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CHAPTER OVERVIEW

1: Some Basic Algebra

1.1: Constants, Variables, and Expressions

This page titled 1: Some Basic Algebra is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski
(Downey Unified School District) .
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1.1: Constants, Variables, and Expressions

Constants and variables, at least one of these objects appear in every mathematical expression one can imagine. Let’s get a sense of
just what they are.

# Definition: Variable

A VARIABLE is a quantity that has a capacity for change in a particular context.

& Definition: Constant

A CONSTANT is a quantity that has no capacity for change in a particular context.

Let’s put both in the context of hiring a programmer to write a program that performs some particular task. Suppose there are three
programmers, A, B, and C, we are considering.

v/ Example 1.1.1

Programmer A charges a flat fee of $25,000 for writing the program.
Programmer A’s fee is constant.

In this context, the fee has no capacity for change. The fee is $25,000, no more, no less. Outside this context, maybe writing a
less complicated

v/ Example 1.1.2

Programmer B charges $100 hour for writing the program.
Programmer B's fee is variable.

In this context, the fee has the capacity for change. The total fee varies with the amount of time taken to write the program.

v/ Example 1.1.3

Programmer C charges a flat fee of $15,000 and $100/whole hour (1, 2, 3, ..., 50) for writing the program.

Programmer C’s fee is variable since the total fee varies since it has the capacity for change. The fee varies with the amount of
time taken to write the program. Programmer C's fee structure comprises both a constant, the flat fee of $15,000, and a
variable, the $100/ whole hour. But because it contains a variable, the entire quantity is variable.

A bit more detalil

CONSTANTS are represented with VARIABLES are typically represented
numerals (1, 2, 3, ...) and, in special cases, with symbols or a group of symbols.
letters or symbols. The constant pi is You've seen these. In fact, you
represented with the Greek letter m, where usually see a variable represented

7 is the non-repeating and non-terminating with the letter x. Why x, you ask?

decimal number 3.14159....

[

~

Check out this short TED talk to hear as good a theory as I have ever
heard. It is worth your time. https://tinyurl.com/thevariablex

https://math.libretexts.org/@go/page/125026
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It is convenient to think of a variable as a container that can hold different objects at different times. In the programmer example,
we might let the letter x represent the number of hours Programmer C takes to write the program. The number of hours can vary
from, say, 1 to 50. Think of = as a container into which could be placed the numbers 1, 2, 3, and so on up to and including 50.

1. If C takes only 1 hour to write the program, think of the number 1 being placed into the container named letter z. Then C’s total
fee would be $15,000+1 x $100 = $15,100

2. If C takes 2 hours to write the program, think of the number 2 being placed into the container named letter z. Then C’s total fee
would be $15,000 +2 x $100 = $15, 200

3. If C takes 50 hours to write the program, think of the number 50 being placed into the container named letter . Then C’s total
fee would be $15,000 +50 x $100 = $20, 000

Mathematical Expressions

A MATHEMATICAL EXPRESSION is a constant, a variable, or a finite combination of
constants and variables constructed together with mathematical operations (like +, —, x ).

.

~7

Think of a mathematical expression (or just expression) as a set of computing
instructions that converts an INPUT value to an OUTPUT value.

For example, using the letter & to represent the number of hours C takes to write the program, we could express Programmer C’s
total fee with the expression

15,000+ 100z

The variable x (the container named z) can hold, one at a time, any of the fifty numbers 1, 2, 3, ...50. See this expression as a set
of computing instructions that take an input value, one of the numbers 1, 2, 3, ...50, and converts it to a single output value.

Try to read the instructions in English:
15,000 + 100x-> to get Programmer C’s total fee, multiply the number of hours taken to write the

program by 100, then add 15,000. Or, maybe better, Programmer C's total fee is $15,000 more
than $100 times the number of hours worked.

Using Teechnology

We can use technology to evaluate expressions.

Go to www.wolframalpha.com

To evaluate 15,000 + 100« at x = 14, use the “evaluate” command. Enter evaluate 15000 4 100z, x = 14 in the entry field.
Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, 15000 + 100z, z = 14

https://math.libretexts.org/@go/page/125026
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% WolframAlpha

evaluate 15000 + 100x, x =14

B nas £ Jfs MATH INPUT [ EXTENDED KEYEDARD
jlx erpre
15000+ 100 x where x = 14
Re
16400

To evaluate 15,000 4 100z at x = 14 through 18, use the “table” command. Enter table 15000 + 100z, = 14. 18 in the entry
field. Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case it shows you a table with answers for

15000 + 100z, z = 14..18

¥ WolframAlpha

‘ table 15000 + 100x, x = 14.. 18

-2 | JEa MATH INPUT B EXTENDED KEVBOAR

Table[15000 + 100 x, |x, 14, 18}]
Result
14 15 16 17 18

15000 16400 16500 16600 16700 16800

Try These

? Exercise 1.1.1

Suppose a subscription to a photograph service costs $50 year and that each downloaded photograph costs $2.

a. Which of the two quantities is the variable quantity?

b. Which of the two quantities is the constant?
c. Write the expression that produces the annual cost of subscribing and downloading = number of photographs.

d. What is the annual cost of subscribing and downloading 20 photographs?

Answer
a. The variable quantity is the download cost.
b. The constant is the fixed service cost.
¢. Annual cost = 50 + 2z, where z represents the number of downloaded photographs.
d. Annual cost = 50 + 220 = 50 + 40 = 90 The annual cost of downloading 20 photos is $90

What is the minimum number of cookies a person must eat to be happy? What is the minimum number of cookies beyond that
number must eat to feel sick? These numbers are likely different for all of us. Let the variable = represent the minimum
number of cookies someone must eat to be happy, and the variable y be the minimum number that makes that person sick.

https://math.libretexts.org/@go/page/125026
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a. How many variable quantities are in this problem?
b. Are there any constants in this problem?

Answer

a. There are 2 variable quantities in this problem.
b. There are no constants in this problem

This page titled 1.1: Constants, Variables, and Expressions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by

Denny Burzynski (Downey Unified School District) .

https://math.libretexts.org/@go/page/125026


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125026?pdf
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/01%3A_Some_Basic_Algebra/1.01%3A_Constants_Variables_and_Expressions
https://creativecommons.org/licenses/by/4.0
https://dennysmath.com/
https://web.dusd.net/

Li brelexts"
CHAPTER OVERVIEW

2: Vectors In Two Dimensions

2.1: Vectors

2.2: Addition, Subtraction, and Scalar Multiplication of Vectors

2.3: Magnitude, Direction, and Components of a Vector
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2.1: Vectors

Vectors are fundamental objects in applied mathematics; they efficiently convey information about a mathematical or physical
object. Let’s get a sense of what they are.

& Definition: Vector

A VECTOR is a representation of an object that has both direction and magnitude. By direction, we mean the place toward
which something faces, and by magnitude, we mean the size of something.

A vector can be depicted visually by an arrow, with an initial point called the tail and a terminal point called the head. The length of
the arrow represents the vector’s magnitude.

Magnitude (length)

Terminal point
Head

Initial point
Tail

Vectors are often named using a bold-typed letter
with an arrow on top of it. For example, the
vector in the picture could be named V or #.

An example of a vector is a car’s velocity. Velocity is a vector since it has both magnitude (speed) and direction. A car might be
moving west at 60 mph. Other examples of vectors are displacement, acceleration, and force.

The temperature of some medium is not a vector since it has only magnitude. But if the medium is being heated, its temperature is
increasing and has a direction; it is going upward. The increase or decrease in temperature is a vector.

Vectors in Standard Position

=L

£y

A vector with its initial point at
the origin in a Cartesian
coordinate system is said to be in
STANDARD POSITION. The vector
v in the diagram has its initial
point at the origin (0,0), and its
terminal point at (6,3).

https://math.libretexts.org/@go/page/125028
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Components of a Vector

Vectors in the xy-plane can be broken into their horizontal and vertical components.

®
|
T

T

For example, the vector ¥ in the diagram can be broken into two components,

1. its horizontal, or z-component, and
2. its vertical, or y-component.

11

G units long

—1

. .

Lt 1

Y

The vector ¥ in component form is expressed using angle brackets as v = (3, 6), where

1. the first component, 3 is the length and direction of its z-component, and
2. the second component, 6 is the length and direction of its y-component.

— . .
The vector « in the picture below has

FIRST COMPONENT = (terminal z-value) — (initial z-value) =2 —7 = —5, and
SECOND COMPONENT = (terminal y-value) — (initial y-value) =4 —6 = -2,

so that o = (—5,—2).

Q This image shows the different directional components of vector u. If the directional component of the x-value is left, then the x-value is negative. If the directional component of the y-value is down, the y-value is

negative. Since the vector points 5 units to the left and 2 units down, the x-value is negative 5 and the y-value is negative 2. For <x,y

we get <-5,-2>." src="/@api/deki/files/97342/clipboard_eaa414d12e539b2aa26d4cc28d0dc560e.png">

Row and Column forms of a Vector

. . . . —
Vectors are represented by a single column matrix or a single row matrix. The vectors v = (3, 6), and

_>

7=[3 6] anddi= [_5]

u = (—b,—2) above, can be represented by the 2x1 row matrix and the 1x2 column matrix, respectively as

-2

https://math.libretexts.org/@go/page/125028
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Equal Vectors

# Definition: Equal Vectors

Two vectors are EQUAL if they have the same direction and magnitude. They may start and end at different positions, but their
representing arrows will be parallel.

In the diagram vectors d and b are equal but appear in different locations in the x-yplane.

Try These

? Exercise 2.1.1

Express the vectors v and % in component form.

Answer

U =(-3,2) and © = (13,3)

https://math.libretexts.org/@go/page/125028
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Explain why the two vectors are equal.

Answer

Two vectors are equal because they have the same direction and magnitude.

This page titled 2.1: Vectors is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski (Downey
Unified School District) .
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2.2: Addition, Subtraction, and Scalar Multiplication of Vectors

Addition and Subtraction of Vectors

| To add or subtract two vectors, add, or subtract their corresponding components.

v/ Example 2.2.1

To ADD the vectors © and v

Solution
To ADD the vectors % and v, begin by writing each in component form.
i' g
’ |
' |
.&" —a
u = (—3,—8) and v = (6, 3)
ADD their corresponding components
U+v=(-3+6,—8+3)= (3, —5)
So, u+v = (3, —5)
Now, graph this sum.
e Start at the origin.
o Since the horizontal component is 3, move 3 units to the right.
o Since the vertical component is =5, move 5 units downward.
* (1)

=1}

The addition of two vectors % and v can be demonstrated by placing the tail of one vector at the head of the other. Then
connect the tail of % to the head of v.

https://math.libretexts.org/@go/page/125029
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v/ Example 2.2.2

To SUBTRACT the vector ¢ from the vector ¥

Solution
To SUBTRACT the vector % from the vector v, begin by writing each in component form.

=

u=(-3,-8) and v = (6, 3)

SUBTRACT the components of % from the corresponding components of ¥
v—u=(6—(-3),3—(-8))=(6+3,3+8)=(9,11)

So, v —1u=(9,11)

Now, graph this sum.

o Start at the origin.
o Since the horizontal component is 9, move 9 units to the right.
 Since the vertical component is 11, move 11 units upward.

https://math.libretexts.org/@go/page/125029
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Scalars

# Definition: Scalar

In contrast to a vector, and having both direction and magnitude, a SCALAR is a physical quantity defined by only its
magnitude.

Examples are speed, time, distance, density, and temperature. They are represented by real numbers (both positive and negative),
and they can be operated on using the regular laws of algebra.

The term scalar derives from this usage: a scalar is that which scales, resizes a vector.

| Scalar multiplication is the multiplication of a vector by a real number (a scalar).

Suppose we let the letter & represent a real number and ¥ be the vector {x , y) . Then, the scalar multiple of the vector ¥ is

kv = (kz, ky)

| To multiply a vector by a scalar (a constant), multiply each of its components by the constant.

2v
" y v

1. Suppose W= (—3,—8) and k = 3. Then

-2
3. Suppose?z [ 6 ] and7= [2] . Then

https://math.libretexts.org/@go/page/125029
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Using Technology
We can use technology to add and subtract vectors and to multiply a vector by a scalar.

Go to www.wolframalpha.com.

For the vectors 7 = [_62] and 7 = [g] , use WolframAlpha to find 37 +47. Enter evaluate 3<-2, 6> + 4<5, 3> in the

entry field. Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, < 14, 30 >.

|, This screenshot from WolframAlpha shows vector addition with scalar multiplication. You are adding the vector <negative 2,6 rnultlphed by 3 and <5 ,3> multlplled by 4. The result
is the vector <14,30>." src="/@api/deki/files/97350/clipboard_eaf3e6c7b171f693605d899d7edbd53b1.png">

Try These
? Exercise 2.2.1
Find the sum of the two vectors & = (-5, 2) and v = (10, —1).

Answer

Y+ v =(-5,1)

? Exercise 2.2.2

Subtract the vector 4 = (—5,2) from the vector v = (10, —1)

Answer

v — W =(15,-3)

? Exercise 2.2.3

Suppose u = (—5,2),v = (1,6), and w = (4, —3). Perform the operation 2t — 4V + 3w .

Answer
<_297 _5>

This page titled 2.2: Addition, Subtraction, and Scalar Multiplication of Vectors is shared under a CC BY 4.0 license and was authored, remixed,

and/or curated by Denny Burzynski (Downey Unified School District) .
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2.3: Magnitude, Direction, and Components of a Vector

The Magnitude of a Vector

It is productive to represent the horizontal and vertical components of a vector v as v, and vy, respectively.

# Definition: Magnitude (the length) of a vector

v= (V5 Uy}

vl

Uz

The magnitude (the length) of a vector ¥ = (v, vy) is

[19]] = 4/ v2 + 2}
v/ Example 2.3.1

Magnitude of vector ¥ = (5, —8):

T 9]} = v89

|
T
=11

Solution
The vector v = (5, —8) has magnitude:

[ = fou? +002 = V5 +(-8)* = 25164 = /89

Interpret this as the length of the vector V= (5, —8) is /89 units.

The Direction of a Vector

| The direction of a vector ¥ is the angle the vector makes with the positive x-axis.

It is typically represented with the uppercase Greek letter theta §. We use some trigonometry to determine the angle 6.

https://math.libretexts.org/@go/page/125030



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125030?pdf
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/02%3A_Vectors_In_Two_Dimensions/2.03%3A_Magnitude_Direction_and_Components_of_a_Vector

LibreTexts*

\9

tanf= 2 orf=tan! <
z z

The angle 6 is always between 0° and 360°.

v/ Example 2.3.2

To approximate the direction of the vector v = (5, 8), use § = tan* % ,withz =5 andy =8.

Solution
v=(5,8)

f=tan!

6=tan *

ot]oo g |

Using a calculator, we get

0 =57.99
0 =58

v/ Example 2.3.3

To approximate the direction of the vector ¥ = (5, —8), use = tan—! % ,withz =5 and y = —8.

https://math.libretexts.org/@go/page/125030
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Solution
v=(5,—8)
f =tan™? Y
xr
-8
f=tan ! —
an 5

Using a calculator, we get

0=-57.99

Vertical component is in Quadrant IV and 6 must be in the interval [0, 360), therefore we calculate 6 by
0=360°—57.99° = 302.005°
0=302°

The Components of a Vector

The lengths of the z- and y- components of a vector ||v]| = 4/vy2 +v,? in two dimensions can be found using trigonometric

ratios.

'l_;x = H'B”coseand "_;y = ||"_;||sin9
¥, is the horizontal component of ¥ and v, is the vertical component.

The angle 6 is always between 0° and 360°.

