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1: The Darboux-Stieltjes Delta Integral

Throughout this cycle, T denotes a time scale with delta operator and forward jump operator A and o, respectively. Let a,b € T, a
< b. Define

# Definition: Partition

A partition of the interval I is any finite ordered subset

I=1a,blr = [a,5] NT. (1.1)

P= {to,tl, ,tn} C [a,, b]T, (1.2)
where
a=t)<t; <..<tpb=0b. (1.3)
v/ Example 1.1
Let T= 2N and ¢ = 1, b = 64. Then
P ={1,4,16,64} (1.4)

is a partition of the interval [1, 64]r.

v/ Example 1.2

LetU={3} =(1-U)U{1},a=0,b=1.Then

1 1 1 1
P= Ty =0 —p =, 1] 1.
{0’ 1024’ 256° 327 2° (1.5)

neNy’ T

is a partition of the interval [0, 1]r.

Each partition P = {tq, t1, ..., } Of the interval I decomposes I into subintervals

Ij=Ij, je {1,...,’”}., (16)

suchthat ;NI =0, j #k, 5,k € {1,...,n}. By At; =t; —t;4, j € {1, ...,n}, we denote the length of jth subinterval of the partition
P. With (I) we denote the set of all partitions of I.

# Definition:

& LetP, P, e P(I). If P, C P,, then we say that P, is a refinement of P,,.

If P and P, are arbitrarily chosen partitions of I, then P,, U P, is a common refinement of P, and P,.

https://math.libretexts.org/@go/page/207587
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# For a partition P € P(I) and a strictly increasing function g on I, we define
9(P) = {9(a) = g(to), 9(t1), -, 9(ta) = 9(0)} C (1) (1.7)
and
Ag; = g(t;) —g(ti1), je€{l,..,n}. (1.8)

Note that Ag; > 0, j € {1, ...,n}, and
D Agi= Y (g(t;) — g(tia))
=1 =1

= g(t1) — g(a) + g(t2) — g(t1) + - + g(b) — g(tn-1)

= 9(b) — g(a).

Moreover, we have that g(P) is a partition of the interval [g(a), g(b)]-

& Theorem 1.1

& For any strictly increasing function g on I and é € (0, g(b) — g(a)), there is a partition

Ps= {t()ytla 1tn} € ?(I) (19)

such that for each j € {1, ...,n} one has

Ag; <8 or Ag;>6, p(t;)>ti. (1.10)

& Proof

& Since g is strictly increasing, we have that from ¢ € T and g(t) € [¢(a), g(b)], it follows that ¢ € [a,b]r. For j € N, define the
following families of sets

B; = (g(tj-1), 9(tj—1) + 9],

A]' = {t el: g(t) c B]}
Inductively, we construct the following partition: o = a and
supA; if A; 40
tj=12 o(tj-1) if A;=0, tj isright-scattered (1.11)

g(t;) = inf(g(t;—1) + 6,9(b)] if A;=0, ¢;, isright-dense.

Assume that the constructed partition has n € N, n > 2, elements. If A; # 0, then g(¢1) € B = (g9(a), g(a) + 8. Hence, g(¢1)
> g(a) and t; > tg. Let A; = 0. Then, we have the following cases.

https://math.libretexts.org/@go/page/207587
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1. t¢ is right-scattered. Then ¢; > .

& 2.1, is right-dense. Then g(t) € [g(a) + 6, g(b)]. Hence, g(¢1) > g(a) and ¢; > #o.

Assume that

a=t <t <..<tj (1.12)

for some j € {0,1,...,n—1}. If A1 + 0, then g(¢;11) € (g(¢;), 9(¢;) + 6 and g(¢;11) > g(t;), and then ¢, > ¢;. Let A;; = 0. Then,
we have the following cases.

1. t; is right-scattered. Then ¢;,; > ¢;.

& 2.t; is right-dense. Then g(t;11) € [g(t;) + 6, 9(b)] and g(¢;11) > g(t;), and then t;,; > ¢;.

Therefore

a=t)<t; <..<t,=0 (1.13)

Now, take j € {1,...,n} arbitrarily. Consider the following cases.

1.t; =sup A;. Then g(¢;) € (9(tj-1), 9(t;—1) + d]. Hence,
Agj = g(t;) — g(t;j—1)
< g(tj1) +6—g(tj)

=4.

2.t; = o(t;—1) and t;_; is right-scattered. Then A; = ¢ and

9(t5) = g(ti—1) +6, (1.14)

and
Ag; = g(t;) — 9(tj-1)

> g(tj-1) + 0 — g(tj-1)

=4.
By the inequality (1.14), using that
g (1.15)
is strictly increasing, we obtain that
p(t;) =t (1.16)
& 3.¢; is such that
g(t;) = inf(g(t;-1) + 6, 9(b)]- (1.17)

https://math.libretexts.org/@go/page/207587
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| Hence, we get (1.14) and then Ag; > 4, and p(t;) > t;_;. This completes the proof.

# Definition:

# We denote by P4(I) the set of all partitions P of the interval I( that posses the property indicated in Theorem 1.1.

For a real-valued function f on 1, denote

M;=inff(t) and M;=supf(t), je{1,..,n}. (1.18)
tel; tel;

# Definition:

# For any strictly increasing function g on I and function f on I,
the upper Darboux-Stieltjes sum of f with respect to the partition P, denoted by U(P, f, g), is defined by

UP, f,9) = ) M;Ag;. (119)
j=1

The lower Darboux-Stieltjes sum of f with respect to the partition P, denoted by L(P, £, g), is defined by

L(P, f,g) = Y _mjAg;. (1.20)
§=1
Evidently, we have
L(P,f,9) <U(P, f,9) (1.21)

for any P € P(I).

v/ Example 1.3

Vv LetT= 2_Z, () =t, g(t) =t?and I = [0, 1]r. For a partition, we take

1 1 1
P={07F7 2"‘_2,...7571}. (1.22)

Here

t; =2 je{l,..,n}. (1.23)

https://math.libretexts.org/@go/page/207587
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We have

M; = sup f(t)
tel;

= inf
iy tlenI] f(®)
=t

= 2j_1_"’ Jje {17 7"}’

and
Ag; = g(t;) — g(tj—1)
_ 32 2
=1t —ti
— o2i-2n _ 92(j-1)—2n

_ 92— _ 92—2n—2
= 9%~ _ 92j

; 1
— 2j—2n _ =
2 (1-9)

3

22j—2n
=3.2%2  je{l,..,n}
Consequently, for the upper and lower Darboux-Stieltjes sums, we get

U(P,f,9) = ) _ M;Ag;
j=1

_ 2":21'—"—1 (3 . 22,'-27.-2)

j=1

3 = 3j—3n
=527
2

and

n
L(P,f,g) = Y _m;Ag;
=1
n
— Z 9i—n-1 (3 . 22j—2n—2)
j=1

3 - 37—3n
=522

@ https://math.libretexts.org/@go/page/207587
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| respectively.

& Let f be a bounded function on I and g be a strictly increasing function on 1, P € 2(I) and

m<ft)<M, tel. (1.24)

Then

m(g(b) — 9(a)) < L(P, f,9) <U(P, f,9) < M(g(b) — g(a)) forany P € P(I). (1.25)

& Proof

& Take P € P(I) arbitrarily. Denote

M; = sup f(t),
tel;

mj = tléllff(t), je{l,..,n}.

‘We have
m; >m and M;<M, je{l,..,n}. (1.26)
Then
n
L(P7 fa g) = ijAgj
=1
> mz Ag;
=1
= m(g(b) — g(a))
and

U(P, f,9) = Y M;Ag;
=

<M zﬂ: Agj
=1

= M(g(b) — g(a))-

This completes the proof.

https://math.libretexts.org/@go/page/207587
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& Let f be a bounded function on 7, g be a strictly increasing function on I, P,Q € P(I) and @ be a refinement of P. Then

L(P,f,9) < L(Q, f,9) U, f,9) <U(P, f,9)- (127)
& Proof
& Let
P = {to,t1, ..., tn}. (1.28)
Without loss of generality, assume that
Q=PU{tn}, tr<tm <trt, (1.29)
for some k € {0,1,...,n—1}. Let
Mj = sup f(t)’
tel;
mj = tleﬂlff(t),

mp = inf f(2),

t€[tr,tm)

= inf t
mg = of f(®),

Mg = sup f(t),
€[tk tm)

My, = sup f(2),
tG[t,,,,tHl)

Agir = g(tm) — 9(tr),
Agrs = g(trs1) — 9(tm)-
We have

n n
L(P,f,g) = Y _miAg; and U(P,f,g) = M;Ag;,
=1 Jj=1

and

Mp > Mey1, Mig > Miy1, Mg < My, Mig < My (1.30)

https://math.libretexts.org/@go/page/207587
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Hence,

k n
L(Q,f,9) = Y_miAgj+muAgn + mixAgn + Y, milAg;
=1 J=Ft2

k n
Z m;Ag; + mr1Agr + mr1Agie + Z m;Ag;
=1 J=k+2

\%

k n
=) miAgi+menlAgra+ Y, milg;
= prrt

n
= ijAgj
=1
= L(P, f,9)
and

k n
U@ f,9) = > MjAg;j+ MuAgi + MipAgia + Y . MjAg;
= j=kt2

k n
< E M;Ag; + My1Agk1 + Mi11Agx2 + E M;Ag;
y=i )

k n
=Y MAg;+ My Agen + Y, MiAg;
=1 =t

n
=Y M;Ag;
=1
=U(P,f,9)

This completes the proof.

