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1: Definition. Examples

A time scale is an arbitrary nonempty closed subset of the real numbers.

We will denote a time scale by the symbol . We suppose that a time scale  has the topology that inherits from the real numbers
with the standard topology.

The sets ,

and

are time scales.

 

The sets  and  are not time scales.

 

Let . The sets

are time scales.

 

The set of harmonic numbers

is a time scale.

 

 Definition: 

 Example 

 Example 

 Example 

 Example 
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Let  be a sequence of real numbers with . Define

Then the set

is a time scale.

 

(Cantor Set) Consider the interval . We obtain a subset  of  by removing the open "middle third" of , i.e., the

open interval  from . The set  is obtained by removing the two open middle thirds of , i.e., the two open

inetrvals  and  from . Proceeding in this manner, we obtain a sequence  of sub sets of the interval

[0,1]. In Fig. 0.1 are shown the sets  and so forth. The Cantor set  is now defined as follows

The Cantor set is a time scale.

Any its element  can be represented in its ternary expansion as follows

This expansion is unique unless  is of the form  for some integers  and . In this case,  has two expansions
1.  for .
2.  for .

Assume that  is not divisible by 3 . One of these expansions will have  and the other wiill  or . We have that

and

and so forth. If

then  if and only if there exists an  such that  and  for . Thus, the Cantor set  is the set of all 
 that have a base- 3 expansion

 Example 

 Example 
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Figure : 1 Expansion of a Cantor Set.

 

The set

is a time scale.

The set

is a time scale.

Let

Then the set

is a time scale.

 

Check if the following sets are time scales
1. .
2. .
3. .

4. .

5. .

Answer

 Example 

 Example 

 Example 

 Exercise 
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2: Forward Jump Operators, Backward Jump Operators and Graininess Functions
We start by defining the forward jump operator.

Let  be a time scale. For  we define the forward jump operator  in the following manner

In this definition, we put . Then,  if  is a maximum of .

Note that  for any .

 

Let . Take  arbitrarily. Then, there is a  such that . Hence, applying the definition for forward jump operators, we find

 

Let . Take  arbitrarily. Then, there is a  such that . Hence, applying the definition for forward jump operators, we find

 

Let , where  is fixed. Take  arbitrarily. Then, there is a  such that . Hence, . Now, applying the definition for forward jump operators, we arrive at

 

Let , where , are the harmonic numbers. Take  arbitrarily. Then, applying the definition for forward jump operators, we find

 

Let . Then

If , then, applying the definition for forward jump operators, we find

If , then

Let now,  be arbitrarily chosen. If , then we have

 Definition: Forward Jump Operator

 Note

 Example 

 Example 

 Example 

 Example 

 Example 
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If , then

Therefore

 

Let , where . Find .

Answer

Add texts here. Do not delete this text first.

 

Let , where  is the Cantor set. We will find  for . For this aim, let  denote the set of all left-hand end points of the open intervals that are removed. Then

With  we will denote the set of all right-hand end points of the open intervals that are removed. We have

Take  arbitrarily. We have the following cases.

1. . Then

Hence, we obtain

2. . Then

Hence,

3. . Then

Consequently

 

Let  be a sequence of real numbers with , and

and

 Exercise 

 Example 

 Example 
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We will find . Take  arbitrarily. Then

 

Let

We will find . Take  arbitrarily. Then

and

Next, if , then

Consequently

 

Let

We will find . Take  arbitrarily. Then

Next,

and

Consequently

 

 Example 

 Example 
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Let  and

We will find . We have the following cases.

1. Let . Then

2. Let . Then

3. Let . Then

4. Let . Then

5. Let . Then

6. Let . Then

7. Let . Then

and

8. Let . Then

and

Hence,

9. Let . Then

Hence,

and

10. Let . Then

and

 Example 
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Hence,

11. Let . Then

and

Hence,

Consequently

 

Find , where

1. .
2. .
3. .
4. .
5. .

Answer

Add texts here. Do not delete this text first.

Define the forward graininess function  as follows

 

Example 0.20. Let , where . Then, using the computations in Example 0.10, we find

 

 Exercise 

 Definition: Forward Graininess Function

 Example 
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Example 0.21. Let . Then, using the computations in Example 0.11, we get

 

Let , where . Then, using the computations in Example 0.12, we find

 

Let , where  are the harmonic numbers. Then, using the computations in Example 0.13, we find

 

Let . Then, using the computations in Example 0.14, we find

 

Let , where  is the Cantor set. Then, using the computations in Example 0.15, we find

 

Let  be a sequence of real numbers with ,

Then, using the computations in Example 0.16, we find

Example 0.26.

Let . Then, using the computations in Example 0.17 , we find

 

 Example 

 Example 

 Example 

 Example 

 Example 

 Example 

 Example 
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Let . Then, using the computations in Example 0.18 , we find

 

Let  and

Then, using the computations in Example 0.19, we find

 

Find , where  are the time scales in Exercise  .

Answer

Add texts here. Do not delete this text first.

 

The backward jump operator  is defined as follows

In this definition we put . Then,  if  is a minimum of .

Note that  for any .

 

Let . Take  arbitrarily. Then, there is a  such that . Hence, applying the definition for backward jump operator, we find

 

Let . Take  arbitrarily. We have the following cases.
1. Assume that . Then

 Example 

 Example 

 Exercise 

 Definition: Backward Jump Operator

 Note

 Example 

 Example 
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2. Assume that . Then  for some . Hence, applying the definition for backward jump operator, we find

Consequently

 

Let . Take  arbitrarily. We have the following cases.

1. Assume that . Then

2. Let . Then there is an  such that . Hence, . Now, applying the definition for backward jump operator, we find

Consequently

 

Let , where , are the harmonic numbers. Take  arbitrarily. We have the following cases.

1. Assume that . Then

2. Assume that . Then, applying the definition for backward jump operator, we find

Consequently

 

Let . Take  arbitrarily. We have the following cases.