Suppose the magnitude of a vector v = (v;,v,) is 20 units, and that ¥ makes a 60° angle with the horizontal. Then, the
components of ¥ are
Uy = ||v]| cos @

=20cos60°
1

:20._
2
=10

and

T’y = ||5||sin0
=20sin60°

V3
=920. X2
0 2

=10+/3

https://math.libretexts.org/@go/page/125030
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So, we could write ¥ = (v, v,) as v = (10,10+/3)

Using Technology
We can use technology to determine the magnitude of a vector.
Go to www.wolframalpha.com.

To find the magnitude of the vector v = (2,4), enter magnitude of the vector <2,4> in the entry field. Wolframalpha tells you
what it thinks you entered, then tells you its answer. In this case, ||| = 2+/5.

| This screenshot from WolframAlpha shows us the magnitude of the vector v = <2,4. The result is 2 times the square root of 5."
src="/@api/deki/files/97361/clipboard_e757f835523c600e69c47a6190429dff2.png">

To find the direction of the vector v = (5,8), enter direction of the vector <5,8> in the entry field. Wolframalpha answers
57.9946° ~ 58°.

QThis screenshot from WolframAlpha shows a calculation for the direction of the vector v = <2,4. The result is 9.43398 radians (r) and 57.9946 degrees from the X-axis
(theta)." src="/@api/deki/files/97362/clipboard_e0ddb516d9c06e26d0792e439e307323d.png">

Try These

? Exercise 2.3.1

Find the magnitude of the vector v = (3, —4).

Answer

7] =5

? Exercise 2.3.2

Find the magnitude of the vector v = (—3, —3).

Answer

[¥]=sv1

? Exercise 2.3.3

Find the components of the vector ¥ if the magnitude of v is 6 and it makes a 30° angle with the horizontal.

Answer

Vo=3y3and v,=3

https://math.libretexts.org/@go/page/125030
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? Exercise 2.3.4

Approximate the direction of the vector 7 = (3,10).

Answer

0~ 73.3008°

This page titled 2.3: Magnitude, Direction, and Components of a Vector is shared under a CC BY 4.0 license and was authored, remixed, and/or

curated by Denny Burzynski (Downey Unified School District) .
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2.4: The Dot Product of Two Vectors, the Length of a Vector, and the Angle Between
Two Vectors

The Dot Product of Two Vectors

The length of a vector or the angle between two vectors & = (u,, u,) and ¥ = (v, v,) can be found using the dot product.

# Definition: Dot Product of Vectors

The dot product of vectors @& = (ug, u,) and ¥ = (vg, vy) is a scalar (real number) and is defined to be

—

UV = Uy Uy + UyDy

Since ug, uy, v, and vy are real numbers, you can see that the dot product is itself a real number and not a vector.

v/ Example 2.4.1

To compute the dot product of the vectors & = (5, 2) and v = (3,4)

Solution
We compute:

Uev =5e3+2e4—15+8—=23

Since the dot product is a scalar, it follows the properties of real numbers.

X Properties of the Dot Product

1.4-9 =9 u the dot product is commutative

2.u-(U+w)=1u-v+u-w the dot product distributes over vector addition
_>

3.4+ 0 =0 ,the dot product with the zero vector 0, is the scalar 0.

4.4-u=|ul?

v/ Example 2.4.2

Compute the dot product de (7 + ?) =

Solution

el &

=(5-64(—2)-4)+(5-(=3)+(~2)-7)
—30-8—15—14
=7

The Length of a Vector

The length (magnitude) of a vector you know is given by H 7” = 4/v;% +v,% . The length can also be found using the dot product.

If we dot a vector v = (vg,vy) with itself, we get

- =

v e v = (Ug,vy) e (Uz,Vy)

- =

VeV =V @V, +Uy0Uy
veuv ="+ vy

https://math.libretexts.org/@go/page/125031
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— — |12 o — |12
By Vector Property 4, v & v = H v H . This gives H v H =v,” +v,%.

Taking the square root of each side produces
— 2
VIVl =/v’ +v°
%
V] =/ va® + 2,2

Which is the length of the vector 7

The dot product of a vector v = (v, v,) with itself gives the length of the vector.

9]l = 4/ v& +v}
v/ Example 2.4.3

2
Use the dot product to find the length of the vector 7 = [6] .

Solution
In this case, v, =2 and v, = 6.

Using ||7|| =1/v.2 +v,%, we get
1] =v22+6
17| = v0
17| = Ve T0
17| = vAe yIO
17| =2v10

The length of the vector v = [i] is 24/10 units.

The Angle between two Vectors

The dot product and elementary trigonometry can be used to find the angle 6 between two vectors.

# Definition: Angle between two Vectors

If 6 is the smallest nonnegative angle between two non-zero vectors % and ¥ then

— = —

U-0 B U-0
cos@=——— or §=cos*

1] - |1l 1] - |12l

where 0 <0 <27 and ||u| =4/u2 +u,” and |9 = /v +v,°

https://math.libretexts.org/@go/page/125031
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v/ Example 2.4.4

Find the angle between the vectors W= (5,—3) and v = (2,4).

Solution
1 - —
3 — — uev
Using § = cos™ —*~**— , we get
il ol

1 <5a_3>'<274>

A/ 52+ (—=3)% e 4/ 22 +42

502+ (—3)e4
Vv25+9e4/4+16
60— cosfl_—2

V34e+/20
=944

6= cos™

6= cos?

We conclude that the angle between these two vectors is close to 94.4°.

Using Technology

We can use technology to find the angle 6 between two vectors.

Go to www.wolframalpha.com.

To find the angle between the vectors u = (5,—3) and v = (2,4), enter angle between the vectors <5, -3> and <2, 4> in the
entry field. Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, # = 94.4, rounded to one

decimal place.

¥ WolframAlpha

angle between the vectors <5,-3» and <2, 4>

8 L LanGuASE | [fa MATH INPUT BB EXTENDED KEYEOARD
i terpratation
(5, -3)
angle between vectors
(2,4)
Result Exact form M

94.3987°

https://math.libretexts.org/@go/page/125031
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Try These

? Exercise 2.4.1
Find the dot product of the vectors & = (—2,3) and v = (5, —1).

Answer
- =
ueuv=-13

? Exercise 2.4.2
Find the dot product of the vectors 4 = (—4,6) and v = (3, 2).
Answer

- =
uev =0

? Exercise 2.4.3

Find the length of the vector 4 = (4, —7).

Answer

? Exercise 2.4.4

Ia

Find the length of the vectors v = (0, 5).

Answer

? Exercise 2.4.5

I |

Find the angle between the vectors % = (—2,3) and v = (5, —1).

Answer
135°

? Exercise 2.4.6
Find the angle between the vectors 4 = (—4, 6) and v = (3, 2).

Answer

90°

This page titled 2.4: The Dot Product of Two Vectors, the Length of a Vector, and the Angle Between Two Vectors is shared under a CC BY 4.0
license and was authored, remixed, and/or curated by Denny Burzynski (Downey Unified School District) .
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2.5: Parallel and Perpendicular Vectors, The Unit Vector

Parallel and Orthogonal Vectors

# Definition: Parallel Vectors

Two vectors 4 = (ug, uy) and ¥ = (v,,v,) are parallel if the angle between them is 0° or 180°.

— — . — . . —
Also, two vectors u = (ug,uy) and v = (v, v,) are parallel to each other if the vector v is some multiple of the vector v .

That is, they will be parallel if the vector U=cv , for some real number c. That is, o is some multiple of V.

# Definition: Orthogonal (Perpendicular to each other) Vectors

Two vectors U = (ug,u,) and v = (v,,v,) are orthogonal (perpendicular to each other) if the angle between them is 90° or
270°.

Use this shortcut: Two vectors are perpendicular to each other if their dot product is 0.

v Example 2.5.1

The two vectors & = (2,-3) and v = (—8,12) are parallel to each other since the angle between them is 180°.

Solution
6= cos ! %
<]l - ]
PR (2,-3)-(-8,12)

V2 +(3) -y /(-8)2 412
L 2-(-8)+(-3)-12

0 = cos
V4+9-4/64+144
—52
0 =cos™! —5
4/13-4/208
0 =180°
N
i[v]
5
LR 5 5 10 -
- (23
— [-812)
-5

v/ Example 2.5.2

To show that the two vectors © = (5,10) and v = (6, —3) are orthogonal (perpendicular to each other), we just need to
show that their dot product is 0.

Solution

https://math.libretexts.org/@go/page/125032
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(5,10) @ (6,—3) =5e6+10e(—3) =30 —30 =0

R

T — T
B =4 ~F =3 -1 2 3 4 & 8 T & 9

The Unit Vector

# Definition: The Unit Vector

A unit vector is a vector of length 1.

A unit vector in the same direction as the vector v is often denoted with a “hat” on it as in v. We call this vector “v hat.”

v
This vector has / =
length 3

This unit vector has
length 1

The unit vector ¥ corresponding to the vector ¥is defined to be

. v
V= —=7

gl

v/ Example 2.5.3

. . —
The unit vector corresponding to the vector v = (—8,12).

Solution

https://math.libretexts.org/@go/page/125032
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Using Technology

We can use technology to find the angle 6 between two vectors.

Go to www.wolframalpha.com.

To show that the vectors & = (2,—3) and v = (—8,12) are parallel, enter angle between the vectors <2, -3> and <-8, 12> in
the entry field. Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, § = 180°, indicating the
two vectors are parallel.

QThis screenshot from WolframAlpha shows the calculation of the angle between <2, negative 3 and . The result is 180 degrees."
src="/@api/deki/files/97385/clipboard_e818c6dee72ac1f9e0f27ef94f7c7c445.png">

Try These

? Exercise 2.5.1

Determine if the vectors 4 = (2,1) and v = (3, —6) are parallel to each other, perpendicular to each other, or neither parallel
nor perpendicular to each other.

Answer
Parallel

? Exercise 2.5.2

Determine if the vectors 4 = (2,16) and v = <%, 4> are parallel to each other, perpendicular to each other, or neither parallel
nor perpendicular to each other.

Answer

Perpendicular

? Exercise 2.5.3

Determine if the vectors 4 = (7,6) and ¥ = (2, —1) are parallel to each other, perpendicular to each other, or neither parallel
nor perpendicular to each other.

Answer

Neither parallel nor perpendicular

? Exercise 2.5.4

Find the unit vector corresponding to the vector v = (2, —1).

Answer

b

5

This page titled 2.5: Parallel and Perpendicular Vectors, The Unit Vector is shared under a CC BY 4.0 license and was authored, remixed, and/or

curated by Denny Burzynski (Downey Unified School District) .
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2.6: The Vector Projection of One Vector onto Another

Projection

N — —
Let’s project vector & = (ug,uy) onto the vector v = (vg, vy).

<l

To do so, imagine a light bulb above o shining perpendicular onto 7.

£

£l

>

=
v

The light from the bulb will cast a shadow of 7 onto E), and it is this shadow that we are looking for. The shadow is the projection

— —
of u onto v.

s

/
- -
U

The red vector is the projection of % onto v . The notation commonly used to represent the projection of W onto v is proj— 7.
v

— =

ue v
<1
v

Vector parallel to v with magnitude in the direction of v is called projection of u onto v .

The formula for proj— o is
'

0
l

[l

<l
IS
I
S

proj

v/ Example 2.6.1

To find the projection of % = (4, 3) onto ¥ = (2, 8), we need to compute both the dot product of @ and 7, and the magnitude

of 7, then apply the formula.

Solution

https://math.libretexts.org/@go/page/125033
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Using Technology
We can use technology to determine the projection of one vector onto another.

Go to www.wolframalpha.com.

To find the projection of = (4, 3) onto ¥ = (2, 8), use the “projection” command. In the entry field enter projection of <4, 3>
onto <2, 8>.
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% WolframAlpha

projection of <4, 3> onto <2, 8>

£ N LAN §Fo MATH INPUT 8 EXTENDED KEYBOARE

(4,3)
0 (2,8

vector projection

Result

16 64 ]
17" 17
A\
Wolfram alpha tells you what it thinks you entered, then tells you its answer. In this case, <%, % .

v/ Example 2.6.2

As an applied example, suppose a video game has a ball moving near a wall.

Solution
We take the origin at the bottom-left-most corner of the screen. The wall is at a 30° angle to the horizontal, and at a point in
time, the ball is at position 7 = (4, 7). To find the perpendicular distance from the ball to the wall, we use the projection

formula to project the vector v = (4, 7) onto the wall.

. = — — e —
We begin by decomposing v into two vectors v ; and v 3 sothat v = v 1+ v o and v ; lies along the wall.
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|
)
»3

—

1
The length (magnitude) of the vector 7 is then the distance from the ball to the wall.

The vector v ; is the projection of 7 onto the wall. We can get 71 by scaling (multiplying) a unit vector 3 that lies along
I o
the wall and, thus, along with v';.

Since w lies at a 30° angle to the horizontal, W = (cos30°, sin30°)

= (0.866, 0.5), using the projection formula, we get
the projection of 7 that lies along the wall.

T
g T <E) 66’20'5><0.866,0.5 = 4'(0'866)”'(0‘5)2 (0.866,0.5)
H(¢T ) (v/(0-866)2 + (-5)?)

U1 = projg v

o=

S _ 6.964
1=
(V1)?
= (6.964)(0.866,0.5)
= (6.031, 3.482)

Since that ¥ = vy + v , subtraction get us

———(0.866,0.5)

Uy =0 — 1

Ty = (4,7) — (6.031,3.482)
Ty = (4—6.031,7 — 3.482)
¥y = (—2.031,3.518)

To get the magnitude of v, we use

102 = y/v3 +vj

H?Z,H = /(-2.031)* +3.518

9| = /&125 ¥ 12.376
%

=4.062
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Try These

? Exercise 2.6.1
Find the projection of the vector ¥ = (3,5) onto the vector 4 = (6, 2).

Answer
21 7
5° 5

? Exercise 2.6.2

Find proj; 4, with & = (—2,5) and ¥ = (6, —5).

Answer

—222 185
61 ’ 61

This page titled 2.6: The Vector Projection of One Vector onto Another is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Denny Burzynski (Downey Unified School District) .
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3.1: Three Dimensional Vectors

3-Dimensional Space

To this point, we have been working with vectors in 2-dimenisional space. Now, we will expand our discussion to 3-dimensional
space.

# Definition: 2-Dimenisional Co-ordinate Sysytem

The 2-dimensional coordinate system is built around a set of two axes that intersect at right angles and one particular point
called the origin. Points in the plane are described by ordered pairs (z, y) and vectors in standard position by (z, y).

Y

o~

# Definition: 3-Dimenisional Co-ordinate Sysytem

The 3-dimensional coordinate system is built around a set of three axes that intersect at right angles and one particular point
again called the origin. Points in the plane are described by ordered triples (z,y, z) and vectors in standard position by

(x,y,2).

The Distance between two Points in 2 & 3-Dimensional Space

In two-dimensional space, the distance d between two points say P(z1,y:) and Q(z2, y2) is given by the distance formula
2.4

Pl )
.‘.

o)

> X

https://math.libretexts.org/@go/page/125035
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d= \/(932 —z1)*+ (2 — 1)

In three-dimensional space, the distance d between two points say P(z1,y1,21) and Q(z2,ys, 22) is given by the distance

formula

P(x,.y,.2,)
]

°
Qfx, .y.z)

d:\/(mQ—m1)2+(y2—y1)2+(zz—21)2

v/ Example 3.1.1

The distance between the two points P(2, 2, 5) and Q(5, 6, 2)is

Solution

d= \/(wz—w1)2+(y2—y1)2+(22 —z1)2
d=1/(6-2) +(6—2)+(2—5)°
d:\/(3)2+(4)2+(—3)2

d=+9+1619
d = /34 ~ 5.8 units

The distance between the two points P(2, 2, 5) and Q(5, 6, 2) is 1/34 \(\approx 5.8\\)units.

