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1: Definition. Examples

# Definition: 1.1

A time scale is an arbitrary nonempty closed subset of the real numbers.

We will denote a time scale by the symbol T. We suppose that a time scale T has the topology that inherits from the real numbers
with the standard topology.

v/ Example 1.1

The sets [-1,4],R, Z, N,

1 1 1
{ _21 _11 _E, 01 Zr 51 21 31 6 }a

and

WU+ U U Um U +s),

are time scales.

The sets (-3, 7),[0,5), (1,7] and {% + 3} are not time scales.
neN

v/ Example 1.3

Let a,b > 0. The sets

P, = G [k(a + b), k(a + b) + a]
k=0

are time scales.

v/ Example 1.4

The set of harmonic numbers

Hy=0
H"=kZ=;E’ n€N

is a time scale.

@ https://math.libretexts.org/@go/page/204819


https://libretexts.org/
https://math.libretexts.org/@go/page/204819?pdf
https://math.libretexts.org/Courses/Sorbonne_Universite/Time_Scales_Analysis_(Georgiev)/01%3A__Definition._Examples

LibreTexts"

Let {an},en, be a sequence of real numbers with &, > 0,n € Ny. Define
n—1
= Zak’ n € N.
k=0
Then the set
T = {t,:n € N}
is a time scale.

v/ Example 1.6

(Cantor Set) Consider the interval K, = [0, 1]. We obtain a subset K7 of K, by removing the open "middle third" of Ky, i.e., the
open interval (l, 2) from Kj. The set K, is obtained by removing the two open middle thirds of Kj, i.e., the two open

inetrvals (5, 5) and (5’ 5) from K;. Proceeding in this manner, we obtain a sequence {Kn}nen, of sub sets of the interval

[0,1]. In Fig. 0.1 are shown the sets K, K1, K2, K3 and so forth. The Cantor set C is now defined as follows

The Cantor set is a time scale.

Any its element z can be represented in its ternary expansion as follows

j=1

|&

7, where a;€{1,2,3}, jeN.

W

This expansion is unique unless g is of the form p3—* for some integers p and k. In this case, z has two expansions
l.a;=0forj> k.
2.a; =2forj>k.

Assume that p is not divisible by 3 . One of these expansions will have ax = 1 and the other wiill ax = 0 or ax = 2. We have that

a; =1 if and only if l<z<E
3 3
and
a1#1 and az=1 ifand only if l<ar:<z or —<:|r:<§
! 2= Y5 9 9 9 9

and so forth. If

mzz:; and yzzy,

=1 =1

then z < y if and only if there exists an n € N such that a, < b, and a; = b; for j < n. Thus, the Cantor set C is the set of all 0 < =
< 1 that have a base- 3 expansion

00
@
x=z;3—‘; with a;#1 forany j
=
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https://libretexts.org/
https://math.libretexts.org/@go/page/204819?pdf

LibreTexts"

Figure 1.1: 1 Expansion of a Cantor Set.

v/ Example 1.7

The set

is a time scale.

v/ Example 1.8

The set

0,1]U {1+ %}"ENU 2,3]U {3+ %}HEN

is a time scale.

v/ Example 1.9

Let

U={2—1" :’I’LGN()}.
Then the set
{0}uTUu(1l—uw)U(A1+D)U(2-U)U(2+U)U@B-U)U(B+U)U{1,2,3,4}

is a time scale.

? Exercise 1.1

Check if the following sets are time scales
1. 2N,
2.(—1,1]U [2,3] U [4,8].
3. {—i :m € N} U 2Ng.
2n

4.Uu(2—U)u(2+U),U={4i":neNo}.

5.[0,2]U {2+ l} U (3,5 U 7™,
N ) neN

Answer

@ https://math.libretexts.org/@go/page/204819
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2: Forward Jump Operators, Backward Jump Operators and Graininess Functions

We start by defining the forward jump operator.

# Definition: Forward Jump Operator

Let T be a time scale. For ¢ € T we define the forward jump operator o : T — T in the following manner

o(t)=inf{s€T:s>t}

In this definition, we put inf @ = sup T. Then, ¢ = (%) if ¢ is a maximum of T.

Note that ¢(t) > ¢ for any ¢ € T.

Let T = hZ,h > 0. Take ¢ € T arbitrarily. Then, there is a n € Z such that ¢ = hn. Hence, applying the definition for forward jump operators, we find

o(t) = inf{s = hp,p € Z : hp > hn}
=h(n+1)
=hn+h
=t+h

Let T = 3. Take ¢ € T arbitrarily. Then, there is a n € Ny such that ¢ = 3. Hence, applying the definition for forward jump operators, we find
o(t) = inf{3°,s € Np : 3° > 3"}
— gntl
=3-3"
=3t

v Example 2.3

Let T = Nk where k € N is fixed. Take ¢ € T arbitrarily. Then, there is a n € Ny such that ¢ = n*. Hence, n = /%. Now, applying the definition for forward jump operators, we arrive at

a(t) = inf {s",s €Ng:sf> nk}
=(n+1)*
={¥t+ 1)k

v Example 24

Let T = {H, : n € No}, where Hy,,n € Ny, are the harmonic numbers. Take n € Ny arbitrarily. Then, applying the definition for forward jump operators, we find
o (H,) =inf {H,,s €Ng: H, > H,}
. 2\ 1 21
=1M{H"SGND:;E >§=;E}
atl g

h=1k

= nt1-

v Example 2.5

Let T= Py 3. Then

T = | |4k, 4k +1]
k=0
=[0,1]U[4,5] U [8,9] U[12,13]U ...
If t € [0,1), then, applying the definition for forward jump operators, we find
o(t)=inf{s€T:s>1t}
Ift =1, then

o(l)=inf{seT:s>1}
=4

Let now, k € N be arbitrarily chosen. If ¢ € [4k, 4k + 1), then we have

o(t)=inf{se€T:s >t}
=t

@ https://math.libretexts.org/@go/page/204820
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If t = 4k + 1, then

o(t)=inf{s € T:s>4k+1}
=4(k+1)
=4k+4
=4k+1+3
=t+3

Therefore

ot) = t if  te U4k 4k +1)
t+3 if telU {4k+1}

? Exercise 2.1

Let T = Pqp, where a,b > 0. Find o(t).

Answer

Add texts here. Do not delete this text first.

v Example 2.6

Let T = C, where C is the Cantor set. We will find o(t) for ¢ € T. For this aim, let C; denote the set of all left-hand end points of the open intervals that are removed. Then

.\ a 1
C1={23—:+3m+1:mEN, ai € {0,2} for any ISkSm}.

k=1

With C, we will denote the set of all right-hand end points of the open intervals that are removed. We have

u 2
Cg={;%+3m+1:meN, ax € {0,2} for any ISkSm}

Take ¢ € C arbitrarily. We have the following cases.
1.t € C;. Then

e LC 1
_;§+3m+1

Hence, we obtain
ot)=inf{s € T: s>t}
., ak 2
= 2 3k + gm+l
=t

- z’": G D o L
& 3]: 3m+1 3m+l

1
Stk 3m+l
2.t € C;. Then
m
ag 2
t= T
Hence,

o(t)=inf{s€T:s>t}
=t

3.t € T\(C1UCy). Then
o(t)=inf{s€T:s>t}
=t
Consequently

1 . _wm Gk 1
oy={ ‘T T PEOLI=Yhn gt gun
tifteT\Cy

v Example 2.7

Let {@n},en, De a sequence of real numbers with a, > 0, and

n-1
= 20‘"’ n €N,
=0

and

T={t,:n €N}.

@ https://math.libretexts.org/@go/page/204820
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We will find o(t), t € T. Take n € N arbitrarily. Then
n1
o (ta) =inf{z €T:s= Zak, 8 >tn}
=
n
= Z ax
=0

n-1
= Z +an
=0

=tantan

v Example 2.8

Let
We will find o(t), t € T. Take n € N arbitrarily. Then

and

Next, if ¢ € Ny, then

o(t)=inf{s€T:s>t}
=t+1

Consequently

t . 1
oft) = ~i=1 if te{tn_—;.neN}, t=t,
t+1if ¢t €Ny

v Example 2.9

Let

We will find o(t), ¢ € T. Take n € N arbitrarily. Then

gn—1

= Vi
Next,
1
tg = %5 and o () =1
and
o(0) =0,
o(l)=1.
Consequently

1

t)= ==
a(t) 1 if ¢ 3
0 if t=0

1 if ¢t=1

@ https://math.libretexts.org/@go/page/204820
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v Example 2.10

LetU={2in:neN}and

T=UUQA-D)U(1+D)u(@-TU)u(2+U)u{0,1,2}
We will find (%), t € T. We have the following cases.
1. Let¢=0. Then

2. Lett= % Then

3. Let¢=1. Then

4. Lett= ; Then

5. Let¢ = 2. Then

6. Lett= g Then

7. Lett e U\{%}.Then

2"
and
1
(7(t)= gn—1
2
T
2t
8.Lette(1—U)\{%}.Then
1
t=1-oo
and
1
g =1-t
Hence,
1
o(t) = vl
1 1
=1-5-%
1—¢
=1-——
14t
)
3
9.Lett€(1+U)\{E}.Then
1
t=14 0
Hence,
1
=il
and
1
¢7(t)=1+2"71
2
=1+
=1+2(—1)
=2t—1
3
10. Let ¢ € (2— U)\ {E} Then
1
t=2—o0

and

@ https://math.libretexts.org/@go/page/204820
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1
gn =2t
Hence,
1
o(t) = Py
11
=2-5 .o
—g_ 2t
N 2
_ 42
)
11.Lette(2+U)\{%}.Then
1
t=2+oo
and
1
o =t=2
Hence,
1
a(t)=2+F
2
=B oz
=242(t—2)
=2(t—1)
Consequently
(0 if t=0
3 . 1
1 =3
1 if t=1
7 . 3
1 fot=3
2 if t=2
5 . 5
2 . #ot=g
o) =\2 it teU\{E}
14+t : 1
Eha i te(l—U)\{E}
2t—1 it te(1+U)\{%}
t+2 . 3
= it te(2—U)\{5}
2(t—1) it tE(2+U)\{g}

? Exercise 2.2

Find o(t),t € T, where

1. T=hZ+kh>0keR.
2.T = (—2Np) U 3%,

3.T= P37 U[4,6].

4.T =11% U {0}.

5.T=[1,2] U[3,4U[7,8] U9V

Answer

Add texts here. Do not delete this text first.

# Definition: Forward Graininess Function

Define the forward graininess function p : T — R as follows

uit)=o(t)—t, teT.

v Example 2.11

Example 0.20. Let T = hZ, where h > 0. Then, using the computations in Example 0.10, we find

w(t) = olt)—t

=t+h—t
=h, teT.

@ https://math.libretexts.org/@go/page/204820
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Example 0.21. Let T = 3. Then, using the computations in Example 0.11, we get

u(t) = oft) —t
=3t—t
=2, teT.

v Example 2.13

Let T = Nk, where k € N. Then, using the computations in Example 0.12, we find

ut) =o(t) —¢
={t+1)*—t
=it (D) VFT (5) Ve (2 e
= (D Q) een ()0 cen

v Example 2.14

Let T = {H, : n € No}, where H,,n € Nq are the harmonic numbers. Then, using the computations in Example 0.13, we find

w(Hp) =0 (Hp)— Hy

= n+1_Hn
e
T+l " :

v Example 2.15

Let T = P 5. Then, using the computations in Example 0.14, we find

BE)=o() -t
0 if telURo[k,4k+1)
3 if telp{4k+1}

v Example 2.16

Let T = C, where C is the Cantor set. Then, using the computations in Example 0.15, we find

) = o) —t
1 R ag 1
Y ey if teCy, t=z'hn=1¥+ﬁ
0 if teT\C:

+ Example 2.17

Let {ay} be a sequence of real numbers with ¢y, > 0,nn €N,

n—1

t,.=2a,,, neN, and T={t,:neN}
=0

Then, using the computations in Example 0.16, we find

A (ta) =0 (tn) —tn

=tnt1—1tn
=a, neN
Example 0.26.
v Example 2.18
LetT= {t,, = —% in€E N} UNy. Then, using the computations in Example 0.17 , we find
n(t) = oft) — t
—L if te{t s eN} t=t,
= t—1 n =0 n ) =1n,
1 if teN,.

@ https://math.libretexts.org/@go/page/204820
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v Example 2.19

-
LetT= {t,. = (%) n€ No} U{0, 1}. Then, using the computations in Example 0.18 , we find

u(t) =o(t) —¢
1\*
Vi—t if te{t,.:(i) :nEN}
= 1 . _l
7 if t—2

0 i te{o1}.

v Example 2.20

LetU={2i":n€N}and
T={0}UuUU(1-TU)U(1+U)U(2-U)U(2+U)U{1,2}.

Then, using the computations in Example 0.19, we find

(e = o(t) —t

(0 if t=0

1 . 1

1 if t_E

0 if t=1

1 3

1 if t=5

0 if t=2

. 5

0 if t—E

=1 i tEU\{%}

L te(l—U)\{%}
t-1 i te(1+U)\{g}
22 tE(Z—U)\{g}
t—2 i te(2+U)\{g}

? Exercise 2.3

Find p(t),t € T, where T are the time scales in Exercise ? 2.2.

Answer

Add texts here. Do not delete this text first.

#" Definition: Backward Jump Operator

The backward jump operator p : T — T is defined as follows

p(t)=sup{s€T:s< t}.

In this definition we put sup@ = inf T. Then, p(t) = ¢ if ¢ is a minimum of T.

Note that p(t) < ¢ forany t € T.

Let T = hZ,h > 0. Take ¢ € T arbitrarily. Then, there is a » € Z such that ¢ = hn. Hence, applying the definition for backward jump operator, we find

p(t)=sup{s€T:s=hm, mecZ s<hn}

=h(n—1)
=hn—h
=t—h

Let T = 3%. Take ¢ € T arbitrarily. We have the following cases.
1. Assume that t = 1. Then

@ https://math.libretexts.org/@go/page/204820
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p(1) =1
2. Assume that ¢ > 1. Then ¢ = 3 for some I € N. Hence, applying the definition for backward jump operator, we find

p(t)=sup{sET:s=3”, k € Ny, s<3’}

Consequently

1 t=1
”(t)={% #ot>1

v Example 2.23

Let T=N§, k € N. Take ¢ € T arbitrarily. We have the following cases.
1. Assume that ¢ = 0. Then
p(0) =0
2. Let# > 0. Then there is an n € N such that ¢ = n*. Hence, n = ¥/%. Now, applying the definition for backward jump operator, we find

pt)=sup{s€T:s=1% 1eNy, s<nf}
= (1)

=[Wt-1)*

Consequently

5= 0 if t=0
PO={ Wit & t>0

v Example 2.24

Let T= {H, : n € No}, where H,,n € Ng, are the harmonic numbers. Take n € Ny arbitrarily. We have the following cases.

1. Assume that » = 0. Then
p(Ho) = Ho

2. Assume that » >. Then, applying the definition for backward jump operator, we find
p(Hn)=sup{seT:s=H;, leNy, s<H,}
=llp1
Consequently

Hy if n=0
PO=\g, ., i n>1

v Example 2.25

Let T = Py 3. Take ¢ € T arbitrarily. We have the following cases.

1. Assume that ¢ = 0. Then
p(0)=0

2. Assume that ¢ > 0. Then we have the following subcases.

a.t € (0,1]JUr, (4k, 4k + 1]. Then
)=t

b.t=4k,k>0.Thenk=%and
o) =4k—1)+1
=4k—4+1
— k-3
=t—3

Consequently

ot) = { t i te[0,1]UR,(4k 4k +1]

t—3 if telX, {4k}

@ https://math.libretexts.org/@go/page/204820


https://libretexts.org/
https://math.libretexts.org/@go/page/204820?pdf

@ LibreTexts"

Let T = C, where C is the Cantor set. Let also, C be the set of all right-hand end points of the intervals that are removed from the interval [0,1], i.e.,

m
ak 2
C,={;3—k+m:meN, ax, € {0,2}, ISkSm}

Take ¢ € T arbitrarily. Then we have the following cases.

1. Assume that ¢ € C,. Then

m
ay 2
t=;§+3m+1

and
n
ag 1
o(t) =Z§ + 3m+l
=1
. ay 2 1
=23— * 3m T gm

=1

1
=t— pron g where ax€{0,2}, 1<k<m
2. 1f t € T\C;, then p(t) =t.
Consequently
1 ., ag 2
o= e B 1€ =Ygty
tif teT\C,

v Example 2.27

LetT= {t,, = E’;_j o in€E N}, where a, > 0,n € Np. Take ¢, € T arbitrarily for some n € N. We have the following cases.

1. Assume that n = 1. Then
p(t) =t

2. Assume that » > 1. Then

Consequently
t if n=1
”(t")_{ to—apa i n>2.

v Example 2.28

LetT= {t,, = —% ‘n€E N} UNy. Take t € T arbitrarily. We have the following cases.

1.t =t, for some n €N.

a.If n =1, then

p(t) =t1.
b.Ifn>2, thenn:—tl and
1
P(tn)=—m
_ 1
1y
tn
— tn
T ta+1
2. Lett € No.
a. If t =0, then
p(0)=0
b. If t > 1, then
pt)=t—1

Consequently
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t if te{-1,0}

1
—_— i =——": >
T+t if te{t,. " n €N, n_2}
t—1 if teN.

p(t) =

v Example 2.29

2
LetT= {t,, = (%) ine No} U {0,1}. Take ¢ € T arbitrarily. We have the following cases.

0
1.Ift= (%) for some n € Ny, then

0= ()
2.2
o
- ( 1 ”")
- tz( )
2. Let¢ =0. Then
p(0) =0,
3. Let¢=1. Then
p)=5

Consequently

SIS

v Example 2.30

1
LetU={2—":neN}and

T={0}UUUQI-U)UQ+U)U@—T)U@2+U)U {12}

We will find p(t),t € T. Taket ¢ € T arbitrarily. We have the following cases.

1.Ift= 2% for some n € N, then

2
=
=
I
|P—‘
="

LIRS Ty XY
%)
Bl

2. Lett € (1-1U).

alft= %, then

b. If
1
t=1—2—", n>2
then
1
2—n=1—t, n>2
and
1
ple)=1=5
2
=1-o
=1-2(1—1%)
=2t—1
3.Lette(1+U)andt=1+2inf0rsomeneN.Then
1
= =t—1

and
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4. Lette (2 —0).

a.lft= g, then

1
b. Ift=2—2—n for some n € N, n > 2, then

and

2

2",neN.Then

5.Lette(2+U)andt=2+

and

1
pe)=2+ o0

=24 = .
tayom
t—2

6.1f t = 0, then
7.1f t =1, then
8.1f t =2, then

Consequently

pt)=14 5 if t=

N o

At—1) i te (2—U)\{;}

— if te(2+0)
if ¢t=0
if t=1
if t=2.

N o= O

? Exercise 2.4

Find p(t),t € T, where T are the time scales in Exercise ? 2.3.

Answer

Add texts here. Do not delete this text first.
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& Definition: Backward Graininess Function

The backward graininess function v : T — R is defined as follows

v(t) =t—p(t), teT.

Note that v(t) > 0,t € T.

v Example 2.31

Let T = hZ, where h > 0. Then, using Example v/ 2.21, we find
o(t) =t—p(t)

=t—(t—h)
=h, teT

Let T = 3%. Then, using Example v 2.22, we find

v Example 2.33

Let T=NE, & € N. Then, using Example v/ 2.23, we find

o(t) =t —p(t)

0 if t=0
Tl t—@WEi-1* i t>0

Observe that
t—(%—l)":t—(t—(’lc)\/'t”‘1+(’2c)\/'t"‘”—---—1)
_(k & k-1 _ k W2 4 ...
_(l)w (2)Vt okl
Consequently

v Example 2.34

Let T = {H, : n € Ny}, where H,,,n € Ny, are the harmonic numbers. Using Example v 2.24, we find
o(t) =t —p(t)
_Jo0 i n=0
"\ Hi-Hiy if n2>1

Let T = Py 5. Using Example v/ 2.25, we find

o(t) =t — p(t)
o i te[o,]UUR,(4k,4k+1]
T8 i teUR, {4k}

v Example 2.36

Let T = C, where C is the Cantor set. Using Example v 2.26, we find
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o(t) =t —p(2)
1 . Kk Ok 2
- gmm if teC,, t=2),,=1§+—3wH
0 if teT\C.

v Example 2.37

Let
n—1
T={Eak:neN, @, >0, keN}
=0

Using Example v 2.27 find

o(t) =t —p(t)
0

if n=1
QAp1 if n>2

v Example 2.38

LetT= {t,. = —% in€E N} UNy. Using Example 0.37, we find

\begin{aligned} v(t) & =t-\rho(t) \\ & = \begin{cases}0 & \text { if } \quad t \in\{-1,0\} \\\dfrac{t"2}{t+1} & \text { if } \quad t \in\left\{t_n=-\dfrac{1}{n}: n\in \mathbb{N}, \quad n \geq 2\right\} \\ 1 & \text { if } \quad t \in \mathbb{N}\end{cases} \notag

v Example 2.39

-
LetT= {(%) ine No} U {0,1}. Using Example 0.38, we find

o(t) =t =p(t)

t—g? if te{(%)zn:neNo}

0 if te{o,1}

v Example 2.40

1
LetU={2—":neN}and

\[\mathbb{T}=\{0\} \cup U \cup(1-U) \cup(1+U) \cup(2-U) \cupThen, using Example 0.39, we find

o(t) = t— p(®)
7
2 if teU
0 £ t=0
1—t i te(l—U)\{%}
% £ te+l)
1 Lo, 3
{7 i =3 )
2-t i te(2—U)\{E}
# £ te@+U)
0 if t=0
0 if t=1
0 if t=2

s

Find v(t),t € T, where T are the time scales in Exercise ? 2.2.

