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Chapter 1: Definition of the Laplace Transform. Properties
Let  be a time scale with forward jump operator, backward jump operator, delta differentiation operator and nabla differentiation
operator , ,  and , respectively. Let also, . Take . If  and  for all , then

and

for any , and hence,  is well defined on .

\label{definition5.1} Suppose that ,  is regulated. Then the Laplace transform of  is defined by

for  for which  for any  and the improper integral  exists. When , we will write
. \vbox{\index{Laplace Transform}}

\label{remark5.3} Let  be regulated. With  we will denote the set of all complex numbers  for which for which
 for any  and the improper integral  exists.

Assume that  are regulated. Then for any constants  and , we have

for , .

Proof

Let , .
Then, we have

 Definition

 Note

 Theorem (Linearity)
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This completes the proof.

Let . Then

Proof

For  and , we have

This completes the proof.

Assume  is such that , , is regulated. Then

for those  satisfying

for any .

Proof

Let .
We will use induction.

 Lemma

 Theorem
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1. Let .
Integrating by parts and using the condition , we get

2. Assume that  holds for some .

3. We will prove

Integrating by parts and using , we get

This completes the proof.

Let  be such that

Then

 Example
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Let ,  and

We will find  for .
We have

We set

By , we have

or

or

or

Note that

 Example

https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/208463?pdf


Chapter 1.5 https://math.libretexts.org/@go/page/208463

Therefore

Now, we use  to we get

or

or

or

or

Let ,  and

We will find  for .
Let

We have

Note that

 Example
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Then

Next,

Hence and , we obtain

or

or

Let ,  and

We will find  for .
Let

We have

 Example
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Next,

Hence,

Note that

for  we get

for  we obtain
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Hence and , we get

Let ,  and

Find  for .

Assume  is regulated. If

for  then

for those  satisfying

Proof

Using integration by parts, we get

 Exercise

 Theorem
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which completes the proof.

Let  and  for  Then

provided

Proof

We have

i.e.,

We note that

 Theorem
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Hence and ( ), we obtain

We have

provided that

Proof

By the definition of  we have

Hence,

The usual convolution of two functions  and  on the real interval  is defined by

However, this definition does not work for general time scales because  does not imply that 

 Corollary
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Assume that  is one of the functions      or   If  is a regulated
function on  then we define the convolution of  with  by

\vbox{\index{Convolution of Functions}}

Assume that  and  is one of the functions      or   If  is a
regulated function on  such that

then

Proof

1.  Consider the initial value problem for the dynamic equation

The solution of this problem is given by

which can be rewritten in the form

Now we apply the Laplace transform to both sides of the equation ( ) to get

or

or

whereupon

Since

 Definition

 Theorem (The Convolution Theorem)
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we conclude that

or we get ( ).

2. Let  We have

Then

From here,

3. Let  Then

and

Hence,
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4. Let  We have

Then

From here,

5. Let  Then

and

Hence,
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6.  Consider the initial value problem for the dynamic equation

The solution of the equation ( ) is given by

or

Taking the Laplace transform of both sides of ( ), gives

whereupon

or

Assume  and  are each one of the functions      or  not both 
Then

Proof

1. Let  and  Let also,

Note that

 Theorem
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Also,  and  are solutions to the initial value problems

and

respectively.

Then

We claim that  and  are solutions to the initial value problem

We have

from where, after differentiating, we obtain

Hence,

Also,

whereupon, differentiating, we obtain

Hence,
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Since the problem ( ) has unique solution, we conclude that

2. Next we consider

3. Let

We have that  is the solution to the initial value problem

Differentiating this equation  times gives

Also,

Thus we get that  is the solution to the initial value problem

Since  we obtain that

Also,  is the solution of the initial value problem

Hence, differentiating the last equation, we obtain
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and

Consequently  is the solution of the initial value problem

Therefore  and  are solutions to the same initial value problem. Hence, they must be equal.

Prove that

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

Let  and   for all  Then

provided

 Exercise

 Theorem
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Proof

Let

Then

We differentiate the last equation and we get

In this way we obtain the system

Hence,

or

Also,

Consequently we obtain the following initial value problem
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Now we apply the Laplace transform to both sides of the dynamic equation ( ) and we obtain

or

or

or

or

whereupon

which completes the proof.

Let  and   for all  Prove that

provided that

Prove the following relations.

1. If  then

2.