Using Technology

We can use technology to find the distance between points.

Go to www.wolframalpha.com.

To find the distance between the two points (—3, 5) and (—7, 4) enter distance (—3, 5) and (-7, 4) in the entry field.
Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, +/17 ~4.12311.
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¥ WolframAlpha

distance (-3,5) and (-7,4)

i b e .
B NATURAL LANGUAGE | JFa MATH INPUT B EXTENDED KEVBOARD

Input interpretation

point | coordinates (-3, 5)
distance
point | coordinates (—7,4)
Result
v 17 = 4.12311

The Equation of a Circle and a Sphere
We can use the distance formulas to get equations of circles and spheres.
The center-radius form of a circle with center at the point C'(h, k) and radius r is

y

g

(z—h)’+(y—k)* =1
The center-radius form of a sphere with center at the point C'(h, k, j) and radius 7 is

Z

v Example 3.1.2

To write the equation of a circle that has the point C (4, 7) as its center and radius 8, we use the center-radius form
(x—h)>+(@y—k) =1 withh=4,k=7,andr =8.

Solution

https://math.libretexts.org/@go/page/125035


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125035?pdf

LibreTexts"

(¢—4)*+(y—7)° =8
)+ (y—17)" =64

v/ Example 3.1.3

To write the equation of a sphere that has the point C (4, 7, 1) as its center and radius 8, we use the center-radius form
(x—h)2+(@y—Fk)>+ (z—5)2=1> withh=4,k=7,j=1,andr=8.

~—~
8
|
=~

Solution

(@—h)+@y—k)’+(z-j5)" =7
(z—4)>+(@y-7)>2+(z—1)* =8
(x—4)>+(@y-7)>+(z2—1)>=64

Try These

? Exercise 3.1.1

Find the distance between the two points (2,4) and (-3,6). Round to one decimal place.

Answer

V29 =~ 5.4 units

? Exercise 3.1.2

Find the distance between the two points (-3,5,-6) and (7,-4,2). Round to one decimal place.

Answer

7+/5 = 15.6 units

? Exercise 3.1.3

Write the equation of a circle that has the point C(2,9) as its center and radius 1.

Answer

(x—2)%+(@y—-9)2=1

? Exercise 3.1.4

Write the equation of a sphere that has the point C(-2,5,-7) as its center and radius 4.

Answer

(2+2)2+(y—5)2+ (2+7)> =16

This page titled 3.1: Three Dimensional Vectors is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny
Burzynski (Downey Unified School District) .
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3.2: Magnitude and Direction Cosines of a Vector

The Magnitude of a Vector

You likely recall that the magnitude (the length) of a vector 7 = (vz, vy) in 2-dimensions is

[LThis picture shows how v = <v_x,v_y. The blue vector v and v_x have their starting points connected together. Vector v and v_y are
connected together by their terminal points. The terminal point of v_x is connected to the starting point of v_y."
src="/@api/deki/files/97413/clipboard_e54c0403f113cb233f89c9f459d41eeaa.png">

[13]] = /2 +v}
v/ Example 3.2.1

The magnitude of vector v = (2, 4)
Solution

1] = y/vs* +v5

VI E — JITT6 = B0 —2/5
I3 =25

Interpret this as the length of the vector ¥ = (2, 4) is 24/5 units.

[
;
|

[ Il . Il | . L l 1 !
| Eag T T T T T T T T bl |
45 -4 -3 -2 -1 1 2 38 4 3

! | | S, e | ! {

2 4

L3

g L

R

= A S

The formula for the length of the vector ¥ = (v, vy, v,) in 3-dimensions is

5] = y/v2 +vj +2
v/ Example 3.2.2

The magnitude of vector v = (2, 4, —6)

Solution
9] = 4/v% + v} +v2
5] = /2% 4 42 + (—6)? 1l =,/A+16+36
9] = v/56
9]l =2+/14

Interpret this as the length of the vector v = (2,4, —6) is 24/14 units.
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The Direction Cosines of Vectors in 2- and 3-Dimensions

The direction cosines of a vector v = (v, vy) or v = (v, vy, v;) are the cosines of the angles the vector forms with the
coordinate axes.

The direction cosines are important as they uniquely determine the direction of the vector.

Direction cosines are found by dividing each component of the vector by the magnitude (length) of the vector.

Vg
4] ?

Uy
cosa = COSp = —
Il

<l

v,
cosa = ﬁ cosf =
v

Y

v, ()
=% sl =—
[|9]] [l9]|

<l

v/ Example 3.2.3

%
Find the direction cosines of the vector v = (4,5, 2).

Solution

First, find the magnitude of the vector v = 4,5, 2)

H?H:,/vzuvy?ﬂf = V2152122 = /1612514 =45 =v/9x5 =35

Get the direction cosines by dividing each component, 4, 5, and 2, by this magnitude.

Vg 4
cosa=—=——=0.596
19 3v/5

Uy 5
cosff=—=——==0.745
19 3v5
v, 2
cosf=—=—~n
vl 3v5

https://math.libretexts.org/@go/page/125036
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Find the vector v that has magnitude 32 and direction cosines cosa = 5/8 and cosf = —3/8.

Solution

. .
Since cosa = H_SH

Yy

and cos 8 =

=

vy = ||| ~cosa:32'§:20 , and

| >

vy = ||| - cos B =32~ %3 =-12.

So, ¥ = (20, —12).

Using Technology
We can use technology to determine the magnitude of a vector.

Go to www.wolframalpha.com.

To find the magnitude of the vector v = (2,4, —6), enter magnitude of <2, 4, -6> in the entry field. Wolframalpha tells you
%
v|=2v14

D:“This screenshot from WolframAlpha shows a calculation of the magnitude of <2,4, negative 6. The answer is 2 multlphed by the square root of 14."
src="/@api/deki/files/97417/clipboard_ed73083bf6ed52a173f4dff61da5cObce.png">

what it thinks you entered, then tells you its answer. In this case,

To find the direction cosines of the vector 7 = (4,5, 2), enter evaluate 4/(magnitude of <4,5,2>), 5/(magnitude of <4,5,2>),
2/(magnitude of <4,5,2>) in the entry field. WolframAlpha answers {0.596285, 0.745356, 0.298142}

We can use WolframAlpha to approximate a vector give its magnitude and direction cosines.

[ This screenshot from WolframAlpha shows a calculation of the magnitude of three values. These three values are 4 divided by the magnitude of <4,52, 5 divided by the magnitude of
<4,5,2>, and 2 divided by the magnitude of <4,5,2>. The answer is 4 over 3 times the square root of 5, square root of 5 divided by
3, 2 over start denominator three times the square root of 5 end denominator."
src="/@api/deki/files/97418/clipboard_efcdfc03181976fbe8aeb9da126077dd4.png">

Try These

? Exercise 3.2.1

Find the magnitude of the vector v = (—3, 4, —2).

Answer

7] =v2

? Exercise 3.2.2

Find the magnitude of the vector v = (1, —1).

Answer

[#]-v2

Find the cosines of the vector ¥ = (3, —1, 2). Round to three decimal places.

Answer

https://math.libretexts.org/@go/page/125036
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l {0.802, -0.267, 0.535}

? Exercise 3.2.4

Approximate the vector ¥ that has magnitude 24 and direction cosines cosa = —3/4,cos 3 = —1/4,cosf =7/8.

Answer

<18, —6, 21 >

This page titled 3.2: Magnitude and Direction Cosines of a Vector is shared under a CC BY 4.0 license and was authored, remixed, and/or curated

by Denny Burzynski (Downey Unified School District) .
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3.3: Arithmetic on Vectors in 3-Dimensional Space

Addition and Subtraction of Vectors

To add or subtract two vectors, add or subtract their corresponding components.

v/ Example 3.3.1

Add the vectors u = (2, 5, 4) and v = (4,2,1),

Solution
To add the vectors @ = (2, 5, 4) and v = (4,2,1), add their corresponding components.
U+ U =(244,5+2, 4+1)= (6,7, 5)
So, w + v =1{6,7, 5)
Z
M
64
54
44
34
24 u
14
Lz 2507

Now, graph this sum. Start at the origin.
Since the £ —component is 6, move 6 units in the x —direction.
Since the y—component is 7, move 7 units in the y—direction.

Since the z—component is 5, move 5 units upward.

v/ Example 3.3.2

Subtract the vectors u = (2, 5, 4) and v = 4,2, 1)

Solution

To subtract the vectors o = (2, 5, 4) and v = (4,2, 1) subtract their corresponding components.

https://math.libretexts.org/@go/page/125037
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So, u — v =(-2,3, 3)

U— v =(2-45-24-1)= (-2,3, 3)

Scalar Multiplication

# Definition: Term

Scalar multiplication is the multiplication of a vector by a real number (a scalar).

— . — .
Suppose we let the letter k represent a real number and v be the vector (x , y, z) . Then, the scalar multiple of the vector v is

kv = (kz, ky, kz)

v/ Example 3.3.3

Suppose W= (—3,-8, 5) and k =3.
Solution
= .= .
Then kv =34 =3(—3,-8, 5) = (3(—3),3(—8),3(?77)) = (9, —24, 15)

v/ Example 3.3.4

Suppose v = (6,3,—12) and k = _Tl .

Solution
= - - -
Then ko = 2+ 0 = =4(6,3, —12) = <T1(6), 213, 71(—12)> —(~2,-1, 4)

v/ Example 3.3.5

2 -3
SupposeE):[ 6 ,7: 2 ,andE): -1 .Find37+47—2$.
0 8 2
Solution
) 1 —3 6 4 6 4
Then3w +4v 2w =3| 6 [ +4| 2 | —2|-1|=|18|+| 8 |+|2|=] 28
0 8 2 0 ~32 4 36

Using Technology
We can use technology to determine the value of adding or subtracting vectors.

Go to www.wolframalpha.com.

-2 1 -3
Suppose 7 = 6 |, 7 =1| 2 |,and ﬁ = | —1 | . Use WolframAlpha to find 37 —1—4;> — 25>. In the entry field enter
0 -8 2

evaluate 3 % [—2,6,0] +4*[1,2, —8] —2%[-3,—1,2].
| This screenshot from WolframAlpha shows an equation with scalar multiplication and vector addition and subtraction. We have 3 times <negative 2,6,0 phlS 4 times <1 ,2 , negative 8> minus
2 times . The result is <4,28, negative 36>." src="/@api/deki/files/97440/clipboard_e674088772cf81d9ce229ad6440ed593c.png">

4
WolframAlpha answers (4, 28, — 36) which is WolframAlpha’s notation for | 28

—36
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Try These

? Exercise 3.3.1
Add the vectors 4 = (—3,4,6) and v = (8,7, —5).

Answer

Y+ v =(511,1)

? Exercise 3.3.2

Subtract the vector ¥ = (8,7, —5) from the vector 4 = (—3, 4, 6).

Answer

- =
u — v

= (—11,-3, 11)

? Exercise 3.3.3
Given the three vectors, 4 = (2,4, —5),% = (—3,4, —8), and w = (0, 1, 2), find 24 + 3¥ — 4w .
Answer

2U +30 —4w =(-5,16, —42)

? Exercise 3.3.4

3 —1 0
Supposeﬁl4 ,0=| 6 | ,andw= |5 |, find 4u — 40 —w

) 4 2
Answer
AU —47 — W = (16,13, —26)

This page titled 3.3: Arithmetic on Vectors in 3-Dimensional Space is shared under a CC BY 4.0 license and was authored, remixed, and/or

curated by Denny Burzynski (Downey Unified School District) .
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3.4: The Unit Vector in 3-Dimensions and Vectors in Standard Position

The Unit Vector in 3-Dimensions
The unit vector, as you will likely remember, in 2-dimensions is a vector of length 1. A unit vector in the same direction as the

— . . . . oA .
vector v is often denoted with a “hat” on it as in v. We call this vector “v hat.”

# Definition: The Unit Vector in 3-Dimensions

The unit vector v corresponding to the vector v is defined to be

v/ Example 3.4.1

. . —
Unit vector corresponding to the vector v = (—8,12)

Solution

The unit vector corresponding to the vector v = (—8,12) is

o)

RE(
(—8,12)
V(& BT

(—8,12)

V644144
(—8,12)
/208
./ -8 12
—<mm>

{):

’{):

’i}:

A unit vector in 3-dimensions and in the same direction as the vector v is defined in the same way as the unit vector in 2-
dimensions.

. ~ . — . . ~ —
The unit vector v corresponding to the vector v is defined to be v = ”% , where v = (z,y, 2).
v

For example, the unit vector corresponding to the vector v = (5, —3, 4) is

bt
1]
(5,-3, 4)
52 +(—3)% +42

’i}:

(5,-3, 4)
vV25+9+16
<57 _37 4>

v

>
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(5,-3, 4)
5v/2

f):

ﬁ_< 5 -3 4 >
5v2 52 52
Vectors in Standard Position

A vector with its initial point at the origin in a Cartesian coordinate system is said to be in standard position. A common notation
for a unit vector in standard position uses the lowercase letters i, j, and k is to represent the unit vector in

the z-direction with the vector %, where 7 = (1,0, 0), and
the y-direction with the vector 7, where 7 = (0,1, 0), and
the z-direction with the vector k, where k = (0,0, 1).

The figure shows these three unit vectors.

H
R L
A J

Any vector can be expressed as a combination of these three unit vectors.

v/ Example 3.4.2

The vector v = (5, 4, 7) can be expressed as v =5i +45 4Tk .

Solution

. . N — 2 AB 0 oh &
Now, the unit-vector in the direction of v =57 +45+ 7k is
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(5,4, 7)
(5,4, 7)
V25116149

_ (5,-3, 4)
/90
(5,4, 7)
v/9e10
(5,4, 7)
310

(S5
I

(<33

S35

v

)

. 5 4 7
v_<3m’ 3410’ 3«/10>
O N
- i+ ——k
310 | 3vI0° | 3/10

Normalizing a Vector
Normalizing a vector is a common practice in mathematics and it also has practical applications in computer graphics. Normalizing

avector v is the process of identifying the unit vector of a vector v .

Using Technology

We can use technology to find the unit vector in the direction of the given vector.

Go to www.wolframalpha.com.

Use WolframAlpha to find the unit vector in the direction of Y= (5,4, 3). Enter normalize <5,4,3> in the entry field and
WolframAlpha gives you an answer.

[55:This screenshot from WolframAlpha shows the normalization of vector <5,4,3. The result is 1 over the square root of 2, 2 times the square root of 2 over 5, and 3
over the 5 times the square root of 2." src="/@api/deki/files/97444/clipboard_e93161cd99c52ed22a96bec8b04b475d0.png">

2\/_
Translate WolframAlpha’s answer to \/_ i+ It \/_ k.

Try These

? Exercise 3.4.1

Write the unit vector that corresponds to v = (2, —3,4).

Answer

2 2
i

35, 4
T Tt

? Exercise 3.4.2

Write the unit vector that corresponds to ¥ = (1, —1,1).

Answer

7 —

% 17
itk

<I| —
&Il =
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? Exercise 3.4.3

Write the unit vector that corresponds to ¥ — @ = (6,7,2) —(2,7,6) .

Answer
1 2 17
—= 17 — —_k
V2 V2

? Exercise 3.4.4

Normalize the vector v = (4, 3,2).

Answer
47,83 %, 2 4
7w TR T U

This page titled 3.4: The Unit Vector in 3-Dimensions and Vectors in Standard Position is shared under a CC BY 4.0 license and was authored,

remixed, and/or curated by Denny Burzynski (Downey Unified School District) .
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3.5: The Dot Product, Length of a Vector, and the Angle between Two Vectors in
Three Dimensions

The Dot Product of two Vectors

The dot product of two vectors v = (ug, u,) and v = (v, v,) in two dimensions is nicely extended to three dimensions.

