derivative
of the numerator times the denominator, minus the numerator times the derivative of the denominator, all divided by the
square of the denominator.

The Quotient Rule Formula:

IY o P @)~ )y (@)
() @= o)

g
Mnemonic tip: Many students remember this rule as "Low d-High minus High d-Low, over the square of Low."

Simplification Strategy: Before applying the Quotient Rule blindly, check if the denominator contains a single monomial
term. If so, it is often much faster to split the fraction and use the Power Rule instead.

Common Mistake Alert
f I’

. d a0 . d
Many students incorrectly assume that T [—] = —-. This is false! Always use the Quotient Rule: T [
X g g X

5] _ f’gg;fg’.

. 2 ... d
For example, if f(x) = z? and g(x) = z, then f’ /g’ = Tz = 2z, but the correct derivative is d—(z) =1.
X

Illustration 2.2.1: Verifying the Quotient Rule

8
We will verify the Quotient Rule for h(z) = x—s by computing h’(z) in two different ways.
T
Method 1: Simplify first

h(z) = z_3 = z°
)
B (z) = 5z*
Method 2: Quotient Rule
Let f(z) = 28 and g(x) = x>.
f'(z) =827, ¢'(z) = 3z

_ (827)(2%) — (=%)(32?)

h'(z) = @2
8(1)10 _ 3z10
R
5:1:10
= o =5

Both methods give the same result:
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Example 2.2.1: Applying the Quotient Rule

Differentiate each function using the Quotient Rule:

T

(@) h(z) = =~
(6) g(2) = T
() f(z) = ﬁe—;
Solution:

(a) Let f(z) = z and g(z) = z2 + 1.

Then, we know f’(z) =1 and ¢'(z) = 2z.

(1)(=*+1) — (2)(22)
(z2 +1)2

2P 41-2
- (22 +1)2

h'(z) =

1—z2

(mz + 1)2

(b) Let f(z) = 2z + 3 and g(z) = 4z — 1.

Then, we know f’(z) =2 and ¢'(z) = 4.

(2)(4z —1) — (22 + 3)(4)

g'(z) = s =17

8z —2— 8z —12
(4z — 1)
14

(4z —1)2

(c) Let f(x) = e* and g(z) = x> + 2.
Then, we know f’(z) = e” and ¢’(z) = 3z>.

e”(x® + 2) — e%(32?)
@+ 2
e”(x® — 3x2 +2)
@+ 2

Example 2.2.2: Quotient Rule with Exponential Functions

x

z2+1

f'(z) =

Find the line tangent to y = atr =2

Solution:
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5% 25

F =, that h(2) = — = 5.
or h(z) o we see that h(2) 5 5

To find h’(2), we must differentiate by using the Quotient Rule.
Let f(z) = 5 and g(z) = 2% + 1.
Then, we know f’(z) = 5% In(5) and ¢’(z) = 2z.

(5”In(5))(z? + 1) — (57)(2z)

h’(:p) = (x2 = 1)2
_ 5%[(z? 4+ 1)In(5) — 2]
- (a2 +1)2
Therefore, h'(2) = 25[51n(5) ~10] =5In(5) — 10

25

The tangent line must then be:

ly—5=(5In(5) — 10) (z — 2)]

Simplification Before Differentiation

When the denominator is a single monomial term, splitting the fraction into separate terms often simplifies the differentiation
process significantly.

Illustration 2.2.2: Simplifying Before Differentiating

o . 3zt + 62° — 922 L . .
We will differentiate h(z) = ———————— first by dividing term-by-term, and then via the Quotient Rule.

Vx
Dividing Term-by-Term:

Rewrite ¢/z = z%. Divide each term:

Now differentiate term-by-term:

Using the Quotient Rule:

We let f(z) = 3z* + 623 — 922 and g(z) = ¥/z = = 7.

|
colo

Then, we know f’(z) = 1223 + 1822 — 18z and ¢’(z) =

w| =

Applying the Quotient Rule, we see that

(122° + 1822 — 18) (7)) — (32! + 62° — 92?) (327 %)

R (z) =
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This is surprisingly equivalent to the answer we got above, but takes significantly more effort to reach!

This is why, when possible, we always prefer to reduce and simplify before differentiating instead of blinding using the
Quotient Rule.

Example 2.2.3: More Simplification Before Differentiating

Txd — 222 + 4

Differentiate y = > by dividing term-by-term first.
x

Solution:

Divide each term by z2:

4
—_ e = — =7 3_2 472
Y 2 2 +12 m tar

Now differentiate term-by-term:

Y =7(32%) — 0+ 4(~227%) =

This page titled 2.2: Quotient Rule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.2: Remaining Trig Derivatives

Derivatives of Sine and Cosine

Using the limit definition of the derivative, we can derive the derivatives of sin(z) and cos(z).
For f(z) = sin(z):

sin(x + h) — sin(z)

) = B h
. sin(z) cos(h) + cos(z) sin(h) — sin(z)
= lim
h—0 h
o . cos(h) —1 sin(h)
= Ilg% sin(x) - — + cos(z) - A

= sin(z) - 0 4 cos(z) - 1 = cos(z)

sin(h)
h

cos(h) —1 _

5 0.

Using the standard limits lim =1 and lim
h—0 h—0

For f(xz) = cos(z):

cos(x + h) — cos(z)

#'(@) = lim
 lim cos(z) cos(h) — sin(z) sin(h) — cos(z)
h—0 h
. cos(h)—1 | sin(h)
= ]llli% cos(z) - — sin(z) - A
= cos(z) - 0 —sin(z) - 1 = —sin(z)
Thus we have:
d . d .
E[Sln(m)] = cos(z) and E[cos(x)] = —sin(z)

Derivatives of Trigonometric Functions

By writing tan(z), cot(z), sec(z), and csc(z) in terms of sin(z) and cos(z) and applying the Quotient Rule, we derive the
complete table of trigonometric derivatives:

sin(zx) cos(z) cos(z) —sin(zx)
tan(z) sec?(z) cot(z) — csc?(x)
sec(z) sec(z) tan(z) cse(x) — cse(z) cot(z)

Notice that every "co-" trigonometric function (cos, cot, csc) has a negative sign in its derivative!
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Illustration 2.2.3: Deriving - [tan(z)] = sec?(z)

i . d
Use tan(z) = z:; and the Quotient Rule to show that E(tan(m)) = sec?(z).

Solution:
Let f(z) = sin(z) and g(z) = cos(z).
' (z) = cos(zx), ¢’ (z) = — sin(z).
d f'9— 1ty
= tan(@)] = p

cos(x) cos(z) — sin(z)(— sin(z))

cos?(z)

_ cos?(x) 4 sin®(x)

cos?(z)

- sec’(x
"~ cos?(z) (@)

d
E[tan(z)] = sec?(z)

Example 2.2.4: Combining Trigonometric Rules

Differentiate each function:
(a) f(z) = tan(z) + cot(x)
(b) h(z) = z2 cot(z)

_ csc(z)
(C) g(.’E) - .562 + 1
Solution:

(a)

f/(z) = sec?(z) — csc?(z)

|f’(:n) = sec?(x) — cscz(z)|

(b) Use the Product Rule with u = z? and v = cot(z).
u' =2z, v = —csc?(x).

h' () = (2z)(cot(z)) + (2%)(— esc?(z))

B (z) = 2z cot(z) — z% csc’(x) |

(c) Use the Quotient Rule with f(z) = csc(x) and g(z) = z2 + 1.

f'(z) = —csc(z) cot(z), ¢’ (z) = 2z.
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(—csc(z) cot(z)) (x? + 1) — (csc(x))(2x)
EES
_ —asc(z)[(x? + 1) cot(x) + 2z]
@+ 17

g (z) =

s —csc(x)](x? + 1) cot(z) + 22]
g (x) - (IL‘2 + 1)2

Illustration 2.2.4: Simplifying Trigonometric Expressions First

x tan(z)

sec(z)

The Product and Quotient Rule:

We can differentiate j(z) = two ways.

We use the Quotient Rule with f(z) = z tan(z) and g(z) = sec(z)
The Product Rule gives us f’(z) = 1 - tan(z) + z - sec?(z) = tan(z) + z sec?(z) and g’ (z) = sec(z) tan(z).
Therefore, we have:

(tan(z) + zsec?(z)) (sec(z)) — (z tan(z)) (sec(z) tan(z))
(sec(@))?

5’ () =

Simplifying First:

sin(z) 1

Simplify first: tan(z) = and sec(z) =

cos(z)

Find the equation of the line tangent to y = cos(x) atz =
x
Solution:
Find the y-coordinate at z = m:
cos() 1
y(m) = =——

Find the derivative using the Quotient Rule:

, _ (=sin(z))(z) — (cos(z))(1)  —zsin(z) — cos(z)
V= T2 - 2

Evaluate at z = =:
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. . 1
Using point-slope form at (Tr, ——):
™

™ w2
1 x 1
y+—-—=—-=
T ow ™
=z 2
y_7'l'2 ™

Example 2.2.6: Horizontal Tangents with Trigonometric Functions

Find all points (z,y) where y = e”sin(z) has a horizontal tangent line on the interval [0, 2x].
Solution:
A horizontal tangent line has slope 0, so we need y’ = 0.
Using the Product Rule:
y = e”sin(x) + e” cos(z) = e”(sin(x) + cos(x))
Set y’ = 0. Since e* # 0 for all =
sin(z) + cos(z) = 0 = sin(z) = —cos(z) = tan(z) = —1

3 7
On [0, 27], tan(z) = —l at z = Tﬂ- and z = Tﬂ

Find the corresponding y-values:
_ 3T 3m/4 o (37T) _ V2 3m/4
Atz—4.y—e sin | == | = —-e

_ . T4 o (7”)_ V2 /4
At:v—4.y—e sin )= "3°¢

3_777ﬁe3w/4 and E7_ﬁe7«/4
172 1 2

Example 2.2.7: Tangent Line with Triple Product

Find the equation of the line tangent to y = ze” sec(z) at z = .
Solution:
Find the y-coordinate at z = m:
y(m) = we" sec(m) = me"(—1) = —me”

Find the derivative using the Triple Product Rule:

Let u =z, v = e*, w = sec(x).
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u =1,v" = e, w = sec(x) tan(z).
y' = u'vw + uwv'w + uvw’ = e sec(x) + ze” sec(x) + ze” sec(z) tan(x)
Evaluate at z =
sec(m) = —1, tan(m) = 0.
Yy (m) = e"(—1) + me™ (—1) + me™(—1)(0) = —e" — we" = —e" (1 + 7)

Using point-slope form at (7, —me™):

|y — (—me™) =—e"(1+m)(z — 7r)|

This page titled 2.2: Remaining Trig Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.2: Practice Set

Exercise 2.2.1

Use the quotient rule to find the derivative of each function.

(@) f(a) = 2
(b) g(z) = f;;
(c) h(z) = 522—;?
(d) ple) = sz—f?
(e) g(z) = x;—-xu
() r(r) = 5o

Answer available at the end of this section.

Exercise 2.2.2

Simplify each expression using a trig identity, then find the derivative.

(a) f(z) = sin(x) csc(z)
(b) g(z) = tan(z) cos(x)

(c) h(z) = sec(x) cot(x)

(d) p(z) = :;I;((z)) cos?(x)
() dla) = 2

(f) r(z) = sin(z) cot(x)

Answer available at the end of this section.

Exercise 2.2.3

Find the equation of the tangent line to each function at the given point.
™
(a) f(z) = tan(x) at (Z’ 1)

(b) g(z) = sec(z) at (0,1)
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2

(©) h(z) = =

atz=1
5 43

(d) p(z) = csc(z) at (%, 1)

x

atz =0

() alz) = 5

3

—8
5 atzx =3

(f) r(z) =

Answer available at the end of this section.

Exercise 2.2.4

For each function, find all z-values where the tangent line is parallel to the line y = 2z + 5.

r—1

(a) f(z) = o

(b) g(x) = tan(z) on the interval (—g, g)

(c) h(z) = sec(z) cos(z) (simplify first)

Answer available at the end of this section.

Answers

Exercise 2.2.1

(a)Letu=2x+5andv=3z — 1. Thenv' =2 and v’ = 3.
Using the quotient rule (E) = w:
v v

_@Bz—1) - (2s+5)3)

’
(@) Gy
_bz—2—-6z—15
a 3z —1)
17
T (3z—1)2
—17
Thus f/(z) = ———.
us f'(x) Gro 1)
(b) Letu=12%2—4andv == +3. Then v =2z and v/ = 1.
oy (22)(@+3) — (2* —4)(1)
9@ = (z +3)?
2+ 6z —ax?+4
(z +3)2
_ 2’ +6r+4
(z +3)?
22 + 6z +4
Th / =
us 9'(=) = 5

(c) Let u = 52% — 2z and v = 2 4+ 1. Then v’ = 1522 — 2 and v/ = 2z.

(1522 — 2)(22 + 1) — (52% — 2z)(2z)
(z2+1)?

15z + 1527 — 22° — 2 — (102" — 4a?)

B (22 +1)2

_ 15z* + 1322 — 2 — 102" + 42

N (z2+1)?

_ bt 41727 -2

T @2+ 12

b (z) =
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5zt 4 172% — 2
(z2+1)2
(d) Let w = 32* + 2z and v = 23 — 5. Then v’ = 122% + 2 and v’ = 3z2.

(122 + 2)(2® — 5) — (3z* + 2z)(32?)

Thus h/(z) =

p'(z) = EERE
_12z° — 602 + 22 — 10 — (92° + 62°)
(% —5)
~ 12z° — 582% — 10 — 925 — 62®
@52
328 — 642° — 10

@ -9
325 — 642° — 10
G
(e) Letu=e” and v = 2%+ 1. Then v’ = ¢® and v’ = 2z.

Thus p/(z) =

(@) = (e)(@*+1) —(e")(2z) e“(a®—2z+1) e“(z—1)°
= @+ 1) ST @t @y

e"(z —1)?
(z2+1)2
(f) Let u = 4" and v = 2z — 3. Then v’ = 4" In(4) and v' = 2.

Thus ¢'(z) =

v (z) = (4% In(4))(2z — 3) — (4%)(2) _ 47((2z — 3)In(4) — 2)

(22 — 3)? (22 — 3)?
sy 4%((2z —3)In(4) —2)
Thus 7’ (z) = —(Qw 3
Exercise 2.2.2
(a) Simplify using csc(z) = ﬁ
fla) = sin(e) - s =1
Therefore f'(z) = 0.
(b) Simplify using tan(z) = (S:;I;((z)) :
o(z) = (S::;Ez)) - cos(z) = sin(x)
Therefore ¢’ (z) = cos(z).
(c) Simplify using sec(z) = Osl(x) and cot(z) = ZTE((;E;
1 cos(z) 1
h(@) = cos(z) ’ sin(z)  sin(z) eso()
Therefore h'(z) = — csc( ) cot(z
(d) Simplify using E ; = tan(z):
p(z) = tan(z) - cos?(z) = ::;E?) - cos?(z) = sin(z) cos(x)

. . . d
Using the product rule or the double-angle identity, E[Sin(z) cos(z)] = cos?(z) — sin®(z) = cos(2x).

Therefore p’(z) = cos?(z) — sin®(x) = cos(2z).

(e) Simplify using tan(z) = z:;((g and sec(z) = COSI(I) :

sin(z)

cos(z) .

q(z) = —F— =sin(z)

cos(z)
Therefore ¢’(z) = cos(z).
(f) Simplify using cot(z) = CO;((;E; :

cos(z)

r(z) = sin(z) - = cos(x)
S
Therefore r’(z) = —sin(z).
Exercise 2.2.3
(a) Recall that %[tan(z)] = sec?(z).

m
Evaluate at z = Z:
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The tangent line at (%, 1) with slope m = 2:

Thusy71:2(z7 %)
(b) Recall that %[sec(z)] = sec(z) tan(z).
Evaluate at z = 0:
g’ (0) = sec(0) tan(0) = (1)(0) =0
The tangent line at (0, 1) with slope m = 0:
y—1=0(z—0)
Thus y = 1.
(c) Use the quotient rule with u = 2> —1 and v = « + 2. Then v’ = 2z and v’ = 1.
)z +2)—(z*—-1)(1) 22’ +4z—a’+1 2?+4dz+1

b (z) = =
@ (@+2)? (@+2) (@+2)
1+4+1 6 2

Evaluateatz =1: h'(1) = ———— = — = —.

”’ W=7~ 973

. . 1-1
Find th t: h(l) = —— =0.
ind the point: k(1) 172 0
. . 2
The tangent line at (1,0) with slope m = E:
2
y—0= E(I -1
2
Thus y = g(z —1).
(d) Recall that di[csc(z)] = —csc(z) cot(z).
X
Evaluate at z = g:
/ - _ i LI I =
p (5) = csc(z)cot( ) (1)(0)=0
The tangent line at (%, 1) with slope m = 0:
™
s-1=0(e-3)
Thus y = 1.
(e) Use the quotient rule with u = e and v =z + 1. Then v’ = ¢® and v’ = 1.
, (") (z+1)—(e”)(1) e*(z+1-—1) ze®
q'(z) = 3 = = 3
(x+1) (z+1) (z+1)
Evaluate at z = 0: ¢’(0) = 0. _ 0
T

=3

Find the point: ¢(0) = eT =1

The tangent line at (0, 1) with slope m = 0:
y—1=0(z—0)
Thus y = 1.
(f) Notice that 2® — 8 = (z — 2)(2? + 2z + 4).
Forz # 2, r(z) = 2% + 2z + 4.
Therefore r'(z) = 2z + 2.
Evaluate at z = 3:7'(3) = 2(3) + 2 =8.
Find the point: 7(3) =32 +2(3) +4=9+6 + 4= 19.
The tangent line at (3,19) with slope m = 8:
y—19=_8(z—3)
Thus y — 19 = 8(z — 3).
Exercise 2.2.4
A line parallel to y = 2z + 5 must have slope m = 2. We need to find where the derivative equals 2.
(a) Use the quotient rule withu=z —landv=z+ 1. Thenv’' =1and v = 1.

f/()_(1>($+1)—($—1>(1)_z+1—x+1_ 2
x) = (z+1)2 - (z+1)2 = (z+1)2
Set f'(x) = 2
2 1 )
@i 17 Gy T et sl = edlsdl

Thusz=0o0rz = —2.

Therefore the tangent line to f(z) = o1
z+1

is paralleltoy=2z+5atz=0and z = —2.

@IOIC]E) 154 (2.2.4)



LibreTextS“'

d — soc?
(b) Recall that E[tan(z)] = sec?(z).

Set ¢'(z) = 2:
1
sec’(z) =2 = M =2 = cos’(z) = 5
2
cos(z) = ii
2
. T \/5
On the interval (75, 5), cos(z) > 0, so cos(z) = -5
™ ™
Thus z = qore=—7
Therefore the tangent line to g(z) = tan(z) is parallel to y = 2z + 5 at z = % and z = —%
. e e . 1
(c) Simplify first using sec(z) = ——:
cos(z)
h(z) = sec(z) cos(z) = F(I) -cos(z) =1

Therefore h'(z) = 0 for all z.
Since h/(z) = 0 # 2 for all z, there are no z-values where the tangent line is parallel to y = 2z + 5.

This page titled 2.2: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.3: Derivatives Shortcuts for Composition

Learning Objectives

e Objective 1
e Objective 2

Intro Here.

Question of the Day

How do we differentiate a function that is composed inside another function?

This page titled 2.3: Derivatives Shortcuts for Composition is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber.
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2.3: The Chain Rule

So far, we have learned how to differentiate sums, products, and quotients of basic functions. However, many mathematical
models involve composite functions—where one function is evaluated inside another. In this section, we introduce the Chain Rule
to differentiate composite functions, and we extend this technique to implicit equations where y cannot be isolated explicitly.

The Chain Rule

When a function h(z) is formed by composing an outer function f with an inner function g, written as h(z) = f(g(z)), its rate of
change is the derivative of the outer function evaluated at the inner function, multiplied by the derivative of the inner function.

The Chain Rule Formula:

W (z) = f'(g9(x)) g’ (z) (23.1)
In Leibniz notation, if y = f(u) and u = g(z), then:
% - % . 3—1; (2.3.2)
Common Composite Patterns:
 General Power Rule: - [(g(x))"] = n(g(z))”*1 g (z)
o Composite Exponent1al' @) )

5=
=
PN
8
NS
=
Il
(@]
2] .
—~
N
=~
8
NS
Nt
tQ\
—~
8
=

+ Composite Trlgonometnc 4L [sin(g

Common Mistake Alert

Many students forget to multiply by the derivative of the inner function when using the Chain Rule. Remember: always
multiply by ¢’ (z)!

For example, - [sin(z?)] is not cos(z?). It is cos(z?) - 2z.

Example 2.3.1: Applying the Chain Rule

Differentiate each function using the Chain Rule:
(@) a(z) = Vzt +4

(b) b(z) = e3=*~5

(c) c(x) = sin(4z® — 22)

Solution:

(a) Rewrite as a power: a(z) = (z* + 4)'/2,

Outer function: u!/2, inner function: u = z* + 4.

1 223
o (z) = 5@4 +4)V2 . (4%) = ++4 (2.3.3)
x
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(b) Outer function: e, inner function: u = 3z2 — 5.

b (@) = €0 - (62) =

(c) Outer function: sin(u), inner function: u = 43 — 2z.

¢/ (z) = cos(4a® — 2z) - (1222 — 2)

¢ (z) = (1222 — 2) cos(4z® — 2:c)|

Example 2.3.2: Chain Rule with Combined Rules

Differentiate each function:

(@) f(z) = z%e3

(b) g(z) = (22° — x2 + 4)°

(c) h(x) = cos®(2x)

Solution:

(a) Use the Product Rule with u = 22 and v = %%,
w =2z, v = e .3 = 3e37.

f(z) = (22)(™) + (2?)(3™) = ¥*(2z + 327)

f'() = e¥ (322 + 22) |

(b) Outer function: «®, inner function: v = 2z — 22 + 4.

g (z) = 5(22% — 22 + 4)* - (622 — 2z)

g (z) = (302 — 10)(22° — 2 + 4)*

(c) Rewrite as h(x) = [cos(2x)]3.
Outer function: 3, inner function: v = cos(2x).
B (z) = 3[cos(2z)]? - (—sin(2z) - 2)

= —6cos?(2z) sin(2x)

B’ (z) = —6 cos?(2x) sin(2z) |

Question of the Day

What is the difference between sin®(z) and sin(z?)?
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Answer In sin®(z) = (sin(z))?, the sine function is inside the power of 3, so the derivative uses the Chain Rule with outer
function u%: 3sin?(x) cos(z). In sin(z?), the power is inside the sine, so the derivative uses the Chain Rule with outer function
sin(u): cos(z?) - 3z2.

Example 2.3.3: Distinguishing Composite Structures

Differentiate c(z) = tan®(z) and d(z) = tan(z?).
Solution:
For c(x) = (tan(z))3, the outer function is u3 and the inner function is tan(z).

¢/ (x) = 3tan’(z) - sec’(z) (2.3.15)

¢/(z) = 3tan’(z) sec2(m)| (2.3.16)

For d(z) = tan(z?), the outer function is tan(u) and the inner function is u = .

d’'(z) = sec?(2®) - 32> (2.3.17)

d'(z) = 3z* se02(13)| (2.3.18)

This page titled 2.3: The Chain Rule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.3: Implicit Differentiation

Implicit Differentiation

Not every curve can be expressed in explicit form y = f(z). Curves defined implicitly by equations involving both z and y (such as
circles, ellipses, or complex algebraic curves) still possess tangent lines.

To find 4 implicitly:

Differentiate both sides of the equation with respect to z.

Apply the Chain Rule whenever differentiating terms containing y, treating y as an implicit function of z (so %[y] = 3—2 ory’).
Collect all terms containing j—z on one side of the equation and move all other terms to the opposite side.

Factor out Z—Z and solve algebraically.

Key Insight for Implicit Differentiation

When differentiating terms that contain y, always multiply by %. For example:

HPwN

d
o alfl=2y & ,
+ - fsin(y)] = cos(y) -
° %[ey] — eV . %
=

zyl = (1)) + (@) (&) = y + 22 (Product Rule!)

Example 2.3.4: Basic Implicit Differentiation

Find 2 for the circle equation 2 + 32 = 25.
Solution:

Differentiate both sides with respect to z:

2 @)+ =) = o (25) (23.1)
2z +2y- Z_Z =0 (2.3.2)
Solve for 4
2y - % =2z (2.3.3)
% = —% (2.3.4)

This matches what we would get by solving for y = +v/25 — 2 and differentiating, but works without isolating y.

Example 2.3.5: Implicit Differentiation with Product Rule

Find % for z2y + 3zy? = 10.

Solution:
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Differentiate both sides with respect to z, using the Product Rule where needed:
For 22y differentiate as product: (2z)(y) + (z2) (%)
. . . . d
For 3zy? differentiate as product: (3)(y?) + (3z)(2y) (2£)
d. . d. o d
— — =—]1 2.3.
%]+ o Bey] = =10 (235)
dy dy
2 2—) ( . —) = 2.3.
(wy+m . + ( 3y +6zydw (2.3.6)
Collect terms with 2.
dy dy
229 29 _ 2 3.
o + 6zy . 2zy — 3y (2.3.7)
Factor out 4
dy . o 2
—(z* + 6zy) = —2zy — 3y (2.3.8)
dz
dy —22y — 3y?
—_ = 2.3.9
dz z2 + 6y ( )
Example 2.3.6: Implicit Differentiation with Trigonometric Functions
Find g—g for sin(zy) + 2% = 4°.
Solution:
Differentiate both sides with respect to z:
For sin(zy): use the Chain Rule: cos(zy) - L [zy]
d dy
— = — 2.3.1
ool =y +e_- (2.3.10)
So %[Sin(my)] = cos(zy)(y + a:j—z)
d : 21 _ d 3
E[Sln(acy)] + E[z | = p [v°] (2.3.11)
dy N dy
cos(zy) (y + xa> + 2z =3y o (2.3.12)
Distribute the cos(zy):
dy _ 9.2 dy
ycos(zy) + xcos(xy)a +2z =3y - (2.3.13)
Collect terms with 2.
dy 2 dy _
xcos(acy)% 3y e ycos(zy) — 2z (2.3.14)
Factor out Z—z:
dy 2
%(x cos(zy) — 3y”) = —ycos(zy) — 2z (2.3.15)
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dy  —ycos(zy) — 2z

_ 2.3.16
dzr  zcos(zy) — 3y? ( )
Tangent Lines with Implicit Differentiation
Once we find Z—g implicitly, we can evaluate it at a given point to find the slope of the tangent line.
Example 2.3.7: Tangent Line from Implicit Equation
Find the equation of the tangent line to 2 + y? = 25 at the point (3, 4).
Solution:
From Example 4, f,l—f =2
At (3,4): & =3
Using point-slope form at (3,4):
y—4=——(x—3) (2.3.17)
3 9 3 25
3 25
y=—Sa+ = (2.3.19)
Example 2.3.8: Tangent Line with Trigonometric Implicit Equation
Find the equation of the tangent line to sin(zy) + 2% = 3° at the point (0, 1).
Solution:
dy _ —ycos(zy)—2x
From Example 6, o> = T eos(ay) "
At (0,1):
cos(0 - 1) = cos(0) = 1.
—(1)(1) —2(0 —1 1
ay H®=20) -1 _1 (2.3.20)
dz (0)(1) — 3(1)2 -3 3
Using point-slope form at (0, 1):
1
y—1==2(@—0) (2.3.21)
1
y=32 +1 (2.3.22)
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Higher-Order Derivatives with Implicit Differentiation

We can find second derivatives implicitly by differentiating Z—g again with respect to z, remembering that 3—3 may contain both =
and y.

Example 2.3.9: Second Derivative Implicitly

Find % for o2 + y2 = 25.
Solution:
T

dy _
We know - = -5

Differentiate % with respect to z using the Quotient Rule or treat as —zy '

d?y d %
—_— = —|—— 2.3.2
dx? dx { y] (i)

Using the Quotient Rule with f(z) = —z and g(z) = y:

@y (D@ (o) (L)  —y+al

- — —— (2.3.24)
. d: .
Substitute 7 = —:
2 y2a?
@y _vre(f) —v- -5F
7= > == (2.3.25)
dx y Yy y
Since 22 + 4% = 25:
25
d%y Yy 25
= (2.3.26)

This page titled 2.3: Implicit Differentiation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.3: Practice Set

Exercise 2.3.1

Find the derivative of each function:
(a) f(z) = (322 + 2z — 5)*

(b) g(z) = Vb2% — 2z +1

(c) h(z) = sin(4z? — 3z)

(d) p(z) = tan®(2z)

(€) g(z) = sec(e” + z?)

(f) r(z) = (z% + 1)3(2z — 5)?

cos(3z)

(9) s(x) = z+1)?

Answer available at the end of this section.

Exercise 2.3.2

Find the equation of the tangent line to each function at the given point using the chain rule.
(@) f(z) = V42 +9atz =2

(b) g(z) =sin(3z — ) at z = %

(c) h(z) = (z® —2x)*atz =1

(d) p(z) = sec(2z) at z = %

(e) g(z) =tan(z? +1)atz =0

(f) r(z) = 2% cos(2z) at x = %

Answer available at the end of this section.

Exercise 2.3.3
d

Use implicit differentiation to find d—g and the equation of the tangent line at the given point.

(@) 2% +y* = 25 at (3,4)
(b) 28 + y® = 9zy at (2,4)
(c) sin(z) + cos(y) = 1 at (0,0)

(d)z? +zy+y?="7at(1,2)
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(e) 2%y + v’z =6 at (1,2)
1

(f) cos(zy) = 5 at (g, 1)

Answer available at the end of this section.

Exercise 2.3.4

Find all horizontal and vertical tangent lines to each implicit curve.
(@az2+1y*=9

o)z 4y +9y> =17

(c) 2’y + 4’z =6

(d) 23 4 3® = 9zy (the folium of Descartes)

Answer available at the end of this section.

Answers

Exercise 2.3.1
(a) Let u = 32% + 2z — 5. Then v’ = 62 + 2.

Using the chain rule di[u"] = nu" '
X
f'(z) = 4(32% + 22 — 5)%(6z + 2)

Thus f/(z) = 4(33% + 22 — 5)3(62 + 2).
(b) Rewrite as g(z) = (52° — 2z +1)/2. Let u = 52® — 2z + 1. Then v’ = 152% — 2.

1 5 1522 —2
g'(z) = 5(5353 — 2z +1)"Y2(152% — 2) = . —
2v/5x% — 2z + 1
1 -2
Thus o/ (s) = —2222 =2
2\/513729:-5-

(c) Let u = 422 — 3z. Then w’ = 8z — 3.
Using the chain rule di[sin(u)] = cos(u)u’:
L

B (z) = cos(4a? — 3z)(8z — 3)
Thus h/(z) = (82 — 3) cos(4z? — 3z).
(d) Rewrite as p(z) = [tan(2z)]®. Let u = tan(2z). Then u’ = sec?(2z) - 2 = 2sec?(2z).
p’(z) = 3[tan(2z)]? - 2sec?(2z) = 6 tan?(2z) sec?(2x)
Thus p’(z) = 6 tan?(2z) sec?(2z).
(e) Let u = e® + 2% Then v/ = e* + 2z.

. . d
Using the chain rule E[sec(u)] = sec(u) tan(u)u’:

¢’ (z) = sec(e” + 2?) tan(e® + z?)(e” + 2z)

Thus ¢’(z) = (e® + 2z) sec(e® + z2) tan(e” + z2).

(f) Letu= (2% +1)® and v = (2 — 5)%

Using the chain rule for each: v’ = 3(z? + 1)?(2z) = 6x(2% + 1)? and v’ = 2(2z — 5)(2) = 4(2z — 5).

Using the product rule r’(z) = u'v + uv”:

7 (z) = [6z(z® +1)%)(2z — 5)2 + (2% + 1)3[4(2z — 5)]

=2(z? +1)*(2z — 5) [3x (22 —5) +2(z” +1)]
= 2(z% + 1)%(2z — 5)(62% — 15z + 222 + 2)
=2(z® + 1)%(2z — 5)(82® — 15z + 2)

Thus 7’'(z) = 2(z? + 1)?(2z — 5)(822 — 15z + 2).

(g) Let u = cos(3z) and v = (2z + 1)%

Using the chain rule: v’ = —sin(3z)(3) = —3sin(3z) and v" = 2(2z + 1)(2) = 4(2z + 1).

Using the quotient rule:
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§() = u'v 72 uv’
v
_ [-3sin(3z)](2z + 1) — [cos(3z)][4(2z + 1)]
N (2z + 1)1
(22 +1)[-3(2z + 1) sin(3z) — 4 cos(3z)]
N (27 + 1)1
—3(2z + 1) sin(3z) — 4 cos(3x)
(2z+1)3

Thus s/ (z) = —3(2z + 1) sin(3z) — 4 cos(3z) .
(2z +1)3
Exercise 2.3.2
(a) Rewrite as f(z) = (422 + 9)/% Let u = 42% + 9. Then v’ = 8.
1 4z
F(@) = 5 (4a® +9) 7 (80) = ——=
2 Viz?+9

4(2 8 8
Evaluate at z = 2: f/(2) = # [

4 V1649 5
Find the point: f(2) = /4 = \/_5—5

The tangent line at (2, 5) with slope m = %:
y=5= -2

8

Thusy —5= E(x —2).
(b) Let w = 3z — 7. Then v’ = 3.

g'(z) = cos(3z — ) (3) = 3cos(3z — )
Evaluate at z = 3 :g ( 3 ) = 3cos(7r —m) =3cos(0) = 3.
T
3
The tangent line at ( 3 0) with slope m=3:

Find the point: g ( ) =sin(3- = — ) = sin(r — 7) = sin(0) = 0.

™
Thusy =3 (zf 5).
(c) Let u = z® — 2. Then v’ = 322 — 2.

Evaluate at z = 1: h/(1) = 4(1 — 2)3(3 — 2) = 4(—1)3(1) = —4.
Find the point: (1) = (1 —2)* = (-1)* = 1.
The tangent line at (1, 1) with slope m = —4:

Thusy — 1= —4(z —1).
(d) Let w = 2z. Then v’ = 2.
p’(z) = sec(2z) tan(2z)(2) = 2sec(2z) tan(2z)

Evaluate at = = %

p’ (%) = 2sec (%) tan (%) = 2(2)(‘/3) =4v3

Find the point: p (%) = sec (%) =2.

The tangent line at (%, 2) with slope m = 4v/3:

Thusy72:4\/§(17%).
(e) Letw = 22 4 1. Then u’ = 2z.
¢’ (z) = sec’(z? + 1)(2z) = 2z sec?(z* + 1)
Evaluate at z = 0: ¢’(0) = 0 since the factor of 2z is ®.
Find the point: ¢(0) = tan(1).
The tangent line at (0, tan(1)) with slope m = 0:
y—tan(1l) = 0(z — 0)

Thus y = tan(1).
(f) Use the product rule with u = 2? and v = cos(2z).
u’ =2z and v’ = —sin(2z)(2) = —2sin(2z).

' (z) = (2z) cos(2z) + (x2)(—2sin(2z)) = 2z cos(2x) — 227 sin(2z)
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Evaluate at = = g:

Find the point: r (%) = (g)Ecos (%) = 7T—Z(O) =0.

™

. ™
th sl =——1
4,0) with slope m 3

The tangent line at (

Thus y = 7%2 (z — g)

Exercise 2.3.3
(a) Differentiate both sides with respect to z:

d o 2 d dy
— = —[25] = 22+4+2y—= =
I[z + v dz[s] @+ 2y 0

Solve for ﬂ:
dx

y dy z
=L = 2p — L - _ =
yd dz Y
dy 3
Evaluate at (3,4): — = ——.
v (34): 1
The tangent line at (3, 4) with slope m = —%:

3
y—d=—S@-3)

Thusy —4 = 7%(1 —3).
(b) Differentiate both sides with respect to z:

dy dy
322 +3 2—:9( —)
z” + 3y dz y+zdz
d d
3zz+3y2—y:9y+9x—y
dz dz

Collect terms with ﬂ:
dz

dy dy

3y == — 9z— = 9y — 3z°
4 dz zdz Yo
d

%(31/2 —9z) = 9y — 322

dy 9y—3z® 3(3y—a?) 3y—a?
dr 32 —9r 3@y —3z) -3z

dy 3(4)—4 12—-4 8
Evaluate at (2,4): = T6-30) =% 6-To

(SN

. . 4
The tangent line at (2, 4) with slope m = =

4
Thusy —4 = g(a:—Q).

(c) Differentiate both sides with respect to x:

. dy dy  cos(x)
— - = = = =
sin(y) dz cos(z) dz  sin(y)
0
Evaluate at (0,0): 4 = C?S( ) = l which is undefined.
dx  sin(0) 0
Therefore the tangent line is vertical at z = 0.
Thus the tangent line is z = 0.
(d) Differentiate both sides with respect to z:
dy dy
2 ) +2y-= =0
T + (erzdz) + ydz
d d
2 +y+ oL 42 —¢
dz dz

Collect terms with ﬂ:
dz

d
d—i(z+2y):72zfy
dy —2r—y

de ~ z+2y
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dy —2(1)—2 -—2-2 4
Evaluate at (1,2): I TZ(Z) =451 - 5

. . 4
The tangent line at (1, 2) with slope m = fg:

Thusy —2 = 7%(171).

(e) Differentiate both sides with respect to z:
d 2 d 2 _
T [z*y] + E[y z] =0

dy dy
(2y + 272 + 22y~ + %) = 0

d
2zy + zz—y + 2zy
dz

dy 2
@ v
., dy
Collect terms with —:
dx

dy
E(f + 2zy) = —2zy — y?

dy —2zy —y°

dx 72 + 2xy

dy  —21)(2)—4 —4-4 8
Evaluate at (1,2): — = = E——
valuate at (1,2) dx 1+2(1)(2) 1+4 5

The tangent line at (1,2) with slope m = 7%

Thusy —2 = 7%(3571).

(f) Differentiate both sides with respect to z:
. dy
—sin(zy) - <y+ z%) =0

. 1 . .
Since cos(zy) = 3 at the given point sin(zy) # 0, so:

T dy 1 3
Evaluate at (—,1): — = ——— = ——.
valuate a (3’) dz /3 ™

The tangent line at (%, 1) with slope m = 73:
™

3 71'
Thusy —1= - (zfg).
Exercise 2.3.4
. d;
(a) From Exercise 3(a), <L = —Z,
dz y

. d

Horizontal tangents: Set d—y =0:
XL
20 = z=0
Yy

Substitute into 22 + 42 =9:0+y* =9 = y=+3.
Horizontal tangent lines: y = 3 and y = —3 at points (0, 3) and (0, —3).

. . d;
Vertical tangents: Set denominator of d—z equal to ©:

y=0

Substitute into 22 + 4> = 9: 22 +0=9 = z=43.

Vertical tangent lines: 2 = 3 and = —3 at points (3,0) and (—3,0).
dy —2r—y

"dr T z+2y

Horizontal tangents: Set numerator equal to :

(b) From Exercise 3(d)

2z —y=0 = y=—22

Substitute into 22 + 2y + 13> =T:

7
22 b a(—22) 4+ (—20)2 =7 = 2° - 2202 4+ 42’ =7 = 32’ =7 = x2:§

r=4 T = y=7F2 7
EVE TV
. . . 7 7 7 7
Horizontal tangent lines: y = —2x at points 3 -2 3 and | — 3 2 3
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Vertical tangents: Set denominator equal to ©:
T+2y=0 = z=—-2y
Substitute into 22 + 2y + 3> =T:

‘ 7
(=29 + (2y+y" =7 = 4P -2+ =7 = W =7 = ¢y’ =

3
=% T = r=7F2 r
Y=V 3 = 3
. . . 7 7 7 7
Vertical tangent lines: z = —2y at points [ —2 V3 and | 2 V3 )

. d —2zy—1y® —y(2
(c) From Exercise 3(e), % _ YV _ Y2z +y) .
dx z2 + 22y z(z + 2y)

Horizontal tangents: Set numerator equal to O:

—y2z+y)=0 = y=0o0ry=—2z
If y = 0, substitute into 2%y + y?z = 6: 0 = 6, impossible.
If y = —2z, substitute into 22y + y%z = 6:

2} (—22) + (—20)l2 =6 = 20’ +42° =6 = 2°=6 = *=3 = =3
y=—2V3

Horizontal tangent line: y = —2+v/3 at point (\75, —2\‘V§).
Vertical tangents: Set denominator equal to O:

z(z+2y)=0 = z=0o0rz=—2y
If z = 0, substitute into =%y + 2z = 6: 0 = 6, impossible.
If £ = —2y, substitute into 2%y + y%z = 6:

(=20)%y+ 1 (—29) =6 = 4° -2 =6 = 2° =6 = 1’ =3 = y=V3

z=-2V3
Vertical tangent line: z = —2+/3 at point (—2{‘/3, \’/5)
. d —2?
(d) From Exercise 3(b), 2 = dy—a”
de  y?—3z
Horizontal tangents: Set numerator equal to ®:
; 2
Jy—at=0 = y=—
Substitute into z* + ¢* = 9zy:
2 $2 6
13+<?) = z(?> = zg+§:313
z6 . p
7= 21 = 2% =542 = 23(a® —54)=0

If z = 0, then y = 0, but (0, 0) is not on the curve (or is a singular point).

2 (37/2)2 v, ,
If13:54,thenz:\"/5_4:3\3/§,andy:%: ( ‘2—) 9‘,{1:33

Horizontal tangent line: y = 3v/4 at point (3\"/5, 3\’/1)
Vertical tangents: Set denominator equal to ©:

4.

"
V¥ —3r=0 = z:?

Substitute into 3 + ¢ = 9zy:

(y—2)3+y3 =9 (y_2> y = y_ﬁ +y2 =3
3 3 27
o
27
If y =0, then z = 0, but (0,0) is not on the curve (or is a singular point).
rfy3:54,theny:<y5_4=3¢/§,andx:%zz@:%:3{@
Vertical tangent line: = = 3V/4 at point (3\3/4_1, 3\3/5),

=2 = S =549 = P(y*—54) =0

This page titled 2.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.4: Derivatives of Inverse and Hyperbolic Functions

Learning Objectives

e Objective 1
e Objective 2

Intro Here.

Question of the Day

How do we differentiate inverse functions without explicitly solving for them?

This page titled 2.4: Derivatives of Inverse and Hyperbolic Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kenn Huber.
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2.4: Derivatives of Inverse Functions

Inverse functions reverse the roles of inputs and outputs. In this section, we develop methods to differentiate inverse
functions—even when we cannot solve for them explicitly—and use implicit differentiation to establish derivative rules for
logarithmic, inverse trigonometric, and hyperbolic functions. Finally, we introduce logarithmic differentiation to handle complex
products, quotients, and variable exponents.

Derivative of an Inverse Function

If a function f is one-to-one, differentiable, and invertible, the derivative of its inverse function f~! can be computed using the
chain rule on the identity f(f~!(z)) = z:

General Formula:
(@)= (2.4.1)

To evaluate (f~!)’(a) at a specific value z = a:

1. Set f(b) = a and solve for b = f~1(a).
2. Compute f’(z) and evaluate it at z = b.

3. Take the reciprocal: (f~')’(a) = f,1(b>.

Example 2.4.1: Derivative of an Inverse Function

Find (f~1)(3) for f(z) = 2° + 2a.

Solution:
First, solve 23 + 2z = 3 to find b. By inspection, b = 1 works since 1° + 2(1) = 3.

Then f’(z) = 3z% +2,s0 f'(1) = 3(1)2 + 2 = 5.

Therefore, (f~1)'(3) = f,l(l) = .

Example 2.4.2: Inverse Derivative at a Point

Find (f~1)"(4) for f(z) = 22® + 1.
Solution:

Solve 2z +1=4:20*=3 = 2*=3 = b=

[N9Y

Then f'(x) = 622 s0 f'(b) = 6 (¢/§)2 =6(2)""

(2.4.2)
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1
Y@ =—3 (2.4.3)
/3
6(3)
Geometric Interpretation
The formula (f7!)'(a) = m has a nice geometric interpretation: the slopes of inverse functions are reciprocals at

corresponding points. If the point (a,b) lies on f, then (b, a) lies on f~1, and the tangent slopes are reciprocals.

Derivatives of Logarithmic Functions

By writing y = log,(x) in exponential form ¥ = x and taking implicit derivatives, we obtain the derivative formula for logarithmic
functions:

and specifically i(ln(ac)) = (2.4.4)

With the chain rule applied, - (In(g(x))) = L&,

Example 2.4.3: Derivatives of Logarithmic Functions

Differentiate each function:
(@) f(z) = In(322 + 5)

(b) g(x) = logs(z* + 2x)

() h(z) = In(sin(z))

Solution:

(a) Using - [in(g(@))] = 42+

9(x)
p bz
@) =sars (2.4.5)
;N bz
Fle)=gas 5 (2.4.6)
(b) Using - [log (9(=))] = —5im
, _ 3z2 42
g (z) = @120 (2.4.7)
b 3x2 +2
g (z) = @120 nE) (2.4.8)
(c) Using the chain rule:
,,_ cos(z)
h'(z) = nz) cot(z) (2.4.9)
R’ (z) = cot(z) (2.4.10)
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Question of the Day

Why does - [In(2)] = 1 but i [log,(2)] = s55?

Answer The natural logarithm In(z) is the inverse of e”, which has the special property that its derivative is itself. The factor
In(b) appears because the derivative of b includes In(b), and the inverse relationship produces a reciprocal factor.

Derivatives of Inverse Trigonometric Functions

Applying implicit differentiation to restricted trigonometric equations (e.g., setting y =sin"'(z) = sin(y) = =) and utilizing
right-triangle geometry yields the formulas for inverse trigonometric functions:

Example 2.4.4: Deriving - [sin—!(z)]

dz

Use implicit differentiation to find the derivative of sin~!(z).
Solution:

Let y = sin~!(z). Then sin(y) = z.

Differentiate both sides with respect to z:

dy

—=1 2.4.11
cos(y) - 2. (2411)
dy 1
— = 2.4.12
dz  cos(y) ( )

Since sin(y) = z, we know cos(y) = /1 —sin?(y) = v'1 — 22 (positive because y € [-%, Z|).

1
V1— g2

d
E[sm (z)] = (2.4.13)

Example 2.4.5: Derivatives of Inverse Trigonometric Functions

Differentiate each function:
(@) f(z) = sin™"(32)
(b) g(z) = tan~"(2?)
(€) h(z) = cos™'(e?)

Solution:
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(a) Using the Chain Rule:
1 3
/() = 3= 2.4.14
O mr Vi (2419
, 3
Vv 1i—9T
(b) Using the Chain Rule:
, 1 2z
g(®) =7 D 2= 7 (2.4.16)
, 2x
g (z) = Tt (2.4.17)
(c) Using the Chain Rule:
M@)o & (2.4.18)
O ier T i *
b (z) = —ﬁ (2.4.19)

This page titled 2.4: Derivatives of Inverse Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.
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2.4: Logarithmic Differentiation

Logarithmic Differentiation

For complicated algebraic expressions involving multiple products, quotients, or powers—or functions with variable bases and
exponents of the form y = [f(z)]9*)—we use logarithmic differentiation:

Take the natural logarithm In of both sides: In(y) = In([f(z)]¢®).

Use logarithm properties to expand and simplify the right side.
Differentiate implicitly with respect to z: %% = %[expanded side].
Multiply by y to solve for Z—z and substitute the original expression for y.

When to Use Logarithmic Differentiation

Logarithmic differentiation is particularly useful for:

> wWwN o

 Functions with variable exponents: y = (), y = (In(z))®

e Functions with multiple products and quotients: y = ﬁ—‘ﬁi{)

¢ Functions where the Power Rule alone doesn't apply because the exponent is not constant

Example 2.4.7: Logarithmic Differentiation with Variable Exponent

Use logarithmic differentiation to find 2 for y = z"(®).
Solution:

Step 1: Take In of both sides:

In(y) = In(z*™@) = sin(z) In(z) (2.4.1)
Step 2: Differentiate implicitly:
1 dy . 1
ydr cos(z) In(z) + sin(z) (;) (2.4.2)
Step 3: Multiply by :
dy sin(zx)
P (cos(z) In(z) + - (2.4.3)
Step 4: Substitute y = 25();
dy __ .sin(z) sin(z)
it cos(z) In(z) + . (2.4.4)

Example 2.4.8: Logarithmic Differentiation with Products and Quotients

z2(z—1)3

Use logarithmic differentiation to find j—z fory = ooV

Solution:
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Step 1: Take In of both sides:

2 _1)3
In(y) = In ((wj—(:)‘l—z\/%> (2.4.5)
Step 2: Use logarithm properties to expand:
In(y) = In(z?) + In((z — 1)) —In((z + 2)*) — In(Vz + 5) (2.4.6)
In(y) = 2In(z) + 3In(z — 1) — 4In(z + 2) — %ln(x +5) (2.4.7)
Step 3: Differentiate implicitly:
lﬂ =—+ 3 4 ! (2.4.8)

Step 4: Multiply by y and substitute:

2 1)3
G =) (3 L B S — ) (2.4.9)
dz  (z+2)%z+5 \z -1 =z+2 2(x+5)

Example 2.4.9: Logarithmic Differentiation with Exponential Base

Use logarithmic differentiation to find Z—z for y = (In(z))*.
Solution:
Step 1: Take In of both sides:
In(y) = In((In(z))*) = z In(ln(z)) (2.4.10)

Step 2: Differentiate implicitly (using the Product Rule):

1
— = =In(n(x)) + 2 @ 7" In(In(z)) + - @ (24.11)
Step 3: Multiply by :
% =y (ln(ln(m)) + ln;x) ) (2.4.12)
Step 4: Substitute y = (In(z))*:
j—z — (in(z))* <ln(ln(a:)) + 11139:) ) (2.4.13)

This page titled 2.4: Logarithmic Differentiation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.4: Hyperbolic Trig Functions

Derivatives of Hyperbolic Functions

Unlike circular trigonometric functions which satisfy cos?(t) +sin?(t) = 1, hyperbolic functions satisfy the identity cosh?(t)

— sinh?(t) = 1. They are defined exponentially:

sinh(z) = % and cosh(z) = ete

Their primary derivatives are:

d . d .
%(smh(x)) = cosh(z) and E(cosh(m)) = sinh(z)

The remaining hyperbolic functions are defined analogously to trigonometric functions:

tanh(z) = %7 coth(z) = Z::}}:((;:)) , sech(z) =

woh(@)’ csch(z) =

Their derivatives are:

1
sinh(x)

(2.4.1)

(2.4.2)

(2.4.3)

sinh(z) cosh(z) cosh(z) sinh(z)
tanh(z) sech?(z) coth(z) —csch?(z)
sech(zx) —sech(z) tanh(zx) csch(zx) —csch(z) coth(z)

Example 2.4.6: Derivatives of Hyperbolic Functions

Differentiate each function:
(a) f(z) = sinh(2z)

(b) g(x) = cosh(x? + 1)

(c) h(z) = tanh(In(z))
Solution:

(a) Using the Chain Rule:

f/(z) = cosh(2z) - 2 = 2 cosh(2x)

fl(z)= 2cosh(2:v)|

(b) Using the Chain Rule:

¢’ (z) = sinh(z? + 1) - 2z = 2z sinh(z? + 1)

¢’ (z) = 2z sinh(z? + 1)|

(c) Using the Chain Rule with - [tanh(u)] = sech®(u) - u:
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M) = M) % (2.4.8)
B (z) = w (2.4.9)

This page titled 2.4: Hyperbolic Trig Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.4: Practice Set

Exercise 2.4.1

Find the derivative of each function.
(@) f(z) = sin~" (3z)

(b) g(z) = cos™!(z?)

(c) h(z) = tan~'(e)

(d) p(z) = sec™'(2z +1)

(e) q(z) = In(5z> — 2z + 1)

(f) r(2) = logs(z? + 4)

() s(x) = In(sin(z)

(h) t(z) = In(x? + 1) - € (product rule)

Answer available at the end of this section.

Exercise 2.4.2

Use logarithmic differentiation to find y’.

(c) y = oni2
- 22
) y= ﬁ—;;
=5

Answer available at the end of this section.

Exercise 2.4.3

Find the derivative of each hyperbolic function.

(a) f(z) = sinh(3z)
(b) g(x) = cosh(z?)

(c) h(z) = tanh(e®)
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(d) p(x) = sinh ™ (2)
(e) g(z) = cosh™'(z% + 1)
(f) 7(z) = tanh ™ (%)

Answer available at the end of this section.

Exercise 2.4.4

Find the equation of the tangent line to each function at the given point.
(@ f(z)=n(z?+1)atz=1

(b) g(x) = tan~!(2z) at = = %

(c) h(z) = sinh(z) at z =0

(d) p(z) = cosh™(z) at z = 2

() g(zx)=z"atz=1
(f) r(z) = sin (2?) atx = %

Answer available at the end of this section.

Exercise 2.4.5

Find the derivative of each function, which may require multiple rules (chain, product, quotient, inverse trig, logs, etc.).

@ 1) =1 (51

(b) g(x) = sin~1(e®) - cos(x)

mmm=fggﬂ

(d) p(z) = In (sec(z) + tan(z))
(e) g(x) = cosh™ (22 + 2z)
(f) r(z) = zn(@)

Answer available at the end of this section.

Exercise 2.4.6

Find the equation of the tangent line to each implicit function at the given point.
(a) In(z) + In(y) =1 at (e, 1)

(b) tan~!(x) + tan~1(y) = % at (0,1)
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(c) sinh(z) + cosh(y) =1 at (0,0)
(d) In(z? + %) =2 at (1,Ve2 — 1)

Answer available at the end of this section.

Answers

Exercise 2.4.1

d. . u’
(a) Recall that E[sm (u)] = T
Let u = 3z. Then v’ = 3.

3 3
)= =
V1—(3z)2 V1—9z?
3
Thus f/'(z) = ——.
V1 —9z2

d o u’
(b) Recall that E[COS (w)] = 7ﬁ.
Let u = z2 Then v’ = 2z.

g/(x) _ 2z _ 2z
1— (z2)? V1—at
2z

Thus ¢'(z) = ————.

V1—z*

d u’

Recall that —[tan~!(u)] = ——-.
(c) Recall tha T [tan™" (u)] T a
Let u = e®. Then u’ = e”.
e’ e’
W (z) = =
(@) 1+ (e*)? 1+e2

o

Thus h/(z) = ———.
(@) 1+e

(d) Recall that ~ [sec(u)] Ll

—[sec}(u)] = ———.

dz JulvVu? —1

Letu=2z+1.Thenu' =2.

’

2
S [ . S—
|22+ 1]/ 2z +1)2—1

Thus p/(z) = +

2z 4+ 1|/ (2z+1)2—1
d u’

(e) Recall that E[ln(u)] =

Let u = 52% — 2z + 1. Then v’ = 1522 — 2.

