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Chapter 1: Outer Measure on Time Scales
Suppose that  is a time scale with forward jump operator and delta differentiation operator  and , respectively.

Denote by  the -algebra generated by the family of all left closed and right open intervals of  of the form

with , . The interval  is understood as the empty set.

 is a semiring of subsets of .

Proof
We will check all axioms for a semiring of sets. 1. The empty set  belongs to .

2. Let  be such that  and . Consider the intervals  and . We have the following
cases. (a) Assume that . Then .

(b) Assume that . Then we have the following subcases. (b1) Let  and . Then

(b2) Let  and . Then

(b3) Let \(c_1\leq c_2\leq d_1\leq d_2). Then

(b4) Let . Then

3. Let  be such that . Then  and

and .

Therefore  satisfies all axioms for a semiring of sets. This completes the proof.

Let  be the set function on , whose values belong to the extended real half-line , that assigns to each
interval  its length , i.e.,

 is a measure.

Proof
We will check all axioms for a measure.

 Theorem

 Definition

 Theorem
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1. We have

2. For any interval , one has

3. Let , , be such that , , and , . Then

Hence,

Thus,  satisfies all axioms for a measure. This completes the proof.

For the pair  we generate an outer measure  on the family of all subsets of  as follows. Let  be any subset of .
With  we will denote the set of all coverings  of  by a finite or countable system of intervals , i.e., 

. Then we put

if there exists at least one covering of  and the infimum exists. If there is no such covering of  or the infimum does not exist,
we put

Now, we will deduct some of the properties of the outer measure.

The outer measure  satisfies the following. 1. .

2. Nonnegativity. For any , one has .

3. Monotonicity. IF , then .

4. Subadditivity. For any countable collection of pairwise disjoint sets , we have

5. If  and , then

6. If  and

 Definition

 Theorem

https://libretexts.org/
https://math.libretexts.org/@go/page/208210?pdf


Chapter 1.3 https://math.libretexts.org/@go/page/208210

then

Proof
1. Since , we get .

2. Since for any interval  of the covering  of the set  we have , we get .

3. Since , we have that . Hence,

4. If , we are done. Otherwise, if , then , . Fix  arbitrarily. By the definition

of the outer measure and characterisation of infimum, for each  there exists a countable covering  of  such that

Since  forms a countable covering of , by the definition of the outer measure, we get

Since  was arbitrarily chosen, the last chain of inequalities yields

5. By the previous point, we get

By the monotonicity of the outer measure, we find

Hence, sandwiching, we get the desired result.

6. Since

using the monotonicity of the outer measure, we arrive at
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and

Thus,

Next, note that

and as above, we have

Hence, using the monotonicity of the outer measure, we arrive at

and

By sandwiching, we obtain

This completes the proof.

This page titled Chapter 1: Outer Measure on Time Scales is shared under a not declared license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 2: Lebesgue Delta Measure on Time Scales

A subset  is said to be -measurable, or -measurable, or delta measurable, if for any  the following holds

The set of all delta measurable subsets of  is denoted by .

 is a -algebra.

Proof
We will check the axioms for -algebra. 1. Let  be arbitrarily chosen. We have

Hence,

Therefore . Next, note that

Then

Consequently .

2. Let  be arbitrarily chosen. We will prove that . First observe that

Thus, we will prove that

. Let

be arbitrarily chosen. We will prove that

Since , for any , one has

and

Substituting  into , we find

 Definition

 Theorem
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Substituting  into  gives us

Now, we consider  with . Then

where we have used the distributivity of the set operations. We substitute this in  and we get

Therefore . or .

3. Now, we will prove that  is closed under countable union. Let  be countable many sets in . Without loss

of generality, assume that they are all pairwise disjoint. First, we will prove that  for any . For this aim, we

will use induction. (a) For , we have

Since , by the previous point we get the implications

Thus, .

(b) Assume that  for some .

(c) We will prove that . Really, we have that

Since , we get the following implications

By induction, we conclude that  for any . Fix . Then, for any , one has

On the other hand, since  and , one has
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Substituting this into in , we get

Now, using that

we find

Hence, using the monotonicity of the outer measure and using , we arrive at

The last inequality is true for any . Taking the limit as  and using the subadditivity of , we then get

where the final inequality is true by subadditivity of  and

So, all the inequalities in  are in fact equalities. This implies that . Consequently  is a -

algebra. This completes the proof.

