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1.1: Sets and Relations

1.1.1 The Integers

Kronecker once said, "God made the integers; all the rest is the work of man." Taking this as our starting point, we assume the
existence of the set

Z=1{.,-3,-2-1,0,1,23,..}. (1.1.1)

the set of integers. Moreover, we assume the properties of the operations of addition and multiplication of integers, along with
other elementary properties such as the Fundamental Theorem of Arithmetic, that is, the statement that every integer may be
factored into a product of prime numbers and this factorization is essentially unique.

1.1.2 Sets

We will take a naive view of sets: given any property p, we may determine a set by collecting together all objects which have
property p. This may be done either by explicit enumeration, such as, p is the property of being one of a, b, or ¢, which creates the
set {a, b, c}, or by stating the desired property, such as, p is the property of being a positive integer, which creates the set

Zt ={1,2,3,4,..}. (1.1.2)

The notation z'™ 4 indicates that z is an element of the set A. Given sets A and B, we say A is a subset of B, denoted A C B, if
from the fact that ™™ A4 it necessarily follows that 2™ B. We say sets A and B are equal if both A ¢ Band B C A.

Given two sets A and B, we call the set

AUB = {z:z™A or 2™ B} (1.1.3)
the union of A and B and the set
ANB={z:2™A and 2™ B} (1.1.4)
the intersection of A and B. We call the set
A\B={z:2™A 2 ¢ B} (1.1.5)

the difference of A and B.

More generally, if I is a set and {4, : ai"t]} is a collection of sets, one for each element of I, then we have the union

U A, = {ac ' A, for some a} (1.1.6)
aillt[
and the intersection
ﬂ Ay ={z:2™A, for all a}. (1.1.7)
ant]
Example 1.1.1
For example, if I = {2,3,4, ...} and we let
Ay ={n:n™Z",n>1,n# 2m for any m™Z with m > 1} (1.1.8)

and, for any ™1 i > 2,

@IOIC]E) 2 (1.1.1)
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A= {n :ni"A;_1,n # mi for any m™Z with m > 1} , (1.1.9)
then N;uA; is the set of prime numbers.
If A and B are both sets, we call the set
Ax B={(a,b) : a™A, "B} (1.1.10)
the cartesian product of A and B. If A = B, we write

A2 =Ax A (1.1.11)

Example 1.1.2

72 = {(m,n) : m™Z,n™7Z} is the set of all ordered pairs of integers.

1.1.3 Relations

Given two sets A and B, we call a subset R of A x B a relation. Given a relation R, we will write a ~g b, or simply a ~ b if R is clear
from the context, to indicate that (a, b)™R.

Example 1.1.3

We say that an integer m divides and integer n if n = mi for some integer i. If we let
R = {(m,n) : m™Z,n™Z m divides n}, (1.1.12)

then R is a relation. For example, 3 ~p 12.

Consider a set A and a relation R C A2. For purposes of conciseness, we say simply that R is a relation on A. If R is such that
a ~p a for every a™ A, we say R is reflexive; if R is such that b ~ Ra whenever a ~p b, we say R is symmetric; if a ~p b and b
~p c together imply a ~ ¢, we say R is transitive. We call a relation which is reflexive, symmetric, and transitive an equivalence
relation.

Exercise 1.1.1

Show that the relation R on Z defined by m ~ g n if m divides n is reflexive and transitive, but not symmetric.

Exercise 1.1.2

Show that the relation R on Z defined by m ~g n if m — n is even is an equivalence relation.

Given an equivalence relation R on a set A and an element 2™ A, we call
[z] = {y YAy ~p :c} (1.1.13)

the equivalence class of z.

Given an equivalence relation R on a set A, show that

@IOIC]E) 3(1.1.2)
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a.[z]Nfyl#0ifandonly if z ~r y

b. [z] = [y] if and only if z ~g y.

As a consequence of the previous exercise, the equivalence classes of an equivalence relation on a set A constitute a partition
of A (that is, A may be written as the disjoint union of the equivalence classes).

Exercise 1.1.4

Find the equivalence classes for the equivalence relation in Exercise 1.1.2.

This page titled 1.1: Sets and Relations is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter
via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Functions

If A and B are sets, we call a relation R ¢ A x B a function with domain A if for every a'™ A there exists one, and only one, ™ B
such that (a, b)™ R. We typically indicate such a relation with the notation f: A — B, and write f(a) = b to indicate that (a,b)™R.
We call the set of all ™ B such that f(a) = b for some a™ A the range of f. With this notation, we often refer to R as the graph of

1.

We say f: A — B is one-to-one if for every b in the range of f there exists a unique a™™ A such that f(a) = b. We say f is onto
if for every b B there exists at least one a'™ A such that f(a) = b. For example, the function f: Z*+ — Z* defined by f(z) = 22 is
one-to-one, but not onto, whereas the function f: Z — Z defined by f(z) = z 4+ 1 is both one-to-one and onto.

Given two functions, g: A — B and f: B — C, we define the composition, denoted f-g: A — C, to be the function defined by f

°g(a) = f(g(a)).

If f: A— B is both one-to-one and onto, then we may define a function f~' : B — A by requiring f~1(b) = a if and only if f(a) = b
. Note that this implies that f o f~1(b) = b for all 5™ B and f ! o f(a) = a for all a™ A. We call f~! the inverse of f.

Given any collection of nonempty sets, {4,}, ™I, we assume the existence of a function ¢ : I — B = u; Aa, With the property

that ¢(a)™ A,. We call such a function a choice function. The assumption that choice functions always exist is known as the
Axiom of Choice.

This page titled 1.2: Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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1.3: Rational Numbers

Let P= {(p,q) : p,q¢™Z, q + 0}. We define an equivalence relation on P by saying (p, q) ~ (s,t) if pt = gs.

Show that the relation as just defined is indeed an equivalence relation.

We will denote the equivalence class of (p, q)™ P by p/q, or %. We call the set of all equivalence classes of P the rational numbers,
which we denote by Q. If p™Z, we will denote the equivalence class of (p, 1) by p; that is, we let

=

=p. (1.3.1)

In this way, we may think of Z as a subset of Q.

1.3.1 Field Properties

We wish to define operations of addition and multiplication on elements of Q. We begin by defining operations on the elements
of P. Namely, given (p, ¢)™ P and (s,t)™ P, define

(p,q) & (s,t) = (pt + sq, qt) (1.3.2)
and
(p,q@) ® (s,t) = (ps, qt). (1.3.3)
Now suppose (p,q) ~ (a,b) and (s, t) ~ (c,d). It follows that (p,q) @ (s,t) ~ (a,b) ® (¢, d), that is, (pt + sq, gt) ~ (ad + cb, bd), since
(pt + sq)bd = pbtd + sdgb = qatd + tegb = (ad + cb)qt. (1.3.4)
Moreover, (p,q) ® (s,t) ~ (a,b) ® (¢, d), that is, (ps, gt) ~ (ac, bd), since
psbd = pbsd = qatc = qtac. (1.3.5)

This shows that the equivalence class of a sum or product depends only on the equivalence classes of the elements being added
or multiplied. Thus we may define addition and multiplication on Q by

p, s _pt+sqg
Lyl =" 1.3.6
PR m (1.3.6)
and
s _Ds (1.3.7)
q 1 qt

and the results will not depend on which representatives we choose for each equivalence class. Of course, multiplication is often
denoted using juxtaposition, that is,
S S
x2_P2 1.3.8
; ; (1.3.8)

and repeated multiplication may be denoted by exponentiation, that is, a™, a™Q and n™Z", represents the product of a with itself
n times.

Note that if (p, q)™ P, then (—p, q) ~ (p, —q). Hence, if a = %im(@, then we let

@IOIC]E) 6 (1.3.1)
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—D p
—a=—=—. 1.3.9
T a (1.3.9)
For any a, b™Q, we will write a — b to denote a + (—b).
Ifa = %MQ with p # 0, then we let
-1 q
a = —. 1.3.10
» ( )
Moreover, we will write
1 1
—=a 1.3.11
—=a", ( )
1
— =a " 1.3.12
—=a (1312)
for any n'™Z*, and, for any v™Q,
b
— =ba L. 1.3.13
> = ba (1313)

It is now easy to show that
1la+b=>b+aforala,b™Q
2.(a+b)+c=a+(b+c)foralla,b,c™Q
3. ab = ba for all a, b™Q;

4. (ab)c = a(be) for all a, b, ¢™Q;

5.a(b+ c) = ab+ ac for all a, b, ™ Q;

6. a+ 0= a for all a™Q;

7.a + (—a) = 0 for all a™Q;

8. la = a for all «™Q;

9.if a™Q,a # 0, then aa™! = 1.

Taken together, these statements imply that Q is a field.

1.3.2 Order and Metric Properties

We say a rational number a is positive if there exist p, ¢™Z* such that a = %. We denote the set of all positive elements of Q by

Q.

Given a, b™Q, we say a is less than b, or, equivalently, b is greater than a, denoted either by \(aa\), if b — a is positive. In particular,
a > 0 if and only if a is positive. If a < 0, we say a is negative. We write a < b, or, equivalently, b > a, if either \(a

Show that for any a™Q, one and only one of the following must hold: (a) a < 0, (b)a = 0, (c)a > 0.

@IOIC]E) 7 (1.3.2)



LibreTextS"
Exercise 1.3.3

Show that if a, b™Q*, then a + b™Q+.

Exercise 1.3.4

Suppose a, b, ¢™Q. Show each of the following:
a. One, and only one, of the following must hold:
(i) \(a

(ii)a=1b,

(iii) a > b.

b. If \(a

c. If \(a

d.If a>0andb > 0, then ab > 0.

Exercise 1.3.5

Show that if a, b™Q with ¢ > 0 and b < 0, then ab < 0.

Exercise 1.3.6

Show that if a, b, ¢™Q with \(a®\) and ac > bc if ¢ < 0.

Exercise 1.3.7

Show that if a, b™Q with \(a

\[a<\frac{a+b}{2}

As a consequence of Exercise 1.3 .4 we say Q is an ordered field. For any a™Q, we call

\a\—{ a, if a >0,
" l—a,ifa <0,

the absolute value of a.

Exercise 1.3.8

Show that for any a™Q, —|a| < a < |al.

Proposition 1.3.1

For any a, b™Q, |a + b| < |a| + |b].

@IOIC]E) 8 (1.3.3)
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| Proof available at the end of this section.

It is now easy to show that the absolute value satisfies
1. |a — b > 0 for all a, b™*Q, with |a — b| = 0 if and only if a = b,
2. |a —b| = |b — a] for all a, b™Q,
3. |la —b|<l|a—¢| +|c—b| for all a, b, ™Q.
Note that the last statement, known as the triangle inequality, follows from writing

a—b=(a—c)+ (c—0b) (1.3.15)
and applying the previous proposition. These properties show that the function

d(a,b) = |a—b| (1.3.16)
is a metric, and we will call |a — b| the distance from a to b.
Suppose a, b™Q+ with \(a
p T nps — rq

no—b=n=——=

1.3.1
7 s R (1.3.17)

If we choose n large enough so that nps —rq > 0, it follows that na — b > 0, that is, na > b. We say that the ordered field Q is
archimedean. Note that it also follows that we may choose n large enough to ensure that \(\frac{b}{n}

1.3.3 Upper and Lower Bounds

Definition

Let A C Q. If s™Q is such that s > a for every a™ A, then we call s an upper bound for A. If s is an upper bound for A with the
property that s < t whenever t is an upper bound for A, then we call s the supremum, or least upper bound, of A, denoted s
= sup A. Similarly, if ™Q is such that r < a for every a'™* 4, then we call r a lower bound for A. If r is a lower bound for A with
the property that » > ¢ whenever t is a lower bound for A, then we call r the infimum, or greatest lower bound, of A, denoted
r = inf A.

Exercise 1.3.9

Show that the supremum of a set A C Q, if it exists, is unique, and thus justify the use of the definite article in the previous
definition.

A set which does not have an upper bound will not, a fortiori, have a supremum. Moreover, even sets which have upper bounds
need not have a supremum.

Example 1.3.1

Q does not have an upper bound.

Example 1.3.2

Consider the set

@IOIC]E) 9 (1.3.4)
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A={a:ad™Q" a®<2}. (1.3.18)
Note that if a, b™ Q™ with \(a
b>—a?=(b—a)(b+a) >0, (1.3.19)
from which it follows that \(a”*{2}2,\) then a is an upper bound for A. For example, 4 is an upper bound for A.
Now suppose s™Q* is the supremum of A. We must have either s < 2, s > 2, or s> = 2.

Suppose s < 2 and let e = 2 — s2. By the archimedean property of Q, we may choose n™Z* such that

2s+1
n

<e (1.3.20)

from which it follows that

25 1 _ 245 _2+1

=24 <e. 1.3.21
n n? n - n € ( )
Hence
12 2 1
(s~|——) =+ 2 <P te=2, (1.3.22)
n n n
< p=""></sM2}+\epsilon=2\]<>
which implies that s + %i"tA. since \(s
So now suppose s2 > 2. Again let n™Z* and note that
1\, 25 1
—— | =8 —+ —. 1.3.23
(8 n) s n + n? ( )
If we let e = s — 2, then we may choose n™Z* so that
2s
— . 1.3.24
- <e€ ( )
It follows that
1\? 1 1
(s——) >8f—et+—=2+=>2 (1.3.25)
n n n

Thus s — % is an upper bound for A and \(s-\frac{1}{n}

Thus we must have s? = 2. However, this is impossible in light of the following proposition. Hence we must conclude that A
does not have a supremum.

Proposition 1.3.2

There does not exist a rational number s with the property that s? = 2.

Proof available at the end of this section.

Exercise 1.3.10

Show that there does not exist a rational number s with the property that s = 3.

@IOIC]E) 10 (1.3.5)
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Exercise 1.3.11

Show that there does not exist a rational number s with the property that s? = 6.

Exercise 1.3.12

Let A= {a:a™Q,a3 < 2}.
1. Show that if a'** A and \(b

2. Show that if a ¢ A, and b > a, then b ¢ A.

1.3.4 Sequences

Definition

Suppose n'™Z, I = {n,n +1,n+2,...}, and A is a set. We call a function ¢ : T — A a sequence with values in A.

Frequently, we will define a sequence ¢ by specifying its values with notation such as, for example, {¢(¢)};ur, or {¢()}$2, . Thus,
for example, {12}:’21 denotes the sequence ¢ : Z* — Z defined by (i) = i2. Moreover, it is customary to denote the values of a
sequence using subscript notation. Thus if a; = ¢(i), i1, then {a;},..; denotes the sequence ¢. For example, we may define the
sequence of the previous example by writing a; =2, =1,2,3, ....

Definition

Suppose {a;};u; is a sequence with values in Q. We say that {a;},.; converges, and has limit L, L™ Q, if for every ¢™Q™,
there exists N™™Z such that

|a; — L| < € whenever ¢ > N. (1.3.26)
If the sequence {a;},.; converges to L, we write
lim a; = L. (1.3.27)
1—00
Example 1.3.3
We have
1
lim — =0, (1.3.28)
i—00 1
since, for any rational number € > 0,
1 1
1 0‘ — < (1.3.29)
7 (3
for any i > N, where N is any integer larger than %

@IOIC]E) 11 (1.3.6)
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Definition

Suppose {a;};«; is a sequence with values in Q. We call {a;},..; @ Cauchy sequence if for every e™Q™, there exists NZ
such that

|a; — ai| < e whenever both ¢ > N and k£ > N. (1.3.30)

Proposition 1.3.3

If {a;},m; converges, then {a;},., is a Cauchy sequence.

Proof available at the end of this section.

The proposition shows that every convergent sequence in Q is a Cauchy sequence, but, as the next example shows, the converse
does not hold.

Example 1.3.1

Let
flz)=2>—2 (1.3.31)
and consider the sequence constructed as follows: Begin by setting a; =1, b = 2, and z; = % If f(a1) f(z1) <0, set
oy = AITEL (1.3.32)
2
as = ap, and by = z1; otherwise, set
b
= (1.3.33)
2
as = z1, and by = by. In general, given a,, z,, and b, if f (a,) f (z,) <0, set
Tl = w (1.3.34)
Gne1 = ap, and b, = z,; otherwise, set
n b?’L
Ty = = ; : (1.3.35)
an+1 = Ty, and b,,1 = b,. Note that for any positive integer N, f (ay) < 0, f (bx) > 0, and
\[a_{N}
for all s > N. Moreover,
1
lby —an| = S (1.3.36)
SO
1
for all 4, k > N. Hence given any ¢™Q™, if we choose an integer N such that 2V > %, then

BIOIRIE) 12 (1.3.7)
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1

for all i,k > N, showing that {z,}:°, is a Cauchy sequence. Now suppose {z;};°, converges to s™Q. Note hat we must have
a; <s<b; (1.3.39)

for all /™ Z*. If f(s) < 0, then, since the set {a : a™Q*, a? < 2} does not have a supremum, there exists t™*Q* such that \(s

\[\frac{1}{2 {N-11}

then

\[\left|s-b_{N}\right| \leq\left|a_{N}-b_{N}\right|=\frac{1{2*{N-1}}

Hence \(b_{N}® .\) But if f(s) > 0, then there exists ™ Q™ such that \(t® .\) We can then choose N so that \(t8,\) contradicting

the construction of {a;}{2,. Hence we must have f(s) = 0, which is not possible since s™'Q. Thus we must conclude that
{z;};2, does not converge.

Answers
Proposition 1.3.1
If a4+ b > 0, then
la| + |b| — la + b] = |a| + |b]| —a — b = (|a] — a) + (|b] — b). (1.3.40)
Both of the terms on the right are nonnegative by Exercise 1.3.8. Hence the sum is nonnegative and the proposition follows. If a + b < 0, then
la| + |b] — |a+b] = |a] + [b] + a + b= (la| + a) + (|b| + b). (1.3.41)
Again, both of the terms on the right are nonnegative by Exercise 1.3.8. Hence the sum is nonnegative and the theorem follows. Q.E.D.

Proposition 1.3.2
Suppose there exists s™Q such that s> = 2. Choose a,b™Z* so that a and b are relatively prime (that is, they have no factor other than 1in common) and s = 4.
Then

=2 (1.3.42)
so a® = 2b%. Thus a?, and hence a, is an even integer. So there exists ¢™Z* such that a = 2¢. Hence
20% = a? = 4c?, (1.3.43)
from which it follows that b? = 2¢, and so b is also an even integer. But this contradicts the assumption that a and b are relatively prime. Q.E.D.
Proposition 1.3.3
Suppose lim;_,, a; = L. Given ¢™Q™, choose an integer N such that
lai — L] < % (1.3.44)
for alli > N. Then for any i, k > N, we have
la; — ax| = |(a; — L) + (L — ag)| < |as — L] + |ax — L] < % + % =« (1.3.45)

Hence {a;};u; is a Cauchy sequence. ~ Q.ED.

This page titled 1.3: Rational Numbers is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter
via source content that was edited to the style and standards of the LibreTexts platform.
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1.4: Real Numbers

Let C be the set of all Cauchy sequences of rational numbers. We define a relation on C as follows: If {a;};u; and {b;} .., are
Cauchy sequences in Q, then {a;}u; ~ {bj}jw , which we will write more simply as a; ~ b;, if for every rational number ¢ > 0, there
exists an integer N such that

|aszz\ <e€ (141)

whenever i > N. This relation is clearly reflexive and symmetric. To show that it is also transitive, and hence an equivalence
relation, suppose a; ~ b; and b; ~ ¢;. Given €™Q™, choose N so that

la; — b| < % (1.4.2)
foralli > N and M so that
lbi — | < % (1.4.3)
for alli > M. Let L be the larger of N and M. Then, for all i > L,
la; — ¢;| < |ai —bi| + |b; — ¢ <%+§:€. (1.4.4)

Hence a; ~ ¢;.

Definition: set of equivalence classes

Using the equivalence relation just defined, we call the set of equivalence classes of C the real numbers, denoted R.

Note that if a"*Q, we may identify a with the equivalence class of the sequence {b;}:°, where b; =a,i =1,2,3,..., and thus
consider Q to be a subset of R.

Exercise 1.4.1

Suppose {a;},u; and {b;},..; are sequences in Q with

lim a; = lim b;. (1.4.5)

i—00 i—00

Show that a; ~ b;.

1.4.1 Field Properties

Suppose {a;};u; and {b;} .., are both Cauchy sequences of rational numbers. Let K = I N J and define a new sequence {s}
by setting s;, = a + bg. Given any rational € > 0, choose integers N and M such that

€

5 (1.4.6)

lai —a;| <
foralli,j > N and
lb; — bj| < g (1.4.7)

for all i, > M. If L is the larger of N and M, then, for all4,j > L,

@IOIC]E) 14 (1.4.1)
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€ €
Isi — 85| = [(ai — aj) + (b; — bj)| < |a; — ay] + [b; — bj| < st5 =6 (1.4.8)

showing that {s;},u is also a Cauchy sequence. Moreover, suppose a; ~ ¢; and b; ~ d;. Given e™Q™*, choose N so that

for all i > N and choose M so that
€
|b; — di| < 3 (1.4.10)
for all i > M. If L is the larger of N and M, then, for all : > L,
€ €
|(ai + b;) — (Ci + dz)| < |ai — CZ“ + |bz — d1| < 5 + 5 = €. (1.4.11)

Hence a; + b; ~ ¢; + d;. Thus if u, v™R, with u being the equivalence class of {a;};.; and v being the equivalence class of {b;}
then we may unambiguously define u + v to be the equivalence class of {a; + b;};u g , Where K = I N J.

jintJ s

Suppose {a;};.; and {bj}jw are both Cauchy sequences of rational numbers.

Let K =1 NJ and define a new sequence {pj}.ux by setting p, = axb;. Let B > 0 be an upper bound for the set {|a;| : i1}
U {|b;] : j™*J}. Given e > 0 choose integers N and M such that
€

‘CLZ‘ — CL]‘| < ﬁ (1412)

foralli,5 > N and

-
2B
for alli,j > M. If L is the larger of N and M, then, for alli,j > L,

\[\begin{aligned}\left|p_{i}-p_{j}\right] &=\leftla_{i} b_{i}-a_{ij} b_{i}\right] \ &=\left|a_{i} b_{i}-a_{j} b_{i}+a_{i} b_{i}-a_{j} b_{j}\right|
\ &=\left|b_{iNleft(a_{i}-a_{j}\right)+a_{jN\left(b_{i}-b_{j} \right)\right|\ & \leq\left|b_{i}\left(a_{i}-a_{i)\right)\right|+\left|a_{j}\left(b_{i}-
b_{iN\right)\right| \ &=\left|b_{i}\right|\left|a_{i}-a_{j}\right|+\left|a_{j}\right|\left|b_{i}-b_{j}\right| \ &

Hence {p;} .. is a Cauchy sequence.

Now suppose {¢;};«y and {d;} .., are Cauchy sequences with a; ~ ¢; and b, ~ d;. Let B > 0 be an upper bound for the set
{Ibj] : 5™ J} U{|c;| : i™*H}. Given € > 0, choose integers N and M such that
€

for all ; > N and

€

b; — d;
b —dil < 55

(1.4.15)
for all ; > M. If L is the larger of N and M, then, for all i > L,

\[\begin{aligned}\leftla_{i} b_{i}-c_{i} d_{i}\right] &=\leftla_{i} b_{i}-b_{i} c_{i}+b_{i} c_{i}-c_{i} d_{i}\right] \
&=\left|b_{i}\left(a_{i}-c_{i}\right)+c_{i}\left(b_{i}-d_{i} \right)\right|\ & \leq\left|b_{i}\left(a_{i}-
c_{i}\right)\right|+\left|c_{i}\left(b_{i}-d_{i}\right)\right| \ &=\left|b_{i}\right|\left|la_{i}-
c_{i}\right]+\left|c_{i}\right|\left|b_{i}-d_{i}\right] \ &

Hence a;b; ~ c;d;. Thus if u,v™R, with «» being the equivalence class of {a;};.; and v being the equivalence class of
{bj}ij ;» then we may unambiguously define uv to be the equivalence class of {a;b;};u.; , where K =1nJ.

If w'R, we define —u = (—1)u. Note that if {a;},.; is a Cauchy sequence of rational numbers in the equivalence class of
u, then {—qa;},..; is a Cauchy sequence in the equivalence class of —u.
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We will say that a sequence {a;},.; is bounded away from O if there exists a rational number § > 0 and an integer N
such that |¢;| > § for all i > N. It should be clear that any sequence which converges to 0 is not bounded away from 0.
Moreover, as a consequence of the next exercise, any Cauchy sequence which does not converge to ® must be bounded
away from 0.

Exercise 1.4.2

Suppose {a;},..; is a Cauchy sequence which is not bounded away from 8. Show that the sequence converges and

limi‘mo a; = 0.

Exercise 1.4.3

Suppose {a;};.; is a Cauchy sequence which is bounded away from © and a; ~ b;. Show that {b]v}jim ; is also bounded
away from 0.