@) 1522 — 2
)= —-———
5x% — 2z +1
1522 — 2
Th ’ =
Us '@ = ST
(f) Recall that ~[log, (u)] = —
d 08I = uln(a)”
Let u = 22 + 4. Then v’ = 2z.
, 2z
"@) = EromE)
2z
Thus r'(z) = ————.
"@) = G omE)
(g9) Let u = sin(z). Then v’ = cos(z).
§'(z) = C?S(z) = cot(z)
sin(z)

Thus s’(z) = cot(z).
(h) Use the product rule with u = In(z? + 1) and v = e”.
2z
’

u' = and v’ = e”.
241

2z
z?+1

Thus t'(z) = e ( +1In(z? + 1))

Exercise 2.4.2
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(a) Take the natural log of both sides:

Differentiate both sides with respect to z:

Multiply by y = z*:

Thus y’ = z%(In(z) + 1).
(b) Take the natural log of both sides:

Differentiate both sides with respect to z:

Multiply by y = (2z + 1)1‘2:

Thus 3/ = (2z 4+ 1) (2z In(2z + 1) +

(c) Take the natural log of both sides:

Differentiate both sides with respect to z:

Multiply by y = z5n(@):

Thus ¢’ = 5@ (cos(x) In(z) + %)

(d) Take the natural log of both sides:

Differentiate both sides with respect to z:

. (2 +1)°
Multiply by y = ———:
P bY Y= o
(z2+1)3( 62 12 )
Thus y’ = — .
4 Brz—2)* \224+1 3z—2

z—1\?
z+2 ) ’
Take the natural log of both sides:

(e) Rewrite as y = (

Differentiate both sides with respect to z:

Multiply by y = sl

3 rz—1
Thusy = ——————/ ——
Y 20— (z+2) V z+2

(f) Take the natural log of both sides:

Differentiate both sides with respect to z:

@O0

222
2z +1)"

$or ) (o)

Y — (e x~l:nz
L tafe) +0 L = haGe) + 1
y =z"(In(z) +1)

In(y) = In((2z + 1)*") = 2% In(2z + 1)

y 2 2
=2z1In(2 1 —_—
) zIn(2z+1) +x P

222
2z +1

Y =2z +1)" <2$1n(2z +1)+

In(y) = In(z*"®)) = sin(z) In(z)

y/—cosz n(z sinz~i
2 = cos(a)n(a) +sine) -

sin(z) )

y =@ (cos(z) In(z) +

2 1 3
In(y) = In (ﬁ) =3In(z® + 1) — 4In(3z — 2)
y_’i3 2z 4 3 6z 12
y O oa?+1 3r—2 22+1 3z—2

, _ (@*+1)° 1 6z 12
y_(3zf2)4(x2+1_3x—2)
In(y) % (2;;):%[111(@71)71;1(@”)]

2@ —1)(z+2)

mZSz
In(y) =In <W) =2In(z) + = — 3In(z —5)
z —
y _2 ., __3
_ac+1 r—5

182 (2.4.4)
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Multiply by y = W

z%e® 2 3
Thusy’' = —— = +1— —— .
usy (z —5)* (z+ 175)

Exercise 2.4.3
(a) Recall that %[Sinh(u)] = cosh(u)u’.
Let uw = 3z. Then v’ = 3.
f'(z) = 3 cosh(3z)
Thus f’(z) = 3cosh(3z).
(b) Recall that %[cosh(u)] = sinh(u)u’.
Let u = 22 Then v/ = 2z.
¢’ (x) = 2z sinh(z?)
Thus ¢’ (z) = 2z sinh(z?).
(c) Recall that %[tanh(u)] = sech?(u)u’.
Let u = e”. Then v’ = e”.
B (z) = e®sech?(e”)

Thus h’(z) = esech?(e?).
d u’
(d) Recall that —[sinh ! (u)] = —.
dzx V1 + u?
Let u = 2z. Then v’ = 2.

P(z) = = -

V14 (22)2  V1+4a?

2
Thus p/(z) = m
Vv “n

(e) Recall that %[coshfl(u)] = ﬁ foru> 1.

Let u = z? 4 1. Then u’ = 2z.
2z 2z

2z

2z

q'(z) =

2 2
Forz >0, ¢'(z) = ———.Forz < 0, ¢'(z) = —

2 +2 Vit 2

2x
Thus ¢'(z) = ————.
lz|Va? +2

d i u’
(f) Recall that E[tanh (u)] = - for |u| < 1.

T 1
Letu= —.Th =
etu 3 en u 5

VE@2+1)2-1 T Vili2airi-1 ViltoE

2
Thus r'(z) = ——.
(@) 4— 22
Exercise 2.4.4

2
@ f'() =

Evaluate at z = 1: f/(1) =

2
20
1+1
Find the point: f(1) = In(1 + 1) = In(2).
The tangent line at (1,In(2)) with slope m = 1:
y—In(2)=1(z—1)

Thus y —In(2) = — 1.

2
b)g ()= ———F=——.
®) 9@ = 155057 = Trae

1 1 2 2
Evaluate at z = 3 q (—) = =—— =1

2 1 1+1
1+4(—
+4(3)
. . 1
Find the point: g (5) =tan"!(1) = g.

The tangent line at (%, %) with slope m = 1:
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1
Thusyfgzzfg.

(c) b’ (z) = cosh(z).
Evaluate at z = 0: h’(0) = cosh(0) = 1.
Find the point: 2(0) = sinh(0) = 0.
The tangent line at (0, 0) with slope m = 1:
y—0=1(z—0)

Thus y = z.
(d) Recall that — [cosh ()] = ——e
d:t COS. Z)| = z2 — 1 .
1 1
Evaluate atz = 2:p'(2) = — = —.

Find the point: p(2) = cosh™(2) = In(2 + V/3).
The tangent line at (2,1n(2 + v/3)) with slope m = %:
3
2+ V3) = —(x—2)
\/—

Thus y — In(2 4+ v3) = —(z — 2).

-

(e) From Exercise 2(a), ¢’(z) = z”(In(z) + 1).
Evaluate at z = 1: ¢’(1) = 1'(In(1) + 1) = 1(0 + 1) = 1.
Find the point: ¢(1) = 1' = 1.

The tangent line at (1, 1) with slope m = 1:

S

y—1l=1(z—-1)
Thusy—1=z—1lory=ux.

2x 2x
f) r'(z) = = .
1—(22)2 V1—at
1
2 i
1 1 4
Evaluate at z = —: 7’ 2 —_— =
ey I / E
16

Find the point: r ( ) =sin!

The tangent line at ( -1

2=
(3

1 4 1
Thus y — sin™* (Z) = ﬁ (zf 5)
Exercise 2.4.5
(a) Simplify using log properties:
f(z) =In(z* +1) — In(z — 3)
2z 1

Flw) = 22+1 z-3
N 2z 1
Thusf(z)—$2+1 3
(b) Use the product rule with u = sin~!(e”) and v = cos(z).
u = e and v’ = —sin(z)
T
g'(z) = 6—2005(1) +sin ! (e”)(—sin(z))
1—e?
@
Thus ¢'(z) = £reos(a) _ sin(z) sin ™! (e®).
1—e2
(c) Use the quotient rule with u = tan~!(z) and v = In(x).
u = ! 5 and v’
1+a?
( ) In(z) — tan~!(z) (l>
B (z) = 1+a2 x
[In(2)]?
In(z) tan—!(z)
- ——
Thus h'(s) = +£2°____ T

(d) Let u = sec(z) + tan(z). Then u’ = sec(z) tan(z) + sec’(z).

@IOIC]E) 184 (2.4.6)



LibreTextS“'

Factor the numerator: sec(z)(tan(z) + sec(z)).

Thus p’(z) = sec(z).
(e) Let u = % + 2z. Then v’ = 2z + 2.

2(z+1)
Vet 4z + 4z — 1

(f) Take the natural log of both sides:

Thus ¢'(z) =

Differentiate both sides:
Multiply by r = z(@);

Thus 7/ (z) = 22" In(z).
Exercise 2.4.6
(a) Differentiate both sides with respect to z:

[ 1
Evaluate at (e, 1): d_y =——.
L e

. . 1
The tangent line at (e, 1) with slope m = ——:
e

1
Thusy—1=—=—(z —e).
e

(b) Differentiate both sides with respect to z:

o d 1+1
" dz 1+0
The tangent line at (0, 1) with slope m = —2:

Evaluate at (0,1) —2.

Thusy — 1= —2z.
(c) Differentiate both sides with respect to x:

L dy cosh(0)
Ydw sinh(0) 0
Therefore the tangent line is vertical at z = 0.
Thus the tangent line is z = 0.

(d) Differentiate both sides with respect to z:

Evaluate at (0,0)

sec(z) tan(z) + sec?(x)

P(@) = sec(z) 4 tan(z)
R
2 +2 2z +1)

V(@2 +22)2 -1 R v

In(r) = In(z"®) = In(z) - In(z) = [In(z))?

! 21
o) L= n(z)
r z z
v (z) = 2@ 21In(z)
z
1  1dy
4+
T + y dx
1
ldy 1 _, & _ ¥
y dz T dz T
y—l=——(z—e)
1 1 dy 0
1422  1+y2ds
dy — 1+°
de ~  1+22
y—1=-2(x—0)
cosh(z) + sinh(y)g—z =0
dy  cosh(z)
dx ~  sinh(y)

= 71, which is undefined.

dy
2 2y—) =
(2z + ydz) 0

d; 1
Evaluate at (1,Ve? —1): &_ -
dx 82 —1
. . 1
The tangent line at (1,ve2 — 1) with slope m = e
e?—1

@O0

2+ y?
dy dy T
2wty g = XL L
ot ydz dz y
1
y—vet—l=———(z—1)
Ve —1

185 (2.4.7)
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Thusy —Ve2 —1=—

L (z-1)

This page titled 2.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.5: Linearization and the Mean Value Theorem

Learning Objectives

e Describe the linear approximation to a function at a point.

e Write the linearization of a given function.

e Draw a graph that illustrates the use of differentials to approximate the change in a quantity.
e Explain the meaning of Rolle’s theorem.

e Describe the significance of the Mean Value Theorem.

e State three important consequences of the Mean Value Theorem.

We have just seen how derivatives allow us to compare related quantities that are changing over time. In this section, we examine
another application of derivatives: the ability to approximate functions locally by linear functions. Linear functions are the easiest
functions with which to work, so they provide a useful tool for approximating function values. In addition, the ideas presented
in this section are generalized later in the text when we study how to approximate functions by higher-degree polynomials
Introduction to Power Series and Functions.

Question of the Day

How can we use tangent lines to approximate function values near a known point?

This page titled 2.5: Linearization and the Mean Value Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber.

e 3.10: Linear Approximations and Differentials by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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2.5: Linearization for Approximation

Tangent lines provide the best linear approximation of a smooth function near a specific point. In this section, we construct
linearizations to estimate function values without complex computations, evaluate propagated errors, and explore the Mean Value
Theorem—a fundamental theorem connecting local derivatives to average rates of change.

Linearization (Tangent Line Approximation)

When z is close to a known point «a, a differentiable function f(z) can be approximated by its tangent line at z = a. This tangent
line function is called the linearization of f at a.

Linearization Formula:
L(z) = f(a) + f'(a)(z — a) (2.5.1)

For values of = near a, we have f(z) ~ L(x).

Geometric Interpretation

The linearization L(z) is simply the equation of the tangent line to f(z) at x = a. The closer z is to a, the better the
approximation. This is why linearization is often called the tangent line approximation.

Example 2.5.1: Linearization of a Square Root Function

Find the linearization of f(z) = /z at a = 100, and use it to estimate v/102.

Solution:
£(100) = V100 = 10 (2.5.2)
Fl2) = —— — £/(100) = —— = = _0.05 (2.5.3)
2V T 9yio0 20 -

L(z) = £(100) + ' (100)(z — 100) = 10 + 0.05(z — 100) (2.5.4)
Lz)=10+Z _2;00 (2.5.5)

To estimate v/102:

102 — 100 2

F(102) ~ L(102) = 10+ ——— =10+ o5 = 10.1 (2.5.6)

V102 ~ 10.1 (2.5.7)

(Actual value: v/102 ~ 10.0995, so the approximation is very accurate.)

Example 2.5.2: Linearization of a Trigonometric Function

Find the linearization of f(z) = sin(z) at a = 0, and use it to estimate sin(0.1).
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Solution:
£(0) = sin(0) = 0 (2.5.8)
£/ (x) = cos(z) = f(0) = cos(0) =1 (2.5.9)
L(z) = f(0) + f/(0)(z—0) =0+ 1(z) = = (2.5.10)
L(z) == (2.5.11)

To estimate sin(0.1):

£(0.1) ~ L(0.1) = 0.1 (2.5.12)
sin(0.1) ~ 0.1 (2.5.13)

(Actual value: sin(0.1) ~ 0.09983, which is very close to 0.1.)

Example 2.5.3: Linearization of a General Function

Find the linearization of f(z) = e® at a = 0, and use it to approximate 2.

Solution:

fOy=¢e"=1 (2.5.14)
Fla)=e — f0)=e =1 (2.5.15)
L(z) = fO)+ f/(0)(z—0)=1+1(z) =1+ (2.5.16)
Lz)=1+z (2.5.17)

To estimate %%
e~ L(02)=1+02=1.2 (2.5.18)
(2.5.19)

(Actual value: %2 ~ 1.2214.)

Error Estimation and Propagation

Linearization can estimate how small measurement errors propagate into calculated quantities. For a function f(z), if  has a
small error Az, then the approximate error in f(z) is:

Af~ f'(a)Ax (2.5.20)

AF L J@) A

The relative error is approximately T ™

Z.

Example 2.5.4: Propagated Error in Volume

The volume of a cube with side length s is V(s) = s3. If the side length is measured as s = 10 cm with a maximum error of
+0.1 cm, estimate the maximum possible error in the volume.

Solution:
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V'(s) = 3s? (2.5.21)
At s = 10: V’(10) = 3(10)% = 300.
AV ~ V’(10)As = 300(0.1) = 30 cm® (2.5.22)
The volume error is approximately + 30 cm?® (2.5.23)
The relative error is:
A—VV ~ % =0.03 =3% (2.5.24)

Example 2.5.5: Propagated Error in Surface Area

The surface area of a sphere is A(r) = 47, If the radius is measured as r = 5 meters with an error of +0.02 meters, estimate
the maximum possible error in the surface area.

Solution:
A’(r) = 8nr (2.5.25)
Atr=5: A’(5) = 8n(5) = 40.
AA =~ A'(5)Ar = 40m(0.02) = 0.8 ~ 2.513 m? (2.5.26)
|The surface area error is approximately + 0.87 m? ~ +2.51 m? (2.5.27)

Question of the Day

Why does linearization work for small changes?

Answer The derivative f’(a) represents the instantaneous rate of change at a. For small changes Az, the function behaves
almost linearly, so the tangent line provides an excellent approximation. The error is proportional to (Az)?, so the smaller the
change, the better the approximation.

This page titled 2.5: Linearization for Approximation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.
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2.5: The Mean Value Theorem

The Mean Value Theorem (MVT)

The Mean Value Theorem bridges the gap between the average rate of change over an interval and the instantaneous rate of
change at a specific point.

The Mean Value Theorem:

If f(z) is continuous on the closed interval [a,b] and differentiable on the open interval (a,b), then there exists at least one
number c € (a,b) such that:

f(b) — f(a)

o =+2— (2.5.1)

In geometric terms, there is at least one point ¢ where the tangent line to the curve is parallel to the secant line connecting

(a, f(a)) and (b, f(b)).

Rolle's Theorem: A Special Case of MVT

Rolle's Theorem is a special case of the Mean Value Theorem where f(a) = f(b). In this case, there exists ¢ € (a,b) such that

F/(c) =0.

This is particularly useful for proving that a function has at most one root on an interval.

Example 2.5.6: Applying the Mean Value Theorem

Verify that the Mean Value Theorem applies to f(z) = 23 — x on [0, 2], and find all values of c that satisfy the theorem.
Solution:

f(z) is continuous on [0, 2] and differentiable on (0, 2), so the MVT applies.

f0)=0-0=0 (2.5.2)
f@e)=22-2=8-2=6 (2.5.3)
f@2)—f0) 6-0 _
0 = 3 =3 (2.5.4)
Set f'(c) =3
fl(z)=322-1 = 3c>—1=3 (2.5.5)
32=4 = szg = czi% (2.5.6)
Oonly ¢ = % ~ 1.155 is in (0, 2).
c= % (2.5.7)
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Example 2.5.7: Mean Value Theorem with a Rational Function

Verify that the Mean Value Theorem applies to f(z) = < on [1,4], and find all values of ¢ that satisfy the theorem.
Solution:

f(z) is continuous on [1, 4] and differentiable on (1, 4), so the MVT applies.

fay=1 (2.5.8)
f4)= % (2.5.9)
- -1 -3 1
4—-1 3 3 4 (2:5.10)
Set f/(c) = —+:

F@)=—ay =~ =7 (2.5.11)
=4 = c=42 (2.5.12)

Only ¢ = 2isin (1,4).
c=2 (2.5.13)

Example 2.5.8: When MVT Does Not Apply

Explain why the Mean Value Theorem cannot be applied to f(z) = |z| on [—1,2].
Solution:

The function f(z) = |z| is continuous on [—1,2], but it is not differentiable at = = 0 (there is a sharp corner). Since the
function is not differentiable on the entire open interval (—1,2), the MVT does not apply.

|The MVT does not apply because f is not differentiable at x = 0| (2.5.14)

Applications of the Mean Value Theorem: Proving Uniqueness

The Mean Value Theorem (along with Rolle's Theorem) is frequently used to prove that an equation has at most one solution by
demonstrating that assuming two roots leads to a contradiction.

Example 2.5.9: Proving at Most One Solution

Show that the equation z* — 3z + 1 = 0 has at most one solution in the interval (0, 1).
Solution:

Suppose, for contradiction, that there are two solutions a and b in (0,1) with a < b. Then f(a) = f(b) = 0 where f(z) = 2° — 3z
+ 1.

By Rolle's Theorem, there must exist ¢ € (a, b) such that f’(c) = 0.

But f/(z) = 322 —3 = 3(x2 — 1).
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Forz € (0,1), 2% < 1,s0 22 — 1 < 0, meaning f'(z) < 0 for all z € (0, 1).
This contradicts the existence of ¢ € (a,b) C (0,1) where f'(c) = 0.

Therefore, the equation has at most one solution in (0, 1).

|At most one solution in (0, 1)| (2.5.15)

Example 2.5.10: Proving a Unique Root Exists

Show that the equation 2 — 3z 4+ 1 = 0 has exactly one solution in (0, 1).

Solution:
We already showed at most one solution exists in Example 9.
Now we show at least one solution exists using the Intermediate Value Theorem:
f0)=1>0 (2.5.16)
fA)=1-3+1=-1<0 (2.5.17)
Since f is continuous and f(0) > 0 > f(1), by the IVT, there is at least one root in (0, 1).

Since we have at least one and at most one, there is exactly one solution in (0, 1).

|Exactly one solution in (0, 1)| (2.5.18)

This page titled 2.5: The Mean Value Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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2.5: Practice Set

Exercise 2.5.1

Find the linearization function, L(xz), of each function at the given point a:
(@) f(e) = vz ata=9

(b) g(x) = sin(z) ata=10

(c) h(z)=e"ata=0

(d) p(z) =In(z) ata=1

(e) g(z) = tan(z) at a = %

friz)=2>—-2z+1ata=2

Answer available at the end of this section.

Exercise 2.5.2

Use the linearization from Exercise 1to approximate each value:
(a) V10

(b) sin(0.1)

(c) &2

(d) In(1.1)

(e) tan (7 +0.1)

(f) (2.1)3 —2(2.1) + 1

Answer available at the end of this section.

Exercise 2.5.3

Use the Mean Value Theorem to find all values ¢ in the given interval that satisfy the conclusion of the theorem:
(@) f(z) = 2% on [0, 4]

(b) g(z) = 2® — 3z + 1 on [-2,2]

(c) h(z) = v/z on [1,4]

(d) p(z) = sin(x) on [0, 7]

(e) g(z) = In(z) on [1, €]

(f) r(z) = e* on [0, 1]
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Answer available at the end of this section.

Exercise 2.5.4

For each function and interval, verify that the Mean Value Theorem applies and find all values c that satisfy the conclusion:

(@) f(z) = 2% —4x +3 on [1,5)

(b) g(z) = cos(z) on [—%, g]
(€) he) = —— on [2,4]

(d) p(z) = tan"!(z) on [0, 1]
(e) g(x) = =* on [0,4]

Answer available at the end of this section.

Exercise 2.5.5

Use the Mean Value Theorem to show that each equation has exactly one solution in the given interval:
@z +z—-1=0

(b) cos(z) = 2z

(c)e*=2—=z

(d)In(z)=2—=

Answer available at the end of this section.

Exercise 2.5.6

Solve each application problem:

(a) A car's position is given by s(t) = t> — 6t2 + 9t + 2 for 0 < t < 4. Find the time(s) when the instantaneous velocity equals
the average velocity over the interval [0, 4].

(b) A runner completes a 10 km race in 40 minutes. Show that there must be a moment during the race when the runner's
instantaneous speed equals 15 km/hr.

Answer available at the end of this section.

Answers
Exercise 2.5.1
(@) f(a) = vVE =2 £/(a) = 2o = L

Ata:9:f(9):3,f’(9):%:%

L(z) :3+%(179)

Thus, L(z) =3 + %(z -9)
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(b) g(z) = sin(z), ¢’ (z) = cos(z)
Ata=0:¢(0)=0,¢(0)=1
Lz)=0+1(z—0) =z
Thus, L(z) =
(c) h(z) = €% h'(z) = e
Ata=0:h(0)=1,h(0)=1
Lz)=1+1(z—0)=1+4=z
Thus, L(z) =1+ =z
1
(@) p(z) = In@), p'(2) = —
Ata=1:p(1)=0,p'(1)=1
Lz)=0+1(z—1)=x—1
Thus, L(z) =2 — 1
(e)q()ftan()II() c?(x)
Y msec2 (X)) =
Ataf ( ) 1q(4) sec(4) 2.
K
L(z):1+2(zfz)
™
Thus, L(z) = 1 + 2 (x - Z)
) r(z)=a% -2z +1,7"(z) =32 — 2
Ata=27(2)=8—4+1=57r(2)=12—-2=10
L(z) =54 10(z — 2)
Thus, L(z) =5+ 10(z — 2)
Exercise 2.5.2
(a) Using L(z) =3 + %(z —9):
1 19
V10~ L(10) = 3 + () =3+ ¢ = ~ 31667
Actual value: v10 ~ 3.1623
(b) Using L(z) =
sin(0.1) ~ L(0.1) = 0.1
Actual value: sin(0.1) 2 0.0998
(c) Using L(z) =1+ a:
e~ L(02)=1+02=1.2
Actual value: e'? ~ 1.2214
(d) Using L(z) =z — 1t
In(1.1) » L(1.1) =1.1—-1=0.1
Actual value: In(1.1) ~ 0.0953
. ™ .
(e) Using L(z) =142 (z — Z)'
m ™
Letz = n +0.1. Then z — 1= 0.1.

tan (% + 0.1) ~L (% + 0.1) =1+20.1) =12

Actual value: tan (; n 0.1) = tan(0.8854) ~ 1.2230
(f) Using L(z) = 5+ 10(x — 2):

(2.1)* —2(2.1) + 1~ L(2.1) = 5+ 10(0.1) = 6
Actual value: 2.1% — 2(2.1) +1 = 9.261 — 4.2 + 1 = 6.061.

Exercise 2.5.3

a) f(z) = 2% f'(z) =2z

Set2c=4 = c=2
Thus, c =2
b) g(z) =23 -3z +1, ¢'(z) = 32 — 3
9(2)—g(-=2) (8—6+1)—(-8+6+1) 3—(-1)

2—(-2) 4 T4
2 2 2 4 2
Set3¢c*—3=1 = 3¢c"=4 = c¢c"=— = c=4+——
3 V3
- 2 2
Both values lie in (—2,2),s0¢c= — and ¢ = ——
V3 3
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1
c) h(z) =z, h'(z) = ——
(©) ) = Va1 () = 5=
h(4)—h(1) 2-1 1
4—1 -3 73
1 1 3 9
Set2ﬁ7§:>2\/573:>\/575:>c71
9
Thus,c:z

Setcos(c) =0 = c¢= % on (0,)

Thus, c =

NIE]

() glx) = In(z), ¢'(z) = ~

xT

1 1
Set - = —— = c¢c=e—1
c e—1

Thus,c=e—1
() r(z) =€, 1'(x) ="

Setef=e—1 = c=In(e—1)
Thus, ¢ =In(e — 1)
Exercise 2.5.4
(a) f(z) = 2% — 4z + 3 is continuous on [1, 5] and differentiable on (1,5) with f(z) = 2z — 4
fB)—F(1)  (25—20+3)—(1—4+3)

5—1 4
Set2c—4=2 = 2c=6 = ¢=3
Thus,c=3
(b) g(z) = cos(x) is continuous on [—/2, /2] and differentiable on (—%, %) with ¢’(z) = —sin(z)
9(3)-9(-%) _0-0_,
-3 7
Set —sin(¢) =0 = sin(c)=0 = c¢=0o0n (7%, %)
Thus,c=0
1 . . . . : 1
(c) h(z) = s continuous on [2, 4] and differentiable on (2, 4) with h'(z) = R
— z—
1, 2
h4)—h® 3~ "3 _
4—2 2 2
Set——1 1:>(1)23:> 1=1V3
— = —— c— = c—1= .
(c—1)2 3
Sincece (2,4),c—1>1,80c—1=v3 = c=1+3
Thus,c=1++/3
. . . . . 1
(d) p(z) = tan~!(z) is continuous on [0, 1] and differentiable on (0, 1) with p’(z) = T
x
T o
pP-p0) 7T ° =
1-0 1 4
1 4 4
Set S = 14+ci== = =—--1
1+ c? 4 T T
. 4
Sincece (0,1),c=4/——1
™
4
Thus,c=4/——1
™
(e) M(a(x) = xM\frac{3}{2}\) is continuous on [0, 4] and differentiable on (0, 4) with ¢’(z) = %z"? =
a®-aq0) _8-0 _,
4—-0 4
4 1
Set%ﬁ:2 = 3Vc=4 = \/Ezg = 62?6
16
Thus, c= —
us,c=

Exercise 2.5.5
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(a)Let f(z)=az3+z—1

Existence: f(0) = —1 < 0 and f(1) = 1 > 0. By the Intermediate Value Theorem, there is at least one root in (0, 1).
Uniqueness: f'(z) = 32> +1 > 0 for all z. Thus f is strictly increasing and can have at most one root.

Therefore z° 4+ z — 1 = 0 has exactly one solution.

(b) Let f(z) = cos(z) — 2z

Existence: f(0) = 1> 0 and f(1) = cos(1) — 2 < 0. By the IVT, there is at least one root in (0,1).

Uniqueness: f'(z) = —sin(z) — 2 < 0 for all z . Thus f is strictly decreasing and can have at most one root.
Therefore cos(z) = 2z has exactly one solution.

(c) Let f(z) =€+ —2

Existence: f(0)=1—2=-1<0and f(1) =e+1—2=e—1> 0. By the IVT, there is at least one root in (0, 1).
Uniqueness: f'(z) = e” + 1 > 0 for all z. Thus f is strictly increasing and can have at most one root.

Therefore e” = 2 — z has exactly one solution.

(d) Let f(z) =In(z) + = — 2

Existence: f(1)=0+1—2=—1<0and f(2) =In(2) + 2 — 2 = In(2) > 0. By the IVT, there is at least one root in (1, 2).

. , 1 . . . .
Uniqueness: f'(z) = = + 1> 0 forall z > 0. Thus f is strictly increasing and can have at most one root.

Therefore In(z) = 2 — z has exactly one solution.
Exercise 2.5.6
(a) The average velocity over [0, 4] is:
s(4)—s(0)  (64—96+36+2)—2 62

= ‘1

4-0 4 4

Vavg =
The instantaneous velocity is s’ (t) = 3t — 12t + 9.

Sets’(t) =1:3t2—12t+9=1 = 3t> - 12t +8=0.
Using the quadratic formula:

,_12+£VI4-06 122 V48 12+4V3 V3

2 —_—
6 6 6 + 3
Both values lie in [0,4], so t =2 4+ ﬁ
3
. .4 2
(b) The runner's average speed is 10 km in % =3 hours:
10
Vavg = 33 =15 km/hr

Let s(t) be the distance traveled as a function of time, with s(0) =0 and s(2/3) = 10. By the Mean Value Theorem, there exists ¢ € (0,2/3) such that s’(c)

_ s(2/3) — s(0) 15
2/3—0 ’

Since s’(c) is the instantaneous velocity at time ¢, there must be a moment when the runner's speed is exactly 15 km/hr.

This page titled 2.5: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.6: Related Rates

Learning Objectives

e Express changing quantities in terms of derivatives.
e Find relationships among the derivatives in a given problem.
e Use the chain rule to find the rate of change of one quantity that depends on the rate of change of other quantities.

We have seen that for quantities that are changing over time, the rates at which these quantities change are given by derivatives.
If two related quantities are changing over time, the rates at which the quantities change are related. For example, if a balloon
is being filled with air, both the radius of the balloon and the volume of the balloon are increasing. In this section, we consider
several problems in which two or more related quantities are changing and we study how to determine the relationship between
the rates of change of these quantities.

Question of the Day

How do we find the rate at which one quantity changes when another rate is known?

This page titled 2.6: Related Rates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 3.9: Related Rates by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.
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2.6: Related Rates

Setting up Related-Rates Problems

In many real-world applications, related quantities are changing with respect to time. For example, if we consider the balloon

example again, we can say that the rate of change in the volume, V, is related to the rate of change in the radius, r. In this case,
dv d . s

we say that rr and d—z are related rates because V is related to r. Here we study several examples of related quantities that

are changing with respect to time and we look at how to calculate one rate of change given another rate of change.

Example 2.6.1: Inflating a Balloon

A spherical balloon is being filled with air at the constant rate of 2 cm?/sec (Figure 2.6.1). How fast is the radius increasing
when the radius is 3 cm?

Time 1 Time 2 Time 3

Figure 2.6.1: As the balloon is being filled with air, both the radius and the volume are increasing with respect to time.

Solution

The volume of a sphere of radius r centimeters is

Since the balloon is being filled with air, both the volume and the radius are functions of time. Therefore, ¢t seconds after
beginning to fill the balloon with air, the volume of air in the balloon is

V(t) = %W[T‘(t)] Sem?

Differentiating both sides of this equation with respect to time and applying the chain rule, we see that the rate of change in
the volume is related to the rate of change in the radius by the equation

V/(t) = 4 [r(8)]*r (1)
The balloon is being filled with air at the constant rate of 2 cm?/sec, so V' (t) = 2 cm?®/sec. Therefore,
2 cm?®/sec = (47r[r(1:)]2 cm2) . (r’(t) cm/s)

which implies
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When the radius » = 3 cm,

Exercise 2.6.1

What is the instantaneous rate of change of the radius when r = 6 cm?
Hint available at the end of this section.

Answer available at the end of this section.

Before looking at other examples, let’s outline the problem-solving strategy we will be using to solve related-rates problems.

Problem-Solving Strategy: Solving a Related-Rates Problem

Assign symbols to all variables involved in the problem. Draw a figure if applicable.

State, in terms of the variables, the information that is given and the rate to be determined.

Find an equation relating the variables introduced in step 1.

Using the chain rule, differentiate both sides of the equation found in step 3 with respect to the independent variable.
This new equation will relate the derivatives.

5. Substitute all known values into the equation from step 4, then solve for the unknown rate of change

pPwnN o

Note that when solving a related-rates problem, it is crucial not to substitute known values too soon. For example, if the value for
a changing quantity is substituted into an equation before both sides of the equation are differentiated, then that quantity will
behave as a constant and its derivative will not appear in the new equation found in step 4. We examine this potential error in the
following example.

Examples of the Process

Let’s now implement the strategy just described to solve several related-rates problems. The first example involves a plane flying
overhead. The relationship we are studying is between the speed of the plane and the rate at which the distance between the
plane and a person on the ground is changing.

Example 2.6.2: An Airplane Flying at a Constant Elevation

An airplane is flying overhead at a constant elevation of 4000 ft. A man is viewing the plane from a position 3000 ft from the
base of a radio tower. The airplane is flying horizontally away from the man. If the plane is flying at the rate of 600 ft/sec, at
what rate is the distance between the man and the plane increasing when the plane passes over the radio tower?

Solution

Step 1. Draw a picture, introducing variables to represent the different quantities involved.
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X

Figure 2.6.2: An airplane is flying at a constant height of 4000 ft. The distance between the person and the airplane and the person and the
place on the ground directly below the airplane are changing. We denote those quantities with the variables s and z, respectively.

As shown, = denotes the distance between the man and the position on the ground directly below the airplane. The variable
s denotes the distance between the man and the plane. Note that both z and s are functions of time. We do not introduce
a variable for the height of the plane because it remains at a constant elevation of 4000 ft. Since an object’s height above
the ground is measured as the shortest distance between the object and the ground, the line segment of length 4000 ft is
perpendicular to the line segment of length z feet, creating a right triangle.

. . . . d
Step 2. Since z denotes the horizontal distance between the man and the point on the ground below the plane, d—f represents

. d .
the speed of the plane. We are told the speed of the plane is 600 ft/sec. Therefore, d—i = 600 ft/sec. Since we are asked to
find the rate of change in the distance between the man and the plane when the plane is directly above the radio tower, we
need to find % when z = 3000 ft.

Step 3. From the figure, we can use the Pythagorean theorem to write an equation relating = and s:
[2()]* + 4000% = [s(¢)]?

Step 4. Differentiating this equation with respect to time and using the fact that the derivative of a constant is zero, we arrive
at the equation

dx ds

Step 5. Find the rate at which the distance between the man and the plane is increasing when the plane is directly over the
. . d . . d
radio tower. That is, find d—i when z = 3000 ft. Since the speed of the plane is 600 ft/sec, we know that d—f = 600 ft/sec. We
. .. . . . . d
are not given an explicit value for s; however, since we are trying to find d—i when z = 3000 ft, we can use the Pythagorean

theorem to determine the distance s when z = 3000 ft and the height is 4000 ft. Solving the equation

30002 + 40002 = s2

. . . ds . . .
for s, we have s = 5000 ft at the time of interest. Using these values, we conclude that d—i is a solution of the equation

d
2-3000~600+0:2~5000~d—i

Therefore,
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ds _ 3000 - 600
dt ~ 5000

= 360 ft/sec

Note: When solving related-rates problems, it is important not to substitute values for the variables too soon. For example, in
step 3, we related the variable quantities z(t) and s(t) by the equation

[2(t)]? + 4000% = [s(t)]?
Since the plane remains at a constant height, it is not necessary to introduce a variable for the height, and we are allowed to
use the constant 4000 to denote that quantity. However, the other two quantities are changing. If we mistakenly substituted
z(t) = 3000 into the equation before differentiating, our equation would have been

30002 + 4000 = [s(t)]?

After differentiating, our equation would become

As a result, we would incorrectly conclude that % =0.

Exercise 2.6.2

What is the speed of the plane if the distance between the person and the plane is increasing at the rate of 300 ft/sec?
Hint available at the end of this section.

Answer available at the end of this section.

Example 2.6.3: Chapter Opener - A Rocket Launch

A rocket is launched so that it rises vertically. A camera is positioned 5000 ft from the launch pad. When the rocket is 1000 ft
above the launch pad, its velocity is 600 ft/sec.

a

Figure 2.6.3: (credit: modification of work by Steve Jurvetson, Wikimedia Commons)

Find the necessary rate of change of the camera’s angle as a function of time so that it stays focused on the rocket.
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Solution

Step 1. Draw a picture introducing the variables.

5000 ft

Figure 2.6.4: A camera is positioned 5000 ft from the launch pad of the rocket. The height of the rocket and the angle of the camera are
changing with respect to time. We denote those quantities with the variables h and 6,respectively.

Let h denote the height of the rocket above the launch pad and 6 be the angle between the camera lens and the ground.

Step 2. We are trying to find the rate of change in the angle of the camera with respect to time when the rocket is 1000 ft off
the ground. That is, we need to find fl—f when h = 1000 ft. At that time, we know the velocity of the rocket is % = 600 ft/sec.

Step 3. Now we need to find an equation relating the two quantities that are changing with respect to time: h and 6. How
can we create such an equation? Using the fact that we have drawn a right triangle, it is natural to think about trigonometric
functions. Recall that tan @ is the ratio of the length of the opposite side of the triangle to the length of the adjacent side.
Thus, we have

h

tan(@) = m

This gives us the equation
h = 5000 tan(f)

Step 4. Differentiating this equation with respect to time ¢, we obtain

dh ) dB
o 5000 sec*(0) - =

Step 5. We want to find % when h = 1000 ft. At this time, we know that % = 600 ft/sec. We need to determine sec?(6). Recall

that sec(6) is the ratio of the length of the hypotenuse to the length of the adjacent side. We know the length of the adjacent
side is 5000 ft. To determine the length of the hypotenuse, we use the Pythagorean theorem, where the length of one leg is
5000 ft, the length of the other leg is h = 1000 ft, and the length of the hypotenuse is ¢ feet as shown in the following figure.
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1000

5000

We see that
10007 + 5000% = ¢?
and we conclude that the hypotenuse is
¢ = 1000v/26 ft

Therefore, when h = 1000, we have

2
9 1000v/26 26
sec’(@) = | ———— | ==
5000 25

. . df .
Recall from step 4 that the equation relating yr to our known values is

dh 9 df
E = 5000 sec (0) o E
dh 2 26 N . . .
When h = 1000 ft, we know that 0 = 600 ft/sec and sec*() = %5 Substituting these values into the previous equation, we

arrive at the equation

26 df
60075000-% Sy
df . do
Therefore, we solve for o to get our final answer it % rad/sec

Exercise 2.6.3

What rate of change is necessary for the elevation angle of the camera if the camera is placed on the ground at a distance
of 4000 ft from the launch pad and the velocity of the rocket is 500 ft/sec when the rocket is 2000 ft off the ground?

Hint available at the end of this section.

Answer available at the end of this section.

In the next example, we consider water draining from a cone-shaped funnel. We compare the rate at which the level of water in
the cone is decreasing with the rate at which the volume of water is decreasing.

Example 2.6.4: Water Draining from a Funnel

Water is draining from the bottom of a cone-shaped funnel at the rate of 0.03 ft®/sec. The height of the funnel is 2 ft and the
radius at the top of the funnel is 1 ft. At what rate is the height of the water in the funnel changing when the height of the

't
water is 3 ft?

Solution
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Step 1: Draw a picture introducing the variables.

Figure 2.6.5: Water is draining from a funnel of height 2 ft and radius 1 ft. The height of the water and the radius of water are changing
over time. We denote these quantities with the variables h and r, respectively.

Let h denote the height of the water in the funnel, r denote the radius of the water at its surface, and V' denote the volume of
the water.

. dh d
Step 2: We need to determine = when h = % ft. We know that d_‘t/ = —0.03 ft/sec.
Step 3: The volume of water in the cone is

V= 571'7'2}7,

From the figure, we see that we have similar triangles. Therefore, the ratio of the sides in the two triangles is the same.

1 h . . . e
Therefore, % = orr= > Using this fact, the equation for volume can be simplified to

h\2 T 4

Step 4: Applying the chain rule while differentiating both sides of this equation with respect to time ¢, we obtain

dvzlhﬁ.ﬂ

dt 40 dt

. dh 1 . . . d
Step 5: We want to find = when h = 5 ft. Since water is leaving at the rate of 0.03 ft3/sec, we know that d_‘t/ = —0.03 t3/sec

. Therefore,
m/1\2 dh
—0.03 = 1 (5) =
which implies
7 dh
—0.03 = STV

It follows that
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dh 0.48
E = —T = —0153&/S€C

Exercise 2.6.4

. . . . .1
At what rate is the height of the water changing when the height of the water is 1 ft?

Hint available at the end of this section.

Answer available at the end of this section.

Answers

Exercise 2.6.1
dr 1
dt 272

Exercise 2.6.1

1 .
o cm/sec, or approximately 0.0044 cm/sec
s

Exercise 2.6.2

ds = 300 ft/sec
dt

Exercise 2.6.2
500 ft/sec
Exercise 2.6.3

Find % when h = 2000 ft. At that time, % = 500 ft/sec.

Exercise 2.6.3

1
— /
0 rad/sec
Exercise 2.6.4
. dh 1
We need to find — when h = —.
dt 4

Exercise 2.6.4
—0.61 ft/sec

This page titled 2.6: Related Rates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 3.9: Related Rates by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.

e 4.1: Related Rates by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.
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2.6: Practice Set

Exercise 2.6.1

A spherical balloon is being inflated at a rate of 8 cm®/s. How fast is the radius increasing when the radius is 4 cm?

Answer available at the end of this section.

Exercise 2.6.2

A ladder 10 feet long is leaning against a wall. The bottom of the ladder is sliding away from the wall at a rate of 2 ft/s. How
fast is the top of the ladder sliding down the wall when the bottom is 6 feet from the wall?

Answer available at the end of this section.

Exercise 2.6.3

A conical tank (with vertex down) has a height of 12 feet and a radius of 4 feet. Water is flowing into the tank at a rate of
5 ft3 /min. How fast is the water level rising when the water is 6 feet deep?

Answer available at the end of this section.

Exercise 2.6.4

A car is traveling north at 60 mph and a truck is traveling east at 40 mph. The car is 3 miles south of an intersection and the
truck is 4 miles west of the same intersection. How fast is the distance between them changing?

Answer available at the end of this section.

Exercise 2.6.5

A cylindrical tank with radius 3 feet is being filled with water at a rate of 10 ft*/min. How fast is the water level rising?

Answer available at the end of this section.

Exercise 2.6.6

A particle is moving along the curve y = 2% + 1. At the point (2,5), the z-coordinate is changing at 3 units/s. How fast is the y
-coordinate changing?

Answer available at the end of this section.

Exercise 2.6.7

A square is expanding. The side length is increasing at 2 cm/s. How fast is the area increasing when the side length is 5 cm?

Answer available at the end of this section.
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Exercise 2.6.8

A circle's radius is increasing at 3 cm/s. How fast is the circumference increasing when the radius is 6 cm?

Answer available at the end of this section.

Exercise 2.6.9

A rectangle's length is increasing at 4 cm/s and its width is decreasing at 2 cm/s. At the instant when the length is 10 cm and
the width is 3 cm, how fast is the area changing?

Answer available at the end of this section.

Exercise 2.6.10

A kite is flying 100 feet above the ground. The string is being let out at a rate of 3 ft/s. How fast is the horizontal distance
from the person to the kite changing when the string is 125 feet long?

Answer available at the end of this section.

Exercise 2.6.11

A 6-foot tall man is walking away from a 20-foot tall streetlight at a rate of 4 ft/s. How fast is the length of his shadow
increasing?

Answer available at the end of this section.

Exercise 2.6.12

An oil spill forms a circular slick. The radius is increasing at 2 ft/min. How fast is the area of the slick increasing when the
radius is 10 ft?

Answer available at the end of this section.

Exercise 2.6.13

An inverted cone (vertex down) is being drained at a rate of 2 ft3/min. The cone has a radius of 3 feet and height of 6 feet.
How fast is the water level dropping when the water is 4 feet deep?

Answer available at the end of this section.

Exercise 2.6.14

Two cars leave an intersection at the same time. One travels north at 50 mph and the other travels east at 30 mph. How fast
is the distance between them increasing after 2 hours?

Answer available at the end of this section.
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Exercise 2.6.15

A water trough has a triangular cross-section with height 4 feet and width 6 feet, and the length of the trough is a constant 10
feet. Water is flowing into the trough at 8 ft3/min. How fast is the water level rising when the water is 2 feet deep?

Answer available at the end of this section.

Answers

Exercise 2.6.1
4 L, . . .
Volume of a sphere: V = gﬂr“. Differentiate with respect to ¢

W adr
dt dt
Given v =8andr=4:
dt
dr dr dr 8
2270 — “or ar o _ L
8 = 4m(4) 7 64 7 I el cm/s
dr 1
Thus, — = —
us, - = oo cm/s
Exercise 2.6.2
Let z be the distance from the wall to the bottom of the ladder and y be the height of the top of the ladder. By the Pythagorean theorem:
a® +y* =100
Differentiate with respect to ¢
dz dy dx dy
21E+2y570 == zﬁ+y570
Given do =2andz=6:
dt
y=+100—36=v64=38
dy dy dy 12 3
A 1 A ===
6(2>+8dt 0= 2+8dt 0 = I 3 2ft/s
The top of the ladder is sliding down at % ft/s
Exercise 2.6.3
IR P . . ro_ _ _h
Volume of a cone: V = gm h. By similar triangles, ey sor= 3
1 (h\? 1 h b
——a(Z2) h==r-— b= —p3
V=37 ( 3 ) ™ 27
Differentiate with respect to ¢
d_V = Eth_h
dt 9 dt
Given v =5and h=6:
dt
T dh dh dh
5= 6(36>% =dn— el ft/min
dh 5 .
Thus - ft/min

Exercise 2.6.4
Let z be the truck's distance west of the intersection and y be the car's distance north of the intersection. The distance between them is z = \/z2 + y2.

X d . X . d .
Given @ _ —40 (moving toward the intersection) and d_?t! = 60 (moving away).

dt
Differentiate 22 = 22 + y*:

dz _ dzx dy dz  dz dy

uTTE e T T T w Va

At the given instant, z = 4,y = 3,50 2= /16 + 9 = 5.
d d
2 _ 4(—40) + 3(60) = —160 + 180 = 20 —> d—j = 4 mph
The distance between them is increasing at 4 mph

Exercise 2.6.5

Volume of a cylinder: V = 7r2h. Since r is constant (r = 3)
V =9rwh

Differentiate with respect to ¢

210 (2.6.3)
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v _gdn
dt T dt
Given v = 10:
dt
dh dh 10 .
10 = QWE = =9 ft/min
dh 10 .
Thus, il ft/min
Exercise 2.6.6
Given y = z2 + 1. Differentiate with respect to t:
dy dx
9
a - Ta
Atz:Zandd—w:&
dt
dy .
— =2(2)(3) = 12 units/s
dt
Thus, % = 12 units/s
Exercise 2.6.7
Area of a square: A = s2. Differentiate with respect to
dA ds
— — 99>
a Ta
. ds
Given s=5and — =2:
dt
A
(Z—t =2(5)(2) = 20 cm?/s
dA
Thus, e 20 cm?/s
Exercise 2.6.8
Circumference of a circle: C = 2xr. Differentiate with respect to t:
ac _ dr
a T
: dr .
Given i 3
% =2m(3) = 6w cm/s

Thus, % = 67 cm/s

Exercise 2.6.9
Area of a rectangle: A = lw. Differentiate with respect to ¢:
A _dl o dw
a -~ a T a
Given L — 4 ¥ 9 —10,andw=3:
dt dt
dA

i 4(3) +10(—2) = 12 — 20 = —8 cm?/s

dA )
Thus, e —8 cm?/s

Exercise 2.6.10
Let z be the horizontal distance, y = 100 be the height (constant), and s be the length of the string.

52 = 22 4+ ¢* = 22 4 10000

Differentiate with respect to ¢

25 _pgde _ ds _ dv
ST FIRT
. d
Given s = 125 and d—i = 3. Then z = v/125% — 10000 = v/15625 — 10000 = /5625 = 75.
dx dx 375
125(3) = 75— = =51
5(3) =75 T = a = 5 ft/s

dz
Thus, i 5 ft/s

Exercise 2.6.11
Let z be the distance from the man to the streetlight and s be the length of his shadow. By similar triangles:

x2fs :g = 20s =6z +6s = 1l4s =6z = s:%x
Differentiate with respect to ¢:
ds _3dw
dt 7 dt
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: dx
G — =4
iven p

ds 3 12
5= 7(4) = ft/s
ds 12
Thus, i ft/s
Exercise 2.6.12
Area of a circle: A = nr2. Differentiate with respect to t:
dA dr
o

Given r = 10 and dar =2
dt

% = 2m(10)(2) = 407 ft*/min
A
Thus, Cji_t = 40 £t /min

Exercise 2.6.13

By similar triangles r_3_1 sor= h
y gles, o6 2 =3
1, h\? T3
V—gm‘ h——‘fr(i) h—ﬁh
Differentiate with respect to ¢
vV w ,dh
dt 4 dt
: dav -
Given o= —2 (draining) and h = 4:
T dh dh dh 1
—2=—(16)— = dr— — — —— ft/mi
FWO G =g = G~ g /min

. . 1
The water level is dropping at o ft /min
™

Exercise 2.6.14
Let z be the eastward distance and y be the northward distance. The distance between them is z = /22 + y2.
X d d;
Given == = 30 and 2 = 50.
dt dt
Differentiate 22 = 22 + y*:

dz dz dy dz dz dy
22— = 20— + 2y— — = =7
o T T T T T

After 2 hours: z = 30(2) = 60, y = 50(2) = 100, S0 z = /3600 + 10000 = /13600 = 20/34.

20@% = 60(30) + 100(50) = 1800 + 5000 = 6800

4
dz _ G800 _ 310 5831 mph

dt 9034 V3

Thus, k = ﬁ mph
dt V34
Exercise 2.6.15
By similar triangles, the width of the water at depth h is w = gh = %h.
. . 1 1/3 3
The cross-sectional area of the water is A = Ewh =3 (5h> h= th,
. . 1
Since the trough has length 10, the volume is V = A4 - 10 = ?shz.
Differentiate with respect to ¢:
(1% dh
— = 15h—
dt dt
Given v =8and h=2:
dt
dh dh dh 4 .
8=15-2 s 30% Efﬁft/mm

dh 4 .
Thus, -1 ft/min

This page titled 2.6: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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2.7: L'Hopital's Rule

Learning Objectives

e Recognize when to apply L'Hopital’s rule.

¢ Identify indeterminate forms produced by quotients, products, subtractions, and powers, and apply L'Hépital’s rule in
each case.

e Describe the relative growth rates of functions.

In this section, we examine a powerful tool for evaluating limits. This tool, known as L'Hopital’s rule, uses derivatives to calculate
limits. With this rule, we will be able to evaluate many limits we have not yet been able to determine. Instead of relying on
numerical evidence to conjecture that a limit exists, we will be able to show definitively that a limit exists and to determine its
exact value.

Question of the Day

How can we evaluate limits that give indeterminate forms like 8/0 or infinity/infinity?

This page titled 2.7: L'Hopital's Rule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 4.3: Indeterminate Forms and I'Hospital's Rule by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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2.7: Type 1 Indeterminant Forms

Applying L’Hopital’s Rule

L'Hépital’s rule can be used to evaluate limits involving the quotient of two functions. Consider

lim G
If lim f(z) = L, and lim g(z) = L, # 0, then
A Y
z—a g(x) Loy

. . . . 0 .
However, what happens if lim f(z) =0 and lim g(z) = 0? We call this one of the indeterminate forms, of type 9 This is
T—a T—a

f(z)

considered an indeterminate form because we cannot determine the exact behavior of T as x — a without further analysis.
gl

We have seen examples of this earlier in the text. For example, consider

and

. sin(x)
lim ——=~

z—0 T

For the first of these examples, we can evaluate the limit by factoring the numerator and writing

24 +2)(z—2
Tl P 1 C ) R RPN S S
=2 T — T—2 xr—2 T—2
. sin(z) . .
For hn(1) we were able to show, using a geometric argument, that
r— xr
lim sinz 1
z—0 T

Here we use a different technique for evaluating limits such as these. Not only does this technique provide an easier way to
evaluate these limits, but also, and more importantly, it provides us with a way to evaluate many other limits that we could not
calculate previously.

The idea behind L'Hopital’s rule can be explained using local linear approximations. Consider two differentiable functions f and
g such that lim f(z) = 0 = lim g(z) and such that g ’(a) # 0 For z near a,we can write
r—a r—a

f@) = f(a) + f'(a)(x — a)

and

Therefore,
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yi

y = f(x)

y = Ka) + f(a)ix — a)

a X

Figure 2.7.1: If lim f(z) = lim g(z), then the ratio f(z)/g(x) is approximately equal to the ratio of their linear approximations near a.
T—a T—a

Since f is differentiable at a, then f is continuous at a, and therefore f(a) = lim f(z) = 0. Similarly, g(a) = lim g(z) = 0. If we also
r—a T—a
assume that f’ and g’ are continuous at = = a, then f ’(a) = lign f/(z) and g ’(a) = lim g '(x). Using these ideas, we conclude that
r—a r—a
f(z) f'(a)(z —a)

lim = lim = = lim /(x)
z—a g(z z=a g (a) T — a,) z=a g (:1;)

<~

Note that the assumption that f’ and g’ are continuous at a and g ’(a) # 0 can be loosened. We state L’Hopital’s rule formally
. . 0 . -
for the indeterminate form o Also note that the notation 0 does not mean we are actually dividing zero by zero. Rather, we are

using the notation 0 to represent a quotient of limits, each of which is zero.

A . 0
Theorem 2.7.1: L'Hépital’s Rule (5 Case)

Suppose f and g are differentiable functions over an open interval containing a, except possibly at a. If lil)m f(z) =0 and

lim g(z) = 0, then
T—a

@) f@

o0 g(z) v g (x)

assuming the limit on the right exists or is co or —oo. This result also holds if we are considering one-sided limits, or if a = 0o
or a = —oo.

We provide a proof of this theorem in the special case when f, g, f/, and g’ are all continuous over an open interval containing
a. In that case, since lim f(z) = 0 = lim g(z) and f and g are continuous at q, it follows that f(a) = 0 = g(a). Therefore,
Tr—a r—a
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lim fz = lim Hz) = fla) Since f(a) = 0 = g(a)
a=a g(x) @ g(z) —g(a)
f(z) — f(a)
= lim —~—% Multiply numerator and denominator by
z=a g(x) —g(a) i
T—a
L J@) = @
= o=@ The limit of a quotient is the quotient of the limits.
o 9@) — (@)
im
T—a Tr—a
= f /Ea; By the definition of the derivative
a
lim f/(z)
= &=L ; By the continuity of ' and ¢’
lim g (x)
r—a
f'(=)

im — The limit of a quotient
T i5a g (z)

Note that L'Hopital’s rule states we can calculate the limit of a quotient i by considering the limit of the quotient of the
g

derivatives —.. It is important to realize that we are not calculating the derivative of the quotient
g

O

. .. 0
Example 2.7.1: Applying L'Hopital’s Rule (5 Case)

Evaluate each of the following limits by applying L'Hépital’s rule.

(@) lim 1 — cos(z)
z—0 x

. sin(nz)
(b) alzllg In(z)

1
e —1
1
s

(c) lim
T—00

() lim sin(z) — x

z—0 T

Solution

(a) Since the numerator 1 — cos(z) — 0 and the denominator = — 0, we can apply L'Hopital’s rule to evaluate this limit. We
have

d .
. 1—cos(z) o ol (1 - cos(a:)) . sin(z) ,1511,1(1) sin(z) 0
lim ——— = = lim = lim = - =—=@
z—0 T z—0 d z—0 1 lim 1 1
a (.’L‘) z—0

(b) As z — 1, the numerator sin(wz) — 0 and the denominator In(z) — 0. Therefore, we can apply L'Hépital’s rule. We obtain
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. sin(7z) . mcos(mx)
lim = lim
z—1 ln(z) z—1

x

= lim 7z cos(nz)
z—1

= (x-1)(-1) =

. 1 . .
(c) As z — o0, the numerator et —1 — 0 and the denominator — — 0. Therefore, we can apply L'Hépital’s rule. We obtain
x

. oex—1 . (==) . 1 0
lim —— = lim ”)C = lim e¥ =" =[1]

8
ﬂm,_.

(d) As z — 0, both the numerator and denominator approach zero. Therefore, we can apply L'Hopital’s rule. We obtain

sin(z) — -1
lim (z) - = lim cos(z)
70 T 70 2x

Since the numerator and denominator of this new quotient both approach zero as = — 0, we apply L'H6pital’s rule again. In
doing so, we see that
cos(z)—1 = —sin(z)

lim = lim
2—0 2z z—0 2

Therefore, we conclude that

. sinx —x
lim S22 7 _[q]
z—0 x2

Exercise 2.7.1

Evaluate lim
@0 tan(z)

Hint available at the end of this section.

