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1.1: Systems of Linear Equations

4b Objectives

1. Understand the definition of R", and what it means to use R" to label points on a geometric object.
2. Pictures: solutions of systems of linear equations, parameterized solution sets.
3. Vocabulary words: consistent, inconsistent, solution set.

During the first chapter of this textbook, we will be primarily concerned with understanding the solutions of systems of linear
equations. We define these terms and attempt to visualize what they and their solutions look like.

This page titled 1.1: Systems of Linear Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.
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1.1.1: Lines, Planes, and Space

# Definition: Linear

An equation in the unknowns z,y, 2,... is called linear if both sides of the equation are a sum of (constant) multiples of
z,%, 2, ..., plus an optional constant.

For instance,

3z +4y =2z
—x —z=100
are linear equations, but
3z+yz=3

sin(z) — cos(y) = 2
are not.
We will usually move the unknowns to the left side of the equation and move the constants to the right.

A system of linear equations is a collection of several linear equations, like

z 4+ 2y 4+ 3z = 6
2z — 3y + 22 = 14
3z + y — z = =2

# Definition: Solution Sets

e A solution of a system of equations is a list of numbers z, y, 2, ... that make all of the equations true simultaneously.
o The solution set of a system of equations is the collection of all solutions.
e Solving the system means finding all solutions with formulas involving some number of parameters.

A solution of a system of equations in » variables is a list of n numbers. For example, (z,y, z) = (1,—2,3) is a solution of the above
system involving three variables. As we will be studying solutions of systems of equations throughout this text, now is a good time
to fix our notions regarding lists of numbers.

A system of linear equations need not have a solution. For example, there do not exist numbers z and y making the following two
equations true simultaneously:

r + 2y 3
r + 2y = -3

In this case, the solution set is empty. As this is a rather important property of a system of equations, it has its own name.

# Definition: Inconsistent and Consistent

A system of equations is called inconsistent if it has no solutions. It is called consistent otherwise.

We use R to denote the set of all real numbers, i.e., the number line. This contains rational and irrational numbers like

3
0,5, —, 104, ..

# Definition: R

Let n be a positive whole number. We define
R" = all ordered n-tuples of real numbers (z1, z3, T3, ... , Tn)

An n-tuple of real numbers is called a point of R™.

https://math.libretexts.org/@go/page/221197
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In other words, R” is just the set of all (ordered) lists of n real numbers. We will draw pictures of R in a moment, but keep in mind

L. . 3 .
that this is the definition. For example, (O, 7 —7r) and (1,2, 3) are points of R3.

X |llustration 1.1.1.1 - The number line

When n = 1, we just get R back: R! = R. Geomefrically, this is the number line.

Vi
Al

-3 -2 -1 0 1 2 3

~

Figure 1.1.1.1

X |llustration 1.1.1.2 - The Euclidean plane

When n = 2, we can think of R? as the zy-plane. We can do so because every point on the plane can be represented by an
ordered pair of real numbers, namely, its z- and y-coordinates.

L(1,2)

~

J0,-3)

Figure 1.1.1.2

X |llustration 1.1.1.3 - 3-Space

When n =3, we can think of R3 as the space we (appear to) live in. We can do so because every point in space can be
represented by an ordered triple of real numbers, namely, its z-, y-, and z-coordinates.

s

(_2.7 2'!2)
(1,-1,3) .

~
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| Figure 1.1.1.3

So what is R4? or R5? or R™? These are harder to visualize, so you have to go back to the definition: R" is the set of all ordered n-
tuples of real numbers (z;, z2, 3, ... , Z5)-
They are still “geometric” spaces, in the sense that our intuition for R? and R3 often extends to R™.

We will make definitions and state theorems that apply to any R, but we will only draw pictures for R? and R3.

The power of using these spaces is the ability to label various objects of interest, such as geometric objects and solutions of
systems of equations, by the points of R™.

X |llustration 1.1.1.4: Color Space

All colors you can see can be described by three quantities: the amount of red, green, and blue light in that color. (Humans are
trichromatic.) Therefore, we can use the points of R? to label all colors. For instance, the point (.2,.4,.9) labels the color with
20% red, 40% green, and 90% blue intensity.

blue

EEEEEE
EEEL

H‘I—ﬁ]::

~

red

Figure 1.1.1.4

X |llustration 1.1.1.5: Traffic Flow

In the Overview, we could have used R* to label the amount of traffic (z,y, 2, w) passing through four streets. In other words, if
there are 10, 5,3, 11 cars per hour passing through roads z, y, 2, w, respectively, then this can be recorded by the point (10, 5,3, 11)
in R%. This is useful from a psychological standpoint: instead of having four numbers, we are now dealing with just one piece
of data.

Figure 1.1.1.5

https://math.libretexts.org/@go/page/221197
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A QR code is a method of storing data in a grid of black and white squares in a way that computers can easily read. A typical
QR code is a 29 x 29 grid. Reading each line left-to-right and reading the lines top-to-bottom (like you read a book), we can
think of such a QR code as a sequence of 29 x 29 = 841 digits, each digit being 1 (for white) or 0 (for black). In such a way, the
entire QR code can be regarded as a point in R%!. As in the previous examples, it is very useful from a psychological
perspective to view a QR code as a single piece of data in this way.

Figure 1.1.1.6. The QR code for this textbook is a 29 x 29 array of black/white squares.

In the above examples, it was useful from a psychological perspective to replace a list of four numbers (representing traffic flow) or
of 841 numbers (representing a QR code) by a single piece of data: a point in some R". This is a powerful concept, and we will
almost exclusively record solutions of systems of linear equations in this way.

1.1.1: Lines, Planes, and Space is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.1.2: Parametric Descriptions

Before discussing how to write the solution set of a system of linear equations below, it is helpful to see some pictures of what

these solution sets look like geometrically.

X |llustration 1.1.2.7: One Equation in Two Variables

Consider the linear equation 2z 4 y = 4. We can rewrite this as y = 4 — 2z, which defines a line in the plane: the slope is —2, and

the y-intercept is (0, 4).

Figure 1.1.2.7
In this context, we call 2z + y = 4 an implicit equation of the line.
Since y =4 — 2z, if we let z = ¢, we can write the same line in parametric form as follows:
(z,y) = (t,4—2t) forany teR
This means that every point on the line has the form (¢, 4 — 2¢) for some real number ¢. In this case, we call ¢ a parameter, as it

parameterizes the points on the line.

Figure 1.1.2.8

Notice that we could have solved for z instead, and gotten z = 2 — 3V

So if we wanted to let y = s, we would instead get a parametric form that looks like:

1
(zyy)=(2—58,8) forany s€R

https://math.libretexts.org/@go/page/221198
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Figure 1.1.2.9

These are clearly the same line, and all are acceptable ways to describe it.

# Definition: Lines

For our purposes, a line is a ray that is straight and infinite in both directions.

X |llustration 1.1.2.8 - One Equation in Three Variables

Consider the linear equation = + y + z = 1. This is the implicit equation for a plane in space.

Figure 1.1.2.10

If we solve for z in this equation, we get z =1 — y — z. Since there are no more restrictions, we can essentially pick any value
for the variables y and 2, and there will always be one z-value that makes the equation happy. So, let y =¢ and z = w and we
see one parametric form:

(z,9,2)=(1—t—w, t,w) forany t,weR

In this case, we need two parameters, t and w, to describe all points on the plane.

https://math.libretexts.org/@go/page/221198
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Figure 1.1.2.11

Note that the parameters ¢,w allow us to use R? to label the points on the plane. However, this plane is not the same as the
plane R2: indeed, every point on this plane has three coordinates, like the point (0,0, 1).

& Definition: Planes

A plane is a flat sheet that is infinite in all directions.

The equation  +y + 2z +w =1 defines a “3-plane” in 4-space, and more generally, a single linear equation in n variables
defines an “(n — 1)-plane” in n-space. We will make these statements precise in future chapters.

Solutions to systems of equations can come in many shapes.

X |llustration 1.1.2.9

Consider the system of two linear equations

z — 3y = —3
2c + y = 8

Each equation individually defines a line in the plane, pictured below.

https://math.libretexts.org/@go/page/221198
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Figure 1.1.2.12

A solution to the system of both equations is a pair of numbers (z,y) that makes both equations true at once. In other words, it
is a point that lies on both lines simultaneously. We can see in the picture above that there is only one point where the lines
intersect: therefore, this system has exactly one solution. (This solution is (3,2), as the reader can verify.)

Usually, two lines in the plane will intersect in one point, but of course this is not always the case.

X |llustration 1.1.2.10

Next, consider the system of two linear equations

These define parallel lines in the plane.

Figure 1.1.2.13

The fact that the lines do not intersect means that the system of equations has no solution. Of course, this is easy to see
algebraically: if 2 — 3y = —3, then it cannot also be the case that z — 3y = 3.

https://math.libretexts.org/@go/page/221198
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There is one more possibility. Consider the system of equations
r — 3y = —3
2 — 6y = —6

The second equation is a multiple of the first, so these equations define the same line in the plane.

Figure 1.1.2.14

In this case, there are infinitely many solutions of the system of equations.

X |llustration 1.1.2.12 - Two Equations in Three Variables

Consider the system of two linear equations

z + y + z =1
i — 2z =0

Each equation individually defines a plane in space. The solutions of the system of both equations are the points that lie on
both planes. We can see in the picture below that the planes intersect in a line. In particular, this system has infinitely many
solutions.

https://math.libretexts.org/@go/page/221198
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Figure 1.1.2.15
In this case, since we know the solution must be a line, we can find a parametric form with one parameter, t.
One such way to do so is to set z =, and the green plane (z — z = 0) forces z to satisfy z =¢.
Plugging these each into the purple plane (z + y + z = 1), we see that y = 1 — 2t must hold. Therefore, our line can be written:
(z, 4, 2)=(,1—2¢t,t) forany t€R

Note that in any case, the parameter ¢ allows us to use R to label the points on the line. However, neither line is the same as the

number line R: indeed, every point on the line in Example 1.1.2.7 line has two coordinates, like the point (0,4), and every point
on the line here has three coordinates, like (0,1,0).

In general, the solutions of a system of equations in = variables is the intersection of “(n — 1)-planes” in n-space. This is always
some kind of linear space, as we will discuss in the future.

1.1.2: Parametric Descriptions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.1.3: Practice Set

? Exercise 1.1.3.1a

Graph y = 4z — 3 in the xy-plane.

Answer

"'Hm...__‘_““_“

? Exercise 1.1.3.1b

Graph z + 2y = 6 in the xy-plane.

Answer

https://math.libretexts.org/@go/page/221199
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Graph z = —2 in the xy-plane.

Answer

? Exercise 1.1.3.1d
Graphy—2= %(z —1) in the xy-plane.

Answer
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Graph z(t) = 3t + 1, y(¢) = —2¢ + 4 in the xy-plane.

Answer

? Exercise 1.1.3.1f

Graph z(t) = 9¢ + 8, y(t) = 5 in the xy-plane.

Answer

https://math.libretexts.org/@go/page/221199
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. . 2. =7
Describe the shape of the solution set to { ety

z+y=3

Answer

These two lines are not parallel, so the solution set is a single point (4,—1).

L

? Exercise 1.1.3.2b

—z+y=1

Describe the shape of the solution set to
! P ut { dr—dy=4

Answer

These two lines are parallel, so the solution set is empty.

https://math.libretexts.org/@go/page/221199
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Describe the shape of the solution set to { o+3y=3

2z 4+ 6y =6
Answer

. . . . 1
These two lines are the same, so the solution set is the line y = —3% +1

H_
i
|
-‘-"“-.
“"“-.
“-.___‘.a
? Exercise 1.1.3.2d
2z +y=1

Describe the shape of the solution setto 4 2z —y =0
T+2y=2

Answer

These three lines do not intersect at a common point, so the solution set is empty.
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? Exercise 1.1.3.2¢

Describe the shape of the solution set to { Zeavieid

z—y—2=0

Answer
These are two non-parallel planes, so their intersection must be a line.
Substituting the bottom equation ¢ = y + z into the top equation gives (y +z)+ (y+2) =0
This simplifies to the linear relationship y = —z. Substituting this back gives z = —z4 z= 0.

Therefore our solution set is the line containing points of the form (0, —z, 2)

? Exercise 1.1.3.2f

4 +3y=2
Describe the shape of the solution set to z—z=1
3y+4z= -2

Answer
With three planes, we rely on algebra to determine our solution set.

The middle equation gives z = 1+ »z which we substitute into the top equation to get 4(1 + z) + 3y = 2

This simplifies into 3y + 4z = —2, which is exactly the third plane equation. Thus, we have y = —%z — %

Our solution set is the line containing points of the form (1+ z,—4z— 2,2)

? Exercise 1.1.3.2g

. . 5¢ — 15y + 10z = 30
Describe the shape of the solution set to { q v

bo— b+ a1

Answer

These two are both multiples of the same plane z — 3y + 2z = 6, so our solution set is that entire plane.

https://math.libretexts.org/@go/page/221199
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? Exercise 1.1.3.2h
r+2y—2z=4

Describe the shape of the solution set to z—y+32=14
3z+42=0

Answer

. g 4 . .
We use the bottom equation to write £ = —37 and substitute into the other two:
4 o e 5
(—gz) + 2y — 2z = 4 simplifies to y = 37 +2
4 . o 5
(—gz) —y + 3z = 4 simplifies to y = 3%~ 4

These are two parallel lines, so our solution set is empty.

? Exercise 1.1.3.3

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) The intersection of two lines is a point.

(b) The intersection of three lines is a point.

(c) The intersection of two planes is a point.

(d) The intersection of three planes is a point.

(e) If two lines share a common point, then their intersection is exactly one point.
(f) If two lines share a common point, then their intersection is a line.

(g) If two planes share a common point, then their intersection is exactly one point.
(h) If two planes share a common point, then their intersection is a line.

(i) If two planes share a common point, then their intersection is a plane.

(j) If three planes share a common point, then their intersection is exactly one point.
(k) If three planes share a common point, then their intersection is a line.

(1) If three planes share a common point, then their intersection is a plane.

Answer
(a) Sometimes True Sometimes False

When the lines are not parallel they intersect at a point, but when they are parallel they do not intersect at any point, and
when they are the same line they intersect at infinitely many points.

(b) Sometimes True Sometimes False

The three lines y = z,y = 2z, y = 0 all intersect at the origin, but the three lines y = z,y = —z, y = 1 do not intersect.
(c) Always False

Two non-parallel planes always intersect to be a line or a plane.

(d) Sometimes True Sometimes False

The planes z = 0,y = 0,z = 0 all intersect at the origin, but in Exercise 2h we saw three planes with no intersection.

(e) Sometimes True Sometimes False

https://math.libretexts.org/@go/page/221199
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If they are not the same line, they will share exactly one point. If they are the same line they will share infinitely many
points.

(f) Sometimes True Sometimes False

As we saw in Exercise 2c, two copies of the same line intersect at infinitely many points. However, if they are not parallel
lines or the same line, then the intersection is a point.

(g) Always False

Two non-parallel planes always intersect to be a line or a plane.

(h) Sometimes True Sometimes False

We saw in Exercise 2e that this can be true, and in Exercise 2g that this can be false.
(i) Sometimes True Sometimes False

We saw in Exercise 2g that this can be true, and in Exercise 2e that this can be false.
(j) Sometimes True Sometimes False

This is true for examples like z = 0,y = 0,2 = 0 which are all planes that intersect at the origin, but Exercise 2f shows that
this can also be false.

(k) Sometimes True Sometimes False
We saw in Exercise 2f that this can be true. However, if they are all three copies of the same plane, they can intersect at

more than just a line.

(1) Sometimes True Sometimes False

This is obviously true if they are all the same plane, but Exercise 2f shows that this can
also be false.

1.1.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.2: Row Reduction

4b Objectives

1. Learn to replace a system of linear equations by an augmented matrix.

2. Learn how the elimination method corresponds to performing row operations on an augmented matrix.

3. Understand when a matrix is in (reduced) row echelon form.

4. Learn which row reduced matrices come from inconsistent linear systems.

5. Recipe: the row-reduction algorithm.

6. Vocabulary words: row operation, row equivalence, matrix, augmented matrix, pivot, (reduced) row echelon form, free
variable

In this section, we will present an algorithm for “solving” a system of linear equations.

Instead of relying on graphing (which can be hard in the zy-plane, and very hard in the zyz-space, and impossible for higher
dimensions) or substitution, we begin with elimination and introduce matrices to help keep things organized.

This page titled 1.2: Row Reduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via
source content that was edited to the style and standards of the LibreTexts platform.
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1.2.1: Elimination and Augmented Matrices

We will solve systems of linear equations algebraically using the elimination method. In other words, we will combine the
equations in various ways to try to eliminate as many variables as possible from each equation. There are three valid operations we
can perform on our system of equations:

e Scaling: we can multiply both sides of an equation by a nonzero number.

r + 2y + 3z = 6 —3z — 6y — 9z = —18
2 — 3y + 2 = 14 [ ultiplylstby -3, % — 3y + 2 = 1.4
3z + y — =z = -2 3z + y — z = =2

e Replacement: we can add a multiple of one equation to another, replacing the second equation with the result.

z + 2y + 3z = 6 z + 2y + 3z = 6
2 — 3y + 22 = 14 Zd=Zndods, —Ty — 4z = 2
3 + y — 2z = -2 3z + y — z = —2
e Swap: we can swap two equations.
z + 2y + 3z = 6 3 + y — 2z = =2
2 — 3y + 22 = 14 e, 20 — 3y + 2z = 14
3z + y — 2z = -2 T + 2y + 3z = 6
v/ Example 1.2.1.1
Use elimination to solve
z + 2y + 3z = 6
2 — 3y + 22 = 14
3 + y — 2z = -2
Solution
z + 2y + 3z = 6 T + 2y + 3z = 6
2% — 3y + 2 = 14 d=md s, Ty — 4z = 2
3z + y — z = -2 3z + y — z = =2
zr + 2y + 3z = 6
3rd = 3rd—3x1st _7!/ _ 47 — 9
—b5y 10z = —-20
r + 2y + 3z = 6
Znd ¢ 5d, —5y — 10z = —20
Ty — 4z = 2
T + 2y + 3z = 6
divide 2nd by —5 y + 2, — 4
—Ty — 4z = 2
z + 2y + 3z = 6
3rd = 3rd+7x2nd ¥y + 2, — 4
10z = 30
At this point we’ve eliminated both z and y from the third equation, and we can solve 10 - z = 30 to get z = 3. Substituting for =
in the second equation gives y + 2+ 3 = 4, or y = —2. Substituting for y and z in the first equation gives z+2-(—2)+3:3 =6, or
z = 1. Thus, the only solution is | (z,y,2) = (1,—2,3)|
We can check that our solution is correct by substituting (z,y, 2) = (1,—2, 3) into the original equation:

https://math.libretexts.org/@go/page/221201
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T + 2 + 32 = 6 ' 1 + 2:(-2) + 33 = 6
2 — 3y + 2 = 14 Subsiitue, 2.1 — 3.(—2) + 23 = 14
3z + y — 2z = —2 3.1 + (-2) — 3 = -2

Solving equations by elimination requires writing the variables z,y,z and the equals sign = over and over again, merely as
placeholders: all that is changing in the equations is the coefficient numbers. We can make our life easier by extracting only the
numbers and putting them in a box:

T + 2y + 3z = 6 1 2 3 6
2 — 3y + 2 = 14 me, 9 3 2 |14
3r + y — z = -2 3 1 —-1|-2

This is called an augmented matrix. The word “augmented” refers to the vertical line, which we draw to remind ourselves where

the equals sign belongs; a matrix is a grid of numbers without the vertical line. In this notation, our three valid ways of
manipulating our equations become row operations:

o Scaling: multiply all entries in a row by a nonzero number.

1 2 3|6 -3 —6 —9|-18
2 -3 2|14 Bi=Rix3, 2 -3 2| 14
3 1 —1|-—2 3 1 —1]| —2

Here the notation R; simply means “the first row”, and likewise for Rq, R3, etc.
e Replacement: add a multiple of one row to another, replacing the second row with the result.

1 2 3 6 1 2 3 6
2 -3 2 |14 | BE2B, g 7 4] 2
3 1 -1(-2 3 1 -1|-2
o Swap: interchange two rows.
1 2 3 6 3 1 —-1|-—-2
2 3 2 |14 | BB 9 3 2|14
3 1 —-1|-2 1 2 3 6

When we wrote our row operations above, we used expressions like B, = Ry — 2 x R;. Of course this does not mean that the
second row is equal to the second row minus twice the first row. Instead it means that we are replacing the second row with the
second row minus twice the first row. This kind of syntax is used frequently in computer programming when we want to
change the value of a variable.

v/ Example 1.2.1.2

Use row operations to solve

z + 2y + 3z = 6
2z — 3y + 22 = U144
3z + y — 2z = =2

Solution

We start by forming an augmented matrix:

https://math.libretexts.org/@go/page/221201
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T + 2 + 32 = 6 1 2 3|6
2 — 3y + 2 = 14 (Xeome, o 3 9 |14
3r + y — z = -2 3 1 —-1|-=-2

Eliminating a variable from an equation means producing a zero to the left of the line in an augmented matrix. First, we
produce zeros in the first column (i.e. we eliminate z) by subtracting multiples of the first row.

1 2 316 1 2 316
2 —3 2 |14 | E=E2Ry g 7 4] 2
3 1 -1|-2 3 1 -1|-2
1 2 3] 6
AR, 1o 7 —4| 2
0 -5 —10|—20

This was made much easier by the fact that the top-left entry is equal to 1, so we can simply multiply the first row by the
number below and subtract. In order to eliminate y in the same way, we would like to produce a 1 in the second column. We
could divide the second row by —7, but this would produce fractions; instead, let’s divide the third by —5.

1 2 3| 6 (1 2 3|6
0 7 —4| 2 BoB(Cs), | g 7 _4)2
0 —5 —10|—20 (0 1 2|4
(1 2 3|6

Bl 1o 1 2|4

[0 —7 —42

(1 2 3|6

BRst®ha, | g 1 2|4

[ 0 0 1030

[1 2 3|6

BB, 1 g 1 2|4

00 1|3

We swapped the second and third rows just to keep things orderly. Now we translate this augmented matrix back into a system
of equations:

1 2 3|6 z + 2y + 3z = 6
0 1 2[4 | Decomes, Yy + 22 = 4
00 1|3 z = 3

Hence, z = 3; back-substituting gives [(z,y, 2) = (1,—2,3)]

The process of doing row operations to a matrix does not change the solution set of the corresponding linear equations!

Indeed, the whole point of doing these operations is to solve the equations using the elimination method.

# Definition: Row Equivalent

Two matrices are called row equivalent if one can be obtained from the other by doing some number of row operations.

So the linear equations of row-equivalent matrices have the same solution set.

v/ Example 1.2.1.3: An Inconsistent System

Solve the following system of equations using row operations:

Il
S

r + y
3z + 4y = 5
4 + 5y = 9

https://math.libretexts.org/@go/page/221201
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Solution
First, we put our system of equations into an augmented matrix.
zr + y = 2 1 1|2
3¢ + 4y = 5 ~uemented matrix, 3 4|5
Az + By = 9 4 5|9
We clear the entries below the top-left using row replacement.
1 1|2 1 1| 2
3 4|5 | B=ESEy g 1|1
4 5|9 4 5|9
1 1( 2
BB By 1o 1|1
0 1|1
Now we clear the second entry from the last row.
1 1| 2 1 1| 2
0 1|—1 | BE=BFy 1o 1|
0 1|1 0 0| 2
This translates back into the system of equations
T + y = 2
y = -1
0 = 2
Our original system has the same solution set as this system. But this system has no solutions: there are no values of z,y
making the third equation true! We conclude that our original equation was

1.2.1: Elimination and Augmented Matrices is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.
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1.2.2: Echelon Forms

We saw how to translate a system of linear equations into an augmented matrix; now we want to find an algorithm for “solving”

such an augmented matrix. First. we must decide what it means for an augmented matrix to be “solved”.

# Definition: Row-Echelon Form

A matrix is in row-echelon form if:

1. All zero rows are at the bottom.
2. The first nonzero entry of a row is to the right of the first nonzero entry of the row above.
3. Below the first nonzero entry of a row, all entries are zero.

Here is a picture of a matrix in row-echelon form:

* = any number
= any nonzero number

o o o4
o o [*] *

S o * *
o[ * *
o * * *

# Definition: Pivot

A pivot is the first nonzero entry of a row of a matrix in row-echelon form.

A matrix in row-echelon form is generally easy to solve using back-substitution. For example,

1 2 3|6 r + 2y + 3z = 6
01 2|4 becomes y + 2 = 4
0 0 10|30 10z = 30.

We immediately see that z = 3, which impliesy=4—2.3=—2 and x =6 — 2(—2) — 3 -3 = 1. See Example 1.2.2.3.

# Definition: Reduced Row-Echelon Form

A matrix is in reduced row-echelon form if it is in row-echelon form, and in addition:

4. Each pivot is equal to 1.
5. Each pivot is the only nonzero entry in its column.

Here is a picture of a matrix in reduced row-echelon form:

1 0 x 0 x

01 « 0 % * = any number
00 0 1 % 1 = pivot

0 00 0O

A matrix in reduced row-echelon form is in some sense completely solved. For example,

1 001 T = 1
01 0| —2 becomes y = — 2
00 1|3 z = 3.

The following matrices are in reduced row-echelon form:

o2 4] orsor [STR] [000]

https://math.libretexts.org/@go/page/221202
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The following matrices are in row-echelon form but not reduced row-echelon form:
[21] S [1170] [213]
01 00 ols 0 1 1 00O
The following matrices are not in echelon form:
0
5;;‘11 [017‘0] [21] 1
0 2|1 2 1 0
0 0 1|3 0

When deciding if an augmented matrix is in (reduced) row-echelon form, there is nothing special about the augmented column(s).
Just ignore the vertical line.

If an augmented matrix is in reduced row-echelon form, the corresponding linear system is viewed as solved. We will see below
why this is the case, and we will show that any matrix can be put into reduced row-echelon form using only row operations.

& Theorem 1.2.2.1

Every matrix is row-equivalent to one and only one matrix in reduced row-echelon form.

We will give an algorithm, called row reduction or Gaussian elimination, which demonstrates that every matrix is row-equivalent
to at least one matrix in reduced row-echelon form.

The uniqueness statement is interesting—it means that, no matter how you row reduce, you always get the same matrix in reduced
row-echelon form.

This assumes, of course, that you only do the three legal row operations, and you don’t make any arithmetic errors.

We will not prove uniqueness, but maybe you can!

& Algorithm: Row Reduction

e Step 1a: Swap the 1st row with a lower one so a leftmost nonzero entry is in the 1st row (if necessary).
o Step 1b: Scale the 1st row so that its first nonzero entry is equal to 1.

e Step 1c: Use row replacement so all entries below this 1 are 0.

e Step 2a: Swap the 2nd row with a lower one so that the leftmost nonzero entry is in the 2nd row.

e Step 2b: Scale the 2nd row so that its first nonzero entry is equal to 1.

e Step 2c: Use row replacement so all entries below this 1 are 0.

o Step 3a: Swap the 3rd row with a lower one so that the leftmost nonzero entry is in the 3rd row.

e etc.

e Last Step: Use row replacement to clear all entries above the pivots, starting with the last pivot.

v/ Example 1.2.2.4

Row reduce this matrix:

0 -7 —4| 2
2 4 6 |12
3 1 —-1(-2

https://math.libretexts.org/@go/page/221202
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Solution

0) -7 —4
2 4 6|1
301 -1

Step 1a: Row swap
to make this nonzero.

Optional: swap rows 2
and 3 to make Step 2b
easier next.

Note how Step 2b
doesn’t create fractions.

2
2

R, <Ry 4 612
3 1 -11-2

—2

Step 1b: Scale to make this 1.

R =R, =2 (1 2 3] 6
1-11-2
Step 1c: Subtract a multiple of
the first row to clear this.

R-=R-—3R 1 2 3 6
0 -5 —10 | —20

Ry, «—R
s 10 |—20
=7 —4| 2

Step 2a: This is already nonzero.

Step 2b: Scale to make this 1.
R2 :R2 +~—5
ARAARAARANAAAARAAAA AN

( 1 2 4)
Step 2c: Add 7 times
the second row to clear this.

R3 :R3 + 7R2
AN ANAAAANAN
| 30

Step 3a: This is already nonzero.
Step 3b: Scale to make this 1.

Ry =R3;+10 (1 23
00

Last step: add

6
4
3

multiples of

the third row to clear these.

010

Ry=R,—2R, 123
AR
001

R, =R, —3R: : 0
1 1 3 0 0
001

6
—2
3
-3
—2
3

Last step: add —2 times
the third row to clear this.

wennnnsnesannnemns | 01 0

Ry=R,—2R, (100
001

The reduced row-echelon form of the matrix is

1
-2
3

https://math.libretexts.org/@go/page/221202
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1 0 0] 1 T = 1
01 0| -2 translates to Y - —9
0 0 1| 3 z 3

The reduced row-echelon form of the matrix tells us that the only solution is (z,y, 2) = (1, -2, 3)

Here is the row-reduction algorithm, summarized in pictures.

Geta 1 here Clear down Get a 1 here

|E] *  *x * m o I[ % =

*x * * % \T * kK 0 - * K

* *x Kk ok * K  * K 0 * *» =%

* ok x x £ 5 % ( 0 4 G
Clear down (maybe these are already zero) GCeta 1 here
1 x x 1« * % 1 * * =

0 (1) « = 0 1 * * O T % »
B F & m 0 0 [3 0 0 0¥
0 + » 0 0 (0] « 0 0 0 =

Clear down Matrix is in REF Clear up

1 * * =% T e ok 1 * * =%
0 1 * =x 0 1 * « 0 1 »
oo o1 00 0 1 000
0 0 0 < 0 0 0 O 0O 0 0 O
Clear up Matrix is in RREF

1 +« = 0 1 0 ~ 0O

0(1) « o g 1L+ @

0 0 0 1 0 0 0 1

0O 0 0 O 0 0 0 0

Figure 1.2.2.3

It will be very important to know where the pivots of a matrix after row reducing are; this is the reason for the following piece of
terminology.

# Definition: Pivot Position and Pivot Column

A pivot position of a matrix is an entry that is a pivot of a row-echelon form of that matrix.

A pivot column of a matrix is a column that contains a pivot position.

v Example 1.2.2.5: Pivot Positions

Find the pivot positions and pivot columns of this matrix

0 -7 —4| 2
A=(2 4 6 |12
3 1 —-1(-2

Solution

We saw in Example 1.2.2.5 that a row-echelon form of the matrix is

https://math.libretexts.org/@go/page/221202
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1 2 3|6
01 2|4
0 0 10|30

The pivot positions of A are the entries that become pivots in a row-echelon form; they are marked in red below:

0 -7 —4| 2
2 4 6 12
3 1 —-1(-2
The first, second, and third columns are pivot columns.
X |llustration 1.2.2.2: An Inconsistent System
If we attempt to solve the linear system
2z 4+ 10y = -1
3z + 1ldy = 2

using row reduction, we see:

2 10|11 Ri=Ry+2 1 5 |-1
[3 15‘2] — 3 15 22} (Step 1b)

memsm, | 1 5|—%
- 0 ol z (Step 1c)

L 7

—mxz |1 —4
R I 3 K ] (Step 2b)

Rl M1

Ri=Ri+1FR; ) g ‘ (1) ] (Step 2c)

This row-reduced matrix corresponds to the inconsistent system

z + 6y = 0
=1

In the above example, we saw how to recognize the reduced row-echelon form of an inconsistent system.

& Theorem 1.2.2.2: The Row-Echelon Form of an Inconsistent System

An augmented matrix corresponds to an inconsistent system of equations if and only if the last column (i.e., the augmented

column) is a pivot column.

In other words, the row-reduced matrix of an inconsistent system looks like this:

10 0
01 0
0 0 1

S * ot
S * %

We have discussed two classes of matrices so far:

1. When the reduced row-echelon form of a matrix has a pivot in every non-augmented column, then it corresponds to a system

with a unique solution:

1 00]1 T = 1
01 0| —2 translates to y = _9
00 1] 3 z = 3

https://math.libretexts.org/@go/page/221202
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2. When the reduced row-echelon form of a matrix has a pivot in the last (augmented) column, then it corresponds to a system
with no solutions:

1 5|0 translates to r + 5y
_
[0 0]1] {*"72]

1.2.2: Echelon Forms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.2.3: Free Variables

What happens when one of the non-augmented columns lacks a pivot?

X |llustration 1.2.3.3: A System with a Free Variable:

Consider the linear system

2c + y + 12z = 1
z + 2y + 9z = -1

We solve it using row-reduction:

2 1 12| 1 Risia 1 2 9]|-1 )
[1 2 9 ‘—1] 2 1 12| 1 (Optional)
RemRp2m, |1 2 9 |—1
—_—0 tep 1
[0 -3 —6‘3 (Step 1c)
R=Ry(-1) [1 2 9|1
—— 2
01 2|-1 (Step 2b)
R=Ri—2R, [1 0 5|1
—_— 2
01 2 ‘ _ (Step 2c)
This row-reduced matrix corresponds to the linear system
z + 52 = 1
y + 2z = -1

In what sense is the system solved? We rewrite as
@B = 1 — 52
y = —1 — 2z
For any value of z, there is exactly one value of x and y that make the equations true. But we are free to choose any value of z.

We have found all solutions, they are the set of all values z,y and z which look like:

= 1 — 52
y = -1 — 2z 2 is any real number
z = z

This is the parametric form for the solution to the linear system. The variable z is called a free variable.

Graphically, this represents a line in the zyz-space, like we have seen in the previous section.

Given the parametric form for the solution to a linear system, we can obtain specific solutions by replacing the free variables
with any specific real numbers. For instance, setting z = 0 in the last example gives the solution (z,y, z) = (1,—1,0), and setting
z =1 gives the solution (z,y, z) = (—4, —3,1).

# Definition: Free Variable

Consider a consistent system of equations in the variables z1, z2, ..., . Let A be a row-echelon form of the augmented matrix
for this system.

We say that z; is a free variable if its corresponding column in A is not a pivot column.

In Illustration 1.2.3.3, the variable = was free because the reduced row-echelon form matrix was

https://math.libretexts.org/@go/page/221203
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1 0 5|1
01 2|-1

*
*
the free variables are z; and z4. (The augmented column is not free because it does not correspond to a variable.)

X Recipe: Parametric form

The parametric form of the solution set of a consistent system of linear equations is obtained as follows.

In the matrix

1 » 0 %
0 0 1 =%

1. Write the system as an augmented matrix.

2. Row reduce to reduced row-echelon form.

3. Write the corresponding (solved) system of linear equations.
4. Move all free variables to the right hand side of the equations.

Moving the free variables to the right hand side of the equations amounts to solving for the non-free variables (the ones that
become pivot columns) in terms of the free variables. One can think of the free variables as being independent variables, and the
non-free variables being dependent.

You can choose any value for the free variables in a (consistent) linear system.

Free variables come from the columns without pivots in a matrix in row-echelon form.

X |llustration 1.2.3.4

Suppose that the reduced row-echelon form of the matrix for a linear system in four variables =1, z2, 3, z4, is
1 0 0 3| 2
0 01 4|-1

The free variables are z» and z4: they are the ones whose columns are not pivot columns.

This translates into the system of equations

Z1 + 334 = 2 parametric form ry = 2 — 3zy
3 + 4dxy = -1 T3 -1 — A4z

What happened to z,? It is a free variable, but no other variable depends on it. The general solution to the system is
(z1, T2, T3, T4) = (2 — 324, T3, —1 — 4x4, 74)

for any values of z, and z4. For instance, (2,0,—1,0) is a solution (with zz = z4 = 0), and (5,1,3,—1) is a solution (with z3
= 1,:64 = —1)

X |llustration 1.2.3.5: A Parameterized Plane

The system of one linear equation

z+y+z=1
comes from the matrix

[1 1 1]1]

which is already in reduced row-echelon form. The free variables are y and z. The parametric form for the general solution is

https://math.libretexts.org/@go/page/221203
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for any values of y and 2. This is the parametric equation for a plane in R3.

(z,92)=01-y-21y,2

[

L

/(l—n—{),n,ﬁ)

xr

Figure 1.2.3.1: A plane described by two parameters y and =. Any point on the plane is obtained by substituting suitable values
for y and 2.

There are three possibilities for the reduced row-echelon form of the augmented matrix of a linear system.

1. The last column (right of the augment line) is a pivot column. In this case, the system is inconsistent. There are zero solutions,
i.e., the solution set is empty. For example, the matrix

S O =
o = O
= o o

comes from a linear system with no solutions.
2. Every column except the last column is a pivot column. In this case, the system has a unique solution. For example, the matrix

S O =
o = O
- o O
o o e

tells us that the unique solution is (z,y, 2) = (a,b,¢).
3. The last column is not a pivot column, and some other column is not a pivot column either. In this case, the system has
infinitely many solutions, corresponding to the infinitely many possible values of the free variable(s). For example, in the

system corresponding to the matrix

any values for =, and z4 yield a solution to the system of equations.

1.2.3: Free Variables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.2.4: Practice Set

? Exercise 1.2.4.1

Determine if each matrix below is in Echelon Form, Reduced Row Echelon Form, or Neither:

2.0 05
@|o 3 1|3
[0 0 0|0 |
[1 2 0]1]
0010
(b)oooo
[0 0 0|0 |
110 02
(C)[001—1‘0]
[1 2 3 0 01
df[ooo0o0 0
0001 —1|5
[0 00
o oo

[0 00

12 3|4
o 5 6|7
00 8|9
Answer

(a) Echelon Form (pivots not 1's)
(b) Reduced Row Echelon Form
(c) Reduced Row Echelon Form
(d) Neither (row of zeros not on bottom)
(e) Reduced Row Echelon Form

(f) Echelon Form (pivots not 1's)

? Exercise 1.2.4.2a

Solve the system of equations { z+y=9

5 : by setting up an augmented matrix and row reducing.
T —y=

Answer

1 1 9 Ry=Ry—2R, 1 1 9 R2=—%Ez 1 1(9 Ri=R,—R; 1 0|4
[2 —1‘3] 0 —3|—15 0 1|5 0 1|5

So the solution set is the point (z,y)= (4, 5)

? Exercise 1.2.4.2b

4z —3y=2
Solve the system of equations z+y=4 by setting up an augmented matrix and row reducing.
3r—y=4

Answer

https://math.libretexts.org/@go/page/221204
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4 —3|2 11 |4 1 1] 4 1 1] 4
1 1 |4 | BeRy )y _glg | B=RtR | gy _gq | Be=ReBR ) g 7| 14
—1|4 3 —1]4 3 1| 4 0 —4| —8

11 1 0] 2 102

Fecifa | g 1 | g |B=RzBey | g g | g | BBt | g g9

0 —4|-8 0 —4|-8 0 0/o0

So the solution set is the point (z,y)= (2,2)

? Exercise 1.2.4.2¢

3z+2y="7
Solve the system of equations { 4z —y =11 by setting up an augmented matrix and row reducing.
r—3y=3
Answer
3 2| 7] [1 -3 3 1 -3| 3 1 -3| 3
ST [N TR [ § = VS e N R e
1 -3|38 | 13 2|7 3 2|7 0 11 |-2
R o| & 10| 2]
Ry=y; Ra 0 1 _11_1 Ri1=R1+3R, 0 1 _% R3=R3—11R, 0 1 _%
| 0 11| -2 0 11| —2 0 0| -1 |
This system is inconsistent, so the solution set is empty.
? Exercise 1.2.4.2d
r—y+2z2=6
Solve the system of equations { —z +y+ z=4 by setting up an augmented matrix and row reducing.
z4+y—z=0
Answer
1 -1 116 -1 1|6 -1 1 6 1 -1 1 6
—1114%0021033—’“‘3‘00210%02—2—6
1 1 -1]0 1 1 -1(0 0 2 —-2(-—6 0 2 (10
. 1 -1 1 6 1 0 0 3 . 10 0 3 1 0 0|3
R N B R B N U Tt T [ .~ LN S Ro=Rotls, | g 1 0|2
0 0 2|10 00 2|10 00 1 5 0 0 1(5

So the solution set is the point (z,y, 2)= (3,2, 5)

? Exercise 1.2.4.2¢

2 —y=4
Solve the system of equations z+2z=2 by setting up an augmented matrix and row reducing.
y+22=0
Answer
2 -1 04 1 0 1|2 1 0 1|2
1 0 1(2 |22 o g of4 | B0 1 20
0 1 2(0 0 1 2|0 0 1 2 |0
1 0 1|2 1 0 12
F=Bay g 1 2]0 | BEBy 0 1 20
01 2(0 00 O0fO0

https://math.libretexts.org/@go/page/221204
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Since z+ 2= 2— z= 2— zand y+ 22= 0— y= —2z and z s a free variable,
the solution set is a line containing points of the form (z, y, 2)= (2— z,—22, 2)

? Exercise 1.2.4.2f

. T+3y—z=-b5 . ) .
Solve the system of equations 22 by setting up an augmented matrix and row reducing.
z+5y+z2="7
Answer
1
1 3 1|5 gerer,. |1 &+ —1|-5] mB=riR [ 10 —2|-11 ]
13 1|7 01 2|12 01 2| 12
Since z— 22= —11— 2= —11+ 2z and y+ 2z= 12— y= 12— 2z and z is a free variable,
the solution set is a line containing points of the form (z,y, 2)= (—11+ 2z, 12— 2z, 2)

? Exercise 1.2.4.2g

Solve the system of equations

T1+To+23+74=6
To— T3+ T4 =8 . . .
8= A 5 by setting up an augmented matrix and row reducing.

T3 —Tyg =

1+ tr3=—1

Answer
11 1 1 6 11 1 6 10 2 0|2
01 -1 8 R=R—~R, |0 1 -1 1| 8 R=R-R, |0 1 -1 1| 8
00 1 -1{35 00 1 -—-1{5 00 1 -—-1{5
11 1 o0 |-1 00 0 -—-1|-7 00 0 —-1|-7
10 0 2 |-12 100 2 |-12 100 2 |-12
Ri=R,—2R; 01 -1 1 8 Ro=Ry+Ry 010 0 13 Ry=—Ry 010 O 13
00 1 -—-1| 5 001 —-1| 5 001 —-1| 5
00 0 —-1| -7 000 —1| -7 000 1 7
100 0 |—-26 1 00 0|—26
R=Ri—2r, | 01 0 O 13 Re=Ry+R, | 0 1 0 0] 13
001 —-1| 5 0 01 0] 12
0 00 1 7 0001 7

So the solution set is the point (z1, 3,23, z4)= (—26,13,12,7)

? Exercise 1.2.4.2h

Solve the system of equations

T1+2x2— x4 =5
z1+xz3+x4=0
23:2—:53—23:4:5

2x1 + 6x9 — x3 — 4xs = 15

by setting up an augmented matrix and row reducing.

Answer

https://math.libretexts.org/@go/page/221204
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1 2 0 -1(5 1 2 0 1|5 1 2 0 —-1| 5
1 0 1 1 0 Ry=Ry—Ry 0 —2 1 2 | -5 | R=R,—2R, 0 —2 1 2 | =5
0 2 -1 2|5 0 2 -1 -2|5 0 2 -1 —-2|5
2 6 -1 —4|15 2 6 -1 —4]|15 0 2 -1 2|65
1 2 0 -—-1(5 1 0 1 1 (0 1 0 1 1 (0
Ry=—1Ry 01 —% -1 % Ri=R,—2R, 0 —% -1 % R3=Rs—2R, 01 —% -1 %
0 2 -1 2|5 02 -1 2|5 00 0 0|0
0 2 -1 -2|5 0 2 -1 -2|5 0 2 -1 -2|5
1 0 1 110
ReR2m, |0 1 —F —1|3
00 O 0|0
00 O 010

. 1 5 1 5 .
Since z1+ 3+ z4= 0— £1= —x3— x4 and zo— I Ta= 5 Ty= 5:1:3+ Ta+ 5 and z3, z4 are free variables,

. . .. . 1 5
the solution set is the plane containing points of the form (z1, zs, z3, z4)= (—ws — x4, T3+ Ts+ —, lII3,.’I)4)

2 2
? Exercise 1.2.4.3a

Determine the value of p which makes the system below have (if possible) (i) no solution, (ii) exactly one solution, (iii)
infinitely many solutions.

r+2y=1
T+hy=2
Answer

1 2|17 Reror, [1 2 |1
[1 h‘2] 0 h—2|1

(i) If h— 2= 0, then this system is inconsistent, so k= 2.

This is in echelon form.

(ii) If h— 2+ 0 then this system will be consistent with no free variables, so h# 2.

(iii) It is impossible for this system to have a free variable, so infinitely many solutions is IMPOSSIBLE regardless of the
choice of h.

? Exercise 1.2.4.3b

Determine the value of h which makes the system below have (if possible) (i) no solution, (ii) exactly one solution, (iii)
infinitely many solutions.

3z—2y=1
2c —3y=nh

Answer

This is in echelon form.
(i) It is impossible for this system to be inconsistent, regardless of the choice of A.
(ii) This system will be consistent with no free variables for all possible values of h.

(iii) It is impossible for this system to have a free variable, so infinitely many solutions is IMPOSSIBLE regardless of the
choice of h.

https://math.libretexts.org/@go/page/221204
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Determine the value of h which makes the system below have (if possible) (i) no solution, (ii) exactly one solution, (iii)
infinitely many solutions.

hx+hy=0
z4+y=1
Answer

B h|0] ror, [1 1|17 Remmoir, [1 1] 1
[11‘1] B h|O 0 0|—h

This is in echelon form.
(i) If h+ 0 this system will be inconsistent.
(ii) There will always be a free variable. It is IMPOSSIBLE to have exactly one solution regardless of the choice of A.

(iii) If h= 0, the system will be consistent and y will be a free variable, yielding infinitely many solutions.

? Exercise 1.2.4.3d

Determine the value of h which makes the system below have (if possible) (i) no solution, (ii) exactly one solution, (iii)
infinitely many solutions.

hx+hy=1
z+y=0
Answer

h h|1 1 Ror, [1 1|07 Re—rynm, [1 1]0
[11‘0] B oAl 0 0|1

This is in echelon form.
(i) This system will always be inconsistent regardless of the choice of .
(ii) This system is never consistent. It is IMPOSSIBLE to have exactly one solution regardless of the choice of A.

(iii) This system is never consistent, so infinitely many solutions is IMPOSSIBLE regardless of the choice of h.

? Exercise 1.2.4.3¢

Determine the value of h which makes the system below have (if possible) (i) no solution, (ii) exactly one solution, (iii)
infinitely many solutions.
{ T—y—z=1

hz +2y+2z=2
Answer

I2 5 Blal====5 oo sl ot
This is in echelon form.
(i) If 24+ h= 0 and 2— h# 0, this system will always be inconsistent. So no solution occurs when h= —2.

(ii) There will always be a free variable. It is IMPOSSIBLE to have exactly one solution regardless of the choice of k.

(iii) When h# —2 the system will be consistent and z will be a free variable, yielding infinitely many solutions.
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1.3: Vectors

4b Objectives

1. Learn how to add and scale vectors in R”, both algebraically and geometrically.

2. Understand linear combinations geometrically.

3. Learn the definition of Span{Zi, %2, ..., x} and how to draw pictures of spans.

4. Recipe: solve a vector equation using augmented matrices / decide if a vector is in a span.

5. Pictures: vector addition, vector subtraction, linear combinations, an inconsistent system of equations, a consistent system
of equations, spans in R? and R3.

6. Vocabulary words: vector, linear combination, vector equation, span

We have been drawing points in R” as dots in the line, plane, space, etc. We can also draw them as arrows. Since we have two
geometric interpretations in mind, we can now discuss the relationship between the two points of view.

This page titled 1.3: Vectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via source
content that was edited to the style and standards of the LibreTexts platform.

e 2.1: Vectors by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.3.1: Vector Algebra and Geometry

# Definition: Points and Vectors

Again, a point in R" is drawn as a dot. A vector is a line segment between two points with direction (known as a ray) in R",
drawn as an arrow.

the point (1,3)

hel vector| | 1
the| vectol 3

Figure 1.3.1.1

The difference is purely psychological: points and vectors are both just lists of numbers.

When we think of a point in R” as a vector, we will usually write it vertically, like a matrix with one column:

-]

We will also write 0 for the zero vector, which is the vector with all entries equal to zero.

Why make the distinction between points and vectors? A vector need not start at the origin: it can be located anywhere! In other
words, an arrow is determined by its length and its direction, not by its location. For instance, these arrows all represent the vector

B

Figure 1.3.1.2
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Unless otherwise specified, we will assume that all vectors start at the origin.

Vectors make sense in the real world: many physical quantities, such as velocity, are represented as vectors. But it makes more
sense to think of the velocity of a car as emanating from the current location of the car.

Some authors use boldface letters to represent vectors, as in “ v ”, while others use arrows, as in “ 4 ”. These are equivalent
notations!

X Note1.3.1.2

Another way to think about a vector is as a difference between two points, or the line segment from one point to another.

L ] is the arrow from (1,1) to (2, 3).

For instance, [ 5

2,3)

Figure 1.3.1.3

Here we learn how to add vectors together and how to multiply vectors by numbers, both algebraically and geometrically.

# Definition: Vector addition and Scalar multiplication

e We can add two vectors together:

1 Y1 T1+ Y1
Ty " Y2 T2 + Y2
Ty Yn Tn + Yn

e We can multiply, or scale, a vector by a real number ¢:

ry c-21

9 C-29
c =

T C-Zy
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1 4 5 1 —2
2 (+]865|=|7 and —2| 2 |=]| —4
3 6 9 3 —6

Geometrically, the sum of two vectors 4, is obtained as follows: place the tail of « at the head of 4. Then ¥ + is the vector
whose tail is the tail of 4 and whose head is the head of . Doing this both ways creates a parallelogram. For example,

L1, (4[5
3 2] |5
Why? The width of % + @ is the sum of the widths, and likewise, the height of % + @ is the sum of the heights.

® e W
L ) A

5=243=3+2

w

5 =144 =441

Figure 1.3.1.4

Geometrically, the difference of two vectors @, is obtained as follows: place the tail of ¥ and @ at the same point. Then 3 — @ is
the vector from the head of @ to the head of 3. For example,

L]

Why? To make subtraction of vectors act like subtraction of numbers! If you add ¥ — % to @, you get ¥.

vV

Figure 1.3.1.5

A scalar multiple of a vector ¥ has the same (or opposite) direction, but a different length. For instance, 27 is the vector in the
direction of % but twice as long, and —1#% is the vector in the opposite direction of 4, but half as long. Note that the set of all scalar
multiples of a (nonzero) vector ¥ is a line.
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Some multiples of v. All multiples of v.

2v

Ov

Figure 1.3.1.6

We can add and scale vectors in the same equation.

# Definition: Linear Combination

Let ¢, ¢y, ..., cx be scalars, and let ¥, 92, ..., U be vectors in R™. The vector in R®
c1U1 + coVg + -+ + Vg

is called a linear combination of the vectors 4, ¥, ..., v, with weights or coefficients cy, cs, ... , c.-

Geometrically, a linear combination is obtained by stretching / shrinking the vectors %1, %, ..., 9 according to the coefficients, then
adding them together using the parallelogram law.

X |llustration 1.3.1.2

o 1 . 1 . . ~ R .
Let 47 = [ 9 ] and 7y = [ . ] Here are some linear combinations of #; and 95, drawn as points.

oV, +Vy

vy
® 2‘- + OVE

Vo 1

Figure 1.3.1.7

The locations of these points are found using the parallelogram law for vector addition. We can see that any vector on the plane

is a linear combination of ¥; and ¥,, with suitable coefficients.
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X \lllustration 1.3.1.3: Linear Combinations of a Single Vector

A linear combination of a single vector v = [ 9 ] is just a scalar multiple of ». So some examples include

o-[3] #-[§] [ 3]

The set of all linear combinations is the line through . (Unless % = 0, in which case any scalar multiple of 7 is again §.)

W Nfes

Figure 1.3.1.8

X |llustration 1.3.1.4: Linear Combinations of Collinear Vectors

The set of all linear combinations of the vectors

is the line containing both vectors.

Vi

Figure 1.3.1.9

The difference between this and Example 1.3.1.2 is that both vectors lie on the same line. Hence any scalar multiples of %, %2
lie on that line, as does their sum.
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1.3.2: Vector Equations and Spans

An equation involving vectors with n coordinates is the same as n equations involving only numbers. For example, the equation

1 -1 8
z| 2 |+y| 2 |[=]| 16
6 -1 3
simplifies to
T —y 8 T—y 8
2¢ [+ | 2y [ = 16 or 2r—2y | =| 16
6z —y 3 6z —y 3

For two vectors to be equal, all of their coordinates must be equal, so this is just the system of linear equations

r — y = 8
2r — 2y = 16
6z — y = 3

# Definition: Vector Equation

A vector equation is an equation involving a linear combination of vectors with possibly unknown coefficients.

Asking whether or not a vector equation has a solution is the same as asking if a given vector is a linear combination of some
other given vectors.

8 1 -1
For example the vector equation above is asking if the vector | 16 | is a linear combination of the vectors | 2 | and | —2
3 6 —1

The thing we really care about is solving systems of linear equations, not solving vector equations. The whole point of vector
equations is that they give us a different, and more geometric, way of viewing systems of linear equations.

In order to actually solve the vector equation

1 —1 8
z| 2 |+y| —2 [=]| 16
6 -1 3
one has to solve the system of linear equations
r — y = 8
2r — 2y = 16
6z — y = 3
This means forming the augmented matrix
1 —1]8
2 —2]16
6 —1|3

and row reducing. Note that the columns of the augmented matrix are the vectors from the original vector equation, so it is not
actually necessary to write the system of equations: one can go directly from the vector equation to the augmented matrix by

“smooshing the vectors together”.
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8 1 —1
Is | 16 | alinear combinationof | 2 | and | —2 |?
3 6 -1
Solution

As discussed above, this question boils down to a row reduction:

1 —1( 8 1 0|-1
2 —2|16| 2BEE, |9 1|-9
6 —1]| 3 0 0O
8
From this we see that the equation is consistent, and the solution is 2 = —1 and ¢y = —9. We conclude that | 16 | is indeed a
3

1 —1
linear combination of | 2 | and | —2 |, with coefficients —1 and —9:

1 -1 8
- 2]|—-9| 2 |=|16
6 -1 3

X Recipe: Solving a Vector Equation

o
|
-

In general, the vector equation

T1U1 + XoVo + -+ TV = b

where 91, ¥, ..., U, b are vectors in R™ and z, z2,

...,z are unknown scalars, has the same solution set as the linear system with
augmented matrix

whose columns are the 3;’s and the b’s.

Now we have three equivalent ways of thinking about a linear system:

1. As a system of equations:

2c1 + 3z — 223 = 7
.’II1—£L‘2—3.’I:3=5

2. As an augmented matrix:

3. As a vector equation (z19; + 203 + -+ + Tabn = b):

AR

The third is geometric in nature: it lends itself to drawing pictures.

It will be important to know what are all linear combinations of a set of vectors v1, 9, ..., ¥ in R™. In other words, we would like to
understand the set of all vectors  in R" such that the vector equation (in the unknowns 1, za, ... , k)
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T1V1 + ToVg + -+ TV = b
has a solution (i.e. is consistent).

# Definition: Span

Let %, %5, ..., 9 be vectors in R®. The span of #,,%,, ..., ¥} is the collection of all linear combinations of #;,%s, ..., ¥, and is
denoted Span{%1, ¥s, ..., Ux}. In symbols:

Span{’b’l, Vo, ... ,'D.Ic} = {9',‘1’7).1 + x9Ts + -+ + TV : X1, T2, -, Tk iD ]R}

We also say that Span{v1,¥s,..., %1} is the subset spanned by or generated by the vectors ¥y, ¥y, ... , Ug.

X Note 1.3.2.4: Set Builder Notation

The notation

{$11_51 + 22U + -+ + TV, ¢ L1,%2, ... , T in ]R}

reads as: “the set of all things of the form z;%, + zo¥s + - + zx¥ such that zy, z,, ...,z are in R.” The colon is “such that”;
everything to the left of it is “the set of all things of this form”, and everything to the right is the condition that those things
must satisfy to be in the set. Specifying a set in this way is called set builder notation.

All mathematical notation is only shorthand: any sequence of symbols must translate into a usual sentence.

X Note 1.3.2.5: Three characterizations of consistency

Now we have three equivalent ways of making the same statement:

1. A vector b is in the span of ¥y, 3y, ..., U.
2. The vector equation

101 + 22Us + - + TV = b

has a solution.
3. The linear system with augmented matrix

[
[y
<
%)
<L
>
— o4

is consistent.

Equivalent means that, for any given list of vectors ¥1,3s, ..., Uk, b, either all three statements are true, or all three statements are
false.

Drawing a picture of Span{%i,¥s, ..., ¥z} is the same as drawing a picture of all linear combinations of %1, %y, ..., U%.
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Span{v, w}
Span{v} p
/ .
v
il w

Span{v,w}

Figure 1.3.2.10: Pictures of spans in R,

Span{v} Span{v, w}

-

Span{u, v, w} Span{u, v, w}

Figure 1.3.2.11: Pictures of spans in R3. The span of two noncollinear vectors is the plane containing the origin and the heads of the
vectors. Note that three coplanar (but not collinear) vectors span a plane and not a 3-space, just as two collinear vectors span a line
and not a plane.

1.3.2: Vector Equations and Spans is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.3.3: Practice Set

? Exercise 1.3.3.1

1 2
Letd = 2 b= ! ,and ¢ = 3
1 —1 1
—1 4 3

(a) Find 10d

(b) Find 24 — 3¢

(c) Find@ — b+ 42

(d) Can 0 be written as a linear combination of g, ,&?

(e) Can 0 be written as a non-trivial linear combination of &, , 8?
3

OIsd = € Span{a, b,&}?

3
-3
12

(g) Find a vector which is not in Span{a, b, ¢}

Answer
10
(a) 10d = ig
—10
—4
(b) 26 — 3¢ = :i
—11
8
©i-b+a6=| 3
7

(d) Yes, 0 = 0G + 05 + 02

1 1 2(0 1 0 0(0
. 1 3|0 | Rrrer 0100
(e) To find out we solve I LN 0 0 110
-1 4 3|0 0 00O
Since there is only the trivial solution, the answer is NO.
1 1 2|3 1 00]|0
. 1 3|3 [rer |01 0]|3
f) To find out we solve
(D Tofindoutwesolve |, ;1 51 ——17 ¢ 1|0
-1 4 3|12 0000

Since this is consistent, the answer is YES.

https://math.libretexts.org/@go/page/221208
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l 2|« 10
g 1 3 ﬂ RREF 01
To find one, 1
(g) To find one, we solve 101 - 00
-1 4 3|94 00
i «
Any vector of the form i
1 é
0
.. 0
One such choice is .
1 -
? Exercise 1.3.3.2
1 1 0
Letp=|0|,d= 2 |,and 7 = 2
1 —1 —2
. 1,
(a) Fmd—Er

(b) Find 113 + 55

(c)Findp +2¢ —7#

(d) Can 0 be written as a linear combination of 3, §, 7?

(e) Can {) be written as a non-trivial linear combination of 3, ,#?

1
OIst=]1
0

€ Span{p,§,7}?

(g) Find a vector which is not in Span{p, ¢,7}

Answer
3 0
(@ —E?= -1
1
16 |
(b)11g+55=| 22
—6
3
©p+25-7=| 2
1

(d) Yes, 0 = 05 + 0§ + 07

Since this is consistent, the answer is YES.

o = O O

—y—4a+ 38
—v—a+p
v+ 3a—28
6—9a+ 548

11 01]o0 1 0 —1/0]
(e) Tofindoutwesolve | 0 2 2 [0 [ Z o0 1 1 |0
1 -1 —2]0 00 00|
Since there are free variables, the answer is YES. One such combinationisp — ¢ +7 =
1 1 01 10 —1|1]
(f)Tofindoutwesolve | 0 2 2 [1 |[ZE o 1 1 1
1 -1 -2{0 00 010

which satisfies § —9a + 58 # 0 makes this system inconsistent, and will not be in the span.
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1 1 0a 1
(g) To find one, wesolve [ 0 2 2 [b | —= |0
-1 -2 0

a

b

C

0 -1 a—%b
RREF 1 1 %b
1 c 0 0 |c—a+b

Any vector of the form which satisfies ¢ — a + b # 0 makes this system inconsistent, and will not be in the span. One

such choiceis | 0

0
? Exercise 1.3.3.3
7 1 5
Let 4= 5 |,9=|2 |,and&w=| 5
-2 1 5
(a) Find 0
. 1. 3 .
(b) Find —50+ W

(c) Find % — 8@ + 2%
(d) Can 0 be written as a linear combination of @, ¥, @?

(e) Can 0 be written as a non-trivial linear combination of , 9, u?

0
BIsg=| 1 | € Span{d,v,w}?
0

(g) Find a vector which is not in Span{, ¥, @}

Answer
0
(@0i=1| 0
0
[ 1
(b) —%T) + 1%17; = %
| 1
[ 0
(©3—-3w+2u=| —3
| —18

(d) Yes, 0 = 0 + 05 + 0@

7 1 5|0 1 0 0|0
(e) Tofindoutwesolve | 5 2 5[0 | 222 0 1 0]0
—2 1 5(0 00 1(0
Since there is only the trivial solution, the answer is NO.
7 1 5|0 10 0|—g
(f) Tofindout wesolve | 5 2 5|1 | ZE 10 1 0| I
-2 1 5|0 00 -2

Since this is consistent, the answer is YES.
(we knew this without doing this calculation, since we saw the RREF in part (e) had a pivot in every row)

7 1 5|a 1 00 %a — 6—13b = éc
(g) To find one, wesolve | 5 2 5|b | ZEEE |0 1 0 Ib—3a
-2 1 5]|c 00 1|2Za—ob+1ic
This is always consistent, regardless of the choice of a,b, c. It is IMPOSSIBLE to pick a vector not in the span.

https://math.libretexts.org/@go/page/221208
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(we knew this without doing this calculation, since we saw the RREF in part (e) had a pivot in every row)

? Exercise 1.3.3.4
1 2 1
LetZ=|2 |,5=|1|andZ=| &
3 0 0

(a) For what value(s) of h is z € Span{Z, 7}?

(b) For what value(s) of & is 0 a nontrivial combination of Z,7, and Z?

1
(c) For what value(s) of his | 1 | € Span{Z,%,Z}?
L 1 -
-
(d) For what value(s) of his | 1 | ¢ Span{Z,4,Z}?
L 1 -
F 1
(e) For what value(s) of his | 1 | € Span{Z,%,Z}?
L 2 -
1
(f) For what value(s) of his | 1 | ¢ Span{Z,#,7}?
2
Answer
(1 21 1 0|—3+2hn
(@) To find out, wesolve | 2 1[h | ZEE | o 1 2_1p
|3 00 0 0| 1—2n
This will be consistent only when 1 — 2k = 0, so Z is in this span when h = %
(1 2 1]0] [1 0 —1+2n]o0
(b) To find out, we solve | 2 1 & |0 | Shelenfom, | 45 4 2_1p |0
130 00 00 1-2n |0
This will have a free variable only when 1 — 2k = 0, so 0 is a nontrivial combination when k = 3°
(1 2 1[1] [1 0 —3+3h]|%
(c) To find out, we solve | 2 1 h |1 | Sheonform, | 4 2_1p |1
[ 3 0 01 00 1-2n |0

This is always consistent. So this vector is ALWAYS in the span, regardless of the value of A.

(d) Since we saw in part (c) that the corresponding system is always consistent. It is IMPOSSIBLE for this vector not to be

in the span.
12 1|1 10 —3+%h|3
(e) To find out, we solve | 2 1 h |1 | Skelenform, | o 2_1p |1
3 0 0|2 00 1-—-2hn 1
1

When 1 — 2k # 0 this is consistent. So this vector is in the span when h # >

(f) This vector will not be in the span when the system solved in part (e) is inconsistent, so when A = %

? Exercise 1.3.3.6

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If % € Span{v}, then ¥ € Span{u}

https://math.libretexts.org/@go/page/221208



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221208?pdf

LibreTexts"

(b) If 4% € Span{#, @}, then 4 € Span{#} or @ € Span{w}

(c) The span of one vector contains infinitely many different vectors.

(d) The span of two non-zero vectors contains infinitely many different vectors.
(e) The span of two non-zero vectors from R2 contains all possible vectors in R2.

(f) If there is more than one way for 0 to be written as a linear combination of the vectors #1, 35,35 € R3, then there is more
than one way to write %; as a linear combination of 7, and #3.

(g) If a vector 7 can be written as a linear combination of 3, %,, #'5 in at least two distinct ways, then the vector § can be written
as a linear combination of %1, ¥, #3 in infinitely many different ways.
Answer
(a) Sometimes True Sometimes False
When % = % this is true, but for % = 0 and # # 0 it is false.
(b) Sometimes True Sometimes False
When % = ¥ this is true, but for % = % + @ and @, @ # 0 it is false.
(c) Sometimes True Sometimes False
When the vector is nonzero this statement is always true. However, when the vector is 0, it is false.
(d) Always True
There are infinitely many different multiples of any non-zero vector.
(e) Sometimes True Sometimes False
This statement is true when the vectors are not parallel, and false when the two vectors are parallel to each other.
(f) Sometimes True Sometimes False
This is true when #;, = %, but can be false for example when #, = #3 = 0 and ; # 0.

(g) Always True

If § = a¥1 + bia + c¥3 = ¥y + P2+ Y03, then 0 = (a — @)1 + (b— B)B2 + (c— 7)¥.

1.3.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.4: Matrix Equations

4b Objectives

1. Understand the equivalence between a system of linear equations, an augmented matrix, a vector equation, and a matrix
equation.

2. Characterize the vectors § such that Az = b is consistent, in terms of the span of the columns of 4.

3. Characterize matrices A such that A% = is consistent for all vectors b.

4. Understand the relationship between the solution set of AZ = 0 and the solution set of A% = b.

5. Understand the difference between the solution set and the column span.

6. Recipe: multiply a vector by a matrix (two ways), solve a matrix equation in parametric form.

7. Picture: the set of all vectors b such that Az = b is consistent.

8. Vocabulary words: matrix equation, homogeneous, inhomogeneous, trivial solution

In this section we introduce a very concise way of writing a system of linear equations: AZ = 5. Here A is a matrix and Z,b are
vectors (generally of different sizes), so first we must explain how to multiply a matrix by a vector. Once this is formally defined,
we relate this notation to our previous work in sections 1.1 and 1.2, and get a new perspective on the shapes of solution sets for
systems of linear equations.

This page titled 1.4: Matrix Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber.

e 2.3: Matrix Equations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.

o 2.4: Solution Sets by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.4.1: Matrix Equations, Spans, and Consistency

When we say “A is an m x n matrix,” we mean that A has m rows and »n columns.

In this book, we do not reserve the letters m and n for the numbers of rows and columns of a matrix. If we write “A is an n x m
matrix”, then n is the number of rows of A and m is the number of columns.

& Definition: Product

Let A be an m x n» matrix with columns @y, %s, ... , Up:

AZ=| 9 ¥p - Uy | = x1Us + 2oV + - 4 2Ty

This is a vector in R™.

X |llustration 1.4.1.1

7] 2l ] s ] s ] - )

In order for AZ to make sense, the number of entries of Z has to be the same as the number of columns of A: we are using the
entries of # as the coefficients of the columns of A in a linear combination. The resulting vector has the same number of entries as
the number of rows of A, since each column of A has that number of entries.

If A is an m x n matrix (m rows, n columns), then AZ makes sense when Z has n entries. The product AZ has m entries.

& Proposition 1.4.1.1: Properties of the Matrix-Vector Product

Let A be an m x n matrix, let %, 7 be vectors in R", and let ¢ be a scalar. Then:

o A@li+7) = Al +Av
o A(c@) = cAli

# Definition: Matrix Equation

A matrix equation is an equation of the form AZ = b, where A is an m x n matrix, b is a vector in R™, and Z is a vector whose

coefficients 1, zs, ..., 2, are unknown.

https://math.libretexts.org/@go/page/221210
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In this book we will study two complementary questions about a matrix equation A% = b:

1. Given a specific choice of b, what are all of the solutions to AZ = b?
2. What are all of the choices of b so that A% = b is consistent?

The first question is more like the questions you might be used to from your earlier courses in algebra; you have a lot of practice
solving equations like 22 —1 =0 for z. The second question is perhaps a new concept for you. Soon we will see that the two
questions are intimately related.

X Note 1.4.1.3: Matrix Equations and Vector Equations

Let %4, o, ..., 95, and b be vectors in R™. Consider the vector equation

o
2101 + 2o¥g + - + Tp¥p = b

This is equivalent to the matrix equation AZ = b, where

A= ’1_51 ’Z).g "_5114 and Z =

Conversely, if A is any m x n matrix, then A% = J is equivalent to the vector equation

Z191 + T2¥2 + - + Tp¥p = b

where %1, ¥s, ..., U, are the columns of A, and 1, z,, ..., z, are the entries of z.

v/ Example 1.4.1.1

Write the vector equation
201+ 30, —4U3=| 2

as a matrix equation, where %1, %5, %3 are vectors in R3.

Solution
Let A be the matrix with columns #,, ¥4, %3, and let # be the vector with entries 2, 3, —4. Then

I 2
AZ = | ¥, Py U3 3 = 27, + 3V — 493
. —4
7
So the vector equation is equivalent to the matrix equation |AZ = | 2
1

X Note 1.4.1.4: Four Ways of Writing a Linear System

We now have four equivalent ways of writing (and thinking about) a system of linear equations:

1. As a system of equations:

2z7 + 3z — 23 = T
ry - ZXo — 3933

Il
ot

2. As an augmented matrix:

https://math.libretexts.org/@go/page/221210
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2 3 2|7
1 -1 3|5
3. As a vector equation (219, + 2g9g + - + T40, = b):

2], 3 1iwl 21207
Bl T2 T3] T s
4. As a matrix equation (Az = b):
Z1

RN

3

In particular, all four have the same solution set.

We will move back and forth freely between the four ways of writing a linear system, over and over again, for the rest of the
book.

The above definition of Matrix-Vector Product is a useful way of defining the product of a matrix with a vector when it comes to
understanding the relationship between matrix equations and vector equations. Here we give a definition that is better-adapted to
computations by hand.

# Definition: Row Vector

A row vector is a matrix with one row. The product of a row vector of length n and a (column) vector of length n is
Z1

2
[a1 a2 -an | = 0121 + 03Tz + -+ + AnZy

This is a scalar in R.

This type of product can be done between any two vectors with the same number of entries, and is written as @ - Z

—r— r1-Z

I N I
AZ = . Z= .

—F— P &

X |llustration 1.4.1.2

Using this notation, we see that:

https://math.libretexts.org/@go/page/221210
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This is the same answer as before:

Let A be a matrix with columns %, s, ..., ¥y

Then

AZ = b has a solution
Z1
T2

I
(S

< there exist x1, s, ..., T, such that A

Tn
< there exist z1, T2, ..., T, such that z19; + z202 + - + T,0, = b
< b is a linear combination of ¥1,¥s, ..., Up

< bis in the span of the columns of A.

X Note 1.4.1.6: Spans and Consistency

The matrix equation AZ = b has a solution if and only if  is in the span of the columns of A.

This gives an equivalence between an algebraic statement (AZ = § is consistent) and a geometric statement (b is in the span of the
columns of A).

v/ Example 1.4.1.2: An Inconsistent System

Let A= [ =6

. R 4 .
= g ] Does the equation A% = [ . ] have a solution?

Solution
First, we answer the question geometrically. The columns of A are

S [ 2 L [ —6
ul—[_3] and ’U2—|: 9]

. . . . 4 . o . . . ol < g
and the target vector (on the right-hand side of the equation) is & = [ 6 ] The equation A% = % is consistent if and only if @ is

contained in the span of the columns of A. So we draw a picture:

https://math.libretexts.org/@go/page/221210
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Span( T .|t2)

Figure 1.4.1.1
It does not appear that 4 lies in Span{#,%,}, so the equation is inconsistent.

Let us check our geometric answer by solving the matrix equation using row-reduction. We put the system into an augmented

2 6|47 reer 1 —3]|2
[—3 9‘6] ’ [0 0‘1]

The last equation is 0 = 1, so the system is indeed inconsistent, and the matrix equation

[ % ][]

matrix and row reduce:

has

v/ Example 1.4.1.3: A Consistent System

2 —6
Let A= [ 3 9

]. Does the equation A% = [ 46 ] have a solution?

Solution

First, we answer the question geometrically. The columns of A are

an[4] e[

. . . . 4 . O . . o =
and the target vector (on the right-hand side of the equation) is @ = [ 6 ] . The equation AZ = & is consistent if and only if @

is contained in the span of the columns of A. So we draw a picture:

https://math.libretexts.org/@go/page/221210
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Span (T |ta)

Figure 1.4.1.2

It appears that w is indeed contained in the span of the columns of A; in fact, we can see one possible solution:

2
W = 201 + 00, = :}:'=[0]

Let us check our geometric answer by solving the matrix equation using row-reduction. We
put the system into an augmented matrix and row reduce:

2 —6| 4 D 1 -3|2
[—3 9‘—6] ’ [0 0‘0]

This gives us z; — 3z, = 2 and z, a free variable. There are actually |inﬁnitely many solutions|

This is consistent with the picture, and if we pick 2 = ¢ and z; = 2+ 3¢ we can see:
2 —6 4 3t+2 4
aran 5[+ T]=[ 5] = a[*77]-[ 5]

Building on the Note 1.4.1.6: Spans and Consistency, we have the following criterion for when A% =5 is consistent for every choice
of .

& Theorem 1.4.1.1

Let A be an m x n (non-augmented) matrix. The following are equivalent:

1. AZ = b has a solution for all b in R™.
2. The span of the columns of A is all of R™.
3. A has a pivot position in every row.

Proof

The equivalence of 1 and 2 is established by the Note 1.4.1.6: Spans and Consistency as applied to every  in R™.

https://math.libretexts.org/@go/page/221210
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Now we show that 1 and 3 are equivalent. (Since we know 1 and 2 are equivalent, this implies 2 and 3 are equivalent as
well.) If A has a pivot in every row, then its reduced row echelon form looks like this:

1 0 x 0 «
01 x 0 %
0 0 0 1 %
and therefore, [ A | b | reduces to this:
1 0 x 0 % |
0 1 x 0 %[«
0 0 0 1 x|«

There is no & that makes it inconsistent, so there is always a solution. Conversely, if A does not have a pivot in each row,
then its reduced row echelon form looks like this:

1 0 x 0 x
01 x 0 x
0 0 0 0O

which can give rise to an inconsistent system after augmenting with 3:

(=R =]

10 0
01 0
00 0

S * *
S * *
=
(=]

Recall that equivalent means that, for any given matrix A, either all of the conditions of the above theorem are true, or they are all

false.

Be careful when reading the statement of the above theorem. The first two conditions look very much like this Note 1.4.1.6:
Spans and Consistency, but they are logically quite different because of the quantifier “for all 3”.

X |llustration 1.4.1.3: The criteria of the theorem are not satisfied

0 0

_ _96 ] from our previous examples has RREF [ 1 -3 ]

We saw that the matrix A = [

. . . . . . 4 . o o
Since this does not have a pivot in each row, we were able to find at least one vector & = [ 6 ] which made AZ =

inconsistent.

This is why we saw geometrically that the span of the columns of this matrix formed a line instead of filling the entirety of R2.

X |llustration 1.4.1.4: The criteria of the theorem are satisfied

Consider the matrix A = [ ; ; ] which has RREF [ (1) (1) ]

This has a pivot in each row, so regardless of what ? we choose in R2, the equation AZ = % will be consistent.

1 2 b1 RREF 1 0 —5b1 + 2b2
3 5| b 01 3b1 — b2
. 1 2 by
This means that (—5b; + 2by) - + (3by — b2) s 1= 1 s
2

Geometrically, we can see that since these two column vectors are not parallel, their span will cover all of R2.
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Figure 1.4.1.3

1.4.1: Matrix Equations, Spans, and Consistency is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.

e 2.3: Matrix Equations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.4.2: Solutions to Matrix Equations

The equation Az = b is easier to solve when 4 = 0, so we start with this case.

# Definition: Homogeneous & Inhomogeneous

A system of linear equations of the form AZ = 0 is called homogeneous.

A system of linear equations of the form Az = b for b # 0 is called nonhomogeneous.

A homogeneous system is just a system of linear equations where all constants on the right side of the equals sign are zero.

X Note1.4.2.8

A homogeneous system always has the solution z = 0. This is called the trivial solution. Any nonzero solution is called

nontrivial.

X Observation 1.4.2.1

The equation Az = 0 has a nontrivial solution < there is a free variable < A has a column without a pivot position.

v/ Example 1.4.2.4: No nontrivial solutions

Find the solution set of A% = 0, where

1 3 4
A=|2 -1 2
1 0
Solution
We form an augmented matrix and row reduce:
1 3 4|0 1 0 0(0
2 -1 2(0| = lo1o0]o0
1 0 1(0 0 0 1|0
0
The only solution is the trivial solution [ =0= | 0
0

X Observation 1.4.2.2

When we row reduce the augmented matrix for a homogeneous system of linear equations, the last column will be zero
throughout the row-reduction process. We saw this in the last Example 1.4.2.8:

1 3
2 -1
1 0

= N
o O o

So it is not really necessary to write augmented matrices when solving homogeneous systems.

When the homogeneous equation AZ =0 does have nontrivial solutions, it turns out that the solution set can be conveniently

expressed as a span.

https://math.libretexts.org/@go/page/221211
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X |llustration 1.4.2.5: Parametric Vector Form (homogeneous case)

Consider the following matrix in reduced row echelon form:

10 -8 -7
A=|01 4 3
00 0 O

The matrix equation A% = 0 corresponds to the system of equations

|
=

T1 — 823 — Tz4
o + 4zs + 3zy

I
o

We can write the parametric form as follows:

Ty = 8z + Tzy
o = —423 —_ 3:54
xrg = T3

Ty = T4

We wrote the redundant equations z3 = x3 and x4 = x4 in order to turn the above system into a vector equation:

T 8 7
N ) —4 -3
= =3 + T4

rs 1

Ty 0 1

This vector equation is called the parametric vector form of the solution set. Since z3 and x4 are allowed to be anything, this

8 7
says that the solution set is the set of all linear combinations of _14 and _03 . In other words, the solution set is
1
8 7
Span —14 ’ —03
1

Note that each of these vectors inside of our span represent a different linear combination of the columns of A:

_84 1 0 -8 —7 _84
A L |=l01 4 3 )
00 0 O

| o 0
1] 0 —8 -7 0
=8 —4|1|+1]| 4 |+0| 3 |=]0
0 | 0 0 0 0

_73 1 0 -8 —7 _73

A o | = 01 4 3 0

B 00 0 O .
1] 0 -8 -7 0
=7/0([-3|1|+0| 4 |+1| 3 [=]0
0 | 0 0 0 0

Any solution to the homogeneous equation is a vector representing some way that the columns of A "cancel out".

Here is the general procedure.
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X Recipe: Parametric Vector Form (Homogeneous Case)

Let A be an m x n matrix. Suppose that the free variables in the homogeneous equation AZ = 0 are, for example, 3, s, and zs.

1. Find the reduced row echelon form of A.

2. Write the parametric form of the solution set, including the redundant equations z3 = z3, z5 = x¢, £z = zg. Put equations for
all of the z; in order.

3. Make a single vector equation from these equations by making the coefficients of z3, zg, and zg into vectors s, vg, and g,
respectively.

The solutions to Az = 0 will then be expressed in the form
T = x303 + TeUg + Tels
for some vectors ¥, v, vs in R™, and any scalars =3, zg, zs. This is called the parametric vector form of the solution.

In this case, the solution set can be written as Span{%s, ¥s, Us}-

We emphasize the following fact in particular.

X Note1.4.2.9

The set of solutions to a homogeneous equation A% = G is a span.

v Example 1.4.2.5: The solution set is a line

Compute the parametric vector form of the solution set of A% = 0, where
1 -3
A=
[> =]

Solution
We row reduce (without augmenting), as suggested in the above observation:

] = o o]

This corresponds to the single equation z; — 3z, = 0. We write the parametric form including the redundant equation z, = z:

ry = 3:::2
Try9 = To

=[] ==[ ]

This is the parametric vector form of the solution set. Since x5 is allowed to be anything, this says that the solution set is the set

We turn these into a single vector equation:

of all scalar multiples of [ ‘:’ ] , otherwise known as

a3 ]}

We know how to draw the picture of a span of a vector: it is a line. Therefore, this is a picture of the solution set:
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Figure 1.4.2.4

. 3t .
For any solution Z = [ : ], this gives:

G g | gl B ) R g S Y A B R O

X Note 1.4.2.10

In order to actually find a nontrivial solution to AZ =0 in the above Example 1.4.2.10, it suffices to substitute any nonzero

value for the free variable z,. For instance, taking z, = 10 gives the nontrivial solution Z = 10- [ 3 ] = [ 30 ] .

1 10
v/ Example 1.4.2.6: The solution set is a plane

Compute the parametric vector form of the solution set of A% = 0, where

Solution
We row reduce (without augmenting, as suggested in the above Observation 1.4.2.2):

1 -1 2 rrer [ 1 —1 2
2 2 -4 0 0 0

This corresponds to the single equation z; — x4 + 2x3 = 0. We write the parametric form including the redundant equations z

=T and r3 = T3:

ry = xTo9 — 29’.‘3
Ty = Ty
z3 = z3
We turn these into a single vector equation:
1 1 —2
= T2 =z2| 1 + 3 0
T3 0 1

This is the parametric vector form of the solution set. Since x5 and x5 are allowed to be anything, this says that the solution set

1 -2
is the set of all linear combinationsof | 1 | and | 0 |.In other words, the solution set is
0 1
1 —2
Span 1], 0
1
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We know how to draw the span of two noncollinear vectors in R3: it is a plane. Therefore, this is a picture of the solution set:

Figure 1.4.2.5

A natural question is: are the solution sets for nonhomogeneous equations also spans? As we will see shortly, they are never spans,
but they are closely related to spans.

There is a natural relationship between the number of free variables and the “size” of the solution set, as follows.

X Note 1.4.2.11; Dimension of the Solution Set

The above examples show us the following pattern: when there is one free variable in a consistent matrix equation, the solution
set is a line, and when there are two free variables, the solution set is a plane, etc. The number of free variables is called the
dimension of the solution set.

We will develop a rigorous definition of dimension later, but for now the dimension will simply mean the number of free variables.

Intuitively, the dimension of a solution set is the number of parameters you need to describe a point in the solution set. For a line
only one parameter is needed, and for a plane two parameters are needed. This is similar to how the location of a building on
Peachtree Street—which is like a line—is determined by one number and how a street corner in Manhattan—which is like a plane
—is specified by two numbers.

Recall that a matrix equation Az = 4 is called nonhomogeneous when +0.

v/ Example 1.4.2.7: The solution set is a line

What is the solution set of Az = 5, where
1 -3 - [ -3
A = =
[2 5] = o[ 5]

(Compare to this Example 1.4.2.5, where we solved the corresponding homogeneous equation.)

Solution

We row reduce the associated augmented matrix:
1 -3|-3 RREF 1 3|3
[2 —6‘—6] ’ [0 0‘0]

This corresponds to the single equation 1 — 3z = —3. We can write the parametric form as follows:
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ry = 3z — 3
T3 = x2 + 0

We turn the above system into a vector equation:

SHSHERN

This vector equation is called the parametric vector form of the solution set. We write the solution set as

son{[ 7 [}+] ']

Here is a picture of the solution set:

Figure 1.4.2.6

Why does the solution have this shape? Let's multiply each of these vectors by A to see:

w=[5 ST 1= ][ 2 ]-[2]

Notice that this vector gives you one particular linear combination of the columns of A that add up to b. We call 5 a particular

=[5 S]] 2] [0

Since  satisfies Ak = 0, we see that A(p + th) = Ap +tAh =b+10 =

solution of AZ =5

(S 0%

In a consistent system AZ = b, the solutions will always be of this form: & = § + & where Ap =5 and A% = 0.

v/ Example 1.4.2.8: The solution set is a plane

What is the solution set of A% =5, where

(Compare this Example 1.4.2.6.)

Solution
We row reduce the associated augmented matrix:

1 -1 2|1 S 1 -1 2|1
[—2 2 —4‘—2] [0 0 0‘0]

This corresponds to the single equation 3 — 3 + 223 = 1. We can write the parametric form as follows:
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rp] = X9 — 21’3 + 1
Ty = Iy + 0
T3 = z3 + 0
We turn the above system into a vector equation:
z —2 1]
=22 | =22 +z3| 0 |+
T3 1 0

This vector equation is called the parametric vector form of the solution set. Since z, and z3 are allowed to be anything, this

1 —2
says that the solution set is the set of all linear combinations of | 1 | and | 0 |, translated by the particular solution g
0 1
1 —2 1Y
= | 0 |.This is a plane which contains g and is parallel to Span 11, 0 : it is a translate of a plane. We write the
0 0 1
solution set as
—2 1
Span 1], 0 +10
1 0

Here is a picture of the solution set:

Figure 1.4.2.7

X Key Observation 1.4.2.3

In particular, if AZ = b is consistent, the solution set is a translate of a span.

The parametric vector form of the solutions of AZ =5 is just the parametric vector form of the solutions of AZ =0, plus a
particular solution 5.
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Row reducing to find the parametric vector form will give you one particular solution # of A% = 3. But the key observation
1.4.2.3 is true for any solution 3. In other words, if we row reduce in a different way and find a different solution g to AZ =5
then the solutions to AZ = b can be obtained from the solutions to AZ = 0 by either adding 3 or by adding g.

v/ Example 1.4.2.9: The solution set is a point

What is the solution set of A% =5, where

1 3 4
A= -1 2| and b=|1
1 0 1
Solution
We form an augmented matrix and row reduce:
1 3 4]0 1 0 0|-1
2 -1 2(1| B o1 0|
1 0 1|0 0 0 1|1
—1
The only solutionisg = | —1
1

According to the key observation 1.4.2.3, this is supposed to be a translate of a span by §. Indeed, we saw in the first Example
1.4.2.1 that the only solution of AZ =0 is the trivial solution, i.e., that the solution set is the one-point set {0}. The solution set
of the inhomogeneous equation A% = b is

-1
{03+ | -1
1

Note that {0} = Span{0}, so the homogeneous solution set is a span.

Ax=0>b

Vs

Figure 1.4.2.8

X Note 1.4.2.11; Dimension of the Solution Set

As in this important note, when there is one free variable in a consistent matrix equation, the solution set is a line—this line
does not pass through the origin when the system is inhomogeneous—when there are two free variables, the solution set is a
plane (again not through the origin when the system is inhomogeneous), etc.

X Note 1.4.2.12

To every m x n matrix 4, we have now associated two completely different geometric objects, both described using spans.

e The solution set: for fixed b, this is the set of all # such that AZ = b.
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o This is a span if § = 0, and it is a translate of a span if § # 0 (and Az = J is consistent).

o Itis a subset of R".

o It is computed by solving a system of equations: usually by row reducing and finding the parametric vector form.
e The span of the columns of A: this is the set of all b such that Az = J is consistent.

o This is always a span.

o Itis a subset of R™.

o It is not computed by solving a system of equations: row-reduction plays no role.

Do not confuse these two geometric constructions! In the first the question is which #’s work for a given b and in the second
the question is which 8’s work for some z.

1.4.2: Solutions to Matrix Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 2.4: Solution Sets by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.4.3: Practice Set

? Exercise 1.4.3.1a

1 1
Find the solutionsetto | 2 —1 1 [Z= | 1 | in parametric form (if it exists).
3 0
Answer
1 1 1]0 10 2| 3
2 -1 11 | B g 1)L
3 0 2(2 00 0] 1

Since this system is inconsistent, the matrix equation has no solution.

? Exercise 1.4.3.1b

1 -3 2 0
Find the solutionsetto [ 2 1 —1 |Z=| 2 [ in parametric form (if it exists).
5 -1 0 4
Answer
1 -3 210 1o —1|$
2 1 -1|2 | B 19 5|2
5 —1 0 |4 00 O 0
_l$3=£ $1=%+%$3
This represents { T = a=243a
Tro — 79'4'3 =7
3 free
6 1
1 7 7
So in parametric vector form we have | @5 [ = | 2 | +z3| £
T3 0 1
? Exercise 1.4.3.1¢
9 18 -3 3
Find the solutionsetto | 11 12 1 |Z= | —1 [ in parametric form (if it exists).
1 3 -2 2
Answer
9 18 3| 3 1 0 00O
m 12 1 |-1 |2 10100
1 -3 —-2| 2 0 0 1|-1
r = 0
This represents § z2 =0
Trz = —1
ry 0
So in parametric vector form we have | z5 [ =| 0
T3 -1
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1 4 0 2 6
. . 2 1 -7 3 o . . a3a .
Find the solution set to 2 —1 -9 9 |25 | g |0 parametric form (if it exists).
2 -1 -9 0 —1
Answer
1 0 2 6 1 0 —4 0|0
2 1 —7 3|4 | grer |01 1 01
2 -1 -9 —2(-3 00 0 1|1
2 -1 -9 0 (-1 00 0 00
4
=4
T — 49’.’3 =0 e 19'4'3
5 r9=1—2x
This represents ¢ zo+23=1 = < 2 8
3 free
Ty = 1
L Ty = 1
[ = 0 4
. . T2 1 -1
So in parametric vector form we have = =10 +a3|
3
| T4 1 0
? Exercise 1.4.3.1e
01 4 1 2
. . 1 3 5 7|, 0 . . - .
Find the solution set to 028 2|2 1 | parametric form (if it exists).
1 21 6 —2
Answer
01 4 1] 2 1 0 -7 4]0
135 7|0 | rrer |01 4 1]2
0 2 8 2|1 00 0 O0f1
1 2 1 6(|-—-2 00 0 0fO0
Since this system is inconsistent, the matrix equation has no solution.

? Exercise 1.4.3.1f

0141 0 2
. . 135 7 0 N 0 . . o g 5
Find the solution set to = in parametric form (if it exists).
0 2 8 2 -1 1
1 216 0 -2
Answer
0141 0 2 10 -7 4 0|—6
1 35 7 0 RREF 01 4 1 0| 2
0 2 8 2 —-1]|1 00 0 0 1] 3
1 216 0(-2 00 O O0O0O]O
1 =—6+Trz —4x,4
) — Tz + 4xy = —6 Lo =2—4x3— 14
This represents {3 + 4z3 + 4 =2 = z3 free
Ty = 3 T4 free
Ty = 3
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Ty —6 7
T 2 —4
So in parametric vector form we have | z3 | = 0 + z3 1 + x4
Ty 0 0
5 3 0
? Exercise 1.4.3.2a
a 2a 0
. . . . . . b 2b | 0
Use inspection to find all solutions to the matrix equation e 2 |2 | o
d 2d 0
Answer
a 2a 0
. N b o 2b - 0
Consider 9; = ,Ug = ,and b=
c 2c 0
d 2d 0

One particular solution of z,5; + 373 = b is the trivial one: 03, + 05, = b
o To0
Therefore, we have z, = 0

We turn to any nontrivial homogeneous solutions of z,7; + z393 = 0

Clearly, since 4, = 2%;, we can write 2¥; — 13, =0

This gives us the homogeneous solutions spanned by z;, = [ _21 ]

. e o o 2 2
Altogether, the solution set is # = &, + tZ; = [ 00+ tt ] = [ g ] +t [ 1 ]

? Exercise 1.4.3.2b

a 2a 100a
. . . . . . b 2b | 100b
Use inspection to find all solutions to the matrix equation z =
c 2 100c
d 2d 100d
Answer
a 2a 100a
- b| . | 2 > | 1008
Consider 9; = e %25 | 90 |’ and b= 100¢
d 2d 1004

One particular solution of z;73; + z2¥, = % is this one: 1003; + 03, = b

100 ]

Therefore, we have z, = [ 0

We turn to any nontrivial homogeneous solutions of 191 + 292 = 0

Clearly, since 95 = 2%, we can write 2¢; — 193 = 0

This gives us the homogeneous solutions spanned by #;, = [ _21 ]

. [T o 100 + 2¢ 100 2
Altogether, the solution set is # = &, + tZ; = [ 0—+t ] = [ 0 ] +t[ i

]
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a 0 a 0
Use inspection to find all solutions to the matrix equation | & b 2b |Z=| 0
0 ¢c ¢ 0
Answer
a 0 a 0
Consider ;= | b |,92=| b |,935=| 26 |,andb=| 0
0 c c 0

One particular solution of 15 + z2%2 + #3Bs = b is the trivial one: 03, + 055 + 033 = b

0
Therefore, we have Z, = | 0
0

-

We turn to any nontrivial homogeneous solutions of z,%; + z2¥ + 2393 = 0

Clearly, since 53 = 93 + %2, we can write 1%; + 1% — 193 =0

1
This gives us the homogeneous solutions spanned by Z, = | 1
-1
0+t 0 1
Altogether, the solution setisZ =Z,+tZp=| 0+t | =] 0 | +¢| 1
0—t 0 -1
? Exercise 1.4.3.2d
a a

(=
<)
S
8L
Il
=

Use inspection to find all solutions to the matrix equation | b

0 ¢c ¢ —c
Answer
a 0 a a
Consider ;= | b |,9.=| b |,93=| 206 |,andb=| 0
0 c c —c

One particular solution of z171 + z2¥2 + T30 = B is this one: 15; — 172 + 073 =b

1
Therefore, we have Z, = | —1
0

We turn to any nontrivial homogeneous solutions of z1%; + zav9 + 2373 = 0

Clearly, since 73 = 93 + 92, We can write 1%; + 1%, — 193 =

0
1
This gives us the homogeneous solutions spanned by Z, = | 1
-1
1

1+t 1
Altogether, the solution setis # = Z, + tZp= | =1+t | =| -1 | +t| 1
0—t 0 -1
? Exercise 1.4.3.2¢
a 0 0 3a 0
Use inspection to find all solutions to the matrix equation | 0 & 0 4b |Z=| 0
0 0 ¢ —5¢c 0
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Answer
a 0 0 3a 0
Consider 9; = 0 ,172 = b ,’7).3 = 0 ,’7).4 = 4b 5 and b= 0
0 0 c —bc 0

One particular solution of z151 + z2¥s + 2303 + T494 = 3 is the trivial one: 03, + 03, + 093+ 094 = [
0

Therefore, we have z, = i
0

We turn to any nontrivial homogeneous solutions of z,%; + z2% + 2383 + 244 = 0

Clearly, since 94 = 39, + 405 — 53, we can write 37, + 40y — 53 — 104 = 0

3
This gives us the homogeneous solutions spanned by Z; = 45
| -1
0+3t ]| 0 3
. . 0+ 4¢ 0 4
Altogether, the solution set is Z = Z, + tZ = =
g utl IST =2p+tTh 0— 5t 0 +t 5
o—t | Lo -1
? Exercise 1.4.3.2f
[a 0 0 3a
Use inspection to find all solutions to the matrix equation | 0 & 0 4b |Z=| b
| 0 0 —5c c
Answer
a 0 0 3a a
Considerg;= | 0 |,0a=| b |,93=| 0 |,54=| 4b |,andb=| b
0 0 —5¢ c

One particular solution of z,5; + 2473 + z33 + T4 = b is this one: 13, + 175 + 185+ 004 = b
1

Therefore, we have z, =

O

We turn to any nontrivial homogeneous solutions of #1%; + ¥, + £33 + €44 = 0

Clearly, since ¥, = 3%, + 43, — 583, we can write 3%, + 485 — 583 — 134 = 0

[ 3
This gives us the homogeneous solutions spanned by %, = 45
| -1
1+3¢ [ 1 3
Altogether, the solution set is # = 2, + tZ), = LaRas = 4 4t 4
1-5¢ 1 —5
0—t 0 -1

? Exercise 1.4.3.3

Let A be a matrix with m rows and n columns. Determine if the following statements are Always True, Always False, or
Sometimes True/Sometimes False.
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(a) If the reduced row echelon form of A has a pivot in every column, then Az = 0 has infinitely many solutions.
(b) If the reduced row echelon form of A has a pivot in every row, then Az = 0 has infinitely many solutions.
(c) If Al = A%, then @ — % is a solution to AZ = 0.

