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CHAPTER OVERVIEW

1: Law of Sines and Cosines
1.1: Non-right Triangles - Law of Sines

1.2: Non-right Triangles - Law of Cosines

1: Law of Sines and Cosines is shared under a CC BY-SA license and was authored, remixed, and/or curated by LibreTexts.
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1.1: Non-right Triangles - Law of Sines

4b Learning Objectives

e Use the Law of Sines to solve oblique triangles.
e Solve applied problems using the Law of Sines.

Suppose two radar stations located 20 miles apart each detect an aircraft between them. The angle of elevation measured by the
first station is 35 degrees, whereas the angle of elevation measured by the second station is 15 degrees. How can we determine the
altitude of the aircraft? We see in Figure 1.1.1 that the triangle formed by the aircraft and the two stations is not a right triangle, so
we cannot use what we know about right triangles. In this section, we will find out how to solve problems involving non-right
triangles.

In any triangle, we can draw an altitude, a perpendicular line from one vertex to the opposite side, forming two right triangles. It
would be preferable, however, to have methods that we can apply directly to non-right triangles without first having to create right
triangles.

20 miles

Figure1.1.1

Using the Law of Sines to Solve Oblique Triangles

Any triangle that is not a right triangle is an oblique triangle. Solving an oblique triangle means finding the measurements of all
three angles and all three sides. To do so, we need to start with at least three of these values, including at least one of the sides. We
will investigate three possible oblique triangle problem situations:

ASA (angle-side-angle) We know the measurements of two angles and the included side. See Figure 1.1.2.

B

Figure 1.1.2

AAS (angle-angle-side) We know the measurements of two angles and a side that is not between the known angles. See Figure
1.1.3

Figure 1.1.3

SSA (side-side-angle) We know the measurements of two sides and an angle that is not between the known sides. See Figure
1.1.4

https://math.libretexts.org/@go/page/142754
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Figure1.1.4

Knowing how to approach each of these situations enables us to solve oblique triangles without having to drop a perpendicular to
form two right triangles. Instead, we can use the fact that the ratio of the measurement of one of the angles to the length of its
opposite side will be equal to the other two ratios of angle measure to opposite side. Let’s see how this statement is derived by
considering the triangle shown in Figure 1.1.5.

Figure 1.1.5

h h
Using the right triangle relationships, we know that sin a = 7 and sin 8 = —. Solving both equations for A gives two different
a

expressions for h.
h =bsin « and h = asin
We then set the expressions equal to each other.

bsina =asinf

1 1 1
(—) (bsina) = (asinB) (—) Multiply both sides by —
ab ab ab

sina  sinf
a b

Similarly, we can compare the other ratios.

sina  sin i i
_ Y and sin g _ siny
a c b c
Collectively, these relationships are called the Law of Sines.

sina sinf sinvy

a b c

Note the standard way of labeling triangles: angle « (alpha) is opposite side a; angle 5 (beta) is opposite side b; and angle
(gamma) is opposite side c. See Figure 1.1.6.

While calculating angles and sides, be sure to carry the exact values through to the final answer. Generally, final answers are
rounded to the nearest tenth, unless otherwise specified.

b
Figure 1.1.6

https://math.libretexts.org/@go/page/142754
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Given a triangle with angles and opposite sides labeled as in Figure 1.1.6, the ratio of the measurement of an angle to the
length of its opposite side will be equal to the other two ratios of angle measure to opposite side. All proportions will be equal.
The Law of Sines is based on proportions and is presented symbolically two ways.

sina sinfS  sinvy

1.1.1
a b c ( )

a b c

(1.1.2)

sina sinf sinvy

To solve an oblique triangle, use any pair of applicable ratios.

v/ Example 1.1.1: Solving for Two Unknown Sides and Angle of an AAS Triangle

Solve the triangle shown in Figure 1.1.7 to the nearest tenth.

B

10

50° 30°
b

Figure 1.1.7
Solution
The three angles must add up to 180 degrees. From this, we can determine that
B =180° —50° —30°
=100"

To find an unknown side, we need to know the corresponding angle and a known ratio. We know that angle & = 50°and its
corresponding side a = 10. We can use the following proportion from the Law of Sines to find the length of c.

sin(50°)  sin(30°)

0 c
in(50°
c% =sin(30°) Multiply both sides by ¢
10
c= Sin(30°)m Multiply by the reciprocal to isolate ¢
c~6.5

Similarly, to solve for b, we set up another proportion.

sin(50°)  sin(100”)

0 b
bsin(50°) = 10sin(100°) Multiply both sides by b
10sin(100°) . . .
== Multiply by the reciprocal to isolate b
sin(50°)
b~12.9

Therefore, the complete set of angles and sides is
a=50° a=10
B=100° b~12.9
v=30° ¢=6.5

https://math.libretexts.org/@go/page/142754
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Solve the triangle shown in Figure 1.1.8 to the nearest tenth.
B

9g° 43°
i 22

Figure 1.1.8

Answer
a=98 a=34.6
B=39° b=22
v=43° ¢=23.8

Using The Law of Sines to Solve SSA Triangles

We can use the Law of Sines to solve any oblique triangle, but some solutions may not be straightforward. In some cases, more
than one triangle may satisfy the given criteria, which we describe as an ambiguous case. Triangles classified as SSA, those in
which we know the lengths of two sides and the measurement of the angle opposite one of the given sides, may result in one or two

solutions, or even no solution.

X Note: POSSIBLE OUTCOMES FOR SSA TRIANGLES

Oblique triangles in the category SSA may have four different outcomes. Figure 1.1.9 illustrates the solutions with the known

sides a and b and known angle a.

No triangle, a < h Right triangle, a = h
Y Y
b b a
a
a B @ B
(@) (b)
Two triangles,a > h,a<b One triangle, a = b
Y
b (& b a
h ‘.‘
@ ‘B« B
(c) (d)

Figure 1.1.9

https://math.libretexts.org/@go/page/142754
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v/ Example 1.1.2: Solving an Oblique SSA Triangle

Solve the triangle in Figure 1.1.10for the missing side and find the missing angle measures to the nearest tenth.

'Y

35°

Figure 1.1.10

Solution
Use the Law of Sines to find angle 5 and angle -y, and then side c. Solving for 3, we have the proportion

sina  sinf

a b
sin(35°) __sinf

6 8
8sin(35°) _sing

6
0.7648 ~sinpf

sin ' (0.7648) ~ 49.9°
B ~49.9°
However, in the diagram, angle 5 appears to be an obtuse angle and may be greater than 90°. How did we get an acute angle, and

how do we find the measurement of 5? Let’s investigate further. Dropping a perpendicular from 7 and viewing the triangle from a
right angle perspective, we have Figure 1.1.11 It appears that there may be a second triangle that will fit the given criteria.

’Y'
I
|
|
I
|
|
I
|
i
|
|
|
|
I
|

Figure 1.1.11

The angle supplementary to 3 is approximately equal to 49.9°, which means that 8 =180° —49.9° =130.1". (Remember that
the sine function is positive in both the first and second quadrants.) Solving for v, we have

N =180° —35° —130.1°
~14.9°

We can then use these measurements to solve the other triangle. Since 3’is supplementary to 3, we have

7 =180°—35° —49.5°
~95.1°

Now we need to findcand ¢’.

We have

https://math.libretexts.org/@go/page/142754
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c _ 6
sin(14.9°)  sin(35°)
~ 6sin(14.9°)
~ sin(35°)
~2.7

Finally,
d 6
sin(95.1°)  sin(35°)
_ 6sin(95.1°)
~ sin(35°)
~10.4

/

To summarize, there are two triangles with an angle of 35°, an adjacent side of 8, and an opposite side of 6, as shown in Figure
1.1.12

c'=104
(b)

Figure 1.1.12

However, we were looking for the values for the triangle with an obtuse angle 8. We can see them in the first triangle (a) in Figure
1.1.12

? Exercise 1.1.2

Given a =80°, a =120, and b = 121, find the missing side and angles. If there is more than one possible solution, show
both.

Answer
Solution 1
a=80° a=120
B~83.2 b=121
v~16.8° c~35.2
Solution 2
o =80° a =120
B ~96.8° b =121
v ~32 =~6.8

v/ Example 1.1.3: Solving for the Unknown Sides and Angles of a SSA Triangle

In the triangle shown in Figure 1.1.13 solve for the unknown side and angles. Round your answers to the nearest tenth.

https://math.libretexts.org/@go/page/142754
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o~

Figure 1.1.13
Solution

In choosing the pair of ratios from the Law of Sines to use, look at the information given. In this case, we know the angle,
~ =857, and its corresponding side ¢ = 12, and we know side b = 9. We will use this proportion to solve for 3.

sin(85°) __sinp

12 9 Isolate the unknown.
9sin(85°) 5
12 = sin

To find 3, apply the inverse sine function. The inverse sine will produce a single result, but keep in mind that there may be two
values for $. It is important to verify the result, as there may be two viable solutions, only one solution (the usual case), or no

solutions.
9sin(85°)
— ain-!
B =sin ( 15 )

B ~sin~1(0.7471)

B ~48.3°
In this case, if we subtract Sfrom 180°, we find that there may be a second possible solution. Thus,
B =180" —48.3° ~131.7"°. To check the solution, subtract both angles, 131.7°and 85 °, from 180 °. This gives

a =180° —85° —131.7
~ —36.7°

which is impossible, and so 8 ~ 48.3".

To find the remaining missing values, we calculate @ =180° —85° —48.3° ~46.7°. Now, only side a is needed. Use the
Law of Sines to solve for a by one of the proportions.

sin(85°)  sin(46.7°)

12 a
sin(85°) .
T —51n(46.7°)
B 12sin(46.7°)
~ sin(85°)
~ 8.8

The complete set of solutions for the given triangle is
a~46.7 a=~8.8
f~48.3° b=9
v=85° c¢=12

Given a =80°, a =100, b = 10, find the missing side and angles. If there is more than one possible solution, show both.
Round your answers to the nearest tenth.

https://math.libretexts.org/@go/page/142754
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Answer
B~5.7,7~94.3"°,c~101.3

v/ Example 1.1.4: Finding the Triangles That Meet the Given Criteria

Find all possible triangles if one side has length 4 opposite an angle of 50°, and a second side has length 10.

Solution
Using the given information, we can solve for the angle opposite the side of length 10. See Figure 1.1.14

sin o B sin(50°)
10 4
105sin(50°)
4
sina ~1.915

o

sina =

50°

10

Figure1.1.14

We can stop here without finding the value of . Because the range of the sine function is [—1, 1], it is impossible for the sine
value to be 1.915. In fact, inputting sin~!(1.915)in a graphing calculator generates an ERROR DOMAIN. Therefore, no
triangles can be drawn with the provided dimensions.

? Exercise 1.1.4

Determine the number of triangles possible given a = 31, b =26, 8 =48°.

Answer

two

Solving Applied Problems Using the Law of Sines

The more we study trigonometric applications, the more we discover that the applications are countless. Some are flat, diagram-
type situations, but many applications in calculus, engineering, and physics involve three dimensions and motion.

v/ Example 1.1.6: Finding an Altitude

Find the altitude of the aircraft in the problem introduced at the beginning of this section, shown in Figure 1.1.16 Round the
altitude to the nearest tenth of a mile.

A .
15° 35°

20 miles

Figure 1.1.16

Solution

https://math.libretexts.org/@go/page/142754
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To find the elevation of the aircraft, we first find the distance from one station to the aircraft, such as the side a, and then use
right triangle relationships to find the height of the aircraft, h.

Because the angles in the triangle add up to 180 degrees, the unknown angle must be 180° —15° —35° =130°. This angle is
opposite the side of length 20, allowing us to set up a Law of Sines relationship.

sin(130°)  sin(35°)

20 a
asin(130°) = 20sin(35°)
20sin(35°)
- sin(130°)
a~14.98

The distance from one station to the aircraft is about 14.98 miles.

Now that we know a, we can use right triangle relationships to solve for h.

sin(15°) = —PPOSTE osite
hypotenuse
h
in(15°) = —
sin(15°) o
. o h
sin(15) = 7758
h =14.98sin(15°)
h =~ 3.88

The aircraft is at an altitude of approximately 3.9 miles.

? Exercise 1.1.6

The diagram shown in Figure 1.1.17 represents the height of a blimp flying over a football stadium. Find the height of the
blimp if the angle of elevation at the southern end zone, point A, is 70°, the angle of elevation from the northern end zone,
point B, is 62°, and the distance between the viewing points of the two end zones is 145 yards.

C

70° 62°
A * B
145 yards
Figure 1.1.17

Answer
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Media
Access these online resources for additional instruction and practice with trigonometric applications.

e Law of Sines: The Basics
e Law of Sines: The Ambiguous Case

Key Equations
sina  sinfg  siny

a b c
a b c

Law of Sines

sina sinf  sinvy
Area = Ebcsina

1
Area for oblique triangles = —acsin 8

1
= - b i
2a siny

Key Concepts

o The Law of Sines can be used to solve oblique triangles, which are non-right triangles.

e According to the Law of Sines, the ratio of the measurement of one of the angles to the length of its opposite side equals the
other two ratios of angle measure to opposite side.

o There are three possible cases: ASA, AAS, SSA. Depending on the information given, we can choose the appropriate equation
to find the requested solution. See Example 1.1.1.

e The ambiguous case arises when an oblique triangle can have different outcomes.

o There are three possible cases that arise from SSA arrangement—a single solution, two possible solutions, and no solution. See
Example 1.1.2 and Example 1.1.3.

o The Law of Sines can be used to solve triangles with given criteria. See Example 1.1.4.

o The general area formula for triangles translates to oblique triangles by first finding the appropriate height value. See Example
1.1.5.

o There are many trigonometric applications. They can often be solved by first drawing a diagram of the given information and
then using the appropriate equation. See Example 1.1.6.

Contributors and Attributions

e Jay Abramson (Arizona State University) with contributing authors. Textbook content produced by OpenStax College is
licensed under a  Creative  Commons  Attribution  License 4.0  license. = Download  for  free
at https://openstax.org/details/books/precalculus.

This page titled 1.1: Non-right Triangles - Law of Sines is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Non-right Triangles - Law of Cosines

4b Learning Objectives

In this section, you will:

e Use the Law of Cosines to solve oblique triangles.
e Solve applied problems using the Law of Cosines.

Suppose a boat leaves port, travels 10 miles, turns 20 degrees, and travels another 8 miles as shown in Figure 1.2.1 How far from
port is the boat?

10 mi

Port

Figure 1.2.1

Unfortunately, while the Law of Sines enables us to address many non-right triangle cases, it does not help us with triangles where
the known angle is between two known sides, a SAS (side-angle-side) triangle, or when all three sides are known, but no angles are
known, a SSS (side-side-side) triangle. In this section, we will investigate another tool for solving oblique triangles described by
these last two cases.

Using the Law of Cosines to Solve Oblique Triangles

The tool we need to solve the problem of the boat’s distance from the port is the Law of Cosines, which defines the relationship
among angle measurements and side lengths in oblique triangles. Three formulas make up the Law of Cosines. At first glance, the
formulas may appear complicated because they include many variables. However, once the pattern is understood, the Law of
Cosines is easier to work with than most formulas at this mathematical level.

Understanding how the Law of Cosines is derived will be helpful in using the formulas. The derivation begins with the Generalized
Pythagorean Theorem, which is an extension of the Pythagorean Theorem to non-right triangles. Here is how it works: An arbitrary
non-right triangle ABC is placed in the coordinate plane with vertex A at the origin, side ¢ drawn along the x-axis, and vertex C
located at some point (z, y) in the plane, as illustrated in Figure 1.2.2. Generally, triangles exist anywhere in the plane, but for this
explanation we will place the triangle as noted.

https://math.libretexts.org/@go/page/142755
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Figure 1.2.2

We can drop a perpendicular from C' to the x-axis (this is the altitude or height). Recalling the basic trigonometric identities, we

know that
z(adjacent) . y(opposite)
and sinf =

cosf = ————— _
b(hypotenuse) b(hypotenuse)

In terms of §, z = bcos@ and y = bsin. The (x,y) point located at C has coordinates (b cos 6, bsin ). Using the side (z —c) as
one leg of a right triangle and y as the second leg, we can find the length of hypotenuse a using the Pythagorean Theorem. Thus,

a?=(z—c)?+y?

= (bcosf—c) > + (bsinf)’ Substitute (b cos6) for x and (bsiné) for y
= (b%cos?0 — 2bccos§+c?) +b?sin’0  Expand the perfect square.

= b%cos?0+ b?sin?0 + ¢? — 2bc cos O Group terms noting that cos?0 +sin’0 = 1

= b?(cos?0 +sin’0) + ¢ — 2bc cos b Factor out b?

a’? =b? +c? —2bccosh
The formula derived is one of the three equations of the Law of Cosines. The other equations are found in a similar fashion.

Keep in mind that it is always helpful to sketch the triangle when solving for angles or sides. In a real-world scenario, try to draw a
diagram of the situation. As more information emerges, the diagram may have to be altered. Make those alterations to the diagram
and, in the end, the problem will be easier to solve.

X The LAW OF COSINES

The Law of Cosines states that the square of any side of a triangle is equal to the sum of the squares of the other two sides
minus twice the product of the other two sides and the cosine of the included angle.

B

b
Figure 1.2.3

For triangles labeled as in Figure 1.2.3, with angles «, 8 and ~y, and opposite corresponding sides a, b, and ¢, respectively, the
Law of Cosines is given as three equations.

a® =b?+c* —2bccosa (1.2.1)

b’ =a® +¢® —2accos B (1.2.2)

https://math.libretexts.org/@go/page/142755
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To solve for a missing side measurement, the corresponding opposite angle measure is needed.

¢ =a® +b> —2abcosy (1.2.3)

When solving for an angle, the corresponding opposite side measure is needed. We can use another version of the Law of
Cosines to solve for an angle.

i _a?

coso = % (1.2.4)
242 2

cosff = % (1.2.5)
222

cosy = (IETC (1.2.6)

X How to: Given two sides and the angle between them (SAS), find the measures of the remaining side and

angles of a triangle

1. Sketch the triangle. Identify the measures of the known sides and angles. Use variables to represent the measures of the
unknown sides and angles.

2. Apply the Law of Cosines to find the length of the unknown side or angle.

3. Apply the Law of Sines or Cosines to find the measure of a second angle.

4. Compute the measure of the remaining angle.

v/ Example 1.2.1: Finding the Unknown Side and Angles of a SAS Triangle

Find the unknown side and angles of the triangle in Figure 1.2.4.
Y

Figure 1.2.4

Solution

First, make note of what is given: two sides and the angle between them. This arrangement is classified as SAS and supplies
the data needed to apply the Law of Cosines.

Each one of the three laws of cosines begins with the square of an unknown side opposite a known angle. For this example, the
first side to solve for is side b, as we know the measurement of the opposite angle £.

b =a? +c? —2accos

b =10% 4122 —2(10)(12) cos(30°)  Substitute the measurements for the known quantities.

3
b> =100 + 144 — 240 (g) Evaluate the cosine and begin to simplify.
b* =244 —120+/3
b=+/244 —120/3 Use the square root property.
b~6.013

Because we are solving for a length, we use only the positive square root. Now that we know the length b, we can use the Law
of Sines to fill in the remaining angles of the triangle. Solving for angle , we have

https://math.libretexts.org/@go/page/142755
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sina  sinf

a b
sin o B sin(30°)
10  6.013
105sin(30°
sina = % Multiply both sides of the equation by 10.

10sin(30°)

., (10sin(30°) Findthe o
o = SIn 11 € 1nverse sine o 6.013

6.013
o ~56.3°

The other possibility for & would be &« =180° — 56.3° = 123.7". In the original diagram,c is adjacent to the longest side, so
a is an acute angle and, therefore, 123.7° does not make sense. Notice that if we choose to apply the Law of Cosines, we
arrive at a unique answer. We do not have to consider the other possibilities, as cosine is unique for angles between 0° and
180°. Proceeding with a =~ 56.3°, we can then find the third angle of the triangle.

v =180° —30° —56.3°
~93.7

The complete set of angles and sides is
a=~56.3"a=10
B8=30"b~6.013
vx93.7° c=12

? Exercise 1.2.1
Find the missing side and angles of the given triangle: « =30°, b =12, ¢ = 24.

Answer

a~14.9,~23.8",y~126.2".

v Example 1.2.2: Solving for an Angle of a SSS Triangle

Find the angle « for the given triangle if side a = 20, side b = 25, and side ¢ = 18.
Solution
For this example, we have no angles. We can solve for any angle using the Law of Cosines. To solve for angle o, we have
a’? =b? +c? —2bccosa
20% =257 + 182 —2(25)(18) cosa  Substitute the appropriate measurements.
400 =625+ 324 — 900 cos Simplify in each step.
400 =949 — 900 cos o

—549 = —900 cos Isolate cosa.
0.61 =~ cosa Find the inverse cosine.
a~b2.4°

See Figure 1.2.5.
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Figure 1.2.5

Analysis

Because the inverse cosine can return any angle between 0 and 180 degrees, there will not be any ambiguous cases using this
method.

? Exercise 1.2.2
Givena =5,b =7, and ¢ = 10, find the missing angles.

Answer

a27.7°,~40.5°, y~111.8°

Solving Applied Problems Using the Law of Cosines

Just as the Law of Sines provided the appropriate equations to solve a number of applications, the Law of Cosines is applicable to
situations in which the given data fits the cosine models. We may see these in the fields of navigation, surveying, astronomy, and
geometry, just to name a few.

v Example 1.2.3A4: Using the Law of Cosines to Solve a Communication Problem

On many cell phones with GPS, an approximate location can be given before the GPS signal is received. This is accomplished
through a process called triangulation, which works by using the distances from two known points. Suppose there are two cell
phone towers within range of a cell phone. The two towers are located 6000 feet apart along a straight highway, running east to
west, and the cell phone is north of the highway. Based on the signal delay, it can be determined that the signal is 5050 feet
from the first tower and 2420 feet from the second tower. Determine the position of the cell phone north and east of the first
tower, and determine how far it is from the highway.

Solution

For simplicity, we start by drawing a diagram similar to Figure 1.2.6 and labeling our given information.
2420 ft.

(@

Using the Law of Cosines, we can solve for the angle §. Remember that the Law of Cosines uses the square of one side to find
the cosine of the opposite angle. For this example, let a = 2420, b = 5050, and ¢ = 6000. Thus, € corresponds to the opposite
side a = 2420.

5050 ft.

6000 ft.

Figure 1.2.6

https://math.libretexts.org/@go/page/142755



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142755?pdf

LibreTexts"

a?> =b?+c? —2bccosb
(2420)* = (5050)* + (6000)* —2(5050)(6000) cos 6
cosf ~0.9183
6 ~ cos1(0.9183)
0~23.3°

To answer the questions about the phone’s position north and east of the tower, and the distance to the highway, drop a
perpendicular from the position of the cell phone, as in Figure 1.2.7. This forms two right triangles, although we only need the

right triangle that includes the first tower for this problem.

((( fﬁ 5050 ft. ,

23.3°

X
Figure 1.2.7

Using the angle # = 23.3° and the basic trigonometric identities, we can find the solutions. Thus

cos(23.37) = 5(?50

xz =5050cos(23.3)
x ~4638.15 feet

sin(23.3°) = %

y =5050sin(23.3°)
y ~ 1997.5 feet

The cell phone is approximately 4638 feet east and 1998 feet north of the first tower, and 1998 feet from the highway.

v/ Example 1.2.3B: Calculating Distance Traveled Using a SAS Triangle

Returning to our problem at the beginning of this section, suppose a boat leaves port, travels 10 miles, turns 20 degrees, and
travels another 8 miles. How far from port is the boat? The diagram is repeated here in Figure 1.2.8.

https://math.libretexts.org/@go/page/142755
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8 mi

20°

10 mi

]
L}
1
]
1
(]
1
1
i
1
]
1
]
1
1
L]
Ll
]
1
1
1
1
L]
[

Port
Solution

Figure 1.2.8

The boat turned 20 degrees, so the obtuse angle of the non-right triangle is the supplemental angle, 180° —20° = 160°. With
this, we can utilize the Law of Cosines to find the missing side of the obtuse triangle—the distance of the boat to the port.

z® =82 +10% —2(8)(10) cos(160°)
z? =314.35

T =+/314.35

z ~17.7miles
The boat is about 17.7 miles from port.

e Law of Cosines: Applications

Access these online resources for additional instruction and practice with the Law of Cosines.
e Law of Cosines

e Law of Cosines: Applications 2

Key Equations

Law of Cosines

a’> =b+ % — 2bccosa

b2 = a® +c? — 2accos

Key Concepts

c? =a® +b% — 2abcosy

e The Law of Cosines defines the relationship among angle measurements and lengths of sides in oblique triangles.

o The Generalized Pythagorean Theorem is the Law of Cosines for two cases of oblique triangles: SAS and SSS. Dropping an
imaginary perpendicular splits the oblique triangle into two right triangles or forms one right triangle, which allows sides to be
related and measurements to be calculated. See Example 1.2.1 and Example 1.2.2.

e The Law of Cosines is useful for many types of applied problems. The first step in solving such problems is generally to draw a

sketch of the problem presented. If the information given fits one of the three models (the three equations), then apply the Law
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of Cosines to find a solution. See Example 1.2.3 and Example 1.2.4.
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2: Polynomials
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2.3: Special Products

2.4: Divide Polynomials
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2.1: Add and Subtract Polynomials

4b Learning Objectives

By the end of this section, you will be able to:

o Identify polynomials, monomials, binomials, and trinomials
e Determine the degree of polynomials

e Add and subtract monomials

e Add and subtract polynomials

o Evaluate a polynomial for a given value

Before you get started, take this readiness quiz.

1. Simplify: 8z + 3.

If you missed this problem, review Example 1.3.37.
2. Subtract: (5n+8) —(2n—1) .

If you missed this problem, review Example 1.10.52.
3. Write in expanded form: a®.

If you missed this problem, review Example 1.3.7.

Identify Polynomials, Monomials, Binomials and Trinomials

You have learned that a term is a constant or the product of a constant and one or more variables. When it is of the form az™,
where a is a constant and m is a whole number, it is called a monomial. Some examples of monomial are 8, —22:%, 4y and 1127

& Definition: Monomials

A monomial is a term of the form az™, where a is a constant and m is a positive whole number.

A monomial, or two or more monomials combined by addition or subtraction, is a polynomial. Some polynomials have special
names, based on the number of terms. A monomial is a polynomial with exactly one term. A binomial has exactly two terms, and a
trinomial has exactly three terms. There are no special names for polynomials with more than three terms.

# Definitions: Polynomials

¢ polynomial—A monomial, or two or more monomials combined by addition or subtraction, is a polynomial.
o monomial—A polynomial with exactly one term is called a monomial.

o binomial—A polynomial with exactly two terms is called a binomial.

o trinomial—A polynomial with exactly three terms is called a trinomial.

Here are some examples of polynomials.

Polynomial b-+1 4y —Ty+2 4zt 423 +822 -9z +1

Monomial 14 8y? —9z3y° —13
Binomial a+7 4b—5 y? —16 3x3 — 922
Trinomial 22 —-Tz+12 9y2+2y—8 6m*—m3+8m 24 +322 -1

Notice that every monomial, binomial, and trinomial is also a polynomial. They are just special members of the “family” of
polynomials and so they have special names. We use the words monomial, binomial, and trinomial when referring to these special
polynomials and just call all the rest polynomials.

https://math.libretexts.org/@go/page/142757
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Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial.

a 4y? —8y—6
b. —5a*b?
c 2z® — 523 -3z +4
d. 13 —5m?
e.q
Solution
Polynomial Number of terms  Type
(a) 4y®>—8y—6 3 Trinomial
(b) —ba'b? 1 Monomial
(c) 2a°—5z3-922+3z+4 5 Ponomial
(d) 13-5md 2 Binomial
(e) ¢ 1 Monomial

? Trylt2.1.2

Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial:

a. 5b
b. 8y —Ty? —y—3
c —3z2 -5z +9
d. 81 —4a?
e. —bxb
Answer
1. monomial

2. polynomial
3. trinomial
4. binomial
5. monomial

? Trylt2.1.3

Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial:

a 2723 -8

b. 12m3 —5m? —2m
5

C. E

d. 8z* — 7z — 62 —5

e. —n4

Answer

a. binomial
b. trinomial
c. monomial
d. polynomial
e. monomial
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Determine the Degree of Polynomials

The degree of a polynomial and the degree of its terms are determined by the exponents of the variable. A monomial that has no
variable, just a constant, is a special case. The degree of a constant is 0, i.e., it has no variable.

# Definition: Degree of a Polynomial

o The degree of a term is the sum of the exponents of its variables.

o The degree of a constant is 0.

o The degree of a polynomial is the highest degree of all its terms.

Let’s see how this works by looking at several polynomials. We’ll take it step by step, starting with monomials, and then

progressing to polynomials with more terms.

Monomial 14
Degree
Binomial a+7

Degree of each

Degree of polynomial 1

Trinomial X-Tx+4+12
Degree of each

Degree of polynomial 2

Polynomial b+1
Degree of each

Degree of polynomial 1

8y’

4b' - 5b

9a’ + 6ab + b’

4y -Ty+2

-9x'y -13a
Xy -16 3n-9m°
4 3
6m'—m'n’ + 8mn® '+ 37-1
6 4

4x + X'+ 8x" - 9x +1

4

A polynomial is in standard form when the terms of a polynomial are written in descending order of degrees. Get in the habit of

writing the term with the highest degree first.

v/ Example 2.1.4

Find the degree of the following polynomials.

a. 10y

b. 42® — Tz +5

c. —15

d. —8b? +9b —2

e. 8zy% +2y
Solution

10y

—15
“ The degree of a constant is 0. The degree is 0.

a.
The exponent of y isone. y =y'  The degree is 1.
423 — Tz +5

b.
The highest degree of all the termsis3. The degree is 3.

g —8b% 4-9b —2
" The highest degree of all the termsis 2. The degree is 2.
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o 8xy? + 2y
" The highest degree of all the termsis 3. The degree is 3.

? Trylt2.1.5

Find the degree of the following polynomials:

-15b
102% +42%2 -5

. 126°d* 4+963d° — 7
32’y —4x

-9

P Aap o

Answer

al
b. 4
c 12
d 3
e. 0

? Trylt2.1.6

Find the degree of the following polynomials:

a. 52

b. a*b —17a*
c 5z +6y+2z
d 3225z +7
e. —a®

Answer

a0
b.5
cl1
d 2
e 3

Add and Subtract Monomials

You have learned how to simplify expressions by combining like terms. Remember, like terms must have the same variables with
the same exponent. Since monomials are terms, adding and subtracting monomials is the same as combining like terms. If the
monomials are like terms, we just combine them by adding or subtracting the coefficient.

v/ Example 2.1.7

Add:25y% + 15>
Solution

25y? +15y?
Combine like terms. 40y>
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? Trylt2.1.8

Add: 12¢? 4942

Answer

21¢?

? Trylt2.1.9

Add:—15¢2 + 8¢2

Answer

_702

v/ Example 2.1.10
Subtract: 16p—(—7p)

Solution

16p — (—7p)
Combine like terms. 23p

? Trylt2.1.11

Subtract: 8m—(—5m).

Answer

13m

? Trylt2.1.12

Subtract: —152% — (—52%)

Answer

—10z°

Remember that like terms must have the same variables with the same exponents.

v/ Example 2.1.13
Simplify: ¢ 4+ 7d? — 6¢2
Solution

A +7d? —6c2
Combine like terms. —5c? + 7d?

? Trylt2.1.14

Add: 8y? + 322 — 3y?

Answer

5y + 322
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? Trylt2.1.15

Add: 3m2 +n2 —Tm?

Answer

—4m? +n?

v/ Example 2.1.16

Simplify: u?v + 5u? — 3v?
Solution

wlv+ 5u? — 302

There are no like terms to combine. w?v+ 5u? — 3v?

? Trylt2.1.17

Simplify: m2n2 — 8m? + 4n?

Answer

There are no like terms to combine.

? Trylt2.1.18

Simplify: pg® — 6p — 5¢>

Answer

There are no like terms to combine.

Add and Subtract Polynomials

We can think of adding and subtracting polynomials as just adding and subtracting a series of monomials. Look for the like terms—
those with the same variables and the same exponent. The Commutative Property allows us to rearrange the terms to put like terms
together.

v/ Example 2.1.19
Find the sum: (5y2 — 3y +15) + (3y? — 4y — 11)
Solution
Identify like terms. (BY -3y +15) + By -4y-11)
Y+ 3 - 3y-4y+15- 11

Rearrange to get the like terms together.

Combine like terms. 8/ -T7y+4

Find the sum: (7ac2 —4z + 5) + (a:2 — Tz + 3)

Answer

8z2 —1lz+1
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Find the sum: (14y? + 6y —4) + (3y> + 8y +5)

Answer

17y% + 14y +1

v/ Example 2.1.22

Find the difference: (9w? — 7w +5) — (2w?® —4)

Solution
(OW: — 7w + 5)— (2w — 4)
Distribute and identify like terms. 08 ~FW o= 2 L

2
Rearrange the terms. 9w 2w - Tw+5+4

Combine like terms. w—-7w+9

? Trylt2.1.23

Find the difference: (822 + 3z —19) — (7z* — 14)

Answer

1522+ 3z —5

? Trylt2.1.24

Find the difference: (9b2 —5b— 4) — (3b2 —5b— 7)

Answer
66> +3

v/ Example 2.1.25

Subtract: (¢* —4c+7) from (7¢® —5c+3)
Solution
Subtract (¢ - 4¢c + 7) from (7¢" - 5¢ + 3).
(7¢—5c+3)—(C —4c+7)
Distribute and identify like terms. Ie-5c+3-c+4c-7
Rearrange the terms. Z&_c-5c+dc+3-7

Combine like terms. 6c—c—4

Subtract: (522 —6z—2) from (72> +6z—4)

Answer
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l 2224+122—2

Subtract: (:c2 —bx — 8) from (Gw2 +9x — 1)

Answer
522 + 14z +7

v/ Example 2.1.28

Find the sum: (u? — 6uv+50v?) + (3u® + 2uv)
Solution

(u? — 6uv+5v%) + (3u? + 2uv)
Distribute. u? — 6uv+ 50 + 3u® + 2uv
Rearrange the terms, to put like terms together 42 + 3u? — 6uv + 2uv + 502

Combine like terms. 4u? — duv+ 502

? Trylt2.1.29

Find the sum: (32 — 4y +5y%) + (227 — zy)

Answer
522 — 5xy + 5y2

? Trylt2.1.30

Find the sum: (22 — 3zy —2y?) + (52 — 3xy)

Answer

T2? — 6y — 2y°

v/ Example 2.1.31

Find the difference: (p* +¢*) — (p* + 10pg — 2¢?)

Solution
(* +¢%) — (p* +10pg —2¢*)
Distribute. p? +¢° —p*> —10pq +2¢°
Rearrange the terms, to put like terms together  p? — p?> — 10pq +¢° + 2¢>
Combine like terms. —10pq +34¢>

? Trylt2.1.32

Find the difference: (a2 + b2) = (a2 +5ab— 6b2)

Answer
—5ab — 5b?
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Find the difference: (m? +n?) — (m? — Tmn — 3n?)

Answer

4n? +Tmn

v/ Example 2.1.34
Simplify: (a3 —a’b) — (ab2 +8%) + (azb +ab?)

Solution

(a3 —a2b) — (ab2 +b3) + (a2b+ab2)
Distribute. a® —a?b — ab® — b® +a?b + ab?
Rearrange the terms, to put like terms together  a® —a?b + a%b — ab® + ab® — b
3

Combine like terms. -

? Trylt2.1.35

Simplify: (z® —2%y) — (zy® +¢°) + (z?y + zy?)

Answer

28—y

Simplify: (p* —p?q) + (pq® +¢*) — (P*q+pq?)
Answer

P’ —2p’q+¢*

Evaluate a Polynomial for a Given Value

We have already learned how to evaluate expressions. Since polynomials are expressions, we’ll follow the same procedures to
evaluate a polynomial. We will substitute the given value for the variable and then simplify using the order of operations.

v/ Example 2.1.37

Evaluate 522 — 8z +4 when

1. x=4
2.x=-2
3. x=0
Solution
1. x=4
5x*-8Bx+4
Substitute 4 for x. 5(4F-8(4)+4
Simplify the exponents. 5+16-8(4)+4
80-32+4

Multiply.
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Simplify. 52
2.x=-2
S5x'-8x+4

Substitute -2 for x. 5(-2)-8(-2)+4
Simplify the exponents. 5+4-8(-2)+4
Multiply. 20+16+4
Simplify. 40
3.x=0

Sx¥-8x+4
Substitute 0 for x. 5(0F-8(0)+4
Simplify the exponents. 5+0-8(0)+4
Multiply. 0+0+4
Simplify. 4

? Trylt2.1.38

Evaluate: 322 +2z — 15 when

1.x=3
2. x=—5
3.x=0

Answer
1. 18
2. 50
3.-15

? Trylt2.1.39

Evaluate: 522 — z—4 when

1.z=-2
2.z=0
3.z2=2

Answer
1. 18
2. -4
3. 14

v/ Example 2.1.40

The polynomial —16¢> +250 gives the height of a ball tt seconds after it is dropped from a 250 foot tall building. Find the
height after t=2 seconds.

https://math.libretexts.org/@go/page/142757



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142757?pdf

LibreTexts"

Solution

—16¢> +250
Substitute t =2. —16(2)2 4250
Simplify —16-44250
Simplify —64 4250
Simplify 186

After 2 seconds the height of the ball is 186 feet.

? Trylt2.1.41

The polynomial —16¢> +250 gives the height of a ball tt seconds after it is dropped from a 250 foot tall building. Find the
height after t=0 seconds.

Answer

250

? Trylt2.1.42

The polynomial —16t2 +250 gives the height of a ball tt seconds after it is dropped from a 250 foot tall building. Find the
height after t=3 seconds.

Answer

106

v/ Example 2.1.43

The polynomial 622 + 15z gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares
with side x feet and sides of height y feet. Find the cost of producing a box with x=4 feet and y=6y=6 feet.

Solution
6 + 15Xy
Substitute x =4, y = . 6(4) + 15(4)( )
Simplify. 616+ 15(4) )
Simplify. 96 + 360
Simplify. 456

The cost of producing the box is $456.

? Trylt2.1.43

The polynomial 6x2 + 15zy gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares
with side x feet and sides of height y feet. Find the cost of producing a box with x=6 feet and y=4 feet.

Answer

$576
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The polynomial 6x2 + 15zy gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares
with side x feet and sides of height y feet. Find the cost of producing a box with x=5 feet and y=8 feet.

Answer

$750

Key Concepts
e Monomials

o A monomial is a term of the form ax™, where aa is a constant and mm is a whole number
o Polynomials

o polynomial—A monomial, or two or more monomials combined by addition or subtraction is a polynomial.
o monomial—A polynomial with exactly one term is called a monomial.
o binomial—A polynomial with exactly two terms is called a binomial.
o trinomial—A polynomial with exactly three terms is called a trinomial.
¢ Degree of a Polynomial

o The degree of a term is the sum of the exponents of its variables.
o The degree of a constant is 0.
o The degree of a polynomial is the highest degree of all its terms.

Glossary

binomial
A binomial is a polynomial with exactly two terms.

degree of a constant
The degree of any constant is 0.

degree of a polynomial
The degree of a polynomial is the highest degree of all its terms.

degree of a term
The degree of a term is the exponent of its variable.

monomial

A monomial is a term of the form az™, where a is a constant and m is a whole number; a monomial has exactly one term.

polynomial
A polynomial is a monomial, or two or more monomials combined by addition or subtraction.

standard form
A polynomial is in standard form when the terms of a polynomial are written in descending order of degrees.

trinomial
A trinomial is a polynomial with exactly three terms.

This page titled 2.1: Add and Subtract Polynomials is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 6.1: Add and Subtract Polynomials by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-
algebra-2e.
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2.2: Multiply Polynomials

4} Learning Objectives

By the end of this section, you will be able to:

e Multiply a polynomial by a monomial
e Multiply a binomial by a binomial
e Multiply a trinomial by a binomial

Before you get started, take this readiness quiz.

1. Distribute: 2(z +3).

If you missed this problem, review Example 1.10.31.
2. Combine like terms: 2% 49z + 72 463 .

If you missed this problem, review Example 1.3.37.

Multiply a Polynomial by a Monomial

We have used the Distributive Property to simplify expressions like 2(z — 3). You multiplied both terms in the parentheses,  and
3, by 2, to get 2z — 6. With this chapter’s new vocabulary, you can say you were multiplying a binomial, z — 3, by a monomial, 2.

Multiplying a binomial by a monomial is nothing new for you! Here’s an example:

v/ Example 2.2.1

Multiply: 4(z + 3).

Solution
ioes)
Distribute. 4.-z+4-3
Simplify. 4x +12

? Trylt2.2.2
Multiply: 5(z + 7).

Answer

5x+35

Multiply: 3(y +13).

Answer

3y+39
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Multiply: y(y—2).
Solution
}"(ﬁy_) 2)
Distribute. yy—y-2
2

Simplify. y? —2y

? Trylt2.2.5

Multiply: z(z — 7).

Answer

22— Tz

? Trylt2.2.6

Multiply: d(d —11).

Answer

d?-11d

v/ Example 2.2.7

Multiply: 7z (2z +y)

Solution

T
7x(2x +y)
Distribute. Ix2x+7x-y

Simplify. 14x* + 7xy

? Trylt2.2.8

Multiply: 5z (z + 4y)

Answer

5z% +20zy

? Trylt2.2.9

Multiply: 2p(6p + )

Answer

12p® +2pr
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Multiply: —2y (4y? + 3y —5)

Solution

—2)(4y* + 3y - 5)
Distribute. =2y -4y +(2)) - 3y-(-2y) = 5

Simplify. -8y — 6" + 10y

Multiply: —3y (5y% +8y —7)

Answer

—15y°% — 2442 + 21y

? Trylt2.2.12

Multiply: 4z2 (2w2 —3z+ 5)

Answer

8z* — 242° + 2022

v/ Example 2.2.13

Multiply: 223 (zz — 8z + 1)

Solution

27 -8x+ 1)
Distribute. 2% - 2 + (22%) - (—8z) + (22°) - 1
Simplify. 2x° — 162 4 223

? Trylt2.2.14

Multiply: 4z (3:L'2 -5z + 3)

Answer

1223 — 2022 + 122

? Trylt2.2.15

Multiply: —6a° (3a® —2a +6)

Answer

—18a® +12a* — 364
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Multiply: (z +3)p

Solution
The monomial is the second factor. {x/:?i?n
Distribute. z-p+3-p
Simplify. zp+ 3p

? Trylt2.2.17

Multiply: (z + 8)p

Answer

zp+8p

? Trylt2.2.18

Multiply: (a+4)p

Answer

ap+4p

Multiply a Binomial by a Binomial

Just like there are different ways to represent multiplication of numbers, there are several methods that can be used to multiply a
binomial times a binomial. We will start by using the Distributive Property.

Multiply a Binomial by a Binomial Using the Distributive Property

Look at Example 2.2.16 where we multiplied a binomial by a monomial.

Instructions Expression
Starting Expressions (;:_;)},

We distributed the p to get: Xp+3p

What if we have (z + 7) instead of p? (X,f?-_’]/(h:}?}
Distribute (z+7) . Xm) i m)
Distribute again. 2+ Tz + 3z + 21
Combine like terms. z2 + 10z + 21

Notice that before combining like terms, you had four terms. You multiplied the two terms of the first binomial by the two terms of
the second binomial—four multiplications.

v/ Example 2.2.19

Multiply: (y +5)(y +8)

Solution
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R
Distribute (y + 8). Yy +8)+5(y +8)
Distribute again y® +8y+ 5y + 40
Combine like terms. y? + 13y +40

? Trylt2.2.20
Multiply: (z +8)(z +9)

Answer

2?2 +17z +72

? Trylt2.2.21
Multiply: (52 +9)(4z +3)

Answer

2022 + 51z +27

v/ Example 2.2.22

Multiply: (2y+5)(3y +4)

Solution
2y + S)(3y + 4)
Distribute (3y + 4). 2y(3y + 4) + 5(3y + 4)
Distribute again 6y% -+ 8y + 15y + 20
Combine like terms. 6y? + 23y + 20

? Trylt2.2.23

Multiply: (3b+5)(4b+6)

Answer
126 +38b+30

? Trylt2.2.24

Multiply: (a+10)(a+7)

Answer

a®+17a+70
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Multiply: (4y +3)(2y —5)

Solution
(4y + 3)(2y - 5)
Distribute. 4y(2y—5) + 3(2y - 5)
Distribute again. 8y? — 20y + 6y — 15
Combine like terms. 8y? — 14y — 15

? Trylt2.2.26
Multiply: (5y + 2)(6y — 3)

Answer

30y? -3y —6

? Trylt2.2.27
Multiply: (3¢ +4)(5¢—2)

Answer

15¢2 +14c —8

v/ Example 2.2.28
Multiply: (z —2)(z — y)

Solution
PR
(x=2)x-y)
Distribute. X(x-y)-2(x-y)
Distribute again. 2 —xy—2x+2y

There are no like terms to combine.

? Trylt2.2.29

Multiply: (a+7)(a —b)

Answer
a’—ab+Ta—"Tb

Multiply: (z +5)(z —y)

Answer
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| z? —xy+5x —5y

Multiply a Binomial by a Binomial Using the FOIL Method

Remember that when you multiply a binomial by a binomial you get four terms. Sometimes you can combine like terms to get a
trinomial, but sometimes, like in Example 2.2.28§ there are no like terms to combine.

Let’s look at the last example again and pay particular attention to how we got the four terms.
(z—2)(z —y)
z? —zy — 2z +2y
Where did the first term, 22, come from?

N
It is the product of x and x, the first terms in (x - 2) and (x - y). (x—=2)x-y)

First

TN
The next term, —xy, is the product of x and —, the two outer terms. (x=2)x-y)

Outer

T
The third term, —2x, is the product of -2 and x, the two inner terms. (x—2)x-y)
s

Inner

And the last term, +2y, came from multiplying the two /ast terms, -2 and —y. (x—2)x-y)
N A

Last

We abbreviate “First, Outer, Inner, Last” as FOIL. The letters stand for ‘First, Outer, Inner, Last’. The word FOIL is easy to
remember and ensures we find all four products.

(z—2)(z —vy)
2 —zy—2z+2y (2.2.1)
F (0] I L
Let’s look at (x+3)(x+7).
Distributive Property FOIL
o e e
(x+3)x+7) ()({3\)_2"}7}
Xx+7)+3(x+7)
X4 Tx+3x4+ 21 X+ Tx+ 3x+ 21
F O I L F o0 I L
X+ 10x + 21 z% + 10z + 21

Notice how the terms in third line fit the FOIL pattern.

Now we will do an example where we use the FOIL pattern to multiply two binomials.
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v/ Example 2.2.31: How to Multiply a Binomial by a Binomial using the FOIL Method

Multiply using the FOIL method: (z +5)(z +9)

Solution

(x+5)(x+9)

7y
(X +5)(x+9) X _+_+_
F

(x +5)(x+9) X4+9%+_ +_
\\._,/

X4+ 9x+5x+_
F O I L

X'+ 9%+ 5x+ 45
F 0 I L

X + 14x + 45

? Trylt2.2.32

Multiply using the FOIL method: (z +6)(x + 8)

Answer

22+ 14z +48

? Trylt2.2.33

Multiply using the FOIL method: (y +17)(y +3)

Answer

y? +20y 451

We summarize the steps of the FOIL method below. The FOIL method only applies to multiplying binomials, not other
polynomials!

X MULTIPLY TWO BINOMIALS USING THE FOIL METHOD

Step 1. Multiply the First terms.
first  last first  fast

Step 2. Multiply the Outer terms. (a+ b)c+ d) Say it as you multiply!
inner FOIL
Step 3. Multiply the Inner terms. outer First
Step 4. Multiply the Last terms. f:":,f:
Last

Step 5. Combine like terms, when possible.

When you multiply by the FOIL method, drawing the lines will help your brain focus on the pattern and make it easier to apply.

v/ Example 2.2.34

Multiply: (y —7)(y +4) .

Solution
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Multiply: (3z +7)(5z —2).

Answer

-7y +4)
Multiply the First terms. (y/—?)(‘y+ 4) Y+_+_+_
F O I L
. £ N
Multiply the Outer terms. -7 +4) F+ay+_+_
i TR F o I L
'
Multiply the Inner terms. y-=7y+4) V+ay-Ty+__
\t‘/‘ F o I 1
PR
Multiply the Last terms. —7Ny+4) y+4y-T7y-28
o F o I L
Combine like terms. y-3y-28
? Try 1t 2.2.35
Multiply: (z —7)(z +5) .
Answer
x? — 2z —35
? Trylt2.2.36
Multiply: (b—3)(b+6).
Answer
b2 +3b—18
v/ Example 2.2.37
Multiply: (4z +3)(2z —5).
Solution
(4x - 3)(2x—5)
AR
(4x + 3)(2x-5)
o
Multiply the First terms, 4x = 2x. 8+ _+_ +_
F 0 I L
Multiply the Outer terms, 4x = (-5). 8x' —20x+ _+
F (0] I L
Multiply the Inner terms, 3 « 2x. B —2x+6x+__
F o I L
Multiply the Last terms, 3 = (-5). 8x*—20x + 6x-15
F o I L
Combine like terms. 8x*—14x-15

https://math.libretexts.org/@go/page/142761
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l 1522 + 29z — 14

Multiply: (4y +5)(4y —10).

Answer

16y — 20y — 50

The final products in the last four examples were trinomials because we could combine the two middle terms. This is not always
the case.

v/ Example 2.2.40

Multiply: (3z —y)(2z —5).

Solution
(3z —y)(2z - 5)
B

Multiply the First. 6; " 0 ¥ T ¥ i
Multiply the Outer. ?:Xl . 1SX ’ 1 ’ L
Multiply the Inner. tix’ B 13){_ 2;y+ £
Multiply the Last. E,:rx2 B 1§X - ZIxy ! S.f_y
Combine like terms—there are none. 6x2 — 15z — 2zy + 5y

? Trylt2.2.41

Multiply: (10c—d)(c—6).

Answer

10¢? — 60c — ed + 6d

? Trylt2.2.42

Multiply: (7x-y)(2x-5).

Answer

14z% — 35z — 22y + 10y

Be careful of the exponents in the next example.

v/ Example 2.2.43

Multiply: (n? +4) (n—1)

Solution

https://math.libretexts.org/@go/page/142761
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Multiply the First.
Multiply the Outer.
Multiply the Inner.

Multiply the Last.

? Trylt2.2.44

Multiply: (z* +6) (z —8)

Answer

x3 —8z2 + 62 —48

? Trylt2.2.45
Multiply: (y*+7) (y—9)

Answer

Y3 —9y? + 7y —63

v/ Example 2.2.46

Multiply: (3pg +5)(6pg — 11)

Solution

Multiply the First.
Multiply the Outer.
Multiply the Inner.

Multiply the Last.

? Trylt2.2.47

Multiply: (2ab+5)(4ab—4)

Answer

8a?b? +12ab—20

Combine like terms—there are none.

Combine like terms—there are none.

(n*+4) (n—1)
(5 + )
T TR

M+ 4+ 4+
F 0 I

[

n

(3pg +5)(6pg — 11)
18+ _+_+__

F o0 I L
18p°q7 - 33pq + _ +__
F o° T i

18p’q*—33pg + 30pg +
F o] I L

18p*q* — 33pq + 30pg — 55
F o) I L

18p?q® — 3pg — 55

(

$pq+ Sopa—3

q+5)(6pg-11)

LT aPs
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? Trylt2.2.48

Multiply: (2zy +3)(4zy —5)
Answer

8x2y? +2zy —15

Multiply a Binomial by a Binomial Using the Vertical Method

The FOIL method is usually the quickest method for multiplying two binomials, but it only works for binomials. You can use the
Distributive Property to find the product of any two polynomials. Another method that works for all polynomials is the Vertical
Method. It is very much like the method you use to multiply whole numbers. Look carefully at this example of multiplying two-
digit numbers.

23
x46
138 partial product Start by multiplying 23 by 6 to get 138.
92 partial product Next, multiply 23 by 4, lining up the partial product in the correct columns.
1058 product Last you add the partial products.

Now we’ll apply this same method to multiply two binomials.

v/ Example 2.2.49

Multiply using the Vertical Method: (3y —1)(2y — 6)
Solution

It does not matter which binomial goes on the top.

Multiply 3y —1 by —6 .
Multiply 3y — 1 by 2y .