1. Assume that . Then

2. Assume that . Then we have the following subcases.

a. . Then

b. . Then  and

Consequently

 

 Example 

 Example 

 Example 
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Let , where  is the Cantor set. Let also,  be the set of all right-hand end points of the intervals that are removed from the interval , i.e.,

Take  arbitrarily. Then we have the following cases.

1. Assume that . Then

and

2. If , then .

Consequently

 

Let , where . Take  arbitrarily for some . We have the following cases.

1. Assume that . Then

2. Assume that . Then

Consequently

 

Let . Take  arbitrarily. We have the following cases.

1.  for some .

a. If , then

b. If , then  and

2. Let .

a. If , then

b. If , then

Consequently

 Example 

 Example 

 Example 
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Let . Take  arbitrarily. We have the following cases.

1. If  for some , then

2. Let . Then

3. Let . Then

Consequently

 

Let  and

We will find . Taket  arbitrarily. We have the following cases.

1. If  for some , then

2. Let .

a. If , then

b. If

then

and

3. Let  and  for some . Then

and

 Example 

 Example 
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4. Let .

a. If , then

b. If  for some , then

and

5. Let  and . Then

and

6. If , then

7. If , then

8. If , then

Consequently

 

 

Find , where  are the time scales in Exercise  .

Answer

Add texts here. Do not delete this text first.

 

 Exercise 
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The backward graininess function  is defined as follows

 

Note that .

Let , where . Then, using Example  , we find

 

Let . Then, using Example  , we find

 

Let . Then, using Example  , we find

Observe that

Consequently

 

Let , where , are the harmonic numbers. Using Example  , we find

 

Let . Using Example  , we find

 

Let , where  is the Cantor set. Using Example  , we find

 Definition: Backward Graininess Function

 Note

 Example 

 Example 

 Example 

 Example 

 Example 

 Example 
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Let

Using Example   find

 

Let . Using Example 0.37, we find

 

Let . Using Example 0.38, we find

 

Let  and

\[\mathbb{T}=\{0\} \cup U \cup(1-U) \cup(1+U) \cup(2-U) \cupThen, using Example 0.39, we find

 

Find , where  are the time scales in Exercise  .

Answer

Add texts here. 

 

We will show that  is in general no continuous. Consider

We have

 Example 

 Example 

\begin{aligned} v(t) & =t-\rho(t) \\ & = \begin{cases}0 & \text { if } \quad t \in\{-1,0\} \\ \dfrac{t^2}{t+1} & \text { if } \quad t \in\left\{t_n=-\dfrac{1}{n}: n \in \mathbb{N}, \quad n \geq 2\right\} \\ 1 & \text { if } \quad t \in \mathbb{N}\end{cases} \notag

 Example 

 Example 

 Exercise 

 Example 
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Hence,

 

We will show that  is in general not continuous. Consider

Then

Hence,

 

2: Forward Jump Operators, Backward Jump Operators and Graininess Functions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

 Example \(\PageIndex{42\)
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3: A Classification of Points
For any element of any time scale the following classification holds.

For  we have the following cases.

1. If , then we say that  is right-scattered.
2. If  and , then we say that  is right-dense.
3. If , then we say that  is left-scattered.
4. If  and , then we say that  is left-dense.
5. If  is left-scattered and right-scattered at the same time, then we say that  is isolated.
6. If  is left-dense and right-dense at the same time, then we say that  is dense.

 

Let . By Example 0.10, we have that

Thus, any point of  is right-scattered. Now, using Example 0.30, we get

Therefore any point of  is left-scattered. Hence, we conclude that any point of  is isolated.

 

Let . Take  arbitrarily. We have the following cases.
1. Assume that . By Example 0.11 , we have

i.e.,  is right-scattered. By Example 0.31, we have

Since , we conclude that  is not left-dense.

2. Let . By Example 0.11, we have

Thus,  is right-scattered. By Example 0.31, we get

i.e.,  is left scattered. Hence, we conclude that  is isolated.

 Definitions:

 Example 

 Example 
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Let . Take  arbitrarily. We have the following cases.

1. Let . By Example 0.12, we have

i.e.,  is right-scattered. By Example 0.32, we obtain

Since , we conclude that  is not left-dense.

2. Let . By Example 0.12, we get

i.e.,  is right-scattered. B y Example 0.32, we find

i.e.,  is left-scattered. Therefore  is isolated.

 

Let , where , are the harmonic numbers. Take . We have the following cases.

1. Let . Then, by Example 0.13 , we get

i.e.,  is right-scattered. By Example 0.33, we have

Since , we conclude that  is not left-dense.

2. Let . By Example 0.13, we get

Then  is right-scattered. By Example 0.33, we get

i.e.,  is left-scattered. Then  is isolated.

 

Let . Take  arbitrarily. We have the following cases.

1. Let . By Example 0.14 , we get

 Example 

 Example 

 Example 
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i.e.,  is right-dense. By Example 0.34, we find

i.e.,  is left-dense. Thus,  is dense.

2. Let . By Example 0.14 , we obtain

i.e,  is right-dense. By Example 0.34, we find

Since , we conclude that 0 is not left-dense.

3. Let . By Example 0.14, we get

i.e.,  is right-dense. By Example 0.34, we find

,

i.e.,  is left-scattered.

4. Let . By Example 0.14, we find

i.e.,  is right-scattered. By Example 0.34, we find

i.e.,  is left-dense.

 

Let , where  is the Cantor set. Take  arbitrarily. We have the following cases.

1. Let . By Example 0.15, we have

i.e.,  is right-scattered. By Example 0.35, we find

If , then it is left-dense. If , then it is not left-dense because .

v2 . Let . By Example 0.15, we get

i.e.,  is right-dense. By Example 0.35, we find

 Example 

https://libretexts.org/
https://math.libretexts.org/@go/page/204821?pdf


3.4 https://math.libretexts.org/@go/page/204821

i.e.,  is left-scattered.

3. Let . We have the following subcases.

a. Let . By Example 0.15, we find

i.e.,  is right-dense. By Example 0.35, we obtain

i.e.,  is left-scattered.

b. Let . By Example 0.15, we arrive at

i.e.,  is right-dense. By Example 0.35, we have

If , then it is left-dense. If , then it is not left-dense.

