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Chapter 1: Definition of the Laplace Transform. Properties

Let T be a time scale with forward jump operator, backward jump operator, delta differentiation operator and nabla differentiation
operator o, p, A and V, respectively. Let also, sup T = oo. Take s € T. If 2 € C and 1 + u(t)z # 0 for all ¢ € T*, then

M TP
and
1+u(t)(ez)=1—#t)é)z
1
T1+p@z

for any ¢ € T*, and hence, eg, (-,0) is well defined on T*.

\label{definition5.1} Suppose that s € T, f: T — R is regulated. Then the Laplace transform of f is defined by

£(f) (z,8) = / ez (t,5) F()At (Chapter 1.1)

8

for z € C for which 1 + p(t)z # 0 for any ¢t € T* and the improper integral (Chapter 1.1) exists. When s =0, we will write
£(f)(z). \vbox{\index{Laplace Transform} }

\label{remark5.3} Let f: T — R be regulated. With D {f} we will denote the set of all complex numbers z for which for which
1+ u(t) 2+ 0 for any ¢ € T* and the improper integral (Chapter 1.1) exists.

& Theorem (Linearity)

Assume that f,g: T — R are regulated. Then for any constants « and 8, we have

£ (af + Bg) (2,8) =aL (f) (2,8) + BL(9) (2,9)

forze D{f}D{g},t€T.
Proof
Letze D{f}ND{g}, t€T.

Then, we have

S(af+60)(55) = [ eB.(t,5) (af + ) (DA

8

Chapter 1.1 https://math.libretexts.org/@go/page/208463
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= [ et (t5) afe) + fute) At
_ / ez, (t,5) af(t) At + / " 2 (t, ) Bo(t) At

8

— | " e, (6,9) f(O)AL+ B / " ez, () g(t) At
—al (§) (2,8) + BL (g) (2, 8).

This completes the proof.

Let z € C. Then

eoz (t,8)
14+p(t) 2
()@

= S (t,8), teT.

eoez (ty 3) =

Proof

For z e C and ¢t € T, we have

egz (t’ 8) =€oz (t’ s) +u (t) eéz (tv s)
=eoz (t,5) + (92) (t) 1 () eez (2, 5)
=1+ (02) (t) u(t)) esx (¢, 8)

—;e @, 9)
_1+u(t)z ez \“

-3 (s ) e 9

=80, (e,

This completes the proof.

Assume f: T — C is such that £, | € {0, ..., k}, is regulated. Then

L(F2) (50) = 26 (f) (2 8) - ':z A8 (o) (Chapter 1.2)

for those z € D{f}N 2 {f~}N..ND {2} satisfying

g Al _ _ _
tlilg (f (t)eo: (¢, s)) =0, 1=0,....,k—1, (Chapter 1.3)

forany ¢ € T.
Proof

LetteT.
We will use induction.

Chapter 1.2 https://math.libretexts.org/@go/page/208463
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1. Letk=1.
Integrating by parts and using the condition (Chapter 1.3), we get

(1) o) = [ 1o o) At

0269 [ 10 (©5) () cou t.0) ¢

—— @ +2 [ 0. 60 A8
=—f(9)+24(f)(z9)-
2. Assume that (Chapter 1.2) holds for some k£ € N.

3. We will prove

k+1 k k1
£ (2") (z,8) = Z"“ﬁ(f)(z,S)—IZZ’fA (9)-

Integrating by parts and using (Chapter 1.2), we get

(1) o) = [ 12 0eg. 60) At

=fAk(t)€ez (t,s) |::o— /:o fAk(t) (©2) (t)eeos (¢, 8) At

—z / " A @)e, (¢, 5) At — £A (s)

k-1
=2H14(8) (5, 8) = Y 2T (5) = 74 (9)

=0

k
=1L (f) (28) = D 212 (s).

=0

This completes the proof.

v/ Example

Let z € C be such that

14+ p(t)z#0 and tli}m eos(t,s) =0.

Then

Chapter 1.3 https://math.libretexts.org/@go/page/208463
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0@ = [ ea.tat
- / ® (1+ p(t) (82) (t)) eos(t, 8)At

=/:o (1 — %) eox(t, 8)At

== % /:o (_ 1+ zu(t) ) ety
__ % / " (07) (t)ees (2, 5) At

=— %/ €5, (t, s)At

t—00

1
== % (t,9) L:O

N |~

v/ Example

LetT=2Z,s=0and
f@®)=t*+1, teT.

We will find £ (f) (z) for z € D{f}.
We have

c)=t+1, p()=1, teT.

We set

N (t)=t, teT.

By (Chapter 1.2), we have

£ (f) (2) = 26 (1) (2) - f1(0),

or
£ @) =26 (1) @),
or
S =)@,
or
£(M) @) = 5
Note that

A =o(t)+t
=t+1+t¢
=2t+1, teT.

Chapter 1.4 https://math.libretexts.org/@go/page/208463
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Therefore

£ (f2) (2) =2£ (f1) (2) + £(1) (2)

Now, we use (Chapter 1.2) to we get

£ () (2) = 28 (f) () — £ 0)

or

+2

= (DL,
or

+2

L+ 1=24(N (),
or

24+242

w0,
or

24242

L)) =g
v/ Example
Let T=N2, s=0and

Fiy=— 23 g

(t+1)*(t+2vE+2)
We will find £ (f) (2) for z € D{f}.
Let

1

h(t)= ——,

9 (t+1)2
We have

o) =t+2Vi+1, p(t)=2Vt+1, teT.

Note that

Chapter 1.5 https://math.libretexts.org/@go/page/208463
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€& (1,0) =e_= (0 (£),0)
—e— I3 Log(1+zu(r))Ar
— 3 a(r)Log(+zu(r))
—e el
3 1
reloy (1+ 2p (7)H0

1
= teT.

reg (14 2(1+2v7) "

Then
£ (h) (2) = /0 Tl e (4,0)At

(1+1)2
2/t +1 1

idome) E+1)? gy (1+2(1+2y/7)) YT

teT.

Next,

_ o(@®)+t+2
(t+1)%(o (t) + 1)*

3 2t +2vt+3
¢+ (t+2vi+2)’

=—f(), teT.

RA (8) =

Hence and (Chapter 1.2), we obtain

or

—£(H) () =W (-3

or

@)=z 3 2t :

3
RS
o) (E+1)? gy A+z(1+2/m)"V" 4

v/ Example

Let T = 3N [ J{0}, s =0and

f(t)={ wEEE 170 teT,

3 =
3, t=o0.

We will find £ (f) (2) for z € D{f}.
Let

We have

Chapter 1.6 https://math.libretexts.org/@go/page/208463
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o(t)=3t, pt)=2t o0 =1 p0)=1, te3M,

Next,

€2, (t,0) =eJs " Loe(1+(©Eu(r)Ar
— )7 Log(1- 05 ) Ar
=ef‘;r(t) LOEHZ—L(T)AT
=e?€z[‘% 4 #(r)Log 1+zlu(1-)’
. 1
refosg (1+ 2p (7))H0)

1 1 No
1l =, tE€3,
ey (2T

1 _—
) t=0.

Hence,

£(h)(2) = /0 ” H%egz (,0) At

= > 60

t€[0,00)

1 2t 1
= 1+ Z H T :
1+2 ( ey P11 gy (14 227)? )

Note that

1

B (@) == A+D0+00)

_{ —2 t= 07
= 1
T A+ (+3n) t#0,

for t =0 we get

h2 (a(0)) — h* (0)

()= o(0)—0

for ¢t # 0 we obtain

h2 (o () — b2 (t)

R () = o(t)—t
1

_ + 1
GO D) (EHD)
- 2
_ 4
T(t+1)(Bt+1) (9% +1)
=f(t), teT.

Chapter 1.7 https://math.libretexts.org/@go/page/208463
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Hence and (Chapter 1.2), we get

< (h*) (2) =€ (f) (2)
=224 (k) (2) — A2 (0) — 2k (0)

22 2t 1
= 1+
1+2 ( Z 1+t,.![_1[’t] (1+2z‘r)2T)

te[l,00)
+a—z
5~
Let T = 2% J{0}, s = 0 and
)= —2— teT
T 2341’ ‘

Find £ (f) (z) for z € D{f}.

Assume f: T — C is regulated. If

ﬂm=/3@Ay

for z € T, then

£(F)(z,8) = S 4()(9)

for those z € D{f}\{s} satisfying
Jim (eez(w,S) / f(y)Ay) =0.

Proof

Using integration by parts, we get

Chapter 1.8 https://math.libretexts.org/@go/page/208463
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£(F)(z5) = f " F)eos(0(), 5)Ay

- / " F@)(1 + (02)w)u(w))ees® ) Ay

=/s°° F(y)1—|-+u(y)ee’(y’ 8)Ay

=— % /:o F(y)#z(y)eez(y, 5)Ay

- % /:o F(y)(92)(y)ee:(y, s)Ay
= % / F (¥)es:(y, 5)Ay

== % (JL’& F(y)eox(y, 8) — F(s)eax(s, 8))

+% / " FA)eer(o), 9)Ay
-1 / " F(W)eor(o()r8)Ay

=Lepias),

¥4

which completes the proof.