# Let gbe a strictly increasing function on I and f be a function on I.
The upper Darboux-Stieltjes delta integral of the function f from a to b with respect to the function g is defined by

b
[0 = st (P, 1,9). (131

The lower Darboux-Stieltjes delta integral of the function f from a to b with respect to the function g is defined as follows

b
/ f(t)Ag(t) = sup L(P, f,g). (1.32)
2 Pe?(I)

https://math.libretexts.org/@go/page/207587
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& Let f be a bounded function on T and g be a strictly increasing function on I. Then

b )
/ (6)Ag(t) < / () Ag(t). (1.33)

& Proof

& Let P, and P, be two different partitions of I. Let also, P; be their common refinement. Then, applying Theorem 1.4, we
have

L(Py, f,9) < L(Ps, f,g) <U(Ps, f,9) < U(Py, f, 9)- (1.34)

This implies that the lower Darboux-Stieltjes sum for any partition P; of I is always bounded from above by the upper
Darboux-Stieltjes sum of any other partition P of I.

& Fix an arbitrary partition P of 7. By the inequality (1.34), we have

L(P’,f,g) <U(P, f,9) (1.35)
for any partition P’ of I. Hence.
sup L(P’,f,9) <U(P,f,9), (1.36)
Pre(l)
whereupon
b
/ f(1)Ag(t) <U(P, £, 9). (1.37)

From the last inequality, we arrive at

b
[r080) < iat U(P.1,9)

b
- / F)0g(t).

This completes the proof.

# Definition:

# Let fbe a function on I and g be a strictly increasing function on I.
If

https://math.libretexts.org/@go/page/207587
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b b
/ F(t)Ag(t) = / F(6)Ag(®), (1.38)

then we say that f is Darboux-Stieltjes delta integrable from e to b with respect to the function g. The common value of both
integrals is denoted by

b
DS / £®)Ag(t) (1.39)

and it is said to be the Darboux-Stieltjes delta integral of f from a to b with respect to g. The set of all functions that are
Darboux-Stieltjes delta integrable from g to b with respect to g is denoted by D(g, I).

& Theorem 1.5 (e-Criterion for Darboux-Stieltjes Delta Integrability)

& Let f be a bounded function on I and g be a strictly increasing function on I. Then f € D(g,1) if and only if for any ¢ >0
there exists a & = d(e) > 0 such that P € Ps(I) implies

U(P,f,9) — L(P, f,g) <e. (1.40)

& Proof

& We prove the implications separately.
& 1. Suppose that for any e > 0 there exists a § = §(¢) > 0 such that P € P,(I) implies

U(Pvf’g) _L(Pv.f’g) <e (141)

By Theorem Pagelndez4, it follows that
b b
0< [fa0) - [ 10200

SU(P,f,g)—L(P,f,g)

<e€.
This implies that
b b
[1aaty = [ 10200 (1.42)
and f € D(g,I).
& 2. Suppose that f € D(g, I). Then
L(P, f,g) = inf U(P,f,g). 1.43
8 (P, f.9) R (P, f,9) (1.43)

https://math.libretexts.org/@go/page/207587
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Fix ¢ > 0 arbitrarily. By the definition for infimum, we find that there is a partition P; of I such that

sup L(P,f,g) <U(Py,f,9)

Pe?(I)
< sup L(P,f,0)+ ¢
Pe?(l) 2
or
U(Pl’.fyg)_ sup L(Pv.fag)< % (144)
PeP(I)

Now, using the definition for supremum, thre is a partition P, of I such that

L(P2’.f’g)> sup L(Pvf;g)_% (145)
PeP(I)
Hence,
sup L(P,f,9) <L(Pyf,0) + = (1.46)
Pe?(I) 2
or
— sup L(P,f,9) > ~L(Ps, f,9) — 5- (1.47)
PeP(I)
Now, applying the inequality (1.44), we find
€
U(P11f1g) _L(Pzi.fig) - E < U(Plyfrg) — sup L(Prfrg)
Pe?(I)
<£
2 k)
whereupon
U(Plvf7g)_L(P27f7g) <e. (148)
Let P; = P, U P,. Then P; is a refinement of P; and P,. By Theorem 1.3, we get
L(P2’f;g) < L(P3a.fag) (149)
and
U(P1, f,9) 2 U(Ps, £, 9)- (1.50)

Now, using (1.48), we arrive at

U(P;;,f,g)—L(P;;,f,g) < U(P11f1g)_L(P21frg)

<e.

https://math.libretexts.org/@go/page/207587
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| This completes the proof.

& Corollary: 1.6

& Let I contains infinitely many points of T and f be a bounded function on I, and g be a strictly increasing function on I.
Then f € D(g, I) if and only if there is a sequence {P,},en of partitions of I such that

lim U(Py, f,9) = lim L(Pn, f,9)

b
- DS / 1) Ag(t).

& Prroof

& We prove the implications separately.

1. Let f € D(g,I). By the e-criterion for Darboux-Stieltjes delta integration, we get that for any n € N there is a partition P, of I
such that

U(Pr, f,9) — L(Pn, f,9) < % (1.51)

Define the sequence {Q,}»en Of partitions of I in the following manner
Ql = P17

Qn=Qn—1UPn, nGN, n> 2.

Then
Q=P
CPUP
=Q1UP;
= Q2.
Assume that
Qn C Qi1 (1.52)
for some n € N. We will prove that
Qn+1 C Qn+2- (1.53)

https://math.libretexts.org/@go/page/207587
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Really, we have
Qni1=QnU FPra
CQurUP1UP,
= Qny1U Ppys
= Qn42-

Therefore the sequence {Q,}.en is a sequence of refinements of the sequence {P,},en. By Theorem 1.3, it follows that the
sequences {U(Qn, f, 9)}nen and {L(Qy, f, 9)}nen are bounded and monotone. Thus, both of them must converge. Since

U(Qn, f,9) < U(Pn, £,9),

L(Qﬂvf:Q)ZL(Pﬂa.f,g)7 TLENa

we have

U(Qn,fag)—L(me,g) < U(meyg) _L(Pm.fag)

< l, n € N.
n
Taking the limit as n — oo of both sides, we can deduce that
The algebra of limits then implies
nlggo U(Qn, fr9) = nlg{)lo L(Qn, f,9)- (1.55)

2. Suppose that there exists a sequence {P,},en Of partitions of I such that

lim U(P,, f,9) = lim L(P,, f,9). (1.56)
By the algebra of limits, we have

This means for any e > 0 there exists an N € N such that

|U(Pna.f7.q) _L(Pn;fag) _0| = |U(Pm.f7.q) _L(meag)|

<e¢ forall neN.

https://math.libretexts.org/@go/page/207587
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This gives us the e-criterion for Darboux-Stieltjes delta integral and so f € D(g, I). Finally, for any n € N, we have

b
L(Pa, f,9)] < f TOIN0

b
< / F(H)Ag(t)
LS U(Py, £, 9)-

Taking the limit as n — oo, and using the assumptions, we then have

b
lim L(P,, f,9) < / f(t)Ag(t)

b
< / F(H)Ag(t)
< 111515310 U(Py, f,9).
So,

b b
/ F(©)Ag(t) = / F()Ag(t)

b
—Ds / () Ag(t),

which is what we claimed.

v/ Example 1.4

v LetT, fand g be as in Example 1.3. By Example 1.3, we have

U(P’fyg)=L(P7f7g)

j=1
3 . 8"—1
=358 8%
3
=(1—-8"
(-8
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Hence,

Therefore

inf U(P, f,g) = sup L(P,f,
. (P, f,9) Pe?l()n( f.9)

= lim E(1 —8™")

n—oo 7

J
—

1
3
2—_
DS/tAt =7
0

(1.58)
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2:The Riemann-Stieltjes Delta Integral

Consider a partition P = {to,t1,...,t,} € P(I). Forany j € {1,...,n}, take ¢; € I,.

# Definition:

Let f be a function on I and g be a strictly increasing function on 1.
The Riemann-Stieltjes sum R(P, f, g) for the function f on the interval I with respect to the function g is defined as follows

R(P, f,0) = 3" f&)Aas 21)
=

Let g be a strictly increasing function on I.
A function f on I is said to be Riemann-Stieltjes delta integrable on the interval I with respect to the function g if there exists a
real number J such that for any e > 0 there exists a § = é(¢) > 0 such that for any P € P4(I) one has

|R(P, f,g) —J|<e (2.2)

independent of the choice of §; € I}, j € {1,...,n}.
The number J is called the Riemann-Stieltjes delta integral of the function f on the interval I with respect to the function g,
also denoted as

b
RS / F®)Ag(2). 2.3)

The set of all Riemann-Stieltjes delta integrable functions on the interval I with respect to the function g is denoted by ®(g, I).

