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1: VECTORS IN EUCLIDEAN SPACE

In vector (or multivariable) calculus, we will deal with functions of two or three variables (usually z,y or z,y, z, respectively). The
graph of a function of two variables, say, z = f(z,y), lies in Euclidean space, which in the Cartesian coordinate system consists
of all ordered triples of real numbers (a, b, c). Since Euclidean space is 3-dimensional, we denote it by R®. The graph of f consists
of the points (z,vy, z) = (z,y, f(z,v)).
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1.1: Introduction

In single-variable calculus, the functions that one encounters are functions of a variable (usually = or t) that varies over some
subset of the real number line (which we denote by R). For such a function, say, y = f(z), the graph of the function f consists of
the points (z,y) = (z, f(z)). These points lie in the Euclidean plane, which, in the Cartesian or rectangular coordinate system,
consists of all ordered pairs of real numbers (a,b). We use the word “Euclidean" to denote a system in which all the usual rules
of Euclidean geometry hold. We denote the Euclidean plane by R?; the "2" represents the number of dimensions of the plane. The
Euclidean plane has two perpendicular coordinate axes: the z-axis and the y-axis.

In vector (or multivariable) calculus, we will deal with functions of two or three variables (usually z,y or z,y, z, respectively). The
graph of a function of two variables, say, z = f(z,y), lies in Euclidean space, which in the Cartesian coordinate system consists
of all ordered triples of real numbers (a, b, c). Since Euclidean space is 3-dimensional, we denote it by R3. The graph of f consists
of the points (z,y,2) = (z,y, f(z,y)). The 3-dimensional coordinate system of Euclidean space can be represented on a flat
surface, such as this page or a blackboard, only by giving the illusion of three dimensions, in the manner shown in Figure 1.1.1

. Euclidean space has three mutually perpendicular coordinate axes (z,y and z), and three mutually perpendicular coordinate
planes\index{plane!coordinate}: the zy-plane, yz-plane and zz-plane (Figure 1.1.2 ).
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Figure 1.1.1 Figure 1.1.2

The coordinate system shown in Figure 1.1.1 is known as a right-handed coordinate system, because it is possible, using the
right hand, to point the index finger in the positive direction of the z-axis, the middle finger in the positive direction of the y-axis,
and the thumb in the positive direction of the z-axis, as in Figure 1.1.3
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Fig 1.1.3 : Right-handed coordinate system.
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An equivalent way of defining a right-handed system is if you can point your thumb upwards in the positive z-axis direction while
using the remaining four fingers to rotate the z-axis towards the y-axis. Doing the same thing with the left hand is what defines
a left-handed coordinate system. Notice that switching the z- and y-axes in a right-handed system results in a left-handed
system, and that rotating either type of system does not change its “handedness". Throughout the book we will use a right-handed
system.

For functions of three variables, the graphs exist in 4-dimensional space (i.e. R?*), which we can not see in our 3-dimensional
space, let alone simulate in 2-dimensional space. So we can only think of 4-dimensional space abstractly. For an entertaining
discussion of this subject, see the book by ABBOT.

So far, we have discussed the position of an object in 2-dimensional or 3-dimensional space. But what about something such
as the velocity of the object, or its acceleration? Or the gravitational force acting on the object? These phenomena all seem to
involve motion and direction in some way. This is where the idea of a vector comes in.

You have already dealt with velocity and acceleration in single-variable calculus. For example, for motion along a straight line, if
y = f(t) gives the displacement of an object after time ¢, then dy/dt = f’(t) is the velocity of the object at time t. The derivative
f’(t) is just a number, which is positive if the object is moving in an agreed-upon "positive" direction, and negative if it moves
in the opposite of that direction. So you can think of that number, which was called the velocity of the object, as having two
components: a magnitude, indicated by a nonnegative number, preceded by a direction, indicated by a plus or minus symbol
(representing motion in the positive direction or the negative direction, respectively), i.e. f’(t) = +a for some number a > 0. Then
a is the magnitude of the velocity (normally called the speed of the object), and the + represents the direction of the velocity
(though the + is usually omitted for the positive direction).

For motion along a straight line, i.e. in a 1-dimensional space, the velocities are also contained in that 1-dimensional space,
since they are just numbers. For general motion along a curve in 2- or 3-dimensional space, however, velocity will need to be
represented by a multidimensional object which should have both a magnitude and a direction. A geometric object which has
those features is an arrow, which in elementary geometry is called a “directed line segment". This is the motivation for how we
will define a vector.

Definition 1.1.1

A (nonzero) vector is a directed line segment drawn from a point P (called its initial point) to a point @ (called its
—
terminal point), with P and @ being distinct points. The vector is denoted by PQ. Its magnitude is the length of the line

—
segment, denoted by \normPQ, and its direction is the same as that of the directed line segment. The zero vector is just a
point, and it is denoted by 0.

To indicate the direction of a vector, we draw an arrow from its initial point to its terminal point. We will often denote a vector by a
single bold-faced letter (e.g. v) and use the terms “magnitude" and “length" interchangeably. Note that our definition could apply
to systems with any number of dimensions (Figure 1.1.4 (a)-(c)).
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(a) One dimension (b) Two dimensions (c) Three dimensions

Figure 1.1.4 Vectors in different dimensions
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A few things need to be noted about the zero vector. Our motivation for what a vector is included the notions of magnitude and
direction. What is the magnitude of the zero vector? We define it to be zero, i.e. \norm0 = 0. This agrees with the definition of
the zero vector as just a point, which has zero length. What about the direction of the zero vector? A single point really has no
well-defined direction. Notice that we were careful to only define the direction of a nonzero vector, which is well-defined since
the initial and terminal points are distinct. Not everyone agrees on the direction of the zero vector. Some contend that the zero
vector has arbitrary direction (i.e. can take any direction), some say that it has indeterminate direction (i.e. the direction cannot
be determined), while others say that it has no direction. Our definition of the zero vector, however, does not require it to have a
direction, and we will leave it at that.

Now that we know what a vector is, we need a way of determining when two vectors are equal. This leads us to the following
definition.

Definition 1.1.2

Two nonzero vectors are equal if they have the same magnitude and the same direction. Any vector with zero magnitude is
equal to the zero vector.

By this definition, vectors with the same magnitude and direction but with different initial points would be equal. For example, in
Figure 1.1.5 the vectors u, v and w all have the same magnitude V5 (by the Pythagorean Theorem). And we see that u and w are
parallel, since they lie on lines having the same slope % and they point in the same direction. So u = w, even though they have
different initial points. We also see that v is parallel to u but points in the opposite direction. So u +# v.

44

&

[ SR ' R = Y =

of 1 2 3 4
Figure 1.1.5

So we can see that there are an infinite number of vectors for a given magnitude and direction, those vectors all being equal
and differing only by their initial and terminal points. Is there a single vector which we can choose to represent all those equal
vectors? The answer is yes, and is suggested by the vector w in Figure 1.1.5.

Unless otherwise indicated, when speaking of "the vector" with a given magnitude and direction, we will mean the one whose
initial point is at the origin of the coordinate system.

Thinking of vectors as starting from the origin provides a way of dealing with vectors in a standard way, since every coordinate
system has an origin. But there will be times when it is convenient to consider a different initial point for a vector (for example,
when adding vectors, which we will do in the next section). Another advantage of using the origin as the initial point is that it
provides an easy correspondence between a vector and its terminal point.
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Let v be the vector in R? whose initial point is at the origin and whose terminal point is (3, 4, 5). Though the point (3, 4,5) and
the vector v are different objects, it is convenient to write v = (3,4, 5). When doing this, it is understood that the initial point
of v is at the origin (0, 0,0) and the terminal point is (3,4, 5).
4z 4z
P(3,4,5) v=1(3,4,6)
.
¥ ¥
0 0
x ;/x
(a) The point (3,4,5) (b) The vector (3,4,5)
Figure 1.1.6 Correspondence between points and vectors

Unless otherwise stated, when we refer to vectors as v = (a,b) in R? or v = (a,b,c) in R?, we mean vectors in Cartesian
coordinates starting at the origin. Also, we will write the zero vector 0 in R? and R? as (0,0) and (0, 0,0), respectively.

The point-vector correspondence provides an easy way to check if two vectors are equal, without having to determine their
magnitude and direction. Similar to seeing if two points are the same, you are now seeing if the terminal points of vectors starting
at the origin are the same. For each vector, find the (unique!) vector it equals whose initial point is the origin. Then compare the
coordinates of the terminal points of these “new" vectors: if those coordinates are the same, then the original vectors are equal.
To get the “new" vectors starting at the origin, you translate each vector to start at the origin by subtracting the coordinates of
the original initial point from the original terminal point. The resulting point will be the terminal point of the “new" vector whose
initial point is the origin. Do this for each original vector then compare.

Example 1.1.2

. — — — —
Consider the vectors PQ and RS in R3, where P = (2,1,5),Q = (3,5,7), R=(1,—3,—2) and S = (2,1,0). Does PQ = RS?

—
The vector PQ is equal to the vector v with initial point (0,0, 0) and terminal point @ — P=(3,5,7) — (2,1,5) = (3 —2,5—1,7
—5)=(1,4,2).

—
Similarly, RS is equal to the vector w with initial point (0,0,0) and terminal point S — R = (2,1,0) — (1,-3,—-2) = (2 — 1,1
— —
So PQ =v=(1,4,2) and RS =w = (1,4, 2).
— =
+~ PQ= RS
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S
(2,1,0)

Figure 1.1.7

Recall the distance formula for points in the Euclidean plane:

For points P = (z1,y1), @ = (z2,%2) in R?, the distance d between P and Q is:

d= \/(xz—x1)2+(y2—y1)2 (1.1.1)

By this formula, we have the following result:

— —
For a vector PQ in R? with initial point P = (z1,y;) and terminal point Q = (z2,y2), the magnitude of PQ is:

\normPQ = /(2 — 21)2 + (92 — y1)? (11.2)

Finding the magnitude of a vector v = (a,b) in R? is a special case of the above formula with P = (0,0) and Q = (a, b):

For a vector v = (a,b) in R?, the magnitude of v is:

\normv = v/ a2 + b2 (1.1.3)

To calculate the magnitude of vectors in R3, we need a distance formula for points in Euclidean space (we will postpone the proof
until the next section):

The distance d between points P = (1, y1,21) and Q = (xa, 2, 29) in R? is:

d= \/(w2—$1)2+(yz—y1)2+(zz—z1)2 (1.1.4)

The proof will use the following result:

GNU Free Documentation License 6 (1.1.5)
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For a vector v = (a, b, c) in R3, the magnitude of v is:

\normv = v/ a? + b2 + 2 (1.1.5)

Proof: There are four cases to consider:
Case 1:a=b=c=0.Thenv=0,s0 \normv =0=v02+ 02 + 02 = Va2 + b2 + c2.

Case 2: exactly two of a,b,c are 0. Without loss of generality, we assume that a = b =0 and ¢ # 0 (the other two possibilities
are handled in a similar manner). Then v = (0,0, c), which is a vector of length |c| along the z-axis. So \normv = |c| = Ve?
=vV02+0%+c>=Va2+b>+ 2

Case 3: exactly one of a,b,c is 0. Without loss of generality, we assume that a = 0, b # 0 and ¢ +# 0 (the other two possibilities are
handled in a similar manner). Then v = (0, b, ¢), which is a vector in the yz-plane, so by the Pythagorean Theorem we have \normv
=vV2+2=v02+b+c2=vVa2+b2+c2

A2

Q(a,b,c)

Figure 1.1.8

Case 4:none of a,b,c are 0. Without loss of generality, we can assume that a, b, c are all positive (the other seven possibilities are
handled in a similar manner). Consider the points P = (0,0,0), Q@ = (a, b, ¢), R = (a,b,0), and S = (a,0,0), as shown in Figure 1.1.8.
Applying the Pythagorean Theorem to the right triangle APSR gives \PRl2 = a® 4 b2. A second application of the Pythagorean

Theorem, this time to the right triangle APQR, gives \normv = |PQ| = \/|PR|* + |QR|* = Va2 + b? + c2. This proves the theorem.

Calculate the following:
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—
1. The magnitude of the vector PQ in R? with P = (—1,2) and Q = (5, 5).

Solution: By formula (1.2), \normﬁ) =v/6-(=1)2+(-2)2=1+36+9=145=35.
2. The magnitude of the vector v = (8, 3) in R2

Solution: By formula (1.3), \normv = v/82 4+ 32 = /73.
3. The distance between the points P = (2,—1,4) and Q = (4,2,-3) in R2

Solution: By formula (1.4), the distance d = /(4 — 2)2 + (2 — (—1))2 + (—3 —4)2 = V4 + 9+ 49 = V/62.
4. The magnitude of the vector v = (5,8,—2) in R3.

Solution: By formula (1.5), \normv = /52 + 82 + (—2)2 = v/25 + 64 + 4 = /93,

This page titled 1.1: Introduction is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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1.2: Vector Algebra

Now that we know what vectors are, we can start to perform some of the usual algebraic operations on them (e.g. addition,
subtraction). Before doing that, we will introduce the notion of a scalar.

Definition 1.3

A scalar is a quantity that can be represented by a single number.

For our purposes, scalars will always be real numbers. The term scalar was invented by 19** century Irish mathematician, physicist
and astronomer William Rowan Hamilton, to convey the sense of something that could be represented by a point on a scale or
graduated ruler. The word vector comes from Latin, where it means "carrier". Examples of scalar quantities are mass, electric
charge, and speed (not velocity). We can now define scalar multiplication of a vector.

Definition 1.4

For a scalar k and a nonzero vector v, the scalar multiple of v by k, denoted by kv, is the vector whose magnitude is |k|
\normyv, points in the same direction as v if & > 0, points in the opposite direction as v if k < 0, and is the zero vector 0 if k
= 0. For the zero vector 0, we define k0 = 0 for any scalar k.

Two vectors v and w are parallel (denoted by v || w) if one is a scalar multiple of the other. You can think of scalar multiplication
of a vector as stretching or shrinking the vector, and as flipping the vector in the opposite direction if the scalar is a negative
number (Figure 1.2.1).

Figure 1.2.1

Recall that translating a nonzero vector means that the initial point of the vector is changed but the magnitude and direction
are preserved. We are now ready to define the sum of two vectors.

Definition 1.5

The sum of vectors v and w, denoted by v + w, is obtained by translating w so that its initial point is at the terminal point of
v; the initial point of v + w is the initial point of v, and its terminal point is the new terminal point of w.

Intuitively, adding w to v means tacking on w to the end of v (see Figure 1.2.2).
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W,
\ A
Vv v v
(a) Vectors v and w (b) Translate w to the end of v (e¢) The sum v+w

Figure 1.2.2 Adding vectors v and w

Notice that our definition is valid for the zero vector (which is just a point, and hence can be translated), and so we see that v
+ 0 =v =0+ v for any vector v. In particular, 0 + 0 = 0. Also, it is easy to see that v + (—v) = 0, as we would expect. In general,

since the scalar multiple —v = —1 v is a well-defined vector, we can define vector subtraction as follows: v —w =v + (—w)
(Figure 1.2.3).
v v
A/ V-W
\ —-W —-W
v
(a) Vectors v and w (b) Translate —w to the end of v (c) The difference v—w

Figure 1.2.3 Subtracting vectors v and w

Figure 1.2.4 shows the use of "geometric proofs" of various laws of vector algebra, that is, it uses laws from elementary geometry
to prove statements about vectors. For example, (a) shows that v + w = w + v for any vectors v, w. And (c) shows how you can
think of v — w as the vector that is tacked on to the end of

w to add up to v.

(a) Add vectors (b) Subtract vectors (e) Combined add/subtract

Figure 1.2.4 “Geometric” vector algebra

Notice that we have temporarily abandoned the practice of starting vectors at the origin. In fact, we have not even mentioned
coordinates in this section so far. Since we will deal mostly with Cartesian coordinates in this book, the following two theorems
are useful for performing vector algebra on vectors in R? and R3 starting at the origin.

Let v = (v1,v2), w = (wy,wy) be vectors in R?, and let k be a scalar. Then

a. kv = (kvy, kve)
b. v+ w=(v; +wi,vs+ ws)

GNU Free Documentation License 10 (1.2.2)
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Proof: (a) Without loss of generality, we assume that v;, v > 0 (the other possibilities are handled in a similar manner). If £ =0
then kv = 0v = 0= (0,0) = (Ovy, Ove) = (kvy, kvy), which is what we needed to show. If k £ 0, then (kvy, kvy) lies on a line with slope

]]i—zf = 7;—? which is the same as the slope of the line on which v (and hence kv) lies, and (kvy, kve) points in the same direction on

that line as kv. Also, by formula (1.3) the magnitude of (kv1, kvs) is /(kun)? + (kua)® = |/ k203 + k203 = /K2 (0% +3) = [K| /o7 + 3
= |k| \normv. So kv and (kvi, kvs) have the same magnitude and direction. This proves (a).

(b) Without loss of generality, we assume that vy, vs, w1, ws > 0 (the other possibilities are handled in a similar manner). From
Figure 1.2.5, we see that when translating w to start at the end of v, the new terminal point of w is (v; + w1, vs + ws), so by the
definition of v + w this must be the terminal point of v 4+ w. This proves (b).

ny
vat+we |-
wao w3y
Uz
_ X
0 w1 U1 vi+wr

Figure 1.2.5

Theorem 1.4

Let v = (v1,v9,v3), w = (w1, ws, w3) be vectors in R?, let k be a scalar. Then

a. kv = (kvy, kv, kvs)
b. v+ w=(v; +wi,vs + ws,vs +w3)

The following theorem summarizes the basic laws of vector algebra.

For any vectors u, v, w, and scalars k, I,
we have

v + w =w + v Commutative Law

u+ (v +w) = (u+v) + w Associative Law
v + 0 = v = 0 + v Additive Identity

v + (—v) = 0 Additive Inverse

k(lv) = (kl)v Associative Law

k(v + w) = kv + kw Distributive Law
(k+1)v = kv + v Distributive Law

Q@ -0 2000

(a) We already presented a geometric proof of this in Figure 1.2.4 (a).

(b) To illustrate the difference between analytic proofs and geometric proofs in vector algebra, we will present both types here.
For the analytic proof, we will use vectors in R? (the proof for R? is similar).

Let u = (u1,ug,us), v = (v1,vs,v3), w = (w1, ws, w3) be vectors in R3. Then

GNU Free Documentation License 11 (1.2.3)
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u+ (v+w) = (ur,us,uz) + ((v1,v2,v3) + (w1, wa, ws))

= (u1, ug,u3) + (v1 + w1, va + we, vz + w3) by Theorem 1.4 (b)
uy + (v1 + w1),u2 + (v2 + wy),u3 + (v3 + w3)) by Theorem 1.4 (b)
(u1 + v1) + w1, (ug + v2) + wa, (ug + v3) + w3) by properties of real numbers
uy + v1, U2 + v2, us + v3) + (w1, wa, w3) by Theorem 1.4 (b)
u+v)+w

o~ o~ o~~~ —~

This completes the analytic proof of (b). Figure 1.2.6 provides the geometric proof.

u+(v+w)=(u+v)+w

Figure 1.2.6 Associative Law for vector addition

(c) We already discussed this on p.10.
(d) We already discussed this on p.10.

(e) We will prove this for a vector v = (vy,v9,v3) in R3? (the proof for R? is similar):

k(lv) = k(lvy, lug, lug) by Theorem 1.4 (a)
= (klvy, klvg, klvg) by Theorem 1.4 (a)
= (kl)(vi,v9,v3) by Theorem 1.4 (a)
= (kl)v

(f) and (g): Left as exercises for the reader.

A unit vector is a vector with magnitude 1. Notice that for any nonzero vector v, the vector —~— is a unit vector which points in

\normv
the same direction as v, since —— > 0 and
\normv
\norm—Y— = ™Y _ 1 Dividing a nonzero vector v by \normv is often called normalizing v.
\normv \normv

There are specific unit vectors which we will often use, called the basis vectors: i = (1,0,0), j = (0,1,0), and k = (0,0,1) in
R3 i =(1,0) and j = (0,1) in R2 These are useful for several reasons: they are mutually perpendicular, since they lie on
distinct coordinate axes; they are all unit vectors: \normi = \normj = \normk = 1; every vector can be written as a unique scalar
combination of the basis vectors: v = (a,b) =a i +b jin R%, v=(a,b,c) =a i+ b j + ¢ kin R3. See Figure 1.2.7.
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v=I(a,b,c)
Ly
27 ck
y
1 . -
: ai/ 0 |
J a p
00ij1 g o0 el bj
(a) R? (b) v=ai+bj (c) R? (d) v=ai+bj+ck

Figure 1.2.7 Basis vectors in different dimensions

When a vector v = (a, b, c) is written as v=a i+ b j + ¢ k, we say that v is in component form, and that a, b, and c are the i, j, and
k components, respectively, of v. We have:

v = v1i + voj + v3k, k a scalar = kv = kvii + kvsej + kvsk

v = v1i 4+ vej + vsk, w = wii+ wyj + wzk = v+ w = (viwq)i + (vaws)j + (vsws)k

v = v1i + v2j + vsk = \normv = \/v% + v% + fug
Example 1.4

Letv=(2,1,—1) and w = (3,—4,2) in R%.

a. Findv —w.
Solution: v—w = (2—-3,1—(—4),—1—2) = (-1,5,-3)
b. Find 3v + 2w.
Solution: 3v + 2w = (6,3,—3) + (6,—8,4) = (12, —5,1)
c. Write v and w in component form.
Solution: v=2i+j—kw=3i—-4j+2k
d. Find the vector u such that u + v =w.
Solution: By Theorem 1.5, u=w —v=—(v—w) = —(—1,5,-3) = (1, -5, 3), by part(a).
e. Find the vector u such that u +v +w = 0.
Solution: By Theorem 1.5, u= —w —v = —(3,—4,2) — (2,1,-1) = (-5,3,—1).
f. Find the vector u such that2u+i—2 j=k.
Solution:2u=—i+2j+k=u=—2i+j+1 k
g. Find the unit vector —Y

\normv *
on: —— = 1 )= (=2 L =L
Solution: - = WosEr (2,1,-1) = (\/6’ 75 \/6)

We can now easily prove Theorem 1.1 from the previous section. The distance d between two points P = (z1,y1,21) and @
= (wq,72, 22) In R? is the same as the length of the vector w — v, where the vectors v and w are defined as v = (z1,y1,21)
and w = (z2,y2,22) (see Figure 1.2.8). So since w —v =(z2s —x1,y2 —y1,22 —21), then d =\normw-—v
=+/(z2 —21)%+ (y2 — y1)2 + (22 — 21)? by Theorem 1.2,
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P(x1,¥1,21)
W—V

v Q(xg,y2,22)

W ¥
L

Figure 1.2.8 Proof of Theorem 1.2: d = \normw — v

This page titled 1.2: Vector Algebra is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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1.3: Dot Product

You may have noticed that while we did define multiplication of a vector by a scalar in the previous section on vector algebra, we
did not define multiplication of a vector by a vector. We will now see one type of multiplication of vectors, called the dot product.

Definition 1.6: Dot Product

Let v = (v1,vs,v3) and w = (w1, ws, w3) be vectors in R3. The dot product of v and w, denoted by v - w, is given by:
VW = vjw; + vaws + v3ws (1.3.1)
Similarly, for vectors v = (v1,v2) and w = (wy, ws) in R?2, the dot product is:
VW = 01w + vaws (1.3.2)
Notice that the dot product of two vectors is a scalar, not a vector. So the associative law that holds for multiplication of numbers
and for addition of vectors (see Theorem 1.5 (b),(e)), does not hold for the dot product of vectors. Why? Because for vectors u, v,

w, the dot product u - v is a scalar, and so (u - v) - w is not defined since the left side of that dot product (the part in parentheses)
is a scalar and not a vector.

For vectors v = v1i + vaj + vk and w = wii + wsj + w3k in component form, the dot product is still v - w = viw; + vows + v3ws.

Also notice that we defined the dot product in an analytic way, i.e. by referencing vector coordinates. There is a geometric way of
defining the dot product, which we will now develop as a consequence of the analytic definition.

Definition 1.7

The angle between two nonzero vectors with the same initial point is the smallest angle between them.

We do not define the angle between the zero vector and any other vector. Any two nonzero vectors with the same initial point
have two angles between them: 6 and 360° — 6. We will always choose the smallest nonnegative angle 6 between them, so that 0°
< 6 < 180°. See Figure 1.3.1.

L 7] 360° -6
r!” *. 9 .n'f-’ \\
\
f < T ~ —> | ; B ')
] ! \ 4
360° -0 '\ /! 1 360° -0 % /!
(a) 0° <0 < 18B0° (b) 6 =180° (e)0=0°

Figure 1.3.1 Angle between vectors

We can now take a more geometric view of the dot product by establishing a relationship between the dot product of two vectors
and the angle between them.

Theorem 1.6

Let v, w be nonzero vectors, and let 6 be the angle between them. Then
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| cosf= —— % (1.3.3)

\normv \normw
Proof

We will prove the theorem for vectors in R? (the proof for R? is similar). Let v = (vy,vs,v3) and w = (wy, ws, ws3). By the Law
of Cosines (see Figure 1.3.2), we have

\normv — w? = \normv? 4+ \normw? — 2 \normv \normw cos 8 (1.3.4)

(note that Equation 1.3.4) holds even for the "degenerate" cases # = 0° and 180°).

A Z

Figure 1.3.2
Since v — w = (v; — w1, vs — wa, v3 — w3), expanding \normv — w? in Equation 1.3.4 gives

\normv? + \normw? — 2 \normv \normw cos 8 = (v; —w1)? + (v2 — wa)? + (vz — w3)? (1.3.5)
= (v} — 2vyw; + w?) 4+ (v — 2vpwy + wd) + (v3 — 2vsws + w3)

= (v} + v} + v3) + (W] + w3 + wj) — 2(viw1 + vows + vsws)

= \normv? + \normw? — 2(v - w), so

—2\normv \normw cos § = —2(v - w), so since v # 0 and w # 0 then
cosf = L, since\normv > 0 and \normw > 0.
\normv\normw

Example 1.5

Find the angle 6 between the vectors v = (2,1,—1) and w = (3, —4,1).
Solution

Since v-w = (2)(3) + (1)(—4) + (—1)(1) = 1, \normv = /6, and \normw = /26, then

vV-w 1 1

\normv \normw B V626 B 2v/39

cosf =

~ 0.08 = 6 =285.41".

Two nonzero vectors are perpendicular if the angle between them is 90°. Since cos90° = 0, we have the following important
corollary to Theorem 1.6:
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Two nonzero vectors v and w are perpendicular if and only if v - w = 0.

We will write v L w to indicate that v and w are perpendicular.

Since cosf > 0 for 0° < 6 < 90° and cos 8 < 0 for 90° < 6 < 180°, we also have:

Corollary 1.8

If 6 is the angle between nonzero vectors v and w, then
>0, for0° <60 <90°
v-wis =<0, for 6 = 90°
<0, for90° <6< 180°

By Corollary 1.8, the dot product can be thought of as a way of telling if the angle between two vectors is acute, obtuse, or a right
angle, depending on whether the dot product is positive, negative, or zero, respectively. See Figure 1.3.3.

w w W
90° <6 <=180°

(a)vew>0 (b) v.-w<0 (c)v.w=0

Figure 1.3.3 Sign of the dot product & angle between vectors

Example 1.6

Are the vectors v = (—1,5,—2) and w = (3,1, 1) perpendicular?
Solution

Yes, v L wsince v-w = (—1)(3) + (5)(1) + (—2)(1) = 0.

The following theorem summarizes the basic properties of the dot product.

Theorem 1.9: Basic Properties of the Dot Product

For any vectors u, v, w, and scalar k, we have

v -w = w - v Commutative Law

(kv) -w=v - (kw) = k(v - w) Associative Law
v.-0=0= 0 v

u-(v+w)=u-v+u-w Distributive Law

u+v) -w=u-w+ v-w Distributive Law

|v - w| < \normv \normw Cauchy-Schwarz Inequality

o0 AW
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The proofs of parts (a)-(e) are straightforward applications of the definition of the dot product, and are left to the reader as
exercises. We will prove part (f).

(f) If either v=0 or w = 0, then v - w = 0 by part (c), and so the inequality holds trivially. So assume that v and w are nonzero
vectors. Then by Theorem 1.6,
v - w = cos 6 \normv \normw, so (1.3.6)
|v - w| = | cos 6| \normv \normw, so

|v - w| < \normv \normw since |cos 6| < 1.

Using Theorem 1.9, we see thatifu-v=0andu-w=0,thenu - (kv +Iw) =k(u-v) +l(u-w) = k(0) +1(0) = 0 for all scalars &,
. Thus, we have the following fact:

| Iful vandul w,then u_L (kv + lw) for all scalars k, I.

For vectors v and w, the collection of all scalar combinations kv + lw is called the span of v and w. If nonzero vectors v and w
are parallel, then their span is a line; if they are not parallel, then their span is a plane. So what we showed above is that a vector
which is perpendicular to two other vectors is also perpendicular to their span.

The dot product can be used to derive properties of the magnitudes of vectors, the most important of which is the
Triangle Inequality, as given in the following theorem:

Theorem 1.10: Vector Magnitude Limitations

For any vectors v, w, we have

1. \normvi=v.v

2. \normv + w < \normv + \normw Triangle Inequality
3. \normv — w > \normv — \normw

Proof:
(a) Left as an exercise for the reader.
(b) By part (a) and Theorem 1.9, we have
\normv+w? = (v+w) - (v+w)=v-v+v-wtw-v+w-w
= \normv? + 2(v - w) 4 \normw?, so since a < |a| for any real number a, we have
< \normv? + 2|v - w| + \normw?, so by Theorem 1.9(f) we have
< \normv? + 2 \normv \normw + \normw? = (\normv 4 \normw)?and so
\normv + w < \normv + \normwafter taking square roots of both sides, which proves (b).

(c) Since v =w + (v — w), then \normv = \normw + (v — w) < \normw + \normv — w by the Triangle Inequality, so subtracting
\normw from both sides gives \normv — \normw < \normv — w.

The Triangle Inequality gets its name from the fact that in any triangle, no one side is longer than the sum of the lengths of the

other two sides (see Figure 1.3.4). Another way of saying this is with the familiar statement "the shortest distance between two
points is a straight line."
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Figure 1.3.4

This page titled 1.3: Dot Product is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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1.4: Cross Product

In Section 1.3 we defined the dot product, which gave a way of multiplying two vectors. The resulting product, however, was a
scalar, not a vector. In this section we will define a product of two vectors that does result in another vector. This product, called
the cross product, is only defined for vectors in R3. The definition may appear strange and lacking motivation, but we will see
the geometric basis for it shortly.

Definition 1.8

Let v = (v1,v2,v3) and w = (wy,ws, w3) be vectors in R3. The cross product of v and w, denoted by v x w, is the vector in
R’ given by:

VX W = (Vw3 — V3W2, V3W1 — V1W3, V1W2 — VoW1) (1.4.1)

Example 1.7

Find i x j.
Solution

Since i=(1,0,0) and j = (0,1, 0), then

T

Figure 1.4.1

In the above example, the cross product of the given vectors was perpendicular to both those vectors. It turns out that this will
always be the case.

If the cross product v x w of two nonzero vectors v and w is also a nonzero vector, then it is perpendicular to both v and w.

We will show that (v x w) - v =0:
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(Vv X W) - v = (vaws3 — vzwa, v3w1 — viws, viws — Vawy) - (V1, V2, v3)
= VW3V] — V3W3V1 + V3wWi1vV2 — V1W3V2 + V1WoV3 — VaW1V3
= V1V2W3 — V1VW3 a4 W1V2V3 — W1V2V3 + V1WoV3 — V1WV3
= 0, after rearranging the terms.

~v X w L v by Corollary 1.7. The proof that v x w L w is similar.

O

As a consequence of the above theorem and Theorem 1.9, we have the following:

Corollary 1.12

If the cross product v x w of two nonzero vectors v and w is also a nonzero vector, then it is perpendicular to the span of v
and w.

The span of any two nonzero, nonparallel vectors v, w in R3 is a plane P, so the above corollary shows that v x w is perpendicular
to that plane. As shown in Figure 1.4.2, there are two possible directions for v x w, one the opposite of the other. It turns out
(see Appendix B) that the direction of v x w is given by the right-hand rule, that is, the vectors v, w, v x w form a right-handed
system. Recall from Section 1.1 that this means that you can point your thumb upwards in the direction of v x w while rotating v
towards w with the remaining four fingers.

VW

¥

X —VXW
Figure 1.4.2 Direction of v x w

We will now derive a formula for the magnitude of v x w, for nonzero vectors v, w :

\normv X w? = (vowg — v3w2)2 + (vswy — viws)? + (viwe — v2w1)2

2.2 2.2 2 2 2.2 2 2 2,2
= Vw3 — 2V2WoV3W3 + VzW; + VW] — 201W1V3W3 + ViWw3 + viwy — 201W1 VW3 + Vaw]

= v} (w] + w3) + vi(w] + w3) + vi(w] + w3) — 2(VIwW1vaws + ViW VIW3 + VawaVsW3)

and now adding and subtracting viw?, v2wZ, and vZw? on the right side gives

= v} (w} + wi + w3) + v3(w] + w3 + w3) + v3(wi + w3 + w3)
— (viw? + viw} + viwk + 2(viwivaws + viw Vw3 + Vawsvzws))
= (v} + 03 + v3)(w} + w3 + w3)

— ((v1w1)2 + (1)211)2)2 + (U3w3)2 + 2(’[}111}1)(1)211)2) + 2(1}1’(1)1)(’[}3’[1}3) + 2(’02102)(1)311}3))

so using (a+ b+ ¢)? = a? + b? + ¢ + 2ab + 2ac + 2bc for the subtracted term gives
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= (07 + 03 + 05) (W] + w5 + w3) — (viwy + vaw; + vgwy)”
= \normv? \normw? — (v - w)2

(v-w)?

= \normv? \normw? (1 — ) , since \normv > 0 and \normw > 0, so by Theorem 1.6

\normv? \normw?
= \normv? \normw?(1 — cos? ) , where 8 is the angle between v and w, so

\normv x w? = \normv2 \normw2 sin?6 , and since 0° < § < 180°, then sin 6 > 0, so we have:

If 6 is the angle between nonzero vectors v and w in R3, then

\normv X w = \normv \normw sin 6 (14.2)

It may seem strange to bother with the above formula, when the magnitude of the cross product can be calculated directly, like
for any other vector. The formula is more useful for its applications in geometry, as in the following example.

Example 1.8

Let APQR and PQRS be a triangle and parallelogram, respectively, as shown in Figure 1.4.3.

Figure 1.4.3

Think of the triangle as existing in R?, and identify the sides QR and QP with vectors v and w, respectively, in R?. Let 6 be
the angle between v and w. The area Apgr of APQR is %bh, where b is the base of the triangle and h is the height. So we
see that

b = \normv and h = \normw sin 6

1
Apor 3 \normv \normw sin (1.4.3)

1
3 \normv x w

So since the area Apggs of the parallelogram PQRS is twice the area of the triangle APQR, then

Apors = \normv \normw sin

By the discussion in Example 1.8, we have proved the following theorem:

Theorem 1.13: Area of triangles and parallelograms

a. The area A of a triangle with adjacent sides v, w (as vectors in R?) is:
1
A= 3 \normv x w

b. The area A of a parallelogram with adjacent sides v, w (as vectors in R3) is:

A = \normv X w
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It may seem at first glance that since the formulas derived in Example 1.8 were for the adjacent sides QP and QR only, then the
more general statements in Theorem 1.13 that the formulas hold for any adjacent sides are not justified. We would get a different
formula for the area if we had picked PQ and PR as the adjacent sides, but it can be shown (see Exercise 26) that the different
formulas would yield the same value, so the choice of adjacent sides indeed does not matter, and Theorem 1.13 is valid.

Theorem 1.13 makes it simpler to calculate the area of a triangle in 3-dimensional space than by using traditional geometric
methods.

Example 1.9

Calculate the area of the triangle APQR, where P = (2,4,—7), Q@ = (3,7,18), and R = (—5,12,8).

t2

Q(3,7,18)
R(_ﬁ: 12,8}

w Y

P(2,4,-7)
Figure 1.4.4

Solution

— —
Let v = PQ and w = PR, as in Figure 1.4.4. Then v = (3,7,18) —(2,4,—7) =(1,3,25) and w = (—5,12,8) — (2,4,—7)
= (—7,8,15), so the area A of the triangle APQR is

1 1
A= 3 \normv x w = 5 \norm(1, 3,25) x (—7,8,15)

= % \norm((3)(15) — (25)(8), (25)(=7) — (1)(15), (1)(8) — (3)(=T7))

1
=5 \norm(—155, —190, 29)

1 1
== \/(—155)2 +(—190)2 + 292 = 5 V60966

A~ 123.46

Example 1.10

Calculate the area of the parallelogram PQRS, where P = (1,1), Q@ = (2,3), R= (5,4), and S = (4,2).
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Figure 1.4.5

Solution

— —
Let v=SP and w = SR, as in Figure 1.4.5. Then v = (1,1) — (4,2) = (—3,—1) and w = (5,4) — (4,2) = (1,2). But these are
vectors in R?, and the cross product is only defined for vectors in R3. However, R? can be thought of as the subset of R3
such that the z-coordinate is always 0. So we can write v = (—3,—1,0) and w = (1, 2,0). Then the area A of PQRS is
A = \normv X w = \norm(—3,—1,0) x (1,2,0)
= \norm((—1)(0) — (0)(2), (0)(1) — (=3)(0), (—=3)(2) — (—=1)(1))
= \norm(0, 0, —5)
A=5

The following theorem summarizes the basic properties of the cross product.

Theorem 1.14

For any vectors u, v, w in R3, and scalar k, we have

v X w = —w X v Anticommutative Law

u X (v+w)=u x v+ u x w Distributive Law
(u+v) X w=1u x w + v x w Distributive Law
(kv) x w=v x (kw) = k(v x w) Associative Law
vx0=0=0xv

vxv=0

vxw=0ifandonlyif v || w

NOORWN

The proofs of properties (b)-(f) are straightforward. We will prove parts (a) and (g) and leave the rest to the reader as exercises.
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Az
VW
Vv
5 J
W
KX WXV
Figure 1.4.6

(a) By the definition of the cross product and scalar multiplication, we have:
V X W = (Vw3 — U3W2, V3w — V1W3, V1Wa — Vaw1)

= —(v3wy — Vaws, VIW3 — V3W1, V2W1 — V1W3)

= —(wav3 — W3v2, W3V — W13, W1Vs — WaV1)

= —WXV
Note that this says that v x w and w x v have the same magnitude but opposite direction (see Figure 1.4.6).
(g) If either v or w is 0 then v x w = 0 by part (e), and either v =0 = 0w or w = 0 = Ov, so v and w are scalar multiples, i.e.
they are parallel.
If both v and w are nonzero, and @ is the angle between them, then by formula (1.11), v x w = 0 if and only if \normv \normw
sin @ = 0, which is true if and only if sin = 0 (since \normv > 0 and \normw > 0). So since 0° < 6 < 180°, then sin§ = 0 if and

only if # = 0° or 180°. But the angle between v and w is 0° or 180° if and only if v || w.

O

Example 1.11

Adding to Example 1.7, we have

ixj=k jxk=i, kxi=j
jxi=-k, kxj=-i, ixk=-j

ixi=jxj=kxk=0

Recall from geometry that a parallelepiped is a 3-dimensional solid with 6 faces, all of which are parallelograms.

