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1.0: Introduction

Preface

These lecture notes are intented as a straightforward introduction to partial differential equations which can serve as a textbook
for undergraduate and beginning graduate students.

For additional reading we recommend following books: W. I. Smirnov [21], I. G. Petrowski [17], P. R. Garabedian [8], W. A. Strauss
[23], F. John [10], L. C. Evans [5] and R. Courant and D. Hilbert[4] and D. Gilbarg and N. S. Trudinger [9]. Some material of these
lecture notes was taken from some of these books.

Introduction

Ordinary and partial differential equations occur in many applications. An ordinary differential equation is a special case of a
partial differential equation but the behavior of solutions is quite different in general caused by the fact that the functions for
which we are looking at are functions of more than one independent variable.

Equation
$SF(xy(x),y'(x),\ldots,y*{(n)})=O\]
is an ordinary differential equation of n-th order for the unknown function y(x), where F' is given.

An important problem for ordinary differential equations is the initial value problem

Y (z) = f(z,y(x))
y(zo) = Yo ,

where f is a given real function of two variables z,y and z,, yo are given real numbers.

Picard-Lindel6f Theorem. Suppose
(1) f(z,y) is continuous in a rectangle

Q= {(z,y)™R?: |z — x| <a, ly—yo| <b}. (1.0.1)

(i) There is a constant K such that |f(x,y)| < K for all (z,y)™Q.
(i) Lipschitz condition: There is a constant L such that

[f(z,y2) = f(z,y1)| < Llyz — w1 (1.0.2)

for all (z,y1), (x,ya)-

2 (1.0.1)
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Figure 1.0.7: Initial value problem
Then there exists a unique solution y"*C1(zq — o, zo + «) of the above initial value problem, where o = min(b/K, a).
The linear ordinary differential equation
$SyA{(n)}+a_{n-1Hx)y*{(n-1)}+\ldots a_1(x)y'+a_0(x)y=0,\]

where a; are continuous functions, has exactly n linearly independent solutions. In contrast to this property the partial differential
uzz + uyy = 0 in R? has infinitely many linearly independent solutions in the linear space C%(R)2.

The ordinary differential equation of second order
$Sy" (X)=F(xy(x),y' (x))\]
has in general a family of solutions with two free parameters. Thus, it is naturally to consider the associated initial value problem

Y (x) = f(z,y(x),y (z))
y(z0) = yo, ¥'(z0) = y1,

where y, and y; are given, or to consider the boundary value problem

Y’ (x) = fz,y(x),y ()
y(wo) = yo, y(=1) = y1.

3 (1.0.2)
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Figure 1.0.2: Boundary value problem

Initial and boundary value problems play an important role also in the theory of partial differential equations. A partial differential
equation for the unknown function u(z, y) is for example

$SF(xy,uux,u_y,u_{xxu_{xyhu_{yy)=0\]
where the function F is given. This equation is of second order.
An equation is said to be of n-th order if the highest derivative which occurs is of order n.
An equation is said to be linear if the unknown function and its derivatives are linear in F. For example,
$$a(xy)ux+bxy)u_y+c(xy)u=f(xy)\]
where the functions a,b,c and f are given, is a linear equation of first order.
An equation is said to be quasilinear if it is linear in the highest derivatives. For example,
$$a(x,y,u,u_x,u_y)u_{xx}+b(X,y,u,u_x,u_y)u_{xy}+c(x,y,u,u_x,u_y)u_{yy}=0\]

is a quasilinear equation of second order.

Contributors and Attributions

e Prof. Dr. Erich Miersemann (Universitat Leipzig)

e Integrated by Justin Marshall.
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1.1: Examples

Example 1.1.1:

uy = 0, where u = u(z, y). All functions u = w(z) are solutions.

Example 1.1.2:

ug = u,, Where u = u(z,y). A change of coordinates transforms this equation into an equation of the first example. Set { =«
+y, n=2xa —y, then

J’_ —
u(z,y) =U(£2—"£2—n) =:v(,n). (1.1.1)
Assume w1, then
vy = %(uz—uy) (1.1.2)

If u, = uy, then v, = 0 and vice versa, thus v = w(£) are solutions for arbitrary C!-functions w(¢). Consequently, we have a
large class of solutions of the original partial differential equation: u = w(z + y) with an arbitrary C*-function w.

Example 1.1.3:

A necessary and sufficient condition such that for given C*-functions M, N the integral

int;l) M(z,y)dx + N(z,y)dy (1.1.3)

is independent of the curve which connects the points P, with P; in a simply connected domain ©Q C R? is that the partial
differential equation (condition of integrability)

M, =N, (1.1.4)

in Q.

5 (1.1.1)
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Figure 1.1.1: Independence of the path

This is one equation for two functions. A large class of solutions is given by M = ®,, N = &,, where ®(z,y) is an arbitrary C?
-function. It follows from Gauss theorem that these are all C!-solutions of the above differential equation.

Example 1.1.4: Method of an integrating multiplier for an ordinary

differential
equation

Consider the ordinary differential equation

M(z,y)dz + N(z,y)dy =0 (1.1.5)

for given C!-functions M, N. Then we seek a C!'-function u(z,y) such that uMdx + uNdy is a total differential, i. e., that
(uM), = (uNN), is satisfied. This is a linear partial differential equation of first order for p:

$%

M\mu_y-N\mu_x=\mu (N_x-M_y).

\]

Example 1.1.5:

Two C!-functions u(z, y) and v(z,y) are said to be functionally dependent if
det ( ot ) =0, (1.1.6)
U Uy

which is a linear partial differential equation of first order for v if v is a given C!-function. A large class of solutions is given
by

v = H(v(z,y)), (1.1.7)

where H is an arbitrary C''-function.

6 (1.1.2)
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Example 1.1.6: Cauchy-Riemann equations

Set f(z2) = u(z,y) + iv(x,y), where z = z + iy and u, v are given C'(Q)-functions. Here Q is a domain in R2. If the function
f(z) is differentiable with respect to the complex variable z then u, v satisfy the Cauchy-Riemann equations

Ug = Vy, Uy = —Vs. (1.1.8)

It is known from the theory of functions of one complex variable that the real part © and the imaginary part v of a
differentiable function f(z) are solutions of the Laplace equation

Au =0, Av=0, (1.1.9)
where Au = ugy + Uy,
Example 1.1.7: Newton Potential
The Newton potential
1
= (1.1.10)

/z2+y2+22

is a solution of the Laplace equation in R3 \ (0,0, 0), that is, of

$$
u_Do+u_{yy}+u_{zz}=0.

\]

Example 1.1.8: Heat equation

Let u(x,t) be the temperature of a point z™Q at time ¢, where  C R? is a domain. Then u(z,t) satisfies in Q x [0, 00) the
heat equation

u; = kA, (1.1.11)

where Au = ug,z, + Ugye, + Usye, @and k is a positive constant. The condition
u(z,0) = uo(z), =™Q, (1.1.12)

where uy(x) is given, is an initial condition associated to the above heat equation. The condition
u(z,t) = h(z,t), z™oQ, t >0, (1.1.13)

where h(z,t) is given, is a boundary condition for the heat equation.

If h(z,t) = g(z), that is, h is independent of ¢, then one expects that the solution u(z,t) tends to a function v(z) if t — oo.
Moreover, it turns out that v is the solution of the boundary value problem for the Laplace equation
Av=0 in Q
v=g(z) on ON.

7 (11.3)
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Example 1.1.9: Wave equation

Figure 1.1.2: Oscillating string

The wave equation

uy = 2 Au, (1.1.14)

where u = u(z, t), ¢ is a positive constant, describes oscillations of membranes or of three dimensional domains, for example.
In the one-dimensional case

U = Uy (1.1.15)
describes oscillations of a string.
Associated initial conditions are
u(z,0) = uo(z), ui(z,0) =wuyi(z), (1.1.16)
where ug, u; are given functions. Thus the initial position and the initial velocity are prescribed.
If the string is finite one describes additionally boundary conditions, for example
$$

u(®,t)=0,\ \ u(L,t)=0\ \ \mbox{for all}\ t\ge O.
\]

Contributors and Attributions

e Prof. Dr. Erich Miersemann (Universitat Leipzig)

e Integrated by Justin Marshall.

This page titled 1.1: Examples is shared under a license and was authored, remixed, and/or curated by Erich Miersemann.
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1.2: Ordinary Differential Equations

Set

$SE(v)=\int_a*bf(x,v(x),v'(x))\ dx\]

and for given u,, u™R

$$V=\{W\in C*2[a,b]:\ v(a)=u_a,\ v(b)=u_b\},\]

where y and f is sufficiently regular. One of the basic problems in the calculus of variation is

(P) min, ey E(v).

Euler equation

Let 4™V be a solution of (P), then
$S$\frac{d}H{dx}f_{u'}(x,u(x),u'(x))=Ff_u(x,u(x),u'(x))\]

in (a, b).

Exercise 1.2.1: Proof

For fixed ¢"*C?[a,b] with ¢(a) = ¢(b) =0 and real ¢, |e| < &, set g(e) = E(u +£¢). Since g(0) < g(e) it follows ¢’(0) = 0.
Integration by parts in the formula for ¢’(0) and the following basic lemma in the calculus of variations imply Euler's equation.

y

Figure 1.2.1.1: Admissible Variations

Basic lemma in the calculus of variations. Let h™C(a, b) and
int’h(z)¢(z) dz =0 (1.2.1)
for all $™C}(a,b). Then h(z) =0 on (a,b).

Proof. Assume h(zg) > 0 for an zi*(a,b), then there is a § > 0 such that (zg — d,z¢ + 8) C (a,b) and h(z) > h(zo)/2 on (zy — 6,z
+9).

9 (1.2.1)
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Set
$$

\phi(x)
=\left\{

(62—\z—x0|2)2 if (2 — 3,20 + 9)

| (1.2.2)
0 if z™(a,b)\ [zo—F,x0+

\right. .
\]

Thus ¢™Cl(a,b) and
$\int_a*b h(x)\phi(x)\ dx\ge \frac{h(x_0)}{2N\int_{x_0-\delta}*{x_O+\delta\phi(x)\ dx>8,\]

which is a contradiction to the assumption of the lemma.

Contributors and Attributions

e Prof. Dr. Erich Miersemann (Universitat Leipzig)

e Integrated by Justin Marshall.
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1.3: Partial Differential Equations

The same procedure as above applied to the following multiple integral leads to a second-order quasilinear partial differential
equation. Set

$SE(v)=\int_\Omega\ F(x,v,\nabla v)\ dx\]

where Q C R" is a domain, = = (z1,...,z,), v=v(z) : @~ R}, and Vv = (v, ..., vz, ). Assume that the function F is sufficiently
regular in its arguments. For a given function h, defined on 912, set

$$V=\{W\in C*2(\overline{\Omega}):\ v=h\ \mbox{on}\ \partial\Omega\}.\]

Euler equation. Let '™V be a solution of (P), then
"0
2 F, —F,=0 1.3.1
> r, (131

in Q.

Proof. Exercise. Hint: Extend the above fundamental lemma of the calculus of variations to the case of multiple integrals. The
interval (zy — §, o + §) in the definition of ¢ must be replaced by a ball with center at x, and radius é.

Example 1.2.2.1: Dirichlet integral

In two dimensions the Dirichlet integral is given by
$$D(v)=\int_\Omega\ \left(v_x*2+v_y”2\right)\ dxdy\]
and the associated Euler equation is the Laplace equation Au = 0 in Q.
Thus, there is natural relationship between the boundary value problem
$$\triangle u=0\ \ \mbox{in}\ \Omega,\ u=h\ \ \mbox{on}\ \ \partial\Omega\]
and the variational problem
$S\min_{v\in VI D(v).\]
But these problems are not equivalent in general. It can happen that the boundary value problem has a solution but the
variational problem has no solution, for an example see Courant and Hilbert [4], Vol. 1, p. 155, where h is a continuous function

and the associated solution u of the boundary value problem has no finite Dirichlet integral.

The problems are equivalent, provided the given boundary value function h is in the class
H'/2(0Q), see Lions and Magenes [14].

Example 1.2.2.2: Minimal surface equation

The non-parametric minimal surface problem in two dimensions is to find a minimizer v = u(z1, xz2) of the problem
$S\min_{v\in VAint_\Omega\ \sqrt{1+v_{x_1}*2+v_{x_2}*2}\ dx,\]
where for a given function h defined on the boundary of the domain Q

$$V=\{W\in C*(\overline{\Omega}):\ v=h\ \mbox{on}\ \partial\Omega\}.\]

11 (1.3.1)
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Figure 1.2.2.1: Comparison surface

Suppose that the minimizer satisfies the regularity assumption «'*tC?2(f2), then
u is a solution of the minimal surface equation (Euler equation) in Q

8 Uy, 8 uzz
— | =]+ | —— | =0 (1.3.2
01 (w + |Vu2> Oz2 <\/1 + |Vu2> )

In fact, the additional assumption 4™C?(Q) is superfluous since it follows from regularity considerations for quasilinear
elliptic equations of second order, see for example Gilbarg and Trudinger [9].

Let © = R2. Each linear function is a solution of the minimal surface equation (1.3.2). It was shown by Bernstein [2] that there
are no other solutions of the minimal surface quation. This is true also for higher dimensions n < 7, see Simons [19].

If n > 8, then there exists also other solutions which define cones, see Bombieri, De Giorgi and Giusti [3].
The linearized minimal surface equation over u = 0 is the Laplace equation Au = 0. In R? linear functions are solutions

but also many other functions in contrast to the minimal surface equation. This striking difference is caused by the strong
nonlinearity of the minimal surface equation.

More general minimal surfaces are described by using parametric representations. An example is shown in Figure 1.2.2.2",
See [18], pp. 62, for example, for rotationally symmetric minimal surfaces.

12 (1.3.2)
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Figure 1.2.2.2: Rotationally symmetric minimal surface

TAn experiment from Beutelspacher's Mathetikum, Wissenschaftsjahr 2008, Leipzig

Neumann type boundary value problems
Set V =C'(Q) and
$SE(v)=\int_\Omega\ F(x,v,\nabla v)\ dx-\int_{\partial\Omega}\ g(x,v)\ ds,\]

where F' and g are given sufficiently regular functions and Q@ C R" is a bounded and sufficiently regular domain.
Assume u is a minimizer of E(v) in V, that is

$Su\in VA \ E(u)\le E(v)\ \ \mbox{for all}\ v\in V\]

then

n

intg (Z Py, (z,u, Vu)¢,,+ Fu(z,u, Vu)¢) dz
=1
— intgq gu(z,u)d ds =0

for all ¢™C'!(Q). Assume additionally u™*C?(Q2), then v is a solution of the Neumann type boundary value problem
ZiFuT —F,=0 inQ
= Or;

ZFuzgyi — gy, =0 on 09,
i=1

where v = (vy, ..., v,) is the exterior unit normal at the boundary 9. This follows after integration by parts from the basic lemma
of the calculus of variations.

Example 1.2.2.3: Laplace equation

Set

$SE(v)=\frac{1}{2\int_\Omega\ |\nabla v|*2\ dx-\int_{\partial\Omega}\ h(x)v\ ds,\]

13 (1.3.3)
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then the associated boundary value problem is

Au=0 in Q
%—h onN
5, = 1 oon o

Example 1.2.2.4: Capillary equation

Let Q c R? and set

$SE(v)=\int_\Omega\ \sqrt{1+|\nabla v|*2}\ dx+\frac{\kappa}{2Nint_\Omega\ vA2\ dx -\cos\gamma\int_{\partial\Omega}\ v\
ds.\]

Here & is a positive constant (capillarity constant) and « is the (constant) boundary contact angle, i. e., the angle between the
container wall and the capillary surface, defined by v = v(z1, z3), at the boundary.

Then the related boundary value problem is
div (Tu) = ku in Q
v-Tu = cos~y on 01,

where we use the abbreviation
$$Tu=\frac{\nabla u}{\sqrt{1+|\nabla u|*2}},\]

div (Tu) is the left hand side of the minimal surface equation (1.3.2) and it is twice the mean curvature of the surface defined
by z = u(z1, z2), S€e an exercise.

The above problem describes the ascent of a liquid, water for example, in a vertical cylinder with cross section Q. Assume
the gravity is directed downwards in the direction of the negative x3-axis. Figure 1.2.2.3 shows that liquid can rise along a
vertical wedge which is a consequence of the strong non-linearity of the underlying equations, see Finn [7]. This photo was
taken from [15].

Figure 1.2.2.3: Ascent of liquid in a wedge
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1.E: Introduction (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q1.1

Find nontrivial solutions u of

$$
u_xy-u_yx=0 \.
\]

Q1.2

Prove: In the linear space C%(R?2) there are infinitely many linearly independent solutions of Au = 0 in R2.

Hint: Real and imaginary part of holomorphic functions are solutions of the Laplace equation.

Q1.3

Find all radially symmetric functions which satisfy the Laplace equation in
R” \ {0} for n > 2. A function u is said to be radially symmetric if u(z) = f(r), where r = (327 2)/2.

Hint: Show that a radially symmetric u satisfies Au = =" (r"~1 f")" by using Vu(z) = f'()

1G]

Q1.4

Prove the basic lemma in the calculus of variations:
Let © c R" be a domain and f™C(Q) such that

intg f(z)h(z) dz =0 (1.E.1)
for all ™ C2(Q). Then f=0in Q.

Q1.5

Write the minimal surface equation (1.2.2.1) as a quasilinear equation of second order.

Q1.6

Prove that a sufficiently regular minimizer in
C(Q) of
E(v) = intg F(z,v,Vv) dz — intgg g(v,v) ds, (1.E.2)

is a solution of the boundary value problem

16 (1.E.1)
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Z 9 F,, —F,=0 inQ
= Oz

n
ZFu”vi — gy, =0 on 99,
i=1

where v = (v4, ..., v,,) is the exterior unit normal at the boundary 9.

Q1.7

Prove that v - Tu = cos~v on 09, where ~ is the angle between the container wall, which is here a cylinder, and the surface S,
defined by z = u(z1, z5), at the boundary of S, v is the exterior normal at
onN.

Hint: The angle between two surfaces is by definition the angle between the two associated normals at the intersection of the
surfaces.

Q1.8

Let  be bounded and assume u*C%(Q) is a solution of

divTu = C in Q

v- Ve = cos+y on 09,

V14 |Vu)|?

where C is a constant.

Prove that

$$

C={|\partial\Omega|\over|\Omegal|}\cos\gamma\ .
\]

Hint: Integrate the differential equation over Q.

Q1.9

Assume 2 = Bg(0) is a disc with radius R and the center at the origin.
Show that radially symmetric solutions u(z) = w(r), r = 1/z? + x2, of the capillary boundary value problem are solutions of

rw’ !
(—2> =rkrw n0<r<R
1+ w

w/

Vitw?

Remark. It follows from a maximum principle of Concus and Finn [7] that a solution of the capillary equation over a disc must be
radially symmetric.

=cosy ifr=R.

Q1.10

Find all radially symmetric solutions of

rw’ !
— | =Cr n0<r<R
(\/1—1—11)’2)

w/

V14 w?

=cosy if r=R.

17 (1.E.2)
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Hint: From an exercise above it follows that

$$
C=\frac{2{R}\cos\gamma.
\]
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2: EQUATIONS OF FIRST ORDER

The main tool for studying related problems is the theory of ordinary differential equations, which is quite different for systems of
partial differential of first order.

|
o ko merareny 1 L]

2.0: Prelude to First Order Equations

2.1: Linear Equations

2.2: Quasilinear Equations

2.2.1: A Linearization Method

2.2.2: Initial Value Problem of Cauchy
2.3: Nonlinear Equations in Two Variables
2.3.1: Initial Value Problem of Cauchy
2.4: Nonlinear Equations in R"

2.5: Hamilton-Jacobi Theory

2.E: Equations of First Order (Exercises)
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2.0: Prelude to First Order Equations

For a given sufficiently regular function F' the general equation of first order for the unknown function ) is
$$F(x,u\nabla u)=0\]

in n. The main tool for studying related problems is the theory of ordinary differential equations. This is quite different for systems
of partial differential of first order. The general linear partial differential equation of first order can be written as

$S\sum_{i=1}*na_i(x)u_{x_i}+c(x)u=f(x)\]
for given functions a;, ¢ and f. The general quasilinear partial differential equation of first order is

$$\sum_{i=1}*na_i(x,u)u_{x_i}+c(x,u)=0.\]
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2.1: Linear Equations

Let us begin with the linear homogeneous equation

a1 (z, y)ug + az(z, y)u, = 0. (2.1.1)

Assume there is a Cl-solution z = u(z, y). This function defines a surface S which has at P = (z,y, u(z, y)) the normal

1
N = ——— (s, —uy, 1) (2.1.2)

V14 |Vu|?
and the tangential plane defined by
C—z=1uy(z,y)({— ) +uy(z,y)(n—y) (2.1.3)

Set p = u,(z,y), ¢ = uy(z,y) and z = u(z,y). The tuple (z,y, z,p, q) is called surface element and the tuple (z,y, z) support of the
surface element. The tangential plane is defined by the surface element. On the other hand, differential equation (2.1.1)

ai(z,y)p + az(z,y)g =0 (2.1.4)

defines at each support (z,y, z) a bundle of planes if we consider all (p, q) satisfying this equation. For fixed (z, y), this family of
planes II(\) = II(\; z, y) is defined by a one parameter family of ascents p(\) = p(\; z,y), ¢(A) = q(A; z, y).
The envelope of these planes is a line since

ai(z,y)p(A) + az(z,y)q(A) = 0, (2.1.5)
which implies that the normal N(\) on II()\) is perpendicular on (a4, as,0).
Consider a curve x(7) = (z(7), y(7), 2(7)) on 8, let

T, be the tangential plane at xo = (z(79), y(70), 2(79)) of 8
and consider on Ty, the line

L: (o) =x+o0x'(10), ™R, (2.1.6)

see Figure 2.1.1.

Figure 2.1.1: Curve on a surface

21 (2.1.1)
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We assume L coincides with the envelope, which is a line here, of the family of planes II(\) at (z,y, z). Assume that Ty, = II(\g)
and consider two planes

IM(Ao) : 2—2z0 = (z — z0)p(Xo) + (¥ — Yo)a(o)
(Ao +h) 1 z—2zo=(z—zo)p(Xo +h) + (y—yo)g(Xo + h).

At the intersection (o) we have

(z —z0)P(Ao) + (¥ — ¥0)g(Xo) = (z — 0)p(Xo + h) + (¥ — yo)g(Xo + h). (2.1.7)
Thus,
z’(10)p’ (No) +¥'(10)a" (Xo) = 0. (2.1.8)
From the differential equation
a1(z(70), y(70))P(A) + a2(z(70), y(70))g(A) = 0 (2.1.9)
it follows
a1p’(Xo) + azq’(Xo) = 0. (2.1.10)
Consequently
z'(7)

(@"(1), 9/ (7)) = (a1(z(7), y(7)), az(a(7),y(1)), (2.1.11)

a1 (z(7,y(7))

since 7y was an arbitrary parameter. Here we assume that z’(7) # 0 and a,(z(7), y(7)) # 0.
Then we introduce a new parameter ¢ by the inverse of = = 7(t), where

i )
t(7) = int7, EORTD) ds. (2.1.12)

It follows z/(t) = a1(z,y), ¥'(t) = a2(z,y). We denote x(7(t)) by x(¢) again.

Now we consider the initial value problem
' (t) = a1(z,y), ¥ (t) = aa(z,y), z(0) =z, y(0) = yo. (2.1.13)

From the theory of ordinary differential equations it follows (Theorem of Picard-Lindel6f) that there is a unique solution in a
neighbourhood of ¢ = 0 provided the functions a;, a, are in C'!. From this definition of the curves (z(t), y(t)) is follows that
the field of directions (a1(zo,y0), a2(z0,y0)) defines the slope of these curves at (z(0), y(0)).

Definition. The differential equations in (2.1.13) are called characteristic equations or characteristic system and solutions of the
associated initial value problem are called characteristic curves.

Definition. A function ¢(x,y) is said to be an integral of the characteristic system if ¢(x(t),y(t)) = const. for each characteristic
curve. The constant depends on the characteristic curve considered.

Proposition 2.1. Assume ¢™C' is an integral, then u = ¢(z,y) is a solution of (2.1.1).
Proof. Consider for given (zg, y¢) the above initial value problem (2.1.13). Since ¢(z(t), y(t)) = const. it follows

G27" + dyy =0 (2.1.14)

for $ |t|<t_0$, ¢, > 0 and sufficiently small.

Thus

$%
\phi_x(x_0,y_0)a_1(x_0,y_0)+\phi_y(x_0,y_0)a_2(x_0,y_0)=0.

22 (2.1.2)
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\]

Remark. If ¢(z,y) is a solution of equation (2.1.1) then also H(¢(z,y)), where H(s) is a given C*-function.

Examples

Example 2.1.1:

Consider

a1ug; + asuy, = 0,

where a1, as are constants. The system of characteristic equations is

’ /o
r =ai, Yy =as.

Thus the characteristic curves are parallel straight lines defined by

r=ait+ A, y=ast+ B,

where A, B are arbitrary constants. From these equations it follows that

é(z,y) = asx — ary

equation. From an exercise it follows that

uw= H(ax — a1y),

Zz

Figure 2.1.2: Cylinder surfaces

23 (2.1.3)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)

is constant along each characteristic curve. Consequently, see Proposition 2.1, u = asxz — a1y is a solution of the differential

(2.1.19)

where H(s) is an arbitrary C!-function, is also a solution. Since u is constant when asz — a1y is constant, equation (2.1.19)
defines cylinder surfaces which are generated by parallel straight lines which are parallel to the (x, y)-plane, see Figure 2.1.2.
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Example 2.1.2:

Consider the differential equation

Tuz + yuy = 0.

The characteristic equations are

and the characteristic curves are given by

xz = Ae', y= Be',

right helicoids (in German: Wendelflachen), see Figure 2.1.3.

Example 2.1.3:

Consider the differential equation

Yuz — Uy = 0.

The associated characteristic system is

If follows

2’z +yy =0,

or, equivalently,

24 (2.1.4)

Figure 2.1.3: Right helicoid, a? < 22 + y?> < R? (Museo Ideale Leonardo da Vinci, Italy)

(2.1.20)

(2.1.21)

(2.1.22)

where A, B are arbitrary constants. Then an integral is y/z, = # 0, and for a given C*-function the function u = H(z/y) is a
solution of the differential equation. If y/z = const., then u is constant. Suppose that H’(s) > 0, for example, then u defines

(2.1.23)

(2.1.24)

(2.1.25)
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C

d
— (@ +9°) =0, (2.1.26)

which implies that 22 + y? = const. along each characteristic. Thus, rotationally symmetric surfaces defined by u = H(z? + y?)
, Where H’ =+ 0, are solutions of the differential equation.

Example 2.1.4:

The associated characteristic equations to

ayug + bzu, =0, (2.1.27)
where a, b are positive constants,
are given by

' =ay, y' = bx. (2.1.28)
It follows bzz’ — ayy’ = 0, or equivalently,

d

E(bxz —ay?) = 0. (2.1.29)

Solutions of the differential equation are u = H(bz? — ay?), which define surfaces which have a hyperbola as the intersection
with planes parallel to the (z,y)-plane. Here H(s) is an arbitrary C'-function, H'(s) # 0.

ontributors and Attributions

Prof. Dr. Erich Miersemann (Universitat Leipzig)

Integrated by Justin Marshall.

This page titled 2.1: Linear Equations is shared under a license and was authored, remixed, and/or curated by Erich Miersemann.

25 (2.1.5)


http://www.math.uni-leipzig.de/~miersemann/
http://www.math.uni-leipzig.de/cms/en/startseite/
https://math.libretexts.org/Bookshelves/Differential_Equations/Partial_Differential_Equations_(Miersemann)/2%3A_Equations_of_First_Order/2.1%3A_Linear_Equations
http://www.math.uni-leipzig.de/~miersemann/

LibreTexts"

2.2: Quasilinear Equations

Here we consider the equation
a1(z,y, w)ug + as(z, y, w)u, = as(x,y,u). (2.2.1)
The inhomogeneous linear equation
$$a_1(xy)ux+a_2(xy)u_y=a_3(xy)\]
is a special case of (2.2.1).

One arrives at characteristic equations z’ =a1, ¥ = a2, 2/ = a3 from (2.2.1) by the same arguments as in the case of
homogeneous linear equations in two variables. The additional equation 3 follows from

2'(1) = p(N)z'(7) + a(N)y'(7)
= pai + qaz
= asg,

see also Section 2.3, where the general case of nonlinear equations in two variables is considered.
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2.2.1: A Linearization Method

We can transform the inhomogeneous Equation (2.2.1) into a homogeneous linear equation for an unknown function of three
variables by the following trick.

We are looking for a function ¢(z,y,u) such that the solution u = u(z,y) of Equation (2.2.1) is defined implicitly by ¥ (z,y,u)
= const. Assume there is such a function ¢ and let u be a solution of (2.2.1), then

Yo + Yuts =0, Yy +Puuy =0. (2.2.1.1)
Assume v, # 0, then
Uy = —%, Uy = —%. (2.2.1.2)
From (2.2.1) we obtain
a1(z, Y, 2)¥s + az(z, y, 2)¢y + as(z, y, 2)¥. = 0, (2.2.1.1)

where z := .

We consider the associated system of characteristic equations
z'(t) = a1(z,y, 2)
Y (t) = aa(z,y, 2)
2'(t) = a3(z,y, 2).
One arrives at this system by the same arguments as in the two-dimensional case above.

Proposition 2.2. (i) Assume w'™C, w = w(z,y, 2), is an integral, i. e,, it is constant along each fixed solution of (2.2.1.1), then v
= w(z,y, ) is a solution of (2.2.1.1).

(ii) The function z = u(z,y), implicitly defined through ¥(z, u, z) = const., is a solution of (2.2.1), provided that ¢, # .

(iii) Let z = u(z,y) be a solution of (2.2.1) and let (z(t), y(t)) be a solution
of

(L',(t) = al(xa:% u(xay))v y/(t) = G‘?(mvyau(mvy))? (2213)

then z(t) := u(z(t), y(t)) satisfies the third of the above characteristic equations.

Proof. Exercise.
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2.2.2: Initial Value Problem of Cauchy

Consider again the quasilinear equation
(*) al(xa Y, u)ux + CLQ(-’E, Y, u)u’u = a3(:1:, Y, 'LL)

Let
T: z=x0(s), y=10(s), 2=20(5), 51 <5< 53, —00< 81 <8y <—+00 (2.2.2.1)

be a regular curve in R?® and denote by € the orthogonal projection of " onto the (z, y)-plane, i. e,

$$
\mathcal{C}:\ \ x=x_0(s),\ \ y=y_0(s).
\]

Initial value problem of Cauchy: Find a C!-solution u = u(z,y) of (%) such that u(zo(s),yo(s)) = z9(s), I. €., we seek a surface §
defined by z = u(z,y) which contains the curve T.

z

Figure 2.2.2.1: Cauchy initial value problem

Definition. The curve I is said to be non-characteristic if

$$

x_0'(s)a_2(x_0(s),y_0(s))-y_0'(s)a_1(x_0(s),y_0(s))\not=0.