# Definition: Dot Product of two Vectors

The dot product of vectors & = (ug, Uy, u,) and v = (v, vy, v;) is a scalar (real number) and is defined to be

U~V =UgVy + UyUy + UV,

Since ug, Uy, Uz, U, , Vy, and v, are real numbers, you can see that the dot product is itself a real number and not a vector.

v/ Example 3.5.1

Compute the dot product of the vectors W= (5,2, 4) and v = (3,4,-7)

Solution

To compute the dot product of the vectors w = (5,2, 4) and v = (3,4, —T), we compute

Wev =5e3+2ed+de(—7)=15+8—28=—5

Since the dot product is a scalar, it follows the properties of real numbers.

X Properties of the Dot Product

1.4-9=7v-u the dot product is commutative

2.4-(V+wW)=u-v+u-w |, the dot product distributes over vector addition
— —

3.u- 0 =0, the dot product with the zero vector 0, is the scalar 0.

4.u-u=||ul?

v/ Example 3.5.2
_>

Compute the dot product 70(74—10):70?4—703 , where 7:(5,—2, -3),

w=(-3,7, —2),

v =(6,4,1), and

Solution
i-(v+w) =(5,-2,-3)-(6,4,1)+(5,—2,-3)-(-3,7,—2)
=(5-6+(=2)-4+(=3)- 1)+ (- (-3)+(-2) 1) +(-3)-(-2))
=30—-8-3-15—-14+6
=—4

The Length of a Vector in Three Dimensions

The length (magnitude) of a vector in two dimensions is nicely extended to three dimensions.

The dot product of a vector Vo = (v,, v,) with itself gives the length of the vector.

5] = 4/ vz +v5
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You can see that the length of the vector is the square root of the sum of the squares of each of the vector’s components. The same
is true for the length of a vector in three dimensions.

# Definition: Length of a Vector in Three Dimensions

The dot product of a vector ¥ = (v, vy, v,) with itself gives the length of the vector.

19| = 4/ v& +5 +v3
v/ Example 3.5.3

4
Use the dot product to find the length of the vector V=2
6

Solution
In this case, v, =4, v, =2, and v, =6

Using ||7|| =4/vz2 +vy2 + v,2 , we get

19| = /4% +2° +6°
|5]| = /56
||| = v4-14
3]l = v4-v/14
13| =2v/14

4
The length of the vector 7 = | 2| is 2v/14 units.
6

The Angle between two Vectors

The formula for the angle between two vectors in two dimensions is nicely extended to three dimensions.

# Definition: Angle between two Vectors in 3-Dimensions

If 6 is the smallest nonnegative angle between two non-zero vectors % and v, then

cosf = % orf=cos™! %
llzll - [l llzll - |9

where 0 < 0 < 27 and ||| = 4/ u,® +u,° +u,” and ||9]| = 4/ v, +v,° +v,°
v/ Example 3.5.4

Find the angle between the vectors W= (5,—3, —1) and v = (2,4, —5).

Solution

- =
ue v

1
I

Using 8 = cos™ — , we get
v

=
u
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. (5,3, 1) (2,4, —5)

VB +(=3)2 4 (-1)2 (/22 + 42+ (-5)?

L 524 (9)4+(1)-(5)
V251971 /4116125

.3

V/35- /45
6 = 85.66

0 =cos™

0 =cos

0 =cos

We conclude that the angle between these two vectors is close to 85.7° rounded to one decimal place.

Using Technology
We can use technology to find the magnitude of the vector and the angle 6 between two vectors.

Go to www.wolframalpha.com.
To find the magnitude (length) of the vector 7 = (4,2, 4), enter magnitude of <4, 2, 4> in the entry field. Wolframalpha tells

7”:6.

[This screenshot from WolframAlpha shows a calculation of the magnitude of <4,2,4. The result is 6."

src="/@api/deki/files/97445/clipboard_e5b9b6fa9319843040ab3d357fd7e33ef.png">

you what it thinks you entered, then tells you its answer. In this case,

To find the angle between the vectors o= (5,—-3, —1) and v = (2,4, —5), enter angle between vectors<5, -3, -1> and <2,
4, -5> in the entry field. Wolframalpha tells you what it thinks you entered, then tells you its answer. In this case, § = 85.7°,
rounded to one decimal place.

|4 This screenshot from WolframAlpha shows the calculation of the angle between vectors <5, negative 3, negative 1 and <2,4, negative 5>, The result is 85.6647 degr ees."
src="/@api/deki/files/97446/clipboard_ecd5ac2462c48e45c3c2106a9f3324bd9.png">

Try These

? Exercise 3.5.1
Find the dot product of the vectors v = (—2,3,—9) and v = (5, —1,2)

Answer

? Exercise 3.5.2

Find the dot product of the vectors 4 = (6,2, —1) and v = (2, -7, —2).

Answer

? Exercise 3.5.3

Find the length of the vector u = (4, —7, —6).

Answer

4/101
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Find the length of the vector ¥ = (0, 5, 0)

Answer

? Exercise 3.5.5

I |

Find the angle between the vectors 4 = (3,4,5) and v = (—3, —1, 8).

Answer

63.6°

? Exercise 3.5.6

Find the angle between the vectors & = (1, —2,1) and v = (3,5, 7)

Answer
90°

This page titled 3.5: The Dot Product, Length of a Vector, and the Angle between Two Vectors in Three Dimensions is shared under a CC BY 4.0
license and was authored, remixed, and/or curated by Denny Burzynski (Downey Unified School District) .
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3.6: The Cross Product- Algebra

The Cross Product of two Vectors

A vector that is perpendicular to both vectors v = (u,,u,) and v = (v, vy), can be found using the cross product. The cross
product requires that both vectors be in three-dimensional space.

# Definition: The Cross Product of two Vectors

The cross product of vectors @ = (ug, uy, u,) and ¥ = (v, vy, v;) is a vector and is defined to be

o
B2 ) = (0 = Wy Wl — Wiy, Wity = W)

This formula is challenging to remember. A nice device to help you remember both this formula and the dot product formula is to
visualize them in a 3x3 square of components. The square shows how vectors can interact with one another.

X y z

x | Dot |Cross|Cross

y [Cross| Dot |Cross

z |Cross|Cross| Dot

For the cross product,
The z-component has a product that involves no z-components: uy,v, — u,v,
The y-component has a product that involves no y-components: w,v; — U, v,
The z-component has a product that involves no z-components: v

y— UyUz

Each component is a difference of two diagonal products.

X y z

x | Dot | x*y | x*z

y | y*x | Dot | y*z

z | z%x | z*y | Dot

To produce the x X-component, (top right) - (bottom left) = y*z — z*y
To produce the y y-component, (bottom left) - (top right) = z*x — x*z

To produce the z Z-component, (top right) — (bottom left) = x*y — y*x

The DOT product is the interaction between two vectors having similar components:
-z, Yy zz

The dot product measures similarity since it combines only interactions of matching components.

The CROSS product is the interaction between two vectors having different components:

https://math.libretexts.org/@go/page/125040
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The cross product measures cross interactions since it combines interactions of different components.

v/ Example 3.6.1

Find the cross product of the vectors W= (6,2, 4) and v = (3,4, —7).

LY, L2,y TyY 2,2:Ty,2°Y

3 4 7 3 4 -7

5 | Dot | 5%4 [5*-7| 5 | Dot | 20 | -35

2 | 2*3 | Dot |2*7| 2 | 6 |Dot|-14

4 | 4*3 | 4*4 | Dot | 4 | 12 | 16 | Dot

Solution

To produce the 2-component, (top right) - (bottom left) = 2*(-7) — 4*4 = -30
To produce the y-component, (bottom left) - (top right) = 4*3 — 5*(-7) = 47
To produce the z-component, (top right) — (bottom left) = 5*4 — 2*3 = 14

W x v = (30, 47, 14)

*Be careful with the computation. It goes (bottom left) — (top right) whilethe first and last go (top right) — (bottom left).

Using Technology
We can use technology to find the cross product between two vectors.
Go to www.wolframalpha.com
To find the cross product of the vectors W= (5,2, 4) and v = (3,4, —7), use either the “cross” or the x command.
Wolframalpha tells you what it thinks you entered, then it tells you its answer. In this case, UxV = (30, 47, 14).
[5:1This screenshot from WolframAlpha shows an evaluation of the cross product between vectors <5,2,4 and <3,4,negative 7>, or <5,2,4> x <3,4,negative 7>. The result is

the vector (negative 30,47,14)." src="/@api/deki/files/97451/clipboard_e9640f1af100c5e766bbe45d473b19fb1.png">

The Right-Hand Rule

You can see that the cross product of the two vectors 7 and 7, is itself a vector. But where is this vector 7 X 7? The cross
product of two vectors is a vector that is perpendicular to the plane formed by the two vectors. What about the two perpendicular
directions? Does this perpendicular vector lie above or below the plane formed by the two vectors? We use the right-hand rule.

Hold your hand as shown in the picture, your index and middle fingers extended. Your thumb points in the direction of the cross
product.

3
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Since the dot product is a scalar, it follows the properties of real numbers.

X Properties of the Cross Product

Using Technology

For example, use WolframAlpha to compute both the cross product 7 X 7 and 7 X 7 , with

o= (5,—2, —3) and v = (6,4, 1), to show that one is the opposite of the other.

QThis screenshot from WolframAlpha shows the cross product calculation <5,negative 2,negative 3 X <6,4, 1>. The result is < 10,1‘legative 23,32> "
src="/@api/deki/files/97453/clipboard_e067e85cbf91bc75737263e604bf16bbe.png">

D.'This image from Wolfram Alpha shows the cross product calculation <6,4,1 X <5,negative Z,Hegative 3>. The result is . "
src="/@api/deki/files/97454/clipboard_ecd2d30b29a40773d237cbeecO0b738bb7.png">

Notice that (10, —23,—32) = —(-10,23, —32), verifying property 1.

Try These

? Exercise 3.6.1

Find the cross product of the vectors 4 = (4, —2,1) and v = (5, —1, 3).

Answer

- =
v

u X v = (=5,-7, 6)

? Exercise 3.6.2

Find the cross product of the vectors 4 = (—2,3, —9) and v = (—8,12, —36).

Answer
- = =
uxv=20

? Exercise 3.6.3
Find 4 X v - , where 4 = (—2,5,3), 9 = (4,4, —2), and w = (2,6, —5).

Answer

144

* Note that the cross product must be computed first since if it is not, we would be crossing a vector with a scalar.

This page titled 3.6: The Cross Product- Algebra is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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3.7: The Cross Product- Geometry

The Cross Product of two Vectors and the Right-Hand Rule

— — .. s - =
The cross product of the two vectors w and v, is itself a vector. Where is this vector v X v ? The cross product of two vectors
is a vector perpendicular to the plane formed by the two vectors. What if there are two perpendicular directions? Does this
perpendicular vector lie above or below the plane formed by the two vectors? Let’s use the right-hand rule.

U xXv
7 Hold your hand as shown
q in the picture, your index
N and middle fingers
I~ extended. Your thumb

points in the direction of
the cross product.

The Geometry of the Cross Product

# Definition: Term

If 6 is the angle between the two vectors 7 = (Ug, Uy, u;) and 7 = (vg, vy, v.), then the length (magnitude) of the cross

= =,
product u X v is

[l > 6| = [[ul][|v]| sin 6
Jiill = /0 +u® + o2 and [[5]] = /02 ] +2
UXT
7
i

v/ Example 3.7.1

Length of the vector WXV , where @ = (5,2, 4) and v = (3,4, —=7)

Solution
The length of the vector Uxv , where u = (5,2, 4) and v = (3,4, —=7) is
[ %] =[] 2] ins

\/ux2 +uy2 + u, e \/vm2 +vy2 + v,? esind

We now need to get sinfl. We’ll use the formula for the angle between two vectors.

https://math.libretexts.org/@go/page/125041
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- =

Uu-v

0:cosflf
<l - 1ol
5,2,4)-(3,4,—7
0 =cos™* < ) )
VB 422 +42 . /32447 4 (—T7)2
o, 95:3+2-4+4-(-7)
0 = cos
V4574
t9—cos71_—5
V4574
0=94.97

Now we compute HZ) X 7“ = /45 8 \/T4sin (94.97°) =57.49 units.

Using Technology
We can use technology to find the magnitude of the cross product of two vectors.

Go to www.wolframalpha.com.

To find the length of the cross product of the vectors W= (5,2, 4) and v = (3,4, —7) enter magnitude of <5, 2, 4> cross
<3, 4, -7> in the entry field. Wolframalpha tells you what it thinks you entered and its answer. In this case it shows you result of
v/3305. Click on the approximate form button to get the result in decimal form as 57.49.

Result Approximate form

V3305 4

|- This screenshot from WolframAlpha shows the calculation of the magnitude of <5,2,4 X <3,4, negative 7>. The result is 57.4891."
src="/@api/deki/files/97458/clipboard_e13daldf53b00e241350a56220a04e76b.png">

Area of a Parallelogram

Geometrically, H? X ;)H produces the area of a parallelogram determined by 7 and 7

Area = ||u x 9| = ||u||||v]| sind

et s

i

The area of the parallelogram determined by the vectors % = (5,2, 4) and v = (3,4, —7) from the above example is 57.49 square
units.

The Cross Product of Perpendicular and Parallel Vectors

If vectors 4 and v are perpendicular to each other, then the angle between them is 90° and sin(90°) = 1, so that

ux s =l |9

| If vectors 4 and v are parallel to each other, then the angle between them is 0° and sin(0°) = 0.
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_>
It makes sense then to define the cross product of parallel vectors to be the zero vector, 0. Also, if at least one of the vectors o

— . - - = ) .
and v is the zero vector 0, then the cross product v x v is defined to be the zero vector. We can say that if the cross product of
two vectors is zero, then the vectors are parallel to each other. Also, if two vectors are parallel to each other, then their cross
product is zero. We combine these statements together in an if-and-only-if statement.

| Nonzero vectors % and v are parallel to each other if and only if % x v =0 .

X Properties of the Cross Product

—

1.4 X0 = —v X U , the cross product is anti-commutative

2.k(uxv)=kixv=1uxkv ,multiplication by a scalar

3.uX (U+wW)=uXv+uxw ,the cross product distributes over vector addition
— — - -

4. ux 0 = 0 , the cross product with the zero vector 0, is the zero vector 0

v/ Example 3.7.2

Use WolframAlpha to verify that

1

where & = (5,-2, —3), v = (6,4, 1), and

Solution

Use WA to first compute 7 X (7 + ﬁ) = 7 and then 7 X 7 + 7 X ﬁ . Determine if the results do or do not match.
We can do this in one step by entering

<5,-2,-3> x (<6,4,1> + <-3,7,2>) = <5,-2,-3> x <6,4,1> + <5,-2,-3> x <-3,7,2>

If the statement on the left of the = equals the statement on the right, WA responds with True.

If the statement on the left of the # equals the statement on the right, WA responds with False.

In this case, we get a True response and have verified the truth of the statement.

|,/ This screenshot from WolframAlpha shows if a calculation is true or not. The calculation is <5,negative 2,3 X (<6,4, 1>+) =<5,negative 2,negative 3>x <6,4, 1>+
<5,negative 2,negative 3> x . The result is True."
src="/@api/deki/files/97460/clipboard_edbelddbbffad25bcefc5fe83c7b2ec61.png">

Try These

Find the cross product of the vectors 4 = (—4,3,5) and v = (5, —1, 2).

Answer
- —
v

= (11,33,—11)

Find the cross product of the vectors 4 = (—2,3,—9) and v = (6, —9, 27).