Jy—1
X2y —6
#y—i—ﬁ partial product (2,2.2)
6y% —2y partial product
6y? —20y+6
Add like terms. product
Notice the partial products are the same as the terms in the FOIL method.
3y-1
x2y-6
(3y— 1)(2y - 6) 18y +6

- 18y +6
62— 20y + 6 6y’ —20x+6

? Try1t2.2.50

Multiply using the Vertical Method: (5m — 7)(3m — 6)

Answer

15m? —51m +42
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Multiply using the Vertical Method: (6b — 5)(7b — 3)

Answer

42b® —53b+15

We have now used three methods for multiplying binomials. Be sure to practice each method, and try to decide which one you
prefer. The methods are listed here all together, to help you remember them.

X MULTIPLYING TWO BINOMIALS

To multiply binomials, use the:

o Distributive Property
e FOIL Method
e Vertical Method

Remember, FOIL only works when multiplying two binomials.

Multiply a Trinomial by a Binomial

We have multiplied monomials by monomials, monomials by polynomials, and binomials by binomials. Now we’re ready to
multiply a trinomial by a binomial. Remember, FOIL will not work in this case, but we can use either the Distributive Property or
the Vertical Method. We first look at an example using the Distributive Property.

v/ Example 2.2.52

Multiply using the Distributive Property: (b+ 3) (2b2 —5b+ 8)
Solution
(b+ 3)(2b* - 5b + 8)
Distribute. b(2b* — 5b + 8) + 3(2b' — 5b + 8)
Multiply. 2b° — 5b? + 8b+ 6b* — 156+ 24
Combine like terms. 2% + b% — Th+ 24

Multiply using the Distributive Property: (y —3) (y* — 5y +2)

Answer

Y — 8y’ +17y—6

Multiply using the Distributive Property: (z +4) (22 — 3z +5)

Answer

23 + 522 — Tz +20
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Now let’s do this same multiplication using the Vertical Method.

v/ Example 2.2.55

Multiply using the Vertical Method: (b +3) (2b* —5b+8)

Solution
Multiply (2b% — 5b+ 8) by 3.

Multiply (2b% — 5b+8) by b.
Add like terms.

? Trylt2.2.56

Multiply using the Vertical Method: (y — 3) (y* — 5y +2)

Answer

Yy} —8y? +17y—6

? Trylt2.2.57

Multiply using the Vertical Method: (z +4) (222 — 3z +5)

Answer

228 + 522 — 7z +20

2b2_-5h+8
X b+3

6bh2_15b + 24
2b3_5h? + 8b

203 + b — Tb+ 24

It is easier to put the polynomial with fewer terms on the bottom because we get fewer partial products this way.

We have now seen two methods you can use to multiply a trinomial by a binomial. After you practice each method, you’ll
probably find you prefer one way over the other. We list both methods are listed here, for easy reference.

X MULTIPLYING A TRINOMIAL BY A BINOMIAL

To multiply a trinomial by a binomial, use the:

o Distributive Property
e Vertical Method

e Multiplying Exponents 1

e Multiplying Exponents 2

o Multiplying Exponents 3

Key Concepts

o FOIL Method for Multiplying Two Binomials—To multiply two binomials:

1. Multiply the First terms.
2. Multiply the Outer terms.

Access these online resources for additional instruction and practice with multiplying polynomials:

https://math.libretexts.org/@go/page/142761
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3. Multiply the Inner terms.
4. Multiply the Last terms.

o Multiplying Two Binomials—To multiply binomials, use the:

o Distributive Property (Example)
o FOIL Method (Example)
o Vertical Method (Example)

e Multiplying a Trinomial by a Binomial—To multiply a trinomial by a binomial, use the:

o Distributive Property (Example)
o Vertical Method (Example)

This page titled 2.2: Multiply Polynomials is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via
source content that was edited to the style and standards of the LibreTexts platform.

e 6.3: Multiply Polynomials by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-2e.
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2.3: Special Products

4b Learning Objectives

By the end of this section, you will be able to:

e Square a binomial using the Binomial Squares Pattern
e Multiply conjugates using the Product of Conjugates Pattern
o Recognize and use the appropriate special product pattern

Before you get started, take this readiness quiz.
Simplify: a. 92 b. (—9)? c. —92.

If you missed this problem, review Exercise 1.5.13.

Square a Binomial Using the Binomial Squares Pattern

Mathematicians like to look for patterns that will make their work easier. A good example of this is squaring binomials. While you
can always get the product by writing the binomial twice and using the methods of the last section, there is less work to do if you
learn to use a pattern.

Let’s start by looking at (z +9)? .

What does this mean? (z+9)?

It means to multiply (z +9) by itself.  (z+9)(z +9)
Then, using FOIL, we get: z? + 9z +9z +81
Combining like terms gives: 2 +18z +81
Here’s another one: (y—17)?

Multiply (y —7) by itself. (y—"7)(y—"T)
Using FOIL, we get: y? — Ty — Ty +49
And combining like terms: y? — 14y +49
And one more: (2z +3)?
Multiply. (22 +3)(2z +3)
Use FOIL: 4x +6x+6x+9
Combine like terms. 4z2 +122+9

Look at these results. Do you see any patterns?

What about the number of terms? In each example we squared a binomial and the result was a trinomial.

(a+b)’=__ +__ +

Now look at the first term in each result. Where did it come from?

b+ ¥ -7 (2x+ )
(x+ Nx+") == (2c+ H2x + )
X+ 9%+ 9%+ V-Ty-7y+ 4x" + 6x + 6x +

X+ 18x + ¥y =14y + 4x' + 12x +
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The first term is the product of the first terms of each binomial. Since the binomials are identical, it is just the square of the first
term!

(@+b)?=a’+_ +

To get the first term of the product, square the first term.

Where did the last term come from? Look at the examples and find the pattern.

The last term is the product of the last terms, which is the square of the last term.
(a+b)?=__ +  +¥

To get the last term of the product, square the last term.

Finally, look at the middle term. Notice it came from adding the “outer” and the “inner” terms—which are both the same! So the
middle term is double the product of the two terms of the binomial.

(a+b)? = +2ab+
(a+b)* = —2ab+
To get the middle term of the product, multiply the terms and double their product.

Putting it all together:

X Binomial Square Pattern

If a and b are real numbers, the binomial square pattern is

= o v & &
(binomial)? (first term)?  2x(product of terms)  (last term)?

Applying this to two binomial types:
(a+b)? =a®+2ab+b
(a—b)* =a®—2ab+b*

To square a binomial:

1. square the first term
2. square the last term
3. double their product

A number example helps verify the pattern.
(10+4)2

Square the first term. 102+  +

Square the last term. 1024+ 4+ %

4

Double their product. 10?2 4+2-10-4 +42

Simplify. 100 480 + 16

Simplify. 196
To multiply (10 +4)2 usually you’d follow the Order of Operations.

(10 +4)2
(14)?
196

The pattern works!
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https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142763?pdf

LibreTexts*

Multiply: (z +5)2
Solution:
a+b Y
(x + 5)
Square the first term. ;e:. i:b_
a+ 2ab + b
Square the last term. Xt +5
Double the product. ;e:,; ; ;: ;:
Simplify. 22+ 10z + 25

? Trylt 2.3.1
Multiply: (z +9)?

Answer

2 +18x +81

? Trylt12.3.2
Multiply: (y + 11)?

Answer

y?+22y+121

v/ Example 2.3.2

Multiply: (y — 3)2

Solution:
o=\
(5-3)
a— 2ab + &
Square the first term. o S
& — 2ab + b
Square the last term. V- +3
F-2a b+ b
Double the product. Yo2ey+3+3
Simplify. y? —6y+9

? Trylt12.3.3

Multiply: (z —9)?

Answer

2?2 — 18z +81
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Multiply: (p —13)2

Answer

p? —26p+169

v/ Example 2.3.3

Multiply: (4z +6)2
Solution:
a + b 1
(4x + 6)
a 42 g epht b

Use the pattern. (4xf+2+4x+6 4+ 6°

Simplify. 1622 + 48z + 36

? Tryit2.3.5
Multiply: (6 + 3)?

Answer

3622436z +9

? Trylt'2.3.6

Multiply: (4z +9)?

Answer

1622 + 72z +81

v/ Example 2.3.4

Multiply: (2 — 3y)?
Solution:
a — b F
(53

& s gt b K

Use the pattern. (2XF= 2« 2x* 3y + (3y)

Simplify. 4x? — 12zy + 9y>

? Trylt12.3.7

Multiply: (2¢ —d)?

Answer

4c% — 4ed + d?
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Multiply: (4z — 5y)?2

Answer

1622 — 402y + 25y

v/ Example 2.3.5

Multiply: (4u® +1)

Solution:
o +b
(41.-" + 1)2
d +2« o0 b4 B
Use the pattern. (A + 2 4w = 14+ (1)
Simplify. 16u® + 8u® + 1

Multiply: (222 +1)*

Answer

4zt + 422 +1

Multiply: (3y® +2) 2

Answer

990 +12¢% 44

Multiply Conjugates Using the Product of Conjugates Pattern

We just saw a pattern for squaring binomials that we can use to make multiplying some binomials easier. Similarly, there is a
pattern for another product of binomials. But before we get to it, we need to introduce some vocabulary.

What do you notice about these pairs of binomials?
(z—9)(z+9) (y—8)(y+8) (2z —5)(2z +5)

Look at the first term of each binomial in each pair.

(x-9)x+9) (y-8)y +8) (2x - 5)(2x + 5)
Notice the first terms are the same in each pair.
Look at the last terms of each binomial in each pair.

= )x+) -+ ) (2x— Y2x+ )
Notice the last terms are the same in each pair.

Notice how each pair has one sum and one difference.

https://math.libretexts.org/@go/page/142763
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( x-9 )(x+9) ( y-8 )(y+8) ( 2x-5 )(2x+5)
Difference / \ Sum Difference/ \ Sum Difference Sum
A pair of binomials that each have the same first term and the same last term, but one is a sum and one is a difference has a special
name. It is called a conjugate pair and is of the form (a—b),(a+b).

# Definition: Conjugate Pair

A conjugate pair is two binomials of the form
(a—b),(a+D)

The pair of binomials each have the same first term and the same last term, but one binomial is a sum and the other is a
difference.

There is a nice pattern for finding the product of conjugates. You could, of course, simply FOIL to get the product, but using the
pattern makes your work easier.

Let’s look for the pattern by using FOIL to multiply some conjugate pairs.

(x —9)(z+9) (y—8)(y+38) (2z —5)(2z +5)
224+92 -9z —-81 9y2+8y—8y—64 422+10x—10z—25
z? —81 y? — 64 4x? —25

Each first term is the product of the first terms of the binomials, and since they are identical it is the square of the first term.
(a+b)(a—b) =a’—

To get the first term, square the first term.

The last term came from multiplying the last terms, the square of the last term.
(a+b)(a—b) =a? —b*

To get the last term, square the last term.
What do you observe about the products?
The product of the two binomials is also a binomial! Most of the products resulting from FOIL have been trinomials.

Why is there no middle term? Notice the two middle terms you get from FOIL combine to 0 in every case, the result of one
addition and one subtraction.

The product of conjugates is always of the form a? —b? . This is called a difference of squares.

This leads to the pattern:

X PRODUCT OF CONJUGATES PATTERN

If a and b are real numbers,

difference
(a-b)a+by=c’-b* (a-bYa+b)=a® - ¥
conjugates squares

The product is called a difference of squares.

To multiply conjugates, square the first term, square the last term, and write the product as a difference of squares.

Let’s test this pattern with a numerical example.
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It is the product of conjugates, so the result will be the

(10—2)(10+2)

difference of two squares. —

Square the first term. 102—-
Square the last term. 102 — 22
Simplify. 100 -4
Simplify. 96

What do you get using the Order of Operations?

(10 —2)(10+2)

(8)(12)
96

Notice, the result is the same!

v/ Example 2.3.6
Multiply: (z —8)(z +8)

Solution:

First, recognize this as a product of conjugates. The binomials have the same first terms, and the same last terms, and one
binomial is a sum and the other is a difference.

. a-b\fa+ b
It fits the pattern. x—8M\x+8
) ad— b
Square the first term, x. o
a - b
Square the last term, 8. X8
—
The product is a difference of squares. ;e —_64

? Trylt2.3.11

Multiply: (z —5)(z +5)

Answer

2% —25

? Trylt! 2.3.12
Multiply: (w —3)(w + 3)

Answer

w?—9

v/ Example 2.3.7

Multiply: (2 +5)(2z —5)
Solution:

Are the binomials conjugates?

https://math.libretexts.org/@go/page/142763
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It is the product of conjugates.
Square the first term, 2x.

Square the last term, 5.

? Trylit2.3.13

Multiply: (6z +5)(6x —5)

Answer

362> — 25

? Trylt12.3.14

Multiply: (22 +7)(2z —7)
Answer

4z% — 49

Simplify. The product is a difference of squares.

(a + b (a —9
2x + 5/ \2x -
i
(20— __
ad - B
(2~ 5
W
4x*— 25

The binomials in the next example may look backwards — the variable is in the second term. But the two binomials are still

conjugates, so we use the same pattern to multiply them.

v/ Example 2.3.8

Find the product:(3 4+ 52)(3 —5x)

Solution:
It is the product of conjugates.

Use the pattern.

Simplify.

? Trylt2.3.15

Multiply: (7 +4xz)(7 —4z)

Answer

49 — 1622

? Trylt! 2.3.16

Multiply: (9 —2y)(9 +2y)

Answer

81 — 49>

a—- b a+ b
3+ 5x/ \3-5x
a= Ir

F—(5xy

9 — 25z2
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Now we’ll multiply conjugates that have two variables.

v/ Example 2.3.9

Find the product: (5m —9n)(5m +9n)

Solution:

a — b a b
This fits the pattern. (Sm - Qn) (Sm :— Qn)
& - B
Use the pattern. (5m)y— (9ny

Simplify. 25m? — 81n?

? Trylit2.3.17

Find the product: (4p — 7q)(4p+7q)

Answer

16p% — 494>

? Trylt' 2.3.18

Find the product: (3z —y)(3z +y)

Answer

9.,1:2 _ y2

v/ Example 2.3.10

Find the product: (cd — 8)(cd + 8)

Solution:

This fits the pattern. (c[:f: g) (cad:- g)

@ -
Use the pattern. (cdy—(8F

Simplify. c2d* — 64

? Trylt' 2.3.19

Find the product: (zy —6)(zy +6)

Answer

z?y® — 36

? Trylit2.3.20

Find the product: (ab —9)(ab+9)

Answer
a?b? —81
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v/ Example 2.3.11

Find the product: (6u2 = 11v5) (ﬁu2 + 111)5)

Solution:
- b a + b
This fits the pattern. (ﬁu‘ = TW*) (ﬁu’ +11
& = W
Use the pattern. (6LPF- (11vF
Simplify. 36ut — 121v10

? Tryltr2.3.21

Find the product: (3z% — 4y?*) (322 +4y*)

Answer

9z — 1695

? Try It 2.3.22

Find the product: (2m2 = 5n3) (2m2 + 5n3)

Answer

4m* —25nS

Recognize and Use the Appropriate Special Product Pattern

We just developed special product patterns for Binomial Squares and for the Product of Conjugates. The products look similar, so it
is important to recognize when it is appropriate to use each of these patterns and to notice how they differ. Look at the two patterns
together and note their similarities and differences.

X COMPARING THE SPECIAL PRODUCT PATTERNS

Binomial Squares Product of Conjugates

(a+b)? =a®+2ab+b? (a—b)(a+b)=a -0

(a—b)? =a%+2ab+b?

- Squaring a binomial - Multiplying conjugates

- Product is a trinomial - Product is a binomial

- Inner and outer terms with FOIL are the same. - Inner and outer terms with FOIL are opposites.
- Middle term is double the product of the terms. - There is no middle term.

v/ Example 2.3.12

Choose the appropriate pattern and use it to find the product:
1. (2z —3)(2z +3)
2. (8z —5)?
3. (6m+7)?
4. (52 —6)(6x +5)

Solution:
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1. (2z — 3)(2z + 3) These are conjugates. They have the same first numbers, and the same last numbers, and one binomial is a
sum and the other is a difference. It fits the Product of Conjugates pattern.

a—b a b
This fits the pattern. (2;( o ) (Zx .J;. 3)
o —
Use the pattern. (2x)-3*
Simplify. 4z2 -9

2. (82 —5)2 We are asked to square a binomial. It fits the binomial squares pattern.

-]

a — 2ab + b
Use the pattern. (8x)—2+8x+=5+5
Simplify. 6422 — 80z + 25

3. (6m +7)? Again, we will square a binomial so we use the binomial squares pattern.

( a + bj
6m+7

o o+ 2ab + b
Use the pattern. (6my+2+6m+7+7*
Simplify. 36m? + 84m + 49

4. (52 —6)(6x + 5) This product does not fit the patterns, so we will use FOIL.
(52 —6)(6z +5)
Use FOIL. 30z2 +25z — 36z — 30
Simplify. 3022 — 11z —30

? Trylt! 2.3.23

Choose the appropriate pattern and use it to find the product:

1. (96 —2)(2b+9)

2. (9p —4)2

3. (Ty+1)?

4. (4r—3)(4r +3)

Answer
1. FOIL; 18b? +77b—18
2. Binomial Squares; 81p% —72p +16
3. Binomial Squares; 49y2 + 14y +1
4. Product of Conjugates; 1672 —9

? Trylt 2.3.24

Choose the appropriate pattern and use it to find the product:

L. (6z+7)2
2.3z —4)(3z+4)
3. (2z —5)(5z —2)
4. (6n—1)2
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Answer
1. Binomial Squares; 362 + 84z +49
2. Product of Conjugates; 922 — 16
3. FOIL; 1022 — 29z + 10
4. Binomial Squares; 36n% —12n+1

Access these online resources for additional instruction and practice with special products:

o Special Products

Key Concepts
¢ Binomial Squares Pattern

o If a,b are real numbers,

(a+bf = a + 2ab + b
(binomial)* (first term)’ 2(product of terms) (last term)?

o (a+b)?=a?+2ab+b?

o (a—b)?=a%—2ab+b

o To square a binomial: square the first term, square the last term, double their product.
¢ Product of Conjugates Pattern

o If a,ba,b are real numbers,
difference

(a-ba+b)=a - P
conjugates squares
o (a—b)(a+b)=a®>—b?
o The product is called a difference of squares.
o To multiply conjugates:
o square the first term square the last term write it as a difference of squares

Glossary

conjugate pair
A conjugate pair is two binomials of the form (@ —b) and (a +b) ; the pair of binomials each have the same first term and the
same last term, but one binomial is a sum and the other is a difference.

This page titled 2.3: Special Products is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via source
content that was edited to the style and standards of the LibreTexts platform.

« 6.4: Special Products by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-2e.
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2.4: Divide Polynomials

4} Learning Objectives

By the end of this section, you will be able to:

e Divide a polynomial by a monomial
e Divide a polynomial by a binomial

Before you get started, take this readiness quiz.

3 =
1. Add: = +—
d+ d

If you missed this problem, review Example 1.7.1.
0zy?
S5zy
If you missed this problem, review Example 6.5.37.
3. Combine like terms: 8a +12a +1 +3a®? —5a+ 4
If you missed this problem, review Example 1.3.37.

3
2. Simplify:

Divide a Polynomial by a Monomial

In the last section, you learned how to divide a monomial by a monomial. As you continue to build up your knowledge of
polynomials the next procedure is to divide a polynomial of two or more terms by a monomial.

The method we’ll use to divide a polynomial by a monomial is based on the properties of fraction addition. So we’ll start with an
example to review fraction addition.

2

The sum, % + 5

y+2
5

Now we will do this in reverse to split a single fraction into separate fractions.

simplifies to

We’ll state the fraction addition property here just as you learned it and in reverse.

X FRACTION ADDITION

If a,b, and c are numbers where ¢ # 0, then

P g EF 2 P (2.4.1)
C

c C c c

We use the form on the left to add fractions and we use the form on the right to divide a polynomial by a monomial.

We use this form of fraction addition to divide polynomials by monomials.

X DIVISION OF A POLYNOMIAL BY A MONOMIAL

To divide a polynomial by a monomial, divide each term of the polynomial by the monomial.

v/ Example 2.4.1

Ty? +21

Find the quotient: 7

Solution
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Ty? +21

y? 21
Divide each term of the numerator by the denominator. % + -

Simplify each fraction. y?+3

? Trylt2.4.2

822424
Find the quotient: S22t

Answer

22246

? Trylt2.4.3

1822 —2
Find the quotient: 1827 —27

Answer

222 -3

Remember that division can be represented as a fraction. When you are asked to divide a polynomial by a monomial and it is not
already in fraction form, write a fraction with the polynomial in the numerator and the monomial in the denominator.

v/ Example 2.4.4

Find the quotient: (182° — 362?) + 6z
Solution
(18x3 — 36x2) +6x

. . 18z° — 36z”
Rewrite as a fraction. =
6z
182° 3622
Divide each term of the numerator by the denominator. 5 z 5 z
T z
Simplify. 3z — 6z

? Trylt2.45

Find the quotient: (27b% — 33b?) - 3b

Answer

9b% —11b

? Trylt2.4.6

Find the quotient: (25y° —55y%) <+ b5y

Answer

5y2 —11y

When we divide by a negative, we must be extra careful with the signs.
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. . 12d*—16d
Find the quotient: B E—

Solution

12d% — 16d
—4

18x3 — 362

Divide each term of the numerator by the denominator. 5
z

Simplify. Remember, subtracting a negative is like adding a positive! ~ —3d> +4d

? Trylt2.4.8

25y% —15
Find the quotient: %

Answer
—5y% 4+ 3y

? Trylt2.4.9

42p% —18b

Find the quotient: 5

Answer

—TH% +3b

v/ Example 2.4.10

1 5 3
Find the quotient: 05y—+75y

512
Solution
105y° + 75y°
5y2
105y°  75y3
Separate the terms. L L
5y? 5y2
Simplify. 21y3 + 15y
? Trylt2.4.11
60d” +24d5
Find the quotient: Qe t22d”
4d3
Answer
15d* +6d?

216p" — 48p°

Find the quotient:
q 6p°
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Answer
36p* — 8p?

v/ Example 2.4.13

Find the quotient: (152°y — 35zy?) <+ (—5zy)
Solution
(152%y — 35zy?®) + (—5xy)

15z3y — 35zy?
Rewrite as a fraction. OTY T I0TY

—5zy
1 3 2
Separate the terms. Be careful with the signs! ey _ 35y
—5zy —dzy

Simplify. -3z + Ty

? Trylt2.4.14

Find the quotient: (32ab — 16ab?) + (—8ab)

Answer

—4a+2b

? Trylt2.4.15
Find the quotient: (—48a8b4 — 36a6b5) = (—6a3b3)

Answer
8a®b + 6a3b?

v/ Example 2.4.16

36x3y? +27x%y? — 9223
9z2y

Find the quotient:

Solution
36x3y? +272%y* — 9x%y3
9z2y
36x3y?  272%y%  92%y3
9z2y 922y 92y

Separate the terms.

Simplify. dry+ 3y —y?

? Trylt2.4.17

402372 4 242202 — 162243
Find the quotient: Oc7y” 12427y L

8x2y

Answer

5zy + 3y — 2y
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: . 35a%h% +14a'h® — 42a2b*
Find the quotient:
Ta2b?
Answer
5a2 4+ 2a%b — 6b2
v Example 2.4.19
102 —9
Find the quotient: w
5
Solution
5
10z2 5z 20
Separate the terms. s =
4
Simplify. 2z +1— p
? Trylt2.4.20
18¢2 —
Find the quotient: w
6¢c
Answer
3
1— =
3c+ o
v Trylt2.4.21
10d% —5d —2
Find the quotient: %
Solution
2
2d—1——
5d

Divide a Polynomial by a Binomial

To divide a polynomial by a binemial, we follow a procedure very similar to long division of numbers. So let’s look carefully the
steps we take when we divide a 3-digit number, 875, by a 2-digit number, 25.

We write the long division 25)875

3
We divide the first two digits, 87, by 25. 25)875

3

We multiply 3 times 25 and write the product under the 87. 25) 335
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25)875

-75
12

Now we subtract 75 from 87. 3
25\longdiv875
—75
125

(2.4.2)

25)875

Then we bring down the third digit of the dividend, 5. ~ 75
125

35

25) 875

125
-125

Repeat the process, dividing 25 into 125.

We check division by multiplying the quotient by the divisor.

If we did the division correctly, the product should equal the dividend.

35-25

2.4.3
875v ( )

Now we will divide a trinomial by a binomial. As you read through the example, notice how similar the steps are to the numerical
example above.

v/ Example 2.4.22

Find the quotient: (z? + 9z +20) + (z +5)
Solution
(¢ +9x + 20) + (x+5)
Write it as a long division problem.
Be sure the dividend is in standard form. X+5) ¥ +9%+20

Divide x? by x. It may help to ask yourself, "What do I need to
multiply x by to get x??"

X
Put the answer, x, in the quotient over the x term. X+5) %+ 9x + 20

X
Multiply x times x + 5. Line up the like terms under the X+5) % +9x + 20
dividend. X+ 5x

Subtract x> + 5x from x% + 9x.

X
You may find it easier to change the signs and then add. X+5)x4+9%+20
—x* 4 (-5x)
4x + 20

Then bring down the last term, 20.

Divide 4x by x. It may help to ask yourself, "What do I need to
multiply x by to get 4x?"
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x+S)FFOXFT 20

Put the answer, 4, in the quotient over the constant term. ¥ + (£5%)
4x+ 20

X+ 4
X+5)xX+9%+20

Multiply 4 times x + 5. =X+ (=5x)
dx + 20
4x + 20

X+4

X+5) X +9x+ 20
—X* + (-5x)
4x + 20
—4x + (-20)
0

Subtract 4x + 20 from 4x + 20.

Check:

Multiply the quotient by the divisor.
(x+4)(x+5)

You should get the dividend.

X2+ 9x + 20V

? Trylt2.4.23

Find the quotient: (y? +10y +21) + (y +3)

Answer

y+7
? Trylt2.4.24

Find the quotient: (m? -+9m +20) = (m +4)

Answer

m+5

When the divisor has subtraction sign, we must be extra careful when we multiply the partial quotient and then subtract. It may be
safer to show that we change the signs and then add.

v/ Example 2.4.25

Find the quotient: (2z* — 5z — 3) =+ (z — 3)
Solution
(2¢-5x-3)= (x-3)
Write it as a long division problem.
Be sure the dividend is in standard form. X-3)2x-5x-3

Divide 2x2 by x. 2

2
Put the answer, 2x, in the quotient over the x term. #= YR~ 5C3
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2x
Multiply 2x times x — 3. Line up the like terms under the ¥ -39 _5x_3
dividend. 2¢ - 6x

2x

2 _ 2 _

Subtract 2x“ — 6x from 2x= — 5x. 3 F 3
Change the signs and then add. 2% 4 6x
Then bring down the last term.

2x+1

Divide x by x. x-3) 2¢_5x-3
Put the answer, 1, in the quotient over the constant term. —2¢ - {-6x)
x-3

2x+1
x-3) 2x*-5x-3
Multiply 1 times x — 3. G

L
|
W w

|
£

x-3) 2¢-5x-3
—2x* +6x

x-3

-X+3

Subtract x — 3 from x — 3 by changing the signs and adding.

To check, multiply (x — 3)(2x + 1).
The result should be 2x2 — 5x — 3.

? TrylIt2.4.26

Find the quotient: (2z% — 3z —20) + (z —4)

Answer

2x+5

? Trylt2.4.27

Find the quotient: (322 — 16z —12) + (z —6)

Answer

3x+2

When we divided 875 by 25, we had no remainder. But sometimes division of numbers does leave a remainder. The same is true

when we divide polynomials. In Example 2.4.25 we’ll have a division that leaves a remainder. We write the remainder as a
fraction with the divisor as the denominator.

v/ Example 2.4.28

Find the quotient: (z* —2® +z +4) + (v +1)
Solution
(- +x+d)+(x+1)

Write it as a long division problem.
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Be sure the dividend is in standard form.

Divide x° by x.

Put the answer, X%, in the quotient over the x? term.
Multiply x* times x + 1. Line up the like terms under the
dividend.

Subtract x° + x* from x°

Then bring down the next term.

Divide —2x° by x.

Put the answer, —2x, in the quotient over the x term.
Multiply —2x times x + 1. Line up the like terms under the
dividend.

Subtract —2x% — 2x from —2x° + x by changing the signs and
adding.
Then bring down the last term.

Divide 3x by x.

Put the answer, 3, in the quotient over the constant term.
Multiply 3 times x + 1. Line up the like terms under the
dividend.

Subtract 3x + 3 from 3x + 4 by changing the signs and adding.

Write the remainder as a fraction with the divisor as the
denominator.

1
To check, multipl 1 2_27+3+——
o check, multiply (z + )(w x + +m+1>

The result should be z° — 22 + z + 4

? Trylt2.4.29

Find the quotient: (z* +52* + 8z +6) < (z +2)
Answer

2
2
3 2_

- x? by changing the signs and adding.

X+1)x-xX+x+4

x
X+1)¥-X¥+x+4

X +x

x
X+1) - x+x+4

=+ ()
—2x' + x

-

2x
X+1)Xf—X+x+4

-+ (=x7)
-2x* + X
=26 = 2K

¥a2x
X+1) ¥—XC+x+4
-+ (%)
2+ x
+2¢ + 2x
3x+4

X¥-2x+3
X+1) XX+ x+4
=X+ (X
—2% + x
+2x° + 2x
3x+4
3x+3

)c*’—2x+3-1-L
Xx+1

X+1)X-X+x+4
—x* + (%)
-2+ x
+2x* + 2x
3x+4
-3x +(-3)
1
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Find the quotient: (2z° +8z% + & —8) + (z +1)

Answer
3

222+ 6z —5— ——
z+1

Look back at the dividends in Example, Example, and Example. The terms were written in descending order of degrees, and there

were no missing degrees. The dividend in Example will be z* — 22 +52 —2 . It is missing an x> term. We will add in 0z as a

placeholder.

v/ Example 2.4.31

Find the quotient: (z* — 2% +5z —2) + (z +2)

Solution

standard form with placeholders for missing terms.

Divide x* by x.

Put the answer, x3, in the quotient over the x3 term.
Multiply x3 times x + 2. Line up the like terms.
Subtract and then bring down the next term.

Divide —2x3 by x.

Put the answer, —2x2, in the quotient over the x? term.
Multiply —2x? times x + 1. Line up the like terms.
Subtract and bring down the next term.

Divide 3x2 by x.

Put the answer, 3x, in the quotient over the x term.
Multiply 3x times x + 1. Line up the like terms.
Subtract and bring down the next term.

Divide —x by x.

Put the answer, —1, in the quotient over the constant term.
Multiply -1 times x + 1. Line up the like terms.

Change the signs, add.

To check, multiply (z + 2) (2® — 222 + 3z — 1)
The result should be z* — 2% + 5z — 2

Write it as a long division problem. Be sure the dividend is in

Notice that there is no z3 term in the dividend. We will add 0z as a placeholder.

(¢ =X +5x=2) + (x + 2)

X+2)X-0X—x+5x-2

XJ
X+2) X + 00 - x +5x-2
X'+ 2x6)- It may be helpful
-2-x |10 change the
signs and add.

=27
X+2)x+0x¢-x+5x-2
—e + 2¢)
-2 - X
-2 —Ax%)
3x° + 5x

It may be helpful
to change the

signs and add.

X —2x4 3x
X+2)x +0x8-x +5x-2
- + 2x)
2¢- ¥
—{=2¢ - 4x’)
3x* + 5x

It may be helpful 3¢ 4+ 6
to change the g _i)_ 5

signs and add.

X - 26+ 3x— 1
X+2)x + 00— X +5x-2
-+ 2¢)
26— ¥
—(-2x - 4x)
3% + 5x
~(3x* + 6x)

It may be helpful _(:; 4 %)
0

to change the

signs and add.
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Find the quotient: (¢ 4+ 3z +14) =+ (z +2)

Answer

22 -2 47

? Trylt2.4.33

Find the quotient: (z* — 3z® —1000) = (z +5)

Answer

z® — 8z2 + 40z — 200

In Example 2.4.31, we will divide by 2a — 3. As we divide we will have to consider the constants as well as the variables.

v/ Example 2.4.34

Find the quotient: (8a® +27) =+ (2a +3)
Solution
This time we will show the division all in one step. We need to add two placeholders in order to divide.

(8¢° + 27) + (2a + 3)

40°— 6a+9
2a+3) 80" + 00 + 0a + 27
—(8¢° + 129 -— 4¢i(2a + 3)
—12c¢* + Oa
—(-12¢* — 18a) ~—6a(2a + 3)
18a +27
(18a+27) =—9(2a+3)

0
To check, multiply (2a + 3) (4a® — 6a+9)
The result should be 8a® + 27

? Trylt2.4.35

Find the quotient: (z* — 64) + (z —4)

Answer

22 +4z+16

? Trylt2.4.36

Find the quotient: (125z% — 8) = (5z —2)

Answer

2522 +10x +4

https://math.libretexts.org/@go/page/142767
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Access these online resources for additional instruction and practice with dividing polynomials:

e Divide a Polynomial by a Monomial
e Divide a Polynomial by a Monomial 2
e Divide Polynomial by Binomial

Key Concepts
o Fraction Addition

o If a,b, and c are numbers where ¢ # 0, then
a b a+b a+b a b
-4 -= and =—4-
c ¢ c c c ¢
o Division of a Polynomial by a Monomial

o To divide a polynomial by a monomial, divide each term of the polynomial by the monomial.

This page titled 2.4: Divide Polynomials is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via
source content that was edited to the style and standards of the LibreTexts platform.

« 6.6: Divide Polynomials by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-2e.
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CHAPTER OVERVIEW

3: Factoring

3.1: Greatest Common Factor and Factor by Grouping

3.2: Factor Quadratic Trinomials with Leading Coefficient 1

3.3: Factor Quadratic Trinomials with Leading Coefficient Other than 1
3.4: Factor Special Products

3.5: General Strategy for Factoring Polynomials

3: Factoring is shared under a CC BY-SA license and was authored, remixed, and/or curated by LibreTexts.
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3.1: Greatest Common Factor and Factor by Grouping

4} Learning Objectives

By the end of this section, you will be able to:

o Find the greatest common factor of two or more expressions
o Factor the greatest common factor from a polynomial
o Factor by grouping

X BE PREPARED

Before you get started, take this readiness quiz.

1. Factor 56 into primes.

If you missed this problem, review Example 1.2.19.
2. Find the least common multiple of 18 and 24.

If you missed this problem, review Example 1.2.28.
3. Simplify —3(6a +11).

If you missed this problem, review Example 1.10.40.

Find the Greatest Common Factor of Two or More Expressions

Earlier we multiplied factors together to get a product. Now, we will be reversing this process; we will start with a product and then
break it down into its factors. Splitting a product into factors is called factoring.

multiply
87 = 56 2x(x+3) = 2%¥ +6x
factors  product factors product

factor

We have learned how to factor numbers to find the least common multiple (LCM) of two or more numbers. Now we will factor
expressions and find the greatest common factor of two or more expressions. The method we use is similar to what we used to
find the LCM.

X GREATEST COMMON FACTOR

The greatest common factor (GCF) of two or more expressions is the largest expression that is a factor of all the expressions.

First we’ll find the GCF of two numbers.

v Example 3.1.1: HOW TO FIND THE GREATEST COMMON FACTOR OF TWO OR MORE EXPRESSIONS

Find the GCF of 54 and 36.

Solution

https://math.libretexts.org/@go/page/142770
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! Facior 54 and 36. /54\
9 6
3 3 2 3
36
6 6
2 3 2 3
Circle the 2, 3, and 3 that are 36=2+2+3-3
shared by both numbers. fgaizl |3kizly
Bring down the 2, 3, and 3, GCF=2- 3-3
and then multiply.
GCF=18
The GCF of 54 and 36 is 18.

Notice that, because the GCF is a factor of both numbers, 54 and 36 can be written as multiples of 18.

54=18-3

3.1.1
36 =18-2 ( )

? Trylt3.1.2

Find the GCF of 48 and 80.

Answer

16
? Trylt3.1.3

Find the GCF of 18 and 40.

Answer
2

We summarize the steps we use to find the GCF below.

X HOW TO

Find the Greatest Common Factor (GCF) of two expressions.

1. Step 1. Factor each coefficient into primes. Write all variables with exponents in expanded form.

2. Step 2. List all factors—matching common factors in a column. In each column, circle the common factors.
3. Step 3. Bring down the common factors that all expressions share.

4. Step 4. Multiply the factors.

https://math.libretexts.org/@go/page/142770
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In the first example, the GCF was a constant. In the next two examples, we will get variables in the greatest common factor.

v/ Example 3.1.4

Find the greatest common factor of 27z and 18z*.

Solution

Factor each coefficient into primes and write the variables with
exponents in expanded form. Circle the common factors in each
column.

Bring down the common factors.

Multiply the factors.

? Trylt3.1.5

Find the GCF: 1222, 1823

Answer

622

? Trylt3.1.6
Find the GCF: 162, 241°

Answer

8y?

v/ Example 3.1.7

Find the GCF of 4z%y, 623

Solution

Factor each coefficient into primes and write the variables with
exponents in expanded form. Circle the common factors in each
column.

Bring down the common factors.

Multiply the factors.

? Trylt3.1.8

Find the GCF: 6ab*, 8a%b

Answer

2ab

e AR
ek

GCF= 3+3+ xex*Xx

GCF = 9%

The GCF of 27z° and
18z* is 9z°.

&\'X'ﬁf\‘.
|
Exya =@. 3.||@. .y.y

dxly =2\ 2

GCF=2" Xy
GCF = 2xy

The GCF of 4z?y and
6:1cy3 is 2zy.

https://math.libretexts.org/@go/page/142770
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Find the GCF: 9m®n2, 12mn

Answer

3mdn

v/ Example 3.1.10

Find the GCF of: 2123, 9%, 15z

Solution

2Ix}= (é\- 7-{A-x-x

Factor each coefficient into primes and write the variables with

||
exponents in expanded form. Circle the common factors in each s \; ? |X\| o
column. 15x =13+ 5- \69'
Bring down the common factors. GCF=3 - X
Multiply the factors. GCF = 3x

The GCF of 21x*, 92
and 15z is 3z

? Trylt3.1.11

Find the greatest common factor: 25m*, 35m?, 20m?

Answer

5m?

? Trylt3.1.12

Find the greatest common factor: 143, 70z2, 105z

Answer

Tx

Factor the Greatest Common Factor from a Polynomial

Just like in arithmetic, where it is sometimes useful to represent a number in factored form (for example, 12 as 2-60r3-4),2-60r3-4),
in algebra, it can be useful to represent a polynomial in factored form. One way to do this is by finding the GCF of all the terms.
Remember, we multiply a polynomial by a monomial as follows:
2(z+7) factors
2-x42-7 (3.1.2)
2x+14 product

Now we will start with a product, like 2z 414, and end with its factors, 2(z + 7). To do this we apply the Distributive Property
“in reverse.”

We state the Distributive Property here just as you saw it in earlier chapters and “in reverse.”

https://math.libretexts.org/@go/page/142770
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X DISTRIBUTIVE PROPERTY

If a,b, c are real numbers, then

a(b+c)=ab+ac and ab+ac=a(b+c) (3.1.3)

The form on the left is used to multiply. The form on the right is used to factor.

So how do you use the Distributive Property to factor a polynomial? You just find the GCF of all the terms and write the
polynomial as a product!

v/ Example 3.1.13: HOW TO FACTOR THE GREATEST COMMON FACTOR FROM A POLYNOMIAL

Factor: 4 +12

Solution
| Findthe GCFof4xand 12.  4x=2-2- -x
12=2+2+3
GCF=2-2
GCF=4
Rewrite 4x and 12 as dx+12
products of their GCF, 4.
dx=4-x 4dex+4-3
12=4-3
4x + 3)
Ax + 3)
4ex+4+3
dx+12v

? Trylt3.1.14

Factor: 6a + 24

Answer

6(a+4)

? Trylt3.1.15
Factor: 2b+ 14

Answer

2(b+7)

Factor the greatest common factor from a polynomial.
Step 1. Find the GCF of all the terms of the polynomial.
Step 2. Rewrite each term as a product using the GCF.

Step 3. Use the “reverse” Distributive Property to factor the expression.

https://math.libretexts.org/@go/page/142770
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l Step 4. Check by multiplying the factors.

X FACTOR AS A NOUN AND A VERB

We use “factor” as both a noun and a verb.

Noun 7 is a factor of 14

Verb factor 3 from3a + 3

v/ Example 3.1.16

Factor: 5a +5

Solution
5a =5\»a
Find the GCF of 5a and 5. 5=
GCF=5
5a +5
Rewrite each term as a product using the GCF. 5-a+5-1
Use the Distributive Property "in reverse" to factor the GCF. 5(a + 1)

Check by multiplying the factors to get the original polynomial.
5(a+1)

5-a+5-1

5a+5v

? Trylt3.1.17
Factor: 14z + 14

Answer

14(z+1)

? Trylt3.1.18

Factor: 12p 412

Answer

12(p+1)

The expressions in the next example have several factors in common. Remember to write the GCF as the product of all the
common factors.

v/ Example 3.1.19

Factor: 12z — 60

Solution

https://math.libretexts.org/@go/page/142770
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12¢ = (2\@ i

Find the GCF of 12x and 60.

GCF=2:2:3

GCF =12

12x - 60
Rewrite each term as a product using the GCF. 12+x-12-5
Factor the GCF. 12(x —5)

Check by multiplying the factors.
12(x-5)

12.2—-12-5

122 — 60V

? Trylt3.1.20

Factor: 18u — 36

Answer

8(u—2)

? Trylt3.1.21

Factor: 30y — 60

Answer

30(y—2)

Now we’ll factor the greatest common factor from a trinomial. We start by finding the GCF of all three terms.

v/ Example 3.1.22

Factor: 4y? + 24y +28
Solution

We start by finding the GCF of all three terms.

=2 yry
24y = (Z-lz)-z =3y

Find the GCF of 4y2, 24y and 28 28 —@ 7
GCF=2-2
GCF=4
4y + 24y + 28
Rewrite each term as a product using the GCF. 4:y+4:0r+4-7
Factor the GCF. Ay +6y+7)
Check by multiplying.

4(y® +6y+17)
4-y2+4-6y+4-7

https://math.libretexts.org/@go/page/142770
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4y? + 24y + 28V

? Trylt3.1.23

Factor: 522 — 25z +15

Answer

5 (z*> — 5z +3)

? Trylt3.1.24

Factor: 3y% — 12y +27

Answer

3(y*—4y+9)

v/ Example 3.1.25

Factor: 52° — 2522

Solution
5x =(§T @:@ x
Find the GCF of 5% and 25> 250=0r5"
GCF=5- XX
GCF = 5%
5x*— 25x
Rewrite each term. Sx**X-5x'*5
Factor the GCF. Sx’(x—5)
Check.
52%(z — 5)

502z — 5225

52° — 2522V

? Trylt3.1.26
Factor: 223 + 122

Answer

2z%(z +6)

? Trylt3.1.27
Factor: 6y3 — 15y2

Answer

3y*(2y —5)

https://math.libretexts.org/@go/page/142770
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Factor: 2123 — 922 + 15z
Solution

In a previous example we found the GCF of 212°, 922, 15z to be 3z.

21x*— 9%* + 15x

Rewrite each term using the GCF, 3x. 3x+7x-3x*3x+3x+5
Factor the GCF. 3x(7x* - 3x +5)
Check.

3z (7:!:2 — 3z + 5)
3z- 722 —3z-3z+3z-5
212° — 922 + 15zv

? Trylt3.1.29

Factor: 2023 — 1022 + 14z

Answer

2z(102> — 5z +7)

? Try1t3.1.30

Factor: 24y°® —12y% — 20y

Answer

4y(6y> —3y —5)

v/ Example 3.1.31

Factor: 8m® — 12m?2n + 20mn?

Solution
8m’ = (2\+(2\+ 2 “mem
12mn =|2 \2 3. [mkmen
Find the GCF of 8m3, 12m?>n, 20mn? 20mm* =242} Sem)s nen
GCF=2+2» m
GCF=4m
8m - 12m’n + 20mn*
Rewrite each term. 4m = 2m*—4m+3mn + 4m+ 57
Factor the GCF. 4m(2m? - 3m n + 5n%)
Check.

am (Zm2 —3mn + 5n2)

4m-2m? — 4m - 3mn + 4m - 5n?

https://math.libretexts.org/@go/page/142770
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| 8m?® — 12m?n + 20mn’v’

? Trylt3.1.32

Factor: 9zy? +622y? +21y3

Answer

3y (3z +22° + Ty)

? Trylt3.1.33

Factor: 3p® — 6p?q +9pg>

Answer

3p(p® —2pq+3¢°

When the leading coefficient is negative, we factor the negative out as part of the GCF.

v/ Example 3.1.34

Factor: —8y — 24
Solution

When the leading coefficient is negative, the GCF will be negative.

Ignoring the signs of the terms, we first find the GCF of 8y and @@
24 is 8. Since the expression —8y — 24 has a negative leading
coefficient, we use —8 as the GCF. GCF=2-2-
GCF=28

) _ —8y-_24
Rewrite each term using the GCF. 8.y+(8)-3
Factor the GCF. -8(y+3)
Check.
—8(y+3)
—8-y+(—8)-3
—8y—24v

? Trylt3.1.35

Factor: —16z — 64

Answer

—16(z+4)

https://math.libretexts.org/@go/page/142770
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Factor: —9y — 27

Answer

—9(y+3)

v/ Example 3.1.37

Factor: —6a2 + 36a
Solution

The leading coefficient is negative, so the GCF will be negative.?

6a0° =(2\ ara

36a =2~ 233 *\a
Since the leading coefficient is negative, the GCF is negative,

GCF=2+- 3+ a
—6a.

GCF =6a

-6a° + 36a
Rewrite each term using the GCF. -6a-a-(-6a) 6
Factor the GCF. —6a(a - 6)
Check.
—6a(a —6)

—6a-a+ (—6a)(—6)
—6a? + 36av

? Trylt3.1.38

Factor: —4b? +16b

Answer
—4b(b — 4)

? Trylt3.1.39

Factor: —7a% +21a

Answer

—Ta(a—3)

v/ Example 3.1.40

Factor: 5g(q¢+7) —6(q+7)
Solution

The GCF is the binomial q+7.

Sqlg + 7)-6(g +7)

https://math.libretexts.org/@go/page/142770
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Factor the GCF, (q + 7).

Check on your own by multiplying.

? Trylt3.1.41

Factor: 4m(m +3) —7(m +3)

Answer

(m+3)(4m—7)

? Trylt3.1.42

Factor: 8n(n —4)+5(n—4)

Answer

(n—4)(8n+5)

Factor by Grouping

(g +7)59 -6)

When there is no common factor of all the terms of a polynomial, look for a common factor in just some of the terms. When there
are four terms, a good way to start is by separating the polynomial into two parts with two terms in each part. Then look for the
GCF in each part. If the polynomial can be factored, you will find a common factor emerges from both parts.

(Not all polynomials can be factored. Just like some numbers are prime, some polynomials are prime.)

v/ Example 3.1.43

Factor: zy + 3y +2z +6

Solution

Is there a greatest common
factor of all four terms?

No, so let's separate the first
two terms from the second two.
Factor the GCF from the first

two terms.

Factor the GCF from the
second two terms.

Notice that each term has a
common factor of (x + 3).

Factor out the common factor.

Multiply (x + 3)(y + 2). Is the
product the original expression?

x¥+3y+2x+6

Xy + 3y + 2x+ 6

Yix+3)+2x+6

ylx+3)+ 2(x+ 3)

yx+3)+ 2(x + 3)
x+3)y+2)
x+3)(y+2)

XY+2x+3y+6
XY+3y+2x+6v

https://math.libretexts.org/@go/page/142770
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Factor: zy + 8y + 3x 424

Answer

(z+8)(y+3)

? Trylt3.1.45

Factor: ab+7b+8a + 56

Answer
(a+T7)(b+8)

X HOW TO

Factor by grouping.

Step 1. Group terms with common factors.

Step 2. Factor out the common factor in each group.
Step 3. Factor the common factor from the expression.

Step 4. Check by multiplying the factors.

v/ Example 3.1.46

Factor: 22 +3z — 2z — 6

Solution
There is no GCF in all four terms. 2 +3z -2z -6
Separate into two parts. z2+3z —2z—6

——— ——

Factor the GCF from both parts. Be careful
z(x+3)—2(z+3)

with the signs when factoring the GCF from
(z+3)(z—2)

the last two terms.

Check on your own by multinlying.

Factor: 2 4+ 2z — 5z — 10

Answer

(z—5)(z+2)

? Trylt3.1.48

Factor: y% 4 4y — Ty — 28

Answer

https://math.libretexts.org/@go/page/142770
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l (y+4)y—1)

X MEDIA ACCESS ADDITIONAL ONLINE RESOURCES

Access these online resources for additional instruction and practice with greatest common factors (GFCs) and factoring by
grouping.
o Greatest Common Factor (GCF)

o Factoring Out the GCF of a Binomial
o Greatest Common Factor (GCF)_of Polynomials

Glossary

factoring

Factoring is splitting a product into factors; in other words, it is the reverse process of multiplying.

greatest common factor

The greatest common factor is the largest expression that is a factor of two or more expressions is the greatest common factor
(GCF).

This page titled 3.1: Greatest Common Factor and Factor by Grouping is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 7.1: Greatest Common Factor and Factor by Grouping by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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3.2: Factor Quadratic Trinomials with Leading Coefficient 1

4b Learning Objectives

By the end of this section, you will be able to:

o Factor trinomials of the form z2 + bz + ¢
o Factor trinomials of the form z2 + bzy + cy?

X BE PREPARED

Before you get started, take this readiness quiz.

1. Multiply: (x+4)(x+5).

If you missed this problem, review Example 6.3.31.
2. Simplify: (a) —9 + (—6) (b) —9+6.

If you missed this problem, review Example 1.4.18.
3. Simplify: (a) —9(6) (b) —9(—6).

If you missed this problem, review Example 1.5.1.
4. Simplify: (a) | — 5] (b) |3|.

If you missed this problem, review Example 1.4.2.

Factor Trinomials of the Form % + bz + ¢
You have already learned how to multiply binomials using FOIL. Now you’ll need to “undo” this multiplication—to start with the
product and end up with the factors. Let’s look at an example of multiplying binomials to refresh your memory.

(x + 2)(x + 3) factors
E @ £ 4
X+3x+2x+6

X +5x+6 product
To factor the trinomial means to start with the product, z2 + 5z + 6 , and end with the factors, (z +2)(z +3) . You need to think
about where each of the terms in the trinomial came from.

The first term came from multiplying the first term in each binomial. So to get 2% in the product, each binomial must start with an
X.

22 +5z+6
(z )z )

The last term in the trinomial came from multiplying the last term in each binomial. So the last terms must multiply to 6.

(3.2.1)

What two numbers multiply to 6?
The factors of 6 could be 1 and 6, or 2 and 3. How do you know which pair to use?
Consider the middle term. It came from adding the outer and inner terms.

So the numbers that must have a product of 6 will need a sum of 5. We’ll test both possibilities and summarize the results in Table
3.2.1—the table will be very helpful when you work with numbers that can be factored in many different ways.

Factors of 6 Sum of factors
1,6 1+6="7
2,3 2+3=5
Table 3.2.1
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We see that 2 and 3 are the numbers that multiply to 6 and add to 5. So we have the factors of x> +5z+6. They are
(z+2)(z+3).

2 +5z +6 product

3.2.2
(x+2)(z+3) factors ( )
You should check this by multiplying.

Looking back, we started with 2% + 5z +6, which is of the form 22+ bz + ¢, where b=5 and ¢=6. We factored it into two
binomials of the form (x+m) and (x+n).

22 +52+6 2 +bzx+c

(z+2)(xz+3) (z+m)(z+n) (3.2.3)

To get the correct factors, we found two numbers m and n whose product is ¢ and sum is b.

v Example 3.2.1: HOW TO FACTOR TRINOMIALS OF THE FORM z? + bz + ¢

Factor: 22 + 7z +12

Solution

Write two sets of parentheses and  x* + 7x+ 12
put x as the first term. @ 1 )

Find two numbers that muitiply to

12 and add to 7.

Factors of 12| Sum of factors
1,12 1+12=13
2,6 2+6=8
3.4 3+4=7%

Use 3 and 4 as the last terms of (x+3)(x+4)
the binomials.