\]

Theorem 2.1. Assume a1, as, a*C! in their arguments, the initial data o, yo, 2" C"'[s1, s2] and T is non-characteristic.

Then there is a neighborhood of € such that there exists exactly one solution u of the Cauchy initial value problem.

Proof. (i) Existence. Consider the following initial value problem for the system of characteristic equations to (x):

z'(t) = a1(z,y, 2)
y/(t) = aZ(xv Y, Z)
2/ (t) = a3(z,y, 2)

with the initial conditions

28 (2.2.2.1)
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z(5,0) = zo(s)
y(s,0) = yo(s)
2(5,0) = zo(s).

Let z = z(s,t), y = y(s, t), z= z(s, t) be the solution, s; < s < sy, |t| < n for an n > 0. We will show that this set of curves, see Figure
2.2.2.1, defines a surface. To show this, we consider the inverse functions s = s(z,y), t = t(z,y) of x = x(s,t), y = y(s,t) and show
that z(s(z,y),t(z,y)) is a solution of the initial problem of Cauchy. The inverse functions s and t exist in a neighborhood of ¢ =0
since

o(z,y)

s Ty

det = =z — 0 2.2.2.2
¢ (s, t) ‘t:o Ys Yt |, wo(s)az — yo(s)ar # 0, ( )
and the initial curve T is non-characteristic by assumption.
Set

u(z,y) = z(s(z,y), t(z,y)), (2.2.2.3)
then u satisfies the initial condition since

u(, y)|t=0 = 2(s,0) = 20(s). (2.2.2.4)

The following calculation shows that u is also a solution of the differential equation (x).

a1Uy + a2ty = a1(2585 + 2ity) + a2(2s8y + 2ity)
= zs(a18; + azsy) + ze(aity + asty)
= z5(Sawt + syyr) + 2e(taxe + tyys)
= asg

since 0 = s; = spx¢ + sy and 1 =ty =tz + tyy;.

(ii) Uniqueness. Suppose that v(z,y) is a second solution. Consider a point (z’,y’) in a neighborhood of the curve (z((s), y(s)), s1
—e < s< 89+ ¢ ¢ > 0small. The inverse parameters are s’ = s(z’,y’), t’ = t(z’,y’), see Figure 2.2.2.2.

y

a (xy)

| (xgls)y )

Figure 2.2.2.2: Uniqueness proof

Let
A z(t) =ax(s',t), yt) = y(s',t), 2(t) = 2(s',t) (2.2.2.5)

be the solution of the above initial value problem for the characteristic differential equations with the initial data
x(s’,0) = zo(s"), y(s',0) = yo(s'), 2(s’,0) = z(s"). (2.2.2.6)
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According to its construction this curve is on the surface § defined by u = u(z,y) and u(z’,y") = 2(s’,t"). Set

P(t) = v(z(t),y(t)) — 2(2), (2.2.2.7)
then
w/(t) _ sz/ + 'Uyy/ —
=xza1 +vya —az3 =0
and

$(0) = v(z(s",0),y(s",0)) — 2(s’,0) = 0 (2.2.2.8)

since v is a solution of the differential equation and satisfies the initial condition by assumption. Thus, ¥(t) =0, i. e,,
v(z (s’ 1), y(s', 1)) — 2(s’,t) = 0. (2.2.2.9)

Set t = ¢/, then
v(a’,y') —2(s',t) =0, (2.2.2.10)

which shows that v(z’,y") = u(z’,y’) because of z(s’,t") = u(z’,y’).

O

Remark. In general, there is no uniqueness if the initial curve T' is a characteristic curve, see an exercise and Figure 2.2.2.3,
which illustrates this case.

e S
‘ //<‘ “\.\\

e

Figure 2.2.2.3: Multiple solutions

Examples

Example 2.2.2.1;

Consider the Cauchy initial value problem
Uy + Uy = 0 (2.2.2.11)
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with the initial data

zo(s) = s, yo(s) = 1, zp(s) is a given C''-function. (2.2.2.12)
These initial data are non-characteristic since yja; — zgas = —1. The solution of the associated system of characteristic
equations
’t)=19y@#) =1 u'({t)=0 (2.2.2.13)
with the initial conditions
z(5,0) = z(s), y(s,0) =yo(s), 2(s,0) = 2zo(s) (2.2.2.14)
is given by
z=t+xzo(s), y=t+yo(s), z= z0(s), (2.2.2.15)
i.e,
z=t+s, y=t+1, z=2z0(s). (2.2.2.16)

It follows s=x —y+ 1, t =y — 1 and that u = zo(z — y + 1) is the solution of the Cauchy initial value problem.

Example 2.2.2.2:

A problem from kinetics in chemistry. Consider for z > 0, y > 0 the problem

Uy +uy = (koe ™17 + ky) (1 — u) (2.2.2.17)

with initial data

w(z,0) =0, z >0, and u(0,y) = uo(y), y > 0. (2.2.2.18)

Here the constants k; are positive, these constants define the velocity of the reactions in consideration, and the function
ug(y) is given. The variable z is the time and y is the height of a tube, for example, in which the chemical reaction takes place,
and u is the concentration of the chemical substance.

In contrast to our previous assumptions, the initial data are not in C'. The projection €; U @, of the initial curve onto the
(z,y)-plane has a corner at the origin, see Figure 2.2.2.4.
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=y

Figure 2.2.2.4: Domains to the chemical kinetics example

The associated system of characteristic equations is

'(t) =1, y'(t) =1, 2'(t) = (koe ™" + ko) (1 — 2).

(2.2.2.19)

It follows = =t + ¢1, y =t + co with constants ¢;. Thus the projection of the characteristic curves on the (z,y)-plane are
straight lines parallel to y = z. We will solve the initial value problems in the domains Q; and Q,, see Figure 2.2.2.4, separately.

(i) The initial value problem in Q. The initial data are
zo(s) = s, yo(s) =0, z(0) =0, s> 0.

It follows

x=z(s,t) =t+s, y=1y(st) =t

Thus
2'(t) = (koe P+ 1 ko) (1 — 2), 2(0) = 0.

The solution of this initial value problem is given by

k k
2(s,t) =1 —exp (k—?e_kl(s+t) — kot — k—(l)e_kls) .

Consequently

k

ui(z,y) =1 —exp (k—oefk“” — koy — koklefkl(“y)>
1

is the solution of the Cauchy initial value problem in ;. If time z tends to co, we get the limit
$$
\lim_{x\to\infty} u_1(x,y)=1-e*{-k_2y}.
\]
(ii) The initial value problem in Q,. The initial data are here

zo(s) =0, yo(s) = s, 20(0) = ug(s), s> 0.

It follows
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z=ux(s,t) =t, y=y(s,t) =t+s. (2.2.2.26)

Thus
2/ (t) = (koe ™' 4+ ky)(1 — 2), 2(0) = 0. (2.2.2.27)

The solution of this initial value problem is given by

k k
Aot = 1l — (il — (o)) sz (—Oe*klt kot — —0) : (2.2.2.28)
k1 k1
Consequently
_ ko ko ko
ua(z,y) =1 — (1 —ug(y — x)) exp P — ko — T (2.2.2.29)
1 1
is the solution in Q.
If x = y, then
k k
ui(z,y) =1 —exp (k—(l)e_k”” — ko — k—?)
_ ko g ko
ug(z,y) =1 — (1 —up(0)) exp | —e —kx ——|.
k1 k1

If uo(0) > 0, then u; < uq if z =y, i. e, there is a jump of the concentration of the substrate along its burning front defined by
T =uy.

Remark. Such a problem with discontinuous initial data is called Riemann problem. See an exercise for another Riemann
problem.

The case that a solution of the equation is known

Here we will see that we get immediately a solution of the Cauchy initial value problem if a solution of the homogeneous linear
equation

a1(z,y)us + as(z, y)uy =0 (2.2.2.30)
is known.
Let

zo(s), yo(s), 20(s), s1<s<s2 (2.2.2.31)

be the initial data and let u = ¢(z, y) be a solution of the differential equation. We assume that

¢z (0(3), yo(8))wo(5) + ¢y(0(s), vo(s))yo (s) # 0 (2.2.2.32)

is satisfied. Set
9(s) = ¢(zo(s),y0(s)) (2.2.2.33)
and let s = h(g) be the inverse function.
The solution of the Cauchy initial problem is given by g (h(¢(z,y))).
This follows since in the problem considered a composition of a solution is a solution again, see an exercise, and since

$$
u_O\left(h(\phi(x_8(s),y_0(s))\right)=u_0(h(g))=u_08(s).
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\]

Example 2.2.2.3:

Consider equation

Uy +uy =0 (2.2.2.34)

with initial data

zo(s) = s, yo(s) =1, ug(s) is a given function. (2.2.2.35)

A solution of the differential equation is ¢(z,y) = =z — y. Thus
d((zo(s),y0(s)) =s—1 (2.2.2.36)

and
ug(¢+1) = uo(z —y +1) (2.2.2.37)

is the solution of the problem.
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2.3: Nonlinear Equations in Two Variables

Here we consider equation

F(z,y,2,p,9) =0, (2.3.1)
where z = u(z,y), p = u.(z,y), ¢ = u,(z,y) and F'C? is given such that F? + F? # 0.
In contrast to the quasilinear case, this general nonlinear equation is more complicated.

Together with (2.3.1) we will consider the following system of ordinary equations which follow from considerations below as
necessary conditions, in particular from the assumption that there is a solution of (2.3.1).

z'(t) =F, (2.3.2)
y'(t)=F, (2.3.3)
z'(t) = pFy + qF, (2.3.4)
p/(t) = —F;,—Fuyp (235)
() = — Fy— Fu. (23.6)

Definition. Equations (2.3.2)--(2.3.6) are said to be characteristic equations of equation (2.3.1) and a solution
$S(x(1)y(t).z(t).p().at)\]

of the characteristic equations is called characteristic strip or Monge curve.

Figure 2.3.1: Gaspard Monge (Pantheon, Paris)

We will see, as in the quasilinear case, that the strips defined by the characteristic equations build the solution surface of the
Cauchy initial value problem.

Let z = u(zx, y) be a solution of the general nonlinear differential equation (2.3.1).
Let (z¢, 0, 20) be fixed, then equation (2.3.1) defines a set of planes given by
(0, Y0, 20, D, q), i- €., planes given by z = v(z,y) which contain the point (z, yo, z0)

and for which v, = p, v, = ¢ at (z¢,y0). In the case of quasilinear equations these set of planes is a bundle of planes which all
contain a fixed straight line, see Section 2.1. In the general case of this section the situation is more complicated.
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Consider the example
PP+’ = f(z,y,2), (2.3.7)

where f is a given positive function. Let E be a plane defined by z = v(x, y) and which contains (z, yo, 20). Then the normal on the
plane E directed downward is

$${\bf N}=\frac{1}{\sqrt{1+[|\nabla v|*2}}(p,a,-1),\]

where p = v, (o, ¥0), ¢ = vy(xo,yo). It follows from (2.3.7) that the normal N makes a constant angle with the z-axis, and the z
-coordinate of N is constant, see Figure 2.3,2.

Figure 2.3.2: Monge cone in an example

Thus the endpoints of the normals fixed at (zo, yo, 20) define a circle parallel to the (z,y)-plane, i. e., there is a cone which is the
envelope of all these planes.

We assume that the general equation (2.3.1) defines such a Monge cone at each point in R3. Then we seek a surface S which
touches at each point its Monge cone, see Figure 2.3.3.

Zz

0 N
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Figure 2.3.3: Monge cones
More precisely, we assume there exists, as in the above example, a one parameter C''-family
$$p(\lambda)=p(\lambda;x,y,z),\ a(\lambda)=q(\lambda;x,y,z)\]
of solutions of (2.3.1). These (p(A), g()\)) define a family ITI(\) of planes.
Let
$${\bf x}(\tau)=(x(\tau),y(\tau),z(\tau))\]

be a curve on the surface S which touches at each point its Monge cone, see Figure 2.3.4. Thus we assume that at each point of
the surface § the associated tangent plane coincides with a plane from the family II(\) at this point.

z

Figure 2.3.4: Monge cones along a curve on the surface
Consider the tangential plane Ty, of the surface S at xo = (z(79), y(70), 2(70)). The straight line
$${\bf J(\sigma)={\bf x}_0+\sigma {\bf x}'(\tau_0),\qquad -\infty<\sigma<\infty,\]

is an apothem (in German: Mantellinie) of the cone by assumption and is contained in the tangential plane Ty, as the tangent of
a curve on the surface S. It is defined through

x'(19) =1'(0). (2.3.8)
The straight line 1(o) satisfies
$$1_3(\sigma)-z_0=(I_1(\sigma)-x_8)p(\lambda_0)+(l_2(\sigma)-y_0)q(\lambda_8),\]
since it is contained in the tangential plane Tk, defined by the slope (p, ¢). It follows
$$1_3'(\sigma)=p(\lambda_0)l_1'(\sigma)+q(\lambda_8)l_2'(\sigma).\]
Together with (2.3.8) we obtain
2'(1) = p(Xo)z' (1) + a(Xo)y' (7). (2.3.9)

The above straight line 1 is the limit of the intersection line of two neighboring planes which envelopes the Monge cone:
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z—20 = (z — 20)p(Ao) + (¥ — 0)a( o)
z—z0 = (z —x0)p(Ao + h) + (¥ — yo)g(Ao + ).

On the intersection one has
$$(x-x_0)p(\lambda)+(y-y_0)q(\lambda_8)=(x-x_0)p(\lambda_0+h)+(y-y_0)q(\lambda_0+h).\]
Let h — 0, it follows
$$(x-x_0)p'(\lambda_0)+(y-y_0)q'(\lambda_0)=0.\]
Since z = l1(0), y = l2(o) in this limit position, we have
$$p'(\lambda_0)I_1'(\sigma)+q'(\lambda_8)I_2'(\sigma)=0,\]
and it follows from (2.3.8) that
P’ (M)’ (1) + 4" (No)y' () = 0. (2.3.10)

From the differential equation F(zy, yo, 20, (1), ¢(A)) = 0 we see that
E,p'(\) + F,q'(\) = 0. (2.3.11)

Assume z’(79) # 0 and F}, # 0, then we obtain from (2.3.10), (2.3.11)

y(n) _Fy
Q?I(To) Fp’
and from (2.3.9) (2.3.11) that
(7o) F,
=p+qg—
) "TUF,

It follows, since 1y was an arbitrary fixed parameter,

x'(1) = (¢/(7),9'(1), (7))
(m%r)x%ﬂé%;ﬁ@ﬂ(p+Q§%))

z'(7)
= F (Fp,Fq,pr+qu),
p

i. e,, the tangential vector x’(7) is proportional to (F,, F,, pF}, + ¢F,).
Set

a(r) = (2.3.12)

where F = F(x(7), y(7), 2(1), p(A(7)), ¢(A(7))). Introducing the new parameter ¢ by the inverse of r = 7(t), where
t(r) = int7 a(s) ds, (2.3.13)

we obtain the characteristic equations (2.3.2)--(2.3.4).

Here we denote x(7(t)) by x(¢) again.

From the differential equation (2.3.1) and from (2.3.2)--(2.3.4) we get equations (2.3.5) and (2.3.6). Assume the surface z = u(z,y)
under consideration is in C?, then

Fy+ Fop+ Fyp, + Fypy =0, (g2 = py)
Fz+sz+m/(t)pz+y/(t)py:0
Fz+sz+p/(t):0

since p = p(z,y) = p(x(t), y(t)) on the curve x(t). Thus equation (2.3.5) of the characteristic system is shown. Differentiating the
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differential equation (2.3.1) with respect to y, we get finally equation (2.3.6).

Remark. In the previous quasilinear case

F(.’E,y, Z, P, q) = al(z7y7 Z)p + a2($, Y, z)qi a3(x,y, Z) (2314)

the first three characteristic equations are the same:

x,(t) = al(xayv Z)7 y/(t) = a2($,y, Z)7 Z,(t) = a3(xay7 Z) (2315)

The point is that the right hand sides are independent on p or ¢. It follows from Theorem 2.1 that there exists a solution of the
Cauchy initial value problem provided the initial data are non-characteristic. That is, we do not need the other remaining two
characteristic equations.

The other two equations (2.3.5) and (2.3.6) are satisfied in this quasilinear case automatically if there is a solution of the equation,
see the above derivation of these equations.

The geometric meaning of the first three characteristic differential equations (2.3.2)--(2.3.6) is the following one. Each point of the
curve
Az (x(t),y(t), 2(t)) (2.3.16)

corresponds a tangential plane with the normal direction (—p, —¢, 1) such that
2'(t) = p(t)z’(t) + a(t)y (1) (2.3.17)

This equation is called strip condition. On the other hand, let z = u(z,y) defines a surface, then z(t) := u(x(t),y(t)) satisfies the
strip condition, where p = u, and ¢ = u,, that is, the "scales" defined by the normals fit together.

Proposition 2.3. F(z,y, z,p, q) is an integral, i. e,, it is constant along each characteristic curve.

Proof.

d ’ / ’ ’ 7
—F(I(t),y(t),z(t),p(t),q(t)):Fzz +Fyy + F.z +Fpp +qu

dt
=F,F,+ FyF+pF.F, + qF.F,
_pr:z_F[)sz_Fqu_Fszq

=0.
|
Corollary. Assume F(zq, yo, 20, D0, 90) = 0, then F' = 0 along characteristic curves with the initial data (z, yo, 20, o, 90)-
Proposition 2.4.
Let z = u(z,y), u™C? be a solution of the nonlinear equation (2.3.1). Set
20 = u(Z0, Yo, ) Po = Ue(T0,Y0), Go = uy(Zo,Yo). (2.3.18)

Then the associated characteristic strip is in the surface 8, defined by z = u(z,y).

Thus
2(t) = u(z(t), y(t)
p(t) = ug(z(t), y(t))
q(t) = uy(z(t), (1)),

where (z(t), y(t), 2(t), p(t), q(t)) is the solution of the characteristic system (2.3.2)--(2.3.6) with initial data (x, yo, 20, Po, 90)

Proof. Consider the initial value problem
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with the initial data z(0) = zo, y(0) = yo. We will show that

(@), y(t), u(@(t), y(t)), ua (@ (t), y(t)), uy(x(t), y(t)))

is a solution of the characteristic system. We recall that the solution exists and is uniquely determined.

Set z(t) = u(z(t),y(t)), then (z(¢),y(t), 2(t)) C 8, and
2/ (t) = upm’ () + uyy' (t) = us Fp + v, F,.

Set p(t) = ua(z(t), y(t)), a(t) = uy(z(t),y(t)), then
Pl(t) = Uge Fp + ugy Fy
q'(t) = uye Fy + uy, Fy.

Finally, from the differential equation F(z,y, u(z,y), u.(z, y), uy(z,y)) = 0 it follows

p/(t): —F,—Fup
q'(t) = — F,— Fug.
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2.3.1: Initial Value Problem of Cauchy

Let
z=1x0(s), y=1yo(s), 2= 20(s), p=po(s), 4= qo(s), 51 <s < sy, (2.3.1.1)
be a given initial strip such that the strip condition
z9(s) = po(s)z4(s) + q0(s)yo(s) (2.3.1.2)
is satisfied. Moreover, we assume that the initial strip satisfies the nonlinear equation, that is,
F(zo(s),y0(s), 20(s),po(s), q0(s)) = 0. (2.3.1.3)

Initial value problem of Cauchy: Find a C2-solution z = u(z, y) of F(x,y, z,p, q) = 0 such that the surface § defined by z = u(z,y)
contains the above initial strip.

Similar to the quasilinear case we will show that the set of strips defined by the characteristic system which are fixed onto the
initial strip, see Figure 2.3.1.1, fit together and define the surface for which we are looking at.

Figure 2.3.1.1: Construction of the solution

Definition. A strip (z(7), y(7), 2(7),p(7), q(1)), 71 < T < 79, is said to be non-characteristic if
$$x'(\tau)F_g(x(\tau),y(\tau),z(\tau),p(\tau),q(\tau))-y'(\tau)F_p(x(\tau),y(\tau),z(\tau),p(\tau),q(\tau))\not=0.\]

Theorem 2.2. For a given non-characteristic initial strip (2.3.1.1), zo, yo, z°C? and py, qir*C! which satisfies the strip condition
(2.3.1.2) and the differential equation (2.3.1.3) there exists exactly one solution z = u(z,y) of the Cauchy initial value problem in a
neighborhood of the initial curve (zy(s),yo(s), z0(s)), 1. €, z = u(z,y) is the solution of the differential equation (2.3.1) and

u(zo(s), yo(s)) = z0(s)
uz(20(8), yo(s)) = po(s)
uy(x0(s),yo(s)) = qo(s).

Proof. Consider the system (2.7)--(2.11) with initial data
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We will show that the surface defined by = = z(s,t), y(s,t) is the surface defined by z = u(z,y), where u is the solution of the
Cauchy initial value problem. It turns out that u(z,y) = 2(s(z,y), t(x,y)), where s = s(z,y), t = t(z,y) is the inverse of x = z(s,t), y
= y(s,t) in a neighborhood of ¢t = 0. This inverse exists since the initial strip is non-characteristic by assumption:

$$\det\frac{\partial(x,y){\partial(s,t)\Big|_{t=0}=x_OF_q_ -y_OF_q\not=0.\]
Set

SBEP(XY)=p(s(x,Y), 1Y)\ \ Qxy)=a(s(X.y),t(xy))\]

From Proposition 2.3 and Proposition 2.4 it follows F(z,y,u, P,Q) = 0. We will show that P(z,y) = u,(z,y) and Q(z,y) = uy(z,y).
To see this, we consider the function

$$h(s,t)=z_s-px_s-ay_s.\]
One has
$$h(s,0)=z_0'(s)-p_0(s)x_0'(s)-q_0(s)y_0'(s)=0\]

since the initial strip satisfies the strip condition by assumption. In the following we will find that for fixed s the function h satisfies
a linear homogeneous ordinary differential equation of first order. Consequently, h(s,t) = 0 in a neighborhood of ¢ = 0. Thus the
strip condition is also satisfied along transversal strips to the characteristic strips, see Figure 2.3.1.1.

Then the set of "scales" fit together and define a surface like the scales of a fish.

From the definition of h(s,¢) and the characteristic equations we get
ht(s,t) = 2st — P1Ts — QtYs — PTst — qQYst

0
= E(zt — DTy — qUt) + DsTt + GsYt — qeYs — PiTs

= (pxs + qys)F. + Foas + Fyz, + Fpps + Fogs.

Since F(z(s,t),y(s,t), 2(s,t),p(s, t),q(s,t)) =0, it follows after differentiation of this equation with respect to s the differential
equation

$Sh_t=-F_zh.\]

Hence h(s,t) = 0, since h(s,0) = 0.

Thus we have
Zs = PpTs + qYs
Zp = pTy + QY

Zs = UgTs + UyYs
2t = UgYt + UyYi.

The first equation was shown above, the second is a characteristic equation and the last two follow from z(s,t) = u(z(s,t), y(s,t)).
This system implies

(P —ug)zs + (Q —uy)ys =0
(P —ug)ws + (Q — uy)y: = 0.

It follows P = u, and Q = u,,.

The initial conditions
u(z(s,0),y(s,0)) = 20(s)
ux(x(sv 0)7 y(sv 0)) = pU(S)
Uy(.’b(s, 0)7 y(87 O)) = qO(S)

are satisfied since
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u(z(s,t),y(s,t)) = 2(s(z,y), t(z, y)) = 2(s, t)
uz(z(s,t),y(s,t)) =p(s(m,y),t($,y)) = p(s,t)
uy(m(s,t),y(s,t)) = q(s(x,y),t(a:,y)) = q(s,t).

The uniqueness follows as in the proof of Theorem 2.1.

Example 2.3.1.1:

A differential equation which occurs in the geometrical optic is

$Su_xA2+u_y"2=f(x,y)\]
where the positive function f(z,y) is the index of refraction. The level sets defined by u(z,y) = const. are called {\it wave
fronts}. The characteristic curves (z(t), y(t)) are the rays of light. If n is a constant, then the rays of light are straight lines. In
R? the equation is

SSU_XA2+u_y 2+u_z 2=f(x,y,2).\]

Thus we have to extend the previous theory from R? to R", n > 3.
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2.4: Nonlinear Equations in R"

Here we consider the nonlinear differential equation
F(I7 Z7 p) = 07

where

z=(21,...,2,), z2=u(z): QCR" = R! p=Vu.

The following system of 2n + 1 ordinary differential equations is called characteristic system.

z'(t) = V,F
Z'(t)=p-V,F
p'(t) = — V.F — F.p.
Let
zo(s) = (201(8)s e s Ton(8)), s = (51, Sn—1),

be a given regular (n-1)-dimensional C2-hypersurface in R", i. e., we assume

0z(s)
k =n—1
ank—= n

Here s™ D is a parameter from an (n — 1)-dimensional parameter domain D.
For example, = = x,(s) defines in the three dimensional case a regular surface in R?.
Assume

20(s): D= RY, po(s) = (poi(s), .., Pon(s))
are given sufficiently regular functions.
The (2n + 1)-vector

(-TO(S)? 20(8)7170(3))

is called initial strip manifold and the condition
82() Ll 81’(”
s Zp(h(s) 9s;

i=1

l=1,...,n — 1, strip condition.

The initial strip manifold is said to be non-characteristic if

Fm Fjﬂz Fpn
Odzq1 Oy ... Oz,
0s Os Os
det | O : N )
Oz Oy . Oxon
Osp1 Osny Osn—1

where the argument of I, is the initial strip manifold.

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

Initial value problem of Cauchy. Seek a solution 2z = u(z) of the differential equation (2.4.1) such that the initial manifold is a
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subset of {(z,u(z), Vu(z)) : z™Q}.
As in the two dimensional case we have under additional regularity assumptions
Theorem 2.3. Suppose the initial strip manifold is not characteristic and satisfies differential equation (2.4.1), that is,
F(z(s),z0(s),p0(s)) = 0. Then there is a neighborhood of the initial manifold (x((s), zo(s)) such that there exists a unique solution
of the Cauchy initial value problem.
Sketch of proof. Let

.Z':$(8,t), Z:Z(S,t)7 p:p(sat) (249)

be the solution of the characteristic system and let
s =s(x), t =t(x) (2.4.10)

be the inverse of x = z(s,t) which exists in a neighborhood of ¢ = 0. Then, it turns out that

z=wu(z) := 2(51(T1, - s Tn), oor s Sn1(T1, ooe , Tp), (X1, e, T)) (2.4.11)

is the solution of the problem.

Contributors and Attributions

e Prof. Dr. Erich Miersemann (Universitat Leipzig)

¢ Integrated by Justin Marshall.

This page titled 2.4: Nonlinear Equations in \(\mathbb{R}"n\) is shared under a license and was authored, remixed, and/or curated by Erich
Miersemann.

45 (2.4.2)


http://www.math.uni-leipzig.de/~miersemann/
http://www.math.uni-leipzig.de/cms/en/startseite/
https://math.libretexts.org/Bookshelves/Differential_Equations/Partial_Differential_Equations_(Miersemann)/2%3A_Equations_of_First_Order/2.4%3A_Nonlinear_Equations_in_Rn
http://www.math.uni-leipzig.de/~miersemann/
http://www.math.uni-leipzig.de/~miersemann/

LibreTexts"

2.5: Hamilton-Jacobi Theory

The nonlinear equation (2.4.1) of previous section in one more dimension is

$$

F(x_1,\ldots,x_n,x_{n+1},z,p_1\ldots,p_n,p_{n+1})=0.

\Y

The content of the Hamilton'-Jacobi? theory is the theory of the special case
F=pyu1+H(®1, .. ,TpyTpt1,D1, - s0n) =0, (2.5.1)

i. e, the equation is linear in p, 1 and does not depend on z explicitly.

Remark. Formally, one can write equation (2.4.1)

$$F(x_1,\ldots,x_n,u,u_{x_1}\ldots,u_{x_n})=0O\]

as an equation of type (2.5.1). Set z,,11 = u and seek u implicitly from

$$\phi(x_1,\ldots,x_n,x_{n+1})=const.\]

where ¢ is a function which is defined by a differential equation.

Assume ¢, ., # 0, then

0=F(Z1, ., Ty U, Ug,, .., Usg, )
¢‘T d)'f
:F(-’.Ul,..-7$n,$7l+1,_—17...,_ — )
¢$n+1 ¢$n+1

= G(xh ooy Tty ¢la (AR ¢mn+1)’

Suppose that G%“ #+ 0, then
$$\phi_{x_{n+1}}=H(x_1\ldots,x_n,x_{n+1},\phi_{x_1},\ldots,\phi_{x_{n+1}}).\]

The associated characteristic equations to (2.5.1) are

x;H(T) =Fp,=1

zy(1) = Fp, = Hp,, k=1,...,n
n+1 n
Z/(T) = ZplFm = lep/ + Pnt1
=1 =1
n
= 2 pily, —H
=1
p;z+l(7—) = - anﬂ - szn+1
= - an+l
p;c(T) = —F,, — F.up

= —F,, k=1,..,n.

Set t := z,,1, then we can write partial differential equation (2.5.1) as

ug + H(z,t,V,u) =0 (2.5.2)

and 2n of the characteristic equations are
’(t) = V,H(z,t,p) (2.5.3)
p'(t) = — V.H(z,t,p). (2.5.4)
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Here is
$$x=(x_1,\ldots,x_n),\ p=(p_1,\ldots,p_n).\]
Let z(t), p(t) be a solution of (2.5.3) and (2.5.4), then it follows p;,_,(¢) and z’(t) from the characteristic equations

Prsa(t) = — Hy
2'(t)=p-V,H—H.

Definition. The function H(z,t,p) is called Hamilton function, equation (2.5.1) Hamilton-Jacobi equation and the system (2.5.3), (
2.5.4) canonical system to H.

There is an interesting interplay between the Hamilton-Jacobi equation and the canonical system. According to the previous
theory we can construct a solution of the Hamilton-Jacobi equation by using solutions of the canonical system. On the other
hand, one obtains from solutions of the Hamilton-Jacobi equation also solutions of the canonical system of ordinary differential
equations.
Definition.
A solution ¢(a; z,t) of the Hamilton-Jacobi equation, where a = (ay, ..., a,) is an n-tuple of real parameters, is called a complete
integral of the Hamilton-Jacobi equation if
$$
\det (\phi_{x_ia_l})_{i,l=1}*n\not=0.
\]
Remark. If u is a solution of the Hamilton-Jacobi equation, then also u + const.
Theorem 2.4 (Jacobi). Assume
u=¢(a;z,t) + ¢, c=const., $™C? in its arguments, (2.5.5)
is a complete integral. Then one obtains by solving of
bi = ¢a,(a; z, ) (2.5.6)
with respect to z; = z;(a,b,t), where b; i = 1, ... ,n are given real constants, and then by setting
Dk = Pu,(a;x(a, b t),t) (2.5.7)
a 2n-parameter family of solutions of the canonical system.
Proof. Let
$$x_l(a,b;t),\ I=1)\ldots,n,\]
be the solution of the above system. The solution exists since ¢ is a complete integral by assumption. Set

$$p_k(a,b;t)=\phi_{x_k}(a;x(a,b;t),t),\ k=1)\ldots,n.\]

We will show that z and p solves the canonical system. Differentiating ¢,, = b; with respect to ¢ and the Hamilton-Jacobi equation
¢ + H(z,t,V,¢) = 0 with respect to a;, we obtainfori=1,...,n

& 8£Ek
¢ta1 + Z ¢zkaL W =0
k=1

n
¢taL + Z ¢zka,Hpk =0.
k=1

Since ¢ is a complete integral it follows for k=1, ...,n

$$\frac{\partial x_kH{\partial t}=H_{p_k}.\]
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Along a trajectory, i. e., where a, b are fixed, it is % = z,(t). Thus
$Ex_K'(t)=H_{p_k}\]

Now we differentiate p;(a, b; t) with respect to ¢ and ¢; + H(z,t, V,¢) = 0 with respect to z;, and obtain
n
pi(t) = dut + Z Gz T (1)
k=1
n
0= ¢zit + Z ¢zqzka;c + Hzi
k=1
n
0= ¢ + Z G0, k() + Ha,
k=1

It follows finally that p;(t) = —H,,.