Volume of a parallelepiped: Let the vectors u, v, w in R? represent adjacent sides of a parallelepiped P, with u, v, w forming
a right-handed system, as in Figure 1.4.7. Show that the volume of P is the scalar triple product u - (v x w).
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Figure 1.4.7 Parallelepiped P

Solution

Recall that the volume vol(P) of a parallelepiped P is the area A of the base parallelogram times the height h. By Theorem
1.13 (b), the area A of the base parallelogram is \normv x w. And we can see that since v x w is perpendicular to the base
parallelogram determined by v and w, then the height h is \normu cos6, where 6 is the angle between u and v x w. By
Theorem 1.6 we know that

cosf — u- (vxw)

. Hence, (1.4.4)

\normu \normv x w
vol(P) = Ah

\normuu - (v X w)

= \normv x w
\ \normu \normv x w

=u-(vxw)

In Example 1.12 the height h of the parallelepiped is \normu cos 6, and not —\normu cos 6, because the vector u is on the same
side of the base parallelogram's plane as the vector v x w (so that cos 6 > 0). Since the volume is the same no matter which base
and height we use, then repeating the same steps using the base determined by u and v (since w is on the same side of that
base's

plane as u x v), the volume is w - (u x v). Repeating this with the base determined by w and u, we have the following result:

For any vectors u, v, w in R?,

u-(vxw)=w-(uxv)=v-(wxu) (1.4.5)

(Note that the equalities hold trivially if any of the vectors are 0.)

Since v x w = —w x v for any vectors v, w in R3, then picking the wrong order for the three adjacent sides in the scalar triple
product in Equation 1.4.5 will give you the negative of the volume of the parallelepiped. So taking the absolute value of the scalar
triple product for any order of the three adjacent sides will always give the volume:

If vectors u, v, w in R? represent any three adjacent sides of a parallelepiped, then the volume of the parallelepiped is |u - (v
X w)|.

Another type of triple product is the vector triple product u x (v x w). The proof of the following theorem is left as an exercise for
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the reader:

Theorem 1.16

For any vectors u, v, w in R3,

ux (vxw)=(u-w)jv—(u-v)w (1.4.6)

An examination of the formula in Theorem 1.16 gives some idea of the geometry of the vector triple product. By the right side of
Equation 1.4.6, we see that u x (v x w) is a scalar combination of v and w, and hence lies in the plane containing v and w (i.e.
u x (v x w), vand w are coplanar). This makes sense since, by Theorem 1.11, u x (v x w) is perpendicular to both u and v x w.
In particular, being perpendicular to v x w means that u x (v x w) lies in the plane containing v and w, since that plane is itself
perpendicular to v x w. But then how is u x (v x w) also perpendicular to u, which could be any vector? The following example
may help to see how this works.

Example 1.13

Find u x (v x w) foru=(1,2,4), v=(2,2,0), w= (1, 3,0).
Solution
Sinceu-v=6and u-w =17, then

ux (vxw)=(u-wyv—(u-v)w
=7(2,2,0) — 6(1,3,0) = (14,14,0) — (6, 18,0)
= (8,—4,0)

Note that v and w lie in the zy-plane, and that u x (v x w) also lies in that plane. Also, u x (v x w) is perpendicular to both
uand v x w = (0,0,4) (see Figure 1.4.8).

+ 2
van. u

ux (v xw)

X

Figure 1.4.8

For vectors v = v1i + vyj + vsk and w = wii + wej + w3k in component form, the cross product is written as: v x w = (vows
— v3ws)i + (vsw; — viws)j + (viws — vows k. It is often easier to use the component form for the cross product, because it can be
represented as a determinant. We will not go too deeply into the theory of determinants; we will just cover what is essential for
our purposes.

A 2 x 2 matrix} is an array of two rows and two columns of scalars, written as
a b a b
or
c d c d
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where a, b, ¢, d are scalars. The determinant of such a matrix, written as

a b

a b
or det ,
d c d

a b

c

is the scalar defined by the following formula:

=ad — bc
c

It may help to remember this formula as being the product of the scalars on the downward diagonal minus the product of the
scalars on the upward diagonal.

Example 1.14

1 2

L =W @@ =4-6=-2

A 3 x 3 matrix is an array of three rows and three columns of scalars, written as

ap az as ap az as ap az as
by b3 by b3

by by bg|or| b b b3 |,$%anditsdeterminantisgivenbythe formula : \[|b1 by b3| = a1 — as

Cy C3 c1 C3

i C2 C3 i C2 C3 i C2 C3

One way to remember the above formula is the following: multiply each scalar in the first row by the determinant of the 2 x 2
matrix that remains after removing the row and column that contain that scalar, then sum those products up, putting alternating
plus and minus signs in front of each (starting with a plus).

1 0 2
-1 3 4 3 4 -1
4 —1 3|=1 - L0 =1(—2-0)—0(8—3)+2(0+1)=0
0 2 1 2 1
1 0 2

We defined the determinant as a scalar, derived from algebraic operations on scalar entries in a matrix. However, if we put three
vectors in the first row of a 3 x 3 matrix, then the definition still makes sense, since we would be performing scalar multiplication
on those three vectors (they would be multiplied by the 2 x 2 scalar determinants as before). This gives us a determinant that is
now a vector, and lets us write the cross product of v = v1i + v + v3k and w = w1i + wsj + wsk as a determinant:

i j k

() V3 VU1 V3 U1 ()

VXW=|v; vy v3|= i— j+ k

wz w3 w1 w3 w1 w2

w; w2 w3

= (vawz — v3wa)i + (v3w1 — v1w3)j + (Viwz — vowy )k

Example 1.16

Letv=4i—j+3 kandw=1i+2 k. Then
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i
-1 3 4 3 4 -1
vxw=|4 -1 = i— j k=-2i—5j+k
0 2 1 2 1 0
1 0 2

The scalar triple product can also be written as a determinant. In fact, by Example 1.12, the following theorem provides an alternate
definition of the determinant of a 3 x 3 matrix as the volume of a parallelepiped whose adjacent sides are the rows of the matrix
and form a right-handed system (a left-handed system would give the negative volume).

For any vectors u = (ul, U9, U3), V= (’Ul, V9, ’U3), W = (wl, ’LU2,’w3) in R3:

Ul U us
u-(vxw)=|v; vy us3 (1.4.7)

w1 w2 W3

Example 1.17

Find the volume of the parallelepiped with adjacent sides u = (2,1, 3), v=(—1,3,2), w = (1,1, —2) (see Figure 1.4.9).

Figure 1.4.9 P
Solution

By Theorem 1.15, the volume vol(P) of the parallelepiped P is the absolute value of the scalar triple product of the three
adjacent sides (in any order). By Theorem 1.17,

2 1 3
u-(vxw)=| -1 3 2
11 -2
3 2 —1 2 -1 3
=2 - 3
1 -2 1 =2 11
= 2(—8) — 1(0) + 3(—4) = —28,50
vol(P) = | — 28| = 28.

Interchanging the dot and cross products can be useful in proving vector identities:
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Example 1.18

u-w u-z
Prove: (u x v) - (w x z) =

for all vectors u, v, w,z in R3.

V-W V-Z
Solution
Let x =u x v. Then

(uxv) (wxz)=x-(wxz)

= w - (z x x)(by Equation 1.4.5)

w-(z X (uxv))

=w-((z-v)u—(z-u)v)(by Theorem 1.16)

— (@ V)W w) — (2 w)(w-v)

=(u-w)(v-z)— (u-z)(v-w)(by commutativity of the dot product).

u-w u-z

V-W V- -Z

This page titled 1.4: Cross Product is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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1.5: Lines and Planes

Now that we know how to perform some operations on vectors, we can start to deal with some familiar geometric objects, like
lines and planes, in the language of vectors. The reason for doing this is simple: using vectors makes it easier to study objects in
3-dimensional Euclidean space. We will first consider lines.

Line through a point, parallel to a vector

Let P = (zo,yo, 20) be a point in R3, let v = (a, b, c) be a nonzero vector, and let L be the line through P which is parallel to v (see
Figure 1.5.1).

A Z

P(I[}: y}:z[})

r+iv
/ t>0 -
r+iv. S« T y
t<0 oy >
CEem® = //0
»x

Figure 1.5.1

Let r = (z0, Yo, 20) be the vector pointing from the origin to P. Since multiplying the vector v by a scalar ¢ lengthens or shrinks v
while preserving its direction if ¢ > 0, and reversing its direction if ¢ < 0, then we see from Figure 1.5.1 that every point on the line
L can be obtained by adding the vector tv to the vector r for some scalar t. That is, as ¢ varies over all real numbers, the vector r
+ tv will point to every point on L. We can summarize the vector representation of L as follows:

For a point P = (x, 3o, 29) and nonzero vector v in R?, the line L through P parallel to v is given by
r+tv,for —oo <t < o0 (1.5.1)
where r = (z, Yo, 29) is the vector pointing to P.
Note that we used the correspondence between a vector and its terminal point. Since v = (a, b, ¢), then the terminal point of the
vector r + tv is (z¢ + at, yo + bt, 2o + ct). We then get the parametric representation of L with the parameter t:

For a point P = (xg, yo, 20) and nonzero vector v = (a, b, ¢) in R?, the line L through P parallel to v consists of all points (z, y, 2)
given by

r=z9+at, y=yo+bt, z=z9+ctfor—oo<t< o0 (1.5.2)

Note that in both representations we get the point P on L by letting ¢t = 0.
In Equation 1.5.2, if a # 0, then we can solve for the parameter t: ¢ = (z — z¢)/a. We can also solve for ¢ in terms of y and in terms

of z if neither b nor ¢, respectively, is zero: t = (y — yo)/b and t = (z — zp)/c. These three values all equal the same value ¢, so we
can write the following system of equalities, called the symmetric representation of L:
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For a point P = (zo, ¥, 2z0) and vector v = (a, b, c) in R® with a, b and c all nonzero, the line L through P parallel to v consists
of all points (z, y, z) given by the equations

T—To _ Y=Y _ Z= 20 (1.5.3)

B —
L] X = Iu
Xy
¥ x
Figure 1.5.2

You may have noticed that the vector representation of L in Equation 1.5.1 is more compact than the parametric and symmetric
formulas. That is an advantage of using vector notation. Technically, though, the vector representation gives us the vectors whose
terminal points make up the line L, not just L itself. So you have to remember to identify the vectors r + tv with their terminal
points. On the other hand, the parametric representation always gives just the points on L and nothing else.

(a) Let r = (2,3,5). Then by Equation 1.5.1, L is given by:
r+tv=(23,5)+1t(4,—1,6),for —oo < t < 0

(b) L consists of the points (z, y, z) such that

r=24+4t,y=3—t,z2=5+6t,for — oo <t < 00

(c) L consists of the points (z,y, z) such that

(d) Letting ¢ = 1 and t = 2 in part(b) yields the points (6,2,11) and (10,1,17) on L.
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Line through two points

L Z

Pl(Il&y

.-'-"'_'—.-'_.-'—F'-.—.
L

i

A

Figure 1.5.3, ry — r; is the vector from P; to P». So if we multiply the vector ro — r; by a scalar ¢ and add it to the vector r;, we will get the
entire line L as t varies over all real numbers. The following is a summary of the vector, parametric, and symmetric forms for the line L:

Let P, = (x1,y1, 21), P> = (9,2, 29) be distinct points in R3, and let r; = (z1,y1,21), T2 = (29,2, 22). Then the line L through
P, and P, has the following representations:

Vector:
ri +t(rg —ry), for —oco < t < 00 (1.5.4)
Parametric:
z=x1+ (2 —21)t,y=y1 + (y2 — y1)t, 2 = 21 + (22 — z1)t,for — 00 < t < 00 (1.5.5)
Symmetric:
vEel | o 2 if £1 # x9, Y1 # Yo, and 21 # 29 (1.5.6)

T2 — T1 Y2 — U1 R2 — 21

By Equation 1.5.5, L consists of the points (z, y, z) such that
r=-3+Tty=1+3t,z=—4—2t,for—o0o <t <0

Distance between a point and a line

Figure 1.5.4). Pick a point Q on L, and let w be the vector from @ to P. If § is the angle between w and v, then d = \normw sin . So since
\normv x w = \normv \normw sinf and v # 0, then:
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4= \mormv X w (15.7)

\normv

Find the distance d from the point P = (1,1,1) to the line L in Example 1.20.

Solution

From Example 1.20, we see that we can represent L in vector form as: r + tv, for r = (—3,1,—4) and v = (7, 3, —2). Since the
—
point @ = (—3,1,—4) is on L, then forw = QP = (1,1,1) — (-3,1,—4) = (4,0, 5), we have:

i j k
3 -2 7T =2 7 3
vxw=|T7 3 -2 |= i— j+ k=15i—43j— 12k, so
0 5 4 5
4 0 5

g \wormv xw _ \norml5i— 43— 12k _ V152 + (—43)? + (—12)? _ v _ o
~ \normv \norm(7, 3, —2) B 2132+ (22 @ V62

Z
i‘%\éli
SR

j :
X

Figure 1.5.5).

To determine whether two lines in R?® intersect, it is often easier to use the parametric representation of the lines. In this case,
you should use different parameter variables (usually s and t) for the lines, since the values of the parameters may not be the
same at the point of intersection. Setting the two (z, y, ) triples equal will result in a system of 3 equations in 2 unknowns (s and
t).

Example 1.22

Find the point of intersection (if any) of the following lines:

z+1 y—2 z—1 y—8 z2+3
= = d =2 -
3 2 —p andet —3 2

Solution

First we write the lines in parametric form, with parameters s and t:
r=—-14+3s,y=2+2s,z2=1—sandax=—-3+t,y=8—3t,z2=—-3+2t

The lines intersect when (—1 + 35,2+ 2s,1 — s) = (—3 +¢,8 — 3t, —3 + 2t) for some s, t:

—1+3s=-3+t:=t=2+3s
2+25=8—3t:=>2+25=8—3(2+35)=2-9s=>25=—9s=>5=0=t=2+3(0) =2
1-s=-3+4+2t:1—-0=-3+2(2) = 1= 1v(Note that we had to check this.)

Letting s =0 in the equations for the first line, or letting ¢ = 2 in the equations for the second line, gives the point of
intersection (—1,2,1).
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s r
(x,,2) (29, Y0, 20)

Figure 1.5.6 The plane P

Conversely, if (x,y, 2) is any point in R? such that r = (z — ¢,y — v0,2 — 20) #0 and n - r = 0, then r 1 n and so (z, y, 2) lies in P.
This proves the following theorem:

Theorem 1.18

Let P be a plane in R3, let (o, yo, 20) be a point in P, and let n = (a, b, c) be a nonzero vector which is perpendicular to P.
Then P consists of the points (z, y, z) satisfying the vector equation:

n-r=0 (1.5.8)
where r = (z — zg,y — Yo, 2 — 20), Or equivalently:
a(z — o) +b(y —yo) + c(z—20) =0 (1.5.9)

The above equation is called the point-normal form of the plane P.

By Equation 1.5.9, the plane P consists of all points (z, y, z) such that:
2z +3)+4(y—1)+8(2—3)=0

—_—

n=QRxQS

Figure 1.5.7: Noncollinear points Q, R, S

— —
LetQ=(2,1,3), R=(1,—1,2) and S = (3,2,1). Then for the vectors QR = (—1,—2,—1) and QS = (1,1, —2), the plane P has a
normal vector

—
n=QRxQS=(-1,-2-1)x(1,1,-2) =(5,-3,1)
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So using Equation 1.5.9 with the point @ (we could also use R or S), the plane P consists of all points (z, y, z) such that:
5(z—2)—3(y—1)+(2—3)=0
or in normal form,

5¢—3y+2z—10=0

We mentioned earlier that skew lines in R3 lie on separate, parallel planes. So two skew lines do not determine a plane. But two
(nonidentical) lines which either intersect or are parallel do determine a plane. In both cases, to find the equation of the plane
that contains those two lines, simply pick from the two lines a total of three noncollinear points (i.e. one point from one line and
two points from the other), then use the technique above, as in Example 1.24, to write the equation. We will leave examples of this
as exercises for the reader.

Distance between a point and a plane

The distance between a point in R3 and a plane is the length of the line segment from that point to the plane which is
perpendicular to the plane. The following theorem gives a formula for that distance.

Theorem 1.19

Let Q = (z0, 40, 20) be a point in R3, and let P be a plane with normal form ax + by + cz + d = 0 that does not contain Q. Then
the distance D from Q to P is:

lazo + by + czo + d|

DI= (1.5.10)
n Q
I
i
I' | D
b B
R
Figure 1.5.8
By Theorem 1.6 in Section 1.3, we know that cos 8 = L,
\normn\normr
. . _ by — _
= | cos | \normr = B L B \normr = -l = (o = ) + blyo —y) + elz0 — 2| (1.5.11)
\normn\normr \normn VaZ F 2+ ¢2
_axg+byo +czo— (ax +by+cz)  |azo +byo + czo — (—d)|  |azo + byo + cz + d
,/a2+b2+02 w/a2+b2+c2 w/a2+b2+c2

If n points away from the side of P where the point Q is located, then 90° < 6 < 180° and so cosf < 0. The distance D is then
| cos 6| \normr, and thus repeating the same argument as above still gives the same result.

p_ @ -3wris) 100 |-r
52+ (—3)2 + 12 V35 V3
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Line of intersection of two planes

Figure 1.5.9: Suppose that two planes P; and P, with normal vectors n; and n,, respectively, intersect in a line L. Since n; x ny | nj, then n;
X ny is parallel to the plane P;. Likewise, n; x ny L ny, means that n; x n, is also parallel to P,. Thus, n; x n, is parallel to the intersection of
P, and P, i.e. n; x ny is parallel to L. Thus, we can write L in the following vector form:

L:r+t(n; xny), for—oo<t< oo (1.5.12)

where r is any vector pointing to a point belonging to both planes. To find a point in both planes, find a common solution (z, y, z)
to the two normal form equations of the planes. This can often be made easier by setting one of the coordinate variables to zero,
which leaves you to solve two equations in just two unknowns.

—3y+2z—10=0 (1.5.13)
dy—2+3=0

The second equation gives z = 4y + 3, substituting that into the first equation gives y = 7. Then z = 31, and so the point (0,7, 31)
ison L. Since n; X ny = (—1,7,26), then L is given by:

r+t(ny x ng) = (0,7,31) +¢(—1,7,26),for — 0o < t < 00
or in parametric form:

r=—t,y=T74Tt,z= 31+ 26t,for —oco <t < 0

This page titled 1.5: Lines and Planes is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via
source content that was edited to the style and standards of the LibreTexts platform.
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1.6: Surfaces

In the previous section we discussed planes in Euclidean space. A plane is an example of a sur face, which we will define informally
as the solution set of the equation F(z,y, z) = 0 in R3, for some real-valued function F. For example, a plane given by ax + by + cz
+ d = 0 is the solution set of F(z,y, z) = 0 for the function F(z,y, z) = ax + by + cz + d. Surfaces are 2-dimensional. The plane is
the simplest surface, since it is "flat". In this section we will look at some surfaces that are more complex, the most important of
which are the sphere and the cylinder.

Definition: Sphere

A sphere S is the set of all points (z,y,2) in R3 which are a fixed distance r (called the radius) from a fixed point P,
= (w9, Yo, 20) (called the center of the sphere):

S={(z,5,2): (&—x0)>+ (Y—w0)* + (z2—20)> =r"} (1.6.1)
Using vector notation, this can be written in the equivalent form:
S={x: \normx—x¢=r} (1.6.2)

where x = (z,y, z) and xo = (zo, yo, 20) are vectors.

Figure 1.6.1 illustrates the vectorial approach to spheres.

2
% Ix—xll =r
X
Y
0
X
(a) radius r, center (0,0,0) (b) radius r, center (xq, yo,20)

Figure 1.6.1: Spheres in R3

Note in Figure 1.6.1a that the intersection of the sphere with the zy-plane is a circle of radius r (i.e. a great circle, given by z2 + 42
=12 as a subset of R?). Similarly for the intersections with the zz-plane and the yz-plane. In general, a plane intersects a sphere
either at a single point or in a circle.

Example 1.6.1: Intersection of a sphere and a plane

Find the intersection of the sphere z? + y? + 2% = 169 with the plane z = 12.
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The sphere is centered at the origin and has radius 13 = /169, so it does intersect the plane z = 12. Putting z = 12 into the
equation of the sphere gives

22+ 9%+ 122 = 169
z2 4+ 9? = 169 — 144 = 25 = 52

which is a circle of radius 5 centered at (0,0, 12), parallel to the zy-plane (Figure 1.6.2).

t &

Figure 1.6.2

If the equation in Equation 1.6.1 is multiplied out, we get an equation of the form:
2?4yt + 2t tar+bytez+d=0 (1.6.3)

for some constants a, b, ¢ and d. Conversely, an equation of this form may describe a sphere, which can be determined by
completing the square for the z, y and z variables.

Example 1.6.2

Is 222 + 2y% + 222 — 8z 4 4y — 162 + 10 = 0 the equation of a sphere?
Solution
Dividing both sides of the equation by 2 gives
2 2 2 —
-ty +2°—4r+2y—82+5=0
(22 —4z+4)+ W +2y+1)+ (22 —82+16)+5-4—-1-16=0
-2+ (y+1)°+(z—4)°>=16

which is a sphere of radius 4 centered at (2,1, 4).

Example 1.6.3

Find the points(s) of intersection (if any) of the sphere from Example 1.6.2 and the linez =3 +t,y=1+2t,2=3 — t.
Solution

Put the equations of the line into the equation of the sphere, which was (z — 2)2 + (y + 1)? + (z — 4)% = 16, and solve for ¢
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B+t—2+(1+2t+1)°+(B3—t—4)* =16
t+1)2+ @2t +2)%+(—t—1)2=16
6t> +12t —10=10

The quadratic formula gives the solutions ¢ =—1 + 7 Putting those two values into the equations of the line gives the
6
following two points of intersection:

(2+% - +% 4-%) and (2—% _1_%,“ jg)

If two spheres intersect, they do so either at a single point or in a circle (unless they are identical size and not displaced from
each other).

Example 1.6.4

Find the intersection (if any) of the spheres 22 + 42 + 2% = 25 and 22 + y* + (z — 2)% = 16.
Solution
For any point (z,y, z) on both spheres, we see that

2+ +2°=25=2"+y* =25— 2" and
2+ 9’ +(2-2)? =16 = 2% + ¢’ = 16 — (2 — 2)* 50
16— (2—2)?2=25—2"=242—-4=9=2=13/4
= z? +y> = 25— (13/4)* = 231/16

- The intersection is the circle 22 4+ ¢ = of radius ‘/_ ~ 3.8 centered at (0, 0, %).

The cylinders that we will consider are right circular cylinders. These are cylinders obtained by moving a line L along a circle
C in R3 in a way so that L is always perpendicular to the plane containing C. We will only consider the cases where the plane
containing C is parallel to one of the three coordinate planes (Figure 1.6.3).

x
(@ x2+y%=r? anyz (b) x2 +22=r%, any y (€) y2+22=r2, any x

2

Figure 1.6.3: Cylinders in R?
For example, the equation of a cylinder whose base circle C lies in the zy-plane and is centered at (a,b,0) and has radius r is
(z—a)* + (y—b)?=1? (1.6.4)

where the value of the z coordinate is unrestricted. Similar equations can be written when the base circle lies in one of the other
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coordinate planes. A plane intersects a right circular cylinder in a circle, ellipse, or one or two lines, depending on whether that
plane is parallel, oblique, or perpendicular, respectively, to the plane containing C. The intersection of a surface with a plane is
called the trace of the surface.

The equations of spheres and cylinders are examples of second-degree equations in R3, i.e. equations of the form
Az’ 4+ By’ + C2*+ Day+ Exz+ Fyz+ Gz + Hy+ 12+ J =0 (1.6.5)

for some constants A, B, ..., J. If the above equation is not that of a sphere, cylinder, plane, line or point, then the resulting surface
is called a quadric surface.

b2

Figure 1.6.4: Ellipsoid

One type of quadric surface is the ellipsoid, given by an equation of the form:
r LY L2 (1.6.6)

In the case where a = b = ¢, this is just a sphere. In general, an ellipsoid is egg-shaped (think of an ellipse rotated around its
major axis). Its traces in the coordinate planes are ellipses.

Two other types of quadric surfaces are the hyperboloid of one sheet, given by an equation of the form:

T A — (1.6.7)

L2 (1.6.8)
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Figure 1.6.5: Hyperboloid of two sheets

For the hyperboloid of one sheet, the trace in any plane parallel to the zy-plane is an ellipse. The traces in the planes parallel to
the z2- or yz-planes are hyperbolas (Figure 1.6.5), except for the special cases z = +a and y = +b; in those planes the traces are
pairs of intersecting lines (see Exercise 8).

For the hyperboloid of two sheets, the trace in any plane parallel to the zy- or zz-plane is a hyperbola (Figure 1.6.6). There is no
trace in the yz-plane. In any plane parallel to the yz-plane for which |z| > |al, the trace is an ellipse.

X
Figure 1.6.7: Paraboloid

The elliptic paraboloid is another type of quadric surface, whose equation has the form:

z? y? z

Z 42 -2 1.6.9

a? + b2 c ( )
The traces in planes parallel to the zy-plane are ellipses, though in the zy-plane itself the trace is a single point. The traces in
planes parallel to the z2- or yz-planes are parabolas. Figure 1.6.7 shows the case where ¢ > 0. When ¢ < 0 the surface is turned
downward. In the case where a = b, the surface is called a paraboloid of revolution, which is often used as a reflecting surface,
e.g. in vehicle headlights.
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A more complicated quadric surface is the hyperbolic paraboloid, given by:

r v _ % (1.6.10)
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Figure 1.6.8: Hyperbolic paraboloid

The hyperbolic paraboloid can be tricky to draw; using graphing software on a computer can make it easier. For example, Figure
1.6.8 was created using the free Gnuplot package (see Appendix C). It shows the graph of the hyperbolic paraboloid z = 3? — 22
, which is the special case where a = b =1 and ¢ = —1 in Equation 1.6.10. The mesh lines on the surface are the traces in planes
parallel to the coordinate planes. So we see that the traces in planes parallel to the zz-plane are parabolas pointing upward, while
the traces in planes parallel to the yz-plane are parabolas pointing downward. Also, notice that the traces in planes parallel to the
zy-plane are hyperbolas, though in the zy-plane itself the trace is a pair of intersecting lines through the origin. This is true in
general when ¢ < 0 in Equation 1.6.10. When ¢ > 0, the surface would be similar to that in Figure 1.6.8, only rotated 90° around the
z-axis and the nature of the traces in planes parallel to the zz- or yz-planes would be reversed.

The last type of quadric surface that we will consider is the elliptic cone, which has an equation of the form:

S —) (1.6.11)
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Figure 1.6.9: Elliptic cone

The traces in planes parallel to the zy-plane are ellipses, except in the zy-plane itself where the trace is a single point. The traces
in planes parallel to the zz- or yz-planes are hyperbolas, except in the zz- and yz-planes themselves where the traces are pairs of
intersecting lines.

Ruled Surface

Notice that every point on the elliptic cone is on a line which lies entirely on the surface; in Figure 1.6.9 these lines all go
through the origin. This makes the elliptic cone an example of a ruled surface. The cylinder is also a ruled surface.

What may not be as obvious is that both the hyperboloid of one sheet and the hyperbolic paraboloid are ruled surfaces. In fact,
on both surfaces there are two lines through each point on the surface (Exercises 11-12). Such surfaces are called doubly ruled
surfaces, and the pairs of lines are called a regulus.

It is clear that for each of the six types of quadric surfaces that we discussed, the surface can be translated away from the origin
(e.g. by replacing z? by (z — x¢)? in its equation). It can be proved that every quadric surface can be translated and/or rotated so
that its equation matches one of the six types that we described. For example, z = 2zy is a case of Equation 1.6.5 with "mixed"
variables, e.g. with D # 0 so that we get an zy term. This equation does not match any of the types we considered. However, by
rotating the z-and y-axes by 45° in the zy-plane by means of the coordinate transformation z = (=’ —y')/vV2, y = (¢’ +y')/V?2, 2
= 2/, then z = 2xy becomes the hyperbolic paraboloid z’ = (z’)? — (y’)? in the (x’,y’, 2’) coordinate system. That is, z = 2zy is a
hyperbolic paraboloid as in Equation 1.6.10, but rotated 45° in the zy-plane.

This page titled 1.6: Surfaces is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source content
that was edited to the style and standards of the LibreTexts platform.
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1.7: Curvilinear Coordinates

The Cartesian coordinates of a point (z, y, z) are determined by following straight paths starting from the origin: first along the z
-axis, then parallel to the y-axis, then parallel to the z-axis, as in Figure 1.7.1. In curvilinear coordinate systems, these paths can
be curved. The two types of curvilinear coordinates which we will consider are cylindrical and spherical coordinates. Instead of
referencing a point in terms of sides of a rectangular parallelepiped, as with Cartesian coordinates, we will think of the point
as lying on a cylinder or sphere. Cylindrical coordinates are often used when there is symmetry around the z-axis; spherical
coordinates are useful when there is symmetry about the origin.

K rti::r:,:rf,:zi

Z
4

FI Y

Figure 1.7.1: The Cartesian coordinates of a point (z, y, 2).
Let P = (z,v, z) be a point in Cartesian coordinates in R?, and let Py = (z,,0) be the projection of P upon the zy-plane. Treating
(z,y) as a point in R?, let (r, ) be its polar coordinates (see Figure 1.7.2). Let p be the length of the line segment from the origin

to P, and let ¢ be the angle between that line segment and the positive z-axis (see Figure 1.7.3). ¢ is called the zenith angle. Then
the cylindrical coordinates (r, 0, z) and the spherical coordinates (p, 0, p) of P(z,y, z) are defined as follows:

Cylindrical Coordinates (r,0, z)

x =rcosf r =+z2+y?

— i —ian-1 (Y
y=rsinf 0= tan (w)
B= 5 z =%
where0<f<rwmify>0and << 2nify<0
Az P(x,v,2)
»
Z
y
X ,f'fg r
:/z -
,'f:c y Pu[x,_}",ﬂ:'

Figure 1.7.2: Cylindrical coordinates
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Spherical Coordinates (p,0,9)

xz = psingpcosd p=+ax2+y+ 22
y = psinpsinf 6 =tan! (E)
73
2 = pCoS = cos ! —Z
pcose 2 PN

where0<f<rwify>0and << 2rify<0

y

A *Py(x,,0)

Figure 1.7.3: Spherical coordinates

Both 6 and ¢ are measured in radians. Note that r >0, 0 <0 < 2w, p >0 and 0 < ¢ <. Also, § is undefined when (z,y) = (0,0),
and ¢ is undefined when (z,y, z) = (0,0, 0).

Example 1.31

Convert the point (—2,—2,1) from Cartesian coordinates to (a) cylindrical and (b) spherical coordinates.

Solution

=%
(@ r=+/(-22+(—2)2=2v2, §=tan! (_—2) =tan"!(1) = %r, since y = —2< 0

o (r,0,2) = (2\/5, 574”, 1)

(b)p=1/(-22+(-2)2+12=v9=3, p=cos! (%) ~ 1.23 radians.

= (p.09) = (3,27, 1.23)

For cylindrical coordinates (r, 8, z), and constants r, 6y and zy, we see from Figure 1.7.4 that the surface r = r is a cylinder of
radius ry centered along the z-axis, the surface 6 = 6 is a half-plane emanating from the z-axis, and the surface z = 2, is a plane
parallel to the zy-plane.
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Figure 1.7.4: Cylindrical coordinate surfaces

For spherical coordinates (p, 0, ), and constants pg, 0y and ¢,, we see from Figure 1.7.5 that the surface p = p, is a sphere of
radius py centered at the origin, the surface 6 = 6§, is a half-plane emanating from the z-axis, and the surface ¢ = ¢ is a circular
cone whose vertex is at the origin.

e

(a) p=po (b) @ =0q (e) p=ho

Figure 1.7.5: Spherical coordinate surfaces
Figures 1.7.4(a) and 1.7.5(a) show how these coordinate systems got their names.

Sometimes the equation of a surface in Cartesian coordinates can be transformed into a simpler equation in some other
coordinate system, as in the following example.

Write the equation of the cylinder 22 + 32 = 4 in cylindrical coordinates.

Since r = y/x2 + 32, then the equation in cylindrical coordinates is r = 2.

Using spherical coordinates to write the equation of a sphere does not necessarily make the equation simpler, if the sphere is
not centered at the origin.

Write the equation (z — 2)% + (y — 1)2 + 22 = 9 in spherical coordinates.
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Solution
Multiplying the equation out gives

22+t + 22— 4z —2y+5=09, so we get
p> —4psinpcosf — 2psinpsinfd —4 = 0, or
p*> —2sinp(2cosf —sinf)p —4 = 0

after combining terms. Note that this actually makes it more difficult to figure out what the surface is, as opposed to the
Cartesian equation where you could immediately identify the surface as a sphere of radius 3 centered at (2,1,0).

Example 1.34

Describe the surface given by 6 = z in cylindrical coordinates.

Solution

This surface is called a helicoid. As the (vertical) z coordinate increases, so does the angle 6, while the radius r is unrestricted.
So this sweeps out a (ruled!) surface shaped like a spiral staircase, where the spiral has an infinite radius. Figure 1.7.6 shows
a section of this surface restrictedto 0 < 2 <4rand 0 < r < 2.

Figure 1.7.6: Helicoid 6 = =

This page titled 1.7: Curvilinear Coordinates is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral
via source content that was edited to the style and standards of the LibreTexts platform.
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1.8: Vector-Valued Functions

Now that we are familiar with vectors and their operations, we can begin discussing functions whose values are vectors.

Definition 1.10

A vector-valued function of a real variable is a rule that associates a vector f(t) with a real number ¢, where t is in some
subset D of R! (called the domain of f). We write f: D —R3 to denote that f is a mapping of D into R3.

For example, f(t) = ti + t%j + t3k is a vector-valued function in R?, defined for all real numbers t. We would write f : R — R3. At ¢
= 1 the value of the function is the vector i + j + k, which in Cartesian coordinates has the terminal point (1,1, 1).

A vector-valued function of a real variable can be written in component form as
f(t) = fi®)i+ f2(t)i + fs(t)k
or in the form
£(t) = (f1(2), f2(t), f5(2))

for some real-valued functions fi(t), f2(¢), f3(t), called the component functions of f. The first form is often used when
emphasizing that f(¢) is a vector, and the second form is useful when considering just the terminal points of the vectors. By
identifying vectors with their terminal points, a curve in space can be written as a vector-valued function.

Example 1.35

Define f: R — R? by f(t) = (cost,sint,t). This is the equation of a helix (see Figure 1.8.1). As the value of ¢ increases, the
terminal points of f(¢) trace out a curve spiraling upward. For each ¢, the z — and y —coordinates of f(¢) are z = cost and y
= sint, SO

22 4+ 9? = cos?t +sin?t =1
Thus, the curve lies on the surface of the right circular cylinder z2? + ¢? = 1.

Iy

T it

Figure 1.8.1

It may help to think of vector-valued functions of a real variable in R? as a generalization of the parametric functions in R? which
you learned about in single-variable calculus. Much of the theory of real-valued functions of a single real variable can be applied
to vector-valued functions of a real variable. Since each of the three component functions are real-valued, it will sometimes be the
case that results from single-variable calculus can simply be applied to each of the component functions to yield a similar result
for the vector-valued function. However, there are times when such generalizations do not hold (see Exercise 13). The concept of
a limit, though, can be extended naturally to vector-valued functions, as in the following definition.
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Definition 1.11

Let f(t) be a vector-valued function, let a be a real number and let c be a vector. Then we say that the limit of f(¢) as ¢
approaches a equals c, written as lim f(t) = c, if lim \normf(t) — ¢ = 0. If £(¢) = (f1(¢), f2(t), f3(t)), then

lim £(2) = (1im /i (¢), lim fo(2), lim i () )

provided that all three limits on the right side exist.

The above definition shows that continuity and the derivative of vector-valued functions can also be defined in terms of its
component functions.

Definition 1.12

Let f(t) = (f1(t), f2(¢), f3(t)) be a vector-valued function, and let a be a real number in its domain. Then £(¢) is continuous at
a if %gn f(t) = f(a). Equivalently, f(¢) is continuous at a if and only if f;(¢), f2(¢), and f5(t) are continuous at a.

o . df
The derivative of f(t) at a, denoted by f’(a) or —

= (a), is the limit

oy o Sa+h) —fla)

D

if that limit exists. Equivalently, f ’(a) = (f1 '(a), f2 '(a), f3 '(a)), if the component derivatives exist. We say that f(¢) is
differentiable at a if £ '(a) exists.

Recall that the derivative of a real-valued function of a single variable is a real number, representing the slope of the tangent line
to the graph of the function at a point. Similarly, the derivative of a vector-valued function is a tangent vector to the curve in
space which the function represents, and it lies on the tangent line to the curve (see Figure 1.8.2).

Z

— f’{_a)

fla+h)

X

Figure 1.8.2 Tangent vector f ’(a) and tangent line L = f(a) + sf ’(a)

Example 1.36

Let f(t) = (cost,sint,t). Then f’(t) = (—sint, cost, 1) for all . The tangent line L to the curve at f(27) = (1,0, 27) is L = f(2)
+ st ’(2m) = (1,0, 27) + s(0,1,1), or in parametric form: z = 1,y = s,z =27+ s for — 0o < s < c0.

A scalar function is a real-valued function. Note that if u(t) is a scalar function and f(¢) is a vector-valued function, then their
product, defined by (uf)(t) = u(¢)f(t) for all ¢, is a vector-valued function (since the product of a scalar with a vector is a vector).
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The basic properties of derivatives of vector-valued functions are summarized in the following theorem.

Theorem 1.20

Let f(¢) and g(¢) be differentiable vector-valued functions, let u(t) be a differentiable scalar function, let k£ be a scalar, and let
¢ be a constant vector. Then

d

b. d—(kf)_ka

c J(f+)—df+dg

Todt &= T

g L g db_ds

@ YT

e Liun= Lpy M

'%t dt dt

AR P .

.ddt B = dt
d dg

9 (fxg=—xg+ix—r

The proofs of parts (a)-(e) follow easily by differentiating the component functions and using the rules for derivatives from
single-variable calculus. We will prove part (f), and leave the proof of part (g) as an exercise for the reader.

(f) Write f(t) = (f1(t), f2(t), f3(¢)) and g(t) = (g1(t), g2(¢), g3(t)), where the component functions
f1(t), f2(t), f3(¢), g1(t), g2(t), g3(¢) are all differentiable real-valued functions. Then
L (6(6) - 8(0) = = (F1091(0) + £2(0)g2(0) + 3(Ds(0) (1.8.1)
= & A O00) + S (P00 + (1 (0a()
= S i)+ 5O 1) + L2 (1)9200) + 12022 ) + L2 0500) + 150 22 )
= (L, L0, %L0) - (016, 9200, 5)
HAO, L0, 50) - (Do), L), L2 0)
th ®) - g(t) + £(t) - Z—f(t) for all £, (QED)
O

Example 1.37

Suppose {(t) is differentiable. Find the derivative of \normf{(¢).

Since \normf(t) is a real-valued function of t, then by the Chain Rule for real-valued functions, we know that %\normf(t)Z

= 2\normf(t) %\normf(t).

But \normf(t)* = £(¢) - f(¢), so %\mormf(t)2 = %(f(t) -£(t)). Hence, we have
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2\normf(t)%\normf(t) = %(f(t) -f(t)) = £'(¢) - £(t) + £(t) - £'(¢) by Theorem 1.20(f), so (1.8.2)
= 2f'(¢t) - f(¢), so if \normf(t) # 0 then
d ' (¢t) - £(¢)
E\normf(t) - \normf(¢)

. . . d
We know that \normf(t) is constant if and only if E\normf(t) =0 for all ¢. Also, f(t)Lf ’(¢) if and only if f '(¢) - £(¢t) = 0. Thus,
the above example shows this important fact:

If \normf(¢) # 0, then \normf(¢) is constant if and only if f(¢)_Lf’(¢) for all ¢.

This means that if a curve lies completely on a sphere (or circle) centered at the origin, then the tangent vector f '(¢) is always
perpendicular to the position vector f(t).