(x+3)(x+4)
X+dx+3x+12
X+ Tx+12v

Factor: 22 + 6z + 8

Factor: y? + 8y +15

Let’s summarize the steps we used to find the factors.

X HOW TO

Factor trinomials of the form z? + bz +c .
Step 1. Write the factors as two binomials with first terms x: (z  )(z )

Step 2. Find two numbers m and n that
Multiply toc, m-n=c
Addtob,m+n=>

Step 3. Use m and n as the last terms of the factors:(z +m)(z +n)
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l Step 4. Check by multiplying the factors.

v/ Example 3.2.4

Factor: u? 4+ 11u + 24
Solution

Notice that the variable is u, so the factors will have first terms u.

u? +11u+24
Write the factors as two binomials with first termsw . (v )(u )
Find two numbers that: multiply to 24 and add to 11.
Factors of 24 Sum of factors

1,24 1+24=25
2,12 2+12=14
3,8 3+8=11*
4,6 4+6=10

Use 3 and 8 as the last terms of the binomials.  (u +3)(u + 8)
Check.
(uw+3)(u+38)

w? +3u+8u+24
u? +11u + 2407

Factor: g2 +10q+ 24

Factor: t? + 14t + 24

v/ Example 3.2.7

Factor: y? + 17y + 60
Solution

y2+ 17y +60
Write the factors as two binomials with first termsy.  (y )(y )

Find two numbers that multiply to 60 and add to 17.

Factors of 60 Sum of factors
1,60 1+60=61
2,30 2+30=32
3,20 3+20=23
4,15 4+15=19

https://math.libretexts.org/@go/page/142772



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142772?pdf

LibreTexts"

Factors of 60 Sum of factors
5,12 5+12=17*
6,10

Use 5 and 12 as the last terms.  (y+5)(y +12)
Check.

(y+5)(y+12)
(v +12y+5y +60)
(y*+17y+60)v

Factor: 22 + 19z + 60

Factor: v? 4 23v+ 60

Factor Trinomials of the Form x? + bx + ¢ with b Negative, ¢ Positive
In the examples so far, all terms in the trinomial were positive. What happens when there are negative terms? Well, it depends
which term is negative. Let’s look first at trinomials with only the middle term negative.

Remember: To get a negative sum and a positive product, the numbers must both be negative.

Again, think about FOIL and where each term in the trinomial came from. Just as before,

2

o the first term, 2, comes from the product of the two first terms in each binomial factor, x and y;

o the positive last term is the product of the two last terms
o the negative middle term is the sum of the outer and inner terms.

How do you get a positive product and a negative sum? With two negative numbers.

v/ Example 3.2.10

Factor: 2 — 11t +28

Solution

Again, with the positive last term, 28, and the negative middle term, —11t, we need two negative factors. Find two numbers that
multiply 28 and add to —11.

t? —11t+28
Write the factors as two binomials with first terms¢ (¢ )(t )
Find two numbers that: multiply to 28 and add to —11.
Factors of 28 Sum of factors
-1,-28 ~1+(-28)=-29
-2,-14 -2+(~14)=-16
-4,-7 44 (~-7) = —11*
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Use —4, —7 as the last terms of the binomials. (¢ —4)(t—7)
Check.

t=@E-"T7)
2 —Tt—A4t+28
2 —11t+28V

Factor: u? — 9u + 18

Factor: y2 — 16y + 63

Factor Trinomials of the Form x2+bx+c with ¢ Negative

Now, what if the last term in the trinomial is negative? Think about FOIL. The last term is the product of the last terms in the two
binomials. A negative product results from multiplying two numbers with opposite signs. You have to be very careful to choose
factors to make sure you get the correct sign for the middle term, too.

Remember: To get a negative product, the numbers must have different signs.

v/ Example 3.2.13

Factor: 22 +4z—5

Solution

To get a negative last term, multiply one positive and one negative. We need factors of —5 that add to positive 4.

Factors of -5 Sum of factors
1,-5 1+(-5)=—4
-1,5 —1+5=4*

Notice: We listed both 1,-5 and —1,5 to make sure we got the sign of the middle term correct.

22+42-5
Factors will be two binomials with first termsz.  (z )(z )
Use —1,5 as the last terms of the binomials. (z—1)(2+5)
Check.
(z—1)(2+5)
224+52—12—5
22+42-5¢

? Trylt3.2.14

Factor: h2 +4h — 12

Answer
(h—2)(h +6)
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Factor: : 2° +k — 20

Answer

(k—4)(k+5)

Let’s make a minor change to the last trinomial and see what effect it has on the factors.

v/ Example 3.2.16

Factor: 22 —4z—5
Solution
Solution

This time, we need factors of -5 that add to —4.

Factors of —5 Sum of factors
1,-5 1+(~5)=—4*
-1,5 ~1+5=4
22 —4z-5
Factors will be two binomials with first termsz.  (z )(z )
Use 1, —5 as the last terms of the binomials. (z4+1)(z—5)
Check.
(z+1)(2—5)
22—524+12-5
22 —4z-5¢

? Trylt3.2.17

Factor: 22 — 4z — 12

Answer
(z+2)(z—6)

? Trylt3.2.18

Factor: y* —y — 20

Answer

(y+4)(y—5)

v/ Example 3.2.19

Factor: g2 —2q — 15

Solution
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Factors will be two binomials with first terms q.

You can use 3, —5 as the last terms of the binomials.

Factors of —15

1,-15
-1,15
3,-5
-3,5
Check.
(g+3)(¢—5)
g’ —5q+32—15
¢>—2¢—15v

? Try1t3.2.20

Factor: 72 — 3r — 40

Answer

(r+5)(r—8)

? Trylt3.2.21

Factor: s —3s—10

Answer

(s+2)(s—5)

¢’ —2q—15
(@ g )
(¢+3)(¢—5)

Sum of factors

1+(-15)=-14
-1+15=14

3+(-5)=—2*

Some trinomials are prime. The only way to be certain a trinomial is prime is to list all the possibilities and show that none of them

work.

v/ Example 3.2.22

Factor: y* — 6y + 15

Solution

terms y.
Factors of 15
-1,-15

-3,-5

y? —6y+15
Factors will be two binomials with first  (y )y

)

Sum of factors

~1+(-15)=-16

—3+(-5)=-8

As shown in the table, none of the factors add to —6; therefore, the expression is prime.
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Factor: m2 +4m +18

Answer

prime

? Trylt3.2.24

Factor: n?> —10n+12

Answer

prime

v/ Example 3.2.25

Factor: 2z + 2 — 48

Solution
2z +x? — 48
First we put the terms in decreasing degree order.  z% 42z — 48
Factors will be two binomials with first termsz .  (z )z )

As shown in the table, you can use —6,8 as the last terms of the binomials.

(z—6)(z+8) (3.2.4)
Factors of —48 Sum of factors

-1,48 —1+48=47
-2,24 —2+24=22
-3,16 -3+16=13
-4,12 —-4+12=8
-6,8 —6+8=2

Check.

(z —6)(z+8)

x2 —6qg+8q—48

2% +2x — 48V

? Trylt3.2.26

Factor: 9m +m? +18

Answer

(m+3)(m+6)

? Trylt3.2.27

Factor: —7n + 12 +n?

Answer

(n—3)(n—4)
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Let’s summarize the method we just developed to factor trinomials of the form z? + bz +c

When we factor a trinomial, we look at the signs of its terms first to determine the signs of the binomial factors.

2 +bx+c (3.2.5)
(z+m)(z+n)
When c is positive, m and n have the same sign.
b positive b negative
m,n positive  m,n negative
z? +52+6 z? — 62 +8 (3.2.6)
(z+2)(z+3) (z—4)(z—2)
same signs same signs

When c is negative, m and n have opposite signs.
z?+x—12 xz2 -2z —15
(x+4)(z—3) (z—5)(z+3) (3.2.7)
opposite signs  opposite signs

Notice that, in the case when m and n have opposite signs, the sign of the one with the larger absolute value matches the sign of
b.

Factor Trinomials of the Form x? + bxy + cy?

Sometimes you’ll need to factor trinomials of the form z2 +bzy + cy? with two variables, such as z2 + 12zy + 36y2 . The first
term, 2, is the product of the first terms of the binomial factors, z - z. The y?2 in the last term means that the second terms of the
binomial factors must each contain y. To get the coefficients b and c, you use the same process summarized in the previous

objective.

v/ Example 3.2.28

Factor: 22 + 122y + 36y
Solution
z? +12zy + 369>
Note that the first terms are x, last terms  (z_y) (z_y)
contain y

Find the numbers that multiply to 36 and add to 12.

Factors of 36 Sum of factors
1,36 1+36=37
2,18 2+18=20
3,12 3+12=15
4,9 4+9=13
6, 6 6+6=12*

Use 6 and 6 as the coefficients of the last terms.  (z 4 6y)(z + 6y)

Check your answer.
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(z +6y)(z +6y)
2%+ 6zy + 62y + 369>
z? +12zy + 3632V

Factor: u? + 11uv+ 28v2

Answer
(u+4v)(u+7v)

Factor: 2 + 13zy +42y?

Answer
(z +6y)(z+T7y)

v/ Example 3.2.31
Factor: 2 — 87rs — 952

Solution
We need r in the first term of each binomial and s in the second term. The last term of the trinomial is negative, so the factors

must have opposite signs.
r2 —8rs—9s?
Note that the first terms are 7, last terms contains  (r_s) (r_s)

Factors of -9 Sum of factors

1,-9 1+(-9)=-8%*
-1,9 -1+9=8
3,-3 3+(-3)=0

Use 1, —9 as coefficients of the last terms.  (r+s)(r —9s)
Check your answer.

(r—9s)(r+s)

72 +1rs—9rs —9s>

r?2 —8rs —9s%v

Factor: a® — 11ab+ 10b?

Answer
(a—b)(a—100b)
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Factor: m?2 — 13mn + 12n?

Answer

(m —n)(m—12n)

v/ Example 3.2.34

Factor: u? — Quv — 12v°
Solution

We need u in the first term of each binomial and v in the second term. The last term of the trinomial is negative, so the factors
must have opposite signs.

u? —9uv— 1202
Note that the first terms are u, last terms containv  (u_v) (u_v)

Find the numbers that multiply to —12 and add to -9.

Factors of —12 Sum of factors
1,-12 1+(-12)=-11
-1,12 -1+12=11
2,6 2+(-6)=—4
-2,6 -2+6=4
3,-4 3+(-4)=-1
-3,4 -3+4=1

Note there are no factor pairs that give us —9 as a sum. The trinomial is prime.

? Trylt3.2.35
Factor: 22 — 7Tzy — 10y?

Answer

prime

? Trylt3.2.36
Factor: p* + 15pq + 204>

Answer

prime

Key Concepts
« Factor trinomials of the form z2 + bz +c
1. Write the factors as two binomials with first terms z: (z )(z )
2. Find two numbers m and n that
Multiplytoe, m-n=c
Addtob,m+n=»>

https://math.libretexts.org/@go/page/142772


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142772?pdf

Li breTexts*

3. Use m and 7 as the last terms of the factors: (z +m)(z +n).
4. Check by multiplying the factors.

This page titled 3.2: Factor Quadratic Trinomials with Leading Coefficient 1 is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 7.2: Factor Quadratic Trinomials with Leading Coefficient 1 by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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3.3: Factor Quadratic Trinomials with Leading Coefficient Other than 1

4b Learning Objectives

By the end of this section, you will be able to:

e Recognize a preliminary strategy to factor polynomials completely
o Factor trinomials of the form az? + bz +c with a GCF

o Factor trinomials using trial and error

o Factor trinomials using the ‘ac’ method

Before you get started, take this readiness quiz.

1. Find the GCF of 45p? and 30p®

If you missed this problem, review Example 7.1.4.
2. Multiply (3y +4)(2y +5)

If you missed this problem, review Example 6.3.37.
3. Combine like terms 1222 + 3z 45z +9

If you missed this problem, review Example 1.3.37.

Recognize a Preliminary Strategy for Factoring

Let’s summarize where we are so far with factoring polynomials. In the first two sections of this chapter, we used three methods of
factoring: factoring the GCF, factoring by grouping, and factoring a trinomial by “undoing” FOIL. More methods will follow as
you continue in this chapter, as well as later in your studies of algebra.

How will you know when to use each factoring method? As you learn more methods of factoring, how will you know when to
apply each method and not get them confused? It will help to organize the factoring methods into a strategy that can guide you to
use the correct method.

As you start to factor a polynomial, always ask first, “Is there a greatest common factor?” If there is, factor it first.

The next thing to consider is the type of polynomial. How many terms does it have? Is it a binomial? A trinomial? Or does it have
more than three terms?

o If it is a trinomial where the leading coefficient is one, z? +bx + ¢, use the “undo FOIL” method.
o If it has more than three terms, try the grouping method. This is the only method to use for polynomials of more than three
terms.

Some polynomials cannot be factored. They are called “prime.” Below we summarize the methods we have so far.

GCF
| ]
Binomial Trinomial More than 3 terms
X+bx+c grouping
x ) )

X CHOOSE A STRATEGY TO FACTOR POLYNOMIALS COMPLETELY.

1. Is there a greatest common factor?
o Factor it out.
2. Is the polynomial a binomial, trinomial, or are there more than three terms?

o If it is a binomial, right now we have no method to factor it.
o Ifit s a trinomial of the form 2 + bz + ¢ : Undo FOIL (z )(z )
o If it has more than three terms: Use the grouping method.
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l 3. Check by multiplying the factors.

Use the preliminary strategy to completely factor a polynomial. A polynomial is factored completely if, other than monomials, all
of its factors are prime.

v/ Example 3.3.1

Identify the best method to use to factor each polynomial.
a 6y? —72
b.r? —10r —24
c. p* +5p+pg+5q
Answer a
6y —72
Is there a greatest common factor? Yes, 6.
Factor out the 6 6 (y2 — 12)
Isit a binomial, trinomial, or are there ~ Binomial, we have no method to factor
more than 3 terms? binomials yet.
Answer b
r2 —10r—24
Is there a greatest common factor? No, there is no common factor.
Isit a binomial, trinomial, or are there  Trinomial, with leading coefficient 1, so
more than three terms? ”undo” FOIL.
Answer c
P’ +5p+pg+5q
Is there a greatest common factor? No, there is no common factor.
Isit a binomial, trinomial, or are there =~ More than three terms, so factor using
more than three terms? grouping.

? Trylt3.3.2

Identify the best method to use to factor each polynomial:
a 4y +32
b. y* +10y+21
cyz+2y+32+6
Answer a
no method
Answer b
undo using FOIL
Answer ¢

factor with grouping

Identify the best method to use to factor each polynomial:

a.ab+a+4b+4
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b. 3k* +15
cp?+9p+8
Answer a
factor using grouping
Answer b
no method
Answer ¢

undo using FOIL

Factor Trinomials of the form ax? + bx + ¢ with a GCF

Now that we have organized what we’ve covered so far, we are ready to factor trinomials whose leading coefficient is not 1,
trinomials of the form az? + bz + ¢ . Remember to always check for a GCF first! Sometimes, after you factor the GCF, the leading
coefficient of the trinomial becomes 1 and you can factor it by the methods in the last section. Let’s do a few examples to see how

this works. Watch out for the signs in the next two examples.

v/ Example 3.3.4

Factor completely: 2n? —8n —42 .
Solution
Use the preliminary strategy.

Is there a greatest common factor? 2n? —8n —42
Yes, GCF = 2. Factor it out. 2 (n2 —4n— 21)
Inside the parentheses, is it a binomial, trinomial, or are there

more than three terms?

It is a trinomial whose coefficient is 1, so undo FOIL. 2(n )(n )
Use 3 and — 7 as the last terms of the binomials. 2(n+3)(n—17)
Factors of —21 Sum of factors
1,-21 1+(-21)=-20
3,77 3+(-7)=—4*
Check.

2(n+3)(n—"7)

2 (n® —7n+3n—21)
2 (n® —4n—21)

2n? —8n —42v

? Trylt3.3.5

Factor completely: 4m? —4m — 8

Answer

4(m+1)(m —2)
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Factor completely: 5k%2 — 15k — 50

Answer

5(k+2)(k—5)

v/ Example 3.3.7

Factor completely: 4y — 36y + 56
Solution

Use the preliminary strategy.
Is there a greatest common factor? 4y* — 36y + 56
Yes, GCF =4. Factor it out. 4 (y> —9y+14)
Inside the parentheses, is it a binomial, trinomial, or are there
more than three terms?
It is a trinomial whose coefficient is 1, so undo FOIL. 4(y )y )

Use a table like the one below to find two numbers that multiply to
14 and add to —9

Both factors of 14 must be negative. 4(y—2)(y—17)
Factors of 14 Sum of factors
-1,-14 ~1+(-14)=-15
=7 —2+(~7)=-9*
Check.
4y-2)(y—-17)

4(y? —Ty—2y+14)
4 (y2 —9y+14)
4y? — 36y +42¢

Factor completely: 372 — 97 4 6

Answer

3(r—1)(r—2)

Factor completely: 2¢2 — 10t + 12

Answer

2(t—2)(t—3)

In the next example the GCF will include a variable.
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Factor completely: 4u3 + 16u2 — 20u

Solution

Use the preliminary strategy.
Is there a greatest common factor? 4u? +16u? —20u
Yes, GCF = 4u. Factor it. 4u (u? +4u —5)
Binomial, trinomial, or more than three terms?
more than three terms?
It is a trinomial. So ”undo FOIL.” du(u )(w )
Use a table like the table below to find two numbers that  4u(u —1)(u+5)
multiply to —5 and add to 4

Factors of =5 Sum of factors

-1,5 ~1+5=4*

1,-5 1+(-5)=—4
Check.

du(u—1)(u+5)
4u (u? +5u—u—5)
4u (u2 +4u—5)
4u? +16u? — 20uv’

? Trylt3.3.11

Factor completely: 5z3 + 1522 — 20z

Answer

Sz(z—1)(z+4)

? Trylt3.3.12

Factor completely: 633 +18y> — 60y

Answer
6y(y —2)(y +5)

Factor Trinomials using Trial and Error

What happens when the leading coefficient is not 1 and there is no GCF? There are several methods that can be used to factor these
trinomials. First we will use the Trial and Error method.

Let’s factor the trinomial 322 4+ 5z + 2

From our earlier work we expect this will factor into two binomials.

3z2 +5x+2
C ) )

We know the first terms of the binomial factors will multiply to give us 3z2. The only factors of 3z are 1z, 3z. We can place them
in the binomials.

(3.3.1)
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3 +5x+2

1x, 3x
> s
(x )B3x )
Check. Does 1z - 3z = 3z2?

We know the last terms of the binomials will multiply to 2. Since this trinomial has all positive terms, we only need to consider
positive factors. The only factors of 2 are 1 and 2. But we now have two cases to consider as it will make a difference if we write 1,

2,0or2,1.
3¢ +5x+2 3¢ +5x+2
tx, 3x e S 1x, 3x 1.2

(x+1)Bx+2) or (x+2)3x+1)

Which factors are correct? To decide that, we multiply the inner and outer terms.

3¢ +5x+2 3x* 4+ 5x42
1x. 3x 12 1x.3x 1.2

(x+1Bx+2) or (x+2)3Ex+1)

3 Bx
Zx 1x
S A

Since the middle term of the trinomial is 5x, the factors in the first case will work. Let’s FOIL to check.

(x+1)(3z+2)
3z? + 2z + 3z +2 (3.3.2)
322 +5x+2v
Our result of the factoring is:
2
3z° +5 +2 (3.3.3)
(z+1)(3z+2)

v Example 3.3.13: How to Factor Trinomials of the Form az? + bz + ¢ Using Trial and Error

Factor completely: 3y? +22y +7

Solution

The trinomial is already 3y 4+ 22y +7
in descending order.

The only factors of 3y? 3P+ 22y +7
are 1y, 3y 1y, 3y
Since there is only one 3y*+22y +7
pair, we can put them in . 3y
the parentheses. v Gy )
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The only factors of 7 are 3+ 22y +7
1, 7. 1y. 3y 1.7
v B )

1y, 3y 9

V+D@y+7) Possible factors Drodtict

3y +1M3By+7) 3y + 10y +7

2 +7DEy+1) [ 3r+22¢+7
10y

No. We need 22y
3yt 422+ 7
1y 3y 17
w+7)By+1)
21y

=
22y +7Ey+1)

+7By+1)
3y +22p+ 7V

? Trylt3.3.14

Factor completely: 2a% +5a + 3

Answer
(a+1)(2a+3)

? Trylt3.3.15

Factor completely: 4b® +5b+ 1

Answer

(b+1)(4b+1)

X FACTOR TRINOMIALS OF THE FORM az? + bz + ¢ USING TRIAL AND ERROR.

1. Write the trinomial in descending order of degrees.

2. Find all the factor pairs of the first term.

3. Find all the factor pairs of the third term.

4. Test all the possible combinations of the factors until the correct product is found.
5. Check by multiplying.

When the middle term is negative and the last term is positive, the signs in the binomials must both be negative.

v/ Example 3.3.16

Factor completely: 66> —13b +5

Solution
The trinomial is already in descending order. 6b*-13b+5
6b*-13b+5
Find the factors of the first term. e
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Find the factors of the last term. Consider the signs. Since the
last term, 5 is positive its factors must both be positive or both Tgb; = 13b I
be negative. The coefficient of the middle term is negative, so 2b+3b

we use the negative factors.

Consider all the combinations of factors.

66> — 13b+ 5

Possible factors Product
(b—1)(6b-5) 6b2 — 116+ 5
(b-5)(6b-1) 6b? —31b+5
(2b-1)(3b-5) 6b> —13b+5 *
(2b-5)(3b-1) 6b> — 176+ 5

The correct factors are those whose product
is the original trinomial. (26—-1)(3b—5)

Check by multiplying.

(2b—1)(3b—5)
662 —10b—3b+5
66> —13b +5uv

? Trylt3.3.17

Factor completely: 822 — 14z +3

Answer

(22 —3)(4z —1)

? Trylt3.3.18

Factor completely: 10y% — 37y +7

Answer
(2y—T7)(5y—1)

When we factor an expression, we always look for a greatest common factor first. If the expression does not have a greatest
common factor, there cannot be one in its factors either. This may help us eliminate some of the possible factor combinations.

v/ Example 3.3.19

Factor completely: 14z? — 47z —7

Solution
The trinomial is already in descending order. 14x - 47x-7
14x° - 47x -7
Find the factors of the first term. 12: ; ; Ax
- Ix
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Find the factors of the last term. Consider the signs. Since it is 11 4’1‘:‘ 47x 3 7?
x- X -

negative, one factor must be positive and one negative. 2eeTx 1.7

Consider all the combinations of factors. We use each pair of the factors of 14x2 with each pair of factors of 7.

Factors of 14z> Pair with Factors of =7

11, -7

x, 14z -7,11
(reverse order)
-1,77

x, 14z 77, -1
(reverse order)
11, -7

2z, Tz -7,11
(reverse order)
-1,77

2z, Tz 77, -1
(reverse order)

These pairings lead to the following eight combinations.

14¢—47x—7
Possible factors Product
e+ 1) (14x-7) Not an option
b A (14x + 1) 140 -97x-7 If the trinomial has no common
- 1) (14x+7) Not an option factors, then neither factor can
P+ 7) (14x-1) 14x + 97x -7 contain a common factor. 'I_'hat‘
Cx+ 1) (7x-7) Not an option means each of these combinations

is not an option.

(2e—7) (Tx + 1) 148 —ATx— T*
(2x-1)(7x+7) Not an option
(2 + 7) (7x-1) 14x° + 47x -7

The correct factors are those whose product
is the original trinomial. 2z —7)(Tz+1)

Check by multiplying.

(2b—1)(3b—5)
662 —10b—3b+5
60> —13b+5v

? Try1t3.3.20
Factor completely: 8a —3a —5

Answer

(a—1)(8a+5)

? Trylt3.3.21

Factor completely: 66> —b — 15

Answer
(2b+3)(3b—5)
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v/ Example 3.3.22

Factor completely: 18n? —37n+15

Solution

18n2 — 3T +15

18n*-37n+ 15

Find the factors of the first term. g

3n+6n

The trinomial is already in descending order.

Find the factors of the last term. Consider the signs. Since 15is  18n*—37n+ 15

positive and the coefficient of the middle term is negative, we 1;_,1” : ;ﬁ" :;ﬁ:;?}
3n+6n

use the negative factors.

Consider all the combinations of factors.

18m-37n + 15
Possible factors Product
(n-1)(18n-15) Mot an option
(n-15)(18n—1) 18- 271n+ 15
(n—3)(18n-5) 18- 590+ 15

(n—5)(18n-3)

Not an option

(2n—1)(9n-15)

Mot an option

If the trinomial has no common
factors, then neither factor can

“# contain a common factor. That

I 1891+ 15 means this combination is not
(2n-3)(9n-5) 18- 37n + 15% 7/ an option.

(2n-5) (9n-3) Mot an option

(Bn-1)(6n-15) Mot an option

(3n-15)(6Gn-1) MNot an option

(3n—3)(6n-5) Mot an option

(3n-5)(en—-3) Not an option

The correct factors are those whose product

is the original trinomial. (2n—3)(9n—5)

Check by multiplying.

(2n—3)(9n—5)
18n2 —10n —27n+15
18n2 —37n+15v

? Trylt3.3.23

Factor completely: 182? — 3z — 10

Answer

3z +2)(6x —5)

? Trylt3.3.24

Factor completely: 30y2 — 53y — 21

Answer

(3y+1)(10y —21)

Don’t forget to look for a GCF first.
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Factor completely: 10y* + 55y3 + 6072

Solution
10y* + 55y + 60y?
Notice the greatest common factor, and factor it first. 5y? (2y2 + 11y + 12)
52y + 11y + 12)
Factor the trinomial. BT I
3.4

Consider all the combinations.

27+ 11y +12
Possible factors Product
r+1)(2y+12) Not an option
(r+12) 2y +1) 27+ 25y + 12

If the trinomial has no common

¥+ 2) (2y + 6) Not an option factors, then neither factor can

(v +6) 2y +2) Not an option contain a common factor. That
- means this combination is not

(y+3)(2y +4) Not an option an option.

(y+4)(2y +3) 2y + 11y + 12%

The correct factors are those whose product 5y%(y+4)(2y +3)
is the original trinomial. Remember to include

the factor 5y

Check by multiplying.

597 (y +4)(2y +3)
5y* (2y* +8y +3y +12)
10y* +55y° +60y>v

? Trylt3.3.26
Factor completely: 15n° —85n2 +100n

Answer

5n(n—4)(3n—5)

Factor completely: 56¢3 + 320¢2 — 96¢

Answer

8q(¢+6)(7¢—2)

Factor Trinomials using the “ac” Method

Another way to factor trinomials of the form az? + bz + ¢ is the “ac” method. (The “ac” method is sometimes called the grouping
method.) The “ac” method is actually an extension of the methods you used in the last section to factor trinomials with leading
coefficient one. This method is very structured (that is step-by-step), and it always works!
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v/ Example 3.3.28: How to Factor Trinomials Using the “ac” Method

Factor: 622 + 7z 42

Solution

? Tryl1t3.3.29

Factor: 622 + 13z +2

Answer

(x+2)(6z+1)

? Trylt3.3.30

Factor: 4y% 4+ 8y +3

Answer

(2y+1)(2y+3)

1. Factor any GCF.

Multiply to ac
Addtob

Is there a greatest common
factor? No.

Find two numbers that
multiply to 12 and add to 7.
Both factors must be positive.

3:4=12 3+4=7

Rewrite 7x as 3x + 4x.

Notice that 6x* + 3x + 4x + 2
is equal to 6x°* + 7x + 2. We
just split the middle term to
get a more useful form.

6xX*+7x+2

ax’ + bx + ¢
6x'+ 7x+2

6 +7x+ 2

6)*+3x + dx+ 2

2%+ 1)+ 2(2x + 1)
(2x+1) (3x+2)

(2x+1)(3x+2)
6x' + 4x +3x+ 2
6+ Tx+2v

2. Find the product ac.
3. Find two numbers m and n that:

m-n=a-c
m+n=>=

X FACTOR TRINOMIALS OF THE FORM USING THE “AC” METHOD.
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4. Split the middle term using m and n: ax*+mx +nx +c
5. Factor by grouping.
6. Check by multiplying the factors.

When the third term of the trinomial is negative, the factors of the third term will have opposite signs.

v/ Example 3.3.31

Factor: 8u? — 17u — 21

Solution
Is there a greatest common factor? No. ;;ei 1;, J_rzc1
Finda-c a-c
8(-21)
-168

Find two numbers that multiply to —168 and add to —17. The larger factor must be negative.

Factors of —168 Sum of factors
1,-168 1+(-168)=-167
2,-84 2+(~84)=-82
3,-56 3+(-56)=—53
4,-42 4+(-42)=-38
6,-28 6+(~28)=—22
7,-24 7+(~24)=—17*
8,-21 8+(-21)=—13
Split the middle term using 7u and — 24u 8u? —17u —21
VA

8u? + Tu —24u —21

—_———— ——
Factor by grouping. u(8u+7)—3(8u+7)

Bu+7)(u—3)
Bu+T7)(u—23)
Check by multiplying. 8u? — 24u +Tu —21

8u? —17u—21v
? Trylt3.3.32

Factor: 20h%2 +13h —15

Answer

(4h —5)(5h +3)
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Factor: 6g2 +19g— 20

Answer

(g+4)(6g—5)

v/ Example 3.3.34

Factor: 222 + 6z +5

Solution
Is there a greatest common factor? No. ;;e :_ 2;1 E
Find a'c a-c
2(5)
10
Find two numbers that multiply to 10 and add to 6.
Factors of 10 Sum of factors
1,10 1+10=11
2,5 2+5=7

There are no factors that multiply to 10 and add to 6. The polynomial is prime.

? Trylt3.3.35

Factor: 10¢%2 +19t — 15

Answer

(2t+5)(5t —3)

? Try1t3.3.36

Factor: 3u® +8u +5

Answer
(u+1)(3u+5)

Don’t forget to look for a common factor!

v/ Example 3.3.37

Factor: 10y% — 55y + 70
Solution
Is there a greatest common factor? Yes. The GCF is 5. 10y*— 55y +70

Factor it. Be careful to keep the factor of 5 all the way through 52— 11y + 14)
the solution!
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The trinomial inside the parentheses has a leading coefficient a‘ + bx + ¢
that is not 1. S =T
Factor the trinomial. 5(/-2)(2y-7)

Check by multiplying all three factors.
5(2y% — 2y — 4y + 14)

5(2y* — 11y + 14)

10y% — 55y + 70 v

? Trylt3.3.38

Factor: 16z% — 32z +12

Answer

42z —3)(2z —1)

? Trylt3.3.39

Factor: 18w? — 39w + 18

Answer

33w —2)(2w —3)

We can now update the Preliminary Factoring Strategy, as shown in Figure 3.3.1 and detailed in Choose a strategy to factor

polynomials completely (updated), to include trinomials of the form ax? + bz + ¢ . Remember, some polynomials are prime and so
they cannot be factored.

GCF

[ 1
Binomial Trinomial More than 3 terms

X +bx+c grouping
x )x )
ax’ + bx + ¢
trial and error
“ac” method
Figure 3.3.1

X CHOOSE A STRATEGY TO FACTOR POLYNOMIALS COMPLETELY (UPDATED).

1. Is there a greatest common factor?
o Factor it.
2. Is the polynomial a binomial, trinomial, or are there more than three terms?
o Ifitis a binomial, right now we have no method to factor it.
o Ifitis a trinomial of the form 2 + bz +c
Undo FOIL \(z )(z ).
o Ifitis a trinomial of the form az? +bx +c
Use Trial and Error or the “ac” method.
o If it has more than three terms
Use the grouping method.

3. Check by multiplying the factors.
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Access these online resources for additional instruction and practice with factoring trinomials of the form az? + bz + ¢

e Factoring Trinomials, a is not 1

Key Concepts
« Factor Trinomials of the Form az? 4 bz + ¢ using Trial and Error: See Fxample.

1. Write the trinomial in descending order of degrees.
2. Find all the factor pairs of the first term.
3. Find all the factor pairs of the third term.
4. Test all the possible combinations of the factors until the correct product is found.
5. Check by multiplying.
« Factor Trinomials of the Form ax2 + bz + ¢ Using the “ac” Method: See Example.

1. Factor any GCF.

2. Find the product ac.

Multiplytoac m-n=a-c
Addtod m+n=>b

4. Split the middle term using m and n:

ax*+ bx+c
bx

ax*+mx+nx+c

3. Find two numbers m and n that:

5. Factor by grouping.
6. Check by multiplying the factors.

¢ Choose a strategy to factor polynomials completely (updated):

1. Is there a greatest common factor? Factor it.
2. Is the polynomial a binomial, trinomial, or are there more than three terms?
If it is a binomial, right now we have no method to factor it.
If it is a trinomial of the form % 4 bz + ¢
Undo FOIL (z )(z ).
If it is a trinomial of the form az? 4 bz + ¢
Use Trial and Error or the “ac” method.
If it has more than three terms
Use the grouping method.
3. Check by multiplying the factors.

Glossary

prime polynomials

Polynomials that cannot be factored are prime polynomials.

This page titled 3.3: Factor Quadratic Trinomials with Leading Coefficient Other than 1 is shared under a CC BY-SA 4.0 license and was
authored, remixed, and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 7.3: Factor Quadratic Trinomials with Leading Coefficient Other than 1 by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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3.4: Factor Special Products

4b Learning Objectives

By the end of this section, you will be able to:

o Factor perfect square trinomials

o Factor differences of squares

o Factor sums and differences of cubes

o Choose method to factor a polynomial completely

Before you get started, take this readiness quiz.

1. Simplify: (12z)?

If you missed this problem, review Example 6.2.22.
2. Multiply: (m +4)?

If you missed this problem, review Example 6.4.1.
3. Multiply: (p —9)2

If you missed this problem, review Example 6.4.4.
4. Multiply: (k+3)(k—3)

If you missed this problem, review Example 6.4.16.

The strategy for factoring we developed in the last section will guide you as you factor most binomials, trinomials, and polynomials
with more than three terms. We have seen that some binomials and trinomials result from special products—squaring binomials
and multiplying conjugates. If you learn to recognize these kinds of polynomials, you can use the special products patterns to factor
them much more quickly.

Factor Perfect Square Trinomials

Some trinomials are perfect squares. They result from multiplying a binomial times itself. You can square a binomial by using
FOIL, but using the Binomial Squares pattern you saw in a previous chapter saves you a step. Let’s review the Binomial Squares
pattern by squaring a binomial using FOIL.

(3x+4F

(3x + 4)(3x + 4)

E s} I L
9%+ 12x+12x+ 16

9x° 4+ 24x + 16

The first term is the square of the first term of the binomial and the last term is the square of the last. The middle term is twice the
product of the two terms of the binomial.

(3z)% +2(3z-4) +42

922 + 24z + 16 (3.4.1)
The trinomial 9% +24 + 16 is called a perfect square trinomial. It is the square of the binomial 3x+4.
We’ll repeat the Binomial Squares Pattern here to use as a reference in factoring.
X BINOMIAL SQUARES PATTERN
If a and b are real numbers,
(a+b)? = a® +2ab + b* (a—b)? =a%—2ab+b? (3.4.2)
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When you square a binomial, the product is a perfect square trinomial. In this chapter, you are learning to factor—now, you will
start with a perfect square trinomial and factor it into its prime factors.

You could factor this trinomial using the methods described in the last section, since it is of the form az2 + bz +c . But if you
recognize that the first and last terms are squares and the trinomial fits the perfect square trinomials pattern, you will save
yourself a lot of work.

Here is the pattern—the reverse of the binomial squares pattern.

X PERFECT SQUARE TRINOMIALS PATTERN

If @ and b are real numbers,

a® +2ab+b? = (a+b)? a® —2ab+b* = (a—b)? (3.4.3)

To make use of this pattern, you have to recognize that a given trinomial fits it. Check first to see if the leading coefficient is a
perfect square, a®. Next check that the last term is a perfect square, b?. Then check the middle term—is it twice the product, 2ab?
If everything checks, you can easily write the factors.

v Example 3.4.1: How to Factor Perfect Square Trinomials

Factor: 922 + 122 + 4

Solution

Is 9x* a perfect square? 9 +12x+ 4
Yes—write it as (3x). (3xy

Is 4 a perfect square?
Yes—write it as (2). (3xp (2§

Is 12x twice the product of (3, )
3xand 2? 0 (2%

Does it match? Yes, so
we have a perfect square Z{f‘;]f)
trinomiall

Write it as the square of I +12x+ 4

a binomial. O TS R o

(BxF+2+3x+ + *

(@ + bf
@+ ¥

? Trylt3.4.2

Factor: 422 + 12z +9

Answer

(2z +3)?
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Factor: 9y? + 24y + 16

Answer

By +4)?

The sign of the middle term determines which pattern we will use. When the middle term is negative, we use the pattern
a® —2ab+b% , which factors to (a —b)?% .

The steps are summarized here.

X FACTOR PERFECT SQUARE TRINOMIALS.

Step 1 . Does the trinomial fit the pattern? a’ +2ab + b? a? —2ab + b?
o Is the first term a perfect square? (a)? (a)?
Write it as a square.
o Is the last term a perfect square? (a)? (b)? (a)? (b)?
Write it as a square.
e Check the middle term. Is it 2ab? (@) N2ab” 0)2  (a)?2 \2.ab (b)?
Step 2. Write the square of the binomijal. (a+b)? (a—b)?

Step 3. Check by multiplying.

We’ll work one now where the middle term is negative.

v/ Example 3.4.4

Factor: 81y2 — 72y + 16
Solution

The first and last terms are squares. See if the middle term fits the pattern of a perfect square trinomial. The middle term is
negative, so the binomial square would be (a — b)? .

81y~ 72y + 16
Are the first and last terms perfect squares? (9y¥ (4y
(Syy (4y
Check the middle term. 2(9)(4)
72y

) 9 ad -2 a b+ ¥
Does is match (a — b)* ? Yes. (Oyf—2+Oy+d+4
Write the square of a binomial. (9y -4y
Check by multiplying.
(9y—4)°

(9y)? —2-9y- 4+ 4
81y% — T2y + 16V
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Factor: 64y2 — 80y + 25

Answer

(8y—5)?

? Trylt3.4.6

Factor: 1622 — 722+ 81

Answer
(4z—9)?

The next example will be a perfect square trinomial with two variables.

v/ Example 3.4.7

Factor: 362 + 84zy + 49y

Solution
36x* + Bdxy + 49y*

Test each term to verify the pattern. {5‘;]:1 22 5 t’:x 2 -;y.: (;;):
Factor. (6x + 7yy
Check by multiplying.
(6z + Ty)?
(6x)2 +2- 62 - Ty + (Ty)*
3622 + 84zy + 49y% v

? Trylt3.4.8

Factor: 492 + 84zy + 363>

Answer
(Tz + 6y)?

? Trylt3.4.9

Factor: 64m?2 + 112mn + 49n?

Answer

(8m +17n)?

v/ Example 3.4.10

Factor: 922 4+ 50z +25

Solution
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92> +50z + 25
Are the first and last terms perfect squares? (3z)? (5)2
Check the middle term-is it 2ab? (3z)* \e@z) 6 (5)%
30z
No! 30z # 50z This does not fit the pattern!
Factor using the ”ac” method. 922 450z +25
ac
Notice: 9-25 and 5 - 45 =225
225
922 + 5z + 45z +25
Split the middle term. z(9z+5)+5(9z +5)
(92 +5)(z +5)
Factor by grouping.
Check.
(92 +5)(z+5)
9z% + 452 + 5z +25
92> + 50z +25¢

? Trylt3.4.11

Factor: 1672 + 307s + 952

Answer

(87+3s)(2r+3s)

? Trylt3.4.12

Factor: 942 + 87w + 100

Answer

(3u+4)(3u+25)

Remember the very first step in our Strategy for Factoring Polynomials? It was to ask “is there a greatest common factor?” and, if
there was, you factor the GCF before going any further. Perfect square trinomials may have a GCF in all three terms and it should
be factored out first. And, sometimes, once the GCF has been factored, you will recognize a perfect square trinomial.

v/ Example 3.4.13

Factor: 3622y — 482y + 16y
Solution
36x2y — 48zy + 16y
Is there a GCF? Yes, 4y, so factor it out. 4y (9x2 — 12z + 4)

Is this a perfect square trinomial?

-2 a b+ b

Verify the pattern. 4y[‘(f3x)’— 2:3x+2+27]
Factor. 4y(3z — 2)?

Remember: Keep the factor 4y in the final product.
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Check.

4y(3z — 2)?

4y[(3z)* —2-3z- 2+ 2%
4y(9z)? — 12z + 4
3622y — 48zy + 16yv

? Trylt3.4.14

Factor: 822y — 24zy + 18y

Answer
2y(2z —3)2

? Trylt3.4.15

Factor: 27p?q +90pq + 75q

Answer

3¢(3p +5)*

Factor Differences of Squares

The other special product you saw in the previous was the Product of Conjugates pattern. You used this to multiply two binomials
that were conjugates. Here’s an example:

(82 ;;)ng 6+ 4 (3.4.4)

Remember, when you multiply conjugate binomials, the middle terms of the product add to 0. All you have left is a binomial, the
difference of squares.

Multiplying conjugates is the only way to get a binomial from the product of two binomials.

X PRODUCT OF CONJUGATES PATTERN

If a and b are real numbers
(a—b)(a+b) =a®>—b? (3.4.5)

The product is called a difference of squares.

To factor, we will use the product pattern “in reverse” to factor the difference of squares. A difference of squares factors to a
product of conjugates.

X DIFFERENCE OF SQUARES PATTERN

If a and b are real numbers,
difference

a-b'=(a-b)a+b) a - b* = (a-b)(a+b)

squares conjugates
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Remember, “difference” refers to subtraction. So, to use this pattern you must make sure you have a binomial in which two squares
are being subtracted.

v/ Example 3.4.16: How to Factor Differences of Squares

Factor: z2 — 4
Solution
-4
Yes -4
Yes
Write them as & -5
x*and 2% (xy-2°
(a- b)lo +b)
(x=2)(x+2)
(x—2)(x +2)
xX-4v
? Trylt3.4.17
Factor: h? — 81
Answer
(h—=9)(h+9)
? TrylIt3.4.18
Factor: k2 —121
Answer
(k—11)(k+11)
X FACTOR DIFFERENCES OF SQUARES.
Step 1. Does the binomial fit the pattern? a? —b?
o Is this a difference? =
e Are the first and last terms perfect squares?
Step 2. Write them as squares. (a)? — (b)*
Step 3. Write the product of conjugates. (a—b)(a+Db)
Step 4. Check by multiplying.

It is important to remember that sums of squares do not factor into a product of binomials. There are no binomial factors that
multiply together to get a sum of squares. After removing any GCF, the expression a? 4 b? is prime!

Don’t forget that 1 is a perfect square. We’ll need to use that fact in the next example.
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Factor: 64y2 —1

Solution
64> — 1
Is this a difference? Yes. 64y -1
Are the first and last terms perfect squares?
¢ _B
Yes - write them as squares. (8yy -t
. (@ —b) (@ +b)
Factor as the product of conjugates. (By—- 18y +1)
Check by multiplying.
(8y—1)(8y+1)
64y% —1v

? Trylt3.4.20

Factor: m? —1

Answer

(m—-1)(m+1)

? Trylt3.4.21

Factor: 81y% — 1

Answer

(9y—1)(9y +1)

v/ Example 3.4.22

Factor: 1212 — 49y2

Solution
1212% —49y?
Is this a difference of squares? Yes. (11z)% — (Ty)?
Factor as the product of conjugates.  (11z —7y)(11z + 7y)
Check by multiplying.

11z —Ty)(11z +7y)
12122 — 49y*v

Factor: 196m? — 25n?

Answer

(16m —5n)(16m +5n)
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Factor: 144p? — 9q2

Answer

(12p —3q)(12p +3q)

The binomial in the next example may look “backwards,” but it’s still the difference of squares.

v/ Example 3.4.25

Factor: 100 — h?

Solution
100 —h?
Is this a difference of squares? Yes. (10)% — (h)?
Factor as the product of conjugates. (10 —h)(10+h)
Check by multiplying.
(10—h)(10+h)
100 — A2V

Be careful not to rewrite the original expression as A% —100.

Factor h2 — 100 on your own and then notice how the result differs from (10 — h)(10 +h).

? Trylt3.4.26

Factor: 144 — 22

Answer

(12—z)(12+=x)

? Trylt3.4.27

Factor: 169 — p?

Answer

(13-p)(13 +p)

To completely factor the binomial in the next example, we’ll factor a difference of squares twice!

v/ Example 3.4.28

Factor: z* —y*

Solution
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Is this a difference of squares? Yes. zt — gt

Factor it as the product of conjugates. (z?) 2 (v?) 2
Notice the first binomial is also a difference of squares! (:1:2 — y2) (ac2 + y2)
Factor it as the product of conjugates. The last (z—y)(z+y) (=% +3?)

factor, the sum of squares, cannot be factored.

Check by multiplying.
(z —y)(+y) («* +5°)
[(z —y)(z +9)] (=* +47)
(e* —v) (2> +°)

zt —ytv

? Trylt3.4.29

Factor: a* — b*

Answer

(a® +b?) (a+b)(a—b)

? Try1t3.4.30

Factor: z* — 16

Answer

(2 +4) (z+2)(z —2)

As always, you should look for a common factor first whenever you have an expression to factor. Sometimes a common factor may
“disguise” the difference of squares and you won’t recognize the perfect squares until you factor the GCF.

v/ Example 3.4.31

Factor: 8z2y — 98y

Solution
8x2y — 98y
Is there a GCF? Yes, 2y — factor it out! 2y (422 —49)
Is the binomial a difference of squares? Yes. 2y ((2ar:)2 — (7)2)
Factor as a product of conjugates. 2y(2z —7)(2z +7)
Check by multiplying.

2y(2z —7)(2z +7)
2y[(2z —7)(2z +7)]
2y (4x2 — 49)

8x2y — 98y’
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Factor: 7zy2? — 175z

Answer

7z(y —5)(y +5)

? Trylt3.4.33

Factor: 45a%b — 80b

Answer
56(3a —4)(3a+4)

v/ Example 3.4.34

Factor: 622 + 96
Solution

6z +96
Is there a GCF? Yes, 6 — factor it out! 6 (1‘2 + 16)
Is the binomial a difference of squares? No, it
is a sum of squares. Sums of squares do not factor!
Check by multiplying.

6 (z° +16)
62 +96v

? Trylt3.4.35

Factor: 8a? +200

Answer

8(a2 + 25)

? Trylt3.4.36

Factor: 36y% + 81

Answer

9(4y*+9)

Factor Sums and Differences of Cubes

There is another special pattern for factoring, one that we did not use when we multiplied polynomials. This is the pattern for the
sum and difference of cubes. We will write these formulas first and then check them by multiplication.

a®+b =(a+b) (a® —ab+b?)
a®—b* =(a—b)(a® +ab+b?)

We’ll check the first pattern and leave the second to you.
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(a+b)(a°—ab + b))

Distribute. a(a’ — ab + b?) + b(a* — ab + b?)
Multiply. a® — a’b+ ab® + a’b—ab® + b°
Combine like terms. a®+ b

X SUM AND DIFFERENCE OF CUBES PATTERN

3 b3: b 2 _ b b2
a’+ (a-+b) (a®> —ab+b?) (3.4.6)
a® —b® =(a—b) (a® +ab+b?)

The two patterns look very similar, don’t they? But notice the signs in the factors. The sign of the binomial factor matches the sign
in the original binomial. And the sign of the middle term of the trinomial factor is the opposite of the sign in the original binomial.
If you recognize the pattern of the signs, it may help you memorize the patterns.

@ +b*=(a+b) (@ ab+b?)

same sign

a-b=(a-b)(a ab+b)

same sign

The trinomial factor in the sum and difference of cubes pattern cannot be factored.

It can be very helpful if you learn to recognize the cubes of the integers from 1 to 10, just like you have learned to recognize
squares. We have listed the cubes of the integers from 1 to 10 in Figure 3.4.1.

difference
a—b*=(a-bh)(a+b) o - b= (a-b)(a+ b)
squares conjugates
Figure 3.4.1

v Example 3.4.37: How to Factor the Sum or Difference of Cubes

Factor: z3 + 64

Solution

X+ 64

This is a sum. X+ 64

Yes

Writethem as x*and 4* o + &'
X+ 42

This is a sum of cubes. (n - b) (a‘ —ab + h‘)
x+d4)\—Adx+ &
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| simplify - (x+4) (¢ - 4x+ 16)

X¥-4x + 16
x+4
4x' - 16x + 64
X' —4x + 16x
2 + 64

? Trylt3.4.38

Factor: z° + 27

Answer

(x+3) (¢ —3z+9)

? Tryt3.4.39

Factor: y* + 8

Answer

(y+2) (y> —2y+4)

X FACTOR THE SUM OR DIFFERENCE OF CUBES.

To factor the sum or difference of cubes:

1. Does the binomial fit the sum or difference of cubes pattern?
o Isita sum or difference?
o Are the first and last terms perfect cubes?

2. Write them as cubes.

3. Use either the sum or difference of cubes pattern.

4. Simplify inside the parentheses

5. Check by multiplying the factors.

v/ Example 3.4.40

Factor: : > — 1000

Solution

x*— 1000
This binomial is a difference. The first and last terms are perfect
cubes.

a- B

Write the terms as cubes. ¥_10

oa— b ad+ ab + b
Use the difference of cubes pattern. (x_ 10) (x‘ +10+x+ 10‘)

. . a- b a+ ab + b

Simplify. (x- 10) (x’ +10x + 100)
Check by multiplying.
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(x—10) ¢+ 10x+ 100)

X +10x+ 100
x—100

2+ 10x%* 4+ 100x
—10x* - 100x - 1000 v

x - 1000

? Trylt3.4.41

Factor: u — 125

Answer

(v —5) (u? +5u+25)

? Trylt3.4.42

Factor: v° — 343

Answer

(v—7) (v +7v+49)

Be careful to use the correct signs in the factors of the sum and difference of cubes.

v/ Example 3.4.43

Factor: 512 — 125p°

Solution
512-125p*
This binomial is a difference. The first and last terms are perfect
cubes.
i, &
Write the terms as cubes. 8 — (Spy
a— & ad+ ab + b
Use the difference of cubes pattern. (87 Sp) (824— 8+5p+ (Sp)‘)
a— b a + ab + b
Simplify. (8 - Sp) (64+ 40p + 25p’)
Check by multiplying. We'll leave the check to you.

? Trylt3.4.44

Factor: 64 — 2723

Answer

(4—3z) (16 + 12z +92?)
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Factor: 27 — 8y?3

Answer

(3—2y) (9 +6y+4y2)

v/ Example 3.4.46

Factor: 27u® — 12503

Solution
270 - 125¢
This binomial is a difference. The first and last terms are perfect
cubes.
o =

Write the terms as cubes. (3uy - (5v

o @ + ab + b
Use the difference of cubes pattern. (3u i Sv) ((Bur)2 + 3u = 5v + (5V) )

a — b a ab b
Simplify. (3u o Sv) (9.'.:’ T 1suv ZSV*)
Check by multiplying. We'll leave the check to you.

? Trylt3.4.47

Factor: 8x3 — 2713

Answer

(2z —3y) (4:172 +6zy + 9y2)

? Trylt3.4.48

Factor: 1000m?® — 12573

Answer

(10m — 5n) (100m? 4 50mn + 25n?)

In the next example, we first factor out the GCF. Then we can recognize the sum of cubes.

v/ Example 3.4.49

Factor: 5m® 4 40n?
Solution
5n? + 40
Factor the common factor. 5(n* + 8r)

This binomial is a sum. The first and last terms are perfect
cubes.
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Y
Write the terms as cubes. 5(;;? ; (2n)!)
a + b & —. ab + P
Use the sum of cubes pattern. S(m + Zn) (m’ —-m*2n+ (Zn)z)
. . a+ b g - ab + b
Simplify. 5\m+2n (m2 -2mn+ 4n’)

Check. To check, you may find it easier to multiply the sum of cubes factors first, then multiply that product by 5. We’ll leave
the multiplication for you.

5(m +2n) (m? — 2mn +4n?)

? Try 1t3.4.50

Factor: 500p3 + 4¢3

Answer

4(5p+q) (25p* —5pg+q?)

? Trylt3.4.51

Factor: 432¢® + 686d°

Answer
2(6¢+17d) (36¢% —42cd +49d?)