Example 2.5.1: Kepler problem

The motion of a mass point in a central field takes place in a plane, say the (z,y)-plane, see Figure 2.5.1, and satisfies the
system of ordinary differential equations of second order

$X"(1)=U_x,\ y"(t)=U_y\]
where
SSU(x,y)=\frac{k " 2}{\sart{x*2+y~2}}.\]

Here we assume that k2 is a positive constant and that the mass point is attracted of the origin. In the case that it is pushed
one has to replace U by —U. See Landau and Lifschitz [12], Vol 1, for instance, concerning the related physics.

y

(x(1),y(t)

Figure 2.5.1: Motion in a central field
Set
$$p=x’\ q=y\]
and

$$H=\frac{1H{2}p 2+q"2)-U(x.y)\]
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then

' (t) = Hyp, y'(t) = H,
p'(t)= — Hy, ¢'(t) = —H,

The associated Hamilton-Jacobi equation is
k2

bt 562+ 0D =

which is in polar coordinates (r, §)

1, 1 , K
— - = —. 2.5.
b+ (67 + 7)== (2:58)
Now we will seek a complete integral of (2.5.8) by making the ansatz
¢ = —a = const. ¢g = — = const. (2.5.9)
and obtain from (2.5.8) that
2k2 2
¢ = Linty /20 + s 5—2 dp + c(t, ). (2.5.10)
p
From ansatz (2.5.9) it follows
c(t,8) = —at — B6. (2.5.11)
Therefore we have a two parameter family of solutions
¢ = ¢(a, B;0,7,1) (2.5.12)
of the Hamilton-Jacobi equation. This solution is a complete integral, see an exercise.
According to the theorem of Jacobi set
$a = —to, ¢p=—0o. (2.5.13)
Then
d
t—to = —int], 2 . (2.5.14)
282 _ B2
200 + 7 e
The inverse function r = r(t), (0) = ry, is the r-coordinate depending on time ¢, and
d
6— 6, = Bint!, 2 (2.5.15)

5 ) :

Substitution 7 = p~! yields
1/r dr

i 20 + 2k2T — 272

8% 1 8% 1
. BT . s
= —arcsin | —— | tarcsin | —— |.
1+ 2032 14+ 20,32

k4

0— 6y = — Bint

Set
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B1
01 = 0y + arcsin (kro—> (2.5.16)
2032
14 24
and
B’ 20,
P="3 & 1+ T (2.5.17)
then
2_1
6 —6; = —arcsin | — = . (2.5.18)
It follows
r=r(0) = P (2.5.19)

1—e2sin(0—6)’

which is the polar equation of conic sections. It defines an ellipse if 0 < e < 1, a parabola if e = 1 and a hyperbola if ¢ > 1,
see Figure 2.5.2 for the case of an ellipse, where the origin of the coordinate system is one of the focal points of the ellipse.

Figure 2.5.2: The case of an ellipse

For another application of the Jacobi theorem see Courant and Hilbert [4], Vol. 2, pp. 94, where geodesics on an ellipsoid
are studied.

1Hamilton, William Rowan, 1805--1865

2 Jacobi, Carl Gustav, 1805--1851
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2.E: Equations of First Order (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q2.1

Suppose v : R? = R! is a solution of
a(z,y)us + bz, y)u, = 0. (2.E.1)

Show that for arbitrary H™C! also H(u) is a solution.

Q2.2

Find a solution u = const. of

Uy + uy =0 (2.E.2)
such that
graph(u) = {(2,5,2)"R* : z=u(,y), (z,y)"R?} (2.E.3)
contains the straight line (0,0,1) + s(1,1,0), s™R!.
Q2.3
Let ¢(z,y) be a solution of
a1 (z,y)ug + az(z,y)uy, =0 . (2.E.4)

Prove that level curves S¢ := {(z,y) : ¢(z,y) = C = const.} are characteristic curves, provided that V¢ # 0 and (a1, a2) # (0,0).

Q2.4

Prove Proposition 2.2.

Q2.5

Find two different solutions of the initial value problem
where the initial data are z((s) = s, yo(s) = s, z0(s) = s.

Hint: (z9,yo) is a characteristic curve.

Q2.6

Solve the initial value problem
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TUg + YUy = U
with initial data z¢(s) = s, yo(s) = 1, z9(s), where z is given.

Q2.7

Solve the initial value problem

—XUg + YUy = qu,

zo(s) = s, yo(s) =1, z9(s) = e *.

Q2.8

Solve the initial value problem

Uy + uy = 1,
Sx_0(s)=s,\ y_0(s)=s$, zo(s) = s/2if 0 < s < 1.

Q2.9

Solve the initial value problem

UUy; + vty = 2,
zo(s)=s, yo(s) =1, 20(s) =1+ sif 0 < s < 1.

Q2.10

(2.E.6)

(2.E.7)

(2.E.8)

(2.E.9)

Solve the initial value problem u2 +u2 = 1 + = with given initial data zo(s) = 0, yo(s) = s, uo(s) =1, po(s) =1, qo(s) =0, —00 < s

< o0.

Q2.1

Find the solution ®(z,y) of
(& —yY)u, + 2yu, = 3z

such that the surface defined by z = ®(z, y) contains the curve

$$
C:\\ x_0(s)=s,\ y_0(s)=1\ z_0(s)=0,\ s\in{\mathbb R}.
\]

Q2.12

Solve the following initial problem of chemical kinetics.

Uy + Uy = (koe*k”” + k‘z) 1—w)? >0 y>0

with the initial data u(z,0) = 0, u(0,y) = uo(y), where ug, 0 < uy < 1, is given.
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Q2.13

Solve the Riemann problem
Ug, + Ugy = 0
u(z1,0) = g(x1)

in Q= {(wl,l'z)mtRQ LT > 1‘2} and in Qo = {(Z‘l,mg)mtR2 L < .TQ},
where

u o< 0
= 2.E.12

9(z1) { ur, : x>0 ( )
with constants u; # u,.

Q2.14

Determine the opening angle of the Monge cone, that is, the angle between the axis and the apothem (in German: Mantellinie) of
the cone, for equation

where f > 0.
Q2.15
Solve the initial value problem
ul +ul =1, (2.E.14)

where z((6) = acosf, yo(8) = asinb, zy(0) =1, po(f) = cosb, go(§) =sinf if 0 < 6 < 27,
a = const. > 0.

Q2.16

Show that the integral ¢(«, 3; 0, r, t), see the Kepler problem, is a complete integral.

Q2.17

a)Show that S = az+vV1—ay+p o, f™R', 0 <a<1,isacomplete integral of S, —,/1—52=0.
b) Find the envelope of this family of solutions.

Q2.18

Determine the length of the half axis of the ellipse

$$
r=\frac{p}{1-\varepsilon*2\sin(\theta-\theta_0)},\ O\le\varepsilon<1.

\]

Q2.19

Find the Hamilton function H(z, p) of the Hamilton-Jacobi-Bellman differential equation if h = 0 and f = Az + Ba, where
A, B are constant and real matrices, A: R™— R", B is an orthogonal real n x n-Matrix and p™R" is given. The set of admissible
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controls is given by

$$

U=\{\alpha\in\mathbb{R}*n:\ \sum_{i=1}*n\alpha_i*2\le1\}\ .
\]

Remark. The Hamilton-Jacobi-Bellman equation is formally the Hamilton-Jacobi equation u; + H(z, Vu) = 0, where the Hamilton
function is defined by

H(z,p) := min (f(z,a) - p+ h(z,a)), (2.E.15)

oty
f(z,a) and h(z, «) are given. See for example, Evans [5], Chapter 10.
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3: CLASSIFICATION

Different types of problems in physics, for example, correspond different types of partial differential equations. The methods how
to solve these equations differ from type to type.

The classification of differential equations follows from one single question: can we calculate formally the solution if sufficiently
many initial data are given? Consider the initial problem for an ordinary differential equation y'(z) = f(z,y(z)), y(zo) = yo. Then
one can determine formally the solution, provided the function f(z,y) is sufficiently regular. The solution of the initial value
problem is formally given by a power series. This formal solution is a solution of the problem if f(z,y) is real analytic according
to a theorem of Cauchy. In the case of partial differential equations the related theorem is the Theorem of Cauchy-Kowalevskaya.
Even in the case of ordinary differential equations the situation is more complicated if 3 is implicitly defined, i. e., the differential
equation is F(z,y(z),y’ (z)) = 0 for a given function F.

|
o hopic meraren, 1 L]

3.1: Linear Equations of Second Order
3.1.1: Normal Form in Two Variables
3.2: Quasilinear Equations of Second Order
3.2.1: Quasilinear Elliptic Equations
3.3: Systems of First Order

3.3.1: Examples

3.4: Systems of Second Order

3.4.1: Examples

3.5: Theorem of Cauchy-Kovalevskaya
3.5.1 Appendix: Real Analytic Functions
3.E: Classification (Exercises)
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3.1: Linear Equations of Second Order

The general nonlinear partial differential equation of second order is

F(z,u, Du, D*u) = 0, (3.1.1)

where n, u: © Cc R = R!, Du = Vu and u stands for all second derivatives. The function F is given and sufficiently regular with
respect to its 2n + 1 + n? arguments.

In this section we consider the case

n

a™(2)ugm, + f(z,u, Vu) = 0. (3.1.2)
ik=1
The equation is linear if
f= Z b (x)ug, + c(x)u + d(x). (3.1.3)
=1

Concerning the classification the main part

a™* (@) gz, (3.1.4)
ik=1

plays the essential role. Suppose ¢ (C?, then we can assume, without restriction of generality, that a** = a*, since

n n
Z a®ugy = Z (a™) gz, (3.1.5)

ik=1 ik=1
where

(a™)* = %(aik + a™). (3.1.6)

Consider a hypersurface § in n defined implicitly by x(z) = 0, Vx # 0, see Figure 3.1.1

Aj
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Figure 3.1.1: Initial Manifold &
Assume u and Vu are given on 8.
Problem: Can we calculate all other derivatives of u on § by using differential equation (3.1.2\) and the given data?

We will find an answer if we map S8 onto a hyperplane §, by a mapping

An = x(T1, .0, 2y)
)\i = )\i(l'l, ...,Zn), 1= 1, ey — 17

for functions \; such that
A1,y An)

det
¢ (1, ..., y)

#0 (3.1.7)

in n. It is assumed that ¢ and 7 are sufficiently regular. Such a mapping A = A(z) exists, see an exercise.

The above transform maps § onto a subset of the hyperplane defined by \,, = 0, see Figure 3.1.2.

X3

Figure 3.1.2: Transformed flat manifold §

We will write the differential equation in these new coordinates. Here we use Einstein's convention, that is, we add terms with
repeating indices. Since

u(z) = u(z(N)) =: v(A) = v(A(x)), (3.1.8)

where z = (z1,...,x,) and A = (Aq, ..., A\,), we get

O\
U, = 02, (3.1.9)
S O\ O\ ; 0%\
@k = YAk 81']‘ 8.27k A 8x,8xk ’
Then the differential equation (3.1.2) in the new coordinates is given by
. O\ O
a* (z 87j8_x;iv)”)‘l + terms known on 8y = 0. (3.1.10)

Since vy, (A1, ..., An_1,0), n, are known, see (3.1.9), it follows that v,,,, I =1,...,n — 1, are known on 8. Thus we know all second
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derivatives v),»;, on 8y with the only exception of vy »,.
We recall that, provided v is sufficiently regular,

UAk/\r(/\l""a/\nflao) (3.1.11)

is the limit of
U)\k(Ala (XX} >\l + hv /\l+17 seey Anflv 0) - 'U)\;,.(Aly seey >\la >\l+1a ceey >\n71, O)

- (3.1.12)
as h— 0.
Then the differential equation can be written as
zn: ajk(x)%&v,\n)\n = terms known on 8. (3.1.13)
e x; Ox)
It follows that we can calculate v, ), if
3" 6 (2)xexe, 0 (3.1.14)
ij=1
on 8. This is a condition for the given equation and for the given surface S.
Definition. The differential equation
> a¥(@)xxs, = 0 (3.1.15)
ij=1

is called it characteristic differential equation associated to the given differential equation (3.1.2).

If x, Vx # 0, is a solution of the characteristic differential equation, then the surface defined by x = 0 is called characteristic
surface.

Remark. The condition (3.1.14) is satisfied for each x with Vy # 0 if the quadratic matrix (a¥(z)) is positive or negative definite
for each z™'Q), which is equivalent to the property that all eigenvalues are different from zero and have the same sign. This follows
since there is a A(z) > 0 such that, in the case that the matrix (a%) is poitive definite,

n

> ai(@)¢i¢; > Ma)[¢)? (3.1.16)

i3=1

for all ¢™*R. Here and in the following we assume that the matrix (a%) is real and symmetric.
The characterization of differential equation (3.1.2) follows from the signs of the eigenvalues of (a¥(z)).

Definition. The differential equation (3.1.2) is said to be of type (a,3,7) at z™Q if o eigenvalues of (a/)(z) are positive, 3
eigenvalues are negative and v eigenvalues are zero (a + 8+ v = n).
In particular, the equation is called

elliptic if it is of type (n,0,0) or of type (0, n,0), that is, all eigenvalues are different from zero and have the same sign,\

parabolic if it is of type (n — 1,0, 1) or of type (0,n — 1,1), that is, one eigenvalue is zero and all the others are different from zero
and have the same sign,

hyperbolic if it is of type (n — 1,1,0) or of type (1,n — 1,0), that is, all eigenvalues are different from zero and one eigenvalue has
another sign than all the others.
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Remarks:

1. According to this definition there are other types aside from elliptic, parabolic or hyperbolic equations.

2. The classification depends in general on 2™ (). An example is the Tricomi equation, which appears in the theory of transsonic
flows,
YUgz + Uy = 0. (3.1.17)

This equation is elliptic if y > 0, parabolic if y = 0 and hyperbolic for y < 0.

Examples:

Example 3.1.1:

The Laplace equation in R? is Au = 0, where
AU = Uy + Uy + U (3.1.18)

This equation is elliptic since for every manifold § given by {(z,y,2) : x(z,y,2) = 0}, where x is an arbitrary sufficiently
regular function such that V # 0, all derivatives of u are known on 8, provided « and Vu are known on S.

Example 3.1.2:

The wave equation uy = ugzy + Uy + u,., Where u = u(z, y, 2, t), is hyperbolic. Such a type describes oscillations of mechanical
structures, for example.

Example 3.1.3:

The heat equation us = ugy + Uy + U, Where u = u(z, y, 2, t), is
parabolic. It describes, for example, the propagation of heat in a domain.

Example 3.1.4:

Consider the case that the (real) coefficients a¥ in equation (3.1.2) are {\it constant}. We recall that the matrix A = (a%) is
symmetric, that is, AT = A. In this case, the transform to principle axis leads to a normal form from which the classification
of the equation is obviously. Let U be the associated orthogonal matrix, then

A O . 0
UTAU = ? (3.1.19)
0 0 - A
Here is U = (21, ..., 2,), Where z;,, I = 1,...,n, is an orthonormal system of eigenvectors to the eigenvalues \;.
Set y = UTz and v(y) = u(Uy), then
n - n
D auge, =Y Aivyy,. (3.1.20)
ij=1 i=1
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3.1.1: Normal Form in Two Variables

Consider the differential equation
a(z, Y)ugy + 2b(x, Y)ugy + c(z, y)u,, + terms of lower order = 0 (3.1.1.1)
in © c R2. The associated characteristic differential equation is
ax + 2bxaxy + cx; = 0. (3.1.1.2)

We show that an appropriate coordinate transform will simplify equation (3.1.1.1) sometimes in such a way that we can solve the
transformed equation explicitly.

Let z = ¢(z,y) be a solution of (3.1.1.2). Consider the level sets {(z,y) : ¢(z,y) = const.} and assume ¢, # 0 at a point (z,yo) of
the level set. Then there is a function y(z) defined in a neighborhood of z( such that ¢(x, y(z)) = const. It follows

$$y'(x)=-\dfrac{\phi_x}{\phi_y},\]
which implies, see the characteristic equation (3.1.1.2),
ay’? —2by’ +c=0. (3.1.1.3)

Then, provided a # 0, we can calculate p := 3’ from the (known) coefficients a, b and ¢:
1
B2 = — (b + Vb2~ aC) : (3.1.1.4)

These solutions are real if and only of ac — 5% < 0.

Equation (3.1.1.1) is hyperbolic if ac — b? < 0, parabolic if ac — b?> = 0 and ellipticif ac — b> > 0. This follows from an easy discussion
of the eigenvalues of the matrix

$$\lefi(
a b
111
b e (3.1.1.1)
\right),\]
see an exercise.
Normal form of a hyperbolic equation
Let ¢ and ¢ are solutions of the characteristic equation (3.1.1.2) such that
Yi=pm= — ¢—J
1 ¢y
Yy = pi2 = — Ye
2 wy )
where p1 and us are given by (3.1.1.4). Thus ¢ and v are solutions of the linear homogeneous equations of first order
O+ p1(z,y)py, =0 (3.1.1.5)
Vi + 12z, Yy, = 0. (3.1.1.6)

Assume ¢(z,y), ¥(z,y) are solutions such that V¢ #+ 0 and Vi # 0, see an exercise for the existence of such solutions.

Consider two families of level sets defined by ¢(z,y) = « and ¢ (z,y) = 3, see Figure 3.1.1.1.
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alt
Figure 3.1.1.1: Level sets

These level sets are characteristic curves of the partial differential equations (3.1.1.5) and (3.1.1.6), respectively, see an exercise
of the previous chapter.

Lemma. (i) Curves from different families can not touch each other

Proof. (i):
/ / 2

Yo — Y1 = o — 1 :fzx/beac#O. (3.1.1.2)
(ii):
$$
\mu_2-\mu_1=\dfrac{\phi_x}{\phi_y}-\dfrac{\psi_x}{\psi_y}.
\]

|

Proposition 3.1. The mapping £ = ¢(x,y), n = ¥(z, y) transforms equation (3.1.1.1) into

Vg, = lower order terms, (3.1.1.7)

where v(§,m) = u(z(§,m),y(&n))-}

Proof. The proof follows from a straightforward calculation.

Uy = v§¢z + Unwz

Uy = Vedy + vyhy
Ugy = Vee2 + 20902y + V02 + lower order terms
Ugy = VeePaPy + Vey(Pety + dybz) + Vyy¥ethy + lower order terms
Uy = vggqbz + 2v0gy P10y + vnnwz + lower order terms.

Thus
AUz + 20Uy + cuyy = avee + 2Bvey + YUy + Loot., (3.1.1.3)

where
a:=ag} + 2bp,¢, + co,
B:=ag. P, + b(%% + ¢y¢m) + C¢y¢y
v = al + 2bharhy + .

The coefficients a and v are zero since ¢ and % are solutions of the characteristic equation. Since

a')/_ﬂz = (aC_bZ)(¢z¢y_¢y¢z)2v (3.1.1.4)

it follows from the above lemma that the coefficient g is different from zero.

Example 3.1.1.1:

Consider the differential equation
Ugg — Uy = 0. (3.1.1.5)
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The associated characteristic differential equation is
X —xp=0. (3.1.1.6)

Since p; = —1 and ps = 1, the functions ¢ and v satisfy differential equations

bz + ‘z)y =0
d’w - 'l/)y =0.
Solutions with V¢ #+ 0 and Vi # 0 are
p=z—y, v=2x+y. (3.1.1.7)
Then the mapping
E=z—y, n=z+y (3.1.1.8)
leads to the simple equation
vgy(§,m) = 0. (3.1.1.9)

Assume v'"*C? is a solution, then v¢ = f1(£) for an arbitrary C'* function f;(¢). It follows

(& n) = int§ fi(a) da+ g(n), (3.1.1.10)

where g is an arbitrary C? function. Thus each C2-solution of the differential equation can be written as

(%) v(&m) = f(&) + g(n),

where f, g™ C?. On the other hand, for arbitrary C2-functions f, g the function ( %) is a solution of the differential equation v,
= 0. Consequently every C2-solution of the original equation u,, — u,, = 0 is given by

u(z,y) = f(z —y) + g(z +y), (3.1.1.11)

where f, ¢"C?2.
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3.2: Quasilinear Equations of Second Order

Here we consider the equation

Z a(z,u, Vu)ug,, + b(z,u, Vu) =0 (3.2.1)

ig=1

in a domain Q C R, where v : Q = R'. We assume that a¥ = a7,

As in the previous section we can derive the characteristic equation

n
Z a™ (2,4, V) Xz, Xz, = 0. (3.2.2)

1,j=1

In contrast to linear equations, solutions of the characteristic equation depend on the solution considered.
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3.2.1: Quasilinear Elliptic Equations

There is a large class of quasilinear equations such that the associated characteristic equation has no solution x, Vx # 0.
Set

$$

U=\{(x,z,p):\ xX\in\Omega,\ z\in\mathbb{R}*1,\ p\in\mathbb{R}\}.

\]

Definition. The quasilinear equation (3.2.1) is called elliptic if the matrix (a%(z, 2, p)) is positive definite for each (z, z, p)™U.

Assume equation (3.2.1) is elliptic and let A(z, z, p) be the minimum and A(z, z,p) the maximum of the eigenvalues of (a’/), then

0 <Az, 2p)|¢* < Y a¥(z,2,p)G¢; < A, 2,p) (¢ (3:2.1.1)

ig=1

for all ¢™R.
Definition. Equation (3.2.1) is called uniformly elliptic if A/X is uniformly bounded in U.

An important class of elliptic equations which are not uniformly elliptic (non-uniformly elliptic) is

"0 Uy,
— | ———| + lower order terms = 0. (3.2.1.1)
i=1 azl (\/1+Vu|2>

The main part is the minimal surface operator (left hand side of the minimal surface equation). The coefficients a* are

i —1/2 pipj
a"(z,z,p) = (1 + \p‘2) / (&'j T |;)|2> , (3.2.1.2)

0;; denotes the Kronecker delta symbol. It follows that

U A= —1 (3.2.1.3)

(1+ |p2)*? (1+p|2)"*

Thus equation (3.2.1.1) is not uniformly elliptic.

The behavior of solutions of uniformly elliptic equations is similar to linear elliptic equations in contrast to the behavior of
solutions of non-uniformly elliptic equations.
Typical examples for non-uniformly elliptic equations are the minimal surface equation and the capillary equation.
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3.3: Systems of First Order

Consider the quasilinear system

> AR (@, w)uy, + b(z,u) =0, (3.3.1)
k=1

where A* are m x m-matrices, sufficiently regular with respect to their arguments, and

$$
u=\left(
Uy
(3.3.2)
um
\right),\ \
u_{x_k}=\left(
U1z,
: (3.3.3)
um,z;\-
\right)\ \
b=\left(
by
: (3.3.4)
b
\right).
\]

We ask the same question as above: can we calculate all derivatives of « in a neighborhood of a given hypersurface § in R defined
by x(z) =0, Vx # 0, provided u(z) is given on §?

For an answer we map § onto a flat surface 8, by using the mapping A = A\(z) of Section 3.1 and write equation (3.3.1) in new
coordinates. Set v(\) = u(z(})), then

$$\sum_{k=1}*nA*k(x,u)\chi_{x_k}v_{\lambda_n}=\mbox{terms known on}\ \mathcal{S}_0.\]
We can solve this system with respect to v, , provided that
$$\det\left(\sum_{k=1}*nA*k(x,u)\chi_{x_kHright)\not=0\]

on&.

Definition. Equation

$$\det\left(\sum_{k=1}*nA*k(x,u)\chi_{x_kNright)=0\]

is called characteristic equation associated to equation (3.3.1) and a surface 8: x(z) = 0, defined by a solution x, Vx # 0, of this
characteristic equation is said to be characteristic surface.

Set
$$C(x,u,\zeta)=\det\left(\sum_{k=1}*nA"Kk(x,u)\zeta_k\right)\]

for (™R.
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Definition.

i. The system (3.3.1) is hyperbolic at (z,u(x)) if there is a regular linear mapping ¢{ = Qn, where n = (11, ..., -1, ), such that
there exists m {\it real} roots xj = ki(z,u(x),n1, ... ,Mp-1), k= 1,...,m, of

D(z,u(z),n1,...,Mn-1,k) =0 (3.3.5)
for all (n4, ..., Mn—1), Where
D(‘T7 u(a:), M1y -5 Mn—15 K’) = C(‘T’ u(a:), z, Qn) (336)

ii. System (3.3.1) is parabolic if there exists a regular linear mapping ¢ = Qn such that D is independent of k, that is, D depends
on less than n parameters.
iii. System (3.3.1) is elliptic if C(z,u,{) =0 only if {=0.

Remark. In the elliptic case all derivatives of the solution can be calculated from the given data and the given equation.
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3.3.1: Examples

Example 3.3.1.1: Beltrami Equations

Wuy — bvg —cvy =0 (3.3.1.1)
Wuy + avy + buy, =0, (3.3.1.2)

where W, a, b, c are given functions depending of (z,y), W # 0 and the matrix

$$
\left(
a b
b . (3.3.1.1)
\right)
\]

is positive definite.

The Beltrami system is a generalization of Cauchy-Riemann equations. The function f(z) = u(z,y) + iv(z, y), where z = = + iy
, is called a quasiconform mapping, see for example [9], Chapter 12, for an application to partial differential equations.

Set

$$
Ar=\left(

(3.3.1.2)

\right),\ \
Ar2=\left(

(3.3.1.3)

\right).
\]

Then the system (3.3.1.1), (3.3.1.2) can be written as

$$
AM\left(

ta (3.3.1.4)

Vg

\right)+
AN2\left(

(3.3.1.5)
\right)=\left(
(3.3.1.6)

\right).
\]
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Thus,

W —bCi —ce

Wé  ali+bl | W(agi + 2b¢16a + (3),

C(z,y,¢) =

which is different from zero if ¢ # 0 according to the above assumptions. Thus the Beltrami system is elliptic.

Example 3.3.1.2: Maxwell Equations

The Maxwell equations in the isotropic case are

croty, H=AE+¢€E,; (3.3.1.3)
crot, E= — pHy, (3.3.1.4)

where

e E = (e, ey, e3)7 electric field strength, e; = e;(z,t), £ = (1, 9, 3),
e H = (hy, ha, h3)T magnetic field strength, h; = h;(z, t),

e cspeed of light,

e )\ specific conductivity,

e ¢ dielectricity constant,

e 1 magnetic permeability.

Here ¢, A, ¢ and p are positive constants.

Set po = x¢, Pi = Xaz1v ¢ = 1, ... 3, then the characteristic differential equation is

$$
\left|
epo/c 0 0 0 D3 —p2
0 epo/c O —p3 0 p1
0 0 em/e po —p O (3.3.1.7)
0 —Dp3 P2 ppo/c 0 0
D3 0 —p1 0  wpo/c 0
—p2 P 0 0 0  ppo/c
\right|=0.
\]

The following manipulations simplifies this equation:

i. multiply the first three columns with upo/c,
ii. multiply the 5th column with —p3 and the the 6th column with p, and add the sum to the 1st column,
iii. multiply the 4th column with p3 and the 6th column with —p; and add the sum to the 2th column,
iv. multiply the 4th column with —p, and the 5th column with p; and add the sum to the 3th column,
v. expand the resulting determinant with respect to the elements of the 6th, 5th and 4th row.

We obtain

$$

\left|
g+p? pip2  pips
pip2 q+p5  paps (3.3.1.8)
p1p3 p2p3 g+ p§

\right|=0,

\]
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where

$%
a:=\frac{\epsilon\mu}{c”2}p_012-g"2
\]

with ¢? := p? + p2 + p2. The evaluation of the above equation leads to ¢*(g + ¢%) = 0, i. e,

$$
\chi_t*2\left(\frac{\epsilon\mu}{c*2}\chi_t*2-|\nabla_x\chi|*2\right)=0.
\]

It follows immediately that Maxwell equations are a hyperbolic system, see an exercise.

There are two solutions of this characteristic equation. The first one are characteristic surfaces S(t), defined by x(z,t) =0
, Which satisfy x; = 0. These surfaces are called stationary waves The second type of characteristic surfaces are defined by
solutions of

$$
\frac{\epsilon\mu}c*2}\chi_t*2=[\nabla_x\chi|*2.
\]

Functions defined by x = f(n -  — Vt) are solutions of this equation.
Here is f(s) an arbitrary function with f’(s) # 0, n is a unit vector and V = ¢/, /zp.
The associated characteristic surfaces §(¢) are defined by

$$
\chi(x,t)\equiv f(n\cdot x-Vt)=0,
\]

here we assume that 0 is in he range of f: R! — R Thus, 8(t) is defined by n - = — Vt = ¢, where c is a fixed constant. It
follows that the planes S(t) with normal n move with speed V in direction of n, see Figure 3.3.1.1.

d {t};’f‘
/

S{IIDJ

Figure 3.3.1.1: d’ (¢) is the speed of plane waves
V is called speed of the plane wave S(t).

Remark. According to the previous discussions, singularities of a solution of Maxwell equations are located at most on
characteristic surfaces.
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A special case of Maxwell equations are the telegraph equations, which follow from Maxwell equations if
\div is only supported in math mode and div H = 0% i. e,, E and H are fields free of sources. In fact, it is sufficient
to assume that this assumption is satisfied at a fixed time ¢, only, see an exercise.

Since

$$

\text{rot}_x\ \text{rot}_x\ A=\mbox{grad}_x\ \text{div}_x\ A-\triangle_xA
\]

for each C2-vector field 4, it follows from Maxwell equations the uncoupled system

N E= C_Ett +—E;

AxH = _Htt + —’th
C C

Example 3.3.1.3: Equations of Gas Dynamics
Consider the following quasilinear equations of first order.

$$
v_t+(v\cdot\nabla_x)\ v+\frac{1}{\rho} \nabla_x p =f\ \ \ \mbox{(Euler equations)}.
\]

Here is
e v = (v1,v9,vs) the vector of speed, v; = v;(z,t), x = (21, T2, T3),
e ppressure, p = (z,t),
e pdensity, p = p(z,t),
o f=(f1, f2, f3) density of the external force, f; = fi(z,?),
(v-V)v= (v Vovr,v - Vavs,v- V,us))T.