4. Let . We have the following subcases.

a. Let . By Example 0.15 , we find

i.e.,  is right-scattered. By Example 0.35, we find

If , then it is left-dense. If , then is left-dense.

b. Let . By Example 0.15, we have

i.e.,  is right-dense. By Example 0.35, we have

If , then it is left-dense and hence dense. If , it is not left-dense

 

Let

Take  arbitrarily. Then there is a  such that

We have the following cases.

1. Let . By Example 0.16, we have

 Example 
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i.e.,  is right-scattered. By Example 0.36, we arrive at

Since , we conclude that  is not left-dense.

2 . Let . By Example 0.16, we find

i.e.,  is right-scattered. By Example 0.36, we find

i.e.,  is left-scattered. Therefore  is isolated.

 

Let . Take  arbitrarily. We have the following cases.

1. Let . By Example 0.17, we have

i.e.,  is right-scattered. By Example 0.37, we find

Since , we conclude that  is not left-dense.

2 . Let . By Example 0.17, we have

i.e.,  is right-scattered. By Example 0.37, we obtain

Since , we conclude that  is left-dense.

3. Let . By Example 0.17 , we have

i.e.,  is right-scattered. By Example 0.37, we get

i.e.,  is left-scattered. Thus,  is isolated.

 Example 
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4. Let . By Example 0.17, we have

i.e.,  is right-scattered. By Example 0.37, we obtain

i.e.,  is left-scattered. Thus,  is isolated.

 

Let . Take  arbitrarily. We have the following cases.

1. Let . By Example 0.18, we have

i.e.,  is right-dense. By Example 0.38, we get

Since , we conclude that  is not left-dense.

2 . Let . By Example 0.18 , we have

i.e.,  is right-scattered. By Example 0.38, we get

i.e.,  is left-scattered. Thus,  is isolated.

3. Let . By Example 0.18, we have

Since , we conclude that  is not right-dense. By Example 0.38, we obtain

i.e.,  is left-scattered.

4. Let . Then there is a  such that

By Example 0.18, we have

i.e.,  is right-scattered. By Example 0.38, we obtain

 Example 
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i.e.,  is left-scattered. Thus,  is isolated.

 

Let  and

Take  arbitrarily. Then, we have the following cases.

1. Let . By Example 0.19 , we have

i.e.,  is right-dense, By Example 0.39, we get

Since , we conclude that  is not left-dense.

2 . Let . By Example 0.19 , we have

i.e.,  is right-scattered. By Example 0.39, we get

i.e.,  is right-scattered. Thus,  is isolated.

3. Let . By Example 0.19, we have

i.e.,  is right-dense. By Example 0.39, we find

i.e.,  is left-dense. Thus,  is dense.

4 . Let . By Example 0.19 , we have

i.e.,  is right-scattered. By Example 0.39, we find

i.e.,  is left-scattered. Thus,  is isolated.

5 . Let . By Example 0.19, we have

i.e.,  is right-dense. By Example 0.39, we get

 Example 
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i.e.,  is left-dense. Thus,  is dense.

6. Let . Then, by Example 0.19 , we get

Since , we conclude that  is not right-dense. By Example 0.39 , we find

Thus,  is left-scattered.

7. Let . By Example 0.19 , we have

i.e.,  is right-scattered. By Example 0.39, we get

i.e.,  is left-scattered. Thus,  is isolated.

8. Let . By Example 0.19, we have

i.e.,  is right-scattered. By Example 0.39, we find

i.e.,  is left-scattered. Thus,  is isolated.

9. Let . By Example 0.19 , we have

i.e.,  is right-scattered. By Example 0.39, we find

i.e.,  is left-scattered. Thus,  is isolated.

10. Let . By Example 0.19, we have

i.e.,  is right-scattered. By Example 0.39, we find

i.e.,  is left-scattered. Thus,  is isolated.
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11. Let . By Example 0.19 , we have

i.e.,  is right-scattered. By Example 0.39, we find

i.e.,  is left-scattered. Thus,  is isolated.

 

Classify each point of , where  are the time scales in Exercise 0.3.

 

3: A Classification of Points is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4: The Topology of Time Scales
Throughout this book, we assume that any time scale has the topology that it inherits from gthe real numbers with the standard
topology.

Let . Define closed, half open and open time scales intervals as follows

respectively.

 

Let . 

Then

 

Let . 

Then

 

Let .

Then

 Definition: Term

 Example 

 Example 

 Example 
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Let , where , are the harmonic numbers.

Then

 

Let .

Then

 

Let 

Then

 

Let .

Then

 Example 

 Example 

 Example 

 Example 
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Let .

Then

 

Let  and

Then

 

Find

where
1. .
2. .
3. .
4. .
5. .

Answer

Add texts here. Do

 

 Example 

 Example 

 Exercise 
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Define the sets

and

 

Let 

Then

and

 

Let .

Then

Hence,

and

 

Let .

 Definition: Sets

 Example 

 Example 

 Example 
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Then

Hence,

and

 

Let .

Then

Hence,

and

 

Let , where  is the Cantor set.

Then

Hence,

 Example 

 Example 
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and

 

Let .

Then

Hence,

and

 

Let .

Then

Hence,

and

 

 Example 

 Example 
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Let .

Then

Hence,

and

 

Let  and

Then

Hence,

and

 Example 

 Example 
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Add exercises text here.

Answer

Add texts here. Do not delete this text first.

Exercise 0.9. Find  and , where  are the time scales in Exercise 0.3.

4: The Topology of Time Scales is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5: Functions and Jump Operators
In this section, we will consider compositions of real-valued functions with jump operators.

For a function  and a , define

 

Let  and

We will find  and  for .

Solution

By Example 2.1 , we have

and

Hence,

 

Let  and

We will find  and  for .

Solution
By Example 2.2 , we have

 Definition: Term

 Example 

 Example 
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and

Hence,

 

Let  and

We will find  and  for .