Answer available at the end of this section.

f(z)

We can also use L'Hopital’s rule to evaluate limits of quotients o) in which f(z) — 400 and g(z) — +o0. Limits of this form are
aglr

classified as indeterminate forms of type x, Again, note that we are not actually dividing oo by co. Since o is not a real number,
(o]

that is impossible; rather, — is used to represent a quotient of limits, each of which is co or —oc.
(o.¢]

Theorem 2.7.2: L’Hopital’s Rule (2 Case)

o0

Suppose f and g are differentiable functions over an open interval containing a, except possibly at a. Suppose hin flx) =00

(or —o0) and liin g(x) = oo (or —o0). Then,

@) f@

o0 g(z) v g (x)

assuming the limit on the right exists or is co or —co. This result also holds if the limit is infinite, if a = co or —co, or the limit
is one-sided.
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Example 2.7.2: Applying L'Hopital’s Rule (2) Case
0

Evaluate each of the following limits by applying L'Hépital’s rule.

(@) lim 3z +5

z—o00 20 4+ 1

(b) 1 In(z)

im
a0+ cot(x)

Solution

(a) Since 3z + 5 and 2z + 1 are first-degree polynomials with positive leading coefficients, li_)m (3z +5) = co and le (2z +1)
= oo. Therefore, we apply L’Hopital’s rule and obtain

3z +5 .3 3
lim — = —
2 2

m =
z—00 20 —+ 1 T—00

Note that this limit can also be calculated without invoking L'Hépital’s rule. Earlier in the chapter we showed how to evaluate
such a limit by dividing the numerator and denominator by the highest power of x in the denominator. In doing so, we saw
that

3z+5 . 3+2 3

z—)rl;: 2z + 1 _zg]go 2+% 9

L'Hopital’s rule provides us with an alternative means of evaluating this type of limit.

(b) Here, lil’{)l In(z) = —co and lim cot(z) = oco. Therefore, we can apply L'Hopital’s rule and obtain
z—0*

z—0+

In(z) 5 % . 1

im = = lim
-0+ cot(x)

m
e—0t —csc2(z) 20+ —x csc?(z)

Now as z — 0%, csc?(x) — oo. Therefore, the first term in the denominator is approaching zero and the second term is getting
really large. In such a case, anything can happen with the product. Therefore, we cannot make any conclusion yet. To evaluate
the limit, we use the definition of csc(z) to write

1 _ sin®(z)

im ————
a=0t —zesc?(z) a0t —x

Now ling sin2(x) =0and liIBl —z = 0, so we apply L'Hépital’s rule again. We find
z—0+t z—0+

. sin%(x) . 2sin(x) cos(z) 0
hm _— = llm —_— Y = —
=0t — z—0t —1 —1

We conclude that

In(z)

im =
@0+ cot(x)

Exercise 2.7.2

1
Evaluate lim )
T—00 €T

Answer available at the end of this section.
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As mentioned, L'Hopital’s rule is an extremely useful tool for evaluating limits. It is important to remember, however, that to apply

f(x) f(z)

L'Hopital’s rule to a quotient ——, it is essential that the limit of —— be of the form % or =, Consider the following example.
(o]

g(z) g(z)

Illustration 2.7.1: When L’Ho6pital’s Rule Does Not Apply

2
Consider lim =~ )
z—1 31 + 4

Because the limits of the numerator and denominator are not both zero and are not both infinite, we cannot apply L'Hopital’s
rule. If we try to do so, we get

d, 5
_ =9
dm(z +5) =2z
and
d

At which point we would conclude erroneously that

lim 2’ +5 = lim 2z _ 2
o1 3 +4 221 3 3
However, since lin%(ac2 +5) =6 and lim (3 + 4) = 7, we actually have
Tr— r—
1m x2 s 5 = E
c=>13c+4 7
We can conclude that
d
2 E(IIJZ A 5)
lim # lim
=13z +4 " =1 d
—(3 4
dx( T +4)
Exercise 2.7.3
os(x)

. Evaluate lim by other means.
z—0t

Explain why we cannot apply L'Hopital’s rule to evaluate li%l ¢ M
z—0F T x

Hint available at the end of this section.

Answer available at the end of this section.

Answers
Exercise 2.7.1
%(tan(x)) = sec?(z)
Exercise 2.7.1
1

Exercise 2.7.2
0

Exercise 2.7.3
Determine the limits of the numerator and denominator separately.

Exercise 2.7.3
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lim cos(z) = 1. Therefore, we cannot apply L'Hopital’s rule. The limit of the quotient is co.

z—0F

This page titled 2.7: Type 1 Indeterminant Forms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.

e 4.8: 'Hopital's Rule by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/

books/calculus-volume-1.
e 4.3: Indeterminate Forms and I'Hospital's Rule by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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2.7: Type 2 and 3 Indeterminant Forms

Other Indeterminate Forms

" . . AT . . . 0
L'Hépital’s rule is very useful for evaluating limits involving the indeterminate forms 9 and 2. However, we can also use
o0

L'Hépital’s rule to help evaluate limits involving other indeterminate forms that arise when evaluating limits. The expressions
0 - 00,00 —00,1%,00% and 0° are all considered indeterminate forms. These expressions are not real numbers. Rather, they
represent forms that arise when trying to evaluate certain limits. Next we realize why these are indeterminate forms and then
understand how to use L'Hopital’s rule in these cases. The key idea is that we must rewrite the indeterminate forms in such a way

. . . 0
that we arrive at the indeterminate form 0 or 2.
o0

Indeterminate Form of Type 0O«

Suppose we want to evaluate lim f(z) - g(z), where f(z) — 0 and g(z) — oo (or —oo) as z — a. Since one term in the product is
r—a

approaching zero but the other term is becoming arbitrarily large (in magnitude), anything can happen to the product. We use
the notation 0 - co to denote the form that arises in this situation. The expression 0 - oo is considered indeterminate because we
cannot determine without further analysis the exact behavior of the product f(z)g(z) as © — oo.

e . 1
For example, let n be a positive integer and consider f(z) = peTS] and g(z) = 322
. 322 . .
As z — oo, f(z) — 0 and g(z) — oo. However, the limit as z — co of f(z)g(z) = IZa) varies, depending on n.
l-’!l

If n =1, then li_}rn f(z)g(z) =00
If n =2, then lim f(z)g(z) =3
T—00
If n = 3, then lim f(z)g(z) =0
T—00

Here we consider another limit involving the indeterminate form 0 - co and show how to rewrite the function as a quotient to use
L'Hopital’s rule.

Example 2.7.3: Indeterminate Form of Type 0 - oo

Evaluate lim zln(x)
z—0"

Solution

First, rewrite the function z In(z) as a quotient to apply L'Hopital’s rule. If we write

In(zx)

1
T

zln(z) =

1 . .
we see that In(z) - —oco as z — 01 and — — oo as z — 0*. Therefore, we can apply L'Hépital’s rule and obtain
xr

. In(x) . dz (1n(ac)> 1 .
lim = lim = lim —— = lim (—z) =0
z—0+ L z—0* d 1 z—0* *Lz z—0*
T — (L T
dx ( v )

We conclude that
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lim zln(z) =0

z—0+

D -
x Y

Figure 2.7.2: Finding the limit at z = 0 of the function f(z) = zIn(z)

Exercise 2.7.4

Evaluate lim z cot(z)
z—0

Hint available at the end of this section.

Answer available at the end of this section.

Indeterminate Form of Type co-c

Another type of indeterminate form is co — co. Consider the following example.

Let n be a positive integer and let f(z) = 3z" and g(z) = 3z? + 5. As  — o0, f(z) — oo and g(x) — co. We are interested in
lim (f(xz) — g(z)). Depending on whether f(z) grows faster, g(x) grows faster, or they grow at the same rate, as we see next,
r—00

anything can happen in this limit. Since f(z) — co and g(z) — oo, we write co — co to denote the form of this limit. As with our
other indeterminate forms, co — oo has no meaning on its own and we must do more analysis to determine the value of the limit.

For example, suppose the exponent n in the function f(z) = 32" is n = 3, then

lim (f(z) — g(x)) = lim (323 — 32° — 5) = 00

T—00 Tr—00
On the other hand, if n = 2, then

lim (f(z) — g(z)) = lim (322 — 32®> —5) = —5

T—00 r—00
However, if n = 1, then

lim (f(z) — g(x)) = lim (3z — 322 — 5) = —c0

Tr—00 r—00

Therefore, the limit cannot be determined by considering only co — oco. Next we see how to rewrite an expression involving the
indeterminate form oo — oo as a fraction to apply L'Hopital’s rule.
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Example 2.7.4: Indeterminate Form of Type oo — oo

Evaluate lim i — #
=0t \ 2 tan(x)

Solution
By combining the fractions, we can write the function as a quotient. Since the least common denominator is 2 tan z, we have

1 1 tan(z) —2®

22  tan(z)  z?tan(z)

As z — 0T, the numerator tan(z) — 2 — 0 and the denominator z2 tan(z) — 0. Therefore, we can apply L’Hopital’s rule. Taking
the derivatives of the numerator and the denominator, we have

tan(z) — z? sec?(z) — 2z

im ———— = lim
=0t x?tan(z) a—0" x2sec?(z) + 2z tan(z)

As z — 0%, (sec?(x)) — 2z — 1 and z?sec?(z) + 2z tan(z) — 0. Since the denominator is positive as = approaches zero from
the right, we conclude that
sec?(z) — 2z

lim =00
0" x?sec?(z) + 2x tan(z)

Therefore,

. 1 1
lim ([ ——— | =
50+ (a:2 tan(z) )

Exercise 2.7.5

Evaluate lim (l — — L )
=0+ \ ¢  sin(z)

Hint available at the end of this section.

Answer available at the end of this section.

Indeterminate Forms Involving Exponents

Another type of indeterminate form that arises when evaluating limits involves exponents. The expressions 0°, o0, and 1> are all
indeterminate forms. On their own, these expressions are meaningless because we cannot actually evaluate these expressions as
we would evaluate an expression involving real numbers. Rather, these expressions represent forms that arise when finding limits.
Now we examine how L'Hopital’s rule can be used to evaluate limits involving these indeterminate forms.

Since L'Hopital’s rule applies to quotients, we use the natural logarithm function and its properties to reduce a problem evaluating

a limit involving exponents to a related problem involving a limit of a quotient. For example, suppose we want to evaluate
lim f(m)W) and we arrive at the indeterminate form oo®. (The indeterminate forms 0° and 1%° can be handled similarly.) We proceed
r—a

as follows. Let

Then,
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Therefore,

lim In(y) = lim g(z) In (f(x))

r—a r—a

Since lim f(z) = co, we know that lim In (f(z)) = oo. Therefore, lim g(z) In (f(x)) is of the indeterminate form 0 - oo, and we can use
r—a Tr—a r—a

the techniques discussed earlier to rewrite the expression g(z)In(f(z)) in a form so that we can apply L'Hopital’s rule. Suppose
hl»n g(z)In(f(x)) = L, where L may be oo or —co. Then

limIn(y) =L

r—a

Since the natural logarithm function is continuous, we conclude that

In (lim y) =1L

r—a

which gives us

lim y = lim f(z)?@) = e
Tr—a Tr—a

Example 2.7.5: Indeterminate Form of Type oo’

L
z

Evaluate lim z
T—00
Solution

Lety= z. Then,

In(x)

We need to evaluate ILm — Applying L'Hépital’s rule, we obtain

1
lim In(y) = lim a()

T—00 T—=00 I

1
— Tlim £ —
—am Y

Therefore, lim In(y) = 0. Since the natural logarithm function is continuous, we conclude that
T—00

In ( lim y) =0
T—00
which leads to
In( lim
lim z+ = lim y=-e (E—my) =e'=1
Tr—00 r—00
Hence,
1
lim z= =1
Tr—00

Exercise 2.7.6

_1_
Evaluate lim z =@
Tr—00

Hint available at the end of this section.
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Answer available at the end of this section.

Example 2.7.6: Indeterminate Form of Type 0°

Evaluate lim zs®@)
z—0+

Solution
Let
y = @)
Therefore,
In(y) =1In (:vsm(m)) = sin(z) In(z)

We now evaluate li%l sin(z) In(z). Since lil%l sin(z) = 0 and li%l In(z) = —oo, we have the indeterminate form 0 - co. To apply
z—0t z—0t z—0t

L’Hopital’s rule, we need to rewrite sin(z) In(z) as a fraction. We could write

sin(z) In(z) = m or sin(z)In(z) = lngw) _ i:(f(?)
5E) sin(z)

Let’s consider the first option. In this case, applying L'Hopital’s rule, we would obtain

lim sin(z)In(z) = lim s1n1(z) = lim cos(z) = lim (—z (In(xz))? cos(z)
z—0* z—0* T z—0* —%(111(.’1}))2 z—0*

In(z

Unfortunately, we not only have another expression involving the indeterminate form 0 - oo, but the new limit is even more
complicated to evaluate than the one with which we started.

Instead, we try the second option. By applying L'Hopital’s rule, we obtain

1 + il
lim sin(z)In(z) = lim n(z) = lim < = lim ——
a0+ z—=0+ csc(r)  2—0t —csc(z)cot(xz)  a—0+ zcsc(x) cot(x)
. cos(x) . . . .
Using the fact that csc(z) = — and cot(z) = — , we can rewrite the expression on the right-hand side as
sin(zx) sin(zx)
Cwin? g q
g 22— iy [0~ ano)) = (i T2 - (i (~tan(e))) =100
=0+ zrcos(x)  a—0+ & =0+ T a0+

We conclude that lil’{)l In(y) = 0. Therefore, In ( 11%1 y) = 0 and we have
z—0* z—0+

lim y = lim ™% = ¢ =1
z—0t z—0*

Hence,

lim 7o) = 1
z—0t

Exercise 2.7.7

Evaluate lim z”
z—0+
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Hint available at the end of this section.

Answer available at the end of this section.

Growth Rates of Functions

Suppose the functions f and g both approach infinity as z — oo. Although the values of both functions become arbitrarily large as
the values of 2 become sufficiently large, sometimes one function is growing more quickly than the other. For example, f(z) = z?
and g(z) = z* both approach infinity as z — oco. However, as Table 2.7.1 shows, the values of z3 are growing much faster than the
values of z2.

Table 2.7.1: Comparing the Growth Rates of z? and z*

T 10 100 1000 10000
f(z) = 2? 100 10000 1000000 100000000
g(x) = 2* 1000 1000000 1000000000 1000000000000
In fact,
A
lim — = lim 2 = o0
T—00 ,7;2 T—00

or, equivalently

As a result, we say x? is growing more rapidly than 2% as x — cc. On the other hand, for f(x) = x2 and g(x) = 3z + 4z + 1, although
the values of g(z) are always greater than the values of f(x) for z > 0, each value of g(z) is roughly three times the corresponding
value of f(z) as x — oo, as shown in Table 2.7.2. In fact,

z? 1

lim — =~ =
i3 1Az +1 3

Table 2.7.2: Comparing the Growth Rates of z2 and 3z + 4z + 1

T 10 100 1000 10000
f(z) = z? 100 10000 1000000 100000000
g(z) =3z% +4z + 1 341 30401 3004001 300040001

In this case, we say that 2% and 322 + 4z + 1 are growing at the same rate as 2 — oo.

More generally, suppose f and g are two functions that approach infinity as z — co. We say g grows more rapidly than f as z — oo
if

lim 9(z) =00 or equivalently, lim /(@) =0
T—00 f(z) Z—00 g(m)
On the other hand, if there exists a constant M # 0 such that
o 1@ _
1m =
z—=o0 g(x)

we say f and g grow at the same rate as z — oc.

Next we see how to use L'Hopital’s rule to compare the growth rates of power, exponential, and logarithmic functions.
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Example 2.7.7: Comparing the Growth Rates of In(z), 2%, and e®

For each of the following pairs of functions, use L'Hopital’s rule to evaluate

C)
1m
T—00 g(x)
(@) f(z) = 2% and g(z) = e®
(b) f(z) = In(z) and g(z) = &
Solution
z2
(a) Since lim z? = 0o and lim e® = oo, we can use L'Hopital’s rule to evaluate lim [—} We obtain
T—00 T—00 z—o0 | e¥
2
lim — = lim il
r—00 e’ z—00 el

Since lim 2z = oo and lim e” = oo, we can apply L’'Hopital’s rule again. Since

T—00 Tr—00

we conclude that

lim — =0
z—o00 el

Therefore, |e® grows more rapidly than z? | as x — oo (See Figure 2.7.3 and Table 2.7.3)

.'lf"n
60 1

50-
40
30-
20-

10+

1 2 3 4 5 gX

Figure 2.7.3: An exponential function grows at a faster rate than a power function.

0

Table 2.7.3: Growth rates of a power function and an exponential function.

a8 5
z? 25
e’ 148

@O0

10
100
22026

15
225
3269017

227 (2.7.7)
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In(z)

. . T .
(b) Since lim Inz = oo and lim z? = oo, we can use L'Hopital’s rule to evaluate lim —5 We obtain
T—00 00 =00 I

In(x)

1
lim =lim £ = lim — =0
=00 2 500 2 w00 212

Thus, |z? grows more rapidly than In(z) | as ¢ — oo (see Figure 2.7.4 and Table 2.7.4).

Yi
6

g(x) = x?

Figure 2.7.4: A power function grows at a faster rate than a logarithmic function.

Table 2.7.4: Growth rates of a power function and a logarithmic function

x 10 100 1000 10000
In(x) 2.303 4.605 6.908 9.210
z? 100 10000 1000000 100000000

Exercise 2.7.8

Compare the growth rates of 2% and 2°
Hint available at the end of this section.

Answer available at the end of this section.

Using the same ideas as in Example 2.7.8a. it is not difficult to show that e* grows more rapidly than z? for any p > 0. In Figure
2.7.5 and Table 2.7.5, we compare e® with z® and z* as z — oc.
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Yi
140

120+
100
80+
60
40+

20

y = e’

Yi
7000+
6000+
5000+

4000+

1 0 1 2

20

Figure 2.7.5: The exponential function e® grows faster than z? for any p > 0. (a) A comparison of e with 22, (b) A comparison of e® with z*.

(@)

(b)

Table 2.7.5: An exponential function grows at a faster rate than any power function

T 5

z° 125
x* 625
e’ 148

Similarly, it is not difficult to show that z? grows more rapidly than In(z) for any p > 0. In Figure 2.7.6 and Table 2.7.6, we compare

In(z) with ¢/z and /.

10
1000
10000
22026

15
3375
50625
3269017

0 20 40 60 80 100 120 140 160%

Figure 2.7.6: The function y = In(z) grows more slowly than z? for any p > 0 as z — oc.

Table 2.7.6: A logarithmic function grows at a slower rate than any root function

In(zx)
\3/5
VT

@O0

10
2.303
2.154
3.162

100 1000
4.605 6.908
4.642 10

10 31.623
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Answers
Exercise 2.7.4
Write z cot(z) = zs(;sz(;?

Exercise 2.7.4
1
Exercise 2.7.5
Rewrite the difference of fractions as a single fraction.
Exercise 2.7.5
]
Exercise 2.7.6
Lety= 277 and apply the natural logarithm to both sides of the equation.
Exercise 2.7.6
€
Exercise 2.7.7
Let y = z* and take the natural logarithm of both sides of the equation.
Exercise 2.7.7
1
Exercise 2.7.8
Apply L'Hépital’s rule to z1%0/27.
Exercise 2.7.8
The function 2% grows faster than z'%°

This page titled 2.7: Type 2 and 3 Indeterminant Forms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.

e 4.3: Indeterminate Forms and I'Hospital's Rule by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

e 4.8: 'Hopital's Rule by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.
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2.7: Practice Set

Exercise 2.7.1

Evaluate each limit using L'Hépital's Rule. Some may require multiple applications.

(@) lim sin(3x)
z—0 T
. 1—cos(x)
iR
3224+ 22— 1
c¢) lm ————
( ) zl—>oo 522 —4x + 7
et —1—z
@l
(©) lim tan(z) — x
z—0 xT
(f) lim =
T—00 I
. sin(z) —z
(g) lim “HT T
In
(h) lim (f)
T—00 I

Answer available at the end of this section.

Exercise 2.7.2

Evaluate each limit of the form oo — oc.
1 1
(a) lim (— — —2)
z—0t \ T T
1 2
(b) 333%( —1 —1)

zﬁO* ( sin(z )

(d) hm ( +x— m)

(e) lilél+ (csc(z) — cot(x))

Answer available at the end of this section.

Exercise 2.7.3

Evaluate each limit of the form 0 - co.

@IOIC]E) 231 (2.7.1)



LibreTextS'“

(a) lim zIn(z)
z—0"

(b) lim ze™™

Tr—00

(c) lirél+ sin(z) In(x)

() lim 2)

(hint: rewrite as In(z) - sin(z))
z—oo csc(x

(e) lim xcsc(z)
z—0*

Answer available at the end of this section.

Exercise 2.7.4

Evaluate each limit of the form 1% or co”.

(a) lim (1 4 z)'/*
z—0

(b) lim (1 s l)
300 T

(c) lim z*
z—0+

(d) lim z'/*

T—00

(e) lim (cos())"/*

(f) 11_)1})1+ (sin(z))”

Answer available at the end of this section.

Answers
Exercise 2.7.1

(a) This is of the form % Apply L'Hopital's Rule:

Thus lim S267) _
z—0 x

(b) This is of the form % Apply L'Hépital's Rule:

This is still % Apply L'Hopital's Rule again:

1— 1
Thus lim =@ _ 1
x—0 12

[ V]

(c) This is of the form X, Apply L'Hopital's Rule:
oo

This is still 2. Apply L'Hopital's Rule again:
o0

@O0

sin(3z) — 3cos(3x)

lim =3cos(0) =3
z—0 T =0
lim 1 — cos(z) — lim sin(z)
=0 z? =0 2z
" sin(z) " cos(z) 1
o0 2w eo0 2 2
3z +2z—-1 . 6z+2

oo 52 —dz 47 aox 102 —4
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2 —
Thus lim % F22—1_ 3
=00 b2 —4x +7 5

(d) This is of the form % Apply L'Hopital's Rule:

1 ef—1—z I e’ —
o] 2 = 2z
This is still % Apply L'Hopital's Rule again:
er—1 e’ 1
0 2r @0 2 2
. ef—1—x 1
Thus iy =
(e) This is of the form % Apply L'Hopital's Rule:
_ 2 _
lim tan(z) — z — lim %€ (z)—1
0 T 20 3z?
This is still % Apply L'Hopital's Rule again:
_sec’(z) —1 . 2sec’(z) tan(z)
li =1i
z—0 3x2 z—0 6x

This is still % Apply L'Hopital's Rule again:

2sec?(x) tan(z) 2(sec?(z) sec?(z) + tan(z) - 2sec’(z) tan(z))

lim = lim
-0 6z 0 6
. 2(sect(z) + 2sec?(z) tan%(z)) 2(1+0) 1
= lim - ==
-0 6 6 3
Thus lim M - l
z—0 3 3

(f) This is of the form % Apply L'Hépital's Rule:

el’ s
lim — = lim
z—00 3 z—o0 32

€

This is still 2. Apply L'Hopital's Rule again:
o0

T z

. e
lim = lim —
z—o0 32 z—00 BT

This is still E. Apply L'Hopital's Rule again:
o0

x T

€ — i € _
P
e.l‘
Thus lim — =00
T—0oC ¢
(g) This is of the form % Apply L'Hépital's Rule:
lim sin(z) — x — lim cos(z) —1
20 T =0 32
This is still % Apply L'Hopital's Rule again:
. cos(z)—1 . —sin(z)
lim = lim
=0 32 =0 6x
This is still % Apply L'Hopital's Rule again:
. —sin(z) . —cos(z) 1
lim = lim [
z-0 6 20 6 6
i - 1
Thus lim 52 =2 _ 1
z—0 z3 6
(h) This is of the form 2. Apply L'Hopital's Rule:
(o 0]
1
In(@) _
M Mgy = Mg =0
1
Thus Tim 22 _ g,
S
Exercise 2.7.2
(a) Combine into a single fraction:
1 1 z-1
z g2 a?
This is of the form % as z — 0*. Apply L'Hopital's Rule:
. or—1 . 1
lim = lim — =—
20t 2 -0+ 2%
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Thus lim (l, ! ) = —o0.

z—=0t \ T ﬁ
(b) Combine into a single fraction:
1 2 1 2 (x+1)—2 z—1 1

-1 22-1 2-1 (@-D@+l) (@-1@@+l) (@-D@E+l) z+1

For = +# 1, the expression simplifies to

z+1
. 1
lim ==
=1 x+ 1 2
. 1 2 1
ThUS;lLI} (ﬁ7 1271) =3
(c) Combine into a single fraction:
1 1 =z —sin(z)
sin(z) =  zsin(z)
This is of the form % Apply L'Hopital's Rule:
.z —sin(z) . 1 — cos(z)
lim - = lim —
-0 zsin(z) 20 sin(x) + z cos(x)
This is still % Apply L'Hopital's Rule again:
1 — cos(z) sin(z) . sin(z) 0

li =1 =1 =—=0
230 sin(z) + z cos(z) 230 cos(z) + cos(z) — zsin(z) 230 2 cos(z) —zsin(z) 2

Thus lim (; — l) =0.
=0+ \ sin(z)
(d) Rewrite using rationalization:
(z® +2)—a® z

T ViZiz+r Veltzta

?’4+z—z

This is of the form == Divide numerator and denominator by z:
o0
1

= lim = =

T 1
lim -
00 /22 F g4 rﬂao\/il 1+1 2
1+—+1
+z+

Thus }Lrg (\/ z? +x—x) = l

2
(e) Rewrite in terms of sine and cosine:

1 1—
cse(z) — cot(z) = — - C?S(I) = _COS(I)
sin(z)  sin(z) sin(z)
This is of the form % Apply L'Hopital's Rule:
. 1—cos(x) . sin(z) 0
lim - = lim =—=0
-0 sin(x) -0 cos(x) 1

Thus lim (csc(z) — cot(z)) = 0.
z—0*

Exercise 2.7.3

X 1 - -
(a) Rewrite as ?530) , which is of the form 2. Apply L'Hopital's Rule:
x o0
1 1
lim zIn(z) = lim a(z) = lim [z = lim (—z) =0
2—0+ 20+ 1/I z—0* —l/af:2 0+

Thus lim zln(z) = 0.
z—0*

(b) Rewrite as %, which is of the form . Apply L'Hopital's Rule:
e’ o0

Thus lim ze ™ = 0.
T—00

1 1
(c) Rewrite as ﬂ = n(z) , which is of the form X Apply L'Hopital's Rule:
1/sin(z)  csc(x) 00

. In(z) . 1/x . —sin(z) tan(z)
lim = lim = lim
a0+ csc(z) a0+ —csc(z) cot(z)  a—0*

8

This is of the form % Apply L'Hopital's Rule again:

. . —(cos(z) tan(x) + sin(z) sec?(z))
lim = lim =0
0" x z—0* 1

—sin(z) tan(z)

Thus lim sin(z) In(z) = 0.
z—0*

(d) Rewrite as In(z) - sin(z), which is of the form 0 - co as  — oo (In(z) — co but sin(z) oscillates, so this limit does not exist in the usual sense).

In(x)

csc(z)

Actually, rewrite as , Which is X Apply L'Hopital's Rule:
oo
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In(z) R 1/z . —sin(z) tan(z)

= li = lim

) csc(z) e csc(z) cot(z) a0

Since sin(z) tan(z) is bounded (between —1 and 1 in magnitude when tan(z) is defined), the limit is 0.
1
Thus lim 22 _
@00 csc(x)
(e) Rewrite as ,L, which is of the form 9. Apply L'Hopital's Rule:
sin(z) 0

im —— = lim ——
20+ sin(z)  z—0* cos(z)

Thus lim zcsc(z) = 1.
=07

Exercise 2.7.4
(a) This is of the form 1. Let y = lim, , (1 + z)"/*.
Take the natural log:

In(1
In(y) = lim +e)
z—0
. 0 -
This is of the form iR Apply L'Hopital's Rule:
1/(1
In(y) = lim M = lim =
20 1 =0 14+

Thusy=e' =e.
So lim (1 + z)/* =e.
z—0
s 1\
(b) This is of the form 1. Let y = lim; (1 + 7> .
xT
Take the natural log:
In(y) = lim zln (1+ 1) = lim
Y = 0 z) a9 1/z
This is of the form % Apply L'Hopital's Rule:

1
Tz (—1/2%)

fusd Y =B Trae !

Thusy=ec' =e.
So lim (1 n l)” —e
T—00 xT
(c) This is of the form 0°. Let y = lim,_,o+ *.
Take the natural log:

In(y) = lim zIn(z)

z—0"
From Exercise 3(a), lirg zln(z) = 0.
z—07

Thusy=¢e"=1.

So lim z% = 1.
=07

(d) This is of the form oo®. Let y = lim,_,o, z/%.
Take the natural log:

1
In(y) = lim n(@)
T xr
This is of the form 2. Apply L'Hépital's Rule:
o0
. 1/z
In(y) = lim == =0
Thusy=¢e"=1.
So lim z'/* = 1.
T—00
(e) This is of the form 1. Let y = lim,_,q (cos(z))"/*".
Take the natural log:
In(cos(z))
In(y) = lim >
=0 T
This is of the form % Apply L'Hopital's Rule:
—tan(z)
In(y) = }r% 2r
This is still % Apply L'Hopital's Rule again:
—sec?(z) 1
In(y) = lim 2 T2
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Thusy=e /2 =

-

. 1/a? _ 1
So llg(l) (cos(z)) _\/E'
(f) This is of the form 0°. Let y = lim,_,o+ (sin(z))®.
Take the natural log:
In(si
In(y) = lim zIn(sin(z)) = lim Infsin(z))
=0t x—=0F l/z

This is of the form 2. Apply L'Hépital's Rule:
o0

t 2
n(y) = tim <) _ i o2 cot(z) = tim —Z 252
=0+ —1/x 20+ e sin(z)
This is of the form % Apply L'Hopital's Rule:
2z cos(z) — z% sin() 0
1 — lim _Z2Fes\@) —rsmx) U
") so0r cos(x) 1 0

Thusy=e"=1.
So lim (sin(z))” = 1.
=07t

This page titled 2.7: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.1: Maximums and Minimums

Learning Objectives

e Define absolute extrema.

¢ Define local extrema.

e Explain how to find the critical points of a function over a closed interval.

e Describe how to use critical points to locate absolute extrema over a closed interval.

Given a particular function, we are often interested in determining the largest and smallest values of the function. This information
is important in creating accurate graphs. Finding the maximum and minimum values of a function also has practical significance,
because we can use this method to solve optimization problems, such as maximizing profit, minimizing the amount of material
used in manufacturing an aluminum can, or finding the maximum height a rocket can reach. In this section, we look at how to use
derivatives to find the largest and smallest values for a function.

Question of the Day

How do derivatives tell us where a function reaches its highest and lowest values?

This page titled 3.1: Maximums and Minimums is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.

e 4.1: Maximum and Minimum Values by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.1: Local Extrema

Local Extrema and Critical Points

Consider the function f shown in Figure 3.1.3. The graph can be described as two mountains with a valley in the middle. The
absolute maximum value of the function occurs at the higher peak, at x = 2. However, z = 0 is also a point of interest. Although
f(0) is not the largest value of f, the value f(0) is larger than f(z) for all z near 8. We say f has a local maximum at z = 0. Similarly,
the function f does not have an absolute minimum, but it does have a local minimum at = 1 because f(1) is less than f(x) for
x near 1.

f(x) defined on (—=, =)
Local maximaatx =0and x = 2
Local minimum atx = 1

Figure 3.1.3: This function f has two local maxima and one local minimum. The local maximum at z = 2 is also the absolute maximum.

Definition: Local Extrema

A function f has a local maximum at c if there exists an open interval I containing ¢ such that I is contained in the domain
of fand f(c) > f(z) forall z € I.

A function f has a local minimum at c if there exists an open interval I containing c such that I is contained in the domain
of fand f(c) < f(z) forallz € I.

A function f has a local extremum at ¢ if f has a local maximum at c or f has a local minimum at c.

Note that if f has an absolute extremum at ¢ and f is defined over an interval containing ¢, then f(c) is also considered a local
extremum. If an absolute extremum for a function f occurs at an endpoint, we do not consider that to be a local extremum, but
instead refer to that as an endpoint extremum.

Given the graph of a function f, it is sometimes easy to see where a local maximum or local minimum occurs. However, it is not
always easy to see, since the interesting features on the graph of a function may not be visible because they occur at a very small
scale. Also, we may not have a graph of the function. In these cases, how can we use a formula for a function to determine where
these extrema occur?

To answer this question, let’s look at Figure 3.1.3 again. The local extrema occur at z = 0,z = 1, and z = 2. Notice that at z =0
and z = 1, the derivative f’(x) = 0. At = 2, the derivative f’(z) does not exist, since the function f has a corner there. In fact, if
f has a local extremum at a point z = ¢, the derivative f’(c) must satisfy one of the following conditions: either f’(¢) = 0 or f’(c)
is undefined. Such a value c is known as a critical point and it is important in finding extreme values for functions.
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Definition: Critical Points

Let ¢ be an interior point in the domain of f. We say that c is a critical point of f if f’(c) = 0 or f’(c) is undefined.

As mentioned earlier, if f has a local extremum at a point z = ¢, then ¢ must be a critical point of f. This fact is known as Fermat's
theorem.

Theorem 3.1.2: Fermat’s Theorem

If f has a local extremum at ¢ and f is differentiable at ¢, then f’(c) = 0.

Suppose f has a local extremum at ¢ and f is differentiable at c. We need to show that f’(c¢) = 0. To do this, we will show that
f’(c) > 0and f’(c) <0, and therefore f’(c) = 0. Since f has a local extremum at ¢, f has a local maximum or local minimum
at c. Suppose f has a local maximum at c. The case in which f has a local minimum at ¢ can be handled similarly. There then
exists an open interval I such that f(c) > f(z) for all z € I. Since f is differentiable at ¢, from the definition of the derivative,
we know that

0) =t 2O = 1O

T r—c

Since this limit exists, both one-sided limits also exist and equal f’(c). Therefore,

o= p K10
and
o= 2410

Since f(c) is a local maximum, we see that f(z) — f(c) < 0 for z near c. Therefore, for z near ¢, but z > ¢, we have % <0
. We conclude that f’(c) < 0. Similarly, it can be shown that f’(c) > 0. Therefore, f'(c) = 0.

O

From Fermat’s theorem, we conclude that if f has a local extremum at ¢, then either f’(c) = 0 or f’(¢) is undefined. In other words,
local extrema can only occur at critical points.

Note this theorem does not claim that a function f must have a local extremum at a critical point. Rather, it states that critical
points are candidates for local extrema. For example, consider the function f(z) = z3. We have f’(z) = 3z% =0 when z = 0.
Therefore, z = 0 is a critical point. However, f(z) = z3 is increasing over (—oo, ), and thus f does not have a local extremum
at z = 0. In Figure 3.1.4, we see several different possibilities for critical points. In some of these cases, the functions have local
extrema at critical points, whereas in other cases the functions do not. Note that these graphs do not show all possibilities for the
behavior of a function at a critical point.
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y y y
f(c)=0 f'(c) is undefined f'(c) is undefined
/\ "/\ \/
c x c x c x
Local maximum at ¢ Local maximum at ¢ Local minimum at ¢
(a) (b) (©
y y
fc)=10 f'(c) is undefined
c x c X
No local extremum at ¢ No local extremum at ¢

(d) (€)
Figure 3.1.4: (a-e) A function f has a critical point at c if f(c) = 0 or f’(c) is undefined. A function may or may not have a local extremum at a
critical point.

Later in this chapter we look at analytical methods for determining whether a function actually has a local extremum at a critical
point. For now, let’s turn our attention to finding critical points. We will use graphical observations to determine whether a critical
point is associated with a local extremum.

Example 3.1.1: Locating Critical Points

For each of the following functions, find all critical points. Use a graphing utility to determine whether the function has a local
extremum at each of the critical points.

(@) f(z) = écﬁ _ gﬁ +dz

(b) f(z) = (z* —1)°

4z

(©) flo) =10

Solution

(a) The derivative f’(z) = 2% — 5z + 4 is defined for all real numbers z. Therefore, we only need to find the values for = where
f'(z) =0. Since f'(z) = 2? — 5z +4 = (x — 4)(z — 1), the critical points are x = 1 and x = 4. From the graph of f in Figure
3.1.5, we see that f has:

[a local maximum at z = 1 and a local minimum at z = 4]
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A1 ) = 308 — 232 + 4x

Figure 3.1.5: This function has a local maximum and a local minimum.
(b) Using the chain rule, we see the derivative is
f'(z) = 3(z? — 1)%(2z) = 6z(z? — 1)?

Therefore, f has critical points when 2 = 0 and when z? — 1 = 0. We conclude that the critical points are z = 0, +-1. From the
graph of f in Figure 3.1.6, we see that f has:

|a local (and absolute) minimum at z = 0, but does not have a local extremum at z =1 or z = —1

Yi
3]

Figure 3.1.6: This function has three critical points: x = 0, z = 1, and z = —1. The function has a local (and absolute) minimum at z = 0, but
does not have extrema at the other two critical points.

(c) By the quotient rule, we see that the derivative is

, 4(1 + z?) — 4x(22) 4 —4z?
f(@) = 2\2 = 2\2

(14 z2) (1+2?)
The derivative is defined everywhere. Therefore, we only need to find values for = where f’(z) = 0. Solving f’(z) = 0, we see
that 4 — 422 = 0, which implies = = +1. Therefore, the critical points are z = +1. From the graph of f in Figure 3.1.7, we see
that f has an absolute maximum at z = 1 and an absolute minimum at z = —1. Hence, f has:

[a local maximum at z = 1 and a local minimum at z = —1]

(Note that if f has an absolute extremum over an interval T at a point ¢ that is not an endpoint of I, then f has a local
extremum at c.)
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_3__

Figure 3.1.7: This function has an absolute maximum and an absolute minimum.

Exercise 3.1.1

1
Find all critical points for f(z) = z* — 5:02 —2z+1

Hint available at the end of this section.

Answer available at the end of this section.

Answers

Exercise 3.1.1
Calculate f’(z).
Exercise 3.1.1

x:T,le

This page titled 3.1: Local Extrema is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
e 4.1: Maximum and Minimum Values by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

e 4.3:Maxima and Minima by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.
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3.1: The Extreme Value Theorem

Absolute Extrema

Consider the function f(z) = 2% 4+ 1 over the interval (—oo, 00). As  — oo, f(z) — co.Therefore, the function does not have a
largest value.

However, since 2% + 1 > 1 for all real numbers z and z2 + 1 = 1 when z = 0, the function has a smallest value, 1, when z = 0.

We say that 1 is the absolute minimum of f(z) = 2% + 1 and it occurs at z = 0.
We say that f(z) = 2% + 1 does not have an absolute maximum (Figure 3.1.1).

Yi
5_

_3 -2 —1

=]
=
r -
o -
s ¥

Figure 3.1.1: The given function has an absolute minimum of 1 at z = 0. The function does not have an absolute maximum.

Definition: Absolute Extrema

Let f be a function defined over an interval I and let c € I. We say f has an absolute maximum on I at c if f(c) > f(x) for all
xz € I. We say f has an absolute minimum on I at ¢ if f(c) < f(x) for all z € I. If f has an absolute maximum on I at ¢ or an
absolute minimum on I at ¢, we say f has an absolute extremum on I at c.

Before proceeding, let’s note two important issues regarding this definition. First, the term absolute here does not refer to
absolute value. An absolute extremum may be positive, negative, or zero. Second, if a function f has an absolute extremum over
an interval I at ¢, the absolute extremum is f(c). The real number ¢ is a point in the domain at which the absolute extremum

. . 1 . .
occurs. For example, consider the function f(z) = —; 1 over the interval (—oo, 00). Since
x

FO)=1> —1

_mzf(m)

for all real numbers z, we say f has an absolute maximum over (—oo, c0) at z = 0. The absolute maximum is f(0) = 1, as shown in
Figure 3.1.2(b).

A function may have both an absolute maximum and an absolute minimum, just one extremum, or neither. Figure 3.1.2 shows
several functions and some of the different possibilities regarding absolute extrema. However, the following theorem, called the
Extreme Value Theorem, guarantees that a continuous function f over a closed, bounded interval [a,b] has both an absolute
maximum and an absolute minimum.
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f(x) = x3 on (—==, =)
No absolute maximum
No absolute minimum

(@)

_J2-x 0=x<2
=1x-3 2=x=1
Absolute maximum of 2 at x = 0
No absolute minimum

@

R ¢ e
fx) = 7 on (=)
Absolute maximum of 1 atx = 0
No absolute minimum

(b)

L

P VI A &\u}/ ox
-1

-2

-3

f(x) = cos(x) on (—, =)

Absolute maximum of 1 atx = 0,
27, +47...

Absolute minimum of —1atx = =,
+3m..

y
5
|
3
2
1

©

-1 0 1 2 3 4 s5X
-1

f(X) = (x —2)%0on[1, 4]
Absolute maximum of 4 atx = 4
Absolute minimum of 0 at x = 2

(e)

-1 0 1 2 3 4 s5X
-1

fix) = ﬁ on [0, 2)

No absolute maximum
Absolute minimum of 0 at x = 0

®

Figure 3.1.2: Graphs (a), (b), and (c) show several possibilities for absolute extrema for functions with a domain of (—oo, c0). Graphs (d), (e), and
(f) show several possibilities for absolute extrema for functions with a domain that is a bounded interval.

Theorem 3.1.1: Extreme Value Theorem

If f is a continuous function over the closed, bounded interval [a, b], then there is a point in [a, b] at which f has an absolute
maximum over [a, b] and there is a point in [a, b] at which f has an absolute minimum over [a, b].

The proof of the extreme value theorem is beyond the scope of this text. Typically, it is proved in a course on real analysis. There
are a couple of key points to note about the statement of this theorem. For the extreme value theorem to apply, the function must
be continuous over a closed, bounded interval. If the interval I is open or the function has even one point of discontinuity, the
function may not have an absolute maximum or absolute minimum over I. For example, consider the functions shown in Figure
3.1.2 (d), (e), and (f). All three of these functions are defined over bounded intervals. However, the function in graph (e) is the
only one that has both an absolute maximum and an absolute minimum over its domain. The extreme value theorem cannot be
applied to the functions in graphs (d) and (f) because neither of these functions is continuous over a closed, bounded interval.
Although the function in graph (d) is defined over the closed interval [0, 4], the function is discontinuous at z = 2. The function has
an absolute maximum over [0,4] but does not have an absolute minimum. The function in graph (f) is continuous over the half-
open interval [0, 2), but is not defined at z = 2, and therefore is not continuous over a closed, bounded interval. The function has
an absolute minimum over [0, 2), but does not have an absolute maximum over [0, 2). These two graphs illustrate why a function
over a bounded interval may fail to have an absolute maximum and/or absolute minimum.

The extreme value theorem states that a continuous function over a closed, bounded interval has an absolute maximum and an
absolute minimum. As shown in Figure 3.1.2, one or both of these absolute extrema could occur at an endpoint. If an absolute
extremum does not occur at an endpoint, however, it must occur at an interior point, in which case the absolute extremum is
a local extremum. Therefore, by Fermat's Theorem, the point ¢ at which the local extremum occurs must be a critical point. We
summarize this result in the following theorem.

Theorem 3.1.3: Location of Absolute Extrema

Let f be a continuous function over a closed, bounded interval I. The absolute maximum of f over I and the absolute
minimum of f over I must occur at endpoints of I or at critical points of f in I.

With this idea in mind, let’s examine a procedure for locating absolute extrema.
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Problem-Solving Strategy: Locating Absolute Extrema over a Closed Interval

Consider a continuous function f defined over the closed interval [a, b].

—

Evaluate f at the endpoints x = a and z = b.

Find all critical points of f that lie over the interval (a,b) and evaluate f at those critical points.

3. Compare all values found in (1) and (2). From "Location of Absolute Extrema," the absolute extrema must occur at
endpoints or critical points. Therefore, the largest of these values is the absolute maximum of f. The smallest of these
values is the absolute minimum of f.

N

Now let's look at how to use this strategy to find the absolute maximum and absolute minimum values for continuous functions.

Illustration 3.1.1: Locating Absolute Extrema

For each of the following functions, we find the absolute maximum and absolute minimum over the specified interval and
state where those values occur.

(@) f(z) = —2? + 3z — 2 over [1, 3]
Step 1. Evaluate f at the endpoints z =1 and z = 3:
f(1)=0and f(3) = —2
Step 2. Since f’(z) = —2z + 3, we know f’ is defined for all real numbers z. Therefore, there are no critical points where the

derivative is undefined. It remains to check where f’(z) = 0. Since f’(z) = -2z +3=0atz = %, and ; is in the interval [1, 3]

, we see f (%) is a candidate for an absolute extremum of f over [1, 3]. We evaluate f ( 3) and find

B
1(3)-1

Step 3. We set up the following table to compare the values found in steps 1 and 2.

7 f(z) Conclusion

1 0

3 1 Absolute maximum
2 4

3 —2 Absolute minimum

. . . .1 . 3
From the table, we find that the absolute maximum of f over the interval [1, 3] is 7 and it occurs at z = 7

The absolute minimum of f over the interval [1, 3] is —2, and it occurs at « = 3, as shown in Figure 3.1.8.
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Figure 3.1.8: This function has both an absolute maximum and an absolute minimum.
(b) f(z) = 2 — 3z 7 over [0,2]
Step 1. Evaluate f at the endpoints z =0 and z = 2.
f(0)=0and f(2) =4 —3-2% ~ —0.762
Step 2. The derivative of f is given by

2275 — 2

T

f(z) =2z — 2277 =

for x # 0. The derivative is zero when 223 — 2 = 0, which implies = +1. The derivative is undefined at z = 0. Therefore, the
critical points of f are z = 0,1, —1. The point z = 0 is an endpoint, so we already evaluated f(0) in step 1. The point x = —1 is
not in the interval of interest, so we need only evaluate f(1). We find that

F(1) = —2.

Step 3. We compare the values found in steps 1 and 2, in the following table.

7 f(z) Conclusion

0 0 Absolute maximum
1 -2 Absolute minimum
2 —0.762

We conclude that the absolute maximum of f over the interval [0, 2] is zero, and it occurs at z = 0.

The absolute minimum is —2, and it occurs at = = 1, as shown in Figure 3.1.9.
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Figure 3.1.9: This function has an absolute maximum at an endpoint of the interval.

Exercise 3.1.2

Find the absolute maximum and absolute minimum of f(z) = 2> — 4z + 3 over the interval [1, 4]
Hint available at the end of this section.

Answer available at the end of this section.

At this point, we know how to locate absolute extrema for continuous functions over closed intervals. We have also defined local
extrema and determined that if a function f has a local extremum at a point ¢, then ¢ must be a critical point of f. However, ¢ being
a critical point is not a sufficient condition for f to have a local extremum at c. Later in this chapter, we show how to determine
whether a function actually has a local extremum at a critical point. First, however, we need to introduce the Mean Value Theorem,
which will help as we analyze the behavior of the graph of a function.

Answers
Exercise 3.1.2
Look for critical points. Evaluate f at all critical points and at the endpoints.

Exercise 3.1.2
The absolute maximum is 3 and it occurs at z = 4. The absolute minimum is —1 and it occurs at z = 2.

This page titled 3.1: The Extreme Value Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.

e 4.1 Maximum and Minimum Values by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

e 4.3: Maxima and Minima by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/
books/calculus-volume-1.
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3.1: Practice Set

Exercise 3.1.1

Find the critical numbers of each function.
(@) f(z) =2® —122 +5

(b) g(x) = 22% — 322 — 362 + 7

(c) h(z) = 2*/® — 421/3

Z‘2

(d) p(z) =

r—2

(e) g(z) = sin(z) cos(z) on [0, 2x]
(f) r(z) =ze™

Answer available at the end of this section.

Exercise 3.1.2

Find the absolute maximum and minimum values of each function on the given interval.
(@) f(z) =2* —3z% +1on [-1,4]

(b) g(x) = z* —22% + 3 on [-2,2]

(c) h(z) = vz — z on [0, 4]

(d) p(z) = sin(z) + cos(z) on [0, 7]

(€) a(z) = 5= on [-2,2]

(f) r(x) = ze=*/2 on [0, 4]

Answer available at the end of this section.

Exercise 3.1.3

Find all local extrema of each function.
(@) f(z) = 2® — 62% + 9z + 2

(b) g(z) = z* — 82?% + 16

(c) h(z) = 23

2

—1

(d) p(z) = p

(e) g(z) = sin(z) + cos(z) on [0, 27]
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(f) r(z) = In(z? + 1)

Answer available at the end of this section.

Exercise 3.1.4

Find all absolute extrema of each function on the given interval.
(@) f(z) =2* — 3z +1on[-2,2]

(b) g(a) = =

on [-3,3]
(c) h(z) = sin(2zx) on [0, 7|

(d) p(z) = In(x? + 1) on [-2,2]
(e) g(z) = 2% on [—1, 3]

Answer available at the end of this section.

Exercise 3.1.5

For each function, find all critical numbers and classify each as a local maximum, local minimum, or neither.
(@) f(z) = 223 — 922 + 122 — 3
(b) g(z) = z* — 42% + 422

z2—4
r—2

(c) h(z) =

(d) p(z) = cos(2zx) on [0, 27]
(e) g(z) = & — 52*/°

(f) r(z) = # forz >0

Answer available at the end of this section.

Exercise 3.1.6

Find the absolute maximum and minimum values of each function on the given interval.

(@) f(z) = 2® — 32 — 9z + 5 on [—2,4]

IL’2

() g(x) = ——

on [—2,2]

(c) h(z) = sin(x) — cos(x) on [0, 7]
(d) p(z) = zv4 — 22 on [—2,2]

(e) ¢(z) = ze*" on [—2,2]

Answer available at the end of this section.
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Answers

Exercise 3.1.1
(a) Find f’(z) = 322 — 12.
Set f/(z) =0:322 —12=0 = 2’=4 = z=42
Thus the critical numbers are z = —2 and z = 2.
(b) Find ¢’ (z) = 622 — 62 — 36 = 6(z> —z — 6) = 6(z — 3)(z + 2).
Setg'(zr)=0:z=30rz= -2
Thus the critical numbers are z = —2 and z = 3.

4 4 4
Fi Ng)= —g/3 — Zg=23 = Zp=23(p — 1) =
(c) Find A/ () 3z 39: 39: (z—1)

4(z—1)
322/3
Seth/(z)=0:z=1.
h'(z) is undefined when z = 0.
Thus the critical numbers are z =0 and z = 1.
(22)(z —2) —22(1) 22?—dx—2> 2?—dx z(z—4)
@=27 @27 (@-2° @27
Setp’'(z)=0:z=00rz=4.
p’(x) is undefined when z = 2 (but z = 2 is not in the domain of p).

(d) Find p’(z) =

Thus the critical numbers are z =0 and = = 4.
(e) Find ¢’ () = cos(z) — sin’(z) = cos(2z).
k

Set ¢'(z) = 0: cos(2z) =0 = 2I:%+kﬂ' = z= -

N

+

On [0,27]: 2z = x 3w 5m 7—”

T4 4T or 5 7
o m T us ™
Thus the critical numbers are xz = T T
(f) Find r’(z) = e —ze " = e %(1 —z).
Setr'(z)=0e*(1—2)=0 = z=1.
Thus the critical number is z = 1.
Exercise 3.1.2
(a) f'(z) = 32% — 6z = 3z(x — 2). Critical numbers: z = 0, 2.
Evaluate at endpoints and critical numbers:
f(-1)=-1-34+1=-3
f0)=1
f2)=8-12+4+1=-3
f(4)=64—484+1=17
Absolute maximum: 17 at z = 4.
Absolute minimum: —3 at z = —1 and = = 2.
(b) ¢’ (z) = 423 — 4z = 4z(2? — 1) = 4a(z — 1)(z + 1). Critical numbers: z = —1,0, 1.
Evaluate at endpoints and critical numbers:
g(—2)=16—8+3=11
g(—1)=1—-2+3=2
9(0)=3
g)=1—-243=2
g9(2)=16—-8+3=11
Absolute maximum: 11 at z = +2.
Absolute minimum: 2 at x = +1.

1 1
c) h'(z) = ——= — 1. Critical number: z = —.
(e (a) = 5 i
Evaluate at endpoints and critical numbers:

1
T
Absolute minimum: —2 at z = 4.

. 1
Absolute maximum: 7 atz =

(d) p’(z) = cos(z) — sin(z). Critical number: tan(z) =1 = z=

™
T
Evaluate at endpoints and critical numbers:
p(0)=1
™ V2 V2
(5= L
4 2 2
p(m) =—1
Absolute maximum: v2 at z = %.
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Absolute minimum: —1 at z = 7.
, 1)(z2+1) —z(2z 1—z?
(€ ¢'(x) = D+ D —o(22)

= . Critical numbers: z = +1.
@+ 1) @+ 1) ’
Evaluate at endpoints and critical numbers:

2

a(=2) = -3

ol o] =

. 1
Absolute maximum: 3 atz=1.

. 1
Absolute minimum: -3 atz=—1.

() r'(z) = e/ — ge”ﬂ = e /2 (1 — %) Critical number: z = 2.

Evaluate at endpoints and critical numbers:

r(0)=0
2
N =92 1=2=2
r(2) =2e ;
4
r(4) =4de = —
e

Absolute maximum: 2 atz =2.
€
Absolute minimum: 0 at z = 0.

Exercise 3.1.3
(@) f'(z) =322 — 122+ 9 = 3(2% — 4z + 3) = 3(x — 1)(z — 3).
Critical numbers: z =1, 3.
Use the first derivative test:
Forz <1, f'(z) >0 (e.g., z = 0: 3(—1)(—3) =9 > 0).
Forl<z<3, f'(z)<0(eg.,z=2:3(1)(-1)=—-3<0).
Forz >3, f'(z) > 0 (e.g., z = 4:3(3)(1) = 9> 0).
Local maximumatz=1: f(1)=1—-6+9+2=6.
Local minimum at o = 3: f(3) =27 —54 + 27 +2=2.
(b) ¢ (z) = 4a® — 162 = 4z (2? — 4) = da(z — 2)(z + 2).
Critical numbers: z = —2,0, 2.
Use the first derivative test:
For z < —2, ¢’(z) < 0 (e.g., z = —3: negative).
For —2<z<0,¢'(z)>0(eg,z=—1:4(-1)(-3)(1) =12 > 0).
For0<z <2 ¢ (z)<0(eg,z=1:4(1)(—1)(3) = —12 < 0).
For z > 2, ¢’(x) > 0 (e.g., z = 3: positive).
Local minimum at = —2: g(—2) =16 — 32 + 16 = 0.
Local maximum at z = 0: g(0) = 16.
Local minimum at z = 2: g(2) = 16 — 32 + 16 = 0.
, 2 2
(€ @) = 5o = =
h/(x) is undefined at z = 0.
For z < 0, h'(z) < 0.
Forz > 0, h/(z) > 0.
Local minimum at z = 0: ~(0) = 0.
, 22 -2z z(z—2
(d)p (1)2W2ﬁ~
Critical numbers: z = 0, 2. Note: z = 1 is not in the domain.

For z < 0, p’(z) > 0 (e.g., z = —1: positive).

For0 <z < 1,p'(z) <0 (eg. z = 0.5: negative).

For1l <z <2,p/'(z) <0 (eg. z = 1.5 negative).

For z > 2, p’(z) > 0 (e.g., z = 3: positive).

Local maximum at 2 = 0: p(0) = 0.

Local minimum at z = 2: p(2) = % =4.

(e) ¢’ (z) = cos(z) — sin(z). Critical numbers: tan(z) =1 = =z = %, %r
Use the first derivative test:

For z near 0, ¢’(z) > 0 (e.g., z =0:1 > 0).

For g <z< %, ¢ (z)<0(eg,z=m—-1<0).

