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Let  be a time scale with forward jump operator
and delta differentiation operator and ,
respectively.

In this section we construct the Lagrange
interpolation polynomial on an arbitrary time
scale. We present the theoretical background of
this construction and solve numerical examples.
We assume that is a given time scale with
forward jump operator  delta derivative operator

and graininess function .

Let , , denote the set of all polynomials
of degree defined over the set of real
numbers. Let  and , , be
distinct and , , be given real
numbers. We will find such that 

, . Below we introduce the
form of a polynomial taking the given values at
the points for .

Suppose that . Then there exist
polynomials , , such
that

. Moreover,

satisfies the condition , 
, .

Proof

Define

where , , will be
determined below. We have , 

, , and

Thus,

and

We have that , , and 
. This completes the proof.

The uniqueness of the polynomial given in the
previous theorem is proved next.

Assume that . Let , 
, be distinct and , 
. Then there exists a unique

polynomial such that

Proof

The existence of the polynomial follows
by the previous theorem. Suppose that there
exist two polynomials such that

Then the polynomial has 
distinct roots. Therefore or .
This completes the proof.

Now, we define formally the polynomial in the
above theorems.

Assume that . Let , 
, be distinct and , 
. The polynomial

where , , are defined with
, will be called the Lagrange

interpolation polynomial of degree with
interpolation points , .

Assume that . Let , 
, be distinct and be

a given function. The polynomial

where , , are defined with
, will be called the Lagrange

interpolation polynomial of degree with
interpolation points , , for
the function .

Let . We will construct the Lagrange
interpolation polynomial for the set

Here

Then

Hence,

Let . Construct the Lagrange
interpolation polynomial for the set

Suppose that and , ,
are distinct points. For we define the
polynomials

 THEOREM

 THEOREM

 DEFINITION:

 DEFINITION:

 EXAMPLE
 EXERCISE



Let , , . Here

Then

and

Let and

Then

We have

and

Let ,

Find , , , , , .

The following theorem gives the error in
approximating a function by a Lagrange
polynomial.

Suppose that , , , 
, , are distinct and 

, exist for any and
for any . Then for any 

there exists such that

or

where

Proof

Let be the Lagrange interpolation
polynomial for the function with
interpolation points , .
Define the function

Then

and . Thus, has at least 
 generalized zeros (GZs). Hence and the

Rolle theorem, it follows that has at
least one GZ on . Therefore there exists
an such that

Note that

1. Let . Then

or

2. Let

Then

and

Hence,

Hence,

This completes the proof.

Note that as stated in the next remark, the error
vanishes if the number of data points increases to
infinity.

Suppose that all conditions of the previous
theorem hold. If

and

then

Let . Let

 EXAMPLE

 EXAMPLE

 EXERCISE

 THEOREM

 NOTE

 EXAMPLE



and

We will construct the Lagrange interpolation
polynomial of for the points 
and compare the graphs of

and .
First, note that

Also, we compute

Then the Lagrange interpolation polynomial
of for the points  is

This page titled 1.0: Lagrange Interpolation is shared
under a CC BY 4.0 license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.
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1.1: Sigma-Lagrange Interpolation
In this section we will show that a given function
can be approximated with so called -Lagrange
polynomials. We will show that there are classes of
time scales for which the Lagrange interpolation
polynomials and the -Lagrange interpolation
polynomials are different and there are classes of
time scales for which the Lagrange interpolation
polynomials and the -Lagrange interpolation
polynomials coincide.

In the following, we define the -polynomials.
With , , we will denote the set of all
functions in the form

where , . Let , . A
function will be called
a -polynomial.
To define a -Lagrange polynomial we have a
requirement that the points in the data set should be

-distinct.

Let . The points , 
, will be called -distinct if 

and

Let 
and , . Take the points

Then

Thus, the points are not -distinct.

Let , , . Take the points

Then

Therefore are -distinct points.

