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Preface

This text introduces abstract algebra with applications in cryptography. Topics studied include groups and rings, polynomial
arithmetic and the division algorithm, and congruencies.

The content was created by Pamini Thangarajah and her winter 2019 MATH 2101 class under the supervision of Pamini
Thangarajah and used in MATH 2101 at Mount Royal University. Updated in winter 2021, Fall 2023 and Fall 2024.

A Note on Formatting:

Throughout this resource, practice exercises are provided at the end of each chapter. Some questions do not have an answer key to
encourage students to engage with mathematics as a creative and synthetic field and to attend class for further discussion. The
"Thinking Out Loud" sections are designed to prompt discussion—students are encouraged to collaborate with classmates and
justify their positions using their knowledge.
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. The Department of Mathematics and Computing at Mount Royal University
The Faculty of Science & Technology at Mount Royal University

. Former students who donated their class notes as reference material, particularly
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If you find any errors or mistakes, please email me stating the section number.
Pamini Thangarajah, PhD

Calgary, Alberta

September 2024, last edited in December 2024.
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o Preface by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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0.0: Introduction to proofs

| This page is a draft and is under active development.

0.0.1 Introduction to Proofs/Contradiction

In this section, we will explore different techniques of proving a mathematical statement "If p then ¢". (p — ¢). This is a conditional
statement.

0.0.2 From DR. THI DINH'S PROOF WRITING HANDBOOK THIS BIBLE:

0.0.2.0.1 In the beginning...

Let P and (Q be statement variables. When needed, suppose that P = P(x) depends on a variable x. The symbol "v" means "for
all" or "for any". The symbol 3 means "there exists".

Type of statement What must we do to prove that it is true
(1) If P, then Q Suppose that P is true.
) VP, Q Prove that Q is true.

(3) 32P(x) such that @ Choose z so that P(z) is tr.ue. Prove theilt Q is true.
Note: You need not explain how you find z.

0.0.2.0.1 The first (and only) commandment

To prove that a statement is false, thou shalt write out the negation of the statement and prove that.

0.0.2.0.1 The five cardinal sins

o When proving any of the types of statements (1), (2), or (3):

1. Thou shalt not: suppose that @ is true.

2. Thou shalt not: overuse symbols and violate the rules of English grammar. You must write in full sentences and use
symbols correctly.

o When proving a statement of the form (2) P, Q:

3. Thou shalt not: choose or exhibit an example in place of a proof.

o When proving a statement of the form (3) "VzP(z) such that Q:

4. Thou shalt net: attempt to construct all possible z so that P(z) and Q are true.
e When proving a statement by contradiction:

5. Thou shalt not: claim a contradiction has been reached without explanation. You must clearly identify the contradiction
being made by making a statement of the form "P and NOT P, which is a contradiction".

0.0.2.1 Direct Proof

In this technique, we shall assume p and show that ¢ is true.

https://math.libretexts.org/@go/page/10717


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/10717?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Chapter_0%3A_Preliminaries/0.0%3A_Introduction_to_proofs

LibreTexts"

Theorem 0.0.1

Let n be an integer. If n is even then n? is even.

Proof
Assume that n is even. Then n = 2m for some integer m.
Consider n? = (2m)? = 4m? = 2(2m?). Since m is an integer, (2m?) is an integer.

Thus »? is even.O

Example 0.0.1

Show that for all integers n, if n is odd then n? is odd.

Proof
Assume that n is odd. Then n = 2m + 1 for some integer m.
Consider n? = (2m + 1)? = 4m? + 4m + 1 = 2(2m? + 2m) + 1.
Since m is an integer, (2m? + 2m) is an integer.

Thus »? is odd.O0

0.0.2.2 Proof by Contrapositive

In this technique, we shall assume —p and show that —g is true.

Theorem 0.0.2

Let n be an integer. If n? is even then n is even.

Proof
We shall prove this statement by assuming n is odd. Then n = 2m + 1 for some integer m.
Consider n? = 2m +1)? = 4m?+4m + 1 =2(2m? + 2m) + 1.
Since m is an integer, (2m?) + 2m is an integer.

Thus n? is odd.oo

Example 0.0.2

Show that for all integers n, if n2 is odd then n is odd.

Proof
We shall prove this statement by assuming n is even. Then n = 2m for some integer m.
Consider n? = (2m)? = 4m? = 2(2m?).

Since m is an integer, (2m?) is an integer. Thus »? is even.o

0.0.2.3 Proof by Contradiction

In this technique, we shall assume the negation of the given statement is true, and come to a contradiction.

Theorem 0.0.3

V2 is irrational.

Proof

https://math.libretexts.org/@go/page/10717
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Assume that /2 is rational. Then v/2 = 2, where b € Z,a € Z \ {0}, with no common factors between ¢ and ». Now, v/2a
a

= b. Then 242 = b2. Since 2 divides 2a2, 2 divides 2. Thus »? is even. Therefore, b is even, (by theorem 2). Since b is even, 2

divides ». Therefore, 22 divides b2.

Since 2a? = b?%, 22 divides 2a?. Therefore, 2 divides a®>. Which implies « is even. This contradicts the fact that « and b have
no common factors. Thus v/2 is irrational.o

0.0.2.4 Proof by Counterexample

Example 0.0.3:

Decide whether the statement is true or false and justify your answer:
For all integers a, b, u,v, and u # 0,v # 0, if au + bv = 0 thena =b=0.
Solution: The statement is false.

Counterexample: Choose a =1,b=—1,u =2,v =2, then au+ bv =0, buta # 0.b # 0,a # b.

0.0.2.5 Mathematical Induction

Process of Proof by Induction

Let p(n) be a mathematical statement, n» € Ni.e., n > 1.
1. Prove the statement is true for the lowest value of n.
2. Assume that p(n) is true for all n = k.

3. Prove p(k + 1) is true.

v/ Example 0.0.4

Prove 2" >n+4forn>3,neN.

Proof
Let n = 3. Then 23 > 3 + 4 is true since clearly 8 > 7. Thus the statement is true for n = 3.
Assume that 2" > n + 4 is true for some n = k.
We will show that 25+ > (k + 1) + 4.
Consider 25! =2.2F > 2. (k +4) = 2k + 8.
Since 2k > k + 1 and 8 > 4, we have 2k +8 > (k + 1) + 4.
Thus the statement is true for all n = .

By induction, 2" > n +4 foralln > 3,n € 2.0

v Example 0.0.5

Show that 9|(10™*! + 3(10™) + 5), Vn > 1.

Proof
Let n = 1. Then 9/(102) + 3(10) + 5, which is 9/135, which is true since 135 = 9(15) and 15 € Z.
Assume that 9|(10"™ + 3(10") + 5 is true for some n = k.
We will show that 1051+ 4 3(10%+!) 4 5 = 9, for some m € Z.
Consider 10¥+1+! 4 3(10%+!) + 5 = 10(10%+! 4 3(10%) + 5) — 9(5)
=10(9m) — 9(5)

@ 0 a @ 0.0.3 https://math.libretexts.org/@go/page/10717
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= 9(10m — 5), where 10m — 5 € Z.

By induction, 9](10"*! + 3(10™) + 5), Vn > 1.00

v/ Example 0.0.6

Show that 142 + 3+ +n= 200 vy >,
Proof
Letn=1. Then1= @ which is true.
Assume 1 +2+3 +--+n = @ is true for some n = k.

We will show that 142 4 3+ - + n+ (n+ 1) = eI

Consider 1 +2+3+-4+n+(n+1)=[1+2+3+-+n]+(n+1).

= —"(";1) +(n+1)

n(n+1)+2(n+1)
2

(n+1)(n+1+1)
s E—

By induction, 1+2 + 3+ +n =221 v > 1.0

v/ Example 0.0.7

Prove that 3(10"* + 10" + 1), Vn > 1.

Proof
Let n = 1. Then 3|(10% + 10+ 1) is true since 111 = 3(37) and 37 € Z.
Assume that 3|(10™! 410" + 1) for some n = k.
We will show that 10F1* 4+ 105! + 1 = 3m, m € Z.
Consider 10¥+1*1 4+ 1051 + 1 = 10(10%** + 10* + 1) — 9(1)
=10(3m) — 3(3)
= 3(10m — 3) where 10m — 3 € Z.

By induction, 3|(10"! + 10" + 1), Vn > 1.0

0.0.3 Bi-conditional statements

Bi-conditional statements are conditional statements which depend on both component propositions. They read "p if and only if ¢"
and are denoted p ++ ¢ or "p iff q", which is logically equivalent to (p — q) A (¢ — p).

v/ Example 0.0.8

Consider the statement: "Two lines are perpendicular if and only if they intersect to form a right angle."
The component propositions are:

1. p: Two lines are perpendicular
2. ¢: [The lines] intersect to form a right angle

Logically, we can see that if two lines are perpendicular, then they must intersect to form a right angle. Also, we can see that if
two lines form a right angle, then they are perpendicular.

If two lines are not perpendicular, then they cannot form a right angle. Conversely, if two lines do not form a right angle, they
cannot be perpendicular. This is why, if both propositions in a biconditional statement are false, the statement itself is true!

@ 0 a @ @ https://math.libretexts.org/@go/page/10717
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0.0.4 Proof Do's and Dont's

0.0.4.1 Do's:
1. Write the statement to be proved. It should be clear what you are proving.
2. Clearly mark the beginning of your proof with the word "Proof".

3. Make your proof self-contained. In particular, identify all variables used in your proof in the body of your proof.
4. Write proof in complete English sentences.

Example 0.0.9: Acceptable

Proof: Let n € Z. Assume n is an even integer. Then n = 2k, for some & € Z.

Example 0.0.10: Unacceptable

Proof: n is even — 2k.

5. Indicate what method of proof you are using. (The default assumption is that it is a direct proof).
6. Learn the definitions and how they come into play when proving various types of statements.

0.0.4.2 Don'ts:

1. Argue from examples. A general statement can't be proved true by showing it is true for special cases.
2. Use the same letter to mean two different things within a proof.

Example 0.0.11:

Proof: Let n € Z. Assume n is an even integer. Then n = 2k, for some k € Z. So n? = 4K? = 2(2k?). Thus n? = 2k, k € Z is even.
(The reader asks, does n = n??)

3. Assume what you are trying to prove. This is also known as begging the question. You can do it inadvertently in the middle of

proof if you are not careful.

This page titled 0.0: Introduction to proofs is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.

e 0.2: Introduction to Proofs/Contradiction by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
¢ 1.1: Compound Statements by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
e 0.3: Proof Do's and Dont's by Pamini Thangarajah is licensed CC BY-NC-ND 4.0.
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0.1: Sets

0.1.0.1 Sets
¢ Sets are collections of objects, A

¢ Sets are normally denoted by capital letters.

Elements are denoted by lower-case letters.

Subsets:

o Every element of B is an element of A, written as B C A.
o B={a € A:....condition on okay!.
o Trivial subsets of A are A and ) (empty set).

o How do we test if an element belongs to a set?

Example 0.1.1

M (R) := set of all 2 x 2 matrices with real numbers, where R := set of all real numbers.
1 1

Let 4= {[r] € Mn(R)| [a] E ﬂ _ [O J el ).

Determine whether the following entries belong to A.

1o
1. i g does not belong to A.
Answer
1 0] [1 1 1 1
. = and
0 0] [0 1] [o o}
1 1] [1 0] _[1 0
0 1] [0 of] [0 0

2. 0 1 does belong to A.
10 0]

Answer
o ol fo 10 w0 a
0 o |o 1
1 11 [0 1 0 1
0 1 '[0 0]:{0 0}

. 0 1 0 1 1 0
Since [0 O]_[O O]’[O O]GA.D

3. [2 g] does not belong to A.

Answer

Lol o)1)
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b i o=l

Since [(1) (1)] + E g], [(1) g] ¢ A.O

4. 8 (1) does not belong to A.
Answer

0 0] [1 1] [0 0

0 1] o 1] [0 1

1 1] [o 0] [0 1

0 1] [0 1] [0 1

Since- [g (1)] + [8 i], [8 (1)] ¢ A.OJ

0 0
. . A,
5 [0 O] does belong to

Solution

This one is obviously true, thus [8 g] € A.

X Notations:

e U or/union

e N and /intersection

o {}¢complement of a set (aka {}).

e A\Bisequivalentto ANB'.

e Z:=setof all integers = {...,—2,—1,0,1,2,...}. A countable set.

e Q:=set of all rational numbers = {% : a,b € Z,b # 0}. A countable set.

e Q°:= set of all irrational numbers = {+e, +7,++/2,...}. Not a countable set.
e R :=set of all real numbers = Q UQ°. Note QN Q° = . Not a countable set.
e C :=set of all complex numbers.

o M, (R) := set of all m x n matrices over real numbers.

o My, (C) := set of all m x n matrices over complex numbers.

e The cardinality of a set A is written as |A]|.

v/ Example 0.1.2

NCZCQCRCC.

Example 0.1.3

Let A={1,2,3,5}. Therefore |A| = 4. In this case, A is called a finite set.

This page titled 0.1: Sets is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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0.2: Relations

Definition: Binary Relation

Let S be a nonempty set. Then any subset R of § x § is said to be a relation over S. In other words, a relation is a rule that is defined
between two elements in S. Intuitively, if R is a relation over S, then the statement aRb is either true or false for all a,b € S.

If the statement aRb is false, we denote this by a&b.

Example 0.2.1:

Let S = {1,2,3}. Define R by aRb if and only if a < b, fora,b € S.
Then 1R2,1R3,2R3 and 2R1.

We can visualize the above binary relation as a graph, where the vertices are the elements of S, and there is an edge from a to b if and only if
aRb, forabe S.

3

Figure 0.2.1: Relation as a graph. (Copyright: Pamini Thangarajah)

The following are some examples of relations defined on Z.

Example 0.2.2:

1. Define R by aRb if and only if a < b, for a,b € Z.
2. Define R by aRb if and only if a > b, for a,b € Z.
3. Define R by aRb if and only if a < b, for a,b € Z.
4. Define R by aRb if and only if a > b, for a,b € Z.
5. Define R by aRb if and only if a = b, for a,b € Z.

Definition: Divisor/Divides

Let a and b be integers. We say that a divides b is denoted a | b, provided we have an integer m such that b = am. In this case we can also
say the following:

e bis divisible by a

e aisafactor of b

e ais adivisor of b

e bis amultiple of a

If @ does not divide b, then it is is denoted by a { b.

0.2.1 Properties of binary relation:

Definition: Reflexive

Let S be a set and R be a binary relation on S. Then R is said to be reflexive if aRa, Va € S.

We will follow the template below to answer the question about reflexive.
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Is R reflexive?

Counterexample:
Choose a=

Letabe an
‘element in =

ais not related to a.

E;aRa

Example 0.2.7:

Define R by aRb if and only if a < b, for a,b € Z. Is R reflexive?
Counter Example:
Choose a = 2.

Since 2 £ 2, R is not reflexive.

Example 0.2.8:

Define R by aRb if and only if a | b, for a,b € Z. Is R reflexive?
Proof:
Let a € Z. Since a = (1)(a), a | a.

Thus R is reflexive. o

Definition: Symmetric

Let S be a set and R be a binary relation on S. Then R is said to be symmetric if the following statement is true:

Va,b € S, if ¢ Rb then bRa, in other words, Va,b € S,aRb = bRa.

Example 0.2.8: Visually

_

Va,b € S,aRb => bRa. holds!

We will follow the template below to answer the question about symmetric.
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Is R symmetric?

/Letab be elements !
‘inSsuchthataRb. | Counterexample:
i : Choose a=

i b=
‘bRa.

i Hence R is
| symmetric.

SothataRb, butb
is not related to a.

Example 0.2.9:

Define R by aRb if and only if a < b, for a,b € Z. Is R symmetric?
Counter Example:

l1<2but241.

Example 0.2.10:

Define R by aRb if and only if a | b, for a,b € Z. Is R symmetric?
Counter Example:

2|4but4}2.

Definition: Transitive

Let S be a set and R be a binary relation on S. Then R is said to be transitive if the following statement is true
Va,b,c € S, if aRb and bRc, then aRc.

In other words, Va,b,c € S, aRbAbRc = aRc.

Example 0.2.14: VISUALLY

VYa,b,c € S, aRbAbRc = aRc holds!

We will follow the template below to answer the question about transitive.
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Is R transitive?

Counterexample:
Choose a=

b=

Cc=
SothataRb,bRc,
but a is not related to
(4

i elements in S such
ithataRb,and bR
G

aRc.
iHenceRis L
transitive.

Example 0.2.15:

Define R by aRb if and only if a < b, for a,b € Z. Is R transitive?

Example 0.2.16:

Define R by aRb if and only if a | b, for a,b € Z . Is R transitive?

Definition: Equivalence Relation

A binary relation is an equivalence relation on a nonempty set § if and only if the relation is reflexive(R), symmetric(S) and transitive(T).

Example 0.2.1: =

Let § =R and R be =. Is the relation a) reflexive, b) symmetric, ¢) antisymmetric, d) transitive, e) an equivalence relation, f) a partial
order.

Solution:
1. Yes R is reflexive.
Proof:
LetaeR.
Then a = a.

Hence R is reflexive. m

Yes R is symmetric.

Proof:

Let (a,b) € R such that a =b.
Clearly b = a.

Hence R is symmetric. m

Yes R is antisymmetric.
Proof:

Leta,beRs.t.a=band b = a. Then clearlya =b Va,b c R. m
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Yes R is transitive.

Proof:

Leta,b,ceRst.a=bandb=c.

We shall show that aRe.

Since ¢ = b and b = c it follows thata = ¢

Thus gRc. m

Yes R is an equivalence relation.
Proof:

Since R is reflexive, symmetric and transitive, it is an equivalence relation.

Yes R is a partial order.
Proof:

Since R is a partial order since R is reflexive, antisymmetric and transitive.

Example 0.2.2: Less than or equal to

Let § =R and R be <. Is the relation a) reflexive, b) symmetric, c) antisymmetric, d) transitive, e) an equivalence relation, f) a partial
order.

Solution
1. Yes, R is reflexive.
Proof:
We will show that «#x« is true.
Let ¢ = s thatis n e .
Since a < a, & is reflexive.[]
2. No, R is not symmetric.
Counterexample:
Let a = 2 and » = # which are both = =.
It is true that 2 < 2 but it is not true that 3 = %,
Thus # is not symmetric.]
3. Yes, R is antisymmetric.
Proof:
We will show that given = < { and » < athat u — #.
Sincea<bh MHee i m=Ulgt at+x="h
Further, since # = e, Wy e By =00 b | y=a,
Then w+» —u—13,
Thus, <+ — 1.
Since, .4 = U, .y — Lthus 2 — £.0
4. Yes, # is transitive.
Proof:

We will show that given « < f and b = ¢ thata < ¢,

Sincea<h MHeeZ:m=0lgt at+x=0h
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Further, since b < ¢, Wy e Moy =00 b | g =,

Thene xly=rc

Since, .4 = 1, thus o < .

5. No, # is not an equivalence relation on & since it is not symmetric.

6. Yes, # is a partial order on « since it is reflexive, antisymmetric and transitive.

Definition: Equivalence Class

Given an equivalence relation R over a set S, for any a € S the equivalence class of a is the set [a]z = {b € S | aRb}, that is
[a]z is the set of all elements of S that are related to .

Example 0.2.3: Equivalence relation

Define a relation that two shapes are related iff they are the same color. Is this relation an equivalence relation?

Equivalence classes are:

Example 0.2.4:
Define a relation that two shapes are related iff they are similar. Is this relation an equivalence relation?

Equivalence classes are:

o © ® e
S e SN
A
i A
v iy
‘QOD’ <{ )=
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& Definition: Partition

Let A be a nonempty set. A partition of A is a set of nonempty pairwise disjoint sets whose union is A.

For every equivalence relation over a nonempty set S, S has a partition.

Theorem 0.2.1

If ~ is an equivalence relation over a nonempty set S. Then the set of all equivalence classes is denoted by {[a]~|a € S} forms a partition of
S.

This means
1. Either [a] N [b] = @ or [a] = [b], for all a,b € S.

2.8 = Ugeslal.

Proof

Assume - is an equivalence relation on a nonempty set .

Let r.v ¢ & If [zlo N[yl = then we are done. Otherwise,

assume |-x]-. 7 [gl-. 7€,

Let « be the common element between them.

Let < [#]..11 9l

Then « < «|- and = € [v]-, which means that a ~ x and & ~ .

Since -.is an equivalence relation and « ~ =z ~ a,

Since « ~ o and  ~ % (due to transitive property), + ~ 4.

Thus 4 = «l- and « < [&]-.

Hence [«].. — []-..

Next, we will show that © — sl
First we shall show that & < .=~
Let o2 5.

Then .- exists and #+ € ..,
Hence "€ WPl

Thus 7 = .2

Conversely, we shall show that =<~ =,

Let de u:le._?[:J:].._.

Then # £ [1].. for some i = .

. g o ] g 7
Since ° © s~ and = - € 3 then * ..-;.s-['l']".lj
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For the following examples, determine whether or not each of the following binary relations # on the given set . is reflexive, symmetric,
antisymmetric, or transitive. If a relation has a certain property, prove this is so; otherwise, provide a counterexample to show that it does not.
If 7 is an equivalence relation, describe the equivalence classes of .

Example 0.2.5:

Let $=1{0,1,2,3,4,5,6,7,8,9}. Define a relation R on A= § x S by (a,b)R(c,d) if and only if 10a + b < 10c+ d.

Solution
1. It is reflexive on &.
Proof:
Let imbj& A,
We will show that 10a b < 10 | £,
Since ki + & = 1lie — h, then M+ < 100 + £,
Since i bifiln b g is reflexive on 8.0
2. is not symmetric on 5.
Counter Example:
Letu Ob Lo 20d 3
Note W0} + L= 10021 + 4 specificallyin. Pidtie. ), 1 = 23 is true.
However, (. djfie b, 25 < 1is false.
Since # # a, & is not symmetric on 5.0
3. is antisymmetric on 5.
Proof:
Let i 0ed & St W +0 < 100 +dand 1004 < 1la £ 4,
Since Lia | &+ 10 | eand L 4 10 1 & 100+ b = 10c + d.
We will show that « — ~and # — «.
0 = b d = Cby definition.
Since ! = b,d = Sand 0 < a.c <9 10a = 10¢ thus = r.
Since &, b= d.
Thus i} {4 is antisymmetric on 4.1
5. is transitive on &.
Proof:
Let a.bcdoe £ € 5s.t. L | 6 100 1 aand e+ &= e + £,
We will show that ke &< 10z |
Since ke + <2 [e 4 o) L 6= L0e 3,
Thus # is transitive on 5.0

6. is not an equivalence relation since it is not reflexive, symmetric, and transitive.

Example 0.2.6:

Let 4  #3{0}, Define a relation # on 4, by /! if and only if ub = 1.
Solution

1. It is reflexive on A.

Proof:

https://math.libretexts.org/@go/page/131014


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/131014?pdf
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=A%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=A%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=(a%2Cb)%20%5Cin%20A%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010a%20%2Bb%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%3D10a%2Bb%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010a%20%2Bb%0
https://www.codecogs.com/eqnedit.php?latex=(a%2Cb)R(a%2Cb)%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=a%3D0%2C%20b%3D1%2C%20c%3D2%2C%20d%3D3%0
https://www.codecogs.com/eqnedit.php?latex=10(0)%2B1%20%5Cle%2010(2)%2B3%0
https://www.codecogs.com/eqnedit.php?latex=(a%2Cb)R(c%2Cd)%0
https://www.codecogs.com/eqnedit.php?latex=1%20%5Cle%2023%0
https://www.codecogs.com/eqnedit.php?latex=(c%2Cd)R(a%2Cb)%0
https://www.codecogs.com/eqnedit.php?latex=23%20%5Cle%201%0
https://www.codecogs.com/eqnedit.php?latex=b%20%5Cnot%20%5Cmathrel%7BR%7D%20a%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=a%2Cb%2Cc%2Cd%20%5Cin%20S%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010c%2Bd%0
https://www.codecogs.com/eqnedit.php?latex=%2010c%2Bd%20%5Cle%2010a%2Bb%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010c%2Bd%0
https://www.codecogs.com/eqnedit.php?latex=%2010c%2Bd%20%5Cle%2010a%2Bb%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%3D10c%2Bd%0
https://www.codecogs.com/eqnedit.php?latex=a%3Dc%0
https://www.codecogs.com/eqnedit.php?latex=b%3Dd%0
https://www.codecogs.com/eqnedit.php?latex=0%20%5Cle%20a%2Cb%2Cc%2Cd%20%5Cle%209%0
https://www.codecogs.com/eqnedit.php?latex=0%20%5Cle%20b%2Cd%20%5Cle%209%0
https://www.codecogs.com/eqnedit.php?latex=0%20%5Cle%20a%2Cc%20%5Cle%209%0
https://www.codecogs.com/eqnedit.php?latex=10a%3D10c%0
https://www.codecogs.com/eqnedit.php?latex=a%3Dc%0
https://www.codecogs.com/eqnedit.php?latex=a%3Dc%0
https://www.codecogs.com/eqnedit.php?latex=b%3Dd%0
https://www.codecogs.com/eqnedit.php?latex=(a%2Cb)R(c%2Cd)%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=a%2Cb%2Cc%2Cd%2Ce%2Cf%20%5Cin%20S%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%5Cle%2010c%2Bd%0
https://www.codecogs.com/eqnedit.php?latex=10c%2Bd%20%5Cle%2010e%2Bf%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010e%2Bf%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%5Cle%2010c%2Bd%0
https://www.codecogs.com/eqnedit.php?latex=10a%2Bb%20%5Cle%2010e%2Bf%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=S%0
https://www.codecogs.com/eqnedit.php?latex=A%20%3D%20%5Cmathbb%7BZ%7D%20%5Cbackslash%20%5C%7B0%5C%7D%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=A%0
https://www.codecogs.com/eqnedit.php?latex=a%20R%20b%0
https://www.codecogs.com/eqnedit.php?latex=%20ab%20%3E%200%0
https://www.codecogs.com/eqnedit.php?latex=.%20%0
https://www.codecogs.com/eqnedit.php?latex=R%0
https://www.codecogs.com/eqnedit.php?latex=A%0

LibreTexts"

Let n € %.{0} we will show that a - a > 0.
Clearly «* == i since « /' © and a negative integer multiplied by a negative integer is a positive integer in 7.

Since «.lin, Tt is reflexive on 4.00

2. is symmetric on A.

Proof:

We will show that if ¢, then ffin.

Let o & A s.t. aRh, that is nf = 1.

Since ob = b & %, b = (L

Since #47wr, It is symmetric on A.0J

3. is not antisymmetric on A.

Counter Example:

Leta=23and +»— athen -4 = iland 4 -3 = L.
Since 3 / 4, i is not antisymmetric on A.[]
4. is transitive on A.

Proof:

Let t.h ¢ Astah = and b e Ast b1
There are two cases to be examined:

Case 1: « = 11and § = (1.

Since § = (l, ¢ =1 thus ne = (.

Case 2: « - 11and b = (1.

Since &« (l, = 1 thus ne = .

Sincei™ £~} in both possible cases /i is transitive on A.0]

5. Since # is reflexive, symmetric and transitive, it is an equivalence relation. Equivalence classes are [1 and [-1".
Let o~ A, thenln ={we Az}
loe d:ra =0k
Case 1: « = 11, then =11
lr —freAir=0h
[ =425
Case 2: « - 1l, then . = 11
o ={reAix<h
=1 = Jeon == =05
Note this is a partition since ||~ 7lgl-. =€ or [#]. = ¥ .. ¥y £ 5 So we have all the intersections are empty.
[rl=1 €.

Further, we have * Ll Note that 1 is excluded from s.

Recall:

Let m,n € Z.

We say that m divides n (written as m|n) if n = mk for some k € Z.

https://math.libretexts.org/@go/page/131014
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Let S =Z,m € Z,. Define aRb if and only if m|(a — b), Va,b € Z.
Note that m is a positive integer.
Let m =3. Choosea =1and b=2.

Are 1 and 2 related? i.e. does 3|1 —2? Does 1 —2 = 3k,k € Z? Since there is no integer & s.t. —1 = 3k, . 1 is not related to 2.

However, we can see that we have three groups, as shown in the image below:

No Remainder RemanI er of 1 Reman‘ erof 2

3 Groups of Possible Solutions

Definition: Modulo
Letme z,4.

a is congruent to b modulo m denoted as a = b(mod n), if a and b have the remainder when they are divided by =, for a,b € Z.

0.2.2 Properties
Let n € Z4. Then

0.2.2.0.1 Theorem 1 :

Two integers a and b are said to be congruent modulo n, a = b(mod ), if all of the following are true:
a)m | (a—b).
b) both a and b have the same remainder when divided by n.
C) a— b = kn, for some k € Z.

NOTE: Possible remainders of n are 0, ...,n — 1.

0.2.2.1 Reflexive Property
0.2.2.1.1 Theorem 2:
The relation " = " over Z is reflexive.
Proof: Leta € Z.
Then a — a = 0(n), and 0 € Z.

Hence g = a(modn).

Thus congruence modulo n is Reflexive.

https://math.libretexts.org/@go/page/131014
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0.2.2.2 Symmetric Property

0.2.2.2.1 Theorem 3:

The relation " = " over Z is symmetric.

Proof: Let a,b € Z such that ¢ = b (mod n).
Then @ — b = kn, for some & € Z.
Now b —a = (—k)n and —k € Z.
Hence b = a(modn).

Thus the relation is symmetric.

0.2.2.3 Antisymmetric Property

Is the relation " = " over Z antisymmetric?
Counter Example: » is fixed
choose: a=n+1,b=2n + 1, then
a = b(modn) and b = a(modn)
but a # b.

Thus the relation " = "on Z is not antisymmetric.

0.2.2.1 Transitive Property

0.2.2.1.1 Theorem 4 :

The relation " = " over Z is transitive.

Proof: Let a, b, ¢ € Z, such that a = b(modn) and b = c¢(modn).
Thena=b+kn,k€Zand b = c + hn,h € Z.
We shall show that a = e¢(modn).
Consider a =b+kn = (c+hn) +kn=c+ (hn + kn) =c+ (h+ k)n,h + k € Z.
Hence a = ¢(modn).

Thus congruence modulo = is transitive.

0.2.2.1.2 Theorem 5:

The relation " = " over Z is an equivalence relation.

0.2.3 Modulo classes

Let m <7, The relation = on 7 by @ =b if and only if [i+—5; is an equivalence relation. The Classes of {wod ) have the following
equivalence classes:

131 R A TTIEE, I

Example of writing equivalence classes:

Example 0.2.3:

The equivalence classes for (mod 3) are (need to show steps):

={reZ:ir=0 (mod3)} |l|=drzh:z~]] ={reZ:x=1 (mod3)} |2
e =01 Je e F 8} ; {red dlim— 10 =l

S Fh— = L e R =4 =B =2 1T )

https://math.libretexts.org/@go/page/131014
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0.2.4 Modulo Arithmetic
In this section, we will explore arithmetic operations in a modulo world.
Letn € Z+.

0.2.4.1 Theorem 5 :
Let a,b, ¢,d, € Z such that ¢ = b(modn) and ¢ = d(modn). Then (a + ¢) = (b+ d)(mod n).

Proof:
Let a,b,¢,d € Z, such that a = b(mod n) and ¢ = d(modn).

We shall show that (a + ¢) = (b + d)(modn).

Since a = b(modn) and ¢ = d(modn),n | (a—b) and n | (c — d)
Thus a = b+ nk, and ¢ = d +nl, for kand I € Z.
Consider(a+c) —(b+d)=a—b+c—d=n(k+1),k+l e Z

Hence (a+ ¢) = (b + d)(modn).0

0.2.4.2 Theorem 6:

Let a,b, ¢, d, € Z such that @ = b(mod n) and ¢ = d(modn). Then (ac) = (bd)(modn).

Proof:
Let a,b,¢,d € Z, such that a = b(modn) and ¢ = d(mod ).
We shall show that (ac) = (bd)(modn).
Since a = b(modn) and ¢ = d(modn),n | (a—b) and = | (c —d)
Thus a = b + nk, and ¢ = d + nl, for kand [ € Z.
Consider (ac) — (bd) = (b + nk)(d + nl) — bd = bnl + dnk + n2lk = n(bl + dk + nik), where (bl + dk+ nik) € Z.

Hence (ac) = (bd)(modn).00

0.2.4.3 Theorem 7:
Let a,b € Z such that @ = b(modn). Then a? = b?(modn).

Proof:
Let a,b € Z, and n € Z., such that a = b(modn).
We shall show that a? = b%(modn).
Since a = b(modn),n | (a —b).
Thus (a — b) = nz, where z € Z.
Consider (a? —b?) = (a + b)(a— b) = (a + b)(nz), = n(az + bz),ax + bz € Z.

Hence n | a? — ?, therefore a? = b%(modn). O

0.2.4.4 Theorem 8:
Let a,b € Z such that a = b(modn). Then a™ = b™(modn), V € Z.

Proof:

Exercise.

By using the above result, we can solve many problems. Some of them are discussed below:
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Example 0.2.1: mod 3 Arithmetic

Letn =3.

Addition
+ [0] (1] [2]
[0] [0] (1] [2]
(1] (1] [2] (0]
[2] [2] [0] (1]

Multiplication
X [0] [1] [2]
(0] (0] (0] [0]
(1] (0] (1] (2]
[2] (0] [2] (1]

Example 0.2.2: mod 4 Arithmetic

Letn =4.
X [0] [1] [2] [3]
[0] [0] [0] [0] [0]
[1] [0] [1] [2] [3]
[2] [0] [2] [0] [2]
[3] [0] [3] [2] [1]

Find the remainder when (101)(103)(107)(109) is divided by 11.

Answer
101 = 2(mod 11)
103 = 4(mod 11)
107 = 8(mod 11)
109 = 10(mod 11).
Therefore,

(101)(103)(107)(109) = (2)(4)(8)(10)(mod 11) = 2(mod 11).

Example 0.2.4:

Find the remainder when7'4% is divided by 8.
Answer

7° = 1(mod 8)

7! = 7(mod$8)

7% = 1(mod 8)
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7% = 7(mod 8),

As there is a consistent pattern emerging and we know that 1453 is odd, then 7458 = 7(mod 8). Thus the remainder is 7.

Example 0.2.5:

Find the remainder when 72°? is divided by 18.

Answer
7% = 1(mod 18)
7! = 7(mod 18)
7? = 13(mod 18)
7% = 1(mod 18),

As there is a consistent pattern emerging and we know that 2020 = (673)3 + 1, 72020 = 7(673)3+1 — (73)673 7! =7(mod 18). Thus the
remainder is 7.

Example 0.2.6:

Find the remainder when 26143 is divided by 3.

This page titled 0.2: Relations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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0.3: Functions

0.3.0.1

# Definition: Cartesian Product

Let A be a set. Then A x A = {(a1,a2)|a1,as € A} is the Cartesian product of A.

v/ Example 0.3.1

If A =R then this is the Cartesian plane - Like {z,y: z,y € A}.

# Definition: Function

A function f is a subset (symbol is C) of A x B such that for every a € A there exists a unique b € B such that f(a) = b.
Denotedbyf:A—»BorAi)B.

A is the domain of the function f.

B s the co-domain of the function f.

The range of f is f(4) = {f(z) : « € A} C B = Im(f), the image of f.

A well-defined function is one that for every value of A, there is one and only one value of B.

Let f be a function from A — B.
1. fis called onto (surjective) if f(A) = B.
2. fis called one to one (injective) if f(zx1) = f(x2), 1,22 € A then z; = z,.
3. fis bijective if it is surjective and injective.

4. A function can be injective, surjective, bijective (both injective & surjective), or neither.

Note:

Let f: A— B. If fis 1-1 and onto then f is a bijection from A — B.

If there is a bijection between two finite sets, the number of elements in each set is the same. Notationally: |A| = |B].
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’ This is not injective since both a, and a, point to the b, element in B.

This is not surjective since there is no mapping from Ato b,
A B
v Example 0.3.3

Consider the mapping:

[
|
A B

Is this mapping

a) Well defined?
b) Is it surjective?
c) Is it injective?
d) Is it bijective?

Solution
The function is well-defined. Not injective. Not subjective, not bijective.

v/ Example 0.3.4

Consider the mapping:
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A B
Is this mapping
a) Well defined?
b) Is it surjective?
c) Is it injective?
d) Is it bijective?

Solution
This is well defined bijective function.

v/ Example 0.3.5

Given f: Q — Z where Q = {% : a,b € Z,b + 0} and f(%) = a. Is this a well-defined function?

Solution
Let A and Bbe sets such that A= {% :a,b € Z,a # 0} and B = Z.

Using a counterexample, f(£) is not a well-defined function since f(3) =1 and f(§) =2, but 3 = %. This is an example of an
element in A that maps to more than one element in B.

Example 0.3.6

Let
Q ={%:b>0,and ged(a,b) =1}
and f : Q — Z that is defined by
f(§)=a
a) Is f a well-defined function? b) Is it surjective? c) Is it injective? d) Is it bijective?
Solution
1. The function is well-defined.
Let A and B be set.
Leta € A.
We need to show that if f(a) =b then b € B and if f(a) = by that b = b;.

We are given f: Q — Z, which means that this is a function thus f(a) will map to one and only one element of B. Thus if f(a)
=band if f(a) = by then b = b;.

In b) below, we have shown that the function is surjective, thus f(a) = b,
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2. The function is surjective
Proof:

We shall show that f(Q) = Z by showing that f(Q) CZ and Z C f(Q).
Since we are given f: Q = Z, f(Q) C Z.
Next, we shall show that Z C f(Q).
Letn € Z, then ® € Q and f(%) =n.
Hence n € f(Q).
Hence Z C f(Q).
Since Z C £(Q) and f(Q) C Z, f(Q) = Z.O0

3. The function is not injective.
Counterexample:
Let A={%:b>0,and ged(a,b) =1} and B="Z.
Note ;, 3 € Aand that (1), f(3) € B and that f(§) = f(3) =1.

Since 1 # 1, the function is not injective.

4. The function is not bijective since it has been shown not to be both injective and surjective.

0.3.1 Operation on functions: Composition

& Definition:Composition of functions

Let f: A— Band g: B— C. Then the composition functions of g and £, go f : A = C, defined by
(g° f)(a) =g(f(a)), Va € A.
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& Definition: Identity function

Identity function id4 : A — A defined by id4(z) = z,Vz € A.

# Definition: Inverse of a function

Let f: A — Bthen f has an inverse g: B— A if (fog) = idp and (go f) = id4. Note the domain of f o g is the domain of g.

Let f: A = Bbe abijection. Then the inverse of f, denoted by f~! : B — A defined by f71(b) = aif f(a) =bifa€ Aand b€ B. In
this case, fo f~' =ida, and f'o f = idp.

A B A

v/ Example 0.3.7

Letf:A—»>Bandg: B— C.Thengof: A— C.
1. If f and g are surjective, then g o f is surjective.
Proof:
We will show that g o f is surjective.
Let c € C. Since g is surjective, there exists b € B such that g(b) = c.
Since f is surjective, there exists a € A such that f(b) = a.
Hence there exists a € A such that gf(f(a)) = c.
Therefore, if f and g are surjective, then go f is surjective.d
(better proof) If f is onto and g is onto then go f is onto.
Proof:
‘We shall show that (g o f)(4) =C.
Since f and g are onto, by definition of a function, (g~ f)(4) C C.
Now we need to show that C C (g - £)(4).
LetceC.
Since g is onto 3b € Bs.t. ¢ = g(b).

Since f is onto, 3a € A s.t. b= f(a).