Solution
By Example 2.3 , we have

Then

Hence,

 Example 
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Let , where , are the harmonic numbers, and

\

We will find  and  for .

Solution
By Example 2.4 , we have

Then

Hence,

 

Let  and

We will find  and  for .

Solution
By Example 2.5, we have

Then, we will consider the following cases.

1. Let . Then , where  is the identity operator, and then

2. Let . Then

 Example 

 Example 
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and

 

Let , where  is the Cantor set, and

We will find  and  for .

Solution
By Example 2.6 , we have

Then, we have the following cases.
1. Let  and

Then

and

 

 Example 
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Let

and

Solution
By Example 2.7, we have

Then

and

 

Let  and

Solution
By Example 2.8, we have

Then, we will consider the following cases.

1. Let . Then

 Example 

 Example 
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and

2. Let . Then

and
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Let  and

Then

and

By Example 0.18, we get the following cases.

1. Let . Then

Hence,

and

2. Let . Then

and

Hence,

and

3. Let . Then

 Example 
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and

Hence,

and

4. Let . Then

and

Hence,

and

 

Let  and

and

We have

and

 Example 
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By Example 2.9, we have the following cases.

1. Let . Then

and

Hence,

and

2. Let . Then

and

Hence,

and
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3. Let . Then

and

Hence,

and

4. Let . Then

and

Hence,
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and

5. Let . Then

and

Hence,

and

6. Let . Then

and

Hence,

and
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7. Let . Then

and

Hence,

and

8. Let . Then

and

Hence,

and

9. Let . Then
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and

Hence,

and

10. Let . Then

and

Hence,

and

11. Let . Then

and
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Hence,

and

 

 

Let

where  are the time scales from Exercise 0.3. Find

Answer

Add texts here. Do not delete this text first.

 

For a function  and , define

and

and

Definition 0.10.

 Exercise 

 Definition: 
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 Note that in the general case, we have

Really, let , and

Then

and

Thus,

 

Let  and

We will find

Firstly, we will determine the forward and backward jump operators for the time scale T . We ha cases.

1. Let . Then

and

2. Let . Then

3. Let . Then 

 Remark

 Example 
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4. Let . Then

Therefore

and

Hence, we have the following cases.

1. Let . Then

and

Next,
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and

Moreover,

and
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2. Let . Then

and

Next,

and

Moreover,

and
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3. Let . Then

and

Next,

and

Moreover,

and

4. Let . Then

and
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Next,

and

Moreover,

and

 

Let  and

We will find
 and . By Example 2.8, we have

and by Example 0.31, we find

Then

 Example 
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and

Hence,

and

 

Let  and

We will find

Solution
Add example text here.

 

 Example 
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Let

where  are the time scales in Exercise 0.3.

Find

Answer

We have

and by Example 0.38, we have

Thus, we have the following cases.

1. Let . Then

and

and

 Exercise 
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Hence,

and

and

2. Let . Then

and

and

Hence,
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and

and

3. Let . Then

and

and

Hence,
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and

and

4. Let . Then

and

and

Hence,
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and

and

 

We will simplify

We have

 

We will simplify

 Example 

 Example 
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We have

 

We will simplify

.

We have

 

 Example 
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Simplify
1.

.
2.

.
3.

.
4.

.
5.

.

Answer

Add texts here. Do not delete this text first.
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6: The Induction Principle
The classical mathematical induction is a concept that helps to prove mathematical results and theorems for all natural numbers.
The principle of the classical mathematical induction is a specific technique that is used to prove certain statements in algebra
which are formulated in terms of , where  is a natural number. Any mathematical statement, expression is proved based on the
premise that it is true for , and then it is proved for .

Let  and assume that

is a family of statements satisfying
(i)  is true.
(ii) If  is right-scattered and  is true, then  is true.
(iii) If  is right-dense and  is true, then there exists a neighbourhood  of  such that  is true for all 

.
(iv) If  is left-dense and  is true for , then  is true.

Then  is true for all .

Proof.

Let

We assume that . Let . Because  is closed, we have .

1. If , then  is true.
2. If  and , then, using (iv), we get that  is true.
3. If  and , then  is right-scattered. Since  is true, we get that  is true.

Consequently, . If we suppose that  is right-scattered, then, using that  is true and (ii), we conclude that 
is true, which is a contradiction. From the definition of , it follows that . Since  is not right-scattered and 

, we obtain that  is right-dense. Because  is true, using (iii), there exists a neighbourhood  of  such that  is
true for all , which is a contradiction. Consequently, .

 

Let  and assume that

is a family of statements satisfying
(i)  is true.
(ii) If  is left-scattered and  is true, then  is true.
(iii) If  is left-dense and  is true, then there exists a neighbourhood  of  such that  is true for all 

.
(iv) If  is right-dense and  is true for , then  is true.

Then  is true for all .

Proof.

Let

 Theorem : Induction Principle

 Theorem : Dual Version of the Induction Principle
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Assume that . Note that . Let

1. If , then  is true.
2. If  and , then, using (iv), we obtain that  is true.
3. If  and , then  is left-scattered, , and  is true. Therefore, we conclude that  is
true.

Therefore, . If  is left-scattered, then, using (ii), we get that  is true, which is a contradiction. If  is left-dense,
then, using (iii), there exists a neighbourhood  of  such that  is true for all , which is a contradiction.
Consequently, .

 

Let . We will prove the inequality

Solution
Fix . Let

1. The statement  is true.
2. Observe that any  is right-scattered. Assume that  is true. Then

and

Hence, using ( ), we find

or

Thus,

Consequently  is true.

Applying the induction principle, we conclude that ( 0.2 ) is true for any  and then ( 0.1 ) is true for any .

 

 Example 
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Example 0.97. Let . We will prove

Solution
We have the following cases.
1. For , we have

i.e., the given inequality is true.

2. Let  be right0scattered. Then, we have the following cases.

a. Let  for some . Then

i.e.,  is true. Note that

and

i.e.,  is true.

b. Let  for some . Then

and

whereupon

i.e.,  is true. Note that

Then

and

 Example 
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whereupon

Thus,  is true.

c. Let . Then

i.e.,  is true. Note that

and

i.e.,  is true.