The restriction of  to  is said to be the Lebesgue -measure and it is denoted by .

 Definition
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The Lebesgue -measure  is a measure.

Proof
We will check all axioms for a measure.

1. Since  and , we conclude that .

2. Since  is nonnegative, we get that  is nonnegative.

3. Consider a countably many disjoint subsets  of . We have that  is a -algebra and then .

Hence,

for any , where we have used that  are disjoint and the -additivity of . By setting , we arrive at

Thus,  satisfies all axioms for a norm. This completes the proof.

By the definition for a Lebesgue delta measurable set it follows that any interval in  and  are Lebesgue delta measurable sets.

Let  be a countable collection of sets of  such that , . Then

Proof
Define the sets

Then the sets  are pairwise disjoint. Moreover, for any , one has

Hence,

Since the sets  are pairwise disjoint, we have the equality

 Theorem

 Theorem
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By the -additivity of , we find

This completes the proof.

Let  be a countable collection of sets of  such that , . Then

Proof
For each , define the sets

Then  is a sequence of sets of  such that , . Note that

Then, we get

Let

Then

Note that  and  are disjoint. Then

 Theorem

https://libretexts.org/
https://math.libretexts.org/@go/page/208222?pdf


Chapter 2.6 https://math.libretexts.org/@go/page/208222

whereupon

On the other hand, we have

and  and  are disjoint, . Therefore

and

Hence and , applying the last equality and , we obtain

from where we arrive at . This completes the proof.

Suppose that  is a bounded time scale with a finite maximum . Then the singleton-point set  and also any
Lebesgue -measurable subset of  containing  have Lebesgue -measure infinity.

Proof
Note that the set  can be represented as a finite or countable union of intervals of the family . Therefore the set

 is Lebesgue -measurable. Since

we conclude that  is Lebesgue -measurable as the difference of the Lebesgue -measurable sets  and . Note that
 does not have a finite or countable covering by intervals of . Therefore the singleton-point set  and also any

Lebesgue -measurable subset of  containing  have Lebesgue -measure infinity. This completes the proof.

For any , one has

Proof
We will consider the following cases. 1. Let  be right-scattered. Then

Hence,

2. Now, suppose that  is right-dense. Then there is a decreasing sequence \(\{t_k\}_{k\in \mathbb{N}\) of elements of  such
that  as  and , . We have

and

 Theorem

 Theorem
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Hence,  is Lebesgue -measurable as a countable intersection of Lebesgue -measurable sets. Now, we get

This completes the proof.

Let . Then we have the following. 1. . 2. . 3. . 4.
. \end{enumerate}

Proof
1. The first formula is obvious because

2. Note that

and  and  are disjoint. Then

whereupon

3. Note that

and  and  are disjoint. Then

4. Note that

and  and  are disjoint. Then

This completes the proof.

 Theorem
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Let  and , . Here

Then

Hence,

and

Let  and , . Here

Then

Hence,

and

 Example

 Example
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Let  and , . Here

Then

Hence,

and

Let  and , and . Here

 Example

 Example
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Then

Hence,

and

Let , where  and . Find

Let . Find

 Exercise

 Exercise
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Let . Find

Let . Find

This page titled Chapter 2: Lebesgue Delta Measure on Time Scales is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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Chapter 3: Lebesgue Delta Measurable Functions
Svetlin G. Georgiev

Sorbonne University, Paris, France

Now, we proceed to define functions which we want to integrate. These functions are called Lebesgue delta measurable functions,
which we define as follows.

A function  is said to be Lebesgue delta measurable if the preimage of any  under  is in , namely

.

The Lebesgue delta measurable functions do not require measures but just  as the domain.

Let . Then the indication function  is Lebesgue delta measurable if and only if . Here  is the
Borel -algebra generated by the open sets in .

Proof
Note that for any Borel set  we have the following cases 1. , 2. , 3. , 4. . Therefore

 is either , , , or . Thus, the assertion follows.

Let  be Lebesgue delta measurable and  is Borel measurable. Then the composition  is
Lebesgue delta measurable.

Proof
For any Borel measurable set , we have . Hence,

This completes the proof.

Suppose that . The following are equivalent. 1. The function  is Lebesgue delta integrable. 2.  for
any open interval . 3.  for any set  of the form , where $a\in \mathbb{R}\). 4. 

 for any set  of the form , where . 5.  for any set  of the form ,
where . 6.  for any set  of the form , where .