Answer

Add texts here.

v Example 2.41

‘We will show that ¢ is in general no continuous. Consider
1
T—{-} ineNjuN.
n

‘We have
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a(0)=1
1 1
a(—;)——"+1, neN

Hence,

v Example \(\Pagelndex{42\)

‘We will show that p is in general not continuous. Consider

Then
p(0)=-1
()=t men
Hence,

2: Forward Jump Operators, Backward Jump Operators and Graininess Functions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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3: A Classification of Points

For any element of any time scale the following classification holds.

# Definitions:
Fort € T we have the following cases.

1. If o(t) > t, then we say that ¢ is right-scattered.

2.1f t < sup T and o(t) = ¢, then we say that ¢ is right-dense.

3. If p(t) < t, then we say that ¢ is left-scattered.

4.1f t > inf T and p(t) = ¢, then we say that ¢ is left-dense.

5. If ¢ is left-scattered and right-scattered at the same time, then we say that ¢ is isolated.
6. If ¢ is left-dense and right-dense at the same time, then we say that ¢ is dense.

v/ Example 3.1

Let T = hZ,h > 0. By Example 0.10, we have that

ot)y=t+h
>t, teT.

Thus, any point of T is right-scattered. Now, using Example 0.30, we get

p(t)=t—nh
<t, teT.

Therefore any point of T is left-scattered. Hence, we conclude that any point of T is isolated.

v/ Example 3.2

Let T = 3%, Take ¢ € T arbitrarily. We have the following cases.
1. Assume that ¢ = 1. By Example 0.11 , we have
a(1) =3
>1,
i.e., ¢ = 1 isright-scattered. By Example 0.31, we have
a(l)=1.
Since 1 = inf T, we conclude that ¢ = 1 is not left-dense.
2. Lett > 1. By Example 0.11, we have
a(t) =3t
>t.
Thus, ¢ is right-scattered. By Example 0.31, we get
olt) =<
<t
i.e., ¢ is left scattered. Hence, we conclude that ¢ is isolated.
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Let T = N%, k € N. Take ¢ € T arbitrarily. We have the following cases.

1. Let ¢ = 0. By Example 0.12, we have

g(0)=1
>1,

i.e., t = 0 is right-scattered. By Example 0.32, we obtain
p(0) = 0.

Since 0 = inf T, we conclude that ¢ = 0 is not left-dense.

2. Lett > 0. By Example 0.12, we get

o(t) = (Yt + 1)k
>t

i.e., t is right-scattered. B y Example 0.32, we find

plt) = (Vi -1

<t

i.e., tis left-scattered. Therefore ¢ is isolated.

v/ Example 34

Let T = {H, : n € Ng}, where Hj,n € Ny, are the harmonic numbers. Take n € No. We have the following cases.
1. Let n = 0. Then, by Example 0.13 , we get
o (Ho) = Hi,
i.e., Hy is right-scattered. By Example 0.33, we have
p (Hp) = Hp.
Since Hy = inf T, we conclude that Hy is not left-dense.
2. Letn > 0. By Example 0.13, we get
o(Hyp) = Hnp1
> H,.
Then H, is right-scattered. By Example 0.33, we get
p(Hn) = Hp
< H,
i.e., H, is left-scattered. Then H,, is isolated.

Let T = P, 3. Take ¢ € T arbitrarily. We have the following cases.

1. Let ¢t € |Jg,- By Example 0.14 , we get
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a(t) =t,
i.e., t is right-dense. By Example 0.34, we find

p(t) =t,
i.e., tis left-dense. Thus, ¢ is dense.
2. Lett = 0. By Example 0.14 , we obtain

a(0) =0,
i.e, t = 0 is right-dense. By Example 0.34, we find

p(0) = 0.
Since 0 = inf T, we conclude that 0 is not left-dense.
3. Let t € |J;_,{4k}. By Example 0.14, we get

a(t) =t,
i.e., t is right-dense. By Example 0.34, we find

pt)=t—3
<t
i.e., tis left-scattered.
4. Lett € |Ji2,{4k + 1}. By Example 0.14, we find
ot)=t+3
>t

i.e., ¢ is right-scattered. By Example 0.34, we find

p(t) =t
i.e., tis left-dense.

v/ Example 3.6

Let T = C, where C is the Cantor set. Take ¢t € T arbitrarily. We have the following cases.

1. Let t € C;. By Example 0.15, we have

U(t) =t+ 3m+1
>t
i.e., £ is right-scattered. By Example 0.35, we find
p(t) =t.

If t # 0, then it is left-dense. If ¢ = 0, then it is not left-dense because 0 = inf T.
v2 . Let t € C,. By Example 0.15, we get
o(t) =t,

i.e., ¢ is right-dense. By Example 0.35, we find

1
p(t) == 3m+l
<t
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i.e., tis left-scattered.
3. Let ¢ € T\C;. We have the following subcases.

a. Let t € C,. By Example 0.15, we find

a(t)=t

i.e., t is right-dense. By Example 0.35, we obtain
o) =t— s
<t

i.e., tis left-scattered.
b. Let ¢t € T\C,. By Example 0.15, we arrive at

o(t) =t,
i.e., t is right-dense. By Example 0.35, we have

p(t) =t.

If ¢ # 0, then it is left-dense. If ¢ = 0, then it is not left-dense.
4. Let ¢ € T\C,. We have the following subcases.

a. Let t € C;. By Example 0.15, we find

ot)=t+ #
>t
i.e., t is right-scattered. By Example 0.35, we find
o(t) =t.
If t # 0, then it is left-dense. If ¢ = 0, then is left-dense.
b. Lett € T\C;. By Example 0.15, we have
o(t) =t,
i.e., t is right-dense. By Example 0.35, we have
o) =t.

If t # 0, then it is left-dense and hence dense. If ¢t = 0, it is not left-dense

v/ Example 3.7

Let

n—1
T={Eak:ak>0, k € Ny, nEN}

k=0

Take t € T arbitrarily. Then there is a n € N such that
n—1
t= Z Qg
k=0
We have the following cases.

1. Let n = 1. By Example 0.16, we have
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n
a(t) = Z Qg
k=0
>t
i.e., tis right-scattered. By Example 0.36, we arrive at
p(t) =t.
Since ¢ = inf T T, we conclude that ¢ is not left-dense.
2. Let n > 1. By Example 0.16, we find
n
olt) =) o
k=0
>t

i.e., ¢ is right-scattered. By Example 0.36, we find

p(t) =t —an
<t

i.e., t is left-scattered. Therefore ¢ is isolated.

v/ Example 3.8

Let T = {tﬂ = —% in€ N} U Ny. Take ¢ € T arbitrarily. We have the following cases.
1. Let ¢ = —1. By Example 0.17, we have
aen=—%
>—1
i.e., t = —1 is right-scattered. By Example 0.37, we find
p(—1)=-1.
Since —1 = infT T, we conclude that ¢ = —1 is not left-dense.
2. Let t = 0. By Example 0.17, we have
a(0)=1
>0
i.e., t =0 is right-scattered. By Example 0.37, we obtain
p(0) = 0.
Since 0 > inf T, we conclude that ¢ = 0 is left-dense.
3.Lett e { = —% ine N} \{—1}. By Example 0.17 , we have
am=—£T
>t
i.e., t is right-scattered. By Example 0.37, we get
p(t) = H_Ll
t
i.e., t is left-scattered. Thus, ¢ is isolated.

@ https://math.libretexts.org/@go/page/204821


https://libretexts.org/
https://math.libretexts.org/@go/page/204821?pdf

LibreTexts"

4. Lett € N. By Example 0.17, we have

ot)=t+1
>t
i.e., ¢ is right-scattered. By Example 0.37, we obtain
pt)=t—1
<t

i.e., t is left-scattered. Thus, ¢ is isolated.

v/ Example 3.9

o
LetT= {t,, = (%) :n € No} {0, 1}. Take t € T arbitrarily. We have the following cases.

1. Let t = 0. By Example 0.18, we have

o(0) =0
i.e., ¢ = 0 is right-dense. By Example 0.38, we get

p(0) =0
Since 0 = inf T, we conclude that ¢ = 0 is not left-dense.

2.Lett= % By Example 0.18 , we have

ie,t= % is right-scattered. By Example 0.38, we get

ie.,t= % is left-scattered. Thus, ¢ = % is isolated.
3. Let t =1. By Example 0.18, we have
a(l)=1.
Since 1 = sup T, we conclude that £ = 1 is not right-dense. By Example 0.38, we obtain

p(l) =
<

ol YIS

i.e., t =1 is left-scattered.

op
4. Lette {t,, = (%) in € N}. Then there is a n € N such that

By Example 0.18, we have

i.e., t is right-scattered. By Example 0.38, we obtain
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p(t) = t?
<t

i.e., t is left-scattered. Thus, ¢ is isolated.

v/ Example 3.10

LetU={2in :neN}and
T={0}ulu(1-0)u(1+DU)U(2-U)u(2+0U)U{1,2}.

Take ¢ € T arbitrarily. Then, we have the following cases.
1. Let ¢t = 0. By Example 0.19 , we have

a(0)=0
i.e., t = 0 is right-dense, By Example 0.39, we get

p(0) =0
Since 0 = inf T, we conclude that ¢ = 0 is not left-dense.

2. Lett= % By Example 0.19 , we have
ie,t= % is right-scattered. By Example 0.39, we get

i.e,t= % is right-scattered. Thus, ¢t = % is isolated.
3. Let ¢ = 1. By Example 0.19, we have

a(1) =1,
i.e., ¢t = 1 isright-dense. By Example 0.39, we find

p(1) =1,
i.e., ¢ =1 is left-dense. Thus, ¢ = 1 is dense.

4 Lett= % By Example 0.19 , we have
ie,t= % is right-scattered. By Example 0.39, we find

ie.,t= % is left-scattered. Thus, ¢ = ; is isolated.

5. Let ¢t = 2. By Example 0.19, we have

i.e., t = 2 is right-dense. By Example 0.39, we get
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i.e., ¢ = 2 is left-dense. Thus, ¢ = 2 is dense.
6. Lett = g Then, by Example 0.19 , we get
(E) _ 9
\2)7 2
Since g =sup T, we conclude that ¢ = g is not right-dense. By Example 0.39 , we find
(E) _ Y
P 2)~ 3
Thus, t = g is left-scattered.
7. Lett e U\ {%} By Example 0.19 , we have
o(t) =2t
>
i.e., t is right-scattered. By Example 0.39, we get
t
p(t) = 2
<t,
i.e., t is left-scattered. Thus, ¢ is isolated.
8. Lett e (1 -U)\ {%} By Example 0.19, we have
1+¢
oft) = —5—
>t
i.e., t is right-scattered. By Example 0.39, we find
pt)=2t—1
<t
i.e., t is left-scattered. Thus, ¢ is isolated.
9. Lett € (1+U)\ {g} By Example 0.19 , we have
ot)=2t—1
>t
i.e., ¢ is right-scattered. By Example 0.39, we find
t+1
pt) = —5—
<t
i.e., t is left-scattered. Thus, ¢ is isolated.
10. Let t € (2— D)\ {%} By Example 0.19, we have
o) = 25t
>t
i.e., ¢ is right-scattered. By Example 0.39, we find
p(t)=2t—2
<t
i.e., t is left-scattered. Thus, ¢ is isolated.
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11. Lett € (2 + 0U)\ {g} By Example 0.19, we have
o(t) =2(t—1)
>t
i.e., t is right-scattered. By Example 0.39, we find
t+2
o) = 3=
<t

i.e., t is left-scattered. Thus, ¢ is isolated.

Classify each point of T, where T are the time scales in Exercise 0.3.

3: A Classification of Points is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4: The Topology of Time Scales

Throughout this book, we assume that any time scale has the topology that it inherits from gthe real numbers with the standard

topology.

# Definition: Term

respectively.

v/ Example 4.1

Let T = 3Z.

Then

v/ Example 4.2
Let T = 3M.

Then

v Example 4.3

Let T=N}.

Then

Let a,b € T,a < b. Define closed, half open and open time scales intervals as follows

[a,blr={zr€T:a <z <b}
[a,b)r={r€T:a<z<b}
(a,blr={r€T:a<z< b}
(e,0)r={z€T:a<z<b}

[-3,12]r = {-3,0,3,6,9,12}
[-3,12) = {-3,0,3,6,9}
(-3,12]r = {0, 3,6,9,12}
(-3,12)r ={0,3,6,9}

[3,243]7 = {3,9, 27, 81, 243}
[3,243)1 = {3,9, 27,81}
(3,243]7 = {9, 27, 81,243}
(3,243)1 = {9,27,81}

[1,27]1
={1,2,9,(V2+1)%,(¥3+ 1), (V4 + 1), (V5 + 1)%, (V6 + )3 (V7 + 1)%,27}
[1,20)7 = {1,2,9, (V2 + 1), (VB +1)3, (V4 + 1), (VB + 1)3, (V6 + 1)* (V7 + 1)*}

(1,27]11'
= {27 9, (\3/5 + 1)31 (\3/§ + 1)37 (‘\3/‘I + 1)31 (\3/5 + 1)37 (\a/g + 1)3(\3/7 + 1)37 27}
(1,271 = {2,9,(V2+1)3, (VB+ 1)%, (V4 +1)%, (V5 + 1)3, (V6 + 1)} (VT +1)*}
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Let T = {H, : n € Ny}, where H,,,n € Ny, are the harmonic numbers.

Then
B =l 888 2 B0
60 ]r 172’612 60° 60 S’
L2 {131 % 1
60 )t L72'6°12° 60 J°’

v Example 4.5

LetT = P1,3.
Then

[0,12]7 = [0,1] U [4,5] U[8,9] U {12}
[0,12)1 = [0,1] U [4,5] U [8,9]
(0,12]7 = (0,1] U [4,5] U [8,9] U {12}
(0,12)7 = (0,1] U [4,5] U [8,9]

v Example 4.6

LetT={}} k:n €N}
Then

[0,28]r = {0,1,3,6,10, 15, 21, 28}
[0,28)r = {0,1,3,6,10,15,21}
(0,28]r = {1,3,6,10,15,21,28}
(0,28)7 = {1,3,6,10,15,21}

v/ Example 4.7

LetT:{—%:neN}UNo.

Then

|
W
|
=
Il

:neN, n23}u{0,1,2,3},

:n €N, n23}u{0,1,2},

N
|
W
—_—
=
Il
|

:n€eN, n24}u{0,1,2,3},

|
°°|'—‘cn|v—l°-l|'—‘oo|v—l
w
~—
=)
Il
I—’HI—’HI—’IHI—’H
3|3 |mI[=3 =

N
|
w
SN—
=
Il

:n €N, n24}u{0,1,2}.
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Let T = {(%)2 - eNo}U{O,l}.

Then

—
=

—
&
=

=

S— e N
o)
Il
f—’Hf—H/—’OH/—Aﬂ
=
(=]

—
o
Sl IR R Y

~
=

=

v/ Example 4.9

LetU={2i":neN}and

T={0julu(@Q-D)u(1+U)Uu(2-T)u(2+TU)u{1,2}.

Then
7 3 7
o5] = @uou{s.g
7 3
7 37
0,§ T=UU{Z,§
v
8

L
N— ——

~uof3)

? Exercise 4.1

Find
[av b]'ll'; [aa b)Ta (a" b]T’ (aa b)T
where
1. T=4Z+1,a =—-3,b=09.
2.T=(—2Ng) U3No, g =—4,b=09,
3.T=Ps7U[4,6],a =0,b=12.
4.T={0}u11N ¢ =0,b = 121.
5.T=[1,2]U[3,4U[7,8]uN,a=2,b=09.

Answer

Add texts here. Do
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Define the sets

. T\(o(supT),supT]r if supT < oo
T = .
T if supT=o00

and

. T\[inf T,o(inf T))y if infT >—o0
"1 T i infT>—oo0.

v/ Example 4.10

LetT=hZ,h >0

Then
inf T = —o0,
sup T = noo
and
T" =T,
T,=T
v/ Example 4.11
Let T = 3N,
Then
supT = oo,
infT =1,
o(inf T) = (1)
=3.
Hence,
T =T
and
T, = T\[inf T, o(inf T))
=T\[L,3)r
=T\{1}
=3N

v/ Example 4.12

Let T =N,k €N.
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Then
supT = oo,
infT=0
= H01
o(inf T) = o (Hyp)
=H.
Hence,
T =T
and
T, = T\[inf T, g(inf T))
= T\[Ho, Hi1)y
=T\ {Ho}
=N*
v/ Example 4.13
LetT= P1,3.
Then
supT = o0
infT =0
a(inf T) = o(0)
=0.
Hence,
T =T
and
T, = T\[inf T, o(inf T))
= T\[0,0)r
=T
v/ Example 4.14
Let T = C, where C is the Cantor set.
Then
supT =1,
p(supT) = p(1)
=1,
infT=0,
o(inf T) = o(0)
=0.
Hence,
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T* = T\(p(sup T), sup T]
= T\(lv 1]
— T\
=T

and

T, =T\ [inf T, o(inf T)

=T\[0,0)r
—T\p
=T
v Example 4.15
LetT = {E’,:;iak:neN, ar >0, keNo}.
Then
sup T = oo,
infT = Qa,
o(inf T) = o (ap)
= 01.
Hence,
T =T
and
T, = T\[inf T, o(inf T)) T
= T\[a07 0‘1)11‘
=T\ {0}
n—1
= {Zak:neN, n>2 a>, keNg}.
k=0

v/ Example 4.16

LetT:{%:neN}UNo.

Then
supT = oo,
infT =0,
a(inf T) = o(0)
Hence,
T¢ =T
and

T, = T\[inf T, o(inf T)) 1
= T\[O’ O)T
_T\g
=T
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Let T = {(%)2 . eNo}U{O,l}.

Then
supT =1,
p(supT) = p(1)
1

Ea
infT =0,
o(inf T) = o(0)

=0.

Hence,
T* = T\(p(sup T), sup T]
-n (%
=T\{1}

_ {(%)2 ‘ne NO}U{O},

and

T, =T\ [inf T, o(inf T)g
= T\[0,0)r
=T\@
=T

v Example 4.18

LetU={2in:neN}and
T={0juu(l-D)u(1+0)Uu(2-U)Uu(2+U)uU{1,2}.
Then
supT=g,

p(supT) = p (g)
_9
=0

infT =0,
o(inf T) = o(0)
=0.

Hence,

T = T\(p(gsurg T), sup T]
-1\(33]

-n{3}

and
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T, = T\[inf T, o(inf T))
= T\[0,0)r
_T\g
=T

? Exercise 4.1

Add exercises text here.

Answer

Add texts here. Do not delete this text first.

Exercise 0.9. Find T* and T,, where T are the time scales in Exercise 0.3.

4: The Topology of Time Scales is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5: Functions and Jump Operators

In this section, we will consider compositions of real-valued functions with jump operators.

# Definition: Term

For a function f: T — R and a k € Ny, define

@) =f(*®), teT

v/ Example 5.1

Let T = hZ,h > 0 and
f@)=1=2t+3t2, teT
We will find f9(¢) and f°°(¢t) for ¢ty € T.
Solution
By Example 2.1, we have

ot)=t+h, teT

and
f7(t) = f(a(t))
=1+ 20(t) + 3(o(t))?
=1+2(t+h) +3(t+ h)?
=1+ 2t + 2h + 3t? + 6ht + 3h?
=1+2h+3h*+2(1+3h)t+3t% teT.
Hence,

£ ) = £(o2(®))
= f(a(a(t)))
= f7(o(t))
=1+ 2h + 3h% 4+ 2(1 + 3R)o(t) + 3(a(t))?
=1+42h+3h%+2(1+3h)(t +h) +3(t + h)?
=1+ 2h + 3h% + 2h(1 + 3h) + 2(1 + 3h)t + 3t + 6ht + 3h>
=1+ 2h + 6h% 4 2h + 6h% 4 2(1 + 3h + 3h)t + 3t>
=1+44h+12h% +2(1+6h)t +3t%, teT

v/ Example 5.2

Let T = 3% and
1+t
f®) = a4 €T
We will find fo(¢) and f°°(t) fort € T.
Solution
By Example 2.2 , we have

o(t)=3t, teT,
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and
(@) = f(a(t))
_ 1+a(t)
T 2+4(t)
143t
= oya ST
Hence,

O =1®)

= f(o(e(®)))
= f7(o(t))
_ 1+430(t)
T 2+ 30(t)
149t

219 (€T

v/ Example 5.3

Let T = N2 and

1+2¢

f(t)=1+—t2’

We will find fo(¢) and £ (¢) for t € T.