3. Let  is right-dense. Then . We have the following cases.

a. Let . Then

and hence,

whereupon

For  the inequality is true.

b. Let . Then

and by point 2 it follows that there is a neighbourhood  of 0 so that  is true for any .

c. Let  is left0dense. Then . By points 2 and 3 , we get that if  for some 

and  is true, then  is true.

By the induction principle, it follows that  is true for any .
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Let . We will prove

1. We will prove that ( 0.3 ) holds for any  using the dual induction principle.

a. We have

i.e.,  is true.

b. Let  is left-scattered. Then we have the following cases.

i. Let  for some . Then

We have

i.e.,  is true. Moreover, we have

Thus,  is true.

ii. Let . Then  is left-dense and ( 0.3 ) holds for any . Thus, there is a neighbourhood  of -8 such that (
0.3 ) holds for any  T.

iii. Let  for some . Then

 Example 
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because  and . Thus,  is true. Next,

 and . Therefore  is true.

c. Let  is left-dense. Then we have the following cases.

i. Let . Then

and

ii. Let . By 1.2.1, it follows that there is a neighbourhood  of -7 such gthat  holds for any .

d. Let  is right-dense. Then we have the following cases.

i. Let . By the previous cases, we get that  is true for any  and  is true.

ii. Let . By 1.2 .1 , it follows that there is a neighbourhood  of -7 such gthat  holds for any .

Now, applying the dual induction principle, we conclude that  is true for any .

2. Now, we will prove that  holds for any  using the induction principle.

a. We have

Thus,  is true.

b. Let  is right-scattered and  is true. Then we have the following cases.

i. Let  for some . Then

We have
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and

i.e.,  and  is true.

ii. Let . Then

We have

and

So,  and  are true.

iii. Let  for some . Then

We have

and

Thus,  and  are true.

c. Let . We have

https://libretexts.org/
https://math.libretexts.org/@go/page/204824?pdf


6.8 https://math.libretexts.org/@go/page/204824

i.e.,  is true. By 2.2.1, it follows that there is a neighbourhood  of 8 such that  is true for any  T.

d. Note that there is no left-dense points in .

Now, applying the induction principle, we conclude that  is true for any .
 

Let . We will prove that

1. We have

i.e.,  is true.

2. Let  be right-scattered. We have the following cases.

a. Let  for some . Then

We have

i.e.,  is true. Next,

Thus,  is true.

b. Let  for some . Then

We have

 Example 
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i.e.,  is true. Moreover,

and then  is true.

3. Let  be right-dense and  be true. We have the following cases.

a. Let . Then, by 2.1 , it follows that there is a neighbourhood  of -1 such that  is true for any .

b. Let . Then, by 2.2 , it follows that there is a neighbourhood  of 0 such that  is true for any .

c. Let . Then

and there is a neighbourhood  of  such that  is true for any .

d. Let  be left0dense and  is true for any . We have that . By the previous cases it follows that  is
true.

Now, applying the induction principle, we conclude that  is true for any .

 

Let . We will prove that

Solution
1. We have

Thus,  is true.

2. Firstly, note that any point of  is right-scattered. Assume that  is true for some . We have

Then

 Example 
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Thus,  is true.

Applying the induction principle, we conclude that  is true for any .

 

Let

Prove that

Answer

Add texts here. Do not delete this text first.

 

Let

Prove that

Answer

Add texts here. Do not delete this text first.

 

 Exercise 

 Exercise 
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 Let

Prove that

Answer

Add texts here. Do not delete this text first.

 

Prove that

Answer

Add texts here. Do not delete this text first.

 

Let . Prove that

Answer

Add texts here. Do not delete this text first.
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 Exercise 

 Exercise 

 Exercise 
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7: Differentiable Functions of One Variable

Assume that  is a function and let . We define  to be the number, provided it exists, with the property that
for any , there exists a neighbourhood  of  for some , such that

We call  the delta or Hilger derivative of  at . We say that  is delta or Hilger differentiable, shortly differentiable, in 
if  exists for all . The function  is said to be the delta derivative or Hilger derivative, shortly derivative,
of  in .

 

If , then the delta derivative coincides with the classical derivative.

 

The delta derivative is well defined.

Proof. Let . Suppose  and  are such that

and

for any  and any  belonging to a neighbourhood  of  for some . Hence, if , then

Since  was arbitrarily chosen, we conclude that

This completes the proof.Remark 0.3.

 

Let us assume that sup  and  is defined at a point  with the same definition as given in Definition 0.11.
Then the unique point  is sup . Hence, for any , there is a neighbourhood , for some 

 Definition: Delta derivative

 Remark

 Theorem 

 Remark
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, such that

Therefore, for any  and , we have

i.e., any  is the delta derivative of  at the point .

Let . We will prove that  for any . Indeed, for  and for any  

Implies

 

Let . We will prove that  for any . Indeed, for  and for any 

Implies

 

Let . We will prove that . Indeed, for  and for any  implies
 and

 

Let . Prove that

Answer

Add texts here. Do not delete this text first.

 

 Example 

 Example 

 Example 

 Exercise 
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Let . Prove that

Answer

Add texts here. Do not delete this text first.

 

Assume  is a function and let . Then we have the following.

1. If  is differentiable at , then  is continuous at .
2. If  is continuous at  and  is right-scattered, then  is differentiable at  with

3. If  is right-dense, then  is differentiable at  iff the limit

exists as a finite number. In this case,

4. If  is differentiable at , then the "simple useful formula"

holds.

Proof. 1. Assume that  is differentiable at . Let  be arbitrarily chosen. Set

Since  is differentiable at , there exists a neighbourhood  of  such that

Hence, for all , we have

 Exercise 

 Theorem 
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which completes the proof.