Proof
We prove only the equivalence of some of the statements above which can then be combined together to give the full
equivalence.  By the definition for Lebesgue delta measurable functions, we get that  for any open
interval .  By the fact that the Borel -algebra is generated by the open sets of  and the preimage operation
preserves countable unions, intersections, and complements, we get that  for any . Now, applying the

 Definition

 Note

 Theorem

 Theorem

 Theorem
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definition for Lebesgue delta measurable functions, we conclude that the function  is Lebesgue delta measurable. 
For a fixed , define the open intervals

Then, the set . can be written as the countable intersection

Hence, we have

 We first show that we can produce any open interval  for  with  from these half-infinity intervals
by countable unions, intersection, and complements. For finite , we have that

Therefore, the set  can be made up of countable unions, intersections, and complements of intervals of the
form . Next, the intervals  and  can be represented as follows

and

Thus, by using the fact that the inverse functions preserve unions, intersections, and complements, we conclude the result.
 This is trivially true since  are open intervals in .  We need to show that for any  with 

, the interval  can be constructed by countable intersections. For finite  with , we note that

and

Therefore, the set

is made up of countable unions, intersections, and complements of intervals of the forms  and . Thus, by using
the fact that the inverse functions preserve intersections, we conclude the result. 

Note that for any , we have  Thus,

https://libretexts.org/
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This implies that  for any  if and only if  for any .  Note that
for any , we have

Hence,

From here, we get that  for any  if and only if . This completes the proof. \end{proof}

Using the above characterization, we show that the Lebesgue delta measurable functions are preserved under many algebraic
operations.

Let  be Lebesgue delta measurable functions. Then so are the functions 1.  for some constant . 2. . 3.
. 4.  defined on . 5.  and . 6. ,  and , where

Proof
1. If , then there is nothing to check. Suppose that . Since  is Lebesgue delta measurable, then all preimages
of the intervals  for any  are contained in . In other words, we know that the sets

lie in  for any . To show that  is Lebesgue delta measurable, we need to show that

for any . However, for each , this is simply

which we know lies in . Finally, for the case , we have

which is also contained in . 2. We need to check that for all , the sets

lie in . Observe that

Since  are Lebesgue delta measurable we know that the sets

lie in  for each  and . Since  is a -algebra, this countable union is also in . Similarly, we have

 Theorem
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So, the function  is also Lebesgue delta measurable. 3. To show that $fg: \mathbb{T}\to\mathbb{R}\) is Lebesgue delta
measurable, firstly we will show that the function  is Lebesgue delta measurable. This is equivalent to showing that
the set

is in  for any . We split this into two cases. (a) For , we get

(b) For , we find

which lies in  since  is Lebesgue delta measurable.

To show that  is Lebesgue delta measurable, we note that

Since  and  are Lebesgue delta measurable, necessarily  are Lebesgue delta measurable by the second assertion. Hence,
 are Lebesgue delta measurable by the above and the first assertion. Finally, we conclude that their difference, which

is , is also Lebesgue delta measurable by the second assertion.

4. To show that  is Lebesgue delta measurable, it suffices to show that the function 
 is Lebesgue delta measurable. We check for different cases of the value .

(a) For , we have

(b) For , we have

(c) For , we get

Thus, the function  is also Lebesgue delta measurable. Since the product of Lebesgue delta measurable functions is also
Lebesgue delta measurable, by the third assertion, we conclude that  is also Lebesgue delta measurable.

5. Note that

and

for any . Thus, the functions  and  are Lebesgue delta measurable.

https://libretexts.org/
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6. Since  is Lebesgue delta measurable, by the previous assertion, we conclude that  and . are Lebesgue delta
measurable. Next,

whereupon we conclude that  is Lebesgue delta measurable. This completes the proof.

Let . We can extend the definition for Lebesgue delta measurable functions to functions with images including
.

A function  is said to be Lebesgue delta measurable if

1. for any , its preimage under  is in , that is , and

2. the preimage sets

and

lie in .

Using the above definition, we have a way to check this.

Suppose that . Then the following are equivalent.

1. The function  is Lebesgue delta measurable.

2.  for any set  of the form

Proof

By assumption, we have that  is Lebesgue delta measurable. Then, we have . Since ,
we get that . Hence,

By assumption, we have . We first show that .