Example 1.38

q q t int —at
The spherical spiral f(t) = ( o S a

Vita?? Vitat? V1t a2

),foraséo.

Figure 1.8.3 shows the graph of the curve when a = 0.2. In the exercises, the reader will be asked to show that this curve lies
on the sphere z? + y? + 22 = 1 and to verify directly that f’(¢) - f(¢) = 0 for all ¢.

Figure 1.8.3: Spherical spiral with a = 0.2

Just as in single-variable calculus, higher-order derivatives of vector-valued functions are obtained by repeatedly differentiating
the (first) derivative of the function:

darf d (d“if
f//(t) — d d _ (

_f/ f/// — _f// _
dt ®), ®) dt (®), Tdtr o dt \ dtn!

) (for n =2,3,4,...)

We can use vector-valued functions to represent physical quantities, such as velocity, acceleration, force, momentum, etc. For
example, let the real variable ¢ represent time elapsed from some initial time (¢t = 0), and suppose that an object of constant mass
m is subjected to some force so that it moves in space, with its position (z, y, z) at time ¢ a function of ¢. That is, z = z(¢),y = y(¢), 2
= 2(t) for some real-valued functions z(t), y(t), 2(t). Call r(¢t) = (x(t),y(t), 2(t)) the position vector of the object. We can define
various physical quantities associated with the object as follows:
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position : r(t) = (z(t),y(t), 2(t)) (1.8.3)
velocity : v(t) =1(t) =r'(t) = %
= (2'(t),y' (1), #'(t))
acceleration : a(t) = v(t) = v'(t) = ((11_:
2r
(1) =) = T3

momentum : p(t) = mv(t)

_dp

g7 (Newton’s Second Law of Motion)

force : F(t) = p(t) = p’(¢)

The magnitude \normv(t) of the velocity vector is called the speed of the object. Note that since the mass m is a constant, the
force equation becomes the familiar F(t) = ma(¢).

Example 1.39

Let r(¢t) = (5cost,3sint,4sint) be the position vector of an object at time ¢ > 0. Find its (a) velocity and (b) acceleration
vectors.

Solution
a. v(t)=1(t) = (—5sint,3cost,4cost)
b. a(t) =v(t) = (—5cost,—3sint, —4sint)

Note that \normr(t) = v/25 cos t + 25sin ¢t = 5 for all ¢, so by Example 1.37 we know that r(t) - () = 0 for all ¢ (which we can
verify from part (a)). In fact, \normv(¢) = 5 for all ¢ also. And not only does r(t) lie on the sphere of radius 5 centered at the
origin, but perhaps not so obvious is that it lies completely within a circle of radius 5 centered at the origin. Also, note that
a(t) = —r(¢). It turns out (see Exercise 16) that whenever an object moves in a circle with constant speed, the acceleration
vector will point in the opposite direction of the position vector (i.e. towards the center of the circle).

Recall from Section 1.5 that if rq, ry are position vectors to distinct points then r; + ¢(ry — r1) represents a line through those two
points as t varies over all real numbers. That vector sum can be written as (1 — t)r; + tre. So the function 1(t) = (1 — t)r; + tro
is a line through the terminal points of r; and ry, and when ¢ is restricted to the interval [0, 1] it is the line segment between the
points, with 1(0) = r; and 1(1) = rs.

In general, a function of the form f(t) = (a1t + by, ast + bs, ast + b3) represents a line in R3. A function of the form f(t) = (a1t* + bt
+ c1, agt? + bot + ¢9, ast? + bst + c3) represents a (possibly degenerate) parabola in R3.

Example 1.40: Bézier curves

Bézier curves are used in Computer Aided Design (CAD) to approximate the shape of a polygonal path in space (called the
Bézier polygon or control polygon). For instance, given three points (or position vectors) by, by, b, in R3, define

b(t) = (1 —t)bg + tb; (1.8.4)
bl(t) = (1 —t)by + tby
b (t) = (1 —t)bg(t) + tbi(t)

= (1—1)%bg +2t(1 — t)by + t*by

for all real t. For ¢ in the interval [0, 1], we see that b}(t) is the line segment between by and by, and bi(t) is the line segment
between b; and bs,. The function b%(t) is the Bézier curve for the points by, b1, bs. Note from the last formula that the curve
is a parabola that goes through b, (when ¢t = 0) and b, (when ¢ = 1).
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As an example, let by = (0,0,0), b; = (1,2,3), and by = (4,5, 2). Then the explicit formula for the Bézier curve is b3(t) = (2t
+ 2t2, 4t + t2, 6t — 4t%), as shown in Figure 1.8.4, where the line segments are b}(t) and bl(t), and the curve is b3(t).

1,2,3)

Figure 1.8.4 Bézier curve approximation for three points

In general, the polygonal path determined by n > 3 noncollinear points in R? can be used to define the Bézier curve
recursively by a process called repeated linear interpolation. This curve will be a vector-valued function whose components
are polynomials of degree n — 1, and its formula is given by de Casteljau’s algorithm. In the exercises, the reader will be
given the algorithm for the case of n = 4 points and asked to write the explicit formula for the Bézier curve for the four points
shown in Figure 1.8.5.

1.5

Figure 1.8.5 Bézier curve approximation for four points

This page titled 1.8: Vector-Valued Functions is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral
via source content that was edited to the style and standards of the LibreTexts platform.
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1.9: Arc Length

Let r(t) = (z(t),y(t), 2(t)) be the position vector of an object moving in R3. Since \normv(t) is the speed of the object at time t, it
seems natural to define the distance s traveled by the object from time ¢t = a to t = b as the definite integral

s = int®\normv(t) dt = intz\/x'(t)2 +y'(t)% + 2/ (t)2 dt, (1.9.1)

which is analogous to the case from single-variable calculus for parametric functions in R2. This is indeed how we will define the
distance traveled and, in general, the arc length of a curve in R?.

Definition 1.13

Let f(t) = (z(t),y(t), 2(t)) be a curve in R whose domain includes the interval [a, b]. Suppose that in the interval (a,b) the
first derivative of each component function z(¢),y(t) and z(¢) exists and is continuous, and that no section of the curve is
repeated. Then the arc length L of the curve from¢t=atot=1bis

L = int®\normf’(t) dt (1.9.2)

= intly/2'(1)2 +y/(1)2 + 2/ ()2 dt (1.9.3)

A real-valued function whose first derivative is continuous is called continuously differentiable (or a C'! function), and a function
whose derivatives of all orders are continuous is called smooth (or a C* function). All the functions we will consider will be
smooth. A smooth curve f(t) is one whose derivative f’(t) is never the zero vector and whose component functions are all smooth.

Note that we did not prove that the formula in the above definition actually gives the length of a section of a curve. A rigorous
proof requires dealing with some subtleties, normally glossed over in calculus texts, which are beyond the scope of this book.

Example 1.41

Find the length L of the helix f(t) = (cost,sint,t) from ¢ = 0 to ¢t = 2.
Solution

By Equation 1.9.3, we have

L= int%ﬂ'\/(— sint)? + (cost)? + 12dt

= intmV/sin’ ¢ + cos? t + 1dt

= int2rv/2 dt
= V2(27 —0)
=2V2r

Similar to the case in R?, if there are values of ¢ in the interval [a, b] where the derivative of a component function is not continuous
then it is often possible to partition [a,b] into subintervals where all the component functions are continuously differentiable
(except at the endpoints, which can be ignored). The sum of the arc lengths over the subintervals will be the arc length over [a, b].

Notice that the curve traced out by the function f(¢) = (cost,sint,t) from Example 1.41 is also traced out by the function g(t)
= (cos 2t, sin 2t, 2t). For example, over the interval [0, 7], g(t) traces out the same section of the curve as f(t) does over the interval
[0, 27]. Intuitively, this says that g(¢) traces the curve twice as fast as f(¢). This makes sense since, viewing the functions as
position vectors and their derivatives as velocity vectors, the speeds of f(t) and g(t) are \normf’(t) = v/2 and \normg’(t) = 2/2,
respectively. We say that g(¢) and f(t) are different parametrizations of the same curve.
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Definition 1.14

Let C be a smooth curve in R? represented by a function f(t) defined on an interval [a,b], and let « : [c,d] — [a,b] be a
smooth one-to-one mapping of an interval [c,d] onto [a,b]. Then the function g : [c,d] — R?® defined by g(s) = f(a(s)) is a
parametrization of C with parameter s. If « is strictly increasing on [c, d] then we say that g(s) is equivalent to f(t).

S { f(t)
le,d] —%— [a,b] R3

g(s) =f(a(s)) = 1(2)

Note that the differentiability of g(s) follows from a version of the Chain Rule for vector-valued functions (the proof is left as an
exercise):

Theorem 1.21 Chain Rule:

If f(¢) is a differentiable vector-valued function of ¢, and ¢t = a(s) is a differentiable scalar function of s, then f(s) = f(a(s)) is
a differentiable vector-valued function of s, and

df  df dt

= e, 1.9.4
ds dt ds ( )
for any s where the composite function f(«a(s)) is defined.
Example 1.42
The following are all equivalent parametrizations of the same curve:
f(t) = (cost,sint,t) for ¢ in [0, 27] (1.9.5)

g(s) = (cos 2s,sin 2s,2s) for s in [0, 7]
h(s) = (cos2ms, sin 27s, 27s) for s in [0, 1]
To see that g(s) is equivalent to f(¢), define « : [0, 7] — [0, 27] by «(s) = 2s. Then « is smooth, one-to-one, maps [0, 7] onto

[0, 27], and is strictly increasing (since a ’(s) =2 > 0 for all s). Likewise, defining « : [0,1] — [0, 27] by a(s) = 2ms shows that
h(s) is equivalent to f(t).

A curve can have many parametrizations, with different speeds, so which one is the best to use? In some situations the arc
length parametrization can be useful. The idea behind this is to replace the parameter ¢, for any given smooth parametrization
f(t) defined on [a, b], by the parameter s given by

s = s(t) = int} \normf’ (u) du. (1.9.6)

In terms of motion along a curve, s is the distance traveled along the curve after time ¢t has elapsed. So the new parameter will
be distance instead of time. There is a natural correspondence between s and t: from a starting point on the curve, the distance
traveled along the curve (in one direction) is uniquely determined by the amount of time elapsed, and vice versa.

Since s is the arc length of the curve over the interval [a, ¢] for each t in [a, b], then it is a function of ¢. By the Fundamental Theorem
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of Calculus, its derivative is

, ds

= %inté\normf' (u) du

= \normf’(t) for all ¢ in [a, b].

Since f(t) is smooth, then \normf’(¢) > 0 for all ¢ in [a, b]. Thus s ’(¢t) > 0 and hence s(¢) is strictly increasing on the interval [a, b].
Recall that this means that s is a one-to-one mapping of the interval [a, b] onto the interval [s(a), s(b)]. But we see that
s(a) = int2\normf’ (u) du

=0 and s(b)

= int?\normf’ (u) du

=L

= arc length fromt=atot=1»
So the function s : [a,b] — [0, L] is a one-to-one, differentiable mapping onto the interval [0, L]. From single-variable calculus, we

know that this means that there exists an inverse function «: [0, L] — [a, b] that is differentiable and the inverse of s: [a,b] — [0, L]
. That is, for each t in [a, b] there is a unique s in [0, L] such that s = s(t) and ¢t = «a(s). And we know that the derivative of « is

’ — 1 = 1
Y= ) T ot @)
al(s)

3 T
[U,L] [ﬂ., b]

P
s(t)

Figure 1.9.1¢ = «(s)
So define the arc length parametrization f: [0, L] — R3 by
f(s) = f(a(s)) for all s in [0, L].
Then f(s) is smooth, by the Chain Rule. In fact, f(s) has unit speed:
f'(s) = f'(a(s))a’(s) by the Chain Rule, so (1.9.7)
::F(a(s))igiigﬁéqaigjy,so
\normf’(s) =1 for all s in [0, L].

So the arc length parametrization traverses the curve at a “normal” rate.

In practice, parametrizing a curve f(t) by arc length requires you to evaluate the integral s = int\normf’(u) du in some closed
form (as a function of ¢) so that you could then solve for ¢ in terms of s. If that can be done, you would then substitute the
expression for ¢ in terms of s (which we called «(s)) into the formula for £(¢) to get f(s).

Example 1.43

Parametrize the helix f(¢) = (cost,sint,t), for in [0, 2], by arc length.

Solution
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By Example 1.41 and Equation 1.9.6, we have

s = inth\normf’ (u) du = intv2 du = V2t for all ¢ in [0, 27].

. S
So we can solve for ¢t in terms of s: ¢t = a(s) = —.

V2

~ f(s) = (cos —,sin — ) for all s in [0, 2p27]. Note that \normf’(s) = 1.
V2 \/— V2

Arc length plays an important role when discussing curvature and moving frame fields, in the field of mathematics known as
differential geometry. The methods involve using an arc length parametrization, which often leads to an integral that is either
difficult or impossible to evaluate in a simple closed form. The simple integral in Example 1.43 is the exception, not the norm.
In general, arc length parametrizations are more useful for theoretical purposes than for practical computations. Curvature and
moving frame fields can be defined without using arc length, which makes their computation much easier, and these definitions
can be shown to be equivalent to those using arc length. We will leave this to the exercises.

The arc length for curves given in other coordinate systems can also be calculated:

Theorem 1.22: Arc length in Cylindrical coordinates

Suppose that r = r(t), 8 = 6(t) and z = 2(t) are the cylindrical coordinates of a curve £(¢), for ¢ in [a, b]. Then the arc length L
of the curve over [a, b] is

L= intf,\/r/(t)2 + ()20’ (t)2 + 2/ (t)? dt (1.9.8)

The Cartesian coordinates (z(t), y(t), 2(t)) of a point on the curve are given by
z(t) =r(t)cosO(t), y(t)=r(t)sinb(t), =2(t) = z(t)
so differentiating the above expressions for z(t) and y(t) with respect to ¢ gives

z'(t) = 1r'(t) cos O(t) — r(t)0'(t) sinO(t), o'(t) =r’'(t)sind(t) + r(t)0’(t) cos O(t)

and so
/()% + o' (£)2 = (' (t) cos O(t) — r(t)0' (t) sin O(2))? + (' (t) sin O(¢) + ()0’ (t) cos O(t))* (1.9.9)
= 7/(t)%(cos? 0 + sin’ 8) + r(t)%0’ (t)*(cos® 6 + sin? 0)
— 21 (t)r(¢)0’(t) cos O sin @ + 2r/(¢)r(t)6’ (t) cos fsin O
=7'(t)2 +r(t)%0'(t)?, and so
L= intg\/z’(t)2 +y (1) + 2/ (t)2dt
= int‘;\/r/(t)2 +r(t)260' ()2 4 2/ (t)2 dt
QED

Example 1.44

Find the arc length L of the curve whose cylindrical coordinates are r = e?,§ = t and z = €, for ¢ over the interval [0, 1].

Solution
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Sincer’(t) =€, 8'(t) =1 and z'(t) = €, then

L int})\/r’(t)? +7(t)20'(£)2 + 2/(t)2 dt (1.9.10)

intgy/e2t + e2(1) + e2 dt

intie!V3dt = V3(e — 1)

This page titled 1.9: Arc Length is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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1.E: Vectors in Euclidian Space (Exercises)

1.1: Introduction

A

1.1.1. Calculate the magnitudes of the following vectors:(a) v = (2,—1) (b) v=(2,-1,0) (¢)v =(3,2,-2) (d) v =1(0,0,1)
(e) v=(6,4,—4)

. —  —

1.1.2. For the points P = (1,—1,1), Q@ = (2,—2,2), R=(2,0,1), S = (3,—1,2), does PQ = RS?
. — =

1.1.3 For the points P = (0,0,0), @ = (1,3,2), R=(1,0,1), S = (2,3,4), does PQ = RS?

1.1.4 Let v = (1,0,0) and w = (a,0,0) be vectors in R3. Show that \normw = |a| \normv.

1.1.5 Let v = (a,b,c) and w = (3a, 3b, 3c) be vectors in R3. Show that \normw = 3 \normv.

C
[ 4
?J'FZ:ZE}
Plxy,v4,21)
1 (-752_-.3’2,31}
0 J
X1

,3:?
42: Ya, ﬂ}

o Ulxg, 31,0

Figure 1.1.9

1.1.6 Though we will see a simple proof of Theorem 1.1 in the next section, it is possible to prove it using methods similar to those
in the proof of Theorem 1.2. Prove the special case of Theorem 1.1 where the points P = (z1,y1, 21) and Q = z2, y2, 22) satisfy the
following conditions:

o >x1>0,92>9y; >0,and z5 > 1> 0.

Hint: Think of Case 4 in the proof of Theorem (1.2), and consider Figure 1.1.9.
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1.2: Vector Algebra

A
1.21 Let v=(—1,5,-2) and w = (3,1, 1).
e Findv—w.

e Findv+w.
e Find —X

\normv *
e Find \normi (v —w).
e Find \norm(v+w).
e Find—-2v+4w.
e Findv—2w.
e Find the vector usuch thatu +v + w=1i.
e Find the vectorusuchthatu+v+w=2j+k
e Isthere a scalar m such that m(v + 2 w) = k? If so, find it.
1.2.2. For the vectors v and w from Exercise 1, is \normv — w = \normv — \normw? If not, which quantity is larger?

1.2.3. For the vectors v and w from Exercise 1, is \normv + w = \normv + \normw? If not, which quantity is larger?

B
1.2.4. Prove Theorem 1.5 (f) for R3.

1.2.5. Prove Theorem 1.5 (g) for R3.

Cc

1.2.6. We know that every vector in R® can be written as a scalar combination of the vectors i, j, and k. Can every vector in R? be
written as a scalar combination of just i and j, i.e. for any vector v in R?, are there scalars m, n such that v =m i+ n j? Justify
your answer.

1.3: Dot Product

A

1.3.1. Let v=(5,1,—2) and w = (4, —4, 3). Calculate v - w.

13.2. letv=—-3i—2j—kandw=6i+4 j+2 k. Calculate v - w.
For Exercises 3-8, find the angle 0 between the vectors v and w.
13.3. v=(51,-2), w=(4,—4,3)

1.3.4. v = (7,2,-10), w = (2,6,4)

1.3.5. v = (2,1,4), w = (1,—2,0)

1.3.6. v = (4,2,—1), w = (8,4, —2)
1.37.v=—i+2j+kw=-3i+6j+3k

13.8.v=iw=31i+2j+4k
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1.3.9. Let v = (8,4,3) and w = (—2,1,4). Is v L w? Justify your answer.

1.3.10. Let v = (6,0,4) and w = (0,2, —1). Is v L w? Justify your answer.

1.3.11. For v, w from Exercise 5, verify the Cauchy-Schwarz Inequality |v - w| < \normv \normw.
1.3.12. For v, w from Exercise 6, verify the Cauchy-Schwarz Inequality |v - w| < \normv \normw.
1.3.13. For v, w from Exercise 5, verify the Triangle Inequality \normv + w < \normv + \normw.

1.3.14. For v, w from Exercise 6, verify the Triangle Inequality \normv + w < \normv + \normw.

Note: Consider only vectors in R? for Exercises 15-25.
1.3.15. Prove Theorem 1.9 (a).

1.3.16. Prove Theorem 1.9 (b).

1.3.17. Prove Theorem 1.9 (c).

1.3.18. Prove Theorem 1.9 (d).

1.3.19. Prove Theorem 1.9 (e).

1.3.20. Prove Theorem 1.10 (a).

1.3.21. Prove or give a counterexample: If u- v=u-w, then v=w.

C

1.3.22. Prove or give a counterexample: If v - w = 0 for all v, then w = 0.
1.3.23. Prove or give a counterexample: If u - v =u - w for all u, then v=w.

1.3.24. Prove that |\normv — \normw| < \normv — w for all v, w.

Figure 1.3.5

1.3.25. For nonzero vectors v and w, the projection of v onto w (sometimes written as projyv) is the vector u along the same
line L as w whose terminal point is obtained by dropping a perpendicular line from the terminal point of v to L (see Figure 1.3.5).

Show that

v-w
\normu = u
normw

(Hint: Consider the angle between v and w.)

1.3.26. Let a, §, and v be the angles between a nonzero vector v in R3? and the vectors i, j, and k, respectively. Show that cos? o

+cos? B4 cos?y = 1.
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(Note: o, 3, v are often called the direction angles of v, and cos a, cos 3, cosy are called the direction cosines.)
1.4: Cross Product

A

For Exercises 1-6, calculate v x w.

141.v=(51,-2), w=(4,—4,3)

1.4.2. v = (7,2,-10), w = (2,6,4)

1.4.3.v=(2,1,4), w = (1,-2,0)

1.4.4.v = (1,3,2), w=(7,2,-10)
145.v=—i+2j+kw=-3i+6j+3k
146.v=i,w=3i+2j+4k

For Exercises 7-8, calculate the area of the triangle APQR.

1.4.7. P = (5,1,—-2), Q = (4,—4,3), R = (2,4,0)

1.4.8. P = (4,0,2), Q@ = (2,1,5), R=(—1,0,—1)

For Exercises 9-10, calculate the area of the parallelogram PQRS.
1.4.9. P=(2,1,3),Q = (1,4,5), R=(2,5,3), S = (3,2,1)

1.4.10. P = (—2,-2), Q = (1,4), R= (6,6), S = (3,0)

For Exercises 11-12, find the volume of the parallelepiped with adjacent sides u, v, w.
1411 u=(1,1,3),v=(2,1,4), w=(5,1,—-2)

1.4.12. u = (1,3,2), v= (7,2,—10), w = (1,0, 1)

For Exercises 13-14, calculate u - (v x w) and u x (v x w).

1.443. u=(1,1,1),v=(3,0,2), w = (2,2,2)

1.4.14. u = (1,0,2), v = (—1,0,3), w = (2,0, —2)

1.4.15. Calculate (u x v) - (w x z) foru=(1,1,1), v= (3,0,2), w = (2,2,2), z = (2,1, 4).

1.4.16. If v and w are unit vectors in R3, under what condition(s) would v x w also be a unit vector in R® ? Justify your answer.
1.4.17. Show that if v x w = 0 for all w in R?, then v = 0.

1.4.18. Prove Theorem 1.14(b).

1.4.19. Prove Theorem 1.14(c).

1.4.20. Prove Theorem 1.14(d).

1.4.21. Prove Theorem 1.14(e).

1.4.22. Prove Theorem 1.14(f).

1.4.23. Prove Theorem 1.16.

1.4.24. Prove Theorem 1.17. (Hint: Expand both sides of the equation.)
1.4.25. Prove the following for all vectors v, w in R3:

2

(@) \normv x w2 + |v - w|? = \normv? \normw

(b)Ifv-w=0andv xw=0,thenv=0o0orw=0.
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C

1.4.26. Prove that in Example 1.8 the formula for the area of the triangle APQR vyields the same value no matter which two
adjacent sides are chosen. To do this, show that + \normu x (—w) = 4 \normv x w, where u = PR, —w = PQ, and v = QR, w
= QP as before. Similarly, show that 4 \norm(—u) x (—v) = + \normv x w, where —u = RP and —v = RQ.

1.4.27. Consider the vector equation a x x = b in R3, where a # 0. Show that:

e a-b=0
b xa . . .
e x=——— + kais a solution to the equation, for any scalar k.
\norma?

1.4.28. Prove the Jacobi identity:

$$\textbf{u} \times (\textbf{v} \times \textbf{w}) + \textbf{v} \times (\textbf{w} \times \textbf{u}) + \textbf{w} \times (\textbf{u}
\times \textbf{v}) = \textbf{O}\]

1.4.29. Show that u, v, w lie in the same plane in R? if and only if u - (v x w) = 0.

1.4.30. For all vectors u, v, w, z in R3, show that

(uxv)x(wxz)=(z-(uxv))w—(w-(uxv))z (1.E.2)
and that
(uxv)x (wxz)=(u:(wxz)v—(v-(wxz))u (L.E.3)

Why do both equations make sense geometrically?

Contributors and Attributions

e Michael Corral (Schoolcraft College). The content of this page is distributed under the terms of the GNU Free Documentation
License, Version 1.2.

This page titled 1.E: Vectors in Euclidian Space (Exercises) is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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2: FUNCTIONS OF SEVERAL VARIABLES

In single-variable calculus, we were concerned with functions that map the real numbers to real numbers, sometimes called "real
functions of one variable", meaning the "input" is a single real number and the "output" is likewise a single real number. In the last
chapter we considered functions taking a real number to a vector, which may also be viewed as functions, that is, for each input
value we get a position in space. Now we turn to functions of several variables, meaning several input variables, functions. We will
deal primarily R? and R? spaces, however, many of the techniques we discuss can be applied to larger dimensions spaces as
well.

2.1: Functions of Two or Three Variables

2.2: Partial Derivatives

2.3: Tangent Plane to a Surface

2.4: Directional Derivatives and the Gradient

2.5: Maxima and Minima

2.6: Unconstrained Optimization- Numerical Methods
2.7: Constrained Optimization - Lagrange Multipliers

2.E: Functions of Several Variables (Exercises)

This page titled 2: Functions of Several Variables is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael
Corral via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Functions of Two or Three Variables

In Section 1.8 we discussed vector-valued functions of a single real variable. We will now examine real-valued functions of a point
(or vector) in R? or R3. For the most part these functions will be defined on sets of points in R?, but there will be times when we
will use points in R3, and there will also be times when it will be convenient to think of the points as vectors (or terminal points of
vectors).

A real-valued function f defined on a subset D of R? is a rule that assigns to each point f(x,y) in D a real number f(z,y). The

largest possible set D in R? on which f is defined is called the domain of f, and the range of f is the set of all real numbers
f(z,y) as (z,y) varies over the domain D. A similar definition holds for functions f(z,y, 2) defined on points (z,y, z) in R>.

Example 2.1

The domain of the function

flz,y) =y
is all the R?2, and the range of f is all of R.
Example 2.2
The domain of the function
1
flz,y) = pr—

is all of R? except the points (z,y) for which x = y. That is, the domain is the set D = {(z,y) :  # y}. The range of f is all real
numbers except O.

Example 2.3

The domain of the function

fl@,y) =vV1—a22—y?

is the set D = {(z,y) : z? + y* < 1}, since the quantity inside the square root is nonnegative if and only if 1-(z2 + 3?) > 0. We
see that D consists of all points on and inside the unit circle in R? (D is sometimes called the closed unit disk). The range of
f is the interval [0,1] in R.

Example 2.4

The domain of the function

f(@,y,2) = "7

is all of R3, and the range of f is all positive real numbers.

A function f(z,y) defined in R? is often written as z = f(z,y), as was mentioned in Section 1.1, so that the graph of f(x,y) is the
set {(z,y,2) : z= f(z,y)} in R3. So we see that this graph is a surface in R3, since it satisfies an equation of the form F(z,y, 2)
= 0 (namely, F(x,y, z) = f (X, ¥) — z). The traces of this surface in the planes z = ¢, where c varies over R, are called the level curves
of the function. Equivalently, the level curves are the solution sets of the equations f(z,y) = ¢, for ¢ in R. Level curves are often
projected onto the zy-plane to give an idea of the various “elevation” levels of the surface (as is done in topography).
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Example 2.5

The graph of the function
sin v/x? + y?
Va2 +y?

is shown below. Note that the level curves (shown both on the surface and projected onto the zy-plane) are groups of
concentric circles.

f(x,y) =

sin y/z2 + 32

Figure 2.1.1 The function f(z,y) =

You may be wondering what happens to the function in Example 2.5 at the point (z,y) = (0,0), since both the numerator and
denominator are ® at that point. The function is not defined at (0,8), but the limit of the function exists (and equals 1) as (z,y)
approaches (0,0). We will now state explicitly what is meant by the limit of a function of two variables.

Definition 2.1

Let (a,b) be a point in R?, and let f(z,y) be a real-valued function defined on some set containing (a,b) (but not necessarily
defined at (a, b) itself). Then we say that the limit of f(x,y) equals L as (x,y) approaches (a, b), written as

lim z,y) =1L 2.1.1
(z,y)a(a,wf( Y) (2.1.1)

if given any € > 0, there exists a § > 0 such that

|f(z,y) — L| < € whenever 0 < \/(m—a)2+(y—b)2 <

A similar definition can be made for functions of three variables. The idea behind the above definition is that the values of f(z,y)

can get arbitrarily close to L (i.e. within ¢ of L) if we pick (z,y) sufficiently close to (a,b) (i.e. inside a circle centered at (a, b) with
some sufficiently small radius d).

If you recall the “epsilon-delta” proofs of limits of real-valued functions of a single variable, you may remember how awkward they
can be, and how they can usually only be done easily for simple functions. In general, the multivariable cases are at least equally
awkward to go through, so we will not bother with such proofs. Instead, we will simply state that when the function f(z,y) is given
by a single formula and is defined at the point (a,b) (e.g. is not some indeterminate form like 8/0) then you can just substitute
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(z,y) = (a,b) into the formula for f(z,y) to find the limit.

Example 2.6

(D@2

lim =
(zy)—(1,2) T2 + 72 12 422 5

since f(z,y) = ﬁx—f?ﬂ is properly defined at the point (1,2).

The major difference between limits in one variable and limits in two or more variables has to do with how a point is approached.
In the single-variable case, the statement “z — a” means that = gets closer to the value a from two possible directions along the
real number line (see Figure 2.1.2(a)). In two dimensions, however, (z,y) can approach a point (a,b) along an infinite number of
paths (see Figure 2.1.2(b)).

Ay

N
o

0 a x 0
(a) x—~ainR (b) (x,y) — (a,b) in R

Figure 2.1.2 “Approaching” a point in different dimensions

Example 2.7

lim . does not exist
(@9)—(00) T2 + y?

Note that we can not simply substitute (z,y) = (0,0) into the function, since doing so gives an indeterminate form 8/0. To
show that the limit does not exist, we will show that the function approaches different values as (z, y)approaches (,9) along
different paths in R2. To see this, suppose that (z,y) — (0,0) along the positive z-axis, so that y = 0 along that path. Then

Ty z0
T, = = =0
(=) 2 +y? 22402

along that path (since z > 0 in the denominator). But if (z,y) — (0, 0) along the straight line y = z through the origin, for z > 0
, then we see that
Ty z? 1

x, = S =
fe.y) z2+y? 224y 2

which means that f(z,y) approaches different values as (z,y) — (0, 0)along different paths. Hence the limit does not exist.

Limits of real-valued multivariable functions obey the same algebraic rules as in the single-variable case, as shown in the following
theorem, which we state without proof.

Suppose that lim f(z,y) and lim g(z,y) both exist, and that k is some scalar. Then:
(z.y)—(ab) (z,y)—(a,b)
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a. lim z,y) + g(x, =[ lim a5 ]i[ lim 43 }
e [f(z,y) + g(z,y)] (,y)—»(abf( ) (wHa?b)g( Y)
b. lim kf(x,y)=k lim
o T Lm T @ )]
C. lim z, z,y)| = lim 9B, lim 3,
AT V0] o (ag)f( 0| jim oo
im z,y
d. lim fy) _ _ Lmuoled if lim g(z,y)#0
(@y)—(ab) g(z,y) o l)lrrzab 9(z,y)  @y)~(ab)
e. If|f(z,y) — L| < g(z,y) forall (z,y) and if lim g(z,y)=0,then lim f(z,y)=1L
(z,y)—(a,b) (z,y)—(a,b)

Note that in part (e), it suffices to have |f(z,y) — L| < g(z,y) for all (z,y) “sufficiently close” to (a,b) (but excluding (a, b) itself).

Example 2.8

Show that

y4
lim ——— =
(@y)—=00) z2 + y?
Since substituting (z,y) = (0,0) into the function gives the indeterminate form 8/0, we need an alternate method for
evaluating this limit. We will use Theorem 2.1(e). First, notice that y* = (1/%2?)* and so 0 < y* < (v/22 4 42)* for all (x,y). But

(V22 + y2)* = (22 + y*)2 Thus, for all (z,y) # (0,0) we have

4 2 2\2
y < &+y)

2 2
= — 0as (z,) = (0,0
| € rpa =2+ = 0as (@) = (0.0

4

Therefore  lim y——o.
(@)~ (0,0) 22+ y?

Continuity can be defined similarly as in the single-variable case.

Definition 2.2

A real-valued function f(z,y) with domain D in R? is continuous at the point (a,b) in D if ( 1)111% f(z,y) = f(a,b). We say
z,y)—
that f(z,y) is a continuous function if it is continuous at every point in its domain D.

Unless indicated otherwise, you can assume that all the functions we deal with are continuous. In fact, we can modify the function
from Example 2.8 so that it is continuous on all of R2.

Example 2.9

Define a function f(z,y) on all of R? as follows:
\text is only supported in math mode

Then f(z,y) is well-defined for all (z,y) in R? (i.e. there are no indeterminate forms for any (z,y)), and we see that

4

lim f(z,y)

()= (ab) :m:f(ayb) for (a,b) # (0,0)

So since
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lim f(z,y) =0= f(0,0) by Example 2.8,
(z,9)—(0,0)

then f(z,y) is continuous on all of R2.

This page titled 2.1: Functions of Two or Three Variables is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Partial Derivatives

Now that we have an idea of what functions of several variables are, and what a limit of such a function is, we can start to develop
an idea of a derivative of a function of two or more variables. We will start with the notion of a partial derivative.

Definition 2.3

Let f(x,y) be a real-valued function with domain D in R?, and let (a,b) be a point in D. Then the partial derivative of f at

(a,b) with respect to z, denoted by %(a, b), is defined as

of _ o fla+hb)— f(a,b)
q N c of . .
and the partial derivative of f at (a,b) with respect to y, denoted by a—(a, b), is defined as
Y
of . fla+h,b) — f(a,b)

Note: The symbol 9 is pronounced “del”.

Recall that the derivative of a function f(z) can be interpreted as the rate of change of that function in the (positive) = direction.
From the definitions above, we can see that the partial derivative of a function f(z, y) with respect to z or y is the rate of change of
f(z,y) in the (positive) z or y direction, respectively. What this means is that the partial derivative of a function f(z,y) with respect
to z can be calculated by treating the y variable as a constant, and then simply differentiating f(z,y) as if it were a function of =
alone, using the usual rules from single-variable calculus. Likewise, the partial derivative of f(z,y) with respect to y is obtained by
treating the z variable as a constant and then differentiating f(z,y) as if it were a function of y alone.

Example 2.10
of

Find %(z,y) and a—y(m,y) for the function f(z,y) = %y + 3°.

Solution

Treating y as a constant and differentiating f(z,y) with respect to z gives

of _

and treating z as a constant and differentiating f(z,y) with respect to y gives

of

a—y(w, y) =2’ + 3y
We will often simply write % and g—;; instead of %(z,y) and g—i(m,y).
_Of _df . _ sin(ay?)
Find B and 8_y for the function f(z,y) = 21
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Solution
Treating y as a constant and differentiating f(z,y) with respect to z gives

Af _ (2®+1)(y*cos (ay?)) — (22) sin (zy?)
0z (x2+1)?

and treating z as a constant and differentiating f(z,y) with respect to y gives

of  2zycos(zy?)
dy 241

af af

Since both B and m are themselves functions of =z and y, we can take their partial derivatives with respect to =z and y. This
z Yy

yields the higher-order partial derivatives:

o%f a(af> o%f 3<af>

0z?2 Oz \ Oz dy2 Oy \dy
o =7 (52) oway = ox (o)
dydr Oy T 920y Oz \ dy
o _ 0 (2N O _ 0 (9
dx3 ~ Ox \ dx? dy? Oy \ 0y?
0y b (04 Y _ o (o
dydz? ~ Oy \ Oz2 0xdy? Oz \ 9y?
3f Kk o2f o°f 9 o2f
0y20z Oy \ Oyozx 9220y Oz \ dzdy
0’ f KB o%f 3 f Kkl o2f
dzdydr Oz \ dydz 0yOoxdy Oy \ 0zOdy
Example 2.12
Find the partial derivatives of of O Of O°F and O for the function f(z,y) = *"V + ay?
B 9z’ 9y’ 9x2’ dy?’ 0yox 0x0y = /e

Solution

Proceeding as before, we have

? = 2zye™™ 4 ¢ 2_5 = a%e™ + 3y’
xr
%f ] 3 o%f ] >
— = —(2zye® Y +¢°) —L = (22" + 311?)
29 29
oz xwzy . Ay 4@// ,
= 2ye” Y + 4z"ye =z"e"Y + 6zy
o%f 0 > o2f 0
= —(2zye” ¥ 4+ 43 — = = (22 4 3z
Oydxz Oy (2 2) 0z0y Oz (27e"¥ + 3zy7)
= 2ze” Y + 2z°ye™ ¥ + 3y° = 22V + 22%ye™Y 4 3y?

2 2
Higher-order partial derivatives that are taken with respect to different variables, such as 88 af n aag
yox oy
%f % f

= . It turns that this will usually be the case. Specifically,
0yox 0z0y

, are called mixed

partial derivatives. Notice in the above example that
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2 2
ﬂnda‘f

and —— are continuous at a point (a,b), then they are equal at that point. All the functions we will deal
0yox 0x0y

with will have continuous partial derivatives of all orders, so you can assume in the remainder of the text that

whenever both

o f 9%f . .
D0z — dzdy for all (z,y) in the domain of f

In other words, it doesn’t matter in which order you take partial derivatives. This applies even to mixed partial derivatives of order
3 or higher.

The notation for partial derivatives varies. All of the following are equivalent:

e, h@w, Day), Diey)

g—;‘:m,y), foz,y), Dy(zy), Dale.y)

a2f
@ . fzx(x7y)7 fll(may)’ sz(m3y)3 Dll(mvy)
8y2 5fyy(m7y)7 f22($7y)7 Dyy(m,y)v D22(m7y)

% : fzy(xvy)v f12($7y)7 Dzy(way)a D12(xvy)

m :fyﬂf(xay)7 f?l(myy)v Dyz(xay)a DZl(may)

This page titled 2.2: Partial Derivatives is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via
source content that was edited to the style and standards of the LibreTexts platform.
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2.3: Tangent Plane to a Surface

of of

In the previous section we mentioned that the partial derivatives B and B3 can be thought of as the rate of change of a function
€z Y

z = f(z,y) in the positive z and y directions, respectively. Recall that the derivative d—y of a function y = f(z) has a geometric
T

meaning, namely as the slope of the tangent line to the graph of f at the point (z, f(x)) in R2 There is a similar geometric

meaning to the partial derivatives ? and % of a function z = f(z,y): given a point (a,b) in the domain D of f(z,y), the trace of
€T Y
the surface described by z = f(z,y) in the plane y = b is a curve in R3 through the point (a, b, f(a, b)), and the slope of the tangent
line L, to that curve at that point is 8_(a’ b). Similarly, %(a, b) is the slope of the tangent line L, to the trace of the surface z
T )
= f(z,y) in the plane z = a (see Figure 2.3.1).
L 2
i)
z=f(x,y) slope = Ef(a,b)
a —
=%@b f,y)
LJ’
| ‘.. 0 Y
0 0
a Teaaa s =
d L )
d ~a, (a) b} -
“x £ X Bk -
D
(a) Tangent line L, in the plane y=5 (b) Tangent line Ly in the plane x =a

Figure 2.3.1: Partial derivatives as slopes

Since the derivative d_y of a function y = f(x) is used to find the tangent line to the graph of f (which is a curve in R?), you might
T

expect that partial derivatives can be used to define a tangent plane to the graph of a surface z = f(z,y). This indeed turns out
to be the case. First, we need a definition of a tangent plane. The intuitive idea is that a tangent plane “just touches” a surface at
a point. The formal definition mimics the intuitive notion of a tangent line to a curve.