Now suppose {a;},.; is a Cauchy sequence which is bounded away from ® and choose § > 0 and N so that |q;| > ¢ for all
i > N. Define a new sequence {c;};°,,, + 1 by setting

1

a;
Given ¢ > 0, choose M so that
la; — aj| < €8* (1.4.17)

for all i, > M. Let L be the larger of N and M. Then, for all i, ; > L, we have

1 1
RIS

a; a;

_ a; — a;

N a;a;

_laj—ayl (1.4.18)

 aiay
€6?

<?

= €.
Hence {c;};” v, is a Cauchy sequence.

Now suppose {b;} . ; is a Cauchy sequence with a; ~ b,. By Exercise 1.4.3 we know that {b;} g is also bounded away
from 0, so choose > 0 and K such that [b;| >~ for all j > K. Given ¢ > 0, choose P so that

la; — b;| < ed. (1.4.19)

for all ;: > P. Let S be the larger of N, K, and P. Then, for all i, j > S, we have

1 - 1 _ bl‘fCLi
a; bl aibi
_ |bi—ai
T ab] (1.4.20)
€dy
< W

= €.

Hence L ~ L. Thus if u # 0 is a real number which is the equivalence class of {a;} . ( necessarily bounded away from 0),
then we may define
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1

-1

= — 1.4.21
== (1.4.21)

to be the equivalence class of

1 o0
{—} , (1.4.22)
ai ) j=N+1

where N has been chosen so that |q;| > ¢ for all : > N and some ¢ > 0.
It follows immediately from these definitions that R is a field. That is:
1.a+b=>b+a forall g, b™R;

2. (a+b) +c=a+ (b+c) for all a,b, c"R;

3. ab = ba for all a, b™R;

4. (ab)c = a(be) for all a, b, c™R;

5. a(b +c) = ab + ac for all a, b, c™R;

6.a +0 = qa for all a™R;

7. a + (—a) = 0 for all a™R;

8. la = a for all a™R;

9. if o™ R, a # 0, then aa~! = 1.

1.4.2 Order and Metric Properties

Definition

Given v"'R, we say that u is positive, written u > 0, if u is the equivalence class of a Cauchy sequence {a;},..; for
which there exists a rational number ¢ > 0 and an integer N such that a; > ¢ for every i > N. A real number v™R is
said to be negative if —u > 0. We let R denote the set of all positive real numbers.

Exercise 1.4.4

Show that if +™'R, then one and only one of the following is true: (a)u > 0, (b)u < 0, or (c)u = 0.

Exercise 1.4.5

Show that if o, bR+, then o + b™R*.

Definition

Given real numbers u and v, we say u is greater than v, written u > v, or, equivalently, v is less than u, written, \(v®
.\) We write u > v, or, equivalently, v < u, to indicate that u is either greater than or equal to v. We say that v is
nonnegative if v > 0.

@IOIC]E) 17 (1.4.4)
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Exercise 1.4.6

Show that R is an ordered field, that is, verify the following:

a. For any a,b™R, one and only one of the following must hold: \((i) ab\).
b. If a,b, /™R with \(a

c. If a,b, ¢™R with \(a

d. If o, b™R with ¢ > 0 and b > 0, then ab > 0.

Exercise 1.4.7

Show that if o, b™R with ¢ > 0 and b < 0, then ab < 0.

Exercise 1.4.8

Show that if a,b, c™R with \(a®\) and ac > bc if ¢ < 0.

Exercise 1.4.9

Show that if ¢, b™R with \(a

Definition

For any o«™R, we call

a ifa>0
= ’ -7 1.4.23
la { —a, ifa<0, ( )

the absolute value of a.

Exercise 1.4.10

Show that for any ¢™R, —|a| < a < |a

Proposition 1.4.1

For any a,b™R,|a +b| < |a| + |b

Proof available at the end of this section.

It is now easy to show that the absolute value function satisfies
1. |a — b > 0 for all a,b™ R, with |a — b| = 0 if and only if a = b,

2.

a —b| = |b — a| for all a, b™R,

3.|a—b| <la—c| +|c—b| for all a,b, c™R.

@IOIC]E) 18 (1.4.5)
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These properties show that the function
d(a,b) =|a— b (1.4.24)

is a metric, and we will call |a — b| the distance from « to b.

Proposition 1.4.2

Given ¢™R*, there exist r, s™Q such that \(0

Proof available at the end of this section.

Proposition 1.4.3

R is an archimedean ordered field.

Proof available at the end of this section.

Proposition 1.4.4

Given ¢, b™R with \(a

Proof available at the end of this section.

1.4.3 Upper and Lower Bounds

Definition

Let A C R. If s™R is such that s > a for every o™ A, then we call s an upper bound for A. If s is an upper bound for A
with the property that s < t whenever ¢ is an upper bound for A, then we call s the supremum, or least upper bound,
of A, denoted s = sup A. Similarly, if ™R is such that » < a for every o™ A, then we call r a lower bound for A. If
is a lower bound for A with the property that » > ¢t whenever ¢ is a lower bound for A, then we call » the infimum, or
greatest lower bound, of A, denoted r = inf A.

Theorem 1.4.5

Suppose A C R, A # (), has an upper bound. Then sup A exists.

Proof available at the end of this section.

Exercise 1.4.11

Show that if A C R is nonempty and has a lower bound, then inf A exists. (Hint: You may wish to first show that inf
A= —sup(—A), where —A = {z : —z'™A}).

Answers

Proposition 1.4.1
If a + b > 0, then
la| + [b] — |a + b] = |a| + |b| —a — b = (la| — a) + (|b] — b). (1.4.25)
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Both of the terms on the right are nonnegative by Exercise 1.4.10. Hence the sum is nonnegative and the proposition follows. If o + b < 0, then
la| + |b] —|a +b] = |a] + [b] + a + b= (la| + a) + (|b| + b). (1.4.26)
Again, both of the terms on the right are nonnegative by Exercise 1.4.10. Hence the sum is nonnegative and the proposition follows. Q.E.D.

Proposition 1.4.2

Let {u};.; be a Cauchy sequence in the equivalence class of a. Since a > 0, there exists a rational ¢ > 0 and an integer N such that u; > ¢ for all ; > N.
Letr= 5. Thenu;, —r > 5 for every i > N, so a —r > 0, that is, \(®

Now choose an integer M so that |u; —u;| < 1 forall i,j > M. Let s = up1 + 2. Then

s—ui=upy+1+2—u; >1 (1.4.27)
forall i > M. Hence s >a.  Q.E.D.
Proposition 1.4.3
Given real numbers o and b with \(0s .\) Hence
na > nr > s >b. (1.4.28)

Q.E.D.

Proposition 1.4.4

Let {u};~; be a Cauchy sequence in the equivalence class of « and let {v} ., be in the equivalence class of b. Since b —a > 0, there exists a rational ¢
> 0 and an integer N such that v; —u; > ¢ for all i > N. Now choose an integer )M so that |u; —u;| < £ for all i,j > M. Let r = up11 + 5. Then

€
T— U = Uupm+1 t+ 3 Ui

€
= 5 - (U1 - UM+1)
i« (1.4.29)
2 4
_ £
T4
for all i > M and
€
Vi —T =0V —UM+1 — 5
€
= (Uz - u7) - (UM-H - Ui) - 5
. (1.4.30)
>€— 1 — 2
_£
T4
for all i larger than the larger of N and M. Hence \(a
Theorem 1.4.5
Let o™ A and let b be an upper bound for A. Define sequences {a;};°; and {b;}°, as follows: Let a; = a and b; = b. For i > 1, let
_ Giitbin (1.4.31)
2
If c is an upper bound for A, let a; = a;_; and let b; = c; otherwise, let a; = c and b; = b, ;. Then
[b—al
b — ai| = 5T (1.4.32)
fori=1,2,3,... Now, for i = 1,2, 3, ..., let r; be a rational number such that \(a_{i}®,\) we may choose N so that
; b—
oy 5 Ib=al (1.4.33)
€
Then, whenever i > N and j > N,
b—a
[ri —7j| <lbn+1 —ani1| = | oN | <e (1.4.34)
Hence {r;}:*, is a Cauchy sequence. Let s™R be the equivalence class of {r;}:°, . Note that, for i =1,2,3,...,a; < s < b;.
Now if s is not an upper bound for A, then there exists o' A with a > s. Let § = a — s and choose an integer N such that
. b—
o5 P—al (1.4.35)
1
Then
b—a
byi1 < s+ ‘ 7N ‘ <s+d=a. (1.4.36)
< p=""></s+\delta=a.\]<>
But, by construction, by, ; is an upper bound for A. Thus s must be an upper bound for A.
Now suppose ¢ is another upper bound for 4 and \(t
b—
2N > % (1.4.37)
TFhen
b—a
aNy1 > 85— ‘ N ‘ >s—0=t, (1.4.38)
which-implies-that-o . |-is-an-upper-bound-for- A -But, by construction, o v . ,-is-not-an-upper-bound for- 4. Hence s-must-be-the least-upper-bound-for-A;

thatis;s=sup A— -Q.ED.
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2: SEQUENCES AND SERIES

2.1: Sequences

2.2: Infinite Series
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2.1: Sequences

Definition

Let {a;},.; be a sequence of real numbers. We say {a;},..; converges, and has limit L, if for every real number e > 0 there
exists an integer N such that

|a; — L| < € whenever ¢ > N. (2.1.1)

We say a sequence {a;};.; Which does not converge diverges.

Definitions: nondecreasing and nonincreasing sequences

o We say a sequence {a;},.; is nondecreasing if a;;; > a; for every i™I and increasing if a;11 > a; for every i™ 1.
e We say a sequence {a;},u; is nonincreasing if a;;; < a; for every ;™I and decreasing if \(a_{i+1}

Definition: bounded sequences

We say a set A C R is bounded if there exists a real number M such that |a| < M for every o™ A. We say a sequence {a;};u;
of real numbers is bounded if there exists a real number M such that |a;| < M for all %],

If {a;};w; is @ nondecreasing, bounded sequence of real numbers, then {a;} ., converges.

Proof available at the end of this section.

We conclude from the previous theorem that every nondecreasing sequence of real numbers either has a limit or is not bounded,
that is, is unbounded.

Show that a nonincreasing, bounded sequence of real numbers must converge.

Definition

Let {a;},x; be a sequence of real numbers. If for every real number M there exists an integer N such that a; > M whenever
i > N, then we say the sequence {a;},.; diverges to positive infinity, denoted by

lim a; = +o0. (2.1.2)

1—00

Similarly, if for every real number M there exists an integer N such that \(a_{i}N,\) then we say the sequence {a;}.; diverges
to negative infinity, denoted by

lim a; = —oo0. (2.1.3)

1—00
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Exercise 2.1.2

Show that a nondecreasing sequence of real numbers either converges or diverges to positive infinity.

Exercise 2.1.3

Show that a nonincreasing sequence of real numbers either converges or diverges to negative infinity.

2.1.1 Extended Real Numbers

It is convenient to add the symbols +oco and —oo to the real numbers R. Although neither +oco nor —co is a real number, we agree
to the following operational conventions:

1. Given any real number \(r,-\infty

2. For any real number r,

T+ (+00) =1 — (—00) = T + 00 = +00, (2.1.4)
r+ (—o0) =1 — (+00) =7 — 00 = —00, (2.1.5)

and
+1;o - 77;0 —0. (2.1.6)

3. For any real number r > 0,r - (+00) = +o0 and r - (—oo) = —o0.

4. For any real number r < 0,7 - (400) = —oo and r - (—o0) = +o0.

5.Ifa; = —00,i=1,2,3, ..., then lim;_,,, a; = —oo.

6.If a; = +o00,i=1,2,3,..., then lim;_,, a; = +oo.

Note that with the order relation defined in this manner, +oc is an upper

bound and —co is a lower bound for any set A C R. Thus if A C R does not have a finite upper bound, then sup A = +o0; similarly,
if A C R does not have a finite lower bound, then inf A = —occ.

When working with extended real numbers, we refer to the elements of R as finite real numbers and the elements +o0o0 and —oc
as infinite real numbers.

Exercise 2.1.4

Do the extended real numbers form a field?

2.1.2 Limit Superior and Inferior

Definition

Let {a;},.; be a sequence of real numbers and, for each i/, let u; = sup {a; : j > i}. If u; = +oo for every i™*I, we let

lim sup a; = +o0; (2.1.7)

i—00
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otherwise, we let

lim sup a; = inf {uz 3 imtI} . (2.1.8)

i—00

In either case, we call lim inf,,_,, a, the limit inferior of the sequence {a;} ;u.

Exercise 2.1.5

Given a sequence {a;};u; , define {u;};; and {l;},.; as in the previous two definitions. Show that

limsupa; = lim u; (2.1.9)
i—00 1—00
and
liminfa; = lim [;. (2.1.10)
1—>00 1—00

Exercise 2.1.6

Find lim sup;_,,, a; and liminf;_, a; for the sequences {a;};°; as de fined below.

a.a; = (—1)°
b.a; =1
C.a;=2""
d.a; = %

The following proposition is often called the squeeze theorem.

Proposition 2.1.2

Suppose {ai} s, {bj};um;, and {ci},um, are sequences of real numbers for which there exists an integer N such that a; < ¢;
< b; whenever i > N. If

lim a; = lim b;, (2.1.11)
1—00 1—00
then
lim ¢; = lim a; = lim b;. (2.1.12)
1—00 1—00 1—00

Proof available at the end of this section.

Suppose {a;},;x; and {ci} . are sequences for which there exists an integer N such that a; < ¢; whenever ¢ > N. Show that
if lim;_,, a; = +o0, then lim;_,., ¢; = +oo.
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Exercise 2.1.8

Suppose {b;} ;u.; and {cy},m are sequences for which there exists an integer N such that ¢; < b; whenever i > N. Show that

if lim; o b; = —o0, then lim; ,, ¢; = —oo.

Exercise 2.1.9

Suppose {a;};u:; and {b]»}jw are sequences of real numbers with a; < b; for all i larger than some integer N. Assuming both
sequences converge, show that
lim a; < lim b;. (2.1.13)
1—00 1—00
Exercise 2.1.10
Show that for any sequence {a;} i/,
liminfa; < limsupn;. (2.1.14)
1—=00 i—00
Proposition 2.1.3
Suppose {a;};x; is @ sequence for which
limsup a; = liminf a;. (2.1.15)
i—00 =00
Then
lim a; = limsup a; = liminf a;. (2.1.16)
1—00 i—00 i—00

Proof available at the end of this section.

Suppose u is a real number such that « > 0 and u < € for any real number € > 0. Show that u = 0.

2.1.3 Completeness

Definition

Suppose {a;},«; is @ sequence in R. We call {a;};.; @ Cauchy sequence if for every ¢ > 0 there exists an integer N such that
la; —aj| <€ (2.1.17)

whenever both i > N and j > N.

Theorem 2.1.4

Suppose {a;},; is a Cauchy sequence in R. Then {a;};.; converges to a limit L'"'R.
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| Proof available at the end of this section.

As a consequence of the previous theorem, we say that R is a complete metric space.

Exercise 2.1.12

Suppose A C R, A # 0, and s = sup A. Show that there exists a sequence {a;};°; with al"*A4 such that lim; ., a; = s.

Exercise 2.1.13

Given a real number z > 0, show that there exists a real number s > 0 such that s? = z.

We let /z denote the number s in the previous exercise, the square root of x.

2.1.4 Some Basic Results About Sequences

Proposition 2.1.5

Suppose {z;};«; is a convergent sequence in R,a is a real number, and L = lim;_,,, z;. Then the sequence {az;}u;
oonverges and

lim az; = aL. (2.1.18)

i—00

Proof available at the end of this section.

Proposition 2.1.6

Suppose {z;};«; and {y;},.; are convergent sequences in R with L =lim; ,,, z; and M = lim; ,., y;. Then the sequence
{x; + y:} u; converges and

lim (x; +y;) = L+ M. (2.1.19)
1—00

Exercise 2.1.14

Prove the previous proposition.

Proposition 2.1.7

Suppose {z;};.; and {y;};«; are convergent sequences in R with L = lim; ,,, z; and M = lim; ., y;. Then the sequence
{%’yi}im[ converges and

lim z;y; = LM. (2.1.20)

i—00

Prove the previous proposition.
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Proposition 2.1.8

Suppose {z;};.; and {y;};.; are convergent sequences in R with L = lim; o, 7;, M = lim;_, y;, and y; # 0 for all 1. If M
#+ 0, then the sequence {z— converges and

iintI
L
lim Zi — = 2.1.21
i =M (2.1.21)
Proof available at the end of this section.
Exercise 2.1.16
a. Show that lim, o ~ = 0.
b. Show that lim,, ., # = 0 by (i) using the definition of limit directly and then (ii) using previous results.
Exercise 2.1.17
Show that for any positive integer k,
li v 0 2.1.22
B =0 (2.1.22)
Example 2.1.1
We may combine the properties of this section to compute
5 +3n—6 . b+ —5%
im ———— = lim ————
n—oo 23 +2n2 —T7  n—oo 2+%_n_73
My, 5005 + 3limp 00 oy — 6limp 00 =5
iMoo 2+ 2limy 00 2 — Tlim e (2.1.23)
_ 54040
T 24040
_5
=5
Exercise 2.1.18
Evaluate
5 3 _
im M7 (2.1.24)
n—oo 8nd 4 2nt — 31
carefully showing each step.

Proposition 2.1.9

Suppose {z;};.«; is @ convergent sequence of nonnegative real numbers with L = lim; ,,, ;. Then the sequence {/z;};us
converges and

lim /z; = VL. (2.1.25)

i—00

@IOIC]E) 28 (2.1.6)



LibreTextS"

l Proof available at the end of this section.

Exercise 2.1.19

Evaluate
V3nZ+1
g, SO AR (2.1.26)
n—oo  Hn+ 6
carefully showing each step.
Exercise 2.1.20
Given real numbers r > 0 and «, show that \((\mathrmf{a}) \alpha r\).
Proposition 2.1.10
If ™R and |z| < 1, then
lim z" = 0. (2.1.27)

n—00

Proof available at the end of this section.

Show that lim,,_, |a,| = 0 if and only if lim,,_, a, = 0.

2.1.5 Subsequences

Definition

Given a sequence {z;};2,. , suppose {n;},-, is an increasing sequence of integers with
\[m \leq n_{1}

Then we call the sequence {z,,};-, a subsequence of {z;};° .

Example 2.1.2

The sequence {z};-, is a subsequence of the sequence {z;};°, . For example, {4-} " is a subsequence of {%};’il

Exercise 2.1.22

00
i=m

00
i=m

Suppose {z;}

limy o0 Ty, = L.

converges with lim; , z; = L. Show that every subsequence {z,,};-, of {z;} also converges and
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Exercise 2.1.23

Suppose {z;};,, diverges to +oco. Show that every subsequence {z,,};-, of {z;};-,, also diverges to +oo.

Exercise 2.1.24

Suppose {z;};,, diverges to —co. Show that every subsequence {z,,};-; of {z;};2,, also diverges to —oo.

=

Definition

Given a sequence {z;};-,, , we call any extended real number A which is the limit of a subsequence of {z;};-,, a subsequential
limit of {z;}:2,,..

Example 2.1.3

—1 and 1 are both subsequential limits of {(—1)"}.".

Exercise 2.1.25

Suppose the sequence {z;};2,, is not bounded. Show that either —oco or +co is a subsequential limit of {z;};° ..

Proposition 2.1.11

Suppose A is the set of all subsequential limits of the sequence {z;};°,. . Then A # 0.

Proof available at the end of this section.

Exercise 2.1.26

Suppose A C R and B C R with a < b for every ™™ A and b™ B. Show that sup A < inf B.

Proposition 2.1.12

Let A be the set of subsequential limits of a sequence {z;};°,,. Then

limsup z; = sup A. (2.1.28)

i—00

Proof available at the end of this section.

Let A be the set of subsequential limits of a sequence {z;};2,, . Show that

liminf z; = inf A. (2.1.29)

1—00
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Answers

Theorem 2.1.1

Since {a;} ;. is bounded, the set of A = {a; : i1} has a supremum. Let L = sup A. For any € > 0, there must exist N™J such that ay > L — ¢ (or else L — e would

be an upper bound for A which is smaller than L ). But then
\[L-\epsilon
foralli > N, that is,

la; — L| <€
for alli > N. Thus {a;};u.; converges and
L = lim a;.
1—00

Q.E.D.

Proposition 2.1.2
Let L = lim; , a; = lim;_, b;. Suppose L is finite. Given e > 0, there exists an integer M such that

€
i— L <<
la \<3
and
€
bi—L| < =
bi— Ll < 3
whenever i > M. Then
€ € 2e
i—bi| <lai — LI+ |L—bi| <5 +5=—F
i bl <lai—L|+|L—bl < g +5 =3

whenever i > M. Let K be the larger of N and M. Then
2
lei — L] < |ei — b| + b — L] < |ai — bs| + bi — L] < §+

whenever i > K. Thus lim ¢; = L. The result when L is infinite is a consequence of the next two exercises.
Proposition 2.1.3
Let u; = sup {ay, : k> i} and l; = inf {ay : k >4}. Then [; < a; < u; for all i™ 1. Now

lim /; = liminf a; = limsup a; = lim wu,,
i—00 i—00 i—00 i—00
so the result follows from the squeeze theorem. Q.E.D.

Theorem 2.1.4

Let u; = sup {ay. : k > i} and [; = inf {a; : k >4} . Given any € > 0, there exists N™Z such that |a; — aj| < eforalli,j> N.Thus, forall 4,5 > N, \(a_{i}

a; <inf{aj+e:j>i}=1+e
for all i > N. Since {l;},.; is @ nondecreasing sequence,
a; <sup{li+e:i™I} = “}Ei?f“i +e
for alli > N. Hence
u; =sup{ay: k> i} <liminfa; + €
00
foralli > N. Thus

limsup a; = inf {ul : iimI} <liminfa; + €.
i—00 100
Since liminf; , a; < limsup,_, a;, it follows that

limsup a; — liminfa;| <e.
i—00 100

since this is true for every e > 0, we have limsup,_,, a; = lim;_, inf a;, and so {a;};.; converges by Proposition 2.1.3.

Proposition 2.1.5

If a = 0, then {ax;};m; clearly converges to 0. So assume « # 0. Given € > 0, choose an integer N such that

€
|of

lzi — L] <

whenever i > N. Then for any i > N we have

€
az; —aLl| = |a||z; — L] < \a|m =e

Thus lim;_,o az; = aL. Q.E.D.
Proposition 2.1.8
Since M # 0 and M = lim;_, y;, We may choose an integer N such that
|M]

lyil > ==

whenever i > N. Let B be an upper bound for {|z;| : i1} U {|y;| : i™I} . Given any e > 0, we may choose an integer P such that

M3e

|z — L| < 15
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and
M?e
ly: — M| < B (2.1.46)
whenever i > P. Let K be the larger of N and P. Then, for any i > K, we have
z; L |@iM — y;L|
T
|ziM — ziyi + ziyi — yiL
- [yiM]
< [zl 1M —yil + |yil |2 — L] (2.1.47)
- lyiM|
BMe | pMe
M2
2
= €.
Thus
Lo L
Jim o (2.1.48)
Q.E.D.
Proposition 2.1.9
Let e > 0 be given. Suppose L > 0 and note that
e — L| = |v@ — VI||Vai + VI (2.1.49)
implies that
N7 Pt (2.1.50)
lvai + VI
for any i™I. Choose an integer N such that
|z; — L| < VLe (2.1.51)
whenever i > N. Then, for any i > N,
z;— L VLe
Wz — VI| = ﬁ < Yo (2.1.52)
Hence lim,_,o, v/Z; = VL.
If L = 0,lim;_,o x; = 0, SO we may choose an integer N such that |z;| < €* for alli > N. Then
Vi < e (2.1.53)
whenever i > N, s0 lim;_, /Z; = 0. Q.E.D.
Proposition 2.1.10
We first assume z > 0. Then the sequence {z"} ", is nonincreasing and bounded below by 8. Hence the sequence converges. Let L = lim,_,o z". Then
L= lim " =z lim " =zL, (2.1.54)

from which it follows that L(1 — z) = 0. since 1 — z > 0, we must have L = 0. The result for z < 0 follows from the next exercise. ~ Q.E.D.

Proposition 2.1.11

00 00

By the previous exercise, the proposition is true if {z;};° , is not bounded. So suppose {z;};°,, is bounded and choose real numbers a and b such that a < z; <b
for all i > m. Construct sequences {a;};2; and {b;};, as follows: Let a; = a and b; = b. For i > 1, let

1+ bie
_ Gt b (2.1.55)
2
If there exists an integer N such that a; < z; < cforall j > N, let a; = a;_1 and b; = ¢; otherwise, let a; = c and b; = b;_1. Let n; = m and, for k = 2,3,4, ..., let n;,

be the smallest integer for which nj, > n;—y and a; < z,, < b Then {z,,};-, is a Cauchy sequence which is a subsequence of {z;};2 . Thus {z,,};-, converges
and A # 0. Q.E.D.
Proposition 2.1.12
Let s =sup A and, for i > m,u; = sup {=z; : j > i}. Now since z; < u; for all j > i, it follows that X < u; for every A™*A and i > m. Hence, from the previous exercise,
s <inf{u; : i > m} = limsup;_, z;.
Now suppose s < limsup,_,,, ;. Then there exists a real number ¢ such that \(st .\) For k = 2,3,4, ..., let n;. be the smallest integer for which nj, > n;_; and z,, > t.
Then {z,, },, is a subsequence of {z;}:°  which has a subsequential limit A > ¢. Since ) is also then a subsequential limit of {z;} we have A™A and A >t > s,

contradicting s = sup A. Hence we must have limsup;_,, z; =supA. ~ QED.

