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1.1: Introduction to Improper Functions
In Section 7.2 (pp. 462-484) we considered functions of the form

b
F(y) = / flz,y)dz, c<y<d. (1.1.1)

We saw that if f is continuous on [a,b] x [c,d], then F' is continuous on [c,d] (Exercise 7.2.3, p. 481) and that we can reverse the

order of integration in
d d b
/ F(y)dy=/ (/ f(x,y)dw) dy (1.1.2)

to evaluate it as

/CdF(y)dy:/: (/cdf(x’y)dy> da (1.13)

(Corollary 7.2.3, p. 466).
Here is another important property of F.

[theorem:1] If f and f, are continuous on [a,b] x [c,d], then

b
F) = [ S, c<y<d (1.1.4)

is continuously differentiable on [c, d] and F’(y) can be obtained by differentiating [eq:1] under the integral sign with respect to y;
that is,

b
F'(y):/ fy(z,y)dz, c<y<d. (1.1.5)

Here F’(a) and f,(z, a) are derivatives from the right and F’(b) and f,(z,b) are derivatives from the left.

If yand y + Ay are in [¢,d] and Ay # 0, then

F(y+ Ay) — F(y) :/b flz,y+ Ay) — f(z,y)

. 1.1.
Ay Ay dz (1.1.6)

From the mean value theorem (Theorem 2.3.11, p. 83), if z®[a, ] and y, y + Ay™[c, d], there is a y(z) between y and y + Ay such
that

@,y + Ay) — f(z,y) = fy(z,9)Ay = fy(z, y(x)Ay+(f,(z,y(z) — fy(z,9)Ay. (1.1.7)

From this and [eq;3],

Fy+Ay) — F(y) 7/”fy(x’y) e

b
- < [ 15ast@) = fz)ldo (1.1

Now suppose ¢ > 0. Since f, is uniformly continuous on the compact set [a, b] x [c, d] (Corollary 5.2.14, p. 314) and y(z) is between
y and y + Ay, there is a § > 0 such that if |A| < § then

\fy(@,9) =yl y(@)| <€ (2,9)"[a,b] x [c,d]. (1.1.9)

This and [eq;4] imply that

@IOIC]E) 2 (1.1.1)



LibreTexts"

F(y+ Ay—F(y)) b

Ay = | @y de) <elb—a) (1.1.10)

if y and y + Ay are in [¢,d] and 0 < |Ay| < é. This implies [eq;2]. Since the integral in [eq:2] is continuous on [¢, d] (Exercise 7.2.3,
p. 481, with f replaced by f,), F’ is continuous on [c, d].

[example:1] Since
f(z,y) =coszy and f,(zr,y) = —zsinzy (1.1.11)
are continuous for all (z,y), Theorem [theorem:1] implies that if
\[\label{eq:5} F(y)=\int_{0}*{\pi} \cos xy\,dx,\quad -\infty
then
\[\label{eq:6} F'(y)=-\int_{0}*{\pilx\sin xy\,dx,\quad -\infty

(In applying Theorem [theorem:1] for a specific value of y, we take R = [0, 7] x [—p, p], where p > |y|.) This provides a convenient
way to evaluate the integral in [eq;6]: integrating the right side of [eq;5] with respect to z yields

sinzy |™ sin 7y
Fly)=——| =——, y#0. (1.1.12)
Y =0 Yy
Differentiating this and using [eq:6] yields
” .
/ xsinxydx:wfm7 y#0. (1.1.13)
0 Y Yy

To verify this, use integration by parts.

We will study the continuity, differentiability, and integrability of

b
Fly)= [ flz,y)de, ™S5, (1.1.14)

a

where S is an interval or a union of intervals, and F is a convergent improper integral for each y™S. If the domain of f is [a, b)
x S where \(-\inftypointwise convergent on S or simply convergent on S, and write

b T
[ fwyda =t [ ey)da (1.1.15)
a r=b=Ja
if, for each y'"*S and every ¢ > 0, there is an r = r((y) (which also depends on ¢) such that
\[\label{eq:8} \left|F(y)-\int_{a}*{rH(x,y)\,dx\right|= \left|\int_{r}*{b}f(x,y)\,dx\right|< \epsilon, \quad r_{®}(y)\le y

If the domain of f is (a,b] x S where \(-\infty\le a

b b
[ s =t [ fey)ds (1.1.16)
a r—a r
and [eq:8] by
\[\left|F(y)-\int_{r}*{bH(x,y)\,dx\right|= \left\int_{a}*{r}(x,y)\,dx\right|< \epsilon, \quad a

In general, pointwise convergence of F for all y'"*S does not imply that F' is continuous or integrable on [, d], and the additional
assumptions that f, is continuous and fnb fy(z,y) dz converges do not imply [eq:2].

[example:2] The function

flz,y) = ye (1.1.17)

@IOIC]E) 3 (1.1.2)
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is continuous on [0, c0) X (—o0, c0) and

F(y) = / fl@,y)de = / ye V" dp (1.1.18)
0 0
converges for all y, with
-1 y<0,
Flyy=< 0 y=0, (1.1.19)
1 y>0;
therefore, F' is discontinuous at y = 0.
[example:3] The function
flz,y) =yle v (1.1.20)

is continuous on [0, c0) X (—o0, 00). Let
\[F(y)=\int_{0}*{\infty}f(x,y)\,dx= \int_{0}*\infty}y*{3}e  {-y*{2}x}\,dx =y,\quad -\infty
Then

\[F'(y)=1, \quad -\infty

However,
* 0 3,y * o 4.\~ {1 y#0
9 ) de — P vo gy = {1 ’ 1.1.21
| g~ [ e —wtaerr = {0 170 (1.1.21)
SO
Pt [ Y@ 0w o (1.1.22)
0 oy

This page titled 1.1: Introduction to Improper Functions is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Preparation

We begin with two useful convergence criteria for improper integrals that do not involve a parameter. Consistent with the
definition on p. 152, we say that f is locally integrable on an interval I if it is integrable on every finite closed subinterval of I.

[theorem:2] Suppose g is locally integrable on [a, b) and denote
\[G(r)=\int_{a}*{r}g(x)\,dx,\quad a\le r
Then the improper integral fab g(z) dz converges if and only if, for each e > 0, there is an ri*[a, b) such that
\[\label{eq:9} |G(r)-G(r_{1})|<\epsilon\quad r_{®Nle r,r_{1}
For necessity, suppose f:g(z) dz = L. By definition, this means that for each € > 0 there is an ri*[a, b) such that
\[|IG(r)-L|<\frac{\epsilon}{2} \text{\quad and\quad} |G(r_{1})-L|<\frac{\epsilon{2} \quad r_{O}\le r,r_{1}
Therefore
\[\begin{aligned} |G(r)-G(r_{1})|&=&|(G(r)-L)-(G(r_{1})-L)\ &\le& |G(r)-L|+|G(r_{1})-L|< \epsilon\quad r_{O}\le r,r_{1}
For sufficiency, [eq:9] implies that

|G(r)| = |G(r1) + (G(r) = G(r))| < |G(r)[ +1G(r) = G(r)| < |G(r1) + ¢, (1.2.1)
\(r_{®}\le r\le r_{1}
\[\overline{G}(r)=\sup\left\{G(r_{1})\, \big|\, r\le r_{1}
are well defined on [a, b), and

lim G(r)=L and lim G(r)=1L (1.2.2)

r—b— r—b—""

both exist and are finite (Theorem 2.1.11, p. 47). From [eq:9],

G(r) = Glr)| = (G(r) = G(r0)) = (G(r1) = G(ro)) 123)
< |G(r) = G(ro)| +[G(r1) — G(ro)| < 2,
SO
\[\overline{G}(r)-\underline{G}(r)\le 2\epsilon, \quad r_{ON\le r, r_{1}
Since € is an arbitrary positive number, this implies that
lim (G(r) = G(r)) =0, (1.2.4)
soL=L.Let L=L = L. Since
G(r) < G(r) < G(r), (1.2.5)

it follows that lim,_,;, G(r) = L.
We leave the proof of the following theorem to you (Exercise [exer:2]).
[theorem:3] Suppose g is locally integrable on (a, b] and denote

\[G(r)=\int_{r}*{b}g(x)\,dx,\quad a\le r

@IOIC]E) 5 (1.2.1)
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Then the improper integral fab g(z) dz converges if and only if, for each e > 0, there is an 7 (a, b] such that
\[IG(r)-G(r_{1})|<\epsilon,\quad a

To see why we associate Theorems [theorem:2] and [theorem:3] with Cauchy, compare them with Theorem 4.3.5 (p. 204)

This page titled 1.2: Preparation is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F. Trench via
source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 6 (1.2.2)


https://math.libretexts.org/Bookshelves/Analysis/Functions_Defined_by_Improper_Integrals_(Trench)/01%3A_Chapters/1.02%3A_Preparation
https://creativecommons.org/licenses/by-nc-sa/3.0/
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/math_faculty/87

LibreTexts"

1.3: Uniform convergence of improper integrals

Henceforth we deal with functions f = f(z,y) with domains I x S, where S is an interval or a union of intervals and I is of one of
the following forms:

e [a,b) with \(-\infty
e (a,b] with \(-\infty\le a
e (a,b) with —co < a<b< oo

In all cases it is to be understood that f is locally integrable with respect to = on I. When we say that the improper integral
fab f(z,y) dz has a stated property “on S” we mean that it has the property for every y™tS.

[definition:1] If the improper integral

b T
[ fawdo= tm [ sy do (13.1)

converges on S, it is said to converge uniformly (or be uniformly convergent) on S if, for each € > 0, there is an rit*[a, b) such that
\[\left\int_{a}Mb}(x,y)\,dx-\int_{a}Mr}f(x,y)\,dx\right| < \epsilon,\quad y\in S, \quad r_{®}\le r

or, equivalently,

\[\label{eq:11} \left\int_{r}*{b}f(x,y)\,dx\right|< \epsilon, \quad y\in S\quad r_{®}\le r

The crucial difference between pointwise and uniform convergence is that r¢(y) in [eq:8] may depend upon the particular value of
v, while the r; in [eq;11] does not: one choice must work for all y™S. Thus, uniform convergence implies pointwise convergence,

but pointwise convergence does not imply uniform convergence.

(Cauchy Criterion for Uniform Convergence I) [theorem:4] The improper integral in [eq:10] converges uniformly on S if and only
if, for each € > 0, there is an r’[a, b) such that

\[\label{eq:12} \left\int_{r}*{r_{1}}f(x,y)\,dx\right|< \epsilon, \quad y\in S\\quad r_{®}\le r,r_{1}
Suppose fab f(z,y) dz converges uniformly on S and e > 0. From Definition [definition:1], there is an ri’[a, b) such that

\[\label{eq:13} \left\int_{r}*{b}(x,y)\,dx\right| <\frac{\epsilon}{2} \text{\, and\,} \left\int_{r_{1}}*{b}(x,y)\,dx\right| <\frac{\epsilon}{2}
Aaquad y\in S, \quad r_{®Nle r,r_{1}

Since

b

1 b
[ tewdo= [ fepde- [ fed (1.3.2)

[eq:13] and the triangle inequality imply [eq:12].