& Theorem 2.7

\begin{theorem}
Let f be a function on I and g be a strictly increasing function on 1. If f € (g, I), then its Riemann-Stieltjes delta integral on
the interval I with respect to the function g is unique.

Proof

b
Suppose the contrary, i.e., assume that we have two values for RS [ f(t)Ag(t), namely J; and J. Fix € > 0 arbitrarily. By the

definition for the Riemann-Stieltjes delta integral, it follows that there are §; = §;(e) >0 and &, = d2(¢) > 0 such that if P,
€ .7’51(.[), P e .7’52(.[),
then one has

IR(Py, £,9) = Dl < 5 (24)

and

|R(P2, f,9) — J2| < % (2.5)

Let § = min{di, d}. Then, if P € P4(I), one has
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|R(P, f,9) — 1| < % (2.6)
and
IR(P, f,9) = J2] < . (27)
Hence,
|J1 _J2| = |J1 _R(P7f7g)+R(Pa.f1.q) _J2|
< |R(Paf1.q) - J1| + |R(P7fag) - J2|
<& €
2 2
= E.
Thus,
|J1 —J2| <€ forany e>0. (2.8)
This means
|J1 = J5| =0, (2.9)

which says that the two values of the Riemann-Stieltjes delta integral must be equal to each other. This completes the proof.

v Example 2.5

Let T, f and g be as in the third example of "The Darboux-Stieltjes Integral". Let also,
§elj
= [21'—1—1», 2j—n),ﬂ.

= F=

Then, using the computations in the third and fourth examples of "The Darboux-Stieltjes Integral", we get
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R(P,f,9) =) _ f(&)Ag;
j=1

= 2“:2]'—1—11. (3 . 22]'—211—2)

J=1

n
2 3j—3n

00|

j=1

3 3n & 3j
= =27 2%

3, 8"—1
=38 851
3
=>(1-8™").
Sa-8m)
Hence,
lim R(P, f,g) = lim 3 1-8")
n—00 * n—oo 7
_3
=
Thus,
; 3
RS / tAt? = = (2.10)
0

This page titled 2:The Riemann-Stieltjes Delta Integral is shared under a not declared license and was authored, remixed, and/or curated by
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3: Correspondence between the Darboux-Stieltjes Delta Integral and the Riemann-
Stieltjes Delta Integral

From the examples of the previous two sections, we saw that the values of the Darboux-Stieltjes and Riemann-Stieltjes delta
integrals are exactly the same. This is because the construction by the Riemann-Stieltjes delta integral can be shown to be
equivalent to the construction by the Darboux-Stieltjes delta integral. Furthermore, if the limits of the Riemann-Stieltjes sum and
the Darboux-Stieltjes sums exist, we can show that they would have the same value.

& Theorem 3.8

Let f be a bounded function on I and g be a strictly increasing function on I. Then f € R(g,I) if and only if f € D(g,I).
Moreover, the value of Riemann-Stieltjes and Darboux-Stieltjes delta integrals coincide and this is denoted by

b
/f@Aﬂﬂ- (31)
Proof

We will prove the implications separately.

1. Suppose that f € D(g, I). Fix € > 0 arbitrarily. By the e-criterion for Darboux-Stieltjes delta integrability, it follows that there
is a & = §(e) > 0 such that if P € P4(I), then

U(P,f,g)—L(P,f,g)<E. (32)

Clearly, we have

L(P’f’g) S R(P’ f’g) S U(P’f’g)'

Then
R(P7 f7 g) S U(P7 f7 g)

<e+L(P, f,9)

b
< e4DS / £®)Ag(®)

and
R(P,f,g) > L(P, f,g)

>U(P7f7g)_6

b
> DS [ f)Ag(t) e

Consequently
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b
R(P, f, g)-DS / FO)Ag)| < e (3.3)
for any € > 0. This means that
b b
RS [ 080 =S [ F)Aq(o) (3.4)

2. Now, suppose that f € R(g, I). Fix € > 0 arbitrarily. Then there is a § = 6(¢) > 0 such that

b
RS [ f0)Ag(t)~ R(P,£,9)| << (35)
Let
P ={to,t1, .., ta}. (3.6)
Let also,
mj= tléllff(t) and M;= félzpf(t)’ je{1,...,n}. (3.7)

By the definitions of m;, j € {1,...,n}, it follows that there exists a &; € I; so that
f(&) <mj+e je{l,..,n}. (3.8)
Then
R(P,f,9) = Y f(&)Ag;
j=1

<

n
(m; + €)Ag;
=1

= Z m;jAg; + € Z Ag;
j=1 j=1
= L(P, f, 9) + €(g(b) — g(a))-
Hence,

b
/ 16)Ag(t) = L(P, £, g)

> R(P, f,9) — e(g(b) — g(a)).

By the definitions of Mj, j € {1,...,n}, it follows that there exists a n; € I; so that

) > My—e, €L}, (3.9)
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Then

R(P, f,9) = i:f("lj)Agj
j=1
> (M — 9Ag;
j=1
= iMjAgj - Ezn: Agj
j=1 =1
=U(P, f,9) — €(g(b) — g(a))-
Hence,
i
[r@890 <U(P. 1,9
< R(P, f,9) + e(g(b) — g(a)).

Therefore

b
R(P, f,g) — e(g(t) — g(a)) < / F(6)Ag(t)

b
< [0
< R(P, f,9) + (g(b) — g(a))
for any e > 0. This means that

b
R(P, f,9) < / F(HAg(?)

)
< / F()Ag(t)

<R(P,f,9)

and f € D(g, I). This completes the proof.

< Theorem 3.9

Let g be a strictly increasing function on I. We have
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b
/cAmw=c@wy—m@L (3.10)

where cis a constant.

Proof

Let P = {to,t1,-..,ta} € P(I). Then

M; = sup f(t)
tel;

=c’
m; = inf £t

=c, j€A{1,..,n}.

Hence,
U(P, f,9) = Y MjAg;
j—=1
=c) Ag;
=1
= c(g(b) — g(a))
and

n
L(P7 fag) = Z mjA.qj
j—=1

=c 2”: Ag;
= ¢(g(b) — g(a))-

b
Note that there exists [ f(¢)Ag(t) and (3.10) holds. This completes the proof.

& Theorem 3.10

Let f be a function on I and g be a strictly increasing function on I. Let also, t € T and f : T — R. Then

o(t)
/ F®)Ag(t) = f(t)(9(a(?)) — 9(t))- (3.11)

Proof

If o(t) =t, then the assertion is evident. Let o(t) > ¢. Then

P([t,0()]) = {t,0(t)}. (3.12)
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We have
M= suip f(s)
selt,o(t))
= f(t)
and
=] i f
" sE[ltTflr(t)) 1)
= f(®).
Hence,

U(P, f,9) = f(t)(9(o(t)) — 9(¢))

= L(P, f,9).

o(t)
Note that [ f(¢)Ag(t) exists and (3.11) holds. This completes the proof.
t

& Theorem 3.11

Let g be a strictly increasing function on I. If f: I — R is a Riemann-Stieltjes delta integrable function, then f is bounded.

Proof

Suppose the contrary, i.e., let f : I — R be a Riemann-Stieltjes delta integrable on I and unbounded on 1. Take ¢ = 1. Then,
using that f is Riemann-Stieltjes delta integrable on I, there exist a § > 0 and a partition P € P4(I) such that

<1 (3.13)

b
R(P, f,g)— / F(t)Ag(t)

From here, we find

RP,f,9)] — ‘R(P, f,g)—fbf(t)Ag(t)+fbf(t)Ag(t)‘
< ‘R(P, 59— fb f(t)Ag(t)‘ + fb f(t)Ag(t)‘ (3.14)
< 14|fr)n00)

Let P = {to,t1,...,t,}. Since f is unbounded on I, then there exist at least one subintreval of P where the function f is
unbounded. Without loss of generality, assume that it is I = [to,t1]. Take p; € I}, j € {2,3,...,n}. Since f is unbounded on I,
there is a p; € I, such that
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a

fbf(t)Ay(t)‘ +14+ 32 11(0,)1A5
| (p0)| > A : (3.15)

Hence,

R(P,f,0) = fo0)Agi + 3 £07)Ags (3.16)
=2

and applying the reverse triangle inequality, we get

|R(P, f,9)| = ‘f(Pl)A!h + Xj: f(pj)Ag;

> |f(0)lAg ~ 3 129 Ag;

b
> / FOA®)|+1+ 3 1£@)lAg — 3 1£(p5) 1 Ag;
=2 =2
b
=1+ /f(t)Ag(t) .

This contradicts with (3.14). Therefore f is bounded on I. This completes the proof.

This page titled 3: Correspondence between the Darboux-Stieltjes Delta Integral and the Riemann-Stieltjes Delta Integral is shared under a not
declared license and was authored, remixed, and/or curated by Svetlin G. Georgiev.
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4: Properties of the Riemann-Stieltjes Delta Integral

Now, that we have clarified the definitions of Riemann-Stieltjes and Darboux-Stieltjes delta integrals, we move on to study their
properties. Since the construction for Darboux-Stieltjes delta integral is more instructive, we shall prove these results using the
Darboux-Stieltjes definition.