(d) If A% = A%, then % + 7 is a solution to AZ = 0.

(e) If A% =0, then ci is a solution to A% = 0 for all c.

(f) If A% = b for some b + 0, then ¢ is a solution to Az = b for all c.

(g) If b is a linear combination of the columns of 4, then Az = b is consistent.

(h) If A% = b has two distinct solutions, then AZ = 0 must have infinitely many solutions.

(i) If A% = b is inconsistent for some b # 0, then Az = 0 is inconsistent.

(j) When m = n, there is at least one vector Z € R" satisfying AZ = Z.

(k) The solution set to AZ = b can be written as a span of vectors.

(1) The set of b such that Az = § is consistent can be written as a span of vectors.

Answer
(a) Always False
A pivot in every column means no free variables, so the system will have exactly one or zero solutions.
(b) Sometimes True Sometimes False
This is true when there are more columns than rows, but false when the matrix is square.
(c) Always True
A(— %) = Al — A% = 0 always holds.
(d) Sometimes True Sometimes False
When @ = 0 this is definitely true, but if A% # 0 then A(@ + ¥) = A% + A% = 2A7% # 0 makes this false.
(e) Always True
If A% =0, then A(c@i) = c(A#) = 0 = 0 occurs.
(f) Always False

If A% = b, then A(cii) = c(A#) = cb # b whenever ¢ + 1.

(g) Always True
T

If the columns of A are ¥; and b = %1 + --- + T, ¥y, then 2 = | : satisfies AZ = b.
Tp

(h) Always True

If A%y = Aiy, then A(d; — i) = A%y — Aty = 0 and since @; — @ + 0, there are infinitely many multiples of this vector in
the homogeneous solution set.

(i) Always False

The homogeneous system AZ = 0 is always consistent, since it is satisfied by the trivial solution.
(j) Always True

The zero vector always satisfies A0 = 0.

(k) Sometimes True Sometimes False

This is true when § = 0, but false when  # 0.
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(1) Always True
The span of the columns of A contains all linear combinations of those columns, which are precisely the vectors b that make

AZ = consistent.

1.4.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.5: Linear Independence

4b Objectives

1. Understand the concept of linear independence.

2. Learn two criteria for linear independence.

3. Understand the relationship between linear independence and pivot columns / free variables.
4. Recipe: test if a set of vectors is linearly independent / find an equation of linear dependence.
5. Picture: whether a set of vectors in R? or R? is linearly independent or not.

6. Vocabulary words: linear dependence relation / equation of linear dependence.

7. Essential vocabulary words: linearly independent, linearly dependent.

Sometimes the span of a set of vectors is “smaller” than you expect from the number of vectors, as in the picture below. This means
that (at least) one of the vectors is redundant: it can be removed without affecting the span. In the present section, we formalize this
idea in the notion of linear independence.

Span{u, v, w}
Span{v, w}

v

Figure 1.5.1: Pictures of sets of vectors that are linearly dependent. Note that in each case, one vector is in the span of the others—
so it doesn’t make the span bigger.

This page titled 1.5: Linear Independence is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber
via source content that was edited to the style and standards of the LibreTexts platform.

« 2.5: Linear Independence by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.5.1: Defining Linear Independence

# Definition: Linearly Independent and Linearly Dependent

A set of vectors {1, %2, ..., 9%} is linearly independent if the vector equation
T1U1 + T2Uo + -+ + TV = 0
has only the trivial solution z; = g = --- = z = 0. The set {%1, ¥, ..., 95} is linearly dependent otherwise.
In other words, {#1, 2, ..., ¥} is linearly dependent if there exist numbers z1, zs, ..., z, not all equal to zero, such that

101 + ToUa + - + T4V =0

This is called a linear dependence relation or equation of linear dependence.

Note that linear dependence and linear independence are notions that apply to a collection of vectors. It does not make sense to
say things like “this vector is linearly dependent on these other vectors,” or “this matrix is linearly independent.”

v Example 1.5.1.1: Checking linear dependence

Is the set
1 1 3
1, -11],]1
1 2 4

linearly independent?

Solution
Equivalently, we are asking if the homogeneous vector equation

1 1 3 0
z| 1 |+y| -1 [4+2]1|=]0
1 2 4 0

has a nontrivial solution. We solve this by forming a matrix and row reducing (we do not need to augment when
homogeneous):

1 0 2
-1 1 E— 011
00O
This says # = —2z and y = —z. So there exist infinitely many solutions, most of which are nontrivial solutions.

For instance, taking z = 1 gives this equation of linear dependence:

1 3 0
2|1 || -1 |+|1]|=]0
2 4 0

Thus, the set is |1inear1y dependent|
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v/ Example 1.5.1.2: Checking linear independence

Is the set
1 1 3
1 |, -1],]|1
-2 2 4

linearly independent?

Solution
Equivalently, we are asking if the homogeneous vector equation

1 0
z| 1 +y| -1 |+2z|1|=1]0
—2 2 0
has a nontrivial solution. We solve this by forming a matrix and row reducing:
1 1 1 00
1 11| EE o110
-2 2 0 01

This says z = y = 2 = 0, i.e., the only solution is the trivial solution. We conclude that |the set is linearly independent|

+ lllustration 1.5.1.1: Vector parametric form

An important observation is that the vectors coming from the parametric vector form of the solution of a matrix equation A%
-1 2 ] L =

= 0 are linearly independent. Consider the solution set of [ P 4 |E= 0

1 -1 2 RREF 1 -1 2
[—2 2 —4] [0 0 0]

We put this solution into parametric vector form:

Al 1 —2
= | x9 =x9| 1 | +2z3 0
T3 0 1
—2
So the vectors 3, = | 1 | andg,= [ 0 | are clearly|linearly independent|
1

We show this by setting up a linear combination of them equal to the zero vector:

0 1 —2 Ty — 2.’E3
0 = T2 1 + T3 0 = To
0 0 1 T3

Comparing the second and third coordinates, we see that 5 = z3 = 0. This reasoning will work in any example, since the
entries corresponding to the free variables are all equal to 1 or 0, and are only equal to 1 in one of the vectors.

The above examples lead to the following recipe.

X Recipe: Checking Linear Independence

A set of vectors {91, %2, ..., 94} is linearly independent if and only if the vector equation

2101 + 2oUs + - + 240 =0
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has only the trivial solution, if and only if the matrix equation Az = 0 has only the trivial solution, where A is the matrix with

columns 91, Vg, ..., U:

This is true if and only if A has a pivot position in every column.

Solving the matrix equation A% = 0 will either verify that the columns %1, ¥, ..., U are linearly independent (no free variables),
or will produce a linear dependence relation by substituting any nonzero values for the free variables.

(Recall that A% = 0 has a nontrivial solution if and only if A has a column without a pivot)

Suppose that A has more columns than rows. Then A cannot have a pivot in every column (it has at most one pivot per row), so its

columns are automatically linearly dependent.

A wide matrix (a matrix with more columns than rows) has linearly dependent columns.

For example, four vectors in R® are automatically linearly dependent. Note that a tall matrix may or may not have linearly

independent columns.

& Fact 1.5.1.1: Facts About Linear Independence

1. Two vectors are linearly dependent if and only if they are collinear, i.e., one is a scalar multiple of the other.
2. Any set containing the zero vector is linearly dependent.
3. If a subset of {v1, ¥y, ..., ¥x} is linearly dependent, then {1, ¥y, ..., Ux} is linearly dependent as well.

Proof
1. If ¥1 = ¢, then ¥1 — ¢ty = 0, SO {"1, 72} is linearly dependent. In the other direction, if z17; + 202 = 0, for z; # 0, we
= Z3 .
etvg =——7
get vy - 2
2. It is easy to produce a linear dependence relation if one vector is the zero vector: for instance, if ¥; =0 then
1-3140-By 44055 =0
3. After reordering, we may suppose that {1, ¥s, ..., ¥, } is linearly dependent, with < k. This means that there is an
equation of linear dependence
@101 + Ta¥a + - + 2,9, =0

with at least one of z;,x,, ..., z, nonzero. This is also an equation of linear dependence among {1, ¥s, ..., U}, since we
can take the coefficients of #,,;, ..., 9 to all be zero.

With regard to the first fact, note that the zero vector is a multiple of any vector, so it is collinear with any other vector. Hence, facts
1 and 2 are consistent with each other.

1.5.1: Defining Linear Independence is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 2.5: Linear Independence by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.5.2: Understanding Linear Independence

In this subsection we give two criteria for a set of vectors to be linearly independent. Keep in mind, however, that the actual
definition for linear independence, Definition 1.5.2.1, is above.

& Theorem 1.5.2.1

A set of vectors {%1, %2, ..., 9} is linearly dependent if and only if one of the vectors is in the span of the other ones.

Any such vector may be removed without affecting the span.

Proof
Suppose, for instance, that %3 is in Span{#1, 72,74}, S0 we have an equation like

1

U3 =201 — 51'52 + 674

We can subtract ¥3 from both sides of the equation to get

=

I . =
0=2v; — 5’02—1}34—61}4
This is a linear dependence relation.

In this case, any linear combination of %, ¥s, ¥3, 74 is already a linear combination of %, ¥4, ¥4:

- = = = = = = 1, = -
L1V + ToUg + T3V3 + T4V4 = T1V1 + ToVs + T3 (21)1 — 5”2 + 6v4) + x40y
o 1 " "
= (21 + 223)701 + (zg — 513) Vo + (x4 +6)V4

Therefore, Span{vi,¥s,73,v4} is contained in Span{¥i,vs,v4}. Any linear combination of ¥;,72,94 is also a linear
combination of q,Vs,¥3,94 (with the vs-coefficient equal to zero), so Span{¥i,¥s,¥4} is also contained in
Span{#¥1, 92, U3, ¥4}, and thus they are equal.

In the other direction, if we have a linear dependence relation like
2 L 1, =
0=2v,— 51)2+1)3—61)4
then we can move any nonzero term to the left side of the equation and divide by its coefficient:

1

1_51=§

1
(51_52 —Us+ 61—54)
This shows that %, is in Span{%a,¥s,v4}-

We leave it to the reader to generalize this proof for any set of vectors.

In a linearly dependent set {1, %y, ..., ¥}, it is not generally true that any vector g, is in the span of the others, only that at least
one of them is.

1 2 0 0
For example, the set 11,12],]0 is linearly dependent, but | 0 | is not in the span of the other two vectors.
0 0 1 1

The previous Theorem 1.5.2.1 makes precise in what sense a set of linearly dependent vectors is redundant.

https://math.libretexts.org/@go/page/221215
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& Theorem 1.5.2.2: Increasing Span Criterion

A set of vectors {71, %3, ..., U} is linearly independent if and only if, for every j, the vector ¥; is not in Span{?1, s, ...,v;—1}.

Proof

It is equivalent to show that {1, %5, ..., D¢} is linearly dependent if and only if %, is in Span{¥1,¥s, ..., %;_1} for some j. The
“if” implication is an immediate consequence of the previous Theorem 1.5.2.1. Suppose then that {%, @, ..., 95} is linearly
dependent. This means that some %; is in the span of the others. Choose the largest such j. We claim that this ; is in
Span{%1, ¥s, ..., ¥j—1}. If not, then

Uj=x1U1 + ToUs + -+ Tj_10j-1 + Tj11U 41 + - + TeUx
with not all of z;4,, ..., zy equal to zero. Suppose for simplicity that z; # 0. Then we can rearrange:
= 1., = = = = =
Vg = r (1‘11)1 + 2202+ + 21V 1 — U + iV + o+ mp—11)p—1)

This says that ¥, is in the span of {#1, s, ...,7p—1}, which contradicts our assumption that 9; is the last vector in the span of
the others.

We can rephrase this as follows:

If you make a set of vectors by adding one vector at a time, and if the span got bigger every time you added a vector, then your
set is linearly independent.

A set containing one vector {3} is linearly independent when % # 0, since z# = 0 implies z = 0.

Span{v}

Figure 1.5.2.2
A set of two noncollinear vectors {%,} is linearly independent:

o Neither is in the span of the other, so we can apply the first criterion, Theorem 1.5.2.1.
o The span got bigger when we added @, so we can apply the increasing span criterion, Theorem 1.5.2.2.
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Span{w}

Span{v}

Figure 1.5.2.3
The set of three vectors {%, ®, %} below is linearly dependent:

e % is in Span{#,w}, so we can apply the first criterion, Theorem 1.5.2.1.
e The span did not increase when we added %, so we can apply the increasing span criterion, Theorem 1.5.2.2.

In the picture below, note that ¥ is in Span{,@}, and @ is in Span{#,%}, so we can remove any of the three vectors without
shrinking the span.

Span{w}
Span{v, w}

w

Span{v}

Figure 1.5.2.4

The three vectors {%, 1,4} below are linearly independent: the span got bigger when we added @, then again when we added i, so
we can apply the increasing span criterion, Theorem 1.5.2.2.
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221215?pdf

LibreTexts"

Span{v, w}

Span{w}

Span{v}

Figure 1.5.2.5
The three coplanar vectors {%, @, 4} below are linearly dependent:

e 1% is in Span{#,w}, so we can apply the first criterion, Theorem 1.5.2.1.
o The span did not increase when we added , so we can apply the increasing span criterion, Theorem 1.5.2.2.

Span{v, w}

Span{w}

Span{v}

Figure 1.5.2.6

Note that three vectors are linearly dependent if and only if they are coplanar. Indeed, {%,,%} is linearly dependent if and only if
one vector is in the span of the other two, which is a plane (or a line) (or {0}).

In light of this important note, Recipe: Checking Linear Independence, and this criterion, Theorem 1.5.2.1, it is natural to ask which
columns of a matrix are redundant, i.e., which we can remove without affecting the column span.
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Let %1, s, ..., V% be vectors in R”, and consider the matrix

Then we can delete the columns of A without pivots (the columns corresponding to the free variables), without changing

Span{i)’l, 1_52, ,1_51,}.

The pivot columns are linearly independent, so we cannot delete any other columns without changing the span.

Proof
If we set up the homogeneous equation A% = 0, we solve by putting A into RREF.
If there are no free variables, we must have # = 0 the trivial solution only, and our columns are linearly independent.

Z1
T2

If there is at least one free variable z;, then there is a nontrivial solution # = | ° | with z; = 1. This gives us the linear
L)

Tk
dependence relation:

-

101 + X202 + -+ T+ -+ x50 =0
This means ’l_)']' E Span{i}'l,b'g, ,ﬁj_l, ’I)']'+1, ,61;}
And thus, Span{¥y, ¥z, ... ,Uj_1,6j+1, <., Uk} = Span{¥y, V2, ... ,’i)'j_l,‘i)'j, ’7)']'_'_1, ey Uk}

Therefore, if we remove 7; the span will remain the same. We can do this for each free variable column until only pivot
columns remain. These remaining columns will have the same span, but when put into RREF there will only be pivot
columns so they must be linearly independent.

Note that it is necessary to row reduce A to find which are its pivot columns. However, the span of the columns of the row reduced
matrix is generally not equal to the span of the columns of A: one must use the pivot columns of the original matrix.

X |llustration 1.5.2.2

The matrix
1 2 0 -1
A=]| -2 -3 4 5
2 4 0 —2
has reduced row echelon form
1 0 -8 -7
01 4 3
00 O 0

Therefore, the first two columns of A are the pivot columns, so we can delete the others without changing the span:

1 2 1 2 0 —1
Span -2 |, | -3 = Span 2|, -3, 4], 5
2 4 2 4 0 -2

Moreover, the first two columns are linearly independent.
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X Note 1.5.2.5: Pivot Columns and Dimension

Let d be the number of pivot columns in the matrix

o If d = 1then Span{¥;,%s, ..., ¥} is a line.

o If d = 2 then Span{?;, %y, ..., ¥} is a plane.

o If d = 3 then Span{#1, 9, ..., Bz} is a 3-space.
o Et cetera.

The number d is called the dimension. We will define this concept rigorously in the future!

There are two direct consequences of the Increasing Span Criterion:

If {¥1, 9, ..., %} is linearly independent, then any subset of these vectors forms a linearly independent set.
If {#1,93, ..., 9%} is linearly dependent, then any set containing all of these vectors forms a linearly dependent set.

v/ Example 1.5.2.3

Assume the set {&, 7} is linearly independent, and define & = %+ 7,6 = i — o
Is {@, 5} linearly independent?

Solution
Since we are not given the values inside of %,#, we cannot manually calculate the values of &,5 to check for linear
independence directly (by setting them as columns of a matrix and row reducing)

Instead, we must check if there is some linear combination
xd + y?b' =0
This can be re-written as a linear combination of the vectors %, v:
z(l+9)+y(@—9)=0

(z+y)ti+(z—y) =0

z4+y=0

Luckily, we know {4, %} is linearly independent, so this can only be satisfied if { r—y=0

We can solve this system of equations, and quickly see it is only satisfied when z =0 and y = 0.

This means the only linear combination of g and 3 that makes 0 is the trivial one.

This proves that {&,5} is a [linearly independent set|

v/ Example 1.5.2.4

Assume the set {i, 3, w} is linearly independent, and define d = 2% — 23,6 = % — 2i,& = 2 — i

Is {@,5,¢} linearly independent?
Solution

We must check if there is some linear combination

-
-

zd+yb+28=0

.

This can be re-written as a linear combination of the vectors @, ¥, @:
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z (26 — 20) + y (¥ — 2i) + 2 (20 — ) =0

(2 —2) @+ (—22+y) 3 + (—2y+22) D=0

20 —2z2=0
Again, we know {4, 9, w} is linearly independent, so this can only be satisfied if { —2z+y=0
—2y+22=0

. . . . . 1
We can solve this system of equations, and quickly see it has parametric form y = z and z = 5%
This means there is at least one nontrivial linear combination of @,5 and & that makes 0.

For example, letting » =2, we getz =1,y = 2:

16+2b+28 =1(20—20) +2 (3 —20) +2 (25— @) = 0@+ 03 + 00 =0

This proves that {d, 5, &} is a [linearly dependent set]|

1.5.2: Understanding Linear Independence is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.5.3: Practice Set

? Exercise 1.5.3.1a

1 2 1
Determine if the set 2,1 1|,|1 is linearly independent or dependent.
2 1 1
Answer
121 ("
Manually: | 2 1 1 | 282, 1 3
211 00 0

No pivot in third column, this set is linearly dependent.

Observation: The sum of the first two columns is triple the third column, so the third column must be in the span of the first
two. This is a linearly dependent set.

? Exercise 1.5.3.1b

4 —2
Determine if the set o |, 0 is linearly independent or dependent.
—2 1
Answer
4 -2 1 -3
Manually: | 0 o [EES o o
-2 1 0 0

No pivot in second column, this set is linearly dependent.

Observation: The first column is a scalar multiple (—2) of the second column. This is a linearly dependent set.

? Exercise 1.5.3.1¢

Determine if the set is linearly independent or dependent.

—_——
=
_ e

L |
P

Answer
110 [1 0 0
Manually: | 0 1 1 [ Z2E, 10 1 0
111 0 01

A pivot in every column, this set is linearly independent.

Observation: None of these vectors can be created by the other two. This is a linearly independent set.

? Exercise 1.5.3.1d

4 1 0
Determine if the set 1{,(0]/,] 1 is linearly independent or dependent.
7 2 1

Answer

[41 o'| [10—1'|
Manuallv: 1 1 0 —1 | B2, | o 1 4
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No pivot in [th;rd éﬁOlLll’Ill}I, this set[isdinsarly djapendent.
Observation: Trickier to see, but the sum of the first and third column is exactly four times the center column. This is a
linearly dependent set.

? Exercise 1.5.3.1¢

5 51 [5
L -1 1 0 o T 5
Determine if the set s 104l 4 is linearly independent or dependent.
1 1] |1
Answer
5 5 5 [1 0 1
— 1
Manually: 110 e | Ul g
4 4 000
1 11 00 0
No pivot in third column, this set is linearly dependent.
Observation: The sum of the first and second column is exactly double times the third column. This is a linearly dependent
set.

? Exercise 1.5.3.1f

Determine if the set {[ ;3 ] , [ ;g ] , [ ;g ]} is linearly independent or dependent.

Answer

[14 15 16| gaer |1 0 %
Manually: [23 09 25]—»[0 | 1

No pivot in third column, this set is linearly dependent.

Observation: This matrix is wider than it is tall, making it impossible to have a pivot in every column. This is a linearly
dependent set.

? Exercise 1.5.3.1g

V2 V2
3,
Determine if the set V3 , V3 is linearly independent or dependent.
VAN
V6 V6
Answer
V2 V2 10
3
Manually: v8 B RREF, 01
V5 5 0 0
VART: v
A pivot in every column, this set is linearly independent.
Observation: These two vectors are clearly not scalar multiplies of one another. This is a linearly independent set.

https://math.libretexts.org/@go/page/221216



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221216?pdf

LibreTexts"

1 0 0 1
L. 1 1 0 0 o T3 q
Determine if the set o l:l1l:] 1010 is linearly independent or dependent.
0 0 1 1
Answer
1 001 1 00 1
1100 | grer |01 0 —1
M lly: —_—
a1 11 0 001 1
0011 000 O

No pivot in every column, this set is linearly dependent.

Observation: The sum of the first and third vector is the same as the sum of the second and fourth vector.

? Exercise 1.5.3.14

1 2 11
s 3 1 11 o TR .
Determine if the set ol lol*] o is linearly independent or dependent.
5 1 1
Answer
1 2 11 1 00
|3 1 11| raer |0 1 0
Manually: 000l loo1
5 1 1 0 00O

A pivot in every column, this set is linearly independent.

Observation: None of these vectors can be created by the other two. This is a linearly independent set.

? Exercise 1.5.3.15

6 0 —12 100
L —4 0 13 99 " .
Determine if the set s llol o is linearly independent or dependent.
11 0 5 -7
Answer
6 0 —12 100 1 000
. 4 0 13 99 RREF 0 010
Manually: 30 0 -11=—looa 1
11 0 5 7 0 0 0O
No pivot in second column, this set is linearly dependent.
Observation: Any set containing the zero vector is dependent. This is a linearly dependent set.

? Exercise 1.5.3.1k

cos ( 2 )
Determine if the set cot (Z) |, | osc (%) is linearly independent or dependent.
1 sec (%)

Answer

https://math.libretexts.org/@go/page/221216
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Manually: | cot () esc(F) | —— | 0 0
1 sec (F) 0 0

cos(%) 1 1 sec(%)
™
5

No pivot in second column, this set is linearly dependent.

Observation: Trigonometrically inclined students should see that cos (%) times the second column is the first column. This

is a linearly dependent set.

? Exercise 1.5.3.2a

Assume that the set {1, 32, ¥3, 94} is linearly independent and each 3; € R%.

Determine if the set {291, 32, 493, 594} is linearly independent or dependent.

Answer
We investigate the equation: z;(2,) + 22(392) + £3(483) + z4(534) = 0
This can be written as (221)3; + (322)02 + (423)v3 + (54)vs = 0

Since {1, s, 73,74} is independent, we know each coefficient must be zero, so

221 =0 1 0 00
372 =0 matrixthenRREF, [ 0 1 0 O
423=0 0 010
524 =0 0 0 01

There are no free variables, so the only solution is the trivial one z; =z, =23 =24 =0, and this set is linearly
independent.

? Exercise 1.5.3.2b

Assume that the set {#;, 7, 93,94} is linearly independent and each %; € R*.

Determine if the set {%;, 72,32 + ¥4, U3 + ¥4} is linearly independent or dependent.

Answer
We investigate the equation: (V1) + z2(92) + z3(¥2 + U4) + z4(F3 + U4) = i}
This can be written as (1)1 + (3 + ©3)3 + (24)3 + (€3 + T4)T4 = 0

Since {¥1,¥s, ¥3, 94} is independent, we know each coefficient must be zero, so

21 =0 1000
22+ 23 =0 matrix then RREF 0100

2=0  |oo1o0
Sy +ze=0 0001

There are no free variables, so the only solution is the trivial one z; =z =3 ==z4 =0, and this set is linearly
independent.

? Exercise 1.5.3.2¢
Assume that the set {#1, 92, U3, U4} is linearly independent and each ¥; € R*,

Determine if the set {t; — ¥ — 93, U3 + U3, V1 + U4, ¥4} is linearly independent or dependent.

Answer

We investigate the equation: z; (¥; — U2 — 3) + z2(d2 + ¥3) + z3(T1 + Va) + z4(Ts) = 0
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This can be written as (:1:1 + :1:3)1_)’1 + (—:1}1 + 1}2)’32 —+ (—Il + I2)1_53 + (Ig + 2}4)‘34 = 6

Since {%1,¥s, ¥3, 94} is independent, we know each coefficient must be zero, so

z1+x3=0 1 0 0 —1
—T1+ T2 =0 matrixthenrrRer, | 0 1 0 —1
—z1+z22=0 0 01 1

z3+24=0 0 0 0 O

There is a free variable =4, so there are nontrivial solutions (like 1 = 1,22 = 1,23 = —1,z4 = 1), and this set is linearly
dependent.

Note that 1(¥; — ¥ — @3) + 1(B3 + ¥3) — 1(¥1 + ¥4) + 1(34) = 0 does hold.

? Exercise 1.5.3.2d

Assume that the set {¥1, 72, 73,74} is linearly independent and each %; € R*.
Determine if the set {%i; — %4, P2 — ¥1,¥3 — U2, ¥4 — U3} is linearly independent or dependent.
Answer
We investigate the equation: z1 (31 — ¥4) + z2(¥2 — ¥1) + z3(V3 — B2) + z4(V4 — ¥3) = 0
This can be written as (z; — 22)71 + (z2 — ©3)B2 + (T3 — T4)¥s + (T4 — 1)B4 = 0

Since {%1,¥s, ¥3, 74} is independent, we know each coefficient must be zero, so

:61—:112:0 1 0 0 —1
T2—23=0 matrixthenRREF, | 0 1 0 —1
$3—$4=0 0 01 —1
—z1+x4=0 000 O

There is a free variable =4, so there are nontrivial solutions (like ;3 =1,22 =1,23 = 1,24 = 1), and this set is linearly
dependent.

Note that 1('!-;1 = ’34) + 1(’1-52 = ’31) + 1(1-53 = 1-52) + 1(’34 = 1-53) = 0 does hold.

? Exercise 1.5.3.2¢

Assume that the set {#1, %1, 73,74} is linearly independent and each %; € R*.

Determine if the set {# + ¥4, 71 — ¥3,202 + 373} is linearly independent or dependent.

Answer
We investigate the equation: z; (32 + 94) + z2(31 — ¥3) + 23(202 + 303) = 0
This can be written as (1132)1-).1 + (1‘1 + 2.’)'.‘3)’!-52 + (—972 + 3973)1_53 + ($1)174 =0

Since {¥1, %5, ¥3, 94} is independent, we know each coefficient must be zero, so

z9=0 100
Z1+223=0 marixthenrrer, | 0 1 0
—z9 + 39';3 =0 0 0 1
1=0 0 00

There are no free variables, so the only solution is the trivial one z; = 5 = z3 = 0, and this set is linearly independent.

Assume that the set {#;, ¥, 3, ¥4} is linearly independent and each %; € R4.

Determine if the set {¥1 + U2+ U3 + ¥4} is linearly independent or dependent.
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Answer
We investigate the equation: z; (v + 92+ U3 + U4) = 0
This can be written as (1)1 + (z1)32 + (€1)¥s + (€1)B =0

Since {%1,¥s, ¥3, 94} is independent, we know each coefficient must be zero, so

IB1=0
.’L‘1=0
931=0
931=0

Clearly there are no free variables, so the only solution is the trivial one 1 = 0, and this set is linearly independent.

? Exercise 1.5.3.2g

Assume that the set {¥;, ¥, 73,74} is linearly independent and each #; € R%.
Determine if the set {#1,%; + ¥, 91 + U2 + U3,91 — ¥4, U3 + U4} is linearly independent or dependent.
Answer
We investigate the equation: 1(¥1) + 2(F1 + Ba) + z3(¥1 + Vs + T3) + 24(B1 — Vs) + z5(¥3+ Ba) = 0
This can be written as (.’L‘l +x2+ 3 + $4)1_51 + (1172 + $3)1_52 + (13 —+ $5)1_53 + (—1‘4 + 925)1_54 = 6

Since {%1,¥s, ¥3, 94} is independent, we know each coefficient must be zero, so

T+ T2 +T3+74=0 1000 1
T2+ 23 =0  yatrix then RREF 0100 -1
z3+z5=0 0010 1

—T4+x5=0 000 1 -1

There is a free variable z5, so there are nontrivial solutions (like #; = —1,z, = 1,23 = —1,z4 = 1,25 = 1), and this set is
linearly dependent.

Note that —1(1) + 1(1 + ) — 1(B1 + U + U3) + 1(¥1 — B4) + 1(T3 + B4) = 0 does hold.

? Exercise 1.5.3.2h

Assume that the set {#1, 92, U3, U4} is linearly independent and each ¥; € R*,

Determine if the set {1, U3, 379, — 159} is linearly independent or dependent.

Answer
We investigate the equation: (%) + za(2) + z3(3783 — 1531) = 0
This can be written as (z1 — 1623)81 + (@2 + 3723)72 + (0)33 + (0)F4 = 0
Since {1, s, 3,94} is independent, we know each coefficient must be zero, so

T2+3723 =0 matrixthenRREF, | 0 1 37
0=0 00 O
0=0 00 O

There is a free variable z3, so there are nontrivial solutions (like z; = 15,2, = —37,23 =1), and this set is linearly
dependent.

Note that 15(3,) — 37(2) + 1(3752 — 159;) = 0 does hold.
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Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If {4, %} is linearly independent, then 4 + ¥ is non-zero.

(b) If {@, %} is linearly dependent, then % + % is non-zero.

(¢) If {@, 4} are linearly independent vectors in R?, then they must span all of R2.

(d) If {@, 7,1} are linearly independent vectors in R3, then they must span all of R3.

(e) If {#,%} is a linearly independent set and {4, @} is a linearly independent set, then {4, %,} is linearly independent.
(f) If {@, ¥, @} are nonzero vectors satisfying % ¢ Span{%, @}, then {%, %, ¥} is linearly independent.

(g) If {1, 5} are vectors satisfying % ¢ Span{#}, then {u, ¥} is linearly independent.

(h) If {@, 3} is linearly dependent for every possible 7 € R", then % = 0.

Answer
(a) Always True
If it was zero, they would be linearly dependent by definition.
(b) Sometimes True Sometimes False

If & = ¥ # 0, then the sum is nonzero but the set is dependent. Alternatively, if & = ¥ = 0 the sum is zero and it is dependent.

(c) Always True

If they are columns of a 2 x 2 matrix A, it will row reduce to have a pivot in each column, and therefore a pivot in each row
and A% =  cannot be made inconsistent.

(d) Always True

If they are columns of a 3 x 3 matrix A4, it will row reduce to have a pivot in each column, and therefore a pivot in each row
and A% = b cannot be made inconsistent.

(e) Sometimes True Sometimes False

1 0 0 1
This is true for the example 4 = [ 0 [, =| 1 |,w =| 0 | and it is false for the example 2 = | 0 |, v =| 1 |,
0 0 1 0
1
=11
0

(f) Sometimes True Sometimes False

When {4, #} is linearly independent, this statement is true. When {%, &} is linearly dependent, this statement is false.
(g) Sometimes True Sometimes False

This is true when # # 0, but false for 3 = 0.

(h) Always True

If % # 0, then it spans a line in R?, so for any @ not on that line, the set {#, 7} will be linearly independent.

1.5.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.6: Subspaces

4b Objectives

1. Learn the definition of a subspace.

2. Learn to determine whether or not a subset is a subspace.

3. Learn the most important examples of subspaces.

4. Learn to write a given subspace as a column space or null space.
5. Recipe: compute a spanning set for a null space.

6. Picture: whether a subset of R? or R3 is a subspace or not.

7. Vocabulary words: subspace, column space, null space.

In this section we discuss subspaces of R™. A subspace turns out to be exactly the same thing as a span, except we don’t have a
particular set of spanning vectors in mind. This change in perspective is quite useful, as it is easy to produce subspaces that are not
obviously spans. For example, the solution set of the equation z + 3y 4 z = 0 is a span because the equation is homogeneous, but we
would have to compute the parametric vector form in order to write it as a span.

. x+3y+z=0

Figure 1.6.1

(Spoiler: A subspace turns out to be the same thing as the solution set of a homogeneous system of equations.)

This page titled 1.6: Subspaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via source
content that was edited to the style and standards of the LibreTexts platform.

e 2.6: Subspaces by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.6.1: Defining Subspaces

# Definition: Subset

A subset of R" is any collection of points in R".

For instance, the unit circle
C= {(:I:,y) nR2:22 442 = 1}
is a subset of R2.

Above, we expressed C in set builder notation: in English, it reads “C is the set of all ordered pairs (z,y) in R? such that z2 + y?
— 1.”

# Definition: Subspace

A subspace of R" is a subset V of R" satisfying:

1. Non-emptiness: The zero vector is in V.
2. Closure under addition: If % and ¥ are in V, then 4 + ¥ is also in V.
3. Closure under scalar multiplication: 1f ¥ is in V and ¢ is in R, then ¢v is also in V.

As a consequence of these properties, we see:

o If § is a vector in V, then all scalar multiples of ¥ are in V by the third property. In other words, the line through any nonzero
vector in V is also contained in V.

o If %, % are vectors in V and ¢, d are scalars, then ci, d@ are also in V by the third property, so ci + d@ is in V by the second
property. Therefore, all of Span{#,%} is contained in V.

e Similarly, if @1, %, ..., %, are all in V, then Span{#1, 9, ..., ¥, } is contained in V. In other words, a subspace contains the span of
any vectors in it.

If you choose enough vectors, then eventually their span will fill up v, so we already see that a subspace is a span. We will shortly
make this a precise statement.

Suppose that V is a non-empty subset of R* that satisfies properties 2 and 3. Let v be any vector in V. Then 0 = 0 is in V by
the third property, so V automatically satisfies property 1. It follows that the only subset of R” that satisfies properties 2 and 3
but not property 1 is the empty subset {}. This is why we call the first property “non-emptiness”.

X |llustration 1.6.1.1

The set R" is a subspace of itself: indeed, it contains zero, and is closed under addition and scalar multiplication.

X ||lustration 1.6.1.2

The set {0} containing only the zero vector is a subspace of R: it contains zero, and if you add zero to itself or multiply it by a
scalar, you always get zero.

X |llustration 1.6.1.3: A line through the origin

A line L through the origin is a subspace.
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Figure 1.6.1.2

Indeed, L contains zero, and is easily seen to be closed under addition and scalar multiplication.

X |llustration 1.6.1.4: A plane through the origin

A plane P through the origin is a subspace.

<

Figure 1.6.1.3

Indeed, P contains zero; the sum of two vectors in P is also in P; and any scalar multiple of a vector in P is also in P.

X |llustration 1.6.1.5: Non-example (A line not containing the origin)

A line L (or any other subset) that does not contain the origin is not a subspace. It fails the first defining property: every
subspace contains the origin by definition.

Figure 1.6.1.4

X \lllustration 1.6.1.6: Non-example (A circle)

The unit circle C is not a subspace. It fails all three defining properties: it does not contain the origin, it is not closed under
addition, and it is not closed under scalar multiplication. In the picture, one red vector is the sum of the two black vectors
(which are contained in C), and the other is a scalar multiple of a black vector.
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Figure 1.6.1.5

X |llustration 1.6.1.7: Non-example (The first quadrant)

The first quadrant in R? is not a subspace. It contains the origin and is closed under addition, but it is not closed under scalar
multiplication (by negative numbers).

Figure 1.6.1.6

X |llustration 1.6.1.8: Non-example (A line union a plane)

The union of a line and a plane in R? is not a subspace. It contains the origin and is closed under scalar multiplication, but it is
not closed under addition: the sum of a vector on the line and a vector on the plane is not contained in the line or in the plane.

v

Figure 1.6.1.7

X Note 1.6.1.1: Subsets versus Subspaces

A subset of R™ is any collection of vectors whatsoever. For instance, the unit circle
C={(z,y) inR?: 2% +¢2 =1}

is a subset of R?, but it is not a subspace. In fact, all of the non-examples above are still subsets of R®. A subspace is a subset
that happens to satisfy the three additional defining properties.
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In order to verify that a subset of R™ is in fact a subspace, one has to check the three defining properties. That is, unless the subset
has already been verified to be a subspace: see this important note, Note 1.6.1.3, below.

v Example 1.6.1.1: Verifying that a subset is a subspace

Let
V={[ Z] inR? : 2a=3b}

Verify that V' is a subspace.

Solution

First, we point out that the condition “2a = 3b” defines whether or not a vector is in V: that is, to say [ ] is in V means that

b
2a = 3b. In other words, a vector is in V if twice its first coordinate equals three times its second coordinate. So for instance,

[:]and[

Let us check the first property. The subset V does contain the zero vector [ g ] , because2-0=3-0

PO

] are in vV, but [ ; ] is not because 2 -2 # 3 3.

Next we check the second property. To show that V is closed under addition, we have to check that for any vectors u = [ Z ]

c] . o . . , .
and v = [ d ] in V, the sum % + ¥ is in V. Since we cannot assume anything else about % and ¥, we must treat them as
unknowns.

2]+ [a]- 53]

Z::__; ] is contained in V' means that 2(a +¢) = 3(b + d), Or 2a + 2c = 3b + 3d. The one thing we are allowed to

assume about @ and ¥ is that 2a = 3b and 2¢ = 3d, so we see that % + ¥ is indeed contained in V.

To say that [

Next we check the third property. To show that V is closed under scalar multiplication, we have to check that for any vector v

al. . L . o
= [ b ] in V and any scalar ¢ in R, the product cv is in V. Again, we must treat ¥ and ¢ as unknowns. We have

[2]-[5]

e ] is contained in V means that 2(ca) = 3(cb), i.e., that ¢ - 2a = ¢ - 3b. The one thing we are allowed to assume

ch
about 7 is that 2a = 3b, so ¢v is indeed contained in V.

To say that [

| Since V satisfies all three defining properties, it is a subspace|

In fact, it is the line through the origin with slope %, pictured below.
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Figure 1.6.1.8

v/ Example 1.6.1.2: Showing that a subset is not a subspace

(] e

Let

Is V a subspace?

Solution
First, we point out that the condition “ab = 0” defines whether or not a vector is in V: that is, to say [ b ] is in V' means that ab
= 0. In other words, a vector is in V if the product of its coordinates is zero, i.e., if one (or both) of its coordinates are zero. So

. 1 . 17].
for instance, [ 0 ] and [ 0 ] are in V, but [ 1 ] is not because 1 -1 # 0.

2

Let us check the first property. The subset V does contain the zero vector [ g ] , because 0-0=0.

Next we check the third property. To show that V is closed under scalar multiplication, we have to check that for any vector ¥
al. . . . .

= [ b ] in V and any scalar ¢ in R, the product ¢ is in V. Since we cannot assume anything else about % and ¢, we must treat

them as unknowns.

We have
a _ ca
‘Lol |l e
To say that [ ZZ ] is contained in V means that (ca)(cb) = 0. Rewriting, this means ¢%(ab) = 0. The one thing we are allowed to

assume about # is that ab = 0, so we see that ¢v is indeed contained in V.

Next we check the second property. It turns out that V is not closed under addition; to verify this, we must show that there
exists some vectors %, in V such that % + % is not contained in V. The easiest way to do so is to produce examples of such

1 . . . .
vectors. We can take y = [ 0 ] and v = [ (1) ] ; these are contained in V' because the products of their coordinates are zero, but
11,7071
0 1] |1

Since V does not satisfy the second property (it is not closed under addition), we conclude that |V is not a subspace|

is not contained in V because 1 -1 # 0.
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Indeed, it is the union of the two coordinate axes, which is not a span.

4

.

-+

Figure 1.6.1.9

~

1.6.1: Defining Subspaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.6.2: Common Subspaces

& Theorem 1.6.2.1: Spans are Subspaces and Subspaces are Spans

If %4, ¥s, ..., U, are any vectors in R, then Span{¥1, s, ..., ¥,} is a subspace of R". Moreover, any subspace of R™ can be written
as a span of a set of p linearly independent vectors in R” for p < n.

Proof
To show that Span{#, U2, ..., U} 1S a subspace, we have to verify the three defining properties.
1. The zero vector 0 = 091 + 093 + - + 07, is in the span.

2. If & = 191 + az¥2 + - + ap¥, and ¥ = b1¥1 + ba¥z + -+ + b,¥, are in Span{¥y, Vs, ..., ¥y}, then

U+ 9 = (a1 + b1)v1 + (a2 + ba)v2 + - + (ap + bp) ¥,

is also in Span{¥1, ¥z, ..., Up}-
3. If ¥ = 6191 + ag¥y + -+ + ap¥p, is in Span{¥1, Vs, ..., ¥,} and cis a scalar, then

¢ = ca191 + cas¥z + -+ + capTyp

is also in Span{#, ¥2, ... , Up}-
Since Span{®1, ¥s, ..., Up} satisfies the three defining properties of a subspace, it is a subspace.

Now let V be a subspace of R". If V is the zero subspace, then it is the span of the empty set, so we may assume V is
nonzero. Choose a nonzero vector %; in V. If V' = Span{#}, then we are done. Otherwise, there exists a vector 3, that is in
V but not in Span{%;}. Then Span{¥,, ¥} is contained in V, and by the increasing span criterion in the previous section, the
set {¥1, %2} is linearly independent. If V = Span{%,%,} then we are done. Otherwise, we continue in this fashion until we
have written V' = Span{#1, 92, ..., ¥,} for some linearly independent set {#;, %2, ..., %,}. This process terminates after at most
n steps, since we know there cannot be more than » linearly independent vectors in R”™.

If V =Span{%1,9s,...,5,}, we say that V is the subspace spanned by or generated by the vectors ¥i,%s,...,3,. We call
{v1,99, ..., U, } a spanning set for V.

Any matrix naturally gives rise to two subspaces.

# Definition: Column Space and Null Space

Let A be an m x n matrix.

o The column space of A is the subspace of R™ spanned by the columns of A. It is written Col(A).
o The null space of A is the subspace of R consisting of all solutions of the homogeneous equation A% = G:

Null(4) = {Z in R" : AZ =0}

The column space is defined to be a span, so it is a subspace by the above Theorem, Theorem 1.6.2.1. We need to verify that the
null space is really a subspace. We have already seen that the set of solutions of Az = 0 is always a span, so the fact that the null
space is a subspace should not come as a surprise.

& Proof

We have to verify the three defining properties. To say that a vector 3 is in Null(A) means that A% = 0.

1. The zero vector is in Null(4) because A0 = 0.
2. Suppose that @, 3 are in Null(A). This means that A% = 0 and A% = 0. Hence,

https://math.libretexts.org/@go/page/221219



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221219?pdf
https://math.libretexts.org/Courses/University_of_California_Irvine/Linear_Algebra_(Math_3A_UCI)/01%3A_Systems_of_Linear_Equations/1.06%3A_Subspaces/1.6.02%3A_Common_Subspaces

LibreTexts"

Therefore, %+ o is in Null(A).
3. Suppose that ¥ is in Null(A) and c is a scalar. Then

- -

A(ct) =cAv=c-0=0

Therefore, ¢v is also in Null(A).

Since Null(A) satisfies the three defining properties of a subspace, it is a subspace.

v/ Example 1.6.2.3

Describe the column space and the null space of

11
A=1]11
11
Solution
The column space is the span of the columns of A:
1 1 1
Col(A) = Span 1,11 = Span 1
1 1 1

This is a line in R3.

Col(A)

Figure 1.6.2.10

The null space is the solution set of the homogeneous system AZ = 0. To compute this, we need to row reduce A. Its reduced

row echelon form is

(=
(==

This gives the equation z +y = 0, or

{ r = -y parametric vector form [ T ] y[ -1 ]
—) =
Yy = Yy Y 1

Hence, the null space is [Null(A4) = Spa.n{ [ _11 ] } , which is a line in R2.
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Nul(A)
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N

Figure 1.6.2.11

Notice that the column space is a subspace of R?, whereas the null space is a subspace of R2. This is because A has three rows
and two columns.

The column space and the null space of a matrix are both subspaces, so they are both spans. The column space of a matrix A is
defined to be the span of the columns of A. The null space is defined to be the solution set of A% = 0, so this is a good example of a
kind of subspace that we can define without any spanning set in mind. In other words, it is easier to show that the null space is a
subspace than to show it is a span—see the proof above. In order to do computations, however, it is usually necessary to find a

spanning set.

X Note 1.6.2.2: Null Spaces are Solution Sets

The null space of a matrix is the solution set of a homogeneous system of equations. For example, the null space of the matrix

1 7 2
A= -2 1 3
4 -2 -3

is the solution set of Az = 0, i.e., the solution set of the system of equations

zr + Ty + 2z = 0
-2z + y + 3z =0
dz — 2y — 3z = 0

Conversely, the solution set of any homogeneous system of equations is precisely the null space of the corresponding

coefficient matrix.

To find a spanning set for the null space, one has to solve a system of homogeneous equations.

X Recipe: Compute a Spanning Set for Null Space

To find a spanning set for Null(A), compute the parametric vector form of the solutions to the homogeneous equation Az = 0.
The vectors attached to the free variables form a spanning set for Null(4).

v/ Example 1.6.2.4: Two free variables

Find a spanning set for the null space of the matrix
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Solution

We compute the parametric vector form of the solutions of Az = 0. The reduced row echelon form of 4 is

10 -1 2
01 -2 -3

The free variables are z3 and z4; the parametric form of the solution set is

@ = x5 — 2a4 2! L —2
— 2 3 - 2 3
2o r3 —+ Ty parametric T2 =13 + x4
z3 = z3 vector form 3 1 0
Ty = T4 T4 0 !
Therefore,
1 -2
2 3
Null(4) =S
u ( ) pan 1 ’ 0
0 1

v Example 1.6.2.5: No free variables

Find a spanning set for the null space of the matrix

Solution
We compute the parametric vector form of the solutions of Az = 0. The reduced row echelon form of A is

[0 3]

There are no free variables; hence, the only solution of A% = 0 is the trivial solution. In other words,

|Null(4) = {6} = Span{0}|

It is natural to define Span{} = {0}, so that we can take our spanning set to be empty. This is consistent with the definition of
dimension that we will refine in the future!

A subspace can be given to you in many different forms. In practice, computations involving subspaces are much easier if your
subspace is the column space or null space of a matrix. The simplest example of such a computation is finding a spanning set: a
column space is by definition the span of the columns of a matrix, and we showed above how to compute a spanning set for a null
space using parametric vector form. For this reason, it is useful to rewrite a subspace as a column space or a null space before
trying to answer questions about it.

When asking questions about a subspace, it is usually best to rewrite the subspace as a column space or a null space.

This also applies to the question “is my subset a subspace?” If your subset is a column space or null space of a matrix, then the
answer is yes.
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Let

e {[5]ur s}

be the subset of a previous Example 1.6.2.1. The subset V is exactly the solution set of the homogeneous equation 22 — 3y = 0.

Therefore,
V=Nul([2 -3])
2 3
Note that it could also be the null space of other matrices, for example: V = Null —2 3
—67

is [ 1 — ], so the parametric form of V is «

In particular, it is a subspace. The reduced row echelon form of [ 2 —3

L [

3
= Ey so the parametric vector form is = y| 2 |,and hence,
2% Y 1

v/ Example 1.6.2.6

Let v be the plane in R? defined by
2z +y
V= T—y :x,yarein R
3z — 2y
Write V as the column space of a matrix.
Solution
Since
2c 4y ] 2 [ 1
T—y =z |1 |+4+y]| —1
3z —2y | 3 | —2
we notice that V is exactly the span of the vectors
- =
1 and -1
- _2 -
Hence,
2 1
V = Col 1 -1
3 -2

1.6.2: Common Subspaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 2.6: Subspaces by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.6.3: Practice Set

? Exercise 1.6.3.1a

Determine if the set A = { [

a
b

] €ER?: gb= 0} is a subspace.
Answer
1. Contains the zero vector? We check if [ g ] € A:
Sincea=0,b=0 = ab=0-0=0we know 0 € A.

This set contains the zero vector.

2. Closed under addition? We check if [ Z ] , [ Z ] €EA = [ ZIZ ] € A:

We assume ab = 0 and af = 0, and consider (a + @)(b+ B) = ab+ ab + fa+ af = ab + fa

L ,[(1)]€Abuttheirsum [ 1 ] ¢ A

If we picka =1,b =0,a = 0, 8 = 1 this will be nonzero, so we can say that [ .

This set is not closed under addition.

3. Closed under scalar multiplication? We check if [ Z ] €eA,reR = [ :Z € A:
We assume ab = 0 and consider (ra)(rb) = r?ab = r?- 0 = 0. Therefore we know :Z ] €A.

This set is closed under scalar multiplication.

The set A is not a subspace.

? Exercise 1.6.3.1b

Determine if the set B = { [ Z ] €ER?:a?+b%= 0} is a subspace.

Answer

1. Contains the zero vector? We check if [ g ] € B:

Since a =0,b=0 => a2+ b2 =02+ 02 =0 we know 0 € B.

This set contains the zero vector.

2. Closed under addition? We check if [ ¢ ] , [ @ ] €B = [ oto ] €B:
b 8 b+ B

In this set, we know that if a2 + b2 = 0 then a = b = 0 must hold, so a = 8= 0 is also true. Therefore a + « = b+ 8 =0 and
the sum is in this set.

This set is closed under addition.

ra

3. Closed under scalar multiplication? We check if [ Z ] €B,reR = [ vb

e

ra

"en

We assume a? + b2 = 0 and consider (ra)? + (rb)? = r2(a? + %) = r2- 0 = 0. Therefore we know [

This set is closed under scalar multiplication.

The set B is a subspace (containing only the zero vector).
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Determine if the set C = { [

a

b ] eER?:a2+0%< 1} is a subspace.

Answer

1. Contains the zero vector? We check if [ 8 ] eC:

Since a=0,b=0 = a?+b?=0%2402 < 1 we know 0 € C.

This set contains the zero vector.

2. Closed under addition? We check if [ Z ] , [ Z ] eC = [ ZIZ ] ecC:

We assume a? +b% <1 and o? + 82 < 1, and consider (a + @)? + (b + 8)? < 1?

ol M=
b D=

If we picka = },b= },a=1,8= 2 this will break, so we can say that |:

.

ra
rh

] € C but their sum [ i ] ¢C.
This set is not closed under addition.
3. Closed under scalar multiplication? We check if [ : ] €C,reR = [ ] eC:

We assume a? + % < 1 and consider (ra)? + (rb)? = r2(a? + b?) < 1? If we pick a = 1,b = 0,r = 100 this will break, so we
can say that [ (1) ] € C but its multiple [ 180 ] ¢C.

This set is not closed under scalar multiplication.

The set C is not a subspace.

? Exercise 1.6.3.1d

Determine if the set D = b |eR®:a+b+c=1,a—c=1} is asubspace.
Answer
0
1. Contains the zero vector? We check if | 0 | € D:
0

Sincea=0,b=0,c=0 = a+b+c=0%#1,a—c=0+1weknow0 ¢ D.

This set does not contain the zero vector.

a a ata
2. Closed under addition? We checkif | b |,| 8 |eD = | b+p8 | € D:
c ¥ c+y

We know thatbothe +b+c=1,a —c=1and a+ 8 ++v=1,a —v =1 must hold. Notice that:
(@+a)+(+p)+(c+y)=(a+db+to)+(ec+f+y)=1+1=2+#1
Similarly (a+ ) — (¢ +1v) = 2 # 1 so the sum of any two vectors in this set is never inside of this set.

This set is not closed under addition.

a ra
3. Closed under scalar multiplication? We checkif | b | e D,reR = | rb | € D:
rCc
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We assume a + b+ ¢ =1,a — ¢ =1 and consider (ra) + r(b) + r(c) =r(a+b+c¢c) =7-1 =r+# 1. Therefore we know | rb
rc

¢ D for any r # 1.
This set is not closed under scalar multiplication.

The set D is not a subspace.

? Exercise 1.6.3.1e

a
Determine if the set E = z €R* : c= 7 p is a subspace.
d
Answer
0
1. Contains the zero vector? We check if g €EE:
0
Sincec=0 —> ¢+ 7 we know 0 ¢ E.
This set does not contain the zero vector.
a a a+a
2. Closed under addition? We check if b , b €E = e €E:
c v ct+y
d é d+d

We know that both ¢ = 7 and v = = must hold. Notice that:
¢ +v =7+ 7= 2r # mso the sum of any two vectors in this set is never inside of this set.

This set is not closed under addition.

a ra
3. Closed under scalar multiplication? We check if 2 €EE,rekR = :2 EE:
d rd
ra
We assume ¢ = 7 and consider r¢ = rr # w. Therefore we know :z ¢ E forany r # 1.
rd

This set is not closed under scalar multiplication.

The set E is not a subspace.

? Exercise 1.6.3.1f

Determine if the set F = = [ g ] is a subspace.

Q0 o e
& 0o o e

Answer
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0
1. Contains the zero vector? We check if g EF:
0
0
. 1 2 3 4 0 1 2 3 4 0 =
_ = F.
Slnce[5678] 0 0[5]+0[6]+0[7]+0[8] [0]weknow06
0

This set contains the zero vector.

a a a+a
2. Closed under addition? We check if b , b €EF = s €F:
c o ct+y
d é | d+6
a [ [0
We assume 1234 b = 0 and 3 4 A = 0
5 6 7 8 c 0 7 v 0
d | 6
a+a a a
. 1 3 4 b+ 8 1 2 3 4 b 1 2 3 4 B8 0
lseasyosee[s 78] ety [5678] c +[5678] v [o]
d+46 d é
This set is closed under addition.
a ra
3. Closed under scalar multiplication? We check if b EF,reR = o €F:
C rC
d rd
[
1 2 3 4 b 0
Weassume[5678] . _[0]
d
ra a
And see that 1 2 3 4 rb — 1 2 3 4 b — 0 _ 0
5 6 7 8 rc 5 6 7 8 c 0 0
rd d
This set is closed under scalar multiplication.
The set F is a subspace.
? Exercise 1.6.3.1g
a 1
L b a 4 .
Determine if the set G = e | € Rt:[a b ¢ d] s | = 0 # is a subspace.
d 7

Answer

1. Contains the zero vector? We check if €G-

o O © O
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1
Since [0 0 0 0] : =0-1+0-4+0-5+0-7=0weknow 0 € G.
7
This set contains the zero vector.
a [+ a+a
2. Closed under addition? We check if b , 4 €eG = D(? €G:
c ¥ c+y
d ) d+46
1 1
4 4
Weassume [a b ¢ d ] . =0and[a B 7 6] 5 =0
7 |7
1] 1 1
. 4 4 4
Itiseasytosee [ (a+a) (b+p) (c+v) (d+96) ] : | = [e b c d] . +[a B v 6] 5 [ =0
7 | 7 7
This set is closed under addition.
a Ta
3. Closed under scalar multiplication? We check if z €G,reR = :z eqG:
d rd
1
4
Weassume [a b ¢ d | g || =0
7
1 1
4 4
Andseethat [ ra rb rc rd | 5 =r[a b c d] 5 =r-0=0
7 7
This set is closed under scalar multiplication.
The set G is a subspace.
? Exercise 1.6.3.1h
a
Determine if the set H = b | €R3: ab=c p is asubspace.
Cc
Answer
0
1. Contains the zero vector? We checkif | 0 | € H:
0
Since a = 0,b=0,c=0 => ab=0=cwe know 0 € H.
This set contains the zero vector.
a a a+ta
2. Closed under addition? We checkif | & |,| B | €H = | b+8 | € H:
c o c+y
We assume ab = c and aff = v, and consider (a + a)(b+ 8) = ab+ ab+ fa +af = c+v?
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1
If we pick a =1,b =0,¢ =0,a =0, =1,y = 0 this will fail, so we can say that | 0 |,
0
¢ H.
This set is not closed under addition.
a ra
3. Closed under scalar multiplication? We checkif | » | e HireR = | rb | e H:
C rc
We assume ab = ¢ and consider (ra)(rb) = r2ab = r’c # rc for any r # 1.
This set is not closed under scalar multiplication.
The set H is not a subspace.
? Exercise 1.6.3.14
20+ b
Determine if the set I = b+2c | €R®: a,b,cc Ry is a subspace.
a—c
Answer
0
1. Contains the zero vector? We checkif | 0 | eI
0
2-04+0 0
Whene=b=c=0weget | 04+2-0 | = | 0 [ weknow O €I
0-0 0
This set contains the zero vector.
2a+b 2a+ B 2a+b+2a+8
2. Closed under addition? We checkif | 6+2¢c |,| B+2y | €l = | b+2c+8+2y
a—c a—7y a—cta—vy
2a+b+2a+p 2a+a)+ (b+58)
Notethat | b+2c+8+2y | =| (B+8)+2(c+7)
a—cta—ry (a+a)— (c+7)
This set is closed under addition.
2a+b 7(2a + b)
3. Closed under scalar multiplication? We check if | b+2¢ | € I,reR = | r(b+2c)
a—c r(a—c)
r(2a + b) 2(ra) + (rb)
Note that | 7(b+2¢) | = | (rb) +2(re)
r(a —c) (ra) — (re)

This set is closed under scalar multiplication.

The set I is a subspace.

? Exercise 1.6.3.1j
a+1

Determine if the set J = b+2 | €R?: a,b,ceR p is asubspace.
c+3

Answer

0 1
1 | € H but their sum | 1

el

el
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0
1. Contains the zero vector? We check if | 0 | € J:
0
—-1+1 0
Wheng=—1,b =—2,c=—3weget | —2+2 [=| 0 [ weknowd e J.
—34+3 0
This set contains the zero vector.
a+1 a+1 a+l+a+1
2. Closed under addition? We checkif | 6+2 |,| B+2 |€eJ = | b+2+8+2 | €J:
c+3 v+3 c+3+7+3
a+l+a+l (e+14+a)+1
Notethat | b+2+8+2 | =] (b+2+8)+2
c+3+7+3 (c+3+7)+3
This set is closed under addition.
a+1 r(a+1)
3. Closed under scalar multiplication? We checkif | 6+2 | €eJ,reR = | r(b+2) | €J:
c+3 r(c+3)
r(a+1) (ra+r—1)+1
Note that | r(b+2) | = | (vb+2r—2)+2
r(c+3) (re+3r—3)+3
This set is closed under scalar multiplication.
The set J is a subspace.
? Exercise 1.6.3.2a
1 0 1 -1
Find the (i) Null Space and (ii) Column Spaceof A=| 2 1 -1 0
4 1 1 =2
Answer
1 0 1 -1 1 0 1 -1
@l21 -1 0o |[BE]o0o1 -3 2
41 1 =2 00 O 0
-1 1
T1+2x3—24=0 il 3 _9
So our homogeneous solutions satisfy { z; —3z3+2zx4,=0 = A= o3| + x4
T3, T4 free =
T4 1
-1 1
3 —2
Therefore Null(4) = Span 1 1l oo
0 1
1 0 1 -1
(ii) We can easily see that Col(A) = Span 21,1, -11(,] O
4 1 1 —2
? Exercise 1.6.3.2b
6 3
4 2
Find the (i) Null Space and (ii) Column Space of B= | —8 —4
0 0
10 5
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Answer
6 3 1 3
4 2 0 0
G| -8 —4 RREF 0 0
0 0 0 0
10 5 0 0
1, — _1
So our homogeneous solutions satisfy o1+ 322=0 = [zl ] =z 2
9 free 1) 1
_1
Therefore Null(B) = Span 12
6 3
4 2
(ii) We can easily see that Col(B) = Span -8 [, —4
0 0
10 5
? Exercise 1.6.3.2¢
1 2 010 2
Find the (i) Null Space and (ii) Column Spaceof C=| 1 2 1 2 0 -1
3 6 47 0 1
Answer
1 2010 2 1 20100
@]l12120 1|2 1001100
3 6 470 1 0 00 OO0 1
T —2 -1 0
T1+22+24=0 ) 1 0 0
. . z3+x4=0 T3 0 —1 0
S h lut tisf, =
o our homogeneous solutions satisfy o5 =0 24 s o | F2e| 4 |F3s]
Zg, 4,25 free T5 0 0 1
Tg 0 0 0
-2 -1 0
1 0 0
0 -1 0
Therefore Null(C) = S
ull(C) = Span o 'l 1 1o
0 0 1
0 0 0
1 2 1 0 2
(ii) We can easily see that Col(C) = Span 11,12(,]1], 01,1 —1
3 6 7 0 1

? Exercise 1.6.3.2d

Find the (i) Null Space and (ii) Column Space of D =

w o =
= o O O
=N = O

Answer
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1 00 1 00
| 0 0o 1| zmr |0 10
D1 3 ¢ 2 00 1
-1 11 0 0O
a:l—O T 0
So our homogeneous solutions satisfy ¢ z2=0 = | 25 | = 0
z3=0 T3 0
0
Therefore Null(D) = 0
0
1 0 0
.. . 0 0 1
(ii) We can easily see that Col(D) = Span s "lol| 2
—1 1 1

? Exercise 1.6.3.2¢

1 10 —2
. . .. 8 8 8 8
Find the (i) Null Space and (ii) Column Space of E = 110 —2
110 —2
Answer
1 1 0 -2 1 1 0 —2
) 8 8 8 8 RREF 0 01 3
110 -2 000 O
1 1 0 —2 00 0 O
-1 2
T1+x3—224=0 s 1 0
So our homogeneous solutions satisfy z3+3z4=0 = o2 =a2| o + x4 3
o, x4 free zz 0 1
—1 2
1 0
Therefore Null(E) = Span o | 3
0 1
1 1 0 -2
(ii) We can easily see that Col(E) = Span ? , ? , 3 , 82
1 1 0 -2
? Exercise 1.6.3.2f
1 2 3 4 5
1 2 3 4 5
Find the (i) Null Space and (ii) Column Spaceof F= | 1 2 3 4 5
1 2 3 4 5
1 2 3 45
Answer
1 2 3 45 1 2 3 4 5
1 2 3 4 5 0 0 0 0O
l123 452100000
1 23 45 0 0 0 0O
1 2 3 45 00000
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? Exercise 1.6.3.3a

Write A = ERY:a+b—c=d,2a=3c2d=—b

a o o8

choosing.

Answer

a+b—c=d
20 =3c <+
2d=-b

a+b—c—d=0
2a—3c=0
b+2d=0

11 -1 -1

2 0 -3 0

01 0 2

Thus A = Null

? Exercise 1.6.3.3b

at+b+ec
Write B = a—b €R3 : a,b,ceR
b+c
Answer
a+b+c 1 1 1 1
a—b =a|l|+b| -1 |4+c|O0]=]|1
b+c 0 1 1 0
1 1 1
Thus B = Col 1 -1 0
0 1 1

Ty —2 —3
Ty 1 0
So our homogeneous solutions satisfy { 2, i 2R R S R o G =) T3 =z5| O +z3| 1
Zg, T3, T4, s free
Ty 0 0
s 0 0
—4 —5
0 0
+ x4 0 + x5 0
1 0
0 1
-2 -3 —4 -5
1 0 0 0
Therefore Null(F') = Span o [, 1 1(|,] 0], O
0 0 1 0
0 0 0 1
1 2 3 4 5
1 2 3 4 5
(ii) We can easily see that Col(F) = Span 1,2,/ 8],[4]|,]|5
1 2 3 4 5
1 2 3 4 5

as either the Column Space or Null Space of a matrix of your

as either the Column Space or Null Space of a matrix of your choosing.

1 1
-1 0
1 1 c
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a
Write C = b | €R3:a=0b=cp as either the Column Space or Null Space of a matrix of your choosing.

Answer

o o

9 g q g a—
Note that ¢ = b = cis equivalent to saying a = c,b = ¢, ¢ = ¢, or equivalently { b

1 0 -1
Thus,C’-Null([0 1 ])

? Exercise 1.6.3.3d
Write D = {6 € ]R5} as either the Column Space or Null Space of a matrix of your choosing.

Answer

The zero vector is equivalent to its own span, so any matrix with 5 rows of all zeros will work for a column space:

0

o

D = Col

o O o o
o © © O

? Exercise 1.6.3.3¢

Write E = R3 as either the Column Space or Null Space of a matrix of your choosing.

Answer

To span all of E = R3, any three linearly independent vectors will do:

100
E = Col 010
0 01

? Exercise 1.6.3.3f

a+bd
. b . . .
Write F' = . IZ €R*: a+b+c=0, as either the Column Space or Null Space of a matrix of your choosing.

a+d

Answer

This one requires us to simplify F first: a +b+¢=0 = ¢=—a —bS0

a+b
—a
F= R*:a,b,d€R
—a—b+d (S a,b,d €
a+d
a+b 1 1 0 11 0],
—a 1 0 ~1 0
Ca—bad | T | S [P 1T 4 a1 n Z
a+d 1 0 1 1 0 1
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Thus F = Col

1 1
-1

-1 -1
1 0

[l i = i

1.6.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.7: Basis and Dimension

4b Objectives

1. Understand the definition of a basis of a subspace and rank and nullity of a matrix.
2. Understand the basis and rank theorems.

3. Recipes: basis for a column space, basis for a null space, basis of a span.

4. Picture: basis of a subspace of R? or R3.

5. Theorems: basis theorem, rank theorem.

6. Essential vocabulary words: basis, dimension, rank, nullity.

We conclude our first chapter with a definition of a basis as an efficient spanning set of a subspace. We then use this to find
relationships between the "size" of the null space for a given matrix (the size of a solution set to A% = when it exists), and the

"number of different" vectors § which make such an equation consistent.

This page titled 1.7: Basis and Dimension is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber
via source content that was edited to the style and standards of the LibreTexts platform.
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1.7.1: Defining Basis

As we discussed earlier, a subspace is the same as a span, except we do not need to have a set of spanning vectors in mind. There
are infinitely many choices of spanning sets for a nonzero subspace; to avoid redundancy, usually it is most convenient to choose a
spanning set with the minimal number of vectors in it. This is the idea behind the notion of a basis.

# Definition: Basis

Let V be a subspace of R™. A basis of V is a set of vectors {1, %s, ..., 3} in V such that:

1. V = Span{¥1, 3, ... , U}
2. The set {¥1, 33, ..., U5} is linearly independent.

Recall that a set of vectors is linearly independent if and only if, when you remove any vector from the set, the span shrinks. In
other words, if {¥1,%2,...,U,} is a basis of a subspace V, then no proper subset of {¥1,%s,...,U,} Will span V: it is a minimal
spanning set. Any subspace with a finite spanning set admits a basis.

A nonzero subspace has infinitely many different bases, but they all contain the same number of vectors.

We leave it as an exercise to prove that any two bases have the same number of vectors; one might want to wait until after learning
the invertible matrix theorem in the next chapter.

# Definition: Dimension

Let V be a subspace of R". The number of vectors in any basis of V' is called the dimension of V, and is written dim(V).

v Example 1.7.1.1: A basis of R?

Find a basis of R2.

Solution

We need to find two vectors in R? that span R? and are linearly independent. One such basis is { [ L ] , [ 0 ] }

. . .. 1
@ ] can be written as a linear combination of [ - ] , [ (1) ] g

HEBEN

1. They span because any vector [

2. They are linearly independent: if

then z =y =0.

This shows that the plane R? has dimension 2.
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Figure 1.7.1.1

X |llustration 1.7.1.1; All bases of R?

What are all possible bases of R2?

We know from the previous Example 1.7.1.1 that R? has dimension 2, so any basis of R? has two vectors in it. Let #;,7, be
vectors in R?, and let A be the matrix with columns 1, %,.

1. To say that {%1, %2} spans R means that A has a pivot in every row.
2. To say that {1, %} is linearly independent means that A has a pivot in every column.

Since A is a 2 x 2 matrix, it has a pivot in every row exactly when it has a pivot in every column.

Hence, |any two non-collinear vectors form a basis of ]R2|

For example, {[ _11 ] , [ ; ]} is one such a basis.

Figure 1.7.1.2

X |llustration 1.7.1.2: The standard basis of R™

One shows exactly as in the above Illustration 1.7.1.1 that the standard coordinate vectors

1 0 0
1 0 0
€1 = , €= P, , @€n_1= P, En=
0 0 1
0 0 0 1
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form a basis for R". This is sometimes known as the standard basis.

In particular, R* has dimension n.

X Note1.7.1.2

Illustration 1.7.1.1 implies that any basis for R has n vectors in it. Let 1, %5, ..., 7, be vectors in R”, and let A be the n xn
matrix with columns @, ¥, ..., Up-

1. To say that {v1, U2, ..., U, } Spans R" means that 4 has a pivot position in every row.
2. To say that {#1, Vs, ..., U5} is linearly independent means that A has a pivot position in every column.

Since A is a square matrix, it has a pivot in every row if and only if it has a pivot in every column. We will see in the future that
the above two conditions are equivalent to the invertibility of the matrix A.

X |(llustration 1.7.1.3

Let

b
V= y | nR®:243y+2=0 B= 1 |, 0
z 0 1

We will verify that V is a subspace, and show directly that 3B is a basis for V.

First, we observe that V is the solution set of the homogeneous equation z 4+ 3y + z = 0, so it is a null space and therefore, a
subspace.

To show that B is a basis, we really need to verify three things:

1. Both vectors are in V:

(=3) + 31 + (0
(<1) + 30 + (1) =0

|
o

2. The vectors span V:

Since V=Nul([ 1 3 1 ]), thisis already in RREF so z = —3y — z with y, z free variables.

Putting this into parametric vector form we see all elements of V look like

T -3 -1
Yy |=vy 1 + =z
z 0 1
—3 -1
This clearly shows that V' = Span 1 |, o as desired.
0 1
3. The vectors are linearly independent:
-3 -1 —3c1—ca 0
(&1 1 +c2 0 =6$ C1 = 0 = c1=c¢c3=0
0 1 Cy 0

Alternatively, one can observe that the two vectors are not collinear.

This proves that these two vectors form a basis for V. Since V has a basis with two vectors, it has dimension two: it is a plane.
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1.7.2: Finding a Basis of a Subspace

Now we show how to find bases for the column space of a matrix and the null space of a matrix. In order to find a basis for a given
subspace, it is usually easiest to rewrite the subspace as a column space or a null space first.

First, we show how to compute a basis for the column space of a matrix.

& Theorem 1.7.2.1

The pivot columns of a matrix A form a basis for Col(A).

X Note1.7.2.3

The above theorem is referring to the pivot columns in the original matrix, not its reduced row echelon form. Indeed, a matrix
and its reduced row echelon form generally have different column spaces. For example, consider the matrix A below:

1] (2] 0 =1 1 0 —8 -7
A=|+2|+3| 4 5 R 0 1 4 3
2] 14 O =2 0O o 0 O

pivot columns = basis + pivot columns in RREF

Figure 1.7.2.4

The pivot columns are the first two columns, so a basis for Col(A) is

1 2
2|, | -3
2 4

The first two columns of the reduced row echelon form certainly span a different subspace, as

1 0 a
Span 0,1 = b | :a,binR y = (zy-plane with z = 0)
0 0 0

but Col(A) contains vectors whose last coordinate is nonzero.

& Corollary 1.7.2.1

The dimension of Col(A) is the number of pivots of A.

Computing a basis for a span is the same as computing a basis for a column space. Indeed, the span of finitely many vectors
V1, V2, ..., U IS the column space of a matrix, namely, the matrix A whose columns are %1, %2, ... , U

A=| 3, By -~ T
I |
v/ Example 1.7.2.2: A basis of a span
Find a basis of the subspace
1 2 0 -1
V = Span 21, -81],4], 5
2 4 0 -2
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Solution

The subspace V is the column space of the matrix

1 2 0 -1
A=]| -2 -3 4 5
2 4 0 -2
The reduced row echelon form of this matrix is
1 0 -8 —7
01 4 3
00 O 0

1 2
—2 |, | -3
2 4

v/ Example 1.7.2.3: Another basis of the same span

Find a basis of the subspace

1 2 0 —1
V = Span 2|, -3, 4], 5
2 4 0 —2

which does not consist of the first two vectors, as in the previous Example 1.7.2.6.

Solution

The point of this example is that the above Theorem 1.7.2.1 gives one basis for V; as always, there are infinitely more.

Reordering the vectors, we can express V as the column space of

0 -1 1 2
A=|4 5 —2 -3
0 —2 2 4
The reduced row echelon form of this matrix is
1o 3 I
01 -1 -2
00 0 O
The first two columns are pivot columns, so a basis for V is
0 —1
41, 5
0 -2
These are the last two vectors in the given spanning set.
10 200
Of course, a cheaper way to answer this question is to scale our previous answer —20 |, | —300 to span the same
20 400

subspace.

In order to compute a basis for the null space of a matrix, one has to find the parametric vector form of the solutions of the
homogeneous equation A% = 0.
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& Theorem 1.7.2.2

The vectors attached to the free variables in the parametric vector form of the solution set of AZ = 0 form a basis of Null(A).

The proof of the theorem has two parts. The first part is that every solution lies in the span of the given vectors. This is automatic:
the vectors are exactly chosen so that every solution is a linear combination of those vectors. The second part is that the vectors are
linearly independent, which we have already discussed to be true.

As mentioned at the beginning of this subsection, when given a subspace written in a different form, in order to compute a basis it
is usually best to rewrite it as a column space or null space of a matrix.

v/ Example 1.7.2.4: A basis of a subspace

Let Vv be the subspace defined by

z
V= Yy |:z+2y=2
z
Find dim(V)
Solution

First, we notice that V is exactly the solution set of the homogeneous linear equation = +2y —z =0. Hence, V
=Null([ 1 2 -1 ]).This matrix is in reduced row echelon form; the parametric form of the general solution is z = —2y + z,
so the parametric vector form is

T -2 1

y|l=y| 1 |+2]| 0

z 0 1
—2 1
It follows that a basis for V' is 1 ],]0
0 1

Since V has a basis with two vectors, we have |dim(V) = 2|: it is a plane.

Recall that {44, %3, ..., U5} forms a basis for R™ if and only if the matrix A with columns 91, ¥y, ..., ¥, has a pivot in every row and
column (see this Example 1.7.2.4). Since A is an » x n matrix, these two conditions are equivalent: the vectors span if and only if
they are linearly independent. The basis theorem is an abstract version of the preceding statement, that applies to any subspace.

& Theorem 1.7.2.3: Basis Theorem

Let V be a subspace of dimension m. Then:

e Any m linearly independent vectors in V form a basis for V.
e Any m vectors that span V form a basis for V.

Proof

Suppose that B = {#1, ¥2, ..., U} 1S a set of linearly independent vectors in V. In order to show that 3 is a basis for v, we
must prove that V = Span{@y,%s,-..,0n}- If not, then there exists some vector ¥,,; in V that is not contained in
Span{%1, 93, ..., Un }. By the increasing span criterion, the set {%;, ¥3, ..., ¥, Um+1} 1S also linearly independent. Continuing in
this way, we keep choosing vectors until we eventually do have a linearly independent spanning set: say V
= Span{¥1,¥2, -, Uy - , Utk }- Lhen {¥1,32,...,Umsx} 1S a basis for V, which implies that dim(V) =m +k > m. But we
were assuming that V has dimension m, so B must have already been a basis.

Now suppose that B = {¥;,¥s,...,8,} spans V. If B is not linearly independent, then we can remove some number of
vectors from B without shrinking its span. After reordering, we can assume that we removed the last k vectors without

https://math.libretexts.org/@go/page/221223
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shrinking the span, and that we cannot remove any more. Now V = Span{v1, 92, ..., 9m—k}, and {¥y,dz, ..., 9m—r} is a basis
for V because it is linearly independent. This implies that dimV = m — k < m. But we were assuming that dim V' = m, so B
must have already been a basis.

In other words, if you already know that dim(V)) = m, and if you have a set of m vectors B = {%1, %3, ..., } in V, then you only
have to check one of:

1. B is linearly independent, or
2. Bspans V

In order for B to be a basis of V. If you did not already know that dim(V") = m, then you would have to check both properties.

To put it yet another way, suppose we have a set of vectors B = {¥1,¥3,...,Um} in a subspace V. Then if any two of the following
statements is true, the third must also be true:

1. B is linearly independent
2. B spans V
3.dim(V) =m

For example, if V is a plane, then any two non-collinear vectors in V form a basis.

v Example 1.7.2.5: Finding a basis

Find a basis for the subspace
V= 1T+ T2 =74, T2+ 223 = T4

Solution

. ) . 11 -1
First, note that V is the null space of the matrix [ 01 (2) _1 ]

. R 10 —2 0 . . .
We put this matrix in reduced row echelon form [ 01 2 1 ] and see it has two free variables, so v is indeed a plane.
We write our solution in parametric vector form:
r1 2 0
i3 —2 + 1
=T T
3 Bl “lo
x4 1
2 0
. —2 1 . . . .
This shows V =Span 1 | o Since these are clearly not collinear, they are linearly independent; so
0 1
2 0
—2 1
is a basis for V.
1 10
0 1

1.7.2: Finding a Basis of a Subspace is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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1.7.3: Rank and Nullity

Since each matrix A has two important subspaces related to it (the column space and null space), we give the dimensions of those
subspaces names.

# Definition: Rank and Nullity

The rank of a matrix A, written rank(A), is the dimension of the column space Col(A4).

The nullity of a matrix A, written nullity(A), is the dimension of the null space Null(A).

The rank of a matrix A gives us important information about the solutions to A% = b. Recall that Az = b is consistent exactly when
b is in the span of the columns of A, in other words when  is in the column space of A. Thus, rank(A) is the dimension of the set of
b with the property that A% = b is consistent.

We know that the rank of A is equal to the number of pivot columns, and the nullity of A is equal to the number of free variables,
which is the number of columns without pivots. To summarize:

rank(A) = dim (Col(A)) = the number of columns with pivots
nullity(A) = dim (Null(A)) = the number of free variables
= the number of columns without pivots

Clearly
(columns with pivots) + (columns without pivots) = (columns)

so we have proved the following theorem.

& Theorem 1.7.3.4: Rank-Nullity Theorem

If A is a matrix with n, columns, then

rank(A) + nullity(A) = n

In other words, for any consistent system of linear equations,
(dim of column span) + (dim of solution set) = (number of variables)

The rank theorem is really the culmination of this chapter, as it gives a strong relationship between the null space of a matrix (the
solution set of A% = 0) with the column space (the set of vectors b making Az = b consistent), our two primary objects of interest.
The more freedom we have in choosing Z the less freedom we have in choosing b and vice versa.

X |llustration 1.7.3.4: Rank and nullity

Here is a concrete example of the rank theorem and the interplay between the degrees of freedom we have in choosing  and b
in a matrix equation AZ = b.

Consider the matrices

1 00 00O
A=|101 0 and B=|0 0
00O 0 0 1
T T T T 0
If we multiply a vector | y [ in R® by A and B we obtain the vectors A| y | =| y | and B| y | = | 0 |. So we can
z z 0 z z

think of multiplication by A as giving the latitude and longitude of a point in R? and we can think of multiplication by B as
giving the height of a point in R3. The rank of A is 2 and the nullity is 1. Similarly, the rank of B is 1 and the nullity is 2.

https://math.libretexts.org/@go/page/221224
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These facts have natural interpretations. For the matrix A: the set of all latitudes and longitudes in R3 is a plane, and the set of
points with the same latitude and longitude in R? is a line; and for the matrix B: the set of all heights in R? is a line, and the set
of points at a given height in R? is a plane. As the rank theorem tells us, we “trade off” having more choices for 2 for having
more choices for b, and vice versa.

The rank theorem is a prime example of how we use the theory of linear algebra to say something qualitative about a system of
equations without ever solving it. This is, in essence, the power of the subject.

X \lllustration 1.7.3.5: The rank is 2 and the nullity is 2

Consider the following matrix and its reduced row echelon form:

[ (2] 6 —4 L b <847
A=|+2 -3| 4 5 i 0 1 4] |3

‘_2_ 4, 0 -2 0O o0 |0] |0

basis otl' Col(A) free vﬁriables

Figure 1.7.3.4

A basis for Col(A4) is given by the pivot columns:

1 2
-2 |, -3
2 4

so rank(A) = dim Col(A4) = 2.

Since there are two free variables z3, z4, the null space of A has two vectors:

8 7
—4 -3
1|’ 0
0 1

SO nullity(A4) = 2.

In this case, the rank theorem says that 2+ 2 = 4, where 4 is the number of columns.

v/ Example 1.7.3.6: Using rank and nullity

a1Z1 + a2 + a3T3 + a4x4 + as5Ts = ¢
Consider the system of three equations using five variables { b;z; + bazs + b3x3 + bszg + bszs = B

€171 + CaZ2 + €323 + C4%4 + C525 = 7Y
If we know that this system is consistent for all possible choices of @, 3,7, how many linearly independent solutions to the
homogeneous system of equations below?

0171 + a2T2 + a3T3 + @474 + a5T5 = 0
b1z1 + boxo + b3xs + byxy + bszs =0
1%y + 22 + c3T3 + caxy + c5x5 =0

Solution
a1 az a3 a4 as

We define A= | b, b, b3 by bs | to make things easier to describe.
Ci C2 C3 C4 Cj
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Since the system AZ = b is consistent forall 5= | g | in R3, we know that Col(4) = R?
Y

That means dim(Col(A)) = rank(A) = 3, and since it has 5 columns, we know nullity(4) = 5—3 = 2

Therefore, any basis for Null(A4) must contain exactly two linearly independent vectors.

This is exactly the same as the collection of solutions to AZ = 0, so our answer is [two linearly independent solutions

1.7.3: Rank and Nullity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 2.9: The Rank Theorem by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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1.7.4: Practice Set

? Exercise 1.7.4.1a
Find a basis for A = { [ :1: ] ceR?: gz = —%y} and determine its dimension.
Yy

Answer

(i ew == {[ PP - {[ ]}

Since this vector is non-zero, it is linearly independent and thus forms a basis for A.

Since there is one vector in a basis for A, we have dim(4) =1

? Exercise 1.7.4.1b

T
Find a basis for B = y | € R®:4z+y=0p and determine its dimension.
0
Answer
T 1 1
B= y | €ER¥:dz+y=0) = —4x =<z | —4 = Span —4
0 0 0 0

Since this vector is non-zero, it is linearly independent and thus forms a basis for B.

Since there is one vector in a basis for B, we have dim(B) =1

? Exercise 1.7.4.1¢

a+10b
Find a basis for C = b+10c | € R%:a,b,c € R and determine its dimension.
c+ 10a
Answer
a+ 10b 1 10 0 1 10 0
C= b+10c | eR®:a,b,ceRp=<al|l 0 [+b]| 1 [+c| 10 = Span o, 1 {,[|10
c+10a 10 0 1 10 0 1
1 10 O 1 00
These three vectors are a spanning set,and | 0 1 10 | 2225, | 0 1 0
10 0 1 0 01
Therefore they are linearly independent, and are a basis of C
Since there are three vectors in a basis for C, we have dim(C) = 3
? Exercise 1.7.4.1d
a
b
Find a basis for D = a :Z €R%:a+b=d,a+c=dp and determine its dimension.
d
Answer
- . e [a+b=d (b=d—a
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First W sugpli ia.+c=d =>ic= B o 1

b+c 2d — 2a —2
ate € at+b=dya+c=d d a 0 +d

1

0 ’
0

=N O

= Span

[y

d d 0

0

2

1

1
These two vectors are clearly not multiples of one another so they must be linearly independent and form a basis for D.

Since there are two vectors in a basis for D, we have dim(D) = 2

? Exercise 1.7.4.1e

3a+2b—c
] : 2a—Th+c 4 & m Sem ]
Find a basis for E = €R*:a,b,c € R} and determine its dimension.
a+4b+2c
2a+13b
Answer
3a+2b—c 3 2 -1 3 2 -1
2a—Tb+c . 2 —if 1 2 —i 1
E= @+ 4b+ 2 eR*:a,b,ceRp =1<a 1 +b 4 +ec 9 = Span e
2a + 13b 2 13 0 2 13 0
3 2 -1 1 00
These three vectors are a spanning set, and 2 -1 1 RREF, 080
1 4 2 0 01
2 13 0 000

Therefore they are linearly independent, and are a basis of E

Since there are three vectors in a basis for E, we have dim(E) = 3

? Exercise 1.7.4.1f

a a
. . b 1 2 3 4 b 0 .. . .
Find a basis for F = eR*: = and determine its dimension.
c 6 7 8 c 0
d d
Answer
I a
First we simplif [1 2 3 4] b |0 a+2b+3c+4d=0 — a=c+2d
P05 6 78]]c|™]o 50+ 6b+ Tc+ 8d = 0 b=—2c—3d
L d
a a c+2d 1 2
b 3 4 b 0 —2c—3d —2 -3
F = 4 = = =
Now e | € R 7 8 ] . [ 0 ] . el +d
d d d 0 1
1 2
-2 -3
= Span 1 o
0 1

These two vectors are clearly not multiples of one another so they must be linearly independent and form a basis for F.

Since there are two vectors in a basis for F, we have dim(F) =2
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a 1
. . b a 4 A .
Find a basis for G = .| € Rt:[a b c d] 5 1= 0 ¢ and determine its dimension.
d 7
Answer
1
First we simplify [ a b ¢ d ] ‘51 =0 = a+4b+5c+7d=0 = a=—4b—5¢—T7d
7
a 1 —4b—5¢c—Td —4 —5 -7
b 4 b 1 0
N G = 4 . = = =
ow c eR [ a b c d ] 5 0 c b 0 +c 1 +d 0
d 7 d 0 1
—4 —5 -7
0 0
=Seenql o || 1 || o
0 0 1
—4 -5 -7 1 00
These three vectors are a spanning set, and 0 0 rrgr, | 010
0 1 0 0 01
0 0 1 000

Therefore they are linearly independent, and are a basis of G

Since there are three vectors in a basis for G, we have dim(G) = 3

? Exercise 1.7.4.1h

2a+b
Find a basis for H = b+2c | eR3:a,b,ceR ) and determine its dimension.
a—c¢
Answer
2a+b 2 1 0 2 1 0
H-= b+2c | eR3:a,b,ceRp=La| 0 |+b| 1 |+c| 2 = Span of,|1],] 2
a—c 1 0 -1 1 0 -1
2 0 1 0 -1
These three vectors are a spanning set,and | 0 1 2 |22 [0 1 2
1 0 —1 00 O
Therefore they are linearly dependent, and removing the free variable column creates a basis for H, which is:
2 1
of,|1
1 0

Since there are two vectors in a basis for H, we have dim(H) = 2

? Exercise 1.7.4.2a

110 -1 0
Forthematrix A= 1 1 2 3 1
1 13 5 2

(i) Find a basis for Col(A)
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(ii) Find a basis for Null(A)
(iii) Verify the Rank-Nullity Equation holds

Answer
1 10 -1 0 1 10 -1 0
112 3 1|2 o001 2 0
113 5 2 0 00 0 1
(i) We keep only the columns in A which became pivots in RREF.
1 0 0
Thus Col(A) has basis 11,]2],]1
1 3 2
[ —1 1
T +x3—24=0 e
z3+224=0 o2 L
(ii) 8 = z3 | =x9 0 +x4| —2
Ty = 0
Ty 0 1
9, x4 free
Ty | 0
-1 1 ])
1 0
Thus Null(A) has basis 0 |,] =2 ¢
0 1
0 0

(iii) We can see that Rank(A) = dim (Col(A)) = 3 and Nullity(A) = dim (Null(4)) = 2:

Rank(A) + Nullity(A) = 3 + 2 = 5 = Number of columns in A

? Exercise 1.7.4.2b

4 8 0 29 O
Forthematrix B=]2 3 0 13 2
1 4 0 11 —4

(i) Find a basis for Col(B)
(ii) Find a basis for Null(B)
(iii) Verify the Rank-Nullity Equation holds

Answer
4 8 0 20 0 [1 0 0 0 4
23013 2 [ 10100 —2
1 4 0 11 —4 | 00 01 O
(i) We keep only the columns in B which became pivots in RREF.
41 [8 29
Thus Col(B) has basis 2 (,13],[ 13
1| |4 11
i —4
ry + 4%5 = 0 = 0
9 —225=0 2 0 2
(ll) 2 .’1:5 : 0 == zg | =z3| 1 | +=z5 0
T w4i;ee e 0 0
3,45 zs 0 1
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Thus Null(B) has basis

o O r O O
- o O N

(iii) We can see that Rank(B) = dim (Col(B)) = 3 and Nullity(B) = dim (Null(B)) = 2:

Rank(B) + Nullity(B) = 3 + 2 = 5 = Number of columns in B

? Exercise 1.7.4.2¢

Forthe matrixc=| 2 —1 4

(i) Find a basis for Col(C)
(ii) Find a basis for Null(C)
(iii) Verify the Rank-Nullity Equation holds

Answer
1 1 2 10 2
2 —1 4 | EBEE, [ g 1 9
1 0 2 00 0

(i) We keep only the columns in C which became pivots in RREF.

1 1

Thus Col(C) has basis 2 |, —1
1] [ o

x + 213 =0 T i -2
(ll) To=0 = T =3
3 free z3 | 1

—92 7

Thus Null(C) has basis 0

1

(iii) We can see that Rank(C) = dim (Col(C)) = 2 and Nullity(C) = dim (Null(C)) = 1:

Rank(C) + Nullity(C) = 2 + 1 = 3 = Number of columns in C

? Exercise 1.7.4.2d

1 111
1 111
ix D=
For the matrix 1111
1 111

(i) Find a basis for Col(D)
(ii) Find a basis for Null(D)
(iii) Verify the Rank-Nullity Equation holds

Answer
1111 1 111
1111 RREF 00 0 O
1 111 0 0 0 O
1 111 0 0 0 O
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(i) We keep only the columns in D which became pivots in RREF.

1
. 1
Thus Col(D) has basis 0
1
z -1 -1 -1
.. L1+ 2o+23+24=0 T 1 0 0
R SRSl Il P s + 4
T9, T3, T4 free T3 0 1
T4 0 0 1
-1 —1 -1
1 0 0
Thus has basis
Null(D) o I'l 1 '] o
0 0 1

(iii) We can see that Rank(D) = dim (Col(D)) = 1 and Nullity(D) = dim (Null(D)) = 3:

Rank(D) + Nullity(D) = 1+ 3 = 4 = Number of columns in D

? Exercise 1.7.4.2¢

0 -1 0 00O
For the matrix E = 0 0 V300
0 O 0 e O
0 0 0 0 =

(i) Find a basis for Col(E)
(ii) Find a basis for Null(E)
(iii) Verify the Rank-Nullity Equation holds

Answer
0 -1 0 0 0 0100 0
0 0 v/3 0 O| rrer |0 0 1 00
0 0 0 e O 00010
0 0 0 0 « 00001

(i) We keep only the columns in E which became pivots in RREF.

-1 0 0 0
Thus Col(E) has basis 0 , v3 , 0 , 0
0 0 e 0
0 0 0 T
Ty = 0 T 1
xr3 = 0 ) 0
() z4=0 = | z3 |=z1| 0
z5=0 T4 0
T free T 0
1
0
Thus Null(E) has basis 0
0
0

(iii) We can see that Rank(E) = dim (Col(E)) = 4 and Nullity(E) = dim (Null(E)) = 1:

Rank(F) + Nullity(E) =4 + 1 = 5 = Number of columns in E
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? Exercise 1.7.4.3

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) A set of n linearly independent vectors in R” is a spanning set of R".

(b) A spanning set of R® containing n vectors is a basis for R”.

(c) A set containing more than n vectors from R” is linearly dependent.

(d) A set containing more than n vectors from R" is a spanning set.

(e) If the columns of a matrix are linearly independent, then the rows are linearly independent.

(f) If the n columns of a matrix are a spanning set of R", then the rows of that matrix form a basis for R™.

(g) If the rows of a matrix form a spanning set for R", then the columns of that matrix are linearly independent.
(h) If a matrix has n columns, then the rank of that matrix is at most n.

(i) If a matrix has m rows, then the rank of that matrix is at most m.

(j) If Ais a 3 x 4 matrix, then the solution set to AZ = 0 contains non-trivial vectors.

