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1: Introduction

4b Learning Objectives

After reading this chapter, you should be able to

1. define what a matrix is.
2. identify special types of matrices, and
3. identify when two matrices are equal.

What does a matrix look like?

Matrices are everywhere. If you have used a spreadsheet such as Excel or written numbers in a table, you have used a matrix.
Matrices make presentation of numbers clearer and make calculations easier to program. Look at the matrix below about the sale of
tires in a Blowoutr’us store — given by quarter and make of tires.

Q1. Q2.Q3. Q4
Tirestone [25 20 3 2
Michigan | 5 10 15 25
Copper 6 16 7 27
If one wants to know how many Copper tires were sold in Quarter 4, we go along the row Copper and column Q4 and find that it
is 27.

So, What is a matrix?

A matrix is a rectangular array of elements. The elements can be symbolic expressions or/and numbers. Matrix [A] is denoted by

ail A12 e Q1n

a1 as9 ... aon
[4] =

Aml Q2 ceeeen Amn

Row 7 of [A] has n elements and is

and column j of [A] has m elements and is

Apmj

Each matrix has rows and columns and this defines the size of the matrix. If a matrix [A] has m rows and n columns, the size of
the matrix is denoted by m x n. The matrix [A] may also be denoted by [A],,xx to show that [A] is a matrix with m rows and n
columns.

Each entry in the matrix is called the entry or element of the matrix and is denoted by a;; where 4 is the row number and j is the
column number of the element.

The matrix for the tire sales example could be denoted by the matrix [A] as

25 20 3 2
[A]=]5 10 15 25
6 16 7 27

There are 3 rows and 4 columns, so the size of the matrix is 3 x 4. In the above [A] matrix, ags = 27.

@ 0 a @ @ https://math.libretexts.org/@go/page/104054
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What are the special types of matrices?

Vector: A vector is a matrix that has only one row or one column. There are two types of vectors — row vectors and column vectors.

Row Vector:

If a matrix [B] has one row, it is called a row vector [B] =[b1 by...... b,] and n is the dimension of the row vector.

v/ Example 1

Give an example of a row vector.

Solution
[B]=[25 20 3 2 0]

is an example of a row vector of dimension 5.

Column vector:

If a matrix [C'] has one column, it is called a column vector

C1
[C] =
Cm
and m is the dimension of the vector.
v/ Example 2
Give an example of a column vector.
Solution
25
cl=|5
6
is an example of a column vector of dimension 3.

Submatrix:

If some row(s) or/and column(s) of a matrix [A] are deleted (no rows or columns may be deleted), the remaining matrix is called a
submatrix of [A].

v/ Example 3

Find some of the submatrices of the matrix

[A]:[4 6 2]

3 -1 2

[: —61 2] [: —61]’ e 2]’[4]’[;]

are some of the submatrices of [A]. Can you find other submatrices of [A]?

Solution

https://math.libretexts.org/@go/page/104054
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Square matrix:
If the number of rows m of a matrix is equal to the number of columns n of a matrix [A], that is, m =n, then [A] is called a
square matrix. The entries a1, @92, . .., a,, are called the diagonal elements of a square matrix. Sometimes the diagonal of the

matrix is also called the principal or main of the matrix.

v/ Example 4

Give an example of a square matrix.

Solution
25 20 3
[Al=|5 10 15
6 15 7

is a square matrix as it has the same number of rows and columns, that is, 3. The diagonal elements of [A] are

ay] = 25, agy = 10, ass = 7.

Upper triangular matrix:
A n xn matrix for which a;; =0, i >j for all ¢, j is called an upper triangular matrix. That is, all the elements below the

diagonal entries are zero.

v/ Example 5

Give an example of an upper triangular matrix.

Solution
10 -7 0
[A]=] 0 —0.001 6
0 0 15005

is an upper triangular matrix.

Lower triangular matrix:
A n xn matrix for which a;; =0, j>1¢ for all 4, is called a lower triangular matrix. That is, all the elements above the

diagonal entries are zero.

v/ Example 6

Give an example of a lower triangular matrix.

Solution
1 0 0
[A]=103 1 0
0.6 25 1

is a lower triangular matrix.

Diagonal matrix:
A square matrix with all non-diagonal elements equal to zero is called a diagonal matrix, that is, only the diagonal entries of the

square matrix can be non-zero, (a;; =0, @ #j).

https://math.libretexts.org/@go/page/104054
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Give examples of a diagonal matrix.

Solution

is a diagonal matrix.

Any or all the diagonal entries of a diagonal matrix can be zero. For example

3 0 0
[Al=]0 2.1 0
0 0 0

is also a diagonal matrix.

Identity matrix:
A diagonal matrix with all diagonal elements equal to 1 is called an identity matrix, (a;; =0, % # j forall ¢, jand a; =1 for all

0.

v/ Example 8

Give an example of an identity matrix.

Solution
1 0 0 O
01 00
(4] =
0 010
0 0 0 1

is an identity matrix.

Zero matrix:

A matrix whose all entries are zero is called a zero matrix, (a;; = 0 for all 7 and j).

v/ Example 9

Give examples of a zero matrix.
Solution
0 0 0
[A]=]10 0 O
0 0 O
0 0 O
[B] =
0 0 0
0 0 0O
[C]=]0 0 0 O
0 0 0 O
[D]=[0 0 0]

are all examples of a zero matrix.

@ 0 a @ @ https://math.libretexts.org/@go/page/104054
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Tridiagonal matrices:

A tridiagonal matrix is a square matrix in which all elements not on the following are zero - the major diagonal, the diagonal above
the major diagonal, and the diagonal below the major diagonal.

v/ Example 10

Give an example of a tridiagonal matrix.

Solution

S O NN
(== e R
w ot © O
S N O O

is a tridiagonal matrix.

Do non-square matrices have diagonal entries?

Yes, for am x n matrix [A], the diagonal entries are a1, ass. . . , @x—1,k-1, akk Where k = min{m, n}.

v/ Example 11

What are the diagonal entries of

32 5
6
A=159 3.2

56 7.8

Solution
The diagonal elements of [A] are a;; = 3.2 and aga = 7.

Diagonally Dominant Matrix:
A n xn square matrix [A] is a diagonally dominant matrix if
n
lai| > Z la;;| fori=1,2,....,n

j=1

i#j
that is, for each row, the absolute value (also called magnitude) of the diagonal element is greater than or equal to the sum of the
absolute values of the rest of the elements of that row.

v/ Example 12

Give examples of matrices that are diagonally dominant and those that are not diagonally dominant.
Solution

a. The matrix

5 6 7
[A=]2 —-41 -2
3 2 6

is a diagonally dominant matrix.
Why? Because for each and every row, the answer to the question below is Yes.