For the converse, denote
F(y)=/ f(z,y) dz. (1.3.3)

Since [eq:12] implies that
\[\label{eq:14} |F(r,y)-F(r_{1},y)I< \epsilon,\quad y\in S, \quad r_{O}\le r, r_{1}

Theorem [theorem:2] with G(r) = F(r,y) (y fixed but arbitrary in S) implies that f(f f(z,y) dx converges pointwise for y™tS.
Therefore, if € > 0 then, for each ¢S, there is an ry(y)™[a, b) such that

@IOIC]E) 7 (1.3.1)
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b
f(z,y) dw

T

<e Y™, roly) <r<b. (1.3.4)

For each y'"*S, choose r;(y) > max[ry(y), 7). (Recall [eq;14]). Then

b r1(y) b
flz,y)dz = f(z,y)de + f(z,y) dz, 1.3.5
[ (z,y) da / (2,y) de /ﬁ(y) (2,y) da (13.5)

so [eq;12], [eq:15], and the triangle inequality imply that
\[\left\int_{r}*{b} f(x,y)\,dx\right|< 2\epsilon, \quad y\in S, \quad r_{O}\le r
In practice, we don't explicitly exhibit ro for each given e. It suffices to obtain estimates that clearly imply its existence.

[example:4] For the improper integral of Example [example:2],

| swaas| = [Te = e,y 2o, (1.3.6)

If |y| > p, then

/TOO flz,y) da:’ <e (1.3.7)

so [, f(z,y) dx converges uniformly on (—oo, p] U [p, 00) if p > 0; however, it does not converge uniformly on any neighborhood
of y = 0, since, for any r > 0, e " > 1 if |y| is sufficiently small.

[definition:2] If the improper integral

b b
/a f(,y) dz = lim / f(z,y) de (13.8)

converges on S, it is said to converge uniformly (or be uniformly convergent) on S if, for each € > 0, there is an ri"*(a, b] such that
\[\left\int_{a}*{b}f(x,y)\,dx-\int_{r}*{b}(x,y)\,dx\right| <\epsilon, \quad y\in S,\quad a

or, equivalently,

\[\left\int_{a}*r} f(x,y)\,dx\right|< \epsilon, \quad y\in S,\quad a

We leave proof of the following theorem to you (Exercise [exer:3]).

(Cauchy Criterion for Uniform Convergence II) [theorem:5] The improper integral

/ab flz,y)dz = Tliriq+ /Tb f(z,y) de (1.3.9)
converges uniformly on S if and only if, for each € > 0, there is an r**(a, b] such that
\[\left\int_{r_{1}}*{r}f(x,y)\,dx\right|< \epsilon,\quad y\in S,\quad a
We need one more definition, as follows.
[definition:3] Let f = f(z,y) be defined on (a,b) x S, where \(-\infty\le a

We leave it to you (Exercise [exer:4]) to show that this definition is independent of c; that is, if f: f(z,y) dx and fﬁb f(z,y) dz both
converge uniformly on S for some ¢'"(a, b), then they both converge uniformly on S for every ¢ (a, b).

We also leave it you (Exercise [exer:5]) to show that if f is bounded on [a,b] x [c,d] and ff f(z,y) dx exists as a proper integral for
each y™[c, d], then it converges uniformly on [c, d] according to all three Definitions [definition:1]-[definition:3].

@IOIC]E) 8 (1.3.2)
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[example:5] Consider the improper integral
F(y) = / z e da, (1.3.10)
0
which diverges if y < 0 (verify). Definition [definition:3] applies if y > 0, so we consider the improper integrals
1 [e's]
Fi(y) = / e Ve ™ dr and Fy(y) = / V2 dg (1.3.11)
0 1

separately. Moreover, we could just as well define

Fl(y)z/0 z 2" Wdz  and Fz(y)z/ o Ve W dg, (1.3.12)

where c is any positive number.

Definition [definition:2] applies to Fy. If \(®

/ 2w gy < / o V2 g < o2, (1.3.13)
so Fy(y) converges for uniformly on [0, c0).
Definition [definition:1] applies to F;. Since
T oo -y
/ 2120y dl" < ,,.*1/2/ e~ dy = 6_1/27 (1.3.14)
r T yr

F(y) converges uniformly on [p, oo) if p > 0. It does not converge uniformly on (0, p), since the change of variable u = zy yields

T1 ™y
/ V26 gy = y—l/?/ w1 2eu du, (1315)

Y

which, for any fixed r > 0, can be made arbitrarily large by taking y sufficiently small and r = 1/y. Therefore we conclude that F(y)
converges uniformly on [p, c0) if p > 0.

Note that that the constant ¢ in [eq:16] plays no role in this argument.

[example:6] Suppose we take

/ Y =T (1.3.16)
0 2

as given (Exercise [exer:31](b)). Substituting u = zy with y > 0 yields

* sin zy T
der = — 0. 1.3.17
R (1317)

What about uniform convergence? Since (sin zy)/x is continuous at x = 0, Definition [definition:1] and Theorem [theorem:4] apply

here. If \(O0\), then
T o} 1 T T1
/ sin zy g — L <cosxy +/ cos;vy dm) . so
r xT y x T r z

Therefore [eq:18] converges uniformly on [p, c0) if p > 0. On the other hand, from [eq:17], there is a § > 0 such that

T : 3
/ wdw‘ <= (1.3.18)
;@ ry

/ Pl u>Z, 0<up<d (1.3.19)
w U 4

0

This and [eq;18] imply that

@IOIC]E) 9 (1.3.3)
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/ SBYY g =/ Y > 2 (1.3.20)
- y U 4

z i

for any r > 0 if \(® O\).

This page titled 1.3: Uniform convergence of improper integrals is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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1.4: Absolutely Uniformly Convergent Improper Integrals
(Absolute Uniform Convergence I) [definition:4] The improper integral

b T
[ tawde=tim [ o (L4.1)

is said to converge absolutely uniformly on S if the improper integral

b r
[ 1o = tim [ 150 do (142)

converges uniformly on S; that is, if, for each € > 0, there is an ri**[a, b) such that
\[\left\int_{a}Mb}Hfxy) I\, dx-\int_{a}*Mr}If(x,y)|\,dx\right| <\epsilon, \quad y\in S)\quad r_{0}

To see that this definition makes sense, recall that if f is locally integrable on [a, b) for all y in S, then so is |f| (Theorem 3.4.9, p.
161). Theorem [theorem:4] with f replaced by |f| implies that f{f f(z,y) dx converges absolutely uniformly on S if and only if, for
each ¢ > 0, there is an ri*[a, b) such that

\N\int_{r}*Mr_{1}If(x,y)I\,dx<\epsilon,\quad y\in S,\quad r_{O}\le r

Since

/ f(z,y)dz

Theorem [theorem:4] implies that if f: f(z,y) dx converges absolutely uniformly on S then it converges uniformly on S.

< [z, (1.4.3)

[theorem:6] ( Weierstrass’s Test for Absolute Uniform Convergence I) Suppose M = M(z) is nonnegative on [a,b), ff M(z) dx
< o0, and

\[\label{eq:19} |f(x,y)] \le M(x), \quad y\in S)\quad a\le x

Then f: f(z,y) dz converges absolutely uniformly on S.

Denote f: M(z) dz = L < cc. By definition, for each € > 0 there is an r[a, b) such that
\[L-\epsilon < \int_{a}*{r}IM(x)\,dx \le L,\quad r_{®}

Therefore, if ro < r < r1, then
og/ M(:r)d:z::(/ M(x)dme)f(/ M(x)dfo><e (1.4.4)

This and [eq;19] imply that
\N\int_{r}Mr_{1BIf(x,y) I\, dx\le \int_{r}*{r_{1}} M(x)\,dx <\epsilon,\quad y\in S, \quad a\le r_{0}
Now Theorem [theorem:4] implies the stated conclusion.

[example:7] Suppose g = g(x,y) is locally integrable on [0, co) for all 'S and, for some aq > 0, there are constants K and p, such
that

lg(z,y)| < KeP®, ™S, x> aqg. (1.4.5)

If p > po and r > ag, then

@IOIC]E) 11 (1.4.1)
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o0 o0
[ e mlatalda = [ e rga, ) do
r r e (1.4.6)
- K/ooef(pfpo)x o — Ke—(P—po) 7
- r P — Do

so [,° e Pg(x,y) dz converges absolutely on S. For example, since
\[Ix*{\alpha}\sin xy|

for z sufficiently large if po > 0, Theorem [theorem:4] implies that fooo e P*z%sinzy dx and f0°° e P*x* cos zy dr converge absolutely
uniformly on (—o0,00) if p> 0 and a > 0. As a matter of fact, f0°° e PPz sinzy dx converges absolutely on (—oo, 00) if p > 0 and
a > —1. (Why?)

(Absolute Uniform Convergence II) [definition:5] The improper integral

b b
/a f(a,y) dz = lim / f(z,y) da (14.7)

is said to converge absolutely uniformly on S if the improper integral

b b
[ 1 wlde = lim [ 150l de (1.48)

converges uniformly on S; that is, if, for each ¢ > 0, there is an riont(a, b] such that
\[\left\int_{a}*{b}f(x,y)I\,dx-\int_{r}*b}|f(x,y)|\,dx\right] <\epsilon, \quad y\in S, \quad a
We leave it to you (Exercise [exer:7]) to prove the following theorem.

[theorem:7] (Weierstrass’s Test for Absolute Uniform Convergence II) Suppose M = M(z) is nonnegative on (a, b], ff M(z) dx
< 00, and

fa,y) < M(@), ™S, 2"(ab. (1.4.9)
Then f: f(z,y) dx converges absolutely uniformly on S.
[example:8] If g = g(x,y) is locally integrable on (0, 1] for all ™S and
\[lg(x,y)l \le Ax*-\beta}, \quad ®

for each ¢S, then

/0 z%g(z,y) dx (1.4.10)

converges absolutely uniformly on S if a > 8 — 1. To see this, note that if \(®

Axaf[ﬂ»l T A,r.(yfﬂ+l

o dr < A By = . 1.4.11
[ ol a [ atae = Zo ol < A (1411)
Applying this with 8 = 0 shows that
1
F(y) =/ z%coszydx (1.4.12)
0
converges absolutely uniformly on (—o0, ) if @« > —1 and
1
G(y) =/ z%sinzy dx (1.4.13)
0

converges absolutely uniformly on (—oo, 00) if o > —2.

@IOIC]E) 12 (1.4.2)
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By recalling Theorem 4.4.15 (p. 246), you can see why we associate Theorems [theorem:6] and [theorem:7] with Weierstrass.

This page titled 1.4: Absolutely Uniformly Convergent Improper Integrals is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 13 (1.4.3)


https://math.libretexts.org/Bookshelves/Analysis/Functions_Defined_by_Improper_Integrals_(Trench)/01%3A_Chapters/1.04%3A_Absolutely_Uniformly_Convergent_Improper_Integrals
https://creativecommons.org/licenses/by-nc-sa/3.0/
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/math_faculty/87

LibreTexts"

1.5: Dirichlet’s Tests

Weierstrass’s test is useful and important, but it has a basic shortcoming: it applies only to absolutely uniformly convergent
improper integrals. The next theorem applies in some cases where ff f(z,y) dx converges uniformly on S, but fa" |f(z,y)| dz does

not.

[theorem:8] (Dirichlet’s Test for Uniform Convergence I) If g, g., and h are continuous on [a,b) x S, then

b
/ oz, vh(z, y) do

converges uniformly on S if the following conditions are satisfied:

lim 4 suplg(z,y)| » = 0;
z—b— Yt s

There is a constant M such that

\[\sup_{y\in Shleft|\int_{a}*{x}h(u,y)\,duright|< M, \quad a\le x
! 192(z,y)| dx converges uniformly on .

If

H(.’E,y) :/Ih‘(uvy) du,

then integration by parts yields

/ " g(@,)h(z,y) da

Since assumption (b) and [eq:20] imply that |H(z,y)| < M, (z,y)™(a,b] x S, Eqn. [eq;21] implies that

/n g(z,y)h(z,y) dz

on [r,7] X S.