00
i=m

This page titled 2.1: Sequences is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Infinite Series

Definition

Given a sequence {a;};o,. , let {s,}.-, . be the sequence defined by

n
Su =Y ai (2.2.1)
i=m
We call the sequence {s,},-. an infinite series. If {s,},-,, converges, we call
s = lim s, (2.2.2)
n—o0

the sum of the series. For any integer n > m, we call s,, a partial sum of the series.

We will use the notation
00
> a (2.2.3)
=1

[ee]
n=m?

to denote either {s,}
S a; diverges.

Exercise 2.2.1

Suppose Y 7 a; converges and B™R. Show that >"°  Ba; also converges and

> Bai=B) a; (2.2.4)

the infinite series, or s, the sum of the infinite series. Of course, if {s,}.—,, diverges, then we say

Exercise 2.2.2

Suppose both Y2 a; and Y ;2  b; converge. Show that Y :°  (a; + b;) converges and

i (ai +b;) = iai + ibi- (2.2.5)

Exercise 2.2.3

Given an infinite series Y ;- a; and an integer k > m, show that >"° a,; converges if and only if } 2, a; converges.

Proposition 2.2.1

Suppose ) ;2. a; converges. Then lim,_ a, = 0.

Proof available at the end of this section.
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Exercise 2.2.4

Let s =32, (—1)". Note that

s=i(—1)”:1—i(—l)”:1—s,

n=0 n=0

from which it follows that s = ;. Is this correct?

Exercise 2.2.5

Show that for any real number z # 1,

n+1

(Hint: Note that z"™ = 5,11 — s, = 1 + x5, — 5,,.)

For any real number z with |z| < 1,

Proof available at the end of this section.

2.2.1 Comparison Tests

The following two propositions are together referred to as the comparison test.

Proposition 2.2.3

(2.2.6)

(2.2.7)

(2.2.8)

Suppose Y 2 a; and Y 2, b; are infinite series for which there exists an integer N such that 0 < a; < b; whenever ; > N. If

S22, bi converges, then >°° a,; converges.

Proof available at the end of this section.

Proposition 2.2.4

Suppose Y 2 a; and Y 2, b; are infinite series for which there exists an integer N such that 0 < a; < b; whenever ; > N. If

>k a; diverges then Y 2 b; diverges.

Proof available at the end of this section.

Consider the infinite series
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> 1 1 1
ZH:1+1+5+§+Z+"" (2.2.9)
n=0
Now forn =1,2,3, ..., we have
0 ! 2.2.10
<< 5= (2.2.10)
Since
o0
1
> = (2.2.11)
n=1
converges, it follows that
[o°]
1
Y= (2.2.12)
n:
n=0
converges. Moreover,
2 S 1 S 2 =1 ! _ 2.2.1
<Zﬁ< +22n71— T =3 (2.2.13)
n=0 n=1 D)
We let
=\ 1
= —. 2.2.14

Proposition 2.2.5

e ¢ Q.

Proof available at the end of this section.

Definition

We call a real number which is not a rational number an irrational number.

We have seen that v/2 and e are irrational numbers.

Proposition 2.2.6

Suppose Y 2 a; and >_2, b; are infinite series for which there exists an integer NV and a real number M > 0 such that 0 < a;
< Mb,; whenever ; > N. If Y2, b; converges, then > a; converges.

Proof available at the end of this section.

Exercise 2.2.6

Suppose Y ;0 a; diverges. Show that Y ;2 Ba; diverges for any real number 3 # 0.
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Proposition 2.2.7

Suppose Y 2 a; and >_°, b; are infinite series for which there exists an integer NV and a real number M > 0 such that 0 < a;
< Mb; whenever i > N. If Y% a; diverges, then > 77, b; diverges.

Proof available at the end of this section.

Exercise 2.2.7

Suppose Y 2 a; and Y ;2 b; are infinite series for which a; > 0 and b; > 0 for all i > m. Show that if >°° b; converges and

lim Z— < +o0, (2.2.15)

1—00 0;

then Y :°  a; converges.

Exercise 2.2.8

Suppose Y ;2 a; and Y ;2 b; are infinite series for which a; > 0 and b; > 0 for all ¢ > m. Show that if ;2 a; diverges and

lim 2 < 400, (2.2.16)
1—00 0y
then Y 52 b; diverges.
Exercise 2.2.9
Show that
=, 1
2.2.1
Z — (2.2.17)
converges.
Exercise 2.2.10
Show that
o) "
= (2.2.18)
converges for any real number z > 0.
Exercise 2.2.11
Let S be the set of all finite sums of numbers in the set {a;, as,as, ...}, where a; > 0 fori=1,2,3,... That is
S = {Z a; : J C{1,2,3,...,n} for some ni“tZJr} . (2.2.19)
.L'intJ
Show that Y :; a; converges if and only if sup S < oo, in which case
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Zai =supS. (2.2.20)

One consequence of the preceding exercise is that the sum of a sequence of nonnegative numbers depends only on the numbers
begin added, and not on the order in which they are added. That is, if ¢ : Z* — Z is one-to-one and onto, }";°, a; converges if
and only if .2, a,(;) converges, and, in that case,

D= a0 (2.2.21)
i=1 i=1

Answers

Proposition 2.2.1

Lets, =Y 1, a; and s = lim, , s,. Since a, = s, — s,_1, We have lim,_, a, = lim,_,o0 (8 — $n—1) = limy00 $p — limyy_y0 Sp_1 = s — s = 0. Q.E.D.
Theorem 2.2.2

If s, = 3.1 2%, then, by the previous exercise,

1 —gntt

=TT (2.2.22)
Hence
= 1-2m 1
Zx"’ = lim s, = lim -_r - (2.2.23)
n=00 nooo 1 —x 11—z

3
Il
o

Proposition 2.2.3
By Exercise 2.2 .3 We need only show that }";° ; a; converges. Let s,, be the nth partial sum of }";° \ a; and let ¢, be the nth partial sum of >~ \ b;. Now
Spt1l — Sn = Gpy1 >0 (2.2.24)
for every n > N, so {s,}.- \ is a nondecreasing sequence. Moreover,
o
Su <ty <Y b < +00 (2.2.25)
i=N
for every n > N. Thus {s,}.- \ is a nondecreasing, bounded sequence, and so converges.

Proposition 2.2.4

By Exercise 2.2 .3 we need only show that }~:° \ b; diverges. Let s, be the nth partial sum of >\ a; and let ¢, be the nth partial sum of >°:° \ b;. Now {s,}ro v, N
is a nondecreasing sequence which diverges, and so we must have lim,,_,, s, = +oo. Thus given any real number M there exists an integer L such that

\[M
whenever n > L. Hence lim,,_, t, = 400 and Y ;2 b; diverges. (\quad\) Q.E.D.
Proposition 2.2.5
Suppose e = £ where p, q™Z7*. Let

|
a=q (e -3 H) . (2.2.26)

_ (i+ L)
T \g+1 0 (@+D(g+2)  (g+1D)(g+2)(g+3)
1

1
1 ——
q+1 < q+2  (¢+2)(¢+3) )
1

1 1
= <1+ q+—2+m+) (2.2.27)

Since this is impossible, we conclude that no such integers p and g exist. Q.E.D.

Proposition 2.2.6

@IOIC]E) 37 (2.2.5)



LibreTextS“'

Since Y, Mb; converges whenever 3, b; does, the result follows from the comparison test. ~ Q.E.D.

Proposition 2.2.7

By the comparison test, >, Mb; diverges. Hence, by the previous exercise, 2 b; also diverges.

oo oo
i=m i=m

We call the results of the next two exercises, which are direct consequences of the last two propositions, the limit comparison test.

This page titled 2.2: Infinite Series is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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3: CARDINALITY

3.1: Binary Representations
3.2: Countable and Uncountable Sets

3.3: Power Sets

This page titled 3: Cardinality is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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3.1: Binary Representations

Suppose {a,}.; is a sequence such that, for each n = 1,2,3, ..., either a,, = 0 or a,, = 1 and, for any integer N, there exists an
integer n > N such that a,, = 0. Then

| S

|
0< o5 < o (3.1.1)

N

forn=1,2,3,..., so the infinite series

o] an
n; o (3.1.2)

converges to some real number = by the comparison test. Moreover,

o]
1
0§x<22—n=1. (3.1.3)
n=1

[o¢]
n=

We call the sequence {a,},., the binary representation for z, and write

T = .a1a20304 ... . (3.1.4)

Suppose {a, }.; and {b,}.-, are both binary representations for z. Show that a, = b, forn=1,2,3, ...

Now suppose z™R with 0 < z < 1. Construct a sequence {a, }o as follows: If 0 < z < %, let a; = 0; otherwise, let a; = 1. For n
=1,2,3,..., let
1
Sn= > (3.1.5)
i=1
and set a1, = 1 if
S0t 5oy < (3.1.6)

and a, ;1 = 0 otherwise.

With the notation as above,
\[s_{n} \leq x
forn=1,2,3,....

Proof available at the end of this section.

Proposition 3.1.2

With the notation as above,
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z= i e (3.1.7)

Proof available at the end of this section.

With the notation as above, given any integer N there exists an integer n > N such that a,, = 0.

Proof available at the end of this section.

Combining the previous lemma with the previous proposition yields the following result.

Proposition 3.1.4

With the notation as above, z = .a1asasa4 ....

The next theorem now follows from Exercise 3.1.1 and the previous proposition.

Every real number 0 < z < 1 has a unique binary representation.

Answers
lemma 3.1.1
Since
0, if0<z<i
si=1< 2 (3.1.8)
5, fg<z<l
it is clear that \(s_{1} \leq x1\) and \(s_{n-1} \leq x
1 1 1 1 1
Sp = Sp—1+ o <z <s,1+ F =Sp-1+ o + o =Sy + o (3.19)
< p=""></s_{n-1}+\frac{1}{2 {n-1}}=s_{n-1}+\frac{1}{2 {n}}+\frac{1{2 {n}}=s_{n}+\frac{1}{2 {n}}.\]<>
If \(x
Sp =581 <2< 81+ sn+i. (3.1.10)

2n 2n
< p=""></s_{n-1}+\frac{1{2*{n}}=s_{n}+\frac{1{2*{n}}\]<>
Q.E.D.
Proposition 3.1.2
Given € > 0, choose an integer N such that QL < €. Then, for any n > N, it follows from the lemma that

1 1
[sn — | < o < o <e. (3.1.11)
Hence
Clims, =3 (3.1.12)
T = RLIgC Sp = o 1.
n=1
Q.E.D.
lemma 3.1.3
Ifa,=1forn=1,23,..., then
=1
z=3 5r=1 (3.1.13)
n=1
contradicting the assumption that 0 < z < 1. Now suppose there exists an integer N such that ay = 0 but a,, = 1 for every n > N. Then
> 1 > 1 1
r=Ssy+ Z 2—n=SN71+ Z Q_n:SN*1+2_N’ (3.1.14)
n=N+1 n=N+1
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implying that ay = 1, and thus contradicting the assumption that ax = 0. Q.E.D.

This page titled 3.1: Binary Representations is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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3.2: Countable and Uncountable Sets

Definition

A function ¢ : A — B is said to be a one-to-one correspondence if ¢ is both one-to-one and onto.

Definition

We say sets A and B have the same cardinality if there exists a one-to-one correspondence ¢ : A — B.

We denote the fact A and B have the same cardinality by writing |A| = | B|.

Define a relation on sets by setting A ~ B if and only if |A| = | B|. Show that this relation is an equivalence relation.

Definition

Let A be a set. If, for n'"Z*, A has the cardinality of the set {1,2,3,...,n}, we say A is finite and write |A| = n. If A has the
cardinality of Z*, we say A is countable and write |A| = Ry.

Example 3.2.1

If we define ¢ : Z* — Z by

{"Tl, if n is odd, 32.1)

A 03 oo
—%, ifniseven,

then ¢ is a one-to-one correspondence. Thus |Z| = X,.

Exercise 3.2.2

Let A be the set of even integers. Show that |[A| = X,.

Exercise 3.2.3

Verify each of the following:
a. If A is a nonempty subset of Z*, then A is either finite or countable.

b. If A is a nonempty subset of a countable set B, then A is either finite or countable.

Proposition 3.2.1

Suppose A4 and B are countable sets. Then the set C = A U B is countable.

@IOIC]E) 43 (3.2.1)



LibreTextS"'

| Proof available at the end of this section.

Definition

A nonempty set which is not finite is said to be infinite. An infinite set which is not countable is said to be uncountable.

Exercise 3.2.4

Suppose A is uncountable and B C A is countable. Show that A\ B is uncountable.

Proposition 3.2.2

Suppose A and B are countable. Then C = A x B is countable.

Proof available at the end of this section.

Proposition 3.2.3

Q is countable.

Proof available at the end of this section.

Proposition 3.2.4

Suppose for each i™Z*, A; is countable. Then

(s]

I
(G
=

(3.2.2)

.
Il
—

is countable.

Proof available at the end of this section.

If in the previous proposition we allow that, for each i™Z", 4; is either finite or countable, then B = [ J;2, A; will be either finite
or countable.

Answers

Proposition 3.2.1
Suppose A and B are disjoint, thatis, AN B=0. Let ¢ : Z* — A and ¢ : Z™ — B be one-to-one correspondences. Define 7: Z* — C by

() = { Z(W;I ) , if nis odd, (3.2.3)

(2), if n is even.

Then T is a one-to-one correspondence, showing that C is countable.

If A and B are not disjoint, then 7 is onto but not one-to-one. However, in that case C has the cardinality of an infinite subset of Z*, and so is countable. Q.E.D.
Proposition 3.2.2

Let ¢ : Z* — A and ¢ : Z* — B be one-to-one correspondences. Let a; = ¢(i) and b; = (i). Define 7: ZT — C by letting

(1) = (a1,b1), (3.2.4)
7(2) = (a1,b2), (3.2.5)
7(3) = (az,b1), (3.2.6)
7(4) = (a1,b3), (3.2.7)
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7(5) = (az,b2), (3.2.8)
7(6) = (a3, b1), (3.2.9)
7(7) = (a1,b4), (3.2.10)

P=1 (3.2.11)

That is, form the infinite matrix with (a;,b;) in the ith row and jth column, and then count the entries by reading down the diagonals from right to left. Then 7 is a
one-to-one correspondence and C' is countable.

Proposition 3.2.3
By the previous proposition, Z x Z is countable. Let
A={(p,q) : p,¢™Z,q > 0,p and q relatively prime .} (3.2.12)
Then A is infinite and A C Z x Z, so A is countable. But clearly |Q| = |A|, so Q is countable. Q.E.D.
Proposition 3.2.4

Suppose the sets A;,i™Z, are pairwise disjoint, that is, A; N A; = 0 for all ¢, 5™*Z*. For each i™Z", let ¢, : Z* — A; be a one-to-one correspondence. Then 1 : Z*
x Z" — B defined by

¥(i,5) = i(j) (3.2.13)
is a one-to-one correspondence, and so |B| = |ZT x Z*| = Rq.

If the sets A;,i™Z*, are not disjoint, then 1 is onto but not one-to-one. But then there exists a subset P of Z* x Z* such that ¢ : P — B is a one-to-one
correspondence. Since P is an infinite subset of a countable set, P is countable and so |B|=X;.  Q.E.D.

This page titled 3.2: Countable and Uncountable Sets is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by
Dan Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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3.3: Power Sets

Definition

Given a set A, we call the set of all subsets of A the power set of A, which we denote P(A).

If A={1,2,3}, then

P(A) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. (3.3.1)

Proposition 3.3.1

If A is finite with |A| = n, then |P(4)| = 2™.

Proof available at the end of this section.

With B as in the previous proposition, show that |B| = 2.

In analogy with the case when A is finite, we let 214l = |P(A)| for any nonempty set A.

Definition

Suppose A and B are sets for which there exists a one-to-one function ¢ : A — B but there does not exist a one-to-one
correspondence ¢ : A — B. Then we write |A| < |B|.

If A is a nonempty set, then |A| < |P(A)|.
Proof available at the end of this section.
Now let B be the set of all sequences {a;};-; in A such that for every integer N there exists an integer n > N such that a,, = 0.
Let C = A\B,
Dy ={{ai};2;:a;=1,i=1,2,3,..}, (3.3.2)
and
D;={{ai};2; 1 a; =0,a; =1 for k > j} (3.3.3)

for j=1,2,3,... Then |Dy| = 1 and |D,| = 29~ for j = 1,2, 3, ... Moreover,

C= ['j D;, (3.3.4)
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so C is countable. Since A = BU C, and A is uncountable, it follows that B is uncountable. Now if we let

I={z:2™R,0<z <1}, (3.3.5)
we have seen that the function ¢ : B — I defined by

o ({ai}ic)) = ara2asaq ... (3.3.6)

is a one-to-one correspondence. It follows that I is uncountable. As a consequence, we have the following result.

Theorem 3.3.4

R is uncountable.

Exercise 3.3.2

Let I = {z: 2R, 0 < z < 1}. Show that
a. Il =|{z: 2™R,0< x <1}

b. \(II]=]\{x: x \in \mathbb{R}, ®

c. \(II|=]\{x: x \in \mathbb{R}, ®

d. \(IT|=I\{x: x \in \mathbb{R},-1

Exercise 3.3.3

Let I = {z: 2™R,0 < z < 1} and suppose a and b are real numbers with \(a

\[II]=]\{x: x \in \mathbb{R}, a \leq x

Exercise 3.3.4

Does there exist a set A C R for which X, < |A| < 2%? (Before working too long on this problem, you may wish to
read about Cantor's continum hypothesis.)

Answers
Proposition 3.3.1
Let
B={(b,bs,....,bn) i b =0o0rb;=1,i=1,2,..,n} (3.3.7)
and let ay,as, ..., a, be the elements of A. Define ¢ : B — P(A) by letting
@ (b1,ba, ... by) ={a;i:bi=1,i=1,2,...,n}. (3.3.8)
Then ¢ is a one-to-one correspondence. The result now follows from the next exercise.  Q.E.D.
Theorem 3.3.2
Define ¢ : A — P (Z*) by
o () = {i+i"2% 0 =1} (33.9)

Then ¢ is a one-to-one correspondence. Q.E.D.

This page titled 3.3: Power Sets is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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4: TOPOLOGY OF THE REAL LINE

4.1: Intervals

4.2: Open Sets
4.3: Closed Sets
4.4: Compact Sets

This page titled 4: Topology of the Real Line is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 48 (4.1)


https://math.libretexts.org/Bookshelves/Analysis/A_Primer_of_Real_Analysis_(Sloughter)/04%3A_Topology_of_the_Real_Line
https://creativecommons.org/licenses/by-nc-sa/1.0/
http://www2.furman.edu/academics/mathematics/meet-our-faculty/pages/Dan-Sloughter.aspx
http://www2.furman.edu/academics/mathematics/meet-our-faculty/pages/Dan-Sloughter.aspx
http://www.synechism.org/wp/the-calculus-of-functions-of-several-variables

LibreTextS“'

4.1: Intervals

Definition: intervals

Given any two extended real numbers \(a
\[(a, b)=\{x: x \in \mathbb{R}, a
an open interval.
Given any two finite real numbers a < b, we call the sets
[a,b] = {z : 2™R,a < z < b},
(—00,b] = {z : ™R,z < b},
and
[a,400) = {z : ™R,z > a}

closed intervals.

We call any set which is an open interval, a closed interval, or is given by, for some finite real numbers \(a

\[(a, b]=\{x: x \in \mathbb{R}, a
or
\[[a, b)=\{x: x \in \mathbb{R}, a \leq x

an interval.

Proposition 4.1.1

If a, b™R with \(a
(a,0) ={z:xz=Xa+ (1 —A)b,0 < A <1}

Proof available at the end of this section.

Answers
Proposition 4.1.1

Suppose z = Aa + (1 — A)b for some 0 < A < 1. Then

b—z=X—Xa=Ab—a)>0,
s0 \(x
z—a=A—1a+(1—-XNb=(1—-A)(b—a)>0,
so \(a
Now suppose z'"(a, b). Then

and

Q.E.D.
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This page titled 4.1: Intervals is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via source
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4.2: Open Sets

Definition

We say a set U C R is open if for every z™U there exists ¢ > 0 such that

(x—e,z+e€) CU. (4.2.1)

Proposition 4.2.1

Every open interval I is an open set.

Proof available at the end of this section.

Note that R is an open set (it is, in fact, the open interval (—oo, +00)), as is 0 (it satisfies the definition trivially).

Proposition 4.2.2

Suppose A is a set and, for each o™ A4, U, is an open set. Then

U Vs (4.2.2)

aintA
is an open set.

Proof available at the end of this section.

Proposition 4.2.3

Suppose Uy, Us, ..., U, is a finite collection of open sets. Then
Ui (4.2.3)

is open.

Proof available at the end of this section.

Definition

Let A C R. We say z'™* A is an interior point of A if there exists an e > 0 such that (z — ¢,z +¢) C A. We call the set of all
interior points of A the interior of A, denoted A°.

Exercise 4.2.1

Show that if A C R, then A° is open.
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Exercise 4.2.2

Show that A is open if and only if A = A°.

Exercise 4.2.3

Let U C R be a nonempty open set. Show that sup U ¢ U and inf U ¢ U.

Answers
Proposition 4.2.1
Suppose I = (a,b), where \(ay ;\) otherwise, we have
b—y>b—(z+e)=0b—z)—e>(b—2z)—(b—2z)=0, (4.2.4)
so b > y. If a = —o0, then \(a
y—a>(@—€e—a=(@x—a)—e>(x—a)—(r—a)=0, (4.2.5)
so \(a
Proposition 4.2.2
Let ™ Uguig Us. Then U, for some o™ A. Since U, is open, there exists an e > 0 such that (z — ¢,z +€) C U,. Thus
(z—ez+€ CUsC | U (4.2.6)
a4
Hence |Ju 4 Us is open. Q.E.D.
Proposition 4.2.3
Let z™ (., U;. Then z™™U; for every i = 1,2, ..., n. For each i, choose ¢; > 0 such that (z — €;,z + ¢;) C U;. Let € be the smallest of €1, €5, ..., €,. Then e > 0 and
(z—e,xz+e)C(z—€,z+€)CU; (4.2.7)
foreveryi=1,2,...,n. Thus

(z—ex+e€ C mUi‘ (4.2.8)
i=1

Hence (N, U; is an open set. ~ Q.E.D.

This page titled 4.2: Open Sets is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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4.3: Closed Sets

Definition: limit points

We call a point 2™™R a Llimit point of a set A C R if for every e > 0 there exists a™ A, a # z, such that a™*(z — ¢,z + ¢).

Definition: isolated point

Suppose A C R. We call a point '™ A an isolated point of A if there exists an € > 0 such that
AN(a—ea+e) ={a}. (4.3.1)

Exercise 4.3.1

Identify the limit points and isolated points of the following sets:
a.[-1,1],

b. (—1,1),

c. {1 :nmz+Y,

d. Z,

e. Q.

Exercise 4.3.2

Suppose z is a limit point of the set A. Show that for every € > 0, the set (z — ¢,z + €) N A is infinite.

We let A’ denote the set of limit points of a set A.

Definition: closures

Given a set A C R, we call the set A = A U A’ the closure of A.

Definition: Closed sets

We call a set C c R closed if C = C.

Proposition 4.3.1

If A C R, then A is closed.

Proof available at the end of this section.

@IOIC]E) 53 (4.3.1)



LibreTextsw

Proposition 4.3.2

A set C C R is closed if and only if for every convergent sequence {ay} i With ai®C for all K™K,
lim ai™C. (4.3.2)
k—o00

Proof available at the end of this section.

Exercise 4.3.3

Show that every closed interval I is a closed set.

Proposition 4.3.3

Suppose A is a set and, for each o™ 4, C,, is a closed set. Then

() Ca (4.3.3)

aintA
is a closed set.

Proof available at the end of this section.

Proposition 4.3.4

Suppose C1, s, ..., C, is a finite collection of closed sets. Then
Ue (4.3.4)

is closed.

Proof available at the end of this section.

Note that both R and () satisfy the definition of a closed set.

Proposition 4.3.5

A set C C R is closed if and only if R\C' is open.

Proof available at the end of this section.

Exercise 4.3.4

Forn = 1,2,3,..., let I, = (_L "_'H) - 13

8
=

(4.3.5)

3
Il
—

open or closed?
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Exercise 4.3.5

Forn=3,4,5,..,let, = [ =1] Is

n

open or closed?