Answer

%
% xv=(0,0,0)=0
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? Exercise 3.7.3

Find the length of the vector formed by the cross product of the vectors 4 = (3, —5,4) and ¥ = (2, —4, 1).

Answer

5+/6 = 12.2 units

? Exercise 3.7.4

Find the angle between the vectors 4 = (4, —7, —6) and v = (5, —1, 2).

Answer
- =
0= cos ! —422_ §= cos ! (4,7,6)e(5,71,2) 9= cos- 128D D62y (125 g_ 74190
1w el 7| BT+ 620 f52 4 (12 22 v0le/30 vI0le/30

? Exercise 3.7.5

Determine if the vectors 4 = (3, —2,1) and © = (0, 2,4) are perpendicular or parallel to each other.

Answer

. . — —
Perpendicular since u ¢ v =0

? Exercise 3.7.6
Find the area of the parallelogram and the triangle formed by the vectors 4 = (1, —2, —4) and v = (4, 3, —5).

Answer

Parallelogram is 26.94square units. Triangle is (% of 26.94)= 13.47square units.

This page titled 3.7: The Cross Product- Geometry is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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4.1: Matrices

Matrix

# Definition: Matrix

A matrix is a rectangular array of objects, often numbers.

v/ Example 4.1.1

The rectangular array of numbers 6 3 is a matrix having 3 rows and 2 columns.

Dimension of a Matrix

Matrix having m number of rows and n number of columns has dimension (size) m X n (pronounced as "m by n") and is
called an m X n matrix.

The matrix in Example 4.1.1is a 3 X 2 matrix since it is composed of 3 rows and 2 columns. When specifying the dimension of a
matrix, the number of rows is stated first and the number of columns second.
Elements of a Matrix

It is common to use an uppercase letter of the alphabet to name a matrix and the corresponding lowercase letter to name an element
(entry or member) of the matrix. Subscripts are attached to the lowercase letter to specify its position in the matrix.

The first number in subscript indicates the row in which the element resides and the second number the column.

The subscript numbers appear adjacent to each other and typically without a comma separating them.

We could name the matrix of Example . We specify the element —2 in row 1, column 2, with the notation a;5. The lowercase a is
used to indicate that the element is from matrix A and the subscripts indicate we are observing the entry in row 1, column 2. The
subscript is not the number 12, but rather the two individual numbers, 1 and 2.

In general, the notation a;; denotes the entry in row 4 and column j.

Some other elements of A are
a1 = 5, the number in row 1, column 1
asz; = —6, the number in row 3, column 1

age =4, the number in row 2, column 2

air aiz -0 Qin
a1 Q2 " G2
In general, an m xn matrix has the form asr as2 "°° a3n |, For some number m, the element a,,2 is the number in row
Lam1 Gm2 """ Omn |

m, column 2.

Your turn:

@ 0 4.1.1 https://math.libretexts.org/@go/page/125043
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0 —4 2
In the matrix B= 1 15 ,
-3 3 8

a. Specify the size of B.
b. Find the value of by;.
c. Find the value of by3.
d. Find the value of b3s.

ANS: (a) 3 x 3, (b) 0, (c) 2, (d) 3

Equal Matrices

# Definition: Equal Matrices

Two matrices A and B are said to be equal, written as A = B, if they are the same size and all the corresponding entries are
equal.

In matrix notation, for all 4 and j, A=B if a;;=b;;. The notation a;; names the element in row ¢ and column j of matrix A.
Similarly, the notation b;; names the element in row 7 and column j of matrix B. The notation a;;=b;; indicates that the element in
row ¢ and column j of matrix A is the same as the element in row % and column j of matrix B.

Square Matrices

# Definition: Square Matrices

A matrix is called square if it has the same number of columns as rows.

v/ Example 4.1.2

The 2 x 2 matrices A and B are both equal and square.

A=[3 4} andB:[3 4]
2 1 2 1

Main Diagonal of a Square Matrix

Consider a square matrix, say

2 1 0
A=|3 4 -5
-1 6 7

Imagine a line passing from the top left element to the bottom right element as in the picture.

8 1 0
A=| 3 4 -5
-1 6 7

This diagonal set of elements from the top left element to the bottom right is called the main diagonal of the matrix.

Diagonal and Non-Diagonal Elements of a Matrix

The elements lying on the main diagonal of matrix A are called the diagonal elements of matrix A. The elements 2, 4, and 7 are the
diagonal elements of matrix A. The elements lying off the main diagonal of matrix A are called the non-diagonal or off-diagonal
elements of matrix A. The elements 1, 0, 3, -5, -1, and 6 are the non-diagonal elements of matrix A.

https://math.libretexts.org/@go/page/125043
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The Identity Matrix

# Definition: Identity Matrix

An Identity matrix is a square matrix that has only 1’s on its main diagonal and 0’s everywhere else.

A matrix in which every diagonal element is 1 and every non-diagonal element is 0 is an identity matrix. Identity matrices are
typically named with the uppercase letter I. It is not uncommon to write the size of the matrix as a subscript on the I.

v/ Example 4.1.3

S = O

1 0
The square matrix I = | 0 0 | isthe 3 x 3. We could write I35 to indicate the 3 x 3 identity matrix.
0 1

The Zero Matrix

# Definition: Zero Matrix

The zero matrix is a matrix, in which every element is 0.

Zero matrices are commonly named with a 0.

v/ Example 4.1.4

0 0
Thematrix 0 = | 0 0| is a zero matrix.
0 0

The Transpose of a Matrix
2 3 4

.Form a new matrix, call it A-
5 6 7

Consider some m x n matrix A. For example, suppose A is the 2 x 3 matrix A = [

transpose and denote it by AT, by making

o The first row of A the first column of AT,
o The second row of A the second column of AT

2.5 2 3 4
Then AT = | 3 6| is the transpose of A = )
47 5 6 7

# Definition: Transpose of a Matrix

The rows of a matrix are the columns of its transpose. If the matrix A is size m x n, then dimension of AT isn xm.

Row Matrices and Column Matrices

# Definition: Row Matrix

A row matrix is a matrix with only one row and any number of columns.

The matrix R=[3 4 5] isarow matrix with 3 columns. Itisa 1 x 3 matrix.

https://math.libretexts.org/@go/page/125043
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# Definition: Column Matrix

A column matrix is a matrix with only one column and any number of rows.

6
The matrix C = [7 is a column matrix with 2 rows. It is a 2 x 1 matrix.

Vectors as Matrices

When we first described vectors, we expressed them using the bracket notation. For example, we could write a vector as (2, 4, 6).
2

We can just as easily describe this vector using a row matrix [2 4 6] or column matrix | 4
6

Try These

? Exercise 4.1.1

Specify the dimension of each matrix.

[0 2 5
Lg_ |6 32
1 9 2
[ 8 -1 4
s[5 6 -3
0 0 -3

cQ=[1 0 -1]

Answer

ad4x3
b.2x3
c1x3

? Exercise 4.1.2

True or False: The transpose of a square matrix is also a square matrix.

Answer

True

? Exercise 4.1.3

0 2 5
In the matrix S = 6 -3 2
1 9 2
8 -1 4

a. Find the value of Si3.
b. Find the value of Sa3.
c. Find the value of Ss;.
d. Find the value of Sy3.

Answer

a. 5
b. 2

https://math.libretexts.org/@go/page/125043
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c1
d. 4

? Exercise 4.1.4

Construct and name the transpose of S =

0 2
-6 -3
1 9
8 -1

N N Ot

Answer
0 6 1 8
ST=12 -3 9 -1
5 2 2 4

? Exercise 4.1.5

Construct Iyy4.

Answer

? Exercise 4.1.6

Construct the transpose of I3g.
Answer

T
13><3 = I3><3

? Exercise 4.1.7

4
Write the column matrix | 3 | using vector bracket notation, < >.
2

Answer

<4,3,2>

? Exercise 4.1.8

Construct a 2 x 2 matrix in which the diagonal elements are 5 and 6 and the non-diagonal elements are 0 and 2.

Answer
[5 0] [5 2]
or
2 6 0 6

This page titled 4.1: Matrices is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski (Downey
Unified School District) .
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4.2: Addition, Subtraction, Scalar Multiplication, and Products of Row and Column
Matrices

Addition and Subtraction of Matrices

Let A and B be m x n matrices. Then the sum, A+ B, is the new matrix formed by adding corresponding entries together. The
difference, A — B, is the new matrix formed by subtracting each entry in matrix B from its corresponding entry in matrix A.

To add or subtract two or more matrices together, they all must be of the same size. That is, they all must have the same
number of rows and the same numbers of columns. To add them together, add the corresponding elements together. To subtract
one from the other, subtract corresponding elements from each other

v/ Example 4.2.1

If the addition and subtraction is defined (if it is possible), perform each operation.

2 5 31
A=|-1 4|,B=|0 4 ,C:[g _64]
6 0 2 7
Solution

2 5 3 1 2+3 5+1 5 6
A+B=|-1 4|+]|0 4|=|-14+0 4+4|=]|-1 8
6 0 2 7 6+2 047 8 7
2 5 3 1 2—-3 5—1 -1 4
A-B=|-1 4|—-10 4|=|-1-0 4—-4|=|-1 0
6 0 2 7 6—2 0-—-7 4 -7

A+ C is not defined as they are different sizes. Matrix A is a 3 X 2 matrix whereas matrix B is a 2 X 2 matrix.

Your Turn: Compute B — A.

Scalar Multiplication

You might recall that a scalar is a physical quantity that is defined by only its magnitude and that some examples are speed, time,
distance, density, and temperature. They are represented by real numbers (both positive and negative), and they can be operated on
using the regular laws of algebra.

| To multiply a matrix by a scalar, multiply every element of the matrix by the scalar.

a1 a2 QG kea;; keays - keaj,

a1 Q2 -+ Qap koa21 koa22 k0a2n
Symbolically, ke | i =

Qm1 am2 " Gmn kea,; kean ‘- keap,

v/ Example 4.2.2

Perform scalar multiplication.

Solution

6_[4 1 —3]:[6-4 6-1 6~(—3)]

[24 6 —18]
0 3 5 6-0 6-3 6-5

0 18 30

https://math.libretexts.org/@go/page/125044
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) 4 2
Your Turn: Multiply 7 e 1 3l

Multiplication with Row and Column Matrices

Suppose we have two matrices, A and B, where A is a 1xn matrix and B is an nx1 matrix. That is, A has one row and n
columns and B has n rows and only 1 column.

A=lay ay -+ ay]andB=

The product A e B is the new matrix obtained by multiplying together the corresponding elements of each matrix then adding
those sums together.

AB=[a, a - an]-
bn
AeB=[ajeb +aseby+---+a,eb,]
This product is the sum (addition) of the

first entry in A times the first entry in B

second entry in A times the second entry in B

last entry in A times the last entry in B

v/ Example 4.2.3

1
Multiply the two matrices A=[2 4 5] and B= |4
3
Solution
1
Suppose A=[2 4 5] and B= |4 | .Then,
3
1
A-B=[2 4 5]-|4
3

A-B=[2-1+4-4+5-3]
A-B=[2+16+15]
A-B=|33]

Notice the dimensions of the two matrices. The number of rows of B, is 3 which is equal to the number of columns of A,
which is also 3. The product is a 1 x 1 matrix whose dimension is the (number of rows of A) X (number of columns of B).

1

—6
Your Turn: Suppose A=[3 1 —2 5]andB= . Show that Ae B=[17].

@ 0 4.2.2 https://math.libretexts.org/@go/page/125044
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Motivation for the Process of Multiplication with Row and Column Matrices

This process of multiplication may not seem intuitive; however, we can motivate it with an example. You probably know, or at least
believe, that the revenue R realized by selling n number of units of some product for p dollars per unit is given by R =np.
Revenue equals (the number of units sold) times the (price of each unit).

v/ Example 4.2.4

Suppose your business sells three sizes of boxes, small-sized boxes, medium-sized boxes, and large-sized boxes. Small boxes
sell for $3 each, medium boxes for $5 each, and large boxes for $7 each. What would your total revenue be if you sold 20
small-sized boxes, 30 medium-sized boxes, and 40 large-sized boxes?

Solution
Using R = nep, your revenue from the sale of the
small boxes is R = 20 e $3 = $60
medium boxes is R = 30 e $5 = $150
large boxes is R = 40 ¢ $7 = $280
The total revenue is the sum of these three products,
20033 +30035+400 37 =360+ $150 + $280 = $490.
We can compute the total revenue using two matrices and matrix multiplication.
Let the first matrix be the row matrix of the number of boxes sold IV,

N=[20 30 40]

and the second matrix be the column matrix of the price per boxes sold P.

$3
P=185
$7
The total revenue is the matrix product
R=NeP
$3
R=[20 30 40]e|$5
$7
=[200$3 + 30085 +400$7)
=[$490]

Important Observation — See this

Notice that the result of a row and column matrix multiplication is a matrix with exactly one entry. That entry is the sum of a
collection of products. In Example 4, the result of the row and column matrix multiplication is a matrix with exactly one entry,
$490. The $490 is the sum of the products 20e$3,30e$5 and 40e$7. Don’t let the phrase the sum of a collection of products
befuddle you. It means it is the addition (the sum) of a collection of multiplications (products). This idea will be helpful in the next
section when we discuss multiplication of matrices of larger dimensions.

$490 = 20-$3 + 30 - $5 + 40 - $7
L |

Product Product Product

Sum of Products

https://math.libretexts.org/@go/page/125044
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Dimension Matters

Notice the dimensions of the two matrices N and P from Example 4. The number of rows of P is 3, which is equal to the number
columns of N, which is also 3. The product is a 1 x 1 matrix whose dimension is (the number of rows of N) x (the number of
columns of P).

1x3)-(3x1)
t t

Dimension of the Product

To multiply a row matrix A and column matrix B together, it must be that the (number of rows of B) = (number of columns of
A)

Symbolically, if A has n number of columns, B must have n number of rows

v/ Example 4.2.5

1
4
Suppose A=[2 4 5] and B= 3
2
Solution
This multiplication will not work, it is not defined. Matrix B has 4 rows, but A has only 3 columns.
1
AeB=[2 4 5]e ; =[2e1+4e4+5e3+ Nowwhat?]
2
Try these
Using these six matrices, perform each operation if it is defined (if it is possible).
1 2 3 2 9 1 3 5
A= |- B= C= D= E= F=[-2
13 1 0 [421] [4 9] [2] [—2]
0 4 -1 -2
? Exercise 4.2.1
A+B
Answer
4 4
0 3
-1 2
? Exercise 4.2.2
B-A
Answer

https://math.libretexts.org/@go/page/125044
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-2 0
2 -3
-1 —6

? Exercise 4.2.3
D+F

Answer

Not possible

? Exercise 4.2.4

D-E

Answer

[38]

? Exercise 4.2.5

E-D
Answer

[38]

? Exercise 4.2.6

Answer
[ 12 0 ]
—6 3

? Exercise 4.2.7
A+C

Answer

Not defined

? Exercise 4.2.8
3.(D-E)

Answer

[114]

https://math.libretexts.org/@go/page/125044
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(D-E)-F

Answer

[—76]

? Exercise 4.2.10

F2

Answer
[4]

This page titled 4.2: Addition, Subtraction, Scalar Multiplication, and Products of Row and Column Matrices is shared under a CC BY 4.0 license

and was authored, remixed, and/or curated by Denny Burzynski (Downey Unified School District) .

https://math.libretexts.org/@go/page/125044


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125044?pdf
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/04%3A_Matrices/4.02%3A_Addition_Subtraction_Scalar_Multiplication_and_Products_of_Row_and_Column_Matrices
https://creativecommons.org/licenses/by/4.0
https://dennysmath.com/
https://web.dusd.net/

LibreTexts"

4.3: Matrix Multiplication

Compatible Matrices

We are going to multiply together two matrices, one of size m X n, and one of size n X p. The multiplication will be possible, and
the product exists because the sizes make them compatible with each other.

