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Let T be a time scale with forward jump operator
and delta differentiation operator ocand A,
respectively.

In this section we construct the Lagrange
interpolation polynomial on an arbitrary time
scale. We present the theoretical background of
this construction and solve numerical examples.
We assume that Tis a given time scale with
forward jump operator ¢ delta derivative operator
Aand graininess function p.

Let 2, n € Ny, denote the set of all polynomials
of degree < ndefined over the set Rof real
numbers. Letne Nand z; €T, i € {0,1,...,n}, be
distinct and y;, ¢ €{0,1,...,n}, be given real
numbers. We will find p, € P,such that p,(z;)
=y, i €{0,1,..,n}. Below we introduce the
form of a polynomial taking the given values y;at
the points z;for i € {0,1, ...,n}.

& THEOREM

Suppose that m €N. Then there exist
polynomials Ly € Pn, k €{0,1,...,n}, such
that
1 if i=k
Lk(z,-) =
0 if itk

i,k € {0,1,...,n}. Moreover,
n
Pa(@) =Y Le(@)yr, €T,
&=0

satisfies the condition pu(z:)) =i, ¢
€{0,1,...,n}, p, € Py.

Proof

Define
1
Li(z)=Cx Y (@—=), z€T,
i=0,i#k

where C, €R, k €{0,1,..,n}, will be
determined below. We have Lg(z;) =0, 4
€{0,1,...,n},i#k, and

n

Li(zk) = Ce [ (@e—m)
i=0,ik
= 1, ke{01,..,n}
Thus,
c ! ke{o,1,..,n}
k = I /! Lt B | 9
H?=o,¢+k("3k — i)
and

L@ =[] =%, ceT, kelo,
=0k Tk Ti

We have that Ly, € P, k€ {0,1,...,n}, and p,
€ P,. This completes the proof.

The uniqueness of the polynomial given in the

previous theorem is proved next.

& THEOREM

Assume that n €Np. Let z; €T, i
€{0,1,...,n}, be distinct and y; €R, i
€{0,1,...,n}. Then there exists a unique
polynomial p, € P,such that

po(zi) =9, 1€{0,1,...,n}.

Proof

The existence of the polynomial p,follows
by the previous theorem. Suppose that there
exist two polynomials p,, g, € P,such that

Pn(Zi) = qu(zi) =i, 1€{0,1,...,n}.

Then the polynomial h,, =p, —gzhas n +1
distinct roots. Therefore h, = O0or p, = gy.
This completes the proof.

Now, we define formally the polynomial in the

above theorems.

# DEFINITION:

Assume that n €Np. Let z; €T, i
€{0,1,..,n}, be distinct and y; €R, i
€ {0,1,...,n}. The polynomial

k3
pn(z) = ZLk(z)yk, z €T,
k=0
where Lz, k € {0,1,...,n}, are defined with
(1.0.1), will be called the Lagrange
interpolation polynomial of degree nwith
interpolation points z;, i € {0, 1, ...,n}.

& DEFINITION:

Assume that n € Ny. Let z; €[a,b] CT, i
€ {0,1,...,n}, be distinct and f : [a,b] — Rbe
a given function. The polynomial

Dn(z) = z":Lk(z)f(a:k), z €T,

k=0

where Ly, k € {0,1,...,n}, are defined with
(1.0.1), will be called the Lagrange
interpolation polynomial of degree nwith
interpolation points z;, ¢ € {0,1,...,n}, for
the function f.

v EXAMPLE

Let T =Z. We will construct the Lagrange
“fﬂt?erbofaﬁdn polynomial for the set

{(_3! 0)5 (_2’ 2)’ (0! 1)5 (11 0)}

Here

To = -3, T1=-2, x2=0, x23=1,
Y= 0, yn=2 y=1 y=1 n=3
Then
Lo(z) = ==
o= =1 To— T
_ (z+2)z(z—1)
- (3)-(-4)
_ (z—1)z(z+2)
- 12
3 q
Ly(z) = T —x;
=01 T1— Ti
_ (z+3)z(z—1)
1-(=2)-(-3)
_ (z—1)z(z+3)
- 6
r—T;
L = i 2
92 =02 T2~ Ti
(z+3)(z+2)(z—1)
3-2-(-1)
_(z—1)(z+2)(z+3)
6 b
L _ 2 Tr—T;
3(z) = :,-I';! T3 —T;
_ (z+3)(z+2)z
N 4-3-1
:::(:::+21)2(:c+3)’ —
Hence,
p3(z) = yoLo(x) + y1L1(z) + y2 La2(x) -
_ 2(z(z—1)(w+3))_(w—1)(z+i
B 6 6
+ z(z +!
(z—2)(z—1)(z+3) kB =z(z+:
6 +
_ (z+3)2(z—1)(z—2) +:
N 12
_ (z +3)(32% — 4z +4)
- 12
? EXERCISE
Let T =2MN. Construct the Lagrange
interpolation polynomial for the set
{(1,-1),(4,0),(8,1), (16,2)}.

Suppose that n € Noand z; € T, j € {0,1,...,n},
are distinct points. For z € Twe define the
polynomials



&
Hﬁ+1(-’”) = 7"$+1 (@), ke

muia(@) = [[@@— ),

=0

v EXAMPLE

Let T = 2%, o= 1, £, = 2. Here
n=1, o(z)=2z, zeT.
Then
ma(x) = (z—1)(z—2)
= 2’-3z+2 €T,
and
I3(z) = 5 (a)
= o(@)+z-3
= 3z —3,
I3(e) = 73" (2)
= 3, zeT.
Let T = zand
zo=1 z1=2 z2=3.
Then
m3(z) = (z-1x—-2)(z—-3)
= (z® -3z +2)(z—3)
= 22— 6224+ 11z—6, zeT.
We have
oz)=z+1, zeT,
and
(z) =
= (o(x))? + zo(z) + &% — 6(c(x) +
= (z+1)2+2@@+1)+22—6(x+1+
= 322 -
II3(z)
= 3(a(z)
II(z)
= 6,
LetT = (%) s
z°=6i4’ z1=11—6, $2=%, z3 =1
Find m4(z), i(z), O2(z), O3(z), Oj(z), z € T.

