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Chapter 1: Outer Measure on Time Scales
Suppose that T is a time scale with forward jump operator and delta differentiation operator o and A, respectively.
Denote by & the g-algebra generated by the family of all left closed and right open intervals of T of the form

[a,b)r =[a,b)NT
={teT:a<t<b}

with a,b € T, a < b. The interval [a, a) is understood as the empty set.

F is a semiring of subsets of T.

Proof
We will check all axioms for a semiring of sets. 1. The empty set [a, a) belongs to F.

2. Let ¢1,¢9,d1,d2 € T be such that ¢; <dy and ¢y < dp. Consider the intervals [e1,d;)r and [ez,d2)r. We have the following
cases. (a) Assume that [e1,d1)t N [e2, d2)T = 0. Then [e1,d1)T N [c, d2)T € F.

(b) Assume that [e1,d1)T N [c2,d2)T # @ Then we have the following subcases. (b1) Let ¢; < ¢; and ds < dy. Then

[c1,d1)T N [e2, d2)T = [c2, d2)T
eEF.

(b2) Let ¢3 < ¢; and d; < dy. Then

[c1,d1)T N [e2, d2)T = [c1,da)T
(S

(b3) Let \(c_1\leq c_2\leq d_1\leq d_2). Then

[c1,d1)T N [e2, d2)T = [c2,d1)T
[

(b4) Let ¢ < ¢ < dy < dy. Then
[c1,d1)r N [e2, d2)T = [c1,d2)T
eEF.
3. Letey, e2,d1,d2 € T be such that ¢; < ¢y < dy < d;. Then [ey,ds)r C [e1,d1)T and
[e1,d1)T = [e1, c2)T U [e2,d2)T U [d2, d1)T
and [, e2)T, [z, d2)T, [d2, di)T € F.

Therefore ¥ satisfies all axioms for a semiring of sets. This completes the proof.

# Definition

Let m : & — [0, 0] be the set function on ¥, whose values belong to the extended real half-line [[0, oc], that assigns to each
interval [a, b)r its length b— g, i.e.,

m ([a,b)T) = b—a.

m is a measure.

Proof
We will check all axioms for a measure.

Chapter 1.1 https://math.libretexts.org/@go/page/208210
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1. We have

m(0) = m ([a, a)r)

=a—a
=0.
2. For any interval [a, b)T, one has

m([a,b)r) =b—a
>0.

3.Letcj,d; €T, j€ {1,...,n}, be such that ¢; < dj, j € {1, ...,n}, and dj—; < ¢, j € {2,...,n}. Then
lejdj)T N ek, de)T =0, 4 ke{l,..,n}, j#k
Hence,
n
m (L—J1 [cjydj)T) =di—ci++di—ca
” =m ([e1,d1)T) + -+ m ([en, dn)T)
= Yo mendn).

=1

Thus, m satisfies all axioms for a measure. This completes the proof.

For the pair (¥,m) we generate an outer measure m* on the family of all subsets of T as follows. Let E be any subset of T.
With C(E) we will denote the set of all coverings V' = {V;} of E by a finite or countable system of intervals V; € 7, i.e., E
c JV;. Then we put

J

m (E)=Vclg(fE) 4 m(V;)

if there exists at least one covering of E and the infimum exists. If there is no such covering of E or the infimum does not exist,
we put

m*(E) = oo.

Now, we will deduct some of the properties of the outer measure.

The outer measure m* satisfies the following. 1. m*(@) = 0.
2. Nonnegativity. For any A C T, one has m*(4) > 0.
3. Monotonicity. IF A C B C I, then m*(A4) < m*(B).

4. Subadditivity. For any countable collection of pairwise disjoint sets E; c T, we have

(B
=1 =1
5.1f A,BC T and m*(4) =0, then
m*(AU B) = m*(B).
6.1f A,Bc T and

m*(AAB) = 0,

Chapter 1.2 https://math.libretexts.org/@go/page/208210
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then
m*(A) = m*(B).
Proof
1. Since m(9) = 0, we get m* (@) = 0.
2. Since for any interval V; of the covering {V;} of the set A we have m(V;) > 0, we get m*(4) > 0.

3. Since A c B, we have that C(B) c C(A). Hence,

m*(B) = inf Zm( V;)

VeC(B)

\2

inf Z m(Uj)

UeC(4)

=m*(A).

4. 1f Z m*(E;) = oo, we are done. Otherwise, if Z m*(E;) < oo, then m*(E;) < oo, j € N. Fix € > 0 arbitrarily. By the definition
Jj= j=1
of the outer measure and characterisation of infimum, for each j € N there exists a countable covering {I f}keN of E; such that

m () < 3 m(I¥)
k=1

€
< m*(Ej) + 5

[o°) oo
Since |J {I}}ren forms a countable covering of J Ej, by the definition of the outer measure, we get

m* ( ) < im(]f)
<

k=1
( *(Ej) + %)
*(E)+Z—

m*(E;) +e.

ECS

MEVE] o

[
Il
-

Since € > 0 was arbitrarily chosen, the last chain of inequalities yields

Q@siwwy

5. By the previous point, we get

m*(AU B) < m*(A) +m*(B)
=m*(B).

By the monotonicity of the outer measure, we find
m*(AU B) > m*(B).
Hence, sandwiching, we get the desired result.
6. Since
AAB = (A\B) U (B\A),

using the monotonicity of the outer measure, we arrive at

Chapter 1.3 https://math.libretexts.org/@go/page/208210
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0 < m*(4\B)
< m*(AAB)
=0

and

0 < m*(B\A)
< m*(AAB)
=0.

Thus,
m*(A\B) =0 and m*(B\A)=0.
Next, note that
A= (ANB)U(A\B)
C BU(A\B)
and as above, we have
BC AU (B\A).
Hence, using the monotonicity of the outer measure, we arrive at
m*(4) < m*(BU (A\B))
< m*(B) + m*(A\B)
= m*(B)
and
m*(B) < m*(AU (B\A))
<m*(A) + m*(B\A)
=m*(4).
By sandwiching, we obtain
m*(A) = m*(B).

This completes the proof.

This page titled Chapter 1: Outer Measure on Time Scales is shared under a not declared license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 2: Lebesgue Delta Measure on Time Scales

# Definition

A subset A € F is said to be m*-measurable, or A-measurable, or delta measurable, if for any B € # the following holds
m*(B) =m*(BN A) +m* (BN A°).

The set of all delta measurable subsets of T is denoted by M(m*).

M(m*) is a o-algebra.

Proof
We will check the axioms for g-algebra. 1. Let A € F be arbitrarily chosen. We have
AND=0,
ANP=ANT
=A.

Hence,

m*(AN0) + m*(AN0°) = m*(0) + m*(A)

=m*(A).
Therefore @ € M(m*). Next, note that
ANT = A4,
ANT*=AN0O
=] 0_

Then

m*(ANT) +m*(ANT) = m*(4) + m*(0)
— m*(A).

Consequently T € M(m*).

2. Let A, B € M(m*) be arbitrarily chosen. We will prove that A\B € M(m*). First observe that

A\B= AN B°.
Thus, we will prove that
AN B®eM(m*) (Chapter 2.1)
. Let
GeF (Chapter 2.2)
be arbitrarily chosen. We will prove that
m*(G) =m*(FNANB°) +m*(GnN(A°U B)). (Chapter 2.3)
Since A4, B € M(m*), for any F € &, one has
m*(F) =m*(FNA)+m*(FnA° (Chapter 2.4)
and
m*(F) = m*(F N B) + m*(F N B°). (Chapter 2.5)

Substituting F'= G A into (Chapter 2.5), we find

m*(G N A) =m*(GN AN B) +m*(GNANB°).

Chapter 2.1 https://math.libretexts.org/@go/page/208222
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Substituting F = G into (Chapter 2.4) gives us

m*G) = m*(GNA)+m*(Gn A
— m*GNANB) +m*(GNAN B +m*(G N A9). (Chapter 2.6)
Now, we consider (Chapter 2.4) with F = G N (A° U B). Then

m(G N (A°U B)) = m*(GN (A°U B) N A) + m*(G N (A°U B) N A°)
=m*(GNANB)+m*(GN(A°U (BN A%)))
=m*(GNANB)+m*(GnN A,

where we have used the distributivity of the set operations. We substitute this in (Chapter 2.6) and we get
m*(G) = m*(G N (A°U B)) + m*(G N (AN BY)).
Therefore AN B® € M(m*). or A\B € M(m*).

3. Now, we will prove that M(m*) is closed under countable union. Let {E;} jen be countable many sets in M(m*). Without loss
of generality, assume that they are all pairwise disjoint. First, we will prove that L"J E; € M(m*) for any n € N. For this aim, we
will use induction. (a) For n = 2, we have -
Ey U By = T\((T\E1)\Ey).
Since E;, E; € M(m*), by the previous point we get the implications
T\E; e M(m*) = (T\E1)\E:€eM(m*) = T\((T\E1)\E2) € M(m").
Thus, E, U E, € M(m*).

E
(b) Assume that |J E; € M(m*) for some k € N.
j=1

k+1
(c) We will prove that |J E; € M(m*). Really, we have that
j=1

k+1 k
UEi=UEiUEm
=1 =1

k
Since |J Ej, Ex41 € M(m*), we get the following implications
=1

k k
T\|JE; eM(m*) = (11'\ U E,—) \Er1 € M(m*) =

J=1 J=1

T\ ( (T\ LkJ Ej) \Ek+1) € M(m”).