 Exercise

 Exercise
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\item If  then

3. If   then

4. If  then

This page titled Chapter 1: Definition of the Laplace Transform. Properties is shared under a CC BY 4.0 license and was authored, remixed,
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Chapter 2: Decay of the Exponential Function
For , set

and , . For , the Hilger real part and imaginary part of a complex number  are defined as follows.

where  denotes the principal argument function, i.e., , and , . For any fixed
complex number  and , define

The function  is a nondecreasing function.

Proof

We have

Therefore

Let . Then

This completes the proof.

 Proposition
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Let  and . Then

1.  for all , where the differentiation is with respect to the first argument.

2. .

Proof

1. Since , we have

2. We will consider two cases.

a) Let . Then

Hence,

b) Suppose that . Then, using that , we get that . If , then

Assume that . Because , there exists an increasing sequence  such that
 is an increasing and divergent sequence. Observe that

Hence,

This completes the proof.

 Lemma

https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/208475?pdf


Chapter 2.3 https://math.libretexts.org/@go/page/208475

The set of regressive functions and the set of positively regressive functions are denoted by  and , respectively, and
 is defined similarly. For simplicity, we denote by  the set of complex regressive constants, and similarly, we

define the sets  and . Let us set

For , define

and

Let  and .

1. For all , we have

2. Suppose  and , , . If , then

Proof

1. If , then

and

Now, suppose that . Then

2. If , then

 Lemma
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Suppose that . Then

This completes the proof.

Define  by

For  and , define

Let  and . Then, for any , we have the following properties.

1.

2.

3.

Proof

1. Set

for . Then

and

 Theorem (Decay of the Exponential Function)
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Therefore

Hence, for  and , using the above lemma, and
,

and

for any .

2. Observe that

and

Therefore

and

Now, applying the above lemma, we have

3. By 1 and 2, we obtain

https://libretexts.org/
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This completes the proof.

A function  has exponential order  on , if

1. ,

2. there exists a constant  such that

, ,  is a function of exponential order .

Let  and . Then, for all , , we have

Thus,  is a function of exponential order  on .

Let  and  be a function of exponential order . Then

for any .

Proof

Since  is of exponential order , there exists a constant  such that

Hence and the above theorem, we get

This completes the proof.

 Definition (Exponential Order)

 Example

 Example

 Lemma
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Chapter 3: Convergence of the Laplace Transform

Let  be of exponential order . Then the Laplace transform  exists on  and converges
absolutely.

Proof

Since  is of exponential order  on , there exists a constant  such that

Note that

Thus,

Hence, we obtain

Thus,

Consequently the Laplace transform of the function  converges absolutely on . This completes the proof.

By the last theorem, we get the following corollary.

 Theorem (Absolute Convergence of the Laplace Transform)
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Let  be of some exponential order. Then, by , we have that

Therefore

in the case when .

Let  be of exponential order . Then, the Laplace transform  converges uniformly in the half plane ,
where .

Proof

Since  is of exponential order  on , there exists a constant  such that

For , we have

Thus,

Because

we have

Hence, we arrive at

Therefore, for any , there exists an  such that

 Corollary

 Theorem (Uniform Convergence of the Laplace Transform)
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This completes the proof.
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Chapter 4: Inversion of the Laplace Transform

Let  be of exponential order . Consider  on  for some  and suppose that it has finitely
many regressive poles of finite order  and  is the Laplace transform of the function  on  that corresponds
to the transform  of  on . If

then

has Laplace transform  for all .

Proof

Without loss of generality, suppose that .
We have that  converges uniformly on  and hence, it is analytic in this region. Next, we have that

Let  be the collection of the Laplace transforms over ,  be the collection of the Laplace transforms over , i.e., 
, , where

for  a rational function and for  a constant. Let  denotes the space of piecewise continuous functions of
exponential order,  denotes the space of piecewise right-dense continuous functions of double exponential type in
which the exponential function coincides with a Hilger exponential function. Each of  map functions involving the
continuous exponential to the time scale exponential and vice versa. For example,  maps the function

to the function

while  maps  back to  in the obvious manner. If the representation of  is independent of the exponential,
that is , then  and its inverse  will act as the identity. For example,

The map  will set the continuous exponential function to the time scale exponential function in the following manner: if we

 Theorem
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write  as

then

To go from  to , we simply switch expressions involving the continuous exponential in  with the time scale
exponential giving  as was done for  and its inverse  will then act on ,

as

For example, for the unit step function  on , we know from the continuous result that we may write the step function as

so that if , then

Now, for a given time scale Laplace transform , we begin by mapping to  via . We have that the inverse of
 exists for all  with  and it is given by

Applying  to  to retrieve the time scale function, we get

whereby

This completes the proof.
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If the functions  satisfy all conditions of the previous theorem and have the same Laplace transform, then  a.e.