Access these online resources for additional instruction and practice with factoring special products.

o Sum of Difference of Cubes
o Difference of Cubes Factoring

Key Concepts

o Factor perfect square trinomials See Example.

Step 1 . Does the trinomial fit the pattern? a® +2ab + b? a’ —2ab + b?
o Is the first term a perfect square? (a)? (a)?
Write it as a square.
o Is the last term a perfect square? (a)? (b)? (a)? (b)?
Write it as a square.
e Check the middle term. Is it 2ab? (@) \a.ans (0)?  (a)? Na2.an (b)?
Step 2. Write the square of the binomial. (a+b)? (a—b)?

Step 3. Check by multiplying.
Step 1. Does the binomial fit the pattern? a? —b?

o Is this a difference? —

e Are the first and last terms perfect squares?
Step 2. Write them as squares. (a)? — (b)?
Step 3. Write the product of conjugates. (a—b)(a+Db)
Step 4. Check by multiplying.
o Factor sum and difference of cubes To factor the sum or difference of cubes: See Example.

o Factor differences of squares See Example.

1. Does the binomial fit the sum or difference of cubes pattern? Is it a sum or difference? Are the first and last terms perfect
cubes?

https://math.libretexts.org/@go/page/142776



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142776?pdf
https://openstax.org/l/25SumCubes
https://cnx.org/contents/CImQfPDv@6.23:ntLHiuvZ@17/Factor-Quadratic-Trinomials-with-Leading-Coefficient-Other-than-1#fs-id1168345414926
https://cnx.org/contents/CImQfPDv@6.23:ntLHiuvZ@17/Factor-Quadratic-Trinomials-with-Leading-Coefficient-Other-than-1#fs-id1168341852477
https://cnx.org/contents/CImQfPDv@6.23:ntLHiuvZ@17/Factor-Quadratic-Trinomials-with-Leading-Coefficient-Other-than-1#fs-id1168342135046

LibreTexts*

2. Write them as cubes.

3. Use either the sum or difference of cubes pattern.
4. Simplify inside the parentheses

5. Check by multiplying the factors.

Glossary

perfect square trinomials pattern

If a and b are real numbers,
a?+2ab+b =(a+b)? a®>—2ab+b2=(a—0b)?

difference of squares pattern

If a and b are real numbers,
difference

o —b'=(a-b)(a+ b) @ - b*=(a-b)(a+b)

squares conjugates

sum and difference of cubes pattern

ad+b =(a+b)(a®—ab+b?) a®—b=(a—b)(a®+ab+b?)

This page titled 3.4: Factor Special Products is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via
source content that was edited to the style and standards of the LibreTexts platform.

e 7.4: Factor Special Products by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-2e.
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3.5: General Strategy for Factoring Polynomials

4b Learning Objectives

By the end of this section, you will be able to:

e Recognize and use the appropriate method to factor a polynomial completely

Before you get started, take this readiness quiz.

1. Factor y? —2y —24..

If you missed this problem, review Example 7.2.19.
2. Factor 32 + 17t +10 .

If you missed this problem, review Example 7.3.28.
3. Factor 36p> — 60p +25.

If you missed this problem, review Example 7.4.1.
4. Factor 522 — 80.

If you missed this problem, review Example 7.4.31.

Recognize and Use the Appropriate Method to Factor a Polynomial Completely

You have now become acquainted with all the methods of factoring that you will need in this course. (In your next algebra course,
more methods will be added to your repertoire.) The figure below summarizes all the factoring methods we have covered. Figure
3.5.1 outlines a strategy you should use when factoring polynomials.

General Strategy for Factoring Polynomials

GCF
[ |

Binomial Trinomial More than 3 terms
» Difference of Squares sxX+bx+c * grouping
@~ b*=(a-b)(a+b) x )x )
» Sum of Squares sax’ +bx+c
Sums of squares do not factor. o'a’ and ‘c’ squares
* Sum of Cubes (a+ by =& + 2ab + b*
@+ b= (a+b)(*-—ab+ b)) (a-by=at—2ab + b?
* Difference of Cubes o ‘ac’ method
& - b= (a-b)(a*+ ab + b?)

Figure 3.5.1

X FACTOR POLYNOMIALS.

1. Is there a greatest common factor?
o Factor it out.
2. Is the polynomial a binomial, trinomial, or are there more than three terms?

o If it is a binomial:
Is it a sum?

= Of squares? Sums of squares do not factor.
= Of cubes? Use the sum of cubes pattern.

Is it a difference?

= Of squares? Factor as the product of conjugates.
= Of cubes? Use the difference of cubes pattern.
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o Ifitis a trinomial:
Is it of the form 2 + bz + ¢? ? Undo FOIL.
Is it of the form az? + bz +¢ ?
= If aa and cc are squares, check if it fits the trinomial square pattern.
= Use the trial and error or “ac” method.
o If it has more than three terms:
Use the grouping method.

3. Check.

o Is it factored completely?
o Do the factors multiply back to the original polynomial?

Remember, a polynomial is completely factored if, other than monomials, its factors are prime!

v/ Example 3.5.1

Factor completely: 4z° + 122*

Solution
Is there a GCF? Yes, 4z* 4z5 +122*
Factor out the GCF. 4z*(z +3)

In the parentheses, is it a binomial, a
trinomial, or are there more than three terms? Binomial.
Isit a sum? Yes.
Of squares? Of cubes? No.
Check.

Is the expression factored completely? Yes.
Multiply.

4z*(z +3)

4zt .z +4z*-3

4z’ + 12z

? Trylt3.5.2

Factor completely: 3a* + 18a3

Answer

3a®(a+6)

? Trylt3.5.3

Factor completely: 45b 4- 275

Answer

9b°(5b + 3)

v/ Example 3.5.4

Factor completely: 1222 — 11z +2

Solution

https://math.libretexts.org/@go/page/142778
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12¢ - 11x+ 2
Is there a GCF? No.
Is it a binomial, trinomial, or are . .
Trinomial.
there more than three terms?
No,a=12,
Are a and c perfect squares?
not a perfect square.
12¢ - 11x+ 2
Use trial and error or the “ac” method. 1x, 12% 1,22
We will use trial and error here. 3 i”
W 4K

12 -11x+2
Possible factors Product
x-1)M{12x-2) Not an option
x-2)(12x-1) 12x2_ 25x + 2 If the trinomial has no common
" factors, then neither factor can
(2x— 1)(6x - 2) Not an option contain a common factor. That
(2x— 2)(6x-1) Not an option means each of these combinations
(3x— 1)(4x-2) Not an option SARLIR 3z —2)(4z—1)
3x—2)(4x -1 2
i i Lt S Check. 1222 — 3z — 8z +2

1222 — 11z +2V
? Trylt3.5.5
Factor completely: 10a®> —17a+6

Answer

(50— 6)(2a—1)

? Trylt3.5.6
Factor completely: 822 — 18z + 9

Answer

(22 —3)(4z —3)

v/ Example 3.5.7

Factor completely: g3 +25¢g

Solution

https://math.libretexts.org/@go/page/142778
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Is there a GCF? Yes, g. g% +25g
Factor out the GCF. g (g2 TP 25)
In the parentheses, is it a binomial, trinomial,

or are there more than three terms? Binomial.

Isit a sum? Of squares? Yes. Sums of squares are prime.
Check.

Is the expression factored completely? Yes.
Multiply.

g(g>+25)

g% +259v

? Trylt3.5.8

Factor completely: 2 + 36z

Answer

z (x° 4 36)

? Trylt3.5.9

Factor completely: 27y? + 48

Answer

3(9y* +16)

v/ Example 3.5.10

Factor completely: 12y — 75

Solution
Is there a GCF? Yes, 3. 1242 - 175
Factor out the GCF. 3 (4y* —25)
In the parentheses, is it a binomial, trinomial,
or are there more than three terms? Binomial.
Isit a sum? No.
Is it a difference? Of squares or cubes? Yes, squares. 3 ((2y)? —(5)?)
Write as a product of conjugates. 3(2y —5)(2y +5)
Check.
Is the expression factored completely? Yes.

Neither binomial is a difference of
squares.
Multiply.

3(2y—5)(2y+5)

3 (4y* —25)

12y? — 75

https://math.libretexts.org/@go/page/142778
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Factor completely: 16z% — 36z

Answer

4z(2z —3)(2z +3)

? Trylt3.5.12

Factor completely: 27y? — 48

Answer

33y —4)(3y +4)

v/ Example 3.5.13

Factor completely: 4a® — 12ab + 9b?

Solution

Is there a GCF? No. 4a*— 12ab + 9b*

Is it a binomial, trinomial, or are there
more terms?

Trinomial with a # 1. But the first
term is a
perfect square.

Is the last term a perfect square? Yes. (2a¥ - 12ab + (3b)
(2a)y — 12ab + (3b)
Does it fit the pattern, a® —2ab+b%? Yes. —2(2a)(3b)
12ab
Write it as a square. (2a- 3b}

Check your answer.
Is the expression factored completely?
Yes.

The binomial is not a difference of
squares.

Multiply.
(2a — 3b)*
(2a)? —2-2a-3b+ (3b)?
4a® —12ab+ 90* v

? Trylt3.5.14

Factor completely: 4x2 +20zy + 25>

Answer

(2z +5y)2
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Factor completely: 9m? + 42mn + 49n?

Answer

(3m+17n)?

v/ Example 3.5.16

Factor completely: 6y — 18y — 60

Solution
Is there a GCF? Yes, 6. 6y% — 18y — 60
Factor out the GCF. Trinomial with leading coefficient 1 6 (y* — 3y —10)

In the parentheses, is it a binomial, trinomial,

or are there more terms?

”Undo’ FOIL. 6(y )Ny ) 6(y+2)(y—5)
Check your answer.

Is the expression factored completely? Yes.

Neither binomial is a difference of squares.
Multiply.

6(y+2)(y—5)

6 (y* —5y+2y —10)
6 (y> —3y—10)

6y — 18y — 60V

? Trylt3.5.17
Factor completely: 8y? + 16y — 24

Answer

8(y—1)(y+3)

? Trylt3.5.18

Factor completely: 5u? — 154 — 270

Answer

5(u—9)(u +6)

v/ Example 3.5.19

Factor completely: 24z° + 81

Solution
Is there a GCF? Yes, 3. 2473 + 81
Factor it out. 3 (8w3 + 27)
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In the parentheses, is it a binomial,
trinomial, Binomial.
or are there more than three terms?

Is it a sum or difference? Sum.
ad + b
Of squares or cubes? Sum of cubes. 3((2;:)3 + (BP)
Write it using the sum of cubes pattern. 3(2[;(1 5) ({Za;vc)2 Z2x p 31 g’)
Is the expression factored completely? Yes. 3(2z+3) (4ac2 —6z+ 9)
Check by multiplying. We leave the check to you.

? Try1t3.5.20

Factor completely: 250m3 + 432

Answer

2(5m +6) (25m* — 30m + 36)

Factor completely: 81¢® + 192

Answer

3(3¢+4) (9¢*> — 12+ 16)

v/ Example 3.5.22

Factor completely: 22* — 32

Solution

https://math.libretexts.org/@go/page/142778
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Is there a GCF? Yes, 2. 2z —32
Factor out the GCF. 2 (ac4 — 16)

In the parentheses, is it a binomial, trinomial,

or are there more than three terms? Binomial.

Is it a sum or difference? Yes.

Of squares or cubes? Difference of squares. 2 ((m2) g (4)2)
Write it as a product of conjugates. 2 (22 —4) (z* +4)
The first binomial is again a difference of squares. 2 ((z)* - (2)2) (:1:2 + 4)
Write it as a product of conjugates. 2(z —2)(z +2) (z* +4)
Is the expression factored completely? Yes.

None of these binomials is a difference of squares.
Check your answer.

Multiply.
2(z—2)(z+2) (a:2 —|—4)
2(z —2)(z +2) (z* +4)
2(z —10)
2z —32¢

? Trylt3.5.23

Factor completely: 4a* — 64

Answer

4(a®*+4) (a—2)(a+2)

? Trylt3.5.24

Factor completely: 7y* —7

Answer

7(y*+1) (y -y +1)

v/ Example 3.5.25

Factor completely: 3z2 + 6bx — 3ax — 6ab

Solution

https://math.libretexts.org/@go/page/142778
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Is there a GCF? Yes, 3. 322 4 6bz — 3ax — 6ab
Factor out the GCF. 3 (m2 +2bx —ax — 2ab)
In the parentheses, is it a binomial, trinomial, = More than 3

or are there more terms? terms.

. 3[z(x +2b) —a(z +2b)]
Use grouping. 3(z +2b)(z — a)

Check your answer.

Is the expression factored completely? Yes.
Multiply.

3(z +2b)(z —a)

3 (mz —ax +2bx — 2ab)

32?2 —3az +6bz — 6abv’

? TryIt3.5.26

Factor completely: 62> — 12zc + 6bz — 12bc

Answer

6(z +b)(x —2c)

Factor completely: 1622 +24zy — 4z — 6y

Answer

2(4z —1)(z +3y)

v/ Example 3.5.28

Factor completely: 10x2 — 34z — 24

Solution
Is there a GCF? Yes, 2. 1022 — 342 — 24
Factor out the GCF. 2 (522 — 17z — 12)
In the parentheses, is it a binomial, trinomial, = Trinomial with
or are there more than three terms? a#1
Use trial and error or the ”ac” method. 2 (52 — 17z —12)

2(5z+3)(x—4)
Check your answer. Is the expression factored
completely? Yes.

Multiply.
2(5z+3)(z—4)
2 (52° — 20z 4 3z — 12)
2 (52 —17x —12)
102? — 34z — 24V
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Factor completely: 4p% — 16p +12

Answer

4p-1)(p—-3)

? Trylt3.5.30

Factor completely: 6 —9q — 6

Answer

3(¢—2)(2¢+1)

Key Concepts
¢ General Strategy for Factoring Polynomials See Figure 3.5.1.
¢ How to Factor Polynomials
1. Is there a greatest common factor? Factor it out.
2. Is the polynomial a binomial, trinomial, or are there more than three terms?
= [fitis a binomial:
Is it a sum?
= Of squares? Sums of squares do not factor.
= Of cubes? Use the sum of cubes pattern.
Is it a difference?
= Of squares? Factor as the product of conjugates.
= Of cubes? Use the difference of cubes pattern.
= Ifitis a trinomial:
Is it of the form z% + bz + ¢ ? Undo FOIL.
Is it of the form ax? +bz +c ?

= If ‘@’ and ‘c’ are squares, check if it fits the trinomial square pattern.
= Use the trial and error or ‘ac’ method.

= If it has more than three terms:
Use the grouping method.

3. Check. Is it factored completely? Do the factors multiply back to the original polynomial?
This page titled 3.5: General Strategy for Factoring Polynomials is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 7.5: General Strategy for Factoring Polynomials by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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CHAPTER OVERVIEW

4: Quadratic Equations

4.1: Quadratic Equations and Solving by Factoring

4.2: Solve Quadratic Equations Using the Square Root Property
4.3: Solve Quadratic Equations Using the Quadratic Formula
4.4: Solve Applications Modeled by Quadratic Equations

4: Quadratic Equations is shared under a CC BY-SA license and was authored, remixed, and/or curated by LibreTexts.
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4.1: Quadratic Equations and Solving by Factoring

4} Learning Objectives

By the end of this section, you will be able to:

o Solve quadratic equations by using the Zero Product Property
¢ Solve quadratic equations factoring
o Solve applications modeled by quadratic equations

Before you get started, take this readiness quiz.

1. Solve: 5y —3 =0.

If you missed this problem, review Example 2.3.1.
2. Solve: 10a = 0.

If you missed this problem, review Example 2.2.1.
3. Combine like terms: 12z* — 62 + 4z .

If you missed this problem, review Example 1.3.37.
4. Factor n® —9n? —22n completely.

If you missed this problem, review Example 7.3.10.

We have already solved linear equations, equations of the form az + by = c. In linear equations, the variables have no exponents. Quadratic equations are
equations in which the variable is squared. Listed below are some examples of quadratic equations:

22 +5x+6=0 3y’ +4y=10 64u’>—-81=0 n(n+1)=42 (4.1.1)
The last equation doesn’t appear to have the variable squared, but when we simplify the expression on the left we will get n +n .

The general form of a quadratic equation is az?® + bz +c =0 ,witha # 0.

X QUADRATIC EQUATION

An equation of the form ax? 4+-bx +c =0 is called a quadratic equation.

a,b, and c are real numbers and a # 0 (4.1.2)

To solve quadratic equations we need methods different than the ones we used in solving linear equations. We will look at one method here and then
several others in a later chapter.

Solve Quadratic Equations Using the Zero Product Property

We will first solve some quadratic equations by using the Zero Product Property. The Zero Product Property says that if the product of two quantities is
zero, it must be that at least one of the quantities is zero. The only way to get a product equal to zero is to multiply by zero itself.

X ZERO PRODUCT PROPERTY

Ifa-b=0, theneither a =0 or b =0 or both.

We will now use the Zero Product Property, to solve a quadratic equation.

v Example 4.1.1: How to Use the Zero Product Property to Solve a Quadratic Equation

Solve: (zx+1)(z—4)=0

Solution
Sigp | The product equals zero, so x+1)(x-4=0
‘eque at least one factor must equal
zero. X+1=0 or x-4=0
ep 2. Solve the linear = Solve each equation. L B Tk
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Substitute each solution
separately into the original
equation.

x=-1
x+1)x-4)=0
Cr+e-a2o
520

0=0v
X=

(4 x—4)=0
C+nr-m2o
oo

0=0v

? Trylt4.1.2

Solve: (z —3)(z+5)=0

Answer

r=3,z=-b

? Trylt4.1.3
Solve: (y —6)(y+9) =0

Answer

y=6,y=-9

We usually will do a little more work than we did in this last example to solve the linear equations that result from using the Zero Product Property.

v Example 4.1.4

Solve: (5bn—2)(6n—1)=0

Solution

Use the Zero Product Property to set
each factor to 0.

Solve the equations.
Check your answers.
n= % n=

(5n-2)6n-1)=0

(5.%_2)(5.%_1)30 (5. _)(5. _1)30

a-aff -2

(5n-2)(6n-1)=0

( 7%)(1_1)30

©(%)2o (_g)w)io
0=0v 0=0v

? Trylt4.1.5

Solve: (3m —2)(2m+1) =0

Answer

=2 —_1
m=s,m 5

(bn—2)(bn—1)=0

n—2=0

6n—1=0

=
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Solve: (4p+3)(4p—3) =0

Answer

3 3
p=—41p=7%

Notice when we checked the solutions that each of them made just one factor equal to zero. But the product was zero for both solutions.

v/ Example 4.1.7

Solve: 3p(10p+7) =0
Solution
3p(10p+7) =0

Use the Zero Product Property to set

3p=0 10p+7=0
each factor to 0. v -
Solve the equations. p=0 10p=-7
_
P="1

Check your answers.

p=0 p=
3p(10p +7)=0 3p(10p+7)=0
3-0(10-0+7)20 3( )10( )+7=?o
o+7Z0 (A +nio
oo (%)(o);-’o
0=0v 0=0v

? Trylt4.1.8

Solve: 2u(5u —1) =0
Answer
u=0,u= %
? Trylt4.1.9
Solve: w(2w +3) =0

Answer

3
w=0w=-3

It may appear that there is only one factor in the next example. Remember, however, that (y —8)? means (y —8)(y — 8) .

v Example 4.1.10

Solve: (y —8)? =0
Solution
(y-8)?*=0
Rewrite the left side as a product. (y—-8)(y—8)=0
Solve the equations. y=8 y=8
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a double root.

Check your answer.
y=8

(y-8y=0

8-8plo

©F20
0=0v

? Trylt4.1.11

Solve: (z +1)2 =0

Answer

@B=1l

? Trylt4.1.12

Solve: (v—2)2 =0

Answer

v=2

When a solution repeats, we call it

Solve Quadratic Equations by Factoring

Each of the equations we have solved in this section so far had one side in factored form. In order to use the Zero Product Property, the quadratic equation
must be factored, with zero on one side. So we be sure to start with the quadratic equation in standard form, az? +bx +c =0 . Then we factor the

expression on the left.

v/ Example 4.1.13

Solve: 2% +22 —8 =0

Solution

The equation is already in
standard form.

Factor x*+2x-8
(x+ 4)(x—2)

Set each factor equal to zero.

We have two linear equations.

Substitute each solution
separately into the original
equation.

X+ 2x-8=0

(x+4)x—2)=0

x+4=00rx-2=0
x=-dorx=2

X +2%—8=0
X==4
cay-2r4-82o
16+(8)-820
0=0v
¥ 4+2-8=0
x=2
2_22)-820
4+4-820
0=0v
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Solve: 22 —2 —12 =0

Answer

rz=4,z=-3

? Trylt4.1.15

Solve: b2 +9b+14 =0

Answer

b=-2b=—7

X SOLVE A QUADRATIC EQUATION BY FACTORING.

1. Write the quadratic equation in standard form, az? +bx +c¢=0 .
2. Factor the quadratic expression.

3. Use the Zero Product Property.

4. Solve the linear equations.

5. Check.

Before we factor, we must make sure the quadratic equation is in standard form.

v/ Example 4.1.16

Solve: 2y? = 13y + 45

Solution
2y =13y + 45
Write the quadratic equation in standard form. 2y? —13y—45=0
Factor the quadratic expression. (2y+5)(y—9) =0
Use the Zero Product Property
2y+5=0 —9=0
to set each factor to 0. ¥ 4
Solve each equation. y= 7% y=9
Check your answers.
-_5 =
Y= 3 ¥
2y =13y +45 2y =13y +45
5%2 5 2
2(7)=13(_§)+45 2 y2130)+45
25% 2/ 65\, 90 2
Z(T)‘(_z)“"T 28172117 + 45
25_125 -
o v 162=162+

? Trylt4.1.17

Solve: 3c2 =10c—8

Answer

@ i

c=0,c=

? Trylt4.1.18

Solve: 2d®> —5d =3

Answer
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v Example 4.1.19

Solve: 5z? — 13z =7

Solution
522 — 13z = Tz
Write the quadratic equation in standard form. 522 — 20z =0
Factor the left side of the equation. bz(z—4) =0
Use the Zero Product Property 52— 0 c—4—0
to set each factor to 0.
Solve each equation. z=0 r=4
Check your answers.
x=0 X=
S5x*-13x=T7x 5x - 13x=T7x
s(0r - 130) 2 7(0) sCF-13()270)
0-0o 5(16)- 522 28
0=0v 28=28v

? Trylt4.1.20

Solve: 6a% +9a = 3a
Answer
a=0,a=-1
? Trylt4.1.21
Solve: 456% —2b = —17b

Answer

b=0,b=—2

Solving quadratic equations by factoring will make use of all the factoring techniques you have learned in this chapter! Do you recognize the special
product pattern in the next example?

v Example 4.1.22

Solve: 144q¢* =25

Solution
144¢* = 25
Write the quadratic equation in standard form. 144¢>-25 = 0
Factor. It is a difference of squares. (12¢—5)(12¢+5) = 0
Use the Zero Product Property to set each factor to 0. 12¢—5 = 0 12¢+5 = 0
Solve each equation. 12¢g = 5 12¢g = -5
_ 5 _ 5
q9 = 13 q9 = —73

Check your answers.

? Trylt4.1.23

Solve: 25p® =49

Answer
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Solve: 36z =121

The left side in the next example is factored, but the right side is not zero. In order to use the Zero Product Property, one side of the equation must be zero.
We’ll multiply the factors and then write the equation in standard form.

v Example 4.1.25

Solve: (3z —8)(z —1) =3z

Solution

(Bz—8)(x—1)=3z
Multiply the binomials. 322 -11z+8 =3z
Write the quadratic equation in standard form. 322 —142+8=0
Factor the trinomial. (Bz—2)(x—4)=0
Use the Zero Product Property to set each factorto0. 3z—-2=0 z—-4=0
Solve each equation. 3z=2 zxz=4

=2
Check your answers. The check is left to you!

? Trylt4.1.26

Solve: (2m +1)(m+3) =12m

Answer

mzl,m:E

2
? Trylt4.1.27

Solve: (k+1)(k—1) =38

Answer

k=3,k=—3

The Zero Product Property also applies to the product of three or more factors. If the product is zero, at least one of the factors must be zero. We can solve
some equations of degree more than two by using the Zero Product Property, just like we solved quadratic equations.

v Example 4.1.28

Solve: 9m? +100m = 60m?

Solution
9m® +100m = 60m?
Bring all the terms to one side so that the other side is zero. 9m® —60m?4+100m = 0
Factor the greatest common factor first. m (Qm2 —60m + 100) =0
Factor the trinomial. m(3m—10)(3m—10) = 0
Use the Zero Product Property to set each factor to 0. m = 0 3m—-10 = 0 3m—-10 =
Solve each equation. m = 0 m = 13—0 m = 1?0
Check your answers. The check is left to you.

? Trylt4.1.29

Solve: 8z° = 2422 — 18z
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Solve: 16y2 = 32¢° + 2y
Answer

y=0,y=17

When we factor the quadratic equation in the next example we will get three factors. However the first factor is a constant. We know that factor cannot
equal 0.

v Example 4.1.31

Solve: 422 = 16x + 84

Solution
4z = 16z +84
Write the quadratic equation in standard form. 472 162 -84 = 0
Factor the greatest common factor first. 4(x2—4x-21) = 0
Factor the trinomial. 4(z—-T7)(z+3) = 0
Use the Zero Product Property to set each factor to 0. 4 #+# 0 z—7 = 0 z+3 = 0
Solve each equation. 4 £ 0 7Tz = -3
Check your answers. The check is left to you.

? Trylt4.1.32

Solve: 18a% —30 = —33a

Answer

? Trylt4.1.33

Solve: 123b = —6 — 60b?

Answer

_ _ 1
b=2,b=L

Solve Applications Modeled by Quadratic Equations

The problem solving strategy we used earlier for applications that translate to linear equations will work just as well for applications that translate to
quadratic equations. We will copy the problem solving strategy here so we can use it for reference.

X USE A PROBLEM-SOLVING STRATEGY TO SOLVE WORD PROBLEMS

1. Read the problem. Make sure all the words and ideas are understood.

2. Identify what we are looking for.

3. Name what we are looking for. Choose a variable to represent that quantity.

4. Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information. Then, translate the English
sentence into an algebra equation.

5. Solve the equation using good algebra techniques.

6. Check the answer in the problem and make sure it makes sense.

7. Answer the question with a complete sentence.

We will start with a number problem to get practice translating words into a quadratic equation.

v/ Example 4.1.34

The product of two consecutive integers is 132. Find the integers.

Solution
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Step 1. Read the problem.
Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into an equation. Restate the
problem in a sentence.

Translate to an equation.

Step 5. Solve the equation.
Bring all the terms to one side.
Factor the trinomial.

Use the zero product property.
Solve the equations.

? Trylt4.1.35

Answer

—15,—16and 15, 16

? Trylt4.1.36

Answer
—21, —20and 20, 21

We are looking for two consecutive integers.

Let n = the first integer

n+1 = the next consecutive integer

The product of the two consecutive integers is 132.

The first integer times the next integer is 132.
n(n+1)=132

n?+n =132

n?+n—132=0

(n—11)(n+12)=0

n—11=0 n+12=0

n=11 n=-12

The product of two consecutive integers is 240. Find the integers.

The product of two consecutive integers is 420. Find the integers.

Were you surprised by the pair of negative integers that is one of the solutions to the previous example? The product of the two positive integers and the

product of the two negative integers both give 132.

In some applications, negative solutions will result from the algebra, but will not be realistic for the situation.

v/ Example 4.1.37

Solution

Step 1. Read the problem. In problems involving
geometric figures, a sketch can help you visualize
the situation.

Step 2. Identify what you are looking for.

Step 3. Name what you are looking for.
The length is two feet more than width.

Step 4. Translate into an equation.
Restate the important information in a sentence.

Get zero on one side.
Factor the trinomial.
Use the Zero Product Property.

Solve each equation.

A rectangular garden has an area of 15 square feet. The length of the garden is two feet more than the width. Find the length and width of the garden.

We are looking for the length and width.

Let W = the width of the garden.
W + 2 = the length of the garden

The area of the rectangular garden is 15 square feet.

Use the formula for the area of a rectangle. A=L-W
Substitute in the variables. 15=W+2)W
Step 5. Solve the equation. Distribute first. 15=W2+2W

0=W?2+2W—15

0= (W+5)(W-3)

0=W+5 0=w-3
—5=W 3I=W

https://math.libretexts.org/@go/page/142781


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142781?pdf

LibreTexts"

Since W is the width of the garden, W = —5 cannot be the width, since it's negative. ~3=W
it does not make sense for it to be
negative. We eliminate that value for W. wW=3 Width is 3 feet.
Find the value of the length. length =W +2
length =3+2
length =5 Length is 5 feet.

Step 6. Check the answer.
Does the answer make sense?

Yes, this makes sense.

The width of the garden is 3 feet

Step 7. Answer the question.
P q and the length is 5 feet.

? Trylt4.1.38

A rectangular sign has an area of 30 square feet. The length of the sign is one foot more than the width. Find the length and width of the sign.

Answer

55 feet and 66 feet

? Trylt4.1.39

A rectangular patio has an area of 180 square feet. The width of the patio is three feet less than the length. Find the length and width of the patio.

Answer
12 feet and 15 feet

In an earlier chapter, we used the Pythagorean Theorem (a2 +b% = c2) . It gave the relation between the legs and the hypotenuse of a right triangle.

We will use this formula to in the next example.

v Example 4.1.40

Justine wants to put a deck in the corner of her backyard in the shape of a right triangle, as shown below. The hypotenuse will be 17 feet long. The
length of one side will be 7 feet less than the length of the other side. Find the lengths of the sides of the deck.

17
x-7

Solution

Step 1. Read the problem.

Step 2. Identify what you are We are looking for the lengths of the sides
looking for. of the deck.

Step 3. Name what you are looking
for.
One side is 7 less than the other.

Let x = length of a side of the deck
x — 7 = length of other side
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Step 4. Translate into an equation.
Since this is a right triangle we can

A+’ =
use the
Pythagorean Theorem.
Substitute in the variables. 2’ + (2 —7) =17
Step 5. Solve the equation. x? 2 — 14z + 49 = 289
Simplify. 2z — 142+ 49 = 289
Itisa qu.adratlc equation, so get zero 922 — 14z — 240 — 0
on one side.
Factor the greatest common factor. 2 ($2 — Tz — 120) =0
Factor the trinomial. 2(z—15)(z+8) =0
Use the Zero Product Property. 240 z—15=0 z+8=0
Solve. 240 z=15 z=—8
Since z is a side of the triangle,
z = —8 does not 240 z=15 z=—8
make sense.

Find the length of the other side.

If the length of one side is z=15
then the length of the other side is z—7
15-7=8

8 is the length of the other side.

Step 6. Check the answer.
Do these numbers make sense?

M 17
15 @+b=¢

x-7 15 8 217
15-7 225 + 64 £ 289
8 289=289/
Step 7. Answer the question. The sides of the deck are 8, 15, and 17 feet.

? Trylt4.1.41

A boat’s sail is a right triangle. The length of one side of the sail is 7 feet more than the other side. The hypotenuse is 13. Find the lengths of the two
sides of the sail.

Answer

5 feet and 12 feet

? Trylt4.1.42

A meditation garden is in the shape of a right triangle, with one leg 7 feet. The length of the hypotenuse is one more than the length of one of the other
legs. Find the lengths of the hypotenuse and the other leg.

Answer

24 feet and 25 feet

Key Concepts

o Zero Product Property If a- b =0, then either a=0 or b=0 or both. See Example.

« Solve a quadratic equation by factoring To solve a quadratic equation by factoring: See Example.
1. Write the quadratic equation in standard form, az? +bx +c=0 .
2. Factor the quadratic expression.
3. Use the Zero Product Property.
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4. Solve the linear equations.
5. Check.
o Use a problem solving strategy to solve word problems See Example.
. Read the problem. Make sure all the words and ideas are understood.
. Identify what we are looking for.
. Name what we are looking for. Choose a variable to represent that quantity.
. Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information. Then, translate the English
sentence into an algebra equation.
5. Selve the equation using good algebra techniques.
6. Check the answer in the problem and make sure it makes sense.
7. Answer the question with a complete sentence.

A W N

Glossary

quadratic equations
are equations in which the variable is squared.

Zero Product Property

The Zero Product Property states that, if the product of two quantities is zero, at least one of the quantities is zero.

This page titled 4.1: Quadratic Equations and Solving by Factoring is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via
source content that was edited to the style and standards of the LibreTexts platform.

« 7.6: Quadratic Equations by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-2e.
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4.2: Solve Quadratic Equations Using the Square Root Property

4b Learning Objectives

By the end of this section, you will be able to:

« Solve quadratic equations of the form ax? = k using the Square Root Property
e Solve quadratic equations of the form a(xz — h)? =k using the Square Root Property

Quadratic equations are equations of the form ax? +bx +c =0 , where a # 0. They differ from linear equations by including a
term with the variable raised to the second power. We use different methods to solve quadratic equations than linear equations,
because just adding, subtracting, multiplying, and dividing terms will not isolate the variable.

We have seen that some quadratic equations can be solved by factoring. In this chapter, we will use three other methods to solve
quadratic equations.
Solve Quadratic Equations of the Form ax? = k Using the Square Root Property

We have already solved some quadratic equations by factoring. Let’s review how we used factoring to solve the quadratic equation

z?=9.
?=9
Put the equation in standard form. 2 -9=0
Factor the left side. (x—3)(x+3)=0
Use the Zero Product Property. (x—3)=0,(z+3)=0
Solve each equation. z=3,x=-3
Combine the two solutions into + form x =43

(The solution is read ‘x is equal to positive or negative 3.”)

We can easily use factoring to find the solutions of similar equations, like 2 = 16 and z? = 25, because 16 and 25 are perfect
squares. But what happens when we have an equation like 22 = 7? Since 7 is not a perfect square, we cannot solve the equation by
factoring.

These equations are all of the form z? = k.
We defined the square root of a number in this way:

Ifn2 =m,thennisa square root of m.

This leads to the Square Root Property.

# Definition: SQUARE ROOT PROPERTY

Ifz2 =k,and k >0, thenz = /k orz = —/k.

Notice that the Square Root Property gives two solutions to an equation of the form 2> = k: the principal square root of k and its
opposite. We could also write the solution as # = ++v/k

Now, we will solve the equation 2> = 9 again, this time using the Square Root Property.

z2=9
Use the Square Root Property. z =449
Simplify the radical. r =23
Rewrite to show the two solutions. = =3,z =—-3

What happens when the constant is not a perfect square? Let’s use the Square Root Property to solve the equation 2> = 7.
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Use the Square Root Property. z=+7
Rewrite to show two solutions. z=+T,2=—T
We cannot simplify+/7 This is considered an exact answer.

We can use a calculator to get an approximate answer. For this example our answers would be 2.65, -2.65 rounded to the
hundredth.

? Example 4.2.1

Solve: 22 = 169

Answer
2 =169
Use the Square Root Property. x = ++/169
Simplify the radical. x==13
Rewrite to show two solutions. x =13,2 =-13

? Example 4.2.2

Solve: 2 = 81

Answer

x=9, x=-9

? Example 4.2.3

Solve: y? =121

Answer

y=11,y=-11

& Definition:SOLVE A QUADRATIC EQUATION USING THE SQUARE ROOT PROPERTY.

1. Isolate the quadratic term and make its coefficient one.
2. Use Square Root Property.

3. Simplify the radical.

4. Check the solutions.

To use the Square Root Property, the coefficient of the variable term must equal 1. In the next example, we must divide both sides
of the equation by 5 before using the Square Root Property.

? Example 4.2.7

Solve: 5m? = 80

Answer
The quadratic term is isolated. 5m? = 80
Divide by 5 to make its cofficient 1. 5"‘?2 = %
Simplify. m? =16
Use the Square Root Property. m = £/16
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Simplify the radical.

Rewrite to show two solutions.

m=+4

m=4,m=—4

Check the solutions.

Sm‘ = 80 S5m = 80
54y £ 80 54y £ 80

5-16280 5+16< 80
80 =80/ 80=280v

? Example 4.2.8

Solve: 222 = 98.

Answer

x=7, x=-7

? Example 4.2.9

Solve: 322 =108.

Answer

7=6, z=—6

The Square Root Property started by stating, ‘If 2 = k, and k > 0’. What will happen if & < 0? This will be the case in the next
example.

? Example 4.2.10

Solve: ¢> +24 =0.

Answer

q> =24
Isolate the quadratic term. g>=-24
Use the Square Root Property. q=4+/—24
The+/—24is not a real number  There is no real solution

? Example 4.2.11
Solve: ¢ +12=0.

Answer

no real solution

? Example 4.2.12

Solve: d? +81=0.

Answer

no real solution
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Remember, we first isolate the quadratic term and then make the coefficient equal to one.

Solve Quadratic Equations of the Form a(x — h)? = k Using the Square Root Property

We can use the Square Root Property to solve an equation like (z —3)% = 16, too. We will treat the whole binomial, (x~3), as the
quadratic term.

? Example 4.2.19

Solve: (z —3)% = 16.

Answer
(x—3)>=16

Use the Square Root Property. z—3==*V16
Simplify. r—3==14
Write as two equations. r—3=4,r—3=-4
Solve. x=7,x=—1
Check.
(7-3F=16 1-3F=16

(47 =16 (-4 =16

16=16+ 16=16+

? Example 4.2.20
Solve: (g+5)2=1.

Answer

q=-6, q=-4

? Example 4.2.21
Solve: (r—3)2 =25.

Answer

=8, r=—2

We will start the solution to the next example by isolating the binomial.

? Example 4.2.28

Solve: (z —2)>+3=30.
Answer
(z—2)2+3=30
Isolate the binomial term. (z—2)2 =27
Use the Square Root Property. z—2=4427
Calculate the radical. T —2==+5.1961524...
Solve for x. T =2+ 5.1961524
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Let's approximate our final answer to the thousandth place. z=17.196, x = —3.196

Check. We leave the check for you

? Example 4.2.29
Solve: (a—5)%+4=24 .

Answer

a=9.472,a=0.528

? Example 4.2.30

Solve: (b—3)2 —8 =24 .

Answer

b=8.657,b=—-2.657

? Example 4.2.31

Solve:(3v—17)%* = —12.

Answer
(Bv—T)2=-12
Use the Square Root Property. 3v—T7=+,/-12
The ,/—12 is not a real number. There is no real solution.

? Example 4.2.32
Solve: (37 +4)* = 8.

Answer

no real solution

The left sides of the equations in the next two examples do not seem to be of the form a(z —h)2. But they are perfect square
trinomials, so we will factor to put them in the form we need.

? Example 4.2.33
Solve: p> —10p+25 =18.

Answer

The left side of the equation is a perfect square trinomial. We will factor it first.

p? —10p+25=18

Factor the perfect square trinomial. (p—5)2=18
Use the Square Root Property. p—5==+/18
Calculate the radical. p— 5 = £4.242640687
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Solve for p. p = 5+£4.242640687
Calculate to show the two solutions to the thousandth place. p=19.243, p=0.757

Check. We leave the check for you.

? Example 4.2.34

Solve: 2 — 62 +9=12.

Answer

T =6.464, x = —0.464

? Example 4.2.36

Solve: 4n2 +4n+1=16.

Answer

Again, we notice the left side of the equation is a perfect square trinomial. We will factor it first.

2 +4n+1=16

Factor the perfect square trinomial. (2n+1)2 =16
Use the Square Root Property. (2n+1) = +4/16
Simplify the radical. 2n+1)==4
Solve for n. 2n=-1+4
2 _ 14
Divide each side by 2. 2 A
===
Rewrite to show two solutions. n= %H ,n= %74
Simplify each equation. n= %, n= —%
Check.
A +4n+1=16 ar+4n+1=16
3y 3 2 5Y, 4.5 2
4(5)4-4(5)-:-1_15 4(—2)+4( 2)+1_16
9 3 2 25 (5Y. 42
4(E)+4(5)+1_15 4(4)+4( 2)+1—16
9+6+1216 25-10+1216
16=16+ 16=16+

? Example 4.2.37
Solve: 9m? —12m +4 =25.

Answer

mz%,m:—l
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? Example 4.2.38

Solve: 16n2 +-40n 425 =4.

Answer

Access these online resources for additional instruction and practice with solving quadratic equations:

e Solving Quadratic Equations: Solving by Taking Square Roots

Key Concepts

e Square Root Property
Ifz2 =k,and k>0, thenz = vk orz = —Vk.

Glossary

quadratic equation

A quadratic equation is an equation of the form az? +bz +c=0 wherea #0.

Square Root Property
The Square Root Property states that, if 22 =k,and k>0, thenz = vk orz = —vk .

This page titled 4.2: Solve Quadratic Equations Using the Square Root Property is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

¢ 10.1: Solve Quadratic Equations Using the Square Root Property by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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4.3: Solve Quadratic Equations Using the Quadratic Formula

4b Learning Objectives

By the end of this section, you will be able to:

e Solve quadratic equations using the quadratic formula
e Use the discriminant to predict the number of solutions of a quadratic equation
o Identify the most appropriate method to use to solve a quadratic equation

When we solved quadratic equations in the last section by completing the square, we took the same steps every time. By the end of
the exercise set, you may have been wondering ‘isn’t there an easier way to do this?’ The answer is ‘yes.” In this section, we will
derive and use a formula to find the solution of a quadratic equation.

We have already seen how to solve a formula for a specific variable ‘in general’ so that we would do the algebraic steps only once
and then use the new formula to find the value of the specific variable. Now, we will go through the steps of completing the square
in general to solve a quadratic equation for x. It may be helpful to look at one of the examples at the end of the last section where
we solved an equation of the formaz? +bzx +c =0 as you read through the algebraic steps below, so you see them with numbers
as well as ‘in general.’

We start with the standard form of a quadratic equation and solve it for x by completing

ax’ +br+c=0
the square.
Isolate the variable terms on one side. ax?+br=—c
Make leading coefficient 1, by dividing by a. “Tzz + %m = — %
Simplify. z2 4+ %a: =-_<
To complete the square, ﬁnd(l . L)2 and add it to both sides of the equation. 5 2
2 a 224 Ly b — e b
1oy L a” g2 a ' 4e?
2a/ T 4q2
S . b v’
The left side is a perfect square, factor it. (z+Z)P=—-<+ =5
Find the common denominator of the right side and writeequivalent fractions with the ) 2
(z+ L)z —_cfa b
. 2a - a-da 2
common denominator. 4a
PSR by _ b da
Simplify. (z+ )= b
. . b2 _ b -da
Combine to one fraction. (z+ =) = = c
b v’ —4a
Use the square root property. (z+ %) -4 — c
: : b 4/b%—4ac
Simplify. (z+ %) =+
Add — --to both sides of the equation. __ Pt
% K T= gt
Combine the terms on the right side. T = 7&\/”274‘16

This last equation is the Quadratic Formula.

& Definition: QUADRATIC FORMULA

The solutions to a quadratic equation of the form az® +bx +c =0 , a > 0 are given by the formula:

—b++/b?—4ac
rT=——>
2a
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To use the Quadratic Formula, we substitute the values of a, b, and c into the expression on the right side of the formula. Then, we
do all the math to simplify the expression. The result gives the solution(s) to the quadratic equation.

How to Solve a Quadratic Equation Using the Quadratic Formula
? Example 4.3.1
Solve 222 + 9z —5 =0 by using the Quadratic Formula.

Answer

This equation is in standard
form.

Substitute in
,b=9, =5

Put each answer in the
original equation to check.

Substitute x =

[2%]

P

Substitute x = -5.

23

a'+ bx+c =10
2%¢+9x-5=0
a=2,b=90,c=-5
X_—bj;\/b’—élac
2a
X=—91\/9’—4- ()
2.
X_—911,X81_(_4{))
i
X__91\/121
a4
o911
4
9411 _9_11
X= i X= 5
B 20
X—-E X_._._4
x=% =18
2¢+9x-5=0
1 ?
+9-5 -5£0
1 1 ?
Z+9°5-5%0
1 1 2
z+9°5-540
1.9 .2
s+5-5L0
10 _?
- -5%0
B
0=0v
2¢+9x-5=0
205y +9(5)-5%0
2.25_45_521¢
50-45-5240
0=0v
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Solve 3y2 —5y+2 =0 by using the Quadratic Formula.

Answer

y=2,y=1

? Example 4.3.3
Solve 422 +22—6 =0 by using the Quadratic Formula.

Answer

#" Definition: SOLVE A QUADRATIC EQUATION USING THE QUADRATIC FORMULA

1. Write the Quadratic Formula in standard form. Identify the a, b, and c values.
2. Write the Quadratic Formula. Then substitute in the values of a, b, and c.

3. Simplify.

4. Check the solutions.

If you say the formula as you write it in each problem, you’ll have it memorized in no time. And remember, the Quadratic Formula
is an equation. Be sure you start with ‘¢ =’.

? Example 4.3.4

https://math.libretexts.org/@go/page/142785

Solve 2> —6x +5 =0 by using the Quadratic Formula.
Answer
X -6x+5=0
“+ b =0
This equation is in standard form. !;:z N 5;:. E, -0
Identify the a, b, ¢ values. b=-6,
. . —b + Vb —4ac
Write the Quadratic Formula. Ko 2a
-(-6 (-6Y -4+
Then substitute in the values of g, b, c. PP e - \/(2.) L]
x=6£V36-20
2
o _6+V16
Simplify. X=—n—
_6+4
=2
6+4 ,_6-4
Rewrite to show two solutions. LSSy v S
X= @, X= %
Simplify. 2
x=5, x=
Check.
X -6x+5=0 X-6x+5=0
5%_6-5+520 ¥-6-1+520
25-30+520 1-6+520
0=0v 0=0v
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Solve a® —2a —15 =0 by using the Quadratic Formula.

Answer

a=-3,a=5

? Example 4.3.6

Solve b® +10b+24 = 0 by using the Quadratic Formula.

Answer
b=-6,b=—-4

When we solved quadratic equations by using the Square Root Property, we sometimes got answers that had radicals. That can
happen, too, when using the Quadratic Formula. If we get a radical as a solution, this is the exact answer. We will get the
approximate answer using our calculator to calculate the radical.

? Example 4.3.7
Solve 43> —5y —3 =0 by using the Quadratic Formula.

Answer

We can use the Quadratic Formula to solve for the variable in a quadratic equation, whether or not it is named ‘x’.

4y -5y-3=0
ax' + bx +c =10
This equation is in standard form. 4 _5/-3=0
Identify the a, b, c values. b=-5,
Write the Quadratic Formula. y= w
. . —(-5)+ -\||' _EF_ 4 -
Then substitute in the values of a, b, c. y= o b (25_} - €
_5+v25+48
y= )
Simplify. y=52 V73
8
Calculate the radical. y= w
Calculate each answer, rounding to the nearest thousandth. y =1.693, -0.443

Check. We leave the check to you.

? Example 4.3.8

Solve 2p? +8p+5 = 0 by using the Quadratic Formula.

Answer

p=—0.775,—3.225
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? Example 4.3.9

Solve 5g2 —11g+3 =0 by using the Quadratic Formula.

Answer

q=1.881,0.319

We cannot take the square root of a negative number. So, when we substitute a, b, and c into the Quadratic Formula, if the quantity
inside the radical is negative, the quadratic equation has no real solution. We will see this in the next example.

? Example 4.3.13

Solve 3p? +2p+9 =0 by using the Quadratic Formula.

Answer
This equation is in standard form. 3:; :, zb:, :_ ; : 3
Identify the a, b, c values. b=2,
Write the Quadratic Formula. pP= b yb'-dac .Zb;—4c.'c
Then substitute in the values of a, b, c. p= =t L (i)i_ 4-2-03
Simplify. p= w
Simplify the radical. p= = ‘éu L
We cannot take the square root of a negative number. There is no real solution.

? Example 4.3.14
Solve 4a> —3a +8 =0 by using the Quadratic Formula.

Answer

no real solution

? Exeample 4.3.15

Solve 5b® +2b+4 =0 by using the Quadratic Formula.

Answer

no real solution

When we solved linear equations, if an equation had too many fractions we ‘cleared the fractions’ by multiplying both sides of the
equation by the LCD. This gave us an equivalent equation—without fractions—to solve. We can use the same strategy with
quadratic equations.

? Example 4.3.19

Solve %u2 o %u = % by using the Quadratic Formula.

Answer
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Multiply.
Subtract 2 to get the equation in standard form.
Identify the a, b, c values.

Write the Quadratic Formula.

Then substitute in the values of a, b, c.

Multiply both sides by the LCD, 6, to clear the fractions.

1., _
S U+ U=

w{r
w|=

6(% w+ %u) = Ei(%)

3wr+4u=2

o + bx +c =0
3wW+4u-2=0

b=4,

u=bx Vb -dac
2a

)=VAF—2-3°(2)
PECES ORI

yo A V16+24
6

Simplify. i
6

Calculate the radical. w= —4i6.32455532

Calculate to show two solutions to the thousandth. u=0.387, -1.721

Check. We leave the check to you.

? Example 4.3.20

12 1, _ i 9
Solve y¢® — ¢ = 75 by using the Quadratic Formula.

Answer

c=1.549,-0.215

? Example 4.3.21

Solve %dQ — ;d = —% by using the Quadratic Formula.
Answer
_3 —
d=3,d=3

Think about the equation (z —3)? = 0. We know from the Zero Products Principle that this equation has only one solution: = 3.

We will see in the next example how using the Quadratic Formula to solve an equation with a perfect square also gives just one
solution.

? Example 4.3.22

Solve 4z? — 20z = —25 by using the Quadratic Formula.

Answer
4y’ - 20x=-25
g . a4 b + e =0
Add 25 to get the equation in standard form. Ax—20x+25=0
Identify the a, b, c values. b=-20,
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_-b+vb- dac

Write the Quadratic Formula. x 2a

(_—F200 2 VE20F-4- - ()
2.

Then substitute in the values of a, b, c.

= 20+ Y400 - 400
8

Simplify.

_ 20+ V0
=%
L . 20
Simplify the radical. =g
Simplify the fraction. x= g

Check. We leave the check to you.

Did you recognize that 4z — 20z + 25 is a perfect square?

? Example 4.3.23

Solve 72 +107+25 =0 by using the Quadratic Formula.

Answer

r=-5

? Example 4.3.24

Solve 25t? — 40t = —16 by using the Quadratic Formula.

Answer

4
t_5

Use the Discriminant to Predict the Number of Solutions of a Quadratic Equation

When we solved the quadratic equations in the previous examples, sometimes we got two solutions, sometimes one solution,
sometimes no real solutions. Is there a way to predict the number of solutions to a quadratic equation without actually solving the
equation?

Yes, the quantity inside the radical of the Quadratic Formula makes it easy for us to determine the number of solutions. This
quantity is called the discriminant.

# Definition: DISCRIMINANT

—bt+/b?—4ac

— the quantity b* — 4ac is called the discriminant.

In the Quadratic Formulaz =

Let’s look at the discriminant of the equations in Example, Example, and Example, and the number of solutions to those quadratic

equations.
Quadratic Equation (in Discriminant b> — 4ac Sl.gn ?f t-he Number of real solution
standard form) Discriminant

Example 22> +92—-5=0 9% —4.2(-5) =121 + 2

Example 422 — 20z +25=0 (—20)>—4-4-25=0 0 1

Example 3p° +2p+9=0 22 -4.3.9=-104 - 0
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When the discriminant is positive x =
—b£,/0

2a

—bt+/F

2a

the quadratic equation has two solutions.

When the discriminant is zero x =

the quadratic equation has one solution.

When the discriminant is negative £ = — the quadratic equation has no real solutions.

2a

# Definition:USE THE DISCRIMINANT, b*> — 4ac, TO DETERMINE THE NUMBER OF SolutionS OF A

QUADRATIC EQUATION
For a quadratic equation of the form az2 +bz +¢c=0 ,a >0,

e if b —4ac > 0, the equation has two solutions.
e if b —4ac =0, the equation has one solution.
o if b —4ac < 0, the equation has no real solutions.

? Example 4.3.25

Determine the number of solutions to each quadratic equation:

1.202 —3v+6=0
2.322+T2—-9=0
3.5m2+n+4=0
4.9y —6y+1=0

Answer
1.
20> —3v+6=0
The equation is in standard form, identify a, b, c. a=2,b=-3,c=6
Write the discriminant. b* — 4ac
Substitute in the values of a, b, c. (3)2—-4-2-6
Simplify. 9_;948

Because the discriminant is negative, there are no real solutions to the equation.