(k) If A is a 4 x 6 matrix, and the solution set of AZ = 0 is spanned by two linearly independent vectors, then the column space

of A is equal to all of R4

Answer
(a) Always True
A pivot in every column of an n x n matrix must mean pivot in every row, so its columns must span all of R".
(b) Always True

A pivot in every row of an n x » matrix must have a pivot in every column, and thus its columns must be linearly
independent.

(c) Always True
A matrix wider than it is tall will always have free variables.
(d) Sometimes True Sometimes False

This statement is true when there are at least n linearly independent vectors inside, but can be false if all of the vectors
were { for instance.

(e) Sometimes True Sometimes False

This is true for all square matrices, but if the matrix is taller than it is wide, the rows can never be linearly independent
which makes it false.

(f) Always True

No free variables in a square matrix means a pivot in every row, which means no row is in the span of the others, or else it
would turn into a row of all zeros.

(g) Always True

There must be at least n pivot rows to span R™, and there can only be n columns so they must each have a pivot.

(h) Always True

Since Nullity(A) > 0 we have Rank(A) = n — Nullity(4) < n.

(i) Always True

You cannot have more pivots in echelon form than you have rows, by definition a pivot is the first nonzero entry in a row.

(j) Always True
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Since Rank(4) < 3 by (i) above, we know that Nullity(A) = 4 — Rank(A) > 1.

(k) Always True

Since Nullity(A) = 2, we have Rank(A) = 6 — Nullity(A) = 4, so the four linearly independent columns of A must span all of
R4

1.7.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.1: Matrix Transformations

4b Objectives

1. Learn to view a matrix geometrically as a function.

2. Learn examples of matrix transformations: reflection, dilation, rotation, shear, projection.

3. Understand the vocabulary surrounding transformations: domain, codomain, range.

4. Understand the domain, codomain, and range of a matrix transformation.

5. Understand the definitions of one-to-one and onto transformations.

6. Pictures: common matrix transformations, examples of matrix transformations that are/are not one-to-one and/or onto.

7. Vocabulary words: transformation / function, domain, codomain, range, identity transformation, matrix transformation,
one-to-one, onto

In this section, we learn to understand matrices geometrically as functions, or transformations. We briefly discuss transformations
in general, then specialize to matrix transformations, which are transformations that come from matrices.

This page titled 2.1: Matrix Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 3.1: Matrix Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL.. Original source:

https://textbooks.math.gatech.edu/ila.
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2.1.1: Matrices as Functions

Informally, a function is a rule that takes inputs and produces outputs. For instance, f(z) = #?2 is a function that accepts one number
z as its input, and outputs the square of that number: £(2) = 4. In this subsection, we interpret matrices as functions.

Let A be a matrix with m rows and n columns. Consider the matrix equation = A% (we write it this way instead of A% = to
remind the reader of the notation y = f(z)). If we vary &, then b will also vary; in this way, we think of A as a function with
independent variable (input) # and dependent variable (output) b.

o The independent variable (the input) is 2, which is a vector in R".
o The dependent variable (the output) is §, which is a vector in R™.

The range of this function is the set of all possible output vectors b such that AZ =5 has some solution; this is the same as the
column space of A.

Xe - J \
\———MA} Col(A)

R" s R™

Figure 2.1.1.1

v/ Example 2.1.1.1: Projection onto the zy-plane

Let

S

Il
S O =
o = O
o © ©

Describe the function » = A% geometrically.

Solution
In the equation A% = b, the input vector  and the output vector b are both in R2. First we multiply A by a vector to see what it
does:
T 1 00 T T
Aly|=[010 y|=|vy
z 000 z 0

Multiplication by A simply sets the z-coordinate equal to zero: |it projects vertically onto the zy-plane
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®—i@

o

!

Figure 2.1.1.2

Since A is in reduced row echelon form, the column space of A is easily seen to be

1 0
Col (A) = Span 01,1
0

a
This is, of course, the entire zy-plane. In fact we can see that for any vector in this plane | & |, we have infinitely many points

in the domain that maps to it:

1 00 a
010 b|l=|D»
000 c
v Example 2.1.1.2: Reflection
Let
A=[_1 0]
0 1

Describe the function b = AZ geometrically.

Solution

In the equation AZ = b, the input vector # and the output vector b are both in R2. First we multiply A by a vector to see what it

| BEERIOEE

Multiplication by A negates the z-coordinate: |it reflects over the y-axis|

Figure 2.1.1.3

Since A is in reduced row echelon form, the column space of A4 is easily seen to be

https://math.libretexts.org/@go/page/221228
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Col (4) = Span{[ _01 ] ’ [ (1) ]}

3 9 g 9 q a
This is, of course, the entirety of R? plane. Once more we can see that for any vector in this plane [ ) ], we have at least one

o -]

point in the domain that maps to it:

v/ Example 2.1.1.3: Dilation

Let

Describe the function = A% geometrically.

Solution

In the equation A% = §, the input vector  and the output vector b are both in R2. First we multiply A by a vector to see what it

| 11 3100151

Multiplication by A is the same as scalar multiplication by 1.5: [it scales or dilates the plane by a factor of 1.5

Figure 2.1.1.4

Since A is in echelon form, the column space of A is easily seen to be

Col(A)=Spa~“{[ o ] [ 13 ]}

9. g 9 g 3 a
This is, of course, the entirety of R2-plane. Once more we can see that for any vector in this plane [ b ], we have at least one

point in the domain that maps to it:

v/ Example 2.1.1.4: Identity

Let
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]

Describe the function § = A% geometrically.

Solution

In the equation AZ = §, the input vector Z and the output vector b are both in R2. First we multiply A by a vector to see what it

| BRGNS

Multiplication by A does not change the input vector at all: |it is the identity transformation which does nothing

Figure 2.1.1.5

It is simple to see that once more, the range of this function matches the column space of A, which is all of R?

v/ Example 2.1.1.5: Rotation

Let

Describe the function § = A% geometrically.

Solution

In the equation A% = b, the input vector  and the output vector b are both in R2. First we multiply A by a vector to see what it

| KOO

We substitute a few test points in order to understand the geometry of the transformation:

s8N
[
B
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Multiplication by A |is counterclockwise rotation by 90°

Figure 2.1.1.6

Figure 2.1.1.7

It is simple to see that once more, the range of this function matches the column space of A, which is all of R?

v/ Example 2.1.1.6: Shear
Let
11
a=[g 1]
Describe the function b = A% geometrically.

Solution

In the equation AZ = b, the input vector  and the output vector b are both in R2. First we multiply A by a vector to see what it

| GG

Multiplication by A adds the y-coordinate to the z-coordinate; this is called a [shear in the z-direction|

Figure 2.1.1.8

Since A is in echelon form, the column space of A is easily seen to be

caa)=span{[ ¢ .[ 1]}

- . o a
This is, of course, the entirety of R2-plane. Once more we can see that for any vector in this plane [ b ], we have at least one

SRR

point in the domain that maps to it:
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2.1.2: Matrix Transformations

Now we specialize the general notions and vocabulary above to the functions defined by matrices that we considered in the start of
this chapter.

# Definition: Matrix Transformation

Let A be an m x n matrix. The matrix transformation associated to A is the transformation
T:R™ — R™ defined by T(Z) = AZ

This is the transformation that takes a vector Z in R™ to the vector Az in R™.

If A has n columns, then it only makes sense to multiply A by vectors with n entries. This is why the domain of T'(2) = A% is R". If
A has m rows, then A% has m entries for any vector # in R™; this is why the codomain of T'(Z) = A% is R™.

The definition of a matrix transformation T tells us how to evaluate T on any given vector: we multiply the input vector by a
matrix. For instance, let

123
A_[456]

and let T(#) = A% be the associated matrix transformation. Then

-1 -1 -1
1 2 3 —14
T —2 =A|l =2 | = [ ] -2 | = [ ]
4 5 6 —32
-3 -3 -3
Suppose that A has columns 91, ¥s, ..., U,. If we multiply A by a general vector Z, we get
T
I | :
- S o Z2 - - o
AZ=| ¥1 Dy - Ty . = 2101 + 22U + - + T, Uy
I B

This is just a general linear combination of 41, ¥s, ..., ¥,. Therefore, the outputs of T'(Z) = AZ are exactly the linear combinations of
the columns of A: the range of T is the column space of A.

Let A be an m x n matrix, and let T'(Z) = A2 be the associated matrix transformation.

e The domain of T is R®, where n is the number of columns of A.
e The codomain of T is R™, where m is the number of rows of A.
e The range of T is the column space of A.

# Definition: One-to-one transformations

A transformation T:R™ — R™ is one-to-one if, for every vector b in R™, the equation T(z) = b has at most one solution  in R".

Another word for one-to-one is injective.

Here are some equivalent ways of saying that T' is one-to-one:

« For every vector  in R™, the equation T'(Z) = b has zero or one solution z in R™.

o Different inputs of T have different outputs.

https://math.libretexts.org/@go/page/221229
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o If T(@) = T(3) then & = o.

one-to-one
X | T(_I)
T
i

Ye

l ng) rahge
z-/

RTI T 5 Rm

Figure 2.1.2.12
Here are some equivalent ways of saying that T" is not one-to-one:

o There exists some vector b in R™ such that the equation T'(Z) = b has more than one solution # in R".
e There are two different inputs of 7 with the same output.
o There exist vectors %, % such that 4 # 3 but (i) = T(9).

not one-to-one

X e T(-‘:)_:T(J/)
/

Yeor— ,. g

range

Ze
\n’]‘(z)

i ;

Rn § Rm

Figure 2.1.2.13

X |llustration 2.1.2.1: Functions of one variable

The function sin: R — R is not one-to-one. Indeed, sin(0) = sin(x) = 0, so the inputs 0 and = have the same output 0. In fact, the
equation sin(z) = 0 has infinitely many solutions ..., —2=x, —, 0, =, 2, ....
The function exp: R — R defined by exp(z) = e® is one-to-one. Indeed, if T'(z) = T'(y), then e® = e¥, so In(e®) = In(e¥), and hence

z = y. The equation T'(z) = C has one solution z = In(C) if C > 0, and it has zero solutions if C < 0.

The function f:R — R defined by f(z) = 3 is one-to-one. Indeed, if f(z) = f(y) then z® = y3; taking cube roots gives z =y. In
other words, the only solution of f(z) = C'is z = V/C.

The function f:R — R defined by f(z) = z® —« is not one-to-one. Indeed, f(0) = f(1) = f(—1) =0, so the inputs 0,1,—1 all
have the same output 0. The solutions of the equation z* —z =0 are exactly the roots of f(z) =z(z —1)(z +1), and this
equation has three roots.

The function f:R — R defined by f(z) = z? is not one-to-one. Indeed, f(1) =1 = f(—1), so the inputs 1 and —1 have the same
outputs. The function g: R — R defined by g(z) = |«| is not one-to-one for the same reason.

& Theorem 2.1.2.1: One-to-One Matrix Transformations

Let A be an m x n matrix, and let T'(Z) = A% be the associated matrix transformation. The following statements are equivalent:

1. T is one-to-one.
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2. For every b in R™, the equation T'(Z) = b has at most one solution.

3. For every b in R™, the equation AZ = b has a unique solution or is inconsistent.
4. A% =0 has only the trivial solution.

5. The columns of A are linearly independent.

6. A has a pivot in every column.

7. The range of T has dimension n.

Proof

Statements 1, 2, and 3 are translations of each other. The equivalence of 3 and 4 follows from: if A% =0 has only one
solution, then A% = b has only one solution as well, or it is inconsistent. The equivalence of 4, 5, and 6 is a consequence of
how we check for linear independence, and the equivalence of 6 and 7 follows from the fact that the rank of a matrix is
equal to the number of columns with pivots.

Recall that equivalent means that, for a given matrix, either all of the statements are true simultaneously, or they are all false.

# Definition: Onto transformations

A transformation T: R™ — R™ is onto if, for every vector % in R™, the equation T'(%) = b has at least one solution  in R™.

Another word for onto is surjective.

Here are some equivalent ways of saying that T is onto:

o The range of T is equal to the codomain of T
o Every vector in the codomain is the output of some input vector.

onto
o— | range(T)

.T(x)

) R™ = codomain

Figure 2.1.2.14
Here are some equivalent ways of saying that T' is not onto:

e The range of T is smaller than the codomain of 7.
o There exists a vector § in R™ such that the equation T(&) = b does not have a solution.
e There is a vector in the codomain that is not the output of any input vector.
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not onto

___.-}"(x)

s

Xy range(T)

T

R" R™ = codomain

Figure 2.1.2.15

X |llustration 2.1.2.2; Functions of one variable

The function sin: R — R is not onto. Indeed, taking b = 2, the equation sin(z) = 2 has no solution. The range of sin is the closed
interval [—1,1], which is smaller than the codomain R.

The function exp:R — R defined by exp(z) =e” is not onto. Indeed, taking b = —1, the equation exp(z) =e* = —1 has no
solution. The range of exp is the set (0, co) of all positive real numbers.

The function f: R — R defined by f(z) = «3 is onto. Indeed, the equation f(x) = 23 = b always has the solution z = v/b.

The function f:R — R defined by f(z) = 23 — z is onto. Indeed, the solutions of the equation f(z) = #® — z = b are the roots of
the polynomial z® — z — b; as this is a cubic polynomial, it has at least one real root.

& Theorem 2.1.2.2: Onto Matrix Transformations

Let A be an m x n matrix, and let T'(Z) = AZ be the associated matrix transformation. The following statements are equivalent:

1. T is onto.

2. T(z) = b has at least one solution for every  in R™.
3. AZ =1} is consistent for every b in R™.

4. The columns of A span R™.

5. A has a pivot in every row.

6. The range of 7" has dimension m.

Proof

Statements 1, 2, and 3 are translations of each other. The equivalence of 3, 4, 5, and 6 follows from our earlier work with
matrix equations.

v/ Example 2.1.2.10: Projection onto the zy-plane: reprise

Let
1 00
A=|01 0|,
0 0O

and let T(#) = A%Z. What are the domain, the codomain, and the range of T'?

Is T one-to-one? Is T onto?

Solution
We saw earlier that geometrically, the transformation T projects a vector directly “down” onto the zy-plane in R3.
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e+—e

o —
. —

Figure 2.1.2.22

The inputs and outputs have three entries, so the domain and codomain are both R3. The possible outputs all lie on the zy-
plane, and every point on the zy-plane is an output of T" (with itself as the input), so the range of T is the zy-plane. This agrees
with the column space of A as discussed when we previously saw this matrix above.

Be careful not to confuse the codomain with the range here. The range is a plane, but it is a plane in R3, so the codomain is still
R3. The outputs of T all have three entries; the last entry is simply always zero. This means that we can find at least one vector
0
b= | 0 | which is not in the range of T.
1
Clearly it [cannot be an onto transformation|

Notice that the reason that our range ends up "smaller" than our domain/codomain, is that we have many different input

1 1
vectors that yield the same output. For example, it is easy to see that T 2 =T 2 . Because of these repeats, our
3 5

function is [not a one-to-one transformation|

In the case of an n X n square matrix, the domain and codomain of T'(Z) = AZ are both R". In this situation, one can regard T as
operating on R™: it moves the vectors around in the same space.

X |llustration 2.1.2.3: Matrix transformations of R2

In the first subsection we discussed the transformations defined by several 2 x 2 matrices, namely:

[—1 0
flection: A=
Reflection L0 1 ]
[15 0
Dilation: A=
ilation. 0 1‘5]
. [ 0
Identity: A= 1 ]

0

1

0

0 —1
Rotation: A= 1 ]

1

0

Shear: A= 1 ]
L 1

In each case, the associated matrix transformation T(Z) = AZ has domain and codomain equal to R2. The range is also R?, as

can be seen geometrically (what is the input for a given output?), or using the fact that the columns of A are not collinear (so

they form a basis for R2).

It is worth noticing that none of the matrix transformations above repeat their outputs (so each is a one-to-one transformation).
Each vector in the domain maps to one unique output in the codomain (that's not special, just the definition of being a
function), and each vector in the codomain is mapped to by one unique input in the domain (so each is also an onto
transformation).

https://math.libretexts.org/@go/page/221229


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221229?pdf

LibreTexts"
v/ Example 2.1.2.11: Matrix transformation example

11
LetA=| 0 1 |, andlet T(2) = A%, so T:R? — R3 is a matrix transformation.
11

(a) Evaluate T'(@) for % = [ i ]

(b) Let

o
[l
<

Find a vector # in R? such that T'(%) = b. Is there more than one?
(c) Is T a one-to-one transformation?
(d) Is T an onto transformation?

Note: all of the above questions are intrinsic to the transformation 7: they make sense to ask whether or not T is a matrix
transformation. In this case, as T' is in fact a matrix transformation, all of these questions will translate into questions about the
corresponding matrix A.

Solution
(a) We evaluate T'() by substituting the definition of T' in terms of matrix multiplication:

7

JHEEEIHEIE

7

(b) We want to find a vector § such that 5 = T(%) = A%. In other words, we want to solve the matrix equation A% = . We form
an augmented matrix and row reduce:

11 7 1 1|7 1 0|2
01 5 = 5 augmented matrix 015 RREF 0115
11 7 1 1|7 0 0]0

.. . . R 2 o =
This gives z = 2 and y = 5, so that there is a unique vector |4 = [ 5 ] such that T'(¥) = b.

(c) Translation: is there any vector @ in R3 such that the solution set of A% = & has more than one vector in it? The solution set
of A# = @, if non-empty, is a translate of the solution set of A% = b above, which has one vector in it. (Remember the solution
sets for a given answer column  are all translations of the null space of A.) It follows that the solution set of A% = @ can have

at most one vector. Therefore this function T is indeed [a one-to-one transformation|

(d) Translation: Can we find a vector @ such that the matrix equation A% =  is not consistent? Notice that if we take

1
@ = | 2 [, (or any other vector with = # z ), then the matrix equation A% = @ translates into the system of equations
3
r 4+ y 1
y =
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v/ Example 2.1.2.12: Non-matrix transformation example

Define a transformation 7: R? — R3 by the formula

(a) Evaluate (%) for 4 = [ 11r ]

(b) Let

Find a vector # in R2 such that T'(%) = b. Is there more than one?
(c) Is T a one-to-one transformation?
(d) Is T an onto transformation?

Note: we asked (almost) the exact same questions about a matrix transformation in the previous example. The point of this
example is to illustrate the fact that the questions make sense for a transformation that has no hope of coming from a matrix. In
this case, these questions do not translate into questions about a matrix; they have to be answered in some other way.

Solution
(a) We evaluate T'(%) using the defining formula:

1 € e
T ([ ]) =| cos(m) | =|| -1
™
61 e
e’ 7
(b) We want to find an « and y that give | cos(y) [ =] 1
e’ 7

Solving e =7 = z =In(7) and cos(y) = 1 = y = 2mn for any integer n.

s 177
T ([ 11;(7) ) =] cos(2m) [=] 1
4 £In(?) 7 ]
[ ™ ] [ 7]
L
T ([ 1(7) ) =] cos(4m) [=] 1
4 £In(?) |7 ]

Clearly |there are infinitely many such vectors ¥ in R? such that T'(¥) = 3|

(c) The vector § from the previous part shows that T is clearly [not a one-to-one transformation|

(d) Since cos(y) is always between —1 and 1, the vector

is not in the range of 7. (Alternatively, any vector in R® such that # # z will not be in the range of 7.) Either way, this
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l transformation |is not onto/surjective

2.1.2: Matrix Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 3.1: Matrix Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL.. Original source:
https://textbooks.math.gatech.edu/ila.

e 3.2: One-to-one and Onto Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL.. Original source:
https://textbooks.math.gatech.edu/ila.
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2.1.3: Practice Set

? Exercise 2.1.3.1a

12 3
Consider the matrix A= | 0 1 2 | and the matrix transformation 7'(Z) = AZ
2 2 2

(i) What is the domain and codomain of 77?
(ii) Is T one-to-one?
(iii) Is T onto?

Answer

1 2 3 1 0 -1

01 2|2 o1 2

2 2 2 00 O
(i) Since A is 3 x 3, we know T : R3 — R3 so the domain is R® and codomain is R?

(ii) Since there is no pivot in the third column, T is not one-to-one.

1 0 2
For example, T —2 =|0|=T —4
1 0 2

(iii) Since there is no pivot in the third row, T is not onto.

2
For example, Az = | 1 | has no solution # € R3
0
? Exercise 2.1.3.1b
1 2 3 2
Consider the matrix B= | 0 1 2 1 | and the matrix transformation T'(Z) = BZ
2 2 20

(i) What is the domain and codomain of 77?
(ii) Is T one-to-one?

(iii) Is T onto?

Answer
12 3 2 10 -10
0121|2101 2 0
2220 00 0 1

(i) Since Bis 3 x 4, we know T : R* = R3 so the domain is R* and codomain is R®

(ii) Since there is no pivot in the third column, T is not one-to-one.

3 0
—6 0 0
For example, T =|0|=T
3 0 0
0 0

(iii) Since there is a pivot in every row, T' is onto.
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Consider the matrix C = and the matrix transformation 7'(%) = C%

S O O =
W O Ul =
(== ==, B BN

(i) What is the domain and codomain of 77
(i) Is T one-to-one?

(iii) Is T onto?

Answer
4 4 4 100
10 010
05 5|2 [0 01
000 000
0 30 000

(i) Since C'is 5 x 3, we know T : R? — R® so the domain is R? and codomain is R®
(ii) Since there is a pivot in every column, T is one-to-one.

(iii) Since there is no pivot in two of the rows, T is not onto.

0

For example, CZ% = has no solution # € R?

oS = O O

? Exercise 2.1.3.1d

5 6 7 8 9
Consider thematrix D=| 0 1 2 3 4 | and the matrix transformation T'(Z) = DZ
10 10 10 10 10

(i) What is the domain and codomain of 77?
(ii) Is T one-to-one?

(iii) Is T onto?

Answer
5 6 7 8 9 10 -1 —2 -3
0 1 2 3 4 |2, 101 2 3 4
10 10 10 10 10 00 0 0 O

(i) Since D is 3 x 5, we know T : R5 — R3 so the domain is R and codomain is R3

(ii) Since there is no pivot in three of the columns, T is not one-to-one.

1 2
—2 0 -3
For example, T 1 =|0|=T
0 0
0

(iii) Since there is no pivot in the third row, T is not onto.
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0
For example, D# = | 1 | has no solution # € R®
0
? Exercise 2.1.3.1e
10 -1 0
. . 02 0 3 . . = =
Consider the matrix E = - A and the matrix transformation T'(2) = EZ
13 0 2

(i) What is the domain and codomain of 77
(ii) Is T one-to-one?

(iii) Is T onto?

Answer
10 -1 0 1000
02 0 3 |zmer |0O0100
2 0 1 —4 0 010
13 0 2 0 0 01

(i) Since E is 4 x 4, we know T : R* — R* so the domain is R and codomain is R*
(ii) Since there is a pivot in every column, T is one-to-one.

(iii) Since there is a pivot in every row, T' is onto.

? Exercise 2.1.3.2a

1 0 1
Consider the matrix A= | 0 1 —1 | and the matrix transformation T(Z) = A%
2 3 h

(i) What value(s) of h make T' a one-to-one transformation?

(ii) What value(s) of » make T an onto transformation?

Answer
1 0 1 1 0 1
0 1 —1 echelon form 01 1
2 3 h 0 0 h+1

(i) If A+ 1 # 0 there will be a pivot in every column, so 7' is one-to-one when h # —1

(ii) If A + 1 # 0 there will be a pivot in every row, so T is onto when h # —1

? Exercise 2.1.3.2b

1
Consider the matrix B= | 0
1 3 4 h

2 0 h
1 2 h | and the matrix transformation T'(Z) = B%

(i) What value(s) of h make T' a one-to-one transformation?

(ii) What value(s) of ~ make 7 an onto transformation?

Answer

https://math.libretexts.org/@go/page/221230
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1 2 0 A 1 00
01 2 h echelon form 010 2h
1 3 4 h 0 01

(i) No matter what A is, there will not be a pivot in the fourth column, so T is never one-to-one.

(ii) No matter what h is, there will be a pivot in every row, so T' is always onto.

? Exercise 2.1.3.2¢

1 1 -11
. . 2 0 6 . . = =
Consider the matrix C = b and the matrix transformation T'(Z) = CZ
1 0 6

(i) What value(s) of ~ make T' a one-to-one transformation?

(ii) What value(s) of » make 7T an onto transformation?

Answer
1 1 -11 1 00
2 0 6 echelon form 0 10
h h 7 0 01
1 0 6 00O

(i) No matter what A is, there will be a pivot in every column, so T is always one-to-one.

(ii) No matter what h is, there will never be a pivot in the fourth row, so T' is never onto.

? Exercise 2.1.3.2d

h h 0O
Consider the matrix D= | 1 2 1 | and the matrix transformation T'(z) = DZ
3 41

(i) What value(s) of » make T' a one-to-one transformation?

(ii) What value(s) of » make T an onto transformation?

Answer
h h O 10 -1
1 2 1 | Zhelnform |5 3 g
3 41 00 O

(i) No matter what A is, there will never be a pivot in the third column, so T is never one-to-one.

(ii) No matter what h is, there will never be a pivot in the third row, so T is never onto.

? Exercise 2.1.3.3a

Create a 2 x 2 matrix A for which the matrix transformation T(Z) = AZ is onto but not one-to-one (or explain why it is
impossible to do so)
Answer

No such matrix can exist, since TONTO only occurs with a pivot in every row, which forces a pivot in every column, and
thus makes 77 ONE-TO-ONE.
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? Exercise 2.1.3.3b

Create a 2 x 2 matrix A for which the matrix transformation T(Z) = AZ is one-to-one but not onto (or explain why it is
impossible to do so)

Answer

No such matrix can exist, since 7ONE-TO-ONE only occurs with a pivot in every column, which forces a pivot in every
row, and thus makes 77 ONTO.

? Exercise 2.1.3.3¢

Create a 2 x 3 matrix A for which the matrix transformation T'(Z) = AZ is onto but not one-to-one (or explain why it is
impossible to do so)

Answer

ix wi ivot i q 1
We need a matrix with a pivot in every row, but not every column, like A = [ i (1) g ]

? Exercise 2.1.3.3d

Create a 2 x 3 matrix A for which the matrix transformation T(Z) = AZ is one-to-one but not onto (or explain why it is
impossible to do so)

Answer

There is no matrix which is 2 x 3 with a pivot in every column, so it is impossible to be one-to-one. (regardless of onto or
not)

? Exercise 2.1.3.3e

Create a 3 x 2 matrix A for which the matrix transformation T(Z) = AZ is onto but not one-to-one (or explain why it is
impossible to do so)

Answer

There is no matrix which is 3 x 2 with a pivot in every row, so it is impossible to be onto. (regardless of one-to-one or not)

? Exercise 2.1.3.3f

Create a 3 x 2 matrix A for which the matrix transformation T'(Z) = AZ is one-to-one but not onto (or explain why it is
impossible to do so)

Answer

1
We need a matrix with a pivot in every column, but not every row, like A= | 0
0

(=2 =]

? Exercise 2.1.34

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) If Ais 3 x 4 and T(Z) = AZ is onto, then it is also one-to-one.

(b) If Ais 4 x 4 and T(Z) = Az is onto, then it is also one-to-one.
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(c) If Ais 4 x 4 and T(2) = Az is one-to-one, then it is also onto.
(d) If Ais 5 x 4 and T(Z) = Az is one-to-one, then it is also onto.
(e) If Ais m x n and T(2) = AZ, then T'(d + ¥) # T'(4) + T'(¥) for some 4,3 € R",
(f) If Ais m x n and T(Z) = AZ, then T'(rd) = vT'(4) for all 4 € R® and r € R.
Answer
(a) Always False
It is impossible to have a pivot in every column of a 3 x 4 matrix.
(b) Always True
If there is a pivot in every row, then there must be a pivot in every column, so T must be one-to-one.
(c) Always True
If there is a pivot in every column, then there must be a pivot in every row, so T must be onto.
(d) Always False
It is impossible to have a pivot in every row of a 5 x 4 matrix.
(e) Always False
T(d +3) = A(d + 9) = Av+ A = T(d) + T(¥) always holds.
(f) Always True
T(ru) = A(rd) = r(Ad) = rT'() always holds.

2.1.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.2: Linear Transformations

4b Objectives

1. Learn how to verify that a transformation is linear, or prove that a transformation is not linear.
2. Understand the relationship between linear transformations and matrix transformations.

3. Recipe: compute the matrix of a linear transformation.

4. Theorem: linear transformations and matrix transformations.

5. Notation: the standard coordinate vectors €,,éo, ....

6. Vocabulary words: linear transformation, standard matrix, identity matrix.

In the last section, we studied the geometry of matrices by regarding them as functions, i.e., by considering the associated matrix
transformations. We defined some vocabulary (domain, codomain, range), and asked a number of natural questions about a
transformation. For a matrix transformation, these translate into questions about matrices, which we have many tools to answer.

In this section, we make a change in perspective. Suppose that we are given a transformation that we would like to study. If we can
prove that our transformation is a matrix transformation, then we can use linear algebra to study it. This raises two important
questions:

1. How can we tell if a transformation is a matrix transformation?
2. If our transformation is a matrix transformation, how do we find its matrix?

For example, we saw previously that the matrix transformation

T:R? - R T(i):[(l) _01]5

is a counterclockwise rotation of the plane by 90°. However, we could have defined T in this way:
T:R? 5 R?  T(Z) = the counterclockwise rotation of Z by 90°.

Given this definition, it is not at all obvious that T is a matrix transformation, or what matrix it is associated to.

This page titled 2.2: Linear Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 3.3: Linear Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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2.2.1: Linear Transformations

In this section, we introduce the class of transformations that come from matrices.

# Definition: Linear Transformation

A linear transformation is a transformation T: R™ — R™ satisfying

T(@ + 3) = T(@) + T(®)
T(cii) = T'()

for all vectors 4,7 in R™ and all scalars c.

Let T:R™ — R™ be a matrix transformation: 7'(Z) = Az for an m x n matrix A. Clearly
T(@+7) =A@ +7) = Ai+ AV =T(®@) + T(9)
T(ct) = A(ct) = cAd = cT'(%)
for all vectors 4,7 in R® and all scalars ¢. Since a matrix transformation satisfies the two defining properties, it is a linear
transformation

We will see soon that the opposite is true: every linear transformation is a matrix transformation; we just haven't computed its
matrix yet.

& Fact 2.2.1.1: Facts about Linear Transformations

Let T:R™ — R™ be a linear transformation. Then:

1. T(0) = 0.
2. For any vectors 91, ¥g, ... , ¥ in R™ and scalars ¢y, cg, ..., cx, We have

T(Cﬁh + coVig + -+ Ckﬁk) = ClT(f)'l) + CzT(ﬁg) + -+ CkT(ﬁk)
Proof

1. Since 0 = —0, we have

T(0) = T(—0) = —T(0)

The only vector @ such that @& = — is the zero vector.
2. Let us suppose for simplicity that k = 2. Then

T(c101 + ca¥a) = T'(c191) + T(ca¥2) first property
= c1T'(¥1) + c2T'(V2) second property

In engineering, the second fact is called the superposition principle; it should remind you of the distributive property. For example,
T(cti + dv) = ¢T'(d) + dT'(¥) for any vectors #,7 and any scalars ¢, d. To restate the first fact:

A linear transformation necessarily takes the zero vector to the zero vector.

v Example 2.2.1.1: A non-linear transformation

Define T:R - R by T'(z) =z +1

Is T a linear transformation?

https://math.libretexts.org/@go/page/221232
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Solution
We have T(0) =0 + 1 = 1. Since any linear transformation necessarily takes zero to zero by the above important note 2.2.1.1,

we conclude that [T is not a linear transformation | (even though its graph is a line).

Note: in this case, it was not necessary to check explicitly that 7 does not satisfy both defining properties, Definition 2.2.1.1:
since T(0) = 0 is a consequence of these properties, at least one of them must not be satisfied. (In fact, this T satisfies neither.)

T(x +y) = (z+vy)+1isnotequal to T(z) + T(y) = (x + 1)+ (y+ 1)

and T'(ez) = (ez) + 1is not equal to cT'(z) = ¢(z + 1)

v/ Example 2.2.1.2: Verifying linearity: dilation

Define T:R? — R? by T(%) = 1.5%
Verify that 7" is linear.

Solution
We have to check the defining properties of a linear transformation for all vectors #,% and all scalars ¢. In other words, we have
to treat i, ¥, and ¢ as unknowns. The only thing we are allowed to use is the definition of 7.

T(% + ) = 1.5(@ +7) = 153 + 1.50 = T(@) + T(?)
T(cii) = 1.5(cil) = c(1.58) = (i)

Since T satisfies both defining properties,

Note: we know from our previous subsection that 7" is a matrix transformation: in fact,

T@) = [ 165 1(.)5 ] g

Since a matrix transformation is a linear transformation, this is another proof that T is linear.

v/ Example 2.2.1.3: Verifying linearity: rotation

Define T:R? — R? by
T(Z) = the vector Z rotated counterclockwise by the angle 6

Verify that T is linear.

Solution

Since T is defined geometrically, we give a geometric argument. For the first property, T(@) + T'(¥) is the sum of the vectors
obtained by rotating % and g by §. On the other side of the equation, T'(% + %) is the vector obtained by rotating the sum of the
vectors & and #. But it does not matter whether we sum or rotate first, as the following picture shows.

T(v)
/—T\A T(u+v) W)

u-+v v T(u)

Figure 2.2.1.1

For the second property, ¢T'(@) is the vector obtained by rotating @ by the angle 8, then changing its length by a factor of ¢
(reversing direction of ¢ < 0). On the other hand, T'(ct) first changes the length of 4 by a factor of ¢, then rotates. But it does not

https://math.libretexts.org/@go/page/221232
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matter in which order we do these two operations.

Y "'?(cu)

T(u)

Figure 2.2.1.2

This verifies that |T is a linear transformation |

Note however that it is not at all obvious that or how T' can be expressed as multiplication by a matrix.

v/ Example 2.2.1.4: A transformation defined by a formula

Define T: R? — R3 by the formula

Verify that T is linear.

Solution

We have to check the defining properties, for all vectors #,% and all scalars c. In other words, we have to treat 4, %, and c as
unknowns; the only thing we are allowed to use is the definition of T. Since T is defined in terms of the coordinates of i, ¥, we

need to give those names as well; say i = [ Zl ] and 3 = [ :1 ] . For the first property, we have
2 2
3(u1 + v1) — (u2 + v2)
(PR AE (e IR
U2 ) ug + Vo
u; + v
(Bu1 — u2) + (Bv1 —v2)
= U2 + V2
U1 + U1
3U1 — Ug 3’!)1 — V2 u v
[ [ D)
U9 ()
ux v1

For the second property,

({2 ()

cuy
c(3u1 — ug) 3uy —ug
U1
= Clus =c Ug =cT ([ ])
Ug
cuy U1
Since T satisfies the defining properties, [T is a linear transformation |
Note: we will see shortly that T' is a matrix transformation satisfying
3 1 3z —y

(5D-[3 3]0

—
8
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One can show that, if a transformation is defined by formulas in the coordinates as in the above example, then the transformation is
linear if and only if each coordinate is a linear expression in the variables with no constant term.

X |llustration 2.2.1.1: A translation

Define T:R3 — R3 by

1
TE)=Z+ | 2
3
This kind of transformation is called a translation. As in a previous Example 2.2.1.1, this T is not linear, because T'(0) is not the
zero vector. It is however both a one-to-one and onto transformation (just not a linear one!)

v Example 2.2.1.5: More non-linear transformations

Verify that the following transformations from R? to R? are not linear:
s([D-151 =(ED-13] »(57])-[2%]
Y Y Y y Y z—2y
Solution

In order to verify that a transformation 7 is not linear, we have to show that 7" does not satisfy at least one of the two defining
properties in Definition 2.2.1.1. For the first, the negation of the statement “T'(# + ¥) = T'(&) + T'(9) for all vectors %, 3” is “there
exists at least one pair of vectors %, ¥ such that T'(% + %) # T(4) + T(¥).” In other words, it suffices to find one example of a pair
of vectors 4,3 such that T'(d + ¥) # T'(d) + T'(¥). Likewise, for the second, the negation of the statement “T'(ci) = ¢T'(d) for all
vectors ¢ and all scalars ¢” is “there exists some vector 4 and some scalar ¢ such that T'(c) # ¢I'(#).” In other words, it suffices

to find one vector 4 and one scalar ¢ such that T'(cit) # ¢T'(#).

For the first transformation, we note that

n(=[o])-n (3 ])-[""]-[¢]
([ ]) =% ]-=[s]-7]

Therefore, Ty does not satisfy the second property (it also fails the first property for a suitable choice of vectors) and is

but that

[not a linear transformation |

For the second transformation, we note that

n (e[ ])-=([2])-1%" -]
m (|4 ]) -2 =21 ]2

Therefore, T2 does not satisfy the second property (it also fails the first property for a suitable choice of vectors) and is

but that

[not a linear transformation |

For the third transformation, we observe that

%([o])=[o25 |=[o]#[o]
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l Since T does not take the zero vector to the zero vector, it is [not a linear transformation|

When deciding whether a transformation T is linear, generally the first thing to do is to check whether T'(@) = 0; if not, T is
automatically not linear. Note however that the non-linear transformations T; and T% of the above example do take the zero vector
to the zero vector. So you cannot use this shortcut to prove a transformation is linear!

2.2.1: Linear Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 3.3: Linear Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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2.2.2: Matrix Representations

In the next subsection, we will present the relationship between linear transformations and matrix transformations. Before doing so,
we need the following important notation.

# Definition: Standard Coordinate Vectors

The standard coordinate vectors in R™ are the n vectors

1 0 0

0 1 0 0
€1= , €=| 1], y Ena= ||, €=

0 0 1 0

0 0 1

The ith entry of €; is equal to 1, and the other entries are zero.
From now on, for the rest of the book, we will use the symbols €1, €5, ... to denote the standard coordinate vectors.

(In physics and other applications that are restricted to R3, you will often see & =4,&; =, and &; = k. This notation is not
particularly useful in linear algebra and will not be used.)

There is an ambiguity in this notation: one has to know from context that €; is meant to have n entries. That is, the vectors

may both be denoted €, depending on whether we are discussing vectors in R? or in R3.

The standard coordinate vectors in R? and R3 are pictured below.

in R? inR?

e €3

Y
Y

f]’ €9

Figure 2.2.2.3

These are the vectors of length 1 that point in the positive directions of each of the axes.

& Fact 2.2.2.2: Multiplying a matrix by the standard coordinate vectors

If Ais an m x n matrix with columns %1, ¥s, ..., Uy, then A€; = v; for each i = 1,2,...,n:

(. |
= - =
V1 Uag st Vg €; = V;

In other words, multiplying a matrix by &; simply selects its ith column.

For example,
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1 2 3 1 1 1 2 3 0 2 1 2 3 0 3
4 5 6 0|=1]4 4 5 6 1 |1=|5 4 5 6 0|=]6
7 89 0 7 7 8 9 0 8 7 8 9 1 9

Now we can prove that every linear transformation is a matrix transformation, and we will show how to compute the matrix.

& Theorem 2.2.2.1: The Matrix of a Linear Transformation

Let T:R™ — R™ be a linear transformation. Let A be the m x n matrix

I I I
A= | T(E) TEs) - T(En)
I I I

Then T is the matrix transformation associated with A: that is, T(2) = A2.

Proof

We suppose for simplicity that T is a transformation from R? to R2. Let A be the matrix given in the statement of the
theorem. Then

1 0 0
T Y =T|z|0|+y|[1]|+2]|0
z 0 0 1

= T(xél +y32 +Z§3)
= 2T(€1) + yT'(€2) + 2T'(€3)

| | | z
=| T(e1) T(€2) T(Es) Yy

| | |

Il
b
[SI

The matrix A in the above theorem is called the standard matrix for T. The columns of A are the vectors obtained by evaluating T'
on the n standard coordinate vectors in R”?. To summarize part of the theorem:

Matrix transformations are the same as linear transformations.

v/ Example 2.2.2.6: The matrix of a dilation

Define T: R? — R? by T(%) = 1.5%

Find the standard matrix A for 7.

Solution

The columns of A are obtained by evaluating T' on the standard coordinate vectors €1, €s.

1.
T(&1) = 1.58; = [ 05 ]

= = 0
T(€2) = 1.562 = [ 15 :|

This matches what we saw in our dilation examples earlier.
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Define T:R? — R? by
T(Z) = the vector Z rotated counterclockwise by the angle

Find the standard matrix for T'.

Solution
The columns of A are obtained by evaluating T on the standard coordinate vectors €i,€,. In order to compute the entries of

T(€,) and T'(&5), we have to do some trigonometry.

T(e;) 1
€
T(e,)
h cos B 0
sin
6
cos B er sinf
We see from the picture that
cos @
T(&,) =
(é1) [ sin @ ] B [ cosf —sinf ]
. —sin @ " | sinf@ cosf
T(e2)_[ cos @ ]

We saw in the above example that the matrix for counterclockwise rotation of the plane by an angle of 9 is

cosf —sind
A_[sina cos 6 ]

L . . 0 -1 . . . . .
Plugging in § = 90° gives us the matrix A = [ 10 ] which once again matches with our earlier rotation example!

v/ Example 2.2.2.8: A transformation defined by a formula

Define T: R? — R? by the formula

Find the standard matrix for T

Solution
We substitute the standard coordinate vectors into the formula defining 7

(1) -
T(EI)ZT([(IJD: 31(1] 0 - § 3 -1
3(0)—1 IS T ad ol I
et 1
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l This is how the matrix was determined earlier in Example 2.2.4.

v/ Example 2.2.2.9: A transformation defined in steps

Let T:R3 — R? be the linear transformation that reflects over the zy-plane and then projects onto the yz-plane. What is the
standard matrix for 77

Solution

This transformation is described geometrically, in two steps. To find the columns of A, we need to follow the standard
coordinate vectors through each of these steps.

Figure 2.2.2.4

Since &, lies on the zy-plane, reflecting over the zy-plane does not move &;. Since €; is perpendicular to the yz-plane,
projecting €, onto the yz-plane sends it to zero. Therefore,

0
TE)=1| 0
0
yz I ._____._:-__ L yz I = | yz I

| reflect xy ~ =B __ project yz —

Figure 2.2.2.5

Since &, lies on the zy-plane, reflecting over the zy-plane does not move &,. Since &, lies on the yz-plane, projecting onto the
yz-plane does not move &, either. Therefore,

T@Ey)=8;=| 1

0
yz . A _YZ . —d e _}’z . ~ " !
R““ﬁt > __ reflectxy ~l | < project yz i | /,'
T - — i - > = =
~ L ey 4._._Txxy ’ Tw.x 5
Figure 2.2.2.6

Since €3 is perpendicular to the zy-plane, reflecting over the zy-plane takes €3 to its negative. Since —€eg lies on the yz-plane,
projecting onto the yz-plane does not move it. Therefore,
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0
T(és)=—€3=| 0
-1
Now we have computed all three columns of A:
01 )
TE)=|0
| 0
[0 00 O
T@Ey) = |1 = [A=|0 1 0
[ 0 00 -1
[ 0
T@Es)=| 0
L _1 7

Recall that the identity transformation is the transformation 7: R — R™ defined by J(2) = 2 for every vector z.

v/ Example 2.2.2.10: The standard matrix of the identity transformation

Verify that the identity transformation J: R™ — R" is linear, and compute its standard matrix.

Solution
We verify the two defining properties of linear transformations. Let 4,9 be vectors in R”. Then

JE+9)=u+v=7I(u)+I(®)
If ¢ is a scalar, then
J(ct) = cii = cJ (1)
Since 7 satisfies the two defining properties, it is a linear transformation.

Now that we know that 7 is linear, it makes sense to compute its standard matrix. For each standard coordinate vector €;, we
have J(&;) = €;. In other words, the columns of the standard matrix of J are the standard coordinate vectors, so the standard
matrix is the identity matrix

0 - 00
1 00
I= : :
00 - 1
00 - 01

# Definition: Identity Matrix

The n x n identity matrix is the matrix I whose columns are the » standard coordinate vectors in R":

10 00
01 00
I= : =
00 - 10
00 1

We computed earlier that the matrix of the identity transform is the identity matrix: for every # in R”,

F=7(@) =17

Therefore, Iz = Z for all vectors Z: the product of the identity matrix and a vector is the same vector.
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2.2.3: Practice Set

? Exercise 2.2.3.1a
2z + 5y

LetT:]R2—)]R3bedefinedbyT([mD: z—3y
Y Y
(1) Is T a linear transformation?

(ii) TIs there a matrix A such that T(Z) = AZ? If so find A.

(iii) Is T one-to-one and/or onto?

Answer
e N e s B O R
wmir([2])= s || o | ([5])

Therefore T is a linear transformation.

1 2-14+5-0 2 0 2:0+5-1 5
(ii)T(é'l)=T([0D= 1-3-0 (=11 andT(é'z)=T([1D= 0-3-1 =| -3
0 0 | 1 1
5
So the matrix representation of Tis A= | 1 -3
1
2 5 10
i) | 1 -3 | 2| 0 1
0 1 00

Since there is a pivot in every column, 7" is one-to-one. Since there is no pivot in the third row 7 is not onto.

? Exercise 2.2.3.1b

Let T:R? — R* be definedbyT([ z D =

z—y
z—1
0
y+2

(1) Is T a linear transformation?

(ii) Is there a matrix A such that T'(z) = Az2? If so find A.

(iii) Is T one-to-one and/or onto?

Answer
(z+a)—(y+0) | -y a—b (z+a)—(y+0b)
. z+a ]\ (z4+a)—1 z a]) | z—-1 a—1| (z+a)—2
CEl () R I L () R 9 ) e R Al e
(y+b)+2 | y+2 b+2 (y+b)+4
T —TY T—yY TE—TY
d T _ re—1 but [z _ z—1 _| re-r
an T([ ry D 0 ut T’ |y r 0 0
Yy +2 y+2 Ty +2r
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Neither of these match, so T is not a linear transformation.
(ii) All matrix transformations must be linear transformations, so there is no matrix A satisfying T(z) = A%

(iii) We cannot use a matrix, but can still check if T' is one-to-one the hard way:

D)= | [

Sincez—1=a—1 = z=aandy+2=b+2 = y=>b we know T is one-to-one.

0
It is very obvious that T is net onto, since there is no solution to T'(Z) = (1)
0
? Exercise 2.2.3.1¢
x fa—
Let T : R® — R2 be definedby T | | o =[y z]
r+2z
z
(i) Is T a linear transformation?
(ii) Is there a matrix A such that 7'(2) = Az? If so find A.
(iii) Is T one-to-one and/or onto?
Answer
T+a T a
. (y+b)—(z+c)] [y—z] [b—c]
)T +b = =) + =T +T
) g [(m+a)+(z+c) z+2 a+tec g
z+c z
Tr T
and T' Ty =[ry rz]zr[y z]:yT y
T+ T2 T+ z
4 z
Therefore 7 is a linear transformation.
1 0 0
0—-0 0 1-0 1
ii) T(é;,) =T 0 = = d T(Es) =T 1 = = d T@Es) =T 0
(i) T(€1) [1+0] [1] and T'(é2) [0+0] [0] and T(€3)
0 0 1
[o-17 [-1
S lo+1 ] [ 1
. . . 01 -1
So the matrix representation of T'is A = [ R ]

w003l L)

Since there is no pivot in the third column, T is not one-to-one. Since there is a pivot in every row 7 is onto.

? Exercise 2.2.3.1d

T z+y
Let T : R® — R?3 be defined by T y = x4y
z T+y+z

(i) Is T a linear transformation?

(ii) Is there a matrix A such that T'(Z) = AZ? If so find A.
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(iii) Is T one-to-one and/or onto?

Therefore T is a linear transformation.

1 1+0 1
(i) TE) =T| |0 =| 140 =1
0 1+0+0 1
0 040 0
=T 0 = 040 =(0
1 0+0+41 1
110
So the matrix representationof TisA= | 1 1 0
111
110 110
Gi)[1 1 0[S [0 0 1
111 0 0O

? Exercise 2.2.3.1e

r+y
Let T: R? - R? be deﬁnedbyT([ e D =
Y

2z 42y
T+y

(i) Is T a linear transformation?
(ii) Is there a matrix A such that T'(Z) = AZ? If so find A.

(iii) Is T one-to-one and/or onto?

T+ 1Y T4y

Therefore T is a linear transformation.

Answer
T+a (z+a)+ (y+0b)
(O¥ y+b = (z+a)+ (y+b) =
z+ec (z+a)+(y+d)+(2+¢)
T re+ry z+y
and T Ty = re+ry =r zt+y
TZ re+ry+rz rt+yt+z

2z + 2y

Answer
 lata (z+a)+(y+0) z+y
OHrT y+b =| 2(x+a)+2wy+d) | =
(z+a)+(y+0d) z+y
T+ 1Y T+y
andT([rm])= 2re+2ry | =r| 2242y | =T
Y

z+y a+b z a
T+y + a+b =T Y +T b
c+yt+z a+b+c z c
T
rT Y
z
0 0+1 1
and T(és) =T | 1 = 0+1 =|1| and T(€3)
0 0+1+0 1

Since there is no pivot in the second column, 7T is not one-to-one. Since there is no pivot in the third row T is not onto.

a+b

HEEHIEB)
2]

1 140 1 0 0+1 1
(ii)T(é’1)=T([0D= 21420 | = | 2 andT(é’z)=T([1D= 20421 | =| 2
1+0 1| 0+1 1
11
So the matrix representation of Tis A = | 2 2
1
11 11
|2 2 [ZE o0 o0
11 00
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l Since there is no pivot in the second column, T is not one-to-one. Since there is no pivot in the bottom rows T is not onto.

? Exercise 2.2.3.2a
Let T : R? — R? be defined by T'(3) =3 + €, + €2
(i) Is T a linear transformation?

(ii) Is there a matrix A such that T'(z) = Az? If so find A.

Answer
) TE+7)=(4+3) +€1+Ebut T(d) + T(F) = (& + &1+ €2) + (V+ €1+ €2)
These are clearly not equal, so T is not a linear transformation.
It also fails to satisfy T(r#) = rT'(¥) and T'(0) = 0, which are also reasons it is not a linear transformation.

(ii) All matrix transformations must be linear transformations, so there is no matrix A satisfying T(z) = A%

? Exercise 2.2.3.2b
Let T : RZ — R3 be defined by T (%) =0 for all 3
(i) Is T a linear transformation?
(ii) Is there a matrix A such that T'(z) = AzZ? If so find A.
Answer
() T(@ +3) =0 =0+0 = T(@) + T@)

T(r3) =0 = r0 = rT(%) so this function is indeed a linear transformation.

(ii) We can see that T'(€;) = 0 and T(€2) = 0, so the standard matrix representation of T'is A =

o o o
o o o

? Exercise 2.2.3.2¢

Let T : R? — R? be defined by T (%) reflects 4 across the line y = =, then reflects that result across the line y = —z.
(i) Is T a linear transformation?

(ii) Is there a matrix A such that 7'(2) = Az? If so find A.

Answer

(i) As complicated as it sounds, the two reflections that 7" is made of are both easy to determine:

. R a .. o b
Reflecting the vector ¥ = [ ) ] across y =  turns it into ¥’ = [ ]
a

. b . —a
Reflecting the vector 3’ = [ ] across y = —g turns it into 3”7 = [ b ]
@ —

Therefore T ([ Z D = [ :Z ], and it is easy to verify this function is indeed a linear

transformation.

.. - - - - . . . -1 0
(ii) We can see that T'(€1) = —€, and T'(€2) = —€2, so the standard matrix representation of T'is A = [ i q ]
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3
. qog 2
Let T : R? — R3 be a linear transformation satisfying T ([ 0 D = [ 4

FindT([ ° D

Answer

First we find out what linear combination of known input vectors it takes to make our desired input:
2 0| 6 |rrer, [1 0] 3 6 — 2 — 0
[03‘—6]—)[0 1‘_2]therefore|:_6]—3|:0] 2[3
3 3 3
or(| S ])-=([6])-=([s])-2| ¢ | 2| 2| - |2
5 4 7

? Exercise 2.2.3.3b

Let T: R? — R? be a linear transformation satisfying T' ([ g D = [ 0 ] and T ([ 3 D = [ ! ]

enar ([ 7))

Answer

First we find out what linear combination of known input vectors it takes to make our desired input:
3= e ][5
or([1)== () (5] =[5 ]-[a]- 7]

1
Let T : R® — R? be a linear transformation satisfying T ( [ 0 ] ) = [ 2 ] and T (

S

Answer

First we find out what linear combination of known input vectors it takes to make our desired input:

11 0] 16 1 0 0107 16 1 1 0
01 1|1 |ZE 101 0| 6 |therefore | —1 =100 | +6|1|[—-7]1
1 0 3|-11 00 1|-7| —11 1 0 3

1
0
1

(3]

Jea([3]) ([ 2]) =l aTel21L21-02
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1 -1 1 —1 0
Let T : R® — R? be a linear transformation satisfying T -2 =| 2 | andT —4 =| 4 |and T 0
2 -2 -1 1 1
0
= 0
-1
3
Find T —4
1
Answer

First we find out what linear combination of known input vectors it takes to make our desired input:

1 1 0| 3 1 0 0f 4 3 1 1 0
2 —4 0|—4 | 2B, | g 1 0|—1|therefore | —4 | =4| —2 | —1] —4 | —8
2 -1 1|1 0 0 1|-8 1 2 -1 1
3 1 1 0 -1 —1] 0 -3 ]
SoT —4 = 4T —2 — 1T —4 — 8T 0 =4 2 -1 4 -8 0 = 4
1 2 —1 1 —2 1 i 1 —1 i

? Exercise 2.2.3.4a

Let T : R? — R? be defined by T (%) = the projection of ¥ onto y = mz
(i) Is T a linear transformation?

(ii) Is there a matrix A such that 7(2) = Az? If so find A.

Answer

We will answer part (ii), which will automatically give us the answer to part (i).

We start by visualizing T (¢) for v = [ Z ] :

Y =mz

afmb  matmh
mi+1" mi4l

(e, b)

By using the perpendicular line to y = mz that contains the point (a, b), we find its intersection with the line y = mzx:

a+mb ma + m?b

1
me=—p@-a+b = e=ThT S Vs i
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a+mb
So our output vector T'(3) =

ma+m?2b
m2+1

WefindT(€1)=T([ . D = { :ii ] a“dT(32)=T([ ; D - [ :ii ]

1+m? 1+m?

1 m
Thus the only possible matrix A that could satisfy T(Z) = AZis A= [ s ]

—_m _ _mZ _
1+m? 1+m?
1 m a+mb
1+m?  1+m? a | m?+1
m m? b ma+m?h

=T ([ a D does hold.
BE T o 0
1

1 —_m __
1+m? 1+m? :|

_m __m-_
1+m? 1+m?

We check

Therefore T is a linear transformation with matrix representation A = [

? Exercise 2.2.3.4b

Let T : R? — R? be defined by T (%) = the reflection of 3 across y = mz
(i) Is T a linear transformation?

(ii) Is there a matrix A such that T'(Z) = Az? If so find A.

Answer

We will answer part (ii), which will automatically give us the answer to part (i).

We start by visualizing T (¢) for v = [ Z ] :

Y= me

a

% admb ma+tmih
\ mi+l' me4l

|

(e, b)

By using the perpendicular line to y = mz that contains the point (a, b), we find its intersection with the line y = mz:

mx=—i(m—a)+b = = Chidnil = y=M
m m2+1 m2+1
a-;mb —a
The difference between this intersection and the initial point (a, ) is the vector 4 = [ m’:+’:2b , ]
m2+1
(1—m?)a+2mb
So our output vector T(3) =  + 2% = 2"”?:':21_1»
m2+1

. 1 e
weina (e (| 1]) - {

wiro=2((2])-[ 2]
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Thus the only possible matrix A that could satisfy T'(Z) = AZis A= [

1-m? 2m
1+m? 1+m?

2m m?-1
1+m? 1+m?
1-m? 2m (1—m?)a+2mb
b T11m2 a T m2a1 a
We check | t™  ltm = mHl =T does hold.
2m m?—1 b 2ma-+(m*—1)b b
1+m?2 1+m?2 m2+1
1-m? 2m
. . . . . . 2 2
Therefore T is a linear transformation with matrix representation 4= | '*™ ™™
m m-—
1+m? 1+m?

? Exercise 2.2.3.4¢

Let T : R? — R? be defined by T (%) = the rotation of & clockwise around the origin by angle 6

(i) Is T a linear transformation?

(ii) Is there a matrix A such that T'(Z) = AZ? If so find A.

Answer

(i) We have seen that rotation by any angle counterclockwise is a linear transformation. Clockwise rotation by 6 is just
counterclockwise rotation by the angle 2z — 8, or equivalently —. Therefore it is also a linear transformation.

cos(—6) ] =[ cos(8) ]

(ii) The vector &, rotated by 6 in the clockwise direction moves to T'(¢;) = [

sin(—6) —sin(6)
X _9 ;
The vector €5 rotated by 4 in the clockwise direction moves to T'(€2) = c?s (3 ) = [ e ]
sin (5 —0) cos(6)

cos(f) sin(f) ]

Thus th i h isfi 7)=AZis A=
us the matrix A that satisfies T'(Z) = AZ is A [—sin( 6) cos(0)

? Exercise 2.2.3.5

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If T : R* — R" is a linear transformation, then there is some 4 x 7 matrix A such that T'(z) =
(b) If T: R® = R™ is a linear transformation, then the set {# € R" : T(Z) = 0} is a subspace of R™
(c) If T : R® — R* is a linear transformation, then the set {# € R™ : T(Z) = #} is a subspace of R”

(d) If T : R® — R™ is a linear transformation, then the set {§ € R™ : T(Z) = 7} is a subspace of R™

1 3 3
(e) If T : R® — R3 is a linear transformation that satisfies T 0 0 then T 0 =|o0
3 3 1 1
5 1 0
(f) If T : R? - R3 is a linear transformation that satisfies T' 7 = then T 0 =|0
9 —1 0
2 9 1
() If T : R?2 — R? is a linear transformation that satisfies T ([ - =| 4 |thenT ([ / D =2
6 3
Answer
(a) Always False

The matrix A would have to be 7 x 4 to represent 7'
(b) Always True

We know T'(0) = 0 always holds, and if T'(#) = 0 and T(%) = 0 then
T(i + ) = T(@) + T(¥) = 0 and T(r) = rT(@) = r0 = 0 must hold.
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(c) Always True

We know T(0) = 0 always holds, and if T(#) = % and T(%) = % then
T(d +9) = T(¥) + T(¥) = & + ¥ and T'(ri&) = rT (&) = r4 must hold.
(d) Always True

We know T(0) = 0 always holds, and if 7'(@) = % and T'(6) = % then
T(@+b) =T@) + T(%) = %+ % and T(ra) = rT(@) = r must hold.
(e) Sometimes True Sometimes False

We can define many such T which make this true (for example the identity transformation with T'(Z) = Z). To make this
a a

false, consider T b =] 0
c 3a
(f) Always True
1 9 5 [ 9] 5
Notice 7| | 0 =T|i|7|=-%|7||=3T||7||=-%T||7]|]|=0
-1 5 9 | 5 | 9
(g) Always False
2 4 4 [ 2] -1
(RS S S HEE

2.2.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.3: Matrix Algebra

4b Objectives

1. Understand compositions of transformations.

2. Understand the relationship between matrix products and compositions of matrix transformations.
3. Become comfortable doing basic algebra involving matrices.

4. Recipes: matrix multiplication (two ways), compute the inverse matrix.

5. Picture: composition of transformations.

6. Vocabulary words: composition, inverse matrix, inverse transformation.

In this section, we discuss addition and scalar multiplication of transformations and of matrices. We then study compositions of
transformations. As we will see, composition is a way of chaining transformations together. The composition of matrix
transformations corresponds to a notion of multiplying two matrices together. We finish with what passes for division within
matrices as well.

This page titled 2.3: Matrix Algebra is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via
source content that was edited to the style and standards of the LibreTexts platform.

o 3.4: Matrix Multiplication by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.3.1: Sums of Transformations and Matrices

In this subsection we describe the straightforward operations that one can perform on transformations: addition and scalar
multiplication. We then translate these operations into the language of matrices.

# Definition: Transformation Sum

Let T, U:R® — R™ be two transformations. Their sum is the transformation T + U: R® — R™ defined by

(T+U)(Z) =T(Z) + UZ)

Note that addition of transformations is only defined when both transformations have the same domain and codomain.

To emphasize, the sum of two transformations 7', U: R® — R™ is another transformation called T + U; its value on an input vector %
is the sum of the outputs of T and U.

X |llustration 2.3.1.1: Functions of one variable

Define f:R — Rby f(z) = 2? and g:R — R by g(z) = 3. The sum f + g:R — R is the transformation defined by the rule
(f +9)(2) = f(z) + g(x) = 2* +2°

For instance, (f 4+ g)(—2) = (—2)% + (-2)° = —4

We want to define matrix addition and scalar multiplication in a way that allows this relationship between linear transformations to

be maintained.

& Theorem 2.3.1.1

Let T:R™ — R™ and U:R™ — R™ be linear transformations, and let A and B be their standard matrices, respectively, so A and B
are each an m x n matrix. Then T'+ U:R™ — R™ is a linear transformation, and its standard matrix is formed by adding the
matching entries of A and B.

Proof

First we verify that T + U is linear. Let Z, i be vectors in R". Then

(T+U)@E+7) =TGE+7) +U@E+13) =T +T@) + UE) + U®G)
=T@)+U@E)+T@G) +U@E) = (T+U)@E) + (T+U)7).

If c is a scalar, then
(T+U)(cZ) = T(cZ) + U(cZ) = T(Z) + cU(Z) = (T + U)(Z)
Since T+ U satisfies the two defining properties, it is a linear transformation.

Now that we know that T + U is linear, it makes sense to compute its standard matrix. Let C be the standard matrix of T'
+U, so T(%) = AZ, U(Z) = BZ, and (T + U)(%) = CZ.

The first column of A is A€}, the first column of B is Be;, and we must have the first column of C be:
(T+U)(€1) =T(€1) +U(€1) = A€; + Be;
By definition then, the first column of the sum C = A + B is the sum of the first column of A with the first column of B.

The same argument as applied to each of the ith standard coordinate vector &; shows that each column of C = A + B is
given by the sum of that column in the matrix A with that column in the matrix B.
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The theorem justifies our choice of definition of the matrix sum. This is the one and only reason that matrix products are defined in
this way (not because it is easy to do, that is just a nice bonus). To rephrase:

# Definition: Matrix Sum

The sum of two m x n matrices is the matrix obtained by summing the entries of A and B individually:

[ a1 a1z a3 ] + [ bi1 bia b3 ] _ [ a1 +bi1 a2 +bi2 aiz+bdis ]

az axp ax ba1 b bas a1 +ba1 ag +bx azs+bas

In other words, the i, entry of A + B is the sum of the 4, j entries of A and B. Note that addition of matrices is only defined
when both matrices have the same size.

Similarly, the product of T with a scalar ¢ is another transformation called cT its value on an input vector z is the vector ¢ - T().

# Definition: Transformation Scalar Product

Let T:R® — R™ be a transformation, and let ¢ be a scalar. The scalar product of ¢ with T is the transformation ¢T: R® — R™
defined by

() (@) =c- T(Z)-

X |llustration 2.3.1.2: Functions of one variable

Define exp: R — R by exp(z) = e®. The product 2 exp: R — R is the transformation defined by the rule
(2exp)(z) = 2 - exp(z) = 2€°

For instance, (2exp)(1) =2 - exp(1l) = 2e

& Theorem 2.3.1.2

Let T:R™ — R™ be a linear transformation, ¢ be a scalar, and A be the m x n standard matrix for T. Then ¢T:R™ — R™ is a

linear transformation, and its standard matrix is formed by multiplying each entry of A by c.

Proof

First we verify that ¢T' is linear. Let %, be vectors in R™. Then

(@)(Z + ) = cT(E +§) = c(T(Z) + T())

= ¢T(&) + T(F) = (c¢T)(&) + (D) (@)- (2.3.1.1)

If k is a scalar, then
(eT)(k2) = ¢ (T(k2)) = ¢ (KT()) = K(cT)(3)

Since ¢T satisfies the two defining properties, it is a linear transformation.

Now that we know that ¢T is linear, it makes sense to compute its standard matrix. Let D be the standard matrix of ¢T', so
T(2) = AZ, and (cT)(Z) = DZ.

The first column of A is Aé;, and we must have the first column of D be:
(CT)(gl) = CT(al) =C (Aél)
By definition then, the first column of the scalar product D = cA is the scalar product of the first column of A by .

The same argument as applied to the ith standard coordinate vector €; shows that each column of D = cA is given by the
scalar multiple of that column in the matrix A by c.
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This leads to the analogous operations for matrices.

# Definition: Matrix Scalar Product

The scalar product of a scalar ¢ with a matrix A is obtained by scaling all entries of A by e

c[ ann a2 a3 ] _[ cajl caiz cai3 ]

a1 a2 a3 Caz1 Ca22 Ca23

In other words, the 4, j entry of cA is ¢ times the i, j entry of A.

By defining the sum and scalar product of matrices in this way, we ensure that the link between linear transformations and matrices
remains intact. In other words:

& Fact2.3.1.1

Let T, U:R® — R™ be linear transformations with standard matrices 4, B, respectively, and let ¢ be a scalar.

e The standard matrix for T+ U is A + B.
o The standard matrix for ¢T'is cA.

X Note 2.3.1.1: Properties of addition and scalar multiplication for transformations

Let 8,T,U:R® — R™ be transformations and let ¢, d be scalars. The following properties are easily verified:

T+U=U+T S+(T+U)=(S+T)+U
c(T+U)=cT+cU (c+d)T =cT +dT
c(dT) = (cd)T T+0=T

In one of the above properties, we used 0 to denote the transformation R* — R™ that is zero on every input vector: 0(Z) = 0 for all
Z. This is called the zero transformation.

X Note 2.3.1.2: Properties of addition and scalar multiplication for matrices

Let A, B,C be m x n matrices and let ¢, d be scalars. Then:

A+B=B+A C+(A+B)=(C+A)+B
¢(A+B)=cA+cB (c+d)A=cA+dA
c(dA) = (cd)A A+0=4

In one of the above properties, we used 0 to denote the m x n matrix whose entries are all zero. This is the standard matrix of the
zero transformation, and is called the zero matrix.

2.3.1: Sums of Transformations and Matrices is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.

o 3.4: Matrix Multiplication by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.3.2: Transformation Composition and Matrix Multiplication

Composition means the same thing in linear algebra as it does in Calculus. Here is the definition.

# Definition: Transformation Composition

Let T:R™ — R™ and U: R? — R” be transformations. Their composition is the transformation T' o U: R? — R™ defined by
(T U)(@@) =TU()
Composing two transformations means chaining them together: T » U is the transformation that first applies U, then applies T (note
the order of operations). More precisely, to evaluate 7o U on an input vector z, first you evaluate U(Z), then you take this output

vector of U and use it as an input vector of T': that is, (T o U)(Z) = T(U()). Of course, this only makes sense when the outputs of U/
are valid inputs of T, that is: when the range of U is contained in the domain of T.

L ]
Tou ToU(x)

Xe

U(x)

R? R" R™
Figure 2.3.2.1

Here is a picture of the composition T'» U as a “machine” that first runs U, then takes its output and feeds it into T

R rou(x)

Figure 2.3.2.2

X Note 2.3.2.3: Domain and Codomain of a Composition

e In order for T - U to be defined, the codomain of U must equal the domain of 7.
e The domain of T'o U is the domain of U.
e The codomain of T . U is the codomain of 7T

X |llustration 2.3.2.3; Functions of one variable

Define f:R — Rby f(z) = z2 and g:R — R by g(x) = z®. The composition f o g:R — R is the transformation defined by the rule
(fo) 9(z) = £ (9(2)) = f(2) = (a%)* = 2°

For instance, fo g(—2) = f(—8) = 64
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X |llustration 2.3.2.4: A composition of matrix transformations

Define T:R?® — R? and U:R? — R3 by

1 0
11
T(5)=[0 X (1’]5» and U@ =|0 1|z
1 0

Their composition is the transformation T - U: R? — R?; and we can see that:

e (3] =@ (D)= | 2

P I I I U B 1 B O P
B Lo 11 ~La+d
a a

. . . . . . . 11
This shows that T'o U is a matrix transformation with representation matrix [ 11 ]

X Note 2.3.2.4: Properties of composition

Let S,T,U be transformations and let ¢ be a scalar. Suppose that T: R® — R™, and that in each of the following identities, the
domains and the codomains are compatible when necessary for the composition to be defined. The following properties are

easily verified:
So(T+U)=8T+8SU (S+T)oU=8cU+ToU
c(ToU)=(cT)oU c(ToU)=To(cU) if T is linear
ToJ=T JoT =T

So(ToU)=(SeT)oU

The final property is called associativity. Unwrapping both sides, it says:
§o(ToU)&@) =8(T-UZ)) =8TU)) =8T(U&E) =(S-T)U(Z)

In other words, both Se (T'=U) and (S o T) o U are the transformation defined by first applying U, then T, then S.

X |llustration 2.3.2.5: Functions of one variable

Define f:R — Rby f(z) = 22 and g:R — R by g(z) = e”. The composition fo g:R — R is the transformation defined by the rule
fog(z) = f(g(2)) = f(e*) = (*)* = &*
The composition go f:R — R is the transformation defined by the rule
g° f(@) = g(f(2)) = g(a*) = ™

Note that e=* # ¢2¢ in general; for instance, if z = 1 then e** = e and €2 = e2. Thus f o g is not equal to g o f, and we can already
see with functions of one variable that composition of functions is not commutative.

Composition of transformations is not commutative in general. That is, in general, T U # U o T, even when both compositions
are defined.
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Let T:R™ — R™ and U: R? — R" be linear transformations, and let A and B be their standard matrices, respectively, so A4 is an m
x n matrix and B is an n x p matrix. Then 7 o U:R? — R™ is a linear transformation, and its standard matrix is formed by

multiplying each column of B by the matrix A.

Proof

First we verify that T"o U is linear. Let %, % be vectors in R?. Then

T o Ul + %) = T(U(@ + ) = T(UE) + U(®%))
= T(U(®B)) + T(U®)) = T o UE) + T o U(7)

If c is a scalar, then

ToU(cv) = T(U(cv)) = T(cU®W)) = cT(U(V)) = T = U(¥)
Since T » U satisfies the two defining properties, it is a linear transformation.
Now that we know that T" o U is linear, it makes sense to compute its standard matrix. Let E be the standard matrix of T
o U, so T(Z) = A%, U(Z) = Bz, and T o U(2) = EZ. The first column of E is E€;, and the first column of B is b, = Bg;. We
have

ToU(@:) = T(U(€1)) = T(B&1) = T(b,) = Ab,

By definition, the first column of the matrix representation E is the product of A with the first column of B,

The same argument as applied to each of the ith standard coordinate vectors &; shows that E has ith column defined as the

product of A with the ith column vector in B.
Note that we could alternatively say that
EZ =T o-U(Z) = A(BZ) = (AB)Z

It follows that E should be how we define the matrix product AB.

The theorem justifies our choice of definition of the matrix product. This is the one and only reason that matrix products are

defined in this (terrible) way. To rephrase:

# Definition: Entry of the Matrix

Let A be an m x n matrix. We will generally write a;; for the entry in the th row and the jth column. It is called the 4, j entry of

the matrix.
Ay -0 [Qyj Ayp
: : 13
;s e | iy a =
Gu - )
Apy "t | A A mp

jth column

Figure 2.3.2.3

# Definition: Matrix Multiplication

Let A be an m x n matrix and let B be an n x p matrix. Denote the columns of B by @1, 33, ..., ¥,

https://math.libretexts.org/@go/page/221237
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The product AB is the m x p matrix with columns A%, A%, ..., AVy:

In other words, matrix multiplication is defined column-by-column, or “distributes over the columns of B.”

X |llustration 2.3.2.6

1 10
011

- o -

el 1e]
HIHEHN

In order for the vectors A%, A%y, ..., A%, to be defined, the numbers of rows of B has to equal the number of columns of A.

o = O
Il
— O —
| —|
O =

X Note 2.3.2.6: The Sizes of the Matrices in the Matrix Product

o In order for AB to be defined, the number of rows of B has to equal the number of columns of A.
e The product of an mxn matrix and an nxp matrix is an mxp matrix.

If B has only one column, then AB also has one column. A matrix with one column is the same as a vector, so the definition of the
matrix product generalizes the definition of the matrix-vector product we defined previously.

If A is a square matrix, then we can multiply it by itself; we define its powers to be
A?=AA A3 =AAA et
Recall from Chapter 1 that the product of a row vector ¢ and a column vector # is the scalar

@1
. T3
di-Z=[a1 a3 = an ] | 7 | =11+ azy 4+ anzy

Tn

The following procedure for finding the matrix product is much better adapted to computations by hand.

X Recipe: The Row-Column Rule for Matrix Multiplication

Let A be an m x n matrix, let B be an n x p matrix, and let C = AB. Then the ij entry of C is the ith row of A times the jth
column of B:

Cij = a,-lbl,- + ai2b2j + e 4 ainbnj

Here is a diagram:

7

(a_“ faw alk alﬂ bll blj e blp (C'll e Clj P Clp
: : S 5 5 : : :
(a“ e agn ai”); bkl bkj e bkp = ¢y - - Cip

. : - = . . . . R .
Am A Amn bnl bﬂj bnp Crm1 Cnj Cmp
ith column 1] entry

Figure 2.3.2.4
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The row-column rule allows us to compute the product matrix one entry at a time:
1 3
[123]2_2_1-1+2-2+3-3|:|_14|:|
4 56 3 _1 O O O o
1 —
12 37], _2 _ = o| |14 o
4 5 6 3_1_4-1+5-2+6-3D_32,:,
1 -3
[1 2 3] s o |—| Do FE3) + 22 + (=1 | _ |14 10
4 5 6 3 1 = - 32 o
1 —
1237, g = = _[14 10
4 5 6 - Tl g 4(-3) + 5(-2) + 6(=1) | |32 -28

Although matrix multiplication satisfies many of the properties one would expect (see the end of the section), one must be careful
when doing matrix arithmetic, as there are several properties that are not satisfied in general.

X Note 2.3.2.7: Matrix Multiplication Caveats

o Matrix multiplication is not commutative: AB is not usually equal to BA, even when both products are defined and have the
same size. (See this demonstrated in the example below.)
e Matrix multiplication does not satisfy the cancellation law: AB = AC does not imply B = C, even when A # 0. For

example,
1071 2] _[1 2] _[10][1 2
0 0/]|3 4] |oo] [0o0f[5 686
e It is possible for AB = 0, even when A # 0 and B # 0. For example,
1 07[0 0] [00O
10/l11f oo

While matrix multiplication is not commutative in general there are examples of matrices A and B with AB = BA. For example,
this always works when A is the zero matrix, or when A = B. The reader is encouraged to find other examples.

X |llustration 2.3.2.8: Non-commutative multiplication of matrices

Consider the products of the matrices A = [ 1 1 ] and B= [ 1o ]

0 11
. . 11 10 2 1
ThematrleBls[O 1] [1 1]_[1 1]

WhereasthematrixBAis[i ‘1’] [(1) i]z[i ;]

Clearly we have AB # BA. We see matrix multiplication is not always commutative.

X Note 2.3.2.8: Order of Operations

Let T:R™ — R™ and U:R? — R™ be linear transformations, and let A and B be their standard matrices, respectively. Recall that
T o U(2) is the vector obtained by first applying U to 2, and then T

On the matrix side, the standard matrix of T oU is the product AB, so T U(Z) = (AB)Z. By associativity of matrix
multiplication, we have (AB)Z = A(BZ), so the product (AB)Z can be computed by first multiplying Z by B, then multiplying

https://math.libretexts.org/@go/page/221237
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the product by A.

Therefore, matrix multiplication happens in the same order as composition of transformations. In other words, both matrices
and transformations are written in the order opposite from the order in which they act. But matrix multiplication and
composition of transformations are written in the same order as each other: the matrix for T - U is AB.

X \lllustration 2.3.2.9: Composition of rotations

We have seen that the standard matrix for the counterclockwise rotation of the plane by an angle of @ is

[ ]

Let T:R? — R? be counterclockwise rotation by 45°, and let U:R? — R? be counterclockwise rotation by 90°. The matrices A

and B for T and U are, respectively,

[ - [F
[ cos(90°) —sin(90°) T Oﬁ—l i
B= [ sin (90°)  cos (90°) ] - [ 1 0 ]

The standard matrix of the composition 7'o U is

AB=[

This is consistent with the fact that T o U is counterclockwise rotation by 90° + 45° = 135°: we have

_ 1 1 _ 1
V2 0 —17]_ vz R
1 1 0 |~ 1 _ 1
V2 V2 V2

Sk s

1 1
cos(135°) —sin(135°) 1 | ~v2 ~ vz
sin (135°)  cos (135°) |~ % %

X Challenge

Derive the trigonometric identities

sin(a + B) = sin(a) cos(B) = cos(a) sin(f)
and

cos(a £ B) = cos(a) cos(B) F sin(a) sin(B)

as in the previous example.

Recall that the identity matrix is the n x n matrix I whose columns are the standard coordinate vectors in R”. The identity matrix is
the standard matrix of the identity transformation: that is, # = J(Z) = Iz for all vectors Z in R™. For any linear transformation 7" : R"

— R™ we have
ToJ=T
and by the same token we have for any m x n matrix A we have
Al=A
Similarly, we have J o T =T and IA = A for T : R™ — R" and A any n x m matrix.

We can also combine addition and scalar multiplication of matrices with multiplication of matrices. Since matrix multiplication
corresponds to composition of transformations, the following properties are consequences of the corresponding properties of

transformations.
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X Note 2.3.2.9: Properties of matrix multiplication

Let A, B, C be matrices and let ¢ be a scalar. Suppose that A is an m x n matrix, and that in each of the following identities, the
sizes of B and C are compatible when necessary for the product to be defined. Then:

C(A+B)=CA+CB (A+B)C=AC+ BC
¢(AB) = (cA)B ¢(AB) = A(cB)
AI=A JA=A

(AB)C = A(BC)

Most of the above properties are easily verified directly from the definitions. The associativity property (AB)C = A(BC), however,
is not (try it!). It is much easier to prove by relating matrix multiplication to composition of transformations, and using the obvious
fact that composition of transformations is associative.

2.3.2: Transformation Composition and Matrix Multiplication is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by LibreTexts.

e 3.4: Matrix Multiplication by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.3.3: Matrix Inverses

In this subsection, we learn to “divide” by a matrix. One has to take care when “dividing by matrices”, however, because not every
matrix has an inverse, and the order of matrix multiplication is important.

The reciprocal or inverse of a nonzero number a is the number 5 which is characterized by the property that ab = 1. For instance,
the inverse of 7 is . We use this formulation to define the inverse of a matrix.

& Definition: Invertible

Let A be an n x n (square) matrix. We say that A is invertible if there is an n x » matrix B such that
AB=1 and BA=1I

In this case, the matrix B is called the inverse of A, and we write B= A—!.

We have to require AB = I and BA = I because in general matrix multiplication is not commutative. However, we will show in the
next section that if A and B are n x n matrices such that AB = I, then automatically BA = I.

v/ Example 2.3.3.1

Determine if the matrices

are inverses.

Solution
We will check that AB = I and that BA = 1.

as=[1 ][4 7 ]=[a 7]

el P P

Therefore, | A is invertible, with inverse B|

There exist non-square matrices whose product is the identity. Indeed, if

100 10
A=[0 1 0] and B=]|0 1
00

# I, so B does not deserve to be called the inverse of A.

o © ©

1 0
then AB=TI.However, BA=| 0 1
0 0

One can show in the future that if A is an n x m matrix for n # m, then there is no m x n matrix B such that AB =1 and BA
= I. For this reason, we restrict ourselves to square matrices when we discuss matrix invertibility.

& Fact 2.3.3.2: Facts about Invertible Matrices

Let A and B be invertible n x n matrices.

1. A7 is invertible, and its inverse is (A7!)~1 = A.
2. AB is invertible, and its inverse is (AB)~! = B4~ (note the order).
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Proof

1. The equations AA~' = I and A—*A = I at the same time exhibit A~ as the inverse of A and A as the inverse of A—1.
2. We compute

(B'AHYAB=B (A 'AB=B'IB=B'B=1I

Here we used the associativity of matrix multiplication and the fact that 7B = B. This shows that B-1 A~ is the inverse
of AB.

Why is the inverse of AB not equal to A—*B~'? If it were, then we would have
I=(AB)(A7'B™Y) = ABA7'B™!

But there is no reason for ABA™'B~! to equal the identity matrix: one cannot switch the order of A~ and B, so there is nothing to
cancel in this expression. In fact, if I = (AB)(A™B™!), then we can multiply both sides on the right by BA to conclude that AB
= BA. In other words, (AB)~! = A~'B! if and only if AB = BA.

More generally, the inverse of a product of several invertible matrices is the product of the inverses, in the opposite order. This
intuitive fact is commonly referred to as the "socks and shoes" theorem. If you start the day by putting on your socks B, then
putting on your shoes A, you will end your day by first taking off your shoes A~%, then taking off your socks B, not the other way
around! For instance,

(ABC) ' =C71B147!

So far we have defined the inverse matrix without giving any strategy for computing it. The following theorem gives a procedure
for computing A~! in general.

& Theorem 2.3.3.4

Let A be an n x n matrix, and let [ A | I'] be the matrix obtained by augmenting A by the identity matrix. If the reduced row
echelon form of [ A | I] has the form [I | B], then A is invertible and B = A~. Otherwise, A is not invertible.

Proof

First suppose that the reduced row echelon form of [ A | I'] does not have the form [I | B]. This means that fewer than n
pivots are contained in the first n columns (the non-augmented part), so A has fewer than n pivots. It follows that Nul(A)
+ {0} (the equation Az =0 has a free variable), so there exists a nonzero vector # in Nul(A). Suppose that there were a
matrix B such that BA = I. Then

-

¥ =1I9 = BA = B0 =0
which is impossible as ¥ # 0. Therefore, A is not invertible.

Now suppose that the reduced row echelon form of [ 4 | I'] has the form [ | B]. In this case, all pivots are contained in the
non-augmented part of the matrix, so the augmented part plays no role in the row reduction: the entries of the augmented
part do not influence the choice of row operations used. Hence, row reducing [ A | I] is equivalent to solving the n systems
of linear equations A%, = €1, AZy = €3, ..., AZ, = €,, where €1,€,...,€, are the standard coordinate vectors, which are the
columns of I.
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1 4100
A:_E.]_=é'1: 0 1 2 01 0
|0 -3 —4|0 0 1 |
[1 0 4|1 0 0]
ABy =&y 01 2010
|0 -3 —4|0 0 1 |
[1 0 4|1 0 0]
A:_E.3=63: 0 1 2 010
|0 =3 —4|0 0 1 |

The columns %, Z3, ..., £, of the matrix B in the row reduced form are the solutions to these equations:

1 1001 6 —2
Al 0 |=¢, 010/0 —2 —1
0 0010 2 I
[ —6 ] [ 1 0]1 —6 —2
Al =2 |=&, 01 0/0 —2 —1
| 5 ] |00 1|0 §F § |
[ —2 ] [1 0 0|1 -6 —2]
Al -1 (=2, 01 0/0 —2 —1
L 5 |00 1|0 § 3 |
The product Bg; is just the ith column of B, which is Z; so
é; = A%, = ABE;

for all <. By the same fact, the ith column of AB is &;, which means that AB is the identity matrix. Thus B is the inverse of
A.

v Example 2.3.3.2: An invertible matrix

Find the inverse of the matrix

1 0 4
A=1]10 1 2
0 -3 —4
Solution
We augment by the identity and row reduce:
1 0 4100 [1 0 4|1 0 0
0 1 2|0 1 0| ZHo=Betdhy 1 2(010
0 -3 —4|0 0 1 _002031
Ri=R;—2R; )
Ry — Ry — Ry 100[1 -6 —2
—_— 01 0|0 —2 -1
[0 0 2|0 3 1
[1 0 0|1 -6 —2
B=Rsi2, | g 1 0|0 —2 —1
[0 0 10 § 3 |
Therefore, the inverse matrix is
1 4 1! 1 -6 —2
Al=|0 1 2 = -2 -1
0 -3 —4 0o 3 1
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We check the product to confirm our answer:

1 0 4 1 —6 —2 1 0
1 2 0 —2 -1 | = 1
[ 0 -3 —4__0%% | 0 1]
[1 6 —27[1 0 4 [1 0]
-2 -1 01 2 |= 1
_0% %__0—3—4 | 0 1]

v/ Example 2.3.3.3: A non-invertible matrix

Is the following matrix invertible?

1 0 4
A=]10 1 2
0 -3 —6

Solution
We augment by the identity and row reduce:

1 0 4|10 0 104|100
01 2010 B=Rat8Rs, 191 2|0 1 0
0 -3 —6(0 0 1 0 00[0 3 1

At this point we can stop, because it is clear that the reduced row echelon form will not have I in the non-augmented part: it

will have a row of zeros, and therefore the matrix is [not invertible

2.3.3: Matrix Inverses is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 3.5: Matrix Inverses by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.3.4: Practice Set

? Exercise 2.3.4.1

Consider the matrices A = [ ; 3 ] and B = [ (2) _11 ] and evaluate each expression below (if it exists).

(aA+B
(b) 44

(c) AB

(d) 4~

(e) B

) (A+B)™

Answer

(El)A+B=[1 L ]

(e)B_1=|:% %:|
-1 0

(f)(A+B)—1=[_Tl f]
3

? Exercise 2.3.4.2

Consider the matrices A = [ (1) _01 ; ] and B = [ ; -3 ] and evaluate each expression below (if it exists).

() 3B
(b) AB
(c) BA
(d) A?
(e) B}
B

Answer

(3)3B=[2 —_198]

(b) AB does not exist, since A is2 x 3 and Bis 2 x 2

-3 -1 —2:|

(©) BA= [ -6 —2 —4

(d) A? does not exist since A is not square and cannot multiply by itself
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25 —T75 ]

@ &= [ 50 —150

(f) B! does not exist, since it has RREF [ 0 _0 ] .

? Exercise 2.3.4.3

2 0 1 0 O
Consider the matrices A= | 0 1 —1 |andB= | 0 2 0 | and evaluate each expression below (if it exists).
1 0 00 3
(a) 6B—5A4
(b) BA
(c) A~
(d B!
(e) (A-B)™
(®) (4B)~*
Answer
1 —-10 O
(Q)6B—5A=| 0 7 5
-5 —5 —18
[ 1 2 o0
®BA=| 0 2 -2
| 3 -3 0
[—1 0 2
@A1l=| 1 0 -1
|1 -1 -1
1 0 0
dBl=|0 % 0
[0 0 —3%
1 3 1
e@uU-B1t=|[ 1 o
-1 10
-1 0 2
H@B*=| 7 0 —3
1 1 1
3 3 3
? Exercise 2.3.4.4
Consider the matrix A = [ Z 3 ] and evaluate each product below.
"1 01
(@ 01 A
1 0
&4l g 1]
S
(© 1 0] A
01
@47 ;]
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"1
(e)_0 1_A
1 r
04y 7]
0
€) o 1_A
r 0
oal; 4]
Answer
[1 0] [a b ]
@1 1[4 ¢ a
10 [a b
(b)A[o 1]__0 d |
[0 1] [c d
©ly 0]4=]a 5]
01 (b a ]
@47 ¢]-[e ¢]
[1 7 ] [a+rc b+rd
@y 1|4 & d ]
1 7 [a ra+b
(f)A[O 1]__0 'rc-i—d]
7 0] [ra b
(g)_o 1_A=_c d]
r 0 [ra b
(h)A[O 1]__rc d]
? Exercise 2.3.4.5
What relationship between b, ¢,d must hold in order for A = [ ‘1: z ] to have an inverse?
Answer
1 b Ro=R,—cR 1 b
‘We row reduce A to echelon form:[ ]—)’ A [ ]
c d 0 d—bc
Clearly this will only row reduce to I if d — be # 0, so our answer is d # bc

? Exercise 2.3.4.6

1
Assume that A is a 3 x 3 matrix satisfying A [ 1 | =€;,A| 0 | =€z, andA| 1 | =2€;+¢€s.
1 —2 1
What is A71?
Answer
3 1 1
Defines,=| 1 |[,7,=| 0 |,and%3= | 1 |, sowe can write A%; = &;, AUy = &, and Avz = 2€, + €3
1 —2 1
Further define @, @,, @3 to be columns of A~ (if it exists), so that we have
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To find each @;, we just need to solve Aw; = €;.
The first two of these are given to us! @, = ¥; since A%, = &; and @y = ¥, since A%, = €,
The third can be solved by using properties of linear transformations:

83 = (28, +&3) — 2(81) = AVs — 247, = A(3 — 201)

1 3 —5
Therefore W3 = U3 — 201 = 1 2|1 =| -1
1 1 -1
3 1 -5
Thus we have found A= 1 0 -1
1 -2 -1

2.3.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.4: Invertibility

4b Objectives

1. Understand what it means for a square matrix to be invertible.

2. Learn about invertible transformations, and understand the relationship between invertible matrices and invertible
transformations.

3. Recipes: compute the inverse matrix, solve a linear system by taking inverses.

4. Picture: the inverse of a transformation.

5. Theorem: the invertible matrix theorem.

6. Vocabulary words: invertible matrix, inverse transformation.

In this section, we learn when it is possible to find an inverse of a given linear transformation or matrix.

This page titled 2.4: Invertibility is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via
source content that was edited to the style and standards of the LibreTexts platform.

e 3.5: Matrix Inverses by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
e 3.6: The Invertible Matrix Theorem by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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2.4.1: Invertibility of Linear Transformations

As with matrix multiplication, it is helpful to understand matrix inversion as an operation on linear transformations. Recall that the

identity transformation on R® is denoted J.

# Definition: Invertible

A transformation T: R® — R” is invertible if there exists a transformation U: R® — R" such that T o U = 7 and U o T = J. In this
case, the transformation U is called the inverse of T, and we write U = T L.
The inverse U of T “undoes” whatever T did. We have
ToU@)=%Z and UT(@) =2

for all vectors Z. This means that if you apply T to Z, then you apply U, you get the vector Z back, and likewise in the other order.

X |llustration 2.4.1.1:; Functions of one variable

Define f:R — R by f(z) = 2z. This is an invertible transformation, with inverse g(z) = ; Indeed,
fos@) = fa@) = £(5) =2(3) ==
and
2x
g° f(z) = 9(f(2)) = 9(22) = o =2

In other words, dividing by 2 undoes the transformation that multiplies by 2.

Define f:R — R by f(z) = 23. This is an invertible transformation, with inverse g(z) = /z. Indeed,

3
fog(z) = f(9(z)) = f(/z) = (Vz) ==
and
9° f(@) = 9(f(x)) = 9(a*) = Va? = =
In other words, taking the cube root undoes the transformation that takes a number to its cube.

Define f:R — R by f(z) = 2. This is not an invertible function. Indeed, we have f(2) = 4 = f(—2), so there is no way to undo
f: the inverse transformation would not know if it should send 2 to 2 or —2. More formally, if g:R — R satisfies g(f(z)) = z,
then

2=9(f(2)) =9(2) and —2=g(f(-2))=9(2)
which is impossible: g(2) is a number, so it cannot be equal to 2 and —2 at the same time.

Define f:R — R by f(z) = e®. This is not an invertible function. Indeed, if there were a function g:R — R such that f og = =,
then we would have

—1=fag(-1) = f(g(~1)) = %D

But e is a positive number for every z, so this is impossible.

X |llustration 2.4.1.2: Dilation

Let T:R? — R? be dilation by a factor of %, that is: T(z) = %:’E

We will show that T is an invertible transformation.

https://math.libretexts.org/@go/page/221241
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Let U:R? — R? be dilation by a factor of %: that is, U(Z) = =Z. The

w| N
=1

ToU@F) =T

N
w| N
84
Il

w

w| N
81
Il
81

and

w_rrf(32)_2 3._ .
UcT(m)—U(zm)—?’ Rt =1

Hence ToU =J and U T = J, so T is invertible, with inverse U. In other words, shrinking by a factor of 3 undoes stretching

by a factor of %

Figure 2.4.1.1

|

It is easy to see that AB = I and BA = I, so B is the inverse of A. This hints to us that the matrix representation of 7! may be

o

We can see that the matrix representation of T is A =

[X][55)

2

3

who © 1
—_— 1 O D

Similarly the matrix representation of U is B = [

the inverse of the matrix representation of 7.

X |llustration 2.4.1.3: Rotation

Let T:R? — R? be counterclockwise rotation by 45°.
We will show that T is an invertible transformation.

Let U:R? — R? be clockwise rotation by 45°. Then T o U first rotates clockwise by 45°, then counterclockwise by 45°, so the
composition rotates by zero degrees: it is the identity transformation. Likewise, U o T first rotates counterclockwise, then
clockwise by the same amount, so it is the identity transformation. In other words, clockwise rotation by 45° undoes
counterclockwise rotation by 45°.

Figure 2.4.1.2

1 1
This time the matrix representation of T is A = l ‘? 1‘/5 ]
V2 2
1 1
And the matrix representation of U is B = l ‘/"z ‘{E ]
V2 V2

Once again we see that AB =TI and BA = I, so B is the inverse of A as expected.

https://math.libretexts.org/@go/page/221241



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221241?pdf

LibreTexts"

Let T:R? — R? be the reflection over the y-axis.
We will show that 7" is an invertible transformation.

The transformation 7 is invertible; in fact, it is equal to its own inverse. Reflecting a vector z over the y-axis twice brings the
vector back to where it started, so To T = J.

Figure 2.4.1.3

. . . -1 0
The matrix representation of T'is A = [ 0 ]

We can see here that A2 = AA = I, so A is its own inverse, just like the transformation.

X |llustration 2.4.1.5: Projection

Let T:R3 — R3 be the projection onto the zy-plane.
We will show that T is not an invertible transformation.