(mxn)-(nmxp)

t ¢

Dimension of the Product

Notice the number of columns of the leftmost matrix is equal to the number of rows of the rightmost matrix.

For the product, A - B, of two matrices to exist it must be that (the number of columns of matrix A ) = (the number of rows of
matrix B) Matrices for which this is true are said to be compatible with each other.

Matrices as Collections of Row and Column Matrices

It is productive to think of a matrix as a collection of individual row matrices and column matrices.For example, we can think of

3 1
the matrix A= | ——4 2| as being composed of
0 5 |
o the three row matrices, [3 1], [——4 2],and[0 5], and
[ 3 1
o the two column matrices | ——4 | and | 2
0 5

(If you need a review of row and column matrices, see Section 4.2)

Multiplication of Two Matrices
To multiply two compatible matrices A and B together, multiply every row matrix of A through every column matrix of B.

Suppose the size of matrix A is 3 x 4 and the size of matrix B is 4 x 5. The matrices are compatible with each other and the size
of the productis 3 x 5

Some of the entries of the product A e B are

aii1: The entry in row 1, column 1, is the result of multiplying the
1st row of matrix A through the 1st column of matrix B.

a12: The entry in row 1, column 2, is the result of multiplying the
1st row of matrix A through the 2nd column of matrix B.

az4: The entry in row 2, column 4, is the result of multiplying the
2nd row of matrix A through the 4th column of matrix B.

ass: The entry in row 3, column 5, is the result of multiplying the
3rd row of matrix A through the 5th column of matrix B.

ass: The entry in row 3, column 3, is the result of multiplying the

3rd row of matrix A through the 3rd column of matrix B.

Do you see the general rule for producing any particular entry?

https://math.libretexts.org/@go/page/125045
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To get the entry in row ¢ and column j, a;;, multiply

the ith row of matrix A through the jth column of matrix B.

v/ Example 4.3.1

3 1
3 2
Compute the product of the matrices A= | ——4 2| and B= [4 1] .
0 5
First note that the two matrices are compatible
Solution
A - B

(3x2)-(2x2)

(&5

Dimension of the Product is 3 x 2

3 1
3 2
A-B=1|_ .
12 [41]
0

aip a2
The product is the 3 x 2 matrix of the form | as; a9

azr  as2
Since we are multiplying 3 rows through 2 columns, there will be 6 entries. The six entries of A ¢ B are

a1 = the 1st row of A times the 1st column of B
3
=[3 1]- 4 =[3-3+1-4]=[13]
ai1s = the 1st row of A times the 2nd column of B
2
=[3 1]-[1]:[3-2+1~1]:[7]

as1 = the 2nd row of A times the 1st column of B

3
=[-4 2] 4 =[-4-3+2-4] =[-4]
asy = the 2nd row of A times the 2nd column of B
=[—-4 2] 1 =[-4-2+2-1] =[-6]

a3; = the 3rd row of A times the 1st column of B

3

=[0 5] [4] =1[0-3+5-4] =[20]

a3 = the 3rd row of A times the 2nd column of B

[0 51-[f]=[0-2+5-1]=[5]
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13 7
So,A-B=1| -4 -6
20 5

2 3 2 3 0 7 12 12
Your Turn: Show that the product of the matrices A= [4 1] and B= [ ] i [ ] .

is
1 2 4 9 14 4

Using Technology

You can see that multiplying matrices together involves a lot of arithmetic and can be cumbersome. We can use technology to help
us through the process.

Go to www.wolframalpha.com.
To find the product of the two matrices of above Your Turn Example, enter [[2,3], [4,1]] * [[2,3,0], [1,2,4]] in the entry field.

WolframAlpha sees a matrix as a collection of row matrices.

These outer square brackets begin and end the actual matrix.

[[2.3],[4.1]]
t tt ¢

These inner square brackets begin and end each row of the matrix.

Both entries and rows are separated by commas and WA does not see spaces.

12 12
9 14 4]

R WolframAlpha

(23], 4711 * [12,3,0], [1,2,4])

Wolframalpha tells you what it thinks you entered, then tells you its answer [

-~ U LAN E ffa'\‘-”H'-'-';-” EE EXTENDED KEYBOARD
231230
[4]]'(124
[7 12 12
014 4
Try these
1 2 3 2 2
2 1 -2
ac| sl e 0| o[22 3) o[ 2 9] e-[7] e-fi
0 4 -1 -2 5

? Exercise 4.3.1

A-C

Answer
10 5 5
10 5 0
16 8 4

https://math.libretexts.org/@go/page/125045
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? Exercise 4.3.2
C-A

Answer
1 19
2 18

? Exercise 4.3.3

Compare your answers to question 1 and 2. If you got them right, would you say that matrix multiplication is or is not
commutative?

Answer

Is not commutative

? Exercise 4.3.4

D-C

Answer
20 10 O
12 6 13

? Exercise 4.3.5
C-F

Answer
i
15
? Exercise 4.3.6

A-E

Answer

9
1
8

? Exercise 4.3.7
D2

Answer

{28 —6]
—4 25
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>[5 1]

Answer
D

? Exercise 4.3.9

B-D

Answer

2 20
-2 6
-6 -8

? Exercise 4.3.10

B-D-C

Answer

84 42 26
20 10 0
—44 —-22 26

? Exercise 4.3.11

D-B

Answer

Not defined

This page titled 4.3: Matrix Multiplication is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski

(Downey Unified School District) .
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4.4: Rotation Matrices in 2-Dimensions

The Rotation Matrix

To this point, we worked with vectors and with matrices. Now, we will put them together to see how to use a matrix multiplication
to rotate a vector in the counterclockwise direction through some angle 6 in 2-dimensions.

Y
A

x
Our plan is to rotate the vector v = [ ] counterclockwise through some angle 6 to the new position given by the vector

Y

!
v = [ ,] . To do so, we use the rotation matrix, a matrix that rotates points in the zy-plane counterclockwise through an angle 6
Y

relative to the z-axis.

[cosH —sinO]

sinf cos@

The Rotation Process

!
x
To get the coordinates of the new vector l , ] , perform the matrix multiplication

[z’] B [cosO —sinO] [:1:]
y' | |sin® cos@ | |y
v/ Example 4.4.1

Find the vector lm, ] that results when the vector [a:] = [ 1 . ] is rotated 90° counterclockwise.
Y Y -

Solution

) . z cos —sinf] [z] .. [z 1
Using the rotation formula | , [ = . with =
Y sinf  cosf Y | Y ——1

and 6= 90°, we get

[2']  [cos® —sin@] [z] [cos90° —sin90° 1
ly' | |sin@ cosé ] y] B [sinQOO cos 90° ] [—1]
2] [0 —1] [ 1 ]_[0-1+(—1)-(—1)]

vl 1 o0 [-1] | 1-140-(-1)

CARNE!

ly' ] _1]

When rotated counterclockwise 90°, the vector [ 11 ] becomes [i]

@ 0 4.4.1 https://math.libretexts.org/@go/page/125046
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A A ’ 1]
v =
]
1 1
0.5 0.5
f = 90°
= e
- . + f—| [—t t + —
—1 -0.5 0,5 1 -1 -0.5 0.5 1
—0.5+ —0.5
-1 -1 I
o il
Y i L = |-

v/ Example 4.4.2

/

2
Find the vector [a: ] that results when the vector [m] = [6] is rotated 60° counterclockwise.
Y

!/

Solution
) . x' cosf —sinf] [z [ 2 .
Using the rotation formula |~ | = | | with = and 0 = 60°, we get
y sinf  cosé Y Y 6
[2']  [cos® —sinf)] [m] _ [cosGOo —sin60°] [2]
ly'| |sinf cos@ y sin60°  cos60° 6
(2’1 [ 1/2 —\/?7/2] [2] B [ 1/2-2+(—\/§/2)-6]
v 1v3/2  1/2 6] | v3/2-2+1/2-6
(2] '1—3\/5]
ly'] L3+v3
When rotated counterclockwise 60°, the vector [2] becomes [1 _3\/3}
6 3++/3
3 3
T T

9
o = [1=8v3] _[-420 =T i i M
— H3 43 4.73 |5 1

| 2 3 4 5 =7 = =& =d: =3 =2 =1 1 2 3 4 &

Using Technology
We can use technology to help us find the rotation. WolframAlpha evaluates the trig functions for us.

Go to www.wolframalpha.com.
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We can check the above problem from Example 2 by using WolframAlpha. Find the vector [m/] that results when the vector
Y

T 2
[ ]—[ ] is  rotated  60° counterclockwise. To find rotation of the vector enter evaluate

y ~ 16
[[cos(60), —sin(60)], [sin(60), cos(60)]] * [2, 6]nto the entry field.

% WolframAlpha

evaluate [[cos(60), —sin(60)], [sin(60), cos(60)]] * [2,6]

*n " §Ta MATH INPUT BB EXTENDED KE

Assuming trigonometric arguments in degrees | Use instead

Input

[costﬁv&]”J -sin(ti(}’]]‘2 6l
sin(60°) cos(60% /"

Result

(1-3V3,3+V3)
1——3\/3]

2
When rotated counterclockwise 60°, the vector [ ] becomes [
6 3+43

Try these

? Exercise 4.4.1

4 1
[w, ] that results when [w] = [1] is rotated 90° counterclockwise.
Y

)

Find the vector

Answer
]
1
? Exercise 4.4.2

d 1
Find the vector [:c , ] that results when [m] = [1] is rotated 180° counterclockwise.
Y

Y

Answer

? Exercise 4.4.3

f 1
|::L'I ] that results when [w] = [ 1 ] is rotated 270° counterclockwise.
Y

Y

Find the vector

Answer

-]

https://math.libretexts.org/@go/page/125046
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/
Find the vector [w, ] that results when [m] = [(1)] is rotated 90° counterclockwise.
Y Y

Answer
o)
0

? Exercise 4.4.5

!/

Find the vector [m, ] that results when [m] = [ 1 ] is rotated 45° counterclockwise.
Y Y
Answer
4]
V2

? Exercise 4.4.6

/

Find the vector [m

-1
] that results when [m] = [1 ] is rotated 45° counterclockwise.
Y Y

!

Answer

]
0

? Exercise 4.4.7

.’L'l
Find the vector [

] that results when [
Y

w] B [—2.20205

] is rotated -63° counterclockwise.
y 4.48898

!

Answer
3
4

? Exercise 4.4.8

!/

!/

Find the vector [m

] that results when [m] = [_g] is rotated -90° counterclockwise.
Y Y i

Answer
]
3

? Exercise 4.4.9

Approximate, to five decimal places, the coordinates of the vector {a:] = [ _11 ] when it is rotated counterclockwise 30°.
Y

Answer

https://math.libretexts.org/@go/page/125046
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[ —1.36603]
0.36603

This page titled 4.4: Rotation Matrices in 2-Dimensions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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4.5: Finding the Angle of Rotation Between Two Rotated Vectors in 2-Dimensions

Given the Rotated Vector, Find the Angle of Rotation

Suppose we did not know the angle 6 of rotation. We can get it by working backwards and solving a system of equations. The

rotation formula
'l [cos —sinf]| [z
y'| |sin® cosd | |y

{ ' =z -cosf+y-(—sinb)
y =z -sinf+y-cosf

produces the system of equations

v/ Example 4.5.1

T 1
In Example 4.4.1 of Section 4.4, we found that when the vector [ ] = [ 1] was rotated counterclockwise by 90°, it
y _

cos @ —sinO]

!/
became the vector |~ | = ! . We got this rotated vector by applying the rotation formula |
1 sinf  cosf

yl
[2']  [cos® —sinf] [z
_y’] B [sin@ cosf ] [y]
1] [cosf® —sinf 1
[1]_[Sin6‘ cosf ] [—1]
17 [ 1-cos@+(—1)-(—sinb)
[1_ _[ 1-sinf+(—1)-cos@ ]

Since two vectors are equal only if their corresponding components are equal, we have the system of two equations

{ 1=1-cosf+(—1)-(—sinh)
1=1-sinf+(—1)-cosf

Using Technology
We can use WolframAlpha to help us solve above system for the angle of rotation, 6.
Go to www.wolframalpha.com.

Since we want to rotate only one time around the coordinate system, we want to instruct WA to give us solutions only where the
angle 6 is between 0 and 2.

Using the English letter x in place of the Greek letter 8, enter
Solve 1 =1* cos(z) + (—1)*(—sin(z)), 1 = 1* sin(z) + (—1)* cos(z),0 <=z <=2* pi in the entry field.
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https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125047?pdf
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/04%3A_Matrices/4.05%3A_Finding_the_Angle_of_Rotation_Between_Two_Rotated_Vectors_in_2-Dimensions
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/04%3A_Matrices/4.04%3A_Rotation_Matrices_in_2-Dimensions#Example4.4.1

LibreTexts*
% WolframAlpha

Solve 1 = 1*cos(x) + (-1)*(-sin(x)), 1 = 1*sin(x) + (-1)*cos(x), 0 <= x <= 2*pi

% q ‘ ITs matH inPUT B EXTENDED KEVBOARD

|

Input interpretation

1 = 1cos(x) - —sin{x)

solve 1 — sin(x) - cos(x)

O=sx=<2m

)

H =~

WA shows the angle of rotation is 8 = % , which is 90°. We conclude that the angle of rotation is 90°.

v/ Example 4.5.2

In Example 4.4.2 of Section 4.4, we found that when the vector [m] = [6] was rotated counterclockwise by 60°, it became
Y
! —
the vector [x ] = [1 3V3

, 3443 ] . We got this rotated vector by applying the rotation formula [COS 9 —ahg ] .
Y aln

sinf  cos6
[2'] [cos® —sinf] [z
_y’] N [sin@ cosf } [y]
[1-3v3] [cos® —sinf] [2
| 3+4/3 ] B [sin& cosf ] [6]
[1-3y/3] [ 2-cosf+6-(—sind)
_3+\/§]_[ 2-sinf+6-cosf ]

Since two vectors are equal only if their corresponding components are equal, we have the system of two equations

{ 1-3v3=2-cosf+6-(—sinf)
3++4/3=2-5inf+6-cosf

We will use WolframAlpha to help us solve this system for the angle of rotation, 6.

Using the English letter x in place of the Greek letter 6, enter

Solve 1 —3sqrt(3) = 2" cos(z) + 6" (—sin(z)), 3 +sqrt(3) = 2" sin(z) 4 6" cos(z),0 <=z <=2" pi

in the entry field. Separate the two equations with a comma.
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#& WolframAlpha =

| Solve 1 — 3sgrt(3) = 2*cos(x) + 6*(—sin(x)), 3 + sgrt(3) = 2*sin(x) + 6*cos(x), 0 <= x <= 2*pi

M NATURAL L €| Jfs MATH INPUT B EXTENDED KEYBOARD  }iI EXAMPLES & UPL

nput interpretation

1-3vV3 = 2cos(x) + 6(-sin(x))

solve | 5., V3 = 2sin(x) + 6 cos(x)

O=sx=2rx

Result Api

-
[
WwiN

WA shows the angle of rotation is § = g , which is 60°. We conclude that the angle of rotation is 60°.

Try these

? Exercise 4.5.1

3 0
Find the angle € through which the vector is rotated to become [ ] .
3 3.2
Answer
0= f =45°

? Exercise 4.5.2

1+v3 ]
~-1+v3

Find the angle 6 through which the vector [2 2] is rotated to become [

Answer
0 - E — 600

? Exercise 4.5.3

Find the angle 6 through which the vector [(2)] is rotated to become [ 02 ] .