Consider (go f)(a) = g(f(a)) (by definition)
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=g(b)
=c.
Therefore c € (go f)(4).
Hence C C (go f)(4).
Since (go f)(A) C C and C C (g f)(A), then g f is onto.[J

v/ Example 0.3.8

1. If f and g are injective, then go fis injective. That is,
If fis 1-1 and gis 1-1 then go f is 1-1.
Proof:
Let aj,as € A suchthat go f(a;) = g o f(az). Then g(f(a1)) = g(f(as2)).
Since gis 1-1, f(a1) = f(az).

Since, fis 1-1, a1 = aq.

Hence go f is injective.

v/ Example 0.3.9

. . . . 11 .. . . A,
Given A is a matrix and T4 : R? — R? defined by T4 [m] = [ ] [m] Note this is a matrix transformation which is linear.
Y Y

01
1.Is T4 1-1?
Yes, T4 is 1-1.
Proof:
Let [wl]and [w2] eR2s.t. Ty [wl] =Ty [m]
Y1 Ly Y1 Y2

We will show that [zl] = [wz]
Y1 Y2

ml) =[5
Y Yy
Thus [$1 + y1] _ [$2 + y2:|'
n Y2

Thus z; + y; = 2 + y2 and y; = yo.

Thus z1 = 22 and y1 = yo.

Hence [ml] = [m2]
N Y2

Thus T, is 1-1.0

2. 1sTy [Z] onto?
Y
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r| .
Yes, T4 [ ] is onto.
Y

Proof:

We know by definition that T4 [z] C R2,

We need to show that R2 C T4 [z]

2 2
Let [b]e]R.
. T 9 1 1] [z] _Ja
Find [y] ER?st. [0 1] [y] _[b].
z+y|l |a
y | o]
Thusy=>band z = a —b.

husz, 7] = 1]

Thus T is onto.d

3. Does T4 have an inverse? If so, what is it?
a) Yes T, has an inverse since it is a bijection (1-1 and onto) .. T';* exists.
Proof: By definition? Obvious?

b) T : R? - R2.
7=l 7]
£

1 -1 11 1 0
: -1 = . =
Check: T - Ty = [O 1 ] [0 1] [O 1].

v/ Example 0.3.10

Letf:A—» Bandg: B— C.Thengof: A— C .Given go f is injective and f is onto, prove that g is injective.
Proof:

Assume g o f is injective. (by definition)

Let z1,z2 € Bs.t. g(z1) = g(x2).

We shall show that z; = z,.

Let ay,as € A.

Since f is surjective (by definition), we know that f(a;) = ; and f(az) = =».
Since z; € Band f is surjective, Ja; € As.t. f(a;) = z;.

Since z, € B and f is surjective, Ja; € A S.t. f(asz) = z.

Since g(z1) = g(=2), then g(f(a1)) = g(f(az)) and g o f)(a1) = (g * f)(az)-
Since g ° f) is injective, a1 = as.

Thus f(a1) = f(az) since f is a function.

Therefore, z; = z,.

Hence g is injective.

https://math.libretexts.org/@go/page/131015


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/131015?pdf

LibreTexts*

Consider the mapping a:

A B

Find o2, o® and a~1.

This page titled 0.3: Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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0.5: Proof Templates
From DR. THI DINH'S PROOF WRITING HANDBOOK THIS BIBLE:

0.5.0.0.1 In the beginning...

Let P and @ be statement variables. When needed, suppose that P = P(x) depends on a variable x. The symbol "vV" means "for
all" or "for any". The symbol 3 means "there exists".

Type of statement What must we do to prove that it is true
(1) If P, then Q Suppose that P is true.
) VP, Q Prove that Q is true.

(3) 32P(x) such that Q Choose z so that P(z) is tr.ue. Prove tha.lt Q is true.
Note: You need not explain how you find .

0.5.0.0.1 The first (and only) commandment

To prove that a statement is false, thou shalt write out the negation of the statement and prove that.

To prove injective relationship (ie prove one-to-one)

YES If f(z1) = f(x2) then you need to prove z1 = z».
Let Abeaset. Letz;,zy € Asuchthat f(z;) = f(z2).

Show z; = z».

NO then you need to provide one counterexample where z; # z, when f(z;) = f(z»).

Is there a surjective relationship (i.e. prove onto)?

YES Note we are starting from f : A — B. Thus f(A) C B by definition.

Let A and B be sets where A is onto B if and only if f(4) C Band B C f(A).
By definition, f(4) C B. Next show B C f(A).

Let z € B.

Show z € f(A).

Conclude with: Since f(4) € B and B C f(A) therefore f is onto.[]

NO then need to find a counterexample where » € B, but there is no a € A whereby f(a) = b.
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¢ Reflexive, Symmetric, Anti Symmetric Transitive Property Proofs
Need a non-empty set A and a relation R.
o Reflexive

Leta € A. « Starting point

Show aRa ~ Ending point
e Symmetric

Let a,b € As.t. aRb.

Show bRa
e Antisymmetric

Let a,b € As.t. aRb and bRa
Show a = b.
e Transitive

Let a,b,c € As.t. oRb and bRa.

Show qaRe.

This page titled 0.5: Proof Templates is shared under a not declared license and was authored, remixed, and/or curated by Pamini Thangarajah.
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OE: Exercises

? Exercise 0E.1

Define 4 : Z — Z by h(z) = 2? + 4. Determine (with reasons) whether or not » is one-to—one and whether or not  is onto.

? Exercise 0E.2

Suppose f: A — Band g : B — C are functions. Prove or disprove the following statements:
1. If g o f is one-to-one then g is one-to-one.
2.If g o f is one-to-one and f is onto, then g is one-to-one.

3. If go fis onto and g is one-to-one, then f is onto.

? Exercise 0E.3

Determine whether or not each of the following binary relations R on the given set A is reflexive, symmetric, antisymmetric, or
transitive. If a relation has a certain property, prove this is so; otherwise, provide a counterexample to show that it does not. If
R is an equivalence relation, describe the equivalence classes of A.

1. Let S={0,1,2,3,4,5,6,7,8,9}. Define arelation R on A = S x S by (a,b)R(c, d) if and only if 10a + b < 10c + d.
2. Let A = Z\{0}. Define a relation R on A, by aRb if and only if ab > 0.

3. Define a relation R on A = Z by aRb if and only if 4|(3a + b).

4. Define a relation R on A = Z by aRb if and only if 3|(a® — b?).

5.Let A=R, If a,b € R, define aRb if and only if a — b € Z.

6. Define a relation R on the set Z x Z by (a, b)R(c,d) if and only if ac = bd.

7. Define a relation R on Z by aRb if and only if 2 | a® +b.

8. Let A=R, Ifa,b € R, define aRb if and only if a — b € Q.

9.
Let A=R xR, If (z,9), (z1,71) € R x R, define (z,y) R (z1,y:) if and only if 22 + y% = 23 + 42

10. Define a relation R on Z by «Rb if and only if 5|(2a + 3b).

Answer

1. R is reflexive on Z.
Proof:
Leta € Z.
We shall show that aRa, specifically 5|(2a + 3a).
Consider that 2a + 3a = 5a and a € Z.
Thus 5|(2a + 3a), and aRa.

Therefore R is reflexive on z.[0

2. R is symmetric on Z.
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Proof:

Let a,b € Z s.t. 5(2a + 3b.

Thus 2a + 3b = 5m for some m € Z.

We will show that 3a + 2b = 5k for some & € Z.
Consider that —2a — 3b = —5m for some m € Z.

Then 5(a+ b) — 2a — 3b=5(a+ b) — 5m.

Thus 3a + 2b = 5(a + b—m) where a+b—m =k € Z.
Hence 5|(3a + 2b) and bRa.

Since bRa, R is symmetric on Z.

3. R is not antisymmetric on Z.
Counter Example:
Leta=0andb=>5.

Then 5|(2(0) + 3(5)) and 5/(2(5) + 3(0).

However, since 0 # 5 R is not antisymmetric on Z.[]
4. R is transitive on Z.

Let a,b,c € Z s.t. aRb, 5|(2a + 3b) and bRa, 5|(2b+ 3c).
We will show that aRe, 5/(2a + 3c).
Since 5|(2a 4 3b), 2a + 3b = 5(k) for some k € Z.
Since 5/(2b + 3c), 2b + 3¢ = 5(m) for some m € Z.
Consider 2a + 3¢ = (2a + 3b) + (2b + 3¢) — 5b

=5(k) +5(m) —5(b)

=5(k+m —b), where k +m—b € Z.
Hence 5|2a + 3c and aRc.
Hence R is transitive on Z.[]

Since R is reflexive, symmetric and transitive on Z, R is an equivalence relation.

Te equivalence classes of aRb iff 5|(2a + 3b) are [0], [1], [2], [3] and [4].
LetaeZ, thenja|={a €Z: z ~ a}.
0 ={z€Z:z~0}

={z €Z:5/(2z+3(0))}

={z € Z:5|2z}

={z€Z:2c=5m,meZ}

={..,—10,-5,0,5,10,..}.

N={z€Z:2~1}

@ 0 a @ OE.2 https://math.libretexts.org/@go/page/131044



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/131044?pdf

LibreTexts*

— {z €Z:5|(2z + 3(1))}
—{zeZ:5|(2c+3)}
={zeZ:2z+3=>5m,meZ}
={z€Z:2z=5m—3,mecZ}

={.,-9,-4,1,6,11,..},

2l={z€Z:z~2}
={z €Z:5|(2z + 3(2))}
={z €Z:5|(2z+6)}
={z€Z:2x4+6=>5m,mcZ}
={z€Z:2z=5n—6,m¢cZ}

={.,-8,-3,2712 .}

B={z€Z:x~3}
= {z €Z:5|(2z +3(3))}
= {z€Z:5/(2z+9)}
={z€Z:2c+9=5nmeZL}
={z€Z:2c=5m—9,meZ}

={..,—7,-2,3,8,13,..}.

d={z€Z:z~4}
={z €Z:5|(2z +3(4)}
={z €Z:5|(2x+12)}
={z€Z:2x+12=>5m,me Z}
={ze€Z:2x=5m—12,m € Z}
={.,—6,-1,4,9,14,..}

This page titled OE: Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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1.1: Division Algorithm
| This page is a draft and is under active development.

In the proof of numerous theorems, we will utilize the well-ordering principle.

& Theorem 1.1.1: Well ordering principle

Every non-empty subset of N has the smallest number.

1.1.1 Division Algorithm

& Theorem 1.1.2: Division Algorithm

Let g and b # 0 be integers. Then there exist unique integers ¢ and r such that a = bg + r,0 < r < |b|, where ¢ is the quotient and
r is the remainder, and the absolute value of ¢ is defined as:

b,if b> 0
b = (1.1.1)
—b,if b < 0.

Proof

We will show that ¢, r € Z exist and are unique.
Division Algarithm Proaf Flawchart

e N
bins onoting

q, rfound

S not smpty

Showi £ < by
4, rfound

1
Existence Shown

Prove Uniguanass

Leta,b € Zs.t.b> 0.

Let S be a set defined by S={a —bm:a—bm >0,m € Z}.
We will show existence by examining the possible cases.
Casel: 0 €S

If 0 € S, then a — bm = 0 for some m € Z.

Thus, a = bm

Since bla, ¢ =m and r = 0.

Therefore existence has been proved.

Case2: 0¢S.

Since 0 ¢ S, we will show that S #+ @) by examining the possible cases. Note: .S C N.

Case a: a > 0.
Since @ > 0, a = a — b(0) > 0.
Therefore a € S.

Case b: a < 0.

@ 0 a @ 1.1.1 https://math.libretexts.org/@go/page/131030
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Consider a — bm, where m = 2a.

Thus a — b(2a) = a(1 — 2b).

Consider 1— 2bis always negative since b > 0,b € N, thus greatest 1 — 2b can be in —1.
Therefore a(1 — 2b) > 0 since b > 1.

Note: The > could be > without loss of generality.

Since both case a & b are non-empty sets, S # @ C N.

Thus § has the smallest element by the well-ordering principle, and lets call it r.

That means r = a — bm, for some m € Z where r > 0.

Thus the non-empty setis r = a — bm > 0.

We shall show that r < b by proceeding with a proof by contradiction.
Assume that r > b.
Thena—b(m+1)=a—bm —b=r —b >0 for some m € Z.
Thenr—be Sand r—b < r. Note (b > 0)

This contradicts that r is the smallest element of .

Therefore r < b.

Having examined all possible cases, a = bg+ r,0 < r < b exists.
Next, we will show uniqueness.

Let r1,72,q1,q2 S.t. a = bgy + 1 and a = bgy + 7o With 0 < 71,75 < b.
Consider bg; + r; = bga + 73, 0 < 7y < b.

Further since b(q; — g2) = 72 — 71, b|(r2 — r1), but b has to be < ry.
Since, ry — 7 < b, 7y —r; = 0and r; = 7.

Hence ¢1 = qa.

Therefore uniqueness has been shown.

Example 1.1.1

Find the ¢ is the quotient and r is the remainder for the following values of n and d.

1.n =2018 and d = 343.

5
343)2018
1715
303

Thus 2018 = (5)(343) + 303.

2.n = —2018 and d = 343.
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-6
345) — 2018
+2X0E

Thus —2018 = (—6)(343) + 40.
3,.n=2018 and d = —343,
Thus 2018 = (6)(—343) + 40.
4.

n=—2018 and d = —343.
Thus —2018 = (6)(—343) + 40.

This page titled 1.1: Division Algorithm is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.
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1.2: Greatest common divisor and least common multiple

Think out loud

We want to tile a 253 ft by 123 ft (a = 253 and b = 123, with a, b € Z) floor with identical square tiles. What is the largest square
tile we can use?

Definition: Greatest Common Divisor

Let a,b € Z, where not both a,b is zero.

Then, we say that an integer d = ged(a, b) € Z..., greatest common divisor if it satisfies the following conditions:
1. d|a and d|b, Note: d must divide both numbers

2.1f c € Z, cla and ¢|b then ¢ < d. Note: d is the greatest number divides both.

Thus, the greatest common divisor of two integers a and b, also known as GCD of « and b, is the greatest positive integer that
divides both the integers a and b. This class will use the following notation: gcd(a, b).

Example 1.2.1:

What is the ged of 15 and 20?

A process to find the solution:

List all positive divisors of 15 and 20.

The positive divisors of 15 are 1,3, 5, and 15.

The positive divisors of 20 are 1,2, 4, 5,10, and 20.

The common positive divisors are 1, 5.

As you can see from the list the gcd of 15 and 20 is 5. That is, the ged(15,20) = 5.

Example 1.2.2:

An elementary gym teacher has 3 grade 4 gym classes with 21,35 and 28 students in them. The teacher wants to order
equipment that equal-sized groups can use in each class. What is the largest group size that will work for all 3 classes?

You will need to find the GCD of all 3 classes.
Firstly, you will find the GCD of 21 and 35.
The positive divisors of 21 are 1, 3,7, and 21.
The positive divisors of 35 are 1, 5,7, and 35.
The GCD of 21 and 35 is 7.

Since 7 | 28 you will now find the GCD of 7 and 28, which turns out to be 7.
Therefore the GCD of 21, 35 and 28 is 7.
Thus, the largest number of students in a group for each class will be 7.

Leta,b,c € Z.
Then:

1. ged(a,a) = |a|,a # 0.

2. ged(a, b) = ged(b, a).

3. ged(a, b, ¢) = ged(ged(a, b), ¢) = ged(a, ged(b, c)).
4. ged(a,0) = a.

5. ged(0,0) is undefined.

@ 0 a @ @ https://math.libretexts.org/@go/page/131032
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Now, let's explore an algorithm for determining the GCD. The Euclidean Algorithm, developed by the renowned Greek

mathematician Euclid, is a highly effective method for computing the GCD of two integers.

# Definition: Euclidean Algorithm

If a,b € Z \ {0}, then by using division algorithm iteratively, we obtain

a =bgy+ro
b =roq1+m1
ro =Tig2 + 12

Th—2 = Tp—1qn + Tn
Tn =Tngnt1 +0

Notice that, the last non-zero remainder is r,, such an r,, exists, since |b| > |ro| > |r1|-- > |r,|. The 7, = ged(a, b)

v/ Example 1.2.3

Find ged (2420, 230).
Note: Work from right to left to follow the steps shown in the image below.

11 1 1 10
10)110 110)120 120)230 230)2420

00 110 120 2300
10 10 110 120
10

0

Hence, ged (2420, 230) = 10.

BEZOUT'S IDENTITY

For integers a and b, let d be the greatest common divisor, d = GCD (a, b). Then there exists integers x and y such that

ax+by=d. Any integer that is of the form ax+by, is a multiple of d.

This condition will be a necessary and sufficient case of ¢ = 1. We will prove this result in the section Relatively Prime

numbers.

v/ Example 1.2.4

Write gcd as a linear combination. ged(2071,31) = 2071z + 31y, with z,y € Z.

Solution
Steps are listed (a,b,c,d) for ease of reference to Bezout’s algorithm

https://math.libretexts.org/@go/page/131032
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Euclidean Flowchart

2071 = 31(66) + 25
31 =25(1) +6

=

25 — 6(4) + 1
o
6=1(6)+0

a) 2071 = 31(66) + 25
b) 31 =25(1) +6
C) 25 =6(4) +1

d) 6 = 1(6) + 0. The process stops when the remainder is zero. Thus, gcd = 1.

Bezout’s Algorithm
1. 25 = 2071 + 31(—66) from a) above.
2.6 =31 + 25(—1) from b) above.

3.1 =25 + 6(—4) from c) above.

1 =25 + 6(—4) from 3) above.
=25 + (31 + 25(—1))(—4) = 25(5) + 31(—4) using 2) above.

= (2071 + 31(—66))(5) + 31(—4) using 1) above

v/ Example 1.2.5

Write ged as a linear combination. gcd(3915,825) = 3915z + 825y, with z,y € Z.

Solution
From the calculation below, gcd(3915,825) = 15.
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2 1 4
210 | 615 615 | 825 825] 3915
420 615 3300
195 210 615
1 13
195 ]210 15 ‘ 195
195 15
15 45
45
0

We will use the following tabular method:

|Bezout’s algorithm Using Tabular Method

3915 x+825y X y operations
3915 1 0
825 0 1
615 1 -4
Ry + (—4)Ry
210 -1 5 _
Ry + (—I)Rl
195 3 -14 Ry +(-2)R,y
15 -4 20
Rg + [—13)1?1
Where
Ry, Ry are one row above and two rows above.

Thus, ged(3915,825) = 3915(—4) + 825(20).
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Let a,b € Z\{0}. Prove or disprove: d = azx + by for some z,y € Z then gcd(a,b) = d.

Counterexample:

Letd =6, a =2071, and b = 31.

Consider 6 = 2071(—1) + 31(67).

Further consider that 1 = 2017(5) + 31(—334).

Since 1 < 6 and 1 is the lowest possible gcd(a, b).

v/ Example 1.2.7

Prove or disprove: If 1 = az + by then ged(a, b) = 1.
Proof:

Let a,b € Z\{0} s.t. 1 = az + by with z,y € Z.
Suppose d = ged(a,b). We will show that ¢ = 1.
Since d = ged(a, b), d|a and d|b.

Since d|a,a = md, m € Z.

Since d|b,b = nd, n € Z.

Now, az + by = (md)z + (nd)y

= d(mz + ny.

Since mz,ny € Z, mx + ny € Z.

Now 1 = az + by = d(mz + ny).

Therefore d|1.

Thus, d = +1, but sinced > 0,d = 1.

1.2.1 Relatively prime

# Definition: Relatively prime

Two integers ¢ and p are said to be relatively prime if ged(a, b) = 1.

v Example 1.2.8

Show that gcd(n,n + 1) = 1, Vn € Z. That is, show that any two consecutive integers are relatively prime.

Since n(—1) + (n + 1)(1) =1, ged(n,n +1) =1,

v Example 1.2.9

Find two integers = and y such that ged(—4357,3754) = —4357(x) + 3754(y).
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First use Euclidean Algorithm
—4357 = 3754(—2) + 3151 Note: Remainder must be greater than or equal to zero.
3754 = 3151(1) + 603
3151 = 603(5) + 136
603 = 136(4) + 59
136 =59(2) + 18
59 =18(3)+5
18 =5(3)+3
5 =3(1)+2
3 =2(1)+1
2 =1(2)+0
Therefore ged(—4357,3754) = 1.
Then use Bezout’s Algorithm.
Bezout’s Algorithm
Using Tabular Method
Note Columns 1 and 2 come from the Euclidean algorithm above.
X y
-4357 1 0
3754 -2 0 1
3151 1 1 2
603 5 -1 -1
136 4 6 7
59 2 -25 -29
18 3 56 65
5 3 -193 -224
3 1 635 737
2 1 -828 -961
1 2 1463 1698
Thus ged(—4357,3754) = —4357(1463) + 3754(1698) = 1.

& Definition:

For n € N, the Euler's totient function ¢(n) is defined to be the number of positive integers less than n that are relatively prime
to n.

Euler's totient function has numerous applications in number theory, cryptography, and other branches of mathematics. It plays a
vital role in RSA encryption, where it is used to compute the encryption and decryption keys.

@ 0 e @ @ https://math.libretexts.org/@go/page/131032
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Determine the value ¢(n) for each integer n < 30. For n € N, ¢(n) is defined to be the number of positive integers less than or
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equal to n that are relatively prime to n.
Number of »n € N, Relatively Prime to n
n é(n) Set of n € N that are relatively Prime to n.
1 1 {1}
2 1 {1}
3 2 {1,2}
4 2 {1,3}
5 4 {1,2,3,4}
6 2 {1,5}
7 6 {1,2,3,4,5,6}
8 4 {1,3,5,7}
9 6 {1,2,4,5,7,8}
10 4 {1,3,7,9}
11 10 {1,2,3, ...,8,9,10}
12 4 {1,5,7,11}
13 12 {1,2,3,...,10,11,12}
14 6 {1,3,5,9,11,13}
15 8 {1,2,4,7,8,11,13,14}
16 8 {1,3,5,7,9,11,13,15}
17 16 {1,2,3, ...,14,15,16}
18 6 {1,5,7,11,13,17}
19 18 {1,2,3, ...,16,17,18}
20 8 {1,3,7,9,11,13,17,19}
21 12 {1,2,4,5,8,10,11,13,16,17,19,20}
22 10 {1,3,5,7,9,13,15,17,19,21}
23 22 {1,2,3, ...,20,21,22}
24 8 {1,5,7,11,13,17,19,23}
25 20 {1,2,3,4,6,7,8,9,11,12,13,14,16,17,18,19,21,22,23,24}
26 12 {1,3,5,7,9,11,15,17,19,21,23,25}
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27 18 {1,2,4,5,7,8,10,11,13,14,16,17,19,20,22,23,25,26}
28 12 {1,3,5,9,11,13,15,17,19,23,25,27}

29 28 {1,2,3, ... ,26,27,28}

30 8 {1,7,11,13,17,19,23,29}

1.2.2 Least Common Multiples

Definition: Least Common Multiples

Let a and b be integers. Then any integer that is a multiple of both a and b is called a common multiple of a and b. The least
common multiple of integers a and b, denoted by Ilcm(a, b), is the smallest positive common multiple of a and b.

Find

1. lem(5, 10)
2. lem(—6,18)
3. lem (0, 5)
Solution

1. 10, 2. 18 3. undefined.

Finding LCM using GCD

The least common multiple of integers a and b, also known as the LCM, is the smallest number divisible by both integers a and
b. You can determine the LCM by dividing the absolute value of the product of a and b by the GCD of a and b.

That is

|abd|
ged(a,b)

lem(a,b) = (1.2.1)

Example 1.2.14:

What is the LCM of 24 and 35?

Solution:

We must first determine the GCD of 24 and 35.
Find the divisors of 24 and 35.
24:1,2,3,4,8,12,24

35:1,5,7,35

Therefore the GCD of 24 and 35 is 1.

Now that we have determined the GCD, we can continue to determine the least common multiple.

(035 _
LUE) _ g4,

Hence lcm/(24, 35) = 840.
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Let a,b,c € Z.

Then:
1.lem(a,a) = a.
2.lem(a,b) = lem(b, a).

3. lem(a, b, c) = lem(lem(a, b), c) = lem(a, lcm(b, c)).
4. lem(a, 0) = undefined.

This page titled 1.2: Greatest common divisor and least common multiple is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Pamini Thangarajah.

¢ 4.1: Greatest Common Divisor by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
¢ 4.2: Euclidean algorithm and Bezout's algorithm by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
¢ 4.3: Least Common Multiple by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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1.3: Primes

Prime Numbers - integers greater than 1 with exactly 2 positive divisors: 1 and itself.
Let n be a positive integer greater than 1. Then n is called a prime number if » has exactly two positive divisors, 1 and n.

Composite Numbers - integers greater than 1 which are not prime.
Note that: 1 is neither prime nor composite.

There are infinitely many primes, which was proved by Euclid in 100BC.

Example 1.3.1: Method of Sieve of Eratosthenes

Examples of prime numbers are 2 (this is the only even prime number), 3,5,7,9,11,13,17, ....

Method of Sieve of Eratosthenes:

Sieve of Eratosthenes (10 x 10)

2134|567 |89 10| Primes:
11/12/13|14|15|16|17|18[19]20] 2: 3: 5: 7+

11, 13, 17,
21(22(23(24(25(26(27(28(29(30| 19 23 29,
31/32|33(34|35(36/37|38[39|40| 31. 37, 41,
41]42[43|44

16|47 48|49 50| 23+ 47- 53
51(52|53[54

59, 61, 67,

56|57 |58 59]60| 71, 73, 79,

61|62|63/64/65|66/67|68|69|70| 83+ 89 97
71| 72| 73] 74| 75| 76| 77| 78] 70|80
81|82|83 /84| 85[86[87 |85/ 80 |00

91|92] 930495 [96]97 98] 99 100

jury
o

3]
o

o

'y
=

o
o

o

(KL< Q][> [>1] [= [ +]

The following will provide us a way to decide given number is prime.

Theorem 1.3.1

Let n be a composite number with exactly 3 positive divisors. Then there exists a prime p such that n = p?.

Proof

Let n be a positive integer with exactly 3 positive divisors. Then two of the positive divisors are 1 and n.
Let d be the third positive divisor. Then 1 < d < n and the only positive divisors of ¢ are 1 and d.
Therefore d is prime.

Since d | n,n =md,m € Z.

Since m |nand 1 <m < n,m =d,n = d2.

Thus, 4 is prime. O
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Theorem 1.3.2

Every composite number n, has a prime divisor less than or equal to /n. If p is a prime number and p | n, then 1 < p < /7.

Proof

Suppose p be the smallest prime divisor of n. Then there exists an integer m such that n = pm. Assume that p > +/n. Then m

< +/n.

Let ¢ be any prime divisor of m. Then ¢ is also a prime divisor of n and ¢ < m < v/n < p. This is a contradiction.

Example 1.3.2:

Is 223 a prime number?
Solution:
The prime numbers < /223 are as follows: 2,3, 5,7, 11, and 13. Note that 172 > 223.

Since 223 is not divisible by any of the prime numbers identified above, 223 is a prime number.
Exercise 1.3.3
Is 2011 a prime number?.

Answer

yes.

Theorem 1.3.3: Prime divisibility theorem

Let p be a prime number. If p | ab,a,b € Z, thenp | a o1 p | b.

Proof

Let p be a prime number and let a,b € Z. Assume that p | ab. If p | a, we are done. So we suppose that p does not divide a.
Thus ged(a, p) = 1. Thus there exists z,y € Z such that 1 = az + py. Hence b = abz + pby. Since p | ab, ab= pm,m € Z. Thus b
= pmz + pby = p(mz + by). Hence, p | b.

Theorem 1.3.5

There are infinitely many primes.
Proof
Proof by contradiction.
Suppose there are finitely many primes pi, pa, ..., p,, Where n is a positive integer. Consider the integer Q such that
Q = pip2.-.pn + 1. (1.3.1)

Notice that @ is not prime. Hence @ has at least a prime divisor, say ¢. If we prove that ¢ is not one of the primes listed then
we obtain a contradiction. Suppose now that ¢ = p; for 1 <i <n. Thus ¢ divides pip,...p, and as a result ¢ divides @
— p1p2...py. Therefore ¢ divides 1. But this is impossible since there is no prime that divides 1 and as a result ¢ is not one of
the primes listed.

The following theorem explains the gaps between prime numbers:
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Theorem 1.3.5

Let n be an integer. Then there exists n consecutive composite integers.
Proof
Let n be an integer. Consider the sequence of integers
m+DI+2,(n+1)!+3,...,(n+ 1) +n,(n+1)+(n+1) (1.3.2)

Notice that every integer in the above sequence is composite because & divides (n+ 1)! + kif 2 <k < (n+1).

Example 1.3.4:

Does there exist a block of 1000000 consecutive integers without a prime number among them?

Solution

Use 1000001! and consider 1000001! + 2, ..., 1000001! + 1000001

Example 1.3.5:

Consider the formula y = 2 + z + 13. Then

1. Find the values y for z = 1, .-, 12. How many of these values are prime?

2. Can we conclude that this formula always generates a prime number?

Definition: Twin primes

Two prime numbers are called twin primes if they differ by 2.

Theorem 1.3.6 Fundamental Theorem of Arithmetic (FTA)

Let n € Z,, then n can be expressed as a product of primes in a unique way. This means

ny, Ny

n = p'py’ -pyt, where p; < p, < ... < py, are primes.

Neither the fundamental theorem nor the proof shows us how to find the prime factors. We can use tests for divisibility to find
prime factors whenever possible.

Example 1.3.6:

Find the prime factorization of
1. 252

2.2018.

3. 1000

Solution

1. Using divisibility tests, we can find that 252 = 22327
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252

SN

2 126

Y

A"

3 21

2. We can see that 2018 is divisible by 2, and 2018 = 2 x 1009. 1009 is prime (why?).

3. 1000 = 10% = ((2)(5))® = 2°5°

Example 1.3.7:

Find the prime factorization of 1000001.
Solution

Consider 1000001 = 1000000 + 1 =105 +1 = (10%)® + 1% = (10% + 12)(10* —10% + 12) =101 x 9901. 101 and 9901 are prime
(why?)

v/ Example 1.3.8

Determine ged(26 x 3%, 2% x 3% x 52) and lem(26 x 39,24 x 38 x 52).
Solution

ged(25 x 39,24 x 3% x 52) = 24 x 38 (the lowest powers of all prime factors that appear in both factorizations) and lem (25 x 3°,24
x 38 x 52) = 26 x 3% x 52 (the largest powers of each prime factors that appear in factorizations).

Goldbach's Conjecture(1742)
Every even integer n > 2 is the sum of two primes.
Goldbach's Ternary Conjecture:

Every odd integer n > 5 is the sum of at most three primes.

1.3.0.1 Wilson's Theorem

& Theorem 1.3.7

Let p be a prime number. Then (p — 1)! + 1 is divisible by p.

Proof:

Consider the product P =1 -2-3--(p —1). Now, let's pair each number % from 1 to p — 1 with its modular inverse £
modulo p.
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We know that for every & such that 1 < & < p — 1, there exists a unique £~ such that kk~! =1 (mod p). Moreover, these
pairs will be distinct because if kk~! =1 (mod p) and j57' =1 (mod p) for k # j, then £ = kj~! and j = jk~!, implying &
= j, which contradicts the distinctness of the pairs.

Thus, we can pair each k with k! such that the product of these pairs is congruent to 1 (mod p). Therefore, P = (p —1)!
= —1 (mod p). Adding 1 to both sides gives (p — 1)! +1 =0 (mod p), which means (p— 1)! + 1 is divisible by p.

1.3.0.1 Fermat's Little Theorem

& Theorem 1.3.8

For any prime number p and any positive integer a such that p does not divide a, we have a?~! =1 (mod p).

1.3.0.1 Euler's Theorem

& Theorem 1.3.9

If a and n are relatively prime (i.e., gcd(a,n) = 1), then

a®™ =1 (mod n) (1.3.3)

The following results will help us find Euler's totient functiong(n) for n € N.
& Theorem 1.3.10

1. If p is prime then ¢(p) = p — 1.
2. If p is prime and k is a positive integer then ¢(p*) = p* — p*~L.
3. If m and n are relatively prime, then ¢(mn) = ¢(m)p(n).
4.
1
o(m) =nx [ (1 - —) (1.3.4)
pln -

where the product is taken over distinct prime factors p of n.

v/ Example 1.3.9

Find ¢(252).

Solution
Since 252 = 22327, $(252) = (22 —2)(32 —3)(7—1) = 72.

This page titled 1.3: Primes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.

¢ 6.1: Prime numbers by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
¢ 6.2: GCD, LCM and Prime factorization by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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1.4: Integers modulo n

Definition: modulo

Letn € Z+.

a is congruent to b modulo n denoted as a = b (mod n), if a and b have the remainder when they are divided by n, for a,b € Z.

Example 1.4.1:

Suppose n = 5, then the possible remainders are 0, 1,2, 3, and 4, when we divide any integer by 5.

Is 6 =11 (mod 5)? Yes, because 6 and 11 both belong to the same congruent/residue class 1. That is to say when 6 and 11 are divided by 5
the remainder is 1.

Is 7 =15 (mod 5)? No, because 7 and 15 do not belong to the same congruent/residue class. Seven has a remainder of 2, while 15 has a
remainder of 0, therefore 7 is not congruent to 15 (mod 5). Thatis 7 # 15 (mod 5).

Example 1.4.2: Clock arithmetic
Find 18 : 00, that is find 18 (mod 12).

Solution

18 (mod 1)2 =6. 6 pm.

Properties

Letn € Z4. Then

Theorem 1:

Two integers a and b are said to be congruent modulo n, a = b (mod n), if all of the following are true:
a)m | (a—b).
b) both @ and b have the same remainder when divided by n.
c) a — b= kn, for some k € Z.

NOTE: Possible remainders of » are 0, ...,n — 1.

Reflexive Property
Theorem 2:
The relation " = " over z is reflexive.
Proof: Leta € Z.
Thena—a=0(n,and 0 € Z.

Hence a = a (mod n).

Thus congruence modulo n is Reflexive.

Symmetric Property
Theorem 3:
The relation " = " over Z is symmetric.

Proof: Leta,b € Zsuch that a = b (mod n).

Then a — b = kn, for some & € Z.
Now b —a = (—k)n and —k € Z.
Hence b = a (mod n).

Thus, the relation is symmetric.
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Antisymmetric Property

Is the relation " = " over z antisymmetric?
Counter Example: n is fixed
choose: a = n +1,b = 2n + 1, then
a=b (mod n) and b = a (mod n)
but a # b.

Thus the relation " = "on Z is not antisymmetric.

Transitive Property

Theorem 4 :

The relation " =" over Z is transitive.

Proof: Leta,b,c € Z, such that a = b (mod n) and b = ¢ (mod n).
Thena=b+kn,k€eZandb=c+ hn,h € Z.
We shall show that a = ¢ (mod n).
Consider a = b+ kn = (c+ hn) + kn =c + (hn+kn) = c+ (h+ k)n,h + k € Z.
Hence a = ¢ (mod n).

Thus congruence modulo n is transitive.

Theorem 5:

The relation " = " over z is an equivalence relation.

\pmodulo classes

Let m <%, The relation = on 7 by ¢ =b if and only if iz —#. is an equivalence relation. The Classes of :wuwil ) have the following
equivalence classes:

13 R AT FE R I

Example of writing equivalence classes:

Example 1.4.3:

The equivalence classes for (mod 3) are (need to show steps):

= dwe s 1)) — e Eoa =0 fmod 33— el B
L = fu

={re@:ir=3mmec L} -4 —fH =i Jor s

e 1 — e A
FI ) ={rc &3 DY = e

Ao T T EP—do =5 —21.4.7..00 A 1 T Nt I DU

s | fmed FE O - e DR e TR =2 Dinod 31

)

P T VFY S R P

AR

Below, we will explore arithmetic operations in a modulo world.
Letn € Zy.
Theorem 5 :
Let a,b,c,d, € Zsuch thata=b (mod )n and ¢ = d (mod )n. Then (a+c) = (b +d) (mod )n.
Proof:
Let a,b,¢,d € Z, such that a = b (mod n) and ¢ = d (mod n).
We shall show that (a + ¢) = (b + d) (mod n)).
Since a =b (mod n) andc=d (mod n),n |(a—bandn|(c—d

Thus a = b+ nk,and c = d + nl, for kand 7 € Z.

Consider(a+c¢) —(b+d)=a—b+c—d=n(k+1),k+1€Z.
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Hence (a+¢) = (b+d) (mod n).0

Theorem 6:

|- Edit section
Let a,b,¢,d, € Zsuch that a = b (mod n) and ¢ = d (mod n). Then (ac) = (bd) (mod n).

Proof:
Let a,b,c,d € Z, such that a = b (mod n)) and ¢ = d (mod n).
We shall show that (ac) = (bd) (mod n).
Since a =b (mod n) andc=d (mod n),n |(e—bandn|(c—d
Thus a = b+ nk, and c = d + nl, for kand [ € Z.
Consider (ac) — (bd) = (b + nk)(d + nl) — bd = bnl + dnk + n?lk = n(bl + dk + nlk), where (bl + dk + nlk) € Z.

Hence (ac) = (bd) (mod n).0

Theorem 7:
Let a,b € Z such that a = b (mod n). Then a? = b? (mod n).

Proof:
Leta,b € Z,andn € Z, such thata = b (mod n).
We shall show that a? = b? (mod n).
Since a = b (mod n),n | (a—1b).
Thus (a — b) = nz, where z € Z.
Consider (a? — %) = (a + b)(a— b) = (a + b)(nz), = n(az + bz), ax + br € Z.

Hence n | a? — b?, therefore a®> = b* (mod n). O

Theorem 8:
Let a,b € Z such that a = b (mod n). Then a™ = b™ (mod n), V € Z.

Proof:

Exercise.

By using the above results, we can solve many problems. Some of them are discussed below:

Example 1.4.4: (mod 3) Arithmetic

Letn = 3.

Addition
+ [0] [1] [2]
(0] [o] [1] [2]
(11 [11 [21 [o]
(2] [2] [0] [1]

Multiplication

x [0l [1] [2]
(0] fo1 (o1 [0]
(11 o1 [11 [2]
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Example 1.4.5: (mod 4) Arithmetic

Letn = 4.

Example 1.4.6:

Answer
101 =2 (mod 1)1
103 =4 (mod 1)1
107 = 8 (mod 1)1
109 =10 (mod 1)1.

Therefore,

Example 1.4.7:

Find the remainder when7'4% is divided by 8.

Answer

7°=1 (mod 8)

7' =7 (mod 8)
72=1 (mod 8)
70 =7 (mod 8),

Example 1.4.8:

Find the remainder when 720 is divided by 18.

Answer
7°=1 (mod 1)8
7' =7 (mod 1)8
72 =13 (mod 1)8

73 =1 (mod 1)8,

remainder is 7.

(0]
(1]
(2]
(3]

(2]

Find the remainder when (101)(103)(107)(109 is divided by 11.

(0]
(0]
(0]
(0]
(0]

(101)(103)(107)(109) = (2)(4)(8)(10) (mod 1)1 =2 (mod 1)1.

[0]

(1]
(0]
(1]
(2]
(3]

(2]

(2]
(0]
(2]
(0]
(2]

(1]

(3]
(0]
(3]
(2]
(1]

As there is a consistent pattern emerging and we know that 1453 is odd, then 7% = 7 (mod 8) . Thus the remainder is 7.

As there is a consistent pattern emerging and we know that 2020 = (673)3 + 1, 72020 = 7(673)3+1 — (73)® 71 =7 (;mod 1)8). Thus the
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Example 1.4.9:

Find the remainder when 2614 is divided by 3.

Example 1.4.12:

Show that n? + 1 is not divisible by 3 for any integer n.