Proof

Suppose that

Hence,  has Laplace transform zero and . If we denote by  the inversion of , then

Therefore  a.e. This completes the proof.

This page titled Chapter 4: Inversion of the Laplace Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 5: The Laplace transform of Power Series

Assume that there exist  such that

Then, for any , we have

Proof

Let

which is a convergent series. Since  is a continuous function on , we have that  is a continuous function on .
Next,

Thus,  is of exponential order . Observe that

and

 Theorem
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Hence,

This completes the proof.
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Chapter 6: Differentiation of the Laplace Transform
Assume that there exist , , and a bounded domain  such that  and for  we have . Then,
for any , , and for all , we have

Because  and  was arbitrarily chosen, we conclude that

Now, we differentiate with respect to  the equation

and we get

Hence, using the variation of parameters, we find

Also,
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Let  be of exponential order  with a constant . Then for any  and ,  exists with

where

Proof

We will prove that for , the integrals

are uniformly convergent with respect to . It suffices to prove that for , the integrals

are uniformly convergent with respect to . For  and , we compute

For , set  for  such that . Then . Since , there exists a
constant  such that  for  and . Hence,

and

 Theorem
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Therefore we have to estimate the integral

Using the Potzsche chain rule, we get

Then, for , after multiple applications of integration by parts, we find

Therefore

Hence,
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for all . Assume that

for all . We will prove that

for all . Really,

for all . This completes the proof.
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Chapter 7: The Dirac Delta Functional

The Hilger Dirac delta function is defined as follows.

where  denotes the Kronecker delta, i.e.,  and  for ,  is the Dirac delta function.

Let  be a given function having unit area. With  we denote the  functions with compact support.

For  and for all , define the time scale Dirac delta functional as follows.

Below we will list some of the properties of the Dirac delta functional.

1. Suppose that  is right-dense. Consider

Then

where .

2. Let  is right-scattered. Then

where .
3. We have

4. We have

 Definition

 Definition
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5. Let  be the Heaviside function. Then

where .
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Chapter 8: The Bilateral Laplace transform
Suppose that  is a time scale with forward jump operator and delta differentiation operator  and , respectively, and 

. For , define

For  and , set

Let , . Then

1.  for all , where the differentiation is with respect to .

2. .

Proof

1. By the definition of the function , it follows

2. We will consider two cases.

a) Let . Then

Hence,

b) Suppose that . Because , we have that . If , then

Assume that . Since , there exists a decreasing and divergent sequence  of right-scattered

points such that

 Theorem
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is an increasing and divergent sequence. Hence, using that

we get

This completes the proof.

Let ,  and

Then, for any , we have the following properties.

1.

\item

2. .

Proof

Let  be the function, defined in the previous sections.

1. We have

2. For , we have

and

 Theorem (Decay of the Exponential Function)
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Thus,

and

\item By 1 and 2, we obtain

This completes the proof.

Suppose that ,  is regulated. Then the bilateral Laplace transform of  is defined by

for  for which  for any  and the improper integral exists.

Let . A function  has double exponential order  on  if

1. , ,

2. there exist positive constants ,  such that

Let . Consider the function

If , then . If , then
 and . Thus,

 Definition

 Definition (Double Exponential Order)

 Example
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Therefore  is of double exponential order .

Let  and  be a function of double exponential order . Then

1.  for any .

2.  for any .

Proof

Since  is of double exponential order , there exist positive constants ,  such that

1. The first statement follows by the computations for the Laplace transform.

2. By the above theorem, we have

This completes the proof.

For , denote

and

Let , , . We say that  is an admissible triple if

Let , , . We say that  is an admissible triple if

Let  is an admissible triple,  is of double exponential order . Then  exists on  and
converges absolutely.