2.
32 +T7x—9=0
The equation is in standard form, identify a, b, c. a=3,b=7,c=-9
Write the discriminant. b? —dac
Substitute in the values of a, b, c. (1)%2—-4-3-(-9)
Simplify. 4112;— 108
Because the discriminant is positive, there are two solutions to the equation.
3.
5n?+n+4=0
The equation is in standard form, identify a, b, c. a=5,b=1,c=4
Write the discriminant. b* — dac
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Substitute in the values of a, b, c. (1)2 —4-5-4

1-80

Simplify.
plily. _79

Because the discriminant is negative, there are no real solutions to the equation.

4.
9y? —6y+1=0
The equation is in standard form, identify a, b, c. a=9,b=—-6,c=1
Write the discriminant. b? — dac
Substitute in the values of a, b, c. (—6)2—4-9-1
Simplify. 36 —36

Because the discriminant is 0, there is one solution to the equation.

? Example 4.3.26

Determine the number of solutions to each quadratic equation:

1.8m2 —-3m+6=0
2.5224+62—2=0

3.9w? +24w+16 =0
4,942 —2u+4=0

Answer

1. no real solutions
2.2
3.1
4. no real solutions

? Example 4.3.27

Determine the number of solutions to each quadratic equation:

1.V +70—-13=0
2.5a2 —6a+10=0
3.47 —20r +25 =0
4.7t —11t+3 =0

Answer

1.2
2. no real solutions
3.1
4.2

Identify the Most Appropriate Method to Use to Solve a Quadratic Equation
We have used four methods to solve quadratic equations:

o Factoring

https://math.libretexts.org/@go/page/142785
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e Square Root Property
e Completing the Square
e Quadratic Formula

You can solve any quadratic equation by using the Quadratic Formula, but that is not always the easiest method to use.

#" Definition: IDENTIFY THE MOST APPROPRIATE METHOD TO SOLVE A QUADRATIC EQUATION.

1. Try Factoring first. If the quadratic factors easily, this method is very quick.

2. Try the Square Root Property next. If the equation fits the form az? = k or a(z —h)? = k , it can easily be solved by
using the Square Root Property.

3. Use the Quadratic Formula. Any quadratic equation can be solved by using the Quadratic Formula.

What about the method of completing the square? Most people find that method cumbersome and prefer not to use it. We needed to
include it in this chapter because we completed the square in general to derive the Quadratic Formula. You will also use the process
of completing the square in other areas of algebra.

? Example 4.3.28

Identify the most appropriate method to use to solve each quadratic equation:
1.522 =17
2.4x2 —-122+9=0
3. 8u2 +6u=11
Answer
1.522 =17
Since the equation is in the az? = k, the most appropriate method is to use the Square Root Property.
2.422 122 +9=0

We recognize that the left side of the equation is a perfect square trinomial, and so Factoring will be the most appropriate
method.

3.8u” +6u=11
Put the equation in standard form. 8u? +6u —11 =0

While our first thought may be to try Factoring, thinking about all the possibilities for trial and error leads us to choose the
Quadratic Formula as the most appropriate method.

? Example 4.3.29

Identify the most appropriate method to use to solve each quadratic equation:

1.224+6z+8=0

2.(n—-3)>=16
3.5p> —6p=9
Answer
1. factor

2. Square Root Property
3. Quadratic Formula
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Identify the most appropriate method to use to solve each quadratic equation:

1.8a2+3a—-9=0
2,402 +4b+1=0
3.5¢2 =125

Answer
1. Quadratic Formula
2. factoring
3. Square Root Property

Access these online resources for additional instruction and practice with using the Quadratic Formula:

e Solving Quadratic Equations: Solving with the Quadratic Formula

¢ How to solve a quadratic equation in standard form using the Quadratic Formula (example)
e Solving Quadratic Equations using the Quadratic Formula—FExample 3
¢ Solve Quadratic Equations using Quadratic Formula

Key Concepts
¢ Quadratic Formula The solutions to a quadratic equation of the form ax’+bz+c=0,a>0 are given by the formula:
—bt+/b®—dac
T=""9u
¢ Solve a Quadratic Equation Using the Quadratic Formula
To solve a quadratic equation using the Quadratic Formula.
1. Write the quadratic formula in standard form. Identify the a, b, ¢ values.
2. Write the quadratic formula. Then substitute in the values of a, b, c.
3. Simplify.
4. Check the solutions.
o Using the Discriminant, b?> — 4ac, to Determine the Number of Solutions of a Quadratic Equation
For a quadratic equation of the form az? + bz +c¢=0 ,a >0,

o if b —4ac > 0, the equation has 2 solutions.
o if b —4ac =0, the equation has 1 solution.
o if b —4ac < 0, the equation has no real solutions.
o To identify the most appropriate method to solve a quadratic equation:
1. Try Factoring first. If the quadratic factors easily this method is very quick.
2. Try the Square Root Property next. If the equation fits the form az? = k or a(z —h)? =k, it can easily be solved by using
the Square Root Property.
3. Use the Quadratic Formula. Any other quadratic equation is best solved by using the Quadratic Formula.

Glossary

discriminant

—b+y/b%—4ac

5 the quantity b? — 4ac is called the discriminant.

In the Quadratic Formula,xz =

This page titled 4.3: Solve Quadratic Equations Using the Quadratic Formula is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 10.3: Solve Quadratic Equations Using the Quadratic Formula by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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4.4: Solve Applications Modeled by Quadratic Equations

4b Learning Objectives

By the end of this section, you will be able to:

¢ Solve applications modeled by Quadratic Equations

? Be Prepared

Before you get started, take this readiness quiz.

1. The sum of two consecutive odd numbers is —100. Find the numbers.
If you missed this problem, review |link].

2. The area of triangular mural is 64 square feet. The base is 16 feet. Find the height.
If you missed this problem, review |[link].

3. Find the length of the hypotenuse of a right triangle with legs 5 inches and 12 inches.
If you missed this problem, review |link].

Solve Applications of the Quadratic Formula

We solved some applications that are modeled by quadratic equations earlier, when the only method we had to solve them was
factoring. Now that we have more methods to solve quadratic equations, we will take another look at applications. To get us
started, we will copy our usual Problem Solving Strategy here so we can follow the steps.

& Definition: USE THE PROBLEM SOLVING STRATEGY

1. Read the problem. Make sure all the words and ideas are understood.

2. Identify what we are looking for.

3. Name what we are looking for. Choose a variable to represent that quantity.

4. Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information.
Then, translate the English sentence into an algebra equation.

5. Solve the equation using good algebra techniques.

6. Check the answer in the problem and make sure it makes sense.

7. Answer the question with a complete sentence.

We have solved number applications that involved consecutive even integers and consecutive odd integers by modeling the
situation with linear equations. Remember, we noticed each even integer is 2 more than the number preceding it. If we call the first
one n, then the next one is n + 2. The next one would be n+2+2 or n+4. This is also true when we use odd integers. One set
of even integers and one set of odd integers are shown below.

Consecutive even integers Consecutive odd integers
64, 66,68 77,79,81
n 1" even number n 1 odd number (4.4.1)
n+2 2"deven number n+2 2"0dd number
n+4 3"even number n+4 3"0dd number

Some applications of consecutive odd integers or consecutive even integers are modeled by quadratic equations. The notation
above will be helpful as you name the variables.

? Example 4.4.1

The product of two consecutive odd integers is 195. Find the integers.

Answer
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Step 1. Read the problem.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into an equation. State the problem in one sentence.

Translate into an equation.

Step 5. Solve the equation. Distribute.
Subtract 195 to get the equation in standard form.
Identify the a, b, c values.

Write the quadratic equation.

Then substitute in the values of q, b, c..

Simplify.

Simplify the radical.

Rewrite to show two solutions.

Solve each equation.

There are two values of n that are solutions. This will give us two pairs of

consecutive odd integers for our solution.

Step 6. Check the answer.

Do these pairs work?

Are they consecutive odd integers?
Is their product 195?

Step 7. Answer the question.

We are looking for two consecutive odd
integers.

Let n = the first odd integer.
n + 2 = the next odd integer

"The product of two consecutive odd
integers is 195." The product of the first
odd integer and the second odd integer is
195.

nin +2)= 195

n’+2n=195

a’+ bx + ¢ =10
m+2n-195=0

b=2,
n=—bivb’—4ac
2a
a2 ENE-ds1(155)
s 5
no—2%V4+780
- 2
n_—2+V784
2
2428
n=-3
_ P FB) D T8
n= = . n 5
26 -30
n==2,n=
2 2
n=13 n=-15

First odd integer n=13
next odd integer n+2
13+2

15

First odd integer n=—15
next odd integer n+2
-15+2

-13

13, 15, yes —13, —-15, yes
13:15=195, yes —13(-15)=195, yes

The two consecutive odd integers whose
product is 195 are 13, 15, and —13, —15.
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? Example 4.4.2

The product of two consecutive odd integers is 99. Find the integers.

Answer

Two consecutive odd numbers whose product is 99 are 9 and 11, and -9 and —11.

? Example 4.4.3

The product of two consecutive odd integers is 168. Find the integers.

Answer

Two consecutive even numbers whose product is 168 are 12 and 14,and —12 and —14.

We will use the formula for the area of a triangle to solve the next example.

#" Definition: AREA OF A TRIANGLE

For a triangle with base b and height h, the area, A, is given by the formula A = %bh.

Recall that, when we solve geometry applications, it is helpful to draw the figure.

? Example 4.4.4

An architect is designing the entryway of a restaurant. She wants to put a triangular window above the doorway. Due to energy
restrictions, the window can have an area of 120 square feet and the architect wants the width to be 4 feet more than twice the
height. Find the height and width of the window.

Answer
Step 1. Read the problem. h
Draw a picture.
2h+4
Step 2. Identify what we are looking for. We are looking for the height and width.

Let h = the height of the triangle.

Step 3. Name what we are looking for. ) .
2h + 4 = the width of the triangle

We know the area. Write the formula for
the area of a triangle.

Step 4. Translate. :
A= Ebh
. . . 1
Step 5. Solve the equation. Substitute in the values. 120==(2h +4)h
Distribute. 120=h?+2h
o . . e a4 hx + ¢ =10
This is a quadratic equation, rewrite it in standard form. A4+ 2h—-120=0
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Solve the equation using the Quadratic Formula. Identify the a, b, c values. b=2,

hﬂ—bi\/bz—daC

Write the quadratic equation. 2a

2 284
Then substitute in the values of a, b, c. h="2% v 5. ( )

h—2% VA 480
2

Simplify. 2% Jag
2
2+22
Simplify the radical. ==
. . -2+ 22 =27
Rewrite to show two solutions. h= — h= 2
20 -24
Simplify. b gyt o
Since h is the height of a window, a value of h = —12 does not make sense. h=10 h==T2

The height of the triangle: h = 10

The width of the triangle: 2h + 4
2-10+4
24

Step 6. Check the answer. Does a triangle with a height 10 and width 24 have area
1207 Yes.

The height of the triangular window is

Step 7. Answer the question. o
10 feet and the width is 24 feet.

Notice that the solutions were integers. That tells us that we could have solved the equation by factoring.

When we wrote the equation in standard form, h2 +2h — 120 = 0 , we could have factored it. If we did, we would have
solved the equation (h +12)(h —10) =0 .

? Example 4.4.5

Find the dimensions of a triangle whose width is four more than six times its height and has an area of 208 square inches.

Answer

The height of the triangle is 8 inches and the width is 52 inches.

? Example 4.4.6
If a triangle that has an area of 110 square feet has a height that is two feet less than twice the width, what are its dimensions?

Answer

The height of the triangle is 20 feet and the width is 11 feet.

In the two preceding examples, the number in the radical in the Quadratic Formula was a perfect square and so the solutions were
rational numbers. If we get an irrational number as a solution to an application problem, we will use a calculator to get an
approximate value.
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The Pythagorean Theorem gives the relation between the legs and hypotenuse of a right triangle. We will use the Pythagorean
Theorem to solve the next example.

¢ Definition: PYTHAGOREAN THEOREM

In any right triangle, where a and b are the lengths of the legs and c is the length of the hypotenuse, a? + b* = ¢?

? Example 4.4.7

Rene is setting up a holiday light display. He wants to make a ‘tree’ in the shape of two right triangles, as shown below, and
has two 10-foot strings of lights to use for the sides. He will attach the lights to the top of a pole and to two stakes on the
ground. He wants the height of the pole to be the same as the distance from the base of the pole to each stake. How tall should

the pole be?
Answer
Step 1. Read the problem. Draw a picture 10
Step 2. Identify what we are looking for. We are looking for the height of the pole.

The distance from the base of the pole to
either stake is the same as the height of
the pole. Let z = the height of the pole.
z = the distance from the pole to stake

Step 3. Name what we are looking for.

Each side is a right triangle. We draw a picture of one of them. I '
x

Step 4. Translate into an equation. We can use the Pythagorean Theorem to solve

for x.

Write the Pythagorean Theorem. a®+b =c

Step 5. Solve the equation. Substitute. z? + 2% = 102

Simplify. 222 = 100

Divide by 2 to isolate the variable. % = %

Simplify. z? =50
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Use the Square Root Property. =150
Simplify the radical. z = +5v2
Rewrite to show two solutions. @ ="5v2
=52
Approximate this number to the nearest tenth with a calculator. z~T.1

Step 6. Check the answer.
Check on your own in the Pythagorean Theorem.

Step 7. Answer the question. The pole should be about 7.1 feet tall.

? Example 4.4.8

The sun casts a shadow from a flag pole. The height of the flag pole is three times the length of its shadow. The distance
between the end of the shadow and the top of the flag pole is 20 feet. Find the length of the shadow and the length of the flag
pole. Round to the nearest tenth of a foot.

Answer

The length of the shadow is 6.3 feet and the length of the flag pole is 18.9 ft.

? Example 4.4.9

The distance between opposite corners of a rectangular field is four more than the width of the field. The length of the field is
twice its width. Find the distance between the opposite corners. Round to the nearest tenth.

Answer

The distance to the opposite corner is 3.2.

? Example 4.4.10

Mike wants to put 150 square feet of artificial turf in his front yard. This is the maximum area of artificial turf allowed by his
homeowners association. He wants to have a rectangular area of turf with length one foot less than three times the width. Find
the length and width. Round to the nearest tenth of a foot.

Answer

Step 1. Read the problem. Draw a picture.

3w-1

Step 2. Identify what we are looking for. We are looking for the length and width.

Let w = the width of the rectangle.

Step 3. Name what we are looking for.
3w — 1 = the length of the rectangle

Step 4. Translate into an equation.

A=L-W
We know the area. Write the formula for the area of a rectangle.
Step 5. Solve the equation. Substitute in the values. 150=(3w-1)w
Distribute. 150 = 3w’ —w
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This is a quadratic equation, rewrite it in standard form. ;:,; ’ :,: 1;0 o E

Solve the equation using the Quadratic Formula.

Identify the a, b, c values. b=-1,

Write the Quadratic Formula. w="b +vb*—dac

2a

w=—(—1l¢\f(—2:l)j—4- * £150)

Then substitute in the values of a, b, c.

w=1j:\/16+1800

1+ v/1801
wETTg

Simplify.

wo1+Y1801  _1-+1801
6 T8

Rewrite to show two solutions.

w72, wa=6.9

Widthw= 7.2

Approximate the answers using a calculator. et 21

We eliminate the negative solution for the width.
~3(7.2) -1

~ 20.6

Step 6. Check the answer.
Make sure that the answers make sense.

The width of the rectangle is
Step 7. Answer the question. approximately 7.2 feet and the length
20.6 feet.

? Example 4.4.11

The length of a 200 square foot rectangular vegetable garden is four feet less than twice the width. Find the length and width of
the garden. Round to the nearest tenth of a foot..

Answer

The width of the garden is 11 feet and the length is 18 feet.

? Example 4.4.12

A rectangular tablecloth has an area of 80 square feet. The width is 5 feet shorter than the length. What are the length and
width of the tablecloth? Round to the nearest tenth of a foot.

Answer

The width of the tablecloth is 6.8 feet and the length is 11.8 feet.

The height of a projectile shot upwards is modeled by a quadratic equation. The initial velocity, \(v_{0}\), propels the object up
until gravity causes the object to fall back down.
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& Definition: PROJECTILE MOTION

The height in feet, h, of an object shot upwards into the air with initial velocity, vg, after t seconds is given by the formula:

h=—16t%+vgt

We can use the formula for projectile motion to find how many seconds it will take for a firework to reach a specific height.

?

Example 4.4.13

Answer

Step 1. Read the problem.
Step 2. Identify what we are looking for.
Step 3. Name what we are looking for.

Step 4. Translate into an equation.

Step 5. Solve the equation.
We know the velocity vg is 130 feet per second.

The height is 260 feet. Substitute the values.

This is a quadratic equation, rewrite it in standard form.

Solve the equation using the Quadratic Formula.

Identify the a, b, c values.

Write the Quadratic Formula.

Then substitute in the values of a, b, c.

Simplify.

Rewrite to show two solutions.

Approximate the answers with a calculator.

Step 6. Check the answer.
The check is left to you.

A firework is shot upwards with initial velocity 130 feet per second. How many seconds will it take to reach a height of 260
feet? Round to the nearest tenth of a second.

We are looking for the number of seconds, which is time.

Let t = the number of seconds.

Use the formula.

h:—16t2+1)(]t
260 =16t + 130t
a + bx + ¢ =0
16 + 130t +260=0
b=-130,
t=—b:\/b’—4ac
2a
t_—(—130)t\/(—1301*—4' ={260)
2
p 130 + 4/16,900 - 16,640
- 32
;. 130+ V260
- 32
¢ 130+ /260 t=130_%
32 ! 32
t ~ 4.6 seconds, t ~ 3.6
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The firework will go up and then fall back down.
As the firework goes up, it will reach 260 feet after
approximately 3.6 seconds. It will also pass that
height on the way down at 4.6 seconds.

Step 7. Answer the question.

? Example 4.4.14

An arrow is shot from the ground into the air at an initial speed of 108 ft/sec. Use the formula h = —16¢> +vgt to determine
when the arrow will be 180 feet from the ground. Round the nearest tenth of a second.

Answer

The arrow will reach 180 on its way up in 3 seconds, and on the way down in 3.8 seconds.

? Example 4.4.15

A man throws a ball into the air with a velocity of 96 ft/sec. Use the formula b = —16¢> 4 vyt to determine when the height of
the ball will be 48 feet. Round to the nearest tenth of a second.

Answer

The ball will reach 48 feet on its way up in .6 seconds and on the way down in 5.5 seconds.

Access these online resources for additional instruction and practice with solving word problems using the quadratic equation:

e General Quadratic Word Problems
e Word problem: Solve a projectile problem using a quadratic equation

Key Concepts
o Area of a Triangle For a triangle with base, b, and height, h, the area, A, is given by the formula: A = %bh

b

o Pythagorean Theorem In any right triangle, where a and b are the lengths of the legs, and c is the length of the hypothenuse,
2 p2 _ 2
a*+b*=c

b

o Projectile motion The height in feet, h, of an object shot upwards into the air with initial velocity, vy, after tt seconds can be
modeled by the formula

h = —16¢2 + vt
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Glossary

consecutive even integers
Consecutive even integers are even integers that follow right after one another. If an even integer is represented by n, the next
consecutive even integer is n + 2, and the next after thatisn 44 .

consecutive odd integers
Consecutive odd integers are odd integers that follow right after one another. If an odd integer is represented by n, the next
consecutive odd integer is n + 2, and the next after thatisn 44 .

This page titled 4.4: Solve Applications Modeled by Quadratic Equations is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 10.4: Solve Applications Modeled by Quadratic Equations by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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5.3: Add and Subtract Rational Expressions with a Common Denominator
5.4: Add and Subtract Rational Expressions with Unlike Denominators
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5.1: Simplify Rational Expressions

& Summary

By the end of this section, you will be able to:

e Determine the values for which a rational expression is undefined
o Evaluate rational expressions

o Simplify rational expressions

o Simplify rational expressions with opposite factors

# Are you Ready?

Before you get started, take this readiness quiz.

If you miss a problem, go back to the section listed and review the material.

90y
15y%°
If you missed this problem, review |link].

2. Factor: 6x2 — 7z +2.

If you missed this problem, review |link].
3. Factor: n® + 8.

If you missed this problem, review |link].

1. Simplify:

In Chapter 1, we reviewed the properties of fractions and their operations. We introduced rational numbers, which are just fractions
where the numerators and denominators are integers, and the denominator is not zero.

In this chapter, we will work with fractions whose numerators and denominators are polynomials. We call these rational
expressions.

& Definition: RATIONAL EXPRESSION

A rational expression is an expression of the form 2() , where p and q are polynomials and g # 0.

q(z)

Remember, division by 0 is undefined.

Here are some examples of rational expressions:
13 Ty 5z42 42’43zl
42 8z 27 2z-8

13
42°

ratio of two constants is a rational expression, provided the denominator is not zero.

Notice that the first rational expression listed above, —== , is just a fraction. Since a constant is a polynomial with degree zero, the

We will perform same operations with rational expressions that we do with fractions. We will simplify, add, subtract, multiply,
divide, and use them in applications.

Determine the Values for Which a Rational Expression is Undefined

When we work with a numerical fraction, it is easy to avoid dividing by zero, because we can see the number in the denominator.
In order to avoid dividing by zero in a rational expression, we must not allow values of the variable that will make the denominator
be zero.

If the denominator is zero, the rational expression is undefined. The numerator of a rational expression may be 0—but not the
denominator.

So before we begin any operation with a rational expression, we examine it first to find the values that would make the
denominator zero. That way, when we solve a rational equation for example, we will know whether the algebraic solutions we find
are allowed or not.
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# Definition: DETERMINE THE VALUES FOR WHICH A RATIONAL EXPRESSION IS UNDEFINED.

1. Set the denominator equal to zero.
2. Solve the equation in the set of reals, if possible.

? Example 5.1.1

Determine the values for which the rational expression is undefined:
9y
dhs
2 %55
2) z+4
© 22+5z+6x
Solution

The expression will be undefined when the denominator is zero.

1. 2
Set the denominator equal to zero. Solve for the variable. x=0
% is undefined for x=0.
4-3
2. 2b+5
Set the denominator equal to zero. Solve for the variable. 2b+5=0
2b=-5
- _5
b=—3
;Z—;g is undefined for b = 7% .
z+4
3. z2+5z+61
Set the denominator equal to zero. Solve for the variable. 22+ 5z +6x =0

(z+2)(z+3)=0
x+2=0 or x+3=0

x=—2 or x=—3

z+4

———— is undefined for x=-2 or x=-3.
z°+5z+-62

Saying that the rational expression % is undefined for x=—2o0rx=-3 is similar to writing the phrase “void where

prohibited” in contest rules.

Determine the values for which the rational expression is undefined:

1.3

85

o—

2. 3n+1
a+10

* a?+4a+3a

Answer
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Determine the values for which the rational expression is undefined:
1 i
y—1
2. 3y+2 ;
il
3. m?+m—6
Answer
1. g=0
2
2. Yy = —g
3. m=2, m=-3

Evaluate Rational Expressions
To evaluate a rational expression, we substitute values of the variables into the expression and simplify, just as we have for many

other expressions in this book.

? Example 5.1.4

Evaluate ;f_’g’ for each value:
1. x=0
2. x=2
3.x=—3
Solution
2x+3
1 3x-5
Substitute 0 for x. %
3
Simplify. _3
2x+3
2 3x-5
Substitute 2 for x. g(é)) i'g
4+3
Simplify. 6—1.5
7
1
7
2x+3
3 3x-5
2(-3)+3
Substitute -3 for x. _3((_3)) =
-6+3
Simplify. ?éi_s
=3
=14
3
1
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? Try It 5.1.5

1.y=1
2.y=-3
3.y=0

Answer
1. -2

2

2. 5

3. —

5z—1
2z+1

W=

Evaluate

1.x=1
2.x=-1
3.x=0

Answer
4

1.5

2.6
3.-1

? Example 5.1.7

22 4+82+7
Evaluate —=

1. x=0
2. x=2
3.x=-1

Solution

Substitute 0 for x.

Simplify.

Substitute 2 for x.

Simplify.

+1
Evaluate ﬁ for each value:

for each value:

for each value:

This rational expression is undefined for x = 2.

X+8x+7
=i

0y + 8(0) + 7

0y-4

IR

ENIN

X+8x+7
=i

(2F +8(2)+7

2r-4

441647
i_a

27
0
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3 X'+ 8x+7
: x-4

17 +8(-1)+7
“1y-4

1-8+7
1-4

-7+7

Substitute —1 for x.

Simplify.

?EﬂTwnaLs

241

Evaluate ——— for each value:
z?—3z+2

1. x=0
2.x=—1
3.x=3

Answer
1.

N col=po|—

2
3.

'?EHTwnaLg

2 p—
Evaluate % for each value.
1. x=0

2. x=—2
3.x=1

Answer
1.
2.
3.

[ (S ] FNEXY XY

Remember that a fraction is simplified when it has no common factors, other than 1, in its numerator and denominator. When we
evaluate a rational expression, we make sure to simplify the resulting fraction.

? Example 5.1.10

2 2
Evaluate % for each value.
1. a=1, b=2
2.a=—2,b=-1
3.a=%,b=0
Solution
a2+2ab+b’ _ _
1. T when El—l, b=2
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Substitute 1 for @and  for b.

Simplify.

Substitute -2 foraand  for b.

Simplify.

Substitute% foraand forb.

Simplify.

? Try It5.1.11

Evaluate 22“—31’2
a*+2ab+b
1.a=-1,b=2
2.a=0, b=-1

— _ 1
3.a—1,b—2

Answer
1. -4
2.0

4
3.4

? Try 1t5.1.12

2_ 12
2 b’_f’ for each value:

Evaluate
8a

1.a=1, b=-1
2.a=1,b=-1
3.a=-2, b=1

Answer
1.0

3
2 o

Ar+2010)+CF

310 ¥

1+4+4
3(4)

nlo

Alw

a2+2ab+b>
3ab

E2P+2(-2 )+ P

when a=—2, b=-1

for each value.

320 F

4+4+1
-6
_8
6
_3
2
a?+2ab+b° _ 1 1
W whena—3,b0
1] 2
F+2@)+0y
1
3(3)er
1
§+U+0
0
T
9
0
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Simplify Rational Expressions

Just like a fraction is considered simplified if there are no common factors, other than 1, in its numerator and denominator, a
rational expression is simplified if it has no common factors, other than 1, in its numerator and denominator.

# Definition: SIMPLIFIED RATIONAL EXPRESSION

A rational expression is considered simplified if there are no common factors in its numerator and denominator.

For example:

. % is simplified because there are no common factors of 2 and 3.
o g—:; is not simplified because x is a common factor of 2x and 3x.

We use the Equivalent Fractions Property to simplify numerical fractions. We restate it here as we will also use it to simplify
rational expressions.

& Definition: EQUIVALENT FRACTIONS PROPERTY

If a, b, and ¢ are numbers where b # 0, ¢ # 0, then % = % and % = %

Notice that in the Equivalent Fractions Property, the values that would make the denominators zero are specifically disallowed. We
see b # 0, ¢ # 0 clearly stated. Every time we write a rational expression, we should make a similar statement disallowing values
that would make a denominator zero. However, to let us focus on the work at hand, we will omit writing it in the examples.

Let’s start by reviewing how we simplify numerical fractions.

? Example 5.1.13

Simplify: — %.

Solution
_36
63
Rewrite the numerator and denominator showing the common ~ _4-9
factors. 220
A . . . 4
Simplify using the Equivalent Fractions Property. =

Notice that the fraction —2 is simplified because there are no more common factors.

7
? Try It5.1.14

Simplify: —3—?.

Answer
5

9

? Try t5.1.15

Simplify: — %.

Answer
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Throughout this chapter, we will assume that all numerical values that would make the denominator be zero are excluded. We will
not write the restrictions for each rational expression, but keep in mind that the denominator can never be zero. So in this next
example, x £ 0 and y # 0.

? Example 5.1.16

3zy
18x2y? "

Simplify:

Solution

Rewrite the numerator and denominator showing the common 1+ 3xy
factors. S SR

Simplify using the Equivalent Fractions Property.

Did you notice that these are the same steps we took when we divided monomials in Polynomials?

? Try 1t5.1.17

. oo 4aly
Simplify: Tomy? "
Answer

£
3y

=
? Try It PageIndex18

16z%y
2xy?

Simplify:

Answer

8z
Y

To simplify rational expressions we first write the numerator and denominator in factored form. Then we remove the common
factors using the Equivalent Fractions Property.

Be very careful as you remove common factors. Factors are multiplied to make a product. You can remove a factor from a product.
You cannot remove a term from a sum.

2-3-7 3x(x-9) x+5
2*5+7 5(x-9) X
2 3x NO COMMON
5 5 FACTORS

We removed the common  We removed the common While there is an x in

factors 3 and 7. They are factor (x-9).Itisa both the numerator and
factors of the product. factor of the product. denominator, the x in
the numerator is a term
of a sum!
. s 5 . . . . 245
Note that removing the x’s from % would be like cancelling the 2’s in the fraction %!
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How to Simplify Rational Binomials

? Example 5.1.19

2248
52+20 "

Simplify:

Solution

Factor 2x + 8 and 5x— 20. 2x+8
Sx+ 20

2(x+4)
S5(x+4)

Divide out the common factors. 2(x+4)
5@+

2

5

Simplify:

3z—6
2z—4 "

Answer

? Try It5.1.21

Ty+35
5y+25°

Simplify:

Answer

We now summarize the steps you should follow to simplify rational expressions.

# Definition: SIMPLIFY A RATIONAL EXPRESSION.

1. Factor the numerator and denominator completely.
2. Simplify by dividing out common factors.

Usually, we leave the simplified rational expression in factored form. This way it is easy to check that we have removed all the

common factors!

We’ll use the methods we covered in Factoring to factor the polynomials in the numerators and denominators in the following

examples.

? Example 5.1.22

. .o z’45z+6
Simplify: P IETE
Solution
z2+52+6
22 +8z+12
. 2)(z+3
Factor the numerator and denominator. eD(etd)
(z+2)(z+6)
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Remove the common factor x+2 from the numerator and the 243
denominator. z+6

Can you tell which values of x must be excluded in this example?

? Try It5.1.23

z2—z—2
z2—3z+2 "

Simplify:

Answer

z+1
=1l

z2—3z—10
22 4z—2

Simplify:

Answer
a5
? Example 5.1.25

y2+y—42

Simplify: 36

Solution
yiry—42
y2—36 ’

(y+7)(y—6)
(y+6)(y—6)

Remove the common factor y—6 from the numerator and the Y7

Factor the numerator and denominator.

denominator. y+6

? Try It 5.1.26

2
. so 2 4x—6
Simplify: 1
Answer
z+3
z+2

2 By its1.27

. oo 24847
Simplify: 49
Answer

z+1

z—T7
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p*—2p°+2p—4

Simplify: P T

Solution

P’ —2p°+2p—4
p?—Tp+10

Factor the numerator and denominator, using grouping to factor  p?(p—2)+2(p—2)

the numerator. (P—5)(p—2)
(P*+2)(p—2)
P-5(-2)
Remove the common factor p—2 from the numerator and the 242
denominator. p—5
Ti
? Try It 5.1.29
. e yi 3y 4y-3
Simplify: e
Answer
y2+1
y+2
=
? Try 1t 5.1.30
. .o . PP—p?+2p—2
Simplify: “rap 5
Answer
P22
p+5
? Example 5.1.31
. so . 2n2—14n
Simplify: T Ton_is"
Solution
2n2—14n
4n?—16n—48
Factor the numerator and denominator, first factoring out the 2n(n—T7)
GCEF. 4(n2—4n—12)
2n(n—T7)
4(n—6)(n+2)
n(n—7)
Remove the common factor, 2. )

? Try It 5.1.32

] o 2n2—10n
Slmphfy m

Answer
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| 2(n+1)

Answer

€T

V)
2
8
+
M
o

? Example 5.1.34

36 —12b+12

Simplify: P o

Solution
362 —12b4-12
6b>—24
Factor the numerator and denominator, first factoring out the 3(b2—4b-+4)
GCF. 6(>—4)

3(b—2)(b—2)
6(b—2)(b+2)
3(b-2)
2(b+2)

Remove the common factors of b—2 and 3.

2_
Simplify: 2o 120118 3239;18
Answer
2(z—3)
3(x+3)

=
? Try It PageIndex36

5y2—-30y+25

Simplify: 29750

Answer
5(z—1)
2(z+5)

? Example 5.1.37

Simplify: szi .
Solution

m3+8
m?—4

Factor the numerator and denominator, using the formulas for (m+2)(m2—2m+4)
sum of cubes and difference of squares. (m+2)(m—2)
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2_
Remove the common factors of m+2. mi_2m+td

m—2

? Try It5.1.38

p°—64
p2—16 "

Simplify:

Answer

p2 +4p+16
p+4

? Try It5.1.39

248
z2—4"

Simplify:

Answer

> —2x+4
—2

Simplify Rational Expressions with Opposite Factors

Now we will see how to simplify a rational expression whose numerator and denominator have opposite factors. Let’s start with a
numerical fraction, say _L7

We know this fraction simplifies to —1. We also recognize that the numerator and denominator are opposites.
In Foundations, we introduced opposite notation: the opposite of a is —a. We remember, too, that —a=—1-a

We simplify the fraction =

We could rewrite this. La

1
Remove the common factors. —

Simplify. 1
So, in the same way, we can simplify the fraction _?;_3)
z—3
,( 273)
We could rewrite this. Lz3)
—1-(z-3)
Remove the common factors. -
Simplify. 1

But the opposite of x—3 could be written differently:

—(z—3)
Distribute. —z+3
Rewrite. 33—z

This means the fraction 5_3

simplifies to —1.

ab implifies to —1.
a

In general, we could write the opposite of a-b as b—a. So the rational expression ;-
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& Definition: OPPOSITES IN A RATIONAL EXPRESSION

The opposite of a—b is b—a
b — 9 a#b

b—a
An expression and its opposite divide to —1

We will use this property to simplify rational expressions that contain opposites in their numerators and denominators.

? Example 5.1.40

HI

Simplify: £

Solution
r—8

Recognize that x—8 and 8—x are opposites

=
? Try It5.1.41
Simplify: %
Answer

-1

-
? Try It5.1.42
Simplify: %.

Answer
-1

Remember, the first step in simplifying a rational expression is to factor the numerator and denominator completely.

? Example 5.1.43

Simplify: i‘;:i; .

Solution
14 _ 2x
x*— 49

. 2(7 - x)
Factor the numerator and denominator. T+ Nx=7
2(2=%)
Recognize 7—x and x—7 are opposites. "t =Y
_ 2
x+7

Simplify.
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? Try It 5.1.44

102y
y2-25"

Simplify:

Answer
2

y+5

=
? Try It 5.1.45
3y—27
81—y2 "

Simplify:

Answer

_ 3
9+y

? Example 5.1.46

: e x2—4x—32
Simplify: s
Solution
x2—4x-32
64 — x*
. {x-8)x+4)
Factor the numerator and denominator. BB +x
(x—=B)x+ 4
Recognize the factors that are opposites. ) m
X+4
Simplify. X+ 8

? Try It 5.1.47

Simplify: £=425.
Answer
_ztl
z+5
=
? Try It 5.1.48
Simplify: mitif )
Answer
_zt2
z+1

Key Concepts
¢ Determine the Values for Which a Rational Expression is Undefined

1. Set the denominator equal to zero.
2. Solve the equation, if possible.

o Simplified Rational Expression
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o A rational expression is considered simplified if there are no common factors in its numerator and denominator.

o Simplify a Rational Expression
1. Factor the numerator and denominator completely.
2. Simplify by dividing out common factors.

¢ Opposites in a Rational Expression

o The opposite of a-b is b—a
82— —1a#b,b#0,a#b

Glossary

rational expression
A rational expression is an expression of the form %, where p and q are polynomials and ¢ # 0 .

This page titled 5.1: Simplify Rational Expressions is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 8.1: Simplify Rational Expressions by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-

algebra-2e.
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5.2: Multiply and Divide Rational Expressions

4b Learning Objectives

By the end of this section, you will be able to:

e Multiply rational expressions
o Divide rational expressions

Before you get started, take this readiness quiz.
If you miss a problem, go back to the section listed and review the material.

1. Multiply: %1 . 36—5.

If you missed this problem, review Exercise 1.6.13.
2. Divide: 15 + o .

If you missed this problem, review Exercise 1.6.22.
3. Factor completely: 222 — 98.

If you missed this problem, review Exercise 7.5.10.
4. Factor completely: 10n3 + 10.

If you missed this problem, review Exercise 7.5.19.
5. Factor completely: 10p? — 25pq — 15¢2.

If you missed this problem, review Exercise 7.5.28.

Multiply Rational Expressions

To multiply rational expressions, we do just what we did with numerical fractions. We multiply the numerators and multiply the
denominators. Then, if there are any common factors, we remove them to simplify the result.

& Definition: MULTIPLICATION OF RATIONAL EXPRESSIONS

If p,q,r,s are polynomials where ¢ % 0 and s # 0

p,r _pr
qg s g

To multiply rational expressions, multiply the numerators and multiply the denominators.

We’ll do the first example with numerical fractions to remind us of how we multiplied fractions without variables.

? Example 5.2.1

iply: 0. %
Multiply: 3¢ - 35 -
Answer
10,8
28 15
. . 10-8
Multiply the numerators and denominators. 28+ 15
2824
Look for common factors, and then remove them. Tede3e
4
Simplify. 21
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? Example 5.2.2

Mulitply: 16—0 . %
Answer

3

4

? Example 5.2.3

Mulitply: % . % .
Answer
1

Remember, throughout this chapter, we will assume that all numerical values that would make the denominator be zero are
excluded. We will not write the restrictions for each rational expression, but keep in mind that the denominator can never be zero.
So in this next example,  # 0 and y # 0.

? Example 5.2.4

. 6zy°
Mulitply: 3% . ;21; .
Answer
2 6xy
3 xy
2x = bxy*
Multiply. 3y - Xy
Factor the numerator and denominator completely, and then e At e b A i) 4
remove common factors. PRl E=EE
Simplify. 4

? Example 5.2.5

3pq  5pq

Mulitply: Z oma

Answer

5p?
2q

? Example 5.2.6

g . 62y 2zy
Mulitply: T 3arg
Answer

1293

L%
-
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? Example 5.2.7

itply: —2z . 229

Mulitply: z?-Tr+12 6z

Answer
Factor x¥*—9and x' + x+ 12. 2x . X-9

X-7x+12 6x*
2x L x=3)x+3)
(x-3)x-4) 6x*

Multiply the numerators and 2x(x—3)x+ 3)
denominators. It is helpful to 6X(x — 3)(x—4)

write the monomials first.

Divide out the common factors. 2K (x=3)(x + 3)
Z*3 X x[x=3)x_4)

Leave the denominator in (x+3)

factored form. 3x(x—4)

? Example 5.2.8

5x z2—4

Mulitply: 5076 10z
Answer

T—2

2(z+3)
? Example 5.2.9

g . 922 2_36
Mulitply: z2+1:fx+30 -
Answer

3(z—6)

z+5

# Definition: MULTIPLY A RATIONAL EXPRESSION.

1. Factor each numerator and denominator completely.
2. Multiply the numerators and denominators.
3. Simplify by dividing out common factors.

? Example 5.2.10

n2—Tn n+1
n?+2n+1  2n °

Multiply:

Answer

n’—Tn_ n+l
n2+2n+1 2n

n(n—7) okl
(n+1)(n+1) 2n
n(n—"7)(n+1)
(n+1)(n+1)2n

n—"7

Simplify. 20 D)

Factor each numerator and denominator.

Multiply the numerators and the denominators.

https://math.libretexts.org/@go/page/142792



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142792?pdf

LibreTexts*

? Example 5.2.11

L. x-25 z+2
Multiply: ey
Answer

45

T

? Example 5.2.12

. . x’—4x z+2
Multiply: T
Answer

z—4

z+3

? Example 5.2.13

. . 16—4z z2°>-52—6
Multiply: 5-—5 e

Answer

16—4z = a?—5z—6
2z—12 216
4(4—z) . (z—6)(z+1)
2(z—6) (z—4)(z+4)
4(4—z)(z—6)(@+1)
2Az—6)(z—4)(z-+4)
2(z+1)

(z+4)

Factor each numerator and denominator.

Multiply the numerators and the denominators.

Simplify. —

? Example 5.2.14

12¢—622  22+112424
248z z2—4 :

Multiply:

Answer

6(z+3)
)

? Example 5.2.15

s 1o =312 W 4Tu+12
Multiply: 5,36 o

Answer

v

3

? Example 5.2.16

20—6  z°-25
z2—8z+15 2z+10 °

Multiply:

Answer
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2x-6  _ x-25
X¥—8x+15 2x+10

. 2(x—3) (x=5)(x + 5)
Factor each numerator and denominator. *—3-5 =~ 2x+5)

2(x—3)(x=5)(x + 5)
2(x—3)(x-5)x + 5)

Multiply the numerators and denominators.

2x=3)x—S5)x+5)
Remove common factors. 2(=3)=5)(x+5)
Simplify. 1

? Example 5.2.17

3a—21 a’—4

Multiply: 7 oaril 376"

Answer

1

? Example 5.2.18

b2—b b2—100

WL P195—10 5°—10b

Answer

1

Divide Rational Expressions
To divide rational expressions we multiply the first fraction by the reciprocal of the second, just like we did for numerical fractions.

Remember, the reciprocal of % is % To find the reciprocal we simply put the numerator in the denominator and the denominator
in the numerator. We “flip” the fraction.

# Definition: DIVISION OF RATIONAL EXPRESSIONS

If p,q,1,s are polynomials where ¢ # 0, r #0, s # 0

To divide rational expressions multiply the first fraction by the reciprocal of the second.

How to Divide Rational Expressions
? Example 5.2.19

a_q 2__
Divide; &2 - 281
6—x z—6

Answer
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X+9 X - 81
6-x x-6
“Flip” the second fraction and x+9 , _x-6
change the division sign to 6-x x'-81
multiplication.
Factor x* - 81. X+9 xX-6

6-x  (x-9)x+9)

(x+ 9)(x - 6)
(6-0x—-9)x+9)

Divide out the common 1 PerO)x—="6]

factors. N a6 o+

Remember opposites divide 1

to -1. ———
(x-9)

? Example 5.2.20

s, cH3 L -9
Divide: == + ==

Answer

1
c—3

? Example 5.2.21

g-I

.. 2-d , 4-d?
Divide: o= + .
Answer

_ 1
2+d

# Definition: DIVIDE RATIONAL EXPRESSIONS.

1. Rewrite the division as the product of the first rational expression and the reciprocal of the second.
2. Factor the numerators and denominators completely.

3. Multiply the numerators and denominators together.

4. Simplify by dividing out common factors.

? Example 5.2.22

s 3n2 . 9n’—45n
Divide: n?—4n ° n?2—Tn+10 °
Answer
312 . 9n*-45n
m—4n = n2-7n+10
Rewrite the division as the product of the first rational 3nr_ ., n*~-7n+10
expression and the reciprocal of the second. m—4n 2n-daa
. . 3*n-n-(n-5)(n-2)
Factor the numerators and denominators and then multiply. nn—4)-3-3+n+(n-5)
_ o B+ 4 = Ailn=S5)(n - 2)
Simplify by dividing out common factors. An—-4)3 3 Aln—5]
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n-2
3(n-4)

? Example 5.2.23

.. 2 2
Divide: —2m__ . 8m 124m
m*—8m m*+m—6
Answer
(m—2)
4(m-8)

? Example 5.2.24

PR 15n2 . 5n—5
Divide: 3n%+33n ° n?+9n-22 °
Answer

n(n—2)
n—1

Remember, first rewrite the division as multiplication of the first expression by the reciprocal of the second. Then factor everything
and look for common factors.

? Example 5.2.25

9q 2 — 2_
Divide: 2z 452—12 - 2x*—13x+15

z2—-16 z2—8z+16
Answer
2245212 |, 22°-13w+15
z2-16 © o 22-8z+16
Rewrite the division as the product of the first rational 2’45012 2’82416
expression and the reciprocal of the second. z*-16 2% 132415

(22—3)(z+4)(z—4)(z—4)
(z—4)(z+4)(2z—3)(z—5)
(-4
(@=5)

Factor the numerators and denominators and then multiply.

Simplify.

? Example 5.2.26

Divide: 3a’—8a—3 , 3a’-14a-5
o a?-25 * a?+10a+25 °

Answer
(a—3)(a+5)
(a—5)(a—5)

? Exercise 5.2.27

.. 42 +7b—2 . 4b’+15b—4
Divide: =
1-v? b —2b+1

Answer

(b+2)(b-1)
(1+b)(b+4)

https://math.libretexts.org/@go/page/142792



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142792?pdf

LibreTexts"

.. 3+q3 p27q2
Divide: —=* 5
2p2+2pg+2q2 6
Answer
[ R
202 +2pg+2¢> * 6
Rewrite the division as the product of the first rational pP+q® 6

expression and the reciprocal of the second. PP +2pe+2g® PP

(p+9)(P*—pg+4°)6
2(p?+pg+q?)(p—q)(p+q)

o 3(p*—pg+q°)
Simplify. (p—9)(P2+pg+q?)

Factor the numerators and denominators and then multiply.

? Example 5.2.29

S I 3-8 . 224
Divide: 3z2—6z+12 ° 6

Answer

2(z2+2z+4)
(z+2) (22 —2z+4)

? Example 5.2.30

s 222 282242
Divide: 555 + =~
Answer

22(22+2+1)

(z+1)(22—2+1)

Before doing the next example, let’s look at how we divide a fraction by a whole number. When we divide % +4

3.
5 4
3.4
5 71
3.1
5 4
We do the same thing when we divide rational expressions.
? Example 5.2.31
a2 . 2 2ab b2
s~ (a° +2ab+b7) .
Answer
LY - (a?+ 2ab+b?)
3ab
. . . 2_p2 2 2
Write the second expression as a fraction. % < %
i
Rewrite the division as the first expression times the 2_p? 1
reciprocal of the second expression. 3ab  g242ab4b?
Factor the numerators and the denominators, and then (a—b)(a+b)1
multiply. 3ab-(a+b)(a+b)
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Simplify. 3ab(atd)

? Example 5.2.32

—2$2_1fw_16 (22422 +1).

Answer

z—8

2(z+1)

? Example 5.2.33

y’—6y+8

i+ (3y2 - 12y).

Answer

y—2
3y(y—4)

? Example 5.2.34

622 —Tz+2
iz 8

227043

225046

Answer

602 —Tz+2
428
202 7o +3
225246

. . s . 60> —Tz+2 . 2u°—Tz+3
Rewrite with a division sign. -
g 4z—8 z2—5z+6

. . . 62Tz +2 2’ —5c16
Rewrite as product of first times reciprocal of second. yry 2 —Tor3

Factor the numerators and the denominators, and then (22—1)(3z—2)(z—2)(x—3)
4(z—2)(2z—1)(x—3)

multiply

Simplify. %

? Example 5.2.35

322 +72+2
4424
32-1dz-5 °
224230
Answer

z+2

4
? Example 5.2.36

y2-36

22 +11y—6
2y2-2y-60 °
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If we have more than two rational expressions to work with, we still follow the same procedure. The first step will be to rewrite any
division as multiplication by the reciprocal. Then we factor and multiply.

? Example 5.2.37

3z—6  o’+2x-3 . 2z+12
dz—4  2—3z-10 ° 8z+16 °

Answer
3x-6 | X¥+2x-3 | 2x+12
4x—4  x-3x-10 7 8x+16
. R 618 e . 3x-6 X +2x-3 8 16
Rewrite the division as multiplication by the reciprocal. 4;_ T ja 0 2; : 13
Factor the numerators and the denominators, and then 3+ 8(x—2)(x + 3)x - 1)x + 2)
multiply. 4+ 2(x—1)x + 2)(x - 5)(x + 6)
T R 3 = 80— 2)(x + 3)e—Tx+-2T
Simplify by dividing out common factors. & 2T+ X — 5)(x + 6)

) ] 3(x-2)(x+3)
Simplify. (x=5)x+6)

? Example 5.2.38

dmtd  m’-3m-10 . 12m—36
3m—15 m?—4m-32 ° 6m—48 °

Answer

2(m+1)(m+2)

3(m+4)(m-3)
? Example 5.2.39

2024100 . n’+10n+24 _ nt4d
n—1 * n24+8n-9 8n2+12n °
Answer
(n+5)(n—+9)
2(n+6)(2n+3)

Key Concepts

e Multiplication of Rational Expressions

pr

qs

o To multiply rational expressions, multiply the numerators and multiply the denominators

. P
o If p,q,1,s are polynomials where ¢ # 0 and s # 0, then r L=

e Multiply a Rational Expression

1. Factor each numerator and denominator completely.
2. Multiply the numerators and denominators.
3. Simplify by dividing out common factors.

¢ Division of Rational Expressions

o If p,q,r,s are polynomials where ¢ # 0, r # 0, s # 0, then % +3= % .-

o To divide rational expressions multiply the first fraction by the reciprocal of the second.

o Divide Rational Expressions
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1. Rewrite the division as the product of the first rational expression and the reciprocal of the second.
2. Factor the numerators and denominators completely.

3. Multiply the numerators and denominators together.

4. Simplify by dividing out common factors.

This page titled 5.2: Multiply and Divide Rational Expressions is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 8.2: Multiply and Divide Rational Expressions by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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5.3: Add and Subtract Rational Expressions with a Common Denominator

4b Learning Objectives

By the end of this section, you will be able to:

e Add rational expressions with a common denominator
o Subtract rational expressions with a common denominator
¢ Add and subtract rational expressions whose denominators are opposites

Before you get started, take this readiness quiz.

If you miss a problem, go back to the section listed and review the material.

1. Add: ¥ +3.
If you missed this problem, review Exercise 1.7.1.
2. Subtract: % —% .

If you missed this problem, review Exercise 1.7.7.
3. Factor completely: 8n° —20n®.

If you missed this problem, review Exercise 7.5.1.
4. Factor completely: 45a® — 5ab?.

If you missed this problem, review Exercise 7.5.10.

Add Rational Expressions with a Common Denominator

What is the first step you take when you add numerical fractions? You check if they have a common denominator. If they do, you
add the numerators and place the sum over the common denominator. If they do not have a common denominator, you find one
before you add.

It is the same with rational expressions. To add rational expressions, they must have a common denominator. When the
denominators are the same, you add the numerators and place the sum over the common denominator.

& Definition: RATIONAL EXPRESSION ADDITION

If p, g, and r are polynomials where 7 # 0, then

P a_ ptg
’r‘+’l‘_ T

To add rational expressions with a common denominator, add the numerators and place the sum over the common denominator.

We will add two numerical fractions first, to remind us of how this is done.

? Example 5.3.1

.5 T
Adad: st 18-
Answer
5 7
ST
The fractions have a common denominator, so add the 547

numerators and place the sum over the common denominator. 18
Add in the numerator.

Factor the numerator and denominator to show the common 62
factors. 63
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Simplify.

w o

? Example 5.3.2
Add: T+ .

Answer
3

4

? Example 5.3.3

.3, L
Add: &+ &

Answer
2

5

Remember, we do not allow values that would make the denominator zero. What value of yy should be excluded in the next
example?

? Example 5.3.4

L3y T
Add: w3t

Answer
3y 7
st
y—3 4y—-3
The fractions have a common denominator, so add the Sy+7

numerators and place the sum over the common denominator. ~ 4-3

The numerator and denominator cannot be factored. The
fraction is simplified.

? Example 5.3.5

. 5z 2
Add: 2z+3 + 2z+3 °
Answer

5242

2z+3 "

? Example 5.3.6

oz oy 1
Add: £ + L.

Answer

z+1
z—2
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? Example 5.3.7

| Tz412 z?
Add: 75"+ 23
Answer
Tz+12 z?
z+3 + z+3
The fractions have a common denominator, so add the Tet124a?
numerators and place the sum over the common denominator. z+3
2
Write the degrees in descending order. %
Factor the numerator. (e+3)etd)
z+3
Simplify. x+4

? Example 5.3.8

. 9z+14 z2
Add: 47 + T+7 °

Answer

X+2

? Example 5.3.9

. 2248z 15
Add: z+5 + z+5 °

Answer

x+3

Subtract Rational Expressions with a Common Denominator

To subtract rational expressions, they must also have a common denominator. When the denominators are the same, you subtract
the numerators and place the difference over the common denominator.