Row 1:Is |a11| > |a12| +|a13| ? Yes, because

@ 0 a @ @ https://math.libretexts.org/@go/page/104054
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Row 2: Is |aga| > |a21| + |azs| ? Yes, because

|la11| = [15], |a12| + |a13| = 6] +|7| = 13,15 > 13

|(J,22| = | —41| :41, |a21| —|—|a23| = '2| —|—| —2| :4,41 24
Row 3: Is |as3| > |as1| +|asz| ? Yes, because
lass| = 6], las1| + |as2| = [3] +[2[ = 5,6 > 5

b. The matrix

~15 6 9
A= 2 -4 -2
3 -2 5

is a diagonally dominant matrix.

Why? Because for each and every row, the answer to the question below is Yes.

Row 1:1Is |aq1| > |a12| +|a13| ? Yes, because

la11| = [15], [a12| +|a13| = 16| +]9] = 15,15 > 15
Row 2: Is |aga| > |asg1| + |azs| ? Yes, because
|a22|:|—4|:4, |a21|—|—|a23|=|2|—|—|—2|:4,424
Row 3:Is |ass| > |as1| +|as2|? Yes, because
lags| =51, las1| +[as2| =[3[+[2[ =5,5>5

c. The matrix

-15 6 9
[A=] 2 —41 -2
3 -2 5

is a diagonally dominant matrix.

Why? Because for each and every row, the answer to the question below is Yes.

Row 1:Is |a11| > |a12| +|a13| ? Yes, because

la11| = [15], |a12| +|a13] = 16| +]9] = 15,15 > 15
Row 2:Is |ag2| > |ag1| + |azs| ? Yes, because
lage| = | —4.1| =4, |a21| +|azs| =1|2|+|—2| =4,4.1 >4
Row 3:Is |as3| > |as1| + |asz2| ? Yes, because
|lass| = [5], |as1| +[asz| = |3] +]2[ =5,5>5

d. The matrix

25 5 1
[A]=1]64 8 1
144 12 1

is not a diagonally dominant matrix.
Why? Because for each and every row, the answer to the question below is not a Yes.
Row 1: Is |a11| > |a12| +|a13|? Yes, because

la11| = [25], |a12| +|a13| = (5] +[1] = 6,25 > 6

@ https://math.libretexts.org/@go/page/104054
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Row 2:Is |agz| > |a21| + |asz3| ? No, because
lazs| =8| =8, |az1| +|ass| = (64| +|1| = 65,8 < 65
Row 3:Is |as3| > |as1| +|asz| ? No, because

|a33| = |1|, |a31| +|a32| = |144| —|—|12| =156,1 < 156

Weak diagonally dominant matrix:
The answer is simple — the definition of a weak(ly) diagonally dominant matrix is identical to that of a diagonally dominant matrix
as the inequality used for the check is a weak inequality of greater than or equal to (>).
Strictly diagonally dominant matrix:
A n x n square matrix is a strictly diagonally dominant matrix if
n
|aﬁ| > Z |aij| fori=1,2,....,n

j=1

i#]
that is, for each row, the absolute value of the diagonal element is strictly greater than the sum of the absolute values of the rest of
the elements of that row.

v/ Example 13

Give examples of strictly diagonally dominant matrices and not strictly diagonally dominant matrices.
Solution

a. The matrix

15 6 7
[A=]2 -41 -2
3 2 6

is a strictly diagonally dominant matrix

Why? Because for each and every row, the answer to the question below is Yes.

Row 1:Is |a11| > |a12| +|ai13| ? Yes, because

la11| =115|, |a12| + |a13] = |6] +|7| = 13,15 > 13.
Row 2:Is |ag2| > |ag1| + |azs| ? Yes, because
lage| = | —4.1| =4.1, |ag1| +|azs| = 2| +| —2| =4,4.1 >4
Row 3:Is |ag3| > |as1| + |asz2|? Yes, because
|lags| = 6] |az1| +|asz| = 3] 4|2 =5,6 > 5

b) The matrix

13 6 7
=2 -41 -2
3 2 6

is a not a strictly diagonally dominant matrix
Why? Because for each and every row, the answer to the question below is not a Yes.

Row 1: Is |a11| > |a12| +|a13|? No, because

lai1| = [13], |a12| + |a13| = |6] +|7] = 13,13 ¥ 13

@ https://math.libretexts.org/@go/page/104054
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Row 2: 1s |agz| > |a21| + |ass| ? Yes, because
lags| = | —4.1) =4.1, |agy| + |as| = 2| +| —2| =4,4.1 >4
Row 3:Is |ags| > |as1| + |asz2| ? Yes, because
lass| = |6, |as1| +|as2| =13 +[2| =5,6 > 5

c. The matrix

25 5 1
[Al=]64 8 1
144 12 1

is not a strictly diagonally dominant matrix.

Why? Because for each and every row, the answer to the question below is not a Yes.
Row 1:Is |a11| > |a12| +|ai13| ? Yes, because
la11| = 25|, |a12| +|a13] = |5 +|1] = 6,25 > 6
Row 2:Is |aga| > |ag1| +|azs| ? No, because
|ags| = |8] =8, |az1| +|aqs| =|64] +|1| = 65,8 <65
Row 3: Is |as3| > |as1| +|asz| ? No, because

|ass| = [1]||as1| + |asz| = |144| + |12 |=156,1 < 156

Irreducible diagonally dominant matrix

A n xn square matrix is an irreducible diagonally dominant matrix if

[4] is irreducible,

n
lai| > Z|aij| fori=1,2,....,nand
=1
i#j
n
lag| > Z |a;;| for atleast onerow,i=1,2,....,n
5

The second condition means that for each row, the absolute value (also called magnitude) of the diagonal element is greater than or
equal to the sum of the absolute values of the rest of the elements of that row. The third condition means that for at least one row,
the absolute value (also called magnitude) of the diagonal element is greater than the sum of the absolute values of the rest of the

elements of that row.

v/ Example 14

Give examples of matrices that are irreducibly diagonally dominant and those that are not irreducibly diagonally dominant.

Solution

a. The matrix

15 6 7
[A=]12 -41 -2
3 2 6

is an irreducible diagonally dominant matrix.

Why? Because the answer to every question below is Yes.