Every vector on the z-axis projects onto the zero vector, so there is no way to undo what T did: the inverse transformation
would not know which vector on the z-axis it should send the zero vector to. More formally, suppose there were a
transformation U:R3 — R3 such that U o T = J. Then

0 =UoT(0) = UT@®)) = U®)

and
0 0 0
=U-T||o||=U|T]|]|o0 = U(0)
1 1 1
0
But U(0) is a single vector in R?, so it cannot be equal to 0 and to | 0 | at the same time.
1

The matrix representation of T'is A =

(=T
o = O
o © O

We attempt to find A~1:

1 0 01 0O
010|010
0 0 0|0 0 1

But it is already in RREF on the left side, so it is impossible to create I. This means A~! does not exist, and the matrix A is not
invertible (just like T')

https://math.libretexts.org/@go/page/221241
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1. A transformation 7:R" — R™ is invertible if and only if it is both one-to-one and onto.

2. If T is already known to be invertible, then U: R® — R is the inverse of T provided that either ToU =7 orUo T = J: it is
only necessary to verify one.

Proof
To say that T is one-to-one and onto means that T'(Z) = b has exactly one solution for every b in R™.
Suppose that T is invertible. Then T'(%) =5 always has the unique solution # = T—I(E): indeed, applying T—! to both sides
of T(Z) = b gives
F=T7T@)=T"()
and applying T to both sides of z = 7! (3) gives
T(@) =TT (b)) =5

Conversely, suppose that T is one-to-one and onto. Let b be a vector in R”, and let # = U () be the unique solution of T'(Z)
= b. Then U defines a transformation from R” to R™. For any Z in R", we have U(T(z)) = z, because Z is the unique solution
of the equation T'(z) = b for b = T(Z). For any b in R, we have T(U(b)) = b, because # = U(B) is the unique solution of T'(Z)
= b. Therefore, U is the inverse of T, and T is invertible.

Suppose now that T is an invertible transformation, and that U is another transformation such that T' o U = J. We must show

that U = T, i.e., that U o T = J. We compose both sides of the equality T o U = J on the left by T~! and on the right by T
to obtain

T oToUoT=T'0JoT

We have T—1 T =7 and J o U = U, so the left side of the above equation is U o T. Likewise, 7o T =T and T~ o T = J, 50O
our equality simplifies to U o T = J, as desired.

If instead we had assumed only that U o T = 7, then the proof that To U = J proceeds similarly.

It makes sense to define the inverse of a transformation 7:R™ — R™, for m # n, to be a transformation U: R™ — R" such that T
oU=Jand Uo-T = J. In fact, there exist invertible transformations T:R™ — R™ for any m and n, but they are not linear, or
even continuous.

If T is a linear transformation, then it can only be invertible when m =n, i.e., when its domain is equal to its codomain.
Indeed, if T:R® — R™ is one-to-one, then n < m must hold, and if 7" is onto, then m < n must also hold. Therefore, when
discussing invertibility we restrict ourselves to the case m = n.

As we have been seeing, the matrix for the inverse of a linear transformation is the inverse of the matrix for the transformation:

& Theorem 2.4.1.1

Let T:R™ — R™ be a linear transformation with standard matrix A. Then T is invertible if and only if A is invertible, in which
case T! is linear with standard matrix A~

Proof
Suppose that T is invertible. Let U: R™ — R" be the inverse of T. We claim that U is linear.
Let 4,9 be vectors in R™. Then

u+9=TU@)+TU®)) =T(U@) + U@®))

by linearity of T. Applying U to both sides gives

https://math.libretexts.org/@go/page/221241



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221241?pdf

LibreTexts"

Ui+ %) = U(T (U(@) + U(®))) = U(@) + U®)
Let ¢ be a scalar. Then
ci = cT(U(4)) = T(cU(d))
by linearity of 7. Applying U to both sides gives
U(cil) = U(T(cU(d))) = U (a)
Since U satisfies the defining properties, it is a linear transformation.

Now that we know that U is linear, we know that it has a standard matrix B. By the compatibility of matrix multiplication
and composition, the matrix for 7o U is AB. But T'o U is the identity transformation 7, and the standard matrix for J is I, so
AB = I. One shows similarly that BA = I. Hence A is invertible and B = A~

Conversely, suppose that A is invertible. Let B = A7, and define U: R® — R" by U(Z) = BZ. By the compatibility of matrix
multiplication and composition, the matrix for T'o U is AB = I, and the matrix for U o T' is BA = I. Therefore,

ToU@F)=ABi=IF =3 and UoT(3)=BA% =Ii =3

which shows that 7 is invertible with inverse transformation {7 as desired.

v Example 2.4.1.1: Matrix Transformation example

Let T:R? — R? be the linear transformation defined by, T ([ N D

3a—2b
b 5b— Ta

Is T invertible? If so, what is 717

Solution
Since T is a linear transformation, we know it is a matrix transformation with matrix representation:

A= T(%'l) T(%ﬂ =[—3 _2]

We know T will have an inverse if A does:

=[5 2[5 2] 4 9 2] -

Since A~ exists, we know T'~! must also exist and satisfy T-(2) = A~1z:
-t a _ 5 2 al_ [ 5a + 2b
b 7 3[|b | 7a+3b

2.4.1: Invertibility of Linear Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.

o 3.5: Matrix Inverses by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.4.2: Invertibility of Matrices

We summarize with a single important theorem containing many equivalent conditions for a matrix to be invertible. This is one of
the most important theorems in this textbook. We will append more criteria as we progress in this book.

& Theorem 2.4.2.2: Invertible Matrix Theorem

Let A be an n x n matrix, and let T: R — R” be the matrix transformation T(Z) = A%. The following statements are equivalent:

1. A is invertible.

2. A has n pivots.

3. Nul(4) = {0}.

4. The columns of A are linearly independent.
5. The columns of A span R”.

6. Az = b has a unique solution for each b in R™.
7. T is invertible.

8. T is one-to-one.

9.T is onto.

Proof

(1 < 2): The matrix A has n pivots if and only if its reduced row echelon form is the identity matrix I. This happens
exactly when the procedure to compute the inverse succeeds.

(2 < 3): The null space of a matrix is {0} if and only if the matrix has no free variables, which means that every column
is a pivot column, which means A has n pivots.

(2 < 4,2 <= 5): These follow from how we check for linear independence, since A has n pivots if and only if it has a
pivot in every row/column.

(4+5 <> 6): We know Az = b has at least one solution for every  if and only if the columns of A span R, and AZ = b has
at most one solution for every § if and only if the columns of A are linearly independent. Hence Az = b has exactly one
solution for every b if and only if its columns are linearly independent and span R".

1 < 7, (7T = 8+9):;,and (8 <= 4,9 < 5): all follow from our discussion above about invertible transformations.

To reiterate, the invertible matrix theorem means:

X Note2.4.2.1

There are two kinds of square matrices:

1. invertible matrices
2. non-invertible matrices

For invertible matrices, all of the statements of the invertible matrix theorem are true.

For non-invertible matrices, all of the statements of the invertible matrix theorem are false.

The reader should be comfortable translating any of the statements in the invertible matrix theorem into a statement about the pivot
positions of a matrix.

X Note 2.4.2.2: Other Conditions for Invertibility

The following conditions are also equivalent to the invertibility of a square matrix A. They are all simple restatements of
conditions in the invertible matrix theorem.

1. The reduced row echelon form of A is the identity matrix I.

https://math.libretexts.org/@go/page/221242
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2. AZ = 0 has no solutions other than the trivial one.
3. nullity(A) = 0.

4. The columns of A form a basis for R™.

5. A% = b is consistent for all b in R".

6. Col(A4) = R™.

7. dim Col(4) = n.

8. rank(A) = n.

Now we can show that to check B = A7}, it's enough to show AB= I or BA=1I.

& Corollary 2.4.2.1: A Left or Right Inverse Suffices

Let A be an n x n matrix, and suppose that there exists an n x n matrix B such that AB = I or BA = I. Then A is invertible and
B=A"l

Proof

Suppose that AB = I. We claim that T'(Z) = AZ is onto. Indeed, for any b in R", we have

b =Ib = (AB)b = A(Bb)

so T(BE) =1b, and hence b is in the range of T. Therefore, A is invertible by the Invertible Matrix Theorem. Since A is
invertible, we have

Al=AT=A"YAB)=(A"'A) B=IB=B
SOB=A"1

Now suppose that BA = I. We claim that T(Z) = A% is one-to-one. Indeed, suppose that T'(Z) = T'(y). Then AZ = Ay, so
BAZ = BAy. But BA = I, so I# = Iy, and hence # = 3. Therefore, A is invertible by the Theorem 2.4.2.2. One shows that B
= A1 as above.

We conclude with some common situations in which the invertible matrix theorem is useful.

v/ Example 2.4.2.2

Is this matrix invertible?

1 2 -1
A= 2 4 7
-2 —4 1

Solution
The second column is a multiple of the first. The columns of A are linearly dependent, so A does not satisfy condition 4 of the

Invertible Matrix Theorem. Therefore, A is

v/ Example 2.4.2.3

Let A be an n x n matrix and let T(Z) = A%Z. Suppose that the range of T is R". Show that the columns of A are linearly
independent.

Solution
The range of T is the column space of A, so A satisfies condition 5 of the Invertible Matrix Theorem. Therefore, A also
satisfies condition 4, which says that the columns of A are linearly independent.

Thus, the matrix is

https://math.libretexts.org/@go/page/221242
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Let A be a3 x 3 matrix such that

1 2
Al 7 |=4] 0
0 -1
Show that the rank of A is at most 2.
Solution
If we set
1 2
b=A|7|=4]| 0
0 -1

then AZ = b has multiple solutions, so it does not satisfy condition 6 of the Invertible Matrix Theorem. Therefore, it does not
satisfy condition 5, so the columns of A do not span R3. Therefore, the column space has dimension strictly less than 3, the
rank is at most 2.

Thus, the matrix is [not invertible

v/ Example 2.4.2.5

Suppose that A is an 7 x n matrix such that AZ = is inconsistent for some vector 5. Show that A% = ¢ has infinitely many
solutions for some other vector ¢.

Solution
By hypothesis, A does not satisfy condition 6 of the Invertible Matrix Theorem. Therefore, it does not satisfy condition 3, so
Nul(4) is an infinite set. If we take & = 0, then the equation AZ = & has infinitely many solutions.

Thus, the matrix is [not invertible

Next, we learn to solve AZ = b by using an inverse.

& Theorem 2.4.2.3

Let A be an invertible n x n matrix, and let § be a vector in R®. Then the matrix equation A% = b has exactly one solution:
Z=A"%
Proof
We calculate:
AZ=b = AY(A%)=A""
= (A'4)z=4""
= IZ=A""
= =4
Here we used associativity of matrix multiplication, and the fact that IZ = Z for any vector z.

v/ Example 2.4.2.6: Solving a 2 x 2 system using inverses

Solve the matrix equation
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81
Il

1 3
-1 2
By the Theorem above, the only solution of our linear system is
SEFHEHEHIHE
-1 2 1 i1 1
v/ Example 2.4.2.7: Solving a 3 x 3 system using inverses

Solve the system of equations

1]

Solution

IS
o=
|

2:171 + 312 + 2:133 = 1
T1 4+ 3z3 =1
27 + 22 + 3xz3 = 1
Solution
First, we write our system as a matrix equation AZ = B, where
2 3 2 1
A=|10 3| and =1
2 2 3 1
Next we find the inverse of A by augmenting and row reducing:
2 3 21100 [1 0 3|0 1 0
103(010]| 22B |93 292|100
2 2 3|10 01 _2 2 3|10 0 1
Ry=R;—2R1
Rs = Rs— 2R, 1 0 3|0 1 0
—_— 03 —4|1 -2 0
|02 -3|0 -2 1
[1 0 3]0 1 o
BB By g1 11 0 —1
|02 —3|0 —2 1
10 3]0 1 o0
BB, | g1 1|1 0 -1
|00 -1|-2 -2 3
(1 0 3]0 1 o0
B=By 191 —1]1 0 -1
(00 1|22 -3
R; =R; —3R3 _
1 0 0|—-6 -5 9
Ry =R;+ R
=t 1103 2 —4
(00 1|2 2 -3

Therefore, the only solution of our linear system is

1 2 3 27171 6 -5 9 1 —2
w | =10 3 1= 3 2 —4a||1]=
o3 2 2 3 1 2 2 -3

The advantage of solving a linear system using inverses is that it becomes much faster to solve the matrix equation Az =5 for
other, or even unknown, values of b. For instance, in the above example, the solution of the system of equations
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221 + 3z + 23 = by
T + 3z3 = b
2zy + 2z + 3z3 = b3
where by, bs, b3 are unknowns, is
ml 2 3271 b 6 —5 9 by —6by — 5b; + 9bs
T = 1 0 3 bg = 3 2 —4 b2 = 3b1 + 2b2 - 4b3
T3 2 2 3 bs 2 2 -3 bs 2b; + 2bg — 3b3

2.4.2: Invertibility of Matrices is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 3.6: The Invertible Matrix Theorem by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
o 3.5: Matrix Inverses by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.4.3: Practice Set

? Exercise 2.4.3.1a

Find the inverse of the transformation T : R? — R? defined by T ([ Z ]) = [

Answer
. . o 1 N 1
First we find T'(€1) = [ 5 ] and T'(&;) = [ 3 ]

. . . 11
Therefore the matrix representation of T'is A = [ 5 6 ]
Now we find the inverse of this matrix:
11 ‘1 0] RREF [1 0

2 3|01 01
—1 . .
1 ]whlch gives

I[3]-

3 —1]
-2 1 |

fain = |

= [1147]

Therefore A~! = [ s
-1

-1 a _ 3
()
? Exercise 2.4.3.1b

Find the inverse of the transformation T : R? — R? defined by T ([

3a—b ]
—2a+b |

a
b

Answer

First we find T'(é1) = [ g ] and T(&;) = [ é ]

Therefore the matrix representation of T'is A = [ g (15 ]

0 4
1 -

Now we find the inverse of this matrix:

[0 1|1 07 rrer, |0 1
[Am_[o 6‘0 1] [00

Therefore T is not invertible.

? Exercise 2.4.3.1¢c

Find the inverse of the transformation T : R? — R3 defined by T b

Answer
1 = [ —2
First we find 7(é1) = [ 0 | andT(€2)=| 8 | andT(€3)=| 13
0 3 | | 5
[1 -1 —2]
Therefore the matrix representation of TisA=| 0 8 13
0 3 5

Now we find the inverse of this matrix:

2a + 3b

b . . :
ot ] or explain why it does not exist.

]) = [ be ] or explain why it does not exist.

We see A is not invertible (we could have seen that without finding RREF, since the columns are obviously dependent)

a—b—2¢c
8b+ 13¢
3b+ 5¢

or explain why it does not exist.
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1 -1 2|1 00 10 0f1 -1 3
[Afl=|0 8 13|01 0| 01 0[0 5 —13|=[147]
0 3 5 (0 01 00 1({0 -3 8
[1 -1 3 ]
Therefore A= [ 0 5 —13 | which gives
[0 -3 8 |
a (1 -1 3 J[a a—b+3c
T! b =0 5 -—13 b | = 5b —13c
|0 =3 8 || ¢ —3b+ 8¢
? Exercise 2.4.3.1d
N 11a+7
Find the inverse of the transformation T : R® — R? defined by T b = [ ba 3cc ] or explain why it does not exist.
C

Answer

First we find T(&1) = [ 101 ] and T(&5) = [ (1’ ] and T(&s) = _73 ]

11 0 7]

Therefore the matrix representation of T'is A = [ 0 1 —3

This matrix is not square, so it cannot be invertible. Therefore T is not invertible.

? Exercise 2.4.3.1e

a a+b
. . . 4 4 . b b+2¢ . . .
Find the inverse of the transformation T : R* — R* defined by T = +3d or explain why it does not exist.
Cc [+
d d
Answer
1 1 0 0
. . . 0 N 1 . 2 N 0
First we find T'(¢;) = 0 and T'(é;) = 0 and T'(é3) = q and T'(é4) = 3
0 0 0 1
1 100
. . . 01 2 0
Therefore the matrix representation of T is A = 00 1 3
0 0 01
Now we find the inverse of this matrix:
110 0|1 00O 1 00 0|1 -1 2 -6
o1 20(/0100|rer|0100/0 1 -2 6 [ .
[A|1]—00130010 0010001—3_[I|A]
0 00 1/{]0 0 01 000 1|0 O 1
[1 -1 2 —6]
01 —2 6
Therefore A—! = which gives
A 0 O 1 -3 &
[0 0 1|
a [1 -1 2 6] [a a—b+2c—6d
el _]0ot -2 6 b|_| b—2+6d
c 0 0 1 -3 c c—3d
d [0 0 1 |]d d
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Consider the matrix A = [ 45 _43 ]

(a) Find A1 if it exists.

. . . & [ 7 8 . .
(b) Find a matrix X which satisfies AX = 0 3 ] or explain why one does not exist.
(c) Find a matrix X which satisfies XA = g 83 ] or explain why one does not exist.
. . . & 1 2 3 . .
(d) Find a matrix X which satisfies AX = 45 6 ] or explain why one does not exist.
5 5 5 o/ (1 2 3 . ]
(e) Find a matrix X which satisfies XA = 45 6 ] or explain why one does not exist.
Answer
[ 4 —3|1 0] peer [1 0|4 37 .
@un=[ % 4‘01] [01‘54]—[I|A]

5 4
(b)) AX=B— A7'AX = A"'B— X = A7'B(if it exists)

(4 3717 8 28 23
__1= =
X=4"B | 5 4]_0 —3] [35 28]

Therefore A~ = [ 43 ]

(c) XA=B — XAA™!' = BA™! — X = BA! (if it exists)

x_pat_ |7 8][4 8]_[ 68 3
- “lo —3]|5 4] | -15 —12

(d) AX =C — A'AX = A71C — X = A~1C (if it exists)
4 3]'1 2 3]_[16 23 30]

— Al = =
X=47C=15 4||4 5 6 21 30 39

(e) XA=C — XAA' =CA™! — X = CA7! (if it exists)

Since C'is 2 x 3 and A~! is 2 x 2 we cannot multiply these matrices in this order, so no such X can exist.

? Exercise 2.4.3.3

1
Consider the matrix A= | 1
1

(LB )
[= BN VL

(a) Find A1 if it exists.

1 00
(b) Find a matrix X which satisfies AXA-1=| 1 1 1 | or explain why one does not exist.
[0 0 1
[1 0 0]
(c) Find a matrix X which satisfies A=1XA = | 1 1 1 | or explain why one does not exist.
[0 0 1]
1 00
(d) Find a matrix X which satisfies A2X = | 1 1 1 | or explain why one does not exist.
0 01
1 00
(e) Find a matrix X which satisfies XA+ A2= | 1 1 1 | orexplain why one does not exist.
0 01

https://math.libretexts.org/@go/page/221243
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Answer
103|100 1007 15 —21
@Mn=1 7 7(0 10| 0101 3 —4|=[147
15 6[001 00 1|-2 —5 7
7 15 -—21
Therefore A= 1 3 —4
2 -5 7

(b) AXA™' = B—s ATAXA'A = A"'BA — X = A"1BA (if it exists)

(7 15 -21 100 10 3] 31 75 135
X=A"BA= 1 3 —4 111 17 7]|= [ 16 27
-2 -5 7 001 1 5 6 | | 10 —25 -4

(c) A'XA =B — AA7'XAA' = ABA™! — X = ABA™! (if it exists)

(1 0 3 100 7 15 =21] [1 0 o
X=ABAl'=|1 7 7 111 1 3 —4 |=|3 71 —98
|1 5 6 0 01 -2 -5 7 | 25 50 —69

(d) A2X = B— (A1) 42X = (471)’ B— X = (A1)’ B (if it exists)

7 15 —21][ 7 15 —217[1 0 0 361 255 —99
X=(AYB=|1 3 —4 1 3 —4 11 1|=| 62 4 -—17
-2 5 7 ||-2 -5 7 001 113 —80 31

() XA+ A’=B— XA=B—A* — XAA' = (B—-AY)A7! — X = (B— A%)A7! (if it exists)
2

10 0] 10 3 7 15 -21 6 15 -—24
X=(B-AY)A1= 111|—-|177 1 3 —-4|=|5 6 -25
0 0 1| 15 6 -2 -5 7 -3 —-10 1

? Exercise 2.4.3.4

Determine the value(s) of h which make each matrix invertible.

wa=[} 1]
[ h—1 2 3
(b) B= 0 h—4 5

h 1 1
(C) C = 1 B 1

1 1 h
Answer

1 h] memprr, |1k
(a)[h 4] 0 4—h?

This matrix will have a pivot in every column only when 4 — k2 # 0, so it will be invertible when h # 42

h—1 2 3
(b) 0 h—4 5 is already in echelon form
0 0 h—6

There will be a pivot in every column only when h—1# 0AND h —4 # 0 AND h — 6 # 0, so it is invertible when k # 1,4,6

(A 1 1 0 1—h 1—h2 0 1—h 1—h2 0 0 2—h—h?
© |1 n 1 |BBtE ] 1 BB 1 g h—1 1-n | BBl g p_1 1o
|11 & 1 1 h 1 1 h 1 1 h

There will be a pivot in every row only when A — 1 # 0 and 2 — h — A% # 0, so it is invertible when h # 1, —2
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? Exercise 2.4.3.5

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If Ais a 2 x 2 matrix which satisfies A 7; :| = 0, then the columns of A are linearly dependent.

™
(b) If Ais a 2 x 2 matrix which satisfies A ﬁ ] =0, then the columns of A span all of R?

3
(c) If Ais a 2 x 2 matrix which satisfies A ; ] =A [ 31 ], then the columns of A are linearly independent.
[0

(d) If Ais a 3 x 3 matrix which satisfies A | 0 | =0, then A is invertible.

0

(e) If Ais a n x n invertible matrix, then the linear transformation T : R® — R" defined by T(Z) = A% is onto.

(f) If Ais an x n invertible matrix, then the linear transformation 7' : R® — R" defined by 7'(Z) = A% is one-to-one.

(g) If the function T': R® — R” defined by T(2) = AZ is invertible, then the matrix A has linearly independent columns.
(h) If A, B, and C are invertible n x n matrices, then ABC is invertible.

(1) If A, B, and C are invertible n x n matrices satisfying AB = CB then A = C.

() If A, B, and C are n x n matrices satisfying AC = BC then A = B.

(k) The sum of two invertible linear transformations is an invertible linear transformation.

Answer
(a) Always True
The existence of nontrivial solutions to Az = 0 means A is not invertible, and has linearly dependent columns.
(b) Always False
The existence of nontrivial solutions to Az = 0 means A4 is not invertible, and it cannot be onto.
(c) Always False
Since A is not one-to-one, it is not invertible and must have linearly dependent columns.
(d) Sometimes True Sometimes False
This is true if there are no other homogeneous solutions, but is false when there are nontrivial homogeneous solutions.
(e) Always True
If A is invertible, then T must be invertible and therefore onto.
(f) Always True
If A is invertible, then 7" must be invertible and therefore one-to-one.
(g) Always True
If T is invertible, then A must be invertible and must have linearly independent columns.
(h) Always True
(ABC)™ = C~'B1A~'since ABC-C~'B1A~' = ABIB'A~1 = ABB 1A — ATA-' = AA'=1.
(i) Always True
ABBl'=CBB ! — AI=CI — A=C.

(j) Sometimes True Sometimes False

https://math.libretexts.org/@go/page/221243
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True when C is invertible, but false when C is not invertible.
(k) Sometimes True Sometimes False

True for the example J + 7, which is invertible, and false for the example J + (—7), which is not invertible.

2.4.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.5: Determinants- Definition

4b Objectives

1. Learn the definition of the determinant.

2. Learn some ways to eyeball a matrix with zero determinant, and how to compute determinants of upper- and lower-
triangular matrices.

3. Learn the basic properties of the determinant, and how to apply them.

4. Recipe: compute the determinant using row and column operations.

5. Theorems: existence theorem, invertibility property, multiplicativity property, transpose property.

6. Vocabulary words: diagonal, upper-triangular, lower-triangular, transpose.

7. Essential vocabulary word: determinant.

In this section, we define the determinant, and we present one way to compute it. Then we discuss some of the many wonderful
properties the determinant enjoys.

This page titled 2.5: Determinants- Definition is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 4.1: Determinants- Definition by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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2.5.1: Definition of Determinant

The determinant of a square matrix A is a real number det(A). It is defined via its behavior with respect to row operations; this
means we can use row reduction to compute it. We will give a recursive formula for the determinant in the next section.

# Definition: Determinant

The determinant is a function
det: {square matrices} — R
satisfying the following properties:

1. Doing a row replacement on A does not change det(4).

2. Scaling a row of A by a scalar ¢ multiplies the determinant by c.
3. Swapping two rows of a matrix multiplies the determinant by —1.
4. The determinant of the identity matrix I is equal to 1.

A common shorthand notation is to write the determinant of a matrix by using the absolute value on a matrix: det(A) = | 4|

In other words, to every square matrix A we assign a number det(A) in a way that satisfies the above properties.

In each of the first three cases, doing a row operation on a matrix scales the determinant by a nonzero number. (Multiplying a row
by zero is not a row operation.) Therefore, doing row operations on a square matrix A does not change whether or not the
determinant is zero.

The main motivation behind using these particular defining properties is geometric, which we will discuss later. Another motivation
for this definition is that it tells us how to compute the determinant: we row reduce and keep track of the changes.

X |llustration 2.5.1.1

2 1 . . .
Let us compute det ([ o D . Assume the determinant is d. We row reduce, and keep track of how the determinant changes

in order to get an equation to solve for it:

11
4 | det =d
Ri&Ry 4]
= 1 det=-1-d
I . det=1-(-1)-d

1

O = O = O - N = = N
(19
—_

4
1 B
0] 1

1 det_l-(—7)-1-(—1)-d
The reduced row echelon form of the matrix is the identity matrix I, so its determinant is 1.
We now solve 1 =1 - (—%) -1-(—1)-dand getd =17

Thus the determinant of this matrix is 7, or we can write =17

14‘

v/ Example 2.5.1.1

https://math.libretexts.org/@go/page/221245
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10
Let A=
ewa=| g 3

In this case, since we can easily see how to get from I to A, we do not need to set up and solve an equation to get the

]. Since A is obtained from I by Set{#lyirddetéleechdirawdy the constant 3, we have

determinant.

v/ Example 2.5.1.2

0
Compute d = 0
1

(S,
o = O

Solution
First we row reduce, then we compute the determinant in the opposite order:

100
001 det =d
|5 1 0|
(1 0 0]

Bl |5 1 0 det=—1-d

[0 0 1|
[1 0 0]

BB 1 g 1 0 det=1-(—1)-d
[0 0 1|

The reduced row echelon form is I, which has determinant 1.

We solve 1-(—1)-d =1 to easily find that our determinant is d =[—1].

Here is the general method for computing determinants using row reduction.

X Recipe: Computing Determinants by Row Reducing

Let A be a square matrix. Suppose that you do some number of row operations on A to obtain a matrix B in row echelon form.
Then

(product of the diagonal entries of B)

det(A) = (-1)"-
et(4) = (=1) (product of all scaling factors used)

where r is the number of row swaps performed.

In other words, the determinant of A is the product of diagonal entries of the row echelon form B, times a factor of +1 coming from
the number of row swaps you made, divided by the product of the scaling factors used in the row reduction.

This is an efficient way of computing the determinant of a large matrix, either by hand or by computer. The computational
complexity of row reduction is O(n?); by contrast, the cofactor expansion algorithm we will learn in the next section has
complexity O(n!) ~ O(n™+/n), which is much larger. (But, cofactor expansion has other uses to make up for this!)

v/ Example 2.5.1.3

0 -7 —4
Compute [ 2 4 6
3 7 -1

Solution

We row reduce the matrix, keeping track of the number of row swaps and of the scaling factors used.

https://math.libretexts.org/@go/page/221245
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0 -7 —4 [2 4 6
2 4 6 Eii 2 0 -7 —4 row swap
3 7 -1 13 7 -1
Rl 1 2 3 1
— 0 —7 —4 scaling factor = 3
|3 -1
[1 2 3
R3=R3—3R; 0 —7 4
[0 1 —10
[ 1 3
Lsiks, 0 1 -10 TOW SwWap
[0 -7 —4
[1 2 3
R3=R3+TRy 0 1 _10
|0 0 —74
We made two row swaps and scaled once by a factor of %, so we see that according to the above shortcut:
0 -7 —4
1-1-(—74
2 4 6 |=(0. L1 gl
3 7 -1 2

v/ Example 2.5.1.4

1 2 3
Compute [ 2 -1 1
3 0 1

Solution
We row reduce the matrix, keeping track of the number of row swaps and of the scaling factors used.

Ry=R,—2R; .
1 2 Ry — Ry — 3R, 1 2 3
2 -1 1 — = s |0 -5 =5
3 0 1 |0 -6 -8
. (1 2 3 .
/s, 0 1 1 scaling factor =—%
|0 —6 -8
(1 2 3
B=RtfBa, |90 1 1
|0 0 —2

. 1 .
We did not make any row swaps, and we scaled once by a factor of —g» SO we see that according to the above shortcut:

X |llustration 2.5.1.2; The Determinant of a 2 x 2 Matrix

. . b
Let us use the shortcut to compute the determinant of a general 2 x 2 matrix A = [ ¢ ]
c

o Ifa=0,then

https://math.libretexts.org/@go/page/221245
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o Ifa+0,then

DL
d c d 0 d—c-%
=a-1-(d—£)=ad—bc
a

In either case, we recover

Z ‘ = ad — bc This is a valuable shortcut to memorize!

If a matrix is already in row echelon form, then you can simply read off the determinant as the product of the diagonal entries. It
turns out this is true for a slightly larger class of matrices called triangular.

# Definition: Diagonal

e The diagonal entries of a matrix A are the entries a1, ass, ... :

S T P A
(diagonal entries

P
dy1) dyz dg3

P
(0yy) dp @z dyg R
21 (G22) Qa3

Ay (Ayz) Azz Ao

aqq dgo (5

a a (as3)
3) 34 noe s

41 Qg2 Ug

Figure 2.5.1.1

e A square matrix is called upper-triangular if its nonzero entries all lie above the diagonal, and it is called lower-triangular
if its nonzero entries all lie below the diagonal. It is called diagonal if all of its nonzero entries lie on the diagonal, i.e., if it
is both upper-triangular and lower-triangular.

upper-triangular lower-triangular diagonal
x *x x ok B0 0 0 = 0 0 0
0 * x * T 0 0 0 = 0 O
0 0 » « * % = 0 g 0GR D
0O 0 0 ~« * kK k 0 0 0 =«

Figure 2.5.1.2

& Proposition 2.5.1.1

Let A be an n x n matrix.

1. If A has a zero row or column, then det(A4) = 0.
2. If Ais upper-triangular or lower-triangular, then det(A) is the product of its diagonal entries.

Proof

1. Suppose that A has a zero row. Let B be the matrix obtained by negating the zero row.
Then det(A) = — det(B) by the second defining property of determinants above. But A
= B, S0 det(A) = det(B):

1 2 3 1 2 3
0 0 0 Roe=—Ra, 0 0 0
7 8 9 7 8 9

https://math.libretexts.org/@go/page/221245
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Putting these together yields det(A) = —det(A), so det(A) = 0.
Now suppose that A has a zero column. Then A is not invertible (since it has linearly dependent columns), so its reduced
row echelon form has a zero row. Since row operations do not change whether the determinant is zero, we conclude
det(A) = 0.

2. First suppose that A is upper-triangular, and that one of the diagonal entries is zero, say a; = 0. We can perform row
operations to clear the entries above the nonzero diagonal entries:

a;y *x *x % a3 0 x 0
0 aypQ *x * —= 0 asy * 0
0 0 0 0 0 0 O
0 0 0 ay 0 0 0 ayu

In the resulting matrix, the ith row is zero, so det(A) = 0 by the first part.
Still assuming that A is upper-triangular, now suppose that all of the diagonal entries of A are nonzero. Then A can be
transformed to the identity matrix by scaling the diagonal entries and then doing row replacements:

scale by oW
a * *x 1 1 1 1 % * 1 0 O
R replacements
0 b * _— 0 1 % e ——— 010
0 0 ¢ 0 0 1 0 01
det = abc — det =1 — det =1

Since det(I,) = 1 and we scaled by the reciprocals of the diagonal entries, this implies det(A) is the product of the
diagonal entries.
The same argument works for lower triangular matrices, except that the row replacements go down instead of up.

v/ Example 2.5.1.5

Compute the following determinants:

1 2 3 —20 0 O 17 -3 4
0 45 =@ 0 0 0 0 O
006 100 3 —7 111 e
Solution
The first matrix is upper-triangular:
1 2 3
0 4 5(=1-4-6=[24]
0 0 6
The second matrix is lower-triangular:
-20 0 O
= 0 0 |=-20-0-—7=[0]
100 3 -7
The third matrix has a zero row:
17 -3 4
0 0 0|=[0]
11 1 e

https://math.libretexts.org/@go/page/221245
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A matrix can always be transformed into row echelon form by a series of row operations, and a matrix in row echelon form is
upper-triangular. Therefore, we have completely justified the recipe for computing Determinants by Row Reducing.

The determinant is characterized by its defining properties, Definition 2.5.1.1, since we can compute the determinant of any matrix
using row reduction, as in the above Recipe: Computing Determinants by Row Reducing. However, we have not yet proved the
existence of a function satisfying the defining properties! Row reducing will compute the determinant if it exists, but we cannot use
row reduction to prove existence, because we do not yet know that you compute the same number by row reducing in two different
ways.

& Theorem 2.5.1.1: Existence of the Determinant

There exists one and only one function from the set of square matrices to the real numbers, that satisfies the four defining
properties of the determinant in Definition 2.5.1.1.

We will prove this theorem in the next section by exhibiting a recursive formula for the determinant. Again, the real content of the
existence theorem is:

No matter which row operations you do to row reduce, you will always compute the same value for the determinant.

2.5.1: Definition of Determinant is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 4.1: Determinants- Definition by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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2.5.2: Properties of the Determinant

In this subsection, we will discuss a number of the amazing properties enjoyed by the determinant: the invertibility property, the
transpose property, and the multiplicative property.

& Proposition 2.5.2.2: Invertibility Property

A square matrix is invertible if and only if det(A) # 0.

Proof

If A is invertible, then it has a pivot in every row and column by the Invertible Matrix Theorem, so its reduced row echelon
form is the identity matrix. Since row operations do not change whether the determinant is zero, and since det(I) = 1, this
implies det(A) # 0. Conversely, if A is not invertible, then it is row equivalent to a matrix with a zero row. Again, row
operations do not change whether the determinant is nonzero, so in this case det(4) = 0.

By the invertibility property, a matrix that does not satisfy any of the properties of the Invertible Matrix Theorem has zero
determinant.

& Corollary 2.5.2.1

Let A be a square matrix. If the rows or columns of A are linearly dependent, then det(4) = 0.

Proof

If the columns of A are linearly dependent, then A is not invertible by condition 4 of the Invertible Matrix Theorem.
Suppose now that the rows of A are linearly dependent. If 71,75, ..., 7, are the rows of A, then one of the rows is in the span
of the others, so we have an equation like

To = ar1 + B3 + 74
If we perform the following row operations on A:
Ry =Ry —aRi;; Ry=R;—fRs; Ry=Ry;—7R4

then the second row of the resulting matrix is zero. Hence A is not invertible in this case either.

In particular, if two rows/columns of A are multiples of each other, then det(4) = 0. We also recover the fact that a matrix with a
row or column of zeros has determinant zero.

X |llustration 2.5.2.3

The following matrices all have zero determinant:

0 2 -1 5 —15 11 (3) ; z g T e 11
0 5 101, [3 -9 2|, 4 2 5 12| |37 3¢ 33

- 2 -6 1 12 -7 2
0 -7 3 6 16 134 s 7

The proof of the transpose and multiplicative properties below makes use of a special class of invertible matrices called elementary
matrices.

https://math.libretexts.org/@go/page/221246
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# Definition 2.5.2.3: Elementary Matrices

An elementary matrix is a matrix obtained by doing one row operation to the identity matrix. There are three kinds of
elementary matrices: those arising from row replacement, row scaling, and row swaps:

[1 0 0] 1
010 | E=E2H, | 9 1
|0 0 1| 0 0
[1 0 0] [3 0 0]
010 i 010
|0 0 1| [0 0 1 |
[1 0 0] [0 1 0]
010 L 100
|0 0 1| [0 0 1 |

The important property of elementary matrices is the following claim.

Claim: If E is the elementary matrix for a row operation, then EA is the matrix obtained by performing the same row operation
on A.

In other words, left-multiplication by an elementary matrix applies a row operation. For example,

1 00 ajl a2 a3 ail a2 a13
-2 10 a1 G2 a3 | = | az—2a11 a2 —2a12 a3 —2a13
0 0 1] | an a2 am | | as a3z as3

3 00 1T aixz ai2 a3 i I 3a11 3012 3(113

010 Q91 Q22 a3 | = a1 Q2 Gg3

0 01| [an a2 a3 | | a1 azp a3

01 0][au ar as] [ a2 ax ax

100 a1 G2 a3 | = | an a2 a3

0 0 1] asn as2 ass | | @31 Q32 as3

The proof of the Claim is by direct calculation; we leave it to the reader to generalize the above equalities to nn x n matrices.

As a consequence of the definition of elementary matrices and the four defining properties of a determinant, we have the
following observation. Let C be any square matrix.

1. If E is the elementary matrix for a row replacement, then det(EC) = det(C). In other words, left-multiplication by E does not
change the determinant.

2. If Eis the elementary matrix for a row scale by a factor of ¢, then det(EC) = cdet(C). In other words, left-multiplication by
E scales the determinant by a factor of c.

3. If Eis the elementary matrix for a row swap, then det(EC) = — det(C). In other words, left-multiplication by E negates the
determinant.

& Proposition 2.5.2.3: Multiplicativity Property

If A and B are n x n matrices, then
det(AB) = det(A) det(B)
Proof

Case 1. If we assume that A is invertible, then after finitely many row operations, it must become I. Let each of these row
operations be represented by some elementary matrix E; for i = 1,2, ..., m. In other words:

EnEm 1+ EE1A=1

Since each elementary matrix is invertible, we get A = B[ 1E; ... E-1 E-t

https://math.libretexts.org/@go/page/221246
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Moreover, the inverse of any elementary matrix is also an elementary matrix, so we can write A = F, - F,, for some
elementary matrices Fi, F3, ..., Fi,. This finally gives us what we need:

det(AB) = det(Fy Fy -« F, B) = det(Fy) det(Fy - Fy, B)
= det(F1) det(Fz): ---det(F,,) det(B)
= det(F1Fz - Fn) de:t(B) = det(A) det(B)
This proves that our claim holds for all invertible matrices A.

Case 2. If A and B are both not invertible, then det(A) = det(B) = 0, so we want to prove that det(AB) = 0-0 = 0 must hold.
This boils down to proving that AB is not invertible.

If Bis also not invertible, then it also has a non-trivial null space, so there exists some nonzero vector 3 in Null(B)

Clearly, this means (AB)j = A(Bj) = A0 = 0, so AB has nontrivial null space as well. This proves AB is not invertible and
our claim holds.

Case 3. If A is not invertible, and B is invertible, then det(4) = 0, so we want to prove that det(AB) = 0 - det(B) = 0 must
hold. Again this boils down to proving that AB is not invertible.

Since A is not invertible, it has a non-trivial null space. Let # be a nonzero element of Nuli(A). Since B is invertible, we
know there is a unique solution to By = Z, and moreover:

(AB)j = A(Bj) = AZ = 0, so AB has nontrivial null space as well. This proves AB is not invertible and our claim holds.

No matter what combination of invertible or non-invertible matrices you have, we can safely say that det(AB)
= det(A) det(B)

Recall that taking a power of a square matrix A means taking products of A with itself:
A? = AA A3 = AAA etc.
If A is invertible, then we define
A2=A71471 A =A7147TATT ete

For completeness, we set A® =1I if A+ 0.

& Corollary 2.5.2.2

If A is a square matrix, then
det(A™) = det (A)™
for all n > 1. If A is invertible, then the equation holds for all n < 0 as well; in particular,

1

det(A_l) = m

Proof
Using the multiplicativity property, Proposition 2.5.2.3, we compute
det(A?) = det(AA) = det(A) det(A) = det (4)?
and
det(A%) = det(AAA) = det(A) det(AA) = det(A) det(A) det(A) = det (4)3
the pattern is clear.

We have

1 = det(I,) = det(AA™) = det(A) det(4A?)

https://math.libretexts.org/@go/page/221246
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by the multiplicativity property, Proposition 2.5.2.3 and the fourth defining property, Definition 2.5.2.1, which shows that
det(A~!) = det (4)~. Thus

det(A~2) = det(A A1) = det(A 1) det(A™!) = det (A™1)% = det (A) 2

and so on.

v/ Example 2.5.2.6

Compute det(A'%), where

Solution
We have det(A) =4 —-2=2,s0

det(A®) = det (4)1%0 = 21

Nowhere did we have to compute the 100** power of A! (We will learn an efficient way to do that eventually)

Here is another application of the multiplicative property.

& Corollary 2.5.2.3

Let Ay, As, ..., A be n x n matrices. Then the product A; A, --- Ay is invertible if and only if each A; is invertible.
Proof
The determinant of the product is the product of the determinants by the multiplicativity property, Proposition 2.5.2.3:
det(AlAg Ak) = det(Al) det(Az) det(Ak)

By the invertibility property, Proposition 2.5.2.2, this is nonzero if and only if A;A,--- A is invertible. On the other hand,
det(A;) det(As)---det(Ayg) is nonzero if and only if each det(A;) # 0, which means each A4; is invertible.

X Summary: Magical Properties of the Determinant

1. There is one and only one function det: {n x n matrices} — R satisfying the four defining properties of determinant.
2. The determinant of an upper-triangular or lower-triangular matrix is the product of the diagonal entries.
3. A square matrix is invertible if and only if det(4) # 0; in this case,

1

det(4™) = 20

4. If A and B are n x n matrices, then

det(AB) = det(A) det(B)

2.5.2: Properties of the Determinant is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 4.1: Determinants- Definition by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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2.5.3: Practice Set

? Exercise 2.5.3.1a

Find the determinant of 4 = [ ] and determine if it is invertible.

W=
Dl O

Answer

N

Since det(A’) = 4- 1 =4 and the determinant is unchanged by this operation, we know det(A) = det(A’)

01

= i

. ] Refo i, [ 46 ] Y
3

Therefore det(A) = 4, and it is invertible.

? Exercise 2.5.3.1b

Find the determinant of B = [ :r/?_) 6‘1/?_’ ] and determine if it is invertible.
Answer
B= ™ 6\/§ R2=R2+§R1 ™ 6\/5 — B,
_\/g 1 o

Since det(B’) = 7+ £ =19 and the determinant is unchanged by this operation, we know det(B) = det(B’)

Therefore det(B) = 19, and it is invertible.

? Exercise 2.5.3.1¢

1 2 9
Find the determinantof C = | 0 4 —1 | and determine if it is invertible.
0 0 5
Answer
1 2 9
C=|0 4 -1 | isalready in echelon form
0 0 5

Therefore det(C) = 1- 4-5 = 20 and it is invertible.

? Exercise 2.5.3.1d

1 -3 2
Find the determinantof D = | 3 —4 11 | and determine if it is invertible.
1 3 1
Answer
1 -3 2 1 -3 2 . 1 -3 2 1 -3 2
D=|3 —4 11 | BsBBRuB=RR, | g g | B=sRe | 1 | | R=RbR | 1 1 | =pr
1 3 1 0 6 -1 0 6 -1 0 0 -7

Since det(D’) = 1-1- (—7) = —7 and the determinant is only changed by R; = 1 R,, we know 1 det(D) = det(D’)

Therefore det(D) = —35, and it is invertible.
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8 4 -—-12
Find the determinantof E=| 2 1 —3 | and determine if it is invertible.
6 4 11
Answer
8 4 —12 , 2 1 -3 2 1 -3
E=|21 -3 |B=fy | g 1 3 | BBRRRedh, | g g
6 4 11 6 4 11 0 1 20

Since E’ has a row of zeros, we know det(E’) =0, and since the determinant is only changed by R, = LR, we have
1 det(E) = det(E’)

Therefore det(E) = 0, and it is not invertible.

? Exercise 2.5.3.1f

6 -3
Find the determinantof F= | 1 2 —1 | and determine if it is invertible.
8 —4
Answer
6 6 —3 0 —6 3 0 —6 3
F=|12 -1 |BB8RRR™ | o 3 | B=BR (g o 1 |=F
7 8 —4 0 -6 3 0 0 0

Since F’ has a row of zeros, we know det(F’) =0, and since the determinant is unchanged by this operation, we know
det(F) = det(F’)

Therefore det(#) = 0, and it is not invertible.

? Exercise 2.5.3.1¢g

1 2 0 5
. . 7 11 0 -2 C g .
Find the determinant of G = 9 0 and determine if it is invertible.
1 1 0 1

Answer

The matrix has a column of all zeros, so the matrix cannot be invertible (linearly dependent columns).

Therefore det(G) = 0 must hold.

? Exercise 2.5.3.1h

P g
11 3 5
Find the determinantof H=| ¢ 3 6 | and determine if it is invertible.
0 21 30 50
10 21 30 45
Answer
1 2 5
12 49 $ 1 2 3 5 123 5
H= t 3 1 § | B=sRiReer, 12 6 5 | ReRRyR-R_W0RR-R1R, |0 0 3 0
10 21 30 50 10 21 30 50 “"lo10 o0
10 21 30 45 10 21 30 45 010 —5
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123 5 1 23 5
ReoRs | 0 1 0 ReRwRy | 0 1 0 0 ,
=8 —a =H
003 O 003 O
010 -5 0 00 -5
Since det(H’) =1-1-3- (—5) = —15 and the determinant is only changed by

R; =3R;,R2 =6R3,Ry + R3, we know 3 -6 - (—1) det(H) = det(H')

Therefore det(H) = =& = 2, and it is invertible.

18 —
? Exercise 2.5.3.2

b . 3
IfM= [ Z d ] has det(M) = —2, evaluate the determinant of each matrix below.

[ 2a 2b
A=
@A=1 5, —3d]
[a—5c b—>5d
OER Rt
[ —4a+T7c —4b+17d
(C)C__ 2a—c 2b—d ]
(d) D=M?
(e)E=M"1
) F=2M
Answer

(a) M B2BuBa= 3B, A therefore det(A) = 2 - (—3) - det(M) = 12

(b) M =B8R, B therefore det(B) = det(M) = —2

(c) This one is hard to see the row operations from M to C so we go in reverse:

Ri=Ri+7R; 10a 10b R1=%0R1 a b Ry=Rs—2R; a b Ry=—1-Ry
¢ 2a—c 2b—d 20 —c 2b—d — —d M

Therefore - - (—1) det(C) = det(M), which means det(C) = 20
(d) det(D) = det(M?) = [det(M)]* = (—2)> = -8

(e) det(E) = det(M~1) = [det(M)] " = (~2) = — =

2
(f) M B=2BuBe=a, b therefore det(F) = 2- 2 - det(M) = —8

? Exercise 2.5.3.3

a b c
IfM=|d e f |hasdet(M) =10, evaluate the determinant of each matrix below.

g h i

[(d e f

(@QA=]|g h i

a b c

2a 2b 2c
b)B=|d—3g e—3h f—3i
a—g b—h c—1i

[ a+d+29 b+e+2h c+f+2i
Cc=| d—a—g e—b—h f—c—i
3a+g 3b+h 3c+1
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20—2g 2b—2h 2c—2i
(dD=| 4a—d 4b—e 4c—f
g—a h—b i—c

() E= M5
OF=LtMm
Answer

(a) M BaeBelioRs, 4 therefore det(A) = (—1) - (—1) - det(M) = 10

(b) M Be=Ba 3B Rem By By Bz 1Ry B3R, B therefore det(B) = (—1) - 2 - det(M) = —20

(c) This one is hard to see the row operations from M to C so we go in reverse:

a+d+29g b+e+2h c+f+2i —Ta —7b —Tc

c BB, | G40 e+2b f+2 | BERBs | G190 e+2b f+2c
3a+g 3b+h 3c+i 3a+g 3b+h 3c+i
a b c

Ri=—1R, R,=R,—2R;,Rs=R3;—3R;

— T 5| d+2a e+2b f+2¢
3a+g 3b+h 3cH+i

> M

Therefore —1 det(C) = det(M), which means det(C) = —70

0 0 0
(d) Note that D Z1=Frt2Bs, | 454 4b—e 4c—f |, 50 det(D) =0
g—a h—-b i—c

(This matrix D cannot be made from M, and M cannot be made from D via row operations.)
(e) det(E) = det(M?) = [det(M)]® = 10° = 100000

(f) p BB PR BB bR, b horefore det(F) = 4 - L - L - det(M) = -

10 " 10 " 10 100
? Exercise 2.5.3.4

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If det(A) =1, then the RREF of A is I.

(b) If det(A) = 0, then the columns of A are linearly independent.

(c) If det(A) = 4, then det(24) = 32.

(d) If det(A) = 0, then Nullity(A) > 0.

(e) If A% is not invertible, then A is not invertible.

(f) If A and B are non-zero n x n matrices, then det(A + B) = det(A) + det(B).
(g) If Aand B are n x n matrices and det(A) = 1, then det(AB) = det(B).

(h) If A and B are n x n matrices and det(AB) = 1, then B = AL

(i) If A satisfies A% = A, then det(A) = 0 or det(4) = 1.

() If A, B and P are n x n matrices satisfying A = PBP~1, then det(A) = det(B).

(k) If A is an elementary matrix, then A is invertible and A~ is also an elementary matrix.

Answer
(a) Always True
Since det(A) # 0, it is invertible, so it must row reduce to I.

(b) Always False
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Since det(A) = 0, it is not invertible, so its columns must be linearly dependent.
(c) Sometimes True Sometimes False

If Ais 3 x 3 then det(24) = 2% det(A) so it is true, but if A4 is not 3 x 3 this is false.
(d) Always True

Since det(A) = 0, it is not invertible, so A% = 0 must have nontrivial solutions.
(e) Always True

We know det(A®) = (det(A))® = 0 so det(4) = 0 must hold.

(f) Sometimes True Sometimes False
This is true for the example A = B = [ (1) g ], and false for the example A = B=1.

(g) Always True
We see det(AB) = det(A) - det(B) =1 - det(B).

(h) Sometimes True Sometimes False

For the true case, consider the example A = B = I. For the false case, consider A = [ (2) (2) ] and B = [

O =
[ =]
—_

(i) Always True

det(A) = det(A2) = (det(A))%, so let z = det(A) and solve z = z2, which has solutions z = 0, 1.
(j) Always True

det(A) = det(PBP~!) = det(P) det(B) det(P~*) = det(P) det(B) g5y = det(B).

(k) Always True

To invert R; = R; + kR;, we use R; = R; — kR;. To invert R; = kR;, we use R; = %R,-. To invert R; +* Rj, we use R; <+ R;.

Thus, multiplying by any elementary matrix A can be undone by a row operation, which is multiplication by some

elementary matrix A=,

2.5.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.6: Cofactor Expansions

4b Objectives

1. Learn to recognize which methods are best suited to compute the determinant of a given matrix.
2. Recipes: the determinant of a n x n matrix for n > 3, compute the determinant using cofactor expansions.
3. Vocabulary words: minor, cofactor.

In this section, we give a recursive formula for the determinant of a matrix, called a cofactor expansion. The formula is recursive in
that we will compute the determinant of an n x n matrix assuming we already know how to compute the determinant of an (n — 1)
x (n— 1) matrix. We finish with a supplementary subsection on Cramer’s rule and a cofactor formula for the inverse of a matrix.

This page titled 2.6: Cofactor Expansions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber
via source content that was edited to the style and standards of the LibreTexts platform.

e 4.2: Cofactor Expansions by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.6.1: Cofactor Expansion
The following observation is useful for theoretical purposes.

We can think of det as a function of the rows of a matrix:

det(?;l,'?;g, ,1_5") = det

& Proposition 2.6.1.1: Multilinearity Property

Let i be a whole number between 1 and =, and fix n — 1 vectors %y, ¥s, ..., ¥;_1, ¥i41, ... , U5 iD R™. Then the transformation 7:R"
— R defined by

T(2) = det(¥1, 92, --- , Vi—1, &, Uit1, --- , Un)

is linear.

Proof

First assume that i = 1, so
T(Z) = det(Z, Vs, ... , Un)
We have to show that T satisfies the defining properties of a linear transformation:

o By the first defining property of determinants, we know scaling any row of a matrix by a number ¢ scales the
determinant by a factor of ¢. This implies that 7 satisfies the scalar multiple property, i.e., that

T(ci) = det(cZ, By, ..., Un) = cdet(Z, B, ..., Bn) = cT(%)

e We claim that T'(v + @) = T'(¥) + T().
Case 1: If ¢ is in Span{®, ¥s, ... , 5}, then

= = = =
W = CV + CoV2 + *** + CpUp

for some scalars ¢, c3, ..., cn. Let A be the matrix with rows @ + @, @, ..., Ug, 50 T3 + @) = det(A). By performing the row

operations
Ri=R;—c3R;; Ri=R;—c3Rs; .. Ri=Ri—c,R,
the first row of the matrix A becomes
T+ W— (ol + -+ calin) =0+ cV=(1+c)¥
Therefore,

T(% + ) = det(A) = det((1 + ¢)B, ¥, ..., Un)
(1 + ¢) det(5, B, ..., Bn)
= T(®) + ¢I'(3) = T(B) + T(cB)

Doing the opposite row operations
Ry =Ri+cRy; Ri=Ri+c3R3; .. Ri=R;+cyR,

to the matrix with rows ¢, ¥, ..., ¥, shows that

T(cB) = det(cB, B, .., )
= det(ci)' + 0262 + -4 cnana 625 ’,b.n)
— det(@, B, ..., Bu) = T(@)
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which finishes the proof of the first property in this case.

Case 2: If @ is not in Span{#, s, ..., U5} This implies that {¥, ¥y, ..., ¥, } is linearly dependent (otherwise it would form a
basis for R™), so T'(¥) = 0. If ¥ is not in Span{#s, ..., ¥}, then {Us, ..., ¥, } is linearly dependent by the increasing span
criterion, so T(Z) = 0 for all Z, as the matrix with rows %, ¥y, ..., U, is not invertible. Clearly then, we have T(¥ + @) = 0
= T(¥) + T'(w). which proves our first property in this case.

For i # 1, we note that
T(Z) = det(V1, V2, ... , Vi1, B, Vit1, .- Un)
= —det(Z, Vg, ..., Vi1, V1, Uity e , Un)

By the previously handled case, we know that —7 is a linear transformation, and therefore (since it is a scalar multiple of
—T), T must be linear.

For example, we have

— U1 — U —U1—
— ai+bw — [=a| —V— |+b| —w—
— CH) — —3— —V3—

Now is a good time to define the transpose of a matrix.

# Definition: Transpose

The transpose of an m x n matrix A is the n x m matrix AT whose rows are the columns of A. In other words, the i entry of

AT is aji.
AT
A
ay dgy Az
(a“ @g Az A4
dyp Ay A3y
ayy Ay Aoz Ay | ———
ayz Aoz dz3
A3y A3y Q33 d34
Ayq Angq 3y

e
Llip

Figure 2.6.1.3

Like inversion, transposition reverses the order of matrix multiplication.

& Fact2.6.1.1

Let A be an m x n matrix, and let B be an n x p matrix. Then
(AB)T = BTAT

Proof

First suppose that A is a row vector and B is a column vector, i.e., m = p = 1. Then

by

by

AB=[a; a3 - an | = a1b1 + azbs + -+ + azby

bn
a1
a2

=[b by - bn] = BTAT

Qan
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Now we use the row-column rule for matrix multiplication. Let #1, %2, ..., #» be the rows of A, and let &,,2., ..., &, be the
columns of B, so

—F— | | F1:¢1 T1-C F1:Cp
—TFr— T.: = T3-C1 T2-Ca Ta-C
AB = . €1 €2 ¢p | = . . .
P o— ’;:m ¢1 ;m C2 Tm 61)
By the case we handled above, we have #; - ¢; = ¢T - #T. Then
F1:C1 F2-Cy Fm - C1
F1-8y To-Cg - Tpp-Ca
(4B)T = . . "
| 1"1'61, ’;"2 6,, Fm 6,,
[ = S AT I =T
€171 C1°T32 €1 Tm
3T 2T 2T 2T 3T . =T
_| c2'T1 €2°T2 €2 Tm
3T =T 2T =T 3T =T
| €571 Cp T Cp Tm
T
[ |
_ | —c2— 2T 2T 2T | — BT AT
= ; *{ Ty = T | =BA
—eT—

& Proposition 2.6.1.2: Transpose Property

For any square matrix 4, we have
det(A) = det(AT)
Proof
Define the function d(A) = det(AT). We will show that d satisfies the four defining properties of the determinant.

1. Let C’ be the matrix obtained by doing a row replacement on the general matrix C, and let E be
the elementary matrix for this row replacement, so C’ = EC. The elementary matrix for a row
replacement is either upper-triangular or lower-triangular, with ones on the diagonal:

1
R, =R;+3R;3: 0
0

o = O

3 1
0 R3s=R3+3R;:| 0
1 3

o = O

0
0
1

It follows that ET is also either upper-triangular or lower-triangular, with ones on the diagonal, so det(ET) = 1. By the
multiplicative property,

d(C") = det((C")T) = det((EC)T) = det(CTET)
= det(CT) det(ET) = det(CT) = d(C)

2. Let C’ be the matrix obtained by scaling a row of C by a factor of ¢, and let E be the elementary matrix for this row
replacement, so C’ = EC. Then E is a diagonal matrix:

Rg = ch 5

o O =
(== 2 o I
- o o

Thus det(ET) = ¢. By the multiplicative property,
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d(C’) = det((C")T) = det((EC)T) = det(CTET)
= det(CT) det(ET) = cdet(CT) = ¢ - d(C)
3. Let C’ be the matrix obtained by swapping two rows of C, and let E be the elementary matrix for this row replacement,
so C’ = EC. The E is equal to its own transpose:

T

Ri <> Ry:

o = o

10
0 0 |=
01

o = o

10
00
01
Since E (hence ET) is obtained by performing one row swap on the identity matrix, we have det(ET) = —1. By the

multiplicative property,

d(C") = det((C")T) = det((EC)T) = det(CTET)
= det(CT) det(ET) = — det(CT) = —d(C)

4. Since IT = I, we have
d(I) = det(IT) = det(I) = 1

Since d satisfies the four defining properties of the determinant, it is defined exactly the same as, and must therefore be
equal to, the determinant. In other words, for all matrices A, we have

det(A) = d(A) = det(AT)

The transpose property is very useful. For concreteness, we note that det(4) = det(AT) means, for instance, that

[N SENSQu

00 Tt o

© o w
Il

1
2
3

S Ot

7
8
9

This implies that the determinant has the curious feature that it also behaves well with respect to column operations. Indeed, a
column operation on 4 is the same as a row operation on AT, and det(4) = det(AT).

& Corollary 2.6.1.1

The determinant satisfies the following properties with respect to column operations:

1. Doing a column replacement on A does not change det(A).
2. Scaling a column of A by a scalar ¢ multiplies the determinant by c.
3. Swapping two columns of a matrix multiplies the determinant by —1.

The previous corollary makes it easier to compute the determinant: one is allowed to do row and column operations when
simplifying the matrix. (Of course, one still has to keep track of how the row and column operations change the determinant.)

v/ Example 2.6.1.1

2 7 4
Compute [ 3 1 3

4 01
Solution

It takes fewer column operations than row operations to make this matrix upper-triangular:

2 7 4 —14 7 4 49 7 4
31 3| &=9%, | 9 1 3 |GGG, | g 1 3
401 0 01 0 01

We performed two column replacements (no scaling or switching), which does not change the determinant; therefore,
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W N
o = =
S
©

4
3 |=
1

o =

1
3 | =[49]
1

oS o

By the transpose property, the determinant is also multilinear in the columns of a matrix:

] —
w

| |
U, av+bw VU3 |=al|l P, U U3 |+b| ¥, D
| | I L L
X |llustration 2.6.1.1
We have
[ 2 1 [0 ]
3|1=2(0(+3|1|+4]0
| 4 0 | 1]
Therefore,
2 7 4 1 7 4 0 7 4 07 4
3 13|=2{013(+3|1 1 3(+4]0 1 3
4 01 0 01 0 01 1 01
This is the basic idea behind the upcoming formula using cofactor expansions.

A recursive formula must have a starting point. For cofactor expansions, the starting point is the case of 1 x 1 matrices. The
definition of determinant directly implies that I = [1] has determinant 1, so

det([ a ])=a

To describe cofactor expansions, we need to introduce some notation.

& Definition: Minor and Cofactor

Let A be an n X n matrix.

1. The (%, j) minor, denoted A, is the (n — 1) x (n— 1) matrix obtained from A by deleting the ith row and the jth column.
2. The (3, j) cofactor C;; is defined in terms of the minor by

Ciyj = (—1)™ det(Aj;)

Note that the signs of the cofactors follow a “checkerboard pattern.” Namely, (—1)** is pictured in this matrix:

+ - + -
-+ - +
+ - + -
-+ - +
X |llustration 2.6.1.2
For
1 2 3
A=|4 5 6
7 8 9

The minor A,z and cofactor Cy3 are
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Ay = %€%§3=(§ 2) camcde(] g )= =6

Figure 2.6.1.1

The cofactors Cj; of an n X n matrix are determinants of (n —1) x (n — 1) submatrices. Hence the following theorem is in fact a
recursive procedure for computing the determinant.

& Theorem 2.6.1.1: Cofactor Row Expansion

Let A be an n x n matrix with entries a;;.
For any i =1,2,...,n, we have
n
det(4) = ) a;;Cij = aCin + a2Ciz + ++ + inCin
=1
This is called cofactor expansion along the ith row.

Proof

First we will prove that cofactor expansion along the i** row computes the determinant for each i. Define
a function d;: {n x n matrices} — R by

d,; (A) = il (—1)j+ia.-j det(A,-]-)

We want to show that d;(A4) = det(A).

This proof is done by induction. We start with a base case to show that the 2 x 2 matrix expanded along
either row matches the determinant we have previously defined. This is fairly straightforward:

A=[“ b] — |A| =ad—be
c d

If we expand along the first row: d; (A) = (—1)*'a det([d]) + (—1)*?bdet([c]) = ad — be

If we expand along the second row: dz(A) = (—1)%+cdet([b]) + (—1)**2d det([a]) = ad — bc

Now, we can assume that we have proven that d(A) = det(A) for all (n — 1)
x (n — 1) matrices, and show that this assumption implies the same is true
for the n x n case.

This requires four smaller proofs, one for each of the four defining properties of determinant.

1. Doing a row replacement on A does not change d(A)

Case 1: ¢ times the gt row is added to the ¢t row to make the matrix B for £ # i

Then each minor B;; is the minor A;; with one row replacement operation done to it. Since determinants
are not affected by row replacement, this means the corresponding cofactors and matrix entries they
multiply by are exactly equal:

n
di(B) = ) (~1)7ay; det(Ay) = di(4)
=1
Case 2: r times the &k row is added to the i** row to make the matrix B.

Then each minor B;; is exactly equal to the matching minor A;;, which means the corresponding
cofactors are exactly equal:
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n

d; (B) = Z (—1)j+i(aij + rak,-) det(Aij) = d,(A) + rd; (A’)

j=1
Here we use A’ to denote the matrix A with row 7 replaced entirely by row k. Once we show that d;(A”)

= 0 we will have finished the proof of this case. Assume rows k and ¢ are matching in A’

d; (A’) = 2": (—1)j+iakj det(A,-j)

J=1

Now we expand the n —1 x n —1 matrix det(A;;) by using dk(A4;;). Consider the minor of A;; formed
when row k and column £ from the original matrix A are also removed. This matrix will appear exactly
twice in our double cofactor expansion. Once with coefficient (—1)¥+i+g;ar, and again with
coefficient (—1)k+i+i+6-1g,.q,,.

The reason the powers of (—1) do not match is because one occurs when £ < j, so when column number j
is removed from A then column £ in A;; is exactly column number £ in the original matrix A. But when £
> j, removing column number j from A changes the number of the £ column in A to the £— 1 column
in A;;. Thus by symmetry, the same cofactors will each occur twice with opposite coefficients and will
always add to zero. The end result clearly becomes dj(4;;) = 0.

This proves that d;(A’) = 0 for our n x n matrix, and finishes the proof of case 2 for this property.
2. Scaling a row of A by a scalar ¢ multiplies the determinant by ¢

Case 1: the i** row is scaled by ¢ to make the matrix B. This directly leads to:

n

d,(B) = Z (—1)j+"ca,-j det(A,-,-) = cd,-(A)

j=1
Case 2: the k™ row is scaled by ¢ to make the matrix B for k #

In this case, we know that each minor B;; is the minor A;; with a row scaled by ¢. This means each
cofactor of B is exactly c times the corresponding cofactor of A by the properties of determinants. This
gives us

di(B) =) (—1)"ay; - cdet(Ay;) = cdi(A)
=1
3. Swapping two rows of a matrix multiplies the determinant by —1
Assume we swap two rows in A, and call the resulting matrix B.
Note that the row operation R; <+ Ry can be replicated by using four different row operations in order:
R; =R;— Ry; Ry = R+ R;; R; = R; — Ry, Ry = —1 - R;

Since we have proven properties 1 and 2 above, we know this means that d(B) = —d(A) must hold as
desired.

4. The determinant of the identity matrix I is equal to 1.
This is the easiest to check. The i** row of the n x » matrix I is &,, which means:
d,(I) = Odet(I,-l) + -+ ldet(I,-,-) + -+ Odet(I,-n) = det(I,-,-) = det(I') =1

Here we denote I’ as the (n —1) x (n — 1) identity matrix, which we know has determinant 1.

Finally, we have proven that d(A) = det(A) for all n x n matrices.
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& Corollary 2.6.1.2: Cofactor Column Expansion

Let A be an n x n matrix with entries a;;.
For any j = 1,2, ...,n, we have
n
det(A) = Z a,-jC’,-J- = ale’U- + anggj + -+ a,u-C,.,-
i=1

This is called cofactor expansion along the jth column.

Proof

This is simply a combination of two facts: the columns of A are just the rows of A7, and determinants are

unaffected by transposes.

Note that these cofactor expansions actually give 2n different formulas for the determinant: one for each row and one for each
column. For instance, the formula for cofactor expansion along the first column is
n
det(A) = Ea,—lCﬂ =a11011 + 021021 + -+ 6,1Cra
=1
=a1n det(A11) —a det(A21) + a3 det(A31) —etap det(Anl)

Remember, the determinant of a matrix is just a number, defined by the four defining properties, so to be clear:

You obtain the same number by expanding cofactors along any row or column.

v/ Example 2.6.1.2

Find the determinant of

2 13
A=| -1 2 1
-2 2 3

Solution
We make the somewhat arbitrary choice to expand along the first row. The minors and cofactors are

R :(2 1) C11=+det(2 1)=4

o

I
A
(NI %
W =

Figure 2.6.1.2

Thus,

det(4) = a11Cu1 + a12C12 + a13C13 = (2)(4) + (1)(1) + (3)(2) =
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X |llustration 2.6.1.3; The Determinant of a 2 x 2 Matrix

Let us compute (again) the determinant of a general 2 x 2 matrix

b
|
| — |
o 9
ISTS
—_

The minors are

Figure 2.6.1.3

The minors are all 1 x 1 matrices. As we have seen that the determinant of a 1 x 1 matrix is just the number inside of it, the
cofactors are therefore

011 = +det(A11) =d 012 = —det(Au) = —C
021 = —det(Azl) =—b 022 = +det(A22) =a

Expanding cofactors along the first column, we find that
det(A) = aC1y + ¢C21 = ad — be

which agrees with our previous findings.

v Example 2.6.1.3: The Determinant of a 3 x 3 Matrix

We can also use cofactor expansions to find a formula for the determinant of a 3 x 3 matrix. Let us compute the determinant of

an a2 613
A= an a2 azy
as as; as3

Ay Ay )
azy dsz3
a,, a a a
_( 21 23) Cu——det( 21 23)
as) sz sz dzg
a, da a a
:( 21 22) C-13=+det( 21 22)
az; dsp az; dsp

Figure 2.6.1.4

The determinant is:

det(A) = a11C11 + a12C12 + a13C13

Q22 Q23 az a3
az2 a33 azy ass as1 a32
= a11(aza33 — a3a3z) — aiz(asass — azzast) + aiz(asiass — azaes;)

= |a'11a22a33 + Q12023031 + 213021032 — 013022031 — A11023032 — a'12a210'33|

az1 Q22

=an — a2 + a3
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The formula for the determinant of a 3 x 38 matrix looks too complicated to memorize outright. Fortunately, there is the following

mnemonic device.

X Recipe: Computing the Determinant of a 3 x 3 Matrix

To compute the determinant of a 3 x 3 matrix, first draw a larger matrix with the first two columns repeated on the right. Then
add the products of the downward diagonals together, and subtract the products of the upward diagonals:

a;1 a2 a13
a11022a33 + @12a23a31 + 13621032

az1 @ G23 | =
—0Q13022031 — @11A23G32 — 12021033

asy agz ass

a;p Qp g3 dpp Qg ay; Qpp Gz dy; App
a9y gy Qg3 U9y dyy — Ay gy dyz dyy dyy
dz) dzp dzz dgz; Az d3y d3zp d3zz d3; d3p

Figure 2.6.1.5

Alternatively, it is not necessary to repeat the first two columns if you allow your diagonals to “wrap around” the sides of a matrix,
like in Pac-Man or Asteroids. (Forgive the ancient gaming reference.)

v/ Example 2.6.1.4

Find the determinantof A= | 2 0 -1

Solution
We repeat the first two columns on the right, then add the products of the downward diagonals and subtract the products of the
upward diagonals:

@1 3 1 3 40 4P 48
2N, 0 — 2 AP EVEY o
4 3T Veray 1+ -3

Figure 2.6.1.6

_ (WO)@)+@)(=1#) + (3)(2)(-3) — 51
—(5)(0)(4) — (DH(=D(=3) - B))(@)
This clearly matches our cofactor formula, expanding along the second row:

3 5 15 1 3
— (_1\2+19. _1\2+20. _1\2+3/_1).
det(A) = (—1)*"2 ‘ 3 1 ‘+( 1)*0 ‘ 41 ‘+( 1)**3(-1) ‘ 4 3 ‘

=—2-18+0-(=19) +1- (-15) =[=51]

Cofactor expansions are most useful when computing the determinant of a matrix that has a row or column with several zero
entries. Indeed, if the (3,7) entry of A is zero, then there is no reason to compute the (%,7) cofactor. In the following example we
compute the determinant of a matrix with two zeros in the fourth column by expanding cofactors along the fourth column.
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Find the determinant of

-2 -3 2 =5
A= 1 3 -2 0
-1 6 4 0

Solution
The fourth column has two zero entries. We expand along the fourth column to find

-2 -3 2 2 5 -3
det(A)=2| 1 3 —2|—-5| 1 3 —2 |—0|don’t care|+ 0|don’t care|
-1 6 4 -1 6 4

We only have to compute two cofactors. We can find these determinants using any method we wish; for the sake of illustration,
we will expand cofactors on one and use the formula for the 3 x 3 determinant on the other.

Expanding along the first column, we compute

_12 _33 _22 __2‘3 —2‘_‘—3 2‘_‘—3 2 ‘
16 4 6 4 6 4 3 —2

=—2(24) — (—24) —0 = —48 4+ 24+ 0 = —24

Using the formula for the 3 x 3 determinant, we have

f 2 :; _ @Q@@+EEED MO
-1 6 4 _(2)(_2)(6)_(5)(1)(4)_(_3)(3)(—1)

Thus, we find that

det(A) = 2(—24) — 5(11) =

Cofactor expansions are also very useful when computing the determinant of a matrix with unknown entries. Indeed, it is
inconvenient to row reduce in this case, because one cannot be sure whether an entry containing an unknown is a pivot or not.

v/ Example 2.6.1.6

Compute the determinant of this matrix containing the unknown X:

Solution
First we expand cofactors along the fourth row:

- 2 7
det(A) =0det ( - ) +0det( - )+0det( - )+(2—A)[ 3 1—A 2
I

We only have to compute one cofactor. To do so, first we clear the (3,3)-entry by performing the column replacement C3 = C3
+ ACs,, which does not change the determinant:
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- 2 7 - 2 7422
3 1-X 2 [=|3 1-Xx 24x1-X)
0 1 =X 0 1 0

Now we expand cofactors along the third row to find

A2 742X
A 7422
3 1-X 2+71-)) |=(-1)2* ‘
o 1 o 3 2+A1-))
= —(—,\(2 +A(1-X)—3(7+ 2,\))
==+ 22482421

Therefore, we have

det(A) = (2 — A)(—A3 + A%+ 8A+21) = [ Xt —3X% — 6% — 5\ + 42|

It is often most efficient to use a combination of several techniques when computing the determinant of a matrix. Indeed, when
expanding cofactors on a matrix, one can compute the determinants of the cofactors in whatever way is most convenient. Or, one
can perform row and column operations to clear some entries of a matrix before expanding cofactors, as in the previous example.

X Note 2.6.1.2: Summary: Methods for Computing Determinants

We have several ways of computing determinants:

1. Special formulas for 2 x 2 and 3 x 3 matrices.
This is usually the best way to compute the determinant of a small matrix, except for a 3 x 3 matrix with several zero
entries.
2. Cofactor expansion.
This is usually most efficient when there is a row or column with several zero entries, or if the matrix has unknown entries.
3. Row and column operations.
This is generally the fastest when presented with a large matrix which does not have a row or column with a lot of zeros in
it.
4. Any combination of the above.
Cofactor expansion is recursive, but one can compute the determinants of the minors using whatever method is most
convenient. Or, you can perform row and column operations to clear some entries of a matrix before expanding cofactors.

Remember, all methods for computing the determinant yield the same number.

2.6.1: Cofactor Expansion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 4.1: Determinants- Definition by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.

o 4.2: Cofactor Expansions by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.6.2: Cramer's Rule and Adjugates

If a student calculates enough inverses of 2 x 2 matrices, they start to see a pattern:

=la] = w7

It is also clear that the cofactors of this 2 x 2 matrix A are Cy; =d, Ci2 = —¢, Cy1 = —b, Cs = a, SO we can rewrite the above
formula as

a1 Cin Cy
det(A) Cip Cq

It turns out that this formula generalizes to n x n matrices.

& Theorem 2.6.2.2

Let A be an invertible n x n matrix, with cofactors C;;. Then

Cu Cu - Chag Cn1
Cia Cyp - Chp Chr2

Cin1 Cona - Chpama Chna

Cln C2n oo Cn—l,n Cnn

The matrix of cofactors is sometimes called the adjugate matrix of A, and is denoted adj(A):

Cll C21 Cn—l,l Cnl
Cra Cp - Cho1p Chra
adj(4) = SR ;
Cl,n—l CZ,n—l oo Cn—l,n—l C’n,n—l
Cln C2n o Cn—l,n Cmn

Note that the (4, j) cofactor C;; goes in the (4,4) entry of the adjugate matrix, not the (4, j) entry: the adjugate matrix is the transpose
of the cofactor matrix.

In fact, one always has A - adj(4) = adj(A) - A = det(A)I, whether or not A is invertible.

v/ Example 2.6.2.7

Use the adjugate to compute A~, where
1 01
A=]101 1
1 10
Solution
The minors are:
11 01 01
All—[lo] A12_|:10:| A13—[1 1]
01 11 10
A21_|:10:| A22_|:10:| Azs—[l 1]
01 11 10
A:n—[l 1] A32_[01] A33_|:01:|

https://math.libretexts.org/@go/page/221250
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The cofactors are:

Cn=-1 Ciz=1 Ciz3=-1
Cy=1 Cxp=-1 Cp=-1
Can=-1 C3=—1 C33 =

Expanding along the first row, we compute the determinant to be
det(A)=1-C1+0-Crz+1-Ci3=—2

Therefore, the inverse is

1 Cu Cn O3 q -1 1 -1
4
=——|[Cnp Cyp Cx» |=--]1 -1 -1
A 2
det(4) Ciz Cy Csz -1 -1 1

It is clear from the previous example that the adjugate is a very inefficient way of computing the inverse of a matrix, compared to
augmenting by the identity matrix and row reducing. However, it has its uses.

o If a matrix has unknown entries, then it is difficult to compute its inverse using row reduction, for the same reason it is difficult
to compute the determinant that way: one cannot be sure whether an entry containing an unknown is a pivot or not.

o This formula is useful for theoretical purposes. Notice that the only denominators in the inverse using adjugates occur when
dividing by the determinant: computing cofactors only involves multiplication and addition, never division. This means, for
instance, that if the determinant is very small, then any measurement error in the entries of the matrix is greatly magnified when
computing the inverse. In this way, it is useful in error analysis.

The proof of the adjugate inverse formula uses an interesting trick called Cramer’s Rule, which gives a formula for the entries of
the solution of an invertible matrix equation.

& Theorem 2.6.2.3: Cramer's Rule

Let 2 = be the solution of AZ = b, where A is an invertible n x n matrix and 3 is a vector in R®. Let A; be the matrix

Zn
obtained from A by replacing the ith column by 5. Then

_ det (A,,)
T1= et (A)

Proof

First suppose that 4 is the identity matrix, so that Z = §. Then the matrix 4; looks like some variant of this:

b1
b2
b3
by

S O O
S O = O
= O O O

Expanding cofactors along the jth row, we see that det(A;) = b;, so in this case,

det (A,)
det(A)

z; =b; = det(A,-) =

Now let 4 be a general n x n matrix. One way to solve AZ = b is to row reduce the augmented matrix [A | ]; the result is [T
det(A,-)
det(A)

| Z ]. By the case we handled above, it is enough to check that the quantity

det(A,-) _
det(A) ~

does not change when we do a row

operation to [ A | ], since z; when A =1.

1. Doing a row replacement on [ A4 | b ] does the same row replacement on A and on A;:
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a1 ap aiz | by ] [ oy a2 a3 b1
a1 ax az | be LB 2, a21 —2a31 G2 —2a32 a3 — 2as3 | by — 2b3
a3 asy ass | b | | an a3y as3 b3
ann @iz 613 | [ an ai a1
G G2 a3 Lot 2, axn —2a3:  az —2a3 a3 — 2433
az asx as3 | | aa as2 ass
a;n b ag 1 [ ai b1 a13
a1 by ag FoRa ks, a21 —2a31 by —2bs a3 —2a3;3
a3 by as | | aa b3 ass
. det(4;) .
In particular, det(A) and det(4;) are unchanged, so Fet(A) is unchanged.
2. Scaling a row of [A | 5] by a factor of ¢ scales the same row of A4 and of A; by the same factor:
an a1z a3 | by ] [ a1 @iz a3 | by
ay Gy a3 | by Fa=chs, cay cazp cagy | chy
az1 azz as3 | by | | a1 a3z asz | b3
ail a2 a3 1 [ ail a2 a3
an azp ap Bo=cRa, | cay cam can
a3 a3 as3 | | a;:1 a3y ag
an by as | [ an b1 a3
azn by ax M’ cay cby cag
aznn by a3 | | az:n b3 a3
. det(Ai) .
In particular, det(A) and det(4;) are both scaled by a factor of ¢, so det(A) is unchanged.
3. Swapping two rows of [ A | 5] swaps the same rows of A and of A;:
an a2 ai | by ] (a1 am as | be
a1 a2 a3 | b BB, a;n a2 a3 | b
a3 a3 az | by | | @1 a3 as3 | bs
an a1z a3 | [ an an ax
az1 Qa2 Q23 M) api; a2 a3
as; asy ass | | a1 a3 as3
ann b ass | [ a2 b2 ag
az by ax Eilmal N ann b a3
az by as; | | as1 b3 as3
In particular, det(A) and det(A;) are both negated, so %&i; is unchanged.

v/ Example 2.6.2.8

Compute the solution of Az = b using Cramer’s rule, where

=[2a] -

Here the coefficients of A are unknown, but A may be assumed invertible.

-

1
b=

2

a b
c d

]

Solution
First we compute the determinants of the matrices obtained by replacing the columns of A with b:
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det(A;) =d—2b

det(A2) =2a—c

det(42)  2a—c

det(A) " ad—bc

1 b
a=[; 4
a 1
s=[% ;]
Now we compute
det(Al) _ d—2b
det(A) " ad—be
It follows that
. 1
=

d—2b
ad—bc | 2a—c

Now we use Cramer’s rule to prove the adjugate formula of the inverse.

, g det(A,,)
By Cramer’s rule, the jth entry of #;is ——=
y u i y of &; i det(A)
ai
A = a21
asy
a41

column of 471 is

and thus

a1z
a2
as2

S O = O

aq2

AZ = A(A7'E;) =Ie; =&,

ai4
a4
as34
(L2

le
P 1 Cj2
77 det(4) :
Cin
Cn Cn
C C
3 12 ‘22
" det(4)

Cin1 Con1 - Cpana Crpna

Cln C2n

The jth column of A~ is #; = A~1&;. This vector is the solution of the matrix equation

, where 4; is the matrix obtained from A by replacing the ith column of A4 by € :

Expanding cofactors along the ith column, we see the determinant of A4; is exactly the (j,¢)-cofactor Cj; of A. Therefore, the jth

Cr Cn
Cn1z Cha

Cn—l,n Crm

2.6.2: Cramer's Rule and Adjugates is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 4.2: Cofactor Expansions by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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2.6.3: Practice Set

? Exercise 2.6.3.1a

1 4
Find the determinant of A = | 3 4
6

o o N

—1
Answer

Expanding on the second column gives:

det(A) = (—1)1+2-2.‘ 2 41 ‘:—2(3-(—1)—4-6) — 54
? Exercise 2.6.3.1b
10 11 7
Find the determinantof B=| 0 0 -1
4 5 16

Answer

Expanding on the second row gives:

det(B) = (—1). (~1) - ‘ 0o ‘ AE TG
? Exercise 2.6.3.1¢c
5 6 0
Find the determinantof C=| 1 2 8
3 4 4

Answer

Expanding on the first row gives:

det(C)=(—1)1+1-5-‘i i +(—1)1+2-6-‘; 8 ‘=5(2-4—8-4)—6(1-4—8-3)=0
? Exercise 2.6.3.1d
4 2 15 -1
. . 0 0 4 0
Find the determinant of D = 6 0 —11 5
0 —4 21 8

Answer

Expanding on the second row gives:

4 2 -1
det(D) = (-1)2*3-4-| 6 0 5
0 —4 8

Expanding again on the bottom row gives:

det(D) = —4 ((—1)3+2-(—4)‘ ‘é _51 ‘+(—1)3+3-s.‘ : (2) D — _4(4(4-5—6- (1)) +8(4-0—6-2)) = —32
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1 2 3 4
6 7 8 9
. . e
Find the determinant of 50 0 -8
8 3 3 —b

Answer
Best case here is expanding on the third row, but that still makes two 3 x 3 determinants to solve.
Instead we begin by doing a few row operations that do not affect the determinant:

1 2 3 4
-5 —10 -15

Ry=R;—6R;,Ry—R;—5R;,Re—Rs—8R;, | 0 _
E "o —10 —15 28 B
0 —13 -—21 -37
Now we expand on the first column:
-5 —-10 —-15
det(E) = det(E’) = (—1)™*1.1.| =10 —15 —28
—-13 -21 -37

This time we do column operations that do not affect determinants:

-5 —10 —15 -5 0 0
—10 —15 —28 | &=G20uG=G8G, | 19 5 2
~13 —21 -37 13 5 2

And we can expand on our new first row:

det(E) =1- ((—1)1+1 -(—5) - -

? Exercise 2.6.3.1f

Find the determinant of F =

b2 ‘):—5(5-2—5-2):0

— 5 ol |
o 5 [F [N
O O %= o=
IS 5 b bo|

Answer

Best case here is expanding on the fourth row or third column, but that still makes two 3 x 3 determinants to solve.
Instead we begin by doing a column operation that does not affect the determinant:

101 1
0 7 8§ 2
1 1 2
F C1=C1—C, 0 3 3 % —F’
0 10 0 10
1 0 0 4

We can expand this along the first column:

det(F) = det(F’) = (—1)*.1.

O o= oo|=
E N o=

—
=) O N

Now we expand on the bottom row:

+ (—=1)3+3.10-

= B[

3= oof=
N———

oo o=

https://math.libretexts.org/@go/page/221251
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0 0 0 0 4
0 0 0 2 -7
Find the determinantof G=]0 0 3 10 8
0 -1 0 4 8
5 5 5 4 -5

Answer
Expanding on the first row repeatedly gives:

0 0 0 2

0 0 3
1 -1
det(G) = (—1)1*5 .4 g _01 z f =4|(-D*.2-0 -1 0|]|=4-(-2) ((—1)“3-3-‘2 5 D
5 5 5 4 585

=4.(-2)-3(0-5—5-(—1)) = —120

? Exercise 2.6.3.2a

4—h

Find the value(s) of A which make A = [ PR i A ] invertible

Answer
We calculate det(A) = (4 —h)- (5 —h)—2-3=h2—9h+14= (h—2)(h—T)

A is invertible when det(A) # 0, so our solution is k # 2,7

? Exercise 2.6.3.2b

h

Find the value(s) of » which make B = [ . 5_—3h ] invertible

Answer
We calculate det(B) = h- (5—h) —2 - (—3) = —h®+5h+6 = —(h — 6)(h+ 1)

B is invertible when det(B) # 0, so our solution is k # —1,6

? Exercise 2.6.3.2¢

h —7
Find the value(s) of » which make C= | 0
1

6 invertible
5

=~ N O

Answer
We expand along the top row to find the determinant of C:

2 6 0 2

— (_1\14+1 . 4.
det(C) = (—1)1*1- ‘4 . L s

|+ cvmen.

‘=h(2-5—4-6)—7(0-4—1-2):—14h+14

C is invertible when det(C) # 0, so our solution is k # 1
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h 0 h
Find the value(s) of h whichmake D= 5 7 —2 | invertible
-1 4 3

Answer
We expand along the top row to find the determinant of D:

7

7 —2
(1)1 3.
det(D) = (=1)*1. b ‘ Ol s

4 3

+(—1)1+3-h-‘ ‘=h(7-3—4-(—2))+h(5-4—(—1)-7)=56h

D is invertible when det(D) # 0, so our solution is h # 0

? Exercise 2.6.3.2¢

Find the value(s) of » which make E =

W~
o B~

h
3 | invertible
1

Answer

Before we do any expanding, we will do a couple of column operations that do not change our determinant:

0 h O
E C1=C01—C3,C3=C3—C> -3 4 —1 —E
3 0 1

We expand along the top row to find the determinant of E:

-3 -1

s 1 |=hE3) -3 ()=0

det(E) = det(E’) = (~1)+2. - ‘

E is invertible when det(E) # 0, which is impossible regardless of what & is.

This matrix is never invertible.

? Exercise 2.6.3.2f

5 0 A 1
. . 2 0 2 1 . ]
Find the value(s) of ~ which make FF= | 1 4 n 1 invertible
1 0 2 -1

Answer

We expand along the second column to get:

5 h 1
det(F) = (-1)**2%.4.| 2 2 1
12 41

Now we do a couple row operations that do not change our determinant:

5 h 1 6 h+2 O
2 9 1 R1=R1+R3,R2=Rz+Ra) 3 4 0

1 2 -1 1 2 -1
We expand along the third column:

6 h+2

det(F)=—4((—1)3+3-(—1)-‘3 . D=4(6-4—3-(h+2))=72—12h=12(6—h)

F is invertible when det(F) # 0, so our solution is k # 6
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7. 6z =11
Use Cramer's Rule to solve the system { i

13$1 + 5$2 =21
Answer
This is represented by Az = b where A = T 6 andd = 11
P y A= =113 5 =l a
We find det(A) =7-5—13-6 =—43

Now we replace the first column of A with b to make A; = [ 116 ]

21 5
This gives det(4;) =11-5—21.-6 =-T71

Now we replace the second column of 4 with  to make A = [ 173 ; ]
This gives det(4s) =7-21—13-11 =4
, _ det(Al) _ 71 _ det(Az) _ 4
Therefore by Cramer's Rule, we know z; = Set(A) B3 and g, = det(d) - B3
? Exercise 2.6.3.3b
41 4+ 219 — 23 =4
Use Cramer's Rule to solve the system z9+3z3=11
4.’51 — 3312 =T
Answer
4 -1 4
This is represented by AZ =bwhereA=| 0 1 3 |[andb=| 11
4 -3 0 7

By expanding on the first column we get:

1 3 2 -1
det(A) = (—1)*+!. 4. ‘ _3 0 ‘ +(—=1)3*+.4. ‘ 1 3 ‘ =4(1-0—3-(=3))+4(2:3—1-(-1)) =64
4 2 -1
Now we replace the first column of A with bto make A; = 11 1 3
7 -3 0
; : 3+1 2 -1 3+2 4 -1
Expanding on row three gives det(A;) = (-1) -7 1 3 + (-1) -(-3) - 1 3 =72:3—(-1)-1)
+3(4-3-11.(-1)) =118
4 4 -1
Now we replace the second column of 4 with b to make Ap,=| 0 11 3
4 7 0
. . 11 3 4 -1
Expanding on column one gives det(As) = (—1)+' -4 - ‘ 7 0 ‘ + (=13 -4 . ‘ 5o ‘ =4(11-0—3-7)
+4(4-3—11-(-1))=8
4 2 4
Now we replace the third column of A with  to make A3=| 0 1 11
4 =3 7
9 9 141 1 11 3+1 2 4
Expanding on column one gives det(A3) = (—1) -4 - o o +(—1) -4 . D om| = 4(1-7-11-(=3))

+4(2-11—1-4) =232
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l Therefore by Cramer's Rule, we know z; = celel) _ G

? Exercise 2.6.3.3¢

2 1
31+ g2 =0

Use Cramer's Rule to solve the system { 5 3
§T1— T2 =0

Answer

This is represented by A% = § where A = |:

[ [SLCH XY

=—1

We find det(4) =2 - (-3) -5 .1
Now we replace the first column of 4 with b to make A; = [ @

—150—48

This gives det(4;) = - (=3) - 8-+ = =15

L=
Now we replace the second column of A with b to make A, = [

We find det(Ay) = 2 - f— § . o = 152+

det(4;) _ 150 +48

Therefore by Cramer's Rule, we know z; =

det(4) =~ 20

99 _ det(A,) _ 1
det(4) 32’727

det(4) ~ 8

Njot woln

and z;

t(A 2
—anda;3=de( 3) _ 29

det(A) ~ 8

1
5 2 _ a
_%]andb—[ﬂ]

_ det(Ay) _ 15a—45
" det(A) 6

2.6.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.7: Determinants and Volumes

4b Objectives

1. Understand the relationship between the determinant of a matrix and the volume of a parallelepiped.
2. Learn to use determinants to compute volumes of parallelograms and triangles.

3. Learn to use determinants to compute the volume of some curvy shapes like ellipses.

4. Pictures: parallelepiped, the image of a curvy shape under a linear transformation.

5. Theorem: determinants and volumes.

6. Vocabulary word: parallelepiped.

In this section we give a geometric interpretation of determinants, in terms of areas and volumes. This will shed light on the reason
behind three of the four defining properties of the determinant. It is also a crucial ingredient in the change-of-variables formula in
multivariable calculus.

The determinant computes the volume of the following kind of geometric object.

# Definition: Parallelepiped

The parallelepiped determined by = vectors 91, ¥y, ..., ¥, in R™ is the subset

P = {a1¥; + asB3 + - + ¥y, : 0 < @1,09,...,a, < 1}

In other words, a parallelepiped is the set of all linear combinations of n vectors with coefficients in [0,1]. We can draw
parallelepipeds using the parallelogram law for vector addition.

X |llustration 2.7.1: The Unit Cube

The parallelepiped determined by the standard coordinate vectors €4, s, ..., €, is the unit n-dimensional cube.

Y_

€4
o1

Figure 2.7.1

X |llustration 2.7.2: Parallelograms

When n = 2, a parallelepiped is just a parallelogram in R2. Note that the edges come in parallel pairs.

Vo

141

Figure 2.7.2

https://math.libretexts.org/@go/page/221252
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When n = 3, a parallelepiped is a kind of a skewed cube. Note that the faces come in parallel pairs.

Figure 2.7.3

When does a parallelepiped have zero volume? This can happen only if the parallelepiped is flat, i.e., it is squashed into a lower
dimension.

Vi

vy P

Figure 2.7.4

This means exactly that {41, ¥s,...,U,} is linearly dependent, which is equivalent to saying the matrix with rows 1, ¥, ..., %, has
determinant equal to zero. To summarize:

X Key Observation 2.7.1

The parallelepiped defined by %¥;,4s,...,9, has zero volume if and only if the matrix with rows ¥i,%s,...,9, has zero
determinant.

This page titled 2.7: Determinants and Volumes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 4.3: Determinants and Volumes by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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2.7.1: Determinants for Area and Volume

The key observation above is only the beginning of the story: the volume of a parallelepiped is always a determinant.

& Theorem 2.7.1.1: Determinants and Volumes

Let ¥;,%,,...,9, be vectors in R”, let P be the parallelepiped determined by these vectors, and let A be the matrix with rows
¥1, V2, ..., Un. Then the absolute value of the determinant of A is the volume of P:

| det(A)| = volume of P

Proof

Since the four defining properties characterize the determinant, they also characterize the absolute value of the
determinant. Explicitly, | det | is a function on square matrices which satisfies these properties:

1. Doing a row replacement on A does not change | det(A)|.
2. Scaling a row of A4 by a scalar ¢ multiplies | det(A4)| by |c|-
3. Swapping two rows of a matrix does not change | det(4)|.
4. The determinant of the identity matrix I is equal to 1.

The absolute value of the determinant is the only such function: indeed, if you do some number of row
operations on A to obtain a matrix B in row echelon form, then

(product of the diagonal entries of B)

A) =
| det(4)] (product of scaling factors used)

For a square matrix 4, we abuse notation and let vol(A4) denote the volume of the parallelepiped determined by
the rows of A. Then we can regard vol as a function from the set of square matrices to the real numbers. We
will show that vol also satisfies the above four properties.