Solution
By Example 2.3 , we have

o(t) = (VE+1)’, teT,

Then
fo@) = f(o(t))
_ 1+20(t)
© L4(o(2))?
_ 1+2(vE+1)
1+ (VE+1)4’
Hence,

£ () = £ ()
= f(o(o(t)))
= f7(o(t))
_ 142(/o(t) +1)?

1+ (v/o(2) + 1)*
1+ (\/(\/1E+1)2+1)2
1+ (\/(\/E+1)4+1)4

14 2(VE+1+1)?

1+ (Vi+1+1)

_14+2(vt+2)?
1+ (Vi+2)t] ret
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Let T = {H, : n € Ny}, where H,,n € Ny, are the harmonic numbers, and

1—t¢
==t T.
fO=3rz t€

\
We will find f7(¢) and £ (t) for ¢ € T.

Solution
By Example 2.4 , we have

O'(Hﬂ) =H,;1, n€Np.
Then

£° (H,) = £ (0 (H,))
_ 1—0(H,)
T 1440(H,)

1 _Hn+1

=1+4—H'n+1’ n € Ny

Hence,

fzﬂ(H,.) — f (02 (Hn))
= f (o (o (H)))
= f? (o (Hy))
_ l—0o (Hn+1)
T 1440 (Hpy)
1 _Hn+2

:—1+4Hn+2’ n € Ny

v/ Example 5.5

Let T = P 3 and
f@)=1—2t—+t* teT.
We will find fo(t) and fo*(¢) for¢ € T.

Solution
By Example 2.5, we have

t if te UZ°=0[4k7 4k +1)
U(t) = q 0
t+3 if te Uk=0{4k +1}

Then, we will consider the following cases.
1. Let ¢ € [z [4k, 4k + 1). Then ¢ = I, where I is the identity operator, and then

Fo() = f(2)
fE) = f@t), teT

2. Let tUp2o{4k + 1}. Then
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F7@) = f(a@))
=1—20(t) — (o(2))*
=1-2(t+2)— (y+3)>
=1-2t—6—t2—6t—9
=—14—8t—t?, teT

and

F7(t) = £ (o*(2))
= f(o(a(t)))
= f7(o(?))
= —14—80(t) — (a(t))?
=-14—8(t+3) — (t+3)*

=—14—-8t—-24—t>—6t—9
=—47—14t—t?, teT.

v/ Example 5.6

Let T = C, where C is the Cantor set, and
f@&) =t teT.
We will find fo(¢) and f°’(t) for¢ € T.

Solution
By Example 2.6 , we have

1 m Ok 1
oty={ Hgmr €O t=Xg g
t, t€ T\Cl
Then, we have the following cases.
1. Lett € C; and
ag 1
t=) —+
= 3 3m+1
Then
f7(t) = f(a(t)
= (o(t))®
1 3
- (t+ 3m+1)
and

() = £ (0*®))
= f(a(o(t)))
= f?(a(t)) .
= (o) + 31

_ 1 1 )\*
- (t+ gm+1 + 3m+1)

2 3
= (t+ 3m+1) :
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v/ Example 5.7

Let

n—1

T={Eak:neN, ai >0, keNo},

£=0

and
1+
=" T
f®) =350 t€

Solution

By Example 2.7, we have

U(tn) =141, NEN

Then
f(tn) = f(o(ta))
_ 1+ (@)’
3+ (0 (t))*
1+
B neN
and

f"2 (ta) = f(0'2 (tn))
= f(a(o(tn)))
= f7(0 (tn))
_ 14 (0 (tan))?
3+ (‘7 (tn+1))4
148,
ERE

, mneEN

v/ Example 5.8

LetT={—%:neN}UNoand

f&)=1+t—t* teT

Solution
By Example 2.8, we have

t . 1
oft) = —t_llfte{—z.neN}
t+1if t € Np.

Then, we will consider the following cases.

1. Lette {—% ‘n € N}. Then
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fo(t) = f(o(t))
=1+0(t) - (o(t)’

14t 2
T R
=12+t —1)—¢?
- (t—1)
_ 24142t —¢?
(t-1)?

_t2—3t+1

(t—1)?

and

7 = £ (o*(t))
= f(a(a(?)))
= f7(a(t))
B (o(t))2 —3a(t) + 1
(a(t) —1)2
12 3t

o
G-z ti-1 7

t 2

=
2 +3tt—1)+ (t—1)2

(t—=1)2

t4+1—-1)?2
(=)

2432 —3t+t2—2t+1

- (2t —1)2

_ 5t2—5t+1
To(2t—1)2

2. Lett € Ng. Then

f7(t) = f(a(t))
=1+o0(t) — (o(t))*
=14+t41—(t+1)>
=24t—t?—2t—1
=—t?—t—1

and

170 = £ (@)

=—(a(t))? —o(t) + 1
—(E+1)E—(t+1)+1
2 —%—1—¢t—1+1
—2—3t—1
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Let 'ﬂ‘{(%)zn in € No} u{0,1} and

ft)=t—1¢3, teT.
Then

o) = £(a(t))
=o(t)—(0(t))?, teT,
and
) = £ (*®)
=o?(t) — (a*(t))°, teT

By Example 0.18, we get the following cases.
o
1.Lett e {(%) ‘n € No}. Then

o(t) =Vt
o) = /o)
Vi

Vi, teT
Hence,
fo(t) = Vi— (Vt)?
and

170 = Vi (V2

2. Lett = % Then

()= (3)
r(3)--()-( ()

3. Let ¢t =0. Then

a(0)=0
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and
a%(0) = a(0(0))
=0(0)
=0
Hence,
77(0) = 0(0) — (0(0))*
=0—0°
=0
and

£7(0) = %(0) — (o%(0))°

=0-03
=0
4. Lett=1.Then
o(1)=1
and
o*(1) = a(o(1))
=o(1)
=1
Hence,
(1) =a(1) - (e(1))®
=1-13
=0
and

70 = a*(1) - (62(1))°
=1-13

v/ Example 5.10

LetU={2i":neN}and
T={0}uUU(1-0)U(1+U)U(2-U)u(2+0)U{1,2},

and

We have
7@ = f(a(t))
_ 1+0(t)

- teT
1+4do(t)’ '€

and

770 = 7 (o2(t))
_ 14+0%()
= 1t22@) €T
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By Example 2.9, we have the following cases.
1.Lett e U\ {%} Then

a(t) =2t
and

o*(t) = o(o())
= 20(t)
= 2(2t)
=4t

Hence,

1+2t

o

)= —— -

0 =110
142t

T 148t

and

o2 144t
)= ——_
70 = T
144t
T 1416t

2. Lette (1—U)\{%}.Then

and

o*(t) = o(o(t))
_ 1a(t)
T2

1+¢
+
2
2+1+t¢
4
_ 3+t
==

1

Hence,

1+t
14222

2
O =—2r
1+41§1

_ 241+t

T 24444
3+t

6+ 4t

and
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Ly 3t

4
O =—=r
2 +4¥

443+t

8+12+ 4t
T+t

T 20+4t
3. Lette (1+U)\{%}.Then
o(t)=2t—1

and

a*(t) = o(a(t))
=20(t)—1
=2(2t—1)—1
=4t—-2-1
=4t—-3

Hence,

1+2t—1

1+4(2t—1)

_ 2

T 1+48t—4
2

8t—3

o) =

and

o 1+4t—3
f (t)_1+4(4t—3)
42
T 1+16t—12

42
T 16t —11

4 Lette (2 —U)\{%}. Then

t+2
ot) = 5=

and

o (t) = o(a(t))
o) +2
) t 22
+
T +

2
t+24+4

2

Hence,

t+2
1+L

D
o= —2
1+ 4%

. 2+4t+2
T 2(1+2t+4)
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_ t+4
T 2(2t+5)

and

L, 6

4
) =——r
t+6
1+4——
_ 4+t+6
T A(E+6+1)
_t+10

AR+

5. Lett & (2 +U)\{§}. Then
o(t) =2(t—1)

and

o*(t) = o(o(t))
=2(o(t) - 1)
=2(2(t—1)—1)
=2(2t—2-1)
=2(2t—3)

Hence,

o 1+2(E—1)
70 = 14+4(t—1)
14262

T 1+8t—38
21

T 8t—7
and
1+2(2t—3)

170 = 1+4(2(2t—3))

_ 1+4—6
T 14+166—24
_ P4t-5
T 16t —23°

6. Lett =0. Then
a(0)=0
and

*(0) = o(0(0))
=0(0)
=0

Hence,

140
T 1440
=1

f7(0)

and

o2 _ 1+0
70 = 1+4-0
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7.Lett = % Then

and

Hence,

and

8+7
8 +28

15
36
12
8.Lett =1. Then
al)=1 (5.1)

and

a*(1) = o(o(1))

Hence,

and

9. Lett = % Then
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and

Hence,

and

8+15

8+ 60
23

68

10. Let ¢ = 2. Then
o(2) =2
and
o*(2) = 0(0(2))
=0(2)

Hence,

and

11. Lett = g Then

and
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Hence,

5
(5. '3
"G
2
245
T 2(1+410)

_ U

22

and

? Exercise 5.1

Let

f®)=2—4t+t*, tinT
where T are the time scales from Exercise 0.3. Find

f9(t) and f”j(t) fort € T.
Answer

Add texts here. Do not delete this text first.

For a function f: T — R and %,! € Ny, define

£ @) =£(*@®), terT,

and

777t = £ (o' (b*(t))), te€T,

and

F77(@) = £ (0 (d'(8))), teT.

Definition 0.10.
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Note that in the general case, we have
7 # £, teT

Really, let T = {—1,0} U {%} , and

neN

f)=¢t, teT
Then

p(a(0)) = p(0)

and

o(p(0)) = o(-1)

=0
Thus,
p(0(0)) # a(p(0))-

v/ Example 5.12
Let’ﬂ‘={—1,0}u{l} and
N J neN

ft)=1+4* teT.
We will find
7@, f°@t) and foP(t) for teT.
Firstly, we will determine the forward and backward jump operators for the time scale T . We ha cases.

1. Lett= l,neN,nzz.Then

n

1
a(t)—n_1

1
I,

t

ot

T 1t

and

1
”(t)_—n+1

_ 1
—+1

_ t

T1+4t

2.Lett =1. Then

al)=1

1

1)==

p) =5

3.Lett=0. Then]
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a(0)=0
p(0) =—1

4. Lett = —1. Then
o(—1)=0
p(-1) =-1

Therefore

i i te {%}nEN,n22

1 if t=1 (5‘3)
0 if t=0

0 if t=-1

o(t) =

and

IL-H,‘ if te { % }nEN,n22

oy=4 = t=1 (5.4

-1 if t=0
-1 if t=-1

Hence, we have the following cases.

1. Lett e {l . Then

n }neN,n22
pi(t) = p(p(t)t)
=+ (157)

__p®
T 1+p()

1+1¢
t
14—
+ 1+t
t

T1+2t

and

7 @) = 7 (@)
¢
B f(1+2t)

t2
=14+4——
T Ao

_(L+2t)? +48?

T (142t)2

1+ 4t + 4¢% + 42
22
_1+4t+82

T (1+2t)2

Next,
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and

) = f(U(Pga(t))))

1-t)?
_ 12t 2 4+ 482

Moreover,

and
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£ @) = £ (* (1))
t
=iz
4t?
(1+41¢)2
(4t +4?
T 1+
_ 142t + 24442
T (1+1)?
1424582
To@+t)?

2.Lett =1. Then

P*(1) = p(p(1))

=f’1(%)

3

and

)= 1)

1
—f(i)
4
=1.|.§
_B
9

Next,

apa(1) = o(p((1)))
= (o1
~(3)

=1
and

F77(1) = f(o(p(e(1))))
= f(1)
=1+4
=5

Moreover,

p*a*(1) = p*(a(o(1)))
= p*(a(1))
=p%(1)
= p(p(p(1)))

and

@ https://math.libretexts.org/@go/page/204823


https://libretexts.org/
https://math.libretexts.org/@go/page/204823?pdf

LibreTexts*
777 (1) = £ (00 (1))

-1(3)

3. Lett =0. Then

apa(0) = ap(a(0))

= a(p(0))
= o(~1)
=0

and

£777(0) = f(opo(0))

= f(0)
=1

Next,

p*(0) = p(p(0))
=p(-1)
=-1

and
I70%(0) = £ (p%(0))
= f(-1)
=1+4
=5
Moreover,
p’0*(0) = p*a(a(0))
= p*(a(0))
= p*(0)
= p(p(p(0))
= p(p(-1))
=p(-1)
=-1
and

777 (0) = £ (p°0(0))
= f(-1)
=1+4
=5

4. Lett = —1. Then

p*(—1) = p(p(-1))
=p(-1)
=1

and

@ https://math.libretexts.org/@go/page/204823


https://libretexts.org/
https://math.libretexts.org/@go/page/204823?pdf

LibreTexts"

F7(=1) = £ (p*(-1))
= f(-1)
=144
=5

Next,

opa(—1) = a(p(a(-1)))
a(p(0))
o(-1)

0

and

f777(=1) = f(opa(-1))
= f(0)

Moreover,

2a2(—1) = pa(o(~1))
= *(0(0))

and
F77(=1) = f (p**(-1))
= f(-1)

=1+4
=5

v/ Example 5.13

Let T = 3N and

2—t
ty=——, teT
) 443t €

We will find
foP*e"(1) and f#°°(27). By Example 2.8, we have

ot)=3t, teT,

and by Example 0.31, we find

t e 3N,

1 if t=1
t) =
p(t) to

|

Then
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o*a(1) = atp*(a(1))
=a*p*(3)
= a*p(p(3))
= o*(o(1))
=a*(1)
a*(a(1))
a*(3)
=a*(0(3))
=d*(9)
= a(a(9))

= o(27)
=81

and

pop(27) = p(a(p(27)))
= p(a(9))
= p(27)
=9

Hence,

£777 (1) = £ (o%p%0(2))
= f(81)
_ 2-38l1
T 4+3.81
=79
T 4+243
__"
T our

and

FP°P(27) = f(pop(27))
= £(9)
. 2-9
T 4+3.7
=07
4+27
7
1

3

v/ Example 5.14

LetT= {(%)2" :n € NO}U {0,1} and
F&)=Vi+t+t3, teT
We will find
@), £, 770, teT

Solution
Add example text here.
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Let

_ 3 147
f(t)_ 2+7t’ t€T7

where T are the time scales in Exercise 0.3.

Find
@, W, 7w, teT
Answer
e, 770, 70, teT
We have

oF
(%) :nEN}
ot)=< 1 if t
if

S
=
5
m
= ol\?li—"_’h\

and by Example 0.38, we have

1\%
2 if te{(E) :neNg}
p)=4 0 i t=0
% if t=1

Thus, we have the following cases.
1\ *
1.Lett € {(5) in€ N}. Then

() = plp(t))
=p(t))
= ()

=4
and
a*p?(t) = o* (p*())

= (")

= no? (o (t4))

= (#)
a(a(t?)
=o(t)
= \/27

and
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p*0*(t) = p’a’(o(t))
= p** (V)
= plo(a(Vt))
= p*(a(V1))
= p* (V)
= p(p(Vt))
= p(V?)
=t

Hence,

@) = £ (0*(®))
=5 (@)
VI OTE

and

f770 =1 (0 (o*®))
= (V)

=V1+Vt+t

and

F77 () = £ (a%0%(2))
= f(vt)

=V1+Vt+t

2. Lett =0. Then

p*(0) = p(p(0))
= p(0)
=0

and

a*p?(0) = o* (b*(0))
=d%(0)
a*((0))
a*(0)
o(0(0))
o(0)

0

and

p’a*(0) = p*a*(a(0))||
= p*o(a(0))
= p*(a(0))
=p*(0)
= p(p(0))
= p(0)
=0

Hence,
7(0) = £ (6%(0))

= £(0)
=1
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and

77 (0) = £ (p%0%(0))
= f(0)
=1

and
£7°°(0) = f (0°0%(0))

= £(0)
=1

3. Lett = % Then

and

and

Hence,

I
-

((3)
(L

16

@

I
-

1 1
16+ 256
_ [256+16+1
- 256
V273

16

=4/1+
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and
77 (3) =107 (3))
-1(3)
— 1+ 3+
) e
16
_ Va1
4
and

4. Lett =1. Then

p*(1) = p(p(1))

()

and

q
w
h~)
»N
—_
=
N
I
q
[}
~—~~
h~
N
P
=
=
N—

I
q

I Il

Q Q
— g

q A~
—

Q A=

N
~—
N~—

I
Q
(3]
| =

M| = — TN
~—
N—

n
- q
=N
=
=

and

p263(1) = p?0*(o(1)

Hence,

= 1+l+i
4 16

WVl

=1
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and
77 Q) = £ (p20%(1))
1
-1(3)
V21
T4
and

v/ Example 5.15

We will simplify

50(t) — 2(a(t))? 3o(t) — 8

A(t) = (w + O'(t)) : (O'(t) — ﬁ - 2) , teT, ot)+2.

We have

_ [ 5a(t) — 2(a(t))? + o(t)(o(t) — 2)2 o (o(t) — 2)3 —30(t) +8

40 =( (o) —2)? ) ()
=( 50(t) — 2(a(t))® + (a(t))® — 4(a(t))* + 4o(t) )
(a(t) —2)2

S (olt) — 2 )
(a(t))® —6(a(t))? + 120(t) —8 — 30(t) + 8
_ 90(t) — 6(c(t))* + (o(2))?
(a(t))3 —6(a(t))? + 90(t)
_o(®) (9—60(t) + (o(1))*)
o(t) (9—60(t) + (o()?)
=1, teT, ot)+2

v/ Example 5.16

We will simplify

(o) 100()((6)2 — 32(6(0)*
A(t"(a(t)—4p(t) (40(2) —o())? )

20(8)(o(t))? — 64(p(t))? _ o
< (P mtan TTO%0), (€T o #0340, 400)
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We have

2() . 100(2)(p(t))? — 32(p(t))?
A(t)—(a(t)_(;?(?))z ((?(33—41)&))3 )
20(t)(p(t))“ — 64(p(t
x ( @) —30@p® T ‘9”‘”)
=( 20(0)(0(t) — 49(2))* + 100(2) (6(1))? — 32(o(1))? )
(00 — (D)
) ( 210(2) (0(£))? — 64(p(8))? + (o(t) — 9p(8)) ((o(1))? — 30(2)(t)) )
o) (@) —30(0)

_( 20®) ((o(2))” — 8a(t)p(t) + 16(p(t))*) + 100(t)(p())* — 32(p(t))*
(o(t) —4p(1))?

X
( 21a(t)(p(t))* — 64(p(t))* + (a(£))® — 3(a(t))*p(t) — 9(a(2))p(t) + 270(t)(p(2))* )
o(t)(a(t) — 3p(t))
_ ( 2p(t)(a(t))* — 160 (t) (p(t))” + 32(p(t))* + 100 (t) (p(t))* — 32(p(t))* )
(a(t) —4p(t))?
9 ( 480 (t)(p(t))* — 12(a(t))?p(t) — 64(p(t))* + (a(t))? )
a(t)(a(t) — 3p(t))
_ ( 2p(t)(o(t))* + 60 (t) (p(t))* ) ( (o(t) —4p(t))° )
(a(t) — 4p(2))? a(t)(a(t) — 3p(t))
_ 20(t)a(8)(a(t) — 3p(t))
a(t)(o(t) — 3p(t))

—2p(t), teT, olt)+0,3p(t),4p(t).

v/ Example 5.17

We will simplify
__ 8 30(0)=3p0) (2@ =3p0) _,
A= S+ o0  200) —3000) ((a(t)>2—(p(t))2 2 “’*3”‘“)
L€ T,0(t) # 20(t), 3 (0):
We have
L8 Se®=p®) 0 (L
A= S0 ~ 200 —3p0t) 2 %) ((a(t))?—(p(t))z 1)
3

L8 (1= (@) 4 (o)
=D+ W) ”(t”( @) — (p(0))? )

_ 3 (0)* = (p(£)* = (o(t) + p(t))(o(t) — (1)) (1 = (o(1))* + (p(£))")
(e(®) + (1) ((¢())? — (p(2))?)
_ 3 (06®)* = (6(®)* = ((¢(®))* = (e(®))?) (1 = (o())* + ((¥))?)
(e(t) + p(®)) (¢(9))% — (o(%))*)
_ 3(0®)* = (p(£)? — (6())* + (p(£)* + ((o(¥))* — (e(#))?)’*
(a(t) + p(®)) ((¢(2))? — (0(1))?)

_ 3(0() = p())*(o(®) + p(2))*

(0(®) + p(1))?(o(2) — p(t))

=3(o()) —p(t)), tET, olt)# La(t), 50(t)
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Simplify
1.
5(p(t))? +2p(t) + 1 1 4

(e +1- ) (3 * Gwee)
t €T, p(t) # 0, +1.
2.