(a) Note that

Then

 Definition

 Theorem
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Now, using De Morgans law, we have

Hence,

Note that

Then

From here, we get that for any  one has . Therefore  is Lebesgue delta measurable. This completes the
proof. \end{proof}

Let  be a sequence of Lebesgue delta measurable functions . Then the following functions on  are Lebesgue
delta measurable.

1.  and .

2.  and .

Proof
1. Note that

and

Therefore  and  are Lebesgue delta measurable.

2. Define the sequences  and  for . By the first assertion, we have that the functions 

and , , are Lebesgue delta measurable for any . Furthermore, since

 Theorem
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applying the first assertion, we get that  and  are Lebesgue delta measurable. This completes the proof.

\end{proof}

This page titled Chapter 3: Lebesgue Delta Measurable Functions is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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Chapter 4: Lebesgue Delta Integration of Simple Functions

Theorem text

Svetlin G. Georgiev

Sorbonne University, Paris, France

After seeing how we can define a valid Lebesgue delta measure, we are now ready to approximate the Lebesgue delta measurable
functions by an analogue of step functions. These functions are called simple functions.

A function  is called a simple function if there exists an  such that for any  there are constants 
 and Lebesgue delta measurable sets  such that

where  are the indicator functions on the sets , .

In other words, a simple function is a Lebesgue delta measurable function that attains only finitely many values of . Clearly, finite
sums and scalar multiples of a simple function is also a simple function. Without loss of generality, assume that the sets , 

, are pairwise disjoint.

Let  and  be indicator functions on these sets. Then we have the following.

1. .

2. .

3. .

Proof
1. Let  be arbitrarily chosen. We have the following cases.

(a) . Then  and

(b) . Then  and

(c) . Then  and

(d) . Then  and

 Theorem 

 Definition

 Theorem
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2. Let  be arbitrarily chosen. We have the following cases.

(a) . Then  and . Hence,

(b) . Then  and . Hence,

(c) . Then  and . Hence,

(d) . Then . Hence,

3. Let  be arbitrarily chosen. We have the following cases.

(a) . Then  and . Hence,  and

(b) . Then  and . Hence,  and

(c) . Then  and . Hence,

(d) . Then  and . Hence,  and

This completes the proof.

The next question is: how do we approximate a nonnegative Lebesgue delta measurable function using simple functions? In this
regard, we have the following result.
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Let  be a nonnegative Lebesgue delta measurable function. Then, there is a pointwise increasing sequence  of
simple functions  such that  as  pointwise.

Proof
For each , define

where

and

First, we will show that this sequence of functions is pointwise increasing. Fix  and . We want to show that

We have several cases for .

1. If  for some , then

and

This implies

Thus,  for  or . The former means

whilst the latter means

In either case, we have

2. If , then  and . Thus, we either have subcases

(a) For the first subcase, we get

 Theorem
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(b) On the other hand,

whereupon

and  for some . Therefore

Hence, in all subcases we have

Thus, the sequence  is a sequence of pointwise increasing simple functions. Moreover, by construction, we have

and

So, for any , we have two possible cases.

1. If  is finite, then there exists an  such that . Thus, for any , at this point we get

Taking the limit as , we then have .\

2. If , then  which diverges to .

In either case, we have  as  pointwise. This completes the proof.

Now, we consider a simple function  of the form

where , , are pairwise disjoint and , . Define

We note that the function  may be expressed in a different way using different collections of Lebesgue delta measurable sets 
and constants . But the value of  in  is defined to be explicitly dependent on the way it is represented.
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The value of  in  is well-defined regardless of the representation of .

Proof
Indeed, suppose that we write  in two different representations

and

where  and  are pairwise disjoint collections of sets of  and . Define

Furthermore, let

for any  and . For each , we have

and for each , we have

Moreover,  are pairwise disjoint for  and . If we set , we can write  as follows.

and

Whenever , evaluation the function  at any  we must have . Via contra opposite, if , then
 and hence, . Using this observation, we arrive at

 Theorem
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This completes the proof.

Let  and  be defined as follows

Let

Here

Then

The simple function  can be represented in the form

Hence,

From definitions, we can prove the following properties.

 Example
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Let  be simple functions.

1. For any constant  one has

2. 

3. If  on , then

4. .

5. If  on  and , then

6. If  are disjoint, then

Proof
Let

where  are each pairwise disjoint collections of sets in  and .

1. We have

Hence,

2. Define

 Theorem
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Then

and

Hence,

Using the above, we get

3. Since  on , we have that , . Hence,

If  pointwise, the simple function  is nonnegative. We have the following cases.