We start with the following preliminary result.

& Lemma4.12

Let g be a strictly increasing function on I. For any two bounded functions f;, f2 : I — R, we have

b b b
[+ @00 < (116800 + [ £®AL (1)
and
b b b
/ (1 + F)T)Ag(t) > / F()AgH) + / F2(t)Ag(t). (42)
Proof

Take P = {ty,t1, ... ,t,} and
M = sup f1(t),
tel;
M]? = sup f(2),
tel;
MR = sup(fi + f2)(8),
tel;
mi = inf f,(t)
tel; ’
mi? = inf f5(t)
J tel; ’

fitfa _ - .
Tn'j1 = tlglf(fl +f2)(t)’ JE {1,...,”}.

Note that for any ¢ € I, j € {1, ...,n}, one has

A®+ hOME+ M je{1,..,n}, (4.3)

and

A® + HE) >ml +mi?, jef1,..,n}. (4.4)

By taking supremum in the first inequality over ¢ € I, j € {1,...,n}, and infimum in the second inequality over ¢ € I;, j
€{1,...,n}, we get

Mt < MP 4+ MP, Gefy, .. n}, (4.5)
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and
fitfa f fa .
m; D > m;' +mj’, j€{l,..,n}, (4.6)
respectively. Hence,
U(P7f1+.f2ag)SU(nylyg)+U(P2af’g) (47)
and
L(P’f1+f27.q)ZL(P’flyg)+L(P7f21.q) (48)

for any partition P € 2(I). By taking infimum in the first inequality over P € P(I) and supremum in the second inequality over
P € P(I), we obtain (4.1) and (4.2), respectively. This completes the proof.

& Theorem 4.13

Let g be a strictly increasing function on I. Let also, fi, f» € (g, I). Then, for any a, 8 € R, one has af; + 8f2 € R(g, I).

Proof
Firstly, we will prove the assertion for $\alpha=\beta=1$. By Lemma 4.12, we get

) 3 )
/ (1 + f2)(HAg(E) < / Fi(OAg(H) + / f(Ag(t)

b

b
= / fi(t)Ag(t) + / f2(t)Ag(t)

a

and
b b b
/ (Fr+ F)HAG(E) > / Ai(HAgH) + / F(H)Ag(t)
b b
- / F(OAg(t) + / (O)Ag(t).
Therefore

b b
/ (1 + F2) () Ag(t) = / (f1+ f2)H)Ag()

b

b
= / fi(t)Ag(t) + / f2(t)Ag(t)

a

and fi1+ f2 € R(g,I).
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Now, we will prove that of; € R(g,I) for any a €R. If & = 0, then the assertion is evident. Let & >0 and P = {to, %1, ..., tn}
€ P(I). Let also,

M; = sup f(t),
tel;

mj = tléllff(t), je{l,..,n}.

Then
aM; = asup fi(t)
tel;
= sup(efi)(t), je{1,..,n},
tel;
and

;= ainf fi(t
am; = o jof (1)

= tIEIIIf(afl)(t)’ S {17 7n}'

Hence, we conclude that

aL(nylyg) = L(Pia.flyg) (49)
and

aU(Py f11g) = U(P1 aflyg)' (410)
Since f; € R(g,I), we have that

L(Pa.flvg) =U(Pa.f17.q) (411)

and

aL(Pa flyg) = aU(P7 f17g)- (412)
Therefore

U(Pi a.flig) = L(Pv aflvg) (413)

for any partition P € P(I). Therefore af; € R1(g,I) and

b b
[@m®ase =a [ nwage. (414
Let now, o < 0. Then
aM; = inf(af1)(t), € {1,....n}, (4.15)
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and

am; = stizlp(aﬁ)(t), je{l,...,n}. (4.16)

From here, we conclude that
aU(P7 f17g) = L(P1 a.flv g)1

aL(Py f17g) = U(Pa afhg)‘

Consequently

U(Pa aflag) = L(P7 afhg) (417)
for any P € P(I) and af; € R(g,I), and

b b
[@m®ase =a [ nwage. (418

As above, one has Bf; € R(g,I) for any B € R. Then af; + Bf2 € R(g,I) and

b b b
/ (af + BF2) (O)Ag(t) = & / H()Ag(t) + B / L()Ag(t). (4.19)

This completes the proof.

& Theorem 4.14

Let g be a strictly increasing function on I Let also, f € R(g, I). Then f% € (g, I).

Proof

Since f € R(g,I), then f is a bounded function on I. Thus, there exists a constant K > 0 such that

If@)| <K, tel. (4.20)
Take € > 0 arbitrarily. Then, applying the $\epsilon$-criterion for Darboux -Stieltjes delta integrability, we get that there is a P
€ P(I) such that

U(P, f,9) —L(P,f,9) < (4.21)

£
2K
Let

M; = sup f(t),
tel;

mj = tléllff(t), je{l,..,n}.

Note that for any ¢,y € I;, j € {1, ...,n}, one has
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(@) = (F®)* = (F(O) — F@) () + f©))
< (F@) + F@)IFE) — fW)l
< 2K|f(t) — f(y)]

S2K(Mj—mj), JE€ {1,...,71.}.

Since ¢ and y are arbitrary in I, we conclude that 2K(M; — m;) is an upper bound for the difference (f(z))? — (f(y))? for any ¢,y
€ I}, j € {1,...,n}. On the other hand, the supremum of this quantity over all pairs t,y € I, j € {1,...,n}, is

sup ()" = (F@)?) = sup (f(2))* +sup (~(/(2))*)

2 2 i
SMJ-f —m_'7-f, je{1,..,n},

where

M’ = sup (f(t))%,

mj = it (F0), j€{L,..,n}.

Therefore

MJ.f’ — m;." <2K(M;—m;), je{l,..,n}. (4.22)

Thus, by constructing the Darboux-Stieltjes sum, for the function f* with respect to the partition P, we get

U(P, f%9)— L(P,f,9)= > (Mfz —maf'z) Ag
=1

<2K) (M;—m;)Ag;
=1

=2K(U(P, f,9) — L(P, f,9))

€

2K—S
<3k

=€,

which is the e-criterion for Darboux-Stieltjes delta integrability. This proves 2 € (g, I).

& Theorem 4.15

Let fi, f2 € R(g,I) and g be a strictly increasing function on I. Then f, f» € R(g, I).

Proof

Observe that
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fif= Ui+ f)P - f(h— £ on I (429)

By Theorem \(\PageIndex{13}\}, we have that

fi+ fa fr— f2 € R(g,1). (4.24)
Hence, applying Theorem \(\PageIndex{14}\}, we find that
(fi+ f2)%, (fr — f2)* € R(g, D). (4.25)
Again applying Theorem 4.13, we obtain that
1 1
71 +f2)2—z(f1—fz)2 € R(g,I). (4.26)

i.e., fifa € R(g,I). This completes the proof.

& Theorem 4.16

Let f € R(g,I), g be a strictly increasing function on I and ¢ € I. Then f € R(g, [a,]) and f € R(g, [c,b]), and
b c b
[0 = [ 10800+ [ 101900 (4.27)
Proof

Take € > 0 arbitrarily. Since f € R(g,I), by the e-criterion for Darboux-Stieltjes delta integrability, it follows that there is a
partition P € P(I) such that

U(P,f,9) — L(P, f,9) <e. (4.28)
Define P’ = P U {c} and
P, =P'N|a,d,
P2 = P’ n [C,b].

Thus, by definition, we have

U(P17f7g)+U(P27f7g)=U(P,7.fag)

b
< [s@age
and
L(Plafvg) +L(P27fag) = L(Plafag)
b
> [)ag0)
Hence,
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€> U(P7f7g) _L(Pafyg)
b b
> / F(&)Ag(t) - / 62

> U(Pl’.fyg)+U(P27.fag)_L(P17f7g)_L(P27fyg)

= (U(thag)_L(th:g)) +(U(P27f7g)_L(P27.f7g))'

Since

U(Pl’f;g)_L(Pla.fag)Zo (429)
and

U(P27f7g)_L(P2af’g) Zoa (430)
we get that

U(Py, f,9) — L(Py, f,9) <€ (4.31)
and

U(P2’f7.q)_L(P27f7g) <e¢ (432)

which, by the e-criterion, imply that f € R(g, [a,c]) and f € R(g, [c, b]). Now, we will show (4.27). Let @ = {yo,¥1,-.-,¥n} be an
arbitrary partition of I. Define @’ = Q U {c} and

Ql = Q’ n [a7 C],
Q2=Q' N[e,b].