Let o € C and 1+ ap(z) # 0 for z € T. Then

Llealars))(5s) = ———, zET,

provided
zll{g: eacz(%,s) = 0.
Proof
We have
£(ea(z, 5))(zr8) = / ea(, 5)eox(0(¥), 5)Ay
— [ calts5) (1+ (62) W)u(s)) el 92y
®© 1
=/8 mea(y,s)eez(y,s)Ay
© 1
= - 7 Caoz\VY, A
/‘ 1+Zﬂ(y)ee(y8) Y
1 ® a—z
_a—z/; 1+Zﬂr(y) eaez(y1 S)Ayr
ie.,
Sleale, @0 = o [ 1o ircass)A (Chapter 1.4)
€a(2,9))(2,8) = ——— , 1+zu(y)eaez Y, 8)Ay. 19535 g

We note that

Chapter 1.9 https://math.libretexts.org/@go/page/208463
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a®z=a® (62)
=a + (62) + a(92)u(y)
o z _ ozp(y)
1+ zp(y) 14+ zp(y)
T+ a(y)

Hence and (Chapter 1.4), we obtain

L(ea(,8))(2,8) = @ i P /oc 1 _T_ z_ﬂ?y) eao:(1; 8)Ay

1 o0
= P / a O 2(y)eacs (v, 8)Ay

* A
= a—2z /‘; eaez(yi S)Ay

1 .
= o (Jinolo eaez(ya 3) - eaez(sv 8))

& Corollary

We have
4
,C(Cosa(xa s))(z’ 8) = m’
provided that
Jzm eios(2:5) = lim e-tas(2,5) = 0.
Proof

By the definition of cos,(z, s) we have

€ia(z, 8) + e_in(x, 9)

cosy(z, 8) = 5

Hence,

£(cosa(z,8))(2,8) =L (e""(m’ 5) ‘;e—ia(m’ 8) ) (2,8)

=%£(e¢a (z, 8) + e—ia(z, 8))(2, 8)
=% (£L(eia(x, 8))(2, 8) + L(e—ia(z, 5))(5))

Y E——
T2 \z—ia z+ia

_l z—ia+z+ia
T2 (z—ia)(z+ia)
z

22+a?’

The usual convolution of two functions f and g on the real interval [0, co) is defined by

(f*9)@) = /0 " f@—y)a@)ds for z>0.

However, this definition does not work for general time scales because z,y € Ty does not imply that z — y € T,.

Chapter 1.10 https://math.libretexts.org/@go/page/208463
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Assume that f is one of the functions e,(z,0), sinhy(2, 0), cosha(z, 0), cosa(z,0), sing(z,0), or hx(z,0), k € Ny. If g is a regulated
function on Ty, then we define the convolution of f with g by

(fxg)() = /0 " f@,0W)gw)Ay for zETo.

\vbox{\index{Convolution of Functions}}

& Theorem (The Convolution Theorem)

Assume that a € R and f is one of the functions e,(z,0), sinh,(z, 0), cosha(z,0), cosa(z,0), sin,(z,0), or hk(z,0), k € No. If gis a
regulated function on T such that

.’nlll}]:::lo eez(m;o)(f*!l)(”) =0,

then

L(f * 9)(2) = £(£)(2)£(9)(2)- (Chapter 1.5)
Proof
1. f(z,0) = ea(z,0). Consider the initial value problem for the dynamic equation

12 —al=g(z), 10)=0. (Chapter 1.6)

The solution of this problem is given by

i(z) = /0 ” ea( 0(u))a®)Ay,

which can be rewritten in the form

Uz) = (ea(®,(y)) x 9) (2)-

Now we apply the Laplace transform to both sides of the equation (Chapter 1.6) to get

£ (lA — al) (2) = £(g)(2)

or
£(I%)(2) — aL(l)(2) = £(9)(2),
or
2£(1)(2) — aL(l)(2) = £(9)(2),
whereupon
L) = 146
Since

£eal,0)2) = ——,

Chapter 1.11 https://math.libretexts.org/@go/page/208463
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we conclude that

£(1)(2) = £(f)(2)£(9)(2)
or we get (Chapter 1.5).
2. Let f(z,0) = coshy(z, 0). We have

€a(,0) + e—a(z,0)

cosh,(z,0) =

2
Then
(F0)@) = [ cosha(z, o)) Ay
=1 (e 70+ o-a(5,90) )2
=5 |, ealeosau+ 5 [ eateot)ati)ay
=3 (ca(®,00) ¥ 9)(@) + 3 (c—alz,5(0)) %) @).
From here,

£(Fx9)(@) =6 (5 (ealz,0) *9)(@) + 3 (e-a(2,0) *9)(@)) (2
Hlealao(6) % 9)(2) + 5 £(e-a(z, o)) *9)(2)

£
1
: :
=54(ea(2,0()))(2)£(9)(2) + 5 L(e—a(z, 0(y)))(2)£(9)(2)
1
2
1
2

L)@ + 340

(5 + ) 0

—a
1

— o Z 26
=4(coshy(z,0))(2)£(9)(2)
=£(1)(2)£(9)(2).

3. Let f(z,0) = sinh,(z,0). Then

eq(z,0) —e_q(z,0) ’

sinh,(z,0) = 3

and

z

(f*9)(@) = /0 sinh, (z, 0(3))a(y) Ay

:% /oz (ea(2,0(y)) — e-a(z,0(y))) 9(v) Ay

=% [ ea(w,a(y))g(y)Ayl— 3 | ealaoaway
= 3 (cal@ 00)) *9)(&) — 5 (eale 00)) *9)(@):

Hence,

Chapter 1.12 https://math.libretexts.org/@go/page/208463
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(£ x9)(@) =4 (5 eale,00)) *9)(@) — 5 (e-a(e,0(0) *9)(@)) (2
= 3 (ea(2,0(6)) *9)(2) — 5 Ele—a(z9(6)) *9)(2)
=3 4eala, OO - 5 (e—a(@, o) D4
— s (06) = 3 400
-3 ( - )z(g)(z)

Z—a Z24+a

ﬁ £(9)(2)

=4(sinhq(,0))(2)£(9)(2)
=4£(f)(2)£(9)(2).

4. Let f(z,0) = cosq(z,0). We have

€ia(@,0) + eia(2,0)

cosq(z,0) = 5

Then

(fxg)(z) = /0 " cosa(a, o(w))9()Ay
=% /OI (¢ia(2,0(y)) + e—ia(z, 0(v))) 9(y) Ay
=% /0z eia(2,0(y))9(y)Ay + 1 /0z e_ia(z,0(y))g(y)Ay
=%(em(m o(y)) > g)(=) + (e—m(m o(y)) * 9) ().
From here,
L(f % g)(z) =L (% (eia(z, 0(y)) * 9)(z) + %(C_ia(it, o(v)) * 9) (z)) (2)
= 3 Lleia(e,0W) ¥ 9)(2) + 34wl 7010

ﬁ(em(w a(y)))(z)b'(g)(z) + L(e—m(w a())(2)£(9)(2)

2
=R + 5 O
=% (z lza ] z-:ia) ,L'(g)(z)
a0
— £(eosa(a 0)(2)£(6)(2)
—4(f)()6(9) (2)-
5. Let f(z,0) = siny(z,0). Then
sing(z,0) = ¢a(2,0) ;ie_ia(x’ 0 ) (Chapter 1.7)
and
(7+9)@) = [ sinala, )a(s) Ay
~g7 || (€iae,0(6) — c-iale,0(6)) a0y
=2ll. . eia(T,0(y))9(y) Ay — % /0 e—io(z,0(y))9(y) Ay
= - (cia(z, ) % )(@) — 5 (c-1a(2,0(9)) % 9)(2):
Hence,
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£(F %)) =6 (57 eiale,00)) +0)(@) - 57 (e, o) ¥9)(@)) (2)
=i£@4mdwhw@%~LdaMmdem@)
amwa@»waww——w@wwa@»wamw

2
T (g)()—— ——4(0)()
2i( - )(g)(z)

zZ—ia z+ia
= 2400

=4 (sing(z,0))(2)£(9)(2)
=4£(£)(2)£(9)(2)-

6. f(z,0) = hi(x,0), k € No. Consider the initial value problem for the dynamic equation

() = g(z), ¥(0)=0, j=0,1,..,k (Chapter 1.8)

The solution of the equation (Chapter 1.8) is given by

(z) = /0 " (2, 0(0))9(W)Ay

or

U(z) = (hi(z,0(y)) * 9) (z)-

Taking the Laplace transform of both sides of (Chapter 1.8), gives

£ (157 (2) = £(9)(2),
whereupon

LW (2) = £(9)(2)
or

£OE) =7 £

= £(hi(2,0))(2)£(9)(2)
=£(1)(2)£(9) 2).

Assume f and g are each one of the functions a,(z, 0), cosha(z, 0), sinh,(z, 0), cosa(z,0), sin,(z,0), OF hx(z,0), not both Ag(z, 0).
Then

fxg=gxf.