/n g(z,y)He(z,y) d
g(ri,y)H(r1,y) — g(r,y)H(r,y)
_/ gz(z,y)H(z,y) dz.

<o (2sup ool + [ lante)ds

(1.5.1)

(1.5.2)

(1.5.3)

(1.5.4)

(1.5.5)

Now suppose € > 0. From assumption (a), there is an rit*[a, b) such that |g(z, y)| < e on S if \(r_{O}\le x (c) and Theorem [theorem:6],

there is an si'[a, b) such that
\Nint_{r}*Mr_{1}}1g_{x}(x,y)I\,dx<\epsilon, \quad y\in S, \quad s_{0}

Therefore [eq:22] implies that

\[\left\int_{r}*r_{1}}ga(x,y)h(x,y)\right] < 3M\epsilon, \quad y\in S, \quad \max(r_{8},s_{0})

Now Theorem [theorem:4] implies the stated conclusion.

The statement of this theorem is complicated, but applying it isn't; just look for a factorization f = gh, where h has a bounded
antderivative on [a,b) and g is “small” near b. Then integrate by parts and hope that something nice happens. A similar comment

applies to Theorem 9, which follows.
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Example 1.5.1

Add text here.
Solution

Add text here.

Let

The obvious inequality

cosmy’ < 1

zH+yl Ty
is useless here, since
/°° dx
= OQ.
0o z+y
However, integration by parts yields
/Tl coszy sinzy |M 4 /” sin zy de
T = — —_—
r Tty yz+y) S oyl +y)?

sinryy sinry " sinzy
= - + dz.
y(ri+y)  y(r+y) y(z +y)?

Therefore, if \(O< r

| —

n coszy 2 *© 1 3 3
dz ‘ +/ )s <
/r T4y <r+y r (T+y)? y(r+y)? = p(r+p)

if y > p > 0. Now Theorem [theorem:4] implies that I(y) converges uniformly on [p, co) if p > 0.

We leave the proof of the following theorem to you (Exercise [exer:10]).

[theorem:9] (Dirichlet’s Test for Uniform Convergence II) If g, g,, and h are continuous on (a, b] x S, then
b
[ st whiay) iz
converges uniformly on S if the following conditions are satisfied:
Jim {EEE Ig(x,y)} =0;
There is a constant M such that

sup
ymts

<M, a<z<l

/: h(u,y) du

fab |g=(z,y)| dz converges uniformly on S.

(1.5.6)

(1.5.7)

(1.5.8)

(1.5.9)

(1.5.10)

(1.5.11)

(1.5.12)

By recalling Theorems 3.4.10 (p. 163), 4.3.20 (p. 217), and 4.4.16 (p. 248), you can see why we associate Theorems [theorem:8]

and [theorem:9] with Dirichlet.
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1.6: Consequences of Uniform Convergence
[theorem:18] If f = f(z,y) is continuous on either [a, b) X [c,d] or (a,b] X [c,d] and

b
F(y) = / f(z,y)dz (1.6.1)

converges uniformly on [c, d], then F is continuous on [c, d]. Moreover,

/Cd (/abf(x,y) dz) dy = /: (/Cdf(z,y) dy) da. (1.6.2)

We will assume that f is continuous on (a, b] x [c, d]. You can consider the other case (Exercise [exer:14]).

We will first show that F in [eq:23] is continuous on [c,d]. Since F converges uniformly on [c,d], Definition [definition:1]
(specifically, [eq;11]) implies that if € > 0, there is an r™[a, b) such that

b
f(z,y) dx

T

<e c<y<d. (1.6.3)

Therefore, if ¢ < y,yo < d], then

b b
IF(y) — Flyo)] = [ t@yda— [ s do
r b
< [ vew - rewds|+| [ o) iz (1.6.4)
' b
+ / f(‘rv yU) dx )
so
1F() ~ )| < [ 1f(e,) ~ fla, )] o + 2. (16.5)
Since f is uniformly continuous on the compact set [a, 7] x [c, d] (Corollary 5.2.14, p. 314), there is a § > 0 such that
if (z,y) and (z,yo) are in [a,r] X [¢,d] and |y — yo| < 4. This and [eq:25] imply that
|F(y) — F(yo)| < (r—a)e+2e< (b—a+2)e (1.6.7)

if y and yo are in [¢,d] and |y — yo| < . Therefore F' is continuous on [c, d], so the integral on left side of [eq:24] exists. Denote

I= /cd (/ab flz,y) dac) dy. (1.6.8)

We will show that the improper integral on the right side of [eq:24] converges to I. To this end, denote

I(r) = /{: (/cd flz,y) dy) dx. (1.6.9)

Since we can reverse the order of integration of the continuous function f over the rectangle [a, 7] X [c, d] (Corollary 7.2.2, p. 466),

I(r) = /Cd (/{; flz,y) da:) dy. (1.6.10)
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From this and [eq;26],

d b
I—1I(r) =/ (/ flz,y) dm) dy. (1.6.11)

Now suppose ¢ > 0. Since f;’ f(z,y) dz converges uniformly on [c, d], there is an r**(a, b] such that
\[\left\int_{r}*{b}(x,y)\,dx\right|<\epsilon, \quad r_{0}

so |1 — I(r)| < (d — c)e if \(r{6}

TILIIE ar (/Cd flz,y) dy) dr = /Cd </ab flz,y) dx) dy, (1.6.12)

which completes the proof of [eq:24].

[example:10] It is straightforward to verify that
o 1
/ e Wder=—, y>0, (1.6.13)
0 Y

and the convergence is uniform on [p, oo) if p > 0. Therefore Theorem [theorem:10] implies that if \(®

Y2 Y2 0 [*3) Yo
/ dy = / (/ e dx) dy :/ (/ e dy) dy
n Y Y 0 0 Y1

: , (1.6.14)
R0 H—TYL __ o TY2
— / £ __—° dx.
0 X
Since
Y2 d
/ Y 10g 2, gy >0, (1.6.15)
n Y 1
it follows that
0 L—TY1 _ o~ TY2
/ . log 2, ya > y1 > 0. (1.6.16)
0 T Y1
[example:11] From Example [example:6],
* sin zy T
SR ge =X 0 1.6.17
[ =g >0 (1.67)
and the convergence is uniform on [p, c0) if p > 0. Therefore, Theorem [theorem:18] implies that if \(®
™ b2  sinzy 0 Y2 gin zy
E(yz—yl) = de | dy = —dy| dx
Y1 0 z 0 Y1 z (1618)

° cos Ty — CoS TYs
—2 dm.
0 xT

The last integral converges uniformly on (—oo, co) (Exercise 10(h)), and is therefore continuous with respect to y; on (—oo, 00), by
Theorem [theorem:18]; in particular, we can let y; — 0 + in [eq;27] and replace y, by y to obtain

o0

1_

/ — W ae="E y>o. (1.6.19)
0 x 2

The next theorem is analogous to Theorem 4.4.20 (p. 252).

[theorem:11] Let f and f, be continuous on either [a,b) X [c,d] or (a,b] X [c, d]. Suppose that the improper integral

@IOIC]E) 18 (1.6.2)
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b
Fy) = / f(z,y)dx (1.6.20)

converges for some y[c, d] and

b
Gly) = / fy(@,y) dx (1.6.21)

converges uniformly on [c, d]. Then F' converges uniformly on [c, d] and is given explicitly by

F(y) = F(yo) + yG(t) dt, c¢<y<d. (1.6.22)

Yo
Moreover, F' is continuously differentiable on [c, d]; specifically,
F'(y)=Gly), c<y<d, (1.6.23)
where F’(c) and f,(z, c) are derivatives from the right, and F’(d) and f,(z,d) are derivatives from the left.
We will assume that f and f, are continuous on [a,b) x [c,d]. You can consider the other case (Exercise [exer:15]).
Let
\[F_{r}(y)=\int_{a}*{r}f(x,y)\,dx, \quad a\le r

Since f and f, are continuous on [a, r] X [c,d], Theorem [theorem:1] implies that

Fl(y) = / fy(,y)dz, c<y<d (1.6.24)
Then
y T
Fily) = R+ [ ([ fetydo)
Yo a
Y
= F(yo)+ [ G(t)dt (1.6.25)
Yo
y b
) = Fuo) ~ [ [ flatide) d c<y<d
Yo T
Therefore,
Y
R - Fon - [ Ga < IFyyo) — Fl)|
Yo y b (1626)
+ / / fy(z,t) dz| dt.
Yo r
Now suppose € > 0. Since we have assumed that lim,_,;, F,(yo) = F(yo) exists, there is an r( in (a, b) such that
\[IF_{rHy_{®})-F(y_{®})I<\epsilon\quad r_{O}
Since we have assumed that G(y) converges for yt[c, d], there is an ri**[a, b) such that
\[\left\int_{r}*b}_{y}(x,t)\,dx\right|<\epsilon, \quad t\in[c,d], \quad r_{1}\le r
Therefore, [eq:29] yields
Yy
Fr(y) = F(yo) — | G@)dt| <e(l+|y—yol) <e(l+d—c) (1.6.27)
Yo

if \(\max(r_{®},r_{1}) \le r
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Fly) = Fyo)+ [ G@yat, e<y<d

Yo

(1.6.28)

Since G is continuous on [c, d] by Theorem [theorem:18], [eq:28] follows from differentiating this (Theorem 3.3.11, p. 141).

[example:12] Let
I(y) = / e v’ dz, y>0.
0

Since

1(y) = %/Om -

and the convergence is uniform on [p, ) if p > 0 (Exercise [exer:8](i)). To evaluate the last integral, denote J(p

2 P —u? P —v? P —(u?4v?)
J*(p) = e " du eV dv| = e du dv.
0 0 0o Jo

Transforming to polar coordinates r = rcos 6, v = rsin 6 yields

it follows that

/ﬂﬂ/ re" drdf = F(liel)), so J(p) = (176;)).

Therefore

o © 1
/ et dt = lim J(p) = ﬁ and / e ¥dr=— 1, y>0.
0 p—00 2 0 2 Yy

Differentiating this n times with respect to y yields

/wxgne,wzdx: 1-3-(2n—1)V7
0

PORESTE y>0, n=123,..,

(1.6.29)

(1.6.30)

(1.6.31)

= [le " dt; then

(1.6.32)

(1.6.33)

(1.6.34)

(1.6.35)

where Theorem [theorem:11] justifies the differentiation for every n, since all these integrals converge uniformly on [p, 00) if p > 0

(Exercise [exer:8](i)).

Some advice for applylng this theorem: Be sure to check first that F(yy) = f f z,yo) dx converges for at least one value of y. If
so, differentiate [’ f(z,y) dz formally to obtain [’ f,(z,y) dz. Then F’(y) = [’ f,(x,y) dz if y is in some interval on which this

improper integral converges uniformly.

This page titled 1.6: Consequences of Uniform Convergence is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or

curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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1.7: Applications to Laplace transforms

The Laplace transform of a function f locally integrable on [0, ) is
F(s) =/ e " f(z)de (1.7.1)
0

for all s such that integral converges. Laplace transforms are widely applied in mathematics, particularly in solving differential
equations.

We leave it to you to prove the following theorem (Exercise [exer:26]).

[theorem:12] Suppose f is locally integrable on [0, 00) and |f(z)| < Me** for sufficiently large z. Then the Laplace transform of F
converges uniformly on [sy, 00) if s1 > s¢.
[theorem:13] If f is continuous on [0,00) and H(z) = [~ e *"f(u) du is bounded on [0,00), then the Laplace transform of f
converges uniformly on [sy, 00) if s1 > s¢.