As in the case of Lagrange interpolation, one can
prove the following result.

Suppose that and , ,
are -distinct. Then there exist unique

-polynomials , , such
that

. Moreover,

satisfies the condition , 
, .

Based on the statement of the above theorem we
define the -Lagrange polynomials as follows.

Assume that . Let , ,
be -distinct and , . The -
polynomial

will be called the -Lagrange interpolation
polynomial of degree with -interpolation
points , .

Assume that . Let , 
, be -distinct and be a

given function. The -polynomial

will be called the -Lagrange interpolation
polynomial of degree with -interpolation
points , , for the function .

In the following, we will compute the Lagrange and
the -Lagrange polynomials for a given set of data
on a time scale and compare them.

Let ,

is defined by

We will find the -Lagrange interpolation
polynomial for the function with -
interpolation points . We have

Thus,

Note that,

Also, we have

Now, we will find the Lagrange interpolation
polynomial for the function with interpolation
points . We have

Therefore

Then

 Definition:

 Example

 Example

 Theorem

 Definition:

 Definition:

 Example
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We also have

In the above example we see that in general, the
Lagrange interpolation polynomial and the -
Lagrange interpolation polynomial for a
function are different.

Let ,

Find the -Lagrange and Lagrange interpolation
polynomials for the function defined
by

with -interpolation and interpolation points ,
, .

In the following example we see that on some time
scales, the Lagrange and -Lagrange polynomials
are the same.

Let ,

is defined by

We will find the -Lagrange interpolation
polynomial with -interpolation points .
We have

Then

i.e., are -distinct points. We have

Hence,

is the -Lagrange interpolation polynomial for
the function .

Now, we will find the Lagrange interpolation
polynomial for the function with interpolation
points , , . We have

Hence,

Moreover,

In the above example we see that that there are
cases for which the Lagrange interpolation
polynomial and the -Lagrange interpolation
polynomial for a function coincide.

Let ,

is defined by

Find the -Lagrange interpolation polynomial
for the function with -interpolation points ,

, .

Now, we will describe the classes of time scales for
which the -Lagrange and Lagrange interpolation
polynomials coincide.

Let be a time scale such that  for
any and some constants , Let also, 
and

are -interpolation and interpolation points.
Then

Proof

Since for any , we get

This completes the proof.

 Note

 Exercise

 Example

 Note

 Exercise

 Theorem
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It is clear that the uniqueness of interpolating
polynomial of degree is not violated. Indeed, if

is not a linear function, the -Lagrange
interpolation polynomial of a function is not a
polynomial of degree or not a polynomial at
all. For instance, if , then , 

, and the -Lagrange interpolation
polynomial is not a polynomial. Therefore, for
any function , defined on a time scale , there
is a unique interpolation polynomial of degree

.

Suppose that and , , are 
-distinct points. For , define the -polynomials

These functions are employed in the error estimate
for the -Lagrange interpolation.

Let ,

We will compute , and .

We have

Hence,

Let ,

Find .

The error in the -Lagrange interpolation is given
int the next theorem.

Suppose that , , , , 
, are -distinct and ,

exist for any and for any 
. Then for any there

exists such that

or

where

Proof

Let be the -Lagrange interpolation
polynomial for the function with -
interpolation points , . Define
the function

From here, the proof repeats the corresponding
proof for the Lagrange Polynomials. This
completes the proof.

If

and

then

The last example shows clearly the difference of
Lagrange and -Lagrange polynomials on a time
scale whose forward jump operator is not a linear
function.

\begin{example}
Let .
Take

and

We will write the Lagrange interpolation
polynomial and the -Lagrange interpolation
polynomial interpolating the function
at the points . We will also

compare the graphs of the two types
interpolating polynomials with the function .
Notice that on the given time scale we have

Also

First, we compute , , and 
as follows,

 Note

 Example

 Exercise

 Theorem

 Note

 Example
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Then the Lagrange interpolation polynomial 
interpolating the function at the points

is obtained as

Next, we compute , , and
as follows,

Hence, the -Lagrange polynomial 
interpolating the function at the points

is obtained as

It is clear that . Moreover,
is not a polynomial.