Answer
Proof: Let n € Z. We shall show that (n® + 1) is not divisible by 3 using the language of congruency.
We shall show that (n? + 1) (mod 3)) # 0 by examining the possible cases.
Case 1: n=0 (mod 3).
= n?=0? (mod 3).
= (n?+1)=1 (mod 3).
Hence n”* + 1 is not divisible by 3.
Case2: n=1 (mod 3).
n? =12 (mod 3).
(n? +1)=1 (mod 3).
Hence n? + 1 is not divisible by 3.
Case 3: n =2 (mod 3).
n? =22 (mod 3)) =1 (mod 3)).
(n?+1) =2 (mod 3)).
Hence n”* + 1 is not divisible by 3.

Since none of the possible cases is congruent to 0 (mod 3),n2 + 1 is not divisible by 3. o

Example 1.4.13:

Show that 5 | a® + 4a for any integer a.

Answer
Notice that 4 = —1 (mod 5)). Therefore, 5 | a® + 4a iff 5 | a® — a for all integer a.
Let v < Z.
We shall show that &* =« imod 3}, wa < #,
Then 5 {+* clande® «—0 imod 5,
We will proceed by examining the 5 possible cases of \( . \) Specifically, « « {t.1.2.3. 41,
Casen 1:Ifn rtheno® _ 1
=0 (mod 5),
Thus & = — 0 {med 3,
Casea=1:Ifa =1thena® =1°
=1 (mod 5),
Thus #* &= imod 5,
Case « — 5 If w — sthen a? = 2*
— B+t
=2 {ml 3,

Thus & «— 0 (med 5,
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Case « — . If . — 2 then oF — 2
— 348+

=} (md 3,

Thus & «— 0 (med 5,
Casen — 4 If u — 1thena® = 4°
— RiM + 4

=4 (mod 5),

Thus ¢* a— 0 imod 5,

Having examined all possible cases, ° ~ a {mod 5[]

Answer
Leta =% (mod 5 where w = Fand b e {0.1,2,3, 4},
Then 5 i — 4,
Thus #— 1t — 3w = 2 Rearranging, we obtain a = 3m &

Consider &* = (fm 6}

- q - L 1 1. r
=im. (Z‘ giamts E LV ) | &

Since k.m.b € Z, then s C 7,

Thus & = Ga | ¥,

Clearly, 5 f¢. We shall examine the possible cases of #".
Case b=0: If 4 — ¢ then ¢° = 3¢ | o, Thus o* = & {mod 3,
Case b=1: If b= ithen # =1 {mud 3} and " =3¢ | where q = %
Thus «* = B¢ | 1 {mad 3 — a {mod 7

Case b=2: If », = s then n = 2 imud 3;and 2* =56} | 2.

Thus #* = 5¢ | 361 1 2 imod 51 = 3(¢ | 61 2 =0 (mod 5,
Case b=3: If & —: then @ = 3 (mod 5] and 3* = 5{431 2,
Thus @* = 5¢ | 5(181 3 (mod 5)= 5(g | 18) 3= a {mod 5,
Case b=4:If »  sthen « =4 {mud & and 1° = 5{204) | 4,
Thus &° = %¢ 52041 | 4 {mod 51 = 5¢ | 204) | 1= 2 (mod &',

Having examined all possible cases, ° ~ a {mod 5[]

Example 1.4.14

For every positive integer », prove that »* — = is divisible by 2.

Answer

Proof:

Let 5iu be the statement # {n®  #,

S(n} says that n on=%m.m o ¥,
S0 says that 1* — 1 = 3m,m € Z, Since t— #(0;and 1 « 7, Si1is true.

Assume siw is true for some i = .
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We will show that S(k + 1} is true.

Specifically, we will show that (k +1)* — (k+1) = 3t.t € Z,
Consider that { | 17* (k1 Li=(k 1 1% k1L

— kA S — =k

N S S

— 4+ Al = 3k

=3m & &

Since m.fi t £ 4 ¥ — ke %

Let# —m— &+

Thus (k+ 17— (k+1) =3t Z,

Having shown the inductive step, for every positive integer », »* -  is divisible by .

Multiplicative inverse modulo m

Let m € Z,. Let a € Z such that a and m are relatively prime. Then there exist integers = and y such that az + my = 1. Then az = 1( (mod m)),
also denoted by az = 1( (mod m)). Note that 1 is the multiplicative identity on \pmod m \). In this case, = (mod m)) is the inverse of
a (mod m) .

v/ Example 1.4.10

If possible, find multiplicative inverse of 2 (mod 1)0.

Solution

Since ged(2,10) = 2 # 1, 2 has no multiplicative inverse modulo 10.

v/ Example 1.4.11

If possible, find multiplicative inverse of 16 (mod 3)5.

Solution
Using the Euclidean Algorithm, we will find ged(16, 35.

35 = (16)(2) + 3
16 = (3)(5) + 1
3 =(1)(3)+0

Thus ged(16,35) = 1. Hence Multiplicative inverse of 16 (mod 3)5 exists.

By using the Bezout's algorithm,
1 =16+ (3)(-5)

=16 + (35 + (16)(—2))(-5)
= (35)(=5) + (16)(11)

Thus ged(16,35) = 1 = (35)(—5) + (16)(11). Hence the multiplicative inverse of 16 (mod 3)5 is 11.

If m is prime, then by Fermat's little theorem, a™ =~ a (mod )m), for all integers a.

Hence o™V =1 (mod )m), for all integers a that are relatively prime to m. Thus, if ged(a, m) =1 and m is prime then a! = a2 (mod m)),

Odd and Even integers:

An integer n is even iff n = 0 (mod 2)).

An integer n is odd iff n =1 (mod 2)).
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I Two integers a and b are said to have some parity if they are both even or both odd otherwise a and b are said to have different parity.

Example 1.4.15:

Show the sum of an odd integer, and an even integer is odd.

Answer
Proof: Let a be an odd integer and let b be an even integer. We shall show that a + b is odd by using the language of congruency.
Since a is odd, @ =1 (mod 2).
Since b is even, b= 0 (mod 2).
Then (a +b) = (1 +0) (mod 2),
(a+b) =1 (mod 2).

Hence a +bis odd.oO

v/ Example 1.4.16:

Show that the product of an odd integer and an even integer is even.

Answer
Proof: Let a be an odd integer and let b be an even integer. We shall show that ab is even by using the language of congruency.
Since ais odd, a =1 (mod 2).
Since b is even, b= 0 (mod 2).
Then (ab) = (1)(0) (mod 2),
(ab) =0 (mod 2).

Hence ab is even.o

1.4: Integers modulo n is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

« 3.1: Modulo Operation by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
o 3.2: Modulo Arithmetic by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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1.5 Linear Congruence

Linear Congruences

# Definition: Linear Congruences

A linear congruences in one variable has the form ax = b(mod m), where m € Z., a,b € Z and z € Z is a variable.

A linear congruence is similar to a linear equation, solving linear congruence means finding all integer = that makes, az = b(modm)
true. In this case, we will have only a finite solution in the form of = = (mod m). Thus there will be at most $m$ solutions, namely
0,1,...,m—1.

Thus, a linear congruence in one variable = is of the form az = b(mod m), where a,b € Z and m € Z,. This form of linear
congruence has at most m solutions.) In this section, we shall assume a(# 0) € Z.

Method I: We can find the solutions to a linear congruence, by checking all possible 0,1, ...,m — 1.

Example 1:

Find all solutions to z = 6(mod11), between 0 and 10 inclusive.
Solution

Possible solutions are 0, 1,2, ..., 10. The only solution is 6.

Example 2:

Find all solutions to 2z = 3(mod 7), between 0 and 6 inclusive.
Solution

Possible solutions are 0,1, 2, ..., 6. The only solution is 5.

Example 3:

Solve 3z = 1(mod38).
Solution

Possible solutions are 0,1, 2, ..., 7. The only solution is 3.

v/ Example 4

Find all solutions to 3z = 1(mod 6), between 0 and 5 inclusive.

Solution
Possible solutions are 0,1, 2, 3,4, 5. In this case 3z(mod 6) is 0, 3,0, 3,0,3. Thus, 3z = 1(mod 6) has no solutions.

Example 5:

Solve 2z = 2(mod 4).
Solution

Possible solutions are 0, 1,2, 3. The solutions are 1 and 3.

The following theorems give a criterion for the solvability of az = b(mod m).

Method II:
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Letm € Z, and a,b,c € Z. If gcd(c,m) = 1 and ac = be(modm) then a = b(mod m)

Proof

Let m € Z, and a,b,c € Z. Assume that ged(c,m) = 1 and ac = be(mod m). Since ac = be(mod m), ac — be = mn, for n € Z.
Thus (a — b)c = mn. Thus m | (a — b)c. Since ged(c,m) =1, m | (a — b). Hence, a = b(modm).

v/ Example 6

Solve 3z = 1(mod8).

Solution

We will solve using the above theorem. 3z =1 = 9(mod8). Hence, z = 3(mod8).

& Theorem 2

Let m € Z, and a,b,c € Z. Then ac = be(mod m) if and only if a = b [ mod S
ged(e, m)

Proof

TBA

Solve 9z = 6(mod 24).
Solution

Since ged(3,24) = 3,, 3z = 2(mod 8). Thus 3z = 2 = 10 = 18(mod 8). Hence = = 6(mod 8).

The above two methods are tedious when the numbers are large.

& Theorem 3

Let m € Z, and a,b € Z, with a be non-zero. Then

ax = b(modm) has a solution if and only if gcd(a, m)|b. Moreover, if © = z; is a particular solution to this congruence, then the

: . 2 d—1
set of all solutions is {z € Z|z = z¢(modm)} = {xo,mo + ﬂ,xo + Tm’ e, To + Q}, where d = ged(a, m).
Proof
TBA

We will see below how to find the solution for a particular case: Using Multiplicative inverse modulo m

Let m € Z,. Let a € Z such that a and m are relatively prime. Then there exist integers = and y such that az + my = 1. Then ax
= 1(modm). Note that 1 is the multiplicative identity on mod m. In this case, z(modm) is the inverse of a(modm).

If ged(a,m) =1 then ax = b(mod m) has a unique solution z = a~'b(mod m). Thus, the set of all solutions is {z € Z|z
= a~b(modm)}.

Proof

il

Since ged(a, m) = 1, therefore o has an inverse a=! mod m. Hence = = a~'b(modm).
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v/ Example 8

Solve 16z = 11(mod 35).

Solution
Since 16z = 11(mod 35), z = (16)111(mod 35) = (11)(11)(mod 35) = 16(mod 35).

The following theorem guides on solving linear congruence. However, we will discuss it after learning the linear Diophantine
equations.

& Theorem 4

Let m € Z, and a,b € Z, with a be non-zero. Then, the linear congruence
az = b(modm) has a solution if and only if gcd(a, m)|b. Moreover, if z = z, is a particular solution to this congruence, then the

. . 2 d—1
set of all solutions is {z € Z|z = zo(modm)} = {xo,xo + ﬂ,xo + Tm’ ey T+ %}, where d = ged(a, m).

The Chinese Remainder Theorem

In this section, we will explore solving simultaneous linear congruences.

Let a,b € Z and n, m € N such that ged(n, m) = 1. Then there exists z € Z such that z = a(mod n) and z = b(mod m). Moreover x
is unique modulo mn.

Example 5:

Solve z = 2(mod3) and z = 3(mod 5).

Solution

Since = = 2(mod 3), the possible solutions are 2,5,8, 11, 15, ....
Since z = 3(mod5), the possible solutions are 3,8,13, ....

Then = = 8. Since any y such that y = 8(mod 15) are also solutions, we have 23,38, ---

& Theorem 6: Chinese Remainder Theorem

Let ay, -, ax € Zand my, -, my, € N such that ged(m;, m;) = 1, for all i # j. Then there exists = € Z such that

a; (mod my)
as (mod my) (1)

ay, (mod my)

Il

Moreover gz is unique modulo m; ... my.
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Solving Congruences, using Chinese Remainder Theorem

Let
z =a; (mod mq)
T = ay (mod my) @)
.:/v = aj, (mod my)

Then

Step 1: Calculate the product M = m; x my x ... X my.
Step 2: Calculate the Modulus Factors. For each m;, calculate M; = %
Step 3: Compute the Inverses. For each M;, compute the modular inverse M; ! modulo m,.
Step 4: Combine Solutions. Finally, the solution z to the system of congruences is given by:
k
@ = (Z aiMiMi1> mod M (3)
=1

We can use the following table to compute all the listed variables.

a; m; M, M4_1 M

v/ Example 6

Solve
z =3 (mod 5)
z=1 (mod 7) (4)
z =6 (mod 8)
Answer
a; m; M; M M
3 5 ? = 56 1 280
1 7 @ =40 3 280
6 8 % —35 3 280

First we calculate M = (5)(7)(8)280. Now we can calculate M, M, and M;.

Next we calculate M, ', M, ! and M, .

https://math.libretexts.org/@go/page/163792
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To calculate M;*: we need to solve 56z; = 1 (mod 5). Place these values into the table.

Now, z = ((3)(56)(1) + (7)(40(3) + (8)(35)(3)) (mod 280) = 918 (mod 280) = 78 (mod 280).

1.5 Linear Congruence is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 4.5: Linear Congruences by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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1E: Exercises

? Exercise 1E.1

sl q 1 P
For every positive integer n, prove that 5 + @ + - + oy = wir

Answer
We can rewrite each term as ;o = % = + — =1 Therefore, the sum telescopes as follows:
1 1 i 1 1 n 1
1 2 3 n n+l
oL
n+1 n+1

? Exercise 1E.2

For any positive integer n, prove that 2732 — 1 is always divisible by 17.

Answer

By Fermat's Little Theorem, 2!¢ =1 (mod 17)$and$3'® =1 (mod 17). Therefore, 26" =1 (mod 17) and 33 =1 (mod 17).
Hence, 273 —1=1-1—1=0 (mod 17).

a.Let a,b,c € Z,. Show that gcd(a, bc) = 1 if and only if ged(a, b) = 1 and ged(a, c) = 1.

b. Leta,b,c,d € Z. If a|b and c|d, show that gcd(a, c)|gcd(b, d).

? Exercise 1E.4

Show that a® = a (mod 5) for all integers a.

Using Euclidean algorithm to find ged (2520, 154) and express ged(2520, 154) as an integer combination of 2520 and 154. Also,

Using the Euclidean algorithm to find ged(—2520, 154) and express ged(—2520, 154) as an integer combination of —2520 and 154.

For every positive integer n, prove that n3 — n is divisible by 3.

For any k € N prove that gcd(4k + 3,7k + 5) = 1.

? Exercise 1E.8

a) Use the Euclidean algorithm to find the ged(—29,571)?

b) Find integers z and y s.t. ged(—29,571) = —29(z) + 571(y)?

https://math.libretexts.org/@go/page/131034



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/131034?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Chapter_1%3A_Integers/1E%3A_Exercises

LibreTexts*

Show that any two consecutive odd integers are relatively prime.

? Exercise 1E.10

If m,n are any odd integers, show that m? — n? is divisible by 8.

? Exercise 1E.11

a) Prove that for all integers n > 1,
1 2 _ 1
st o =L

b) Prove that for all integers n > 1,

1 1 1
W-ﬁ—ﬁ-l—“'-i—ﬁz\/ﬁ.

? Exercise 1E.12
For integer n > 1, define
Su=—(1) + (D)= () + (5) =+ (7).
1. Evaluate S, forn =1,2,3,4 and 5.
2. Use part (a) to guess a formula for S,,.

3. Use mathematical induction to prove your guess.

Find the remainder when 83! is divided by 5.

? Exercise 1E.14

For each of the following pairs of integers a and n. show that a and n are relatively prime, determine multuplicative inverse of
[a] in Z,,, and Find all integers = for az =~ 11(modn).

1. @ = 16,n = 35.
2.a=69,n = 89.

Find the remainder when (201)(203)(205)(207) is divided by 13.

This page titled 1E: Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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Chapter 2: Groups

Groups are a fundamental concept in abstract algebra. Understanding their definitions and properties and studying examples is
important in order to gain a comprehensive understanding of algebraic structures.

4b Learning Objectives

e Define and understand the basic concepts of groups and properties.

o Define and distinguish between various types of groups, such as finite and infinite groups, abelian and non-abelian groups,
and cyclic and non-cyclic groups..

o Determine whether a given subset of a group is a subgroup.

o Prove basic results involving various types of groups.

e Solve basic problems involving various groups and its subgroups.

This page titled Chapter 2: Groups is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini

Thangarajah.
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2.1: Introduction to Group

# Definition: Group

Let G be a non-empty set.

A binary operation, x, on G is defined as : a xb for all a,b € G.

A closed binary operation, x, on G is defined as a function: *: G x G = G,x(a,b) =axbeG.

Then G with the closed binary operation *, (G, %), is a group if all of the following conditions are satisfied:
1. Associative: a x (b xc) = (a*xbd) x¢c; Va,b,c € G.
2. Identity: There exists an identity, e € G, s.t. exa =axe = a.
3. Inverse: For each element a € G, there exists an elementb € Gs.t. axb=bxa=e.

In other words, A group is a non-empty set associated with a binary operation that satisfies certain axioms. The operation must
be closed, associative, and have an identity element. Additionally, every element must have an inverse.

# Definition: Abelian Group

Let (G, *) be a group. Then (G, *) is called an abelian group if a xb = b xa,Ve,b € G. That is that the group satisfies the
commutative property

A summary of the terms is shown below.

ET G A set.

Ll
SET w OPERATION| (G, ¥*) [A set with an operation
U
SEMIGROUP (G, *) |A set with an operation that is associative
l
MONOID (G, *) |A set with an operation that is associative & has an identity.
L
GROUP (G, *) |A set with an operation that is associative, has an identity & inverse
15
(G, ¥*) |A set with an operation that is associative, has an identity, has an
ABELIAN GROUR inverse and is commutative.

v/ Example 2.1.1

The sets Z,Q,R, and C with addition + are groups with the identity of 0 and each element ¢ an inverse —a.

v/ Example 2.1.2

(Z,-) is a monoid, has no inverse, and is thus not a group. Why?
It's a set with an operation, is closed, is associative, and has an identity but does not have an inverse.

Counterexample:

2 € Z, but there isno element b € Zs.t. 2-b=1.

https://math.libretexts.org/@go/page/131036
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v/ Example 2.1.3

Let V be a vector space, then (V,+) is an abelian group.

v/ Example 2.1.4

Letn € Z,.
Let M,,(R) be the set of all n x n matrices over R then (M,,(R), +) is an abelian group.

Let M,»(C) be the set of all n x n matrices over C then (Mn,(C),+) is an abelian group.

v/ Example 2.1.5

GL,y(R) = {A = [Z s] |a,b,¢,d € R,det (A) =ad —bc # 0} where GL,(R) stands for General Linear Group that is a 2 x 2
matrix.

Is (GL,(R), -) a group? Yes, but not an Abelian group.

[4] - ([B]- [C)]) = ([4] - [B]) - [C] is true, so we have associativity.
Every element [A] in GLa(R) has an inverse since det(A) # 0.

Since I € GLy(R), GL(R) has an identity.
Matrix multiplication is not commutative since [A] - [B] # [B] - [4].

Counterexample:
0 11 [t 0] _[o —1]
10 0o -1 [1 o]
1 0 0 1

[0 —IHI 0]2 :—01 8

Notice that [(1) 3], 10 € GLy(R).

Since [(IJ _01] + [_01 g], (GLy(R), -) is not commutative.

Thus (GLy(R), -) is a group, but not an abelian group since it is not commutative.

Letn € Z+.
GL,(R) = {A € M,,(R)| det (A) # 0}, General Linear Group over R.

GL,(C) = {A € M, (C)|det (A) # 0}, General Linear Group over C.

v/ Example 2.1.6

Let SLy(R) = {A = [: Z] la,b,c,d € R,det (A) = ad — bc = 1}, where SLs(R) stands for Special Linear Group that is a 2 x 2

matrix. Is (SLy(R),-) a group?

https://math.libretexts.org/@go/page/131036
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Proof:

Let A, B € SLy(R).

Then det (A) = det (B) = 1.

Consider det (AB) = det (A) - det (B) = (1)(1) = 1.
Hence AB € SL2(R).

Since matrix multiplication is associative, (SLy(R), -) is associative.

Since the 2 x 2 matrix identity, I = [(1) (1)] € SLy(R),and AI =IA= Aforall A € SLy(R), (SL2(R), -) has the identity.

Inverse:

Proof:

Let A € SLy(R).

Then det (4) = 1, therefore A~ exists.
Consider det (A™) = g7tz = 1.
Therefore A~! € SLy(R).

Hence SL,(R) is a group, but not an abelian group.

Note that SLy(R) C GL2(R).

& Definition:
If (G, *) is a group, then
1. If |G| is finite, then (G, *) is called a finite group.

2. If |@| is infinite, then (G, *) is called an infinite group.

4d Cayley Table

A Cayley table, named after the British mathematician Arthur Cayley, is a square table used in group theory to represent the
binary operation of a finite group. It provides a concise way to display all possible combinations of group elements and the
result of their operation.

Here are some examples of Cayley tables.

v/ Example 2.1.7

Define a relation on Z by aRb iff a =b (mod 4), a,b € Z, then R is an equivalence relation and the equivalence classes are
[0], [1],[2] and [3]. Another way to show the equivalence classes is to use the following notation: Z, = {0,1,2,3}.

Cayley Tables for + and -(mod4) are shown below.

Note: The above tables are commutative; we can see them by noticing a mirror image along the diagonal.

(Z4,+) is an abelian group. In fact, (Z,,+) is an abelian group for every positive integer n.

@ 0 a @ @ https://math.libretexts.org/@go/page/131036
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+(mod 4) *(mod 4)

WIN|—~]|O|O
O|lWIN|[=]|—
= O |W NN
N|=]|OC|lW]|W
o|Oo|O|O| O
WIN|=~|O| =
NJOIN|IOIN
= INjwWw|Oo|Ww

WDIN]| =
WIN| =

Note: In the case of multiplication, we must remove zero to make a group in many cases. We will denote Z* = {1,2,--,n — 1} .
However, in the case of (Z3, +) and (Z3, ) this would not make a group, since 2 +2 =0 (mod 4),2-2 =0 (mod 4), but 0 ¢ Z3.

(zz, +) forms a group if n is prime.

Thinking Out Loud - Discussion of Modular Operations

Letm € Z,.

Ifa=b (mod m)and ¢ =d (mod m),then

ac =bd (mod m),a+c=b+d (mod m), and a" =d" (mod m).

In terms of (mod m), we use Z,, = {0,1,2,3,... m—1}.

Note (Z,,+ (mod m)) is always an abelian group.

Note (Zy,,® (mod m)) is not always a group (need to remove zero and for m = a prime). If (Z%,,e (mod m)) is a group,
then the group is abelian, since ab= ba (mod m).

v/ Example 2.1.8

Let (G, *) be the set {4, R, L, B} where A stands for "attention," R stands for "turn right," L stands for "Turn Left," and B
stands for "About Face." The Cayley table is shown below:

Note that the multiplication table is same as (Z4,+ (mod 4)). In this case, we say that this group isomorphic to
(Z4,+ (mod 4)).

https://math.libretexts.org/@go/page/131036
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Is (Z2 x Zo, @) a group?

@ [00]OH[10)]d
(0,0) | (0,0) | (0,1) | (1,0) | (1,1)
(0,1) | (0,1) ] (0,0) | (1,1) | (1,0)
(1,0) | (1,00 | (1,1) | (0,0) | (0,1)
(1,1) [ (1,1) | (1,0) | (0,1) | (0,0)

. The product (in this case, component modulo 2) of any two elements is contained in the set.

. The set and operation are associative since a @b ¢) = (a P b) P c)Va, b, c € Zy X Zs.

. The SEMIGROUP has an identity since a@ e =e@@ a = a,Va € Zy x Z,. The identity is (0, 0).

A W N -

. The semigroup has an inverse since 3a,b € Zy X Zsla@Pb=0a =e. Look at (0,1) (0,1) = (0,0), which is the identity.
For proof, we would need to examine all cases.

5. The GROUP is also abelian since it is commutative (determined by seeing that the top diagonal matrix is the same as the
bottom diagonal matrix).

6. The group is also finite since we could list all the elements.

Note: (Zz x Zs, @) is called a Klein 4 (K4) Group. This can be defined as K4 = {e, a,b, c} such that a? =42 = ¢? = e with
the product of any two distinct non-identity elements is the third: ab = ¢, ac = b, and bc = a.

v/ Example 2.1.10

Quaternion Group:

10 0 1 0 ¢ i 0
= = = = i i 2 _
1 [0 1] , I [_1 0] , [z 0] , K [0 —i] , where i is the complex number such that 4 1.

Define Qg = {+1,+I,+J,+k}. Then Qg with multiplication forms a group. This is a finite non-
abelian group. Why?

Notation Notes:
(Q*, o): the * indicates that zero is eliminated. This is usually done to obtain an inverses.

(Zn,+): The subscript indicates the operation is (mod n).

We will discuss these examples in detail later.
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Example 2.1.11: Dihedral Group

Consider the equilateral triangle below. What rigid motions can we make to it that will result in the triangle occupying the
same space? What happens if we combine rigid motions? Keep in mind that "doing nothing" is also a rigid motion.

Original
Reflection eflection  Reflection
Rotation Rotation Original

Symmetries of equilateral triangles:

3

1 2

Let r be a rotation then there are three rotations I, r,r2. Let s be a reflection, then there are s,rs,r2s elements. In this case, 7%
= g% = I and sr = r?s. Thus D3 = {I,r,r?,s,7s,72s}.

v/ Example 2.1.12:Symmetric Group

Notation:
1= 123 the identity matrix.
1 2 3
1 2 3 . q
1,2) = (2 1 3) . Note that 3 points to itself.
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(1,2,3)5(; 2 i’)
(1,3,2)5(; : "1’)

=3!=2-3=6.
Cayley Table for S3
1 (1,2,3)
1 1 (1,2,3)

(1,23)  (1,23) (1,32
(1,3) (1,3) (1,2)
(1,2) (1,2) 2,3)
2,3) 2,3) (1,3)

(1,3,2) (1,3,2) 1

then (1,2, 3).

83 is a non-abelian group of order 6.

v/ Example 2.1.13

Let n be a positive integer.

(1,3)
(1,3)

(2.3)

(1,3,2)
1,2,3)

(1,2)

(1,2)
(1,2)
(1,3)
(1,2,3)
1
(1,3.2)

(2,3)

(2,3)
(2,3)
(1.2)
(1,3,2)

(1,2,3)

(1,3)

S; ={1,(1,2),(1,3),(2,3),(1,2,3),(1,3,2)}. This is the list of possible permutations of the above triangle in Example 2.1.11.
Note that (1,2, 3) and (3,2,1) are rotations, while (1,2), (1,3), and (2, 3) are reflections around the missing angles bisection. |Ss|

(1,3,2)

1,3,2)

(2,3)
(1,3)
(1,2)

(1,2,3)

Notes: The operation goes from right to left. For example, the operation is (1,2, 3)(1,3) = (2, 3). In this case (1,3) done first and

Then define U(n) = {a € Z|gcd(a,n) = 1}. Then (U(n),- mod n) is an abelian group. U(n) is a unitary group of order |¢(n)| .
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2.1.1 Summary:

Examples of Sets with Binary Operation (G, *) have associative property, identity, and an inverse.

Examples
v N Examples
S3, Qs Finite Group Infinite Group
! !
Z > 4 b R, > ] ) Ln ]R
(e} ), (Zus +), (Zp, ), (Zz Abelian Abelian @ 5 Q@ 5 ® 1), € HSLE
) , = {M,.(R)| det (M, (R) =1}, GL,(R)
X Zy, D), U(n) (commutative) (commutative)

— {M,(R)| det (Ma(R) # 0},(Q", o), -...

When referring to a group, we will denote (G, *) as G and represent the operation as ab instead of a = b for simplicity and
clarity.

This page titled 2.1: Introduction to Group is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.

o 4.4: Transformations by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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2.2: Properties of Group Elements

& Theorem 2.2.1

Let (G, ) be a group. Then
1. The identity is unique,
2. For each a € G, one and only one inverse exists.
3.Foreacha e G, (a7 !)! =a.
4. (axb) ' =b"1xa1 Va,beG.
Note if G is abelian,(a*b) ! =b'xa ! =a1xb"1,Va,beG.
5.If zy = z2,Vz,y, z € G, then y = 2 (Left cancellation)

6. If yx = 2z,Vz,y,2 € G, then y = 2. (Right cancellation)

Answer
Proof:
Let (G, *) be a group.
1. We shall show that identity is unique.
Assume that G has two identity elements, e; and e;.
Thusaxe;=e;xa=aandaxey =ey*xa = a, Va € G.
We will show that e; = e,.
Consider e; ez = ez xe; =ej and ex xe; = €1 x ez = €.

Thus since e; = e,, the identity is unique.d

2. We shall show that for each a € G, one and only one inverse exists.
Leta € G.
Assume that @ has two inverses, b and c.
Thenaxb=bxrxa=canda*xc=c*a=ce.
We shall show that b = c.
Consider b =b xe
=bx*(axc)
=(bxa)*c
=excC
=cC.
Thus b = ¢ and for each a € G, there exists one and only one inverse.
3. We shall show that for each a € G, (a7!)! = a.
LetacG.Then axa'=a! xa=e.
Thus (a7)) ' =b"! =a.
Assume that G has two identity elements, e; and es.

Thusaxe; =e1xa=aand axes =ex*a =a, Va € G,

@ 0 a @ 2.2.1 https://math.libretexts.org/@go/page/131256
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We will show that e; = e.
Consider e; x e; = es €1 = e; and e * e1 = €1 * e3 = ea.
Thus since e; = ey, the identity is unique.d
4.
Leta,b € G.
Thenaxbe G,a ' €G,b'eGandax*beq.
Consider (b~! xa 1) (a*b) = b1 x (a ta) *b)
=blxexb
=blxb
—e.
And consider (a*b)(b~'xa)=ax (b xb)xa”!

=alxexa

=alxa

= €.
Since (b~! xa7!)(axb) =e= (axb)(b~'xa~t), then (axb)~! =b"!*a"!,Va,b € G.O
5.
Letz,y,2 € Gs.t. zy = 2.
Note: z~! € G since G is a group.
Thus z7!(zy) = 27 (z2)
Thus (z~'2)y = (z~'2)z since associative.
Thus ey = ez and y = 2.0
6.
Letz,y,z€ Gst.yxx =z*x.
Note: z~! € G since G is a group.
Thus (y*z)* 27! = (z*2) 2z~
Thus y* (z7! *z) = 2 % (z7! * 2) since associative.

Thus yxe = z+eand y = 2.0

# Definition:

Let G be a group. If g € G, then define ¢° = ¢ and g*! = gg» for n € N.)Also, define\(g~" = (¢") ', for n > 2.

& Theorem 2.2.2

Let G be a group.
Let g,h € G and m,n € N.
Then

1. g™ x g" = g™*" where g™ = g * ---* g. Note there would be m ¢’s.
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2.(g™)" = g™

3. (gh)y™™ = (h g H)™

With the addition operation g™ = mg.

v/ Example 2.2.1

Let G be a group and suppose that (ab)? = a?b? for all « and b in G. Prove that G is an abelian group.

Solution
Let G be a group.

Let (ab)? = a?b?, Va,b € G.

(ab)(ab)=(aa)(bb)
Thusa™, b'in G
ab, (ab)'in G
(aby'=bVa

We shall show that G is abelian.

Leta,b € G.

We shall show that ab = ba.

Note that (a x b) x (a xb) = (axa)* (bxb).

Consider that a™! x (a xb) x (a xb) xb~L = a1 x (axa) x (bxb) b1,
Then (! xa) xbxax (bxb1) = (a! xa) *axbx(bxbl).
Thusexbxaxe=ecxaxbxe.

Thus b xa = axb.00

Note: Operator * included for students.

This page titled 2.2: Properties of Group Elements is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Pamini Thangarajah.
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2.3: Subgroups

Subgroups are non-empty subsets of a group that are themselves groups. In this section, we will explore how to define and
characterize subgroups.

# Definition: Subgroup

Let G be a group. Let H is a non empty subset of G and (H, ) is a group, then H is a
subgroup of G. We write this as # < G. G

Trivial subgroups of G are {e} and G (the group itself).

To ensure a set is a group, we need to check for the following five conditions:
1. Non-empty set,
2. Closure,
3. Associativity,
4. Identity, and

5. inverse.

The following theorem allows us to check three conditions (rather than 5) to ensure a subset is a subgroup.

v/ Example 2.3.1

1. The trivial subgroups of a group G are {e} and G.
2. (Z,+) is a subgroup of (R, +). In fact Z C Q C R are subgroups of R under addition.
3. But (Q*, ) is not a subgroup of (R, +). (why?)

& Theorem 2.3.1

Let (G, ) be a group then H C G is a subgroup if and only if

‘e=e"a=a

The following conditions are satisfied: Y
!
/ and
. . o g a*a'=e
1. The identity e € G is in H. forallain G.
2.If h1,hy € H, then hy * ho € H. =

3.If he Hthenh ! € H.

Ife, inH,
¢ the?LH inG
and e, in G.
Proof
C
Assume that H C G. - \
=
We shall show that ey = eq, where ey is the identity of H and ey is the identity of G. oy ':eH ))
' H
| EH- eH: BH

S S

Thus, it is clear that H < G.[OJ
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L]
1. From (2), we have shown hy * hy € H,Vhy, hy € H.
2. From (1), we have shown the identity.
3. From (3), we have shown the inverses exist.

4. Every element of h1, ho, hs € G therefore associativity applies because H inherits it from G by definition.

Conversely, assume that H C G satisfies 1, 2, and 3 shown in Theorem 1.
From (1), we have shown that H is a non-empty set - it has at least an identity.
Since e is the identity of G and ey € G, egen = emeq = ex-

Further, ey € H,e;! =en € H.

Since ex, e € G, ege' = eg, but exe;! = e

Hence eg = ey.00

Note: all subgroups of a group have a common element - the identity e. They could have
more common elements. Since H is a subset of G, ey is in H by default.

2. We shall show that, if 4, hy € H, then hy x hy € H.

Let hl,hz € H.
Since (H, ) is a group, h1 * hy € H.O

Note a group is closed by definition.

3. We shall show that,if h € H then h~! € H.

Since (H, ) is a group, h ' € H.OO

Note each element in a group has an inverse by definition.

H < Giff:
H#{}.
(H,*) is a group. Need to check:
1. ,hi*xhy € HVhy,hg € H
2. e € H,wheree € G,
3.h'eHVYheH,
4. hy(haohs) = (hihy)hs, ¥ a,b,c € H.

The following theorem allows us to check two conditions (rather than 5) to ensure a subset is a subgroup.
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Let (G, *) be a group.
Then H(C G) is a subgroup of G iff the following conditions are satisfied:
1. eq¢ € H, and

2. gxh ‘e H Vg heH.

Proof:
Assume that H < G.

Assume that H C G.

Since e x hy € H,e x hy* € H.
Further, eh,! = h,' € H.

Since hy * hy € H, hy * (hy')7! € H.
Therefore hy x hy € H. O

It has an identity since H # {}.

See proof of (a) above

Associativity comes because hy, hy, h3 € H.
1. Let hi,hy € H.

Conversely, assume that H C G satisfies (1) and (2) of Theorem 2.
We shall show H < G.

H # {}. Since we have a group, we have at least an identity.
hy*hy € H Yhy,hy € H,

e € H,wheree € G,

hleHVheH,

hi(hohs) = (hiho)hs, ¥ a,b,c € H.

We shall show that gxh~! € H,Y g,h € H.

Then h~! € H because H C G.

Since g,h~' € H, gh™' € H,

Hence the result.[]

H < G iff:

H#{}.

(H,«) is a group. Need to check:

We shall show that e;; = e, where ey is the identity of A and ey is the identity of G.
Since e is the identity of G and eg € G, egeg = egeq = eg.
Further, e € H,e! = ey € H.

Since ey, ey € G, eney = eg, but egey! = ep.

Hence e¢ = eg.O0
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Let g,h € H.

v/ Example 2.3.2

Consider (R*, e). Decide if the following sets form subgroups of R*.
1. H = {z € R*|z = 1 or z is irrational }.

No.

Counter example:

Consider v/2 € H.

Further vV2ev2=2but2 ¢ H

Therefore since there is no closure, H « R*.00

2.K={z Rz >1}.
No.

Counter example:

Consider 2 € K.

Note that 27! = £, but £ ¢ K.

Thus the inverse of 2 does not exist.

Since a'AVa € K, K £ R*.00

v/ Example 2.3.3

Let G = (MQQ(R), -|-).

Suppose you take this matrix s.t. the trace of the matrix is zero.

Thus &= { |2 ] |o-+a=o}.

Show that H < G.

Solution:

Note that {8 8] is the identity of G and it is clearly an element of A. Thus condition (1) of Theorem 2 is satisfied.

We will show that g« h~' € H,V g,h~! € H.
a b [e f
et [0 1] en
Then a+ d =0 and e + h = 0 since the two matrices belong to H.

. a b —e —f] [a—e b—f
Consider [c d}—k[_g —h]_[c—g d—h]'

Then (a —e)+ (d—h)=(a+d)—(e+h)=0-0=0.

https://math.libretexts.org/@go/page/131257
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a—e b—f
Hence H.

|:c—g d—h]e
Thus H < G.

v/ Example 2.3.4

Let GLy(R) = {A =) [Z Z] la,b,c,d € R,det (A) = ad — bc # 0} where GL,(R) stands for General Linear Group that is a 2 x 2

matrix and SL,(R) = {A = [a Z} la,b,c,d € R,det (A) = ad — bc = 1}, where SL,(R). Show that SL,(R) < GLyR).
C

? Example 2.3.5

Let n be a nonnegative integer, Then show that nZ = {nm|m € Z} is a subgroup of (Z,+).

Answer

Add texts here. Do not delete this text first.

# Definition: finite group

Let G be a group. If G is finite and |G| = n then we say that the order of G = n.

& Theorem 2.3.3

Subgroup test for finite groups:
Let H C G.
Then H < G iff:

1. H +# {}. (non-empty).

2.a,b € H then ab € H (closed).

v/ Example 2.3.6

Find all subgroups of Klein 4 (K,) Group K, = {e, a,b, ¢} such that a? = b? = ¢ = ¢ with the product of any two distinct non-
identity elements is the third: ab = ¢, ac = b, and bc = a.

Solution

Since K, is a finite Group, H; = {e,a}, Hy = {e,b} and H; = {e, c} are subgroups of K,. Any subgroup of K, with more than 3
elements must contain two distinct non-identity elements. Therefore it must contain the third. Hence {e}, H; = {e,a}, H>
= {e,b} and H; = {e, c}, K, are subgroups of K.

2.3.1 Lattice Diagram of all subgroups

v/ Example 2.3.7: Lattice diagram of subgroups of K,

https://math.libretexts.org/@go/page/131257
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Ky = {e.abc}

{ea} {ee.b) {e.e)

{e)

2.3.2 Special subgroups

2.3.2.1 Centralizer of an element

# Definition: Centralizer of an element

Let G be a group. For any a € G, the Centralizer of a in the group G, C(a) = {g € G|ag = ga}.

& Theorem 2.3.4

Let G be a group. For any a € G, the Centralizer of « in the group G, C(a) = {g € G|ag = ga}. Then C(a) <G.

Proof
If C(a) = {g € Glag = ga} = G, then we are done. Otherwise, let z1, 25 € C(a) .
We will show that z;2,"! € C(a) and e € C(a) .
Consider

ary = Iri1a

amlxgl = mlazgl

az1zy' = 21(azy ")

az1zy! = 21(25 a)

amlmgl = xlmgla

s xl,xgl € Cla) .
Since z2, 2, € C(a) , T2z, = ¢, where e is the identity element, e in C(a) .