(a) If  or  and , then the inequality is clearly true.

(b) The case  and  is impossible.

(c) Assume that  and  are finite. Note that

By using the first two assertions, we get

which implies the desired inequality.

(4) We have

https://libretexts.org/
https://math.libretexts.org/@go/page/208224?pdf


Chapter 4.9 https://math.libretexts.org/@go/page/208224

(5) Since  on , we have that , . Note that

and because , , we get

and

6. Since  and  are disjoint, we get

Then

This completes the proof.

This page titled Chapter 4: Lebesgue Delta Integration of Simple Functions is shared under a not declared license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.
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Chapter 5: Lebesgue Delta Integration of Nonnegative Functions
For a Lebesgue delta measurable function , denote

Let  be a nonnegative Lebesgue delta measurable function. We define the Lebesgue delta integral of  over  as
follows

A nopnnegative Lebesgue measurable function  is called Lebesgue delta integrable if

The space of all Lebesgue delta integrable functions over  is denoted by .

We can also define a Lebesgue delta integral of a nonnegative Lebesgue delta measurable function  over some subset  in
tghe -algebra . This is defined using the integral above as follows

Let  be nonnegative Lebesgue delta integrable functions.

1. If  is a simple function, then

2. If  is a real constant, then

3. If , then

4. If  are disjoint and , then

 Definition

 Definition

 Definition

 Theorem

https://libretexts.org/
https://math.libretexts.org/@go/page/208225?pdf
https://math.libretexts.org/Courses/Sorbonne_Universite/Lebesgue_Integration_on_Time_Scales/05%3A_Lebesgue_Delta_Integration_of_Nonnegative_Functions


Chapter 5.2 https://math.libretexts.org/@go/page/208225

5. If  and , then

6. If  -a.e., then

\end{theorem} \begin{proof}

1. We have

2. Since  for any , we get

3. Since , we get . Hence,

4. First, by subadditivity of supremum, we have

For any simple functions , consider the function

which is also a simple function. If , then

Likewise, for , we have

For , we have
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Thus,  is a simple function for which . Therefore

Taking supfremum of  and , we arrive at

Therefore

whereupon we get the desired result.

5. For any  for which

where the sets  are disjoint and  are real constants, . Since  and , we obtain
 Hence,

Therefore

6. Let

Since  -a.e., we have

From the fourth and fifth assertions, we get

This completes the proof.
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If  is Lebesgue delta integrable, then for any constant  we have

Proof
Define

Then

and

This completes the proof.

Let  be Lebesgue delta integrable.

1. If , then

2. If

then  -a.e. on .

Proof
1. Since , we have that

Define

Then

Applying the Markov inequality, we find

 Theorem (The Markov Inequality)

 Theorem
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From here, we arrive at

2. Define

We have

Applying the Markov inequality, we find

Hence,

giving us the result.

This page titled Chapter 5: Lebesgue Delta Integration of Nonnegative Functions is shared under a not declared license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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Chapter 6: The Monotone Convergence Theorem
A very useful result for nonnegative delta measurable functions is the monotone convergence theorem. This is a precursor to many
convergence theorems which we shall prove later.

Let  be an increasing sequence of nonnegative Lebesgue delta measurable functions  that converges to
some nonnegative Lebesgue delta measurable function . Then

Proof
We have

Then

Taking the limit as , we have

Now, we need to prove the inverse inequality. Let

where  are pairwise disjoint and , , are real constants, and

Fix  arbitrarily and define

The sets , , are Lebesgue delta measurable and since the sequence  is increasing, we get

Moreover, we have

because

 Theorem
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Since

by integrating over , we get

Since

and

we have the following limit

Hence, taking the limit as  in , we arrive at

for any arbitrary . Taking the limit as  then yields

Now, taking the supremum over all simple functions  with , we find

Putting the two inequalities together, we obtain the desired result.

This page titled Chapter 6: The Monotone Convergence Theorem is shared under a not declared license and was authored, remixed, and/or curated
by Svetlin G. Georgiev.
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Chapter 7: The Fatou Lemmas
Since integrals can be thought of as limits of sums, the finite subadditivity of limit superior and finite superadditivity of limit
inferior carry forward to Lebesgue delta integrals. These generalisations are called the Fatou lemmas.