The second equation is

$$

\rho_t+v\cdot\nabla_x\rho+\rho\ \text{div}_x\ v=0\ \ \ \mbox{(conservation of mass)}.
\]

Assume the gas is compressible and that there is a function (state equation)
$$
p=p(\rho),
\]
where p’(p) > 0 if p > 0. Then the above system of four equations is
1,
v+ (v-V)v+ ;p (p)Vp=f (3.3.1.5)
pr+pdivo+v-Vp=0, (3.3.1.6)

where V = V, and div = div,, i. e., these operators apply on the spatial variables only.
The characteristic differential equation is here

$$
\left]
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F 00 Lpxe
d
0 d_>t< 0 %p/XIz

(3.3.1.9)
0 0 & ipy,
dx
PXzy  PXzy PXazs dat
\right|=0,
\]
where

$$\dfrac{d\chi}{dt}:=\chi_t+(\nabla_x\chi)\cdot v. \]

Evaluating the determinant, we get the characteristic differential equation

()" () -vomar) o

This equation implies consequences for the speed of the characteristic surfaces as the following consideration shows.

Consider a family §(t) of surfaces in R? defined by x(z,t) = c, where
™R3 and ¢ is a fixed constant. As usually, we assume that V,x # 0.
One of the two normals on §(t) at a point of the surface §(t) is given by, see an exercise,
_ Vax
n= o
Vx|

(3.3.1.8)

Let Qi*S(to) and let Q™S(t1) be a point on the line defined by Qo + sn, where n is the normal (3.3.1.8) on 8(to) at Qo and t,
< t1, t1 — to small, see Figure 3.3.1.2.

s(t ;)

S(t o)

3.3.1.2: Definition of the speed of a surface

Definition. The limit

P = lim 191 =0l (3.3.1.10)
ti—=te  t1 — 1o

is called speed of the surface S(t).

Proposition 3.2. The speed of the surface 8(t) is

P=- IVth\ . (3.3.1.11)
x
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Proof. The proof follows from x(Qo,to) = 0 and x(Qo + dn, ty +At) = 0, where d = |Q; — Qo| and At = t; — to.

Set v, := v - n which is the component of the velocity vector in direction n.
From ({3.3.1.8) we get

$$
v_n=\frac{1}{[\nabla_x\chi[}v\cdot \nabla_x\chi.

\]

Definition. V := P — v, the difference of the speed of the surface and the speed of liquid particles, is called relative speed.

Figure 3.3.1.3: Definition of relative speed

Using the above formulas for P and v, it follows

Xe v Vex 1 dx (3.3.1.12)

V=P—v,=— - == 2L
Vexl Vx| IVex| dt

Then, we obtain from the characteristic equation (3.3.1.7) that
V2|V.x|? (V2 Vax|? — 0" (p)|Vax|?) = 0. (3.3.1.13)

An interesting conclusion is that there are two relative speeds: V =0 or V2 = p’(p).

Definition. /p’(p) is called speed of sound.
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3.4: Systems of Second Order

Here we consider the system

Z AM(z,u, Vu)uy,q, + lower order terms = 0, (3.4.1)
k=1

where A* are (m x m) matrices and u = (uy, ..., un)”. We assume A* = A%, which is no restriction of generality provided $u\in
CA2$ is satisfied.

As in the previous sections, the classification follows from the question whether or not we can calculate formally the solution from
the differential equations, if sufficiently many data are given on an initial manifold. Let the initial manifold § be given by x(z) =0
and assume that Vx # 0. The mapping = = z(\), see previous sections, leads to

n
Z AR XaUa,n, = terms known on S, (34.2)
k=1

where v(A\) = u(z(X)).

The characteristic equation is here

det (Z A”szxz,) =0. (3.4.3)

k=1

If there is a solution x with Vx # 0, then it is possible that second derivatives are not continuous in a neighborhood of §.

Definition. The system is called elliptic if

det (2”: Aklgkg) +0 (3.4.4)

k=1

for all (™R, ¢ # 0.
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3

4.1: Examples

Example 3.4.1.1: Navier-Stokes equations

C

The Navier-Stokes system for a viscous incompressible liquid is

1
v+ (v-Vy)v=— ;Vzp 7AW

div, v =0,

where

p is the (constant and positive) density of liquid,

~ is the (constant and positive) viscosity of liquid,

v = v(x, t) velocity vector of liquid particles, z™R? or in R?,
p = p(z,t) pressure.

The problem is to find solutions v, p of the above system.

Example 3.4.2.1: Linear elasticity

Consider the system
0%u .
S = s+ A+ ) Va(dive w) + f. (3.4.1.1)

Here is, in the case of an elastic body in R?,

u(z,t) = (ui(x,t),us(z,t), us(x,t)) displacement vector,
f(z,t) density of external force,

p (constant) density,

A, u (positive) Lamé constants.

The characteristic equation is det C' = 0 where the entries of the matrix C are given by

cij = (A + 1)Xa,Xa, + 6i5 (1IVaex|® — px7) - (3.4.1.2)

The characteristic equation is

(A +20)[Vax]® — px2) (ulVax]® — px3)* = 0. (3.4.1.3)

It follows that two different speeds P of characteristic surfaces $(t), defined by

x(z,t) = const., are possible, namely
A+2
P =/ J; H  and PQ:,/% (3.4.1.4)

We recall that P = —x;/|V.x/|.
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3.5: Theorem of Cauchy-Kovalevskaya

Consider the quasilinear system of first order (3.3.1) of Section 3.3. Assume an initial manifolds § is given by x(z) =0, Vx # 0,
and suppose that x is not characteristic. Then, see Section 3.3, the system (3.3.1) can be written as

n—1
Uy, = z:ai(ac7 w)ug, + b(z, u) (3.5.1)
i=1
w(T1y .y Tno1,0) = f(z1, ., Tp1) (3.5.2)
Here is u = (uy, ... ,um)T, b= (b, ...,b,)T and a’ are (m x m)-matrices.

We assume that af, b and f are in C'® with respect to their arguments. From (3.5.1) and (3.5.2) it follows that we can calculate
formally all derivatives D% in a neighborhood of the plane {z : z, = 0}, in particular in a neighborhood of 0*'R. Thus we have a
formal power series of u(x) at x = 0:

$$u(x)\sim \sum\frac{1}{\alpha !}D™Malpha u(®) xM\alpha.\]
For notations and definitions used here and in the following see the appendix to this section.
Then, as usually, two questions arise:

i. Does the power series converge in a neighborhood of 0™R?
ii. Is a convergent power series a solution of the initial value problem (3.5.1), (3.5.2)?

Remark. Quite different to this power series method is the method of asymptotic expansions. Here one is interested in a good
approximation of an unknown solution of an equation by a finite sum Zfio ¢;(x) of functions ¢;. In general, the infinite sum
Yoo ¢i(x) does not converge, in contrast to the power series method of this section. See [15] for some asymptotic formulas in
capillarity.

Theorem 3.1. (Cauchy-Kovalevskaya). There is a neighborhood of 0™ R such there is a real analytic solution of the initial value
problem (3.5.1), (3.5.2). This solution is unique in the class of real analytic functions.

Proof. The proof is taken from F. John \cite{John}. We introduce u — f as the new solution for which we are looking at and we add
a new coordinate u* to the solution vector by setting u*(z) = z,. Then

$$uMstar_{x_n}=1\ uM\star_{x_k}=0,\ k=1,\ldots,n-1,\ ur\star(x_1,\ldots,x_{n-1},0)=0\]

and the extended system (3.5.1), (3.5.2) is

$$
\left(

uljz”

s, (3.5.3)
\right)=
\sum_{i=1}*{n-1}\left(

a0

3.5.4

0 o (3.5.4)
\right)
\left(
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U,z
3.5.5
um,ml ( )
\right)+
\left(
b1
: 3.5.6
) (3.5.6)
1
\right),
\]
where the associated initial condition is u(z, ..., 2,-1,0) = 0.
The new v is u = (uy, ..., u,,)7, the new o’ are a’*(xy, ..., Ty 1, U1, ..., U, u*) and the new bis b= (xq,..., Ty 1,U1, .., Uy, u*) 7.
Thus we are led to an initial value problem of the type
n—1 N )
Uiz, = 3 O @ (uka, +bi(2), G=1,...,N (3.5.7)
i=1 k=1
uj(z) =0 if z, =0, (3.5.8)

where j=1,...,Nand z= (21, ... ,Zp_1,U1, ... , UN)-

The point here is that aék and b; are independent of z,. This fact simplifies the proof of the theorem.

From (3.5.7) and (3.5.8) we can calculate formally all Dﬂuj. Then we have formal power series for u;:

$$u_j(x)\sim \sum_\alpha c_\alpha”{(j)}xM\alpha\]

where

$$c_\alphar{(j)}=\frac{1}{\alpha!}D™Malpha u_j(0).\]

We will show that these power series are (absolutely) convergent in a neighborhood of 0™ R, i.e., they are real analytic functions,
see the appendix for the definition of real analytic functions. Inserting these functions into the left and into the right hand side
of (3.5.7) we obtain on the right and on the left hand side real analytic functions. This follows since compositions of real analytic
functions are real analytic again, see Proposition A7 of the appendix to this section. The resulting power series on the left and
on the right have the same coefficients caused by the calculation of the derivatives D*u;(0) from (3.5.7). It follows that u;(z), j
=1,...,n, defined by its formal power series are solutions of the initial value problem (3.5.7), (3.5.8).

Set

$$d=\left(\frac{\partial}{\partial z_1},\Idots,\frac{\partial}{\partial z_{N+n-1}\right)\]

Lemma A. Assume u™C™> in a neighborhood of 0™ R. Then

Du;(0) = Py (d%a,(0),d"b;(0)), (3.5.9)

where |8, |7] < || and P, are polynomials in the indicated arguments with non-negative integers as coefficients which are
independent of o' and of b.

Proof. It follows from equation (3.5.7) that

D, D*u;(0) = Pyo(d’aiy(0),d7b;(0), D'uy(0)). (3.5.10)
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Here is D,, = 8/0x,, and «, 3, 7, ¢ satisfy the inequalities
$$\betal,\ \gamma|\le[\alphal,\ \ \delta|\le\alpha|+1,\]
and, which is essential in the proof, the last coordinates in the multi-indices a = (o, ..., &), § = (41, ..., ,,) satisfy 6, < «,, since

the right hand side of (3.5.7) is independent of z,,.
Moreover, it follows from (3.5.7) that the polynomials P, have integers as coefficients. The initial condition (3.5.8) implies

D®u;(0) = 0, (3.5.11)

where a = (ay, ..., a1, 0), that is, a;, = 0. Then, the proof is by induction with respect to «,. The induction starts with «,, = 0, then
we replace $D”\delta u_k(®)$ in the right hand side of (3.5.10) by (3.5.11), that is by zero. Then it follows from (3.5.10) that

$$DMalpha u_j(®)=P_\alpha (d*\beta a_{jk}*i(®),d*\gamma b_j(®),D\delta u_k(9)),\]

where a = (aq, ..., a1, 1).

|
Definition. Let f = (f1,..., fm), F = (F, ..., Fn), fi = fi(z), F; = Fy(x), and f, F"C>. We say f is majorized by F if
|[Dfr(0)| < DF(0), k=1,...,m (3.5.12)
for all a. We write f << F, if f is majorized by F.
Definition. The initial value problem
n—1 N
Ujz, = Z ZA]k(z Uk, + Bj(2) (3.5.13)
i= =1
Uj(xz) =0 if ,, =0, (3.5.14)
j=1,...,N, A;k, B; real analytic, is called majorizing problem to (3.5.7), (3.5.8) if
$$
a_{jk}i<<A_{jk}*\ \ \mbox{and}\ b_j<<B_j.
\]
Lemma B. The formal power series
1 « @
JD u;(0)z, (3.5.15)

where D*u;(0) are defined in Lemma A, is convergent in a neighborhood of 0™ R. if there exists a majorizing problem which has
a real analytic solution U in z = 0, and

|[D%u;(0)] < D*U;(0). (3.5.16)

Proof. It follows from Lemma A and from the assumption of Lemma B that
|D%u;(0)] < Py (|d”afy,(0)], |d7b;(0)])
P, (|d” A}, (0)], |47 B;(0)]) = D*U;(0).

The formal power series

1 (a7 «
ZJD u;j(0)z*, (3.5.17)

«

is convergent since

Z 1 Du;(0) m"|<z — DU;(0)["]. (3.5.18)

«
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The right hand side is convergent in a neighborhood of z™*R. by assumption.

Lemma C. There is a majorising problem which has a real analytic solution.

Proof. Since aﬁj(z), b;(z) are real analytic in a neighborhood of z = 0 it follows from Proposition A5 of the appendix to this section
that there are positive constants M and r such that all these functions are majorized by

M
! . (3.5.19)
T—21 — .. ZN+4n—1
Thus a majorizing problem is
Mr n—1 N
Ujz, = 1+ Uk,
Uj(x) =0 ifz, =0,
j=1,..,N.
The solution of this problem is
Uj(z, ..., @po1,2y) =V(z1+ ... + 2po1,2,), j=1,...,N, (3.5.20)
where V (s, t), s = 21 + ... + Z,—1, t = Z,, is the solution of the Cauchy initial value problem
Mr
=——  (1+Nn-1V,),
Vi rfs—NV( + N —1V)
V(s,0) = 0.
which has the solution, see an exercise,
V(s,t) = L (7"—8— \/(7"—5)2 —2nMNrt> . (3.5.21)
’ Nn

This function is real analytic in (s,t) at (0, 0). It follows that U;(z) are also real analytic functions. Thus the Cauchy-Kovalevskaya
theorem is shown.

Example 3.5.1: Ordinary differential equations

Consider the initial value problem

Y (z) = f(z,y(x))
y(To) = Yo,

where zI®R! and y*R are given. Assume f(z,y) is real analytic in a neighborhood of (z, y9)™R! x R. Then it follows from
the above theorem that there exists an analytic solution y(x) of the initial value problem in a neighborhood of z,. This solution
is unique in the class of analytic functions according to the theorem of Cauchy-Kovalevskaya. From the Picard-Lindel\"of
theorem it follows that this analytic solution is unique even in the class of C!-functions.

Example 3.5.2: Partial differential equations of second order

Consider the boundary value problem for two variables
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Uyy = f(xa Y, Uy Ugy Uy, Uy Uzy)
u(z,0) = ¢(z)
uy(z,0) = P(z).

We assume that ¢, v are analytic in a neighborhood of z = 0 and that f is real analytic in a neighbourhood of

(0,0, 9(0),¢'(0),%(0),%'(0)). (3.5.22)

There exists a real analytic solution in a neighborhood of 0'™*R? of the above initial value problem.

In particular, there is a real analytic solution in a neighborhood of 0™*R? of the initial value problem

Au=1
u(z,0) =0
uy(z,0) = 0.

The proof follows by writing the above problem as a system. Set p = u,, ¢ = uy, 7 = uyy,
$ = Ugy, t = Uy, then

t=f(z,9,u,p,qr,8). (3.5.23)

SetU = (u,p,q,r,s,t)T, b= (qaoataoaoafy+fHQ+ fqt)T and

00 0 0 0 O
00 1 0 0 O
00 0 0 0 O
A=1 00 0 0 1 o (3.5.24)
00 0 0 0 1
00 f, 0 fr fs
Then the rewritten differential equation is the system
U, = AU, + b with the initial condition
U(:l?, O) = (¢($)> ¢/(x)7 ¢($)» ¢”(x)7 d}/ (.’L‘), f()(x)) ) (3525)

where fO(x) = f("]}, 07 ¢($)7 ¢/(I), w(x)v ¢”(x)a 1//(9”))
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3.5.1 Appendix: Real Analytic Functions

Multi-index notation

The following multi-index notation simplifies many presentations of formulas. Let z = (z4, ...

u: QC R~ R! (or R™ for systems).

The n-tuple of non-negative integers (including zero)

is called multi-index. Set

Define a partial order by

Sometimes we use the notations

where
0, 1™R.

Using this multi-index notion, we have

1.

a=(ag,..,am)

la| =01+ ... +a,
al =arlas! - ... - ay!
z% =al'z3? - ... x5 (for a monom)
0
 Omy

D= (Dy,...,D,)
Du = (Dyu,...,Dyu) = Vu = grad u

D — DM D% . . Do = ol
L " 9roxy? ... Oz

Dy,

a > [ if and only if a; > 5; for all 4.

where z, ™R and «, 3, v are multi-indices.

2. Taylor expansion for a polynomial f(z) of degree m:

here is D f(0) := (D*f(x)) |2=o0-

fw) = 3 - (DUf0)a,

la|l<m

3. Let z = (21, ...,2,) and m > 0 an integer, then

$$

(x_1+\ldots+x_n)*m=\sum_{|\alphal=m}\frac{m!}{\alpha!}xM\alpha.
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\]

4.

$$
\alpha!\le[\alpha|!\le n*{[\alpha|}\alpha!.
\]

5. Leibniz's rule:
$$
DMalpha(fg)=
\sum_{

B,y
Bty=a

Nfrac{\alpha!{\betal\gamma!}(D*\beta f)(D*\gamma g).
\]

6.

a!

DPz* =0 otherwise.

Dz = 2P ifa> B,

7. Directional derivative:
dm laft o
o flz+ty) = o (D*f(z +ty)) y*,

a|=m

where z, y™R and t™R!,
8. Taylor's theorem: Let "*C™+! in a neighborhood N(y) of y, then, if "N (y),

u(@) = 3 — (Duly)) (2~ )" + B,

a|<m

where
1 « [e73
Rp= Y, —(D"uly+d(z—y))s" 0<s<1,
|a|l=m+1
5 = 6(’[1,, m,zx, y)’
or

1
Ry, = —intg (1—)"®™ (1) dt,
m:

where @(t) = u(y + t(z — y)). It follows from 7. that
$$

R_m=(m+1)\sum_{]\alphal=m+1}\frac{1{\alpha!N\left(\int_O*1\ (1-t)DMalpha u(y+t(x-y))\ dt\right)(x-y)*\alpha.

\

9. Using multi-index notation, the general linear partial differential equation of order m can be written as

$$
\sum_{\alpha|\le m}a_\alpha (x)D™alpha u=f(x)\ \ \mbox{in}\ \Omega\subset\mathbb{R}.
\]

Power series

Here we collect some definitions and results for power series in R.

84 (3.5.1 Appendix.2)

(3.5.1 Appendix.7)

(3.5.1 Appendix.8)

(3.5.1 Appendix.9)

(3.5.1 Appendix.10)

(3.5.1 Appendix.11)



LibreTexts"

Definition. Let ¢™®R! (or "*R™). The series

an = io: ( Z ) (3.5.1 Appendix.12)

is said to be convergent if

Z lcal = i ( Z |cal ) (3.5.1 Appendix.13)

is convergent.

Remark. According to the above definition, a convergent series is absolutely convergent. It follows that we can rearrange the
order of summation.

Using the above multi-index notation and keeping in mind that we can rearrange convergent series, we have

10. Let 2R, then

s -T1(S)

1—z)Q—2z3) .. (1 —zp)
1

T—o

provided |z;| < 1 is satisfied for each 1.

11. Assume ™R and |z1| + |z2| + ... + |7,] < 1, then

Z \a\' ZZ |a\'

@ 7=0 |a|=j
Oo .
= (1 + ... + )
=0
1

1— (214 ... +xp)

12. Let ™R, |z;] < 1 for all i, and 3 is a given multi-index. Then

al 208 _ DB 1
2 o) Do

a>f
B!
(1 —x)+B
13. Let ™R and |z;| + ... + |z,| < 1. Then
Z ley|! P 1
a>p (a_ﬁ)' 1—x — In
18!
(1—m — x,) 1Al
Consider the power series
anlﬂ (3.34)
(o3

and assume this series is convergent for a z™*R. Then, by definition,
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W= Z leallz?| < o (3.5.1 Appendix.14)

«

and the series (3.34) is uniformly convergent for all z™Q(z), where

$$
Q(z):\ \ [x_i|\le|z_i]\ \ \mbox{for all\ \ i.
\]

- Q(z)

Figure 3.5.1.1: Definition of D™ (Q(z)
Thus the power series (3.34) defines a continuous function defined on Q(z), according to a theorem of Weierstrass.
The interior of Q(z) is not empty if and only if z; # 0 for all i, see Figure 3.5.1.1.

For given z in a fixed compact subset D of Q(z) there is a ¢, 0 < ¢ < 1, such that

|z;| < glz)| for all 4. (3.5.1 Appendix.15)

Set

$$

f(x)=\sum_\alpha c_\alpha x"*\alpha.
\]

Proposition A1. (i) In every compact subset D of Q(z) one has f"C>(D) and
the formal differentiate series, thatis ), DFec,x is uniformly convergent on the closure of D and is equal to D?f.}

(i)
|D?f(z)| < M|B|!r~ " in D, (3.5.1 Appendix.16)

where

7

=— r = (1 —¢) min 2. (3.5.1 Appendix.17)
(1—gq™ i

Proof. See F. John [10], p. 64. Or an exercise. Hint: Use formula 12. where z is replaced by (g, ..., q).
Remark. From the proposition above it follows
$$

c_\alpha=\frac{1{\alpha!}D\alpha f(0).
\]
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Definition. Assume f is defined on a domain 2 C R, then f is said to be {\it real analytic in ™€)} if there are c™R! and if there
is a neighborhood N(y) of y such that

flz) = Z calT —y)” (3.5.1 Appendix.18)

for all z'"* N (y), and the series converges (absolutely) for each 2™ N (y).

A function f is called {\it real analytic in Q} if it is real analytic for each ™.

We will write fi2tC“(€) in the case that f is real analytic in the domain €.

A vector valued function f(z) = (fi(z), ..., fm) is called real analytic if each coordinate is real analytic.

Proposition A2. (i) Let f*C“(Q). Then fC>(1).}

(if)

Assume fi™*C«(Q). Then for each ') there exists a neighborhood N(y) and positive constants M, r such that

f() = 32 (D F(w) (e — )" (3.5.1 Appendix.19)

for all ™™ N(y), and the series converges (absolutely) for each '™ N(y), and

|Dﬂf($)‘ < M|ﬂ“7"7|m~ (3.5.1 Appendix.20)
The proof follows from Proposition A1.

An open set Q™R is called connected if Q) is not a union of two nonempty

open sets with empty intersection. An open set Q™R is connected if and only if its path connected, see [11], pp. 38, for example.
We say that (2 is path connected if for any z, 4™ there is a continuous curve ~(¢)™Q, 0 < ¢ < 1, with 4(0) = z and (1) = y. From
the theory of one complex variable we know that a continuation of an analytic function is uniquely determined. The same is true
for real analytic functions.

Proposition A3. Assume f"tC“(Q) and Q is connected. Then
f is uniquely determined if for one ™ all D* f(z) are known.

Proof. See F. John [18], p. 65. Suppose g, h™C¥(Q2) and
D%g(z) = D“h(z) for every a. Set f = g— h and

Q= {2™Q: D f(z) =0 for all a},
Qy = {z™Q: D*f(x) #+0 for at least one a}.

The set Q, is open since D®f are continuous in €. The set ; is also open since f(z) =0 in a neighbourhood of y™ ;. This
follows from

f(z) = Z i(Daf(y))(ﬂﬂ -y (3.5.1 Appendix.21)

Since 2™y, 1. e, Q1 # 0, it follows Q, = (.

It was shown in Proposition A2 that derivatives of a real analytic function satisfy estimates.
On the other hand it follows, see the next proposition, that a function f™C™ is real analytic if these estimates are satisfied.

Definition. Let 4"*Q and M, r positive constants. Then f is said to be in the class Cy,(y) if fC* in a neighbourhood of y and
if
IDPf(y)| < M|B|ir—7 (3.5.1 Appendix.22)

for all 8.

Proposition A4. f"'C(Q) if and only if f™C>(Q) and for every compact subset S C Q there are positive constants M, r such
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that
™ Chr,(y) for all y™s. (3.5.1 Appendix.23)

Proof. See F. John [10], pp. 65-66. We will prove the local version of the proposition, that is, we show it for each fixed 3™ Q. The
general version follows from Heine-Borel theorem. Because of Proposition A3 it remains to show that the Taylor series

Z %D“f(y) (Z‘ o y)a (3,5,1 Appendix,24)

converges (absolutely) in a neighborhood of y and that this series is equal to f(z).

Define a neighborhood of y by
Na(y) = {&™Q: |z — 1| + o + |20 — yn| < d}, (3.5.1 Appendix.25)

where d is a sufficiently small positive constant. Set ®(¢) = f(y + t(z — y)). The one-dimensional Taylor theorem says

flz) =2(1) = Z ki<1><k>(0) +r, (3.5.1 Appendix.26)

where

1 o
=G inty (1—¢)"1@V)(t) dt. (3.5.1 Appendix.27)
7—1)!

From formula 7. for directional derivatives it follows for 2%V, (y) that

1 & 1, N .
?ﬁq)(t) = ‘;:j aD fly+tlz—y)(z—y)°. (3.5.1 Appendix.28)

From the assumption and the multinomial formula 3. we getfor0 <¢ <1

@(t‘<MZ“ ol (e — 3)°]

| J
‘7 dt a5

= Mr I (|z1 — 1] +...+|:cn—yn|)j
d\7

SM(—) .
r

Choose d > 0 such that d < r, then the Taylor series converges (absolutely) in Ny(y) and it is equal to f(z) since the remainder
satisfies, see the above estimate,

$$
[r_jl=\left\frac{1}{({-1)!Nint_O2 1\ (1-t)A{-1I\Phi~j(t)\ di\right|\le M\left(\frac{d}{r}\right)*].
\]
O

We recall that the notation f << F (f is majorized by F) was defined in the previous section.
Proposition AS5. (i) f = (fi, ..., fm)™Cu,(0) if and only if f << (@, ..., ®), where

O(z) = __Mr . (3.5.1 Appendix.29)

r—y—..—Tp

}
(ii) \(F\in C_{M,r}®)\) and f(0) = 0 if and only if

f<<(®—M,..,2— M), (3.5.1 Appendix.30)
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where
M n
®(z) = Mg +.. +2.) . (3.5.1 Appendix.31)
rTr—1—..— Ty
Proof.
$$
DM\alpha\Phi(8)=MJ\alpha|!r*{-]\alphal}.
\]

Remark. The definition of f << F implies, trivially, that D*f << D*F.
The next proposition shows that compositions majorize if the involved functions majorize. More precisely, we have

Proposition A6. Let f, F : R —»R™ and g, G maps a neighborhood of 0™R™ into RP. Assume all functions
f(z), F(z), g(u), G(u) arein C*, f(0) = F(0) =0, f << F and g << G. Then
9(f(z)) << G(F(x)).}
Proof. See F. John [10], p. 68. Set
h(z) = g(f(z)), H(z)=G(F(z)). (3.5.1 Appendix.32)

For each coordinate h; of h we have, according to the chain rule,
Dhi(0) = Pa(6”g:(0), D7 £;(0)), (3.5.1 Appendix.33)

where P, are polynomials with non-negative integers as coefficients, P,
are independent on g or f and ¢ := (9/0uq, ..., 8/0uy). Thus,

|D*h(0)] < Po(|67g:(0)], | D7 £;(0)])
< P,(6°Gy(0), D"F;(0))
= DH(0).

O

Using this result and Proposition A4, which characterizes real analytic functions, it follows that compositions of real analytic
functions are real analytic functions again.

Proposition A7. Assume f(z) and g(u) are real analytic, then g(f(x)) is real analytic if f(z) is in the domain of definition of g.

Proof. See F. John [10], p. 68. Assume that f maps a neighborhood of ™R in R™ and g maps a neighborhood of v = f(y) in
${\mathbb R}*m$. Then fCy,,(y) and ¢g"™*C,, ,(v) implies

h(:E) = g(f(m))imcu,pr/(mM+p) (ZJ) (351 Appendix.34)

Once one has shown this inclusion, the proposition follows from Proposition~A4. To show the inclusion, we set
hy+z) =g(fly+2)) =g9(v+ fly+ ) — f(z)) = g"(f"(2)), (3.5.1 Appendix.35)

where v = f(y) and
g i=g(v+ “)intcmp(o)
(@)= fly+2z) = ()™ Cur(0).

In the above formulas v, y are considered as fixed parameters. From Proposition~A5 it follows

ffz) << (®@—M,..,2—M)=F
g (u) << (9,...,9) =: G,
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where
M
B(z) = -
T—x1 — T2 — ... — Tp
U(u) = i .
pP—T1— Ty — ... — Ty
From Proposition A6 we get
h(y + z) << (x(z), ..., x(z)) = G(F), (3.5.1 Appendix.36)
where
x@z) = —HP
o~ m(®(z) — M)
_ up(r —xq — ... — xp)
or— (p+mM)(zy+ ... + )
ppr
<<
or— (p+mM)(z1+ ... + )
ppr/(p +mM)

pr/(p+mM) — (@1 + - 2,)

See an exercise for the "<<"-inequality.
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3.E: Classification (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q3.1

Let x: R" = R! in C!, Vx # 0. Show that for given zR" there is in a neighborhood of z, a local diffeomorphism A = &(z), ®
i (@1, ey @n) B (A1, ey A), sUch that A, = x(z).

Q3.2

Show that the differential equation
a(z, Y)ugy + 2b(x, Y)ugy + c(z, y)u,, + lower order terms = 0 (3.E.1)

is elliptic if ac — b? > 0, parabolic if ac — b = 0 and hyperbolic if ac — b? < 0.

Q3.3

Show that in the hyperbolic case there exists a solution of ¢, + p11¢, = 0, see equation (3.9), such that V¢ # 0.

Hint: Consider an appropriate Cauchy initial value problem.

Q3.4

Show equation (3.4).

Q3.5

Find the type of
Lu = 2ugy + 2Ugy + 2uyy = 0 (3.E.2)

and transform this equation into an equation with vanishing mixed derivatives by using the orthogonal mapping (transform to
principal axis) x = Uy, U orthogonal.

Q3.6

Determine the type of the following equation at (z,y) = (1,1/2).

Lu := 2uyy + 2yugy + 22yu,y = 0. (3.E.3)

Q3.7

Find all C%-solutions of

Ugy — dUgy + Uy = 0. (3.E.4)
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Hint: Transform to principal axis and stretching of axis lead to the wave equation.

Q3.8

Oscillations of a beam are described by

1
Wy — —0o; =0

E
oy — pwy =0,

where o stresses, w deflection of the beam and E, p are positive constants.
a. Determine the type of the system.

b. Transform the system into two uncoupled equations, that is, w, o occur only in one equation, respectively.
c. Find non-zero solutions.

Q3.9

Find nontrivial solutions (Vx # 0) of the characteristic equation to
2 Uy — Uy = f(z,y,u, Vu), (3.E.5)

where f is given.

Q3.10

Determine the type of
Ugy — TUyg + Uy + Uy = 2, (3.E.6)

where u = u(z, y).

Q3.11

Transform equation
Ugg + (1 — yz)uzy =0, (3.E.7)

u = u(z,y), into its normal form.