1. For simplicity, we consider a row replacement of the form R,, = R, + cR;. The volume of a parallelepiped is
the volume of its base, times its height: here the “base” is the parallelepiped determined by %1, %2, ... , Tn_1,
and the “height” is the perpendicular distance of #,, from the base.

Figure 2.7.1.5

Translating ¥,, by a multiple of %; moves %, in a direction parallel to the base. This changes neither the base nor
the height! Thus, vol(A4) is unchanged by row replacements.

https://math.libretexts.org/@go/page/221253
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“.‘height__.’:I

':heighi[_

Vg !

Figure 2.7.1.6

2. For simplicity, we consider a row scale of the form R, = cR,. This scales the length of 7,, by a factor of |¢|,

which also scales the perpendicular distance of ¥, from the base by a factor of |c|. Thus, vol(A) is scaled by
le.

% height /
A .

L1

\ height

Figure 2.7.1.7

3. Swapping two rows of A just reorders the vectors v1, s, ... , Un, hence has no effect on the parallelepiped
determined by those vectors. Thus, vol(A) is unchanged by row swaps.
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i Va

Figure 2.7.1.8

4. The rows of the identity matrix I are the standard coordinate vectors €1, €3, ..., €. The associated
parallelepiped is the unit cube, which has volume 1. Thus, vol(I) = 1.

Since | det | is the only function satisfying these properties, we have

volume of P = vol(A) = |det(4)|

This completes the proof.

Since det(A4) = det(AT) by the transpose property, the absolute value of det(A) is also equal to the volume of the parallelepiped

determined by the columns of A as well.

X |llustration 2.7.1.4: Length

A1 x 1 matrix 4 is just a number ( o ). In this case, the parallelepiped P determined by its one row is just the interval [0, a] (or
[a,0] if @ < 0). The “volume” of a region in R! = R is just its length, so it is clear in this case that volume of P = |a|.

volume/length of /" = |a|
0 a

Figure 2.7.1.9

X |llustration 2.7.1.5; Area

When A is a 2 x 2 matrix, its rows determine a parallelogram in R2. The “volume” of a region in R? is its area, so we obtain a
formula for the area of a parallelogram: it is the determinant of the matrix whose rows are the vectors forming two adjacent
sides of the parallelogram. It is perhaps surprising that it is possible to compute the area of a parallelogram without

trigonometry. Here is a visual proof of the formula:
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(a+c,b+d)

volume /area of

=(a+c)(b+d)—2-be—2-Fcd—2- 5ab

[ 4]

Figure 2.7.1.10

v Example 2.7.1.1

Find the area of the parallelogram with sides [ ; ] and [ 2 ]

Figure 2.7.1.11

Solution
The area is

(R R
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Find the area of the parallelogram in the picture.

Figure 2.7.1.12

Solution
We choose two adjacent sides to be the rows of a matrix. We choose the top two:

—
-
[

Figure 2.7.1.13

Note that we do not need to know where the origin is in the picture: vectors are determined by their length and direction, not

(3 4 )]-r-ru-m

where they start. The area is

v/ Example 2.7.1.3: Area of a triangle

Find the area of the triangle with vertices (1, 2), (3,6), (4,5)

https://math.libretexts.org/@go/page/221253
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Figure 2.7.1.14

Solution

Doubling a triangle makes a parallelogram. We choose two of its sides to be the rows of a matrix.

Figure 2.7.1.15

([ 3 S])|-erass

You might be wondering: if the absolute value of the determinant is a volume, what is the geometric meaning of the determinant
without the absolute value? The next remark explains that we can think of the determinant as a signed volume. If you have taken an
integral calculus course, you probably computed negative areas under curves; the idea here is similar.

The area of the parallelogram is

so the area of the triangle is

X Remark: Signed volumes

Theorem 2.7.1.1 on determinants and volumes tells us that the absolute value of the determinant is the volume of a
parallelepiped. This raises the question of whether the sign of the determinant has any geometric meaning.

A1 x 1 matrix A is just a number ( @ ). In this case, the parallelepiped P determined by its one row is just the interval [0, a] if a
>0, and it is [a,0] if @ < 0. In this case, the sign of the determinant determines whether the interval is to the left or the right of

https://math.libretexts.org/@go/page/221253
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the origin.

For a 2 x 2 matrix with rows vy, v,, the sign of the determinant determines whether v, is counterclockwise or clockwise from v;.
That is, if the counterclockwise angle from v; to v, is less than 180°, then the determinant is positive; otherwise it is negative
(or zero).

Vs / V1

V1 Va

det(iv17)>0 det(ivli)<0

Figure 2.7.1.16

For example, if v; = [ : ] , then the counterclockwise rotation of v; by 90° is v, = [ _ab ], and

det([ @ b])=a2+b2>0
—b a

On the other hand, the clockwise rotation of v; by 90° is [ _ba ] ,and

det([a b ])=—a2—bz<0
b —a

For a 3 x 3 matrix with rows v, vs, v3, the right-hand rule determines the sign of the determinant. If you point the index finger
of your right hand in the direction of v; and your middle finger in the direction of v, then the determinant is positive if your
thumb points roughly in the direction of v3, and it is negative otherwise.

Figure 2.7.1.17

In higher dimensions, the notion of signed volume is still important, but it is usually defined in terms of the sign of a
determinant.

Let A be an = x n matrix with columns %1, 92, ..., Un, and let T:R™® — R™ be the associated matrix transformation, T'(Z) = AZ. Then
T(€:) = ¥; and T'(€2) = ¥, so T takes the unit cube C to the parallelepiped P determined by %, %, ..., ¥p:

https://math.libretexts.org/@go/page/221253
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Y

€

Figure 2.7.1.18

Since the unit cube has volume 1 and its image has volume | det(A)|, the transformation T scaled the volume of the cube by a factor
of | det(A)|. To rephrase:

If A is an n x n matrix with corresponding matrix transformation 7: R™ — R", and if C is the unit cube in R", then the volume
of T(C) is | det(A)].

The notation T'(S) means the image of the region S under the transformation 7' In set builder notation, this is the subset
T(S) = {T(%) : Z in S}

In fact, T scales the volume of any region in R” by the same factor, even for curvy regions.

& Theorem 2.7.1.2

Let A be an n x n matrix, and let T: R® — R® be the associated matrix transformation 7'(z) = A%. If § is any region in R", then

volume/area of T(S) = | det(A)| - volume/area of S

Proof

Let C be the unit cube, let %1, 33, ..., 9, be the columns of 4, and let P be the parallelepiped determined by these vectors, so
T(C) = P and volume of P = | det(A4)|. For ¢ > 0 we let eC be the cube with side lengths ¢, i.e., the parallelepiped determined
by the vectors €€, €€, ..., €€n, and we define eP similarly. By the second defining property, T' takes eC to eP. The volume of
€C is " (we scaled each of the » standard vectors by a factor of €) and the volume of eP is *| det(A)| (for the same reason),
so we have shown that T" scales the volume of eC by | det(4)|.

A T
/ m
€eyl eC Vi V2
. |
vol(eC) = g" vol(eP) = &"| det(A)|

Figure 2.7.1.19
We can see that the image of a translate of eC is a translate of eP:
T(Z + ¢C) = T(Z) + €T(C) = T(Z) + P

Since a translation does not change volumes, this proves that T scales the volume of a translate of eC by | det(4)|.

https://math.libretexts.org/@go/page/221253
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At this point, we need to use techniques from multivariable calculus, so we only give an idea of the rest of the proof. Any
region S can be approximated by a collection of very small cubes of the form Z + ¢C. The image 7'(S) is then approximated
by the image of this collection of cubes, which is a collection of very small parallelepipeds of the form T'() + eP.

Figure 2.7.1.20

The volume of $ is closely approximated by the sum of the volumes of the cubes; in fact, as € goes to zero, the limit of this
sum is precisely volume of S. Likewise, the volume of T'(S) is equal to the sum of the volumes of the parallelepipeds, taken
in the limit as e — 0. The key point is that the volume of each cube is scaled by | det(A)|. Therefore, the sum of the volumes
of the parallelepipeds is | det(A)| times the sum of the volumes of the cubes.

This proves that volume/area of T'(S) = | det(A)| - volume/area of S

v/ Example 2.7.1.4

Let S be a half circle of radius 1, let

a5 1]

and define T:R? — R? by T(Z) = AZ. What is the area of T(S)?

B h

2l

Figure 2.7.1.21

Solution

The area of the unit circle is , so the area of § is % The transformation T scales areas by a factor of | det(A4)| = |1 —4| =3, s0

area of T'((S) = 3 -area of S = ﬁ

v Example 2.7.1.5: Area of an ellipse

Find the area of the interior of the ellipse defined by the equation
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2r —y\? y+ 3z 2_
(522) +(55) =
Solution

This ellipse is obtained from the unit circle X2 4+ Y2 = 1 by the linear change of coordinates

X = 2z —y

y = y+ 3z

In other words, if we define a linear transformation 7: R? — R? by

(D)= s

then T ([ Z D lies on the unit circle C whenever [ z ] lies on E.

T

1 1/3

Figure 2.7.1.22

We compute the standard matrix A for T' by evaluating on the standard coordinate vectors:
1 1 0 —2 1 =
((5D-[] «GD-13] = +-[s ¥
0 1 1 3 1 3
Therefore, T scales areas by a factor of | det(4)| = ‘% + %‘ = % The area of the unit circle is =, so

m = area of C = area of T(E) = |det(A)| - area of E = 5 - area of E

6
and thus the area of E is
X Remark: Multiplicativity of | det |

The above Theorem 2.7.1.2 also gives a geometric reason for multiplicativity of the (absolute value of the) determinant. Indeed,
let A and B be n x n matrices, and let T', U: R — R™ be the corresponding matrix transformations. If C is the unit cube, then

volume of (T o U)(C) = volume of (T(U(C))) = | det(A)| - volume of U(C)
= | det(A)| - | det(B)| - volume of C
= |det(A)| - |det(B)] - 1

On the other hand, the matrix for the composition T'o U is the product AB, so
volume of (T"o U)(C) = | det(AB)| - volume of C = | det(AB))|

Thus | det(AB)| = | det(A)| - | det(B)|.
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2.7.2: Practice Set

? Exercise 2.7.2.1a

Find the area of the parallelogram with adjacent sides determined by the vectors @ = [ Z ] and b = [ _32 ]

Answer

We take the determinant of the matrix with ¢ and b as columns:

=2.(—2)—3-6 =—22

So the area is | — 22| = 22

? Exercise 2.7.2.1b
Find the area of the parallelogram with vertices (0, 0), (2, 1), (3, 5), and (5, 6).

Answer

First we need the vectors connecting these vertices:
2—0 2 = 3—0 3

a= = dp= =

a=[ 10 )= ]=es= 20 =[]

. . . - 3
Now take the determinant of the matrix with & and b as columns:

So the area is |7| =7
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Find the area of the parallelogram with vertices (3, —4), (8,1), (10,—2), and (15, 3).

Answer

First we need the vectors connecting these vertices:

a= [, 50 |- 5 ]mai=[ L0 |- 5]

Now take the determinant of the matrix with & and & as columns: ; ‘ =5.2—5.7=-25
So the area is | — 25| =25
? Exercise 2.7.2.1d

Find the area of the triangle with vertices (4, 6), (11,2), and (12, 8).

Answer
First we need the vectors connecting these vertices:

11—-4 7 - 12—-4 8

a = = b = =
=35 |=[ L ]mes- 350 )= 2]
Now take the determinant of the matrix with @ and  as columns: v : ‘ =7-2—(—4)-8=46
So the area is 3|46| = 23
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Find the area of the triangle with vertices (—2,—8), (0,9), and (4, 0).

Answer

First we need the vectors connecting these vertices:

. [ 0—(-2) 2 = [4—(-2) 6
= = b = =

¢ [9—(—8)] [17]‘?lIld [0—(—8) 8

Now take the determinant of the matrix with @ and b as columns:

6
17 8 ‘—2-8—17-6——86

So the area is | — 86| =43

? Exercise 2.7.2.1f

Find the area of the quadrilateral with vertices (1, 3), (—2,4), (4, 6), (5, 10).

Answer

Note that this is not a parallelogram. Instead think of it as two triangles added together!

Triangle 1 with vertices (1, 3), (—2,4), (5, 10) in blue:
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a= oy |- [ et [ 5 ][]

. . . - 4
Now take the determinant of the matrix with & and & as columns:

1 7

‘:—3-7—4-1:-25

So the area of this triangle is 1| — 25| = 2

Triangle 2 with vertices (1, 3), (4, 6), (5, 10) in red:
L. [4a-17_73 . [5-17_T4
e=[as]=[3]ma-[ 575 ]-[7]

. . . = 4
Now take the determinant of the matrix with ¢ and d as columns:

3 7

‘=3-7—3-4=9

So the area of this triangle is (9] = £

Adding these together gives us a total area of § + 2 =17

? Exercise 2.7.2.1g
2 3 1

Find the volume of the parallelepiped with adjacent sidesg= | 6 | andb=| —2 |andé¢=| 1
1 3

Answer

We take the determinant of the matrix with &, 5, and  as columns by expanding along the first row:

2 3 1
6 —2 1 =2‘
1 3 5

—2 1

1
- 1
S

So the volume is | — 93| = 93

? Exercise 2.7.2.1h

-1 2 3
Find the volume of the parallelepiped with adjacent sidesg= | 2 |and$=| —1 |andé=| 6
2 —2 2

Answer

We take the determinant of the matrix with @, 5, and ¢ as columns by expanding along the first row:

-1 2 3
2 -1 6|=-1 ‘
2 -2 2

2 -1

-1 6 2 6
—2
-2

-2 2 2 2‘+3‘ ‘=0

So the volume is [0] = 0 since these vectors are coplanar.

? Exercise 2.7.2.2a

Find the value(s) of » which make the parallelogram with edges @ = [ ’1l ] and § = [ ; ] have an area of exactly 10.

Answer
We take the determinant of the matrix with & and b as columns:
14 =1-2—h-4=2—4h
pog =1 A=

Now set the area of this equal to 10 and solve:
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2—4h=1 =2
|2—4h|=10—){ h=10 {h

2—4h=-10 h=3

So our answers are h = —2,3

? Exercise 2.7.2.2b

Find the value(s) of A which make the parallelogram with edges ¢ = [ h _’:_ 2 ] and b= [ h i 2 ] have an area of exactly 2.

Answer
We take the determinant of the matrix with & and % as columns:

h 2

—h-(h—1)—(h+1)-2=h*—3h—2
‘h+1h—1‘ (h=1=(®+1)

Now set the area of this equal to 2 and solve:

) h2—3h—2=2 h=-1,4
|h2—3h—2|=2—

h?—3h—2=-2 h=0,3

So our answers are h =—1,0, 3,4

? Exercise 2.7.2.2¢

Find the value(s) of » which make the triangle with vertices (0, 0), (4, 5), and (2, k) have an area of exactly 3.

Answer

First we need the vectors connecting these vertices:

. [4-0 4 - 2-0 2

“_[5—0]_[5]a“db_[h—0]_[h]

Now take the determinant of the matrix with @ and b as columns:
4 2

‘ _ ‘—4-h—2-5—4h—10

Now set the area of this equal to 3 and solve:

%|4h—10|=3—){ 2h—5=3 —>{ h=4

2h—5=-3 h=1

So our answers are h = 1,4

? Exercise 2.7.2.2d

Find the value(s) of k which make the triangle with vertices (—3, 2), (h, h), and (5,—1) have an area of exactly 6.

Answer

First we need the vectors connecting these vertices:

. [h=(-3) h+3 > [5—(=3) 8
= = b= =

. [ h—2 ] [h—z]and [ 1-2 -3

. . N - h+3 8
Now take the determinant of the matrix with @ and b as columns: +

h—2 -3

‘ =h+3):-(-3)—(h—2)-8=7—11h
Now set the area of this equal to 6 and solve:

—11h =12 h=—3
%I7—11h|=6—>{7 h { n

7—11h = —12 h=1
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l So our answers are h = —

? Exercise 2.7.2.3a

" 2
Find the area of the image of the region § = {22 + 4* < 1,z > 0,y > 0} under the transformation T ([ z D = [ 2;1_3!; ]

51
1’11

Answer

7 . 1
The set § is clearly a quarter circle, so area of S = ™ 2

YL

The linear transformation 7" has matrix representation 4 = [

We calculate det(4) =2-(—3) —2-1=—-8

So our answer is area of T'(S) = |det(A)| - area of S = | — 8§ - % =27

? Exercise 2.7.2.3b

. 4
Find the area of the image of the region § = {z2 + y? < 4} under the transformation T ([ x D = [ 2; I gz ]

Answer

The set S is a full circle, so area of § = 7 - 22 = 4x
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. . . . 4 9
The linear transformation 7' has matrix representation A = [ 9 7 ]

We calculate det(4) =4-7—2-9=10

So our answer is area of T'(S) = | det(A)| - area of S = 10| - 47 = 407

? Exercise 2.7.2.3¢

Find the area of the image of the region S = {y > z2,z > y*} under the transformation 7' ([ e D = [ 22:1:_:—:; ]
Y T Y

Answer

The set S is between two parabolas, so we use an integral to find its area:
! 1
areaofS=/ Vv —22ds = 3
0

q q ] : 2 1
The linear transformation 7' has matrix representation A = [ 5 ]

We calculate det(A) =2-4—1-2=6

. 1
So our answer is area of T'(S) = | det(A)| - area of S = |6] - 3= 2

? Exercise 2.7.2.3d

Find the area of the image of the region § = {1 < y < 3,y < « < 3y + 1} under the transformation T ([ Z D = [

—x 4 2y
5z + 8y

Answer
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The set S is a trapezoid with vertices at (1,1), (3,3), (10, 3), (4, 1), which has parallel bases of length 10 -3 =7and4—-1=3
and vertical height of 3 —1 =2 so we have area of § = %2 .2 =10

q : ] : -1 2
The linear transformation 7' has matrix representation A = [ - ]

We calculate det(4A) =—1-8 —5-2=—18

So our answer is area of T'(S) = | det(A)| - area of S =| —18| - 10 = 180

? Exercise 2.7.2.4a

Find the area of the region S = {(z + 2y)? + (3z + y)? < 100}

Answer

This ellipse looks nicer with the substitution: u = z + 2y and v = 3z + y

Which maps it to the set S’ = {u? + v? < 100}, clearly area of §’ =« - 102 = 1007

. o . 2 1 2
The transformation that this substitution represents is T 'T = Tt | _ 'T
Y 3z +y 3 1 Y

We find the determinant of this matrix: det(4) =1-1—2-3=—5
We know 1007 = area of S’ = |det(A)|- area of S=5- area of S

Therefore we must have area of S = 207

? Exercise 2.7.2.4b

Find the area of the region § = {(1z — 19)” + (4z + 3y)2 < 12,y > 2z}
Answer

This ellipse looks nicer with the substitution: w = +z— 2y and v = 4z + 3y

Which maps it to the set §” = {u? +v? < 12,u < 0}, clearly area of §’ = %w - (V12)2 = 6m

1,1 1 _1
The transformation that this substitution represents is T ([ m D =| 3772 =3 2 [ N ]
y 4z 4+ 3y 4

We find the determinant of this matrix: det(4) = +-3—4.(—1)=3
We know 6m = area of S/ = |det(A)|- area of S=3- area of S

Therefore we must have area of S =27

? Exercise 2.7.2.4c
Find the area of the region S between the curves z +y = (2z —3y)* andy=1—=z
Answer
These curves look nicer with the substitution: 4 = 2z — 3y andv =z +y

This makes them intov=u*and v =1

Which maps the set §’ = {—1 < u < 1,u* < v < 1}, pictured below.
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1
We can use integrals to find the area of S’ = / 1—uldu = %
-1

. . o . 2z — 3 2 -3
The transformation that this substitution represents is T ([ z D = [ ey ] = [ ] [ e ]
y z+y 1 1 y

We find the determinant of this matrix: det(4) =2-1—1-(-3) =5

We know % = area of S’ = |det(A)| - area of S=05- area of S

Therefore we must have area of S = %

2.7.2: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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3.1: Change of Basis

X Objectives

1. Learn to view a basis as a coordinate system on a subspace.

2. Find a matrix similar to a given matrix A with respect to a change in basis.

3. Recipes: compute the B-coordinates of a vector, compute the usual coordinates of a vector from its B-coordinates
4. Picture: the B-coordinates of a vector using its location on a nonstandard coordinate grid.

5. Vocabulary words: B-coordinates, similar matrices

In this section, we define ways to describe vectors in R in terms of their linear combinations with respect to a given basis. This
allows us to better understand transformations based on how they act on a basis.

3.1: Change of Basis is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 2.8: Bases as Coordinate Systems by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.1.1: Coordinatization

In this section, we interpret a basis of a subspace V as a coordinate system on V, and we learn how to write a vector in V in that
coordinate system.

& Fact3.1.1.1

If B = {#1, ¥2,-, 9} is a basis for a subspace V, then any vector zZ in ¥ can be written as a linear combination
T = c1U1 + CoUg + - + e

in exactly one way.

Proof

Recall that to say 3 is a basis for V means that B spans V and 3 is linearly independent. Since B spans V, we can write any
Z in V as a linear combination of ¥1, ¥2, ..., ¥m. For uniqueness, suppose that we had two such expressions:

€191 + caU2 + - + CUm

i:
— /- 7 - /7 -
T = C1V1 + CoUg + -+ € Um

Subtracting the first equation from the second yields

-

0=2%—Z = (c] —c1)U1 + (ch — c2)V2 + - + (Cry — Cm)Vm

Since 3 is linearly independent, the only solution to the above equation is the trivial solution: all the coefficients must be
zero. It follows that ¢; — ¢j = 0 for all 4, which proves that c; = ¢f, ca = ¢3, ... ,em = .

X |llustration 3.1.1.1

Consider the standard basis of R3

1 0
€1=|0 |, €=|1], €=]0
0 1

According to the above fact, every vector in R? can be written as a linear combination of €;, &,, €3, with unique coefficients.
For example,

3 1 0 0
v=| 5 |=3[0 |45 1 |—-2| 0 | =381+5€2—2€3
—2 0 0 1

In this case, the coordinates of ¥ are exactly the coefficients of &,, €3, €3.

What exactly are coordinates, anyway? One way to think of coordinates is that they give directions for how to get to a certain point
from the origin. In the above example, the linear combination 3€; + 582 — 2€3 can be thought of as the following list of instructions:
start at the origin, travel 3 units east, then travel 5 units north, then 2 units down into the ground.

# Definition 3.1.1.1: B-Coordinate Vector

Let B = {¥1,¥y,, U5} be a basis of a subspace V, and let
Z = ¢171 + Colg + - + el

be a vector in V. The coefficients c1, ca,+,cm are the coordinates of Z with respect to B. The B-coordinate vector of Z is the
vector:

https://math.libretexts.org/@go/page/219117
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Ez=| in R™
Cm

If we change the basis, then we can still give instructions for how to get to the point (3, 5, —2), but the instructions will be different.
Say for example we take the basis

We can write (3, 5, —2) in this basis as 391 + 292 — 2¥3. In other words: start at the origin, travel northeast 3 times as far as ¥, then
2 units north, then 2 units down. In this situation, we can say that “3 is the %;-coordinate of (3, 5, —2), 2 is the #,-coordinate of (3,
5, —2), and —2 is the ¥3-coordinate of (3, 5, —2).”

The above definition gives a way of using R, to label the points of a subspace of dimension m: a point is simply labeled by its
B-coordinate vector. For instance, if we choose a basis for a plane, we can label the points of that plane with the points of R2.

+ Example 3.1.1.1: A Nonstandard Coordinate System of R?

Define

(a) Verify that B is a basis for R2.

(b) If [i5]5 = [ ; ] then what is &?

(c) Find the B-coordinates of ¥ = [ g ]
Solution

(a) We know that any two linearly independent vectors form a basis for R2. Clearly 41,7, are not multiples of each other, so
they are linearly independent.

N 1 . - . . = .
(b) To say [w]s = [ . ] means that 1 is the ¥;-coordinate of w, and that 2 is the ¥2-coordinate:

= = N 1 1 3
emnvme [ 4[]

(c) We have to solve the vector equation 4 = ¢;%; + %2 in the unknowns ¢;, c,. We form an augmented matrix and row reduce:

1 1|51 resr 1 0|4
[1—1‘3] [01‘1]

T, ” 4
We have ¢; =4 and ¢ = 1, so ¥ = 4¥; + 92 and | [U]3 = [ 1]

=

In the following picture, we indicate the coordinate system defined by B by drawing lines parallel to the “%;-axis” and “¥,-

. . T . - 4 . . 1
axis”. Using this grid it is easy to see that the B-coordinates of ¥ are [ 1 ], and that the B-coordinates of @ are [ 9 ]

https://math.libretexts.org/@go/page/219117
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Figure 3.1.1.1

This picture could be the grid of streets in Palo Alto, California. Residents of Palo Alto refer to northwest as “north” and to
northeast as “east”. There is a reason for this: the old road to San Francisco is called El Camino Real, and that road runs from

the southeast to the northwest in Palo Alto. So when a Palo Alto resident says “go south two blocks and one block east”, they
are giving directions from the origin to the Whole Foods at w.

X |llustration 3.1.1.2

Let

These form a basis B for a plane V = Span{#;, s} in R3. We indicate the coordinate system defined by 3 by drawing lines
parallel to the “¥;-axis” and “¥2-axis™:

Us

Vi

u ell
L7l ;;1—'2 | 2

wliy

Figure 3.1.1.2

. R . oo . o . - 1 ..
We can see from the picture that the %;-coordinate of %, is equal to 1, as is the %,-coordinate, so [i1]s = [ ] Similarly, we

have
_ 3
[a2]z=[ ;] [a31ﬂ=[_1] []z={

ol S
—_
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If B = {¥;, ¥2,-,Vn} is a basis for a subspace V and Z is in V, then
C1
= c2 5 = = =
[Z]z = ; means & = c1U1+ CoU2+ -+ Crlm
Cm
Finding the B-coordinates of # means solving the vector equation
T = ¢1U1 + C2Ug + - + CpUmpy

in the unknowns ¢;, ¢z, -, ¢p. This generally means row reducing the augmented matrix

|
U1 By - Um | F
|1

If B is a basis for R™, then the matrix Qs = | ¥; ¥, - ¥, | issquare and invertible. In this case, the change-of-basis formulas
|

become:

QalElz=F and Q5'%=[ils
Here the matrix @z is called a change-of-basis matrix from 3 to the standard basis.
Its inverse Q;Bl is also a change-of-basis matrix, but from the standard basis to 3.

This means that the map T's : R™ — R™ which sends each vector Z to its B-coordinate vector [Z£]s is a matrix transformation, and
therefore must be linear.

X |llustration 3.1.1.3

Consider again the problem in Example 3.1.1.1 with

= 1 4 1 5 =
v1=[1], vz=[_1], B = {91, ¥2}
Part (b) asked if [@]5 = [ ; ], then what is @?

The change-of-basis matrix from 3 to the standard basis is

1 1
Qz=[1 _1]

Therefore, we can find @ by calculating:

s=asii=[, 1 |[5]=] 5]

We can see that this matches our answer from earlier.
. . R 5
Part (c) asked to find the B-coordinates of 4 = [ 3 ]

(c) The change-of-basis matrix from the standard basis to B is

Q;,1=[

= =
| N[=

=

| IS
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219117?pdf

LibreTexts"

Therefore, we can find [5] 5 by calculating:

[l = Q5 = [

= o=
| |
|
(I |
—
W ot
—
Il
—
=
—_—

Again, this matches our answer from earlier.

v/ Example 3.1.1.2: Using the Change-of-Basis Matrix

Let B={31,32}={[ i]’[g]}

(a) Find a vector Z such that [£]3 = [ _4 ]

(b) Find [g] 5 for the vector § = [ Z ]

Solution

(a) The change-of-basis matrix from 3 to the standard basis is

2 3
Q$=[1 2]

Therefore, we can find # by calculating:

i=ostis= |1 5 ]| 4 ]=[220 ]3]

- - 2 3 8_3 5
ify: 4b —1)by = - = =
We can verify: 4b1 + (—1)b, 4[1] [2] [4_2] [2]

(b) The change-of-basis matrix from the standard basis to B is

o= ? —3]

Therefore, we can find [] s by calculating:

L N M R en

. e a2 3] _[4+4387]_[7
Aga1nwever1fy.2b1+lb2—2[1]+[2]_[2+2]_[4]

3.1.1: Coordinatization is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 2.8: Bases as Coordinate Systems by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.1.2: Similar Matrices
Consider the linear transformation T : R?2 — R2 defined by T ([

This transformation has standard matrix representation

7]
|

Now, let us see how T treats the vectors in the basis B = {31,31} where b; = [ i ] and by = [

1
1

1

T(b,) =T([ )

)=l

T(€1) T(€2)

] and T(bs) =T([

a
b

)

| 01

10

-[3 4]

1
-1

|
|

1
—1

-1
1

)=l

Now, let's change our perspective on this transformation by coordinatizing each input and output above with respect to B:

1
0

|
[ )], - |

1
0

] and [32]z=[
| o e,

0
1

)

0
—1

]

We know there is a different linear transformation U which mimics the results of this "coordinatized version" of T':

v(B,)=v([ o
o(d,)=v (] 3

It is straightforward to see that the matrix representation of 7 is

[U]=

)
)

1
0

|
|

0
—1

|- @),
=l @),

-1

1

]

L 0

We know that T" "switches" the z and y component (like you would do for finding the inverse of a function), which geometrically

means it reflects a vector across the line y = z.

Figure 3.1.2.3: The transformation T reflects each vector across the line y = z

On the other hand, the transformation U is defined by what T does to vectors, but with the "addresses" of each point renamed with

respect to a new basis.

https://math.libretexts.org/@go/page/221303
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Clearly there is some relationship between the matrices [T] and [U], and you may have (correctly) guessed that it involves the
change of basis matrix

> = 1 1
Q$= b1 bo =[ _1:|

The previous example worked nicely because the basis vectors were chosen cleverly. But the same method works for any basis and
any target matrix. Here's another example with a different basis and a different diagonal matrix.

X |llustration 3.1.2.4

Let B = { [ ; ] J [ ; ] } be a basis of R2. Can we find a matrix A which satisfies the equation below for all possible vectors %
€ R?*?
2 07 .a
[ 55 |51a = 1431
: . 2 0
We define the matrix B = [ 0 3 ]

To find the columns of A we just need to calculate A€; and Ae€s.

First we plug in 4 = &; to our equation, which turns into

[ 5 5 |Els=lacils

Clearly we need to find [€;]g, which we can do by using @z = [ ; ; ], or more specifically its inverse Q7' = [ 5 2 ]

[51]ﬂ=Q§151=[_35 —21][(1)]=[_35]

Now we can directly compute B[¢;]z = [ z g ] [ _35 ] = [ _;0 ]

Plugging this back into our equation above, we see that: [ _910 ] = [A&1]3

We can use Qg here to find Aé€;:

A61=Q3[A51]B=[;1), ;][_;0]=[185]

Now we repeat the process for ¥ = €s:

[az]s=Q§152=[_35 _21”(1)]=[_21]
][]
sg=alazs=| o 2| 4 ]-[ 5]

. . . —2
Putting this together, we have found our matrix A must be A = [ 185 3 ]

Blés]s = [ ]

To demonstrate it is the correct answer, note that for our basis B = {31,32} we have:

. 8 —21711 2 L
Aby = = =2b b
! [15 —3”3] [6] 1+ 00

https://math.libretexts.org/@go/page/221303
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- 8§ —277[2 6 .
Abz_[lr) —3”5]_[15]_0bl+3b2

[0

B
A% = A(ab; + Bbs) = aAb; + BAb,
= (21 + 0B2) + B(0b; + 3b2)
= (2a)b; + (38)b2

Thus, [A"]z = [ §Z]= [(2) g] [‘;]: [(2J g][ﬁ]gasdesired.

Since A is linear, for any vector & = ab; + Bbs, (meaning [3]3 = [ ] ), we will have

. 2 . .
] and the matrix B= [ 0 0 ] are related in a particular way.

3

The Illustration above shows that the matrix A = [ 185 _22,’

In fact it is not hard to see that
8 -2 1 2 20 -5 2 1
A‘[15 —3]_[3 5”0 3” 3 —1]_Q”BQB
That is to say that B does to [¢] 5 the same action that A does to 3.

In fact, for any invertible matrix P= | 3, 3, .. B, | we can consider the set 8 = {B;,bs,...,bn}. We know that this set must

be a basis for R™, and we can consider P = Q3 to be a change of basis matrix.

So any time we have A = PBP~!, we know that A and B are related in this same way:
(A7) 3 = Bli]s

The work above inspires a new definition.

& Definition 3.1.2.2: Similar

Two n x n matrices A and B are similar if there exists an invertible n x n matrix P such that A = PBP1.

X |llustration 3.1.2.5

The matrices

I

EHER

are similar because

as the reader can verify.

X Note3.1.2.2

Similarity is unrelated to row equivalence. Any invertible matrix is row equivalent to I, but I is the only matrix similar to I.

o 2] = [o7]

For instance,

are row equivalent but not similar.

https://math.libretexts.org/@go/page/221303
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As suggested by its name, similarity is what is called an equivalence relation. This means that it satisfies the following properties.

& Proposition 3.1.2.1

Let A, B, and C be n x n matrices.

1. Reflexivity: A is similar to itself.
2. Symmetry: if A is similar to B, then B is similar to A.
3. Transitivity: if A is similar to B and B is similar to C, then A is similar to C.

Proof
1. Taking P =1 =11, we have A = TAT!.
2. Suppose that A = PBP~1. Multiplying both sides on the left by P—! and on the right by P gives

P'AP=P}(PBP)P=B

Since (P~!)~! = P, we have B= P~'A(P~!)~!, so that B is similar to A.
3. Suppose that A = PBP~! and B = QCQ~'. Substituting for B and remembering that (PQ)~! = Q—!P~!, we have

A=P(QCQ™MP = (PQ)C(PQ)™,

which shows that A is similar to C.

X |llustration 3.1.2.6

We saw in Illustration 3.1.2.5 that the matrices

8 -2 and 2 0

15 -3 0 3
are similar. We also saw Illustration 3.1.2.6 that the matrices

4 2 2 0

[—1 1] and [0 3]
are similar.

It follows that

are similar to each other.

This can be verified directly by calculating
4 21 [-1 2778 -2][-1 2]
-1 1f " [1 -1][15 =3][1 -1
v/ Example 3.1.2.3

1 2 3 1
LetP=[1 3] andB=[0 2]

Compute A = PBP~! and verify that A and B are similar.

Solution
First compute P~L:

https://math.libretexts.org/@go/page/221303
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Next compute BP~1:
3 11[3 —2 9—1 —6+1 8 -5
_1_ = =
BP _[0 2“—1 1] [0—2 0+2] [—2 2]
Finally compute A = P(BP™Y):
At 2][8 5] _[8-4 —5+4]_[4 -1
T3 [-—2 2] |8-6 —5+6] [2 1

Thus

By definition we see that A and B are similar.

Similar matrices may look different, but they represent the same linear transformation in different coordinate systems. In the next
few sections, we will see how choosing the right basis can simplify a matrix dramatically. This can save us a lot of effort when
doing complicated calculations, like computing large powers (or roots) of a matrix.

3.1.2: Similar Matrices is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

o 5.3: Similarity by Dan Margalit & Joseph Rabinoff is licensed GNU EFDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.1.3: Practice Set

Consider the vectors b; = [ (2) ] and B, = [ i ] which form the basis B = {31,32}

(a) Find the change of basis matrix P which satisfies P[2]s = 2 for all 2 € R?

(b) Find the change of basis matrix @ which satisfies Qz = [Z] for all Z € R?
(c) Find @ if [i]5 = [ > ]

(d) Find [¢] if § = [ 2 ]

(e) Is there a non-zero vector § which has [g]s = ? If so, find one.
HIfA= [ Z Z ] find the matrix A’ satisfying A’[Z]3 = [AZ]3

(eIt B= [ Z Z ] find the matrix B’ satisfying B[z]s = [B’Z]5

Answer

. . - 21
(a) This matrix must have columns b1, by so P = [ o 0 ]

(b) This matrix is the inverse of P in part (a), s0 Q@ = P! = [

(c)ﬁ=P[ﬁ]3=[(2) 1”_35]=[—15]

(d)[a]z=Qa=[§ —1%][_:4‘5]=[_45]

(e) This g = [ Z ] would satisfy of Py = §:

ISR U H Rt

So we have infinitely many suchg, but they are all in Span{ [ _11 ] }

O M=
L

N[

| I

Any non-zero vector y in the span above is an acceptable answer.

(f) A’[Z]s = A’Q7 and [AZ] 3 = QAZ. Therefore in order for A’Q = QA, we must have

1 _1 b 2 1 [ q_ ¢ atb—e=d
A =QAQl=QAP=|2 T2 [|“ H ]: 2
9de™ =@ [0 1][cd 0 1]7 | 2 c+d

(g) B|Z]3 = BQZ and [B’Z]3 = QB’Z. Therefore in order for BQ = QB’, we must have

B’=Q—1BQ=PBQ=[2 1”“ ””é —%]z:at% —a+2b—%+d]

01 c d 1 5 —5+d

? Exercise 3.1.3.2
. - 1 - 3 . . b
Consider the vectors b; = [ 9 ] and b, = [ 3 ] which form the basis B = {bl,bg}

(a) Find the change of basis matrix P which satisfies P[Z]s = Z for all # € R?

https://math.libretexts.org/@go/page/219124
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(b) Find the change of basis matrix @ which satisfies Q% = [Z]s for all Z € R?
(c) Find 4 if [i]s = [ 3 ]

(d) Find [3]3 if = [ ‘1‘ ]

(e) Is there a non-zero vector § which has [g]g = 7 ? If so, find one.

HIf A= [ Z Z ] find the matrix A’ satisfying A’[z]5 = [AZ]3

(g If B= [ : Z ] find the matrix B’ satisfying B[%]s = [B’Z]z

Answer

. . > o 1
(a) This matrix must have columns &;,b, so P = [ 9 31 ]

o ==
| ~eo

BN

| I

(b) This matrix is the inverse of P in part (a), so Q = P~ = [

(qﬁ=Pmﬂ=[;-i][i]=[:]
WIREH

(e) Thisg = [ Z ] would satisfy of Py = §:

1 3 al a+3b | a — a+3b=a — a=0
2 -1 b| [2a—=b] |b 2a—b="b b=0

There are no non-zero vectors g that satisfy the requirements.

(mwu=qa=[

[ =

(f) A’[Z]z = A’QZ and [AZ]3 = QAZ. Therefore in order for A’Q = QA, we must have

% a b1 1 3 7 a+2b—|:73c+6d 3a—b—|’}90—34
1 c d 2 1 2a+4b—c—2d  6a—2b—3c+d

7

BN RN

A =QAQ™ =QAP= [

(g) B[Z]3 = BQZ and [B’Z]3 = @B’Z. Therefore in order for BQ = @B’, we must have

[ a+2b+3c+6d 3a—b49c—3d ]
7 7

~Jes

ESTICRES o

wana=rsa=[} %][2 )]

? Exercise 3.1.3.3

Consider the vectors b; = [ (1) ] and by = [ 1 ] which form the basis B = {31,32}

2a+4b—c—2d 6a—2b—3c+d
7

|~

(a) Sketch the grid lines corresponding to B in the plane (lines where the b;-coordinate is constant, and lines where the -

coordinate is constant).

(b) Estimate the B-coordinates of the vector ¥ = [ ;’ ] from your sketch.
(c) Compute [v] g exactly for v = [ : ] and verify your estimate.

Answer

(a) The purple line below points in the direction of the new "positive z-axis" (which is the same as the old positive z-axis.
The blue line points in the direction of the new "positive y-axis" (which is the old line y = z, traversed up and rightward)
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(b) From the sketch, % appears to be at approximately b;-coordinate 1 and b3-coordinate 2, so [¥]z ~ [ ; ]

1

ore[} Hla=r- [

? Exercise 3.1.3.4

2 1 1 2
LetA=[0 3]andP=[ ]

-1 . L. 1 -17737_[1 . .
N ].Then[v]3=Qv—[0 1 ][2]—[2].Thlsmatchestheestlmate.

01
(a) Compute C = P'AP.
(b) Is C similar to A? Why or why not?
(c) Find a basis 3B such that C is the matrix representation of the same linear transformation as A in B-coordinates.

Answer

(a)P—lz[(l) _12].ThenC=P—1AP=[(1) _12”(2) ;H(l) i]:[(z) —31]

(b) Yes, C is similar to A because C = P~ AP with P invertible.

(c) The basis 3 is the set of columns of P, so B = { [ ] . [ ? ]}

1
0
? Exercise 3.1.3.5

1 1 1
Consider the vectors ;= | 0 |,5,=| 1 |,andb3= | 1 | which form the basis B = {31,32,33} of R3
0 0 1

(a) Find the change-of-basis matrix P which satisfies P[Z]z = Z for all Z € R®
(b) Find the change-of-basis matrix @ which satisfies Q% = [Z] 3 for all Z € R?

3
(c) Find [g]g ifv = | 2
1

3
(d) Find @ if [@]z = | 2
1

Answer
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111
@P=|0 11
0 01
1 -1 0
®Q=P1=[0 1
0 0 1

1 -1 0
©Blz=@s=|0 il [
3
(d)@ = Plg]z= | 0 2
1

? Exercise 3.1.3.6

_Eg3 3 3_ 13
Let B = {[ 5 ] , [ 3 ]} and C = 5a” +6b° 15(a” —b) where a and b are real numbers.
2 1 2(6® —ad)  6a%—5b3

(a) Find a matrix D satisfing [CZ]5 = D[#]5 for all # € R?
(b) Find a matrix A such that A% =C.
Hint: If A= PXP™!, then 43 = PX3P!

Answer

(@) Let P = [ 5

7 ? ] be the change-of-basis matrix from 3 to the standard basis, so that P[Z] = Z and [#]s = P~'Z.

We have [CZ]s = P~1CZ. We want this to equal D[] = DP~1Z for all Z Thus P~*C = DP7}, so D= P~!CP

First compute P~! = [ _21 35 ] Now we compute D = P~1CP:
p_[-1 3] [ —5a3 +66° 15(a® — b%) [5 3]
L2 5| 20°-a®) 6a®—5b° 2 1

-1 3] [ 5(—5a3 + 66%) + 2(15a3 — 156%) 3(—5a3 + 6b%) + 1(15a% — 155%)
L2 5| 5(26°—20°) +2(6a® —5b°) 3(2b% — 2a%) + 1(6a® — 5b%)

-1 3 7[5a® 33|
Tl 2 5] 23 8 |

—5a% +6a3 —303+36° | | @® 0O
10a® —10a® 6B3—565 | | 0 8

3
(0) From part a), we have € = PDP with P= | § | and D= [ o ]

[N

Using the hint: if A = PXP~1, then A3 = PX3P~1. We want A®> = C = PDP~!. So we need X3 =D

3
Choose X = [ ¢ 0 ],sincethean‘: Lo =D
0 b 0 o
Therefore,

(5 3 a 0 -1 3
— -1 _
A=Pxp 1”0 b”z —5]

5

2
_[5 3 —a 3a
121 26 —5b
_ [ —5a+6b 15a—15b
| —2a+20 6a—5b

One can verify that A% = C by direct computation (if you have a lot of time)
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Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) If B is a basis of R, there is at least one non-zero vector  satisfying [¢]g = v.

(b) If A, B, C are all n x n matrices, and AC = CB, then A and B are similar matrices.

(c) If A and B are similar, then they have the same determinant.

(d) If A is similar to B and B is similar to C, then A is similar to C.

(e) A square matrix A is similar to itself.

(f) If A is similar to B and = is a positive integer, then A" is similar to B".

(g) If Ais similar to B and A is invertible, then B is invertible.

(h) If A # I, then A is similar to I.

(i) If P is invertible, then it is a change-of-basis matrix for some basis B to the standard basis.

(j) If P is invertible, then it is a change-of-basis matrix from the standard basis to some basis B.

Answer
(a) Sometimes True Sometimes False
For the standard basis {€1, -.. , €x} this holds for all ¥. In Exercise 2 above we saw this can be false.
(b) Sometimes True Sometimes False
When C is invertible, this is true. But it is definitely not true for an example like C is full of zeros.
(c) Always True

If A= PBP1, then det(A) = det(PBP~') = det(P) det(B) det(P!) = det(P) det(B) - = det(B).

L
det(P)
(d) Always True

If A=PBP~!and B=QCQ™, then A= P(QCQ )P~ = (PQ)C(PQ)™!, so A and C are similar.
(e) Always True

We know I is invertible and A = TAT*.

(f) Always True

If A= PBP~', then A" = (PBP~)" = PBP~! . PBP~'. PBP~! = PB"P~,

(g) Always True

Since A = PBP~!, then B= P~ AP which is a product of invertible matrices, so B is invertible.
(h) Always False

Since PIP~! = PP~! = I for every invertible matrix P, the only matrix similar to I is itself.

(i) Always True
I |
IfP=| % %, - ¥, |,then Pisa change of basis matrix from B = {,%,, ..., 7, } to the standard basis.
| e
(j) Always True
(. |
IfP'=| %, ¥y - ¥, |,then Pisa change of basis matrix from the standard basis to B = {¥1, 2, .., Un}.
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3.2: Eigenvalues and Eigenvectors

4b Learning Objectives

1. Learn the definitions of eigenvector and eigenvalue.

2. Learn to find eigenvectors and eigenvalues geometrically.

3. Learn to decide if a number is an eigenvalue of a matrix, and if so, how to find an associated eigenvector.
4. Find all eigenvalues of a matrix using the characteristic polynomial.

5. Recipes: find a basis for the A-eigenspace, the characteristic polynomial of a 2 x 2 matrix.

6. Pictures: whether or not a vector is an eigenvector, eigenvectors of standard matrix transformations.

7. Theorem: the expanded invertible matrix theorem.

8. Vocabulary word: eigenspace

9. Essential vocabulary words: eigenvector, eigenvalue, characteristic polynomial

In this section, we define eigenvalues and eigenvectors. These form the most important facet of the structure theory of square
matrices. As such, eigenvalues and eigenvectors tend to play a key role in the real-life applications of linear algebra.

This page titled 3.2: Eigenvalues and Eigenvectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kenn Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 5.1: Eigenvalues and Eigenvectors by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
e 5.2: The Characteristic Polynomial by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.2.1: Eigenvalues and Eigenvectors Definitions

# Definition: Eigenvector and Eigenvalue

Let A be an n x n matrix.

1. An eigenvector of A is a nonzero vector % in R™ such that A7 = A%, for some scalar \.
2. An eigenvalue of A is a scalar X such that the equation A% = A% has a nontrivial solution.

If AT = M for ¥ # 0, we say that X is the eigenvalue for %, and that ¥ is an eigenvector for .

The German prefix “eigen” roughly translates to “self” or “own”. An eigenvector of A is a vector that is taken to a multiple of itself
by the matrix transformation T'(2) = Az, which perhaps explains the terminology. On the other hand, “eigen” is often translated as
“characteristic”; we may think of an eigenvector as describing an intrinsic, or characteristic, property of A.

Eigenvalues and eigenvectors are only for square matrices.

Eigenvectors are by definition nonzero. Eigenvalues may be equal to zero.

We do not consider the zero vector to be an eigenvector: since A0 = 0 = A0 for every scalar ), the associated eigenvalue would be
undefined.

If someone hands you a matrix A and a vector @, it is easy to check if  is an eigenvector of A: simply multiply 3 by A and see if A3

is a scalar multiple of 3.

X |llustration 3.2.1.1: Verifying eigenvectors

Consider the matrix

2 2 . It . T2
A=[_4 8] and vectors v—[ ] w—[ ]

Which are eigenvectors? What are their eigenvalues?

[ 23] [] -

Hence, ¥ is an eigenvector of A, with eigenvalue A = 4. On the other hand,

wo=[ %5 ][1]- o]

which is not a scalar multiple of @. Hence, 4 is not an eigenvector of A.

We have

/ Av v is an eigenvector

w is not an eigenvector
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| Figure 3.2.1.1

v/ Example 3.2.1.1: Verifying eigenvectors

Consider the matrix

0 6 8 16 2
A=| 1 0 0 and vectors U= w= | 2
0 2 0 1 2

Which are eigenvectors? What are their eigenvalues?

Solution
We have
0 6 8 16 32
Av=| 3 0 4 |=| 8 | =20
0 % 1 2
Hence, |7 is an eigenvector of A with eigenvalue A = 2
On the other hand,
0 6 8 2 28
An=| 3 0 2 (=|1
0o 1 2

which is not a scalar multiple of . Hence, | is not an eigenvector of A

v/ Example 3.2.1.2: An eigenvector with eigenvalue 0

Let

Is 3 an eigenvector of A? If so, what is its eigenvalue?

Solution
The product is

o=[1 (7] (2]

Hence, |¥ is an eigenvector with eigenvalue zero|

As noted above, an eigenvalue is allowed to be zero, but an eigenvector is not.

To say that A% = A\v means that A and Ay are collinear with the origin. So, an eigenvector of A is a nonzero vector 3 such that A7
and v lie on the same line through the origin. In this case, A% is a scalar multiple of #; the eigenvalue is the scaling factor.

https://math.libretexts.org/@go/page/219112



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219112?pdf

LibreTexts"

v~ v is an eigenvector
L}

w is not an eigenvector

Figure 3.2.1.2

For matrices that arise as the standard matrix of a linear transformation, it is often best to draw a picture, then find the eigenvectors
and eigenvalues geometrically by studying which vectors are not moved off of their line. For a transformation that is defined
geometrically, it is not necessary even to compute its matrix to find the eigenvectors and eigenvalues.

X |llustration 3.2.1.2: Reflection

Here is an example of this. Let T:R? — R? be the linear transformation that reflects over the line L defined by y = —z, and let A
be the matrix for 7. We will find the eigenvalues and eigenvectors of A without doing any computations.

This transformation is defined geometrically, so we draw a picture.

Figure 3.2.1.3

The vector % is not an eigenvector, because A# is not collinear with % and the origin.

Qe

Figure 3.2.1.4

The vector ~ is not an eigenvector either.

Av
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The vector ¥ is an eigenvector because A% is collinear with 4 and the origin. The vector A% has the same length as %, but the
opposite direction, so the associated eigenvalue is —1.

Figure 3.2.1.5

w
O,AW

Figure 3.2.1.6

The vector @ is an eigenvector because Aw is collinear with w and the origin: indeed, Aw is equal to «@! This means that @ is an
eigenvector with eigenvalue 1.

It appears that all eigenvectors lie either on L, or on the line perpendicular to L. The vectors on L have eigenvalue 1, and the
vectors perpendicular to L have eigenvalue —1.

We will now give a few more examples of this nature

X |llustration 3.2.1.3: Projection

Let T:R? — R? be the linear transformation that projects a vector vertically onto the z-axis, and let A be the matrix for T". Find
the eigenvalues and eigenvectors of A without doing any computations.

Solution
This transformation is defined geometrically, so we draw a picture.

Al

......... -

0

[io

Figure 3.2.1.7

The vector % is not an eigenvector, because A% is not collinear with % and the origin.

e

Figure 3.2.1.8

The vector - is not an eigenvector either.
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Figure 3.2.1.9

The vector % is an eigenvector. Indeed, A% is the zero vector, which is collinear with % and the origin; since A% = 0%, the
associated eigenvalue is 0.

Figure 3.2.1.10

The vector % is an eigenvector because A is collinear with @ and the origin: indeed, A is equal to @! This means that @ is an
eigenvector with eigenvalue 1.

It appears that all eigenvectors lie on the z-axis or the y-axis. The vectors on the z-axis have eigenvalue 1, and the vectors on
the y-axis have eigenvalue 0.

v/ Example 3.2.1.3: Identity

Find all eigenvalues and eigenvectors of the identity matrix I.

Solution
The identity matrix has the property that I3 = # for all vectors ¥ in R".

We can write this as I3 = 1 - %, so |every nonzero vector is an eigenvector with eigenvalue 1

v/ Example 3.2.1.4: Rotation

Let T:R? — R2 be the linear transformation that rotates counterclockwise by 90°, and let A be the matrix for T Find the
eigenvalues and eigenvectors of A without doing any computations.

Solution

If 3 is any nonzero vector, then A% is rotated by an angle of 90° from . Therefore, A% is not on the same line as %, so ¥ is not an
eigenvector. And of course, the zero vector is never an eigenvector.
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Figure 3.2.1.11

Therefore, |this matrix has no eigenvectors or eigenvalues| (at least no real number ones...)

Here we mention one basic fact about eigenvectors.

& Fact 3.2.1.1: Eigenvectors with Distinct Eigenvalues are Linearly Independent

Let 91,93, ..., U be eigenvectors of a matrix A, and suppose that the corresponding eigenvalues Ay, As, ..., Ax are distinct (all
different from each other). Then {1, ¥y, ..., ¥k} is linearly independent.

Proof

Suppose that {7, ..., %} were linearly dependent. According to the increasing span criterion, this means that for some j,
the vector ¥, is in Span{#1, ¥s, ..., 9j_1}. If we choose the first such j, then {#1, %, ...,%;-1} is linearly independent. Note that
j > 1since ¥, #0.

Since @; is in Span{¥1, ¥z, ...,¥;_1}, We can write
5j = c1U1 + co¥g + - + Cj_lﬁj_l
for some scalars e, ca, --- , ¢;—1. Multiplying both sides of the above equation by A gives

)\j‘l_)'j = A’i).J = A(Clﬁl =+ 6252 + -4 Cj_l‘l_)'j_l)
= 1AV + cp AV + -+ + Cj_lAﬁj_l
= c1A101 + caA9¥s + -+ + ¢j—aXj1 ¥ 1.

Subtracting A; times the first equation from the second gives
6 = )\j’l_jj = )\j‘ljj = cl()\l = Aj)’i}l + Cg()\z = )\j)‘l_)'z =+ -4 c]-_l()\]-_l = Aj)’f).j_l

Since \; # A; for i < j, this is an equation of linear dependence among %1, 9, ..., 9;-1, which is impossible because those
vectors are linearly independent. Therefore, {%;, %5, ..., 7} must have been linearly independent after all.

When & = 2, this says that if ¥;, ¥ are eigenvectors with eigenvalues A; # Aq, then %5 is not a multiple of %;. In fact, any nonzero
multiple ¢@; of ¥ is also an eigenvector with eigenvalue A;:

A(c’b’l) = CA1_51 = c()\li)'l) = )\1(0'1)'1)

As a consequence of the above Fact 3.2.1.1, we have the following.

Ann x nmatrix A has at most n eigenvalues.

3.2.1: Eigenvalues and Eigenvectors Definitions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.

o 5.1: Eigenvalues and Eigenvectors by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.2.2: Eigenspaces

Suppose that A is a square matrix. We already know how to check if a given vector is an eigenvector of A and in that case to find
the eigenvalue. Our next goal is to check if a given real number is an eigenvalue of A and in that case to find all of the
corresponding eigenvectors. Again this will be straightforward, but more involved.

Let A be an n x n matrix, and let A be a scalar. The eigenvectors with eigenvalue A, if any, are the nonzero solutions of the equation
A% = A\¥. We can rewrite this equation as follows:

AT = \o
= Ai—-X5=0
= AN =0
= (A=) =0

Therefore, the eigenvectors of A with eigenvalue ), if any, are the nontrivial solutions of the matrix equation (A — AI)3 =0, i.e., the
nonzero vectors in Null(A — AI). If this equation has no nontrivial solutions, then A is not an eigenvalue of A.

The above observation is important because it says that finding the eigenvectors for a given eigenvalue means solving a
homogeneous system of equations. For instance, if

7T 1 3
A=|-3 2 -3
-3 -2 -1

then an eigenvector with eigenvalue X is a nontrivial solution of the matrix equation

7 1 3 T T
-3 2 -3 =A|ly
-3 -2 -1 z z

This translates to the system of equations

T + y + 3z = X 7T=XNz + y + 32z = 0
-3z + 2y — 3z = Ay — -3z + (2—-ANy — 3z = 0
-3z — 2y — 2z = Az -3z — 2y + (-1-XNz =0

This is the same as the homogeneous matrix equation

T—A 1 3 T
-3 2-)x -3 y | =0
-3 -2 —1-2 z

(=1

Le., (A=) =

# Definition: A-eigenspace

Let A be an n x n matrix, and let X be an eigenvalue of A. The )-eigenspace, E,, of A is the solution set of (A — AT =10, i.e.,
the subspace Null(A — AI) = E,.

The eigenspace E) is a subspace because it is the null space of a matrix, namely, the matrix A — AI. This subspace consists of the
zero vector and all eigenvectors of A with eigenvalue A.

Since a nonzero subspace is infinite, every eigenvalue has infinitely many eigenvectors. (For example, multiplying an
eigenvector by a nonzero scalar gives another eigenvector.) On the other hand, there can be at most n linearly independent

eigenvectors of an n x n matrix, since R™ has dimension n.
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v/ Example 3.2.2.5: Computing eigenspaces

For each of the numbers A = —2, 1,3, decide if X is an eigenvalue of the matrix

a=[2 7]

and if so, compute a basis for the x-eigenspace.

Solution
The number 3 is an eigenvalue of A if and only if Null(A — 3I) is nonzero. Hence, we have to solve the matrix equation (A

—3I)% = 0. We have
2 —4 10 -1 —4
A_3I_[—1 —1]_3[0 1]_[—1 —4]

The reduced row echelon form of this matrix is

parametric parametric

1 4 form T = —dy vector form T —4
—) —) =

00 y = Y y 4 1

Since y is a free variable, the null space of A —3I is nonzero, so 3 is an eigenvalue.

A basis for Fj3 is [ _14 ]

. . . . —4
Concretely, we have shown that the eigenvectors of A with eigenvalue 3 are exactly the nonzero multiples of [ . ] In

. —4 7. . . .
particular, L |isan eigenvector, which we can verify:

R B R

The number 1 is an eigenvalue of A if and only if Null(A — I) is nonzero. Hence, we have to solve the matrix equation (A — I)¥

= 0. We have
2 —4 10 1 —4
A_Iz[—l —1]_[0 1]=[—1 —2]

This matrix has determinant —6, so it is invertible. This means we have Null(A — I) = {0}, so[1 is not an eigenvalue]

The eigenvectors of A with eigenvalue —2, if any, are the nonzero solutions of the matrix equation (4 + 2I)3 = 0. We have

2 —4 10 4 —4
avar=[ " THe2g 1]-[ A T

The reduced row echelon form of this matrix is

parametric parametric

1 -1 form T = gy vector form T 1
—) —) =

0 0 y =y Yy Y 1

S S o . 1
Hence there exist eigenvectors with eigenvalue —2, namely, any nonzero multiple of [ . ] .

1
A basis for E_j is [ 2 ]
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Let A be an n x n matrix and let A be a number.

1. X is an eigenvalue of A if and only if (A — AI)% = 0 has a nontrivial solution, if and only if Null(A — AI) # {0}.

2. In this case, finding a basis for the A-eigenspace of A means finding a basis for Null(A — AI), which can be done by finding
the parametric vector form of the solutions of the homogeneous system of equations (4 — AI)3 = 0.

3. The dimension of E} of A is equal to the number of free variables in the system of equations (4 — AI)# = 0, which is the
number of columns of A — AT without pivots.

4. The eigenvectors with eigenvalue X are the nonzero vectors in Null(4 — AI), or equivalently, the nontrivial solutions of (A
— AT =0.

3.2.2: Eigenspaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 5.1: Eigenvalues and Eigenvectors by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.2.3: Characteristic Polynomial

In this section, we will give a method for computing all of the eigenvalues of a matrix. This does not reduce to solving a system of
linear equations: indeed, it requires solving a nonlinear equation in one variable, namely, finding the roots of the characteristic
polynomial.

# Definition: Characteristic Polynomial

Let A be an n x n» matrix. The characteristic polynomial of A is the function f()\) given by:

F(O) = det(A — AI)

We will see below that the characteristic polynomial is in fact a polynomial. Finding the characteristic polynomial means
computing the determinant of the matrix A — AI, whose entries contain the unknown A.

v/ Example 3.2.3.6

Find the characteristic polynomial of the matrix

b
Il

3 2
2 0
Solution
We have

s -n([3 313 )

13=x 2
Tl 2 0=x

=(B-N(=N-2-2

=[x —3x—4]

v/ Example 3.2.3.7

Find the characteristic polynomial of the matrix

b

Il
o = ©
N O O

Solution
We compute the determinant by expanding cofactors along the third column:

-2 6 8
fO) =det(A—A)=| 3 —-Xx 0
0 1 -

=-A+31+2

The point of the characteristic polynomial is that we can use it to compute eigenvalues.

https://math.libretexts.org/@go/page/219114
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& Theorem 3.2.3.1: Eigenvalues are Roots of the Characteristic Polynomial

Let A be an n x n matrix, and let f(A) = det(A — AI) be its characteristic polynomial. Then a number A is an eigenvalue of A if
and only if f(Xo) =0.

Proof

The matrix equation (A — Ao)@ = 0 has a nontrivial solution if and only if det(4 — AoI) = 0. Therefore,

Ao is an eigenvalue of A <= AZ = )\Z has a nontrivial solution
< (A—XoI)Z =0 has a nontrivial solution
<= A — )\l is not invertible
= det(A—Aol) =0
<= f(X)=0

By the above, the characteristic polynomial of an n x » matrix is a polynomial of degree n. Since a polynomial of degree = has
at most n roots, this gives another proof of the fact that an n x n matrix has at most n eigenvalues.

v/ Example 3.2.3.8: Finding eigenvalues

Find the eigenvalues and eigenvectors of the matrix

Solution
In the above Example 3.2.3.6 we computed the characteristic polynomial of A to be f(A) = A2 —3X — 4. We can factor this to
solve for its roots:

A—)A+1)=0 = A=-1,4
Therefore, the eigenvalues are —1 and 4.

To compute the eigenvectors, we solve the homogeneous system of equations (A — AI)Z = 0 for each eigenvalue .

|

The parametric form of the general solution is ¢ = — 3, so the eigenspace E_ is the line spanned by [

When X = —1, we have

S o=

A—(—1)I=[; f]%[;

—
[P
[

When X = 4, we have

A= Al Y

2 4 0 0
The parametric form of the general solution is 2 = 2y, so the eigenspace E; is the line spanned by [ ? ]

To summarize:

PR ) R
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v/ Example 3.2.3.12: Finding eigenvalues

Find the eigenvalues and eigenvectors of the matrix

0 6 8
A=| 3 00
0 7 0
Solution
In the above Example 3.2.3.10 we computed the characteristic polynomial of A to be f(A) = —\3 +3X 4+ 2. We factor this
completely:

) =-(A-2)(A+1)?
so the only eigenvalues are A = 2, —1.

We compute the 2-eigenspace, E, by solving the homogeneous system (4 — 2I)@ = 0. We have

-2 6 8 1 0 -16
A—2r=| 1 -2 o0 B, o1 —4
0 7 -2 00 0

The parametric form and parametric vector form of the solutions are:

r = 16z T 16
z = z 1 1
Therefore, the 2-eigenspace is the line
16
Es = Span 4
1

We compute the —1-eigenspace by solving the homogeneous system (A + I)Z = 0. We have

1 6 8 1 0 —4
A+I=| 21 1 of EBEE, 1o 3 2
1
0 5 1 00 O
The parametric form and parametric vector form of the solutions are:
= 4z T 4

y = —2z — y | =2| —2
z = z z 1

Therefore, the —1-eigenspace is the line

E_; = Span -2

3.2.3: Characteristic Polynomial is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 5.2: The Characteristic Polynomial by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.2.4: Practice Set

? Exercise 3.2.4.1a

Find all eigenvalues and eigenspaces for the matrix A = [ g 1(; ]

Answer
We start with the characteristic polynomial:

0—A T

p(\) = det(A — AI) =‘ 0 o

=0—XA)(0—X)—0 7=\

The roots of this are our eigenvalues, giving us: A= 0
0 = 01 1
E0=Nm1(A—0-I)—Null([0 0:|)—Null(|:0 O:I)—Span{[o] }

? Exercise 3.2.4.1b

Find all eigenvalues and eigenspaces for the matrix B = [

5 12
3 5

Answer
We start with the characteristic polynomial:

5—A 12

p(/\)=det(B—)\I)=‘ 3 5_2x

=(B-XN)(>B-X)—3-12=22-10A—11

The roots of this are our eigenvalues, giving us: A = —1,11

E_1=Null(B—(—1)-I)=Null([g 162])=Null([(l) z])=Spa.n{|:_2 }

1
socs-sn=va([ 15 ) -wa([3 3) o

? Exercise 3.2.4.1¢

Find all eigenvalues and eigenspaces for the matrix C = [ _72 : ]

Answer
We start with the characteristic polynomial:

—2—-A 5

(V) =det(C—)J)=‘ 8

‘=(—2—>\)(8—>\)—7-5=)\2—6>\—51

The roots of this are our eigenvalues, giving us: A = 3 £ 2v/15

e ouT . i 5-2vi5 ]
Y 1 [ 542v15 |
E3_2\/ﬁ — Null (C —(3- 2\/6) . ]) = Null ( 5 +7 V15 ot :‘/ﬁ ) = Null ( :) (7) )
{ [ 5 _2v15 | } - -
= Span 7
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Find all eigenvalues and eigenspaces for the matrix D = [ _41 _63 ]

Answer

We start with the characteristic polynomial:

p(X) = det(D — AI) =‘ -1-x -3

4 6on ‘=(—1—)\)(6—)\)—4-(—3)=)\2—5)\+6

The roots of this are our eigenvalues, giving us: A = 2,3

m=vao-2-n=wat([ 7 P ])=var([g ) -sa{[ 7] }
mmvn—sn-sar([ 3 ])ma (|5 ]) e[ 2] )

? Exercise 3.2.4.1e

Find all eigenvalues and eigenspaces for the matrix E = [

)
| U
o=
| I

Answer
We start with the characteristic polynomial:

b-x 3

PY) =det(B-AD)=| 7 "

= (-NEE- V-1 F =2 - f = e -a—0)

E1=Null(E—1-I)=Null(

E_s = Null(E—(—3%)-I) = Null ({ f i D =Null(

? Exercise 3.2.4.1f

Find all eigenvalues and eigenspaces for the matrix F' = |: \(/)5 0 ]

Answer

We start with the characteristic polynomial:

B R S R e Uy
p(A) = det(F — AI) = . \S/Z—,\‘_(ﬁ NV4-2)—0.0= (V3= (V4-))
The roots of this are our eigenvalues, giving us: A = ¥/3, V4
E%:Null(F—\‘ﬁ.I)=Null(|:g \3/13\4/?_’ )=Null([g (I)D=Span{[(1)]}
E%=Null(F—\3/Z-I)=Null(|:‘V§;\VZ 8 ):Nuu([(l) g])=Span{[(l)]}

https://math.libretexts.org/@go/page/219115



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219115?pdf

LibreTexts"

2
Find all eigenvalues and eigenspaces for the matrix G = 02 (z) :| where a,b > 0
Answer
We start with the characteristic polynomial:
0—-x a® 2. p2 2 _ 22
p(A) =det(G — AI) = =(0—-XN0—-X)—a*-b*"=A*—0a
2 0—2)
The roots of this are our eigenvalues, giving us: A = t+ab
—ab a? 1 -3 a
Eab=Nu11(G’—ab-I)=Null( 2 —ab :|) = Null ([ 0 0 :|) =Span{[ b ] }
ab a? R —a
E_g = Null(G — (—ab) - I) = Null ([ 2 ab :|) = Null ([ 0 0 ]) =Span{[ b ] }
? Exercise 3.2.4.2a
111
Find all eigenvalues and eigenspaces for the matrix A= | 2 2 2
0 0 5
Answer
We start with the characteristic polynomial:
1-2A 1 1 1—2 1
p(A) =det(A—X)=| 2 2—X 2 |= (5—)\)‘ s 9y ‘ =(A—5)(—A2+3))
0 0 5—A
The roots of this are our eigenvalues, giving us: A=0,3,5
[1 1 1 110 -1
Ep=Null(A—0-J)=Null 2 2 2 = Null 0 01 = Span 1
L0 0 5 0 00O 0
[—2 1 1] [1 -1 o] (1]
E3=Null(A—3-1)=Null 2 -1 2 = Null 0 0 1 = Span 2
L 0 0 2| [0 0 0 0
[—4 1 1] [1 0 -1 1]
Es=Null(A—5-I) = Null 2 -3 2||=Nu]|]|o0 1 —1 =Span<{ | 2
L 0 0 0] [0 0 o 2
? Exercise 3.2.4.2b
1 6 1
Find all eigenvalues and eigenspaces for the matrix B=| 0 2 -1
0 0 —1
Answer
We start with the characteristic polynomial:
1—-2A 5 1 1—x 5
p(A) =det(B—A)=| 0 2—x -1 =(—1—>\)‘ B S ‘:(—1—,\)(1—,\)(2—,\)
0 0 —-1-A
The roots of this are our eigenvalues, giving us: A = —1,1,2
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2 5 1 10 3% 4
E=Null(B—(—1)-)=Null | | 0 3 —1 | |=Null| [ 0 1 —1 | |=Span 1
00 O 00 0 3
[0 5 1 010 1
Ey=Nul(B—1-I)=Null| [ 0 1 —1 =Null|] [0 0 1|]|=Span{| 0
L0 0 —2 000 0
[—-1 5 1 1 -5 0 5
E;=Null(B—2-)=Null| [ 0 0 —1 ||=Nul| [0 0 1||=8pan{|1
L 0 0 -3 0 0 O 0
? Exercise 3.2.4.2¢
1 1 -2
Find all eigenvalues and eigenspaces for the matrixC=| 5 0 5
7 2 1
Answer
We start with the characteristic polynomial:
1—A 1 —2
p(A) =det(C—X)=| 5 0—X 5 |=-A34+2)2
7 2 1-A
The roots of this are our eigenvalues, giving us: A = 0,2
[1 1 —2 10 1 -1
Ep=Null(C—0-I)=Null 5 0 5 = Null 01 -3 = Span 3
L7 2 1 00 O 1
[ -1 1 —2 10 3 -1
Ey =Null(C—2-1)=Null 5 —2 5 = Null 01 _% = Span 5
| 7 2 -1 00 O 3
? Exercise 3.2.4.2d
1 01
Find all eigenvalues and eigenspaces for the matrix D= 0 2 1
3 01
Answer
We start with the characteristic polynomial:
1—-2) 0 1 12 1
p(A\) =det(D—X)=| 0 2—-x 1 [=(2-2)) 0 s =2-N)(A-2x1-2)
3 0 1—-A
The roots of this are our eigenvalues, giving us: A= 2,14+ +/3
-1 0 1 ] 100 0
Ey =Null(D—2-I) = Null 0 0 1 =Null| |0 0 1| |=8pan{ | 1
3 0 -1 | 000 0
r 1 1
-3 0 1 10 ~ 3
Ey,ys="Null (D—(1++v3)-I)=Nul 0 1-+v3 1 =Nul| |0 1 1z =Spanq | —1Lo
|3 0 —3 00 0 1
[v3 0 1 10 % -+
— _(1— I = = 1 = __1
E,_/;=Null (D—(1—+/3)-I) = Null 0 1++v3 1 Null [ |0 1 L Span L
| 3 0 V3 00 0 1
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? Exercise 3.2.4.2¢

-2 5 =5
Find all eigenvalues and eigenspaces for the matrix E=| 2 1 3
6 —6 10
Answer
We start with the characteristic polynomial:
—2—-A 5 -5
p(A) =det(E—X)=| 2 1-Xx 3 |[=-X3+09X2—-26A+24
6 —6 10—A
The roots of this are our eigenvalues, giving us: A = 2,3,4
[ 4 5 5] [1 0 § -5
E; =Null(E—2-I)=Null 2 -1 3 =Null| |0 1 % =S8panq | —1
| —6 8 | 0 0 0 3
[ 5 5 —5] [1 -1 0] [1]
E3=Null(E—3-I)=Null 2 -2 3 = Null 0 0 1 = Span 1
| 6 6 7 | [0 0 0] | 0 |
[ 6 5 —5] 1 0 ] [ 0]
E4=Null(E—4-I)=Nul 2 -3 3 = Null 01 -1 = Span 1
| 6 —6 6 | L O 0 | | 1]
? Exercise 3.2.4.2f
2 1 -2
Find all eigenvalues and eigenspaces for the matrix F= | 4 0 4
1 3 4
Answer
We start with the characteristic polynomial:
2—) 1 —2
p(A) =det(F—A)=| 4 0-Xx 4 =23 —2)2 + 220 —28
1 3 —4—A
The roots of this are our eigenvalues, giving us: A = 2, —2 + 3v/2
0 1 -2 1 0 0 0
Ey;=Null(F—2-I)=Nul 4 -2 4 = Null 01 -2 = Span 2
1 3 —6 00 O 1
4-3v2 1 -2 1 0 =lors
E ,5ps =Null(F—(-2+43v2)-I) =Null 4 232 4 =Null| | g ; =2y
1 3 —2—3V2 00 0
10-3v2
41
= Span 244+42v2
41
1
4+3vV2 1 -2 1 0 =loghvz
E_, 453 =Null(F—(-2—3v2)-I) =Null 4 2+3v2 4 =Null | | o 1 =maeve
1 3 —2+3v2 00 0
10+3v'2
41
= Span 24—2112\/5
1
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? Exercise 3.2.4.3

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.

(a) If % is an eigenvector of A, then {A%, A%3} is linearly dependent.

(b) If % and ¥ are nonzero eigenvectors of A, then {A#, A%} is linearly independent.

(c) An n x n matrix will have n distinct real eigenvalues.

(d) If Ais a 3 x 3 matrix with 3 linearly independent real eigenvectors, then it will have 3 distinct real eigenvalues.
(e) If a matrix has A = 0 as an eigenvalue, then it is invertible.

(f) If Ais a4 x 4 matrix with characteristic polynomial p(\) = A* + a3 4+ A2 4+ cA+ d with d # 0, then it is invertible.
(g) If ¥ is an eigenvector of A with eigenvalue ), then ¢ is an eigenvector of A with eigenvalue ¢) for every cin R.
(h) If ¥ is an eigenvector of A with eigenvalue ), then ¥ is an eigenvector of A% with eigenvalue A2.

(i) If A is an eigenvalue of A, then det(A* — A¥I) = 0.

(j) The matrix A and AT have the same eigenvalues.

(k) The matrix A and AT have the same eigenvectors.

Answer
(a) Always True
Av = \v and A% = A%, so A% = AAv and the set is dependent.
(b) Sometimes True Sometimes False

When they have distinct eigenvalues it is assured, but they could already be dependent beforehand and make this false
instead.

(c) Sometimes True Sometimes False

An easy example where this is true: [ (1) (2) ]

An example of it being false is the 2 x 2 identity matrix, which only has one eigenvalue.
(d) Sometimes True Sometimes False
1 00

This is true for an example like | 0 2 0 [. For false, consider the 3 x 3 identity matrix, which only has one eigenvalue

0 0 3
but three linearly independent eigenvectors.

(e) Always False

If 0 is an eigenvalue, then p(0) = det(A) = 0, and A is not invertible.

(f) Always True

Since p(0) = d # 0 we know A = 0 is not an eigenvalue, so A is invertible.

(g) Sometimes True Sometimes False

This is true when X = 0, or if 4 = 0 this is automatically true. In every other case, the true eigenvalue of ¢z is exactly A # cA.
(h) Always True

A% = A(AD) = A(\D) = A(AD) = \%5.

(i) Always True

If ¥ is a nonzero eigenvector with eigenvalue ), then A*¥% = A¥% must hold.
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(j) Always True
They have the same characteristic polynomial: det(A — AI) = det ((4 — AI)T) = det (AT — ).

(k) Sometimes True Sometimes False

When A = AT it is obviously true, but it can be false, like for the matrix A = [ (1) ; ] .

3.2.4: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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3.3: Diagonalization and Geometry of Eigenvalues

4b Objectives

1. Find a diagonal matrix similar to a given matrix A

2. Understand the geometry of diagonalizable 2 x 2 matrices.

3. Recipes: diagonalize a matrix

4. Vocabulary words: algebraic multiplicity, geometric multiplicity, diagonalization.

In this section, we connect the concept of a change of basis to that of eigenvalues and eigenvectors in a powerful way called
diagonalization.

This page titled 3.3: Diagonalization and Geometry of Eigenvalues is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kenn Huber.

e 2.8: Bases as Coordinate Systems by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.3.1: Diagonalization

Recall that two matrices A and B are similar if we can find an invertible matrix P such thatA = PBP~1.

Now we turn to an application that ties together similarity and eigenvalues. This is because of the following observation:

& Fact3.3.1.1

Let A= PBP~!. Then for any n > 1, we have
A" = PB"P!

Proof
First note that

A? = AA= (PBP7Y)(PBP!)= PB(P'P)BP! = PBIBP! = PB*P!

Next we have

A® = A%2A = (PB*P))(PBP™!) = PB}(P"'P)BP! = PB*P!

The pattern is clear.

As we can see, the best matrix to be similar to is a diagonal matrix. This is because they are easiest to multiply by, even with

themselves.

d 0 .. 0 & 0 .. 0

. . . 0 dy . " 0 d .. 0

If D is the diagonal matrix, D= | | , then any power of Diseasy: D* = [ ~ "2 ' .
0 0 - dn 0 0 - d&

Since similar matrices are just re-coordinatizations of the same linear operation, it makes sense that we would try to use a basis B
such that A = QsBQ3* yields a "nice” matrix B. We want to make this tedious process have some payoff, like multiplication by B is

easy compared to A.

X |llustration 3.3.1.1

Let's compute A%, where
a5 B]_[-2 3][0 1][-2 3]
-2 5] [ 1 —1][1 0 1 -1
By the fact above, we have
100 -1
qoo_[ 2 3 0 —1 -2 3
1 -1 1 0 1 -1
. —117. . . .
The matrix [ 0 ] is a counterclockwise rotation by 90°. If we rotate by 90° four times, then we end up where we started.

Hence rotating by 90° one hundred times is the identity transformation, so
-1
qoo_[—2 3 1 0]1[-2 3 _[10
1 -1 01 1 -1 01

So how do we pick B to become similar to a diagonal matrix? By using eigenvectors!
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# Definition: Diagonalizable

Ann x n matrix A is diagonalizable if there are n linearly independent eigenvectors of A.

This is because we can let B = {By, ...,b,} be the basis of R* comprised of exactly those eigenvectors, (so that Ab; = X;8; for
eachi=1,...n)

A 0 .. 0

1 . . 0 X ... O

Then we would have A = Q3DQ7" for the diagonal matrix D= | | "° |
0 0 - A

v/ Example 3.3.1.1

1 317"
Find a formula for [ ; f ] in which the entries are functions of n, where n is any positive whole number.
2 2
Solution
1 3
We need to find the eigenvalues and eigenvectors of A = |: g f :| . First we compute the characteristic polynomial:
2 2
1_ 3
FA) =det(A—AD)=| ? L \ =XN2-A-2=0+1)1-2)
2 2

Therefore, the eigenvalues are —1 and 2. We need to compute eigenvectors for each eigenvalue. We start with \; = —1:

[)-xa([53))

. . —-11. . QL o
The parametric form is z = —y, so 3; = [ 0 ] is an eigenvector with eigenvalue —1.

e pojes
e pofeo

(A+ 13 =0 < ¥ is in Null ([

Now we find an eigenvector with eigenvalue Ay = 2:

- -3 4 1 -1
(A—20)3 =0 < msinNull([ ; _2§ D =Null([ 0 o D
2 2

. . R 11]. . . .
The parametric form is = g, S0 ¥5 = [ . ] is an eigenvector with eigenvalue 2.

The eigenvectors %, ¥, are linearly independent, so we see that

A=ppP? fo p=| " M| p=|'?
| 1 1| 0 2
Alternatively, if we choose 2 as our first eigenvalue, then
[1 —17 2 0
—_— / _1 = 4 =
A=QD'Q for Q 11 D [0 _1]

Using either of these two changes of bases will result in the same final answer, so we will pick @ and D’:
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0 ST YT
=_i _11”2; (—(;)"]
_ [ 9n (_1)n+1:||:%
AV N

1 [ 2n+(_1)n+2 2ﬂ+(_1)ﬂ+1 ]

N e ——
| o= =
[N
D= B
[ I

5 2" 4 (_1)n+1 " 4+ (_1)n

This feels like a lot of work, but manually calculating A™ even for a fixed large n is also a lot of work. The difference here is that
diagonalization takes the same number of steps whether you are finding A% or A% or 41035816128

The bad news however, is that not every matrix is diagonalizable.

X |llustration 3.3.1.2: A shear is not diagonalizable

Let B= [ !

01 ] so T(xz) = Bz is a shear transformation.

The characteristic polynomial of B is f(A) = (A — 1)2, so the only eigenvalue of B is 1. We compute the 1-eigenspace:

(B-D)i=0 < 6isinNu11(B—I)=Nu11([ 3 (1) D =Span{[ (1) ]}

In other words, the 1-eigenspace is exactly the z-axis, so all of the eigenvectors of B lie on the z-axis. It follows that B does
not admit two linearly independent eigenvectors, so it is not diagonalizable.

Notice that in the above example, the eigenvalue A =1 was a double root of the characteristic polynomial f()). Because of this,
there was no second eigenvalue, and therefore no second eigenvector to make a basis with. In general if )\ is a double root of the
characteristic polynomial, it would need to have two linearly independent eigenvectors attached to that eigenvalue in order to
become diagonalizable. This is made more explicit by two definitions of multiplicity:

# Definition: Multiplicity

Any real number ¢ has two multiplicities with respect to the n x n» matrix A.

The algebraic multiplicity of ¢ is the number of times it is a root of the characteristic polynomial of A. That is if fF())
= (A—¢)* - p(A) for some polynomial p()\) with p(c) # 0, then the algebraic multiplicity of ¢ is a.

The geometric multiplicity of ¢ is the dimension of the eigenspace E,, or equivalently the nullity of the matrix A — cI.

These two definitions are different, and they do not always match each other!

X lllustration 3.3.1.3: Multiplicities in previous examples

We saw in Example 3.3.1.1 that the matrix A =

[N

:| had characteristic polynomial f(X) = (A + 1)(A — 2). The eigenvalue

N po|=

A = —1 has algebraic multiplicity 1 since it is a single root of f(\) and geometric multiplicity 1 since E_; was spanned by one
vector.

Because these two multiplicities matched for each eigenvalue, we were able to form a basis of eigenvectors and diagonalize A
successfully.

. . 11 . s . .
Alternatively, the matrix B = [ 0 1 ] from Illustration 3.3.1.2 had characteristic polynomial f(A) = (A —1)2. The eigenvalue A

= 1 has algebraic multiplicity 2 since it is a double root of f()) but has geometric multiplicity 1 since E; was spanned by one
vector.
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l Because these two multiplicities disagreed for A = 1, we were not able to form a basis of eigenvectors or diagonalize B.

A square matrix A will be diagonalizable if and only if for each eigenvalue, its algebraic multiplicity equals its geometric
multiplicity.

v/ Example 3.3.1.2 A diagonalizable 3 x 3 matrix

4 -3 0
Diagonalize A= | 2 —1 0 | orshow it is impossible to do so.
1 -1 1

Solution
We need to find the eigenvalues and eigenvectors of A. First we compute the characteristic polynomial by expanding cofactors
along the third column:
4—A -3 0 4
fO)=det(A—X)=| 2 —1-x 0 |= (1—,\)‘ )
1 —1 1—X
=1=-NA2=3+2)=-(A-1)21-2)

-3
—-1-A

Therefore, the eigenvalues are 1 and 2. We need to compute eigenvectors for each eigenvalue. We start with \; = 1:

3 -3 0 1 -1 0
(A—DT=0 < disinNullA—D)=Null| | 2 —2 o ||=Null| [0 0 o
1 -1 0 0 0 O
The parametric vector form is
T =y T 1 0
=9y = |y |=y|1|[+2]0
z = 2z z 0 1

Hence the algebraic multiplicity and geometric multiplicity for A = 1 are both two.

Now we compute the eigenspace for A, = 2:

(A—2D)5=0 <> ¥isin

2 -3 0 10 -3
NullA—2l)=Null| | 2 =3 © =Null[ [0 1 —2
1 -1 -1 00 0

The parametric form is & = 8z,y = 2z, so an eigenvector which spans the eigenspace E, is

Here the algebraic multiplicity and geometric multiplicity for A = 2 are both one.

Since both pairs of multiplicities match, we know the matrix is diagonalizable. We have already found all of the major
ingredients needed along the way:

A=PDpP! for P=

O = =
= O O
=N W
o
Il
S O =
(=T =]
N O O
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v/ Example 3.3.1.3: A non-diagonalizable 3 x 3 matrix

110
Diagonalize A= | 0 1 0 | or show itis impossible to do so.
0 0 2

Solution
We need to find the eigenvalues and eigenvectors of A. Again we compute the characteristic polynomial by expanding
cofactors along the third column:

1-x 1 0 -
FO) =det(A—AD=| 0 1-x 0 =(2—,\)‘ 0 1
0 0 2-2

1

Ly |-e-no-p

Therefore, the eigenvalues are 1 and 2. We need to compute eigenvectors for each eigenvalue. We start with A; = 1:

010
(A—D)3=0 <> disinNullA—I)=Null| | 0 0 0
00 2

010 1

=Null| [0 0 1 |]|=Span]|| O

000 0

In other words, the 1-eigenspace is the z-axis. The algebraic multiplicity is 2, but the geometric multiplicity is only 1. Since
these do not match, we do not need to check the second eigenvalue, there is no way for its geometric multiplicity to surpass its

algebraic multiplicity, so we cannot make a basis of eigenvectors for R3. We know that |A is not diagonalizablel

3.3.1: Diagonalization is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 5.3: Similarity by Dan Margalit & Joseph Rabinoff is licensed GNU EFDL. Original source: https://textbooks.math.gatech.edu/ila.

e 5.4: Diagonalization by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.3.2: Geometry of Diagonalizable Matrices
If we assume that a matrix A is similar to some diagonal matrix D, first we explore the geometric properties of diagonal matrices.

A diagonal matrix is easy to understand geometrically, as it just scales the coordinate axes:

a 00 1 1
0b 0 0|=a-

|0 0 c[]|O] | 0 ]
[ 0 0] 0] [ 0 ]
0 b 0 1|{=b-]1
[0 0 c||0] [ 0 |
[ 0 0] [ 0] [ 0 ]
0 b 0| =c¢

[0 0 ¢ || 1] [ 1]

Therefore, we know that a diagonalizable matrix simply scales the “axes” with respect to a different coordinate system. Indeed, if
¥1,3, ..., Uy are linearly independent eigenvectors of an n x n matrix A, then A scales the ;-direction by the eigenvalue ;.

In the following examples, we visualize the action of a diagonalizable matrix A in terms of its dynamics. In other words, we start
with a collection of vectors (drawn as points), and we see where they move when we multiply them by A repeatedly.

X |llustration 3.3.2.4: Eigenvalues A\; > 1, Ap =1

. . 4
Let's describe how the matrix A = [ " z ] acts on the plane.

First we diagonalize A. The characteristic polynomial is

4—A 3

f()\):‘ T o ‘=(4—>\)(2—>\)—3=)\2—6)\+5=(A—5)()\—1)

We compute the 5-eigenspace:

E5=Null(A—5I)=Nu11([ —11 _33 D =Nu11([ (1] —03 D

. . - . . 3
The parametric form of this equation is £ = 3y, S0 one eigenvector is 7; = [ 1 ]

For the 1-eigenspace, we have:

By = Null(A-1) =Null([ 3 3 D =Null([ (1) (1) D

. . L . . —1
The parametric form of this equation is = —y, S0 an eigenvector is g, = [ 1 ] It follows that A = PDP~!, where

3 —1 5 0
-13] 2=le]
The diagonal matrix D scales the z-coordinate by 5 and the y-coordinate by 1. So any point on the horizontal line y = ¢ will
remain on that line and be pushed five times as far away from the line z =0

https://math.libretexts.org/@go/page/219121
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) Dl i
NEE|
A
< \x \ v Dy
| N i
i "..-......—.-.....-‘.—_ 3
0= IPu

Figure 3.3.2.1: Dynamics of the matrix D

The matrix A does the same thing, in the %, ¥,-coordinate system: multiplying a vector by A scales the #;-coordinate by 5 and
the ¥,-coordinate by 1. Therefore, A moves vectors five times further along the line spanned by #;, and the same amount in the
direction of the line spanned by %:

Figure 3.3.2.2: Dynamics of the matrix A

For \; > 1, we stretch our vectors away from the origin in the direction of ¥ by a factor of A;.

Since Ay =1, we have no stretch or squeeze in that direction, which is why we stay the same distance from the origin in the
direction of vs.
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X |llustration 3.3.2.5: Eigenvalues [A\1| < 1, Ao = —1

1 _3
2 2

Let's describe how the matrix A = |: q 1

] acts on the plane.

First we diagonalize A. The characteristic polynomial is

PN HCREE

ORI

1 .
We compute the 5 “eigenspace:

B, = Null(4— %1) = Null ( [

o o

) ([0 1)) -se{[3])

g ] A 1
So our first eigenvector is ¥; = .

For the —1-eigenspace, we have:

S s

E_; = Null(A + I) = Null (

E)=mn((o 3D -mm{[3])

. .o 1
So our second eigenvector is v3 = [ 1 ] It follows that A = PDP~!, where
0
-1

P= [ 11 ] D= [
01
The diagonal matrix D scales the g-coordinate by 1 and the y-coordinate by —1. So any point on the horizontal line y = ¢ will
reflect onto the line y = —¢, and be pushed to be half as far away from the line z = 0

O D=

»
/ D

Figure 3.3.2.3: Dynamics of the matrix D

The matrix A does the same thing, in the %1, %2-coordinate system: multiplying a vector by A scales the %;-coordinate by 5 and
the ¥5-coordinate by —1. Therefore, A moves vectors half as far along the line spanned by #;, and to the opposite direction on
the line spanned by ¥,:
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Figure 3.3.2.4: Dynamics of the matrix A

For 0 < A1 < 1, we squeeze our vectors closer to the origin in the direction of ¥; by a factor of A;.

Since Ay = —1, we reflect in that direction and stay the same distance from the origin in the direction of 9.

X |llustration 3.3.2.8: Eigenvalues A\; < 0, A2 =0

Let's Describe how the matrix A = [ :2

-1
- ] acts on the plane.

First we diagonalize A. The characteristic polynomial is

—-1-x -1

f()\):‘ 5 o ‘=(—1—,\)(—2—,\)—2=,\2+3,\=,\(,\+3)

We compute the —3-eigenspace:

E_3=Nu11(A+3I)=N1111([ 51 D :N““([(l) _0% D :Span{[ ; ]}

o . 1
So our first eigenvector is #; = 9

For the 0-eigenspace, we have:

-1 -1 11 —1
Eq = Null(A) =Null([ 0 s D =Null([ 0 o D =Span{[ ) ]}
So our second eigenvector is @5 = [ _11 ] It follows that A = PDP~!, where
Pe [ 1 -1 ] Do [ -3 0 ]
2 1 0 0

The diagonal matrix D scales the z-coordinate by —3 and the y-coordinate by 0. So any point on the vertical line z = ¢ will
reflect and stretch onto the line £ = —3¢, and the y value will be sent to 0
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Di D=0 Dii

+ - - +

Figure 3.3.2.5: Dynamics of the matrix D

The matrix A does the same thing, in the %, d2-coordinate system: multiplying a vector by A scales the ¥;1-coordinate by —3
and the ¥2-coordinate becomes 0. Therefore, A reflects and stretches vectors three times as far along the line spanned by 71, and
pulls them onto the ¥, axis.

Figure 3.3.2.6: Dynamics of the matrix A

For \; < 0, we reflect across the #; axis AND stretch or squeeze our vectors in that direction by a factor of ||

Since A, = 0, we lose all distance in the %, direction, projecting the vector onto the #; axis.

3.3.2: Geometry of Diagonalizable Matrices is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.
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3.3.3: Practice Set

? Exercise 3.3.3.1a

Consider the vectors b; = [ (2) ] and b, = [ i ] Find a matrix A which satisfies Ab; = 75; and Ab, = 65,

Answer

1

1].:-mdD

. . . . . . 2
A would have a basis of eigenvectors and be diagonalizable with A = PDP~! for the matrix P = [ .

Lo 5]

acrme 2[00

? Exercise 3.3.3.1b

(SR XT
|
o=
|
Il
—
[==2 N |
|
S o
[ —

. - 1 - . . . o - - - -
Consider the vectors b1 = [ 9 ] and by = [ 31 ] Find a matrix C which satisfies Cb; = —2b; and Cbs = 3b2

Answer

C would have a basis of eigenvectors and be diagonalizable with ¢ = PDP~! for the matrix P = [ ; _31 ] above and D
[-20
Lo 3

oot [1 3 ][220
C=PDP™ = [ 2 -1 0 3

? Exercise 3.3.3.2a

<o =
I ~eo
=
[
I
—
~(s ~ls
||
o "la
—_

Describe the geometry of the transformation 7" : R? — R? with T ([ Z D = [ z+y ]

r—Yy
Answer

I E
T(z)_AzforA_[l _1]
‘1—)\ 1

22 _
1 —1—)\‘_)‘ 2

A has characteristic polynomial p()\) = det(4 — A\I) =

The roots of this polynomial are our eigenvalues: A = £+/2

1-+2 1 _ 1 —1-v2 |\ _ 1++2
EﬁzNu]l(A—\/iI)=Null([ ) _1_ﬁ])—Null( 0 o ])—Span{[ . ]}

1+v2 1 _ 1 —1+v2 |\ _g | 1-Vv2
P atl) (s 7)) e}

1+v2
) ,

E_ ;= Null (A+ v2I) = Null (

So T stretches by +/2 the component of z in the direction of [

and reflects then stretches by +/2 the component of Z in the direction of |: 1 _lﬁ :|
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219119?pdf
https://math.libretexts.org/Courses/University_of_California_Irvine/Linear_Algebra_(Math_3A_UCI)/03%3A_Vector_Geometry/3.03%3A_Diagonalization_and_Geometry_of_Eigenvalues/3.3.03%3A_Practice_Set

@%meﬂ@ug

Describe the geometry of the transformation T' : R? - R? with T ([ : D = [ 41; ]

Answer

T(%) = A% for A = [2 (1)]

A has characteristic polynomial p(A) = det(A — AI) =

0—AX 1
0—X

‘:)3—4

The roots of this polynomial are our eigenvalues: X = +2

E2=Nu11(A—2I)=Nu11([ _42 _12 D =N““([(1) _0% D =Span{[ ; ]}
o o))-w{[3 ]}

So T stretches by 2 the component of Z in the direction of [ ; ],

E_2=Nu11(A+2I)=Nu11([ Z ; D =Nu11(

. . . -1
and reflects then stretches by 2 the component of z in the direction of [ 9 ]

? Exercise 3.3.3.3a

. . . . . . . . . 9 2
Find a diagonal matrix D and invertible matrix P which satisfies A = PDP~! for the matrix A = [ 19 11 ]

Answer

We start with the characteristic polynomial:

9—-2A 2

p(A) =det(A—AI) = 12 11—

=22 — 201+ 75

Therefore we have eigenvalues A = 5 with AM=1, and A = 15 with AM=1.