Suppose that  is a sequence of Lebesgue delta measurable functions . Then

In particular, if  is a sequence of nonnegative Lebesgue delta measurable functions and  as  -a.e., then

Proof
Define

Then  is a pointwise increasing sequence and

We apply the Monotone Convergence Theorem to the sequence  to get

On the other hand, we have

Then

Thus, we have

whereupon

and

which completes the proof.

 Theorem (The Fatou Lemma)
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Suppose that  is a sequence of Lebesgue delta measurable functions  such that there exists a nonnegative
Lebesgue delta measurable function  for which

Then

Proof
Define

Applying the Fatou Lemma to the sequence , we find

or

or

whereupon we get the desired result.

Let  be nonnegative Lebesgue delta measurable functions and . Then

Proof
Firstly, we will prove that

Consider the pointwise increasing sequences of simple functions  and  such that  and  as .
Then

By the Monotone Convergence Theorem, we get

 Corollary (The Reverse Fatou Lemma)

 Corollary
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Now, we apply  for the functions  and  and using the homogeneity of the Lebesgue delta integral, we find

This completes the proof.

This page titled Chapter 7: The Fatou Lemmas is shared under a not declared license and was authored, remixed, and/or curated by Svetlin G.
Georgiev.
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Chapter 8: Lebesgue Delta Integration of Nonnegative Functions Series
Since the Lebesgue delta integral behaves well under limits of nonnegative functions, we can do much more with it than we could
with the Riemann delta integral.

Recall that if  is a sequence of functions , we define the infinite sum/series pointwise via the limit of partial sums

that is

Thus, we can prove the following result.

Let  be a sequence of nonnegative Lebesgue delta measurable functions . Then

In particular,

Proof
Since the functions , , in the series are nonnegative, the partial sums , , are nonnegative and the sequence

 is increasing pointwise. By using the Monotone Convergence Theorem, we get

and we are done.

A variant of this is to split the domain of integration  into countably many disjoint subsets. We have the following domain-
additive property of the Lebesgue delta integral of nonnegative functions.

Suppose that  is a sequence of Lebesgue delta measurable sets with  all pairwise disjoint, and

Let  be a nonnegative Lebesgue delta measurable function. Then

 Theorem

 Theorem
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Proof
For any , define

The sequence  is pointwise increasing to the limit . So, we can apply the Monotone Convergence Theorem. to obtain

and we are done.

This page titled Chapter 8: Lebesgue Delta Integration of Nonnegative Functions Series is shared under a not declared license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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Chapter 9: The Lebesgue Delta Integral
The construction of the Lebesgue delta integral can be generalised from nonnegative functions to any Lebesgue delta measurable
functions with image in . This is done by spliting an arbitrary Lebesgue delta measurable function  into its
positive and negative parts, namely

which are two nonnegative functions.

If at least one of the two integrals

is finite, we can define the Lebesgue delta integral as follows

If both integrals are finite, then we say that the function  is Lebesgue delta integrable over . The space of all Lebesgue delta
integrable functions over  is denoted by .

Suppose that  are Lebesgue delta measurable functions such that  and  are constants. Then, we
have the following.

1.  and

2.  and

Proof
1. If , then there is nothing to prove. Otherwise, we have two cases.

(a) . Then \

Hence, using the homogeneity of the Lebesgue delta integral of nonnegative Lebesgue delta measurable functions, we arrive at

 Definition

 Theorem

https://libretexts.org/
https://math.libretexts.org/@go/page/208229?pdf
https://math.libretexts.org/Courses/Sorbonne_Universite/Lebesgue_Integration_on_Time_Scales/09%3A_The_Lebesgue_Delta_Integral


Chapter 9.2 https://math.libretexts.org/@go/page/208229

(b) . Then

and likewise,

Hence, using that , we get

2. First, assume that . We have

and

Combining this, we find

or

where all terms of both sides are nonnegative.

Thus,
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or

whereupon

or

Now, we apply this for the functions  and , and using the first assertion, we obtain

This completes the proof.

This page titled Chapter 9: The Lebesgue Delta Integral is shared under a not declared license and was authored, remixed, and/or curated by
Svetlin G. Georgiev.
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Chapter 10: Convergence Theorems
We can improve the Monotone Convergence Theorem to general Lebesgue delta measurable functions.

Let . be a sequence of Lebesgue delta measurable functions  that is pointwise increasing to some
function  and  as  -a.e. Suppose further that the set of Lebesgue delta integrals

is bounded. Then  and

Proof
Define

We have that  and the sequence  is increasing. Then we can apply the Monotone Convergence Theorem
to get

Since

is finite, we can use algebra to get

or

Finally, since the sequence of Lebesgue delta integrals

is bounded above and since limits preserve weak inequalities, the resulting limit

 Theorem
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must be finite and so . This completes the proof.