20(t)+p(t) o(t) — 4p(t) +20(t) 2

wawwz“”mgwnm o) —200)

remdn¢immy—%?.
3.

pt) | a(t)e(t) t+o(t) t+ p(t) t
wﬁ;m(wmwwﬁwW4m+mm)

G(t) 7& 07 i, p(t) 7& 01t7t €T.
4.

( ot) —plt) _ 3a@®)+p(t) _ 3p(t) +o(®) )
a)pt) o)) — (e(®))* "~ o()p(t) — (o(t))?
_ 20(t) +2p(2) 20(t)
- a(®)e(t) p(t) —o(t)’

5.

a(t) —2 ( oft) (o(t))? +4 _ 2 )
(20() +4)2 "\ 200)—4 2(c(t))2—8 (a(t))2+20(t) )’

t € T,o(t) # +2,0.

Answer

Add texts here. Do not delete this text first.

5: Functions and Jump Operators is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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6: The Induction Principle

The classical mathematical induction is a concept that helps to prove mathematical results and theorems for all natural numbers.
The principle of the classical mathematical induction is a specific technique that is used to prove certain statements in algebra
which are formulated in terms of n, where = is a natural number. Any mathematical statement, expression is proved based on the
premise that it is true for n = 1,n = k, and then it is proved forn =k + 1.

& Theorem 6.1: Induction Principle

Let ¢ty € T and assume that
{8() : t € [to,0)}
is a family of statements satisfying
(1) S (to) is true.
(ii) If ¢ € [to, 00) is right-scattered and S(¢) is true, then S(o(t)) is true.
(iii) If ¢ € [to, 00) is right-dense and S(%) is true, then there exists a neighbourhood U of ¢ such that S(s) is true for all s € U
N (¢, 00).
(iv) If ¢ € (to, 00) is left-dense and S(s) is true for s € [to, t), then S(¢) is true.

Then S(¢) is true for all ¢t € [tg, 00).
Proof.
Let
S* ={t € [to,00) : S(t) is not true }
We assume that S* + @. Let inf §* = t*. Because T is closed, we have ¢* € T.

1. If t* = ¢y, then S (¢*) is true.
2. If t* # to and t* = p (¢*), then, using (iv), we get that S (t*) is true.
3.If t* &£ tp and p (¢*) < t*, then p (¢*) is right-scattered. Since S (p (¢*)) is true, we get that S (¢*) is true.

Consequently, t* ¢ S*. If we suppose that ¢* is right-scattered, then, using that § (¢*) is true and (ii), we conclude that S (o (*))
is true, which is a contradiction. From the definition of ¢*, it follows that ¢* # supT. Since ¢* is not right-scattered and ¢*
# sup T, we obtain that ¢* is right-dense. Because S (¢*) is true, using (iii), there exists a neighbourhood U of ¢* such that S(s) is
true for all s € U N (¢*,0), which is a contradiction. Consequently, S* = 0.

& Theorem 6.2: Dual Version of the Induction Principle

Let ty € T and assume that

{S(¢) : t € (—o0, 0]}
is a family of statements satisfying
(1) S (o) is true.

(ii) If ¢ € (—oo, to] is left-scattered and S(¢) is true, then S(p(t)) is true.
(iif) If t € (—o0, %] is left-dense and S(z) is true, then there exists a neighbourhood U of ¢ such that S(s) is true for all s € U

N (—o0,t).
(iv) If t € (—o0, tg) is right-dense and S(s) is true for s € (¢, ty), then S(¢) is true.

Then S(¢) is true for all ¢ € (—oo, to].

Proof.

Let
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Assume that §* # 0. Note that ¢, ¢ S*. Let

§* ={t € (—oo,%0] : S(t) is not true }

t* =sup S* (6.1)

1. If t* = ¢y, then S (¢*) is true.

2.1f t* & tg and t* = o (¢*), then, using (iv), we obtain that S (¢*) is true.

3. If t* # tp and t* < o (t*), then o (t*) is left-scattered, p (o (¢*)) =t*, and S (o (¢*)) is true. Therefore, we conclude that S (¢*) is
true.

Therefore, t* ¢ S*. If t* is left-scattered, then, using (ii), we get that § (p (¢*)) is true, which is a contradiction. If t* is left-dense,
then, using (iii), there exists a neighbourhood U of ¢* such that S(s) is true for all s € U N (—oo,t*), which is a contradiction.

Consequently, S$* = 0.

v/ Example 6.1

Let T = 3N. We will prove the inequality

1
1 (32 — ,,,2) < (s3 — r3) forany r<s, r,seT. (6.2)
Solution
Fixr,s € T,r < s. Let
1

13 (t3—r3), t € [r, 8]t

S(t) : % (-1 <

1. The statement S(r) is true.
2. Observe that any ¢ € T is right-scattered. Assume that S(¢) is true. Then

a(t) =3t
and
t2 < t3

Hence, using (V" 6.2), we find

1 1

i (B—r?)+2t2 < S (t*—r®) +2¢
or

£ (92— < = (218 — %)

Thus,

1 2 2 1
7 (@@ =) < 3 (e®)*~ %)

Consequently S(a(t)) is true.

Applying the induction principle, we conclude that ( 0.2 ) is true for any ¢ € [r, s]r and then ( 0.1 ) is true for any r,s € T,r < s.

@ https://math.libretexts.org/@go/page/204824


https://libretexts.org/
https://math.libretexts.org/@go/page/204824?pdf

LibreTexts"

Example 0.97. Let T = [-2,-1) U{—+} .y U{0}U {%}, .y U (L, 3] U [], §]. We will prove
St):vVt+2>t forany teT.

Solution
We have the following cases.
1. For t = —2, we have

i.e., the given inequality is true.
2. Let t € T be rightOscattered. Then, we have the following cases.

a.Let t = —2 for some n € N. Then

1
>__
n
i.e., S(¢) is true. Note that
1
t)= ——
olt)=—177
and
1
‘/—— 2>0
n+1 2>
1
n+1

ie., S(a(t)) is true.

b. Lett =1 for somen € N,n > 2. Then

Lo b
n = n?
and
1 1
—+2>—,
whereupon
1 1
V= +2> =,
n n
i.e., S(¢) is true. Note that
1
o(t) = n—1
Then
1 > 1
n—1" (n—1)?
and
1
2 R
—1t%> (n—1)2’
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whereupon

! +2> !
Vo1 n—1"

Thus, S(o(2)) is true.

c.Lett= 2. Then

3 7
2T2=V3
e
4
_ 2
T2
i.e., S(t) is true. Note that
7
ot) =7
and
7 15
12V 7
e
16
_7
T4
i.e., S(a(t)) is true.
. 3 7 11 .
3. Let ¢ is right-dense. Then ¢ € [-2,—1) U {0} U (1, 5] u [Z’ ?] . We have the following cases.

31 7 11
a. Lette[—2,—1)u(1,5]U[Z,?].Then

and hence,
whereupon

For¢ € [-2, —1) the inequality is true.
b. Let ¢ = 0. Then
V2>0
and by point 2 it follows that there is a neighbourhood U of 0 so that §(s) is true for any s € UNT.

c. Let ¢ is leftOdense. Then ¢t € [-2,—1) U {0} U (1, g] u (%, %] By points 2 and 3 , we get that if s € [, t) for some to € T
and S(s) is true, then S(¢) is true.

By the induction principle, it follows that S(¢) is true for any ¢ € T.
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Let T = (—o0,—8) U {—7— l} u{-7tu {—7+ l} u{8}u {8+ l} U 10N. We will prove
N J neN N J neN N J neN

26— 15 >0 forany teT.

5®): %35 2

1. We will prove that ( 0.3 ) holds for any ¢ € (—oo, —6] using the dual induction principle.
a. We have

2-(—6)—15 —12—15
—-6+5 -1

i.e., S(—8) is true.
b. Let ¢ € (—oo, —6] is left-scattered. Then we have the following cases.

i. Lett=—7—l for some n € N,n > 2. Then
n

pt) =—-T— g

We have

2(—7—1) 15 —14-2_15
n n

1 = 1
—~7——+5 =
n n

2

20+ =

— n

24+ =

n

>0

i.e., S(¢) is true. Moreover, we have

2(—7—L)—15 —14——2 —15
n—1

n—1 _
_7_ﬁ+5 _2_ni1
1
A% n—1
>0

Thus, S(p(t)) is true.

ii. Let ¢ = —8. Then ¢ is left-dense and ( 0.3 ) holds for any ¢ € (—oo,—8]r. Thus, there is a neighbourhood U of -8 such that (
0.3) holds for any ¢t € U N (—oco0,—6] T.

iii. Let ¢t = —7 + % for some n € N. Then

1
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1
2(—7+—)—15 1+ 25
n n

1 1
—T+—+5 -2+ —
n n

2

29— =

— n

1

2_ =

n

>0

because 29 — % >0and 2 — % > 0. Thus, S(¢) is true. Next,

2(—7+ L) 15 144215

n+1 n+1
1 o 1
- -2
7+n+1+5 +n+1
29 —
_ n+1
o 1
n+1
>0

2 1 .
29— ) >0and2— oy > 0. Therefore S(p(t)) is true.

c. Let t € (—oo, —6]r is left-dense. Then we have the following cases.
i. Let ¢ € (—oo,—8)r. Then

2t—15

0
t+5

and

2s—15
s+5

>0 forany se€ (—oo,i)r.

ii. Let t = —7. By 1.2.1, it follows that there is a neighbourhood U of -7 such gthat S(s) holds for any s € UN (—o0, —7) .
d. Let ¢ € (—oo,—6] is right-dense. Then we have the following cases.

i. Let t € (—oo, —8)1. By the previous cases, we get that S(s) is true for any s € (¢,—6)r and S(¢) is true.

ii. Lett = —7. By 1.2 .1, it follows that there is a neighbourhood U of -7 such gthat S(s) holds for any s € U N (—oc0, —7)-
Now, applying the dual induction principle, we conclude that S(¢) is true for any ¢ € (—oo0, —6].

2. Now, we will prove that (0.3) holds for any ¢ € [8, co)T using the induction principle.

a. We have

2-8—15 16—15
8+5 13

13
>0

Thus, S(8) is true.

b. Let ¢ € [8,00)7 is right-scattered and S(¢) is true. Then we have the following cases.

i Lett=8+%forsomeneN,nzzThen

1
U(t)—8+m

We have
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and

1
2(8+—)—15 16+L—15
n—1

n—1 _
1 - 1
- 1 -
8+ —1 +5 3+ T
2
_ i n—1
- 1
13+ P
>0
i.e., S(t) and S(co(t)) is true.
ii. Lett = 9. Then
a(9) =10
We have
2:9—15 18—15
9+5 ~ 14
_3
T 14
>0
and
20—1
frac2-10—1510+5 = 0-15
15
_5
T 15
_1
~ 3
> 0.
So, 5(9) and S(10) are true.
iii. Let ¢ = 10" for some » € N. Then
o(t) = 10"+
We have
2-10"—15 >0
10"+ 5
and
2-10" —15
— >0
10" +5

Thus, S(t) and S(a(t)) are true.

c. Let t = 8. We have
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2-8—15 16—15
8+5 13
1
T 13
>0

i.e., §(8) is true. By 2.2.1, it follows that there is a neighbourhood U of 8 such that S(¢) is true for any ¢t € UN [8, 00) T.
d. Note that there is no left-dense points in (8, co)t.

Now, applying the induction principle, we conclude that S(¢) is true for any ¢ € [8, co)T.

v/ Example 6.4
1 1
2

LetT={-1}uU {—1 - = U {—3} U (1,2]. We will prove that
n neN n neN

S(t):t?—t—2<2foranyteT.

1. We have
(-1)2—-(1—-1)—2=1+1-2
=0
i.e., §(—1) is true.
2. Let t € T be right-scattered. We have the following cases.
1
a.Lett=—1+ o) for some n € N,n > 2. Then
1
t)=—1
o(t) o1
We have
13?2 1 2 1 1
(—1+—2) —(—1+ n2) 2=1-—+ o +1-——2
1 3
Tt w2
_1- 3n?
=—
<0

i.e., S(t) is true. Next,

(‘”m—l—l)z)?‘(‘”ﬁ)‘z:l‘ ot e ]

T2 2
13
(-1t (n-1)2
_1-3(n—1)?
- (n-1)t
<0
Thus, S(a(t)) is true.
b. Lett = % for some n € N, > 2. Then
1
o= e

We have
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12 1 2 1 1
(_HF) _(_HF)_z:l_FJFFH_F_Z
1 3

n® nd
1—3n3
nb

i.e., 8(¢) is true. Moreover,

(‘”ﬁ)z‘(‘”ﬁ)‘zzl‘ (n—fl)s + e !
-2

G
1 3
T (-1 (n-1)p°
1-3(n—1)°
T (n—1)8

<0
and then S(o(t)) is true.
3. Let t € T be right-dense and S(t) be true. We have the following cases.
a.Let t = —1. Then, by 2.1, it follows that there is a neighbourhood U of -1 such that S(s) is true for any s e UN T.
b. Let ¢ = 0. Then, by 2.2, it follows that there is a neighbourhood U of 0 such that S(s) is true for any s e U N T.
c. Let t € (1,2]. Then

2 —t—-2<0

and there is a neighbourhood U of ¢ such that §(s) is true for any s e U N T.

d. Let t € T be leftOdense and S(s) is true for any s € [—1,¢). We have that ¢ € (1,2]. By the previous cases it follows that S(¢) is
true.

Now, applying the induction principle, we conclude that S(t) is true for any t € T.

v/ Example 6.5

Let T = N. We will prove that

S(n):1*+ 2%+ + 0= %n(n+ 1)(2n+1)(3n*+3n—1) forany neT.

Solution
1. We have
%-1-(1+1)-(2-1+1)(3-12+3-1—1)
1
_%.2.3.5
=1
14

Thus, S(1) is true.
2. Firstly, note that any point of T is right-scattered. Assume that S(r) is true for some n € T. We have
o(n)=n+1.

Then
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P42ttt (n+)t=11+2+ o+t + (n+ 1)
1
=%n(n+1)(2n+ 1)(3n* +3n—1) + (n+1)*

1

=(n+1) (%n@n +1)(3n*+3n—1)+(n+ 1)3)
1

=%(n +1) ((2n® +n) (3n% + 3n — 1) + 30(n + 1)%)
1

=25 (n+1) (6n* +6n° — 2n? + 3n® + 3n” —n + 30n° + 90n + 90n -+ 30)
1

=25 +1) (6n* + 39n® + 91n? + 89n + 30)
1

=25+ 1)(n +2) (6n° + 270" + 87n + 15)
1

=30 (" + D(n+2)(2n +3) (3n® + 91+ 5)

=%(n+ 1)(n+2)(2n+3) (3n’ +6n+3+3n+3—1)
1

=25+ DR +2)(2n+3) (3(n+1)* +3(n+1) - 1)

Thus, S(o(n)) is true.

Applying the induction principle, we conclude that S(») is true for any » € N.

? Exercise 6.1

Let
N 1 1 1
T=-15"U<{—-14— — Uq-14+ — U(—12,-10]Uu{—9}u{ -9+ —
N ) neN N ) neN N ) neN
Prove that
% < t=3 forany t € T
Answer
Add texts here. Do not delete this text first.

? Exercise 6.2

Let
1 1 1 N
1r={2}u{2+—} u{s——} u{3+—} u{3}u4
N J neN 1 J neN N ) neN
Prove that
2—t t+2 t—3
fi T
P +t—1 > 2 or any t €
Answer
Add texts here. Do not delete this text first.
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Let
T
=(—oo,0]u{l} U{2}u{2—i} U{5}u{5—i} u{5+l} uN
n J neN N J neN N ) neN N ) neN
Prove that
5t—3)(t—4)>0 forany teT
Answer
Add texts here. Do not delete this text first.

? Exercise 6.4

T =(—00,—10] U {—9} U {_9 - %}neN U {_9 + %}neN

U (—8,—1] U {4} U {4+ %}

neN
1 1
u{s}u{s——} u{6+—} uoN.
N J neN N ) neN
Prove that

5t2—2(t+3)(t—1) >4t+9 forany ¢eT

Answer

Add texts here. Do not delete this text first.

? Exercise 6.1

Let T = N. Prove that
1
15425 e gnd= ﬁnz(n+ 1)?(2n®+2n—1) forany neT

Answer

Add texts here. Do not delete this text first.

6: The Induction Principle is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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@@meﬁn&*
7: Differentiable Functions of One Variable

# Definition: Delta derivative

Assume that f : T — R is a function and let ¢ € T*. We define f(¢) to be the number, provided it exists, with the property that
for any ¢ > 0, there exists a neighbourhood U of t,U = (¢t — §,t + ) N T for some § > 0, such that

|f(a(t)) — £(s) — FA@)(o(t) — s)| <elo(t)—s| forall seU

We call fA(t) the delta or Hilger derivative of f at ¢. We say that f is delta or Hilger differentiable, shortly differentiable, in T*
if fA(t) exists for all £ € T*. The function f2 : T — R is said to be the delta derivative or Hilger derivative, shortly derivative,
of fin T*.

If T = R, then the delta derivative coincides with the classical derivative.

& Theorem 7.1

The delta derivative is well defined.

Proof. Let t € T*. Suppose fA(¢) and f2(¢) are such that

|£(e(®)) = £(s) = £ (o (t) = 8)| < S lo(t) ]

[CTHL)

and

|£(0(®)) = £(s) = £ D) (o(t) — 9)| < gla(t) -
for any € > 0 and any s belonging to a neighbourhood U of ¢,U = (¢t — §,¢ + §) N T for some § > 0. Hence, if s # o(t), then
fle®) — f(s)  fla®) — f(s)

'flA = ot)—s ot)—s

py - 210 SOOI 10) _poy

_ |7(a(2)) — £(3) — (@) (o(t) — 9)| . |7(a(8)) — £(5) — f5- () (o (t) — 9)|
|o(t) — s |o(t) — s

|FA@E) — R @) =

- 730

<

IA

+

™ oo
| m

Since € > 0 was arbitrarily chosen, we conclude that

£ = f@)
This completes the proof.Remark 0.3.

Let us assume that sup T < co and f2(t) is defined at a point ¢ € T\T* with the same definition as given in Definition 0.11.
Then the unique point + € T\T¥ is sup T. Hence, for any ¢ > 0, there is a neighbourhood U = (¢t — 8, ¢ + 8) N (T\T*), for some §
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> 0, such that
f(a(®) = f(s) = f(o(supT)) = f(supT), s€U.

Therefore, for any a € R and s € U, we have

|f(e(t)) — £(s) — a(o(t) — s)| = |f(supT) — f(supT) — a(sup T — sup T)]
< elo(t) — |

i.e., any a € R is the delta derivative of f at the point ¢ € T\TX.

v/ Example 7.1

Let f(t) = & € R. We will prove that f24(t) = 0 for any t € T*. Indeed, for ¢t € T* and for any e > 0,s € (t—1,t+1)NT

Implies
|7(a(2)) — £(5) = 0(o(t) — 9)| = |a —a| = 0 < ¢|o(t) — 5]

v/ Example 7.2

Let f(t) =t¢,t € T. We will prove that fA(£) = 1 for any ¢ € T*. Indeed, for ¢ € T* and forany ¢ > 0,s € (t — 1, +1)N'T

Implies
|f(e(®)) — f(s) — L(a(t) — 5)| = |o(t) — s — (a(t) — 3)|

=0<e¢glo(t)—s|-

v/ Example 7.3

Let f(t) = t2,t € T. We will prove that f4(t) = o(t) +t,t € T*. Indeed, for ¢t € T* and for any £ > 0,s € (t —¢,t +¢) N'T implies
|t—s| <eand

|F(a(2)) — £(5) — (o(t) + ) (o(t) — )]

= |(o(t))* — 8* — (o(t) +t)(a(t) — 5)|
=|(o(t) — 8)(a(t) + 5) — (o(t) +t)(a(t) — 9)|
= |o(t) — sl|t — 5|

< ela(t) — 3|

? Exercise 7.1

Let f(t) = v/t,t € T, ¢ > 0. Prove that

Ao 1
f (t)_ix/ﬂ\/@

forall te T*N(0,o00)

Answer
Add texts here. Do not delete this text first.
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Let f(t) =%t € T. Prove that
FA@®) = (o(2)? +to(t) +t2 forall teT"

Answer

Add texts here. Do not delete this text first.

& Theorem 7.2

Assume f: T — R is a function and let t € T¥. Then we have the following.

1. If f is differentiable at ¢, then f is continuous at ¢.
2. 1If fis continuous at ¢ and ¢ is right-scattered, then f is differentiable at ¢ with

flo(t) — f(t)

Ary) =

3. If ¢ is right-dense, then f is differentiable at ¢ iff the limit

o FO = £

st t—s

exists as a finite number. In this case,

fA(t) = lim f(t) - f(s)

st t—s
4. If fis differentiable at ¢, then the "simple useful formula"
F(o(t)) = f(8) + u®FA()
holds.

