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1.1: Introduction
Suppose that  is a time scale with forward jump operator and delta differentiation operator  and , respectively. Let  and 

.

A dynamic equation (DE) is a relation that contains one independent variable , the dependent variable  and some of its
delta derivatives .

The equation

is a DE.

The equation

is a DE provided that .

The equation

is a DE provided that .

The order of a dynamic equation is defined as the order of the highest delta derivative in the equation.

The equation

is a third order dynamic equation provided that .

The equation

is a fourth order dynamic equation.

 Definition:

 Example

 Example

 Example

 Definition

 Example

 Example
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The equation

is a second order dynamic equation.

Determine the order of the following DEs.

1. 
2. 
3. ,
4. 
5. 

In general, an th order DE can be written in the form

where  is a given function.

A functional relation between the real dependent variable  and the time scale independent variable  in some interval 
that satisfies the given DE is said to be a solution of the DE. The general solution of an th order DE depends on  constants

 and the independent time scale variable . Sometimes, the solutions of a DE are said to be delta integral curves for
the corresponding DE.

Obviously, the general solution of an th order DE is written in the following form

Consider the equation

We will show that

is its solution. Really, we have

Let . Consider the equation

We will prove that the function

 Example

 Exercise

 Definition

 Example

 Example
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is its solution. Here

Then

Hence, we arrive at

Let . Consider the equation

We will prove that the function

is its solution. Here

Then

 Example
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Hence,

Let . Prove that

is a solution to the equation

If a solution can be obtained for some values of the constants , then it is called a particular solution. Otherwise, it is
said to be a singular solution.

Consider the equation

Note that

is a general solution of the considered equation. Really, we have

Hence,

The functions

are particular solutions of the considered equation.

Let . Consider the equation

 Exercise

 Definition

 Example

 Example
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Here

The general solution of the considered equation is given by

Really, we have

Then

On the other hand, we will show that the function

is a solution of the given equation. Indeed, we have

Hence,

We can not get  by  for any constant . Therefore  is a singular solution of the considered equation.

Let . Consider the equation

1. Prove that the general solution of the considered equation is given by

2. Prove that  is a singular solution of the considered equation.

The function

 Exercise

 Definition
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is said to be an explicit solution of the equation  provided

A relation of the form

is said to be an implicit solution of the equation  provided that it determines one or more functions , , which
satisfy .

Sometimes it is difficult to solve the equation . In these cases, if  is a time scale with forward jump operator and
delta differentiation operator  and , respectively, and the function  is enough times completely delta differentiable, then

From here, we find

provided that

From here, we express , , , , . Then, we check if

A DE is said to be linear if it is linear in  and its delta derivatives. Otherwise, it is said to be nonlinear.

The DE

is a linear DE.

The DE

is a nonlinear DE.

The DE

is a nonlinear DE provided that  on .

 Definition

 Definition

 Example

 Example

 Example
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Classify each of the following DEs as linear or nonlinear.

1. .

2. .

3. .

The general form of th order linear DEs is as follows.

where , are given functions.

The equation  is said to be homogeneous if  on . Otherwise, the equation  is said to be nonhomogeneous.

The DE

is nonhomogeneous.

The DE

is a homogeneous DE.

The DE

is a nonhomogeneous DE.

Classify each of the following DEs as homogeneous or nonhomogeneous.

1. 

2. 

3. , .

Now, we assume that the equation  can be solved explicitly. More precisely, suppose

where  is a given function.

 Exercise

 Definition

 Example

 Example

 Example

 Exercise
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By initial conditions for the DE  we mean conditions of the form

where , are given constants.

A problem consisting of the DE  together with the initial conditions  is said to be initial value problem (IVP).

Observe that the initial conditions  are prescribed at a point . In many problems, these conditions are prescribed into
two or more points. These conditions are called boundary conditions A problem consisting of the DE  together with
boundary conditions is said to be boundary value problem (BVP).

A problem consiting of the DE  together with the initial conditions  and boundary conditions is said to be initial
boundary value problem (IBVP).

Let . The problem

is an IVP.

Let . The problem

is a BVP.

Let . The problem

 Definition

 Definition

 Definition

 Definition

 Example

 Example

 Example
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is an IBVP.

The main questions for IVPs, BVPs and IBVPs are as follows.