Definition 2.4: Tangent Planes

Let z = f(x,y) be the equation of a surface S in R?, and let P = (a, b, c) be a point on S. Let T be a plane which contains the
point P, and let Q = (z,y, 2) represent a generic point on the surface S. If the (acute) angle between the vector \vecPQ and
the plane T approaches zero as the point Q approaches P along the surface S, then we call T' the tangent plane to S at P.

Note that since two lines in R?® determine a plane, then the two tangent lines to the surface z = f(z,v) in the z and y directions
described in Figure 2.3.1 are contained in the tangent plane at that point, if the tangent plane exists at that point. The existence
of those two tangent lines does not by itself guarantee the existence of the tangent plane. It is possible that if we take the trace
of the surface in the plane z — y = 0 (which makes a 45- angle with the positive z-axis), the resulting curve in that plane may have
a tangent line which is not in the plane determined by the other two tangent lines, or it may not have a tangent line at all at that

. g . O 0 . . . .
point. Luckily, it turns out that if 8—f and 8_f exist in a region around a point (a,b) and are continuous at (a,b) then the tangent
T Y

plane to the surface z = f(z,y) will exist at the point (a, b, f(a,b)). In this text, those conditions will always hold.

Suppose that we want an equation of the tangent plane T to the surface z = f(z,y) at a point (a,b, f(a,b)). Let L, and L, be the
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tangent lines to the traces of the surface in the planes y = b and z = a, respectively (as in Figure 2.3.2), and suppose that the
conditions for T to exist do hold. Then the equation for T is

Az —a)+ B(y—b) + C(z— f(a,b)) =0 (2.3.1)

where n = (A, B, C) is a normal vector to the plane T Since T contains the lines L, and L,, then all we need are vectors v, and v,
that are parallel to L,and L,, respectively, and then let n = v, x v,.

L2

z = flx,y)

©x
Figure 2.3.2: Tangent plane
. . of af . . .. L.
Since the slope of L, is a(a, b), then the vector v, = (1,0, &(a’ b)) is parallel to L, (since v, lies in the zz-plane and lies in a
%(‘L b) of f
line with slope —] = a—(a, b). See Figure 2.3.3). Similarly, the vector v, = (0, 1, 8_(a’ b)) is parallel to L,. Hence, the vector
T Y
i k
of
n=vyXvy = 10 g(a,b) :—%(a,b)i—g—g(a,b)j‘f‘k
of
0 1 —(a,b
5 (@)
is normal to the plant T. Thus the equation of T is
o (@.b)(e —a) = (@Bl + 2 flah) =0 (2.3.2)

L Z
v, +(1,0,2(a,b))

x

-

' 9 (a,b)

0 1

Figure 2.3.3

Multiplying both sides by —1, we have the following result:
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The equation of the tangent plane to the surface z = f(z,y) at the point (a, b, f(a, b)) is

%(a7 b)(mfa)—}—2—£(a,b)(y—b)fz-l—f(a, b) =0 (2.3.3)

Example 2.13

Find the equation of the tangent plane to the surface z = 2% + y? at the point (1,2,5).

Solution

af af

For the function f(z,y) = 22 + y?, we have Py 2z and Em = 2y, so the equation of the tangent plane at the point (1,2,5) is

21)(z—1)+2(2)(y—2)—2+5=0,or

2c+4y—2—-5=0

In a similar fashion, it can be shown that if a surface is defined implicitly by an equation of the form F(z, y, z) = 0, then the tangent
plane to the surface at a point (a, b, ¢) is given by the equation

g—i(a, b,c)(z —a)+ %—I;(a, b,c)(y—0b) + %—};(a, b,c)(z—¢c)=0 (2.3.4)

Note that Equation 2.3.3 is the special case of Equation 2.3.4 where F(z,y, z) = f(z,y) — 2.

Example 2.14

Find the equation of the tangent plane to the surface z2 + % + 2% = 9 at the point (2,2,-1).

. F F F .
For the function F(z,y, 2) = 22 + y* + 2% — 9, we have 2— =2z, ?__)— = 2y, and %— = 2z, so the equation of the tangent plane
a3 Y z
at (2,2,-1) is
2(2)(z —2)+2(2)(y—2) +2(—1)(2+ 1) =0, or

20 +2y—2—9=0

This page titled 2.3: Tangent Plane to a Surface is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral
via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: Directional Derivatives and the Gradient
For a function z = f(z,y), we learned that the partial derivatives % andg—zjj represent the (instantaneous) rate of change of f in

the positive z and y directions, respectively. What about other directions? It turns out that we can find the rate of change in any
direction using a more general type of derivative called a directional derivative.

Definition 2.5: directional derivative

Let f(z,y) be a real-valued function with domain D in R?, and let (a,b) be a point in D. Let v be a unit vector in R2. Then the
directional derivative of f at (a, b) in the direction of v, denoted by D, f(a, ), is defined as

D.f(a,b) = lim f((a,b) + hhv> — f(a,b)

(2.4.1)

Notice in the definition that we seem to be treating the point (a, b) as a vector, since we are adding the vector hv to it. But this is
just the usual idea of identifying vectors with their terminal points, which the reader should be used to by now. If we were to write
the vector v as v = (v1, v2), then

fla+ hvy,b+ hvy) — f(a,b)

D,f(a,b) = }LILI(I) A (2.4.2)
. . . . . - of of . . . -
From this we can immediately recognize that the partial derivatives S anda— are special cases of the directional derivative
€z Y
. . .0 0 . -
with v =1= (1,0) and v =j = (0, 1), respectively. That is, a—f =D, f and a—f = D, f. Since there are many vectors with the same
T Yy
direction, we use a unit vector in the definition, as that represents a “standard” vector for a given direction.
. . - of of . . . . .
If f(z,y) has continuous partial derivatives e and S0 (which will always be the case in this text), then there is a simple formula
€z Y
for the directional derivative:
Theorem 2.2
. . . . 9 . A of of .
Let f(z,y) be a real-valued function with domain D in R* such that the partial derivatives 3z and B exist and are
x Y
continuous in D. Let (a,b) be a point in D, and let v = (v1,v;) be a unit vector in R2. Then
D,f(a,b) = Ul%(% b) + vgg—;j(a, b) (2.4.3)
. . of . . . of
Proof: Note that if v =i = (1,0) then the above formula reduces to D, f(a,b) = a—(a, b), which we know is true since D, f = B S
X xr
we noted earlier. Similarly, for v =j = (0, 1) the formula reduces to D, f(a,b) = ?(a, b), which is true since D;f = % So since
Y Y

i=(1,0) and j = (0,1) are the only unit vectors in R? with a zero component, then we need only show the formula holds for unit
vectors v = (v1,v2) with v1 # 0 and vy # 0. So fix such a vector v and fix a number h # 0.

Then
fla+ hvy, b+ hvg) — f(a,b) = f(a+ hvy, b+ hvs) — f(a + hvy, b) + f(a + hvi, b) — f(a,b) (2.4.4)

Since h # 0 and vy # 0, then hvy # 0 and thus any number ¢ between b and b + hvs can be written as ¢ = b + ahv, for some number
0 < a < 1. So since the function f(a + hvy,y) is a realvalued function of y (since a + hv; is a fixed number), then the Mean Value
Theorem from single-variable calculus can be applied to the function g(y) = f(a + hv1,y) on the interval [b, b + hvs] (or [b + hvs, b]
if one of h or vy is negative) to find a number 0 < a < 1 such that
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of g(b+ hvy) —g(b)  f(a+ hvy, b+ hvs) — f(a + hvy, b)
—_— hvi, b h =q'(b h = =
gy (@ T v b+ ahvy) = g'(b+ ahvs) b+ hus — b hos

and so

fla+ hvy,b+ hvs) — f(a + hvy,b) = h/l)g%(a-l— hvy, b+ ahvs).
Y

By a similar argument, there exists a number 0 < 8 < 1 such that

fla+ hvy,b) — f(a,b) = hvlg(a—i—ﬂhvl,b).

Thus, by Equation 2.4.4, we have

of of
Fat honb 4 hoy) — fla,b) hvga—y(a—l—hvl,b—i-ahvz) +hv1$(a+ﬂhv1,b)

4.
- - (2.4.5)
] 0
= vga—;j(a + hvy, b+ ahvy) + vla—:];(a + Bhvy, b)
so by Equation 2.4.2 we have
hvi, b+ hvg) — b
D, f(a,b) = lim fla+ hvy, b+ hvy) — f(a,b) (2.4.6)
h—0 h
. 0 0
= }Llir(l) vga—gjj(a + hvy, b+ ahve) + ”18_52(“ + Bhvy, b)
= vgg—i(a, b) + 01%(11, b) by the continuity of % and Ea)_gjj’ S0
0 0
D fla,b) = o5 (@) + vag(a.)
after reversing the order of summation. (QED)
of of .
Note that D, f(a,b) = v - (S—(a, b), S_(a’ b)). The second vector has a special name:
T Y
Definition 2.6
For a real-valued function f(z,y), the gradient of f, denoted by V£, is the vector
of of
=|=,= 2.4.
vi= (55 5) (247)
in R2. For a real-valued function f(z,y, 2), the gradient is the vector
of of af)
= (=L =& =4 2.4.
v/ (8w’8y78z (248)
in R3. The symbol V is pronounced “del”.
D,f=v-Vf
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Example 2.15

Find the directional derivative of f(z,y) = zy? + 23y at the point (1,2) in the direction of v = (

2%)

3P

Solution

We see that Vf = (y? + 322y, 2zy + x°), so

Duf(1,2) = v Vf(1,2) = (% %) (2 +3(12(2),20)(2) +19) =

15
V2

. - - 0 0 . - . .
A real-valued function z = f(x,y) whose partial derivatives E)_f and a—f exist and are continuous is called continuously
z Y
differentiable. Assume that f(z,y) is such a function and that V f # 0. Let ¢ be a real number in the range of f and let v be a unit

vector in R? which is tangent to the level curve f(z,y) = c (see Figure 2.4.1).

—

Y v vf

flx,y)=c

o)

Figure 2.4.1

The value of f(z,y) is constant along a level curve, so since v is a tangent vector to this curve, then the rate of change of f in the
direction of v is §, i.e. D, f = 0. But we know that D,f = v - Vf = |v| |V f| cos 8, where 8 is the angle between v and V f. So since
[v| =1 then D,f = |V f|cos6. So since Vf # 0 then D,f =0 = cos§ = 0= 0 =90°. In other words, Vf L v, which means that V f
is normal to the level curve.

In general, for any unit vector v in R?, we still have D, f = |V f| cos §, where 8 is the angle between v and V£. At a fixed point (z,y)
the length |V f| is fixed, and the value of D, f then varies as 6 varies. The largest value that D, f can take is when cosf = 1(6 = 0°)
, while the smallest value occurs when cos§ = —1(0 = 180°). In other words, the value of the function f increases the fastest in the
direction of Vf (since # = 0° in that case), and the value of f decreases the fastest in the direction of —V f (since § = 180° in that
case). We have thus proved the following theorem:

Theorem 2.4

Let f(z,y) be a continuously differentiable real-valued function, with V f # 0. Then:

a. The gradient Vf is normal to any level curve f(z,y) = c.
b. The value of f(z,y) increases the fastest in the direction of V.
c. The value of f(z,y) decreases the fastest in the direction of —V f.
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Example 2.16

In which direction does the function f(z,y) = 2y + 2%y increase the fastest from the point (1,2)? In which direction does it
decrease the fastest?

Solution

3 . - s 2 1
Since Vf = (y? + 322y, 2zy + 2%), then V£(1,2) = (10,5) # 0. A unit vector in that direction 15v=v—f —, ——|. Thus,
Y Y, 4Ty

1 IV £l 2_ \1/57 5
f increases the fastest in the direction of (—, —) and decreases the fastest in the direction of (_—, _—)
V5 V5 V5 V5

Though we proved Theorem 2.4 for functions of two variables, a similar argument can be used to show that it also applies to
functions of three or more variables. Likewise, the directional derivative in the three-dimensional case can also be defined by the
formula D,f=v-V/{.

Example 2.17

The temperature T of a solid is given by the function T(z, v, z) = e"z + e~ % + %, where z,y, z are space coordinates relative
to the center of the solid. In which direction from the point (1,1,1) will the temperature decrease the fastest?

Solution

Since Vf = (—e®,—2e %, 4e%), then the temperature will decrease the fastest in the direction of —Vf(1,1,1)
= (e71,2e72, —4e?).

This page titled 2.4: Directional Derivatives and the Gradient is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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2.5: Maxima and Minima

The gradient can be used to find extreme points of real-valued functions of several variables, that is, points where the function
has a local maximum or local minimum. We will consider only functions of two variables; functions of three or more variables
require methods using linear algebra.

Definition 2.7

Let f(z,y) be a real-valued function, and let (a,b) be a point in the domain of f. We say that f has a local maximum at (a, b)
if f(z,y) < f(a,b) for all (z,y) inside some disk of positive radius centered at (a, b), i.e. there is some sufficiently small » > 0
such that f(z,y) < f(a,b) for all (z,y) for which (z —a)? + (y — b)? < 72

Likewise, we say that f has a local minimum at (a,b) if f(x,y) > f(a,b) for all (z,y) inside some disk of positive radius
centered at (a, b).

If f(z,y) < f(a,b) for all (z,y) in the domain of f, then f has a global maximum at (a,b). If f(z,y)
> f(a,b) for all (z,y) in the domain of f, then f has a global minimum at (a,b).

Suppose that (a, b) is a local maximum point for f(z,y), and that the first-order partial derivatives of f exist at (a, b). We know that
f(a,b) is the largest value of f(z,y) as (z,y) goes in all directions from the point (a, b), in some sufficiently small disk centered at
(a,b). In particular, f(a,b) is the largest value of f in the z direction (around the point (a,b)), that is, the single-variable function

g(z) = f(z,b) has a local maximum at = = a. So we know that g '(a) = 0. Since g'(z) = ﬂ(w, b), then ?(a, b) = 0. Similarly, f(a,b)
T

ox
. . . 0 .
is the largest value of f near (a,b) in the y direction and so 8_f(a’ b) = 0. We thus have the following theorem:
Yy

of

Let f(z,y) be a real-valued function such that both a—(a, b) and ?(a, b) exist. Then a necessary condition for f(z,y) to have
T Y

a local maximum or minimum at (a, b) is that V f(a,b) = 0.

Note: Theorem 2.5 can be extended to apply to functions of three or more variables.

A point (a,b) where V f(a,b) = 0 is called a critical point for the function f(z,y). So given a function f(z,y), to find the critical

. . 0 0 . . . .
points of f you have to solve the equations 8—f(x, y) =0 and B—(x, y) = 0 simultaneously for (z,y). Similar to the single-variable
z Yy

case, the necessary condition that V f(a,b) = 0 is not always sufficient to guarantee that a critical point is a local maximum or
minimum.

Example 2.18

. " . 0
The function f(z,y) = zy has a critical point at (0,0): f

% =y=0=y=0,and a—y:x:O:mc:O,so (0,0) is the only critical
point. But clearly f does not have a local maximum or minimum at (0,0) since any disk around (0,0) contains points (z,y)
where the values of z and y have the same sign (so that f(z,y) = zy > 0 = f(0,0)) and different signs (so that f(z,y) = zy <0
= f(0,0)). In fact, along the path y = x in R?, f(z,y) = x2, which has a local minimum at (0, 0), while along the path y = —z we
have f(z,y) = —z2 which has a local maximum at (0, 0). So (0,0) is an example of a saddle point, i.e. it is a local maximum
in one direction and a local minimum in another direction. The graph of f(x,y) is shown in Figure 2.5.1, which is a hyperbolic

paraboloid.
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Figure 2.5.1 f(z,y) = zy, saddle point at (8,9)

The following theorem gives sufficient conditions for a critical point to be a local maximum or minimum of a smooth function (i.e.
a function whose partial derivatives of all orders exist and are continuous), which we will not prove here.

Theorem 2.6

Let f(x,y) be a smooth real-valued function, with a critical point at (a, b) (i.e. V f(a,b) = 0). Define

o 32f d2f ?
D= W(a’b)a_y?(a’b) = (m(a’b))

Then

2

a. if D> 0 and %(a, b) > 0, then f has a local minimum at (a, b)
xz
2

b. if D> 0 and %(a, b) < 0, then f has a local maximum at (a, b)
T

c. if D <0, then f has neither a local minimum nor a local maximum at (a, b)
d. if D =0, then the test fails

If condition (c) holds, then (a, b) is a saddle point. Note that the assumption that f(xz,y) is smooth means that

o2 f o2 f
Frel L) By07 (a,b)

D= (2.5.1)
a2f a2f

azay (aa b) a_yg(avb)

2 2 2 2 2 2 2 2
since _aayafx — ailgy Also, if D > 0 then —gw]; (a,b) —gyf (a,b) =D + (azafx (a, b))2 > 0, and s;a —gw2 (a,b) and —Zy]; (a,b) have the
same sign. This means that in parts (a) and (b) of the theorem one can replace %(a, b) by %(a, b) if desired.
z Y

Example 2.19

Find all local maxima and minima of f(z,y) = z? 4+ zy + 3 — 3x.
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Solution

First find the critical points, i.e. where V f = 0. Since

ﬂ=2x+y—3andﬂ=x+2y
oz oy

then the critical points (z,y) are the common solutions of the equations

2z +y—3=0 (2.5.2)
z+2y=20

which has the unique solution (z,y) = (2,—1). So (2,-1) is the only critical point.

To use Theorem 2.6, we need the second-order partial derivatives:

2 _, ¥, PF

9z2 77 9y2 7 dydz
and so

2 f 02 f % f ’ 2
29 Nl 1) — = —12=
D-pte-n3de-0- (L) —@@-17=3>0
o%f . ..

and W(Q’ —1) = 2> 0. Thus, (2,-1) is a local minimum.

Example 2.20

Find all local maxima and minima of f(z,y) = zy — z3 — 4>
Solution

First find the critical points, i.e. where V f = 0. Since

of _ 2 of
axiy 3z° and ayim 2y

then the critical points (z,y) are the common solutions of the equations
y—3z2=0 (2.5.3)

z—2y=0

The first equation yields y = 3x2, substituting that into the second equation yields x — 622 = 0, which has the solutions z

1 1 1\? 1 L .
=0andz=—-.Sozxz=0=y=3(0)=0and z = ® =y=3 (—) = —. So the critical points are (z,y) = (0,0) and (z,y)

6 12.
ﬁ7 12 ’

To use Theorem 2.6, we need the second-order partial derivatives:

°f 0°f o
i T T
So
. 82f 82f a2f 2 B )
D= W(O’O)a—y?(o’o) — (ayax (0,0)) = (—6(0))(—2) —12=—1<0
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and thus (0, 0) is a saddle point. Also,

0~ B () B () - (B (53)) ~cad)ia-rmamo

%f /1 1 1. .
and —f (— —) = —1< 0. Thus, (— —) is a local maximum.
X

6’ 12
Example 2.21

Find all local maxima and minima of f(z,y) = (z — 2)* + (z — 2y)%.

First find the critical points, i.e. where V f = 0. Since

% = 4(z —2)* + 2(z — 2y) and 2—; =—4z-2)

then the critical points (z,y) are the common solutions of the equations

4z —2)3+2z—2y) =0 (2.5.4)
—4(z—2y) =0

The second equation yields x = 2y, substituting that into the first equation yields 4(2y — 2)? = 0, which has the solution y = 1
,and so z = 2(1) = 2. Thus, (2, 1) is the only critical point.

To use Theorem 2.6, we need the second-order partial derivatives:

0°f 2
— =12(z—2 2
522 (x—2)*+2,

92f 92f

A T

So

D= atenglen- (oL en) - - 420

and so the test fails. What can be done in this situation? Sometimes it is possible to examine the function to see directly the
nature of a critical point. In our case, we see that f(z,y) > 0 for all (z, y), since f(z,y) is the sum of fourth and second powers
of numbers and hence must be nonnegative. But we also see that f(2,1) = 0. Thus f(z,y) > 0= f(2,1) for all (z,y), and hence
(2,1) is in fact a global minimum for f.

Example 2.22

Find all local maxima and minima of f(z,y) = (2% + y2)e~ @+,
Solution

First find the critical points, i.e. where V f = 0. Since

of _ 22(1 — (22 + y?))e "+ (2.5.5)
or

af 2 2 7( 2+ 2)

—~ =2y(1 — ZaY

3y y(1—(z" +y’)e

then the critical points are (0,0) and all points (z, y) on the unit circle 2% + % = 1.

To use Theorem 2.6, we need the second-order partial derivatives:
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o
Ox?
of
O0y?
% f
0yox
o°f

——5(0,0) =2> 0, so (0,0) is a local minimum. However, for points (z,y) on the unit circle z?
.’l?

=21 — (2 4+ y?) — 222 — 22%(1 — (2 + ¢?))]e &+ (2.5.6)
=20l — (a* +9°) — 2" — 2°(1 — (&* +3))Je &)

= —tayl2 — (2% + e

At (0,0), we have D=4 >0 and —

+ 12 =1, we have
D = (—4z?e ) (—4y’e™!) — (—dzye )2 =0

and so the test fails. If we look at the graph of f(z,y), as shown in Figure 2.5.2, it looks like we might have a local maximum
for (x,y) on the unit circle 22 + y? = 1. If we switch to using polar coordinates (r, §) instead of (z,y) in R2, where r? = 22 + 42
, then we see that we can write f(z,y) as a function g(r) of the variable r alone: g(r) = r2e"". Then g '(r) = 2r(1 — r%)e ", so
it has a critical point at r = 1, and we can check that g’ ’(1) = —4e~! < 0, so the Second Derivative Test from single-variable
calculus says that r = 1 is a local maximum. But r = 1 corresponds to the unit circle z2 4 y? = 1. Thus, the points (x,y) on the
unit circle 2% + y? = 1 are local maximum points for f.

04 r
0.36 ¢
03 - 5
0.256 r .
“‘d\\- .
z 02| ‘1;‘\\}1'& =
0.15 ‘,;{\\v = 3
0.1 W "\‘5“"‘2\%‘53&' -2
0_3 -’

Figure 2.5.2 f(z,y) = (z? + y?)e (")

This page titled 2.5: Maxima and Minima is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via
source content that was edited to the style and standards of the LibreTexts platform.
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2.6: Unconstrained Optimization- Numerical Methods

The types of problems that we solved in the previous section were examples of unconstrained optimization problems. That is,
we tried to find local (and perhaps even global) maximum and minimum points of real-valued functions f(z,y), where the points
(z,y) could be any points in the domain of f. The method we used required us to find the critical points of f, which meant having
to solve the equation V f = 0, which in general is a system of two equations in two unknowns (z and y). While this was relatively
simple for the examples we did, in general this will not be the case. If the equations involve polynomials in z and y of degree
three or higher, or complicated expressions involving trigonometric, exponential, or logarithmic functions, then solving even one
such equation, let alone two, could be impossible by elementary means.

For example, if one of the equations that had to be solved was
2 4+92—-2=0,

you may have a hard time getting the exact solutions. Trial and error would not help much, especially since the only real solution
turns out to be

\3/\/%4-1—\3/\/%—1.

In a situation such as this, the only choice may be to find a solution using some numerical method which gives a sequence of
numbers which converge to the actual solution. For example, Newton's method for solving equations f(z) = 0, which you probably
learned in single-variable calculus. In this section we will describe another method of Newton for finding critical points of real-
valued functions of two variables.

Let f(z,y) be a smooth real-valued function, and define

02 02 02 2

Newton’s algorithm: Pick an initial point (zy, yo). For n = ,1,2,3,..., define:

o°f 9°f 0 f o f
a_yg(xmyn) m(mmyn) W(xmyn) m(mmyn)
of of of of
. . dy (Z'm yn) 9z (xm yn) B B Az (mm yn) Ay (xm yn) (2 6 1)
n+l — 4n D(:C,,,,yn) ) Yn+1 = Yn D(a?n,yn) -0.

Then the sequence of points (z,,y,)>, converges to a critical point. If there are several critical points, then you will have to try
different initial points to find them.

flz,y) =2 —ay—z+ay’ —yifor —1<r<0and 0<y<1

The derivation of Newton'’s algorithm, and the proof that it converges (given a “reasonable” choice for the initial point) requires
techniques beyond the scope of this text. See RALSTON and RABINOWITZ for more detail and for discussion of other numerical
methods. Our description of Newton’s algorithm is the special two-variable case of a more general algorithm that can be applied
to functions of n > 2 variables.

In the case of functions which have a global maximum or minimum, Newton’s algorithm can be used to find those points.
In general, global maxima and minima tend to be more interesting than local versions, at least in practical applications. A
maximization problem can always be turned into a minimization problem (why?), so a large number of methods have been
developed to find the global minimum of functions of any number of variables. This field of study is called nonlinear programming.
Many of these methods are based on the steepest descent technique, which is based on an idea that we discussed in Section 2.4.
Recall that the negative gradient —V f gives the direction of the fastest rate of decrease of a function f. The crux of the steepest
descent idea, then, is that starting from some initial point, you move a certain amount in the direction of —V f at that point.
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Wherever that takes you becomes your new point, and you then just keep repeating that procedure until eventually (hopefully) you
reach the point where f has its smallest value. There is a “pure” steepest descent method, and a multitude of variations on it that
improve the rate of convergence, ease of calculation, etc. In fact, Newton’s algorithm can be interpreted as a modified steepest
descent method. For more discussion of this, and of nonlinear programming in general, see BAZARAA, SHERALI and SHETTY.

This page titled 2.6: Unconstrained Optimization- Numerical Methods is shared under a GNU FDL license and was authored, remixed, and/or
curated by Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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2.7: Constrained Optimization - Lagrange Multipliers

In Sections 2.5 and 2.6 we were concerned with finding maxima and minima of functions without any constraints on the variables
(other than being in the domain of the function). What would we do if there were constraints on the variables? The following
example illustrates a simple case of this type of problem.

Example 2.24

For a rectangle whose perimeter is 20 m, find the dimensions that will maximize the area.
Solution

The area A of a rectangle with width = and height y is A = zy. The perimeter P of the rectangle is then given by the formula
P = 2z + 2y. Since we are given that the perimeter P = 20, this problem can be stated as:

Maximize : f(z,y) = zy (2.7.1)
given : 2z + 2y = 20

The reader is probably familiar with a simple method, using single-variable calculus, for solving this problem. Since we must
have 2z + 2y = 20, then we can solve for, say, y in terms of z using that equation. This gives y = 10 — z, which we then
substitute into f to get f(z,y) = xy = £(10 — z) = 10z — x2. This is now a function of z alone, so we now just have to maximize
the function f(z) = 10z — z2 on the interval [0,10]. Since f’(z) =10 — 2z =0= 2 =5 and f’’(5) = —2 < 0, then the Second
Derivative Test tells us that x = 5 is a local maximum for f, and hence z = 5 must be the global maximum on the interval
[0,18] (since f = 0 at the endpoints of the interval). So since y = 10 — z = 5, then the maximum area occurs for a rectangle
whose width and height both are 5 m.

Notice in the above example that the ease of the solution depended on being able to solve for one variable in terms of the other
in the equation 2z + 2y = 20. But what if that were not possible (which is often the case)? In this section we will use a general
method, called the Lagrange multiplier method, for solving constrained optimization problems:

Maximize (or minimize) : f(z,y) (or f(z,y,2)) (2.7.2)

given : g(z,y) =c¢ (or g(z,y,2) = ¢) for some constant c

The equation g(z,y) = c is called the constraint equation, and we say that = and y are constrained by g(z,y) = c. Points (z,y) which
are maxima or minima of f(x,y) with the condition that they satisfy the constraint equation g(z,y) = ¢ are called constrained
maximum or constrained minimum points, respectively. Similar definitions hold for functions of three variables.

The Lagrange multiplier method for solving such problems can now be stated:

Theorem 2.7: The Lagrange Multiplier Method

Let f(z,y) and g(z,y) be smooth functions, and suppose that ¢ is a scalar constant such that Vg(z,y) # 0 for all (z,y) that
satisfy the equation g(z, y) = ¢. Then to solve the constrained optimization problem

Maximize (or minimize) : f(z,y) (2.7.3)

given : g(z,y) = c,

find the points (z,y) that solve the equation V f(z,y) = AVg(z,y) for some constant X (the number X is called the Lagrange
multiplier). If there is a constrained maximum or minimum, then it must be such a point.

A rigorous proof of the above theorem requires use of the Implicit Function Theorem, which is beyond the scope of this text. Note
that the theorem only gives a necessary condition for a point to be a constrained maximum or minimum. Whether a point (z,y)
that satisfies V f(z,y) = AVg(z,y) for some X actually is a constrained maximum or minimum can sometimes be determined by
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the nature of the problem itself. For instance, in Example 2.24 it was clear that there had to be a global maximum.

So how can you tell when a point that satisfies the condition in Theorem 2.7 really is a constrained maximum or minimum? The
answer is that it depends on the constraint function g(z,y), together with any implicit constraints. It can be shown that if the
constraint equation g(z,y) = c (plus any hidden constraints) describes a bounded set B in R?, then the constrained maximum or
minimum of f(z,y) will occur either at a point (z,y) satisfying V f(z,y) = AVg(z,y) or at a “boundary” point of the set B.

In Example 2.24 the constraint equation 2z + 2y = 20 describes a line in R?, which by itself is not bounded. However, there are
“hidden” constraints, due to the nature of the problem, namely 0 < z,y < 10, which cause that line to be restricted to a line
segment in R? (including the endpoints of that line segment), which is bounded.

Example 2.25

For a rectangle whose perimeter is 20 m, use the Lagrange multiplier method to find the dimensions that will maximize the
area.

Solution

As we saw in Example 2.24, with = and y representing the width and height, respectively, of the rectangle, this problem can
be stated as:

Maximize : f(z,y) = zy (2.7.4)
given : g(z,y) = 2z + 2y = 20

Then solving the equation V f(z,y) = AVg(z,y) for some XA means solving the equations % = Ag—g and % = )\%, namely:
x X Yy Yy

=2), (2.7.5)
=2\

The general idea is to solve for X in both equations, then set those expressions equal (since they both equal \) to solve for
z and y. Doing this we get

Yy T
Z=)A=—=—==
B 2 =Y,

so now substitute either of the expressions for z or y into the constraint equation to solve for z and y:
20=g(z,y) =2z+2y=2zx+2x =4 = z=5 = y=5

There must be a maximum area, since the minimum area is ® and f(5,5) = 25 > 0, so the point (5,5) that we found (called a
constrained critical point) must be the constrained maximum.

~ The maximum area occurs for a rectangle whose width and height both are 5 m.

Example 2.26

Find the points on the circle 22 + y* = 80 which are closest to and farthest from the point (1, 2).

Solution

The distance d from any point (z,y) to the point (1,2) is

d= /@12 + -2,

and minimizing the distance is equivalent to minimizing the square of the distance. Thus the problem can be stated as:
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Maximize (and minimize) : f(z,y) = (z — 1)2 + (y — 2)* (2.7.6)
given : g(z,y) = 2° +¢* = 80
Solving V f(z,y) = AVg(z,y) means solving the following equations:
2(z — 1) = 2\, (2.7.7)
2(y—2) =2xy

Note that = # 0 since otherwise we would get —2 = 0 in the first equation. Similarly, y # 0. So we can solve both equations for
A as follows:

Szy—y=xy—2r = yYy=21

Substituting this into g(z,y) = 2% +y* =80 vyields 522 =80, so z = +4. So the two constrained critical points are
(4,8) and (—4,—8). Since f(4,8) = 45 and f(—4,—8) = 125, and since there must be points on the circle closest to and farthest
from (1, 2), then it must be the case that (4, 8) is the point on the circle closest to (1,2) and (—4, —8) is the farthest from (1, 2)
(see Figure 2.7.1).

(-4,-8

Figure 2.7.1

Notice that since the constraint equation z? + 3?> = 80 describes a circle, which is a bounded set in R2, then we were
guaranteed that the constrained critical points we found were indeed the constrained maximum and minimum.

The Lagrange multiplier method can be extended to functions of three variables.

Example 2.27

Maximize (and minimize) : f(z,y,2) =z + 2 (2.7.8)

given : g(z,y,2) =2 + 1>+ 22 =1
Solution

Solve the equation V f(z,y, z) = AVyg(z,y, 2):

1=2\z (2.7.9)
0=2\y (2.7.10)
1=2\z
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The first equation implies A # 0 (otherwise we would have 1 = ®), so we can divide by )\ in the second equation to get

y = 0 and we can divide by X in the first and third equations to get z = = 2. Substituting these expressions into the

1
2 1 1 1 1
constraint equation g(z, y, z) = 2% + 2 + 22 = 1 yields the constrained critical points (—, 0, —) and (_—, 0, —

V2 V2 V2 V2

1 1 —1 —1
f (—7 0, —) > f (— 0 —), and since the constraint equation z2 + 3> + 22 = 1 describes a sphere (which is bounded)
V2 V2 V2 V2 X

in R3, then is the constrained maximum point and (;

—1
505_
V2o V2

). Since

) is the constrained minimum point.

1,1
V2 V2

So far we have not attached any significance to the value of the Lagrange multiplier A. We needed X only to find the constrained
critical points, but made no use of its value. It turns out that A gives an approximation of the change in the value of the function
f(z,y) that we wish to maximize or minimize, when the constant c in the constraint equation g(x,y) = ¢ is changed by 1.

For example, in Example 2.25 we showed that the constrained optimization problem

Maximize : f(z,y) = zy (2.7.11)
given : g(z,y) = 2z + 2y = 20

had the solution (z,y) = (5,5), and that A = % = % Thus, A =2.5. In a similar fashion we could show that the constrained

optimization problem

Maximize : f(z,y) = zy (2.7.12)
given : g(z,y) = 2z + 2y = 21
has the solution (z,y) = (5.25,5.25). So we see that the value of f(z,y) at the constrained maximum increased from f(5,5)

= 25 to f(5.25,5.25) = 27.5625, i.e. it increased by 2.5625 when we increased the value of ¢ in the constraint equation g(z,y)
= ¢ from ¢ = 20 to ¢ = 21. Notice that A = 2.5 is close to 2.5625, that is,

A~ Vf = f(new max. pt) — f(old max. pt)

Finally, note that solving the equation V f(z,y) = AVg(z,y) means having to solve a system of two (possibly nonlinear) equations
in three unknowns, which as we have seen before, may not be possible to do. And the 3-variable case can get even more
complicated. All of this somewhat restricts the usefulness of Lagrange’s method to relatively simple functions. Luckily there are
many numerical methods for solving constrained optimization problems, though we will not discuss them here.

This page titled 2.7: Constrained Optimization - Lagrange Multipliers is shared under a GNU FDL license and was authored, remixed, and/or
curated by Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.

GNU Free Documentation License 91 (2.7.4)


https://math.libretexts.org/Bookshelves/Calculus/Vector_Calculus_(Corral)/02%3A_Functions_of_Several_Variables/2.07%3A_Constrained_Optimization_-_Lagrange_Multipliers
https://www.gnu.org/licenses/fdl-1.3.en.html
http://www.mecmath.net/
http://www.mecmath.net/

LibreTexts"

2.E: Functions of Several Variables (Exercises)

2.1: Functions of Two or Three Variables

A
211 f(z,y) =22 +y* -1
2.1.2. f(.’lf7 y) = zz;erz

21.3. f(z,y) = /22 +y?—4

21.4. f(z,y) = 12;1

2.1.5. f(z,y, z) = sin(zyz)
2.1.6. f(z,y,2) =+/(x—1)(yz— 1)
For Exercises 7-18, evaluate the given limit.

217. lim cos(z
(z.y)—(0,0) (2y)

21.8. lim e™
(z,9)—(0,0)

2202
21.9. lim I

(@.0)—(0,0) T*FV°

2110, i oy’
()o(00) PV

2411 lim 2w
(z,y)—(1,—-1) z—y

2112, lim -

(2y)—(0,0) T+’

2113, lim 22
(@y)—~(11) “Y

2114, lim ZZwiy
(zy)—(00) Y

2145, i y'sin(zy)
wa)ol00) TH

21.16. lim (22 +y?)cos(L
<nm4wmm( v) (Iy>

2117. lim 2
(z.9)—(0,0) ¥

21.18. lim cos (L)
(@y)—=(0,0) i

2.1.19. Show that f(z,y) = =Lye @ +¥)/27° for o > 0, is constant on the circle of radius r > 0 centered at the origin. This function

2nmo?

is called a Gaussian blur, and is used as a filter in image processing software to produce a “blurred” effect.
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2.1.20. Suppose that f(z,y) < f(y,z) for all (x,y) in R% Show that f(z,y) = f(y,z) for all (z,y) in R2.

2.1.21. Use the substitution r = y/z2 + y2 to show that

y sin \/z2 + 32
im ————— =
(x,9)—(0,0) \/ 1’2 + y2

(Hint: You will need to use L’Hépital’s Rule for single-variable limits.)

1. (2.E.1)

C

2.1.22. Prove Theorem 2.1(a) in the case of addition. (Hint: Use Definition 2.1.)

2.1.23. Prove Theorem 2.1(b).
2.2: Partial Derivatives

A

For Exercises 1-16, find % and g—i.
221, f(z,y) = 2 + ¢?

2.2.2. f(z,y) = cos(z + y)

2.23. f(z,y) = V22 +y+4

2.24. f(z,y) = <

y+1

2.2.5. f(z,y) =™ +xy

2.2.6. f(z,y) = 22 — y? + 6zy + 4z — 8y + 2
2.27. f(z,y) = z*

2.2.8. f(z,y) =z +2y

2.29. f(z,y) = V22 + 42

2.2.10. f(x,y) = sin(z + y)

2211, f(x,y) = V22 +y+4

2.212. f(z,y) = 2t

z+y

2.213. f(z,y) = e @)

2.2.14. f(z,y) = ln(zy)

2.2.15. f(z,y) = sin(zy)

2.2.16. f(z,y) = tan(z + y)

For Exercises 17-26, find 2L, 2L and 2L (use Exercises 1-8, 14, 15).

022 0y? 0y0x

2.2.17. f(z,y) = 22 + y?
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2.2.18. f(z,y) = cos(x +y)

2.219. f(z,y) = Vx:+y+4

2.2.20. f(z,y) = zﬂ

2.2.21. f(z,y) = €™ +zy

22,22, f(x,y) = 2% —y? + 6y + 4z — 8y + 2
2.2.23. f(z,y) = z*

2.2.24. f(z,y) =z + 2y

2.2.25. f(z,y) = In(zy)

2.2.26. f(z,y) = sin(zy)

B

2.2.27. Show that the function f(x,y) = sin(z + y) + cos(z — y) satisfies the wave equation
a2f  df
— — —=0. 2.E.2
0x2  Oy? ( )

The wave equation is an example of a partial differential equation.

2.2.28 Let u and v be twice-differentiable functions of a single variable, and let ¢ # 0 be a constant. Show that f(z,y) = u(z + cy)
+ v(z — cy) is a solution of the general one-dimensional wave equation

2 2
U 1 _

— 4 _ 2.E.3
0x2 2 0y? ( )

2.3: Tangent Plane to a Surface

A

For Exercises 1-6, find the equation of the tangent plane to the surface z = f(z,y) at the point P.
234, f(z,y) =22 +9°, P=(1,1,2)

2.3.2. f(z,y) =zy, P=(1,—-1,-1)

2.3.3. f(z,y) = 2%y, P=(-1,1,1)

2.34. f(z,y) =ze¥, P=(1,0,1)

2.35. f(z,y) =z +2y, P=(2,1,4)

2.3.6. f(z,y) = V22 + 3%, P=(3,4,5)

For Exercises 7-10, find the equation of the tangent plane to the given surface at the point P.
237. 5 + % + 5 =1, P=(1,2,241)

238. 22 +y*+22=9, P=(0,0,3)

239. 22+ —22=0, P=(3,4,5)
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23.10. 22 +y> =4, P=(/3,1,0)
2.4: Directional Derivatives and the Gradient

A

For Exercises 1-10, compute the gradient V.
241 f(z,y) =22+ -1

2.4.2. f(x,y) = aﬂ;ﬂf

2.4.3. f(z,y) = V22 + 2 + 4
2.4.4. f(x,y) = eV

2.4.5. f(z,y) = In(zy)

2.4.6. f(z,y) = 2z + by
2.4.7. f(z,y,2) = sin(zyz)
2.4.8. f(z,y,2) = z%e¥*

2.4.9. f(z,y,2) = x> + 9% + 2*

2.4.10. f(z,y,2) = /22 + y* + 22

For Exercises 11-14, find the directional derivative of f at the point P in the direction of v = (%, %)

N

2411, f(x,y) =22 +y> -1, P=(1,1)

2.4.12. f(z,y) = P=(1,1)

1
2.4.13. f(z,y) =22 +y*+4, P=(1,1)
2.4.14. f(z,y) = z%¥, P=(1,1)

For Exercises 15-16, find the directional derivative of f at the point P in the direction of v = (L

Sk

2.4.15. f(z,y,z) = sin(zyz), P=(1,1,1)
2.4.16. f(r,y,2) = z%e¥*, P=(1,1,1)
2.4.17. Repeat Example 2.16 at the point (2, 3).