Ifo<r<mr,

/ e *f(x)de = / e (50T £ df = / e TOLH (z) dt. (1.7.2)

T

Integration by parts yields

71

/ e T f(z)dt = ef(sst)wH(m)

+ (s —s0) / e T H(z) da. (1.7.3)

T

Therefore, if |H(z)| < M, then

' —sz d < M —(s—s0)r1 + —(s—so)r _ / (s—so)z
/r e f(x)dx| < e e (s —s0) (1.7.4)
< 3Me (550l < 3Me~ (s1=s0)r s> s7.
Now Theorem [theorem:4] implies that F'(s) converges uniformly on [s1, o).
The following theorem draws a considerably stonger conclusion from the same assumptions.
[theorem:14] If f is continuous on [0, o) and
H(z) = / e 7" f(u) du (1.7.5)
0
is bounded on [0, o), then the Laplace transform of f is infinitely differentiable on (s, c0), with
FM(s) = (—1)"/ e " f(z) dx; (1.7.6)
0
that is, the n-th derivative of the Laplace transform of f(x) is the Laplace transform of (—1)"z" f(x).
First we will show that the integrals
I,(s) = / e 2" f(x)dx, n=0,1,2,.. (1.7.7)
0
all converge uniformly on [sy, c0) if 51 > s¢. If \(®
/ e *z" f(x) dr =/ ei(S*S”)”"e*s”‘”x"f(x) dx :/ 67(378”)11'7LH/(Z‘) dz. (1.7.8)
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Integrating by parts yields

/ e 2" f(z)dx = r’fe‘“‘S”)”H(r) — r"e_(S_SO)TH(r)
" " ) (1.7.9)
—/ H(z) (67(57‘9“)%") dz,
where ’ indicates differentiation with respect to z. Therefore, if |H(z)| < M < oo on [0, 00), then
1 o0
/ ) dm’ <M (e_(S_SO)TT" T / (e~ (0| dz) . (1.7.10)

Therefore, since e~(*—*07" decreases monotonically on (n, ) if s > s (check!),
\[\left\int_{r}*r_{1}}eM-sx}x M {n}f(x)\,dx\right|<3Me*{-(s-s_{O®})r}r*{n},\quad n

so Theorem [theorem:4] implies that I,,(s) converges uniformly [s;,c0) if s; > so. Now Theorem [theorem:11] implies that F, 4
= —F/, and an easy induction proof yields [eq:30] (Exercise [exer:25]).

[example:13] Here we apply Theorem [theorem:12] with f(z) = cosax (a # 0) and sq = 0. Since

/ cosau du = =27 (1.7.11)
0 a
is bounded on (0, o), Theorem [theorem:12] implies that
F(s) = / e *“cosaxdx (1.7.12)
0
converges and
FM(s) = (71)"/ e *“z"cosardzr, s>0. (1.7.13)
0
(Note that this is also true if a = 0.) Elementary integration yields
F(s) = — 1.7.14
Hence, from [eq:31],
/00 ~5Tx™ cos (=" d" > n=0,1 (1.7.15)
€ ar = (— Y = e s .
0 dsm 2 + a2’ B

This page titled 1.7: Applications to Laplace transforms is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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1.8: Improper Functions (Exercises)

[exer:1] Suppose g and h are differentiable on [a, b], with
a<g(y)<b and a<h(y)<b c<y<d. (1.8.1)

Let f and f, be continuous on [a, b] x [c,d]. Derive Liebniz’s rule:
(1.8.2)

(Hint: Define H(y,u,v) = [, f(z,y) dz and use the chain rule.)
[exer:2] Adapt the proof of Theorem [theorem:2] to prove Theorem [theorem:3].
[exer:3] Adapt the proof of Theorem [theorem:4] to prove Theorem [theorem:5].

[exer:4] Show that Definition [definition:3] is independent of c; that is, if f; f(z,y) dz and f: f(z,y) dz both converge uniformly
on S for some c™(a, b), then they both converge uniformly on S and every ¢ (a, b).

[exer:5]
()OptOpt14pt 8pt22ptOpt

Show that if f is bounded on [a, b] % [¢, d] and fab f(z,y) dz exists as a proper integral for each y™[c, d], then it converges uniformly
on [c, d] according to all of Definition [definition:1]-[definition:3].

Give an example to show that the boundedness of f is essential in (a).

[exer:6] Working directly from Definition [definition:1], discuss uniform convergence of the following integrals:

© dZL‘ 0 —xy .2
(a) /O TW dx (b) /0 e W dx
(c) / eV g (d) / sin zy? dz
0 0
(e) / (3y® — 2zy)e ¥ da (f) / (2zy — y*z?)e ™ dz
0 0

[exer:7] Adapt the proof of Theorem [theorem:6] to prove Theorem [theorem:7].
[exer:8] Use Weierstrass'’s test to show that the integral converges uniformly on S :

()OptOpt14pt 8pt22ptOpt

oo
/ e Wsinzdz, S = [p,c0),p >0
0

/ ST gz, S = [, d], \(1
0

xY
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/ e 20T g p>0,8=(—00,00)
1 xr

s b)b <1
Ji e = o<

oo
/ M dz, S = (—o0,—p] U [p,00),p > 0.
1+ x2y?

/ e "Vdz, S =[p,00),p>0
1

/ e ™ dz, S = [~p, pl,p > 0

o0

oo
/ COS TY — COS AT COSTY — COSAT 1§ — (—o0, 00)
0

/ eV dz, S = [p,00),p > 0,n =0, 1, 2,...
0

[exer:9]

()®ptOpti4pt 8pt22ptOpt

Show that
T'(y) = /000 ¥ le ™ da (1.8.3)
converges if y > 0, and uniformly on [c, d] if \(®
Use integration by parts to show that
I'(y) = w y >0, (1.8.4)
and then show by induction that
T(y) = Ty +n) y>0, n=1,23 .. (1.8.5)

yly+1)-(y+n—1)’
How can this be used to define I'(y) in a natural way for all y # 0, —1, —2, ...? (This function is called the gamma function.)
Show that I'(n + 1) = n! if n is a positive integer.

Show that
/ et dt = s ' (a+ 1), a>-1, s>0. (1.8.6)
0

[exer:18] Show that Theorem [theorem:8] remains valid with assumption (c) replaced by the assumption that |g.(z,y)| is
monotonic with respect to = for all y*tS.

[exer:11] Adapt the proof of Theorem [theorem:8] to prove Theorem [theorem:9].

[exer:12] Use Dirichlet’s test to show that the following integrals converge uniformly on S = [p, c0) if p > 0:

(a)/ sin zy e (b)/ sin zy iz
1 Y 5 logx
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o
()/ coszyd (d)/ sin zy de
1 1ty

[exer:13] Suppose g, g, and h are continuous on [a,b) x S, and denote H(z,y) = f h(u,y) du, \(a\le x

b
hm{wmwawmmw@=o and /gA%Wﬂ%wM

a—=b— | yimg
converges uniformly on S. Show that fab g(z,y)h(z,y) dz converges uniformly on S.

[exer:14] Prove Theorem [theorem:18] for the case where f = f(z,y) is continuous on (a, b] X [c,d].
[exer:15] Prove Theorem [theorem:11] for the case where f = f(z,y) is continuous on (a, b] X [c, d].

[exer:16] Show that
/ f(x)coszydr and S(y / f(z)sinzydz

are continuous on (—oo, co) if

[ i@ <.

—00

[exer:17] Suppose f is continuously differentiable on [a, o), lim,_, f(z) = 0, and

/OO If(z)| dz < oo.

Show that the functions

C(y) = / f(z)coszydr and S(y / f(z)sinzydz

are continuous for all y # 0. Give an example showing that they need not be continuous at y = 0.
[exer:18] Evaluate F(y) and use Theorem [theorem:11] to evaluate I:

()OptOpt14pt 8pt22ptOpt

o dx © tan! ax — tan"' bz
F(y) = _— 0;,I= dz,a,b>0
(y) /0 5 yoa y# /0 . T, a

B © pa b
F(Z/)Z/ myda:,y>—1;I:/ dz,a,b>—1
0 0 log z
o0
F(y)z/ e Weosrdr,y>0
0
© ,—axr __ ,—bx
I:/ icosxdw,a,b>0
0 x
oo
F(y)z/ e Wsinzdr,y>0
0

0 p—ar _ efbx
I=/ ————sinzdz,a,b>0
0 T

o0 0 1 B
F(y) = / e “sinzydz;, I = / v _cosar ..
0 0

x
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0 o0 .
F(y) = / e cospyda; T = / o Sinaz
0 0 T

[exer:19] Use Theorem [theorem:11] to evaluate:

()OptOpt14pt 8pt22ptOpt

1
/ (logz)"x¥dz,y > —1n =0, 1, 2,....
0

0 dx
/(; de,y>0,n=0,l,2,....

o0
/ p2ntle—ue’ dz,y>0,n=0,1,2,..
0

/ zy® dz, \(®
0

[exer:20]
()OptOpti14pt 8pt22ptOpt

Use Theorem [theorem:11] and integration by parts to show that

[o¢]
F(y) = / e cos 2zy dz
0

satisfies
F’ +2yF = 0.
Use part (a) to show that
F(y) = Y

[exer:21] Show that

o0 y
—z2 . 2 2
/ e sin2zxydr =e Y / e du.
0 0

(Hint: See Exercise [exer:20].)

[exer:22] State a condition implying that

Cly) = /Oof(z) coszydr and S(y) = /Oof(a:) sinzy dx

7

are n times differentiable on for all y # 0. (Your condition should imply the hypotheses of Exercise [exer:16].)

[exer:23] Suppose f is continuously differentiable on [a, ),
/ |(z¥f(z)) |dz < 00, 0<k<m,

and lim,_,, z" f(z) = 0. Show that if

Cly) = /Oof(z) coszydr and S(y) = /Oof(x) sin zy dz,

ol

then
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C(k)(y)z/ a¥f(z) coszydr and S(k)(y)z/ z* f(z) sin zy dz,

0<k<n.

[exer:24] Differentiating
F(y) = / cos L dzx
1 xr

under the integral sign yields

oo
1
—/ “sin 2 dx,
1 X x

which converges uniformly on any finite interval. (Why?) Does this imply that F is differentiable for all y?

[exer:25] Show that Theorem [theorem:11] and induction imply Eq. [eq:30].

[exer:26] Prove Theorem [theorem:12].

(1.8.19)

(1.8.20)

(1.8.21)

[exer:27] Show that if F(s) = f0°° e " f(z) dz converges for s = s, then it converges uniformly on [sy, ). (What's the difference

between this and Theorem [theorem:13]?)

[exer:28] Prove: If f is continuous on [0, 00) and [, e~** f(z) dz converges, then

lim h e f(z)dz = /OO e " f(z) dx.
0

s=sot J o
(Hint: See the proof of Theorem 4.5.12, p. 273.)

[exer:29] Under the assumptions of Exercise [exer:28], show that

o0 o0

lim e f(x)de = / e f(z)dz, r>0.

s=sot+ ), r

[exer:30] Suppose f is continuous on [0, c0) and
F(s) =/ e " f(z)dx
0

converges for s = sy. Show that lim,_,., F(s) = 0. (Hint: Integrate by parts.)
[exer:31]
()OptOpt14pt 8pt22ptOpt

Starting from the result of Exercise [exer:18](d), let b — co and invoke Exercise [exer:30] to evaluate

~ .
g SIDE
/ e dr, a>0.
0

Use (a) and Exercise [exer:28] to show that

[exer:32]
()®ptOpti14pt 8pt22ptOpt

Suppose f is continuously differentiable on [0, c0) and
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|f(z)] < Me*®, 0<z<o0.