By the definition of the Darboux-Stieltjes delta integral, we have
c b
[ @890+ [ 10200 <U@1,£,0) + U@, 1,9)

=U(Q', f,9)
<U@,f,9)

and
c b
/ F(t)Ag(t) + / FO)Ag(t) > U@, f,9) + V(@2 /,9)

=L(Q, f,9)
2 L(Q7 f’g)7

where we have used that Q” is a refinement of Q. Because @ € P(I) was arbitrarily chosen, we find
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c b
[rens+ [ 10200 < int U@, 1.9

b
- / £ Ag(t)

and

c b
/ F()Ag(t) + / SO0 > mp L@ 5,9

b
- / F(H)Ag(H)

and hence, by sandwiching, we get the desired equality. This completes the proof.
# Definition:

Let g be a strictly increasing function on I. For f € (g, I), define

a b
[ a9ty =~ [ 100800, (4.33)
b a

This is motivated by Theorem 4.16. Namely, if we want to extend Theorem 4.16 to work for any c,d, e € I in any order as well,
we would have

/ F()Ag(t) = / (&) Ag(t) + / F()Ag(t). (4.34)

Since this is extended to be defined for ¢, d, e in any order, we can also set e = ¢ to get

0= [ gt
d [
— / F(&)Ag(t) + / F(®)Ag(2),
e d

whereupon

d c
/ F6)Ag(t) = — / F©)Ag(t), (4.35)
c d

agreeing with the above definition.
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& Theorem 4.17

Let g; and gy be strictly increasing functions on I and f € R(g1, I), f € R(g2, I). Then f € R(g1 + g2, I) and
b b b
[ 108G+ a0 = [ 10800 + [ 10200, (436)
Proof
Let e > 0 be arbitrarily chose. By the e-criterion, it follows that there exists a partition P = {to, ¢1, ..., t,} of I such that
UP,f.0) = L(P. f,01) < 5 and U(Pf,0) ~L(P,f,92) < . (4.37)
Note that
(Alg1+92)); = (Bg1); + (Ag2);, GE€A{L,...,n}. (4.38)
Let
Mj = Sup f(t)7
tel;
m; = tléllff(t), Jje {11"'771‘}‘
Then
UP,f,g1+92) = Z:le(A(gl + 92));
b=
= Z_)l M;((Ag1); + (Ag2);)
= (4.39)
= _Zl M;(Ag1); + 21 M;j(Ags);
== J=
= U(Pvf;.ql) + U(Pa fag2)
and
L(P,f,91+¢2) = _Elmj(A(yl +92));
=
= 2 mi((Agn); +(Ag)))
= (4.40)
= 3 mi(Agi); + 3 mi(Ags);
j—=1 =1
= L(P7f7.ql) +L(Pa f;gZ)‘
Therefore
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Ulp, f,91 + g2) + L(P, f, 91 + g2) (4.41)
= U(Pafagl) +U(P7fyg2) _L(Pafagl) _L(P7f7g2)

= (U(P, f,91) — L(P, f, 1)) + (U(P, f,92) — L(P, f, 92))

which is the e-criterion for Darboux-Stieltjes delta integrability. Thus, f € R(g; + g2, ). Next, taking infimum in (4.39) over P
€ P(I), we arrive at

) b )
/ FOAG: +92)(t) < / FOAG () + / Ft)Ags(t)

b b

= [10800)+ [ 10200

a
and taking supremum in (4.40) over P € P(I), we get

b b b
/ FOAG +92)(0) < / FO)Ag(t) + / £()Aga(t)

b b
= / f(t)Agi(t) + / f(t)Aga(t).

Therefore

b b b
/ () Dgr(8) + / F()Dgalt) < / FO)A(g1 +92)(¢)

)
< / F(OA (g1 + 92)(®)

b b
< / F(O)AGi(0)+4 / F()Ag(2),

whereupon we get (4.36). This completes the proof.

? Exercise 4.1

Let g; and g, be strictly increasing functions on I and f € R(g1,I), f € R(gs,I). Prove that for any a, 8 € R, o, 8 > 0, one has f
€ R(ag1 + Bgs, I).
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Let g be a strictly increasing function on I, T be a time scale and ¢ : T — R be a strictly increasing continuous function, and \'T
= ¢(T), and ¢ : [A, B] — I is onto, where A, B € T, A<B. Letalso, fe R(g,I). Then f o ¢ € R(ge 4, [4, Blz) and

b

B
/ F(6)Ag(t) = / F(8(5)Ka((s)). (4.42)
A

a

Proof

Take e > 0 arbitrarily. Since f € R(g, I), by the e-criterion, it follows that there is a partition P = {to,1, ..., t,} of I such that

Since ¢ : [4, B]ﬁ — I is strictly increasing and onto, there is a partition @ = {sg, s1, ..., $n} of [4, B]T’f such that

¢(sj) = t]" -7 € {0’ 17 7"}' (444)
Thus,
¢ ([8.1'—17 sj]f) = [tj—la tj]7 Jj€ {17 7n}' (445)
Therefore
L(Pv.fvg) = L(Q;f°¢$g°¢)’

(4.46)
U(P, f,9)

U@, fo¢,9°0).

Hence, applying (4.43), we arrive at
U(Q1f°¢ag°¢) _L(Q7f°¢’g°¢) = U(P’fy.q) _L(Pifig)

<,

which is the e-criterion. This proves f o ¢ € R(g o ¢, [4, Blz)- By (4.46), taking supremum in the first equation over P € P(I) and
Q € P([A, Blz), and taking infimum in the second equation over P € (I) and Q € P([A, Blg),we obtain (4.42). This completes

the proof.

This page titled 4: Properties of the Riemann-Stieltjes Delta Integral is shared under a not declared license and was authored, remixed, and/or
curated by Svetlin G. Georgiev.
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5: Some Inequalities for the Riemann-Stieltjes Delta Integral

We will deduct some inequalities for Riemann-Stieltjes delta integrals. We will start with following one.

<& Theorem 5.19

Let g be a strictly increasing function on I, fi, f» € ®(g,I) and f; < f, on I. Then
b b
[ 70200 < [ n®ast0). (5.1)
Proof

Since fi, fa € R(g, I), it follows that f, — f; € R(g, I). Moreover, we have

f2(8) — fu(t) =0, tel. (5.2)
Then, we obtain
b
[0 - aad 2o (53)

Now, we find
b
0< / (f2(t) — F1(8) Ag(t)

b b

= / f2(t)Ag(t) — / fi(t)Ag(2),

a a

whereupon we get the inequality (5.1). This completes the proof.

& Theorem 5.20

Let g be a strictly increasing function on I and f € R(g,I). Then |f| € R(g,I) and we have the "triangle inequality" for
Riemann-Stieltjes delta integrals

b b
/ fO8g)| < / F®)lAg(2). (5.4)

Proof

Fix e > 0 arbitrarily. Since f € (g, I), there is a partition P = {#g, %1, ..., ¢, } of I such that

U(Pvf’g)_L(Pvf’g)<6' (55)

Define
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m; = tlélzf f@),

M; = sup f(t),
tel;

mj = Infl £,

M]’= Sup|f(t)|, je{ly"'yn}‘
tel;

Then
m; < f(t) < MJ'7

—m; > f(t) >—M,;, tel; je{l,..,n}.

Combining these two inequalities, we find

Hence,

If@) = f@)| < M; —m;, tyel; je{l,..,n} (5.7)

Applying the reverse triangle inequality
@ — 17 @) < 1£) — f@)]

<M;j—m;, tyel; je{l,..,n}.

Thus, M; — m; is an upper bound of | £(¢)| — | f(y)|, t,y € I;, j € {1,...,n}. On the other hand, we have

sup (|£(t)] — 7(y)]) = sup |£(¢)| — inf | f(y)]
tyel; tel; yel;

=M;—-mj, je{l,..,n}.

Hence, we have the inequality

M; —m}; < M;—m;, je{l,..,n}. (5-8)

For the difference of the upper and lower Darboux-Stieltjes sums of

|71 (6.9)

with respect to the partition
P (5.10)

, we get
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U(P,|fl,9) — L(P,|fl,9) = Y_(M] —m})Ag;
j=1

< ) (M;—mj)Ag;
=1

=U(P, f,g9) — L(P, f,9)

<€,

which is the e-criterion. Thus, |f| € R(g, I). Now, we will prove the "triangle inequality" for Riemann-Stieltjes delta integrals.

Note that
—|fISf<I|fl on I (5.11)
Now, we find
b b b
- / FHIAg() < / FB)Ag() < / FH1Ag(), (5.12)
whereupon
b b
/ O OIES / F®)lAg(2). (5.13)

This completes the proof.

& Theorem 5.21

Let g be a strictly increasing function on I, f € (g, I) and

m< fit) <M, tel. (5.14)
Then
b
m(g(b) — g(a)) < / f(®)Ag(t) < M(g(b) — g(a))- (5.15)
Proof
We have

mlg(b) — g(@) <m > Ag

< L(P, f,9)

<U(P, f,9)

SMX":A!JJ'

=1

= M(g(b) — g(a)).
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Using that f € R(g,I), we get

m(g(b) —g(a)) < sup L(P,f,9)
PeP(I)

b
/ TOING

inf U(P
Pég(I)U( , > 9)

< M(g(b) — g(a))-

This completes the proof.

& Theorem 5.22

Let g be a strictly increasing function on I, g” exists and is continuous on I, and f is a bounded function on I. Then f € R(g,I)
if and only if f¢” € R(E, I). Moreover,

b b
[1@agt) = [ 100 0. (5.16)

Here E is the identity function, i.e., E(t) =t,t € I.
Proof

We will prove the implications separately.