Proof

1. Let f(z,0) = eq (=, 0) and g(z, 0) = ep(x,0). Let also,

p(z) = ea(x,0) xeg(z,0) and q(z) = ep(x,0) x ex(x,0).

Note that

p(0) = ¢(0) =
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Also, p(z) and ¢(z) are solutions to the initial value problems

™ —ap= ep(z,0), p(0) =0,

and

¢* — Bg = eq(,0), ¢(0)=0,

respectively.

Then
p(0) = ap(0) + €5(0,0) = 1,
q%(0) = Bg(0) + €a(0,0) = 1.
We claim that p(z) and ¢(z) are solutions to the initial value problem

m” — (@ +p)m® +afm =0, m(0)=0, m?(0)=1. (Chapter 1.9)

We have

p* = ap + es(z,0),

from where, after differentiating, we obtain

2
™ = ap™ + Pes(,0).

Hence,
™" — (@ + B)p™ + afp = ap® + Pep(z,0) — (a + B)p” + afp
= Bep(z,0) — Bp™ + ofp
= Beg(x,0) — Blap + ep(,0)) + afp
= Bes(w,0) — afp — Bes(z,0) + ofp
=0.
Also,

g% = g + ea(z,0),

whereupon, differentiating, we obtain

¢*" = Bg® + aeq(z,0).

Hence,
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g~ — (@ + )¢ + aBg = Bg” + aeqs(z,0) — (o + B)g™ + obg
= ae,(z,0) — ag® + afg

= aea(m, 0) - a(ﬂq + ea(xa 0)) +aBq

= aeq(x,0) — afg — aey(x,0) + abq

=0.

Since the problem (Chapter 1.9) has unique solution, we conclude that

p(z) = q(=).
2. Next we consider
eg(z,0) + e_g(x, 0)
2
= (cal®,0) % (¢4(z,0) + e_5(2,0)

eq(,0) % coshp(z,0) =eq(z,0)

=% (cal(@, 0) % 5(2, 0) + ea(, 0) x e_4(z, 0))
=% (e5(x, 0) * ea(®, 0) + e_5(z, 0) * ealz, 0))

— 2 (e3(5,0) +eg(2,0)) % ea(,0)
=coshg(z,0) x eq(,0).

3. Let

2(z) = ea(,0) x hx(z,0) and g(z) = hi(z,0) x es(z,0).

We have that z(z) is the solution to the initial value problem

22(x) — az(x) = hi(z,0), 2(0) =0.

Differentiating this equation j times gives

AT (@) — a2 (2) = hii(2,0), i=1,2,...,k

Also,

220)=0, 0<i<k 22"(0)=1.
Thus we get that 2(z) is the solution to the initial value problem

22" (z) — a2 (z) = 0,

220)=0, 0<i<k, 22"(0)=1.

Since h(0,0) =0, k> 0, we obtain that

> 0)=0, 0<i<k.

Also, g is the solution of the initial value problem

¢~ (2) = €a(2,0), ¢*'(0)=0, 0<i<k

Hence, differentiating the last equation, we obtain
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¢*" () =e3 (z,0)
=aeq(z,0)
=anb+1 (m)

and

qAHI (0) = €a(0,0) = 1.

Consequently g(z) is the solution of the initial value problem

(@) —ag® (@) =0, ¢*0)=0, ¢*"(0)=1 0<i<k

Therefore 2(z) and g(z) are solutions to the same initial value problem. Hence, they must be equal.

? Exercise

Prove that

1. ea(x, 0) * sinhg(z, 0) = sinhg(x, 0) * ex(z, 0),

2. eq(x,0) * cosg(z,0) = cosg(x, 0) * ea(x,0),

3. eq(z,0) * sing(z, 0) = sing(z, 0) * e4(z,0),

4. coshq(z,0) * coshg(z, 0) = coshg(z, 0) * cosh,(z,0),
5. coshy,(z, 0) * sinhg(z, 0) = sinhg(z, 0) * cosha(z, 0),
6. coshqy(,0) * cosg(z, 0) = cosg(z, 0) * cosh, (x, 0),

7. coshq(z, 0) % sing(x, 0) = sing(z, 0) * cosh,(z, 0),

8. coshy(z,0) x hi(z, 0) = hi(z, 0) * coshy(z, 0),

9. sinh,(z, 0) x sinhg(, 0) = sinhs(z, 0) * sinha(z, 0),
10. sinhq(z, 0) * cosg(z, 0) = cosg(z, 0) x sinh,(z, 0),
11. sinh, (z, 0) % sing(z, 0) = sing(x, 0) * sinh(z, 0),
12. sinh,(z,0) * hg(z,0) = hg(z, 0) * sinh,(z, 0),

13. cosy(z, 0) * cosg(z, 0) = cosg(z, 0) x cose(z, 0),

14. cosq(z, 0) * sing(z, 0) = sing(z, 0) * cosy(z, 0),

15. cosq(,0) * hi(z,0) = hi(z,0) * cosy (2, 0),

16. sing(z, 0) * sing(z, 0) = sing(, 0) * sing(z, 0),

17. siny(z,0) % hi(z,0) = hi(z, 0) * siny (z, 0).

Let @, € R and 1 + au(z) # 0, 1 + Bu(z) # 0 for all z € T. Then

B

£ (eal@,0)sin_2_(2,0)) () = ;o5 e

provided
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A
lim e,(z,0) sin e (z,00=0 and lim ea(x,O)(sinL(x,O)) =0.
T—00 T+pa

T—00

Proof

Let

p(z) = ex(z,0) sin%(:c,o).

Then
pA(w) = eaA(w1 0) sin_p_ ($, 0) + ea(a(w)’ 0) SinAﬂ (xi 0)
1+pa Ttpa

= eq(,0)sin_s_(,0) + (1 + ap(z))ea(, 0) Trizy o8 £ (@,0)
= aeq(z,0) sin_g (:c 0) + Beq(z, 0) cos e (a: 0).

We differentiate the last equation and we get

22%(z) = ael(z,0)sin_s (z,0) + aeq(w,0)sin?, (z,0)
T+ua THpa
+Be4(x,0) cos_s_ (z,0) + Beq(z,0) cosAL (z,0)

= a’e4(z,0) sin e (z,0) + a(1 + ap(z))eq(z, 0) - cos e (z,0)

1+ap(a:)
+apeq(z,0) cos_ (:1: 0) — B(1 + ap(z))eq(r,0) L 1+a“ Trau@ SiD 2 (:1: 0)
= aey(z,0) sin_ e (a: 0) + aBeq(z,0) cos e (z,0)
+apfeq(z,0) cos (:c 0) — B2eq(x, 0) sin e (z,0)

=(a?— Bz)p(:z:) + 2aﬂea(x, 0) cosHLa(a;, 0).

In this way we obtain the system

p2(z) = ap(z) + Beq(z,0) COSﬁ(IB, 0)

pAz (z) = (a2 - ﬂz)p(z) + 2aﬂea(7‘" 0) COSHLQ(.’E, 0)'

Hence,
P () — 20p" (2) = —(o? + B*)p(2)
or
pAz (z)+ 2apA(a:) + (a2 + ,32)13(:13) =0.
Also,

p(0) = e4(0,0) sin_ (0 0) =0,
p2(0) = ae,(0,0) sm (0 0) + Bea(0,0) cos e (0,0) =

Consequently we obtain the following initial value problem
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{ p*’(z) — 20p2 () + (0 + B?)p(z) = 0 (Chapter 1.10)

p(0) =0, p*(0)=34.

Now we apply the Laplace transform to both sides of the dynamic equation (Chapter 1.10) and we obtain

£ (p*'(2) —20p"(z) + (@* + B*)p(@)) (2) = 0

or
£ (p%(2)) (2) — 204 (p°(2)) (2) + (0 + B2) L (p(2))(2) = 0,
or
224(p)(2) — p*(0) — 2p(0) — 2224 (p)(2) + 2ap(0) + (” + B%)£L(p) () = O,
or
22L(p)(2) — B — 2024 (p)(2) + (o + %) £(p)(2) = 0
or
(2* =202+ o® + §%) £(p)(2) = B,
whereupon
0N = T

which completes the proof.

? Exercise

Let a,8 € R and 1 + au(z) # 0, 1 + Bu(z) # 0 for all z € T. Prove that

zZ—Q

4 (ealm 00004 (2,0)) ()= =

provided that

lim e4(z,0)cos_s (x,0) = Lim e, (x,0) cos™; (z,0) =0.
z—00 Tton T—00 Tran

? Exercise

Prove the following relations.

1.If a # B, then

eq(z,0) x eg(z,0) =

ﬁi - (ep(x,0) — eq(x,0)).

€a(z,0) *x eq(x,0) = eq(z,0) /Oz 1++/~L(.I,I)Ay
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\item If o + B2 # 0, then

Bea(z,0) — asing(z, 0) — Bcosg(z, 0)

eq(z,0) % sing(z,0) = o2+ B

3. Ifa#0,a+# 8, then

—PBsing(z,0) + asin,(z, 0)
o? _ B2 :

cosq(z, 0) * cosg(z, 0) =

4.1f a # 0, then

1 1
€084 (2, 0) * cosy(z,0) = Esina(m, 0) + 3% cosq(z,0).