5
For z > Tﬂ ¢'(z) > 0 (eg, = = 31/2: 1 > 0).
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Local maximum at z = %: q (%) =2
Local minimum at z = ‘%ﬂ q ( T) =—V2.

)r'(z) =
Forz<0,r( )<O.
For z > 0, 7’(z) > 0.
Local minimum at z = 0: »(0) = 0.

Exercise 3.1.4
(@) f'(z) = 3a? —3=3(z? — 1) = 3(z — 1)(z + 1). Critical numbers: z = +1.
Evaluate:
f(-2)=—8+6+1=—1
f(-1)=—1+3+1=3
fH)=1-3+1=-1
f2)=8-6+1=3
Absolute maximum: 3 at z = —1 and z = 2.
Absolute minimum: —1 at z = —2 and z = 1.
2 2

(b) g'(z) = (1)@(;?4);(2@ = (;12 :1)2
Evaluate:

9(=3) =

. Critical numbers: z = 42.

. 1
Absolute maximum: 7 atz=2.

. 1
Absolute minimum: -7 atx = —2.

1\3'| T

(c) B’ (z) = 2cos(2z). Critical numbers: cos(2z) =0 = 2z = g +kr = =

N

T 3T
(¢] r=— —.
n[0,n:z 1
Evaluate:
h(0)=0

(5) = (3) -1
0(F) = ()=~
=5 )=
h(m) =0
Absolute maximum: 1 at z = %

Absolute minimum: —1 at z = %Tﬂ.
(d) p'(z) = 122—11 Critical number: z = 0.
Evaluate:
p(—2) =1In(5)
p(0) =In(1) =
p(2) =In(5)
Absolute maximum: In(5) at z = 42.
Absolute minimum: 0 at z = 0.
(e) ¢’ (x) = 2ze™™ — x2e™® = ze~*(2 — x). Critical numbers: z = 0, 2.
Evaluate:
g(-1)=1-el=¢
q(0)=0
a(2) =40 = 5
e

a(3)=9e0 = 2
€
Absolute maximum: e at z = —1.
Absolute minimum: 0 at z = 0.
Exercise 3.1.5
(@) f/(z) = 622 — 18z + 12 = 6(22 — 3z + 2) = 6(z — 1)(z — 2). Critical numbers: z = 1, 2.
Forz <1, f'(z) > 0.
Forl<z <2 f'(z)<O.
Forz > 2, f'(z) > 0.
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Local maximumatz =1: f(1) =2—-9+12—-3=2.

Local minimum at z = 2: f(2) =16 —36 +24 —3=1.

(b) ¢’ (z) = 42® — 1222 + 8z = 4z(2? — 3z + 2) = 4z(z — 1)(z — 2). Critical numbers: z = 0, 1,2.
Forz <0, ¢'(z) < 0.

For0<z<1,g'(z)>0.

Forl<z<2g'(z)<0.

For z > 2, ¢’(z) > 0.

Local minimum at z = 0: g(0) = 0.

Local maximumatz=1:g(1)=1—-4+4=1.

Local minimum at z = 2: g(2) = 16 — 32 + 16 = 0.

(c) Note that h(z) = 12:24 = (@ —;Kw2+ 2) =z +2forz+#2

h'(z) =1forallz # 2.

There are no critical numbers (the function has a removable discontinuity at z = 2, but no local extrema).

- k
(d) p’(z) = —2sin(2z). Critical numbers: sin(2z) =0 = 2z=kr = z= Ll

=
3
on [0,27): z = 0, g,n, 7”,21.

For z € (0,7/2), p’(x) < 0.
For z € (n/2,7), p'(z) > 0.
For z € (m,37/2), p’(z) < 0.
For z € (3n/2,2m), p’(z) > 0.

Local minimum at z = g: p (g) = cos(m) = —1.

Local maximum at z = 7 p(m) = cos(2m) = 1.

- 3 3
Local minimum at z = ?ﬂz D (—W> = cos(3m) = —

2
5 10 5(z —2)

. 5
(e) ¢'(z) = §x2/3 -3 gx*1/3(a: —2)= ——_" Critical numbers: z = 0, 2.

3z1/3
For z <0, ¢’(z) > 0.
For0<z <2 ¢'(z)<O.
For z > 2, ¢'(z) > 0.
Local maximum at z = 0: ¢(0) = 0.
Local minimum at z = 2: ¢(2) = 2°/% — 5(2%/3) = 2%/3(2 — 5) = —3 . 22/3,

(1/z)(z) ~In(z)(1) _ 1—In(z)

(f)r'(z) = p =— . Critical number: In(z) =1 = z=e.

213 =

For0 <z <e, r'(z)>0.
For z > e, r'(z) < 0.

Local maximum at z = e: r(e) = —
No local minimum.

Exercise 3.1.6
(a) f/(z) = 32% — 62 — 9 = 3(2> — 22 — 3) = 3(x — 3)(x + 1). Critical numbers: z = —1, 3.
Evaluate:
f(—2)=—8—-12+18+5=3
f(-1)=—-1-34+9+5=10
f(3)=27—27—27+5=—22
f(4)=64—48 —36+5=—15
Absolute maximum: 10 at z = —1.
Absolute minimum: —22 at z = 3.

, 2z(x? + 1) — z2(2z) 2z s .
(b) g’ (z) = T = Critical number: z = 0.
Evaluate:
9(=2)=+¢
9(0)=0
4
9(2) = 5

. 4
Absolute maximum: 5 atx = £2.
Absolute minimum: 0 at z = 0.

(c) h’(z) = cos(z) + sin(z). Critical number: tan(z) = -1 = z = %Tﬂ-

Evaluate:
h(0) =

377 \/5 V2
h(* -7 *( 7) =
h(m)=0—(-1)=
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Absolute maximum: v/2 at z = %TW

Absolute minimum: —1 at z = 0.
(d) p(z) = (4 — 22)'/2. Domain: [-2,2].
1 4— g2 2 4— 2z
Pe)=(=o) P 4o S —a?) (k) = o - = ———.
2 Via—22 Ji—a? V4 — 2
Critical number: 4 — 222 =0 = 22=2 — z=4V2.

Evaluate:
p(=2)=0
p(—V2) = —V2v2 =2
p(V2)=V2V2=2
p(2)=0
Absolute maximum: 2 at z = v/2.
Absolute minimum: —2 at & = —v/2.
irs 1
(e) ¢'(z) = e — 232 = e*fz(l — 2z2). Critical numbers: z = 17.
2

Evaluate:
a(=2) = —2¢7*

1 Lo
Q\——F= | =——F=¢
()

1 Loy
gl —= ) =—=e€
(75) -7

q(2) =2¢7*
Absolute maximum: ! atz = !
" V2e V2
1 1
Absolute minimum: — atex = ———.
V2e V2

This page titled 3.1: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.2: Curve Sketching

e Explain how the sign of the first derivative affects the shape of a function’s graph.

e State the first derivative test for critical points.

e Use concavity and inflection points to explain how the sign of the second derivative affects the shape of a function’s
graph.

e Explain the concavity test for a function over an open interval.

e Explain the relationship between a function and its first and second derivatives.

e State the second derivative test for local extrema.

e Recognize a horizontal asymptote on the graph of a function.

e Estimate the end behavior of a function as z increases or decreases without bound.

e Recognize an oblique asymptote on the graph of a function.

e Analyze a function and its derivatives to draw its graph.

Earlier in this chapter we stated that if a function f has a local extremum at a point ¢, then ¢ must be a critical point of f. However,
a function is not guaranteed to have a local extremum at a critical point. For example, f(x) = z® has a critical point at z = 0 since
f’(z) = 3z2?% is zero at x = 0, but f does not have a local extremum at = = 0. Using the results from the previous section, we are
now able to determine whether a critical point of a function actually corresponds to a local extreme value. In this section, we also
see how the second derivative provides information about the shape of a graph by describing whether the graph of a function
curves upward or curves downward.

Question of the Day

How do we use all our derivative information to sketch a complete graph of a function?

This page titled 3.2: Curve Sketching is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 4.4:How Derivatives Affect the Shape of a Graph by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.2: Curve Sketching Basics

The First Derivative Test

Corollary \(3\) of the Mean Value Theorem showed that if the derivative of a function is positive over an interval \(I\) then the
function is increasing over \(I\). On the other hand, if the derivative of the function is negative over an interval \(I\), then the
function is decreasing over \(I\) as shown in the following figure.

This figure is broken into four figures labeled a, b, ¢, and d. Figure a shows a function increasing convexly from (a, f(a)) to (b, f(b)).
At two points the derivative is taken and it is noted that at both ' /

0. In other words, f is increasing. Figure b shows a function increasing concavely from (a, f(a)) to (b, f(b)). At two points the
derivative is taken and it is noted that at both f’ > 0. In other words, f is increasing. Figure ¢ shows a function decreasing concavely
from (a, f(a)) to (b, f(b)). At two points the derivative is taken and it is noted that at both f' < 8. In other words, f is decreasing.
Figure d shows a function decreasing convexly from (a, f(a)) to (b, f(b)). At two points the derivative is taken and it is noted that at
both f' < . In other words, f is decreasing." src="/@api/deki/files/2428/CNX_Calc_Figure_04_05_001.jpeg">

Figure \(\PageIndex{1}\): Both functions are increasing over the interval \((a,b)\). At each point \(x\), the derivative \(f(x)>0\). Both functions are
decreasing over the interval \((a,b)\). At each point \(x\), the derivative \(f'(x)<@.\)

A continuous function \(f\) has a local maximum at point \(c\) if and only if \(f\) switches from increasing to decreasing at point
\(c\). Similarly, \(f\) has a local minimum at \(c\) if and only if \(f\) switches from decreasing to increasing at \(c\). If \(f\) is a
continuous function over an interval \(I\) containing \(c\) and differentiable over \(I\), except possibly at \(c\), the only way \(f\)
can switch from increasing to decreasing (or vice versa) at point \(c\) is if \(f'\) changes sign as \(x\) increases through \(c\). If
\(f\) is differentiable at \(c\), the only way that \(f'\) can change sign as \(x\) increases through \(c\) is if \(f'(c)=0\). Therefore, for a
function \(f\) that is continuous over an interval \(I\) containing \(c\) and differentiable over \(I\), except possibly at \(c\), the only
way \(f\) can switch from increasing to decreasing (or vice versa) is if \(f(c)=0\) or \(f(c)\) is undefined. Consequently, to locate
local extrema for a function \(f\), we look for points \(c\) in the domain of \(f\) such that \(f'(c)=0\) or \(f'(c)\) is undefined. Recall
that such points are called critical points of \(f\).

Note that \(f\) need not have a local extrema at a critical point. The critical points are candidates for local extrema only. In Figure
\(\PageIndex{2}\), we show that if a continuous function \(f\) has a local extremum, it must occur at a critical point, but a function
may not have a local extremum at a critical point. We show that if \(f\) has a local extremum at a critical point, then the sign of
\(f'\) switches as \(x\) increases through that point.

A function f(x) is graphed. It starts in the second quadrant and increases to x = a, which is too sharp and hence f'(a) is undefined.
In this section ' /

®. Then, f decreases from x = a to x = b (so ' < ® here), before increasing at x = b. It is noted that f'(b) = ®. While increasing from x
=btox=c, f > 0. The function has an inversion point at ¢, and it is marked f'(c) = ®. The function increases some more tod (so f' >
®), which is the global maximum. It is marked that f'(d) = ®. Then the function decreases and it is marked that f' > 0." style="width:
867px; height: 429px;" width="867px" height="429px" src="/@api/deki/files/34649/CNX_Calc_Figure_04_05_002b.jpg">

Figure \(\PageIndex{2}\): The function \(f\) has four critical points: \(a,b,c\),and \(d\). The function \(f\) has local maxima at \(a\) and \(d\), and
a local minimum at \(b\). The function \(f\) does not have a local extremum at \(c\). The sign of \(f'\) changes at all local extrema.

Using Figure \(\PageIndex{2}\), we summarize the main results regarding local extrema.

e If a continuous function \(f\) has a local extremum, it must occur at a critical point \(c\).

e The function has a local extremum at the critical point \(c\) if and only if the derivative \(f'\) switches sign as \(x\) increases
through \(c\).

e Therefore, to test whether a function has a local extremum at a critical point \(c\), we must determine the sign of \(f'(x)\) to
the left and right of \(c\).

This result is known as the first derivative test.
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Theorem \(\PageIndex{1}\): First Derivative Test

Suppose that \(f\) is a continuous function over an interval \(I\) containing a critical point \(c\). If \(f\) is differentiable over
\(I\), except possibly at point \(c\), then \(f(c)\) satisfies one of the following descriptions:

i. If \(f'\) changes sign from positive when \(xc\), then \(f(c)\) is a local maximum of \(f\).

ii. If \(f'\) changes sign from negative when \(xc\), then \(f(c)\) is a local minimum of \(f\).
iii. If \(f"\) has the same sign for \(xc\), then \(f(c)\) is neither a local maximum nor a local minimum of \(f\).

Now let’s look at how to use this strategy to locate all local extrema for particular functions.

Example \(\PageIndex{1}\): Using the First Derivative Test to Find Local Extrema

Use the first derivative test to find the location of all local extrema for \(f(x)=x*3-3x"2-9x-1\)
Solution

Step 1. The derivative is \(f(x)=3x22-6x-9.\) To find the critical points, we need to find where \(f(x)=0.\) Factoring the
polynomial, we conclude that the critical points must satisfy

\[B(x"2-2x—-3)=3(x—3)(x+1)=0 \nonumber \]

Therefore, the critical points are \(x=3,—1.\) Now divide the interval \((—eo,)\) into the smaller intervals \((—e0,~1),(-1,3)\) and
\((3,).\)

Step 2. Since \(f'\) is a continuous function, to determine the sign of \(f(x)\) over each subinterval, it suffices to choose a
point over each of the intervals \((—e,—1),(-1,3)\) and \((3,ec)\) and determine the sign of \(f'\) at each of these points. For
example, let’s choose \(x=-2\), \(x=0\), and \(x=4\) as test points.

Table: \(\PageIndex{1}\): First Derivative Test for \(f(x)=x"3-3x"2-9x—1\)

Interval Test Point Sign of \(f'(x)\) Conclusion
\((=o0,—1)\) \(x==2\) (+)(=)(=)=+ \(f\) increasing

\((-1,3)\) \(x=0\) (+)(=)(+)=- \(f\) decreasing

\((3,00)\) \(x=4\) (+)(+)(+)=+ \(f\) increasing

Step 3. Since \(f'\) switches sign from positive to negative as \(x\) increases through \(-1\), \(\boxed({f(x) \text{ has a local
maximum at }x=—1}\). Since \(f'\) switches sign from negative to positive as \(x\) increases through \(3\), \(\boxed{f(x) \text{
has a local minimum at }x=3}\). These analytical results agree with the following graph.

@IOIC]E) 258 (3.2.2)



LibreTextS"

y ) =x3—3x@ —9x— 1
10
8
6
/\4\
43 214 1 2 3 a 6 7%

Figure \(\PageIndex{3}\): The function \(f\) has a maximum at \(x=—1\) and a minimum at \(x=3\)

Exercise \(\PageIndex{1}\)

Use the first derivative test to locate all local extrema for \(f(x)=—x"3+\dfrac{3}{2}x*2+18x\)
Hint available at the end of this section.

Answer available at the end of this section.

Example \(\PageIndex{2}\): Using the First Derivative Test

Use the first derivative test to find the location of all local extrema for \(f(x)=5x*{\frac{1{3}}-x*{\frac{5H{3}}\)
Solution
Step 1. The derivative is

\[f'(x)=\frac{BH3x -\frac{2H{3}}-\frac{S}3Ix \frac{2H{3}}=\frac{5}{3x {\frac{2}{3}}}-\frac{5x{\frac{2H31}}{3}=\frac{5-5x {\frac
\]

The derivative \(f'(x)=08\) when \(1-x*{\frac{4}{3}}=0.\) Therefore, \(f'(x)=0\) at \(x=+1\). The derivative \(f'(x)\) is undefined at
\(x=0.\) Therefore, we have three critical points: \(x=0\), \(x=1\), and \(x=—1\). Consequently, divide the interval \((—oo,)\) into
the smaller intervals \((—o,—1),\,(=1,8),\,(8,1)\), and \((1,00)\).

Step 2: Since \(f'\) is continuous over each subinterval, it suffices to choose a test point \(x\) in each of the intervals from
step 1 and determine the sign of \(f'\) at each of these points. The points \(x=—2,\,x=—\dfrac{1}{2},\x=\dfrac{1}{2}\), and \(x=2\)
are test points for these intervals.

Table: \(\PageIndex{2}\): First Derivative Test for \(f(x)=5x"{\frac{1}{3}}—x {\frac{5}{3}}\)

Interval Test Point Sign of \(f'(x)\) Conclusion
\((—o0,—1)\) \(x=—2\) \(\dfrac{(+)(-){+}=-\) \(f\) decreasing
\((-1,0)\) \(x=—\dfrac{1}{2}\) \(\dfrac{(+)(+){+}=+\) \(f\) increasing

\((0,1)\) \(x=\dfrac{1}{2}\) \(\dfrac{(+)(+)}{+}=+\) \(f\) increasing
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Interval Test Point Sign of \(f'(x)\) Conclusion

\((1,00)\) \(x=2\) \(\dfrac{(+)(—-)H{+}=-\) \(f\) decreasing

Step 3: Since \(f\) is decreasing over the interval \((—e,—1)\) and increasing over the interval \((-1,0)\), \(\boxed{f(x)\text{ has
a local minimum at }x=—1}\). Since \(f\) is increasing over the interval \((-1,0)\) and the interval \((®,1)\), \(\boxed{f(x)\text{
does not have a local extremum at }x=0}). Since \(f\) is increasing over the interval \((®,1)\) and decreasing over the interval
\((1,%0)\), \(\boxed{f(x)\text{ has a local maximum at }x=1}\). The analytical results agree with the following graph.

y
6

f{X} i 5}{1_-'3 _ XE."B

Figure \(\PageIndex{4}\): The function \(f\) has a local minimum at \(x=—1\) and a local maximum at \(x=1\)

Exercise \(\PageIndex{2}\)

Use the first derivative test to find all local extrema for \(f(x)=\dfrac{3}{x-1}\)
Hint available at the end of this section.

Answer available at the end of this section.

Concavity and Points of Inflection

We now know how to determine where a function is increasing or decreasing. However, there is another issue to consider
regarding the shape of the graph of a function. If the graph curves, does it curve upward or curve downward? This notion is called
the concavity of the function.

Figure \(\PageIndex{5a}\) shows a function \(f\) with a graph that curves upward. As \(x\) increases, the slope of the tangent
line increases. Thus, since the derivative increases as \(x\) increases, \(f'\) is an increasing function. We say this function \(f\) is
concave up. Figure \(\PageIndex{5b}\) shows a function \(f\) that curves downward. As \(x\) increases, the slope of the tangent line
decreases. Since the derivative decreases as \(x\) increases, \(f'\) is a decreasing function. We say this function \(f\) is concave
down.

Definition: Concavity Test

Let \(f\) be a function that is differentiable over an open interval \(I\). If \(f'\) is increasing over \(I\), we say \(f\) is concave
up over \(I\). If \(f'\) is decreasing over \(I\), we say \(f\) is concave down over \(I\).
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f'is increasing f*is decreasing
f'is concave up fis concave down

f'is increasing
f'is concave up

f'is decreasing
fis concave down

Figure \(\PageIndex{5}\): (a), (c) Since \(f'\) is increasing over the interval \((a,b)\), we say \(f\) is concave up over \((a,b). (b), (d)\) Since
\(f'\) is decreasing over the interval \((a,b)\), we say \(f\) is concave down over \((a,b).\)

In general, without having the graph of a function \(f\), how can we determine its concavity? By definition, a function \(f\) is
concave up if \(f'\) is increasing. From Corollary \(3\), we know that if \(f"\) is a differentiable function, then \(f'\) is increasing
if its derivative \(f'(x)>0\). Therefore, a function \(f\) that is twice differentiable is concave up when \(f"(x)>0\). Similarly, a
function \(f\) is concave down if \(f'\) is decreasing. We know that a differentiable function \(f'\) is decreasing if its derivative
\(f"(x)<®\). Therefore, a twice-differentiable function \(f\) is concave down when \(f"(x)<®\). Applying this logic is known as the
concavity test.

Test for Concavity

Let \(f\) be a function that is twice differentiable over an interval \(I\).

i. If \(f"(x)>0\) for all \(x€I\), then \(f\) is concave up over \(I\).
ii.  If \(f"(x)<®\) for all \(x€I,\) then \(f\) is concave down over \(I\).

We conclude that we can determine the concavity of a function \(f\) by looking at the second derivative of \(f\). In addition, we
observe that a function \(f\) can switch concavity (Figure \(\PageIndex{6}\)). However, a continuous function can switch concavity
only at a point \(x\) if \(f"(x)=0\) or \(f"(x)\) is undefined. Consequently, to determine the intervals where a function \(f\) is concave
up and concave down, we look for those values of \(x\) where \(f'(x)=0\) or \(f"(x)\) is undefined. When we have determined these
points, we divide the domain of \(f\) into smaller intervals and determine the sign of \(f"\) over each of these smaller intervals. If
\(f"\) changes sign as we pass through a point \(x\), then \(f\) changes concavity. It is important to remember that a function \(f\)
may not change concavity at a point \(x\) even if \(f"(x)=0\) or \(f"(x)\) is undefined. If, however, \(f\) does change concavity at a
point \(a\) and \(f\) is continuous at \(a\), we say the point \((a,f(a))\) is an inflection point of \(f\).

Definition: Inflection Point

If \(f\) is continuous at \(a\) and \(f\) changes concavity at \(a\), the point \((a, \,f(a))\) is an inflection point of \(f\).
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A sinusoidal function is shown that has been shifted into the first quadrant. The function starts decreasing, so f' < ® and " /
0. The function reaches the local minimum and starts increasing, so f > ® and f’ > 0. It is noted that the slope is increasing
for these two intervals. The function then reaches an inflection point (a, f(a)) and from here the slop is decreasing even though
the function continues to increase, so f > ® and f’ < 0. The function reaches the maximum and then starts decreasing,
so f < ® and ' < O." style="width: 731px; height: 401px;" width="731px" height="401px" src="/@api/deki/files/2433/
CNX_Calc_Figure_04_05_004.jpeg">

Figure \(\PageIndex{6}\): Since \(f"(x)>®\) for \(xa\), the function \(f\) is concave down over the interval \((a,=)\). The point \((a,f(a))\) is an

inflection point of \(f\).

Example \(\PageIndex{3}\): Testing for Concavity

For the function \(f(x)=x"3-6x"2+9x+30,\) determine all intervals where \(f\) is concave up and all intervals where \(f\) is
concave down. List all inflection points for \(f\).

Solution

To determine concavity, we need to find the second derivative \(f'(x).\) The first derivative is \(f'(x)=3x*2-12x+9,\) so the
second derivative is \(f"(x)=6x-12.\) If the function changes concavity, it occurs either when \(f"(x)=0\) or \(f"(x)\) is undefined.
Since \(f"\) is defined for all real numbers \(x\), we need only find where \(f"(x)=0\). Solving the equation \(6x—12=0\), we see
that \(x=2\) is the only place where \(f\) could change concavity. We now test points over the intervals \((—,2)\) and \((2,0)\)
to determine the concavity of \(f\). The points \(x=0\) and \(x=3\) are test points for these intervals.

Table: \(\PagelIndex{3}\): Test for Concavity for \(f(x)=x"3—6x"2+9x+30\)

Interval Test Point Sign of \(f'(x)=6x-12\) at Test Point Conclusion
\((=20,2)\) \(x=0\) - \(f\) concave down
\((2,0)\) \(x=3\) + \(f\) concave up

We conclude that \(f\) is concave down over the interval \((-«,2)\) and concave up over the interval \((2,)\).
Since \(f\) changes concavity at \(x=2\), the point \(\boxed{\left(2,f(2)\right)=(2,32) \text{ is an inflection point}}\). Figure
\(\PagelIndex{7}\) confirms the analytical results.
y
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Figure \(\PageIndex{7}\): The given function has a point of inflection at \((2,32)\) where the graph changes concavity.
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Exercise \(\PageIndex{3}\)

For \(f(x)=—x"3+\dfrac{3}{2}x*2+18x\), find all intervals where \(f\) is concave up and all intervals where \(f\) is concave down.
Hint available at the end of this section.

Answer available at the end of this section.

We now summarize, in Table \(\PageIndex{4}\), the information that the first and second derivatives of a function \(f\) provide
about the graph of \(f\), and illustrate this information in Figure \(\PageIndex{8}\).

Table: \(\PageIndex{4}\): What Derivatives Tell Us about Graphs

Sign of \(f'\) Sign of \(f"\) Is \(f\) increasing or decreasing? Concavity
Positive Positive Increasing Concave up
Positive Negative Increasing Concave down
Negative Positive Decreasing Concave up
Negative Negative Decreasing Concave down

A function is graphed in the first quadrant. It is broken up into four sections, with the breaks coming at the local minimum,
inflection point, and local maximum, respectively. The first section is decreasing and concave up; here, f < ® and "' /
0. The second section is increasing and concave up; here, f' > ® and f’ > 0. The third section is increasing and concave down;
here, f > ® and f” < 8. The fourth section is decreasing and concave down; here, f < ® and f” < 8." style="width: 937px; height:
475px;" width="937px" height="475px" src="/@api/deki/files/78800/0penStaxCalcFig4-5-8.jpeg">
Figure \(\PageIndex{8}\): Consider a twice-differentiable function \(f\) over an open interval \(I\). If \(f(x)>®\) for all \(x€I\), the function is
increasing over \(I\). If \(f'(x)<®\) for all \(x€I\), the function is decreasing over \(I\). If \(f"(x)>O\) for all \(x€I\), the function is concave up. If
\(f"(x)<®\) for all \(x€I\), the function is concave down on \(I\).

The Second Derivative Test

The first derivative test provides an analytical tool for finding local extrema, but the second derivative can also be used to locate
extreme values. Using the second derivative can sometimes be a simpler method than using the first derivative.

We know that if a continuous function has a local extremum, it must occur at a critical point. However, a function need not have a
local extremum at a critical point. Here we examine how the second derivative test can be used to determine whether a function
has a local extremum at a critical point. Let \(f\) be a twice-differentiable function such that \(f'(a)=0\) and \(f"\) is continuous
over an open interval \(I\) containing \(a\). Suppose \(f"(a)<®\). Since \(f"\) is continuous over \(I, f'(x)<®\) for all \(xeI\) (Figure
\(\PagelIndex{9}\)). Then, by Corollary \(3\), \(f'\) is a decreasing function over \(I\). Since \(f'(a)=0\), we conclude that for all \(xl,
\,F'(x)>8\) if \(xa\). Therefore, by the first derivative test, \(f\) has a local maximum at \(x=a\).

On the other hand, suppose there exists a point \(b\) such that \(f'(b)=0\) but \(f"(b)>0\). Since \(f"\) is continuous over an open
interval \(I\) containing \(b\), then \(f"(x)>0\) for all \(x€I\) (Figure \(\PageIndex{9}\)). Then, by Corollary \(3\), \(f'\) is an increasing
function over \(I\). Since \(f'(b)=0\), we conclude that for all \(x€I\), \(f'(x)<®\) if \(x®\) if \(x>b\). Therefore, by the first derivative
test, \(f\) has a local minimum at \(x=b.\)

A function f(x) is graphed in the first quadrant with a and b marked on the x-axis. The function is vaguely sinusoidal, increasing
first to x = a, then decreasing to x = b, and increasing again. At (a, f(a)), the tangent is marked, and it is noted that f'(a) = ® and
f’(a) < ®. At (b, f(b)), the tangent is marked, and it is noted f'(b) = ® and f"(b) /

0." style="width: 487px; height: 272px;" width="487px" height="272px" src="/@api/deki/files/2436/
CNX_Calc_Figure_04_05_006.jpeg">

Figure \(\PageIndex{9}\): Consider a twice-differentiable function \(f\) such that \(f"\) is continuous. Since \(f'(a)=0\) and \(f"(a)<®\), there is an

interval \(I\) containing \(a\) such that for all \(x\) in \(I\), \(f\) is increasing if \(xa\). As a result, \(f\) has a local maximum at \(x=a\). Since
\(f'(b)=0\) and \(f"(b)>0\), there is an interval \(I\) containing \(b\) such that for all \(x\) in \(I\), \(f\) is decreasing if \(xb\). As a result, \(f\) has a
local minimum at \(x=b\).
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Theorem \(\PageIndex{2}\): Second Derivative Test

Suppose \(f'(c)=0\) and \(f"\) is continuous over an interval containing \(c\).

i. If \(f"(c)>8\), then \(f\) has a local minimum at \(c\).
ii.  If \(f"(c)<®\), then \(f\) has a local maximum at \(c\).
iii.  If \(f"(c)=8,\) then the test is inconclusive.

Note that for case iii. when \(f'(c)=0\), then \(f\) may have a local maximum, local minimum, or neither at \(c\). For example, the
functions \(f(x)=x23, \; f(x)=x"4,\) and \(f(x)=—x"4\) all have critical points at \(x=0\). In each case, the second derivative is zero at
\(x=0\). However, the function \(f(x)=x"4\) has a local minimum at \(x=0\) whereas the function \(f(x)=-x"4\) has a local maximum
at \(x=0\), and the function \(f(x)=x"3\) does not have a local extremum at \(x=0\).

Let’s now look at how to use the second derivative test to determine whether \(f\) has a local maximum or local minimum at a
critical point \(c\) where \(f'(c)=0.\)

Example \(\PageIndex{4}\): Using the Second Derivative Test

Use the second derivative to find the location of all local extrema for \(f(x)=x*5-5x/3\)
Solution

To apply the second derivative test, we first need to find critical points \(c\) where \(f(c)=0\). The derivative is
\(f'(x)=5x"4-15x"2\).

Therefore, \(f'(x)=5x"4-15x"2=5x"2(x*2-3)=0\) when \(x=0,\,£\sqrt{3}\).

To determine whether \(f\) has a local extremum at any of these points, we need to evaluate the sign of \(f"\) at these points.
The second derivative is

\(F'(x)=20xA3-30x=10x(2x*2-3)\)

In the following table, we evaluate the second derivative at each of the critical points and use the second derivative test to
determine whether \(f\) has a local maximum or local minimum at any of these points.

Table: \(\PagelIndex{5}\): Second Derivative Test for \(f(x)=x"5-5x"3\)

\(x\) \(f"(x)\) Conclusion
\(=\sqrt{3}\) \(-30\sqrt{3}\) Local maximum

\(®\) \(®\) Second derivative test is inconclusive
\(\sqrt{3}\) \(30\sqrt{3}\) Local minimum

By the second derivative test, we conclude that \(\boxed{f(x) \text{ has a local maximum at }x=-\sqrt{3}\text{ and a local
minimum at }x=\sqrt{3}}\). The second derivative test is inconclusive at \(x=0\). To determine whether \(f\) has a local extrema
at \(x=0,\) we apply the first derivative test. To evaluate the sign of \(f'(x)=5x"2(x"*2-3)\) for \(xe\left(—\sqrt{3},0\right)\) and
\(xe\left(®,\sqrt{3}\right)\), let \(x=—1\) and \(x=1\) be the two test points. Since \(f'(-1)<8\) and \(f'(1)<®\), we conclude that
\(f\) is decreasing on both intervals and, therefore, \(\boxed{f(x)\text{ does not have a local extrema at }x=0}\) as shown in
the following graph.
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f(x) = x> — 5x°

Figure \(\PageIndex{1O}\):The function \(f\) has a local maximum at \(x=—\sqrt{3}\) and a local minimum at \(x=\sqrt{3}\)

Exercise \(\PageIndex{4}\)

Consider the function \(f(x)=xA3-\dfrac{3}{2}x*2-18x\). The points \(c=3,\,-2\) satisfy \(f'(c)=0\). Use the second derivative
test to determine whether \(f\) has a local maximum or local minimum at those points.

Hint available at the end of this section.

Answer available at the end of this section.

Answers
Exercise \(\PageIndex{1}\)

Find all critical points of \(f\) and determine the signs of \(f(x)\) over particular intervals determined by the critical points.
Exercise \(\PageIndex{1}\)
\(f\) has a local minimum at \(-2\) and a local maximum at \(3\)
Exercise \(\PageIndex{2}\)
The only critical point of \(f\) is \(x=1.\)
Exercise \(\PageIndex{2}\)
\(f\) has no local extrema because \(f'\) does not change sign at \(x=1\)
Exercise \(\PageIndex{3}\)
Find where \(f"(x)=0\)
Exercise \(\PageIndex{3}\)
\(f\) is concave up over the interval \(\left(—eo,\dfrac{1{2}\right)\) and concave down over the interval \(\left(\dfrac{1}{2},eo\right)\)
Exercise \(\PageIndex{4}\)
\(f"(x)=6x-3\)
Exercise \(\PageIndex{4}\)
\(f\) has a local maximum at \(-2\) and a local minimum at \(3\)

This page titled 3.2: Curve Sketching Basics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.

e 4.4:How Derivatives Affect the Shape of a Graph by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

e 4.5: Derivatives and the Shape of a Graph by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.
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3.2: Curve Sketching with Asymptotes

We have shown how to use the first and second derivatives of a function to describe the shape of a graph. To graph a function
f defined on an unbounded domain, we also need to know the behavior of f as © — +oo. In this section, we see how limits at
infinity affect the graph of a function. At the end of this section, we outline a strategy for graphing an arbitrary function f.

End Behavior

The behavior of a function as £ — +oo is called the function’s end behavior. At each of the function’s ends, the function could
exhibit one of the following types of behavior:

1. The function f(z) approaches a horizontal asymptote y = L.
The function f(z) — oo or f(z) —» —oc.

3. The function does not approach a finite limit, nor does it approach co or —oc. In this case, the function may have some
oscillatory behavior.

Let’s consider several classes of functions here and look at the different types of end behaviors for these functions.

End Behavior for Polynomial Functions
Consider the power function f(z) = z" where n is a positive integer. From Figure 3.2.1 and Figure 3.2.2, we see that

lim z" = oo forallm=1,2,3,... and lim z" =
T—00 T——00

{oo for n = 2,4,

5 4 -3 -2 -1 0 1 2 3 4 5%

Figure 3.2.1: For power functions with an even power n, lim z" = co = lim z"
T—00

T——00
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—54
—10+
Figure 3.2.2: For power functions with an odd power n, lim z" = co and lim z" = —co
r—00 r——0Q

Using these facts, it is not difficult to evaluate lim cz" and lim cz", where c is any constant and n is a positive integer. If ¢ > 0,

Tr—00 Tr—r—00

the graph of y = ca"is a vertical stretch or compression of y = 2", and therefore

lim cz” = lim z"” and lim cz" = lim z"if¢>0
T—00 T—00 T——00 T——00

If ¢ < 0, the graph of y = cz™ is a vertical stretch or compression combined with a reflection about the z-axis, and therefore

lim cz"” = — lim 2" and lim cz" = — lim 2" ifc<0
T—00 T—00 Tr——00 T——00

If c=0,y=cz™ =0, in which case lim cz"=0= lim cz".

Tr—00 T——00

Example 3.2.1: Limits at Infinity for Power Functions

For each function f, evaluate li_)m f(x) and Egl f(x)

(@) f(z) = —5a®
(b) f(x) = 2z*
Solution

(a) Since the coefficient of z3 is —5, the graph of f(x) = —5z% involves a vertical stretch and reflection of the graph of y = 2?
about the z-axis.

Therefore, | lim (—52%) = —oo and lim (—52%) = oo

T—00 T——00

(b) Since the coefficient of z* is 2, the graph of f(z) = 2z* is a vertical stretch of the graph of y = z*.

Therefore, | lim 2z* = 0o and lim 2z* = 0o

T—00 T—>—00
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Exercise 3.2.1

Let f(x) = —3z*. Find li_)m f(=z)

Hint available at the end of this section.

Answer available at the end of this section.

We now look at how the limits at infinity for power functions can be used to determine 1_1&1 f(z) for any polynomial function f.

Consider a polynomial function
f(z) = apz" + 12"+ arz+ag

of degree n > 1 so that a,, # 0. Factoring, we see that

11 1 1
J@) = aen (14 222y 2 2 )
X a

" n el ag o
As r — 400, all the terms inside the parentheses approach zero except the first term. We conclude that

li = i "
z—1>1:{loo f(ﬂ?) z—l>r:tnoo 4n®

For example, the function f(x) = 52% — 322 4 4 behaves like g(z) = 52° as  — 400 as shown in Figure 3.2.3 and Table 3.2.1.

Yi
104

Figure 3.2.3: The end behavior of a polynomial is determined by the behavior of the term with the largest exponent.

Table 3.2.1: A polynomial’s end behavior is determined by the term with the largest exponent

x 10 100 1000
f(z) = 52° — 322 +4 4704 4970004 4997000004
g(z) = 5z° 5000 5000000 5000000000
x -10 -180 -1000
flz) = 52% — 322 +4 -5296 -5029996 -5002999996
g(z) = 53 -5000 -5000000 -5000000000
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End Behavior for Algebraic Functions

The end behavior for rational functions and functions involving radicals is a little more complicated than for polynomials. In

Example 3.2.2, we show that the limits at infinity of a rational function f(z) =

degree of the numerator and the degree of the denominator. To evaluate the limits at infinity for a rational function, we divide the
numerator and denominator by the highest power of x appearing in the denominator. This determines which term in the overall

p(z)

q(x)

expression dominates the behavior of the function at large values of z.

Example 3.2.2: Determining End Behavior for Rational Functions

end behavior of the function.

3z —1
@ f@) = 5—
3z% +2
(b) f(z) = 4z3x——;>_x —T— 7
3z2 +4
(© fo) = =5
Solution

Since

N | W

lim f(z) =

T—+00

, we know that

@O0

X 3r—1
lim =
z—400 20 + 5

For each of the following functions, determine the limits as z — co and z — —oo. Then, use this information to describe the

(a) The highest power of the numerator and denominator are both z, so they are the same.

Dividing the numerator and denominator by x and applying the algebraic limit laws, we see that:

1
@

m 5
T—400 ROR
2+ 2

1
lim 3 — —
T—+00 T
lim 24+ —
T—+00 T
3-0 3
2+0 2

3. .
y=5isa horizontal asymptote

for this function as shown in the following graph.

269 (3.2.4)
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. . . . . 3
Figure 3.2.4: The graph of this rational function approaches the horizontal asymptote y = b} as x — +00

(b) The degree of numerator is less than the degree of the denominator. Since the largest power of z appearing in the
denominator is z3, divide the numerator and denominator by z>. After doing so and applying algebraic limit laws, we obtain

, 322 + 2z , i+ 2 3.0+2-0 0
lim ———— = lim = =—=0
zo+00 43 — B + 7 z—»ioo4_%+7_73 4—-5-04+7-0 4

Since I_I)Iil f(z) = 0], we know |f(:v) has a horizontal asymptote at y = 0| as shown in the following graph.

|
=]
ot
=Y

—51

Figure 3.2.5: The graph of this rational function approaches the horizontal asymptote y = 0 as z — +o0.

(c) The degree of the numerator is greater than the degree of the denominator. Since the largest power of x appearing in the
denominator is z, we divide the numerator and denominator by z:

3z? + 4z I 3x+4 _ Fo0

i @42 eode 142 140
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As = — oo, the numerator approaches +oo, so | lim f(z) = oo
Tr—00

As z — —oo, the numerator approaches —oo, so| lim f(z) = —oo

T——00

This means the graph has [no horizontal asymptotes|, as shown in the following figure.

¥
30+

251 x+2
20+
15+

10+

5.1

T12-12-10 8 6 —4 29 2 4 65 8 10 12 14X
_5,,
—-10+
—15+
—20+4
—o51

—-30+

Figure 3.2.6: As x — oo, the values f(z) — oo, and as x — —oo, the values f(z) - —co

Exercise 3.2.2

3z 4+ 2z —1 . . . 324+ 2z —1
Evaluate lim srter—l and use these limits to determine the end behavior of f(z) = srter—l
z—+00 Hg2 —4x + 7 5x2 —4x + 7

Hint available at the end of this section.

Answer available at the end of this section.

. . 3x% +4 R
Before proceeding, consider the graph of f(z) = % shown in Figure 3.2.16. As x — oo and z — —oo, the graph of f appears
X

almost linear. Although f is certainly not a linear function, we now investigate why the graph of f seems to be approaching a linear
function. First, using long division of polynomials, we can write

244 4
AT o o4

/(=) T+ 2 T+ 2

. 4
Since i — 0 as x — +o00, we conclude that
x

lim (f(z)— (3z—2)) = lim 4 =0

T—400 z—too x + 2 o

Therefore, the graph of f approaches the line y = 3z — 2 as © — 4o0. This line is known as an oblique asymptote for f (Figure
3.2.7).
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y__
I+ 4
9= 2520 |1
fy=3x— 2
T T § T %

_ 322 + 4

i approaches the oblique asymptote y = 3z —2 as z — +oo
x

Figure 3.2.7: The graph of the rational function f(z)

We can summarize the results of Example 3.2.2 to make the following conclusion regarding end behavior for rational functions.

Summary of End Behavior for Rational Functions

N

Consider a rational function

fo) = p(x)  apz"+ap 12"+ ..+ a1z +ag

= = where a, # 0 and b,,, # 0
q(x) bmxm T+ bm—1$m71 + ..+ blz + bo # sé

If the degree of the numerator is the same as the degree of the denominator (n = m), then f has a horizontal asymptote
of y = Z—" as  — +o00.

m

If the degree of the numerator is less than the degree of the denominator \((n
If the degree of the numerator is greater than the degree of the denominator (n > m), then f does not have a horizontal
asymptote. The limits at infinity are either positive or negative infinity, depending on the signs of the leading terms. In
addition, using long division, the function can be rewritten as

p(z) r(z)

f($)=ﬁ=g($)+m

where the degree of r(z) is less than the degree of ¢(z). As a result, l_gl rEz;

x o g(x
approach zero as x — +o0. If the degree of p(z) is exactly one more than the degree of ¢(z) (i.e, n = m + 1), the function
g(x) is a linear function. In this case, we call g(z) an oblique asymptote.

= 0. Therefore, the values of [f(z) — g(z)]

Now let’s consider the end behavior for functions involving a radical.

Example 3.2.3: Determining End Behavior for a Function Involving a Radical

Find the limits as z — oo and = — —oo for f(z) = ———— and describe the end behavior of f.
4

Solution

Let's use the same strategy as we did for rational functions: divide the numerator and denominator by a power of z. To
determine the appropriate power of z, consider the expression v4z% + 5 in the denominator. Since
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3
Therefore, f(x) approaches the |horizontal asymptote y = 3 as T — 0o

shown in the following graph.

Vaz? +5 ~ \V4x? = 2|

for large values of z in effect = appears just to the first power in the denominator. Therefore, we divide the numerator and

_LZ 8z —2)
= lim
T L (422 + 5)
3+2
= lim =
5

and the

Exercise 3.2.3

2
Sl T
z=00  x+6

Hint available at the end of this section.
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3
horizontal asymptote y = -3 as r — —00
3
y .
Ax* + 5
+ 1 -
4 6%

Figure 3.2.8: This function has two horizontal asymptotes and it crosses one of the asymptotes.

denominator by |z|. Then, using the fact that |z| = z for z > 0, |z| = —z for z < 0, and |z| = V22 for all z, we calculate the limits
as follows:
1
3z —2 T (Bz—2)
lim —— = lim ————
=00 /472 + 5 T—00 ﬁ 472 + 5
g (B2
= lim
T—00 % (412 + 5)
32
= lim L
_ 49
V4 2
3z —2 ﬁ (3z-2)
lim = lim
T=—00 /A2 +5 T——00 _1_ A2 +5

as
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| Answer available at the end of this section.

Determining End Behavior for Transcendental Functions

The six basic trigonometric functions are periodic and do not approach a finite limit as  — +o00. For example, sin(z) oscillates
between 1 and -1 (Figure 3.2.9). The tangent function z has an infinite number of vertical asymptotes as = — +co; therefore, it
does not approach a finite limit nor does it approach +oo as x — +oo as shown in Figure 3.2.10.

Yi
2..
] f(x) = sin(x)

e A N

_2__
Figure 3.2.9: The function f(z) = sin(z) oscillates between 1 and —1 as z — 400

i
4+

f(x) = tan(x)
2-.

By L om - T
2 2 1 2 2

_2__

Figure 3.2.10: The function f(z) = tan(z) does not approach a limit and does not approach +co as z — +o00

Recall that for any base b > 0, b # 1, the function y = b is an exponential function with domain (—oo, c0) and range (0, co). If
b>1, y=1>"is increasing over (—oo,c0). If \(ON\). Therefore, f(z) = e” is increasing on (—oo, 00) and the range is (0,00). The
exponential function f(z) = e” approaches co as z — oo and approaches 0 as £ — —oco as shown in Table 3.2.2 and Figure 3.2.11.

Table 3.2.2: End behavior of the natural exponential function
x -5 -2 0 2 5
e’ 0.00674 0.135 1 7.389 148.413
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Yi
41
I [ = e
2-.
_2. } U } 2! } i

Figure 3.2.11: The exponential function approaches zero as r — —oo and approaches co as z — oo
Recall that the natural logarithm function f(xz) = In(xz) is the inverse of the natural exponential function y = e®. Therefore, the
domain of f(z) = In(z) is (0,00) and the range is (—oo, o). The graph of f(x) = In(z) is the reflection of the graph of y = e* about
the line y = x. Therefore, In(z) — —co as z — 0" and In(z) — oo as x — oo as shown in Figure 3.2.12 and Table 3.2.3.

Table 3.2.3: End behavior of the natural logarithm function

T 0.01 0.1 1 10 100
In(z) -4.605 -2.303 o 2.303 4.605
Yi
f(x) = In(x)
21
: ' : ' : : : ' -
0 2 4 6 8 X
_2_

Figure 3.2.12: The natural logarithm function approaches oo as z — oo

Example 3.2.4: Determining End Behavior for a Transcendental Function

2+ 3e*
7 — 5e®

Find the limits as © — co and z — —oo for f(z) = and describe the end behavior of f.

Solution

To find the limit as z — oo, divide the numerator and denominator by e*:

. —z
, . 243 . 9ew4g Am2e+3
lim f(z) = lim = lim = -
T30 z—00 7 —5e? 2500 Te ™ — 5 lim 7e™* —5
T—00
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As shown in Figure 3.2.11, e* — 0 as x — —oo. Equivalently e=* — 0 as \(x\to \infty). Therefore,

lim 2¢°+3  0+3 _72
00 Te*—5 0—5 5

We conclude that | lim f(z) = —% , and the graph of f approaches the |horizontal asymptote y = —g as & — 0o
T—00

To find the limit as x — —oo, use the fact that e* — 0 as x — —oco and the original form of f(z), so:

. 2 + 3e” 240 2
lim = — ==

o——0 7T —5e* 7—0 7

2 2
Thus,| lim f(z) = —| and the graph of f approaches the |horizontal asymptote y = 7Sy — —00
T——00

7
Exercise 3.2.4

Find the limits as z — co and z — —oo for f(z)

_ 3et—4
T e 42

Hint available at the end of this section.

Answer available at the end of this section.

Guidelines for Drawing the Graph of a Function

We now have enough analytical tools to draw graphs of a wide variety of algebraic and transcendental functions. Before showing
how to graph specific functions, let’s look at a general strategy to use when graphing any function.

Problem-Solving Strategy: Drawing the Graph of a Function

Given a function f, use the following steps to sketch a graph of f:

1. Determine the domain of the function.

2. Locate the z- and y-intercepts.

3. Evaluate lim f(z) and lim f(z) to determine the end behavior. If either of these limits is a finite number L, then y
T—00 T—>—00

= L is a horizontal asymptote. If either of these limits is co or —oo, determine whether f has an oblique asymptote.
If f is a rational function such that f(z) = M where the degree of the numerator is greater than the degree of the
q

(z)

denominator, then f can be written as

@) @)
fla) = 225 = ola) + 255

where the degree of r(z) is less than the degree of ¢(x). The values of f(x) approach the values of g(z) as z — +o0. If

g(z) is a linear function, it is known as an oblique asymptote.

Determine whether f has any vertical asymptotes.

5. Calculate f’. Find all critical points and determine the intervals where f is increasing and where f is decreasing.
Determine whether f has any local extrema.

6. Calculate f”. Determine the intervals where f is concave up and where f is concave down. Use this information to
determine whether f has any inflection points. The second derivative can also be used as an alternate means to
determine or verify that f has a local extremum at a critical point.

s

Now let’s use this strategy to graph several different functions. We start by graphing a polynomial function.
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Illustration 3.2.1: Sketching a Graph of a Polynomial

We demonstrate these steps by sketching a graph of f(z) = (z — 1)%(z + 2)
Step 1: Since f is a polynomial, the domain is the set of all real numbers.

Step 2: When z =0, f(z) = 2. Therefore, the y-intercept is (0,2). To find the z-intercepts, we need to solve the equation
(z — 1)%(z + 2) = 0, which gives us the z-intercepts (1,0) and (—2,0)

Step 3: We need to evaluate the end behavior of f. As z — oo, (z —1)? = oo and (z + 2) — occ. Therefore, lim f(z) = oo
T—00
As x — —o00, (z—1)? = oo and (z + 2) — —co. Therefore, lim f(z) = —oc0
T—>—00

To get even more information about the end behavior of f, we can multiply the factors of f. When doing so, we see that
f@)=(@—-1)%(z+2)=23—3z+2
Since the leading term of f is 3, we conclude that f behaves like y = 2% as z — +o0.
Step 4: Since f is a polynomial function, it does not have any vertical asymptotes.
Step 5: The first derivative of f is
f'(z) =322 -3
Therefore, f has two critical points: z = 1, —1. Divide the interval (—oo, c0) into the three smaller intervals: (—oco, —1), (—1,1)

, and (1, c0). Then, choose test points x = —2,z = 0, and = = 2 from these intervals and evaluate the sign of f ’(z) at each of
these test points, as shown in the following table.

Interval Test point Sign of Derivative f'(z) Conclusion
(=00, —1) r=-2 (=)= =+ f increasing
(—=1,1) z=0 (H()(+H)=— f decreasing
(1,00) z=2 (H)(H(+H =+ f increasing

From the table, we see that f has a local maximum at z = —1 and a local minimum at = = 1. Evaluating f(z) at those two
points, we find that the local maximum value is f(—1) = 4 and the local minimum value is f(1) = 0.

Step 6: The second derivative of f is

f"(z) = 6z

The second derivative is zero at z = 0. Therefore, to determine the concavity of f, divide the interval (—oo, o) into the smaller
intervals (—o0,0) and (0,00), and choose test points z = —1 and = = 1 to determine the concavity of f on each of these
smaller intervals as shown in the following table.

Interval Test Point Sign of f”(z) Conclusion
(—00,0) z=—1 — f concave down
(0, ) z=1 + f concave up

We note that the information in the preceding table confirms the fact, found in step 5, that f has a local maximum at z = —1
and a local minimum at z = 1. In addition, the information found in step 5—namely, f has a local maximum at z = —1 and a
local minimum at z = 1, and f ’(z) = 0 at those points—combined with the fact that f” changes sign only at z = 0 confirms
the results found in step 6 on the concavity of f.
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Combining this information, we arrive at the graph of f(z) = (x — 1)%(z + 2) shown in the following graph:

yi
5_

fix) = (x — 1)%(x + 2)

Exercise 3.2.5

Sketch a graph of f(z) = (z —1)%(z + 2)

Hint available at the end of this section.

Illustration 3.2.2: Sketching a Rational Function

Now we sketch a rational function: f(z) = T2
—

Step 1: The function f is defined as long as the denominator is not zero. Therefore, the domain is the set of all real numbers
x except z = +1.

2
Step 2: Find the intercepts. If z =0, then f(z) =0, so 0 is an intercept. If y =0, then = z =0, which implies z = 0.

5 =

Therefore, (0, 0) is the only intercept.

Step 3: Evaluate the limits at infinity. Since fis a rational function, divide the numerator and denominator by the highest
power in the denominator: z2. We obtain

2
. x .
lim = lim =—1
z—+oo 1 — g2 T—+00 Lz —1
z

Therefore, f has a horizontal asymptote of y = —1 as z — oo and z — —oo.

Step 4: To determine whether f has any vertical asymptotes, first check to see whether the denominator has any zeroes.
We find the denominator is zero when z = +1. To determine whether the lines z = 1 or z = —1 are vertical asymptotes of f,
evaluate lin} f(z) and lim1 f(x). By looking at each one-sided limit as z — 1, we see that

T— T——

2 2

. . T
lim = —oo and lim = 00
z1t 1 — 2 x—1- — 2

In addition, by looking at each one-sided limit as z — —1, we find that
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2 2
lim = oo and lim = —00
g1+ 1 — g2 a——1- 1 — 2
Step 5: Calculate the first derivative:
, (1 —z?)(22) — 2%(—2z 2z
(1—a2) (1—a2)

Critical points occur at points = where f ’(z) = 0 or f’(z) is undefined. We see that f ’(z) = 0 when z = 0. The derivative f’
is not undefined at any point in the domain of f. However, z = 41 are not in the domain of f. Therefore, to determine where
f is increasing and where f is decreasing, divide the interval (—oo, ) into four smaller intervals: (—oo,—1), (—1,0), (0,1), and
(1, 00), ?nd choose a test point in each interval to determine the sign of f’(z) in each of these intervals. The values z = —2,

1 . . . .
T=—g, T=3, and z = 2 are good choices for test points as shown in the following table.

Interval Test point Sign of f'(x) Conclusion

(—o0,—1) z=—2 - f decreasing
+

(=1,0) - _L — f decreasing
2 i

(0,1) =L i f increasing
2 A

(1,00) =2 Y f increasing
+

From this analysis, we conclude that f has a local minimum at z = 0 but no local maximum.

Step 6: Calculate the second derivative:

(1 —22)%(2) — 22(2(1 — z2)(—22))

(1-a?*
(1—22)[2(1—2?) + 827
(1-a?*
2 (1 — z?) + 8z2
(1—a?)’
622 +2
(1-a2)°

f(z) =

To determine the intervals where f is concave up and where f is concave down, we first need to find all points = where f”(x)
=0 or f”(z) is undefined. Since the numerator 6x2 + 2 # 0 for any z, f”(z) is never zero. Furthermore, f” is not undefined
for any z in the domain of f. However, as discussed earlier, z = +1 are not in the domain of f. Therefore, to determine the
concavity of f, we divide the interval (—oo, o) into the three smaller intervals (—oco0, —1), (—1,1), and (1, c0), and choose a test
point in each of these intervals to evaluate the sign of f”(z). The values z = —2, z =0, and z = 2 are possible test points as
shown in the following table.

Interval Test Point Sign of f”(x) Conclusion
(=00, —1) z=-2 r__ f concave down
(—1,1) z=0 T f concave up

+
(1,00) B=2 r__ f concave down

Combining all this information, we arrive at the graph of f shown below. Note that, although f changes concavity at z = —1
and z = 1, there are no inflection points at either of these places because f is not continuous at z = —1 or z = 1.
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Exercise 3.2.6

Sketch a graph of f(z) = Srtd

T 844z

Hint available at the end of this section.

Answer available at the end of this section.

Illustration 3.2.3: Sketching a Rational Function with an Oblique Asymptote

Consider the graph of f(z) =
T

Step 1: The domain of f is the set of all real numbers z except z = 1.
Step 2: Find the intercepts. We can see that when z =0, f(z) =0, so (0,0) is the only intercept.