Proof. 1. Assume that f is differentiable at t € T¥. Let € € (0,1) be arbitrarily chosen. Set

T 1 1A@ +260)

E*

Since f is differentiable at ¢, there exists a neighbourhood U of ¢ such that
|£(0(8) = £(s) = FAB)(@(t) — 5)| < €*]o(t) — sl-

Hence, for all s € U n (t —&*,t +&*), we have
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1£(&) — £(3)] = | £(2) + F(o(t)) — f(3) — FA(E)(a(t) —9)
— f(o(®)) + FA®) (o) — s) |
<|f(e(t)) — £(s) — FA®)(o(t) — )|
+|£(o(t)) — £(£) — FAB)(0(t) — 9)|
<e*|o(t) — s|+ | F(o(t) — F(2) — FA(E)(o(t) —t)
+ 7A@ (s—1) |
<e*|o(t) — sl + | F(a(t) — £(t) — FA(E)(o(t) — 1)
+| 21—
<e*|o(t) — s| + " u(t) + & | FA(2)|
=c* (lo(t) — s + u(t) + | £2(2)|)
=¢* (|o(t) —t+t — | + u(t) + | F2@)))
<e* (o(t) —t+ [t — s + u(®) + |F2®)|)
2u(t) + [t — s + | F2(0)])
2u(t) +&* + | FA(t)|)

*

€

<e*

NN AN

<e* (1+2p() + |FA®)])
=c

which completes the proof.

2. Assume that f is continuous at ¢ and ¢ is right-scattered. By continuity, we have

Lo o)~ 1) _ So®) ~ 50
st o(t)—s a(t) —t
_ fo®) — 1)
ut)

Therefore, for any £ > 0, there exists a neighbourhood U of ¢ such that

fle®) = f(s) _ f(o(¥) = F(?) ‘ =
o(t)—s p(t) B

forall seU,i.e.,

a(t)) — f(t

o) - 1)~ HEDIO (0(0) )| < clott) o

for all s € U. Hence,
Ay = Fe®)—5@)
/6 u(t)

3. Assume that ¢ is right-dense. Let € > 0 be arbitrarily chosen. Then f is differentiable at ¢ iff there is a neighbourhood U of ¢
such that

|f(t)— f(s) — FA()(t—3)| <clt—s| forall seU
i.e., iff

‘wﬂm(t)‘ <e forall seU

i.e., iff

i =10

s—t

= fA®)

4. Assume that f is differentiable at ¢.

a. If ¢ is right-dense, then o(t) = ¢, u(t) = 0 and
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F(o(®) = £() = £() + n(®) S (2).
b. If ¢ is right-scattered, then

A — Sle@®) = F®)
O=""u®
whereupon

F(o(®)) = ) + u®FA ()

This completes the proof.

v/ Example 7.4

Let

1

and f(t) = a(t) for t € T. We will find f2(¢) for ¢ € T* = T\{1}. For

1 1—t
TIC = = —
t € T*\{0}, ¢ L’ n o n €N,
we have
. 1
a(t)—lnf{se'll‘.s>2n+1}
_ 1
T on—1
_ 1
1—t
2———1
2t
= t >t
T 12t

. . 1 .. .
i.e., any point t = ™" €N, is right-scattered. At these points,

flo(t)) — f(2)
7A@ = o) —t
_ o(o(®)) —a(?)
ot)—t
_s (o(t))?
(1—=20(t))(o(t) —t

)
(%) (7=

t2
1—2t)2
T 1—at 22
1—2t1—2t
2
_g__ B
2t2(1 — 4t)

_ 1
T 1—4
Let now ¢t = 0. Then
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Consequently, ¢ = 0 is right-dense. Also,

o(0) =inf{s € T:s>0}=0.

. o(h)—a(0) o .
b g hm e = lm gy =

Therefore, f2(0) = 1. Altogether, fA(t) = 1_;47: for all ¢ € T*.

v/ Example 7.5

Let T = {n?:n € Ny} and f(t) =2, g(t) = o(t) for t € T. We will find f2(¢) and g2(¢) for t € T* = T. For t € T, ¢ = n%,n = V,n
€ Ny, we have

ot)=inf{I?:1?>n%leNg} =(n+1)2=(1+V1)2 >t
Therefore, all points of T are right-scattered. We note that f and g are continuous functions in T. Hence,

f(o(t)) — £(2)
ot)—t

(o(t))* — ¢
ot)—t

o(t) +1t

=1+Vt)?+t

=t+2Vt+1+t

=1+2Vi+2t

£A0) =

and

g9(a(t)) — g(t)
o(t)—t

a(a(t)) — a(t)
o(t)—t

_ (1+a®)P — o)

o(t)—t

B o(t) + 2¢/a(t) +1—o(t)
o(t)—t

_1+2V/6()

ot)—t
_1+2(1++A)
(1 +vE)2—t
_ 342V
T 142vE

gi(t) =

v/ Example 7.6

4 _
LetT = {\4/2n+ 1:ne No} and f(t) = t* for t € T. We will find fA(¢) fort €e T. Fort € T, t= ¥2n+1,n= %,n € Ny, we
have
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Solution

g-(t):inf{\4/2l+1 V2A+1> 2n+1,l€N0}
=V2n+3
=vVit+2>t

Therefore, every point of T is right-scattered. We note that the function f is continuous in T. Hence,

flo()) — F(t)

A = o
_ (o))t -t
T o)t

= (o(t))® + t(a(t))? + t20(t) + 3

=42 + Vet + 2+ttt + 2448

? Exercise 7.3
LetT = {\5/n +1l:ne No} and f(t) = ¢ +¢* for t € T. Find f4(¢) for t € T*.
Solution. 1 4 ¢/ (&5 + 1) + t¥/5 +1 + t2.

Answer

Add texts here. Do not delete this text first.

v/ Example 7.7

Let T =Z and f be differentiable at ¢. Note that all points of ¢ are right-scattered and a(t) = ¢t + 1.
Therefore,
Ay _ flo®) — F(#)
_ fe+ 1)~ £0)
t+1—1t
= flt+1) - f()
= Af(t)
where A is the usual forward difference operator.
? Exercise 7.4
Let T = hZ for some h > 0. Prove that
_Lleapy_ b
t= 50—

£ = %f?,A(t) - %sz(t) + %hz
8= %ff(t) — %hf?,A(t) + %hsz(t)

1 1 1 L
o= L0 - thrbe + 2nr 0 - Sn

1 1 5 1
£ = GO~ GhRO) + TR IEE ~ HH R
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where f;(t) = t},i=1,...,6,t € T.

Answer

We note that all points of T are right-scattered and o(t) = t + h, u(t) = h,t € T. Then

B 1(a(t)*—t* &
2 2 ot)—t 2

1 (o) —t)e(®) +1) _h
2 a(t)—t 2
1

210~

(@) —t8 k(@)= 1.,

1 A h A 1 —l
3O FHO+ gk =3 ot)—t 2 o(t)—t 6

_1 (o)) =) ((6(9)? + t0(2) + )
3 o(t)—t
h (o(t) —t)(o(t) +1) 1
2 -t T
(o) +10(2) + 1) = 2 (o(t) + 1) + ¢ h*

L2

1
(t+h)2+t(t+h) +1t%) — (t+h+t)+gh2

2
t2+2ht+h2+t2+ht+t2)—%(2t+h)+%h2

2
= 3t2+3ht+h2)—ht—%+%h2
h? h?
—2 —  —_ ht— —
=t*+ht+ o —ht— =

o 4 _ 44 o 3__ 43

T80 - ghip+ prrpo = I - LT (1)
1.2 (0(®)* —t*
4 o(t)—t

_1 (a(t) —t) ((o(2))® + t(a(2))® + ta(t) +1°)

T4 o(t) —t

_1,le®-? (o)) + ta(t) +¢°)

2 a(t)—t

1,2(0(®) —t)(o(t) +1)

4 ot)—t

((o(®))® + t(o(t)? + t2o(t) + t°) — %h ((o(8))® + ta(t) +t%)

1

th (o(®) +1)

(E+h)3+t(t+h)*+ 2t +h) +¢%)

1

= R
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- %h((Hh)2 +t(t+h)+t) + %hz(t+h+t)

=% (t* + 3t2h + 3th® + h® + ¢ (t2 + 2th + h?) + 2 + ht? +1°)
- %h (t* +2ht + h* +¢* + ht + %) + %h2(2t+ k)

=% (3t% + 4t2h + 3th? + h® + 13 + 2t°h + th?)

- %h (3> + 3ht + h*) + %thz + %}ﬁ

1 3 3 1 1 1
== (4t® + 6t*h + 4th> + h®) — Zht? — Zh%t— —h3 + —h%t+ —hd
4( +6t%h + + h%) 5 5 S+ 5h't+ 4
3 1 3 3 1 1 1
43 Y142 2 g3 Y342 Y32, 13 ~p2 ~p3
=t +2ht +ht+4h 2ht 2ht 2h +2ht+4h

=3,
1 h 1 1.4 1 (o@®)—+¢°
PR L C Lt =
ROt 10— 1, e

2 ot)—t 3  ot)—t 30
1 (o(®) —t) ((a(t)* + t(o(8))® + t2(0())? + t3a(t) + 1)

5 o(t)—t

h (o(t) —1t) ((o(8))® + t(a(t))? + t20(t) + t3)
T2 o(t) —t

1., (o) —t) ((c@®)*+to®) +t3) 1
+3h o(t)—t - %’#

=% (¢ + R)* + 8t + h)® + £2( + h)2 + £3(¢ + h) + t*)
- % ((t+ R +t(t+R)? + 2t + h) +1°)
+ %hz ((E+h)>+t(t+h)+1*) — 3—10h4
=% (t* + 4¢°h% + h* + 4t3h + 2t°h% + 4th® + ¢ (t* + 3th + 3th® + h3)

+t? (8% + 2th + h?) + t* + ht® + t4)
—%(t3+3t2h+3th2+h3+t(t2+2th+h2)+t3+ht2+t3)
1 1
+§h2(t2+2th+h2+t2+ht+t2)—Eh“
=% (t* + 6t°h% + h* + 4t3h + 4th3 + t* + 3t°h + 3t°R% + th3
+t* + 2t3h + t2h% + 2t* + ht?)
- % (3% + 412k + 3th® + h® + t° + 2t°h + th?)
1 1
~h? (32 + 3ht + h?) — —h*
3 (3t* + 3ht + h?) e
=% (5t* + 103k + 10¢2A2 + 5th® + h*) — % (43 + 6t°h + 4th* + b®)
1 1
2,2 3 14 - 34
+h*? + bt + Shf— ook
4
=t* + 2t3h + 2t°h% + th® + %h“ — 2ht® — 3t*h? — 2th® — %

1 1
2,2 , 73 4 4
+ h“t +ht+3h 30h
=4

The last equality is left to the reader for exercise.
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Let T = ¢N for some ¢ > 1. Prove

— 1 A
t= 1 50

1
2 A
R —T N 0
1+q+q2f3()
1
3 A
R ———— T
Trore+gt®
1
4 A
= t
1+q+q2+q3+q4'f5()
1
5 A
= t
1+q+q2+q3+q4+q5f6()

where f;(t) =ti,i=1,...,6,t € T.

Answer

Add texts here. Do not delete this text first.

& Theorem 7.3

Assume f,g : T — R are differentiable at ¢ € T*. Then we have the following.

1. The sum f+ g: T — R is differentiable at ¢ with
(F+9)2(@) = FA@2) + g°()
2. For any constant o, ef : T — R is differentiable at ¢ with
(@f)2(t) = af™(t)
3. The product fg: T — R is differentiable at ¢, and the "product rule"
(f9)2(t) = FA(B)9(t) + £(o(2))g™ () = F(Dg* () + FA(B)g(o(t))
holds.

4. If g(t)g(a(t)) # 0, then the quotient 5 : T — R is differentiable at ¢, and the "quotient rule"

VA PO — )P )
(5) @= POLCO)

holds.

Proof. 1. Let e > 0 be arbitrarily chosen. Since f and g are differentiable at ¢, there exist neighbourhoods U; and U, of ¢ so that

|o(t) —s| forall sel;

[CTRGY

|7(e®) — £(5) = FA(B)(e(t) — 5)| <
and

lo(o(t)) = 9(s) — AW (@) = 8)| < Slo®) —s| forall s€U;

| ™

Hence, for s € U; N U,, we have
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|£(a()) + g(o(t)) — £(s) — g(s) — (F2(2) + 9°(2)) (o(t) — 9|
< |£(o(®) = f(s) — FAR)(@() — 5)| + |g(a()) — g(s) — g () (o(t) — 9)]
< Zlo(t) — sl + <o) —
= ¢|o(t) — s
which completes the proof.

2. Let @ # 0. Assume that € > 0 is arbitrarily chosen. Since f is differentiable at ¢, there exists a neighbourhood U of ¢ such that

|£(o(t) — £(s) — FAE(0(®) — 8)| < -lo() —s| forall s€U
o]

Hence, for s € U, we have
laf(a(t)) — af(s) —af*@)(o(t) —s)|
= |a| |f(o(t)) — f(s) — fA()(a(t) — 9)]

E
<laji—
laf o]
=c
which completes the proof.
3. Let & > 0 be arbitrarily chosen. Let also [a,b] C T be such that ¢,0(t) € [a, b]. Set

B = e 7)1

and

. €
© T 1A M+ [ge®)] + 102 @)

Since f is differentiable at ¢, there exists a neighbourhood U; of ¢ such that
|£(0(®) — £(5) — FAD(0(t)— )| < *lo(t) —s| forany s € UL
Since g is differentiable at ¢, there exists a neighbourhood U, of ¢ such that
l9(o(8)) — 9(s) — g2 () 0(t) —5)| < e*lo®) — 5| forany s €Uy
Since f is differentiable at ¢, f is continuous at ¢. Therefore, there exists a neighbourhood Uj of ¢ such that
|f(t) — f(s)| <&* forany se€Us.

Then, for any s € Uy N Uy N U; N [a, b], we get

|F(e(£)g(o(®)) — £(s)g(s) — (FA(D)g(o(®) + F(D)g2(®)) (o(2) — 5)]|
=| fo(®)g(a(t)) — f()g(o(®) — FAB)g(e(®)) (o (t) — 5)
+1(s)9(a(t) + FA()9(0(t)) (0 () — 5) + g2 () f(5)(o(2) — 5)

— (F209(e®) + fB)g°(1)) (o(t) — 5) — F()g(s) — g (D) F(8)(o(t) — 8) |
= | (£(o(2) — £(s5) — FAD)(a(®) — 9)) 9(a(t))

+ £(3) (9(a() — 9(s) — 9* D) (0(2) — 9)) — (D) — £(5))g" () () — 5) |
<lg(e®))| |£(o(®)) — f(s) — FA@)(o(t) — 5)|

+17(9)l |9(o(2)) — g(s) — g*(©)(o(t) — )| + | £(2) — F()] |9°(®)]| lo(®) — s
<e’|g(a(®))llo(t) — 5|

+e*|f(9)lo(®) — sl +€* |92 ()| lo(2) — sl
<e* (Igl@)l+ M +|g*@®)]) lo() — sl
<elo(t) — s

which completes the proof.
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4. Let & > 0 be arbitrarily chosen. Since f and g are differentiable at ¢, they are continuous at ¢. Because g(t) # 0, there exists a
neighbourhood U of ¢ such that

lg(8)] >m1>0 forall seU
for some constant m;. Let [a,b] C T be such that o(t), ¢ € [a, b]. Set

M; = sup |f(t)|, Ma= sup |g(t)|
t€[a,b] t€la,b]

and

o mala(o)att)
14 2M M, + |gA(2)]

Since f and g are continuous at ¢, there exists a neighbourhood U; of ¢ such that
|7(t)g(s) — f(s)g(t)| <e* and |g(s) —g(t)| <&
for any s € U;. Since f is differentiable at ¢, there exists a neighbourhood U, of ¢ such that
[£(6(0) ~ 1)~ FAOe(®) —5)| < "lo(t) —s| forany s€Us.
Since g is differentiable at , there exists a neighbourhood Us of ¢ such that
|9(a(t)) — 9(s) — g (B)(0(t) — 5)| T €*lo(t) —s| forany s€Us.

Hence, for s € Uy NU,NUsN U N [a, b], we get
He®) _ £ _ S000-—I080 (5 (p) _ s)‘

9@@®) ~ 9(a) T T e@)e(e(®)

1
Te@e@em) | C®esls)

— f(s)g(t)g(a(?))
—(f A(t)g(t) — f(D)g"(®)) 9(s)(o(2) — 9) |

~ la(e(®)g(s)g(t)| ‘

(f (U(t)) — £(s) — FA@)(a(t) — 5)) g(t)g(s)
+ f(s)g(t)g(s) + FA(B)g(t)g(s)(o(t) — 5)
— (9(o(®) — g(s) — g (t)(a(t) — 8)) F(s)g(t)
— 9(8)f(s)g(t) — £(s)g" (t)9(t)(a(t) — 5)
— FA(t)g(t)g(s)(a(t) — 8)

+ ft)g* (t)g(s)(a(t) — 3) |

1

" 19(e(®)9(s)9(®)] ‘
(F0(2)) — £() — FA©)(0(2) — )) gD)g(s)
— (s(o(®) — 5(5) — g2 W)(0(®) — 5)) F()a(0)
+2OU )~ FOS) )|
< Te@a@aa (O =5
— FA)(o(t) - 9)| |g(t)||g(s)|
+|9(o®) — 9(s) — 9> @) (0(8) — 5)| 1F(3)lla(2)
+1g2®)] 17E)g(s) — f(S)g(t)Ila(t) )
1

= TE®)9@)9@)]
(e* M1 Ms|o(t) — s| + €*|o(t) — s|M1M;
+]g @) el — s])
. 1
= 90 ®)g()90)]
(1+2M1M; + |g* (B)]) lo(t) — s
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a1 RN
= e @9 (1+2MM; + g2 (t)]) lo(2) — s

= elo(t) — 5|

which completes the proof.

v/ Example 7.8

Let']I‘:{t,,:—%:neN}UNg and

1+ ¢2
t)=—""_ teT
FO =1 t€

We will find £4(¢), ¢ € T. Note that any points ¢ € T are right-scattered.

Solution
Let

g(t) =1+¢
h(t)=1+7t, teT

Then

g9(o(t)) —g(t)
o(t)—t
1+ (o(t)?—1—¢t2
o(t)—t
_ (o))* ¢
T o)t
_ (o) =t)(o(®) +1)
ot)—t
=o(t)+t, teT

gi(t) =

and

Agy _ D)) —h(t)
R = o(t) —t
14+ 70(t)—1—Tt
ot)—t
7(a(t) — 1)
o(t)—t
7, teT

and
h(o(t)) =1+70(t), teT

Now, applying the rule for delta derivative of a quotient of two functions, we arrive at

A
ro=(2)"®
_ 92 ()h(t) — g(t)h (t)

h(t)h(a(t))

(c@®)+t)A+7) — (A +3)7
(1 + 7)1+ 70(2))

o(t) + Tto(t) +t + Tt2 — 7 — Tt?

A+ )1+ 70(t))
—T+t+o(t) + Tto(t)

= a+ma+rem) * T
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Then, we have the following cases.
1. Lett e {—% in€E N}. Then

t
o) =——7
and
t T2
T t— —
fA(t) _ v t—1 t—1
(1+7t) (1— %)

(T4 —t T8

T A+t —1-"1t)

—Tt+ T+t —t—t—Tt2

—(1+7t)(1 + 6t)

—6t2 —9t+7

—(1+7t)(1 + 6t)
6t2+9t— 17

A +7)(L+68)

2. Lett € Ng. Then
ot)=t+1

and

—T+t+t+1+7(E+ 1)t
1+7)A+Tt+7)

6+ T+ T

T A+ +T)

—6+ 9t + 712

(1+7t)(8 + Tt)

A =

Consequently

2 —
Chiald o if te{—%:neN}

1+ 7t)(1 + 6t)
s T
17 T2+ 9t—6 i teN
1L+ 78)(8+17) 0
v/ Example 7.9
1\?
LetT={(5) :neNo}U{O,l}and
147
f(t)—m, teT

We will find f2(t),t € T*.

Solution
Here

Tnz{(%)zn:neNo}U{O}.

We have the following cases.

1. Let ¢t € T be right-scattered. Set
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git)=1+7t
h(t)=4+5t, teT*

Then

A 9(a(t)) — 9(t)
g (t) - G'(t) —t
_1+70(t)-1-Tt
- o(t) —t
_ T(o(t) —t)
o(t)—t
=7, teT"

and

A h(a(t)) — h(t)
R0 = a(t) —t
_ 4+50(t)—4—5t
- o(t) —t
_ 5(ot)—t)
ot)—t
=5 teT",
h(o(t)) = 4+ 50(t), teT"

Now, applying the rule for delta derivative of quotient of two functions, we arrive at

0= ()"

_ Wb —o0hA()

ROR((D)
(4 4+ 5t) — 5(1 + T8)
(4+5t)(4 + 50(0))
28 + 35t — 5 — 35t
A+ 50)(a+50(2)
23

T @+t +50(2)

We have the following subcases.

o
a. Lette {(%) :n € N}. Then

o(t) =Vt

and

23

A _
120 = (4+5t)(4 + 5v7)

b. Lett = % Then

and
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2. Let ¢t € T be right-dense. Then ¢ = 0. Hence,

Ay _ 1 £(8) — £(0)
0 = P—% s
147s _ l
— lim 41955 4
s—0 8

Jim 4+ 28s—4—5s
50  43(4 4+ 53)
= lim —238
s—0 43(4 + 53)
50 4(4 + 5s)
23
T 16

Consequently

(4+5t)?2+5\/¥) e {(%)zn:HEN}

Ap=43 46 . ,_1
7 fot=3
By,

v/ Example 7.10

LetU={2in :neN}and
T={0}UUU1-U)U(1+U)U2-U)u2+U)U{1,2}
and
f&y=(2+*)(1-1t*), teT.
We will find fA(t),t € T*.