2. Assume that  is continuous at  and  is right-scattered. By continuity, we have

Therefore, for any , there exists a neighbourhood  of  such that

for all , i.e.,

for all . Hence,

3. Assume that  is right-dense. Let  be arbitrarily chosen. Then  is differentiable at  iff there is a neighbourhood  of 
such that

i.e., iff

i.e., iff

4. Assume that  is differentiable at .

a. If  is right-dense, then  and
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b. If  is right-scattered, then

whereupon

This completes the proof.

 

Let

and  for . We will find  for . For

we have

i.e., any point , is right-scattered. At these points,

Let now . Then

 Example 
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Consequently,  is right-dense. Also,

Therefore, . Altogether,  for all .

 

Let  and  for . We will find  and  for . For 
, we have

Therefore, all points of  are right-scattered. We note that  and  are continuous functions in . Hence,

and

 

Let  and  for . We will find  for . For , , we
have

 Example 

 Example 
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Solution

Therefore, every point of  is right-scattered. We note that the function  is continuous in . Hence,

 

Let  and  for . Find  for .

Solution. .

Answer

Add texts here. Do not delete this text first.

 

Let  and  be differentiable at . Note that all points of  are right-scattered and .

Therefore,

where  is the usual forward difference operator.

 

Let  for some . Prove that

 Exercise 

 Example 

 Exercise 
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where .

Answer

We note that all points of  are right-scattered and . Then

https://libretexts.org/
https://math.libretexts.org/@go/page/204825?pdf


7.9 https://math.libretexts.org/@go/page/204825

The last equality is left to the reader for exercise.
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Let  for some . Prove

where .

Answer

Add texts here. Do not delete this text first.

 

Assume  are differentiable at . Then we have the following.

1. The sum  is differentiable at  with

2. For any constant  is differentiable at  with

3. The product  is differentiable at , and the "product rule"

holds.

4. If , then the quotient  is differentiable at , and the "quotient rule"

holds.

Proof. 1. Let  be arbitrarily chosen. Since  and  are differentiable at , there exist neighbourhoods  and  of  so that

and

Hence, for , we have

 Exercise 

 Theorem 
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which completes the proof.

2. Let . Assume that  is arbitrarily chosen. Since  is differentiable at , there exists a neighbourhood  of  such that

Hence, for , we have

which completes the proof.

3. Let  be arbitrarily chosen. Let also  be such that . Set

and

Since  is differentiable at , there exists a neighbourhood  of  such that

Since  is differentiable at , there exists a neighbourhood  of  such that

Since  is differentiable at  is continuous at . Therefore, there exists a neighbourhood  of  such that

Then, for any , we get

which completes the proof.
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4. Let  be arbitrarily chosen. Since  and  are differentiable at , they are continuous at . Because , there exists a
neighbourhood  of  such that

for some constant . Let  be such that . Set

and

Since  and  are continuous at , there exists a neighbourhood  of  such that

for any . Since  is differentiable at , there exists a neighbourhood  of  such that

Since  is differentiable at , there exists a neighbourhood  of  such that

Hence, for , we get
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which completes the proof.

 

Let  and

We will find . Note that any points  are right-scattered.

Solution
Let

Then

and

and

Now, applying the rule for delta derivative of a quotient of two functions, we arrive at

 Example 
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Then, we have the following cases.

1. Let . Then

and

2. Let . Then

and

Consequently

 

Let  and

We will find .

Solution
Here

We have the following cases.

1. Let  be right-scattered. Set

 Example 
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Then

and

Now, applying the rule for delta derivative of quotient of two functions, we arrive at

We have the following subcases.

a. Let . Then

and

b. Let . Then

and
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2. Let  be right-dense. Then . Hence,

Consequently

 

Let  and

and

We will find .

Solution
Here

We have the following cases.

1. Let  be right-scattered. Set

Then

 Example 
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and

and

Now, applying the rule for delta derivative of a multiplication of two functions, we find

Now, we will consider the following subcases.

a. Let . Then

and

b. Let . Then

and
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c. Let . Then

and

d. Let . Then

and

e. Let . Then

and

f. Let . Then

and
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g. Let . Then

and

2. Let  be right-dense. Then  or , or .

a. Let . Then

b. Let . Then

c. Let . Then
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Consequently

Example 0.110.

Let

We will prove that

if  is right-scattered.

Solution
Really, let  be right-scattered. Then

 Example 
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Let

. We will find . For

Solution
We have 

i.e., any point , is right-scattered. At these points

Let , i.e., . Then

i.e.,  is a right-dense point. Also,

 Example 
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Therefore  does not exist.

Let now . Then

Consequently,  is right-dense. Also,

Therefore .

 

0.112.

Let  be differentiable at .

Solution
Then

 

Let  be differentiable at . Then

Also,

 Example 

 Example 
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We assume that

for some . We will prove that

Solution
Indeed,

Example 0.114.

Now we consider  for  and . We set

Then

Solution
We get

Let now . Then

whereupon

 Example 
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Let . Prove that

Answer

where .

 

Let  be right-scattered. Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

 Exercise 

 Exercise 

 Exercise 

 Exercise 
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Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

 

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.
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 Exercise 
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8: Higher Order Delta Differentiation

Let  and . We define the second derivative of  at , provided it exists, by

Similarly, we define higher order derivatives .

 

Let  and

We will find .

Solution
We have the following cases.

1. Let . Then

By Example 7.8, we have

Then

and

 Definition: Second derivative and Higher order derivatives

 Example 
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2. Let . Then

By Example 7.8, we have

Hence,

and

Consequently

 

Let  and

We will find .

 Example 
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Solution
Here

We have the following cases.

1. Let . Then

By Example 0.109, we have

Then

and

2. Let . Then

By Example 0.109, we have

Hence,
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Thus,  does not exist.

Consequently

 

Let  and

and

We will find .

Solution

Here . We have the following cases.

1. Let . Then

By Example 7.10, we have

Then

and

 Example 
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2. Let . Then

By Example 7.10, we have

and

Hence,

3. Let . Then

By Example 7.10, we have

Then
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4. Let . Then

By Example 7.10, we have

Then

and

5. Let . Then

and
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Hence,

6. Let . Then

By Example 7.10, we have

Then

and
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7. Let . Then

By Example 7.10 , we have

Then

and

8. Let . Then

By Example 7.10, we have

Hence,

9. Let . Then

By Example 7.10, we have

Hence,

and
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Since

we conclude that  does not exist.