 Lemma

 Definition

 Definition

 Theorem (Absolute Convergence of the Bilateral Laplace Transform)

https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/208481?pdf


Chapter 8.5 https://math.libretexts.org/@go/page/208481

Proof

Since  is of double exponential order , there exist positive constants ,  such that

Next, for , we have

For , we find

By the computations for the Laplace transform, we have

Consider the integral

Using the corresponding computations for the Laplace transform, we obtain

Therefore

and
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Consequently the bilateral Laplace transform of the function  converges absolutely on . This completes the proof.

Let  is an admissible triple,  is of double exponential order . Then

Proof

Note that  implies ,  and . This completes the proof.

Let  is an admissible triple,  is of double exponential order . Then  converges uniformly in
.

Proof

Let  be arbitrarily chosen. By the corresponding computations for the Laplace transform, we have that there exists an 
 such that

Let  and .
By the proof of the previous theorem, we get

Thus, there exists an , such that

This completes the proof.

Let  be an admissible triple and  be of double exponential order . Consider  on  and
suppose that it has finitely many regressive poles of finite order  and  is the bilateral Laplace transform of
the function  on  that corresponds to the transform  of  on . If

then

 Corollary

 Theorem (Uniform Convergence of the Bilateral Laplace Transform)

 Theorem
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has bilateral Laplace transform  for all .

Proof

Without loss of generality, suppose that .
By the previous theorem, we have that  converges uniformly on  and hence, it is analytic in this region.
Next, we have that

Let  be the collection of the bilateral Laplace transforms over ,  be the collection of the bilateral Laplace transforms over
, i.e., , , where

for  a rational function and for  a constant. Let  denotes the space of piecewise continuous functions of
exponential order,  denotes the space of piecewise right-dense continuous functions of double exponential type in
which the exponential function coincides with a Hilger exponential function. Each of  map functions involving the
continuous exponential to the time scale exponential and vice versa. For example,  maps the function

to the function

while  maps  back to  in the obvious manner. If the representation of  is independent of the
exponential, that is , then  and its inverse  will act as the identity. For example,

The map  will set the continuous exponential function to the time scale exponential function in the following manner: if we
write  as

then

To go from  to , we simply switch expressions involving the continuous exponential in  with the time scale
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exponential giving  as was done for  and its inverse  will then act on ,

as

For example, for the unit step function  on , we know from the continuous result that we may write the step function as

so that if , then

Now, for a given time scale Laplace transform , we begin by mapping to  via . We have that the inverse of
 exists for all  with  and it is given by

Applying  to  to retrieve the time scale function, we get

whereby

This completes the proof.

If the functions  satisfy the previous theorem and have the same bilateral Laplace transform, then  a.e.

Proof

Suppose that

Hence,  has Laplace transform zero and . If we denote by  the inversion of , then

 Theorem
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Therefore  a.e. This completes the proof.

This page titled Chapter 8: The Bilateral Laplace transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
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Chapter 9: The Fourier Transform
Suppose that  is a time scale with forward jump operator and delta differentiation operator  and ,respectively. Let also, 

,  and . Denote

where .

Suppose that  is regulated. Then the Fourier transform of the function  is defined by

for  for which  for any  and the improper integral exists.

Let , . We say that  is a real admissible triple if

If ,then the triple  is a real admissible triple and  is of double exponential order ,then by the computations
for the bilateral Laplace transform, it follows that  exists on  and converges absolutely and uniformly on .
Below we will list some of the properties of the Fourier transform.

Let , . Then

for those  for which , ,and the respective integrals exist.

Proof

We have

This completes the proof.

 Definition

 Definition

 Theorem
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Let . Then

where ,for those  for which  for any  and the respective integrals exist.

Proof

Note that

and

Hence,

This completes the proof.

Let . For any ,we have

for those  for which , ,and the respective integrals exist and

Proof

 Theorem

 Theorem
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We will use the principle of mathematical induction.

1. For ,we have

2. Assume that

for some .

3.
We will prove that

Really, we have

This completes the proof.

Let . Then

for those  for which , ,and the respective integrals exist.

Proof

Let  and  be such that . Then, we have

 Theorem
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and

Let

Then

and

Also,

From here and from the definition of the Fourier transform, we have

and
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This completes the proof.

Let . Then

for those  for which , .

Proof

We have

for those  such that , .

1. If ,then we take  and we get

2. If  is right-scattered and ,then

 Theorem

 Note
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for those  for which .

Let  be regulated and

for some fixed . Then

for those , , for which

Proof

We have

for those , , for which

This completes the proof.

This page titled Chapter 9: The Fourier Transform is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Svetlin G.
Georgiev.
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