1. Existence of solutions.

2. Uniqueness of solutions.

3. Continuous dependence on initial conditions and parameters.

4. The interval under which the solutions are defined.

5. Extension of solutions.

6. Upper and lower bounds of the unknown solutions and existence of minimal and maximal solutions.

7. Periodicity of the solutions.

8. Behaviour of the solutions.

9. Stability of the solutions.

10. Oscillations of solutions.

This page titled 1.1: Introduction is shared under a GNU General Public License 3.0 license and was authored, remixed, and/or curated by Svetlin
G. Georgiev.
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1.2: Linear First Order Dynamic Equations
Let , . Consider the IVP

where , .

Equations of the form  are said to be linear first order dynamic equations.

Suppose that

Then the problem ,  has unique solution represented in the form

Proof

Let . We multiply both sides of the equation  with  and we get

Note that

Then  takes the form

or

We integrate the last equality from  to  and we get

or

or

 Definition

 Theorem
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or

We differentiate with respect to  the last equality and we get

Moreover, we have

Assume that the IVP ,  has two solutions  and . We set

Then  is a solution of the IVP

Hence and , we get that

i.e.,

This completes the proof.

Let . Consider the following IVP

Here

and

 Example
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Then, applying , we arrive at

Let . Consider the IVP

Here

Then

and

Therefore, applying , we find

 Example
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.

Let . Solve the following IVP

Now, we consider the following IVP

where , , .

Equations of the form  are said to be linear first order dynamic equations.

The problem ,  has a unique solution represented in the form

Proof

We multiply the equation  with ,  and we find

or

Now, we integrate the last equation from  to  and using the initial condition , we arrive at

 Exercise

 Definition

 Theorem
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whereupon

or

and

Now, we consider . Observe that

Hence, we arrive at
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We put  in  and we find

Now, we assume that the IVP ,  has two solutions  and . Let

Then,  satisfies the IVP

Applying , we find

from where

This completes the proof.

Let . Consider the IVP

Here

Then

 Example
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and

Hence, applying , we find

Let . Consider the IVP

Here

We have

and

Now, applying , we find

 Example
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Let . Solve the following IVP

This page titled 1.2: Linear First Order Dynamic Equations is shared under a GNU General Public License 3.0 license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.

 Exercise
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1.3: Bernoulli Dynamic Equations
Consider the following IVP

where , , , .

Equations of the form  are said to be Bernoulli equations.

Suppose that , , , and  is a solution of the IVP , . Then

We set

Then

and

Hence, we get the following IVP

or

Applying the formulae for the solution of linear first order dynamic equation, we find

and then

 Definition
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Let . Consider the following IVP

Here

Then

Hence, a solution of the considered IVP is as follows.

Let . Find a solution of the following IVP

Now, we consider the IVP

subject to the initial conditions

where , , , .

Equations of the form  are said to be Bernoulli equations.

Suppose that  and , , and  is a solution of the considered IVP. We divide both sides of the equation 
by  and we find

 Example

 Exercise

 Definition
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Set

Then

and

Thus, we get the IVP

or

We get a solution of the last IVP

Then, a solution of the considered IVP is given by

or

Let . Consider the following IVP

Here

 Example
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We have

i.e., . Next,

and

Hence,

Let . Find a solution of the following IVP

This page titled 1.3: Bernoulli Dynamic Equations is shared under a GNU General Public License 3.0 license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.

 Exercise
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1.4: Riccati Dynamic Equations
Consider the equation

subject to the initial condition

where , , .

Equations of the form  are said to be Riccati dynamic equations.

Suppose that  is its particular solution. Then

Let

Then

We substitute into  and we find

from where, using , we arrive at the equation

which is a Bernoulli dynamic equation.

Therefore, if we know a particular solution of the equation  we can find other its solutions reducing it to a Bernoulli dynamic
equation.

Let . Consider the equation

Firstly, we will show that

is its particular solution. Really, we have

 Definition

 Example
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Then

Now, we set

Then

We substitute in the given equation and we arrive at

whereupon

Suppose that , . Then

Set

Hence,

https://libretexts.org/
https://www.gnu.org/licenses/gpl-3.0.en.html
https://math.libretexts.org/@go/page/214059?pdf


GPL 1.4.3 https://math.libretexts.org/@go/page/214059

Then, we get the equation

or

whereupon

or

Set

Then

provided that , and

provided that  Therefore
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provided that , , . Here  is a nonzero constant. Therefore

provided that , and

provided that , are solutions of the considered Riccati equation.