2.4.18. Repeat Example 2.17 at the point (3, 1, 2).

For Exercises 19-26, let f(z,y) and g(z,y) be continuously differentiable real-valued functions, let ¢ be a constant, and let v be a
unit vector in R2. Show that:

2.4.19. V(cf) = cVf

2.4.20.V(f+9) =Vf+Vy
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2.4.21.V(fg) = fVg+gVf

2.4.22. V(f/g) = LI if g(a,y) # 0

24.23.D_,f=—-D,f

2.4.24. D,(cf) = cD,f

2.4.25. D,(f +g) = Dof + Dyg

2.4.26. D,(fg) = fD,g+ gD, f

2.4.27. The function r(z,y) = /22 4 4? is the length of the position vector r = zi + yj for each point (z,y) in R2. Show that Vr
= 1rwhen (z,y) # (0,0), and that V(r?) = 2r.

2.5: Maxima and Minima

A

For Exercises 1-10, find all local maxima and minima of the function f(z,y).
2.5.1. f(z,y) = ©3 — 3z + y?

25.2. f(z,y) = 2® — 12z + 3> + 8y

25.3. f(z,y) = 2> — 3z +4° — 3y

2.5.4. f(z,y) = 23 + 322 + 9% — 3y°

2.5.5. f(r,y) = 22° + 6zy + 3y°

2.5.6. f(z,y) = 22° — 6zy + 3>

2.5.7. f(z,y) = /22 + 2

2.5.8. f(r,y) == + 2y

2.5.9. f(z,y) = 42> — 4zy + 23> + 10z — 6y

2,5.10. f(z,y) = 42 + dzy — 29> + 162 — 12y

2.5.11. For a rectangular solid of volume 1000 cubic meters, find the dimensions that will minimize the surface area. (Hint: Use
the volume condition to write the surface area as a function of just two variables.)

2.5.12. Prove that if (a,b) is a local maximum or local minimum point for a smooth function f(z,y), then the tangent plane to the
surface z = f(z,y) at the point (a, b, f(a,b)) is parallel to the zy-plane. (Hint: Use Theorem 2.5.)

Cc

2.5.13. Find three positive numbers z, 1, z whose sum is 10 such that z%y%z is a maximum.
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2.6: Unconstrained Optimization: Numerical Methods

C

2.6.1. Recall Example 2.21 from the previous section, where we showed that the point (2,1) was a global minimum for the function
f(z,y) = (z — 2)* + (z — 2y)% Notice that our computer program can be modified fairly easily to use this function (just change the
return values in the fx, fy, fxx, fyy and fxy function definitions to use the appropriate partial derivative). Either modify that program
or write one of your own in a programming language of your choice to show that Newton'’s algorithm does lead to the point (2,1)
. First use the initial point (0, 3), then use the initial point (3,2), and compare the results. Make sure that your program attempts
to do 100 iterations of the algorithm. Did anything strange happen when your program ran? If so, how do you explain it? (Hint:
Something strange should happen.)

2.6.2. There is a version of Newton's algorithm for solving a system of two equations

filz,y) =0 and  fa(z,y) =0, (2.E.4)
where fi(z,y) and fa2(x,y) are smooth real-valued functions:
Pick an initial point (zg,yo). For n =0,1,2,3, ..., define:

fl(xn,yn) f2(mmyn)
ofr 9 fo

fl(xnvyn) fZ(zn:yn)

o a_y(wmyn) a_y(ﬂfmyn) - %(wn,yn) %(zn,yn) where (2.E.5)
n+l = Tn D(x",y,,,) y  Yn+l = YUn D(xn,yn) s .
01 0f> 0f1 0fs
D mYn) = F ETnyYn) 5 \LnyYn) — = TnyYn) 5 \LnyYn)- 2.E.6
(@0, yn) = 5 (Fns Yn) 55 (@ Yn) = 5= (@ Yn) 525 (s ) (2E6)

Then the sequence of points (z,,y,)%°, converges to a solution. Write a computer program that uses this algorithm to find

n=1

approximate solutions to the system of equations
fi(z,y) =sin(zy) —z—y=0 and fo(z,y) = * — 2z + 3y = 0. (2.E.7)

Show that you get two different solutions when using (0, 0) and (1,1) for the initial point (x¢, yo).
2.7: Constrained Optimization: Lagrange Multipliers

A

2.7.1. Find the constrained maxima and minima of f(z,y) = 2z + y given that z2 4 ¢? = 4.
2.7.2. Find the constrained maxima and minima of f(z,y) = zy given that x2 4 3y = 6.

2.7.3. Find the points on the circle 22 4+ y? = 100 which are closest to and farthest from the point (2, 3).

2.7.4. Find the constrained maxima and minima of f(z,y,z) = = + v + 22 given that 422 + 9y? — 3622 = 36.

2.7.5. Find the volume of the largest rectangular parallelepiped that can be inscribed in the ellipsoid

S ALY (2.E.8)
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This page titled 2.E: Functions of Several Variables (Exercises) is shared under a GNU FDL license and was authored, remixed, and/or curated
by Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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3: MULTIPLE INTEGRALS

The multiple integral is a generalization of the definite integral with one variable to functions of more than one real variable. For
definite multiple integrals, each variable can have different limits of integration.

3.1: Double Integrals

3.2: Double Integrals Over a General Region

3.3: Triple Integrals

3.4: Numerical Approximation of Multiple Integrals
3.5: Change of Variables in Multiple Integrals

3.6: Application- Center of Mass

3.7: Application- Probability and Expectation Values

3.E: Multiple Integrals (Exercises)

This page titled 3: Multiple Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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3.1: Double Integrals

In single-variable calculus, differentiation and integration are thought of as inverse operations. For instance, to integrate a
function f(z) it is necessary to find the antiderivative of f, that is, another function F'(z) whose derivative is f(x). Is there a similar
way of defining integration of real-valued functions of two or more variables? The answer is yes, as we will see shortly. Recall also
that the definite integral of a nonnegative function f(x) > 0 represented the area “under” the curve y = f(x). As we will now see,
the double integral of a nonnegative real-valued function f(z,y) > 0 represents the volume “under” the surface z = f(z,y).

Let f(z,y) be a continuous function such that f(z,y) > 0 for all (z,y) on the rectangle R = (z,y) : a <2 < b,c <y < d in R% We
will often write this as R = [a, b] X [c,d]. For any number z * in the interval [a, b], slice the surface z = f(z,y) with the plane z = z
parallel to the yz-plane. Then the trace of the surface in that plane is the curve f(z *,y), where z « is fixed and only y varies. The
area A under that curve (i.e. the area of the region between the curve and the zy-plane) as y varies over the interval [c,d] then
depends only on the value of z *. So using the variable z instead of z *, let A(z) be that area (see Figure 3.1.1).

z
i z:f(x’y)

Figure 3.1.1 The area A(z) varies with =

Then A(z) = int? f(z,y)dy since we are treating = as fixed, and only y varies. This makes sense since for a fixed z the function
f(z,y) is a continuous function of y over the interval [c, d], so we know that the area under the curve is the definite integral. The
area A(z) is a function of z, so by the “slice” or cross-section method from single-variable calculus we know that the volume V of
the solid under the surface z = f(z,y) but above the zy-plane over the rectangle R is the integral over [a, b] of that cross-sectional
area A(x):

V = int’ A(z)dz = int’, [int?f(z,y)dy] dz (3.1.1)

We will always refer to this volume as “the volume under the surface”. The above expression uses what are called iterated
integrals. First the function f(z,y) is integrated as a function of y, treating the variable = as a constant (this is called integrating
with respect to \(y\)). That is what occurs in the “inner” integral between the square brackets in Equation 3.1.1. This is the first
iterated integral. Once that integration is performed, the result is then an expression involving only z, which can then be integrated
with respect to x. That is what occurs in the “outer” integral above (the second iterated integral). The final result is then a number
(the volume). This process of going through two iterations of integrals is called double integration, and the last expression in
Equation 3.1.1 is called a double integral.

Notice that integrating f(z, y) with respect to y is the inverse operation of taking the partial derivative of f(z,y) with respect to y
. Also, we could just as easily have taken the area of cross-sections under the surface which were parallel to the zz-plane, which
would then depend only on the variable y, so that the volume V would be

V = int? [int} f(z,y)dz] dy (3.1.2)
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It turns out that in general the order of the iterated integrals does not matter. Also, we will usually discard the brackets and simply
write

V = int%int? f(z, y)dzdy (3.1.3)

where it is understood that the fact that dz is written before dy means that the function f(z,y) is first integrated with respect to
z using the “inner” limits of integration a and b, and then the resulting function is integrated with respect to y using the “outer”
limits of integration ¢ and d. This order of integration can be changed if it is more convenient.

Example 3.1

Find the volume V under the plane z = 8z + 6y over the rectangle R = [0, 1] x [0, 2].
Solution
We see that f(z,y) =8z +6y>0for 0<z<1and 0<y<2,s0:
V = int2int} (8z 4 6y)dx dy (3.1.4)
= int% (43:2 + 6my|:z) dy
= int2(4 + 6y)dy
= dy+ 3y?|]
=20 (3.1.5)
Suppose we had switched the order of integration. We can verify that we still get the same answer:
V = int}int3(8z + 6y)dy dz (3.1.6)
9 =2
= mt(lJ (Smy + 3y2‘z=0) dx
= int{ (162 + 12)dx
= 827 + 122, (3.1.7)
=20

Example 3.2

Find the volume V under the surface z = e**¥ over the rectangle R = [2,3] x [1,2].
Solution
We know that f(z,y) = e**¥ > 0 for all (z,y), so
V = int?int3e®¥dz dy (3.1.8)
= int? (e”ﬂij) dy
= int?(e!™ — e¥™?)dy
— eUts _ ey+2|’;’

=eS—el— (e —ed) = — 2t + 68

Recall that for a general function f(z), the integral int? f(x)dx represents the difference of the area below the curve y = f(z) but
above the z-axis when f(z) > 0, and the area above the curve but below the z-axis when f(z) < 0. Similarly, the double integral of
any continuous function f(z,y) represents the difference of the volume below the surface z = f(z,y) but above the zy-plane when
f(z,y) > 0, and the volume above the surface but below the zy-plane when f(z,y) < 0. Thus, our method of double integration by
means of iterated integrals can be used to evaluate the double integral of any continuous function over a rectangle, regardless of
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whether f(x,y) > 0 or not.

Example 3.3

Evaluate int2"int7sin(z + y)dz dy
Solution

Note that f(z,y) = sin(xz + y) is both positive and negative over the rectangle [0, 7] x [0, 27]. We can still evaluate the double
integral:

int§"int{sin(z + y)dz dy = int{" (—cos(z + y) |Zg) dy (3.1.9)
= intZ"(—cos(y + 7) + cos y)dy
= —sin(y+ ) + sin y|§7T = —sin 31+ sin 2w — (—sin 7 + sin0)

=0

This page titled 3.1: Double Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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3.2: Double Integrals Over a General Region

In the previous section we got an idea of what a double integral over a rectangle represents. We can now define the double
integral of a real-valued function f(z,y) over more general regions in R2.

Suppose that we have a region R in the zy-plane that is bounded on the left by the vertical line z = a, bounded on the right by the
vertical line x = b (where a < b), bounded below by a curve y = g;(x), and bounded above by a curve y = go(z), as in Figure 3.2.1(a).
We will assume that ¢;(z) and g»(x) do not intersect on the open interval (a, b) (they could intersect at the endpoints z = a and =
= b, though).

y=g,(x)

x=h,(y)
e : -
! y=g,(x) ! R
: ! x x
0 a b 0
(a) Vertical slice: _ﬂf fgf((;)) flx,v)dydx (b) Horizontal slice: fcd I ;1 12[;}')) flx,y)dxdy

Figure 3.2.1 Double integral over a nonrectangular region R

Then using the slice method from the previous section, the double integral of a real-valued function f(z,y) over the region R,
denoted by ([ f(z,y)dA, is given by
R

//f(x,y)dAzintZ inthEi;f(m,y)dy dz (3.2.1)
R

This means that we take vertical slices in the region R between the curves y = g1(z) and y = g2(z). The symbol dA is sometimes
called an area element or infinitesimal, with the A signifying area. Note that f(z,y) is first integrated with respect to y, with
functions of z as the limits of integration. This makes sense since the result of the first iterated integral will have to be a function
of = alone, which then allows us to take the second iterated integral with respect to z.

Similarly, if we have a region R in the zy-plane that is bounded on the left by a curve z = h4(y), bounded on the right by a curve
x = ha(y), bounded below by the horizontal line y = ¢, and bounded above by the horizontal line y = d (where ¢ < d), as in Figure
3.2.1(b) (assuming that h;(y) and ha(y) do not intersect on the open interval (¢, d)), then taking horizontal slices gives

/ f(z,y)dA = int? [inthggf(w,y)d:c] dy (3.2.2)
R

Notice that these definitions include the case when the region R is a rectangle. Also, if f(z,y) > 0 for all (z,y) in the region R,
then [f f(z,y)dA is the volume under the surface z = f(z,y) over the region R.
R
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Example 3.4

Find the volume V under the plane z = 8z + 6y over the region R = (z,y): 0 < 2 < 1,0 < y < 222

The region R is shown in Figure 3.2.2. Using vertical slices we get:

F ] }I
¥y = 2x°2
R
| X
0 1
Figure 3.2.2
V= //(8:1) + 6y)dA (3.2.3)

R
= int} [int§x2(8x + 6y)dy] dx

—9 2
= int(l) (Sxy + 347 Z;zz ) dx

= int$(162° + 122*)dx

12 1 12 32
= 4 —_— 5 = _— = — =
—4x+5m‘0 4+ =" =64

We get the same answer using horizontal slices (see Figure 3.2.3):
4 Y
x=+/y?2 R
X
0 1
Figure 3.2.3
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V= //(837 + 6y)dA (3.2.4)

R
= int3 [inti/m(&v + 6y)dm] dy
g z=1
= 1ntg (4z2 + ny‘z:\/y/—z) dy
_ip2 _ 6 g9 _ 3v/243/2
= intg(4 + 6y — (2y + ﬁy\/ﬂ))dy = int;(4 + 4y — 3V 2y*/*)dy

6vV2 5152 6v2v/32 48 32
Ty/|0:8+8—7:16——:—:6.4

=4y +2y° —
y+2y 5 5 5

Example 3.5

Find the volume V of the solid bounded by the three coordinate planes and the plane 2z + y + 4z = 4.

1y
1

12

y=-2x+4

(a) (b)

Figure 3.2.4
Solution
The solid is shown in Figure 3.2.4(a) with a typical vertical slice. The volume V is given by [[ f(z,y)dA, where f(z,y) =z
R
= %(4 — 2z — y) and the region R, shown in Figure 3.2.4(b), is R = (z,y) : 0 < z < 2,0 < y < —2z + 4. Using vertical slices in

R gives

V= //%(4—233—11)(1,4 (3.2.5)
R

1
= int? [intamﬂz(él — 2z — y)dy} dz

1 =
= 1ntg (7§(4 — 2z — y)2‘z=0 2$+4) dx

1
= intgg(él —2z)%dx

2 64

64 4
07 48 3

1
=——(4—22)3
54— 22)
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For a general region R, which may not be one of the types of regions we have considered so far, the double integral [[ f(z,y)dA
R

is defined as follows. Assume that f(z,y) is a nonnegative real-valued function and that R is a bounded region in R2, so it
can be enclosed in some rectangle [a,b] X [c,d]. Then divide that rectangle into a grid of subrectangles. Only consider the
subrectangles that are enclosed completely within the region R, as shown by the shaded subrectangles in Figure 3.2.5(a). In any
such subrectangle [z;, z;+1] X [y}, y;+1], Pick a point (z;, y;). Then the volume under the surface z = f(x,y) over that subrectangle
is approximately f(z;.,y;:)Az;Ay;, where Az; = z;41 — 2, Ay; = yj41 — y;, and f(xi, y;) is the height and Az;Ay; is the base
area of a parallelepiped, as shown in Figure 3.2.5(b). Then the total volume under the surface is approximately the sum of the
volumes of all such parallelepipeds, namely

ZZf(xi*7yj*)Axiij (326)
i

where the summation occurs over the indices of the subrectangles inside R. If we take smaller and smaller subrectangles, so
that the length of the largest diagonal of the subrectangles goes to 8, then the subrectangles begin to fill more and more of the
region R, and so the above sum approaches the actual volume under the surface z = f(z,y) over the region R. We then define
Jf f(z,y)dA as the limit of that double summation (the limit is taken over all subdivisions of the rectangle [a,b] X [c,d] as the
R

largest diagonal of the subrectangles goes to 0).

y
d
T
‘vz
| z=f(x,y)
\ X, flxy
\ Ax,-é? i, ym)
Yis1 b
(xjnny) /
. ) ¥
Yir -
\\
c
Lo x
0)q X Xiy b
(a) Subrectangles inside the region R (b) Parallelepiped over a subrectangle,

with volume f(x;.,y;.)Ax; Ay;

Figure 3.2.5 Double integral over a general region R

A similar definition can be made for a function f(z,y) that is not necessarily always nonnegative: just replace each mention of

volume by the negative volume in the description above when f(z,y) < 0. In the case of a region of the type shown in Figure 3.2.1,

using the definition of the Riemann integral from single-variable calculus, our definition of [[ f(z,y)dA reduces to a sequence of
R

two iterated integrals.
Finally, the region R does not have to be bounded. We can evaluate improper double integrals (i.e. over an unbounded region, or

over a region which contains points where the function f(z,y) is not defined) as a sequence of iterated improper single-variable
integrals.

Example 3.6

Evaluate int‘l’oint(l)/ Iz2ydy dx

Solution
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=1/z?
intfoint(l]/ZZZydyda: = int{° (yz‘y . : ) dx (3.2.7)
o=
1 o0 1 1
=1 00, —4 = —— =3 = —_— (=) = —
= int’z “dz B ‘1 0—( 3) 3

This page titled 3.2: Double Integrals Over a General Region is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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3.3: Triple Integrals

Our definition of a double integral of a real-valued function f(x,y) over a region R in R? can be extended to define a triple

integral of a real-valued function f(x,y,2) over a solid S in R3. We simply proceed as before: the solid S can be enclosed in

some rectangular parallelepiped, which is then divided into subparallelepipeds. In each subparallelepiped inside S, with sides of

lengths Az, Ay and Az, pick a point (z *,y *, z ). Then define the triple integral of f(z,y, z) over S, denoted by [[[ f(z,y, z)dV, by
5

// f(z,y,2)dV = limz Z Z flzx, yx, z2x) Az AyAz (3.3.1)
S

where the limit is over all divisions of the rectangular parallelepiped enclosing S into subparallelepipeds whose largest diagonal
is going to ©, and the triple summation is over all the subparallelepipeds inside S. It can be shown that this limit does not depend
on the choice of the rectangular parallelepiped enclosing S. The symbol dV is often called the volume element.

Physically, what does the triple integral represent? We saw that a double integral could be thought of as the volume under a
two-dimensional surface. It turns out that the triple integral simply generalizes this idea: it can be thought of as representing the
hypervolume under a three-dimensional hypersurface w = f(x,y, z) whose graph lies in R*. In general, the word “volume” is often
used as a general term to signify the same concept for any n-dimensional object (e.g. length in R!, area in R? ). It may be hard to
get a grasp on the concept of the “volume” of a four-dimensional object, but at least we now know how to calculate that volume!

In the case where S is a rectangular  parallelepiped [x1,22] X [y1,y2] X [z1,29), that is, S
= (z,y,2) 21 <z < x9,y1 <y < ys 21 < 2z< 29, the triple integral is a sequence of three iterated integrals, namely

// f(z,y,2)dV = int2int¥int3? f(z, y, 2) dz dy dz (3.3.2)
S

where the order of integration does not matter. This is the simplest case.

A more complicated case is where S is a solid which is bounded below by a surface z = ¢1(x, y), bounded above by a surface z
= go(z,y), y is bounded between two curves hi(x) and hy(x), and z varies between a and b. Then

// flz,y,2)dV = intZintZ?Egintgfgzz;f(x, Y, 2) dzdy dz (3.3.3)
s

Notice in this case that the first iterated integral will result in a function of = and y (since its limits of integration are functions
of z and y), which then leaves you with a double integral of a type that we learned how to evaluate in Section 3.2. There are, of
course, many variations on this case (for example, changing the roles of the variables z,y, z), so as you can probably tell, triple
integrals can be quite tricky. At this point, just learning how to evaluate a triple integral, regardless of what it represents, is the
most important thing. We will see some other ways in which triple integrals are used later in the text.

Example 3.7

Evaluate int3int2int)(zy + 2) dx dy dz.
1 o=
int3int2inty(zy + 2) dz dy dz = intdint2 (53323/ + xz’z:(l)> dydz (3.3.4)
1
= intjint? (Ey + z) dydz

. 1 =2
= mtg (ZyZ + yz|z:0> dZ

= int3(1 + 22) dz

=z—|—z2’?J = 1%
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Example 3.8
2—z—y

Evaluate intjinty “int; * “(z +y + 2) dz dy dz.

Solution

P 1 =0 g
intdint}7intg *Y(z + y + 2) dzdy dz = intjint} ((x +y)z+ §z2‘§=3 ’ y) dy dz (3.3.5)

1
= intjinty * ((w +y)(2—z—y) + 5(2 —z— y)z) dydx

1 1
= int(l)int(lfz (2 — 5.’[32 —zy— 53/2) dydx

. 1 1 1 =il
= int} (Zy — 5:521/ —zy— E:Uy2 — €y3|z:0 I) dz

11 1
11 1 417
lo=

Fz—xz—l—ﬂx

8

Note that the volume V of a solid in R3 is given by

V= /[/ 1dV (3.3.6)

S

Since the function being integrated is the constant 1, then the above triple integral reduces to a double integral of the types
that we considered in the previous section if the solid is bounded above by some surface z = f(z,y) and bounded below by
the zy-plane z = 0. There are many other possibilities. For example, the solid could be bounded below and above by surfaces z
= g1(z,y) and z = go(x,y), respectively, with y bounded between two curves hi(z) and hy(z), and z varies between a and b. Then

v [[[1av
5
= intZintZ?Ez;intngjZ; ldzdydx
= int}int, (7 (92(2,y) — g1 (x,y)) dy dz

just like in Equation 3.3.3. See Exercise 10 for an example.

This page titled 3.3: Triple Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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3.4: Numerical Approximation of Multiple Integrals

As you have seen, calculating multiple integrals is tricky even for simple functions and regions. For complicated functions, it
may not be possible to evaluate one of the iterated integrals in a simple closed form. Luckily there are numerical methods for
approximating the value of a multiple integral. The method we will discuss is called the Monte Carlo method. The idea behind it is
based on the concept of the average value of a function, which you learned in single-variable calculus. Recall that for a continuous
function f(z), the average value f of f over an interval [a, b] is defined as

f= int? f(x) dz (3.4.1)

1
b—a
The quantity b — a is the length of the interval [a, b], which can be thought of as the “volume” of the interval. Applying the same
reasoning to functions of two or three variables, we define the average value of f(z,y) over a region R to be

- 1
= — dA 3.4.2
7=~ [ f=w (342)
R
where A(R) is the area of the region R, and we define the average value of f(z,y, z) over a solid S to be
=g | Fewsrav (3.4.3)
= VS) T,Y,2 4.
S

where V(S) is the volume of the solid S. Thus, for example, we have

// flz,y)dA = A(R)f (3.4.4)
R

The average value of f(z,y) over R can be thought of as representing the sum of all the values of f divided by the number of
points in R. Unfortunately there are an infinite number (in fact, uncountably many) points in any region, i.e. they can not be listed
in a discrete sequence. But what if we took a very large number N of random points in the region R (which can be generated by a
computer) and then took the average of the values of f for those points, and used that average as the value of f ? This is exactly
what the Monte Carlo method does. So in Formula 3.4.4 the approximation we get is

[ tamaa~ amwiF e am) L-Ur (3.4.5)
R
where
- YN f@ay) o SN (flw)?
f= S and f2 = S (3.4.6)

with the sums taken over the N random points (z1,¥1), ..., (xn,yn). The + “error term” in Formula 3.4.5 does not really provide
hard bounds on the approximation. It represents a single standard deviation from the expected value of the integral. That is, it
provides a likely bound on the error. Due to its use of random points, the Monte Carlo method is an example of a probabilistic
method (as opposed to deterministic methods such as Newton’s method, which use a specific formula for generating points).

For example, we can use Formula 3.4.5 to approximate the volume V under the plane z = 8z + 6y over the rectangle R = [0, 1]

x [0,2]. In Example 3.11in Section 3.1, we showed that the actual volume is 20. Below is a code listing (montecarlo.java) for a Java
program that calculates the volume, using a number of points N that is passed on the command line as a parameter.
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//Program to approximate the double integral of f{x,y)=Bx+Ey
flover the rectangle [@,11x(@,2].
public class montecarlo {
public static void main(String[] args) {
f/Get the number N of random points as a commard- line parameter
int N = Integer.parseInt(args(8]);
double x = @; //x-coordinate of a random point
double ¥ = @; //y-coordinate of & random point
double f = 8.8; //Value of f at a random point
double mf = 8.0; //Mean of the values of T
double mf2 = B.8; //Mean of the values of 2
for (int i=@;i<N;i++) { //Get the random coordinates
® = Math.random(}; //x is between 0 and 1
y = 2 * Math.random(}; //y is between @ and 2
f = Bax + Bay; //Value of the functien
mf = mf + f; //Add to the sum of the T values
mf2 = mf2 + f«f; //fAdd to the sum of the F~Z2 values
}
mf = mf/N; //Compute the mean of the f values
nf2 = mf2/N; //Compute the mean of the 2 values
System.out.println("N = " + N + “: integral = * & wvol{)=mf + " +/- "
+ vol{)=Math.sgre({mf2 - Math.pow(mf,2))/N)); //Print the result
}
£/The volume of the rectangle [@,1]x[@,2]
public static double vol() {
return 1*2;
}

}

Listing 3.1 Program listing for montecarlo.java

The results of running this program with various numbers of random points (e.g. java montecarlo 180) are shown below:

= 10: 19.36543087722646 +/- 2.7346060413546147
= 100: 21.334419561385353 +/- 0.7547037194998519
1000: 19.807662237526227 +/- 0.26701789691370235
= 10000: 20.086975812043256 +/- 0.08378816229769506
= 100000: 20.009403854556716 +/- 0.026346782289498317
= 1000000: 20.000866994982314 +/- 0.008321168748642816

= = === =
I

As you can see, the approximation is fairly good. As N — oo, it can be shown that the Monte Carlo approximation converges to
the actual volume (on the order of O(\/N), in computational complexity terminology).

In the above example the region R was a rectangle. To use the Monte Carlo method for a nonrectangular (bounded) region R, only
a slight modification is needed. Pick a rectangle R that encloses R, and generate random points in that rectangle as before. Then
use those points in the calculation of ? only if they are inside R. There is no need to calculate the area of R for Equation 3.4.5 in
this case, since the exclusion of points not inside R allows you to use the area of the rectangle R instead, similar to before.

For instance, in Example 3.4 we showed that the volume under the surface z = 8z + 6y over the nonrectangular region R
=(z,y):0 <z <1,0 <y < 22? is 6.4. Since the rectangle & = [0,1] x [0, 2] contains R, we can use the same program as before,
with the only change being a check to see if y < 222 for a random point (z,y) in [0, 1] x [0, 2]. Listing 3.2 below contains the code
(montecarlo2.java):
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The results of running the program with various numbers of random points (e.g. java montecarlo2 1000) are shown below:

=== === =

To use the Monte Carlo method to evaluate triple integrals, you will need to generate random triples (z,y, z) in a parallelepiped,
instead of random pairs (z,y) in a rectangle, and use the volume of the parallelepiped instead of the area of a rectangle in
Equation 3.4.5 (see Exercise 2). For a more detailed discussion of numerical integration methods, see PRESS et al.

This page titled 3.4: Numerical Approximation of Multiple Integrals is shared under a GNU FDL license and was authored, remixed, and/or

}

/fProgram to approximate the gouble integral of f(x,yl)=8x+6y over the
Jfregion bounded by x=8, x=1, y=0, and y=2x"2
public class montecarlo2 {
public static wvoid main(String[] aros) {
/fGet the number N of random points as a command-line parameter
int N = Integer.parselnt{args[0]):
double x = B; //x-coordinate of & random point
double y = B; //y-coordinate of a random point
double f = B.8; //Valus of F at a random point
double mf = 0.0; //Mean of the values of T
double mf2 = 8.8; f/Mean of the values of 2
for (int i=0;i<N;i++) { //Get the random coordinates
x = Math.randem{); //x is between @ and 1
y = 2 x Malh.random(); /fy is belween 6 and 2
if (y < 2=Math.pow(x,2)) { //The point is In the region
f = Bax + Bay; //Value aof the function
mf = mf + f; //7Add to the sum of the F values
mf2 = mf2 + f+f; /fAad to the sum of the 2 values

H
i;
mf = mf/N; ¢//Compute the mean of the f values

mfZ = mf2/N; //Compute the mean of the 72 values
System.out.println{“N = " + N + *: integral = " + wel{)smf +

k- " 4 wol({)=Math.sqrt{(mf2 - Math.powi(mf,2}]/N));

ffThe volume of the rectangle [0,1]x[8, 2]
public static double wol() {
return 1=2;

16:
168:
1600:
16686 :
lee8ea:

16860008:

Listing 3.2 Program listing for montecarlo2.java

integral = 6.95747529614894 +/- 2.9185131565120592

integral = 6.3149856229650355 +/- 0.9549609662159909
integral = 6.477032813858756 +/- 0.31916837260573624
integral = 6.349975086015089 +/- 0.10640686346895165
integral = 6.4401B4132811864 +/- B.0320047687PE8L392

integral = 6.417050897922222 +/- 0.081009454409789472

curated by Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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3.5: Change of Variables in Multiple Integrals

Given the difficulty of evaluating multiple integrals, the reader may be wondering if it is possible to simplify those integrals using
a suitable substitution for the variables. The answer is yes, though it is a bit more complicated than the substitution method which
you learned in single-variable calculus.

Recall that if you are given, for example, the definite integral

int?z3v/ 2?2 — 1dz

then you would make the substitution

u=s’—1=>z=u+1

du =2z dx

which changes the limits of integration

so that we get

r=1=u=0

r=2=u=3

1
int?z3y/22 — 1= int%ExZ -2z 2?2 — 1dz

1
= intgg(u + 1)vudu

1
5int% <u3/2 + u1/2) du, which can be easily integrated to give

14v3
5

(3.5.1)

(3.5.2)

(3.5.3)

(3.5.4)

Let us take a different look at what happened when we did that substitution, which will give some motivation for how substitution
works in multiple integrals. First, we let u = 22 — 1. On the interval of integration [1, 2], the function z — z? — 1 is strictly increasing
(and maps [1,2] onto [0, 3]) and hence has an inverse function (defined on the interval [0, 3]). That is, on [0, 3] we can define
x as a function of u, namely

z=g(u)=vu+1

Then substituting that expression for z into the function f(z) = z3vz2 — 1 gives

and we see that

so since

fl@) = flg(w) = (u+1)**Vu

dzx , ,
%7g(u):>dxfg(u)du

dz = —(u+1)""%du

g(0)=1=0=g""(1)
g3)=2=3=g""(2)

then performing the substitution as we did earlier gives
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intf(z) dz = int?z® V22 — 1dz (3.5.9)

1
= intga(u + 1)v/u du, which can be written as
= int3(u + 1)3/2\/_ (u+1)"'/? du, which means
int?f(z) de = intz;gl;f(g(u))g'(u) du

In general, if z = g(u) is a one-to-one, differentiable function from an interval [c, d] (which you can think of as being on the “u
-axis”) onto an interval [a, b] (on the z-axis), which means that g '(u) # 0 on the interval (c, d), so that a = g(c) and b = g(d), then ¢
=g (a) and d = g *(b), and

int} f(z) dz = int?_,") f(g(u))g’ (u) du (3.5.10)

This is called the change of variable formula for integrals of single-variable functions, and it is what you were implicitly using
when doing integration by substitution. This formula turns out to be a special case of a more general formula which can be used
to evaluate multiple integrals. We will state the formulas for double and triple integrals involving real-valued functions of two and
three variables, respectively. We will assume that all the functions involved are continuously differentiable and that the regions
and solids involved all have “reasonable” boundaries. The proof of the following theorem is beyond the scope of the text.

Theorem 3.5.1: Change of Variables Formula for Multiple Integrals

Let z = z(u,v) and y = y(u,v) define a one-to-one mapping of a region R’ in the uv-plane onto a region R in the zy-plane
such that the determinant

9z Oz
J(u,v) = 2; 2: (3.5.11)
du
is never in R’. Then
J[ e da@ = [ fatwo,vw o) 1w o)l dA.o) (3.5.12)
R R’

We use the notation dA(z,y) and dA(u,v) to denote the area element in the (z,y) and (u,v) coordinates, respectively.

Similarly, if z = z(u, v, w), y = y(u, v, w) and z = z(u, v, w) define a one-to-one mapping of a solid S’ in uvw-space onto a solid
S in zyz-space such that the determinant

ou Ov Ow
Soma)= 22 S &9 (3.5.13)
Oou Ov Ow
Ou Ov Ow
is never ® in S’, then
I 1@ v 2avey2 = [If fatu,, v,y vw), 200 0)50 v 0)dV (0, 0,0) (3.5.14)
s 5

The determinant J(u,v) in Equation 3.5.11 is called the Jacobian of z and y with respect to u and v, and is sometimes written as

(3.5.15)
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Similarly, the Jacobian J(u, v, w) of three variables is sometimes written as

8(z,y,2) (3.5.16)

(w0, w) = 0(u, v, w)

Notice that Equation 3.5.12 is saying that dA(z,y) = |J(u,v)|dA(u,v), which you can think of as a two-variable version of the
relation dz = g ’(u) du in the single-variable case.

The following example shows how the change of variables formula is used.

Example 3.5.1

Evaluate

// e dA
R

where R= (z,y) : 2 >0,y >0,z +y < 1.
Solution

First, note that evaluating this double integral without using substitution is probably impossible, at least in a closed form. By

looking at the numerator and denominator of the exponent of e, we will try the substitution u = z — y and v = z + y. To use the
. . . . . 1

change of variables Formula 3.5.12, we need to write both z and y in terms of u and v. So solving for z and y gives z = §(u
1 . . 1 1

+v)and y= 5(1} —u). In Figure 3.5.1 below, we see how the mapping z = z(u,v) = E(u +v),y=y(u,v) = 5(v — u) maps the

region R’ onto R in a one-to-one manner.

V¥ v
;-_:%(u,+u) 1
1 -
L
y=§w-u) ,
x+y=1 -
w=-uv w=u
i x u
0 1 -1 0 1

Now we see that

. Baf |1 1
ou 0w 2 2 1 1 1
e _ L o= fl-1
Wi =l o|=| 1 1|77 PeI=[3]=3
ou Ov 2 2

so using horizontal slices in R’, we have
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§

®

8
+
<
I
b

|

— [ et o)l s (3.5.17)
)/

1
intéint’ive“/vg dudv

U=—0

int} (%e"/“’FU ) dv

int(l]%(e —el)dv

2 2
_v ,11_1(,1)_6_1
=gle==7lc"7)="%

The change of variables formula can be used to evaluate double integrals in polar coordinates. Letting

z =z(r,0) =rcosf and y = y(r,0) = rsinb, (3.5.18)
we have
0z Oz
Br 00 cosf —rsinf
J(u,v) = or 09 = =rcos?@+rsin?0 =r=|J(u,v)| = |r| =7 (3.5.19)
9y oy sinf  rcosf
or 00
so we have the following formula:
Double Integral in Polar Coordinates
// flz,y)dzdy = Z/f(rcos 0, 7sin@)r drdf (3.5.20)
R R

where the mapping = = rcos 6,y = rsin # maps the region R’ in the rf-plane onto the region R in the zy-plane in a one-to-
one manner.

Example 3.5.2: Volume of Paraboloid

Find the volume V inside the paraboloid z = 2 + 3? for 0 < 2 < 1
Solution

Using vertical slices, we see that

V= //(1 —2)dA = //(1 — (z* +9%))dA
R R
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Figure 3.5.2: z = z2 4+ ¢°

where R = (z,y) : 2 + 32 < 1 is the unit disk in R? (see Figure 3.5.2). In polar coordinates (r, §) we know that z2 + y? = r? and
that the unit disk Ristheset R’ = (r,0) : 0 < r < 1,0 < 6 < 27. Thus,

V = intZint (1 — r?)r dr df (3.5.21)

= int"inty(r — r)dr do
2 4
. .9 r T r=1
= int}" (7 = I|r=0) do
1
= int{"— df
intg" 7

i
2

Example 3.5.3: Volume of Cone

Find the volume V inside the cone z= /22 + 2 for 0 < z < 1.
Solution

Using vertical slices, we see that

V:[/(l—z)dA://(l—\/z?—W)dA
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“x
Figure 3.5.3: z = v/z2 + 32

where R = (z,y) : 2 4+ 92 < 1 is the unit disk in R? (see Figure 3.5.3). In polar coordinates (r, ) we know that \/z2 +y2 =1
and that the unit disk Ristheset R’ = (r,0) : 0 <r < 1,0 < 0 < 2. Thus,
V = intZ"inty(1 — r)r dr do (3.5.22)
= intZint§(r — r?)dr df
. o 2 73 r=1
= lntg (7 — ?|7‘:0> d0
1
= intg" —df
1m 0 6

s
3

In a similar fashion, it can be shown (see Exercises 5-6) that triple integrals in cylindrical and spherical coordinates take the
following forms:

Triple Integral in Cylindrical Coordinates

// f(z,y,2)dxdydz = ///(rcosé‘,rsinﬂ, z)rdrdfdz (3.5.23)
s 57

where the mapping = = rcosf,y = rsinf, z = z maps the solid S’ in rfz-space onto the solid S in zyz-space in a one-to-one
manner.

Triple Integral in Spherical Coordinates

// f(m,y,z)dxdydzz// f(psin @ cos b, psin psin @, p cos p)p? sin wdp dp db (3.5.24)
5 5’

where the mapping = = psin @ cos,y = psinpsinf, 2 = p cos pmaps the solid S’ in pph- space onto the solid S in zyz-space
in a one-to-one manner.