Solution

Here

ron{3)

We have the following cases.

1. Let t € T* be right-scattered. Set

g(t) =2—t?
R =1+, teT*
Then
gA () = 9(0(52; = f(t)
2+ (o(t)?—2—142
- o(t) —t
_ (a())* ¢
T o)t
_ (o) =t)(o(®) +1)
o(t)—t
=o(t)+t, teT"
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and

A h(a(t)) — h(t)
R = o(t)—t
1= (a(1))? —1+1¢2
- a(t)—t
(o(t))* — ¢
o(t)—t
__@® =) +1)
ot)—t
=—a(t)—t, tcT"

and
h(o(t) =1 (o(t))?, teT"
Now, applying the rule for delta derivative of a multiplication of two functions, we find

FA) = (gh)A(®)
= g*(th(o(t)) + g()R2 (D)

= (o(t+1t) (1—(U(t 1)?) + (2 +t2) (—o(t) — t)
=0'(t) (o(t))® +t —t(a(t))* — 20(t) — 2t—t20(t)
—(o(t))? —0()—t—ts—t(a(t))z—tzo(t), teT"

Now, we will consider the following subcases.

a. Lett= % Then

and

64 4 2 8 8 16
__2r 3 1 1 3
T 64 4 2 2 16
- 2 3 , 3

T 64 4 16

_ —27—48—64—12

- 64

__ s

T 64

b. Lett = % Then

and
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64 4 2 8 16
_ —343— 112 — 96 — 392 — 252
- 64

1195

64

c. Lette U\{%} Then
a(t) =2t
and

FA[R) = —(20)® — 2t —t —t® — 1(2t)2 — £2(2t)
=83 -3t 5 4% 23
=15t 3t

d.Lette (1 —U)\{%}. Then

1+¢
ot) = 5=

and

1 8 1 1 2 1
fA(t)=_(Lt) _i_t_tfi_t(%t) —t2i

2 2 2
1+t 1 1+t)? 1
__a+9 +t—t—t3—t( +1) _pltt
8 2 4 2
(U8R +4(1+6) + 86+ 883 + 26(1 + ) + 42(1 + 1)
- 8
34324+ 3t +1+4t+4+8t+8° +2t (2 + 2t + 1) + 42 + 423
- 8
133+ T2 4156+ 5+ 26° 4 42 + 2
- 8
1583+ 112 41784+ 5
= . .
3
e.Lette (1+0U)\ {5} Then
ot)=2t—1

and

—(2t—1)3—(@2t—1)—t—t3 -2t —1)2—2(2t —1)

—8tP+ 1262 —6t+1—2t+1—t— 13—t (4> — 4t +1) — 23 + ¢
—11t% + 132 — 9t + 2 — 4¢% + 44> — ¢

—15¢3 4+ 17¢2 — 10t + 2

A

f.Lett € (2 —U)\{g}. Then

t+2
ot) = <2~

and
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o =-(E2) 2 e y(HE2) e ()

2 2 2
O (+2°* t42 s L (E+2)?  Lt+2
L
(8 4+2)% +4(t+2) + 8¢+ 8% - 26(t + 2)% 4 4t%(t 4 2)
T 8

t3+ 6% + 12t + 8 + 4% + 8 + 8t + 813 + 2t (¢ + 4t + 4) + 4% + 812
- 8
1383 + 142 + 24t + 8 + 2% + 8¢2 + 8¢
- 8
_ 15¢% 4226 + 32t + 8
B 8
5
g.Lette(2+U)\{5}.Then
o) =2(t—1)

and

AR =—t—-1))°—20¢t—1)—t—t3—¢2@—1))2 —2(2(¢—1))
—8(t—1)3 —2(t—1)—t — > —4t(t — 1) —2t2(t — 1)

—8t% + 24t — 24t + 8 — 2t + 2 — ¢t — 3 — 4t (£? — 2t + 1) — 263 + 2t
—11#3 + 26t — 27¢ + 10 — 4¢° + 82 — 4t

= —15¢3 4 34t — 31t + 10

2. Lett € T* be right-dense. Thent =0ort=1,0r¢t=1.

a. Let t = 0. Then

Ay _ 1 J(8) — £(0)
FO=m
24+ 5%)(1—s2)—2
e @+ (=8
30 S
. 2—2824 82 _gt—2
= lim
8—0 s
2 3
i 2ESETY
5—0 ]
— _ i 3
=l (o+)
=0

b. Let ¢ = 1. Then

f2(Q) = lim

51

f(s) = f(1)
s—1

— lim (2+s*)(1-8*)—(2+1)(1-1)
s—1 s—1
_ i 2+ (s—1)(s+1)
s—1 s—1
=—lim(2+5%) (s +1)

=—(2+1)1+1)
=—6

c. Let t = 2. Then
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FA22) = lim

82

f(s) — £(2)
s—2

2+s)(1-s%)—(2+4)(1—4)

= lim

52 s—2

. 2—282 4+ —g2 st 418
= lim

32 s—2

. ost+s82—-20
=lim ————

82 s—2
. (s—2)(s® +2s% +5s5+10)
= —lim
52 s—2
= —1lim (s® + 2s® + 55 + 10)
52
=—(2*+2-22+5-2+10)

= —(8+8+10+10)
=—36

Consequently

64 T2
—15¢3 -3t if teU\{%}

1563 + 1162 + 1 1
158+ t8+ M5 te(l_U)\{E}

A
PP =1 —1s3 4172 —10t+2 i te(1+U)\{%}

1563 + 222 + 32
158 + t8+3t+8 £ te(2—U)\{;}

—156 43482 —31t+10 i te (2+U)\{g}

0 if t=0
—6if ¢t=1
| —36if t=2.

Example 0.110.

v/ Example 7.11

Let
f@)=t*, teT, neN.
We will prove that
FA®) = (0(@®)" + (o))" 2 4 - + t" 2o (t) + t*
if ¢t € T is right-scattered.

Solution
Really, let ¢ € T be right-scattered. Then

A f(a(t)) — £(2)
o) = T el —t
_ (o@)" —t"
ot)—t
_ (o@®) =) ((e@)™ ! + #(a(8)™ 2 + -~ + t" 20 () + ")
ot)—t
= (o@®)" L+ (o))" 2+ +t" 2o (t) + "1
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Let

1
T={—2n+1 .neNg}U{O}
f(t) = o(t),t € T. We will find f2(t),t € T. For

1 1-t

T = = >1
tel, t=oy1 "T T "2
Solution
We have
1 1 1
= inf g
a(t) ln{2l+1,0 2l+1’0>2n+1’l€No}
1
T 2n—1
_ 1
1—1¢
2—— —1
2t
t
= t
1—275>

. . 1 s .
i.e., any point t = i > 1, is right-scattered. At these points
n

flo(®) — ()

Afz) —
_ o(o(®) —o(t)
a(t)—t
_ (o(t)?
(1—20(t))(o(t) —t
==
_ 1—2t)
e
1—2t)\1—-2t
t2
(1 —2t)2
T 14t 22
1—2t1—2¢t
t2
_22t2(1—4t)
1
T 14t
Letn =0, i.e, t=1. Then
(1)—'f{L0-;0>lleN}
A DT R DS
= inf@
=supT
=1

i.e., t = 1 is a right-dense point. Also,
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o FLHR) =

1) _ . ol+h) —o(h)

1
hl—>0 h

Therefore g2 (1) does not exist.

Let now ¢ = 0. Then

Consequently, t = 0 is right-dense. Also,

Therefore 64(0) = 1.

0.112.
v/ Example 7.13

Solution
Then

v/ Example 7.14

Let f: T — R be differentiable at t € T*.

Also,

@ https://math.libretexts.org/@go/page/204825

o(0) =

)
1+h  h
1—2(1+h) 1—2h

h

h—0

= lim
h—0
h
t1 o
h
(14 h)(1 —2h) + h(1 + 2h)

1+ 2h)(1— 2h)h
1

1+h

= _lm 1+2h
h—0

=—lim
h—0
=—lim—o_-—
r0 (1+ 2h)(1 — 2h)h
= —00

1

H m,0>0,leN0}

. 1
1nf{m,0
=0

_b
1—2h

h

0

= lim
h—0

= lim !
T hs01—2h

=1

Let f,9,h: T — R be differentiable at ¢t € T*.

(Fgh)2 () = ((fo)R)™(t)

= (f9)* (Dh(2) + (F9)(o(1))h(?)
= (FA(0)9(t) + F(e(D)g* () h(t) + 7 (£)g° (B)h™(2)
= FAO9OR(E) + £ (£)g° ORE) + £7(8)g” (OB (2)

Then
()20 = FHA0)
= FADF@E) + fle®) FA )
= 720 (F°() + £(¥))
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320 = (17220
= AR + Fe@) () @)
= AR A1) + FF O A0 (f() + £(1t)
= 2@ (F20) + fOf°() + (£)°(1)
We assume that

n—1
(MA@ = £20 D FFO ) )

k=0

for some n € N. We will prove that
(%) = £20 Y FOUE)" @)
k=0

Solution
Indeed,

(F)2@) = (FM2 )

=FAR () + IR (A (@)
=fA@F ) + FAR @) (FPH) + FR) )
+ee ot RO + (f")"‘l(t)) @)
=fA(t) (f"(t) + PR F@) + ) (F)(E) + e+ (f")"(t))
=fA(t) Z PO 0!

k=0

Example 0.114.

v/ Example 7.15

Now we consider f(t) = (t — a)™ for a € R and m € N. We set
h(t) = (t —a).
Then
RA) =1
Solution
We get
(R™A () = hA(t) mz_l h¥() (A7) ™7 (8)
k=0
3 (¢ o) — 2y
&=0
Let now g(t) = % Then
AL A1)
SO="Fem
whereupon
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1\2 1 =5
( o ) O =—Go—art—ar kZ: (t—a)*(e(t) — o)™
=0

m=1 1 1
T ; (t—a)m™F (o(t) —a)k+!

? Exercise 7.6

Let T=%Z, k> 0.Prove that

t= Efz (t)—57

Answer
k
=210 - Eip0 + g
tf = %ff(t) — %kf:?(t) + %sz?(t)
= %fSA(t) — %kff(t) + %sz?(t) - %k“
= SR~ GO + RO~ RO

where f;(t) = t',i=1,...,6,t € T.

? Exercise 7.7
Let t € T be right-scattered. Find f2(t), where
f(t) =2sint+t>—3t%, teT

Answer

Add texts here. Do not delete this text first.

? Exercise 7.8

Let t € 2N Find f2(t),t € T, where

B2

=— " -  teT
224+ 3t+1° €

f®)

Answer

Add texts here. Do not delete this text first.

? Exercise 7.9

Let T = 3%. Find fA(t), where

1

1
f(t)=zt4+§t3—t2+1, teT
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Answer

Add texts here. Do not delete this text first.

? Exercise 7.10

Let T = Z. Find fA(t), where

f(t) = %t:’— ;tz —4t, teT

Answer

Add texts here. Do not delete this text first.

? Exercise 7.11

Let T = {¢/n : n € N}. Find f2(¢), where
)= %t3—2t2—3t+2, teT

Answer

Let T = [1,2]U[3,4] U[7,8] U9YN. Find f4(t), where

2t
= — T
O =37 t€

Answer

Add texts here. Do not delete this text first.

7: Differentiable Functions of One Variable is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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8: Higher Order Delta Differentiation

# Definition: Second derivative and Higher order derivatives

Let f: T— Randt € (T*)" = T**. We define the second derivative of f at ¢, provided it exists, by
A= (5T SR

Similarly, we define higher order derivatives f4" : T*" — R.

v/ Example 8.1

LetT = {—l :neN}UNoand
n
f=1tt e
T 147t
We will find £2°(t),¢ € T.
Solution
We have the following cases.
1. Lett e {—% in € N}. Then
t
By Example 7.8, we have
A 62+ 9t—7
0= trmaren
Then
A 6(c(t))? +90(t) — 7
t)) =
17e0) = T 70@)a + 60)
t2 9t
N e
- Tt 6t
(1_ t—l) (1_ t—1)
_ 62 —9t(t—1)—7(t—1)°
(y—1-—Tt)(t—1—6t)
_ 6P —9t> + 9t — Tt 4 146 -7
- (1 +6t)(1 + 5t)
_ —1082 +23t -7
T (1+6t)(1+5t)
and
At _ 978 (0(8) — FA(@)
_ 1 —1062+23t—7 62+ 9t—7
Tt _ \A+6)1+5)  (1+66)(1+7T)
t—1
_ (6=1) ((=10¢* + 23t — 7) (1 + 7¢) — (6t* + 9t — 7) (1 + 5t))
t2(1+ 5t) (1 + 6t) (1 + 7t)

@ https://math.libretexts.org/@go/page/204826


https://libretexts.org/
https://math.libretexts.org/@go/page/204826?pdf
https://math.libretexts.org/Courses/Sorbonne_Universite/Time_Scales_Analysis_(Georgiev)/08%3A_Higher_Order_Delta_Differentiation
https://math.libretexts.org/Courses/Sorbonne_Universite/Time_Scales_Analysis_(Georgiev)/07%3A__Differentiable_Functions_of_One_Variable#Example_.5C(.5CPageIndex.7B8.7D.5C)

LibreTexts"

(¢ —1) (—10¢2 — 703 + 23t + 16122 — 7 — 49t — 612 — 30¢3 — 9t — 45¢2 + 7 + 35¢)
B t2(1 + 5t)(1 + 6t) (1 + 7¢)
(t — 1) (—100¢t3 + 100¢2)
T T 21 +5t)(1+66)(1+ 7t)
B 100(¢ — 1)2
T A4+5)1+66)(1+TE)

2. Lett € Ng. Then

ot)=t+1

By Example 7.8, we have

Ay TE+9t—6
o= 1+7t)(8+Tt)

Hence,

A 7(a(t))? + 90(t) — 6

1760 = )@ +700)

T+ 1)%24+9(t+1)—6

T A+ T+ TE+T)
T2+ 14t +7+9+9—6

(8 +Tt)(15+ 7t)
_ T2 +23t+10
T (84 Tt)(15+Tt)

and

£ = FAe(®) -2 @)
ot)—t
_ T +23t+10 7t*+ 9t —6
T @+T)(15+T)  (L+T78)(B+T)
(78 + 23t +10) (1 + 7¢) — (7¢* + 9t — 6) (15 + Tt)
- (1 +7t)(8+ 7)(15 + 7t)
72 + 23t + 10 + 49¢% + 161¢% 4 70t — 105¢t% — 49¢® — 135¢ — 63t% + 90 + 42t
(1+7t)(8 + Tt)(15 + Tt)

_ 10(¢ + 10)
T A+ +T)(5+ )

Consequently

100(t — 1)2
2 ) (L+5t)(1+6t)(1+7¢)
o= 10(t + 10)
(L+7)(8 + 7t)(15 + Tt)

.
=

te{—i:neN}
n

if teNg

=

v/ Example 8.2

-
LetT= {(%) in € No} U {0,1} and

We will find f2*(¢),¢ € T*".
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Solution
Here

T”2={(%)2":neN}U{0}

We have the following cases.

o
1. Lett e {(l) in € N}. Then

2
o(t) = Vt.
By Example 0.109, we have
Ary 23
= (4+5t)(4 + 5V7)
Then
23
o(t)) =
flo®) 4+ 50(152);(4 +54/0(t))
T @t 5vh)(at5Y0)
and

FA(a(®) — FA(t)

0 = o) —t

1 23 23

C Vi—t ((4+5\/Z)(4+5<‘/Z) - (4+5t)(4+5ﬁ))
_ 23(4 + 5t — 4 — 5v/%)

T VAL — Vi) (4 + 5t) (4 + 5vE) (4 + 5¢%)

_ 115(t — /1)

T VAL — Vo) (4 + 56) (4 + 5vE) (4 + 5¢%)

2.Lett=0. Then
a(0) =0.
By Example 0.109, we have
Ay = 2
10 =4

Hence,
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14(9) = 12(0)
’ 23 23

_ i (4159)(4+5V5) 16

80

A? _ 1
F7(0) =lim

m 23(16 — (4 —i:g5s)(4 +54/3))
550 s(4+5s)(4+ 5+/s)

3
23 (16 — 16 — 20,/5 — 205 — 2535)

=1
P s(4+ 53)(4 + 5v/5)

3
115 (5\/5 +5s+ 535)

o 3(4+53)(4+ 5+/3)
. 115(5 + 5+/s + 55)
T 590 /5(4+5s)(4+5V/3)

= —o0

Thus, £4*(0) does not exist.

Consequently

115(t — /%) . 1 2"‘n
A0 =1 Vi1 —vi)(4+5t)(a+5vE) (4 +5VF) i te{(2) ' EN}

does not exist if t=0

v/ Example 8.3

LetU={2in :neN}and
T=UUQ-U)U(1+U)U2-U)U(2+U)U{0,1,2},
and
f&)=(2+*)(1-1t*), teT.
We will find f2*(¢),¢ € T*".

Solution
Here T*" = T\ {g, %} We have the following cases.

1. Lett e U\{%}. Then
a(t) =2t
By Example 7.10, we have

FA() = —15¢% — 3¢

Then
F2(o(t)) = —15(a())® — 30(t)
= —15(8t%) — 3(2t)
= —120t° — 6t
and
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Ae(®) — fA@)
ot)—t
—120t3 — 6t + 153 4+ 2t
22—t
—105¢3 — 3¢t
t
=—105t2 — 3

2 =

2. Lett = % Then

By Example 7.10, we have

and

3\3 3\2 3
__15(2) +11(Z) +17(Z)+5

a 8
15(£)+11(i)+£+5

64 16 4
8

~15-27411-364+51-16+45-64

512
_ 405 + 396 + 816 + 320

512

1937

512

Hence,

1937 151
512 64
1

4
—1937 + 1208

128
729

T8
3. Lette (1—U)\{%}.Then

olt) = %
By Example 7.10, we have

_ 1563 + 1182 + 17t + 5
8

£20) =

Then
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1 8 1 2 1
15(—;”:) +11(—;t) +17 (—;rt) +5
fAo(®) =~ .