By induction, we conclude that | E; € M(m*) for any n € N. Fix n € N. Then, for any F' € ¥, one has
j=1

m*(F) =m* (Fﬂ (L"J EJ)) +m* (Fﬂ LnJ Ej) ) . (Chapter 2.7)
=1

=1

On the other hand, since E, € M(m*) and F( (Lnj EJ-) € ¥, one has

=1

Chapter 2.2 https://math.libretexts.org/@go/page/208222
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n
=) m*(FNE)).
j=1
Substituting this into in (Chapter 2.7), we get

m*(F) = i:m‘(F N E;) +m* (Fﬂ LnJ E]-) ) . (Chapter 2.8)
=1

J=1

Now, using that

UEjCUEj,

=1 =1

(95) <(9%)

Hence, using the monotonicity of the outer measure and using (Chapter 2.8), we arrive at

m*(F) > zn:m*(FﬂEj)+m* (Fﬂ GE,) ) .
j=1

J=1

we find

The last inequality is true for any » € N. Taking the limit as n — oo and using the subadditivity of m*, we then get

m*(F) > im*(FnE—j)+m’ (Fn([;lej))

" (j=1(Fn Ej)) +m (Fﬂ (jL=Jl Ej) ) (Chapter 2.9)
E

- w(en(Gs)) +m (e (0a))

2 m*(F),

I\

where the final inequality is true by subadditivity of m* and

= (0 (@) u(n (@)

So, all the inequalities in (Chapter 2.9) are in fact equalities. This implies that fj E; € M(m*). Consequently M(m*) is a o-
=1
algebra. This completes the proof.

& Definition

The restriction of m* to M(m*) is said to be the Lebesgue A-measure and it is denoted by pa.

Chapter 2.3 https://math.libretexts.org/@go/page/208222
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The Lebesgue A-measure pa is a measure.

Proof
We will check all axioms for a measure.

1. Since m*(#) = 0 and @ € M(m*), we conclude that pa(0) = 0.
2. Since m* is nonnegative, we get that pa is nonnegative.

3. Consider a countably many disjoint subsets {E;}%, of M(m*). We have that M(m*) is a o-algebra and then Ej E; e M(m*).
j=1

pa(F) = pa (Fﬂ (QE,)) + pa (Fﬂ QE’))

(@) o (0 3)
- f:HA(FnEj)+uA (Fﬂ QE’))

J=1

Hence,

00
for any F' € F, where we have used that {E;}%, are disjoint and the ¢g-additivity of m*. By setting F'= |J Ex, we arrive at
k=1

s (0) = S ((G)15) +0a ((G) 0 ()
- g;HA(Ei)-

Thus, pa satisfies all axioms for a norm. This completes the proof.

By the definition for a Lebesgue delta measurable set it follows that any interval in T and T are Lebesgue delta measurable sets.

Let {E;} e be a countable collection of sets of & such that E; c Ej;4, j € N. Then
oo
pa (U Ej) = lim y(Ey).
j=1

Proof
Define the sets

F, = E17
F; = Ej\Ej_l, jEN, j>2.

Then the sets {Fj};en are pairwise disjoint. Moreover, for any n € N, one has

n
E,=|JF,.
j=1

Hence,

s
&
I
s
)

.
|
-
[
|
-

Since the sets {Fj} jen are pairwise disjoint, we have the equality

Chapter 2.4 https://math.libretexts.org/@go/page/208222
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pa(Bn) = pa (L"J Fj)

J=1

= > ua().

J=1

By the o-additivity of pa, we find

o o] o ¢]
pa (U Ej) =pa | Fj)
j=1 =1

= S ua(F)
=

lim > pa(Fy)
=

= ag #a(Pn)-

This completes the proof.

Let {E;} en be a countable collection of sets of F such that E;1; C Ej, j € N. Then

LA (U E]-) = li_{ll pa(Bp). (Chapter 2.10)
]=1 n—o0
Proof
For each j € N, define the sets
Fj= E,\E;.

Then {F}}jen is a sequence of sets of & such that F; C Fjy1, j € N. Note that

(s o0
UFi=E\)E;.
=1

=1
Then, we get
Jim pa(Fn) = pa (]L=J F,-)
(Chapter 2.11)
= kA (El\ ﬂ EJ)
.2
Let
Y =E\[)E;.
=1
Then

oo
Note that Y and () F; are disjoint. Then
=1

MwmwmmwAﬁ@)
=1

Chapter 2.5 https://math.libretexts.org/@go/page/208222
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whereupon
00 o0
TN (El\]Dl Ej) = pa(E1) — pa QE]) . (Chapter 2.12)
On the other hand, we have
E,=E,UF,, neEN,
and E, and F, are disjoint, n € N. Therefore

II/A(EI) = uA(En u Fn)
= II’A(EH) + u/A(Fﬂ)y n e N7

and
Ba(Fn) = pa(B1) — pa(Bn), n€N.

Hence and (Chapter 2.11), applying the last equality and (Chapter 2.12), we obtain
o

pa(Er) —Ji_{f)louA(En) = pA(EL) — pa (ﬂ Ej) :
=1

from where we arrive at (Chapter 2.10). This completes the proof.

Suppose that T is a bounded time scale with a finite maximum Taug. Then the singleton-point set {Tauo} and also any
Lebesgue A-measurable subset of T containing Tauy have Lebesgue A-measure infinity.

Proof
Note that the set X = T\{Taug} can be represented as a finite or countable union of intervals of the family &#. Therefore the set

X is Lebesgue A-measurable. Since
{Taue} = T\X,

we conclude that {#o} is Lebesgue A-measurable as the difference of the Lebesgue A-measurable sets T and X. Note that
{Tauy} does not have a finite or countable covering by intervals of #. Therefore the singleton-point set {Tauo} and also any
Lebesgue A-measurable subset of T containing Taue have Lebesgue A-measure infinity. This completes the proof.

For any ¢, € T*, one has
na({to}) = a(to) —to-

Proof
We will consider the following cases. 1. Let ¢ be right-scattered. Then

{to} = [to, o(20))-

Hence,

na({to}) = m([to, o(to))
= O'(to) — to.

2. Now, suppose that ¢; is right-dense. Then there is a decreasing sequence \(\{t_k\}_{k\in \mathbb{N}\) of elements of T such
that ¢x — g as k — oo and ¢ > tg, kK € N. We have

[to,t1) D [to,t2) D ... D [to,tk) D ...

and

Chapter 2.6 https://math.libretexts.org/@go/page/208222
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fto} = [ltorte).
k=1

Hence, {t¢} is Lebesgue A-measurable as a countable intersection of Lebesgue A-measurable sets. Now, we get

na({to}) = pa (ﬁ[to’t"))
k=1

= lim pa([to, tr))
k—o0

lim (¢ — to)

k—o00

=0.

This completes the proof.

Let a,b € T*. Then we have the following. 1. pa([a,b)r) =b —a. 2. pa(a,b)1) =b —o(a). 3. pa((e,b]r) = a(b) —o(a). 4.
ua([a,d]t) = o(b) — a. \end{enumerate }

Proof
1. The first formula is obvious because

#a(le,b)1) = m([a, b)r)
=b—a.
2. Note that
[a,b)t = {a} U (a,b)T
and {a} and (a, b)T are disjoint. Then

b—a = pa([a,b)r)

= pa({a} U (a,b)1)
pa({a}) + pa((a,b)1)
= o(a) —a+ pa((e,b)1),

whereupon

pa((a, b)) =b—a(a).
3. Note that
(@, b]t = (a,b)T U {b}
and (a, b) and {b} are disjoint. Then
pa((a,blr) = pa((a,b)r U {b})
= pa((a,b)1) + pa({b})
=b—o(a)+o(d)—b
= o(b) — o(a).
4. Note that
[a,b]T = [a,b)T U {b}
and [a, b)r and {b} are disjoint. Then
pa((a, b)) = pa([a,b)r U {b})
= pa(la, b)) + pa({b})
=b—a+a(b)—b
= o(b) —a.

This completes the proof.
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Let T=Zand a =—5, b =7. Here
ot)=t+1, teT.

Then
o(=5)=—-5+1
=—4,
o(7)=T+1
=8.

Hence,

pa([-5,7)1) =7—(=5)
=7+5
=12,

pa([=5,71) =o(7) — (-5)
=845
=13,

pa((=5,7)1) =7 —o(-5)
=7 —(—4)
=7+4
=11

and

ka((=5, ) =0(7) —o(—5)
=8 — (—4)
=8 +4
=12.

v/ Example

Let T = 4N and o = 1, b = 256. Here
ot)=4t, teT.

Then
o(1)=4-1
=4,
0(256) =4 - 256
=1024.
Hence,
pa([1,256)T) =256 — 1
=255,
pa([1,256]r) =o(256) — 1
=1024—1
=1023,
pa((1,256)1) =256 — o (1)
=255
and
pa((1,256)r) =o(256) — o(1)
=1024 — 4
=1020.
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Let‘]l‘:{(%)”:neNo}U{O,l}anda=W16,b=%.Here
Vit oif te{(%)gn:neN}
ot)=41 if t=3
0 if t=0
1 if t=1.
Then
,,(L)_ 1
256 )V 256
_1
~ 16’
*(3)=
5) =L
Hence,
([L l) )_E_L
ka\l256°2)r) T2 ~ 256
_128-1
T 256
_lm
~ 256’
([L l] )_0(1)_L
Ba\l2s6°2lr) T7\2) ™ 256
1
=1~ 256
256 —1
T 256
_ 255
T 2567
((z552) ) =3~ (z55)
ka\\256°2)-") T2 256
11
T2 16
_8-1
T 16
_T
16
and
(z8°2)e) == (3) = ()
Ea\2s672]x) =7\ 2 256
g1
716
_16—1
T 16
_15
16

v/ Example

LetU={%& :neNg}andT=UU(1-U)U{1}, and a = 45,b= L. Here

if t=0

if t=1

if teU\{3}
i te(1-0)\{3}
1 if t=1.

L\EM:&O

a(t) =

-
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Then

Hence,

and

Let T = hZ + k, where b > 0 and k € R. Find

pa ((—4h + k, 10k + K] ) .

Let T = (—2Ng) U 3%, Find

pa ((—10,27)r).
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Let T = {0} U 11™. Find

#a ([0,121)).
Let T =[1,2]U[3,4] U [7,8] U9N. Find
pa ([1,8]r) .

This page titled Chapter 2: Lebesgue Delta Measure on Time Scales is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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Chapter 3: Lebesgue Delta Measurable Functions
Svetlin G. Georgiev
Sorbonne University, Paris, France

Now, we proceed to define functions which we want to integrate. These functions are called Lebesgue delta measurable functions,
which we define as follows.

& Definition

A function f: T — R is said to be Lebesgue delta measurable if the preimage of any E € B under f is in M(m*), namely

F7(B) c M(m")

The Lebesgue delta measurable functions do not require measures but just M(m*) as the domain.