Q3.12

Transform the Tricomi-equation

u = u(z,y), where y < 0, into its normal form.

Q3.13

Transform equation
2 Uy, — y2uyy =0, (3.E.9)

u = u(z,y), into its normal form.
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Q3.14

Show that

Ao — 1 Am—1 (3.E.10)

(1+ |p2)*? (1+ |p)"?

are the minimum and maximum of eigenvalues of the matrix (a*), where

i - Dipj
al = (1+|p|2)? (5 . —7) . 3.E.11
( || ) T T P ( )

Q3.15

Show that Maxwell equations are a hyperbolic system.

Q3.16

Consider Maxwell equations and prove that div £ = 0 and div H = 0 for all ¢ if these equations are satisfied for a fixed time t,.

Hint. div rot A = 0 for each C2-vector field A = (A;, A,, A3).

Q3.17

Assume a characteristic surface 8(t) in R3 is defined by x(z,y, z,t) = const. such that x; = 0 and x_. # 0. Show that §(¢) has a
nonparametric representation z = u(z, y, t) with u; = 0, that is §(¢) is independent of ¢.

Q3.18

Prove formula (3.22) for the normal on a surface.

Q3.19

Prove formula (3.23) for the speed of the surface S(t).

Q3.20

Write the Navier-Stokes system as a system of type (3.4.1).

Q3.21

Show that the following system (linear elasticity, stationary case of (3.4.1.1) in the two-dimensional case) is elliptic
pAu+ (A + p) grad(div u) + f =0, (3.E.12)

where u = (u1,us). The vector f = (fi, f2) is given and
A, u are positive constants.

Q3.22

Discuss the type of the following system in stationary gas dynamics (isentrop flow) in R2.
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pUU, + pVUy + a’p, =0
pUV + pVUy + any =0
p(ug +vy) + ups +vpy = 0.

Here are (u, v) velocity vector, p density and
a = +/p’(p) the sound velocity.

Q3.23

Show formula 7. (directional derivative).

Hint: Induction with respect to m.

Q3.24

Let y = y(z) be the solution of:

Y (z) = fz,y(z))
y(xo) = Yo,

where f is real analytic in a neighborhood of (z¢, o) ™*R2.
Find the polynomial P of degree 2 such that

y(z) = Pz — z0) + O(|z — zo*) (3.E.13)
as T — xyp.
Q3.25
Let u be the solution of
Au=1

uw(z,0) = uy(z,0) = 0.

Find the polynomial P of degree 2 such that

u(z,y) = P(z,y) + O((z* + y*)*?) (3.E.14)
as (z,y) — (0,0).
Q3.26
Solve the Cauchy initial value problem
V= r—i\/[——TNV(l + N(n—1)Vy)
V(s,0) = 0.

Hint: Multiply the differential equation with (r — s — NV).

Q3.27

Write A%u = —u as a system of first order.

Hint: A%u= A(Au).
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Q3.28

Write the minimal surface equation

o A 1+u2 +ul Oy A1+l +ul

=0 (3.E.15)

as a system of first order.

Hint vy = uy /4 /1 +ul +ul, vai=uy/q/14+u2 +ul.

Q3.29

Let f: R! x R™ — R™ be real analytic in (zg,yo). Show that a real analytic solution in a neighborhood of z; of the problem

y'(z) = f(z,y)
y(wo) =%

exists and is equal to the unique C'[zy — €,z + £]-solution from the Picard-Lindel\"of theorem, ¢ > 0 sufficiently small.
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4: HYPERBOLIC EQUATIONS

Here we consider hyperbolic equations of second order, mainly wave equations.

4.1: One-Dimensional Wave Equation
4.2: Higher Dimensions

4.2.1: Case n=3

4.2.2: Case n=2

4.3: Inhomogeneous Equations

4.4: A Method of Riemann

4.5: Initial-Boundary Value Problems
4.5.1: Oscillation of a String

4.5.2: Oscillation of a Membrane

4.5.3: Inhomogeneous Wave Equations
4.E: 4: Hyperbolic Equations (Exercises)

Index
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4.1: One-Dimensional Wave Equation

The one-dimensional wave equation is given by

1
oo Wit — Uz =0, (4.1.1)

where u = u(z,t) is a scalar function of two variables and c is a positive constant. According to previous considerations, all C
-solutions of the wave equation are

u(z,t) = f(z + ct) + g(z — ct), (4.1.2)
with arbitrary C2-functions f and g

The Cauchy initial value problem for the wave equation is to find a C2-solution of

1

?utt — Uy =0
u(z,0) = a(z)
ut(w7 0) = ﬁ(x)7

where a, BC?(—o0,00) are given.

Theorem 4.1. There exists a unique C?(R! x R!)-solution of the Cauchy initial value problem, and this solution is given by

d'Alembert's’ formula

t —ct 1
u(z, ) = 2@+ ;r ale—ct) | St B(s) ds. (4.1.3)

Proof. Assume there is a solution u(z, t) of the Cauchy initial value problem, then it follows from (4.1.2) that

u(z,0) = f(x) + g(z) = () (4.14)
u(z,0) = cf’(x) — cg’(z) = B(z). (4.1.5)
From (4.1.4) we obtain
f'(@) + g () = o/ (2), (4.1.6)
which implies, together with (4.1.5), that
Multiple \label
Then
flz) = “(;) + %C'ntg B(s) ds + Cy
g(z) = a(;:) — %intg B(s) ds + Co.
The constants C4, C, satisfy
C1+Cs = f(z) + g(z) — a(z) =0, (4.1.7)

see (4.1.4). Thus each C2-solution of the Cauchy initial value problem is given by d'Alembert's formula. On the other hand, the
function u(z, t) defined by the right hand side of (4.1.3) is a solution of the initial value problem.
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Corollaries. 1. The solution u(z, t) of the initial value problem depends on the values of « at the endpoints of the interval [z — ct, =
+ ct] and on the values of 3 on this interval only, see Figure 4.1.1. The interval [x — ct, z + ct] is called {\it domain of dependence}.

t

(Xotg
f‘x
e X+ct=const.
Fff_.-"' a E EMEHH __/I
- e : HH.N"'H
: L
Xg=Ch X X +gt X

Figure 4.1.1: Interval of dependence

2. Let P be a point on the z-axis. Then we ask which points (z,t) need values of o or 8 at P in order to calculate u(z,t)? From the
d'Alembert formula it follows that this domain is a cone, see Figure 4.2.1. This set is called domain of influence.

t

- —
k. o

\ x—ct=const.

Figure 4.2.1: Domain of influence

1 d'Alembert, Jean Babtiste le Rond, 1717-1783

Contributors and Attributions

e Prof. Dr. Erich Miersemann (Universitat Leipzig)

e Integrated by Justin Marshall.

This page titled 4.1: One-Dimensional Wave Equation is shared under a license and was authored, remixed, and/or curated by Erich Miersemann.

98 (4.1.2)


http://www.math.uni-leipzig.de/~miersemann/
http://www.math.uni-leipzig.de/cms/en/startseite/
https://math.libretexts.org/Bookshelves/Differential_Equations/Partial_Differential_Equations_(Miersemann)/4%3A_Hyperbolic_Equations/4.1%3A_One-Dimensional_Wave_Equation
http://www.math.uni-leipzig.de/~miersemann/

LibreTexts"

4.2: Higher Dimensions

Set

$$

\Box u=u_{tt}-c*2\triangle u,\ \ \triangle\equiv\triangle_x=\partial*2/\partial x_1*2+\ldots+
\partial*2/\partial x_n"2,

\]

and consider the initial value problem

Ou=0 inR"x R! (4.2.1)
u(z,0) = f(z) (4.2.2)
w(z,0) = g(x), (4.2.3)

where f and g are given C?(R?)-functions.

By using spherical means and the above d'Alembert formula we will derive a formula for the solution of this initial value problem.

Method of Spherical means

Define the spherical mean for a C2-solution u(z,t) of the initial value problem by

1
M(T7 t) = —11ntaB,(z) u(y7 t) dSZﬁ (424)
wpr™
where
$$
\omega_n=(2\pi)*{n/2}/A\Gamma(n/2)
\]

is the area of the n-dimensional sphere, w,,r*"! is the area of a sphere with radius r.

From the mean value theorem of the integral calculus we obtain the function u(z, t) for which we are looking at by

w(z,t) = lim M(r,t). (4.2.5)
r—0
Using the initial data, we have
1.
M(r,0) = ?lntaBT(x) fly) dS, =: F(r) (4.2.6)
1.
My(r,0) = T 0toB, () 9(y) dSy =: G(r), (4.2.7)

which are the spherical means of f and g.

The next step is to derive a partial differential equation for the spherical mean. From definition (4.2.4) of the spherical mean we
obtain, after the mapping £ = (y — z)/r, where z and r are fixed,

M(r,t) = ——intop,) u(z + 1, 1) dSe. (4.2.8)

Wn

It follows
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Wn

1, &
M.,(r,t) = —intyp, (o) Z“yz(‘f + 1, t)€ dSe
=1

1 . -
= —711nt637(z) Z Uy, (y7 t)gz dSy
wnT i—1

T

Integration by parts yields

1 . n
w1 lntBr(w) Z uyzyi(y7 t) dy (4.2.9)
n 1:1

since $\xi\equiv (y-x)/r$ is the exterior normal at 8B, (z). Assume u is a solution of the wave equation, then

Tnier = intB,.(ac) utt(y7 t) dy

2w,

1
= int{ int uy(y,t) dS,de.
o o intop r) #(y,t) dSy

The previous equation follows by using spherical coordinates. Consequently

1.
(T’“lM,)T = intop, (z) uu(y,t) dSy

2w,
rn—l 92 1 .
— = w (w#r"il 1nt<’)B,(z) u(y, t) dsy)
rnfl
- c2 Mtt-
Thus we arrive at the differential equation
(" IM,), = 2 My, (4.2.10)
which can be written as
—1
M+ 22 M, = ¢ 2M,,. (4.2.11)

This equation (4.2.11) is called Euler-Poisson-Darboux equation.
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4.2.1: Case n=3

The Euler-Poisson-Darboux equation in this case is
SS(rM)_{rr}=cA{-2}(rM)_{tt}.\]
Thus rM is the solution of the one-dimensional wave equation with initial data
(rM)(r,0) =rF(r) (rM)(r,0) =7G(r). (4.2.1.1)

From the d'Alembert formula we get formally

(r+ct)F(r+ct)+ (r—ct)F(r — ct)
2r

1
+ ﬁintfjﬁ EG(8) dt. (4.2.1.2)

M(r,t) = (4.2.1.1)

The right hand side of the previous formula is well defined if the domain of dependence [z — ct, z + ct] is a subset of (0, 00). We
can extend F and G to F, and G, which are defined on (—oo, 00) such that »Fy and rG, are C?(R!)-functions as follows.
Set

$$
F_O(r)=\left\{
F(r) : r>0
flx) + r=0 (4.2.1.2)
F(—r) : r<0
\right.\
\]

The function G (r) is given by the same definition where F' and f are replaced by G and g, respectively.
Lemma. rFy(r), rGo(r)™C2(R2).

Proof. From definition of F(r) and G(r), r > 0, it follows from the mean value theorem

$S\im_{r\to+0} F(r)=Ff(x),\ \ \ \lim_{r\to+8} G(r)=g(x).\]

Thus rFy(r) and rGy(r) are C(R!)-functions. These functions are also in C'(R!). This follows since F, and G, are in C}(R!). We
have, for example,

, 1, =
F'(r) = —intop, (o) > fu,(x +E)¢; dSe
n le

o ©

/ 1. S
F'(+0) = —intop,0) »_ fy,(x)&; dSe
j=1

1
Wy, 4

=0.

Z fyj(w)intaBl(O) n; dS¢
j=1

Then, rFy(r) and rGy(r) are in C%(R!), provided F” and G” are bounded as r — +0. This property follows from
$$F"(r)=\dfrac{1}{\omega_n}int_{\partial B_1(®))\ \sum_{i,j=1}*n f_{y_iy_j}(x+r\xi)\xi_i\xi_j\ dS_\xi.\]
Thus

$SF"(+0)=\dfrac{1}{\omega_n\sum_{i,j=1}*n f_{y_iy_j}(x)\int_{\partial B_1(®))\ n_in_j\ dS_\xi.\]
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We recall that f, g™*C%(R?) by assumption.

]
The solution of the above initial value problem, where F' and G are replaced by Fj and Gy, respectively, is
Mo(r, 1) = (r+ct)Fo(r +ct) + (r — ct) Fo(r — ct)
2r
1 : T1Ci
+ gll’ltrtci §G0(§) df
Since F, and Gy are even functions, we have
$$\int_{r-ct} Mct-r)\ \xi G_O(\xi)\ d\xi=0.\]
Thus
Mo(r.t) = (r+ct)Fo(r +ct) — (ct — r)Fo(ct —7)
2r
+ L ingettr £Go(€) d¢ (4.2.1.3)
P ’
see Figure 4.2.1.1.
—ct cl—r ct+r

Figure 4.2.1.1: Changed domain of integration

For fixed ¢ > 0 and 0 < r < ct it follows that M(r,t) is the solution of the initial value problem with given initially data (4.2.1.1)
since Fy(s) = F(s), Go(s) = G(s) if s > 0.

Since for fixed ¢t > 0
$Su(x,t)=\lim_{r\to O} M_0(r,t),\]
it follows from d'Hospital's rule that
u(@,t) = ctF'(ct) + F(ct) + tG(ct)
= % (tF(ct)) + tG(ct).

Theorem 4.2. Assume f™C3(R?) and g™ C?(R3) are given. Then there exists a unique solution u™C?(R? x [0,00)) of the initial
value problem (4.2.2)-(4.2.3), where n = 3, and the solution is given by the Poisson's formula
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1 0 /1.
u(et) = e (?maBa(m) ) dSy) (4.2.1.3)
1
=+ mlﬂt@Bct(z) g(y) dSy (4214)

Proof. Above we have shown that a C%2-solution is given by Poisson's formula. Under the additional assumption f**C? it follows
from Poisson's formula that this formula defines a solution which is in C?2, see F. John [18], p. 129.

O

Corollary. From Poisson's formula we see that the domain of dependence for u(z, ty) is the intersection of the cone defined by |y
— x| = |t — to| with the hyperplane defined by ¢t = 0, see Figure 4.2.1.2.

1
(xtg

Figure 4.2.1.2: Domain of dependence, case n = 3.
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4.2.2: Case n=2

Consider the initial value problem

Vag + Vyy = € vy (4.2.2.1)
v(z,y,0) = f(z,y) (4.2.2.2)
Ut(ﬂf»y: 0) = 9(1711)7 (4223)

where fitC3, gmtC2,

Using the formula for the solution of the three-dimensional initial value problem we will derive a formula for the two-dimensional
case. The following consideration is called Hadamard's method of decent.

Let v(z,y,t) be a solution of (4.2.2.1)-(4.2.2.3), then
$SuU(XY,z,t):=v(xy,t\]

is a solution of the three-dimensional initial value problem with initial data f(z,y), g(z,y), independent of z, since u satisfies (
4.2.2.1)-(4.2.2.3). Hence, since u(z,y, z,t) = u(z,y,0,t) + u,(x,y,02,t)z, 0 < § < 1, and u, = 0, we have

BSvix,y,t)=u(x,y,8,t).\]

Poisson's formula in the three-dimensional case implies

1 0 /1.
v(z,y,t) = ymn (?lntcht(z,y?O) f(&mn) dS)
1
+ mlntaBd(m,y,O) g(f, 77) ds. (4224)
g
st
- S
" | x_y n
4 ds ~/~
/ 5 N
; N7\
/ g \
T] e .\'-.
e > ,../"’ |I| > 52 '\\\".I
— 1\ —~ 5'
™ N dedi’ )
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B N s
\_\\\ '\\.H :f
. e I
o - s
e
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Figure 4.2.2.1: Domains of integration

The integrands are independent on (. The surface S is defined by x(¢,7,¢) := (£ — )% + (n — y)? + ¢? — ¢%? = 0. Then the exterior
normal n at S is n = Vx/|Vx| and the surface element is given by dS = (1/|n3|)dédn, where the third coordinate of n is

$$n_3=\pm\frac{\sqrt{c”2 t*2-(\xi-x)*2-(\eta-y)*2}}{ct}.\]
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The positive sign applies on S+, where ¢ > 0 and the sign is negative on S~ where ¢ < 0, see Figure 4.2.2.1. We have S =St U 5.

Set p = /(€ —z)2 + (n — y)2. Then it follows from (4.2.2.4)

Theorem 4.3. The solution of the Cauchy initial value problem (4.2.2.1)-(4.2.2.3) is given by

1 0, f(&mn)
v(z,y,t) = %Elnt&((z,y) m dédn
1. 9(&n)
+ 7 intp,(zy) \/m d&dn.
1
(xty
flf. AY
VAR
/ N
/ A
/ 5
J.llf \
et

Figure 4.2.2.2: Interval of dependence, case n = 2

Corollary. In contrast to the three dimensional case, the domain of dependence is here the disk B, (¢, yo) and not the boundary
only. Therefore, see formula of Theorem 4.3, if f, g have supports in a compact domain D C R?, then these functions have
influence on the value v(z, y, t) for all time ¢t > T, T sufficiently large.
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4.3: Inhomogeneous Equations

Here we consider the initial value problem

Ou = w(z,t) on z™R", t™R! (4.3.1)
u(z,0) = f(z) (4.3.2)
u(z,0) = g(z), (4.3.3)

where Ou := uy — c2Au. We assume fC3, ¢™C? and w™C?, which are given.

Set u = uy + uq, Where u; is a solution of problem (4.3.1)-(4.3.3) with w := 0 and us is the solution where f =0 and g=0in (4.3.1)-(
4.3.3). Since we have explicit solutions u; in the cases n = 1, n = 2 and n = 3, it remains to solve

Ou = w(z,t) on z™R", tMR! (4.3.4)
u(z,0) =0 (4.3.5)
ut(x,0) = 0. (4.3.6)

The following method is called Duhamel's principle which can be considered as a generalization of the method of variations of
constants in the theory of ordinary differential equations.

To solve this problem, we make the ansatz

u(z,t) = int) v(z,t,s) ds, (4.3.7)
where v is a function satisfying
Ov=0 forall s (4.3.8)
and
v(z,s,8) =0. (4.3.9)

From ansatz (4.3.7) and assumption (4.3.9) we get

u; = v(z, t,t) + int} vz, t, s) ds,
= int} v(z,t, s). (4.3.10)

It follows u;(z,0) = 0. The initial condition u(z,t) = 0 is satisfied because of the ansatz (4.3.7). From (4.3.10) and ansatz (4.3.7) we
see that

uy = vz, t,t) +inth vy (z,t,5) ds,
Agu = inth Agv(z,t, s) ds.

Therefore, since u is an ansatz for (4.3.4)-(4.3.6),

uy — A pu = vy(, t,t) + inth (Ov)(z, t, 5) ds
= w(z,t).

Thus necessarily v(z,t,t) = w(z, t), see (4.3.8). We have seen that the ansatz provides a solution of (4.3.4)-(4.3.6) if for all s

Ov=0, v(z,s,8) =0, v(z,s,s)=wz,s). (4.3.11)

Let v*(z,t, s) be a solution of

Ov=0, v(z,0,8) =0, v(x,0,s)=wx,s), (4.3.12)

then
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$IV(X.t,5):=vA*(X,t-5,5)\]

is a solution of (4.3.11).
In the case n = 3, where v* is given by, see Theorem 4.2,

$SvA*(x,t,s)=\frac{1}{4\pi c”2 th\int_{\partial B_{ct}(x)}\ w(\xi,s)\ dS_\xi.\]
Then
v(z,t,8) = v (z,t —s,s)
= mint%m (@) w(é, s) dSe.
from ansatz (4.3.7) it follows
u(z,t) = int} v(z,t,s) ds

1. 4.
Wmto intop,, () S dScds.

Changing variables by 7 = ¢(t — s) yields

where r = |z — &|.

Formulas for the cases n =1 and n = 2 follow from formulas for the associated homogeneous equation with inhomogeneous
initial values for these cases.

Theorem 4.4. The solution of

Ou = w(z,t), u(z,0) =0, uiz,0)=0, (4.3.13)
where w™C', is given by:
Casen=3:
1, w(§,t—r/c)
= —intp o —2>—t7 ge, 4.3.14
u(®,t) = 5 intp,am) ; £ (4.3.14)

where r = |z — &|, x = (z1, 9, x3), £ = (1,69, &3).

Casen=2:
1. . w(é, 7)
t) = —int! t )y ————d d 4.3.1
u(z,t) 1o 0tg (m Byyn (@) T —— f) T (4.3.15)
T = (z1,T2), § = (£1,82)-
Casen=1:
(e, t) = %intg (intjfjgjg w(€, 7) d§> dr. (4.3.16)

Remark. The integrand on the right in formula for n = 3 is called retarded potential. The integrand is taken not at ¢, it is taken at
an earlier time t — r/c.
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4.4: A Method of Riemann

Riemann's method provides a formula for the solution of the following Cauchy initial value problem for a hyperbolic equation of
second order in two variables. Let

$${\mathcal S}:\ \ x=x(t), y=y(t),\ \ t_1\le t \le t_2)\]
be a regular curve in R?, that is, we assume z, y™C1[t1,ts] and x'2 + y'2 # 0. Set
$SLu=u_{xy}+a(xy)u_x+b(x,y)u_y+c(x,y)u\]

where a, b™C! and ¢, f™C in a neighborhood of 8. Consider the initial value problem

Lu = f(z,y) (4.4.1)
uo(t) = u(z(t), y(t)) (4.4.2)
Ppo(t) = ua(2(t), y(t)) (4.4.3)
q0(t) = uy(z(t), y(t)), (4.4.4)

where f"*C in a neighbourhood of § and uy, po, ¢i™C! are given.
We assume:
i u((t) = po(t)z’(t) + qo(t)y’(¢) (strip condition),
ii. 8 is not a characteristic curve. Moreover assume that the characteristic curves, which are lines here and are defined by z

= const. and y = const., have at most one point of intersection with 8, and such a point is not a touching point, i. e., tangents
of the characteristic and § are different at this point.

We recall that the characteristic equation to (4.4.1) is x.x, = 0 which is satisfied if x,(z,y) =0 or x,(z,y) = 0. One family of
characteristics associated to these first partial differential of first order is defined by z’(¢t) = 1, y’(¢) = 0, see Chapter 2.

Assume u, v"*C* and that u,,, v,, exist and are continuous. Define the adjoint differential expression by
$SMv=v_{xy}-(av)_x-(bv)_y+cv.\]
We have

2(vLu — uMv) = (uzv — vu + 2buv), + (uyv — vyu + 2auv),. (4.4.5)
Set

P = — (uyv — zzu + 2buv)
Q = uyv — vyu + 2auv.

From (4.4.5) it follows for a domain Q™*R?
2intg (vLu — uMv) dady = intg (—P, + Q) dzdy
- 7{ Pdz + Qdy, (4.4.6)

where integration in the line integral is anticlockwise. The previous equation follows from Gauss theorem or after integration by
parts:

$$\int_\Omega\ (-P_y+Q_x)\ dxdy=\int_{\partial\Omega}\ (-Pn_2+Qn_1)\ ds\]
where n = (dy/ds, —dz/ds), s arc length, (x(s), y(s)) represents Of.

Assume wu is a solution of the initial value problem (4.4.1)-(4.4.4) and suppose that v satisfies
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$SMv=0\ \ \mbox{in)\ \Omega.\]
y

P=(tg g

Figure 4.4.1: Riemann's method, domain of integration

Then, if we integrate over a domain Q as shown in Figure 4.4.1, it follows from (4.4.6) that

2intq vf dzdy = intgs Pdx + Qdy + int a4p Pdz + Qdy + intpp Pdz + Qdy.

The line integral from B to A is known from initial data, see the definition of P and Q.
Since

$Su_xv-v_xu+2buv=(uv)_x+2u(bv-v_x),\]

it follows

intgpPdx + Qdy = — int4p ((uv), + 2u(bv —v,)) dz
= — (w)(P) + (uv)(A) — int g4p 2u(bv — v,) dz.

By the same reasoning we obtain for the third line integral

int ppPdz + Qdy = intpg ((uv)y + 2u(av —vy)) dy
= (uv)(B) — (uv)(P) + int pp2u(av — vy) dy.

Combining these equations with (4.4.6), we get
20(P)u(P) = int pa(uyv — vz + 2buv) dz — (uyv — vyu + 2auv) dy
+ u(A)v(A) + u(B)v(B) + 2int g4pu(bv — v,) dz
+ 2int ppu(av — vy) dy — 2intg fv dzdy.

Let v be a solution of the initial value problem, see Figure 4.2.2 for the definition of domain D(P),
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P=(tg g a3

D(P)

X
Figure 4.4.2: Definition of Riemann's function
Mv =0 in D(P) (4.4.9)
bv—v, =0 on Cy (4.4.10)
av—vy =0 on Cy (4.4.11)
v(P) =1. (4.4.12)

Assume v satisfies (4.4.9)-(4.4.12), then

2u(P) = u(A)v(A) + u(B)v(B) — 2intq fv dzdy
= int g4 (uzv — vy + 2buv) dz — (uyw — vyu + 2auwv) dy,

where the right hand side is known from given data.
A function v = v(z, y; xo, yo) satisfying (4.4.9)-(4.4.12) is called Riemann's function.
Remark. Set w(z,y) = v(z, y; xq, yo) for fixed ¢, yo. Then (4.4.9)-(4.4.12) imply

w(z,yop) = exp (intio b(T,yo) dT) on C1,
w(zo,y) = exp (int} a(xo,7) dr) on C,.

Example 4.4.1:

uzy = f(z,y), then a Riemann function is v(z,y) = 1.

Example 4.4.2:

Consider the telegraph equation of Chapter 3

$$\varepsilon \mu u_{tt}=c”2\triangle_xu-\lambda\mu u_t,\]
where u stands for one coordinate of electric or magnetic field.
Introducing

$Su=w(x,t)e*{\kappa t},\]
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where k = —\/(2¢), we arrive at
$$w_{tt}=\frac{c*2}H{\varepsilon\mu}\triangle_xw-\frac{\lambda”*2H{4\epsilon*2}.\]

Stretching the axis and transform the equation to the normal form we get finally the following equation, the new function is
denoted by u and the new variables are denoted by z, y again,

$Su_{xy}+cu=0,\]

with a positive constant c. We make the ansatz for a Riemann function
$V(xyx_0y_0)=w(s)\ \ s=(x-x_8)(y-y_O)\]

and obtain

$Ssw"+w'+cw=0.\]

Substitution o = v/4cs leads to Bessel's differential equation
$$\sigma~2 z"'(\sigma)+\sigma z'(\sigma)+\sigma”2 z(\sigma)=0,\]
where z(o) = w(o?/(4c)). A solution is
$$J_0(\sigma)=J_0\left(\sqrt{4c(x-x_0)(y-y_O)Nright)\]

which defines a Riemann function since Jy(0) = 1.

Remark. Bessel's differential equation is
SEXA2y"(X)+xY'(X)+(XA2-n*2)y(x)=0,\]

where n™ R If nN U {0}, then solutions are given by Bessel functions. One of the two linearly independent solutions is
bounded at 0. This bounded solution is the Bessel function J,(x) of first kind and of order n, see [1], for example.
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4.5: Initial-Boundary Value Problems

In previous sections we looked at solutions defined for all z'™R™ and t™R/!. In this and in the following section we seek solutions
u(z,t) defined in a bounded domain Q C R™ and for all t™*R! and which satisfy additional boundary conditions on 5.
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4.5.1: Oscillation of a String

Let u(z, t), "[a, b], ™R}, be the deflection of a string, see Figure 1.1.1 from Chapter 1. Assume the deflection occurs in the (z,u)
-plane. This problem is governed by the initial-boundary value problem

up(z,t) = ugy(z,t) on (0,1) (4.5.1.1)
u(z,0) = f(z) (4.5.1.2)
ut(z,0) = g(z) (4.5.1.3)
uw(0,t) = u(l,t) = 0. (4.5.1.4)
Assume the initial data f, g are sufficiently regular. This implies compatibility conditions f(0) = f(I) = 0 and g(0) = g(!).
Fourier's method
To find solutions of differential equation (4.5.1.1) we make the separation of variables ansatz
u(z,t) = v(z)w(t). (4.5.1.1)
Inserting the ansatz into (4.5.1.1) we obtain
v(z)w” (t) = v" (z)w(t), (4.5.1.2)
or, if v(z)w(t) # 0,
” t ”
W) _ v@) (4.5.1.3)
w(t)  v(z)
It follows, provided v(z)w(t) is a solution of differential equation (4.5.1.1) and v(z)w(t) # 0,
” t
w(t) = const. =: —\ (4.5.1.4)
w(t)
and
@) (4.5.1.5)
v(z)

since z, t are independent variables.

Assume v(0) = v(l) =0, then v(z)w(t) satisfies the boundary condition (4.5.1.4). Thus we look for solutions of the eigenvalue
problem

—v”(x) = Mv(z) in (0,1) (4.5.1.5)
v(0) =v(l) =0, (4.5.1.6)
which has the eigenvalues
T 2
Ay = (771) , n=1,2,.., (4.5.1.6)
and associated eigenfunctions are
. m
v, = sin (Tnx) . (4.5.1.7)
Solutions of
—w” () = Mw(t) (4.5.1.8)
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are
sin(v/ Ant), cos(v/ Ant). (4.5.1.9)

Set
Wy (t) = ay cos(v/ Ant) + B sin(v/ Ant), (4.5.1.10)

where a,, MR
It is easily seen that w,(t)v,(z) is a solution of differential equation (4.5.1.1), and, since (4.5.1.1) is linear and homogeneous, also
(principle of superposition)

N
uy = an(t)vn(z) (4.5.1.11)
n=1
which satisfies the differential equation (4.5.1.1) and the boundary conditions (4.5.1.4). Consider the formal solution of (4.5.1.1), (
4.5.1.4)

u(z,t) = i (an cos(\/)\_nt) + By sin( )\nt)) sin ( /\nac) . (4.5.1.7)

n=1

"Formal" means that we know here neither that the right hand side converges nor that it is a solution of the initial-boundary value
problem. Formally, the unknown coefficients can be calculated from initial conditions (4.5.1.2), (4.5.1.3) as follows. We have

u(z,0) = Zan sin(v/ Apz) = f(z). (4.5.1.12)
n=1
Multiplying this equation by sin(v/A;z) and integrate over (0,1), we get
apint) sin?(v/Arz) dz = int) f(z)sin(v/ M) d. (4.5.1.13)
We recall that
int}) sin(y/A\,z)sin(v/ M) do = éénk. (4.5.1.14)
Then
ap = %inté f(z)sin (WTk:E) dzx. (4.5.1.8)
By the same argument it follows from
u(z,0) = Z,Bn\/ Ansin(yv/Apz) = g(z) (4.5.1.15)
n=1
that
2
Br = —intl g(x)sin (F—km) dz. (4.5.1.9)
km l

Under additional assumptions f*C(0,1), g™*C3(0,1) it follows that the right hand side of (4.5.1.7), where a,, 3, are given by (
4.5.1.8) and (4.5.1.9), respectively, defines a classical solution of (4.5.1.1)-(4.5.1.4) since under these assumptions the series for u
and the formal differentiate series for u;, uy, uz, uz, converges uniformlyon 0<z <1,0<t<T,0< T < oo fixed, see an exercise.
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4.5.2: Oscillation of a Membrane

Let Q c R? be a bounded domain. We consider the initial-boundary value problem

ug(z,t) = Nyu in Q x RY, (4.5.2.1)
u(z,0) = f(z), z™Q, (4.5.2.2)
uy(x,0) = g(z), =™Q, (4.5.2.3)
u(z,t) =0 on dQ x RL. (4.5.2.4)

As in the previous subsection for the string, we make the ansatz (separation of variables)

$$
u(x,t)=w(t)v(x)
\]

which leads to the eigenvalue problem

—Av=\v in Q, (4.5.2.5)
v=0 on 0N. (4.5.2.6)

Let )\, are the eigenvalues of (4.5.2.5), (4.5.2.6) and v,, a complete associated orthonormal system of eigenfunctions. We assume
Q is sufficiently regular such that the eigenvalues are countable, which is satisfied in the following examples. Then the formal
solution of the above initial-boundary value problem is

$$
u(x,t)=\sum_{n=1}"\infty\left(\alpha_n\cos(\sqrt{\lambda_n}t)+\beta_n\sin(\sqrt{\lambda_n}t)\right)v_n(x),
\]

where

an, = intg f(z)v,(z) dz

Bn = L intq g(z)v,(z) d.

o

In general, eigenvalues of (4.5.2.5), (4.5.2.5) are not known explicitly. There are numerical methods to calculate these values.
In some special cases, see next examples, these values are known.