@ 0 a @ @ https://math.libretexts.org/@go/page/104054
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Is [A] irreducible? Yes.
Row 1:1Is |ay1| > |a12| +|a13|? Yes, because
la11| = [15], |a12| +|a13| = |6] +|7| = 13,15 > 13.
Row 2: Is |aga| > |az1| +|as2s|? Yes, because
lage| = | —4.1| =4.1, |ag1| +]a3| = 2| +]| —2| =4,4.1 >4
Row 3:Is |ass| > |as1| +|as2|? Yes, because
|ass| = |6] |as1| +|as2| = 3] +]2] = 5,6 > 5
Is the inequality satisfied strictly for at least one row? Yes, it is satisfied for Rows 1, 2 and 3.

b. The matrix

15 6 9
[A=| 2 -4 -2
3 -2 5

is a not an irreducible diagonally dominant matrix.
Why? Because the answer to every question below is not a Yes.
Is [A] irreducible? Yes.
Row 1:Is |a11| > |a12| + |a13| ? Yes, because
|a11| = [15], |a12| + |a13| = 6] +[9] = 15,15 > 15
Row 2:Is |ag2| > |ag1| + |azs| ? Yes, because
lazs| = | —4] =4, |aa1| +|as| = (2] +[ -2 =4,4 > 4
Row 3:1Is |ass| > |as1| +|as2|? Yes, because
|lass| = [5], las1| +[asz| = 3] +]2[ =5,5>5
Is the inequality satisfied strictly for at least one row? No.

c. The matrix

~15 6 9
A= 2 -41 -2
3 -2 5

is an irreducible diagonally dominant matrix.
Why? Because the answer to every question below is Yes.
Is [A] irreducible? Yes.
Row 1:Is |a11| > |a12| + |a13| ? Yes, because
la11] = |15|, |a1a| + |a13| = |6] + 9] = 15,15 > 15
Row 2: Is |aga| > |as1| +|as2s|? Yes, because
lage| = | —4.1| =4.1, |ag1| +|azs| = 2| +| - 2| =4,4.1 >4
Row 3:Is |ass| > |as1| +|as2|? Yes, because
lass| =15, |as1| +|ase| =[3| +[2[ =5,5>5
Is the inequality satisfied strictly for at least one row? Yes, it is satisfied for Row 2.

d. The matrix

@ 0 a @ @ https://math.libretexts.org/@go/page/104054
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25 5 1
[A]=1]164 8 1
144 12 1

is not an irreducible diagonally dominant matrix.
Why? Because the answer to every question below is not a Yes.
Is [A] irreducible? Yes.
Row 1: Is |a11| > |a12| +|a13|? Yes, because
la11| = |25], |a12| +|a13] = 15| +]1] = 6,25 > 6

Row 2:1s |agz| > |a21| +|aa3| ? No, because

laga| = |8| =8, |ag1| + |az3| = |64| +|1| = 65,8 < 65
Row 3:Is |ass| > |as1| +|asz| ? No, because

lass| = |1]||as1| + |as2| = |144] + |12 |=156,1 < 156

There is no need to check for strict inequality condition..

Irreducible matrix:

A square matrix is called reducible matrix if the following is true. Take the indices ¢ =1, 2,....,n and see if they can be divided
into two disjoint nonempty sets i1, é2, . ..., %y and ji, ja, . .. ., jgsuch that
n=a+pf, and
and
a,;, =0,k=1,2,....,candl=1,2,....,08

If the square matrix is not reducible, it is called an irreducible matrix.

A square matrix [A] is called reducible matrix if and only if for any perturbation matrix [P], the matrix multiplication [P][A][P]
results in a block upper triangular matrix.

v/ Example 15

Give examples of irreducible and reducible matrices.
Solution

a. The matrix

0 5 7
8 0 0
10 0 O
is an irreducible matrix.
b. The matrix
5 0 0
0 4 6
10 0 0

is a reducible matrix. Why? Take the indices 7 =1, 2, 3 and see that they can be divided into two disjoint nonempty sets 1 and
2,3 such that,

a=1,=2, givinga+=1+2=3, and

a;;, =0, k=1landl=1,2

https://math.libretexts.org/@go/page/104054
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Consequences of diagonally dominant matrices

If a square matrix is strictly diagonally dominant

o then the matrix is non-singular.

o then if the matrix is symmetric with non-negative diagonal entries, the matrix is positive semi-definite.

o then if the matrix is the coefficient matrix for a set of simultaneous linear equations, the iterative Gauss-Seidel numerical
method will always converge.

o then if the matrix is the coefficient matrix for a set of simultaneous linear equations, the iterative Jordan numerical method will
always converge.

o then if the diagonal entries of the matrix are positive, the real parts of the matrix eigenvalues are positive.
o then if the diagonal entries of the matrix are negative, the real parts of the matrix eigenvalues are negative.
o then if the matrix is column dominant, no pivoting is needed for Gaussian elimination.

o then if the matrix is column dominant, no pivoting is needed for LU factorization.

If a square matrix is irreducible diagonally dominant

o then if the matrix is the coefficient matrix for a set of simultaneous linear equations, the iterative Gauss-Seidel numerical
method will always converge.

o then if the matrix is the coefficient matrix for a set of simultaneous linear equations, the iterative Jordan numerical method will
always converge.

o the matrix is non-singular.
If a square matrix is diagonally dominant (also called weakly diagonally dominant)
o then if the matrix is column dominant, no pivoting is needed for Gaussian elimination.

o then if the matrix is column dominant, no pivoting is needed for LU factorization.

Equal matrices:

Two matrices [A] and [B] are equal if the size of [A] and [B] is the same (number of rows and columns of [A] are same as that of
[B]) and a;; = b;; for all i and j.

v/ Example 16

What would make

a-[t )

to be equal to

b11 3 :|

s 2

Solution

The two matrices [A]and [B] would be equal if b;; =2 and byy = 7.

Key Terms:
Matrix

Vector
Submatrix

Square matrix
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Equal matrices

Zero matrix

Identity matrix
Diagonal matrix

Upper triangular matrix
Lower triangular matrix

Tri-diagonal matrix

Introduction Quiz

For an n x n upper triangular matrix [A],
(A)a;; =0,i>7
(B)ai;; =0,j>1
(©)ai; #0,i>j
(D)ay; #0,5>1

Which one of these square matrices is strictly diagonally dominant?

5 7 0
@A) |3 -6 2
2 2 9
7 -5 -2
®) |6 -13 -7
6 -7 -—13]
'8 -5 -2
© |6 -14 -7
6 -7 -—13]
'8 5 2
D)6 14 7
6 7.5 14

The order of the following matrix is
[4 -6 -7 2]
3 2 -5 6
(A)4 x2
B)2 x4

©)8x1
(D) not defined
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To make the following two matrices equal

=[5 3 ]
51=[3 § 3]
the value of p is
(A) —6
(B) 6
©)o
D)7

For a square n X n matrix [A] to be an identity matrix,
(A)ay #0,i=jFa0;5 =0,i =3
(B) aij =0,i #jia;; =1,i=7j
(© ai; =0, #jai; =1,0 =]
(D) ajj =0, # jia; >0,i =

To make the following square matrix to be diagonally dominant, the value of pneeds to be

6 —2 —4
79 1
8 -5 p

(A) greater than or equal to 13
(B) greater than 3
(C) greater than or equal to 3

(D) greater than 13

Introduction Exercise

Write an example of a row vector of dimension 4.

Answer

[5 6 2 3]

Write an example of a column vector of dimension 4.

Answer
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? Exercise 3

Write an example of a square matrix of order 4 x 4.

Answer
9 0 -2 3
-2 3 5 1
1.5 6 7 8
1.1 2 3 4

Write an example of a tri-diagonal matrix of order 4 x 4.