Since wlxgl,e €C(a),Ca) <G .O0

v/ Example 2.3.8

Let G = GL(2,R). Then find

1.0([1 ;]).
2.0([3 ;]).

Solution:

b
a d} € G, Then a,b,¢,d € R, and ad — bc # 0.

Let [

C

. 1 1 1 1][a b a b1 1
ConmderC([l 0}) means that L 0] L d} =[C d] [1 0]

https://math.libretexts.org/@go/page/131257
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a+c b+d] B |:a+b a]

Th 5
US[ a b c+d c

Thusa+b=a+c,a=b+d c+d=aandc=h.

mso([} o])-{a-[; ")
z.c([g ;]).

Let [a
@

a,b € R, det(A) # 0 }

b
d} € G, Then a,b,c,d € R, and ad — bc # 0.

. 0 1 0 1fa b] [a b][0 1
ConmderC([1 0}) means that {1 o] L d} _[c d] [1 0]

c d b a
ms[¢ 9= [ ]

Thus b= cand d = a.
0 1 a b
Thus(]([1 0}) = {B: {b a]

2.3.2.2 Center of a group

a,b € R, det(B) # 0 }

# Definition: Center

Let G be a group. Then the center of G is defined as, Z(G) = {z € G|gz = zgV¥ g € G}.

& Theorem 2.3.4

Let (G, *) be a group then Z(G) is a subgroup of G.

Proof:
Let G be a group and g € G.
We will show that Z(G) = {z € G|gz = 29 Vg € G}.

X, in Z(G) implies x,g=gx.forall g in G
Let e be the identity of G. ! ! !

X, in Z(G) implies x,g=gx,for all g in G

We will show that e € Z(G).

Want to show x1x2" in Z(G), first need

Since eg = ge Vg € G, e € Z(G). o Eho

x, " in Z(G)
Let x1,%2 € Z(G)
We shall show that z,z;' € Z(G).

Consider that z,'g = gz, .

Further (xlxgl)g = xlgxgl. e
= (z19)7;" .
. . X,9=gx, for all g in G
= (971)%4
%, 06,8)%, 1=, (g, )x, for all g in G
o \KOJK, =X 10X,
= g(z1z;").0
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Note that if G is abelian, Z(G) = G.

v Example 2.3.9

Let G = GL(2,R). Then find Z(G).
Solution:
Z(G) = {g € Glgz = z9,Vz € G}.

Let[a bc d] € G, Then a,b,c,d € R, and ad — bc # 0.

We have shown C(E (1)]) :{[Z aib] a,b €R,det #0 } and C([(l) (ﬂ) ={[a bb al
Lol afee

a b . a b a b
Thus for [C d} to be in Z(G), [b a—b] = [b a],

a,b €R,det #£0 }

Thus since ¢ — b = a, b = 0.

Thus, Z(G) { [g (‘j

v/ Example 2.3.10

Prove that for each element a € G, where G is a group, that C(a) = C(a™).

aER,a#O}.

Proof:
Let z; € C(a) s.t. az; = z1a.
We will show that ;67! = a1z

Consider that ¢ laz; = a 'z1a

exr| = ailxla

z1=a'z1a

1 1 1

zia ' =alz00”
zia l=alze
xla_l = (1,_11131.

Thus, z1 € C(a™?).
Hence C(a™!) C C(a).

Let x5 € C(a™!) s.t. a” oy = z0a'.

Consider that aa'zy = azsa™

exry = axga*I

To = axga’l

— =il
To@ = axsa” " a
T2a = aIT9o€

o = AX9.

Thus, z» € C(a).
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Hence C(a) C C(a™).
Since C(a™!) C C(a) and C(a) C C(a™'), C(a) = C(a™1).00

2.3.2.3 Centralizer

# Definition: Centralizer

Let G be a group and H be a subgroup of G then the Centralizer of H in G is C(H) = {g € G|gh=hgV h € H}.

Note that if # = {e} then C(H) =G.

& Theorem 2.3.5

Let G be a group and H be a subgroup of G then the Centralizer of H in G is C(H) = {g € G|gh = hgV h € H} is a subgroup
of G.
Proof:
Let G be a group and H be a subgroup of G. We will show that C(H) is a subgroup of G.
Let e be the identity element of G, then e € C(H).
Let g1,90 € C(H).
We will show that g;g,'h = hgig, "
Consider that g1h = hgy, goh = hgs, Vh € H.
Since g,h = hg,
gihgy' = hgigy '
9195 'h = hgig; "
Thus g,9," € C(H)
Hence C(H) < G.

2.3.2.3.1 Conjugacy classes of a group G

Two elements z, y in a group G are conjugate if y = grg~! for some g € G. This is an equivalence relation of G.

Conjugacy classes of G are subsets of G in which elements are conjugate to each other. That is, [z] = {gzg~'|g € G}, z € G.

2.3.2.4 Normalizer
Let G be a group and H be a subgroup of G. Forany z € G, N(H) = zHz ! = {zhz"!|h € H}.

This subgroup is called the Normalizer of 7 in the group G.

# Definition: Normalizer

Let G be a group and H be a subgroup of G. Then
forany = € G, N,(H) = sHz~' = {zhz~!|h € H} Gonjugates of G, and

the Normalizer of H in the group G, N(H) = {zHz |z € G}.

& Theorem 2.3.6

Let G be a group and H be a subgroup of G. Then for each g € G, Ny(H) = gHg~' is a subgroup of G. These subgroups are
called conjugates of H in G.

Proof:
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Let g € G. Let e be the identity of H then geg—! € gHg'.

Consider geg~! = (ge)g' = g9 =e. Thus e € gHg™'.
Thinking Out
Loud
Leta,b € gHg™ .

We will show that ab™! € H. a=gh,g’
b=gh,g
Consider a = gh1g~! and b = ghog™ !, h1,hy € H.
e 9729 ab=(gh,g")(gh,g ")
Then ab! = (ghig !)(ghagt)? =(gh,a")([g'T'h,"g")
=gh1g“gh;‘,“g"
= (ghig™)((g7) " hy'g ™) =ghh,"'g’

: Therefore h, h,™ in H.
= ghig~'ghy'g™! \_//

= ghihy'g™! € gHg .
Thus since hi,h,' € N,(H) and e € N, (H), N,(H) is a subgroup of G.[J

2.3.25

This page titled 2.3: Subgroups is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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2.4: Cyclic groups

2.4.1 Order of group element

# Definition: order of an element

Let (G, ) be a group.

Let a € G, then the order of an element a € G, denoted by |a|, be the smallest positive integer n s.t. a® = e. If no such n exists,
we say that the order is infinite.

v/ Example 2.4.1

Consider the group Zi, with addition modulo 10. What is the order of its elements?

Consider Z;, ={0,1,2,3,4,5,6,7,8,9}. Note that {0} is the identity and its order is 1.

element Order Calculations
0 [{0)] =1
1 [{1)| = 10 11=0 (mod 10)

2! =2 (mod 10), 22 =4 (mod 10), 2®> =6 (mod 10), 2* =8 (mod 10), and 2°
=0 (mod 10).

3! =3 (mod 10), 32 =6 (mod 10) , 3* =9 (mod 10), 3! =2 (mod 10), 3°
3 [{3)] = 10 =5 (mod 10), 3% =8 (mod 10), 37 =1 (mod 10), 3% =4 (mod 10),3° =7 (mod 10),
and 3'°=0 (mod 10).

4! =4 (mod 10), 4> =8 (mod 10), 43> =2 (mod 10), 4* =6 (mod 10), and 4°

4 @) =5 !
=0 (mod 10).
5 [(5)| = 2 5! =5 (mod 10), and 52 =0 (mod 10).
6 6} = 5 6! =6 (mod 10), 62 =2 (mod 10), 6° =8 (mod 10), 6* =4 (mod 10) and 6°

=0 (mod 10).

7' =7 (mod 10), 7> =4 (mod 10), 7 =1 (mod 10), 7* =8 (mod 10), 7°
7 |{7)] = 10 =5 (mod 10), 7 =2 (mod 10), 77 =9 (mod 10), 78 =6 (mod 10), 7 =3 (mod 10),
and 7' =0 (mod 10).

8! =8 (mod 10), 8 =6 (mod 10), 8 =4 (mod 10), 8% =2 (mod 10), and 8°

8 K(8) =5 _

=0 (mod 10).

9! =9 (mod 10), 92 =8 (mod 10), 9° =7 (mod 10), 9* =6 (mod 10), 9°
9 [{(9)| = 10 =5 (mod 10), 9° =4 (mod 10), 97 =3 (mod 10), 9® =2 (mod 10), 9°

=1 (mod 10), and 91 =0 (mod 10).

& Caution:Order

The order of a group is the number of elements in the group.

The order of an element « € G, denoted by |a|, be the smallest positive integer n s.t. a” = e.
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Let (G,*) be a group.

Let X = {z1,22...,z,} where z;1,z; ..., z, € G, then the subset of G generated by X denoted by (X) is

(&gl ™ | my,my-,my € L} .

# Definition:

Let (G, x) be a group.
Let a € G, then define the set generated by a denoted by (a) is {a™|m € Z} = {---,a7%,a7 !, e,a,a?,---}.

Note: a® = e.

& Theorem 2.4.1

Let (G, x) be a group.

Let a € G, then (a) is the smallest subgroup of G that contains a.

Proof
Let (G,*) be a group. Let a € G. If a = e then (a) = {e} is the smallest subgroup of G that contains e.

Suppose a # e. Clearly e € (a). Let g,h € (a). Then g = a™ for some m € Z and h = a" for some n € Z.
Consider gh~! = a™ (a") ' = a™a™ = a™ ™. Since m —n € Z, gh~* € (a).

Thus, (a) < G. Suppose H is a subgroup of G that contains q. Clearly, (a) < H. O

Let (G, x) be a group. 2 o

Let a € G, then (a) is called cyclic subgroup of G.

2.4.2 Cyclic group

& Definition: Cyclic group

If G = (a) for some a € G, then G is called a cyclic group.

Remember the definition of a unitary group:

Let n be a positive integer. Then define U(n) = {a € Z,|gcd(a,n) = 1}. Then (U(n),- (mod n)) is an abelian group. U(n) is a
unitary group of order |4(n)]| .

v/ Example 2.4.2

U(15) = {1,2,4,7,8,11,13,14} and + = - (mod 15).

Let a € U(15) and b € U(15).
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Then a(z) + 15(y) = 1 and ab(z) + 15by = b therefore U(15) is closed.

Since U(15) is a finite group, the order of the group is |U(15)| = 8. hinking Out Lou
However, U(15) is not a cyclic group.

Proof: (by exhaustion) gcd(a,15)=1

Let a € U(15). ged(b,15)=1
We will show that Za € U(15), s.t. |(a)| = 8. gcd(ab,15)=1

[{1)| = 1 since 1! =1 (mod 15

(1 ( )
|(2)] = 4 since 2* =1 (mod 15)
[(4)] = 2 since 42 =1 (mod 15)
|(7)] = 4 since 7' =1 (mod 15).
|(8)] = 4 since 8! =1 (mod 15).
[{(11)| = 2 since 112 = 1 (mod 15).
|(13)| = 4 since 13* =1 (mod 15).
|(14)| = 2 since 14> =1 (mod 15).

Since #a € U(15), s.t. |(a)| = 8, U(15) is not a cyclic group.Od

v/ Example 2.4.3

Prove that (U(14), (- (mod 14))) is cyclic.

Proof: Cyclic means at
We will show that 3a € U/(14) s.L. |{a)| = [U(14)]. ot sl

generate the

Consider U(14) = {1,3,5,9,11,13} where |U(14)| = 6. x
entire group

Consider 3! =3 (mod 14), 32 =9 (mod 14), 3* =13 (mod 14), 3* =11 (mod 14), 3°
=5 (mod 14) and 3° =1 (mod 14).

|(3)] = 6 since 3 =1 (mod 14).
Thus |(3)]| = 6.

Therefore, U(14) is cyclic and 3 is a generator.[]

The following is an infinite cyclic group. Any infinite cyclic group is isomorphic to this group.

v/ Example 2.4.4

Is (Z, +) cyclic group? If so, what are the possible generators?
Yes, (Z,+) is a cyclic group that is generated by +1.
Proof of being a cyclic group:

Since the group generated by 1 contains 1, the identity 0, and the inverse of 1, (—1), as well as all multiples of 1 and (1), (Z,
+) is cyclic.

Possible Generators:
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Note 1™ is 1 + 1 + --- + 1 with n terms when n)0 and (—1) + (—1) + -- + (—1) with » terms when n is (0.

We shall show z = (1) = (—1).

Consider that 1" means 1 + 1+ - + 1 with »n terms and that 1" means +(—1) + (—1) 4 --- 4 (—1) with n terms.

It should be clear that 1 will generate Z, and that 1" will generate Z_. Note that 1° is interpreted as 0 - 1 = 0.
1y ={..,—3,—-2,-1,0,1,2,3,..}.

Thus (1) is a generator of (Z, +).

Similarly, we will show that (—1) is a generator of (Z, +).

Consider that (—1)" means +(—1) + (—1) + --- 4+ (—1) with n terms and that 1" means 1 + 1+ --- + 1 with n terms.
It should be clear that 1 will generate Z_ and that 1" will generate Z,. (1) ={...,—3,—2,—1,0,1,2,3,...}.

Thus the generators of (Z, +) are (1) and (—1).

2.4.3 Properties:

& Theorem 2.4.2

Cyclic groups are abelian.

Proof:
Let (G, *) be a group.
If G is cyclic, then G is abelian.
Assume that G is cyclic.
Then G = (g) for some g € G.
Let a,b € G.
We will show ab = ba.
Then a = g™ and b = g*, m,n € Z.

Consider

Hence, G is abelian.[d

The converse is not true. Specifically, if a group is abelian, it is not necessarily cyclic. A counterexample is (U(15), ®) since it
is abelian but not cyclic.

& Theorem 2.4.3

Every subgroup of a cyclic group will be cyclic.

Let (G, *) be a cyclic group. If H < G, then H is a cyclic group.

Proof
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Let G = (g), g€ G
We will show H = (¢*) for some k € Z.

There are two cases to consider.

Case 1: H = {e}

Let H = {e}, then we are done since e x e = e thus |H| = |{e)| = 1.

Case 2: H # {e} empty and also
Let H # {e}. includes ¢ .

Thus 3h € Hs.t. h £e.
Since h € H, h € G.
Hence h = g™ for some m € Z.

Without loss of generality, we may assume m € N.

Define S = {n € N|gh € H} C N. Note: without loss of generality,

we may assume m € N since
if 7 were a negative we wobig
simply use /1

Since S(+# {}) by the well ordering principle S has a smallest

1 t k.
elemen o O O

We shall show that H = (g*).
Since ¢* € H, (¢*) < H.
Leth e H.

We shall show that h € (g*).

A subgroup
Is always a
subset of
the group

Since h € H, h = g™, m € Z.

Since k, m € Z, by the division algorithm, there exists ¢,r s.t. m = ¢k
+7r, 0<r<k.

Then g™ = g%¢" and g™ % = ¢".

Since g™, g% € H, then ¢g" € H.

Since k is the smallest, » = 0. (I think this is because ¢° = )
Therefore g™ = (g*)? € (g*).

Thus H < (¢*).0O

@ @

One class member remarked that being
an abstract algebra professor was
equivalent to being a zoo keeper in

charge of the monkeys. This was agreed

to be CLEARLY true, so no proof is
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The Converse is not true. Every sub-group of the Klein 4-group is cyclic, but not the group.

& Corollary 2.4.4

Subgroups of (Z, +) are of the form (nZ, +), n € N.

& Theorem 2.4.5

Let G be a cyclic group s.t. G = (a) and |G| = n.
Then o* = ¢ iff n|k.

Proof

Let G = (a) witha" = .

(@) ={e,a,a®...,a"'}. o 0 0 Afinite cyclic group of order n.

Letaf =, k € Z.
Since by the division algorithm, unique integers q and r exist such that k=nqg+r, 0<r <n, ¢,r € Z.
Consider a" = a*™

= a*(a™)~? Note: a* = e is our assumption & n is the order of group.

=ee ¢

=e.
Hence r = 0. |
Thus k = ng. 00

Therefore n|k.
Conversely, assume that n|k.

Then k = nm,m € Z.

& =d,

Hence the result.[]

v/ Example 2.4.6

Consider the group Z:, with addition modulo 12.

1. Is (Z19,+mod(12)) cyclic group? If so, what are the possible generators? How many distinct generators are there? What can
you say about the number of generators (hint: Euler totient number) and the possible generators (Hint: Divisors)?

3. Find all subgroups of z,, generated by each element. What are the orders of them? What can you say about these orders?

Answer

1. Consider Z;2 = {0,1,2,3,4,5,6,7,8,9,10,11} with addition modulo 12. Note that {0} is the identity and its order is 1.

Element Order Calculations
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0 (0)[ =1
1 |(1)] =12 12=0 (mod 12)
9 1(2)] =6 2! =2 (mod 12), 2?2 =4 (mod 12), 2® =6 (mod 12), 2¢ =8 (mod 12), 2°
B =10 (mod 12) and 20 =0 (mod 12).
3 [(3)] =4 3!'=3 (mod 12),3* =6 (mod 12), 3> =9 (mod 12), and 3* =0 (mod 12).
4 [(4)| =3 4' =4 (mod 12), 4> =8 (mod 12), and 4% =0 (mod 12).
5! =5 (mod 12), 52 =10 (mod 12), 5° =3 (mod 12), 5* =8 (mod 12), 5°
5 |(5)] = 12 =1 (mod 12), 5% =6 (mod 12), 57 =11 (mod 12), 5* =4 (mod 12),5°
=9 (mod 12), 5 =2 (mod 12), 5!* =7 (mod 12), and 52 =0 (mod 12).
6 |(6)| =2 6! =6 (mod 12), and 62 =2 (mod 12).
71 =7 (mod 12), 7 =2 (mod 12), 7 =9 (mod 12), 7* =4 (mod 12), 7°
7 {7 =12 =11 (mod 12), 7 =6 (mod 12), 77 =1 (mod 12), 7 =8 (mod 12), 7°
=3 (mod 12), 719 =10 (mod 12), 7"' =5 (mod 12), and 72 =0 (mod 12).
8 |(8)| =3 8! =8 (mod 12), 8% =4 (mod 12) and 8% =0 (mod 12).

9! =9 (mod 12),92 =6 (mod 12), 9* =3 (mod 12) and 9* =0 (mod 12).
9 [(9)] = 4 9% =5 (mod 10), 95 =4 (mod 10), 9" =3 (mod 10), 9% =2 (mod 10), 9°
=1 (mod 10), and 91 =0 (mod 10).

10! =10 (mod 12), 10> =8 (mod 12), 10> =6 (mod 12), 10* =4 (mod 12), 10°

10 10)| =6
(10} =2 (mod 12) and 10° =0 (mod 12).

111 =11 (mod 12), 112 =10 (mod 12),11* =9 (mod 12), 11* =8 (mod 12), 11°
11 |(11)] = 12 =7 (mod 12),11°=6 (mod 12), 117 =5 (mod 12), 11¥ =4 (mod 12), 11°
=3 (mod 12), 11" =2 (mod 12), 11" =1 (mod 12), and 112 =0 (mod 12).

From the table, (Zs,+mod(12)) is a cyclic group, the set of all possible generators are {1,5,7,11} = {a € Z|gcd(a,12) =1,
1 < a < 12}. Hence, the number of generators is the same as the number of integers relatively prime to 12 = 223. That is,
the number of generators is the Euler totient number ¢(12) = (22 —2)(3! —1) =4 .

2. From the above table, we see that the orders of the subgroups are 1,2,3,4,6 and 12, which are all divisors of the order of

Z15. Specifically, the order of the subgroup generated by g € Z, is wedg)

Note that 12 = 223. Then the cyclic subgroups are (1), (6), (4), (3), (2), (0) with orders 12,2,3,4,6 and 1.

(1) = Zno
7N
2 3
7N
@ (6)
N
{0}
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<ak> — <agcd(n,k)>
Let G = (a) be a cyclic group with |G| = n.
Letb € G.

If b = a* then [b| = 2, d = ged(k, n).

Answer
Let G = (a) with |G| =n and a € G.
Leta" =e.
We will show that (a*) = (agd (k).

Let z € (a*).

Afinite cyclic group of order n.

Thinking Out Loud

Since ged(n, k) = d for some d € Z., d|n and d|k.
Thus, k = md, m € Z.

Consider an arbitrary power of ¢, (a*)7 € (a*).
(@) = @) = (al)" € (a%) € asirh).
Letd = zn+yk, n, k€ Z.

Using the division algorithm, (a®"*¥)h
= (an)zh(ak)yh’ n, k,h cZ

= (@) € (@)
Thus o* = a?.
Now we want to show |a¥| = 2.
Consider (a*)7 = (a")7 = e7 = e.
Thus [a*| < 2.
Now consider (a%)7 = (a") = e = |a| <
Now consider 0 < i < 2.

Thus di < n, where d is positive since it is the
greatest common denominator.

Thus (a?)! = a® +# e for di < n.
Then we can show |a/| = Z.

Consider |a*| = [(a*)| = [(a?)| = |a?] = 2.

k| —
Hence |a*| = Z.

We are given G=<a> is a cyclic
group with |G|=n.

Let b=a* then |b|=n/d, where
d=gcd(n,k).

Usama followed these main steps:
1)  Show <a*>=<a’d>. He took
an element in <a*> and
showed it was in <a®> and

then took an element of
<a®> and showed that it
was is <a*>. Lret x in <a*>
then x=a4, jin Z. Now
consider ak¥=(a™m) = (a9)™ in
<a’> since mj in Z. Thus
<a*> is a subset of <a’>.
Now we will show that <a>
is a subset of <a*>. ....

2) Show |a¥| = n/d. To do that
look at |a%|. Since |a%|=|a|
from step 1. Let p=|a‘| s.t.
p is the smallest satisfying
that condition.
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Let G = (g) be a cyclic group with |g| = n. Then G = (g*) if and only if ged(k, n) = 1.

Proof

Let G = (g) be a cyclic group with |g| = n. Then
geG andg” =e.

Assume that G = (g*). Then g = (¢*)® for some z € Z.
Thus,

gk =e.

By Theorem 2.4.5, n | (1 — k). Therefore,
1— kx = ny, for some y € Z.

Which implies,

1 = kz + ny,

hence,

ged(k,n) = 1.

Conversly, we shall show that if ged(k,n) = 1, then G = (g*).
Suppose that ged(k,n) = 1. Then

kx + ny =1, for some z,y € Z.

By using the properties of powers in a group and g" = e, we get,

gl _ gk::c+ny — (gk)z(gn)y — (gk)z (241)
Hence g € (g*).

Therefore, we have G C (g*). Since (¢g*) C G,
G =(g").

& Theorem 2.4.8:

Let G = (a) be a cyclic group with |G| = n. Prove the following statements:
a) If H < G then H = (a*) for some integer & that divides n.

b) If k|n then (a#) is the unique subgroup of G of order k.

Proof

a) Let G = {(a) with |G| = n. Assume that H < G. By Theorem 2.4.3, H is cyclic. Hence H = (a*) for some integer k € Z.
Let d = gcd(k,n). We shall show that H = (a?). Since d = gcd(k,n), kx + ny = d, for some z,y € Z. Consider,

a? = " = (ah)2(aM)Y = ()7 (2.4.2)

Thus o € H. Therefore (a?) C H.

Since d|k, k = md, for some m € z. Thus, a* = o™ = (a?)™ . Hence H C (a%). Thus H = (a?) and d|n.

b) Let G = (a) with |G| = n. Assume that k|n. Suppose K be subgroup of G of order k. We shall show that K = (a%). Since
K is a subgroup of G, K = (a™), for some, m € Z. By part a, m|n. Then (™)™ = e. We shall show that % is the smallest

positive integer with this property.

Now, |K| = % = k. Thus, m = % Thus K = (a¥) which is unique.
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A group of prime order is cyclic.

Proof

Let G be a group s.t. |G| = p, where p is a prime number.
Let g € Gs.t. H = (g) is a subgroup of G.

Since p > 1, g + {e}.

Since H is cyclic, 3 g* = e, for some % € Z.

By the division algorithm, £ = ng+ r where 0 < r < n.

Hence, e = " = g"i*" = g"g" = eg” = g".

Since the smallest positive integer k such that g* = e is n, r = 0. Thus nlk.
Conversely, if n|k, then k = nm, m € Z.

Consequently, g* = g"™ = (g")" = e™ =e.

Thus, |(g)| divides |G].

Since p < 1, |G| = p.

Since |G| = p, G is cyclic.0

v/ Example 2.4.7

List all the cyclic subgroups of U(30).

U(30) = {1,7,11,13,17,19,23,29} and |U(30)| = 8.
k Calculations
7  7'=7 (mod 30), 7> =19 (mod 30), 7® =13 (mod 30), 7* =1 (mod 30)
11 11 =11 (mod 30), 112 =1 (mod 30)
13 13! =13 (mod 30), 132 = 19 (mod 30), 13* =7 (mod 30), 13* =1 (mod 30)
17 171 =17 (mod 30), 172 =19 (mod 30), 17° =23 (mod 30), 17 =1 (mod 30)
19 19' =19 (mod 30), 19> =1 (mod 30)
23 23! =23 (mod 30),23% =19 (mod 30), 23% =17 (mod 30), 23* =1 (mod 30)

29 29! =29 (mod 30),29% =1 (mod 30)

Since Za € U(30) s.t. |{a)| = |U(30)| = 8, U(30) is not a cyclic group.

0020

Consider that the only two divisors of a prime number are the prime number itself and 1.

K|

However the following subgroups of U(30) are cyclic: {1,7,13,19}, {1,17,19,23}, {1,11}, {1,19}, {1,29} and {1}.
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& Theorem 2.4.10: Primitive Root Theorem

Let n > 1. Then U(n) is cyclic iff n = 1,2, 4, p* or 2p* where p is an odd prime and % > 1.

U(n) is not cyclic if n is divisible by two distinct odd primes or by 4 and an odd prime.

v/ Example 2.4.8

U(1),U(2),U(3),U(4),U(5),U(6),U(7),U(9),U(10),U(11),U(18),U(27) are cyclic.
U(8),U(16),U(20),U(30) are not cyclic.

This page titled 2.4: Cyclic groups is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.

@ 0 e @ 2.4.11 https://math.libretexts.org/@go/page/131666


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/131666?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Chapter_2%3A_Groups/2.4%3A_Cyclic_groups
https://creativecommons.org/licenses/by-nc-sa/4.0
https://www.mtroyal.ca/ProgramsCourses/FacultiesSchoolsCentres/ScienceTechnology/Departments/MathematicsComputing/Faculty/MPE_BIO_PTHANGARAJAH.htm

LibreTexts*
2E: Exercises

? Exercise 2E.1

Check the following structures for the group properties:
1. Z, under addition.
2. Z} under multiplication.
3. Z§ under multiplication.
4. {£1, 44} under multiplication.

5. Rotations that map a brick to itself.

6. The four functions f(z) = =, g(z) = —z, h(z) = %, j(z) = _71 under composition.

7. The four matrices [1 0} , [_1 0 ] , [1 0 } , [_1 O} under multiplication.
0 1 0 -1 0 —1 0 1

Answer

5. If a,b,c denote rotations about three mutually perpendicular axes, then a? = b2 = ¢? = e the identity rotation. Also ab
= c,ac = b, bc = a Thus this group is isomorphic to K;.

? Exercise 2E.2
b
c ‘a,b,c,EC .
1

Let H(C) = {
Show that H(C) is a group under matrix multiplication. Demonstrate explicitly that H(C) is always non-abelian.

| Let S = R\{—1} and define a binary operation & on S by a & b = a + b+ ab. Prove that (3, @) is an abelian group.

1
0
0

oS = e

? Exercise 2E.4

Given the groups R* and z, let G = R* x Z. Define a binary operation x by (a,m) x (b,n) = (ab,m + n). Show that (G, ) is a
group under this operation.

Let G be a group. Show that if a? = ¢, for all elements of a € G, then G must be abelian.

? Exercise 2E.6

Let H consists of 2 x 2 matrices of the form C,OS () —sin(z)
S

in(z) cos(z)
? Exercise 2E.7

Prove or disprove the following statements: Let H and K be subgroups of a group G.

, where z ¢ R. Prove that H is a subgroup of SL,(R).

1. H U K is a subgroup of G.

2. HN K is a subgroup of G.
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? Exercise 2E.8

Prove that for each element a € G, where G is a group, the centralizer of g, C(a) is a subgroup of G. Prove that for each element
a € G, where G is a group, that C(a) = C(a™!).

? Exercise 2E.9

Let G = GL(2,R). Then find
1o([; 3]):
20([} 3]).
3. Z(G).

? Exercise 2E.10

Let G be a group. H = {g%: g€ G}.
1. Prove or disprove: If G is abelian then H is a subgroup.

2. Prove or disprove: If H is a subgroup then G is abelian.

List the cyclic subgroups of U(30) = {1,7,11,13,17,19,23,29}.

Show that U(20) #< k > for any & in U(20). [Hence, U(20) is not cyclic.]

Decide whether U(10) is cyclic or not. Justify your answer.

Is (Z, +) cyclic group? If so, what are the possible generators?

? Exercise 2E.15

Decide whether the following H is a subgroup of G. Justify your answer.

1.H=N,G =1

2.H={1,3},G =173,

3.H={1,3},G =173,

4. H={(n,m)€ZXZ| 2| (n+m)},G =Z XZ

? Exercise 2E.16

Prove or disprove: If K is a subgroup of H and H is a subgroup of G then K is a subgroup of G.
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Chapter 3: Permutation Groups

4} Learning Objectives

e Define and understand the properties of Permutation groups, symmetric groups, alternating groups and dihedral groups
e Solve problems involving the Permutation groups, symmetric groups, alternating groups and dihedral groups

# Definition: Permuatation Group

Let X be a non-empty set. Then, the set of all the bijections from X to X with compositions forms a group; this group is called
a Permutation group.

OO}

gy ——>—

= 3
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3.1: Symmetric Groups

# Definition: Symmetric Group

Letn € N. Let X = {1,...,n}, be a set. Then S, is the set of all the bijections from X to X (permutations). Note that there are n! permutations. The operation « := composition of bijections. Note
that it is a right-to-left composition.

/‘_\'...' \/_\ 2 -

(a) (8} i¢]

L S s R
gifir=sr——m

Figure 3.1.1: composition of bijections. (Copyright: Pamini Thangarajah)
S, with compositions forms a group; this group is called a Symmetric group. S, is a finite group of order »! and are permutation groups consisting of all possible permutations of n objects.

Identity permutation is denoted as e.

1
o) o2 o) - om) €

We will denote a permutation by o = [

v Example 3.1.1

123 45

Leto S5 and
[24 51]Es
2345

7*[ 41 3]€S°

Lets find yo 0.

v Sigma
112 3 4 5|1 2 3 4 5
514 1L 2 32 4 3 5 1

Gamma J

Figure 3.1.2: v o 0. (Copyright; Pamini Thangarajah via Google draw)
Figure 3.1.2 illustrates the process of moving from one function to another. Note the system is closed since it is a bijection. Completing the process, we obtain the following:

Consider mog—ng_ |1 2 3 4 5[ 23 45 L2345
TeOEATT 5 401 2 32435 1] 42135

12345]

Note, if we switch the order of the functions are switched, we obtain: oy = [ 16 a4 gF

Note that oy # yo. To prove not abelian, we need only show that for at least one element, k, oy(k) # vo(k).

The inverse of a permutation ¢ is the inverse of the function o, and it is denoted by o~*.

Thus, o lo =00 ' =e.

v Example 3.1.2

1.2 3 45

2 43 51 51 3 2 4

Leto= [

1
]ESs.Then Leta":[ ol 5] S,

3.1.0.0.1 Cycle Notation

Cycle notation, a simple and straightforward method, is a convenient way to represent permutations in the symmetric group. For example:

v Example 3.1.3

12 3 45
Let’y:[

5 419 3]:(1,5,3)(2,4).

1 4
4
Figure 3.1.3: 4. (Copyright: Pamini Thangarajah )

(1,5,3) can be read as 1 goes to 5, 5 goes to 3, and 3 goes back to 1, and is called a cycle of v of length 3. Then 2 goes to 4, and then 4 goes back to 2, and (2, 4) is called a cycle of v of length
2.

e (1,2,4,5) means that 1 goes to 2, 2 goes to 4, 4 goes to 5 and 5 goes to 1. Note that 3 is not included, so 3 goes to 3.
o There is no cycle notation in the case of the identity, e, and we use e.

o The cycles are always listed in a logical and clear order-descending order of their smallest element.

o If the permutation fixes an element (i.e., it remains unchanged), it is often omitted from the cycle notation.

https://math.libretexts.org/@go/page/131846
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# Definition: Cycle

Qg —ray —rdy —r... O
A cycle y = (ay, ..., a;) means

Disjoint cycles mean that the elements involved in one cycle are distinct from those in another.
Two cycles in S,,, v = (ay, ...,a;) and o = (by, ..., b) are disjoint if a; # b;, Vi, j.
Note that the length of the cycles does not need to be the same.

Example: (1,2) and (3,4) are disjoint, but (1,2,3) and (3,4) are not disjoint.

v Example 3.1.4

1234 5 6 7 8 9 10 11 12
Leto=
12 2 3 1 11 9 5 10 6 4 7 8

Then, a cycle decomposition of
o =(1,12,8,10,4)(2)(3)(5,11,7)(6,9) = (1,12,8,10,4)(5,11,7)(6,9).

Note that these are disjoint cycles; therefore, they commute.

& Theorem 3.1.1

1. Disjoint cycles are commutative.
Let ~ and ¢ be disjoint cycles, then yo = o.

2. Every permutation of a finite set can be written as a cycle or a product of disjoint cycles.

3.1.0.1 The inverse of a cycle:

& Theorem 3.1.2

(a1,a2,, )~ = (a, ar-1,, a1)

v Example 3.1.5

(1,2,3)71 = (3,2,1),and (1,2)7! = (2,1) = (1,2).
1 234 5 67 8 9 10 11 12

= (1,12,8,10,4)(5,11 .
12 23 111 95 10 6 4 7 8 (1,12,8,10,4)(5,11,1)(6,)

Leta:[

In a cycle decomposition, to find the inverse, just reverse the order of the cycles and find the inverse of each cycle. Hence,
o' =(6,9)71(5,11,7)71(1,12,8,10,4) " = (9,6)(7,11,5)(4,10,8,12,1)

Note that disjoint cycles are commutative!

¥ Caution
(2,3)(1,2) = (1,3,2) = (3,2,1) = (2,1,3) Note: 1 goes to 2 first, then to 2 and then gets to 3.

(1,2)(2,3) = (1,2,3) = (2,3,1) = (3,1,2) Note: Since there is no 1 in the inner function, it goes to itself and then goes to 2.

3.1.1 Type of a permutation (cycle structure of a permutation)

The type of a permutation (or cycle structure of a permutation) is the integer partition formed from the cycle lengths in decreasing order. We will denote it by type(s), where o is a permutation in S,.

v Example 3.1.6

1 2 4
Let'y:[ S :

s 3 usaees.

The type of v is, type (7) =32.

v Example 3.1.7

12 3 4
8 ]:(1,4,3,2)654.

The type o is, type (o) =4.

A partition of a positive integer n is a sum of nonnegative integers n = k; + - + k,, k; € N, where the order of the summand is not important. For example:

The partitions of 6 are 6,5+ 1,4 +2,4 +14+1,3+3,3+2+ 1,3 +14+1+1,24+2+2,2+24+1+1,2+14+1+14+1,1+14+1+14+1+1.

v Example 3.1.8

How many permutations in Sg have type 321?

Type (321) permutation is of the form Double subscripts: use braces to clarify. There are 6! ways of filling the blanks. Note that each cycle can be restarted anywhere.
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]
| Hence, the number of permutations in Ss have type (321) is e

(B3)@a0)

How many permutations in Ss have 3 cycles of length 2?

places), so divided by 23.

@)

Hence, the number of permutations in Ss have 3 cycles of length 2 is

& Theorem 3.1.3

The number of permutations in S, of the type (mm_1)-m1) is
n!
1mi2ma ... kmigyy lmg! oo my!

v Example 3.1.10

|Ss|=38!=2-3=6.

Notation:

1 R .
1= ( 2 3) the identity matrix.
1 2 3
1 2 3 . q
1,2) = (2 2 3) . Note that 3 points to itself.

1 2 3

1,2,3) =

az9=(; ;%)
1 3 2

1 =

asa=(; 5 7).

Hence, S5 = {e, (1,

S

),(1,3),(2,3),(1,2,3),(1,3,2)}.

Cycle type

Number of permutations

The order of the whole cycle can be changed while keeping the pattern. Divide by 3! ways to reorder the cycles.

EDR

Suppose the number of cycles of length i is m;, fori =1, , k. and n = my + 2mg + -+ (k — Dym_y) + kmy..

Table 3.1.1: Cycle type for S

11 21 3
31 31 31
w3 =1 1w % 3w

Table 3.1.2: Cayley table for S

e (1,2,3) 13 @12 23) 1,3.2)
e e (1,2,3) (1,3) (1,2) 2,3) (1,3,2)
(123) @123 (132 23 @3 1,2) e
1,3 1,3) 1,2) e 1,23) (132 (23)
1,2) 1,2) (2.3) 132) e 1,23)  (L3)
(2.3) (2.3) 1,3) (1,23) (132) e 12)
132 (132 e 12 @3 (1,3) (1,2,3)
v Example 3.1.11
Let's explore S;. Note S, has 4! = 24 elements.
Table 3.1.3: Cycle type for Sy
Cycle type 1111 211 22 31
4! 4! 4! 4!
Number of o =1 T~ © PETi EEBTT
permutations
Hence,
Si={e,(1,2),(1,3),(1,4),(2,3),(2,4), (3,4),(1,2)(3,4), (1,3)(2,4), (1,4)(2, 3),
(1,2,3),(1,3,2),(2,3,4),(2,4,3),(3,4,1),(3,1,4), (4,1,2), (4,2,1), (1, 2,3,4),
(1,2,4,3),(1,3,4,2),(1,3,2,4),(1,4,2,3),(1,4,3,2)}.

The permutation is of the form Double subscripts: use braces to clarify. There are 6! ways of filling the blanks. Since each cycle has two representations matching this format (by restarting at any two

I~

4!
411!

(3.1.1)
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‘ | Notice that all the elements in S; in S,.

The following theorem proves that S, are non-Abelian for integer n > 3, which means that the order in which we compose permutations matters.

& Theorem 3.1.4

S, is non-Abelian for all integers n > 3.

Proof
Let a,b € S;.
‘We will show that there exists a,b € S,,, s.t.ab # ba, n > 3.
Note S3 = {e, (1,2),(1,3),(2,3),(1,2,3),(1,3,2)}.
Let a = (1,2) and b = (2,3) both elements of S;.
Consider ab = (1,2)(1,3) = (1,3,2) and ba = (1,3)(1,2) = (1,2,3).
Since (1,3,2) # (1,2,3), ab # ba VYa,b € Ss, thus S; is non-abelian.

Since a,b < S,,, ¥n > 3, S, in non-abelian for n > 3.0

v Example 3.1.12

Given a, 8 € Sy with a8 = (1,4,3,2), fa = (1,2,4,3), and a(1) = 4, determine « and 3.
Solution:

Let o = (1,4,¢,d) and 8= (w,z,9,2).