This page titled Chapter 1: Definition of the Laplace Transform. Properties is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.

Chapter 1.20 https://math.libretexts.org/@go/page/208463



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/208463?pdf
https://math.libretexts.org/Courses/Sorbonne_Universite/The_Laplace_and_Fourier_Transforms_on_Time_Scales/01%3A_Definition_of_the_Laplace_Transform
https://creativecommons.org/licenses/by/4.0
https://orcid.org/0000-0001-8015-4226

LibreTexts"

Chapter 2: Decay of the Exponential Function

For A > 0, set

Ch={z€C:z7’=—%},
T ™
Zh={z€C.—E<Im(z)SE},

and Cy = C, Zy = Z. For h > 0, the Hilger real part and imaginary part of a complex number z are defined as follows.

1
Rep(2) =% (11 +2h|—1), Imp(z)= Arg(l+ hz2),

where Arg(-) denotes the principal argument function, i.e., Arg : C — (—, 7], and Reo(2) = Re(2), Imp(2) = Im(2). For any fixed
complex number z and h € [0, 00), define

u(h) = Rex(2).
& Proposition
The function « : [0, 00) — R is a nondecreasing function.
Proof
We have
u(h) =%
> Re(1 +hhz) -1
14 hRe(2)—1
- h
=Re(2)
=u(0).
Therefore

Ren(2) > Re(2).

Let hy > hy > 0. Then

u(h2) — u(h1) =Ren,(2) — Ren, (2)
_|1+h22|—1 |1+h1Z|—1
- hs - hy
_|h1 + hihoz| — hy — |hy + hihoz| + hy
B hihg
>—|h1 —hy|+hy— Ry
hihy

=0.

This completes the proof.
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Let s € T and X € R ([s, ), R). Then

1. m{(t,s) > 0 for all ¢ € (s, 00), where the differentiation is with respect to the first argument.
2. limy_yo0 ma(t, 8) = 0o.

Proof

1. Since X € R} ([s, ), R), we have

A —
>0, tE€E[s,00).

2. We will consider two cases.

a) Let sup p(T) < oo. Then

1+ p(t)A <1+ p(E)|Al
<1+ |A|supu(T), tE€ [s,00).

Hence,

¢ AT
™69 = |, T

/t At

> - =

s 14|A|sup u(T)
t—s

~ 1+ [Alsupu(T)
—00, as t— oo.

b) Suppose that sup u(T) = co. Then, using that A € R} ([s,0),R), we get that A > 0. If A = 0, then

my(t,s) =t —s
—00, as t— oo.

Assume that A > 0. Because u(T) = oo, there exists an increasing sequence {£x}xen C [, 00) such that
{u(&k) }ren is an increasing and divergent sequence. Observe that

) 1

BB &)

Hence,

t AT
m69= [ T

> /V(Ek) L
ey SO Au(T)

_ (€x)
o(tr)<tLr>s 1+ )‘”(gk)

—00, as t— oo.

This completes the proof.
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The set of regressive functions and the set of positively regressive functions are denoted by (T, C) and R*(T, C), respectively, and
R~(T,C) is defined similarly. For simplicity, we denote by R.(T,C) the set of complex regressive constants, and similarly, we
define the sets &} (T, C) and R, (T, C). Let us set

t
1
= —— A7 f T <(T,R).
ma(t, s) /.;1 PIED) 7 for s,t€T and X€ R(T,R)

For A > 0, define

R,,:C,,ﬂ]k:{,\em:,\ —%}

and

l]. 1+h) if h 0
\Ilh(z, )\) — h Ogl 1+hz ) 1 >
A—Re(z) if h=0.

Leth>0and XA € R
1. For all z € Cy, we have

Up(z,A) = Uy (Ren(2),A) .
2. Suppose 1 + kA >0 and 1,z € R, 1+ hz; > 0, 1 + hxy > 0. If z; < x5, then

\I/h(w1, )\) > \I/h(alg, >\)
Proof

1. If h =0, then
Reo(2) = Re(2)

and

¥o(2,A) =X —Re(2)
=)\— R)e() (Z)
=\I’0 (R)eo (z), )\)

Now, suppose that 2 > 0. Then

14+ hX

1+ hRep(2)

14+ hA
1+|142h| -1 ‘
14+ hA
[1+ zh|
1+hA
1+zh
=\Il;.(z,)\).

1
¥, (Ren(2), A) =Elog

2.1f h =0, then

\I/()(.’L‘l, )\) =)\ —
>SA— o
=\I’0(.’I)2,)\).
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Suppose that & > 0. Then

1 14+ hX
Up(z1, M) =ﬁ108| 1+ has ‘

1. (1+hA)
% %\ 1+ hn,

>llo (1+h)\)
h B\ 1 hay
=\I’h(1‘2,)\).

This completes the proof.

Define ., : T — R{ by
px(s) = inf p(r), seT.
T€[s,00)
For A > 0 and X € R, define

Cr(A) = {z € C : Ren(2) > A}.

& Theorem (Decay of the Exponential Function)

Let s € T and A € RF([s,00), R). Then, for any z € C,,,(;)()), we have the following properties.

1.
lexez(t, 8)| < e,\eRgM,)(z)(t, s), te€]s,00).
2.
tll)rono €XORey,(;)(2) (tr 3) =0.
3.
tll)rono exo:(t,8) =0.
Proof
1. Set

Llog|l +hz| if A>0
dn(g) = { FBIHRA
Re(z) if h=0

for z € Cp. Then

les(t,8)| = |efs PuallVA7] | ¢ € [s,00),

and

—Llog|l+ u(r)(Ae2)(r)| if u(r)>0
2)(7)) =4 #0
Yun (A © 2)(7)) { Re(r—z2) if p(r)=0

14+-Mpu(r) :
_ ﬁlog| 1+zZ(T) | if p()>0
A—Re(z) if p(r)=0.
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Therefore

Pun (A 2)(7)) = ¥y (2, 2).

Hence, for A € Zf([s, 00),R) and z € C,,,(5)(X), using the above lemma, and
Rey.(5)(2) > A,
1+ p(r)Rey(r)(2) 21 + p(1)Rey, () (2)

=1+ Ap(T)
>0,

and

(,9)] —eJs YutnReye (2. 0)Ar

< e Wun(Reur) (@) A7

|3Aez

=€\oRe,. (2 (£ 8)

for any ¢ € [s, c0).
2. Observe that

A—Rey,)(2)

1+ p(t)Rey,(5)(2)
A —Rey,()(2)

T 1 M() + p(t) (Rep ) (2) — V)

(A O Rey,(9(2) () =

and
A—Re, (s
L) (4 Tanio ) ) =110 s

_ 14+ Ap(t)

T L+ Au(®) + pt)Rey,@)(2) — A)
Therefore

A6 Rem(,) (Z) <0

and

A6 Rey,(5)(2) € Rf([s, ), R).

Now, applying the above lemma, we have

€r0Repo(2) (b 8) Sels OOREwm () (AT
—o BN ], e ow
—e~ B (D)—N)mra,, (9 (89)
—0, as t— oo.

3. By 1 and 2, we obtain

lexox(t, 8| Sez\eRJe,‘*(,)(z) (t,9)
—0, as t— oo.
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| This completes the proof.

# Definition (Exponential Order)

A function f € €,4(T) has exponential order « on [s, 00), if
1. a € ®f([s,00),R),
2. there exists a constant K such that

If(®)] < Kea(t,s), t € [s,00).

ea(,8), s €T, @ € RS ([s,00),R) is a function of exponential order c.

v/ Example

Let e > 0 and n € Ny. Then, for all s, € T, ¢t > s, we have
1
hn(t1s) =€_n€nhn(t7 3)

1 00
SG_" kz_; ekhk(t7 3)

1
=€_nee(t7 3)'

Thus, h,(:,s) is a function of exponential order € on [s, c0).

Let s € T and f € €,4([s, 00)) be a function of exponential order .. Then

Jim f(t)ees(t, ) =0

for any z € C, () (a).

Proof

Since f is of exponential order a, there exists a constant K > 0 such that

|f(®)] < Kea(t,s), t € [s,00).

Hence and the above theorem, we get

|f(t)ex(t, 8)| =|f(t)] lee:(, 5)]
<Ke,(t, s)eeRsm(‘)(z) (t,8)
=KeaeR.e,..(,) (2) (t,9)
—0, as t— oo.

This completes the proof.
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Chapter 3: Convergence of the Laplace Transform

& Theorem (Absolute Convergence of the Laplace Transform)

Let f € Cr4([s,00)) be of exponential order a. Then the Laplace transform £(f)(-,s) exists on C, () and converges

1 (s)
absolutely.

Proof

Since f € €.4([s,00)) is of exponential order ¢ on [s, o), there exists a constant X > 0 such that

|f(t)] < Kea(t,s), t € [s,00).

Note that

Re,()(2) > Rey,(5)(2), t € [s,00).

Thus,

1+ u(t)2] =1 + p()Reyq)(2)
>1+ u(t)R)eu»(s)(z)r t € [s,00),.