E5=Nu11(A—5I)=Null([142 Z]):Null( D=Span{[_zl]}
E15=Nul1(A—15I)=N1111([I26 _24])=N““([(1) _O%D=Span{[;]}

Since AM=GM for all eigenvalues, we know A is diagonalizable with D = [ 5 0 ] and P= [ 11 ]

0 15 2 3
? Exercise 3.3.3.3b

Find a diagonal matrix D and invertible matrix P which satisfies A = PDP~! for the matrix A = [

1

O o=

—-15 —-20
12 16

Answer

We start with the characteristic polynomial:

—-15-X =20

— )2 __
12 16—\ =oE =)

p(N) = det(A — AI) ‘

Therefore we have eigenvalues A = 0 with AM=1, and A = 1 with AM=1.

s -sace-a-a[ 2 2])wa ([ 1) [ ]
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—-16 —20
By = Null (4 — 1]) = Null ([ i D =Nu11(

O wfor

|)-s{[ 31}

Since AM=GM for all eigenvalues, we know A4 is diagonalizable with D = [ g (1) ] and P = [ 45 ]

? Exercise 3.3.3.3¢

-5 —6 6
Find a diagonal matrix D and invertible matrix P which satisfies A= PDP~! forthe matrix A= | 1 4 —2
-2 0 2
Answer
We start with the characteristic polynomial:
55— —6 6
p(X) = det(A — ) = 1 4-x =2 [=-24+X244-4
—2 0 2—A
Therefore we have eigenvalues A = 1 with AM=1, A = 2 with AM=1, and A = —2 with AM=1.
[ —6 —6 6 ] [1 0 -1 1
E; =Null(A—1I) = Null 1 3 —2 = Null 01 —3% = Span 1
| -2 0 1] 00 O 2
[ -7 —6 6 ] (10 0 0
E2 = Null (A —2I) = Null 1 2 -2 = Null 01 -1 = Span 1
| -2 0 0 | L0 0 0 1
-3 —6 6 1 0 —2 2
E_y = Null (A + 2I) = Null 1 6 —2|[=Nun]|0 1 o0 =Span{ | 0
-2 0 4 00 O 1
1 0 0 1 0 2
Since AM=GM for all eigenvalues, we know A4 is diagonalizable withD=| 0 2 0 [andP=|1 1 0
0 0 —2 211
? Exercise 3.3.3.3d
—11 24 -12
Find a diagonal matrix D and invertible matrix P which satisfies A= PDP~! for the matrix A= | —8 17 -8
-8 16 -7
Answer
We start with the characteristic polynomial:
—11—A 24 —12
p(A) =det(A-A)=| -8 17T—X —8 |=-X—-A2451-3
—8 16 —7—A
Therefore we have eigenvalues A = 1 with AM=2, and X = —3 with AM=1.
—12 24 —12 ] [1 -2 1 -1
Ey=Null(A—1I)=Null| | =8 16 -8 =Null| [0 0 0| ]|=Span |1 |,
—8 16 —8 | L0 0 O 1
-8 24 —12 [1 0 -3 3
E_3=Null(A+3)=Null| | -8 20 -8 =Null| [0 1 -1 =Span{ | 2
-8 16 —4 | (00 0 2
1 0 0 -1 3
Since AM=GM for all eigenvalues, we know A is diagonalizablewith D=0 1 0 |andP=|1 0 2
0 0 -3 1 2
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? Exercise 3.3.3.3¢

2 -2 1
Find a diagonal matrix D and invertible matrix P which satisfies A = PDP~! forthematrixA=| 0 0 0
-1 1 -2
Answer
We start with the characteristic polynomial:
2—X -2 4
p(A) =det(A—A]) = 0 0-—X\ 0 =_)3
-1 1 —2-—-A
Therefore we have eigenvalue A = 0 with AM=3.
2 -2 4 1 -1 2 1 —2
Ey = Null (A — 0I) = Null 0 0 0 =Null| [0 0 o0 =Spand | 1 |,| ©
-1 1 -2 0 0 O 0 1
Since AM+#GM for A = 0, we know A is not diagonalizable, so no such D and P exist.

? Exercise 3.3.3.4a

Find the general form of A* for A = [ :2 ‘; ]

Answer
We start with the characteristic polynomial:

—5—A 4

p(X) =det(A —AI) = ‘ -8 7—2

‘=)\2—2)\—3

Therefore we have eigenvalues A = —1 with AM=1, and A = 3 with AM=1.

mo=ua+ap=nun (| T o) =wa ([ 3 ]) =sen{] ] [}
E3=Nu11(A—3I)=Nu11([:: j])=Null([(1) _O%D=Span{[;]}

Since AM=GM for all eigenvalues, we know A4 is diagonalizable with D = [ _01 g ] and P= [ i ; ]

_ a1 1 (<% o 2 1] | 2(-1)k¥-38F —(-1)F4+3F
Mnexeitons A= ISP _[1 2][ 0 3’°“—1 1]_[2(—1)’”—2-3’c —(—1)"+2-3’°]

? Exercise 3.3.3.4b

Find a matrix B satisfying B2 =AforA= | —4 4 4

Answer
We start with the characteristic polynomial:

—2-) 3 3
p(A) =det(A—A)=| —4 4—X 4 |[=-M45\2—_4x
-2 3 3-2

Therefore we have eigenvalues X = 0 with AM=1, X\ = 1 with AM=1, and A = 4 with AM=1.
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—2 3 3 1 00 0
Ey=Null(A—O0)=Null | | -4 4 4 [ [=Nul|]| 0 1 1|]|=Span{ | —1
| -2 3 3| 000
[ -3 3 3] [1 0 -1 1]
E; =Null(A—1]) =Null —4 3 4 = Null 01 0 = Span 0
| —2 3 2| L0 0 O 1 |
[ -6 3 3 ] 10 -1 1]
Ey=Null(A—4N)=Null| | -4 0 4 =Null| [0 1 —1 ||=8pan$ |1
| -2 3 -1 00 1|
0 0 0] 0 11
Since AM=GM for all eigenvalues, we know A is diagonalizablewithb=|0 1 0 [andP=] -1 0 1
00 4| 1 11
0 1 0! 0 0 -1 0 1 0 11
Therefore one solution is B=A%* = PD:P~-l=| —1 0 0 1% o 2 -1 —1|=[-2 2 2
11 0o o0 4+ || -1 1 1 0 1 1
0 -1 -1 4 -3 -3 —4 3 3
Other possible solutionsare [ 2 -2 -2 [,| 2 -2 -2 |, -2 2 2
0 -1 —1 4 -3 -3 —4 3 3
? Exercise 3.3.3.4¢
—-17 0 18
Find a matrix C satisfyingCc3 =Afora=| -3 -1 -1
-9 0 10
Answer
We start with the characteristic polynomial:
—17—A 0 18
p(\) = det(A —AI) = -3 —1-Xx -1 [=-X-82+x+38
-9 0 10—

Therefore we have eigenvalues A = 1 with AM=1, A = —1 with AM=1, and A = —8 with AM=1.

-18 0 18 1 0 -1 1
FE; =Null(A—1I) = Null -3 —2 -1 = Null 01 2 = Span —2
| -9 0 9 | 00 0 1
[ —16 0 18 ] [1 0 0 0
E =Null(A+I)=Null| | -3 0 —1 || =Null| [0 0 1 ||=Span{ | 1
| -9 0 11 | [0 0 0 0
-9 0 18 [1 0 —2 2
E_g =Null (A + 8I) = Null -3 7 -1 = Null 01 -1 = Span 1
-9 0 18 | _0 0 0 1
1 0 0 1 0 2
Since AM=GM for all eigenvalues, we know A4 is diagonalizable withD=| 0 -1 0 |andP=| —2 1 1
0 0 -8 1 01
1 0 2 150 0 10 2
Therefore the solution is € =A% =PDiP! =| -2 1 1 0 (_1)% 0 -3 1 5
1 01 0 0 (-8)} 1 0 -1
-5 0 6
= 3 -1 -7
-3 0 4
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Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) If Ais a 2 x 2 matrix with two distinct real eigenvalues, then A is diagonalizable.

(b) If Ais a 2 x 2 matrix with characteristic polynomial p(\) = (A — )2, then A is not diagonalizable.

(c) If Dis an n x n diagonal matrix, then it has n linearly independent eigenvectors.

(d) If A is diagonalizable, then it is invertible.

(e) If A has characteristic polynomial p(A) = A? + aX + b and a? > 4b, then A is diagonalizable.

(f) If A is diagonalizable, then it has = distinct real eigenvalues.

(g) If A has characteristic polynomial g(), then the matrix B = 24 has characteristic polynomial p(A) = ¢ (%)

(h) If A? is diagonalizable, then A is diagonalizable.

Answer

(a) Always True

Since each eigenvalue must have algebraic multiplicity 1, they must also have geometric multiplicity 1. Thus A is
diagonalizable.

(b) Sometimes True Sometimes False

When A = rI it is already diagonal, and therefore diagonalizable. However, if A # rI, then E, will have dimension 1, and
thus will not be diagonalizable.

(c) Always True

They are exactly {€1, ...,€n}.

(d) Sometimes True Sometimes False

When 0 is not an eigenvalue, this is true. But when 0 is an eigenvalue, we know A will not be invertible.
(e) Always True

There will be two distinct real roots, so it must be diagonalizable.

(f) Sometimes True Sometimes False

As in many of the examples above we had this exact scenario, so we know it can be true. But, we also know that some
matrices can be diagonalizable with repeated eigenvalues, such as the diagonal identity matrix with only one eigenvalue A

=1.
(g) Always False
The correct equation must be p(\) = det(B— AI) = det(2A — A\I) = 2" det (A — %I) = 2"g (%)

(h) Sometimes True Sometimes False

When A = I this holds to be true. But when A = [ 8 (1) ] we see A? = [ g g ] is diagonalizable, but A is not.

3.3

.3.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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3.4: Complex Eigenvalues

4b Objectives

1. Learn how the eigenvalues of a diagonalizable matrix affect the geometry of a linear transformation

. Learn to find complex eigenvalues and eigenvectors of a matrix.

. Learn to recognize a rotation-scaling matrix, and compute how much the matrix rotates and scales.

. Understand the geometry of 2 x 2 matrices with a complex eigenvalue.

. Recipes: a 2 x 2 matrix with a complex eigenvalue is similar to a rotation-scaling matrix, the eigenvector trick for 2 x 2

g A W N

matrices.
. Pictures: the geometry of matrices with a complex eigenvalue.

D

7. Theorem: the rotation-scaling theorem
8. Vocabulary word: rotation-scaling matrix.

In our last section, we saw that an n x n matrix whose characteristic polynomial has n distinct real roots will have an algebraic
multiplicity of 1 for each value A;. By definition, each geometric multiplicity will also be exactly 1 in this case, and the matrix is
diagonalizable: it is similar to a diagonal matrix. Now we explore what the numerical values of each eigenvalue represent
geometrically.

This page titled 3.4: Complex Eigenvalues is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber via source content that was edited to the style and standards of the LibreTexts platform.

o 5.5: Complex Eigenvalues by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.4.1: Complex Eigenvalues and Eigenvectors

Since the characteristic polynomial does not have to have real roots, we discuss the other possibility: complex roots. It turns out that
such a matrix is similar (in the 2 x 2 case) to a rotation-scaling matrix, which is also relatively easy to understand. As a
consequence of the fundamental theorem of algebra applied to the characteristic polynomial, we see that:

Every n x n matrix has exactly n complex eigenvalues, counted with multiplicity.

We can compute a corresponding (complex) eigenvector in exactly the same way as before: by row reducing the matrix A — AI.
Now, however, we have to do arithmetic with complex numbers.

X |llustration 3.4.1.1: A 2 x 2 Matrix

We will find the complex eigenvalues and eigenvectors of the matrix

1 -1
a=[1 7]
The characteristic polynomial of A is
| 1=x =1 | 2 42
f(/\)—‘ T q_s ‘—(1 AN24+1=x—2x+2
The roots of this polynomial are
A= 2+v4-—8 "24_8 =141

First we compute an eigenvector for A = 1 4 5. We have

e [ 1—(;+i) 1_(—11“) ] _ [ —11 j ]

Now we row reduce, noting that the second row is 4 times the first:

—i —1 ] R—R,—iR, —t —1 ] R=R:—i 1 —
[ 1 —i] 0 0 0 0

. . . . - i
The parametric form is z = 4y, so that an eigenvector that spans E; is 91 = [ . ]

Next we compute an eigenvector for A = 1 —4. We have

o[8[

Now we row reduce, noting that the second row is —i times the first:

t —1 | Ry—Ry+iR, i =11 =R 1 4
[1 i ] 0 0 00

g q . . . =4
The parametric form is ¢ = —iy, so that an eigenvector that spans E;_; is ¥ = [ 1 ]

We can verify our answers:

https://math.libretexts.org/@go/page/221352
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[ 3 ]-[E0]-e-0F]

If A is a matrix with real entries, then its characteristic polynomial has real coefficients, so its complex eigenvalues come in
conjugate pairs. In the first example, we notice that

A1 =1+ has an eigenvector 7, = [ ; ]

—1i
A2 =1 — 4 has an eigenvector ¥ = [ 1 ]

In any matrix, an eigenvector for the conjugate eigenvalue is simply the conjugate eigenvector (the eigenvector obtained by
conjugating each entry of the first eigenvector). This is always true. Indeed, if A% = Ay then if we define 2’ = a — bi to denote the
conjugate of z = a + bi:

A = (AB) = (W) = ()7

which exactly says that 4’ is an eigenvector of A with eigenvalue X’.

Let A be a matrix with real entries. If X is a complex eigenvalue with eigenvector 4, then A’ is a complex eigenvalue with
eigenvector 4’. In other words, both eigenvalues and eigenvectors come in conjugate pairs.

Since it can be tedious to divide by complex numbers while row reducing, it is useful to learn the following trick, which works
equally well for matrices with real entries.

X Note 3.4.1.3: Eigenvector Trick for 2 x 2 Matrices

Let A be a2 x 2 matrix, and let A be a (real or complex) eigenvalue. Then
A— A= [ i 1: ] = [ —zw ] is an eigenvector with eigenvalue A

assuming the first row of A — AI is nonzero.

Indeed, since X is an eigenvalue, we know that A — AI is not an invertible matrix. It follows that the rows are collinear (otherwise
the determinant is nonzero), so that the second row is automatically a (complex) multiple of the first:

z w z w
* % cz cw

. . —-w . . . . . w
It is obvious that [ ] is in the null space of this matrix, as is [ ] , for that matter. Note that we never had to compute the
z —z

second row of A— A, let alone row reduce!

v/ Example 3.4.1.1: A 2 x 2 matrix, the easy way

Find the complex eigenvalues and eigenvectors of the matrix

Solution
Since the characteristic polynomial of a 2 x 2 matrix A is f(\) = A2 — 2X + 2, its roots are
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To find an eigenvector with eigenvalue 1 + 4, we compute

A=14i

- —1 eigenvector |+ 1
A—(1+i)l=[ *z *]Lﬂ, v1=[ ]

The eigenvector for the conjugate eigenvalue is the complex conjugate:

They may look different, but these vectors are simply scalar multiples of our answers when we did this example the hard way:

“[a]=[5] <[ ][]

The most important examples of matrices with complex eigenvalues are rotation-scaling matrices, i.e., scalar multiples of rotation

matrices.

# Definition: Rotation-Scaling matrix

A rotation-scaling matrix is a 2 x 2 matrix of the form

where a and b are real numbers, not both equal to zero.

The following proposition justifies the name.

& Proposition 3.4.1.1

.‘I

a

Let A= [ b

- ] be a rotation-scaling matrix. Then:
a
1. A is a product of a rotation matrix

[ cosf —siné

) with a scaling matrix r 0
sinf cosf

0 r

2. The scaling factor r is
r=4/det(4) = Va2 + b2

. . . P g a
3. The rotation angle 6 is the counterclockwise angle from the positive z-axis to the vector [ b ] g

(5)

Figure 3.4.1.1

The eigenvalues of A are A = a + bi

Proof

https://math.libretexts.org/@go/page/221352
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Set r = /det(A) = Va2 + b2. The point (%, %) has the property that

B ===

b\ .. .. . . .
In other words (%, ;) lies on the unit circle. Therefore, it has the form (cos 8, sin ), where 8 is the counterclockwise angle

. . . .. . a
from the positive z-axis to the vector [ :| , or since it is on the same line, to [ b ] g

() ()-(28)

(a/r,b/r)— 0

Sle 2o

Figure 3.4.1.2

It follows that
A=r |:

For the last statement, we compute the eigenvalues of A as the roots of the characteristic polynomial:

—% _[r o0 cosf —sind
L “lo r sinf cosé

S|o 2o
o

as desired.

a—A —b
b

FX) = o

‘=(a—A)2+b2=A2—2aA+(a2+b2)

Now the quadratic formula yields:

2a + \/4a? — 4(a? + b?)
A= 5 -

a+bi

Geometrically, a rotation-scaling matrix does exactly what the name says: it rotates and scales (in either order).

X |llustration 3.4.1.2: A rotation-scaling matrix

What does the matrix A = [ i _11 ] do geometrically?

This is a rotation-scaling matrix with a = b = 1. Therefore, it scales by a factor of 1/det(A) = /2 and rotates counterclockwise
by 6 = tan! (%) =tan—1(1) = 45°

Figure 3.4.1.3

Here is a picture of A:
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rotate by 45°
scale by v2

Figure 3.4.1.4

X |llustration 3.4.1.3: A rotation-scaling matrix

—/3 -1
1 —v3
This is a rotation-scaling matrix with a = —/3 and b = 1. Therefore, it scales by a factor of 4/det(A) = v/3 +1 = 2 and rotates
counterclockwise by the angle 8 in the picture:
—V3
1

What does the matrix A = |: ] do geometrically?

Figure 3.4.1.5

Since this is in the second quadrant, we have to use some trigonometry to find 6:

() A
1 1/(_'0 ‘\9 O:R—Lp:%.
3

Figure 3.4.1.6

Therefore, A rotates counterclockwise by %ﬁ and scales by a factor of 2.

A

rotate by &

scale by 2

Figure 3.4.1.7
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The matrix in Illustration 3.4.1.3 has second column —v3 :| , which is rotated counterclockwise from the positive z-axis by an

5 . . . 1 . .
angle of % This rotation angle is not equal to tan™! —7) = _% The problem is that the arctan function always outputs values
3

between —% and %: it does not account for points in the second or third quadrants.

Alternatively, we could have observed that [ -3 :| lies in the second quadrant, so that the angle ¢ in question is

X Note 3.4.14

When finding the rotation angle of a vector [ Z ] , do not blindly compute tan~? (%) , since this will give the wrong answer

when [ Z ] is in the second or third quadrant.

3.4.1: Complex Eigenvalues and Eigenvectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

LibreTexts.
« 5.5: Complex Eigenvalues by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.4.2: Geometry of Matrices with Complex Eigenvalues

Let A be a 2 x 2 matrix with a complex, non-real eigenvalue A. Then A also has the eigenvalue A’ # . In particular, A has distinct
eigenvalues, so it is diagonalizable using the complex numbers. We often like to think of our matrices as describing transformations
of R” (as opposed to C"). Because of this, the following construction is useful. It gives something like a diagonalization, except that
all matrices involved have real entries.

& Theorem 3.4.2.1: Rotation-Scaling Theorem

Let A be a 2 x 2 real matrix with a complex (non-real) eigenvalue A\ =a — b (with b > 0), and let ¥ = [ cts

be a
¥+ id ]
corresponding eigenvector.

Then A = PBP-! for

a B a —b
e8] s oe[5 2]

In particular, A is similar to a rotation-scaling matrix that scales by a factor of |A| = Va2 + b2 = y/det(B)

Proof

This proof is ultimately done by brute force. First we need to show that 35 = [ : ] and ¥; = [ ? ] are linearly independent

vectors, since otherwise P is not invertible. If not, then there exist real numbers z,y, not both equal to zero, such that 27z
+ 497 =0. Then

(y+iz)8 = (y+ iz) (Vr + it 1)
=ybgp— 2V +4(2VR + y¥1)
= yOp — 2B +i0
=yvr— Vs
Now, (y +iz)? is also an eigenvector of A with eigenvalue ), as it is a scalar multiple of ¥. But we just showed that (y
+ ix)d is a vector with real entries, and any real eigenvector of a real matrix has a real eigenvalue. Therefore, 5z and %y
must be linearly independent after all.

N -1 -
AV =XV = (a bz)|:7+i6]

[ (aa + bB) + i(af — ba)
(ay + bd) + i(ad — by)

_ [ aa+8B [ aB—ba
‘[ ay + b ]“[ a8 — by ]

On the other hand, we have
A( o ] +i[ ’: D = ABp +iA7;

Matching real and imaginary parts gives

[ ac + b
Avp = AV =
i | ay+bd o [

a3 — ba
o]

Now we compute PBP~'3z and PBP~1%;. Since Pé; = 7z and P&, = 77, we have P~z = €, and P15} = &5, SO

https://math.libretexts.org/@go/page/221353
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PBP '3, = PBé; = P [ a ] = b + bo;

10

e
=[5 ]+

Since % and ¥ are linearly independent, they form a basis for R2. Let @ be any vector in R2, and write @ = ¢t g + dv;. Then

[ aa + b

ay+ b ] = Az

] = —big + a¥s
B
)

=[5 |-

Therefore, Avg = PBP~ 1%y and Av; = PBP~ 1%

At = A(cig + dvy)
= cAvp + dAT;
= cPBP %y + dPBP'%;
= PBP~'(cbg + dijy)
= PBP'®

This proves that A = PBP~L.

So for A = a — bi (with b > 0), the rotation-scaling matrix in question is
a —b
B=
7]
Geometrically, the rotation-scaling theorem says that a 2 x 2 matrix with a complex eigenvalue behaves similarly to a rotation-

scaling matrix. This is the "best" matrix to be similar to when you have complex eigenvalues (instead of a diagonal one when they

are real).

X Recipe: A 2 x 2 Matrix with a Complex Eigenvalue

Let A be a2 x 2 real matrix.
1. Compute the characteristic polynomial
) = det(A — AI)

then compute its roots using the quadratic formula.
2. If the eigenvalues are complex, choose the one with negative imaginary part, and call it A = a — bi (with b > 0).
+iB

) ] using the shortcut trick.
+id

3. Find a corresponding (complex) eigenvector ¥ = [ j

4. Then A= PBP! for

a B a —b
SRS
This scales by a factor of |A\| = v/a2 + b2 and rotates counterclockwise by an angle § where cos(f) = |¥;| and sin(f) %

X |llustration3.4.2.4

What does the matrix A = [ ; _01 ] do geometrically?

The characteristic polynomial of A is

2-x -1 .
f()\)_‘ ) 0_)\‘_—)\(2—)\)+2—)\—2)\+2

Using the quadratic formula, this gives A= 1+

https://math.libretexts.org/@go/page/221353
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We choose the eigenvalue A =1 —i (negative imaginary part) and find a corresponding eigenvector, using the trick, Note
3.4.2.3:

A—(l—i)I=|:1+i _1:| eigenvector 1-).=|: 1 :|
* * 144

10 1 —(-1) 1 1
_ -1 - = =
Therefore, we have 4 = PBP! for P [ - ] and B [ -1 1 ] [ 11 ]

The matrix B is the rotation-scaling matrix: it rotates counterclockwise by an angle of 45° and scales by a factor of v/2. The

. . . 1
matrix A does the same thing, but with respect to the [

0 .
. ] , [ 0 ]-coordlnate system:

x:

B

rotate by 45°

scale by v2

rotate by 45°
“around an ellipse”

A

Figure 3.4.2.8
To summarize:

o Brrotates around the circle centered at the origin and passing through &; and €,, in the direction from &; to €2, then scales
by V2.
e A rotates around the ellipse centered at the origin and passing through ¥z and ¥, in the direction from ¥ to ¥z, then scales

by v/2.

If instead we had chosen )\’ =1+ i as our eigenvalue, then we would have found the eigenvector ¥’ = [ ! . ] . In this case we

would have A = P/B’(P’)~!, where

, 1 0 , 1 -1
P—[l_l]andB—[l 1]

So, A is also similar to a clockwise rotation by 45°, followed by a scale by v/2.

Note that this clockwise direction on the new axes is the same as the counterclockwise direction on the first set of axes we
defined. The geometric result is the same!
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What does the matrix A = |: —V3+1 —2

1 —V3-—1

The characteristic polynomial of A is

] do geometrically?

—/34+1-2) -2

f('\)=‘ 1 —3-1-2)

‘=(_\/§+1_,\)(_\/§—1—,\)+2=,\2+2\/§,\+4

Using the quadratic formula, this gives A = —v/3 +

We choose the eigenvalue A = —/3 — i (negative imaginary part) and find a corresponding eigenvector, using the trick, Note
3.4.2.3:

1 i —2 eigenvector, 2
A—(—\/§—i)I=[ :’ *]%1:[ ]

Therefore, we have A= PBP~! for P = [ i (1) ] and B = [ —v3 (-1 } = [ -3 1 ]

-1 3| | -1 —v3
The matrix B is the rotation-scaling matrix: it rotates counterclockwise by an angle of om and scales by a factor of 2. The

. . . 2 0 :
matrix A does the same thing, but with respect to the [ 1 ] ) [ 1 ]-coordlnate system:

B

/\‘

rotate by 57/6
scale by 2

e

rotate by 57 /6
“around an ellipse’®
scale by 2

V

Figure 3.4.2.9
To summarize:
e Brrotates around the circle centered at the origin and passing through &; and €,, in the direction from &; to &2, then scales
by 2.
o Arotates around the ellipse centered at the origin and passing through %z and ¥y, in the direction from % to ¥z, then scales
by 2.
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X Note 3.4.2.5: Dynamics of a 2 x 2 Matrix with a Complex Eigenvalue

Let A be a 2 x 2 matrix with a complex (non-real) eigenvalue A = a — bi (with b > 0). The matrix A is similar to a matrix that
rotates counterclockwise by some amount and scales by |A| = va? + 2. Hence, A rotates around an ellipse and scales by |A|.
There are three different cases.

|A] = 1: when the scaling factor is equal to 1, then vectors do not tend to get longer or shorter. In this case, repeatedly
multiplying a vector by A simply “rotates around an ellipse”. For example,

A=

Al =1

A 1| vE+1 2 v3—i
1 V3-1

T2 2

gives rise to the following picture:

Figure 3.4.2.10
|A] < 1: when the scaling factor is less than 1, then vectors tend to get shorter, i.e., closer to the origin. In this case, repeatedly
multiplying a vector by A makes the vector “spiral in”. For example,

1 [\/54—1 —2 ] V3—i

<1

A=
2v2

gives rise to the following picture:

S

A= A=
1 i Al
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Figure 3.4.2.11

|A| > 1: when the scaling factor is greater than 1, then vectors tend to get longer, i.e., farther from the origin. In this case,
repeatedly multiplying a vector by A makes the vector “spiral out”. For example,

1 [ V3+1 -2 _V3—i _
_[1 ﬁ_l] A= N =v2>1

V2 V2

gives rise to a picture similar to above, but spinning outward (away from the origin) instead of inward.

X Remark: Classification of 2 x 2 matrices up to similarity

At this point, we can write down the “simplest” possible matrix which is similar to any given 2 x 2 matrix A. There are four
cases:

1. A has two real eigenvalues A;, A. In this case, A is diagonalizable, so A is similar to the matrix

A 0
0 X
This representation is unique up to reordering the eigenvalues.
2. A has one real eigenvalue X of geometric multiplicity 2. In this case, A is equal to the dilation matrix

[2 3]

3. A has one real eigenvalue A of geometric multiplicity 1. In this case, A is not diagonalizable, and will be similar to the

[0 3]

4. A has no real eigenvalues. In this case, A has a complex eigenvalue A, and A is similar to a rotation-scaling matrix.

matrix

3.4.2: Geometry of Matrices with Complex Eigenvalues is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by LibreTexts.

o 5.5: Complex Eigenvalues by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.4.3: Practice Set

? Exercise 3.4.3.1a

Find the eigenvalues and eigenspaces of A = [ 0 ]

1 0

Answer

‘ 0—Xx —4

We find the characteristic polynomial: p(A) = det(4A — AI) = C e ‘

The roots of this polynomial are our eigenvalues: A = 0 4+ 2¢

We choose \ = 0 — 2i (negative imaginary part). Then

Eo_z,-=Nu11(A—(0—2i)I)=Null([ 21i ;:1 D =Null([ (1) zi D =Span{[ _1% ]}

The conjugate space Eoto; = Span {[ 2 ] }

1
? Exercise 3.4.3.1b

Find the eigenvalues and eigenspaces of B = [ ; _13 ]

Answer

We find the characteristic polynomial: p(A\) = det(B — A\I) = ‘ 1= =3

—\2 _
3 1_/\‘_,\ 2X+10

The roots of this polynomial are our eigenvalues: A = 1 4 3¢

We choose A =1 — 3i (negative imaginary part). Then

El_ss=Null(B—(1—3i)I)=Null([ Z" ;f’ D =Null([ (1) (’; D =Span{[ _1’ ]}

The conjugate space E13 = Spa.n{ [ : ] }

? Exercise 3.4.3.1¢

Find the eigenvalues and eigenspaces of C = [ _4 4 i ]

Answer
We find the characteristic polynomial: p(A) = det(C — A\I) = ‘

The roots of this polynomial are our eigenvalues: A\ = 4 4+ 2;

We choose A = 4 — 2i (negative imaginary part). Then

E4_2,-=Null(C—(4—2i)I)=Nu11([ Z 211 D = Null ([ (1) _0% D =Span{[ ; ]}

The conjugate space Eg,9; = Span { [ _21 ] }

https://math.libretexts.org/@go/page/221354
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Find the eigenvalues and eigenspaces of D = [ 02 22 ]
Answer
. . . 0—A 2
We find the characteristic polynomial: p(A) = det(D — AI) = ‘ 9 9_ ) ‘ =A24+2X+4

The roots of this polynomial are our eigenvalues: A = —1 + iv/3
We choose A = —1 — i+/3 (negative imaginary part). Then

_ B 1+iv3 2
E_,_;y5="Null (D~ (~1—iv3)I) = Null ( { 2 —1+iV3

(=T ]
T
o vl
5
_
N———

I

9]

]

1)

B
—
| — |

|
-
o
.
S
—
N——

oo

The conjugate space E_, ; s = Spa.n{ [ -1 —22\/5 } }

? Exercise 3.4.3.1e

4 0 4
Find the eigenvalues and eigenspacesof E=| 0 3 0
2 0 2

Answer

We find the characteristic polynomial: p(A) = det(E — AI) = 0 3—-X 0 =—A3+922 34X +48

The roots of this polynomial are our eigenvalues: A = 3 and A = 3 4 iv/7

We choose A = 3 — iv/7 (negative imaginary part). Then

1+iV7 0 —4 1 0 i
Ey .7 = Null (E— (3 —iV7)I) = Null 0 VT 0 =Nul| |0 1 o
2 0 —1+iV7 00 O
1—iv/7
= Span 0
2
1+4V7
The conjugate space E;; = = Span 0
2
1 0 4 1 00
E3 =Null(E —3I) = Null 0 0 O = Null 0 01 = Span 1
2 0 -1 00O 0
? Exercise 3.4.3.1f
1 1 -2
Find the eigenvalues and eigenspacesof F= | 1 2 -1
1 0 1
Answer
1—X 1 —2

1 2—X —1 |==-X34+4\2—_61+4

We find the characteristic polynomial: p(A) = det(F — AI) =
1 0 1-2A

The roots of this polynomial are our eigenvalues: A=2and A=14+1
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We choose )\ = 1 —i (negative imaginary part). Then

) 1 -2 10 ¢ —i
B ;=Nal(F—(1—4I)=Null| | 1 143 —1 |[|[=Nun|]| 0 1 —1 | |=Span 1
1 0 i 00 O 1
The conjugate space E;,; = Span 1
1
-1 1 -2 1 0 -1 1
FEy = Null (F — 2I) = Null 1 0 -1 = Null 01 =3 = Span 3
1 0 -1 00 O 1

? Exercise 3.4.3.2a

Describe the geometry of the transformation T : R? — R? with T ([ e D

[ ]
z+y
Answer

e 1 -1
T(z)—AzforA_[l X ]

1-2 -1

A has characteristic polynomial p(\) = det(A— AI) = ‘ L1

‘:V—n+2

The roots of this polynomial are our eigenvalues: A =144

We choose A = 1 — ¢ (negative imaginary part). Then

By =Null(A— (1—d)I) =Nu11([ ; —il D =Null([ (1) ;l D =Span{[ i ]}

Therefore A = PBP~! for P = [ 01 ] and B= [ L ] =2 cf’s(?) —sin (§)
10 -1 1 sin(§) cos(f)

So T stretches by /2 and rotates counterclockwise by 9 = % radians around the ellipse with positive z-axis in the
direction of [ " ] and positive y-axis in the direction of [ . ] (which is actually a circle since the axes are perpendicular

and equal length).

The conjugate space E;,; = Span {[ _11 ] } represents the same action (clockwise rotation).

? Exercise 3.4.3.2b

Describe the geometry of the transformation T : R? — R? with T ([ : D = [ _my ]

Answer

I [0 —1
T(%) = AZ for A= [ a ]

A has characteristic polynomial p()\) = det(A — \I) =

0—x —
1 0—X

The roots of this polynomial are our eigenvalues: A = i

We choose A = 0 — ¢ (negative imaginary part). Then

https://math.libretexts.org/@go/page/221354
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So T rotates counterclockwise by 6 = T radians (no scaling) around the ellipse with positive z-axis in the direction of

[ (1) ] and positive y-axis in the direction of [ _01 ] (which is a circle).

The conjugate space E; = Spa.n{ [ 11' ] } represents the same action (clockwise rotation).

? Exercise 3.4.3.2¢

Describe the geometry of the transformation T: R? » R2 with T ( | * | ) = —2e -3y
Y 15z + 10y

Answer

o an -2 -3
T(z)—AzforA—[15 10]

—2-x -3

A has characteristic polynomial p(A) = det(A — AI) = ‘ 15 10— X

‘=)\2—8)\+25

The roots of this polynomial are our eigenvalues: A = 4 4 3i

We choose A = 4 — 3i (negative imaginary part). Then

, —6+3i -3 1 2 —2—1
Ejs_3; = Null (A — (4— 3¢)I) = Null ([ 15 64 3 ]) —Null(|: - —Span{[ 5 }

s “1(3)) —sgin(tan-! (&
Therefore A = PBP~! for P = [ 2 -1 ] and B = [ 43 ] —5| (]l =i ()
5 0 -3 4 sin (tan_1 (%)) cos (ta.n_1 (%))

So T stretches by 5 and rotates counterclockwise by ¢ = tan—! (E) radians around the ellipse with positive z-axis in the

IS

. . —2 .- . . . —1
direction of [ . ] and positive y-axis in the direction of [ . ]

The conjugate space Ey,3; = Span{ [ te ] } represents the same action (clockwise rotation).

? Exercise 3.4.3.2d

Describe the geometry of the transformation 7" : R? — R? with T ([ : D = [ z: ]

Answer

o aee o, [0 -1
T(:L')—Aa:forA_[4 0]

A has characteristic polynomial p()) = det(A — \I) = ‘ 0-=A

The roots of this polynomial are our eigenvalues: A = £2¢

We choose A = 0 — 2{ (negative imaginary part). Then

2

Fop_g; = Null (A— (0 — 26)) = Null ([ n D — Null ([ (1)
Therefore A = PBP~! for P= [ g _01 ] and B = [ o> ] =2 |: c?s(f) —sin(3) :|

So T stretches by 2 and rotates counterclockwise by ¢ = g radians around the ellipse with positive z-axis in the

. . .. .. . . —1
direction of [ g ] and positive y-axis in the direction of [ 0 ]

The conjugate space Ey; = Span{ [ ; ] } represents the same action (clockwise rotation).
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? Exercise 3.4.3.2¢

Describe the geometry of the transformation 7' : R? — R? with T ([ z D

[ 1+ V3)z +yV3 ]
—22v/3 4+ (1—V3)y

Answer
TG) = Azfora= | 1TV V3
-2v3 1-43
A has characteristic polynomial p()\) = det(A — A\I) = levE=2 V3 =A2-2)+4
—2v3  1-v3-2)

The roots of this polynomial are our eigenvalues: A = 1+ iv/3

We choose A = 1 — iv/3 (negative imaginary part). Then

A al) (38 ]) el

ThereforeA:PBP—lforP:[_1 1]andB= 1 V3 —9 cos (§) —sin (%)
2 0 -3 1 sin(3) cos(%)

So T stretches by 2 and rotates counterclockwise by 6 = % radians around the ellipse with positive z-axis in the

E, y5 =Null (A— (1—iv3)I) = Null (

N -1 L. - R 1
direction of [ 5 ] and positive y-axis in the direction of [ . ]

The conjugate space E,; /; = Span { [ B

? Exercise 3.4.3.3a

. . . . N T . .. .
Find a linear transformation T : R? — R? which rotates each vector # by an angle of z radians counterclockwise in a circle.

—1 q q g
5 ] } represents the same action (clockwise rotation).

Answer

This rotation matrix should be A = [ cf)s (f) —sin (3) ] = [
6

? Exercise 3.4.3.3b

Find a linear transformation 7" : R2 — R? which rotates each vector Z by an angle of % radians counterclockwise around a
circle and stretches its length by a factor of 4

Answer

This rotation-scaling matrix should be A = 4

cos ({;) —sin () ] _ [ VB+v2 —B+v2
sin(&)  cos (%) VB-v3 VB+v2

? Exercise 3.4.3.3¢

. . . . " T .
Find a linear transformation T : R? — R? which rotates each vector # by an angle of e radians counterclockwise around an

) 2y
ellipse of the form T + 9 =¢
Answer
. . . . . Co cos(y) —sin(g -1
The rotation-scaling matrix for a counterclockwise rotation by % (no scaling) is B= | | (%) (%) = [ 0 ]
sin(%) cos(%) 1 0
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The positive z-axis of such an ellipse is [ ; ] and the positive y-axis is [ g ]

|-

. . . m .
This transformation rotates vectors counterclockwise by ) around the ellipse

. . - 2
This means the change of basis matrix is P = [ . g ]

oo

2 0 0 —1
A= ==
Therefore we must have PBP [ 0 3 ] [ 1 0 ] [

O =

W= O
v O

2

r
4

0 ]
v
9

+— =c.

3.4.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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3.5: Dot Products and Orthogonal Complements

4b Learning Objectives

1. Understand the relationship between the dot product, length, and distance.

2. Understand the relationship between the dot product and orthogonality.

3. Understand the basic properties of orthogonal complements.

4. Learn to compute the orthogonal complement of a subspace.

5. Recipe: shortcuts for computing the orthogonal complements of common subspaces.

6. Picture: orthogonal complements in R? and R3.

7. Vocabulary words: dot product, length, distance, unit vector, unit vector in the direction of Z, row space.
8. Essential vocabulary words: orthogonal, orthogonal complement.

In the next subchapter, it will be necessary to find the closest point on a subspace to a given point, like so:

@

X
1

| :
closest point

Figure 3.5.1

The closest point has the property that the difference between the two points is orthogonal, or perpendicular, to the subspace. For
this reason, we need to develop notions of orthogonality, length, and distance.

This page titled 3.5: Dot Products and Orthogonal Complements is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 6.1: Dot Products and Orthogonality by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
e 6.2: Orthogonal Complements by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.5.1: Dot Products and Orthogonality

The basic construction in this section is the dot product, which measures angles between vectors and computes the length of a
vector.

# Definition: Dot Product

The dot product of two vectors z,3 in R” is

z1 U1

I T

2= 7 || Y| = cws+ ooy + -+ Tapn
Zn Yn

Thinking of Z, 7 as matrices, this is the same as a row "multiplied" by a column in the matrix product zTy.

For example,

1 4
2| 5] =1-44+2-5+3-6=232
3 6

Notice that the dot product of two vectors is a scalar.

You can do arithmetic with dot products mostly as usual, as long as you remember you can only take the dot product of two vectors
together, and that the result is a scalar.

X Note 3.5.1.1: Properties of the Dot Product

Let Z,7, Z be vectors in R™ and let ¢ be a scalar.
1. Commutativity: -9 =y -
2. Distributivity with addition: (£ +9)-Z=Z-Z+9-Z
3. Distributivity with scalar multiplication: (¢Z) - § = ¢(Z - §)

Z1 Z1

T2 T2 2 2 2
. | =Tttt

Tp Tp

Therefore, for any vector Z, we have:

>0

-

F=0« 2=0

8 8

This leads to a good definition of length.

& Fact3.5.1.1

The length of a vector Z in R is the number

|81 = V32 = /ol + 3 + - + 22

In R?, this means for ¥ = [ Z ], we have ||g]| = Va2 + b2. This is just the Pythagorean Theorem:
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Ify b

Figure 3.5.1.1

For vectors in R3, one can check that ||2| really is the length of 2, although now this requires two applications of the Pythagorean
theorem.

Note that the length of a vector is the length of the arrow; if we think in terms of points, then the length is its distance from the
origin.

v/ Example 3.5.1.1

Suppose that |Z| =2, |§]| =3, and Z - § = —4
Find |2z + 37|
Solution

We compute

|22 + 33|% = (22 + 37) - (2% + 39)
=43 - F+6F-J+6F-§+97-7
= 4|Z|* + 9l§* + 123 - §
=4.449.9-12.4=49

Hence |2z + 37| = V49 =

& Fact3.5.1.2

If £ is a vector and ¢ is a scalar, then |cZ| = || - |Z]
This says that scaling a vector by ¢ scales its length by |c|. For example,
|2 =Ll =20 v

Now that we have a good notion of length, we can define the distance between points in R®. Recall that the difference between two
points Z, ¥ is naturally a vector, namely, the vector § — 2 pointing from Z to g.

# Definition: Distance

The distance between two points (z1,z2, ---, ©,) and (y1,¥2, --- ,y») in R™ is the length of the vector from Z to 7, and is written as
a function of these vectors:

dist(Z,7) = [§ — 2|
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Find the distance from (1,2) to (4,4)

Solution

. 1 L[4
Letz—[2]andy_[4].Then

am(@, i) =l -1 =[[ ;|| - Vo= [V

Qe

Figure 3.5.1.2

Vectors with length 1 are very common in applications, so we give them a name.

& Definition: Unit Vector

A unit vector is a vector  with length |Z]| = vVZ-Z =1

The standard coordinate vectors, €1, €, €3, ... are unit vectors:
1
€]l = 0 =4124+02402=1
0

For any nonzero vector Z, there is a unique unit vector pointing in the same direction. It is obtained by dividing by the length of Z.

& Fact3.5.1.3

. . q g q q L . 1
Let Z be a nonzero vector in R™. The unit vector in the direction of Z is the vector ﬂm
T

SR . . . . 1 1
This is in fact a unit vector (noting that |Z| is a positive number), so ﬂ = ﬂ
T T
1 . 1 .
57| = a1 =1
1] 12

v/ Example 3.5.1.3

. . o . . o 3
Find the unit vector 4 in the direction of Z = [ 4 ]

Solution
We divide by the length of 2:
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Figure 3.5.1.3

The dot product can be used to define orthogonality, i.e., when two vectors are perpendicular to each other.

# Definition: Orthogonal and Perpendicular

Two vectors Z, 7 in R" are orthogonal or perpendicular if z - j = 0.

Notation: Z 1 § means # - § = 0.

Since 0 - # = 0 for any vector #, the zero vector is orthogonal to every vector in R”.

We motivate the above definition using the law of cosines in R2. In our language, the law of cosines asserts that if Z,7 are two
nonzero vectors, and if a > 0 is the angle between them, then

15 —21° = 121 + 191* — 20Z] 13 cos(ar)

Figure 3.5.1.4

In particular, ¢ = 90° if and only if cos(c) = 0, which happens if and only if |j — |2 = |Z||? + |#|?. Therefore,

= Z-I+§-§=F—-%2)- G-
= 2-Z+y-y=y-y+2-2-22 9§
= Z-y=0

To reiterate:

https://math.libretexts.org/@go/page/219126
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gl < Z-§=0 <+ |52’ =2+ [5)?
v/ Example 3.5.1.4
1
Find all vectors orthogonal to v = | 1
-1
Solution
We have to find all vectors Z such that z - ¥ = 0. This means solving the equation
z)
0=2-9=| zo |- 1 =1 +T2— 23
T3 -1
The parametric form for the solution set is z; = —zs + z3, S0 the parametric vector form of the general solution is
[ 7 -1 1
T=| x9 =T 1 +z3
| T3 0 1
Therefore, the answer is the plane
-1 1
Span 1 (,]0
1
For instance,
-1 1 -1 1
1 1 1 because 1 - 1 =0
0 -1 -1
v/ Example 3.5.1.5
1 1
Find all vectors orthogonal toboth7=] 1 |and@w=| 1
-1 1
Solution
We have to solve the system of two homogeneous equations
Ty 1
0=2Z-9=| z | - 1 =z +Ty— 3
T3 -1
T 1
0=Z-W=| =z 1 |=z1+x2+ 23
T3 1
In matrix form:
11 —17 prer [1 1 0
-
123 ]== 6 1]
The parametric vector form of the solution set is
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ry -1
) =T 1
z3
Therefore, the answer is the line
—1 1
Span 1
0 -
For instance,
-1 1 [ —1 1
1 . 1 =0 and 1 -1 1 ]1=0
0 -1 I 1

X Remark: Angle between two vectors

More generally, the law of cosines gives a formula for the angle o between two nonzero vectors:

2031 171 cos(e) = 1 + 151 ~ 17 — &I
E+§-- -3 G-3)
T U

—§G—F-E+2%-

+9-9
+9-9

4

Il
N B8

g

s 29 )
=> a = cos ( —=
1Z1 151

In higher dimensions, we take this to be the definition of the angle between # and 3.

It will be important to compute the set of all vectors that are orthogonal to a given set of vectors. It turns out that a vector is

orthogonal to a set of vectors if and only if it is orthogonal to the span of those vectors, which is a subspace, so we restrict
ourselves to the case of subspaces.

3.5.1: Dot Products and Orthogonality is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 6.1: Dot Products and Orthogonality by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.

e 6.2: Orthogonal Complements by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.5.2: Orthogonal Complements

Taking the orthogonal complement is an operation that is performed on subspaces.

# Definition: Orthogonal Complement

Let W be a subspace of R~. Its orthogonal complement is the subspace
WJ‘={1'5inR":b’-ﬁ)=0forallﬂ’)inW}
The symbol W+ is sometimes read “W perp.”

This is the set of all vectors ¥ in R” that are orthogonal to all of the vectors in W. We will show below that W+ is indeed a
subspace.

X Note 3.5.2.4

We now have two similar-looking pieces of notation:

AT is the transpose of a matrix A.
W+ is the orthogonal complement of a subspace W.

Try not to confuse the two.

The orthogonal complement of a line W through the origin in R? is the perpendicular line W +.

wi W

Figure 3.5.2.5

The orthogonal complement of a line W in R3 is the perpendicular plane w+.

Figure 3.5.2.6

The orthogonal complement of a plane W in R3 is the perpendicular line W+,

https://math.libretexts.org/@go/page/219127
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Figure 3.5.2.7

We see in the above pictures that (W)L =W.

The orthogonal complement of R™ is {0}, since the zero vector is the only vector that is orthogonal to all of the vectors in R”.

For the same reason, we have {0}1 = R®

Since any subspace is a span, the following proposition gives a recipe for computing the orthogonal complement of any subspace.
However, below we will give several shortcuts for computing the orthogonal complements of other common kinds of subspaces—in
particular, null spaces. To compute the orthogonal complement of a general subspace, usually it is best to rewrite the subspace as
the column space or null space of a matrix.

& Proposition 3.5.2.1: The Orthogonal Complement of a Column Space

Let A be a matrix and let W = Col(A). Then

W+ = Null(AT)

Proof

To justify the first equality, we need to show that a vector z is perpendicular to the all of the vectors in W if and only if it is
perpendicular only to %1, 93, ..., Um. Since the ¥; are contained in W, we really only have to show that if Z - ¥, = Z - 3 = -~
=2 -9, =0, then Z is perpendicular to every vector ¥ in W. Indeed, any vector in W has the form 4 = ¢;%; + cg¥3 + -~
+ ¢y for suitable scalars ¢y, ¢, ..., ¢m, SO

Z-U=2%(c1U1 + c2¥3 + ++ + CuUm)

c1(Z - V1) +ca(Z - V) + - + (T - )
¢1(0) + ¢2(0) + - + ¢,(0) =0

Therefore, z is in W+.
To prove the second equality, we let

=T
_Ul_

»T
_U2_

T

By the row-column rule for matrix multiplication, for any vector Z in R» we have

Tz U1-2

91z V- T

e

az=| ||
9Tz U &
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Since column spaces are the same as spans, we can rephrase the proposition as follows. Let %1, %, ..., ¥ be vectors in R®, and let W

= Span{%¥1, ¥y, ..., Um}. Then
wt= {all vectors orthogonal to each ¥y, ¥z, ..., Um } = Null

Again, it is important to be able to go easily back and forth between spans and column spaces. If you are handed a span, you can
apply the proposition once you have rewritten your span as a column space. By the proposition, computing the orthogonal
complement of a span means solving a system of linear equations.

v/ Example 3.5.2.6

1 -2
Compute W+, where W = Span -11],| 3
| 2 1

Solution

1 —2 ]
Let#;=| —1 | and%y = | 3 |, then Span{#;,75}* is the solution set of the homogeneous linear system associated to the

2 1 |
matrix

This is the solution set of the system of equations

T, — zg + 2x3 = 0
—2.’1:1 + 3.’1:2 + Ty = 0

1 —1 27 prer [1 0 7
[—231] ’[015]

The free variable is z3, so the parametric form of the solution set is ; = —7z3, £5 = —5z3, and the parametric vector form is

ry —7
T2 =T3 —5
T3 1
—7
Therefore, we have |[W+ = Span -5
1
We can check our work:
1 -7 -2 -7
—1 -5 | =0 3 —5 | =0
2 1 1 1

In order to find shortcuts for computing orthogonal complements, we need the following basic facts. Looking back at the above
examples, all of these facts should be believable.

& Fact 3.5.2.4: Facts about Orthogonal Complements

Let W be a subspace of R™. Then:

1. W+ is also a subspace of R™
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2.WhHt=w
3. dim(W) + dim(W+) =n

Proof
For the first assertion, we verify the three defining properties of subspaces:
1. The zero vector is in W+ because the zero vector is orthogonal to every vector in R”.
2. Let#,% bein W,so4-2 =0 and ¥ - = 0 for every vector Z in W. We must verify that (@ + 3) - 2 = 0 for every Z in W.
Indeed, we have
@+9)-Z2=2-Z+0-Z=04+0=0

3. Let# be in W+, so %-Z = 0 for every Z in W, and let ¢ be a scalar. We must verify that (ci) - # = 0 for every z in W.
Indeed, we have

(ci) - Z=c(d-Z)=c0=0

Next we prove the third assertion. Let 31,9, -.., U be a basis for W, so m = dim(W), and let ¥,,41, Um+2, ... , D% be a basis for
W+, so k —m =dim(W+*). We need to show k =n. First we claim that {3, s, ..., Um, Omi1, Dmi2, -, Ox} is linearly
independent. Suppose that ¢;#; + ca¥s + -+ + cxvr = 0. Let @ = c191 + cata + - + Cmbm aNd & = Cms10mi1 + Cmr2Omsa + -
+ cxUk, SO @ is in W, @ is in W+, and @ + % = 0. Then @ = —4 is in both W and W+, which implies % is perpendicular to
itself. In particular, @ -@ =0, so & =0, and hence % = 0. Therefore, all coefficients ¢; are equal to zero, because
{¥1,%2,...,m} and {Vm+1,Um+2, ..., Ux} are linearly independent.

It follows from the previous paragraph that k£ < n. Suppose that k£ < n. Then the matrix

7T
_vl_

=T
_1)2_

_gT__
Uy,

has more columns than rows (it is “wide™), so its null space is nonzero. Let Z be a nonzero vector in Null(A). Then

V-2
= . Vg - 2
0= A% = 2_
Vg T
Since ¥; -Z =¥y - & =+ = By - Z = 0, it follows from that Z is in W+, and since ¥mi1 % = Uy - & =+ = Uy - & =0, we

know Z is in (W+)*. As above, this implies Z is orthogonal to itself, and must therefore be the zero vector. This contradicts

our assumption that Z is nonzero. Therefore, k = n, as desired.

Finally, we prove the second assertion. Clearly W is contained in (W+): this says that everything in W is perpendicular to
the set of all vectors perpendicular to everything in W. Let m = dim(W). By 3, we have dim(W+) = n—m, so dim((W+)1)
=n — (n —m) = m. The only m-dimensional subspace of (W+)* is all of (W)L, so (W)L =Ww.

For an example confirming the dimension rule, look at the Figures 5 6 and 7 above. The dimension of W plus the dimension of W+
always adds up to n, the dimension of R" they live in.

# Definition: Row Space

The row space of a matrix A is the span of the rows of A, and is denoted Row(A).

If Ais an m X n matrix, then the rows of A are vectors with n entries, so Row(A) is a subspace of R". Equivalently, since the rows
of A are the columns of AT, the row space of A is the column space of AT:

Row(4) = Col(AT)

https://math.libretexts.org/@go/page/219127
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We showed in the above proposition, if A has rows @1, @y, ..., %m, then Row(A)* = Span{%1, ¥, ..., ¥m}* = Null(A)
Taking orthogonal complements of both sides gives
Row(A) = Null(4)*
Replacing A by AT and using Row(A) = Col(AT) gives
Col(A)* = Null(AT) and Col(A4) = Null(4T)+

To summarize:

X Recipe: Shortcuts for Computing Orthogonal Complements

For any vectors 1, 2, ... , Um, We have
——
Span{#, ¥g, ..., U}~ = Null _17:2_
.
For any matrix A, we have
Row(A)! = Null(A4) Null(4)* = Row(4)
Col(A)* = Nul(47) Null(AT)L = Col(A4)

As mentioned in the beginning of this subsection, in order to compute the orthogonal complement of a general subspace, usually it
is best to rewrite the subspace as the column space or null space of a matrix.

v Example 3.5.2.7: Orthogonal complement of a subspace

Compute the orthogonal complement of the subspace
W= {(z,y,2) in R3: 3z +2y= z}

Solution
Rewriting, we see that W is the solution set of the system of equations 3z + 2y — z = 0, i.e., the null space of the matrix A
=[3 2 —1] Therefore,

3
W+ = Row(A) = Span 2
-1

No row reduction was needed! In fact, this shortcut is widely used in multivariable calculus when finding a vector orthogonal
to a plane!

v/ Example 3.5.2.8: Orthogonal complement of an eigenspace

Find the orthogonal complement of the 5-eigenspace of the matrix

2 4 -1
A= 3 2 0
-2 4 3

Solution
The 5-eigenspace is
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-3 4 -1
Es = Null(4 — 5I) = Null 3 -3 0
-2 4 -2
o)
-3 4 -1 -3 3 —2
E# =Row 3 -3 0 = Span 4 |,| -3],]| 4
—2 4 =2 -1 0 —2
These vectors would have to be linearly independent to be a basis for E¢, and we know they are not! This is because for A =5
to be an eigenvalue of A, we know E5 must contain a non-zero vector. This means A — 57 is not invertible, and neither will be
(A—5I)T = AT — 51. Thus the columns of AT — 51, which are the rows we are using above must be linearly dependent.

Suppose that A is an m x n matrix. Let us refer to the dimensions of Col(4) and Row(A) as the row rank and the column rank of A
(note that the column rank of A is the same as the rank of A). The next theorem says that the row and column ranks are the same.
This is surprising for a couple of reasons. First, Row(A) lies in R® and Col(A) lies in R™. Also, the theorem implies that A and AT
have the same number of pivots, even though the reduced row echelon forms of A and AT have nothing to do with each other
otherwise.

& Theorem 3.5.2.1

Let A be a matrix. Then the row rank of A is equal to the column rank of A.

Proof
We know for any m x n matrix A: dim Col(A) + dim Null(A) = n

On the other hand, we have found that dim Null(4)* + dim Null(4) = » also holds
which implies dim Col(A) = dim Null(A)+
Since Null(4)1 = Row(A), we have dim Col(A) = dim Row(A) as desired.

In particular, both the row rank and the column rank are equal to the number of pivots of A, which is why we just say "rank".

3.5.2: Orthogonal Complements is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 6.2: Orthogonal Complements by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:

https://textbooks.math.gatech.edu/ila.
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3.5.3: Practice Set

? Exercise 3.5.3.1

. [-21._[6 L -2
Letz—[ 0 ],y—[ 8],andz—[ 3 ]

(a) Evaluate z - §

(b) Evaluate Z - Z

(c) Evaluate |g|

(d) Find a unit vector in the direction of Z

(e) What is the angle between Z and Z

(f) What is the angle betweenZ —j and 7 — 2 ?

(g) What is the orthogonal complement of W = Span {Z}?

(h) What is the orthogonal complement of W = Span {7,7}?

Answer

@zg=[ ][ % ]-co-6+0 (9=

3
(Il = V5 5 = /& T (8 = V0o =10
@7l = VE = P FF = V3

0)5.2= [ _2]-[_2 ] —(-2)(-2)+0-3=4

2
. . . . . -2 -
The unit vector in the direction of Z is —1 P [ ] = y L
IZ] Vviz L 3 it

(e) Z - Z = 4 from part (b) and ||Z|| = v/13 from part (d),
13| =VE -3 =+/(-2)2+02=Vi=2

Thus the angle between these vectors is cos™ (%) =cos! (i) = cos™? (i)
121121 213 V13
(O Fisstwefindda—=2—g=| 2 |=| & |=] B |andi=2z—2=| 2 || 2 |=["
0 —8 8 0 3
lé| = V@ -a=+/(—8)2+8% =128 = 8v2
Bl=vV6-b=v0?+32=1v0=3
Lz [ -8 0] _
2= 2] [0]=co0res-n
a-b 24 1
Thus the angle between these vectors is cos™! ¢ f = cos~? ( ) = cos~? (— = T radians
a1l 823 4

(8) IfW=Span{[ _02 ]} then W-=Null([ =2 0])=Null([1 0]) =Spa.n{[

(h)IfW=Spa.n{[ _68],[ _32 ]},thenwizNuu([ _62 _38 D =Null([(1) (I)D ={6}
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1 2 —6
Leti=| —2 |,9=]| 11 |,and &= | 12
-2 17 12

(a) Evaluate ¥ - @

(b) Evaluate (i + 3) - (3 — )

(c) Evaluate |29 — 3w

(d) Find a unit vector in the direction of %

(e) What is the angle between % and @

(f) What is the angle between @ and ¥ — @ ?

(g) What is the orthogonal complement of W = Span {%}?

(h) What is the orthogonal complement of W = Span {4, w}?

Answer
2 —6
@%-d= 11| | 12 | =2 (—6)+11-12+17-12 =324
17 12
1 2 3 2 —6 8
bi+v=| 2 |(+| 11 |=|9 |andd—w=|11 |—| 12 [=| -1
—2 17 15 17 12 5
3 8
So(@+%)-G—a@)=| 9 |-| -1 | =3-849-(-1)+15-5=90
15 5
4 —18 22
(©26—3w=|22|—| 36 |=| —14
34 36 —2
So ||217—3ﬂ;||=\/(21'5—3171)-(21'5—31'13)=\/222+(—14)2+(—2)2=\/684=6\/E
(d) ) = =12+ (-2)2+ (-2)2=v9=3
1 1 1 %
The unit vector in the direction of  is HfL:E -2 |=|-%
u
2 _2
3

() 4| = 3 from part (d), and @] = Vi@ - @& = 4/ (—6)2 + 122 + 122 = /324 = 18

1 —6
b= -2 |- 12 [=1-(—6) +(-2) - 12+ (-2)- 12=—54
9 12

-

u-w

Thus the angle between these vectors is cos 1 ) =cos! (_—54) = cos! (—1) = wradians
IIUII IIWII 8-18

(f) First we find a =% — @& =

We know ||| = 18 from part (e), and |a| = Va - = /82 + (—1)2 + 52 = V90 = 3v/10
—6 8

G.a=| 12 || -1 |=(-6)-8+12-(-1)+12-5=0
12 5
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Thus the angle between these vectors is cos™ ( 11) i ‘i ) = cos? (L) =cos1(0) = radlans
lellal 18-3v/10
1 2 2
(@ Ifw=Span{ | —2 | p,then WL =Null([1 —2 —2])=Spang | 0 |,| 1
—2 1 0
! -6 I = =]
(h If w =Span<| -2 |,| 12 |}, then WL =Nul = Null
—6 12 12 0 0 O
-2 12
2
= Span 0|,|1
1 0

? Exercise 3.5.3.3
o [171. [3 [ &
Letz—[_z],y—[1],andz—[h+1]

(a) What value(s) of h make # orthogonal to Z?
(b) What value(s) of h make 3 orthogonal to Z?
(c) What value(s) of h make Z a unit vector?

(d) What value(s) of h make the angle between 3 and Z equal to % radians?

(e) What value(s) of h make the angle between % and Z equal to % radians?

(a)a-z=[_12]-[hfrl]:1-h+(—2)-(h+1)=—h—2

These are orthogonal when Z - 7 = —h — 2 = 0 so our solution is A = —2

0)§ 7= [i’][hil ] —3.htl-(h+1)=4h+1

L 1
These are orthogonal when 3 - Z = 4k + 1 = 0 so our solution is & = 1

©Zl =VZ-Z=/h2+(h+1)2 =V2h2+2h +1

So Z will be a unit vector when /22 + 2 + 1 = 1, which has solutions & = 0,—1
@ 7l = V3 -3 = VI +12 =10

We already have seen that |Z| = vV2h2 + 2h+1and §-Z =4h +1

4h+1
Vv10-vV2hZ + 2R +1

— V10h2 4+ 10h +5=4h +1

Therefore we want to satisfy cos (%) =

1
This is equivalent to — = ]

V2 V/20hZ + 20h + 10
If we square both sides this becomes 10h% + 10h+5 = 16h2+ 8h+1 — 6h2 —2h —4 =0 — h = —%, 1

Onlyh=1 actually satisfies the original equation with the square roots, so the answer is h = 1.

(e) |2 = =vVI2+(-2)?=

We already have seen that |Z| = vV2h2+2h+1and -2 = —h—2

T -2
Therefore we want to satisfy cos | —
Y ( 8 ) V5. h2 +2h+1
.. . 1 —h —
This is equivalent to — = __—h=2 — V10h? + 10h + 5= —2h—4
2 JIORZ+10R+5
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. . 3+5v3
If we square both sides this becomes 10A2 + 10h + 5 = 4h% + 16h + 16 — 6h2—6h—11=0 — h = +5v3

6

Neither of these solutions actually satisfy the original equation with the square roots, so there are no solutions.

? Exercise 3.5.3.4

3 h h
Letdi=| -2 |,9= 1 |[,andw=| &
-1 -1 h

(a) What value(s) of h make # orthogonal to 5?
(b) What value(s) of h make % orthogonal to @?
(c) What value(s) of h make ¥ orthogonal to w?
(d) What value(s) of h make % a unit vector?
(e) What value(s) of h make & a unit vector?

(f) What value(s) of h make the angle between ¥ and % equal to g radians?

Answer

@i-v=| —2
—1

1 [ =3-h+(=2) 1+(-1)-(-1) =3h—1
-1

o o .. 1
These vectors are orthogonal when % - ¥ = 3h— 1 = 0, so our solution is A = 3

3 h
®a-w=|-2|-|h|=3~+(-2 h+(-1)-h=0
-1 h

These vectors are orthogonal when 4 - & = 0, which holds for all possible values of »

h h
©3-w=| 1 |-|h|=h-h+tl-h+(=1)-h=h2
-1 h

These vectors are orthogonal when % - @ = h% = 0, so our solution is h = 0.

(d) |@] = V& - & = VA + hZ + h% = V/3h2

O et . . 1
This will be a unit vector when |@| = v/3h2 = 1, so our solutions are h = +—
3

(@) 13l=v5 -3 =+/h2+12+ (-1)2 = VA% +2
This will be a unit vector when 3| = /A2 + 2 = 1, which has no real solutions.
There is no & possible that makes % a unit vector.

(f) We already have seen that || = VA2 + 2, |@| = V3h?, and ¥ - & = h?

Therefore we want to satisfy cos (1) = ___r
3/ VRT+2-V3R2
2
This is equivalent to 1_ h — V/3h% + 6h? = 2h?

2 /3hT+6h2
If we square both sides this becomes 3h* + 642 = 4h* — h* —6h2 =0 — h = 0,46

h =0 does not satisfy the original equation (since a zero vector cannot make an angle anyway!) but A = ++/6 are our
solutions.
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3 2 -1
LetA=| —2 4 -3
7 —6 5

(a) Find a basis for Row(A).

(b) Find a basis for Col(A).

(c) Find a basis for Row(AT).

(d) Find a basis for Col(AT).

(e) Find a basis for the orthogonal complement of Row(A).

(f) Find a basis for the orthogonal complement of Col(A).

Answer
3 2 -1 10 ¢
A=| -2 4 -3 |ZEEL |4 -3
7T —6 5 | 00 O
[ 1 0 8 0
(a) Row(A4) = Span 01,] 1 so one such basis is 0|, 16
4 =diL 1 —11
| 3 1
3 2 3 2
(b) Col(A) = Span -2 |, 4 so one such basis is -2 |,| 4
7 —6 7 —6
3 -2 7] 1 1
AT=| 2 4 —6 |ZE [0 1 —2
-1 -3 5 | 00 0
[ 1 0 1 0
(c) Row(AT) = Span 0|, 1 so one such basis is o, 1
1 —2 1 —2

(another possible answer would be your answer from part (b) since Row(AT) = Col(4) )

3 —2 3 -2
(d) Col(AT) = Span 2 |,| 4 so one such basis is 2 |,| 4
-1 -3 -1 -3

(another possible answer would be your answer from part (a) since Col(AT) = Row(4) )

-2 -2
(e) (Row(A))* = Null(A) = Span 11 o) 11 is one such basis.
16 16 |
—1 ] -1
(f) (Col(A))* = (Row(AT))" = Null(AT) = Span 2 50 2 is one such basis.
1 1

? Exercise 3.5.3.6

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) If ¥ € R™ then 7 is orthogonal to 0.
(b) If  is orthogonal to all vectors @& € R”, then 3 = 0.

(c) If ¥, are non-zero orthogonal vectors, then they are linearly independent.
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(d) If W is a subspace of R™ with dimension m, then there is an n — m dimensional subspace containing the vectors which are
orthogonal to every vector in W.

(e) If W, is a subspace of Wy, then Wt is a subspace of Wit
(f) If W and W> are subspaces with the same orthogonal complement, then W1 = W»

(g) If % and ¥ are unit vectors satisfying % - ¥ = —1, then {%, %} is a linearly independent set.

Answer
(a) Always True
0 - 7 = 0 always holds for any vector #.
(b) Always True
¥ -4 = 0 means that 5 = 0.
(c) Always True

If ¥ +b® =0, then ¥ - (a? + b)) =% .0, which simplifies to a|d| =0, and since 7 # 0, we must have ¢ =0, now this
becomes & = 0, and since @ # 0 we must have b = 0 and these vectors are linearly independent.

(d) Always True

If W = Row(A) has dimension m, then W' = Null(4) must have dimension n — m by the rank-nullity equation.
(e) Sometimes True Sometimes False

This is true easily Wy = W, but in any other case, Wi is a subspace of W instead.

(f) Always True

Wy = (Wit)" and W, = (W)" so the same orthogonal complement forces the subspaces to be the same.

(g) Always False

The angle between these vectors satisfies cos(d) =

hold.

-1 . .
- = —1, so it must be # = & radians, and thus 4 = —% must

3.5.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

https://math.libretexts.org/@go/page/219128



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219128?pdf
https://math.libretexts.org/Courses/University_of_California_Irvine/Linear_Algebra_(Math_3A_UCI)/03%3A_Vector_Geometry/3.05%3A_Dot_Products_and_Orthogonal_Complements/3.5.03%3A_Practice_Set
https://creativecommons.org/licenses/by-nc-sa/4.0

LibreTexts"

3.6: Orthogonal Projection and Least Squares

4b Learning Objectives

1. Understand the orthogonal decomposition of a vector with respect to a subspace.

. Understand the relationship between orthogonal decomposition and orthogonal projection.

. Understand the relationship between orthogonal decomposition and the closest vector on / distance to a subspace.

. Learn the basic properties of orthogonal projections as linear transformations and as matrix transformations.

. Examples of best fit problems.

. Recipes: orthogonal projection onto a line, orthogonal decomposition by solving a system of equations, orthogonal

D U1 A WN

projection via a complicated matrix product.
7. Pictures: orthogonal decomposition, orthogonal projection, geometry of a least-squares solution.
8. Vocabulary words: orthogonal decomposition, orthogonal projection, least-squares solution.

Let W be a subspace of R” and let # be a vector in R". In this section, we will learn to compute the closest vector Zw to # in W. The
vector Zy is called the orthogonal projection of # onto W. This is exactly what we will use to almost solve matrix equations, and
solve using the method of least squares.

This page titled 3.6: Orthogonal Projection and Least Squares is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kenn Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 6.3: Orthogonal Projection by Dan Margalit & Joseph Rabinoff is licensed GNU EFDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.6.1: Orthogonal Decomposition

We begin by fixing some notation.

& Definition: Zy

Let W be a subspace of R™ and let Z be a vector in R*. We denote the closest vector to Z on W by Zy.

To say that Zw is the closest vector to # on W means that the difference Z — Zw is orthogonal to the vectors in W:

Figure 3.6.1.1

In other words, if Zy. = # — Zw, then we have Z = Zy + Zy1, where 2y is in W and Zy. is in W. The first order of business is to

prove that the closest vector always exists.

& Theorem 3.6.1.1: Orthogonal Decomposition

Let W be a subspace of R” and let Z be a vector in R™. Then we can write Z uniquely as
I =Zw+ Tw:
where Zy is the closest vector to # on W and Zy. is in W.

Proof
Let m = dim(W), so n —m = dim(W+). Let 91,92, ..., ¥, be a basis for W and let #+1, Ume2, -, Un, be a basis for W+, We
know {%1, %2, - ; Um, Um+1, Um+2, --- , Un} is linearly independent, so it forms a basis for R™. Therefore, we can write
& = (a1l + - + embm) + (Cmr¥msr + o+ + ealln) = Ew + s,
where Zy = c191 + - + cnUm A0d Zyi = Cmr1Tmt1 + - + CoUp. SiNce Zyu is orthogonal to W, the vector Zy is the closest
vector to # on W, so this proves that such a decomposition exists.
As for uniqueness, suppose that
& =Zw+3w:=gw+yw-

for Zw,yw in W and Zy ., jw. in W+, Rearranging gives

- -

Iw—Yw =Jws — Twe
Since W and W+ are subspaces, the left side of the equation is in W and the right side is in W+. Therefore, Zy — w is in W
and in W+, so it is orthogonal to itself, which implies Zw — iw = 0. Hence Zw = jw and Zp. = e, which proves

uniqueness.

& Definition: Orthogonal Decomposition and Orthogonal Projection

Let W be a subspace of R” and let Z be a vector in R". The expression

@ 0 g @ 3.6.1.1 https://math.libretexts.org/@go/page/219130
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for Zw in W and Zyw. in W+, is called the orthogonal decomposition of Z with respect to W, and the closest vector Zy is the
orthogonal projection of Z onto W.

Since Zy is the closest vector on W to z, the distance from # to the subspace W is the length of the vector from Zy to Z, i.e., the
length of Zy .. To restate:

X Note 3.6.1.1: Closest Vector and Distance

Let W be a subspace of R™ and let Z be a vector in R™.

o The orthogonal projection Zy is the closest vector to # in W
o The distance from Z to W is ||Zy |

X |llustration 3.6.1.1: Orthogonal decomposition with respect to the zy-plane

Let W be the zy-plane in R3, so W+ is the z-axis. It is easy to compute the orthogonal decomposition of a vector with respect to
this W:

<y £l

Il Il
QO 8 W N =
o oo R O N =
0O ©O ©O W o o

We see that the orthogonal decomposition in this case expresses a vector in terms of a “horizontal” component (in the zy-plane)
and a “vertical” component (on the z-axis).

o

X |llustration 3.6.1.2: Orthogonal decomposition of a vector in W

If # is in a subspace W, then the closest vector to # in W is itself, so # = Zy and Zy. = 0. Conversely, if # = Zy then Z is
contained in W because zZy is contained in W.

X \llustration 3.6.1.3: Orthogonal decomposition of a vector in W+

If W is a subspace and Z is in W+, then the orthogonal decomposition of Z is # = 0 + &, where 0 is in W and Z is in W<, It
follows that Zw = 0. Conversely, if Zw = 0 then the orthogonal decomposition of  is £ = Zw + Zw: = 0 + ZwL, S0 & = BwL is

in Wi.

Now we turn to the problem of computing Zw and Zy-.. Of course, since Zy . = Z — Z, really all we need is to compute Zy-. The
following theorem gives a method for computing the orthogonal projection onto a column space. To compute the orthogonal
projection onto a general subspace, usually it is best to rewrite the subspace as the column space of a matrix.
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Let A be an m x n matrix, let W = Col(A), and let Z be a vector in R™. Then the matrix equation
ATAE = AT%

in the unknown vector ¢ is consistent, and Zy is equal to A¢ for any solution ¢.

Proof

Let Z = Zw + Zw: be the orthogonal decomposition with respect to W. By definition Zy lies in W = Col(A) and so there is
a vector ¢ in R™ with A¢ = Zy. Choose any such vector ¢. We know that Z — Zw = # — A€ lies in W+, which is equal to

Null(AT). We thus have
0=AT(z—Ac) = ATZ — ATAC
and so
AT A = AT

This exactly means that ATA¢ = ATZ is consistent. If & is any solution to ATA¢ = AT% then by reversing the above logic,

we conclude that Zw = A¢.

X |llustration 3.6.1.4: Orthogonal Projection onto a Line

Let L = Span{i} be a line in R™ and let Z be a vector in R". By Theorem 3.6.1.2, to find Z; we must solve the matrix equation
Tu¢ = uT%, where we regard « as an » x 1 matrix with column vector % (the column space of this matrix is exactly L!). But

u
5 S oL U . = q
wTu=1 -8 and vz =14 -%,s0 ¢ = —— is a solution of u"ué = u”Z, and hence
Uu-u
= L u-Z
L =ué=——1
u-u

To reiterate:

X Recipe: Orthogonal Projection onto a Line

(=33
8]l
b

% and Zp. =Z— 2y for any vector .

If L = Span{i} is a line, then Z; =

(38
1

v Example 3.6.1.1: Projection onto a line in R2

Compute the orthogonal projection of Z = [ _46 ] onto the line L spanned by 4 = [ _1 1 ] and find the distance from Z to L.

Solution
First we find

https://math.libretexts.org/@go/page/219130
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R oL —6 —5 -1
and so ;. =2 —Z1 = P el B el

The distance from 2 to L is

X |llustration 3.6.1.5: Projection onto a line in R3

-2 -1
LetZz=| 3 |and#=| 1 |,andletL be the line spanned by 4.
1

We will compute Zj, and Z3:

. 1 -1 —2
G 2+43+1
T 1141

84
S
I
| 8
')
I
)
84
&
2
I
84
|
84
)
I
_

1 2 -1

It is easy to see that 2, is on the line L and that Z;, - ;. = 0 so they are indeed perpendicular.

When A is a matrix with more than one column, computing the orthogonal projection of Z onto W = Col(A) means solving the
matrix equation ATA¢ = ATZ. In other words, we can compute the closest vector by solving a system of linear equations. To be

explicit, we state Theorem 3.6.1.2 as a recipe:

X Recipe: Compute an Orthogonal Decomposition

Let W be a subspace of R™. Here is a method to compute the orthogonal decomposition of a vector # with respect to W:

0. Rewrite W as the column space of a matrix A. In other words, find a spanning set for W, and let A be the matrix with those
columns.

1. Compute the matrix ATA and the vector ATZ.

2. Form the augmented matrix for the matrix equation ATAZ = AT# in the unknown vector ¢, and row reduce.

3. This equation is always consistent; choose one solution ¢. Then

ZTw=A¢ ZwL=Z—Zy
v Example 3.6.1.2: Projection onto a plane in R3
Let
1 1 6
W = Span 0 |, |1 E=| -7
-1 2

https://math.libretexts.org/@go/page/219130
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Compute 2y and the distance from z to W.

Solution
1 1
We have to solve the matrix equation ATAZ = AT, where A= | 0 1
-1 0
We have
1 1] 6
1 0 -1 2 1 1 0 -1 4
| I T FH S HH | IR
11 1 2 11 —1
0 -1 0 | 0 2
We form an augmented matrix and row reduce:
2 1| 4 Jreer [1 O] 3 . [ 3
[1 2‘—1_ [0 1‘—2]:0_[—2]
It follows that
1 1 3 1 5
Iw = A¢ = 1 [ 2]— -2 Zwr=ZF—Zw=| -5
-1 0 -3 5

The distance from 2 to W is

&l = /52 + (-5)2 4 52 =[5V3

X \llustration 3.6.1.6: Projection onto another plane in R3

Let
T 18
W= Lo | 21— 229 =3 and Z=| 19
T3 4

We attempt to compute Zy two ways:

Method 1: First we need to find a spanning set for W. We notice that W is the solution set of the homogeneous equation z;
—2z5 —23=0,50 W=Null([ 1 —2 -1 ]). We know how to compute a basis for a null space: we row reduce and find the
parametric vector form. The matrix [ 1 —2 —1 ] is already in reduced row echelon form. The parametric form is z1 = 2z»
+ 3, so the parametric vector form is

r1 2 1
Ty | =a2| 1 | +xz3| O
T3 0 1

and hence a basis for V is given by

We let A be the matrix whose columns are our basis vectors: A =

S = N

S = N
L ]
=
R O R N —

Hence Col(4) =Null([ 1 —2 —1])=W.

Now we can continue with step 1 of the recipe. We compute
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2 1 18
2 10 5 2 2 10 55
TA _ T _ —
AA_[lOl] (1)(1) _[2 2] Az_[101] 149 _[22]

We write the linear system ATA¢ = AT# as an augmented matrix and row reduce:
5 2|55 7 gerer [ 1 0] 11
2 2|22 0 1|0

11
Hence we can take ¢ = [ ] , SO

0
2 1 22
11
Iw=Aé=|1 0 [0]= 11
01 0

Method 2: In this case, it is easier to compute Zy.. Indeed, since W =Null([ 1 —2 —1 ]), the orthogonal complement is the

line
1 1
L=w'=_Col —2 = Span —2
-1 -1
1
Using the formula for projection onto a line spanned by 2 = | —2 | gives:
-1
o . 94 1 —4
£Wi=.»zv=(’j f)a:Ta=—4 —2|=| 8
u-u 1 4
Hence we have
18 —4 22
Tw=Z—Zwr=| 19 | — 8 =] 11
4 4 0

as above.

3.6.1: Orthogonal Decomposition is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 6.3: Orthogonal Projection by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.6.2: Least Squares Solutions

We begin by clarifying exactly what we will mean by a “best-approximate solution” to an inconsistent matrix equation A% = b.

# Definition: Least-Squares Solution

Let A be an m x n matrix and let b be a vector in R™. A least-squares solution of the matrix equation A% = b is a vector £ in R”
such that

dist(b, A2) < dist(b, AZ)

for all other vectors Z in R™.

Recall that dist(%,%) = |g —@| is the distance between the vectors ¥ and @. The term “least-squares” comes from the fact that
dist(, A%) = |b — A#| is the square root of the sum of the squares of the entries of the vector 5 — A%. So a least-squares solution
minimizes the sum of the squares of the differences between the entries of A% and 3. In other words, a least-squares solution solves

the equation A% = b as closely as possible, in the sense that the sum of the squares of the difference b — A% is minimized.

Suppose that the equation AZ = b is inconsistent. Recall that the column space of A is the set of all other vectors, &, such that Az
= ¢ is consistent. In other words, Col(4) is the set of all vectors of the form Az. Hence, the closest vector (of the form Az) to b is
the orthogonal projection of b onto Col(4). This is denoted beg(ay:

Ax
L ]
0
L]
o ColA
Figure 3.6.2.2

A least-squares solution of A% = b is a solution # of the consistent equation Az = 3001( 4)

If Az = b is consistent, then 3001( 4) = B, so that a least-squares solution is the same as a usual solution.

Where is & in this picture? If 41, s, ..., ¥, are the columns of A, then

#1
) . -
=211 + 2902 + -+ TnUy

Zn

Hence the entries of # are the “coordinates” of 3001( 4y with respect to the spanning set {1, s, ..., U} of Col(A). (They are honest B-
coordinates if the columns of A are linearly independent.)

https://math.libretexts.org/@go/page/219131
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ColA

Figure 3.6.2.3

& Theorem 3.6.2.3

Let A be an m x n matrix and let b be a vector in R™. The least-squares solutions of A% =b are the solutions of the matrix

equation
ATAG = ATh

Proof

This is an immediate result of our work on orthogonal projections above. (In fact, you could argue it was the main reason
we learned how to do orthogonal projections in the first place!)

To reiterate: once you have found a least-squares solution £ of A% = b, then 3001( 4 is equal to A.

X |llustration 3.6.2.7

We will find the least-squares solutions of Az = § where:

0 1 6
A=|1 1 =10
2 1 0
We have
0 1
5 3
ATA—[ ] 11 =[ ]
1 1
9 1 3 3
and
[ 6
01 2 0
Th = =
#i=[7 1 1] 0| =[e]

Therefore, the only least-squares solution is £ = [ -3 ]

This solution minimizes the distance from A3 to b, i.e., the sum of the squares of the entries of b — A% = b — bgey(4) = bai(a)- In

this case, we have

https://math.libretexts.org/@go/page/219131
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6 5 1

—9 - 12+(_2)2+12=\/g
0 —1 1

I — As]| =

o
|
X
Il

Therefore, 3001( 4) = Az s /6 units from 3

In the following picture, ¥,, %, are the columns of A:

Vi

ColA
v/ Example 3.6.2.3
Find the least-squares solutions of AZ = b where:
2 3
A=| -1 1 b=| 0
0 -3
Solution
We have
2 0
2 -1 0 5 -1
R SN
0 1 2 0 2 -1 5
and
3
s [2 -1 0 [ s
A b_[o 1 2 o Rl

-3

We form an augmented matrix and row reduce:
5 —-1| 6 rrer [ 1 0] 1
[—1 5‘—6] ’[0 1‘—1]

Therefore, the only least-squares solution is|Z = [ 1 ]

The reader may have noticed that we have been careful to say “the least-squares solutions” in the plural, and “a least-squares
solution” using the indefinite article. This is because a least-squares solution need not be unique: indeed, if the columns of A are
linearly dependent, then AZ = 3001(,4) has infinitely many solutions. The following theorem gives equivalent criteria for uniqueness.
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Let A be an m x n matrix and let b be a vector in R™. The following are equivalent:

1. AZ = b has a unique least-squares solution.
2. The columns of A are linearly independent.
3. AT A is invertible.

In this case, the least-squares solution is
&= (ATA)ATD
Proof

The set of least-squares solutions of AZ = b is the solution set of the consistent equation ATA% = AT9, which is a translate
of the solution set of the homogeneous equation ATA% = 0. Since ATA is a square matrix, the equivalence of 1 and 3
follows from the invertible matrix theorem. The set of least-squares solutions is also the solution set of the consistent
equation Az = 3001( 4), which has a unique solution if and only if the columns of A are linearly independent.

v/ Example 3.6.2.4: Infinitely many least-squares solutions

Find the least-squares solutions of A% = b where:

1 0 1 6
A=|11 -1 b=1|0
1 2 -3 0
Solution
We have
3 3 -3 6
ATA=| 3 5 -7 ATh=] 0
-3 -7 11 6
We form an augmented matrix and row reduce:
3 3 3|6 1 0 1 5
3 5 —7|0o |2 o1 —2|-3
-3 -7 11 |6 00 O 0
The free variable is z3, so the solution set is
Ty = —x3 + 5 T -1 5
T = 23 — 3 parametrie T=| o =3 2 + | =3
vector form
T3 = T3 T3 1 0

For example, taking z3 = 0 and =3 = 1 gives the least-squares solutions

5 4
.’io = —3 and .’21 = —1
0 1

Geometrically, we see that the columns %1, %2, %33 of A are coplanar:
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Vo

V1

Vs AX

bCoHA)

ColA

Therefore, there are many ways of writing bgg4) as a linear combination of , #,, #3:

1 0 1 5 5

booay =AZp=]1 1 -1 -3 =] 2
| 1 =311 0 ] | -1 |
(10 177 47 [ 5]

boogy =41 =1 1 -1 -1|=| 2
L 1 2 -3 11 1 i L —1 i

Now we give an application of the method of least-squares to data modeling. We begin with a basic example.

X |llustration 3.6.2.8: Best-Fit Line

Suppose that we have measured three data points

(0,6), (1,0), (2,0)

and that our model for these data asserts that the points should lie on a line. Of course, these three points do not actually lie on
a single line, but this could be due to errors in our measurement. How do we predict which line they are supposed to lie on?

-

II(O’ 6)

(2,0)

(150)

The general equation for a (non-vertical) line is
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If our three data points were to lie on this line, then the following equations would be satisfied:

y=Mz+ B

6=M-0+B
0=M-1+B
0=M-2+B

In order to find the best-fit line, we try to solve the above equations in the unknowns M and B. As the three points do not
actually lie on a line, there is no actual solution, so instead we compute a least-squares solution.

Putting our linear equations into matrix form, we are trying to solve AZ = b for

0 1 6
A=|11 z=[1‘;] b=1|0
2 1 0

We solved this least-squares problem in Illustration 3.6.2.7: the only least-squares solution to A% = b is & = [ M ] = [ -3 ] ,

so the best-fit line is

y=-3z+5

©,6)

!

e

(2,0)

(1,0)

What exactly is the line y = f(z) = —3z + 5 minimizing? The least-squares solution # minimizes the sum of the squares of the
entries of the vector b— A#. The vector b is the left-hand side of the original system, and

s —3(0)+5 £(0)
A [ ) ] =| -3)+5 | =| fQ)
—3(2) +5 £2)

In other words, A% is the vector whose entries are the y-coordinates of the graph of the line at the values of z we specified in
our data points, and 5 is the vector whose entries are the y-coordinates of those data points. The difference b — Az is the vertical
distance of the graph from the data points:
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(0,6)
L ]
=3
L
A\t
b
)
X
w
2
| \@2,0
(1,0) )_1
6 1
t—4s=|o0 —A[_53]= 2

The best-fit line minimizes the sum of the squares of these vertical distances.

v Example 3.6.2.5: Best-fit parabola

Find the parabola that best approximates the data points

(-1,1), (0,-1), (1,1), (2,3)

0,-1)

What quantity is being minimized?

Solution
The general equation for a parabola is

y=Bz?+Cz+ D

If the four points were to lie on this parabola, then the following equations would be satisfied:
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1=B(-1)?2+C(-1)+D
—1=B(0)2+C(0) + D

1=B(1)?+C(1)+D

3=B(2)?*+C(2)+D

We treat this as a system of equations in the unknowns B, C, D. In matrix form, we can write this as AZ = b for

1 -1 1 1
B
0 0 1 . - —1
A=11 1 1 °= 16; b=1 1
4 2 1
We find a least-squares solution by multiplying both sides by the transpose:
18 8 6 14
ATA=| 8 6 2 ATh=| 6
6 2 4 4
then forming an augmented matrix and row reducing:
18 8 6|14 1001 1
8 6 2|6 |10 10 -1 |=3=|-%
2 2
6 2 4| 4 00 1|2 -2
The best-fit parabola is
y=1m2—gm—§

0,-1)

Now we consider what exactly the parabola y = f(z) is minimizing. The least-squares solution £ minimizes the sum of the
squares of the entries of the vector 5 — Az. The vector b is the left-hand side of the original system, and

()?-3(-1)-% 3 F(-1)

e | ©-3O-% —% | _| fO
(@F — =0 — 2 3 fQ)
@2-1@2)-2 Lz f@2)

In other words, A% is the vector whose entries are the y-coordinates of the graph of the parabola at the values of = we specified
in our data points, and & is the vector whose entries are the y-coordinates of those data points. The difference § — Az is the
vertical distance of the graph from the data points:
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e
]

el

el

\(—u) (LY /

tiee

{Ur_l)
4 1
1 5 5
DO e I O
b— Az = 1 1~ 2 = 3
5 5
3 16 _1
5 5

|The best-fit parabola minimizes the sum of the squares of these vertical distances|

X Note 3.6.2.4

Gauss invented the method of least-squares to find a best-fit ellipse: he correctly predicted the (elliptical) orbit of the asteroid
Ceres as it passed behind the sun in 1801. People struggle to do this (even with fancy calculators) more than two centuries
later.

3.6.2: Least Squares Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 6.5: The Method of Least Squares by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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3.6.3: Practice Set

? Exercise 3.6.3.1a

Find the projection of Z = [ 100 ] onto the subspace W = Spa.n{ [ _21 ] }

Answer

N Z-w & (20)1_1,) i —4
Tw = = | — =] =]
w @0 5 8

? Exercise 3.6.3.1b

—5 3
Find the projection of Z= | —1 | onto the subspace W = Span -1
0 2
Answer
. g0\, (14, . -3
Tw = W= ( ) w=—1lw= 1
R 14
—2
? Exercise 3.6.3.1c
—2 4
Find the projection of Z=| 5 | onto the subspace W = Span 3
7 —1
Answer
0
= Z-w) ., 0. ..
Tw = w=|—]|w=0Ww=]|0
TR 26
0
? Exercise 3.6.3.1d
6 1
. L . 1 1
Find the projectionof = | 9 onto the subspace W = Span 1
5 1
Answer
5
2
gy = (2 o= (3 )o=20= H
"\ew) \4) "2 |8
5
2
? Exercise 3.6.3.2a
2 3 1
Find the projection of Z= | 2 | onto the subspace W = Span 1 1,1
3 —1
Answer
r a 1 1
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> ¢ 2r1s 3 1
QI (/S R [ R
z 2| 1= and ATA = 1 1| =
4 11 4 2
Lajo 3 0 -1 0
11 4|5 ) grer [1 0] —1 N -1
1 =
Wesove[4 2‘4]—»[01‘4]—)0 [4]
3 1 1 1
SoouransweriszZy =A¢=| 1 1 [ 4 ]= 3
-1 0 1
? Exercise 3.6.3.2b
[ 7 1 1
Find the projection of Z= | 1 | onto the subspace W = Span 41, 2
I 2 4
Answer
11 -
A=]4 2| AT = 142
1 2 4
2 4 -
7 11
e R HE e R P E Y
3 2 4
21 17|17 1 rrer [1 0] O . 0
I =
Wesove[w 21‘21]—’[0 1‘1]_’0 [1]
11 0
So our answeris Zwy =Ac= | 4 2 [1]=
2 4
? Exercise 3.6.3.2¢
1
. L N 5 -1 1
Find the projection of # = 18 onto the subspace W = Span s 0] o
—10 -3 —2
Answer
1 2
-1 1 r [1 -1 5 =3
A=l 5 o |74 7|2 1 0—2]
-3 —2
[ 7 1 2
1 -1 5 -3 5 122 1 -1 5 -3 -1 1 36 7
AT_.= = andATA= =
”[210—2] 18 [39] [210—2] 5 0 [79]
| —10 -3 -2
36 7122 | prer [ 1 03 3
1 g =
Wesove[7 9‘39]—)[01‘2]—)0 [2]
1 2 7
U e B | 31 | 1
So our answer is Zw = A¢ = 5 0 [2]— 15
-3 -2 —13
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0 1 3 1
—= 2 -1 1
Find the projection of Z = 2 onto the subspace W = Span 6l 1| 1
—2 — _
4 —2 0 0
3
Answer
1 1
9 _31 1 1 2 —6 —2
A= 6 1 1 - AT=[3 -1 1 0
1 1 -1 0
-2 0 0
0 1
1 2 —6 27| 2 0 1 2 —6 -2 )
ATg=|3 -1 1 0 S1=|0|andaTa=|3 -1 1 o© s
_ 3 _ B
1 1 1 0 4 0 1 1 1 0 9
3
45 —5 9|0 1 0 00 0
Wesolve | —5 11 1[0 [ZEE |0 1 0|0 | se=|0
9 1 3(0 0 0 1|0 0
1 3 1 - 0
0
. o 2 -1 1 0
So our answer is Zw = Ac¢ = 0| =
-6 1 -1 0 0
-2 0 0 = 0
(This is because Z is orthogonal to all vectors in W and resides entirely in W+.)
? Exercise 3.6.3.2¢
9 2 2 1
. .. o 32 3 4 7
Find the projection of Z = _ onto the subspace W = Span P T T
—-11 -5 0 -2
Answer
2 2 1
3 4 7 2 3 4 -5
A= 4 1 3 S AT=2 4 -1 0
1 7 -3 =2
-5 0 =2
2
2 3 4 -5 392 141 2 3 4 -5 3
ATz=12 4 -1 0 _7 =153 | andATA=|2 4 -1 0 4
-3 — 2 -3 —
17 3 2 11 76 17 3 2 _5
54 12 21| 141 1 0 0f1 1
Wesolve | 12 21 33[153 | 225, 0 1 0|2 | »é=]| 2
21 33 63| 276 0 0 1(3 3
2 2 1 1 9
. o 3 4 7 32
So our answer is Zw = A¢ = 2 | =
4 -1 -3 3 -7
-5 0 =2 —11
(This is because Z is entirely contained inside of W and must equal its own projection.)