Exercise 4.3.6

show that
00

I, = [a,b].
-1

T

Exercise 4.3.7

Find a sequence I,,,n=1,2,3, ..., of closed intervals such that I,,,; C I, forn=1,2,3, ... and

8
o
I
=

3
Il
—

Exercise 4.3.8

DL
&
[
=

3
I
—

Exercise 4.3.9

Suppose 4; CR,i=1,2,...,n, and let B= ]!, 4;. Show that

B=

i=1

Exercise 4.3.10

Suppose A; C R,i™Z* and let

Show that
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Find an example for which

B+ fj A;. (4.3.13)
o=l

Exercise 4.3.11

Suppose U C R is a nonempty open set. For each z™U, let
Jo=J@—ez+9), (4.3.14)
where the union is taken over all e > 0 and ¢ > 0 such that (z — e,z 4+ 6) C U.
a. Show that for every z,y'™U, either J, N J, =0 or J, = J,,.
b. Show that

U= J J., (4.3.15)

zint B

where B C U is either finite or countable.

Answers

Proposition 4.3.1
Suppose z is a limit point of A. We we will show that z is a limit point of A, and hence z™* A. Now for any € > 0, there exists a™ A, a # =z, such that

int _ i i

o (ac ot Z)A (4.3.16)
If a™A, letb=a. If a ¢ A, then a is a limit point of A, so there exists 6™ A, b # a and b # =z, such that

it (€ €

b (a ~a+ 2). (4.3.17)

In either case
€

5=c (4.3.18)

€
\sz|5\zfa\+|a7b\<§+

Hence 2™ A’, and so A is closed. Q.E.D.

Proposition 4.3.2
Suppose C is closed and {a;} . IS @ convergent sequence with a}j"’C’ for all k™ K. Let 2 = limy,_,o az. If = ay, for some integer k, then z™*C. Otherwise, for every
€ > 0, there exists an integer N such that |ay — z| < e. Hence ay # x and
Az — e,z +€). (4.3.19)
Thus z is a limit point of C, and so z*C since C is closed.
Now suppose that for every convergent sequence {ay} . With ai*C for all k™K, lim_,« ai™C. Let 2 be a limit point of C. For k= 1,2,3, ..., choose a!™C such that
a (z — 4,2+ §). Then clearly

z = lim ay, (4.3.20)
k—00

so z™(C. Thus C is closed.  Q.E.D.
Proposition 4.3.3
Suppose z is a limit point of (4 Ca. Then for any € > 0, there exists y™ () .4, Ca SUch that y # z and y™ (z — €,z + €). But then for any oi™4, y™C,, so z is a
limit point of C,. Since C, is closed, it follows that z'*'C, for every o™ A. Thus ™ () w4 Ca and [, 4 Ca is closed.  Q.ED.
Proposition 4.3.4
Suppose {aj}m 1S @ convergent sequence with ai,cm ", C; for every k™K. Let L =lim;_ai. Since K is an infinite set, there must an integer m and a

subsequence {an]}]f'i1 such that ain"J'Cm forj=1,2,... Since every subsequence of {a} .. converges to L, {anj}j”i1 must converge to L. Since C,, is closed,
n
T int

L= }gg arCp C szl Ci. (4.3.21)

Thus |J;i, C; is closed. ~ Q.E.D.
Proposition 4.3.5

Assume C'is closed and let U = R\C. If C' = R, then U = 0, which is open; if C = 0, then U = R, which is open. So we may assume both C' and U are nonempty. Let
™. Then z is not a limit point of C, so there exists an € > 0 such that

(z—e,z+€e)NC=0. (4.3.22)
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Thus
(z—e,xz+e€) CU, (4.3.23)
so U is open.

Now suppose U = R\C'is open. If U = R, then C = 0, which is closed; if U = 0, then C = R, which is closed. So we may assume both U and C are nonempty. Let z
be a limit point of C. Then, for every ¢ > 0,

(z—e,x+€e)NC #0. (4.3.24)
Hence there does not exist € > 0 such that

(z—e,xz+e€) CU. (4.3.25)
Thus z ¢ U, so z™C and C is closed. ~ Q.E.D.

This page titled 4.3: Closed Sets is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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4.4: Compact Sets

Definition

Suppose T C R. If A is a set, U, is an open set for every o™ A4, and

Tc U,

aint A

then we call {U, : o™ A} an open cover of T.

4.4.1Example

Forn =3,4,5,..., let

Unz(l,"_l).
n n

Then {U, : n = 3,4,5,...} is an open cover of the open interval (0, 1).

Definition

Suppose {U, : @™ A} is an open cover of T C R. If BC A and

Tc | Us,
/BinLB

(4.4.1)

(4.4.2)

(4.4.3)

then we call {Ug : BB} a subcover of {U,, : o™ A} . If B is finite, we call {Ug : 8™ B} a finite subcover of {U, : a™A}.

4.4.1Exercise

Show that the open cover of (0, 1) given in the previous example does not have a finite subcover.

Definition

We say a set K C R is compact if every open cover of K has a finite sub cover.

As a consequence of the previous exercise, the open interval (0, 1) is not compact.

Show that every finite subset of R is compact.

Suppose n'™Z* and K1, Ko, ..., K,, are compact sets. Show that U?=1 K; is compact.
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4.4.1proposition

If I is a closed, bounded interval, then I is compact.

Proof available at the end of this section.

4.4 2proposition

If K is a closed, bounded subset of R, then K is compact.

Proof available at the end of this section.

4.4.4Exercise

Show that if K is compact and C C K is closed, then C is compact.

4.4.3proposition

If K ¢ R is compact, then K is closed.

Proof available at the end of this section.

4.4.5Exercise

Suppose that for each a in some set A, K, is compact. Show that [ .., Ko is compact.

4.4 .4proposition

If K C R is compact, then K is bounded.

Proof available at the end of this section.

Taken together, the previous three propositions yield the following fundamental result:

4.4.5Theorem

A set K C R is compact if and only if K is closed and bounded.

4.4 .6proposition

If K c R is compact and {z,},.; is a sequence with z!"*K for every ni™I, then {z,},.; has a convergent subsequence
{@n, } 1oy With

lim "' K. (4.4.4)
k—oo

Proof available at the end of this section.
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4.4.Tproposition

Suppose K C R is such that whenever {z,},..; is a sequence with zi* K for every n'™I, then {z,},.; has a subsequence

{Zn, }ooy With limy, e z2°K. Then K is compact.

Nk

Proof available at the end of this section.

Show that a set K C R is compact if and only if every infinite subset of K has a limit point in K.

Show that if K is compact, then sup K™K and inf K™ K.

4.4.8Theorem

Given a set K C R, the following are equivalent:
1. Every open cover of K has a finite subcover.
2. Every sequence in K has a subsequential limit in K.

3. Every infinite subset of K has a limit point in K.

Suppose K, K», K3, ... are nonempty compact sets with
Kn+1 C Kn

forn=1,2,3,... Show that

s
=

3
Il
-

is nonempty.

We say a collection of sets {D,, : a/™*A} has the finite intersection property if for every finite set B C 4,

(] Do #0.

aintB
Show that a set K C R is compact if and only for any collection
{Ea :a™A, E, = C, N K where C, C R is closed }
which has the finite intersection property we have

() Ea #0.

aint A
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Answers

proposition 4.4.1

Let a < b be finite real numbers and I = [a, b]. Suppose {U, : o™ A} is an open cover of I. Let O be the set of sets {Ug : 3" B} with the properties that B is a finite
subset of A and a™" |z Up. Let

(s—€,s+€) CU,. (4.4.10)
Moreover, there exists a {Us : ™ B}™ O for which
[a, s— g] c BQB Us. (4.4.11)
But then
{Us: BB} U{U}™ 0O (4.4.12)
and

[a,s+ %] c (U U/,) UU., (4.4.13)

Bint B

contradicting the definition of s. Hence we must have s = b. Now choose U,, such that b™U,. Then, for some € > 0,

(b—e€,b+¢€) CU,. (4.4.14)
Moreover, there exists {Uj : 8 B}™ @ such that
[a, b— %] c [yB Us. (4.4.15)
Then
{Us: B™BYU{U}™ 0 (4.4.16)

is a finite subcover of I. Thus I is compact. Q.E.D.

proposition 4.4.2
Since K is bounded, there exist finite real numbers a and b such that K C [a,b]. Let {U, : ¢ A} be an open cover of K. Let V = R\K. Then

{Uo: ™A} U{V} (4.4.17)
in the latter case, we have
K Cla,\VC | Us (4.4.18)
ot

In either case, we have found a finite subcover of {U, : ¢ A4}.  Q.ED.

proposition 4.4.3
Suppose z is a limit point of K and z ¢ K. Forn=1,2,3, ..., let

1 1
U, = (700,Z7 —) u (er —,+oo) . (4.4.19)
n n
Then
U, = (—o0,z) U (z,+00) D K. (4.4.20)
n=1
However, for any N™™Z* there exists o™ K with
. 1 1
int 2, =
a (ac ~° + N) s (4.4.21)
and hence
¢[VJU ( 1)u(+1+ ) (4.4.22)
a n=(—00,x — — z+ —,400]. 4.
] N N

Thus the open cover {U, : n™Z"} does not have a finite subcover, contradicting the assumption that K is compact. Q.E.D.

proposition 4.4.4
Suppose K is not bounded. For n = 1,2,3, ..., let U, = (—n,n). Then

s

U, = (—o0,00) D K. (4.4.23)

n=1

But, for any integer N, there exists o™ K such that |a| > N, from which it follows that
N
a¢ | JU.=(-N,N). (4.4.24)
n=1

Thus the open cover {U, : n™™*Z*} does not have a finite subcover, contradicting the assumption that K is compact. Q.E.D.
proposition 4.4.6
Since K is bounded, {z,},w, has a convergent subsequence {z,, };2,. Since K is closed, we must have lim;_,o, i K.
proposition 4.4.7
Suppose K is unbounded. Then we may construct a sequence {z,}oo, such that zI"K and |z,| > n for n = 1,2,3, ... Hence the only possible subsequential limits

n
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of {z,,},-, would be —co and +oo, contradicting our assumptions. Thus K must be bounded.

Now suppose {z,},.; is a convergent sequence with ™K for all n™I. If L =lim, , 2., then L is the only subsequential limit of {z,},.;. Hence, by the
assumptions of the proposition, L™ K. Hence K is closed.

Since K is both closed and bounded, it is compact. Q.E.D.

This page titled 4.4: Compact Sets is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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5: LIMITS AND CONTINUITY

5.1: Limits
5.2: Monotonic Functions

5.3: Limits to Infinity and Infinite Limits

5.4: Continuous Functions

This page titled 5: Limits and Continuity is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter
via source content that was edited to the style and standards of the LibreTexts platform.
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5.1: Limits

Let A C R and let z be a limit point of A. In the following, we will let S(A, z) denote the set of all convergent sequences {z,},,u;
such that zi™ A for all n'™*I,z,, # z for all ™1, and lim, . z, = x. We will let S*(4,z) be the subset of S(4,r) of sequences
{@n},m; for which z,, > z for all n'"*I and S~ (4, z) be the subset of S(4, z) of sequences {z,},,u; for which \(x_{n}

Definition

Let DCR, f: D— R, L™R, and suppose a is a limit point of D. We say the limit of f as 2 approaches a is L, denoted

glcl_rf(llf(.’li) =1L, (5.1.1)
if for every sequence {z,}"; S(D, a),
nh_{{)lcf(xn) =L. (5.1.2)

If ST(D, a) # 0, we say the limit from the right of f as z approaches a is L, denoted

le)rg_ flz) =1L, (5.1.3)
if for every sequence {z,}"; S*(D, a),

lim f(z,) =L, (5.1.4)

n—od

and, if S~(D, a) # 0, we say the limit from the left of f as x approaches a is L, denoted

ZIHE, flx) =1L, (5.1.5)
if for every sequence {z,}; S~ (D, a),
T}Lrgof(xn) =L. (5.1.6)
We may also denote
31613} flz)=1L (5.1.7)
by writing
f(r) > Lasz — a. (5.1.8)
Similarly, we may denote
lim f(z) =L (5.1.9)
z—at
by writing
f(x) > Laszla (5.1.10)
and
Ilirgf flz)=1L (5.1.11)
by writing
flz) > LaszTa (5.1.12)
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We also let

flat) = lim f(z) (5.1.13)
and

fla—) = zligzlf f(z). (5.1.14)

It should be clear that if lim,_,, f(z) = L and ST(D,a) # 0, then f(a +) = L. Similarly, if lim,_,, f(z) = L and S~(D, a) # 0,
then f(a —) = L.

Proposition 5.1.1

Suppose D C R, f: D — R, and a is a limit point of D. If f(a —) = f(a +) = L, then lim,_,, f(z) = L.

Proof available at the end of this section.

Proposition 5.1.2

Suppose D C R, a is a limit point of D, and f: D — R. If lim,_,, f(z) = L and ™R, then

lim af(z) = aL. (5.1.15)

r—a

Proof available at the end of this section.

Proposition 5.1.3

Suppose D C R,a is a limit point of D, f: D — R, and g: D — R. If lim,_,, f(z) = L and lim,_,, g(z) = M, then

glclirlll(f(:v)-l—g(:v)) =L+ M. (5.1.16)

Proof available at the end of this section.

Proposition 5.1.4

Suppose D C R,a is a limit point of D, f: D —» R, and g: D — R. If lim,_,, f(z) = L and lim,_,, g(z) = M, then

lim f(z)g(z) = LM. (5.1.17)

r—a

Prove the previous proposition.

Proposition 5.1.5

Suppose D C R, a is a limit point of D, f: D -+ R, g: D — R, and g(z) # 0 for all ™™ D. If lim,_,, f(z) = L,lim,_,, g(z) = M,
and M # 0, then

fo) _ L (5.1.18)

e g(x) M
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Prove the previous proposition.

Proposition 5.1.6

Suppose D C R, a is a limit point of D, f: D — R, and f(z) > 0 for all ™' D. If lim, ,, f(z) = L, then

lim \/ f(z) = VL. (5.1.19)

r—a

Prove the previous proposition.

Given DCR,f: D— R,and A C D, we let
f(A) = {y:y = f(z) for some z'"*A}. (5.1.20)

In particular, f(D) denotes the range of f.

Proposition 5.1.7

Suppose D C R, E C R,a is a limit pointof D,g: D —» R, f: E— R, and g(D) C E. Moreover, suppose lim,_,, g(z) = b and, for
some € > 0, g(x) # b for all z™*(a — ¢,a + €) N D. If lim,_;, f(z) = L, then

alci_r)r(llfo g(z) =L. (5.1.21)

Proof available at the end of this section.

Example 5.1.1

Let
[0, ifx#0,
g(z) = { 1 ifz=o. (5.1.22)
If f(z) = g(x), then
[ 1, ifx#0,
foglz)= { 0. ifx=0. (5.1.23)

Hence lim,_,o f o g(z) = 1, although lim,_,o g(z) = 0 and lim,_,o f(z) = 0.

5.1.1 Limits of Polynomials and Rational Functions

If ™R and f: R — R is given by f(z) = c for all z™R, then clearly lim, _,, f(z) = c for any a™R.
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Example 5.1.3

Suppose f: R — R is defined by f(z) = « for all z™R. If, for any ™R, {2, } %, S(R, a), then

lim f(z,) = le T, =a. (5.1.24)

n—o0

Hence lim,_,, z = a.

Example 5.1.4

Suppose n'"*Z* and f: R — R is defined by f(z) = z". Then

n

glgl_r)rlllf(w) = :}cl—rgm = }:[l}clglllx =a". (5.1.25)

Definition

If n'™Z,n > 0, and by, by, ..., b, are real numbers with b,, # 0, then we call the function p : R — R defined by
p(z) = bpz" + by 1" 4+ b1z + by (5.1.26)

a polynomial of degree n.

Exercise 5.1.4

Show that if f is a polynomial and a™R, then lim,_,, f(z) = f(a).

Definition

Suppose p and g are polynomials and

D = {z: 2™R, g(x) # 0}. (5.1.27)
We call the function r : D — R defined by
r(z) = 28 (5.1.28)
q(z)

a rational function.

Exercise 5.1.5

Show that if f is a rational function and « is in the domain of f, then lim,_,, f(z) = f(a).

Exercise 5.1.6

Suppose D C R,a™D is a limit point of D, and lim,_,, f(z) = L. If E = D\{a} and g: E — R is defined by g(z) = f(z) for all
™ E, show that lim, ,, g(x) = L.
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Exercise 5.1.7

Evaluate

(5.1.29)

Exercise 5.1.8

Suppose D C R, a is a limit pointof D, f: D - R,g: D — R, h: D — R, and f(z) < h(z) < g(z) for all z'**D. If lim,_,, f(z) = L
and lim,_,, g(z) = L, show that lim,_,, h(z) = L. (This is the squeeze theorem for limits of functions.)

Note that the above results which have been stated for limits will hold as well for the appropriate one-sided limits, that is, limits
from the right or from the left.

Exercise 5.1.9

Suppose
r+1, ifz<0,
flz) =14 4, ifx =0, (5.1.30)
z?, if z > 0.

Evaluate f(0), f(0 —), and f(0 +). Does lim,_, f(z) exist?

5.1.2 Equivalent Definitions

Proposition 5.1.8

Suppose D C R, a is a limit point of D, and f: D — R. Then lim,_,, f(z) = L if and only if for every ¢ > 0 there exists a § > 0
such that

|f(z) — L| < € whenever = # a and z™(a — §,a + §) N D. (5.1.31)

Proof available at the end of this section.

The proofs of the next two propositions are analogous.

Proposition 5.1.9

Suppose D C R, a is a limit point of D, f: D — R, and S~ (D, a) # 0. Then lim,_,,- f(z) = L if and only if for every ¢ > 0 there
exists a ¢ > 0 such that

|f(z) — L| < € whenever z™(a — §,a) N D. (5.1.32)

Proposition 5.1.10

Suppose D C R, a is a limit point of D, f: D — R, and S*(D,a) # 0. Then lim,_,,+ f(z) = L if and only if for every e > 0 there
exists a 6 > 0 such that
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| |f(x) — L| < e whenever z™(a,a + 8) N D.

5.1.3 Examples

Example 5.1.5

Define f: R — R by

1, if z is rational,
f(z) = e
0, if z is irrational.

will exist z'*(a — 6,a + 6), = # a, such that
1
@)~ Il 2 5.

Hence lim,_,, f(z) does not exist for any real number a.

Example 5.1.6

Define f: R — R by

x, if x is rational,
flz) = e
0, if z is irrational.

Then lim,_,y f(z) = 0 since, given € > 0, | f(z)| < € provided |z| < .

Exercise 5.1.9

Show that if f is as given in the previous example and a # 0, then lim,_,, f(z) does not exist.

Exercise 5.1.11

Define f: R — R by

fz) = 7R if x is rational and x 0
0, if z is irrational,

number a,lim,_,, f(z) = 0.
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Let a™R. Since every open interval contains both rational and irrational numbers, for any § > 0 and any choice of L™R, there

(5.1.35)
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where p and ¢ are taken to be relatively prime integers with ¢ > 0, and we take ¢ = 1 when =z = 0. Show that, for any real
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Figure 5.1.1: Graphs of y = ¢(z) and y = s(z)
Example 5.1.7

Define ¢ : [0,1] — [—1,1] by

Next define s : R — R by s(z) = ¢(z — |z]), where |z| denotes the largest integer less than or equal to z (that is, |z] is the
nintZ’

\[\varphi(x)=\left\{\begin{array}{l}{4 x,} & {\text { if } ® \leq x \leq \frac{1}{4},} \ {2-4 x,} & {\text { if } \frac{1}{4}
floor of z ). The function s is an example of a sawtooth function. See the graphs of ¢ and s in Figure 5.1.1. Note that for any

s([n,n+1]) = [-1,1]. (5.1.38)
Now let D = R\{0} and define o : D — R by

1
o(z)=s ( - ) .
See the graph of ¢ in Figure 5.1.2. Note that for any n™Z*,

(5.1.39)

aqnifij)=qmm+u)=me

Hence for any ¢ > 0,0((0,¢)) = [—1,1], and so lim,_,o+ o(z) does not exist. Similarly, neither lim,_,o- o(z) nor lim,_,o o(z) exist.

(5.1.40)
Example 5.1.8

Let s be the sawtooth function of the previous example and let D = R\{0}. Define ¢): D — R by

P(x) = s (%) .

(5.1.41)
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Figure 5.1.2: Graphs of y = o(z) and y = ¥ (z)

See Figure 5.1.2 for the graph of v. Then for all ™' D,

—lz| < ¢(z) < |=], (5.1.42)

and so lim,_,o ¥(z) = 0 by the squeeze theorem.

Definition

Let Dc Rand f: D — R. We say f is bounded if there exists a real number B such that |f(x)| < B for all z™™*D.

Suppose f: R — R is bounded. Show that lim,_,o z f(z) = 0.

Answers

Proposition 5.1.1
Suppose Double exponent: use braces to clarify
\[JA{-}=\left\{n: n \in \mathbb{Z}, x_{n}

and
Jt={n:n"2Z,z, >a}. (5.1.43)

Let

Suppose J ~ is empty or finite and let k = m — 1 if J~ = 0 and, otherwise, let k be the largest integer in J . Then Double exponent: use braces to clarify

and so

"lLIrolof(z") = f(a+) = L. (5.1.44)
A similar argument shows that if J* is empty or finite, then

Tim f (z,) = f(a—) = L. (5.1.45)

If neither J~ nor J+ is finite or empty, then {z,} s, — and {z,} .., + are subsequences of {z,}°°  with {z,}". ;- S~(D,a) and {agn}:ﬁf”+ S*(D, a). Hence, given

any € > 0, we may find integers N and M such that

If (@) — L] < ¢ (5.1.46)
whenever n™ {5 : j"*J~, j > N} and

If (#) — L] < ¢ (5.1.47)
whenever n™ {5 : "' J*+ j> M} . Let P be the larger of N and M. Since J~ U J* = {j: j"Z*, j > m}, it follows that

|f(zn)— Ll <€ (5.1.48)
whenever n > P. Hence lim,,_, f (z,) = L, and so lim,_,, f(z) = L. Q.E.D.
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Proposition 5.1.2
Suppose {z,}; S(D,a). Then

nhﬁnolc af (z,) = anliﬁrgof(xn) =alL. (5.1.49)
Hence lim,_,, af(z) = aL. Q.E.D.
Proposition 5.1.3
Suppose {z,} %, S(D,a). Then
Jim (f (24) + 9 (2,)) = i J (z) + lim g(2,) = L+ M. (5.1.50)
Hence lim,,(f(z) + g(z)) =L+ M. QED.
Proposition 5.1.7
Suppose {z,}; S(D,a). Then
nlggc (zn) =b. (5.1.51)

Let N"Z* such that |z, — a| < e whenever n > N. Then
Double exponent: use braces to clarify
SO
lim f(g(zn)) = L. (5.1.52)

n—o00
Thus lim,,, fog(z) = L.  QED.
Proposition 5.1.8

Suppose lim,,, f(z) = L. Suppose there exists an ¢ > 0 such that for every § > 0 there exists z™™(a — 6, a + 6) N D, z # a, for which |f(z) — L| > e.Forn=1,2,3, ...,
choose

. 1 1
gint (af—,aJr—) nD, (5.1.53)
n n
z, # a, such that |f (z,) — L| > e. Then Double exponent: use braces to clarify but {f (z,)},-, does not converge to L, contradicting the assumption

that lim,_,, f(z) = L.
Now suppose that for every e > 0 there exists § > 0 such that |f(z) — L| < e whenever z # a and z™(a — §,a + ) N D. Let {x,,} "%, S(D, a). Given ¢ > 0, let § > 0 be

n

such that |f(z) — L| < e whenever = # a and z™(a — §,a + §) N D. Choose N™™Z such that |z, — a| < § whenever n > N. Then |f (z,) — L| < € for all n > N. Hence
limy, o0 f (zn) = L, and so lim,_,, f(z) = L. Q.E.D.

This page titled 5.1: Limits is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via source
content that was edited to the style and standards of the LibreTexts platform.
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5.2: Monotonic Functions

Definition

Suppose D C R, f: D — R, and (a,b) C D. We say f is increasing on (a, b) if \(f(x)f(y)\) whenever \(a

Proposition 5.2.1

If f is monotonic on (a,b), then f(c +) and f(c —) exist for every c™(a, b).

Proof available at the end of this section.

Proposition 5.2.2

If f is nondecreasing on (a,b) and \(a
flz+) < fy—).

Proof available at the end of this section.