Step 3: Evaluate the limits at infinity. Since the degree of the numerator is one more than the degree of the denominator, f
must have an oblique asymptote. To find the oblique asymptote, use long division of polynomials to write

z? 1
= = 1
f(z) 1 T+ +x—1

Since

1 . . . .
——1 — 0 as z — +oo, f(x) approaches the line y = z + 1 as x — +oo. The line y = z + 1 is an oblique asymptote for f.
Step 4: To check for vertical asymptotes, look at where the denominator is zero. Here the denominator is zero at z = 1.
Looking at both one-sided limits as z — 1, we find

22 2
lim = oo and lim
z—1+t . — 1 z—=1- T —

= —0

Therefore, z = 1 is a vertical asymptote, and we have determined the behavior of f as = approaches 1 from the right and the
left.

Step 5: Calculate the first derivative:
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o (@—1)(2z)—2%(1) 2?—2
=% ~ G-

We have f’(z) = 0 when 22 — 2z = z(x — 2) = 0. Therefore, z = 0 and z = 2 are critical points. Since f is undefined at z = 1

, we need to divide the interval (—oco, c0) into the smaller intervals (—oo, 0), (0,1), (1,2), and (2, c0), and choose a test point
3

from each interval to evaluate the sign of f’(z) in each of these smaller intervals. For example, let z = —1,z = 7T= 5 and

x = 3 be the test points as shown in the following table.

Interval Test Point Sign of f/(x) Conclusion
(—00,0) z=-1 (=)(=) - f increasing
+
(0,1) " HE) f decreasing
2 £
(1,2) - 3 HE) f decreasing
2 &£
(2,00) r=3 (H) () - f increasing
+

From this table, we see that f has a local maximum at z =0 and a local minimum at z = 2. The value of f at the local
maximum is f(0) = 0 and the value of f at the local minimum is f(2) = 4. Therefore, (0,0) and (2,4) are important points on
the graph.

Step 6. Calculate the second derivative:
(z—1)%(2x — 2) — 2(z — 1)(z? — 2z)
(z—1)*
2(x —1)[(z —1)% — (2% — 2z)]
(z—1)*
2[z% — 2z + 1 — 22 + 22]
(z—1)°

f'(z) =

2
(z—1)°

We see that f”(z) is never zero or undefined for x in the domain of f. Since f is undefined at z = 1, to check concavity we
just divide the interval (—oco, c0) into the two smaller intervals (—co, 1) and (1, 00), and choose a test point from each interval
to evaluate the sign of f”(z) in each of these intervals. The values z = 0 and z = 2 are possible test points as shown in the
following table.

Interval Test Point Sign of f”(z) Conclusion
(—o0,1) z=0 r__ f concave down
(1,00) =2 T f concave up

+

From the information gathered, we arrive at the following graph for f:
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Exercise 3.2.7
_ 3x3 — 2z +1

Find the oblique asymptote for f(z) = 522 — 4
& —

Hint available at the end of this section.

Answer available at the end of this section.

Illustration 3.2.4: Sketching the Graph of a Function with a Cusp

Lastly, we sketch a graph of f(z) = (z —1)%

Step 1: Since the cube-root function is defined for all real numbers z and (z —1)7 = ({’/w — 1)2, the domain of f is all real
numbers.

Step 2: To find the y-intercept, evaluate f(0). Since f(0) = 1, the y-intercept is (0,1). To find the z-intercept, solve (z —1)7
= 0. The solution of this equation is z = 1, so the z-intercept is (1,0).

Step 3: Since lirf (x — 1)% = oo, the function continues to grow without bound as z — oo and z — —co.
T—>1+00

Step 4: The function has no vertical asymptotes.

Step 5: To determine where f is increasing or decreasing, calculate f’. We find

2

(ﬂf*l)_3 = m

7a) =

w| o

This function is not zero anywhere, but it is undefined when x = 1. Therefore, the only critical point is z = 1. Divide the interval
(—o0, 00) into the smaller intervals (—oo, 1) and (1, c0), and choose test points in each of these intervals to determine the sign
of f’(z) in each of these smaller intervals. Let z = 0 and = = 2 be the test points as shown in the following table.

Interval Test Point Sign of f /() Conclusion

(—o0,1) =0 __ f decreasing
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Interval Test Point Sign of f () Conclusion
(1,00) T =2 . f increasing
+

We conclude that f has a local minimum at z = 1. Evaluating f at z = 1, we find that the value of f at the local minimum is
zero. Note that f /(1) is undefined, so to determine the behavior of the function at this critical point, we need to examine
lin% f’(z). Looking at the one-sided limits, we have

r—r

. . 2
lim ——— =ooand lim —— = —o0
=1+ 3(1. — 1)3 =1~ 3(m — 1)3
Therefore, f has a cusp at z = 1.
Step 6: To determine concavity, we calculate the second derivative of f :
” 2 _4 —2
ff@)=—c(@-1)"7F=——
9 9(z—1)s

We find that f”(z) is defined for all z, but is undefined when z = 1. Therefore, divide the interval (—oo, 00) into the smaller
intervals (—oo, 1) and (1, 0o), and choose test points to evaluate the sign of f”(z) in each of these intervals. As we did earlier,
let z = 0 and = = 2 be test points as shown in the following table.

Interval Test Point Sign of f”(x) Conclusion
(—o0,1) z=0 — f concave down
J’_
(1,00) =3 = f concave down
J’_

From this table, we conclude that f is concave down everywhere. Combining all of this information, we arrive at the following
graph for f:

[
<
1

Exercise 3.2.8

Consider the function f(z) =5 — z%. Determine the point on the graph where a cusp is located. Determine the end behavior
of f.
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Hint available at the end of this section.

Answer available at the end of this section.

Answers

Exercise 3.2.1
The coefficient —3 is negative.
Exercise 3.2.1
—00
Exercise 3.2.2
Divide the numerator and denominator by z2.

Exercise 3.2.2
3

5
Exercise 3.2.3

Divide the numerator and denominator by z.
Exercise 3.2.3

V3
Exercise 3.2.4

lim ¢ = 0o and lim e” =0.
00 r——00

Exercise 3.2.4
. 3 .
s @=y Am fE)=-2
Exercise 3.2.5
f is a fourth-degree polynomial.

Exercise 3.2.6

A line y = L is a horizontal asymptote of f if the limit as z — co or the limit as z — —oco of f(z) is L. A line z = a is a vertical asymptote if at least one of the
one-sided limits of f as z — a is oo or —co.

Exercise 3.2.6
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Exercise 3.2.7
Use long division of polynomials.

Exercise 3.2.7
3
y= 595
Exercise 3.2.8
A function f has a cusp at a point a if f(a) exists, f’(a) is undefined, one of the one-sided limits as z — a of f’(z) is +o0, and the other one-sided limit is —cc.
Exercise 3.2.8

The function f has a cusp at (0, 5), since lirg f'(z) = o0 and lixg f’(z) = —oo. For end behavior, lixin f(z) = —o0.
=0~ =0+ T—+00

This page titled 3.2: Curve Sketching with Asymptotes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.

e 4.6: Limits at Infinity and Asymptotes by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.

e 45: Limits at Infinity and Asymptotes by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.
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3.2: Practice Set

Exercise 3.2.1

For each function, find the domain, intercepts, critical points, inflection points, intervals of increase/decrease, intervals of
concavity, and any asymptotes. Then sketch the curve.

@) f(z) =23 — 322 — 9z + 5
(b) g(z) = z* — 822 + 16

(c) h(z) = 2° — 622 + 9z + 2
(d) p(z) = z* — 423 + 422

Answer available at the end of this section.

Exercise 3.2.2

For each function, find the domain, intercepts, critical points, inflection points, intervals of increase/decrease, intervals of
concavity, and any asymptotes. Then sketch the curve.

@ f@) = 5
(b) g(z) = xfil
() h(z) = xfi -
@ plr) = =

Answer available at the end of this section.

Exercise 3.2.3

For each function, find the domain, intercepts, critical points, inflection points, intervals of increase/decrease, intervals of
concavity, and any asymptotes. Then sketch the curve.

(@) flz) =e™"
(b) g(x) = ze™"

(c) h(z) = In(z? + 1)

(d) p(z) = sin(z) on [0, 2]

Answer available at the end of this section.
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Exercise 3.2.4

concavity, and any asymptotes. Then sketch the curve.
(@) f(z) = 2® — 92% + 24z — 16

(b) g(z) = 2* — 423 + 622 — 4z + 1

T

(c) h(z) = -

() p(z) = —

Answer available at the end of this section.

Answers

Exercise 3.2.1
(@) f(x) =2® — 322 9z +5
Domain: (—oco, 00)

Intercepts: y-intercept: £(0) = 5. z-intercepts: solve z® — 322 — 9z +5= 0.z = —1 is a root: (—1)3 — 3(1) — 9(—1) +

—45+5=10.Tryz=1:1—3 —9 + 5= —6. The roots are not nice; we leave as approximate or factored form.
Critical points: f'(z) = 322 — 6z — 9 = 3(22 — 22 — 3) = 3(z — 3)(z + 1). Critical numbers: z = —1, 3.
f(=1)=—1-34+94+5=10. f(3) =27 — 27 — 27 +5 = —22.

Intervals of increase/decrease:

For z < —1, f’(x) > 0 (increasing).

For —1 < z < 3, f’(z) < 0 (decreasing).

For z > 3, f’(z) > 0 (increasing).

Local maximum at (—1,10). Local minimum at (3, —22).

Inflection points: f”(z) = 6z — 6 = 6(z — 1). Inflection point at z = 1.
f1)=1-3-945=—6.

Intervals of concavity:

For z < 1, f”(z) < 0 (concave down).

For z > 1, f”(z) > 0 (concave up).

Asymptotes: None.

(b) g(z) = 2* — 822 + 16 = (22— 4)? = (z — 2)*(z + 2)?

Domain: (—oo, 00)

Intercepts: y-intercept: g(0) = 16. z-intercepts: z = +2.

Critical points: ¢’ (z) = 42° — 162 = 4z(2® — 4) = 4z(x — 2)(z + 2). Critical numbers: z = —2,0, 2.
9(—2) =0, g(0) = 16, g(2) = 0.

Intervals of increase/decrease:

For z < —2, ¢’(z) < 0 (decreasing).

For —2 < z < 0, ¢’(z) > 0 (increasing).

For 0 < z < 2, ¢’(z) < 0 (decreasing).

For z > 2, ¢’(x) > 0 (increasing).

Local minima at (—2,0) and (2,0). Local maximum at (0, 16).

. . ; . . 2
Inflection points: ¢” (z) = 1222 — 16 = 4(3z2 — 4). Inflection points at z = +—.

V3
L2 7(1_6)278(§)+167@7g+1672567864+12967@
IN\Fi) "\ 3 T8 3 - 81 T

Intervals of concavity:

2
For z < ———, ¢g”(z) > 0 (concave up).
V3

2 2
For —— <z < —, ¢”(z) < 0 (concave down).

V3 V3

2
For z > —, ¢”(z) > 0 (concave up).
V3

Asymptotes: None.
(c) h(z) = 23 — 62% + 9z + 2
Domain: (—oo, 00)
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Intercepts: y-intercept: h(0) = 2. z-intercepts: solve z° — 622 + 92 +2=0.Tryz =28 —244+18+2=4.Tryz=—1: -1 -6 —-94+2=—14.Tryz = 2 + V3 ~ 3.732:
approximate root. (Roots are not nice.)
Critical points: 1/ (z) = 32% — 12z + 9 = 3(2? — 42 + 3) = 3(z — 1)(= — 3). Critical numbers: z = 1, 3.
h(1)=1—64+9+2=6.h(3) =27 —544+27+2=2.
Intervals of increase/decrease:
For z < 1, ' (z) > 0 (increasing).
For 1 < z < 3, h/(z) < 0 (decreasing).
For z > 3, ' (z) > 0 (increasing).
Local maximum at (1, 6). Local minimum at (3, 2).
Inflection points: h”(z) = 6z — 12 = 6(z — 2). Inflection point at z = 2.
h(2)=8—24+18+2=4.
Intervals of concavity:
For z < 2, h”(z) < 0 (concave down).
For z > 2, h”(x) > 0 (concave up).
Asymptotes: None.
(d) p(z) = z* — 42® + 42?2 = 2%(2? — 4z + 4) = 2%(z — 2)?
Domain: (—oo, 00)
Intercepts: y-intercept: p(0) = 0. z-intercepts: z = 0, 2.
Critical points: p’(z) = 42 — 1222 + 82 = 42(2? — 32 + 2) = 4z (z — 1)(z — 2). Critical numbers: z = 0,1, 2.
p(0)=0,p(1)=1—4+4=1,p(2) =16 —32+ 16 =0.
Intervals of increase/decrease:
For z < 0, p’(z) < 0 (decreasing).
For 0 < z < 1, p’(z) > 0 (increasing).
For1 < z < 2, p’(z) < 0 (decreasing).
For z > 2, p’(z) > 0 (increasing).
Local minimum at (0, 0). Local maximum at (1,1). Local minimum at (2,0).
Inflection points: p” (z) = 1222 — 24z + 8 = 4(32% — 6z + 2).
:6im:6i\/§:612\/§:1iﬁ
6
V3

6 6 3
Inflection pointsat z =1 + =

Solve 322 — 6z +2=0: 2

Intervals of concavity:

Forz <1— ?, p”(z) > 0 (concave up).

V3 V3

For1— 5 <zr<l+ = p” (z) < 0 (concave down).

3
Forz > 1+ %, p”(x) > 0 (concave up).
Asymptotes: None.
Exercise 3.2.2

@ /() = 57

Domain: (—oco, o) (since 2 + 1 > 0 for all z).

Intercepts: y-intercept: f(0) = 0. z-intercept: = 0.

((*+1)—zz)  1-—2’
(z2 +1)2 T (224 1)

Critical points: f'(z) = Critical numbers: z = +1.

1 1
fQ)=5. /) =—5.
Intervals of increase/decrease:
For z < —1, f’(x) < 0 (decreasing).
For —1 < z < 1, f’(x) > 0 (increasing).
For z > 1, f/(z) < 0 (decreasing).

Local minimum at (71, 7%) Local maximum at (1, %)

Inflection points: f”(z) = % Inflection points at 2 = 0, £V/3.
F(0) =0. f(V3) = ? f(=V3) = ,@.

Intervals of concavity:

For 2 < —V/3, f”(z) < 0 (concave down).

For —V3 < z <0, f”(z) > 0 (concave up).

For 0 < = < V/3, f”(x) < 0 (concave down).

For « > /3, f”(z) > 0 (concave up).

Asymptotes: Horizontal asymptote: y = 0 as z — +o00. No vertical asymptotes.
2

(b) g(z) =

xT
z2+1

@IOIC]E) 288 (3.2.3)



LibreTexts"

Domain: (—oo, 00)
Intercepts: y-intercept: g(0) = 0. z-intercept: z = 0.

22(x? +1) — z2(2 2 -,
= 2@ +1) Jj(z): i . Critical number: z = 0.

Critical points: ¢'(z) I EERIE

9(0) = 0.

Intervals of increase/decrease:
For z < 0, ¢’(z) < 0 (decreasing).
For z > 0, ¢’(z) > 0 (increasing).
Local minimum at (0, 0).

2(1 — 322) i . 1
——————=. Inflection points at z = +—.
@+ 1P ° V3

1 1/3 1/3 1
glt— )= =1 _=_,
V3 1/3+1  4/3 4
Intervals of concavity:

Inflection points: ¢”(z) =

1
For 2 < ———, g”(z) < 0 (concave down).
V3

1 1
For —-— <z < —, ¢”(z) > 0 (concave up).
V3

V3

1
For z > —, ¢”(x) < 0 (concave down).
V3

Asymptotes: Horizontal asymptote: y = 1 as z — +o00. No vertical asymptotes.

1,2

(c) h(z) =

z?—1

Domain: (—oo0, —1) U (—1,1) U (1, 00)

Intercepts: y-intercept: h(0) = 0. z-intercept: z = 0.
2z(2? — 1) — 2%(22) —2z

Critical points: #/(z) = EEEnE = R Critical number: z = 0.
e — e —

h(0) = 0.
Intervals of increase/decrease:
For z < —1, h’(z) > 0 (increasing).
For —1 <z <0, h’/(x) > 0 (increasing).
For 0 < z < 1, h'(z) < 0 (decreasing).
For z > 1, h/(x) < 0 (decreasing).
Local maximum at (0, 0).
. . 2(3z% 4+ 1) . . . . - .
Inflection points: " (z) = W No inflection points (the numerator is always positive, so concavity only changes at asymptotes).
Intervals of concavity:
For z < —1, h”(z) < 0 (concave down).
For —1 < z < 1, h”(z) > 0 (concave up).
For 2 > 1, h”(z) < 0 (concave down).
Asymptotes: Vertical asymptotes: z = +1. Horizontal asymptote: y = 1 as x — +o0.
@ple)= 2L oy L
x xr
Domain: (—oo, 0) U (0, 00)
Intercepts: y-intercept: none (undefined at z = 0). z-intercepts: z = +1.

- . 1 241 - TR
Critical points: p’(z) = 1 + — = i t . No critical numbers (derivative is never zero).
x T

Intervals of increase/decrease: p’(z) > 0 for all z # 0. The function is increasing on (—oo, 0) and (0, o). No local extrema.
Inflection points: p”(z) = - No inflection points (concavity changes at the asymptote).
s

Intervals of concavity:
For z < 0, p”(z) > 0 (concave up).

For 2 > 0, p”(z) < 0 (concave down).

Asymptotes: Vertical asymptote: z = 0. Oblique asymptote: y = z (since p(z) = z — %).
Exercise 3.2.3

@ fl@)y=e"

Domain: (—oo, 00)

Intercepts: y-intercept: f(0) = 1. z-intercepts: none (always positive).

Critical points: ' (z) = —2ze ", Critical number: z = 0.

f0)=1.

Intervals of increase/decrease:

For z < 0, f’(z) > 0 (increasing).

For z > 0, f’(z) < 0 (decreasing).

Local maximum at (0, 1).
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. . : . . 1
Inflection points: f”(z) = e (4z? — 2) = 2¢ (22 — 1). Inflection points at z = +——.

V2
f (ﬂ:%) =e 2= 7

Intervals of concavity:

1
For x < ———, f”(x) > 0 (concave up).
V2

1 1
For —— <z < —, f”(z) < 0 (concave down).

V2 V2

1
For z > —, f”(z) > 0 (concave up).
7 f"(z)

Asymptotes: Horizontal asymptote: y = 0 as z — +o0.
(b) g(z) = ze ™

Domain: (—oo, 00)

Intercepts: y-intercept: g(0) = 0. z-intercept: z = 0.

Critical points: ¢'(z) = e * —ze * = e *(1 — z). Critical number: z = 1.
1
N=el=—.
gl)=e .

Intervals of increase/decrease:
For z < 1, ¢’(x) > 0 (increasing).
For z > 1, ¢’(x) < 0 (decreasing).
. 1
Local maximum at (1, —).
€
Inflection points: g” (z) = e *(z — 2). Inflection point at z = 2.

2
— -2 _
g(2)=2e7*= o

Intervals of concavity:

For < 2, g”(z) < 0 (concave down).

For z > 2, g” (x) > 0 (concave up).

Asymptotes: Horizontal asymptote: y = 0 as z — oo. As z — —o0, g(z) = —o0.
(c) h(z) = In(z? + 1)

Domain: (—oo, o0) (since z% + 1 > 0 for all z).

Intercepts: y-intercept: h(0) = 0. z-intercept: z = 0.
ps . , 2 -
Critical points: h'(z) = Y _ Critical number: z = 0.
241

R(0) = 0.

Intervals of increase/decrease:
For 2 < 0, ' (z) < 0 (decreasing).
For z > 0, ' (z) > 0 (increasing).
Local minimum at (0, 0).

2(1—z?%)

Inflection points: b/ (z) = W
T

Inflection points at z = +1.

h(1) = h(—1) = In(2).

Intervals of concavity:

For z < —1, h”(z) < 0 (concave down).

For —1 < z < 1, h”(z) > 0 (concave up).

For z > 1, h”(z) < 0 (concave down).

Asymptotes: None (but grows like 2In(z) as x — o).

(d) p(z) = sin(z) on [0, 27

Domain: [0, 27

Intercepts: y-intercept: p(0) = 0. z-intercepts: z = 0, 7, 27.

Critical points: p’(z) = cos(z). Critical numbers: z = m™ 3

2’ 2"
P ()=rr (%)=

Intervals of increase/decrease:
For0 <z < %, p’(z) > 0 (increasing).

3 .
For % <z< 7” p’(z) < 0 (decreasing).

For 3777 <z < 2m, p’(z) > 0 (increasing).

. - 3
Local maximum at (g, 1). Local minimum at (%, —1).

Inflection points: p” (z) = —sin(z). Inflection points at z = 0, w, 27 (endpoints and middle).
On the interval, inflection point at (w, 0).

Intervals of concavity:

For 0 < z < m, p”(z) < 0 (concave down).

For = < z < 2m, p”(z) > 0 (concave up).
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Asymptotes: None.

Exercise 3.2.4
(a) f(z) = 2 — 922 4 242 — 16
Domain: (—oo, 00)
Intercepts: y-intercept: f(0) = —16. z-intercepts: solve z® — 922 + 242 — 16 =0.Tryz = 1: 1 — 9+ 24 — 16 = 0. So (z — 1)(2% — 8z + 16) = (z — 1)(z — 4)?> = 0. Roots:
z = 1,4 (double).
Critical points: f'(z) = 322 — 18z + 24 = 3(2? — 6z + 8) = 3(z — 2)(z — 4). Critical numbers: z = 2,4.
F(2)=8—36+48 —16 = 4. f(4) = 64 — 144 + 96 — 16 = 0.
Intervals of increase/decrease:
For z < 2, f’(z) > 0 (increasing).
For 2 < z < 4, f'(z) < 0 (decreasing).
For z > 4, f’(z) > 0 (increasing).
Local maximum at (2, 4). Local minimum at (4, 0).
Inflection points: f”(z) = 6z — 18 = 6(z — 3). Inflection point at z = 3.
f(3)=27—-814+72—-16=2.
Intervals of concavity:
For z < 3, f”(z) < 0 (concave down).
For z > 3, f”(z) > 0 (concave up).
Asymptotes: None.
(b) g(z) = 2* — 42® + 622 — 4z + 1= (z — 1)*
Domain: (—oo, 00)
Intercepts: y-intercept: g(0) = 1. z-intercept: z = 1.
Critical points: ¢’ (z) = 4(z — 1)3. Critical number: z = 1.
g(1)=0.
Intervals of increase/decrease:
For z < 1, ¢’(z) < 0 (decreasing).
For 2 > 1, ¢’(z) > 0 (increasing).
Local minimum at (1, 0).
Inflection points: g’ (z) = 12(z — 1)2. No inflection points (¢”(z) = 0 at = = 1 but does not change sign).
Intervals of concavity:
For all z # 1, g” (z) > 0 (concave up).
Asymptotes: None.

(©) () = =

Domain: (—o0,2) U (2, 00)
Intercepts: y-intercept: h(0) = 0. z-intercept: z = 0.

s . 1 —2)—z(1 —2 . I
Critical points: h/(z) = (= ) —=(1) = . No critical numbers (derivative never zero).
(z—2) (z—2)?
Intervals of increase/decrease: h'(z) < 0 for all z # 2. Function is decreasing on (—oo,2) and (2, 00). No local extrema.
. . 4 . . .
Inflection points: " (z) = wor No inflection points.
T —

Intervals of concavity:

For z < 2, h”(z) < 0 (concave down).

For z > 2, h”(z) > 0 (concave up).

Asymptotes: Vertical asymptote: x = 2. Horizontal asymptote: y = 1 as z — +oc.

2
(@ pe) = ——

Domain: (—oo, 1) U (1, 00)

Intercepts: y-intercept: p(0) = 0. z-intercept: z = 0.

i . 2z(z — 1) — (1 22z —o? 2 —2 s
Critical points: p’(z) = 2(z—1) —27(1) kv wdw 2z >,Crmcal numbers: z = 0, 2.
(z—1)? (z—1)? (z—1)?  (z—1)

P(0)=0.p2)= T =4,

Intervals of increase/decrease:

For z < 0, p’(z) > 0 (increasing).

For 0 < z < 1, p’(z) < 0 (decreasing).

For1l < z < 2, p’(z) < 0 (decreasing).

For z > 2, p’(z) > 0 (increasing).

Local maximum at (0, 0). Local minimum at (2, 4).

Inflection points: p” (z) = 5~ No inflection points.

2
(z—1)
Intervals of concavity:

For z < 1, p”(z) < 0 (concave down).

For z > 1, p”(z) > 0 (concave up).

@IOIC]E) 291 (3.2.6)



LibreTextS“'

Asymptotes: Vertical asymptote: z = 1. Oblique asymptote: y = z + 1 (since

22

1
= 14+ ——).
z—1 S +zfl)

This page titled 3.2: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.3: Optimization

Learning Objectives

e Set up and solve optimization problems in several applied fields.

One common application of calculus is calculating the minimum or maximum value of a function. For example, companies often
want to minimize production costs or maximize revenue. In manufacturing, it is often desirable to minimize the amount of
material used to package a product with a certain volume. In this section, we show how to set up these types of minimization and
maximization problems and solve them by using the tools developed in this chapter.

Question of the Day

How do we use derivatives to find the best possible outcome in real-world situations?

This page titled 3.3: Optimization is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 4.6: Optimization Problems by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

@IOIC]E) 293 (3.3.1)


https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_1_(IVC_Math_C2210_-_Huber)/03%3A_The_Anatomy_of_a_Curve/3.03%3A_Optimization
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_I_(IVC_Math_3A_OER)/04%3A_Applications_of_Differentiation/4.06%3A_Optimization_Problems
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTextS"

3.3: Optimization

Solving Optimization Problems over a Closed, Bounded Interval

The basic idea of the optimization problems that follow is the same. We have a particular quantity that we are interested in
maximizing or minimizing. However, we also have some auxiliary condition that needs to be satisfied. For example, in Example
3.3.1, we are interested in maximizing the area of a rectangular garden. Certainly, if we keep making the side lengths of the garden
larger, the area will continue to become larger. However, what if we have some restriction on how much fencing we can use for
the perimeter? In this case, we cannot make the garden as large as we like. Let's look at how we can maximize the area of a
rectangle subject to some constraint on the perimeter.

Example 3.3.1: Maximizing the Area of a Garden

A rectangular garden is to be constructed using a rock wall as one side of the garden and wire fencing for the other three
sides (Figure 3.3.1). Given 100 ft of wire fencing, determine the dimensions that would create a garden of maximum area.
What is the maximum area?

Figure 3.3.1: We want to determine the measurements z and y that will create a garden with a maximum area using 100 ft of fencing.

Solution

Let z denote the length of the side of the garden perpendicular to the rock wall and y denote the length of the side parallel
to the rock wall. Then the area of the garden is

A=z-y

We want to find the maximum possible area subject to the constraint that the total fencing is 100 ft. From Figure 3.3.1, the
total amount of fencing used will be 2z + y. Therefore, the constraint equation is

2z +y =100
Solving this equation for y, we have y = 100 — 2z. Thus, we can write the area as

A(z) = z - (100 — 2z) = 100z — 2z>
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Before trying to maximize the area function A(z) = 100z — 2x2, we need to determine the domain under consideration. To
construct a rectangular garden, we certainly need the lengths of both sides to be positive. Therefore, we need z > 0 and y
> 0. Since y = 100 — 2z, if y > 0, then = < 50. Therefore, we are trying to determine the maximum value of A(z) for = over the
open interval (0,50). We do not know that a function necessarily has a maximum value over an open interval. However, we do
know that a continuous function has an absolute maximum (and absolute minimum) over a closed interval. Therefore, let's
consider the function A(z) = 100z — 22 over the closed interval [0, 50]. If the maximum value occurs at an interior point, then
we have found the value z in the open interval (0, 50) that maximizes the area of the garden.

Therefore, we consider the following problem:

Maximize A(z) = 100z — 2z% over the interval [0, 50].

As mentioned earlier, since A is a continuous function on a closed, bounded interval, by the extreme value theorem, it has
a maximum and a minimum. These extreme values occur either at endpoints or critical points. At the endpoints, A(z) = 0.
Since the area is positive for all z in the open interval (0, 50), the maximum must occur at a critical point. Differentiating the
function A(x), we obtain

A'(z) =100 — 4z

Therefore, the only critical point is z = 25 (Figure 3.3.2). We conclude that the maximum area must occur when x = 25.

T

ldﬂ%f Maximum
1200+ 0~
1000+
BOOT
600+
400+

200+

10 -5 0] 5 10 15 20 25 30 35 40 45 50 55X
200+

Figure 3.3.2: To maximize the area of the garden, we need to find the maximum value of the function A(z) = 100z — 222

Then we have y = 100 — 2z = 100 — 2(25) = 50.

To maximize the area of the garden, let |a: =25 ft and y = 50 ft| The area of this garden is [1250 ft?

Exercise 3.3.1

Determine the maximum area if we want to make the same rectangular garden as in Figure 3.3.2, but we have 200 ft of
fencing.

Hint available at the end of this section.

Answer available at the end of this section.

Now let’s look at a general strategy for solving optimization problems similar to Example 3.3.1.
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Problem-Solving Strategy: Solving Optimization Problems

1. Introduce all variables. If applicable, draw a figure and label all variables.

2. Determine which quantity is to be maximized or minimized, and for what range of values of the other variables (if this
can be determined at this time).

3. Write a formula for the quantity to be maximized or minimized in terms of the variables. This formula may involve more
than one variable.

4. Write any equations relating the independent variables in the formula from step 3. Use these equations to write the
quantity to be maximized or minimized as a function of one variable.

5. Identify the domain of consideration for the function in step 4 based on the physical problem to be solved.

6. Locate the maximum or minimum value of the function from step 4. This step typically involves looking for critical points
and evaluating a function at endpoints.

Now let's apply this strategy to maximize the volume of an open-top box given a constraint on the amount of material to be used.

Example 3.3.2: Maximizing the Volume of a Box

An open-top box is to be made from a 24 in. by 36 in. piece of cardboard by removing a square from each corner of the box
and folding up the flaps on each side. What size square should be cut out of each corner to get a box with the maximum
volume?

Solution

Step 1: Let = be the side length of the square to be removed from each corner (Figure 3.3.3). Then, the remaining four flaps
can be folded up to form an open-top box. Let V be the volume of the resulting box.

[e——— 24 in ——=

i X

f = .

X

36in

36 — 2xin

b=s "

! - B 24 — 2xin

Figure 3.3.3: A square with side length = inches is removed from each corner of the piece of cardboard. The remaining flaps are folded to
form an open-top box.

Step 2: We are trying to maximize the volume of a box. Therefore, the problem is to maximize V.

Step 3: As mentioned in step 2, are trying to maximize the volume of a box. The volume of a box is
V=L-W-H

where L, W,and H are the length, width, and height, respectively.

Step 4: From Figure 3.3.3, we see that the height of the box is z inches, the length is 36 — 2z inches, and the width is 24 — 2z
inches. Therefore, the volume of the box is
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V(z) = (36 — 2x)(24 — 22)x = 42> — 1202 + 864z

Step 5: To determine the domain of consideration, let's examine Figure 3.3.3. Certainly, we need z > 0. Furthermore, the side
length of the square cannot be greater than or equal to half the length of the shorter side, 24 in.; otherwise, one of the flaps
would be completely cut off. Therefore, we are trying to determine whether there is a maximum volume of the box for = over
the open interval (0,12). Since V is a continuous function over the closed interval [0, 12], we know V will have an absolute
maximum over the closed interval. Therefore, we consider V over the closed interval [0,12] and check whether the absolute
maximum occurs at an interior point.

Step 6: Since V(z) is a continuous function over the closed, bounded interval [0, 12], V must have an absolute maximum (and
an absolute minimum). Since V(z) = 0 at the endpoints and V' (z) > 0 for \(®

V/(z) = 1222 — 240z + 864
To find the critical points, we need to solve the equation
1222 — 240z + 864 = 0
Dividing both sides of this equation by 12, the problem simplifies to solving the equation
22 —20z+72=0
Using the quadratic formula, we find that the critical points are

SO I0)(72)
20/ 202) 41)(72) _ 20+ V112 _ 20i24ﬁ =10+2V7

2

Since 10 + 2v/7 is not in the domain of consideration, the only critical point we need to consider is 10 — 2v/7.

Therefore, |the volume is maximized if we let z =10 — 2v/7 in.|

The maximum volume is V (10 — 2\/7) = 640 + 448V/7 ~ 1825 in® as shown in the following graph.

22%‘ Maximum volume I1s approximately
1825 cubic inches when x 1.7 inches

1750+
1500+ V(x) = 4x3 — 120067 + 864x
1250+

1000+
750+
500+
250+

r

2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16X
2501

4 b n N s & I e & -

Figure 3.3.4: Maximizing the volume of the box leads to finding the maximum value of a cubic polynomial.

Exercise 3.3.2

Suppose the dimensions of the cardboard in Example 3.3.2 are 20 in. by 30 in. Let z be the side length of each square and
write the volume of the open-top box as a function of z. Determine the domain of consideration for z.
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Hint available at the end of this section.

Answer available at the end of this section.

Example 3.3.3: Minimizing Travel Time

An island is 2 mi due north of its closest point along a straight shoreline. A visitor is staying at a cabin on the shore that
is 6 mi west of that point. The visitor is planning to go from the cabin to the island. Suppose the visitor runs at a rate of 8
mph and swims at a rate of 3 mph. How far should the visitor run before swimming to minimize the time it takes to reach the
island?

Solution

Step 1: Let z be the distance running and let y be the distance swimming (Figure 3.3.5). Let T be the time it takes to get from
the cabin to the island.

X miles ——————»{«—6 — x miles —|

6 miles -]

Figure 3.3.5: How can we choose z and y to minimize the travel time from the cabin to the island?

Step 2: The problem is to minimize T.

Step 3: To find the time spent traveling from the cabin to the island, add the time spent running and the time spent swimming.
Since Distance = Rate x Time (D = R x T'), the time spent running is

Drunning _ T

Trunm‘ng = 7Rrunm’ng = g
and the time spent swimming is
Tswimming = Doiwning _
Rywimming 3
Therefore, the total time spent traveling is
x
T=2+%

Step 4: From Figure 3.3.5, the line segment of y miles forms the hypotenuse of a right triangle with legs of length 2 mi and 6

— x mi. Therefore, by the Pythagorean theorem, 22 + (6 — x)? = y?, and we obtain y = /(6 — z)2 + 4. Thus, the total time spent
traveling is given by the function
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x (6—2)2+4
T =4 7
(@)=35+ 3
Step 5: From Figure 3.3.5, we see that 0 < z < 6. Therefore, [0, 6] is the domain of consideration.

Step 6: Since T'(z) is a continuous function over a closed, bounded interval, it has a maximum and a minimum. Let’s begin
by looking for any critical points of T over the interval [0, 6]. The derivative is

)2 —1/2
R S
1 (6 —x)
8

3v/(6 —x)2 4+ 4
If T’'(x) =0, then

L =8
8 3 /(6—xz)2+4

Therefore,

34/(6—x)2+4=28(6—x)
Squaring both sides of this equation, we see that if z satisfies this equation, then z must satisfy
9[(6 — z)? + 4] = 64(6 — z)?
which implies
55(6 —z)? = 36

We conclude that if z is a critical point, then z satisfies

36
—g)2 ===
(e—6)"=—
Therefore, the possibilities for critical points are
6
r=64+—
V55

Since z = 6 + —— is not in the domain, it is not a possibility for a critical point. On the other hand, = 6 — —— is in the
5 V55

domain. Since we squared both sides of an equation to arrive at the possible critical points, it remains to verify that x = 6

6 . c
— —— is not an extraneous solution.
V55

. 6 . . 6 . - . .
Since z = 6 — —— does satisfy that equation, we conclude that z = 6 — —— is a critical point, and it is the only one.
5 V55

To justify that the time is minimized for this value of z, we just need to check the values of T'(z) at the endpoints z = 0 and =
= 6, and compare them with the value of T'(z) at the critical point z = 6 — —.

V55

We find that T(0) ~ 2.108 h and T'(6) ~ 1.417 h, whereas

6
T (6 = —) ~ 1.368h
V55

Therefore, we conclude that T has a local minimum if the distance ran is
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Exercise 3.3.3

Suppose the island is 1 mi from shore, and the distance from the cabin to the point on the shore closest to the island is 15
mi. Suppose a visitor swims at the rate of 2.5 mph and runs at a rate of 6 mph. Let = denote the distance the visitor will run
before swimming, and find a function for the time it takes the visitor to get from the cabin to the island.

Hint available at the end of this section.

Answer available at the end of this section.

In business, companies are interested in maximizing revenue. In the following example, we consider a scenario in which a
company has collected data on how many cars it is able to lease, depending on the price it charges its customers to rent a car.
Let's use these data to determine the price the company should charge to maximize the amount of money it brings in.

Example 3.3.4: Maximizing Revenue

Owners of a car rental company have determined that if they charge customers p dollars per day to rent a car, where 50 < p
< 200, the number of cars n they rent per day can be modeled by the linear function n(p) = 1000 — 5p. If they charge $50 per
day or less, they will rent all their cars. If they charge $200 per day or more, they will not rent any cars. Assuming the owners
plan to charge customers between $50 per day and $200 per day to rent a car, how much should they charge to maximize
their revenue?

Solution

Step 1: Let p be the price charged per car per day and let n be the number of cars rented per day. Let R be the revenue per
day.

Step 2: The problem is to maximize R.

Step 3: The revenue (per day) is equal to the number of cars rented per day times the price charged per car per day—that is,
R=mn-p.

Step 4: Since the number of cars rented per day is modeled by the linear function n(p) = 1000 — 5p, the revenue R can be
represented by the function

R(p) = n-p = (1000 — 5p)p = —5p> + 1000p

Step 5: Since the owners plan to charge between $50 per car per day and $200 per car per day, the problem is to find the
maximum revenue R(p) for p in the closed interval [50, 200].

Step 6: Since R is a continuous function over the closed, bounded interval [50,200], it has an absolute maximum (and an
absolute minimum) in that interval. To find the maximum value, look for critical points. The derivative is R ’(p) = —10p + 1000.

Therefore, the critical point is p = 100. When p = 100, R(100) = $50,000. When p = 50, R(p) = $37,500. When p = 200, R(p) = $0

Therefore, the absolute maximum occurs at p = $100. |The car rental company should charge $100 per day per car| to maximize
revenue as shown in the following figure.
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Maximum revenue is $50,000 per day when the
R(p), Price charged per car is $100 per day
50000 4
40000 -
30000 -
20000
10000 -
0 20 40 60 80 100 120 140 160 180 200 220P
Figure 3.3.6: To maximize revenue, a car rental company has to balance the price of a rental against the number of cars people will rent at
that price.

Exercise 3.3.4

A car rental company charges its customers p dollars per day, where 60 < p < 150. It has found that the number of cars rented
per day can be modeled by the linear function n(p) = 750 — 5p. How much should the company charge each customer to
maximize revenue?

Hint available at the end of this section.

Answer available at the end of this section.

Example 3.3.5: Maximizing the Area of an Inscribed Rectangle

A rectangle is to be inscribed in the ellipse

What is the maximum area?
Solution

Step 1: For a rectangle to be inscribed in the ellipse, the sides of the rectangle must be parallel to the axes. Let L be the
length of the rectangle and W be its width. Let A be the area of the rectangle.
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Figure 3.3.7: We want to maximize the area of a rectangle inscribed in an ellipse.
Step 2: The problem is to maximize A.
Step 3: The area of the rectangle is A = LW.

Step 4: Let (z,y) be the corner of the rectangle that lies in the first quadrant, as shown in Figure 3.3.7. We can write length L

2 2
= 2z and width W = 2y. Since % +y*=1andy>0,wehavey=4/1— % Therefore, the area is

2
A= LW = (2z)(2y) = 4z/1 — % = 20V4— 22

Step 5: From Figure 3.3.7, we see that to inscribe a rectangle in the ellipse, the z-coordinate of the corner in the first quadrant
must satisfy \(®

Step 6: As mentioned earlier, A(z) is a continuous function over the closed, bounded interval [0, 2]. Therefore, it has an
absolute maximum (and absolute minimum). At the endpoints z = 0 and = = 2, A(xz) = 0. For \(O0\).

Therefore, the maximum must occur at a critical point. Taking the derivative of A(z), we obtain

1
A'(z)=2vV4— 22+ 2z ﬁ(—2x)

—
2 2
—o/a—g2 - =L
V4 —z?
_ 8- 4x?
V4 — x?
To find critical points, we need to find where A’(z) = 0. We can see that if z is a solution of
8 — 4a? —0
V4 —x?
then z must satisfy
8—4z® =0

Therefore, 22 = 2. Thus, z = +v/2 are two possible critical points. Since we are considering z over the interval [0,2], z = v/2 is
a possibility for a critical point, but z = —v/2 is not.
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Therefore, we check whether /2 is a solution of the original equation. Since z = v/2 is a legitimate solution, we conclude that
v/2 is the only critical point of A(z) in the interval [0, 2].

Therefore, A(x) must have an absolute maximum at the critical point = = v/2. To determine the dimensions of the rectangle,
we need to find the length L and the width W. If z = /2 then

. . 2
Therefore, the dimensions of the rectangle are L = 2z = 2v/2 and W = 2y = 7 =2
2

Plugging these into our original function gives A = LW = (2v/2)(v/2) = 4. Thus, the [maximum area is 4]

Exercise 3.3.5

Modify the area function A if the rectangle is to be inscribed in the unit circle 2 +3y? = 1. What is the domain of
consideration?

Hint available at the end of this section.

Answer available at the end of this section.

Solving Optimization Problems when the Interval Is Not Closed or Is
Unbounded

In the previous examples, we considered functions on closed, bounded domains. Consequently, by the extreme value theorem,
we were guaranteed that the functions had absolute extrema. Let's now consider functions for which the domain is neither closed
nor bounded.

Many functions still have at least one absolute extrema, even if the domain is not closed or the domain is unbounded. For
example, the function f(z) = 2% + 4 over (—oo,o0) has an absolute minimum of 4 at z = 0. Therefore, we can still consider
functions over unbounded domains or open intervals and determine whether they have any absolute extrema. In the next example,
we try to minimize a function over an unbounded domain. We will see that, although the domain of consideration is (0, o), the
function has an absolute minimum.

In the following example, we look at constructing a box of least surface area with a prescribed volume. It is not difficult to show
that for a closed-top box, by symmetry, among all boxes with a specified volume, a cube will have the smallest surface area.
Consequently, we consider the modified problem of determining which open-topped box with a specified volume has the smallest
surface area.

Example 3.3.6: Minimizing Surface Area

A rectangular box with a square base, an open top, and a volume of 216 in® is to be constructed. What is the minimum surface
area of the box?

Solution

Step 1: Draw a rectangular box and introduce the variable z to represent the length of each side of the square base; let y
represent the height of the box. Let S denote the surface area of the open-top box.
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X

X

Figure 3.3.8: We want to minimize the surface area of a square-based box with a given volume.
Step 2: We need to minimize the surface area. Therefore, we need to minimize S.

Step 3: Since the box has an open top, we need only determine the area of the four vertical sides and the base. The area of
each of the four vertical sides is z - y. The area of the base is z2. Therefore, the surface area of the box is

S = dzy + x?
Step 4: Since the volume of this box is 22y and the volume is given as 216 in®, the constraint equation is
z2y = 216

. . . 216 . .
Solving the constraint equation for y, we have y = = Therefore, we can write the surface area as a function of z only:
X

S(z) =4z (g) + 22
5

Therefore, S(z) = 864 +z2
x

Step 5: Since we are requiring that 2%y = 216, we cannot have z = 0. Therefore, we need z > 0. On the other hand, z is allowed
to have any positive value. Note that as 2 becomes large, the height of the box y becomes correspondingly small so that z%y
= 216. Similarly, as x becomes small, the height of the box becomes correspondingly large. We conclude that the domain is
the open, unbounded interval (0, o). Note that, unlike the previous examples, we cannot reduce our problem to looking for
an absolute maximum or absolute minimum over a closed, bounded interval. However, in the next step, we discover why this
function must have an absolute minimum over the interval (0, o).

Step 6: Note that as z — 0%, S(z) — oco. Also, as © — oo, S(x) — oo. Since S is a continuous function that approaches infinity
at the ends, it must have an absolute minimum at some z € (0, 00). This minimum must occur at a critical point of S. The
derivative is

864

64 . . . . ; . ..
Therefore, S ’(z) = 0 when 2z = 8—2 Solving this equation for z, we obtain z?® = 432, so z = V432 = 6v/2. Since this is the
X

only critical point of S, the absolute minimum must occur at z = 6v/2 (see Figure 3.3.9).

216 . . :
When & = 6V/2, y = 72 = 3¥/2 in. Therefore, the dimensions of the box should be z = 6¥/2 in. and y = 3¥/2 in. With these
6v 2

dimensions, the surface area is
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S(x)u
" S(x) = 22 4 x2

500+

4001

300+

200+ i

1004 Minimum surface area of 1[:-83‘.4 square inches

when x = 632 inches

o 5 100 15 20 25 X

Figure 3.3.9: We can use a graph to determine the dimensions of a box of given the volume and the minimum surface area.

Exercise 3.3.6

Consider the same open-top box, which is to have volume 216 in®. Suppose the cost of the material for the base is 20¢/in?
and the cost of the material for the sides is 30c¢/in?> and we are trying to minimize the cost of this box. Write the cost as a
function of the side lengths of the base. (Let = be the side length of the base and y be the height of the box.)

Hint available at the end of this section.

Answer available at the end of this section.

Answers

Exercise 3.3.1
We need to maximize the function A(z) = 200z — 2z? over the interval [0, 100].
Exercise 3.3.1
The maximum area is 5000 ft2
Exercise 3.3.2
The volume of the box is L - W - H.
Exercise 3.3.2
V(z) = z(20 — 2z)(30 — 2z). The domain is [0, 10].
Exercise 3.3.3
The time T = Trunning + Towimming-
Exercise 3.3.3
L (15—z)2+1
6 2.5
Exercise 3.3.4
R(p) = n - p, where n is the number of cars rented and p is the price charged per car.
Exercise 3.3.4
The company should charge $75 per car per day.
Exercise 3.3.5
If (z,y) is the vertex of the rectangle that lies in the first quadrant, then the area of the square is A = (2z)(2y) = 4zy.
Exercise 3.3.5
A(z) = 4zv/1 — 22. The domain of consideration is [0, 1].
Exercise 3.3.6
If the cost of one of the sides is 30¢/in?, the cost of that side is 0.30zy dollars.

Exercise 3.3.6

259.2
c(z) = % + 0.222 dollars
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3.3: Practice Set

Exercise 3.3.1

Find two positive numbers whose sum is 20 and whose product is maximized.

Answer available at the end of this section.

Exercise 3.3.2

Find two positive numbers whose product is 100 and whose sum is minimized.

Answer available at the end of this section.

Exercise 3.3.3

A farmer has 120 meters of fencing to enclose a rectangular field. One side of the field is along a river and does not need
fencing. What dimensions maximize the enclosed area?

Answer available at the end of this section.

Exercise 3.3.4

A rectangular box with a square base and an open top is to be constructed from 108 square inches of material. What
dimensions maximize the volume?

Answer available at the end of this section.

Exercise 3.3.5

A cylindrical can is to hold 10007 cubic centimeters of liquid. What dimensions minimize the amount of material used (surface
area)?

Answer available at the end of this section.

Exercise 3.3.6

Find the point on the curve y = /z that is closest to the point (4,0).

Answer available at the end of this section.

Exercise 3.3.7

A rectangular garden is to be built against a wall. The garden has a length of z feet and a width of y feet. If 120 feet of fencing
are available for the other three sides, find the dimensions that maximize the area of the garden.

Answer available at the end of this section.
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Exercise 3.3.8

A rectangular box with a square base and no top is to be made from 150 square inches of material. Find the dimensions that
maximize the volume.

Answer available at the end of this section.

Exercise 3.3.9

A closed cylindrical can is to have a volume of 167 cubic inches. What dimensions minimize the surface area?

Answer available at the end of this section.

Exercise 3.3.10

Find the dimensions of the rectangle with the largest area that can be inscribed in a semicircle of radius 3 (with the base on
the diameter).

Answer available at the end of this section.

Exercise 3.3.11

A rectangular sheet of cardboard 12 inches by 16 inches is used to make an open box by cutting equal squares from each
corner and folding up the sides. What size squares should be cut to maximize the volume?

Answer available at the end of this section.

Exercise 3.3.12

A rectangle is inscribed in a circle of radius 5. Find the dimensions of the rectangle with maximum area.

Answer available at the end of this section.

Exercise 3.3.13

A company wants to construct a cylindrical container with a volume of 1000w cubic centimeters. The material for the top
and bottom costs 2 cents per square centimeter, while the material for the side costs 1 cent per square centimeter. What
dimensions minimize the cost?

Answer available at the end of this section.

Exercise 3.3.14

Find two positive numbers whose sum is 15 and the sum of their squares is minimized.

Answer available at the end of this section.
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A rectangular pen is to be built with one side against a barn. The other three sides require fencing. If 60 meters of fencing
are available, what dimensions maximize the area of the pen?

Answer available at the end of this section.

Answers

Exercise 3.3.1
Let the two numbers be z and y. We are given = + y = 20, so y = 20 — z.
The product is P = zy = z(20 — z) = 20z — z2.
P'(z)=20—2z.Set P'(z) =0:20— 22 =0 = =z =10.
Then y = 20 — 10 = 10.
Thus the two numbers are 10 and 10.

Exercise 3.3.2

. 1
Let the two numbers be = and y. We are given zy = 100, so y = ﬂ
T
. 1
The sum ]SS:Z+y:I+ﬂ.
T
100 100

S§'(z)=1——.SetS'(z)=0:1-—=0 = =100 = «=10.
x x

Then y = % = 10.

Thus the two numbers are 10 and 10.
Exercise 3.3.3
Let z be the length of the side parallel to the river and y be the length of each of the other two sides.
The fencing used is z + 2y = 120, so z = 120 — 2y.
The area is A = zy = (120 — 2y)y = 120y — 2y
A'(y) =120 —4y. Set A’(y) =0:120 —4y=0 = y=30.
Then z = 120 — 2(30) = 60.
Thus the dimensions are 60 m by 30 m.
Exercise 3.3.4
Let = be the side length of the square base and y be the height of the box.

) 108 — z?
Surface area (open top): z* + 4xy = 108, so y = X
. 10822 108z—a* 1
The volume is V = 2%y = 22 - M = 08'%73: =97 — —x3.
4z 4 4
V'(z)=27— %12‘ Set V' (z) = 0: 27 — gmz =0 = 22=36 = z=6.
108 —36 72
Theny= —— = —=3.
LT 2

Thus the dimensions are 6 x 6 x 3 inches.

Exercise 3.3.5

Let r be the radius and h be the height of the cylinder.
1000

Volume: V = mr?h = 1000w, $0 h = —
T

Surface area (including top and bottom): S = 27r? + 27rh = 27r2 4 277 -

2 2 . ., .,
() = amr — 2200 Set §7(r) = 0: dmr — 20T _ ) — 45 =2000 = 7% =500 = r=-/500 =5V
T

1 1 1 4 ,
000 1000 000 0 10V,

1000 , , 2000w
=2mr® 4+ ———.
T r

Then h =

2 (5v4)2  25V16 V16
Thus r = 5v/4 cm and h = 10/4 cm.

Exercise 3.3.6
Let (z,/z) be a point on the curve. The distance squared to (4,0) is:

D’=(z—4)2+(Vz—072=(z—4)"+2
D’=z*-8x+16+z=2a’—Tzx+16

P 7
Minimize f(z) = 22 — Tz + 16. f'(z) =2z — 7. Set f'(2) =0:22 —7=0 = z= 7

/7
Th =4/=.
eny 3
A 7 7
Thus the closest point is V3 )
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Exercise 3.3.7
Let z be the length parallel to the wall and y be the width.
Fencing: z + 2y = 120, so z = 120 — 2y.
Area: A = zy = (120 — 2y)y = 120y — 2y°%
A'(y) =120 —4y. Set A’(y) = 0:120 —4y =0 = y=30.
Then z = 120 — 2(30) = 60.
Thus the dimensions are 60 ft by 30 ft.
Exercise 3.3.8
Let 2 be the side length of the square base and y be the height.

1 _om2
Surface area: 2% + 4zy = 150, s0 y = %.
T
150 — 22 150z — 3 1
Volume: V = 22y = 22 - TV D TY 375 — —a.
4z 4 4

3 3
V'(z) =375 — Zz? Set V' (z) = 0:37.5 — Zzz =0 = 2?=50 = z=5V2

150 —50 100 5  5V2
Theny= ——— = = =—.

46v2)  20vZ V3 2
5v2

. . 2
Thus the dimensions are 5v/2 x 5v/2 x 5

Exercise 3.3.9

Let r be the radius and h be the height.

1
Volume: V = 7r?h = 167, so h = —S
T

16 32
Surface area: S = 2mr? + 2rh = 277 + 270 - — = 277 + oo
T

2 2 ;
S'(r):47r7“73—27r.$et5”(1"):0:471'7"73—::0 = 48=32 = =8 = r=2.
r r

16
Th =—=4.
en h 1
Thus the dimensions are radius 2 inches and height 4 inches.

Exercise 3.3.10
Place the semicircle with center at the origin. The equation is x> + 3> = 9 with y > 0.
Let the rectangle have vertices (+z,0) and (+z,y). Then z2 + 3> = 9, s0 y = V9 — z2.
Area: A = 2zy = 229 — 22,

2z 18 — 4z
A@)=2V9—22 — —— = ———.
V99— V9—2a?

. 9 3

Set A/(z)=0:18 42’ =0 = 2’=—- = z=——.

2 V2

Theny:\/97%:\/g:%.

Thus the rectangle has width 2z = 3v/2 and height %
2

Exercise 3.3.11
Let z be the side length of each square cut from the corners.
The resulting box has dimensions: length 16 — 2z, width 12 — 2z, height z.
Volume: V = z(16 — 2z)(12 — 2z) = 2(192 — 56z + 42?) = 192z — 5622 + 423,
V’(z) =192 — 1122 + 1222 = 4(322 — 28z + 48).
Set V'(z) = 0: 32% — 28z + 48 = 0.

o 28EVTBI-FT6 28+ V208 _ 28+4V13 _ 14+2V13
a 6 - 6 B 6 - 3

Approximately: z ~ u-ra 2.26 or z ~ a+r2

3 3
Thus & = ﬂ inches.

~ 7.07 (invalid since 12 — 2(7.07) < 0).

Exercise 3.3.12
Let the rectangle have dimensions 2z by 2y with center at the origin. Then z? + y? = 25.

Area: A = 4zy = 4zV25 — z2.

4z 100 — 822
A(z)=4V25 — 22 — —— = ———.
V25 — z? V25 — z?
25 5
Set A/(z)=0:100 — 822 =0 = 2’="+ = z=—.
2 V2
25 5
Theny=4/25— — = —.
2 V2

Thus the rectangle is a square with side length 2z = 2y = 5v/2.

Exercise 3.3.13
Let r be the radius and h be the height.

@IOIC]E) 310 (3.3.4)



LibreTextS“'

Volume: 7r2h = 10007, so h = 1220.

Cost: C = 2(top and bottom area) + 1(side area) = 2(27r?) + 1(27rh) = 47r? + 277 - 1(:(2)0 = 47r? + @
C'(r) = 8r — 20:)20”. Set C’(r) = 0: 81 — 20:)20” =0 = 8%=2000 = P =250 = r=/250=5V2.
Then h= 120 _ 1000 _ 20 _ 4545,

o syi Vi
Thus 7 = 5v/2 cm and h = 10v/2 cm.
Exercise 3.3.14
Let the numbers be z and 15 — z.
Sum of squares: S = 2% + (15 — z)? = 2? + 225 — 30z + 2% = 222 — 30z + 225.