1. Let f € R(g,I). Because g2 is continuous on I, it is bounded on I and Riemann delta integrable on I. Since f is a bounded
function on I, there is a positive constant K such that

IfOI<K, tel (5.17)

Fix e > 0. Since f € R(g, I), there is a partition P, € P(I) such that

U(P17f7g)_L(P11fyg) < % (518)

Because g” is Riemann delta integrable on I, there is a partition P, € P(I) so that

U(P279A1E) - L(P279A1E) (519)

<.
2K
Let P= P, UP, = {to,t1,..-,t,}. Then P is a refinement of P; and P,. Then, we have the following inequalities
U(P,f,9) <U(P, f,9),
L(P,f,9) > L(Py, f,9),
U(P,g",E) < U(P,¢",E),

L(PygA’E) > L(P279A7E)'
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Hence, using (5.18) and (5.19), we find

U(P,f,g)—L(P,f,g) < U(P11fig)_L(P11f1g)
(5.20)
< %
and
U(Pr 9A1E) - L(Pi gAyE) < U(P219A’E) - L(P219A’E)
(5.21)
<
respectively. Introduce the quantities
M = sup f(2),
tel;
M = supg (1),
tel;
MP{*" = sup(fg)(®),
tel;
f_
m] = inf £(0)
@ _ e A
mi = t‘.?zf g-(t),
It _ A :
mj - tléllf(fg )(t)7 J€E {17 7n}‘
By the delta mean value theorem, it follows that for each j € {1, ..., n} there are ¢&;,7; € [t;_1,¢;] such that
g°(mj)At; < Ag; < g°(&5) At (5.22)

Then, for any j € {1,...,n} and any y € I, one has
(f9*)(r5) — (f9™) ) = £(7))g" () — F(¥)g" (v)
= f(rj)g" (1) — FW)g" (r3) + F(¥)g" (m5) — F(W)g" (¥)
= (f(r3) — F@)g™ (5) + W) (9™ (15) — 9° (¥))
< |£(15) = F@)lg™ (1) + 1FW)llg™ (73) — g° (W)
Ag;

f f gt g*
< (M _mj)A_tj +K(Mj —m ),

which is an upper bound of (fg®)(t) — (f¢*)(2) for t, z € I, 5 € {1, ...,n}. On the other hand, we have

@ https://math.libretexts.org/@go/page/207603


https://libretexts.org/
https://math.libretexts.org/@go/page/207603?pdf

LibreTexts"

t,2€l;

_ ppfet
= Mj

_ apfet it
=M;" —mj",

Consequently

ot e 7
M7 —m? < (Mj —

Hence, applying (5.20) and (5.21), we arrive at

U(P, fg*, E)

i=1

(M] —m{)Ag; + KZ; (Mg
=

K-
<2+

£(13)g" (5) < M] g% (ry)

Ag;
<Mi==L

Thus, MS 2%

i At is an upper bound of f(£)g2(¢), t € I, j € {1, ..

.,n}. Therefore
Ag;j

fe f =95 .
Mj M At je{l,..

Hence,

Taking infimum of both sides of the last inequality over P € P(I), we get

)—+K(MJ —mg.A), je{l,...,

—L(P,ng,E) = zﬂ: (Mg‘ng _mj

je{y,..

U(P, fg*, E) < U(P, f,9)-

sup ((f9°)(t) = (f9)(2)) = sup(fg™)(®) + sup (—(f9*) (=)

~ Inf(fg")(2)

jef{l,..,

n}.
n}.

(5.23)

f.lIA) At;

A
—m? )Atj

=U(P,f,9) — L(P, f,9) + K (U(P,¢", E) — L(P,¢", E))

which is the e-criterion. This implies that fg* € R(E, I). Now, we will prove that (5.16) holds. We have

,n}.

yn}. (5.24)

(5.25)
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b b
[t wac< [ 1000, (5.26)
On the other hand, we have
A fAg .
F€)9° (&) 2 mj =, j€{l,...,n}. (5.27)
J
Thus, mfﬁ—?ﬁ, j€{1,..,n}, is a lower bound of f(t)g2(¢), t € I, j € {1, ...,n}. Therefore
A Ag;
fe 29 .
mi’ > mjA—t;’ je{l,..,n}, (5.28)
and
L(P, f¢",E) > L(P, f,9). (5.29)

Taking supremum of both sides of the last inequality over P € P(I), we get

b b
/ fBg DAL > / F(6)Ag(). (5.30)

By the last inequality and the inequality (5.26), we obtain the equation (5.16).

2. Let f¢* € R(E,I). We will use the notations in the previous point. Fix ¢ > 0 arbitrarily. Then, there exists a partition P
= {to, t1, ..., £, } Of the interval 7 so that

U(P, fg*, E) — L(P, f¢*, B) < 5. (5.31)

Note that

M > 769" (&)

Ag;
> f6) 5y 9€ L),

whereupon MJ.f”A is an upper bound of f(t)ﬁ—fj, t € I, j € {1,...,n}. On the other hand, we have

11[1’) (f(t)i—':;) = MitAjgj, je{l,..,n} (5.32)
Consequently
Mo > MitAjg" , je{l,..,n}, (5.33)
and
M{Ag; < MITAt;, je{l,..,n}. (5.34)
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Next, we have
mi” < f(r;)g"(ry)

< f(1)Ag;

s th, jE{l,...,n}.

So, m]f."’A is a lower bound of %, t € I;, j € {1, ...,n}. On the other hand,
¢

g JORg _ mjAg;

WA = ar o € ,...,n}. (5.35)
Therefore
mie* < mi?jg", je{l,..,n}, (5.36)
and
m]["’AAtj < m][Ag,-, je{l,..,n} (5.37)

Now, applying (5.31), (5.34) and (5.37), we find

U(P, f,9) — L(P, f,9) = Y M{Ag;— Y _m]Ag;

=1 =1

n n
<Y MITAG =Y mlT Ay
=1 =1

=U(P, f¢*, E) — L(P, fg*, E)

<€,

which is the e-criterion. Therefore f € R(g, I). By (5.34), we get

U(P, f,9) <U(P, f¢*, E). (5.38)

We take infimum of both sides of the last inequality over P € P(I) and we find

b b
/ F()Ag(t) < / fOP @A (5.39)
By (5.37), we find
L(P, f,9) = L(P, f¢*, E). (5.40)

We take supremum of both sides of the last inequality over P € P(I) and we obtain

@ https://math.libretexts.org/@go/page/207603


https://libretexts.org/
https://math.libretexts.org/@go/page/207603?pdf

LibreTexts"

b g
/ F(OAg(t) > / () (®)At. (5.41)

By the last inequality and the inequality (5.39), we get (5.16). This completes the proof.

v/ Example 5.1

Let T = 2No, We will evaluate the integral

8

I= [ -t)A (5.42)
/
Here
o(t) = 2t,
.f(t) = t2 - ta

anda=1,b=8, I =][1,8]. We have
g @t) =o(t) +¢
=2+t
=3t

>0, teT.
Thus, g is a strictly increasing function on I. Therefore, we can apply Theorem 5.22 and we get

8
I= / (2 —t)(3t) At

8
=3 /(t3 —1?)At.
1

Let

VAR 4

Then
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(0())® +t(a(®))® + t?a(t) +°  (a(t)® +ta(t) + ¢

A —
Fg)= 15 7

@) +t(2t)? +eR(2t) + ¢ (20)2 4 8(2¢) + ¢
- 15 B 7

_ 8t rad+ 23413 4?27 +12
B 15 B 7

=t2—4%, tel

Therefore

_p(Me_1_si2 1)
- 15 15 7 7

_3(4095 _g)
- 15 7

=3(273 —73)
=3-200

= 600.

& Theorem 5.23(Delta Integration by Parts

Let g be a strictly increasing function on I such that g® exists and is continuous on I. Let also, f be a strictly increasing
bounded function on I such that f2 exists on I and is continuous on I. Then

b b
[ 1080y =s000|_ - [rrase. (5.4
Proof

Since fA exists and is continuous on I, we have that f is Riemann delta integrable on I. Because g” is continuous on I, it is
Riemann delta integrable on I. From here, we get that f¢” is Riemann delta integrable on I, i.e., fg* € R(E,I). Now, applying
Theorem 5.22, we find that f is Riemann-Stieltjes delta integrable on I and

b b
/ f(©)g(t) = / fB @A, (5.45)

Now, delta integration by parts gives
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b b
[ stsr0ni=sg0)|_ - [@sswar

(5.46)

Since g°f2 € R(E,I) and f is a strictly increasing function on I, applying Theorem 5.22, we get g° € R(f, I) and

b b

/ O FA )AL = / FOIN)

a a

By the last relation and the relations (5.45), (5.46), we arrive at (5.44). This completes the proof.

For the next result we have a need of the following auxiliary result.

& Theorem 5.24

(5.47)

Let f € €(I), g be a strictly increasing function on I and f € (g, I). Then, we have the following estimate

b
/ F(H)Ag(H)

Proof

< max|f(®)l(9(5) — 9(a))-

(5.48)

Since f € €(I) and I is a compact set, there exists Tgxlf(t). Applying the "triangle inequality" for Riemann-Stieltjes delta

integrals, Theorem 5.20, we obtain

b

< / £ Ag(E).

a

b
/ F()Ag(t)

Now, we find

b b
[110180(0) < max|r0)] [ 1800

Next, we find

b
[ 189) = 9) - g(0).