Hence, we obtain

/s f(M)eos(o(r), 5)Ar| < / |(7)eos((r), 8)| AT

<K / lea(, 5)ece(a(r), s)| AT

t
=K [ g eees(n AT
K/t €aoRe,,(2) (T) 8)
1+ p(m)Rep,5)(2)
_ / a—Re,,5)(2)
a— R)e“,(‘,) (2) 1+ p(T)Rey,(5)(2)

€asRe,,(2) (> §)AT

K
- N Re A
a—Rey, (o (2) /‘g (@& ux(S)(z))eaeReM,)(z) (1,8)AT

K
=W (1 ~ €aBRey,(2) (t7 3))
K
—)W’ as t— o0, zE€ Cp.*(g)(a).

Thus,

|[S° f(Meax(a(r), 9)AT| < [°|f(T)eex(o(r), 5)|AT

e (Chapter 3.1)
: Rﬂm(f(ff)—a’ z2€Cy ().

Consequently the Laplace transform of the function f converges absolutely on C,, (;)(z). This completes the proof.

By the last theorem, we get the following corollary.
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Let f € Cr4([s,00)) be of some exponential order. Then, by (Chapter 3.1), we have that
£z =0.
Therefore
lim £(f)(z,5) =0

|2|—00

in the case when p.(s) > 0.

& Theorem (Uniform Convergence of the Laplace Transform)

Let f € €,q4([3,00)) be of exponential order a. Then, the Laplace transform .£(f) converges uniformly in the half plane C, ,(8),
where 8 > a.

Proof

Since f is of exponential order a on [s, %), there exists a constant K > 0 such that

|f(®)] < Kea(t,s), t € [s,00).

Fort > s, we have

o K
<—F— o
J, 1 earlotn), AT S oo (69

Thus,
o0 K
. |f(T)eez(a'(T)a s)lAT < B—a €aoRe,, () (2) (t1 3)1 te [37 oo) (Chapter 3'2)
Because
1+ p(m)Rey,)(2) > L+ p(r)e, TE [s,2),
we have

mRe,.,(,)(z)(t, 5) < mqa(t,s), z€C,(a), tE][s00).

Hence, we arrive at
CacRay. (s (t: 8) <els@ORu@E@)MAT

¢ Ar
— e—(Re“,(,,) (@—0) [, THu(mIRe,,, (5) @)

—e B (D)= mee, () (5:9)
—0, as t— oo.

Therefore, for any e > 0, there exists an r € [s, 0o) such that

|/twf(7')eez(a(r),s)A‘r| <e¢ te[r,0), z€C,(A).
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| This completes the proof.

This page titled Chapter 3: Convergence of the Laplace Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated
by Svetlin G. Georgiev.
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Chapter 4: Inversion of the Laplace Transform

Let f € €,a([s, o)) be of exponential order . Consider £(f)(-,s) on C, (8) for some g > a and suppose that it has finitely
many regressive poles of finite order {z1, 2, ..., z,} and Fr(z) is the Laplace transform of the function f on R that corresponds
to the transform £(f)(2, s) of f on T. If

ctico |
/ _ |FR(z)| |dz| < oo,
€—100

then

F) = 3 xos,mnen(t, )£ (2 5)
=1

has Laplace transform £(f)(z, s) for all z € C,,(5)(8) N Co (o).

Proof

Without loss of generality, suppose that s = 0.
We have that £(f)(-) converges uniformly on C,,,)(8) N Co(c) and hence, it is analytic in this region. Next, we have that

lim £(f)(z) =0.

|2| 200

Let C be the collection of the Laplace transforms over R, D be the collection of the Laplace transforms over T, i.e., C

= {ﬁm(z)}’ D = {£(f)(2)}, where

Fi(z) =G(z)e ™™,
£(1)() =G(Z)ees(r,0)

for G a rational function and for 7 € T a constant. Let C,_(R,R) denotes the space of piecewise continuous functions of
exponential order, Cpri—e,(T,R) denotes the space of piecewise right-dense continuous functions of double exponential type in
which the exponential function coincides with a Hilger exponential function. Each of 6,~,6*,7~! map functions involving the
continuous exponential to the time scale exponential and vice versa. For example, v maps the function

Fr(z) = "Z
to the function
ecz(a, 0
£() = 29,

while 4~! maps £(f)(z) back to FR(z) in the obvious manner. If the representation of £(f)(z) is independent of the exponential,
that is 7 = 0, then « and its inverse y~* will act as the identity. For example,

ERREE
7 1422 =7 1+22) 1422

The map @ will set the continuous exponential function to the time scale exponential function in the following manner: if we

Chapter 4.1 https://math.libretexts.org/@go/page/208477
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write f € Cp_0(R,R) as

f@) = Z": Res,—,e” Fa(2),

then
o (ft)) = Zj: Res,—s,e.(t, 0)£(f)(2)-

To go from f‘m(z) to £(f)(z), we simply switch expressions involving the continuous exponential in Fgr with the time scale
exponential giving £(f)(2) as was done for v and its inverse - will then act on g € Cprg—e,(T,R),

g(t) = z":Resz:z,.ez(t, 0)Gt(2)

i=1

as

07 ((6) = 3 Ros,mreGn(2).
i=1

For example, for the unit step function 4,(t) on R, we know from the continuous result that we may write the step function as

—az

_ e
fiq(t) = Res,—oe™ P

so that if a € T, then

eoz(a,0)

0 (14 (t)) = Res,—pe,(t,0) p

Now, for a given time scale Laplace transform £(f)(z), we begin by mapping to Fg(z) via y~'. We have that the inverse of
Fr(2) exists for all z with z € C..((B) N Co(e) and it is given by

F) = Y Resumse* ().

i=1

Applying 8 to f(t) to retrieve the time scale function, we get

) = 3 Respmnen(t, 0)£(F)(2),
i=1

whereby

(veFro67) (F&) = £(N(.

This completes the proof.
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If the functions f,g : T — R satisfy all conditions of the previous theorem and have the same Laplace transform, then f = g a.e.

Proof

Suppose that
o]

[ @t onma= [ e awar

8

Hence, h = f — g has Laplace transform zero and 4 € ker£. If we denote by £~ the inversion of £, then
LYo £(h) =£71(0)

=0
=h.

Therefore f = g a.e. This completes the proof.

This page titled Chapter 4: Inversion of the Laplace Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 5: The Laplace transform of Power Series

Assume that there exist M, a > 0 such that

lax| < Mo, ke N.

Then, for any z € C,,(,)(a), we have

£ (i aghi(- 3)) (2,8) = i arL(hi(-, 8))(2, 5)
k=0

k=0
- k+1°
k=0 %

Proof

Let

) = iakhk(t, s), t€ls,00),
k=0

which is a convergent series. Since hg(-, s) is a continuous function on [s, co), we have that f is a continuous function on [s, 00).
Next,

7@ =

00
Z akhk(t, 8)
k=0

<D laxlhe(t, )

=0
00
<M Z oFhy(t, s)
k=0

=Meq(t,8), tE [s,00).

Thus, f is of exponential order o. Observe that

lecx(t, 8)| < ecRre,, () (t:8), tE[s5,00), z€Cy)(a),

and

i akhk(t, s)

k=n

<Y laklhi(t, )
k=n

‘f(t) ~Saus,s)
k=0

<M Z a®hi(t, s)
k=

00 n—1
=M (Z o®hi(t,s) — Z a*hi(t, 3))
k=0

k=0

=M (ea(t, s)— "z_:a’”hk(t, s)) , te€][s,00).

k=0

Chapter 5.1 https://math.libretexts.org/@go/page/208478
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Hence,

This completes the proof.

n—1
'C(f)(z7 8) - Z a’k'c(h’k('7 8))(27 3)
k=0

=‘£ (f— iakhk(ws)) (2,8)

k=0

n—1
<L (‘f— > akhi(-,s)

k=0

) (Rey,5)(2), 5)

<MZC (ea(t, s)— "z_: a*hi(t, s)) (Rep.(5)(2),8)

k=0

1 1 n—1 ( @ ) k
=M —
Re,5)(2) —a  Rey,)(2) ;:% Rey,(5)(2)

1 _ 1 1= ( R‘e#:a)(l) )
Rey(2) —a  Rey(z) 1-—

o
Reyy(s)(2)

e =e (F)
Rey,(s)(2) — @ \ Rey,()(2)
—0, a8 n—00, 2z€C, ().

This page titled Chapter 5: The Laplace transform of Power Series is shared under a CC BY 4.0 license and was authored, remixed, and/or curated

by Svetlin G. Georgiev.
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Chapter 6: Differentiation of the Laplace Transform

Assume that there exist a,b € T, b > a, and a bounded domain D c C such that s, ¢ € [a,b] and for z € D we have z € %.(T, C). Then,
for any ¢, s € [a,b], t > s, and for all z € D, we have

d A& .
Eez(u 3) ~dz kg; hk(t’ S)Z

= Z khi(t, )25
k=1

o0
= Z(k + Dhgya(t, 8)2*
k=0

00 k
=Z ( by (t, 3)) 2*
0

k=0 \ I=

w [kt
(Z [ hoestsor )t s)m) >

k= 1=0 v 8

t o k
=/s E (Z h—a(t, o (7)) hu(, s)) 2*Ar

k=0 \ =0

='/s (ihk(t,a(r))zk) (f:hk('r,s)zk) AT

0

prd =0
=/3 e,(t,0(1))es(r, s)Ar

[ etnetnn
s 14 zp(n)
=m,(t, 3)e,(t,8), t,8€[a,b], t>s, 2z2€D.