10 . Let . Then

By Example 7.10, we have

Then

Therefore  does not exist.

Consequently
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Example 0.118.

(Leibniz Formula). Let  be the set consisting of all possible strings of length , containing exactly  times  and  times
. Let also,

We will prove that

Solution
For this aim, we will use the classical induction principle.

1. . Then

Hence,

i.e., the assertion holds for .

2. Assume that the assertion is valid for some .

We will prove that

 Example 
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Using (0.4), we have

 

Let  and  be differentiable in . Then

Solution
Therefore

 Example 
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Also,

Therefore

whereupon

We have

from where

 

Let . Find , where

Answer

 Add texts here. Do not delete this text first.

 

 Exercise 
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Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 

Let . Find , where

Answer

Add texts here. Do not delete this text first.

 Exercise 

 Exercise 

 Exercise 

 Exercise 

 Exercise 
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Let . Find , where

Answer

Add texts here. Do not delete this text first.
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9: Nabla Derivatives

A function  is said to be nabla differentiable at  if
1.  is defined in a neighbourhood  of ,
2.  is defined at ,
3. there exists a unique real number , called the nabla derivative of  at , such that for each , there exists a
neighbourhood  of  with  and

The basic rules for nabla differentiation read as follows.

Let  be functions and let . Then we have the following.
1. The nabla derivative is well defined.
2. If  is nabla differentiable at , then  is continuous at .
3. If  is continuous at  and  is left-scattered, then  is nabla differentiable at  with

4. If  is left-dense, then  is nabla differentiable at  iff the limit

exists as a finite number. In this case,

5. If  is differentiable at , then

6. If  and  are nabla differentiable at , then

a. the sum  is nabla differentiable at  with

b. For any constant  is nabla differentiable at  with

c. The product  is nabla differentiable at  with

d. If , then  is nabla differentiable at  with

Let  and let . We define the second nabla derivative of  at , provided it exists, by

 Definition: The Nabla Derivative

 Definition: Term
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Similarly, we define higher-order nabla derivatives . Let . We define the second mixed derivative of  at ,
provided it exists, by

and

Let  and  be a function. Then

 

Let  and

We will find  for . We have that  and . Hence,

 

Let  and

We will find  and  and  for . Firstly, we will find  for . We have the following cases.

1. Let  be left-scattered. Then  and

 Example 

 Example 

 Example 
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2. Let  be left-dense. Then

Now, we will find  for . We have the following cases.

1. Let  be right-scattered. We have

a. Let  be left-scattered. Then

b. Let  be left-dense. Then
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2. Let  be right-dense. We have

a. Let  be left-scattered. Then

b. Let  be left-dense. Then
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Let  and

We will find . We have the following cases.

1. Let . Then

Hence,

2. Let . Then  and

 Example 
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3. Let . Then  and

 

Let  and

We will find  and . We have the following cases.

1. Let . By Example 0.39, we have

Hence,

 Example 
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Then

2. Let . By Example 0.39 , we get

and

Then
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3. Let . By Example 0.39 , we have

and then

Note that

Hence,
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4. Let .By Example 0.39 , we have  and then

Hence,

 

Let  and

We will find . We have the following cases.

1. Let . Then

and

and

and

 Example 
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2. Let . Then  and

Note that

Then

Next,

and

3. Let . Then

4. Let . Then  and

Note that
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and then

Next,

and

5. Let . Then

and

and

and
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Let . Find  for , where

Answer

Add texts here. Do not delete this text first.

 

Let  and

Find  and  for .

Solution
Add example text here.

.
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10: Regulated, rd-Continuous, and Pre-Differentiable Functions

A function  is called regulated provided its right-sided limits exist (finite) at all rightdense points in  and its left-
sided limits exist (finite) at all left-dense points in .

 

Let  and

We note that all points of  are right-scattered. The points , are left-scattered. Also,  is not finite and
 exists and it is finite. Therefore, the function  is not regulated and the function  is regulated.

 

Let  and

We have that all points of  are dense and  are not finite. Therefore, the function  is not regulated.

 

Let  and

Determine if  is regulated.

Answer

The function  is not regulated.

 

A continuous function  is called pre-differentiable with (region of differentiation) , provided
1. ,
2.  is countable and contains no right-scattered elements of ,
3.  is differentiable at each .

 

 Definition: Regulated functions

 Example 

 Example 

 Exercise 

 Definition: Pre-differentiable function
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Let  for . Define  by

Then  is pre-differentiable with .

 

Let  and

Since  is not continuous at , the function  is not pre-differentiable.

 

Let  and

Since  is not continuous at , it is not pre-differentiable.

 

Let  and

Check if  is pre-differentiable, and if it is, then find the region of differentiation.
Definition 0.17. A function  is called rd-continuous provided it is continuous at right-dense points in  and its left-
sided limits exist (finite) at left-dense points in . The set of rd-continuous functions  is denoted by  or  or

. The set of functions  that are differentiable and whose derivative is rd-continuous is denoted by .

Some results concerning rd-continuous and regulated functions are contained in the following theorem. Since its statements follow
directly from the definitions, we leave the proofs to the reader.

Assume .
1. If  is continuous, then  is rd-continuous.
2. If  is rd-continuous, then  is regulated.
3. The jump operator  is rd-continuous.

 Example 

 Example 

 Example 

 Exercise 

 Theorem 
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4. If  is regulated or rd-continuous, then so is .
5. Assume  is continuous. If  is regulated or rd-continuous, then  has that property.

 

Every regulated function on a compact interval is bounded.
Proof. Assume that , is unbounded. Then, for each , there exists  such that .
Because , there exists a subsequence  such that

Since  is closed, we have that . Also,  is a right-dense point or a left-dense point. Using that  is regulated, we get

which is a contradiction.