] 45 -5 9
_1 s -5 11 1
- 9 1 3
0 0
2 1
P 54 12 21
L g | =122 38
21
0 s 33 63

https://math.libretexts.org/@go/page/219132



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219132?pdf

LibreTexts"

Find the line of best fit for the points (1,4), (2,—1) and (3, 3)

Answer

The matrix A= | 2 1 hasAT=[i i ?]
3 1
4 11
AT@'=[1 f ?] -1 =[161]andATA=“ f ?] 2 1 =[164 g]
3 3 1
) 14 6|11 1 grer | 1 0| -1 m —d
Sol _— 2 | tells us that = 2
OVmg[e 3‘6] {01‘3} ua[b] [3
Therefore the line of best fit is y = —%m +3
? Exercise 3.6.3.3b
Find the line of best fit for the points (1, 3), (0, 3) and (3, —4)
Answer
U I 1-
We wanty=mz +b,soweset | yo | =m | zo | +b| 1
Y3 z3 1]
3 1 11 3 ]
m
3=m0+bl<—)01[b]=3
—4 3 31 —4 |
11
The matrix A= | 0 1 hasAT=[i (1) i’]
3 1
3 _[10 4]
L4 3
4 3

35
2

3
- [1 03 -9 e, [103
Ay‘[111 M and A= 1 4

501ving[10 4‘_9]“” [1 0

4 3| 2

0

] tells us that [ m
4 b

Therefore the line of best fit is y = _g‘” +4

? Exercise 3.6.3.3¢

Find the line of best fit for the points (1,2), (1,3), (2,—1) and (2, —3)

Answer
Y T 1
1
We want y = mx + b, SO we set v =m 2 +b
Y3 T3 1
Y4 T4 1
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2 1 1 11 2
3 | Ll [t [m]o] 3
1| T™] 2 1 2 1 b | T | -1
-3 2 1 2 1 -3
11
The matrix A = 11 has AT = LR
2 1 111 1
2 1
2 11
112 2 3 3 1122711 10 6
y[1111] -1 [ ]a“d [1111]21 [64]
-3 2 1
. 10 6|37 grer |1 0| -2 m =41
Solvin =0 2 | tells us that = 2
g[64‘1] [01‘7] [b][7

Therefore the line of best fit is y = —gz +7

? Exercise 3.6.3.4a

Find the plane of best fit for the points (0,2, 10), (-1, 0, 20), (1,4,—30) and (1,—1, 10)

? Exercise 3.6.3.4b

Answer
21
We want z = az + by + ¢, SO we set ?
3
24

T
T2
T3
Ty

+b

Find the plane of best fit for the points (0,1,0), (-1,0,0), (1,1,0) and (0,—1,18)

Answer
21 1 Y1 [1]
1
We want z = az + by + ¢, SO we set = =a e +b b +e
23 T3 Y3 1
24 Ty Y4 1
10 0 2 1 0o 2 1 [ 10
20 _ —1 +b 0 + 1 N -1 0 1 _ 20
30 | "% 1 4 °l1 1 4 1 = | =30
10 1 -1 1 1 -1 1 | 10
2 1
01 0 1 0 11
The matrix A = T oa s hasAT=|2 0 4 -1
1 1 1
1 -1 1
0 -1 1 1 ;g —40 -1 1 1 01(2)1 3 3 1
ATz = 0 4 —1 30 = | —110 | and ATA = 0 4 -1 1 41 =3 21 5
1 1 1 1 10 1 1 1 1 5 4
10 - 1 -1 1
3 3 1| —40 1 0 0|-—-11 a —11
Solving | 3 21 5| —110 | 22, | 0 1 0| —7 |tellsusthat [ & | =] —7
1 5 4 10 0 0 1 14 c 14
Therefore the plane of best fit is 2= —11z — 7y + 14
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0 0 1 1 0 1 1] . 0
0| _ |1 i 0 N 1 R -1 1 = 0
o | =% 1 1 °l1 11 1|| |7 |o
18 -1 1 -1 1 | 18
01 (1) i 0 -1 1 0 ]
The matrix A = 111 hasAT=|1 0 1 -1
1 1 1 1
0 -1 1 .
1 1
0 -1 1 0 8 0 0 -1 1 o0 _01 1 210
ATz =1 1 -1 o |=| 18 and ATA=|1 0 1 -1 L1 1=t 31
1 1 1 1 . 18 11 1 1 11 01 4
21 0| o0 1 00| 5 a
Solving | 1 3 1|—18 | 22 | 0 1 0|—10 |tellsusthat [ & | = | —10
0 1 4] 18 00 1| 7 c 7
Therefore the plane of best fit is z = 5z — 10y + 7
? Exercise 3.6.3.4c
Find the plane of best fit for the points (1,1,-3), (1,—-1,-3),(0,1,0), (1,0,3) and (0,—2,0)
Answer
21 z1 Y1 [ 1
2 k) Y2 1
Wewant z=az +by+c,soweset | 23 | =a| 23 | +b| y3 | +c| 1
24 T4 Ya 1
25 T5 Y5 | 1
-3 1 1] 1 1 1 1 [ —3
-3 1 -1 1 1 -1 1 a -3
0 |=a|O0]|+b| 1 [+c|1|—]0 1 1 =| 0
3 1 0 1 1 0 1 3
0 0 -2 | 1 0 —2 1 | 0
1 1 1
1 -1 1 1 1 0
Thematrix A=]0 1 1 |hasAT=]1 -1 1 0 —2
1 0 1 1 1 1
0 —2 1 |
—3 ] 1 1 1
1 101 0 -3 -3 11 10 1 -1 1 3 0 3
ATZ=11 -1 1 0 -2 0 |=| 0 |andATA=|1 -1 1 0 —2 01 1]=]0 7 -1
1 1 11 1 3 -3 | 1 1 11 1 1 0 1 3 -1 5
0 | 0 —2 1
3 0 3|-3 [1 0 0 -1 a -1
Solving | 0 7 —1|0 |22 10 1 0| 0 |tellsusthat [ 5 [=| ©
3 -1 5 |-3 [0 0 1|0 c 0
Therefore the plane of best fit is 2= —1z+ 0y+0, or z= —x

? Exercise 3.6.3.5a

Find the parabola of best fit for the points (—1,—3), (0,—3), (1,17) and (2, —3)

Answer
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U .’II% T 1
Y2 .’I)g ) 1
We want y = az? + bz + ¢, SO we set =a| ;| +b +ec
Ys T3 T3 1
Ya :1:2 Ty 1
-3 (-1)2 -1 1 1 -1 1 -3
ol R G P I S I 1 IO | -3
17 | 12 1 1 1 1 1 . I 4
-3 22 2 1 4 2 1 -3
1 -1 1
0 0 1 10 4
The matrix A = S99 has AT=| —1 0
1 111
4 2 1
1 01 4 _g 2 1 01 (1)_011 18 8 6
ATg=| -1 0 1 2 17 =] 14 |and ATA=| -1 0 1 1 1 = 8 6 2
1 111 8 1 111 6 2 4
_—3 _4 1
18 8 6| 2 ] 10 0|5 a [ —5
Solving | 8 6 2|14 | B, 1 0 1 0| 7 |tellsusthat | b | =] 7
6 2 4|8 | 00 1|6 6
Therefore the parabola of best fit is y = —5z% + 7z + 6
? Exercise 3.6.3.5b
Find the parabola of best fit for the points (-1, 16), (-1, 3), (0, 3), (1,3) and (2, 29)
Answer
U .’I:% x1 1
Y2 :E% Xo 1
We wanty = az? +bz +c,soweset | y3 | =a| o2 | +b| z5 [+c| 1
Y4 z2 T4 1
Ys m§ 5 1
16 (—1)? -1 1 1 -1 1 16
3 (—1)2 =il 1 1 -1 1 3
3 =a 0? +b 0 +c| 1 [« |0 0 1 = 3
3 12 1 1 1 1 1 3
29 922 2 1 4 2 1 29
1 -1 1
1 -1 1 1 1 0 1 4
ThematrixA=|0 0 1 |hasdT=| -1 -1 0 1 2
1 1 1 1 1 11
4 1
16 1 -1 1
1 1 01 4 3 138 1 1 01 4 1 -1 1 19 7 7
ATj=| -1 -1 0 1 2 3 |=| 42 |[andATA=| -1 -1 0 1 2 0 0 1|=]7 71
1 1 111 3 54 1 1 11 1 1 1 7 1 5
29 4 2 1
19 7 7138 1 0 0f 8 a 8
Solving | 7 7 1|42 | 225 | 0 1 0|—2 |tellsusthat | b | = | —2
7 1 5| 54 0 0 1|0 c 0
Therefore the parabola of best fit is y = 822 — 2z + 0
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? Exercise 3.6.3.6a

Find the circle of best fit for the points (1,1), (1,-5), (3, —1) and (—1,1)
Answer
a3 vi z1 U 1
2 2
1
We want z2 4 42 = az + by + ¢, SO we set wg + yg —a| P | +0| ¥ |+e
T3 Y3 I3 Ys 1
z2 y2 T4 Ya 1
1”412 1 1 1 1 1 1 2
SR N O S Y T R T I ‘; | 26
24(—1)2 [T 3 1|71 3 -1 1|| .| |1
(—1)2 412 -1 1 1 -1 1 1 2
1 1 1
5 1 1 1 3 -1
The matrix A = S hasAT=|1 -5 -1 1
1 1 1 1
-1 1 1
2 1 1 1
1 1 3 -1 26 56 1 1 3 -1 1 —5 1 12 —8 4
ATZ=|1 -5 -1 1 10 =| —136 [ and ATA=|1 -5 -1 1 3 1 1 =| -8 28 —4
4 4 —4 4
1 1 1 1 9 0 1 1 1 1 101 1
12 -8 4 56 1 0 0O a 0
Solving | —8 28 —4|—136 | =5 | 0 1 0|—4 |tellsusthat [ & | =| —4
4 —4 4 40 0 0 1| 6 6
Therefore the circle of best fit is 22 + y? = 0z — 4y + 6, which we can rewrite as (z —0)2 + (y+2)2 =10
? Exercise 3.6.3.6b
Find the circle of best fit for the points (5, 1), (3, 1), (3,—3) and (1, —3)
Answer
2} | vi z1 Y1 1
2 2
1
We want 2 + 42 = az + by + ¢, SO wWe set T2 + Bl _, | * +b| 2 | +e
z2 ya z3 U3 1
x3 | y2 T4 Ya 1
52 +12 5 1] 5 1 1 26
a
32+12 3 1 3 1 1 10
= b > b | =
sp(ae [T s | s |71 3 3 1|, 18
12 + (—3)2 1 -3 1 | 1 31 10
1 1
Z 11 5 3 3 1
The matrix A = 5 g 1 hasAT=|1 1 -3 -3
11 1 1
1 31
2 5 1 1
5 3 3 1 lg 224 5 3 3 1 3 1 1 4 —4 12
ATZ=|11 -3 -3 18| = —48 |and ATA=|1 1 -3 -3 3 _3 1|= —4 20 —4
11 1 1 10 64 11 1 1 1 -3 1 12 —4 4
4 —4 12 | 224 1 0 0| 6 a 6
Solving | —4 20 —4|—48 | %, | 0 1 0|—2 |tellsusthat | & | = | —2
12 -4 4 64 0 0 1|4 c —4
Therefore the circle of best fit is z% + y? = 6z — 2y — 4, which we can rewrite as (z — 3)?+ (y+1)> = 6

https://math.libretexts.org/@go/page/219132


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219132?pdf

Li breTexts*

3.6.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

https://math.libretexts.org/@go/page/219132


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/219132?pdf
https://math.libretexts.org/Courses/University_of_California_Irvine/Linear_Algebra_(Math_3A_UCI)/03%3A_Vector_Geometry/3.06%3A_Orthogonal_Projection_and_Least_Squares/3.6.03%3A_Practice_Set
https://creativecommons.org/licenses/by-nc-sa/4.0

LibreTexts"

3.7: Orthogonal Sets

4} Learning Objectives

1. Understand which is the best method to use to compute an orthogonal projection in a given situation.

2. Recipes: an orthonormal set from an orthogonal set, Projection Formula, B-coordinates when B is an orthogonal set, Gram—
Schmidt process.

3. Vocabulary words: orthogonal set, orthonormal set.

In this section, we give a formula for orthogonal projection that is considerably simpler than the previous one we used, in that it
does not require row reduction or matrix inversion. However, this formula, called the Projection Formula, only works in the
presence of an orthogonal basis. We will also present the Gram—Schmidt process for turning an arbitrary basis into an orthogonal
one.

This page titled 3.7: Orthogonal Sets is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn Huber via
source content that was edited to the style and standards of the LibreTexts platform.

¢ 6.4: Orthogonal Sets by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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3.7.1: Orthogonal Sets and Projection

Computations involving projections tend to be much easier in the presence of an orthogonal set of vectors.

# Definition: Orthogonal and Orthonormal

A set of nonzero vectors {iy, i, -+, %m} is called orthogonal if %; - i; = 0 whenever i + j.

It is orthonormal if it is orthogonal, and in addition %; - 4; =1 for all i = 1, 2,---,m.

In other words, a set of vectors is orthogonal if different vectors in the set are perpendicular to each other. An orthonormal set is an

orthogonal set of unit vectors.

X |llustration 3.7.1.1

The standard coordinate vectors in R” always form an orthonormal set. For instance, in R® we check that

1 0 1 0 0 0
0 1]1=0 0 0|=0 1(-10([=0
0 0 1 1

Since €; - €; =1 forall i = 1, 2, 3, this shows that {€1, €2, €3} is orthonormal.

-

€=

v

€2
€1

Figure 3.7.1.1

v/ Example 3.7.1.1

Is this set orthogonal? Is it orthonormal?

1 1 1
B= =21, o
1 -1

Solution
We check that

1 1 1 1 1 1

1 -2 | =0 1 0 |=0 | —2 -0

1 1 1 —1 1 —1

Therefore, | B is orthogonal
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Figure 3.7.1.2

The set [ B is not orthonormall, for instance we see that:

1
1| =3+#1

— e

However, we can make it orthonormal by replacing each vector by the unit vector in the direction of each vector:

1 1 1
1Y R v K
1 1 _
V3 76 V2

is orthonormal.

We saw in the previous example that it is easy to produce an orthonormal set of vectors from an orthogonal one by replacing each

vector with the unit vector in the same direction.

X Recipe: An Orthonormal Set from an Orthogonal Set

If {%1, Vg, , U} is an orthogonal set of vectors, then { 31 , 32 Sy 1)'" } is an orthonormal set.
[[Wall™ [[F2ll " [[Fmll
v Example 3.7.1.2: Non-Example
Is this set orthogonal?
1 1 1
a={|1|,| =21, | -1
1 1 -1
Solution
This set is because
1
-1 |=1-1—1=-140
-1
We will see how to produce an orthogonal set from 3 in this section.

A nice property enjoyed by orthogonal sets is that they are automatically linearly independent.
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An orthogonal set is linearly independent. Therefore, it is a basis for its span.

Proof

Suppose that {@, s,, 4} is orthogonal. We need to show that the equation

¢ty + caliz + -+ + Cplim = 0
has only the trivial solution ¢; = ¢; = -+ = ¢, = 0. Taking the dot product of both sides of this equation with % gives

-

0=14;-0

Uy -+ (c1ty + catia + -+ + Clim)
= ¢y (U - Uy) + c2(idy - U2) + -+ + (g - Um)
= cl(ﬁl o 1711)
because 1 - %; = 0 for i > 1. Since #; # 0 we have %1 - 41 # 0, so ¢; =0. Similarly, taking the dot product with %; shows that
each ¢; = 0, as desired.

One advantage of working with orthogonal sets is that it gives a simple formula for the orthogonal projection of a vector.
& Theorem 3.7.1.1: Projection Formula

Let W be a subspace of R”, and let {#;, #g,-, %y} be an orthogonal basis for W. Then for any vector Z in R™, the orthogonal
projection of Z onto W is given by the formula

o Z -y Z-dp Tty -,
Tw=———-U1+——= U+ -+ —Un
Uy - Uy Uz - Us Uy - U
Proof
Let
L Z-up Z-dp Z Uy -,
y=——= Ui+t —— Uzt +————Un
Uy - Uy Uz - Ug U, * U

This vector is contained in W because it is a linear combination of %1, @z, , 4¥m. Hence we just need to show that Z — 3 is in
w, ie., that ;- (z —y) = 0 for each i =1, 2,---,m. For ;, we have

= = o = =
- = = = = T Uy . Z- Uz T Un .
- (Z—9) =11 m—ﬁ ﬁul_ﬁ auQ— “i Um
1° U1 2 - Uz m * Um
Z-u
= = U L
=% - F———(U1-41)—0—--—0
Ui - U1
=0

A similar calculation shows that ; - (& — ) = 0 for each i, so # — ¢ is in W+, as desired.

If {41, g, -, Un} is an orthonormal basis for W, then the denominators %; - %; = 1 go away, so the projection formula becomes even
simpler:

Zw=(F 1)l + & bp)lg + -+ (B - Up)
X |(llustration 3.7.1.2

Suppose that L = Span{#} is a line. The set {#} is an orthogonal basis for L, so the Projection Formula says that for any vector
Z, we have

-1

8

= =
rrL = u

—

U

which is exactly the formula we got when we did this problem in the previous section!

(8
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Suppose that {i;, %s,-,%n,} is an orthogonal basis for a subspace W, and let L; = Span{#;} for each ¢ =1, 2,---,m. Then we see
that for any vector , we have

" Z-tp , | E-Up Z-Um
Tw=——F W+ —— U+ -+ T ——Un
ul - Ul Uug - Uy Uy, * Uy

=%, + %, + - + %1,

In other words, for an orthogonal basis, the projection of Z onto W is the sum of the projections onto the lines spanned by the basis
vectors. In this sense, projection onto a line is the most important example of an orthogonal projection.

X |llustration 3.7.1.3: Projection onto the zy-Plane

We use the projection formula, Theorem 3.7.1.1 to compute the orthogonal projection of a vector onto the zy-plane in R3.
A basis for the zy-plane is given by the two standard coordinate vectors
1
éi=|0 €= |1
0 0
The set {€;, €2} is orthonormal, so for any vector = (z1, 2, x3), we have
T1
Tw = (Z-€1)€1+ (T-€2)€a = 7161 + 3262 = | T2
0
v Example 3.7.1.3: Projection onto a 3-Space in R*
Let
1 0 1 0
0 1 1 o 1
W = Span 1l o Il z= 3
0 -1 1 4
Compute Zw, and find the distance from z to W.
Solution
The vectors
1 0 1
. 0 . 1 . 1
u; = Ug = ug =
T ? 0 T
0 -1 1
are orthogonal, so we can use the Projection Formula
.
2
1 0 1 1
i_fﬁlu+5ﬁ2a+5'ﬁs.~_—_3 0 +—_3 1 +§1_ 9
Y E a  Ggedg C Ggeds o 2 | -1 2 | o a7 7
0 —1 1 2
i
| 2 ]
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81
3
3
Il

8
|

81
3
Il

The distance from 2 to W is

. 1\2 1)\2 1)\2 1)\2

I = \/ ) +3)+G) +G) -

This gives us a way of expressing Z as a linear combination of the basis vectors in B: we have computed the B-coordinates of Z
without row reducing!

X Recipe: B-Coordinates when 3 is an Orthogonal Set

Let W be a subspace of R” with orthogonal basis 8 = {#;, is,-,%n,} and let # be a vector in W. Then

8
3!
=

TR
S
£

X

[Z]5 =

3
»
33
»

8l
PR
3

Sl
3
3
3

As with orthogonal projections, if {#;, @y, ,dx} is an orthonormal basis of W, then the formula is even simpler:

8 8
Sl S
=

%)

2]z =

8y
oy
3

v/ Example 3.7.1.4: Computing Coordinates with Respect to an Orthogonal Basis

Find the B-coordinates of Z, where

Solution

Since

form an orthogonal basis of R2, we have

Z - 3.2 6
o Uy - Uy _ 12 4 22 _ E
[Els = ey | 3.2 ]
Ty - s (—4)% + 22 10
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g
|
".f “x\_\ 6
/ P!
7
Jr’
Uy /
{ Uy
3
102 y
Figure 3.7.1.3

The following example shows that the Projection Formula does in fact require an orthogonal basis.

X |llustration 3.7.1.4: Non-Example: A Non-Orthogonal Basis

Consider the basis B = {#1, 72} of R2, where

L L. - 1 L o . S
This is not orthogonal because 71 -9 =2 —1 =1 #0. Let £ = [ . ] Let us try to compute Z = Zg: using the Projection

Formula with respect to the basis B:

. 2 111
= Z-V1,  Z-Uy., 3 3 1] 85 =
TR2 = v1+ Vo=—"— +— = T
D T 5[2 & |7
85

Since # = Zg2, we see that the Projection Formula does not compute the orthogonal projection in this case. Geometrically, the
projections of 2 onto the lines spanned by %; and %, do not sum to #, as we can see from the picture.

(o)

XSpan{v2}

Figure 3.7.1.4
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You need an orthogonal basis to use the Projection Formula.

3.7.1: Orthogonal Sets and Projection is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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3.7.2: Gram-Schmidt Process

We saw in the previous subsection that orthogonal projections and B-coordinates are much easier to compute in the presence of an
orthogonal basis for a subspace. In this subsection, we give a method, called the Gram—-Schmidt Process, for computing an

orthogonal basis of a subspace.

& Theorem 3.7.2.2: The Gram-Schmidt Process

Let %1, ¥3,--, 9, be a basis for a subspace W of R™. Define:

1.4, =7

<y
%)
4
fon
4
-

|
L
1)

|

2. Uy = (62)Spm{ﬁl}l

S
Gy

3. 1_23 = (63)Spm{ﬁ1,ﬁa}i = ’I)’g -

4
=
4
=
3
~N
&
[ )

P

M S~ = Um Ui

- Um = (Um) spangiy g, im i}t = Um— 2, — Ui
=1 U - Ug

Then {%1, @s,-, 1} is an orthogonal basis for the same subspace W

Proof

First we claim that each %; is in W, and in fact that 4; is in Span{%;, ¥s,,%;}. Clearly %; = ¥; is in Span{¥;}. Then s is a
linear combination of #; and 92, which are both in Span{%1, ¥.}, so 42 is in Span{¥;, 92} as well. Similarly, %3 is a linear
combination of 1, iz, and ¥s, which are all in Span{v1, ¥2, U3}, so 43 is in Span{v1, ¥2, ¥3}. Continuing in this way, we see
that each %; is in Span{¥i, ¥2,+,¥;}.

Now we claim that {41, %, ", %n} is an orthogonal set. Let 1 <i < j < m. Then @; = (V) gpana,, 5,3, }*» SO Dy definition ;
is orthogonal to every vector in Span{i,, #s,-,%;-1}. In particular, 4; is orthogonal to ;.

We still have to prove that each 4; is nonzero. Clearly %, = #; # 0. Suppose that &; = 0. Then (3;)syan(a,, -, 3+ = 0> Which
means that ¥; is in Span{i, ig,--,%;_1}. But each 4y, g, -, % is in Span{¥1, ¥2,-,¥;_1} by the first paragraph, so ¥; is in
Span{¥i, Us,---,¥;—1}. This contradicts the increasing span criterion since we started with a basis (linearly independent set);

therefore, %; must be nonzero.

The previous two paragraphs justify the use of the projection formula, Theorem 3.7.2.1, in the equalities

-
S|

i—

3

i Uy

» . —_— 34 . 2 . —_— 4 . & .
(B3) span{ay, g, e} = Ui — (U5)span(ay, dg, i} = Vi — U;
J

[

&,
L
L

<.

A
in the statement of the theorem.

Since {#%;, s, , %y} is an orthogonal set, it is linearly independent. Thus it is a set of m linearly independent vectors in W,
so it is a basis for W. Similarly, for every ¢, we saw that the set {#;, %2, --,%;} is contained in the i-dimensional subspace
Span{@1, ¥s,--+,¥;}, SO {&1, U, , %} is an orthogonal basis for Span{%1, ¥a,-,¥;}

X |llustration 3.7.2.5: Two Vectors

In order to find an orthogonal basis {#;, %} for W = Span{#1, ¥}, where

1 1

<y
=
Il
<y
[ -
Il

We will use Gram—Schmidst: first take 4, = ¥y, then
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0

= . Vg - Uy 2
UQ=v2—1:2 1_I:IU1= 1 —5 1 = 0
ol 1 0 1

Then {41, 4.} is an orthogonal basis for W: indeed, it is clear that 4 - %2 = 0.

Geometrically, we are simply replacing #, with the part of %, that is perpendicular to line L; = Span{#:}:

L)

Figure 3.7.2.5

v Example 3.7.2.5: Three Vectors in R*

Find an orthonormal basis {1, @2, @3} for W = Span{¥, U2, U3}, where

1 -1 4
L 1 N 4 . —2
V1= 1 Vg = 4 v3 = _9
1 —1 0

Solution
We run Gram—Schmidt:

1
N
Uy =v1 = 1
1
-5
T2
-1 1 5
L, Uy, | 4 61| | 2
WERTL T e | a1 |7 5
-1 1 2
5
[ 2 ]
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L L Ugeln,  U3-la,
Ug=V3 — 5 5 U1— 5 U2
U - Ul Ug * U
-_E-
2
4 1 5 2
_ 2 0 1 —20 2 _ 0
S| -2 24 |1 25 | 5 | |0
0 1 2 )
_5
| 2 ]

Then {1, dg, %3} is an orthogonal basis for W.

To make it orthonormal, we divide each @; by its length ||&;|:

1 1
= — 1
2 2 —_
1 1 V2
1 9 1 9 1 0
dh=—tg=| 2 |, Wa=ctp=| 2 |, d5=——iig=
2 1 5 1 2V/2 0
2 2 1
1 1 _7
il _— 2
L 2 L 2 |

You can use the Gram—Schmidt Process to produce an orthogonal basis from any spanning set: if some #; = 0, just throw away
41; and ¥;, and continue.

Sometimes one can use the properties of orthogonal sets to solve least-squares questions more easily.

v/ Example 3.7.2.6: Best-fit linear function

Find the linear function f(z,y) that best approximates the following data:

T | Yy | f(z,y)

1 0 0

0 1 1
—1 0 3

0]|-1 4

What quantity is being minimized?
Solution
The general equation for a linear function in two variables is
f(z,y) =Bz +Cy+ D
We want to solve the following system of equations in the unknowns B, C, D:

B(1)+C(0)+D=0
B(0)+C(1)+D=1
B(-1)+C(0)+D=3
B0)+C(—1)+ D=4

In matrix form, we can write this as A% = b for

1 0 1 0
B

0 1 1 . . |1

A=1_ ¢ 1 r= g b=13

0 -1 1 4

https://math.libretexts.org/@go/page/219135
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We observe that the columns %, iz, is of A are orthogonal, so:

LELN .
Uy - U 9 =
2 2

b —3
= 2 = = 3
Ug - U 9
52 ! 2 § 22

g 1

| t3- U3 |
We find a least-squares solution by multiplying both sides by the transpose:

2 00 -3
ATA={0 2 0 ATh=| -3
0 0 4 8

The matrix ATA is diagonal (do you see why that happened?), so it is easy to solve the equation ATAz = ATb:

3 3
2 0 0|-3 1 00 = )
02 0|-3 |2 3 | =2=| 3
010|—= .
0 0 4| 8 2 2
0 0 1| 2 2
Therefore, the best-fit linear equation is
=—Sz—y+2
f@,y)=—gz—3y+

Here is a picture of the graph of f(z,y):
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(0,—1,4) f(-1,0)

flo.=1) (-1,0,3)

©,1,1)
fél,O)r. f{g 1y

(1,0,0)

Figure 3.7.2.6

Now we consider what quantity is being minimized by the function f(z,y). The least-squares solution Z minimizes the sum of
the squares of the entries of the vector b — Az.

—§(1) _ %(o) + 2 oo
we| 0T 0
_5(—1) — 5(0) + 2 f(O,—’l)

| 20 - 3D o+ 2

In other words, A% is the vector whose entries are the values of f evaluated on the points (z,y) we specified in our data table,
and & is the vector whose entries are the desired values of f evaluated at those points. The difference b — Az is the vertical
distance of the graph from the data points, as indicated in the above picture. The best-fit linear function minimizes the sum of

these vertical distances.

3.7.2: Gram-Schmidt Process is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 6.4: Orthogonal Sets by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
e 6.5: The Method of Least Squares by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
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3.7.3: Practice Set

? Exercise 3.7.3.1

Determine if each set below is orthogonal, orthonormal, or neither.

@s={[s].[ 7]}

1 _1
2 2
(b) S, = 0(,] O
1 1
L 2 2
[ 1 2 16
(C) SS = 3 ) 1 ) -7
| -1 5 -5
[ v2 V2 Y
(d) S4 = 1 ) -1 ) \/i
| -1 1 V2
I 1 -117)
1 -1 0
@Ss=91 3 [ 1 '] o [
| -1 -1 1 ])
1 1 1 1)
2 2 2
AN IRE;
() S = H A2
2 2 2
_1 _1 1
2 2 2 1)
Answer
(a) Neither
(b) Orthogonal
(c) Orthogonal

(d) Orthogonal
(e) Neither
(f) Orthonormal

? Exercise 3.7.3.2a
. . 2 2
Find an orthonormal basis for the subspace W = Span {[ I ] , [ i ] }

Answer

2 2
We denote 3; = and 7, =

4 -1
Since 3, - ¥, = 0 this set is already orthogonal, so we divide each vector by its length.

194l

1
) 1
31l = VZ+ & =2v5 — il = ——; = [ s ]
2
V5

1
[Ball = V22 + (-1)? = V6 — i = — ‘U2=l 1 ]
Vs
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| Therefore an orthonormal basis for W is the set { [

? Exercise 3.7.3.2b

S &l

| I

lv—|
|

& Sl

| I

——

1 4
Find an orthonormal basis for the subspace W = Span 2 |,] -1
—2 1
Answer
1 4
Wedenote ;= | 2 |andds=| —1
—2 1

Since 9; - ¥ = 0 this set is already orthogonal, so we divide each vector by its length.

3
= = 1
"’01" = \/12+22+(—2)2 =3—)U1 = —01 = %

(eatl 2
-3
4]
1 3v2
o] = B+ (CIP+ T =3V — o = e = | 5
2
1
W2
[ _4
3 w2
Therefore an orthonormal basis for W is the set : ] -
=& 1
3 L 32

? Exercise 3.7.3.2¢

Find an orthonormal basis for the subspace W = Span {[ ; ] , [ 150 ]}

Answer

We denote §; = [ ; ] and 7y = [ 150 ]

Since 9 - ¥2 = 50 this set is not orthogonal, so we orthogonalize it:

[:]

o Vg 1) . . N
Vg — = = w1=v2—2w1—
wy - W1 4

Now we divide each orthogonalized vector by its length.

|

3
- = 1 ~%
||’U)2||=v(—3)2+42=5—)u2=—2"w2=[ s :|

o 4
[l 5

=

=
I
<

W

. . 1
fisl = VEF =5 — iy = o i = [
1

otjes el

Therefore an orthonormal basis for W is the set { [

ot o
| I
—
ot |
anjes
| I
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1 0
. . 2 1
Find an orthonormal basis for the subspace W = Span o '] 1l
| -1 2
Answer
1 0 1]
2 1 8
We denote ¥; = , Vg = ,and 93 =
V1 0 Vg 1 Vs 0
-1 2 5 |
Since 9, - ¥3 = 12 this set is not orthogonal, so we orthogonalize it:
1
s = 2
w =v1= 0
-1
0
5 = ( Ug - W1 ) 5 = = 1
Wo = Vg — = = w1=’l)2—0’U)1=
w - Wy 1
2
—1
N R (1_53'1711).. (1_53'1712)_. " . . 1
w3 = V3 — = = wy — .y = w2=v3—2w1—311)2=
w1 - W1 w2 * Wa -3
1
Now we divide each orthogonalized vector by its length.
1
V6
1 2
lowl = VIP+ 2+ 0+ (12 = V6 — iy = ——ib = | VO
e | 0
1
V6
0
1
1 3
|@a| = VOZ+ 12 +12+22 =6 — ity = —— iy = ‘1[
(3] 76
2
V6
__1
2v3
1 1
[l = /TP + 124 (B = 2B iy = it = | 2
ls] =77
1
2v3
=L 0
Vo 1
Z V6
Therefore an orthonormal basis for W is the set LG I
0 V6
1 2
V6 Ve

ol © 00 =
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1 [1 -1 0
2 4 7 1
Find an orthonormal basis for the subspace W = Span 21,10 |, =71, 1
0 0 1 19
4 | |4 12 0
Answer
1 1 -1 [0
2 4 7 1
Wedenote ;= | =2 |,¥2=| 0 |,¥3=| =7 |,andds=| 1
0 0 1 19
4 4 12 Lo
Since @ - ¥2 = 25 this set is not orthogonal, so we orthogonalize it:
1
2
W =v,=| —2
0
4
0
= = 2
I (Tj? "jl)ﬁ;l=az—1m1= 2
wy - w1
0
0
—4
= = 1
1_133=’Z)'3—(1:3 Ifl)’lf)l—(,us ?2)'&'}2:{53—311)1—0102: -1
wy - Wy w2 - w2 1
0
4
— — — s —- — _1
i = 9= (B2 ) iy — (525 ) B (2420 ) iy = 54— Oy — i Livg = | 1
w1 - W1 w2 - W2 w3 - W3 18
0
Now we divide each orthogonalized vector by its length.
1
5
2
1 5
|1 = 12+ 224+ (—2)2+ 02+ 42 =5 — & = ﬂﬁu =| -2
w
! 0
4
5
0
1
V2
|, " 1
l@2] = V02 +22 422402+ 02 =2vV2 — ity = —— i, = | L
|| v
0
0
S
V19
1
1 V19
lws] = /(=42 + 12+ (—1)2+12+4+02 = V19 — @i3 = — i3 = | —-L
[l Ve
V19
L 0 -
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41
338
1
1 3/38
Wy =1/42+ (-1)2+12+182+02=3V38 — tly= —dy = | —L_
4] \/ (-1 =TT e
6
V38
- 0 -
1 [ 4 T [ 4 7
5 0 V19 3v/38
2 1 1 __1
5 V2 V19 338
3 i 2 1 1 1
Therefore an orthonormal basis for w is the set 21l %0 -F | 7=
0 0 1 6
4 V19 V38
5 Ol 1 o || o |
? Exercise 3.7.3.2f
ol [ 17 T3 2
. . 1 -1 0 -1
Find an orthonormal basis for the subspace W = Span e b le o] e
o] [ 1] [3 0
Answer
0 1 3 [ 2 ]
. 1. | =1]. |o N |
We denote 9; = Rl P P 0 ,and 74 = 1
0 1 3 | 0 |

Since 9; - ¥ = —2 this set is not orthogonal, so we orthogonalize it:

0
iy = 1
1
0
1
N Ug - 1 = o 0
We = Vo —— =g+ 1wy =
w1 - wqp 0
1
0
= = V3.1 L Vg2 . . = = 0
Wy3=V3— | s——— | W1 — | o——= | w2 =03 — 0w, — 3wy =
w1 - w1 W9 - W2 0
0

(this means that 93 is in the span of 41,75 and can be omitted from our basis.)

1
s (BB (B o oo o | -1
Wy =V4— | 53— wr— | ——= w2 =V — VW1 — lwy =

Wy - Wy Wy - Wy 1
—1

Now we divide each orthogonalized vector by its length.

1] =V + 12+ 12+ 02 = V2 — @; = " "
w1

o sk sk o
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— o 1 .
lo] = VIZ+ 02+ 02+ 12 =2 — g = ——idy =

(]

§|»- o o §|>-.

N

|
N

. . 1
l#a] = 12+ (12 + 124 (—1)2=2 — g = Bl
4

|

(B

1 1
Therefore an orthonormal basis for W is the set ‘? , 8 , _17
V2 X 71
0 vz -2
? Exercise 3.7.3.3a
-2 1
Find the projectionof Z=| 9 | onto W = Span 4 |, 4
-2 -1 17
Answer
1 1
Wedenote 5, =| 4 |andd,= | 4
-1 17

Since 3, - ¥ = 0 this set is orthogonal and we can use the projection formula:

N o 2
iw=(_’m1:1)171+(_?112)172=261+01_;2= 8
V1V V2 - VU2
-2
? Exercise 3.7.3.3b
-2 2 0 3
3 0 1 0
Find the projection of # = ontoW =§
proJ =1 10 W=Spanq | 4 1] g || 0
16 -3 0 2
Answer
2 0 3
0 1 0
We denote 3; = g = and g5 =
V1 1 Vo 0 V3 0
-3 0 2
Since @y - ¥3 = ¥y - ¥3 = U3 - U3 = 0 this set is orthogonal and we can use the projection formula
0
. Z-0 2.7\ 273\ . . . . 3
Tw = (* 41 )1)1+ (4 42 )D2+ (* *3 )Us=—3v1+3v2+2v3=
Uy - Uy Uy - Uy U3 - U3 -3
13

8 -1 -1
. L o —2 1 3
Find the projection of # = - onto W = Span g
—25 10
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Answer
-1 -1

We denote 4; = and ¥s =

2

1
1
5 10

Since 9; - ¥ = 56 this set is not orthogonal, so we begin by orthogonalizing with Gram Schmidt:

-1
B =v=| !
1 1= 1
5
1
., " ( Vg - W1 ) S ., 1
Wg = Vo — = > ’11)1=’l)2—2’w1=
w1 - wp 0
0
Now we can use the projection formula:
7
o Z W , LW , o = -1
Zw=(.g.c uf.l )w1+(f u? )w2=—4w1+3w2=
wi - Wy W9 - Wa —4
—20
? Exercise 3.7.3.3d
-9 2 11 15
Findihelpro cetiontor =N Ronto s L —2 4
12 —1 2 1
Answer
11 15
= = = o 4
We denote 3; = g |P2= and 93 = 1
—1 2 1

Since ¥, - ¥3 # 0 this set is not orthogonal, so we begin by orthogonalizing with Gram Schmidt:

2
L 1
wy=v1= 3
-1
11
= = Vg W1\ . - = -2
Wo = Vg — = = w1=v2—0w1=
wy - Wy —6
2
0
= = U3-W1 \ o Ug o\ o o - = 4
w3 = V3 — = S w1 — oy = w2=v3—2w1—1w2=
Wy - Wy W - W -1
1
Now we can use the projection formula:
-9
. Z-i 2\ -3 ) . ,, ,, 11
Tw = = = w+ | ——= we+ | = = w3 = 1wy — lwg + 2w3 =
wy - Wy wa - Wa w3 - W3 7
-1
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—11 ([ —1 —2 2
s e et et s | © | onm e G | o -3 3
1| (| 2 7 3
Answer
-1 [ —2 [ 2
o —1 o -3 o 3
We denote ¥ = P B and 73 = 1
2 7 | 3
Since 9, - ¥2 = 21 this set is not orthogonal, so we begin by orthogonalizing with Gram Schmidt:
-1
= - =il
G
2
1
o= ( Vg - W1 ) N = 0
Wy = V9 — = = ’w1=’02—3’U)1=
wi - Wy 1
1
0
o _ = vz \ - U\ o o . . 3
Wy =U3— | 5——= | — | === | w2 =v3 — 01 — 2w =
w1 - W1 w2 * Wa -1
1

Now we can use the projection formula:

0
5 @ 5@ 5 @ 0
tw= (2 )+ (2 Y o (22 ) i = 0+ O + 00 =
w1 w1 wa - wWa w3 - W3 0
0
(The vector # is entirely contained in W+ in this problem.)
? Exercise 3.7.3.3f
1 1 5 8 9
16 0 1 11 —8
Find the projection of Z = 9 onto W = Span -1 {,{—-41,] 8 |,] —9
—11 1 6 —2 0
~14 | 0 2 1 -9
Answer
1 [ 8 9
0 1 11 —8
Wedenote g, = | —1 |,%,=| —4 |,¥3=| 3 |[andw,=| —9
1 6 —2 0
0 2 1 -9
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? Exercise 3.7.3.4a

Find the line of best fit for the points (1,—2), (2, 8), (—4,—10), (4, 18), and (—3,—4)

Answer
1 1 —2
2 1 8
Wesetupj=maé+biford=| —4 |,d=| 1 |andy=| —10
4 1 18
-3 1 —4

Since Z - & = 0 they form an orthogonal set, so we must have

138

j-@
=-——=3andb=
.7 46

So the line of best fit is y = 32+ 2

? Exercise 3.7.3.4b

Find the line of best fit for the points (6, 5), (—1, 3), (5,4), (—3,—6), (—2,—9), (—4,—4), and (-1, 7)

-

g-a _ 10 _
==

2

m= - =
. u -

e

Answer

[ 6 ] [1] [ 5 ]
-1 1 3
5 1 4

Wesetup j =mZ+buforz=| -3 |,i=| 1 | andyg=| —6
—2 1 —9
—4 1 —4
| -1 | | 1] L 7 ]

Since % - % = 0 they form an orthogonal set, so we must have

me T2 R gy B8 0

Z-T -4 7

0
o = 1
_. o V2w \ o o L,
Wy=Up— | 5——=— |wi1=02—bw1 =] 1
wy - w1
1
2
7
T N 9
, o vz-wi |\ o vg-wa \ o o
’U)3=’U3—(_‘3 = )’wl—(_'3 .y )WQ=‘U3—1’LU1—2’LU2= 2
w1 - w1 w2 - W2 _5
-3
3
o = = o -3
L - Vg W1 \ o Vg w2 \ Vg W3 \ - . _,
w4=v4—(4 S )wl—( = )'U)2—(_. = )’U)3=’U4—1‘U)1—2’U)2= 2
wy - Wi Wa - W w3 - W3 -1
1
Now we can use the projection formula:
11
S o o o o o 16
o Z - wy - T - w3 o T w3 , T - Wy - , , , ,
ZW=(_' _’)w1+(_’ _')HJg-i-(_. __)’U)s-i—(_‘ _.)w4=—3w1—2w2+2w3+0w4= 5
wy - Wy wy + W w3 - W3 W4 - W4 —15
—10
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l So the line of best fitis y =

? Exercise 3.7.3.4¢c

Find the plane of best fit for the points (2,9, 40), (1,0, —58), (4, —7, 22), and (—5, —2, 36)

Answer
2 9 1 40
5 N =5 1], |0 L |1 5 | —98
We set up Z = aZ + by + cii for Z = 4 9= 7 0% and Z = o3
—5 —2 1 36

%)
=
=)
0
™
8
4
Il
8
@

=g - 4 = 0 they form an orthogonal set, so we must have

-3 46 7§ 134 -4 40
= -2 = _landc= == -10
-2 46 7.5 134 ¢ 4

(<33
=31

So the plane of best fit is 2=z +y+ 10

? Exercise 3.7.3.4d

Find the plane of best fit for the points (4,5, —15), (2,—7,7), (—3,2,—55), (—2,—1, —4), (-1,2,—9), and (0,—1,4)

Answer
4 5 1 —15
2 -7 1 7
-3 2 1 R —55
We set up Z = aZ + by + cu for z = = U= and 7 =
—2 -1 1 —4
-1 2 1 —9
0 -1 1 4
Since -4 =Z - § = - & = 0 they form an orthogonal set, so we must have
Z-z 136 Z-y —252 Z-4 —72
= = = dbp= =——"—=_3andec= = =_-12
G=g g s M=o =gy sdade=m =g
So the plane of best fit is z = 4z — 3y — 12
? Exercise 3.7.3.4e
Find the circle of best fit for the points (4,4), (4, —4), (—4,8), and (—4,—8)
Answer
4 4 1 42+ 42 32
—4 1 42 4 (—4)? 32
We set up § = aZ + byj + cil for 7 = § = 1= and § = =
ps=az+by+cutforz _4 | Y g ¥ 1 S (—4)? + 82 80
—4 —8 1 (—4)% + (—-8)? 80
Since # -4 = % - §j = ¢ - & = 0 they form an orthogonal set, so we must have
a=22 =iS4=—6andb= £l =L=0andc= 8-1_‘, =2—24=56
2.2 64 j-y 160 i1 4

So the circle of best fit is 22 + y? = —6z + 0y + 56 which can be written as (z + 3)% + 2 = 65
Yy Yy
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Find the circle of best fit for the points (0,—2), (0,0), (3,1), and (—3,1)

Answer
0 —2 1 0%+ (—2)? 4
ey om e 0 | 0 | . 1 . 0%+ 0? 0
We set up § = aZ + bj + cii for z = g U= = and s = 2o | = 10
-3 1 1 (=3)2 +12 10

So the circle of best fit is z2 + y2 = 0z + 2y + 6 which can be written as z? + (y — 1) =7

? Exercise 3.7.3.5

Determine if the following statements are Always True, Always False, or Sometimes True/Sometimes False.
(a) If a set of vectors is orthonormal, then it is linearly dependent.

(b) If the columns of an n x » matrix A form an orthogonal set, then AT A is a diagonal matrix.

(c) If Z is a unit vector and #- % = —||3|, then ¥ = —|5|z.

(d) If {2, 3} is orthogonal and {%, @} is orthogonal, then {%, ¥, @} is orthogonal.

(e) If W = Span{v1, 93, ... , U5}, then W = Span{id;, Wy, ... , Wy, } for some orthonormal set {11, s, ... ,%0s}

(f) If every Z € R? satisfies z = (f - If) i+ (f ' 1: ) 9, then {%, 3} is an orthogonal set.
u-u v-v
Answer
(a) Always False

Orthogonal sets are always linearly independent.
(b) Always True

If the columns of A are %, ...,%,, the entry in row i, column j of ATA is %; - 3;, which is zero when ¢ # j.

(c) Always True

- o

X -v
1zl

If 5 # 0, then the angle between %, % is cos™ ( ) = cos!(—1) = 180°, and when % = 0 this is already true.

(d) Sometimes True Sometimes False

—

This is true using % = &;,¥ = €;,®w = €3 for one example.

-

This is false using % = €1,% = €3, = €, for another example.
(e) Sometimes True Sometimes False

This is true when {#;,%,,...,9,} is linearly independent, you can use Gram-Schmidt and normalize each vector to a unit
vector. But in the case where {#;,%s,...,9,} is dependent, Gram-Schmidt will turn at least one vector into the zero vector
and therefore the set will not have n linearly independent vectors.

(f) Always True

Plug in Z = % to prove % - ¥ = 0 must hold.

3.7.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.1: General Vector Spaces and Subspaces

1. Develop the abstract concept of a vector space through axioms.

2. Deduce basic properties of vector spaces.

3. Use the vector space axioms to determine if a set and its operations constitute a vector space.
4. Prove or disprove a subset of a vector space is a subspace.

In this section, we consider the idea of an abstract vector space. A vector space is something which has two operations which mimic

the structure of R”.

This page titled 4.1: General Vector Spaces and Subspaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kenn Huber via source content that was edited to the style and standards of the LibreTexts platform.

e 9.1: Algebraic Considerations by Ken Kuttler is licensed CC BY 4.0. Original source: https:/lyryx.com/first-course-linear-algebra.
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4.1.1: General Vector Spaces

We begin by defining exactly what properties of addition we appreciate about the vector space we have become familiar with v
=R"

& Theorem 4.1.1.1: Axioms of Addition

Let 9, w, Z be vectors in a vector space V. Then they satisfy the following axioms of addition:
e Closed under Addition
If ¥, are in V, then ¥ + @ is also in V'

e The Commutative Law of Addition

SN
J’_
S
I
e
+
<

e The Associative Law of Addition

o The Existence of an Additive Identity

o The Existence of an Additive Inverse

And similarly, the properties of scalar multiplication (and how it interacts with addition) that we use repeatedly in V' = R". (In the
following definition, we will choose scalars a,b to be real numbers and are thus dealing with real vector spaces. However, we could
also choose scalars which are complex numbers. In this case, we would call the vector space V complex.)

& Theorem 4.1.1.2: Axioms of Scalar Multiplication

Let a,b € R and let 9, w, Z be vectors in a vector space V. Then they satisfy the following axioms of scalar multiplication:
o Closed under Scalar Multiplication
If a is a real number, and ¥ is in V, then a¥ is in V
e Distribution across Vector Addtion
a (U + ®) = a¥ + aw
o Distribution across Scalar Addition
(a+b) ¥ = a¥ + bU

e Associative Law of Scalar Multiplication

e 1 is the Multiplicative Indentity

If we can find any collection of objects and define addition and scalar multiplication in a way that they satisfy all of the axioms
above, we have defined a vector space.

https://math.libretexts.org/@go/page/221282



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221282?pdf
https://math.libretexts.org/Courses/University_of_California_Irvine/Linear_Algebra_(Math_3A_UCI)/04%3A_Vector_Spaces/4.01%3A_General_Vector_Spaces_and_Subspaces/4.1.01%3A_General_Vector_Spaces

LibreTexts"

# Definition: Vector Space

A vector space V is a set of vectors with two operations defined, addition and scalar multiplication, which satisfy the axioms of
addition and scalar multiplication.

Consider the following example, in which we prove that R™ is in fact an example of a vector space.

X |llustration 4.1.1.1; R”

R™, under the usual operations of vector addition and scalar multiplication, is a vector space.

To show that R” is a vector space, we need to show that the above axioms hold. Let #,%, Z be vectors in R”. We first prove the
axioms for vector addition.

e To show that R” is closed under addition, we must show that for two vectors in R* their sum is also in R*. The sum Z + 3 is

given by:
T Y1 1+ Y1
93‘2 i 1{2 _ | = + Y2
Tp Yn Zn + Yn

The sum is a vector with n entries, showing that it is in R*. Hence, R™ is closed under vector addition.
e To show that addition is commutative, consider the following:

T Y1 z1+y Y1+ 21 Y1 T
Bag= T2 + Y2 | _ T2 + Yo _ Y2 + T2 _ | e + T2 T
Tn Yn Tn+Yn Yn + T Yn Tn

Hence, addition of vectors in R" is commutative.
e We will show that addition of vectors in R™ is associative in a similar way:

[ z1 [ Y1 21
o o - T z
G+o+z=|| T |+ T |+]| 7
L Tn L Yn Zn
T1+ Y1 21 (#1 +y1) + 21
_ | T2ty L2 (z2+y2) + 22 _
Ty + Yn Zn | (zn + yn) + zn

z1+ (y1+ 21)
z2 + (y2 + 22)

T+ (Yn + 2n)

T Y1+ 21 T1 (a1 21

T + 2z z Z 5 (= 3
— :2 + Y2 ‘ 2 | _ :2 + y:z + :2 =Z+(§+%)

Tn Yn + 2n Tn Yn Zn

Hence, addition of vectors is associative.

o Next, we show the existence of an additive identity. Let 6 =
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7 0 140 x
G [ N i [
Ty 0 Ty + 0 T
Hence, the zero vector 0 is an additive identity.
—x;
* Next, we prove the existence of an additive inverse. Let —% = _?2
_z,
T —Z1 T1— T 0
3+ (=) = T2 + —Ty | _ .’12273?2 _ 0 -
Ty —Tn Tp— Tp 0

Hence, —# is an additive inverse.
We now need to prove the axioms related to scalar multiplication. Let a, b be real numbers and let Z, 3 be vectors in R™.

o We first show that R” is closed under scalar multiplication. To do so, we show that aZ is also a vector with = entries:

&1 axriy

= T2 arsy
ar =a = K

Ty ax,

The vector o is again a vector with n entries, showing that R" is closed under scalar multiplication.
o We wish to show that a(Z + 7) = aZ + aj:

z Y1 z1+ Y1 a(z1 +91) az1 + ayy
AT =@ -7/:2 n y‘z —a mz-.i-yz _ a(mz‘-i-yz) _ a:1:2-‘|—a,y2
Ty, Yn Tn + Yn a(zyn + Yn) ATy + aYn
ar, ay1
= a:::z L a;yg = aZ + ay
aa | | v

o Next, we wish to show that (a + b)Z = aZ + bZ:

T (a+b)zy ary + bz
(a+b)E = (a+b) .’L:z _ (a +‘b):1:2 _ | o2 + bz
z‘n (a +‘b):r;,, azx, + bz,
ary bz
=| %2 | 4 bg_:2 — aZ + b3
azy, bx,
o We wish to show that a(b%) = (ab)Z:
1 bz a(bzy)
a@d)=a|b| | [=a| | ||=]C?
Ty bz, a(b;cn)
(ab)zy ]| 1
@22 | _ @by | ™ | = (ab)z
(ab‘)l‘" ] a,:,,
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o Finally, we need to show that 1Z = z:

ry 11‘1 ry
" T2 1z T2 i
lz=1 | = . = =z
Tn 1z, iy

By the above proofs, it is clear that R® satisfies the vector space axioms. Hence, R” is a vector space under the usual operations
of vector addition and scalar multiplication.

We now consider some examples of vector spaces.

X \llustration 4.1.1.2: Vector Space of Polynomials

Let P,(R) be the set of all polynomials of at most degree n as well as the zero polynomial. Define addition to be the standard
addition of polynomials, and scalar multiplication the usual multiplication of a polynomial by a number. Then P, (R) is a vector
space.

We can write P, (R) explicitly as
P,(R) = {anz" + - + a1z + ao | a; € R for all i}

To show that P, is a vector space, we verify the axioms. Let p(z),q(z),r(z) be polynomials in P,(R) and let a,b,c be real
numbers. Write p(z) = ppz™ + -+ p1Z + po, 4(2) = gna" + -+ + @12 + go, and r(z) = raz” + -+ 11T + 70.

o We first prove that addition of polynomials in P, (R) is closed. For two polynomials in P,(R) we need to show that their
sum is also a polynomial in P,(R). From the definition of P,(R), a polynomial is contained in P,(R) if it is of degree at most
n or the zero polynomial.

p(z) + q(2) = ™ + -+ P1Z + Do + Gua” + - + QT + Qo
= (pn + @n)z™ + -+ (p1 + q1)z + (Po + q0)

The sum is a polynomial of degree n and therefore is in P, (R). It follows that P, (R) is closed under addition.
o We need to show that addition is commutative, that is p(z) + g(z) = q(z) + p(z):

p(z) + g(z) = ppz” + - + P12z + po + gnz™ + - + Q1T + Qo
= (Pn + @n)z” + -+ (p1 + q1)Z + (Do + q0)
= (gn +pn)z" + -+ (@1 +p1)z + (g0 + Do)
= qux" + -+ Q1% + @0 + Pnx” + -+ P17 + Do
= g(z) + p(z)

o Next, we need to show that addition is associative. That is, that (p(z) + ¢(z)) + r(z) = p(z) + (g(z) + r(z)):

(p(z) + a(@)) +r(2) = (Paz" + - + P1Z +P0 + @uT" + - + Q1T + Qo) + Ta2" + - + 11T+ 1o
= (pn +82)2" + - + (p1 + q1)T + (Do + @) + TnZ" + - + 11T+ 1o
= (Pn+gn +72)2" + - + (p1 + q1 +71)Z + (Po + g0 + 7o)
=pnz" + - + P18+ Po + (¢ + Tn)2" + - + (91 +11)T + (0 + 70)
=pnz" + - + P12+ po + (2" + + + T + g0 + Tn2" + - + 112 + 10)
= p(z) + (¢(z) + r(2))

o Next, we must prove that there exists an additive identity. Let 0(z) = 0z™ + --- + 0z + 0:
p(z) +0(z) = pnz™ + - + 12 + po + 02" + -+ 0z + 0
= (pn +0)z" + -+ (p1 + 0)z + (po + 0)

= pnz" + - + P12 + Do
= p(z)

Hence, an additive identity exists, specifically the zero polynomial.
o Next, we must prove that there exists an additive inverse. Let —p(x) = —p,z™ — --- — p1z — po and consider the following:
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p(z) + (—p(x)) = pna™ + -+ + p1T + Po + (—PaT” — - — P1T — Po)
= (Pn — Pn)z" + -+ + (p1 — p1)z + (Do — Do)
=0z"+ -4+ 0x+0
= 0(z)

Hence, an additive inverse —p(z) exists such that p(z) + (—p(z)) = 0(z).
We now need to verify the axioms related to scalar multiplication.

o First we prove that P, (R) is closed under scalar multiplication. That is, we show that ap(z) is also a polynomial of degree at
most n.

ap(z) = a (paz” + -+ P12+ po) = apaz” + - + a1z + apy

Therefore, P,(R) is closed under scalar multiplication.
o We need to show that a(p(z) + ¢(z)) = ap(z) + ag(z):

a(p(z) + ¢(2)) = a (Paz" + -+ + P12 + po + ¢uz” + - + @17 + q0)
a((Pp + gn)z™ + -+ (P1 + ¢1)Z + (Po + 90))

a(py + gn)z" + - + a(p1 + 1)z + a(po + qo)

(apn + agn)z™ + -+ + (ap1 + ag1)z + (apo + ago)

= appz" + -+ + ap1T + apg + agnz™ + - + aq1T + ago
= ap() + ag(x)

o Next, we show that (a + b)p(z) = ap(z) + bp(z):

(a+b)p(z) = (a+ b)(Pnz” + - + P17 + Po)
= (a+b)pnz” + -+ (a + D)p1z + (a + b)po
= appz” + - + ap1T + apo + bpaz" + - + bp1z + bpo
= ap(z) + bp(z)

o The next axiom which needs to be verified is a(bp(z)) = (ab)p(z):

a(bp(z)) = a (b(ppa™ + - + P1Z + Po))
= a (bppz™ + -+ + bp17 + bpo)
= abp,z"™ + - + abp1x + abpo
= (ab)(ppz™ + - + P12 + Do)
= (ab)p(z)

o Finally, we show that 1p(z) = p(z):

1p(z) = 1 (paz”™ + - + P17 + po)
= 1ppz" + -+ Ip1z + 1pg
= pp" + - + P17 + Po
= p(z)

Since the above axioms hold, we know that IP,,(IR) as described above is a vector space.

Another important example of a vector space is the set of all matrices of the same size.

X |llustration 4.1.1.3: Vector Space of Matrices

Let M,x,(R) be the set of all m x n matrices. Using the usual operations of matrix addition and scalar multiplication, show that
M.« (R) is a vector space.

Let A, Bbe m x n matrices in My, x,(R). We first prove the axioms for addition.

o In order to prove that M, x,(R) is closed under matrix addition, we show that the sum A + B is in M,,x,(R). This means
showing that A 4+ B is an m x n matrix.
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ajiy - G by - bin
A+ B= g g + g :

Gm1  * Qmp bni - b

ann+bu - @ +bin

am1 + bml =t Gmn t bmn

You can see that the sum is a m x n matrix, so it is in My,x,(R). It follows that M,,,,.,(R) is closed under matrix addition.
o The remaining axioms regarding matrix addition follow from properties of matrix addition. Therefore, M, (R) satisfies
the axioms of vector addition.

We now turn our attention to the axioms regarding scalar multiplication. Let A be a matrix in M,,x,(R) and let ¢ be a real
number.

o We first show that M,,(R) is closed under scalar multiplication. That is, we show that cA is an m x n matrix.

ai11 st Qln
cA=c :
Gm1 - Omn
cail - Clip
Cam1l  °* Clmp

This is a m x n matrix in My« (R) which proves that the set is closed under scalar multiplication.
e The remaining axioms of scalar multiplication follow from properties of scalar multiplication of matrices. Therefore, My,x»
satisfies the axioms of scalar multiplication.

In conclusion, M, (R) satisfies the required axioms and is a vector space.

We now examine an example of a set that does not satisfy all of the above axioms, and is therefore not a vector space. Here we
stress that the vector space is not just the objects themselves, but how we define addition and scalar multiplication.

X |llustration 4.1.1.4: Not a Vector Space

Let V denote the set of 2 x 2 matrices. Let addition in V be defined by [ Z Z ] + [

V. Let scalar multiplication in V be the usual scalar multiplication of matrices.

a ﬂ]z[a+5 b+

for matrices in
vy & 0 0 ]

This V is not a vector space. In order to show that V is not a vector space, it suffices to find only one axiom which is not
satisfied.

We will begin by examining the axioms for addition until one is found which does not hold. Let A, B be matrices in V.

o We first want to check if addition is closed. Consider A + B. By the definition of addition in the example, we have that A
+ B is a 2 x 2 matrix, it follows that the sum A + Bis in V, and V is closed under addition.
e We now wish to check if addition is commutative. That is, we want to check if A + B = B + A for all choices of A and B in

V.Fromthedeﬁnitionofaddition,wehavethat[Z b]+[a B]=[a+6 b+7]and[: §]+[a b]

d v & 0 0 c d
at+d B+c . . .
= 0 o | Therefore, we can find 4, B in V such that these sums are not equal. One example is

a=s i]o=1o o]

1 2 5 4
A+B= =B+ A.
It follows that A + [ 5§ ] + [ 0 o ] +

Therefore, addition as defined for V is not commutative and V fails this axiom. Hence, V is not a vector space.

Consider another example of a vector space.
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X lllustration 4.1.1.5: Vector Space of Functions

Let S be a nonempty set and define F(S,R) to be the set of real functions defined on S. In other words, we write F(S,R) : S
 R. Letting a, b, ¢ be scalars and f, g, h functions, the vector operations are defined as:

(f+9)(x)=f(2) +9(x)
(af) (z) = a(f (2))

To verify that F(S,R) is a vector space, we must prove the axioms beginning with those for addition. Let f, g, h be functions in
F(S,R).

o First we check that addition is closed. For functions f, g defined on the set S, their sum given by
(f+9)(z) = f(z) + g(z)

is again a function defined on S. Hence, this sum is in F(S,R) and F(S,R) is closed under addition.
o Secondly, we check the commutative law of addition:

(f+9) (@) =f(z)+9g(x)=9(z)+ f () = (9+ f) (z)

Since z is arbitrary, f + g =g+ f.
o Next, we check the associative law of addition:

(F+9) +h) (@)= (f+9) (2) +h(z) = (F(z) +9(2)) + h(z)
= f (@) +(9(2) +h(2)) = (f (&) + (g+h) () = (f + (9 +})) (2)

andso (f+g)+h=f+(g+h).
o Next, we check for an additive identity. Let 0 denote the function which is given by 0 (z) = 0. Then this is an additive
identity because

(F+0)(z) = f(2)+0(z) = f (=)

andso f+0=f.
o Finally, check for an additive inverse. Let —f be the function which satisfies (—f) (z) = —f (z) . Then

F+EEN@) =F@)+(=H(@)=f(@)—Ffl@)=0
Hence, f+ (—f) =0.
Now, check the axioms for scalar multiplication.

e We first need to check that Fg is closed under scalar multiplication. For a function f(z) in F(S,R) and real number a, the
function (af)(x) = a(f(z)) is again a function defined on the set S. Hence, a(f(z)) is in F(S,R) and F(S, R) is closed under
scalar multiplication.

. ((@+0) f) (¢) = (e +1) f (z) = af (z) + bf (2) = (af + bf) (<)
and so (a+b) f = af +bf.
. (a(f+9)(2) =a(f+9)(2) =a(f(z)+g(2))
=af(z) + ag (z) = (af + ag) (z)
and so a (f +g) = af + ag.
. ((ad) f) () = (ab) £ (z) = a (bf (z)) = (a (bf)) (=)

so (abf) = a (bf).
e Finally (1f) (z) = 1 (z) = f(z) s0 1f = .

It follows that F(S, R) satisfies all the required axioms and is a vector space.

Consider the following important theorem.
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In any vector space, the following are true:

1. 0, the additive identity, is unique
2. —Z, the additive inverse, is unique
3. 0% = 0 for all vectors #

4. (-1) £ = —2% for all vectors 2

Proof
1. When we say that the additive identity, 0, is unique, we mean that if a vector acts like the additive identity, then it is the
additive identity. To prove this uniqueness, we want to show that another vector which acts like the additive identity is
actually equal to 0. Suppose 0 is also an additive identity. Then,

0+0 =0
Now, for 0 the additive identity given above in the axioms, we have that
0'+0=0

So by the commutative property:

0=0+0'=0"+0=0’
This says that if a vector acts like an additive identity (such as 0’), it in fact equals 0. This proves the uniqueness of 0.
2. When we say that the additive inverse, —Z, is unique, we mean that if a vector acts like the additive inverse, then it is
the additive inverse. Suppose that 3 acts like an additive inverse:

Z+§=0
Then the following holds:

§=04+9=(2+D)+j=—2+@+9)=—2+0=—-7
Thus if § acts like the additive inverse, it is equal to the additive inverse —Z. This proves the uniqueness of —%.
3. This statement claims that for all vectors z, scalar multiplication by 0 equals the zero vector . Consider the following,
using the fact that we can write 0 = 0+ 0:

0% = (0 +0) £ = 0F + 0%
We use a small trick here: add —0% to both sides. This gives

0Z + (—0Z) = 0Z + 0Z + (—0Z)
0+0=0Z+0
0 =0z
This proves that scalar multiplication of any vector by 0 results in the zero vector 0.

4. Finally, we wish to show that scalar multiplication of —1 and any vector Z results in the additive inverse of that vector,
—z. Recall from 2. above that the additive inverse is unique. Consider the following:

(1) +7 = (-1)%+17
=(-1+1)Z
=07

0

By the uniqueness of the additive inverse shown earlier, any vector which acts like the additive inverse must be equal to

the additive inverse. It follows that (—1) Z = —Z.

An important use of the additive inverse is the following theorem.
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& Theorem 4.1.1.4

Let V be a vector space. Then ¥ + @ = ¥ + Z implies that & = Z for all 9,%,Z € V

Proof

The proof follows from the vector space axioms, in particular the existence of an additive inverse (—%). The proof is left as
an exercise to the reader.

4.1.1: General Vector Spaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 9.1: Algebraic Considerations by Ken Kuttler is licensed CC BY 4.0. Original source: https:/lyryx.com/first-course-linear-algebra.
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4.1.2: Calculations in Vector Spaces

Now that we have objects that "act like R™", we can do similar things to them.

# Definition: Span of Vectors

Let {#1,---,3,} C V. Then the span of these vectors is

n
Span {U1,,Un} = {Z civi:c; € ]R}
=1

When we say that a vector 4 is in Span {%1, -, ¥, } We mean that ¢ can be written as a linear combination of the ¥;:
W = c1U1 + ca¥a + -+ + Cp¥n

We say that a collection of vectors {%y,--,%,} is a spanning set for V if V = Span{#1,--+,79,}

v/ Example 4.1.2.1: Matrix Span

1 0 00
M, = My =
Let M; [0 0],and 2 [0 1]

. 1 g
(a) Determine whether or not 4 = [ i g ] is in Span { M, My}

(b) Determine whether or not B = [ (1) 0

17]. .
] 1s in Span { My, M}

Solution
(a) We want to see if scalars s,t can be found such that A = sM; +tM,

(s 2]=[o o]e[s 1]

The solution to this equation is given by:

and it follows that |4 is in Span {Mj, M2}|

(b) Again we write B = sM; + tM, and see if a solution can be found for s,¢

3 o]=lo o]0 1]

Clearly, no values of s and ¢ can be found such that this equation holds. Therefore,

v/ Example 4.1.2.2: Polynomial Span

Determine if p(x) = 7z% + 4z — 3 is in Span {4z? + x, 2% — 23 + 3}

B is not in Span {Ml,Mz}l

Solution
To show that p(z) is in the given span, we need to show that it can be written as a linear combination of polynomials in the
span. Suppose scalars a, b existed such that

722 + 4z — 3 = a(4a® + ) + b(z® — 2z + 3)

If this linear combination were to hold, the following system of equations must hold:
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4da+b="7
a—2b=14
3b=-3

You can verify that e = 2,b = —1 satisfies this system of equations. This means that we can write p(z) as follows:

T2t + 4 — 3 = 2(42? + ) — (22 — 22+ 3)

Hence, | p(z) is in the given spa.n|

X |llustration 4.1.2.6: Spanning Set

The set § = {z%+ 1,z —2,2z? — z} is a spanning set for Py, the set of all polynomials of degree at most 2.

Let p(z) = ax? + bz + ¢ be an arbitrary polynomial in P,. To show that S is a spanning set, it suffices to show that p(z) can be
written as a linear combination of the elements of S. In other words, can we find r, s, such that:

p(z) = az? + br + c = r(z? 4+ 1) + s(z — 2) + t(2z% — z)

If a solution r, s, can be found, then this shows that for any such polynomial p(x), it can be written as a linear combination of
the above polynomials and § is a spanning set.

az’ +bx +c=r(z® +1) + s(z — 2) + t(22% — )
=ra? +r+sx— 25+ 2ta® —tx
= (r+2t)22 + (s —t)z + (r —2s)

For this to be true, the following must hold for all choices of g, b, ¢:

r+2t=a
s—t=b
r—2s=c

To check that a solution exists, set up the matrix and row reduce to see if it is invertible:

1 2 100
1 -1 [ B 1o 1 0
1 -2 0 00 1

Clearly, this matrix has RREF 1, so it is invertible and a solution exists for any choice of a,b,c. Hence, S is a spanning set for
P,.

We can also expand the definition of linear independence to these general vector spaces.

& Definition 4.1.2.3: Linear Independence and Bases

Let {¥1,---,7,} C V. This set of vectors is called linearly independent if the only solution to

101+ + enln =0
is ¢1 = ¢g = -+ = ¢, = 0, the trivial linear combination.
When {#1,-,9,} C V is both linearly independent and a spanning set of V, we call it a basis of V.
If v has basis {#1,-,9,}, we say dim(V) = n, or that V has n-dimensions.

This matches with our definitions in R”, so all previous theorems regarding linear independence, bases, and dimension still
hold.
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v/ Example 4.1.2.3: Basis of a Vector Space

Let = {z2+ 1,z — 2,222 — z}
(a) Show that 8 is a basis for P,.
(b) What is the dimension of P,?

(c) What is the dimension of P,,?

Solution
(a) As we saw in Illustration 4.1.2.6 above, S is a spanning set of P,. To prove it is a basis, we need the vectors inside to be
linearly independent. For 0 = 0(z) = 022 + 0z + 0 in P,, can we find r, s, ¢ such that:

0(z) = r(z? 4+ 1) + s(z — 2) + t(22% — z)

For this to be true, the following must hold:

r+2t=0
s—t=0
r—25=0
1 0 2 T
We already showed that the matrix A= | 0 1 —1 | is invertible, so we know the only solutionto A | s [ =0 is the trivial
1 -2 0 t

one.

This proves that S is linearly independent, and must therefore be a basis for Ps.

(b) Since there is a basis for P, containing exactly 8 vectors, we must have dim (Py) = 3.

This means any such basis for P, would contain 3 vectors. A simple example would be S’ = {22, z,1}.
Clearly, these vectors are a spanning set of P; and must be linearly independent. This proves W

(c) The easiest linearly independent spanning set of P,, would be {z", ..., z2,z,1}.

Since this is a basis for P, and it contains exactly n + 1 vectors, we have |dim (P,) =n + 1

T

Consider how the plane W = Yy in R3 is the span of two linearly independent vectors {&;,&,}. This collection of vectors
0

from R?3 together act like an entirely different vector space: R2.

To be clear, this is not saying that W = R2, but that it "acts like" a copy of R? inside of R3.

# Definition 4.1.2.4: Subspaces

Let W C V be nonempty. If W itself is a vector space (satisfies the addition and scalar multiplication axioms), then we say that
W is a subspace of V.

Note that the axioms of addition and scalar multiplication are satisfied by all vectors in ¥, we do not need to check most of the
properties again.

Instead, we only need to check that:
1.0isin W.

2. aZ + by € W for any real numbers a, b and any vectors Z, 3 in W.
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& Theorem 4.1.2.5: Span is a Subspace

Let V be a vector space with W C V. If W = Span {#1, -+, Ua}, then W is a subspace of V.

X |llustration 4.1.2.7: Improper Subspaces

Let V be an arbitrary vector space. Then V is a subspace of itself. Similarly, the set {5} containing only the zero vector is also
a subspace.

We can show that v and {6} are subspaces of V.

Since V satisfies the vector space axioms it also satisfies the three steps of the subspace test. Therefore, V is a subspace.

Let’s consider the set {5}
1. The vector 0 is clearly contained in {6}
2. Let w1, %4 be in {5} Then @ = 0 and i, = 0 and so

a17;1+b17;2=a6+b6=6

It follows that the sum is contained in {6} and it follows that {6} is a subspace of V.

The two subspaces described above are called improper subspaces. Any subspace of a vector space V which is not equal to V or
{6} is called a proper subspace.

Consider another example.

v/ Example 4.1.2.4: Subspace of Polynomials

Let P, be the vector space of polynomials of degree two or less. Let W C P, be all polynomials of degree two or less which
have 1 as a root. Show that W is a subspace of P; and find its dimension.

Solution
First, express W as follows:

W = {p(z) = az® + bz + c|a,b,c, € R|p(1) = 0}
We need to show that W satisfies the conditions of a subspace:

1. The zero polynomial of P, is given by 0(z) = 0z% + 0z + 0 = 0. Clearly, 0(1) = 0 so 0(z) is contained in W.
2. Let p(z), g(z) be polynomials in W. It follows that p(1) = 0 and ¢(1) = 0. Now consider ap(z) + bg(z). Let r(z) represent this
sum.

r(1) = ap(1) + bg(1l) = a0+ b0 =0
Therefore, the sum is also in W and the second condition is satisfied.
It follows that W is a subspace of Ps.
To find its dimension, we need to find a basis for w.
For any polynomial p(z) = az? + bz + ¢ in W, we know that p(1) = a + b + ¢ = 0 must hold.
This is a single equation with three unknowns, so we know its solution can be written as a = —b — ¢ and b, c are free variables.

W= {az® +bz+cla=—-b—c}
={(-b—c)z® + bz +c}
= {b(—2* + z) + c(—2* + 1)}
= Span {—z2 +z,—z% + 1}
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Clearly, these two vectors are not scalar multiples of one another, so they must be linearly independent. Since they are a
spanning set for W, we know that {—z? + z,—z2 + 1} is a basis of W, and |dim(W) = 2

Just like in R™, the dimension of any subspace W of V must satisfy dim(W) < dim(V).

If W satisfies dim(W) = 0, then W = {0}, and if a finite dimensional subspace W of V satisfies dim(W) = dim(V’), then W = V..

4.1.2: Calculations in Vector Spaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 9.1: Algebraic Considerations by Ken Kuttler is licensed CC BY 4.0. Original source: https:/lyryx.com/first-course-linear-algebra.
e 9.2: Spanning Sets by Ken Kuttler is licensed CC BY 4.0. Original source: https://lyryx.com/first-course-linear-algebra.
o 9.4: Subspaces and Basis by Ken Kuttler is licensed CC BY 4.0. Original source: https://lyryx.com/first-course-linear-algebra.
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4.1.3: Practice Set

? Exercise 4.1.3.1a

Fix some r € R and consider the collection of vectors V = { [ e ] } with addition and scalar multiplication defined as:
Y

z a z+a+r T te+tr—r
[y]e[b]_[y+b—r]andto[y]_[ty—tr+r]

Is V a vector space or not? Justify your answer.

Answer
1.[$]ea =[z+a+r]sothesurnoftwovectors1nV155t1111nV
U} y+b—r
z[m _[m+a+r] [a+m+r]_[a]®[x]
Ly Tl y+b—r b+y—r | | b y

> (Lplels ) la] -
o([3][])
wvenwed= [ siee [ Jo 7] =

swerwe= ||~ Do Joree [ ]o [ S |- [ ] -0

6.t [ e ] - [ il ] is still in V for all ¢ € R,
Y ty—tr+r

T [ a z+a+r tx+a+r)+tr—r te +ta+2tr—r
7. = = —
to([y]®_b]) to[y+b—r] [t(y+b—r)—tr+r] [ty+tb—2tr+r]

coll Z Nieilae ! © _[tz+tr—r o tat+tr—r ] [ (tz+tr—r)+@a+tr—r)+r ]| [ tz+tat2r—r
y b Tl ty—tr+r th—tr+r | | @y—tr+n)+@—tr+r)—r | | ty+tb—2tr+r

OO B Fatatssmd B basantemisonind BIC MIDICIM)

9. (ts) © [ ;j ] _ [ (ts)z + (ts)r —7 ] _ [ t(sx+sr—r)+ir—r ] — [ sc+sr—r ] e (so [ z ])

(ts)y— (ts)r+r t(sy—sr+r)—tr+r sy—sr+r
z [1lz4+1r—r z
10. = =
lo[y] _ly—1r+r] [y]

All ten rules hold, so this is a vector space.

? Exercise 4.1.3.1b

Consider the collection of vectors V = { [ z ] } with addition and scalar multiplication defined as:

z+a+rT ® c _|z+a+ec+2r | = ® atc+r | =
y+b—r d T loty+d—2r Tl b+d—r Tl

]
Jo[3]
l

'—'@
— 9

b T
[ N ] & [ N ] = [ ot ] and the usual R? scalar multiplication
Y b y+a

Is v a vector space or not? Justify your answer.

Answer

b . R,
] = [ mj__ ] so the sum of two vectors in V is still in V.
y a

[=[se]el3 e[y ]-[520]
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l These are not always equivalent, so this is not a vector space.

? Exercise 4.1.3.1¢

Consider the collection of vectors V = { [ Z ] } with addition and scalar multiplication defined as:

0
The usual R? addition and ¢t ® [ z ] = [ 0 ]
Is V a vector space or not? Justify your answer.

Answer

Since we are using the standard vector addition, the first five rules will work automatically.

6.to[z]=[g]isstillinvforeachte]R.

o ([5]e[3]) o550 ]-[<]
(e[3])eel3])-[0]e[o]-[o30]-[o]
serno[5]=[o]=[o]+[o]- (e[ ])e(e[5])
swol3]=[g]-te[s]-te (o[ ])
wao[y]=[o]#[7]

This fails the tenth rule, so it is not a vector space.

? Exercise 4.1.3.1d

Consider the collection of vectors V = {p(z) € P2(R)} with addition and scalar multiplication defined as:

p(z) @ g(z) = p(z) and the usual polynomial scalar multiplication

Is V a vector space or not? Justify your answer.

Answer
1. p(z) ® q(z) = p(x) is still a polynomial of degree at most 2, so it is in V.
2. p(z) @ g(z) = p(x) but ¢(z) & p(z) = g().

These are not always equivalent, so this is not a vector space.

? Exercise 4.1.3.1e

Consider the collection of vectors V = {p(z) € P2(R)} with addition and scalar multiplication defined as:
The usual polynomial addition and ¢ © p(z) = p(t)

Is V a vector space or not? Justify your answer.

Answer

Since we are using the standard polynomial addition, the first five rules will work automatically.

6.t © p(z) = p(t) is a constant, which is a polynomial of degree at most 2, so it is in V'

7.t 0 (p(z) ® g(x)) = (p + 9)(t) =p(t) + q(t) = (t O p(x)) & (£ © g())
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| 8. (t+s) ©p(z) = p(t + s) but (¢t © p(z)) @ (s © p(=)) = p(t) + p(s)-

These are not always equivalent, so this is not a vector space.

? Exercise 4.1.3.2a

. 10 11 01 01
Conmdertheset{[0 1],[1 1],[0 1],[1 1]}
(i) Is this set linearly independent?

(ii) Is this set a spanning set of Max2(R) ?

(iii) Is this set a basis of Mgx2(R) ?

Answer
. 1 0 11 01 01 00
(1)Wesetupa[0 1]+b[1 1]+c[0 1]+d[1 1]_[0 0]
a+b=0
TEhin vl et N o S S RORROR s baredre=0
q b+d a+b+c+d | |0 0 b+d=0
a+b+c+d=0
1 100 1 000
. . 0 1 1 1| grer 0100
Ive this h tem b d :
We solve this homogeneous system by row reducing 0101l loo1o0
1111 0 0 01

Since there are no free variables, the only solution is @ = b = ¢ = d = 0 and the set is linearly independent.
.. 10 11 01 0 1 a B
wefo 3 eo[3a]+ela ]+l ][5 5]
at+b=a

a+b b+c+d _[ea B - bt+c+d=p
b+d a+b+c+d ]| |y & b+d=~
a+b+c+d=9

This is equivalent to [

Since we saw in part (i) that the RREF of the matrix has a pivot in every row, this system will be consistent for any ¢, 8,7, ¢
eR

Therefore this is a spanning set for My, (R)

(iii) Since the set is both linearly independent and spans Max2(R), it is a basis.

? Exercise 4.1.3.2b
. 2 —1 01 11 01
Con51dertheset{[0 1 ],[0 1],[1 1],[1 0]}

(i) Is this set linearly independent?

(ii) Is this set a spanning set of May2(R) ?

(iii) Is this set a basis of Myy(R) ?

Answer

(i)Wesetupa[z _11]+b[g i]+c[1 1]+d[(1) 3]=[g g]
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This is equivalent to

2a+c=0
2a+c¢ —at+btct+td] [0 O N —a+b+ct+d=0
c+d  a+b+ec “lo o c+d=0
a+b+c=0
[2 010 100 —3%
-1 111 _1
We solve this homogeneous system by row reducing: 0 1 1 REEE, g (1) (1) 12
1 110 000 O

Since there is a free variable, the set is linearly dependent.
.. 2 -1 01 11 0 1'_ a B
(“)“[0 1 ]“’[0 1]“[1 1]”[1 0_‘[7 6]
2a+c=a

2a+c —a+btct+d]| [a B o —a+b+c+d=8
c+d a+b+ec A ctd=v
a+b+c=46

This is equivalent to [

Since we saw in part (i) that the RREF of the matrix does not have a pivot in every row, this system will be inconsistent for
some choices of o, 8,7,6 € R

Therefore this is not a spanning set for M.z (R)

(iii) Since the set is neither linearly independent nor spans Mzxo(R), it is not a basis.

? Exercise 4.1.3.2¢

. 1 2 4 1 1 0
Con51dertheset{[3 4],[3 2],[0 1]}

(i) Is this set linearly independent?
(ii) Is this set a spanning set of Mzx2(R) ?

(iii) Is this set a basis of Mgx2(R) ?

Answer
1 2 41 10 00
i) We set b =
@@ eseupa[34]+ [32]+c[01] [0 0]
a+4b+c=0
This i ivalent t at+4b+c 2a+b _[o o0 2a+b=0
1915 eqUIVATENTIO | 3,1 3p  da+2b+c| [0 0 3a+3b=0
4a+2b+c=0
1 41 1 00
21 1
We solve this homogeneous system by row reducing: 3 3 8 JREE, 8 0 (1)
4 2 1 000
Since there are no free variables, the set is linearly independent.
. 12 41 10 a B
el Jre[s 2] eelo 1]-[7 5]
at+4dbtc=a
This is equivalent to DO O el [ A — A=
3a+3b 4da+2b+c v 6 3a+3b=r
4da+2b+c=4§

Since we saw in part (i) that the RREF of the matrix does not have a pivot in every row, this system will be inconsistent for
some choices of o, 8,7,6 € R

Therefore this is not a spanning set for M, (R)
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l (iii) Since the set does not span M2 (R), it is not a basis.

? Exercise 4.1.3.3a
Consider the set {z* + z + 1,22 —z + 1,2z}
(i) Is this set linearly independent?
(ii) Is this set a spanning set of P2(R) ?
(iii) Is this set a basis of Py(R) ?
Answer

(i) We set up a(z? + =+ 1) + b(z? —z + 1) + ¢(2z) = 0z% + 0z + 0

a+b=0
This is equivalent to (a +b)2z2 + (a—b+2c)z+ (a+b) =022+ 0z +0 = < a—b+2c=0
a+b=0
1 0 1 0 1
We solve this homogeneous system by row reducing: | 1 —1 2 |22 10 1 -1
1 0 00 O
Since there is a free variable, the set is linearly dependent.
(i) a(z? + 2 + 1) +b(z? —z+ 1) + c(2z) = ax® + B+
a+b=a
This is equivalent to (a + )z + (a—b+2¢)z+ (a+b) =az?+ Bz +7 4> a—b+2c=p
a+b=v

Since we saw in part (i) that the RREF of the matrix does not have a pivot in every row, this system will be inconsistent for
some choices of a, 8,7 € R

Therefore this is not a spanning set for Py (R)

(iii) Since the set is neither linearly independent nor spans Py (R), it is not a basis.

? Exercise 4.1.3.3b

Consider the set {22 — 2z, 2 — 3,22 — 6,3z + 1}
(i) Is this set linearly independent?
(ii) Is this set a spanning set of Po(R) ?

(iii) Is this set a basis of Py(R) ?

Answer

(i) We set up a(z? — 2z) + b(z — 3) + ¢(z2 — 6) + d(3x + 1) = 022+ 0z + 0

a+c=0
This is equivalent to (a + ¢)z? + (—2a + b+ 3d)z + (—3b—6c +d) =022 + 0z + 0= { —2a+b+3d=0
—3b—6¢c+d=0
1 0 1 0 1 010
We solve this homogeneous system by row reducing: | =2 1 0 3 | ZEL [0 1 2 0
0 -3 —6 1 0 0 01

Since there is a free variable, the set is linearly dependent.

(ii) a(z? — 2z) + b(z — 8) + c(z? — 6) + d(3z + 1) = az? + Bz + v
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at+c=a

This is equivalent to (a + ¢)z? + (—2a + b+ 3d)z + (—3b—6c +d) = az? + fr+v<+>< —2a+b+3d=4
—3b—6c+d=17

Since we saw in part (i) that the RREF of the matrix has a pivot in every row, so this system will be consistent for all
possible a, 8,7 € R

Therefore this is a spanning set for P,(R)

(iii) Since the set is not linearly independent, it is not a basis.

? Exercise 4.1.3.3¢

Consider the set {3z% + z,z + 3,22 + 1}
(i) Is this set linearly independent?

(ii) Is this set a spanning set of Py(R) ?
(iii) Is this set a basis of Py(R) ?
Answer

(i) We set up a(3z2 + z) + b(z +3) + ¢(z2 + 1) = 0z2+ 0z + 0

3a+c=0
This is equivalent to (3a + c)z? + (a +b)z + (8b+¢) =022+ 0z+0 <> < a+b=0
3b+c=0
3 01 1 00
We solve this homogeneous system by row reducing: | 1 1 0 [ 25 0 1 0
0 31 0 01

Since there are no free variables, the set is linearly independent.

(ii) a(8z2 + ) + b(z + 3) + c(z? + 1) = az® + Pz + v

Jat+c=a
This is equivalent to (3a + ¢)z* + (a + b)z + (3b+ ¢) = ax? + Br + v+ at+b=4
b+c=7v

Since we saw in part (i) that the RREF of the matrix has a pivot in every row, so this system will be consistent for all «, 8, v
eR

Therefore this is a spanning set for P»(R)

(iii) Since the set is linearly independent and spans P,(R), it is a basis.

? Exercise 4.1.3.4a

Prove or disprove the subset A = {p(z) € P3(R) : p”(0) = p(0)} is a subspace.

If it is a subspace, find its dimension.

Answer
We check the requirements of being a subspace:
(i) The zero vector of P3(R) is z(z) = 0z% + 022 + 0z + 0
We can see that 2(0) = 0 and 2”(0) = 050 2(z) € A.
(ii) If p and g are in A, then we know they are at most cubic polynomials that satisfy p(0) = p”(0) and ¢(0) = ¢”(0)
If r, s are any real numbers, then the function (rp + sg)(z) is also an at most cubic polynomial and

(rp+59)”(0) = (p)"(0) + (s9)”(0) =r-p"(0) +5-¢"(0) =7 p(0) + 5 - 9(0) = (rp)(0) + (39)(0) = (rp+ 39)(0) SO rp + 3 € A
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Therefore A is a subspace of P3(R).
To find its dimension, we construct a basis. Notice that if p(z) = az® + bz? + ¢z + d, then p”(0) = 2b and p(0) = d
Therefore A = {az® + bx? + cz + d : 2b = d} = {az® + bz? + cz + 2b} = {a(z®) + b(z? +2) + c(z)}

Thus we know A = Span {z3, 2% + 2,z}. This spanning set is clearly linearly independent, so it is a basis of A

Therefore we have dim(A4) = 3

? Exercise 4.1.3.4b

Prove or disprove the subset B = {p(z) € P4(R) : p(z) = p(—z)} is a subspace.

If it is a subspace, find its dimension.

Answer
We check the requirements of being a subspace:
(i) The zero vector of Py(R) is z(z) = 0z* + 0z + 022 + 0z + 0
We can see that z(—z) = 0(—z)* + 0(—z) + 0(—2x)% + 0(—z) + 0 = 0z* + 023 + 0z + 0z + 0 = 2(z) so z(z) € B.
(ii) If p and g are in B, then we know they are at most quartic polynomials that satisfy p(z) = p(—z) and ¢(z) = g(—z)
If r, s are any real numbers, then the function (rp + sg)(z) is also an at most quartic polynomial and

(rp + 59)(—x) = (rp)(—=) + (s9)(—=) =1 - p(—=) + 5 -9(—=x) =71 -p(x) + 5 - ¢(z) = (rp)(x) + (s9)(x) = (TP + 59)(x) so rp + sq
eB

Therefore Bis a subspace of P4(R).

To find its dimension, we construct a basis. Notice that if p(z) = az* + bz® + c2? + dz + e, then p(—z) = az? — ba® + cz? — dz
+e

Therefore B = {az* + bz® + cz? + dz + € : az* + bz® + c2? + dr + e = az* — b2 + cz? —dz + €}
={az*+bz3+cx?+dz+e:b=—b,d=—d} = {az? + bz + ca? + dz +e: b=d =0}

= {az* + 023 + cz? + 0z + €} = {a(z?) + c(z?) + (1)}

Thus we know B = Span {z*,z?,1}. This spanning set is clearly linearly independent, so it is a basis of B

Therefore we have dim(B) = 3

? Exercise 4.1.3.4¢c
Prove or disprove the subset C = {p(z) € P2(R) : p(r) = 1} is a subspace.
If it is a subspace, find its dimension.
Answer
We check the requirements of being a subspace:
(i) The zero vector of Py(R) is z(z) = 0z2 + 0z + 0
We can see that z(m) =072+ 0 -7+ 0=0+# 150 2(z) ¢ C.

Therefore C is not a subspace of Py(R).
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Prove or disprove the subset D = {M € May2(R) : MT = M} is a subspace.

If it is a subspace, find its dimension.

Answer

We check the requirements of being a subspace:

(i) The zero vector of Myxy(R) is Z = [ g g ]

s [0 0
ZT= = Zs0ZeD.

00
(ii) If A and B are in D, then we know they are 2 x 2 matrices that satisfy AT = A and BT = B
If r, s are any real numbers, then the matrix rA + sB is also 2 x 2 and

(rA+sB)T = (rA)T+ (sB)T=r-AT+s-BT=r.A+s-B=rA+sBsorA+sBeD

Therefore D is a subspace of Maya(R).

To find its dimension, we construct a basis. Notice that if M = [ ¢ d ], then MT = [ @ ¢ ]
(4

et {2 11 41-15 31 N
{8l =l S felo oleeli o]+eo 2]}

Thus we know D = Spa.n{[ (1) g ] , [ (1) (1) ] , [ g (1) ]} This spanning set is clearly linearly independent, so it is a basis
of D

Therefore we have dim(D) = 3

? Exercise 4.1.3.4e

Prove or disprove the subset E = {M € Mzx2(R) : det(M) = 0} is a subspace.

If it is a subspace, find its dimension.

Answer

We check the requirements of being a subspace:

(1) The zero vector of Max»(R) is Z = [ g g ]

00

det(Z) =‘ 0 0

‘=O-O—O-O=OSOZ€E.

(ii) If A and B are in E, then we know they are 2 x 2 matrices that satisfy det(A) = 0 and det(B) =0

If r, s are any real numbers, then the matrix rA + sB is also 2 x 2 but det(rA + sB) does not have to be zero.

. 1 .
Consider 4 = [ 0 8 ] and B = [ g (1) ], each has determinant zero so A, B € E,
10
but 1A+ 1B = - =Tand det(I)=1,s01A+1B ¢ E

Therefore E is not a subspace of Ma»(R).
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Prove or disprove the subset F = { M € Mau3(R) : M

ot W =
S =N

|00 is a subspace
=lo o pace.

If it is a subspace, find its dimension.

Answer

1 2
DefineC = | 83 4 |.We check the requirements of being a subspace:
5 6

(i) The zero vector of Mayx3(R) is Z = [ g g g ]

1 2
ZC = 000 3 4 (= 00 soZ € F.
00O 5 6 00

00

(ii) If A and B are in F, then we know they are 2 x 3 matrices that satisfy AC = [ 0 0 ] and BC = [ 00 ]

00

If r, s are any real numbers, then the matrix rA + sBis also 2 x 3 and

(rA+sB)C = (rA)C’+(sB)C=r(AC)+s(BC)=r[ g g ] +s[ g 8 ] = [ g g ],SOTA+SBGF,
Therefore F is a subspace of May3(R).

a+3b+5c 2a+4b+ 6c
d+3e+5f 2d+4e+6f

a b c
d e f
a b c]‘[a+3b+5c 2a+4b+6c]_[0 0]}

To find its dimension, we construct a basis. Notice that if M = [ ], then MC = [

Therefore F = { [

d e f d+3e+5f 2d+4e+6f 00
135000 10 -1 00 O
. . . 2 46 0 0 0| grer 01 2 00 O
Wi Ive this h t th th t
e can solve this homogeneous system wi e matrix 000135 —_— 00 0 10 —1
000 2 46 00 0 01 2

SoF={[Z : ;]:a=c,b=—2c,d=f,8=—2f}={[; :;cf ;]}={c[(1) _02 (1)]+f[(1) _02 (1)]}
0
1

ThusweknowF:Span{[l —2 1],[(1) 0

0 0 0 9 ]} This spanning set is clearly linearly independent, so it is a basis

of F

Therefore we have dim(F) = 2

? Exercise 4.1.3.5a

Prove or disprove the subset A = {(aﬂ) €S: lim a, = 1} is a subspace.
n—00

Answer

We check the requirements of being a subspace:
(i) The zero vector of S is (z») = (0,0,0,0,...)
Notice lim z, =0 150 (2n) ¢ A.