Answer

6 3 0 O
21 2 22 0
0 6.2 -3 3.5
0 0 21 41

Write an example of a identity matrix of order 5 x 5.

Answer
1 0 0 0O
1 0 0 O
0 01 00
0 0 010
0 0 0 0 1

Write an example of a upper triangular matrix of order 4 x 4.

Answer
6 2 3 9
01 2 3
0 0 4 5
0 0 0 6
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Write an example of a lower triangular matrix of order 4 x 4.

Answer
2

ol O O
S O O O

[ BT NN VL)
w N = O

Which of these matrices are strictly diagonally dominant?

[15 6 7
A[A=|2 -4 2
s 3 2 6
5 6 7
B.[A=|2 -4 2
:3 2 -5
5 3 2
C.l[A=|6 -8 2
|7 —5 12
Answer
(A) Yes (B) No (C) No

Find all the submatrices of

[A]:[lo -7 0]

0 -0.001 6

Answer

[10] [=7] , [0], [—0.001] [6] [10],[ -7 ] [0] [10 —7 0], [0 —0.001 6. [100 _(;501],[10 O],

0 —.001 6

-7 0
0.001 6}’ [10, 7], [10,0} [-7,0], [0, 6], [0, —0.001] [-0.001, 6]

? Exercise 10

If

0 6

what are b7 and by in
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l 8,—2
? Exercise 11

Are matrix
10 -7 0
[4] =
0 -0.001 6
and matrix
10 0
[Bj=| -7 —0.001
0 6
equal?
Answer
No

? Exercise 12

A square matrix [A] is lower triangular if
A.ai]- =0fori>j

B. al-j:0 forj>1

C.a;;=0fori=j

D. a;; = 0 for i + j = odd integer
Answer

B

? Exercise 13

A square matrix [A] is upper triangular if
A.aijzo fori >j

B.a;=0forj>1

C. Ay =0 fOI‘i:j

D. a;; =0 for i + j = odd integer
Answer

A

This page titled 1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar Kaw via source
content that was edited to the style and standards of the LibreTexts platform.
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2: Vectors

4b Learning Objectives

After reading this chapter, you should be able to:

1. define a vector

2. add and subtract vectors,

3. find linear combinations of vectors and their relationship to a set of equations,
4. explain what it means to have a linearly independent set of vectors, and

5. find the rank of a set of vectors.

What is a vector?

A vector is a collection of numbers in a definite order. If it is a collection of n numbers, it is called a n-dimensional vector. So, the

_>
vector A given by

ay
— as
A =
an
is a n-dimensional column vector with n components, a1, as, ... ... , an. The above is a column vector. A row vector [B] is of the
— —
form B = [by,ba,....,b,] where B is a n-dimensional row vector with n components by, ba, . . . . , by.

v/ Example 1

Give an example of a 3-dimensional column vector.

Solution

Assume a point in space is given by its (z, y, z) coordinates. Then if the value of z =3, y =2, 2=5, the column vector
corresponding to the location of the points is

N < 8
Il
(S Rt

When are two vectors equal?

— —
Two vectors A and B are equal if they are of the same dimension and if their corresponding components are equal.

Given

ai
az

S

and

Wl
[
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- =
then A =B ifa;=b;, i=1,2,...... , M.

v/ Example 2

%
What are the values of the unknown components in B if
2
_>
A = 3
4
1
and
b1
- 3
B =
4
by
- =
and A = B.
Solution
bp=2,by=1

How do you add two vectors?

Two vectors can be added only if they are of the same dimension and the addition is given by

al bl
a b2
[A]+[B] = | . [+] .
| an bn
[ a1 +b;
as + by
| an +bn
v/ Example 3
Add the two vectors
2
_>
A = 3
4
1
and
5
— _
B = 2
3
7
Solution
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2 5
- = 3 -2
A+ B = 4 + 3
|1 7
[2+5
[ 3-2
| 4+3
(147
[ 7
|1
|7
| 8

v/ Example 4

A store sells three brands of tires: Tirestone, Michigan and Copper. In quarter 1, the sales are given by the column vector

N 25
Ai1=15
6
where the rows represent the three brands of tires sold — Tirestone, Michigan and Copper respectively. In quarter 2, the sales
are given by
N 20
Ay=110
6
What is the total sale of each brand of tire in the first half of the year?

Solution
The total sales would be given by

- = =
C =4,+4,
[25 20
=|5|+]10
| 6 6
[ 25 +20
=1 5+10
| 6+6
[ 45
=115
| 12

So, the number of Tirestone tires sold is 45, Michigan is 15 and Copper is 12 in the first half of the year.

What is a null vector?

A null vector (also called zero vector) is where all the components of the vector are zero.

Give an example of a null vector or zero vector.

Solution

https://math.libretexts.org/@go/page/104074
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The vector
0
0
0
0
is an example of a zero or null vector.
What is a unit vector?
_>
A unit vector U is defined as
(a1
— Ug
U =
Up,

where

\/uf—kug—i—ug—i—...—i—u% =1

v/ Example 6

Give examples of 3-dimensional unit column vectors.

Solution
Examples include

L 1
V3 1 V2
L L
\/3,0,\/5,1,etc.
L 0 0
V3 v
How do youmultiply a vector by a scalar?
%
If k£ is a scalar and A is a n-dimensional vector, then
ay
— asz
kA =k
an
ka1
ka2
ka,
v/ Example 7
_>
What is 2 A if
N 25
A=120
5
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Solution
N 25
24 =220
5
[2 %25
=|2x20
| 2X5
[ 50

| 10

v/ Example 8

A store sells three brands of tires: Tirestone, Michigan and Copper. In quarter 1, the sales are given by the column vector

25

If the goal is to increase the sales of all tires by at least 25% in the next quarter, how many of each brand should be sold?

Solution
_>
Since the goal is to increase the sales by 25%, one would multiply the A vector by 1.25,

B 25

B =1.25]25

6

31.25

= |31.25
7.5

Since the number of tires must be an integer, we can say that the goal of sales is

Y 32
B =132
8

What do you mean by a linear combination of vectors?

Given
- = —
A, Ag,...... VA
as m vectors of same dimension n, and if k1, k2, . . . , k,,, are scalars, then
— — —
kiAi+EkyAg+.... ... +kn A,

is a linear combination of the m vectors.

v/ Example 9

Find the linear combinations

- =
(a) A — B and

- = =
() A +B -3C
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where
N 2 . 1 N 10
A=|3|,B=1|1|,C=]1
6 2 2
Solution
(a)
N 2 1
A-B =13[—-1|1
| 6 2
[2-1
=(3-1
| 6 —2
(1
=12
| 4
(b)
S 2 1 10
A+B-3C =|3]|+([1]-3|1
6 2
[2+1-30
= 3+1-3
| 6+2—6
[ —27
=( 1
| 2
What do you mean by vectors being linearly independent?
- = —
A set of vectors A 1, Ao,..., A, are considered to be linearly independent if
— — — —
k1A +koAs+....... +kp Ay =
has only one solution of
ki=ky=...... =k,=0
v/ Example 10
Are the three vectors
N 25 N 5 N
A 1= 64 5 A 2 = 8 y A 3 =
144 12
linearly independent?
Solution
Writing the linear combination of the three vectors
25 5 1 0
k|64 | +ka| 8 |+ks|1]|=1]0
144 12 1 0
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gives

25k1 +5ko + ks 0
64k, +8ksy + ks =10
144k, +12ks + k3 0

The above equations have only one solution, k; = k; = k3 = 0 . However, how do we show that this is the only solution? This
is shown below.