Let  be a Lebesgue delta measurable function. For any  there exists a  such that for any set  with
, we must have

Proof
Note that  is a Lebesgue delta measurable function. Define the sets

and the functions

Note that  is pointwise increasing to . By the Monotone Convergence Theorem, it follows that there exists an index
 such that

For any  with , since  on  and  on , we get

Now, we take . Then, for any  with , we find

This completes the proof.

Let  be a sequence of Lebesgue delta measurable functions where  and  on  pointwise to some
function . Suppose that there exists a function  such that  -a.e. on  for any . Then 

 and

 Theorem

 Theorem (Dominated Convergence Theorem)

https://libretexts.org/
https://math.libretexts.org/@go/page/208230?pdf


Chapter 10.3 https://math.libretexts.org/@go/page/208230

Зиддо

Since , , are Lebesgue delta measurable, we have that the limiting function  is Lebesgue delta measurable. By
comparison, since  -a.e., , , are Lebesgue delta integrable over  for any . Next,

Hence, the function  must be Lebesgue delta integrable over , as well. Define

We apply the Fatou lemma to the sequences  and  and we find

and

Therefore

whereupon we get the desired result. \end{proof}

This page titled Chapter 10: Convergence Theorems is shared under a not declared license and was authored, remixed, and/or curated by Svetlin
G. Georgiev.
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Chapter 11: Absolute Continuous Functions
Let , . For a given function , consider an auxiliary function  defined by

with  and  given by

Let  and  is the extension of , defined by

Then the following statements are equivalent

1.  maps every -null subset of  into a null set.

2.  maps every null subset of  into a null set.

Proof
1. Let  be a null set. We will prove that  is a null set.

(a) Let . Then

and

Fix . By the definition of the function , it follows that  is absolutely continuous. Hence,

Now, applying the Banach-Zarecki Theorem, we get

Moreover, since the set  does not have any right-scattered points and , we get

Hence and  and our assumptions, we obtain

 Theorem
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From the last relation and from , , we get

(b) Let . Then we consider both sets  and . Since

we obtain

i.e.,

2. Let  be a -null set.

(a) Let . Then, we obtain

Therefore, the set  does not have any right-scattered points. So,

and the assertion follows.

(b) Let . Consider both sets  and . By the previous case, it follows that  does not have any right-scattered
points.Then  is a null set. Since

then, we have that  is a null set. Consequently  is a null set. This completes the proof.

For a given function  and a partition  of , define

We define the total variation of the function  as follows.

If , we say that the function $f$ is of bounded variation on the time scale .

Note that if  is of bounded variation, then , defined by , is of bounded variation.

A function  is said to be absolutely continuous on  if for every  there exists a  such that if ,
with , is a finite partition disjoint family of subintervals of  satisfying

 Definition

 Definition
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then

A function  is absolutely continuous on  if and only if the following conditions hold.

1.  is continuous and of bounded variation on .

2.  maps every -null subset of  into a null set.

Proof
Let  be the extension of the function , defined by .

1. Let  is absolutely continuous on . Then  is continuous on . Now we will prove that it is of bounded variation on . Let 
 corresponds to  as in the definition of absolutely continuous function on . Then there exists a partition 

 such that for any  either

or

If , then

Thus,  is of bounded variation on . If , then

and  is of bounded variation on . Therefore  is of bounded variation on . Consequently

 is of bounded variation on . Let now  is a -null set. We will prove that  is a null set. Let  be arbitrarily
chosen and  corresponds to  as in the definition for absolutely continuous function. Because , we have that 

 and it has not any right-scattered points. Then we may choose a family  with , of pairwise disjoint
subintervals of  such that

and

Hence,

and

 Theorem
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Because  is continuous on , it follows that there exist , , such that

Since  and  is absolutely continuous on , we have

and

From here,

Because  was arbitrarily chosen, we get that

2. It follows that  maps every null subset of  into a null set. Hence and the Banach-Zarecki theorem, it follows that  is
absolutely continuous on . By the equality , we conclude that  is absolutely continuous on . This completes the
proof.