Because a,b € T and D C C was arbitrarily chosen, we conclude that

dizez(t, 8) = my(t,s)e,l(t,s), z€ R(T,C), te€]ls,00).

Now, we differentiate with respect to z the equation

ezA(t, 8) = ze,(t,8), ey (s,8)=1, t>s,
and we get

d A d d
(Eez(t, s)) = cult,s) +rred(t,s), 1ex(s,) =0.

Hence, using the variation of parameters, we find

%ez(ty 3) =‘/‘s ez(t; U(T))ez(Ta S)AT
=e,(t,s)m,(t,s), t€][s,00), z€R(T,C).

Also,

Chapter 6.1 https://math.libretexts.org/@go/page/208479
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d d 1
Eeez(t’ ) Tdz (ez(t, s) )
m,(t, s)e,(t, 9)
(ex(t,9))?
m,(t, s)
e4(t, )
=—m,(t, s)es,(t,s), t,s€[a,b].

Let f € C4(T) be of exponential order o with a constant K. Then for any k¥ € N and z € C,,(,)(a), &d—;L‘T( £)(z; s) exists with

&
dz* £ (f)(z7 8) = 'c(fuk(z7 0'('), 8))(2, 8),
where

(5.t,5) 1 if n=0
Unish o= %un—l(zyt’s)_un—l(z1t’s)mz(tis) if neN.

Proof

We will prove that for k € N, the integrals

0o dk
| rogreato®, At

are uniformly convergent with respect to z € C,,,,)(a). It suffices to prove that for i, € Ny, the integrals

[ H0m.a0,9)' 4 [ma(o@)0)] eontot®), )¢

are uniformly convergent with respect to z € C,,(;)(a). For ¢,s € T and r € N, we compute

a’ = (=1)"r tﬂ T
T = U [ G oy AT

For t > s, set pi(z) = %5 for z € R such that z,1 +~z > 0. Then pj(z) = (1+—1ﬂ), > 0. Since limg o, p1(z) = 3, there exists a

1+
constant P; > 0 such that p,(z) < P, for z > 0 and 1 + vz > 0. Hence,
d” N O)
R yf )
[srma| <n [
[ Wy
s (1+ p(1)Rey(r)(2))+
t ()"
<r! / AT
s (14 p(1)Rey 5)(2))"(1 + p(m)Rey)(2)
[ (w(r))"

<" |, Tt p@a)y 1+ O Reney (@)

t
1
<P[r! / — A7
! s 1+ p(T)Reyn)(2)
=P{rlmRe (,)(9),

and

Chapter 6.2 https://math.libretexts.org/@go/page/208479
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Im(t, 5)| =

6 1
——A
/s T+umz
L 1
< — A7
A 1+ p(7)z|
¢ 1

o e e
=MRe, () (%, 9)-

AT

Therefore we have to estimate the integral

= [ HOm.(a),9)eoro®) ).

Using the Potzsche chain rule, we get

((mRe,.(Z)(t’ s))l)A =! (/0

1 -1
(mRe“(z) (t,5) + hu®mpy, s)) dh) Mo, (69)

l

1 -1
N Wfﬁeu(@/o (e, () + histhmye (1)) b

l -1

S T ey ("Rera ) + KO 69)

l

-1
" 1+ u()Reu(2) '

(mReu(z) (o(®), 3))

Then, for s; > s, after multiple applications of integration by parts, we find

81 K ,
‘.L f(t)(m"(a(t)’s))leez(a(t),s)At| Smeaefiemm(ﬂ(sl’s) (mRem(.,)(Z)(sl’s))

+ Kl

(Rey()(2) = @) (@ — Rey(5)(2))
-1
(mRem(,)(Z)(sl’ 8)) €aoRe,, ) (2) (s1,9)

R
(B’eﬂ.(s)(z) - a)l+1

(eaeRe,,,(,)(z)(sh 8) — 1) .

Therefore

K1

|h]| £ ———
(Rem(S)(z) - a)l+1

Hence,
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%L‘(f)(z, 3) =% /;00 f(Meoy(a(T), 8)AT
- / f(‘r)%eez(a('r),s)AT

=— /oof(‘r)mz(a(r, s)eoz(a(T), s)AT

= — £ (my(e(),8)) (2:)
— (w12 00, 8)) ().

for all z € C,,(5)(c). Assume that

dlc
m'c(.f)(zv s) = 'c(u‘k‘—l(z’ U(')’ s)f)(z, S)

for all 2z € C,,(5)(«). We will prove that

dk+1
W"-(f)(z’ 3) = ’c(uk(z7 0'(')7 s)f)(z, 3)

for all z€ C,,(5)(c). Really,

k+1
S A)(59) = L un(z (), )2

dzkH
:%/_; up-1(2,0(t), 8) f(t)ess(o(t), s) At

= /‘g (%’u‘k—l (2,0(t),8) — my(o(t), s)ug—1(2, U(t),s)) Ff®eox(o(t), s)At
= / e ur(z,0(t),8) f(t)ecs(o(t), s)At

=L (ug-1(2,0(-),8)f)(z,3)

for all z € C,,(5)(c). This completes the proof.

This page titled Chapter 6: Differentiation of the Laplace Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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Chapter 7: The Dirac Delta Functional

# Definition

The Hilger Dirac delta function is defined as follows.

oft—] .
SE(t) = w@ i p(t)>0
6(t — 1) otherwise,

where §[-] denotes the Kronecker delta, i.e., §[0] = 1 and §[t] = 0 for ¢ + 0, &(-) is the Dirac delta function.

Let f: T — R be a given function having unit area. With €(T) we denote the €*(T) functions with compact support.

# Definition

For g% € €%(T) and for all € > 0, define the time scale Dirac delta functional as follows.

I 68 (z)gf(o(z))Az if o is right-scattered

5a(t, g%) = o
(Galt, 5°) {lime_,gfo Lf(2)g(o(z))Az if a is right-dense.

Below we will list some of the properties of the Dirac delta functional.

1. Suppose that a is right-dense. Consider

L if a<z<a+e
) = € - -
(@) {0

otherwise.

Then

(8a(2), %) =lim /0 ” %f (%) 9(o(z)) Az

. 1 a+e
—lim - / o(o(@) Az

=g(o(a))
=g(a),

where g7 € €2°(T).

2. Let a is right-scattered. Then

(6al2), 47) = /0 " 58 (2)g (0(z)) A

=g"(o(a))
=g(a),

where g% € €2°(T).
3. We have

£(60)(2) = /0 " 2 (t, 0)80At
=1.

4. We have

Chapter 7.1 https://math.libretexts.org/@go/page/208480
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£(65)(2) = / 55 ()e3 (¢, 0)At
° t=00 ©
~soee:(t,0)] , — [ Oreat,0)0A¢

=z/ eZ,(t,0)60At + 1
0

=z4(80)(z) +1
=z41.

5. Let H be the Heaviside function. Then
) = [ A @)
0

~H@a|,, - [~ HOA O

- 0

=g(0)
=(507 ga)’

where g% € € (T).

This page titled Chapter 7: The Dirac Delta Functional is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Svetlin

G. Georgiev.
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Chapter 8: The Bilateral Laplace transform
Suppose that T is a time scale with forward jump operator and delta differentiation operator o and A, respectively, and inf T = —oo,
sup T = oo. For s € T, define

ba(s) = tei[gfo | u(t),

u*(s) = sup p(t),
te(—o0,8]

As) = o, 1(t)-

For s,t € T and X € R(T), set

1

M,\(t,s) = L mAT

Letse€T, A € R*((—o0, s]). Then

1. MA(t,s) <0 forallt € (—oo, s), where the differentiation is with respect to t.
2. limys—oo Mir(2, 8) = 00.

Proof

1. By the definition of the function M), it follows

1
1+ u()
<0, te€ (—o0,s|.

M).A(t’ 3) =

2. We will consider two cases.

a)Let sup u(t) <oo.Then
t€(—o0,8]
1+ Au(t) <1+ |A\u®)
<1+[A| sup p(t), t€ (—oo,s].

tE(—00,8

Hence,

A
069, T

/" At
2 -
¢ 1+[A sup p()

te(—o0,s]
_ s—1
1+ A sup p(t)

te(—o0,3

—00, as t— —o0.
b) Suppose that sup p(t) = co. Because A € R*((—oo, s]), we have that A > 0. If A = 0, then

te(—00,8]

My(t,s) =s—t
—00, as t— —oo.