< Theorem

Let A c #. Then the indication function 14 : T — R is Lebesgue delta measurable if and only if A ¢ M(m*). Here 3 is the
Borel o-algebra generated by the open sets in R.

Proof
Note that for any Borel set E C B we have the following cases 1. 0,1€ E,2.0,1 ¢ E,3.0€ E,1 ¢ E, 4.0 ¢ E,1 € E. Therefore
FY(E) is either T, @, T\A, or A. Thus, the assertion follows.

Let f : T — R be Lebesgue delta measurable and g : R — R is Borel measurable. Then the composition g of : T — R is
Lebesgue delta measurable.

Proof
For any Borel measurable set B c B, we have g~1(B) c B. Hence,

(9o /) (B) =fY(g(B))
cM(m*).

This completes the proof.

Suppose that f : T — R. The following are equivalent. 1. The function f is Lebesgue delta integrable. 2. f=1(I) c M(m*) for
any open interval I c R. 3. f~1(1,) c M(m*) for any set I, of the form I, = (—oo,a], where $a\in \mathbb{R}\). 4. f=1(J,)
C M(m*) for any set J, of the form J, = (—o0,a), where a €R. 5. f71(K,) C M(m*) for any set K, of the form K, = [a, ),
where a € R. 6. f71(L,) C M(m*) for any set L, of the form L, = (a, ), where a € R.

Proof

We prove only the equivalence of some of the statements above which can then be combined together to give the full
equivalence. (1) = (2) By the definition for Lebesgue delta measurable functions, we get that f=!(I) c M(m*) for any open
interval I C R. (2) = (1) By the fact that the Borel o-algebra is generated by the open sets of R and the preimage operation
preserves countable unions, intersections, and complements, we get that f~1(A) c M(m*) for any A C B. Now, applying the
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definition for Lebesgue delta measurable functions, we conclude that the function f is Lebesgue delta measurable. (2) = (3)
For a fixed a € R, define the open intervals

= (—oo,a,+l].
n

Then, the set (—o0, a]. can be written as the countable intersection

(—o0,a] = ﬁ I,.

n=1

Hence, we have

£ (—o0a]) = (ﬁ In)
n=1

=@Pm)
CM(m?®).

(3) = (2) We first show that we can produce any open interval (a,b) for a,b € R with e < b from these half-infinity intervals
by countable unions, intersection, and complements. For finite a,b € R, we have that

(a,0] =(°—°°0, b]\(—c0, d],
{b} =nﬂ={ (b— %b]
1t (- 2])

Therefore, the set (a,b) = (a,b)\{b} can be made up of countable unions, intersections, and complements of intervals of the
form (—oo0, a). Next, the intervals (—oo, a) and (a,c0) can be represented as follows

(—00,a) =(...U(@—3,a—2]U(a—2,a—1])U(a—1,a)
and

(@,00) =(a,a+1)U([a+1,a+2)U[a+2,a+3)U...).

Thus, by using the fact that the inverse functions preserve unions, intersections, and complements, we conclude the result.
(2) = (4) This is trivially true since (—oo, a) are open intervals in R. (4) = (2) We need to show that for any a,b € R with a
< b, the interval (a, ) can be constructed by countable intersections. For finite a,b € R with a < b, we note that

[a,b) = (—o0,b)\(—00, @)
and

o0

{a}=n | [a,a+%)

1
| ((—oo,a + E) \(—oo,a)) .

8

n

Therefore, the set
(a,b) = (—00,b)\(—00,a) N {a}*

is made up of countable unions, intersections, and complements of intervals of the forms (—oo,a) and (a, 00). Thus, by using
the fact that the inverse functions preserve intersections, we conclude the result. (3) <= (6)

Note that for any a € R, we have (a, 00) = (—o0, a]®. Thus,

F7((a,00)) =7 ((—0,0])
=T\f*((—00, a)).
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This implies that f~((—oo, a)) € M(m*) for any @ € R if and only if f~!((—oo,a]) € M(m*) for any a € R. (4) <= (5) Note that
for any a € R, we have

[a, 00) = (—o0,a)".
Hence,
7 ([a,00)) =f 7 ((—00,0)°)
—T\fX((~o0,a)).

From here, we get that f~1((—oo, a)) € M(m*) for any a € R if and only if f~!([a, 00)). This completes the proof. \end{proof}

Using the above characterization, we show that the Lebesgue delta measurable functions are preserved under many algebraic
operations.

Let f,g : T — R be Lebesgue delta measurable functions. Then so are the functions 1. Af for some constant A € R. 2. f +g. 3.
fg. 4. % defined on {t € T : i # 0}. 5. max{f, g} and min{f,g}). 6. f+, f~ and |f|, where

f+ =ma‘x{fa 0}1
f_ =ma‘x{_f7 0}

Proof
1. If X = 0, then there is nothing to check. Suppose that A > 0. Since f : T — R is Lebesgue delta measurable, then all preimages
of the intervals (—oo, ) for any b € R are contained in M(m*). In other words, we know that the sets

{teT: f(t) < b}
lie in M(m*) for any b € R. To show that Af : T — R is Lebesgue delta measurable, we need to show that
{t € T: Mf(t) < ¢} C M(m*)
for any ¢ € R. However, for each ¢ € R, this is simply

{teT:Af(t)<c}={te1r:f(t)<§}

={teT: f(t)<b} for b= ¢

XE]R,

which we know lies in M(m*). Finally, for the case A < 0, we have
c
{teT:af)<ch={teT: f(t)> X}’
which is also contained in M(m*). 2. We need to check that for all ¢ €. R, the sets
{t eT: f(t)+g(t) > c}
lie in M(m*). Observe that

{teT:fO)+ot)>ct=J{teT:f(t)>gtn{teT:g(t)>c—q}).
9€Q

Since f,g: T — R are Lebesgue delta measurable we know that the sets
{teT:f(t)>q} and {t€T:g(t)>c—q}

lie in M(m*) for each ¢ € R and ¢ € Q. Since M(m*) is a o-algebra, this countable union is also in M(m*). Similarly, we have

{teT:f)—g@t)>ct={J{teT: f)>gn{teT:g(t) <g—c})
9€Q
CM(m*).
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So, the function f — g is also Lebesgue delta measurable. 3. To show that $fg: \mathbb{T}\to\mathbb{R}\) is Lebesgue delta
measurable, firstly we will show that the function f%: T — R is Lebesgue delta measurable. This is equivalent to showing that
the set

{teT: ft)2 <c}
is in M(m*) for any ¢ € R. We split this into two cases. (a) For ¢ < 0, we get
{teT: f(t)2<c} =0
CcM(m*").
(b) For ¢ > 0, we find
{teT: f(t) < c} = {t € T: (Ft) - V) ((t) + V&) < 0}

={teT: f(t) > —Vc}n{teT: f(t) < Vc})
UteT: f() < —vetn{teT: f(t) > ve}),

which lies in M(m?*) since f is Lebesgue delta measurable.
To show that fg: T — R is Lebesgue delta measurable, we note that

1

fo=7((f+9*=(f-9").

Since f and g are Lebesgue delta measurable, necessarily f 4+ g are Lebesgue delta measurable by the second assertion. Hence,
1(f £ g)? are Lebesgue delta measurable by the above and the first assertion. Finally, we conclude that their difference, which
is fg, is also Lebesgue delta measurable by the second assertion.

4. To show that é : {t € T : g(t) # 0} is Lebesgue delta measurable, it suffices to show that the function % :{t € T :g(t) # 0}
— R is Lebesgue delta measurable. We check for different cases of the value c.

(a) For ¢ > 0, we have
1 1
{te’Jl‘: o) <c}={t€']l‘: . <g(t)}ﬂ{t€’]l‘:_q(t)<0}
cM(m*).
(b) For ¢ =0, we have
1
{te'ﬂ‘.m<0}_{te'ﬂ‘.g(t)<0}
CcM(m*).
(c) For ¢ > 0, we get
1 1
{te'Jl‘: o) <c}={te'J1‘: - <g(t)}U{teT:g(t)<0}
cM(m*).

Thus, the function % is also Lebesgue delta measurable. Since the product of Lebesgue delta measurable functions is also
Lebesgue delta measurable, by the third assertion, we conclude that % is also Lebesgue delta measurable.

5. Note that

{t € T: max{f,g}(t) <c}={teT: ft) <c}n{teT:gt) <c}
and

{t € T: min{f,g}(t) >c}={t€T: ft) >c}N{t €T: g(t) > c}

for any ¢ € R. Thus, the functions max{f, g} and min{f, g} are Lebesgue delta measurable.
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6. Since 0 is Lebesgue delta measurable, by the previous assertion, we conclude that f* and f~. are Lebesgue delta
measurable. Next,

{teT:|f@t)<c}={t€T:ft)<c}N{teT: f(t) >—c},
whereupon we conclude that | f| is Lebesgue delta measurable. This completes the proof.

Let R =R U{—o0,00}. We can extend the definition for Lebesgue delta measurable functions to functions with images including
F00.

A function f: T — R is said to be Lebesgue delta measurable if
1. for any E C B, its preimage under f is in M(m*), that is f~}(E) c M(m*), and
2. the preimage sets
F7 ({oo}) = {t € T: f(t) = 00}
and
7 ({~oo}) = {t € T: f(t) = —oo}
lie in M(m*).

Using the above definition, we have a way to check this.

Suppose that £ : T — R. Then the following are equivalent.
1. The function f is Lebesgue delta measurable.
2. f74(1,) c M(m*) for any set I, of the form
I, = [—00,a], where a€R.

Proof

1) =(2)

By assumption, we have that f : T — R is Lebesgue delta measurable. Then, we have f~!({—o00}) € M(m*). Since (—oo,a] C 3B,
we get that f~!((—o0, a]) C M(m*). Hence,

F7H([~o0,a]) =~ ({~00} U (=00, 4])
=f""({=00}) U f7}((~00,a])
CM(m*).
2)=@Q)
By assumption, we have f=!([—o0,a]) Cc M(m*). We first show that f=}({—o0}), f1({o0}) C M(m*).