Examples

Example 4.5.2.1: Rectangle membrane

Let
Q= (0,a) x (0,b). (4.5.2.1)

Using the method of separation of variables, we find all eigenvalues of (4.5.2.5), (4.5.2.6) which are given by

k2 12
A=A =5+ 550 kl=12,. (4.5.2.2)
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and associated eigenfunctions, not normalized, are

$$

u_{kl}(x)=\sin\left(\frac{\pi k}{a}x_1\right)\sin\left(\frac{\pi }{b}x_2\right).
\]

Example 4.5.2.2: Disk membrane

Set
Q= {z"R?: 2423 < R?}. (4.5.2.3)

In polar coordinates, the eigenvalue problem (4.5.2.5), (4.5.2.6) is given by

—% ((rur)T + %UW) = du (4.5.2.6)
w(R,0) =0, (4.5.2.7)

here is u = u(r,0) := v(r cos 6, r sin §). We will find eigenvalues and eigenfunctions by separation of variables
u(r, 0) = v(r)q(0), (4.5.2.4)

where v(R) = 0 and ¢(6) is periodic with period 27 since u(r, ) is single valued.
This leads to

1 1
- ((rv’)’q—l— ?vq”> = Avg. (4.5.2.5)

Dividing by vq, provided vq # 0, we obtain

L ((r'(r)  14"(0)
= il — A 4.5.2.8
(e (4528
which implies
q"(9)
= const. =: —p. 4.5.2.6
«0) (4520
Thus, we arrive at the eigenvalue problem
—q"(0) = pq(9)
¢(6) = q(6 + 2m).
It follows that eigenvalues p are real and nonnegative. All solutions of the differential equation are given by
q(0) = Asin(y/10) + Bcos(y/pb), (4.5.2.7)
where A, B are arbitrary real constants. From the periodicity requirement
Asin(/p8) + Bcos(y/p8) = Asin(y/u(0 + 2m)) + Beos(y/p(0 + 27)) (4.5.2.8)
it follows
. . T+y . T—Y
sinx —siny = 2 cos sin 5
Tty . T—yY
COST — COS Yy = — 2sin Sin B
sin(y/pm) (A cos(y/ub + /) — Bsin(y/pf + /um)) = 0, (4.5.2.9)
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which implies, since A, B are not zero simultaneously, because we are looking for ¢ not identically zero,
sin(y/pm) sin(y/p0 + ) =0 (4.5.2.10)

for all  and a § = 6(A4, B, ). Consequently the eigenvalues are

pn=n% n=0,1,.. . (4.5.2.11)

Inserting q”(0)/q(8) = —n? into (4.5.2.8), we obtain the boundary value problem

20" (r) + 70’ (r) + (A2 —n?)v =0 on (0, R) (4.5.2.9)
v(R) =0 (4.5.2.10)
sup |v(r)| < oo. (4.5.2.11)

rint(0,R)

Set z = vAr and v(r) = v(z/VX) =: y(2), then, see (4.5.2.9),
22y"(2) + 2y’ (2) + (z° —n’)y(2) = 0, (4.5.2.12)

where z > 0. Solutions of this differential equations which are bounded at zero are Bessel functions of first kind and n-th
order J,(z). The eigenvalues follows from boundary condition (4.5.2.10), i. e., from Jn(\/XR) = 0. Denote by T, the zeros of
Jn(2), then the eigenvalues of (4.5.2.6)-(4.5.2.6) are

Ank = (%)2 (4.5.2.13)

and the associated eigenfunctions are

Jn(V Apgr) sin(n), n=1,2,...
Jn(V/ Apgr) cos(nf), n=0,1,2,....
Thus the eigenvalues Ay are simple and Az, n > 1, are double eigenvalues.

Remark. For tables with zeros of J,(z) and for much more properties of Bessel functions see \cite{Watson}. One has, in
particular, the asymptotic formula

Jn(z) = (l) v (cos(w —nn/2—7m/5)+ O (%)) (4.5.2.14)

™

as x — oo. It follows from this formula that there are infinitely many zeros of J,(x).
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4.5.3: Inhomogeneous Wave Equations

Let Q ¢ R" be a bounded and sufficiently regular domain. In this section we consider the initial-boundary value problem

ug = Lu+ f(z,t) in Q xR} (4.5.3.1)
u(z,0) = ¢(z) z™Q (4.5.3.2)
uy(x,0) = ¢(z) z™Q (4.5.3.3)
u(z,t) =0 for z™0Q and ™R}, (4.5.3.4)

where u = u(z,t), z = (z1, ..., z,), f, ¢, ¥ are given and L is an elliptic differential operator. Examples for L are:

1. L =0?/0z* oscillating string.
2. L=/, oscillating membrane.
n 9 B
= — ’L] . . . .
3. Lu szl o, (a (:U)u‘m), (4.5.3.1)

where o'/ = ¢Ji are given sufficiently regular functions defined on 2. We assume L is uniformly elliptic, that is, there is a constant
v > 0 such that

$$\sum_{i,j=1}*na*{ij)\zeta_i\zeta_j\ge\nu|\zeta|*2\]

for all ™ and ¢™R".

4. Let u = (uy,...,uy) and

$$Lu=\sum_{i,j=1}*n\frac{\partial}{\partial x_j)\left(A*{ij}(x)u_{x_i}\right),\]

where A% = A7 are given sufficiently regular (m x m)-matrices on Q. We assume that L defines an elliptic system. An example
for this case is the linear elasticity.

Consider the eigenvalue problem

—Lv=Xv in Q (4.5.3.5)
v=0 on 0. (4.5.3.6)

Assume there are infinitely many eigenvalues
$$0<\lambda_1\le\lambda_2\le\ldots\ \to\infty\]

and a system of associated eigenfunctions v, vs, ... which is complete and orthonormal in L2(£2). This assumption is satisfied if
Q is bounded and if 99 is sufficiently regular.

For the solution of (4.5.3.1)-(4.5.3.4) we make the ansatz
u(e,t) =Y vp()w(t), (4.5.3.7)
k=1

with functions wy(t) which will be determined later. It is assumed that all series are convergent and that following calculations
make sense.

Let
) =3 exltuile) (45.338)

be Fourier's decomposition of f with respect to the eigenfunctions v;. We have
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ci(t) = intq f(=,t)vi(z) dz, (4.5.3.9)
which follows from (4.5.3.8) after multiplying with v;(z) and integrating over Q.
Set
$$\langle\phi,v_k\rangle=\int_\Omega\ \phi(x)v_k(x)\ dx,\]

then

are Fourier's decomposition of ¢ and 1), respectively.

In the following we will determine wy(t), which occurs in ansatz (4.5.3.7), from the requirement that u = vy (z)wy(t) is a solution of
$Su_{tt}=Lu+c_k(t)v_k(x)\]

and that the initial conditions

$$w_k(®)=\langle\phi,v_k\rangle\ \ \ w_k'(8)=\langle\psi,v_k\rangle\]

are satisfied. From the above differential equation it follows

$Sw_K"(t)=-\lambda_kw_k(t)+c_k(t).\]

Thus
wi(t) = ag cos(y/ Axt) + b sin(v/ Agt) (4.5.3.10)
1
+ ——int} ci(7) sin(v/ As(t — 7)) dr,
e nto k(T)sin(v/ Ar(t — 7))
where

$$ a_k=\langle\phi,v_k\rangle \ \ \ b_k=\frac{1{\sqrt{\lambda_k}}\langle\psi,v_k\rangle.\]
Summarizing, we have

Proposition 4.2. The (formal) solution of the initial-boundary value problem (4.5.3.1)-(4.5.3.4) is given by

u(z,t) = ivk(w)wk(t), (4.5.3.2)

k=1

where vy is a complete orthonormal system of eigenfunctions of (4.5.3.5), (4.5.3.6) and the functions w;, are defined by (4.5.3.10).

The Resonance Phenomenon

Set in (4.5.3.1)-(4.5.3.4) ¢ = 0, ¢ = 0 and assume that the external force f is periodic and is given by
$$f(x,t)=A\sin(\omega t)v_n(x),\]

where A, w are real constants and v,, is one of the eigenfunctions of (4.5.3.5), (4.5.3.6). It follows
$$c_k(t)=\int_\Omega\ f(x,t)v_k(x)\ dx=A\delta_{nk}\sin(\omega t).\]

Then the solution of the initial value problem (4.5.3.1)-(4.5.3.4) is
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u(z,t) = Aj}/T;\EC) int} sin(wr) sin(y/ A\, (t — 7)) dr

— Avy(2)—— (\/U;\_nsin(\/)\—kt)—sin(wt)>,

provided w # v/ \,,. It follows
$Su(xt)\to\frac{A}2\sart{\lambda_n}}v_n(x)\left(\frac{\sin(\sqrt{\lambda_n}t){\sqrt{\lambda_n}}-t\cos(\sqrt{\lambda_n} t)\right)\]
if w — v/ A,. The right hand side is also the solution of the initial-boundary value problem if w = v/\,.

Consequently |u| can be arbitrarily large at some points z and at some times ¢ if w = v/\,.. The frequencies /A, are called critical
frequencies at which resonance occurs.

A Uniqueness Result

The solution of the initial-boundary value problem (4.5.3.1)-(4.5.3.4) is unique in the class Cz(ﬁ x RY).

Proof. Let u1, us are two solutions, then u = uy — u; satisfies

up = Lu in O x R!
u(z,0) =0 z™Q
up(x,0) =0 z™Q
u(z,t) =0 for ™0Q and t™R".

As an example we consider Example 3 from above and set
$SE(t)=\int_\Omega\ (\sum_{i,j=1}"*na{ij}(x)u_{x_iju_{x_j}+u_tu_t)\ dx.\]

Then
n L.
E’(t) = 2intq (Z 0" (2 g, Ug t + usty) dz
ij=1
n L.

= 2intgn (Z a¥(x)ugum;) dS

ij=1
+ 2intq ui(—Lu + ut) dx
=0.

It follows E(t) = const. From u(z,0) = 0 and u(z,0) = 0 we get E(0) = 0. Consequently E(t) = 0 for all ¢, which implies, since L

is elliptic, that u(x,t) = const. on Q x R!. Finally, the homogeneous initial and boundary value conditions lead to u(z,t) = 0 on Q
x R,
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4.E: 4: Hyperbolic Equations (Exercises)

Uy = CCugy (4.E.1)
u(A4) +u(C) = u(B) + u(D) (4.E.2)

holds for all parallelograms ABCD in the (z,t)-plane, which are bounded by characteristic lines, see Figure 4.E.1.

1
- A . --.-- e
-l
...___.-" -
- — -
e D ra
: e L
- T ,--’{"---.__
e o -
" -
.____,.-"'-' - B - -
- S -
- = L
ot
ol s .

Figure 4.1: Figure to the exercise

Q4.2: Method of separation of variables

Let vi(x) be an eigenfunction to the eigenvalue of the eigenvalue problem
—v”(z) = Av(z) in (0,1), v(0) = v(l) =0
and let w(t) be a solution of differential equation
—w” (t) = Apw(t) (4.E.3)

Prove that v, (z)wy(t) is a solution of the partial differential equation (wave equation) u; = ug,.

Q4.3

Solve for given f(z) and p'™*R! the initial value problem

us + Uz + HUgre = 0 in Rl X Ri
u(z,0) = f(z) .

Q4.4

Let S := {(x,t); t = vz} be space-like, i.e, |7 < 1/c?) in (z,t)-space, x = (z1, 2, x3). Show that the Cauchy initial value problem
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Ou = 0 with data for u on S can be transformed using the Lorentz-transform

2
— t
g, = LT (4.E.4)
V1—72c
TH=1x9, Ty=1T3 (4.E.5)
’ t— YT1
P e L3 (4.E.6)
V1—72c
into the initial value problem, in new coordinates,
Ou=20
u(z’,0) = f(a)
up(z',0) = g(z’)
Here we denote the transformed function by « again.
Q4.5
u(z,t) = ia cos (ﬂt) sin (ﬂx) (4.E.7)
=2 an ; l E.
is a C2-solution of the wave equation uy; = u., if |a,| < ¢/n?* where the constant ¢ is independent of .
(i) Set
a, = inth f(z) sin (%z) dx. (4.E.8)

Prove |a,| < ¢/n?, provided f™*C¢(0,1).

Q4.6

Let Q be the rectangle (0,a) x (0,b). Find all eigenvalues and associated eigenfunctions of —Au = Au in Q, u = 0 on 99. Hint:
Separation of variables.

Q4.7
ihnpy = th 1% in R" x R! 4.E.9
1¢t——% S+ V(z)y in X ) (4.E.9)
intR[(z, t)2de =1, (4.E.10)
Au + 2h—n21(E —V(@)u=0 in R" (4.E.11)

under the side condition int? |u|?dz = 1,u: R"+~ C.
Here is

Y: R"xR!'= C (4.E.12)
Planck's constant (%) is a small positive constant) and V(z) a given potential.

Remark. In the case of a hydrogen atom the potential is V(z) = —e/|z|, e is here a positive constant. Then eigenvalues are given
by E,, = —me*/(2h%n?), n'"N, see [22], pp. 202.
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Q4.8

Find nonzero solutions by using separation of variables of u;; = A,u in Q x (0,00), u(z,t) =0 on 99, where Q is the circular
cylinder Q = {(z1, z2, z3)™R" : x% + x% < R?, 0<a23<h}.

Q4.9

Solve the initial value problem
3utt — 4um =0

u(z,0) =sinz

u(z,0) =1.

Q4.10

Solve the initial value problem

U — CPUgy = x2, t >0, z™R!
u(z,0) ==
ut(z,0) =0 .

Hint: Find a solution of the differential equation independent on ¢, and transform the above problem into an initial value problem
with homogeneous differential equation by using this solution.

Q4.11
Find with the method of separation of variables nonzero solutions u(z,t),0 <z <1, 0 <t < oo, of
U — Uz +u =0, (4.E.13)
such that u(0,¢) = 0, and u(1,t) = 0 for all £*[0, co).
Q4.12
U — ugy = Au, A = const. (4.E.14)
u(z,t) = f(z? — c2t?) = f(s), s :=x? — *t? (4.E.15)
2f7(2) +2f(2) + (22 =n®)f =0, 2> 0 (4.E.16)
with n = 0.

Remark. The above differential equation for u is the transformed telegraph equation (see Section 4.4).

Q4.13

Find the formula for the solution of the following Cauchy initial value problem u,, = f(z,y), where S: y = az +b, a > 0, and the
initial conditions on S are given by

u=ar+ By -+,
Uy = @

uyzﬂv

a, b, a, B, v constants.
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Q4.14

Find all eigenvalues pu of

—q"()
q(0)

pq(0)
q( + 2m) .
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5: FOURIER TRANSFORM

Fourier's transform is an integral transform which can simplify investigations for linear differential or integral equations since it
transforms a differential operator into an algebraic equation.

|
o ko merareny 1 L]

5.1: Definition and Properties
5.1.1: Pseudodifferential Operators

5.E: Fourier Transform (Exercises)
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5.1: Definition and Properties

Definition. Let f™C;(R"), s =0, 1, ... The function f defined by

F(&) = (2m) P intgs e 47 f(2) da,

where ¢™R™, is called {\it Fourier transform} of f, and the function §
given by

g(x) = (2m) "intr. e“7g(€) d¢

is called inverse Fourier transform, provided the integrals on the right hand side
exist.

(5.1.1)

(5.1.2)

From (5.1.1) it follows by integration by parts that differentiation of a function is changed to multiplication of its Fourier transforms,

or an analytical operation is converted into an algebraic operation. More precisely, we have

Proposition 5.1.
Def(g) = ilgn f(9),

where |a| < s.

(5.1.3)

The following proposition shows that the Fourier transform of f decreases rapidly for || — oo, provided f™Cgs(R™). In particular,

the right hand side of (5.1.2) exists for g := f if RO RM).

Proposition 5.2. Assume ¢"*C§(R"), then there is a constant M = M(n, s, g) such that

$$
\widehat{g}(\xi)|\le \frac{M}{(1+|\xi])"s}.
\]

Proof. Let £ = (&3, ..., &,) be fixed and let j be an index such that
‘§]| = maxy ‘§k| Then

. 1/2
¢ = (Zfz) < Vnlgj]
k=1

which implies

s

(+1eh =3 (7 ) el

k=0
s
< 98 Z nk/2|§j|k
k=0
< 2sns/2 Z |§a‘

lof<s

This inequality and Proposition 5.1 imply
(L+1ED*15(&)] < 2°n*2 > (i) “(€)]

la|<s

< 2n°/? Z intg» |D%(z)| de =: M.

le|<s
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The notation inverse Fourier transform for (5.1.2) is justified by

Theorem 5.1. _); = fandf: I

Proof. See \cite{Yosida}, for example. We will prove the first assertion

(2m) " intgs €7 f(€) d€ = f(x) (5.1.5)

here. The proof of the other relation is left as an exercise. All integrals appearing in the following exist, see Proposition 5.2 and
the special choice of g.

(i) Formula

intre g(&)f(6)e™™* d = intrs §(y)f(z +y) dy (5.1.6)

follows by direct calculation:
intg» g(&) ((2%)7”/2intm e T f(y) dy) e de¢
= (2m) " 2intg (intre g(€)e V) dg) f(y) dy

= intr: gy — ) f(y) dy
= intr» §(y)f(z +y) dy.

(ii) Formula
(2m) " %intg. e ¥ Eg(e€) dE = e "G(y/e) (5.1.7)

for each ¢ > 0 follows after substitution z = &£ in the left hand side of (5.1.1).
(iii) Equation
intg. g(e€)f(£)e™¢ d¢ = intre §(y) f(z + ey) dy (5.1.8)

follows from (5.1.6) and (5.1.7). Set G(§) := g(££), then (5.1.6) implies
intre G(€)f(€)e™ dé = intr Cly) f(z +y) dy. (5.1.9)

Since, see (5.1.7),

G(y) = (27) " intgs e ¥Eg(e) d¢
e "g(y/e),

we arrive at

intre 9(c€)f(€) = intree "3(y/e) f(z +y) dy
= intrng(2) f(z + €2) dz.

Letting € — 0, we get

g(0)intrn f(€)e'™ d& = f(w)intr: §(y) dy. (5.1.10)
Set
g(x) = e 1172, (5.1.11)
then
intre §(y) dy = (2m)"2. (5.1.12)

Since g(0) = 1, the first assertion of Theorem 5.1 follows from (5.1.10) and (5.1.12). It remains to show (5.1.12).
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(iv) Proof of (5.1.12). We will show

§(y) : = (2m) " intg. e 27 gy
= e /2,
The proof of
intg. e W72 dy = (2m)"/? (5.1.13)
is left as an exercise. Since
r .y T .y | ly|* )
| —=ti—=] | —=ti—= == |tz y— — (5.1.14)
(x/ﬁ ﬁ) (\/5 \/5) ( 2 2
it follows
intgs e o2 iz go — intga e e W2 gy
= ef‘y‘zﬂintm e de
= 2"2e W' Rintg, e dn
where
ni=—+i—. (5.1.15)
V2 V2
Consider first the one-dimensional case. According to Cauchy's theorem we have
?{ e dn=0, (5.1.16)
c
where the integration is along the curve C which is the union of four curves as indicated in Figure 777.
Im 7
iy
12 Cs
ik
W
C
C, 4
.'I II-
—R c R Re n
1
Figure 5.1.1: Proof of (5.1.12)
Consequently
, 1 , ,
inte, e dp= EintfR e dg —inte, e dn—inte, e dn. (5.1.17)
It follows
lim inte, e dp= /7 (5.1.18)
R—o0
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since

lim inte, e 7 dn=0, k=2, 4.
R—o0

The case n > 1 can be reduced to the one-dimensional case as follows. Set

n= = +i—y = ( )
7717"'777 bl
\/§ \/5 "
where
T .Y
m=—+i—
\/5 2

From dn = dn; ...dn; and

n
e — e~ i — H e
=1

it follows

n

intgrn e eta’ dn = Hintpl e dny,

=1

where for fixed y

$$

\Gamma_l=\{z\in{\mathbb C}\ z=\frac{x_LH{\sqrt{2}}+i\frac{y_L}{\sqrt{2}}, -\infty<x_l<+\infty\}.

\]

There is a useful class of functions for which the integrals in the definition of f and f exist.

For ™ C>(R") we set

$$

a.{j,k}(u):=\max_{\alpha:\ \alpha|\le k}\left(\sup_{\mathbb{R}*n}\left((1+|x|*2)*{j/2}|DM\alpha u(x)|\right)\right).

\]

Definition. The Schwartz class of rapidly decreasing functions is

$$

{\mathcal{S}}(\mathbb{R}*n)=\left\{u\in  CM\infty(\mathbb{R}*n): \  q_{j,k}{u)<\infty\

NRNcup\{®\N\right\}.
\]

This space is a Frechét space.
Proposition 5.3. Assume u™S(R"), then @ and @™ S(R").

Proof. See [24], Chapter 1.2, for example, or an exercise.
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5.1.1: Pseudodifferential Operators

The properties of Fourier transform lead to a general theory for linear partial differential or integral equations. In this subsection
we define

$$D_k=\frac{1{iNfrac{\partial}{\partial x_k}\ \ k=1,\ldots,n,\]
and for each multi-index a as in Subsection 3.5.1
$$DMalpha=D_1*\alpha_1}\ldots D_n*{\alpha_n}\]
Thus
$$DMalpha=\frac{1}{i*{|\alpha|}}\frac{\partial*|\alpha|}}{\partial x_1*{\alpha_1}\ldots \partial x_n*{\alpha_n}}.\]
Let
$$p(x,D):=\sum_{\alpha|\le m}a_\alpha(x)D"\alpha,\]
be a linear partial differential of order m, where a,, are given sufficiently regular functions.
According to Theorem 5.1 and Proposition 5.3, we have, at least for «'™S(R"),
$$u(x)=(2\pi)A{-n/2\int_{\mathbb{R}*n}\ e*ix\cdot\xiNwidehat{u}(\xi)\ d\xi\]
which implies
$$DMalpha u(x)=(2\pi)r-n/2N\int_{\mathbb{R}*n}\ e*{ix\cdot\xi}\xi*\alpha\widehat{u}(\xi)\ d\xi.\]
Consequently
p(z, D)u(z) = (27) " ?intgs e p(x, £)a() dE, (5.1.1.1)
where
$$p(x,\xi)=\sum_{|\alpha|\le m}a_\alpha(x)\xi*\alpha.\]
The right hand side of (5.1.1.1) makes sense also for more general functions p(z, £), not only for polynomials.
Definition. The function p(z, £) is called symbol and
$$(Pu)(x):=(2\pi)*{-n/2N\int_{\mathbb{R}*n}\ e*ix\cdot\xi}p(x,\xi)\widehat{u}(\xi)\ d\xi\]
is said to be pseudodifferential operator.

An important class of symbols for which the right hand side in this definition of a pseudodifferential operator is defined is S™
which is the subset of p(x, £)™C>(Q x R"™) such that

$$|DM\beta_xD_\xiMalpha p(x,\xi)|\le C_{K\alpha,\beta}(p)\left(1+[\xi|\right)*{m-[\alpha|}\]
for each compact K c Q.

Above we have seen that linear differential operators define a class of pseudodifferential operators. Even integral operators can
be written (formally) as pseudodifferential operators.

Let

$$(Pu)(x)=\int_{\mathbb{R}"*n}\ K(x,y)u(y)\ dy\]
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be an integral operator. Then

(Pu)(z) = (27r)_"/2intRn K(z,y)intg- eiz'gﬁaﬁ(ﬁ) d¢
= (27) " %intg. ¢ (intRn VK (2, y) dy) ().

Then the symbol associated to the above integral operator is

$$p(x,\xi)=\int_{\mathbb{R}*n}\ e {i(y-x)\cdot\xi}K(x,y)\ dy.\]
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5.E: Fourier Transform (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q5.1

Show

intgee V72 dy = (2m)"/2. (5.E.1)
Q5.2

Show that «™8§(Rn) implies @, #™S(R™).

Q5.3

Give examples for functions p(z, £) which satisfy p(z, £)tS™.

Q5.4

Find a formal solution of Cauchy's initial value problem for the wave equation by using Fourier's transform.
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6: PARABOLIC EQUATIONS

Here we consider linear parabolic equations of second order. An example is the heat equation
$S$u_t=ar2\triangle u\]

where u = u(z,t), $%*R3, t > 0, and a? is a positive constant called conductivity coefficient. The heat equation has its origin in
physics where u(z,t) is the temperature at z at time ¢, see [20], p. 394, for instance.

Remark 1. After scaling of axis we can assume a = 1.

Remark 2. By setting ¢ := —t, the heat equation changes to an equation which is called backward equation. This is the reason for
the fact that the heat equation describes irreversible processes in contrast to the wave equation Ou = 0 which is invariant with
respect the mapping ¢ — —t. Mathematically, it means that it is not possible, in general, to find the distribution of temperature at
an earlier time \(t

Consider the initial value problem for u = u(x,t), z™R", ¢t > 0 and u™C>®(R" x R}),
ur = Au (6.1)
u(z,0) = ¢(z), (6.2)

where ¢ C(R") is given and A = A,.

|
o B ierarcr, I

6.1: Poisson's Formula

6.2: Inhomogeneous Heat Equation
6.3: Maximum Principle

6.4: Initial-Boundary Value Problems
6.4.1: Fourier's Method

6.4.2: Uniqueness

6.5: Black-Scholes Equation

6.E: Parabolic Equations (Exercises)
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6.1: Poisson's Formula

Assume u is a solution of (6.2), then, since Fourier transform is a linear mapping,
w—Au = 0.

From properties of the Fourier transform, see Proposition 5.1, we have

Ru=3> 2 5 g,

2
p LA
provided the transforms exist. Thus we arrive at the ordinary differential equation for the Fourier transform of u

di .
= =0
- TlePa=0,

where ¢ is considered as a parameter. The solution is

a(e,t) = p(e)e 1

since 4(&,0) = ¢(§). From Theorem 5.1 it follows

u(z, t) = (2m) intgs (€)e 1T de
= (2m) "intr» @(y) (intmeié(ww—m% d§) dy.

Set
SEK(x,y,1)=(2\pi)M-nNint_{\mathbb{R}*n}e {i\xi\cdot (x-y)-|\xi|*2t}\ d\xi.\]

By the same calculations as in the proof of Theorem 5.1, step (vi), we find

K(x,y,t) = (4mt) "2 lvl/4t,

K

Figure 6.1.1: Kernel K(z,y,t), p = |z — y|, t1 < t2

Thus we have
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u(z,t) = ;intm p(z)e 14 gy, (6.1.6)

/)

Definition. Formula (6.1.6) is called Poisson's formula} and the function K defined by (6.1.5) is called heat kernel or fundamental
solution of the heat equation.

Proposition 6.1 The kernel K has following properties:

1. (i) K(z,y,t)™C>®(R" x R" x RL),
2. (i) (8/0t —A)K(z,y,t) =0, t >0,
3. (i) K(z,y,t) >0, t >0,
4. (iv) intge K(z,y,t) dy=1, z™R", t >0
5. 6 > 0:(v) For each fixed
lim intrm gy K(z,y,t) dy=0 (6.1.7)
t—0
t>0

uniformly for z™R.
Proof. (i) and (iii) are obviously, and (ii) follows from the definition of K. Equations (iv) and (v) hold since

. . /2 o2
intrm By(z) K(2,9,t) dy = intram py(z) (471) n/2¢—le—yl*/4 dy

—n/2: —|n|?
=7 /mtRn\BWM(O)e Ll dn

by using the substitution y = z 4 (4t)/n. For fixed & > 0 it follows (v) and for § := 0 we obtain (iv).

O

Theorem 6.1. Assume ¢™C(R") and supg. |p(z)| < co. Then u(z,t) given by Poisson's formula (6.1.6) is in C*(R™ x R1),
continuous on R™ x [0,00) and a solution of the initial value problem (6.2), (6.3).

Proof. It remains to show

$%
\lim_{
z— €
0 (6.1.8)
Hu(x,t)=\phi(\xi).
\]
i
{_}"f.- -.-FF -\-.-\-‘-H"-\.
- ey
e
N,
& “"\-‘
/ i /"f—- - -HMHM "\‘
i : .f-) \\"\ III
[ ,-"' b |
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[ , ' '
) X
g E+D &+206
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Figure 6.1.2: Figure to the proof of Theorem 6.1

Since ¢ is continuous there exists for given € > 0 a § = d(¢) such that |¢(y) — ¢(§)| < € if |y — &| < 24.
Set M := supg. |¢(y)|- Then, see Proposition 6.1,

u(z,t) — ¢(§) = intr» K(z,y,1) (8(y) — ¢(§)) dy. (6.1.9)

It follows, if |z — ¢| < d and t > 0, that

[u(z,t) — ¢(§)| < intp,) K(z,y,t)[¢(y) — ¢(€)| dy
+ intR”\Bg(z) K(:E, Y, t) |¢(y) - d)(g)‘ dy
< int () K(z,y,t)|9(y) — (8| dy
+ 2Mintg y(z) K(z,y,t) dy
< eintre K(z,y,t) dy + 2Mintge p,) K(z,y,t) dy
< 2

if 0 < t < to, to sufficiently small.

Remarks. 1. Uniqueness follows under the additional growth assumption

lu(z,t)] < Me®™ in Dy, (6.1.10)

where M and a are positive constants,
see Proposition 6.2 below.
In the one-dimensional case, one has uniqueness in the class u(z,¢) > 0 in Dr, see [18], pp. 222.