The above equations are
25k +5ky +k3 =0 (1)
64k, +8ky +k3 =0 (2)
144k, +12ky + ks =0 3)
Subtracting Eqn (1) from Eqn (2) gives
39k1 +3k2 =0
ko = —13k; 4)
Multiplying Eqn (1) by 8 and subtracting it from Eqn (2) that is first multiplied by 5 gives
120k; —3k3 =0
ks =40k; (5)
Remember we found Eqn (4) and Eqn (5) just from Eqns (1) and (2).
Substitution of Eqns (4) and (5) in Eqn (3) for k; and k2 gives
144ky +12(—13k;) +40k; =0
28k, =0
k=0

This means that k; has to be zero, and coupled with (4) and (5), k2 and k3 are also zero. So the only solution is
k1 = kg = k3 =0 . The three vectors hence are linearly independent.

v/ Example 11

Are the three vectors

N 1 N 2 . 6
Ai=12]|,As=1|5]|, As=|14
5 7 24
linearly independent?
Solution

By inspection,

— — —
A3=2A,+24,

or
— - = =
—2A,-2A5,+A35=0

So the linear combination

— — - =
kiA1+koAog+k3sA3=0

@ https://math.libretexts.org/@go/page/104074



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104074?pdf

LibreTexts"

has a non-zero solution
ki=-2,k=-2, k=1
Hence, the set of vectors is linearly dependent.

What if I cannot prove by inspection, what do I do? Put the linear combination of three vectors equal to the zero vector,

1 2 6 0
ki |2 4+ky | 5| +ks |14 =0
5 7 24 0

to give
ki1 +2ky +6ks =0 (1)

2ky +5ke +14ks =0 2)

(
5k +Tky +24k3 =0 (3)
Multiplying Eqn (1) by 2 and subtracting from Eqn (2) gives
ky+2k; =0

ko = —2k3 4)

Multiplying Eqn (1) by 2.5 and subtracting from Eqn (2) gives
—0.5k; —k3 =0

ki =—2k3 (5)
Remember we found Eqn (4) and Eqn (5) just from Eqns (1) and (2).
Substitute Eqn (4) and (5) in Eqn (3) for k; and ko gives

5 (—2ks)+7(—2ks)+24k; =0
—10ks —14ks +24k3 =0
0=0

This means any values satisfying Eqns (4) and (5) will satisfy Eqns (1), (2) and (3) simultaneously.
For example, chose
ks =6, then
ks = —12 from Eqn (4), and
k1 = —12 from Eqn (5).

Hence we have a nontrivial solution of [k; k; ks]=[—12 —12 6]. This implies the three given vectors are linearly
dependent. Can you find another nontrivial solution?

What about the following three vectors?

17 [2 6
21,151, |14
5] L7] L25

Are they linearly dependent or linearly independent?

Note that the only difference between this set of vectors and the previous one is the third entry in the third vector. Hence,
equations (4) and (5) are still valid. What conclusion do you draw when you plug in equations (4) and (5) in the third equation:
5k + Tks +25k3 = 0 ? What has changed?
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Are the three vectors

. 25 . 5 . 1
A;=164|, A,=[8 ], Az3=]1
89 13 2
linearly independent?
Solution
Writing the linear combination of the three vectors and equating to zero vector
25 5 1 0
ki |64 +ka| 8 | +ks|1|=1]0
89 13 2 0
gives
25k1 +5ky + ks 0
64k, +8ks + k3 =10
89k +13ksy +2ks 0

In addition to k; = ks = k3 =0, one can find other solutions for which k;, k2, kzare not equal to zero. For example,
k1 =1, ky = —13, ks =40 is also a solution as

25 5 1 0
1{64]|—-13| 8 |+40|1|= {0
89 13 2 0

- = =
Hence A1, A, A 3 arelinearly dependent.

What do you mean by the rank of a set of vectors?

From a set of n-dimensional vectors, the maximum number of linearly independent vectors in the set is called the rank of the set of
vectors. Note that the rank of the vectors can never be greater than the vectors dimension.

v/ Example 13

What is the rank of
B 25 N 5 o 1
Ai=|64 |, As=]|8 ]|, As=1|1|7?
144 12 1
Solution
e - = =
Since we found in that A, Ao, A3 are linearly independent, the rank of the set of vectors A 1, Ao, Ag is

— - = = =
3. If we were given another vector A 4, the rank of the set of the vectors A 1, A, A3, A4 would still be 3 as the rank of a

- = =
set of vectors is always less than or equal to the dimension of the vectors and that at least A 1, Ao, A3 are linearly
independent.

v/ Example 14

What is the rank of
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N 25 . 5 N 1
89 13 2
Solution
- = - = =
In , we found that A 1, Ao, A 3 are linearly dependent, the rank of A 1, A9, A 3 is hence not 3, and is less

than 3. Is it 2? Let us choose two of the three vectors

N 251 5
A= (64|, A2=|38
89 13

— —
Linear combination of A ; and A 5 equal to zero has only one solution — the trivial solution. Therefore, the rank is 2.

v/ Example 15

What is the rank of
— L - 2l o g
A 1=11 ) A 2=12 ) A 3= 3 ?
2 4 5
Solution

From inspection,

— —
Ay=2A4A,,
that implies

- =

- =
2A1—A3+0A4A3=0

Hence

— — - -
kiA1+kosAos+k3sA3=0

has a nontrivial solution.

- = =
So Ay, Ay, Aj arelinearly dependent, and hence the rank of the three vectors is not 3. Since

= =
A2:2A1)

— —
A 1 and A 5 are linearly dependent, but

— - =
kiAi+k3sA3=0.

— —
has trivial solution as the only solution. So A ; and A 3 are linearly independent. The rank of the above three vectors is 2.

Prove that if a set of vectors contains the null vector, the set of vectors is linearly dependent.

- = —
Let A1, Aoyennn..... , A ., be a set of n-dimensional vectors, then

— — — —
k1A1—|—k2A2—|— —|—k’mAm= 0

_)
is a linear combination of the m vectors. Then assuming if A ; is the zero or null vector, any value of k; coupled with
ke=ks= ... =k, =0 will satisfy the above equation. Hence, the set of vectors is linearly dependent as more than one
solution exists.

https://math.libretexts.org/@go/page/104074


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104074?pdf

LibreTexts"

Prove that if a set of m vectors is linearly independent, then a subset of the m vectors also has to be
linearly independent.