Since (1) = 4 and Ba(1) = 2, implies (4) = 2.
Since 3(4) = 2 and a3(4) = 3, implies «(2) = 3.
Since a(2) = 3 and Sa(2) = 4, implies 3(3) = 4.
Since 3(3) = 4 and a3(3) = 2, implies a(4) = 2.

. o Thinking Out Loud
Since «(4) = 2 and fa(4) = 3, implies 5(2) = 3 Given @(1) =4 of=(1,4,3,2)
Since 3(2) = 3 and a(2) = 1, implies a(3) = 1. and o = (1.2,4,3) a.8€ 5y,
Since «(3) = 1 and Sa(3) = 1, implies 5(1) = 1 Find o and J

Since o{l) =4 Oo(l) =2,
a=(1,4,2,3) and 8 = (2,3,4).
Then Ba = (2,3,4)(1,4,2,3) = (2,4,3,1) = (1,2,4,3). Since (1) =2 a8(1)=3_
Ba = (2,3,4)( ) = ( ) =( ) eyt

And af = (1,4,2,3)(2,3,4) = (4,3,2,1) = (1,4,3,2). o ’
Since @(2) =3 fo(2) =4,
Figure 3.1.4: Thinking out Loud (Copyright: Pamini Thangarajah)

Since J(3) =4 o3(3) =2,
Since o(4) =2 fo(4) =3,
Since 3(2) =3 o8(2)=1,
Since 7{3) =1 fe(@) =1,
Since (1) =1 od(1) =4

_ o1y = Sigma=(1,4,2,3)
Since 71U =L Reta=(2,3.4)

Note that every permutation of a finite set can be written as a cycle or a product of disjoint cycles.

3.1.1.0.1 2 Cycle (Transposition)

& Definition: Transposition

(6,4), 1 <34, < m, i#j.

(i,9)™ = (4,9) = (i, )-

v Example 3.1.1

(1,3,2)=(1,2) (1, 3) 1goes to 3, 3 goes to itself, then to 1 then to 2.
1,2,3)=(1,3) (L, 2).
(2,4,1,3,5=2,9(2,3)2 1) (249

Note: Any cycle can be written as a composition of two cycles.
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& Theorem 3.1.5

A k—cycle (iy,4 -, i1) can be decomposed into a product of k — 1 transpositions. That is,

(i, 82+ ik) = (i1, k) (i1, k1) - (41, B2)-

& Theorem 3.1.6
Every permutation in S, can be expressed as a product of 2-cycles (Transpositions). The number of transpositions will either always be even or odd.

If a permutation a can be expressed as a product of an even number of 2-cycles, then every decomposition of « into a product of 2-cycles has an even number of 2-cycles. A similar statement
holds for odd.

Permutation parity

& Definition: Parity
Let o € S,. (i.e. a permutation)
Then
(1) o is an even permutation if o can be expressed as a product of an even number of two cycles (transpositions).

(2) o is an odd permutation if o can be expressed as a product of an odd number of two cycles (transpositions).

& Theorem 3.1.7

-~

1. A cycle of even length is odd.
2. A cycle of odd length is even.

v Example 3.1.13

1. let’s explore S,. Note S, has 4! = 24 elements.

Consider Sy
={e, (1,2),(1,3),(1,4),(2,3),(2,4), (3,4), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3),(1,2,3),(1,3,2), (2,3,4), (2,4,3),(3,4,1),(3,1,4), (4,1,2), (4,2,1),(1,2,3,4),(1,2,4,3),(1,3,4,2), (1,3,2,4),(1,4,2,3),(1,4,3,2)}

2. Find the center of S;.
Since all symmetrical groups, S,, » > 3, are non-abelian, the centre of S, is trivial, being the identity e, or (1)(2)(3)(4). (what do you think of this proof? Is this a valid argument?)

Alternatively, proof by exhaustion: Having tried all = € S, the only z € S, that satisfies zg = gz, Vg € S, is the identity.

3. Find the cyclic subgroup of S, that has an order of 4.
The subgroup of Sy, C4 = {e, (1,2,3,4), (1,3)(2,4), (1,4,3,2)}, has an order 4 and is generated by (1,2, 3,4).

(1,2,3,4)% = (1,3)(2,4), (1,2,3,4)% = (1,4,3,2), and (1,2,3,4)* = e.

4. Find a non-cyclic subgroup of §; that has order 4.
The 2-2 cycles together will form an order 4 group.

{e,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)} is a subgroup of S, and has order 4. Note the inverse of (1,2)(3,4) is (4, 3)(2, 1), which is (1,2)(3,4). Since a similar argument can be made for the other 2-2
cycles, the inverses of each element exist. In addition, the set is closed under composition.

& Theorem 3.1.8

The center of Sy, Z(S4) = {e}.

Proof
Proof by contradiction

Let 4(# e) € Z(S,). We shall find an « € S,, such that ya # . Since 4(# e), there exist I,m € {1,2,3,-,n} such that 4(I) = m # I. Now we can choose an element k € {1,2,3,,n} such
that k # [ and k # m. Choose a = (I, k). Then ya(l) = v(k) and ay(l) = a(m) = m. Since v is a bijection and ~(l) = m # [, y(k) # m. This is a contradiction. Hence, Z(S,) = {e}.

3.1.1.01

3.1.1.0.1 Order of a permutation

Leto = (1,2,3).

Then o% = (1,2,3)(1,2,3) = (1,3,2) =0 .

Further o = (1,2,3)(1,3,2) = (1)(2)(3) = e. We shall refer to e as 1.

Thus the order of o, |o| = 3.

& Theorem 3.1.9

If o = (ay, ..., ax), then the |o| = k.

Proof

Since o*(a;) = a;, Vi = 1, cdots,n, 0= (ay, ..., ar)* = e. We shall show that k the smallest positive integer such that o* = . Suppose m is a positive integer such that 0 < m < k.)Then\(c™(a;)
= aipm # a; Vi = 1, cdots, n). Hence\ (k the smallest positive integer such that ¢* = e.
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v Example 3.1.14

Let v = (1,2,4). Then
7% =(1,2,4)(1,2,4) = (1,4,2).

73 =1(1,2,4)(1,4,2) = (1)(2)(4) =ee.

& Theorem 3.1.10

The order of a permutation of a finite set, written in disjoint cycle form, is the least common multiple of the lengths of the cycles.

Thinking out loud

a,bin Z\{0}.

lcm(a,b)=|ab|/gcd(a,b).

Example:

lem(187,286) =|187*286|/gcd(187,286)
=(187*286)/11
=4862

v Example 3.1.15

Find the orders of the 5040 elements of S;.

Solution

3.1.2 Conjugacy classes of S,
Recall:

(3]
=

(9]
(OS]

(%3]
=
=

I~
lw

286 X 17

10 7
200 |2000 |1400
80 [800 |560

6 |60 42
4862

Order

7

6

10

12

Two elements z,y in a group G are conjugate if y = gzg~! for some g € G.

& Theorem 3.1.11

Proof

Hence, o~ ~. Thus ~ is transitive on S,.

Cycle type

I~
N>
=

I~
=
=
I—

lwo
Iw
=

lw
N>
OS]

lwo
N>
=
=

Since ~ is reflexive, symmetric and transitive, ~ is an equivalence relation on S,,.

For , 8 € S, define a ~ g if there exists a ¢ € S, such that sac~—! = 8. Then ~ is an equivalence relation on S,,.

Reflexive: Let a € S,,. Then e € S, and eae™! = a. Hence a ~ a. Thus ~ is reflexive on §,,.

7 = o2Boy"
=09 (Ulaﬂfl) a;l
= (0201) (af‘a;l)

= (52171)01(0201)71-

Cycle type

Transitive: Let o, 8,7 € S, such that a ~ g and g ~ ~. Then there exist oy, 0 € S, such that o1a0;" = 8, and 0280," = ~. Consider,

The equivalence classes are called conjugacy classes of G, subsets of G in which elements are conjugate to each other.

& Theorem 3.1.12

Two permutations in S, are conjugate if and only if they have the same cycle structure, i.e. they have the same cycle type.

v Example 3.1.16

Conjugacy classes of Ss.

Solution
There are three conjugacy classes. Those are {(1,2), (2,3), (1,3)},{e},{(1,2,3),(3,2,1)}.

The longest cycle in S; is the one that includes all the elements -- 7. We will show cycle lengths as 7. Note the underlining. The possible cycles are shown in the table below. Note that the
leading term is the longest cycle in the permutation.

Order

3

Symmetric: Let c, 8 € S, such that a ~ 3. Then there exists a o € S,, such that cac~' = 3. Therefore, 080 =a, and o~ € S,. Hence, 8 ~ a. Thus ~ is symmetric on S,,.
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3.2: Alternating Groups

# Definition: Alternating groups

Alternating groups A, is the set of all even permutations associated with composition. |4,| = &. A, is a subgroup of the
symmetric group S,.

v/ Example 3.2.1

Az =1{1,(1,2,3),(3,2,1)}.A3 is a cyclic group of order 3.

& Theorem 3.2.1

A,, is non abelian for n > 4.

Proof:

Let a,b € Ay.

We will show that ab # ba, Va,b € A,, n > 4.

Note Ay = {e, (12)(34), (13)(24), (14)(23), (123), (124), (134), (234), (432), (431), (421), (321)}.
Let a = (1,2)(3,4) and b = (4,1)(4,2).

Consider ab = (1,2)(3,4)(4,1)(4,2) = (1,3,4,2).

Further consider, ba = (4,1)(4,2)(1,2)(3,4) = (1,4,3,2).

Since (1,3,4,2) # (1,4,3,2), Va,b € Ay, thus A4 is non-abelian.

Since a copy of A, is a subgroup of A,, Vn >4, A, is non-abelian for N > 4.0

v/ Example 3.2.1

Find a cyclic subgroup of Ag that has order 4.

Consider the subgroup {e, (1,2, 3,4),(1,3)(2,4), (4,3,2,1)} which is a subgroup of Ag of order 4.
Then consider (1,2,3,4)(1,2,3,4) = (1,3)(2,4) € As.

Further (1,2,3,4)(1,3)(2,4) = (1,4,3,2) € As.

Further (1,2,3,4)(1,4,3,2) =e.

Thus {e, (1,2, 3,4), (1, 3)(2,4), (4,3,2,1)}, a subgroup of Ay that is order 4 and cyclic.

v/ Example 3.2.2

Find a non-cyclic subgroup of Ag that has order 4.

Consider {e, (1,2), (2, 3), (3,4)} which is a subgroup of A4z of order 4.
Then consider (1,2)".

There is no n for which (1, 2)" = (3,4) or (2,3).

Similarly, there is no » for which (2,3)™ = (1,2) or (3,4).

Similarly, there is no n for which (3,4)" = (1,2) or (2, 3).

Thus {e, (1,2), (2, 3), (3,4)} is not cyclic.
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Version 2:

Let G = {e, i, j, k}-

Consider ij = k, ik = j, and jk = 1.

Thus there is closure in G.

Further, consider i~ =4, j~! = j, and k! = k.
Thus, inverses exist for all elements of G.
Note there is no = for which i* = j or k.
Similarly, there is no » for which j» =i or &.
Similarly, there is no » for which &* = j or k.

Since there is no < g >€ G, G is not cyclic.

v/ Example 3.2.3

Find the conjugacy classes of Aj.

Solution
{e},{(1,2,3)},{(3,2,1)}.
[e] = {o7leo | 0 € Ay} = {€}.

Let i = (1,2)(3,4), j = (5,6)(7,8) and k = (1, 2)(3,4)(5, 6)(7, 8).

[(17 2, 3)] = {0_1(11 2, 3)0 | o€ A4} = {8_1(17 2, 3)81 (17 2, 3)_1(15 2, 3)(17 2, 3)1 (37 2, 1)_1(la 2, 3)(37 2, 1)} = {(11 2, 3)}

[(37 2, 1)] = {0_1(31 2, 1)0 | o€ A4} = {8_1(37 2, 1)81 (17 2, 3)_1(35 2, 1)(17 2, 3)1 (37 2, 1)_1(3a 2, 1)(37 2, 1)} = {(31 2, 1)}

This page titled 3.2: Alternating Groups is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.
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3.3: Dihedral Groups (Group of Symmetries)

Dihedral groups are an essential class of abstract algebra groups that arise naturally in geometry and other areas of mathematics.

# Definition: Dihedral Groups

Let n(> 2) € Z Then the Dihedral group D, is defined by
D, =<r,sls?=e,r" =e, 575 =11 >= {e,r, P23, L s, s, ~-~,r"_1s} (3.3.1)
and, |D,,| = 2n.

Alternatively, for n(> 3) € Z, a dihedral group is a group of symmetries of a regular polygon with n sides. The dihedral group
of order 2n, denoted by D,,, is the group of all possible rotations and reflections of the regular » sided polygon. in this case r
=(1,2,3,-,n) represents a rotation of (360/n) degrees clockwise about the center of the polygon, and s = (1,n —1)(2,n
—2)(3,n— 3) --- represents the rotation of 180 degrees about a line through a vertex n and the center of the figure. If n is odd, s
fixes only one vertex n and if If n = 2m is even, s fixes vertices n and m.

Figure 3.3.1: Reflections of polygons. (Copyright; Tikz Library)

Thus the group D,, consists of 2n elements, which can be depicted as follows:

« n rotations, denoted by Ry, Rs0/n, R(360)(2)/n-+» B(n—1)360/n, Where R;se0)/, Tepresents a rotation of (360:/n) degrees clockwise
about the center of the polygon, fori =1, n..

o nreflections, denoted by Fy, F, Fs, ..., F(,_1), where F; represents a reflection across a line passing through the center of the
polygon and one of its vertices.

All rigid motions on n-gon:
a. To replace the first vertex, we have n choices.
b. the second vertex can be replaced by £ vertex by k + 1 or k— 1.

The group operation in D,,, is the composition of symmetries.

Recall from chapter 2, section 2.1 Example 11

v/ Example 3.3.1

Consider the equilateral triangle below. What rigid motions can we make to it that will result in the triangle occupying the
same space? What happens if we combine rigid motions? Keep in mind that "doing nothing" is also a rigid motion.
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Original

& 4

Reflection Reflection Reflection

SaVaY,

Rotation Rotation Original

Symmetries of equilateral triangles:

3

1 2

Let r be a rotation then there are three rotations I, r, 2. Let s be a reflection, then there are s,rs,r?s elements. In this case, r3
= s? =T and sr = r?s. Thus D3 = {I,r,7?%,s,7s,r%s}.

& Theorem 3.3.1

Dihedral groups D, are non-abelian, for integers n > 3.

Thinking Out Loud - D,
Proof
C
Let a, b € Ds.
. s S,
We will show that ab # ba, Va,b € D,,n > 3. 2
D3 = {e, (AB), (AC), (BC), (ABC), (ACB)}.
B
Since Dj is isomorphic to Ss, D3is non-abelian. A s
3
Since D3 < D,,,V n > 3, D,, is non-abelian for n > 3.

I The Dihedral group Dj is isomorphic to Ss.

@ 0 a @ 3.3.2 https://math.libretexts.org/@go/page/132269
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v/ Example 3.3.2

Consider the possible rotations and reflections of a 4-sided regular polygon -Square, D.
Transformations of D
(Including cycle notation representation)
D C C B B A A ]
Ro Reo Rigo R,z
A B o A o D B C
(A)(BXC)(D) (ABCD) (AC)(BD) (ADCB)
A B C D D A B C
H \' D D’
D c B A C B A D
(AD)(BC) (AB)(CD) (AC) (BD)
Cayley Table for D,
Ry Ryo Riso Rono H v D D’
Ry Ry Ry Riso Raro H Vv D’
Rgo Ryo Rigo Rono Ry D’ D H \%
Riso Riso Rono Ry Ryo v H D’ D
Rano Roo Ry Ryo Riso D D’ Vv H
H H D A% D’ R Riso Ryo Roro
\'% \% D’ H D Riso Ry Rono Ry
D D D’ H Royg Ry Ry Rigo
D’ D’ H D \Y Ry Rar Rigo Ry

v/ Example 3.3.5

Dj dihedral group of order 10, is the group of symmetries of a regular pentagon. It is composed of 10 elements, which can be
represented as rotations and reflections of the pentagon.

The Cayley table for Ds:

https://math.libretexts.org/@go/page/132269



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/132269?pdf

LibreTexts"

O € T T2 T‘B ?"4 S s 7'23 T‘38 T4S
€ e r ?"2 ?“3 T rs T‘ZS T‘38

r r ?‘2 T‘3 ?‘4 € rs T‘28 7’38 4 S
7‘2 T2 7‘3 T4 € A 7'28 T‘38 T4S S rs
7‘3 T3 ?“4 € r ?"2 ?"38 T‘48 S rs T‘ZS
?"4 ?"4 € r ?“2 ?"3 ?"48 S rs T28 7’38
S S rs T‘QS 7‘38 T4S € r 7’2 ?"3 ?"4
rs rs ‘T‘QS ?"38 ?”48 S T ‘I“2 ’I‘3 ‘T‘4 e
7‘28 T2S T38 ’J"4S S rs ?”‘2 ?”‘3 ?”‘4 (& r
7‘38 7’38 T4S S rs TZS 7’3 T’4 € r ?"2
7‘48 ?"48 S rs ?”28 7'38 ’I‘4 € T ‘T‘2 ?"‘3

Examples abound of corporations using Dihedral groups, D,, as their logos. Below are examples of Dy, D3, and Ds.

ime (D)

v/ Example 3.3.6

Consider the Dihedral group Dy. Dy =<r,s|r* =e,s2 =e,srs =r~! >.

https://math.libretexts.org/@go/page/132269
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o] e r T2 ?"3 rs ?"28 3
€ € r T2 T‘3 rs ?"28 3
T r ‘T’Q T‘B € TS ‘T‘2S T‘S S
T2 ?"2 ?“3 € T 7‘28 ?"38 rs
‘T’3 ?’3 € r T‘2 ?"38 S rSs T23
S S ?"38 ?"28 TS € r T2 T3
s rs T’38 ?"28 r T‘2 7‘3 €
‘T‘2S ‘T‘2S rs S Tgs T2 T‘3 € r
T‘38 ’!"38 ’I"QS rs S ?"3 € r T2

1. Find all the subgroups lattice of Dy, the Dihedral group of order 8.

Dy = {1,r,7%,73,s,rs,72s,r3s}. Thus, the subgroup lattice would look like this:

e

{1, %, rs, r’s} {1,r,r2 r% {1,s,r? r’s}
{1,r%s} {1, rs} {1, r?% {1, s} {1, r’s}
{1}

2. Prove that every subgroup of D, of odd order is cyclic.
Proof:

We shall show that all odd subgroups of D are cyclic.

The only possible odd subgroup, which is cyclic, is {e}.

Thus, every subgroup of D4 of odd order is cyclic.0

& Theorem 3.3.2

Let the group D,, =< r,s|r" = e, s2

=e,8rs = rl >,

1. Then rkFs = sr*.

Proof

k 2.k k k

Consider r*s = erfs = s%rfs = ssrfs = sr*.

k .
2. The order of r* is m.

Proof

@ 0 a @ 3.3.5 https://math.libretexts.org/@go/page/132269
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We will first show that r* = ¢ if and only if n|k.

Consider e = r*.

Then by the division algorithm, £ = na + b where 0 < b < n.

Thus e = r* = 7ot = pragh — epb = b,

Since the smallest possible integer, m, such that ™ = e is n, b = 0.
Conversely, if n|k, then k = ns,s € Z.

Thus r# = r"s = (r")* = e* = e.

Thus r* = e iff n|k.

Let b = r*, € D, since r is a generator of D,.

We shall show that the smallest integer, m s.t. r* = e is 2.

Let d = ged(n, k).

Consider e = b™ = r*m.

Since this is the smallest integer m such that n|km. Thus Z|m(%).
Since d is the greatest common divisor of n and &, % and £ are relatively prime.
Hence Z|m(%£) means that 2 |m. The smallest such m is %.

Thus |r*| = —gcd?n,k) .0

v/ Example 3.3.7

Find the centre of D,.

Solution:

Let D, =<r,s|r" =¢,s> =¢,srs =171 >
We shall show that,

_ _ _ f{e}, if n is not divisible by 2
Z(D,) ={z €Dy, |dz =zd,VYd € D,} = {{6,7'2}, if n is divisible by 2

Let's consider an element z in D, that commutes with every other element in the group. Therefore, any element in D,, that
commutes with every other element is either the identity element e or a rotation »* where & is a multiple of n/2 (for even n).

o If z is the identity element e, it commutes with every element and is in the center.

e If z is arotation r*, where k is a multiple of n/2) (for even n), or z is the identity element e (for odd =), then it commutes
with every element, and it is in the center.

e If z is a rotation r*, where k is not a multiple of n/2(for even n), then it commutes with all rotations but not with
reflections. Therefore, it cannot commute with every element and is not in the center.

By combining these two statements, we can conclude that the center of D,, consists of the identity element e and the rotation
™2 (if n is divisible by 2), or just the identity element e (if » is not divisible by 2) for even n. For odd n, the center consists
only of the identity element e.

This page titled 3.3: Dihedral Groups (Group of Symmetries) is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated
by Pamini Thangarajah.
¢ 4.4: Transformations by Pamini Thangarajah is licensed CC BY-NC-SA 4.0.
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3E: Exercises

? Exercise 3E.1

Compute the following permutations:

1. (1435)(231)
2.143)(231)?

3. (1345)71(234)(123)
4. (1234)4

? Exercise 3E.2

1. Consider the symmetric group S..
1. Find all the subgroup lattice of S,, the symmetric group of order 24.
2. Find the centre of S,.
3. Find the normalizer of each subgroup of Sj.
4. Find the cyclic subgroup of S, with an order of 4.

5. Find a non-cyclic subgroup of s, with order 4.

? Exercise 3E.3
1. Consider the Dihedral group Dy.
1. Find all the subgroup lattice of D,, the Dihedral group of order 8.
2. Find the centre of D,.
3. Find the normalizer of each subgroup D,.

4. Prove that every subgroup of D, of odd order is cyclic.

? Exercise 3E.4
1. Prove that the following groups are non-abelian.
1. S, forn > 3.
2. A, forn > 4.

3. D, forn > 3.

Show that for n > 3, Z(S,) = {1}.

? Exercise 3E.6

a. Find a cyclic subgroup of Ag that has order 4.

b. Find a non-cyclic subgroup of Ag that has order 4.

Suppose that ¢ and 7 in Sj satisfying 7o = (1,5,2,3) and o7 = (1,2,4,5). If (1) =2, find s and 7.

https://math.libretexts.org/@go/page/132487



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/132487?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Chapter_3%3A_Permutation_Groups/3E%3A__Exercises

LibreTexts*

? Exercise 3E.8

1) Factor the permutation (1,2, 3,4,5)(6,7)(1,3,5,7)(1, 6,3) into disjoint cycles.

2) Express the permutation (1,2, 3,4,5)(6,7)(1,3,5,7)(1, 6,3) as products of transpositions, and decide if it is even or odd.

? Exercise 3E.9

Let o = (ki,ks, k) be an r—cycle. If v € S,,, show that yoy~! is also a cycle; infact yoy=! = (y(k1), v(k2), -, v(k:))

? Exercise 3E.10

Show that every product of 3— cycles is an even permutation.

Show that every even permutation is a product of 3— cycles.

Let G be a group. H = {¢? : g € G}. Prove or disprove: H is a subgroup.
(Hint: G = Ay.)

a. Find an element of maximum order in S;.

b. Find an element of maximum order in S;.

a. Let H be a subgroup of A4 containing K = {e, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}. Show that if H contains a 3— cycle then H
= Ay.

b. Show that A, has no subgroup of order 6.

This page titled 3E: Exercises is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Pamini Thangarajah.
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Chapter 4: Cosets, special groups, and homorphism

Chapter 4: Cosets, special groups, and homorphism is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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4.1: Cosets and Lagranges Theorem

# xDefinition: Cosets

Let G be a group. Let H < G and g € G. Then
a) left coset of H with representative g € G is denoted by g/ = {gh|h € H}.

b) right coset of H with representative g € G is denoted by Hg = {hg|h € H}.

Note: if G is abelian then H will be abelian, therefore gH = Hg, Vg € G. The right cosets and left cosets are the same. Also,
since H is a group, hH = H = Hh,Vh € H.

v/ Example 4.1.1

Let G = Z¢ = {0,1,2,3,4,5} with the operation addition (mod 6).

Let H = {0, 3} which is a subgroup of Zs. We must ensure that H is a subgroup by ensuring closure and that the identity of G is
an element of H because H is finite. Notice that 0 € H.

+(mod6) 0 3
0 0 3
3 3 0

Hence, by the Cayley table, H is a subgroup of G.

Left cosets of H will be:

0 + H = {0,3}. Note: this is equal to A/ and also equal to 3 + H.

Note: the count of cosets is based on unique sets; thus, 0 + H = 3+ H counts as one left coset.
1+ H = {1,4}. Note: this is equal to 4 + H.

2 + H = {2,5}. Note that this is also equal to 5 + H.

Therefore, there are 3 left cosets in H.
Note, in this case, the right cosets will be the same sets as the left cosets, since Zg is commutative.

& Theorem 4.1.1

Let G be a group, and let H < G. Then,
gH=H=Hgifandonlyif g€ H.

Proof

Left to the reader.

v/ Example 4.1.2

Let G =S5 ={e,(1,2),(1,3),(2,3),(1,2,3), (3,2,1)} with the operation composition.
a) Let H= A3 ={e,(1,2,3),(3,2,1)}.
Without showing the work, eA; = A3 and eAs = (1,2,3)43 = (3,2,1)A3 = Aj3.

Consider (1,2)4; = {(1,2)e, (1,2)(1,2,3), (1,2)(3,2,1)}

https://math.libretexts.org/@go/page/132493
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=1{(1,2),(2,3),(1,3)}.
(1,3)A3 = {(1,3)e,(1,3)(1,2,3),(1,3)(3,2,1)}
={(1,3),(1,2),(2,3)}.
(2,3)A43 ={(2,3)¢,(2,3)(1,2,3),(2,3)(3,2,1)}
=1{(2,3),(1,3),(1,2)}.
Therefore (1,2)A45 = (1,3)A43 = (2,3)As.
Thus we have 2 left cosets of H, A3 and {(2,3), (1,3), (1,2)}.

To calculate the right cosets, we have A;G. Applying a process similar to that to determine the left cosets, we obtain the
number of right cosets, which happen to be equal to the number of left cosets.

b) Let K = {e,(1,2)}. TheneK = (1,2)K = K.

Consider

(2,3)K ={(2,3)¢,(2,3)(1,2)} = {(2,3),(1,3,2)} = (1,3,2)K.
(1,3)K = {(1,3)e, (1,3)(1,2)} = {(1,3),(1,2,3)} = (1,2,3)K.
Hence, three left cosets of K in G exist.

Now, Ke = K(1,2) = K.

Consider,

K(2,3) = {e(2,3),(1,2)(2,3)} = {(2,3),(1,2,3)} = (1,2,3)K.
K(1,3) = {e(1,3),(1,2)(1,3)} = {(1,3), (1,3,2)} = (1,3,2) K.
Hence, three right cosets of K in G exist.

Notice that the number of elements in the left coset is the same as in the right coset. But K(2,3) # (2,3)K.

& Theorem 4.1.2

Let G be a group. Let H be a finite subgroup of G. Then |gH| = |H| = |Hg| forallg € G.

Proof
Let G be a group and let # be a finite subgroup of G. Let g € G. Define ¢ : H — gH by ¢(h) = gh, for h € H.
We shall show that ¢ is well-defined bijection. Clearly, ¢ is well defined.

¢ is injective: Let hy,hy, € H such that ¢(h;) = ¢(hs). Then gh; = ghy,. Since g € G, Extra\left or missing \right\right)
\implies \left(g/{-1}g\right)h_1=\left(g"{-1}g\right)h_2 \implies h_1=h_2.\) Hence ¢ is injective.

¢ is surjective: Let gh € gH. then h € H such that ¢(h) = gh. Thus ¢ is surjective.

Since ¢ is a well-defined bijection, |H| = |gH|, forall g € G. Similarly we can show that |H| = |[Hg| for all g € G.

& Theorem 4.1.3

Let G be a group and let H < G. For g1, g2 € G, the following statements are equivalent:

1. g1 H = goH. Does this mean g; = g, or just that there is a g; and g, that will generate H?
2.9, 1 H = H.

3.Hg;' = Hg,".

4.9, € g1H.

5.g1H C g.H.
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Let G be a group and let H < G. Let £y = {gH | |g € G} set of all left cosets of H in G, and Ry = {Hg | |g € G} set of all
right cosets of H in G. Then |£y| = | Ry
Proof

Let G be a group and let H < G. Define ¢ : £ — Ry by ¢(gH) = Hg™!, forg € G.

We shall show that ¢ is well-defined bijection. Clearly, ¢ is well defined.

 is injective: Let g1, g» € G such that ¢(g1H) = ¢(goH). Thus, Hg;' = Hg;'. By & Theorem 4.1.3, g1 H = g,H. Hence the
result.

¢ is surjective: Let Hg € Ry. Then g7' € G, 'H<Cy and ¢(g~'H) = Hg. Thus ¢ is surjective.

Since ¢ is a well-defined bijection, | £ x| = |R ]|

v/ Example 4.1.3

Let G be a group and let H < G. Define a relation on G by g1 ~ g2 is the same as g1 H = g2H, for g1,92 € G. Then we can
show that ~ is an equivalence relation (i.e., it is reflexive, symmetric, and transitive). Then G = UGgH , either g1H = g»H or
g€

g1HN g H = {}.

& Theorem 4.1.5

Let G be a group and let < G. Then, the set of all left cosets of H in G is a partition of G. That is G = U gH and
e
either g; H = goH or gy HN goH = {}, for g1,92 € G.

Proof
Let G be a group and let H < G. Every g € G)isanelementof\(gH, so clearly G c ggGgH and the other inclusion is obvious.
Thus, G = ggGgH .
Let g1,92 € G. such that g1 H N goH # {}. Thus there exist y € g1H N g2H. Hence y € g1 H and y € g2H. Thus y = gih1 = g2hs

for some hi,he € H. Which implies g1 = (gaho) hi' = go (h2h1’1) € goH. By & Theorem 4.1.3, ¢:H = g.H. Hence the
result.

# Definition: Index

Let G be a group and H < G.
The index of H in G = [G : H] Note: [G: H] is an integer.
= the number of left cosets of H in G.

= the number of right cosets of H in A in G.

& Theorem 4.1.4: Lagranges Theorem

Let G be a finite group and H < G. Then the order of H divides the order of G and |G| = [G : H]|H]|.
Note:[G : H| = %

Proof
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Let |G| = nand H < G of order k. There are finitely many left cosets of H in G, suppose m of them. Then by & Theorem

415, G =g,H U--Ug,,H, where g; € G,Vi = 1,--m. Then by & Theorem 4.1.2, n = mk. Hence the order of H divides the
order of G and |G| = [G : H]|H]|.

v/ Example 4.1.4

Since | 93| = 6 and let |[K| = 2 then [Ss : K] = £ = 3, which is what we obtained in the previous example.

v/ Example 4.1.5

Using Lagrange's Theorem, we can prove that A4 has no subgroup of order 8.

Since|A4| = 12, by Lagrange’s theorem, the possible subgroups of A, will have orders of 1, 2, 3, 4, 6, or 12. Thus, there will
not be a subgroup of order 8.

& Lemma4.1.1

Let G be a group and H < G.
If the index of Hin G =[G : H| =2, then gH = Hg, Vg€ G.

Proof

Add texts here. Do not delete this text first.

The converse of Lagrange's Theorem is not necessarily true.
Counterexample: Consider A,. 6 divides |A4|, but 4, has no subgroup of order 6.

As={e,(123),(132),(124),(142),(134),(143),(234),(243),(12)(34),(13)(24),(14)(23)}.

Answer

Assume that A is a subgroup of A, such that |H| = 6. Since |H| = 6, at least one of the 3— cycle in A, must be in A.Without
loss of generality, we may assume (123) € H. Since H is a subgroup of A,, h must contain (123)~! = (321).

Since [A4, H] = 2 =2, gH = Hg, Vg€ A;. Thus gHg™' € H, Vg € Ay.

Choose g = (124) € A4. Then (124)(123)(124)"! = (124)(123)(421) = (243) € H. Since H is a subgroup of 4, , (243)~!
=(342) € H.Now, (243)(123)(243) "1 =(243)(123)(342) = (142) € H.

Thus H = {e,(123),(132),(124),(142),(134),(143),(234),(243),--}. Thus H has more than 6 elements. This is a
contradiction. Hence A4 has no subgroup of order 6.

The converse of Lagrange's Theorem is true for finite cyclic groups (see Theorem 2.4.8). (2.4: Cyclic groups)

The following are some consequences of Lagrange's Theorem:

& Corollary 4.1.1

Let G be a finite group of order n, and let g € G. Then the order of g divides n.

Proof
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Let G be a finite group of order n, and let g € G. Suppose H = (g). Then |H| = |(g)|. Hence by Lagrange's Theorem |H]| | n.
Thus, the order of g divides n.

& Corollary 4.1.2

Let G be a finite group of order n, then g" = e for all g € G.

Proof

Let G be a finite group of order n, and let g € G. Then by & Corollary 4.1.1, the order of g divides ». Suppose the order of
g = k. Then n = mk for some m € Z. Now, Consider, g" = g™ = (¢*)" = e™ = e. Hence, g" = e for all g € G.

& Corollary 4.1.3

Every group of prime order is cyclic.

Proof
Another proof can be found in Theorem 2.4.9 (2.4: Cyclic groups).

Let G be a finite group of order p, where p is prime. Then there exists g € G, not the identity e. Suppose H = (g). Hence
by Lagrange's Theorem |H| | p. Since p is prime, |H| =1 or |H| = p. Since g # ¢, |H| # 1. Hence |H| =p. Thus G = H.
Therefore, G is cyclic.

The proof of the & Corollary 4.1.2 shows that if G is a finite group of prime order, then every non-identity element of G is a
generator of G.

Zg is cyclic but the order is not prime.

& Corollary 4.1.3

If K < H < Gthen [G: K| =[G: H|[H:K].

v/ Example 4.1.6

Let H and K be subgroups of a finite group G, and gcd(|H|, |K|) = 1. Then show that Hn K = {e}.

Answer

Since H and K be subgroups of a finite group G, HN K < H,and Hn K < H,. By Lagrange's Theorem |H N K| | |H| and
|H N K| | |K|. Since ged(|H|, |K|) = 1,|HN K| = 1. Hence, H N K = {e}.

This page titled 4.1: Cosets and Lagranges Theorem is shared under a not declared license and was authored, remixed, and/or curated by Pamini
Thangarajah.
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4.2: Normal Supgroups and Factor Groups

Normal subgroups

# Definition: Normal subgroup

Let G be a group, and let H < G. Then H is called a normal subgroup of G if gH = Hg,Vg € G, denoted as H < G.

That is, normal subgroups are those that are invariant under conjugation by any element of the group.

Thinking out loud
We are going ta concentrate on
a limited number of groups.
{Z,+), (Z_,+{mad n}), (R, X) and
(R, +} are abelian.

S, S, A, A, D, andD, are the
groups we will concentrate on.

Suppose H < G.
H is a normal subgroup of G, if gH = Hg, Vg € G. Means left cosets=right cosets.

For any group G, the trivial subgroups {e} and G are normal subgroups.

v Example 4.2.1

Consider 83 = {e, (123), (321), (12), (13), (23)}.
1.1s H = {e, (12)} < S5?
Since (123)H = {(123), (13)} # H(123) = {(123), (23}, thus H & Ss.
2.1s Ay = {{(123))} < S5?
As = {e, (128), (321)}.
There will be 2 cosets of Az in S3 since % =$=2
The first will be the set itself since eH = He = H. To find the second, take any element

in 83, not in S and determine its coset. Having done so, the cosets are: As, {(12), (13), (23)}.

& Theorem 4.2.1

Let G be a group, and H be a subgroup of G. If [G : H] = 2, then show that H is a normal subgroup of G.

Proof:
Let Gbeagroupand H <G s.t. [G: H| =2.
H partitions G into 2 cosets. The left cosets being {H,zH}. Similarly, the right cosets are {H, Hz} where € G and = ¢ H.
Case 1:
Ifz € Hthen zH = H = Hz.
Since zH = Hz, H<G.
Case 2:
If z € G, but not in H. We will show this as z € G — H.
Then zH =G — H = Hz.
Since zH = Hz, H<K G.

Thus zH = Hz, Vz € G, thus H < G.O

v/ Example 4.2.2

Show that A,, is a normal subgroup of S,, ¥V n € N.

Solution

i [Sal — m! _
Consider A =¥ =2

From previous theorem, given H < G then if [@: H] = 2 then H 2 G.
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l Since A, < S, and [S, : 4,] =2, H 2 G.0O

v Example 4.2.3

List all normal subgroups in Dj.
Solution
Dy=(r,s|rt=e,8® =e,srs =171) = {e,r,72,73,5, 572, sr°}. Note that {1} and D, are normal subgroups of D,.
Since |D4| = 8, by Lagranges thereom, nontrivial subgroups of D4 has order 2 or 4.
The subgroups of order 4 are:
Hy = (r) = {e,r,r%, 7%}, Hy = (s,7%) = {e, 8,72, 572}, Hy = (sr,7%) = {e, 87,72, sr3}.
Since [Dy : Hj] = % —9,Vi=1,2,3 H; 9Dy, Vi=1,2,3.
We know that Z(Dy) = {e, 2}, {e,72} < Dy. (see below Theorem 3)
Verify that the subgroup of order 2, (s) £ Dy.
Note: Let G be a group.
If H < G and K < H then K < G. However, this does not work for normal subgroups. Thus, given H < G and K < H, it does not follow that K E 9
< G; see the following example. ::n H
"k
Let G= A4, H=1{e,(1,2)(3,4),(1,3)(2,4), (2,3)(1,4) }and\(K = {{e, (1,2)(3,4)}.
Then H 9 G and K < H, but K is not a normal subgroup of A4. Thatis K ¢ G.
Answer
Let G = Ay, H = K4 = {e,(12)(34), (13)(24), (14)(23)} and K = {e, (12)(34)}. Consider the Cayley table for H and K,
e (1,2)(3,4) | (1,3)(2,4) | (1,4)(2,3)
e e (1,2)(3,4) | (1,3)(2,4) | (14)(2,3)
(12)(3.4) | (1,2)(34) e (1,4)(2,3) | (1,3)(2.4)
(1,3)(24) | (1.,3)(2.4) | 1.4)(2,3) e (1,2)(3,4) e (1.2)(34)
(1,9)(23) | 1.4)(2.3) | 1324 | (1,.2)(3.4) e e e (1.2)(34)
(1,2)(3.4) | (1,2)(3,4) e
Then clearly, H < G, K < G. We shall show that H< G and K < H.
By Lagranges Theorem. [H : K] = % =2,9K =Kg,V g€ H. Thus, K <H. Now, by Lagranges Theorem. [G : H] = % = 172 =3, Hence H has 3
cosets in G.
Now, consider the left cosets of H in G:
eH = {ee, e(12)(34),e(13)(24), e(14)(23)} = {e, (12)(34), (13)(24), (14)(23)} (4.2.1)
= (LG 9)H = (1,9 HH = (1,92 3)H (42.)
(1,2,3)H = {(1,2,3)e, (1,2, 3)(12)(34), (1, 2,3) (13)(24), (1, 2, 3)(14)(23)} (4.2.3)
={(1,2,3),(1,3,4),(2,4,3),(4,2,1)} = (1,3,4)H = (2,4,3)H = (4,2,1)H (4.2.4)
(3,2,1)H ={(3,2,1)e,(3,2,1)(12)(34), (3,2,1)(13)(24), (3,2,1)(14)(23)} (4.2.5)
={(3,2,1),(2,3,4),(1,2,4),(1,4,3)} = (2,3,4)H = (1,2,4)H = (1,4,3)H. (4.2.6)
And the right cosets of H are:
He = {ee, (12)(34)e, (13)(24)e, (14)(23)e} = {e, (12)(34), (13)(24), (14)(23)} = H((1,2)(3,4)) = H((1,3)(2,4)) = H((1,4)(2,3)) (4.2.7)
H(1,2,3) = {e(1,2,3), (12)(34)(1, 2, 3), (13)(24)(1,2, 3), (14)(23)(1,2,3)} = {(1,2,3), (2,4, 3),(1,4,2),(1,3,4)} = H(1,3,4) = H(2,4,3) = H(1,4,2) (4.2.8)
H(3,2,1) = {e(3,2,1),(12)(34)(3,2,1), (13)(24)(3,2,1), (14)(23)(3,2,1)} = {(3,2,1), (1, 4,3),(2,3,4),(1,2,4)} = H(2,3,4) = H(1,2,4) = H(1,4,3) (4.2.9)
Since the right cosets are the same as the left cosets, we know that K is normal in H.
Since the right cosets are the same as the left cosets, we know that H is normal in G.
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l We shall show that K is not a normal subgroup of A4. Since (1,2, 3)(12)(34)(3,2,1) = (1,3)(2,4) ¢ K, K is not a normal subgroup of A4.