By the last equation and the equations (5.49), (5.50), we arrive at

b b
/ f®Ag®)| < / F(®)lAg(t)

IA

b
max (1) / 1Ag(t)

max | F()|(9(b) — g(a)-

(5.49)

(5.50)

(5.51)

https://math.libretexts.org/@go/page/207603


https://libretexts.org/
https://math.libretexts.org/@go/page/207603?pdf

LibreTexts"

| This completes the proof.

& Theorem 5.1

Let {f.}nen be a sequence of continuous functions on I that converges uniformly to the continuous function f on I. Let also, g
be a strictly increasing function on I and f,, f € R(g,I), n € N. Then

b b
tim [ #0800 = [ 70200, (552
Proof

Applying Theorem 5.24, we get

b b b
/ fa(t)Ag(t) — / f(£)Ag(?) / (Fa(t) — F())Ag(t)

IA

o |7a(t) — F(2)I(9(b) — g(a))

—0, as n— oo

This completes the proof.

This page titled 5: Some Inequalities for the Riemann-Stieltjes Delta Integral is shared under a not declared license and was authored, remixed,
and/or curated by Svetlin G. Georgiev.
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6: Mean Value Theorems for the Riemann-Strieltjes Delta Integral

& Theorem 6.25

Let g be a strictly increasing function on I, f € ®(g, I) be a bounded function on I and

m= inf f(t) and M = sup f(¢). (6.1)
t€la,b) tefa,b)

Then there is a real number A € [m, M] such that

b
/ F(H)Ag(t) = Ag(b) — 9(a)- (62)

Proof

We have

m< fit) <M, tel. (6.3)
Then, we find

b
m(g(b) — g(a)) = / mAg(t)
b
< / F)Ag(t)

b
<M / 1Ag(t)
= M(g(b) — g(a))-

Hence, we get

F £©)2g(0)
m S ‘,;(IJ)T@ S M. (64)
Set
b
J f@)Ag(t)
A= "o —s@ (6.5)

Then A € [m, M] and (6.2) holds. This completes the proof.

For the next mean value theorem we have a need of the following auxiliary result.
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Let p;, j € {1, ...,n}, be nonnegative real numbers such that

P12p22...2pn20. (6.6)

Let also, g;, j € {1, ...,n}, be nonnegative real numbers and the real numbers

k
Se=> g5 ke{l,..,n}, (6.7)
=
satisfy the inequalities
m< Sy <M, ke{l,..,n} (6.8)

for some nonnegative real numbers m and M. Then one has

n
mp; <Y pig; < Mps. (6.9)
=1
Proof
We have
n
Zpﬂlj 2pna
j=1
=p151
= mp;
and

n n
Y opigi<p Y g
p= p=

=15

< Mp;.

This completes the proof.

& Theorem 6.27

Let g be a strictly increasing function on I, f € R(g, I) be a nonnegative bounded function and the function
t
Flt) = / f(s)As, tel, (6.10)
satisfies the inequalities
m(g(b) — g(a)) < F(t) < M(g(b) — g(a)), tel, (6.11)
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for some nonnegative constants m and M. If h € (g, I) is a nonnegative nonincreasing function on I, then there is a number A
€ [m, M] such that
b
/ F@)h(t)Ag(t) = Ah(a)(g(b) — g(a)). (6.12)

Proof

Fix e > 0 arbitrarily. Since f,h € R(g,I), we get fh € R(g,I). By the e-criterion and the definition for Riemann-Stieltjes delta
integral, it follows that there is a partition P = {¢¢,t1, -., t,} € P(I) such that

U(P,f,9) — L(P,f,g) <e (6.13)
and
n b
Y- ft-)htt)a;— [ FOROAD) < (6.14)
=1 3
By the first inequality, we find
Y (M;—mj)Ag; <, (6.15)
j=1
where
M; = sup f(¢),
tel;
m;j = jéllff(t), jefl,..,n}
Now, using that
m; < f(t) < Mj, te Ij jE {1, ,n}, (6.16)

and h >0 on I, we find

Z":Imjh(tj—l)Agj < Z":lf (t5-1)h(tj-1)Ag;
g= g=

(6.17)
< jZ::leh(tj—l)Agj-
By Theorem 6.26, it follows that for any j € {1, ...,n} there is A; € [m;, M;] such that
t
[ 159t = as89; (6.18)
t1
Consider the numbers
k
Se=3Y AjAgj, ke{l,..,n} (6.19)

J=1
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We have

k A

se= 3| [ fas)
J=1 b
- /f(t)Ag(t), ke{l,..,n}.
Hence,
m(g(b) — g(a)) < Sk
< M(g(b) — 9(a), k€ {L,...,n}.

Set

pj = h(ti),

q; = AJ-AgJ-, je {1, ,n}.

Since A is nonincreasing on I, we have

pL>pe> .. > P (6.20)

Thus, the numbers p;, S;, ¢;, 5 € {1, ..., n}, satisfy all conditions of the lemma of Abel. Therefore

3

J

m(g(b) — g(a))h(a) < 3 h(tj1)A;Ag;
! (6.21)

IA

M(g(b) — g(a))h(a).

On the other hand, we have the inequalities

Y mih(ti1)Ag; < Y Ajh(ti1)Ag;

J=1 J=1

n
< Y Mjh(ti1)Ag;.
=1

From the last inequalities and (6.17), we find

n

Zn: h(tj—1)(f(tj—1) — Aj)Ag; < ) h(ti—1)(M; — Aj)Ag;

J

3

< ) h(ti)(M;—mj)Ag;
=1

< h(a) 3 (M; — mj)Ag;
=1
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and
D h(ti1)(£(tj1) — Aj)Ag; > Y h(tia)(m;— Aj)Ag;
=1 =1
> ) h(ti1)(m; — Mj)Ag;
=1
> h(a) Y_(m;— M;)Ag;.
=1
Therefore
S h(t0)((ti-1) — AAgs| < hla) > (M; — my)Ag; (6.22)
=1 =1

Now, applying the inequality (6.15), we arrive at the inequality

3 h(tz1) (F(i5-1) — A)Ags)| < eh(a). (6.23)

J=1

From here and (6.14), we get

(6.24)

b
/ FORBDAIE) — 3 ht;1)AsAg;
=1

b
- | [ som©ade - Y- st A,
a J=1

+ ) f(ti1)h(t1)Ags — Y h(ti1)AAg;
=1 =1

<

b
/ FORDAIE) — 3 f(ts-1)h(ts1)Ag;
=1

—+

D F(t-1)h(t1)Ag; — D h(ti1)AjAg;
J=1 j=1

< e+ ¢€h(a).
Now, applying (6.21), we obtain
2 n
[ 1On08660) < 3 hits- DA + e+ ehla)
a j=1

< M(g(b) — g(a))h(a) + € + €h(a)

and
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b
JECLOIORS SRR
- =
> m(g(t) — 9(a))h(a) — € — ch(a),
ie.,

b
mh(a)(g(b) — g(a)) — € — €h(a) < / F®)h(t)Ag(t) (6.25)

< Mh(a)(g(b) — g(a)) + € + €h(a).
Taking the limit as e — 0 in the last inequalities, we find

b
mh(a)(g(b) — g(a)) < / F(®)h(t)Ag(t) < Mh(a)(g(b) — 9(a))- (6.26)

If h(a) =0, then the assertion is evident. Let h(a) # 0. Then

b
J f®)h(t)Ag(?)
L _ <M. 6.27
™= h@) (o) — o) (620
Let
b
J F&)R()Ag(t)
A= — . 6.28
M@ (a0 — (@) (629
Then A € [m, M] and
b
/ F(®)h(t)Ag(t) = Ah(a)(g(b) — 9(a))- (6.29)
This completes the proof.
Let g be a strictly increasing function on I, f € (g, I) be a bounded nonnegative function and the function
t
F(t) = /f(s)As, tel, (6.30)
satisfies the inequalities
m(g(b) —g(a)) < F(t) < M(g(b) —g(a)), tel, (6.31)

for some nonnegative constants m and M. If h € R(g, I) is any monotone function on I, then there is a number A € [m, M] such
that
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b b
/ F®)h(t)Ag(t) = A(h(a) — (b)) (9(b) — g(a)) + (D) / F®)Ag(®). (6.32)

Proof

Suppose that h € R(g, I) is any nonincreasing nonnegative function on I. Define the function

I(t) = h(t) — h(b), te€l (6.33)

Then [ is a nonincreasing function on I and
I(t) > 1(b)

= h(b) — h(b)

Then, we can apply Theorem 6.27. Hence, there is a number A € [m, M] such that

b
/ F@®)i($)Ag(t) = Al(a)(9(b) — 9(a)), (6.34)
or
b
/ f@)(h(t) — h(b))Ag(t) = A(h(a) — h(b))(g(b) — 9(a)), (6.35)
or
b b
/ F@)h(t)Ag(t) — h(b) / f(#)Ag(t) = A(h(a) — h(b))(9(b) — 9(a)), (6.36)
whereupon
b b
[ 1m0 = Ata) — HE)(o(®) — 9(@) + h(e) [ £ (6.37)

Now, assume that k € R(g, I) is any nondecreasing function. Define the function

hy(t) = —h(t), tel. (6.38)

Then h; is nonincreasing on I. Set

m(t) = hy(t) — hy(b), tel. (6.39)

We have that m is nondecreasing on I and
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m(t) > m(b)

= h1(b) — h1(b)

Thus, we can apply Theorem 6.27. Then there is a number A € [m, M] such that

b
/ f(&)m(t)Ag(t) = Am(a)(g(b) — 9(a)), (6.40)
or
b
/ F®)(h1(t) — h1(8)) Ag(t) = A(ha(a) — k(b)) (9(b) — g(a))
= A(—h(a) + h(b))(9(b) — g(a),
or
b
/ F@)(h(t) — h(b))Ag(t) = A(h(a) — h(b))(9(b) — g(a)), (6.41)
or
b b
/ F()h(t)Ag(t) — h(b) / f(£)Ag(t) = A(h(a) — 1(b))(g(b) — g(a)), (6.42)
whereupon
b b
[ 1m0 = Athta) — hE)(00) — 9(@) + h(t) [ FOAG() (6.43)

This completes the proof.