15
S’(z) =4z —30.Set S/ (z) =0: 42 —30=0 = z= X
1
Then 15 —z = 75

15 15
Thus the two numbers are 5 and PR

Exercise 3.3.15
Let z be the length parallel to the barn and y be the width.
Fencing: z + 2y = 60, so z = 60 — 2y.
Area: A = zy = (60 — 2y)y = 60y — 2y°.
A’'(y) =60 —4y. Set A’(y) =0: 60 —4y=0 = y=15.
Then z = 60 — 2(15) = 30.
Thus the dimensions are 30 m by 15 m.

This page titled 3.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.4: Distances and Areas

Learning Objectives

e Use sigma (summation) notation to calculate sums and powers of integers.
e Use the sum of rectangular areas to approximate the area under a curve.
¢ Use Riemann sums to approximate area.

Archimedes was fascinated with calculating the areas of various shapes—in other words, the amount of space enclosed by the
shape. He used a process that has come to be known as the method of exhaustion, which used smaller and smaller shapes, the
areas of which could be calculated exactly, to fill an irregular region and thereby obtain closer and closer approximations to the
total area. In this process, an area bounded by curves is filled with rectangles, triangles, and shapes with exact area formulas.
These areas are then summed to approximate the area of the curved region.

In this section, we develop techniques to approximate the area between a curve, defined by a function f(z), and the x-axis on
a closed interval [a, b]. Like Archimedes, we first approximate the area under the curve using shapes of known area (namely,
rectangles). By using smaller and smaller rectangles, we get closer and closer approximations to the area. Taking a limit allows us
to calculate the exact area under the curve.

Question of the Day

How can we approximate the area of a region with an irregular shape?

This page titled 3.4: Distances and Areas is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.2: Areas and Distances by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.4: Estimating Areas

Let’s start by introducing some notation to make the calculations easier. We then consider the case when f(z) is continuous and
nonnegative. Later in the chapter, we relax some of these restrictions and develop techniques that apply in more general cases.

Sigma (Summation) Notation

As mentioned, we will use shapes of known area to approximate the area of an irregular region bounded by curves. This process
often requires adding up long strings of numbers. To make it easier to write down these lengthy sums, we look at some new
notation here, called sigma notation (also known as summation notation). The Greek capital letter ¥, sigma, is used to express
long sums of values in a compact form. For example, if we want to add all the integers from 1 to 20 without sigma notation, we
have to write

1+24+34+4+54+64+7+8+94+10+114+124+13+14+15+16+ 17+ 18+19+ 20
We could probably skip writing a couple of terms and write
1+24+3+4+--+19420

which is better, but still cumbersome. With sigma notation, we write this sum as

which is much more compact. Typically, sigma notation is presented in the form

n
D a
i=1

where a; describes the terms to be added, and the i is called the index. Each term is evaluated, then we sum all the values,
7

beginning with the value when i = 1 and ending with the value when i = n. For example, an expression like Zsi is interpreted
=2

as sy + s3 + s4 + s5 + sg + s7. Note that the index is used only to keep track of the terms to be added; it does not factor into the

calculation of the sum itself. The index is therefore called a dummy variable. We can use any letter we like for the index. Typically,

mathematicians use i, j, k, m, and n for indices.

Let's try a couple of examples of using sigma notation.

Example 3.4.1: Using Sigma Notation

(a) Write in sigma notation and evaluate the sum of terms 3¢ for i = 1,2, 3,4, 5.

(b) Write the sum in sigma notation:

1+1+1+1+1
4 9 16 25

Solution

(a) Write

5
Z3i:3+32+33+34+35: 363
i=1
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5
(b) The denominator of each term is a perfect square. Using sigma notation, this sum can be written as E —
i=1

Exercise 3.4.1

Write in sigma notation and evaluate the sum of terms 2¢ for i = 3,4,5,6

Hint available at the end of this section.

Answer available at the end of this section.

The properties associated with the summation process are given in the following rule.

Theorem 3.4.1: Properties of Sigma Notation

Let a1, as,...,a, and by, b, ..., b, represent two sequences of terms and let ¢ be a constant. The following properties hold for
all positive integers n and for integers m, with 1 < m < n.

n

i. Z c=nc
i=1
n n

ii. ani = cZai
i=1 i—

n

1
i Y (ai+b)=> ai+ Y b;
i=1 i=1

i=1
n

n n
i=1 =1 i=1
n m n

V. Zai:Zai—i- Z a;
i=1 i=1

i=m+1

We prove properties (ii.) and (iii.) here, and leave proof of the other properties to the Exercises.

(ii.) We have
ani =cai +cas +caz + -+ ca, = c(ar +az +az + -+ ap) = cZai
i=1 i=1
(iii.) We have
> (@i +b) = (a1 +b1) + (az +b2) + (a3 +b3) + -+ (an + bn)
i=1
=(a1+tas+az+-+ay)+ (b1 +by+ b3+ +bn)
-3 a3 on
i=1 i=1
O

A few more formulas for frequently found functions simplify the summation process further. These are shown in the next rule, for
sums and powers of integers, and we use them in the next set of examples.
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Rule: Sums and Powers of Integers

1. The sum of n integers is given by

n(n+1)

di=1+2++n= 5

n
i=1
2. The sum of consecutive integers squared is given by

n 1)(2 1
22‘2:12+22+...+n2:w

i=1 6
3. The sum of consecutive integers cubed is given by
n 2 1 2
Zi3: 13+23+...+n3: w

i=1

Example 3.4.2: Evaluation Using Sigma Notation

Write using sigma notation and evaluate:

(a) The sum of the terms (i — 3)% fori = 1,2, ..., 200
(b) The sum of the terms (i —i2) fori=1,2,3,4,5,6
Solution

(a) Multiplying out (i — 3)2, we can break the expression into three terms.

200 200
D (—3)2=) (i*—6i+9)
i=1 i=1
200 200 200
DS LI
i=1 i=1 i=1
200 200 200

di2—6Y i+ D9
i=1 i=1 i=1

200(200 + 1)(400 + 1 200(200 + 1
_ 200(200 + 1)(400 + )—6[ (200+ )]+9(200)
6 2
— 2686700 — 120600 + 1800
= [2567900

(b) Use sigma notation property iv. and the rules for the sum of squared terms and the sum of cubed terms.

6 6 6
(i3 _ 12) — E ,L'3 _ E ,L'2

(3

6
1764 546
4 6
=1350
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Exercise 3.4.2

Find the sum of the values of 4 + 3i fori=1,2,...,100
Hint available at the end of this section.

Answer available at the end of this section.

Example 3.4.3: Finding the Sum of the Function Values

Find the sum of the values of f(z) = 2 over the integers 1,2,3, ..., 10
Solution

Using the sum of cubes formula above, we have

10 2 2
10)#(10+1 100(121

= 4 4

Exercise 3.4.3

20
Evaluate the sum indicated by the notation ) " (2k + 1)
k=1

Hint available at the end of this section.

Answer available at the end of this section.

Approximating Area

Now that we have the necessary notation, we return to the problem at hand: approximating the area under a curve. Let f(z) be a
continuous, nonnegative function defined on the closed interval [a, b]. We want to approximate the area A bounded by f(z) above,
the z-axis below, the line z = a on the left, and the line z = b on the right (Figure 3.4.1).
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f(x)

a b X

Figure 3.4.1: An area (shaded region) bounded by the curve f(z) at top, the z-axis at bottom, the line z = a to the left, and the line z = b at
right.

How do we approximate the area under this curve? The approach is a geometric one. By dividing a region into many small shapes
that have known area formulas, we can sum these areas and obtain a reasonable estimate of the true area. We begin by dividing
. . . . b— . . . .
the interval [a, b] into n subintervals of equal width, —a. We do this by selecting equally spaced points x, z1, zo, ..., £, With x(

n
=a,x, = b, and

b—a

T;— T = fori=1,2,3,...,n

We denote the width of each subinterval with the notation Az, so Az = b—a and

r; =x9+iAx fori=1,2,3,...,n

This notion of dividing an interval [a,b] into subintervals by selecting points from within the interval is used quite often in
approximating the area under a curve, so let's define some relevant terminology.

Definition: Partitions

A set of points P = z; fori =0,1,2,...,n with a = zy < z; < x5 < ... < z,, = b, which divides the interval [a, b] into subintervals
of the form [z, z1], [z1, %3], ..., [Tn_1, Z,] IS called a partition of [a,b]. If the subintervals all have the same width, the set of
points forms a regular partition (or uniform partition) of the interval [a, b].

We can use this regular partition as the basis of a method for estimating the area under the curve. We next examine two methods:
the left-endpoint approximation and the right-endpoint approximation.

Definition: Left-Endpoint Approximation

On each subinterval [z;_1,z;] (for i = 1,2,3,...,n), construct a rectangle with width Az and height equal to f(x;_;), which is
the function value at the left endpoint of the subinterval. Then the area of this rectangle is f(z;_;)Az. Adding the areas of
all these rectangles, we get an approximate value for A (Figure 3.4.2). We use the notation L, to denote that this is a left-
endpoint approximation of A using n subintervals.

A=~ L, = f(zo)Az + f(z1)Az + -+ f(zp—1)Az = Xn:f(a:i,l)Aa:

i=1
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Left
f%%f endpoints
Ve Vel .'/ -
a= X X, 1 b=x, X

Figure 3.4.2: In the left-endpoint approximation of area under a curve, the height of each rectangle is determined by the function value at
the left of each subinterval.

The second method for approximating area under a curve is the right-endpoint approximation. It is almost the same as the
left-endpoint approximation, but now the heights of the rectangles are determined by the function values at the right of each
subinterval.

Definition: Right-Endpoint Approximation

Construct a rectangle on each subinterval [z;_1, z;], only this time the height of the rectangle is determined by the function
value f(z;) at the right endpoint of the subinterval. Then, the area of each rectangle is f(z;) Az and the approximation for A
is given by

A=~ R, = f(x1)Az + f(z2)Az + - + f(z,)Az = zn:f(xl)Aw
=1

The notation R, indicates this is a right-endpoint approximation for A (Figure 3.4.3).

y

Right
endpoints

A

a= Xy Xp-1 b=x, :

Figure 3.4.3: In the right-endpoint approximation of area under a curve, the height of each rectangle is determined by the function value
at the right of each subinterval. Note that the right-endpoint approximation differs from the left-endpoint approximation in Figure 3.4.2.

2
The graphs in Figure 3.4.4 represent the curve f(z) = % In Figure 3.4.4b we divide the region represented by the interval [0, 3]

into six subintervals, each of width .5. Thus, Az = .5. We then form six rectangles by drawing vertical lines perpendicular to z;_;
, the left endpoint of each subinterval. We determine the height of each rectangle by calculating f(z;_1) for i =1,2,3,4,5,6. The
intervals are [0, .5],[.5,1],[1,1.5],[1.5, 2], [2,2.5],[2.5, 3]. We find the area of each rectangle by multiplying the height by the width.
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Then, the sum of the rectangular areas approximates the area between f(z) and the z-axis. When the left endpoints are used to
calculate height, we have a left-endpoint approximation. Thus,

6
A= Lg= Zf(xi,l)Am = f(zo)Az + f(z1)Az + f(z2)Az + f(z3) Az + f(xg)Ax + flxs)Ax

= f(0)(:5) + f(:5)(:5) + f(1)(:5) + f(1.5)(.5)
= (0)(.5) + (.125)(.5) + (.5)(.5) + (1.125)(.5)
=0+ .0625 + .25 + .5625 + 1 + 1.5625

= 3.4375 units>

+ f(2)(5) + f(2.5)(.5)
+(2)(5) + (3.125)(.5)

yi y = f(x) Y y = f(x)
4 + 4+
24 24
1 Ax i Ax
— ,44‘—\'—' . o P -
1 2 3 X 1 2 3 X
Xﬂ Xl X2 Xa X4q XE Xﬁ Xﬂ Xl XE X3 X4 Xﬁ XE

(@) (b)

Figure 3.4.4: Methods of approximating the area under a curve by using (a) the left endpoints and (b) the right endpoints.

In Figure 3.4.4b, we draw vertical lines perpendicular to z; such that z; is the right endpoint of each subinterval, and calculate
f(z;) fori=1,2,3,4,5,6. We multiply each f(z;) by Az to find the rectangular areas, and then add them. This is a right-endpoint
approximation of the area under f(z). Thus,

6
A~ Rg = Z f(zi)Az = f(z1)Az + f(z2) Az + f(zs) Az + f(za)Az + f(zs)Az + f(zs) Az

= f(.5)(:5) + f(1)(:5) + f(1.5)(.5) + f(2)(:5) + f(2.5)(.5
(.125)(.5) + (.5)(.5) + (1.125)(.5) + (2)(.5) + (3.125)(.

L0625 + .25 + .5625 + 1 + 1.5625 + 2.25

5.6875 units>

Example 3.4.4: Approximating the Area Under a Curve

Use both left-endpoint and right-endpoint approximations to approximate the area under the curve of f(x) = z? on the
interval [0, 2]; use n = 4.

)+ f(3)(.5)
5) + (4.5)(.5)

Solution

(2-0)
4

The intervals [0, .5],[.5, 1], [1,1.5], [1.5, 2] are shown in Figure 3.4.5. Using a left-endpoint approximation, the heights are f(0)
=0, f(.5)=.25, f(1)=1,and f(1.5) = 2.25. Then,

First, divide the interval [0, 2] into n equal subintervals. Using n = 4, Az = = .5. This is the width of each rectangle.
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Ly = f(zo)Az + f(z1)Az + f(z2)Az + f(z3)Az
— 0(.5) + .25(.5) + 1(.5) + 2.25(.5)

= 1.75 units?
yi
f(x) = x2
44
31
X AX AX
.-_ I v I \ JL Vv J —-
0.5 1 1.5 2 X

Figure 3.4.5: The graph shows the left-endpoint approximation of the area under f(z) = z2 from 0 to 2.

The right-endpoint approximation is shown in Figure 3.4.6. The intervals are the same, Az = .5, but now use the right endpoint
to calculate the height of the rectangles. We have

Ry = f(z1)Az + f(z2) Az + f(z3)Az + f(z4)Az
=.25(.5) + 1(.5) + 2.25(.5) + 4(.5)

= 3.75 units?
Vi
4 4
f(x)| = X2
21
AX AX AX

:-_ ? \ AL v/ L V7 J =-__
0.5 1 15 2 !

Figure 3.4.6: The graph shows the right-endpoint approximation of the area under f(z) = z? from 0 to 2.

The left-endpoint approximation is and the right-endpoint approximation is

Exercise 3.4.4

Sketch left-endpoint and right-endpoint approximations for f(x) = . on [1,2]; use n = 4. Approximate the area using both
methods.

Hint available at the end of this section.
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| Answer available at the end of this section.

Looking at Figure 3.4.4 and the graphs in Example 3.4.4, we can see that when we use a small number of intervals, neither the
left-endpoint approximation nor the right-endpoint approximation is a particularly accurate estimate of the area under the curve.
However, it seems logical that if we increase the number of points in our partition, our estimate of A will improve. We will have
more rectangles, but each rectangle will be thinner, so we will be able to fit the rectangles to the curve more precisely.

We can demonstrate the improved approximation obtained through smaller intervals with an example. Let’s explore the idea of
increasing n, first in a left-endpoint approximation with four rectangles, then eight rectangles, and finally 32 rectangles. Then, let's
do the same thing in a right-endpoint approximation, using the same sets of intervals, of the same curved region. Figure 3.4.7
shows the area of the region under the curve f(z) = (z — 1)3 + 4 on the interval [0, 2] using a left-endpoint approximation where n
= 4. The width of each rectangle is

2-0 1

A _
Ty 2

The area is approximated by the summed areas of the rectangles, or

Ly = f(0)(.5) + £(.5)(:5) + f(1)(-5) + f(1.5).5 = 7.5 units®

y = f(x)

a=/xn Xy Xo Xg b=x%

Figure 3.4.7: With a left-endpoint approximation and dividing the region from a to b into four equal intervals, the area under the curve is
approximately equal to the sum of the areas of the rectangles.

Figure 3.4.8 shows the same curve divided into eight subintervals. Comparing the graph with four rectangles in Figure 3.4.7 with
this graph with eight rectangles, we can see there appears to be less white space under the curve when n = 8. This white space
is area under the curve we are unable to include using our approximation. The area of the rectangles is

Ls = £(0)(.25) + f(.25)(.25) + £(.5)(.25) + f(.75)(.25) + £(1)(.25) + £(1.25)(.25) + £(1.5)(.25) + f(1.75)(.25) = 7.75 units?
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Ey=xg Xy X Xz X4 Xs Xg X7 b=xg¥

Figure 3.4.8: The region under the curve is divided into n = 8 rectangular areas of equal width for a left-endpoint approximation.

The graph in Figure 3.4.9 shows the same function with 32 rectangles inscribed under the curve. There appears to be little white
space left. The area occupied by the rectangles is

Lss = f(0)(.0625) + £(.0625)(.0625) + f(.125)(.0625) + - + £(1.9375)(.0625) = 7.9375 units®

Vi
y =10/
‘__.:‘
-
..:"E‘__

-
e :
X31 b=x3

Figure 3.4.9: Here, 32 rectangles are inscribed under the curve for a left-endpoint approximation.

We can carry out a similar process for the right-endpoint approximation method. A right-endpoint approximation of the same
curve, using four rectangles (Figure 3.4.10), yields an area

Ry = f(.5)(.5) + f(1)(.5) + £(1.5)(.5) + f(2)(.5) = 8.5 units>

@IOIC]E) 322 (3.4.10)



LibreTextS"'

4

E:/XD X1 X2 X3 Xy

Figure 3.4.10: Now we divide the area under the curve into four equal subintervals for a right-endpoint approximation.

Dividing the region over the interval [0, 2] into eight rectangles results in Az = 35 = 0.25. The graph is shown in Figure 3.4.11.

The area is
Rg = £(.25)(.25) + f(.5)(.25) + f(.75)(.25) + £(1)(.25) + £(1.25)(.25) + £(1.5)(.25) + f(1.75)(.25) + £(2)(.25) = 8.25 units>
4 y = )

=

P

ey:xﬂ Xy Xz X3 Xa Xs Xg X7 b=xg¥X

Figure 3.4.11: Here we use right-endpoint approximation for a region divided into eight equal subintervals.
Last, the right-endpoint approximation with n = 32 is close to the actual area (Figure 3.4.12). The area is approximately

Ry = f(.0625)(.0625) + £(.125)(.0625) + f(.1875)(.0625) + - + £(2)(.0625) = 8.0625 units’
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Vi y = f(x)

- ol
?/': Xﬂ \ X
X313 b= Xa

Figure 3.4.12: The region is divided into 32 equal subintervals for a right-endpoint approximation.

Based on these figures and calculations, it appears we are on the right track; the rectangles appear to approximate the area under
the curve better as n gets larger. Furthermore, as n increases, both the left-endpoint and right-endpoint approximations appear
to approach an area of 8 square units. Table 3.4.15 shows a numerical comparison of the left- and right-endpoint methods. The
idea that the approximations of the area under the curve get better and better as n gets larger and larger is very important, and
we now explore this idea in more detail.

Table 3.4.15: Converging Values of Left- and Right-Endpoint Approximations as n Increases

Value of n Approximate Area L, Approximate Area R,
n=4 7.5 8.5
n=38 7.75 8.25
n =32 7.94 8.06

Forming Riemann Sums

So far we have been using rectangles to approximate the area under a curve. The heights of these rectangles have been
determined by evaluating the function at either the right or left endpoints of the subinterval [z;_1, z;]. In reality, there is no reason
to restrict evaluation of the function to one of these two points only. We could evaluate the function at any point z} in the
subinterval [z;_1,z;], and use f(z}) as the height of our rectangle. This gives us an estimate for the area of the form

A~ Z flz}) Az
=1

A sum of this form is called a Riemann sum, named for the 19th-century mathematician Bernhard Riemann, who developed the
idea.

Definition: Riemann sum

Let f(z) be defined on a closed interval [a,b] and let P be any partition of [a,b]. Let Az; be the width of each subinterval
[zi—1, ;] and for each 4, let =} be any point in [z;_1, z;]. A Riemann sum is defined for f(z) as

> f(a}) A,
i=1
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. . - . . b—
At this point, we'll choose a regular partition P, as we have in our examples above. This forces all Az; to be equal to Az =

for any natural number of intervals n.

Recall that with the left- and right-endpoint approximations, the estimates seem to get better and better as n get larger and
larger. The same thing happens with Riemann sums. Riemann sums give better approximations for larger values of n. We are now
ready to define the area under a curve in terms of Riemann sums.

Definition: Area Under the Curve

Let f(z) be a continuous, nonnegative function on an interval [a, b], and let Zf(x;‘) Az be a Riemann sum for f(z) with a
i=1

regular partition P. Then, the area under the curve y = f(z) on [a, b] is given by

A= lim 2_; f(2}) Az

Some subtleties here are worth discussing. First, note that taking the limit of a sum is a little different from taking the limit of
a function f(z) as = goes to infinity. Limits of sums are discussed in detail in the chapter on Sequences and Series; however,
for now we can assume that the computational techniques we used to compute limits of functions can also be used to calculate
limits of sums.

Second, we must consider what to do if the expression converges to different limits for different choices of z}. Fortunately, this
does not happen. Although the proof is beyond the scope of this text, it can be shown that if f(x) is continuous on the closed
n

interval [a, b], then lim E f(x})Ax exists and is unique (in other words, it does not depend on the choice of z}).
n—00
i=1

We look at some examples shortly. But, before we do, let’s take a moment and talk about some specific choices for z}. Although

any choice for z} gives us an estimate of the area under the curve, we don't necessarily know whether that estimate is too high

(overestimate) or too low (underestimate). If it is important to know whether our estimate is high or low, we can select our value

for z} to guarantee one result or the other.

If we want an overestimate, for example, we can choose z; such that fori=1,2,3,...,n, f(z}) > f(z) forall z € [z; — 1, z;]. In other

words, we choose z} so that for i =1,2,3,...,n, f(z) is the maximum function value on the interval [z;_i, z;]. If we select z} in
n

this way, then the Riemann sum Z f(z7)Az is called an upper sum. Similarly, if we want an underestimate, we can choose z} so
=1

that for i =1,2,3,...,n, f(z}) is the minimum function value on the interval [z;_1, z;]. In this case, the associated Riemann sum

is called a lower sum. Note that if f(z) is either increasing or decreasing throughout the interval [a, b], then the maximum and

minimum values of the function occur at the endpoints of the subintervals, so the upper and lower sums are just the same as the

left- and right-endpoint approximations.

Example 3.4.5: Finding Lower and Upper Sums

Find a lower sum for f(x) = 10 — z2 on [1, 2] with n = 4 subintervals.

Solution

. . 1 . .
With n = 4 over the interval [1,2], Az = 1 We can list the intervals as [1,1.25], [1.25,1.5], [1.5,1.75], and [1.75, 2]. Because
the function is decreasing over the interval [1, 2], Figure shows that a lower sum is obtained by using the right endpoints.
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10 f(x) = 10 — x?

1

[1,2], and it shows a lower sum.

The Riemann sum is

M=

B
I
—

— 025 [8.4375 +7.75 + 6.9375 + 6]

= 7.28 units?

We have clearly found an underestimate for the area:|7.28 units?

Exercise 3.4.5

Find an upper sum for f(z) = 10 — 22 on [1, 2] with n = 4 and sketch the approximation.

Hint available at the end of this section.

Example 3.4.6: Finding Lower and Upper Sums for f(z) = sinx

Find a lower sum for f(z) = sin(z) over the interval [a, b] = [0, %] with n = 6 subintervals.

Solution

Let’s first look at the graph in Figure 3.4.14 to get a better idea of the area of interest.
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Figure 3.4.13: The graph of f(x) = 10 — z? is set up for a right-endpoint approximation of the area bounded by the curve and the z-axis on

(10 — 2)(0.25) = 0.25 [ (10 — (1.25)%) + (10 — (1.5)%) + (10 — (1.75)%) + (10 — (2)?) ]
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1+ ¥ = sin x

>

;ililfﬂl 1\
12 6 4 3 12 2

jus
Figure 3.4.14: The graph of y = sin(z) is divided into six regions with Az = % = —

. T T T T T T bw St w . .. .
The 1nterval7s; are [O, ﬁ] , [ﬁ’ E] , [E’ Z] , [Z’ 3] , [5’ E}’ and [ﬁ’ 5]. Note that f(z) = sin(z) is increasing on the
interval [0, 5], so a left-endpoint approximation gives us the lower sum. A left-endpoint approximation is the Riemann sum

5
;sin () (1—7;) We have

A =~ sin(0) - % + sin (1—7;) . % + sin (%) . 1—7; + sin (%) . 1—7; + sin (%) . % + sin (%) . 1—7; ~|0.863 units*

Exercise 3.4.6

Using the function f(z) = sin(z) over the interval [0, g] , find an upper sum with n = 6 subintervals.

Hint available at the end of this section.

Answer available at the end of this section.

Answers
Exercise 3.4.1

Use the solving steps in Example 3.4.1 as a guide.
Exercise 3.4.1

Xﬁ:zi:23+24+25+26: 120

=3
Exercise 3.4.2

Use the properties of sigma notation to solve the problem.
Exercise 3.4.2

15550
Exercise 3.4.3

Use the formula for sums of powers of integers above.
Exercise 3.4.3

440
Exercise 3.4.4

Follow the solving strategy in Example 3.4.4 step-by-step.
Exercise 3.4.4

The left-endpoint approximation is 0.7595 units®. The right-endpoint approximation is 0.6345 units.
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Left-Endpoint Approximation Right-Endpoint Approximation
yi

[
[==9
|
T

f(x) = i

1 1251517 2

1 125 1.5 1.75 2
(b)

(@)

Exercise 3.4.5
f(z) is decreasing on [1, 2], so the maximum function values occur at the left endpoints of the subintervals.

Upper sum=8.0313 units?
yi

16 —
10 — x? s

f(x) =

a=Xg X1 X2 X3 Xz

Exercise 3.4.6
Follow the steps from Example 3.4.6.

Exercise 3.4.6
A~ 1.125 units?
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3.4: Practice Set

Exercise 3.4.1

Evaluate each summation.

5

(@) k

k=1

6

(b) > (2k+1)
k=1
4

(©) Y K
k=1

5
(d) > (3K —2k+1)

k=1

3
(e) Y 2"

k=1

4
Y-

k=1

Answer available at the end of this section.

Exercise 3.4.2

Use summation formulas to evaluate each sum.

|

10

(d) Y (k* — 3K)
k=1
8

(€) > (2k* —k+1)
k=1

25
VDI
k=1

Answer available at the end of this section.
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Exercise 3.4.3

Approximate the area under each curve on the given interval using the specified number of rectangles and the indicated
method. Use the right endpoints.

(a) f(x) = 22 on [0, 2] with 4 rectangles
(b) f(z) = 3z + 1 on [0, 4] with 4 rectangles
(c) f(z) = vz on [0,4] with 4 rectangles
(d) f(z) = 2z + 1 on [0, 2] with 4 rectangles

Answer available at the end of this section.

Exercise 3.4.4

Approximate the area under each curve on the given interval using the specified number of rectangles and the indicated
method. Use the left endpoints.

(@) f(z) = 2% + 1 on [0, 2] with 4 rectangles
(b) f(z) = z* on [0, 2] with 4 rectangles

(c) f(z) = 2z on [0, 4] with 4 rectangles

(d) f(z) = vz + 1 on [0, 3] with 3 rectangles

Answer available at the end of this section.

Exercise 3.4.5

Approximate the area under each curve on the given interval using the specified number of rectangles and the indicated
method. Use the midpoints.

(a) f(z) = 22 on [0, 2] with 4 rectangles
(b) f(x) = sin(z) on [0, ] with 4 rectangles
(c) f(z) = 4 — 22 on [0, 2] with 4 rectangles
(d) f(z) = e on [0,2] with 4 rectangles

Answer available at the end of this section.

Exercise 3.4.6

For each function and interval, compare the left, right, and midpoint approximations using 4 rectangles. Determine which is
closest to the actual area (if known).

(a) f(z) = 22 on [0,2]

(b) f(z) =2z +1o0n[0,2]
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() f(z) = v/Z on [0,4]

Answer available at the end of this section.

Exercise 3.4.7

Write each sum in summation notation.
@14+24+3+4+5+6
(b)2+4+6+8+10

(€)1 +4+9+16+25

1 1 1 1
(d)1+§+§+z+g
(e)3+7+11+15+19
fH1—24+3—-4+5—6

Answer available at the end of this section.

Exercise 3.4.8

Approximate the area under f(x) = 22 + 1 on [0,2] using n = 4 rectangles for each method. Then use n = 8 rectangles for the
right endpoint method.

(a) Left endpoints with n =4
(b) Right endpoints with n = 4
(c) Midpoints with n =4

(d) Right endpoints with n = 8

Answer available at the end of this section.

Exercise 3.4.9

A car's velocity in ft/s is recorded every 2 seconds. Use the data to estimate the total distance traveled using left and right
endpoint approximations.

t (seconds): 0,2,4,6,8
v(t) (ft/s): 0,8,12,15,10

Answer available at the end of this section.

Exercise 3.4.10

Approximate the area under f(z) = cos(z) on [0, n] using n = 4 rectangles and the right endpoint method.

Answer available at the end of this section.
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Answers

Exercise 3.4.1

5
Zk—1+2+3+4+5:15

26: 2k+1)=(2(1)+ 1)+ (22 +1) +(2(3) + 1) + (2(4) + 1) + (2(5) + 1) + (2(6) + 1)

=3+5+7+9+114+13=148

4

©F K=12+22 4324+ 42 =1+4+9+16=30
k=1
5 -

(d)> (3K —2k+1)

=B-2+1)+(12—4+1)+(27—6+1)+ (48—-8+1)+ (75—10+1)
=2+9+22+41 + 66 = 140

k=9l 422428 —24448=14

1_, 1, 1,1 12, 6 4 3 25
ko234 12712 12 12 12

Exercise 3.4.2
Recall the summation formulas:

Spo Rl g D@y Zk3 [M]

20
(a) Z k= 20(221) =210

1
15(16)(31 44
Z ¥ 7440 = 1240

f: 3k +2) _3Zk+22 (12 13)) +2(12)

k=1 k=1
= 3(78) + 24 = 234 + 24 = 258

= 10a1e1) -3 ( 10(211> > = @ — 3(55) = 385 — 165 = 220

()Z(sz k+1) —2Zk2 Zk+i1

=1 k=1 k=1

:2(8(9)(17)) — (@)+8:2(204)736+8:408736+8:380

2 25(26) 1°
K= [ (2 )} = [325]% = 105625
k=1

Exercise 3.4.3

Recall: Az = b-a , T = a+ kAz, and Area ~ Y ._; f(z)Az.

2— 1 . .
(a) Az = TO =3 Right endpoints: z; = 0.5,z =1, 23 = 1.5, x4 = 2.
1 1 1
A [£(05) + £(1) + F(L5) + £2)] (5) =025+ 1+225+4) (5) =75 (5) —375
4-0 . .
(b) Az = = 1. Right endpoints: 1 =1, 25 = 2, 23 = 3, x4 = 4.

~ D)+ fQ2)+FB) + f(I(1) =4+ 7+10+13] = 34

(c) Az:%:l. Right endpoints: z; = 1, #3 = 2, 23 = 3, 24 = 4.
Ax[f)+f@)+ fB) + @) =1+ V2+V3+2] =3+ V2+ V3 ~6.146
2— 1 . .
(d) AI:TO:E.nghtendpomtszzl:0.5,352:1,13:1.5,14:2.

AR 1f05)+ £0) + 705 + 1)) (5 ) = +3+4+5) (5) =14 (3) =7

Exercise 3.4.4

b
Recall: Az = a zp=a+ (k—1)Az, and Area ~ > 1, f(zr)Aw.

2—-0

1 .
(a) Az = T =73 Left endpoints: ;1 = 0, x5 = 0.5, 23 = 1, x4 = 1.5.
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A [f(0) + F(0.5) + f(1) + f(1.5)] (%) —[14+1.25+2+3.23] (%) —75 (%) —3.75
(b) Az = —— = % Left endpoints: z; = 0, 3 = 0.5, z3 = 1, x4 = 1.5.

A [f(0) + £(05) + f(1) + F(L5)] (%) — 040125+ 1+ 3.375] (%) —45 (%) — 225

4—0 .
(c) Az = = 1. Left endpoints: 1 =0, 23 = 1, 23 = 2, 4 = 3.

A~[f0)+ f1)+ f(2)+ f3))(1)=[0+2+4+6] =12
(d) Az = 3;30 = 1. Left endpoints: z; =0, zy = 1, z3 = 2.
A= [f(0)+ f(1) + f(2)](1) = [1 + V2 + V3] ~ 4.146

Exercise 3.4.5

— 1
Recall: Az = b—a ,TE=a+ (k — 5) Az, and Area ~ > _, f(zg)Az.
2— 1 . :
(a) Az = TO =5 Midpoints: z; = 0.25, 2o = 0.75, 3 = 1.25, 4 = 1.75.
1
A~ [£(0.25) + £(0.75) + £(1.25) + F(L.75)] (5)
1 1
= [0.0625 + 0.5625 + 1.5625 + 3.0625] (5) =5.25 (5) = 2.625
T—0 T . . s 3 5 T
(b) Az = -1 Midpoints: z; = g = g T g T =
(T . (3T AL AL ™
A~ [sm (g) + sin <?) + sin (?> + sin (?)] (Z)
_[YVa-v2 V2rve V2iva V2 Ve ()
N 2 2 2 2 4
™ ™ ™
= [\/2 —V2+y/2+V2 (Z) ~ [0.765 + 1.848] (Z) = 2613 (Z> ~ 2.052
2—-0 1 . :
(c) Az = Q=73 Midpoints: z; = 0.25, z5 = 0.75, z3 = 1.25, 4 = 1.75.
1
A~ [£(0.25) + £0.75) + £(1.25) + F(1.75)] (5)
1 1
= [3.9375 + 3.4375 + 2.4375 + 0.9375) <5> =10.75 (5) =5.375
2—-0 1 . .
(d) Az = =73 Midpoints: 1 = 0.25, z5 = 0.75, z3 = 1.25, z4 = 1.75.

An (OB 4 0T 4 1By (1T (%)
~ [1.284 + 2.117 + 3.490 + 5.755] (%) = 12.646 (%) =6.323
Exercise 3.4.6

(@) f(x) =z%on [0,2], n =4, Az = %
Left: 2 =0,0.5,1,1.5

Lyi=[0+025+1+225 (%) =35 (%) =175
Right: z = 0.5,1,1.5, 2

Ry =[0.25+1+2.25 + 4] (%) =75 (%) =3.75
Midpoint: z = 0.25,0.75,1.25,1.75

M, =10.0625 + 0.5625 + 1.5625 + 3.0625] (%) =5.25 (%) =2.625

Actual area: fDZ zldz = g ~ 2.667. Midpoint is closest.

1
(b) f(z) =2z +1on[0,2],n=4, Az = 3
Left: 2 = 0,0.5,1,1.5
1 1
Li=[l+2+3+4] (—) ~10 (—) -5
2 2
Right: z = 0.5,1,1.5,2
1
Ry=[2+3+4+3] (5) :14(—) =7
Midpoint: z = 0.25,0.75,1.25,1.75
1
My = [1.542.5+ 3.5+ 4.5] (5) =12 (—) =6

. 1+5 . . -
Actual area: trapezoid area = %(2) = 6. All three give the same since f is linear.
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(c) f(x)=+vzon[0,4,n=4, Az=1.
Left: 2 =10,1,2,3

Li=[0+1+vV2+V3|(1) =1+ vV2+ V3~ 4146
Right: z = 1,2,3,4

Ri=[1+V2+V3+2(1)=3+vV2+V3~6.146
Midpoint: z = 0.5,1.5,2.5,3.5

M, = V0.5 + V1.5 + V25 + V35](1) ~ 0.707 + 1.225 + 1.581 + 1.871 = 5.384

Actual area: f(;i Vrdr = 1—36 ~ 5.333. Midpoint is closest.

Exercise 3.4.7
6

@3y k

k=1

(4k —1)

(71)k+1k
k=1

Exercise 3.4.8

f(z)=z?+10n|0,2], actual area = fOZ(xZ +1)dz = % +2= 13—4 ~ 4.667.
() n=4, Az = % Left: 2 =0,0.5,1,1.5

Ly = [£(0) + £(0.5) + £(1) + £(1.5)] (%) =[1+1.25+2+3.25) (%) =75 (5) =375
(b)yn=4, Az = % Right: = = 0.5,1,1.5, 2

Ry = [£(0.5) + f(1) + F(L5) + £(2)] (%) — [L25+243.25+5) (%) —115 (%) —5.75
(c)n=4, Az = % Midpoints: z = 0.25,0.75,1.25,1.75

My = [(0.25) + £(0.75) + f(1.25) + F(1.75)] (%)
= [1.0625 + 1.5625 + 2.5625 + 4.0625] (%) =9.25 (%) = 4.625

1 . X
(d)n=38, Az = 7 Right endpoints: z;, = ; fork=1,2,...,8.

R=30 (53 -1 ] -1 2 ()
:% Liﬁgkug} :%[%ﬁ (&é”)) +8] = % [1—16<204)+8] :%[12.75—0—8]:2();1&:5.1875

Exercise 3.4.9

Total distance traveled is the area under the velocity curve. At = 2.
Left endpoints: use t = 0,2, 4, 6.

Dy = [v(0) +v(2) + v(4) + v(6)](2) = [0+ 8 + 12 + 15](2) = 35(2) = 70 ft
Right endpoints: use t = 2,4, 6, 8.

Dp = [0(2) 4+ v(4) + v(6) + v(8)](2) = [8 + 12 + 15 + 10](2) = 45(2) = 90 ft
The actual distance is between 70 and 90 feet. A better estimate would be the average:

70 + 90
2

=80 ft

Exercise 3.4.10

T—0 g s

Az = = —. Right ints: 2y, = — =— = —
T 1 1 ight endpoints: z; 4,302 , T3

Note: The negative approximation indicates the area under the x-axis for part of the interval. If calculating "area" as a positive quantity, you'd take absolute values.

@IOIC]E) 334 (3.4.6)



LibreTextS“'

The actual signed area is [ cos(z)dz = 0.

This page titled 3.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.5: Definite Integrals

Learning Objectives

e State the definition of the definite integral.

e Explain the terms integrand, limits of integration, and variable of integration.
e Explain when a function is integrable.

e Describe the relationship between the definite integral and net area.

e Use geometry and the properties of definite integrals to evaluate them.

¢ Calculate the average value of a function.

In the preceding section we defined the area under a curve in terms of Riemann sums:
n
A= JggO;f(xi)M

However, this definition came with restrictions. We required f(z) to be continuous and nonnegative. Unfortunately, real-world
problems don’t always meet these restrictions. In this section, we look at how to apply the concept of the area under the curve to
a broader set of functions through the use of the definite integral.

Question of the Day

How do we go from an approximation (Riemann sum) to an exact area?

This page titled 3.5: Definite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.3: The Definite Integral by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/
details/books/calculus-volume-1.

e 5.2: The Definite Integral by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/
details/books/calculus-volume-1.
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3.5: The Definite Integral

Definition and Notation

The definite integral generalizes the concept of the area under a curve. We lift the requirements that f(z) be continuous and
nonnegative, and define the definite integral as follows.

Definition: Definite Integral

If f(z) is a function defined on an interval [a, b], the definite integral of f from a to b is given by
b n
[ #a)de = tim > fai)Ae

provided the limit exists. If this limit exists, the function f(x) is said to be integrable on [a, b], or is an integrable function.

The integral symbol in the previous definition should look familiar. We have seen similar notation in the chapter on Applications
of Derivatives, where we used the indefinite integral symbol (without the a and b above and below) to represent an antiderivative.
Although the notation for indefinite integrals may look similar to the notation for a definite integral, they are not the same. A
definite integral is a number. An indefinite integral is a family of functions. Later in this chapter we examine how these concepts
are related. However, close attention should always be paid to notation so we know whether we’re working with a definite integral
or an indefinite integral.

Integral notation goes back to the late seventeenth century and is one of the contributions of Gottfried Wilhelm Leibniz, who
is often considered to be the codiscoverer of calculus, along with Isaac Newton. The integration symbol [ is an elongated S,
suggesting sigma or summation. On a definite integral, above and below the summation symbol are the boundaries of the interval,
[a,b]. The numbers a and b are z-values and are called the limits of integration; specifically, a is the lower limit and b is the
upper limit. To clarify, we are using the word limit in two different ways in the context of the definite integral. First, we talk about
the limit of a sum as n — co. Second, the boundaries of the region are called the limits of integration.

We call the function f(x) the integrand, and the dz indicates that f(z) is a function with respect to z, called the variable of
integration. Note that, like the index in a sum, the variable of integration is a dummy variable, and has no impact on the
computation of the integral. We could use any variable we like as the variable of integration:

/H’bf(x)dx:Abf(t)dt:Lbf(u)du

Previously, we discussed the fact that if f(x) is continuous on [a, b], then the limit lim E f(z})Az exists and is unique. This leads
n—oo
i=1
to the following theorem, which we state without proof.

Theorem 3.5.1: Continuous Functions Are Integrable

If f(x) is continuous on [a, b], then f is integrable on [a, b].

Functions that are not continuous on [a, b] may still be integrable, depending on the nature of the discontinuities. For example,
functions with a finite number of jump discontinuities or removable discontinuities on a closed interval are integrable.

It is also worth noting here that we have retained the use of a regular partition in the Riemann sums. This restriction is not
strictly necessary. Any partition can be used to form a Riemann sum. However, if a nonregular partition is used to define the
definite integral, it is not sufficient to take the limit as the number of subintervals goes to infinity. Instead, we must take the
limit as the width of the largest subinterval goes to zero. This introduces a little more complex notation in our limits and makes
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the calculations more difficult without really gaining much additional insight, so we stick with regular partitions for the Riemann
sums.

Illustration 3.5.1: Evaluating an Integral Using the Definition

2

We will use the definition of the definite integral to evaluate / z? dz with a right-endpoint approximation to generate the
0

Riemann sum.

We first want to set up a Riemann sum. Based on the limits of integration, we have a = 0 and b = 2.

Fori=0,1,2,...,n, let P = z; be a regular partition of [0, 2]. Then

b— 2
Ap—=_2—%_ 2
n n

Since we are using a right-endpoint approximation to generate Riemann sums, for each i, we need to calculate the function
value at the right endpoint of the interval [z;_1, z;]. The right endpoint of the interval is z;, and since P is a regular partition,

2 21
wizwo—l—iAx:O—l—i-—:—Z
non

Thus, the function value at the right endpoint of the interval is

n
Using the summation formula for » i, we have
=l

;f(xl)A:c =3 222

i=1

6

8 [2n3+3n2+n
6
16n° + 24n% +n
6n3
8 4 1

=3ttt

B % [n(n+1)(2n+1)]

n3

Now, to calculate the definite integral, we need to take the limit as n — co. We get
2 n
/0 x2de = T}g}o;f(xl)Ax

I (8 n 4 " 1 )
im|=—+—+4+—
nso\3  n 6n2
8

8
Z4040=—
3+ + 3
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Exercise 3.5.1
3

Use the definition of the definite integral to evaluate / 2z —1) dz
0

Use a right-endpoint approximation to generate the Riemann sum.
Hint available at the end of this section.

Answer available at the end of this section.

Evaluating Definite Integrals

Evaluating definite integrals this way can be quite tedious because of the complexity of the calculations. Later in this chapter we
develop techniques for evaluating definite integrals without taking limits of Riemann sums. However, for now, we can rely on the
fact that definite integrals represent the area under the curve, and we can evaluate definite integrals by using geometric formulas
to calculate that area. We do this to confirm that definite integrals do, indeed, represent areas, so we can then discuss what to do
in the case of a curve of a function dropping below the z-axis.

Example 3.5.1: Using Geometric Formulas to Calculate Definite Integrals

6
Use the formula for the area of a circle to evaluate / \/9—(z—3)? da
3

Solution

The function describes a semicircle with radius 3. To find

6
/3 \/9—(z—3)%dzx

we want to find the area under the curve over the interval [3, 6]. The formula for the area of a circle is A = nr% The area of a
semicircle is just one-half the area of a circle, or A = 571‘7"2. The shaded area in Figure 3.5.1 covers one-half of the semicircle,

1
or A= Zwr2. Thus,

/36\/9—(95—3)2@: %(3)2 _ %ﬂ

f(x) = \9 — (x — 3)?

3 6 X

Figure 3.5.1: The value of the integral of the function f(z) over the interval [3, 6] is the area of the shaded region.
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Exercise 3.5.2
4

Use the formula for the area of a trapezoid to evaluate / (2z +3) dx
2

Hint available at the end of this section.

Answer available at the end of this section.

Area and the Definite Integral

When we defined the definite integral, we lifted the requirement that f(z) be nonnegative. But how do we interpret “the area
under the curve” when f(z) is negative?

Net Signed Area

Let us return to the Riemann sum. Consider, for example, the function f(z) = 2 — 222 (shown in Figure 3.5.2) on the interval [0, 2]
. Use n = 8 and choose {z} as the left endpoint of each interval. Construct a rectangle on each subinterval of height f(z}) and
width Az. When f(z}) is positive, the product f(z})Az represents the area of the rectangle, as before. When f(z}) is negative,
however, the product f(z})Ax represents the negative of the area of the rectangle. The Riemann sum then becomes

Z f(xz})Az = (Area of rectangles above the z-axis) — (Area of rectangles below the z-axis)

8
i=1

yi

64

Figure 3.5.2: For a function that is partly negative, the Riemann sum is the area of the rectangles above the z-axis less the area of the
rectangles below the z-axis.

Taking the limit as n — oo, the Riemann sum approaches the area between the curve above the z-axis and the z-axis, less the
area between the curve below the z-axis and the z-axis, as shown in Figure 3.5.3. Then,

2 n
/ f(z)dz = lim Zf(ci)Ax =A;— A,
0 n—00 )

The quantity A; — A, is called the net signed area.

@IOIC]E) 340 (3.5.4)



LibreTextS'“

Yi

o
=
*

Figure 3.5.3: In the limit, the definite integral equals area A; less area A,, or the net signed area.

Notice that net signed area can be positive, negative, or zero. If the area above the z-axis is larger, the net signed area is positive.
If the area below the z-axis is larger, the net signed area is negative. If the areas above and below the z-axis are equal, the net
signed area is zero.

Example 3.5.2: Finding the Net Signed Area

Find the net signed area between the curve of the function f(z) = 2z and the z-axis over the interval [—3, 3].
Solution

The function produces a straight line that forms two triangles: one from z = —3 to z = 0 and the other from z =0to z =3
. 1 . ..
(Figure 3.5.4). Using the geometric formula for the area of a triangle, A = Ebh’ the area of triangle A;, above the axis, is

where 3 is the base and 6 is the height. Thus, the net area is

3
/ 2 dr=A; — Ay =9—9=]0]

-3
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Figure 3.5.4: The area above the curve and below the z-axis equals the area below the curve and above the z-axis.

Analysis

If A, is the area above the z-axis and A, is the area below the z-axis, then the net area is A; — A,. Since the areas of the
two triangles are equal, the net area is zero.

Exercise 3.5.3

Find the net signed area of f(z) = z — 2 over the interval [0, 6], illustrated in the following image.

Vi
flxy=x—2

Hint available at the end of this section.

Answer available at the end of this section.

Total Area

One application of the definite integral is finding displacement when given a velocity function. If v(t) represents the velocity of
an object as a function of time, then the area under the curve tells us how far the object is from its original position. This is a very
important application of the definite integral, and we examine it in more detail later in the chapter. For now, we're just going to
look at some basics to get a feel for how this works by studying constant velocities.
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When velocity is a constant, the area under the curve is just velocity times time. This idea is already very familiar. If a car travels
away from its starting position in a straight line at a speed of 70 mph for 2 hours, then it is 140 miles away from its original position
(Figure 3.5.5). Using integral notation, we have

2
/ 70 dt = 140 miles
0

v (mifhr) &
80+

70

60+

501

40+

30+

20+

10+

0 02 04 06 08 1 12 14 1.6 1.8 2 2.2 t(hours)

Figure 3.5.5: The area under the curve u(t) = 70 tells us how far the car is from its starting point at a given time.

In the context of displacement, net signed area allows us to take direction into account. If a car travels straight north at a speed
of 60 mph for 2 hours, it is 120 miles north of its starting position. If the car then turns around and travels south at a speed of 40
mph for 3 hours, it will be back at its starting position (Figure 3.5.6). Again, using integral notation, we have

2 5
/ 60dt+/ —40dt =120—120=0
0 2

In this case the displacement is zero.

v (mifhr)
70T

60

50+
40+
30+
20+
10+

0 + + + + + + 4 ' -
1 3 4 . t (hours)

—104
—204

—304+

—404

—504

Figure 3.5.6: The area above the axis and the area below the axis are equal, so the net signed area is zero.

Suppose we want to know how far the car travels overall, regardless of direction. In this case, we want to know the area between
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the curve and the t-axis, regardless of whether that area is above or below the axis. This is called the total area.

Graphically, it is easiest to think of calculating total area by adding the areas above the axis and the areas below the axis (rather
than subtracting the areas below the axis, as we did with net signed area). To accomplish this mathematically, we use the absolute
value function. Thus, the total distance traveled by the car is

2 5 2 5
/ |60|dt+/ \—40|dt:/ 60dt+/ 40dt =120 4 120 = 240
0 2 0 2

Bringing these ideas together formally, we state the following definitions.

Definition: Net Signed Area

Let f(x) be an integrable function defined on an interval [a, b]. Let A; represent the area between f(z) and the z-axis that
lies above the axis and let A, represent the area between f(z) and the z-axis that lies below the axis. Then, the net signed
area between f(z) and the z-axis is given by

b
/ f(:l}) dr = A1 — A2
The total area between f(z) and the z-axis is given by

b

Example 3.5.3: Finding the Total Area

Find the total area between f(z) = z — 2 and the z-axis over the interval [0, 6].
Solution

Calculate the z-intercept as (2,0) (set y =0, solve for z). To find the total area, take the area below the z-axis over the
subinterval [0, 2] and add it to the area above the z-axis on the subinterval [2, 6] (Figure 3.5.7).

Yi
flx)=x— 2

Figure 3.5.7: The total area between the line and the z-axis over [0, 6] is A, plus A;.

We have

6
0
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Then, using the formula for the area of a triangle, we obtain
1
Ay=bh=7-2:2=2

-4-4=28

[T Y

1
A= Ebh:

The total area, then, is

A1+A2=8+2=

Exercise 3.5.4

Find the total area between the function f(z) = 2z and the z-axis over the interval [—3, 3].
Hint available at the end of this section.

Answer available at the end of this section.

Answers
Exercise 3.5.1

Use the solving strategy from Example 3.5.1.
Exercise 3.5.1

6
Exercise 3.5.2

Graph the function f(z) and calculate the area under the function on the interval [2, 4].
Exercise 3.5.2

18 square units
Exercise 3.5.3

Use the solving method described in Example 3.5.3.
Exercise 3.5.3

6
Exercise 3.5.4

Review the solving strategy in Example 3.5.4.
Exercise 3.5.4

18 units?

This page titled 3.5: The Definite Integral is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.3: The Definite Integral by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/
details/books/calculus-volume-1.

e 5.2: The Definite Integral by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/
details/books/calculus-volume-1.
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3.5: Properties of the Definite Integral

Properties of the Definite Integral
The properties of indefinite integrals apply to definite integrals as well. Definite integrals also have properties that relate to the

limits of integration. These properties, along with the rules of integration that we examine later in this chapter, help us manipulate
expressions to evaluate definite integrals.

Rule: Properties of the Definite Integral

1

/aaf(z)darzo

If the limits of integration are the same, the integral is just a line and contains no area.

/baf(:c)dx:—/:f(ac)dx

If the limits are reversed, then place a negative sign in front of the integral.

2.

3.
/ab [F(e) + g(c)] de= = /ab )l /:g(w) da

The integral of a sum is the sum of the integrals.

4,
/a ' [f(0) — g(o)] o = / ' fayda — / ' o(2) de

The integral of a difference is the difference of the integrals.

/abcf(a:)dxzc/abf(x)da:

for constant c. The integral of the product of a constant and a function is equal to the constant multiplied by the integral of
the function.

5.

6.

/abf(m)dx:/:f(x)dﬁ/cbf(x)dx

Although this formula normally applies when c is between a and b, the formula holds for all values of q, b, and ¢, provided f(z)
is integrable on the largest interval.
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Example 3.5.4: Using the Properties of the Definite Integral

Use the properties of the definite integral to express the definite integral of f(z) = —3z3 + 2z + 2 over the interval [-2, 1] as
the sum of three definite integrals.

Solution

1
Using integral notation, we have / (—3z® + 2z + 2) dz. We apply properties 3. and 5. to get
—2

1 1 1 1
/(—3x3+2x+2)daﬁ=/ —3x3d:c+/ 2mdw+/ 2dz

-2 -2 -2 -2

1

1 1
:—3/ x3dx+2/ :cda:—l—/ 2dzx
=5 —2 =5

Exercise 3.5.5

Use the properties of the definite integral to express the definite integral of f(z) = 62 — 432 + 2z — 3 over the interval [1, 3]
as the sum of four definite integrals.

Hint available at the end of this section.

Answer available at the end of this section.

Example 3.5.5: Using the Properties of the Definite Integral

8 5 8
If it is known that / f(z) de =10 and / f(z) dx =5, find the value of / f(z) dz
0 0 5

Solution

By property 6,
b c b
[ t@ydo= [ f@yda+ [ s@)do

Thus,

/ng(x)dx:/Osf(x)doc—l—/:f(x)d:c

10=5+/8f(rc)dm
5

/:f(:v)d:c=5

Exercise 3.5.6

5 5
If it is known that / f(z) de =—3 and /
1 2

2
f(z) dx = 4, find the value of / f(z) dz
1

Hint available at the end of this section.
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| Answer available at the end of this section.

Comparison Properties of Integrals

A picture can sometimes tell us more about a function than the results of computations. Comparing functions by their graphs as
well as by their algebraic expressions can often give new insight into the process of integration. Intuitively, we might say that if
a function f(xz) is above another function g(z), then the area between f(z) and the z-axis is greater than the area between g(z)
and the z-axis. This is true depending on the interval over which the comparison is made. The properties of definite integrals are

valid whether a < b, a=1b,0or="a = > b. The following properties, however, concern only the case a < b, and are used when we
want to compare the sizes of integrals.</b,\,a=b\),>

Theorem 3.5.2: Comparison Theorem

i. If f(z) > 0fora <z <b, then

/abf(x)deO

ii. If f(z) > g(x) for a < z < b, then

/abf(x)dm > /abg(x)da:

iii. If m and M are constants such that m < f(z) < M for a < z < b, then

b
m(b— a) g/ fz)dz < M(b—a)

Illustration 3.5.2: Comparing Two Functions over a Given Interval

Compare f(z) = V1 + z? and g(z) = v/1 + z over the interval [0, 1]
Solution

Graphing these functions is necessary to understand how they compare over the interval [0, 1]. Initially, when graphed on a
graphing calculator, f(x) appears to be above g(x) everywhere. However, on the interval [0, 1], the graphs appear to be on top
of each other. We need to zoom in to see that, on the interval [0,1], g(x) is above f(x). The two functions intersect at z = 0
and z = 1 (Figure 3.5.8).
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(@)

We can see from the graph that over the interval [0,1], g(z) > f(z).