BF he following theorem gives the error in _ A
approximating a function fby a Lagrange f@) —pnla) = A () A g ™ (@
polynomial.
An+1
== f (E) Tnt1 (m)'
& THEOREM 78
Suppose that n €Ny, a,b €T, a <b, z; 2. Let
€ [a,b], 7 €{0,1,...,n}, are distinct and f At Antl
0.
: [a,b] = R, fA*(z)exist for any z € [a,bjand e @ @<
for any k €{1,..,n +1}. Then for any z Then
€ [a, blthere exists ¢ = £(z) € (a, b)such that - " . .
» PG = 1 o) - LD
7(@) = pale) = ’r'[((g Tari(@r % € 0]
il it f(z) Pn(2) o
= A7) - —— 0y
o +1(z) ™
1(@) —pn(@) _ and
Frinnt1(€) < ) < Fraznr1(§), € [n,0], @) @
62O = 12O - wif;‘)””n"ﬂ(s)
where
At A Hence,
Fmaz,rH-l(é‘) = mx{ f ntl (6) ) f"TMéA))}
m©) mHeE) f| o> s
AT A (e(e) } _ ( A ey F(@) =8
Frinp1(8) = = 2 (e(8)
m© "““{ WO THEE) =
Proof ( A"*l(g) (93)
Let p,be the Lagrange interpolation (@) — pa(2)
polynomial for the function fwith = (Tﬂw))
interpolation points z; j €{0,1,...,n}.
Define the function I (@) —=Pa(®) /rnna AnH n
1(0) ~a(z) @) OO+,
= f(t) — _ &)~ Pu\Z)
80 = £ —pa(®) = T Tn Dm0, te bl .
Then Hence,
f() — pn(z) -
¢(.’t]) = f(.’E]) _p"(zj) - Tl(m)"ﬁ&l(n) Ffm’n,n+1(£) S %1(?;)(1') S Fmaa;,n+1(£)'
= f(z5)— f(a') This completes the proof.
A
3 (x)
= 0, j€{0,1,...,nlNote that as stated in the next remark, the error
) ;r_u}lqﬁ(z) — 0. Thus, ¢ : [a,] — Rhas at least T/a;is.};es if the number of data points increases to
fr)#2 Beneralized zeros (GZs). Hence and the ity
Rolle theorem, it follows that ¢2™"has at -
NOTE
P965& one GZ on (a,b). Therefore there exists ;
Wgn(§)= &(z) € (a, b)such that Suppose that all conditions of the previous
3
¢M+1(§) =0 or ¢AM1(P(E))¢AM(E) <o. theorem hold. If
i 7570
Note that lim max ( = "+1(.7:)) =0
6z — 6, B n-o0 zela] \ II7H1(£)
ntl ntl f T DPn\T n+l
PN =1 - S0, tefally
‘”3 (a:)
AR+ — Aﬂr+1
zlé I'TI'EI ¢77 (9= 0. Then lim max (7f = (p(8)) Tn+1 (a:)) =0,
o f(:t) p,,(:t) An+1 =00 z€a,b] Hn+1(p(5))
FANO = —=—2 i (©)
+1(x) then
or lim max |f(z) — pa(z)| = 0.
n—00 z€(a,b]
v EXAMPLE
111
LetT = {o, 6’1’5’1’2’3’4}' Let



f(z) = %4:;14-6’ zeT.
We will construct the Lagrange interpolation
polynomial psof ffor the points zg, 21,22, z3
and compare the graphs of
psand f.
First, note that

fe)=  1O=73
fey= =,
fe)= =1,
M= @)=

Also, we compute

@—@—1)(z—3)

= 0-HO-10-3)
= - Pe-1e-9),
_ (z—0)(z—1)(z—3)
= GG -nE-9
= %x(m—l)(x—?:,)
B (@—0)z—}e—3)
)= T—0a-hHa-9
2 1
= —Em(z— Z)(a}—?)),
) = @—0)—}@e—1)

@-0@B-$)B-1)
= ;—sz(z—%)(z—l), zeT.

Then the Lagrange interpolation polynomial

. 1 .
psof ffor the points 0, e 1,3 is

1280
3333

4 1
Wﬂ”(w— Z)(

This page titled 1.0: Lagrange Interpolation is shared
under a CC BY 4.0 license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.

z—1),

ps@) = SO)Lo(e) + (@) + S Lala) + FHLse)
5 (-56-pe-ne-9)

+ B (Hee-nE-9)
T L 1><z—s>)
+ : (323 (= )(”_ 1))

- 2 e- D=1
+ ——z(z —1)(z — 3)

— 6.1:(:1:— Z)(z—3)

zeT.
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1.1: Sigma-Lagrange Interpolation

In this section we will show that a given function
can be approximated with so called o-Lagrange
polynomials. We will show that there are classes of
time scales for which the Lagrange interpolation
polynomials and the o-Lagrange interpolation
polynomials are different and there are classes of
time scales for which the Lagrange interpolation
polynomials and the o-Lagrange interpolation

polynomials coincide.

In the following, we define the o-polynomials.
With P35, n € Ny, we will denote the set of all
functions in the form

an(0(2))" + n1(0(2))"" + - + ar(@)o(2) + ao,

where a; €R, j €{0,1,...,n}. Let a,b €T, a <b. A
function g € P3will be called

a o-polynomial.

To define a o-Lagrange polynomial we have a
requirement that the points in the data set should be
o-distinct.

& Definition:

Let n €Np. The points € [a,b), j
€{0,1,...,n}, will be called o-distinct if o(zn)
< band

Tj

a(z) < 0(z1) < ... < F(2n).

Let T ={-1, 13U {1+ (3)" :n € No} U{3,4,5}
and a = —1, b = 5. Take the points

a:0=—1, 371=1, .’E2=3.

Then
o(zg) = 4.

o(zo) =1, ofz1) =1,

Thus, the points {zy, z1, z2}are not g-distinct.

Let T = 2%, ¢ =1, b = 16. Take the points

$o=1, $1=2, E2=4.

Then
o(zo) =2,

o(z1) =4, o(zg)=8.

Therefore {z, z1, zo}are g-distinct points.

As in the case of Lagrange interpolation, one can
prove the following result.

Suppose that n € Nand z; € T, j € {0,1,...,n},
are o-distinct. Then there exist unique
o-polynomials L. € 23, k € {0,1,...,n}, such
that

1 if i=k

Lak(zi)
0 if itk

# Definition:
T Ty

i,k € {0,1,...,n}. Moreover,
n
Pon(z) = > Low(@)ud
=0
- o@ o)\, oo
k=0 \ j=0,jk O'(Ik) - O'(Ej)
satisfies the condition pg,(z;) =w, i
€{0,1,...,n}, pon € PG.

Based on the statement of the above theorem we
define the o-Lagrange polynomials as follows.

Assume that n € Ny. Let z; € T, i € {0,1,...,n},
be ¢-distinct and y; € R, i € {0,1, ...,n}. The o-
polynomial

Pm(m) = ZLak(m)yky z€T
k=0

will be called the o-Lagrange interpolation
polynomial of degree nwith o-interpolation
points z;, i € {0,1,...,n}.

# Definition:

Assume that n €Np. Let z; €la,b] CT, ¢
€ {0,1,...,n}, be o-distinct and £ : [a,b] — Rbe a
given function. The g-polynomial

n
Pon(@) =Y La(z)f(mk), z €T,
k=0
will be called the o-Lagrange interpolation
polynomial of degree nwith g-interpolation
points z;, i € {0, 1, ...,n}, for the function f.

In the following, we will compute the Lagrange and
the o-Lagrange polynomials for a given set of data
on a time scale and compare them.

LetT ={-2,-1,0,3,7},

a=-2, b=7, m=-2 =z1=0,
f : T — Ris defined by
f(®)=t+3, teT.
We will find the o-Lagrange interpolation
polynomial for the function fwith o-

interpolation points {xg, z:}. We have

L,l (m)

f(xo)

Thus,

Po1(z)

Note that,

Da1 (0)

Da1 (_2)

Also, we have

Po1(—1)

g(—=2) =-1,
a(0) =3,

o(z) — o(z1)
o(zo) — o(z1)

1
—3 (@) -9),

o(z) — o(zo)

a(x1) — o(zo)
i(a(m) +1), z€T,

f(-2)
1

3.

f(@0)Loo(2) + f(z1)Lor(2)

~36@) -3+ 3@ +1)

%(a’(w) +3), z€[-2,1.