(a) Note that
{—o0} = ﬂ I,.

nez

Then

FH{—o0p) =f (ﬂ In)

neZ

= ﬂ f_l(In)
neZ

CM(m*).
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Now, using De Morgans law, we have

{oo} =R\ J I

neZ

=1

nezZ

Hence,

F7({oo}) =f (ﬂ Iﬁ)

nez

=71

nez

=) (T\f'(In))

nezZ
=T\ U f_l(In)
neZ
CcM(m*).
Note that

(=00, a] = [~00, a]\{—0o0}.
Then

F7H((~00,a]) =f ([0, a]\{~o0})
=f"H([~o0, a)\f T ({~o0})
CM(m*).
From here, we get that for any A ¢ B one has f~1(4) c M(m*). Therefore f is Lebesgue delta measurable. This completes the
proof. \end{proof}

Let {fn}nen be a sequence of Lebesgue delta measurable functions f, : T — R. Then the following functions on T are Lebesgue
delta measurable.
1. :16111: fn» and ’:215 fn.

2. limsup f, and lim inf f,).
n—00

n—00
Proof
1. Note that
{teT:supfa(t) <c} = ﬂ{te’]l‘:f,.(t) <c}
neN neN
CM(m*) forany c€R
and

{teT: inf fu(t) <c} =g{t €T: falt) < c}
CM(m?*) for any ceR.

Therefore sup f,, and ig} fn are Lebesgue delta measurable.
neN 2
2. Define the sequences {sup fp(t)}nen and { ir;f Jn(t)}nen for ¢ € T. By the first assertion, we have that the functions sup fr,(t)
m>n mzn m>n
and igf fn(t), n € N, are Lebesgue delta measurable for any » € N. Furthermore, since

limsup f(t) = inf (sup fm(t)) :

n—o00 m2>n

linII_l)glff"(t) =sup ( inf fn(t)) , teT,

neN \m2n
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applying the first assertion, we get that limsup f, and lirg inf f, are Lebesgue delta measurable. This completes the proof.

n—00

\end{proof}

This page titled Chapter 3: Lebesgue Delta Measurable Functions is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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Chapter 4: Lebesgue Delta Integration of Simple Functions

& Theorem Chapter4.1

Theorem text

Svetlin G. Georgiev
Sorbonne University, Paris, France

After seeing how we can define a valid Lebesgue delta measure, we are now ready to approximate the Lebesgue delta measurable
functions by an analogue of step functions. These functions are called simple functions.

& Definition

A function ¢ : T — R is called a simple function if there exists an n € N such that for any j € {1,2,...,n} there are constants c;
€ R and Lebesgue delta measurable sets E; c M(m*) such that

$(t) =Y _cilg(t), teT,
=1

where 1g, : T — R are the indicator functions on the sets Ej, j € {1,2,...,n}.

In other words, a simple function is a Lebesgue delta measurable function that attains only finitely many values of R. Clearly, finite
sums and scalar multiples of a simple function is also a simple function. Without loss of generality, assume that the sets E;, j
€ {1,2,...,n}, are pairwise disjoint.

Let E,F c M(m*) and 15,17 : T — R be indicator functions on these sets. Then we have the following.
1.1 15 = 1gnr.

2.1+ 1r = 1gyr + 1EnF.

3. 15— 15| = 1gap-

Proof
1. Let t € T be arbitrarily chosen. We have the following cases.

(@)t€ E,t e F. Thent € ENF and
1E(t) . 1F(t) =1-1

=1’

(b)te E,t ¢ F.Thent ¢ EN F and

’

1gnr(t) =0.

1g5(t) - 1p(t) =1-0
0

(c)t¢ E,t € F. Thent ¢ ENF and

15(t) - 1r(t) =0-1
0

’

(dt¢ E,t¢ F. Thent ¢ EN F and
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1g(t) - 1#(t) =0-0
=0,
1EnF(t) =0.

2. Let t € T be arbitrarily chosen. We have the following cases.

(Q)te E,t e F. Thent€ EUF and ¢t € EN F. Hence,

1(t) +1r(t) =1+1
=2,

IEUF(t) + 1EnF(t) =1+1
=2.

(b)te E,t¢ F.Thent € EUF and ¢t ¢ E N F. Hence,
1(t) + 1r(t) =140
Lo (®) + Loni (8 Zil 0

(c)t¢ E,t e F. Thente EUF and ¢t ¢ EN F. Hence,
1g(t) + 1p(t) =0+1
120r(t) + Lenr () zi+ 0

(d)t¢ E,t¢ F. Thent ¢ EUF,t¢ ENF. Hence,

1g(t)+1p(2) =040
0,

1zur(t) + 1Enr(t) =040
=0.

3. Let ¢t € T be arbitrarily chosen. We have the following cases.

(@teEB,tceF.Thente EUFandtec ENF. Hence, t ¢ EAF and

[1e(t) —1r(t)] =1 1]
=0,
1par(t) =0.

(byteE,t¢ F.Thent € EUF andt ¢ ENF. Hence, t € EAF and

[1£(t) — 1F(t)| =1 -0
=1’
1par =1.

(c)t¢ E,t e F. Thente EUF and ¢ ¢ EN F. Hence,

[1z(t) — 1r()| =|0—1]
=1,
1par =1.

(dt¢Et¢ F.Thent ¢ EuFandt ¢ F. Hence, t ¢ EAF and

1Ee@t) —1r(t)| =1 —1]
=0’
1gar =0.

This completes the proof.

The next question is: how do we approximate a nonnegative Lebesgue delta measurable function using simple functions? In this

regard, we have the following result.

Chapter 4.2

https://math.libretexts.org/@go/page/208224



https://libretexts.org/
https://math.libretexts.org/@go/page/208224?pdf

LibreTexts*

Let f : T — R be a nonnegative Lebesgue delta measurable function. Then, there is a pointwise increasing sequence {f,}nen of
simple functions f, : T — R such that f, — f as n — oo pointwise.

Proof

For each n € N, define

9:m_jp
J
() = =15 () +2"14 (t), teT,
£ = X e+ 21t
where
A, ={teT: f(t) >2"}
and

j j+1 )
En,jz{teT:;—"gf(t)<'72—"}, ji€e{o0,1,..,2>" —1}.

First, we will show that this sequence of functions is pointwise increasing. Fix ¢t € T and n € N. We want to show that

Frt1(t) 2 fa(?).
We have several cases for ¢.
1. If t € By, ; for some j € {0,1, ...,22* — 1}, then
—-d
Ialt) = 2
and
J j+1
<50 <2k

This implies

2j 25 + 2
on+l < f(t) E ont+l

Thus, ¢ € Eny1 for k= 2j or k = 25+ 1. The former means
2j
Frr1(2) =on
J

T

=f n (t) )
whilst the latter means

2j+1
fn+1 (t) = on+l

In either case, we have
Fri1(t) = fa(t).
2. If t € A, then f(t) > 2" and f£,(¢) = 2" Thus, we either have subcases
ft) =2 or 2" < f(t) < 2™

(a) For the first subcase, we get
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fn+1 (t) 22n+1

>2"
=fn(t)-
(b) On the other hand,
2 << T2
whereupon
22n+1 22n+2

e = F(O) < oo

and t € En1j for some j € {22011, ... 2202 _ 1}, Therefore

22n+1
fﬂ+1 (t) 2 W

=2
=fn(t)'

Hence, in all subcases we have
Frt1(t) 2 fa(?).

Thus, the sequence {f»}nen is a sequence of pointwise increasing simple functions. Moreover, by construction, we have

Osf_f"gzin ontheset {teT: f(t) <2"}

and
fn=2" ontheset {teT: f(t)>2"}
So, for any ¢ € T, we have two possible cases.
1. If f(t) is finite, then there exists an N € N such that £() < 2". Thus, for any n > N, at this point we get
0 <f(t) — fa(t)
P
5o

1
_2_N'

Taking the limit as n — oo, we then have f,,(t) = f(¢).\
2. If £(t) = oo, then {f,(t)}nen = {2"}nen Which diverges to co.

In either case, we have f,, — fas n — oo pointwise. This completes the proof.

Now, we consider a simple function ¢ : T — R of the form
#(t) = Zn;cjlgj(t), teT,
o
where E; ¢ M(m*), j € {1,2,...,n}, are pairwise disjoint and ¢; € R, j € {1,2,...,n}. Define
I(¢) = .zn;cj,uA(Ej). (Chapter 4.1)
=

We note that the function ¢ may be expressed in a different way using different collections of Lebesgue delta measurable sets E;
and constants c;. But the value of I(¢) in (Chapter 4.1) is defined to be explicitly dependent on the way it is represented.
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The value of I(¢) in (Chapter 4.1) is well-defined regardless of the representation of ¢.

Proof
Indeed, suppose that we write ¢ in two different representations

n
= Z cilg;
=1
and

m
¢=> dilg,
i=1

where {E;}7_, and {F;}7, are pairwise disjoint collections of sets of M(m*) and c;, d; € R. Define

n
E,=T\| J E;,
=1

m
Fo=T\| JF..
=1

Furthermore, let
Gij =FnN EJ‘ C M(m*)

for any j € {0,1,2,...,n} and i € {0,1,2, ..., m}. For each j € {0, 1,2, ...,n}, we have

and for each i € {0,1,2, ...,m}, we have

Moreover, G;; are pairwise disjoint for i € {0,1,2,...,m} and j € {0,1,2, ..., n}. If we set ¢y = dy = 0, we can write ¢ as follows.

n

¢ = E ¢ilg;
=0
n m

=) ¢ E 1FnE;
0

J= =0

n,m
= > clay

3=0,i=0
and

m

¢$=> diln
=0
m n

=>"d; Y 1gng
im0 =0
n,m

= ) dilg,

J=0,i=0

Whenever F; N E; = G;; # 0, evaluation the function ¢ at any ¢ € G;; we must have ¢; = d;. Via contra opposite, if ¢; # d;, then
Gi; = 0 and hence, pa(Gy;) = 0. Using this observation, we arrive at
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n n

I (Z leE,-) = Z c;ua(Ej)

=0 =0
n,m

= Y cipa(Gy)
§=0,4=0
nm

= > dipa(Gy)
j=0,i=0

= dipa(F)

=0

(San).