# Definition: RATIONAL EXPRESSION SUBTRACTION

If p, g, and r are polynomials where r # 0

pP_9__ P9
r r- r

To subtract rational expressions, subtract the numerators and place the difference over the common denominator.

We always simplify rational expressions. Be sure to factor, if possible, after you subtract the numerators so you can identify any
common factors.

? Example 5.3.10

._n®2 100
Subtract: —#-- — ==

Answer
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The fractions have a common denominator, so add the n2-100
numerators and place the sum over the common denominator. n—10

(n—10)(n+10)

Factor the numerator.
n—10

Simplify. n+10

? Example 5.3.11

9

L2 9
Subtract: — — 3 -

Answer

x-3

? Example 5.3.12

. 4z 25
Subtract: 5 %= — ===

Answer

2x+5

Be careful of the signs when you subtract a binomial!

? Example 5.3.13

2y+24
y—6

2
Subtract: X —
y—6

Answer

y? 2y+24

y—6 y—6

The fractions have a common denominator, so add the y2—(2+24)

numerators and place the sum over the common denominator. y—6

y2 —2y—24
y—6

(y—6)(y+4)
y—6

Distribute the sign in the numerator.

Factor the numerator.

Simplify. y+4

? Example 5.3.14

2
Subtract: 2— — 212
n—4 n—4
Answer
n+3

? Example 5.3.15

_ 9y-8

y2
Subtract: g i wl

Answer
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|
? Example 5.3.16

. bx2—7z+3 4z%+2—9
Subtract: z2—3z2—18 z2—3z—18 °
Answer
522 —Tz+3 - 4z’ 429
z?-3z+18  22-3z+18
The fractions have a common denominator, so add the 522 —Tz+3— (422 +2—9)
numerators and place the sum over the common denominator. z2—3c+18

_ Lo 522 —Te+3—42’ —z+9
Distribute the sign in the numerator. -

22 —32+18
. . 2_8r+12
Combine like terms. _zz e
T —3x+18
) —2)(z—6
Factor the numerator and the denominator. b
(@+3)(x—6)
N . r—2
Simplify. 13

? Example 5.3.17

. 4a?—11z48 3z2+2—3
Subtract: z2—32+2 z2—-3z+2 °
Answer

z—11
z—2

? Example 5.3.18

6x2—2+20  522+1lz—7

Subtract: — -

Answer

z—3
z+9

Add and Subtract Rational Expressions whose Denominators are Opposites

When the denominators of two rational expressions are opposites, it is easy to get a common denominator. We just have to multiply
one of the fractions by :—}

Let’s see how this works.

7 S
dt 4
" . -1 A )
Multiply the second fraction by — . 7t T
. 7 ., -5
The denominators are the same. Freg
2
Simplify. =
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. 4u—1 u
Add: 3u—1 + 1-3u °
Answer

Multiply the second fraction by :—1

Simplify the second fraction.
The denominators are the same. Add the numerators.
Simplify.

Simplify.

? Example 5.3.20

. 82-15 2z
AR e o e

Answer

3

? Example 5.3.21

6y2+7y—10 = 2y’+2y+11
Add:
4y—7 T—4y
Answer
y+3

? Example 5.3.22

m?—6m  3m+2
m?—1 1-m? °

Subtract:

Answer

Multiply the second fraction by :—i

Simplify the second fraction.

The denominators are the same. Subtract the numerators.
Distribute.

Combine like terms.
Factor the numerator and denominator.

Simplify by removing common factors.

du -1 u
w_1 " 7-3u
du-1 (-1)u
3u_1 TN =30
4qu-1 -u
u—1 t 301
qu-1-u
3u-1

3u-1
3u-1

1

' — 6m 3m+2

mt -1 1-m?
m-6m -1(3m+2)

m' -1 =1(1 - n7)

m—-6m -3m-2

m -1 m—1

m—6m-—(-3m-2)
m -1

m2—-6m+3m+2m2-1
m-3m+ 2
m -1
(m—1)m-2)
(m—1)(m+ 1)
(m—t)(m - 2)
(m=Nim+ 1)
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Simplify.

? Example 5.3.23

)

.y -5y  6y—6
Subtract: 7t g
Answer

y+3
y+2

? Example 5.3.24

2n24+8n—1 n2—Tn—1
Subtract: — =
Answer
3n—2
n—1

Key Concepts
¢ Rational Expression Addition

o If p, q, and r are polynomials where r # 0, then
P4 _ pa

T s T

o To add rational expressions with a common denominator, add the numerators and place the sum over the common
denominator.

« Rational Expression Subtraction

o Ifp, q, and r are polynomials where 7 # 0

P_4_ p4q

T T T

o To subtract rational expressions, subtract the numerators and place the difference over the common denominator.

This page titled 5.3: Add and Subtract Rational Expressions with a Common Denominator is shared under a CC BY-SA 4.0 license and was
authored, remixed, and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

¢ 8.3: Add and Subtract Rational Expressions with a Common Denominator by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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5.4: Add and Subtract Rational Expressions with Unlike Denominators

4b Learning Objectives

By the end of this section, you will be able to:

o Find the least common denominator of rational expressions
o Find equivalent rational expressions

e Add rational expressions with different denominators

o Subtract rational expressions with different denominators

Before you get started, take this readiness quiz.
If you miss a problem, go back to the section listed and review the material.

L Add: + %
If you missed this problem, review Exercise 1.7.13.
2. Subtract: 6(2z +1) —4(z —5) .
If you missed this problem, review Exercise 1.10.52.
3. Find the Greatest Common Factor of 922y* and 12z°
If you missed this problem, review Exercise 7.1.7.
4. Factor completely —48n-12
If you missed this problem, review Exercise 7.1.31.

Find the Least Common Denominator of Rational Expressions

When we add or subtract rational expressions with unlike denominators we will need to get common denominators. If we review
the procedure we used with numerical fractions, we will know what to do with rational expressions.

Let’s look at the example % + 15—8 from Foundations. Since the denominators are not the same, the first step was to find the least
common denominator (LCD). Remember, the LCD is the least common multiple of the denominators. It is the smallest number we
can use as a common denominator.

To find the LCD of 12 and 18, we factored each number into primes, lining up any common primes in columns. Then we “brought
down” one prime from each column. Finally, we multiplied the factors to find the LCD.

12=2-2-3
18=2-3-3
LCD=2-2-3-3
LCD=36

We do the same thing for rational expressions. However, we leave the LCD in factored form.

#" Definition: FIND THE LEAST COMMON DENOMINATOR OF RATIONAL EXPRESSIONS.

1. Factor each expression completely.

2. List the factors of each expression. Match factors vertically when possible.
3. Bring down the columns.

4. Multiply the factors.

Remember, we always exclude values that would make the denominator zero. What values of xvshould we exclude in this next
example?
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] 8 3z
Find the LCD for 22—22—3 ’ 22 +4z+3

Answer

8 3z
22223 22 +4z+3

Fa.ctor each expression completely, lining up common factors. 2 9p_ 3= (@—3)(z+1)
Bring down the columns.

2?44z +3=(z+1)(z+3)
Multiply the factors. LCD=(x+1)(x—3)(x+3)
The LCD is (x+1)(x-3)(x+3).

? Example 5.4.2

2 _1
222127 2216

Find the LCD for

Answer

(x—4)(x+4)(x+3)

? Example 5.4.3

q ] 5
Find the LCD for e, s

Answer

(x+3)(x+6)(x+5)

Find Equivalent Rational Expressions

When we add numerical fractions, once we find the LCD, we rewrite each fraction as an equivalent fraction with the LCD.

7,5 12m 223

12t 18 18=2+ 3:3
[D=32:2-3+3

g3 52 LCD=36

123 18°2

21 .10

36 T 36

We will do the same thing for rational expressions.

? Example 5.4.4

Rewrite as equivalent rational expressions with denominator (x+1)(x-3)(x+3): _1273173 , ﬁjf; =
Answer
8 3x
X¥-2x-3 x*+4x+3
. 8 3x
Factor each denominator. xF =3 KE KT3I
X—-2x-3=(x+1x-3)>
X+ax+3=(x+1)T_Ox+3)
Find the LCD. LCD =(x+1)(x-3)x +3)
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Multiply each denominator by the 'missing' factor and 8(x + 3) 3x(x—3)
O+ Nx=3)x+3) &+ Nx+3)x=3)

multiply each numerator by the same factor.

. . 8x+24 3x -9x
Slmphfy the numerators. (x+ 1)x=3)x+3) : (x+1)x + 3)x=3)

? Example 5.4.5

Rewrite as equivalent rational expressions with denominator (x+3)(x—4)(x+4):
2 _1
z?—2-127° 22-16 "

Answer

2248
(z—4)(z+3)(z+4)’

z+3
(z—4)(2+3) (z+4)

? Example 5.4.6

Rewrite as equivalent rational expressions with denominator (x+3)(x+5)(x+6)
T 5
22+4+82+15° x2+92+18 °

Answer

2246z
(z+3)(z+5)(z+6)
z+3
(z+3) (z45) (z+6)

Add Rational Expressions with Different Denominators

Now we have all the steps we need to add rational expressions with different denominators. As we have done previously, we will
do one example of adding numerical fractions first.

? Example 5.4.7

L4 5
AddE=S RS
Answer
7 5
12718
12=2-:2+3
18=2- 3-3
LCD=2-2+3-3
Find the LCD of 12 and 18.LCD =36
) ) . . ) 7:3 52
Rewrite each fraction as an equivalent fraction with the LCD. 33.3+7g.32
) 21 10
Add the fractions. 36 T 36
. N 31
The fraction cannot be simplified. 36

? Example 5.4.8

u T
Add: &+ L.

Answer
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? Example 5.4.9

.3 9
Add.g-}-%.

Answer

33
40

Now we will add rational expressions whose denominators are monomials.

? Example 5.4.10

. _5 4
Add: Toaty T Tiag °

Answer

Find the LCD of 12z%y and 21xy?
12Xy =2+2+3+  xsxey

21xy* = 37X y*y
LCD =2+2+37sxexyry
LCD = 84x'y”

Rewrite each rational expression as an equivalent fraction
with the LCD.

Simplify.
Add the rational expressions.

There are no factors common to the numerator and
denominator. The fraction cannot be simplified.

? Example 5.4.11

.9 5
Add: T PR
Answer

4b+25a

30a2b?

? Example 5.4.12

.5 3
Add: 5 T+ iR
Answer

5d%46

16cd?

5, 4
12¢% T 21x°

5,4
12y * 21x)p2

57y + 4 4x

123y «T7y  21xy°« 4x

35y, 16x
8axy2 T 8axy2

16x + 35y
BAxy?
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Now we are ready to tackle polynomial denominators.

? Example 5.4.13

.3 2
Add: 7= T3 -

Answer

? Example 5.4.14

2 5
z—2 + z+3 °

Add:

Answer

Tr—4
(z+3)(z—2)

? Example 5.4.15

. _4 3
Add: m_+3+m_+4

Answer

Tm+25
(m+3)(m+4)

No

Find the LCD of
x=3)(x=-2)

Change into equivalent
rational expressions with
the LCD, (x - 3)(x - 2).

Keep the denominators
factored!

Add the numerators and
place the sum over the
common denominator.

Because 5x — 12 cannot
be factored, the answer
is simplified.

x-3 {x-3)
x=2 3 (x-2)
LCD :(x-3)x-2)
3 2
x-3 * x-2
3x-2) + 2(x-3)
(x—3)x-2) (x—2)(x-3)
3x-6 2x-6
(x-3)(x-2) (x—2)(x-3)
3x-6+2x-6
(x-3)x-2)
Bx—12
(x-3)(x-2)

The steps to use to add rational expressions are summarized in the following procedure box.

# Definition: ADD RATIONAL EXPRESSIONS.

1. Determine if the expressions have a common denominator.

Yes — go to step 2.

No — Rewrite each rational expression with the LCD.
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Find the LCD.

2. Add the rational expressions.
3. Simplity, if possible.

? ExAMPLe 5.4.16

. 2a 3a
T 2ab+b®  4a2-b

Answer

Rewrite each expression with the LCD.
2ab + b*=b(2a+ b)
4a°-b* = (2a+ b)(2a-b)

Find the LCD. LD = b(2a + b)2a - b)

expression with the LCD.

Simplify the numerators.
Add the rational expressions.
Simplify the numerator.

Factor the numerator.

There are no factors common to the numerator and
denominator. The fraction cannot be simplified.

? Example 5.4.17

. bz 2
Add: B 4 2

Answer

z(5z+7y)
y(z—y)(z+y)

? Example 5.4.18

Add: 5 + ——

Do the expressions have a common denominator? No.

Rewrite each rational expression as an equivalent rational

Rewrite each rational expression as an equivalent rational expression with the LCD.

2a 3 3a
2ab+ b ' da'- B

2a(2a-b) £ 3a-b
b(2a + b)(2a-b) a+b)2a-b)+b
4a® —2ab " 3ab
b(2a+ b)(2a-b) ' b(2a + b)(2a-b)
4a* — 2ab + 3ab
b(2a + b)(2a - b)
4d* + ab
b(2a + b)(2a-b)
alda + b)

b(2a + b)(2a-b)

T 2m46 | m244m+3
Answer
Tm+15
2(m+3)(m+1)
. . N . . . 2a(2a—b
Avoid the temptation to simplify too soon! In the example above, we must leave the first rational expression as W to be
able to add it to ——3%b

(2a+b)(2a—b)-b’
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. 8 3z
Add: 2223 + z2+42+3 °

Answer

xX'—-2x-3 X +4x+3

Do the expressions have a common denominator? No.
Rewrite each expression with the LCD.

K- 2x—3=(x+1)x-3)

¥ +dx+3=(x+1) (x+3)
Find the LCD. LD =(x+ 1)x-3)(x +3)

Rewrite each rational expression as an equivalent fraction 8(x+3) 4 3x{x - 3)
with the LCD. {x+ 1)x—3)x + 3) (x+ x+ 3)x-3)
L. 8x + 24 i 3x' - 9x
Slmphfy the numerators. (x+ Nx=3)x+3) (x+ Nx+3)x=3)
. . 8x+ 24 + 3x* + 9%
Add the rational expressions. ™+ Nx—3)x+3)
. . 3 —x'+ 24
Simplify the numerator. *+ Nx—3x+3)

The numerator is prime, so there are no common factors.

? Example 5.4.20

o 1 5m
Add: m2—m—2 + m2+3m+2 °

Answer

5m%—9m-+2
(m—2)(m+1)(m+2)

? Example 5.4.21

. 2n 6
Add: n?—-3n—10 + n?+5n+6

Answer

2(n246n—15)
(n+2)(n—5)(n+3)

Subtract Rational Expressions with Different Denominators

The process we use to subtract rational expressions with different denominators is the same as for addition. We just have to be very
careful of the signs when subtracting the numerators.

? Example 5.4.22

.z z=2
Subtract: —= — =5 -

Answer
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No x—-3:{x-3)
x+3: (x+3)
Find the LCD of LCD: (x - 3)(x + 3)
(x=3), (x+3). X x-2
x—3 x+3
Change into equivalent Xx+3)  (x=2)x-3)
fractions with the LCD, (x=3)oc+3) (x + 3)(x-3)
(x - 3)x + 3).
Keep the denominators X+3x ¥ 5x+6
factored! (x-3)x+3) (x=3)x+3)
Subtract the numerators and X+ 3x— (x*—5x + 6)
place the difference over the (x—3)(x + 3)
common denominator. X+ 3X— X+ 5x— 6
. ; (x—3)x+3)
Be careful with the signs! 6
(x=3)x+3)
The numerator and 2(4x - 3)
denominator have no (x-3)x+3)

factors in common. The
answer is simplified.

? Example 5.4.23

S ]
Subtract: e
Answer
—Ty+8
(y+4)(y—5)

? Example 5.4.24

L3 2
Subtract: R

Answer

4249
(2+2)(2+3)

The steps to take to subtract rational expressions are listed below.

# Definition: SUBTRACT RATIONAL EXPRESSIONS.

1. Determine if they have a common denominator.

Yes — go to step 2.

No — Rewrite each rational expression with the LCD.

Find the LCD.

Rewrite each rational expression as an equivalent rational expression with the LCD.
2. Subtract the rational expressions.
3. Simplify, if possible.
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8y 4

Subtract: m T

Answer

Do the expressions have a common denominator? No.
Rewrite each expression with the LCD.
y:-16=(y-ajy+4)
y-4 =y-4
Find the LCD.LCD  =(y-4)y +4)

Rewrite each rational expression as an equivalent rational

8y Ay +4)

expression with the LCD.

-Hy+4) -y+9

8y 4y +16

Simplify the numerators.

Subtract the rational expressions.

Simplify the numerators.

Factor the numerator to look for common factors.
Remove common factors.

Simplify.

? Example 5.4.26

L2 1
Subtract: == — —=.
Answer

1
z—2

? Example 5.4.27

.3 _ _6z
Subtract: = e
Answer

-3
z—3

There are lots of negative signs in the next example. Be extra careful!

? Example 5.4.28

3n—9

= n+3
n24+n—6

Subtract: -
et 1

Answer

V-9y+4)  y-4y+4)

8y-4y-16
-2+
dy-16
-4y +4)
Ay-4)
(y-4)y +4)
_ A=A
=4y +4)
4
(y+4)

-3n-9 n+3

n+n-6 2-n
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-3n-9 n+3
Factor the denominator. (h—2){n+3)  2-n
Since n—2 and 2—-n are opposites, we will multiply the second -3n-9  (1)(n+3)
rational expression by :—} . (p=2ln+3) EN2=a]
s q -3n-9 (n+3)
Simplify. (n-2)n+3) * (n-2)
Do the expressions have a common denominator? No.
nm+n-6=(n-2)(n+3)
n-2={n-2)
Find the LCD. LCD = (n-2) (n+ 3)

Rewrite each rational expression as an equivalent rational —3n-9 , (n+3)(n+3)
expression with the LCD. =Rilpal 02l
: 5 -3n-9 + n+6n+9
Simplify the numerators. (n=2)n+3) = (n-2)n+3)

-3n-9+m+6n+9

Simplify the rational expressions.

(n=2)(n+ 3)
. n*+3n
Simplify the numerator. (n=2)(n+ 3)
Factor the numerator to look for common factors. (n_n 2)B+3T
n
Simplify. (n—2)

? Example 5.4.29

3z—1
Subtract: PRy

__2
6—x °
Answer

1
z—6

? Example 5.4.30

. —2y—2 y—1
Subtract: g8 2y

Answer

y+3
y+4

When one expression is not in fraction form, we can write it as a fraction with denominator 1.

? Example 5.4.31

Subtract: 2<% — 3.
c—2
Answer
Write 3 as % to have 2 rational expressions. % = 1§
Do the rational expressions have a common denominator? No.
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Find the LCD of c-2 and 1. LCD = c-2.

Rewrite % as an equivalent rational expression with the LCD.
Simplify.

Subtract the rational expressions.

Simplify.

Factor to check for common factors.

There are no common factors; the rational expression is
simplified.

? Example 5.4.32

2241 3

-7

Subtract:

Answer

—+422
=1

? Example 5.4.33

e

Subtract: 5y 1

Answer

—2(3y—4)
2y—1

1. Determine if the expressions have a common denominator.
Yes — go to step 2.
No — Rewrite each rational expression with the LCD.
Find the LCD.

2. Add or subtract the rational expressions.
3. Simplify, if possible.

Sc+4 3(c-2)
c-2 Mc-2)

Sc+4 3c-6
2 (c-2)

5¢+4-(3c-6)

c-2

2c+10
c-2

2(c+5)
c-2

& Definition: ADD OR SUBTRACT RATIONAL EXPRESSIONS.

Rewrite each rational expression as an equivalent rational expression with the LCD.

We follow the same steps as before to find the LCD when we have more than two rational expressions. In the next example we will

start by factoring all three denominators to find their LCD.

? Example 5.4.34

Simplify: ,fTul +1-— —ig:i

Answer

Do the rational expressions have a common denominator? No.
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u-1
u

w—u=uu-1)

Find the LCD. LCD=u(u-1)

u-1
u

Rewrite each rational expression as an equivalent rational 2u U Te(u-1) _ _2u-1
expression with the LCD.

(u—1Tw us=(u-1) ufu—1)

2u? i [ | _ 2u-1
(u-Tu usu-1) ufu—1)

2+ u-1-2u+1

Write as one rational expression.

ufu—1)
L 27 —u
Slmphfy ulu—1)
H2u — 1)
Factor the numerator, and remove common factors. Wu—-1)
. X 2u-1
Simplify. =

? Example 5.4.35

Simplify: = + 131 - v;il .

Answer

v+3
v+1

? Example 5.4.36

Add exercises text here.Simplify: 13_112 + WL” — % .

Answer

3w
w+7

Key Concepts
¢ Find the Least Common Denominator of Rational Expressions
1. Factor each expression completely.
2. List the factors of each expression. Match factors vertically when possible.
3. Bring down the columns.
4. Multiply the factors.

¢ Add or Subtract Rational Expressions
1. Determine if the expressions have a common denominator.

Yes — go to step 2.

No — Rewrite each rational expression with the LCD.

= Find the LCD.

= Rewrite each rational expression as an equivalent rational expression with the LCD.

2. Add or subtract the rational expressions.
3. Simplify, if possible.

This page titled 5.4: Add and Subtract Rational Expressions with Unlike Denominators is shared under a CC BY-SA 4.0 license and was authored,
remixed, and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.
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5.5: Simplify Complex Rational Expressions

4b Learning Objectives

By the end of this section, you will be able to:

o Simplify a complex rational expression by writing it as division
o Simplify a complex rational expression by using the LCD

Before you get started, take this readiness quiz.

If you miss a problem, go back to the section listed and review the material.

3
1. Simplify: =-.
0

If you missed this problem, review Exercise 1.6.25.

1
-3
4244.5°

If you missed this problem, review Exercise 1.6.31.

2. Simplify:

Complex fractions are fractions in which the numerator or denominator contains a fraction. In Chapter 1 we simplified complex
fractions like these:

o |2

o o I>¢~|m
8
=|&

In this section we will simplify complex rational expressions, which are rational expressions with rational expressions in the
numerator or denominator.

& Definition: COMPLEX RATIONAL EXPRESSION

A complex rational expression is a rational expression in which the numerator or denominator contains a rational expression.

Here are a few complex rational expressions:

B

)
&

©

<
o
|

©

&=
+
@ =

w|s
|
8le

o

16
44
=6 4236

Remember, we always exclude values that would make any denominator zero.

We will use two methods to simplify complex rational expressions.

Simplify a Complex Rational Expression by Writing it as Division

We have already seen this complex rational expression earlier in this chapter.

622 —Ta+2
1z-8
222 —82+3
225246

We noted that fraction bars tell us to divide, so rewrote it as the division problem

622 —7z+2\ . (222-8z+3
( 428 )_(ac2—5ac+6)

Then we multiplied the first rational expression by the reciprocal of the second, just like we do when we divide two fractions.
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This is one method to simplify rational expressions. We write it as if we were dividing two fractions.

? Example 5.5.1

4
y—3
-8
y2-9
Answer
4
=
8
y2-9
Rewrite the complex fraction as division. y% - y28,9
Rewrite as the product of first times the reciprocal of the 4 ¥2-9
second. y-3 8
: 4y*-9)
Multiply. 353)
4y—3)(y+3
Factor to look for common factors. %
Simplify. #
Are there any value(s) of y that should not be allowed? The simplified rational expression has just a constant in the
denominator. But the original complex rational expression had denominators of y—3 and y2 — 9. This expression would
be undefined if y=3 or y=-3

? Example 5.5.2

2
22-1
3
z+1

Answer
2

3(z—1)
? Example 5.5.3
1
22 —Tr+12

2
r—4

Answer
1

2(z—3)
? Example 5.5.4

+

wlm
= e

=
w =

Answer

w|=
+
o=

N =)
w| =

Simplify the numerator and denominator.
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122, 1
Find the LCD and add the fractions in the numerator. 326
Find the LCD and add the fractions in the denominator. % e %
2.1
9 . 5 6 6
Simplify the numerator and denominator. 3 2
6 6
3
. . . . 6
Simplify the numerator and denominator, again. T
6
Rewrite the complex rational expression as a division Bl
problem. S
. _— . 2x8
Multiply the first times by the reciprocal of the second. R
Simplify. 3
? Example 5.5.5
3+d
5 1
T
Answer
14
11

? Example 5.5.6

e
|
W=

oo |=
+
o o

Answer

10
23

How to Simplify a Complex Rational Expression by Writing it as Division
? Example 5.5.7

Bl
+
<=

<|s
|
8le

Answer
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We will simplify the sum in 1 + 1
the numerator and difference xTy
in the denominator. x _y
VT x
Find a common denominator T=y " 1ex
and add the fractions in the Xy y°x
numerator. XX _y'y
V=X, X<
Find a common denominator Y ox
and subtract the fractions in Xy Xy
the numerator. X )
Xy Xy
We now have just one rational y+x
expression in the numerator Xy
and one in the denominator. X —
Xy
We write the numerator y+x\. (x¥-y
divided by the denominator. xy )T\ xy
Multiply the first by the y+x\ [ xy
reciprocal of the second. Xy X -y
Factor any expressions if Xy + X)
possible. XX —YNx+y)
Remove common factors. Xy(A+%)
Xy(x - Y)x—+7)
Simplify. 1
X-y
? Example 5.5.8
bt
i _1-
z y
Answer
yre
y—x
? Example 5.5.9
1 1
=13
A1
a2 B b2
Answer
_ab_
b—a

# Definition: SIMPLIFY A COMPLEX RATIONAL EXPRESSION BY WRITING IT AS DIVISION.

1. Simplify the numerator and denominator.
2. Rewrite the complex rational expression as a division problem.
3. Divide the expressions.
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4n

n+5

w5 tes
Answer
4n
" n+s
1 1
n+5 + n->5
Simplify the numerator and denominator.
nn+5) 4n
Find the LCD and add the fractions in the numerator. 1n+5) n+5
Find the LCD and add the fractions in the denominator. Yo=-5 . __tn+d
(n+5)(n-5 "7 (n-5)n+5)
n?+5n 4n
n+5  n+5
Simplify the numerators. = % n+s
(n+5)(n-5)  (n-5)n+5)
n’+n
. L . n+5s
Subtract the rational expressions in the numerator and add in B —
the denominator. (n + 5)(n-5)
. ) L n+n 2n
Rewrite as fraction division. n+5 ~ (n+5)n-5)

n?+n {n+ 5)(n-5)
n+5 2n

n(n+ 1)(n + 5)}(n-5)

Multiply the first times the reciprocal of the second.

Factor any expressions if possible. (n+5)2n
Aln + 1)p+5)n-5)
Remove common factors. (n+52n
1)(n-5
Simplify. e tn=8)

? Example 5.5.11

3
b— b+5

2 1
T 5

Answer

b(b+2)

? Example 5.5.12
3

c+4
A4’
ct+4 3

Answer
3c+3

Simplify a Complex Rational Expression by Using the LCD
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We “cleared” the fractions by multiplying by the LCD when we solved equations with fractions. We can use that strategy here to
simplify complex rational expressions. We will multiply the numerator and denominator by LCD of all the rational expressions.

Let’s look at the complex rational expression we simplified one way in Example. We will simplify it here by multiplying the
numerator and denominator by the LCD. When we multiply by £¢2 we are multiplying by 1, so the value stays the same.

LCD
? Example 5.5.13

Simplify: 2—%.
273
Answer
1 1
ItE
1 i
273
The LCD of all the fractions in the whole expression is 6.
6+ (l i _‘.)
Clear the fractions by multiplying the numerator and 3 6
denominator by that LCD. 6 (% - lB)
6:1+6- 1+
Distribute. 1 1
[ = sl
2+1
Simplify. 3 4—- 2
3
1
3

I

Example 5.5.14

Simplify:

i,1

25
1,1°

05

Answer

? Example 5.5.15

[
w|~

1 3
ity
Simplify: —
2 E
Answer
7

3

? Example 5.5.16

8=
+
<=

Simplify:

=4:|x~z
zq|r<

Answer
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The LCD of all the fractions Ay

is xy. LA 4
RSP

y X

Multiply both the numerator 1 1
v *3)

and denominator by xy.

Distribute. 1 1
Xj"“}’ + Xy . -5;
X
Xy - xye .}
y+x
Xy
— [ ]
Simpliy. g
Remove common factors. 1
xX-y

? Example 5.5.17

Simplify:

Answer

bta
a2+b?

? Example 5.5.18

1

Simplify: 121

z

<, I,_

@

Answer

¥z
zy

# Definition: SIMPLIFY A COMPLEX RATIONAL EXPRESSION BY USING THE LCD.

1. Find the LCD of all fractions in the complex rational expression.
2. Multiply the numerator and denominator by the LCD.

3. Simplify the expression.

Be sure to start by factoring all the denominators so you can find the LCD.

? Example 5.5.19

2

Simplify: =

4

4___4
z—6 z2-36

Answer
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Find the LCD of all fractions in the complex rational
expression. The LCD is (x+6)(x—6)

2

X+6
4

4
x-6  (x+6)x-6)/

(x+ 6)(x—6)

Multiply the numerator and denominator by the LCD.

(X + B)(x - 5)(

Simplify the expression.

(x + 6)(x — 6) 2
I . . X+6
Distribute in the denominator. 2 7
(c+ 6= 8) () ~ -+ 8- 6) (g
o (A - 6) 2
Simplify. 4 4
o+ 1)) - e 818 ()
. . 2(x-6)
Simplify. Ax+6)-4
To simplify the denominator, distribute and combine like 2(x - 6)
terms. dx20
Z(x - 6)
Remove common factors. Zex+10)
x-6
Simplify. %110

Notice that there are no more factors common to the
numerator and denominator.

? Example 5.5.20

T+2

Simplify: ——5—

Answer

3z—6
5x+T7

? Example 5.5.21

2 _ 1
. R
Simplify: —— —
T+ 22 49
Answer
421
6x+43

? Example 5.5.22

4
m2—Tm+12

Simplify:

3
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Answer

Find the LCD of all fractions in the complex rational
expression. The LCD is (m—3)(m-4)

Multiply the numerator and denominator by the LCD.

Simplify.

Simplify.
Distribute.

Combine like terms.

? Example 5.5.23
3

. spo . 247410
Simplify: ————.
12 | z4b
Answer
3
5x+22

? Example 5.5.24

A2
y+5  y+6
3y *

y2+411y+30

Simplify:

Answer
6y+34

3y
? Example 5.5.25
v
y+l
1+

Simplify:

y—1

Answer

Find the LCD of all fractions in the complex rational
expression.

The LCD is (y+1)(y—1)

m-7m+ 12
3

4

(m—3)}m -4) —(m “S)m=4)

DA )
4

(3=

(=3m-4)(25) - (m - 3xm—)(-25)

m=4

4
3(m-4)-2(m-3)
-4

3m-12-2m+6

4
m-6

y+1

1+y7
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Multiply the numerator and denominator by the LCD.

W+ 1y- 154

(y+1}(y—‘|)(1+ y11)

-1(r)

W+1}(y—1x1)+ty+1)(yfﬂ(&1—4)

Distribute in the denominator and simplify.

. -1y
Simplify. G+ Oy—D+u+1)
Simplify the denominator, and leave the numerator factored. V-l+y+1

ny-1)
y+y
Factor the denominator, and remove factors common with the Ay-1)
numerator. A+
-1
Simplify. _':: 1

? Example 5.5.26

z+3

Simplify: P

z+3

Answer

x

z+4

? Example 5.5.27

1
z—1

1+
Simplify: —

z+1

Answer

z(z+1)
3(z—1)

Key Concepts
o To Simplify a Rational Expression by Writing it as Division
1. Simplify the numerator and denominator.

2. Rewrite the complex rational expression as a division problem.
3. Divide the expressions.

o To Simplify a Complex Rational Expression by Using the LCD

1. Find the LCD of all fractions in the complex rational expression.
2. Multiply the numerator and denominator by the LCD.
3. Simplify the expression.

Glossary

complex rational expression

A complex rational expression is a rational expression in which the numerator or denominator contains a rational expression.
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This page titled 5.5: Simplify Complex Rational Expressions is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated
by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 8.5: Simplify Complex Rational Expressions by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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5.6: Solve Rational Equations

4b Learning Objectives

By the end of this section, you will be able to:

¢ Solve rational equations
e Solve a rational equation for a specific variable

Before you get started, take this readiness quiz.

If you miss a problem, go back to the section listed and review the material.

L1 11
1. Solve: stt3=3.

If you missed this problem, review Exercise 2.5.1.
2.Solve: n? —5n—36 =0 .

If you missed this problem, review Exercise 7.6.13.
3. Solve for y in terms of x: 5x+2y=10 for y.

If you missed this problem, review Exercise 2.6.22.

After defining the terms expression and equation early in Foundations, we have used them throughout this book. We have
simplified many kinds of expressions and solved many kinds of equations. We have simplified many rational expressions so far in
this chapter. Now we will solve rational equations.

The definition of a rational equation is similar to the definition of equation we used in Foundations.

& Definition: RATIONAL EQUATION

A rational equation is two rational expressions connected by an equal sign.

You must make sure to know the difference between rational expressions and rational equations. The equation contains an equal
sign.

Rational Expression Rational Equation

1 1 1 1_ 1
sT 13 LT3 =7
y+6 _yt6
y2—36 y2-36 y+1
1 1 1 1 _ 15
n—3 + n+4 n—3 + n+d ~ np24n—12

Solve Rational Equations

We have already solved linear equations that contained fractions. We found the LCD of all the fractions in the equation and then
multiplied both sides of the equation by the LCD to “clear” the fractions.

Here is an example we did when we worked with linear equations:

Xt T= % LCD=8

e boti s -

We multiplied both sides by the LCD. gxX+3/=8l7
o 1 |
Then we distributed. Beigk+ B =8ey
We simplified—and then we had an
. . . x+4=2

equation with no fractions.
Finally, we solved that equation. x+4-4=2_4
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Xx=-2

We will use the same strategy to solve rational equations. We will multiply both sides of the equation by the LCD. Then we will
have an equation that does not contain rational expressions and thus is much easier for us to solve.

But because the original equation may have a variable in a denominator we must be careful that we don’t end up with a solution
that would make a denominator equal to zero.

So before we begin solving a rational equation, we examine it first to find the values that would make any denominators zero. That
way, when we solve a rational equation we will know if there are any algebraic solutions we must discard.

An algebraic solution to a rational equation that would cause any of the rational expressions to be undefined is called an extraneous
solution.

& Definition: EXTRANEOUS Solution TO A RATIONAL EQUATION

An extraneous solution to a rational equation is an algebraic solution that would cause any of the expressions in the original
equation to be undefined.

We note any possible extraneous solutions, ¢, by writing x # ¢ next to the equation.

? Example 5.6.1

1,15
Solve.z+3—6.

Answer

If x= 0, then ~;(—— is undefined.

So we'll write x # 0 next to LS

the equation. T R it

Find the LCD of +, 3 and 2. The LCD is 6x.

Multiply both sides of the s (1 l) =i (5)

equation by the LCD, 6x. ol E 3 G 6

Use the Distributive Property. 6x % +6x - —;- =6x" (-gl)

Simplify - and notice, no more 64 2x=Ex

fractions!

Simplify. 6= 3x
2=

We did not get 0 as an 1,15

algebraic solution. X' '3°6

We substitute x = 2 into the 1,125

original equation. 2 3 6

3,225
676 6

S5_5
66"
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.1, 2 1
Solve.y+3—5.

Answer
_ 15

7
? Example 5.6.3

.21 _ 1
Solve.3+5—w.
Answer

15
13

The steps of this method are shown below.

& Definition: SOLVE EQUATIONS WITH RATIONAL EXPRESSIONS.

1. Note any value of the variable that would make any denominator zero.

2. Find the least common denominator of all denominators in the equation.
3. Clear the fractions by multiplying both sides of the equation by the LCD.
4. Solve the resulting equation.

5. Check.

o If any values found in Step 1 are algebraic solutions, discard them.
o Check any remaining solutions in the original equation.

We always start by noting the values that would cause any denominators to be zero.

? Example 5.6.4

.1_5__6
Solve:1—4 = R
Answer
e A __B
y o r
Note any value of the variable that would make any 1_5 _ _f;__ y#0
denominator zero. Y
Find the least common denominator of all denominators in the
equation. The LCD is y?
Clear the fractions by multiplying both sides of the equation _5\_ . 6
r(1-3)-r(5
by the LCD.
5 6
Distribute. P-4 (7) =y (‘}2)
Multiply. y'-5Sy=-6
Solve the resulting equation. First write the quadratic equation Y5y +6=0
in standard form.
Factor. -2)y-3)=0
Use the Zero Product Property. y-2=00ry-3=0
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Solve. y=2ory=3
Check.
We did not get 0 as an algebraic solution.
Check y=2 and y= in the original equation.
el g B
y oy y ¥
1_52_6 526
2 = 22 = 2
5? 6 5?2 6
1- ‘-2- = '-";f 1 —§ = —g
2. 572 6 3 526
2 2 4 3 3 9
S8 225
2 4 39
3 3 2 2
G i ol i i
? Example 5.6.5
. 2 _ 15
Solve.l—g =2z
Answer
5, -3
? Example 5.6.6
14 _ 12
Solve:1— ¢ = "
Answer
6, —2
? Example 5.6.7
._5 _ 3
Solve: T = o 0
Answer
5 _3
3u-2  2u
Note any value of the variable that would make any 5 _3 uz2 uz0
d i 3u-2  2u 3
enominator zero.
Find the least common denominator of all denominators in the
equation. The LCD is 2u(3u-2).
Clear the fractions by multiplying both sides of the equation 2u(3u—2) (3u5 > ) = 2u(3u—2) (23_u)
by the LCD. -
5 3
Remove common factors. 2u 327 ( 31#—’2’) = 20 (3u-2) (2._#)
Simplify. 2u (5) = (3u-2)(3)
Multiply. 10u=9u-6
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Solve the resulting equation.

We did not get 0 or % as algebraic solutions.

Check u= -6 in the original equation.

5 _ 3
3u—2 2u
5 2.3
3C6)-2 — 2(6)
=B 2B
-20 © 12
1__1
7="17

? Example 5.6.8
Solve: L+ = 2.

Answer

-2
? Example 5.6.9

.3 2
Solve: e =
Answer

=2

When one of the denominators is a quadratic, remember to factor it first to find the LCD.

? Example 5.6.10

p—1
p2—4 °

.2 4 _
Solve: p R e

Answer

Note any value of the variable that would make any
denominator zero.

Find the least common denominator of all denominators in the
equation. The LCD is (p+2)(p—2).

Clear the fractions by multiplying both sides of the equation
by the LCD.

Distribute.

Remove common factors.

Simplify.
Distribute.

Solve.

2 4 _ p-1
p+2 p-2 p>-4

2 4 ___ p-1 ¥
p+2+ T {P+2}{P+2)'p# 2,p#2

2 4
e+ 2002 (5t 52

)=+ 200 -2(-5=)

o

1
0+20p-2 55 +(p+2p- 25y =0+ -2 (B

- T

2 4 -1
M(P—Z)m+lp+zwﬁ=w_—i’(,m£¢)
2Ap-2)+4lp+2)=p-1
2p-4+4p+8=p-1

6p+4=p—1
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S5p=-5
B=r1
We did not get 2 or —2 as algebraic solutions.
Check p =1 in the original equation.
2_ .. a _ p-1
p+2  p-2  p-4
2 4 2 (1)1
N+2 (1)-2 (P-4
2 4 ? -2
TYET3
6 _4 2-2
3 3 -3
2 2
L
? Example 5.6.11
.2 1 _1
SOIVG. m + E =21
Answer
2
3
? Example 5.6.12
.5 42 5
Solver == + 255 = 79
Answer
2
? Example 5.6.13
.4 3
Solve: i 3= 1.
Answer
—& -3 oy
qg-4 g-3
Note any value of the variable that would make any % + 33 =1, q#4,q#3
denominator zero. 9- <
Find the least common denominator of all denominators in the
equation. The LCD is (q—4)(q—3).
Clear the fractions by multiplying both sides of the equation (q-4)g- 3)( qil _ qf 3) =(g-4)Xg-3)1)
by the LCD.
3
Distribute. -4q-3)(527)- @~ 4a-3)(GZ3) = @-HG-3K)
4 3
Remove common factors. (g—4)(q - 3) (ﬁ)* (q-4)(g—=3) (g_,,g) =(g-4)q-3X1)
Simplify. 4g-3)-3(g-4)=(g-4g-3)
Simplify. 49-12-3q+12=qg"-7g+12
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Combine like terms. g=qg'-7qg+12

Solve. First write in standard form. O=q¢'-8q+12

Factor. 0=(g-2)g-6)

Use the Zero Product Property. g=2org=6

We did not get 4 or 3 as algebraic solutions.

Check g=2 and g = in the original equation.

43 4 4 ___3
qg-4 g-3 g-4 g-3

? Example 5.6.14

.2 1
Solve: == ——+=1.

Answer

.3 2
Solve: 5 — 55 =1.

Answer

-2,-3
? Example 5.6.16

. m+11 __5 3
Solve: P ey e e, J

Answer
m+11 5 3

Factor all the denominators, so we can note any value of the m+11__ _ 5 3 madme1
(m-4)m-1) m-4 m-1

variable the would make any denominator zero.

Find the least common denominator of all denominators in the
equation. The LCD is (m—4)(m-1)

3
Clear the fractions. (ar=am=1) (m) ={m—4km=1) (mi g )

I 11 5 B
Distribute. (m—4)m-1) ((mi”;;(m_ 1])= (m—am—1) g —(m=4xm-1)— =

11 =2 3
Remove common factors. =t (me,&m_,ﬂ) = {m—Am-1) =~ (m-Am—)

Simplify. m+11=5(m-1)-3(m-4)

Solve the resulting equation. m+11=5m-5-3m+12
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Check. The only algebraic solution was 4, but we said that 4
would make a denominator equal to zero. The algebraic
solution is an extraneous solution. There is no solution to this
equation.

? Example 5.6.17

Loeil3 6 4
Solve: 7 Torl0 — 25 o2

Answer

no solution

Answer

no solution

The equation we solved in Example had only one algebraic solution, but it was an extraneous solution. That left us with no solution
to the equation. Some equations have no solution.

? Example 5.6.19

Solve: 1’”—24—"3—;3 = % .
Answer
Note any value of the variable that would make any N n+3_1 n40
denominator zero. 12° 30 n
Find the least common denominator of all denominators in the
equation. The LCD is 12n.
Clear the fractions by multiplying both sides of the equation 12n ( % W ;;1 3 )= 12n ( % )
by the LCD.
Distribute. 1Zn (1_r12)+ e (nat.-B ) == (%)
Remove common factors. VZn (J%)*- 4= Bﬁ(n;:)= 12!’(%)
Simplify. nen+4n+3)=12+1
Solve the resulting equation. m+4n+12=12
n+4n=0
nn+4)=0
n=0orn=-4
Check.
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n=0 is an extraneous solution.
Check n= -4 in the original equation.
n n+3 1
273 T
4 44371
127 3(-4) -4
4,121
TtETT7
321
12 4
1 1
2=

? Example 5.6.20

o 2, z+6 _ 2
Solve: 5T 9, — 35 -

Answer

-2

? Example 5.6.21

Answer
-3

? Example 5.6.22

LY T2
Solve: =% = 736 +4.

Answer

Factor all the denominators, so we can note any value of the
variable that would make any denominator zero.

Clear the fractions.
Simplify.
Simplify.

Solve the resulting equation.

Find the least common denominator. The LCD is (y—6)(y+6).

y 72
yr6 - y-36T4

Yy _ 72
y+6  (-6ly+0)

+4,y#6,y# 6

(v~ 6)y +6) (7{—5)=(y— 6)Xy + 6)(%“)
(y-6)ry=72+(y-6)y+6)+4
Wy - 6) =72+ 4(y - 36)
Y -6y=72+4y 144
0=3y+6y-72
0 =3(4+2y-24)
0=3(+6)(y-4)

y=-6.y=4
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Check.

y=—6 is an extraneous solution.

Check y = 4 in the original equation.

Yy 72
y+6  y-36
4 2 T2

Tr6 - F_56 T4

+4

S
Il
L~
[N]

ol N
+
~

40
10

I
w
)]

+
|

|» 3|~ 3|
3

ol»
<

y
(=]

? Example 5.6.23

Loz 32
Solve: 4 = === +5.

Answer

-4,3

? Example 5.6.24

.Yy _ 128
Solve: 718 = 76l +9.

Answer

7
? Example 5.6.25

2 _ 5x*-2z+9

.z
Solve: 255 — 303 = o 12

Answer

X 2 5x'-2x+9

2x—-2  3x+3 12¢-12

We will start by factoring all denominators, to make it easier X 2 _ _5¢-2x+9
to identify extraneous solutions and the LCD. 201 Sbeb L 2kee e 1)

Note any value of the variable that would make any x 2 _ 5¢-2x+9
. 20=1) © 3+ 1) 120+ 1)
denominator zero.

XET x#-1

Find the least common denominator.The LCD is 12(x—1)(x+1)

X 2 S5x'—2x+9
Clear the fractions. 1200 Tl0e 1}(2()(_1) B 1]) el 1)(12(x—1)(x+ 1))

Simplify. Bx+ 1) s x—Ax—-1)*2=5¢-2x+9

Simplify. Bx(x+1)—4+2(x-1)=5¢-2x+9

Solve the resulting equation. 6X + 6X—8x+8=5¢-2x+9
¥-1=0

=1x+1)=0
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x=Torx=-1
Check.

x=1 and x=-1 are extraneous solutions.
The equation has no solution.

? Example 5.6.26

y 5 _ 2y?’—19y+54

Solve: 5y—10  3y+6 15y2—60

Answer

no solution

? Example 5.6.27

22 3 _ 322-162-68
248  42-8 T 2248264

Solve:

Answer

no solution

Solve a Rational Equation for a Specific Variable

When we solved linear equations, we learned how to solve a formula for a specific variable. Many formulas used in business,
science, economics, and other fields use rational equations to model the relation between two or more variables. We will now see
how to solve a rational equation for a specific variable.

We’ll start with a formula relating distance, rate, and time. We have used it many times before, but not usually in this form.

? Example 5.6.28

Solve: % =R forT.

Answer

Note any value of the variable that would make any D_pT40
denominator zero. L

Clear the fractions by multiplying both sides of the equations T(%) -TR)
by the LCD, T.

Simplify. D=T+*R
Divide both sides by R to isolate T. % = %
Simplify. % =T

? Example 5.6.29

Solve: % =W forL.

Answer
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? Example 5.6.30

Solve: % =M for A.

Answer

F
A=L

Example uses the formula for slope that we used to get the point-slope form of an equation of a line.

? Example 5.6.31

. _z—=2
Solve: m = 3 fory.

Answer

denominator zero.

by the LCD, y-3.
Simplify.

Isolate the term with y.
Simplify.

? Example 5.6.32

LYy=2 2
Solve: =% for x.

Answer

3y—8

r = 5

? Example 5.6.33

e Y
Solve: x = s fory.

Answer

=z
V=12

Note any value of the variable that would make any

Clear the fractions by multiplying both sides of the equations

Divide both sides by m to isolate y.

_x-2
m= 7—3 fory

X-2
m_———y_3 c y#ES3

(v-3m=(y-3)(3=3)

ym-3m=x-2
ym=x-2+3m

ym _ x-2+3m
m m

_ X-2+43m
- m

Be sure to follow all the steps in Example. It may look like a very simple formula, but we cannot solve it instantly for either

denominator.
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Solve - + 4 =1 forc.

Answer

Note any value of the variable that would make any
denominator zero.

Clear the fractions by multiplying both sides of the equations ‘ rn(1 1 ) -
by the LCD, cm

Distribute. cm (1?) +cm % =cm(1)
Simplify. m+c=cm
Collect the terms with c to the right. m=cm-—c
Factor the expression on the right. m=cm-1)
To isolate c, divide both sides by m—1. % = %
Simplify by removing common factors. mrﬁ Tk

Notice that even though we excluded ¢=0 and m=0 from the original equation, we must also now state that m # 1.

? Example 5.6.35

Solve: % + % =c fora.

Answer

? Example 5.6.36

2,1 1
Solve: =3 fory.

Answer

_ 3z
Y= %z

Key Concepts
o Strategy to Solve Equations with Rational Expressions
1. Note any value of the variable that would make any denominator zero.

. Find the least common denominator of all denominators in the equation.
. Clear the fractions by multiplying both sides of the equation by the LCD.
. Solve the resulting equation.
. Check.

If any values found in Step 1 are algebraic solutions, discard them.

Check any remaining solutions in the original equation.

u W

[}

o
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Glossary

rational equation
A rational equation is two rational expressions connected by an equal sign.

extraneous solution to a rational equation
An extraneous solution to a rational equation is an algebraic solution that would cause any of the expressions in the original
equation to be undefined.

This page titled 5.6: Solve Rational Equations is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by OpenStax
via source content that was edited to the style and standards of the LibreTexts platform.

o 8.6: Solve Rational Equations by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/elementary-algebra-
2e.
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5.7: Solve Uniform Motion and Work Applications

4b Learning Objectives
By the end of this section, you will be able to:

¢ Solve uniform motion applications
e Solve work applications

X Before you get started, take this readiness quiz.

If you miss a problem, go back to the section listed and review the material.

1. An express train and a local bus leave Chicago to travel to Champaign. The express bus can make the trip in 2 hours and
the local bus takes 5 hours for the trip. The speed of the express bus is 42 miles per hour faster than the speed of the local
bus. Find the speed of the local bus.

If you missed this problem, review |link].

2. Solve %JB + i:c = %.

If you missed this problem, review [link].

3. Solve: 18t% —30 = —33t.

If you missed this problem, review |link].

Solve Uniform Motion Applications

We have solved uniform motion problems using the formula D=rt in previous chapters. We used a table like the one below to
organize the information and lead us to the equation.

Rate +* Time = Distance

The formula D=rt assumes we know r and t and use them to find D. If we know D and r and need to find t, we would solve the
equation for ¢t and get the formula ¢t = %

We have also explained how flying with or against a current affects the speed of a vehicle. We will revisit that idea in the next
example.

v/ Example 5.7.1

An airplane can fly 200 miles into a 30 mph headwind in the same amount of time it takes to fly 300 miles with a 30 mph
tailwind. What is the speed of the airplane?

Solution

This is a uniform motion situation. A diagram will help us visualize the situation.

300 miles with the wind r+30

Wind 30 mph

-

200 miles against the wind r—30
We fill in the chart to organize the information.

We are looking for the speed of the airplane. Let r= the speed of the airplane.
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When the plane flies with the wind, the wind increases its speed
and the rate is r+30.

When the plane flies against the wind, the wind decreases its
speed and the rate is r—30.

Write in the rates. Rate * Time = Distance
Write in the distances. ) el - a0 200 200
Since D=r't, we solve for t and get =-. f=oi
We divide the distance by the rate in each row, and place the | Tailwind r430 3020 300
-
expression in the time column. =
We know the times are equal and so we write our equation. 72_020 = ffgo
‘We multiply both sides by the LCD.
200(r+30)=300(r—30)
Simplify. (r+30)(200)=(r—30)(300)
200r+6000=300r-9000
15000=100r
Solve.
150=r
Check.
Is 150 mph a reasonable speed for an airplane? Yes. If the plane
is traveling 150 mph and the wind is 30 mph:
Tailwind 150+30=180 mph 2 = 2 hours
. _ 200 _ 5
Headwind 150-30=120 mph 355- = 3 hours
The times are equal, so it checks. The plane was traveling 150 mph.

? Trylt5.7.2

Link can ride his bike 20 miles into a 3 mph headwind in the same amount of time he can ride 30 miles with a 3 mph tailwind.
What is Link’s biking speed?

Answer
15 mph

? Trylt5.7.3

Judy can sail her boat 5 miles into a 7 mph headwind in the same amount of time she can sail 12 miles with a 7 mph tailwind.
What is the speed of Judy’s boat without a wind?

Answer

17 mph

In the next example, we will know the total time resulting from travelling different distances at different speeds.
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Jazmine trained for 3 hours on Saturday. She ran 8 miles and then biked 24 miles. Her biking speed is 4 mph faster than her
running speed. What is her running speed?

Solution

This is a uniform motion situation. A diagram will help us visualize the situation.

run . bike -
8 mi o 12 mi o
3 hours

We fill in the chart to organize the information.
We are looking for Jazmine’s running speed. Let r= Jazmine’s running sp
Her biking speed is 4 miles faster than her running speed. r+4= her biking speed

The distances are given, enter them into the chart.