1
GORS)

3= £(0),

1
32 +3)

1= f(-2).

1
2@ED+3)

]
=

Now, we will find the Lagrange interpolation

polynomial for the function fwith interpolation
points {z¢, z1}. We have

Lo(z)

Ll(m)

Therefore

p(z)

Then

https://math.libretexts.org/@go/page/209034

r—T

o — T

2

PR

Tr— 29

1y — X9

2

2r2, sel27

f(@o)Lo(z) + fi(z)L1(z)

1 z+2
—Em+3 2
z+3, z€[-27.
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p1(0) =3 = £(0),

We also have

71(=2) =1= f(-2).

pi(—1) = —1+3=2+#pu(-1)

In the above example we see that in general, the

_2
-

Lagrange interpolation polynomial and the o-
Lagrange interpolation polynomial for a
function fare different.

v Exercise

LetT={-1,-%,-%,0,2,3,7},

b=7, $1=—%, 9 = 3.

Find the ¢-Lagrange and Lagrange interpolation
polynomials for the function f :T — Rdefined
by

t+1

t)=————+3¢
@ @1 PO

te [_1!7]!

with o-interpolation and interpolation points =z,

Z1, T2.

In the following example we see that on some time
scales, the Lagrange and o-Lagrange polynomials
are the same.

LetT=2,
a=z9=-1, z1=1, xz3=23,
f: T — Ris defined by
fH)=t*+t+1, teT.

We will find the o-Lagrange interpolation
polynomial with g-interpolation points zg, 1, z2.
We have

o(zo) = o(-1)=0,
o(z1) = o(1) =2,
o(z2) = o(3) =4.

Then
a(zg) < o(z1) < o(z2),

i.e., zg, &1, z2are o-distinct points. We have

Loo(z) = (o(z) — o(z1))(0(z) — o(z2)) Hence,
(o(z0) — o(1)) (0(0) — o(2)) ,
pa(z) = f(z0)Lo(z) + f(z1)L(z)
(z+1-2)(z+1—4)
= T o0=20-9 _ (.z'—l)(.z'—3)_q(z+1)(w—3)+13J
8 ° 4
= W, B @2 —4z+3—622 +12¢ 41
- 8
_ (o(2) — a(20)) (o(z) — a(x2)) 2
L@ = (ofan) — @) o(@) — ofe) - !
Moreover,
_ (z+1—-0)(z+1—4)
B (2—-0)(2—4) P2(z) =poa(z) = f(z), z€[-1,4]
4 9
In the above example we see that that there are
Loa(z) = (a(z) — a(x0))(0(z) — a(21)) cases for which the Lagrange interpolation
(o(m) = (o)) (o(2) — (1)) polynomial and the o-Lagrange interpolation
(e+1—0)(z+1—2) polynomial for a function fcoincide.
B (@—0@—2)
- w’ z €[—1,4],
8 Let T = 2No,
f(@o) = f(=1) a=1=g, 7 =2 2=8, 23=32=b,
= 1, f: T — Ris defined by
842
f(z) = f(1) fE)=t"+t°—t+4, teT.
_ 3 Find the o-Lagrange interpolation polynomial
B ’ for the function fwith o-interpolation points o,
f(z2) = f3) 1, Z3-
= 13. Now, we will describe the classes of time scales for
Hence, which the o-Lagrange and Lagrange interpolation
polynomials coincide.
Por(z) = f(@o)Loo(z) + f(x1)Lo1(z) + f(w2) Loz ()

(z—1)(z—3) _3(a:—3)(:c+1) +13

8 4

z? — 4z +3 — 622+ 122+

Let &be a time scale such that a(t) =ct +d for
B -?—%Ef—qrféld some constants ¢, d, Let also, n € N

8

and

— 2rz+l wa€=[_zf’il’z1<...<a:,.=b, z; €T, je{0,1,..,

is the o-Lagrange interpolation polynomial for
the function f.

Now, we will find the Lagrange interpolation
polynomial for the function fwith interpolation
points zg, z1, 3. We have

(z —z1)(z — z2)

Lo(z) = (@0 —21) (30— 22)
~ (z—1)(z—3)
- s
_ (e=z0)w=a2)_

Ly(z) = (1 — z0)(x1 — 22)
_ _z+1)E=3)
_ E=z)@=z)

Ly(z) = (z2 — z0) (T2 — 1)
_ wg&—n , zel-1,4.

are o-interpolation and interpolation points.
Then

Li(z) = Lo(z), =z €[a,b], k€{0,1,..,n}.

Proof

Since o(t) = ct + dfor any t € T, we get

T o(@) —o(=)

Lok(z) = =0z O(@k) — o(z))
T lewtd) —(eai+d)
=0 (cok+d) = (cz;+d)

n

_ T—Tj
30k Tk T Ti
= Li(z), k€{0,1,..,n}, z€la,b].

This completes the proof.
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It is clear that the uniqueness of interpolating
polynomial of degree nis not violated. Indeed, if
ois not a linear function, the o-Lagrange
interpolation polynomial of a function fis not a
polynomial of degree mor not a polynomial at
all. For instance, if T = N2, then o(t)(v +1)?, ¢
€T, the o-Lagrange interpolation
polynomial is not a polynomial. Therefore, for
any function f, defined on a time scale T, there

and

is a unique interpolation polynomial of degree

n.

Suppose that n € Noand z; € T, j € {0, 1, ...
-distinct points. For z € T, define the o-polynomials

,n}, are o

k
H’;'n+1 (z) = r£n+1 (2),

n
Tons1(2) = [[(o(2) — o (=),
=0
These functions are employed in the error estimate
for the o-Lagrange interpolation.

LetT={0,%,5, 3,1+ 3 :n €N},

1
b=1, z0=0, I1=§.

We will compute 7,5(z), 752 (%)and I, (

)

We have
1
G(ZO) = El
1
0(11) = El
1
(z)=
a(1) 1
Hence,

(o() -

(wo-2)

To2(x)

oled)éaizderer(thg)proof repeats the corresponding
proof for the Lagrange Polynomials. This

)ce{?)e,tesatlte PBroof.

fAfH'l &_) B
- g5 (i) -0

and 12

- 1
()" (o) e Y
'}ggzrg[ab] H:'Til(p(g)) Tont1(z) | =0,

| @FE-DEE-D-CGDeE-D

sB-F [T
ceT, keNo (c-1)(c()-1)— (o (% —%)(a(%)nm,)e[ max |f(z) — Pon(@)| = 0.

(B4
=

The last example shows clearly the difference of

%) (1 — 3) Eaftange) bhd a)Lagrange polynomials on a time

? Exercise

Let T = {0,2,3,5,9,16,18},

a=0, b=18, =0, =3, z2=09.

Find 12, (3).

The error in the o-Lagrange interpolation is given
int the next theorem.