Show that
G(s) = /000 e f'(z) dx
converges uniformly on [s;, 00) if s1 > s¢. (Hint: Integrate by parts.)
Show from part (a) that
G(s) = /000 e ze” sine” dz

converges uniformly on [p, c0) if p > 0. (Notice that this does not follow from Theorem [theorem:6] or [theorem:8].)

[exer:33] Suppose f is continuous on [0, co),

lim f(z)

z—=0+ X

exists, and
F(s)=/ e f(z)dx
0

converges for s = so. Show that

/s:o F(u)du = /UOO ef‘w@ dx.

Answers to selected exercises

If f(z,y) =1/yfory# 0and f(z,0) = 1, then f;’ f(z,y) dz does not converge uniformly on [0, d] for any d > 0.

, (d), and (e) converge uniformly on (—oo, p] U [p, o) if p > 0; (b), (c), and (f) converge uniformly on [p, c0) if p > 0.

Let O(y) = / 1Y 4z and S(y) = / SMTY 4z. Then C(0) = oo and S(0) = 0, while S(y) = m/2 if y # 0.
1 X

1 X

T m a 1 a+1
Fly) = ——:T= Zlog L F(y) = ——iT = log 2=
(v) 27l 5log 7 F(y) ) 08 3T

y 1 b02+1
F(y) = ==
W) y2+1 2 a?+1
(d)F(y)z;'Iztanflb—tanfla

Y+ 1
() Fly) = —2—i1 = L1og(1 +a?)

y2+1’ 2

JJ=tan""a

1
() Fl) =

2
(_1)nn|(y+ 1)77171 7'1'272’“71( :)y7n71/2
n!

(©) 5

—2
(logy)~* (d) Tog 2

/OO " f(x)| dx < 0o
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No; the integral defining F' diverges for all y.

m —1
— —tan " a
2

Beginning of manual
1. If H(y,u,v) = / f(z,y) dz then

Hu(:U: U, U) = _f(u7 y)7 Hv(y,u,v) = f(’U, y)7 (1~8-33)

and, by Theorem 1, H,(u,v,y) = / fy(z,y) de. If

h(y)
F(o) = H 90, hw) = [ o) da, (1.8.34)
9(y)
then
F'(yy=  Hy(y,9(y),h)h' () + Hu(y, 9(v), h(¥) 9" (v) + Hy(y, 9(y), h(y))
, , h(y) (1.8.35)
= F(h(y), k' () — fla(y), v)9"(y) +/( ) fy(z,y) de.

2. Theorem 3 (Cauchy Criterion for Convergence of an Improper Integral II) Suppose g is integrable on every finite closed
subinterval of (a, b] and denote

G(r) = /bg(z) dr, a<r<b. (1.8.36)

Then the improper integral [ ;’ g(z) dz converges if and only if, for each € > 0, there is an ri’(a, b] such that
\[\tag{A} |G(r)-G(r_{1})|\le\epsilon,\quad a

For necessity, suppose [ ;’ g(z) dz = L. By definition, this means that for each € > 0 there is an ri’(a, b] such that

IG(r) — L| < % and |G(ry)—L| < % a<rr <o (1.8.37)
Therefore,
G(r) — G(r1)| = (G(r) ~ L)~ (G(r1) — L] (18.38)
< G —L|+|G(r)— Ll <e, a<rr <
For sufficiency, (A) implies that
IG(r)| = |G(r1) + (G(r) = G(r1))| < |G(r1)| +|G(r) = G(r1)| < |G(r1)] + €, (1.8.39)

a < ry <ry Since G is also bounded on the compact set [ry,b] (Theorem 5.2.11, p. 313), G is bounded on (a,b]. Therefore the
monotonic functions

\[\overline{G}(r)=\sup\left\{G(r_{1})\, \big|\, a
are well defined on (a,b], and

lim G(r)=L and lim G(r)=1L (1.8.40)

r—a+ r—at+ T
both exist and are finite (Theorem 2.1.11, p. 47). From (A),

|G (r) = G(r1)] [(G(r) = G(ro)) — (G(r1) — G(ro))]

|G(r) — G(ro)| + |G(r1) — G(r0)] < 2e, (1.8.41)

IA
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so G(r) — G(r) < 2e. Since € is an arbitrary positive number, this implies that
Tim (G(r) — G(r) =0,
soL=L.Let L=L= L. Since
G(r) < G(r) < G(r),

it follows that lim,_,.+ G(r) = L.

3. Theorem 5 (Cauchy Criterion for Uniform Convergence II) The improper integral

b b
Afmmm=ggﬁfmwm

converges uniformly on S if and only if, for each e > 0, there is an ri"*(a, b] such that
\[\tag{A} \left|\int_{r_{1}r}f(x,y)\,dx\right|< \epsilon, \quad y\in S, \quad a

Suppose [ f f(z,y) dz converges uniformly on S and e > 0. From Definition 2, there is an ri"(a, b] such that

/ f(;v,y)dx’<§ and

T1
€ s
/ f(z,y) dw‘ <5 yMS a<rrsr.
a

Since

b

/Trf(w,y)dxz/:f(x,y)dx_ f(z,y) de

(B) and the triangle inequality imply (A).

For the converse, denote

b
F@:/fwww

Since (A) implies that

|F(T’ y) - F(rhy)‘ <e yintSa a<r,ry <o,

(1.8.42)

(1.8.43)

(1.8.44)

(B)

(1.8.45)

(1.8.46)

(1.8.47)

Theorem 2 with G(r) = F(r,y) (y fixed but arbitrary in S) implies that |, : f(z,y) dx converges pointwise for y™S. Therefore, if ¢

> 0 then, for each y'™S, there is an ry(y)™™(a, b] such that
\[\tag{C} \left|\int_{faj}*{r}f(x,y)\,dx\right|\le \epsilon, \quad y\in S,\quad a

For each y™tS, choose r1(y) < min[ry(y), o). Then

r r1(y) r
/fmwm=/’7mmm+/wﬂ%wm
a a Ty,

so (A), (C), and the triangle inequality imply that

\[\left|\\int_{a}™r} f(x,y)\,dx\right|\le 2\epsilon,\quad y\in S,\quad a

(1.8.48)

4. From Definition 3, [ : f(z,y) dz converges uniformly on S if and only if [ f(x,y) dz and [ f f(z,y) dz both converge uniformly
on S, where c™™(a,b). From Theorems 4 and Theorem 5, this is true if and only if, for any ¢ > 0 there are points ro and s, in (a, b)

such that

\[\left\\int_{r}r_{1}f(xy)\,dx\right|\le \epsilon,\quad y\in S,\quad r_{O}\le r,r_{1}
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and
\[\left\\int_{s_{T} {s}f(x,y)\,dx\right|\le \epsilon,\quad y\in S,\quad a< s,s_{1}
These conditions are independent of c.

5. (a) If | f(z,y)| < M on [a,b] X [c,d] then

< M‘TQ — T (1849)

/ f(z,y)dz

so the Cauchy convergence theorems imply the conclusion.

Define f = f(x,y) on [0,1] x [0,1] by

\[f(x,y)= \begin{cases}\displaystyle\frac{1}{y} &\text{if\quad} ®

Then

\[\int_{r_{1HMr_{2}}f(xy)\,dx= \begin{cases}\displaystyle\frac{r_{2}-r_{1}}{y} & \text{if\quad} O
Therefore f does not satisfy the requirements of Cauchy’s convergence theorems.

6. In all parts I(y) denotes the given integral.

du
1+u?’
< eif |yl > p, so I(y) converges uniformly on (—oo, p] | J[p, o0) if p > 0.

1 [ *©  du 1 [ du
I1(0) = oo. If y + 0 let uw = zy; then I(y) = — If p> 0and e > 0, choose r so that T < pe. Then W
YJo Yy T

, u? 14 u?

. 1 o0 oo
I(y) =00 if y < 0. If y > 0 let u = zy; then I(y) = —3/ e “u?du. If p >0 and € > 0, choose r so that / e "u?du < pe. Then
Yy 0 T
1 o . . .
—3/ e "u?du < e if y > p, so I(y) converges uniformly on [p, co) if p > 0.
Yy Jr

o0
I(y) = 0 ify < 0. If y > 0 let u = zy'/? then I(y) = y*"*l/Q/ u?e " du. If p > 0 and € > 0, we can choose r so that / uPe " du

0 0 r

< ep"t\2 Then y‘"—l/Z/ uPe " du < e if y > p, so I(y) converges uniformly on S = [p, o0) if p > 0.

T

. . . 1 * sinud .
Since I(—y) = —I(y), it suffices to assume that y > 0. If u = yz? then I(y) = F Sm;_ . From Example 3.4.14 (p. 162), this
YJo U
* sinudu

integral converges conditionally. If p > 0 and ¢ > 0, we can choose r so that < 2ey/p, so I(y) converges uniformly

NG

<

on (—oo, —p] U[p, o0) if p > 0.

o0 00 3

p
e "du< £ and/ ue “du < E.
2 . 2

If u = y2x then I(y) =3/

2 o0
e “du— - / ue “du. If p > 0, we can choose r so that 3/
0 Y 0 r
Then

‘3/ efudu—%/ ue “du
T y T

so I(y) converges uniformly on (—oo, p]J[p, 00) if p > 0.

<e if |yl >p, (1.8.50)

. 1 [*
I(y) = —oc0 if y <0. If y >0, let u =uzy; then I(y) = —/ (2u —u*)e ™ du. If p >0 and € >0, we can choose r so that
YJo

/ |2u — u?|e ™ du < ep, S0 I(y) converges uniformly on S = [p, o) if p > 0.

7. Theorem 7 (Weierstrass’s Test for Absolute Uniform Convergence II) Suppose f = f(z,y) is locally integrable (a,b] and, for
some b (a, b],
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|f(z, )| < M(x), y™S, =™ (a, bo),

where

b()
/ M(z)dz < 0.

Then [ : f(z,y) dz converges absolutely uniformly on S.
Denote fab“ M(z) dz = L < oco. By definition, for each e > 0 there is an ti™(a, by] such that
\[L-\epsilon \le \int_{r}*"{b_{®}}M(x)\,dx \le L,\quad a

Therefore, if \(a

r bo by
0§/ M(x)dxz( M(w)dmL)( M(x)da:L><e.

This and (A) imply that
\N\int_{r_{1})}Mr)f(xy)|\,dx\le \int_{r_{1}"r} M(x)\,dx <\epsilon, \: y\in S,\: a
Now Theorem 5 implies the stated conclusion.

e~ sinz| < e if y > p and fpoo e P dx < oo.

o0 s d
/ ST _ 1(y) + L(y), where
0 x¥

xY

Usinz dz * sinz dzx
nw - [ and Ly = |
0 1

are both improper integrals. Since

\[\sin x= x-\left(\frac{x3}{3!}-\frac{x 5}}{5!}\right) -\left(\frac{x 7}}{7!}-\frac{x {9}}{9!}\right)+ \cdots

If0<landy<d<2 then

1
1
—1+y —1+d _
z dz < / z drx = ——

sinx

1
<z v <z's0 /
0

xY
so I,(y) converges absolutely uniformly on S. Since ¢ > 1,

1
c—1

| sin z|

if

oo
<z7¢ and / T dx =
xY 1

I,(y) converges absolutely uniformly on S.

sin zy

If x > 1thene™*

‘ < e P for all y and / e P dx < oo, since p > 0.
1

ey b

1oy =~ 1oy

1
if0§m<1andy§b,and/ (1fm)7bdx<ooifb<1.
0

dx

cos Ty <
—— <0
1+ p2z2

1+ z2y?