Rate * Time = Distance
Since D=r't , we solve for t and get t = % Run r % 8
We divide the distance by the rate in each row, and place the A
expression in the time column. Bike r+4 34 24
3
Write a word sentence. Her time plus the time biking
; 8, 24 _
Translate the sentence to get the equation. P = 3
r(r+4)(% + 7«1_44) =3r(r+4)

8(r+4) +24r = 3r% + 12r
8 + 32+ 24r = 3r* + 12

Solve. 9
32+ 32r = 3r“ 4+ 12r
0= 3r? —20r — 32
0=(3r+4)(r—28)
(Br+4)=0, (r—8)=0
T=— % ,1=8

Check. r=8

A negative speed does not make sense in this problem, so r=8 is
the solution.
Is 8 mph a reasonable running speed? Yes.

8miles __
Sph lhour

Run 8 mph,

. 24miles
Bike 12 mph, Tomph = 2hours
Total 3 hours.

Jazmine’s running speed is 8 mph.

? Trylt5.7.5

Dennis went cross-country skiing for 6 hours on Saturday. He skied 20 mile uphill and then 20 miles back downhill, returning
to his starting point. His uphill speed was 5 mph slower than his downhill speed. What was Dennis’ speed going uphill and his
speed going downhill?
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Answer

10 mph

? Trylt5.7.6

Answer

50 mph

Tony drove 4 hours to his home, driving 208 miles on the interstate and 40 miles on country roads. If he drove 15 mph faster
on the interstate than on the country roads, what was his rate on the country roads?

Once again, we will use the uniform motion formula solved for the variable t.

v/ Example 5.7.7

get to the ocean. Find Hamilton’s downhill speed.

Solution

m
8 mph slower

2 hours longer

We fill in the chart to organize the information.

We are looking for Hamilton’s downhill speed.

His uphill speed is 8 miles per hour slower. Enter the rates into
the chart.

The distance is the same in both directions, 12 miles.

Since D=r't, we solve for t and get t = g

We divide the distance by the rate in each row, and place the
expression in the time column.

Write a word sentence about the time.

Translate the sentence to get the equation.

Solve.

Downhill 12 mph,
12miles

e lhour

Check. Is 12 mph a reasonable speed for biking downhill? Yes.

Hamilton rode his bike downhill 12 miles on the river trail from his house to the ocean and then rode uphill to return home. His
uphill speed was 8 miles per hour slower than his downhill speed. It took him 2 hours longer to get home than it took him to

This is a uniform motion situation. A diagram will help us visualize the situation.

Let r= Hamilton’s downbhill speed.

h-8= Hamilton’s uphill speed

Rate * Time = Distance
Downhill | h 42 12
. 12
Uphill h-8 T 12

He took 2 hours longer uphill than downhill. The uphill time is 2
more than the downhill time.

=22

h(h—8)(:) = h(h—8)(£ +2)
12h=12(h-8)+2h(h-8)

12h = 12h — 96+ 2h2 — 16h

0= 2h% — 16k — 96

0= 2(h2 — 8h —48)
0=2(h-12)(h+4)

h-12=0, h+4=0

h=12, h=-4
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Uphill 12-8=4 mph
12miles

oh 3hours

The uphill time is 2 hours more than the downhill time.
Hamilton’s downhill speed is 12 mph.

? Trylt5.7.8

Kayla rode her bike 75 miles home from college one weekend and then rode the bus back to college. It took her 2 hours less to
ride back to college on the bus than it took her to ride home on her bike, and the average speed of the bus was 10 miles per
hour faster than Kayla’s biking speed. Find Kayla’s biking speed.

Answer

15 mph

? Trylt5.7.9

Victoria jogs 12 miles to the park along a flat trail and then returns by jogging on an 18 mile hilly trail. She jogs 1 mile per
hour slower on the hilly trail than on the flat trail, and her return trip takes her two hours longer. Find her rate of jogging on the
flat trail.

Answer

6 mph

Solve Work Applications

Suppose Pete can paint a room in 10 hours. If he works at a steady pace, in 1 hour he would paint 11—0 of the room. If Alicia would
take 8 hours to paint the same room, then in 1 hour she would paint % of the room. How long would it take Pete and Alicia to paint
the room if they worked together (and didn’t interfere with each other’s progress)?

This is a typical ‘work’ application. There are three quantities involved here — the time it would take each of the two people to do
the job alone and the time it would take for them to do the job together.

Let’s get back to Pete and Alicia painting the room. We will let t be the number of hours it would take them to paint the room
together. So in 1 hour working together they have completed % of the job.

In one hour Pete did 1—10 of the job. Alicia did % of the job. And together they did % of the job.

We can model this with the word equation and then translate to a rational equation. To find the time it would take them if they
worked together, we solve for t.

Pete’s part + Alicia’s part = part of total

1 8 1
10 8 t
T EE
%
Multiply by the LCD, 40t a0t (5 + 3)=401(3)

Distribute. 10 8

Simplify and solve. 4t + 5t= 40
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9t= 40
_40
=8
We’ll write as a mixed number so that we can convert it to hours -3
t=4 3 hours
and minutes.
4 .
Remember, 1 hour = 60 minutes. =4 hours + 5(60 minutes)
Multiply, and then round to the nearest minute. t =4 hours + 27 minutes

It would take Pete and Alica about 4 hours and 27 minutes to paint
the room.

Keep in mind, it should take less time for two people to complete a job working together than for either person to do it alone.

v/ Example 5.7.10

The weekly gossip magazine has a big story about the Princess’ baby and the editor wants the magazine to be printed as soon
as possible. She has asked the printer to run an extra printing press to get the printing done more quickly. Press #1 takes 6
hours to do the job and Press #2 takes 12 hours to do the job. How long will it take the printer to get the magazine printed with
both presses running together?

Solution

This is a work problem. A chart will help us organize the information.

Let t= the number of hours needed to complete the job together.

Number of hours | Part of job

Enter the hours per job for Press #1, Press #2 and when they to complete completed/
work together. Fhe jol peiae

If a job on Press #1 takes 6 hours, then in 1 hour % of the jobis | Press#1 6 %
completed. -
Similarly find the part of the job completed/hours for Press #2 | Press#2 12 12
and when they both work together. Together ¢ 1

it

Write a word sentence.

The part completed by Press #1 plus the part completed by
Press #2 equals the amount completed together.

Work completed by

Press #1 + Press #2 = Together
Translate to an equation.

IR
Solve. %.;. 11_2 = 1?
Multiply by the LCD, 12t. 121+ 75) = 12¢(1)
Simplify. 2A+t=12
3t=12
t=4

When both presses are running it takes 4 hours to do the job.
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One gardener can mow a golf course in 4 hours, while another gardener can mow the same golf course in 6 hours. How long
would it take if the two gardeners worked together to mow the golf course?

Answer

2 hours and 24 minutes

? Trylt5.7.12

Carrie can weed the garden in 7 hours, while her mother can do it in 3. How long will it take the two of them working
together?

Answer

2 hours and 6 minutes

v/ Example 5.7.13

Corey can shovel all the snow from the sidewalk and driveway in 4 hours. If he and his twin Casey work together, they can
finish shoveling the snow in 2 hours. How many hours would it take Casey to do the job by himself?

Solution

This is a work application. A chart will help us organize the
information.

We are looking for how many hours it would take Casey to
complete the job by himself.

Let t= the number of hours needed for Casey to complete.

Write a word sentence.

Translate to an equation:

Solve.

Multiply by the LCD, 4t.

Simplify.

Number of hours | Part of job
. needed to completed/

Enter the hours per job for Corey, Casey, and when they work complete the job hour
together. 1
. 1 L Corey 4 =
If Corey takes 4 hours, then in 1 hour 7 of the job is completed. o
Similarly find the part of the job completed/hours for Casey and | Casey t 1?
when they both work together. 1
Together 2 5

[STE

The part completed by Corey plus the part completed by Casey equals the amount completed together.
Corey + Casey = Together
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Two hoses can fill a swimming pool in 10 hours. It would take one hose 26 hours to fill the pool by itself. How long would it
take for the other hose, working alone, to fill the pool?

Answer

16.25 hours

? Trylt5.7.15

Cara and Cindy, working together, can rake the yard in 4 hours. Working alone, it takes Cindy 6 hours to rake the yard. How
long would it take Cara to rake the yard alone?

Answer

12 hours

This page titled 5.7: Solve Uniform Motion and Work Applications is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 8.8: Solve Uniform Motion and Work Applications by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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6: Systems of Equations

6.1: Solve Systems of Equations by Graphing

6.2: Solve Systems of Equations by Substitution

6.3: Solve Systems of Equations by Elimination

6.4: Solve Mixture Applications with Systems of Equations
6.5: Solve Systems of Equations with Three Variables
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6.1: Solve Systems of Equations by Graphing

4b Learning Objectives

By the end of this section, you will be able to:

e Determine whether an ordered pair is a solution of a system of equations
e Solve a system of linear equations by graphing

e Determine the number of solutions of linear system

o Solve applications of systems of equations by graphing

Before you get started, take this readiness quiz.

1. For the equationy = 22 — 4
(@ is (6,0) a solution? (® is (—3,-2) a solution?
If you missed this problem, review Example 2.1.1.
2. Find the slope and y-intercept of the line 3x-y=12.
If you missed this problem, review Example 4.5.7.
3. Find the x- and y-intercepts of the line 2x—3y=12.
If you missed this problem, review Example 4.3.7.

Determine Whether an Ordered Pair is a Solution of a System of Equations

In the section on Solving Linear Equations and Inequalities we learned how to solve linear equations with one variable. Remember
that the solution of an equation is a value of the variable that makes a true statement when substituted into the equation. Now we
will work with systems of linear equations, two or more linear equations grouped together.

X Definition: SYSTEM OF LINEAR EQUATIONS

When two or more linear equations are grouped together, they form a system of linear equations.

We will focus our work here on systems of two linear equations in two unknowns. Later, you may solve larger systems of
equations.

An example of a system of two linear equations is shown below. We use a brace to show the two equations are grouped together to
form a system of equations.

204y ="7
6.1.1
{w—2y:6 ( )

A linear equation in two variables, like 2x + y = 7, has an infinite number of solutions. Its graph is a line. Remember, every point
on the line is a solution to the equation and every solution to the equation is a point on the line.

To solve a system of two linear equations, we want to find the values of the variables that are solutions to both equations. In other
words, we are looking for the ordered pairs (x, y) that make both equations true. These are called the solutions to a system of
equations.

X Definition: SolutionS OF A SYSTEM OF EQUATIONS

Solutions of a system of equations are the values of the variables that make all the equations true. A solution of a system of
two linear equations is represented by an ordered pair (x, y).

To determine if an ordered pair is a solution to a system of two equations, we substitute the values of the variables into each
equation. If the ordered pair makes both equations true, it is a solution to the system.

Let’s consider the system below:

https://math.libretexts.org/@go/page/142807
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3x—y="7
6.1.2
{ x—2y=14 ( )
Is the ordered pair (2,—1) a solution?
We substitute x = 2 and into both equations.
N—y=7 x—2v=4
? ?
32)-( )1£7 2-201)L4
7 =7 true 4 = 4 true

The ordered pair (2, —1) made both equations true. Therefore (2, —1) is a solution to this system.

Let’s try another ordered pair. Is the ordered pair (3, 2) a solution?

We substitute x = 3 and into both equations.
3x—y=7 x-2v=4
33)-247 2-202)24
7=7true -2 =4 false

The ordered pair (3, 2) made one equation true, but it made the other equation false. Since it is not a solution to both equations, it is
not a solution to this system.

v/ Example 6.1.1

Determine whether the ordered pair is a solution to the system: { :213 Y= _15
T—y=—
1.(-2,-1)
2. (-4,-3)
Solution
1.
z—y=-1
2z —y=->
We substitute z = —2 and y = —1 into both equations
r—y =1 20—y =—5H
—2—(-1)=-1 2(~2)—(~1) = -5
—-1=-1v —3=-5%X

(-2, —1) does not make both equations true. (-2, —1) is not a solution.

2.
We substitute x=-4 and y=  into both equations.
x-y=-1 2x-y=-5
? ?
4-{-3)=-1 2(-4)-( )=-5
A=A 5=5v

(-4, —3) makes both equations true. (—4, —3) is a solution.

? Trylt6.1.2

Determine whether the ordered pair is a solution to the system: { B

T+2y=-5
1. (1,-3)

https://math.libretexts.org/@go/page/142807
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2.(0,0)

Answer

1. yes
2. no

? Trylt6.1.3

Determine whether the ordered pair is a solution to the system: { E

—3z—-—y=4
1. (2,-2)
2.(-2,2)

Answer

1. no
2. yes

Solve a System of Linear Equations by Graphing

In this chapter we will use three methods to solve a system of linear equations. The first method we’ll use is graphing. The graph of
a linear equation is a line. Each point on the line is a solution to the equation. For a system of two equations, we will graph two
lines. Then we can see all the points that are solutions to each equation. And, by finding what the lines have in common, we’ll find
the solution to the system.

Most linear equations in one variable have one solution, but we saw that some equations, called contradictions, have no solutions
and for other equations, called identities, all numbers are solutions. Similarly, when we solve a system of two linear equations
represented by a graph of two lines in the same plane, there are three possible cases, as shown in Figure 6.1.1:

Y ¥ y
8
6
4
| 2
e | x | } } i
6 8 —8—6—4—220 2 468
-8
The lines intersect. The lines are parallel. Both equations give the same line.
Intersecting lines have one Parallel lines have no points Because we have just one line, there
point in common. in common. are infinitely many solutions.
There is one solution to this There is no solution to this
system. system.
Figure 6.1.1

For the first example of solving a system of linear equations in this section and in the next two sections, we will solve the same
system of two linear equations. But we’ll use a different method in each section. After seeing the third method, you’ll decide which
method was the most convenient way to solve this system.

v/ Example 6.1.4: How to Solve a System of Linear Equations by Graphing

2e+y="T

Solve the system by graphing: { ©—2y=6

Solution
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To graph the first line, write
the equation in slope-intercept
form.

Zx+y=7

=-2x+7
m=-2
b=7

To graph the second line, use
intercepts.

(0.-3) (6,0

Look at the graph of the lines.

Since the lines intersect, find
the point of intersection.

Check the point in both
equations.

4+ y=7
x-2y=6
¥
,,
e X
5
‘ 4
I 2 \
-t Nk A\ -x
76543210 123%567
| 2 \\
: N
5
7 b
'
y
—k
| 5\
AL\
3
| o
[ ]y
i l : e
76543210 12 :M. 7
2
" \
4 \
5 \
lal . \
;_7- | 1 |

The lines intersect.

The lines intersect at (4, -1).

22X +y=7
24+ 27
8-127

7=7¢
X-2y=6
a-2cne

6=6/

The solution is (4, -1).

z—3y=-3

Solve each system by graphing: { z4y=5

https://math.libretexts.org/@go/page/142807
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Answer

(3:2)

? Trylt6.1.6

Solve each system by graphing: { ;;_:_23/3/::112
Answer
(2,3)

The steps to use to solve a system of linear equations by graphing are shown below.

X TO SOLVE A SYSTEM OF LINEAR EQUATIONS BY GRAPHING.

1. Graph the first equation.
2. Graph the second equation on the same rectangular coordinate system.
3. Determine whether the lines intersect, are parallel, or are the same line.
4. Identify the solution to the system.
o If the lines intersect, identify the point of intersection. Check to make sure it is a solution to both equations. This is the
solution to the system.
o If the lines are parallel, the system has no solution.
o If the lines are the same, the system has an infinite number of solutions.

v/ Example 6.1.7

Solve the system by graphing: {

y=2x+1
y=4r—1

Solution

Both of the equations in this system are in slope-intercept form, so we will use their slopes and y-intercepts to graph them.
y=2z+1
y=4z —1

Find the slope and y-intercept of the
first equation.

Find the slope and y-intercept of the
first equation. b=-1

Graph the two lines.

Determine the point of intersection. The lines intersect at (1, 3).

https://math.libretexts.org/@go/page/142807
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<

e e b

7654.3.2_ 123456 7

iy

y=2r+1 y=4z—1
Check the solution in both equations. 3£9.141 344.1-1

3=3v 3=3v

The solution is (1, 3).

? Trylt6.1.8

Solve the system by graphing: { y=2x+2
y=—-z—-4
Answer
(-2,-2)
? Trylt6.1.9
Solve the system by graphing: { y=3z+3
y=—x+7
Answer
(1,6)

Both equations in Example 6.1.7 were given in slope—intercept form. This made it easy for us to quickly graph the lines. In the next
example, we’ll first re-write the equations into slope—intercept form.

v/ Example 6.1.10

Solve the system by graphing: { 3r+y=-1

2z +y=0
Solution

3z +y=-1

We’ll solve both of these equations for y so that we can easily graph them using their slopes and y-intercepts. { 22 +y=0

https://math.libretexts.org/@go/page/142807
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Solve the first equation for y.

z+y=-1
. . y=—-3z—1
Find the slope and y-intercept.
m=—3
b=-1
2c+y =0
Sol i .
olve the second equation for y Y= —22
b=0

Find the slope and y-intercept.

MW By

Graph the lines. . Sl x
=7 -6 -5 -4 -3 -2 -1 1\
-2
31NN
4l
-5
L&
7
Determine the point of intersection. The lines intersect at (-1, 2).
z+y = -1 2x+y = 0
Check the solution in both equations. 3(-1)+2 A 2(-1)+2 = 0
-1 = -1v 0 = 0o

The solution is (-1, 2).

? Trylt6.1.11

Solve each system by graphing: { 2‘5 _:‘ ;/::110
Answer
(3.4)
? Trylt6.1.12
Solve each system by graphing: { 2z +y=6
z+ty=1
Answer
(5,-4)

Usually when equations are given in standard form, the most convenient way to graph them is by using the intercepts. We’ll do this
in Example 6.1.13

https://math.libretexts.org/@go/page/142807
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+y=2
Y

Solve the system by graphing: { i w4

Solution

We will find the x- and y-intercepts of both equations and use them to graph the lines.

X+y=2
_ _ X 3
To find the intercepts, let x = 0 and solve ZENHS
0+y=2 z+0=2 0 2
for y, then let y = 0 and solve for x.
y=2 =2 2 0
T—yY 4 T—yY 4
To find the intercepts, let 0—y =4 x—0 =4 (6:1 it y
x=0thenlety=0. -y =4 z 4 g
y =-4 4 0
¥
Graph the line. - . A
7-6-5-4-3.21
=2
L3
b
Determine the point of intersection. The lines intersect at (3, —1).
z+y = 2 z—y = 4
) £ 2 ) £ o4
Check the solution in both equations. 3+(-1) = 3-(-1) =
2 = 27 4 = 4/

The solution is (3, —1).

? Trylt6.1.14

Solve each system by graphing: { z+y==6
Answer
(4.2)

https://math.libretexts.org/@go/page/142807
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Solve each system by graphing: { r+y=2
z—y=2~8
Answer
(5:-3)

Do you remember how to graph a linear equation with just one variable? It will be either a vertical or a horizontal line.

v/ Example 6.1.16

. =6
Solve the system by graphing: { gm 43y =12
Solution
y =
2x+3y=12
We know the first equation represents a horizontal =0
line whose y-intercept is 6.
The second equation is most conveniently graphed
using intercepts.
a
To find the intercepts, let x = 0 and then y = 0. 0 4
y
7
[N

Graph the lines. L P %
7-6-5-4-3-2-17] 123 45 6%
ial |
13l |
lgl |
16 |
=7
Determine the point of intersection. The lines intersect at (-3, 6).
y = 6 2r+3y = 12
. _ 6 = 6 2(-3)+3(6) = 12
Check the solution to both equations. .
6 = 6V —6+18 = 12
12 = 12v

The solution is (=3, 6).
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Solve each system by graphing: { 'Z i ?)_yl_ 6

Answer

-1

? Trylt6.1.18

Solve each system by graphing: { g =4

z—2y=24

Answer

(4, _6)

In all the systems of linear equations so far, the lines intersected and the solution was one point. In the next two examples, we’ll
look at a system of equations that has no solution and at a system of equations that has an infinite number of solutions.

v/ Example 6.1.19

1
. ==z—3
Solve the system by graphing: { ¥=7
r—2y=4
Solution
y= —;—x -3
x-2y=4
To graph the first equation, we will y= 1: 5
use its slope and y-intercept. &
=1
m=3
b=-3
To graph the second equation,
we will use the intercepts.
X B4
0 2
4 0
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y
7
6
51
4]
3
2
1
Graph the lines. . |
76543210
Determine the point of intersection. The lines are parallel.

Since no point is on both lines, there is no ordered pair
that makes both equations true. There is no solution to
this system.

? Trylt6.1.20

y:—%w+2

Solve each system by graphing: {
x+4y=-8

Answer

no solution

? Trylt6.1.21

. =3z—-1
Solve each system by graphing: { ¥
¥ y grap g{ﬁw—2y:6
Answer
no solution
v/ Example 6.1.22
. =2z —3
Solve the system by graphing: 4 7
PRI B T g{—6m+3y=—9
Solution
y=2x-3
—6x+3y=-9
=2x-3
Find the slope and y-intercept of the ; -
first equation. b
Find the intercepts of the second equation. —6x +3y=-9
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x 17
0 -3
3
3 0
y
7
6]
5]
4
3
2
. T 1 1 ! ! !
Graph the lines. S O 1 S
~7-5-5-4-3-2-1, 234567
N S N N O -7 T I I
-7
Determine the point of intersection. The lines are the same!

Since every point on the line makes both equations
true, there are infinitely many ordered pairs that make
both equations true.

There are infinitely many solutions to this system.

? Trylt6.1.23

Solve each system by graphing: { y=-3z—6

6z +2y =—12

Answer

infinitely many solutions

? Trylt6.1.24

_ 1
Solve each system by graphing: { y=3 4

2z —4y =16
Answer

infinitely many solutions

If you write the second equation in Example 6.1.22in slope-intercept form, you may recognize that the equations have the same
slope and same y-intercept.

When we graphed the second line in the last example, we drew it right over the first line. We say the two lines are coincident.
Coincident lines have the same slope and same y-intercept.

Coincident lines have the same slope and same y-intercept.

https://math.libretexts.org/@go/page/142807
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Determine the Number of Solutions of a Linear System

There will be times when we will want to know how many solutions there will be to a system of linear equations, but we might not
actually have to find the solution. It will be helpful to determine this without graphing.

We have seen that two lines in the same plane must either intersect or are parallel. The systems of equations in Example 6.1.4
through Example 6.1.18all had two intersecting lines. Each system had one solution.

A system with parallel lines, like Example 6.1.19 has no solution. What happened in Example 6.1.22? The equations have
coincident lines, and so the system had infinitely many solutions.

We’ll organize these results in Figure 6.1.2below:

Graph Number of solutions

2 intersecting lines | 1

Parallel lines None
Same line Infinitely many
Figure 6.1.2

Parallel lines have the same slope but different y-intercepts. So, if we write both equations in a system of linear equations in slope—
intercept form, we can see how many solutions there will be without graphing! Look at the system we solved in Example 6.1.19,

{y:%m—3

z—2y=4
The first line is in slope—intercept form.  If we solve the second eyquation for y, we get
r—2y=14
y=%x—3 z—2y=—x+4
y= %m -2
m:%,b:—3 m:%,b:—Z

The two lines have the same slope but different y-intercepts. They are parallel lines.

Figure 6.1.3 shows how to determine the number of solutions of a linear system by looking at the slopes and intercepts.

Number of Solutions of a Linear System of Equations

Slopes | Intercepts | Type ofLines | Number of Solutions
Different Intersecting 1 point
Same Different | Parallel No solution
Same Same Coincident Infinitely many solutions
Figure 6.1.3
Let’s take one more look at our equations in Example 6.1.19that gave us parallel lines.
1
=sr—3
{ ¥=3 (6.1.4)
z—2y=4
When both lines were in slope-intercept form we had:
1 1
yz;x—S y:§$_2 (6.1.5)

Do you recognize that it is impossible to have a single ordered pair (x,y) that is a solution to both of those equations?
We call a system of equations like this an inconsistent system. It has no solution.

A system of equations that has at least one solution is called a consistent system.

X CONSISTENT AND INCONSISTENT SYSTEMS

A consistent system of equations is a system of equations with at least one solution.

An inconsistent system of equations is a system of equations with no solution.
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We also categorize the equations in a system of equations by calling the equations independent or dependent. If two equations are
independent equations, they each have their own set of solutions. Intersecting lines and parallel lines are independent.

If two equations are dependent, all the solutions of one equation are also solutions of the other equation. When we graph two
dependent equations, we get coincident lines.

X INDEPENDENT AND DEPENDENT EQUATIONS

Two equations are independent if they have different solutions.

Two equations are dependent if all the solutions of one equation are also solutions of the other equation.

Let’s sum this up by looking at the graphs of the three types of systems. See Figure 6.1.4 and Figure 6.1.5.

Intersecting Parallel Coincident
Figure 6.1.4
Lines Intersecting Parallel Coincident
Number of solutions 1 point No solution | Infinitely many
Consistent/inconsistent | Consistent Inconsistent | Consistent
Dependent/independent | Independent | Independent | Dependent

Figure 6.1.5

v/ Example 6.1.25

Without graphing, determine the number of solutions and then classify the system of equations: { gm:—?.;:y_:lm
Solution
We will compare the slopes and intercepts { y=3z—1
6r —2y=12
of the two lines.
The first equation is already in
slope-intercept form.
y=3z—1
Write the second equation inslope—intercept form.
6x —2y= 12
—2y= —6x—12
2y batl2
-2 )
y= 3z—6
Find the slope and intercept of each line. y=3z—1 y=3x—6
m=3 m =3
b=-1 b=—6
Since the slopes are the same and y-intercepts
are different, the lines are parallel.
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l A system of equations whose graphs are parallel lines has no solution and is inconsistent and independent.

? Trylt6.1.26

Without graphing, determine the number of solutions and then classify the system of equations.

y=—-2z—4
4z +2y =9

Answer

no solution, inconsistent, independent

? Trylt6.1.27

Without graphing, determine the number of solutions and then classify the system of equations.

{yzéa:—5
z—3y==6

Answer

no solution, inconsistent, independent

v/ Example 6.1.28

Without graphing, determine the number of solutions and then classify the system of equations: { CAUE

x—5y=>
Solution
We will compare the slopes and intercepts 2z+y=—3
r—5y=>5
of the two lines.
Write the second equation in
slope—intercept form.
2c+y = -3 T—5y = 5
y = —2z-3 -5y = —zx+5
S5y _ —z4b
-5 5
y = %m -1
Find the slope and intercept of each line. y = —2x-3 y = %x -1
m = -2 m = %
b = -3 b = -1

Since the slopes are different, the lines intersect.

A system of equations whose graphs are intersect has 1 solution and is consistent and independent.

? Trylt6.1.29

Without graphing, determine the number of solutions and then classify the system of equations.

3z 42y =2
2z+y=1

Answer

https://math.libretexts.org/@go/page/142807


https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142807?pdf

LibreTexts"

| one solution, consistent, independent

? Try1t6.1.30

Without graphing, determine the number of solutions and then classify the system of equations.

r+4y=12
—r+y=3
Answer

one solution, consistent, independent

v/ Example 6.1.31

3z —2y=4
Without graphing, determine the number of solutions and then classify the system of equations. { o

Y= %m -2
Solution
. . . 3x—2y = 4
We will compare the slopes and intercepts of the two lines. _ 3,9
= sz-—
Write the second equation in
slope—intercept form.
3z -2y = 4
—2y = -3z+4
2y —3zt4
= = =)
y = %w -2
Find the slope and intercept of each line. y = %:c -2

Since the equations are the same, they have the same slope
and same y-intercept and so the lines are coincident.

A system of equations whose graphs are coincident lines has infinitely many solutions and is consistent and dependent.

? Trylt6.1.32

Without graphing, determine the number of solutions and then classify the system of equations.

4x — by =20
Y= %:c —4
Answer

infinitely many solutions, consistent, dependent

? Trylt6.1.33

Without graphing, determine the number of solutions and then classify the system of equations.

—2z -4y =38
yz—%m—2

Answer

infinitely many solutions, consistent, dependent
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Solve Applications of Systems of Equations by Graphing

We will use the same problem solving strategy we used in Math Models to set up and solve applications of systems of linear
equations. We’ll modify the strategy slightly here to make it appropriate for systems of equations.

X USE A PROBLEM SOLVING STRATEGY FOR SYSTEMS OF LINEAR EQUATIONS.

1. Read the problem. Make sure all the words and ideas are understood.

2. Identify what we are looking for.

3. Name what we are looking for. Choose variables to represent those quantities.
4. Translate into a system of equations.

5. Solve the system of equations using good algebra techniques.

6. Check the answer in the problem and make sure it makes sense.

7. Answer the question with a complete sentence.

Step 5 is where we will use the method introduced in this section. We will graph the equations and find the solution.

v/ Example 6.1.34

Sondra is making 10 quarts of punch from fruit juice and club soda. The number of quarts of fruit juice is 4 times the number
of quarts of club soda. How many quarts of fruit juice and how many quarts of club soda does Sondra need?

Solution

Step 1. Read the problem.

Step 2. Identify what we are looking for.

We are looking for the number of quarts of fruit juice and the number of quarts of club soda that Sondra will need.
Step 3. Name what we are looking for. Choose variables to represent those quantities.

Let f= number of quarts of fruit juice.
c= number of quarts of club soda

Step 4. Translate into a system of equations.

The number of quarts of fruit juice and the number of quarts of club soda is 10
f + & =10

The number of quarts of fruit juice is four times the number of quarts of club soda
f = 4c

f+ec=10

We now have the system. { F=dc

Step 5. Solve the system of equations using good algebra techniques.

i,
f=4c f+c=10 1 :
-4 f=-c+10 f(z,m:
b=0 m=-1
b=10

| s mwADo wmw &

e
0*1_ 2345678910
The point of intersection (2, 8) is the solution. This means Sondra needs 2 quarts of club soda and 8 quarts of fruit juice.

Step 6. Check the answer in the problem and make sure it makes sense.
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Does this make sense in the problem?

Yes, the number of quarts of fruit juice, 8 is 4 times the number of quarts of club soda, 2.
Yes, 10 quarts of punch is 8 quarts of fruit juice plus 2 quarts of club soda.

Step 7. Answer the question with a complete sentence.

Sondra needs 8 quarts of fruit juice and 2 quarts of soda.

? Trylt6.1.35

Manny is making 12 quarts of orange juice from concentrate and water. The number of quarts of water is 3 times the number of
quarts of concentrate. How many quarts of concentrate and how many quarts of water does Manny need?

Answer

Manny needs 3 quarts juice concentrate and 9 quarts water.

? Trylt6.1.36

Alisha is making an 18 ounce coffee beverage that is made from brewed coffee and milk. The number of ounces of brewed
coffee is 5 times greater than the number of ounces of milk. How many ounces of coffee and how many ounces of milk does
Alisha need?

Answer

Alisha needs 15 ounces of coffee and 3 ounces of milk.

Access these online resources for additional instruction and practice with solving systems of equations by graphing.

o Instructional Video Solving Linear Systems by Graphing
o Instructional Video Solve by Graphing

Key Concepts
o To solve a system of linear equations by graphing

1. Graph the first equation.
2. Graph the second equation on the same rectangular coordinate system.
3. Determine whether the lines intersect, are parallel, or are the same line.
4. Identify the solution to the system.
If the lines intersect, identify the point of intersection. Check to make sure it is a solution to both equations. This is the
solution to the system.
If the lines are parallel, the system has no solution.
If the lines are the same, the system has an infinite number of solutions.
5. Check the solution in both equations.

e Determine the number of solutions from the graph of a linear system

Graph Number of solutions

2 intersecting lines | 1

Parallel lines None

Same line Infinitely many
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e Determine the number of solutions of a linear system by looking at the slopes and intercepts

Number of Solutions of a Linear System of Equations
Slopes | Intercepts | Type of Lines | Number of Solutions
Different Intersecting 1 point
Same Different Parallel No solution
Same Same Coincident Infinitely many solutions

o Determine the number of solutions and how to classify a system of equations

Lines Intersecting Parallel Coincident
Number of solutions 1 point No solution | Infinitely many
Consistent/inconsistent | Consistent Inconsistent | Consistent
Dependent/independent | Independent | Independent | Dependent

o Problem Solving Strategy for Systems of Linear Equations

1. Read the problem. Make sure all the words and ideas are understood.

. Identify what we are looking for.

. Name what we are looking for. Choose variables to represent those quantities.
. Translate into a system of equations.

. Solve the system of equations using good algebra techniques.

. Check the answer in the problem and make sure it makes sense.

. Answer the question with a complete sentence.

N O U A W N

Glossary

coincident lines

Coincident lines are lines that have the same slope and same y-intercept.

consistent system

A consistent system of equations is a system of equations with at least one solution.

dependent equations

Two equations are dependent if all the solutions of one equation are also solutions of the other equation.

inconsistent system

An inconsistent system of equations is a system of equations with no solution.

independent equations

Two equations are independent if they have different solutions.

solutions of a system of equations

Solutions of a system of equations are the values of the variables that make all the equations true. A solution of a system of two
linear equations is represented by an ordered pair (x, y).

system of linear equations

When two or more linear equations are grouped together, they form a system of linear equations.

This page titled 6.1: Solve Systems of Equations by Graphing is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated
by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 5.1: Solve Systems of Equations by Graphing by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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6.2: Solve Systems of Equations by Substitution

4b Learning Objectives

By the end of this section, you will be able to:

e Solve a system of equations by substitution
e Solve applications of systems of equations by substitution

Before you get started, take this readiness quiz.

1. Simplify -5(3—x).

If you missed this problem, review Exercise 1.10.43.
2. Simplify 4-2(n+5).

If you missed this problem, review Exercise 1.10.41.
3. Solve for y. 8y—8=32-2y

If you missed this problem, review Exercise 2.3.22.
4. Solve for x. 3x-9y=-3

If you missed this problem, review Exercise 2.6.22.

Solving systems of linear equations by graphing is a good way to visualize the types of solutions that may result. However, there
are many cases where solving a system by graphing is inconvenient or imprecise. If the graphs extend beyond the small grid with x
and y both between —10 and 10, graphing the lines may be cumbersome. And if the solutions to the system are not integers, it can
be hard to read their values precisely from a graph.

In this section, we will solve systems of linear equations by the substitution method.

Solve a System of Equations by Substitution
We will use the same system we used first for graphing.
{ 2e+y="7
x—2y==6
We will first solve one of the equations for either x or y. We can choose either equation and solve for either variable—but we’ll try
to make a choice that will keep the work easy.

Then we substitute that expression into the other equation. The result is an equation with just one variable—and we know how to
solve those!

After we find the value of one variable, we will substitute that value into one of the original equations and solve for the other
variable. Finally, we check our solution and make sure it makes both equations true.

We’ll fill in all these steps now in Exercise 6.2.1.

? Exercise 6.2.1: How to Solve a System of Equations by Substitution

20 +y="7

Solve the system by substitution.
x—2y==6

Answer
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We'll solve the first x+y=7
equation for y. ;
y_
We replace y in the second X-2y=6
equation with the
expression 7 - 2x. ¥=2 A =5
Now we have an equation X-2(7-2%)=6
with just 1 variable. We know
how to solve this! =l =0
5x=20
We'll use the first equation 2 +y=7
and replace x with 4.
2)+y=7
8+y=7
y=-1
The ordered pair is (x, y). (4,-1)
Substitute (4, -1) into both L +y=7 X—2y=56
equations and make sure
tr?ey are both true. 24 ++1) 17 4261 Zs
Both equations are true.
(4, 1) is the solution to the system.

? Exercise 6.2.2

Solve the system by substitution. { gl
z+3y=9
Answer
(6,1)
? Exercise 6.2.3
3y=10
Solve the system by substitution. { z+3y
4r +y =18
Answer
4,2)

X SOLVE A SYSTEM OF EQUATIONS BY SUBSTITUTION.

1. Solve one of the equations for either variable.

2. Substitute the expression from Step 1 into the other equation.

3. Solve the resulting equation.

4. Substitute the solution in Step 3 into one of the original equations to find the other variable.
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5. Write the solution as an ordered pair.
6. Check that the ordered pair is a solution to both original equations.

If one of the equations in the system is given in slope—intercept form, Step 1 is already done! We’ll see this in Exercise 6.2.4.

? Exercise 6.2.4

=-1
Solve the system by substitution. Tty
y=x+5

Answer

The second equation is already solved for y. We will substitute the expression in place of y in the first equation.

x+y=-1
y=x+5
The second equation is already solved for y.
We will substitute into the first equation.
. ¥=
Replace the y with x + 5.
X+y=-1
Solve the resulting equation for x. X4+x+5=-1
2x+5=-1
2%=-6
X
Substitute x = =3 into y = x + 5 to find y.
y=x+5
y=-3+5
The ordered pair is (-3, 2). y=2

Check the ordered pair in both equations:

zt+y = -1 y = x+5
—3+2 £ -1 2 ¥ _345
-1 = -1/ 2 = 2/

The solution is (=3, 2).

? Exercise 6.2.5

Solve the system by substitution. z+y=6
y=3z -2

Answer

(2.4)
? Exercise 6.2.6

2z —y=1

Solve the system by substitution. { vy
y=-3x—6

Answer
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| (-1,-3)

If the equations are given in standard form, we’ll need to start by solving for one of the variables. In this next example, we’ll solve
the first equation for y.

? Exercise 6.2.7

3z+y=>5

Solve the system by substitution.
2z +4y =—-10

Answer

We need to solve one equation for one variable. Then we will substitute that expression into the other equation.

Solve for y. x+y=5
y =l
Substitute into the other equation. 2% +4y=-10
Replace the y with —3x + 5. 2+ 4(-3x +5)=-10
Solve the resulting equation for x. 2x-12x+20=-10
-10x+20=-10
—10x=-30
Substitute x = 3 into 3x + y = 5 to find y. ;
3x+y=5
3(3)+y=5
9+y=5
The ordered pair is (3, —4). y=-4

Check the ordered pair in both equations:

3r+y = b 2r+4y = -10
? ?
3:3+(-4) < 5 2:3+4(-4) < -10
9-4 <~ 5 6-16 = —10
= 5/ ~10 = —10v

The solution is (3, —4).

? Exercise 6.2.8

I ot

4 =2
Solve the system by substitution. Tty
3z +2y=-1
Answer
(1,-2)

? Exercise 6.2.9

— —14
Solve the system by substitution. { Tty
T—y=2
Answer
(2,6)
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In Exercise 6.2.7 it was easiest to solve for y in the first equation because it had a coefficient of 1. In Exercise 6.2.10it will be
easier to solve for x.

? Exercise 6.2.10

—2y=-2
Solve the system by substitution. { .

3z +2y=34

Answer

We will solve the first equation for xx and then substitute the expression into the second equation.

X-2y=-2

Solve for x. y
3x+2y=34

Substitute into the other equation. a4
Replace the x with 2y — 2. 3(2y-2)+2y=34
Solve the resulting equation for y. 6y-6+2y=34
By-6=234
8y =40
Substitute y = 5 into x — 2y = =2 to find x. X-2y=-2
X-2+5=-2
x-10=-2
x=8

The ordered pair is (8, 5).

Check the ordered pair in both equations:

x—2y = -2 x+2y = 3H4
8-2.5 < -2 3.842.5 = 34
8—10 = -2 24410 £ 34
The solution is (8, 5).
? Exercise 6.2.11
—b5y=13
Solve the system by substitution. v
4 -3y =1
Answer
(-2,-3)
? Exercise 6.2.12
—6y=—6
Solve the system by substitution. N
20 —4y =4

Answer
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| (6,2)

When both equations are already solved for the same variable, it is easy to substitute!

? Exercise 6.2.13

y=
Solve the system by substitution. { 1
y=

Answer

Since both equations are solved for y, we can substitute one into the other.

Substitute %w for y in the first equation. s
y=-2x+5
1
Replace the y with %z SX=-2x+5
Solve the resulting equation. Start 2(%,(): 2-2x+5)
by clearing the fraction.
Solve for x. X=—4x+10
5x=10
1
. . 1 . =
Substitute x = 2 into y = 5 to find y. 1
=gl
y=1

The ordered pair is (2,1).

Check the ordered pair in both equations:

y = 3z y = —2x+5
? 1 ?
1 = 3:2 1 = —2.2+5
1 = I/ 1 = —4+5
1 v

The solution is (2,1).

? Exercise 6.2.14

o y=3z—16
Solve the system by substitution. 1
y=3z
Answer
(6,2)

? Exercise 6.2.15

Solve the system by substitution. { y 1
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Answer
(8,2)

Be very careful with the signs in the next example.

? Exercise 6.2.16

Solve the system by substitution. { dz+2y =4

6r —y =28
Answer
We need to solve one equation for one variable. We will solve the first equation for y.
Ax+2y=4
Solve the first equation for y. 2y=-dx+4

y =
Substitute —2x + 2 for y in the second equation.
6x—y=8
Replace the y with —2x + 2. 6x—(-2x+2)=8
Solve the equation for x. 6x+2x-2=8

8x-2=8
8x=10

axF2y=4
4(%)+2y=4

Substitute x = % into 4x + 2y = 4 to find y. 5+2y=4

The ordered pair is (%, - % ).

Check the ordered pair in both equations.

dr+2y = 4 6z—y = 8
aH+2a-3 = 4 6§ -(-p = 8
5-1 = 4 L - £ 8

4 = 4 L 23

8§ = &

The solution is (54,-12).

? Exercise 6.2.17

—4dy=—4
Solve the system by substitution. N
-3z +4y=0
Answer
3
(27 5)
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? Exercise 6.2.18

4r—y=0
Solve the system by substitution. { sy
2x —3y=>5
Answer
1
(_Ea _2)

In Example, it will take a little more work to solve one equation for x or y.

? Exercise 6.2.19

4x —3y =6
Solve the system by substitution. { T

15y — 20z = —30

Answer

We need to solve one equation for one variable. We will solve the first equation for x.
4x-3y=06

Solve the first equation for x. 4x=3y+6

X
Substitute %y+ % for x in the second equation.

15y — 20x=-30

3 3
R 3 _20(3y + 2} =-30
Replace the x with £y + 5 15y 20(4)’ * 2)

Solve fory. 15y—15y—30=-30

0-30=-30

0=0

Since 0 = 0 is a true statement, the system is consistent. The equations are dependent. The graphs of these two equations
would give the same line. The system has infinitely many solutions.

? Exercise 6.2.20

Solve the system by substitution. 2z -3y =12
—12y +8x =48
Answer
infinitely many solutions
? Exercise 6.2.21
S5x+2y=12
Solve the system by substitution. { T2y
—4y —10x =24

Answer

infinitely many solutions
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Look back at the equations in Exercise 6.2.22 Is there any way to recognize that they are the same line?

Let’s see what happens in the next example.

? Exercise 6.2.22

L 5x —2y =-—10
Solve the system by substitution.

5
y=73%

Answer

The second equation is already solved for y, so we can substitute for y in the first equation.

y:
Substitute x for y in the first equation.
5x-2y=-10
Replace the y with 2 5x-2(3 %) =-10
eplace the y with . 3
Solve for x. 5x—5x=-10
0£-10

Since 0 = —10 is a false statement the equations are inconsistent. The graphs of the two equation would be parallel lines.
The system has no solutions.

? Exercise 6.2.23

3x+2y=9
Solve the system by substitution.

yz—%:c—i—l

Answer

no solution

? Exercise 6.2.24

Solve the system by substitution. {

5z —3y=2
yz%w—zl

Answer

no solution

Solve Applications of Systems of Equations by Substitution

We’ll copy here the problem solving strategy we used in the Solving Systems of Equations by Graphing section for solving systems
of equations. Now that we know how to solve systems by substitution, that’s what we’ll do in Step 5.

X HOW TO USE A PROBLEM SOLVING STRATEGY FOR SYSTEMS OF LINEAR EQUATIONS.

1. Read the problem. Make sure all the words and ideas are understood.

2. Identify what we are looking for.

3. Name what we are looking for. Choose variables to represent those quantities.
4. Translate into a system of equations.

5. Solve the system of equations using good algebra techniques.

6. Check the answer in the problem and make sure it makes sense.
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l 7. Answer the question with a complete sentence.

Some people find setting up word problems with two variables easier than setting them up with just one variable. Choosing the
variable names is easier when all you need to do is write down two letters. Think about this in the next example—how would you

have done it with just one variable?

? Exercise 6.2.25

Answer
Step 1. Read the problem.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

The system is:

Step 5. Solve the system of
equations. We will use substitution
since the second equation is solved
for n.

Substitute m — 9 for n in the first equation.

Solve for m.

Substitute m = % into the second equation
and then solve for n.

Step 6. Check the answer in the problem.

Step 7. Answer the question.

Step 4. Translate into a system of equations.

The sum of two numbers is zero. One number is nine less than the other. Find the numbers.

We are looking for two numbers.

Let n= the first number
Let m= the second number

The sum of two numbers is zero.
n+m=0
One number is nine less than the other.

n=m-9

n+m=0
n=m-9

n+m=20

m-9+m=0

2m-9=20
2Zm=29
m=
n=m-9
9
==-9
m=3
o2 18
g2
n—-__g
T

Do these numbers make sense in
the problem? We will leave this to you!

9 9
The numbers are 3 and — 3
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The sum of two numbers is 10. One number is 4 less than the other. Find the numbers.

Answer

The numbers are 3 and 7.

? Exercise 6.2.27

The sum of two number is —6. One number is 10 less than the other. Find the numbers.

Answer

The numbers are 2 and —8.

In the Exercise 6.2.28 we’ll use the formula for the perimeter of a rectangle, P = 2L + 2W.

? Exercise 6.2.28

Find the dimensions of a rectangle in which the length is five more than twice the width.

Answer
w
Step 1. Read the problem.
L
Step 2. Identify what you are looking for. We are looking for the length and width.

Let L= the length

Step 3. Name what we are looking for. .
W= the width
Step 4. Translate into a system of equations. The perimeter of a rectangle is 88.

2L+2W=P
2L +2W =288

The length is five more than twice the width.

L=2W+5
. 2L +2W =288
The system is: L=2W+5
Step 5. Solve the system of equations.
‘We will use substitution since the second Lol +:
equation is solved for L.
2L +2W =288
Substitute 2W + 5 for L in the first equation.
Solve for W. 2(2W+5)+2W =88

4w+ 10 + 2W =88

6W+ 10 =88
6W=78
Substitute W = 13 into the second w=
equation and then solve for L. L=2W+5
[=2=13+5
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L=31

Does a rectangle with length 31 and width

Step 6. Check the answer in the problem. )
13 have perimeter 88? Yes.

Step 7. Answer the equation. The length is 31 and the width is 13.

? Exercise 6.2.29
The perimeter of a rectangle is 40. The length is 4 more than the width. Find the length and width of the rectangle.

Answer

The length is 12 and the width is 8.

? Exercise 6.2.30

The perimeter of a rectangle is 58. The length is 5 more than three times the width. Find the length and width of the rectangle.

Answer

The length is 23 and the width is 6.

For Exercise 6.2.31 we need to remember that the sum of the measures of the angles of a triangle is 180 degrees and that a right
triangle has one 90 degree angle.

? Exercise 6.2.31

The measure of one of the small angles of a right triangle is ten more than three times the measure of the other small angle.
Find the measures of both angles.

Answer

We will draw and label a figure.

a
Step 1. Read the problem. N\

Step 2. Identify what you are looking for. We are looking for the measures of the angles.

Let a= th f the 15 angl
Step 3. Name what we are looking for. et a= the measure of the 1= angle

b= the measure of the 2" angle

The measure of one of the small angles
Step 4. Translate into a system of equations. of a right triangle is ten more than three
times the measure of the other small angle.

a=3b+10
The sum of the measures of the angles of
a triangle is 180.
a+b+90=180

. a=3b+10
The system is: a+b+90=180
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Step 5. Solve the system of equations.
We will use substitution since the first

equation is solved for a. a7+ b+90=180

Substitute 3b + 10 for a in the
second equation.

(3b+10)+b+90=180

Solve for b. 4b+100=180
4b =80
=
a=3b+10
Substitute b = 20 into the first a=3+20+10
equation and then solve for a. a=70
Step 6. Check the answer in the problem. We will leave this to you!

The measures of the small angles are

Step 7. Answer the question.
20 and 70.

? Exercise 6.2.32

The measure of one of the small angles of a right triangle is 2 more than 3 times the measure of the other small angle. Find the
measure of both angles.

Answer

The measure of the angles are 22 degrees and 68 degrees.

? Exercise 6.2.33

The measure of one of the small angles of a right triangle is 18 less than twice the measure of the other small angle. Find the
measure of both angles.

Answer

The measure of the angles are 36 degrees and 54 degrees.

? Exercise 6.2.34

Heather has been offered two options for her salary as a trainer at the gym. Option A would pay her $25,000 plus $15 for each
training session. Option B would pay her $10,000 + $40 for each training session. How many training sessions would make the
salary options equal?

Answer

Step 1. Read the problem.

St Ly et yrom o Tt o We are looking for the number of training sessions
that would make the pay equal.

. Let s= Heather’s salary.
Step 3. Name what we are looking for. ry .
n= the number of training sessions

Option A would pay her $25,000 plus $15

Step 4. Translate into a system of equations. . .
for each training session.
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5=25,000 + 15n
Option B would pay her $10,000 + $40
for each training session

s= 10,000 + 40n

5=25,000 + 15n

The system is: s=10,000 + 40n
Step 5. Solve the system of equations. 5
We will use substitution. s= 10,000 + 40n
Substitute 25,000 + 15n for s in the second equation. 25,000 + 15n = 10,000 + 40n
Solve for n. 25,000 = 10,000 + 25n
15,000 = 25n
600=n

Are 600 training sessions a year reasonable?

Step 6. Check the answer. -
Are the two options equal when n = 600?

Step 7. Answer the question. The salary options would be equal for 600 training sessions.

? Exercise 6.2.35

Geraldine has been offered positions by two insurance companies. The first company pays a salary of $12,000 plus a
commission of $100 for each policy sold. The second pays a salary of $20,000 plus a commission of $50 for each policy sold.
How many policies would need to be sold to make the total pay the same?

Answer

There would need to be 160 policies sold to make the total pay the same.

? Exercise 6.2.36

Kenneth currently sells suits for company A at a salary of $22,000 plus a $10 commission for each suit sold. Company B offers
him a position with a salary of $28,000 plus a $4 commission for each suit sold. How many suits would Kenneth need to sell
for the options to be equal?

Answer

Kenneth would need to sell 1,000 suits.

Access these online resources for additional instruction and practice with solving systems of equations by substitution.

¢ Instructional Video-Solve Linear Systems by Substitution
e Instructional Video-Solve by Substitution

Key Concepts
¢ Solve a system of equations by substitution

1. Solve one of the equations for either variable.
2. Substitute the expression from Step 1 into the other equation.
3. Solve the resulting equation.
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4. Substitute the solution in Step 3 into one of the original equations to find the other variable.
5. Write the solution as an ordered pair.
6. Check that the ordered pair is a solution to both original equations.

This page titled 6.2: Solve Systems of Equations by Substitution is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 5.2: Solve Systems of Equations by Substitution by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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6.3: Solve Systems of Equations by Elimination

4b Learning Objectives

By the end of this section, you will be able to:

e Solve a system of equations by elimination
e Solve applications of systems of equations by elimination
e Choose the most convenient method to solve a system of linear equations

Before you get started, take this readiness quiz.
1. Simplify —5(6—3a).
If you missed this problem, review Example 1.10.43.
B L 5 _ 31
2. Solve the equation yz + ¢ = 57 .
If you missed this problem, review Example 2.5.1.

We have solved systems of linear equations by graphing and by substitution. Graphing works well when the variable coefficients
are small and the solution has integer values. Substitution works well when we can easily solve one equation for one of the
variables and not have too many fractions in the resulting expression.

The third method of solving systems of linear equations is called the Elimination Method. When we solved a system by
substitution, we started with two equations and two variables and reduced it to one equation with one variable. This is what we’ll
do with the elimination method, too, but we’ll have a different way to get there.

Solve a System of Equations by Elimination

The Elimination Method is based on the Addition Property of Equality. The Addition Property of Equality says that when you add
the same quantity to both sides of an equation, you still have equality. We will extend the Addition Property of Equality to say that
when you add equal quantities to both sides of an equation, the results are equal.

For any expressions a, b, ¢, and d,
if a=5b
and c=d (6.3.1)
then a+c=b+d

To solve a system of equations by elimination, we start with both equations in standard form. Then we decide which variable will
be easiest to eliminate. How do we decide? We want to have the coefficients of one variable be opposites, so that we can add the
equations together and eliminate that variable.