& Theorem 4.2.2

Let G be a group and H < G. Then the following statements are equivalent:
1L.HG
2.Vg€eG, gHg™' CH.
3.Yg€eG, gHg ' =H.

& Theorem 4.2.3

Let G be a group and H < G. Then
1. if G is abelian, then H < G.
2.Z2(G)<G.

v Example 4.2.5
Prove or disprove the statements:
1. If all the subgroups of a group G are normal subgroups of G then @ is abelian.
2.1If H 4 G then H = Z(G).
3.If HaGthen [G: H]=2.
4. 1f H < G and H is abelian then H < G.
Solution
1. Counterexample: G = Qg = {£1, i, +j, £k | i2 = j2 = k?,ij = k, jk = i, ki = j}
2. Counterexample: G = S3. Then Z(S3) = {e} and A3 < G. Normal subgroups are not necessarily the center of the group.
3. Counterexample: G = A and H = {e, (1,2)(3,4), (1, 3)(2,4), (2,3)(1,4)}.
4. Counterexample: G = 4, and K = {e, (12)(34)}.

4.2.0.0.1 Simple Subgroups

# Definition: Simple

A group G is called simple if G has no nontrivial normal subgroups.

v Example 4.2.5

Zs is simple since the normal subgroups are {0},Zsz. Z,, for prime p and A, for n > 5 are simple.

4.2.0.0.1 Factor Groups

# Definition: Factor Groups

Let G be a group and N 9 G.

Thus {gN|g € G} are all the cosets (i.e., the set of sets), and the factor group is defined as G/N = {gN|g € G}, which is a group with the operation of
(91N)(g2N) = g1g=N for g1g. € G. 1f G is finite, the order |G/N| = [G : N].

We shall show that G/N is a group gN hN = (g x h) N with % being the operation in G .

Note: This is the process used to combine groups.

First, we shall show that N = is the identity of G/N.

Consider gN N = (g xe)N = N gN . Thus, the identity N exists.

Suppose g € G. Then gN xg~'N = (gg)N = eN = N . Thus, the inverse exists g~ N for each element gN.
G/N is associative since G was associative.

Since G/N has an identity, has an inverse for each element, and is associative, G/N is a group, which is called a factor group (or quotient group).

https://math.libretexts.org/@go/page/132494
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S3/As = {As, (12)As}.
The Cayley Table for S3/A3:
A (12)A3
A3 Ag (12)A;

(12)4s (12)A3 As

v Example 4.2.7

Let (Z,+). Consider nZ = {...,—2n,—n,0,n, 2n,...}. Is this a group?
Yes, since it is a non-empty set that contains the identity and gh™* € nZ, Vg, h € nZ.
Therefore, the set is a subgroup of Z. Since Z is abelian, it is a normal subgroup of Z. Hence,

Z/nZ = {0 + nZ,1 + nZ,...(n— 1) + nZ}.

v/ Example 4.2.8

Let G=<a > where |a| =12, and let H =< ¢® > . Find all cosets in G/H and write down the Cayley table. Is G/H cyclic? Why or why not?

Solution
By Theorem 2.4.8, H < @G. Since G is abelian, H <« G. The factor group G/H = {H,aH,a’H}.

Cayley table for G/H
H eH a%H

H H oH do’H

aH eH &’H H

a’H o’H H aH

Notice that G/H = {H,aH,a?H} = {(aH) | o*H = H}. Thus G/H is cyclic.

& Theorem 4.2.4

1. A factor group of a cyclic group is cyclic.
2. A factor group of an abelian group is abelian.

3. A factor group of a finite group is finite.

A factor group of a non-abelian group can be abelian or cyclic. ( see example®& 4.2.6)

A factor group of an infinite group can be finite.

& Theorem 4.2.5

Let G be a group and let K be a subgroup of Z(G) be the centre of G. If G/K is cyclic, then @ is abelian.

& Corollary4.2.1

Let G be a non-abelian group of order pq, where p and g are different prime numbers. Then the center of G, Z(G) = {e}.

Proof
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Let G be a non-abelian group of order pg, where p and g are prime.
By Lagranges thereom, the subgroups of G has order 1, p, q or pq.

Since G is non-abelian, Z(G) # G.

This contradicts the fact that G is non-abelian. Hence (Z(G)| = 1. Thus Z(G) = {e}.

v Example 4.2.9

the commutator subgroup of G.
1. Show that G” is a normal subgroup of G.

Proof:

LetgeGandheG'.

We will show that G" < G.

Consider h = aba16"',a,b € G.

Then ghg™! = gaba—b~1g~*
= geacbealeb~1g~1
= (gag~")(gbg™")(9a "7 ")(gb7'g™") Note: g 'g=¢
= (gag~*)(gbg")(gag ) H(gbg )T € G".

Thus G 9 G.00

Proof:

Let NaG.

We shall show that G/N is abelian if and only if N contains the commutator subgroup of G.
Let G/N be abelian.

Leta,bc G.

We shall show that the commutator subgroup of @ € N

Consider (aN)(bN) = (bN)(aN) since G/N is abelian.

Thus, abN = baN.

Thus ab(ba)~ € N Note: due to cosets.

Thus ab(ba) ™! = aba~'b~! € N.

Therefore the commutator subgroup of G C N.

Conversely, let the commutator subgroup of G C N and @,b € G.
We shall show that G/N is abelian.

Since the commutator subgroup of G C N, aba'b~" € N.

Thus, ab(ba)~'N = N.

Thus (aN)(bN) = (bN)(aN).

Therefore G/N is abelian.

Therefore G/N is abelian iff N contains the commutator subgroup of G.[]

2. Let N be a normal subgroup of G. Prove that G/N is abelian iff N contains the commutator subgroup of G.

Assume that | Z(G)| is p or ¢, then G/Z(G) is of prime order. Therefore, it is cyclic. Hence by & Theorem 4.2.3, G is abelian.

Let G be a group and let @ = (aba~1b~1), that is, @ is the subgroup of all infinite products of elements in G of the form aba~'5~". The subgroup G’ is called

This page titled 4.2: Normal Supgroups and Factor Groups is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Pamini Thangarajah.
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4.3: Homomorphisms

& Definition: Homomorphism

Let (G1, *1), (G2, *x2) be groups. Then a function A : G; — G such that h(g;) = gs,91 €G and gs € G2 is called a
homomorphism from the group G, to the group G, if

AT hlgi% g1) = h(g1) *2 h(g)), for g1, 9y € Gr.
/J lﬁﬁ:;orphisms is Il

P oiepaimtes 4 Further, if k is a bijection and homomorphism, then & is called an isomorphism. In this case, we say

preservas group

S structure %/ G122 G, which means that Gy is isomorphic to Gs. e AR
- £ ™
\-.;\\5_/,\\ /.L_/ Moreover, if h is an isomorphism from a group G to itself, then 4 is p A Toogups e /{ 1
- . . { somorphic. ing
called an automorphism. Aut(G) = Set of all automorphisms={h : G { s ol s )
— G| h is an isomorphism}. 'h poiislbyicg \V/
o /
J—
\“‘-——)\ -4

v/ Example 4.3.1

Let C, = {{a) | a™ = €}. be a cyclic group.
Define: & : C, — Z, by h(a*) = £ (mod n). Then
1. Is  a homomorphism?
2. Is h injective (1-1)?
3. Is h surjective (onto)?

If all three are true, then & is an isomorphism.

Answer

We will show a finite cyclic group is always isomorphic to (Z,,+ (mod n)).

Proof of Homomorphism:

Let 91,92 € Ch.

We shall show that k(g1 *1 g2) = h(g1) *2 h(ga).

Consider g; = a* and g, = a*2.

Then h(g;) = k1 (mod n) and h(gs) = k2 (mod n).

g1 %1 g2 = a® %y a2 = gFrthe,

Thus h(g; *1 g2) = k1 + k2 (mod n).

Now consider h(g;) *2 h(gs) = k1 (mod n) + k2 (mod n)
=k + ky (mod n).

Hence h(g1 x1 g2) = h(g1) *2 h(g2).

Hence h is a homomorphism.d

Proof of Injection (1-1):
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Let g1,92 € G s.t. h(g1) = h(g2)-

Thinking out loud
Recall if h is injective, then

Now, h(g1) = k1 (mod n) = ky (mod n) = h(ga). given h(a)=h(b), a=b.
Therefore, k1 = kg € Zy,.

Since 91,92 € Cp, g1 = a* and g2 = a"z, ki,ky € Z.

Hence A is injective (1-1).00

Proof of Surjective (onto):

Let k € Zy,.

Thinking out loud
Recall if h is surjective,
Hence h is surjective.[] then every element in
Z_can be generated by
an elementin C_

Since a* € C,, by definition h(a¥) = k (mod n).

Since a finite cyclic group is homomorphic, injective and surjective to
(Zn, + (mod n)), it is isomorphic to (Z,,+ (mod n)). O

v/ Example 4.3.2

Define h: (Z,+) = (Zn,- (mod n)) defined by
h(k) = a*, where Z, =< a >,k € Z. Then
For k,m € Z, h(k + m) = a**™ = a*a™ = h(k)h(m). Thus h is a homomorphism.

Notice that

Table 4.3.2: Homomorphism

0 1 (n—1)
+n  1l+n (n—1)+n
+2n 1+2n (n—1)+2n
+3n 143n (n—1)£3n
Z
i+ | 1 11
a® al a(n—l) L

Hence k is onto but not one to one.

Let (G1,*1), (G2,*2) be groups.

Then a function A : G1 = G2 s.t. h(g1) = es, Vg1 € Giand the identity e; € G is called a trivial homomorphism from the
group G; to the group G,.
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v/ Example 4.3.3

Let G be a group. The mapping 1g : G — G defined by 1¢(g) = g, Vg € G is a homomorphism.

v/ Example 4.3.4

Define a mapping from h : D4 — D4 by h(a) = a®,a € Dy. Is p a homomorphism?

Solution
No. Dy ={e,r,r?,13,s,sr,sr% sr3} such that r* = e,s? =e,srs =r~L. Consider h(s) =s® =s,h(r) =r* and h(sr) = (sr)3
= (s7)(sr)(s7) = (sr8)r(sr) = r’r(sr) = r3(r2s) = rs = sr?. But h(s)h(r) = sr.

v/ Example 4.3.5

Define a mapping from b : S, — Sy by h(o) = o2, for o € S4. Is h a homomorphism?

Solution
No. h((1,2)) = h((2,3)) = e but k((1,2)(2,3)) = h((1,2,3)) = (3,2,1).

v/ Example 4.3.6

Let ¢ : Zs — Z, mapping defined by ¢(a) = { 1 ifaisodd

0 ifaiseven

Show that ¢ is not a homomorphism.

Solution
#(2 +4) = ¢(1) = 1 but ¢(2) + ¢(4) = 0.

Properties of homomorphisms:

& Theorem 4.3.1

Let (G1,*1), (G2,%2) be groups and let h : G; — G be a homomorphism. Then:

1. h(e;) = ey, where ey, ez are identities of Gy, G respectively.
Thinking out loud

—1y -1
2. h(gr") = h(g1) ™, 91 € G- Identities must map in order
3. h(g®) = h(g1)", n € Z and g¢; € G1. to preserve the operations

G G

1
Proof:

1.Since e, is the identity of Gy, eje; = es.

Since h is a homomorphism, h(eie1) = h(e1)h(e1) = h(e1) = ezh(e1).
By cancellation law, e; = h(e;).

2.Let g; € G1. Then g;g;* = €.

Since h is a homomorphism, h(g1g7") = h(g1)h(g7") = h(e1) = e2.
Hence (h(g1))~! = h(g7?).

3. Use induction on Z;..
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& Corollary4.3.1

Let (G1, 1), (G2, *2) be groups and let & : G; — G be a homomorphism. If g; € Gy has a finite order then h(g;) has a finite
order, and |h(g;)| divides |g].

Proof:

Let (G1, *1), (G2,%2) be groups and let » : G1 — G2 be a homomorphism. Assume that g1 € G1 has a finite order n. Then g7
=e;. Hence h(g;)" = h(g}) = h(e1) = es. By Theorem 2.4.5(2.4: Cyclic groups), |h(gy)| divides n. Hence |h(g,)| divides

lg1l-

The following theorem allows us to determine if two homomorphisms are equal by checking only the generators instead of every
element in the domain.

Recall: Let (G, x) be a group.
Let X = {z1,22,-+, 2} Where 21,22, 2, € G, then the subset of G generated by X denoted by (X) is

{m;"lm;"Z m:ln" | mi, Mg, My, € Z} .

& Theorem 4.3.2

Let h:G — Gy and h; : G — G1 be group homomorphisms and G = (X) is generated by a subset X, then show that k= h; if
and only if h(z) = hy(z),Vz € X.

Proof:
Let X ={g1,,gn}- Assume h(g;) = hi(gi),Vg: € X,i € Z. Let g € G. Since G = (X),g = g7"* --- g™, where my, ..., m,, € Z.

Consider h(g) = h(g™ ... g™) = h(g7™) -- k(g"=), as h is a homomorphism. Then;

h(g) = (h(g1))™ ... (R(gn))™
= ((R1(g))™ - (h1(gn))™ (by assumption)
= h1(g7") -~ ha(gn™),
= hi(g{" ... gn")
= hi(g).

Hence, h(g) = h1(g), Vg € G. The converse is clearly true. Hence the result.

v/ Example 4.3.7

Describe all group homomorphisms from Z to itself. From which, how many of them are surjective?

AT YT
Pt |

Solution N
Remember 0 is the '|

Since Z = (1), any such group homomorphism h determined by A(1). If h(1) =k,k € Z, then h(n) | ienityorzand
i Otherthan 1 and -1 o
=kn,Vn €Z. Hence there is such a group homomorphism for every k& €Z. The only |  doesnthawe )
multiplicative \'|-/

/

inverse.

surjective group homomorphisms are k = +1.

\\_-‘}\ /.l-___

v/ Example 4.3.8

Find all group homomorphisms from Cj; to A4, where C3 = {{a) | a® = €}.
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Solution
Let Cs = (c). Any group homomorphism 4 : C3 — G, any group G, determined by h(c), and h(c) must be an element of order 1

or 3in G. If h(c) = e,e € A4, then h is a trivial homomorphism. Otherwise, k(c) must be a 3— cycle in A4. There are 7311‘:'1'1'
= 8, 3—cycle permutations in A4. Hence, eight such group homomorphisms.

& Definition:
Let h: G; — G2 be a homomorphism. Then P e

1. The kernel of p is defined as ker(h) = {g1 € G1|h(g1) = e2}-

2. The image of h is defined as im(h) = {g2 € G2|h(g1) = g2,91 € G1}.

& Theorem 4.3.2

Let h : G; = G5 be a homomorphism. Then ker(h) < G; and im(h) < Gs. Also, ker(h) is a normal subgroup of G;.

Proof:
Let h: G; — G2 be a homomorphism.
Since h(e1) = ez, e1 € ker(h). Let g, g; € ker(h). Then h(g;) = ez and h(g;) = ea.
Similarly, we can show that im(h) < Gs.
We shall show that g7 g; € ker(h).
Consider h(g7'g;) = h(g7)h(g1) = h(91)"'h(g;) = €3 €2 = es. Hence g7'g; € ker(h). Thus ker(h) < Gi.
We shall show that ker(h) is a normal subgroup of G;.
Let z € ker(h) s.t. h(z) = e.
We will show gzg= € ker(h),V g € G1. Let g € G;.
Consider h(gzg™) = h(g)h(z)h(g™)
= h(g)h(z)(h(9)*
= h(g)ea(h(9))™*
= h(g)(h(g))~
= ey

So ker(h) is a normal subgroup of G;.

v Example 4.3.9

Let b : G; — G2 be a group homomorphism with K = ker(h). Show that for any g; € Gy, g1K = {g € G1 | h(g) = h(g1)}-

Solution

Let g1 € G1. Let g € g1 K. Then g = g1k where k € ker(h). Thus, h(k) = ez. Consider h(g) = h(g1k) = h(g1)h(k) = h(g1)e2 = h(g1).
Hence, 1K c {g € G1 | h(g) = h(g1)}. Conversely, suppose z € {g € G1 | h(g) = h(g1)}. Then h(z) = h(g1) = h(g7'z)
= h(g7")h(z) = (h(g1)) " h(z) = eo. Hence, g7z € K. Thus z € g, K. Hence the reuslt.
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Let h: G; = G2 be a homomorphism. Then ker(h) = {e;} if and only if A is injective.

Proof
Let A : G1 — G2 be a homomorphism. Assume that ker(h) = {e1}. We shall show that A is injective. Let z,y € G; such that
h(z) = h(y). Then \(h(xy*{-1)= e_2.\) Thus, \(xy{-1) \in ker(h)\). Hence \(xy"{-1)=e_1 \implies x=y.\) Thus & is injective.
Conversely, assume that h is injective. Since h(e; = e, ker(h) = {e;}. Hence the result.

If both G; and G, are finite and & is an injective homomorphism (is called monomorphism) then 4 is an isomorphism.

v/ Example 4.3.10

Find all group homomorphisms from A4 to Cs, where C3 = {{a) | a® = e}.

Solution

The kernel of a group homomorphism & : Ay — G, any group G, is a normal subgroup of A,. Hence ker(h) is either {e}, K
= {e, (12)(34), (13)(24), (14)(23)} or Ay. Since |A4| # |Cs|, ker(h) # {e}. Suppose ker(h) = K. Let ¢ : A, — A4/K be the coset
map defined by ¢(¢s) = oK, for o € A4. Note that |A4/K| =3, and A4/K = {K, (12 3)K,(123)2K} = {(1 2 3)K). There are
exactly two isomorphisms from A4/K to Cj in the following way:

Let ¢ : Ay/K — Cj be the isomorphism such that A = ¢ o ¢, then ¢ ((123)K) is either a or a? giving two group homomorphisms

e ifzeK
hi(z)=< a ifze(123)K (4.3.1)
o’ ifze(321)K
, and
e ifzeK
hi(z) =< o ifze(123)K (4.3.2)

a ifze(321)K

If ker(h) = Aq, then h is a trivial homomorphism.

4.3.1 Isomorphic Groups
As we said earlier in Chapter 2, we can use the Cayley tables to identify isomorphic groups. For example:

Cayley table for Klein 4-group: H = {{a,b,c) | a® = ¢,b? = ¢,c? = ¢ and ab = ba = c,bc = cb = a,ac = ca = b} = {e, a, b, c}.

Table 1: Cayley table for Klein 4-group

e a b c
e e a b c
a a e c b
b b c e a
c c b a e
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Compare it with the Cayley tables for (Z4, +(mod4)) and (U(5), -(mod5).

Table 2: Cayley table for (Z4,+(mod4))

+(mod 4) 0 1 2 3
0 0 1 2 0
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

U®s) = {1,2,3,4}.

Table 3: Cayley table for (U(5),-(mod4))

-(mod 5) 1 2 3 4
1 1 2 3 4
2 2 4 1 3
3 3 1 4 2
4 4 3 2 1

We can see that Tables 2 and 3 are identical (mapping: 0 - 1,1 2,2 = 4, 3 = 3), while Table 1 is different. Hence, we say that the
groups Z, and U(5) are isomorphic and denoted by Z, = U(5), and the groups Z, and K, are not isomorphic and denoted by Z,

* Ky.

# Definition: Isomorphic Groups

Two groups G and H are isomorphic, denoted by G = H ,if there exists an isomorphism from G to H.

v/ Example 4.3.11

v/ Example 4.3.12

Z = 4Z

Answer

The function ¢ : Z — 4Z , ¢(z) = 4z, = € Z is clearly a bijection.

& Theorem 4.3.4

Let G be a group, and let g € G. Then
1. If |g| is infinite then (g) = Z.

Proof

Use \(\phi: \langle g\rangle \to \mathbb{Z}\) such that ¢(g*) = k.

https://math.libretexts.org/@go/page/132495
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2.1f |g| = n then (g) = Z,.
Proof

Use \(\phi: \langle g\rangle \to \mathbb{Z}_n\) such that ¢(g*) = k(modn).

& Theorem 4.3.5

1. Let G be group of order 4 then either G is cyclic or G = Kj.

2. Let G be group of order 6 then either @G is cyclic or G = D;.

Examples of structural properties of a group G:

1. G is abelian.

2. G is cyclic.

3. G is finite.

4.|G| =n.

5. G has no element of order k.

and many more.......

& Theorem 4.3.6

If two groups G and H are isomorphic and G has a structural property, then H has the structural property.

& Theorem 4.3.7: Cayley's Theorem

Every group of order = is isomorphic to a subgroup of 3.

v/ Example 4.3.13

Find all isomorphisms from Z to U(7).

Solution
Add example text here.

v/ Example 4.3.14

Prove or disprove: S, and Dy, are isomorphic.

Solution
Even though |Ss| = |D12| = 24 and both are non abelian, Sy % Di2. Since D1y = {{r,s) | r'2 =¢,82 =¢,srs =r"1},r € D15 and ||
=12.

Now, we shall show that the order of all the elements of Sy is less than or equal to 4. This can be achieved by examining all
possible types of permutations and their corresponding orders. The partitions of 4 are 4,3+1,2+2,2+1+1and1+1+1+1.
Hence the possible orders of permutations are 4,lem(3,1),lem(2,2),lem(2,1,1) and lem(1,1,1,1). Thus the possible orders
of permutations are 4, 3,2, 1. Hence the order of all the elements of Sy is less than or equal to 4. Therefore, S4 doesn't have an
element of order 12. Hence, S4 and D, are not isomorphic.

v/ Example 4.3.15

Prove or disprove: (Q, +) and (Q\ {0}, -) are isomorphic.
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Solution

Let ¢ : (Q, +) = (Q \ {0}, -) be an isomorphism. Since 2 € Q \ {0} and ¢ is subjective, there exists ¢ € Q such that ¢(a) = 2.
a a a a a\? a e £ ot

Now, ¢(a) = ¢ (5 + 5) =¢ (5) ¢ (5) . Thus, ¢ (5) = 2. Hence ¢ (5) =+/2 ¢ Q. This is a contradiction. Hence (Q,+)

and (Q \ {0}, -) are not isomorphic.

4.3.2 Automorphisms

v/ Example 4.3.16

Let G be a finite abelian group of order n. Let ¢,, : G — G be the m-power map ¢,,(g) = g™. Then

1. Show that ¢,, is a homomorphism.
2. Show that ker(¢m) = {g € G | ¢¢ = e,d = ged(m.n)}.
3. If m and n are relatively prime, then show that ¢, is an automorphism.

# Definition:

Aut(G) is defined as the set of all automorphisms of a group G.

The identity homomorphism 1¢ € Aut(G).

& Theorem 4.3.8

Let G be a group. Then Aut(G) forms a group under the composition of functions.

v/ Example 4.3.17

Let G be a group and let a € G then show that o, : G — G defined by o,(g) = aga~is an isormorphism.

Solution
Let g,¢’ € G, consider

04a(9)0a(g’) = agaag’a™

= ageg’a”!
= a(gg')a™
= a4(99")

Thus, o, is @ homomorphism. Now we will show that ¢, is bijective. Let g,¢’ € G such that o,(g) = g,(¢’). We will show that

0.(9) =0a(g’) = g9=¢".

aa(g) = a'u(.q’)
aga' = ag’a”?

alagala=a"lag’ala
ege =eg'e

g=d
Hence, o, is injective. Now, let h € G, we will show that 3 g € G such that ¢,(g) = h. Let g = a~lha, then

0a(g) = aga™
=a(atha)a™?
= ehe
=h

Thus, o, is a surjective homomorphism. Hence ¢, : G+ G is an isomorphism.
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# Definition:

An inner automorphism of a group G is defined as, h, : G = G, a € G, h,(z) = aza™!,Vz € G.

Inn(G) = {hs : G = G | hy(z) = aza™,a,z € G}, is the set of all inner automorphisms of a group G

<& Theorem 4.3.9

Let G be a group. Then Inn(G) < Aut(G).

4.3: Homomorphisms is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.4: On Special Groups
4.4.0.0.1 External Direct Product

& Definition:

N N

IK H ) [« |

N

External Direct Product
HXK

Let (G, *) and (G, ¢) be groups.

Then the external direct product is defined by Gy x G2 = {(g1,92)|91 € G1,92 € G2}. (g1, 92)(h1,ha) = (g1 % h1, g2 © ha).

v Example 4.4.1

Consider the following

(Zg X Zsa, + (mod 2))

Cayley Table (Zy x Z2,+ (mod 2))

+ (mod 2) (0,0) 0,1) (1,0) (1,1)
(0,0) (0,0) 0,1) (1,0) (1,1)
0,1) 0,1) (0,0) 1) (1,0)
(1,0) (1,0) 1,1) (0,0) 0,1)
(1,1) (1,1) (1,0) (0,1) (0,0)

Notice that |Z; x Z,| = 4, and every element which is not the identity has order 2. Therefore, the abelian group Z, x Z, is not isomorphic to
the cyclic group Z,.

n
If you have many groups G, = 1,---n, then the external direct product can be written as H G;.

i=1
v Example 4.4.1

Consider the following:
(Zg x Zs3,+(mods6)).
Z, x Zg = {(0,0),(0,1), (0,2), (1,0), (1,1), (1,2)}.

Notice that (1,1)8(mod 2) = (0,0). Therefore Zy x Zs = {(1,1)). Hence Zy x Zs is a cyclic group of order 6. Therefore, Zy x Z3 = Zg.

& Theorem 4.4.1

The group Z,, x Z,, = Zmy, iff ged(m,n) = 1.
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4.4.0.0.1 Internal Direct Product

Internal Direct Product

Let G be a group with subgroups H and K, with the following conditions satisfied:
1. H<Gand K <G.
2.G=HK = {hklh € H,k € K}
3. HNK = {e}.
4. hk =kh, YVhe H, k€ K.

Then we say that @ is the internal direct product of H and K.

v/ Example 4.4.1

H={1,3}, K={1,5},G=U(8) ={1,3,5,7}. Is G = HK?
Yes.

Proof:

Let H = {1,3},K = {1,5},G = U(8) = {1,3,5,7}.
We will show H< Gand K < G.
HCG,eg=e,ablecHthus HLG.

Similarly, K < G.

HnN K = {e} by inspection.

We will show hk = kh, Vh € H,k € K.
Consider1-1=1-1=1€ G

1-5=5-1=5€G

3:1=1:3=3€qG

3.5=5-3=7€@G

Thus G = HK.O

v/ Example 4.4.2

Let G = Dg = (r,s|r® =¢,8> = ¢,rlsr = s71).
Let H = {e,r%}, K = {e, 7%, 1%, 5,723, rs}.
IsG = HK?

H<Gand K <G.

HNK = {e}.

By inspection, hk = kh,Vk € K,h € H.

Thus G = HK.
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4.5: Isormormophism theorems

An isomorphism between two groups is a bijective mapping between two groups that preserves the group structure.

# Definition: Isormorphism

Let G and H be groups. Let ¢ : G — H.
An isomorphism from G to H is a function ¢ : G — H that satisfies the following two properties:

1. Homomorphism property: For any g;,g92 € G, the operation in H corresponding to ¢(g;) and ¢(gs) is the same as the
operation in G corresponding to g; and gs. In other words, ¢(g1g2) = #(g1) - ¢(g2), where . represents the group operation.

2. Bijective property: The function ¢ is one-to-one (injective) and onto (surjective), meaning that every element in H is the
image of exactly one element in G under ¢.

If an isomorphism exists between two groups G and H, we say that G and H are isomorphic, denoted by G =~ H. This
means the two groups have the same group structure, even though their elements and operation symbols may differ.

Isomorphisms are significant in mathematics because they establish a correspondence between different groups, allowing us to
understand the structure and properties of one group by studying the properties of another group.

Recall: The kernel of ¢, denoted by Ker(¢), is defined as the set of elements in G that map to the identity element of H. the
image of ¢ is the set of all values that ¢ takes on as it maps elements from G to H, denoted by Im(¢) == {#(g) | g € G}.

& Theorem 4.5.1: First isomorphism Theorem

Let G and H be groups. Let ¢ : G — H be a group homomorphism. Then, the factor group G/Ker(¢) is isomorphic to the image
of G, under ¢, Im(¢). That is, G/Ker(¢) = Im(¢)

v/ Example 4.5.1

Consider the groups G = (Z, +) (the group of integers under addition) and H = (Z/4Z,+4) (the group of integers modulo 4
under addition modulo 4). Define the homomorphisme : Z — Z/4Z as¢(z) =z mod 4.

The kernel ofy isKer(¢) = z € Z,|,p(z) =0 =z € Z,|,z mod 4 = 0 = 4Z (the subgroup of multiples of 4).

By applying the First Isomorphism Theorem, we haveG/Ker(p) = Im(p). In this case,G/Ker(y) is isomorphic to the image ofG
undere.

Using the theorem, we find thatG/Ker(yp) & H, which means(Z/4Z,+ (mod 4)) is isomorphic to itself.

& Theorem 4.5.2: Second isomorphism Theorem

Let @ be a group,H andK be subgroups of @ such that H < G. Then, the set HK = {hk,|,h € H,k € K} is a subgroup ofG, and
H N K is a normal subgroup of H. Moreover, the factor group(HK)/(H N K) is isomorphic toK/(H N K).

That is, (HK)/(HN K) = K/(HN K)

v/ Example 4.5.2

Consider the group G = (Z, +) (the group of integers under addition). Let H = (2Z, +) be the subgroup of even integers, and K
= (3%, +) be the subgroup of multiples of 3.

In this case, # and K are both normal subgroups of G.
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By applying the Second Isomorphism Theorem, we have (HK)/(H N K) = K/(H N K). Here, (HK)/(H N K) is isomorphic to
K/(HNK).

Using the theorem, we find that (2Z + 3Z)/(2Z N 3Z) = (3Z)/(2Z N 3Z).

In this example, (2Z + 3Z)/(2Z N 3Z) represents the set of all integers that are divisible by both 2 and 3, which is equivalent to
(6Z)/(6Z) =0 (the trivial group). Similarly, (3Z)/(2Z n3Z) represents the set of all integers that are divisible by 3 but not
divisible by 2, which is isomorphic to (Z/3Z, +3) (the group of integers modulo 3 under addition modulo 3).

Therefore, we conclude that 0 = Z/3Z.

& Theorem 4.5.3: Third isomorphism Theorem

Let G be a group, and let N and M be normal subgroups of G, with N < M. Then, the factor group M/N is isomorphic to a
subgroup of G/N.

That is, M/N = (M/N)/(N/N)

v/ Example 4.5.3

Consider the group G = (Z, +) (the group of integers under addition). Let N = (6Z, +) be the normal subgroup of multiples of
6, and M = (9Z, +) be the normal subgroup of multiples of 9.

In this case, N < M.
By applying the Third Isomorphism Theorem, we have M/N = (M/N)/(N/N).
Using the theorem, we find that (9Z)/(6Z) = (9Z/6Z)/(6Z/6Z).

The factor group (9Z)/(6Z) represents the set of all integers that are multiples of 9, modulo 6. This is isomorphic to (Z/6%Z,+6)
(the group of integers modulo 6 under addition modulo 6).

Similarly, (9Z/6Z)/(6Z/6Z) represents the set of cosets of (6Z/6Z) within (9Z/6Z). Since (6Z/6Z) is the trivial group, there is
only one coset, which is 6Z.

Therefore, we conclude that Z/6Z = 6Z (the trivial group).

4.5: Isormormophism theorems is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.6: Classification of Groups

4.6.0.1 Classification of finite groups

The following table gives the number of distinct groups of finite order. Here C,, stands for a cyclic group of order n.

Group order Abelian Non-abelian Comments
1 {e}
2 Cy =Dy Prime p
3 Cs Prime p
4 Cq o Order of the form p?
Cy xCy=2 Dy =K,
5 Cs
6 Cy Sy~ Dy Or.der of the form pgq, p, q are
prime with ¢ = 1modp
7 Cr
Cs or
D, or
8 Cy x Cy or 0 »’
CQ X 02 X Cz $
9 Cy or 2
03 X 03
10 Cho Ds
11 G
12 Cha Dg or Ay
13 Cis
14 Cuy D,
15 Cis
16 Cuo
or
17 Ciy

This page titled 4.6: Classification of Groups is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Pamini
Thangarajah.
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4E: Exercises

Find the number of inner automorphisms of D,.

Dy = {1,r,7%,73 s,rs,72s,13s}.

? Exercise 4E.2

Find two groups G: and G- such that G1 # Gs, but Aut(G1) = Aut(Gs).

? Exercise 4E.3

Prove or disprove U(5) = Z,.

? Exercise 4E.4

Find the five non-isomorphic groups of order 8.

? Exercise 4E.5

Prove or disprove: S, is isomorphic to D,,.

? Exercise 4E.6

Check the following structures for isomorphism.
1. Z, under addition.
2. 7 under multiplication.
3. Z} under multiplication.
4. {+1, +i} under multiplication.

5. Rotations that map a brick to itself.

6. The four functions f(z) = z,g(z) = —z,h(z) = %, j(z) = _71 under composition.

7. The four matrices
[1 0]7[—1 0}7[1 0],[—1 O] (4E.1)
0 1 0 —-1/°(0 -1 0 1

Under multiplication.

? Exercise 4E.7

Let G = (a) and |a| = 6. Define a mapping ¢ : G — G by ¢(g) = ¢* forall g € G..

1. Show that ¢ is a homomorphism.
2. Find Ker(¢).
3. Find Im(¢).
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Chapter 5: Rings and fileds
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5.1: Introduction to Rings

Recall a group is a set with a binary operation; rings are algebraic structures similar to groups but with two operations instead of

one.

A non-empty set R with two binary operations, addition and multiplication - denoted by + and -, is called a ring if:
1. (R, +) is an abelian group .
2. (R,-)is a semigroup: a-b€ R, Va,be Randa-(b-c)=(a-b) ¢, Ya,b,c € R. Rin this context is a ring.
3. Multiplication distributes over addition: a - (6 +¢) =a-b+a-cand (b+c) -a =b-a +c-a, Va,b,c € R. (Distributive
property).

We call the additive identity 0 is zero. The additive inverse is called the negative element.
{0} is a ring called zero ring.

In this chapter, we will denote a - 4 as ab (skipping the - notation).

# Definition: Commutative Ring

Aring (R, +, -) is called a commutative ring if ab = ba, Va,b € R.

# Definition: Unity

Aring (R, +, -) has a unity(identity) e € R if ae = ea = a, Ya € R. Note unity is always a unique, single element.

# Definition: Unit

An element a € R is called a unit if there exists an a=! € Rs.t. aa™! =e.

v/ Example 5.1.1
1. (Z,+, -) is a commutative ring with unity 1.

2. (Zn, @, ®) (modulo n addition and multiplication) is a commutative ring with unity 1 and units of U(n) since they must be
all the elements relatively prime to n.

3. (Zy), +, -) where Zi is the set of all integer polynomials in variable z, is a commutative ring with unity of 1 and units of +1.

4. (Mx(Z),+,-) is a ring, from the set of all 2 x 2 matrices with integer entries, that has unity I. It is a non-commutative ring.
The units are the set of all 2 x 2 matrices with a non zero determinant (GLs(Z)).

5. (Q,+,-) is afield.It is a commutative ring with unity 1 and each a € Q\ {0} is a unit.
6. (R,+,:) is afield. It is a commutative ring, and inverses exist for all elements except 0.
7. (C,+,) is also a field, and inverses exist for all elements except 0.

8. A polynomial ring R[z] over a ring R is defined as {(p(z) = ago + @12 + - + a,2" | n € Z,n > 0,0; € R, Vi = 1,---,n}. Where
a; is the coefficient of z?, also called the coefficients of the polynomial, and the non-negative integer = is called the degree

of the polynomial.
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The coefficients a; can be elements from any ring, such as integers, rational numbers, real numbers, complex numbers, or even
other polynomials. The addition and multiplication of R[z] are the addition and multiplication R.

5.1.1 Integral Domain (ID)

Recall: (R, +,-) is a non-empty set with closed binary operations.

(R,+) is abelian.

(R,-) is a semigroup. Recall that this is a set with an associative operation and no identity.
(R,+,-) is distributive, has unity (aka identity) of 1 and unit of aa™! =e

If ab = ba, the ring is commutative on ..

# Definition: Integral Domain

A commutative ring with unity (aka identity), R, is called an integral domain if for every a,b € R, ab =0 implies a =0 or b
=0.

v/ Example 5.1.2

Examples of non-integral domains:
1. In the ring Zg (integers modulo 6), 2-3 =6 = 0 (mod 6), but neither 2 nor 3 is zero in Zg.

2. In the ring (M2 (Z), +,-);

1 oo o _jo 0 butneither1 0norooeualzero
0o oflo 1/ = [0 of 00 o 1% :

# Definition: Division Ring

A division ring is a ring, (R), with an identity in which for every non-zero a € R, there exists b € Rs.t. ab=1 = ba.

v/ Example 5.1.3

Examples of division rings:

(Q,+,"), R,+,-), and (C, +,-), Z,, where p is prime.

# Definition: Field

A field is a commutative division ring.

v Example 5.1.4

Examples of fields are: (Q,+,-), (R, +,-), Zp, where pis prime,

and (C, +, -), with the later being algebraically closed.

https://math.libretexts.org/@go/page/132508



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/132508?pdf

LibreTexts"

& Definition: Zero divisor

A non-zero element of @ € R is called a zero divisor if there exists ab € R s.t. ab= 0.

v/ Example 5.1.5

(Z7 +, )

Since there are no zero divisors, it is an integral domain. It is a commutative ring. Not every non-zero element is a unit. Thus,
it is not a field.

v/ Example 5.1.6

(Zn, ®,0).
There are two cases.
This is a finite field if n is prime.

If n is not prime, it is not an integral domain since it will have a zero divisor.

v/ Example 5.1.7

The set of all real-valued differentiable functions on [a,b] is a commutative ring with a unit. This area of study is called
differential algebra.

v/ Example 5.1.8

M22(Ra +, ))
The addition is abelian. It is not commutative. It has an identity. It's not an integral domain.

This area of study is called matrix algebra.

v Example 5.1.9

Let

10 0 1 0 i i 0
1‘[0 1]’1‘[—1 0]’J‘[z' 0]’K‘[0 —z‘]‘
In other words, I?2 = J2 = K2 = IJK = —1.
Define

H = {a +bI +cJ +dK | a,b,c,d € R}. Then H is Ring of Quaternions which is a
division ring but not a field.