Suppose that n € Ny, a,b € T, a < b, ; € [a,b], j
€{0,1,...,n}, are o-distinct and f :[a,b] — R,
fA(z)exist for any z € [a,bland for any k
€{1,..,n +1}. Then for any z € [a,b]there
exists & = &(z) € (a,b)such that

270

nml(é.) z€ [avblv

f(@) — pon(2) =

Tons1(),

or

f(@) = Pon(2)

Ton+1 (Z)

=~
"

Let pyrbe o-Lagrange
polynomial the
interpolation points z;, j € {0,1, ...
the function

F, omin,n+1 (E) < < F, omaz,n+1 (6)1

where

A A" )

Fﬂmz - =
n+1(6) 5L (6) " I (p(e))

}

A"
w6’

2" (p(®))

5 (p(6))

F, ominn+1 (E) =

Proof

the
for

interpolation
fwith
,n}. Define

function o-

f(2) = Pon(z)
Tan+1 (m)

é(t) = £(£) — pon(t) —

Ton+1 (t)a

z €|

}.

te|

1sedle whose forward jump operator is not a linear

function.
0.

\begin{example}
Let T ={vZn+1neNo} ={1,V35,..}.
Take

a=a:0=\/§, Il=ﬁ, 12=\/ﬁ, I3=\/1_7,

and

We will write the Lagrange interpolation
polynomial psand the o-Lagrange interpolation
polynomial p,sinterpolating the function

fat the points zg,z1,72,73. We will also
compare the graphs of the types
interpolating polynomials with the function f.
Notice that on the given time scale we have

two

o(x) =Vz2+2 zeT.
Also
o, f@o)= W) == = %’
fe) = fVD)= 174115 = 1%’
’ fay=  f/D=pii=1,
fla)= V)= g =g

First, we compute Lo(z), Li(z), La(z)and Ls(z)
as follows,
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Lo(z) = (@=VN)(@—VIL)(e— VA7) pa(@) =  f(V3)Loo(z) + F(VT)Lo1(z) + F(VII)Loa(z) + F(VIT)Loa()
(V3—VD)(V3-VID(V34VID)'
_ 4 (V22+2-3)(Va®+2 - VI3)(VaZ +2— V19)
Li(e) = (z—V3)(@—VII) (@ — VT 1 (VB —8)(v5 — VI3)(v/5 — VI9)
V- V31— VIDWT VD)
. 8 (Va?+2—5)(Va? +2— VI3)(Va? +2— V19)
La(e) = (z=V3)(=—vVT)(z— V1] 19 (3—V5)(3—v13)(3—v19)
VIL- V(WL - V(I {VID)’
+ 4 (Va2 +2—VE)(Va2 +2-3)(VzE +2 - V19)
Ln(e) = -V VDE-vID) | o 9 (/B VBB (VB VD)
’ WIT— V31T VD(VIT—VII)’ ' R .
6 ( +2—/5)( +2-3)( +2—-+13)
Then the .Lagrange interp.olation polynomial. D3 + 13 z (V15— 5) (f/ﬁ Z3)( ma:_ V13) , z€T.
interpolating the function fat the points
/3, V7, V11, V/ITis obtained as It is clear that ps(z) # p.s(z), =z € T. Moreover,
Po3is Not a polynomial.

ps@) = f(V3Lo(@) + F(VDL1(w) + F(V11)Ls(z) + F(V17) Ls(2)
4 (= — ﬁ)(z = @(%a_umlpd 1.1: Sigma-Lagrange Interpolation is

1 (\/§ - \/'7)(\/3 — Y@}ﬁ\/gﬂﬁeﬁll(l BY 4.0 license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.

8 (@—v3)e— i)z —V17)

’ 1 (V7 — VBT —VI)(WT— VIT)
. 4 (@=VBE= VD)=V

9 (VII-V3)(VII - VT)(VII - V1T)
N 6 _@-Vie-vDe-vi) .

B (V7 ~ VB)(IT — V)(VIT— VII)’
Next, we compute Leo(z), Ls(z), Lga(z)and
L,3(z)as follows,

(6(z) = o(V7))(0(x) = o(v/11))(0(2) — o(v/1T7))
(@(V3) = o(V7))(0(V3) — o(V11))(0(v3) — o(V1T))

Loo(z) =

(V22 +2—3)(v2? +2 — V13)(Va? + 2 — V19)
(V5—38)(v5 - V13)(v5 — V19)

(0(z) — 0(v/3))(0(x) — o(v11))(0(2) — o(V17))
(@(VT) = o(v/3))(e(VT) — o(VI1))(0(v7) — a(V1T))

L,l (a:) =

(Va2 +2—VB)(Va? + 2 — VI3)(Va? + 2 — V19)
(3—V5)(3— V13)(3 — V19) ’

(0(z) — o(v3))(0(x) — o(vD)(0(x) — o (V1T))
(@(V11) = o(V3))(e (V1) — o(vD)(o(V1L) — a(V/1T))

(V2% +2—V5)(Vz? +2—3)(Va? +2 — v19)
(V13 — v/5)(V13 — 3)(v13 — V19)

(a(z) — o(v3))(a(x) — o(vD)(o(x) — (VL))
(@(V17) — o(V3)(o(v/17) — (VD) (e(V17) — 0(v/11))

Laa(z)

(Va2 +2—VB)(Va2 +2—3)(VzZ +2—V13)
(V19 — VB)(VI9 — 3)(V19 — VI3)
Hence, the o-Lagrange polynomial pes3

interpolating the function fat the points

v/3,v/7,/11,/17is obtained as

, z€T.
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1.2: HERMITE INTERPOLATION

The idea of Lagrange interpolation and o-Lagrange
interpolation can be generalized in various ways.
Here, in this section we consider one simple extension
where a polynomial pis required to take given values
and derivative values at the interpolation points. For
given o-distinct points z;, j € {0, 1, ...,n}, and two sets
of real numbers yj, z;, j € {0,1,...,n}, n € Ny, we need
to find a polynomial pany1 € Popsasatisfying the
conditions

Pi1(®) =¥j, Phai(@) =2, F€{0,1,..,n}

The construction of such a polynomial is similar to
that of the Lagrange interpolation polynomial and it is
given in the following theorem.

& THEOREM (HERMITE
INTERPOLATION THEOREM)

Let n eNgand let a, b €T, ¢ <b, and z; €T, j

€ {0,1,...,n}, be o-distinct and x; # o(zx)for all

4 ke{0,1,...,n}.

Let also, y;,2; €R, j €{0,1,...,n}. Then there

exists a unique polynomial pop 1 € Papigsuch that
p2W+1(zj) =Y p2An+1(zj) =z, j€ {Ov 1.,

Proof

For z € [a, 3], define the polynomial

z € [a,b]. Now, suppose that there are two
polynomials such that pop+1,gon+1 € Pons1and

Let hgni1 = P2ot1 — @2n+1- Then hopy1 € Papprand
it has at least 2n + 2GZs. Thus,

b (1.%%)&150 Of Pai1 =goni1 on [a,b].

This completes the proof.