Notice how that works when we add these two equations together:

3z+y=>5
5z =5

The y’s add to zero and we have one equation with one variable.

Let’s try another one:

{w+4y:2 (6.3.3)

2z +5y=—-2
This time we don’t see a variable that can be immediately eliminated if we add the equations.

But if we multiply the first equation by —2, we will make the coefficients of x opposites. We must multiply every term on both sides
of the equation by —2.
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_2(x + 4y) = -2(2)

2X+5y=-2
_2x—8y=-4
2X+5y=-2

Now we see that the coefficients of the x terms are opposites, so x will be eliminated when we add these two equations.

Add the equations yourself—the result should be —3y = —6. And that looks easy to solve, doesn’t it? Here is what it would look

like.
—2x- 8y=-4
2x+5y=-2

-3y=-6

We’ll do one more:

{4m—3y:10 (6.3.4)

3x+5y=-7
It doesn’t appear that we can get the coefficients of one variable to be opposites by multiplying one of the equations by a constant,
unless we use fractions. So instead, we’ll have to multiply both equations by a constant.
We can make the coefficients of x be opposites if we multiply the first equation by 3 and the second by —4, so we get 12x and —12x.
3(4x — 3y) = 3(10)
—4(3x + 5y) =-4(-7)

This gives us these two new equations:

122 -9y =30
—122 —20y =28

When we add these equations,

122 — 9y = 30
{ N (6.3.5)

—12z — 20y =28
—29y =58

the x’s are eliminated and we just have —29y = 58.

Once we get an equation with just one variable, we solve it. Then we substitute that value into one of the original equations to solve
for the remaining variable. And, as always, we check our answer to make sure it is a solution to both of the original equations.

Now we’ll see how to use elimination to solve the same system of equations we solved by graphing and by substitution.

v Example 6.3.1: How to Solve a System of Equations by Elimination

22 +y="7

Solve the system by elimination. {
z—2y==6

Solution

https://math.libretexts.org/@go/page/142811



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/@go/page/142811?pdf

LibreTextS'"

Both equations are in
standard form, Ax + By = C.
There are no fractions.

We can eliminate the y’s by
multiplying the first equation
by 2.

Multiply both sides of
2 +y=7by2.

We add the x's, y's, and
constants.

Solve for x.

Substitute x = 4 into the
second equation, x -2y = 6.
Then solve for y.

Write it as (x, y).

Substitute (4, -1) into
2X+y=7andx-2y=6

Do they make both equations
true? Yes!

Lx+y=7
x-2¢y=6

x+y=7
x-2y=6

2(2x+y) = 2(7)
Xx—-2y=6

4dx+ 2y=14
Xx-2y=6
5x =20

4,-1)

x+y=7
24+ (1027
T=T&

The solution is (4, -1).

x-2y=6
a_2(1nte
6=6+

? Trylt6.3.2

Solve the system by elimination. { 3z+y=5
20 —3y="T7
Answer
(2,-1)

? Trylt6.3.3

4 =-5
Solve the system by elimination. Tty
—2z—2y=-2
Answer
(-2,3)

The steps are listed below for easy reference.
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X HOW TO SOLVE A SYSTEM OF EQUATIONS BY ELIMINATION.

1. Write both equations in standard form. If any coefficients are fractions, clear them.
2. Make the coefficients of one variable opposites.

o Decide which variable you will eliminate.
o Multiply one or both equations so that the coefficients of that variable are opposites.

3. Add the equations resulting from Step 2 to eliminate one variable.

4. Solve for the remaining variable.

5. Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.
6. Write the solution as an ordered pair.

7. Check that the ordered pair is a solution to both original equations.

First we’ll do an example where we can eliminate one variable right away.

v/ Example 6.3.4

. z+y=10
Solve the system by elimination. Y
z—y=12
Solution
x+y=10
x-y=12
Both equations are in standard form.
The coefficients of y are already opposites.
Add the two equations to eliminate y. iti: }g
The resulting equation has only 1 variable, x. 2% =22
Solve for x, the remaining variable. .
. . - . x+y=10
Substitute x = 11 into one of the original equations.
11 +y=10
Solve for the other variable, y. V==
Write the solution as an ordered pair. The ordered pair is (11, —1).

Check that the ordered pair is a solution
to both original equations.

z+y = 10 z—y = 12
1+(-1) = 10 11—(-1) = 12
10 = 10 12 = 12v
The solution is (11, —1).
? Trylt6.3.5
2 =5
Solve the system by elimination. { Tty
z—y=4
Answer
(6,1
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Solve the system by elimination.{ zty=3
Answer
(=2,5)

In Example 6.3.7, we will be able to make the coefficients of one variable opposites by multiplying one equation by a constant.

v/ Example 6.3.7

3x—2y=-2
Solve the system by elimination. Y
5x —6y =10
Solution
3x-2y=-2
5x—6y=10
Both equations are in standard form.
None of the coefficients are opposites.

We can make the coefficients of y opposites by multiplying —3(3x-2y)=-3(-2)
the first equation by -3. i
. . -9x +6y=6
Simplify. 5x—6y=10

—9x +6y=6
Add the two equations to eliminate y. 5x—6y=10
-4x =16
Solve for the remaining variable, x. X=
Substitute x = —4 into one of the original equations. 3x-2y=-2
3(4)-2y=-2
12-2y=-2
Solve for y. -2y=10
y=-5
Write the solution as an ordered pair. The ordered pair is (-4, —5).

Check that the ordered pair is a solution to
both original equations.

3r—2y = -2 S5cr—6y = 10
3(—4)—2(-5) = -2 5(-4)-6(-5) = 10
12410 £ -2 20430 = 10

2 = -2 10 = 10/

The solution is (—4, —5).

4 -3y =1

Solve the system by elimination.{
5z —9y =—4
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Answer
L1

? Trylt6.3.9

3z 42y =2
Solve the system by elirnination.{ T2y
6z +5y =8
Answer
(-2,4)

Now we’ll do an example where we need to multiply both equations by constants in order to make the coefficients of one variable
opposites.

v/ Example 6.3.10

4r —3y =9
Solve the system by elimination. { v

Tx+2y=—6
Solution

In this example, we cannot multiply just one equation by any constant to get opposite coefficients. So we will strategically
multiply both equations by a constant to get the opposites.

4x—3y=9
Tx+2y=-6

Both equations are in standard form. To get opposite 2ax - 3y)= 209)
coefficients of y, we will multiply the first equation by 2 3(7x + 2y) = 3(-6)

and the second equation by 3.

. . 8x—by= 18
Simplify. 21x+6y=-18
8x-6y= 18
Add the two equations to eliminate y. 21x+6y=-18
39x = 0
Solve for x. i
. . L . T+2y=-6
Substitute x = 0 into one of the original equations.
7-0+2y=-6
Solve for y. Zy=-6
y=-3
Write the solution as an ordered pair. The ordered pair is (0, —3).

Check that the ordered pair is a solution to
both original equations.

dr—3y = 9 Tx+2y = —6
40)-3(-3) = 9  7(0)+2(-3) = -6
9 = ov 6 = —6v

The solution is (0, —3).
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Solve the system by elimination. { dp iy =—3
S5z 43y =14
Answer
(1,3)

? Trylt6.3.12

Tz +8y=4
Solve the system by elimination. z+3y
3x —by =27
Answer
(4,-3)

When the system of equations contains fractions, we will first clear the fractions by multiplying each equation by its LCD.

v/ Example 6.3.13

T+ %y =6
Solve the system by elimination.

3 2., — 17
2T H3Y=73

Solution
In this example, both equations have fractions. Our first step will be to multiply each equation by its LCD to clear the fractions.

1
X+ iyuﬁ

3.2, _17
2¥t3=3

2(x + % y) =2(6)

To clear the fractions, multiply each equation by its LCD. 3 2 17
{3042
2 5 2
X X 22X+ y=12
Simplify. Ox + 4y =51
Now we are ready to eliminate one of the variables. Notice that
both equations are in standard form.
—42x +y) =-4(12
We can eliminate y multiplying the top equation by —4. (Qx ¥ ﬁ/: ;:( !
Simplify and add. —8x-dy=-48
9% +4dy= 51
X =
X+ % y=56
Substitute x = 3 into one of the original equations.
1
Solve for y. 3+5y=6
1
=3
y=6
Write the solution as an ordered pair. The ordered pair is (3, 6).
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Check that the ordered pair is a solution
to both original equations.
1 _ 3 2 - 1
T3y = 6 2TH3Y = 5
1 z 3 2 I
3+5(6) = 6  03)+3(6) = 3
? 9 o
3+3 = 6 ;+4 = 5
— 9,8 2 1
6 = 6V sty = 5
w o _
Y v
The solution is (3, 6).
? Trylt6.3.14
o fzrogy=1
Solve the system by elimination. § 5
1T7Y=3
Answer
(6,2)
? Trylt6.3.15
w+iy=—t
Solve the system by elimination. L ) 3
—lp_2y=3
2 3 6
Answer
(1,-2)

In the Solving Systems of Equations by Graphing we saw that not all systems of linear equations have a single ordered pair as a
solution. When the two equations were really the same line, there were infinitely many solutions. We called that a consistent
system. When the two equations described parallel lines, there was no solution. We called that an inconsistent system.

v/ Example 6.3.16

Solve the system by elimination.{

Solution
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Write the second equation in standard form.

Clear the fractions by multiplying thesecond equation by 4.

4 (%w —|—y> =4(3)

Simplify.

To eliminate a variable, we multiply thesecond equation by —1.

{
{
{ 3z +4y =12
|
|

Simplify and add.

This is a true statement. The equations are consistent but dependent. Their graphs would be the same line. The system has
infinitely many solutions.

After we cleared the fractions in the second equation, did you notice that the two equations were the same? That means we

have coincident lines.

? Trylt6.3.17

L 5z —3y =15
Solve the system by elimination.

y:—5+§w

Answer

infinitely many solutions

? Trylt6.3.18

z+2y==6

Solve the system by elimination. { 1
y=—5z+3

Answer

infinitely many solutions

v/ Example 6.3.19

Solve the system by elimination. { —6z +15y =10

2x —by=-5

Solution
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The equations are in standard form.

—6x +15y =10
2x —5y =5

—6x +15y =10
Multiply the second equation by 3 to eliminate a variable. { z+loy
3(2z —5y) =3(—5)

Simplify and add. { 6z +15y =10

6z — 15y = —15
0+£5

This statement is false. The equations are inconsistent and so their graphs would be parallel lines.

The system does not have a solution.

? Try1t6.3.20

—3z+2y=38
Solve the system by elimination. { 92 igy ?i 13
Answer

no solution
? Trylt6.3.21
_3y=-9

Solve the system by elimination. Tz =3y

—14z +6y =8

Answer

no solution

Solve Applications of Systems of Equations by Elimination

Some applications problems translate directly into equations in standard form, so we will use the elimination method to solve them.
As before, we use our Problem Solving Strategy to help us stay focused and organized.

v/ Example 6.3.22

The sum of two numbers is 39. Their difference is 9. Find the numbers.

Solution
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Step 1. Read the problem
Step 2. Identify what we are looking for. We are looking for two numbers.
Step 3. Name what we are looking for. Let n = the first number.
m = the second number
Step 4. Translate into a system of equations.
The sum of two numbers is 39.

n+m =39
Their difference is 9.
n—m=9
The system is: { GRS
n—m=9
Step 5. Solve the system of equations.
To solve the system of equations, use
elimination. The equations are in standard
form and the coefficients of m are
=39
opposites. Add. { nm
n—m=9
2n =48
Solve for n. n=24
Substitute n=24 into one of the original n+m =39
equations and solve form. 244+m =39
m =15
Step 6. Check the answer. Since 24+15=39 and 24—15=9, the answers check.
Step 7. Answer the question. The numbers are 24 and 15.

? Try1t6.3.23

The sum of two numbers is 42. Their difference is 8. Find the numbers.

Answer

The numbers are 25 and 17.

? Trylt6.3.24
The sum of two numbers is —15. Their difference is —35. Find the numbers.

Answer

The numbers are —25 and 10.

v/ Example 6.3.25

Joe stops at a burger restaurant every day on his way to work. Monday he had one order of medium fries and two small sodas,
which had a total of 620 calories. Tuesday he had two orders of medium fries and one small soda, for a total of 820 calories.
How many calories are there in one order of medium fries? How many calories in one small soda?

Solution

https://math.libretexts.org/@go/page/142811
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Step 1. Read the problem.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into a system of equations:

Our system is:

Step 5. Solve the system of equations.

To solve the system of equations, use
elimination. The equations are in standard
form. To get opposite coefficients of f,
multiply the top equation by -2.

Simplify and add.

Solve for s.

Substitute s = 140 into one of the original
equations and then solve for f.

Step 6. Check the answer.

Step 7. Answer the question.

? Try1t6.3.26

We are looking for the number of
calories in one order of medium fries
and in one small soda.

Let f = the number of calories in
1 order of medium fries.

s = the number of calories in
1 small soda.

one medium fries and two small sodas had a
total of 620 calories

f+25=620

two medium fries and one small soda had a
total of 820 calories.

2f+5=2820

f+25=620
2f+5=820

“2(f+ 25) = —2(620)
2f+ s =820

—2f- 4s=-1240
2f+ 5=820
—35= 420

s=140

f+2s=1620

f+2+140=620
f+280=620
f=340
Verify that these numbers make sense
in the problem and that they are

solutions to both equations.
We leave this to you!

The small soda has 140 calories and
the fries have 340 calories.

Malik stops at the grocery store to buy a bag of diapers and 2 cans of formula. He spends a total of $37. The next week he
stops and buys 2 bags of diapers and 5 cans of formula for a total of $87. How much does a bag of diapers cost? How much is
one can of formula?

Answer

The bag of diapers costs $11 and the can of formula costs $13.

https://math.libretexts.org/@go/page/142811
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To get her daily intake of fruit for the day, Sasha eats a banana and 8 strawberries on Wednesday for a calorie count of 145. On
the following Wednesday, she eats two bananas and 5 strawberries for a total of 235 calories for the fruit. How many calories
are there in a banana? How many calories are in a strawberry?

Answer

There are 105 calories in a banana and 5 calories in a strawberry.

Choose the Most Convenient Method to Solve a System of Linear Equations

When you will have to solve a system of linear equations in a later math class, you will usually not be told which method to use.
You will need to make that decision yourself. So you’ll want to choose the method that is easiest to do and minimizes your chance
of making mistakes.

Graphing Substitution Elimination
Use when you need a Use when one equation | Use when the equations
picture of the situation. | is already solved for one | are in standard form.
variable.

v/ Example 6.3.28

For each system of linear equations decide whether it would be more convenient to solve it by substitution or elimination.
Explain your answer.

1 {3m+8y:40

Tx —4y = —32
{5w+6y:12
2. 2
Y= gw—l
Solution
. 3x+8y =40
| 7z —4y=-32

Since both equations are in standard form, using elimination will be most convenient.

, [Beroy=12
’ y:%w—l

Since one equation is already solved for y, using substitution will be most convenient.

? Trylt6.3.29

For each system of linear equations, decide whether it would be more convenient to solve it by substitution or elimination.
Explain your answer.

1. {4w—5y:—32

3z +2y=-1
2. {w =2y—1

3z —5y=—7
Answer

1. Since both equations are in standard form, using elimination will be most convenient.
2. Since one equation is already solved for xx, using substitution will be most convenient.

https://math.libretexts.org/@go/page/142811
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For each system of linear equations, decide whether it would be more convenient to solve it by substitution or elimination.
Explain your answer.

l{yzZm—l

|3z —-4y=-6
2{6:L'—2y:12
"3z +7y=-13

Answer

1. Since one equation is already solved for y, using substitution will be most convenient;
2. Since both equations are in standard form, using elimination will be most convenient.

Access these online resources for additional instruction and practice with solving systems of linear equations by elimination.

o Instructional Video-Solving Systems of Equations by Elimination
o Instructional Video-Solving by Elimination
¢ Instructional Video-Solving Systems by Elimination

Key Concepts
¢ To Solve a System of Equations by Elimination

1. Write both equations in standard form. If any coefficients are fractions, clear them.
2. Make the coefficients of one variable opposites.

= Decide which variable you will eliminate.
= Multiply one or both equations so that the coefficients of that variable are opposites.

3. Add the equations resulting from Step 2 to eliminate one variable.

4. Solve for the remaining variable.

5. Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.
6. Write the solution as an ordered pair.

7. Check that the ordered pair is a solution to both original equations.

This page titled 6.3: Solve Systems of Equations by Elimination is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 5.3: Solve Systems of Equations by Elimination by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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6.4: Solve Mixture Applications with Systems of Equations

4b Learning Objectives

By the end of this section, you will be able to:

e Solve mixture applications
e Solve interest applications

Before you get started, take this readiness quiz.

1. Multiply 4.025(1,562).
If you missed this problem, review Example 1.8.22.

2. Write 8.2% as a decimal.
If you missed this problem, review Example 1.8.46.

3. Earl’s dinner bill came to $32.50 and he wanted to leave an 18% tip. How much should the tip be?
If you missed this problem, review Example 3.2.10.

Solve Mixture Applications

When we solved mixture applications with coins and tickets earlier, we started by creating a table so we could organize the
information. For a coin example with nickels and dimes, the table looked like this:

Type Number * Value($) = Total Value(s)
nickels 0.05
dimes 0.10

Using one variable meant that we had to relate the number of nickels and the number of dimes. We had to decide if we were going
to let n be the number of nickels and then write the number of dimes in terms of n, or if we would let d be the number of dimes and
write the number of nickels in terms of d.

Now that we know how to solve systems of equations with two variables, we’ll just let n be the number of nickels and d be the
number of dimes. We’ll write one equation based on the total value column, like we did before, and the other equation will come
from the number column.

For the first example, we’ll do a ticket problem where the ticket prices are in whole dollars, so we won’t need to use decimals just
yet.

v/ Example 6.4.1

Translate to a system of equations and solve:

The box office at a movie theater sold 147 tickets for the evening show, and receipts totaled $1,302. How many $11 adult and
how many $8 child tickets were sold?

Solution

Step 1. Read the problem. We will create a table to organize the information.

We are looking for the number of adult tickets

Step 2. Identify what we are looking for. o
and the number of child tickets sold.

. Let a= the number of adult tickets.
Step 3. Name what we are looking for. o
c= the number of child tickets

A table will help us organize the data.

it . Write a and c for the number of tickets.
We have two types of tickets: adult and child.

https://math.libretexts.org/@go/page/142815
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Write the total number of tickets sold at the

Altogether 147 were sold.
bottom of the Number column.

Write the value of each type of ticket in the The value of each adult ticket is $11.

Value column. The value of each child tickets is $8.

The number times the value gives the total Ips Number + Value(s) = Total Value ()
value, so the total value of adult tickets is adult a 1 11a
a-11 = 1la, and the total value of child child c 8 8¢
tickets is c- 8 = 8c. 147 1302

Altogether the total value of the tickets was

T Fill in the Total Value column.

Step 4. Translate into a system of equations.

The Number column and the Total Value

column give us the system of equations. a+c=147

We will use the elimination method to solve 1ia+ 8c=1302

this system.
-8(a +c)=-8(147
Multiply the first equation by —8. 11; + Sc] = ;i(oz )
-8a - 8c=-1176
Simplify and add, then solve for a. Ma+8c=1302
3a =126
a =
a+c=147
Substitute a = 42 into the first equation, 42 +c=147
then solve for c.
c=105
Step 5. Check the answer in the problem.
42 adult tickets at $11 per ticket makes $462
105 child tickets at $8 per ticket makes $840.
The total receipts are $1,302.v
Step 6. Answer the question. The movie theater sold 42 adult tickets and 105 child tickets.

? Trylt6.4.2

Translate to a system of equations and solve:

The ticket office at the zoo sold 553 tickets one day. The receipts totaled $3,936. How many $9 adult tickets and how many $6
child tickets were sold?

Answer

There were 206 adult tickets sold and 347 children tickets sold.

https://math.libretexts.org/@go/page/142815
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Translate to a system of equations and solve:

A science center sold 1,363 tickets on a busy weekend. The receipts totaled $12,146. How many $12 adult tickets and how
many $7 child tickets were sold?

Answer

There were 521 adult tickets sold and 842 children tickets sold.

In Example 6.4.4 we’ll solve a coin problem. Now that we know how to work with systems of two variables, naming the variables
in the ‘number’ column will be easy.

v/ Example 6.4.4

Translate to a system of equations and solve:

Priam has a collection of nickels and quarters, with a total value of $7.30. The number of nickels is six less than three times the
number of quarters. How many nickels and how many quarters does he have?

Solution

Step 1. Read the problem. We will create a table to organize the information.

looking f f nickel:
Step 2. Identify what we are looking for. We are looking for the number of nickels
and the number of quarters.

Let n= th f nickels.
Step 3. Name what we are looking for. et n= the number of nickels
q= the number of quarters
A table will help us organize the data.
We have two types of coins, nickels Write n and q for the number of each type of coin.

and quarters.

Fill in the Value column with the value of each The value of each nickel is $0.05.

type of coin. The value of each quarter is $0.25.

The number times the value gives the total

value, so, the total value of the nickels is Type | Number - Value ($) = Total Value ($)
n (0.05) = 0.05n and the total value of nickels f 0.05 0.05n
quarters is q(0.25) = 0.25q. Quarters| g 0.25 0.25q
Altogether the total value of the coins 7.30

is $7.30.

Step 4. Translate into a system of equations.
The Total value column gives one equation. 0.05n + 0.25q = 7.30

We also know the number of nickels is six less
than three times the number of quarters. n=3q-6
Translate to get the second equation.

0.05n + 0.25g = 7.30

Now we have the system to solve. n=3q-6

Step 5. Solve the system of equations

We will use the substitution method. 0.05n + 0.25¢ = 7.30
Substitute n = 3q — 6 into the first equation.

Simplify and solve for q.

0.05(3g - 6) + 0.25g = 7.3

https://math.libretexts.org/@go/page/142815
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0.15¢- 0.3+ 0.259 = 7.3
0.4g-03=173
0.49=76
g=19
To find the number of nickels, substitute HBg—6
q = 19 into the second equation.
n=3+19-6
n=>51
Step 6. Check the answer in the problem.
19 quarters at $0.25 = $4.75
51 ickels at $0.05 = $2.55
Total = $7.30v
3-19—-16 =51v
Step 7. Answer the question. Priam has 19 quarters and 51 nickels.

? Trylt6.45

Translate to a system of equations and solve:

Matilda has a handful of quarters and dimes, with a total value of $8.55. The number of quarters is 3 more than twice the
number of dimes. How many dimes and how many quarters does she have?

Answer

Matilda has 13 dimes and 29 quarters.

? Trylt6.4.6

Translate to a system of equations and solve:

Juan has a pocketful of nickels and dimes. The total value of the coins is $8.10. The number of dimes is 9 less than twice the
number of nickels. How many nickels and how many dimes does Juan have?

Answer

Juan has 36 nickels and 63 dimes.

Some mixture applications involve combining foods or drinks. Example situations might include combining raisins and nuts to
make a trail mix or using two types of coffee beans to make a blend.

v/ Example 6.4.7

Translate to a system of equations and solve:

Carson wants to make 20 pounds of trail mix using nuts and chocolate chips. His budget requires that the trail mix costs him
$7.60 per pound. Nuts cost $9.00 per pound and chocolate chips cost $2.00 per pound. How many pounds of nuts and how
many pounds of chocolate chips should he use?

Solution

Step 1. Read the problem. We will create a table to organize the information.

https://math.libretexts.org/@go/page/142815
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Sty NI okt o i R R We are looking for the number of pounds of nuts

and the number of pounds of chocolate chips.

Let n= th ber of d of nuts.
Step 3. Name what we are looking for. &t n= the nurmber of pounc.o .nu s
c= the number of pounds of chips

Carson will mix nuts and chocolate chips

to get trail mix.

Number of ’
Write in n and c for the number of pounds Type ::L:ds * Value ($) = Total Value ($)
of nuts and chocolate chips. LS H 9.00 on
chocolate
There will be 20 pounds of trail mix. chips i 200 &
Put the price per pound of each item in trail mix 20 7.60 7.60(20) =152
the Value column.
Fill in the last column using
Number - Value = Total Value
Step 4. Translate into a system of equations. Bt cm20
We get the equations from the Number 9n+2c= 152

and Total Value columns.

Step 5. Solve the system of equations
We will use elimination to solve the system.

-2(n+c)=-2(20)

Multiply the first equation by -2 to eliminate c. on 4+ 2c=152
-2n—2c¢=-40
Simplify and add. Solve for n. Sn+2c=152
n =112
n=16
To find the number of pounds of
. . . n+c=20
chocolate chips, substitute n = 16 into
. . 16 +c=20
the first equation, then solve for c.
c=4

Step 6. Check the answer in the problem.

1644 = 20V
9-16+2-4 =152V

. Carson should mix 16 pounds of nuts with
Step 7. Answer the question. . o
4 pounds of chocolate chips to create the trail mix.

? Trylt6.4.8

Translate to a system of equations and solve:

Greta wants to make 5 pounds of a nut mix using peanuts and cashews. Her budget requires the mixture to cost her $6 per
pound. Peanuts are $4 per pound and cashews are $9 per pound. How many pounds of peanuts and how many pounds of
cashews should she use?

Answer

Greta should use 3 pounds of peanuts and 2 pounds of cashews.
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Translate to a system of equations and solve:

Sammy has most of the ingredients he needs to make a large batch of chili. The only items he lacks are beans and ground beef.
He needs a total of 20 pounds combined of beans and ground beef and has a budget of $3 per pound. The price of beans is $1
per pound and the price of ground beef is $5 per pound. How many pounds of beans and how many pounds of ground beef
should he purchase?

Answer

Sammy should purchase 10 pounds of beans and 10 pounds of ground beef.

Another application of mixture problems relates to concentrated cleaning supplies, other chemicals, and mixed drinks. The
concentration is given as a percent. For example, a 20% concentrated household cleanser means that 20% of the total amount is
cleanser, and the rest is water. To make 35 ounces of a 20% concentration, you mix 7 ounces (20% of 35) of the cleanser with 28
ounces of water.

For these kinds of mixture problems, we’ll use percent instead of value for one of the columns in our table.

v/ Example 6.4.10

Translate to a system of equations and solve:

Sasheena is a lab assistant at her community college. She needs to make 200 milliliters of a 40% solution of sulfuric acid for a
lab experiment. The lab has only 25% and 50% solutions in the storeroom. How much should she mix of the 25% and the 50%
solutions to make the 40% solution?

Solution

A figure may help us visualize the situation, then we
will create a table to organize the information.

y
50%
Sasheena must mix some of the 25% \ /

solution and some of the 50% solution

together to get 200 ml of the 40% solution.
40%
200 mi

We are looking for how much of each solution
she needs.

Step 1. Read the problem.

Step 2. Identify what we are looking for.

Let x= f ml of 25% solution.
Step 3. Name what we are looking for. et x= number of ml of 25% solution

y= number of ml of 50% solution

A table will help us organize the data.

She will mix x ml of 25% with y ml of

50% to get 200 ml of 40% solution. Number _ Concentration_

0 10 g 0 Type) oo % = Amount
We write the percents as decimals in 2% ~ 928 S
the chart. 50% y 0.50 0.50y

40% 200 0.40 0.40(200)

We multiply the number of units times
the concentration to get the total
amount of sulfuric acid in each solution.

https://math.libretexts.org/@go/page/142815
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Step 4. Translate into a system of
equations. We get the equations from
the Number column and the Amount
column.

X+y=200
Now we have the system. 0.25x + 0.50y = 0.40(200)

Step 5. Solve the system of equations.
We will solve the system by elimination. —0.5(x + y) = -0.5(200)
Multiply the first equation by —0.5 to J.25x + 050y =80
eliminate y.
~0.5x — 0.5y =-100
0.25x+0.5y= 80

Simplify and add to solve for x.

-0.25x = =20
X = 80
To solve for y, substitute x = 80 into the X4y =200
first equation.
80+y=200
y=120

Step 6. Check the answer in the problem.

80+120 = 120v
0.25(80) + 0.50(120) = 80V
Yes!

Sasheena should mix 80 ml of the 25% solution
Step 7. Answer the question. with 120 ml of the 50% solution to get the 200 ml
of the 40% solution.

? Trylt6.4.11

Translate to a system of equations and solve:

LeBron needs 150 milliliters of a 30% solution of sulfuric acid for a lab experiment but only has access to a 25% and a 50%
solution. How much of the 25% and how much of the 50% solution should he mix to make the 30% solution?

Answer

LeBron needs 120 ml of the 25% solution and 30 ml of the 50% solution.

? Trylt6.4.12

Translate to a system of equations and solve:

Anatole needs to make 250 milliliters of a 25% solution of hydrochloric acid for a lab experiment. The lab only has a 10%
solution and a 40% solution in the storeroom. How much of the 10% and how much of the 40% solutions should he mix to
make the 25% solution?

Answer

Anatole should mix 125 ml of the 10% solution and 125 ml of the 40% solution.

https://math.libretexts.org/@go/page/142815
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Solve Interest Applications

The formula to model interest applications is I = Prt. Interest, I, is the product of the principal, P, the rate, r, and the time, t. In our
work here, we will calculate the interest earned in one year, so t will be 1.

We modify the column titles in the mixture table to show the formula for interest, as you’ll see in Example 6.4.13

v/ Example 6.4.13

Translate to a system of equations and solve:

Solution

Step 1. Read the problem.

Step 2. Identify what we are looking for.
Step 3. Name what we are looking for.

Write the interest rate as a decimal for
each fund.

Multiply:

Principal - Rate - Time

to get the Interest.

Step 4. Translate into a system of
equations.

We get our system of equations from
the Principal column and the
Interest column.

Step 5. Solve the system of equations
Solve by elimination.
Multiply the top equation by —0.03.

Simplify and add to solve for s.

Step 6. Check the answer in the problem.

Step 7. Answer the question.

To find b, substitute s = 32,800 into the first equation.

Adnan has $40,000 to invest and hopes to earn 7.1% interest per year. He will put some of the money into a stock fund that
earns 8% per year and the rest into bonds that earns 3% per year. How much money should he put into each fund?

A chart will help us organize the information.
We are looking for the amount to invest in each fund.

Let s= the amount invested in stocks.
b= the amount invested in bonds.

Account | Principal - Rate - Time= Interest

stock fund s 0.08 1 0.08s

bonds b 0.03 1 0.03b

Total 40,000 0.071 0.071(40,000)
s+ b= 40,000

0.08s + 0.03b = 0.071(40,000)

~0.03(s + b) = —0.03(40,000)
0.08s + 0.03b = 2,840

-0.035-0.036=-1,200
0.08s + 0.03b= 2,840
0.05s= 1,640

s= 32,800

s+ b=40,000
32,800 + b = 40,000

b=7,200
We leave the check to you.

Adnan should invest $32,800 in stock and
$7,200 in bonds.

Did you notice that the Principal column represents the total amount of money invested while the Interest column represents
only the interest earned? Likewise, the first equation in our system, s + b = 40,000, represents the total amount of money
invested and the second equation, 0.08s + 0.03b = 0.071(40,000), represents the interest earned.
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Translate to a system of equations and solve:

Leon had $50,000 to invest and hopes to earn 6.2 % interest per year. He will put some of the money into a stock fund that
earns 7% per year and the rest in to a savings account that earns 2% per year. How much money should he put into each fund?

Answer

Leon should put $42,000 in the stock fund and $8000 in the savings account.

? Trylt6.4.15

Translate to a system of equations and solve:

Julius invested $7,000 into two stock investments. One stock paid 11% interest and the other stock paid 13% interest. He
earned 12.5% interest on the total investment. How much money did he put in each stock?
Answer

Julius invested $1,750 at 11% and $5,250 at 13%.

v/ Example 6.4.16

Translate to a system of equations and solve:

Rosie owes $21,540 on her two student loans. The interest rate on her bank loan is 10.5% and the interest rate on the federal
loan is 5.9%. The total amount of interest she paid last year was $1,669.68. What was the principal for each loan?

Solution
Step 1. Read the problem. A chart will help us organize the information.
Step 2. Identify what we are looking for. We are looking for the principal of each loan.

Let b= the principal for the bank loan.

Step 3. Name what we are looking for. o
f= the principal on the federal loan

The total loans are $21,540.

Account | Principal * Rate * Time = Interest

Record the interest rates as decimals Ak & ol [ U:1050

in the chart. federal i 0.059 1 0.059f
Total 21,540 1669.68

Multiply using the formula I = Pr t to

get the Interest.

Step 4. Translate into a system of

equations. b+ f= 21,540

The system of equations comes from 0.105b + 0.059f = 1669.68

the Principal column and the Interest

column.

Step 5. Solve the system of equations

P> YS! q b+ f= 21,540

We will use substitution to solve. b=—f+ 21,540

Solve the first equation for b.

Substitute b = —f + 21,540 into the 0.105b + 0.059f= 1669.68

second equation 0.105(—f + 21,540) + 0.059f = 1669.68
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Simplify and solve for f. -0.105f + 2261.70 + 0.059f = 1669.68
—0.046f + 2261.70 = 1669.68

-0.046f = -592.02

f=12,870
To find b, substitute f = 12,870 into b +f=21,540
the first equation. 12,870 + f= 21,540

f=8,670

Step 6. Check the answer in the

We leave the check to you.
problem.

The principal of the bank loan is $12,870 and

Step 7. Answer the question. L. .
the principal for the federal loan is $8,670.

? Trylt6.4.17

Translate to a system of equations and solve:

Laura owes $18,000 on her student loans. The interest rate on the bank loan is 2.5% and the interest rate on the federal loan is
6.9 %. The total amount of interest she paid last year was $1,066. What was the principal for each loan?

Answer

The principal amount for the bank loan was $4,000. The principal amount for the federal loan was $14,000.

? Trylt6.4.18

Translate to a system of equations and solve:

Jill’s Sandwich Shoppe owes $65,200 on two business loans, one at 4.5% interest and the other at 7.2% interest. The total
amount of interest owed last year was $3,582. What was the principal for each loan?

Answer

The principal amount for was $41,200 at 4.5%. The principal amount was, $24,000 at 7.2%.

Access these online resources for additional instruction and practice with solving application problems with systems of linear
equations.

o Cost and Mixture Word Problems
e Mixture Problems

Key Concepts

o Table for coin and mixture applications
Type Number « Value($) = Total Value($)

Total
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o Table for concentration applications

Number _ Concentration .

Total

o Table for interest applications
Account | Principal = Rate =+ Time = Interest
1
1

Total

This page titled 6.4: Solve Mixture Applications with Systems of Equations is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 5.5: Solve Mixture Applications with Systems of Equations by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/elementary-algebra-2e.
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6.5: Solve Systems of Equations with Three Variables

4b Learning Objectives

By the end of this section, you will be able to:

e Determine whether an ordered triple is a solution of a system of three linear equations with three variables
e Solve a system of linear equations with three variables
e Solve applications using systems of linear equations with three variables

Before you get started, take this readiness quiz.

1. Evaluate 52 — 2y + 3z when z = -2,y = —4, and z = 3.
If you missed this problem, review |link].
2. Classify the equations as a conditional equation, an identity, or a contradiction and then state the solution.
{ —2z+y=-11
z+3y=9
If you missed this problem, review |link].
Tr+8y=4

3. Classify the equations as a conditional equation, an identity, or a contradiction and then state the solution. { 35 & o7
T —by =

If you missed this problem, review |link].

Determine Whether an Ordered Triple is a Solution of a System of Three Linear Equations with Three
Variables

In this section, we will extend our work of solving a system of linear equations. So far we have worked with systems of equations
with two equations and two variables. Now we will work with systems of three equations with three variables. But first let's review
what we already know about solving equations and systems involving up to two variables.

We learned earlier that the graph of a linear equation, ax + by = ¢, is a line. Each point on the line, an ordered pair (z,y), is a
solution to the equation. For a system of two equations with two variables, we graph two lines. Then we can see that all the points
that are solutions to each equation form a line. And, by finding what the lines have in common, we’ll find the solution to the
system.

Most linear equations in one variable have one solution, but we saw that some equations, called contradictions, have no solutions
and for other equations, called identities, all numbers are solutions

We know when we solve a system of two linear equations represented by a graph of two lines in the same plane, there are three
possible cases, as shown.

B o
B o oo

+ + + + + + —t- X
EERELVRERE

One solution No solution

Infinitely many solutions

The lines intersect.

Intersecting lines have one
point in common.

There is one solution to this
system.

Consistent
Independent

The lines are parallel.
Parallel lines have no points
in common.

There is no solution to this
system.

Inconsistent

Both equations give the
same line.

Because we have just one
line, there are infinitely
many solutions.

Consistent
Dependent
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Similarly, for a linear equation with three variables ax+by+cz=d,ax+by+cz=d, every solution to the equation is an ordered triple,
(x,¥,2)(x,y,z)that makes the equation true.

X LINEAR EQUATION IN THREE VARIABLES

A linear equation with three variables, where a, b, ¢, and d are real numbers and q, b, and c are not all 0, is of the form
ax+by+cz=d

Every solution to the equation is an ordered triple, (z, y, z) that makes the equation true.

All the points that are solutions to one equation form a plane in three-dimensional space. And, by finding what the planes have in
common, we’ll find the solution to the system.

When we solve a system of three linear equations represented by a graph of three planes in space, there are three possible cases.

One solution
Consistent system and Independent equations
The 3 planes intersect.

The three intersecting planes have one pointin
common.

No solution
Inconsistent system
The planes are parallel.

Parallel planes have no points in common.

Two planes are coincident and parallel to the
third plane.

The planes have no points in common.
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Two planes are parallel and each intersect the
third plane.

The planes have no points in common.

Each plane intersects the other two, but all three
share no points.

The planes have no points in common.

Consistent system and dependent equations
Three planes intersect in one line.

There is just one ling, so there are infinitely many
solutions.
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Two planes are coincident and intersect the
third plane in a line.

There is just one line, so there are infinitely many
solutions.

Three planes are coincident.

There is just one plane, so there are infinitely many
solutions.

To solve a system of three linear equations, we want to find the values of the variables that are solutions to all three equations. In
other words, we are looking for the ordered triple (z, y, z) that makes all three equations true. These are called the solutions of the
system of three linear equations with three variables.

X SolutionS OF A SYSTEM OF LINEAR EQUATIONS WITH THREE VARIABLES

Solutions of a system of equations are the values of the variables that make all the equations true. A solution is represented by
an ordered triple (z,y, z).

To determine if an ordered triple is a solution to a system of three equations, we substitute the values of the variables into each
equation. If the ordered triple makes all three equations true, it is a solution to the system.

? Example 6.5.1
T—y+z=2

Determine whether the ordered triple is a solution to the system: ¢ 2z —y — 2= —6
20 +2y+2=-3
@ (—2,-1,3) ® (—4,-3,4)

Answer
©)
X— y+z= 2
2X—- y-z=-6
2X+2y+z=-3
We substitute x=-2andy=  andz=  into all three equations.
X-y+z2=2 2X-y-2=-6 22X+ 2y+2=-3
2-(1)+342 2:(2-()-:2-6 2:¢2+2 N+:2-3
2=2v 6=-6V -3=-3v/
(-2, -1, 3) does make all three equations true. (=2, -1, 3) is a solution.
®
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X— y+z2= 2

2Xx- y-z=-6

X4+ 2y+2z=-3

We substitute x=-4andy=  and z= ' into all three equations.

X-y+z=2 2x—y-z=-6 2x+2y+2z=-3
4-()+ad2 2e(4)-( )- 26 2+(4)+2 )+223
3#£2 -9+-6 ~10+£-3
(-4, -3, 4) does not make all three equations true. (-4, -3, 4) is not a solution.

? Example 6.5.2

3z +y+z2=2
Determine whether the ordered triple is a solution to the system: ¢ z +2y+2z=—3
3z+y+22z2=4
@ (1,-3, 2)@ (4,-1,-5)
Answer
@ yes ® no
? Example 6.5.3
z—3y+z=-5
Determine whether the ordered triple is a solution to the system: ¢ —3z —y—2=1

20 —2y+3z=1
@ (2,-2,3)® (-2,2,3)

Answer

@ no ® yes

Solve a System of Linear Equations with Three Variables

To solve a system of linear equations with three variables, we basically use the same techniques we used with systems that had two
variables. We start with two pairs of equations and in each pair we eliminate the same variable. This will then give us a system of
equations with only two variables and then we know how to solve that system!

Next, we use the values of the two variables we just found to go back to the original equation and find the third variable. We write
our answer as an ordered triple and then check our results.

? Example 6.5.4: How to Solve a System of Equations With Three Variables by Elimination

T—2y+z2=3
Solve the system by elimination: { 2z +y+2=4
3x+4y+3z2=-1

Answer
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The equations are in X-2y+ z=3 (1
standard form. 22X+ y+ z= 4 (2)
There are no fractions. 3x+4y+3z2=-1 3)
We can eliminate the y's X-2y+z=3 m
from equations (1) and (2) 2% — (42 5
by multiplying equation (2) A= @
M X-2y+z=3 1
Multiply. dx+2y+2z=8 (2)
X—-2y+ z=3 (1)
We add the x’s, y's, and
constants. Lol il I (2)
The new equation, (4), has 5x +3z=11 (4)
only x and z.
We can again eliminate the 2x-2y+2)=(3)2 m
¥'s using the equations (1) B A B 3
and (3) by multiplying FeY @
equation (1) by 2. -ty +27=6 )
Add the new equations and 3x+4y+3z2=-1 (3)
the result will be equation (5). Ex S (5)
Use equations (4) and (5) to Ex+3z=11 (4)
eliminate either x or z. 5x+5z=5 (5)
S5x+3z=11 4)
Multiply (5) by -1. -1(5x+ 52)=5(-1) (5)
5x+3z=11 (4)
5x-5z=-5 (5)
_27=6
Z==3
Use either (4) or (5) to solve Sx+3z=11 4)
for x using substitution. S+ 3(.3) =11
S5x-9=11
S5x=20
x=4
Use an original equation 2X+y+z=4 (2)
to find . 2-4+y+z=4
8+y-3=4
y=-1
Write it as (x, , 2). (4.-1,-3)
Substitute x =4, y=-1 and We'll leave the checks to you.
z=-3 into all three equations.
Do th ke th ti
trfje? €y make the equations The solution is (4, -1,-3).
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3z+y—z2=2
Solve the system by elimination: { 2x —3y —2z=1
dr—y—32=0
Answer
(2,-1,3)
? Example 6.5.6
dr+y+z=-1
Solve the system by elimination: { —2z —2y+2=2
20 +3y—2z2=1
Answer
(-2,3,4)

The steps are summarized here.

X SOLVE A SYSTEM OF LINEAR EQUATIONS WITH THREE VARIABLES.

1. Write the equations in standard form
o If any coefficients are fractions, clear them.
2. Eliminate the same variable from two equations.
o Decide which variable you will eliminate.
o Work with a pair of equations to eliminate the chosen variable.
o Multiply one or both equations so that the coefficients of that variable are opposites.
o Add the equations resulting from Step 2 to eliminate one variable
3. Repeat Step 2 using two other equations and eliminate the same variable as in Step 2.
4. The two new equations form a system of two equations with two variables. Solve this system.
5. Use the values of the two variables found in Step 4 to find the third variable.

6. Write the solution as an ordered triple.
7. Check that the ordered triple is a solution to all three original equations.

? Example 6.5.7

3z —4z=0
Solve: { 3y +22z=-3
2¢+3y=-5

Answer
3z —42=0 (1)
3y+2z=-3 (2)
2z+3y=-5 (3)

We can eliminate z from equations (1) and (2) by multiplying equation (2) by 2 and then adding the resulting equations.

3x -4z= 0 (1) 3x -4z=0 3x -4z= 0
y+2z=-3 (2) 2(3y + 2z) = (-3)2 6y +dz=-6
3x+ 6y =-6 (4)

Notice that equations (3) and (4) both have the variables 2 and y. We will solve this new system for  and y.
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2+3y=-5 (3) ~2(2x + 3y) = -2(-5) —4x—6y=10
3+ 6y=—6 (4) 3x + 6y =—6 3x+6y=-6

X

>
o
IS

To solve for y, we substitute x = —4 into equation (3).
2x+3y=-5 (3)
2(-4)+3y=-5
-8+3y=-5
3y=3
y=1

We now have x = —4 and y = 1. We need to solve for z. We can substitute x = —4 into equation (1) to find z.
3x—4z=0 (1)
3(-4)-4z=0
-12-4z=0
4z=12

z=-3

We write the solution as an ordered triple. (—4, 1, —3)

We check that the solution makes all three equations true.

3z —42=0(1) 3y+2z=-3(2) 2z4+3y=-5(3)
3(—4)—4(-3)£0 3(1)+2(-3)L -3 2(—4)+3(1)=-5
0=0v —3=-3v —5=—5¢

The solutionis (—4,1, —3)

? Example 6.5.8

3z —4z=-1
Solve: § 2y+3z=2

2z +3y=6
Answer

(_3a 47 _2)

? Example 6.5.9

4 —3z=-5
Solve: ¢ 3y+2z="7

3x+4y=6
Answer

(_2a 37 _1)

When we solve a system and end up with no variables and a false statement, we know there are no solutions and that the system is
inconsistent. The next example shows a system of equations that is inconsistent.
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r+2y—3z=-1

Solve the system of equations: { ¢ —3y+z2z=1

20 —y—2z=2
Answer

z+2y—3z=-1 (
z—3y+z=1 (
2z —y—2z=2 (3)

N =
~— —

Use equation (1) and (2) to eliminate z.

X+2y-3z=-1 (1) X+2y-3z=-1
multiply by 3
x-3y+ z= 1 (2) 3x-9y+3z= 3
4x - Ty =2 (4

Use (2) and (3) to eliminate z again.

multiply by 2
x-3y+ z=1 (2) 2x—-6y+2z=2

- y-27=2 (3) - y-27=2
ax-Ty =4 (5)

Use (4) and (5) to eliminate a variable.

ax—Ty=2 (4) dx—Ty=2
multiply by -1
Ax-Ty=4 (5) —Ax+Ty=-4
0=-2 false

There is no solution.

We are left with a false statement and this tells us the system is inconsistent and has no solution.

? Example 6.5.11

z+2y+62=5
Solve the system of equations: { —z +y—2z=3
z—4y—2z=1

Answer

no solution

? Example 6.5.12
2z —2y+32z=6

Solve the system of equations: ¢ 4z —3y+22z=0
—2x4+3y—Tz=1

Answer

no solution

When we solve a system and end up with no variables but a true statement, we know there are infinitely many solutions. The
system is consistent with dependent equations. Our solution will show how two of the variables depend on the third.
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r+2y—z=1
Solve the system of equations: ¢ 2z +7y+4z=11
z+3y+z=4
Answer
z+2y—z=1 (1)
2c+Ty+4z=11 (2)
z+3y+z=4 (3)
Use equation (1) and (3) to eliminate x.
Itiply by -1
x+2y-z=1 (1) multiply by —X-2y+ z=-1 (1)
x+3y+z=4 (3) Xx+3y+ z= 4 (3)
y+2z=3 (4)
Use equation (1) and (2) to eliminate x again.
Itiply by -2
X+2y - z=1 (1) e ' x-dy+2z=-2 (1)
2+ Ty+4z=11 (2) &+Ty+4z=11 (2)

y+6z= 9 (5)

Use equation (4) and (5) to eliminate y.

multiply by -3
y+2z=3 (4) -3y-6z=-9 (4)
3Y+62=9 (5) 3y+6z= 9 (5)
0= 10

There are infinitely many solutions.
Represent the solution showing how x and y are dependent on
z

Solve equation (4) for y. ’

duation (4)fory y+2z =3
y=—2z+3
Use equation (1) to solve for x. z+2y—z=1

z+2(—22+3)—z =1

r—4z+6—2z =1

z—52z+6 =1
z=5z—5

Substitute y = —2z+4 3.

The true statement 0 = 0 tells us that this is a dependent system that has infinitely many solutions. The solutions are of the
form (x,y,z)(x,y,z) where x =5z —5; y = —22+3 and z is any real number.

? Example 6.5.14

Solve the system by equations: ¢ 2z +4y —2z=16
3z +6y—32=9

z+y—2z=0

Answer

infinitely many solutions (z, 3, z) where z = z—3; y = 3; z is any real number
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Solve the system by equations: { —z +2y —3z=—4
3x—2y—72=0

z—y—z=1

Answer

infinitely many solutions (z,y, z) where z =5z —2; y =4z —3; z is any real number

Solve Applications using Systems of Linear Equations with Three Variables

Applications that are modeled by a systems of equations can be solved using the same techniques we used to solve the systems.
Many of the application are just extensions to three variables of the types we have solved earlier.

? Example 6.5.16

The community college theater department sold three kinds of tickets to its latest play production. The adult tickets sold for
$15, the student tickets for $10 and the child tickets for $8. The theater department was thrilled to have sold 250 tickets and
brought in $2,825 in one night. The number of student tickets sold is twice the number of adult tickets sold. How many of each
type did the department sell?
Answer
Type Number - Value = Total Value
adult X 15 15x
We will use a chart to organize the information. student y 10 10y
child z 8 8z
250 2825
Number of students is twice number of adults.
Rewrite the equation in standard form. y=2z
2c—y =0
X+ y+ z=250 (1)
Write the system of equations. 15x+ 10y + 82=2825 (2)
2x+ ¥ =0 (3)
Use equations (1) and (2) to eliminate z.
Multiply by -8
X+ y+ z=250 (@))] -8x- 8y-8z=250 (1)
15x+ 10y + 82 =2825 (2) 15x+ 10y + 82=2825 (2)
Ix+ 2y =825 4)
Use (3) and (4) to eliminate y.
2x+ y =0 B SMIOPYBY2 L e b =D 3)
Tx+ 2y =825 (4) Ix+ 2y =825 (4
11x =825
Solve for x. x = 75 adult tickets
Use equation (3) to find y. —2z+y=0
—2(75)+y =0
Substitute = 75. —150+y =0
y = 150 student tickets
Use equation (1) to find z. z+y+ z =250
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Substitute in the values 75+ 150+ z = 250
x =175, y=150. 225+ z = 250
z = 25 child tickets

The theater department sold 75 adult tickets,
150 student tickets, and 25 child tickets.

Write the solution.

? Example 6.5.17

The community college fine arts department sold three kinds of tickets to its latest dance presentation. The adult tickets sold
for $20, the student tickets for $12 and the child tickets for $10.The fine arts department was thrilled to have sold 350 tickets
and brought in $4,650 in one night. The number of child tickets sold is the same as the number of adult tickets sold. How many
of each type did the department sell?

Answer

The fine arts department sold 75 adult tickets, 200 student tickets, and 75 child tickets.

? Example 6.5.18

The community college soccer team sold three kinds of tickets to its latest game. The adult tickets sold for $10, the student
tickets for $8 and the child tickets for $5. The soccer team was thrilled to have sold 600 tickets and brought in $4,900 for one
game. The number of adult tickets is twice the number of child tickets. How many of each type did the soccer team sell?

Answer

The soccer team sold 200 adult tickets, 300 student tickets, and 100 child tickets.

Access this online resource for additional instruction and practice with solving a linear system in three variables with no or infinite
solutions.

e Solving a Linear System in Three Variables with No or Infinite Solutions
e 3 Variable Application

Key Concepts

o Linear Equation in Three Variables: A linear equation with three variables, where a, b, c, and d are real numbers and a, b,and
c are not all 0, is of the form

ax+by+cz=d

Every solution to the equation is an ordered triple, (z, y, z) that makes the equation true.
e How to solve a system of linear equations with three variables.
1. Write the equations in standard form
If any coefficients are fractions, clear them.
2. Eliminate the same variable from two equations.
Decide which variable you will eliminate.
Work with a pair of equations to eliminate the chosen variable.
Multiply one or both equations so that the coefficients of that variable are opposites.
Add the equations resulting from Step 2 to eliminate one variable
. Repeat Step 2 using two other equations and eliminate the same variable as in Step 2.
. The two new equations form a system of two equations with two variables. Solve this system.
. Use the values of the two variables found in Step 4 to find the third variable.
. Write the solution as an ordered triple.

D Ul AW
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7. Check that the ordered triple is a solution to all three original equations.

Glossary

solutions of a system of linear equations with three variables
The solutions of a system of equations are the values of the variables that make all the equations true; a solution is represented
by an ordered triple (x,y,z).

This page titled 6.5: Solve Systems of Equations with Three Variables is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 4.5: Solve Systems of Equations with Three Variables by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/intermediate-algebra-2e.
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