* discovered by Hamilton in 1843.

v Example 5.1.10

Let

o Jiesec)
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l Then H is a division ring with matrix addition and multiplication, but not an integral domain.

5.1.2 Properties of Rings

& Theorem 5.1.1: Cancellation Law

Let D be a commutative ring with identity. Then D is an integral domain if and only if ab = bec

implies b = ¢ Va, b,c € D.

< Theorem 5.1.2

Let (R,+,-) be aring and a,b € R.
1. a0 =0 =0a.
2. a(—b) = (—a)b = —ab.
3. (—a)(=b) = (ab).

Answer

1. Let @ € R. Then Oa = (0 4+ 0)a = 0a + 0a. = Oa + 0 = Oa + Oa. By cancellation law of +, we get Oa = 0. Similarly, we
can show that a0 = 0.

2. Let a,b € R. Then ab + (—a)b = (& + (—a))b =06 = 0. = (—a)b = —(ab). Similarly, ab + a(—b) = a(b + (—b)) = a0 = 0.
= a(—b) = —(abd).

5.1.3 Subring:
Let (R, +,-) be aring.
Let S(+0) C R.

Then § is a subring of R if (S, +, ) is a ring with the same operations.

& Theorem 5.1.3

Subring Test

Let (R, +,-) be aring.

S C R is a subring if and only if the following conditions are satisfied:
1.5 #{}. Atleast0 € S.
2.a—besS.
3.abe S, Va,be S.

v Example 5.1.11

Let (R, +, -) be aring then {0} and R are subrings of R and are called the trivial subrings of R.
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v/ Example 5.1.12

Let (Q,+,-) is a subring of (R,+,-) and (R, +, -) is a subring of (C,+, ).

v/ Example 5.1.13

(Zg, ®, ®) is aring.

1. Let S = {0,3}.

Clearly, S is non-empty.

Since 093,00 0,and 3@ 3,a —bcE S.

Since 003,000,and 30 3, thenab e S.

Thus S is a subring of (Zg, ®, ®).

2.

Let T = {0,2,4}.

Clearly, T is non-empty.

Since 09 0,002,004,2022®4and4®4 € Tthena—beT
Since 000, 002, 004, 202, 204,and 404 < T, thenabe T.

Thus T is a subring of (Z¢,®,0).

v/ Example 5.1.14

Define Z[i] = {m + ni|m.n € Z}, where 2 = —1.

This is a ring called Gaussian integers. The units of this ring are +1 and +4. Hence The ring of Gaussian integers is not a
field.This is a subring of (C, +, -).

& Theorem 5.1.4: Wedderburn's Theorem

Every finite integral domain is a field.

Answer
Let D be a finite integral domain.
Let D* = D\{0}.
We shall show that every element in D* is a unit (i.e., aa™ = e, Ya € D*).
Let a € D*.
Define A, : D* — D* by A\s(z) = az, = € D*.
We shall show that ), is injective.
Let 1,22 € D* s.t. Ay(z1) = Aa(z2)-
Consider az; = azs.

Thus az; —azy =0.

So a(z; —x3) = 0.

https://math.libretexts.org/@go/page/132508
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Since D is an integral domain, either a = 0 or (z; — z3)=0\).\)
Since D* excludes zero, a # 0.
ThllS Ty — Ty = 0.

Hence z; = z4 and ), is injective.

Since D and D* are finite, }, is surjective.

Since 1 € D*, 3z € D* s.t. Aq(z) = 1.

Thus, a is a unit, and therefore, it is a field

5.1.4 Characteristic of a ring R

# Definition: Characteristic

LetreR thenr+r=2r,r+r+r=3r,,r+--+r=nr.
The characteristic of a ring R is the least positive integer n such that nr =0,Vr € R. If no such n exists, we say that the

characteristic of ring R is 0.

v/ Example 5.1.15

1. (Z,+), (Q,+), (R, +-), (C,+-) are rings of characteristic 0.

2. (Zg,®, 0) is a ring of characteristic 6.

& Theorem 5.1.5

1. Let R be ring with identity 1. If n is the least positive integer such that n1 = 0, then the characteristic of ring R is 0.

2. The characteristic of an integral domain is either prime or 0.

This page titled 5.1: Introduction to Rings is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini

Thangarajah.
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5.2: Ideals and Factor Rings

Ideals:

# Definition: Ideal

Let R be aring. Then a subring I of R is called an ideal of R, denoted I < R, if ar € I, and ra € I,Va € T and r € R.

Thatis rI € I'and Ir C I for all r € R.

v/ Example 5.2.1

1. Triivial ideals of a ring R are {0} and R.

& Theorem 5.2.1

Let R be a commutative ring with unity, and let a € R then the set (a) = {ar | r € R} is an ideal of R.

Proof

Since 0 € {(a), (a)\empty. Letri,rs € R. Then ary,ars € (a). Since (r; —r2),arirs € {a),ar1 — ar2 = a(r1 — ) € langlea)
and (ar;)(arz) = a(arirs) € langlea). Thus (a) is a subring of R. Clearly r{a) = (a)r C (a), for all r € R. Hence, (a) = {ar |
€ R} is an ideal of R.

# Definition:

Let R be a commutative ring with unity, and let a € R then (a) = {ar | 7 € R} is called a principal ideal generated by a of R.

v/ Example 5.2.2

Add example text here.

Solution
Add example text here.

Factor Rings

This page titled 5.2: Ideals and Factor Rings is shared under a not declared license and was authored, remixed, and/or curated by Pamini
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5.3: Ring Homomorphisms

5.3.0.1 Ring Homomorphisms

# Definition: Ring homomorphisms

Let R, S be rings. A function ¢ : R — S is called a ring homomorphism if
1. ¢(a +b) = ¢(a) + ¢(b),Va,b € R, and
2. ¢p(ab) = ¢(a)p(b),Va,b € R.

If ¢ is bijective, then ¢ is called isomorphism.

v/ Example 5.3.1
Show that the function ¢ : Z, — Z, defined by ¢(z) = 2%,z € Z, is a ring homomorphism.

Solution

Let a,b € iZ,.

Consider ¢(a+ b) = (a +b)? = a® + 2ab+ b* = a® + b = ¢(a) + ¢(b).
Consider ¢(ab) = (ab)? = a?b® = ¢(a)$(b).

Hence, ¢ is a ring homomorphism.

v/ Example 5.3.2

Whether or not the function ¢ : Z — Z defined by ¢(z) = 2z, z € Z is a ring homomorphism? Justify your answer.

Solution
Choose a = 2and b = 3. Then ¢(2) =4 and ¢(3) =6, ¢(a)p(b) = (4)(6) = 24 but ¢(ab) = ¢((2)(3)) = #(6) = 12 # ¢(a)¢(b).

Hence, ¢ is not a ring homomorphism.

# Definition: Kernel of a homomorphism

The kernel of ¢ is denoted and defined as Ker(¢) = {r € R|¢(r) = 0}.

v/ Example 5.3.3

Define ¢ : Z — Z, by ¢(a) = a(modn),Va € R.

Then ¢ is a ring homomorphism but not an isomorphism. In this case, Ker(¢) = nZ.

5.3.1 Properties of ring homomorphisms:

& Theorem 5.3.1
Let R, S berings. Let ¢ : R — S be a ring homomorphism. Then,
Then
1. $(0) = 0.

2.if R is a commutative ring, then ¢(R) is also a commutative ring.

3.if Ris a field and ¢(R) # {0} then ¢(R) is also a field.
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l 4. if R and S have an identity. If ¢ is onto then ¢(1z) = 15.

5.3.2 Theorem 5.3.2

l Let R, S be rings. Let ¢ : R — S be a ring homomorphism. Then Ker(¢) is an ideal of R.

5.3.3

This page titled 5.3: Ring Homomorphisms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini
Thangarajah.
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5E: Excercises

1. Prove or disprove: Every finite integral domain is a field.

2. Prove or disprove: Every division ring is an integral domain.

List or characterize all of the units in each of the following rings.

1.

Prove or disprove: Z[v/5] = {a + bv/5i : a,b € Z} is an integral domain.

? Exercise 5E.4

p be a prime. Prove that Z,) = {a/bla,b € Z and ged(b,p) = 1} is a ring.

Let R be aring. If ab 4 ba = 1 and a® = a, Va,b € R, then show that o> = 1.

? Exercise 5E.6

Show that Q(v/5i) = {r + sv/5i : r,s € Q} is a subfield of C.

? Exercise 5E.7
An element e of aring R is said to be idempotent if ¢? = e.
1. Find all idempotents in Zs.
2. Find all the idempotents in an integral domain R.
3.If a™ = a™™,m,n € N, show that some power of a is an idempotent.

4. If R is a finite ring, show that some power of each element of R is an idempotent.

? Exercise 5E.8

Show that the multiplication defined for the field of quotients of an integral domain:
1. Is well defined

2. Is associative

3. Satisfies the distributive laws.
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An element ¢ of a ring R is said to be nilpotent if «" = 0, for some n € N.
1. Find all nilpotents in Z,.

2. Find all the nilpotents in an integral domain R.

? Exercise 5E.10

Let a,u € R. If u is a unit and « is nilpotent such that ua = au, show that u + « is a unit.

This page titled SE: Excercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Pamini Thangarajah.
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Sample final

These mock exams are provided to help you prepare for Term/Final tests. The best way to use these practice tests is to try the
problems as if you were taking the test. Please don't look at the solution until you have attempted the question(s). Only reading
through the answers or studying them, will typically not be helpful in preparing since it is too easy to convince yourself that you
understand them.

? Exercise 1

Consider the symmetric group S-.

1. Factor the permutation (12345)(67)(1357)(613) into disjoint cycles.

2. Identify all possible types of permutations and specify the quantity of each type.
3. Find the possible order of all the elements of 5.

4. Show that S is not abelian.

1. Show that A, is normal to S,.
2. What are the conjugacy classes of A,?

Consider Dy = {e,a,a?,a® b, ab,a’b, a’b} with a* = e, b? = e, ba = a’b.

1. Show that Z(Dy) = {e,a?}. (Hint: Z(G) = {z € Glaz = za,Va € G}.)
2. List the left and right cosets of Z(D,), in Dy.

1. Prove or disprove: U(5) is isormorphic to Z, .
2. Prove or disporove: Z under addition is isormorphic to Q under addition.

1. Show that 17 and 60 are relatively prime, determine the multiplicative inverse of [17] in Zg.
2. Find all z € Z satisfying the equation 17z = 12(mod 60).

? Exercise 6
Let G be a group. Prove or disprove the following statements:

Let H and K be subgroups of the group G. Then

1. H U K is a subgroup of G.
2. H N K is a subgroup of G.

Consider the group z,, with addition modulo 12.

1. Is (Z12, +mod(12)) cyclic group? If so, what are the possible generators? How many distinct generators exist? What can
you say about the number of generators, considering the Euler totient function and the possible generators in relation to
divisors?

2. Let G = (g) be a cyclic group with |g| = n. Then G = (¢*) if and only if ged(k,n) = 1.
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| 3. Find all subgroups of Z;, generated by each element. What are their respective orders? What can you say about these
orders?

1. Let G =<a > where |a| =12, and let H =< o* > . Find all cosets in G/H and write down the Cayley table. Is G/H
cyclic? Why or why not?
Find the cosets in Dg/Z(Ds), write down the Cayley table of D¢/Z(Dg). Is D¢/ Z(Ds) cyclic, why or why not?

2. Prove or disprove the following statements: If H is a normal subgroup of G such that H and G/H are abelian, then
G is abelian.

An element e of aring R is said to be idempotent if e2 = e.

1. If eis an idempotent of a ring R, then show that 1 — 2e is a unit.
2. Find all idempotents in Z,.
3. Find all the idempotents in an integral domain R.

? Exercise 10

List or characterize all of the following rings' units. Justify your answer.
1. Zp

2. My (Zs)
3. Z(i)

Sample final is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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Test 1

These mock exams are provided to help you prepare for Term/Final tests. The best way to use these practice tests is to try the
problems as if you were taking the test. Please don't look at the solution until you have attempted the question(s). Only reading
through the answers or studying them will typically not be helpful in preparing since it is too easy to convince yourself that you
understand them.

Define a relation ~ on N by:
a ~ b if and only if a® + b is even.

1. [4 marks] Prove that ~ defines an equivalence relation.
2. [2 marks] What is the equivalence class of 3?

Answer

Add texts here. Do not delete this text first.

1. [6 marks] Show that 17 and 60 are relatively prime, determine multuplicative inverse of [17] in Zg,.
2. [4 marks] Find all z € Z satisfying the equation 17z = 12(mod 60).

Answer

Add texts here. Do not delete this text first.

? Exercise 3

[5 marks] If fo ¢ iS one-to-one then g is one-to-one.

[5 marks] If fo g is one-to-one and g is onto, then f is one-to-one.

Answer

Add texts here. Do not delete this text first.

? Exercise 4

1. [5 marks] Prove or disprove: U(10) is cyclic group.
2. [5 marks] Show that H = {0, 2,4, 6} is a subgroup of Zs, using the operation + mod (8).

Answer

Add texts here. Do not delete this text first.

? Exercise 5
[10 marks] Let G be a group. Prove or disprove the following statements.

1. If G is abelian, then G is cyclic.
2. If G is cyclic, then G is abelian.

a https://math.libretexts.org/@go/page/165153


https://libretexts.org/
https://math.libretexts.org/@go/page/165153?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Mock_Exams_(Celebration_of_Learning)/Test_1

Li breTexts*

Test 1 is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

a https://math.libretexts.org/@go/page/165153


https://libretexts.org/
https://math.libretexts.org/@go/page/165153?pdf
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Mock_Exams_(Celebration_of_Learning)/Test_1
https://math.libretexts.org/Courses/Mount_Royal_University/Abstract_Algebra_I/Mock_Exams_(Celebration_of_Learning)/Test_1?no-cache

LibreTexts"

Test 2

These mock exams are provided to help you prepare for Term/Final tests. The best way to use these practice tests is to try the
problems as if you were taking the test. Please don't look at the solution until you have attempted the question(s). Only reading
through the answers or studying them will typically not be helpful in preparing since it is too easy to convince yourself that you
understand them.

Consider the symmetric group S7.

1. Factor the permutation (12345)(67)(1357)(613) into disjoint cycles.

2. Identify all possible types of permutations and specify the quantity of each type.
3. Find the possible order of all the elements of S7.

4. Show that S is not abelian.

Consider the group Z;, with addition modulo 12.

1. Is (Z12,+mod(12)) cyclic group? If so, what are the possible generators? How many distinct generators exist? What can
you say about the number of generators, considering the Euler totient function, and the possible generators in relation to
divisors?

2. Let G = (g) be a cyclic group with |g| = n. Then G = (g*) if and only if ged(k,n) = 1.

3. Find all subgroups of Z;, generated by each element. What are their respective orders? What can you say about these
orders?

? Exercise 3
Consider the symmetric group Sy.

1. Find the centre of S.
2. If possible, find a cyclic subgroup of 84 with an order of 4.
3. Find a non-cyclic subgroup of 84 with order 4 if possible.

? Exercise 4

Consider Zg and the operation +mod 8.

1. Show that H = {0, 2,4, 6} is a subgroup of Zs.
2. List the left and right cosets of H = {0,2, 4,6} in Zs.

Consider Dy = {e, a,a?,a®, b, ab, a%b, a®b} with a* = e,b? = ¢, ba = a%b.

1. Show that Z(D,) = {e, a?}. (Hint: Z(G) = {z € Glaz = xa,Va € G}.)
2. List the left and right cosets of Z(D,), in D;.

Test 2 is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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Assignment 1

Determine whether or not each of the following binary relations R on the given set A is reflexive, symmetric, antisymmetric, or
transitive. If a relation has a certain property, prove this is so; otherwise, provide a counterexample to show that it does not. If
R is an equivalence relation, describe the equivalence classes of A.

? Exercise 1

Define a relation R on A = Z by

a Rbif and only if 4 | (3a + b), for a,b € Z.

Answer
R is reflexive on Z.
Proof:
Let a € Z.
We shall show that aRa, specifically 4|(3a + a).
Consider 3a +a = 4a and a € Z.
Thus 4/(3a + a), and aRa.

Therefore R is reflexive on Z.[CJ

R is symmetric on Z.

Proof:

Let a,b € Z s.t. 4/(3a + b).

Thus 3a + b = 4m for some m € Z.

We will show that 4 | 3b + a.

Since 3a + b = 4m, —3a— b= —4m.

Then 4(a + b) — 3a — b = 4(a + b) — 4m.

Thus 36+ a = 4(a +b—m) wherea+b—m € Z.
Hence 4/(3b+ a). Hence bRa.

Thus R is symmetric on Z.

R is not antisymmetric on Z.

Counterexample:

Leta=0andb=4.

Then 4/(3(0) + 4) and 4/(3(4) + 0). Thus 4R0 and 0R4

However, since 0 # 4 R is not antisymmetric on Z.[]

R is transitive on Z.
Proof:

Let a,b,c € Z s.t. aRb and bRe.

@ 0 a @ a https://math.libretexts.org/@go/page/166179
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Since aRb, 4|(3a+ b) and bRc, 5((3b + c).

We will show that aRc, that is 4|(3a+ c).
Since 4|(3a + b), 3a + b = 4(k) for some k € Z.
Since 4|(3b+ c), 3b+ ¢ = 4(m) for some m € Z.

Consider

3a+c=3a+b)+ (3b+c)—4b
= 4(k) + 4(m) — (b)
5(k+m—b),

where k+m —b € Z.
Hence 4|3a + ¢c. Thus aRe.
Hence R is transitive on Z.[J

Since R is reflexive, symmetric and transitive on Z, R is an equivalence relation.

Te equivalence classes of aRb iff 4|(3a + b) are [0], [1], [2] and [3].
LetacZ thenja)={a €Z:z ~ a}.
0 ={z€Z:2~0}

={z €Z:4|(3z+(0))}

={z €Z:4/3z}

={zr€Z:3z=4m,m e Z}

={..,-8,-4,0,4,8,..}.

M={ze€Z:z~1}
={z € Z: 4|3z + (1))}
={z€Z:4(3z+1)}
={z€Z:3z+1=4m me Z}
={z€Z:3z=4m—1,meZ}

={.,-7,-3,1,5,9,..}.

2l={z€Z:x~2}
={z €Z: 4|3z +2)}
={ze€Z:3x+2=4m,m e Z}
={z€Z:3x=4m—2,m e Z}

={.,—6,-2,2,6,10,..}.

Bl={ze€Z:z~3}
={z €Z: 43z +3)}
={z€Z:3z+3=4m,m e Z}
={z€Z:3x=4m —3,m e Z}

={.,-5-1,3,711,.}.
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Define a relation R on A =N by a Rbif and only if 2 | a> + b, for a,b € N.

Answer
Proof of Reflexivity:
Leta eN.
We shall show that a? + a = 2m, m € Z.
We can show this directly or using cases:
Directly:
Since @ +a = ala + 1), and @, a + 1 are consecutive integers,

2 . . .
a” + a is even. Thus R is reflexive on N.

Proof of Symmetry:

Let a,b € N such that aRb.

That means a? + b = 2m,m € Z.

We will show that %+ a = 2k, k € Z.

Since

o =2m—b, VHa=02m—da")’ +a=4m’ —4ma’ +a' +a,
Thus

b2 +a =2(2m* — 2ma®) + a(a® + 1) =2(2m? — 2ma?) + ala + 1){a® —a+ 1),
Since a(a+1) is even, b* + a s even.

Thus R is symmetric on N.

Antisymmetry:

Caution: 0 ¢ N.

Leta=1,b0=3.

1243 =2(2), and 32 +1 = 2(5)

But 1 # 3, hence, R is \textbf{not} antisymmetric on N.
Proof of Transitivity:

Leta, b, c € N such that 2|a? + b and2|b? + c.

We will show that 2|a? + c.

Consider a? + b = 2m,m € Z and b> + ¢ = 2n,n € Z.
Further, consider that a® 4+ ¢ = 2m — b+ 2n — b2 = 2(m 4+ n) — (b> + b).
Since R is reflexive on N, 0> + b =2¢,q € Z

Thus a? + ¢ = 2(m+n —q),m,n,q € Z.

Thus R is transitive on N.

Having shown that R is reflexive, symmetric and transitive on Z,R is an equivalence relation on Z.[1

@ 0 a @ e https://math.libretexts.org/@go/page/166179



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/166179?pdf

LibreTexts"

Leta € Z, then [a] = {z € Z: z ~ a}. Caution: 0 ¢ N.
a=1:
N={z€Z:z~1}
={re€Z:2|(z?+1)}
={z€Z:2*+1=2m,meZ}

= {:I:l, +3, }

a=2:

2l={z€Z:z~2}
={r €Z:2|(z?+2)}
={z€Z:2*+2=2mmec7Z}

= {07 :l:27 :l:47 '"}'

Let A =R x R. Define (z,y) R (z1,v1) if and only if % + ¢* = 22 + y3, for (z,y), (z1,41) € R x R.

Answer
Reflexive
Proof:
Let (a,b) e R x R.
Since a% + b* = a? + b2, (a,b) R(a,b)
Thus R is reflexive.
Symmetric:
Proof:
Let (a,b), (a1,b1) € Rx R, s.t (a,b)R(a1,b1)
Thus a? + b2 = a? + b2
We shall show b Ra.
Since a?+ b? = a? +b?, a?+b? = a® + b2
Thus (a1, ;1) R (a,b), and R is symmetric.
antisymmetric:
Counterexample
leta=1,b=2,a; =2,b; =1
then (1)*(2)2 =5 =22+12
Thus (a,b)R(a1,b;) and (ay,b1) R (a,b)
But (1,2) # (2,1)
Thus R is not anti-symmetric
Transitive:
Proof:

Let (a, C), (al, C]), (az, Cz) € R x R such that (a,c)R(al,cl) and (al,cl)R(ag, Cg).
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Since (a, c)R(a1,c1), a? + b? = a? + b2.
Since (a1, c1)R(as, c2), b* + ¢ = b% + c%
Thus, a® +c* = a2+ ¢?

Hence (a, ¢)R(a2, c2) and R is transitive.

Since R is reflexive, symmetric and transitive, R is an equivalence relation on A.
The equivalence classes are
[(0,0)] = {(z1,91) € R xR | 27 + 3y} = 0}{0}

[(z,9)] = {(z1,31) ERXR|r? =2} +y] = 2* +¢°}

? Exercise 2

Consider the function f : Z — Z define by f(n) = n% + 1.

Determine whether f is one-to-one and whether f is onto. If f is not onto, find the range of f.

Answer

No, f is not injective.

Counterexample:

Letz; =—2and z, = 2.

Then f(—2) = (—2)? +4=8andf(2) = (2)2 +4=38.
Thus f(—2) = f(2) but—2 #2.

Therefore h is not injective.dd
No,h is not surjective.

Counterexample:

LetA =Z andB = Z s.t.h : A — Bis defined by f(z) = 2% +1.

Note that3 € B.

Thus3 =z2 +1 = m=:|:\/§¢A.

Thus, f is not surjective. Range of f = {z? + 1|z € Z} = {1,2,5,10,17,26 --}.

Suppose f: B— C and g: A — B are functions.

Prove or disprove the following statements:

1. If f o g is onto then g is onto.
2.If f o g is onto and f is one-to-one, then g is onto.

Answer
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1.Let 4 ={mbt, H={xx=}, O={I}
Let #ie] — = and #(hi — »,

a

of %0
e ol & )/

— e

«|Ivm

/

Let f(z) =1, forall z € B. e
We will show that /v € 4 s.t. glal =3 The b,

Note that ./ = v is surjective since %¢ € . —a € A 5.t {f=glial =,
However Aa € Agt, glel =+ B

Thus 4 is not surjective.d

2. Proof:

Letbe B.

We shall show that 5t = L.

Since 9 is a function, 4(4} © B by definition of a function.
Since [ = is surjective, Ja € A s.t. if o gilnl = ¢, c€

Thus (figieli=c,

Since [ is injective, fib1 = fibs)..l & 5 means that # = bz,
Thus Ja e As.t ginl=b ¥bo B,

Thus 7 = g{4.,

Since /4T Band # < gld). 4ld} = B.O
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1. Compute ged(—231, 150) and express it as a linear combination of —231 and 150.
2. Find ged(—231,150) and Icm (231, 150) using prime factorization.
3. Find Euler Totient function ¢(150) and ¢(231).

Answer
1.
—231 = —2(150) + 69
150 = 2(69) + 12
69 = 5(12) —|— 9
12 =1(9) +
9=3(3) +

Hence, ged(—231,150) = 3. By using Bezout's algorithm,

3=12(1) + (—9)(1)
=12(1) + (—69(1) + 12(5))(1)
—12(6) + (—69)(1)
= (150(1) — 69(2))(6) + (—69)(1)
= 150(6) + (—69)(13)

3
= 150(6) — (—231(1) + 150(2))(13)
— 150(—20) + (—231)(—13).

2. Since ged(—231, 150) = ged(231,150), 231 = (3)(7)(11), and 150 = (2)(3)(52),gcd(—231, 150)
= ged(231,150) = 3.

lem((3)(7)(11), (2)(3)(5%)) = (2)(3)(5*) (T)(11).

3. ¢(150) = (2—1)(3—1)(52 —5) = 40 and ¢(231) = (3 —1)(7 — 1)(11 — 1) = 120.

1. Let a,b,c € Z. Show that ged(a, bc) = 1 if and only if ged(a,b) = 1 and ged(a,c) = 1.
2. For every integer n, prove that n?® + 2n is divisible by 3.
Answer

1. Let a,b,c € Z Assume that ged(a,bc) = 1. Then there exist integersz and y such that a(z) + be(y) = 1. Thus a(z) + b(cy)
=1 and a(z) + ¢(by) = 1. Since z, cy, by € Z, gcd(a,b) =1 and ged(a, c) = 1.

Conversely, assume that gcd(a,b) = 1 and ged(a, c) = 1. Then there exist integersz, y,v and w such that a(z) + b(y) =1 and
a(v) + c(w) = 1. Consider 1 = (az + by)(av + cw) = a’zv + azcw + byav + bycw = a(azv + zcw + yav) + (be)yw. Since (azv
+ zcw + yav), yw € Z, ged(a, be) = 1.

2.Letn e Z.

Proof by Cases:

Case 1: n=0( mod 3) = n®=0% mod 3)
Consider n® + 2n = (0% + 0)(mod 3) = 0( mod 3).

Thus 3 | (n® + 2n).
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Case2:n =1( mod 3) = n®=13 mod 3)
Consider n?® + 2n = (1+2)( mod 3) =3( mod 3)
Thus, 3 | (n® +2n)

Case3:n =2( mod 3) = n®=2% mod 3)
Consider n® +2n = (8 +4)( mod 3) =12( mod 3)
Thus 3 | (n? + 2n).

Hence the result.

? Exercise 3

Let a,b,c € Z,and m € Z,, such that a« = b( mod m). Show that
l.a+c=b+c( mod m).
2. ac = be( mod m).
3.a? =b%( mod m).
Answer
Let a,b,c € Z, and m € Z, such that a = b( mod m). Since a = b(mod m), m | (a — b). That is, Ik € Z such that a = b + km.
1. Now, consider a +¢ =(b +km) +¢ = (b +¢) +km. Thus, (a +¢) —(b +¢) =km. Since k €Z, m | ((a +¢) — (b
+¢)). Hence, a+c=b+¢( mod m).
2. Now, consider ac = c(b + km) = bc + ckm. Thus, ac — bc = (ck)m. Since ck € Z, m | (ac — be). Hence, ac = be( mod m).

3. Now, consider a? = (b+ km)? = b? +2bkm + k?m?. Thus a? —b? = m(2bk + k*m). Since (2bk + k*m) € Z, m | (a?
— b?). Therefore o = b*( mod m).

For each of the following pairs of integers a and n. show that « and n are relatively prime, determine multiplicative inverse of
[a] in Z,, and find all integers z for az = 11( mod n).

1.a=16,n = 37.
2.a=19,n = 35.
3.a=69,n = 89.

Answer
1.
37 =2(16) + 5
16 = 3(5) + 1.
Thus, ged(37,16) = 1.
5 = 37 — 2(16)
1=16—3(5).
Now,
1=16—3(5)

=16 — 3(37 — 2(16)) = 16(7) + 37(—3).
Hence, the multiplicative inverse of 16 is 7.
Now z = (7)(11)( mod 37) = (77)( mod 37) = 3( mod 37). Thus, the solution set is {3 + 37m|m € Z}.
2.
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35 = (1)19+ 16

19 = (1)16 + 3
16 = (5)3 + 1.
Thus, ged(35,19) = 1.
Now,
1=16+3(-5)
=16 + (—5)(19 — 16)

= (6)16 + (—5)19

= (6)(35 + 19(—1)) + (—5)19

= 35(6) + 19(—11).
So the multiplicative inverse of 19 is —11( mod 35) = 24( mod 35). Thus 19z = 11( mod 35) = z = (24)(11)( mod 35)
~19( mod 35).
Thus, the solution set is {19 + 35m|m € Z}.

3.
89 = 1(69) + 20
69 = 3(20) + 9
20 = 2(9) + 2
9=4(2) +1

Thus, gcd(69,89) = 1.

( ( ) —9(2)(4)
20))(9) —20(4)
69( )(31)

—
~
/—\
\_/

So, the multiplicative inverse 69 is 40( mod 89).
Now solve 69z =~ 11( mod 89) = z = (11)(40)( mod 89) =440 =~ 84( mod 89).

Thus, the solution set is {84 + 89m|m € Z}.

This page titled Assignment 2 is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Pamini Thangarajah.
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For the following, either show that G is a group with a given operation or list the condition(s) that fail.
1. G = R with the binary operation axb=a + b — ab for a,b € R.
2. G =3Z = {3m|m € Z} with addition.
3. G = {4,8,12,16} with multiplication mod (20).
Answer
1. LetG := R, and let a,b,c € G. Let an operation ) onG be defined asaxb :=a+b—a-b.\

Is (G, %) closed? (x) is comprised of (+), (—), and (-) over real numbers. These operations are closed over R. Therefore,
sinceG = R, (G, x) is closed.

Is(G, «) associative? Consider the following:

a*(bxc)=ax(b+c—be), (1)
=a+ (b+c—bec)—a(b+c—be), (2)
=a+b+c—bc—ab—ac+ abe, (3)
=(a+b—ab)+c—c(a+b— ab), (4)
= (a+b—ab)*c, (5)
= (axb)xc.
Therefore, (G, %) is associative.
DoesG contain the identity e? Consider 0 € G.
ax0=a+0—a-0, (6)
=a+0-0, (7)
=a. (8)
9)
Oxa=0+a—0-a, (10)
=0+a—0, (11)
=a.

Sinceax 0= 0%a = a forany a € G, and 0 € G;e = 0 is the identity of (G,).

Does each element of G have an inverse in G? Let's assume for contradiction that ¢! € G exists for all a € G. Then we can

say that:
axa t=0, (12)
at+al—a-at=0, (13)
a'(l—a)= —a, (14)
al —4
T 1l-a

Now consider where a = 1. In this case, 1! = & = +. Clearly & ¢ G, sol ' ¢ G. This is a contradiction. Therefore, there

exists a € G such that a™! ¢ G.

Since(G, «) is closed, has an identity, is associative, but does not contain an inverse for each element; (G, «) is not a group.\
((G, \star)\) is a monoid.

2. Let G :=3Z = {3m:m € Z}. Let m,n,p € Z. Clearly 3m, 3n, 3p € 3Z by definition of 3Z. Consider (G,+).
Is (G, +) closed? Consider the following:

3m+3n = 3(m+n).
Since Z is closed under addition, (m + n) € Z, and 3(m + n) € G. Therefore, (G, +) is closed.

Is (G, +) associative? Consider the following:

3m 4+ (3n. 4+ 3n) = 3(m + (n. + n)). (15R)
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=3((m+n) +p), (16)
= (3m + 3n) + 3p.

Therefore, (G,+) is associative.

DoesG contain the identity e? Consider 0 € G.

3m +0 = 3m. @n)
04+ 3m =3m.

Clearly 3m + 0 = 04 3m = 3m. Therefore, e = 0 is the identity of (G, +).

Does(G, +) contain the inverse for each element inG? Consider 3(—n) as the inverse for 3n. Since —n € Z, 3(—n) € G.
3n+3(—n) =3(n —n) =3(0) =0=e. and 3(—n)+3n = 3((—n) +n) = 3(0) =0 = e.

Therefore 3n + 3(—n) = 3(—n) + 3n = e. So for any a € G, there exists a~* € G.

Since (G, +) is closed, associative, and contains the identity and an inverse for every element, (G, +) is a group.

3. The Cayley table of G with multiplication mod (20) :

-(mod20) 4 8 12 16
4 16 12 8 4
8 12 4 16 8
12 8 16 4 12
16 4 8 12 16

Is (G, -(mod(20)) closed? Yes, we can see from the Cayley table that all results of -(mod(20) are in G.
Does G contain the identity for -(mod(20) ? Again, by the Cayley table, we can see that the identity e = 16.

Is (G, -(mod(20)) associative? Yes. We know by the properties of Z that multiplication of integers is associative. Also, by the
properties of modular arithmetic that the modulo operation has no impact on associativity. Therefore, (G, -(mod(20)) is
associative. \

Does G contain an inverse for each element under -(mod(20)? Yes, consider the following:

4-4= 16mod(20) = 47! =4.
8.12= 16mod(20) = 8! = 12.
12-8=  16mod(20) = 127! =8.
16-16=  16mod(20) = 16 ! = 16.

So clearly for each a € G, there exists ! € G. Since (G, -(mod(20)) is closed, associative, and contains the identity and an
inverse for every element, (G, -(mod(20)) is a group.

? Exercise 2

Decide whether the following structures form a group or not by looking at the Cayley table.

1. {+1, +i} with multiplication, Where i is the complex number such that i* = —1.

2.1= ! 0,[: 0 1,J=9 Z,K: ‘ 0,,whereiisthecomplexnumbersuchthati2=—1.
0 1 -1 0 i 0 0 —i

Define Qg = {+1,+I,+J,+K}. Qs with matrix multiplication.

Answer

1.LetG = {1,—1, 4, —i} with complex multiplication.
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We are to determine whether the set G forms a group (G, -) under multiplication, where i is the imaginary unit with 2 = —1.
We will construct and examine the Cayley table to verify the group properties.

| 1 -1 i —i
1 -1 i —i
“1|-1 1 —i
il odio—io -1 1
—i|—i i 1 -1

Since it is closed, has an identity, and every element has an inverse according to the table, multiplication is associative on 2
x 2 matrices over the complex numbers; it is a group.

1 0 0 1 0 2 . 0
2. Qs ={+1,+I,4+J,+K}, where 1 = {0 J,I= [71 O],J= [ Z],K= [8 ﬂ},whereiis the complex number such

that 2 = —1.

x 1 -1 I -1 J =T K -K
1 1 -1 I -1 J =T K -K
-1 | -1 1 —rI I —J J -K K
I I -1 -1 1 K -K -J J
I | -1 I 1 -1 -K K Joo=d
J J —-J -K K -1 1 I -1
g —J J K -K 1 -1 I
K| K -K J =7 I I -1 1
-K|-K K -J J r -1 1 -1

Since it is closed, has an identity, and every element has an inverse according to the table, multiplication is associative on 2
x 2 matrices over the complex numbers; it is a group.

? Exercise 3
Prove or disprove: Let A and K be subgroups of the group G. Then

1. H U K is a subgroup of G.
2. HN K is a subgroup of G.

Answer

1. No, H U K is a subgroup of G. / &

Answers may vary.

Counterexample:
Let G = (Z, + (mod 6)).

Thus eq =0.
HUK

We shall show that H U K is not a subgroup of G.
Consider Z; = {0,1,2,3,4,5}. _\ Thinkina out loud K
Let H = ({0,2,4},4 (mod 6)).

Note H < G sinceeq =0 € H and 3,h~!,Vh € H.

Let K = ({0,3},+ (mod 6)).

Note K < G since ex =0 € H and 3k, Vk € K.

Thus H U K = ({0,2,3,4},+ (mod 6)).

Let a =2 andb =3, where 2,3 € HU K,
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However, since 2 +3 =5 (mod 6) ¢ HU K, HU K is not a group.
Thus, H U K is not a subgroup ofG.
2. Yes, H N K is a subgroup of G .

Proof:

Let e be the identity of G . (<]
Then e is the identity of both H and K .

Thereforeec HN K .

Letgi,g0 € HNK. A

Then we shall show that g1g;' € HN K .

Since 91,90 € HNK |, 91,92 € H and 91,92 € K . \

Since H< Gand K < G, g1,92,9; ', 9, " are in both H and K .

Thinking Out Loud

Hence gig,' €e HN K .
Therefore HN K <G .00

1. Show that U(20) #< k > for any k in U(20). [Hence U(20) is not cyclic.]

2. Prove that if G is an abelian group, then for each element a € G, C(a) = {z € G|za = az} is a subgroup of G.

Answer
1.
U(20) = {1,3,7,9,11,13,17,19} and |[U(20)| = 8.
We shall show thatU(20) # k, k € U(20) .

k Calculations Order
ofk
1 1=1 (mod 20) 1
3 3'=3 (mod 20);32=9 (mod 20);3* =7 (mod 20);3* =1 (mod 20) 4
7  7'=7 (mod 20);7*=9 (mod 20) ;73 =3 (mod 20);7*=1 (mod 20) 4
9 9'=9 (mod 20);92=1 (mod 20) 2
11 11' =11 (mod 20) ;112 =1 (mod 20) 2
13 13' =13 (mod 20) ;132 =9 (mod 20) ;13% = 17 (mod 20) ;13* =1 (mod 20) 4
17 17" =17 (mod 20) ;17 =9 (mod 20) ;17® =13 (mod 20) ;17* =1 (mod 20) 4
19 19! =19 (mod 20) ;192 =1 (mod 20) 2

Since |k| # |U(20)|, ¥V k € U(20) , there is no k € U(20) that generates U(20) .

2. Since G is abelian, for each a € G, C(a) = {z € G|za = az} = G is a subgroup of G.
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Assignment 4
Some of these solutions are written by Fall 2024 MATH 2101 students.

Consider the group z,, with addition modulo 12.
1. Is (Z15, +mod(12)) cyclic group? If so, what are the possible generators? How many distinct generators are there? What can you say about the
number of generators (hint: Euler totient number) and the possible generators (Hint: Divisors)?

2. Let G = (g) be a cyclic group with |g| = n. Then G = (¢*) if and only if ged(k,n) = 1.

3. Find all subgroups of Z,, generated by each element. What are the orders of them? What can you say about these orders?
4. Let G = (a) be a cyclic group with |G| = n. Prove the following statements:

a) If H < G then H = (a*) for some integer k that divides n.

b) If k|n then (a¥) is the unique subgroup of G of order k.

Answer

Consider Z;; ={0,1,2,3,4,5,6,7,8,9,10,11} with addition modulo 12. Note that {0} is the identity and its order is 1.

Element Order Calculations

0 [0)f =1

1 (1)) = 12 12 =0 (mod 12)

) @) =6 2! =2 (mod 12), 22 =4 (mod 12), 2® =6 (mod 12), 2' =8 (mod 12), 2°
=10 (mod 12) and 26 =0 (mod 12).

3 [(3)] =4 3!'=3 (mod 12),3%2 =6 (mod 12),3% =9 (mod 12),and 3* =0 (mod 12).

4 [(4)] =3 4! =4 (mod 12),4% =8 (mod 12), and 4% =0 (mod 12).