2. u(z,t) defined by Poisson's formula depends on all values ¢(y), ¥™R". That means, a perturbation of ¢, even far from a fixed z
, has influence to the value u(z, t). This means that heat travels with infinite speed, in contrast to the experience.
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6.2: Inhomogeneous Heat Equation

Here we consider the initial value problem for u = u(z, t), ™ C*(R" x R,),

—Au = f(x,t) in 2™R", t >0,
( 0) = ¢(x),

where ¢ and f are given. From
$$ \widehat{u_t-\triangle u}=\widehat{f(x,t)} \]
we obtain an initial value problem for an ordinary differential equation:
By jepa= e
a(€,0) = 4(9).
The solution is given by
$$\widehat{u}(\xi,t)=e-|\xi|*2 thwidehat{\phi}(\xi)+\int_0"t\ e”{-|\xi|*2(t-\tau)\widehat{f}(\xi,\tau)\ d\tau.\]

Applying the inverse Fourier transform and a calculation as in the proof of Theorem 5.1, step (vi), we get}
u(z,t) = (2r) " 2intgn € ( —lePe g
+inth e 0 (g, 7) d ) d.

From the above calculation for the homogeneous problem and calculation as in the proof of Theorem 5.1, step (vi), we obtain the
formula

1 2
u(z,t) = ———intgs d(y)e V74 gy
( v )

1
+ inthintrs f(y,7)

<2 m(t — T))n

This function u(z, t) is a solution of the above inhomogeneous initial value problem provided

e =) g dr

$$\phi\in C(\mathbb{R}*n),\ \ \sup_{\mathbb{R}*n}|\phi(x)|<\infty\]
and if

$$f\in C(\mathbb{R}*n\times[®\infty))\ \ M(\tau):=\sup_{\mathbb{R}*n}|f(y,\tau)|<\infty,\ O\le\tau<\infty.\]
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6.3: Maximum Principle

Let Q Cc R" be a bounded domain. Set

Dr=Qx(0,T), T>0,
Sr={(z,t): (z,t)™Q x {0} or (z,t)™dQ x [0,T7]},

see Figure 6.3.1.

1
)
g = S S E
S
Dy sl
@ '
80 80 X

Figure 6.3.1: Notations to the maximum principle

Theorem 6.2

Assume u™C(Dy), that u;, u,,,, exist and are continuous in Dy, and
$$u_t-\triangle u\le O\ \ \mbox{in}\ D_T.\]
Then

$$\max_{\overline{D_T}} u(x,t)=\max_{S_T} u.\]

Assume initially u; —Au < 0 in Dr. Let ¢ > 0 be small and 0 < ¢ < T. Since u™C(Dr_.), there is an (g, to)™ Dr_. such that
$Su(x_0,t_0)=\max_{\overline{D_{T-\varepsilon}}} u(x,t).\]

Case (i)

Let (zg, %)™ Dz .. Hence, since Dr_. is open,

u(zo,t0) = 0, ug, (z0,t0) =0, =1,...,n and

$S\sum_{Lk=1}*n u_{x_Ix_k}(x_0,t_0)\zeta_l\zeta_k\le®\ \ \mbox{for all}\ \zeta\in\mathbb{R}*n.\]
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The previous inequality implies that u,,, (2o, %) < 0 for each k. Thus we arrived at a contradiction to u; —Au < 0 in Dr.
Case (ii)

Assume (zg,to)™Q x {T —c}. Then it follows as above Au < 0 in (zg,to), and from u(zg,to) > u(wo,t), t < to, one concludes
that u(z¢,t0) > 0. We arrived at a contradiction to u; —Au < 0 in Dy again.

Summarizing, we have shown that

$$\max_{\overline{D_{T-\varepsilon}}} u(x,t)=\max_{T-\varepsilon} u(x,t).\]

Thus there is an (z.,t.)™Sr_. such that
$$u(x_\varepsilon,t_\varepsilon)=\max_{\overline{D_{T-\varepsilon}}} u(x,t).\]

Since u is continuous on Dy, we have

$$\lim_{\varepsilon\to O\max_{\overline{D_{T-\varepsilon}}} u(x,t)=\max_{\overline{D_T}} u(x,t).\]
It follows that there is (z,t)™* Sy such that

$Su(\overline{x},\overline{t})=\max_{\overline{D_T}} u(x,t)\]

since St_. C St and St is compact. Thus, theorem is shown under the assumption u; —Au < 0 in D7. Now assume u; —Au
<0in Dr. Set

BSv(x,t):=u(x,t)-kt,\]
where k is a positive constant. Then
$$v_t-\triangle v=u_t-\triangle u-k<®.\]
From above we have
max u(z,t) = max(v(z,t) + kt)

Dy Dy

maxv(z,t) + kT
Dr

maxv(z,t) + kT
Sr

I IA

IA

max u(z,t) + kT,
St

Letting £ — 0, we obtain
$$\max_{\overline{D_T}} u(x,t)\le\max_{S_T} u(x,t).\]

Since St C Dr, the theorem is shown.

If we replace in the above theorem the bounded domain © by R™, then the result remains true provided we assume an {\it
additional} growth assumption for u. More precisely, we have the following result which is a corollary of the previous theorem. Set
forafixed T,0 < T < oo,

$$D_T=\{ (x,t):\ x\in\mathbb{R}*n,\ O<t<T\}.\]

Proposition 6.2

Assume u™C(Dr), that u;, u,,,, €xist and are continuous in Dr,

141 (6.3.2)



LibreTextS“'

$$u_t-\triangle u\le O\ \ \mbox{in}\ D_T,\]

and additionally that u satisfies the growth condition
$Su(x,t)\le Me {a|x|*23,\]

where M and a are positive constants.

Then

$$\max_{\overline{D_T}} u(x,t)=\max_{S_T} u.\]

It follows immediately the

Corollary

The initial value problem u; —Au = 0 in Dr, u(x,0) = f(z), z™R", has a unique solution in the class defined by ui“tC(D_T), Uyp
, Uy, €Xist and are continuous in Dy and |u(z, t)| < Me“l",

Proof of Proposition 6.2.

See [10], pp. 217. We can assume that 4aT < 1, since the finite interval can be divided into finite many intervals of equal
length 7 with

4at < 1. Then we conclude successively for k that
$Su(xt)\le\sup_{y\in\mathbb{R}*n}u(y,k\tau)\le\sup_{y\in\mathbb{R}*n}u(y,O)\]

forkr<t<(k+1)7,k=0,..,N—1,where N=T/.

There is an € > 0 such that 4a(T + ¢) < 1. Consider the comparison function

V(2 1) : = u(@, t) — p (4m(T + & — t)) ™/ elo9l"/UT+e=0)
=u(z,t) — pK(iz,iy, T + e —t)

for fixed 4™ R" and for a constant p > 0. Since the heat kernel K (ix, iy, t) satisfies K; = AK,, we obtain
$S\frac{\partial}{\partial t}v_\mu-\triangle v_\mu=u_t-\triangle u\le®.\]

Set for a constant p > 0

$$D_{T\rho}=\{(x,1):\ [x-y|]<\rho,\ O<t<T\}.\]

Then we obtain from Theorem 6.2 that

$Sv_\mu(y,t)\le\max_{S_{T\rho}}v_\mu,\]

where St , = St of Theorem 6.2 with Q = B, (y), see Figure 6.3.1.

On the bottom of Sz, we have, since uK > 0,

$Sv_\mu(x,0)\le u(x,®)\le\sup_{z\in\mathbb{R}*n}f(z).\]

On the cylinder part [z —y| = p, 0 <t < T, of Sp, it is
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vz, t) < Medl — (4m(T + e — t))*"/2 e’/ UT+et))
< Me®WH0’ _ (A (T + £)) V2% 2"/ (4(T+e))

< sup f(z2)
SintRn

for all p > po(u), po sufficiently large. We recall that 4a(T +¢) < 1.
Summarizing, we have

$$\max_{S_{T,\rho}v_\mu(x,t)\le\sup_{z\in\mathbb{R}*n}f(z)\]

if p > po(u). Thus
$$v_\mu(y,t)\le\max_{S_{T,\rho}}v_\mu(x,t)\le\sup_{z\in\mathbb{R}*n}f(z)\]

if p> po(u).

Since

$Sv_\mu(y,t)=u(y,t)-\mu\left(4\pi(T+\epsilon-t)\right)*{-n/2}\]

it follows
$Su(y,t)-\mu\left(4\pi(T+\epsilon-t)\right)*{-n/2\le\sup_{z\in\mathbb{R}*n}f(z).\]

Letting 1 — 0, we obtain the assertion of the proposition.

The above maximum principle of Theorem 6.2 holds for a large class of parabolic differential operators, even for degenerate
equations.

Set

$$Lu=\sum_{ij=1}*na”{ij}(x,t)u_{x_ix_j},\]

where Double exponent: use braces to clarify are real, a” = a’%, and the matrix (a¥/) is non-negative, that is,
$$\sum_{i,j=1}*na*{ij}(x,t)\zeta_i\zeta_j\ge O\ \ \mbox{for all}\ \zeta\in\mathbb{R}*n,\]

and (z,t)® Dr.

Theorem 6.3

Assume v C(Dry), that u,, u,,,, exist and are continuous in Dy, and
$$Su_t-L ulle O\ \ \mbox{in}\ D_T.\]
Then

$$\max_{\overline{D_T}} u(x,t)=\max_{S_T} u.\]

(i) One proof is a consequence of the following lemma: let A, B real, symmetric and non-negative matrices. Non-negative

means that all eigenvalues are non-negative. Then trace~(AB) = 377, ab;; > 0, see an exercise.
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(ii) Another proof is more directly: let U = (zy, ..., z,,), Where z; is an orthonormal system of eigenvectors to the eigenvalues ),
of the matrix A = (aI (g, tg)). Set ¢ = Un, x = UT (x — x¢)y and v(y) = u(zq + Uy, to), then

n n
0< ) al(zo, t0)CiCj = D Aim?
i,j=1 =1
n n
0> Z uZ‘iZ]CiCj = Z inyinz?'
ig=1 i=1

It follows \; > 0 and v,,,, < 0 for all .
Consequently

$$\sum_{i,j=1}*na”{ij}(x_0,t_0)u_{x_ix_j}(x_0,t_0)=\sum_{i=1}*n\lambda_iv_{y_iy_i}\le®.\]
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6.4: Initial-Boundary Value Problems

Consider the initial-boundary value problem for ¢ = ¢(z, t)

¢t = DAc in Q x (0,00) (6.4.1)
c(z,0) = co(z) z™Q (6.4.2)
% =0 on 09 x (0,00). (6.4.3)

Here is  C R", n the exterior unit normal at the smooth parts of 92, D a positive constant and ¢y(z) a given function.
Remark. In application to diffusion problems, c¢(z,t) is the concentration of a substance in a solution, cy(z) its initial

concentration and D the coefficient of diffusion.
The first Fick's rule says that

w = Ddc/0n, (6.4.4)

where w is the flow of the substance through the boundary Q. Thus according to the Neumann boundary condition (6.4.3), we
assume that there is no flow through the boundary.
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6.4.1: Fourier's Method

Separation of variables ansatz c(z,t) = v(z)w(t) leads to the eigenvalue problem, see the arguments of Section 4.5,

—Av=>v in Q (6.4.1.1)
% _ 0 on 09 (6.4.1.2)
—_— = n 4.1.
on ’
and to the ordinary differential equation
w’ (t) + ADw(t) = 0. (6.4.1.3)

Assume 2 is bounded and 9% sufficiently regular, then the eigenvalues of (6.4.1.1), (6.4.1.2) are countable and
$$0=\lambda_B8<\lambda_1\le\lambda_2\le\ldots\to\infty.\]

Let v;(z) be a complete system of orthonormal (in L2(Q2)) eigenfunctions.
Solutions of (6.4.1.3) are

$Sw_j(t)=C_je”{-D\lambda_jt},\]

where C; are arbitrary constants.

According to the superposition principle,
$$c_N(x1):=\sum_{j=0}*N C_je*{-D\lambda_jt}v_j(x)\]
is a solution of the differential equation (6.4.1.1) and
$$c(x,t):=\sum_{j=0}M\infty C_je”{-D\lambda_jt}v_j(x),\]
with

$$C_j=\int_\Omega\ c_O(x)v_j(x)\ dx\]

is a formal solution of the initial-boundary value problem (6.4.1)-(6.4.3).

Diffusion in a tube

Consider a solution in a tube, see Figure 6.4.1.1.
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Figure 6.4.1.1: Diffusion in a tube

Assume the initial concentration cy(z1, z2, z3) of the substrate in a solution is constant if z3 = const. It follows from a uniqueness
result below that the solution of the initial-boundary value problem c(z1, 22, z3,t) is independent of z; and z5.

Set z = z3, then the above initial-boundary value problem reduces to
¢; = Dec,,
o(z,0) = co(2)
c,=0, z=0, z=1.
The (formal) solution is
$$c(z,t)=\sum_{n=0}"\infty C_ne”{-D\left(\frac{\pi}{l}n\right)*2 t)\cos\left(\frac{\pi{l}nz\right),\]
where
1.,
Co = Tmto co(z) dz

2
C, = Tinté ¢co(z) cos (%nz) dz, n>1.
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6.4.2: Uniqueness

Sufficiently regular solutions of the initial-boundary value problem (6.4.1)-(6.4.3) are uniquely determined since from
¢t = DAc in Q x (0,00)

c(z,0)=0

%:0 on 09 x (0, 00).

it follows that for each 7 > 0
0 = intg intg (c;c — D(Ac)e) dzdt

10
= intq int] 55(02) dtdz + Dintg int], |V,c|? dzdt

1
= Emtﬂ c*(z,7) de + Dintg int] |Vc|? dzdt.
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6.5: Black-Scholes Equation

Solutions of the Black-Scholes equation define the value of a derivative, for example of a call or put option, which is based on an
asset. An asset can be a stock or a derivative of it, for instance. In principle, there are infinitely many such products, for example
n-th derivatives. The Black-Scholes equation for the value V(S,t) of a derivative is

1
Vi + EO'QSQVSS +7S8Vg—rV =0 inQ, (6.5.1)
where for a fixed T, 0 < T < oo,

$$\Omega=\{(S,t)\in\mathbb{R}*2:\ 8<S<\infty,\ O<t<T\}, \]

and o, r are positive constants. More precisely, o is the volatility of the underlying asset S, r is the guaranteed interest rate of a
risk-free investment.

If S(t) is the value of an asset at time ¢, then V(S(t),t) is the value of the derivative at time ¢, where V(S,¢t) is the solution of an
appropriate initial-boundary value problem for the Black-Scholes equation, see below.

The Black-Scholes equation follows from Ito's Lemma under some assumptions on the random function associated to S(t), see
[26], for instance.

Call option

Here is V(S,t) := C(S,t), where C(S,t) is the value of the (European) call option. In this case we have following side conditions
to (6.5.1):

C(S,T) = max{S — E,0} (6.5.2)
C(0,t) =0 (6.5.3)
C(S,t) =S+ 0(S) as S — oo, uniformly in ¢, (6.5.4)

where E and T are positive constants, E is the exercise price and T the expiry.

Side condition (6.5.2) means that the value of the option has no value at time T if S(T') < E, condition (6.5.3) says that it makes
no sense to buy assets if the value of the asset is zero, condition (6.5.4) means that we buy assets if its value becomes large, see
Figure 6.5.1, where the side conditions are indicated.

t

C=max{S5—E,0}
T

C~5
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Figure 6.5.1: Side conditions for a call option

Theorem 6.4 (Black-Scholes formula for European call options).
The solution C(S,t), 0 < S < oo, 0 < t < T, of the initial-boundary value problem (6.5.1)-(6.5.4) is explicitly known and is given by

C(8,t) = SN(dy) — Ee "TIN(dy), (6.5.5)
where
N(z) = int? e V2 dy,
=
4 In(S/E) + (r+ o%/2)(T —t)
' ovVT —t ’
& — In(S/E) + (r —o?/2)(T —t)
? ovVT —t .
Proof. Substitutions
$$S=Ee” x\ \ t=T-\frac{\tau{\sigma”2/2}\ \ C=Ev(x,\tau)\]
change equation (6.5.1) to
Vr = Vgp + (b — 1)v, — ko, (6.5.6)
where
$$k=\frac{r}{\sigma”2/2}.\]
Initial condition (6.5.6) implies
v(z,0) = max{e® — 1,0}. (6.5.7)

For a solution of (6.5.6) we make the ansatz
$$v=er\alpha x+\beta \tau}u(x,\tau)\]
where « and j are constants which we will determine as follows. Inserting the ansatz into differential equation (6.5.6), we get
$$\beta u+u_\tau=\alpha”2u+2\alpha u_x+u_{xx}+(k-1)(\alpha u+u_x)-ku.\]
Set 8= a? + (k— 1)a — k and choose « such that 0 = 2a + (k — 1), then u, = u,,. Thus

v(x, 1) = e DR /Ay (4 1), (6.5.8)
where u(z, 7) is a solution of the initial value problem

Ur = Uy, —00< T <00, T>0
u(x70) = uo(x),

with

$Su_0(x)=\max\left\{e M (k+1)x/2}-e{(k-1)x/2},0\right\}.\]

A solution of this initial value problem is given by Poisson's formula
$Su(x,\tau)=\frac{1{2\sqrt{\pi \taulNint_{-\infty}* {+\infty}\ u_0(s)e {-(x-s)*2/(4\tau)}\ ds.\]

Changing variable by ¢ = (s — z)/(v/27), we get

1
u(z,T) = - int % ug(qv2r + z)e 472 dg
V2r

:I17I27
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where

I = (kD@ +aV2r) o—¢*/2 g,

.
7o e/

1
Iy = ——int® e De+av2n) o =a*/2 g

Nor )

An elementary calculation shows that
I = 6(k+1)z/2+(k+1)27/4N(d1)
I, = e(k—l)z/2+(k—l)2T/4N(d2)7

where
dy = \;;_T + 5+ 1)VEr
dy = \/3;—7 +%(k—1)\/§
N(d;) = &int‘f& e Pds, i=1, 2.

Combining the formula for u(z, ), definition (6.5.8) of v(x,7) and the previous settings z = In(S/E), 7 = o*(T —t)/2 and C
= Ev(z, 7), we get finally the formula of Theorem 6.4.

In general, the solution u of the initial value problem for the heat equation is not uniquely defined, see for example [18], pp. 206.

Uniqueness. The uniqueness follows from the growth assumption (6.5.4). Assume there are two solutions of (6.5.1), (6.5.2)-(6.5.4),
then the difference W (S, t) satisfies the differential equation (6.5.1) and the side conditions

SSW(S,T)=0,\ W(0,t)=0,\ W(S,1)=0(S)\ \mbox{as}\ S\to\infty\]
uniformly in0 <t < T.

From a maximum principle consideration, see an exercise, it follows that |W(S,t)] <c¢Son S >0, 0 <t <T. The constant c is
independent of S and t. From the definition of u we see that

u(z, ) = %eﬂm*ﬁTW(s, t), (6.5.9)

where S = Ee®, t = T — 27/(c?). Thus we have the growth property
lu(z,7)| < Me®®l | z™R!, (6.5.10)

with positive constants M and a. Then the solution of u, = u,,, in —co0 < T < oo,

0 < 7 < ®T/2, with the initial condition u(z,0) = 0 is uniquely defined in the class of functions satisfying the growth condition (
6.5.10), see Proposition 6.2 of this chapter.

That is, u(z, ) = 0.

Put option

Here is V(S,t) := P(S,t), where P(S,t) is the value of the (European) put option. In this case we have following side conditions to
(6.5.1):

P(S,T) = max{E — S,0} (6.5.11)
P(0,t) = Be T (6.5.12)
P(S,t) = 0o(S) as S — oo, uniformly in 0 <t <T. (6.5.13)
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Here E is the exercise price and T the expiry.

Side condition (6.5.11) means that the value of the option has no value at time T if S(T') > E, condition (6.5.12) says that it makes
no sense to sell assets if the value of the asset is zero, condition (6.5.13) means that it makes no sense to sell assets if its value
becomes large.

Theorem 6.5 (Black-Scholes formula for European put options).

The solution P(S,t), 0 < S < oo, t < T of the initial-boundary value problem (6.5.1), (6.5.11)-(6.5.13) is explicitly known and is given
by

P(S,t) = Ee 7T N(—dy) — SN(—d;) (6.5.14)

where N(z), d1, dy are the same as in Theorem 6.4.

Proof. The formula for the put option follows by the same calculations as in the case of a call option or from the put-call parity
$$C(S,1)-P(S,t)=S-Ee-r(T-t))\]

and from

$EN(X)+N(-x)=1\]

Concerning the put-call parity see an exercise. See also [26], pp. 40, for a heuristic argument which leads to the formula for the
put-call parity.
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6.E: Parabolic Equations (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q6.1

Show that the solution u(z,t) given by Poisson's formula satisfies

\[ \inf_{z\in \mathbb{R}*n}\varphi(z)\le u(x,t)\le\sup_{z\in\mathbb{R}*n}varphi(z)\ , $$ provided o(z) is continuous and bounded
on R".

Q6.2

Solve for given f(z) and p'™*R! the initial value problem

Ut + Uy + PUgze =0 in R1><R£_
u(z,0) = f(z) .

Q6.3

Show by using Poisson's formula: (i) Each function f**C([a, b]) can be approximated uniformly by a sequence fi*C*>][a, b]. (ii) In
(i) we can choose polynomials f,, (Weierstrass's approximation theorem).

Hint: Concerning (ii), replace the kernel K = exp(—%) by a sequence of Taylor polynomials in the variable z = —%

Q6.4

Let u(z,t) be a positive solution of

Uy = Py, t > 0,$8where\ (1) )isaconstant.Showthat\ (0 :== —2pu, /u\ )isasolutionof Burger’ sequation$$0; + 00, = pf,., t >

Q6.5

Assume u1(s, 1), ..., un(s, t) are solutions of u; = u,. Show that []}_; ui(zy, t) is a solution of the heat equation u; —Au =0 in R
x (0, 00).

Q6.6

Let A, B are real, symmetric and non-negative matrices. Non-negative means that all eigenvalues are non-negative. Prove that
trace (AB) = Y 7', a”b;; > 0.

Hint: (i) Let U = (#1, ..., 2»), Where z; is an orthonormal system of eigenvectors to the eigenvalues \; of the matrix B. Then

\/)\_1 0 .0
x=uv]| " VA e 0 u” (6.E.2)
0 0 RV

is a square root of B. We recall that
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A1 0 0
UTBU = 2 , (6.E.3)
0 0 - A

(ii) trace (QR) =trace (RQ). (iii) Let u1(C),... un(C) are the eigenvalues of a real symmetric n x n-matrix. Then trace C
= Y., wm(C), which follows from the fundamental lemma of algebra:

det (AT —C) = A" — (c11 + oo 4 Cpp)AN"H 4.
=A—=p1) o (A= pn)
= \"_ (,LLl 4 _’_Mn))\n+1 4.

Q6.7

Assume (Q is bounded, u is a solution of the heat equation and u satisfies the regularity assumptions of the maximum principle
(Theorem 6.2). Show that u achieves its maximum and its minimum on Sy.

Q6.8

Prove the following comparison principle: Assume 2 is bounded and u,v satisfy the regularity assumptions of the maximum
principle. Then

u—Au < vi—Av in Dr
u<wv on St

imply that v < v in Dy.

Q6.9

Show that the comparison principle implies the maximum principle.

Q6.10

Consider the boundary-initial value problem

ut—Au = f(l’, t) in DT
u(z,t) = ¢(x,t) on Sr,

where f, ¢ are given.\ Prove uniqueness in the class u, u;, "t C(Dr).

ZiTk

Q6.11

Assume u, vi, v*C*(Dr) N C(D_T), and u is a solution of the previous boundary-initial value problem and vy, v, satisfy

(v1):—Av; < f(z,t) < (v2)i—Awvy in Drp
v < ¢ <wvy on St.

Show that (inclusion theorem)

vi(x,t) < u(z,t) < wvg(z,t) on Dr. (6.E.4)

Q6.12

Show by using the comparison principle: let u be a sufficiently regular solution of

Ut—A’U,Zl in DT
u=0 on Sr,

then 0 < wu(z,t) <t in Dp.
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Q6.13

Discuss the result of Theorem 6.3 for the case

Lu= Z aij(xy t)u.'tlxj + Z bZ(CL'7 t)uh + C(CL’, t)u(a:, t) (6E5)
ij=1 i
Q6.14
Show that
che " gin (nz), (6.E.6)
where
Cp = zintg f(z)sin(nzx) dz, (6.E.7)
™
is a solution of the initial-boundary value problem
Uy = Ugg, TN0,7), t >0,
u(z,0) = f(z),
( 7t) = 0
u(m,t) =0,

if fntC4(R) is odd with respect to 0 and 27-periodic.

Q6.15

(i) Find the solution of the diffusion problem c¢; = Dc.. in 0 < 2 <1$,$0 <t < oo, D = const. > 0, under the boundary conditions
¢.(z,t) = 0if z= 0 and z = [ and with the given initial concentration

co=const. if 0<z<h
= = .E.
o(,0) = eo() { 0 if h<z<l (6.E8)
(ii) Calculate lim; o0 ¢(z,?).
Q6.16
Solve the initial-boundary value problem (rotationally symmetric solution in a ball): find ¢(r, ¢) on (0, R) x (0, c0) of
Oc 19 86
c(r,0) =h(r), 0<r <R, (6.E.10)
c¢(R,t) = ¢ (boundary condition), (6.E.11)
sup le(r, t)] < oo (boundary condition), (6.E.12)
0<r<R, 0<t<T
where T > 0 is fixed, k, cg, D are positive constants, and
N 0 : 0<r<Ry 6.F.13
(r) = C();I;% : Ry<r<R’ (6.E.13)

where 0 < Ry < R and Ry close to R.

Q6.17

Prove the Black-Scholes formula for an European put option.

Hint: Put-call parity.
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Q6.18

Prove the put-call parity for European options
C(8,t)— P(8,t) =S — Ee "7 (6.E.14)

by using the following uniqueness result: Assume W is a solution of (6.5.1) under the side conditions W (S,T) = 0, W(0,t) = 0 and
W(S,t) = O(S) as S — oo, uniformly on 0 < ¢ < T. Then W(S,t) = 0.

Q6.19

Prove that a solution V(S,¢) of the initial-boundary value problem (6.5.1) in © under the side conditions (i) V(SS, T)_: 0, S >0, (ii)
V(0,t) = 0,0 <t < T, (iii) img_ V(S,t) = 0 uniformly in 0 < ¢ < T, is uniquely determined in the class C%(Q) N C(£).

Q6.20

Prove that a solution V(S,t) of the initial-boundary value problem (6.5.1) in £, under the side conditions (i) V(S,T) =0, S > 0, (ii)
V(0,t)=0,0<t<T,(iii) V(S,t) = S + 0o(S) as S — oo, uniformly on 0 < ¢ < T, satisfies |V(S5,t)| < cSforall S>0and 0 < ¢t < T.
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7: ELLIPTIC EQUATIONS OF SECOND ORDER

Here we consider linear elliptic equations of second order, mainly the Laplace equation
$$ \triangle u=0. \]

Solutions of the Laplace equation are called potential functions or harmonic functions. The Laplace equation is called also
potential equation. The general elliptic equation for a scalar function u(z), Q2 C R", is

$SLu:=\sum_{i,j=1}*na {ij}(x)u_{x_ix_j}+\sum_{j=13}*n bAj(x)u_{x_j}+c(x)u=f(x)\]

where the matrix A = (a¥) is real, symmetric and positive definite. If A is a constant matrix, then a transform to principal axis and
stretching of axis leads to

$S\sum_{i,j=1}*na*{ijlu_{x_ix_j}=\triangle v,\]

where u(y) := u(Ty), T stands for the above composition of mappings.

|
-

7.1: Fundamental Solution

7.2: Representation Formula

7.2.1: Conclusions from the Representation Formula

7.3.1: Boundary Value Problems: Dirichlet Problem

7.3.2: Boundary Value Problems: Neumann Problem

7.3.3: Boundary Value Problems: Mixed Boundary Value Problem
7.4: Green's Function for A

7.4.1: Green's Function for a Ball

7.4.2: Green's Function and Conformal Mapping

7.5: Inhomogeneous Equation

7.E: Elliptic Equations of Second Order (Exercises)
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7.1: Fundamental Solution

Here we consider particular solutions of the Laplace equation in R" of the type
$Su(x)=f(Ix-y)\]
where y'™R" is fixed and f is a function which we will determine such that « defines a solution if the Laplace equation.

Set r = |z — y|, then

_ e EiYi
s, = 1 (1)
” (xl*yt)z ’ 1 (z77y1)2
Ugz; = f (T‘)T—Q +f (T) ? - T—S
” n—1 ’
Du=f"(r) + 2= 1 ().

Thus a solution of Au = 0 is given by
$$f(r)=\left\{

Inr+ : =

anrTe o (7.1.1)
cr*"4+c¢c : n>3
\right.\]
with constants cy, cs.
Definition. Set r = |z — y|. The function
$$
s(r):=\left\{
— 217r Inr : n=2
T (7.1.2)

o, M >3
\right.
\]

is called singularity function associated to the Laplace equation. Here is w,, the area of the n-dimensional unit sphere which is
given byw, = 27"/%/T'(n/2), where

$$\Gammal(t):=\int_0\infty\ e*{-\rho\rho”{t-1)\ d\rho\ \ t>0,\]

is the Gamma function.

Definition. A function

$$\gammal(x,y)=s(r)+\phi(x,y)\]

is called fundamental solution associated to the Laplace equation if ¢*C2(Q) and A,¢ = 0 for each fixed y™Q.
Remark. The fundamental solution v satisfies for each fixed 3™ the relation

$$-\int_\Omega\ \gamma(x,y)\triangle_x\Phi(x)\ dx=\Phi(y)\ \ \mbox{for all}\ \Phi\in C_822(\Omega),\]

see an exercise. This formula follows from considerations similar to the next section.

In the language of distribution, this relation can be written by definition as
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$$-\triangle_x\gamma(x,y)=\delta(x-y),\]

where ¢ is the Dirac distribution, which is called J-function.
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7.2: Representation Formula

In the following we assume that €, the function ¢ which appears in the definition of the fundamental solution and the potential
function u considered are sufficiently regular such that the following calculation_s make sense, see [6] for generalizations. This is
the case if 2 is bounded, 89 is in C*, ¢ C%(Q2) for each fixed y™Q and u™C?(1Q).
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Figure 7.2.1: Notations to Green's identity

Theorem 7.1. Let u be a potential function and ~ a fundamental solution, then for each fixed 3™

u(y) = intao (v(w,y) 8;53:) fU(w)%x;y)) dS,. (7.2.1)

Proof. Let B,(y) C Q2 be a ball. Set Q,(y) = Q \ B,(y). See Figure 7.2.2 for notations.

Figure 7.2.2: Notations to Theorem 7.1

From Green's formula, for u, v™C2(Q),

. . ou v
intq, () (vAu—ulv) dz = intaq, ) (’U% — u%) ds (7.2.2)
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we obtain, if v is a fundamental solution and u a potential function,

) ou ov
lnt[)Qﬂ(y) (’U% - Uﬁ) dS =0.