If ly| > p> 0 then for all z, and/
0

T 1+ p2x?

oo
If y> p> 0then e Y < eel/p and/ e P dz < oo.
0
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If |y| < p then e < TP’ and/ e®Pe™ dg < oco.

—00

* 2dzx
)

If |z| > 1 then |coszy — cosaz| < 2 and/ < oo
1

oo 9
If y > p>0then e %" < e and / e " dz < oco.
0

9. (a) If \(00\), fol z¥~le™ dx converges uniformly on [c,00) if ¢ >0, by Theorem 7. If x > 1 then |z¥"'e™®| < z%le™® if y

< d. Therefore, since 24 e dz < oo, / z¥te™ dz converges uniformly on (—o0,d] for every d, by Theorem 6. Hence,
1

1
oo
/ z¥"te™® dx converges uniformly on [c,d] if ¢ > 0.
0

If y > 0 then

Ve

Y

T(y) = / 2V le % dr =
0

© 1 f*™ T 1
+—/ zle " dx = M
0 YJo

Therefore

B T(y+n)
) = yly+1) - (y+n—1)

is true when n = 1. Now suppose it is true for given positive integer n, and replace y by y + n in (A):

Ny+n+1)
T(y+n)=—>—— "2
(y+n) ——
Substituting this into (B) yields
F'y+n+1
D(y) = — )

oy ) (y+n)’
which completes the induction.

If \(-n (a):

oo

F(y—i—n):/ ¥l .
0

Then we can define T'(y) by (B).

The assertion is true if n = 1, since

IfT'(n+ 1) = n! for some n > 1, then

0 o0 )
P(n + 2) — / l,nJrlefm dr = _ef:txn+1 + (n + 1)/ xn+le—:p dr
0 0 0

= (n+1)I'n+1)=(n+nl=(n+1),
which completes the induction proof.

The change of variable © = st yields

e —stya 1 o a,— 1
/Oe tdtzsaﬂ/0 x%e da::ml"(a—ﬁ—l),

from the definition of the Gamma function.

@IOIC]E) 33 (1.8.11)

(1.8.56)

(1.8.57)

(1.8.58)

(1.8.59)

(1.8.60)

(1.8.61)



LibreTexts"

Since |g.(z,y)| is monotonic with respect to z,

\[\tag{A} \int_{riMr_{1}}19_{x}(xy)I\,dx=19(r_{1}y)-g(r.y)l, \quad a\le r
From Assumption (a) of Theorem 8, if e > 0 there is an ri’[a, b) such that
\[1g(s,y)|\le \epsilon,\quad y\in S,\quad r_{®}\le s

Therefore, (A) implies that

\[\int_{r}IMr_{1}g_{x}(xy)\,dx\le 2\epsilon,\quad y\in S,\quad r_{®}\le r\le r_{1}

Now Theorem 4 implies that |, f lg(z,y)| dz converges uniformly on S, which is assumption (c) of Theorem 8.

) If g, g, and h are continuous on (a,b] x S then

b
/ oz, y)h(z,y) do

converges uniformly on S if the following conditions are satisfied:

()OptOptidpt 8pt22ptOpt
Jim {fug g(w,y)} =0;
There is a constant M such that

sup
yint S

<M, a<z<b

/ ' h(u,y) du

i) ab |2 (z,y)| dz converges uniformly on S.

If

then integration by parts yields

1 1

= —g(r,y)H(r,y) +g(ri,y)H(r1,y)
+/ 9:(z,y)H(z,y) dz.

1

Therefore, since assumption (b) and (A) imply that |H(z,y)| < M, (z,y)™ (a,b] x S,

\[\tag{B} \left|\int_{r_{1})}r}g(xy)h(xy)\,dx\right|\le M\left(2\sup_{a

/Tg(w7y)h(w7y) dz = —/rg(w,y)Hz(%y) dz

(1.8.62)

(1.8.63)

(1.8.64)

on [r1,r] x S. Now suppose e > 0. From assumption (a), there is an ri*[a,b) such that |g(z,y)| <eon S if a <z <ry < b. From

assumption (c) and Theorem 5, there is an si'*(a, b] such that
\[\int_{r_{1} r}g_{x}(xy)|\,dx< \epsilon,\quad y\in S,\quad a

Therefore (B) implies that

\[\left\\int_{r_{1}}*r}g(x,y)h(xy)\right| < 3M\epsilon,\quad y\in S,\quad a

Now Theorem 5 implies the stated conclusion.
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sinz .
y and, with 1 <r <y,

Denote F(y) = /
1 x

" sinzy _ _coszy n ! coszxy
F(r,r,y) = /r v dz = = / o dx
" (1.8.65)
_ COSTY  COS rly B cos xy da.
yry yry zytl
Therefore
|[F(r,r,y)| < +/ﬁ v dr < 3 r,y > 0. (1.8.66)
’ ’ - yry ” yr?/7 ’
Now Theorem 4 implies that F(y) converges uniformly on [p, co) if p > 0.
(b) Denote F(y) = / SINTY o and, with 2 < r < 1y,
5 logx
" sin zy coszy | 1 [ coszy
F = de = — - — ——dz. 1.8.67
(r;r1,9) /T log o ylogz |, vy /T z(log )2 o ( )
Therefore
1] 2 n dx 3
[F(r,m,9) y |logr +/T z(logz)? ylogr ( )
Now Theorem 4 implies that F(y) converges uniformly on [p, o) if p > 0.
(c) Denote F(y) = / S22 and, with \(®
0o T+
" cos Ty 1 [ sinzy | /’1 sin zy )
F(r,ry,y) = de = — + 7d 1.8.69
(rru9) / z+y? y<m+y2r v (@49?)? ( )
so
F(rr1,p)] < — (1.8.70)
s 'l >~ T o8- 0.
y(r+y°)
Now Theorem 4 implies that F(y) converges uniformly on [p, o) if p > 0.
(d) Denote F(y) = / SINTY | and, with \(®
o 1+zy
" sinxy cosxy |™ o cosxy
F(r,ri,y) = de = ———2 | — ——"7 i, 1.8.71
rr3) / 1+ay y(1+ay) |, / P(1+2y)? (1871
so
|F(r,r y)|<; (1.8.72)
IS 1) o
Now Theorem 4 implies that F(y) converges uniformly on [p, o) if p > 0.
13. Integration by parts yields
[ o uhte,y de = [ sant e ds
= g(ri,yH(r,y) —glr,y)H(r,y) (1.8.73)

- / 02 (z,y) H(z, ) de,

SO
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[ sy as

/}h 9u(z,y)H(z,y) dz| .

< 2sup { {Sup |lg(z, y)H (z, y)}} +
z>r yintS

Now suppose € > 0. From our first assmption, there is an si™[a, b) such that

\[\sup_{x\ge ri\left\{\left\{\sup_{y\in S}a(xy)H(xy)|\right\}\right\}<\epsilon, \quad s_{O}\le r

Since [, f 9:(z,y)H(z,y) dz converges uniformly on S, Theorem 4 implies that there is an rif*[a, b) such that
\[\left|\\int_{r}Mr_{1}g_{x}(xy)H(x,y)\,dx\right|\le \epsilon, \quad y\in S, \quad r_{®}\le r

Therefore,

\[\left|\\int_{r}Mr_{1}9(x,y)h(xy)\,dx\right|\le 2\epsilon, \quad y\in S, \quad \max(r_{®},s_{O})\le r

Now Theorem 4 implies that |, ab g:(z,y)h(z,y) dx converges uniformly on S.

14. Theorem 10 If f = f(z,y) is continuous on (a,b] X [c,d] and

b
F(y) = / f(z,y) de

converges uniformly on [c,d], then F is continuous on [c,d]. Moreover,

/Cd (/abf(w,y)da:> dy:/ab (/jf(:c,y)dy) dz.

(1.8.74)

(B)

We will first show that F in (A) is continuous on [c,d]. Since F converges uniformly on [c,d], Definition 1 implies that if ¢ > 0, there

is an r'"*(a, b] such that

<e c<y<d.

[ tewas

Therefore, if y and yq are in [c, d], then

b b
F(y) — F(yo)| / f(e,9) do — / f(z,0) da

IN

+

b
/ F(@,y) — f(z,y0)] de

/ Sy do

+ /T f(z,y0) dx

SO

b
F(y) — F(yo)| < / |F(@, ) — F(z,y0)| da + 2e.

Since f is uniformly continuous on the compact set [r,b] x [c,d] (Corollary 5.2.14, p. 314), there is a § > 0 such that

|f(z,y) — flz,yo)| <€
if (x,y) and (z,yq) are in [r,b] X [c,d] and |y — yo| < 8. This and (C) imply that

|F(y) — F(yo)| < (r—a)e+2e < (b—a+2)e

if y and yo are in [c,d] and |y — yo| < d. Therefore F is continuous on [c, d), so the integral on left side of (B) exists. Denote

zz/cd (/abf(:r,y)dx> dy.
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We will show that the improper integral on the right side of (B) converges to I. To this end, denote

b d
I(r)=/ </ f(x,y)dy> dz. (1.8.79)

Since we can reverse the order of integration of the continuous function f over the rectangle [r,b] x [c,d] (Corollary 7.2.2, p. 466),

d b
I(r)=/ (/ f(x,y)dw> dy. (1.8.80)

From this and (D),

I—1I(r)= /cd (/I; flz,y) d;v) dy. (1.8.81)

Now suppose € > 0. Since |’ ; f(z,y) dx converges uniformly on [c,d], there is an ri**(a,b] such that
\[\left|\\int_{a}r}f(x,y)\,dx\right|<\epsilon, \quad a

so |I—I(r)| < (d—c)e \(a

Tlirl?+ Tb (/Cd flz,y) dy) dr = /cd <Lb flz,y) da:) dy, (1.8.82)

which completes the proof of (B).
15. Theorem 11 Let f and f, be continuous on (a,b] x [c, d], and suppose that
b
Fo) = [ fledo (1.8.83)

converges for some yi*[c, d] and

b
G(y) = / fy(z,y) dz (1.8.84)
converges uniformly on [c,d]. Then F converges uniformly on [c,d] and is given explicitly by

F(y) = F(yo) + yG(t) dt, c<y<d. (1.8.85)

Moreover, F' is continuously differentiable on [c,d] and
F'(y) =G(y), c<y<d, (A)
where F’(c) and f,(z,c) are derivatives from the right, and F’(d) and f,(z,d) are derivatives from the left.
Let
\[F_{r}(y)=\int_{r}*"b}f(x,y)\,dx, \quad a\le r

Since f and f, are continuous on [r,b] x [c,d], Theorem 1 implies that

b
Fl(y) = / fy(@,y)dz, c<y<d (1.8.86)

Therefore
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Y b
Fi(y) = Fr(yo) + / ( / fy(x,t)dx) dt

= F(yo) + yG(t) dt

Yo

+(F(yo) — Fyo)) — / ([ n@nic)d c<y<a

Therefore,

Fuly) — Fip)— [ G dt\ < |, (y0) — Flyo)| +

Yo

/j/ar fy(z,t) do

Now suppose € > 0. Since we have assumed that lim,_,,, F,(yo) = F(yo) exists, there is an r, in (a,b) such that

\[|F_{r}y_{®})-F(y_{®})|< \epsilon,\quad a
Since we have assumed that G(y) converges for y™[c, d], there is an ™ (a, b] such that
\[\left|\int_{faj}*b}f_{y}(x,t)\,dx\right|<\epsilon, \quad t\in[c,d], \quad a

Therefore, (B) yields

Fr(y) = Flyo) — /yG(t) dt‘ <e(l+|y—wol) <e(l+d—c)
if \(a

F(y) = F(yo) + yG(t)dt, c<y<d.