=0

This completes the proof.

v/ Example

Let T=Zand ¢ : [0, 5]t — [0, 00]} be defined as follows
1 if [0,2]rU[4,5]r
$(t) =

2 if t€(2,3r
0 if ¢t€(3,4)r.

Let

E; =[0,2]r,
E; =(2, 3],
E3 =(314)Ta
By =(4,5]r.

Here
ot)=t+1, teT.
Then

ua(By) =o(2) —0
=3-0
=3,

ua(Ba) =o(3) — o(2)

pa(Bs) =4 — o(3)

=0,
pa(Es) =o(5) — o(4)
=6—5
=1.

The simple function ¢ can be represented in the form
o(t)=1-1p, +2:15+0-15+1-15, te [0, 5].
Hence,

I(¢) =1-pa(E1) +2- pa(Ba) +1- pa(Ea)
=1-34+2-14+1-1
=3+2+4+1
=6.

From definitions, we can prove the following properties.
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Let ¢,7 : T — R be simple functions.
1. For any constant A € R one has
I(A¢) = M (8).
2. 1(¢+9) = I($) + I(¥)-
3.1f0< ¢ <¢onT, then
0 < I(¢) < I(9)-
4. [1()| < I(I9))-
5.If0< ¢ on T and E C M(m*), then
Ig(¢) =I(1p- ¢) < I(9).
6. If E, F C M(m*) are disjoint, then
Ipur(9) = Ie($) + Ir(9).

Proof
Let

¢(t) = chlEﬂ
=1

() =Y didp, teT,
i=1

where {E;}2_;, {Fi}]2; C M(m*) are each pairwise disjoint collections of sets in T and c;, d; € R.

1. We have

AB(6) =X (Z cle,-(t))
=1

n
=Y (Aej)ig(®), teT,

J

Bl

I(¢) = chll'A(Ej)a

108) =3 Oepua(E).

=1

Hence,

AL(g) =A (Z c]-uA<E]-))
=

= (Oc)ua(By)
=1
=I(\p).
2. Define

n
Ey =T\ | J Ej,
J=1

m
Fy =T\ JF,
i=1

Gii=F.NE;, i€{0,1,2,..,m}, je€{0,1,2,..,n}.
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Then
E;=JaGy,
=0
F,= U Gij, i1€{0,1,2,...,m}, j€{0,1,2,..,n},
=0
and
¢(t) = Z cjlcij(t)’
j=0,i=0
()= D dilg,t), teT.
§=0,i=0
Hence,
I(¢)= ) cipa(Gy),
§=0,i=0
n,m
I(¢) = E diﬂA(G.‘j).
7=0,i=0

Using the above, we get

I(¢+’(/)) =I( 2’: leG,-_,-+ 2,: dilG,-_,-)

20,0 420,70
n,m
=I( Z (Cj+d,')1gl.j)
§=0,i=0
= > (cj+di)ua(Gy)
§=0,i=0
= E cjpa(Gij) + Z dipa(Gij)
7=0,i=0 §=0,i=0
=I(¢) + I(¥).

3. Since ¢ > 0 on T, we have thatc; >0, j € {0,1,2,...,n}. Hence,

1¢) =3 ciualE)
>0,
If ¢ < ¢ pointwise, the simple function % — ¢ is nonnegative. We have the following cases.
(a) If I(¢) = I(¢) = oo or I(¢) < oo and I(3)) = oo, then the inequality is clearly true.
(b) The case I(¢) = oo and I(z) < oo is impossible.
(c) Assume that I(¢) and I() are finite. Note that
I—¢) >0.

By using the first two assertions, we get

I($—¢) =I% + ((-1) - 9))
=I(¥) +I((-1) - ¢)
=I(¥) + (-1) - 1(¢)
=I(y) —1(¢)

20,

which implies the desired inequality.

(4) We have
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[1($)| =

> cina(Bj)
=1

n
<Y lejua(E;)|
=

=Y lelua(E)
~1(4).

5) Since ¢ > 0 on T, we have that ¢; > 0, j € {0, 1,2, ...,n}. Note that
J
n
lp-¢=1g- (Z leE,-)
=1
n
= Z CjIE - 1E_,-
j=1
n
= ch]-EnE_,—
j=1

and because EN E; C E;, j € {1,2,...,n}, we get
I‘LA(E n E]) < p’A(Ej)7 J € {1721 an}y

and
I(1g- @) =ZCjuA(Eﬂ Ej)
=

<3 ca(®)
_1(9)
6. Since E and F are disjoint, we get
lpur =1g+ 1p.

Then

Irur(¢) =I(1Eur - @)
=I(1g+1F)- ¢)
=I(1p-¢+1r-¢)
=I(1g-¢)+I(1r- ¢)
=Ig(¢) + Ir(¢).

This completes the proof.

This page titled Chapter 4: Lebesgue Delta Integration of Simple Functions is shared under a not declared license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.
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Chapter 5: Lebesgue Delta Integration of Nonnegative Functions

For a Lebesgue delta measurable function f: T — R, denote

Let f : T — R be a nonnegative Lebesgue delta measurable function. We define the Lebesgue delta integral of f over T as

follows

Us={¢ is a nonnegative simple function with ¢ < f}.

/ fApa =sup{I(¢) : ¢ € Uy}.

# Definition

A nopnnegative Lebesgue measurable function f: T — [0, oo] is called Lebesgue delta integrable if

/pr,A < 00.
T

The space of all Lebesgue delta integrable functions over T is denoted by £} (T).

We can also define a Lebesgue delta integral of a nonnegative Lebesgue delta measurable function f over some subset E c T in
tghe o-algebra M(m*). This is defined using the integral above as follows

E/ foApa = T/ 1g- fAua

=sup{I(¢) : ¢ € Uy}
=sup{I(1g¢) : ¢ € U1}
—sup{Ix(6) : 6 € Up).

Let f,g: T — [0, co] be nonnegative Lebesgue delta integrable functions.

1.If ¢: T — R is a simple function, then

[ enua=16)

T

2. If A > 0 is a real constant, then

T/ MApa =\ T/ fAua.

3.Ifo< f<g, then

/ fApa < / gApa.
T

T

4.1f E, F c M(m*) are disjoint and f € £} (T), then

[ aus= [ aua+ [ saua.
EUF E F
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5.If E c M(m*) and pa(E) = 0, then

E/ fAua =0.

6.If f=0 pa-a.e., then

/fAﬂA =0.

T
\end{theorem} \begin{proof}
1. We have

[ s =supi1(9): 6 € U}
s
2. Since I(A@) = A (¢) for any ¢ € Uy, we get
[ 180 =sup(1(®): 6 € s}
' =sup{I(A¢) : Ap € Uxs}

= sup{AI(g) : ¢ € Uy}
=Asup{I(¢) : ¢ € Uy}

=) T/ FApA.

3. Since f < g, we get Uy C U,. Hence,

/ fAua =sup{I(9) : ¢ € Us}
T

<sup{I(¢) : ¢ € Uy}

= / gApA.

T

4. First, by subadditivity of supremum, we have

/fAuA =sup{Ipur(9) : ¢ € Us}
EUF
=sup{Ig(4) + Ir($) : ¢ € Us}
<sup{Ig(¢) : ¢ € Us} +sup{Ir(¢) : ¢ € Us}

= / FApa + / FApa.
E F
For any simple functions ¢, % € Uy, consider the function
K= 1E¢ + ]-F "/)a

which is also a simple function. If ¢t € F, then

() =1p()6(t) + Lr(t)Y(t)
=y(t)
<f(@).

Likewise, for t € E, we have

K(t) =o(t)
<5 ().

Fort € (EU F)°, we have
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K(t) =0
<f().

Thus, & is a simple function for which « € Uy. Therefore

Ig(¢) + Ir() =I(1pd + 159)
=I(k)

< [ tua.

ECF

Taking supfremum of Ig(¢) and Ir(3), we arrive at

E/ fApa + F/ fApa SEU/F FApa.

Therefore
[ us< [ 18un+ [ tana
EUF E F
< / FApa,
EUF

whereupon we get the desired result.

5. For any ¢ € Uy for which
6(t) = cilg(t), teT,
=1

where the sets E; c M(m*) are disjoint and ¢; are real constants, j € {1,2,...,n}. Since E; N E C E and pa(E) =0, we obtain
pa(E;NE)=0, je€{1,2,..,n}. Hence,
n
Is(¢) =) ciua(E; N E)
j=1
=0.

Therefore

E/ fAua=0.

6. Let
E={teT: f(t)=0}.
Since f = 0 pa-a.e., we have
pa(T\E) = 0.

From the fourth and fifth assertions, we get

This completes the proof.
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If f: T > [0,00] is Lebesgue delta integrable, then for any constant ¢ > 0 we have

pa (@ e T: 1) > ) < ¢ [ fAua.

T
Proof
Define
¢ = et f)=c)-
Then
¢<f on {teT:f(t)>c}
and

wteT: == [ cous
{t€T-(8)>c}

= / cliteT sty Aa

This completes the proof.

Let f: T — [0, 00] be Lebesgue delta integrable.
1.If f € LL(T), then
ua({t €T: f(t) = oo}) = 0.
2.1f
/fAuA =0,
T

then f =0 pua-a.e. onT.

Proof
1. Since f € £ (T), we have that

/ fApa is a finite constant.
T

Define
E,={teT: f(t)>n}, neN.
Then
E,.1iCE, neN.

Applying the Markov inequality, we find
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nalBn) < [ fAua.
T

From here, we arrive at
0<pa({t€T: f(t) = oo})

=ua | Ej)
j=1

= i, #alEr)
1
<t [
T

=0.

2. Define
1
F"={teT:f(t)>;}, neN.

We have

F,CFu1, neN

Applying the Markov inequality, we find

HA (Fn) <n | fApa
/
=0

Hence,

pa ({t € T: f(t) > 0}) =pa DEJ)

= i palFn)
=0,

giving us the result.

This page titled Chapter 5: Lebesgue Delta Integration of Nonnegative Functions is shared under a not declared license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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Chapter 6: The Monotone Convergence Theorem

A very useful result for nonnegative delta measurable functions is the monotone convergence theorem. This is a precursor to many
convergence theorems which we shall prove later.