Let . Find solutions of the equation

if

is its solution.

This page titled 1.4: Riccati Dynamic Equations is shared under a GNU General Public License 3.0 license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.

 Exercise
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1.5: Dynamic Equations for Families of Curves
If  is defined and continuous in a domain , then the solutions to the any dynamic equation

form a family of curves that covers .

Conversely, if a given family of curves covers  simply, then it is possible to find a first order dynamic equation such that the
curves in the family are the solutions of the dynamic equation. To see this, let  is an arbitrary point and  is the
curve in the family that goes through this point. We define the function  by setting

then clearly each curve in the family is a solution of the dynamic equation .

Consider the family of concentric circles

We differentiate both. sides of the last equation with respect to  and we get

whereupon

is the dynamic equation that the given family of concentric circles satisfied. Note that the functions

are solutions of the obtained equation. Really, we have

 Example
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Now, we will find a dynamic equation

satisfied by the curve

where  is fixed. We compute the derivative of  and we find

From here, we find

We substitute the last expression into  and we arrive at

or

Find a dynamic equation of the form

satisfied by the curve

where  is fixed.

This page titled 1.5: Dynamic Equations for Families of Curves is shared under a GNU General Public License 3.0 license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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1.6: Exact Equations
Suppose that the graininess function  of the time scale  is delta differentiable on .

Let in the dynamic equation

the function  to be

where  is a time scale with forward jump operator and delta differentiation operator  and , respectively, and 
. Let also,  and  be fixed and for any  one has

Then, the equation  takes the form

or

The equation  is said to be exact if there exists a function  such that

The nomenclature comes from the fact that

Note that if  satisfies the conditions , using that , we conclude that .

The sufficient and necessary condition the equation  to be exact is contained in the next result.

Let . Then, the equation  is exact if and only if the following condition

Proof

Firstly, suppose that the equation  is an exact equation. Then the conditions  hold. From , we have

whereupon

Moreover, we find

 Definition

 Theorem
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Since

using , we get

or

Because , we have that

By this observation, applying  and , we arrive at

i.e., we get .

Conversely, if  and  satisfy , then the equation  is an exact equation. To establish this, we shall exhibit a
function  that satisfies the conditions . We integrate both sides of the equation

and we find

where  is an arbitrary function of  that plays the role of the constant of integration. We shall get the function  by using
the equation

Indeed, we have

and

Since
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the function

must depend on  only. Therefore

whereupon

Consequently

and the solution of the equation  is given by

where  is a constant.

https://libretexts.org/
https://www.gnu.org/licenses/gpl-3.0.en.html
https://math.libretexts.org/@go/page/214061?pdf


GPL 1.6.4 https://math.libretexts.org/@go/page/214061

Now, we will determine the function  by the equation

We integrate the last equation from  to  and we find

where  is an arbitrary function of  that plays the role of the constant of integration. We will find this function using the
equation

By , we obtain

or

We differentiate the last equation with respect to  and we arrive at

whereupon

, or

Because

the function
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must depend on  only. Therefore

Hence,

. From here, for the function , we find

, and the solution of the equation  is given by

where  is a constant. This completes the proof.

The above proof is constructive, i.e., we can explicitly find a solution of the equation  by  and . In  and
 the choice of  and  is at our disposal, except that these must be chosen so that the integrals remain proper.

Let  and . Consider the equation

Here

and

 Example
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We have that  is delta differentiable and

and

Hence,

Therefore the considered equation is an exact equation. We will find its general solution using the formulae . By ,
we get
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i.e., the general solution of the considered equation is

where  is a constant.

Now, we apply the formulae . We get

whereupon we get

where  is a constant.

Let  and . Consider the equation

Here

and

 Example
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Then

From here, we find

Therefore the considered equation is an exact equation. We will find its solution using the formulae . We have

Thus, the general solution of the considered equation is

where  is a constant.

Derive the general solution of the equation in Example  using the formulae .

Let  and . Consider the equation

1. Check if the considered equation is an exact equation. 2. Derive the general solution of the considered equation using the
formulas  and .