Example 3.5.4

For a > 0, find the volume V inside the sphere S = % + % + 22 = o’

Solution
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We see that S is the set p = a in spherical coordinates, so

V= /// 1dV = int2"intTint21p% sin odp dy df (3.5.25)
S

3 3
= int"int? [ 2 P sin pdyp df = int2"intT < sin wdpdf
010 { 51— 0 nto 3
47a’

3

3 3
9 a p=r . 2a _
= lntoﬂ <_?COS(‘0‘¢:O) df = lntowTdG =

This page titled 3.5: Change of Variables in Multiple Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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3.6: Application- Center of Mass

Recall from single-variable calculus that for a region R = (z,y) :a <z < b,0 <y < f(z) in R? that represents a thin, flat plate
(Figure 3.6.1), where f(z) is a continuous function on [a, b], the center of mass of R has coordinates (z,y) given by

M,
z = Vy and j = —— (3.6.1)
where
2
M, = int® (f(;)) dr, M,=inttzf(z)dz, M =int}f(z)dzs (3.6.2)

assuming that R has uniform density, i.e the mass of R is uniformly distributed over the region. In this case the area M of the
region is considered the mass of R (the density is constant, and taken as 1 for simplicity).

Ly
y=f(x)
: . R |
| (%,7) x
0 a b

Figure 3.6.1 Center of mass of R

In the general case where the density of a region (or lamina) R is a continuous function é = §(z,y) of the coordinates (z,y) of
points inside R (where R can be any region in R? ) the coordinates (z,7%) of the center of mass of R are given by

M,
M

Z=—YLandy= (3.6.3)

where

Myzl/xd(m,y) dA, M, = é/yé(x,y) dA, Mzg/é(x,y) dA, (3.6.4)

The quantities M, and M, are called the moments (or first moments) of the region R about the z-axis and y-axis, respectively.
The quantity M is the mass of the region R. To see this, think of taking a small rectangle inside R with dimensions Az and Ay
close to 8. The mass of that rectangle is approximately d(z., y.) AzAy, for some point (z.,y.) in that rectangle. Then the mass of
R is the limit of the sums of the masses of all such rectangles inside R as the diagonals of the rectangles approach ®, which is
the double integral [[ 6(z,y) dA.

R

Note that the formulas in Equation 3.6.2 represent a special case when é(z,y) = 1 throughout R in the formulas in
Equation 3.6.4.

Example 3.13: Center of Mass of a 2D Region

Find the center of mass of the region R = (z,) : 0 < 2 < 1,0 < y < 222, if the density function at (z,y) is §(z,y) = = + .

Solution:
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The region R is shown in Figure 3.6.2. We have

T

0 1

Figure 3.6.2
M= //5(:U, y) dA (3.6.5)
R

= int(l)intﬁg”2 (z 4+ y)dydz

2 y=212
:inté(nyr%‘ 0 )dx

= int$(22° + 22*) d
zt 2251 9

2t 5 ™10

and

s
Il

Z/M(z,y) L Myzé/mé(:c,y) dA

intéint%xzy(x +y) dydx

2 3 | =222
in] (_zg +%!;f) i

= int§int?” z(z + y) dy dz

2 y=222
int} (m2y+ ﬂ‘ ) dx
2 y=0

6
int$ (225 + 8%) dz

inty (22 + 22°) dx

5 6
_1’_6+8.’E7‘1_E :2i+1‘_’1:£
T3 Tt T7 S
so the center of mass (z,7y) is given by
M, 11/15 22 M, 5/T 50

T=—L

M~ 9/t0 2 YT

M ~ 9/10 63

Note how this center of mass is a little further towards the upper corner of the region R than when the density is uniform (it
. . . _ _ 3 3)\. . . .
is easy to use the formulas in Equation 3.6.2 to show that (z,y) = (Z’ E) in that case). This makes sense since the density
function 6(z,y) = = + y increases as (z,y) approaches that upper corner, where there is quite a bit of area.

In the special case where the density function é(z, y) is a constant function on the region R, the center of mass (z,7y) is called the
centroid of R.

The formulas for the center of mass of a region in R? can be generalized to a solid S in R3. Let S be a solid with a continuous
mass density function é(z,y, z) at any point (z,y, z) in S. Then the center of mass of S has coordinates (z,7y, z), where

Myz Mz‘z

— Ma:y
M’ Y=

R p— (3.6.6)

= a0 T
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where

M,, = /S//x5(x, y,2)dV, M,, = /S//yé(:c, y,2)dV, My, = /S//zé(x,y, z)dV, (3.6.7)
M:/S/ 0(z,y,2)dV. (3.6.8)

In this case, M,., M,. and M,, are called the moments (or first moments) of S around the yz-plane, zz-plane and zy-plane,
respectively. Also, M is the mass of S.

Example 3.14: Center of mass of a 3D Solid

Find the center of mass of the solid S = (z,y, 2) : z > 0,2% + y? + 2% < a2, if the density function at (z,y, 2) is &(x,y, 2) = 1.
Solution:

The solid S is just the upper hemisphere inside the sphere of radius a centered at the origin (see Figure 3.6.3).

Figure 3.6.3

So since the density function is a constant and S is symmetric about the z-axis, then it is clear that z = 0 and y = 0, so we

need only find z. We have
M= // 0(z,y,2)dV = ///1dV= Volume(S).
S S
m™a

. . . . . 4 2
But since the volume of S is half the volume of the sphere of radius a, which we know by Example 3.12 is %a, then M = 5
. And
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Mgy, = ///zé(x, y,2)dV (3.6.9)
s

= /// zdV, which in spherical coordinates is
s

= intg”intg/QintS(p cos ) p? sin o dp dy df

/

= intg’rin‘cz)r %sin © cos p (int8p3 dp) dpdf

4
/Q%Sincpcosapdcp de

e Qe T
inty"int

5
Il

4
intg”intg/2 %sin 2pdpdf (since sin2¢p = 2sin @ cos @)

4 -
soLom 7(1_ P
intg ( 16C0S2S0’g0=0 ) do

4
int2™ L dg
8

- (3.6.10)
SO
mat
My g3
T M 2ma3 8
3

This page titled 3.6: Application- Center of Mass is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael
Corral via source content that was edited to the style and standards of the LibreTexts platform.
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3.7: Application- Probability and Expectation Values

In this section we will briefly discuss some applications of multiple integrals in the field of probability theory. In particular we will
see ways in which multiple integrals can be used to calculate probabilities and expected values.

Probability

Suppose that you have a standard six-sided (fair) die, and you let a variable X represent the value rolled. Then the probability of
rolling a 3, written as P(X = 3), is 16, since there are six sides on the die and each one is equally likely to be rolled, and hence
in particular the 3 has a one out of six chance of being rolled. Likewise the probability of rolling at most a 3, written as P(X < 3),

.3 1 . . . .
is 5= 9 since of the six numbers on the die, there are three equally likely numbers (1, 2, and 3) that are less than or equal to 3.
Note that:

P(X <3)=P(X=1)+P(X =2)+ P(X = 3). (3.7.1)

We call X a discrete random variable on the sample space (or probability space) {2 consisting of all possible outcomes. In our
case, 2=1,2,3,4,5,6. An event A is a subset of the sample space. For example, in the case of the die, the event X < 3 is the set
1,2,3.

Now let X be a variable representing a random real number in the interval (0, 1). Note that the set of all real numbers between O
and 1is not a discrete (or countable) set of values, i.e. it can not be put into a one-to-one correspondence with the set of positive
integers. In this case, for any real number z in (0, 1), it makes no sense to consider P(X = z) since it must be ® (why?). Instead,
we consider the probability P(X < z), which is given by P(X < z) = z. The reasoning is this: the interval (0, 1) has length 1, and
for z in (0, 1) the interval (0, z) has length z. So since X represents a random number in (0,1), and hence is uniformly distributed
over (0,1), then

length of (0,z) =z
P(X < = = — = 3.7.2
(X< length of (0, 1) 1 ° ( )
We call X a continuous random variable on the sample space 2= (0,1). An event A is a subset of the sample space. For example,
in our case the event X < z is the set (0, z).

In the case of a discrete random variable, we saw how the probability of an event was the sum of the probabilities of the individual
outcomes comprising that event (e.g. P(X < 3) = P(X = 1) + P(X = 2) + P(X = 3) in the die example). For a continuous random
variable, the probability of an event will instead be the integral of a function, which we will now describe.

Let X be a continuous real-valued random variable on a sample space 2 in R. For simplicity, let 2 = (a,b). Define the distribution
function F of X as

F(z)=P(X <z), for —co<z <0 (3.7.3)
1, forz >b

=< P(X<z), fora<z<b (3.7.4)
0, for z < a.

Suppose that there is a nonnegative, continuous real-valued function f on R such that
F(z) =int”  f(y)dy, for —oo <z < o0, (3.7.5)
and
int> f(z)dz =1 (3.7.6)
Then we call f the probability density function (or p.d.f. for short) for X. We thus have

P(X <z)=int] f(y)dy, fora<z<b (3.7.7)
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Also, by the Fundamental Theorem of Calculus, we have

= f(z), for —oo <z < 0. (3.7.8)

Example 3.7.1: Uniform Distribution

Let X represent a randomly selected real number in the interval (0, 1). We say that X has the uniform distribution on (0, 1),
with distribution function

1, forz>1
Fz)=P(X<z)=q 2z, for0<z<l (3.7.9)
0, forax<O,

and probability density function

1, forO<z<1

flz)=F'(z) = { (3.7.10)

0, elsewhere.

In general, if X represents a randomly selected real number in an interval (a, b), then X has the uniform distribution function
\text is only supported in math mode

\text is only supported in math mode

Example 3.7.2: Standard Normal Distribution

A famous distribution function is given by the standard normal distribution, whose probability density function f is

flz) = \/12_71-6712/2, for —oo <z <00 (3.7.11)
This is often called a “bell curve”, and is used widely in statistics. Since we are claiming that f is a p.d.f., we should have
int™, ——e " dr =1 (3.7.12)
2T
by Equation 3.7.6, which is equivalent to
int® e %2 dx = V2m. (3.7.13)

We can use a double integral in polar coordinates to verify this integral. First,
int"_"Ooint"_"0067(3”2“’2)/2 dx dy = int"_"ooeﬂ’?/2 (in‘ci"meﬂﬂ/2 dcc) dy (3.7.14)
= (in‘sc’fme_’”z/2 d:c) (in‘uc’f’me_yz/2 dy)
2
= (int"f’me_IZ/2 dm)

since the same function is being integrated twice in the middle equation, just with different variables. But using polar
coordinates, we see that

int‘i"ooint‘ioooef(“”hryz)/2 dxdy = int%’rintg"eﬂz/2 rdrdf (3.7.15)

= int%’r (—e‘r2/2 Ti;o) do

= int2"(0 — (—€°)) df = int2™1 df = 2,

and so
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2
(int‘iooocfg”z/2 dac) = 2, and hence (3.7.16)
int™_e /% dz = V2r
In addition to individual random variables, we can consider jointly distributed random variables. For this, we will let X,Y and Z

be three real-valued continuous random variables defined on the same sample space 2 in R (the discussion for two random
variables is similar). Then the joint distribution function F of X,Y and Z is given by

F(z,y,2) = P(X <2,Y<y,Z < z), for —o0o<z,y,z<0c0. (3.7.17)
If there is a nonnegative, continuous real-valued function f on R? such that
F(z,y,2) = int” int? int”  f(u,v,w) dudvdw, for —oo < x,y,z < 00 (3.7.18)
and
int> int>® int> f(z,y, z) de dydz = 1, (3.7.19)

then we call f the joint probability density function (or joint p.d.f. for short) for X, Y and Z. In general, for a; < by, as < b, a3 < bs,
we have

Pla; < X <bj,as <Y < bg,a3 < Z < b3) = intZ@intZ?zintZ‘lf(x,y, z)dz dy dz, (3.7.20)

with the < and < symbols interchangeable in any combination. A triple integral, then, can be thought of as representing a
probability (for a function f which is a p.d.f.).

Example 3.7.3

Let a,b, and ¢ be real numbers selected randomly from the interval (0, 1). What is the probability that the equation az? + bx
+ ¢ = 0 has at least one real solution z?

Solution

We know by the quadratic formula that there is at least one real solution if 4> — 4ac > 0. So we need to calculate P(b% — 4ac
> 0). We will use three jointly distributed random variables to do this. First, since 0 < a,b,c < 1, we have

PP —dac>00<4ac<b’<le0<2vVav/e<b<1,

where the last relation holds for all 0 < a, ¢ < 1 such that

1
0<dac<lel<ce< —
4a

Considering a,b and ¢ as real variables, the region R in the ac-plane where the above relation holds is given by R
1 . . . . R—
=(a,0):0<a<1,0<ec<1,0<ec< T which we can see is a union of two regions R; and R,, as in Figure 3.7.1.
a
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Figure 3.7.1: Region R = R; U Ry

Now let X,Y and Z be continuous random variables, each representing a randomly selected real number from the interval
(0,1) (think of X,Y and Z representing a,b and ¢, respectively). Then, similar to how we showed that f(z) =1 is the
p.d.f. of the uniform distribution on (0, 1), it can be shown that f(z,y,2) =1 for z,y,z in (0,1) (O elsewhere) is the joint
p.d.f. of X,Y and Z. Now,

P(b® —4ac > 0) = P((a,c) € R,2vayec < b < 1),
so this probability is the triple integral of f(a,b,c) = 1 as b varies from 21/a\/c to 1and as (a, ¢) varies over the region R. Since

R can be divided into two regions R; and R,, then the required triple integral can be split into a sum of two triple integrals,
using vertical slices in R:

2 .G 1/4. 1. 1 o1 .o 1/4a. 1
P(b* — 4ac > 0) = int,"intg int, - cldbdeda+inty,inty" " int, . -1dbdcda (3.7.21)
R, R,

= inty/‘int}(1 — 2v/ave)deda + int} ,inty/**(1 — 2v/av/e)deda

4 c=1/4a
= int(l)/4 (c — g\/ac3/2 » ) da

@
C

4
) da + int; ), (c - 5\/563/2

=0

. 1/4 4 . 1
= 1nt0/ (1 — g\/&) da + lnt%/4m da
B4 1
=a ga ‘0 +12lna‘1/4
1 1 1.1 5 1
—(f_2 0——In=)=— +—In4
(4 9>+( 12“4) 36 12"
In4
P(b2—4a020)—%~0.2544

In other words, the equation az? + bz 4 ¢ = 0 has about a 25% chance of being solved!

Expectation Value

The expectation value (or expected value) EX of a random variable X can be thought of as the “average” value of X as it varies
over its sample space. If X is a discrete random variable, then

EX =Y zP(X =u), (3.7.22)

with the sum being taken over all elements z of the sample space. For example, if X represents the number rolled on a six-sided
die, then

6 6

EX=) zP(X=1)=) =z

z=1 z=1

| =

=35 (3.7.23)
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is the expected value of X, which is the average of the integers 1-6.
If X is a real-valued continuous random variable with p.d.f. f, then
EX = int® zf(z)dz (3.7.24)
For example, if X has the uniform distribution on the interval (0, 1), then its p.d.f. is
\text is only supported in math mode

and so
oo ol 1
EX =int® zf(z)dz = intgz dz = 3 (3.7.25)

For a pair of jointly distributed, real-valued continuous random variables X and Y with joint p.d.f. f(z,y), the expected values of
X and Y are given by

EX =int® int® zf(z,y)dxdy and EY = int®_int>_yf(x,y) dz dy (3.7.26)

respectively.

Example 3.7.4

If you were to pick n > 2 random real numbers from the interval (0,1), what are the expected values for the smallest and
largest of those numbers?

Solution

Let Uy, ..., U,, be n continuous random variables, each representing a randomly selected real number from (0, 1), i.e. each has
the uniform distribution on (0, 1). Define random variables X and Y by

X = min(Uy, ...,U,) and Y = max(Uy, ..., Uy).
Then it can be shown that the joint p.d.f. of X and Y is
\text is only supported in math mode
Thus, the expected value of X is
EX = int}intln(n — Da(y — z)" 2 dydz (3.7.27)
= int} (nx(y — x)”fl‘y::) dx

y=

= int{nz(1 — )" ' dz, so integration by parts yields

=—z(l—z)"— ! (l—x)"ﬂ‘l
n+1 0
1
T+l

and similarly (see Exercise 3) it can be shown that

EY = intjintin(n — V)y(y — z)" > dzdy = ——

So, for example, if you were to repeatedly take samples of n = 3 random real numbers from (0,1), and each time store the
. . . s 1
minimum and maximum values in the sample, then the average of the minimums would approach 1 and the average of

. 3 . . . .
the maximums would approach 1 as the number of samples grows. It would be relatively simple (see Exercise 4) to write a
computer program to test this.
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3.E: Multiple Integrals (Exercises)

3.1: Double Integrals

A

For Exercises 1-4, find the volume under the surface z = f(z,y) over the rectangle R.
3.1.1. f(z,y) = 4zy, R=1[0,1] x [0,1]

3.1.2. f(z,y) =", R=10,1] x [-1,1]

3.1.3. f(z,y) =2° + 3y, R=1[0,1] x [0,1]

314, f(z,y) =z* + 2y + 9>, R=[1,2] x [0,2]

For Exercises 5-12, evaluate the given double integral.
3.1.5. intjint}(1 — y)2? dz dy

3.1.6. intjintiz(z +y) dz dy

3.1.7. intdint}(z + 2) dz dy

3.1.8. int?,int! | x(xy + sinz) dz dy

3.1.9. intg/Qint(l)zycos(J:?y) dzr dy

3.1.10. intgintg/2 sinz cos(y — 7)) dz dy

3.1 intdint{zy dz dy

3.1.12. int!,int?,1 dz dy

3.1.13. Let M be a constant. Show that intdint M dz dy = M(d — ¢)(b — a).
3.2: Double Integrals Over a General Region

A

For Exercises 1-6, evaluate the given double integral.
3.21. int(l]intfﬁ%a:?y dy dx

3.2.2. intint}sinz dz dy

3.2.3. int?intP%4x dy dx

3.24. in‘c%intgyey2 dz dy

3.2.5. intgﬂintg coszsiny dx dy

3.2.6. intgointgczye_(xuyz) dz dy
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3.2.7. int}int}1 dz dy
3.2.8. int}int?’2 dy dx
3.2.9. Find the volume V of the solid bounded by the three coordinate planes and the plane z +y + z = 1.

3.2.10. Find the volume V of the solid bounded by the three coordinate planes and the plane 3z + 2y + 52 = 6.

3.2.11. Explain why the double integral [f1 dA gives the area of the region R. For simplicity, you can assume that R is a region of
R

the type shown in Figure 3.2.1(a).

C

3.2.12. Prove that the volume of a tetrahedron with mutually perpendicular adjacent sides of lengths a, b, and ¢, as in Figure
3.2.6, is “Tbc (Hint: Mimic Example 3.5, and recall from Section 1.5 how three noncollinear points determine a plane.)

Figure 3.2.6

3.2.13. Show how Exercise 12 can be used to solve Exercise 10.
3.3: Triple Integrals

A

For Exercises 1-8, evaluate the given triple integral.
3.3.1. intdintlint{zyz dz dy dz

3.3.2. int{intfintjzyz dz dy d

3.3.3. int}intfint’z?sinz dz dy dx

3.34. int(l)intéintgzey2 dz dy dz

3.3.5. int‘{intginté/yﬁz dx dz dy

3.3.6. int%intgzintSQyz dr dz dy

3.3.7. int?int3int31 dz dy d=

3.3.8. intéintéfmintéfzfyl dz dy dx

3.3.9. Let M be a constant. Show that int2int}’int?>M dz dy dz = M(z; — z1)(y2 — y1)(x2 — 1).
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3.3.10. Find the volume V of the solid S bounded by the three coordinate planes, bounded above by the plane = + y + z = 2, and
bounded below by the plane z =z + .

C

3.3.11. Show that int’intZint) f(z) dz dy dz = intl,;@ f(z) dz. (Hint: Think of how changing the order of integration in the triple
integral changes the limits of integration.)

3.4: Numerical Approximation of Multiple Integrals

C

3.4.1. Write a program that uses the Monte Carlo method to approximate the double integral [[ e® dA, where R = [0,1] x [0, 1].
R

Show the program output for N = 10, 100, 1000, 10000, 100000 and 1000000 random points.

3.4.2. Write a program that uses the Monte Carlo method to approximate the triple integral \iiint\limits_S e”{ x yz}\, dV\), where
S =[0,1] x [0,1] x [0, 1]. Show the program output for N =10, 100, 1000, 10000, 100000 and 1000000 random points.

3.4.3. Repeat Exercise 1with the region R= (z,9): -1 <z <1,0<y < 2%
3.4.4. Repeat Exercise 2 with the solid S = (z,y,2) : 0<z<1,0<y<1,0<z<1l—z—y.
3.4.5. Use the Monte Carlo method to approximate the volume of a sphere of radius 1.

2

3.4.6. Use the Monte Carlo method to approximate the volume of the ellipsoid %2 + yTz +4 =1L

3.5: Change of Variables in Multiple Integrals

A

3.5.1. Find the volume V inside the paraboloid z = z? 4+ 4? for 0 < z < 4.

3.5.2. Find the volume V inside the cone z = \/z2 4+ y2 for 0 < 2 < 3.

3.5.3. Find the volume V of the solid inside both 22 + ¢ + 22 =4 and 22 +3? = 1.
3.5.4. Find the volume V inside both the sphere z? + 3> + 22 = 1 and the cone z = /22 + 32
3.5.5. Prove Equation (3.25).

3.5.6. Prove Equation (3.26).

3.5.7. Evaluate [[fsin (“3%)cos (£5) dA, where R is the triangle with vertices (0,0), (2,0) and (1,1). (Hint: Use the change of
)

variables u = (z +y)/2, v= (z —y)/2.)
3.5.8. Find the volume of the solid bounded by z = 22 + y? and 22 = 4(z2 + ).

3.5.9. Find the volume inside the elliptic cylinder j—j + z—j =1for0<z<2.
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C

3.5.10. Show that the volume inside the ellipsoid j—f + z—j + f,—; =1is % (Hint: Use the change of variables © = au, y=bv, z
= cw, then consider Example 3.12.)

3.5.11. Show that the Beta function, defined by
B(z,y) = int3t® 1 (1 — t)¥'dt, for z >0,y > 0, (3.E.1)
satisfies the relation B(y,z) = B(z,y) for z > 0, y > 0.

3.5.12. Using the substitution ¢t = u/(u + 1), show that the Beta function can be written as

z—1

B(z,y) = intg° du, for x>0, y > 0. (3.E.2)

3.6: Application: Center of Mass

A

For Exercises 1-5, find the center of mass of the region R with the given density function é(z, y).
36.1.R=(z,9):0<2<2,0<y<4, §z,y) =2y

36.2.R=(z,y): 0<z<1,0<y<z2 z,y)=z+y

3.6.3. R=(7,9):y>0, 22 +y* <a?, O(z,y)=1

3.64.R=(z,9):y>0,2>0,1<z2+y% <4, d(z,y) =22+

3.65.R= (z,9):y>0,22+¢y* <1, d(z,9) =y

B

For Exercises 6-10, find the center of mass of the solid S with the given density function d(z, y, 2).
3.6.6. S = (2,9,2):0<z<1,0<y<1,0<2<1, d(z,y,2) = xyz

3.6.7. S= (7,y,2) : 2> 0, 22 + y? + 22 < a?, O(z,y,2) = 2% + % + 22

3.6.8. 5= (z,9,2) :x>0,y>0,2>0, 22 +9y* + 22 < a?, §(z,y,2)=1

3.6.9. 5= (7,4,2):0<2<1,0<y<1,0<2< 1, §(z,y,2) =22 + 9> + 22

3.6.10. S= (2,9,2) : 0<2<1,0<y<1,0<2<1—z—y, (z,y,2)=1
3.7: Application: Probability and Expected Value

3.7.1. Evaluate the integral int"j},oe*-172 dz using anything you have learned so far.

s4—00 1 —(z—n)?/20?
3.7.2. For o > 0 and p > 0, evaluate int 7=¢ dx.

o

3.7.3. Show that EY = - in Example 3.18

n+1
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C

3.7.4. Write a computer program (in the language of your choice) that verifies the results in Example 3.18 for the case n = 3 by
taking large numbers of samples.

3.7.5. Repeat Exercise 4 for the case when n = 4.
3.7.6. For continuous random variables X, Y with joint p.d.f. f(z,y), define the second moments E(X?) and E(Y?) by
E(X?) = int™_int>, 2 f(z,y) dr dy and E(Y?) = int™_int®_y?f(z,y) dz dy, (3.E.3)
and the variances Var(X) and Var(Y) by
Var(X) = E(X?) — (EX)? and Var(Y) = E(Y?) — (EY)2. (3.E.4)
Find Var(X) and Var(Y) for X and Y as in Example 3.18.
3.7.7. Continuing Exercise 6, the correlation p between X and Y is defined as

_ B(XY) — (EX)(EY)
~ Var(X)Var(Y)

(3.E.5)

where E(XY) = int>_ int* _zy f(z,y) dz dy. Find p for X and Y as in Example 3.18.

o0

(Note: The quantity E(XY) — (EX)(EY) is called the covariance of X and Y.)

3.7.8. In Example 3.17 would the answer change if the interval (0, 100) is used instead of (0,1)? Explain.

This page titled 3.E: Multiple Integrals (Exercises) is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael
Corral via source content that was edited to the style and standards of the LibreTexts platform.

e 3.E: Multiple Integrals (Exercises) has no license indicated.
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4: LINE AND SURFACE INTEGRALS

A line integral is an integral where the function to be integrated is evaluated along a curve and a surface integral is a
generalization of multiple integrals to integration over surfaces. It can be thought of as the double integral analog of the line
integral. Given a surface, one may integrate over its scalar fields (that is, functions which return scalars as values), and vector
fields (that is, functions which return vectors as values). Surface integrals have applications in physics, particularly with the
theories of classical electromagnetism.

4.1: Line Integrals

4.2: Properties of Line Integrals

4.3: Green’s Theorem

4.4 Surface Integrals and the Divergence Theorem
4.5: Stokes’ Theorem

4.6: Gradient, Divergence, Curl, and Laplacian

4.E: Line and Surface Integrals (Exercises)

This page titled 4: Line and Surface Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral
via source content that was edited to the style and standards of the LibreTexts platform.
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4.1: Line Integrals

In single-variable calculus you learned how to integrate a real-valued function f(z) over an interval [a,b] in R!. This integral
(usually called a Riemann integral) can be thought of as an integral over a path in R, since an interval (or collection of intervals)
is really the only kind of “path” in R!. You may also recall that if f(z) represented the force applied along the z-axis to an object
at position z in [a, b], then the work W done in moving that object from position z = a to z = b was defined as the integral:

W = int® f(z)dz (4.1.1)

In this section, we will see how to define the integral of a function (either real-valued or vector-valued) of two variables over a
general path (i.e. a curve) in R2. This definition will be motivated by the physical notion of work. We will begin with real-valued
functions of two variables.

In physics, the intuitive idea of work is that
Work = Force x Distance (4.1.2)

Suppose that we want to find the total amount W of work done in moving an object along a curve C in R? with a smooth
parametrization z = z(t),y = y(t),a < t < b, with a force f(z,y) which varies with the position (z,y) of the object and is applied in
the direction of motion along C (see Figure 4.1.1 below).

0

Figure 4.1.1 Curve C : « = z(t), y = y(t) for ¢ in [a, ]

We will assume for now that the function f(z,y) is continuous and real-valued, so we only consider the magnitude of the force.
Partition the interval [a, b] as follows:

a=ty <ty <ty <---<tp1 <tp,=">, for some integer n > 2 (4.1.3)

As we can see from Figure 4.1.1, over a typical subinterval [¢;,¢;11] the distance As; traveled along the curve is approximately
\/Az? + Ay?, by the Pythagorean Theorem. Thus, if the subinterval is small enough then the work done in moving the object along

that piece of the curve is approximately
Force x Distance & f(Zix, yix)\/ Az? + Ay? (4.1.4)

where (z;., yix) = (z(ti), y(tis)) for some ¢, in [t;, ¢;41], and so

n—1

W a Y f(@i, yin)y Az? + Ay? (4.1.5)
=0

is approximately the total amount of work done over the entire curve. But since

Az \? Ay; \ 2
2 2 _ 1 (2 .
\ Azi + Ay = \/(_Ati ) + ( At ) At; (4.1.6)
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where At; = t;,1 — t;, then

n—1 9 9
Az, Ay;
v ;f(mi*’yi*)\/( At ) * ( At ) Aty (4.1.7)

Taking the limit of that sum as the length of the largest subinterval goes to ®, the sum over all subintervals becomes the integral
fromt =a to t = b, Az;At; and Ay;At; become z '(t) and y (), respectively, and f(z;., yi.) becomes f(z(t),y(t)), so that

W = int® f(z(t), y(t)1 /' (t)2 + o/ (£)2 dt (4.1.8)

The integral on the right side of the above equation gives us our idea of how to define, for any real-valued function f(z,y), the
integral of f(z,y) along the curve C, called a line integral:

Definition 4.1.1: Line Integral of a scalar Field

For a real-valued function f(x,y) and a curve C in R?, parametrized by = = z(t),y = y(t),a < t < b, the line integral of f(z, )
along C with respect to arc length s is

into f(z,y) ds = int] f(x(t), y(t))\/z'(t)2 + ' (t) dt (4.1.9)

The symbol ds is the differential of the arc length function

s = s(t) = int} /2" (u)2 + ¢/ (u)? du (4.1.10)

which you may recognize from Section 1.9 as the length of the curve C over the interval [q, t], for all ¢ in [a, b]. That is,

ds = s'(t)dt = /2’ (t)2 + y'(t)% dt, (4.1.11)
by the Fundamental Theorem of Calculus.
For a general real-valued function f(z,y), what does the line integral int¢ f(z,y) ds represent? The preceding discussion of ds
gives us a clue. You can think of differentials as infinitesimal lengths. So if you think of f(z,y) as the height of a picket fence

along C, then f(z,y) ds can be thought of as approximately the area of a section of that fence over some infinitesimally small
section of the curve, and thus the line integral int¢ f(z,y) ds is the total area of that picket fence (see Figure 4.1.2).

y

X

0

Figure 4.1.2: Area of shaded rectangle = height x width = f(z,y) ds

Example 4.1.1

Use a line integral to show that the lateral surface area A of a right circular cylinder of radius r and height 4 is 27rh.
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Solution

We will use the right circular cylinder with base circle C given by z? + y? = r? and with height h in the positive z direction
(see Figure 4.1.3). Parametrize C as follows:

z =x(t) =rcost,y =y(t) =rsint,0 <t < 27 (4.1.12)

x C:xl+y?=r?
Figure 4.1.3
A = intof(z,y) ds = intd f(z(t), y(t))\/z'(t)2 + v/ (t)2 dt (4.1.13)

= int%”h\/(fr sint)? + (rcost)?dt

= hint2™rV/sin? t + cos? t dt

= rhint2"1 dt = 27rh

Note in Example 4.1.1 that if we had traversed the circle C twice, i.e. let t vary from 0 to 47 then we would have gotten an area of
47rh, i.e. twice the desired area, even though the curve itself is still the same (namely, a circle of radius r). Also, notice that we
traversed the circle in the counter-clockwise direction. If we had gone in the clockwise direction, using the parametrization

z =z(t) = rcos(2m —t),y = y(t) = rsin(2r — t),0 < ¢ < 2, (4.1.14)
then it is easy to verify (Exercise 12) that the value of the line integral is unchanged.

In general, it can be shown (Exercise 15) that reversing the direction in which a curve C is traversed leaves int¢f(z,y) ds
unchanged, for any f(z,y). If a curve C has a parametrization z = z(t),y = y(t),a < t < b, then denote by —C the same curve as C
but traversed in the opposite direction. Then —C is parametrized by

z=z(a+b—t),y=yla+b—1t),a <t <b, (4.1.15)
and we have
intc f(z,y) ds = int_c f(z,y) ds. (4.1.16)
Notice that our definition of the line integral was with respect to the arc length parameter s. We can also define
intef(z,y) de = int? f(z(t), y(t))z’ () dt (4.1.17)
as the line integral of f(z,y) along C with respect to z, and
intc (e, y) dy = int f(a(t), y(t))y'(t) dt (4.1.18)
as the line integral of f(x,y) along C with respect to y.

In the derivation of the formula for a line integral, we used the idea of work as force multiplied by distance. However, we know
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that force is actually a vector. So it would be helpful to develop a vector form for a line integral. For this, suppose that we have a
function f(z,y) defined on R? by

f(zvy) = P(:E,y)i + Q(Cﬂ,y)_]

for some continuous real-valued functions P(z,y) and Q(z,y) on R2. Such a function f is called a vector field on R2. It is defined
at points in R?, and its values are vectors in R For a curve C with a smooth parametrization z = z(t),y = y(t),a < t < b, let

r(t) = z(t)i+y(t)j
be the position vector for a point (z(t),y(t)) on C. Then r’(t) = z’(t)i + ¥’ (¢)j and so
intg P(x,y) de + intcQ(z, y) dy = int? P(x(t), y(t))z’ (t) dt + int® Q(z(t), y(t))y' (t) dt (4.1.19)

= int;, (P(2(t), y(t))z'(t) + Q(z(t), y(t))y' (1)) dt
= intdf(z(t), y(t)) - r'(t)dt

by definition of f(z,y). Notice that the function f(x(¢),y(t)) - 7 '(¢) is a real-valued function on [a, b], so the last integral on the right
looks somewhat similar to our earlier definition of a line integral. This leads us to the following definition:

Definition 4.1.2: Line Integral of a vector Field

For a vector field f(z,y) = P(z,y)i + Q(z,y)j and a curve C with a smooth parametrization z = z(t),y = y(t),a < t < b, the line
integral of f along C is

intef - dr = intoP(z,y) dz + intcQ(z, y) dy (4.1.20)
= int’f(x(t),y(t)) - v'(t) dt (4.1.21)

where r(t) = z(¢)i + y(¢)j is the position vector for points on C.

We use the notation dr =r ’(t) dt = dzi + dyj to denote the differential of the vector-valued function r. The line integral in
Definition 4.1.2 is often called a line integral of a vector field to distinguish it from the line integral in Definition 4.1.1 which is
called a line integral of a scalar field. For convenience we will often write

intoP(z,y) dz + intcQ(z, y) dy = intc P(z,y) dz + Q(z, y) dy,

where it is understood that the line integral along C is being applied to both P and Q. The quantity P(z,y) dz + Q(z,y) dy is
known as a differential form. For a real-valued function F(z,y), the differential of F' is

oF oF

A differential form P(z,y) dz + Q(z,y) dy is called exact if it equals dF for some function F(z,y).

Recall that if the points on a curve C have position vector r(t) = z(¢)i + y(¢)j, then r ’(t) is a tangent vector to C at the point
(z(t),y(t)) in the direction of increasing ¢ (which we call the direction of C). Since C is a smooth curve, then r ’(t) # 0 on [a,b] and
hence

R0
TO = T

is the unit tangent vector to C at (z(t), y(¢)). Putting Definitions 4.1.1 and 4.1.2 together we get the following theorem:

Theorem 4.1.1

For a vector field f(z,y) = P(z,y)i + Q(z,y)j and a curve C with a smooth parametrization z = z(t),y = y(t),a <¢ < b and
position vector r(t) = z(¢)i + y(t)j,
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intef - dr = intef - T ds, (4.1.23)

"(t) . .
where T\(t) = r'() is the unit tangent vector to C at (z(t), y(¢)).

@l

If the vector field f(z, y) represents the force moving an object along a curve C, then the work W done by this force is

W =intcf- Tds = intcf - dr (4.1.24)

This page titled 4.1: Line Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via source
content that was edited to the style and standards of the LibreTexts platform.
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4.2: Properties of Line Integrals

We know from the previous section that for line integrals of real-valued functions (scalar fields), reversing the direction in which
the integral is taken along a curve does not change the value of the line integral:

intef(z,y)ds = int_¢ f(x,y) ds (4.2.1)

For line integrals of vector fields, however, the value does change. To see this, let f(z,y) = P(z, y)i + Q(x,y)j be a vector field, with
P and Q continuously differentiable functions. Let C be a smooth curve parametrized by = = z(t),y = y(t), a < t < b, with position
vector r(t) = z(t)i + y(t)j (we will usually abbreviate this by saying that C : r(¢) = z(¢)i + y(¢)j is a smooth curve). We know that the
curve —C traversed in the opposite direction is parametrized by z = z(a + b —t),y=y(a + b —t),a <t < b. Then

int_oP(z,y)dr = int’ P(z(a +b—t),yla +b—1t)) %(x(a +b—t))dt (4.2.2)
=int! P(z(a +b—t),y(a +b—1))(—2'(a + b—1t))dt (by the Chain Rule)
= int’ P(z(w), y(u)) (=2’ (v))(—du) (by letting v = a + b —t)
= int? P(z(u), y(u))z’ (v) du
= —int® P(z(u), y(u))z’(u) du, since int? = —int?, so

int_¢P(z,y) dr = —int_¢P(z,y) dz
since we are just using a different letter (u) for the line integral along C. A similar argument shows that
int_cQ(z,y) dy = —intcQ(z,y) dy,
and hence

int_cf - dr = int_¢P(z,y) dz + int_cQ(z,y) dy (4.2.3)
= —inteP(z,y) dz + —intcQ(z, y) dy
— (inteP(z,y) dz + intcQ(z, y) dy)

int_of - dr = —intef - dr. (4.2.4)

The above formula can be interpreted in terms of the work done by a force f(z,y) (treated as a vector) moving an object along
a curve C: the total work performed moving the object along C from its initial point to its terminal point, and then back to the
initial point moving backwards along the same path, is zero. This is because when force is considered as a vector, direction is
accounted for.

The preceding discussion shows the importance of always taking the direction of the curve into account when using line integrals
of vector fields. For this reason, the curves in line integrals are sometimes referred to as directed curves or oriented curves.

Recall that our definition of a line integral required that we have a parametrization z = z(t),y = y(t),a < t < b for the curve C. But
as we know, any curve has infinitely many parametrizations. So could we get a different value for a line integral using some other
parametrization of C, say, z = Z(u),y = §(u),c < u < d ? If so, this would mean that our definition is not well-defined. Luckily, it
turns out that the value of a line integral of a vector field is unchanged as long as the direction of the curve C is preserved by
whatever parametrization is chosen:

Theorem 4.2

Let f(z,y) = P(z,y)i + Q(z,y)j be a vector field, and let C be a smooth curve parametrized by z = z(t),y =
Suppose that ¢t = a(u) for ¢ < u < d, such that a = a(c),b = a(d), and o ’(u) > 0 on the open interval (¢, d) (i
increasing on [c,d]). Then intcf - dr has the same value for the parametrizations =z = z(t),y = y(t),a <t

= z(a(u)),y = §(u) = y(a(uw)),c <u < d.

y(t),a <t <b.
a(u) is strictly
and z = Z(u)

L.
<b

Proof: Since a(u) is strictly increasing and maps [c, d] onto [a, b], then we know that ¢ = a(u) has an inverse function v = o~ 1(t)
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defined on [a, b] such that c = a~!(a),d = a~*(b), and Z—? = ,i y Also, dt = o’ (u) du, and by the Chain Rule
o (u
oy dx d Cdzdt o, s E(u)
#u) = 3o = g (ee(w) = Gran =00 = «'() = o
so making the substitution ¢t = a(u) gives
b VY — i@ ) ),
int, P(x(t), y(t))z'(t) dt = int ., ;) P(z(a(u)), y(a(u))) o (1) (@ (u) du) (4.2.5)

— int? P(3(u), §(u))# (u)du,

which shows that int¢P(z,y) dz has the same value for both parametrizations. A similar argument shows that int¢Q(z,y) dy has
the same value for both parametrizations, and hence int¢f - dr has the same value.

Notice that the condition a ’(u) > 0 in Theorem 4.2 means that the two parametrizations move along C in the same direction.
That was not the case with the “reverse” parametrization for —C': foru=a+b—twe havet=a(u)=a+b—u=a'(u) = -1

<0.

Example 4.4

Evaluate the line integral into(x? + %) dx + 22y dy from Example 4.2, Section 4.1, along the curve C: 2 =t,y=2t2,0<t < 1,
where t = sinu for 0 < u < /2.