This page titled 1.1: Sigma-Lagrange Interpolation is
shared under a CC BY 4.0 license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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1.2: HERMITE INTERPOLATION
The idea of Lagrange interpolation and -Lagrange
interpolation can be generalized in various ways.
Here, in this section we consider one simple extension
where a polynomial is required to take given values
and derivative values at the interpolation points. For
given -distinct points , , and two sets
of real numbers , , , , we need
to find a polynomial satisfying the
conditions

The construction of such a polynomial is similar to
that of the Lagrange interpolation polynomial and it is
given in the following theorem.

Let and let , , , and , 
, be -distinct and for all

.
Let also, , . Then there
exists a unique polynomial such that

Proof

For , define the polynomial

We have

We will search a polynomial in the
following form

where , , , will be
determined by the conditions . We have

or

or

and

. Now, suppose that there are two
polynomials such that and

Let . Then and
it has at least GZs. Thus,

This completes the proof.

Next, we give the definition and the general structure
of a Hermite interpolation polynomial.

Let and let , , , and , 
, be -distinct.

Let also, , . Then the
polynomial

, is called Hermite interpolation
polynomial for the set of values given in

In the next remark we prove that the Hermite
interpolation polynomial reduces to the classical
Hermite interpolation polynomial whenever the time
scale is the set of real numbers.

If , then

Hence,

. Thus, we get the classical Hermite
interpolation polynomial.

Let ,

Here , , . Then

Hence,

 THEOREM (HERMITE
INTERPOLATION THEOREM)

 DEFINITION:

 NOTE

 EXAMPLE
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Let . Find the Hermite interpolation
polynomial for the set

In some applications, instead of a data set of points,
function values and delta derivative values at these
points a function itself may be given.
The Hermite polynomial for this function, that is, the
polynomial which takes the same values as the
function and whose delta derivative takes the values
of the delta derivative of the function at given points
is defined below.

Let and let , , , and , 
, be -distinct.

Let also, be delta differentiable on
. Then the polynomial

, is called Hermite interpolation
polynomial for the function .

Let , is given by

Let also,

Find the Hermite interpolation polynomial for the
function .

Let and , , , and , 
, be -distinct.

Define the polynomials

The error in the Hermite interpolation is given in the
following theorem.

Suppose that , , , , 
, are -distinct and ,

exist for any and for any 
. Then for any there exists
such that

or

where

Proof

Let be the Hermite interpolation polynomial
for the function with interpolation points , 

. Define the function

Then

and . Thus, has at
least GZs. Hence and the Rolle theorem (see
the Appendix of this book), it follows that has
at least GZs on that do not coincide
with , . Next,

. Hence,

i.e., has at least GZs at , .
Therefore has at least GZs in .

Then has at least one GZ in and there
exists a such that

Observe that

1. Let . Then

or

2. Let

Then

and

Then we have,

Hence,

This completes the proof.

Suppose that all conditions of Theorem  hold.
If

and

then

In the following example we compute the Hermite
polynomial for a given function and compare it

 EXERCISE

 DEFINITION:

 EXERCISE

 THEOREM

 NOTE
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https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/209035?pdf


1.2.3 https://math.libretexts.org/@go/page/209035

graphically with the function.

Consider the time scale 
.

Let and 
.

We will compute the Hermite polynomial 
and compare the graphs of and as well as the
graphs of

and .

For this time scale we have ,
so that , and .
We have

Hence,

First we compute and for .

Let

Then,

We compute and for .