Exercise 5.2.1

Let ¢: QN [0,1] — Z* be a one-to-one correspondence. Define f: [0,1] — R by

1
20(9)

fla) =

7™QN[0,1]4<a
a. Show that f is increasing on (0, 1).
b. Show that for any \(x \in \mathbb{Q} \cap(®,1), f(x-)

c. Show that for any irrational \(a, ®

Answers

Proposition 5.2.1
Suppose f is nondecreasing on (a,b). Let ¢(a, b) and let
\[\lambda=\sup \{f(x): a
Note that A < f(c) < +oo. Given any € > 0, there must exist § > 0 such that
\[\lambda-\epsilon
Since f is nondecreasing, it follows that
[f(z) = Al <€
whenever zi"(c — 4, ¢). Thus f(c —) = A. A similar argument shows that f(c +) = x where
\[\kappa=\inf \{f(x): c
If f is nonincreasing, similar arguments yield
\[f(c-)=\inf \{f(x): a
and
\[f(c+)=\sup \{f(x): c
Proposition 5.2.2
By the previous proposition,
\[f(x+)=\inf \{f(t): x
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and
\[f(y-)=\sup \{f(t): a
Since f is nondecreasing,

inf{f(t) : ¢ <t <b} =inf{f(t) :=""z <t <y} (5.2.4)

<="" p=""></t<b\}=\inf>
and

sup{f(t) : a <t <y} =sup{f(t) :=""z <t <y} (5.2.5)
<="" p=""></t<y\}=\sup>
Thus
\[f(x+)=\inf \{f(t): x
Q.E.D.

This page titled 5.2: Monotonic Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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5.3: Limits to Infinity and Infinite Limits

Definition

Let DC R, f: D — R, and suppose a is a limit point of D. We say that f diverges to +co as = approaches a, denoted

lim f(z) = +o0, (5.3.1)

z—a
if for every real number M there exists a § > 0 such that

f(z) > M whenever = # a and z™(a — §,a + §) N D. (5.3.2)
Similarly, we say that that f diverges to —oco as z approaches a, denoted

lim f(z) = —o0, (5.3.3)

r—a

if for every real number M there exists a 6 > 0 such that

\[f(x)

Exercise 5.3.1

Provide definitions for
a. lim, .+ f(z) = 400,
b. lim, .- f(z) = 400,
C. lim, o+ f(z) = —o0,
d. lim, .- f(z) = —o0.

Model your definitions on the preceding definitions.

Exercise 5.3.2

Show that lim,_,4+ 7= = —oc and lim,_,4;- T— = +oo.

Definition

Suppose D C R does not have an upper bound, f: D — R, and L™R. We say that the limit of f as = approaches +oo is L,
denoted

lim f(z) =1L, (5.3.4)

T—+00
if for every € > 0 there exists a real number M such that

|f(z) — L| < e whenever 2™ (M, +00) N D. (5.3.5)
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Definition

Suppose D C R does not have an lower bound, f : D — R, and L™R. We say that the limit of f as 2 approaches —co is L,
denoted

lim f(z) =1L, (5.3.6)

T——00
if for every € > 0 there exists a real number M such that

|f(z) — L| < € whenever z™ (—oc0, M) N D. (5.3.7)

Exercise 5.3.3

Verify that lim,

Exercise 5.3.4

Provide definitions for

+1 =1.

Ll
T+2

a. lim, 1 f(z) = 400,
b. lim, 4 f(z) = —00,
c. lim,, o f(z) = 400,
d. lim, o f(z) = —o0.

Model your definitions on the preceding definitions.

Exercise 5.3.5

Suppose
f(x) = az® + ba® + cz + d, (5.3.8)
where a, b, ¢, d™R and a > 0. Show that
zl—1>I-Poo f(x) = +00 and zl—i>I—Iloo f(z) = —o0. (5.3.9)

This page titled 5.3: Limits to Infinity and Infinite Limits is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated
by Dan Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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5.4: Continuous Functions

5.4.1 Continuity at a Point

Definition

Suppose D C R, f: D — R, and ™™ D. We say f is continuous at a if either a is an isolated point of D or lim,_,, f(z) = f(a). If

f is not continuous at a, we say f is discontinuous at a, or that f has a discontinuity at a.

Example 5.4.1

Define f: R — R by

(=) 1, if z is rational,
) =
0, if z is irrational.

Then, by Example 5.1.5, f is discontinuous at every z™R.

Example 5.4.2

Define f: R — R by

x, if x is rational,
)= {

0, if z is irrational.

Then, by Example 5.1.6 and Exercise 5.1.10, f is continuous at 0, but discontinuous at every z # 0.

If DCR,a™R, f: D—R,and g: D — R, then we define af : D — R by
(af)(z) = af(x),
f+9:D—Rby
(f+9)(@) = f(z) + g(=),
and fg: D — R by
(f9)(z) = f(z)g(x).

Moreover, if g(z) # 0 for all z™**D, we define L.D—Rby

g

Proposition 5.4.1

(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

Suppose D C R,o™R, f: D — R, and g: D — R. If f and g are continuous at a, then af, f + g, and fg are all continuous at a.

Moreover, if g(z) # 0 for all z™™* D, then % is continuous at a.
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Exercise 5.4.1

Prove the previous proposition.

Proposition 5.4.2

Suppose D C R, f: D — R, f(x) > 0 for all 2™** D, and f is continuous at ™ D. If g: D — R is defined by g(z) = 1/ f(x), then g
is continuous at a.

Exercise 5.4.2

Prove the previous proposition.

Proposition 5.4.3

Suppose D C R, f: D — R, and a™™D. Then f is continuous at « if and only if for every e > 0 there exists § > 0 such that
|f(z) — f(a)| < € whenever z™(a — §,a + §) N D. (5.4.7)
Proof available at the end of this section.

From the preceding, it should be clear that a function f: D — R is continuous at a point a of D if and only if for every sequence
{@n},mey With 12D for every n™ I and lim,, 0 T, = a,lim, 00 f (z4) = f(a)-

Exercise 5.4.1

Show that if f: D — R is continuous at o™ D and f(a) > 0, then there exists an open interval I such that a™1 and f(z) > 0 for
every z™I N D.

Proposition 5.4.4

Suppose DCR,ECR,g: D— R, f: E—R,g(D) C E and a™™D. If g is continuous at a and f is continuous at g(a), then fog
is continuous at a.

Proof available at the end of this section.

Definition

Let DCR,f: D — R, and o™ D. If fis not continuous at a but both f(a —) and f(a +) exist, then we say f has a simple
discontinuity at a.

Proposition 5.4.5

Suppose f is monotonic on the interval (a,b). Then every discontinuity of f in (a,b) is a simple discontinuity. Moreover, if E
is the set of points in (a, ) at which f is discontinuous, then either E = (), E is finite, or E is countable.

Proof available at the end of this section.
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Exercise 5.4.4

Define f: R — R by

flz) = (5.4.8)

%, if = is rational and = = %,
0, if z is irrational.

where p and q are taken to be relatively prime integers with ¢ > 0, and we take ¢ = 1 when z = 0. Show that f is continuous at
every irrational number and has a simple discontinuity at every rational number.

5.4.2 Continuity on a Set

Definition

Suppose D C R and f: D — R. We say f is continuous on D if f is continuous at every point o™ D.

Proposition 5.4.6

If f is a polynomial, then f is continuous on R.

Proposition 5.4.7

If Dc Rand f: D— R is a rational function, then f is continuous on D.

Exercise 5.4.5

Explain why the function f(z) = v/1 — z? is continuous on [—1,1].

Exercise 5.4.6

Discuss the continuity of the function

z+1, ifz<0,

fz) =< 4, if z =0, (5.4.9)
z2, if z > 0.
IfDCR,f: D—R,and E C R, we let
fUE) ={z: f(z)™E}. (5.4.10)

Proposition 5.4.8

Suppose D Cc R and f: D — R. Then f is continuous on D if and only if for every open set V C R, f~1(V) = U N D for some
open set U C R.

Proof available at the end of this section.
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Exercise 5.4.7

Let DC Rand f: D — R. For any E C R, show that f~}(R\E) = (R\f~1(E)) N D.

Exercise 5.4.8

Let A be a set and, for each o/ A, let U, C R. Given D C R and a function f: D — R, show that

U rtwa)=¢" (U Ua) (5.4.11)

aint 4 aint A

and

(' W) =f" (ﬂ Ua> : (5.4.12)
Qint 4 aint 4

Exercise 5.4.9

Suppose D C R and f: D — R. Show that f is continuous on D if and only if for every closed set C C R, f~}(C) = F n D for
some closed set F' C R.

Exercise 5.4.10

Let D C R. We say a function f: D — R is Lipschitz if there exists a™R, o > 0, such that | f(z) — f(y)| < a|z — y| for all z, y™' D.
Show that if f is Lipschitz, then f is continuous.

5.4.3 Intermediate Value Theorem

Theorem 5.4.9

(Intermediate Value Theorem).
Suppose \(a, b \in \mathbb{R}, a

Proof available at the end of this section.

Example 5.4.3

Suppose a™R,a > 0, and consider f(z) = " — a where n'™Z, n > 1. Then f(0) = —a < 0 and

(5.4.13)

where ( n ) is the binomial coefficient
1
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( ? ) - ﬁ (5.4.14)

Hence, by the Intermediate Value Theorem, there exists a real number v > 0 such that v = a. Moreover, there is only one
such v since f is increasing on (0, +00).

We call v the n th root of a, and write
y=1{/a (5.4.15)
or

S (5.4.16)

()" = (~1)")" = (-1)(~a) = a. (5.4.17)
That is, —y is the n th root of a.
Definition
Ifn= %th with ¢™Z*, then we define
z" = (Vz)P (5.4.18)

for all real z > 0.

Exercise 5.4.11

Explain why the equation z® + 42% — 16 = 0 has a solution in the interval (0, 2).

Exercise 5.4.12

Give an example of a closed interval [a,b] C R and a function f :[a,b] — R which do not satisfy the conclusion of the
Intermediate Value Theorem.

Exercise 5.4.13

Show that if I C R is an interval and f: I — R is continuous, then f(I) is an interval.

Exercise 5.4.14

Suppose f : (a,b) — R is continuous and strictly monotonic. Let (c,d) = f((a,b)). Show that f~! : (c,d) — (a,b) is strictly
monotonic and continuous.

Exercise 5.4.15

Let niZ*. Show that the function f(x) = /z is continuous on (0, +00).
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Exercise 5.4.16

Use the method of bisection to give another proof of the Intermediate Value Theorem.

5.4.4 Extreme Value Theorem

Theorem 5.4.10

Suppose D C R is compact and f: D — R is continuous. Then f(D) is compact.

Proof available at the end of this section.

Exercise 5.4.17

Prove the previous theorem using the open cover definition of a compact set.

Theorem 5.4.11

(Extreme Value Theorem).

Suppose D C R is compact and f: D — R is continuous. Then there exists a'™ D such that f(a) > f(x) for all z™*'D and there
exists 4™ D such that f(b) < f(z) for all z™D.  Q.ED.

As a consequence of the Extreme Value Theorem, a continuous function on a closed bounded interval attains both a maximum
and a minimum value.

Exercise 5.4.18

Find an example of a closed bounded interval [a, b] and a function f : [a,b] — R such that f attains neither a maximum nor a
minimum value on [a, b].

Exercise 5.4.19

Find an example of a bounded interval I and a function f : I — R which is continuous on I such that f attains neither a
maximum nor a minimum value on I.

Exercise 5.4.20

Suppose K C R is compact and a ¢ K. Show that there exists " K such that [b —a| < |z — a| for all 2™ K.

Proposition 5.4.12

Suppose D C R is compact, f: D — R is continuous and one-to-one, and E = f(D). Then f~1: E — D is continuous.

Proof available at the end of this section.
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Exercise 5.4.21

Suppose f: [0,1] U (2,3] — [0,2] by
\[f(x)=\left\{\begin{array}{ll}{x,} & {\text { if } ® \leq x \leq 1,} \ {x-1,} & {\text {if } 2

Show that f is continuous, one-to-one, and onto, but that f~! is not continuous.

5.4.5 Uniform Continuity

Definition

Suppose D C R and f: D — R. We say f is uniformly continuous on D if for every € > 0 there exists § > 0 such that for any
x, yintD’

|f(z) — f(y)| < € whenever |z —y| < d. (5.4.19)

Exercise 5.4.22

Suppose D C R and f: D — R is Lipschitz (see Exercise 5.4.10). Show that f is uniformly continuous on D.

Clearly, if f is uniformly continuous on D then f is continuous on D. However, a continuous function need not be uniformly
continuous.

Example 5.4.4

Define f: (0,400) by f(z) = <, Given any § > 0, choose n™Z" such that —L— < 6. Letz = 1 and y = —L-. Then

n(n+1) pEs]
Iw—yl=%—%ﬂ=m<6. (5.4.20)
However,
lf(@) = f)l=In—(n+1)| =1 (5.4.21)
Hence, for example, there does not exist a § > 0 such that
If(z) — fy)| < % (5.4.22)

whenever |z — y| < . Thus f is not uniformly continuous on (0, +00), although f is continuous on (0, +c0).

Example 5.4.5

Define f: R — R by f(z) = 2z. Let ¢ > 0 be given. If § = £, then

|f(z) — fy)| =2z —y| <e (5.4.23)

whenever |z — y| < 0. Hence f is uniformly continuous on R.
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Exercise 5.4.23

Let f(z) = z2. Show that f is not uniformly continuous on (—oo, 4+-00).

Proposition 5.4.13

Suppose D C R is compact and f: D — R is continuous. Then f is uniformly continuous on D.

Proof available at the end of this section.

Exercise 5.4.24

Suppose D C R and f: D — R is uniformly continuous. Show that if {z,}.; is @ Cauchy sequence in D, then {f (z,)}u; 1S
a Cauchy sequence in f(D).

Exercise 5.4.25

Suppose f: (0,1) — R is uniformly continuous. Show that f(0 +) exists.

Exercise 5.4.26

Suppose f: R — R is continuous and lim,_,_, f(z) = 0 and lim,_,;, f(z) = 0. Show that f is uniformly continuous.

Answers

Proposition 5.4.3
Suppose f is continuous at a. If a is an isolated point of D, then there exists a § > 0 such that

(a—d,a+6)ND={a}. (5.4.24)
Then for any e > 0, if 2™ (a — 6, a + §) N D, then z = a, and so
|f() = f(a) = |f(a) = fla)| =0 < e (5.4.25)
If a is a limit point of D, then lim,_,, f(z) = f(a) implies that for any € > 0 there exists § > 0 such that
|f(z) — f(a)| < e whenever z™(a — 8,a + 6) N D. (5.4.26)
Now suppose that for every € > 0 there exists § > 0 such that
|f(z) — f(a)| < e whenever z™(a — 6,a + &) N D. (5.4.27)

If a is an isolated point, then f is continuous at a. If a is a limit point, then this condition implies lim,_,, f(z) = f(a), and so f is continuous at a. Q.E.D.

Proposition 5.4.4

Let {z,},; be a sequence with 2D for every n'™I and lim,_,, =, = a. Then, since g is continuous at a, {g (z,)},«; is a sequence with g (z,)™ E for every n™]

and lim,_, g (z,) = g(a). Hence, since f is continuous at g(a), lim, .« f (g (z,)) = f(g(a)). That is,
lim (f o g) (zn) = (f 2 g)(a). (5.4.28)
n—oc

Hence f o g is continuous at a.

Proposition 5.4.5
The first statement follows immediately from Proposition 5.2.1. For the second statement, suppose f is nondecreasing and suppose E is nonempty. From Exercise
2.1.26 and the the proof of Proposition 5.2.1, it follows that for every 2™ (a, b),

fla—) < f(z) < f(z+). (5.4.29)

Hence z™ E if and only if \(f(x-)
\[r_{x}
so r, # r,. Thus we have a one-to-one correspondence between E and a subset of Q, and so E is either finite or countable. A similar argument holds if f is
nonincreasing. ~ Q.E.D.

Proposition 5.4.8

Suppose f is continuous on D and V C R is an open set. If V' N f(D) = 0, then f~(V) = 6, which is open. So suppose V N f(D) # § and let a!™ f~}(V). Since V is
open and f(a)™V, there exists ¢, > 0 such that
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(f(a) —€q, fla) +€,) C V. (5.4.30)
Since f is continuous, there exists J, > 0 such that
f((a—ba,a+0,) N D) C (f(a) —€q, fa) +€,) CV. (5.4.31)
That is, (a — 6,,a + 6,) N D C f~1(V). Let
U= |J (a—dua+d.). (5.4.32)
antfo(v)

Then U is open and f~1(V)=Un D.
Now suppose that for every open set V C R, (V) = U N D for some open set U C R. Let a™D and let € > 0 be given. Since (f(a) — ¢, f(a) + €) is open, there
exists an open set U such that

UNnD=f"((f(a) - f(a) + ). (5.4.33)
Since U is open and a™U, there exists § > 0 such that (a — §,a + §) C U. But then
f((a—46,a+38)ND) C (f(a)—e, f(a)+€). (5.4.34)

That is, if 2™ (a — §,a + §) N D, then | f(z) — f(a)| < e. Hence f is continuous ata. ~ Q.E.D.
Theorem 5.4.9
Suppose \(f(a)
¢ =sup{z : 2"[a,b], f(z) < s}. (5.4.35)

Suppose \(f(c)8\)-such-that \fx)s\}-then-c-> a-and-there-exists-5-> 0-such-that-f(x)-> sforallz™(c— J, c) ~again-contradicting-the-definition-of c -Hence-we-must
have-f(c)=s— -QED:

Fheorem-5.4.10
Given-a-sequence-{y, } ,u-f(D),choose-a-sequence-{z, } u -suehthat f (z,)-= y, -Since-D-iscompact-{z, } . -has-a-convergent subsequence-{z,, } i ,-with
lim ,, = z™D. (5.4.36)
k—o0
Lety= f(x)TFheny™ f(D)-and-since-f-iscontinuous;
y= lim f(x,,) = lim yy,,. (5.4.37)
k—o0 k—o0
Hence- [ D)-is-compact:
Propesition-5.4.12

Let-V-C R-be-an-open-set-We-need-to-showthat-f(V-N D)-= U-N Eferseme-opensetU-C Rtet-C-= D-N (R\V).Fhen-C-is-a-closedsubsetof D, -and-so-iscompact
Henee-f(C)-is-acompact-subset-of E.-Fhus-f(C)-is-elosedrand-so-U-= R\ f(C)-is-open—Mereover,U-N E= E\ f(C)-= f(V-N D).-Fhus-f~'-is-continuous:

Proposition-5.4.13
Lete-> 0-be-given—Forevery-2™ D -choose-§,-such-that

€
(@) = Fl < 5 (5.4.38)
whenevery" D-ane-|z-— y|-< §,.-ket
oy oy
J, = (z77,z+?)< (5.4.39)

Fhen-{J, : 2 D}-is-an-open-coverof D-Since-D-is-compact-there-raust-exist-11, 2, ..., T, N Z T ~suehthat-J, , J,,, ..., J, -is-an-open-—coverof-D.-Let-5-be-the
sraltest-of

5 5 Ty (5.4.40)
Now-let-z, y" D-with-|2-— y|-< §.-Fhen-forsome-integertk, 1-< k-< n, 2™ J,, thatis;
|z — 2| < % (5.4.41)
Moreover;
\y*zk\S\y71|+\szk\<5+%£6m. (5.4.42)
Hence
[F@) = F@] < [1(@) — f @) + 1] (@) — @) < 5 +5 =« (5.4.43)

This page titled 5.4: Continuous Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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6: DERIVATIVES

6.1: Best Linear Approximations
6.2: Derivatives

6.3: Mean Value Theorem

6.4: Discontinuities of Derivatives
6.5: L'Hopital's Rule

6.6: Taylor's Theorem
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6.1: Best Linear Approximations

Definition

We say a function f: R — R is linear if for every z, y™R,
fl@+y) = f(z)+ fy) (6.1.1)
and for every ™R and z™R,

flazx) = af(z). (6.1.2)

Exercise 6.1.1

Show that if f: R — R is linear, then there exists m!™R such that f(z) = mxz for all z™™'R.

Definition

Suppose D™R, f: D — R, and a is an interior point of D. We say f is differentiable at a if there exists a linear function df,
: R — R such that

ion 1@ = f(@) = dfala — a)

r—a r—a

=0. (6.1.3)

We call the function df, the best linear approximation to f at a, or the differential of f at a.

Proposition 6.1.1

Suppose D C R, f: D — R, and a is an interior point of D. Then f is differentiable at a if and only if

lim £&) = f@) (6.1.4)
Tr—a r—a
exists, in which case df,(xz) = mz where
m = lim 28 =@ (6.1.5)
T—a xr—a
Proof available at the end of this section.
Answers
Proposition 6.1.1
Let m™R and let L : R — R be the linear function L(z) = mz. Then
f(@) = fla) = L —a) _ f(z) = fla) =m(z—0q)
r—a r—a
@ f@) (6.1.6)
- r—a
Hence
lim f@) — flo) ~ Lz —a) =0 (6.1.7)
z—a r—a
if and only if
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lim ———— =m. (6.1.8)

T—a r—a

Q.E.D.

This page titled 6.1: Best Linear Approximations is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Derivatives

Definition

Suppose D C R, f: D — R, a is an interior point of D, and f is differentiable at a. We call

lim &) = 1@ (6.2.1)
T—a Tr—a
the derivative of f at a, which we denote f’(a).
Note that if f is differentiable at a, then
— h) —
im @ =@ _yp flath) = fla) (6.2.2)
z—a r—a h—0 h

Definition

Suppose D C R, f: D — R, and E is the set of interior points of D at which f is differentiable. We call the function f': E — R
defined by

ooy i @+ h) — f(z)
f(z) = }gr[l) — (6.2.3)
the derivative of f.
Example 6.2.1
Let n'™Z* and define f: R — R by f(x) = z". Then
iy g (@+R)—a"
f'(2) = lim ————=
" +TLZn71h uE EZ=2 ( : ) xnfkhk —
= h (6.2.4)
1 n—1 S n n—kp k—1
—’lllil(l)<nz +k2=;<k>a: h )
=nz" L.
Example 6.2.2
Define f: R — R by f(x) = |z|. Then
JO+h)—f(0) |hl [ 1,if h>0,
h ~h {—1, if h < 0. (6:25)
Hence
i F0+h) - f(0) -1 (6.2.6)
h—0~ h
and
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=1. (6.2.7)

Thus f is not differentiable at 0.

Exercise 6.2.1

Show that if ¢™R and f(z) = ¢ for all z™'R, then f’(z) = 0 for all z™R.

Exercise 6.2.2

Define f: [0, +00) — [0, +00) by f(z) = v/z. Show that f’ : (0,+00) — (0, +0c0) is given by
@) = —= (6.2.8)
2Vz
Exercise 6.2.3
Define f: R — R by
a3, if x <0,
= 6.2.9
f(@) {ﬁ, S (6:2:9)
Is f differentiable at 07
Exercise 6.2.4
Define f: R — R by
(=) 22, ifz <0, (6.2.10)
xr) = oo
x3, ifz>0.
Is f differentiable at 07

Proposition 6.2.1

If f is differentiable at a, then f is continuous at a.

Proof available at the end of this section.

6.2.1 The Rules

Proposition 6.2.2

Suppose f is differentiable at a and o™R. Then af is differentiable at a and (af)’(a) = af’(a).
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Exercise 6.2.5

Prove the previous proposition.

Proposition 6.2.3

Suppose f and g are both differentiable at a. Then f + g is differentiable at a and (f + g)'(a) = f'(a) + ¢'(a).

Exercise 6.2.6

Prove the previous proposition.

Proposition 6.2.4

(Product rule).
Suppose f and g are both differentiable at a. Then fg is differentiable at a and
(f9)'(a) = f(a)g'(a) + g(a)f'(a). (6.2.11)

Proof available at the end of this section.

Exercise 6.2.7

Given n™Z* and f(z) = =", use induction and the product rule to show that f’(z) = nz" 1.

Proposition 6.2.5

(Quotient rule).

Suppose DC R, f: D— R,g: D— R, ais in the interior of D, and g(z) # 0 for all z™™' D. If f and g are both differentiable at a
, then 5 is differentiable at a and

Y, gla)f'(a) = fla)g'(a)
(E) (a) = : (6.2.12)

Proof available at the end of this section.

Exercise 6.2.8

Show that for any integer n # 0, if f(z) = 2™, then f’(z) = nz" ..

Proposition 6.2.6

(Chain rule).

Suppose DCR,ECR,g: D —R,f: E—R,g(D) C E,g is differentiable at a, and f is differentiable at g(a). Then f og is
differentiable at a and
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(fo9)'(a) = f'(g(a))g’(a). (6.2.13)

Proof available at the end of this section.

Proposition 6.2.7

Suppose D C R, f: D — R is one-to-one, a is in the interior of D, f(a) is in the interior of f(D), ! is continuous at f(a), and
f is differentiable at a with f’(a) # 0. Then f~! is differentiable at f(a) and

(F ) (f@) = -~ (6.2.14)

Proof available at the end of this section.

Example 6.2.3

For n*tZ+ define f: [0, +o00) — R by f(x) = {/z. Then f is the inverse of g : [0, +00) — R defined by g(x) = z". Thus, for any
(0, +00),

f(z) = = =—zv (6.2.15)

Exercise 6.2.9

Let n # 0 be a rational number and let f(x) = z™. Show that f’(z) = nz™ L.