_ 15(1+¢)3 +22(1 + t)® 4+ 68(1 + t) + 40

T 64

15 +45t% + 45t 4 158 + 22 + 44¢ + 224 + 68 + 681 + 40

T 64
_ 15¢% 4 67t 4 157t 4+ 77

64

2 FA(a(t)) — fA()
7= o=t

1 (_ 168 + 674" + 1576 +77 | 158°+ 118 + 17t +5 )

1+1¢ 64 8

e

2 (15t —67t% — 157t — 77 + 120t3 + 88> + 136t + 40
T 1—t ( 64 )
10563 + 2142 — 21t — 37

32(1—1t)

4 Lette (1+U)\{%}.Then

ot)=2t—1

By Example 7.10, we have

FA() = —15¢% + 1762 — 10y + 2

Then
FA(o(t)) = —15(c(t))® + 17 (o(£)0% — 100(t) + 2
=—15(2t — 1) + 17(2t — 1)> — 10(2t — 1) + 2
=—15(8t> — 12t* + 6t — 1) + 17 (4> — 4t + 1) — 20t + 10+ 2
= —120¢® + 180t — 90t + 15 + 68t2 — 68t + 17 — 20t + 12
= —120t3 + 248¢> — 178t + 44
and

2 _ FA(0(t) — FA(®)
e = et =t

—120t3 + 248t% — 178t + 44 + 15¢3 — 17t + 10t — 2

2t—1—t

_ —105t3 + 231¢* — 168¢ + 42

B t—1
3
5.Lett = 5" Then

U(E)_Z

2/ 4
P (E) _ 1195
2 64

and
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1)
( ) +22( ) +32 (%) +38
(G

343 49 7
)+22(16)+32(Z)+8

P

8
_15-343+176-49+32-112+8-64

512
_ 514548624 + 3584 4 512
o 512
_ 17865

512

Hence,

() 2D
AN

_ 17865 1195
__ 512 64
r_3
4 2
_ —17865 + 9560
128
_ 8305
128
3
6.Lett e (2—-0)\ 5 . Then
o(t) = ——
By Example 7.10, we have
15¢3 4 22t + 32t + 8
A =~ 8
Then
15(c(t))2 + 22(o(t))? + 320(t) + 8
F2(o(t) = — (o()) (é» ®)
t+2 t+2 t+2
1 22 2
C15(2) () () 4
8
_ 15(t+2)° +88(t +2)* + 128(t 4 2) + 64
64
_ 15t% + 90t2 + 180 + 120 + 88t2 + 352¢ + 352 + 128t + 256 + 64
- 64
_ 1583 4 178¢% 4+ 660¢ + 792
- 64
and
Ala(t)) — FA(
fM@=f(d» @)
o(t)—t
_ 1 _ 15t° + 178t + 660t + 792 | 156° +22¢° + 32t +8
- t+2 _, 64 8
_ —15t% — 178t% — 660t — 792 + 120t + 176t + 256t + 64
- 32(2 —1t)
_105¢% — 2¢2 — 404t — 728

32(2—1t)
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7.Lett € (24 U)\ {g} Then
o(t) = 2(t—1)
By Example 7.10 , we have
FA®) = —15¢% + 3482 — 31t 4 10
Then
A (o)) = —15 (a(t)0% + 34(c(t))? — 310(2) + 10
= —120(t — 1)® + 136(t — 1)> — 62(t — 1) + 10
= —120t3 + 360t2 — 360t — 120 + 136t2 — 272t + 136 — 62t + 62 4 10
= —120t3 + 496t2 — 694t + 88
and
Aa(®) — FA
80y = L5200 — 20
o(t)—t
_ —120¢® + 496t> — 694¢ + 88 + 15¢3 — 34t + 31t — 10
- t—2
_ —105¢® + 461> — 663t + 78
- t—2
8. Lett =0. Then
a(0) =0.
By Example 7.10, we have
F20)=0
Hence,
A A
Aty g Jo(8) — £2(0)
o) = }11—1% s
. —15¢%—3s
=lim ———
5—0 )
—1; _ 2 _
= 11_1)%( 15s 3)
=-3
9. Lett =1. Then
a(l) =1.
By Example 7.10, we have
A1) = 8.
Hence,
. A=A . —158% 4175 —10s+2+6
lim ———=—<~ = lim
s—1,5>1 s—1 s—1,8>1 s—1
. 1583 +17s> —10s + 8
= lim
s—1,5>1 s—1
. (s—1)(—15s%+2s5—8)
= lim
s—1,8>1 s—1
= lim (—15s%+2s—38)
s—1,5>1
=-21
and
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R N 1583 + 1182+ 178+ 5 +6
_ 1 -
fim L@@ 8
s—1,8<1 s—1 s—1,8<1 s—1
- 5 —1583 —11s2 —17s — 5+ 48
- s—b]i,s<1 8(8 — 1)
. —158% — 1152 — 173 + 43
= lim
s—1,8<1 8(8 — 1)
_ (s —1) (—15s% — 265 — 43)
- s—1,8<1 8(8 = 1)
. —158%2 — 26s — 43
= lim ———
s—1,8<1 8
_2a
T2

Since

A=A L £ = A

s—&lll,:.(vl<1 s—1 s—1,5>1 s—1
we conclude that f2(1) does not exist.
10 . Lett = 2. Then
a(2)=2.
By Example 7.10, we have
FA@) =36
Then
Afg) — FA(1 3 2
lim A - f ()= lim 1 (_158 + 22s +323+8+36)
8—2,8<2 s—2 52,8<2 § — 2 8
. 1 (—1533—2232—323—8+288)
= lim
52,5<2 § — 2 8

. —158% — 2232 — 323 + 280
im

52,8<2 8(s—2)

=—00

Therefore f4%(2) does not exist.

Consequently
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—105t2 —3 ift € U\{%}

105¢3 4 2182 — 21t — 37 1
if te(l-— =
32(1—¢) it el U)\{z}
—105¢% + 231¢% — 168t + 42

t—1 5
te(1+Un{g}
AZ N _8305 . _E
I OER 28 ift= 5 .
105¢3 — 2t2 — 404t — 728
32(2—1) te(z—Un{g}
—1056° + 4617 — 663t +78
t—2
5
te@+Un{§}
—3ift=0

does not exist if £ = 1
does not exist if £ = 2.

Example 0.118.

v/ Example 8.4

(Leibniz Formula). Let s,ﬁ"’ be the set consisting of all possible strings of length n, containing exactly k& times o and n — k times

A. Let also,
fA exists for all A € S,g").
We will prove that
(fg)*" = Xn: > e (8.1)
B=0 \ Aes”
Solution

For this aim, we will use the classical induction principle.

1.n=1. Then

s =0, sV=0.

Hence,

1
2
2| X et = e+ D et
k=0 \ Aes® Aes Aes®
=g+ fog*
= (f9)*,
i.e., the assertion holds for n = 1.

2. Assume that the assertion is valid for some n € N.

We will prove that
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Using (0.4), we have

n

k=1

+(

v Example 8.5

Let f and y be differentiable in T#. Then

Solution
Therefore
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(f9™ =

(f)A™ = (

((F9)2")"

n

> e

Aes®

>

\ Acs® )
an'
AeS(")

Z an) A

\ Aes”

> g

\Aes(")

Z an

A€ S’Snﬂ)

b+l+zn:(

)

fAA gM
AeS(")

Z fAA) gA"

Aes®™

fAA AF
Aes(")

Y

k=0

Z an

Aes™

\ Aes,

)
)

{

) An+1

3

k=1

AES,(;L)1

fAA g +
AeS(") AeS

=i(z an+ZfAA

AeS®

Z an_l_ Z fAA

Aes{™

>

AeS™Y

n+l
=2 2
B=0 \ AesfV

Aes

X
)QA

(n)

5")
)QA
Ik

>

Aes®H

faA —

and

) gAn+1 + (

>

Aes

fa

)
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faA — anlf

n
_ an” (1 +”A)
m
— (1 +”A) an
Also,

fa’A= fas_faz
"

and

fvo= fys_foz
e

Therefore

faAa — f”zAN
ue
_ S
b (l+ps)
fo“A
1+ p2

whereupon

fa'zA — (1 +I‘LA) faAa

We have

J(.-Ao'2 _ f03 — .fa2
= 7/1"2
_

= u02

u.fozA
T p(1+pt) (11— pho)
fa"A

piET o)

from where

fozA — (1 +uA) (1 +NA¢7) anz_

? Exercise 8.1
Let T = Z. Find £4%(t),t € T, where
ft)=t>—-3t+1, tcT.
Answer

Add texts here. Do not delete this text first.
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Let T = 3™, Find f2°(¢),¢ € T, where
f@) =t +3t2+t+1, teT.

Answer

Add texts here. Do not delete this text first.

? Exercise 8.3

Let T = 2%. Find f2°(¢),t € T, where
241
.f( ) - t T 1 ) te T
Answer
Add texts here. Do not delete this text first.
? Exercise 8.4
Let T = 3™ Find f4*(t),t € T, where
t+2

Answer

Add texts here. Do not delete this text first.

? Exercise 8.5

Let T = Ny. Find f2°(t),¢ € T, where

f(t):Ll, teT.

t+
Answer
Add texts here. Do not delete this text first.
? Exercise 8.6
Let T = P54 U [4,6]. Find F2%(t),t € T, where
t—2

Answer

Add texts here. Do not delete this text first.
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Let T = (—2Np) U 3. Find f2°(t),¢ € T, where
fO)=—t*+t—1, teT

Answer

Add texts here. Do not delete this text first.

8: Higher Order Delta Differentiation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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9: Nabla Derivatives

# Definition: The Nabla Derivative

A function f: T — R is said to be nabla differentiable at ¢ € Ty if

1. f is defined in a neighbourhood U of ¢,

2. f is defined at p(2),

3. there exists a unique real number fV(t), called the nabla derivative of f at ¢, such that for each ¢ >0, there exists a
neighbourhood N of ¢ with N C U and

|£(p(t)) — £(s) = (p(t) = 8)fV(t)] <elp(t) —s| forall seN.

The basic rules for nabla differentiation read as follows.

Let f,g: T — R be functions and let ¢ € T,. Then we have the following.

1. The nabla derivative is well defined.

2. If f is nabla differentiable at ¢, then f is continuous at ¢.

3. If f is continuous at ¢ and ¢ is left-scattered, then f is nabla differentiable at ¢ with

4. If ¢ is left-dense, then f is nabla differentiable at ¢ iff the limit

o T = 5(6)

st t—s

exists as a finite number. In this case,

(0 =1 TS

5. If f is differentiable at ¢, then

Fp(®)) = f(8) +v(®)f¥ ()
6. If f and g are nabla differentiable at ¢, then

a. the sum f + g: T — R is nabla differentiable at ¢ with
CENMOESMORTMO)
b. For any constant o, af : T — R is nabla differentiable at ¢ with
(@)Y () = af¥ (@)
c. The product fg: T — R is nabla differentiable at ¢ with
(f9)¥ (&) = fY (©)g(t) + F(p(2))g" (t) = f(£)g" (8) + ¥ (£)9(p(t))-

d. If g(t)g(p(t)) # 0, then 5 : T — R is nabla differentiable at ¢ with

AN MO OEFIOIMO)
(5) ©= OO

# Definition: Term

Let f: T — Rand let ¢ € (T,), = T,2. We define the second nabla derivative of f at ¢, provided it exists, by

N (fV) T, — R
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Similarly, we define higher-order nabla derivatives f¥" : T.» — R. Let t € T%. We define the second mixed derivative of f at ¢,
provided it exists, by

A= ()Y T >R
and

A= () TR

v/ Example 9.1

Let T=2Zand f: T — R be a function. Then

Y@ =ft) —f(t—1) forany teT.

v/ Example 9.2

Let T = 2™ and
f&) =3+ +t+1, teT,
We will find £V () for ¢ € T,.. We have that T, = T\{1} and p(¢) = %,t € T,. Hence,

£7(t) = ((0)) + to(t) + £ + p(t) + £ +1

2 2 4t
= 4t 441
Tty g+t
7 3
=Zt2+5t+1, t € T,.

v/ Example 9.3

Let T= P 3 and

1—¢
= — T.
f(®) i1 €

We will find £V (¢) and ¢ € T, and fAY(¢) for ¢ € T=. Firstly, we will find fV(¢) for ¢ € T,. We have the following cases.

1. Let t € T, be left-scattered. Then p(t) = t — 3 and

_ Flp(®)) — f(t)
fv(t)—w
_ fe=3)—f@®)
t—3—t

1—t+3 1—t
_1+t—3 1+t
- lri=d 1+t

11—t 4—t
=§(1_+t_t—_2)
_l((1—t)(t—2)—(1+t)(4—t))
- (E+1)(E—2)

3
_l(t—2-t*+2t—4+t—4i 4t
K (t+1)(t—2)

-3 (‘a;nﬁ)

t+1)(E—2)
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2. Let ¢t € T, be left-dense. Then

V(@) = lim

st

f(t) — £(s)
t—s

4=t 1=g

iy LHt 1+

st t—s

L (=D +s)—(1—s)(1+?)
= T =+ )
_ 1+s—t—st—1—t+s+st
ot (t—s)(1+E)(1+s)
2s — 2t

(t—s)1+t)(L+5s)

= lim
8=t

T P S
T Tt (L+t)(L+s)
N
T (1412

Now, we will find fAV(t) for t € T%. We have the following cases.
1. Let t € T% be right-scattered. We have

2

O =—Grpasrs

a. Let ¢ be left-scattered. Then

FA(p(®) — £A(t)
0=
_ fAe=3)-120

t—3—t
B 2 4 2
__(+t-8)4+t-3)  (1+t)(“+1)
B 2 +_3 2
_ (=2 +1) " ¢+1)(E+4)

-3

_3( t+4—t+2 )
T3\(t—-2t+1)(t+4)
2

3(@—?@in@+@)

T -2+ 1)({t+4)

b. Let ¢ be left-dense. Then

A — £2(s)
i _(AFOEED) T A +e)@Ete)

st t—s
1 1

o D@D (+s)(d+s)
8t t—s

AV —1;
2N (@) = lim

——2lim( 1+s)(4+s)—(1+t)(4+1) )
T e\ (t—s) A+t d+ )1 +s)d+5)
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44+ s+4s+s2—4—t—4at—t2

t—s)A+t)(4+t)(1+s)(4+s)
5(s—t)+(s—t)(s+t)

t—8)1+t)(4+t)1+38)(4+59)

5+s+t

14+e)A4+t) A+ s)(4+s)

. 2(5 +2t)

T (14624 +1)?

=2 lims_,t

=-2 lim,_,t

=2lim st

2. Let t € T¥ be right-dense. We have

2

FA®) = e

a. Let ¢ be left-scattered. Then

aviy _ F200() — FA @)
_ -3 - 720
t—3—t
2 2
 (1+t-3)? T aToe
-3

2 1 1
E(a—mz‘u+nﬂ

2 ((t+1)2—(t—2)?

5( (t+1)%(t—2) )

_ 2 (42418444
_5( (t+1)%(t—2)? )

2 6t —3
=§(a+nm—mJ
2(2t — 1)

(t+1)2(t—2)2

b. Let ¢ be left-dense. Then

fAV(t) = lim .fA(t) - fA(s)
st t—s

2 2

a+02  A+9)?
t—s

(148 —(1+3)?
(t—s)(1+t)2(1 + s)2
142t+t2—1—2s—s2
(t—s)(1+t)2(1+ s)?
2t —s)+ (t—s)(t+3s)

= lim,;

= lims—>t

=2 lims_,t

= 2 S A 02(1 1 9)?

= 2lim, &
(1+6)2(1 +s)?

_4(1+1)

TET

_ 4

NI

@ https://math.libretexts.org/@go/page/204827


https://libretexts.org/
https://math.libretexts.org/@go/page/204827?pdf

LibreTexts"

LetT:{—%:neN}UNoand

1+
t) = teT.
=1 t€
We will find £V (t),t € Tx. We have the following cases.
1.Lette{—%:neN,n22}.Then
t
0y
Hence,
flp(®) — £t
() = (p(t)) — £(2)
p(t) —t
1+ (p(t)® 144
14 7p(t) 147t
U
t+1
t2
1 P —
+ t+1) 144
t 1+7¢
1 -
_ +7t+1
- 1
¢ (t+1 _1)
t+1°+* 144
@+ DE+1+TY) 14T
- 1-t—1
(S5
2°4+2t+1 144
_ (t+1)Bt+1) 147
= p
i1
@2+ 1) (A7) - (14¢%) (6 +1)(8E+ 1)
- t2(8t +1)(Tt + 1)
2041483 + 204+ 1487 + 1+ T — (1 +¢%) (87 + 9 + 1)
- t2(8t + 1) (Tt + 1)
1484166+ 9t +1— 87 — 9t — 1 — 8¢ —9¢3 —¢*
- t2(8t + 1) (Tt + 1)
_ 8t 458 4 7
T 28t 4+ 1)(Tt+1)
82517
T (8t+1)(Tt+1)

2.Lett =0. Then p(0) = 0 and
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Vo . J(8) — £(0)
£Y(@) = lim —————
14 82

=1im71+78

30 S

=11m1+32—1—7s
50 8(1+7s)
. 8(s=17)
_25%3(1+7s)
— % s—17
_sl—r>n01+78
=7

3.Lett € N. Then p(¢) =t — 1 and

1+ (t—1)2 14+
1+7(t—1) 1+7t
t—1—t
142 1+ (t—1)2
147 1+7t—1)
148 P —2+2
T 147 Tt—6
A4+ 2)(t—6)—(1+7t) (* -2t +2)
- (7t + 1)(7t — 6)
C Tt—6+ T3 —6t2— 12+ 2t — 2 — T3 + 14t2 — 14¢
- (7t + 1)(7t — 6)

Tt2 — 5t —8
(Tt —1)(Tt +6)

v/ Example 9.5

Let U= {2% :nGN},T:{O}UUU(l—U)U{l} and

f&=02+t*)(1-1t*), teT.
We will find fV(t),t € T, and 7V (t),t € T,2. We have the following cases.
1. Let ¢t € U. By Example 0.39, we have

p(t) = =t.

Hence,

@ https://math.libretexts.org/@go/page/204827


https://libretexts.org/
https://math.libretexts.org/@go/page/204827?pdf

LibreTexts"

vy _ J06) = 1)
o=

. (z+ﬁ) (1— L* 4) _(@+8)(1—1)

4 t
t

5t
(2+1¢%) (1—t2)—1i6(8+t2) (4—1t?)
= t

2
_ 16(24gt?) (1 —12) — (8 +1%) (4 —¢?)
B 8t
_32—32t% 4 16t — 16t* — 32 + 82 — 44> + ¢4
a 8t

—15¢% — 1242
8t

Then

S
_ 6a’ 4
==
2
15, 3
_ AR
-t
2
15, 3
2 Ty
2. Lett e (1-0U)\ {%} By Example 0.39 , we get
pt)=2t—1
and
t) — ()
V() = f(p(
@) () —t
2+ @-1)Y) (- (2t—-1)) - (2+17) (1 —¢?)
- 2t—1—t
(44t +3) (1 -2+ 1)(1+2t—1) — (2+¢7) Q1 —)(1 + 1)
B t—1
A -4+ 3)t(t—1) + (24+¢%) (t—1)(t+ 1)
B t—1
=—4t(4° -4 +3)+ (2+8)) (t+1)
= —16tr® 4 1612 — 12¢ + 2t + 2 + t3 4 ¢
= —15¢3 4174 — 10t + 2
Then
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v _ FY (o) — £V (1)
e = p(t) —t
_—15(2t —1)2 +17(2t — 1)® —10(2t — 1) + 2 + 1583 — 17¢* + 10t — 2
- 2—1—t
15— 1) (4% — 4+ 14+ 26—t 4+ ¢%) + 17(¢ — 1) (2t — 1 +¢) — 10(¢ — 1)
- t—1

—15 (7t* — 5t + 1) + 17(3t — 1) — 10
—105¢2 + 75¢ — 15 + 51t — 17 — 10
= —105¢2 + 126¢ — 42

3. Lett= % By Example 0.39 , we have

and then

27-16—33-15

4
_ 432495

4
_ B

4

Note that

v(l)_1 1 3

f (4)_32 172
_ 15+3-64
a 128

_ 15+102

128
207

= o8

Hence,

207 63

128 1
1 1
4 2
_207+63-32
32
_ 207+ 2016
32
_ 2223

32
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4. Lett = 1.By Example 0.39 , we have p(1) = 1 and then

fV(l) = lim -f(s) — -f(l)

51 s—1

i 2+s%)(1-s%

5—1 s—1
— —Jj 2
= gl_:?%(2+8 YA +5)
-6

Hence,

70 — g £ = £

s—=1 s—1
— lim —155° + 175> — 105 +2+ 6
s—1 s—1
gy 158° 17 +105—8
s—1 s—1
 lim (1552 —25+8) (s —1)
8—1 s—1

= —lim,,; (15.52 — 28+ 8)
=-21

v/ Example 9.6

Let T = (—Np)U[1,2] u4N and

ft)=t3+t, teT
We will find £V (¢), £V (£), #V'(¢), £ € T. We have the following cases.
1. Let ¢ € (—Ny). Then

p(t)=t—1
and

v _ flo(®) = f(®)
_ft=1)-50
t—1—t
=t34t—(t—1)°%—(t—1)
=t —t3 432 -3t +1+t—t+1
=32 —3t+2

and

v _ £ (p(8) — £V ()
A VP M)

t—1—t
=3t2—3t+2—-3(t—1)2+3(t—1)—2
=3t2 -3t +6t—3—3t+3t—3
=6t—6

and
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s _ IV (p(8) — FY°(2)

o=

_ V-1 -1"@
t—1—1¢

=6t—6—6(t—1)+6

=6t—6t+6

=6

2. Lett =1. Then p(1) = 0 and

flp(1)) — £(1)
p(1)—1
_ [0 -£Q)
0—1
= f(1) — £(0)
=2

F)=

Note that
Y) =1.
Then
vy - ST e@) =)

_ 7O - £7Q)
0-—1

=2—-1

=1

Next,
() =—6
and

vy o £ M) — 7 (1)
Y 0) - )
0-—1
=1-(-6)
=1.

3.Lett € (1,2]. Then

V(@) =3t2+1,
7V () =6t
Y =6

4. Lett = 4. Then p(4) = 2 and

v F((4) —F(4)
Y4 p@)—4
_ f(2)-f(4)

T 24

_ 68—10
-2

=29.

Note that

fY(©2)=3cota+1
=13
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and then
v L (p(4) = fY(4)
==
_"@-7@
2—4

_29-13
-2
=8.

Next,

¥ (2) =12

and

P ARCO) et MO

_T@-"9
2—4

_12-8

T2

=2

5.Lett € 4N,¢t > 16. Then

o) =&

and

fo() — f(2)

v —

and

FY(p®) — fY(2)

\a =

and
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fV"‘(t) — fvz(p(t)) - sz (t)
p(t) —t
105, 105
_ 64 256
= 7t —
4
315
_ 256"
3
i
_ 105
T 64
? Exercise 9.1
Let T = 2™, Find fY(t) for t € T,, where
t2+2t—3

Answer

Add texts here. Do not delete this text first.

v/ Example 9.2

Let T = (—2Ng) U 3™ and
fi)=t3—3t2+2t, teT

Find £V (¢) and fV"(t) for ¢t € T.