Thus we have to consider

8 0 0
intaq,(y) dS = intyn v—u dS + intyp ) v—u ds

“on on on
6 v . ov
intaq,(y) 3 dS = intyn uc’)_n dS + intyp, ) “a_n ds.

We estimate the integrals over 0B, (y):
(i)
. ou .
intyg, ) L dS‘ < Mintyp, () |v] dS
< M(lntaB s(p) dS + Cw,p™~ )

where
M = M(y) = sup [0u/0n|, p< po,
Bpo(y)
C=Cy) = sup |¢p(z,y)-
T By, (y)
From the definition of s(p) we get the estimate as p — 0
. ou O(p|lnp|) : n=2
t — dS=
B Uy { O(p) : n>3.
(ii) Consider the case n > 3, then
. Ov 1. 1 . 0
intap,(y) ua— ds = w—nlntaBﬁ(y) UF ds+lnt33’)<y> ua—: dS
1
e lnth u dS + O( )
wpp"
1
= ———u(@o)intyp, ) dS+ O(p" ),
Wnp

=u(zp) + O(p" ™).

for an z*0B,(y).

Combining this estimate and (7.2.4), we obtain the representation formula of the theorem.

Corollary. Set ¢ = 0 and r = |z — g/ in the representation formula of Theorem 7.1, then

1 ou d(lnr) _
u(y) = %Hltf)ﬂ <1n o, —u 6% ) dS;, n=2,
3(7”27")
= — > 3.
u(y) (n— 1ntagz < p— anz U o, ) dS;, n>3
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7.2.1: Conclusions from the Representation Formula

Similar to the theory of functions of one complex variable, we obtain here results for harmonic functions from the representation
formula, in particular from (7.2.5), (7.2.6). We recall that a function v is called harmonic if «'**C?(2) and
Au=0in Q.

Proposition 7.1. Assume u is harmonic in Q. Then 4™ C> ().}
Proof. Let Qy cC Q be a domain such that 3™t It follows from representation formulas (7.2.5), (7.2.6), where Q := Q, that D'u(y)

exist and are continuous for all [ since one can change differentiation with integration in right hand sides of the representation
formulas.

O
Remark. In fact, a function which is harmonic in € is even real analytic in (), see an exercise.
Proposition 7.2 (Mean value formula for harmonic functions). Assume w is harmonic in Q. Then for each B,(z) CC Q
1.
u(z) = oo intop,(z) u(y) dSy. (7.2.1.1)
Proof. Consider the case n > 3. The assertion follows from (7.2.6) where Q := B,(z) since r = p and
. 1 Ou 1 . ou
1nt33p<x)wja—% dSU = FlntaB”(z)a_ny dSy
= = intp () Au dy
=0.
O

We recall that a domain Q™R" is called connected if Q is not the union of two nonempty open subsets Q;, £, such that Q; N Q,
= (). A domain in R" is connected if and only if its path connected.

Proposition 7.3 (Maximum principle). Assume u is harmonic in a connected domain and achieves its supremum or infimum in
. Then u = const. in Q.

Proof. Consider the case of the supremum. Let zi"*Q such that
u(zg) = supu(z) =: M. (7.2.1.2)
Q

Set

Q= {z™Q: u(z) = M} and Qs = {z™Q: u(z) < M}. The set O, is not empty since z'*Q;. The set Q, is open since u™C?()
. Consequently, Q5 is empty if we can show that Q4 is open. Let 7€), then there is a po > 0 such that B, (z) C @ and u(z) = M
for all 2™ B, (z). If not, then there exists p > 0 and £ such that

|2 —z| =p, 0 < p < pp and u(z) < M. From the mean value formula, see Proposition 7.2, it follows

1 M
M = —w ] intaB’}(g) U(I) ds < ﬁintaBﬂ@) ds = M, (7213)
nP Wpp

which is a contradiction. Thus, the set €, is empty since Q; is open.
O

Corollary. Assume Q is connected and bounded, and ™ C?(Q) N C(Q) is harmonic in Q. Then u achieves its minimum and its
maximum on the boundary 6.
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Remark. The previous corollary fails if Q2 is not bounded as simple counterexamples show.
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7.3.1: Boundary Value Problems: Dirichlet Problem

The Dirichlet problem (first boundary value problem) is to find a solution 4™ C?(Q) N C(ﬁ) of

Au=0 in Q (7.3.1.1)
u=® on 0Q, (7.3.1.2)

where @ is given and continuous on d9).
Proposition 7.4. Assume () is bounded, then a solution to the Dirichlet problem is uniquely determined.
Proof. Maximum principle.

Remark. The previous result fails if we take away in the boundary condition (7.3.1.2) one point from the the boundary as the
following example shows. Let Q C R? be the domain

$$

\Omega=\{x\in B_1(0):\ x_2>0\},

\]

Figure 7.3.1.1: Counterexample

Assume u™C?(Q) N C(Q \ {0}) is a solution of

Au=0 in Q
u=0 on N\ {0}.

This problem has solutions « = 0 and u = Im(z + z7!), where z = z; + iz,. Concerning another example see an exercise.

In contrast to this behavior of the Laplace equation, one has uniqueness if $\triangle u=0$ is replaced by the minimal surface
equation

$$

\frac{\partial}{\partial x_1\left(\frac{u_{x_1}}{\sart{1+|\nabla u|*2}}\right)+

\frac{\partiall{\partial x_2)\left(\frac{u_{x_2}}{\sart{1+[\nabla u|*2}}\right)=0.

\]
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7.3.2: Boundary Value Problems: Neumann Problem

The Neumann problem (second boundary value problem) is to find a solution v™C?(Q) N Cl(ﬁ) of

Au=0 in Q (7.3.2.1)
g—z =@ on dQ, (7.3.2.2)

where @ is given and continuous on ).

Proposition 7.5. Assume () is bounded, then a solution to the Dirichlet problem is in the class ui“tCQ(ﬁ) uniquely determined up
to a constant.

Proof. Exercise. Hint: Multiply the differential equation Aw = 0 by w and integrate the result over Q.

Another proof under the weaker assumption ui“tC’l(ﬁ) N C?(Q) follows from the Hopf boundary point lemma, see Lecture Notes:
Linear Elliptic Equations of Second Order, for instance.
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7.3.3: Boundary Value Problems: Mixed Boundary Value
Problem

The Mixed boundary value problem (third boundary value problem) is to find a solution v™C?(Q) N Cl(ﬁ) of

Au=0 in Q (7.3.3.1)

g—z +hu=® on dQ, (7.3.3.2)

where ® and h are given and continuous on 9Q.e ® and h are given and continuous on 0%Q2.

Proposition 7.6._ Assume Q is bounded and sufficiently regular, then a solution to the mixed problem is uniquely determined in
the class u™C?(2) provided h(z) > 0 on 0 and h(x) > 0 for at least one point z"*OS).

Proof. Exercise. Hint: Multiply the differential equation Aw = 0 by w and integrate the result over Q.
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7.4: Green's Function for A

Theorem 7.1 says that each harmonic function satisfies

u(z) = intag (’y(y7 z) duly) _ u(y)m) as,, (7.4.1)

ony Oony

where ~v(y, z) is a fundamental solution. In general, u does not satisfies the boundary condition in the above boundary value
problems. Since v = s + ¢, see Section 7.2, where ¢ is an arbitrary harmonic function for each fixed z, we try to find a ¢ such that
u satisfies also the boundary condition.

Consider the Dirichlet problem, then we look for a ¢ such that

Yy, x) =0, y™oQ, z™Q. (7.4.2)

Then

0(y, x) "

int
on, (y) dSy, =™Q. (7.4.3)

u(x) = —intgn

Suppose that u achieves its boundary values ® of the Dirichlet problem, then

07(y, @)

’lL(IL‘) = —intgg on
Y

D(y) dSy, (7.4.4)

We claim that this function solves the Dirichlet problem (7.3.1.1), (7.3.1.2).

A function ~(y, ) which satisfies (7.4.2), and some additional assumptions, is called Green's function. More precisely, we define a
Green function as follows.

Definition. A function G(y,z), v, z"Q), z #y, is called Green function associated to £ and to the Dirichlet problem (7.3.1.1),
(7.3.1.2) if for fixed (), that is we consider G(y, z) as a function of y, the following properties hold:

(i) Gy, )™ C?(Q\ {z}) N C(ﬁ \{z}), &,G(y,z) =0, z+#y.
(i)) Gy, z) — s(lx —y)™C*(Q) N C(Q).
(ifl) G(y, ) = 0 if y'™*0Q, = + y.

Remark. We will see in the next section that a Green function exists at least for some domains of simple geometry. Concerning
the existence of a Green function for more general domains see [13].

It is an interesting fact that we get from (i)-(iii) of the above definition two further important properties, provided € is bounded,
sufficiently regular and connected.

Proposition 7.7. A Green function has the following properties. In the case n = 2 we assume {\rm diam} Q < 1.
(A) G(z,y) = G(y,z)\ \ (symmetry).
(B) 0 < G(z,y) < s(|z —yl), @, y™Q z#y.

Proof. (A) Let Double exponent: use braces to clarify . Set B, = Bp(x(i)), i=1, 2. We assume B; C Q and B; N By = 0.
Since G(y, =) and G(y, z?)) are harmonic in Q \ <31 U BQ) we obtain from Green's identity, see Figure 7.4.1 for notations,
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Figure 7.4.1: Proof of Proposition 7.7

. 0
0= lntf)(Q\(EUE)) (G(y7 x(l))a—nyG(y, x(Q))

0
~Gly.®) 5 ~Gly.a") ) S,
Y

0 0
G(y,z?) — G(yvfﬂ(Q))aTG(y’x(l))) ds,
Y

= intgn (G(y,x(l))a—ny
+ intgp, [ G(y M)ia(y ) -Gy x<2>)ia(y 1)) ds.

! ’ on, ’ ’ on, ’ Y
G(y,x(l))) as,.

. 0
+ intan, (Gl oY) g Gl ) — Gl
Y y

The integral over 99 is zero because of property (iii) of a Green function, and
0 0
i 2 (2)y _ @2y_ 2 (1)
intan, (G a) 5 -Gl ) — Gluo®) 5 -Gl a) )as,
— G(zW,z®),

. 7]
inton, (Gua) 5 —Gly. o) — Gly.o®)5-Glya)) ds,
Y Y

— —G(z?,zV)

as p— 0.
This follows by considerations as in the proof of Theorem 7.1.
(7.4.5)

(B) Since
G(y,z) = s(|lz —y|) + ¢(y, 2)
(7.4.6)

and G(y,z) = 0 if y 80 and z™™'Q) we have for 390
d(y, ) = —s(|z — ).

From the definition of s(|z — y|) it follows that ¢(y,z) < 0 if y"*0Q. Thus, since A ¢ = 0 in €, the maximum-minimum principle

(7.4.7)

implies that ¢(y,z) < 0
for all y, ™. Consequently
Gy,z) <s(lz—yl), =, y™Q, z#y.

It remains to show that
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G(y,z) >0, z, y™Q, 2 +#y. (7.4.8)

Fix Q) and let B,(z) be a ball such that B,(z) C Q for all 0 < p < py. There is a sufficiently small py > 0 such that for each p, 0
< p<po

G(y,z) >0 for all ymtBl,(m), T # v, (7.4.9)

see property (iii) of a Green function. Since

AyG(y,z) =0 in Q\ B,(z)
G(y,z) > 0 if y™0B,(z)
G(y,z) =0 if y™oQ

it follows from the maximum-minimum principle that
$$
G(y,x)>0\ \ \mbox{on}\ \Omega\setminus\overline{B_\rho(x)}.

\Y
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7.4.1: Green's Function for a Ball

If Q = By(0) is a ball, then Green's function is explicitly known.

Let © = Bp(0) be a ball in R™ with radius R and the center at the origin. Let z, 3™ Bg(0) and let y’ the reflected point of y on the

sphere dBg(0), that is, in particular |y||y’| = R?, see Figure 7.4.1.1 for notations.
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Figure 7.4.1.1: Reflection on 0By(0)
Set
$$G(x,y)=s(r)-s\left(\frac{\rho}{R}r_1\right),\]
where s is the singularity function of Section 7.1, r = |z — y| and
$$\rhor2=\sum_{i=1}*ny_i*2\ \ \ r_1=\sum_{i=1}*n\left(x_i-\frac{R*2}{\rho*2}y_i\right)*2.\]
This function G(z,y) satisfies (i)-(iii) of the definition of a Green function. We claim that

$$u(x)=-\int_{\partial B_R(0)} \frac{\partial}{\partial n_y}G(x,y)\Phi\ dS_y\]

is a solution of the Dirichlet problem (7.3.1.1), (7.3.1.2). This formula is also true for a large class of domains Q C R", see [13].

Lemma.
$$-\frac{\partial}{\partial n_y}G(x,y)\bigg|_{ly|=R}=\frac{1}{R\omega_n}\frac{R"2-|x|* 2}{ly-x|*n}.\]
Proof. Exercise.

Set

which is called Poisson's kernel.

Theorem 7.2. Assume ®™'C(6Q). Then
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u(x) = intyp,) H(z,y)P(y) dS, (7.4.1.1)

is the solution of the first boundary value problem (7.3.1.1), (7.3.1.2) in the class C%(Q) N C’(ﬁ).
Proof. The proof follows from following properties of H(z, y):

i H(w’y)intcoo7 ‘y| = R7 ‘.73| < R7 T 7& Y,

il. AyH(z,y)=0, |z|] <R, |y =R,
iii. intap,) H(z,y) dSy=1, |z| <R,

iv. H(z,y)>0, |y|=R, |z|<R,

v. Fix (™dBg(0) and § > 0, then lim,_,¢ ;j<r H(z, y) = 0 uniformly in y™dBz(0), |y —¢| > 6.
(i), (iv) and (v) follow from the definition (7.4.1.1) of H and (ii) from (7.4.1.1) or from

$SH=-\frac{\partial G(x,y)}{\partial n_yN\bigg|_{y\in\partial B_R(0)}\]

G harmonic and G(z,y) = G(y, z).
Property (iii) is a consequence of formula

$$u(x)=\int_{\partial B_R(O)N\ H(x,y)u(y)\ dS_y\]

for each harmonic function u, see calculations to the representation formula above. We obtain (ii) if we set u = 1.

It remains to show that u, given by Poisson's formula, is in C(Bg(0)) and that u achieves the prescribed boundary values. Fix
¢"*@BR(0) and let ™ Br(0). Then

u(z) — ®(C) = intop,o) H(z,y) (2(y) — () dS,
=1 + I,

where

Iy = intop, ), [y—¢<s H(z,y) (B(y) — 2(C)) dSy
Iy = intop,0), [y-¢>s H(z,y) (2(y) — 2(C)) dS,.

For given (small) e > 0 there is a § = §(¢) > 0 such that
$$/\Phi(y)-\Phi(\zeta)|<\epsilon\]

for all ™0 BR(0) with |y — ¢| < é. It follows |I;| < € because of (iii) and (iv). Set M = maxgg, o) |¢|- From (v) we conclude that there
isa ¢’ > 0 such that

$SH(x,y)<\frac{\epsilon}{2M\omega_nR*{n-1}}\]

if z and y satisfy |z — (| < ¢’, |y — ¢| > 4, see Figure 7.4.1.2 for notations.
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Figure 7.4.1.2: Proof of Theorem 7.2

Thus |I,] < € and the inequality

$$|u(x)-\Phi(\zeta)|<2\epsilon\]

for z"* BR(0) such that |z — ¢| < §’ is shown.
i

Remark. Define §'[0, 7] through cos § = = - y/(|z||y|), then we write Poisson's formula of Theorem 7.2 as

$$u(x)=\frac{R"2-|x|*2}{\omega_nR\int_{\partial B_R(®)N\Phi(y)\frac{1{\left(|x|*2+R"2-2|x|R\cos\delta\right)*{n/2}}\ dS_y.\]

In the case n = 2 we can expand this integral in a power series with respect to p := |z|/R if |z| < R, since
R? — |z|? B 1—p?
|| + R2 — 2|z|Rcosd  p2 —2pcosd+ 1
o0
=142)» p"cos(nd),

n=1

see [16], pp. 18 for an easy proof of this formula, or [4], Vol. II, p. 246.
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7.4.2: Green's Function and Conformal Mapping

For two-dimensional domains there is a beautiful connection between conformal mapping and Green's function. Let w = f(z) be
a conformal mapping from a sufficiently regular connected domain in R? onto the interior of the unit circle, see Figure 7.4.2.1

|'F_ -\
'ug.’l
N —
- i ’ 1
\ w=f(z —t (W)
2 (2) i
-~ L1
o = h H / l"\\
-~ W / A
o s,ll / E kY
Q 'y l'.".! |II II||
S I'. f .I
//__, ".l _.'I
"% ,/ ‘\&‘ ;.I'II
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~—_ /’ \ -
e Fi Tm—— ]
S
o
Figure 7.4.2.1: Conformal mapping

Then the Green function of Q is, see for example [16] or other text books about the theory of functions of one complex variable,

_ 1 1= f@) )
G(220) = 5 e | (7.4.2.1)

where z = x1 +ix2, 20 = Y1 + 1Y2.
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7.5: Inhomogeneous Equation

Here we consider solutions «™C2(Q) N C(Q) of

—Au= f(z) inQ (7.5.1)
u=0 on 0Q, (7.5.2)

where f is given.

We need the following lemma concerning volume potentials. We assume that Q is bounded and sufficiently regular such that all
the following integrals exist. See [6] for generalizations concerning these assumptions.

Let for z™R", n > 3,
1

T W (7.5.3)
|z —y|"?

V(z) =intq f(y)

and set in the two-dimensional case

V(z) = into f(y)In ( z i y‘ ) dy. (7.5.4)

We recall that w,, = |0B1(0)|.

Lemma.
(i) Assume f™C(Q). Then V*CY(R™) and

T

Vo, (z) = intg f(y) 3(; (ln ( \miy\ )) dy ifn=2.

Q

(i) If f™CY(Q), then VI'C2(Q) and
AV = —(n— 2w, f(z), z™Q, n>3
AV = —2rf(z), z™Q, n=2.

Proof. To simplify the presentation, we consider the case n = 3.
(i) The first assertion follows since we can change differentiation with integration since the differentiate integrand is weakly
singular, see an exercise.

(i) We will differentiate at ™). Let B, be a fixed ball such that ™™ B, p sufficiently small such that B, C Q. Then, according to
(i)

and since we have the identity

0 1 o 1
3_%<Iw—y|)_78_yi<|x—y|> (7.5.5)
which implies that
1o} 1 0 1 1
e (\wfy\> T oy (f(y) |a:7y|) W (7.5.6)

we obtain
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Vo) =it £ g (2 )

Oz; \ |z —y
= intoys, f(y)%<‘xiy‘) dy +ints, f(y )61 (ﬁ) “
= into\s, f(y )81 (\miy\) dy
+intg, <_8(Z,~ (f(y) ‘miy‘>+fyl(y)| 1 y|) y
= intQ\Bﬁ f( )aixl < \a: : y‘) dy
+intg, f,, (y)ﬁ dy —intap, f (y)ﬁm A

where n is the exterior unit normal at 8B,. It follows that the first and second integral is in C'*(£2). The second integral is also in
C(Q) according to (i) and since f*C1(Q) by assumption.

Because of A, (|lz —y| ™) =0, = # y, it follows

1
AV = int d
intp, ny’ x5 <|$—y|> Y
5] 1
—int i dS
mtoB, f(y) - axl (‘Z-y‘)n y
Now we choose for B, a ball with the center at z, then
szll+127 (757)

where

= int g ( Z fu:(y Yi

. 1
Iy = —intyp () f(y)ﬁ dsSy.

y|5

We recall that n - (y — z) = p if y™OB,(z). It is I; = O(p) as p — 0 and for I, we obtain from the mean value theorem of the integral
calculus that for a 3™ 9B,,(z)

1.
I = — Ff(y)lnthp(z) dSy

which implies that lim, o Iy = —wy, f(x).

O
In the following we assume that Green's function exists for the domain 2, which is the case if Q is a ball.
Theorem 7.3. Assume f™C'(Q) N C(Q). Then
u(zx) = intg G(z,y)f(y) dy (7.5.8)
is the solution of the inhomogeneous problem (7.5.1), (7.5.2).
Proof. For simplicity of the presentation let n = 3. We will show that
u(z) = intg G(z,y)f(y) dy (7.5.9)

is a solution of (7.3.1.1), (7.3.1.2). Since
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1

Cley) = ———+¢
Iz —y]

(z,9), (7.5.10)

where ¢ is a potential function with respect to x or y, we obtain from the above lemma that

1
Au = = Aintg f(y)— dy+intols(z,9) f(y) dy

|z —yl
= _f(x)z

where z™™(. It remains to show that « achieves its boundary values. That is, for fixed z*0Q2 we will prove that
lim wu(z)=0. (7.5.11)

=0, T

Set
U(Z’) =11 + Iy, (7.5.12)

where
Il (II?) = intQ\Bp(wg) G(‘T7 y)f(y) dy7

I(x) = intong,(zy) G(,9)f(y) dy.

Let M = maxg | f(z)|. Since

4r |z —y|
we obtain, if 2™ B,(z¢) N Q,
M, dy 2
I| < —int ) ——— + O
|| < 1 tanB, (z) — ] + O(p”)
. dy 2
< —intg, & —0—
— 47I'1n Bz,:u-) |$_y| +O(p )
=0(p?)
as p — 0. Consequently for given e there is a py = py(e) > 0 such that
|I] < % for all 0 < p < po. (7.5.14)
For each fixed p, 0 < p < po, we have
lim Ii(x)=0 (7.5.15)

Tz, T

since G(zg,y) = 0 if y™Q \ B,(zo) and G(z,y) is uniformly continuous in z™* B, 5(x¢) N 2 and y™*Q \ B,(x,), see Figure 7.5.1.
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Figure 7.5.1: Proof of Theorem 7.3

Remark. For the proof of (ii) in the above lemma it is sufficient to assume that f is H\"older continuous. More precisely, let
FRCMNQ), 0 < A < 1, then VIC2A(Q), see for instance [9].
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7.E: Elliptic Equations of Second Order (Exercises)

These are homework exercises to accompany Miersemann's "Partial Differential Equations" Textmap. This is a textbook targeted
for a one semester first course on differential equations, aimed at engineering students. Partial differential equations are
differential equations that contains unknown multivariable functions and their partial derivatives. Prerequisite for the course is
the basic calculus sequence.

Q7.1

Let y(z,y) be a fundamental solution to A, 3™ €. Show that

$$

-\int_\Omega\gamma(x,y)\ \triangle\Phi(x)\ dx=\Phi(y)\quad\hbox{for all}\ \
\Phi\in C_872(\Omega)\ .

\]

Hint: See the proof of the representation formula.

Q7.2

Show that |z| ! sin(k|z|) is a solution of the Helmholtz equation

$$
\triangle u+k”2u=0 \ \mbox{in}\ \mathbb{R}*n\setminus\{®\}.
\]

Q7.3

Assume ©"*C2(Q), Q bounded and sufficiently regular, is a solution of
Au=u’in Q
u = 0 on 0.

Show that v = 0 in Q.

Q7.4

Let Q, = {z™R2?: z; > 0,0 < z3 < z;tana}, 0 < a < 7. Show that

u(x) = roFsin (gk@) (7.E.1)

is a harmonic function in Q, satisfying « = 0 on 99,, provided & is an integer. Here (r, ) are polar coordinates with the center at
(0,0).

Q7.5

Let «™C?%(Q) be a solution of Awu = 0 on the quadrangle Q = (0,1) x (0,1) satisfying the boundary conditions u(0,y) = u(1,y) =0
for all ™[0, 1] and u,(z,0) = u,(z,1) = 0 for all ™[0, 1]. Prove that v = 0 in Q.

Q7.6

Let u™C2%(R") be a solution of Au = 0 in R" satisfying v L%(R"), i. e., intg: u?(z) dz < co. Show that v = 0 in R".
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Hint: Prove

const.

intp,0) |Vul® dz < 7

intp,,0) |ul® dz, (7.E.2)

where c is a constant independent of R.

To show this inequality, multiply the differential equation by ¢ := n?u, where

n™tC1 is a cut-off function with properties: n =1 in Bx(0), n = 0 in the exterior of Byr(0),
0<n<1,|Vnl < C/R. Integrate the product, apply integration by parts and use

the formula 2ab < ea® + 1b% ¢ > 0.

Q7.7

Show that a bounded harmonic function defined on R™ must be a constant (a theorem of Liouville).

Q7.8

Assume u™C?%(B;(0)) N C(B1(0) \ {(1,0)}) is a solution of

Au=0 in B;(0)
u=0 on 8B1(0)\ {(1,0)}.

Show that there are at least two solutions.

Hint: Consider

$$
u(x,y)=\frac{1-(x*2+y”*2){(1-x)*2+y~2}.
\]

Q7.9

Assume £ C R" is bounded and u, v™C2(Q) N C(Q) satisfy Au = Av and maxyg |u —v| < e for given £ > 0. Show that maxg |u

—v|<e.

Q7.10

Set O = R"\ B;(0) and let u™C?(Q2) be a harmonic function in Q satisfying lim ;o u(z) = 0. Prove that
$$

\max_{\overline{\Omega}}lu|=\max_{\partia\Omega}|u|\ .
\]

Hint: Apply the maximum principle to 2 N Bx(0), R large.

Q7.11

Let Q, = {z™R?: 2; >0, 0< 23 < x1tana}, 0 < a < m Qur = Q, N Br(0), and assume f is given and bounded on Q,, p.
Show that for each solution u™C(Q4 z) N C%(Q4,r) Of Au= fin
Q, g satisfying uw = 0 on 9Q, g N Bg(0), holds:

For given e > 0 there is a constant C(e) such that

$$

Ju(x)]\le C(\epsilon)\ [x|*{{\pi\over\alpha}-\epsilon\gquad\hbox{in}\
\Omega_{\alpha,R}.

\]
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Hint: (a) Comparison principle (a consequence from the maximum principle): Assume Q is bounded, u, vi"tC’?(ﬁ) N C(ﬁ) satisfying
—Au<—-AvinQand u<vondQ Thenu < vin Q.

(b) An appropriate comparison function is

v=Ar« sin(B(0+1)) , (7.E.3)

A, B, n appropriate constants, B, n positive.

Q7.12

Let Q be the quadrangle (—1,1) x (—1,1) and «™C?(£2) N C(Q) a solution of the boundary value problem —Awu =1in , u =0 on
9. Find a lower and an upper bound for «(0, 0).

Hint: Consider the comparison function v = A(z? + 42), A = const.

Q7.13

Let u™C2(B,(0)) N C(B,(0)) satisfying u > 0, Au = 0 in B,(0). Prove (Harnack's inequality):
$$

{ar{n-2}(a-|\zeta|)\over (a+|\zeta])*{n-1}}u(O)\le u(\zeta)\le

{ar{n-2}(a+|\zeta|)\over (a-|\zeta|)*{n-1}]Ju(O)\ .

\]

Hint: Use the formula (see Theorem 7.2)

2 1,02
u(y) = £ b5 Uz g, (7.E.4)
awy, |z — y|™
fory=C¢andy=0.
Q7.14
Let ¢(0) be a 2r-periodic C*-function with the Fourier series
¢(0) = Z (an cos(nb) + b, sin(nf)) . (7.E.5)
n=0
Show that
u= Z (an cos(nb) + b, sin(nf)) r" (7.E.6)
n=0
solves the Dirichlet problem in B;(0).
Q7.15
Assume u™C?%(Q2) satisfies Au = 0in Q. Let B,(¢) be a ball such that its closure is in Q.
Show that
|l
IDu()| < M ( '“'7”) , (T.E.7)
a

where M = sup,mp, () [u(z)] and v, = 2nwn,—1/((n — Lwy).

182 (7.E.3)



LibreTexts"

Hint: Use the formula of Theorem 7.2, successively to the k th derivatives in balls with radius a(|a| — k)/m, k= 0,1, ...,m — 1.

Q7.16

Use the result of the previous exercise to show that u™C?(Q) satisfying Au = 0 in £ is real analytic in Q.

Hint: Use Stirling's formula

nl=n"e™ (\/ﬁ +0 (%) ) (7.E.8)

as n — oo, to show that v is in the class Ck ,(¢), where K = cM and r = a/(e,). The constant ¢ is the constant in the estimate n"
< ce™n! which follows from Stirling's formula. See Section 3.5 for the definition of a real analytic function.

Q7.17

Assume  is connected and u™C?%(12) is a solution of Au =0 in Q. Prove that u = 0 in Q if D?u(¢) = 0 for all q, for a point ¢,
In particular, u = 0 in Q if w = 0 in an open subset of Q.

Q7.18

Let Q = {(z1, 2, z3)"*R?: 3 > 0}, which is a half-space of R3. Show that
1 1

G ) = - —
(5:9) dnlz —y|  drlz -7

(7.E.9)

where y = (y1,y2, —y3), is the Green function to Q.

Q7.19

Let Q = {(z1, 72, z3)™R?*: z? + 22 + 22 < R?, z3 > 0}, which is half of a ball in R3. Show that
1 R
dmlz —y|  Axlyllz — y*|
1 R
_ — + —,
dmlz =y dxlyl|z — 7|

G(z,y) =

where y = (y1, 92, —y3), ¥* = R*y/(|ly|*) and 5" = R*y/(|y|*),
is the Green function to Q.

Q7.20

Let Q = {(z1, 22, 73)"™R3?: x5 >0, 23 > 0}, which is a wedge in R3. Show that

1 1
G(z,y) = — —
e R
1 1

— + s
drr|z — y’| 47r|g;7§/|

where = (y1, 92, —ys), ¥’ = (y1, —y2,¥3) and y’ = (y1, —y2, —¥s),
is the Green function to Q.
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Q7.21

Find Green's function for the exterior of a disk, i. e., of the domain Q = {z™R?: |z| > R}.

Q7.22

Find Green's function for the angle domain Q = {z™C: 0 <argz< arn},0< a <

Q7.23

Find Green's function for the slit domain Q = {z™C: 0 < argz < 27}.

Q7.24

Let for a sufficiently regular domain Q™R", a ball or a quadrangle for example,
F(z) = intg K(z,y) dy, (7.E.10)

where K(z,y) is continuous in Q x Q where z # y, and which satisfies

K (,) (7E11)

| < ——r
|z —y|*

with a constants cand o, a < n.

Show that F(z) is continuous on €.

Q7.25

Prove (i) of the lemma of Section 7.5.

Hint: Consider the case n > 3. Fix a function n™C!(R!) satisfying 0 <7 <1,0< 7 <2,n(t) =0fort <1, n(t) =1 fort > 2 and
consider for € > 0 the regularized integral

dy

Ve(z) ==intq f(y)n-—,
|z =yl

(7.E.12)

where 7. = n(|]z — y| /). Show that V. converges uniformly to V on compact subsets of R™ as ¢ — 0, and that 9V, (z)/dz; converges
uniformly on compact subsets of R" to

ase— 0.
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