Assume that A > 0. Since sup u(t) = oo, there exists a decreasing and divergent sequence {&}xeny C (—o0, s] of right-scattered
te(—00,3|

points such that
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{u(€k) I ren

is an increasing and divergent sequence. Hence, using that

: pr) 1
ST WIANY

we get

8 AT
M(t,s) =/t T+ a0

> /0' (éx) AT
- a(€x)>tEr<s Y Sk 14+ Au(r)

= _ &)
otforenes L+ AB(ER)

—00, a8 t— —oo0.

This completes the proof.

& Theorem (Decay of the Exponential Function)

Let s €T, A € R*((—o0, s]) and

Eﬂ*(s)()\) = {z eC: Rew(_g)(z) < )\} °

Then, for any z € C,,.(5)()), we have the following properties.

1.

|e)\ez(ta 3)| < €XERes(5)(2) (t7 3)7 te (—00, 3]7

\item
Jm_ exome, () 8) =0,

2. lim; o exes(t, 8) = 0.

Proof

Let ¥4(2, A) be the function, defined in the previous sections.

1. We have

lexos(t, 8)| =€/t L Reun (VAT
<eJr VutnRen(2)N) A

=E€XRe,un(5)(2) (t,8), te€(—oo,s].
2. For z € C(s)()), we have

)\ - RBI‘*(S) (z)
1+ u(t)Rew(s) (Z)
A— Re,,.(,)(z)

14+ Au(t)
>0, t€ (—o0,s],

A Rem(s) (Z) =

and
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14+ Au(t)
1+ ﬂ'(t)R'ep'(s) (z)
14 Ap(t)
14+ Ap(t)
=1, te (—o0,s].

1+ u(t) (A O Reyr(e)(2) =

Thus,

A Rey(y)(2) € R ((—00, 5))

and

A—Re,s(0)(2) [} o — AT
€XSRe,+(;)(2) (t,9) =e( w0 @) TR @

— e (Reuw(o ()M (t)

—0, as t— —oo.
\item By 1 and 2, we obtain

lexez(t; )| Se,\eRe,,*(.)(Z) ()
—0, as t— —o0.

This completes the proof.

Suppose that s € T, f : T — R is regulated. Then the bilateral Laplace transform of f is defined by

S0 = [ fegut o)t

for » € C for which 1 + u(t)z # 0 for any ¢ € T* and the improper integral exists.

# Definition (Double Exponential Order)

Let s € T. A function f € €,4(T) has double exponential order (e, ) on T if
1. a € R*([3,0)), v € R*((—00, 8]),
2. there exist positive constants K,, K., such that

|f®)| <Kqea(t,s), tE€[s,00),
|f(t)| SK’YE'Y(t$ S), te (_oo’s]‘

v/ Example

Let 8> 0. Consider the function

f(t) =eg(t,s), teT.

If s <t thena =p.If s > ¢, then
0 < f(t) < 1 and eep(t, s) > 1. Thus,

f(#) < eep(t, ).
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| Therefore f is of double exponential order (8, 68).

Let s € T and f € €,4(T) be a function of double exponential order (e, ). Then
1. limy o f(t)eos(t, 8) = 0 for any z € C,, 5 ().
2. limsy—oo f(t)ees(t, s) = 0 for any 2 € Cpep) (7).

Proof

Since f is of double exponential order (a, ), there exist positive constants K,, K., such that

|f()| <Kaealt,s), tE€[s,00),
|f(t)| SK’Ye’Y(ta 8), te (—OO,S].

1. The first statement follows by the computations for the Laplace transform.

2. By the above theorem, we have

|F(t)eex(t, s)| <Ky leaes(t, s)|
SI{’YeaeRe,‘*(.,) (2) (t,8)
—0, as t— —oo.

This completes the proof.

For z € C, denote

B(s) =p*(s) if Repg(2) <0

and

LetseT, a € Rt([s,00)), v € R*((—o00, s]). We say that (s, @, ) is an admissible triple if

u(s) =u(s) if Reg(s)(2) > 0.

Camg ={z €C:Reu)(2) <7, Reys)(2) >a,

1+ 7i(s)Rege (2) £ o}.

& Definition

Letse€ T, a € R ([s,0)), v € R+((—o0, s]). We say that (s, a, ) is an admissible triple if
Comg; ={z €C:Reyy)(2) <7 Rey)(2) > a

1+ 7i(s)Reg (2) # 0}.

& Theorem (Absolute Convergence of the Bilateral Laplace Transform)

Let (s,a,v) is an admissible triple, f € €,4(T) is of double exponential order (e,~). Then £*(f)(-,s) exists on C,,, and
converges absolutely.
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Proof

Since f is of double exponential order (a, ), there exist positive constants K,, K., such that

|f(®) <Kaealt, ), t € [s,00),
|f(t)| SK’YE'Y(ta 8), te (—OO,S].

Next, for ¢t < s, we have

11+ pu(t)2] =1 + p(t)Reu(r(2)
>1+ fi(s)Reg(s) (2)-

For z € C, 4, we find

209l =| [ freatotmoart [ feedotn,Har

< [l ol ar+ [ ineelotm), ol ar
=J1 + Jo.

By the computations for the Laplace transform, we have

K

h<—"— 2€Coan
R)eu.(s (z) §

Consider the integral

J= /t 1 fDeon(o(r), 5)| AT, t<s.

Using the corresponding computations for the Laplace transform, we obtain

|eaez 78
J<K /
|1+u(T)zI

[ leena)l
=K / T+ p(DRyun) (@)

- / ® €10R,m(9)(T:9) .
= t 1+U(T)Rp(r)(z)

8
K, e— 7O Ry ()" (7, 8)Ar

t Y— Rp('r) (z)
<Koy — Ry (2) (1 — eqm,0 (8 9))

Therefore

Ky

o< ———
v¥— R)eu*(‘,)(z)

and

b Ko
N0 < g 9 —a T T Repr @
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| Consequently the bilateral Laplace transform of the function f converges absolutely on C,q,. This completes the proof.

& Corollary

Let (s, «,7) is an admissible triple, f € C,4(T) is of double exponential order («,+). Then
lim £%(f)(z,s) =0.
|2|—200

Proof

Note that |2] — oo implies Re,,(5)(2) — 00, Reys(s)(2) — co and Rey5)(2) — oo. This completes the proof.

& Theorem (Uniform Convergence of the Bilateral Laplace Transform)

Let (s,a,7) is an admissible triple, f € €,4(T) is of double exponential order (a,7). Then £*(f)(:,s) converges uniformly in
Camgre

Proof

Let € > 0 be arbitrarily chosen. By the corresponding computations for the Laplace transform, we have that there exists an r
€ [s, 00) such that

|/oo f(T)ecz(o(1),s)AT| <€, tE€[r,00), z2€C,q,.
t

Lett € (—o0,8]anda < t.
By the proof of the previous theorem, we get

t
Y
/a f(m)eey(o(7), 8)AT 5_,7 —Reu(2) (e’YeRu(‘r) ) (£, 8) — €4, (5 (@) 3))
K
PO B
=5 R”‘(s) (z) €4OR () (2) (t: s)

<20 (t,9)
S 3 €eRu ()L S)-
7_R“’(s)(z) YOR u4() (2)

Thus, there exists an r1 € (—oo0, s], such that

‘/t f(m)eoz(0(1),s)Ar| <€, te(—o0,r1], 2€Csqay,.

This completes the proof.

Let (s, a,7) be an admissible triple and f € €.4([s,00)) be of double exponential order (e,~). Consider £b(f)(-,s) on C,,, and
suppose that it has finitely many regressive poles of finite order {2y, 2y, ..., 2, } and F‘D’;(z) is the bilateral Laplace transform of
the function f on R that corresponds to the transform £*(f)(z, s) of f on T. If

ctico
[ || < o0,
C

—i00

then
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) =3 ros,mnenlt 5)E(f) (2 5)
i=1

has bilateral Laplace transform £°(f)(z, s) for all z € Cya, () Co(c).

Proof

Without loss of generality, suppose that s = 0.
By the previous theorem, we have that £(f)(-) converges uniformly on C,,)(8) N Co(c) and hence, it is analytic in this region.
Next, we have that

lim £%(f)(2) = 0.

|2| 200

Let C be the collection of the bilateral Laplace transforms over R, D be the collection of the bilateral Laplace transforms over
T, ie,C= {ﬁg(z)}, D = {£¥(f)(2)}, where

FR(2) =G(z)e™,
£™(f)(2) =G(2)eex(T;0)

for G a rational function and for 7 € T a constant. Let Cp—»(R,R) denotes the space of piecewise continuous functions of
exponential order, Cprs—e,(T,R) denotes the space of piecewise right-dense continuous functions of double exponential type in
which the exponential function coincides with a Hilger exponential function. Each of 6,4,6~!,4~ map functions involving the
continuous exponential to the time scale exponential and vice versa. For example, 4 maps the function

—2a

Fi(z) =

z

to the function

eo:(a,0)
z k

L(f) @) =

while 4! maps £%(f)(z) back to F(z) in the obvious manner. If the representation of £%(f)(z) is independent of the
exponential, that is 7 = 0, then « and its inverse 4~ will act as the identity. For example,

ERRNERS
N1522)77 14+22) 1422

The map 6 will set the continuous exponential function to the time scale exponential function in the following manner: if we
write f € Cp_x(R,R) as

7)) = 3 Res.—ae?FR(2),

i=1

then

0 (7)) = Do Resamaiest, 02,

To go from Fe(z) to £¥(f)(2), we simply switch expressions involving the continuous exponential in Fg with the time scale
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exponential giving £°(f)(z) as was done for v and its inverse §—* will then act on g € Cpra_e»(T,R),

gt) = Zn:Resz:z,.ez(t, 0)Gr(2)

i=1

das

071 (g(t)) = i:R,esH,.edéR(z).