Answers

Proposition 6.2.1
If f is differentiable at a, then

f(z) = f(a)

Tr—a

tim( 1) ) =t

im ) @0 =r@o -0 (62.16)

Hence lim,_,, f(z) = f(a), and so f is continuous at a. ~ Q.E.D.

Proposition 6.2.4
We have

0 h
_ i L@t Pola+ ) — f(@)g(at h) + fa)glath) — f(@)g(a)
= h (6.2.17)
- (g(a e lEd 1@ g sla+h) o0 )

= g(a)f'(a) + f(a)g' (a).
where we know lim;_,y g(a + h) = g(a) by the continuity of g at a, which in turn follows from the assumption that g is differentiable at a. Q.E.D.

Proposition 6.2.5
flath) f(a)

( § ) (@) = lim glath) h‘ 9(a)
_ i [+ Wgla) — S(a)gla+ 1)
h=0 hg(a+ h)g(a)
o fat)gla) — fla)g(a) + Fla)g(a) ~ f(@gla+ ) 6218
R0 hg(a + h)g(a)
(a) f(ﬂJrh}:*f(ﬂ) _ f(a) E(EHQ*Q(&)

h—0 gla+h)g(a)
_ 9(@)f'(a) = fla)g'(a)
(g(a))? '
where we know lim;_,o g(a + h) = g(a) by the continuity of g at a, which in turn follows from the assumption that g is differentiable at a. Q.E.D.

Proposition 6.2.6
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Since a is an interior point of D and g(a) is an interior point of E, we may choose § > 0 so that (a —d,a + ) C D and € > 0 so that (g(a) — ¢, g(a) + €) C E. Define ¢
: (—4,0) - R by

gla+h)—g(a)—g'(a)h if h#0
h) = 0 v 1 J 6.2.19
() {m iy (62.19)
and ¢ : (—e,e) > R by

[l th)-Slo@) - lgla)h
W(h) = { 0 » RO, (6.2.20)

1o if h=0.

The assumption that g is differentiable at a implies that ¢ is continuous at ® and the assumption that f is differentiable at g(a) implies that 9 is continuous at 0.
Moreover, note that

g(a+h) = he(h) + ¢'(a)h + g(a) (6.2.21)
for hint(—g, §) and
f(gla) + h) = hap(h) + f'(g(a) b+ f(g(a)) (6.2.22)
for hint(—¢, €). From (6.2.12) we have
f(gla +h)) = f (ho(h) + ¢'(a)h + g(a)) (6.2.23)
for hint(—4, §). Now
}11_% (he(h) + g’ (a)h) =0, (6.2.24)
so we may choose v > 0 so that v < § and
|hep(h) + g (a)h] < € (6.2.25)
whenever hi"'(—~, ). Thus, using (6.2.13) and (6.2.14),
flgla+h)) = (ho(h) + g'(a)h) ¥ (he(h) + g'(a)h) + f'(g(a)) (he(h) + g'(a)h) + f(g(a)), (6.2.26)
so
fgla+h)) — f(g(a)) ( ( )+’ (a)h) ¢ (he(h) + g (a)h)
f'(g(a)) (heo(h) + g’ (a)h)
fhsO( )¢ (he(h) +g (a) ) (6.2.27)
+ hg ()¢ (he(h) + g’ (a)h)
f(g(a)) (M) + f'(9(a))g (a)h
Hence
ﬂﬁi@}—@@— #(a(@)g (@) + p(h)b (bp(h) + g (@)h) (6:228)
+¢'(a)¥ (ho(h) + g'(a)h) + f'(9(a))(h).
Now
lim (k) =0, (6.2.29)
}713[1] (he(h) + g’ (a)h) =0, (6.2.30)
and, since ¢ and v are continuous at 0,
}Lgmuw(hw(h) +g'(a)h) = 0. (6.2.31)
Thus
lim flgla+ h)})L — flgla)) _ F(g(@)d (). (6.2.32)
Q.E.D.
Proposition 6.2.7
Choose ¢ > 0 so that (f(a) — 6, f(a) + ) C f(D). For hi™(—6,6), let
k=f"(f(a) +h)—a. (6.2.33)
Then
7N f(a) +h) = a+k, (6.2.34)
so
fla)+h=fla+k) (6.2.35)
and
h = fa+ k) — f(a). (6.2.36)
Hence
'@ +h)—F ' (fla)  at+k—a _ 1
h " fla+k)—fla) Lotk fla) (6.2.37)
Now if A — 0, then k — 0 (since f! is continuous at f(a)), and so
NS @) +h) = N (fe) 1 1
i h = fim Tt 1] “Fh) (6.2.38)

Q.E.D.
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6.3: Mean Value Theorem

Definition

We say f is differentiable on an open interval I if f is differentiable at every point a1

Definition

Suppose D C R and f: D — R. We say f has a local maximum at a point a"*D if there exists § > 0 such that f(a) > f(z) for
all z"*(a — d,a + 6) N D. We say f has a local minimum at a point a!"*D if there exists § > 0 such that f(a) < f(z) for all 2™ (a
—d,a+0d)ND.

Proposition 6.3.1

Suppose D C R, f: D — R, and a is an interior point of D at which f has either a local maximum or a local minimum. If f is
differentiable at a, then f’(a) = 0.

Proof available at the end of this section.

Theorem 6.3.2

(Rolle's Theorem).

Let a, b™R and suppose f is continuous on [a, b] and differentiable on (a,b). If f(a) = f(b), then there exists a point ¢ (a, b)
at which f’(c) = 0.

Proof available at the end of this section.

Exercise 6.3.1

Suppose f is differentiable on (a,b) and f’(z) # 0 for all z'**(a, b). Show that for any z,y™(a,d), f(x) # f(y).

Exercise 6.3.2

Explain why the equation z° + 10z = 5 has exactly one solution.

Exercise 6.3.3

Let f(z) be a third degree polynomial. Show that the equation f(z) = 0 as at least one, but no more than three, solutions.
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6.3.2 Mean Value Theorem

Theorem 6.3.3

(Generalized Mean Value Theorem).
Let a,b™R. If f and g are continuous on [a, b] and differentiable on (a, b), then there exists a point c*(a, b) at which
(f(b) — f(a))g'(c) = (9(b) — g(a)) f"(c). (6.3.1)

Proof available at the end of this section.

Theorem 6.3.4

(Mean Value Theorem).
Let a,b™R. If f is continuous on [a,b] and differentiable on (a, b), then there exists a point ¢“*(a, b) at which
f(6) = f(a) = (b—a)f'(c). (6.3.2)

Proof available at the end of this section.

Exercise 6.3.4

Prove the Mean Value Theorem using Rolle's theorem and the function

k() = f(2) — ((M) (t—a)+ f(a)). (6.3.3)

—a

Give a geometric interpretation for £ and compare it with the function h used in the proof of the generalized mean value
theorem.

Exercise 6.3.5

Let a, b™R. Suppose f is continuous on [a, b], differentiable on (a,b), and |f’(z)| < M for all z"*(a, b). Show that

|£(b) — f(a)| < M|b—al. (6.3.4)
Exercise 6.3.6
Show that for all z > 0,
Vitz<l+ % (6.3.5)

Exercise 6.3.7

Suppose I is an open interval, f: I — R, and f’(x) = 0 for all z'"*I. Show that there exists a™R such that f(z) = a for all z™™]
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Exercise 6.3.8

Suppose I is an openinterval, f: I - R,g: I — R, and f’(z) = ¢'(z) for all z"I. Show that there exists o!"*R such that
g(z) = f(z) + a (6.3.6)

for all z™™*7.

Exercise 6.3.9

Let D = R\{0}. Define f: D —+Rand g: D — R by f(z) = z2 and

z2 ifz<0
_ 4 : 6.3.7
9(a) { 2241, ifz>0. (6.3.7)

Show that f’(z) = ¢’(x) for all ™D, but there does not exist o™R such that g(z) = f(z) + « for all z'"*D. Why does this not
contradict the conclusion of the previous exercise?

Proposition 6.3.5

If f is differentiable on (a,b) and f’(z) > 0 for all z'"*(a, b), then f is increasing on (a, b).

Proof available at the end of this section.

Theorem 6.3.6

If f is differentiable on (a,b) and f’(x) < 0 for all z'"*(a, b), then f is decreasing on (a, b).

Exercise 6.3.10

State and prove similar conditions for nonincreasing and nondecreasing functions.

Answers

Proposition 6.3.1
Suppose f has a local maximum at a (a similar argument works if f has a local minimum at a ). Choose § > 0 so that (a — 6,a + 6) C D and f(a) > f(z) for all 2™ (a

—4d,a+9). Then
fz) —fla) o (6.3.8)
r—a
for all z'"(a — §,a) and
f@) -1l (6.3.9)
r—a
for all 2'"*(a, @ + §). Hence
im LB =@ S (6.3.10)
T—a~ Tr—a
and
im L@@ (6.3.11)
z—at Tr—a
Hence
0< tim 2O =W _ oy IO I (6.3.12)
T—=a~ r—a z—at r—a

so we must have f’(a) =0. Q.ED.
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Theorem 6.3.2

By the Extreme Value Theorem, we know f attains a maximum and a minimum value on [a, b]. Let m be the minimum value and M the maximum value of f on [a, b].
If m = M = f(a) = f(b), then f(z) = m for all z™[a,d], and so f’(x) = 0 for all z"*(a,b). Otherwise, one of m or M occurs at a point c in (a,b). Hence f has either a
local maximum or a local minimum at ¢, and so f'(c) =0.  Q.ED.

Theorem 6.3.3

Let
h(t) = (f(b) — f(a))g(t) — (g(b) — g(a)) f(t). (6.3.13)
Then h is continuous on [a, b] and differentiable on (a, b). Moreover,
h(a) = f(b)g(a) — f(a)g(a) — f(a)g(b) + f(a)g(a)
= J(b)ola) ~ Fla)o(t) (6314
and
h(b) = f(b)g(b) — f(a)g(b) — f(b)g(b) + f(b)g(a)
= J(B)gla) — f(@)g(b) (8318)
Hence, by Rolle's theorem, there exists a point ¢ (a,b) at which h’(c) = 0. But then
0="1h(c) = (£(b) — f(a))g'(c) — (9(b) — g(a)) f'(c), (6.3.16)
which implies that
(£(0) — f(a))g'(c) = (g(b) — g(a)) f'(c). (6.3.17)
Q.E.D.
Theorem 6.3.4
Apply the previous result with g(z) = z. Q.E.D.
Proposition 6.3.5
Let z,y"™(a, b) with \(x
fly) = f(z) = (y—=2)f (o). (6.3.18)

Since y —z > 0 and f’(c) > 0, we have f(y) > f(z), and so f is increasing on (a, b). Q.E.D.

This page titled 6.3: Mean Value Theorem is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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6.4: Discontinuities of Derivatives

Theorem 6.4.1: Intermediate Value Theorem for Derivatives

Suppose f is differentiable on an open interval I, a, b™ I, and \(a\lambda>fA{\prime}(b),\) then there exists c"*(a, ) such
that f'(c) = \.

Proof available at the end of this section.

Exercise 6.4.1

Define g: (—1,1) — R by
\[g(x)=\left\{\begin{array}{ccK-1,} & {\text { if }-1

Does there exist a function f: (—1,1) — R such that f’(z) = g(z) for all z**(—1,1)?

Exercise 6.4.2

Suppose f is differentiable on an open interval I. Show that f’ cannot have any simple discontinuities in 1.

Example 6.4.1

Define ¢ : [0,1] — R by ¢(z) = ©(22 — 1)(z — 1). Define p: R — R by p(z) = 622 — 6z + 1. Then
p(x) = 22° — 32® + x, (6.4.1)

so ¢’ (z) = p(x) for all z**(0,1). Next define s : R — R by s(z) = p(z — |z]). See Figure 6.4.1 for the graphs of ¢ and s.
Then for any »™Z and \(n

§'(2) = ple —n) = plz — |)). (6.4.2)

Moreover, if = is an integer,

s@+h)—s@ . eh)
lim = lim
h—0+ h h—0+ h
. h(2h —1)(h —1)
B (649
= }}g&(?h —1)(h—1)
=1l
and
st —s@) ()
h—0~ h h—0— h
. (h+1)(2h+1)h
= i S (64

= lim (A +1)(2h + 1)
h—0~
=1.
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g 01— y 01

v = s(x)

0,05+ ¥ = ¢lr) 1 0.05 4

—0.05 + \ —0.05 H-

0.1+ 011
Figure 6.4.1: Graphs of y = ¢(z) and y = s(z)

Thus s'(z) =1 = p(z — |z]) when z is an integer, and so s’(z) = p(z — |z]) for all z™™R.

Now p(z) = 0 if and only if z = 2¥3 or z = 33 since ¢(0) =0, @(3’6‘/3) = %,@(32‘@) = —ﬁ, and (1) =0, we
see that ¢ attains a
maximum value of —.- and a minimum value of ——. Hence for any n'"'Z,
6v/3 63
1 1
s((n,n+1)) = |——, —} . (6.4.5)
6v3 6v3

Also, p'(z) = 12z — 6, so0 p’(z) = 0 if and only if z = 1. since p(0) =1, p(3) = —+, and p(1) = 1, we see that p attains a
maximum value of 1 and a v,

- 1) = [f% 1} . (6.4.6)

It follows from the preceding, in the same manner as the result in Example 5.1.7, that neither the function o(z)
= 5 (1) nor the function g(z) = s’ (1) has a limit as = approaches 0.

Finally, define v': R — R by

B :EQS(%), ifx#0,
Y(z) = { 0, el (6.4.7)

For = + 0, we have

o= () () r2m () = () v (2]

At 0, we have

0+h)—v(0

w,(o):%w +11 (0)

. Ws(%)

=

. 1

:iﬁ%“(ﬁ)
=0,

(6.4.9)

where the final limit follows from the squeeze theorem and the fact that s is bounded. Hence we see that ¢ is
continuous on R and differentiable on R, but ¢’ is not continuous since 1’(z) does not have a limit as = approaches
0. See Figure 6.4.1 for the graphs of i) and ©'.
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¥ T
0.05 +
y=v(z)
T y = ¥(x) | | } {
I I [ 1
-1 =0.5 0.5 1
| ! A gttt i | !
-1l -0.5 0 0.5 1
s
—0.05 + | | I
Figure 6.4.2: Graphs of y = ¢(z) and y = ¢/(z).
Exercise 6.4.3
Let s be as above and define g: R — R by
zts (L), ifzx#0
g(z) = (=) . 7 (6.4.10)
0, ifx =
Show that g is differentiable on R and that ¢’ is continuous on R.
Answers
Theorem 6.4.1: Intermediate Value Theorem for Derivatives
Suppose \(fA{\prime}(a)<\lambda
g'(a)=f'(a) — A <0, (6.4.11)
so there exists \(a
9(t) — g(a) < 0. (6.4.12)
Thus c # a. Similarly,
g'(b) = f'(b) = A >0, (6.4.13)
so there exists \(a
g(s) —g(b) <O0. (6.4.14)

Thus c # b. Hence ¢™(a,b), and so ¢’(c) = 0. Thus 0 = f’(c) — A, and so f'(c) = \. Q.E.D.

This page titled 6.4: Discontinuities of Derivatives is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by
Dan Sloughter via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 101 (6.4.3)


https://math.libretexts.org/Bookshelves/Analysis/A_Primer_of_Real_Analysis_(Sloughter)/06%3A_Derivatives/6.04%3A_Discontinuities_of_Derivatives
https://creativecommons.org/licenses/by-nc-sa/1.0/
http://www2.furman.edu/academics/mathematics/meet-our-faculty/pages/Dan-Sloughter.aspx
http://www.synechism.org/wp/the-calculus-of-functions-of-several-variables

LibreTextS'“

6.5: L'Hopital's Rule

The following result is one case of I’ 'Hépital's rule.

Theorem 6.5.1

Suppose a, b™R, f and g are differentiable on (a,b), g’ (x) # 0 for all z**(a,b), and

f'(z)

zg(lzl* g/ ((B)

If lim, o+ f(z) = 0 and lim,_,.+ g(z) = 0, then

fm £ )
z—at g(x)
Proof available at the end of this section.
Exercise 6.5.1
Use 'Hopital's rule to compute
X Vi+zr—1
111’1’1 ——0
z—0+t xT

Exercise 6.5.2

f@)

b (@)

Show that if lim,_,,- f(z) = 0 and lim,_,;- g(z) = 0, then

a3
li (@) =\
z—b~ g(.’t)
Answers
Theorem 6.5.1
Given € > 0, there exists § > 0 such that
e fl(z) €
A—— At —
3 < 7@ <A+ 3

whenever z™(a, a + §). Now, by the Generalized Mean Value Theorem, for any z and y with \(a

)= f@) _ £

9(y) —g(z)  g'(c)”
Hence

NV (RO

2 g(y) —g(z)
Now

and so we have

@IOIC]E) 102 (6.5.1)

Suppose a, b™R, f and g are differentiable on (a,b), g’ (x) # 0 for all z'**(a, ), and

<A+ -
+2

(6.5.1)

(6.5.2)

(6.5.3)

(6.5.4)

(6.5.5)

(6.5.6)
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Aeeer—S<IW e e (6.5.7)
27 gly) 2
for any y"(a, a + §). Hence
. f(=)
lim —= = A, 6.5.8
r—at g(x) ( )

Q.E.D.

This page titled 6.5: L'Hopital's Rule is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter
via source content that was edited to the style and standards of the LibreTexts platform.
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6.6: Taylor's Theorem

6.6.1 Derivatives of Higher Order

Definition

Suppose f is differentiable on an open interval I and f’ is differentiable at o™ I. We call the derivative of f’ at a the second
derivative of f at a, which we denote f'/(a).

7’

By continued differentiation, we may define the higher order derivatives f
we let £ denote the nth derivative of f, where f(© denotes f.

Exercise 6.6.1

Suppose D C R, a is an interior point of D, f: D — R, and f”/(a) exists. Show that

1o f@+h) + fla—h) —2f(a)
h—0 h?

, f””, and so on. In general, for any integer n,n > 0,

= f"(a). (6.6.1)

Find an example to illustrate that this limit may exist even if f’/(a) does not exist.

For any open interval (a, b), where a and b are extended real numbers, we let C™(q, b), where n™Z*, denote the set of all functions
f with the property that each of f, f(V, f® .. £ is defined and continuous on (a, b).

6.6.2 Taylor's Theorem

Theorem 6.6.1

(Taylor's Theorem).

Suppose ftC (™ (a,b) and f™ is differentiable on (a,b). Let a, 5™ (a, b) with o # 3, and let

P(e) = fe) + F(@)(z—a) + LD @ —a)? 4

(n)

o4 n!(a) (z —a)" (6.6.2)
¥ ()
= kZ; o (z— a)k
Then there exists a point v between a and 3 such that
_ () n

f(B) =P(B) + m(ﬂ* a)™th. (6.6.3)

Proof available at the end of this section.

We call the polynomial P in the statement of Taylor's theorem the Taylor polynomial of order = for f at a.
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Example 6.6.1

Let f(x) = v/z. Then the 4th order Taylor polynomial for f at 1is

1 1 1 5
Pa)=1+=(z—1)—=(z—1)*+ —(z—1)* - —(z — 1)~ 6.4
@=1+56-)-ge-1)+@-1"-o(@-1) (6.6.4)
By Taylor's theorem, for any = > 0 there exists v between 1 and z such that
1
VE = P(a) + —5 (2 1) = P(z) + ——(a — 1)°. (6.6.5)
(32)(5h)~2 2562

For example,

7
V12 =P(1.2) + —(1.2—1)° = P(1.2) + —(0.2)° = P(1.2) + ——, (6.6.6)
256 % 256 2 800000 2
for some v with 1 < v < 1.2. Hence P(1.2) underestimates /1.2 by a value which is no larger than Wzoo Note that
17527
P(1.2) = = 1.0954 .6.
(12) = = 0954375 (6.6.7)
and
T 0.00000875 (6.6.8)
800000 ' o

So V1.2 lies between 1.80954375 and 1.09544625.

Exercise 6.6.2

Use the 5th order Taylor polynomial for f(x) = v/z at 1 to estimate v/1.2. Is this an underestimate or an overestimate? Find
an upper bound for the largest amount by which the estimate and v/1.2 differ.

Exercise 6.6.3

Find the 3rd order Taylor polynomial for f(z) = +/1+z at ® and use it to estimate v/1.1. Is this an underestimate or an
overestimate? Find an upper bound for the largest amount by which the estimate and /1.1 differ.

Exercise 6.6.4

Suppose fitC'(?)(q,b). Use Taylor's theorem to show that

L Jeth) + fe— ) ~2f(c)
h—0 h?

= f"(c) (6.6.9)

for any c¢®(a, b).

Exercise 6.6.5

Suppose fC1(qa, b), ¢ (a,b), f'(c) = 0, and f” exists on (a, b) and is continuous at c¢. Show that f has a local maximum at
cif f”(c) < 0 and a local minimum at ¢ if f”/(c) > 0.
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Answers
Theorem 6.6.1
First note that P (a) = f®)(a) for k=0,1,...,n. Let

_ 1B -PH)
M= (B—a)"+ -’
Then

J(B) = P(B) + M(8— )"

We need to show that

_ ()
T (n+1)!

for some v between a and . Let
g(z) = f(z) — P(z) — M(z — a)"*.
Then, for k=0,1,...,n,
9¥(@) = /(@) — P (a) = 0.

(6.6.10)

(6.6.11)

(6.6.12)

(6.6.13)

(6.6.14)

Now g(3) = 0, so, by Rolle's theorem, there exists v; between a and 3 such that ¢’ (1) = 0. Using Rolle's theorem again, we see that there exists v, between « and

~1 such that g”” (y2) = 0. Continuing for n + 1 steps, we find 7,1 between « and v, (and hence between a and /) such that gD (Ynt1) = 0. Hence
0=g" (1) = £ (yp1) — (n+ 1)IM.

Letting v = 75,11, we have

£ ()
= (n+ 1)

as required. Q.E.D.

(6.6.15)

(6.6.16)

This page titled 6.6: Taylor's Theorem is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter

via source content that was edited to the style and standards of the LibreTexts platform.
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7: INTEGRALS

7.1: Upper and Lower Integrals

7.2: Integrals

7.3: Integrability Conditions

7.4: Properties of Integrals

7.5: The Fundamental Theorem of Calculus
7.6: Taylor's Theorem Revisited

7.7: An Improper Integral
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7.1: Upper and Lower Integrals

Definition

Given a closed interval [a, b] C R with \(a

For convenience, whenever we consider a partition P of an interval [a, b] we will index the elements in increasing order, starting
with 0. That is, if |[P|=n + 1 and P = {z¢, z1,...,z,}, then

a=z) <z <Ly < <zp=b (7.1.1)

< p=""> </x_{1}<x_{2}<\cdots<x_{n}=b.\]<>

Definition

Suppose P = {zg,z1, ..., T,} is a partition of [a,b] and f : [a,b] — R is bounded. Fori = 1,2, ..., n, let

m; =inf {f(z) : 2,1 <z < 2} (7.1.2)
and
M; =sup{f(z) : 2,01 <z <z;}. (7.1.3)
We call
L(f,P) =Y mi(zi —zi1) (7.1.4)
i=1
the lower sum of f determined by P and
U(f,P) ZZMi (i — i 1) (7.1.5)
=1

the upper sum of f determined by P.

Definition

If P, and P, are both partitions of [a,b] and P; C P, then we call P, a refinement of P;.

Definition

If P, and P, are both partitions of [a, b], then we call the partition P = P; U P, the common refinement of P, and P;.

Suppose P, = {zg,z1,...,2,} is a partition of [a,b],s"(a,b), s ¢ Py, and f : [a,b] — R is bounded. If P, = P; U {s}, then
L(f,P) < L(f,P)and U (f,P2) <U(f,P).

Proof available at the end of this section.
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Proposition 7.1.2

Suppose P; and P, are partitions of [a, b], with P, a refinement of P;. If f: [a,b] — R is bounded, then L (f, P,) < L (f, P;) and
U(f,P) <U(f,P1).

Proof available at the end of this section.

Proposition 7.1.3

Suppose P; and P, are partitions of [a, b]. If f: [a,b] — R is bounded, then L (f, P1) < U (f, P»).

Proof available at the end of this section.

Definition
Suppose \(a
b
/ f =sup{L(f, P) : P is a partition of [a, b]} (7.1.6)
the lower integral of f over [a, b] and
b
/ f=if{U(f, P): P is a partition of [a, b]} (7.1.7)

the upper integral of f over [a, b].

Note that both the lower integral and the upper integral are finite real numbers since the lower sums are all bounded above by
any upper sum and the upper sums are all bounded below by any lower sum.

Proposition 7.1.4

Suppose \(a

b b
/fg Je (7.1.8)

Proof available at the end of this section.