Yo

Since G is continuous on [c,d] by Theorem 10, (A) follows from differentiating this (Theorem 3.3.11, p. 141).

16. Since

|[f(z) coswy| < [f(z)], |f(x)sinzy| <|f(z)], and /OO |f(2)] dz < oo,

(1.8.87)

(1.8.88)

(1.8.89)

(1.8.90)

Theorems 6 and 7 imply that ffooo f(z)coszy dz and [ f; f(z)sinzy dx converge uniformly on (—oo, 00), so Theorem 10 implies

that C(y) and S(y) are continuous on (—oo, co).

If y + 0, integrating by parts yields

Cly)= f(=) Sinyxy :o— é / f/(x)sinzy do
. _ sinay 1 © .
= f(a) ” Z//a f(z)sinzydz

and

. _ coszy |* l o,

S = @)=~ [ @) cosayda
. cosay 1 o,
= f(a)—y + ZIL 1’ (z) coszy dz,

(1.8.91)

(1.8.92)

since lim,_,, f(z) = 0. From Exercise [exer:17] with f replaced by f’, [ 1°° I/ (z) coszy dz and [ 1°° f’(z) coszy dx are continuous on

(—o00, 00). Therefore C(y) and S(y) are continuous on (—oo,0) U (0, co).

To see that C and S are not necessarily continuous at y =0, let a =1 and f(z) = 1/x, so
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oo oo d
lim f(z) =0 and / I (z)] = / 2o (1.8.93)
T—00 1 1 x
Then
Cy)=1lim [ L% 4 and S@y)=lim [ 24z, y+o0. (1.8.94)
T—00 1 xT T—00 1
If y > 0 make the change of variable u = zy to see that
Yy %)
Oy) = lim [ 2% gu= / Y du (1.8.95)
r—00 y u y u
and
ry 0
S =1m [ 2% du.s() = / 2 (1.8.96)
T—00 y y

* sinu

Therefore lim, o4 C(y) = oo, so C is not continuous at y = 0. Since S(0) =0 and lim, o+ S(y) = / du #0, S is not
0

continuous at y = 0.

The integral diverges if y = 0. If y #+ 0 substitute u = |y|z to obtain

o0 s

1
F)= [ / = Ltanta| =T, (4)
0 1+wy Tl 1+u2 9l o 20yl
so F(y) converges for all y # 0. To test for uniform convergence, suppose |y| > 0 and \(®
1 Tyl 1 o 4
/ / — <= / — (1.8.97)
. 1+£Ey Tl b 1+u <7 wp 14w
. . 1 [* U " dx .
if ly| > p. If e > 0 there is an a > 0 such that — < e Therefore ——— < eif \(\alpha/\rho®\).
pla 1+u? ro 1oy’
To evaluate
00 -1 _ -1
I / tan~" ax — tan™" bz dz, (1.8.98)
0 X
we note that
tan! ax — tan~! bz _ /a dy . (1.8.99)
T y 1+ x2y?
Therefore
o0 ¢ dy @ ©  dr “dy 7 a
I= d — = d — _=— [ Z=_log—, 1.8.100
/0 x/b 1+ 22y /b y/o 1+ 2%y? 2 y Yy 25 ( )

where the second equality is valid because of the uniform convergence of F(y) on the closed interval with endpoints a and b, and
the third equality follows from (A).

F(y) is a proper integral if y > 0 and it diverges if y < —1. If \(-1

1 y l.y+1 1 1
F(y) = zVdz = = A
= [ | - (4)
is convergent. Since
r y+1 |7 y+1
/ 2Vdy = — = (1.8.101)
0 y+1llo y+1
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and

\[\frac{\partial}{\partial y}\left (\frac{r{y+1}}{y+1}\right) =\frac{r y+1}}{y+1}\left(\log r-\frac{1}{y+1}\right)<® \text{\quad if
\quad} 0-1,\]

it follows that
\[\left|\\int_{®}rix™y}\,dx\right|\le \frac{r*{\rho+T1}{\rho +1} \text{\quad if\quad} O
Therefore, Theorem 5 implies that F(y) converges uniformly on [p,o0) if p > —1.

Now Theorem 11 implies that

1 a b 1 a a 1 a
- d 1
I:/ R d:t:/ dm/ mydy:/ dy/ a:ydx:/ —yzloga+ . (1.8.102)
o logz 0 b b 0 b y+1 b+1

o0 y
F(y) = / e ¥ cosxdr = . Since
0 Y-+

o0
/ e ¥cosrdx
T

Theorem 4 (or Theorem 6) implies that F(y) converges uniformly on [p, co) if p > 0. Therefore, Theorem implies that if a, b > 0

then

oS efaz_esz o) b
I= / 7cos:cd:c:/ cosxd:v/ e ¥dy

0 a

b 2

y 1 b*+1
d dx = ———dy= —log ———.
/ y/ “cosxdr = /ay2+1 Y 20ga2+1

[oe]
1 .
F(y) = / e Ysinxg dx = ——. Since
0 y2+1

9] e yr
< / e dg = , (1.8.103)
r Y

(1.8.104)

o0
/ e ¥sinzdr
T

Theorem 4 (or Theorem 6) implies that F(y) converges uniformly on every [p, ) if p > 0. Therefore, if a, b > 0 then Theorem 11

implies that
00 p—az _ efbx 00 b
I= / ——sinzdzx :/ sinxd:c/ e ¥dy
T 0 a

S eV
< / e ¥Wdr = , (1.8.105)
r Y

b (1.8.106)
1
= / dy/ YWeinx dr = / 3 dy =tan"'b—tan!
a Y F1
0 o y .
e) Fly) = e Tsinzydr = . Since
(e) F(y) /O Y i
/ e “sinzydr S/ e fdr=e", (1.8.107)
Theorem 4 (or Theorem 6) implies that F(y) converges uniformly on [p, o) if p > 0. Therefore Theorem 11 implies that
© 1 — cos aa: B
I= / e / J”da:/ sin zy dy
o 5 “ (1.8.108)
= / dy/ e “sinzydx —/ dy = —log(l—i—a ).
0 0 0o y¥¥+1
F(y) /OO “Tcoszyd ! Since
= e rxydr = ——.
Yy o Yy 21
/ e’ coszydr S/ e fdr=e", (1.8.109)
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Theorem 4 (or Theorem 6) implies that F(y) converges uniformly on [p, o) if p > 0. Therefore Theorem 11 implies that

(o 0] oo a
I= / e “sinax dr = / e ” d:r/ cos zy dy
0 0

a % @ q (1.8.110)
= dy/ e “cosxydr = / ——dy=tan"la.
/o 0 o ¥ +1
19. (a) We start with
1
F(y)z/ xydxz—l y>—1 (A)
0
Formally differentiating this yields
P = [ oga)ratde = UL ys ®)
= ogx)'x’dr = ——————, -1
v=J, e o Y
To justify this we will show by induction that the improper integrals
1
I,(y) = / (logz)"z¥dz, n=0,1,2,.. (1.8.111)
0
converge uniformly on [p, 00) if p > —1. We begin with n = 0.
T :L,y-%—l T 7ny+1 7“y+1
zVdz = = < , —l<p<uy. 1.8.112
/0 y+1l, y+1 7 p+1 p=v ( )

so Iy(y) = F(y) converges uniformly on [p,c0) if p > —1. Now suppose that I, (y) converges uniformly on [p, o). Integrating by
parts yields

\[\beginfaligned} \int_{r_{1} {r}(\log x)Mn+T}x My}\,dx&=& \frac{r y+T1}(\log N n+T1}-r_{1}*y+1}(\log r_{IH) n+T1}} {y+1}\ &&-
\fracfn+1}{y+1} \int_{r_{1} {r}(\log x) n}x {y}\,dx, \quad -1

Letting 1 — 0 yields

T y+1 1 n+1 1 T
/ (log )" oY do = rt (logr)™"  n+ / (logz)"z¥ dx. (©)
0 y+1 y+1Jo
Since the integral on the right converges, it follows that the integral on the left converges; in fact
1 L n+1 1
/ (logz)"2¥dx = — / (log )"z dx. (1.8.113)
0 y+1 Jo

We must still show that the integral on the left converges uniformly on [p, o) if
p > —1. To this end, note from (C) that

rP+l(logr)nt! n+1

T s
logz)"aY dz| < + / logz)"z¥ dzx D
[ o) <[ toer 2L [ g D)
if y > p, Now suppose € > 0. Since li%}r r*1(logr)"*! = 0, there is an ri"*(0,1) such that
7
\[\left|\frac{r*{\rho+1}(\log r) {n+1}}{\rho+1}\right| \le \frac{\epsilon}{2} \text{\quad if \quad} ®
Since [, (logz)"z¥ dx is uniformly convergent (by our induction assumption), there is ri’*(0,1) such that
n+1 " €
logz)"zYdz| < —, > p, 1.8.114
11 /0 (log z) <35 y2p ( )

Now (D) implies that

\[\left|\int_{@}r}(\log x) " {n+1} x y}\,dx\right|\epsilon,\quad y\in [\rho,\infty),\quad ®
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This, Theorem 11, and an easy induction argument imply (B).

(b) Substituting x = u./y yields

®  dr 1 *®  du T
Fo) = [ o= [ =5 o
o T4y VyJo uwr+l 2y

Formally differentiating this yields yields

« dz T T (2n)!
= 1.3 (2n— 1)y~ V/2 = —n—1/2
/0 ((E2 + y)n+1 2n+1 ( n )y 922n+1 n! Y

T 2n\
W(n)y Ty >0

Theorem 11 implies that the formal differentiation is legitimate, since, if y > 0 and r > 0, then

0 [} —2n—1
/ dz S / x*Qﬂ*de — T :
ro @4yt T (2n—1)

0, 1, 2, ... converge uniformly on [0, c0).

. . o dz
hence, the improper integrals —_— n=
properinteg /0 @+ y)nH

o0

Denote I,,(y) = / 22" e ¥ dg. Then
0

Since

00 [o0]
/ 22l o—ve g < / g2 le=re gp if 0<p<r,
.

T

if n > 0, we can differentiate I, formally with respect to y™(0, co) to obtain

n(n n!
Li(y) = (-1)"1;" = 2T

(d) Denote

\[\beginfaligned} I(y)&=&\int_{O} {\infty}y x}\,dx =\int_{O} {\infty}e™{x\log y}\,dx =\frac{1}{\log
yAXI\,dx \ &=&\frac{y*{x}}{\log y}\biggr|_{®}*{\infty}=-\frac{1}{\log y}\quad ®

(A)

(1.8.115)

(1.8.116)

(1.8.117)

(1.8.118)

(1.8.119)

yNint_{®}\infty}(\log y)

1

Formally differentiating this yields I’ (y) = / zy®~! dz. There are two improper integrals here: J,(y) = / zy*tdx and Jy(y)
0 0

= / zy* tdx. If r < 1 then
1

r 1 T 1 T 7"2 7"2
/xyxfldx:—/ xyzdxg—/ rdr=—<—, 0<p<y<l
0 YJo YJo

Therefore J,(y) converges uniformly on [p1,1]. If z > r > 1 and p, < 1 then

o0 o0 1 o0
/ oy lde < / mp;”*l de = — / zp5 dx,
r r P2 Jr

Since

1 o0
lim —/ xpydx =0
z=00 P2 Jr

o0

Theorem 7 implies that J(y) converges uniformly on [0, po]. Therefore, if 0 < p; < ps < 1 then / Ty
0

T
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[p1, p2]. Now Theorem 11 implies that

\[\tag{A} I'(y)=\int_{®}{\infty}xy x-1}\,dx,\quad ®

. . & 1
= This and (A) imply that / zy” dx =

. 1 1
However, since I1(y) = ———, we know that I’ (y) = —— —
y(logy) 0 (log z)

logy
o

20. Here F(y) = / e~ cos 2zy dz, so Theorem 11 implies that
0

F'(y) = —2/0 ze ™ sin 2zy da, (A)

since the integral on the right converges uniformly on (—oo, 00), by Theorem 6.