For example, for the unit step function i, (¢) on R, we know from the continuous result that we may write the step function as

—az

ﬁa(t) = Rﬁsz:oed c =

so that if @ € T, then

eoz(a,0)

6 (1a(t)) = Res—oes(t, 0) 22

Now, for a given time scale Laplace transform £2(f)(z), we begin by mapping to ﬁ]{;(z) via y~L. We have that the inverse of
F(z) exists for all z with z € C,,,(,)(8) [ Co(c) and it is given by

F) = 3 Ressc* P (o).

i=1

Applying 4 to f(t) to retrieve the time scale function, we get

)= 3 Resumaes 6,022,

whereby

(voFRo07t) (F8) = LN

This completes the proof.

If the functions f,g : T — R satisfy the previous theorem and have the same bilateral Laplace transform, then f = g a.e.
Proof

Suppose that

[oe]

" eeasoac= [ e ouar

8

Hence, h = f — g has Laplace transform zero and h € ker.?. If we denote by £~ the inversion of £¢, then

LYo £(R) =£vH(0)
=0
=h.
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| Therefore f = g a.e. This completes the proof.

This page titled Chapter 8: The Bilateral Laplace transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 9: The Fourier Transform

Suppose that T is a time scale with forward jump operator and delta differentiation operator o and A,respectively. Let also, inf T
= —00,sup T = oo and s € T. Denote

po(s)= inf @), u(s)= swp w(t) ()= inf u(e),
t€[s,00) te(—o0,9]

te(—o0,8 -
(s) =u*(s) i Ropy(z) <0,
u(s) =p(s) if Regy(z) >0,

where z € R.

# Definition

Suppose that f : T — R is regulated. Then the Fourier transform of the function f is defined by

FN@s) = [ ftegutt o

for z € R for which 1 + ézp(t) # 0 for any ¢ € T* and the improper integral exists.

Let a € R*([s,00)),y € R+ ((—o0, s]). We say that (s, a, 7) is a real admissible triple if

R,y ={z €ER: Rey () (iz) <7, Rey,)(iz) > a

1+ %i(s)Reg(y (i) # o} £0.

If f € @,4(T),then the triple (s,a,~) is a real admissible triple and f is of double exponential order (e, +),then by the computations
for the bilateral Laplace transform, it follows that F(f)(-,s) exists on R,., and converges absolutely and uniformly on Rsqy.
Below we will list some of the properties of the Fourier transform.

Let f,g: T — R,a, 8 € C. Then

F(af + Bg)(z,8) = aF (f)(x,3) + BF (9)(, 3)

for those z € R for which 1+ zu(t) # 0,¢ € T*,and the respective integrals exist.

Proof

We have

= [ et )at+p [ ettt
=aF (f)(z,s) + BF (9)(z, 5).

F(af+50)(@,9) = [ (@f +0)(B)edult, 00

This completes the proof.
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Let f: T — R. Then

F (e5(-,9)5()) (z,8) = F()(2,3),

where z = f:;’; ,for those z,y € R for which 1 + u(t)y # 0 for any ¢ € T* and the respective integrals exist.

Proof

Note that

_Z,:v+iy

1+ py
__zHtiy
i(1+ py)

iz

and

—iz
1+ipz
THiy
i(1+4y)
1= Ao
_ T+ iy
it ipy — px — ipy
_z+iy
T i—px
_i(x+1y)
T 1 —ipx
_y—iz
T 1l+tipx
=y O .

iz =

Hence,

7 (e5,0) @) = [ " el 9)e5(t, ) F(D) AL

—00

~ [ ettt
=7 ((er9).

This completes the proof.

Let f: T — R. For any k € N,we have

F (£*) (2,5) = (2)*F (f)(=, )

for those z € R for which 1+ zu(t) # 0,¢ € T*,and the respective integrals exist and
. 1
tl}rinw A ()eciz(t,8) =0, Le{0,...,k—1}.

Proof

Chapter 9.2 https://math.libretexts.org/@go/page/208482



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/208482?pdf

LibreTexts"

We will use the principle of mathematical induction.

1. For k = 1,we have

F (1) @9 = [ FAegutt oAt

= lim f(t)eeis(t, 8) — Lim _f(t)ecisf(t)eoi(t, s)
_ /_ " (6im) f(t)eois(t, ) At

—iz [~ 1062t 98
—iz (), ).

2. Assume that

F (%) (@,9) = (@)% (1) 2, 9)

for some k € N.

3.
We will prove that

F () (2,8) = (i) #(£) (=, ).

Really, we have

F (fAM) (z, s) =izF (fM) (z,8)
=(iz)*' 7 (f)(x, ).

This completes the proof.

Let f: T — R. Then

F()(z,8) = F(f)(—=,5)

for those z € R for which 1 £ zu(t) # 0,¢ € T%,and the respective integrals exist.

Proof

Let t € T~ and z € R be such that 1 + zu(t) # 0. Then, we have
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ix
1+ip(t)z
iz(l —ip(t)z)
W+ in02) (1 — in Do)
iz p(t)e?
1+ (u(t)’2?’
, iz + p(t)z?
1+ u(t) (S(ix)) (¢) =1 — N(t)W
_ 1+ (u@®)?s? —ip(t)z — (u(t))*s”
L+ (u(0)2a2
_1- ip(t)z
1+ (u(t)*a?

(S(iz)) () =—

_ 1 ( 1 . m)z )
V1t @®)’2? \V1+@®)z? 1+ (u@)%?

and
o O = s (\/1 o 1+E3(t))2m2> '
Let
r(t) = m cos B(t) = m

Then

L+ u(t) (8(i2)) () = r(t)e a0
and

1+ u(t) (0(i(—=))) (t) = r(t)e®.
Also,

log (1+ (#) (6(iz) (1)) =In(r(s)) — (8 + 2km)
log (1 + u(t) (©(i(—=2))) (¢)) =In(r(t)) +i (6 + 2kn), k€ Z.

From here and from the definition of the Fourier transform, we have

FN@) = [ 1Beget At

_ / % I S loR OGN ENAT £y Ay

= / % el tnra—iO) BN £y A

and
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1

FD@s) = / * 70 sy (mr(r)—i(6(r)+2km) AT Fb)At

_ /oo I Gy (mr(r)—i(6(r)+2km)) A Ft)At

—00

_ /'°° ef:(t) ﬁ(]'uT(T)_i(o(r)+2k7r))ATf(t)At

—0C

% 1o L (1nr(r)—i(8(r)+2km) AT
- / I 3 (At

—00

_ /'°° ef:(t) ﬁ(]'uT(T)_i(g(r)+2k7r))ATf(t)At

_ /oo . f:(z) ﬁ (lnr(7)+i(8(7)+2km)) AT f(t) At
®J79 L log(1+a(r)(0((—2))(n)Ar

=/ oJ7 ylos(LHm f(r)Ar
—00

- /—m F®)eq(i(—ap (t: 5) AL

This completes the proof.

Let a € T. Then

Fa(05) (2, 5) = €Zi2(a, 9)

for those ¢ € R for which 1+ zu(t) £ 0,t € T*.

Proof

We have

FED@0) = [ but— egult At

=egiz(a1 3)

for those z € R such that 1 + zu(t) # 0,¢t € T*.

1. If T = R,then we take s = a and we get

Fo(6H)(2,5) = 1.

2.1f a € T is right-scattered and s = a,then

€312(a, 0) =€ =
1
T 14 ip(a)x
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| for those z € R for which 1+ ipu(a)z # 0.

Let f: T — R be regulated and

Fo= [ far, ter,

for some fixed a € T. Then

F(F)@,5) = — = F()a,5)

for those z € R,z # 0, for which
lim F(t)ecis(t,s) =0.

t—=+00

Proof

‘We have
F(F)(z,s) = /_ Z F(f)e%, (t, s)At

N /_: F(t) (1+ u(t)(0(iz))(1)) ecia (t, s) At

- /_ : F(t)meew(t, 5)At

= X [T ru

iz o ee.‘z(t, S)At

. 1+iue
=% /_ - F(t)(oiz)(t)ecis(t, s) At

% f " F(©)eBu (b 0)At

=% (tllglo F(t)esia(t,s) — tlir_nw F(t)ecis(t, 8))

—2 [ ottt ont

=~ 27 (N)(3)

for those z € R,z # 0, for which

tlg:nw F(t)eoiz(t,s) =0.

This completes the proof.

This page titled Chapter 9: The Fourier Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Svetlin G.

Georgiev.
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