Comparing the integrals over the specified interval [0, 1], we also see that

(@)

Figure 3.5.9: (a) The graph shows that over the interval [0, 1], g(z) > f(z), where equality holds only at the endpoints of the interval. (b)
Viewing the same graph with a greater zoom shows this more clearly.

Average Value of a Function

(b)

Figure 3.5.8: (a) The function f(z) appears above the function g(z) except over the interval [0, 1] (b) Viewing the same graph with a greater
zoom shows this more clearly.

1 1
/ g(z) dz > / f(x) dz| (Figure 3.5.9).
0 0

The thin, red-shaded area shows just how much difference there is between these two integrals over the interval [0, 1].

(b)

We often need to find the average of a set of numbers, such as an average test grade. Suppose you received the following test
scores in your algebra class: 89, 90, 56, 78, 100, and 69. Your semester grade is your average of test scores and you want to know
what grade to expect. We can find the average by adding all the scores and dividing by the number of scores. In this case, there

are six test scores. Thus,

89+90+56 + 78 +100+ 69 482

6

—— =~ 80.33
6

Therefore, your average test grade is approximately 80.33, which translates to a B— at most schools.

Suppose, however, that we have a function v(¢t) that gives us the speed of an object at any time ¢, and we want to find the object’s
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average speed. The function v(t) takes on an infinite number of values, so we can’t use the process just described. Fortunately,
we can use a definite integral to find the average value of a function such as this.

Let f(z) be continuous over the interval [a,b] and let [a,b] be divided into n subintervals of width Az = (b —a)/n. Choose a
representative z! in each subinterval and calculate f(z}) for i = 1,2,...,n. In other words, consider each f(z}) as a sampling of
the function over each subinterval. The average value of the function may then be approximated as

f@y) + f(e3) + -+ f(z7)

n

fcwe ~

which is basically the same expression used to calculate the average of discrete values.

But we know Az — — % son = b_—a, and we get
Az
o f@) + f(@5) 4+ feg) _ fld) + f=z5) + -+ f(e)
e n (b—a)
Az

Following through with the algebra, the numerator is a sum that is represented as .., f(z}), and we are dividing by a fraction.
To divide by a fraction, invert the denominator and multiply. Thus, an approximate value for the average value of the function is
given by

s L
i=1 T * *
o = () 1) = (57 ) Yo flanaa
i=1 i=1
( Az )
This is a Riemann sum. Then, to get the exact average value, take the limit as n goes to infinity. Thus, the average value of a
function is given by

1 ) n 1 b
lim ;f(a:i)Ax =77 L f(z)dz

— @ n—oo

Definition: Average Value of a Function

Let f(z) be continuous over the interval [a, b]. Then, the average value of the function f(x) (or fu.) on [a,b] is given by

b
fave: biaL f($)d$

Example 3.5.6: Finding the Average Value of a Linear Function

Find the average value of f(z) = = + 1 over the interval [0, 5]
Solution

First, graph the function on the stated interval, as shown in Figure 3.5.10.
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O 1 5 5 4

height, and a and b represent the two parallel sides. Then,

b 1
/ (z+1) dmzah(a—l—b):
0

Thus the average value of the function is

Exercise 3.5.7

Find the average value of f(z) = 6 — 2z over the interval [0, 3]
Hint available at the end of this section.

Answer available at the end of this section.

Answers

Exercise 3.5.5
Use the solving strategy from Example 3.5.5 and the properties of definite integrals.

Exercise 3.5.5

3 3 3 3
6/ z?‘dzf4/ z2dz+2/zdzf/3dz
1 1 1 1

Exercise 3.5.6

Use the solving strategy from Example 3.5.6 and the rule on properties of definite integrals.

Exercise 3.5.6
—7
Exercise 3.5.7
Use the average value formula, and use geometry to evaluate the integral.

Exercise 3.5.7
3
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Figure 3.5.10:The graph shows the area under the function (z) =

5 6 7%
+

over [0, 5].

1
The region is a trapezoid lying on its side, so we can use the area formula for a trapezoid A = 7 h(a + b), where h represents

1
55 1+6)=
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3.5: Practice Set

Exercise 3.5.1

Express each limit as a definite integral.

(a) lim i (32} +2) Az on [0,2]
k=1

n—00
(b) lim ; VZrAz on [1,4]

(c) nh_IgQ ; sin(z)Az on [0, 7]

n—oo

n
(d) lim Y~ e™Az on [0,1]
k=1

(e) lim Z L Azon [1,3]
k=1 Tk

n—oo

Answer available at the end of this section.

Exercise 3.5.2

Use the limit definition of the definite integral to evaluate each integral.

2
(a) /0 4xdx
0

3
(b) [ (2z+1)dz
4

(C)/ (3z — 2)dx
1

1
(d) / z2dx

0

2
(e)/ (z® +1)dz
0

Answer available at the end of this section.

Exercise 3.5.3

2 4
Use the properties of definite integrals to evaluate each expression. Assume / f(z)dz =5, / f(z)dx
0 2

4
(a) /O f(z)do
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2

(b) [ f(z)dx

4

Z 2
(G)/O [2f(z) — g(z)|dz (assuming/0 g(z)dz = 4)

4
(M) / 3f(z) — 2g(x))dz

Answer available at the end of this section.

Exercise 3.5.4

Use the limit definition of the definite integral to evaluate each integral.

1
(a)/ (2 + 3)da
0

2
(b) / 3z2dx
0
3

(c) / xdr

1
1
(d) [ (2 +22)dx
0

Answer available at the end of this section.

Exercise 3.5.5

3 5 5
Evaluate each integral using the properties of definite integrals. Assume / f(z)dx = 6, / flz)dz =2, / g(z)dz = 10, and
0 3 0

/03 g(z)dz = 4.

@ [ s
o) [ o)
© [ B7@) + 29(0))da
@ [ '[f@) - 26(z))da

5
(e /3 o(z)dz
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5
(M) / [4f(z) — g(z)|de

Answer available at the end of this section.

Exercise 3.5.6

Use the limit definition of the definite integral to evaluate each integral.

1
(a)/ (322 + 2z)dx
0
2
(b)/ (2 —1)dz
0
4
(C)/ (2z)dz
1

2
(d) / (z%)dx
0

Answer available at the end of this section.

Exercise 3.5.7

Evaluate each integral using the properties of definite integrals.

2
(a) / 5z2dx

0
2
(b) | (2 +4a)dx
0

1
(c) / (322 — 2z + 1)d=
0

1
(d) /0 ztdx

Answer available at the end of this section.

Exercise 3.5.8

Write each definite integral as a limit of a Riemann sum (using right endpoints).

3
(a) / z2dz
0

4
(b)/ (2z + 1)dz
1

(c) /Wsin(x)dx
0
2

(d) /0 e“dx
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| Answer available at the end of this section.

Answers
Exercise 3.5.1

b n
Recall the definition: / flz)de = lim > f(zx) Az
a n-yo0 £~

Exercise 3.5.2

b— 1 1)(2 1
Recal: Az = =—2 g = a + kAz. Use ) k= "<"+ ) ana s %
2 n 2 2]4)
(a) / 4xdxr = lim Z4zkAz, where Az = —, 2, = —.
0 n—o00 i n n
2k 16k 16 n(n+1) 1\
i oa(3) (3) = dm Y S = im - Mg = s (1) =
3 u 3 3k
(b) / 2z +1)dz = lim > (22 + 1)Az, where Az = =, z;, = —.
0 o0 £~ n n
n n 1
lim y° (2 (3—k) + 1) <3> =lim y (—82k + i)
n—00 — n n n—00 = n n
1
o [ 2220 D 3 ) [9(1+1)+3] —9+3=12
n—oo | 2 2 n n—00 n

k
C)/ 172)dz—hmz3zk72)Az whereAz_3,zk—1+3—.
n

lim Z (3 (1 + 3—k) —2) (i) = lim (1 + %) (3)
n—oo = n n n—oo n n

1
g[S D]y [ 2 (1 1)) e B
n

n—00 | M n? 2

1 n
1
(d) / z%dz = lim ZzzAz, where Az = —, z;, = E
0 n—00 £ n n
kN1 o1&, 1 ar+D@2r+1) . (r+D(@2n+1) 2 1
lim (—) (—)zlm—3 E=lim — ——————— = lim ————— =~ =
noo £~ \n n n-oo 3 £~ n—00 M 6 n—00 6n 6 3
z o, LA 2 2k
(e)/ (z° + 1)dz = lim Z(zk +1)Az, where Az = —, 2, = —.
0 n—yoo £~ n n

O 2k 2 2 s[4k 2
fm > ((7) “) (+) =lm3 (F“) (%)

= lim {iik2+%~n:| = lim [iw-k%

n—oo | n3 e n—oo | p3 6
. [8(n+1)(2n+1) 8(2) 8 14
11322[76“2 +2 = 2= o H2=

Exercise 3.5.3
Recall the properties of definite integrals:

/ab flx)dz + /bC flz)de = /aC f(x)dz
/ab flz)dz = _/ba f(z)dz

. /bc (z)dz—c/bf( )z

a

. /b[f()ig ]dz_/f dzi/ g(@)de
/f dz—/ f(a:da:+/ flz)de=5+3=38
b) / fa)ds = — / fla)de = —
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C/23f(x)dx:3/2fxdx:3(5):15
/[f +g(z dz—/ flz der/ z)dr=8+T7=15
(e)/ql[Qfac —g(w)dz:2/04fxdx—/(' gfw)dw:2(5)—4:10—4:6
(f)/o [3f(z)729(z)]dz:3/0 f(z)dzf2/0 g(z)de =3(8) —2(7)=24—14=10

Exercise 3.5.4

! 1 k
(a) / (2z + 3)dz, where Az = —, 2, = —.
0 n n

=368 ) () -t (2
)

n—00

1
+i>n]: lim [(1+—)+3]:1+3:4
n n

2
2
(b)/ 3z%dz, where Az = =, 2, = —
0 n

L 2k \ 2 24K? lim 24 n(n+1)(2n +1)
i35 () (7) = im0 2 = o P

) (n+1)2n+1)

= lim 4 = =4(2)=8
3 2 2k
(c)/ zdz, where Ax = —, 2, =1+ —.
1 n n
2k 2 4 n(n+1)
1 14+ — — ) =1 =. —_ .
i > (142 (3) = i [ 2 ons - 20

= lim [2+2<1+i>] =2+2=4
n—00 n

k

1
. 1
(d) / (x2 + 2z)dz, where Az = —, z, = —.
0 n n

n 2 n n
lim2(<£) +2(£))(1):lim %Zk%% k
n—oo = n n n—oo n — n =

n
- lim [n13 n(n+ 1)(2n+1)+_.n(n+1)]

n—00

6
_ . [(+1)(@2r+1) Ll 4
[ ()] S

n—00

Exercise 3.5.5

(a) /05f(z)dz: /:f(z)dz+/35f(x)dz: 6+2=38
) / " fa)de = /0 ’ fa)dr = 8

(c) /5[3fx +2g(;c)]d:c:3/5f(x)dx+2/5g(x)dx:3(8)+2(10):24+20:44
/[f —2g(z ]dz—/ flz d:va/ g(z)dr =6 —2(4) =6 —-8=—2
e)/ da:—/ )darf/o g(x)dz=10—-4=6

5
()/‘;[4f(x)—g(:c)d:c:4/‘; f(x)dx—/';g(x)dx:4(2)—6:8—6:2

Exercise 3.5.6

1 2
Recall: Y°p_, k* = [n(n;— )] .
()/ (322 + 22)dx, whereAgxcfi k:ﬁ
0 n n
o k2 k 1 . 2 &
in 3 (s(7) ”(Z))(;)—Jfﬂc[ Sk }
— lim [iA nn+D@n+1) 2 "(”+1>]
n—oo | p3 6 n? )
1 1
= lim [w+(1+i):| :3+1:1+1:2
n—o00 2n2 n 2
2k

2
2
(b)/ (2% — 1)dz, where Az = =, z, = —.
0 n

n

& 2k\ 2 2 . 8 , 2
J;H;;((w) —1) (%) =tim [mek —;‘“]

=1
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4
3 3k
(c) / 2xdr, where Ax = —, 2, =1+ —.
1 n n
3 . 6 18 n(n+1)
hmz (1+2) (2) = tim [ e 2 - 25
1
lim [6+9( +;)] =64+9=15
2 2 2k
(d) / z3dz, where Az = =, 2 = —.
0 n n
n 9 3 2 1 n 1 1 2
lim <—k) (—) = lim —?Zk3 = lim —?[M]
n—00 £ n n n—oo pt £~ n—00 N 2

L (n+1)? _ 1\2 B B

= lim 16 S~ atm (14 ) 4w =4

Exercise 3.5.7
1 n+1
Use the result / z"dx = and / z"dzr =
0
40

P 2

(a)/(]Szdz:S/D dz—5(3) 5(3)73
2 2 2

(b)/ (r2+4z)dz:/ zzdz+4/ rdx = §-',-4(2 ) 8 32
0 0 0 2 3

1 1
(c) / (322 — 2z 4+ 1)dz = 3/ z2dx — 2/ xdx + / 1dz
0 0 0 0

1 1
—3(3)-2(3)+1=1-141-1

v, 1
(d)/ ridr = —
0 5

Exercise 3.5.8
b n -
Recall: / fl@)de = lim Z f(zk)Az, where Az = 5=4 and zy = a + kAxz for right endpoints.
k‘

(a)/0 z dr—nlgngQZ (?f) (%) ‘JL“;Z =
© [/ e nae=im 32 (2(1+ 3) +1) () = m 3 (6+5) (7)
(c) /”sin(z)dz = lim isin (W_k> (%)

(d)/a otdp — ,}EECZEW" (;>
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3.6: The Fundamental Theorem of Calculus

Learning Objectives

e Describe the meaning of the Mean Value Theorem for Integrals.

e State the meaning of the Fundamental Theorem of Calculus, Part 1.

e Use the Fundamental Theorem of Calculus, Part 1, to evaluate derivatives of integrals.
e State the meaning of the Fundamental Theorem of Calculus, Part 2.

e Use the Fundamental Theorem of Calculus, Part 2, to evaluate definite integrals.

e Explain the relationship between differentiation and integration.

¢ Define the antiderivative of a function and methods for calculating it.

In the previous two sections, we looked at the definite integral and its relationship to the area under the curve of a function.
Unfortunately, so far, the only tools we have available to calculate the value of a definite integral are geometric area formulas and
limits of Riemann sums, and both approaches are extremely cumbersome. In this section we look at some more powerful and
useful techniques for evaluating definite integrals.

These new techniques rely on the relationship between differentiation and integration. This relationship was discovered and
explored by both Sir Isaac Newton and Gottfried Wilhelm Leibniz (among others) during the late 1600s and early 1700s, and it
is codified in what we now call the Fundamental Theorem of Calculus, which has two parts that we examine in this section. Its
very name indicates how central this theorem is to the entire development of calculus.

Question of the Day

How are derivatives and integrals connected?

This page titled 3.6: The Fundamental Theorem of Calculus is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber.

e 5.4: The Fundamental Theorem of Calculus by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.
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3.6: The Fundamental Theorem of Calculus

Isaac Newton'’s contributions to mathematics and physics changed the way we look at the world. The relationships he discovered,
codified as Newton’s laws and the law of universal gravitation, are still taught as foundational material in physics today, and his
calculus has spawned entire fields of mathematics.

Before we get to this crucial theorem, however, let's examine another important theorem, the Mean Value Theorem for Integrals,
which is needed to prove the Fundamental Theorem of Calculus.

The Mean Value Theorem for Integrals

The Mean Value Theorem for Integrals states that a continuous function on a closed interval takes on its average value at some
point in that interval. The theorem guarantees that if f(z) is continuous, a point c exists in an interval [a, b] such that the value of
the function at ¢ is equal to the average value of f(z) over [a, b]. We state this theorem mathematically with the help of the formula
for the average value of a function that we presented at the end of the preceding section.

Theorem 3.6.1: The Mean Value Theorem for Integrals

If f(x) is continuous over an interval [a, b], then there is at least one point ¢ € [a, b] such that
1 b
f0)= 5= | fw)do
This formula can also be stated as
b
[ @iz = f6—a

Since f(z) is continuous on [a, b], by the extreme value theorem (see section on Maxima and Minima), it assumes minimum
and maximum values—m and M, respectively—on [a,b]. Then, for all z in [a,b], we have m < f(x) < M. Therefore, by the
comparison theorem (see Section on The Definite Integral), we have

b
m(b—a) S/ fz)dz < M(b—a)

Since f(z) is continuous on [a, b], by the extreme value theorem (see section on Maxima and Minima), it assumes minimum
and maximum values—m and M, respectively—on [a, b]. Then, for all z in [a,b], we have m < f(xz) < M. Therefore, by the
comparison theorem (see Section on The Definite Integral), we have

b
m(b—a) < / fx)de < M(b—a)
Dividing by b — a gives us

m < !
“b—a

/:f(m)deM

1
b—a
[a, b], by the Intermediate Value Theorem, there is a number c over [a, b] such that

b
Since / f(z) dz is a number between m and M, and since f(x) is continuous and assumes the values m and M over
a
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and the proof is complete.

O

Example 3.6.1: Finding the Average Value of a Function

Find the average value of the function f(x) = 8 — 2z over the interval [0, 4] and find ¢ such that f(c) equals the average value
of the function over [0, 4].

Solution

The formula states the mean value of f(z) is given by

4
— 8 —2z)d
10 O( x) dz

We can see in Figure 3.6.1 that the function represents a straight line and forms a right triangle bounded by the z- and y

-axes.

The area of the triangle is A = 1 - base - height:

Thus, the average value of the function is

1

4 1
m/ﬂ (8—2:11)6[1‘:2(16):4

Set the average value equal to f(c) and solve for c:

8—2c=14
e= 2

1ot -
Thus, we have shown f(2) = -— / f(z) dz, so satisfies the Mean Value Theorem for Integrals.
- 0
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f(x) = 8 — 2x

+

-1 1¢c-23 4
-1l

L]
¢

Figure 3.6.1: By the Mean Value Theorem, the continuous function f(x) takes on its average value at ¢ at least once over a closed interval.

Exercise 3.6.1

Find the average value of the function f(z) = % over the interval [0, 6] and find ¢ such that f(c) equals the average value of

the function over [0, 6].
Hint available at the end of this section.

Answer available at the end of this section.

Example 3.6.2: Finding the Point Where a Function Takes on Its Average Value

3
Given / z? dx = 9, find ¢ such that f(c) equals the average value of f(x) = > over [0, 3]
0

Solution

We are looking for the value of ¢ such that

1 8 5 1
f(c)zﬁ . T dx=§(9)=3
Replacing f(c) with c?, we have
=3
c=+V3

Since —/3 is outside the interval, take only the positive value. Thus, (Figure 3.6.2).
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2 10 1 2 3 4 5%
_l_

Figure 3.6.2: Over the interval [0, 3], the function f(z) = z? takes on its average value at ¢ = /3.

Exercise 3.6.2

4
Given / (222 — 1) dz = 39, find ¢ such that f(c) equals the average value of f(x) = 222 — 1 over [1,4].
1

Hint available at the end of this section.

Answer available at the end of this section.

Fundamental Theorem of Calculus Part 1: Integrals and Antiderivatives

As mentioned earlier, the Fundamental Theorem of Calculus is an extremely powerful theorem that establishes the relationship
between differentiation and integration, and gives us a way to evaluate definite integrals without using Riemann sums or
calculating areas. The theorem is comprised of two parts, the first of which, the Fundamental Theorem of Calculus, Part 1, is
stated here. Part 1 establishes the relationship between differentiation and integration.

Theorem 3.6.2: The Fundamental Theorem of Calculus, Part 1

If f(x) is continuous over an interval [a, b], and the function F(z) is defined by
Flo) = [ rwa

then F’(z) = f(z) over [a, b].

Before we delve into the proof, a couple of subtleties are worth mentioning here. First, a comment on the notation. Note that we
have defined a function, F(z), as the definite integral of another function, f(t¢), from the point a to the point z. At first glance, this
is confusing, because we have said several times that a definite integral is a number, and here it looks like it's a function. The key
here is to notice that for any particular value of z, the definite integral is a number. So the function F(z) returns a number (the
value of the definite integral) for each value of z.

Second, it is worth commenting on some of the key implications of this theorem. There is a reason it is called the Fundamental

Theorem of Calculus. Not only does it establish a relationship between integration and differentiation, but also it guarantees that
any integrable function has an antiderivative. Specifically, it guarantees that any continuous function has an antiderivative.
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Proof: Fundamental Theorem of Calculus, Part 1

Applying the definition of the derivative, we have

o) = gy FEHR =)

_ }fi%% [ / " fo)dt — / ") dt]

_ }33%% [/ﬂ“hf(t) dt+/: £(0) dt]

1 z+h
= lim — F(t) dt

h—0 h f,

. . . 1 [oth . . .
Looking carefully at this last expression, we see n / f(t) dt is just the average value of the function f(z) over the interval

[z, z + h]. Therefore, by the Mean Value Theorem for'Integrals, there is some number c in [z, z + h] such that

z+h
LA

In addition, since c is between = and h, ¢ approaches z as h approaches zero. Also, since f(z) is continuous, we have

lim () = lim f(e) = f(z)

c—T

Putting all these pieces together, we have completed the proof:

z+h

Flo)=tm— [ f(t)dt = lim f(c) = f(a)

Example 3.6.3: Finding a Derivative with the Fundamental Theorem of Calculus

Use the Fundamental Theorem of Calculus, Part 1 to find the derivative of

|
= dt
o0 = [ 7

Solution

According to the Fundamental Theorem of Calculus, the derivative is given by

Exercise 3.6.3

Use the Fundamental Theorem of Calculus, Part 1 to find the derivative of g(r) = / Va?+4de
0

Hint available at the end of this section.

Answer available at the end of this section.

@IOIC]E) 364 (3.6.5)



LibreTextS"

Example 3.6.4: Using the Fundamental Theorem and the Chain Rule to Calculate Derivatives

Find F’(z) for F(z) = / sin(t) dt

1

Solution

Letting u(z) = /z, we have F(z) = / sin(t) dt
1

Thus, by the Fundamental Theorem of Calculus and the chain rule,

sin (v/z)
2Vz

Exercise 3.6.4

Find F’'(z) for F(z) = / cos(t) dt

3

Hint available at the end of this section.

Answer available at the end of this section.

Example 3.6.5: Using the Fundamental Theorem of Calculus with Two Variable Limits of Integration

2z
Find F’(z) for F(z) = / t3 dt

i

Solution

2z
Both limits of integration in F(z) = / t® dt are variable, so we need to split this into two integrals. We get

2x
F(z) = / t3 dt

0 2z
=/ t3dt+/ 3 dt
0y 0
T 2z
=—/ t3dt+/ 3 dt
0 0

d T
— |- t3dt]=—3
dw[ /0 x

Differentiating the second term, we first let u(z) = 2z. Then,

d 213 d u(z)3
Lo | [0

du
= (U(x))s "z

= (2z)% 2 = 1623

Differentiating the first term, we obtain
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Thus,

2

Exercise 3.6.5

Find F’(z) for F(z) = / cos(t) dt

a»

Hint available at the end of this section.

Answer available at the end of this section.

Fundamental Theorem of Calculus, Part 2: The Evaluation Theorem

The Fundamental Theorem of Calculus, Part 2, is perhaps the most important theorem in calculus. After tireless efforts by
mathematicians for approximately 500 years, new techniques emerged that provided scientists with the necessary tools to
explain many phenomena. Using calculus, astronomers could finally determine distances in space and map planetary orbits.
Everyday financial problems such as calculating marginal costs or predicting total profit could now be handled with simplicity and
accuracy. Engineers could calculate the bending strength of materials or the three-dimensional motion of objects. Our view of the
world was forever changed with calculus.

After finding approximate areas by adding the areas of n rectangles, the application of this theorem is straightforward by
comparison. It almost seems too simple that the area of an entire curved region can be calculated by just evaluating an
antiderivative at the first and last endpoints of an interval.

Theorem 3.6.3: The Fundamental Theorem of Calculus, Part 2

If f(x) is continuous over the interval [a, b] and F(zx) is any antiderivative of f(z), then

b
[ #@)dz =P - F@

b
We often see the notation F(z)| to denote the expression F(b) — F(a). We use this vertical bar and associated limits a and b to

a

indicate that we should evaluate the function F(z) at the upper limit (in this case, b), and subtract the value of the function F(z)
evaluated at the lower limit (in this case, a).

The Fundamental Theorem of Calculus, Part 2 (also known as the evaluation theorem) states that if we can find an
antiderivative for the integrand, then we can evaluate the definite integral by evaluating the antiderivative at the endpoints of the
interval and subtracting.

Let P=x;,i=0,1,...,n be a regular partition of [a, b]. Then, we can write
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F(b) — F(a) = F(z,) — F(a0)
= [F(e) — F(en1)] + [F(@n1) = F@n_o)] + .. +[F(@1) = Flao)]

=iwm—m%m

Now, we know F' is an antiderivative of f over [a,b], so by the Mean Value Theorem for derivatives for each i = 0,1, ...,n we
can find ¢; in [z;—1, z;] such that

F(xl) — F(.’El;l) = F’(Ci)(l‘i — fl;i—l) = f(CZ) ACIZ

Then, substituting into the previous equation, we have

Illustration 3.6.1: Evaluating an Integral with the Fundamental Theorem of Calculus

2
We demonstrate how to use the Fundamental Theorem of Calculus, Part 2 to evaluate / (t? —4) dt
—2

Recall the power rule for Antiderivatives:

If y = 27,

xn+1
/z"dx: +C
n+1

Use this rule to find the antiderivative of the function and then apply the theorem. We have

/:(t2 —4)dt = (? 74t) ‘:

32

Analysis

Notice that we did not include the “4+C” term when we wrote the antiderivative. The reason is that, according to the
Fundamental Theorem of Calculus, Part 2, any antiderivative works. So, for convenience, we chose the antiderivative with
C = 0. If we had chosen another antiderivative, the constant term would have canceled out. This always happens when
evaluating a definite integral.

The region of the area we just calculated is depicted in Figure 3.6.3. Note that the region between the curve and the z-axis
is all below the z-axis. Area is always positive, but a definite integral can still produce a negative number (a net signed area).
For example, if this were a profit function, a negative number indicates the company is operating at a loss over the given
interval.
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Figure 3.6.3: The evaluation of a definite integral can produce a negative value, even though area is always positive.

Example 3.6.6: Evaluating a Definite Integral Using the Fundamental Theorem of Calculus, Part 2

Evaluate the following integral using the Fundamental Theorem of Calculus, Part 2:

Solution

First, eliminate the radical by rewriting the integral using rational exponents. Then, separate the numerator terms by writing

each one over the denominator:
9 9 9
—1 1
/ ad - d(L'Z/ (:vl_ 1)dmz/ (z%—mfé)dm
1 BT 1 Tz xT? 1

Now, integrate using the power rule:

—
©
—
8
ol
|
8
|
N—
ISH
5]
Il
/N
8
woleo
|
| 8
ol
~_
- ©

T3
_ [9__9_] ~ {1__1_]
R S
- [%(27) —2(3)] - [%(1) —2(1)]
_|40

3

See Figure 3.6.4.
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f(x) =

x Y

/ ’
Figure 3.6.4: The area under the curve from z = 1 to z = 9 can be calculated by evaluating a definite integral.

Exercise 3.6.6

2
Evaluate / zt dzx
1

Hint available at the end of this section.

Answer available at the end of this section.

Applications of Definite Integrals

Example 3.6.7: A Roller-Skating Race

James and Kathy are racing on roller skates. They race along a long, straight track, and whoever has gone the farthest after 5
sec wins a prize. If James can skate at a velocity of f(t) = 5 + 2t ft/sec and Kathy can skate at a velocity of g(¢) = 10 + cos (¢)
ft/sec, who is going to win the race?

Solution

We need to integrate both functions over the interval [0, 5] and see which value is bigger. For James, we want to calculate

/5(5+2t) dt
0

Using the power rule, we have
9 5
/ (5+2t)dt = (5t +¢7) |
0

— (25 + 25)
= 50

Thus, James has skated 50 ft after 5 sec. Turning now to Kathy, we want to calculate
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/5 (10 + cos(t)) dt = (10t + sin (1)) Z
0

= (50 + sin(5)) — (0 — sin(0))
~ 49.04

Kathy has skated approximately 49.04 ft after 5 sec. James wins, but not by much!

Exercise 3.6.7

Suppose James and Kathy have a rematch, but this time the official stops the contest after only 3 sec. Does this change the
outcome?

Hint available at the end of this section.

Answer available at the end of this section.

Explore: A Parachutist in Free Fall

Julie is an avid skydiver with more than 300 jumps under her belt and has mastered the art of making adjustments to her
body position in the air to control how fast she falls. If she arches her back and points her belly toward the ground, she
reaches a terminal velocity of approximately 120 mph (176 ft/sec). If, instead, she orients her body with her head straight
down, she falls faster, reaching a terminal velocity of 150 mph (220 ft/sec).

Figure 3.6.5: Skydivers can adjust the velocity of their dive by changing the position of their body during the free fall. (credit: Jeremy T.
Lock)

Since Julie will be moving (falling) in a downward direction, we assume the downward direction is positive to simplify our
calculations. Julie executes her jumps from an altitude of 12,500 ft. After she exits the aircraft, she immediately starts falling
at a velocity given by v(t) = 32t.

She continues to accelerate according to this velocity function until she reaches terminal velocity. After she reaches terminal
velocity, her speed remains constant until she pulls her ripcord and slows down to land.

On her first jump of the day, Julie orients herself in the slower “belly down” position (terminal velocity is 176 ft/sec). Using
this information, answer the following questions.
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How long after she exits the aircraft does Julie reach terminal velocity?

Based on your answer to question 1, set up an expression involving one or more integrals that represents the distance
Julie falls after 30 sec.

If Julie pulls her ripcord at an altitude of 3080 ft, how long does she spend in a free fall?

Julie pulls her ripcord at 3000 ft. It takes 5 sec for her parachute to open completely and for her to slow down, during
which time she falls another 400 ft. After her canopy is fully open, her speed is reduced to 16 ft/sec. Find the total time
Julie spends in the air, from the time she leaves the airplane until the time her feet touch the ground. On Julie’s second
jump of the day, she decides she wants to fall a little faster and orients herself in the “head down” position. Her terminal
velocity in this position is 220 ft/sec. Answer these questions based on this velocity:

How long does it take Julie to reach terminal velocity in this case?

Before pulling her ripcord, Julie reorients her body in the “belly down” position so she is not moving quite as fast when
her parachute opens. If she begins this maneuver at an altitude of 4000 ft, how long does she spend in a free fall before
beginning the reorientation?

Some jumpers wear “wingsuits” (Figure 3.6.6). These suits have fabric panels between the arms and legs and allow the
wearer to glide around in a free fall, much like a flying squirrel. (Indeed, the suits are sometimes called “flying squirrel suits.”)
When wearing these suits, terminal velocity can be reduced to about 30 mph (44 ft/sec), allowing the wearers a much longer
time in the air. Wingsuit flyers still use parachutes to land; although the vertical velocities are within the margin of safety,
horizontal velocities can exceed 70 mph, much too fast to land safely.

Figure 3.6.6: The fabric panels on the arms and legs of a wingsuit work to reduce the vertical velocity of a skydiver’s fall. (credit: Richard

Schneider)

Answer the following question based on the velocity in a wingsuit.

7. If Julie dons a wingsuit before her third jump of the day, and she pulls her ripcord at an altitude of 3000 ft, how long does
she get to spend gliding around in the air

Answers

Exercise 3.6.1
Use the procedures from Example 3.6.1 to solve the problem

Exercise 3.6.1

The average value is 1.5 and ¢ = 3

Exercise 3.6.2
Use the procedures from Example 3.6.2 to solve the problem.

Exercise 3.6.2

=7
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Exercise 3.6.3
Follow the procedures from Example 3.6.3 to solve the problem.
Exercise 3.6.3
g'(r)=Vri+4
Exercise 3.6.4
Use the chain rule to solve the problem.
Exercise 3.6.4
F'(z) = 3z% cos (z3)
Exercise 3.6.5
Use the procedures from Example 3.6.5 to solve the problem
Exercise 3.6.5
F'(z) = 2z cos (z?) — cos(x)
Exercise 3.6.6
Use the power rule.

Exercise 3.6.6
7
24
Exercise 3.6.7
Change the limits of integration from those in Example 3.6.7.

Exercise 3.6.7
Kathy wins: James skates 24 ft in 3 sec, but Kathy skates 30.14 ft in 3 sec.

This page titled 3.6: The Fundamental Theorem of Calculus is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber.

e 5.4: The Fundamental Theorem of Calculus by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.

e 5.3: The Fundamental Theorem of Calculus by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source:
https://openstax.org/details/books/calculus-volume-1.
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3.6: Antiderivatives

At this point, we have seen how to calculate derivatives of many functions and have been introduced to a variety of their
applications. We now ask a question that turns this process around: Given a function f, how do we find a function with the
derivative f and why would we be interested in such a function?

We answer the first part of this question by defining antiderivatives. The antiderivative of a function f is a function with a
derivative f. Why are we interested in antiderivatives? The need for antiderivatives arises in many situations, and we look at
various examples throughout the remainder of the text. Here we examine one specific example that involves rectilinear motion.
In our examination in Derivatives of rectilinear motion, we showed that given a position function s(¢) of an object, then its velocity
function v(t) is the derivative of s(t)—that is, v(t) = s ’(¢). Furthermore, the acceleration a(t) is the derivative of the velocity v(¢)
—that is, a(t) = v’ (t) = s”(¢t). Now suppose we are given an acceleration function a, but not the velocity function v or the position
function s. Since a(t) = v ’(t), determining the velocity function requires us to find an antiderivative of the acceleration function.
Then, since v(t) = s ’(t), determining the position function requires us to find an antiderivative of the velocity function. Rectilinear
motion is just one case in which the need for antiderivatives arises. We will see many more examples throughout the remainder
of the text. For now, let's look at the terminology and notation for antiderivatives, and determine the antiderivatives for several
types of functions. We examine various techniques for finding antiderivatives of more complicated functions later in the text
(Introduction to Techniques of Integration).

The Reverse of Differentiation

At this point, we know how to find derivatives of various functions. We now ask the opposite question. Given a function f, how can
we find a function with derivative f? If we can find a function F derivative f, we call F' an antiderivative of f.

Definition: Antiderivative

A function F is an antiderivative of the function f if

for all z in the domain of f.

Consider the function f(z) = 2z. Knowing the power rule of differentiation, we conclude that F(z) = x? is an antiderivative of f
since F '(z) = 2z. Are there any other antiderivatives of f? Yes; since the derivative of any constant C is zero, 22 + C is also an
antiderivative of 2z. Therefore, 22 + 5 and z2 — v/2 are also antiderivatives. Are there any others that are not of the form z% + C
for some constant C? The answer is no. From Corollary 2 of the Mean Value Theorem, we know that if F' and G are differentiable
functions such that F ’(z) = G ’(z), then F(z) — G(z) = C for some constant C. This fact leads to the following important theorem.

Theorem 3.6.1: General Form of an Antiderivative

Let F be an antiderivative of f over an interval I. Then,

I. for each constant C, the function F(z) + C is also an antiderivative of f over I;
II. if G is an antiderivative of f over I, there is a constant C for which G(z) = F(z) + C over I.

In other words, the most general form of the antiderivative of f over I is F(z) + C.

We use this fact and our knowledge of derivatives to find all the antiderivatives for several functions.
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Example 3.6.1: Finding Antiderivatives

For each of the following functions, find all antiderivatives.
(a) f(z) = 32

(6) f(2) = =

(c) f(z) = cos(x)

(d) f(z) =e”

Solution

(a) Because

then F(z) = x® is an antiderivative of 3z2. Therefore, every antiderivative of 3z? is of the form z?® + C for some constant C,
and every function of the form is an antiderivative of 3z2.

(b) Let f(z) =1n|z|. For x > 0, f(z) = In(z) and
For z < 0, f(z) = In(—z) and

Therefore,
d 1
(1 = —
. (In|z() -

. Sy 1 Sy 1.
Thus, F(z) = In|z| is an antiderivative of —. Therefore, every antiderivative of — is of the form In |z| + C for some constant C
x x
1
and every function of the form |1 C'|is an antiderivative of —.
y z

(c) We have

d .
. (sin(z)) = cos(x)

so F(z) =sin(z) is an antiderivative of cos(z). Therefore, every antiderivative of cos(z) is of the form sin(z) + C for some

constant C and every function of the form [sin(z) + C|is an antiderivative of cos(z).

(d) Since

then F(z) = e” is an antiderivative of e”. Therefore, every antiderivative of e” is of the form e” + C for some constant C' and
every function of the form is an antiderivative of e”.

@IOIC]E) 374 (3.6.2)



LibreTextsw

Exercise 3.6.1

Find all antiderivatives of f(x) = sin(x)

Answer available at the end of this section.

Antiderivative Shortcuts

We can see that all of our previous knowledge about derivatives has an equivalent statement about antiderivatives.

Table : Antiderivative Shortcut Formulas

flz) = F'(z) F(z)
0 C
k (a constant function) kz +C
" forn # —1 2"t L O
n+1
1 In|z|+C
@
e’ e +C
v ﬁb” +C
cos(zx) sin(z) + C
sin(z) —cos(z) + C
sec?(x) tan(z) + C
csc?(z) —cot(z) + C
sec(z) tan(z) sec(z) +C
csc(z) cot(x) —csc(z) + C
1 sin"}(z) +C
V1—a?
1 tan~!(z) + C
1+ z2
1 sec }(z) + C
zVz?—1

Similarly, we know our rules about differentiation can be turned into rules about anti-differentiation. Consider that when taking
the derivative of h(z) = x2 + 3e%, we have

’ _i 2 z_i 2 7 (pT) LT — T
h(z)—dm (z +36)_dz (x)+3dm (e") =2z +3-€" =2z +3e

We know that the derivative distributes across addition (and subtraction), so we can differentiate each term in the sum separately.
This means when taking antiderivatives, we can focus on taking the antiderivative of each term in a sum (or difference) separately
and add (or subtract) the results to find the total antiderivative.

h(z) = f(z) + g(z) = h'(z) = f'(z) + ¢ (x) therefore, h'(z)=f"(z)+ g (z) = H(z)=F(z)+G(z)

Similarly, we know that multiplication by a constant is simple to handle for differentiation, and can be treated in a similar fashion
for antiderivatives:

hiz) =k f(z) = h'(z) =k- f'(z) therefore, h'(z)=k-f'(z) = H(z) =k F(x)
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We have seen that the rules for differentiating multiplication, division, and composition are significantly more complicated. These
will require a special focus (in a later chapter) to find the equivalent antiderivative rules for. In this subchapter, we will avoid trying
to reverse the product or quotient, or chain rule.

Initial-Value Problems

We look at techniques for integrating a large variety of functions involving products, quotients, and compositions later in the text.
Here we turn to one common use for antiderivatives that arises often in many applications: solving differential equations.

A differential equation is an equation that relates an unknown function and one or more of its derivatives. The equation

dy
E*f(ﬁ)

is a simple example of a differential equation. Solving this equation means finding a function y with a derivative f. Therefore,
the solutions of equation are the antiderivatives of f. If F' is one antiderivative of f, every function of the form y = F(z) + C is a
solution of that differential equation.

. d . . . .
For example, the solutions of d_y = 6x2 are given by y(z) = 223 + C, since when we differentiate y we see y'(z) = 62>
T

Sometimes we are interested in determining whether a particular solution curve passes through a certain point (z¢, yo) —that is,
y(xo) = Yo

Definition: Initial-Value Problem

Finding a function y that satisfies a differential equation

dy

qr f(=@)
with the additional condition

y(wo) = Yo

is an example of an initial-value problem. The condition y(z¢) = y, is known as an initial condition.

For example, looking for a function y that satisfies the differential equation d—z = 622 withy(1) = 5 is an example of an initial-value

problem.
Since the solutions of the differential equation are y = 223 + C, to find a function y that also satisfies the initial condition, we

need to find C such that y(1) = 2(1)3 + C = 5. From this equation, we see that C = 3, and we conclude that y = 223 + 3 is the
solution of this initial-value problem as shown in the following graph.
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Figure 3.6.2: Some of the solution curves of the differential equation d_z = 622 are displayed. The function y = 2z + 3 satisfies
the differential equation and the initial condition y(1) = 5.

Example 3.6.2: Solving an Initial-Value Problem

Solve the initial-value problem

% =sin(z), with y(0)=5

Solution
. . . . dy .
First, we need to solve the differential equation. If o sin(z), then y = — cos(z) + C.

Next ,we need to look for a solution y that satisfies the initial condition. The initial condition y(0) =5 means we need a
constant C such that

y(0) =—cos(0) +C=5 = —1+C=5 = C=6

Thus, the solution of the initial-value problem is |y = — cos(z) + 6
Exercise 3.6.2
dy

Solve the initial value problem e 3272 with y(1) = 2
X

Answer available at the end of this section.

Initial-value problems arise in many applications. Next we consider a problem in which a driver applies the brakes in a car. We are
interested in how long it takes for the car to stop. Recall that the velocity function v(t) is the derivative of a position function s(t),
and the acceleration a(t) is the derivative of the velocity function. In earlier examples in the text, we could calculate the velocity
from the position and then compute the acceleration from the velocity. In the next example we work the other way around. Given
an acceleration function, we calculate the velocity function. We then use the velocity function to determine the position function.
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Example 3.6.3

A car is traveling at the rate of 60 ft/sec when the brakes are applied. The car begins decelerating at a constant rate of 10 ft/

secz.

(a) How many seconds elapse before the car stops?

(b) How far does the car travel during that time?

Solution

(a) First we introduce variables for this problem. Let ¢ be the time (in seconds) after the brakes are first applied. Let a(t) be
the acceleration of the car (in feet per seconds squared) at time ¢t. Let v(¢) be the velocity of the car (in feet per second) at

time ¢. Let s(t) be the car’s position (in feet) beyond the point where the brakes are applied at time ¢.

The car is traveling at a rate of 60 ft/sec. Therefore, the initial velocity is v(0) = 60 ft/sec. Since the car is decelerating, the
acceleration is a(t) = —10 ft/s”2\). Since the acceleration is the derivative of the velocity, we have v ’(t) = —10.

Therefore, we have an initial-value problem to solve:
v’(t) = —10, v(0) =60
This constant has simple antiderivative:
o(t) = —10t + C
Since v(0) = 60, we can see that v(0) = —10- 0+ C = C = 60. Thus, the velocity function is
v(t) = —10t + 60
To find how long it takes for the car to stop, we need to find the time t such that the velocity is zero.

Solving —10t + 60 = 0, we obtain [t = 6 seconds].

(b) To find how far the car travels during this time, we need to find the position of the car after 6 sec. We know the velocity v(t)
is the derivative of the position s(t). Consider the initial position to be s(0) = 0. Therefore, we need to solve the initial-value
problem

s’(t) = —10t + 60, s(0) =0

We use D to represents the (possibliy different) constant when taking this antiderivative:
s(t) = —10- %t2+60~t+D=—5t2+60t+D
Since s(0) = 0, we see that s(0) = —5-02+60-0 + D = D = 0. Therefore, the position function is
s(t) = —5t2 + 60t

Plugging in ¢t = 6, we have s(6) = 180. Therefore, the car stops after a distance of | 180 feet |.

Exercise 3.6.3

Suppose the car is decelerating at the rate of 6 ft/sec2. How long does it take for the car to stop? How far will the car travel?

Answer available at the end of this section.
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Answers
Exercise 3.6.1
—cos(z) +C
Exercise 3.6.2
3
y=——+5
x

Exercise 3.6.3
The car will stop in 10 seconds, traveling 300 feet.

This page titled 3.6: Antiderivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.1: Antiderivatives by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.6: Practice Set

Exercise 3.6.1

Find the general antiderivative of each function.
(@) f(z) = 327

(b) f(z) = 42® — 2z +5

(€ 1) = =
(A f(z) = V7
(€) f(z) =e”
() 1) =

Answer available at the end of this section.

Exercise 3.6.2

Evaluate each definite integral using the Fundamental Theorem of Calculus.
2
(a) / 32%dy
0
3
(b) [ (2z+1)dz
1

1
322 — 2z +1)d
(C)/O(CL’ z + 1)dz
4
(d) [ Vadz
1
2

(e)/0 e“dx
(f) /18 %d:v

Answer available at the end of this section.

Exercise 3.6.3

Find the particular antiderivative that satisfies the given condition.

(@) f'(z) = 4z, f(1) =3
(b) f'(z) = 32> — 2, f(0) =5

() f'(z) = Vx, f(4) =6
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(@) £/(@) = e +1, £(0) =2
(e) f'(z) = % fle) =3

(f) f'(x) =22 +3, f(1) = 4

Answer available at the end of this section.

Exercise 3.6.4

Use the Fundamental Theorem of Calculus to evaluate each definite integral.

(a) /721(33:2 — 2z + 1)dz
(b) /Ol(gc4 — 322 + 2)dz
() /14 (ﬁ + %) dz
(d) /02@ —1)(z +3)dz
©) /0 " cos(z)dz

/2
() / sin(z)dx
0

Answer available at the end of this section.

Exercise 3.6.5

Find the derivative of each function using the Fundamental Theorem of Calculus.

(a) F(w):/z(tQ—l—l)dt
0

(b) F(z) = " Vidt

1

(c) F(x) =/0 eldt
(d) F(z) = /090 cos(t)dt
(e) F(z) = / 2(31&2 —1)dt

(f) F(z) = " Vidt
0

Answer available at the end of this section.
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Exercise 3.6.6

Find the area of the region bounded by the curve and the x-axis on the given interval.
(@) f(z) =2z +1o0n]0,3]

(b) f(z) =z%0on|0,2]

(c) f(z) =4 — 2% on [0, 2]

(d) f(z) = sin(z) on [0, 7]

(e) f(z) =e€" on [0,1]

Answer available at the end of this section.

Exercise 3.6.7

Find the general antiderivative of each function.

(@) f(z) = 5zt — 322 + 2

(b) f(z) =

() f(x) =

&wl"h §|w

s 1

(&) fl@)=e"+ —
() f(z) = 22 — — + 3¢*

xr

Answer available at the end of this section.

Exercise 3.6.8

Evaluate each definite integral using the Fundamental Theorem of Calculus.

2
(a) / (3z? — 4z + 1)dz

1

1

(b) / z(222 — 1)dz

0

4 1
© [ (\/5 - ﬁ) dx

/2
(d) / (sin(z) + cos(z))dz

0

1
(e)/ (e —e ™)dx
0
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(f)/f(%-i—%)dm

Answer available at the end of this section.

Exercise 3.6.9

Find the derivative of each function using the Fundamental Theorem of Calculus.

(a) F(z) = /Isin(t)dt
0
(b) F(z) = /2 ’ %dt

(€) F(z) = /1(275 —1)dt

3T

(d) F(x) =/ etdt

0

2

(e) F(z) = /lx (3 +1)dt

f) F(z) = / j Vitdt

Answer available at the end of this section.

Exercise 3.6.10

Find the area of the region bounded by the curve and the x-axis on the given interval. If the curve goes below the x-axis,
compute the signed area and the total area.

(@) f(z) =2% —1on[0,2]
(b) f(z) = cos(z) on [0, 7]
(c) f(z) =23 — 2z on [—1,2]

Answer available at the end of this section.

Answers

Exercise 3.6.1

gntl

n+1

1
Recall: /x"dm = +Cforn+# -1, / ;dm =In|z|+C, /e’”dm =e"+C.

3
(a) /3z2dz:3»%+0=13+0
’ 4 2

(b) (413—21+5)dx:4-%—2-%+5x+0:z4—x2+5x+6’

2 -2 1
(C)/Edz:/Zz’Sdz:?%+C:7f+c

1‘2

3/2 9
— g = T = 28
(d)/ﬁdz /z dz 372 +C 3¢ +C
(e)/ezdz:eerC

(f)/%dz:ln\z\ +C
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Exercise 3.6.2

Recall: /b f(z)dz = F(b) — F(a), where F’(z) = f(z).
(a) F(z) = 2. /2 3z%de = F(2) — F(0)=8—-0=38
0 3
(b) F(x):x2+;c./ (2c4+1)de=F@B)—F1)=(9+3)—(1+1)=12-2=10

1

(c)F(z):xS—x2+oc./ (Bz2 =224 1)dz=F(1) —F(0)=(1—-14+1)—-0=1
0

2 4 2 2 16 2 14
(A Flo) = 3o [ Vade =) - F) = 36) - 30 =5~ 5 = 5
2
F — et Tdr —e? — ¥ — 2 _ 1
(e)(z)e/oeﬁzeee
(1‘)F(;c):ln\:(c\./1 %dw:ln(e)—ln(l):l—O:l

Exercise 3.6.3
(a) f(z) = [4zdz = 222 + C.
f)=21)?%+C=3 = 2+C=3 = C=1
Thus f(z) = 22? + 1.
(b) f(z) = [(32% —2)dz =2 — 2z + C.
f(0)=0-0+C=5 = C=5.
Thus f(z) = 2® — 2z + 5.
(©) fa) = [ VEdo = 222 4 C.

— 2030 _2 _ 16 -~ 2
f(4)73(4) +073(8)+07 5 +C0=6 = C==
Thus f(z) = %zs/z + % = g(aﬁ/2 +1).
(d) f(z) = [(e" +1)dz =e* + 2+ C.
f0)=e"+0+C=14C=2 = C=1.

Thus f(z) =e® +z + 1.
(e) f(z) = f%dx: In|z| 4+ C. For z > 0, f(z) = In(z) + C.
fle)=M(e)+C=1+C=3 = C=2.
Thus f(z) = In(z) + 2.
() f(z) = [(2z + 3)dz = 2> + 3z + C.
f)=1+34+C=4 = C=0.
Thus f(z) = 2 + 3=.
Exercise 3.6.4
(@) F(z) = 2* —2* + 2.

/2(31272z+1)d1:F(2)7F(71):(874+2)7(717171):67(73):9
—1
(b) F(z):%afzf‘-&-Zz.

! 1 1 6
/0(ac473x2+2)dz:F(1)fF(O):(—71+2>70:g+1:g

w

(c)F(w):%fé.

4 1 64 1 1 64 1 1 1 87
2 _ o — (= _ =) _ (= _ - — I [

/1(I+F)d17F(4) F(l)*(s 4) (3 1>*3 ;3 tiEHog =

(d) First expand: (z — 1)(z + 3) = 22 + 2z — 3.

F(z):%d-kxzfiiz.

2 8 8 2
2 = — = [ — — — = —

/O(z + 20— 3)de = F(2) F(O)7(3+4 6) 0=2-2=

(e) F(z) = sin(z).

/7r cos(z)dz = sin(mw) —sin(0) =0—-0=10

0

(f) F(z) = — cos(z).

/2 .

/0 sin(z)dz = — cos (E) —(—cos(0))=0+1=1

Exercise 3.6.5

z 9(z)
Recall: % [/ﬂ f(t)dt] = f(z) and % [/ﬂ f(t)dt} = f(g(z))d (z).
(@) F'(z) =2 +1
(b) F'(z) = vz
(c) F'(z) =¢€”
(d) F’(z) = cos(z)
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(e) F(z) = f (3t —1)dt = — [, (3t> — 1)dt. Thus F'(z) = —(32® — 1) = 1 — 322
(f) Let u = 22 Then F(z) = [, Vtdt. F'(z) = u -« = va? - 2z = |z| - 2z = 2z|z|. For z > 0, F’(z) = 2z°.
Thus F'(z) = 2z|z|.

Exercise 3.6.6

b
The area is given by/ f(z)dz when f(z) > 0 on the interval.

3
(a)/ 2z +1)de=[z>+z]5=(9+3)—0=12
0

2 312
(b)/ ﬁdx:[x_] _8
. 3),73
2

2 3
s s B (s 8) o 18
© [ @ x)dx,[% 3]0 (5-5) 0= X

(d) /Wsin(x)dx = [—cos(z)]§ = —cos(m) — (—cos(0)) =1+1=2
0
1
(e) /0 efdr=[elh=e—1
Exercise 3.6.7

5 3
(a)/(5z473xz+2)d1:5-I—73~Z—+Zz+C:z5fz3+21+C

3B o 30 Van—s. 22
(b)/ﬁdxf/&c dz=3- 1/2 +C=6Vz+C
4 9 4
(€ | do= [ 4z d:c:4~—+C:——+C
T -1 T

d) /(sin(x) + cos(z))dz = — cos(zx) + sin(z) + C

(e)/(e + = )dw*e +Inlz|+C
1 2 1 4 1
(f)/ 2x‘ 7—+3e">dx:i7<f—)+3eT'+C:x—+—+3em+C
2 4 x 2 T
Exercise 3.6.8
(a) F(z) = 2% — 22% + 2.

/2(31274z+1)dz:F(2)7F(1):(878+2)7(172+1):270:2
4 2

(b) Expand: z(2z? — 1) = 223 — & F(z) = "“‘7 -

! 11
[ ez —opto = Py~ F0) = (3 - 3) —0=0
(©) Fla) = 2272 — 2zl
[ (o sir- o -2) (34 (-0)- () $+3-3
d) F(x) = — cos(z) + sin(z).
/1/2(sin(z) + cos(z))dz = F (g) —F0)=0+1)—(-1+0)=1+1=2
0
(e) F(z)=e" +e™".
/1(61—6 Ydx = F(1) — F(0) = (et e 1)—(1+1):e+l _9
0 e
(f) F(z) = —% +1In ||

4
/1 (% + %) dz = F(4) — F(1) = (7% + 1n(4)) (-340)= 7% +ln(4) +3= % +1n(4)
Exercise 3.6.9

(a) F’(z) = sin(z)

(6) F/(2) = +

(¢) F(z) = [}(2t — 1)dt = — [ (2t — 1)dt. Thus F'(z) = —(2z — 1) = 1 — 2z

(d) Let u = 3z. F(z f“ eldt. F'(z) = e -u' = €3 -3 =33

(e) Letu =22 F(z) = ['"(t* + 1)dt. F'(z) = (u® + 1) - v’ = ((z?)® + 1)(2z) = (2% + 1)(22) = 227 + 22
(f = [ Vidt = ffz VEdt + [E Rt = — [T Vidt + [Vt

Va2 2+ Vz-1=—|z| 22 + V7.
For z Z 0, F'(z) = —23% + /z. For z < 0, F'(z) = 222 + /.
Exercise 3.6.10
a) f(z) =22 —1.0n0,1], f(z) <0;0n [1,2], f(z) > 0.
2 @ 1P 8 2
Signed area: / (2% = 1)dz = [— - z] = (— - 2) 0=~
0 3 0 3 3
1 x
Total area: | (1 —z%)dz + /
0

2 ) 2311 3 2
—1 = |z — — Z
(e ][5,
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(b) f(z) = cos(z). On [0,7/2], f(z) > 0; on [7/2,n], f(z) <O0.
Signed area: /7r cos(z)dz = [sin(z)]f =0—-0=0
0
/2 ”

Total area:/0 cos(z)dz+/"/2
(©) f(z) = 2° — 20 = x(2® — 2). Roots: z = 0, £V/2. On [—1,0], f(z) > 0; on [0, V2], f(z) < 0; 0n [V2,2], f(z) > 0.

—cos(z)dx = [sin(z)]g/2 —[sin(@)]7,=(1-0)—(0-1)=1+1=2

e[ s (5) ()5

V2 2
2z — «®)dx +/ (¢* — 2z)dx
V2

2

Signed area: /
-1

0

(¢® — 2z)dx + /

Total area: /
0

-1

:07(%71)+(271)70+(474)7(171>:%+1+o:g

This page titled 3.6: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.7: Applications of Definite and Indefinite Integrals

Learning Objectives

e Apply the basic integration formulas.