Solution

. . dt . .
First, we notice that 0 =sin0,1 = sin(w/2), and = cosu > 0 on (0,7/2). So by Theorem 4.2 we know that if C is
U
parametrized by
z=sinu, y=2sin’u, 0<u<7/2
then intc(2? + y?) dx + 2zy dy should have the same value as we found in Example 4.2, namely 13 3 . And we can indeed
verify this:
intc(z? + y?) dz + 22y dy = int)" ((sin® u + (2sin® u)?) cosu + 2(sinu)(2sin” u)d sinucosu) du (4.2.6)

= intg/2 (sin®u + 20 sin u) cos u du

= sin’ u +4sin’u "
3 0
1 13
= 44=_=
3+ 3

In other words, the line integral is unchanged whether ¢ or u is the parameter for C.

C C
{a) Clogad {b) Not elosed

Figure 4.2.1 Closed vs nonclosed curves
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A simple closed curve is a closed curve which does not intersect itself. Note that any closed curve can be regarded as a union
of simple closed curves (think of the loops in a figure eight). We use the special notation

740 f(z,y)ds and ?{Cf- dr

to denote line integrals of scalar and vector fields, respectively, along closed curves. In some older texts you may see the notation

forg

So far, the examples we have seen of line integrals (e.g. Example 4.2) have had the same value for different curves joining the
initial point to the terminal point. That is, the line integral has been independent of the path joining the two points. As we
mentioned before, this is not always the case. The following theorem gives a necessary and sufficient condition for this path
independence:

to indicate a line integral traversing a closed curve in a counterclockwise or clockwise direction, respectively.

Theorem 4.3

In a region R, the line integral int¢f - dr is independent of the path between any two points in R if and only if §Cf -dr = 0 for
every closed curve C which is contained in R.

C.

Cs

Figure 4.2.2. Then by path independence we have

inte,f- dr = int¢,f- dr (4.2.7)
inte,f- dr —inte,f-dr =0
inte,f-dr +int_¢,f-dr =0, so

%f-dr:O
C

since C = C; U —C,.

Clearly, the above theorem does not give a practical way to determine path independence, since it is impossible to check the
line integrals around all possible closed curves in a region. What it mostly does is give an idea of the way in which line integrals
behave, and how seemingly unrelated line integrals can be related (in this case, a specific line integral between two points and
all line integrals around closed curves).

For a more practical method for determining path independence, we first need a version of the Chain Rule for multivariable
functions:

Theorem 4.4. (Chain Rule)

If z = f(z,y) is a continuously differentiable function of z and y, and both = = z(t) and y = y(t) are differentiable functions of
t, then z is a differentiable function of ¢, and
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dz_E)zd_x %@

T o d oy (En3)

at all points where the derivatives on the right are defined.

The proof is virtually identical to the proof of Theorem 2.2 from Section 2.4 (which uses the Mean Value Theorem), so we omit it.
We will now use this Chain Rule to prove the following sufficient condition for path independence of line integrals:

Let f(z,y) = P(z,y)i + Q(z,y)j be a vector field in some region R, with P and @Q continuously differentiable functions on R.
Let C be a smooth curve in R parametrized by z = z(t), y = y(t), a < t < b. Suppose that there is a real-valued function F(z,y)
such that VF = f on R. Then

intof - dr = F(B) — F(A), (4.2.9)

where A = (z(a),y(a)) and B = (x(b),y(b)) are the endpoints of C. Thus, the line integral is independent of the path between
its endpoints, since it depends only on the values of F' at those endpoints.

Proof: By definition of R int¢f - dr, we have

intof - dr = int® (P(2(t), y(t))z'(t) + Q(x(t), y(t))y (1)) dt (4.2.10)
OF dx  OF dy OF OF
— int? i = — = — =
= int) ( or @t T oy dt ) dt since VF = f = . P and % Q)

= int® F’(2(t), y(t)) dt(by the Chain Rule in Theorem 4.4)
b
= F((t),y(t)| = F(B)— F(4)
by the Fundamental Theorem of Calculus.

Theorem 4.5 can be thought of as the line integral version of the Fundamental Theorem of Calculus. A real-valued function F(z,y)
such that VF(z,y) = f(z,vy) is called a potential for f. A conservative vector field is one which has a potential.

Example 4.5

Recall from Examples 4.2 and 4.3 in Section 4.1 that the line integral int¢ (2% + y?) dz + 22y dy was found to have the value
?3 for three different curves C going from the point (0,0) to the point (1,2). Use Theorem 4.5 to show that this line integral

is indeed path independent.
Solution

We need to find a real-valued function F(z,y) such that

F F
?)_x =z?+y% and ?3—1! = 2xy.
oF 3 5 1 g 3 . oF ,
Suppose that 5 = + y%, Then we must have F(z,y) = 3 + zy® + g(y) for some function g(y). So o =2zy +g’'(y)
satisfies the condition — = 2zy ifg '(y) = 0, i.e. g(y) = K, where K is a constant. Since any choice for K will do (why?), we

oy
pick K = 0. Thus, a potential F(z,y) for f(z,y) = (z? + y?)i + 2zyj exists, namely

1
F(z,y) = ga:?’ + zy?.
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Hence the line integral int¢(x? + %) dx + 2zy dy is path independent. Note that we can also verify that the value of the line
. . . 13 .
integral of f along any curve C going from (0,0) to (1,2) will always be 5 since by Theorem 4.5

—_

(1P + (1))~ ~0+0) = 3 +4= .

intof - dr = F(1,2) — F(0,0) = 3

3

A consequence of Theorem 4.5 in the special case where \C\) is a closed curve, so that the endpoints A and B are the same
point, is the following important corollary:

Corollary 4.6.

If a vector field f has a potential in a region R, then §Cf -dr = 0 for any closed curve C in R (i.e. fc VF -dr =0 for any
real-valued function F(z,y)).

Example 4.6

Evaluate §,z dx +y dyfor C:z =2cost,y=3sint,0 <t < 2m.
Solution:

The vector field f(z,y) = xi + yj has a potential F(z,y):

oF 1 4

5 =% F(z,y) = 5 + g(y), so (4.2.11)
oF 1,

&= o) = So K

g VT IW=y=l) =gyt

1 1 .. .
for any constant K, so F(z,y) = §$2 + §y2 is a potential for f(z,y). Thus,

f:vdx—l—ydy:?{ f-dr=0
c c

2 2

by Corollary 4.6, since the curve C is closed (it is the ellipse % + % =1).

This page titled 4.2: Properties of Line Integrals is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael
Corral via source content that was edited to the style and standards of the LibreTexts platform.
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4.3: Green’s Theorem

We will now see a way of evaluating the line integral of a smooth vector field around a simple closed curve. A vector field
f(z,y) = P(z,y)i + Q(z,y)j is smooth if its component functions P(z,y) and Q(z,y) are smooth. We will use Green’s Theorem
(sometimes called Green’s Theorem in the plane) to relate the line integral around a closed curve with a double integral over the
region inside the curve:

Theorem 4.7: Green's Theorem

Let R be a region in R? whose boundary is a simple closed curve C which is piecewise smooth. Let f(z,y) = P(z,9)i + Q(z,y)j
be a smooth vector field defined on both R and C. Then

%fwhzzy(%g—%g)dA (4.3.1)
R

where C is traversed so that R is always on the left side of C.

Proof: We will prove the theorem in the case for a simple region R, that is, where the boundary curve C can be written as C = C,
U C5 in two distinct ways:

Cy
Cy = the curve y = yo(z) from the point X5 to the point X7, (4.3.3)

the curve y = y1(z) from the point X; to the point X, (4.3.2)

where X, and X, are the points on C farthest to the left and right, respectively; and

Cy = the curve z = z(y) from the point Y3 to the point Y; (4.3.4
Cy = the curve z = z5(y) from the point Y; to the point Y5, (4.3.5)

where Y7 and Y; are the lowest and highest points, respectively, on C. See Figure 4.3.1.

i

¥ = ¥yalx)

x = x:(y)

Figure 4.3.1
Integrate P(z,y) around C using the representation C = C; U C; given by Equation 4.3.3 and Equation 4.3.4.

Since y = y1(x) along C; (as x goes from a to b) and y = y»(x) along C, (as x goes from b to a), as we see from Figure 4.3.1, then
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we have

?{ P(z,y) dz = inte, P(z,y) dz + inte, P(z, y) dz (4.3.6)
c

= int P(z,y, () dz + int] P(z, yo(z)) dz
= int? P(z, y1 () do — int® P(x, ya(z)) dz
= —int, (P(z,y2(z)) — P(z,y1(2))) dz

:—int2< z, y)‘y e ) dx

y=y1(z)

2) OP(z,
bing 2 ) 9P(@,y) dydz (by the Fundamental Theorem of Calculus)

_ // %—];dA. (4.3.7)

Likewise, integrate Q(z,y) around C using the representation C = C; U C; given by Equation 4.3.5 and Equation 777. Since z
= z1(y) along C4 (as y goes from d to ¢) and = = z5(y) along C, (as y goes from ¢ to d), as we see from Figure 4.3.1, then we have

7{0 Q(z,y) dy = intc, Q(x,y) dy + int,Q(z, y) dy (4.3.8)

= int§Q(z1(y), y) dy + int!Q(z2(y), y) dy
—intfQ(z1(y), y) dy + intiQ(z2(y), ) dy
int?(Q(z2(y), y) — Q(z1(y),v)) dy

(@]~
i z1(y)

,Y)

int%int ™ ( dz dy (by the Fundamental Theorem of Calculus)

(
y) T or

[22 08, o
R
%Cf-dr :7{ P(z,y) d:r—i—?% Q(z,y) dy (4.3.9)
- —dA—i—// 22 4a
// %7_ ) aa.

Though we proved Green’s Theorem only for a simple region R, the theorem can also be proved for more general regions (say, a
union of simple regions).

Example 4.7

Evaluate fc(aﬂ +4%) dr +2xy dy, where C is the boundary (traversed counterclockwise) of the region R
=(z,9):0<z<1,222 <y <2z

R is the shaded region in Figure 4.3.2. By Green’s Theorem, for P(z,y) = 2% + y* and Q(z,y) = 2zy, we have

% (CC +y )dw+2wydy // W = a—y dA (4.3.10)

_ //R(2yf 2y) dA = //ROdA —0.
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Y (1,2)
2
C
X
0 1
Figure 4.3.2

We actually already knew that the answer was zero. Recall from Example 4.5 in Section 4.2 that the vector field f(z, y) = (z?
q . 1
+9%)i + 2zyj has a potential function F(z,y) = §x3 + zy?, and so §,f - dr = 0 by Corollary 4.6.

Example 4.8

Let f(z,y) = P(z,y)i + Q(z,y)j, where

P(Cﬂ,y) = and Q(m,y) =

—y T
x2+y2 x2+y2’

and let R = (z,9): 0 < 2 + 4% < 1. For the boundary curve C : 2% + 42 = 1, traversed counterclockwise, it was shown in
Exercise 9(b) in Section 4.2 that ¢, f - dr = 2. But

%_(;’21; _ // Q97 dA //OdA—O

This would seem to contradict Green’s Theorem. However, note that R is not the entire region enclosed by C, since the point
(0,0) is not contained in R. That is, R has a “hole” at the origin, so Green’s Theorem does not apply.

If we modify the region R to be the annulus R = (z,y):1/4 < 2% + 4% <1 (see Figure 4.3.3), and take the “boundary”
C of R to be C' = C; U Cy, where C is the unit circle 22 + y? = 1 traversed counterclockwise and C, is the circle 22 + 3> = 1/4
traversed clockwise, then it can be shown (see Exercise 8) that

?{f-dr:O
@

GNU Free Documentation License 148 (4.3.3)



LibreTexts"

(T
/

Figure 4.3.3 The annulus R

. P 3
We would still have [f (% = %—y) dA =0, so for this R we would have
R

which shows that Green’s Theorem holds for the annular region R.

It turns out that Green’s Theorem can be extended to multiply connected regions, that is, regions like the annulus in Example
4.8, which have one or more regions cut out from the interior, as opposed to discrete points being cut out. For such regions, the
“outer” boundary and the “inner” boundaries are traversed so that R is always on the left side.

(a) Region R with one hole (b) Region R with two holes

Figure 4.3.4 Multiply connected regions

The intuitive idea for why Green’s Theorem holds for multiply connected regions is shown in Figure 4.3.4 above. The idea is to
cut “slits” between the boundaries of a multiply connected region R so that R is divided into subregions which do not have any
“holes”. For example, in Figure 4.3.4(a) the region R is the union of the regions R; and R,, which are divided by the slits indicated
by the dashed lines. Those slits are part of the boundary of both R; and R,, and we traverse then in the manner indicated by
the arrows. Notice that along each slit the boundary of R; is traversed in the opposite direction as that of R,, which means that
the line integrals of \textbf{f} along those slits cancel each other out. Since R; and R, do not have holes in them, then Green'’s
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Theorem holds in each subregion, so that

% f~dr=//(%—a—P)dAand?§ f~dr=[/R2<%—8—P)dA.
bdy of Ry 5 ox oy bdy of Ry ox dy

But since the line integrals along the slits cancel out, we have

?{ f~dr=?{ f-dr+jl§ f-dr,
C1UC,y bdyof Ry bdy of Rs

and so
froee (323 ane [ (230 e ] (32 32)an

which shows that Green’s Theorem holds in the region R. A similar argument shows that the theorem holds in the region with two
holes shown in Figure 4.3.4(b).

We know from Corollary 4.6 that when a smooth vector field f(z,y) = P(z,y)i + Q(z,y)j on a region R (whose boundary is a

piecewise smooth, simple closed curve C) has a potential in R, then fcf -dr = 0. And if the potential F(z,y) is smooth in R, then

8_F = P and a—F = @, and so we know that
ox oy

P _ OF 0P _ 0@ p

dydx ~ 9zdy oy Oz "
Conversely, if 8_P = % in R then
oy ox

%Cf-drzé/(g—g—%—};> dAg/OdA:O

For a simply connected region R(i.e. a region with no holes), the following can be shown:
The following statements are equivalent for a simply connected region R in R? :

f(z,y) = P(z,y)i + Q(z,y)j has a smooth potential F(z,y) in R

intcf - dr is independent of the path for any curve C in R

$f-dr =0 for every simple closed curve C in R
P . . . . . .

%— = 2—Q in R (in this case, the differential form Pdzx + Qdy is exact)
Yy X

Q onoo

This page titled 4.3: Green’s Theorem is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via
source content that was edited to the style and standards of the LibreTexts platform.
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4.4: Surface Integrals and the Divergence Theorem

In Section 4.1, we learned how to integrate along a curve. We will now learn how to perform integration over a surface in R3,
such as a sphere or a paraboloid. Recall from Section 1.8 how we identified points (z,y, 2) on a curve C in R?, parametrized by z
=z(t),y = y(t), z = z(t),a < t < b, with the terminal points of the position vector

r(t) = z(t)i+ y(t)j + z(t)k for ¢ in [a, b].

The idea behind a parametrization of a curve is that it “transforms” a subset of R! (normally an interval [a, b]) into a curve in R?
or R? (Figure 4.4.1).

Lz
(x(2), ¥(2),2(2))
~ S (x(a),ya),z(a)
x=x(t)
y =y (x(b), y(b), 2(b))
2z =2z2(t)

Figure 4.4.1: Parametrization of a curve C in R3

Similar to how we used a parametrization of a curve to define the line integral along the curve, we will use a parametrization of a
surface to define a surface integral. We will use two variables, u and v, to parametrize a surface ¥ in R? : z = z(u,v),y = y(u,v), 2
= z(u,v), for (u,v) in some region R in R? (Figure 4.4.1).

‘U R2
vz
7 .

R x=x(u,v)

¢ y=y(u,v)

(ujv) z=2z(u,v)

Y
u x

Figure 4.4.2: Parametrization of a surface ¥ in R?
In this case, the position vector of a point on the surface ¥ is given by the vector-valued function
r(u,v) = z(u,v)i + y(u,v)j + 2(u,v)k for (u,v) in R.

Since r(u,v) is a function of two variables, define the partial derivatives % and % for (u,v) in R by
u (
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or oz ., Oy ., 0z
a(u,v) = a(u7 v)i+ a(u,v).] + a(u,v)k, and (4.4.1)
or

0 0 0
5o(u,0) = 5o ()i + 52 (w,v)j + 5 (u vk
The parametrization of ¥ can be thought of as “transforming” a region in R? (in the uv-plane) into a 2-dimensional surface in
R3. This parametrization of the surface is sometimes called a patch, based on the idea of “patching” the region R onto ¥ in the
grid-like manner shown in Figure 4.4.2.

In fact, those gridlines in R lead us to how we will define a surface integral over X. Along the vertical gridlines in R, the variable
u is constant. So those lines get mapped to curves on X, and the variable u is constant along the position vector r(u, v). Thus, the
or

3" Similarly, the horizontal gridlines in R get mapped to curves on X whose

tangent vector to those curves at a point (u,v) is

or
tangent vectors are —.
ou

Now take a point (u,v) in R as, say, the lower left corner of one of the rectangular grid sections in R, as shown in Figure 4.4.2
. Suppose that this rectangle has a small width and height of Au and Aw, respectively. The corner points of that rectangle are
(u,v), (u + Au,v), (u+ Au,v + Av) and (u, v + Av). So the area of that rectangle is A = AuAwv. Then that rectangle gets mapped by
the parametrization onto some section of the surface X which, for Au and Av small enough, will have a surface area (call it do) that
is very close to the area of the parallelogram which has adjacent sides r(u + Au,v) — r(u,v) (corresponding to the line segment
from (u,v) to (v + Au,v) in R) and r(u,v + Av) —r(u,v) (corresponding to the line segment from (u,v) to (u,v + Av) in R). But
by combining our usual notion of a partial derivative (Definition 2.3 in Section 2.2) with that of the derivative of a vector-valued
function (Definition 1.12 in Section 1.8) applied to a function of two variables, we have

or  r(u+ Au,v) —r(u,v)

30~ A , and (4.4.2)
or  r(u,v+ Av) —r(u,v)
v Av ’

and so the surface area element do is approximately

[(r(u+ Au,v) — r(u,v)) x (r(u,v+ Av) —r(u,v))| = H(Au%) X (AU%)H = H% X %H Au Av

by Theorem 1.13 in Section 1.4. Thus, the total surface area S of ¥ is approximately the sum of all the quantities ||% X ?H Auy
u v

Awv, summed over the rectangles in R. Taking the limit of that sum as the diagonal of the largest rectangle goes to O gives

5= [[ | 5| dude (1.43)
R

We will write the double integral on the right using the special notation

J[ao= [ |55 = 5o auas (4.44)
s i u v

This is a special case of a surface integral over the surface %, where the surface area element do can be thought of as 1do.
Replacing 1 by a general real-valued function f(z,v, z) defined in R?, we have the following:

Definition: Surface Integral

Let ¥ be a surface in R3 parametrized by z = z(u,v),y = y(u,v), z = z(u,v), for (u,v) in some region R in R2. Let r(u,v)
= z(u,v)i + y(u,v)j + 2(u, v)k be the position vector for any point on %, and let f(z,y, z) be a real-valued function defined on
some subset of R? that contains X. The surface integral of f(z,y, z) over ¥ is

// f(z,y,2) do = // Fla(u,v), y(u, v), 2(u, v))H% x %H du dv. (4.4.5)
bM R
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In particular, the surface area S of X is

Sz//lda. (4.4.6)

=

Example 4.9

A torus T is a surface obtained by revolving a circle of radius a in the yz-plane around the z-axis, where the circle’s center is
at a distance b from the z-axis (0 < a < b), as in Figure 4.4.3. Find the surface area of T.

Z
(y-b)+22
ﬂ ] ]
{a) Circle in the yz-plane {(b) Torus T
Figure 4.4.3
Solution

For any point on the circle, the line segment from the center of the circle to that point makes an angle u with the y-axis in
the positive y direction (Figure 4.4.3(a)). And as the circle revolves around the z-axis, the line segment from the origin to the
center of that circle sweeps out an angle v with the positive z-axis (Figure 4.4.3(b)). Thus, the torus can be parametrized as:

z=(b+acosu)cosv, y=(b+acosu)sinv, z=asinu, 0<u<2r, 0<v<2r
So for the position vector

r(u,v) = z(u,v)i+ y(u, v)j + z(u, v)k (4.4.7)

= (b+ acosu) cosvi+ (b+ acosu)sinvj + asinuk

we see that
or . . L
B = —osinucosvi—asinusinyj + acosuk (4.4.8)
U
or o ¢ c
i —(b+ acosu)sinvi+ (b+ acosu) cosvj + 0k,
v

and so computing the cross product gives

0 0
T E = —a(b+ acosu)cosvcosui — a(b+ acosu)sinvcosuj — a(b + acosu) sin uk,

ou Ov

which has magnitude

H% X %H =a(b+acosu).
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Thus, the surface area of T is

5= // ldo (4.4.9)

s
or Or

= int2"int?" | — x —H du dv

070w dw
= int2"int2"a(b + a cos u) du dv
= int2" (ab 2 si UZ%) d
= intg U+ a”sinu 0 v

u=

= int2"2mab dv
= 47%ab

. 0 0 .. . . 0
Since a_r and a_r are tangent to the surface X (i.e. lie in the tangent plane to ¥ at each point on X), then their cross product a_r
u v u

X 8_r is perpendicular to the tangent plane to the surface at each point of 3. Thus,
v

// f(,9,2) do = // F((u, ), y(u,v), 2(u, v)) ] do,
> R
or or

where n = o X TS We say that n is a normal vector to X.
u v

Recall that normal vectors to a plane can point in two opposite directions. By an outward unit normal vector to a surface &
, we will mean the unit vector that is normal to X and points away from the “top” (or “outer” part) of the surface. This is a hazy
definition, but the picture in Figure 4.4.4 gives a better idea of what outward normal vectors look like, in the case of a sphere. With
this idea in mind, we make the following definition of a surface integral of a 3-dimensional vector field over a surface:

-4

Figure 4.4.4

Definition: surface integral of f over &

Let  be a surface in R® and let f(z,y, 2) = fi(z,y, 2)i + fo(z,y, 2)j + f3(x, v, 2)k be a vector field defined on some subset of
R3 that contains X. The surface integral of f over X is

//f-dcr = //f-nda, (4.4.10)

b)) b))

where, at any point on X, n is the outward unit normal vector to X.

Note in the above definition that the dot product inside the integral on the right is a real-valued function, and hence we can use
Definition 4.3 to evaluate the integral.
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Example 4.4.1

Evaluate the surface integral ([ f - do, where f(z,y, z) = yzi + zzj + zyk and ¥ is the part of the plane z + y + z =1 with ©
b

>0,y >0, and 2z > 0, with the outward unit normal n pointing in the positive z direction (Figure 4.4.5).

¥4

0 ¥
- = 1
x+y+z=1

Figure 4.4.5
Solution:

Since the vector v. = (1,1,1) is normal to the plane z + y + z = 1 (why?), then dividing v by its length yields the outward unit

1
normal vector n = 7 . We now need to parametrize X. As we can see from Figure 4.4.5, projecting X onto the
ion

1)
EL
\/" \/"
zy-plane yields a triangular regi

NR=(z,y):0<z<1,0<y<1—z. Thus, using (u,v) instead of (z,y), we see that
r=u,y=v,2=1—(u+v), for0<u<1,0<v<1—u

is a parametrization of ¥ over R (since z=1— (z + y) on X). So on %,

f-n=(yz,zzzy) - (%,%,%) =%(yz+m+my) (4.4.11)
1 1
= %((ﬂﬂer)ZﬂLmy) = E((er)(l —(u+v)) + wv)
= L (W) — (u+ ) + )

V3
for (u,v) in R, and for r(u,v) = z(u,v)i + y(u,v)j + 2(u,v)k = ui + vj + (1 — (u + v))k we have

or Or

o x a:(170,—1)><(0,1,—1)=(17171) = Hg_z x %H =3

Thus, integrating over R using vertical slices (e.g. as indicated by the dashed line in Figure 4.4.5) gives
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//f~dcr = //f~nda (4.4.12)

//(f(a:(u7 v), y(u,v), 2(u,v)) - n)H% X %H dvdu

R

1
intéint}f"T((u +v) — (u+)? + w)V3dvdu
3

L (u+v)? _ (u+v)3 u_1)2 v=1—u
_”0( 2 5 Tl )M
= int} _+£_3_1ﬂ+5_u3 du
- %6 T2 2 6

v u? oW Butl 1
O
6 4 2 24 1o 8

Computing surface integrals can often be tedious, especially when the formula for the outward unit normal vector at each point
of ¥ changes. The following theorem provides an easier way in the case when X is a closed surface, that is, when X encloses a
bounded solid in R3. For example, spheres, cubes, and ellipsoids are closed surfaces, but planes and paraboloids are not.

Divergence Theorem

Let ¥ be a closed surface in R? which bounds a solid S, and let f(z,v, 2) = fi(z,y, 2)i + fa(z,v, 2)j + f3(z,y, 2)k be a vector
field defined on some subset of R? that contains X. Then

//f-dc = ///divde, (4.4.13)
bl S
where

) oft  0fs  0fs
f=—+ =+ = 4.4.14
div ox + oy + 0z ( )

is called the divergence of f.

The proof of the Divergence Theorem is very similar to the proof of Green’s Theorem, i.e. it is first proved for the simple case
when the solid S is bounded above by one surface, bounded below by another surface, and bounded laterally by one or more
surfaces. The proof can then be extended to more general solids.

Example 4.4.2

Evaluate [[f-do, where f(z,y, z) = zi + yj + zk and ¥ is the unit sphere 2% + 3 + 2% = 1.
PN

Solution:

We see that div f = 1+14+1 =3, so

Z/f.dg/s// divfdv/s//3dv (4.4.15)

:3///1dV:3vol(S) =3 4”;1)3 = 4.
S

In physical applications, the surface integral ([ f - do is often referred to as the flux of f through the surface X. For example, if
by
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f represents the velocity field of a fluid, then the flux is the net quantity of fluid to flow through the surface ¥ per unit time. A
positive flux means there is a net flow out of the surface (i.e. in the direction of the outward unit normal vector n), while a negative
flux indicates a net flow inward (in the direction of —n).
The term divergence comes from interpreting div f as a measure of how much a vector field “diverges” from a point. This is best
seen by using another definition of div f which is equivalent to the definition given by Equation 4.4.14. Namely, for a point (z, y, 2)
in R?,
div f(z,1,2) = lim — [[ £-d (4.4.16)
1 x z) = 1l1m — - aoc 4.
VRS Y VS0V ’
z

where V is the volume enclosed by a closed surface X around the point (z, y, z). In the limit, V — 0 means that we take smaller and
smaller closed surfaces around (z,y, z), which means that the volumes they enclose are going to zero. It can be shown that this
limit is independent of the shapes of those surfaces. Notice that the limit being taken is of the ratio of the flux through a surface
to the volume enclosed by that surface, which gives a rough measure of the flow “leaving” a point, as we mentioned. Vector fields

which have zero divergence are often called solenoidal fields.

The following theorem is a simple consequence of Equation 4.4.16.

If the flux of a vector field f is zero through every closed surface containing a given point, then div f = ® at that point.

Proof: By Equation 4.4.16, at the given point (z,y, z) we have

1
div f(z,y, 2) = ‘1/13%) v // f- do for closed surfaces ¥ containing (z,y, z), so (4.4.17)
)

1
= lim V(O) by our assumption that the flux through each ¥ is zero, so

Lastly, we note that sometimes the notation

#}"(x,y,z}da and #f‘dﬂ'
) )

is used to denote surface integrals of scalar and vector fields, respectively, over closed surfaces. Especially in physics texts, it is
more common to see § instead.
b

This page titled 4.4: Surface Integrals and the Divergence Theorem is shared under a GNU FDL license and was authored, remixed, and/or
curated by Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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4.5: Stokes’ Theorem

So far the only types of line integrals which we have discussed are those along curves in R2. But the definitions and properties
which were covered in Sections 4.1 and 4.2 can easily be extended to include functions of three variables, so that we can now
discuss line integrals along curves in R3.

Definition 4.5.1: Line Integrals

For a real-valued function f(z,y, z) and a curve C in R?, parametrized by z = z(t),y = y(t), z = 2(t),a < t < b, the line integral
of f(z,y, z) along C with respect to arc length s is

intef(z,y, z) ds = int® f(z(t), y(t), z(t))\/ﬂc’(t)2 a0 4 Z ()P k. (4.5.1)
The line integral of f(z,y, 2) along C with respect to z is
intof(z,y, 2) de = int? f(z(t), y(t), 2(t))z’ (t) dt. (4.5.2)
The line integral of f(z,y, z) along C with respect to y is
into f(z,y, 2) dy = int? f(z(t), y(t), 2(t))y (t) dt. (4.5.3)
The line integral of f(z,y, z) along C with respect to 2 is
inte f(x,y, 2) dz = int] f(2(t), y(t), 2(t)) 2’ (t) dt. (4.5.4)
Similar to the two-variable case, if f(z,y,2) > 0 then the line integral int¢ f(z,y, 2) ds can be thought of as the total area of the
“picket fence” of height f(z,y, z) at each point along the curve C in R3.

Vector fields in R? are defined in a similar fashion to those in R2, which allows us to define the line integral of a vector field along
acurve in R3.

Definition 4.5.2

For a vector field f(x,y, z) = P(z,y, 2)i + Q(z,y, 2)j + R(z,y, )k and a curve C in R? with a smooth parametrization z = z(t), y
=y(t),z= 2(t),a < t < b, the line integral of f along C is

intef - dr = inteP(z,y, 2) dz + intcQ(z,y, 2) dy + intcR(z,y, 2) dz (4.5.5)
= int?f(z(t), y(t), 2(t)) - v/ (t)dt, (4.5.6)

where r(t) = z(¢)i + y(t)j + z(¢)k is the position vector for points on C.
Similar to the two-variable case, if f(z, y, z) represents the force applied to an object at a point (z,y, z) then the line integral intcf
- dr represents the work done by that force in moving the object along the curve C in R3.

Some of the most important results we will need for line integrals in R? are stated below without proof (the proofs are similar to
their two-variable equivalents).

Theorem 4.5.1

For a vector field f(z,y, 2z) = P(z,y,2)i + Q(z,y,2)j + R(z,y,2)k and a curve C with a smooth parametrization z = z(t),y
= y(t),z = 2(t),a < t < b and position vector r(t) = z(t)i + y(t)j + 2(t)k,

GNU Free Documentation License 158 (4.5.1)



LibreTextS'“

intef - dr = intef - T ds, (4.5.7)

'(t
where T\(t) = ”:,Et;” is the unit tangent vector to C at (z(t), y(t), 2(¢)).

Theorem 4.5.2: Chain Rule

If w = f(=z,y,2) is a continuously differentiable function of z,y, and z, and z = z(t),y = y(t) and z = z(¢) are differentiable
functions of ¢, then w is a differentiable function of ¢, and

dw Owdr Owdy Owdz

& " ordt oyt | Bz dt (45.8)
Also, if x = x(t1,t2),y = y(t1,t2) and z = z(t1, ty) are continuously differentiable function of (¢4, ¢2), then
Ow _Owdz  Owdy  Owdz (4.5.9)
8t1 833 8t1 8y 8t1 E)z 8t1
and
Ow 0w Oz  Ow dy  Ow Oz (4.5.10)

Bty Oz Oty = Oy Oty = 0z Ot2

Theorem 4.5.3: Potential

Let f(z,y, 2) = P(z,y, 2)i + Q(z,y, 2)j + R(z, y, z)k be a vector field in some solid S, with P, Q and R continuously differentiable
functions on S. Let C be a smooth curve in S parametrized by z = z(t),y = y(t),z = 2(t),a <t < b. Suppose that there is a
real-valued function F(z,y, z) such that VF = f on S. Then

intef - dr = F(B) — F(A), (4.5.11)

where A = (z(a), y(a), 2(a)) and B = (z(b),y(b), 2(b)) are the endpoints of C.

Corollary

If a vector field \(\textbf{f}\) has a potential in a solid S, then § £ - dr = 0 for any closed curve C'in S (i.e. §,VF -dr = 0 for
any real-valued function F(z,y, z)).

Example 4.5.1

Let f(z,y,z) = z and let C be the curve in R3 parametrized by

r =tsint, y=tcost, z=t, 0<t<8m.
Evaluate int¢ f(z,y, z) ds. (Note: C is called a conical helix. See Figure 4.5.1).
Solution
Since z /(t) = sint + tcost,y '(t) = cost — tsint, and z’(t) = 1, we have

/()2 +y'(t)2 + 2/ (t)* = (sin®t + 2t sint cost + t cos® t) + (cos®t — 2tsint cost + t>sin® t) + 1 (4.5.12)
= t2(sin®t + cos®t) + sin¢ + cos? ¢t + 1
=t +2,
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so since f(z(t),y(t), 2(t)) = z(t) = t along the curve C, then

intef(z,y, 2) ds = 6" ((2), y(1), 2()y/2' (1) +/(1)? + 2/ ()2 de (4.5.13)
= int§"¢\/12 + 2 dt
(é( 2y 2)3/2) ‘z” _ % (64> +2)¥* —2v2).

Figure 4.5.1 Conical helix C

Example 4.5.2

Let f(z,y, 2) = =i + yj + 22k be a vector field in R3. Using the same curve C from Example 4.12, evaluate intof - dr.

Solution:

ZIT2

2
It is easy to see that F(z,y,z2) = 5 % + 22 is a potential for f(z,y, 2) (i.e. VF ={).

So by Theorem 4.12 we know that

intcf - dr = F(B) — F(A), where A = (2(0),y(0), 2(0)) and B = (x(87), y(8~), 2(87)), so (4.5.14)
= F(8msin 8m, 8w cos 8w, 8m) — F(0sin 0,0 cos 0, 0)
= F(0, 8, 87) — F(0,0,0)
(87)?

=0+ ——+(8m)> = (0+0+0) = 967",

We will now discuss a generalization of Green’s Theorem in R? to orientable surfaces in R3, called Stokes’ Theorem. A surface %
in R? is orientable if there is a continuous vector field N in R? such that N is nonzero and normal to X (i.e. perpendicular to the
tangent plane) at each point of . We say that such an N is a normal vector field.

For example, the unit sphere x? + y2 + 2% = 1 is orientable, since the continuous vector field N(z,y, 2) = zi + yj + 2k is nonzero
and normal to the sphere at each point. In fact, —IN(z, y, z) is another normal vector field (see Figure 4.5.2). We see in this case
that N(z,y, z) is what we have called an outward normal vector, and —IN(z, y, ) is an inward normal vector. These “outward” and
“inward” normal vector fields on the sphere correspond to an “outer” and “inner” side, respectively, of the sphere. That is, we
say that the sphere is a two-sided surface. Roughly, “two-sided” means “orientable”. Other examples of two-sided, and hence
orientable, surfaces are cylinders, paraboloids, ellipsoids, and planes.
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Figure 4.5.2

You may be wondering what kind of surface would not have two sides. An example is the Mébius strip, which is constructed by
taking a thin rectangle and connecting its ends at the opposite corners, resulting in a “twisted” strip (see Figure 4.5.3).

A B
L ) R
' 3
B A
(a) Connect A to A and B to B along the ends (b) Not orientable

Figure 4.5.3: Mobius strip

If you imagine walking along a line down the center of the Mobius strip, as in Figure 4.5.3(b), then you arrive back at the same
place from which you started but upside down! That is, your orientation changed even though your motion was continuous along
that center line. Informally, thinking of your vertical direction as a normal vector field along the strip, there is a discontinuity at
your starting point (and, in fact, at every point) since your vertical direction takes two different values there. The M&bius strip has
only one side, and hence is nonorientable.

For an orientable surface X which has a boundary curve C, pick a unit normal vector n such that if you walked along C with your
head pointing in the direction of n, then the surface would be on your left. We say in this situation that n is a positive unit normal
vector and that C is traversed n-positively. We can now state Stokes’ Theorem:

Theorem 4.5.4: Stoke's Theorem

Let 3 be an orientable surface in R3 whose boundary is a simple closed curve C, and let f(z,y, z) = P(z,y,2)i + Q(z,y, 2)j
+ R(x,y, 2)k be a smooth vector field defined on some subset of R? that contains ¥. Then

f.cf- dr = //(curl f) - ndo, (4.5.15)
3

where

Curlf:<8R_6Q), (aP aR), (GQ_BP)k

W o)\ T )it e oy (G

n is a positive unit normal vector over X, and C is traversed n-positively.
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Proof: As the general case is beyond the scope of this text, we will prove the theorem only for the special case where X is the
graph of z = z(x, ) for some smooth real-valued function z(z,y), with (z,y) varying over a region D in R2.

Projecting X onto the zy-plane, we see that the closed curve C (the boundary curve of X) projects onto a closed curve Cp which
is the boundary curve of D (see Figure 4.5.4). Assuming that C has a smooth parametrization, its projection Cp in the zy-plane
also has a smooth parametrization, say

v 2
Z:z=z(x,y)
n
I
| |
1 C :
| ¥
0 v
>
Cp
Figure 4.5.4

Cp:z=2(t),y=yt),a<t<b,
and so C can be parametrized (in R? ) as
C:a=at), y=y(t), 2= 2(x(t),y(t), a <t < b,

since the curve C is part of the surface z = z(z,y). Now, by the Chain Rule (Theorem 4.4 in Section 4.2), for 2
= z(z(t),y(t)) as a function of ¢, we know that

, 0z , 0z
2(0) = 5o () + 5o 1),

and so
‘% f-dr= intcP($7 Y, z) dz + Q(ﬁ, Y, Z) dy + R(.Z‘, Y, Z) dz (4517)
c

= int} (Px’(t) +Qy(t)+R (%m’(t} + g—;y’(t))) dt

= int} ((P + R%) z'(t) + (Q + Rg—Z) y/(t)) dt
= inte, P(z,y) dz + Q(x,y) dy,

where

P(z,y) = P(z,y, 2(z,y)) + R(z,y, z(w,y))%(w,y), and (4.5.18)
Q) = Q(z,y,2(2,9)) + R(z,y, 2(z, y))?—;@, )

for (z,y) in D. Thus, by Green’s Theorem applied to the region D, we have

foa- [[(52-5) o (45.19)
D
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Thus,
9Q 9 9
a—g =9 (Q(x,y7 2(z,y)) + R(z, vy, z(x7y))a—;(w,y)> , so by the Product Rule we get (4.5.20)
0 0 0 0 (0
= 55 Qv ) + (o R@ v @) ) 5 @0) + By o) 5 (@)

Now, by Equation 4.5.9 in Theorem 4.11, we have

9Q 0z | 0Q dy | 0Q 0=

0
s (@@, 2(2,9)) = 5= 5— oy 0z T 92 0 (4.5.21)
_0Q 2Q 0Q 0z
Y 1+ oy 0 0z Ox
_ 00, 09 o
Y 0z Ox
Similarly,
0 OR OR 0z
g(R(%y, 2(z,y))) = % 92 92
Thus,
0Q _ 9Q | 9Q 93z (8R OR 8z> 9z 92z
_——= -_— R 4.5.22
o0~ oz T o: 00 T\ B T or0n) By TE@ @55, (4.5.22)
_0Q 9@ D:  DRD:  BRD:zD:  p 0%
Y 0z 0x Oz dy 0z Oz Oy 0z0y
In a similar fashion, we can calculate
0P _0P  OPD:  DRD: DRD:D: . 0%
dy ~ dy = 0z dy = Oy dz = 9z Oy Oz oyoz
So subtracting gives
9Q oP 9Q OdR\ 0z dR P 9Q ap)
=== — - = - = 4.5.23
oz Jy (az 8y)8z+(8z az)8y+(8x oy ( )
. 0%z 9%z .
since —— = ——— by the smoothness of z = z(z, y). Hence, by Equation 4.5.19,
0xdy  Oyox
8R 0Q OP OR 0Q OP )
£ dr = ) = (== = __"))d4a 4.5.24
?{ ' // oy )896 <8z 8m>8y+<8x ay) ( )
after factoring out a —1 from the terms in the first two products in Equation 4.5.23.
Now, recall from Section 2.3 (see p.76) that the vector N = f% i— Z—J + k is normal to the tangent plane to the surface 2
z Y
= z(z,y) at each point of . Thus,
0z ., 0z,

@)

is in fact a positive unit normal vector to ¥ (see Figure 4.5.4). Hence, using the parametrization r(z,y) =zi + yj

+ z(z,y)k, for (z,y) in D, of the surface X, we have % =i +%k and g—; =] +2—;k, and so Hé Xﬁ”
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2 2
= \/1 + (%) + (g—;) . So we see that using Equation 4.5.16 for curl f, we have
or Or
//(curl £) - ndo = //(curl D)5 x a_yH dA (4.5.25)
b D

zg/((%_i_%_f)H(%_f_z_]:)H(z_g_%—g)k)'(—%i—g—;Hk) dA
PR )

which, upon comparing to Equation 4.5.24, proves the Theorem.