Next, we give the definition and the general structure

or Mp(z;) = M](zj)
(cyk + Brzr) Mi(o(zh)) Li(0()) = 2 — yi (M () B Mi(o(zh)) L (k) L Li(zj),
or ” o L& (z)) = Li(z;),
_ 2k — yr (M (zx) + Mi(o(zx)) Li; (zk)

e+ Bz = YACEIACED) Mj(o(zj)) = L(o(y)
and = M;(z;)
n 2 — y; (MA(25) + Mj(o(z;)) L5 (25)) = Lj(z;)
Panta(2) = ]Z; (W lv;j(a(zj))Lj(a(mj) ; (@=aj) | Mi(@)Li(e) -
= 1, je{0,1,..,n}

3 g _ MPe) § Milgle) L) )

- >:( (‘ M) Lyo) )Y

z Pani (@) = ) (1 —2Lj(=)) (@ — 27)) 5 + 2i(z — =)
— A __(z—z) i(z)L(x
e et & ) ML)

z € [a,b]. Thus, we get the classical Hermite
interpolation polynomial.

Dons1(Tk) = Qont1(Zh) = Yk, Pooia (k) = Gnya (k) = v EXAMPLE §

Let T= 2%,
o = 1, z1=4
Yo = L, nn=-1,
2y = 1, z=2

Here n =1, o(z) = 2z, z € T. Then

iy + Brer) Mi(o(zk)) Li(o(zk))

i (M () + M (0(zr)) LE (1))

2k

_ 17 =—o=) of a Hermite interpolation polynomial. Eol) = o=m e
Mi(z) = jzg# 2—o(y)’ ke {0,1,...,n}. o(x) Tt 3 (z—4),
& DEFINITION: 1
We have LY (z) = -3
Mi(o(z)) =0, My(ze)=1, jke€{0,1,..,n}, b Letn eNoand leta, b €T, ¢ <b and z; €T, j
€ {0,1,...,n}, be o-distinct. L _ Lo 2
We will search a polynomial pyn41 € Pansrin the Let also, yj;,z; €R, j €{0,1,...,n}. Then the el 4 5
following form polynomial o—zp 1
- 5(o) + Mol ) LA I
(@) = Y (5 + (@ -z )0y + B)) M@ Ly} agladh .  §~( (1o M@ Moy
~ ol ; ( M;(0@,)Ly(0(x)) (z—=5) | v; L
LlA(z) = 3! z €T,
where oj, B; €R, j €{0,1,..,n}, will be Z
determined by the conditions (1.2.1). We h o (2 — ) || Mj(2) Ly(x),
etermined by the conditions ( ). We have My(o(z;)) L;(o(z;)) i) i Li(a(ml)) _ L) = g,
panpr(Ti) = 3 5+ (ef—=5) @855 8;45)) MBlied L igymite  interpolation
=0 polynomial for the set of values given in Mo(z) = l((”‘)) - _%(z —8),
Ty —o(T1
= {(z5,95,25) : 5 € {5 -, n}}-
. M) = -
Phnia(2) = B (dy; neBjz;yameste) W5 (a@)ye that the Hermite
#ferpolation  polynomial reduces to the classical Mo(o(zo)) = My(2) = 6 ,
" Hermite interpolation polynomial whenever the time 7
+ W5+ (@ — ;) (w5 + Bz)) MR dwtroMal b és) , o—o@) 1
j=0 Mi(z) = =_—(z—2
5 (@) =3,
A
Panva(Th) = E’ iam;iﬂlej(a(Ik))Lj(ﬂ(zk)) I 1
70 If T=R, then M (=) = L
w A Ml(a(zl)) = M1(8) =3, z€T.
+ Y i+ (@6 —25) (095 + Biz;)) (M5 (@r) Ly(ws) + Mj(o(21)) L} ()
=0 Hence,
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_ 20 — yo (M& (o) + Mo(o(20)) L (o)) & } . Then 92" has at least one GZ in (a,b)and there
Pl (”" P M) e, =€l exists a ¢ = €(z) € (a,B)such that
. PO . . . . A2n+2 -0 A2n+2 A2n+2 0.
e (M (#1) + Mi(o(z1)) L;KEQ?I Sor in ;r Igl;r(r:)lf (1;1)terpolatlon is given in the (6 or P (p()) (6 <
. My(o(@)) La(o(ar)) OOV HROTGREID)E Observe that
1—(—L148(_1 AT eARH _ (@) —pamns(2) ST
- (1 P . e ) Y g 9) V= () )
T3 ugpose that éNo, a,b €T, a<b z; €[a,b], § e B
€{0,1,...,n}, are o-distinct and f :[a,b] > R, llo Lty (€)= 0. Then
2+(3+3-%) Bexi 1 _
+l-1+—2 ( z Xe;’usn))f—@y B)€la,bland for any k A - S@ = pma(@ e
Bog {1}, 2n ¥ 2}.3Fhen fof any € [a, b]there exists Tn41(2)Cnt1(2) ’
¢ 5 &(z) € (a,b)such that
- % (1 + g(z— 1)) (@—4)(=—8) +% (- 1 +%(z—4) @-1)( —fzgw(o or
_ A2 A2
. . f(z) — panii(z) = T @)1 (@) (Tni1énr)™ (), T € }&tﬂ_ Dot (@) = fiﬁ)ﬂr" ()G
= 5629 — )-8+ 4OE-1E-2), zcL8l (mt16nst) = (€)
o 2. Let
? EXERCISE f(®) — ponsi(z) 2 b2
_ Grinani2(€) < T @ona@) S Grazpny2(§), = € b, 0] P2 ()2 (¢) <.
Let T =2%Z. Find the H ite int lati
e . in e Hermite interpolation - Then
polynomial for the set
= 4 m=0, m=4, e e { 2 PR Q) = 1) - Lkl
’ (""rn-¢—1<n+1)A2Ml &) (Tasaln I)Am‘z (0(€))
w= -1 pn=1 gp=-1, and
. 47 217 0(©)
= 1 -1 =1. Gringnt2(§) =  min { g 2 - p A2 f(2) — panti(2) At
= » A B (7rn+1Cﬂ+1)AM2 (e) ('"'n+1(n I)Aw(p(ég f (6)_ 1r,,+1(m)c,,+1(:t) (ﬂ"+1<"+1)
In some applications, instead of a data set of points, Proof Then we have,
function values and delta derivative values at these 0
points a function itself may be given. Let pop41be the Hermite interpolation polynomial >
The Hermite polynomial for this function, that is, the for the function fwith interpolation points z;, j . i
polynomial which takes the same values as the f ¢ {0,1,...,n}. Define the function = (f (&) — K
function and whose delta derivative takes the values () — o (@)
of the delta derivative of the function at given points Y(t) = £(t) —pmir(t) — Wmﬁnﬂ(ﬁ(ﬂﬂ(t t € [a,b]. x ( FA )
is defined below.
fhen £@) —pmn(@)
#" DEFINITION: _ - (w) (
_ Ye) = f(25) = pamea(zs) — Mﬂnﬂ( ) (25) T +1(2)Cnt1()
q Tnt1(2)nt1(2)
Let n €Npand leta, b €T, ¢ <b, and z; €T, j £(2) — posi () -
. — Pand- A A
€{0,1,...,n}, be o-distinct. = @)~ @) " ma@)om(@) ((‘Irn+1Cn+1) (o(&)f
Let also, f :[a,b] — Rbe delta differentiable on
[a,8]. Then the polynomial = 0, zela,d, je{f1,..,n},
n MA(z;) + Mj(o(z,)) L2 (z and (%) =0, z€ [a,b]. Thus, 9 : [a,b] — Rhas at Hence,
Pann(2) = 2_; ( ( -— M;(o(z;)) L,-(a(zj)J) (%eastd  £G75. Hence and the Rolle theorem (see
! the Appendix of this book), it follows that 4“has Gmingni2(€) < §@) = pania(z) < Gmazgnt2(6), €
7A@)) least n +1GZs on (a,b)that do not coincide ot (2 ()
M;(o(z;))Li(o(x;)) (@— ”Jiiﬁ‘ﬁ’%,)%%, 1,...,n}. Next, This completes the proof.
T € [a,l?], is called . Hermite interpolation WA@) = FA@) — (6 — .:'r(z) (—I ;’Zn+1((:5)) X NOTE
polynomial for the function f. A
_ A tfup se (Eslat all conditions of Theorem ??? hold.
= = Pap+t1
? EXERCISE £
o _ (@) —pamni(®) o A A A2
LetT— g%, f 1T Ris given by ey (PG (o) + maﬁ% ( : fci)(le, 9 7rn+1(z)Cn+1(E)) —0
zEle, Tn+16n+1
f@) =2 +32> + ex(z,1), z€T. t € [a,b]. Hence, o
and
e (@) = £ o) o
q p
=1, =9, =z;=8L 1 — 2 =
oL RTh @ FLCLY v s (ipeaGen) ™ (6(6) et “(m))
Find the Hermite interpolation polynomial for the Tar1(@)Carr () VMV 2 e
function f. then