¢ Explain the significance of the net change theorem.

e Use the net change theorem to solve applied problems.
e Apply the integrals of odd and even functions.

Intro here

Question of the Day

How do we interpret the numerical values of definite integrals?

This page titled 3.7: Applications of Definite and Indefinite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kenn Huber.

e 5.5: Indefinite Integrals and the Net Change Theorem by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.7: Applications for Definite Integrals

The Net Change Theorem

The net change theorem considers the integral of a rate of change. It says that when a quantity changes, the new value equals
the initial value plus the integral of the rate of change of that quantity. The formula can be expressed in two ways. The second is
more familiar; it is simply the definite integral.

Theorem 3.7.1: Net Change Theorem

The new value of a changing quantity equals the initial value plus the integral of the rate of change:

b b
F(b) = F(a) + / F’(z)dz or equivalently, / F’(z)dx = F(b) — F(a)

Subtracting F(a) from both sides of the top equation yields the bottom one. Since they are equivalent formulas, which one we use
depends on the application.

The significance of the net change theorem lies in the results. Net change can be applied to area, distance, and volume, to name
only a few applications. Net change accounts for negative quantities automatically without having to write more than one integral.
To illustrate, let’s apply the net change theorem to a velocity function in which the result is displacement.

We looked at a simple example of this in The Definite Integral section. Suppose a car is moving due north (the positive direction)
at 40 mph between 2 p.m. and 4 p.m., then the car moves south at 3@ mph between 4 p.m. and 5 p.m. We can graph this motion
as shown in Figure 3.7.1.

vy
40

30+

20+

10+

0 : :

_1D__

— 204+

—-30+

Figure 3.7.1: The graph shows speed versus time for the given motion of a car.

Just as we did before, we can use definite integrals to calculate the net displacement as well as the total distance traveled. The
net displacement is given by

5 4 5
/ v(t)dtz/ 40dt+/ —30dt = 80— 30 =50
2 2 4

Thus, at 5 p.m. the car is 50 mi north of its starting position. The total distance traveled is given by
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5 4 5
/|v(t)|dt:/ 40dt+/ 30dt = 80 + 30 = 110
2 2 4

Therefore, between 2 p.m. and 5 p.m., the car traveled a total of 110 mi.

To summarize, net displacement may include both positive and negative values. In other words, the velocity function accounts
for both forward distance and backward distance. To find net displacement, integrate the velocity function over the interval. Total
distance traveled, on the other hand, is always positive. To find the total distance traveled by an object, regardless of direction,
we need to integrate the absolute value of the velocity function.

Example 3.7.1: Finding Net Displacement

Given a velocity function v(¢) = 3t — 5 (in meters per second) for a particle in motion from time ¢t = 0 to time ¢ = 3, find the
net displacement of the particle.

Solution

Applying the net change theorem, we have

3 2 3 2
3t 3(3) 27 27 30 3
/0 (3t —5)dt = <T75t) . [ 7 75(3)] —0= ?715— - 3= 3
. . 3
The net displacement is -3 meters
Vi
5..
vit)=3t -5
4__
34
24
14+
3 4 st

Figure 3.7.2: The graph shows velocity versus time for a particle moving with a linear velocity function.

Example 3.7.2: Finding the Total Distance Traveled

Use Example 3.7.2 to find the total distance traveled by a particle according to the velocity function v(t) = 3t — 5 m/sec over
a time interval [0, 3].

Solution

The total distance traveled includes both the positive and the negative values. Therefore, we must integrate the absolute
value of the velocity function to find the total distance traveled.
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To continue with the example, use two integrals to find the total distance. First, find the t-intercept of the function, since that
is where the division of the interval occurs. Set the equation equal to zero and solve for ¢. Thus,

3t—5=0
3t=5
L5
)

- 5 - - . .
The two subintervals are [0, 3] and [%,3]. To find the total distance traveled, integrate the absolute value of the function.

Since the function is negative over the interval {0, 3], we have |v(t)| = —v(t) over that interval. Over [5,3}, the function is

positive, so |v(t)| = v(t). Thus, we have

/03 lo(t)| dt = /0% —(t) dt+/;v(t) dt

3

4 3
:/$5—3tdt+/ 3t — 5dt
0 5

3
32\ |5 3t2 3

5t — —— 2 5t
( 2>0+(2 )g

:{5@)_3(%)2 —0+[£—15]_{3(%)2_§]
3 2 2 2 3
_25_ 2 21 .. 25 2

36 2 6 ' 3

a1

T 6

. . |41
So, the total distance traveled is Fmeters

Exercise 3.7.1

Find the net displacement and total distance traveled in meters given the velocity function f(¢) = 5et — 2 over the interval
[0, 2].

Hint available at the end of this section.

Answer available at the end of this section.

Applying the Net Change Theorem

The net change theorem can be applied to the flow and consumption of fluids, as shown below.

Example 3.7.3: How Many Gallons of Gasoline Are Consumed?

If the motor on a motorboat is started at t = 0 and the boat consumes gasoline at the rate of 5 — t3 gal/hr, how much gasoline
is used in the first 2 hours?

Solution
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Express the problem as a definite integral, integrate, and evaluate using the Fundamental Theorem of Calculus. The limits of
integration are the endpoints of the interval [0,2]. We have

/02(5—153) dt = <5t—§) ‘z

Thus, the motorboat uses |6 gallons| of gas in 2 hours.

Example 3.7.4: Chapter Opener: Iceboats

As we saw at the beginning of the chapter, top iceboat racers can attain speeds of up to five times the wind speed. Andrew
is an intermediate iceboater, though, so he attains speeds equal to only twice the wind speed.

Figure 3.7.3: (credit: modification of work by Carter Brown, Flickr)

Suppose Andrew takes his iceboat out one morning when a light 5-mph breeze has been blowing all morning. As Andrew
gets his iceboat set up, though, the wind begins to pick up. During his first half hour of iceboating, the wind speed increases
according to the function v(t) = 20t + 5. For the second half hour of Andrew’s outing, the wind remains steady at 15 mph. In
other words, the wind speed is given by

1
20t + 5 forOStﬁE

o(t) = 1
15 for§§t§1

Recalling that Andrew’s iceboat travels at twice the wind speed, and assuming he moves in a straight line away from his
starting point, how far is Andrew from his starting point after 1 hour?

Solution

To figure out how far Andrew has traveled, we need to integrate his velocity, which is twice the wind speed. Then

/O ou(t) di
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Substituting the expressions we were given for v(t), we get

1
Distance = / 20(t) dt

1
t)dt + / 20(t) dt

2

1
/ 2(20t + 5) dt+/ 2(15) dt
0

1
2

1
/ (40¢ 4 10) dt—l—/ 30dt
0 1

2

1

2
t (30t)

1

(201&2 +10t)
25
Andrew is from his starting point after 1 hour.

Exercise 3.7.2

Suppose that, instead of remaining steady during the second half hour of Andrew’s outing, the wind starts to die down
according to the function v(t) = —10¢ + 15. In other words, the wind speed is given by

2

ualo

)70+(30715)

1
20t + 5 for0<t< —

[\

u(t) = 1
—10t + 15 for 7 <t<L1

Under these conditions, how far from his starting point is Andrew after 1 hour?
Hint available at the end of this section.

Answer available at the end of this section.

Integrating Even and Odd Functions

We saw in Functions and Graphs that an even function is a function in which f(—z) = f(z) for all = in the domain—that is, the
graph of the curve is unchanged when z is replaced with —z. The graphs of even functions are symmetric about the y-axis. An
odd function is one in which f(—z) = —f(x) for all z in the domain, and the graph of the function is symmetric about the origin.

Integrals of even functions, when the limits of integration are from —a to a, involve two equal areas, because they are symmetric
about the y-axis. Integrals of odd functions, when the limits of integration are similarly [—a, a], evaluate to zero because the areas
above and below the z-axis are equal.

Shortcut: Integrals of Even and Odd Functions

For continuous even functions such that f(—z) = f(z),

j flx)dz = 2/011 f(z)dz

For continuous odd functions such that f(—z) = —f(z),
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Example 3.7.5: Integrating an Even Function

2

Integrate the even function / (3:1:8 — 2) dz and verify that the integration formula for even functions holds.
—2

Solution

The symmetry appears in the graphs in Figure 3.7.4. Graph (a) shows the region below the curve and above the z-axis. We
have to zoom in to this graph by a huge amount to see the region. Graph (b) shows the region above the curve and below the
z-axis. The signed area of this region is negative. Both views illustrate the symmetry about the y-axis of an even function. We

have
2 9
/ (3308—2) dxr = (x_ —2;5)
) 3

[3 3
512 512

= (== —4) - (—==+14
(5459
_ [1000

| 3

To verify the integration formula for even functions, we can calculate the integral from 0 to 2 and double it, then check to
make sure we get the same answer.

2 9 2
8 _(z _ E . 500
/0(3:5 2)dm—(3 2x)0_ 5 A=
Since 2 - % = @, we have verified the formula for even functions in this particular example.
yi fix)=3x3-2 yi fix) =3x8 -2
T ; o7 :
1 1
500+ : 41 :
l :
B I 3+ ]
1 |
1 |
- : 2+ I
1 1
I |
200t ! 1+ !
_ i L
_2 —1 0 il 2 X
i . . - ! -1+ !
2 -1 9 1 2x l :
1 1
(a) (b)

Figure 3.7.4: Graph (a) shows the positive area between the curve and the z-axis, whereas graph (b) shows the negative area between the
curve and the z-axis. Both views show the symmetry about the y-axis.

@IOIC]E) 393 (3.7.6)



LibreTextS"

Example 3.7.6: Integrating an Odd Function

Evaluate the definite integral of the odd function —5sin(z) over the interval [—m, 7]
Solution

The graph is shown in Figure 3.7.5. We can see the symmetry about the origin by the positive area above the z-axis over
[—m, 0], and the negative area below the z-axis over [0, 7]. we have

/:r —5sin(z) dr = —5(— cos(z)) :r = 5cos(z) :r = 5cos(m) — 5 cos(—m) = —5 — (=5) =[0]
g‘_ f(x) = 5sin x
- 0 L X
-51

Figure 3.7.5:The graph shows areas between a curve and the z-axis for an odd function.

Exercise 3.7.3
2

Evaluate the integral/ z* dz
—2

Hint available at the end of this section.

Answer available at the end of this section.

Answers
Exercise 3.7.1

Note that f(t) < 0 for ¢t <1In(4) and f(t) > 0 for ¢ > In(4).
Exercise 3.7.1

2 _
Net displacement: -9

2
~ —0.8055 m; total distance traveled: 4In4 — 7.5 + % ~ 1.740 m.
Exercise 3.7.2
Don't forget that Andrew’s iceboat moves twice as fast as the wind.

Exercise 3.7.2
17.5 mi

Exercise 3.7.3
This is an even function.

Exercise 3.7.3
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This page titled 3.7: Applications for Definite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.

e 5.5: Indefinite Integrals and the Net Change Theorem by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

e 5.4: Integration Formulas and the Net Change Theorem by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original
source: https://openstax.org/details/books/calculus-volume-1.

@IOIC]E) 395 (3.7.8)


https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_1_(IVC_Math_C2210_-_Huber)/03%3A_The_Anatomy_of_a_Curve/3.07%3A_Applications_of_Definite_and_Indefinite_Integrals/3.7.01%3A_Applications_for_Definite_Integrals
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_I_(IVC_Math_3A_OER)/05%3A_Integrals/5.05%3A_Indefinite_Integrals_and_the_Net_Change_Theorem
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/Bookshelves/Calculus/Calculus_(OpenStax)/05%3A_Integration/5.04%3A_Integration_Formulas_and_the_Net_Change_Theorem
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://openstax.org/details/books/calculus-volume-1

LibreTexts"

3.7: Indefinite Integrals

Indefinite Integrals

We now look at the formal notation used to represent anti-derivatives and examine some of their properties. These properties
allow us to find anti-derivatives of more complicated functions. Given a function f, we use the notation f ’(z) or d—f to denote the
i

derivative of f. Here we introduce notation for anti-derivatives. If F' is an anti-derivative of f, we say that F(z) + C is the most
general anti-derivative of f and write

/f(:v) dz =F(z)+C

The symbol [ is called an integral sign, and [ f(z) dz is called the indefinite integral of f.

Definition: Indefinite Integral

Given a function f, the indefinite integral of f, denoted

/ f(z)dz

is the most general anti-derivative of f. If F' is an anti-derivative of f, then
/f(x)dz:F(:c)—l—C

The expression f(z) is called the integrand and the variable z is the variable of integration.

Given the terminology introduced in this definition, the act of finding the anti-derivatives of a function f is usually referred to as
integrating f.

For a function f and an anti-derivative F, the functions F'(z) + C, where C is any real number, is often referred to as the family of
anti-derivatives of f. For example, since z? is an anti-derivative of 2z and any anti-derivative of 2z is of the form z2 + C, we write

/2xdw=a:2+C

The collection of all functions of the form z2 + C, where C is any real number, is known as the family of anti-derivatives of 2z. The
figure below shows a graph of this family of anti-derivatives.
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Evaluating indefinite integrals for any function is the same as finding this family of anti-derivatives. This notation is used since
we calculate anti-derivatives while solving definite integrals, the only difference is that we do not get numbers to plug in once we
are done.

When claiming that
/f(:c) dr =F(z)+C

it is important to check whether this statement is correct by verifying that F ’(z) = f(z).

Example 3.7.7

Each of the following statements is of the form /f(:c) dx = F(x) 4+ C. Verify that each statement is correct by showing that
F'(z) = f(z)

2
(a)/(:v—i—ex) dw=%+ex+0

(b)/xe’” dr =xe” — e +C

Solution

(a) Since
the statement

is correct.

(b) Using the product rule, we see that
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di(a:e””fez+0)=e’”+a:e””fe“”=mez
5

Therefore, the statement
/:cexd:c =ze¥—e"+C
is correct.

Note that we just verified an indefinite integral for a product. In general, the product of anti-derivatives is not an anti-
derivative of a product.

Exercise 3.7.4

Verify that

/x cos(z) dz = xsin(x) + cos(z) + C

Answer available at the end of this section.

We have already discussed the properties of the anti-derivative that are inherited from differentiation rules. These properties are
summarized below:

Theorem 3.7.2: Properties of Indefinite Integrals

Let F and G be anti-derivatives of f and g, respectively, and let k be any real number.

Sums and Differences
/ (£(z) + (=) dv = F(z) £ G(z) + C
Constant Multiples

/ (kf(z)) dz = kF(z)+C

From this theorem, we can evaluate any integral involving a sum, difference, or constant multiple of functions with anti-derivatives
that are known. Evaluating integrals involving products, quotients, or compositions is more complicated (as we saw in Example
3.7.8b above). We look at and address integrals involving these more complicated functions in Introduction to Integration. In the
next example, we examine how to use this theorem to calculate the indefinite integrals of several functions.

Example 3.7.8

Evaluate each of the following indefinite integrals:

(a) /(5x3 — 72 43z +4) do

2 3
(b)/# dz

4
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(d) /tan(aﬁ) cos(z) dz

Solution

(a) We can integrate each of the four terms in the integrand separately. We obtain

/(5z3—7x2+3m+4)dx=/5$3dw7/7x2dw+/3xdm+/4dm

Each coefficient can be written in front of the integral sign, which gives

/5x3dx—/7z2dx+/3xdx+/4dm:5/$3dx—7/:c2d:c+3/wdx+4/ldm

Using the power rule for integrals, we conclude that

5 7 3
—x4——w3+5$2+4x+0

53 — 7”4 3z + 4) dx =
/(x z°+ 3z +4)dx i 3

(b) Rewrite the integrand as

2 439 2 49
M:w_+ﬁ:z+4$*%
T x x

Then, to evaluate the integral, integrate each of these terms separately. Using the power rule, we have

2449 > 1 )
/Mdmz/zdx+4/af?dx= —22+1227 4+ C
x

2

(c) Write the integral as

4 1 —

(d) Rewrite the integrand as

tan(x) cos(z) = SZ;((:;)) cos(z) = sin(z)
Therefore,
/tan(m) cos(x) dx = /sin(w) dz =
Answers

Exercise 3.7.4

%(z sin(x) + cos(z) + C) = sin(z) + x cos(z) — sin(z) = x cos(x)

This page titled 3.7: Indefinite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.5: Indefinite Integrals and the Net Change Theorem by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.7: Practice Set

Exercise 3.7.1

Find the general indefinite integral of each function.

(a) / (62 — 4z + 3)da

o f(22)e

© [ (va+ %) e
(@ | (sin(z) — 2cos(w))dz
(e) / (e" — e *)da

(f) / (3.7)2 + % — 56“”) dx

Answer available at the end of this section.

Exercise 3.7.2

A particle moves along a line with velocity function v(t) = 3t — 2t + 1 m/s. Find the displacement and total distance traveled
over the interval ¢ € [0, 3].

Answer available at the end of this section.

A particle moves along a line with velocity function v(t) = t* — 4t + 3 m/s. Find the displacement and total distance traveled
over the interval ¢ € [0, 4].

Answer available at the end of this section.

Exercise 3.7.4

A particle moves along a line with velocity function v(t) = 3t — 12t + 9 m/s. Find the displacement and total distance traveled
over the interval ¢ € [0, 4].

Answer available at the end of this section.

Exercise 3.7.5

A particle moves along a line with acceleration function a(t) = 6t — 2 m/s2. Given v(0) = 4 m/s and s(0) = 1 m, find the position
function s().
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Answer available at the end of this section.

Exercise 3.7.6

A particle moves along a line with acceleration function a(t) = 12t m/s2. Given v(1) = 7 m/s and s(1) = 4 m, find the position
function s(t).

Answer available at the end of this section.

Exercise 3.7.7

A particle moves along a line with velocity function v(t) = cos(¢) m/s. Find the displacement and total distance traveled over
the interval t € [0, ].

Answer available at the end of this section.

Exercise 3.7.8

A particle moves along a line with acceleration function a(t) = 2e! m/s2. Given v(0) = 3 m/s and s(0) = 2 m, find the position
function s(t).

Answer available at the end of this section.

Exercise 3.7.9

A particle moves along a line with velocity function v(t) = 3 — 6t2 + 9t m/s. Find the displacement and total distance traveled
over the interval ¢ € [0, 4].

Answer available at the end of this section.

Exercise 3.7.10

A particle moves along a line with velocity function v(t) = 4t — t> m/s. Find the displacement and total distance traveled over
the interval t € [0, 5].

Answer available at the end of this section.

Exercise 3.7.11

A particle moves along a line with acceleration function a(t) = sin(t) + cos(t) m/s%. Given v(0) = 1 m/s and s(0) = 0 m, find
the position function s().

Answer available at the end of this section.

Exercise 3.7.12

A particle moves along a line with velocity function v(t) = 2t — 4 m/s. Find the displacement and total distance traveled over
the interval ¢ € [0, 4].
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Answer available at the end of this section.

Exercise 3.7.13

A particle moves along a line with velocity function v(t) = 3sin(¢) m/s. Find the displacement and total distance traveled over
the interval ¢ € [0, 27].

Answer available at the end of this section.

Exercise 3.7.14

A particle moves along a line with acceleration function a(t) = 6t +4 m/s2. Given v(0) = —2 m/s and s(1) = 3 m, find the
position function s(t).

Answer available at the end of this section.

Exercise 3.7.15

A particle moves along a line with acceleration function a(t) = t% m/s?. Given v(1) = 4 m/s and s(1) = 2 m, find the position

function s(t) for ¢ > 0.

Answer available at the end of this section.

Answers

Exercise 3.7.1

n+1
Recall: /z"dz = % +C forn# —1, / ldz =In[z| +C, /e’dz =e"+C, /sin(z)dz = —cos(z) + C, /cos(z)dz =sin(z) + C.
3
(a) /(61274z+3)dz:64% 74-%+31+C:2x37212+31+0

—2
(b)/(i+i)dx:/(2z73+E)dz:2-I—+31n\z\+C=fi+3ln|z\+C
3 T -2 2

232 gl/2

(c)/(\/5+ %) dz:./(zl/%rz*l“)dw: 32 T *ng‘”w”ﬂJrC

(d) /(sin(x) — 2cos(z))dz = — cos(z) — 2sin(z) + C
(e) /(e” —e Ndz=€e"+e "4+ C
) / (312 + % 75(31) dz = /(312 +227% — 5e%)dz = z* — % —5e" +C

Exercise 3.7.2
b

b
Recall: Displacement :/ v(t)dt. Total distance :/ [v(t)|dt.

3
Displacement: / (3t* —2t+ )dt = [t* —¢* + t]g =(27-9+3)—0=21m.
0

For total distance, check if v(t) changes sign on [0, 3].
v(t) = 3t> — 2t + 1. The discriminant is 4 — 12 = —8 < 0, so v(t) > 0 for all £.
Thus total distance equals displacement: 21 m.

Exercise 3.7.3
Displacement: /Ll(t2 — 4t +3)dt = [ﬁ — 2t 31&]4 = (% —32+ 12) o= g2,
0 3 3 3 3
For total distance, find where v(t) = 0: 1> —4t +3=(t —1)(t —3) =0 = t=1,3.
0on [0, 1], v(t) > 0. On [L, 3], v(¢) < 0. On [3,4], v(t) > 0.
Total distance:

4

1 3
/(t274t+3)dt+/ 7(t274t+3)dt+/ (t* — 4t + 3)dt
0 1 3
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1 4

£ £ o
= [— 72t2+3t] - [—72t2+3t} + [— 72t2+3t]
3 o L3 R 5

t3
Let F(t) = 3 2t + 3t.

F(O):o,F(l):%—2+3:%,F(3):9—18+9:0,F(4):%—32“2:%.
. . l 4 4\ 4 4 4 4
Totaldlstance:(F(l)7F(0))7(F(3)7F(1))+(F(4)7F(3)):gf(07§>+§=§+§+§:4m.

Exercise 3.7.4
Displacement: /1(3152 — 12t + 9)dt = [t* — 6t + 9t]§ =(64—96+36) —0=4m.
0
Find where v(t) = 0: 3t — 12t + 9 =3(t> — 4t +3)=3(t — 1)(t —3) =0 = t=1,3.
On [0,1], v(t) > 0. On [1, 3], v(t) < 0. On [3,4], v(t) > 0.
Let F(t) = t* — 6t> + 9t.
F(0)=0,F(1)=1-6+9=4, F(3) =27 — 54 + 27 =0, F(4) = 64 — 96 + 36 = 4.
Total distance: (F(1) — F(0)) — (F(3) — F(1)) + (F(4) —F(3)) =4—(0—4) +4=44+4+4=12m.
Exercise 3.7.5
v(t) = [a(t)dt = [(6t —2)dt = 3t> — 2t + C.
Using v(0) =4:4=3(0)2-2(0)+ C = C=4.
Thus v(t) = 3t% — 2t + 4.
s(t)= [o(t)dt= [(3t> —2t +4)dt =t° —t* + 4t + C.
Usings(0)=1:1=0—-0+0+C = C=1.
Thus s(t) =t — 2 + 4t + 1.

= =

Exercise 3.7.6
v(t) = [12tdt = 6t + C.
Usingv(1)=7:7=6(1)2+C = C=1.
Thus v(t) = 6t + 1.
s(t) = [(6t2 + 1)dt =2t + ¢ + C.
Using s(1)=4:14=2(1)*+1+C = C=1.
Thus s(t) = 2t3 +t + 1.

Exercise 3.7.7

Displacement: / cos(t)dt = [sin(t)]f=0—0=0m.
0

For total distance: v(t) = cos(t) changes sign at t = g

On [0,7/2], v(t) > 0. On [7/2, 7], v(t) < 0.

/2 .

cos(t)dt +/ — cos(t)dt = [sin(t)]g/2 —[sin(®)]5,=01-0—-(O0-1)=1+1=2m.

Total distance: /
/2

0
Exercise 3.7.8
v(t) = [2eldt = 2" + C.
Using v(0)=3:3=2"+C = C=1.
Thus v(t) = 2¢' + 1.
s(t) = [(2e' +1)dt = 2¢' +t+ C.
Using s(0)=2:2=2¢"+0+C = C=0.
Thus s(t) = 2¢! +t.

Exercise 3.7.9

4 4 o921
Displacement: / (t* — 6t2 + 9t)dt = [I — 23 4 T] =(64—128472)—0=8m.
0 0

Find where v(t) = 0: t3 — 6t + 9t = t(t> — 6t +9) =t(t —3)2’=0 = t=0,3.
On [0, 3], v(t) > 0. 0n [3,4], v(t) > 0 (since t > 0 and (t — 3)? > 0).
Thus total distance equals displacement: 8 m.

Exercise 3.7.10

# 5_( 125)70_150—125_25m
- B 3

Displacement: / (4t —t*)dt = |2¢> — — 50 — ——
0 3], 3

Find where v(t) = 0: 4t —t>=t(4—t) =0 = t=0,4.
On [0,4], v(t) > 0.0n [4,5], v(t) < 0.

3
Let F(t) = 2t* — %

64 96 — 64 32 125 150 — 125 25
FO)=0 Py =32 - S B0 B pgy g 19100130 %
. 32 25 32 32 7 39
Total distance: (F(4) — F(0)) — (F(5) ~ F(4)) = =" — (? - ?) S-S enm

Exercise 3.7.11
v(t) = [(sin(t) + cos(t))dt = — cos(t) + sin(t) + C.
Usingv(0)=1:1=-1404+C = C=2.
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Thus v(t) = —cos(t) + sin(t) + 2.
s(t) = [(—cos(t) +sin(t) + 2)dt = —sin(t) — cos(t) + 2t + C.
Using 5(0)=0:0=0—-14+0+C = C=1
Thus s(t) = —sin(t) — cos(t) + 2t + 1.
Exercise 3.7.12
4

Displacement: / (2t — 4)dt = [t — 4t] = (16 — 16) —0 = 0 m.
0

Findwhere v(t) =0:2t —4=0 = t=2.
On [0,2], v(t) < 0. On [2,4], v(t) > 0.
Let F(t) = t* — 4t.
F(0)=0,F(2) =4 —8=—4, F(4) = 16 — 16 = 0.
Total distance: —(F(2) — F(0)) + (F(4) — F(2)) = —(—4—0)+ (0 — (—4))=4+4=8m.
Exercise 3.7.13
Displacement: /(ZW 3sin(t)dt = [3cos(t)]" = —3(1) — (—=3(1)) = —3+3=0m.
)

For total distance: v(t) = 3sin(t) changes sign at t = .

On [0, 7], v(t) > 0. On [, 2x], v(t) < 0.
™ o

Total distance: / 3sin(t)dt + / —3sin(t)dt = [—3 cos(t)]] + [3 cos(t)] 2"
0

= (=3 cos(m) + 3cos(0)) + (3 cos(2m) —3cos(m)) = (3+3)+ (83— (-3))=6+6=12m

Exercise 3.7.14

v(t) = [(6t+4)dt = 3t> + 4t + C.

Usingv(0) =—2: —2=04+0+C = C=-2

Thus v(t) = 3% + 4t — 2.

s(t) = [(3t2 + 4t — 2)dt =t° + 2t — 2t + C.

Usings(1)=3:3=1+2-2+C = C=2.

Thus s(t) =3 + 2t> — 2t + 2.

Exercise 3.7.15
-2

a(t)=6t3.v(t) = [6t3dt=6" i—Q +C= —% +C.
Usingv(l) =4:4=-34+C = C=T1. /

Thus v(t) = —% + 1.

s(t):f(—t%+7) dt:f(—3t’2+7)dt:§+7t+0.
Usings(1)=22=3+74+C = C=-8.

Thus s(t) = % + 7t —8.

This page titled 3.7: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.
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3.8: Substitution

Learning Objectives

e Use substitution to evaluate indefinite integrals.
e Use substitution to evaluate definite integrals.

The Fundamental Theorem of Calculus gave us a method to evaluate integrals without using Riemann sums. The drawback of
this method, though, is that we must be able to find an antiderivative, and this is not always easy. In this section we examine a
technique, called integration by substitution, to help us find antiderivatives. Specifically, this method helps us find antiderivatives
when the integrand is the result of a chain-rule derivative.

Question of the Day

How do we integrate a function that is the result of the chain rule?

This page titled 3.8: Substitution is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 5.6: Substitution by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
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3.8: Substitution in Indefinite Integrals

At first, the approach to the substitution procedure may not appear very obvious. However, it is primarily a visual task—that is, the
integrand shows you what to do; it is a matter of recognizing the form of the function. So, what are we supposed to see? We are
looking for an integrand of the form f (g(z)) ¢ '(z) dz.

For example, in the integral

/ (x2 — 3)3 -2z dx
we have f(z) = 2® and g(z) = 2% — 3. We know ¢’(z) = 2z, so
, 3
flg(x)) g'(z) = (2 =3)" -2z
and we see that our integrand is in the correct form. The method is called substitution because we substitute part of the integrand

with the variable v and part of the integrand with du. It is also referred to as change of variables because we are changing
variables to obtain an expression that is easier to work with for applying the integration rules.

Theorem 3.8.1: Substitution with Indefinite Integrals

Let u = g(z), where g ’(z) is continuous over an interval, let f(z) be continuous over the corresponding range of ¢, and let
F(z) be an antiderivative of f(z). Then,

[ #6@) 9@ do= [ fw)du=F@) +C = F(g(a) +

Let f, g, u, and F be as specified in the theorem. Then
d ’ / /
= [F9@)] = F'(9()) ¢'(z) = f (9(2)) ¢'(x)
Integrating both sides with respect to z, we see that
[ #6@) 9@ do = F(g(o) + €

If we now substitute u = g(z), and du = ¢’(z) dz, we get

/ 7 (g(2)) ¢ () d = / f(u) du = F(u) + C = F(g(z)) + C

Returning to the problem we looked at originally, we let u = 2% — 3 and then du = 2z dx.

Rewrite the original integral in terms of u:

/(m2—3)3~(2mdx)=/u3du

Using the power rule for integrals, we have
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4
/ ud du = UT +C

Substitute the original expression for z back into the solution:

It is a straightforward application of the chain rule to check this is the correct anti-derivative. We generalize the procedure in the
following Problem-Solving Strategy.

Problem-Solving Strategy: Integration by Substitution

1. Look carefully at the integrand and select an expression g(z) within the integrand to set equal to u. Let’s select g(z).
such that g ’(z) is also part of the integrand.

Substitute u = g(z) and du = g ’(z)dz. into the integral.

3. We should now be able to evaluate the integral with respect to u. If the integral can't be evaluated we need to go back
and select a different expression to use as u.

Evaluate the integral in terms of u.

Write the result in terms of z and the expression g(z).

N

ok

Example 3.8.1: Using Substitution to Find an Antiderivative

Use substitution to find the antiderivative of /Gz (32° + 4)4 dz

Solution

The first step is to choose an expression for u. We choose u = 322 + 4 because then du = 6z dz and we already have du in
the integrand.

Write the integral in terms of u:
/6:c (32” +4)4 dz = / (32? —|—4)4 - (6z dz) = /u4 du

Remember that du is the derivative of the expression chosen for u, regardless of what is inside the integrand. Now we can
evaluate the integral with respect to u:

4 ’LL5 9 5
/u du=—+C= (82> +4)"+C

(S

Analysis

We can check our answer by taking the derivative of the result of integration. We should obtain the integrand.
N 1
Picking a value for C of 1, we let y = 3(3:02 + 4)5 + 1. We have

Y= % 530> +4)" - 62 = 62 (322 +4)"

This is exactly the expression we started with inside the integrand.

Exercise 3.8.1

Use substitution to find the antiderivative of /3z2 («* — 3)2 dz
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Hint available at the end of this section.

Answer available at the end of this section.

Sometimes we need to adjust the constants in our integral if they don’t match up exactly with the expressions we are substituting.

Example 3.8.2: Using Substitution with Alteration

Use substitution to evaluate /z\/ 22 —5 dz

Solution

Rewrite the integral as /z(z2 — 5)% dz. Let u = 2? — 5 and du = 2z dz. Now we have a problem because du = 2z dz and the

original expression has only z dz. We have to alter our expression for du or the integral in u will be twice as large as it should
. . . 1 .
be. If we multiply both sides of the du equation by 3 we can solve this problem. Thus,

d
u=22—5 yields du = 2zdz <> 711 = zdz

Write the integral in terms of u:

/(zts)%-(zdz) =/u% %

We simplify and then integrate the expression in u:

1 d 1 1
/uT?u:5/u7du

Exercise 3.8.2

Use substitution to evaluate /x2 (z® + 5)g dz

Hint available at the end of this section.

Answer available at the end of this section.

Example 3.8.3: Using Substitution with Integrals of Trigonometric Functions

in(t
Use substitution to evaluate / 40)
cos3(t)

Solution

We know the derivative of cos(t) is —sin(t), so we set u = cos(t). Then du = —sin(¢) dt <> —du = sin(t) d¢
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Substituting into the integral, we have

/ sin(?) dt = —du = —/u_3 du
cos3(t) ud

Evaluating the integral, we get

-2
—/u_3du=— (—%) C:%u_2+0

Putting the answer back in terms of t, we get

sin(t) 1
/ cos3(t) dt = 2 cos?(t) =

Exercise 3.8.3

— . cos(t
Use substitution to evaluate the integral / ®

sin’(t)

Hint available at the end of this section.

Answer available at the end of this section.

Exercise 3.8.4

Use substitution to evaluate the indefinite integral / cos®(t) sin(t) dt

Hint available at the end of this section.

Answer available at the end of this section.

Sometimes we need to manipulate an integral in ways that are more complicated than just multiplying or dividing by a constant.
We need to eliminate all the expressions within the integrand that are in terms of the original variable. When we are done, u should
be the only variable in the integrand. In some cases, this means solving for the original variable in terms of w. This technique
should become clear in the next example.

Example 3.8.4: Finding an Antiderivative Using u-Substitution

Use substitution to find the antiderivative of

Solution

If we let u = z — 1, then du = dz. But this does not account for the z in the numerator of the integrand. We need to express =
in terms of u. If u =  — 1, then z = u + 1. Now we can rewrite the integral in terms of « :

[ 7= dm:/”j{ du=/(ﬁ+%) du= [ (ut+ut) au

Then we integrate in the usual way, replace u with the original expression, and factor and simplify the result. Thus,
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1 2 1
/(ué—i-u*?)du:gu%—l—Zu?—l—C
2 3 1
=§(93—1)2 +2(z—1)2+C
1 [2
—@-[s@-D+2]+C

Answers
Exercise 3.8.1

Letu=az%—3.
Exercise 3.8.1

. 1 4

/3z2 (13 — 3)2 dr = g(zs — 3)J +C

Exercise 3.8.2
3 du 2

Useu=z +5and?:z dzx

Exercise 3.8.2
) 1, .,

/12 (13 +5)9 dr = %(z“‘ + 5)10 +C
Exercise 3.8.3

Use the process from Example 3.8.3 to solve the problem.

Exercise 3.8.3

/ cos(t) gt = 1 C

sin(t) " 3sin® (t)

Exercise 3.8.4

Use the process from Example 3.8.3 to solve the problem.
Exercise 3.8.4

/0053(t) sin(t) dt =

_cos’(t)

+C

This page titled 3.8: Substitution in Indefinite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber.

e 5.5: Substitution by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/books/
calculus-volume-1.
e 5.6: Substitution by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.

@IOIC]E) 410 (3.8.5)


https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_1_(IVC_Math_C2210_-_Huber)/03%3A_The_Anatomy_of_a_Curve/3.08%3A_Substitution/3.8.01%3A_Substitution_in_Indefinite_Integrals
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/Bookshelves/Calculus/Calculus_(OpenStax)/05%3A_Integration/5.05%3A_Substitution
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://openstax.org/details/books/calculus-volume-1
https://openstax.org/details/books/calculus-volume-1
https://math.libretexts.org/Courses/Irvine_Valley_College/Analytic_Geometry_and_Calculus_I_(IVC_Math_3A_OER)/05%3A_Integrals/5.06%3A__Substitution
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTextS“'

3.8: Substution in Definite Integrals

Substitution for Definite Integrals

Substitution can be used with definite integrals, too. However, using substitution to evaluate a definite integral requires a change
to the limits of integration. If we change variables in the integrand, the limits of integration change as well.

Theorem 3.8.2: Substitution with Definite Integrals

Let u = g(x) and let ¢’ be continuous over an interval [a, b], and let f be continuous over the range of u = g(x). Then,

b g(b)
z)) ¢ () dx = u) du
/af<g< ) d'(@) /g@ f(u)

Although we will not formally prove this theorem, we justify it with some calculations here. From the substitution rule for indefinite
integrals, if F(z) is an antiderivative of f(z), we have

/ f(9(x)) ¢’ (z) dz = F (g(x)) + C

Then

and we have the desired result.

Example 3.8.5: Using Substitution to Evaluate a Definite Integral

Use substitution to evaluate
1
/ z? (1 + 2x3)5 dx
0

Solution

d
Let u = 1 + 223, so du = 622 dzH%:xz dx

To adjust the limits of integration, note that when z = 0,u =1+ 2(0) = 1,andwhenz =1, u=1+2(1) = 3.

Then

1 1 1 3
/ z? (1 +2:r,3)5 dzr :/ (1 +2x3)5 (262 dx) = / u® - (d_u) = l/ u’ du
0 0 0 6 6 /4

Evaluating this expression, we get
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Exercise 3.8.5
0

Use substitution to evaluate / y (29 — 3)5 dy
—1

Hint available at the end of this section.

Answer available at the end of this section.

Exercise 3.8.6
1

Use substitution to evaluate / z2 cos (%ﬁ) dz
0

Hint available at the end of this section.

Answer available at the end of this section.

Example 3.8.6: Using Substitution with an Exponential Function

Use substitution to evaluate

1
2
/ Ie4z +3 dz
0

Solution

Let u = 423 + 3. Then, du = 8z dz. To adjust the limits of integration, we note that when z =0, u=3,andwhenz =1, u="T.

So our substitution gives
1 7
/ xe4x2+3 dr = / el . (d_u)
0 3 8

Substitution may be only one of the techniques needed to evaluate a definite integral. All of the properties and rules of integration
apply independently, and trigonometric functions may need to be rewritten using a trigonometric identity before we can apply
substitution. Also, we have the option of replacing the original expression for u after we find the antiderivative, which means that
we do not have to change the limits of integration. These two approaches are shown in Example 3.8.7.
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Example 3.8.7: Using Substitution to Evaluate a Trigonometric Integral

Use substitution to evaluate
% 2
/ cos”(6) df
0

Solution

1 + cos(26)

5 allows us to rewrite the

Let us first use a trigonometric identity to rewrite the integral. The trig identity cos?(d) =

/ZCOS / 1+C0820)d0
0
T 1
/ = b —cos(20))
7
/ d9+/ cos(26) d

We can evaluate the first integral as it is, but we need to make a substitution to evaluate the second integral.

integral as

l\D

1 . q
Let u = 20. Then, du = 2 df, or 7 du = d. Also, when § = 0, u = 0, and when 6 = 7/2, u = 7. Expressing the second integral

1 &1 1 &1 1 T 1 [" du
— d — 20) d — — kel
2/0 0+2/0 cos(26) do 2/ d0+2/ Cos u 2

—‘ —sm )

in terms of u, we have

u=0

%—o)+(0—0)=

Il
~—

Answers
Exercise 3.8.5
Use the steps from Example 3.8.5 to solve the problem.

Exercise 3.8.5
91

0 ) 5
/ (2 =3)" dy=—
-1
Exercise 3.8.6

Use the process from Example 3.8.5 to solve the problem.

Exercise 3.8.6

/01 z? cos (gx‘*) dz = %

This page titled 3.8: Substution in Definite Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber.

e 5.6: Substitution by Leonard Lamp, Kenn Huber, and Mohamad Youssef is licensed CC BY-NC-SA 4.0.
e 5.5: Substitution by Edwin “Jed” Herman, Gilbert Strang is licensed CC BY-NC-SA 4.0. Original source: https://openstax.org/details/books/
calculus-volume-1.
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3.8: Practice Set

Exercise 3.8.1

Evaluate each indefinite integral using substitution.

(a) /296(&62 + 1)4dz

(b) /x2\/ac3 + 1dz

(©) / e¥dz

(d) / ze® dz
2z

(e) / x2+1dz

(f) /sin(2m)daz

Answer available at the end of this section.

Exercise 3.8.2

Evaluate each indefinite integral using substitution.

(a) /cos(3a:)dx

1
(b)/2m+1d”

(c)/a:3 cos(zt)dx

)
@ [ F=t
(e) /sinS(ac) cos(z)dx
(f)/#dm

Answer available at the end of this section.

Exercise 3.8.3

Evaluate each definite integral using substitution.

1
(a)/ 2z(x? + 1)%dz
0
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(b) / 2/ 3 + 1dz
0

1
(c) / e dx
0

/2
(d) /0 sin(x) cos(z)dx

© /16 lniﬁﬂ) dz

2
X
(f)/o x2+1dm

Answer available at the end of this section.

Exercise 3.8.4

Evaluate each indefinite integral using substitution. Some may require more creative substitutions.

(a) /tan(x)dw

(b) /x2ezsdx

a
—d
(C’/m ?

(d) /sin4(a:) cos(z)dx

1
(e) / zIn(z) de

T
0 | G

Answer available at the end of this section.

Exercise 3.8.5

Evaluate each definite integral using substitution.

1
(a)/ e dx

—1

L 2x
(b)/0 7(m2+1)2dw

/2
(c) / sin(z) cos?(z)dx
0

z (hint: let u = In(x))

o
(d)/l x\/ln(a:)d
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/2 )
(e) / cos(z)esm(’”)dz
0

1
(f)/ 22V 2zt + 1dz
0

Answer available at the end of this section.

Exercise 3.8.6

Evaluate each indefinite integral using substitution. These may require more advanced substitutions.

(a)/ac3 sin(z*)dx

€
(b)/ez+1dx

(c) /m\/ 222 — 3dx

(d) / sec?(z) tan(z)dz

2
(e) / e

(f) /xz(a:3 +2)%dz

Answer available at the end of this section.

Exercise 3.8.7

Evaluate each definite integral using substitution.
2
T
a —d
( )/1 2+ 1 v

2
(b) /0 vV z?+ ldx

/4
(c) / sec?(z) tan(z)dz

eI

er 41

3 l‘2
e d
()/1 s

1
(f)/ z3(z 4+ 1)3de
0

0
1
dx

0

(d)

Answer available at the end of this section.

@IOIC]E) 416 (3.8.3)



LibreTextS"
Exercise 3.8.8

Find the area under each curve on the given interval using substitution.

(@) f(z) =zvz2+1on|0,2]

T

(b) () = —~— on [1,3

(c) f(x) = sin(x) cos®(z) on [0, /2]
(d) f(z) = e* on [0,1]

Answer available at the end of this section.

Exercise 3.8.9

Find the particular antiderivative F(z) that satisfies the given condition using substitution.

(@) f(z) = 2ze®, F(0) =3

X
z2+1

(b) f(z) = , F(0) =1

(c) f(z) = sin(z) cos(zx), F(n/2) =2

617

(d) f(z) = m,F(O)zo

Answer available at the end of this section.

Exercise 3.8.10

Use substitution to find the displacement and total distance traveled for each velocity function on the given interval.
(a) v(t) = 2te”” on [0, 1]

(b) v(t) = # on [0,2]
(c) v(t) = sin(¢) cos(t) on [0, 7/2]

@) = o7

on [0, 1]

Answer available at the end of this section.

Answers

Exercise 3.8.1
(a) Let w = x2 + 1. Then du = 2zdz.

5
/2z(z2 +1)da = /u4du = u? +C
. 1
(b) Let u = z® + 1. Then du = 3z%dz, so z’dx = gdu.

/z%/ﬁ#—ldm:/ﬂ-%dﬂ:%-

3/2 9
Y iC=ZulC=

34 1)32
3 5 (z°+1)° +C

©o| o
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1
(c) Let u = 3z. Then du = 3dz, so dx = gduA

. 1 1 1
3z u u 3z
de = Cldu = = .
/e xr /e 3 U 36 +C 36 +C

1
(d) Let v = 22. Then du = 2zdz, so xdz:Edu.
g u'l 7lu 71 22
/we dx—/e 2du—2€ +C’—2e +C
(e) Let u = 22 4 1. Then du = 2zdz.

2 1
/%dm:/gduzln\u|+C:ln(x2+1)+C
x

1
(f) Let u = 2z. Then du = 2dz, so dx = Edu.
. . 1 1 1
/sm(?z)dz = /sm(u) . Edu = 7§cos(u) +C= 75005(217) +C
Exercise 3.8.2

1
(a) Let u = 3z. Then du = 3dx, so dx = gdu.

/cos(Sz)dz = /cos(u) . édu = ésin(u) +C= %sin(Bz) +C

1
(b) Let w = 2z + 1. Then du = 2dz, so dz = Edu.

1 1 1 1 1
— dr= | = —du= =1 = —In|2 1
/21+1dx /u 2du 2n\u|+C 2n\x+ |+C

1
(c) Let u = z*. Then du = 423dzx, so z3dx = Zdu.

/13 cos(zt)dx = /cos(u) . idu = isin(u) +C= %sin(z‘l) +C

(d) Let w = 1 — z2. Then du = —2zdz, so zdx = 7%du.

T 1 1 1 . 1
———dr = —»<7—) duzf—/ufl/zdu:7—-2u1/2+C:7\/1712+C
/./717302 /\/a 2 2 2

(e) Let u = sin(z). Then du = cos(z)dz.
sin?(z)

4

4
/sin3(z) cos(z)dz = /uzdu = uT +C= +C

(f) Let u = In(z). Then du = ldz

7 &

/@dz:/udu:%erC:%%»C

Exercise 3.8.3
(a) Let w = 22 + 1. Then du = 2zdz. When z =0, u= 1. Whenz = 1, u = 2.

1 2 172
16 1
2w(@? +1Pde = | wdu=|L| =2 24 - -2
/0 z(z® + 1)°dz /lu u T, "7 1 1 1

. 1
(b) Let u = 2® + 1. Then du = 3z2dz, so z2dx = gdu. Whenz=0,u=1.Whenz =2, u=09.
2 . o 1 172 4,1 2 2 52
/ 22/ 23 + 1dz :/ Vi —du=— [—ud/z] =Z2(27—1)= =(26) = —=
0 1 3 313 19 9 9
1
(c) Let u = 2z. Then du = 2dz, so dx = Edu. Whenz=0,u=0.Whenz=1,u=2.

! 2,1 1 1
/Oezzdz:/o e"-Edu:E[e”]%:E(Jfl)

(d) Let u = sin(z). Then du = cos(z)dz. When = = 0, w = 0. When z = g u=1

/2 1 u? 1 1
/ sin(z) cos(z)dz = / udu = [_} _ =
0 0 2 ], 2

1
(e) Let u = In(z). Then du = —dz.Whenz =1,u=0.Whenz =¢, u= 1.
z

e 1 211 1
/ n(z) dz :/ wdu — [“_] 2
1z 0 2 [, 2

1
(f) Let u = 22 + 1. Then du = 2zdx, so zdx = Edu. Whenz=0,u=1.When z =2, u=>5.

2 51 1 5
/Zde:/ L g = Ln g = Lis)
0 x?+1 1 u 2 2 2

Exercise 3.8.4
sin(z)
cos(z)

(a) tan(z) = Let u = cos(z). Then du = —sin(z)dz, so sin(z)dz = —du.
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/tan(z)dzf/wdmz/—%du:—ln\u|+C:—1n|cos(z)|+C:1n\sec(x)\+C

cos(z)

1
(b) Let w = 23. Then du = 3z2dz, so z%dx = gdu.

1
(c) Let u = 4 — 2%, Then du = —2zdz, SO zdx = 75du.

/%m:/%»(fl) duzfl/u’]/zduzfé-2u1/2+C:7\/47x2+C
Vi—z
(d) Let u = sin(z). Then du = cos(z)dz.

5 sin®(z)

/sin4(z) cos(z)dr = /u4du = u? +C= —5 +C

1
(e) Let u = In(z). Then du = —dz.
z

/x%mdz:/%du:ln\u|+0:ln\ln(z)|+c

1
(f) Let u = 22 + 1. Then du = 2zdx, so zdx = Edu.

z 11 1 . 1 u? 1 1
" dr= = Zdu== By = = . —— - - -
/(12+1)3 v /u3 2% 2/" S R S T o i

Exercise 3.8.5
1
(a) Let w = z2. Then du = 2xdz, SO xdx = Edu. Whenz=—-1,u=1Whenz=1,u=1.

Since the limits are the same, the integral is 0. (The function ze*” is odd on [-1,1].)

1
/ zedr =0
—1
(b) Let uw = 22 4+ 1. Then du = 2zdz. When z = 0,u = 1. When z = 1, u = 2.

oo 21 112 1 1
— = _dr = —du=|-—| =—=4+1==
/0 (z2+1)2 o /1 u? v [ u]l 2+ 2

(c) Let u = cos(z). Then du = —sin(z)dz, so sin(z)dz = —du. When z = 0, u = 1. When z = %, u=0.

/2 0 1 S101
/ sin(x) cos?(x)dx = / —uldu = / uldu = [—] ==
0 1 0 31y 3

(d) Let w = In(z). Then du = ldav. When z =1, u = 0. When z = 4, u = In(4).
T

4 1 In(4 1 _ In(4) 71/2 — ln(4 n
/lm /f*o du = [2vul, @

(e) Let u = sin(z). Then du = cos(x)dz. When z = 0, u = 0. When z = E u=1.

/2 ) 1
/ cos(x)e ™) dz = / eldu=[e"]§=e—1
0 0

. . 1
(f) Let u = z* + 1. Then du = 4z3dz, so zdx = —du. Whenz=0,u=1.Whenz=1,u=2.

[ oveiiae = [V fau= 3 [20R) = 2ok = geva-y

Exercise 3.8.6

1
(a) Let u = z*. Then du = 4z3dz, so z®dx = Zdu.

/z?’ sin(z*)dz = /sin(u) . idu = 7%005(71) +C= 7icos(14) +C

(b) Let u = e + 1. Then du = e“dzx.

T
./eTledz—/ —du=Inlu/+C=In(e"+1)+C

1
(c) Let u = 2z? — 3. Then du = 4zdz, S0 zdx = Zdu.

1
/z\/21273dz:/\/ﬂ<zdu:

12 3/2 1 2 3/2
R — —(2x° — 3)°
u +C ( T 3) +C

(d) Let u = tan(z). Then du = sec?(z)dz.

2 t. 2
/secz(x) tan(z)dz = /udu = % +0= an2(z) +C

1
(e) Let u = 2® — 1. Then du = 32%dz, so z2dx = gdu.

z? 11 1 1 5
./zsildz—/z-gdu—gln\uH»C—Eln\z —1|+C
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1
(f) Let u = 23 + 2. Then du = 3z%dz, so z2dz = gdu.

Exercise 3.8.7

1
(a) Let w = 22 + 1. Then du = 2zdz, SO xdx = Edu. When z =1, u=2.Whenz =2, u = 5.
2oy 101 1 1, (5
dz = — - —du=—|l =1 (—)
K 217 /2u ydu=glnfulz =33
1
(b) Let u = z? + 1. Then du = 2zdz, S0 zdx = Edu. Whenz=0,u=1.Whenz=2,u=>5.

2 5 1 172 51
/ zVa? + ldx :/ Vu- Edu =3 [§u3/2] = 5(53/2 -1
0 1

1

(c) Let u = tan(x). Then du = sec?(z)dz. When z = 0, u = 0. When z = g, u=1

/4 1 w21 1
/ sec?(x) tan(z)de = / udu = [—] ==
0 0 2 0 2

(d) Let u = e® + 1. Then du = e*dz. When z =0, u =2.Whenz =1,u=e + 1.
1 e+l
/ 4 7/ ldu:[ln\u\]gﬂ:ln(e+1)7ln(2):ln(e+1>
0 2 U 2

e’ +1 =

1
(e) Let u = 2® — 1. Then du = 32%dz, so z2dx = gdu. When z =1, u = 0. When z = 3, u = 26.

3 2 26
T 11 1
de = — . —du= =[In|u])?®
/1z371 © /0 o g 3[n\ul]o

Since In(0) is undefined, the integral is improper. The correct approach is to note the singularity at z = 1 and evaluate as a limit.

3 42 3 42 1
/ ———dz = lim / dr = lim —([In|ul]¥ | = oo
a3 —1 b1t Jy 23— 1 b1+ 3

Thus the integral diverges.

1
(f) Let u = z* + 1. Then du = 4z3dx, so z3dx = Zdu. Whenz=0,u=1.Whenz=1,u=2.

1 L] 1fet]® 1 15
3/,.4 3 3
1)3dz = Cdu=— Y =161 = >
/[)x<z+> v /1“ v 4[4]1 616V =15
Exercise 3.8.8
2
. 1
(a) From Exercise 7(b), / zVx? + 1de = 5(53/2 —1)
0

(b) From Exercise 7(a) with different limits: Let u = 2 + 1, du = 2zdz. When z = 1, u = 2. When z = 3, u = 10.

3o 07 1 1 o 1
/] z2+1dz—/2 ;~Edu—5[ln\u\]2 _EIH(S)

/2
(c) From Exercise 5(c), / sin(z) cos®(z)dz = i
0

1
(d) Let w = 2z. Then du = 2dz, so dz = Edu. Whenz=0,u=0.Whenz=1,u=2.

! 2,1 1 1
/Oezzda::/o e"-Edu:E[e”]?}:E(J*l)

Exercise 3.8.9
(a) Let u = 22, du = 2zdzx.

F(z) = /er'tgdx = /e“du —e"+C=e"+C

Using F(0)=3:3=¢e"+C=1+C = C=2.
Thus F(z) = e® +2.
(b) Let u = z? + 1, du = 2xdz.

F(z) = = [ = Zdu= =1 = ZIn(z®+1) +
(z) / 3 1d:c / 2du 2 n|ul 4+ C D) n(z*4+1)+C

Using F(0)=1:1= %ln(1)+C:O+C = C=1
Thus F(z) = %ln(ﬁ P 4L
(c) Let u = sin(z), du = cos(z)dz.

sin?(z)

F(z) = /sin(x)cos(z)dz = /udu:

UsingF(7r/2):2:2:%+C . c:g.

2
sin®(z) 3

Thus F(z) = 3 3

(d) Letu =€ + 1, du = e"dz.
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£

Fla) = /;sz:/%du:ln\u|+0:ln(e“'+1)+0

Using F(0)=0:0=1In(2) +C = C=—1In(2).
e +1 )
)

Thus F(z) = In(e* +1) —In(2) = In (

Exercise 3.8.10
(a) v(t) = 2te” > 0 on [0, 1]. Displacement = total distance.
Let u = t%, du = 2tdt.

T 1
/ 2te’ dt = / etdu=[e"]f=e—1
0 0

Thus displacement and total distance are both e — 1.
(b) v(t) = o1 > 0on [0, 2]. Displacement = total distance.
Let u=t%+1, du = 2tdt.

2t 51 1 1 1
— dt= | = Zdu= =] 5= _In(5
/0 t2+1 /1 u 2 u Q[H‘MHI ) n( )

. . 1
Thus displacement and total distance are both 5111(5)’

(c) v(t) = sin(¢) cos(t) > 0 on [0, w/2]. Displacement = total distance.

Let u = sin(¢), du = cos(t)dt.
/2 1 991
/ sin(t) cos(t)dt = / udu = ) 1
0 0 21, 2

. . 1
Thus displacement and total distance are both 7

et

)= ——
@ vlt) = 57
Let u = e! + 1, du = e'dt.

> 0 on [0, 1]. Displacement = total distance.

et +1

1 t e+1 1 1
/e—dt:/ —du:[ln\u”g“:ln(e+1)7ln(2):ln(e+ )
0 2 u 2

. . 1
Thus displacement and total distance are both In (e;r )
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