Note: The condition in Stokes’ Theorem that the surface X have a (continuously varying) positive unit normal vector n and a
boundary curve C traversed n-positively can be expressed more precisely as follows: if r(¢) is the position vector for C and T(t)
=r’(t)/|r’(¢)| is the unit tangent vector to C, then the vectors T, n, T x n form a right-handed system.

Also, it should be noted that Stokes’ Theorem holds even when the boundary curve C is piecewise smooth.

Example 4.5.3

Verify Stokes’ Theorem for f(x,y, z) = zi + xj + yk when X is the paraboloid z = 2% + y? such that z < 1 (see Figure 4.5.5).

Figure 45.5 z=x2+ ¢

Solution:

The positive unit normal vector to the surface z = z(z,y) = 2% + ¢* is

_ —2xi—-2yj+k
9z\2 9z\2 \/1"‘43524‘4?/27
1+ () +(5)
oz oy

and curl f = (1-0)i+(1-0)j+(1-0)k = i+j+k, so
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(curl f) -n = (=22 — 2y + 1)/4/1 + 4z% + 492

Since ¥ can be parametrized as r(z,y) = zi + yj + (22 + y?)k for (x,y) in the region D = (z,y) : 2> + 3 < 1, then

//(curl £)-ndo — //(curl f)Hg—; >< g—;H dA (4.5.26)

o) D
—2x —2 1
_ // 2 WE L T4’ +agidA
V14 4x2 + 492
D
= // (—2x — 2y + 1) dA, so switching to polar coordinates gives
D
= int2"int}(—2r cos  — 2rsin @ + 1) r dr df

= intZ"int§(—2r% cos § — 2r? sin @ + r) dr df

=il
) a6
r=0

2 3 2 3 2
= int?" (—%COSG — %SinG + %

2 2 1
= int2" (—ECOSQ = gsin0 + 5) do
2m

2 . 2 1
= —gsmﬂ—i— gcosﬁ—i— 50 .

=T.

The boundary curve C is the unit circle 22 4+ y? = 1 laying in the plane z = 1 (see Figure 4.5.5), which can be parametrized as
z =cost,y=sint,z= 1 for 0 <t < 2m. So

7{ £ dr = int2"((1)(—sin?) + (cost)(cost) + (sin#)(0)) dé (4.5.27)
@
1 2t 1 2t
= int2" (* sint + H%) dt (here we used cos®t = H%)
— cost t + sin 2t |27
B 2 4 lo

So we see that §.f- dr = [[(curl f) - ndo, as predicted by Stokes’ Theorem.
3

The line integral in the preceding example was far simpler to calculate than the surface integral, but this will not always be the
case.

Example 4.5.4
2 2

Let ¥ be the elliptic paraboloid z = % + % for 2 < 1, and let C be its boundary curve. Calculate ¢, f - dr for f(z,y, z) = (9z2
+29)i + (2z + 92)j + (—29% + 22)k, where C is traversed counterclockwise

Solution
2 y2
The surface is similar to the one in Example 4.5.3, except now the boundary curve C is the ellipse T + 5 = 1 laying in the

plane z = 1. In this case, using Stokes’ Theorem is easier than computing the line integral directly. As in Example 4.14, at

2
each point (z,y, 2(z, y)) on the surface z = z(z,y) = ‘% + % the vector
0z 0z T 2
i Zitk T, o4y,
o 1 ay‘] + B B i 9 j+k

n= = ,

922 92\ 2 \/ x| 4y?
vzl (2] 1+ — +——
\/1+(8z) +(8y> 4 9
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is a positive unit normal vector to X. And calculating the curl of f gives
curl f = (—4y — 0)i + (92 — 0)j + (2 — 2)k = —4yi + 9zj + 0k,

SO

(4)(-5) + 0D+ OD 5y 2540

2 2 2 T
a3 4y x 4y
14— + 2 14+ + =
+ Tt + T+

and so by Stokes’ Theorem

fcf.drz//(curlf).ndaz//Oda:o.

b)) b

In physical applications, for a simple closed curve C the line integral 3€Cf - dr is often called the circulation of f around C. For
example, if E represents the electrostatic field due to a point charge, then it turns out that curl E = 0, which means that the
circulation fc E - dr = 0 by Stokes’ Theorem. Vector fields which have zero curl are often called irrotational fields.

In fact, the term curl was created by the 19th century Scottish physicist James Clerk Maxwell in his study of electromagnetism,
where it is used extensively. In physics, the curl is interpreted as a measure of circulation density. This is best seen by using
another definition of curl f which is equivalent to the definition given by Equation 4.5.16. Namely, for a point (z,y, z) in R3,

n-(curl f(z,y, z) = lim %f f.dr, (4.5.28)
c

5—0

where S is the surface area of a surface ¥ containing the point (z,y, z) and with a simple closed boundary curve C and positive
unit normal vector n at (z,y, ). In the limit, think of the curve C shrinking to the point (z,y, z), which causes X, the surface it
bounds, to have smaller and smaller surface area. That ratio of circulation to surface area in the limit is what makes the curl a
rough measure of circulation density (i.e. circulation per unit area).

¥y

/7 \

0

Figure 4.5.6 Curl and rotation

An idea of how the curl of a vector field is related to rotation is shown in Figure 4.5.6. Suppose we have a vector field f(z, y, z)
which is always parallel to the zy-plane at each point (z,y, z) and that the vectors grow larger the further the point (z, y, z) is from
the y-axis. For example, f(z,y, z) = (1 + x2)j. Think of the vector field as representing the flow of water, and imagine dropping two
wheels with paddles into that water flow, as in Figure 4.5.6. Since the flow is stronger (i.e. the magnitude of f is larger) as you
move away from the y-axis, then such a wheel would rotate counterclockwise if it were dropped to the right of the y-axis, and it
would rotate clockwise if it were dropped to the left of the y-axis. In both cases the curl would be nonzero (curl f(z,y, z) = 2zk
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in our example) and would obey the right-hand rule, that is, curl f(z,y, z) points in the direction of your thumb as you cup your
right hand in the direction of the rotation of the wheel. So the curl points outward (in the positive z-direction) if x > 0 and points
inward (in the negative z-direction) if z < 0. Notice that if all the vectors had the same direction and the same magnitude, then the
wheels would not rotate and hence there would be no curl (which is why such fields are called irrotational, meaning no rotation).

Finally, by Stokes’ Theorem, we know that if C is a simple closed curve in some solid region S in R? and if f(z,y, z) is a smooth
vector field such that curl f =0 in S, then

?{Cf‘dr://(curlf~ndaz//0~nda=[/0do=0,

z P P

where X is any orientable surface inside S whose boundary is C (such a surface is sometimes called a capping surface for C). So
similar to the two-variable case, we have a threedimensional version of a result from Section 4.3, for solid regions in R?® which
are simply connected (i.e. regions having no holes):

The following statements are equivalent for a simply connected solid region S in R3 :

f(z,y,z) = P(z,y, 2)i + Q(z,y, 2)j + R(z,y, 2)k has a smooth potential F(z,y, z) in S
intcf - dr is independent of the path for any curve C' in S

jicf - dr = 0 for every simple closed curve C'in S

OR 9Q OoP OR 0Q oP

= = d—=—inS(.e.curlf=0i
oy %2 02 ax,an o2 oy in S (i.e. curl in S)

Qe onoo

Part (d) is also a way of saying that the differential form P dz + Q dy + R dz is exact.

Example 4.5.5

Determine if the vector field f(x,y, z) = xy2i + Tzj + zyk has a potential in R3.
Solution

Since R? is simply connected, we just need to check whether curl f = ® throughout R?3, that is,

OR _0Q 0P _OR 9Q _ oP

dy 0z 0z 0z’ i P oy
throughout R?, where P(z,v, 2) = zyz, Q(z,y, z) = xz, and R(z,y, z) = zy. But we see that

oP OR OP , OR R
o W, =Y g#a for some (z,y, z) in R”.

Thus, f(z,y, z) does not have a potential in R3.

This page titled 4.5: Stokes’ Theorem is shared under a GNU FDL license and was authored, remixed, and/or curated by Michael Corral via
source content that was edited to the style and standards of the LibreTexts platform.
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4.6: Gradient, Divergence, Curl, and Laplacian

In this final section we will establish some relationships between the gradient, divergence and curl, and we will also introduce a
new quantity called the Laplacian. We will then show how to write these quantities in cylindrical and spherical coordinates.

Gradient

For a real-valued function f(z,y,z) on R?, the gradient V f(z,y, z) is a vector-valued function on R?, that is, its value at a point
(z,y, 2) is the vector

_(df Of Bf\ _0f . df  Of
Vf(x,y,Z)— (aaa_yag) - 8:Bl+ ay.]+ aZk

in R3, where each of the partial derivatives is evaluated at the point (z,y, 2). So in this way, you can think of the symbol V as
being “applied” to a real-valued function f to produce a vector V f.

It turns out that the divergence and curl can also be expressed in terms of the symbol V. This is done by thinking of V as a vector
in R3, namely

i+ —k. (4.6.1)

9, 0 a
V= al + a—y a
o] o] . . " . A
Here, the symbols e and s are to be thought of as “partial derivative operators” that will get “applied” to a real-valued
T Yy z
of

. . .. 0 0 . a . 0
function, say f(z,y, z), to produce the partial derivatives —f, —f and —. For instance, — “applied” to f(z,y, z) produces —f
Oz’ Oy 0z ox oz
. . . 0 0 0 . ,
Is V really a vector? Strictly speaking, no, since 32’ oo and 3 are not actual numbers. But it helps to think of V as a vector,
T Y z
. . . . . 0 0 .
especially with the divergence and curl, as we will soon see. The process of “applying” 3 90 02 to a real-valued function
x Y z
f(z,vy, z) is normally thought of as multiplying the quantities:

(55) D=5 () D= (52) D=5

For this reason, V is often referred to as the “del operator”, since it “operates” on functions.

Divergence

For example, it is often convenient to write the divergence div f as V - £, since for a vector field f(z,y, 2) = fi(z,y, 2)i + f2(z,y, 2)j
+ f3(z,y, 2)k, the dot product of f with V (thought of as a vector) makes sense:
0 0 0

(55) 0+ (55) 2+ (52) ()

_Oh O s
_8m+8y+8z

=div f

We can also write curl f in terms of V, namely as V x {, since for a vector field f(z,y, 2) = P(z,y, 2)i + Q(z,y, 2)j + R(z,y, 2)k, we
have:
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i j k
Vxt=| o a% -~
P(z,y,z) Q(z,y,2) R(z,y,2)
- (582 (52805 (32 - 30
- (322 (323 (3220
=curl f
For a real-valued function f(z,y, z), the gradient Vf(z,y, z) = a_fl + a—i + —fk is a vector field, so we can take its divergence:
divVf=V.-Vf (4.6.3)
- (88:6 +82y‘]+ &?zk) (gf +g—gjj +% )
5 () (5) v (3)
2 2 2
Note that this is a real-valued function, to which we will give a special name:
Definition 4.7: Laplacian
For a real-valued function f(z,y, z), the Laplacian of f, denoted by Af, is given by
Af(z,y,2) =V -Vf= a—f + o' + o'f (4.6.4)

By 022

Often the notation V2f is used for the Laplacian instead of A f, using the convention V2=V - V.
Example 4.17

Find

the gradient of |r|?
the divergence of r
the curl of r

the Laplacian of |r|?

g oo

Solution:

(@) V|r|? = 2zi + 2yj + 22k = 2r

3(gc)+a%(y)+3(z):1+1+1=3

(b)v'r:ax 0z

(c)
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i j k
0 0 0
= | — P — = — i— — i — k:
VXxr 9z 0y 02 (0—0)i—(0—0)j+ (0—0) 0
% Yy z

92 Gk 92
(d) Alr)? = W(m2+y2+z2)+a—y2(m2+y2+z2)+@(x2+y2+z2):2+2+2=6

Note that we could have calculated A|r|? another way, using the V notation along with parts (a) and (b):

Alr|?=V - V|r|*=V-2r=2V-r=2(3) =6

Notice that in Example 4.17 if we take the curl of the gradient of |r|? we get
V x (V|r|?) =V x 2r =2V xr =20 = 0.

The following theorem shows that this will be the case in general:

Theorem 4.15.

For any smooth real-valued function f(z,y,2),V x (Vf) =0.

We see by the smoothness of f that

i j k
o 08 3
Vx(Vf)=]0z 0dy 0z (4.6.5)
or B B
Oox Oy 0z
% O\, (D . (B 9N
B (ayaz B 8281/) T <8x8z B azax)‘] * (amay B ayaz) k=0, (4.6.6)

since the mixed partial derivatives in each component are equal.

O

Corollary 4.16

If a vector field f(z,y, z) has a potential, then curl f = 0.

Another way of stating Theorem 4.15 is that gradients are irrotational. Also, notice that in Example 4.17 if we take the divergence
of the curl of r we trivially get

V- (VXxr)=V-0=0. (4.6.7)

The following theorem shows that this will be the case in general:

Theorem 4.17.

For any smooth vector field f(z,y, 2),V - (V x f) = 0.
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The proof is straightforward and left as an exercise for the reader.

Corollary 4.18

The flux of the curl of a smooth vector field f(z,y, z) through any closed surface is zero.

Proof: Let X be a closed surface which bounds a solid S. The flux of V x f through X is

//(V x f)-do = // V - (V x £) dV (by the Divergence Theorem) (4.6.8)
b S
= 0dV (by Theorem 4.17) (4.6.9)
I
~0 (4.6.10)

There is another method for proving Theorem 4.15 which can be useful, and is often used in physics. Namely, if the surface
integral [[ f(z,y,2) do = 0 for all surfaces ¥ in some solid region (usually all of R? ), then we must have f(z,y, z) = 0 throughout
p

that region. The proof is not trivial, and physicists do not usually bother to prove it. But the result is true, and can also be applied
to double and triple integrals.

For instance, to prove Theorem 4.15, assume that f(z,y, z) is a smooth real-valued function on R2. Let C be a simple closed curve
in R3 and let X be any capping surface for C (i.e. £ is orientable and its boundary is C). Since V f is a vector field, then

//(V x (Vf)) -ndo= 7{ V f - dr by Stokes’ Theorem, so (4.6.11)
c

= 0 by Corollary 4.13.

Since the choice of ¥ was arbitrary, then we must have (V x (Vf)) - n = 0 throughout R?, where n is any unit vector. Using i, j and
k in place of n, we see that we must have V x (V) = 0 in R3, which completes the proof.

Example 4.18

A system of electric charges has a charge density p(x,y, z) and produces an electrostatic field E(z, y, z) at points (z,y, z) in

space. Gauss’ Law states that
//Eda: 47r///pdV

s S

for any closed surface X which encloses the charges, with S being the solid region enclosed by 3. Show that V - E = 4mp. This
is one of Maxwell’s Equations.

Solution

By the Divergence Theorem, we have
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/S/ V~EdV=Z/E-da (4.6.12)

=47 /// pdV by Gauss’ Law, so combining the integrals gives

5
/S//(V-E47rp)dV=0,so

V -E — 47p = 0 since ¥ and hence S was arbitrary, so

V- E = 4mp.

Often (especially in physics) it is convenient to use other coordinate systems when dealing with quantities such as the gradient,
divergence, curl and Laplacian. We will present the formulas for these in cylindrical and spherical coordinates.

Recall from Section 1.7 that a point (z, y, z) can be represented in cylindrical coordinates (r, 0, z), where x = rcosf,y=rsinf, z = z.
At each point (7,0, z), let e,, eq, e, be unit vectors in the direction of increasing r, 6, z, respectively (see Figure 4.6.1). Then e,, ey, €,
form an orthonormal set of vectors. Note, by the right-hand rule, that e, x e, = ey.

e;
'
2 ey
tx,y,z:'<:e,
Z
0 :
x 70 +.T
-
A y (x,,0)
€p
Lz ey
(I,_}",Z
ey
L
0 J
x /0
L
o y (x,,0)

Figure 4.6.1 Orthonormal vectors e,, ey, e, in cylindrical coordinates (left) and spherical coordinates (right).
Similarly, a point (z,y, z) can be represented in spherical coordinates (p, 8, ¢), where z = psinpcosf,y = psinpsinf, z = pcos p.
At each point (p, 6, @), let e,, eq, e, be unit vectors in the direction of increasing p, 8, ¢, respectively (see Figure 4.6.2). Then the

vectors e,, eg, e, are orthonormal. By the right-hand rule, we see that es x e, = e,,.

We can now summarize the expressions for the gradient, divergence, curl and Laplacian in Cartesian, cylindrical and spherical
coordinates in the following tables:
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Cartesian

(z,y, 2): Scalar function F; Vector field f = f1i + foj + f3k

e gradient: VF = 2—Fl+?)_§ AL ?)Zk

. divergence:V~f:%+%+%
x dy 0z
. curl:fo:(%_%)H(%_%)jJr
dy 02 9z O
2F 92F J’F

ox? + oy? + 022

(%%

e Laplacian: AF =

Cylindrical

(r,0, 2): Scalar function F; Vector field f = f,e, + fopeg + f.e,

oR L 1OF  OF
or " T 00 T Bz

o divergence:V -f= — 10 ( fr)+l%+ 0

19f, afg) +(gafrarz)ee+%<ai(f9) 8fr)ez

T 00 Oz
1 A’F N o’F
r2 962 022

e gradient: VF =

. curl:fo:(

e Laplacian: AF = li (TE)_F> +

r or or
Spherical

(p, 0, p): Scalar function F; Vector field f = f,e, + foes + foe,

- oF 1 OoF 1 0F
e gradient: VF = S_pe” + Y Weo ;?_ o
0 1

1 0
= (p2
pE ap( Pfo) + S + e 5, e fo)

o af 10 of, 1 93, 1
a_(smsofg)fa—e“) e, + — (ap(pﬂa) 8;)e€+(psin<p8_9pi;

®p
1 0 oF 1 o%F 1 a oF
Laplacian: AF = — — 2_) _ L oF __( _)
e Laplacian (p +pZSin2go YR +pzsingp W smc,o&p

e divergence:V -f=

e curl:Vxf=

oo e

The derivation of the above formulas for cylindrical and spherical coordinates is straightforward but extremely tedious. The basic
idea is to take the Cartesian equivalent of the quantity in question and to substitute into that formula using the appropriate
coordinate transformation. As an example, we will derive the formula for the gradient in spherical coordinates.

Goal: Show that the gradient of a real-valued function F(p, 6, ) in spherical coordinates is:

vF_aF b 1 OF +18F
Y ©r psin 0 ¢ p Op ¢
- - oF oF oF . . s e o
Idea: In the Cartesian gradient formula VF(z,y, z) = 8_1 + a—J + — 3 ——k, put the Cartesian basis vectors 1, j, k in terms of the
z

. . . . A oF OF OF
spherical coordinate basis vectors e, eg, e, and functions of p, 6 and . Then put the partial derivatives — 2 ay v in terms of
OF OF OF -
—, —, — and functions of p, 0 and ¢.
95’ 00 Dy p,0 and @
Step 1: Get formulas for e,, €4, e, in terms of i, j, k
We can see from Figure 4.6.2 that the unit vector e, in the p direction at a general point (p,0,¢) is e, = ”—r”, where r = zi + yj

r
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+ zk is the position vector of the point in Cartesian coordinates. Thus,

r  xityj+zk

e, = — = ,
P | Vo2 +y?+ 22

so using = = psinpcosf,y = psinpsinb, 2= pcosp, and p = \/x2 + 3% + 22, we get:

e, = sin p cos fi + sin ¢ sin 0 + cos<pk|

Now, since the angle 6 is measured in the zy-plane, then the unit vector ey in the 6 direction must be parallel to the zy-plane.
That is, ey is of the form ai + bj + 0k. To figure out what a and b are, note that since ey L e,, then in particular ey L e, when
e, is in the zy-plane. That occurs when the angle ¢ is 7/2. Putting ¢ = 7/2 into the formula for e, gives e, = cos i + sin 6j + 0k,
and we see that a vector perpendicular to that is —sin6i + cos§j + Ok. Since this vector is also a unit vector and points in the
(positive) 6 direction, it must be eg:

|e9 = —sin 0i + cos 6j +Ok|

Lastly, since e, = ey x e,, we get:

|eW = cos p cos 0i + cos p sin 6j —sinapk|

Step 2: Use the three formulas from Step 1 to solve for i, j, k in terms of e, ey, e,.

This comes down to solving a system of three equations in three unknowns. There are many ways of doing this, but we will do it
by combining the formulas for e, and e, to eliminate k, which will give us an equation involving just i and j. This, with the formula
for ey, will then leave us with a system of two equations in two unknowns (i and j), which we will use to solve first for j then for i.
Lastly, we will solve for k.

First, note that
sin e, + cos pe, = cos Oi + sin 6j
so that
sin f(sin e, + cos pe,) + cos feg = (sin? O + cos? 0)j = j,

and so:

|j = sin ¢ sin fe, + cos feg + cos<psin9e¢|

Likewise, we see that
cos f(sin e, + cos pe,) — sin fey = (cos? O + sin? O)i = i,

and so:

|i = sin ¢ cos fe, — sin feg + cos ¢ cos 0e¥,|

Lastly, we see that:

|k = cos pe, —sin gpe¢|

Step 3: Get formulas for 2—5, %—Ig, 2—5 in terms of 2—1:, %—5, %—I:

By the Chain Rule, we have
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oo, o s
oF 8F8m+8F8y+8_F%
a6 Or 00 Oy 00 0z 06’
OF OF 0z  OF 0y  OF 0z
Op or Op Oy Oy Bz 8@

which yields:
oF oF oF oF
— =si —— +singpsin— —_ 4.6.14
o sin ¢ cos 6 9% + sin ¢ sin 6 oy + cos 32 (4.6.14)
oF eaF N eaF
0 —psin ¢ sin oz psin ¢ cos e
—F = pCOS p COS 08—F + pcos psin 6’8—F — psin a—F
9y Peos® 9, TPcose oy PSNeg;
Step 4: Use the three formulas from Step 3 to solve for 8_F7 a—F, E)_F in terms of 8_F 8_F a—F
Or ' Oy Oz dp’ 096’ By

Again, this involves solving a system of three equations in three unknowns. Using a similar process of elimination as in Step 2,
we get:

2_1: = psilncp (psiHQQpcos@%—i sm@%—?+sinapcosg@cos02—i> (4.6.15)
oF 1 oF oF | . OF

— = — (psm psin— + cos 0— +smapcos<ps1n9—)

oy psin g ap a0 0p

a—F 1( COS a—Ff ln aF)
02 Peoses, B

F OF OF
Step 5: Substitute the formulas for 1, j, k from Step 2 and the formulas for — 0 8— 0 from Step 4 into the Cartesian gradient

5 5 5 Az’ oy’ Bz
formula VF(m,y,z)z—F'-l— F, F

oz Tt Tk

Doing this last step is perhaps the most tedious, since it involves simplifying 3 x 3 +3 x 3 + 2 x 2 = 22 terms! Namely,

1 oF oF oF
VF = — (psin2<pcos 0—— — sin 0— + sin p cos ¢ cos 9—) (sin ¢ cos fe, — sin fey + cos ¢ cos fe,,) (4.6.16)
psin dp 06 0y
oF oF oF
+ — (psin2<psin9— + cos§— + sin p cos psin 0—) (sin ¢ sin fe,, + cos feg + cos psin fe,,)
psin 0p a0 0y

1 ( OF ‘OF)( o)
— [ pcos p— — sin p— | (cos pe, — sin pe,,),
P 9p B ’ ¢

which we see has 8 terms involving e,, 6 terms involving ey, and 8 terms involving e,. But the algebra is straightforward and yields
the desired result:

F 1 OF L OF
_ 9 0 ep+ — 0 v (4.6.17)

a_pe’”L psin 96 p 8

Example 4.19

In Example 4.17 we showed that V|r|? = 2r and A|r|? = 6, where r(z,y, z) = =i + yj + 2k in Cartesian coordinates. Verify that
we get the same answers if we switch to spherical coordinates.

Solution
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Since |r|? = 2% + 42 + 22 = p? in spherical coordinates, let F(p, 0, ) = p? (so that F(p,0,¢) = |r|? ). The gradient of F in
spherical coordinates is
OF 1 OF 1 9F
g OF oF | 1oF 4.6.18
v apep+psin<p 80e6+p8g0e‘0 ( )
1
—12 0 —(0
pe, + psin(p( Jes + p( )e,
= 2pe, = 2pﬁ, as we showed earlier, so
r
= 2p£ = 2r, as expected. And the Laplacian is
P
1 0 oF 1 dF 1 0 oF
o= 8 () ks S s )
p? Op (p Op p2sin? o 062 + p?sinp Oy sm‘p‘cw
9 5 1 1 5}
=——(p°2 0 — (sinp(0
o (p"2p) pQSimp( )+ Tsing 09 (sinp(0))
1 0
=——(20*)+0+0
p? p( )
Lo
= —(6p") = 6, as expected.
p
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4.E: Line and Surface Integrals (Exercises)

4.1: Line Integrals

A

For Exercises 1-4, calculate int¢f(z,y) ds for the given function f(z,y) and curve C.
411, f(z,y)=zy; C:z=cost,y=sint,0<t<7/2

412 f(z,y)= 5 +1; C:z=ty=00<t<1

41.3. f(z,y) =2z +y; C: polygonal path from (0,0) to (3,0) to (3,2)

4.1.4. flz,y) =z + 92 C : path from (2,0) counterclockwise along the circle z? +192
= 4 to the point (—2,0) and then back to (2,0) along the z-axis

4.1.5. Use a line integral to find the lateral surface area of the part of the cylinder z? + 3?> = 4 below the plane z + 2y + z = 6 and
above the zy-plane.

For Exercises 6-11, calculate intcf - dr for the given vector field f(z,y) and curve C.
41.6.f(z,y)=i—j; C:2=3t,y=2t,0<¢t<1

41.7. f(z,y) =yi—zj; C:xz=cost,y=sint,0<t<271

41.8.f(z,y) =zi+vyj; C:z=cost,y=sint,0<t< 2w

4.19.f(z,y) = (2 —y)i+ (z —y)j; C:az=cost,y=sint,0<t<2r

4.1.10. f(x,y) = 29?1 + xy®j; C: the polygonal path from (0,0) to (1,0) to (0,1) to (0,0)

4111, f(z,y) = (22 +9?)i; C:z=2+cost,y=sint,0<t< 27

4.1.12. Verify that the value of the line integral in Example 4.1 is unchanged when using the parametrization of the circle C given
in formulas Equation (4.8).

4.1.13. Show that if f1r ’(¢) at each point r(¢) along a smooth curve C, then intcf - dr = 0.

4.1.14. Show that if f points in the same direction as r ’(¢) at each point r(¢) along a smooth curve C, then int¢f - dr = int¢\normf
ds.

C

4.1.15. Prove that int¢ f(z,y) ds = int_¢f(z,y) ds. (Hint: Use formulas Equation (4.9).)

4.1.16. Let C be a smooth curve with arc length L, and suppose that f(z,y) = P(z,y)i + Q(z,y)j is a vector field such that
\normf(z,y) < M for all (z,y) on C. Show that |intcf-dr| < ML. (Hint: Recall that |int’g(z)dz| < int}|g(z)| dz for Riemann

integrals.)

4.1.17. Prove that the Riemann integral int® f(z) dz is a special case of a line integral.
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4.2: Properties of Line Integrals

A

4.21. Evaluate fc(:r2 +y?) dx 4 22y dy for C: x = cost,y =sint,0 < t < 2m.
4.2.2, Evaluate intg(2z? + y?) dz + 2xy dyfor C: x = cost,y =sint,0 <t < 7
4.2.3. Is there a potential F(z,y) for f(z,y) = yi — xj? If so, find one.
4.2.4. Is there a potential F(z,y) for f(z,y) = zi — yj? If so, find one.

4.2.5. Is there a potential F(z,y) for f(z,y) = xy?i + z3yj? If so, find one.

4.2.6. Let f(x,y) and g(z,y) be vector fields, let a and b be constants, and let C be a curve in R2. Show that
into(af £ bg) - dr = aintef - dr + binteg - dr.
4.2.7. Let C be a curve whose arc length is L. Show that int¢1 ds = L.

4.2.8. Let f(z,y) and g(z,y) be continuously differentiable real-valued functions in a region R. Show that

%Cng-dr:—fchf-dr

for any closed curve C in R. (Hint: Use Exercise 21 in Section 2.4.)
. e s o .
4.2.9. Let f(z,y) = prrwn ey for all (z,y) # (0,0),and C: z = cost,y = sint,0 < ¢t < 2m.
(a) Show that f = VF, for F(z,y) = tan"!(y/x).

(b) Show that 5€Cf - dr = 27. Does this contradict Corollary 4.6? Explain.

C

(4.E.1)

(4E.2)

4.2.10. Let g(x) and h(y) be differentiable functions, and let f(x, y) = h(y)i + g(z)j. Can f have a potential F(z,y)? If so, find it. You

may assume that F would be smooth. (Hint: Consider the mixed partial derivatives of F.)

4.3: Green’s Theorem

A

For Exercises 1-4, use Green's Theorem to evaluate the given line integral around the curve C, traversed counterclockwise.

4.3.1. fc(aﬂ —y?) dx + 22y dy; C is the boundary of R = (z,y) : 0 <z < 1,222 <y < 22

4.3.2. §, z%y dx + 22y dy; C is the boundary of R= (z,9):0<z < 1,22 <y<=zx

4.3.3. §,2y dz — 3z dy; C is the circle 22 + 3> = 1

4.3.4. fc(e’”2 +4?) dz + (¥ + z?) dy; C is the boundary of the triangle with vertices (0,0), (4,0) and (0, 4)

4.3.5. Is there a potential F(z,y) for f(z,y) = (v* + 32?)i + 2zyj? If so, find one.
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4.3.6. Is there a potential F(x,y) for f(x,y) = (x® cos(zy) + 2z sin(zy))i + 2y cos(zy)j? If so, find one.
4.3.7. Is there a potential F(z,y) for f(z,y) = (8zy + 3)i + 4(z% + y)j? If so, find one.

4.3.8. Show that for any constants a,b and any closed simple curve C, §,a dz +b dy = 0.

4.3.9. For the vector field f as in Example 4.8, show directly that§cf -dr =0, where C is the boundary of the annulus R
= (z,y) : 1/4 < 2% + 4% < 1 traversed so that R is always on the left.

4.3.10. Evaluate §,e"siny dx + (y® +e“cosy) dy, where C is the boundary of the rectangle with vertices
(1,-1),(1,1),(=1,1) and (—1,—1), traversed counterclockwise.

C

4.3.11. For a region R bounded by a simple closed curve C, show that the area A of R is

1
Az—f yd:c:% :vdy:—?{ zdy —ydz, (4.E.3)
c c 2 Je

where C'is traversed so that R is always on the left. (Hint: Use Green’s Theorem and the fact that A= [[1 dA.)
R

4.4: Surface Integrals and the Divergence Theorem

A

For Exercises 1-4, use the Divergence Theorem to evaluate the surface integral [[, f- do of the given vector field f(z, y, z) over the
surface X.

447, f(x,y,2) =2i+ 295 + 32k, 822 + 92+ 22 =9
4.4.2. f(z,y,z) = zi + yj + 2k, X : boundary of the solid cube S = (z,y,2) : 0 < z,y,2< 1
4.4.3. f(x,y,2) =231+ 9P+ 22k, D2 492 + 22 =1

4.4.4.€(z,y,2) =2 +3j+5k, a2 +9y2 +22=1

4.4.5. Show that the flux of any constant vector field through any closed surface is zero.

4.4.6. Evaluate the surface integral from Exercise 2 without using the Divergence Theorem, i.e. using only Definition 4.3, as in
Example 4.10. Note that there will be a different outward unit normal vector to each of the six faces of the cube.

4.4.7. Evaluate the surface integral [ f - do, where f(z,y, 2) = 21 + zyj + zk and ¥ is the part of the plane 6z + 3y + 2z = 6 with =
>0,y >0, and z > 0, with the outward unit normal n pointing in the positive z direction.

4.4.8. Use a surface integral to show that the surface area of a sphere of radius r is 4wr2. (Hint: Use spherical coordinates to
parametrize the sphere.)

4.4.9. Use a surface integral to show that the surface area of a right circular cone of radius R and height h is mRv h2 + R2. (Hint:
Use the parametrization x = rcos,y = rsinf, z = %r, for0<r<Rand 0<6<2m.)

4.4.10. The ellipsoid j—: + g—i + i—; = 1 can be parametrized using ellipsoidal coordinates
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T =asinpcosf, y="bsinpsing, z=ccosp, for 0 <O <27mrand 0 < p < 7. (4.E.4)

Show that the surface area S of the ellipsoid is

S = intJint2msin 4,0\/112b2 cos? ¢ + c%(a?sin? @ + b2 cos? §) sin® p df dep. (4.E.5)

(Note: The above double integral can not be evaluated by elementary means. For specific values of a,b and c it can be evaluated
using numerical methods. An alternative is to express the surface area in terms of elliptic integrals. )

C

4.4.11. Use Definition 4.3 to prove that the surface area S over a region R in R? of a surface z = f(z,y) is given by the formula

s= e () () o 480
R

(Hint: Think of the parametrization of the surface.)

4.5: Stokes’ Theorem

A

For Exercises 1-3, calculate int¢ f(x,y, 2) ds for the given function f(z,v, z) and curve C.
4.5.1. f(x,y,2) =2, C:z=cost,y=sint,z=1¢t,0<t<2rx

4.5.2. f(z,y,2) = % +y+2z C:z=tly=tz2=11<t<2

4.5.3. f(z,y,2) = 2%; C:z =tsint,y=tcost,z= %ﬁti"/?,o <t<1

For Exercises 4-9, calculate int¢f - dr for the given vector field f(z, y, z) and curve C.

454. f(z,y,z)=i—j+k;, C:z=3t,y=2t,2=1t0<t<1

4.5.5. f(z,y,2) =yi—zj+2k; C:zx=cost,y=sint,z=1,0<t<2r

4.5.6.f(z,y,z) =zi+yj+zk; C:z=cost,y=sint,z=2,0<t< 27

45.7.f(z,y,2) = (y —22)i+xyj + 2z +9)k; C:zx=ty=2tz=1t>—-1,0<t<1

4.5.8. f(x,y,z) = yzi + zzj + zyk; C: the polygonal path from (0,0,0) to (1,0,0) to (1,2,0)
4.5.9. f(z,y,2) = zyi+ (z — x)j + 2yzk; C: the polygonal path from (0,0,0) to (1,0,0) to (1,2,0) to (1,2,—2)

For Exercises 10-13, state whether or not the vector field f(z,v, z) has a potential in R® (you do not need to find the potential
itself).

4.5.10. f(z,y,2) = yi — zj + 2k
4.5.11. f(z,y, 2) = ai + bj + ck(a, b, ¢ constant)
4512, f(z,y,2) = (x +y)i + zj + 2%k

4.513. f(z,y, 2) = zyi — (z — y22)j + 22k
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For Exercises 14-15, verify Stokes’ Theorem for the given vector field f(z, y, z) and surface X.

4514, f(x,y,2) =2yi —xj+ 2k; B:x?+924+22=1,2>0

4.5.15. f(z,y,2) = zyi + 2zj +yzk; L:z=2%+9% 2<1

4.5.16. Construct a Mobius strip from a piece of paper, then draw a line down its center (like the dotted line in Figure 4.5.3(b)).
Cut the Mobius strip along that center line completely around the strip. How many surfaces does this result in? How would you

describe them? Are they orientable?

4.5.17. Use Gnuplot (see Appendix C) to plot the Mdobius strip parametrized as:

1
r(u,v) = cosu(1l + vcos %)1 +sinu(l +vcos%)j +vsin%k, 0<u<2m,——=<v< 3 (4.E.7)

C

4.5.18. Let T be a closed surface and f(z, y, z) a smooth vector field. Show that ([ (curl f) - ndo = 0. (Hint: Split % in half.)
x

4.5.19. Show that Green’s Theorem is a special case of Stokes’ Theorem.
4.6: Gradient, Divergence, Curl, and Laplacian

A

For Exercises 1-6, find the Laplacian of the function f(z,y, z) in Cartesian coordinates.
4.6.1. f(z,y,2)=x+y+=z

4.6.2. f(r,y,2) = x°

4.6.3. f(z,y,2) = (x> +9* + 22)%?

4.6.4. f(z,y,z) = e"t¥t*

4.6.5. f(z,y,2) =2 + 1> + 2°

4.6.6. f(z,y,z) =e © V7

4.6.7. Find the Laplacian of the function in Exercise 3 in spherical coordinates.

4.6.8. Find the Laplacian of the function in Exercise 6 in spherical coordinates.

4.6.9. Let f(z,y,2) = in Cartesian coordinates. Find V f in cylindrical coordinates.

2 _
z24y?

4.6.10. For f(r, 0, z) = re, + zsinfey + rze, in cylindrical coordinates, find div f and curl f.

4.6.11. For f(p, 0, ¢) = e, + pcosfey + pe,, in spherical coordinates, find div f and curl f.

For Exercises 12-23, prove the given formula (r = \normr is the length of the position vector field r(z, y, z) = zi + yj + zk).

4.6.12. V(1/r) = —r/r?
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4.6.13. A(1/r)=0

4.6.14.V - (r/r*) =0

4.6.15. V(lnr) =r/r?

4.6.16. div (F + G) =div F +div G

4.6.17. curl (F + G) = curl F + curl G
4.6.18. div (fF) = fdivF +F -Vf
4.6.19.div (FxG)=G -cul F — F - curl G
4.6.20. div (Vf xVg)=0

4.6.21. curl (fF) = fecurl F + (Vf) x F
4.6.22. curl (curl F) = V(div F) — AF

4.6.23. A(fg) = fAg+gAf+2(Vf-Vyg)

C
4.6.24. Prove Theorem 4.17.
4.6.25. Derive the gradient formula in cylindrical coordinates: VF = %—fer + %%—geg + %—fez

4.6.26. Use f = u Vv in the Divergence Theorem to prove:

(a) Green’s first identity: [[f(uAv + (Vu) - (Vv)) dV = [[(uVv) -do
5 5

(b) Green’s second identity: [ff (uAv — vAu) dV = [[(uVv —vVu) -do
s b

4.6.27. Suppose that Au =0 (i.e. u is harmonic) over R3. Define the normal derivative g—z of u over a closed surface ¥ with

outward unit normal vector n by 3% = D,u = n - Vu. Show that [[ 8% do = 0. (Hint: Use Green’s second identity.)
b3

This page titled 4.E: Line and Surface Integrals (Exercises) is shared under a GNU FDL license and was authored, remixed, and/or curated by
Michael Corral via source content that was edited to the style and standards of the LibreTexts platform.
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