Answer

6= 3F =270°

? Exercise 4.5.4

Find the angle 6 through which the vector [ -2 ] is rotated to become [ _1 * g ] .
Answer
0= % =60°

https://math.libretexts.org/@go/page/125047
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1 2
Find the angle € through which the vector [ 1 ] is rotated to become [ \{)—] .

Answer

0=1Ir =315° = —45°

This page titled 4.5: Finding the Angle of Rotation Between Two Rotated Vectors in 2-Dimensions is shared under a CC BY 4.0 license and was

authored, remixed, and/or curated by Denny Burzynski (Downey Unified School District) .
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4.6: Rotation Matrices in 3-Dimensions

The Three Basic Rotations

A basic rotation of a vector in 3-dimensions is a rotation around one of the coordinate
counterclockwise through an angle 6 around the z—axis, the y—axis, or the z—axis.

To get a counterclockwise view, imagine looking at an axis straight on toward the origin.

z

Rotation around
the z-axis
s
c y
Rotation around
the y-axis

Rotation around
the x-axis

axes. We can rotate a vector

T
Our plan is to rotate the vector | y | counterclockwise around one of the axes through some angle € to the new position given by
z
l',
the vector | ' |. To do so, we will use one of the three rotation matrices.
!
z

The Rotation Matrices

The rotation matrices for z, y, and z axes are, respectively,

1 0 0 cosf 0 sinf cosf —sinf
0 cosf —sinf 0 1 0 sind  cos@
0 sinf cosf —sinf 0 cosf 0 0

The Rotation Process

0
1

x—axis
x x
To rotate the vector | y | counterclockwise through an angle 8 around the z—axis to a new position | ¢’ |, perform the matrix
z z'
multiplication,
x 1 0 0 T
"| =10 cosf —sinf y
2 0 sinf cosf z
y—axis
/
To rotate the vector | y | counterclockwise through an angle 6 around the y—axis to a new position | ¢ |, perform the matrix
!
z z

multiplication,

@0

https://math.libretexts.org/@go/page/125048
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x! cosfd 0 siné x
y | = 0 1 0
2 —sinf 0 cosé z
z—axis
x z
To rotate the vector | y | counterclockwise through an angle 6 around the z—axis to a new position | ¢’ |, perform the matrix
z 2
multiplication,
z' cosf —sinf 0 x
y | =|sin@ cosf O0Of-]|y
2 0 0 1 z
x' z 1
Find the vector | v’ | that results when the vector | y | = | 2 | is rotated 90° counterclockwise around z-axis.
2! z 3
Solution
x! 1 0 0 T x 1
Using the rotation formula | ¢/ [ = | 0 cosf® —sinf |- |y | with [y | = |2 and§=90°, we get
2! 0 sinf cosf z z 3
Ea 1 0 0 z 1 0 0 1
¥ | =10 cos®@ —sinf|-|y|=]0 cos90° —sin90° |- |2
| 2’ | |0 sinf  cos#é z 0 sin90° cos90° 3
[z’ ] 1 0 0 1 1-14+0-2+0-3
y[=1]10 0 -1|-{2[=]0-1+0-2+(-1)-3
| 2/ | |01 0 3 0-1+1-240-3
x! 1
y|=1-3
2 2
1 1
When rotated counterclockwise 90° around the z—axis, the vector | 2 | becomes | —3
3 2

Using Technology

We can use technology to help us find the rotation. WolframAlpha evaluates the trig functions for us.

Go to www.wolframalpha.com

v/ Example 4.6.2

In Example
1
Now we will use WolframAlpha to rotate vector | 2| 90° around the y-axis. We use they-axis rotation matrix

cosf 0 sinf
0 1 0
—sinf 0 cosf

https://math.libretexts.org/@go/page/125048
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To perform the rotation, enter Evaluate [[cos(90), 0, sin(90)], [0, 1, 0], [—sin(90), 0, cos(90)]] * [1, 2, 3to the entry field.
Both entries and rows are separated by commas as WA does not see spaces.

Wolframalpha tells you what it thinks you entered, then tells you its answer.

& WolframAlpha

Evaluate [[cos(90),0,sin(90)], [0,1,0], [-sin(90),0,cos(90)]] * [1,2,3]

-2 " €| ffo MATH INPUT {5 EXTENDED KEYBOARD

Assuming trigonometric arguments in degrees | Use radians instead

Input
cos(90°) 0 sin(90%)

0 1 4] y‘il, 2,3)
~5in(90%) 0 cos(90%)

Result

(3,2,-1)

1 3
When rotated counterclockwise 90° around the y—axis, the vector | 2 | becomes | 2

3 -1
v/ Example 4.6.3

a.:l

!/

Find the vector | ¢ | that results when the vector is rotated 45° counterclockwise around the z-axis.

Z’

N 8
Il
W N =

Solution

Since we are rotating the vector around the z—axis, we use the z-axis rotation matrix

cosf —sinf 0
sinf@ cosf O

0 0 1
T 1
Using WolframAlpha with | y | = [ 2 | and 6 =45°, we get
z 3

https://math.libretexts.org/@go/page/125048
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% WolframAlpha

Evaluate [[cos(45),-sin(45),0], [sin(45).cos(45),0], [0,0,1]] *[1,2,3]

& naturaL Lancuace | [T MATH INPUT [l EXTENDED KEYBOARD

Assuming trigonometric arguments in degrees | Use radians instead

sin(45%) cos(45°) 0
0 o 1

cos(45%) -sin(45%) 0
[ 41, 2, 3}

L vz, —sV2.3
-

spanded form

.3}

5

1
{_VJE'

1 -1/v2
When rotated counterclockwise 45° around the z—axis, the vector | 2 | becomes | 3 / \/5
3 3

Try these

z' x

Find the vector | ¢/ | that results when the given vector | 4 | is rotated the given angle § counterclockwise around the given axis.

z z

? Exercise 4.6.1

T 1
y | = |1 through 90° around the z-axis.
% 1
Answer
1
-1
1
? Exercise 4.6.2
T 1
y | = | 0| through 45° around the z-axis.
z 1
Answer
V2
0
1
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T 3
y | = |4 through 30° around the y-axis
z 5
Answer
3
—5
4

This page titled 4.6: Rotation Matrices in 3-Dimensions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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CHAPTER OVERVIEW

5: Some Basic Trigonometry

5.1: The Basic Trigonometric Functions
5.2: Circular Trigonometry

5.3: Graphs of the Sine Function

5.4: Graphs of the Cosine Function

5.5: Amplitude and Period of the Sine and Cosine Functions

This page titled 5: Some Basic Trigonometry is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski
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5.1: The Basic Trigonometric Functions

Right Triangle Trigonometry

There are six trigonometric functions associated with right triangles. Since our focus is on the mathematics of games, we will
concentrate on only three of them, the sine function, the cosine function, and the tangent function.

The sine function is useful for producing the vertical motion of an object and the cosine function for producing the horizontal
motion.

The figures just below show right triangles with angle 8, and sides opposite angle 6, adjacent to angle 6, and the hypotenuse of the
triangle.

opposite

adjacent

The angle 6 has two measures associated with it:

1. Its degree measure, which we can label 6°, and
2. Its trigonometric measure.

A trigonometric measure of an angle is a ratio (quotient) of two of the sides of the triangle.

We will discuss all three of these ratios, the sine, the cosine, and the tangent of an angle.

The Sine of an Angle

# Definition: Sine of an Angle

In words: In a right triangle, the sine of angle @ is the ratio of the length of the side opposite 8 to the length of the hypotenuse.
We abbreviate the phrase “the sine of angle 8” with sin 6.

) opposite
sinf=———
hypotenuse

sinf = ¥
r

The Cosine of an Angle

# Definition: Cosine of an Angle

In words: In a right triangle, the cosine of angle 6 is the ratio of the length of the side adjacent to 6 to the length of the
hypotenuse. We abbreviate the phrase “the cosine of angle §” with cos6.

adjacent
cosf =

hypotenuse
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| cosf=—

The Tangent of an Angle

8

<

# Definition: Tangent of an Angle

In words: In a right triangle, the tangent of angle 6 is the ratio of the length of the side opposite 8 to the length of the side
adjacent to . We abbreviate the phrase “the tangent of angle 8” with tan 6.

opposite
tan g — 2PPostte

adjacent
tanf = ¥
x
v/ Example 5.1.1
Find sin @, cos 8 and tan@ for the 3-4-5 triangle.
3 3
0 O
Bl
Solution
sinf = _opposite 3 =0.6
hypotenuse 5
cosf = —adjacent = é =0.8
hypotenuse 5
it
tang = —BROstte _ 3 _ 4 75
adjacent 4

v/ Example 5.1.2

Find sin#, cos#, and tan @ for the triangle.

1
Solution
i 1
sing— —opposite 1 4 z0m
hypotenuse V2
adjacent 1
cosf = =—~0.7071

hypotenuse V2
opposite 1
tanf = ——— =

adjacent 1
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Using Technology
WolframAlpha evaluates the sines, cosines, and tangents of angles for us.

Go to www.wolframalpha.com.

v/ Example 5.1.3

Find sin45°, cos45°, and tan45°.

Solution
To compute these ratios, enter Evaluate sin(45), cos(45), tan(45) into the entry field.

Separate the entries with commas. WA does not see spaces.

WolframAlpha tells you what it thinks you entered, then tells you its answers.

& WolframAlpha

Evaluate sin(45), cos(45), tan{45)

- £ Jfa MATH INPUT [ EXTENDED KEYBOARD

Assuming trigonometric arguments in degrees | Use radians instead

put
|5in(45%), cos(45%), tan(45%)}

Result

11
)
vz V2
We conclude that sin45° = -, cos45° = -1 | and tan45° = 1.
7z W

WA also provides us with decimal approximations to these ratios.

sin45° = 0.7070107, cos45° = 0.7070107 and tan45° =1

Notice that these are the same values we got in Example 2.

v/ Example 5.1.4

Find sin30°, sin60°, sin90°.

Solution

To compute these ratios, enter Evaluate sin(30), sin(60), sin(90) into the entry field.
Separate the entries with commas. WA does not see spaces.

WolframAlpha tells you what it thinks you entered, then tells you its answers.

https://math.libretexts.org/@go/page/125050
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¥ WolframAlpha

Evaluate sin(30), sin(60), sin(90)

n "
- 3N fTo MATH INPUT BB EXTENDED KEYBOARD

Assuming trigonometric arguments in degrees | Use radians instead

{sin(307), sin(60°), sin(90°)}

We conclude that sin 30° = % , sin60° = @ and sin90° =1.

WA also provides us with decimal approximations to these ratios.

sin30° = 0.5, sin60° = 0.866025and sin90° = 1.

Try these

? Exercise 5.1.1

Find sin 6, cosf, and tan @ for each triangle. Write your answers as decimal numbers rounded to 4 places.

45°
NG
1
45° B
1
h 4
L
3
A 2
V5

a.
b.

C.

https://math.libretexts.org/@go/page/125050
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d. 1
17 15
0
e 8
Answer
a. sind5° = % =0.7071, cos 45° = LZ =0.7071, tan 45° =1
b.sinf =2 =0.8, cosf= % —0.6,tanf =2 —1.3333
¢ sind = X2 = 0.7454, cos 6= 2 =0.6666, tan 6 = % —1.1180

d.sind = % =0.8944, cos =~z =0.4472, tan =} =2

e. sinf = % —=0.8834, cosf = % =0.4705, tan 6 = % =1.875

? Exercise 5.1.2

Find each value. Write your answers as decimal numbers rounded to 4 places.

a. sin30°, cos 30°, tan 30°
b. sin90°, cos 90°

c. sin0°, cos0°, tan0°

d. sin180°, cos 180°

e. sin120°, cos 120°

Answer
a. sin30° = 0.5, cos 30° = 0.8661, tan 30° = 0.5774
b. sin90° =1, cos 90° =0
c. sin0° =0 ,cos0°=1,tan0° =0
d. sin180° =0, cos 180° = —1
e. sin120° = 0.8660, cos 120° = —0.5

This page titled 5.1: The Basic Trigonometric Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Denny Burzynski (Downey Unified School District) .
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5.2: Circular Trigonometry

The Sine Function on the Unit Circle

In computer games, objects typically move up-and-down and left-to-right. These movements can be produced using the sine and
cosine functions.

Draw a circle with radius 1 unit and on its circumference, place a point, let’s call it P.

The circle centered at the origin with radius 1 is called the unit-circle.

YV 4
P(x,y)
()
(o,o)J

From our presentation of the sine and cosine function using right triangles, we can see that

=V

y =sinf
This tells us that the sine of the angle § determines the vertical distance of the point P from the horizontal axis
_“

1 P(x,y=sind)

sinf?

>y

The Cosine Function on the Unit Circle
To define cosine function, place a point P(z, y) on the circumference of unit-circle.

Once again, from our presentation of the cosine functions using right triangles, we can see that

adjacent x
cosf=——— —Z _—gp
hypotenuse 1

T =cosf

This tells us that the cosine of the angle 6 determines the horizontal distance of the point P from the vertical axis.

https://math.libretexts.org/@go/page/125051
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P(x = cosf,y)

cosé 1

The Sine and Cosine Functions on any Circle

We can extend this idea by making the radius of the circle  units rather than just 1 unit.

y -~
P(x,y)
r : \
(-} IJ o
f— 1 —» o
k :
Using the same reasoning we just used with the unit circle, we see that
. opposite . .
sinf = —PPOTC Y —r-sinf=y—y=r-sinf
hypotenuse r
adjacent T
cosf= —JACM T cos@—z=r-cosh
hypotenuse r

which, again, tells us that the sine of the angle 6 determines the vertical distance of the point P from the horizontal axis and that
the cosine of the angle 6 determines the horizontal distance of the point P from the vertical axis.

If P represents an object, that object’s height y off the ground (the horizontal axis) is given by r - sinf, and that object’s horizontal
distance z from some reference point is given by r - cos 6. The height of the object is controlled by some number r times sin 8, and
its horizontal distance is controlled by some number 7 times cos 6.

y

P(x = rcos@,y = rsinf)

rcos@

v/ Example 5.2.1

An object lies on the circumference of a unit circle. Find its coordinates if the line segment from the origin to the object makes
angle of 30° with the horizontal.

Solution
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Because the object is on the circumference of unit circle, we can use

x =rcosfandy =rsinf, withr=1,0=30
x =1cos30° and y = 1sin30°
x =cos30° and y = sin30°
x =0.8660 and y = 0.5

The coordinates of the object are (0.8660, 0.5).

v/ Example 5.2.2

An object lies on the circumference of a circle of radius 5 cm. Find its coordinates if the line segment from the origin to the
object makes angle of 40° with the horizontal.

Solution

40°

Because the object is on the circumference of circle of radius 5 cm, we can use
z =rcosfand y =rsinf, withr =5,0 =40°
x =5cos40° andy=5sin40°
z =5(0.7660) and y = 5(0.6428)
r=3.8302 andy=3.2139

The coordinates of the object are (3.8302, 3.2139).

v/ Example 5.2.3

The coordinates of an object are (2.1, 3.6373). Find its distance from the origin.

Solution

We can use the Pythagorean Theorem, a? +b* = ¢? , where c is the hypotenuse, the radius of the circle in our case.
2.12+3.6373 =12
4.41+13.2300 = r*

17.64 =72
V1T 64=/r%
42=r

We conclude that the object is about 4.2 cm from the origin.
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Try these

? Exercise 5.2.1

An object lies on the circumference of a unit circle. Find its coordinates if the line segment from the origin to the object makes
angle of 45° with the horizontal.

Answer

(0.7071, 0.7071)

? Exercise 5.2.2

An object lies on the circuamference of a unit circle. Find its coordinates if the line segment from the origin to the object makes
angle of 5° with the horizontal.