Let {f,}nen be an increasing sequence of nonnegative Lebesgue delta measurable functions £, : T — [0, cc] that converges to
some nonnegative Lebesgue delta measurable function f: T — [0, cc]. Then

/ fApa = / lim foApa
n—00
T T

—lim [ fuba.
T
Proof
We have
fm<farr1<f, neN
Then

/fﬂAl"’A S/fn+1Alv'/A
T T

S/fA,uA, n € N.
T

Taking the limit as n — oo, we have

lim / fubpa —sup ( / anl‘A)
ﬂ—)wT ﬂEN

T
S/fAuA-
T

Now, we need to prove the inverse inequality. Let
m
o)=Y cilg(t), teT,
=1

where {E;}7, are pairwise disjoint and ¢;, j € {1, ...,m}, are real constants, and
0<¢< /.
Fix a € (0,1) arbitrarily and define
B, ={teT: fo(t) > ad(t)}, neN.
The sets By, n € N, are Lebesgue delta measurable and since the sequence {f,}.cn is increasing, we get
B, C Bni1, n€EN.

Moreover, we have

because

fn(®) = £(2)
>a¢(t) as n—oo, teT.
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Since

adlp, <falp,

Sfm neN,
by integrating over T, we get
alp (¢) < /f,.AuA, n € N. (Chapter 6.1)
T
Since
EjanCE]‘an_H, j,n €N,

and

o0

U(®inB.) = B;

n=1

we have the following limit
m
Jlim Ip,(¢) = lim ; cjpa(E;j N Bn)
n
=D ¢ lim pa(E; N By)
j=1

=3 cina(E)
~1(¢).

Hence, taking the limit as n — oo in (Chapter 6.1), we arrive at
ol(9) < lim [ fuua
T
for any arbitrary « € (0, 1). Taking the limit as o — 1 then yields
1) < Jim [ fuua.
T
Now, taking the supremum over all simple functions ¢ with 0 < ¢ < f, we find
/fA/,LA < li_)m /anlJA-
T T

Putting the two inequalities together, we obtain the desired result.

This page titled Chapter 6: The Monotone Convergence Theorem is shared under a not declared license and was authored, remixed, and/or curated
by Svetlin G. Georgiev.
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Chapter 7: The Fatou Lemmas

Since integrals can be thought of as limits of sums, the finite subadditivity of limit superior and finite superadditivity of limit
inferior carry forward to Lebesgue delta integrals. These generalisations are called the Fatou lemmas.

& Theorem (The Fatou Lemma)

Suppose that {f,}.en is a sequence of Lebesgue delta measurable functions £, : T — [0, oo]. Then
/ liminf fuApa < liminf / Falia.
T T
In particular, if {fn}nen is a sequence of nonnegative Lebesgue delta measurable functions and f, — f as n — oo pa-a.e., then

/ fApa < liminf / fnBpa.
T T

Proof
Define

gn(t) = inf fr(t), teT, neN.
m>n
Then {g,}nen is @ pointwise increasing sequence and

lim g, = liminf f,,.
n—00 n—o0

We apply the Monotone Convergence Theorem to the sequence {g,}cn to get
Jim / gnApa = / Jim gnApa
T T

=/liminff"AuA.
n—o0
T

On the other hand, we have
0<gn < fm, m>n.

Then
/gnAﬂA S/fmAuA, m2>n.
T T
Thus, we have
/ gnBua < inf / FAia,
T T
whereupon
Jim / gnApa < liminf / JNTIN
T T
and
/liminfanpA < liminf/anpA,
n—00 n—00
T T

which completes the proof.
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Suppose that {f,}nen is a sequence of Lebesgue delta measurable functions f, : T — [0, 0o] such that there exists a nonnegative
Lebesgue delta measurable function g for which

fa<g, meN.

Then
limsup/an/,LA < /limsupf,,AuA.
n—oo n—00
T T
Proof
Define

hn=9—fn, neN.

Applying the Fatou Lemma to the sequence {h; }nen, We find
/ liminf(g — fn)Apa < limsup / (9— fr)Apa,
e n—+00
T T

or

/gAp,A+/liminf(—f,,)AuA < /gAp,A+1iminf (—/f,,AuA) ,
n—00 n—oo
T T

T T

or

—/limsup fnApa < —limsup/anuA,
T

n—roo n—00
T
whereupon we get the desired result.

& Corollary

Let f,g: T — [0, 00] be nonnegative Lebesgue delta measurable functions and a, 8 > 0. Then

/ (af + Bg)Apa =a / fApa+8 / gApa.
T T T

Proof
Firstly, we will prove that

/ (f+9)Apa = / fApa + / gApa. (Chapter 7.1)
T T T

Consider the pointwise increasing sequences of simple functions {¢,}en and {¥y}nen such that ¢, — f and ¢, — g as n — oo.
Then

¢n+¢n_)f+g as n — oo.

By the Monotone Convergence Theorem, we get
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[+ 9808 = tim 160 +42)
T

= ﬂll{go(I(‘ﬁn) + I("/’n))
= '}1_{1010 I(¢n) + '}l_lgo I(%n)

- / fAua + / N
T T

Now, we apply (Chapter 7.1) for the functions af and Bg and using the homogeneity of the Lebesgue delta integral, we find

[(@n)+@a)sus= [asdus+ [ odua
T

T T

—a [ 18ua+ 5 T/ oApa.

T

This completes the proof.

This page titled Chapter 7: The Fatou Lemmas is shared under a not declared license and was authored, remixed, and/or curated by Svetlin G.
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Chapter 8: Lebesgue Delta Integration of Nonnegative Functions Series

Since the Lebesgue delta integral behaves well under limits of nonnegative functions, we can do much more with it than we could

with the Riemann delta integral.

Recall that if {f;},en is a sequence of functions f; : T — R, we define the infinite sum/series pointwise via the limit of partial sums
n
Spn = Z .fja
=1
that is

D fi(t) = lim " 6nf;(t)
=1 =1
= lim s,(¢), t€T.

n—roo

Thus, we can prove the following result.

Let {f.}nen be a sequence of nonnegative Lebesgue delta measurable functions f, : T — [0, co]. Then
> [ fubua = [ 3 futbua.
n=1 T T n=1

In particular,

(o) o0
an € LA(T) if and only if Z/f,.A,uA < 00.
n=1 n=1 T

Proof
Since the functions f;, 5 €N, in the series are nonnegative, the partial sums s,, n € N, are nonnegative and the sequence
{sn}nen is increasing pointwise. By using the Monotone Convergence Theorem, we get

o0 m
> / fulspn = Jim > / Fabia
=T n=ir
m
= Jim (> fuua
T

n=1
m

= / Jim Y fulua
T n=1

- 3 fulua,

n=1

and we are done.

A variant of this is to split the domain of integration E into countably many disjoint subsets. We have the following domain-
additive property of the Lebesgue delta integral of nonnegative functions.

Suppose that {Ey}ren is a sequence of Lebesgue delta measurable sets with E,, all pairwise disjoint, and

Let f: T — |0, 00] be a nonnegative Lebesgue delta measurable function. Then
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[ #8ma = 2 [ 8na.

Proof
For any n € N, define

fn= fly, 5

J=1

The sequence {f,}nen is pointwise increasing to the limit f. So, we can apply the Monotone Convergence Theorem. to obtain

/ FApa = / Lim frApa
T T

= / Jlim flur, g Aua

and we are done.

This page titled Chapter 8: Lebesgue Delta Integration of Nonnegative Functions Series is shared under a not declared license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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Chapter 9: The Lebesgue Delta Integral

The construction of the Lebesgue delta integral can be generalised from nonnegative functions to any Lebesgue delta measurable
functions with image in R = [—o0, 00]. This is done by spliting an arbitrary Lebesgue delta measurable function f : T — R into its

positive and negative parts, namely
==,
which are two nonnegative functions.

< Definition

If at least one of the two integrals

/ f*Apa and / f~Apa
T T

is finite, we can define the Lebesgue delta integral as follows

1r/ fApa = T/ F*Aua - T/ FAua.

If both integrals are finite, then we say that the function f is Lebesgue delta integrable over T. The space of all Lebesgue delta
integrable functions over T is denoted by £% (T).

Suppose that f,g : T — R are Lebesgue delta measurable functions such that f,g € £4(T) and a, 8 € R are constants. Then, we

have the following.

1.af € £4(T) and

T/ afAps=a T/ FApa.

2. af + Bg € £4(T) and

/(af+ Bg)Apa = a/.fAHA + ,H/gAuA.
T T T

Proof
1. If a = 0, then there is nothing to prove. Otherwise, we have two cases.

(@) > 0. Then\

(@f) =afT,
(@f)” =af".

Hence, using the homogeneity of the Lebesgue delta integral of nonnegative Lebesgue delta measurable functions, we arrive at
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[Jattua= [ @n*aus= [ (@n sus

T T T

- T/ af *Aua T/ af ~Aua

=a/f+A,uA—a/f_ApA

T T
—a (T/erAuA—T/f_AuA)
=aT/fA/,LA.

(b) @ < 0. Then
(af)™ =max(af,0)

=max((—a)(-£),0)
=(—c) max(—f,0)

:(_a)f_v
and likewise,
(ef)” = (-a)f".

Hence, using that —a > 0, we get
[attua= [ @nans- [ (@nsus
T T T

_ / (—e)f~Apa — / (—a)f*Apa

T T

~(—a) T/ fBpata Tf f+pa

—a ( [ ua- T/ f-AuA)

T
=a/fAuA.
T

2. First, assume that & = 8 = 1. We have
frg=(f+9*—(f+9)”
and
frg=U"—F)+@" —9).
Combining this, we find
=)+ —g)=(f+9"-(f+97,
or
ff+a"+(f+9) =F+9 "+ +g,
where all terms of both sides are nonnegative.
Thus,

/ (f+o9*+f+9)Aua= / (fH+gt+(f+9)7)Apa,
T

T
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or
/(f+g)+AuA+/f‘AuA+/g‘AuA =/f*AuA+/g+AuA+/(f+g)_AuA,
T T T T T T
whereupon
[+ortua— [+oaua=| [raus= [raus|+| [osus= [sau ],
T T T T T T
or

[t +08ua = [ 18ua+ [onua.
T T T
Now, we apply this for the functions (af) and (8g), and using the first assertion, we obtain
J(@n+@o)dua = [arnus+ [ sodua
T T T

—a T/ fDpa+ B T/ oAua.