& Theorem 6.29

Let g be a strictly increasing function on I, f € R(g, I) be a nonnegative bounded function and the function

b
o(t) = /f(s)A.s, tel, (6.44)
i
satisfies the inequalities
m(g(b) — g(a)) < @(t) < M(g(b) — g(a)), tel, (6.45)

for some nonnegative constants m and M. If h € R(g, I) is a nonnegative nondecreasing function on I, then there is a number A
€ [m, M] such that
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b
/ F(®)h(t)Ag(t) = Ah(b)(g(b) — g(a)). (6.46)

Proof

Fix € > 0 arbitrarily. Because f,h € R(g,I), applying we get fh € R(g,I). From the e-criterion and the definition for Riemann-
Stieltjes delta integral, it follows that there is a partition P = {#o, t1, ..., t»} € P(I) such that

U(P,f,9)— L(P,f,9) <e (6.47)
and

b
3 hitj1)Ag; — / FOREAID)| <e. (6.48)
=1 J

From the first inequality, we find

zﬂ:(Mj —m;)Ag; <, (6.49)

=1

where

M; = sup f(t),
tel;

mj = tléllff(t), je{l,..,n}.

Hence, using that

mj < f(t) < Mj, te Ij je {1, ,n}, (650)

and A > 0 on I, we find

ji:l mjh(ti-1)Ag; < anzl F(t-1)h(ti-1)Ag;

(6.51)
< Z:leh(tj—l)Agj-
=
By Theorem 6.26, it follows that for any j € {1, ..., n} there is A; € [m;, M;] such that
t.’l
[ 189 = As89; (6:52)
i1
Consider the numbers
n
Se= ) AjAgj, ke{l,..,n}. (6.53)

j=k+1
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We have
si= Y | [ road
gkt \
b
- /f(t)Ag(t), ke{l,..,n}.
Hence,
m(g(b) — g(a)) < S

< M(g(b) — g(a)), ke{l,..,n}.

Set

pj = h(t"—j+1)v

q; = AjAgj, jeE {1, ,'n,}.

Since h is nondecreasing on I, we have

P12P22 - 2 Pn- (6.54)

Thus, the numbers p;, Sj, gj, 7 € {1, ..., n}, satisfy all conditions of the lemma of Abel. Therefore

m(g(b) — g(a))h(b)

IA

2 hlts-1)Ai89
= (6.55)

IA

M(g(b) — 9(a))h(b)-

On the other hand, we have the inequalities

Y mih(ti1)Ag; < Y Ajh(ti1)Ag;
=1

J=1

n
< D Mjh(tj1)Ag;.
=1

From the last inequalities and (6.51), we find

n

i h(ti—)(f(tj—1) — Aj)Ag; < ) h(tj—1)(M; — Aj)Ag;

<.
I

3

< D h(ti1)(M; —m;j)Ag;
j=1

<

n

< h(b) Y (M;—m;)Ag;
=1
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and
jz:; h(tj—1)(f(tj—1) — A;)Ag; > ]2:; h(tj—1)(m; — Aj)Ag;
> ,Z:; h(tj-1)(m; — M;)Ag;
> h(b) jz:;(mj — M;)Ag;.
Therefore

3 hty0) (F(t51) — Ag)Ag;
=1

< h(b) ZH:(MJ' —m;)Ag;. (6.56)
=1

Now, applying the inequality (6.49), we arrive at the inequality

< eh(b). (6.57)

3 hlts1) (f(t51) — A)Ag;
j=1

From here and (6.48), we get

(6.58)

b
/ FORDAIE) — 3 hts1)AsAg;
=1

b
= | [ 1or®800 ~ 3 sts-ntt-0Ag;
=1

+ 3 ft1)h(ti1)Ag; — > h(ti1)A;Ag;
=1 =

<

b
/ FORBAGE) — 3 Ft5-0h(t-)Ags
=1

J’_

D f(t-1)h(t1)Agi — Y h(ti1)AjAg;
J=1 j=1

< e+eh(d).
Now, applying (6.55), we obtain
b n
[ 10n08950 < 3 hlts-AsAgs + e+ bt
a =1

< M(g(b) — g(a))h(b) + € + €h(b)
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and
b n
[1@nOag0) > 3o hti2)AAg; - e ()
> m(g(b) — g(a)) h(b) — e — eh(b),
ie.,

b
mh(b)(9(b) — g9(a)) — e — €h(b) < / F(®)h(H)Ag(?) (6.59)

< Mh(b)(g(b) — g(a)) + € + €h(b).
Taking the limit as e — 0 in the last inequalities, we find

b
mh(b)(g(b) — g(a)) < / F(®)h(t)Ag(t) < Mh(b)(g(b) — g(a)). (6.60)

If h(b) = 0, then the assertion is evident. Let h(b) # 0. Then

b
J f(t)h(t)Ag(t)
<2 6.61
™= 1) 00) —9(@) (@)
Let
b
J f(&)h(t)Ag(2)
A=-2 . 6.62
hE) 0 — o(@) (662
Then A € [m, M] and
b
/ F(O)R()Ag(t) = Ah(b)(g(b) — g(a)). (6.63)
This completes the proof.
Let g be a strictly increasing function on I, f € R(g, I) be a nonnegative bounded function and the function
b
() = / f(s)As, tel, (6.64)
t
satisfies the inequalities
m(g(b) —g(a)) < &(t) < M(g(b) —g(a)), t€l, (6.65)
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for some nonnegative constants m and M. If h € R(g,I) is any monotone function on I, then there is a number A € [m, M] such
that

b b
/ F&)h(t)Ag(t) = A(h(b) — h(a))(g(b) — g(a)) + h(a) / F)Ag(®). (6.66)

Proof
Suppose that » € ®(g, I) is any nondecreasing function on 1. Define the function

I(t) = h(t) — h(a), tel. (6.67)

Then [ is a nondecreasing function on I and
U(t) > I(a)

= h(a) — h(a)

Then, we can apply Theorem 6.29. Hence, there is a number A € [m, M] such that

b
/ F@)i(2)Ag(t) = Al(b)(9(b) — 9(a)), (6.68)
or
b
/ F@)(h(¢) — h(a))Ag(t) = A(R(b) — h(a))(g(b) — g(a)), (6.69)
or
b b
[ s@mease) - hio) [ £01As) = ABG) - h@)(e®) - 9(@), (6.70)
whereupon
b b
/ F@®)h(t)Ag(t) = A(h(b) — h(a))(g(b) — 9(a)) + h(a) / F(&)Ag(t)- (6.71)

Now, assume that h € R(g, I) is any nonincreasing function. Define the function

hi(t) = —h(t), tel. (6.72)

Then h; is nondecreasing on I. Set

m(t) = ha(t) — hi(a), tel. (6.73)

We have that $m$ is nondecreasing on I and
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m(t) > m(a)
= hi(a) — h1(a)
=0, tel
Thus, we can apply Theorem 6.29. Then there is a number A € [m, M] such that
b
/ F()m(t)Ag(t) = Am(b)(g(b) — g(a)), (6.74)
or
b
/ F@) (R () — h1(a))Ag(t) = A(h1(b) — ha1(a))(9(b) — 9(a))
= A(—h(b) + h(a))(9(b) — g(a),
or
b
/ F(©)(h(¢) — h(a))Ag(t) = A(R(b) — h(a))(g(b) — g(a)), (6.75)
or
b b
/ f(®)h(t)Ag(t) — (a) / F(£)Ag(t) = A(h(b) — h(a))(9(b) — 9(a)), (6.76)
whereupon
b b
[ 10260 = ABG) — h@)(0®) — 9@) + h(a) [ 1A, (©77)
This completes the proof.

This page titled 6: Mean Value Theorems for the Riemann-Strieltjes Delta Integral is shared under a not declared license and was authored,
remixed, and/or curated by Svetlin G. Georgiev.
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