Answer

(0.9962, 0.0872)

? Exercise 5.2.3

An object lies on the circumference of a circle of radius 25 cm. Find its coordinates if the line segment from the origin to the
object makes angle of 75° with the horizontal.

Answer

(6.4705, 4.8396)

? Exercise 5.2.4

An object lies on the circumference of a circle of radius 10 feet. Find its coordinates if the line segment from the origin to the
object makes angle of 135° with the horizontal.

Answer
(-7.0711, 7.0711)

? Exercise 5.2.5

How high above the ground is an object that makes an angle of 60° with a 4-foot-tall observer’s eyes and is 35 feet away from
that observer’s eyes? Round to two decimals place.

/60°
Eye level

4ft

ground

Answer

34.31 ft

https://math.libretexts.org/@go/page/125051
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The coordinates of an object are (5.682, 2.0521). Find its distance from the origin if it makes an angle of 60° with the
horizontal.

Answer

6 units

This page titled 5.2: Circular Trigonometry is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny Burzynski
(Downey Unified School District) .
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5.3: Graphs of the Sine Function

Discrete Graph of the Sine Function from 0° to 90°
The graph of the sine function gives a visual illustration of how it determines the height of an object from a horizontal axis.
Imagine an object moving counterclockwise along the circumference of the unit circle. Start the object’s motion at the point (1,0),

then measure its height from the horizontal axis as its angle from origin increases from 0° to 90°.

y y

1 1
#=0° 0=30° 0.5 units
1 X 1 X
Height of object from horizontal Height of object from horizontal
= sin 0° = 0 units = sin 30° = 0.5 units
y  Z
1 1
0.Y071 units 0.8660 unit!
=45° g=60°
1 * x 1 T X

Height of object from horizontal Height of object from horizontal
= sin45° = 0.7071 units = sin 60° = 0.8660 units

Height of object from horizontal
=sin90° = 1 unit

https://math.libretexts.org/@go/page/125052


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125052?pdf
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Mathematics_for_Game_Developers_(Burzynski)/05%3A_Some_Basic_Trigonometry/5.03%3A_Graphs_of_the_Sine_Function

LibreTexts*

Graphs of the Heights
If the angle is between 0° and 90°, the graph of the heights looks like this

)

A
1 <+

1
0.7 (.86
1.5
»
[ § 15° a0° 15° 60° 7 90° 6

We can see that from 0° and 90°, as the angle from the observer to the object increases, the height of the object from the horizontal
increases. That is, the object moves vertically upward.

If the angle goes past 90°, say all the way to 180°, the graph of the heights looks like this

\ J
>

T T T T T T T t
i 8 15° 307 45° 60° 75° 20° 105° 120° 135° 1507 165° 1808

The object moves vertically upward, then vertically downward.

The Continuous Sine Curve from 0° to 90°

If we plotted all the heights for all the infinitely many angles between 0° and 90°, we would get this continuous graph

Y
4

1 +

(.56

Y
L]

y =sind for 0 < 8 < 90°

The Continuous Sine Curve from 0° to 180°

If we plotted all the heights for all the angles between 0° and 180°, we would get the continuous graph below

https://math.libretexts.org/@go/page/125052
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(1,86

™ a0° 105° 120° 135° 1507 165" 180

y=sing for 0 <8 < 180°

The Continuous Sine Curve from 0° to 360°

If we were to let the object travel all the way around the circle, we get the graph of the sine curve from 0° to 360°. You can see that
when the angle 6 is between 180° and 360°, the object is below the horizontal and may not be visible to an observer.

;
4

1 e

15 LH 135 1807

y =sinf for 0 < 8 < 360°

The Extended Sine Curve

If we were to let the object keep travelling around the circle, we would see that the height of the curve just oscillates between —1
and 1.

—360° —270° — 180K -90° o a0° 180 270° 460" 4507 5l 6307 T20”
L

It may now be visually apparent that
| The sine function controls the vertical distance of an object above or below the horizontal.

What to See

The graph shows how an object’s vertical distance from the horizontal changes as the angle of view increases. As the angle of view
increases, the vertical distance from the horizontal increases and decreases.

What Not to See

The graph does not show how an object moves horizontally as the angle of view increases. The object is not moving up and down
horizontally along the curve as time goes by. The horizontal axis is the angle of view, not time.
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Try these

? Exercise 5.3.1

An object moves along the circumference of a unit circle. Find its height from the horizontal if the angle it makes from the
origin is

a. 225°

b. 270°

c. 315°

d. 360°

Answer
a. -0.7071
b. -1
c. -0.7071
d o0

? Exercise 5.3.2

An object moves along the circumference of a unit circle. Find its height from the horizontal if the angle it makes from the
origin is

a. 390°

b. 405°

c. 420°

d. 450°

Answer
a. 0.5
b. 0.7071
c. 0.8660
d1

? Exercise 5.3.3

Determine if each statement is true or false.

a. Height at 87° > height at 78°

b. Height at 155° > height at 145°
c. Height at 30° > height at 150°
d. Height at 90° > height at 270°

Answer

a. True, since 0.9986 > 0.9781
b. False, since 0.4226 < 0.5736
c. True, since 0.5 = 0.5

d. True, since 1 > —1

? Exercise 5.3.4

Keeping in mind that the sine function determines vertical distance, and the cosine function determines horizontal distance,
determine if each statement is true or false. The observer is at the origin.

a. Vertical height at 87° > horizontal distance at 87°

https://math.libretexts.org/@go/page/125052
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b. Vertical height at 155° > horizontal distance at 55°
c. Vertical height at 20° < horizontal distance at 20°
d. Vertical height at 135° = horizontal distance at 315°

Answer
a. True, since sin(87°) = 0.9986 > cos(87°) =0.0523
b. False, since sin(155°) = 0.4226 < cos(55°) =0.5736
c. True, since sin(20°) = 0.3420 < cos(20°) = 0.9396
d. True, since sin(135°) =0.7071 = cos(315°) =0.7071

This page titled 5.3: Graphs of the Sine Function is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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5.4: Graphs of the Cosine Function

Discrete Graph of the Cosine Function from 0° to 360°

Just as the sine function determines the vertical distance of an object from an observer, the cosine function determines the
horizontal distance of an object from that observer.

Here is table of values for the cosine function for angles between 0° and 360° followed by a graph of the cosine function for all
angles from 0° to 360°.

Angle Cosine §(Horizontal Distance from Observer)
0° 1

45° 0.7071

90° 0

135° -0.7071

180° -1

225° -0.7071

270° 0

315° 0.7071

360° 1

The positive cosine values indicate that the object is to the front of the observer whereas the negative values indicate that the object
is to the back of the observer. For example, at an angle of 45° from the observer’s eye, the object is 0.7071 units in front of the
observer. At an angle of 135° from the observer’s eye, the object is 0.7071 units behind the observer.

4
'y

1 4

135 180

y =cos@,for 0° < 8 < 360°

If you think that this graph looks like the graph of the sine function, but shifted to the left by 90°, you would be right.

45 oy LS 1847
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The Extended Cosine Curve

Just as the sine curve does, the heights of the cosine curve oscillate between —1 and 1.

y =cosf

The graph of the cosine function gives a visual illustration of how it determines the horizontal distance of an object from a vertical
axis.

It may now be visually apparent that
The cosine function determines the horizontal distance of an object to the left or right of an observer.

What to See

The graph shows how an object’s horizontal distance from the observer changes as the angle of view increases. As the angle of
view increases, the horizontal distance from the vertical increases (moves away from the observer) and decreases (moves toward
the observer).

What Not to See

The graph does not show how an object moves vertically as angle of view increases. The object is not moving along the curve.
Try these

? Exercise 5.4.1

An object moves along the circumference of a unit circle. Find its horizontal distance from an observer if the angle it makes
from observer’s eye is

a. 225°
b. 270°
¢ 315°
d. 360°

Answer
a. -0.7071
b. 0
c. 0.7071
d 1

? Exercise 5.4.2

An object moves along the circumference of a unit circle. Find its horizontal distance from an observer if the angle it makes
from observer’s eye is

a. 390°
b. 405°
c. 420°
d. 450°

Answer
a. 0.8660

https://math.libretexts.org/@go/page/125053
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b. 0.7071
c. 0.5
d. 0

? Exercise 5.4.3

Determine if each statement is true or false.

a. Horizontal distance at 87° > Horizontal distance at 78°

b. Horizontal distance at 45° > Horizontal distance at 145°
c. Horizontal distance at 30° > Horizontal distance at 150°
d. Horizontal distance at 90° = Horizontal distance at 270°

Answer

a. False, since 0.0523 < 0.2079

b. False, since 0.7071 < 0.9063 (Be careful here: 0.7071 > —0.9063, but the negative sign tells us the object is the left of
the observer. Think absolute value. At 45°, the object is 0.7071 to the right of the observer. At 145°, the object is 0.9063
units to the left of the observer, and, therefore, farther from the observer.)

c. False, since is 0.8660 =-0.8660

d. True, since 0 = 0

This page titled 5.4: Graphs of the Cosine Function is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Denny

Burzynski (Downey Unified School District) .
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5.5: Amplitude and Period of the Sine and Cosine Functions

Amplitude
We have seen how the graphs of both the sine function, y = sinf and the cosine function y = cosf , oscillate between —1 and +1.
That is, the heights oscillate between —1 and 1.

Yy = sinfl
y = cos

i

# Definition: Amplitude of a Function

The height from the horizontal axis to the peak (or through) of a sine or cosine function is called the amplitude of the function.
Each of the curves y = sinf and y = cos @ has amplitude 1.

If we were to multiply the sine function y =sinf by 3, getting y = 3sinf , each of the sine values would be multiplied by 3,
making each value 3 times what it was. Each height would be tripled. The amplitude of y = 3sinf is 3.

y = 3sind

[~

2707 A0

If we were to multiply the cosine function y = cos @ by 1/3, getting y = 1/3cosf ,each of the cosine values would be multiplied
by 1/3 making each value 1/3 of what it was. Each height of y = cosf would be 1/3 of what it was.The amplitude of y = 1/3cosf

is 1/3.
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= cos

v
51

{ a0° 360°

The Amplitude of y = Asinf and y = Acos@

Suppose A represents a positive number. Then the amplitude of both y = Asinf and y = Acosf is A and it represents height from
the horizontal axis to the peak of the curve.

v/ Example 5.5.1

The amplitude of y = 5/8sind is 5/8. This means that the peak of the curve is 5/8 of a unit above the horizontal axis.

The amplitude of y = 3sinf is 3. This means that the peak of the curve is 3 units above the horizontal axis.

Period

Both the sine function and cosine function, y = sinf and y = cos#f, go through exactly one cycle from 0° to 360°.

& Definition: Period of a Function

The period of the sine function and cosine functions, y = sinf and y = cos#, is the “time” required for one complete cycle.
Yy
’ ",
. One Cycle ?
i d
i = sinf
+ ; > 0
i3 90° 180 270° i0°
-1 4
Y
3
4 One Cycle u
14
1y = cosfl
; > 0
f 90 180° T0° 360°
—1

An interesting thing happens to the curves y = sinf and y = cosf when the angle 6 is multiplied by some positive number, B. If
the number B is greater than 1, the number of cycles on 0° to 360° increases for both y = sinf and y = cos#. That is, the peaks of

https://math.libretexts.org/@go/page/125054



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://math.libretexts.org/@go/page/125054?pdf

LibreTexts"

the curve are closer together, meaning their periods decrease. If the number B is strictly between 0 and 1, the peaks of the curve are

farther apart, meaning their periods increase.

The Period of y = sin (B6) and y = cos (B0)

Suppose B represents a positive number. Then the period of both y = sin (B6) and y = cos (Bf) 360°

is %. As B gets bigger, <5~
gets smaller and the period increases.

If we were to multiply the angle in the sine function y =sinf by 3, getting y =sin36 , each of the angle’s values would be
multiplied by 3 making each value 3 times what it was. Each angle would be tripled and there would be 3 cycles in the interval 0°

to 360°.
The period of y = sin30 is %OO =120°. The period of y = sin36 is smaller than that of y = sin6 .

1 +
y = sinf

a0° 18 270° (°

—1 4 -
Yy = sin 3¢

If we were to multiply the angle in the sine function y = sinf by 1/3, getting y = sin (%0) . Each of the angle’s values would be
multiplied by 1/3 making each value 1/3 what it was and there would be only 1/3 of a cycle in the interval 0° to 360°.

The period of y =sin (36) is % = 360° x 3 =1080°. The period of y =sin (30) is greater than that of y = sinf .

Y

4

1 4
y = sinfl ¥ .am—'LU

i 8 90°

Using Technology

We can use technology to help us construct the graph of a sine or cosine function.
Go to www.wolframalpha.com.
v/ Example 5.5.2

Plot two complete cycles of y = 6sin26 from 0° to 360°.

Solution
Type plot y = 6sin2x, x = 0..360 degrees in the entry field.

WolframAlpha tells you what it thinks you entered, then produces the graph.
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% WolframAlpha

ploty = 6sin2x, x = 0..360 degrees

v/ Example 5.5.3

Find the period of y = 6sin86 .

Solution

We just need to evaluate %fo with B=8.
360° _ 4ro

T =

The period of y = 6sin86 is 45°

v
3

£ Jfa MATH INPUT

- ] T DE F
Input inferpr n
plot  y=#6sin(2x) 0°10360°
Plo
B ¥ "
' VA i
f \ / \
/, \ ; \\
1 \ 2 }’ ' \| o/
\ / \ ,/
| \ Aok
\ LW

You can see that WolframAlpha has plotted two complete cycles from 0° to 360° with amplitude 6.

The graph of y = 6sin86 helps us visualize this 45° period. You can see that the peaks differ by 45°.

-
=
én

o

(%]

- N
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G0 50 100
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Write the equation of each graph.
v
[
T
]
a0
a.
—
400
b.
Y
[
2]
1750 O O
S5 I O 0 T A A I
o
Answer
a. y = 3sin(2z)
b. y = 2cos(3z)
c. y="Tcos(x)
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? Exercise 5.5.2

How many complete cycles are there in the graph of y = 4 cos(36) from 0° to 360°? What is the period and amplitude of this
function?

Answer

3 complete cycles. Period is % =120°. Amplitude is 4.

? Exercise 5.5.3

How many complete cycles are there in the graph of y =5 sin(%é’) from 0° to 360°? What is the period and amplitude of this
function?
Answer

% of a complete cycle. Period is % =360° x % =450° . Amplitude is 5.

? Exercise 5.5.4

Write the equation of a sine curve that has amplitude 15 and period 50°. You need to specify both A and B in y = Asin(B#).

Keep in mind that the period of this function is 260

Answer

y = 15sin (7.26), where 28~ —50° — B= 3% —=7.2

? Exercise 5.5.5

Write the equation of a cosine curve that has amplitude 100 and period 12°. You need to specify both A and B in

B N ) . o 360°
y = Acos(B0) . Keep in mind that the period of this function is <2~ .
Answer
360° o _ 360° _
y = 100cos (306), where =2 =12° — B = <3- =30

? Exercise 5.5.6

Write the equation of a cosine function that has amplitude 3 and makes two complete cycles from 0° to 180°.

Answer

y = 3cos(460) We need to specify both A and B in y = Acos(B6). Since the amplitude is 3, A =3. Since the curve
makes two complete cycles from 0° to 180°, it must make 4 complete cycles from 0° to 360°. So, B = 4.

? Exercise 5.5.7

Write the equation of a sine function that has amplitude 4 and makes three complete cycles from 0° to 90°.

Answer

y = 4sin(1260) We need to specify both A and B in y = Acos (B6). Since the amplitude is 4, A =4. Since the curve
makes three complete cycles from 0° to 90°, it must make 12 complete cycles from 0° to 360°. So, B = 12.
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