Answers
lemma 7.1.1
Suppose \(x_{i-1}

wy = inf {f(z) : 21 <z < s},

Wy =sup{f(z): z;i-1 <z < s},

wy =inf{f(z) :s <z <}, (7.1.9)
Wy =sup{f(z):s <z <z},

m; = inf {f(z): 2, <z <},

and
M; =sup{f(z):zi1 <z <az}. (7.1.10)

Then wy > mj, we > m;, W1 < M;, and Wy < M;. Hence
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L(f,Py)—L(f,P1)=wi(s—zi1)+ws(z; —s)—my (z; —xi1)
=wi (s —xi—1) +ws (z; — ) —m; (s —xi1)
—mi (zi — 5) (7.1.11)
= (w1 —my) (s — xi—1) + (w2 —my) (z; — 8)
>0
and
U(f,Pr) =U(f, P2) =M; (z; — zi1) — Wi (s —zi1) — Wa (zi — 5)
=M; (s —zi—1) + M; (z; — ) — Wi (s —z;-1)
— Wy (z; — ) (7.1.12)
:(Ml‘ — Wl) (S — Zifl) + (Ml — Wz) (Ii — S)
>0.
Thus L(f,P) < L(f,P;) and U (f,P,) <U(f,P1). QED.
Proposition 7.1.2
The proposition follows immediately from repeated use of the previous lemma. Q.E.D.
Proposition 7.1.3
The result follows immediately from the definitions if P, = P,. Otherwise, let P be the common refinement of P, and P,. Then
L(f,P) <L(f,P)<U(f,P)<U(f, ). (7.1.13)
Q.E.D.
Proposition 7.1.4
Let P be a partition of [a, b]. Then for any partition Q of [a, b], we have L(f, Q) < U(f, P). Hence U(f, P) is an upper bound for any lower sum, and so

/hf <U(f,P). (7.1.14)

But this shows that the lower integral is a lower bound for any upper sum. Hence

/ubfs /;f. (7.1.15)

This page titled 7.1: Upper and Lower Integrals is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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7.2: Integrals

Definition

Suppose \(a

/_:f = /_:f. (7.2.1)

If f is integrable, we call the common value of the upper and lower integrals the integral of f over [a, b], denoted

/: f. (7.2.2)

That is, if f is integrable on [a, ],

/abf:/_:f:/_abf. (7.2.3)

Define f:[0,1] = R by
1, if z2™Q
= ’ ’ 7.24
f@) {0, ifz ¢ Q. (7.24)
For any partition P = {z, z1,...,z,}, We have
L(f,P) =) 0(zi—xi1) =0 (7.2.5)
i=1
and
U(f,P) = (zi—xi1) =2 —zo=1. (7.2.6)
i=1
Thus
1
/ f=0 (7.2.7)
0
and
s
/ f=1 (7.2.8)
0
Hence f is not integrable on [0, 1].
Example 7.2.2
Define f:[0,1] — R by

EEO®O0 111 (7.2.1)



LibreTextS“'

L if ¢ is rational and z = £,
flz) = 8’ 7 (7.2.9)

if x is irrational,

where p and q are taken to be relatively prime integers with ¢ > 0, and we take ¢ = 1 when z = 0. Show that f is integrable on
[0,1] and

/l f=0. (7.2.10)

Exercise 7.2.3

Let f:[0,1] — R be defined by f(z) = z and, for n'™Z*, let P = {z¢, x1, ..., z,} be the partition of [0, 1] with

2= —,i=0,1,..,n. (7.2.11)
n
Show that
U(f,P)—L(f,P) = L (7.2.12)
n
and hence conclude that f is integrable on [0, 1]. Show that
! 1
/ f==. (7.2.13)
0 2
Exercise 7.2.4
Define f:[1,2] — R by
z, if 2™Q,
= 7.2.14
fl@) {0, if z ¢ Q. (7.2.14)

Show that f is not integrable on [1, 2].

Exercise 7.2.5

Suppose f is integrable on [a, b], and, for some real number m and M, m < f(x) < M for all z™**[a, b]. Show that

m(b—a) < /bf <M —a). (7.2.15)

7.2.1 Notation and Terminology

The definition of the integral described in this section is due to Darboux. One may show it to be equivalent to the integral defined
by Riemann. Hence functions that are integrable in the sense of this discussion are referred to as Riemann integrable functions
and we call the integral the Riemann integral. This is in distinction to the Lebesgue integral, part of a more general theory of
integration.

We sometimes refer to this integral as the definite integral, as opposed to an indefinite integral, the latter being a name given to
an antiderivative (a function whose derivative is equal to a given function).

If f is integrable on [a, b], then we will also denote
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b
|1

by

/ab f(z)dz.

The variable z in the latter is a "dummy" variable; we may just as well write

/a b F(t)dt

or

/ab f(s)ds.

For example, if f: [0,1] — R is defined by f(z) = 22, then

(7.2.16)

(7.2.17)

(7.2.18)

(7.2.19)

(7.2.20)

This page titled 7.2: Integrals is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via

source content that was edited to the style and standards of the LibreTexts platform.
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7.3: Integrability Conditions

Proposition 7.3.1

If \(a

Proof available at the end of this section.

Example 7.3.1

Let o: QN [0,1] — Z* be a one-to-one correspondence. Define f: [0,1] — R by
1
f@)= Y — (7.3.1)

amaro) 277
<z

Then f is increasing on [0, 1], and hence integrable on [0, 1].

Proposition 7.3.2

If \(a

Proof available at the end of this section.

Exercise 7.3.1

Suppose \(a

Exercise 7.3.2

Suppose \(a
b
f=0, (7.3.2)

then f(z) = 0 for all z*[a, b].

Exercise 7.3.3

Suppose \(a

(7.3.3)

and, fori=1,2,...,n, let ¢ [z; 1, z;]. Show that

& . b—a
/a f=lm 205 ). (7.3.4)

3

I
—

@IOIC]E) 114 (7.3.1)



LibreTextS“'

In the notation of Exercise 7.3.3, we call the approximation

b b—a &
[ =223 1@ (135)

a right-hand rule approximation if ¢; = z;, a left-hand rule approximation if ¢; = z;_;, and a midpoint rule approximation if

¢ = % (7.3.6)

These are basic ingredients in creating numerical approximations to integrals.

Answers

Proposition 7.3.1
Suppose f is nondecreasing. Given € > 0, let n'"Z* be large enough that

()~ f@)b—a) __

- (7.3.7)
Fori=0,1,...,n, let
b a)i
2= at L9 (7.3.8)
n
Let P = {zg,z1,...,z,}. Then
n n
U(f,P)= L(f,P) =Y f(z:) (@i —2i1) — Y f (wi-1) (@i — zio1)
i=1 i=1
" b—a
=Y (f@)—f(mi)
i=1
b—a 7.3.9
= () T o))+ () — S ) (739
+(f (@n-1) = f (®n-2)) + (f (Tn) = f (Ta-1))
b—a
= =2(50) - f(@)
< e
Hence f is integrable on [a,b.  Q.E.D.
Proposition 7.3.2
Given € > 0, let
€
= . 3.1
=5, (7.3.10)
Since f is uniformly continuous on [a, b], we may choose § > 0 such that
[f(x) = fy)l <~ (7.3.11)
whenever |z —y| < §. Let P = {z¢, z1,...,z,} be a partition with
sup{|z; —zi1]:i=1,2,...,n} < 4. (7.3.12)
If, fori =1,2,...,n,
m; =inf{f(z): 2,1 <z <} (7.3.13)
and
M; =sup{f(z) :z;1 <z <}, (7.3.14)
then M; —m; < ~. Hence
U(f, P) = L(f,P) =D M; (w; — @i 1) — p_my (w — 1)
i=1 =1
=3 (M —m) (2 — i)
=1 (7.3.15)

< ”/i (zi — i-1)
i=1
=9(b—a)

= €.

Thus f is integrable on [a,b].  Q.E.D.

This page titled 7.3: Integrability Conditions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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7.4: Properties of Integrals

Proposition 7.4.1

If f: D—>Randg: D — R, then
sup{f(z) + g(z) : z™D} < sup{f(z) : ™D} + sup{g(z) : z"*D} (7.4.1)
and

inf{f(x) + g(z) : 2™ D} > inf{f(z) : 2™ D} + inf{g(x) : ™ D} (7.4.2)

Exercise 7.4.1

Prove the previous proposition.

Exercise 7.4.2

Find examples for which the inequalities in the previous proposition are strict.

Proposition 7.4.2

Suppose f and g are both integrable on [a, b]. Then f + g is integrable on [a, b] and

‘Ku+m=LU+AZ. (7.4.3)

Proof available at the end of this section.

Exercise 7.4.3

Suppose \(a

.[“*”SZZ+ZZ' (7.4.4)

Find an example for which the inequality is strict.

Exercise 7.4.4

Find an example to show that f 4+ g may be integrable on [a, b] even though neither f nor g is integrable on [a, b].

Proposition 7.4.3

If f is integrable on [a, b] and o™R, then af is integrable on [a, b] and
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/abafza/abf. (7.4.5)

Exercise 7.4.5

Prove the previous proposition.

Theorem 7.4.4

Suppose \(a

Proof available at the end of this section.

Proposition 7.4.5

Suppose f is integrable on [a,b] and c¢™(a,b). Then

/:f=/:f+/cbf. (7.4.6)

Proof available at the end of this section.

Exercise 7.4.6

Suppose f: [a,b] — R is bounded and B is a finite subset of (a, b). Show that if f is continuous on [a, b]\ B, then f is integrable
on [a, b].

Proposition 7.4.6

If £ is integrable on [a, b] with f(z) > 0 for all z™*![a, b], then
b
/ f>o. (7.4.7)

Proof available at the end of this section.

Proposition 7.4.7

Suppose f and g are both integrable on [a, b]. If, for all ™[a, 8], f(z) < g(z), then

/abf < /:g. (7.4.8)

Proof available at the end of this section.

Proposition 7.4.8

Suppose f is integrable on [a, b], m™R, M™R, and m < f(z) < M for all z**[a, b]. Then
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b
m(b—a)g/ fF<M(b—a).

Proof available at the end of this section.

Exercise 7.4.7

Show that

LR
1g/ dr < 2.
—1 1+1‘2

Exercise 7.4.8

2o~

g/olfé

[

Exercise 7.4.9

Suppose f is integrable on [a, b] and define F': (a,b) — R by

F(z)z/azf.

Show that there exists o/"'R such that for any z,y'"*(a, b) with \(x

|F(y) — F(z)| < aly — ).

Proposition 7.4.9

Suppose f is continuous on [0, 1], differentiable on (0, 1), f(0) = 0, and |f’(z)| < 1 for all (0, 1). Show that

(7.4.9)

(7.4.10)

(7.4.11)

(7.4.12)

(7.4.13)

Suppose g is integrable on [a, b], g([a, b]) C [c,d], and f : [c,d] — R is continuous. If h = f o g, then k is integrable on [a, b].

Proof available at the end of this section.

Proposition 7.4.10

Suppose f and g are both integrable on [a, b]. Then fg is integrable on [a, b].

Proof available at the end of this section.

Proposition 7.4.11

Suppose f is integrable on [a, b]. Then |f| is integrable on [a, b] and

/abf‘s/ab\fl‘

Proof available at the end of this section.
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Exercise 7.4.10

Either prove the following statement or show it is false by finding a counterexample: If f: [0,1] — R is bounded and f? is
integrable on [0, 1], then f is integrable on [0, 1].

7.4.1 Extended definitions

Definition

If f integrable on [a, b], then we define

/baf: 7/; f. (7.4.15)

Moreover, if f is a function defined at a point ™R, we define

/a “r-o. (7.4.16)

Definition

Suppose f is integrable on a closed interval containing the

points a, b, and c. Show that

/abfz/:fjt/cbf. (7.4.17)

Answers

Proposition 7.4.2
Given € > 0, let Py and P be partitions of [a, b] with

U P)~L(fP) <5 (7.4.18)
and
Ulg, P2) = L(g, P2) < % (7.4.19)
Let P = P, U P,. By the previous proposition,
U(f+g,P)<U(f,P)+Ulg,P) (7.4.20)
and
L(f+g,P) 2 L(f,P) + L(g, P). (7.4.21)
Hence
U(f+g,P)—L(f+9,P) < (U(f,P) + Ulg, P)) — (L(f,P) + L(g, P))
= (U(f,P) — L(f,P)) + (U(g, P) — L(g, P))
S (U(f, ) —L(f, 7))+ (U(g, P2) — L(g,2P)) (7.4.22)
<5+s=¢

Hence f + g is integrable on [a, b].
Moreover,

/(f+g>§U(f+g, P)
UfP +U(g,P)

(£
Ll

IN
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and

b
[(tra=1u+ap
> L(f, P) + L(g, P)

(L) (o)
[+ [ a-e

Lb(f+g):Abf+/abg»

Since e > 0 was arbitrary, it follows that

Q.E.D.
Theorem 7.4.4
Suppose f is integrable on [a, b]. Given e > 0, let Q be a partition of [a, b] such that
U(f,Q) —L(f,Q) <e
Let P=QU{c}, P, = PNJa,c],and P, = PN [c,b]. Then

(U (£, P1) = L(£,P)) + (U (f, Po) = L(f, P)) = (U (f, 1) + U (f, P»))
—(L(f,P)+L(f,P)
=U(f,P)— L(f,P)
<U(£,Q) - L(£,Q)
< €.

Thus we must have both
U(f,P1)—L(f,P1)<e
and
U(f,P) —L(f,Py) <e.
Hence f is integrable on both [a, ] and [c, b].
Now suppose f is integrable on both [a,c] and [c, b]. Given € > 0, let P, and P, be partitions of [a, ] and [c, b], respectively, such that
€
v RIZLLR) <5
and
€
U(f,P)—L(f,P)< 7
Let P = P, U P,. Then P is a partition of [a, ] and

U(f,P)— L(f, P) = (U (f, P) + U (£, P2)) — (L(f, P) + L(, P2))
= (U, P)— L(f, ) + (U (f, P) — L(f, P2))
<5+3

Thus f is integrable on [a, b]. Q.E.D.

Proposition 7.4.5
If P and Q are partitions of [a, c] and [c, b], respectively, then

b
U(f,P)+ U(f,Q) = U(f, PUQ) > / f

Thus
U(ﬁP)z/abf—U(f,Q%
SO
/ﬂcf:ffZ/uhfo(f,Q)-
Hence
U(f,Q)z/"bf—/:f,
SO
/cbf:/cbfz/abf—/:f-

Thus

er+/cbfz/ubf.

Similarly, if P and Q are partitions of [a, c] and [c, b], respectively, then
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b

L(f,P)+ L(,Q) = L(f, PUQ) < / I

a

Thus
L(f,P)é/nbf—L(f,Q),
s
/:f:/:fS/:ffL(f,Q%
Hence
L(ny)s/uhff/arf,
s
/ﬂbf:/cbfs/abf—/:f-

Thus

/:f+/£bf£/abf<
Hence

[reff
Q.E.D.

Proposition 7.4.6
The result follows from the fact that L(f, P) > 0 for any partition P of [a,b]. =~ Q.E.D.

Proposition 7.4.7
Since g(x) — f(z) > 0 for all "*[a, b], we have, using Propositions 7.4.2, 7.4.3, and 7.4.6,

/ahg—/”bf:/ab@—f)ZO

Q.E.D.

Proposition 7.4.8
It follows from the previous proposition that

m(b—a):/bmdwg/bf(x)dxg/bde:M(b—a),

Q.E.D.

Proposition 7.4.9
Let € > 0 be given. Let

K > sup{f(z) : z™[c,d]} — inf{f(z) : 2™[c, d]}

and choose § > 0 so that § < ¢ and
€

If(z) — F(y)l <

2(b—a)
whenever |z —y| < é. Let P = {z¢, 1, ..., z,} be a partition of [a, b] such that
52
U(g,P)— L(g, P) < K"

Fori=1,2,...,n, let
m; = inf {g(z) : z;1 <z < i},
M; =sup{g(z): 2,1 <z <},
w; =inf{h(z) : 2,1 <z < m},

and
W; =sup{h(z) :z;i1 <z <z}
Finally, let
I={i:i™Z,1<i<nM,—m; <3}
and
J={i:i"Z,1<i<n M;—m; >5}.
Note that
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52.%71:11 ZM m;) (z; — 1)

aintJ iintJ
<YM —mi) (@i — @) (7.4.57)
i=1
52
< 2K’
from which it follows that
1)
o 2 A.
> (m—m) < 3 (7.4.58)
Then
U(h, P) = L(h, P) =Y (Wi — w;) (z;i —zi1) + 3 (Wi —wy) (@ — mi-1)
sy int ]

< b—a)z —Ti-1 +KZ — i)

e 6 (7.4.59)
<373
<L f
2 2
= €.
Thus h is integrable on [a,b].  Q.ED.
Proposition 7.4.10
Since f and g are both integrable, both f + g and f — g are integrable. Hence, by the previous proposition, both (f + g)? and (f — g)? are integrable. Thus
1
7 ((F+9° - (f*g)z)) =fg (7.4.60)

is integrable on [a,b].  Q.E.D.

Proposition 7.4.11
The integrability of | f| follows from the integrability of f, the continuity of g(z) = |z|, and Proposition 7.4.9. For the inequality, note that

—|f(@)] < fz) < |f(2)] (7.4.61)

—/abm s/abfs/”bm, (7.4.62)

for all z'"[a, b]. Hence

from which the result follows. Q.E.D.

This page titled 7.4: Properties of Integrals is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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7.5: The Fundamental Theorem of Calculus

(Fundamental Theorem of Calculus)

Suppose f is integrable on [a, b]. If F is continuous on [a, b] and differentiable on (a,b) with F’(z) = f(z) for all z™(a, b), then
b
/ f=F(b)—F(a). (7.5.1)

Proof available at the end of this section.

Proposition 7.5.2

(Integration by parts)
Suppose f and g are integrable

on [a,b]. If F and G are continuous on [a,b] and differentiable on (a,b) with F’(z) = f(z) and G’(z) = g(z) for all z™(a,b),
then

b b
/ F(z)g(z)dz = F(b)G(b) — F(a)G(a) — / f(x)G(x)dz. (7.5.2)

Proof available at the end of this section.

7.5.1 The other Fundamental Theorem of Calculus

Proposition 7.5.3

Suppose f is integrable on [a,b] and F': [a,b] — R is defined by
F(z) = / f(t)dt. (7.5.3)

Then F is uniformly continuous on |[a, b].

Proof available at the end of this section.

The following theorem is often considered to be part of the Fundamental Theorem of Calculus.

Theorem 7.5.4

Suppose f is integrable on [a, b] and continuous at u™(a,b). If F': [a,b] — R is defined by
Fz) = / F)dt, (7.5.4)

then F is differentiable at w and F’(u) = f(u).
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| Proof available at the end of this section.

Proposition 7.5.5

If \(a

Proof available at the end of this section.

Example 7.5.1

If
g(z) = /Z V' 1+ t4dt, (7.5.5)

then ¢’(z) = V1 + 24

Proposition 7.5.6

(Integration by substitution)

Suppose I is an open interval, \(\varphi: I \rightarrow \mathbb{R}, a

»(b) b
/ | Jwdu = [ fe@)e @) (7.5.6)
w(a a
Proof available at the end of this section.
Exercise 7.5.1
Evaluate
1
/ wa T Tdu (7.5.7)
0
using (a) integration by parts and (b) substitution.

Exercise 7.5.2

Suppose ¢ : R — R is differentiable on R and periodic with period 1( that is, ¢(z + 1) = ¢(x) for every ™ R). Show that for
any continuous function f: R — R,

| ftet@ne @iz o (7.5.8)

(Integral Mean Value Theorem)

If f is continuous on [a, b], then there exists ¢**[a, b] such that
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b

f=f(c)(b—a). (7.5.9)

Prove the Integral Mean Value Theorem.

Theorem 7.5.8

(Generalized Integral Mean Value Theorem)

If f and g are continuous on [a,b] and g(x) > 0 for all z™[a, b], then there exists c"[a, b] such that

b b
/ fg= f(c)/ g- (7.5.10)
Exercise 7.5.4
Prove the Generalized Integral Mean Value Theorem.
Answers
Theorem 7.5.1
Given e > 0, let P = {z¢, z1, ..., z,} be a partition of [a, b] for which
U(f,P)— L(f,P) <e. (7.5.11)
Fori=1,2,...,n, let t" (z;_1,z;) be points for which
F(zi) = F (i) = f () (zi — 2i1) - (7.5.12)
Then
STr) (@i —min) =Y (F(2:) — F(zi1)) = F(b) — Fla). (7.5.13)
i=1 i=1
But
L(f,P) < . (t) (@i — wi1) U, P), (7.5.14)
i=1
SO

‘F(b)fF(a)f/:f <e (7.5.15)

Since e was arbitrary, we conclude that

f=F()— F(a). (7.5.16)
Q.E.D.
Proposition 7.5.2
By the Fundamental Theorem of Calculus,
b
/ (F(2)9(z) + f(@)G(x))dz = Fb)G(b) — F(a)G(a). (7.5.17)

Q.E.D.

Proposition 7.5.3
Let ¢ > 0 be given and let M > 0 be such that |f(z)| < M for all z[a, b]. Then for any =, ™ [a, b] with \(x

/ e

|F(y) — F(z)| = <My—z)<e. (7.5.18)

Hence F is uniformly continuous on [a,b]. Q.E.D.

Theorem 7.5.4
Let e > 0 be given and choose § > 0 such that | f(z) — f(u)| < e whenever |z — u| < é. Then if \(®
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u+h
s R Iy ORI
uth 7.5.19
=[5 [ - snal (7519
<e€
If \(-\delta
Flu+ h) — Fu) WL
T | = | [ s g
% / f)dt + f(u
_ % / Ft)ydt— ~ / f(u)dt’ (7.5:20)
1
ﬁ/ ‘”\
Hence
F'(u) = iﬂw = f(u). (7.5.21)
QED.
Proposition 7.5.5
Let
- / " fwyt. (7.5.22)
QED.

Proposition 7.5.6

If m and M are the minimum and maximum values, respectively, of ¢ on [a, b], then ¢([a,b]) = [m, M]. If m = M, then ¢(z) = m for all z™[a, b], and both sides of
(7.5.17) are 0. So we may assume \(m

g'(z) = F'(p(x))¢" () = flp())¢ (2). (7.5.23)
So if p(a) < ¢(b),

= F(p(b)) — Fe(a)) (7.5.24)

If p(a) > o(b), then

b
[ setens @ads = g) - o0

= F(p(b) — F(p(a))
= —(F(p(a)) — F(p(b)))

#(a)
=- / flu)du
w(b)

w(b)
= / f(u)du.
w(a)

(7.5.25)

Q.E.D.

This page titled 7.5: The Fundamental Theorem of Calculus is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or
curated by Dan Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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7.6: Taylor's Theorem Revisited

The following is a version of Taylor's Theorem with an alternative form of the remainder term.

Theorem 7.6.1

(Taylor's Theorem)

Suppose ftC ™+ (g, b), o (a, b), and

0 f(k)(g
(@) = Z / k'( ) (x—a)k. (7.6.1)
k=0 :
Then, for any z™(a, b),
z p(n+l)
f(z) = Py(z) +/ fn—!(t)(z —t)"dt. (7.6.2)

Proof available at the end of this section.

Exercise 7.6.1

(Cauchy form of the remainder)

Under the conditions of Taylor's Theorem as just stated, show that

z p£(n+l) (n+1)
/ iV} (z —t)"dt = Eitidv/] o ) (z—7)"(z—a) (T2

n!

a

for some v between a and z.

Exercise 7.6.2

(Lagrange form of the remainder)

Under the conditions of Taylor's Theorem as just stated, show that
T f(ntl) (¢ (n+1)
[ e ra =L oy (7.64)

for some v between a and z. Note that this is the form of the remainder in Theorem 6.6.1, although under slightly more
restrictive assumptions.

Answers

Theorem 7.6.1
By the Fundamental Theorem of Calculus, we have

[ 51w = g@ - sta, (765)
which implies that

f@) = s+ [ a (7.66)
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Hence the theorem holds for n = 0. Suppose the result holds for n = k — 1, that is,

)
f(@) = Ppa(z) + ) (J;g 7(1t;! (z—t)*dt.
Let
F(t) = fP),
B (l‘ _ t)k—l
g(t) = W,
and
(z —t)*
G ="
Then
o k) .
/a (i —(3! (=)t = /  Fg(t)at
~ F@)G(a) - Fle)G(a) ~ [ F/ (0G0t
Hence

T p(ke1)
f(z) = Py(z) + / fT‘(t)(x —t)kdt,

v

and so the theorem holds for n = k. Q.E.D.

(7.6.7)

(7.6.8)

(7.6.9)

(7.6.10)

(7.6.11)

(7.6.12)

This page titled 7.6: Taylor's Theorem Revisited is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan

Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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7.7: An Improper Integral

Definition

If f integrable on [a, b] for all b > a and

b
bginoo/a f(z)dz (7.7.1)
exists, then we define
+o0 b
/ f(z)dz = lim f(z)dz. (7.7.2)
@ b—+oo J
If f is integrable on [a, b] for all \(a
b
EI_II flx)dz (7.7.3)
exists, then we define
b b
/ flx)dz = l_i>r_n / f(x)dz. (7.7.4)

Both of these integrals are examples of improper integrals.