0 IO e £0) — pana ()] 0.

n—$00 g€la,b]

Let n €Noand a, b €T, a <b and z; €T, § | je,yAhas at least n+1GZs at z;, j € {0,1, .., n}.

€{0,1,...,n}, be o-distinct. Therefore ¢*has at least 2n + 2GZs in [a, b]. ) .
Define the polynomials In the following example we compute the Hermite

polynomial for a given function and compare it
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graphically with the function.

v EXAMPLE

Consider the time
={n,—4,-2,0,2,4,...}.
Let ¢ =39 =—4,2; =0,z =4,b =6and f(z)

1
=12—+1, zeT.

We will compute the Hermite polynomial ps(z)
and compare the graphs of psand fas well as the

scale T =2Z

graphs of
phand fA.
For this time scale we have o(z) =z +2, =z €T,
so that o(zg) = —2, o(z1) = 2and o(z3) = 6.
We have
ﬁ _ 1
A _ z4+2)241 2241
(@) = T+2—zx
_ 2z +2 €T
@+ D@2 +4c+5) -
Hence,
1
Yo = f(10)=f(—4)=1—7,
Y= f(z1) = £(0) =1,
Y2 = flze) =f4) =
Z = fA(mo) -fA( 4) 85,
7= @)= 0)=—%
10
m= e = A= o5

First we compute L;and M;fori =0,1,2.
(z—0)(z—4)
(—4-0)(—4—-4)
= 3—12(:52 —4z),
(z+4)(z—4)
(0+4)(0—4)

1
- @),
(z+4)(z—0)
(44+4)(4—-0)

1
T = (2% + 4a),

Lo(z) =

(z—0(0)(z—o(4)

(z—2)@z—6) 1
ek (@ —8e+12),

(z—o(-4)(z—0(4)

(z+2)(z—6) 1
(0+2)(0—6) =13

Mg(m)

_ (z+2)(z—2) _ 1
= @rgu—y @Y

Let
h(z) =22, z€T.
Then,
(Me)2=z+o(z) =z+ac+2=2z+2, zeT.

We compute L2and MAfor i =0,1,2.

(—4—0(0))(—4—0(4)

(0—a(=49)(0—0a(4))

1

Ly(z) = (2z+2 4) = 16( —1),
LA(z) = ——(2m+2) = ——(m+ 1),
LA@) = —(2z+2+4) 16(:::+3),
Mi (=) = 60(2z+2 8) = 310( -3),
Mp@)=  =-(at2-4)=—3(@-1),
Mp(z) = =1—12(2z+2)=%(m+1), zeT.

The values involved in the Hermite polynomial
are computed as

Lo(a(zo)) = Lo(—2) = _(4 +8) =
)= If(4= i(_4_ 1)=

Ly(o(z1)) = Li(2) = (4 —16) =
Li@) = L3 (0) = ——(0 +1)=

Lo(olez)) = Ly(6) = 55 (36 +24) =
)= 180)= %(4+3) — I se

and

Mo(o(zo)) = Ma(=2) = (4 +16+12) =
M (o) = M@(—o %(-4 3) =

Mi(o(z1)) = Mi(2) = ——(4 8—12) =
M (@1) = MAQ) = ——(0— =

M3(a(z2)) = My(6) = (36 4) =
Mg (z2) = M£(4)=%(4+1)=%, ce

The the Hermite polynomial p5(z)is computed as

which after simplifying becomes

z? — 4z —12),

(z — o(—4))(z — o(0)) This page titled 1.2
(4—a(=49)(4—0(0))

zeT.

pe(e) = [+ G+o] 5
+ [1 = %z] L(z
[1_7 - 3?15 ] 312 & +4E)

CcC
curated by Svetlin G. Georgiev.

|=noo|n-n.k|w5|‘"oo|m

1)
o|“m|°°

= oaloocsh—noal»h

5@ —4),

=

6

1 _8 5
ps(z) = [(1—%(“4)) -%7+ 3 (z+4)] Lo(z) Mo(x)
L ‘T
1_4.1 2
+ [ 1-5 2 2(-0) 1+—(a:—0):| Li(z)My(z)
37 1

629 (m 4)] Ly(2)M(z), z €T,

—(z —4m)—(m — 8z +12)

- 16)—(:1: — 4z —12)

zeT.

: Hermite Interpolation is shared under a
BY 4.0 license and was authored, remixed, and/or

https://math.libretexts.org/@go/page/209035
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1.3: SIGMA-HERMITE INTERPOLATION

In this section, we will construct the o-Hermite @ 25— y; (MA(z;) + Mj(o(z;)) LE (x5) o(zo) = o(-1)=1,
. . . ) ponni(@®) = Y | A( ’ )(0(1) —o(z;)) | Mj(z)Lj(z)
interpolation polynomials. We will demonstrate the = oA (z;) Mj(o(x;))Li(o(x; (@) = o(5) =9
difference between the Hermite interpolation polynomial ’
and o-Hermite interpolation polynomial. i M (z;) + M; (a-(m_,))LA;z z 1

. . . . = Z ( A (o) — o(z; = —=(z—5),
As was mentioned in the previous sections, the o- =0 o8 (2;) s (5)) Ls(o(z5)) oy @

interpolation polynomials provide an alternative way to

. 2
interpolate a given set of data. ' aA(m,-)M,-(aZ]-))LJ = (gejg (EQ)?ZT))) M;(2)L;(=), Lo@) =3,