Let this subset of vectors be
- = —
Aal’ Aa2»-'-»Aap
where p < m.

Then if this subset of vectors is linearly dependent, the linear combination

— — — —
klAa1+k2Aa2+---+kpAap: 0
has a non-trivial solution.
So
— — — —
k1A 1 +ke Ao+ +kpAap+0Aa(p+1)+ ....... 404 ., =0
— —
also has a non-trivial solution too, where A a(pt1)s -+ s A amare the rest of the (m —p) vectors. However, this is a contradiction.

Therefore, a subset of linearly independent vectors cannot be linearly dependent.

Prove that if a set of vectors is linearly dependent, then at least one vector can be written as a linear
combination of others.

- = —
Let A1, Ao,..., A, belinearly dependent set of vectors, then there exists a set of scalars
ki, ..., knnot all of which are zero for the linear combination equation
— — - =
kiAi+ksAs+...+k, A, =0.
Let k, be one of the non-zero values of k;, i =1,...,m, thatis, k, # 0, then
kz - k —1 — k +1 - k —
Ay=—1Ar— ... —Z—Ap_l—Z—ApH— . — =2 A,
P P P P

and that proves the theorem.

Prove that if the dimension of a set of vectors is less than the number of vectors in the set, then the
set of vectors is linearly dependent.

Can you prove it?

How can vectors be used to write simultaneous linear equations?

If a set of m simultaneous linear equations with n unknowns is written as

ancy+ ... +apxT, =01
a1+ ... +ax, =C
am1Z1+ ... +apnTy =Cp
where
1, T2, ..., Tare the unknowns, then in the vector notation they can be written as

— — - =
.’131A1—|—1‘2A2—|——|—:L‘nAn:C

https://math.libretexts.org/@go/page/104074


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104074?pdf

LibreTexts"

where
ai
%
A=
am1
where
oy ]
_)
A=
L Am1 |
a2
_)
Ay =
| Am2 |
o ]
_>
A, =
L amn -
C1
%
Ci=|":
Cm
The problem now becomes whether you can find the scalars 1, zo, . . ... , &, such that the linear combination
— —
I A 1t +, A n
. % .
is equal to the C', that is
— - =
1A+ +z, A,=C

v/ Example 16

Write
2521 + 5z +2x3 =106.8
642, +8xy +1x3 =177.2
144z, + 1229 + 23 = 279.2

as a linear combination of set of vectors equal to another vector.

Solution
251, +5xy  +x3 | 106.8
64xr; +8xy Hx3 | =|177.2
1442, +12z5 a3 | 279.2
25 5 1 106.8
Ty | 64 | +x2 | 8 | 23 | 1| = |177.2
144 12 1 279.2

What is the definition of the dot product of two vectors?
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— — —
Let A =[a,az,...,a,] and B = [by, by, ..., b,] be two n-dimensional vectors. Then the dot product of the two vectors A and

_>
B is defined as

- = n
A-B :a1b1—|—a2b2+...+anbn=Zaibi
=1

A dot product is also called an inner product.

v/ Example 17

Find the dot product of the two vectors X =[4,1,2,3]and E =1[3,1,7,2].
Solution
- =
A-B =[4,1,2,3].[3,1,7,2]
=) (3)+ (1) @)+ (2)(1)+(3)(2)
=33
A product line needs three types of rubber as given in the table below.
C
)
s
t
p
e
r
Rubber type Weight (Ibs) p
)
u
n
d
(
$
)
2
0
2
3
3
A 200 0
B 250 .
C 310 5
6
2
9
1
2
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Use the definition of a dot product to find the total price of the rubber needed.
Solution
The weight vector is given by

—>

W =200, 250, 310]

and the cost vector is given by

_>
C =1[20.23,30.56,29.12]

— =
The total cost of the rubber would be the dot product of W and C' .

- =

W-C =[200,250,310] - [20.23,30.56,29.12]
= (200)(20.23) + (250)(30.56) + (310)(29.12)
= 4046 + 7640 +9027.2
=$20713.20

Vectors Quiz

A set of equations
4z +Txe+ 1123 =13
1721 +3922 + 2323 =31
1321 +67x9 +5923 =37

can also be written as

4 7 11 13
Az | 17| +22 | 39| +23 |23 | =] 31
13 23 59 37
T T T 13
B)4 | zo | +39 | zo | +59 | 2o | = |31
I3 T3 I3 37
[ 4] [17] [13] [13]
Qx| 7| +x2|39] 423 |67 =31
| 11 | | 23 [ 59 ] | 37
[13] [67] [597 [57]
D)z | 17| +z2 (39| +=z3 |23 | = (13
| 4 ] L 7 ] | 11 | | 31 |

The magnitude of the vector, V = (5, —3, 2) is
(A)4

(B) 10

© /38

(D) v20
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The rank of the vector

is

A1
(B)2
©3
(D) 4

If X = (5,2, 3)and E =(6,—7,3), then 4X+5§is
(A) (50, —5,6)

(B) (50, —27, 27)

(©) (11, -5,6)

(D) (20,8,12)

The dot product of two vectors Aand B

—

A=3i+5j+7k
B=11i+13j+17k
most nearly is
(A) 14.80
(B) 33.00
(C) 56.00
(D) 217.0

The angle in degrees between two vectors W and v
U=3i+5j+7k
v=1114+135j+ 17k

most nearly is

(A)8.124

(B) 11.47

(C) 78.52

(D) 81.88
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Vectors Exercise

For

s 2 N 3 _> 1

A=19 |,B=|2|,C=|1
—7 5 1

- = - - =
find A + B and2A —3B +C .

Answer
5 —4
11 |; ] 13
—2 —28
Are

linearly independent?.

What is the rank of the above set of vectors?

Answer

3

Add exercises text here.

Are

Y 1 N 1 o 3

A=|1|(,B=|2|,C =15
1 5 7

linearly independent?.

What is the rank of the above set of vectors?

Answer

3

? Exercise 4

Are

. 1 N 2 N 1.1

A = 2 ,B = 4 ,C = 2.2
5 10 5.5

linearly independent?
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What is the rank of the above set of vectors?

Answer

No;1

If a set of vectors contains the null vector, the set of vectors is linearly
A. Independent
B. Dependent?

Answer

B

If a set of vectors is linearly independent, a subset of the vectors is linearly
A. Independent.
B. Dependent.

Answer

A

? Exercise 7

If a set of vectors is linearly dependent, then

A. At least one vector can be written as a linear combination of others.
B. At least one vector is a null vector.

Answer

A

If the dimension of a set of vectors is less than the number of vectors in the set, then the set of vectors is linearly
A. Dependent.