This completes the proof.

This page titled Chapter 9: The Lebesgue Delta Integral is shared under a not declared license and was authored, remixed, and/or curated by
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Chapter 10: Convergence Theorems

We can improve the Monotone Convergence Theorem to general Lebesgue delta measurable functions.

Let {f,}nen- be a sequence of Lebesgue delta measurable functions f, : T — R= [—o0, o0] that is pointwise increasing to some
function f : T — R and f, — f as n — oo pa-a.e. Suppose further that the set of Lebesgue delta integrals

o

/ fAua = / Im faAua
T

T

is bounded. Then f € £} (T) and

=lim | foApa.
n—o0
T

Proof
Define

gn="Ffn—f1, neN

We have that g, : T — [0, 00] and the sequence {g,}nen is increasing. Then we can apply the Monotone Convergence Theorem

to get
'}i_x)&/g,,AuA ='}i_{§°/(fn—f1)AﬂA
T T
=/'}i_1){.1°(fn — fi)Apa
T
=/(f—f1)AuA-
T
Since

/flAuA

T

is finite, we can use algebra to get

tim [ fotua= [ fius = [ ua= [ fitua,
T T T T
or
tim [ foua = [ fpa.
T T
Finally, since the sequence of Lebesgue delta integrals

T/ AYAVIN

is bounded above and since limits preserve weak inequalities, the resulting limit
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[ 2na

must be finite and so f € £} (T). This completes the proof.

Let f: T — R be a Lebesgue delta measurable function. For any e > 0 there exists a & > 0 such that for any set E ¢ M(m*) with
pa(PE) < 6, we must have

/|f|AuA <e
E

Proof
Note that |f| is a Lebesgue delta measurable function. Define the sets

={teT:|f(t)) <n}, neN,
and the functions
=|f|1E", n e N.

Note that {gn}nen is pointwise increasing to |f|. By the Monotone Convergence Theorem, it follows that there exists an index
N e N such that

[ontua~ [1118ual = [(51- gn)ra
T T 'Jg
<—.

2
For any E c M(m*) with ua(E) < oo, since |f| > gy on T and gy < N on E, we get
[1018us = [f1-gm)dns + [ antua
E E E
S/(|f|—9N)AﬂA+/NAILA
T E
— [ (11~ ax)8ua + Nua(E)
T
<§ + Npa(E).
Now, we take § = 55 > 0. Then, for any E c M(m*) with pa (E) < 6, we find

/|f|A”A<; +N(2N)

+

N o

€
2
=e.

This completes the proof.

& Theorem (Dominated Convergence Theorem)

Let {fa}nen be a sequence of Lebesgue delta measurable functions where f, : T — R and f, — f on T pointwise to some
function f : T — R. Suppose that there exists a function f € L1 (T) such that |f,| < g ua-a.e. on T for any n € N. Then f,, f
L% (T) and

Tim anuA— / fApa.
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3uago

Since f,, n €N, are Lebesgue delta measurable, we have that the limiting function f is Lebesgue delta measurable. By
comparison, since |f,| < g pa-a.e., f,, n €N, are Lebesgue delta integrable over T for any n € N. Next,

|f] = im |fa|
<g par—a.e.

Hence, the function f must be Lebesgue delta integrable over T, as well. Define

hn =9 — fr,
Pn=9+fn, nEN

We apply the Fatou lemma to the sequences {hr}nen} and {pr}nen and we find
/ (9—HApa = / lim inf(g — fn)Apa
T T
<liminf / (9— fa)Aua
T

=/9AMA —limsuP/anuA,
n—oo
T

T
and
/ (9+ HApa = / liminf(g + fn)Aua
T T
<timif [(g-+ )
T
= / gApa + 1in_1>inf/ FrApA.
T T
Therefore

timsup [ foia < [ FAua
n—ooe
T T

< lim inf / F YAVTIN
n—00
T

<limsup / fralpa,
T

n—oo

whereupon we get the desired result. \end{proof}

This page titled Chapter 10: Convergence Theorems is shared under a not declared license and was authored, remixed, and/or curated by Svetlin
G. Georgiev.
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Chapter 11: Absolute Continuous Functions

Let a,b €T, a < b. For a given function f : T — R, consider an auxiliary function f : [a,b] — R defined by

ft) = (Chapter 11.1)
f(t) if teT

Ff@)+ Sot))—ft) (t—t) if te(tot)), for some i€l,

[z

with I C N and {¢;}er given by

Let f: T — Rand f: [a,b] — R is the extension of f, defined by

R={teT:t<o(t)} = {t:i}ier.

f@t) if teT

F®) =
flts) + LI 4 t) if te (ti,0(t:)), for some i€l

Then the following statements are equivalent
1. f maps every A-null subset of T into a null set.

2. f maps every null subset of [a,b] into a null set.

Proof
1. Let E C [a, b] be a null set. We will prove that 7(E) is a null set.

(a) Letb ¢ E. Then
B- (uwmm, o) U (ENTW)
i€l
and
p(F(B) < Tiaw(FENE, o))
+u(f(EN(T\R))).

Fix i € I. By the definition of the function ¥, it follows that ?| ] is absolutely continuous. Hence,
4,0 (T

(Chapter 11.2)

B((E( it o(t:)) = 0.
Now, applying the Banach-Zarecki Theorem, we get
p(F(E(iti o(t:)))) = 0. (Chapter 11.3)

Moreovet, since the set E((T\R) does not have any right-scattered points and & ¢ E[(T\R), we get

pa(E[(T\R)) =u(E[ \(T\R))
=0.

Hence and f = f and our assumptions, we obtain

w(F(E[\(T\R))) =u(f(E[ |(T\R))
=0.
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From the last relation and from (Chapter 11.2), (Chapter 11.3), we get
w(F(E)) =0.
(b) Let b € E. Then we consider both sets E\{b} and {b}. Since

w(F{o}) =0,

we obtain
w(f(B)) <u(F(B\{BY)) + n(F({8})
=0,
ie.,
u(f(E)) = 0.
2.Let E C T be a A-null set.
(a) Let b ¢ E. Then, we obtain
0 =pa(E)
=Y (a(ts) —t:) + u(B)
i€l
= Z(O’(ti) - t.‘).
i€l

Therefore, the set E does not have any right-scattered points. So,

f(B) = f(B)
and the assertion follows.

(b) Let b € E. Consider both sets E\{b} and {b}. By the previous case, it follows that E\{b} does not have any right-scattered
points.Then f(E\{b}) is a null set. Since

p({d}) =0,

then, we have that f({b}) is a null set. Consequently f(E) is a null set. This completes the proof.

& Definition

For a given function f: T — R and a partition P = {zg, z1, .., x,} Of T, define
N
V(P f) =) 1f(@:) — f(@i)l.
k=1
We define the total variation of the function f as follows.

b
V(f) =sup{V(P, f): P partition of T}.

If \/%(f) < 0o, we say that the function $f$ is of bounded variation on the time scale T.

Note that if f: T — R is of bounded variation, then f : T — R, defined by (Chapter 11.1), is of bounded variation.

# Definition

A function f: T — R is said to be absolutely continuous on T if for every € > 0 there exists a & > 0 such that if {(az,bz) N T}r_;,
with a, b € T, is a finite partition disjoint family of subintervals of T satisfying

n

E(bk — ak) < 6,

k=1
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then

S 1(be) — Faw)| < e
k=1

A function f: T — R is absolutely continuous on T if and only if the following conditions hold.
1. f is continuous and of bounded variation on T.

2. f maps every A-null subset of T into a null set.

Proof
Let f be the extension of the function f, defined by (Chapter 11.1).

1. Let f is absolutely continuous on T. Then f is continuous on T. Now we will prove that it is of bounded variation on T. Let &
>0 corresponds to € =1 as in the definition of absolutely continuous function on T. Then there exists a partition P
= {xq, %1, ---, &, } such that for any & € {1, ..., n} either

Tk — Tk—1

IA
| o,

or
)
Tk — Tp—1 > 3 and o(zg—1) = Z.

If o — 241 < §, then

zx
Vi<t
T
Thus, f is of bounded variation on [z4_1, ] T. If zx — zx—1 > 3, then
[Ze-1,z] T
Tk
V () = |f(zs) — f(zr)]
Tp—1
and [ nr is of bounded variation on [z;_;, z] () T. Therefore f is of bounded variation on [zj_;,zx]. Consequently
Tk—1,Tk ZTk—1,Tk

£ is of bounded variation on T. Let now E C T is a A-null set. We will prove that f(E) is a null set. Let € > 0 be arbitrarily
chosen and § > 0 corresponds to ¢ as in the definition for absolutely continuous function. Because ua(E) = 0, we have that b
¢ E and it has not any right-scattered points. Then we may choose a family {[a, bx] N T}, with ag, b € T, of pairwise disjoint
subintervals of T such that

EC G([ak, b m T)
k=1

and

i(bk —ag) <46.

k=1
Hence,
1(B) cf (D([ak, be) ﬂT))
k=1

=gf([ak, b (T)

and
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w(f(E)) cp (f (U([ak, bx) ﬂT)))
=1
= s (f(ar ) ND)-
k=1
Because f is continuous on [ag, bg] [T, it follows that there exist ¢, di € [ak, bg] (T, ¢k < di, such that

1 (£(lax,b) (T)) =p (£(ax, b () T))
<|f(di) — flew)l-

Since [ck, di] C [ak, be] and f is absolutely continuous on T, we have

1) — flen)| <
k=1

and
> 1f(de) — fler)l < e.
b=1

From here,

B(FE) <3 (F(aw b ()
k=1

sg |F(de) — Fex)]

<e.

Because € > 0 was arbitrarily chosen, we get that

w(f(E)) = 0.

2. It follows that f maps every null subset of [a,] into a null set. Hence and the Banach-Zarecki theorem, it follows that f is
absolutely continuous on [, b]. By the equality f = ?|T, we conclude that f is absolutely continuous on T. This completes the

proof.