 Exercise

 Exercise
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For the equation  a nonzero function , , is called an integrating factor if the equivalent equation

is an exact equation.\vbox{\index{Integrating Factor}}

Let . and . Consider the following dynamic equation

Here

and

We have

Hence,

Thus, the given equation is not an exact equation.We multiply the given equation with  and we find

Set

We have

 Definition

 Example
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and

From here, we arrive at

Thus, the equation  is an exact equation and , , is an integrating factor for the given equation.

If the dynamic equation  has , , where  is a constant, as its solution, then the equation 
admits an integrating factor.

Proof

Note that  computed from  and

must be the same. We have

and

Therefore

and

Hence,

Thus, the equation  is an exact equation and  is an integrating factor for the equation . This completes the proof.

This page titled 1.6: Exact Equations is shared under a GNU General Public License 3.0 license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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1.7: Mathematical Modelling with First Order Dynamic Equations
Mathematical modelling of a system in an application area of interest (e.g., physics, biology, engineering, economics, ...) is the
translation of our knowledge or beliefs of that system into the language of mathematics. It typically involves writing down an
equation (or set of equations) that describes the behaviour of the system.

The majority of real-world problems are far too complex to model in their entirety. The process of developing a mathematical
model therefore involves making a number of simplifications along the way. We accept that all models are limited and, to some
extent, wrong; but if the modelling process is conducted with intelligence and care, models are still undeniably useful. They enable
us to understand complex phenomena, make predictions about the future and test the impact of changes to a system.

Typically, mathematical models can be classified in a number of ways, e.g., empirical vs. mechanistic. Empirical models are often
data-driven and use statistical methods to infer relations between different variables in a system; mechanistic models use prior
knowledge and understanding of the mechanism that causes change in a system.

In many applications, we are given the value of a quantity at the present time (for example, the temperature of coffee in a cup, the
number of people infected with a virus, the concentration of carbon dioxide in the atmosphere) and we wish to predict its value in
the future. To do this, we must know how quickly the quantity is changing. Mathematically, the rate of change of this quantity is its
derivative. If we can write down an equation relating this derivative to some knowledge of the mechanism that causes the change,
we can calculate how the temperature changes, how the number of infected people changes, how the concentration of carbon
dioxide changes. This gives rise to a differential equation—which is a mechanistic model of the quantity of interest.

We will find a curve in the -plane that passes through the point  and whose tangent at a point  has slope

Since the slope of the tangent line is , we have

Because the curve passes through the point , we have the initial condition

Thus, we get the following initial value problem

The obtained equation is a separable equation. For its general solution, we find

Here  is a constant of integration that will be determined below. Hence,

.

Now, we will find the cconstant \9c\) using the initial condition. We get

or

 Modelling in Geometry
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Therefore

is the desired curve.

Let  denote the number of bacteria growning on a rate of nutrients at time . Suppose that we know the initial value of  at
time . At this time, the value of  is , or

We want to know at what time the number of bacteria becomes .

To build a mathematical model for this problem, let us first describe how the number of bacteria changes with time using
mathematics. Suppose that over the time interval , the number of bacteria increases by an amount

which we write as

Then

Thus, we get the following dynamic equation

To make a progress, we need some information on the function . Suppose by doing experiments, we observe that the rate
of change of  is proportional of . This means that if there are, say, twice as many bacteria, then \N\) will grow twice as
rapidly. Mathematically,

where  is a constant we can measure from experiments. Therefore, the mathematical problem for our bacteria growth problem
is

Note that

is a solution of the obtained equation.

We extract the answer to the question we ask. Let  be the time at which we have

Then

Sir Isaac Newton FRS: 1643–1727, English physicist, mathematician, astronomer, natural philosopher, alchemist and
theologian.

 Bacteria Growth

 The Newton Law of Cooling
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The Newton law of cooling states that if an object is hotter than the ambient temperature, then the rate of change of the object’s
temperature is proportional to the temperature difference between the object and its surrounding. Mathematically, we write

where  is the object temperature,  is the ambient temperature (obviously it is a constant),  is time and  is a positive
constant. This is a first order dynamic equation

So, the integrating factor is

We multiply the equation  by  and we get

or

By the last expression, we get

Hence,

Suppose that , . Then

Thus, when , , we have that , .
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