Proposition 7.7.1

Suppose f is continuous on [a,c0) and f(z) > 0 for all z > a. If there exists g: [a, +o0) — R for which

/+DO g(z)dz (7.7.5)

exists and g(z) > f(z) for all z > q, then

+00

f(x)dz (7.7.6)

a

exists.

Exercise 7.7.1

Prove the preceding proposition.

Example 7.7.1

Suppose

fz) = (7.7.7)

and
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1, ifo<z<l, -
9(z) = 1, ifz>1. (7]
Then, forb> 1
b 1 b g 1 1
/g(z)dx:/ da:+/ —dr=14+1——=2——, (7.7.9)
0 0 1 x? b b
SO
+o00 1
/ g(x)dx = lim (2 — —) = % (7.7.10)
0 b—o0 b
Since \(®
400 1
d 7.7.11
| e (7.7.11)
exists, and, moreover,
400 1
—d 2. 7.7.12
| < (7.7.12)
Also, the substitution © = —z shows that
0 0 +00
1 1 1
/ L - / . / i (7.7.13)
oo 14 22 oo 1+ u? o 1+u?

This page titled 7.7: An Improper Integral is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
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8: MORE FUNCTIONS

8.1: The Arctangent Function

8.2: The Tangent Function

8.3: The Sine and Cosine Functions
8.4: The Logarithm Functions

8.5: The Exponential Function

This page titled 8: More Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan Sloughter via
source content that was edited to the style and standards of the LibreTexts platform.
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8.1: The Arctangent Function

Definition

For any z™R, we call

|
arctan(z) = / ——dt
o 1+¢2

the arctangent of z.

Proposition 8.1.1

The arctangent function is differentiable at every z™™'R.

Moreover, if f(z) = arctan(x), then

1422

Proof available at the end of this section.

Proposition 8.1.2

The arctangent is increasing on R.

Proof available at the end of this section.

Definition

m = 2lim, , . arctan(z) = 2 f0+oo ﬁdt
Note that 0 < 7 < 4 by Example 7.7.1.

The following proposition says that the arctangent function is an odd function.

Theorem 8.1.3

For any z'™R, arctan (z) = — arctan(—z).

Proof available at the end of this section.

It now follows that

lim arctan(z) = — lim arctan(—z) = —%.

T—>—00 T—>—00

Hence the range of the arctangent function is (—%, %).
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Proposition 8.1.4

If x > 0, then

1
arctan(z) + arctan (—) =
z

|

(8.1.4)

Proof available at the end of this section.

Proposition 8.1.5

If x < 0, then
1 ™
arctan(z) + arctan (;) =—5- (8.1.5)

Proof available at the end of this section.

Exercise 8.1.1

Show that arctan (1) = & and arctan(—1) = —

ISE

Answers
Proposition 8.1.1
The result follows immediately from Theorem 7.5.4. Q.E.D.

Proposition 8.1.2
The result follows immediately from the previous proposition and the fact that
1

—>0 8.1.6
1+ 22 ( )
for every z™R.  Q.E.D.

Theorem 8.1.3
Using the substitution ¢t = —u, we have

s -
arctan(z) = / ——dt = 7/ ———du = —arctan(—xz). (8.1.7)
0 1412 o 1+u?
Q.E.D.

Proposition 8.1.4
Using the substitution ¢t = %, we have

.
=— du
oo L+ 02 (8.1.8)

|
&
=
aQ
s
&
=
=

Q.E.D.

Proposition 8.1.5
The result follows immediately from the preceding proposition and the fact that arctangent is an odd function.

This page titled 8.1: The Arctangent Function is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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8.2: The Tangent Function

Let
A= {% + nintz} (8.2.1)
and D = R\A. Let
t: (,g g) - R (8.2.2)

be the inverse of the arctangent function. Note that ¢ is increasing and differentiable on (—%, 7). We may extend ¢ to a function
on D as follows: For any z'™ D, let

\[g(x)=\sup \left\{n: n \in \mathbb{Z},-\frac{\pi}{2}+n \pi

and define T'(z) = t(z — g(z)).

Definition

With the notation of the above discussion, for any z** D, we call the value T(z) the tangent of x, which we denote tan(z).

Proposition 8.2.1

The tangent function has domain D (as defined above), range R, and is differentiable at every point z™*D. Moreover, the
tangent function is increasing on each interval of the form

(—g +nm, 2+ nr), (8:2.3)
n™Z, with
tan ((g +nm) +) = —o00 (8.2.4)
and
tan ((% +nm) =) = +oo. (8.2.5)

Proof available at the end of this section.

Definition

Let E C R. We say a function f: E — R is periodic if there exists a real number p > 0 such that, for each ™ FE, z + p™E and
f(z +p) = f(z). We say p is the period of a periodic function f if p is the smallest positive number for which f(z + p) = f(z)
for all 2™ E.

Proposition 8.2.2

The tangent function has period .

Proof available at the end of this section.
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Proposition 8.2.3

(Addition formula for tangent)
For any z, 4™ D with z + y™"*D,

tan(z + ) = tan(z) + tan(y)

Proof available at the end of this section.

Answers
Proposition 8.2.1
These results follow immediately from our definitions. Q.E.D.

Proposition 8.2.2
The result follows immediately from our definitions. Q.E.D.

Proposition 8.2.3

Suppose y1, yit (=%, %) with y; + yint (=%, %) Letz; = tan (y;) and z; = tan (y2) . Note that if z; > 0, then 2,2, > 1 would imply that

1
To > —,
T

which in turn implies that
Y1 + y2 = arctan (z1) + arctan (x2)

1
> arctan (z1) + arctan (z—)
1

™
=5
contrary to our assumptions. Similarly, if z; < 0, then z;z, > 1 would imply that
1
T3 < —,
T1

which in turn implies that
Y1 + y2 = arctan (z1) + arctan (z2)

1
< arctan (z1) + arctan (—)
xy

™
E:

contrary to our assumptions. Thus we must have z;z, < 1. Moreover, suppose u is a number between —z; and z,. If z; > 0, then

Ty < —_—,
T1
and so
1
u< —.
Z1
If 2; <0, then
Ty > —,
Al
and so
u>—.
1
Now let
_ mta
1—z120

We want to show that
arctan(z) = arctan (z1) + arctan (z2),
which will imply that

tan (y1) + tan (y2)

e UL VA N LV .
T—ton (g ton ()~ 001 T W)

We need to compute

Ty +ay

T €T -z
arctan(z) = arctan (g> = / b
0

1—z29

Let
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1+

dt.
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T+ u

t= = , 8.2.19
plu) == o ( )
where u varies between —z 1, where t = 0, and z,, where t = z. Now
, 1— - +u) (— 1+a?
o () = LT — (o zu) ) R (8.2.20)
(1 —zyu) (1—=zu)
which is always positive, thus showing that ¢ is an increasing function, and
1 1
2 2
1+t 14+ ( 11::;)
2
- % (8.2.21)
(I —z1u)" + (z1 +u)
(-’
(1+22)(1+u2)’
Hence
Ty 1
arctan(z) :/ ——du
oy 1 u?
0 £
1 : 1
= / 1—2du +/ ﬁdu
o T’L“l o 1tu (8.2.22)
= 7/0 T du + arctan (z3)
= —arctan (—z) + arctan ()
= arctan (z) + arctan (z2) .
Now suppose y1, ¥t (— %, ) with y; + y2 > Z. Then y; + ¥ (%, 7),z1 > 0,z2 > 0, and
1
Tg> —. (8.2.23)

Z1

With » and z as above, note then that as u increases from —z; to I%,t increases from ® to +oo, and as u increases from z% to x5, t increases from —oo to z.

s g 0 1 +oo
t + 7= dt + —dt + dt
arctan(z) + 7 /0 14 ¢2 /ﬂc 1+ ¢2 /0 14 ¢2

© 1 +oo g

:/ 2dt+/ St
o1+t o 1+t
] ER

- _d +/ d 8.2.24

/L 1+u? “ oy L+ u? v ( )

B3
o q

:/ —du
o 1+u

= arctan (z3) — arctan (—z)

= arctan (z3) + arctan (2) .

Hence we have

Hence

tan (y1 +y2) = tan (y1 +y> — 7)

tan(arctan(z))

_ nitx

e (8.2.25)
tan (y1) + tan (y2)

The case when z; < 0 may be handled similarly; it then follows that the addition formula holds for all y;, yiz‘“ (7§, g) . The case for arbitrary y;, y‘;‘D with y; + y‘;“D
then follows from the periodicity of the tangent function. Q.E.D.

This page titled 8.2: The Tangent Function is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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8.3: The Sine and Cosine Functions

We begin by defining functions

™
- R
° ( 2’ 2] -
and
m™ T
- R
¢ ( 2 2] -
by
r M 3 int (_ ® @
s(z) = V1+tani(z) ' if 2% (=%, %),
and
1 3 int (_ m® w
C(d,‘): 1+tan?(z) if @ ( 27 2)7
Note that
i : Y . 1
1 =1 4 L
ot T T T T
and
1 1
lim c(x): lim — lim Yy —0,

which shows that both s and ¢ are continuous functions.

Next, we extend the definitions of s and ¢ to functions

T 37
and
T 3w
by defining
s(z), if g0t (=2 ],
S(z) = (z) ' im(ﬂ zng]
—s(x—m), ifzx (7,7]
and
C($)7 if ™ (_17 E]v
C( ) int (m 2371'2
—c(z—m), ifz (7,7]
Note that
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xlﬁn;aS(x) = xi1%+*8(w) = *yEIE},o m = 7ykgloo —J1+L -1
2

and

1
lim C(z)= lim —c¢(z)=— lim —— =— lim ———— =0,
T 5+ T=—5+ Yy——o0 1 +y2 y——oo 14+ 1

which shows that both S and C are continuous at Z.. Thus both S and C are continuous.
Finally, for any ™R, let
\[g(x)=\sup \left\{n: n \in \mathbb{Z},-\frac{\pi}{2}+2 n \pi
and define
sin(z) = S(z — 2ng(x))
and

cos(z) = C(z — 2mg(x)).

Definition

With the notation as above, for any ™R, we call sin(z) and cos(z) the sine and cosine of z, respectively.

Proposition 8.3.1

The sine and cosine functions are continuous on R.

Proof available at the end of this section.

8.3.1 Properties of sine and cosine

Proposition 8.3.2

The sine and cosine functions are periodic with period 2.

Proof available at the end of this section.

Proposition 8.3.3

For any ™R, sin(—z) = —sin(x) and cos(—z) = cos(z).

Proof available at the end of this section.

Proposition 8.3.4

For any ™R, sin?(z) + cos?(z) = 1.

Proof available at the end of this section.
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Proposition 8.3.5

The range of both the sine and cosine functions is [—1, 1].

Proof available at the end of this section.

Proposition 8.3.6

For any z in the domain of the tangent function,

tan(z) = sin(z) .
cos(z)
Proof available at the end of this section.
Proposition 8.3.7
For any z in the domain of the tangent function,
t 2
sm2(x) L G (@)
1+ tan?(z)
and
1
2
cos"(xr) = ————.
(=) 1+ tan?(z)

Proof available at the end of this section.

Proposition 8.3.8

For any z,y™R,

cos(z + y) = cos(z) cos(y) — sin(z) sin(y).

Proof available at the end of this section.

Proposition 8.3.9

For any z,y™R,

sin(z + y) = sin(x) cos(y) + sin(y) cos(z).

Exercise 8.3.1

Prove the previous proposition.

Exercise 8.3.2

Show that for any z™R,
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and

Exercise 8.3.3

Show that for any z™™R,

and

Exercise 8.3.4

Show that for any z™R,

and

Exercise 8.3.5

Show that

and

8.3.2 The calculus of the trigonometric functions

Proposition 8.3.10

arctan(z) -1

lim, o =

Proof available at the end of this section.

@O0

sin (g — a:) = cos(z)

cos (% — a:) = sin(x).

sin(2z) = 2sin(z) cos(z)

cos(2z) = cos?(x) — sin®(z).

1— 2
sin?(z) = —CZS( z)

1 2
cos?(z) = "'C%(‘T)

140 (8.3.4)

(8.3.20)

(8.3.21)

(8.3.22)

(8.3.23)

(8.3.24)

(8.3.25)

(8.3.26)

(8.3.27)

(8.3.28)



LibreTextsw

Proposition 8.3.11

lim, o 22E) _ 1,

Proof available at the end of this section.

Proposition 8.3.12

sin(z) —1.

T

limz—>0

Proof available at the end of this section.

Proposition 8.3.13

lim, o =2 — o,

Proof available at the end of this section.

Proposition 8.3.14

If f(z) = sin(z), then f’(z) = cos(z).

Proof available at the end of this section.

Proposition 8.3.15

If f(z) = cos(z), then f’(x) = —sin(z).

Exercise 8.3.6

Prove the previous proposition.

Definition

For appropriate z™R, we call

cot(z) = sflojz) (8.3.29)
1
sec(z) = e (8.3.30)
and
csc(z) = sml(x) (8.3.31)

the cotangent, secant, and cosecant of z, respectively.
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Exercise 8.3.7

and

Exercise 8.3.8

and

Proposition 8.3.16

2f_11 V1 —z2dz =7

Proof available at the end of this section.

Exercise 8.3.9

If f(z) = tan(x) and g(z) = cot(z), show that

If f(x) = sec(z) and g(z) = csc(z), show that

f(x) = sec(z) tan(x),

g’ (z) = —csc(z) cot(z).

(8.3.32)

(8.3.33)

(8.3.34)

(8.3.35)

Find the Taylor polynomial Py of order 9 for f(z) = sin(z) at 0. Note that this is equal to the Taylor polynomial of order 10 for
fat0.Is Py (%) an overestimate or an underestimate for sin (%)? Find an upper bound for the error in this approximation.

Answers

Proposition 8.3.1

From the definitions, it is sufficient to verify continuity at 377’ Now

and

and so sine is continuous at 37" Similarly,

and

@O0

lim sin(z) = lim S(z) =S <?) =—s (5) =-1

T — T —

lim sin(z) = lim S(z —27)
T34 T34

= i
l_ﬂlﬁn;r s(z)

. Y
=1
¥ /T+ 2

= lim

1
T 1+

=1,

lim cos(z) = lim C(z)=C (7) =—c (—) =0

i
>3 — T3

142 (8.3.6)
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lim cos(z) = lim C(z — 2m)

3x 3n
z—3E 4 s34

Il
5
2

Il
g

and so cosine is continuous at 3*.  Q.E.D.
Proposition 8.3.2

The result follows immediately from the definitions. Q.E.D.
Proposition 8.3.3

The result follows immediately from the definitions. Q.E.D.
Proposition 8.3.4

The result follows immediately from the definition of s and c. Q.E.D.

Proposition 8.3.5
The result follows immediately from the definitions along with the facts that

VI+2 2V =y

and

Vityr>1
for any y™R. Q.E.D

Proposition 8.3.6
The result follows immediately from the definitions. Q.E.D.

Proposition 8.3.7
The result follows immediately from the definitions. Q.E.D.

Proposition 8.3.8
First suppose z,y, and z + y are in the domain of the tangent function.
Then

1

1+ tan®(z + y)
1

tan(z)+tan(y) )2
1+ ( T—tan(z) tan(y) )

_ (1 — tan(z) tan(y))?
1 —tan(z) tan(y))? + (tan(z) + tan(y))?
(1 — tan(z) tan(y))?
(1 + tan?(z))(1 + tan?(y))
1

cos?(z +y) =

tan(z) tan(y)

= (cos(x) cos(y) — sin(z) sin(y))>2.

Hence

(\/1 + tan?(x)/1 + tan?(y) - V/1 + tan®(z)1/1 + tan?

cos(z + y) = x(cos(z) cos(y) — sin(z) sin(y)).

2
(y) )

(8.3.39)

(8.3.40)

(8.3.41)

(8.3.42)

(8.3.43)

Consider a fixed value of z. Note that the positive sign must be chosen when y = 0. Moreover, increasing y by = changes the sign on both sides, so the positive
sign must be chosen when y is any multiple of #. Since sine and cosine are continuous functions, the choice of sign could change only at points at which both

sides are 0, but these points are separated by a distance of 7, so we must always choose the positive sign. Hence we have

cos(z + y) = cos(z) cos(y) — sin(x) sin(y)

(8.3.44)

for all z, y™R for which z,y, and = + y are in the domain of the tangent function. The identity for the other values of = and y now follows from the continuity of the

sine and cosine functions. Q.E.D.
Proposition 8.3.10
Using 'Hépital's rule,

arctan(z) . _1+173

lim ————— = lim —— = 1.
-0 x =0 1

Q.ED

Proposition 8.3.11
Letting z = arctan(u), we have
t

lim an(z) = lim v =1
=0 T u—0 arctan(u)

Q.E.D
Proposition 8.3.12
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We have

i t
tim S, 800@) oy 21 (8.3.47)
xr

=0 x z—0

Proposition 8.3.13

We have
lim 1 — cos(z) — lim 1 — cos(z) 1+ cos(z)
750 z 750 x 1+ cos(z)
. 1—cos?(z)
= lim ———
20 z(1 + cos(z)) (8.3.48)
. sin(z) sin(z)
= lim | —= -_—
750 z 1+ cos(z)
= (1)(0)
=0.
Q.ED
Proposition 8.3.14
We have
/oy . sin(@ + h) —sin(z)
£ =l = ——
—i sin(z) cos(h) + sin(h) cos(z) — sin(z)
G h (8.3.49)
_1 i
= sin(z) lim costh) =1 + cos(z) lim sin(h)
h h—0
= cos(z).
Q.ED

Proposition 8.3.16
Let 2 = sin(u). Then as u varies from —Z- to 7., z varies from —1 to 1. And, for these values, we have

V1—22=4/1—sin’(u) = 1/cos?(u) = | cos(u)| = cos(u). (8.3.50)

Hence
1 L
/ V1—2z2de = / cos?(u)du
1 _z
1
21 2
:/ + cos(2u) du
-3 2
71 1 7% (8.3.51
= /71 Edu + 3 /;l cos(2u)du )
2 2
1
= g + Z(sin(w) — sin(—m))
=
=5
Q.E.D.

This page titled 8.3: The Sine and Cosine Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by
Dan Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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8.4: The Logarithm Functions

Definition

Given a positive real number z, we call

the logarithm of z.

Note that log(1) = 0, log(z) < 0 when \(80\) when z > 1.

Proposition 8.4.1

The function f(z) = log(x) is an increasing, differentiable function with
p 1
fi(@) = =
for all z > 0.

Proof available at the end of this section.

Proposition 8.4.2

For any z > 0,

Proof available at the end of this section.

Proposition 8.4.3

For any positive real numbers z and y,

log(zy) = log(z) + log(y).

Proof available at the end of this section.

Proposition 8.4.4

If r™*Q and z is a positive real number, then
log (z") = rlog(z).

Proof available at the end of this section.
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Proposition 8.4.5

lim, 00 log(z) = 400 and lim, o4 log(z) = —oo.

Proof available at the end of this section.

Note that the logarithm function has domain (0, +oc) and range (—oco, +00).

Exercise 8.4.1

Show that for any rational number o > 0,

lim z% = +oo.
T—+00

Proposition 8.4.6

For any rational number o > 0,

lim log(z)

z—+o00 @

Proof available at the end of this section.

Exercise 8.4.2

Show that

lim z%log(z) =0
z—0"

for any rational number o > 0.

Answers

Proposition 8.4.1
Using the Fundamental Theorem of Calculus, we have

fllzy==>0

for all z > 0, from which the result follows. Q.E.D.

Proposition 8.4.2
Using the substitution ¢t = %, we have

Q.E.D.

Proposition 8.4.3
Using the substitution t = zu, we have
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1 V1
- /% Edu+/1 v (8.4.11)

= —log (é) + log(y)
= log(z) + log(y).
Q.E.D.

Proposition 8.4.4
Using the substitution ¢t = u", we have

o @ 1 o1
log (z") = / —dt = / sl —du = r/ —du = rlog(z). (8.4.12)
1 u 1 u

t
Q.E.D.
Proposition 8.4.5
Given a real number M, choose an integer n for which nlog(2) > M (there exists such an n since log(2) > 0 ). Then for any z > 2", we have
log(z) > log (2") = nlog(2) > M. (8.4.13)
Hence lim,_,; log(z) = +oc.
Similarly, given any real number M, we may choose an integer n for which \(-n \log (2)
\[\log (x)<\log \left(\frac{1H{2*{n}}\right)=-n \log (2)
Hence lim,_,o4 log(z) = —co.  Q.E.D.
Proposition 8.4.6
Choose a rational number 3 such that 0 < 8 < a. Now for any ¢ > 1,
1

1
—<—tf= . 8.4.14
<7 115 ( )
Hence
71 ! -1 2P
1 = —dt< | —dt= <= 8.4.15
ogte) = [ Jar< [" o < (8.4.15)
whenever z > 1. Thus
1 1
0< 8@ (8.4.16)
zo [33:0‘"9
for z > 1. But
Jm s = 0, (8.4.17)
SO
1
lim 208 _ (8.4.18)
z—+oo ¢
Q.ED.

This page titled 8.4: The Logarithm Functions is shared under a CC BY-NC-SA 1.0 license and was authored, remixed, and/or curated by Dan
Sloughter via source content that was edited to the style and standards of the LibreTexts platform.
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8.5: The Exponential Function

Definition

We call the inverse of the logarithm function the exponential function. We denote the value of the exponential function at a

real number z by exp(z).

Proposition 8.5.1

The exponential function has domain R and range (0,+oc0). Moreover, the exponential function is increasing and
differentiable on R. If f(z) = exp(z), then f’(z) = exp(z).

Proof available at the end of this section.

Proposition 8.5.2

For any real numbers z and y,

Proof available at the end of this section.

Proposition 8.5.3

For any real number z,

Proof available at the end of this section.

Exercise 8.5.1

Use Thylor's theorem to show that

Proposition 8.5.4

For any rational number a,

Proof available at the end of this section.

@O0

exp(z +y) = exp(z) exp(y).

exp(—z) = @)

exp(a) = e®.
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Definition

If o is an irrational number, we define

e” = exp(a). (8.5.5)
Note that for any real numbers z and y,
ety = e%e¥ (8.5.6)
and
1
et = —. (8.5.7)
eI
Moreover, log (e*) = z and, if z > 0, ') = z.
Definition
If z and a are real numbers with a > 0, we define
a® = e®1o8(®), (8.5.8)

Exercise 8.5.2

Define f: (0, +00) — R by f(z) = 2%, where a™R, a # 0. Show that f'(z) = az® 1.

Exercise 8.5.3

Suppose a is a positive real number and f: R — R is defined by f(z) = a®. Show that f’(z) = a” log(a).

Proposition 8.5.5

For any real number « > 0,

lim z%* =0. (8.5.9)
T—+00
Proof available at the end of this section.
Proposition 8.5.6
For any real number q«,
lim (1 n ﬁ)z ey (8.5.10)
T—+00 €T

Proof available at the end of this section.

Definition

We define the hyperbolic sine and hyperbolic cosine functions by
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sinh(z) = < 26 (8.5.11)
and
cosh(z) = % (8.5.12)
respectively.
Exercise 8.5.4
Show that for any real numbers z and y,
sinh(z 4+ y) = sinh(z) cosh(y) + sinh(y) cosh(x) (8.5.13)
and
cosh(x + y) = cosh(z) cosh(y) + sinh(zx) sinh(y). (8.5.14)
Exercise 8.5.5
Show that for any real number z,
cosh?(z) — sinh?(z) = 1. (8.5.15)
Exercise 8.5.6
If f(x) = sinh(z) and g(z) = cosh(z), show that
f/(z) = cosh(x) (8.5.16)
and
g’ (z) = sinh(z). (8.5.17)
Answers
Proposition 8.5.1
Only the final statement of the proposition requires proof. If we let g(z) = log(z), then
fl(z)= T ow@) = exp(z). (8.5.18)
Q.E.D.
Proposition 8.5.2
The result follows from
log(exp(z) exp(y)) = log(exp(z)) + log(exp(y)) = = +y. (8.5.19)
Q.E.D.
Proposition 8.5.3
The result follows from
log <exp1(a;) ) = —log(exp(z)) = —z. (8.5.20)
Q.E.D.
Proposition 8.5.4
Since log(e) = 1, we have
log (e®) = alog(e) = o (8.5.21)
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Q.E.D.

Proposition 8.5.5
We know that

Hence

Letting y = e”, we have

Q.E.D.

Proposition 8.5.6
First note that, letting z = +,

T—+00

Using I'Hopital's rule, we have

lim

lim (1 + g): = lim (14 ah)% = lim ewlos(+ah)
x h—0+ h—0+

h—0+

and the result follows from the continuity of the exponential function.

log(1+ah) -~
h a0 1tah

Q.E.D.

(8.5.22)

(8.5.23)

(8.5.24)

(8.5.25)

(8.5.26)
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