The values involved in the Hermite polynomial
are computed as

and

The the Hermite polynomial is computed as

which after simplifying becomes

This page titled 1.2: Hermite Interpolation is shared under a
CC BY 4.0 license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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1.3: SIGMA-HERMITE INTERPOLATION
In this section, we will construct the -Hermite
interpolation polynomials. We will demonstrate the
difference between the Hermite interpolation polynomial
and -Hermite interpolation polynomial.
As was mentioned in the previous sections, the -
interpolation polynomials provide an alternative way to
interpolate a given set of data.
They may coincide with the interpolation polynomial in
certain cases and differ in others. The numerical
examples presented in this section demonstrate these
situations.

Let and let , , , and , 
, be -distinct, the forward jump

operator be -differentiable on and ,
.

Let also, , . Then there exists
a unique -polynomial such that

Proof

Let , , be the polynomials as in the
proof of Theorem .
We will find a polynomial in the
following manner.

where , , , will be determined
below. We have

or

or

and

. Now, suppose that there are two -
polynomials such that and

Let . Then and
it has at least GZs. Thus,

This completes the proof.

Taking into account the last theorem, the -Hermite
interpolation polynomials for a given data set on a time
scale and for a given function on an
arbitrary time scale are defined as follows.

Let and let , , , and , 
, be -distinct, the forward jump

operator be -differentiable on and ,
.

Let also, , . The polynomial

, will be called -Hermite interpolation
polynomial for the set .

Let and let , , , and , 
, be -distinct, the forward jump

operator be -differentiable on and ,
.

Let also, be -differentiable. The
polynomial

, will be called -Hermite interpolation
polynomial for the function .

The next example demonstrates that on a general time
scale the Hermite and -Hermite polynomials may be
different.

Let ,

We have

Hence, using that , , we get

 THEOREM

 DEFINITION:

 DEFINITION:

 EXAMPLE
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and

Consequently we have

In the above example we see that the Hermite and -
Hermite interpolation polynomials may be different.

Let ,

the function is defined by

Find the -Hermite interpolation polynomial for the
function .

In the next theorem we will give some criteria for
coincidence of the Hermite and -Hermite interpolation
polynomials.

Assume that is a time scale such that 
for any and for some real constants .
Let and let , , , and , 

, be -distinct.
Let also, , .
Then

Proof

Let for any and for some real
constants and . Then and

This completes the proof.

As we have proved the above theorem, one can deduct
the following result regarding the error in -Hermite
interpolation.

Suppose that , , , , 
, are -distinct and , 

exist for any and for any .
Then for any there exists 
such that

or

In the following example we consider a time scale with a
nonlinear forward jump operator. We show the difference
between Hermite and -Hermite polynomials graphically.

Let and .
Let

We will find the Hermite interpolation polynomial
and the -Hermite interpolation polynomial
for a function satisfying

and

On this time scale we have

We first compute the polynomials and for 
.

Let

Then

We compute

Then we have

Using these values we compute

and

The example above shows that the Hermite interpolation
polynomial and -Hermite interpolation polynomial can
be different and moreover,
the -Hermite interpolation polynomial may not be a
polynomial in the classical sense.
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1.4: Delta Differentiation
We conclude this chapter with a theoretical
discussion of the error in the delta derivative of a
function when it is approximated by
the delta derivative of the related interpolation
polynomial.

Suppose that , , , , 
, are distinct and , 

is a polynomial of degree 
interpolating at the points , 

and exist for any 
and for any . Then for any 

there exists and distinct
points , , in , such that

or

where

Proof

Let be the Lagrange interpolation
polynomial for the function with
interpolation points , . Then
the function has at least GZs in

. Hence and the Rolle theorem, it follows
that there exist , , in which
are GZs of the function . Define the
function

Then

and .
Thus, has at least GZs.
Hence and the Rolle theorem, it follows that

has at least one GZ on . Therefore
there exists an such that

Note that

1. Let . Then

or

2. Let

Then

andf

Hence,

Hence,

This completes the proof.

Suppose that all conditions of above theorem
hold. If

and

then
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