 

If  are pre-differentiable with , then

implies

Proof. Let  with . Assume also

We take . We consider the statements

for . We will prove, using the induction principle, that  is true for all .

1. Since , the statement  is true.
2. Let  be right-scattered and assume that  is true. Then we have

since . Hence,  is true.

 Theorem 

 Theorem ; Mean Value Theorem
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3. Let  be right-dense.

a. Let . Then  and  are differentiable at . Hence, there exists a neighbourhood  of  such that

and

for all . Thus,

for all  and

for all , i.e.,

for all . Hence, for all , we have

Therefore,  is true for all .

b. Let . Then  for some . Since  and  are pre-differentiable, they both are continuous. Therefore, there exists
a neighbourhood  of  such that

and

Therefore,

Consequently,
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so  is true for all .

4. Let  be left-dense and assume that  is true for . Then

implies that  is true since  and  are continuous at .

Thus, using the induction principle, if follows that  is true for all . Consequently, (10.1) holds for all .

 

Suppose  is pre-differentiable with . If  is a compact interval with endpoints , then

Proof. Without loss of generality, we suppose that . We set

Then

for all . Thus, using Theorem 0.8, we obtain

whereupon

 

Let  be pre-differentiable with . If  for all , then  is a constant function.

Proof. Let  be a compact interval with endpoints . From Theorem 0.9, it follows that for all ,

i.e., . Therefore,  is a constant function.

 

 Theorem 

 Theorem 
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Let  and  be pre-differentiable with . If  for all , then

where  is a constant.

Proof. Let . Then

Thus, using Theorem , it follows that  is a constant function.

Suppose  is pre-differentiable with  for each . Assume that for each , there exists a compact interval
neighbourhood  such that the sequence  converges uniformly on .

(i) If  converges at some  for some , then it converges uniformly on .
(ii) If  converges at some , then it converges uniformly on  for all .
(iii) The limit mapping  is pre-differentiable with  and

Proof.

1. (i)  Since  converges uniformly on , there exists  such that

is finite for all . Let  and . Then

Hence,  converges uniformly on , i.e.,  is a locally uniformly convergent sequence.

(ii) Assume  converges for some . Consider the statement

a. Since  converges, the statement  is true.

b. Let  be right-scattered and assume that  is true. Then

converges by the assumption, i.e.,  is true.

c. Let  be right-dense and assume that  is true. Then, by (i),  converges on , and so  is true for all 
.

d. Let  be left-dense and assume that  is true for all . Since , using again part (i), we have that
 converges on ; in particular,  is true.

Consequently,  is true for all . Using the dual version of the induction principle for the negative direction, we
have that  is also true for all  (we note that the first part of this has already been shown, the second part follows
by , the third part and the fourth part follow again by (i)).

 Theorem 

 Theorem 
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(iii) Let . Without loss of generality, we can assume that . We take  arbitrarily. Using (i), there exists 
such that

for all  and all . Since

converges uniformly on , there exists  such that

Hence,

for all  and for all . Now, letting , we obtain

for all  and all . Let

Then there exists  such that

and since  is differentiable at , there also exists a neighbourhood  of  with

for all . From here, for all , we get

Consequently,  is differentiable at  with .

 

Let . Assume  is regulated. Then there exists exactly one pre-differentiable function  with  satisfying

Proof. Let  and consider the statement

1. Let  and . Then the statement  is true.

 Theorem 
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2. Let  be right-scattered and assume that  is true. Define

and  on  by

Then

and

and therefore the statement  is true.

3. Let  be right-dense and assume that  is true. Since  is right-dense and  is regulated,

Hence, there exists a neighbourhood  of  with

Let . Define

and  on  by

Then  is continuous at  and hence on . Also,  is differentiable on  with

Hence,  is pre-differentiable on . Since  is right-dense, we have that  is pre-differentiable with .

From here and from (10.2), we also have

Therefore, the statement  is true for all .

4. Now, let  be left-dense and suppose that  is true for . Since  is regulated,
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Hence, there exists a neighbourhood  of  with

Fix some  and define

and  on  by

We note that  is continuous at  and hence in . Since

 is pre-differentiable with  and

Hence, the statement  is true.

By the induction principle, it follows that  is true for all . Similarly, we can show that  is valid for .
Hence,  is pre-differentiable with , and

Now, let

Then  is pre-differentiable on , and, using Theorem  ,

.

10: Regulated, rd-Continuous, and Pre-Differentiable Functions is shared under a not declared license and was authored, remixed, and/or curated
by LibreTexts.
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11: The Delta Integral

Assume  is a regulated function. Any function  as in Theorem 10.8 is called a preantiderivative of . We define the
indefinite integral of a regulated function  by

where  is an arbitrary constant and  is a pre-antiderivative of . We define the Cauchy integral by

 

A function  is called an antiderivative of  provided

 

Let . Then . Assume . Since  satisfies

we have

 

Let  and define  by . In this case, we have that . Since  satisfies

we get

 

 Definition: Cauchy Integral

 Definition: Antiderivative of a function

 Example 

 Example 
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Let  and define  by . Here, .

Since  satisfies

we get

 

Let  and

Set

By Example 7.8, we get

Therefore

where  is a constant.

 

Let  and

Set

 Example 

 Example 

 Example 
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By Example 7.9, we get

Therefore

where  is a constant.

 

Let  and

and

Set

By Example 7.10, we get

Therefore

where  is a constant.

 

 Example 
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Let . Prove that

Answer

Add texts here. Do not delete this text first.

Every rd-continuous function  has an antiderivative. In particular, if , then  defined by

is an antiderivative of .

Proof. Since  is rd-continuous, it is regulated. Let  be a function guaranteed to exist by Theorem 0.13, together with ,
satisfying

We have that  is pre-differentiable with . Let . Then  is right-dense. Since  is rd-continuous,  is continuous at .
Let  be arbitrarily chosen. Then there exists a neighbourhood  of  such that

We define

Then  is pre-differentiable with  and

Hence,

Therefore,

whereupon

which shows that  is differentiable at   and  .

 

11: The Delta Integral is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

 Exercise 

 Theorem 
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