Integration by parts yields
1 o0
2/,

1 o0 oo
— (e_g”2 sin2zydz| +2 / ze ™ sin 2zy dx) (1.8.123)
2y 0 0

F(y) = e (2y cos 2zy) dx

1, 1,
—/ ze " sin2zydx = ——F'(y).
Yy Jo 2y

— 9y, log F(y) = —y + log F(0), and F(y) = F(0)e"". Since F(0) = / e dx
0

F'(y)
F(y)

From this and (A), F'(y) + 2yF(y) =0, so

VT
2

(Example 12), F(y) — @e—yz.

[o0)

Here F(y) = / e sin 2zydz, so Theorem 11 implies that
0

F'(y) = 2/0 ze ™ cos 2zy da, (A)

since the integral on the right converges uniformly on (—oo, ). Integrating this by parts yields

F'(y) = —e " cos 2:ry‘:O — 2y /000 e sin 27y dz (1.8.124)
= 1—2yF(y),
S0 F'(y) + 2yF(y) = 1, eV F’(y) + 2¢V yF(y) = ¥, and (eyZF(y))/ = ¢¥’. Therefore, since F(0)=0, F(y) = eV /O?/ e du.
22. Theorems 6 and 11 imply that S and C are n times continuously differentiable on (—oo, 00) if / h lz" f(z)| dz < oo.
23. We will show first that
Crly) = /Oorckf(x) coszydx and Si(y) = /00 zFf(x)sinzyde, 0 <k <n, (1.8.125)

converge uniformly on U, = (—oo, —p] U [p, 00) if p > 0. Note that if lim,_.. " f(x) = 0, then lim,_, 2Ff(z) =0, k=01, 2...n. If 0
< k<n,then

71

/Tl z* f(z) cos zy dz = % {xkf(ac) sin zy

f/r1 (zF f(x)) sinzydz| . (A)

r

Henceforth k is fixed. Our assumptions imply that if p > 0 and € > 0 then there is an ri"[a, co0) such that

/00 |(z¥f(2)) |dx < pe and |zFf(z)] < pe, > 7. (1.8.126)

0
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Therefore (A) implies that
\[\left\\int_{r}™r_{1}x k}(x)\cos xy\,dx\right|<3\epsilon,\quad r_{®}\le r

Now Theorem 4 implies that C,, Ci,..., C) converge uniformly on (—oo,—p] U [p,c0). Since every y #+ 0 is in such an interval,
Theorem 11 now implies that that if y # 0 then

Cc®(y) = / a¥f(z)sinzyde, 0<k<n. (1.8.127)
A similar argument applies to S, S’,...5™,

T1

1 I .
Zsin 2 dz. Assume for the moment that y > 0. Substituting u = y/z yields
x x

124 Yy v sinu
I(y;r,r ——/ (—) sinu (——= du:/ du. 1.8.128
( 2 y/m Y ( u? ) o U ( )

)

Let yr.r) = [

T

. si . ,
Therefore, since ’ﬁ‘ <1 for all u, |I(y;r,r1)| <y/r,1 <r <ry. In fact, since I(—y;r,r1) = —I(y;r,r1), we can write |I(y;r,r1)
u

[o 0]

<y|/r, 1 < r < ry. Therefore, Theorem 4 implies that /

1 . T
—sin Y dx converges uniformly on every finite interval.
1 x X

Now denote F,.(y) = /
1

= F,.(y), it follows that lim,_,, F.(y) = oo for all y, so the answer to the question is “no.”

T Y
cos 2 da. substituting v = y/z yields F,(y) =y / g du, so lim,_,« F,(y) = oo for all y > 0. Since F,(—y)
T y u

/r

Let P, be the induction assumption
(o]
F)(s) = (—1)"/ ez f(x)dx, s> so, (1.8.129)
0

which is true by the definition of F for n = 0. If P, is true, then Theorems 11 and 13 imply that

F(”H)(s) = (—1)”i/ e Px" f(z)dz = (—1)"/ 4 (e7*z" f(z)) dz
ds Jo o ds (1.8.130)
—_ (71)71-%—1/ 8_8I$n+1f(.17) da:,
0
so P, implies P, .1, which completes the induction proof.
Let G(z) = / e ™ f(t) dt. If s > s then
0
F(s) = / e f(x)dr = / ef(sfsn)xG'(x) dz = (s — so)/ 67(3750)75(;(1‘) dz (A)
0 0 0
(integration by parts). Since (s — sq) / e~ (=902 gu = 1, (A) implies that
0
Fls) — F(so) = (s — 50) / e~ (G(z) — F(sy)) da. (B)
0
Now suppose ¢ > 0. Since F(sq) = / e f(t) dt = lim G(x), there is an r such that |G(z) — F(so)| < € if = > r; hence, from (B),
0 o0
then
|F(s) — F(so)] < (s —s0) / e_(S_SO)””\G(x) — F(s0)] + ¢(s — so) / e (57507 g
0 , T (1.8.131)
< (s — 30)/ e~ 72| G (x) — F(s0)| + €.
0

Since r is fixed, we can let s — s{ to conclude that limsup,_,, , |F(s) — F(so)| < ¢ which implies that lim,_,s, F(s) = F(s).
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If s > s1 > sg then
le™*" f(z)| = \e_(s_sﬂ)zes”f(xﬂ < Me (0 < ppe—(s1s0)z (1.8.132)

Since

o M
/ Me= (17502 g — < o0, (1.8.133)
0 81— 80

Theorem 6 implies the stated conclusion.

In Theorem 13 we assumed only that [ e f(u) du is bounded; here we are assuming that [ e™*" f(u) du is convergent.

Let
G(z) = /OO e ™' f(t)dt and H(z)=sup{|G(t)||t>z}. (1.8.134)
Then
|G(z)| < H(z) and Ih_}nolo G(z) = IILIEO H(z) =0, (A)

since [, e " f(z) dx converges. Since f is continuous on [0,0), G’ (z) = —e 7 f(z). Integration by parts yields

oo

/ ef(sfso)z(efsgwf(m)) dr = 7/ 6*(3780)$G/ (Z) dr

0

/Too e f(z)dx

—67(57‘“”)1'6'(30)

s [ G s (18.135)
ef(s—SU)TG(T) + (5 _ 50)/ e*(s—so)zG(m) dx, s> sg.

T

Therefore

(o]

IG(r)]e=C*0)" 4 H(r)(s — so) / e T dg (1.8.136)

= (G(r) 4+ H(r))e ™" < 2H(r)e %) s> s,

IN

/Too e " f(x) dac‘

so (A) implies that F(s) converges uniformly on [sg, 00).

T

[ee]
From Theorem 13, F(s) = / e ** f(x) dxz converges for all s > sy. Denote G(z) = / e ' f(t)dt, x > 0. Then
0 0

F(s) = / 67(5750)1673“1]0(1’) dx = / ef(sfs“)’”G’(x) dx
0 0

. (1.8.137)
= (s —s0) / e TG (g) da
0
(integration by parts). Since (s — sq) / e (5750 g — 1,
0
F(s) — F(so) =/ e T (G(x) — F(s0)) dx (1.8.138)
0
If e > 0 there is an R such that |G(x) — F(so)| < € if x > R. Therefore, if s > s, then
R
|F(s) — F(so)| < (s — s0) / e_(S_SD)Z|G(z) — F(sg)|dz + €

(1.8.139)

0
R
< (s—so)/o |G(z) — F(so)|dz + €.

Hence limsup, _,, , |F(s) — F(so)| < e. Since € is arbitrary, this implies that
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limg_ys,4+ |F(s) — F(sg)| = 0.
The assumptions of Exercise 28 imply that [ T°O e 7 f(z) dx converges for every r > 0. Since
/00 e f(z)dx = /0Oo et flg 4 ) de = e /000 e f(x+r)dz, (1.8.140)
we can apply the result of Exercise 30 with f(x) replaced by f(x + r), to conclude that

lim e " f(z)dr = e " / e f(x+r)de
r 0

s—so+

= / e @) f(g 4 r) da (1.8.141)
0

/T " e () da

If G(z) = / e ™' f(t) dt, then |G (x)| < M on [0, c0) for some M. If ¢ > 0, there is an r > 0 such that
0

[ el < (4)

If s > sg, then

/TOQ e f(x)dr = /OO =02 Q (z) da

— elng(a) -I—sfso/ G(z)e )7 dz (1.8.142)

(5=s0) "G(r)+ (s —so)/ G(z (5=50) g,

Therefore, since |G(z)| < M,

/ e T f(z)dz| < Me= 670" 1 M (s — sg) / e 50T g
. I (1.8.143)
- M (e—(S—SO)T _ e lsso)e ) — e (50T,
This and (A) imply that
/ e f(z) da| < e + 2Me (50T, (1.8.144)
0
Therefore,
lim sup / e f(z)dz| <e. (1.8.145)
S—00 0
Since € is arbitrary, this implies that
lim sup/ e " f(z)dz =0, (1.8.146)
§—00 0

0 _ bz
From Exercise 18(d), / £ "° sinwdr=tan'b— tan—'a. From Exercise 30, letting b — oo yields
0 x

00 . [o¢] 4
/ e su;x dx = % —tan"'a, so (b) / s12w dx = g (1.8.147)
0 0

Integrating by parts yields
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/ e f (z)dt = e " f(r) — £(0) + / se " f(z) dx. (A)
0 0
Suppose s > s1 > sg. Since |f(x)| < Me*®, e=*"|f(r)| < Me~(1=)". Therefore e~*" f(r) = 0 converges uniformly to zero on [s;, o).
Since
&S] M —(s1—s0)r
/ se” f(x)dz| < M|s \/ (5507 g < 7"3'6
T §— 350

(1.8.148)

INA

M(S — 50+ |30|) (s1—s0)7 <M (1 + ‘SO| ) 6—(31750)r7
S— 8o 81— 80

r

[o0]
it follows that / se”** f(x) dz converges to zero uniformly on [sy, 00). Since this implies that / se”*" f(x) dz converges uniformly
0

on [s1,00), (A) implies that G(s) converges uniformly on [s1, 00).

. 1
(b) In this case let f’(z) = ze® sine®’, so flz) = ~3 cose”™’. Since | cos e” | < 1 for all x, the hypotheses stated in (a) hold with s

= 0. Therefore G(s) converges uniformly on [p, o) if p > 0.

33. We will first show that / e‘sﬂzM dx converges. Denote G(z) = / e ™! f(t) dt. Since F(sq) is convergent; say |G(z)| < M,
0 T 0

0<z< oo If \(®

/ e @) g / G'@) 4= G G f/ ¢@) 4. (1.8.149)

T T r 71 72
Therefore
\[\left|\\int_{r}™r_{1}}e-s_{®pG\frac{f(x)}{x}\,dx\right|\le \frac{3M}{\rho},\quad \rho

so Theorem 2 implies that H(s) = / e %t f( ) dx converge when s = so. Therefore Exercise 27 implies that it converges

uniformly on [sg, o), Therefore Theorem 10 lmplles that

/S:F(U)du /s: (/Oooe’”f(x)dx) du:/ooo (/s:e*uzdu> f(z) de

_ [T 12y,

x

(1.8.150)

x = 0, which implies the stated conclusion.

From Exercise 30 (with f(x) replaced by f(z)/z), lim / e f(;) d
§—00 0
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