B. Independent.

Answer

A

? Exercise 9

— —
Find the dot product of A =(2,1,2.5,3)and B = (—3,2,1,2.5)

Answer

6
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- =
fu,v

=

— . .
w are three nonzero vector of 2-dimensions, then

)

, w are linearly independent

)

)

_>

U
— q
U are linearly dependent
P

el el |

—
w
=
w
—
w

, U, W are unit vectors

o 0w p

— — - = . .
.kiu +kov +ksv = 0 hasaunique solution.
Answer

B

? Exercise 11

_>
=qu.

el ]

Answer
Hint :

— - =

Start with by u +ko v = 0

Show that k; # 0 and ks # 0 because Wand v are both nonzero.

Hence
— ki —
v —u
ky
— kl
U

=q

? Exercise 12

linearly dependent.

Answer
Hint:
Since
— —
v =qu
e e
v —qu =0

%
g # 0, otherwise =0

So the equation

%
k17+k27= 0

has a non trivial solution of

klzl,kz :q7é0

and v are two non-zero vectors of dimension n. Prove that if w and v are linearly dependent, there is a scalar g such that

— . . . : - = - =
u and v are two non-zero vectors of dimension n. Prove that if there is a scalar g such that v =qu , then wand v are
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3: Binary Matrix Operations

4} Learning Objectives

After reading this chapter, you should be able to:

1. add, subtract, and multiply matrices, and
2. apply rules of binary operations on matrices.

How do you add two matrices?

Two matrices [A] and [B] can be added only if they are the same size. The addition is then shown as

where

v/ Example 1

Add the following two matrices.

5 2 3 6 7 -2
a=3 3 3m=| |

1 2 7 3 5 19
Solution

[C] =[A] +[B]
(5 2 3] [6 7 —2]
+

11 2 7 3 5 19
[5+6 2+7 3-2
|1+3 2+5 7419

11 9 1
4 7 26

v/ Example 2

Blowout r’us store has two store locations A and B, and their sales of tires are given by make (in rows) and quarters (in

columns) as shown below.

25 20 3 2
[Al=| 5 10 15 25
6 16 7 27
20 5 4 0
[Bl=|3 6 15 21
4 1 7 20

where the rows represent the sale of Tirestone, Michigan and Copper tires respectively and the columns represent the quarter
number: 1, 2, 3 and 4. What are the total tire sales for the two locations by make and quarter?

Solution

https://math.libretexts.org/@go/page/104093
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(€] = [4]+(B]

25 20 3 2 20 5 4 0

=|5 10 15 25|+ 3 6 15 21

| 6 16 7 27 4 1 7 20
[(25+20) (20+5) (3+4) (2+0)

(
=| (5+3) (10+6) (15+15) (25+21)
| (6+4) (16+1) (747) (27+20)
(4525 7 2
=| 8 1630 46
1017 14 47

So, if one wants to know the total number of Copper tires sold in quarter 4 at the two locations, we would look at Row 3 —

Column 4 to give c34 = 47.

How do you subtract two matrices?

Two matrices [A] and [B] can be subtracted only if they are the same size. The subtraction is then shown as

where

v/ Example 3

Subtract matrix [B] from matrix [A].

Solution

v/ Example 4

Blowout r’us has two store locations A and B and their sales of tires are given by make (in rows) and quarters (in columns) as
shown below.
2520 3 2
[A]=| 5 101525
6 16 7 27
2054 0
[Bj=| 3 61521
41720
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where the rows represent the sale of Tirestone, Michigan and Copper tires respectively and the columns represent the quarter
number: 1, 2, 3, and 4. How many more tires did store A sell than store B of each brand in each quarter?

Solution
[D] =[A] -

[25 20 3 2 205 4 0

=5 101525 l361521
| 6 16 7 27 41720
(25 20) —-5) (3—4) (2-0)

=] (6-3) (10 6) (15—15) (25 —21)
| (6—-4) (16—1) (7—-7) (27-20)
(515 —1 2

=124 0 4
(215 0 7

So, if you want to know how many more Copper tires were sold in quarter 4 in store A than store B, d34 = 7. Note that
di3 = —1 implies that store A sold 1 less Michigan tire than store B in quarter 3.

How do | multiply two matrices?

Two matrices [A] and [B] can be multiplied only if the number of columns of [A] is equal to the number of rows of [B] to give

[C]mxn = [A]mXp [B]an
If [A] is am X p matrix and [B] is a p X n matrix, the resulting matrix [C] is a m X n matrix.

So how does one calculate the elements of [C] matrix?

P
cij =Y airbij
k=1
=a blj +ai2b2]' +... —i—aipbpj
foreachi=1,2, ... ,mandj=1,2, ... , n.

To put it in simpler terms, the i row and j* column of the [C] matrix in [C] = [A] [B] is calculated by multiplying the i** row of
[A] by the 5" column of [B]. That is

b2j
C'LJ = failaig e aip]

by;
=aj blj + ainQj +...+ aipbpj

p
= Z @i by
k=1
v/ Example 5

Given
5 2 3
[A]:[l 2 7]
3 -2
B =|5 -8
9 -—10

https://math.libretexts.org/@go/page/104093



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104093?pdf

LibreTexts"

Find
[C] =[A][B]
Solution
c12 can be found by multiplying the first row of [ A] by the second column of [B],
—2
ci2=[5 2 3] -8
—10
= (5) (=2)+(2) (-8) +(3) (-10)
— 56
Similarly, one can find the other elements of [C] to give
52 —b6
[C] =
76 —88

v/ Example 6

Blowout r’us store location A and the sales of tires are given by make (in rows) and quarters (in columns) as shown below

2520 3 2
[A]=| 5 101525
6 16 7 27

where the rows represent the sale of Tirestone, Michigan and Copper tires respectively and the columns represent the quarter
number: 1, 2, 3, and 4. Find the per quarter sales of store A if the following are the prices of each tire:

o Tirestone = $33.25
e Michigan = $40.19
o Copper = $25.03

Solution
The answer is given by multiplying the price matrix by the quantity of sales of store A. The price matrix is
[33.25 40.19 25.03], so the per-quarter sales of store A would be given by:

2520 3 2
[C] =[33.25 40.19 25.03] | 5 101525
6 16 7 27

3
Cij = E ik brj
e}

3
c11 = E a1%br1
p)

= a11b11 +a12b21 +ai3bs3;
= (33.25) (25) +(40.19) (5) +(25.03) (6)
=$1182.38

Similarly
c1o = $1467.38
c13 = $877.81
c14 = $1747.06

Therefore, each quarter sales of store A in dollars is given by the four columns of the row vector
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Remember, since we are multiplying a 1 x 3 matrix by a 3 x 4 matrix, the resulting matrix is a 1 x 4 matrix.

[C] =[1182.38 1467.38 877.81 1747.06]

What is the scalar multiplication of a matrix?
If [A] is am X n matrix and & is a real number, then the multiplication [A] by a scalar k is another m x n matrix [B], where

bij =k A for all i, ]

v/ Example 7

Let
21 3 2
[A] =
5 1 6
Find 2 [A]
Solution
2[A] 2[21 3 2]
1 6
_[2><21 2x3 2><2]
]2 2x1 2x6
_[42 6 4]
10 2 12

What is a linear combination of matrices?