This page titled Chapter 11: Absolute Continuous Functions is shared under a Public Domain license and was authored, remixed, and/or curated
by Svetlin G. Georgiev.
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Chapter 12: Alternative Way for Defining of Lebesgue Type Measure and Integration

on Time Scales

Let ¢ = inf T and b = sup T. We assume that —oo < a < p(b) < b < co. Define the function E': [a,b) — R as follows
Et)=sup{se€T:s<t}, te€]a,bd.

Suppose that u : T* — R is an arbitrary function. Then the function x o E : [a,b) — R is an extension of u to [a,b) and it is constant on
"gaps" in T, with value equal to the value of u at left-hand end of the gap.

& Definition

We say that » is Lebesgue delta measurable, respectively Lebesgue delta integrable, if 4 o E is Lebesgue measurable,
respectively Lebesgue integrable, on the real interval [a,b) in the usual Lebesgue sense. Let £} (T) denotes the set of such
integrable functions on T.

# Definition
For any u € £} (T), we define the integral of u by

t t
/'u,A,uA=/ uo Edx, s,teT,
s 8

where the integration on the right-hand side is the standard Lebesgue integral over the real interval [s,t] C [a, 3]

Using the above construction, we can also define a Lebesgue delta measure and a class of Lebesgue delta measurable subsets of T,
and Lebesgue delta integrals over such sets. For a set A C T, with x4 we will denote the characteristic function of A.

# Definition

We say that A is Lebesgue delta measurable if x4 is Lebesgue delta measurable in the sense of Definition ?7??.

& Definition

If A C T is measurable, we define the integral of u € £ (T) over A to be

b
/A uApa = / uXAALA-

We define the measure pa(A) of A to be

pa(4) = /A 1Apa.

From the definition, it follows
pa(s,t)r) =t—s, s,teT, s<t,
and

pa({0}) =0, pr({t}) =o(t)—t, teT.

Also, if t € T is right-scattered and u € £} (T), then u(t) is well-defined and

a(t)
/t uA = u(t) (o(t) — 1).
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From the definition ???, it follows that the most of the standard Lebesgue integration results on [a,b] hold immediately for the

above integral on T. In particular, Minkowsky's type inequality and H\"older's type inequality, and the dominated convergence
theorem hold.

For u € C,4(T), we define

[ulo,r = sup {|u(t)| : t € T}.

For u € C}, (T), we define

_ A
fulir = lulox + [u®], 4.

If w € LY(T) and s € T, then the function

t
U,(t) =/ uApp, teT,
8

is well-defined and U, € €(T) with

b
Uulox < [ fulBpa.

Proof
By the definition, we get

t
U.0) = [ utna
st
=/ uo Edz, teT.

Hence, using the standard Lebesgue integration theory, the integral f:u o Edz defines an absolutely continuous function of ¢
€ [a, b]. Therefore U, is well-defined on T. Also,

t
|U3(t)|=/ uo Edzx
'
< | |ucE|dz
b
<[ |uecE|dz

Hence,
[Uslgr =sup {|U,(t)| : t € T}
b
S/ |u|A/,LA.
a

This completes the proof.

If u € €' (T), then

t
u(t) —u(s) = / utApa, s,teT.

Chapter 12.2 https://math.libretexts.org/@go/page/208232



https://libretexts.org/
https://math.libretexts.org/@go/page/208232?pdf

LibreTexts"

Proof
Let s € T be fixed. We define the function

¢
H(t) = u(t) — u(s) —/ utApa, teT.

8

Since u® € C(T), by Theorem 777, it follows that f: u®Apa is a continuous function of ¢ € T. Therefore H is a continuous
function on T. Let ¢ € T be arbitrarily chosen and fixed. We take e > 0 arbitrarily. Then

|H (o(2)) — H(t)| =

o(t) t
u(o(t)) —u(s) — / uPApa —u(t) + u(s) +/ uPApa

a(t)
t

u (o)) — u(t) — / WBApa

=|u(a(t)) —u(t) —u(¢) (o(2) - 1)|
<e(a(t) —t).

In the last inequality we have used that w € €*(T). Since H is a continuous function on T, there is a é > 0 such that for any 2
€ (t —6,t + 6) we have
|H(t)— H(z)| <e.
Therefore
|H (o(t)) — H(2)| =|H (o(t)) — H(t) + H(t) — H(2)|

<|H (a(t)) — H(t)| + |H(¢) — H(2)|
<e(o(t)—t)+e

for any z € (t —4,t+ 6). Since ¢ € T was arbitrarily chosen, we conclude that H2(t) exists and H2(t) = 0 for any ¢ € T. Hence,
using the Mean Value Theorem, we conclude that H is a constant on T. Because H(s) =0, we obtain H =0 on T. This
completes the proof.

This page titled Chapter 12: Alternative Way for Defining of Lebesgue Type Measure and Integration on Time Scales is shared under a not
declared license and was authored, remixed, and/or curated by Svetlin G. Georgiev.
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Chapter 13: The Fundamental Theorem of Calculus

Firstly, we will show some properties about $\Delta$-differentiability and differentiability.

Let I ¢ Nand R = {t;}icr be given as follows
R={teT:t<o(t)}={ti}ticr- (Chapter 13.1)

Assume that f : T — R and f : [a, bl — R is the extension of f to [a, b]r, defined by

ft) = (Chapter 13.2)
f(t) if teT

f(t)-i—M(t t;) if te€ (,o0(t;)), for some i€l

Then we have the following statements.
1. f is differentiable on the set |J,.;(t;, o(;)) and

+ o Jlo(t) — f(2)
t € (t;, 0(t;)), for some i € I.

2. If f is differentiable at ¢ € [a,b) T, then f is A-differentiable at ¢ and its A-derivative at ¢ satisfies

—_7

AR =7 @).

3. If f is A-differentiable at ([a, d)T
bigeapT)\ (R o(R)), then f is differentiable at ¢ and its derivative at ¢ satisfies the equality

F @) =120
Proof
1. By the definition of ¥, it follows that there exists 7" (¢) at any t € ;e (i, 0(¢:)) and

Ho(t:) — )

f@= B(t:)

2. Let t € [a,b)r (T be such that f is differentiable at ¢.

(a) Let ¢ be right-scattered. Then there is a ¢; € R such that ¢ =+¢;. Since f is continuous at ¢;, then f is continuous at ¢; and so, f
is A-differentiable at ¢;, and
ti) — f(t:)
At = flo(
o) (t:)
=f (o).
(b) Let ¢ is right-dense. We have
7 )=t 70T
f(t) £(9)

s—t,0€T t—s
L FO-£6)

8—t,3€T t—s

=f4@).
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Therefore f is A-differentiable at ¢ and

20 =7 .
3. Lett € ([a,) NT)\(RUJo(R)) and f is A-differentiable at ¢. Take ¢ > 0 arbitrarily. Then there exists a § > 0 such that

LO00 g = | L9 — page)

(Chapter 13.3)
< €

forall s € (t—46,t+8)rNT, s +¢t Let s € (t—3J,t+ 8)r\T. Then there is an i € I such that s € (¢;,0(t;)) and ¢;,0(t;) € (t — 5,

+6). Define
mmain (SO 16 0= flti),
e {0216 JO= Sl
We have that

1076 _,

t—s

m<

, 8€ (t,-,a(t,-)).

Hence and (Chapter 13.3), we get that f is differentiable at ¢ and

—/

F @) =r0.

This completes the proof.

& Theorem (The Fundamental Theorem of Calculus)

A function f: T — R is absolutely continuous on T if and only if the following conditions are satisfied.
1. f is A-differentiable px-a.e. on [a,b)r and f2 € £} (T).

2. The equality

f) = f(a) + FAAua

[ait)r

holds for every ¢t € T.

Proof
Let 7 : [a,b] — R be the extension of the function f, defined by (Chapter 13.2).

1. Let f be an absolutely continuous function on T. Then ¥ is an absolutely continuous function on [a,b]. Hence and the
classical fundamental theorem of calculus, it follows that

(a) f is differentiable a.e. on [a,b] and fec !([a, d]). (b) it is valid the following equality
=T+ [ s

for any t € [a.b]. By Theorem ???, (2), it follows that

E;

{tela, ) NT: AfA()}
{t € [a,b] T : A5’ (t)} (Chapter 13.4)
Es.

N

Since f is continuous on T, we have that f is A-differentiable at any right-scattered points of T. Thus, the set E; does not have
any right-scattered points. Therefore

ua(Er) = u(En). (Chapter 13.5)
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Because f is differentiable a.e. on [a, b], we have that
u(Ez) = 0.
Hence and the relations (Chapter 13.4), (Chapter 13.5), we get
ua(Br) =p(Ey)
<u(E)
=0,
ie.,
pa(Er) =0

and f is A-differentiable a.e. on [a,b)r. Now, we redefine f2 : T — R in the following manner.

A i te(la, ) NT)\E
A0 =
0 if ¢te EJ{b}
Define

_ fA@) if teT
Al = (Chapter 13.6)
fA@) if t€ (t,o(t;)) for some iel.

Then, by Theorem ??7 (2), it follows that

) = (), € [a,b]\Bo.

Thus, u(E) = 0and f € L([a, b]), whereupon fA € £} ((a,]r) and
[ Pes= [ Flo)s, te ot
[a,t)T [a,t)

Therefore f4 € £} (T) and

[ foana=[ s
[at)r [a,t)

and

= F(s)ds

[a:t)

=/ fA(s)As, teT.
[e)NT

2. Suppose (1) and (2). Let F& be the extension of f2, defined by (Chapter 13.6). Since f2 € £4(T), we get e £ ([a, b]1).

From here,
f@) - f(a) = » FA(s)As
= .’f\A/(s)ds, teT,
[a,t)
and

Ft) = @) + /[at)}K(s)ds, ¢ € [a, Bl
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Hence and the classical fundamental theorem of calculus, it follows that f is an absolutely continuous function on [a,].
Therefore f is absolutely continuous on [a, b]. This completes the proof.

This page titled Chapter 13: The Fundamental Theorem of Calculus is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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