5! =5 (mod 12), 5% =10 (mod 12), 5% =3 (mod 12), 5% =8 (mod 12), 5°
5 [(5)| =12 =1 (mod 12), 56 =6 (mod 12), 57 =11 (mod 12), 5% =4 (mod 12),5°
=9 (mod 12), 5 =2 (mod 12), 5" =7 (mod 12), and 52 =0 (mod 12).

=S
—~
>
>
Il
)
=y

=6 (mod 12), and 62 = 2 (mod 12).

-
-

=7 (mod 12), 7> =2 (mod 12), 7° =9 (mod 12), 7% =4 (mod 12), 7°
7 (7)] =12 =11 (mod 12), 7% =6 (mod 12), 77 =1 (mod 12), 7°® =8 (mod 12), 7°
=3 (mod 12), 71 =10 (mod 12), 7'' =5 (mod 12), and 72 =0 (mod 12).

oo
—~
©
>
Il
w
o

1'=8 (mod 12),82 =4 (mod 12)and 8% =0 (mod 12).

9'=9 (mod 12),9%2=6 (mod 12), 9 =3 (mod 12) and 9 =0 (mod 12).
9 [(9)] = 4 9° =5 (mod 10), 95 =4 (mod 10), 97 =3 (mod 10), 9® =2 (mod 10), 9°
=1 (mod 10), and 9'° =0 (mod 10).

10" =10 (mod 12), 10> =8 (mod 12), 10> =6 (mod 12), 10 =4 (mod 12), 10°

10 10)| = 6
a0l =2 (mod 12) and 10 =0 (mod 12).

11' =11 (mod 12), 112 =10 (mod 12), 11> =9 (mod 12), 11* = 8 (mod 12), 11°
11 [(11)| = 12 =7 (mod 12), 11° =6 (mod 12), 117 =5 (mod 12), 118 = 4 (mod 12), 11°
=3 (mod 12), 11'° =2 (mod 12), 11'' =1 (mod 12), and 112 =0 (mod 12).

From the table, (Zi2, +mod(12)) is a cyclic group, the set of all possible generators are {1,5,7,11} = {a € Z|gcd(a,12) = 1, 1 < a < 12}. Hence, the
number of generators is the same as the number of integers relatively prime to 12 =22 3. That is, the number of generators is the Euler totient
number ¢(12) = (22 —2)(3' —1) =4 .

Answer

Let G = (g) be a cyclic group with |g| = n. Then
g€eG andg" =e.

Assume that G = (¢*). Then g = (¢*)* for some z € Z.
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Thus,

gl—kz —e.

By Theorem 2.4.5 from the text, n | (1 — kz). Therefore,
1— kx = ny, for some y € Z.

Which implies,

1 = kz + ny,

hence,

ged(k,n) = 1.

Conversly, we shall show that if ged(k,n) = 1, then G = (g*).
Suppose that ged(k,n) = 1. Then
kx + ny = 1, for some z,y € Z.
By using the properties of powers in a group and g = e, we get,
g' =g = (d")"(g")" = (¢")". 1
Hence g € (g*).

Therefore, we have G C (¢*). Since (¢*) C G,
G =(g".
Answer

From the above table, we see that the orders of the subgroups are 1,2,3,4,6 and 12, which are all divisors of the order of Z,,. Specifically, the order
g n
of the subgroup generated by g € Z, is )

Answer

a) Let G = (a) with |G| = n. Assume that H < G. By Theorem 2.4.3, H is cyclic. Hence H = (a*) for some integer k € Z. Let d = gcd(k,n). We
shall show that H = (a?). Since d = gcd(k,n), kx + ny = d, for some =,y € Z. Consider,

ad — akz+ny — (ak)z(an)y — (ak)z. (2)

Thus o € H. Therefore (a?) C H.
Since d|k, k = md, for some m € Z. Thus, a* = a™ = (a?)™ . Hence H C (a%). Thus H = (a?) and d|n.

b) Let G = (a) with |G| = n. Assume that k|n. Suppose K be subgroup of G of order k. We shall show that K = (a¥). Since K is a subgroup of G, K
= (a™), for some, m € Z. By part a, m|n. Then (a™)"™ = e. We shall show that % is the smallest positive integer with this property.

Now, |K| = % = k. Thus, m = % Thus K = (a*) which is unique.

Let G be a group.

1. Show that |g| = |g7!|, forall g € G.

2. Show that |h| = |ghg™!|, forall g,k € G.
3. Show that |hg| = |gh|, for all g,h € G.

Answer
Let G be a group.

1. Suppose g € G, then let n € Z such that |g| = n. Now consider:

Now suppose & € Z such that |g~!| = . Since (g7')" = e, it must be true that k¥ < n.
Now consider:
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(g =e,
= (g =e
— gr=e

Since g* = e and |g| = n, it must be the case that n < k.
Therefore n < k<n = n==k.
Therefore |g| = |g7].

2. Suppose h € G, the let n € Z such that |n| = n. Now consider:

(ghg™)" = (ghg™")(ghg™") ... (ghg™")
=gh(g7'9)h(g ' g)h ... (67 g)hg™"
— ghng—l
=geg '

=99
= €.

Now let k € Z such that [ghg~!| = k. Since (ghg!)" = e, it must be the case that £ < n. Now consider:

(ghg ™) =e,
< (ghg ")(ghg™") ... (ghg™") =,
<= gh(g'9hlg'g) ... (g '9hg " =,
= gh’“g’1 =
= g lghfglg=g ey,
< ehfe = g_lg,

67

— hF=e.
Since h* = e and |h| = n, then n < k.
Therefore k <n <k — n=k.
Therefore |h| = |ghg™!|.
3. Suppose g, h € G. Let n € Z such that |hg| = n. Now consider:
(hg)" =e,
< (hg)(hg) ... (hg)(hg) = e,
<> h(gh)(gh) ... (gh)g = e,
< h(gh)"g=e,
< h7'h(gh)"‘gh = h~leh,
< e(gh)” = h7'h,
<= (gh)" =e.

Now let k € Z such that |gh| = k. Since (gh)" = e, it must be the case that £ < n. Now consider:

(gh’)k =Ee,
<> (gh)(gh) ... (gh)(gh) = e,
<= g(hg)(hg) ... (hg)h = e,
= g(hg)* Th=e,
< g 'g(hg)"Thg =g 'eg,
= e(hg)*=g"g,
= (hg)F=e.

Since (hg)* = e and |hg| = n, then it must be the case thatn < k.
Thereforen< k<n = n=k.
Therefore |hg| = |gh|.

? Exercise 3

Let G be a group.
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1.If G is an abelian group then show that H = {¢%|g € G} is a subgroup of G. Show that H is not necessarily a subgroup if G is not abelian by taking G
— A,

2.If a® = e, for all a € G, show that G is abelian. Give an example to show that the converse of the above statement is not true.

Answer
1.To show that H is a subgroup of G when G is abelian, we use the subgroup criterion:
Sinceec Gande? =e,ec H.Leta,b € H. Thena = ¢g?,b = g2 for some g;,9, € G .
Consider, ab™' = g2 (¢2) " = g2 (97")" = g1(0195 )95 = g1(g3'g1)g;" (since G is abelian). Thus ab~! = (g17")” . Since g1g2 € G, (g197")" € H.
Therefore, H is a subgroup of G when G is abelian.

Consider G = A4, we will show that A is not a subgroup of G .

(123)*’=(132)=(321)
(124)2=(142)=(421)
(134)’=(143)=(431)
(234)2=(243)=(432)
(432)*=(423)=(234)
(431)’=(413)=(134)
(421)2=(412)=(124)
(321)2=(312)=(123)
(12)(34)(12)(34)=e
(13)(24)(13)(24)=e
(14)(23)(14)(23)=e

H={e,(123),(124),(134),(234),(432),(431),(421),(321)}

We can see that H C G, we will show that A is not closed. We know that (123 )e Hand (124 )€ H. Consider

(s 1) i)

—

(123)(124)

[l

(32)

=(13)(24)¢H

w

. H£G.
2. The statement is false. Answers may vary.

Consider the quaternion group Qs , which is non-abelian and defined by:

Qs = {1, +i,+j, £k} ®3)
with multiplication rules:
P=f=k=-1  ij=k ji=—k @
Consider
*)*=1,
(#0)* = (&))" = (&k)* = -1
Then

H=1{1,-1}
Clearly, H is a subgroup of Qs. (You can use a Cayley table to show this!)
Now we will show that Qg is non-abelian. consider i, 7, k € Qs
i-j=k,
jri=—k
k+—k
S ijFEG
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- the existence of H = {¢° | g € G} as a subgroup of G does not imply that G is abelian.
2.

Assume that > = e forall a € G . Let a,b € G . Consider the product ab . By using the properties of an abelian group, we have

Since (ab)? = e, we have:

(ab)? =e = abab=e. (5)

Multiply both sides on the left by ¢ and on the right by 5 :
a(abab)b = aeb = (aa)babb = ab. (6)

Simplify using a? = e and b> = ¢ :

e-ba-e=ab = ba=ab. (7)
Hence, ab=ba, - G is abelian.

Showing the converse is false:

Consider the cyclic group Z, = {0, 1,2, 3} under +(mod4) . Z, is abelian, but not all elements satisfy a® = ¢ .
Consider 12 € Z,.

1+1=2
£0

Thus, Z, is abelian, but a?> = e does not hold for all a € Z, . This shows that the converse is not true.

Consider the symmetric group S,
1.Show that S, is not abelian.
2. Find the centre of Sj.

3. Given «, 8 € S, with a8 = (1432),8a = (1243), and
a(1) = 4, determine « and 8.

4. Find the cyclic subgroup of 5, that has an order of 4.

5. Find a non-cyclic subgroup of S, that has order 4.

Answer
1.
Let a = (1,2) and b = (2, 3) both elements of 3.
Consider ab = (1,2)(1,3) = (1,3,2) and ba = (1,3)(1,2) = (1,2,3).
Since (1,3,2) # (1,2,3), ab # ba forsomea,b € Sy, S, is non-abelian.
2.

Sy
= {e, (12), (13), (14), (23), (24), (34), (12)(34), (13)(24), (14)(23), (123), (124), (134), (234), (432), (431), (421), (321), (1234), (1243), (1324), (1342), (1423), (1432)}.

Method I:
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Let s € Sy,and N = {1,2,3,4}.

case 1: s = e.e is commutative by definition. Therefore e € Z(S,)

case 2: s is of type [2,1,1].

It follows that s = (i, j)for some distinct i, j € N. Consider ¢ = (i, k) for some k € N
such that /= k= j. Then st = (i, k, j). But ts = (4, j, k)= st. So those of type [2,1,1]
are not in Z(Sy).

case 3: s is of type [2,2].
It follows that s = (i, j)(k,l) for some distinct i, j, k,] € N. Consider t = (i, j, k). Then
st = (.1, kY= (i, k,]) = ts. So g€ Z(Sy).

case 4: s is of type [3,1].
It follows that s = (i, j, k) for some distinct i, j, k € N. Consider t = (i,1) such that
X€E€ {i, j, k}. Then st = (i, j, kY= (i, j, k,I) = ts.

Case 5: s is of type [4].
It follows that s = (i, j, k,1) for some distinct i, j, k,| € N. Consider t = (i,1). Then
st=(, kIy=(j, k =ts.

Except for e, all elements have some other element they do not commute with.
So Z(S4) =\{e\}.\)

Method II:
Proof by exhaustion:
Clearly e € Z(S4).\)

(12)(13) = (132), (13)(12) = (123), (12),(13) ¢ Z(S4)

(14)(12) = (124), (12)(14) = (142), (14),(12) ¢ Z(S4)

(23)(12) = (132), (12)(23) = (123), (23),(12) ¢ Z(S4)

(24)(12) = (142), (12)(24) = (124), (24),(12) ¢ Z(S4)

(34)(13) = (143), (13)(34) = (341), (34)(13) ¢ Z(S4)
(12)(34)(13) = (1432), (13)(12)(34) = (3412), (12)(34) ¢ Z(S4)
(13)(24)(12) = (1423), (12)(13)(24) = (3421), (13)(24) ¢ Z(S4)
(14)(23)(12) = (1324), (12)(14)(23) = (2314), (14)(23) ¢ Z(S4)
(123)(12) = (13), (12)(123) = (23), (123) ¢ Z(S4)

(132)(12) = (23), (12)(132) = (13), (132) ¢ Z(S4)

(124)(12) = (14), (12)(124) = (24), (124) ¢ Z(S4)

(142)(12) = (24), (12)(142) = (14), (142) ¢ Z(S4)

(134)(12) = (4123), (12)(134) = (4213), (134) ¢ Z(S4)
(143)(12) = (1243), (12)(143) = (1432), (143) ¢ Z(S4)
(234)(12) = (4213), (12)(234) = (4123), (234) ¢ Z(S4)
(243)(12) = (1432), (12)(243) = (4312), (243) ¢ Z(S4)
(1234)(12) = (134), (12)(1234) = (234), (1234) ¢ Z(S4)
(1243)(12) = (143), (12)(1243) = (243), (1243) ¢ Z(S4)
(1324)(12) = (14)(23), (12)(1324) = (13)(24), (1324) ¢ Z(S4)
(1342)(12) = (342), (12)(1342) = (134), (1342) ¢ Z(S4)
(1423)(12) = (13)(24), (12)(1423) = (14)(23), (1423) ¢ Z(S4)

(1432)(12) = (243), (12)(1432) = (143), (1432) ¢ Z(S,)
Having tried all « € Sy, the only = € Sy that satisfies zg = gz, Vg € S, is the identity. Hence, Z(S,) = {e}.

Method III: Proof by contradiction

Let v(# e) € Z(S4). We shall find an « € S4 such that ya # a. Since (# €), there exist I,m € {1,2,3,4} such that v(I) = m # . Now we can choose
an element k € {1,2,3,4} such that £ # [ and k£ # m. Choose a = (I, k). Then ya(l) = (k) and a~(l) = a(m) = m. Since v is a bijection and ~(I) =m
#1,~(k) # m. This is a contradiction. Hence, Z(S4) = {e}.

3. Let o, € S; with a8 = (1432),80 = (1243), and
a(l) =4,

[ | | T [
=W N R W

from above, o = (1423)3 = (234).
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4.

The subgroup of Sy, Cy = {e, (1,2,3,4),(1,3)(2,4), (1,4, 3,2)}, has an order 4 and is generated by (1,2, 3,4).
(1,2,3,4)2 = (1,3)(2,4), (1,2,3,4)% = (1,4,3,2), and (1,2,3,4)* = e.

5.

The 2-2 cycles together will form an order 4 group.

{e,(1,2)(3,4), (1,3)(2,4),(1,4)(2,3)} is a subgroup of S, and has order 4. Note the inverse of (1,2)(3,4) is (4,3)(2,1), which is (1,2)(3,4). Since a
similar argument can be made for the other 2-2 cycles, the inverses of each element exist. In addition, the set is closed under composition.

Consider the symmetric group S7.

1. Find all possible types of permutations and state how many of each type.
2. Find the possible order of all the 7! elements of the symmetric group S;.
3. Factor the permutation (12345)(67)(1357)(163) into disjoint cycles.

4. Find an element of maximum order in 5.

Answer
Cycle Type  Order Number of Permutations
LITTITY 2 1 1717' -1
211111 2 21 ﬁz%zn
23111 2 105 ﬁﬁﬁ%ﬂ%
2221 2 105 ﬁ’m:%:m
S| 3 70 %‘M . % —0
e ° = 3! 1?1!1!2! - (4)(5()2()6)(7) =4
0 6 210 ﬁl@ o % g
i : = 3? 1?!2! T (4)(5()3()6)(7) s
4111 4 210 ﬁzwzm
B ! o0 4T 9 13!1! {EL (3)(5()1(5)(7) =630
43 12 420 . 3?-'“1! N (2)(5()1(;3)(7) 5
i 3 il 5t 12!1! A (3)(4()1()6)(7) i
22 0 oo 5 ;Tm! - (3)(4()1()6)(7) -
61 6 840 = 20000 g,
i 7 720 7% = w iy

3. (1723456)

4.The cycle type in S; with the largest order is 43. An example of an element of this class would be: (1234)(567).
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Assignment 5

1.Ifo € A, and 7 € S, show that r—1o7 € A,.
2. What are the possible cycle structures of elements of A5? What about A4?

Answer

l.Letoc€ A, and 7 € S,.

If r € A, then 7107 € A,,. Otherwise r is odd permutation and 7! is also odd (show). Then sum of odd numbers is even,

T lor € A,.

2, The possible cycle types in Aj are:
11111, 221, 311

The possible cycle types in Ag are:
111111,2211, 3111, 33,42

? Exercise 2

1. Find all of the subgroups in A,. What is the order of each subgroup?
2. What are the conjugacy classes of A,?
3.Let H = {e, (12)(34), (13)(24), (14)(23)}. Find the left cosets and right cosets of A in A,.

Answer

1. Since |A4] = 12, by Lagrange's theorem, the possible order of subgroups are 1,2,3,4,6 and 12. But A4 has no subgroup of
order 6 (done in class).

Hence, the subgroups of A, are:

Order 1: {e}

Order 2 : {e, (12)(34)}, {e, (13)(24)}, {e, (14)(23)}

Order 3 : {e, (123), (321)}, {e, (124), (421)}, {e, (134), (431)}, {e, (234), (431)}

Order 4 : {e, (12)(34), (13)(24), (14)(23)}

Order 12 : Ay

2. Show that the conjugacy classes of A, are:
{e},{(12)(34), (13)(24), (14)(23)}, {(123), (134), (243), (142) }, {(321), (431), (234), (124)}.

12
3. Since [A4 : H] = x= 3. Hence there are 3 left cosets of H in A4 and 3 right cosets of H in A4

Left cosets:
eH = H = (12)(34)H = (13)(24)H = (14)(23)H

Since (123)(12)(34) = (134), (123)(13)(24) = (243), (123)(14)(23) = (142),
(123)H = (134)H = (243)H = (142)H = {(123), (134), (243), (142)}

Since (132)(12)(34) = (234), (132)(13)(24) = (124), (132)(14)(23) = (143).
(132)H = (234)H = (124)H = (143)H = {(132), (234), (124), (143)}

Right cosets:

He = H = H(12)(34) = H(13)(24) = (14)(23)H

Since (12)(34)(123) = (243), (13)(24)(123) = (142), (14)(23)(123) = (134),
H(123) = H(243) = H(142) = H(134) = {(123), (243), (142), (134)}

Since (12)(34)(132) = (143), (13)(24)(132) = (234), (14)(23)(132) = (124),
(132)H = (143)H = (234)H = (124)H = {(132), (143), (234), (124)}.
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1. Find the center of D, and Ds. Justify your answer.

2. What is the center of D,,?

3. Find the conjugacy classes of D,. Justify your answer.
Answer

1. Consider ¢ = s"k and b = +7 in D,, for some 0 < k, j < n. Then

ab = "+ (1)
and,
ba = s"F7) 2)
The equation ab = ba implies that
k—j=k+j (mod n). (3)

But this is only true if j = Z or j = 0.
Therefore, all reflections are not in the center of D,,. Furthermore, the only rotation that is in the center is % (and trivially

e).
So, if n is odd, then the center of D, is {e}, otherwise, the center of D,, is {e, % }.
For example,

Z(Dy) ={e,r*}, Z(Ds) = {e}. 4)
2. The center of D, is {e} if n is odd and {e,"/?} if n is even.
3

Let Dy =<r,srt=¢,s2 =¢,srs =771 >.
The conjugacy classes of D are {e}, {r?}, {r,r*}, {s,r%s}, {rs,r3s}.
Clearly, [e] = {e}.

Consider the following for the class [r™] for some m:

e =™, (5)
and
srrr s = r ™ (6)
for all n. Therefore, [r™] = {r™,r—™}. That is,
[r] = {r,r*}, [r*]={r’}. (7
Consider the class [sr™] for some m. We have:
PsrMp T = sp™ T, (8)
and
srsr™sr T = gsp M = gpm, 9)

for all n. Since D4 has an even number of rotations, we can partition the reflections into two conjugacy classes: even and
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odd. If there were only one conjugacy class of reflections, m — 2n would not cycle properly. Thus, we have:

[s73] = {sm" | n € 2N} = {s, 572}, (10)
and
[s7] = {s7, 57} (11)
To summarize, the conjugacy classes are:
le], [r], [r®) [s], [sr]- (12)

Thus, the members of a conjugacy class of D, are different but have the same type of effect on a square:

1. rand r® are a 90-degree rotation in some direction,
2. sand r?s are a reflection across a diagonal,
3. rsand r®s are a reflection across an edge bisector.

List all of the subgroups of Ss. Find each of the following sets:

1.{o0 € S4:0(1) =3}

2.{o€84:0(2) =2}

3. {o€8Ss:0(1)=3and o(2) = 2}.

4. Are any of these sets subgroups of S,?

? Exercise 5
Let o € Sx. If 0"(x) = y for some n € Z, we will say that z ~ y.

1. Show that ~ is an equivalence relation on Xx.
2. Define the orbit of 2 € X under ¢ € Sx to be the set

0o ={y:z~y}
Compute the orbits of each element in {1,2, 3,4, 5} under each of the following elements in S;:

= (1254)
(123)(45)
(13)(25).

«a
B
Y

That is for example:
0.0 ={y€{1,2,3,4,5} : z ~ y}
={y: o"(z) = y,for some n € N}
3.1f0,,n0O,, + 0, prove that 9, , = 0,,,. The orbits under a permutation » are the equivalence classes corresponding to the

equivalence relation ~ .
A subgroup H of Sy is transitive if for every z,y € X, there exists a o € H such that o(x) = y. Prove that (o) is transitive if

and only if 0, , = X for some z € X.

Assignment 5 is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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Assignment 6

? Exercise 1

1. Find subgroups H and K of D4 such that K is normal to H and H is normal to D4 but K is not normal to Dy.
2. Find subgroups H and K of S, such that K is normal to H and H is normal to S, but X is not normal to Sj.
3. Prove or disprove: If all the subgroups of a group G are normal subgroups of @, then G is abelian.

Answer

1. Let G = Dy = {e,r,r?,13,s,sr,sr2,sr’} with r* = 4,5 = ¢ and srs =r~!. Since |Dy| =8, possible order of subgroups are 1,2,4 and 8. Let H
= {1,725, sr2}. We shall show that H is normal to Ds. Consider the following Cayley table for H,

Table 1: Cayley Table

Hence, H < G. By Lagranges Theorem, [G: H] = f%' =2,gH = Hg,V g€ G.Thus, H<G.
Choose K = {e, s}. We shall show that K is normal to H and K is not normal to D4. Consider the following Cayley table for H,

Table 2:
Cayley
Table

Clearly K <G and K < H. Since [H : K| = 2, then hK = Kh,V h € H. Therefore K < H. Let k=3 € K and g =r € G. Consider gkg~! = rsr—!
=srlrl=sr2=3r’¢ K. Thus K 4 G.

2. Let G =84, H = K, = {e, (12)(34), (13)(24), (14)(23)} and K = {e, (12)(34)}. Consider the Cayley table for H and K,

e (1,2)(3,4) | (1,3)(2,4) | (1,4)(2,3)
e ¢ (1,2)(3,4) | (1,3)(2,4) | (1,4)(2,3)
(1,2)(3,4) | (1,2)(3,4 e (1,4)(2,3) | (1,3)(2,4)
(1.3)(2,4) | (1,3)(2.4) | (1,4)(2.3) e (1.2)(34) e (1,2)(3,4)
1,4(2,3) [ (14(23) | (1,3)(24) | (1.2)(34) e e e (1,2)(3,4)
(1,2)(3.4) | (1,2)(3,4) e
Then clearly, H < G, K < G. We shall show that H < G and K < H.
By Lagrange's Theorem, [H : K] = % =2,9K=Kg,V g€ H.Thus, K < H.
Now, by Lagrange's Theorem, [G : H] = % = % = 6, Hence H has 6 cosets in G.
Now, consider the left cosets of H in G:
eH = {ee, e(12)(34), e(13)(24), e(14)(23)} = {e, (12)(34), (13)(24), (14)(23)} (1)
=((1,2)(3,4)H = ((1,3)(2,4))H = ((1,4)(2,3))H. @

(1,2,3)H = {(11 2,3)e, (1,2,3)(12)(34), (1, 2,3)(13)(24), (1,2, 3)(14)(23)} = {(11 2,3),(1,3,4),(2,4,3), (4,2, 1)} =(1,3,4)H=(2,4,3)H=(4,2,1)H. (3)

(3,2,1)H = {(3,2,1)e, (3,2,1)(12)(34), (3,2, 1)(13)(24), (3,2, 1)(14)(23)} = {(3,2,1), (2,3,4), (1,2,4),(1,4,3)} = (2,3, )H = (1,2,4)H = (1,4,3)H. (4)
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(12)H = {(12), (34), (1324), (1243)}. (5)
(13)H = {(13), (24), (1423), (1234)}. (6)
(14)H = {(14), (23), (1342), (1432)}. (7)
And the right cosets of H are:
He = {ee, (12)(34)e, (13)(24)e, (14)(23)e} = {e, (12)(34), (13)(24), (14)(23)} = H((1,2)(3,4)) = H((1,3)(2,4)) = H((1,4)(2,3)) (8)

H(lx 2, 3) = {6(11213)1 (12)(34)(11213)1 (13)(24)(11213)5 (14)(23)(1v213)} = {(1l 2, 3)1 (2!45 3)1 (1v41 2)! (11314)} = H(11314) = H(2,4v 3) = H(1!41 2) (9)

H(3,2,1) = {8(37 2,1),(12)(34)(8,2,1), (13)(24)(3, 2, 1), (14)(23)(3, 2, 1)} = {(37 2,1),(1,4,3),(2,3,4),(1,2, 4)} = H(2,3,4) = H(1,2,4) = H(1,4,3) (10)

H(12) = {(12), (34), (1324), (1243)}. (11)
H(13) = {(13), (24), (1423), (1234)}. (12)
H(14) = {(14), (23), (1342), (1432)}. (13)

Since the right cosets are the same as the left cosets, we know that H is normal in G.
We shall show that K is not a normal subgroup of Sj. Since (1,2, 3)(12)(34)(3,2,1) = (1,3)(2,4) ¢ K, K is not a normal subgroup of S,.

3. Consider G = Qg = {1,—1,4,—i,4,—j, k,—k}. Then, by Lagrange's theorem, possible orders of subgroups of Qg are 1,2,4 and 8. The trivial

subgroups Qg and {e} of order 8 and 1 are normal subgroups of G. Let H be a subgroup of order 4. Then, by Lagrange's Theorem, [G : H] = % = %
= 2. Hence the subgroups of order 4 (namely H; = {1,—1,i,—i}, Hs = {1,—1,4,—j}, Hs = {1,—1,k,—k}) are normal subgroups of G. Consider the
subgroups of order 2, (—1) = Z(Qs). Hence, the subgroup of order 4 is a normal subgroup of G. Therefore, all subgroups of G are abelian. However,

since ij = k# —k = i, G is not abelian.

1. Let G =< a > where |a| =12, and let H =< a* > . Find all cosets in G/H and write down the Cayley table. Is G/H cyclic? Why or why not?
Find the cosets in Dg/Z(Ds), write down the Cayley table of Dg/Z(Ds). Is Ds/Z(Ds) cyclic, why or why not?

Answer

12 .
12 12 _ 3. Hence, by Lagrange's Theorem. [G : H] = % === 4, Hence H has 4 cosets in

- — (gt _ _
1. Let G = (a) and let H = (a*). Then, |H| = ed(12,9) g

G.

First, let's find all elements in G/H.

G = {a,a%... a¥%al',e}
H = {a%,d® e}
eH = {a%,a%,e} = a'H = o®H
aH = {a,0%,a°} = a®H = o°H
a’H = {a?,a%,a'%} = o®H = o°H
o*H = {a%,a",a'} = d"H=a"H
G/H = {H,aH,d’H,d*H}

The Cayley table for G/H is:

| H aoH o’H o*H

H H aoH o¢’H o’H
off | oH o’H o*H H
o*H|a®H «*H H aoH

*H|a®H H aH oH

From the table, G/H = (aH). Hence G/H is a cyclic group.
2. Find the cosets in Dg/Z(Dg), write down the Cayley table of Dg/Z(Dg). Is Dg/Z(Dg) cyclic, why or why not?

Answer
Find all the cosets in Dg/Z(Ds) :
Let G = Dg = {e,r,r%, 13,7475, 5, 87, s72, 573, 37, v} and let H = Z(Dg) = {e,%}. Then D¢/ Z(Ds) = {9Z(Ds)|g € G}.

Index of Z(Dg) in Dg} The index of Z(Dg) in D is calculated as follows:
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| Dg| 12
De : Z(Ds) = =—=6. (14)
[ 1= Tzo1 = 2
Therefore, the factor group Dg/Z(Ds) has 6 elements.
er® =13, =S =, {e,r’} =eH=r3H
rrd =7t il =rT=rp, {r,r*y =rH=r'H
r2rd =15, rord =8 =42, v} =r’H=rH
a3 = a1, ardrd = grf =g, {s,sr3} = sH = sr®H
srrd = sré, srir® = sr” = s, {sr,sr'} = srH = sr*H
sr2rd = grd, rd = sr® = sr?, {sr%,5r%} = sr’H = sr°H

The Cayley table for Dg/Z(Dy) is:

. Z(Dg) rZ(Dg) 12Z(Dg) sZ(Dg) rsZ(Dg) r2sZ(Dg)
Z(Dy) | Z(Ds)  vZ(Dy) 1°Z(Ds) sZ(Ds) rsZ(Dy) 17sZ(Dy)
rZ(Dg) | rZ(Ds) r2Z(Dg)  Z(Ds) rsZ(Dg) 12sZ(Dg)  sZ(Dg)
r2Z(Dg) | P2Z(Dg)  Z(Dg) rZ(Dg) 128Z(Dg) sZ(Dg) rsZ(Dg)
sZ(Ds) | sZ(Ds) vsZ(Ds) 12sZ(De) Z(Ds) rZ(Ds) Z(De)
rsZ(Dg) | rsZ(Dg) 12sZ(Dg) sZ(Dg) TZ(Dg) 12Z(Dg)  Z(Dg)

r2sZ(De) | 125Z(Dg) sZ(Ds) rsZ(De) 12Z(Ds) Z(Ds)  vZ(Ds)

Is Dg/Z(Ds) Cyclic?
We analyze the orders of the elements of De/Z(Ds):
{eZ(De))| =1, [(rZ(De))l =3, |{r*Z(De))| =3, (15)
(sZ(De))l =2, [(rsZ(De))| =2, [{r’sZ(Ds))| =2. (16)

Thus, Dg/Z(Dg) has no elements of order 6, and therefore, it has no possible generators. Hence, Dg/Z(Dg) is not a cyclic group.

3. Prove or disprove the following statements: If H is a normal subgroup of G such that H and G/H are abelian, then

G is abelian.

Answer
Counterexample: Let G = S3 and H = A3. Then
|G/H|=[G: H|=2. @17)

Thus, A is a normal subgroup of G, and G/H is cyclic. Clearly, A3 is also cyclic. Therefore, both G/H and H are abelian. However, 83 is not abelian.

? Exercise 3

1. Let G be a group. Show that the center of the group Z(@) is a normal subgroup of G.
2.1f G/Z(G) is cyclic, then G is abelian.
3. Let G be a non-ablian group of order pg, where p and ¢ are prime. Then the center of G, Z(G) = {e}.

Answer
1. First we shall show that Z(G) is a subgroup of G. Since e € G and eg = ge, Vg € G. Thus e € Z(G). Let g1, g2 € Z(G). Then g1g = gg1, gog = gg= for
allge G.
Let g € G. Consider g(g1g2) = (991)92 = (919)92 = 91(992) = 91(929) = (9192)g. Thus (g192 € Z(G).
Since g19 = gg1, 97" (919) = 97 (991) = 997! = g7'g- Thus g7* € Z(G). Thus Z(G) is a subgroup of G.
Since g, € Z(G), 97919 = g1 € Z(G). Thus g71Z(G)g c Z(G). Hence Z(G) is a normal subgroup of G.
2. Suppose G/Z(@) is cyclic. Then G/Z(G) = ((gZ(@))), for some g € G. Let g1,g9» € G Then g:Z(G) = g"Z(G), 92Z(G) = (9Z(G))" = g"Z(QG), for
some m,n € Z. Thus g; = g™f1, g2 = g"f, for some fi, f> € Z(G). Now consider:

9192 = g" f19" f2, (18)
=9"g"fif (19)
= g™ f1fa (20)
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=g"" f1f2, (21)
=g"f29" f1, (22)
= g291. (23)

Thus, g1g2 = gag1, which shows that G is abelian.

3. Let H := Z(G). Since H < G, by Lagrange's Theorem (Theorem 4.1.4), we know that |H| | |G|. Hence the potential values of |H| are 1, p, q, pg. Let's
consider each.

Case 1:|H| =pg, If |H| =pq then |H| =|G|, and H = G. This would mean that G = Z(G), but since G is non-abelian, this is a contradiction.
Therefore, |H| # pg.

Case 2:|H| =p or |H| =g. This means that H is of prime order, and by the previous problem, this implies that G is abelian. Again, this is a
contradiction. Therefore |H| # p and |H| # q.

Therefore, if G is a non-abelian group of order pg, then Z(G) = {e}.

? Exercise 4

1. Let h: G — Gy be a group homomorphism. If K is normal to subgroup of G, then show that k(K) is a normal subgroup of h(G).
2. If h; : G = G4 is a group homomorphism and G = (X) is generated by a subset X, then show that h = h; if and only if h(z) = hi(z),Vz € X.
3. Show that there are almost six homomorphisms from S to a cyclic group of order 6, Zg.

Answer
1. Let ky, k2 € K, then since K is a subgroup of G, then h(kiks) = h(ki)h(k2) € h(K). The identity element e € K maps to h(e) = eg, (the identity in
G1), 0 e, € h(K). If k € K, then k! € K and hence h(k™') = h(k)~! € h(K). Thus, A(K) is a subgroup of A(G). To show h(K) < h(G), we need to
show that for every h(g) € h(G) and k(k) € h(K),
h(g)h(k)h(9)™* € h(K). 249

Given h(g) € h(G), there exists some g € G such that h(g) = h(g). Similarly, for (k) € h(K), there exists some k € K. Consider the element gkg~? in
G. Since K < G, we have:

gkg ' € K. (25)
Consider,
h(gkg™) = h(g)h(k)h(g™) = h(g)h(k)h(g) . (26)
Since gkg~! € K and K is mapped into h(K), we get:
h(gkg™?) € h(K). (27)
But h(gkg!) = h(g)h(k)h(g) L, hence:
h(g)h(k)h(g)~ € h(K). (28)
This shows that A(K) is normal in h(G). Hence,
K9G = h(K) <h(G). (29)

2. Discussed in Tutorial.

3. Discussed in Tutorial.

? Exercise 5

1. Let G be a group and let a € G then show that o, : G — G defined by 0,(g) = aga~!is an isormorphism.
2. Prove or disprove the following statements:

a. U(5) is isormorphic to Z, .

b. Z under addition is isormorphic to Q@ under addition.

Answer
a. Let ¢ : Zs — U(5) be defined by: ¢(n) =2" (mod 5). That is
#(0) =1, (1) =2, ¢(3) =8 =3 (mod 5), and ¢(2) =4.
We will show ¢(a + b) = ¢(a)é(b), Va,b € Z,.

We will proceed by proof by exhaustion.
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There are 10 cases to consider since addition and multiplication are both commutative.

$(0 +0) = $(0) = 1 = (1)(1) = ¢(0) x ¢(0)-
$(0 +1) = ¢(1) = 2 = (1)(2) = 6(0) x ¢(1).
$(0+2) = 4(2) = 4= (1)(4) = 6(0) x ¢(2).
$(0 +3) = ¢(38) =3 = (1)(4) = ¢(0) x ¢(3).
$(1 +1) =¢(2) =4 = (2)(2) = 6(1) x ¢(1)-
$(1+2) =4(3) = 3= (1)(3) = $(1) x (3)-
$(1 +3) = ¢(0) = 1= (2)(3) = (1) x ¢(3)-
$(2 +2) = $(0) = 1 = (1)(1) = ¢(0) x ¢(0)-
B2 +3) = ¢(1) = 2= (4)(3) = 6(2) x ¢(3).
$(3 +3) = $(2) = 4= (3)(3) = 4(3) x ¢(3)-

Having examined all the possible cases, ¢(ab) = ¢(a)p(b), Va,b € Zj.
b. Counterexample:

We know that (Z, +) is a cyclic group generated by (—1) and (+1).
Assume that (Q, +) is cyclic. We will show that (Q, +) is not cyclic.
Since Q is cyclic, it can be generated by some 2,p,q(#0) € Z.

1

2 —npk js 2 =1 =1
Thus 2 =n? for some n € Z. Thatis & = 2 = n= 5.

This is a contradiction, and therefore (Q, +) is not cyclic.

List or characterize all of the following rings' units. Justify your answer.

1. Zy
2. M2 (Zs)
3. Z(3)
Answer
1. Let a € Z;, be a unit. Then there exists & € Z;» such that az =1 (mod 12). Thus 12 | (az —1) = (az — 1) = 12y, for some y € Z. Therefore, az
—12y = 1. Hence ged(a, 12) = 1. Therefore the units are 1, 5,7, 11.

2. Let A € My(Z3) be a unit. . Then there exists X € May(Zz) such that

1 0
=} ]
, and det(A) # 0. The determinant of a 2 x 2 matrix A is:
A= (’: 3) , and det(d) =ad—bc (mod 2). (30)

We now list all matrices in M3(Z,) with det(4) =1 (mod 2). These matrices are:

G2 6o G Go) G G3) @

Thus, the units in My(Z2) are these six matrices. Each of these has an inverse in M;(Z,), confirming that they are units.

3. Let z = a + bi € Z[i] where a,b € Z be a unit. Then multiplicative inverse of z is given by $zA{-1}$. Then 22~ =1 = |#||z~| = 1. Since |z| is a
nonnegative integer, |2| = 1. Thus a% + b? = 1.)Hence\(a = +1 or b = +1.

Therefore the units of Z[i] are {—1,1,—i,4}.

e https://math.libretexts.org/@go/page/169956


https://libretexts.org/
https://math.libretexts.org/@go/page/169956?pdf

LibreTexts"

An element e of a ring R is said to be idempotent if €2 = e.

1. Ifeis an idempotent of a ring R, then show that 1 — 2e is a unit.
2. Find all idempotents in Zj,.
3. Find all the idempotents in an integral domain R.

Answer
1. Let e € R be an idempotent of a ringR. We shall show that 1 — 2e is a unit of R.
Consider,
(1—2¢)(1—2e) = 1 —2e—2e+4e?
=1—4e+4e
=1
Since (1 —2e)(1 —2e) = 1, (1 — 2e) is a unit of R.

2. Let z be an idempotent in Z;5, Then g2 = 1 (mod 12). Let's find these by exhaustion.

Idempotents Non-Idempotents
02=0=0 (mod 12) 22=4=4 (mod 12)
12=1=1 (mod 12) 32=9=9 (mod 12)
4’=16=4 (mod 12) 52=25=1 (mod 12)
92=81=9 (mod 12) 62=36=0 (mod 12)

7=49=1 (mod 12)
82=64=4 (mod 12)
102=100=4 (mod 12)
112=121=1 (mod 12)

Therefore, the idempotents of Z,, are {0, 1, 4, 9}.
3. Let e be an idempotent in an integral domain R. Thene?=e = e?—e=0 = e(e—1) =0.

Since the integral domain R contains no zero divisors, e =0or e—1 = 0. Therefore, the idempotents of R are 0, and 1.

Assignment 6 is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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