This page titled Chapter 11: Absolute Continuous Functions is shared under a Public Domain license and was authored, remixed, and/or curated
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Chapter 12: Alternative Way for Defining of Lebesgue Type Measure and Integration
on Time Scales
Let  and . We assume that . Define the function  as follows

Suppose that  is an arbitrary function. Then the function  is an extension of  to  and it is constant on
"gaps" in , with value equal to the value of  at left-hand end of the gap.

We say that  is Lebesgue delta measurable, respectively Lebesgue delta integrable, if  is Lebesgue measurable,
respectively Lebesgue integrable, on the real interval  in the usual Lebesgue sense. Let  denotes the set of such
integrable functions on .

For any , we define the integral of  by

where the integration on the right-hand side is the standard Lebesgue integral over the real interval .

Using the above construction, we can also define a Lebesgue delta measure and a class of Lebesgue delta measurable subsets of ,
and Lebesgue delta integrals over such sets. For a set , with  we will denote the characteristic function of .

We say that  is Lebesgue delta measurable if  is Lebesgue delta measurable in the sense of Definition .

If  is measurable, we define the integral of  over  to be

We define the measure  of  to be

From the definition, it follows

and

Also, if  is right-scattered and , then  is well-defined and

 Definition

 Definition

 Definition

 Definition
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From the definition , it follows that the most of the standard Lebesgue integration results on  hold immediately for the
above integral on . In particular, Minkowsky's type inequality and H\''older's type inequality, and the dominated convergence
theorem hold.

For , we define

For , we define

If  and , then the function

is well-defined and  with

Proof
By the definition, we get

Hence, using the standard Lebesgue integration theory, the integral  defines an absolutely continuous function of 
. Therefore  is well-defined on . Also,

Hence,

This completes the proof.

If , then

 Note

 Theorem

 Theorem
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Proof
Let  be fixed. We define the function

Since , by Theorem , it follows that  is a continuous function of . Therefore  is a continuous
function on . Let  be arbitrarily chosen and fixed. We take  arbitrarily. Then

In the last inequality we have used that . Since  is a continuous function on , there is a  such that for any 
 we have

Therefore

for any . Since  was arbitrarily chosen, we conclude that  exists and  for any . Hence,
using the Mean Value Theorem, we conclude that  is a constant on . Because , we obtain  on . This
completes the proof.
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Chapter 13: The Fundamental Theorem of Calculus
Firstly, we will show some properties about $\Delta$-differentiability and differentiability.

Let  and  be given as follows

Assume that  and  is the extension of  to , defined by

Then we have the following statements.

1.  is differentiable on the set  and

, for some .

2. If  is differentiable at , then  is -differentiable at  and its -derivative at  satisfies

3. If  is -differentiable at 
, then  is differentiable at  and its derivative at  satisfies the equality

Proof
1. By the definition of , it follows that there exists  at any  and

2. Let  be such that  is differentiable at .

(a) Let  be right-scattered. Then there is a  such that . Since  is continuous at , then  is continuous at  and so, 
is -differentiable at , and

(b) Let  is right-dense. We have

 Theorem
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Therefore  is -differentiable at  and

3. Let  and  is -differentiable at . Take  arbitrarily. Then there exists a  such that

for all , . Let . Then there is an  such that  and 
. Define

We have that

Hence and , we get that  is differentiable at  and

This completes the proof.

A function  is absolutely continuous on  if and only if the following conditions are satisfied.

1.  is -differentiable -a.e. on  and .

2. The equality

holds for every .

Proof
Let  be the extension of the function , defined by .

1. Let  be an absolutely continuous function on . Then  is an absolutely continuous function on . Hence and the
classical fundamental theorem of calculus, it follows that

(a)  is differentiable a.e. on  and . (b) it is valid the following equality

for any . By Theorem , (2), it follows that

Since  is continuous on , we have that  is -differentiable at any right-scattered points of . Thus, the set  does not have
any right-scattered points. Therefore

 Theorem (The Fundamental Theorem of Calculus)
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Because  is differentiable a.e. on , we have that

Hence and the relations , , we get

i.e.,

and  is -differentiable a.e. on . Now, we redefine  in the following manner.

Define

Then, by Theorem  (2), it follows that

Thus,  and , whereupon  and

Therefore  and

and

2. Suppose (1) and (2). Let  be the extension of , defined by . Since , we get .
From here,

and
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Hence and the classical fundamental theorem of calculus, it follows that  is an absolutely continuous function on .
Therefore  is absolutely continuous on . This completes the proof.
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