Therefore A is not a subspace of S.
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Prove or disprove the subset B = {(a,.) €S: lim a, = 0} is a subspace.
n—00

Answer

We check the requirements of being a subspace:

(i) The zero vector of S is (2,,) = (0,0,0,0,...)

We see }i_)l{.lo 2n, =050 (2,) € B.

(ii) If (ay,) and (b,) are in B, then we know they are sequences that satisfy Jlim a, =0 and Jim b, =0
If r, s are any real numbers, then the sequence ra,, + sb, will have

’}i_z){:)lo(m,. + sb,) = (nli)rgo mn) + (7}1_15’10 sb,,) =r (nll)r& a,n) +s (111330 b,.) =7r-0+s-0=0, sora, + sb, € B,

Therefore Bis a subspace of §.

? Exercise 4.1.3.5¢

Prove or disprove the subset C = {(a,,) €S: 1i_1>n ap diverges} is a subspace.

Answer
We check the requirements of being a subspace:
(i) The zero vector of § is (z,) = (0,0,0,0,...)
We see nlﬂfo 2zn =050 (2,) ¢ C.

Therefore C'is not a subspace of S.

? Exercise 4.1.3.5d

00
Prove or disprove the subset D = {(an) €8:) an converges} is a subspace.

n=1

Answer

We check the requirements of being a subspace:

(i) The zero vector of S is (2,,) = (0,0,0,0,...)

We see f:z,.=f:0=050 (2n) € D.

n=1 n=1

00 o0

(ii) If (an) and (b,) are in D, then we know they are sequences that satisfy Z a, = e and Z b, = B for some o, € R
n=1 n=1

If r, s are any real numbers, then the sequence ra,, + sb,, will have

o0 o0 o0 o0 o0

E(m" + sb,) = (Z ra,,) + (E sbn) =r (Z an) +s (Z bn) =ra+ sf €R, SO ra, + sb, € D,

n=1 n=1 n=1 n=1 n=1

Therefore D is a subspace of S.

? Exercise 4.1.3.5¢

27
Prove or disprove the subset E = { f(z) e F(R,R) : f(z)dz = 0} is a subspace.
0

Answer
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We check the requirements of being a subspace:

(i) The zero vector of F(R, R) is the constant function z(z) =0
27
We see / z(z)dz =050 2(z) € E.
0

27 2w
(ii) If f and g are in E, then we know they are functions that satisfy f(z)dz =0 and / g(z)dz =0
0 0

If r, s are any real numbers, then the function r f 4+ sg will have

2 2 2 P
(rf + s9)(z)dz = (r-flz)+s-g(x)dz=r- f(:c)d:r,+s-/ g(x)dr=7r-0+5-0=0,50rf +sg € E,
0 0 0 0

Therefore E is a subspace of F(R,R).

? Exercise 4.1.3.5f

Prove or disprove the subset F = {f(z) € C’(R,R) : f’(z) = f(z + 1)} is a subspace.

Answer
We check the requirements of being a subspace:
(i) The zero vector of C’(R,R) which is a subspace of F(R,R) is the constant function z(z) =0
We see 2’(z) = 0= z(z + 1) SO 2(z) € F.
(ii) If f and g are in F, then we know they are functions that satisfy f’(z) = f(z+ 1) and ¢’(z) = g(z + 1)
If r, s are any real numbers, then the function rf + sg will have
(rf +359)'(z) = (rf)(z) + (s9)' (@) =7- f'(@) +5-g' (&) =7- flw + 1) +5-g(e+1) = (rf +s9)(x+ 1), s07f + 59 EF,

Therefore F is a subspace of C’(R, R)

4.1.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.2: Linear Transformations in General Vector Spaces

&) Learning Objectives

1. Understand the definition of a linear transformation in the context of vector spaces.

2. Recognize when a transformation between vector spaces is linear, and when objects are in their kernel or range.
3. Recipes: Find the matrix representation with respect to a basis, kernel, and range of a linear transformation.

4. Vocabulary Words: kernel, range, zero transformation, identity transformation

Recall that a function is simply a transformation of a vector to result in a new vector. Consider the following definition.

# Definition: Linear Transformation

A linear transformation is a transformation T: V — W satisfying

T(Z+§) =T@) +T(%)
T(cZ) = cT'(%)

for all vectors %, in V and all scalars ec.

This is the same definition we saw for linear transformations T:R® — R™, but generalized.

This page titled 4.2: Linear Transformations in General Vector Spaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kenn Huber via source content that was edited to the style and standards of the LibreTexts platform.

o 9.6: Linear Transformations by Ken Kuttler is licensed CC BY 4.0. Original source: https://lyryx.com/first-course-linear-algebra.
o 3.3: Linear Transformations by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source:
https://textbooks.math.gatech.edu/ila.
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4.2.1: Linear Transformations

Several important examples of linear transformations include the zero transformation, the identity transformation, and the scalar

transformation.

X |llustration 4.2.1.1: Linear Transformations

Let V and W be vector spaces.

1. The zero transformation:
0:V — W is defined by 0(%) = 0 for all 3 € V
2. The identity transformation:
ly : V = V is defined by 1y(¢) = ¢ forallg e V
3. The scalar transformation:
Let a € R, then s, : V = V is defined by s,(¥) = a? forall ¥ € V

We will show that each transformation above is linear.
For the zero transformation:
0(% + ) = 0=0+0=0(z) + 0(7)
0(cz) = 0 = i = c0(@)
Clearly it is linear.
For the identity transformation:
y(Z+9) =2 +7 = 1v(2) + 1v(7)
Ly(cZ) = c& = cly(Z)
Again this is linear.
Lastly for the scalar transformation:
84(Z + ) = a(& +§) = aZ + aj = 34(Z) + 34(3)
Sa(cZ) = a(cZ) = c(aZ) = cs,(Z)

Therefore, s, is a linear transformation.

The same properties of linear transformations still hold. If T: V' — W be a linear transformation. Then:

1. T(0) = 0.
2. For any vectors 91, ¥y, ..., in V and scalars ¢y, g, ..., cx, we have

T(c1¥1 + eV + - + cx¥x) = a1T(¥1) + c2T'(Vg) + -+ + T (V)

Let's explore a few popular operations and their linearity.

v/ Example 4.2.1.1: Nonexample

Let T : Ma«2(R) — R be the determinant function defined by T'(A) = det(A). Is T a linear transformation?

Solution:

We need to check if T(A + B) = T(A) + T(B) and if T(cA) = cT(4).

Neither of these properties are true! For a counterexample let A= B=1T:

https://math.libretexts.org/@go/page/221286
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T(A) = T(B) = det(I) = 1, but T(A+ B) = det(2]) = 4

Similarly, T'(cI) = ¢? det(I) = ¢ # ¢ = cdet(I) = ¢T'(I)

The determinant is [not a linear transformation], but it is still a useful function.

v/ Example 4.2.1.2: Derivative Example

Let T : P3(R) — P, (R) be the function defined by T'(p(z)) = p’(z). Is T a linear transformation?

Solution:
We need to check if T'(p(z) + g(z)) = T(p(z)) + T(g(z)) and if T(cp(z)) = cT'(p(z)).
Anyone who has taken a calculus course knows that these properties are true:
T(p(z) + q(z)) = (p(z) + (2))’ =p'(z) + ¢’ (z) = T(p(z)) + T(q(=))

T(cp(z)) = (cp(2))’ = cp’ () = cT(p(x))

The derivative [is a linear transformation |

Note that the domain and codomain did not need to be restricted to polynomials for this transformation to be defined and linear.

If we define C’([a,d]) = {f(z) € F: f(z) is differentiable on the interval [a,b]}, we can prove that it is a subspace by once again
leaning on our calculus experience: The sum of two differentiable functions must be differentiable, and a scalar multiple of a
differentiable function is always differentiable.

So instead, we could have said T': C’([a,b]) — F(R) is a linear transformation with the same argument seen above.

v/ Example 4.2.1.3: An Uglier Example

Let T : Py(R) — Myys(R) be the function defined by T'(p(x)) = [ ;’,((10)) zs,;;; ] . Is T a linear transformation?

Solution:

We need to check if T(p(z) + q(z)) = T(p(z)) + T(g(z)) and if T(cp(z)) = cT'(p(z)).

T+ GroD ] [ p1)+ed) p(-1)+q(1)
Tle(@) +g=)) = [ 0+9'(0) @+9)" Q) ] = [ PO)+d0) p”@)+d"?) ]

_[ 2@ D], e e ] g N
- [ pl(o) p///(2) :| + [ q/(o) qm(2) :| _T(p( ))+T(q( ))

(ep)(1)  (ep)(-1) ] _ [ cp(1) ep(=1) ] =c[ (1) p(-1)
(cp)’(0) (en)”(2) p’(0) p”(2) ?’(0) »”(2)

Therefore, [T is a linear transformation|

T(ep(z)) = ] = T(p(z))

Now that we can recognize if a function between vector spaces is a linear transformation, we will study two familiar sets.

# Definition: Kernel and Range

Let V and W be vector spaces and let T': V — W be a linear transformation. Then the range of T denoted as Range (T) is
defined to be the set

Range(T) = {T(v) : v € V}

In words, it consists of all vectors in W which equal T'(¥) for some ¥ € V, just like the standard definition of range.

https://math.libretexts.org/@go/page/221286
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The kernel, ker (T), consists of all € V such that T(%) = . That is,
ker (T) = {a eV :T@) = 6}

Then in fact, both Range (T') and ker (T') are subspaces of W and V respectively.

& Proposition 4.2.1.1: Kernel and Image as Subspaces

Let v, W be vector spaces and let T : V — W be a linear transformation. Then, ker (T) C V and Range (T) € W. In fact, they are
both subspaces.

Proof

First, consider ker (T') . It is necessary to show that if ¥, % are vectors in ker (T) and if a, b are scalars, then a%; + b9, is also
in ker (T') . But

T (a1 + bB2) = aT'(31) + bT (V) = al + b0 = 0
Thus, ker (T') is a subspace of V.
Next, suppose T'(d1),T(¥2) are two vectors in Range (T') . Then if a, b are scalars,
aT (V1) + bT(#2) = T (a1 + bos)

and this last vector is in Range (T') by definition.

X |llustration 4.2.1.2: Linear Transformations

Let V and W be vector spaces. We will find the kernel and range of the zero and identity transformations.

For the zero transformation, every vector is mapped to 0 in W so:
ker(0) = {a eV:0@) = 6} ={BeV}
Range(0) = {0(%): 3 € V} = {6 Pe V} = {0}
For the identity transformation:
ker(lv)={1';'EV:1V(1';')=6}={1’5€V:1’5=6}={5}

Range(ly) = {ly(¢) : 5 eV} ={3:5€V}=V

These two transformations represent the extreme cases for the kernel and range.

Once again we use the terminology one-to-one when a linear transformation does not repeat the same output for different input
vectors, and onto when the linear transformation reaches every possible vector in its codomain. So if T: V — W:

T is one-to-one when ker(T) = {0} and 7' is onto when Range(T) = W

v/ Example 4.2.1.4: Derivative Example

Let T : P3(R) — P5(R) be the function defined by T'(p(z)) = p’ (). Find the kernel and range of 7.

Solution:

ker(T) = {p(:z:) € Ps : T(p(z)) = 6} = {p(z) € P3 : p’(z) = 02 + 0z + 0}

https://math.libretexts.org/@go/page/221286
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Once again, we may recall that only constant functions have derivatives which are identically zero. But in a more general
sense, for any polynomial in our domain p(z) = az® + bz? + cz + d we have p’(z) = 3az? + 2bz + ¢

3a=0
p'(z) =022 4+024+0—<{ 26=0 —a=b=c=0
c=0

Therefore, we know ker(T) = {az® +b22 +cx +d :a = b = c =0} = {023 + 022 + 0z + d : d € R} is indeed the subspace of Py
containing all constant functions.

Range(T) = {T(p(z)) : p(x) € P3} = {3az® + 2bx + c: az® + ba® + cz + d € P3}
= {a(32%) + b(2z) + ¢(1) : a,b,c € R}

This looks like a span of three linearly independent vectors (polynomials) in Py. Clearly these should span all of P, so

Range(T) = Span{3z?%,2z,1} =P,

In this case, |T is not one-to-one, but it is onto|

v/ Example 4.2.1.5: An Uglier Example

Let T : P2(R) — May2(R) be the linear transformation defined by T(p(z)) = [ ;),((10)) z S,;;; . Find the kernel and range of T.
Solution:
p(l)=a+bd+c
- . 2 p(-l)=a—-b+c
For any polynomial in our domain p(z) = az® + bz + ¢ we have 2(0) =b So
»"(2)=0
T(az® + bz +¢) = [ a+z+c a—g—i-c ]

ker(T)={p(m)eP2:T(p(z))=6}={p(w)E]P’z: :a+:+c a,—g+c ] _ [g g]}

We can set up a system of equations for a, b, ¢ and use matrices to solve it:

a+b+c=0 1 1 1]0] 10 1]|0
a—bd+c=0 — |1 -1 1|0 | EEE, 10 1 0]0
b=0 0 1 00| 0 00|o0

In parametric form, this becomes a = —¢, b = 0. Putting this into our kernel expression above gives:
ker(T) = {az’ + bz +c:a=—c,b=0} ={—ca’ + 0z +c:cER} = {c(—z*+1) : cE R}
Once again this is a span, this time of a single vector: ker(T) = Span{—=z* + 1}

Range(T) = {T(p(2)) : p(z) e]P2}={[ “+;’+c “_8“ ] :a:c2+b:c+c€]P’2}

11 1 -1 11
—{a[o 0]+b[1 0 ]+c[0 0].a,b,c€]R}

This looks like a span of three linearly dependent vectors (matrices) in Maxs. Since the first and last of these vectors is
identical, we can omit one of them and still span our entire range:

wwstm-sm{[3 112 1[5 313 3112 )

In this case, [T is not one-to-one or onto)|
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4.2.2: Coordinatization
Recall that for any transformation 7' : R® — R and any basis B of R" we can find a matrix A that satisfies [T(Z)]z = A[Z]z-

Similarly, for any T : V. — W we can use a basis of the domain v and a basis of the codomain W to coordinatize each vector in v
and replace it with a vector in R” and coordinatize each output vector in W and replace it with a vector in R™. This allows us to
once again find a m x n matrix A that emulates the action of 7" with respect to the bases B and €.

& Proposition 4.2.2.2: Matrix Representation of General Linear Transformations

Let V,W be vector spaces and let T : V — W be a linear transformation. Assume B8 = {#y,...,79,} is a basis for V and @
= {#@1, ..., Wy} is a basis for W.
If we define B3 : V — R” and Ce : W — R™, to be the coordinatization functions, then the function 7" : R* — R™ defined by 7"
= CeoT o B! is a linear transformation.
Proof
a;
First note that Bg(a191+ -+ + an¥,) = | i | is clearly a linear transformation with kernel and range:
an
ker(Bg) = {& € V : By(%) = 0} = {0}
a1
Range(Bg) = {Bg3(Z): Z € V} = i |:a1,...,a,€Rp =R"
an
ay
Since this transformation is one-to-one and onto, it is invertible with B;l : = a1U1 + -+ ap¥p,
an
a1
Similarly, we can see that Ce is invertible with Ce(a1@w; + -+ + @amim) = :
am
Since T itself is a linear transformation, and the composition of linear transformations must be a linear transformation, we
have proven that T” is a linear transformation.

X Recipe: Matrix Representation with respect to Bases

Since T’ : R™ — R™ above is a linear transformation, we know it is a matrix transformation for the matrix

| | | |
[T13=| T'E) - T'@En) |=| (CeoTeB3")E1) - (CeoToBj)(En)
| | | |

We have a straightforward definition of Bz, so we can easily find B3 (€x):
B;l(é’k) =001 + - + 0U_1 + 10 + OUpqq + -+ + 00U, = Ty,
Therefore our matrix should be

| | | |
(CeoT)(@1) - (CeoT)(Wn) | =| Ce(T(®1)) - Ce(T(v))
| | | |
| |
= | [T(@1)]le - [T(¥n)le
| |
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So the matrix representation of T with respect to the bases B and € is the matrix [T]$ which has columns which are found by
plugging in each basis vector of the domain into 7' and then coordinatizing the output with respect to the basis of the codomain.

X |llustration 4.2.2.3; Linear Transformations

Let V be a vector space with basis B = {11, ...,U,} and W be a vector space with basis € = {1, ..., Wmn}-

We will find the matrix representation of the zero and identity transformations with respect to these bases, then find their null
space and column spaces.

For the zero transformation, every vector # € V' is mapped to 0 in W, so we have

I
ol

0(%;) = 0 = 0wy + - + 0y, => [0(Bs)]e =

This is the same for basis vector of B, so the matrix representation is

0 - 0
0 0
o=,
0 - 0

This is (unsurprisingly) the m x n matrix filled with zeros, known as the zero matrix.

The null space of this matrix is

0 - 0
Null ([0]$) = Null ? ? =R"
0 - 0
The column space is
0 0
Col (j0]5) =Spany{ | & |,y | ¢ | b = {0}
0 0

For the identity transformation, every vector Z € Vis mapped to itself Z in V, so we have
lv(i)'i) =7; =001 + -+ 00;_1 + 19; + 00343 + --- + 00,, = [lv(i_).,;)]e =|1]|=é;

This is (again unsurprisingly) the » x n matrix whose 4** column is &;, which is the standard identity matrix.

The null space of this matrix is
Null ([1v]3) = Null () = {0}
The column space is

Col ([1v]3) = Span {&1,...,€n} =R"

Notice that just like the kernel and range, the null and column spaces of these matrix representations are the zero space or R".
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In fact, these spaces are analogous. The only difference is that the null and column spaces above are the coordinatized version
of the kernel and range of their respective linear transformation. This will always hold!

v/ Example 4.2.2.6: Derivative Example

Let T : P3(R) — Py(R) be the function defined by T'(p(z)) = p’(z).

(@) If B = {z?2?,2,1} and € = {z?,z,1}, find [T]§ and its null and column space.

(b) If D = {z® —2?,23+ 2%, — 1,z + 1} and & = {1, x,2?}, find [T]4, and its null and column space.
Solution:

(a) We plug in each basis vector from B and coordinatize the output with respect to €:

o

T(z%) = (z%) =322 =322+ 0.2+0-1 = [T(z¥)e =

o N

0
T(z*) =(2?) =22=0-22+2-2+0-1 = [T(z?)]e = [
0
T(x)=(z)) =1=0-2°40-24+1-1 = [T(z)]e=| O
1

o
— 1

T(1)=(1)=0=0-22+0-2+0-1 = [T(L)]e= | 0
0
3 00 0 1 0 00
Therefore we have matrix representation [T]3 = 0 2 0 0 |, whichhasRREF|[ 0 1 0 0
0010 0010
The column space of this matrix is
3 o] [o
Col([T]3) =Span< | 0 |, 2 |,| O =R3
0 o] [1
Solving for the null space gives a = 0,b = 0,c¢ = 0 and d is free. Thus,
0
e 0
Null ([T]%) = Span 0
1 -
(b) We plug in each basis vector from 2 and coordinatize the output with respect to &:
0
T —2?)=(a®—2%)" =322 -22=0.1-2-24+3.22 = [T(@@®—2d)]e=| —2
3
0

Tz +2%) = (a® +2%) =322 +22=0-1+2-2+3-2> = [T +2})]e=| 2

Te—1)=(x—1)'=1=1-14+0-24+0-22 = [T(x—V]e=| 0
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1
T+1)=(x+1)'=1=1-140-240-22 = [T(x+1le=| 0
0
0 01 1] 1000
Therefore we have matrix representation [T15,= [ —2 2 0 0 |, whichhasRREF [ 0 1 0 0
3 300 0011
The column space of this matrix is
0] [o] [1
Col ([T15) =Spans | —2 |, 2 |,| 0 =R3
3| 13] |o

Solving for the null space gives a = 0,5 = 0,c = —d and 4 is free. Thus,

Naull ([T15) = Span

Note that each of these matrices had a column space that spanned all of R3. This means that all possible combinations of €
or & coordinates can be reached in the span of their columns. This is equivalent to saying that all possible vectors in Py, the
codomain of T, are in its range. This checks out with our earlier work, where we showed Range(T) = Ps.

On the other hand, each of the null spaces of these matrices are different looking at first:

(To1)
Notice that all vectors with 3B coordinates in the span of Null([T]§) = Span< 8 > is represented by
\ L 1 /
Span{0-z®+0-22+0-z+1-1} = Span{1}.
T o 1
Similarly, all of the vectors with P coordinates in the span of Null([T]5) = Span < _01 is represented by
1

Span{0-(z®—z%) +0-(z*+2?)—1-(z—1)+1-(z+1)} = Span {2}.

These both represent our ker(T'), just coordinatized with respect to the basis we used in the domain Ps.

v/ Example 4.2.2.7: An Uglier Example

Let T : Py(R) — Maxa(R) be the linear transformation defined by T'(p(z)) = [

p(1) p(-1)
P'0) 2”2 |

10 01 00 00
{2 _ ; e ;
IfB—{:v,a:,l}andC’—{[O 0],[0 0],[1 0],[0 1]},ﬁnd[T]Z;andltsnullandcolurnnspace.

Solution:

We plug in each vector from B and coordinatize the output with respect to €:

T(z®) = [ (1) (1) ] = [T(2Y)]e =

(= i
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1
1 -1 -1
10)=] 3 | = wele-| ]
[1
11 1
0 =[y o] = EOle=|
L O
1 1 1 101
. . . 1 -1 1 . 010
Therefore we have matrix representation [T]5 = o 1 ol which has RREF 0 0 0
0 0 0 0 00

The column space of this matrix is

Col ([T]5) = Span

(== R R
—

Solving for the null space gives a = —c,b = 0, and ¢is free. Thus,
-1
Naull ([T]) = Span 0
1

Once again, we can see that the column space of [T is Range(T) coordinatized with respect to €:

Range(T)=Span{[ (1, (1) H i _01 ]}

And that the null space of [T4 is ker(T') coordinatized with respect to B:

|ker(T) =Span{—1-2°+0-2+1-1} = Span{—2® + 1}|

Now that we can effectively translate linear transformations between finite dimensional vector spaces into a matrix, we can use
them to help find eigenvalues, eigenvectors, and eigenspaces of linear transformations of the type T: V — V.

v/ Example 4.2.2.8: Eigenspaces of a Linear Transformation

Let T : Po(R) — Py (R) be the linear transformation defined by T'(p(z)) = (z — 1)p’(z) + p(0).
Find all eigenspaces with non-zero dimension.
Solution:

We begin by picking any basis, such as B = {z?, z,1}, and find [T]Z:

2

T(z?) = (x—1) 22+ 0 =222 -2z = [T(z?)]p = |: -2

0

0

Tz)=(x—1)-1+0=z—1 = [T(x)]lz=| 1
-1

T(l)=(z—1)-0+1=1 = [T(1)]z=| 0
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2 0
Therefore we have matrix representation [T]3 = | —2 1 0 |. We now look for the eigenvalues by finding the characteristic
0 -1 1

polynomial:
fAD= =2 1-x 0 |=@2-2)1-1?

Clearly, we have two eigenvalues: A; = 1 and ), = 2. We now find the eigenspaces of the matrix [T]3:

1 0 0 100 0
Ey=Null ([T]3—I)=Null | | =2 0 O [|=Null[ |0 1 0| |=Span{ |0
0 -1 0 000 1
0 0 ©
By =Null ([T]3—2I)=Null[ [ =2 -1 0
0 -1 —1
:
=Null| | 4 ; 3 =Span? | 5
1

These eigenspaces are the coordinatized versions of the eigenspaces of T with respect to our chosen basis B:

|E1 =Span{0-m2+0-m+1-1}=Span{1}|

E2=Span{%-a:2—1-a:+1-1}=Span{%a:2—a:+1}

It is easy to verify that these are indeed our eigenvalues and eigenvectors by plugging them into T directly:

When p(z) = ¢ is constant (in the span of the polynomial 1), we get: T(p(z)) = (x —1) -0 +c=c=1-p(x)

When p(z) = ¢ (%wz—w+ 1), we get: T(p(z)) = (& —1) - (2c5 — &) + ¢ = oa? — 23 +2) = 2- p(=)

4.2.2: Coordinatization is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.2.3: Practice Set

? Exercise 4.2.3.1

Consider the function f : Maxa(R) — May2(R) satisfying f(A) = A + AT
(a) Prove f is a linear transformation.

(b) Find a basis for ker(f). Is f one-to-one?

(c) Find a basis for Range(f). Is f onto?

(d) Find all eigenvalues and eigenspaces of f

Answer
(a) We check the two properties of linear transformations:
f(A+B)=(A+B)+(A+B)T=A+B+ AT+ BT = (A+ A7) + (B+ BY) = f(A) + f(B)
f(cA) = (cA)+ (cA)T = cA+ cAT = c(A+ AT) = cf(4A)

This proves f is a linear transformation.

Tofacilitatethenextthreeparts,weletB={[1 0],[0 1],[0 0],[0 0]}andfind[f]£
00 00 1 0 01

2
f10_10+10T_10+10_20_)0
00|/ [0ooO 00] |oo 0 0] Joo 0
-0_
F o
f01_01+01T_01+00_01_)1
0 Lo o 00] Loo 10 10 1
_0_
F o
P 0_00+00T_00+01_1_)1
1 0]/ |10 10 10 0 Tl 1
-0_
F o
f00_00+ooT_00+00_00_)0
0 1]/ o1 01 01 0 1] Lo 2 0
_2_
2 00 0] (1.0 0 0
Therefore, we have [f]2 = 0110 which has RREF 0110
0110 0001
000 2| [0 000
0
(b) To find ker(f), we solve for Null ([f]3) = Span -1
. 0 —1
This means that ker(f)zSpan{[1 0 ]}
This contains nonzero vectors, we know that f is not one-to-one.
2 0 0
() To find Range(), we solve for Col ([f13) =Span{ | o |, i , g
0 0 2
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This means that Range(f) =Span{[ (2) g ] , [ (1) (1) ] ,[ g g ]}

This has dimension 3, and the codomain M, (R) has dimension 4, we know that f is not onto.
(d) The characteristic polynomial is p(A) = det ([f]3 — AI) = A(A—2)?

Thus, the eigenvalues of [f]Z (and also of f) are A= 0,2

The eigenspaces of [f]3 are:

Eo = Null ([f]3) = Span _11 has already been found.

0
0 0 0 1 0 0
0 -1 1 0 0 1 0
E, =Null ([f]% - 2I) = Null 0 1 -1 0 = Span ol 1] o
0 0 0 O 0 0 1

Which means the eigenspaces of f will be:

N

10 0 1 0 0
Ez:sp“{[o 0]’[1 OHO 1]}
? Exercise 4.2.3.2

Consider the function T' : Max2(R) — May2(R) satisfying T(4) = [ _12 _63 ] A

(a) Prove T is a linear transformation.
(b) Find a basis for ker(T’). Is T' one-to-one?
(c) Find a basis for Range(T). Is T onto?

(d) Find all eigenvalues and eigenspaces of T

Answer
(a) We check the two properties of linear transformations:

1 3

T(A+B)=[_2 .

](A—i—B): [ _12 _63 ]A+ [ _12 _63 ]B:T(A)+T(B)

T(c4) = [ _12 _63 ] (c4) =c([ _12 _63 ]A) — dT(4)

This proves T'is a linear transformation.

. _ 10 01 0 0 00 . 3
Tofac1htatethenextthreeparts,weletﬂ_{[0 0],[0 0],[1 0],[0 1]}andf1nd[T]$

(Lo o])=15 F1leal-[5 o] =[5
(Lo o])=15 Slleol-[s 2]=

(=2
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-3
([0 ON_[L 3][o0]_[30]_,|0o
10f/ L-2 &6 1 0] L6 0 6
L 0 -
F o
o([OON_[ 1L -3][0o0]_[0 -3]_,|-3
0 1)) [-2 6 0 1] Lo 6 0
L 6 -
1 0 3 0 1 0 -3 0
0 1 0 -3 . 01 0 -3
Therefore, we have [TZ = 2 0 6 0 which has RREF 00 0 0
0 —2 0 6 00 O 0
3 0
i 5 0 3
(b) To find ker(T"), we solve for Null ([T]2) = Span 1 [ o
0 1

This means that ker(T) = Spa.n{[ :: 8 ] , [ 8 :: ]}

This contains nonzero vectors, we know that 7" is not one-to-one.
1 0

(c) To find Range(T), we solve for Col ([T]3) = Span | (1)

0 —2

. 1 0 0 1
This means that Range(T) = Span{[ 2 0 ] g [ 0 —2 ]}

This has dimension 2, and the codomain May2(R) has dimension 4, we know that T is not onto.
(d) The characteristic polynomial is p(X) = det ([T]3 — AI) = A2(A—7)2
Thus, the eigenvalues of [T]Z (and also of T') are A = 0,7

The eigenspaces of [T]3 are:

3 0
5 0 3
Eo = Null ([T]3) = Span 111 o has already been found.
0 1
—-6 0 -3 0 -1 0
0o 6 0 -3 —1
= B _ = =
E7 =Null ([T13 — 7I) = Null A Span s '] o
0o -2 0 -1 0 2

Which means the eigenspaces of T will be:

3 0 0 3
NI
B—s -1 070 -1
TESPA 2 0|70 2
? Exercise 4.2.3.3

. . e b b b+
Consider the function U : Max2(R) — Moy (R) satisfying U ([ Z p D = [ :Id 2dc ]

(a) Prove U is a linear transformation.

(b) Find a basis for ker(U). Is U one-to-one?
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(c) Find a basis for Range(U). Is U onto?

(d) Find all eigenvalues and eigenspaces of U

Answer

(a) We check the two properties of linear transformations:

of[2 81412 SD-o((332 328 )-[ ey o]

a+b b+c o +b b+ a b a v
ol PO BN Iepanivall EL{ Db ELA ()

vlr a b —U ra Tb [ ratrd rotre Y a+b b+ec — U a b
c d B rc rd | re+rd  2rd - c+d 2d - c d
This proves U is a linear transformation.

To facilitate the next three parts, we let 8 = {[ 10 ] , [ 01 ],[ 00 ] ,[ 00 ]} and find [U]g

00 00 10 0 1

e
(1 0] (1 0 0
U(_o 0_)__0 o] 7 ]o
_0_
F
[0 17 (1 17 1
U(_o 0_)__0 o] 7 ]o
_0_
o
[0 0] [0 1] 1
U(_l 0_)__10__’ 1
_0_
o
[0 0] [0 0] 0
U(_o 1_)__1 2| 7|1
_2_

[1 1 0 0 1000

Therefore, we have [U]2 = 0110 which has RREF 0100

0 011 0010

|0 00 2 0 001

(b) To find ker(U), we solve for Null ([U]3) =

This means that ker(U) = { o 0 ]}

This contains only the zero vector, we know that U is one-to-one.

(c) To find Range(U), we solve for Col ([U]Z) = Span

. 10 11 01 00
ThlsmeansthatRange(U)=Spa,n{[0 0],[0 0],[1 0],[1 2]}

This has dimension 4, and the codomain Maxs(R) has dimension 4, we know that U is onto.

oo o -
a—
o.-:.—no
m»—:oo

(d) The characteristic polynomial is p(A) = det ([U]3 — AI) = (A —1)3(A—2)
Thus, the eigenvalues of [U]Z (and also of U) are A = 1,2

The eigenspaces of [U] are:
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0100 17)
0010 0

E; =Null ([U]3 —I) = Null Q005 = Span o |t
00 01 0]
-1 1 0 O ([ 1
0 -1 1 0 1

E> = Null ([U]3 —2I) = Null 7@ - 0 = Span < :
0 0 0 0 ([ 1

Which means the eigenspaces of U will be:

o[ 2]
o[ 1])

? Exercise 4.2.3.4
Consider the function K : Po(R) — Po(R) satisfying K (p(z)) = p(1)z* + p(—1)z + p’(0)
(a) Prove K is a linear transformation.
(b) Find a basis for ker(K). Is K one-to-one?
(c) Find a basis for Range(K). Is K onto?

(d) Find all eigenvalues and eigenspaces of K

Answer

(a) We check the two properties of linear transformations:

K((p+9) (@) =(+91)z? + (p+ 9 (-Dz+ (p+9)'(0) = (p(1) + (1)) 2 + (p(-1) + g(-1)) = + (»(0) + ¢'(0))

= (p(1)2? + p(—1)z + 9’ (0)) + (a(1)2? + ¢(—1)z + ¢’ (0)) = K(p(x)) + K(q(x))

K ((rp)(z)) = (rp)(1)z* + (rp)(—1)z + (rp)’ (0) =r-p(1)a® +7 - p(—D)z +7-p'(0) = - (p(1)z* + p(-1)z +9'(0)) = 7 - K(p(=))
This proves K is a linear transformation.

To facilitate the next three parts, we let B = {«?,z,1} and find [K]|3

1
K(z?) =122 +1z+0— | 1
0
[ 1
K(z) =1z’ —1lz+1— | —1
1
1
K(1)=1z+1z+0— | 1
1 1 1 1 01
Therefore, we have [K]5=| 1 —1 1 [ whichhasRREF | 0 1 0
0 1 0 000

-1
(b) To find ker(K), we solve for Null ([K]3) = Span{ [ 0 ] }
1

This means that ker(K) = Span {—z? + 1}

This contains nonzero vectors, we know that K is not one-to-one.
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1
(c) To find Range(K), we solve for Col ([K]Z) =Spanq | 1 |,]| —1

This means that Range(K) = Span {z? + z,2? —z + 1}

This has dimension 2, and the codomain P,(R) has dimension 3, we know that K is not onto.
(d) The characteristic polynomial is p() = det ([K]3 — AI) = A(A2 —3)

Thus, the eigenvalues of [K]2 (and also of K) are A =0, +/3

The eigenspaces of [K]Z are:

-1
Ey =Null ([K]3) = Span{ [ 0 ] } as we calculated in part (b)
1
1—3 1 1 2+3
E /3 = Null (|[K]3 — V/3I) = Null 1 -1-v3 1 = Span V3
0 1 —/3 1
1++3 1 1 23
E_ /3 = Null ([K]3 + /3I) = Null 1 —1+v3 1 = Span V3
0 1 V3 1

Which means the eigenspaces of K will be:
Ey =Span{—z?+1}

E 5= Span{(2 +V3)x? + V3 + 1}
E_j5= Span{(2 — V32?2 —zvV3+ 1}

? Exercise 4.2.3.5
Consider the function ¥ : Py(R) — P3(R) satisfying ¥ (az® + bz + ¢) = (3a— b —2c)z? + (a+ b —2c)z + (a—b)
(a) Prove ¥ is a linear transformation.
(b) Find a basis for ker(¥). Is ¥ one-to-one?
(c) Find a basis for Range(¥). Is ¥ onto?

(d) Find all eigenvalues and eigenspaces of ¥

Answer
(a) We check the two properties of linear transformations:
¥ ((az® + bz +¢) + (dz® + ez + f))) = ¥ ((a + d)a? + (b + e)z + (c + f))
=@Ba+d) —(b+e)—20c+f)a*+(a+d) +(b+e)—20c+f)z+(a+d)—(b+e))
=(Ba—b—20)z>+(a+b—2c)z+ (a—b)) +(Bd—e—2f)z>+(d+e—2f)z+ (d—e)) =TV(az? +bx +c) + U(da? +ex
+ £
¥ (r(az? + bz + ¢)) = Y(raz? + rbz + rc) = (3ra — rb— 2rc)z? + (ra + rb — 2rc)z + (ra — rb)
=r((3a—b—2c)z*+ (a+b—2¢)z + (a—b)) =7 U(az?+ bz +c)
This proves ¥ is a linear transformation.

To facilitate the next three parts, we let B = {z?,«,1} and find [¥]|2

3
U(z?) =38z +1z+1 — [ 1]
1
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-1
U(z)=—-1z2+1lz—1— | 1
-1
e
T(1) =-272 -2z +0— | —2
L 0 -
3 -1 -2 10 -1
Therefore, we have [#]2= [ 1 1 —2 | whichhasRREF | 0 1 -1
1 -1 0 00 O

(b) To find ker(¥), we solve for Null ([¥]Z) = Span< | 1
1

This means that ker(¥) = Span {22 + = + 1}

This contains nonzero vectors, we know that ¥ is not one-to-one.
3

(c) To find Range(¥), we solve for Col ([¥]3) =Span< | 1 |, | 1
1

This means that Range(¥) = Span {3z? + z + 1,—z% +z — 1}

This has dimension 2, and the codomain P»(R) has dimension 3, we know that ¥ is not onto.
(d) The characteristic polynomial is p(X) = det ([¥]2 — AI) = A(A —2)?

Thus, the eigenvalues of [¥]Z (and also of ¥) are A = 0,2

The eigenspaces of [¥]2 are:

1
Ey = Null ([¥]3) = Span 1 as we calculated in part (b)

1

1 -1 -2 2
E,=Null([¥]Z—2I)=Null[ [ 1 -1 —2 || =Spanq [ 1 [,

1 -1 -2 1

Which means the eigenspaces of ¥ will be:

Eo =Span {z?+z+1}

E; = Span {z* + 7,222 + 1}

? Exercise 4.2.3.6
Consider the function @ : P3(R) — P3(R) satisfying & (p(z)) = (z* — 1)p”(z)
(a) Prove @ is a linear transformation.
(b) Find a basis for ker(®). Is @ one-to-one?
(c) Find a basis for Range(®). Is ® onto?
(d) Find all eigenvalues and eigenspaces of &

Answer

(a) We check the two properties of linear transformations:
3((p+9)(z)) = (=" - 1)(p+9)"(@) = (+* = 1) (p"(2) + ¢"(2)) = (=% — 1)p"(2) + (z* — 1)¢" (z) = &(p(2)) + 2(g(2))

@ ((rp)(z)) = (z* —1)(rp)"(z) = (z° = 1) (r- p"(z)) =7~ (& — 1)p"(z) = - 2(p(x))

This proves & is a linear transformation.
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To facilitate the next three parts, we let B = {z3,22%,z,1} and find [<I>]§

6
3 2 3 0
® (z%) = (2% — 1)(6z) = 62° — 6z —> 6
0
0
2 2 2 2
®(z?)=(z2-1)(2) =222—2— .
—2
F o]
2 0
®(z)=—(2*-1)(0)=0— 0
L 0 -
o0
9 0
®(1)=—(z*—1)(0)=0 — 0
L 0 -
6 0 00 [1 0 0 0
0 2 00 0100
Theref h ]2 = hich has RREF
erefore, we have [®]3 6 0 0 0 which has 000 0
0 -2 0 0 10 000
0 0 ]
. 5 0 0
(b) To find ker(®), we solve for Null ([®]5) = Span ol g
0 1 |
This means that ker(®) = Span {z, 1}
This contains nonzero vectors, we know that ® is not one-to-one.
6 0
, 3 0 2
(c) To find Range(&), we solve for Col ([2]3) = Span P P
0 —2

This means that Range(®) = Span {623 — 6z, 222 — 2}

This has dimension 2, and the codomain P3(R) has dimension 4, we know that & is not onto.
(d) The characteristic polynomial is p() = det ([®]5 — AI) = A2(A —2)(A — 6)

Thus, the eigenvalues of [®]Z (and also of ®) are A = 0,2, 6

The eigenspaces of [®]3 are:

0 0
» o| |o .
Ey = Null ([®]2) = Span 1101 as we calculated in part (b)
0 1
(4 0 0 0] ([ 0 ])
0 0 0 0 -1
E; = Null ([8]% — 2I) = Null 6 0 -2 0 = Span < o | (
| 0 -2 0 -2 | L1 )
[0 0 0 0] ([ —17)
0 4 0 0 0
E¢ = Null ([®]2 — 6I) = =
6 = Null ([®]3 ) = Null 6 0 -6 o Span < 11
0 -2 0 -6 0

Which means the eigenspaces of & will be:
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FEy = Span {z,1}
E; =Span{—z? + 1}

Eg =Span{—z® + z}

? Exercise 4.2.3.7

Consider the subspace W = Span {e®, e, sin(z), cos(z)} of F(R).

Define the function T': W — W satisfying T (f(z)) = f/(z)

(a) Prove T is a linear transformation.

(b) Find a basis for ker(T). Is T one-to-one?

(c) Find a basis for Range(T). Is T onto?

(d) Find all real eigenvalues and eigenspaces of T"

(e) Find all real and complex eigenvalues and eigenspaces of T

Answer
(a) We check the two properties of linear transformations:
T((f+9)(z) = (f+9) (=) = f'(x) + ¢ (z) = T(f(z)) + T(g(z))
T((rf)(@) = (rf) (@) =7 f'(z) =7 T(f(x))
This proves T is a linear transformation.

To facilitate the next three parts, we let B = {e%,e~?, sin(z), cos(z)} and find [T]3

T (e®) =e*—

o © o =

0
. 0
T (cos(z)) = —sin(z) — e
0
1 0 0 o0 1 0 00O
Therefore, we have [T]gz O = 00 which has RREF 080
0 0 0 — 0010
0 0 1 o 00 01

(b) To find ker(T), we solve for Null ([T]3) = {6}
This means that ker(T) = {6} (the constant zero function)

This contains only the zero vector, we know that T' is one-to-one.
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1 0 0 0

. 1, 0 -1 0 0

(c) To find Range(T), we solve for Col ([T]3) = Span ol'l o I"lol'| =1
0 0 1 0

This means that Range(T) = Span {e®, —e~*, cos(z), —sin(z)}

This has dimension 4, and the codomain W has dimension 4, we know that 7' is onto.
(d) The characteristic polynomial is p(A) = det ([T]3 — AI) = (A — 1)(A + 1)(A2 + 1)
Thus, the real eigenvalues of [T]3 (and also of T') are A = —1,1

The real eigenspaces of [T are:

0 0 0 0 1
0 -2 0 0 0

= B_1)\= =
Ey =Null ([T]3 — I) = Null 0 0 -1 —1 Span 0
0 0 1 -1 0
2 00 O 0
000 O 1

= 2 = Null =
Eo=Nal(TZ+)=Nal| | = Spanq | o
001 1 0

Which means the real eigenspaces of T will be:

E; = Span {e°}

E_; =Span{e "}

(e) The complex eigenvalues of [T]2 (and also of T") are A = —, i

These eigenspaces of [T]2 are:

1—i4 0 0 0 0
0 —-1—-47 0 O 0
E; = Null ([T)Z —<I) = Null _
’ ull ({713 - 41) t 0 0 —i -1 Span )
0 0 1 —i 1
0
0 . . - . .
E_; = Span > since it is the conjugate eigenspace
1

Which means the complex eigenspaces of T will be:
E; = Span {cos(z) + isin(z)} (look familiar? This is Euler's formula for e* )

_; = Span {cos(z) — isin(z)} (Euler's formula for e=*)

? Exercise 4.2.3.8
Consider the subspace Y = Span {z sin(z), sin(z), z cos(z), cos(z)} of F(R).
Define the function o : Y — Y satisfying o (f(z)) = f'(z)
(a) Prove o is a linear transformation.
(b) Find a basis for ker(o). Is o one-to-one?
(c) Find a basis for Range(o). Is o onto?

(d) Find all real and complex eigenvalues of

Answer

(a) We check the two properties of linear transformations:
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o ((f+9)(@) = (f+9)(z) = ['(z) + ¢'(2) = o(f(=)) + a(g(=))

o((rN@) = (rf) () =r- f'(2) =7 - o(f(2))

This proves ¢ is a linear transformation.

To facilitate the next three parts, we let B = {zsin(z),sin(z), z cos(z), cos(z)} and find [0]5
0

o (zsin(z)) = sin(z) + z cos(z) —

O =

o (sin(z)) = cos(z) —

= O o o

o (z cos(z)) = cos(z) — zsin(z) —

= O O

0
-1

0

0

o (cos(z)) = —sin(z) —

Therefore, we have [0]3 = which has RREF

(=2 =]
= O O O
o
o = O O
= O O O

o
(=R R
S O = O

1 0
(b) To find ker(c), we solve for Null ([¢]2) = {5}
This means that ker(o) = {6} (the constant zero function)

This contains only the zero vector, we know that & is one-to-one.

[

(c) To find Range(o), we solve for Col ([0]2) = Span

~ o oo
o
|
—

0
This means that Range(o) = Span {sin(x) + z cos(x), cos(x), cos(z) — z sin(x), —sin(z)}
This has dimension 4, and the codomain Y has dimension 4, we know that ¢ is onto.
(d) The characteristic polynomial is p()) = det ([0]3 — AI) = A* +2)% + 1 = (A2 +1)2

Thus, the eigenvalues of [o]Z (and also of &) are A = +i

4.2.3: Practice Set is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.3. Examples and Applications

4b Learning Objectives

1. Understand connections between linear algebra and other mathematical/real world applications.
2. Examine anti-derivatives and differential equations in relation to the derivative operator.

3. Define famous linear transformations used in other math courses.

4. Consider the inner product as a generalization of the dot product in a vector space.

5. See a useful case of repeated matrix multiplication and eigenvalues in probability.

6. Examine how linear algebra tools are used by computers to affect daily life.

While most of linear algebra focused on the study of matrices and their operations, we can see that these skills can be applied to
general vector spaces to give useful real life results.

This page titled 4.3: Examples and Applications is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kenn
Huber.
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4.3.1: Differential Equations
In the previous section, we discussed the derivative transformation: T': C’([a,b]) — F, and its kernel: ker(T) = Span{1}

Since this transformation has non-zero vectors in its kernel, it is clearly not invertible. That didn't stop us from defining anti-

derivatives though.

X |llustration 4.3.1.1: Antiderivatives

For any function f(z) € F defined on the interval [a,b], we define an anti-derivative to be any function g(z) in C’([a,b])
satisfying T(g(z)) = f(z).
Since any constant function h(z) = C is in the kernel of T, we have T'(h(z)) = 0.
This means that if we find one anti-derivative g(z) satisfying T(g(z)) = f(z), then
T(g(z) + h(z)) = T(9(x)) + T'(h(2)) = f(z) + 0 = f(z)
This means that g(z) + h(z) is also an anti-derivative of f(z).
This is the reason that we use +C when taking anti-derivatives in calculus!

For example, we know that f(z) = 2z has a particular solution of g(z) = z2, and so all possible anti-derivatives are of the form
F(z)=z?+C

X |llustration 4.3.1.2: More Antiderivatives

Consider two functions f; (z) = sin~!(z) and fs(x) = — cos—'(z) defined on [—1,1].
1
V1—gz2

This means that T'(fi(z)) = T(f2(z)), and using the property of linear transformations:

T(f1(z) — f2(z)) = T(f1(2)) — T(fa(2)) = 0 = fi(z) — fa(z) € ker(T)

It is easy to see that f{(z) = = f4(z) forall z € (—1,1)

Since the kernel of T only contains constant functions, this tells us that f;(z) — fa(z) = C for some constant C.

We can even evaluate this constant by plugging in any z in our interval, like = 0:

C = £1(0) — £2(0) = sin™'(0) + cos(0) = 0 + g = g

This means that sin~!(z) + cos~!(z) = % holds for all z € (—1,1) (and even at the endpoints thanks to continuity).

Since we have proven that linear combinations and compositions of linear transformations are always linear transformations, we
can apply the derivative operator any number of times to our input function. In this subsection, we use the subspace C*([a, ])

= {f(z) €F: f is n times differentiable on [a,b]}

# Definition: Linear Homogeneous Differential Equation

For any function y(z) € C”([a,b]) and functions a¢(z), a1(z), ... , an(z) € F, define T : C"([a,d]) — F by
T(y(z)) = an(@)y™ (@) + an-1(2)y" V(@) + - + a1(2)y’ (z) + ao(@)y(2)

This is a linear transformation since:

https://math.libretexts.org/@go/page/221290
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T(y1 +v2)
= n(2) Y1 +92) ™ (@) + an1(2) (@1 + ¥2) "D (@) + - + a1(2) (Y1 + ¥2)’ () + a0(z) (¥1 + y2) ()
= an(2) (5" (@) + 1 () + an1(2) 3"V (@) + 457 (2))
+ -+ a1(2) (W1 (2) + ¥5(2)) + a0(@) (91(2) + y2(2))

= an(@)y” (@) + an1@)" " @)

+ o+ 01(2)9 (@) + a0(@)p1 (2) + 8n(2)95” (2) + an1 (@)55 0 (@) + - + 01(2)5 (@) + a0(2)ys(2)

=T(y1) + T(y2)

T(cy) = an(z)(cy) ™ (z) + an-1(2)(cy) " (z) + - + a1(2)(cy)’ (z) + ao(2)(cy) ()
= ca,.(x)y(") (z)+ ca,._l(x)y("_l)(x) + - + ca1(z)y’ (z) + cao(z)y(z)
= c(an(@)y™ (@) + an-1(2)y™ D (2) + - + a1(2)y’ () + ao(z)y(z) ) = cT'(y)

We say that a linear homogeneous differential equation of order n is a differential equation that looks like:
a(2)y™ (@) + an-1(@)y" (@) + - + a1(2)y’ () + ao()y(z) = 0

When asked to solve this, we are simply being asked to find the kernel of this type of transformation, which will always be n-
dimensional.

v/ Example 4.3.1.1: Example DE

Find a solution to the differential equation zy” — 3’ = 0 which satisfies y(1) =1, y’(1) = 4
Solution
We define T to be the transformation T'(y) = zy” — ¢/, and look for the element in its kernel with y(1) = 1, (1) = 4.
This begins with us finding a spanning set for the kernel:
If we guess that y(z) = 2™ is in ker(T") for some n, we see that y’ = nz™!, y” = n(n — 1)z" 2.
In order to satisfy the differential equation above, that would mean that:
T(z") =z -n(n—1)z" 2 —nz" ! = n(n —2)z"!
Clearly this equals zero for all possible z values when n =0, 2.
Thus, we have found two linearly independent solutions in our kernel, which will be two dimensional. Thus:
ker(T) = Span{2?,1} = {az*+ b: a,b € R}

We now focus on finding exactly which linear combination of these vectors satisfies the initial conditions y(1) = 1, y’(1) = 4:

{ y(1)=a+b=1
y(1)=2a=4

Thus, we have shown that our solution must be |y(z) = 22% — 1

= a=2,b=-1

v/ Example 4.3.1.2: Example Non-homogeneous DE

Find the general solution to the non-homogeneous differential equation zy” —y’ =1

Solution

We define T to be the transformation T'(y) = zy” — ¢/, and use the kernel we calculated above:
ker(T) = Span{2?,1} = {az®+b: a,b € R}

Since this equation is non-homogeneous, our solution will be in the familiar form: y = y, + y», where y, is a particular solution
and yj is all possible homogeneous solutions (which is our kernel)

Thankfully, it is pretty easy to guess one function that satisfies zy” — g’ = 1, for example y, = —z with y, = —1,5; = 0 works.

This means all of our solutions will be of the form
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I |y(m)=—m+am2+b

"How did we know to guess y = ™ was in the kernel?"

That is a completely valid question, and the answer is found in a differential equations course (where you learn how to
recognize which guess to make based on the shape of the original differential equation given).

4.3.1: Differential Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.3.2: Famous Transformations
Some differential equations are particularly difficult to answer with ordinary means. Linear algebra gives us help here too.

In a finite dimensional vector space V, we have learned that with any basis B of Vv, we can use a linear transformation to
coordinatize each vector in V' and "turn it into" a vector in R”. This is done because we have powerful tools that make solving
questions easier in R™, and when we are done we un-coordinatize our answers to transform them back into V.

This is a common mathematical trick. Transform objects into another vector space (where calculations are easier), solve the
problem, and then transform them back.

# Definition: Laplace Transformations

The Laplace Transformation of a function f(¢) is defined to be the function £(f) = / f@)e *dt
0

This is a linear transformation:

L(f+g) = /0 1) + a(t)]edt = /0 " Ft)etds + /0 " gt)e"dt = £(f) + £(g)

£(cf) = /0 " lef(t)edt = c /0 " f(t)edt = co(f)

We restrict the domain of £ to be V = {f € F: |f(z)| < Me* for some M,c € R} (so that the integral always converges), and
then define W = Range(<£) so that £ : V — W is invertible (but the inverse is ugly to look at)

It is (easily) verified that the following formulas (which we will use in the example below) hold for the Laplace transformation:

L(f'(t)) = s£(f) — f(0) and L(e®) = ﬁ s g1 (sia) — et

X |llustration 4.3.2.3: Eigenvalues of the Derivative

We will find all real eigenvalues and eigenvectors of the derivative transformation T’ : C’(R) — C’(R) with T(f) = f’
We want to find the functions f € C’(R) which satisfy T(f) = A\f

Ultimately, we are looking to solve the differential equation y’ = Ay. We will do so by applying the Laplace Transformation to
both sides:

L@Y') = L(y) = sL(y) —y(0) = AL(y)

v(0)
s—A

Now we apply the inverse transformation to both sides:

We can solve for £(y) to get £(y) =

ey = (L) = v=u0

Therefore all real numbers are eigenvalues of T, and each has a one dimensional eigenspace E) = Span{e}

& Definition: Fourier Transformations

The Fourier Transformation of a function f(¢) is defined to be the function F(f) = / f(t)e motdy

This is also a linear transformation:

oo

f(f+9)=/

—00

)+ 9@l >t = [~ s+ [~ gtten*at = (9) + 5(0)

—00

sen= [ :[cf(t)le—% “at=c [ Z fB)emtdt = e (f)
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We restrict the domain of F to be V = { feF: |llim |7 ()| = 0 for all n} (so that the integral always converges), and then
T|—00
define W = Range(¥) so that ¥ : V — W is invertible (the inverse is again ugly to look at)

Fourier claimed (in 1822) that almost every function can be decomposed into a (possibly infinite) linear combination of sine
and/or cosine functions of varying frequencies (later dubbed a Fourier Series). So, instead of being used to solve differential
equations, Fourier Transformations are used to describe a given function f in terms of a complex valued function of s which
describes its frequency.

4.3.2: Famous Transformations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.3.3: Inner Product Spaces

When we wanted to find distances in R®, we defined the dot product. But what if we wanted to define distance in IP,, or M,y ? The
dot product does not make sense with these objects.

That is because the dot product is really just an example of a more general concept called an inner product space.

# Definition: Inner Product Spaces

For any vector space V, an inner product, e is a function that maps two vectors in V to a scalar such that:
ne =101
(ath + bD) o i = ati @ D+ bD @ @
ev>0fors £0
Notice these are the exact rules that the dot product satisfies for vectors in R".
Every inner product induces a concept of distance: [[§] = V7 o %
And it also defines a new form of orthogonality: 7 e% =0 = @& L ¥

Besides the definition of how it is calculated, an inner product has all of the same properties that our classic dot product has.

v Example 4.3.3.3: An Inner Product on Py

1
Consider the vector space V = P, and define the inner product p e ¢ = / p(z)q(z)dz
0

(a) Prove that this inner product space satisfies the three rules defined above.
(b) Find the length of the general vector p(z) = az?® + bz + ¢

(c) Find an orthogonal basis for V.

Solution
(a) Let p(z), g(x),r(z) € Py, and a,b € R then:

peg= / p(z)a(z)ds = / 4(@)p(z)dz = gop

(ap+bg)er

1 1 1
=) / (ap(z) + bg(z))r(z)dz = a/ p(z)r(z)dz + b/ q(z)r(z)dz = a(per)+b(ger)
0 0 0

1 1
per= [ pow@is = [ o) ds >0
This verifies that we have defined an inner product space.
(b) The length of p(z) = az?+ bz + cis defined by
1
ol =pep= [ (@ + b0+ o
0

1

= / a?z* + 2abz? + (2ac + b?)z? + 2bex + cAdz
0

1

=o'+ 5ot +

_[a,2 ab ,  2ac+b?
R

x3+bca:2+c2m]

0
a?  3ab+4ac b2 9

—?+T+?+bc+c
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2 2
So we have ||amz+b:c+c||=\/%4.%4_%4_1,64_02

(c) We can take any basis for v and use Gram-Schmidt to make it into an orthogonal basis. We start with B = {1, z, 2%}:

We keep the first vector the same: @, = 9; =1

Vo ey
2~ "L, so we calculate:
w1 & W

Then we use Wy = vy —

L, 1, 1
Therefore, @y = o — —@1 = — =
2 2
. L . Ugeiw; , Ugews
Lastly we will use @3 = 93 — ———> @ — ———>:
L XTI wa ® W2

[y

_. , o , 1
Therefore, w3 = 3 — — 1 — 1wy = 2> —x — 3

w

L .. . 1 1
So our orthogonal basis with respect to this inner product is {1, z— E’wZ —z— —}

v/ Example 4.3.3.4: Another Inner Product on P,

Consider the vector space V = P, and define the inner product p e ¢ = p(—1)g(—1) + p(0)q(0) + p(1)q(1)

(a) Find the length of the general vector p(z) = az? + bz + ¢

(b) Find an orthogonal basis for v

Solution
(a) The length of p(z) = az? + bz + ¢ is defined by
Ipl* = p e p = p(—1)p(—1) + p(0)p(0) + p(1)p(1)

=(a—b+c)?+ () +(a+b+c)?
= 2a% + 4ac + 2b% + 3¢?

So we have | laz? + bz + ¢| = v/2a? + 4ac+ 262 + 3c2|

(b) We can take any basis for V and use Gram-Schmidt to make it into an orthogonal basis. We start with 8 = {1, z,22}:
We keep the first vector the same: @, = 3; = 1

- —
Vg ® Wy

Then we use Wy = 3 — w1, SO we calculate:

. -

w1 W1

These are already orthogonal, so @y = 7, — 0wy = =

. - . v3 oW vz e Wy _,
Lastly we will use w3 = 73 — 8° 1% 8° 2 ot

17)1 .17)1 ’17)2.’17)2
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Fs ey = (1)(1) + O)(1) + ()(1) = 2
@y e 1 = (1)(1) + (1)(1) + (1)(1) = 3

B3 0 i3 = (1)(=1) + (0)(0) + (1)(1) = 0

[\

L, = , 2
Therefore, w3 = ¥3 — — i1 — Oty = 2% — 3

w

L . . . 2
So our orthogonal basis with respect to this inner product is {1, z,z? — 5}

It should not be incredibly surprising that the concept of "how we measure an angle" is directly linked to "how we measure
distance" between objects. This of course means that the concept of erthegonality is defined differently when we change the
inner product.

Don't fall for the common misconception: neither of these necessarily mean that the graphs of these functions meet at right
angles (or even meet at all).

4.3.3: Inner Product Spaces is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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4.3.4: Markov Chains

In probability theory, a Markov Chain is a process that describes a sequence of possible events in which the probability of each
event depends only on the state attained in the previous event. For example, a random walk on the integers where a coin is flipped
after each step, if the coin is heads you take one step in the positive direction, and if it flips tails you take a step in the negative
direction. In this case, where you will end up only depends on where you were last standing (instead of how many steps it took you
to get there, or your last coin flip, etc.)

X \lllustration 4.3.4.4: The two state problem

One simple example is a two state system, where everyone in Group A flips a coin and everyone in Group B flips a coin, and
everyone who got heads moves to Group A while everyone who flipped tails moves to Group B. Then we repeat the process.

Let's assume that people in Group A flip a coin which has probability p of coming up heads, while people in Group B flip a
different coin which has probability g of coming up heads. We can draw a diagram of what is happening:

l—p
p 1—gq

Figure 4.3.4.1

a

B

we expect pa will flip heads (and remain in A) while (1 — p)a will move to B. Similarly, of the 8 who begin in B, we expect g8

Letv = [ ] represent that there are o people starting in Group A and 8 people starting in Group B. Of the & who begin in A,

people will flip heads (and move to A) while (1 — ¢)8 will remain in B.

This can be represented by matrix multiplication by M = [ 0 f p 1 E ‘ ] :

new population percent in A pa+ qB P q «a MB
— = = M?b
new population percent in B (1—pa+(1—9g)B 1-p 1—¢q B

And if this coin flip is repeated n times, we would have our population vector given by M"%.
How do we calculate M™? Diagonalization! First we find our characteristic polynomial:
FO) = det(M—AD) = | P72 <
1-p 1—q¢g—2A
=@P-N1-g¢g-N)—-Q1-pg=A—-1)(A-p+9)

So our eigenvalues are A\; = 1,\3 = p — ¢, and each has algebraic multiplicity 1, we are assured to be diagonalizable. We find

s aoe-p=van([ 17, % ) =wan([ 750 G ]) =] 2, ]}

Ep_q=N1ﬂ1(M—(p—q)I)=Null([ 13,, 13,, D =Nu11([ 3 3 D =Span{[ —11 ]}

Andthere'fore,M:CDC—lforD=[1 v ],C:[ a =l ],soweget
0 p—gq 1—-p 1

the eigenspaces:
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1 1
M"®=CD"C! = [ q -1 ] [ 1" 0 ] ¢+l gptl
t=p 1 ]lo oo ]| 2
" 1 1 —(p=1)(p—9)" g—q(r—q)"
_ [ q —(p—9) ] ¢+l gp+l | q—p+1 q—p+1
Tl1- —g" p=1 g T | lOop-g"  1-prae—g)
1-p (-9 ¢ptl  g—ptl p_q—pl-;-l ! Z—iﬂq

So after n steps, if we started at 7 = [ Z ] we would wind up with an expected distribution of

(1—p)o—qp)

—(—1)(p—9)" (p—a)" (
M"™ = : a—ptl ! q_qq—p+g [ @ ] _ q—:+1 = q—:+1 B+ o (p-a"
T | 1e-@p)-9" 1-pta@—" - 1— 1 (@8—(1—p)a)
g—p+1 g-—p+1 g q—pil O q—pil B+ (="

If we take the limit of this as n — oo, since |p — ¢| < 1 the ugliest terms go to zero:

g q g
e+ =58
q n= ¢—p+l1 q¢—p+1 _ ¢+l
,zgng—[ P bl e
¢—p+l ¢+l o+l

a(a+p)

g—p+1
(1-p)(a+B)

g—p+1

multiplication by the matrix M.

The vector ¥, = that we got from this limit is the steady-state vector. That is, the vector that is unchanged by

Of course, we might also recognize this as an element of the eigenspace E; (since M@, = %), whose entries sum to 1. In fact,
we can use this as a shortcut to avoid much of the ugly calculations above:

_a+B
q—p+1

53€E1=>17,=[ such that cg+¢(l—p)=a+8 = c=

c(lcz p) ]

v Example 4.3.4.5

A spaceship is filled with 1000 sterile crew-members, and all of them are either healthy, sick, or dead at any given time.

If you are healthy today, you have a 99% chance of being healthy tomorrow, 1% chance of being sick tomorrow, and 0%
chance of being dead tomorrow.

If you are sick today, you have a 50% chance of being healthy tomorrow, 49% chance of being sick tomorrow, and a 1%
chance of being dead tomorrow.

If you are dead, you stay dead with 100% probability.

How many crew-members are expected to be dead after a "very long time" passes?

Solution

number of healthy persons
number of sick persons
number of dead persons

There are three states to track so we put them into a vector: ¥ =

99 .50 O
‘We can see that tomorrow this distribution will be M9 for the matrix M = | .01 .49 0
0 .01 1
We skip the ugly calculations, and look for E;:
—-01 50 O 1 00 0
E; = Null(M — I) = Null 01 —51 0| |=Nul|]|[0 1 0| |=Span{ |0
0 .01 0 0 0O 1
0
Therefore, our steady state vector 7, = | 0 | with 0+ 0+ ¢ = 1000.

c

Tragically, this means that all 1000 crew-members are expected to die after enough time passes.
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4.3.5: Page Rank

Internet searching in the 1990s was very inefficient. Yahoo or AltaVista would scan pages for your search text, and simply list the
results with the most occurrences of those words. Not surprisingly, the more unsavory websites soon learned that by putting the
words “Alanis Morissette” a million times in their pages, they could show up first every time an angsty teenager tried to find
Jagged Little Pill on Napster.

Larry Page and Sergey Brin invented a way to rank pages by importance. They founded Google based on their algorithm. Here is
roughly how it works.

Each web page has an associated importance, or rank. This is a positive number. This rank is determined by the following rule.

# Definition: The Importance Rule

If a page P links to = other pages Q1, Q2, ..., @n, then each page Q; inherits % of P’s importance.

In practice, this means:

o If a very important page links to your page (and not to a zillion other ones as well), then your page is considered important.
o If a zillion unimportant pages link to your page, then your page is still important.
o If only one unknown page links to yours, your page is not important.

Alternatively, there is the random surfer interpretation. A “random surfer” just sits at his computer all day, randomly clicking on
links. The pages he spends the most time on should be the most important. So, the important (high-ranked) pages are those where a
random surfer will end up most often. This measure turns out to be equivalent to the rank.

# Definition: The Importance Matrix

Consider an internet with n pages. The importance matrix is the n x n matrix A whose i, j-entry is the importance that page j
passes to page i.

X |llustration 4.3.5.5

Consider the following internet with only four pages. Links are indicated by arrows.

el
o=
g .’:.
pal= S
/
B2l

Figure 4.3.5.2
The importance rule says:

» Page A has 3 links, so it passes 1 of its importance to pages B, C, D.
o Page Bhas 2 links, so it passes 1 of its importance to pages C, D.

o Page C has one link, so it passes all of its importance to page A.

o Page D has 2 links, so it passes % of its importance to pages 4, C.

In terms of matrices, if v = (a, b, ¢, d) is the vector containing the ranks q, b, ¢, d of the pages A, B, C, D, then

https://math.libretexts.org/@go/page/221294
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0 01 % a c+ 5d a
1 1
+ 301 ¢ ta+3b  +3d c
L 1L g o|Ld ta+1b d
The matrix on the left is the importance matrix, and the final equality expresses the importance rule.

The above example illustrates the key observation.

X Key Observation

The PageRank vector is an eigenvector of the importance matrix with eigenvalue 1.

To ensure 1 is an eigenvalue, we fix the importance matrix by replacing each zero column with a column of 1/ns, where n is the
number of pages. This modified importance matrix A’ will always have nontrivial eigenspace E,

Now we choose a number p in (0, 1), called the damping factor. (A typical value is p = 0.15.)

& Definition: The Google Matrix

Let A be the importance matrix for an internet with » pages, and let A’ be the modified importance matrix. The Google Matrix
is the matrix

M=(1-p)-A"+p-B where B=%

In the random surfer interpretation, this matrix M says: with probability p, our surfer will surf to a completely random page;
otherwise, he'll click a random link on the current page, unless the current page has no links, in which case he'll surf to a
completely random page in either case.

If we declare that the ranks of all of the pages must sum to 1, then we find:

X Note: The 25 Billion Dollar Eigenvector

The PageRank vector is the steady state of the Google Matrix.

The hard part is calculating it: in real life, the Google Matrix has zillions of rows.

v/ Example 4.3.5.6: PageRank Vector

What is the PageRank vector for the following internet? (Use the damping factor p = 0.15.)

i/
A

. -

K{‘\D wl
-

|

Figure 4.3.5.3
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Which page is the most important? Which is the least important?

Solution
First, we compute the modified importance matrix:

modify A/ —

W= wl= W O
v v o O
o © © O
O M= O =
Wl = Wl O
D= p= O O
PN
O N O M=

Choosing the damping factor p = 0.15, the Google Matrix is

00 § 3 1/4 1/4 1/4 1/4

3 010 1/4 1/4 1/4 1/4
M=085-| ° : +0.15-

1111 1/4 1/4 1/4 1/4

111 1/4 1/4 1/4 1/4

0.0375 0.0375 0.2500 0.4625
0.3208 0.0375 0.2500 0.0375
0.3208 0.4625 0.2500 0.4625
0.3208 0.4625 0.2500 0.0375

The PageRank vector is the steady state vector:

0.2192
0.1752
0.3558
0.2498

e
4

This is the PageRank:

Figure 4.3.5.4

|Page C is the most important, with a rank of 0.3558, and page B is the least important, with a rank of 0.1752|

Linear algebra is everywhere. The more you study it, the more you can apply it to everyday life, or even better: solve more exciting
math problems!

4.3.5: Page Rank is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 5.6: Stochastic Matrices by Dan Margalit & Joseph Rabinoff is licensed GNU FDL. Original source: https://textbooks.math.gatech.edu/ila.
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4.3.6: Practice Set

? Exercise 4.3.6.1a

Consider the linear transformation 7' : C”(R) — R satisfying T'(f) = 2f”(z) — 3f(z)
(i) Find all values of a such that e** € ker(T)
(i) Find all values of b such that e** € ker(T + I)
(iii) Find all values of ¢ such that e € ker(T — 2I)
(iv) Find a function g(z) satisfying 2¢” (z) — 3¢’ (z) = 0 and g(0) = 0,¢’(0) = 6
(v) Find a function h(z) satisfying 2h” (z) — 3h’(z) + h(z) = = and h(0) = 7, h’(0) =1
Answer

(i) T(e®®) = 2a%e*® — 3ae™® = (222 — 3a)e™ = a(2a — 3)e™®

So e € ker(T) when a(2a —3) =0 — a =0, %

(ii) (T + I)(e®) = 2b%e" — 3beb® + €% = (2b% — 3b+ 1)e® = (2b— 1)(b — 1)e*®

So e’ € ker(T'+ I) when (26— 1)(b—1) =0 — b =1, %

(iii) (T — 2I)(e™®) = 2c2e™ — 3ce®™ — 2e°® = (2¢? — 3¢ — 2)e™ = (2¢ + 1)(c — 2)e*®

S0 €% € ker(T— 2I) when (2¢ + 1)(c—2) = 0 —» ¢ = 2,—%
(iv) We are solving for some g(z) in ker(T), which contains ¢ and e#*
This means it must contain (at least) all vectors inside of Span {1, e%’}
Letting g(z) = A- 1+ B- e3* we see that g(0) = A+ B, ¢’(0) = gB

A+B=0

5B_6 gives A= —4,B=4
7 =]

Solving {

Therefore, we know the function g(z) = —4 + 4e3° is at least one solution to this differential equation.

(v) We start by guessing a particular solution to 2h” (z) — 3h’(z) + h(z) = m, like the constant function A, (z) = =.
We now find the shape of the homogeneous solutions: ker(T + I), which contains e!* and e?=

This means ker(T' + I) must contain (at least) all vectors inside of Span {e*,e*}

Letting h(zx) = hy(z) + A-e* + B- e2® we see that h(0) = 7+ A + B,h’(0) = A + %B

n+A+B=m

ives A=2B=—2
A+iB=1 g ’

Solving {

Therefore, we know the function h(z) = « + 2e* — 2e2< is at least one solution to this differential equation.

? Exercise 4.3.6.1b

Consider the linear transformation U : C”(R) — R satisfying U(f) = f”(z) — f(z)

(i) Find all values of a such that e** € kexr(U)
(ii) Find all values of b such that e** € ker(U — 3I)
(iii) Find all values of ¢ such that e® € ker(U + 2I)

(iv) Find a function g(x) satisfying ¢”(z) — g(z) = 0 and g(0) = 12,¢’(0) =0
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(v) Find a function A(z) satisfying h”(z) — 4h(z) = 4 and h(0) = —5,h'(0) = 8
Answer
(i) U(e™) = a2 — €% = (a2 — 1)e® = (a — 1)(a + 1)e*
So e* € ker(U) when (a —1)(a+1)=0—a=1,-1
(i) (U — 3I)(e®) = b2eb® — eb — 3eb* = (b2 — 1) = (b —2)(b + 2)e™*
So e € ker(U — 3I) when (b —2)(p+2) =0— b=2,—2
(iii) (U + 2I)(e®®) = c?e™ — e + 2e = (c? + 1)e*®
So e® € ker(U + 2I) when ¢2+1 =0— c¢= +i
(iv) We are solving for some g(z) in ker(U), which contains e'* and e='*
This means it must contain (at least) all vectors inside of Span {e®, e~}
Letting g(z) = A-e*+ B-e~* we see that g(0) = A+ B,¢’(0) = A— B

A+B=12

A—B=0 givesA=6,B=6

Solving {
Therefore, we know the function g(z) = 6e® + 6e~ is at least one solution to this differential equation.
(v) We start by guessing a particular solution to h”(z) — 4h(z) = 4, like the constant function h,(z) = —1.
We now find the shape of the homogeneous solutions: ker(U — 3I), which contains e?* and e~2®

This means ker(U — 3I) must contain (at least) all vectors inside of Span {e%*,e~%*}

Letting h(z) = hy(z) + A - €* + B-e72* we see that h(0) = —1+ A+ B,h’(0) =2A— 2B

. —1+A+B=-5
\ = ==
Sovmg{ 94— 9B —8 gives A=0,B 4
Therefore, we know the function h(z) = —1 — 4e2® is at least one solution to this differential equation.

? Exercise 4.3.6.1c

Consider the linear transformation T : C’(R) — R satisfying T'(f) = 2zf’(z)

(i) Find all values of a such that 2% € ker(T)

(ii) Find all values of b such that z° € ker(T — 4I)

(iii) Find a function g(z) satisfying 2z¢’(x) — 4g(z) = 4 and g(1) = 2

Answer
(i) T(z®) = 2z - az*! = (2a)z°
So z® € ker(T) when 2a =0 — a =0
(ii) (T — 4I)(a?) = 2z - ba®~! — 4z® = (2b — 4)2® = 2(b— 2)z
So b € ker(T —4I) when 2(b—2) =0 — b =2
(iii) We start by guessing a particular solution to 2zg’(z) — 4g(z) = 4, like the constant function gp(z) = —1.
We now find the shape of the homogeneous solutions: ker(T — 4I), which contains z2
This means ker(T — 4I) must contain (at least) all vectors inside of Span {z?}
Letting g(z) = gy(z) + A - 22 we see that g(1) = -1 + A
Solving —1+ A=2gives A=3

Therefore, we know the function g(z) = —1 + 3«2 is at least one solution to this differential equation.
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? Exercise 4.3.6.1d

Consider the linear transformation U : C”(R) — R satisfying U(f) = z2f”(z) + 2z f' (%)
(i) Find all values of a such that z* € ker(U)
(ii) Find all values of b such that b € ker(U — 61)
(iif) Find a function g(z) satisfying z2g” (z) + 2zg¢’ () — 6g(z) = 0 and g(1) = 15,4’(1) =0
(iv) Find a function () satisfying z2h” (z) + 2zh’(z) — 6h(z) = 6 and h(1) =4,h’(1) =0
Answer

U@ =22 -a(a—1)z* %+ 2z -az° ' = (a* + a)z® = a(a+ 1)z°

So z¢ € ker(U) whena(a+1)=0— a=0,—1

(ii) (U —6I)(z%) = 22 - b(b — 1)z* 2 + 22 - be* L — 62> = (b2 + b — 6)z® = (b + 3) (b — 2)z°

So zb € ker(U — 6I) when (b+3)(b—2)=0—b=2,-3

(iif) We are solving for some g(z) in ker(U — 6I), which contains z? and z—3

This means it must contain (at least) all vectors inside of Span {z2, z73}

Letting g(z) = A - z% + B-z73 we see that g(1) = A + B,¢’(1) =2A— 3B

A+B=15

94— 3B =0 gives A=9,B=6

Solving {
Therefore, we know the function g(z) = 922 + 6273 is at least one solution to this differential equation.

(iv) We start by guessing a particular solution to z2h”(z) + 2zh’(z) — 6h(z) = 6, like the constant function h,(z) = —1.
In part (c) we saw ker(U — 6I) contains (at least) all vectors inside of Span {z2, %}

Letting h(z) = hy(z) + A- 22+ B-z~3 we see that h(1) = -1+ A + B,h’(1) = 2A— 3B

-1+ A+B=4
Solving{ 2At33+—0 gives A=3,B=2

Therefore, we know the function h(z) = —1 + 3z% + 2273 is at least one solution to this differential equation.

? Exercise 4.3.6.2a

Prove that for £(f(t)) = / f(t)e~**dt we must have:
0

() £() =
(i) £(e) = < 1 -
(iii) () = SLLI

(iv) £(f'(#)) = s£(f(2)) — £(0)
(V) £(f"(@®) = s £L(f(#)) — f'(0) — 5£(0)

(vi) £(sin(at)) = ﬁ
(vii) £(cos(at)) = szj-;az
Answer
() £(1) =/°°1-e‘”dt=/°°e—-“dt= e_"r _o_ L 1
0 0 —s 1o —s 8
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(i) £(e) = / e® . e7dt = / e dt =
0 0

(a—s)t 7° 1
e_] g 1
0

a—s a—s s—a

®

o —st 7 oo —st o
(iii) £(t") = / t" . e "dt = [t" . ] - / nt" 1. e—sdt =0—-0+ % / . emstgr = = g1y
0 0 = 0 8

=8 |

_ ! !
Using this reduction formula repeatedly gives £(t") = %ﬁ(t"—l) = %L(t"—z) == %6(1) = ﬁ

(iv) £/ (1)) = /0 ) et = e FB)]S — /0 " (t) - (~se) dt =0~ £(0) + /0 " 5(#) - et = s4(f(8)) — £(0)

(v) Use the result in (iv) twice: £(f”(£)) = s£(f'(£)) — /(0) = s (s£(f(£)) — £(0)) — £(0) = s2£(f(2)) — £ (0) — s£(0)
(vi) Note that for f(t) = sin(at) we have f”(t) = —a?sin(at) so using the result in (v) this says:
£(—a?sin(at)) = s2L(sin(at)) — acos(a - 0) — ssin(a - 0)

a

(vii) Note that for f(£) = cos(at) we have f”(t) = —a? cos(at) so using the result in (v) this says:

This is equivalent to —a2£(sin(at)) = s2£(sin(at)) — a — £(sin(at)) =

£(—a? cos(at)) = s2£(cos(at)) + asin(a - 0) — scos(a - 0)

This is equivalent to —a2£(cos(at)) = s2£(cos(at)) — s — £L(cos(at)) = popp)
s2+a

? Exercise 4.3.6.2b

Use the results from the exercise above to evaluate each expression below:

0 ()
we(2)
(iii) £ (1_3)

. 352 —6s5+8
-1
(iv) £ ( prpmpye )

0o (522)

(vi) €1 ( 3 )

st + 82

Answer

2 _ |
(iv) £7! (w) =L (%_%4. Z ) =£—1(%) —4 .41 (;_2) +2.,71 (L) =1—4-t1 +2 .2 =1

33 —2g2 s s—2 s—2
— 4t + 2e*
4542 4s 2 8 2
-1 = 4.t (=5 )y —4. in(2t) = i
)£ (82+4) £ (32+4+s2+4) 4-£ (s2+22)+ (32+22) 4. cos(2t) + sin(2t) = 4 cos(2t) + sin(2t)
3 3 3 1! 1
N -1 _ -1 - —1(2) _3. ;01 —3.-t—3-si — 3t — 3si
(vi) £ (s4+32)_£ (82—m)—3-£ (?) 3. (32+12)_3 t — 3 - sin(1t) = 3t — 3sin(t)

? Exercise 4.3.6.2¢

Use the results from the exercises above to solve each differential equation below:

(i) y = 4y with y(0) = 2
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(ii) y” = 4y with y(0) = 2,5’ (0) =0
(iii) y” = —4y with y(0) = 2,57(0) = 0
(iv) y” = —4y with y(0) = 2,'(0) = 2
(v) y" = 6t with y(0) =1,7'(0) =6

(vi) y” — 2y’ = 24¢* with y(0) = 0,%’(0) =0

Answer
(i) Denote £(y(t)) = Y(s) and we Laplace both sides to get:

£ (' () = 84(y(t)) —y(0) = sY(s) —2 and £ (4y(t)) = 4Y (s)
Y =dy — sY(s) — 2= ¥ (s) — Y{(s) = s—%

Therefore, y(t) = £71 (Y(s)) = £7! (i) =2.£71 ( 1 ) = 2¢%
s—4 s—4

(ii) Denote £(y(t)) = Y(s) and we Laplace both sides to get:

£ (y" (1) = sL(y(t)) — sy(0) — ' (0) = s*Y(s) — 25 and £ (4y(2)) = 4Y (s)
23
s2—4

Therefore, y(t) = £ (Y(s)) = £71 (322j 4) =71 (ﬁ) +£71 (

(iii) Denote £(y(t)) = Y(s) and we Laplace both sides to get:

Y’ =4y — s¥Y(s) — 28 =4Y(s) — Y(s) =

— p2t —2t
8+2)—e +e

£ (y"(t)) = s2£(y(t)) — sy(0) —y'(0) = 5’Y(s) —2s and £ (—4y(t)) = —4Y(s)

y" = —dy —» s2Y(s) — 25 = —4Y (5) — Y(s) = sfﬁ
2s 8
— -1 =1 =92.,1 =
Therefore, y(t) = £71 (Y(s)) = &£ (32 n 4) 2-£ (32 Y ) 2 cos(2t)

(iv) Denote £(y(t)) = Y(s) and we Laplace both sides to get:
L (y'(t) = s°L(y(t)) — sy(0) —y'(0) = s*Y(s) —2s — 2 and £ (—4y(t)) = —4Y ()

y” = —4y — s2Y(s) — 25— 2= —4Y(s) — Y (s) = 2': +2
8?2+4
25 +2 s 2
— 1 — 1 —o. -1 a2\ _ .
Therefore, y(t) = £-1 (Y(s)) = £ (32 +4) 2.4 (32 - 22) n, (s2 +22) 2 cos(2t) + sin(2t)

(v) Denote £(y(t)) = Y(s) and we Laplace both sides to get:
£((6) = 26@(®) — 29(0) —(0) = 5¥(s) — s — 6 and £ (68) =

3 2
y”=6t—)szY(s)—s—6=£2 —)Y(s):%
s s

3 2
-ty =2 () = (e e g) =2 (@) vo a2 () 42 (5) -
Therefore, y(t) = £71(Y(s)) =& ( o ) =< atzt; =L g +6-£ o +4 ;) =t
+6t+1
(vi) Denote £(y(t)) = Y(s) and we Laplace both sides to get:

LW -2/ (t) = £ (®) — 24 (v (1)) = 8°4(y(2)) — 5y(0) — ¥/ (0) — 2 (£(y(t)) — y(0)) = 8*Y (5) — 25Y (s)

48

2l
L4 =25 = —

y” — 2y =242 — §%Y(s) — 2sY(s) = 8 — Y(s) = _8
83 st(s—2)
48 24 12 6 3 3
— 1 | N P N A
Therefore, y(t) = £71 (Y(s)) =< (34(3 —3 ) £ ( a8 2 5T 2)
3! 2! 1 1

=—4.£71 (—4)—6-6‘1 (—;)—6-5—1 (—2) -3.471 (1) +3-671 (—) = —4t3 — 6t2 — 6t — 3 + 3e*
8 s s 8 2

https://math.libretexts.org/@go/page/221295


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/221295?pdf

LibreTexts"

Define the product [ Z ] o) [ : ] = 2az + 5by
(i) Prove that @ is an inner product on R?

(ii) What is the length of the vector [ _52 ] with respect to ©
(iii) Find the orthogonal complement of W = Span{ [ 110 ] } with respect to ©

Answer

(i) We check the three requirements of an inner product space:

[£]o[5]-aevomemes [ ]o[ 1
BRI EREAN

=r(2au+5bu)+s(2w+5y”)="([ Z ] [

] 2(ra + sz)u+ 5(rb + sy)v

De(]el])

[Z]Q[Z]=2a2+5b2>0whenab=}é0

Therefore, ® is an inner product on R?
. 5 5
(11)[ ]o[ ]:2-52+5-(—2)2=70
—2 —2
1
(iii) [ 10 ] o [ z ] =20c+5y=0 —y=—4z

Therefore, W+ = Span{ [ _14 ] }

? Exercise 4.3.6.3b

Define the product p(z) © ¢(z) = p(a)q(a) + p(b)g(b) for some fixed a # b and p, q € P1(R)

(i) Prove that @ is an inner product on P;(R)
(ii) What is the length of the vector mz 4 ¢ with respect to ®

(iii) Find the orthogonal complement of W = Span {2z — 3} with respect to ©®

Answer
(i) We check the three requirements of an inner product space:
p(z) © q(z) = p(a)g(a) + p(b)q(b) = g(a)p(a) + a(b)p(b) = q(z) © p(x)
(rp + 39)(z) O w(z) = (rp+ s¢)(a)w(a) + (rp + 59) (b)w(b) = rp(a)w(a) + sq(a)w(a) + rp(b)w(b) + s¢(b)w(b)
=r(p(a)w(a) + p(b)w(b)) + s (g(a)w(a) + q(b)w(b)) = rp(z) © w(z) + sq(z) © w(z)
p(z) © p(z) = p(a)p(a) + p(b)p(b) = [p(a)]? + [p(b)]? > 0 since p(a) = 0 and p(b) = 0 cannot both hold when a = b
Therefore, ® is an inner product on Py (R)
(ii) (mz + ¢) © (mz + ¢) = (ma + ¢)? + (mb + ¢)? = m?(a? + b%) + 2me(a + b) + 2¢2

(iii) (2 — 3) © (mz + ¢) = (22— 3)(ma + c) + (2b — 3)(mb + ¢) = m(2a? + 2b? — 3a — 3b) + c(2a + 2b— 6).

Setting this to zero gives us the orthogonal complement as Span {(6 — 2a — 2b)z + (2a2 + 2b®> — 3a — 3b)}
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? Exercise 4.3.6.3¢

Define the product f(z) ® g(z) = “ f(z)g(z)dz for f,g € C([0,2q])
0

(i) Prove that @ is an inner product on C([0, 2x])
(ii) What is the length of the vector sin(nz) with respect to © (where n is some positive integer)
(iii) What is the length of the vector cos(nz) with respect to ® (where = is some positive integer)

(iv) Find an orthogonal basis for W = Span {sin(z), cos(z), =}

Answer

(i) We check the three requirements of an inner product space:

27 2
fl@)og(z) = . f(z)g(z)dz = /0 9(2)f(z)dz = g(z) O f(=z)

(rf + sg9)(z) O h(z) = . (rf +sg)(z)h(z)dz = r . f(z)h(z)dz + s /027r g9(z)h(z)dz = rf(z) © h(z) + sg(z) © h(z)

2w
f(@)o f(z) = / [f(z)]?dz > 0 when f(z) # the constant zero function.
0
Therefore, ® is an inner product on C([0, 2a])

27 2 2m
(ii) sin(nz) O sin(nz) = / [sin(nz)]?dz = / 1_ lcos(2nm)dm = [lx - isin(2mr:)] =7
0 0 2 2 2 4n 0

2 2 1 1 27
(iii) cos(nz) © cos(nz) = / [cos(nx)]|?dx = / L + lcos(2n:ac)olac = [—:c + —sin(2n:z:)] =x
0 0 2 2 2 in 0

(iv) We use Gram-Schmidt:

Wy = sin(z)

Wg = cos(x) — (w) sin(z)

sin(z) © sin(z)
27 2m
We calculate cos(z) © sin(z) = / cos(z) sin(z)dz = [%sin2 (a;)] =0
0 0
Therefore, Ws = cos(z) — 0sin(z) = cos(z)

. (Lin(x)) sin(z) — (Los(z)) cos(z)

sin(z) O sin(z) cos(z) O cos(z)
2w
We calculate ¢ © sin(z) = / zsin(z)dz = [~ cos(x) + sin(x)]2" = —2r.
0

2
Similarly, z © cos(z) = / & cos(z)dz = [z sin(z) + cos(z)]|2™ = 2
0

2 2
Therefore, w3 =  + %sin(m) — %cos(a:) = z + sin(z) — cos(z)

So W is spanned by the orthogonal set Span {sin(z), cos(z), = + sin(z) — cos(z)}

? Exercise 4.3.6.3d

00
Define the product (a,) @ (ba) = ) _ anbs, for an,b, €S

n=1

(i) Prove that @ is an inner product on S

(ii) What is the length of the vector (L) with respect to ®
Vnl

(iii) Find an orthogonal basis for W = Span {27 *,37",4 "}
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Answer

(i) We check the three requirements of an inner product space:

Z anbp = Z bnan = (an)
(r(an) + 5(bn)) © (cn) = Z(mn + 8bn)cn = riancn +s ibncﬂ = r(an) © (ca) + s(bn) © (cn)
n=1 n=1 n=1

(an) © (an) = Zaﬁ > 0 when (a,) # the constant zero sequence.

n=1
Therefore, ® is an inner product on S

1"
—=el—1=e—1

(%) °(7) £ -5

(above we used the Taylor series for e* = Z :c_

ilMs

(iii) We use Gram-Schmidt:

Wy =2""
W (8T,
Wo = 3 ( -0 o—n ) 2
We calculate in general thata™ @ b™" = Za‘" b= Z (ad)™ = (ab)_l -1
= = —(ab)t  ab—1

This gives3™ 02" = % and2""@2™" =

Therefore, @y = 3~ — % .9n

_ 4""E2™" 43"
=4 | == - _ (= MY —n
v (2—"02—")2 (3—"03—")3
1 1
We see that 4" 2" = = and recall 2= @ 2" = 3

Similarly, we have 47" ® (3—" = % . 2—") =4"03™") - g @roe2™ = TRt e o

and
3 3 1 6 1 9 1 1

—n_°2 .9 —-n_ 2 9-n) _ (9—n —n n —n —n Ny — _ _ . _ —— = —

(3 5 2 )0(3 5 2 ) 3" e3™)- (3 02 )+ (2 227 8 5 5+25 3 200
3 80 3 80 81
e — AN — — . 9—N - __ = — AN _ """ ,9—n_ ~—  9—n
Therefore, @ws; = 4 7 2 — (3 5 2T ) 4 o 3 o 2
. o 3 80 __ 81 __

So W is spanned by the orthogonal set Span{ 2,3 "—3-2 ™4 "_W'?’ "—W 2™

? Exercise 4.3.6.4a

A person prepares their own lunch each day with one of two protein options: chicken or fish. The day after eating fish, this
person has an equal chance of bringing chicken or fish for their lunch. On days after eating chicken, this person has a 25%
chance of bringing fish and 75% chance of bringing chicken for their lunch.

(i) If this person ate chicken for lunch on Monday, what is the probability they will eat fish on Thursday? (assume they work
all weekdays)

(ii) After many years, what is the probability of this person eating chicken on a given day?

Answer

chicken probability

We begin by defining the vector 4 = fish probability

o _ 75 .50
] and finding the matrix A = [ 25 .50 ]
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(i) On Monday v = [ (1) ], so on Thursday we find A3%
A3 — [ 672 .656 ] [ 1 ] _ [ 672 ]
328 .344 0 .328
Therefore, there is a 32.8% chance they will eat fish on Thursday.

(ii) After many years, the vector ¥ will approach the steady state vector A%, = v,

By = Null(A—I) =Nu11([ _;5 _'?20 D =N““([ (1) _02 D =Span{[ i ]}

., 2 .
Thus, 9, = [ c]w1th20+c=1
[+

Clearly, this means that ¢ = % and that the probability of eating chicken is 2

3
? Exercise 4.3.6.4b

A student signs up for an early morning class despite their inability to set an alarm. Each day they either make it on time to
class or oversleep and miss it. On days this student oversleeps, they also stay up later and then have a 70% chance of
oversleeping class on the next day. On days the student makes it to class, they have a 40% chance of oversleeping class the next
day.

(i) If this person oversleeps class on Monday, what is the probability they will make it to class on time on Wednesday? (assume
the class meets every day)

(ii) After many days of classes, what is the probability of this person oversleeping on the last day?

Answer

on time

.40 .70

We begin by defining the vector 3 = [ sk

] and finding the matrix 4 = [ A el ]

(i) On Monday @ = [ (1) ], so on Wednesday we find A%%

A% — 48 .39 0 _ .39
.62 .61 1 .61
Therefore, there is a 39% chance they will be on time on Wednesday.

(ii) After many days, the vector 4§ will approach the steady state vector A%, = ¥,

By = Null(A— 1) =Null([ i D =N““([ g o D =Span{[ ; ]}

Thus, 4, = [ 3 ] with 3c+4c=1
4c
Clearly, this means that ¢ = % and that the probability of oversleeping is %

? Exercise 4.3.6.4¢c

A teacher asks students questions during class for extra credit. Each question may be categorized as difficult, normal or easy.
After a difficult question, the next question will be difficult with probability 0.2, will be normal with probability 0.5, and will
be easy with probability 0.3. After normal and easy questions, the next question will be difficult with probability 0.5, will be
normal with probability 0.25, and will be easy with probability 0.25. If you walk into class late and the teacher asks a question,
what is the probability that it will be difficult?

Answer
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difficult question .20 .50 .50
We begin by defining the vector ¥ = | normal question | and finding the matrix A= | .50 .25 .25
easy question 30 .26 .25

After many questions, the vector ¥ will approach the steady state vector A%, = ¥,

—80 .50 .50 10 % 10
E; =Null(A—1I) =Null 50 —75 .25 = Null 01 -2 = Span 9
30 26 —.T75 00 0 7
10c
Thus, 5, = | 9¢ | with10c + 9¢c+Tc=1
Tc

Clearly, this means that ¢ = 2_16 and that the probability of getting a difficult question is ;—g -3

13
? Exercise 4.3.6.4d

A meme stock moves up, down, or stays even every day for no apparent reason. The day after it goes up, it goes up again 30%
of the time, down 50% of the time, and stays even 20% of the time. The day after it goes down, it goes up 50% of the time, down
20% of the time, and stays even 30% of the time. The day after it stays even, it goes up 50% of the time, and down 50% of the
time.

(i) What is the probability that it goes up on a randomly selected day next year?

(ii) What is the probability that it goes down on a randomly selected day next year?

Answer
moves up .30 .50 .50
We begin by defining the vector ¥ = | moves down | and finding the matrix A= | .50 .20 .50
stays even 20 .30 0

After many days, the vector ¥ will approach the steady state vector A3, = ¥,

—7 50 .50 10 -% 65
E; =Null(A—1I) = Null .50 —.80 .50 = Null 01 -%& = Span 60
.20 30 -1 00 0 31
65¢
Thus, 4, = | 60c | with 65¢ + 60c + 31c = 156
3lec
Clearly, this means that ¢ = L and that the probability of going up is B _35 and going down is 0 _ 35
Y. °= 156 P yolgongupls 745 = 75 and going 156 13
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