They may coincide with the interpolation polynomial in

certain cases and differ in others. The numerical z €la,b. Now, suppose that there are two o- Li(z) = _%,
examples presented in this section demonstrate these polynomials such that pg2n11, gozns1 € P, and
situations. T—x0 1
Pornr1(T8) = Qoznir (T8) = Uk, i1 (@8) = B (@x) =for, k€ {0(®), 7. =t gt
& THEOREM Let hoant1 = Poza+1 — Qozn+1- Then hoogyr € P, and Li(o(en) L)
it has at least 2n + 2GZs. Thus, 1Lol&1)) = ¥)=3
Let n €eNoand let @, b €T, a <b, and z; €T, j Dap
€{0,1,..,n}, be g-distinct, the forward jump hoont1 =0 OF Doont1 =goam+1 oOn [a,b]. LA 1
-di i Alm, 1 (&) = =,
(?perator obe A-differentiable on [a,bland o (z;) # 0, This completes the proof. 6
je{0,1,...,n}. o— o) q
Let also, yj;,2; €R, j € {0,1,...,n}. Then there exists Taking into account the last theorem, the o-Hermite Mo(z) = a:o——cr(m) —E(1—9)1
a unique g-polynomial pozn+1 € P45, such that interpolation polynomials for a given data set on a time
3 scale and for a given function on an 4
Porn1(@) =Yy Pma(@) =2, FE{0,1,.,m}. & Mo(o(zn) = Mo() =5,

arbitrary time scale are defined as follows.

1
& DEFINITION: MA(z) = —1

Proof

Let My, k € {0,1,...,n}, be the polynomials as in the Let n €Noand let a, b €T, a <b, and z; €T, j o) z—ofm) 1 .
e 9f Th'eorem 5 . . €{0,1,...,n}, be o-distinct, the forward jump 1(e) = m - Z(z_ ),
We w‘111 find a polynomial pozt1 € Pg,,in the operator gbe A-differentiable on [a,5]and o2 (z;) # 0,
following manner. FE {01, m}. Mi(o(z1)) = Mi(9) =2,
@ Let al The pol; 1
Paas(8) = 32 0+ 0(0)— ote oy + i) M), ey €T 9 (o Hhepobmomish M) - L
=0 _ n _ M3 (z) + Mj(o(z;)) L5 (z;) B . ) )
where @, 8; €R, j€ {0,1,...,n}, will be determined e = j2=; ( ( oA (z5)Mj(o(z;)) Li(o(x;)) = U(IJ‘)I) (::) _ a(o(20)) — o(x0)
below. We have o(@0) — 2o
Zj
n + EY YA N7 K (o(z) — o(§;)) | M;(z)Lj(=), 1)—1 21 1
Poznt1(Tk) = E (vj + (o(zg) — o(=5)) (asy; + Bjz;)) ﬁﬁ&zﬁﬁ]{éﬁ@))@(a(@)) ) = ; (_)(_1) == 73
= z € [a,b], will be called o-Hermite interpolation
_ polynomial for the set {(z;, yj, 73),: 5 € {0,1,...n}}. Ay = o(a(z1)) — of@1)
a(z1) — 3
Plina () = ¢ DEFINITION: EENIHEE) _ o®-9 _1
d Let n €Noand let @, b €T, a <b, and z; €T, j 9-8 4
n + (ofa) — ofa: . A 7l the forward jump Hence, using that yo = y1 =0, 20 = 21 = 1, we get
* ; W5+ (ole) —ola)) oy + s )fg& tgzrjgﬁé: ZA_‘—d?\flfﬂe{;efriltii\bfeE ox) [a,b]and o2 (z;) 0, @)= 20 (o(
j€ {01, m}. P oA (@) Mo(o(z0)) Lo(o(z0))
i) = >0 (aln? 5% ﬂm)Alf@(ﬂﬁ%‘i“v(ﬁ)?‘fferenﬂable The , n =2
7 | polynomial " 8 (1) My (o(z1)) L1(o(z1))
n z MP(z5) + Mj(o(2)) L7 (z5)
+ ; (i + (o) — o(23))(@sy; + Biz) | (M pead er) + MZ;F (’()EA (%@?EJ)M @@y & o) f) T % @D (—1—10
= U'A o (4 &
- ARG = {,((Z’))) Etoe) ©@ D) M@, + — GORD (
; it ([a (=), -{l— Ag’é(ac(a )e)dL ka( l!i)ez‘mne interpolation 1 1
_ polynormal for the function £. = 1@ —D@=9)(z—5)+ 55 (o(z) - 9)
or The next example demonstrates that on a general time pes(2) = %(0(2) —1)2—9)(2-5)+ %|

o™ (23) (kg + Brk) Mi(o(@i) La(o @) = 21— i (M,,Afw§+ (L () g Hermite polynomials may be .
- 75 6-1-D

or

21—y (M 1) + Mi(o(zh)) L (z1))
oA (zk) Mi(o(zx)) Li(o(zx))

and a=-1, b=9, n=1, zy=-1, 21=5 w=mn=0, 2p=2zn=1

axyk + Brzk =

)

LetT={-1,1,2,5,9,10},

We have
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d n MA(z;) + Mj(o(z5)) L5 t
" = 35 (1 LMD ) e
2 = (@) M;(o(2;)) Ly(o () — 2
3(z) = o (z o) My (2) Lo (z) - 1(z) z%
Mo(a(z0))Lo(o(=0)) : i (o(e) — o( -)))M-(:c)L-(z)
. o (a;) My(o(ay) Ly(o(z7)) I @) =z, zeT.
N eG © POMENLE). ¢ M (z5) + My(o(23)) L3 (z5)
Mi(o(21))La(o(21)) = ; ( (1 - cM,-(a(zj))L,-(a(zj;) (Ex b (cz; +d))3 i
1 1 1 2] =
- 7.7+ (-@-9) (-5-9) + @) L) (e + d—fea; :r @) JEIRAYE (a) = + (@) = 22+ 25 + 1,
_ - M (z;) + M;(o(8)) L5 (75) g8 (z) < 1, zeT.
1 1 Y 3 ( (1 S e o
+2.—§(-"3—5) (E(E‘F )) (z(z—l)) &9 . We compute
3 t———— Rk (@ — zj;l) Mj(z)Lj(z)
Mj(o(z;5))Lj(o(z; 22+ 2¢/z — 33
1 L - (o (@ €1a,b] S
= Pe+DE-9E-5+ @5+ )E-1), €T, Pant1\Bp 4,0l 192 ’
This completes the proof. L (z) = _W’
1 1
Pe(2) = 5(2 FHE-9E-9+ 5(2 - 15&5(2V:7'-€L%E32V€ %))roved the above theorem, one can deduct Ly (z) = %,
the fo]&gwins result regarding the error in o-Hermite MA (@) — 2z + 24/ — 51
= interpojgtiorgy 0 (@)= 525 ’

_25+2/7—39

& THEOREM St T
= » Mp () = H2/E-19 [1,49].