Solution
Add example text here.

9: Nabla Derivatives is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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10: Regulated, rd-Continuous, and Pre-Differentiable Functions

# Definition: Regulated functions

A function f : T — R is called regulated provided its right-sided limits exist (finite) at all rightdense points in T and its left-
sided limits exist (finite) at all left-dense points in T.

v/ Example 10.1

Let T=Nand

t? t

)= teT

We note that all points of T are right-scattered. The points ¢ € T,¢ # 1, are left-scattered. Also, lim;,;_ f(¢) is not finite and
lim; ,;— g(¢) exists and it is finite. Therefore, the function f is not regulated and the function g is regulated.

v/ Example 10.2

Let T=R and

1
) = { = for ¢eR\{0}
0 for t=0

We have that all points of T are dense and lim;,o— f(t), lim;—o+ f(¢) are not finite. Therefore, the function f is not regulated.

? Exercise 10.1

Let T=R and

1
11 for t=1
Determine if f is regulated.
Answer

The function f is not regulated.

# Definition: Pre-differentiable function

A continuous function f : T — R is called pre-differentiable with (region of differentiation) D, provided
1. D cCT*,

2. T#\D is countable and contains no right-scattered elements of T,

3. f is differentiable at each ¢ € D.
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Let T = Pop = U olk(a+b),k(a+b) +a] fora > b > 0. Define f: T — R by

1) = 0 if  teUplkla+0d),k(a+bd)+0]
| t—(a+bk—b if te[(a+b)k+b, (a+b)k+a]

Then f is pre-differentiable with D = T\ |z o{(a + b)k+ b}.

v Example 10.4

Let T=R and

1
f(t)={ —5 i R\{3}
0 if t=3

Since f: T — R is not continuous at ¢ = 3, the function f is not pre-differentiable.

v/ Example 10.5

LetT:NOU{l—%:neN}and

t otherwise

f(t)={ 0 if teN

Since f is not continuous at ¢ = 1, it is not pre-differentiable.

? Exercise 10.2

Let T=R and

1
£t ={ 5 i teR\{-3}
0 if t=-3

Check if f: T — R is pre-differentiable, and if it is, then find the region of differentiation.

Definition 0.17. A function f: T — R is called rd-continuous provided it is continuous at right-dense points in T and its left-
sided limits exist (finite) at left-dense points in T. The set of rd-continuous functions f : T — R is denoted by C:q or C:a(T) or
C.4(T,R). The set of functions f : T — R that are differentiable and whose derivative is rd-continuous is denoted by CZ,(T).

Some results concerning rd-continuous and regulated functions are contained in the following theorem. Since its statements follow
directly from the definitions, we leave the proofs to the reader.

& Theorem 10.1

Assume f: T — R.

1. If f is continuous, then f is rd-continuous.
2. If f is rd-continuous, then f is regulated.
3. The jump operator o is rd-continuous.
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4. If f is regulated or rd-continuous, then so is f°.
5. Assume f is continuous. If g : T — R is regulated or rd-continuous, then f o g has that property.

& Theorem 10.2

Every regulated function on a compact interval is bounded.
Proof. Assume that f : [a,b] — R, [a,b] C T, is unbounded. Then, for each n €N, there exists ¢, € [a,b] such that |f (t,)| > n.
Because {t,},y C [a,b], there exists a subsequence {tn,};cn C {tn} ey Such that

lim ¢,, =to
k—o0

Since T is closed, we have that ¢, € T. Also, ¢, is a right-dense point or a left-dense point. Using that f is regulated, we get

Jim £ (tn,)

# 0,

which is a contradiction.

& Theorem 10.3; Mean Value Theorem

If f,g: T — R are pre-differentiable with D, then
|FA@®)| <|g*®)| forall teD

implies

|f(s)—f(r)| <g(s)—g(r) forall r,seT, r<s. (10.1)
Proof. Let 7, s € T with 7 < s. Assume also

[r,s)\D = {t, : n € N}

We take € > 0. We consider the statements

8(t) : |£(&) — F(r) < g(t) —g(r) +¢ (t —r+y 2‘")

ta<<t

for t € [r, s]. We will prove, using the induction principle, that S(¢) is true for all ¢ € [r, 5.

1. Since 0 < e}, .,27", the statement S(r) is true.
2. Let ¢ € [r, s] be right-scattered and assume that S(¢) is true. Then we have

£(o(8) = £(r)] = | &) + n(@&)£2 () — £(r)]
< u®) |[F2®)] + 1£@) = £

< (@) [£A@®)| +9(t) —g(r) + ¢ (t -r+ 22_")

ta<t

ta<t

< p(t)g (1) + 9(t) —g(r) + ¢ (t —r+ 22‘")

< glo(t) —g(r) + ¢ (t —r+ Zz—")

ta<t

ta<o(t)

<g(a(t)) —g(r)+¢ (a(t) —r+ Y, 2‘")

since t < o(t). Hence, S(a(?)) is true.
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3. Let ¢ € [r, s) be right-dense.

a.Let t € D. Then f and g are differentiable at ¢. Hence, there exists a neighbourhood U7 of ¢ such that
&
|£®) - f(r) - FA @)t —7)| < Zlt=l
and

|9(t) — (1) — g*®)t— )| < <[t — ]

N ®

for all T € U. Thus,
5® — 5@ < (|20 + 2 ) b=
for all r € U and
9(1) — 9®) + g Ot —7) = —< |t — 7]
forall re U, i.e.,
9(r) —g(t) —g* )T —t) = — |t — |
for all 7 € U. Hence, for all 7 € U N (¢,00), we have

|£(r) — F()| = |£(7) — £(2) + £(t) — f(r)|
<|7() = F@O1+ 1£(E) — f(r)]

< (Ir2@) + %) [t =]+ 9(t) —g(r) + e (t—r + T4, 27)

< (AW +5) lE—rl+9@) —g0r) +e(t—r+ L, 027

=g2t)(r—t) + %(T— ) +gt)—gr)+et—r+X, 427"

<g(n) —G@) + Slt—rl+ ST =) +9() —9(r) +e (t—7+ Tper2™)

=g(r)—g(r)+e(r—t)+e(t—r+X, 427"
=g(1) —g(r) +¢ (T -+« 2_n)

Therefore, S(7) is true for all 7 € U N (¢, 00).

b. Let ¢t ¢ D. Then ¢t = t,, for some m € N. Since f and g are pre-differentiable, they both are continuous. Therefore, there exists
a neighbourhood U of ¢ such that

If(T)—f(t)|s§2—'" forall T€U

and

l9(r) —g®)| < 52 forall reU
Therefore,

9N —gl)2—Z2™ forall TeU
Consequently,

|7(r) = ()| = |£(7) = () + F() — f(r)]
<1f() = FOI+ () — ()]

€ om —n
S52 +g(t)—g(r)+s(t—r+z2 )

ta<t
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< 2+ S glr) bt 4 B 27)

=e2 ™ +g(r)—g(r)+e(t—r+3, 427"
<e2™4g(r)—g(r)+e (T —r4+ Etn<_,_ 2_") ,
so 8(7) is true for all 7 € U N (¢, ).

4. Let t be left-dense and assume that S(7) is true for 7 € [r,£). Then

Tim |f(r) — f(r)| < lim {g(r) —gr)+e (r— r+ Y 2—") }

< lm {g('r) —g(r)+e (‘r—r+22_") }

implies that S(t) is true since f and g are continuous at ¢.

Thus, using the induction principle, if follows that $(¢) is true for all ¢ € [r, s]. Consequently, (10.1) holds for all r < s,r,s € T.

& Theorem 10.4

Suppose f: T — R is pre-differentiable with D. If U is a compact interval with endpoints r,s € T, then

1£(s) — 5| s{ o |fA(t)|}Is—r|-

teU*ND

Proof. Without loss of generality, we suppose that r < s. We set

!J(t)={ sup |fA(T)|}(t—r), teT

7eU*ND

Then

0 ={ sw |20} [r0)

TeU*ND
for all t € DN [r, s]*. Thus, using Theorem 0.8, we obtain
|f(&) — f(r)| < g(t) —g(r) forall telrg]

whereupon

|7(s) = f(r)| < g(s) — 9(r) = 9(s) ={ sup |fA(t)|}(8—1")

teU*nD

& Theorem 10.5

Let f be pre-differentiable with D. If f2(t) = 0 for all ¢ € D, then f is a constant function.

Proof. Let U be a compact interval with endpoints r, s € T. From Theorem 0.9, it follows that for all r,s € T,

176)~ 101 < { sup_ |20 }la—rl =0

i.e., f(s) = f(r). Therefore, f is a constant function.
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Let f and g be pre-differentiable with D. If fA(t) = gA(t) for all £ € D, then
g@&)=f(@)+C forall teT
where C is a constant.

Proof. Let h(t) = f(t) — g(t),t € T. Then

hA@1) = fA(#) —g”(t) =0 forall teD

Thus, using Theorem 10.5, it follows that & is a constant function.

& Theorem 10.7

Suppose f, : T — R is pre-differentiable with D for each n € N. Assume that for each ¢ € T*, there exists a compact interval
neighbourhood U (¢) such that the sequence {2}, converges uniformly on U(¢) N D.

(1) If { fn},en converges at some to € U(t) for some ¢ € T*, then it converges uniformly on U(2).
(ii) If {fn},en converges at some to € T, then it converges uniformly on U(t) for all ¢ € T*.
(iii) The limit mapping f = lim,_c f» is pre-differentiable with D and

FA@®) = lim f"A(t) forall teD

n—r00
Proof.

1. (i) ] Since {fa'}, <y converges uniformly on U(t) N D, there exists N € N such that

sup |(fm - fn)A(s)|

s€U(H)ND
is finite for all m,n € N. Let m,n > N and € U(t). Then
|fa(r) = fm(r)| = |fa(r) = fn(r) — (fa (t0) = fm (t0)) + (Fn (o) — fm (o))
< |fa (o) = fm (t0)| + { sup |(fn —fm)A(s)I} [ —to

scU(t)nD
Hence, {fn},en converges uniformly on U(%), i.e., {fn},en is a locally uniformly convergent sequence.

(ii) Assume {f, (to)},cn converges for some ¢, € T. Consider the statement

S(t) : {fa(t)} ey converges.
a. Since {f, (o)} converges, the statement S (¢,) is true.

b. Let ¢ be right-scattered and assume that S(t) is true. Then

F(@(®) = Falt) + B f2 )
converges by the assumption, i.e., S(a(t)) is true.

c. Let ¢ be right-dense and assume that $(t) is true. Then, by (i), {f.},oy converges on U(t), and so S(r) is true for all r € U(t)
N (¢, 00).
d. Let t be left-dense and assume that S(r) is true for all ¢y <r < £. Since U(t) N [to,t) # @, using again part (i), we have that

{fn}nen converges on U(¢); in particular, S(2) is true.

Consequently, S(¢) is true for all ¢ € [tp,00). Using the dual version of the induction principle for the negative direction, we
have that S(¢) is also true for all ¢ € (—oo,t] (we note that the first part of this has already been shown, the second part follows
by falp(t)) = fa(t) — u(p(t)) f2(p(t)), the third part and the fourth part follow again by (i)).
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(iii) Let t € D. Without loss of generality, we can assume that o(¢) € U(t). We take ¢ > 0 arbitrarily. Using (i), there exists N € N
such that

|(fn = fm) (1) = (fn — f) (0()| < { sup |(fa— fm)A(8)|} lr —a(t)]
€UE)ND

8

for all r € U(¢) and all m,n > N. Since

{'f"‘A}neN

converges uniformly on U(t) N D, there exists N; > N such that

sup |(fa — fm)(s)| <

£ forall m,n>N;
seU(HND 3

Hence,
|(fa = ) (r) = (fo— f) (0] < Sr —o(8)
for all r € U(¢) and for all m,n > N;. Now, letting m — oo, we obtain
|(Fn = £) ) = (Fa = £) (6®))| < 5Ir— o (t)
for all »r € U(¢t) and all » > Nj. Let
g= lim 2

Then there exists M > N; such that
|Fau(t) —g(0)] < 5
and since fy is differentiable at ¢, there also exists a neighbourhood W of ¢ with
| Fa(0(8) — fae(r) = Fii(®)(o()) = 7)| < %Ia(t) — |
for all » € W. From here, for all r € U(t) N W, we get
|f(a()) = f(r) = g@)lo(®) —rll < |(far = £) (o(8)) = (Fur = £) (7)]

+|£3(0) = 9] lo(t) — 71 + | Far((8)) — far(r) = £i2(®)] o®) ]
<zlot®) =1l + Zlo() —rl + Slo(®) — 1]
=elo(t) —ri

Consequently, f is differentiable at ¢t with fA(z) = g(¢).

& Theorem 10.8

Let tp € T,zo € R. Assume f: T* — R is regulated. Then there exists exactly one pre-differentiable function f with D satisfying
FA()=f(t) forall teD, F(t)==o.
Proof. Let n € N and consider the statement

there exists a pre-differentiable  (Fpz, Dpy),
S@t) : F : [to,t] — R with Fy (to) =z and

1
|F73(3)—f(3)|S; for s€ Dy.

1. Let ¢ = tg, Dnt, = 0 and Fyy, (to) = zo. Then the statement S (¢o) is true.
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2. Let ¢ be right-scattered and assume that S(t) is true. Define
Dno(t) =Dy U {t}

and Fy,(; on [to, o(t)] by

Fut®={ ot 40 1§ smoth
Then
Frow) (to) = Frt (to) = zo
[P (s~ )| = |Fd(s) ~ f()| < = for s D
and

Fna(t)(”(t)) - Fna(t) (t)

[F50(0 - 50| = | 00 - 10)
—VMWW@N%ﬂww—@ﬂ
- ()
Fr(t) + u() F(£) — Fuc(t)
% u(® —mﬂ
w0
“ a(® f(t)‘
=0

and therefore the statement S(o(t)) is true.

3. Let ¢ be right-dense and assume that S(¢) is true. Since ¢ is right-dense and f is regulated,

F(tt)= lim tf(s) exists.

8—t,8>1

Hence, there exists a neighbourhood U of ¢ with

|f(s) = F(M)| < % forall seUnN(t00). (10.2)
Let r € U N (¢,00). Define
Dyr = (Due\{t}) U [t,7]"

and Fy, on [to,7] by

B Fnt (8) if se€ [t01 t]
F“$_{mm+ﬂmw—wifsﬂW+

Then F,, is continuous at ¢ and hence on [tg, r]. Also, F,, is differentiable on (¢,r)* with
Fis)=f(t*) forall se (t,]"
Hence, F,, is pre-differentiable on [t,, t). Since ¢ is right-dense, we have that F,, is pre-differentiable with D,,.

From here and from (10.2), we also have

|FnAr(8) —f(3)| < % forall s €& Dy,

Therefore, the statement S(r) is true for all r € U N (¢, 00).

4. Now, let t be left-dense and suppose that S(r) is true for r < ¢. Since f is regulated,
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@)= s_l}itfsnd f(s) exists. (10.3)

Hence, there exists a neighbourhood U of ¢ with

|f(s)—F(t7)| < % forall seUN(—oo,t).

Fix some r € U N (—oo, t) and define

Dot Dy U (ryt)  if r is right-dense
™=\ DpUlr,t) if ris right-scattered
and Fy; on [tg, ] by
Fou(s) = For(s) if s € (to,7]
OZ Fu®+ F () (s—7) i s e

We note that F; is continuous at 7 and hence in [¢,,t]. Since
Fi(s)=f(@t") forall se(nd]
E,; is pre-differentiable with D,; and
|FnAt(s) — f(s)| < % forall s€ Dy

Hence, the statement S(%) is true.

By the induction principle, it follows that S(¢) is true for all ¢ > ¢, € T. Similarly, we can show that S(t) is valid for ¢ < ¢,.
Hence, F,, is pre-differentiable with D,,, F;, (t¢) = o, and

1
|F,,A(t)—f(t)|sg forall ¢e D,.
Now, let

F=1lim F, and D=[)Dn
n—oo

neN

Then F (ty) = o, f is pre-differentiable on D, and, using Theorem & 10.7,

FA@) = Jlim FA@t)=f@) forall teD

10: Regulated, rd-Continuous, and Pre-Differentiable Functions is shared under a not declared license and was authored, remixed, and/or curated
by LibreTexts.
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11: The Delta Integral

# Definition: Cauchy Integral

Assume f: T — R is a regulated function. Any function F' as in Theorem 10.8 is called a preantiderivative of f. We define the

indefinite integral of a regulated function f by
/ FO)AL= F() + ¢
where c is an arbitrary constant and F is a pre-antiderivative of f. We define the Cauchy integral by

/t f(AT=F({t)—F(s) forall s,teT

# Definition: Antiderivative of a function

A function F : T — R is called an antiderivative of f: T — R provided

FA() = f(f) holds for all ¢ e T".

v/ Example 11.1

Let T = Z. Then o(t) =t + 1,t € T. Assume f(t) = 3t + 5t + 2,£ € T. Since g(t) = t* + ¢? satisfies

g2 () = (o(t))? + to(t) + 12 + o(t) + ¢
=@E+1)2+tt+1)+tP+t+ 1+t
=242 +1+82+t+t2 4241
=3t2 4 5t 42

we have

/(3t2+5t+2)At=t3+t2+c

v/ Example 11.2
3t ,t € T. In this case, we have that o(t) = 2¢. Since g(t) = sin ¢ satisfies

Let T = 2N and define f: T — Rby f(t) = %sin %cos o

sino(t) —sint
o(t)—t
sin(2t) —sint
t

g4 (t)

3sin 1cos ﬁ
t 2 2

we get

2.t 3t 3
/?s1n5cos?At—smt+c
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Let T = N2 and define f: T — R by f(t) =

L g (1+v?)?

,t € T. Here, o(t) = (1 + v1)%.
1+ 2vE n ) =( )

Since ¢(t) = log satisfies
logo(t) —logt
Arp) —

_ log(1+v?t)2 —logt

(1+vE)2—t

1 (1+ V)2
=) log

1+2v% &

we get

/ 1 log (1+%)?

At=logt+c
1+2V2 ¢ &

v/ Example 11.1

LetT={—%:n€N}UNoand

6t24+9t—17 . 1
A+maren o te{_H'neN}
T2+ 9t —6
(1+7)(8+Tt)

ft)y=
if teNp
Set

142

I+ e
v '€

By Example 7.8, we get
FA()=f(t), teT

Therefore

14142
+

/f(t)At: Tt 4o, ter

where C is a constant.

v/ Example 11.1

o
LetT = {(%) :neNo}U{O,l} and

—(4+5t)?i+5\/i) if te{(%)”:neN}

fty=q 46, ,_1
7 f i3
B o,

Set
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1+7t

F(t)=4+5t’

teT

By Example 7.9, we get
FA@)=f(t), teT

Therefore

where (' is a constant.

v/ Example 11.1

LetU={%:neN}and

T=UUQ-U)UQ1+U)U@R-U)U(@2+U)U{0,1,2},

and
(151 1
e T 173
195 . . 3
e I t=3
—153 -3t if teU\{%}
3 2
L E U (L S te(1—U)\{l}
8 2
FO =1 —153+ 172 10t +2 i te(1+U)\{%}
3 2
(15422 43248 te(2—U)\{§}
8 2
—15t3 + 342 — 31t +10 if te(2+U)\{g}
0 if t=0
—6if t=1
| —36if t=2
Set

Ft)=(2+t*)(1-¢*), teT.
By Example 7.10, we get
FA() = f(t), teT"
Therefore

/f(t)At =(2+t*)(1-t*)+C, teT*

where C is a constant.
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Let T = N}. Prove that
/(2t+3\3/t_2+3%+2)At=t2+t+c

Answer

Add texts here. Do not delete this text first.

& Theorem 11.1

Every rd-continuous function f: T — R has an antiderivative. In particular, if ¢, € T, then f defined by

t
F(t)=/t f(nAT for teT,

is an antiderivative of f.

Proof. Since f is rd-continuous, it is regulated. Let F be a function guaranteed to exist by Theorem 0.13, together with D,
satisfying

FA()=f@) for teD

We have that F is pre-differentiable with D. Let ¢ € T*\D. Then ¢ is right-dense. Since f is rd-continuous, f is continuous at .
Let € > 0 be arbitrarily chosen. Then there exists a neighbourhood U of ¢ such that

|f(s)—f(t)|<e forall se
We define
h(r)=F(1) — f¢) (r—t) for T€T.
Then h is pre-differentiable with D and

hA(1) = FA(1) — f(2)
=f(r)— f(t) forall Te€D

Hence,
|[R2(s)| = 1£(s) — £(2)|
<e forall seDNU
Therefore,
sup |hA(s)| <e,
seDNU
whereupon

|E(t) = F(r) = f()(¢ — )| = | h(2) + f(2) (¢ — to) —(h(r)
+£(t) (r—t0)) — F)(t — 1) |
=[h(2) — h(r)]

S{ sup |hA(s)|} [t —7r|
seDNU

<elt—r|

which shows that f is differentiable at t and FA(t) = f(¢).

11: The Delta Integral is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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