Suppose2§1}at n €Ny, a,b €T, a <b, z; €[a,b], j L
= € {0,1,.7gg}, are o-distinct and f : [a,5] - R, @) Then we have
exist for any z € [a,bland for any & € {1,...,2n +2}. 35 2
= =22 A =AM =2
Consequently we have Then for any z € [a,b]there exists ¢ = £(z) € (a,b) Lo(o(z0)) = Lo(@) = g Lo (@0) =Ly (1) = 19
P3(2) # Paa(2). such that L) = Li(16)= o0, i) =I80)= 3
i L= - = =315 ) —1A@s) =L
In the above example we see that the Hermite and o- £(@) — Poansa(z) = ( (7rn+1<n+1)A’ 2(§), de [a{ﬂ(,a(zg)) = Ly(36) = 18 L (z2) = Ly'(25) = 12
Hermite interpolation polynomials may be different. Tnt1(2)Gna (%)
128
or Mo(o(zo)) =  Mo(4) = 15 Mg (mo) = M(1) = -
? EXERCISE 16 A A
= Mi(o(z1)) = Mi(16) = —, M (z1)=M;(9
o o) < 1A =Pmn@ o b M) (19)= T M) = M)
LetT = {—4,-1,0,4,%,1,%,2,7}, Tnt1(2)Cnt1(T) 640 A A
Myo(@) =  Ma(36) = 15, ME(es) = MA@5) =
5
a=—4, b-7 z=-4 @=0, zm= 6’ In the following example we consider a time scale with a Using these values we compute
the function £ : T — Ris defined by nonlinear fOMérd jump opera.tor. We shmjv the dlffeirence . =i M
between Hermite and o-Hermite polynomials graphically. ps(z) = (2 + 7(,,- — 1)) (T
t+1
f)=———+1, teT. “ 2-2
O wra v EXAMPLE + (4+ 55 -9) (zilg?
Find the o-Hermite interpolation polynomial for the 2 — 2
e e LetT=N2={0,1,4,9,16,..}and [a,b] = [1, 49]. ¥ (10+i(z—25)) (w) (’—
function f. 25 384
Let
. . - and
In the next theorem we will give some criteria for zg =1,z = 9,22 = 25.
coincidence of the Hermite and g-Hermite interpolation 51
olvnomials 7 P We will find the Hermite interpolation polynomial Pos(@) = (2+ E((\/E+ 1)? —4)) (E
oy ) ps(z)and the g-Hermite interpolation polynomial 308 R .
& THEOREM pos(z)for a function fsatisfying + (4 + m((ﬁ +1)°- 16)) (
11 . 22 — 10z + ¢
f@)=2, fO)=4, f(25)=10, + (104 gpEr-30) (Zgm
Assume that Tis a time scale such that o(f) = ct +d 325 384
and
iortany t;’]l‘ar:jd lfotr sor;le r?;l const:nts Z’d' o s The example above shows that the Hermite interpolation
e and let a, A , and z; A _ _ _ . o . .
° Gkk 5OELEs % €L J A =3 f49=6 5425)=1 polynomial and o-Hermite interpolation polynomial can

€ {0,1, ...,n}, be o-distinct.

be different and moreover,
Let also, y;,2; €R, j € {0,1,...,n}.

On this time scale we have
the o-Hermite interpolation polynomial may not be a

Thy = 2
en ole) = Vz+1)% polynomial in the classical sense.
Potntl = Pant1- oA(z) = o(o(@) —o(z) _ 2vz+3 , z€T.
o(z) -z 2vz+1 This page titled 1.3: Sigma-Hermite Interpolation is shared
Proof CC BY 40 1i .
We first compute the polynomials Zyand Mifor k under a 'L, ll;ense ‘and was authored, remixed, and/or
—0.1.2 curated by Svetlin G. Georgiev.
Let g(t) =ct +dfor any ¢t € Tand for some real o
constants cand d. Then ¢2(t) =¢, t€ Tand Lo(x) = (z—=9)(=—25) _ 2?2 — 34z 4 225
0 (=8)(—24) 192 ’
(z—1)(z — 25) 2?2 — 26z + 25
L = =
(=) ®)(=16) 128
_ (z—1)(z—9) z?—10z+9
Laf=) = 1) 384’
(z—16)(z—36)  a®— 52z + 576
M, = =
o(=) (=15)(=35) 525
_ (@—4)(@—36)  z2—407+144
Mi(e) = G20 135
(z—4)(z—16) 22 —20z+64
M. = = 1,49].
() @)() w0 o)

@ https://math.libretexts.org/@go/page/209036
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1.4: Delta Differentiation

We conclude this chapter with a theoretical
discussion of the error in the delta derivative of a
function when it is approximated by

the delta derivative of the related interpolation
polynomial.

Suppose thatn >0, a,b €T, a < b, z; € [a,b], j
€{0,1,...,n}, are distinct and f : [a,b] = R, p,
:[a,b) —Ris a polynomial of degree =
interpolating fat the points x; € [a,b], j
€{0,1,...,n}and fA*(z)exist for any z € [a,b]
and for any k& € {1,...,n +1}. Then for any z
€ [a, b]there exists ¢ = ¢(z) € (a,b)and distinct
points n;, j € {1, ...,n}, in (a,b), such that

@ - - L8 nw), sepn,
or
A
Hmin,n+1(€) %(;;(z) >
where
FAO A0
Hpazn = TreN ) e AR (N
L “{ ) T (p(s))}
N E G S CO) }
Hpinn. = 1 D T e
S ‘"“‘{ Q) T ()
W;(m) = (w_ﬂl)"' (w—ﬂn), T E [a1b]v
Proof
Let p,be the Lagrange interpolation
polynomial for the function fwith
interpolation points zj, j € {0,1,...,n}. Then

the function f —pyhas at least n +1GZs in
[a, 8. Hence and the Rolle theorem, it follows
that there exist nj, j € {1,...,n}, in (a,b)which
are GZs of the function f4 —pA. Define the
function

X0 = FA0) - pi(p) - 1) @) (””),,(’; N
™ 0>
Then
w1 A @) —p;
A(g) — pA(z - A _

xm) = 12— - O b (f ClE) - )
= 15(n) ~ v (nf y (fw@_ f"(zz*—(
= 0, z€lab], j€{0,1,..,n},

andx(@) =0, @ € [a,b]. _ (M)
Thus, x :[a,b] — Rhas at least n +1GZs. #(@)

Hence and the Rolle theorem, it follows that
x“"has at least one GZ on (a,b). Therefore
there exists an £ = ¢(z) € (a, b)such that

@O =0 or X
Note that
) = 1 - 1

mm:,n+1(€)1 T el[awlb]lfet XA"(g) =0. Then

(m) p"(a:) ’An(t),

(P () <o.

(@)

Ak L(1;(35) O, zelod)
or
ArH-l
Aearch {r;An ((55)) mp(2)
AlvH
= W‘A"((g) "(E), z € [a, b].
2. Let
X" (p(©)x™"(¢) < 0.
Then
A
)= A7) - M AP
mh(z)
andf
KB (0) = fA ) — L@ —P(@) Lo

m5(x)

tela

@) —pi(e)

m(x)

(72 (p(E) £ (&) +

+A™ () FA

Hence,

fA (=) —pi ()
()

This completes the proof.

b]. Hmin,fH—l(é‘) < < Hmaz,n+1(§)1 T€

Suppose that all conditions of above theorem
hold. If

(

_ A7)
o 2 (w*A"(s) e ))
and
. MW* z) | =
e 22 (n;A"(mc)) o )) -
then
A _
,}l’f’;f&;"i} |2 () — p2 ()]
(£), z € |a,b],

This page titled 1.4: Delta Differentiation is shared
under a CC BY 4.0 license and was authored, remixed,

and/or curated by Svetlin G. Georgiev.

z € [a,b].
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