If [A1],[A2], ..., [Ap] are matrices of the same size and k1, kg, ... , k, are scalars, then
k1 [Al] + ko [Az] + ... +kp [Ap]

is called a linear combination of [A;], [As], ..., [4,].

v/ Example 8

If
[Al]:[: g i] [A2]=[251 i 2} [A3]:[g iz i]

[A1] +2[A2] —0.5[A3]

then find

Solution
[A1]+2[A2] —0.5[A3]

2_|_2 2.132_0‘502.22
1 5 1 6 3 35 6

2+4.264_0_50 1.1 1
1 10 2 12 1.5 1.75 3

[ 9.2 109 5 ]

N ONSD

11.5 2.25 10
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What are some of the rules of binary matrix operations?

Commutative law of addition

If [A] and [B] are m x n matrices, then

Associative law of addition
If [A], [ B], and [C] are all m x n matrices, then

Associative law of multiplication

If [A], [B], and [C] are m x n, n X p, and p X r size matrices, respectively, then
[A] (Bl [C]) = ([A] [B]) [C]
and the resulting matrix size on both sides of the equation is m x p.

Distributive law

If [A] and [B] are m x n size matrices, and [C] and [D] are n X p size matrices

And the resulting matrix size on both sides of the equation is m X p.

v/ Example 9

Mlustrate the associative law of multiplication of matrices using
L2 2 5 2 1
=3 5|, m=7 5], =[] ]
0 2
Solution
2 5|12 1
se-17 o[3 )]
9 6][3 5
_[19 27}
136 39
[1 2
19 27
A= 3 5| [0 o]
[0 2
[ 91 105
= 1237 276
| 72 78
(1 2
2 5
A8 =3 5|5 2]
[0 2
[20 17
= |51 45
(18 12
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[20 17 9 1

(el -5 4| |2 1]
(18 12

[ 91 105

= 1237 276

| 72 78

The above illustrates the associative law of multiplication of matrices.

Is [A][B] = [B][A]?

If [A] [ B] exists, number of columns of [A] has to be same as the number of rows of [B] and if [B] [A] exists, number of columns
of [B] has to be same as the number of rows of [A]. Now for [A] [B] = [B] [A], the resulting matrix from [A] [B] and [B] [A] has
to be of the same size. This is only possible if [A] and [B] are square and are of the same size. Even then in general

[A][B] # [B] [4]

v/ Example 10

Determine if

For the following matrices

Solution

Binary Matrix Operations Quiz

5

©[-2 5]
(D) not possible
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For the product [A] [B]to be possible

(A) the number of rows of [A] needs to be the ame as the number of columns of [B]
(B) the number of columns of [A] needs to be the same as the number of rows of [B]
(C) the number of rows of [A] and[B] needs to be the same

(D) the number of columns of [A] and[B] needs to be the same

If [A] = [50 60 ] then 6[Alis equal to
20 —-30

[ 50 360

(A) 19 ]
1120 —180
(300 60

(B) ]
|20 —30
(300 360

© 19 ]
1120 —180
[56 66

D)
126 —24

[A] and [B] are square matrices of n x n order. Then ([A] — [B])([4] — [B]) is equal to

(A) [A + (B —2[4] [B]

(B) [A* +[B)?

(©) [A* - [B)?

(D) [A]” +[B]* —[4] [B] - [B] [4]

Given [A] is a rectangular matrix and ¢ [A] = [0], then choose the most appropriate answer.
(A)C =0

(B) C =0 and [4] =[0]

(©)C=0or[A4]=]0]

(D) C =0 and [A] is a non-zero matrix

You sell Jupiter and Fickers Candy bars. The sales in January are 25 and 30 of Jupiter and Fickers, respectively. In February,
the sales are 75 and 35 of Jupiter and Fickers, respectively. If a Jupiter bar costs $2 and a Fickers bar costs $7, then if

25 30
[A]:[75 35

5=|1].

], and
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the total sales amount in each month is given by
(A) [B][4]
(B) [4] [B]
(©) 2[A]
(D) 7[A]

Binary Matrix Operations Exercise

? Exercise 1

For the following matrices

3 0 4 1 5 2
A= -1 2 ,[B]:[ ],[C]: 3 5
0 2
1 1 6 7
Find where possible
A.4[4] +5[C]
B. [A][B]
C. [A] = 2[C]
Answer
[37 10
A.=|11 33
| 34 39
[12 -3
B.=|-4
| 4 1
[ -7 —4
C=|-7 -8
| —-11 13

? Exercise 2

Food orders are taken from two engineering departments for a takeout. The order is tabulated below.

Food order:
Chicken Fries Drink
Sandwich
Mechanical 25 35 25
Civil 21 20 21

However they have a choice of buying this food from three different restaurants. Their prices for the three food items are
tabulated below

Price Matrix:

Kentucky

McFat  Burcholestrol
Sodium
Chicken Sandwich [2.42 2.38 2.46
Fries 0.93 0.90 0.89
Drink 0.95 1.03 1.13
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order from for each department?

Answer

food joints. McFat is the cheapest for the Civil Department.

? Exercise 3

Given
(2 3 5
[A]=|6 7 9
(2 1 3
"3 57
[Bjl=1[2 9
[1 6]
5 97
Cl=13 9
L7 6

Mlustrate the distributive law of binary matrix operations

[A] (B +[C]) = [4] [B] +[A4] [C]

Answer
(3 5
[Bl+[Cl=1|2 9
|1 6
(8 7
=15 18
|8 12
[A] ([B] +[C]) =
17
4] [B1=[41
11
54
[A] [0]2{114
34
[A] [B] +[A] [C] =

5 2
+13 9
7 6
71 128
155 276
45 68
67
147
37
61
129
31
71 128
155 276
45 68

Show how much each department will pay for their order at each restaurant. Which restaurant would be more economical to

The cost in dollars is 116.80, 116.75, 120.90 for the Mechanical Department at three fast food joints. So BurCholestrol is
the cheapest for the Mechanical Department. The cost in dollars is 89.37, 89.61, 93.19 for the Civil Department at three fast
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Let [I] be a n x n identity matrix. Show that [A][[I] = [I][A] = [A] for every n x n matrix [A].

Let [C]nxn = [A]nxn[I]nxn

Answer
Hint: ¢;; = ZZ:I Qiplp;
=0aljt...... @i o191, F Qg + Qi) it T Bintnj
Since

i35 =0 fori #j
=1fori=j

Cij = Qjj

So [4] = [A] 1]

Similarly do the other case

(1] [A] = [A]. Just do it!

Consider there are only two computer companies in a country. The companies are named Dude and Imac. Each year, company
Dude keeps 1/5" of its customers, while the rest switch to Imac. Each year, Imac keeps 1/3" of its customers, while the rest
switch to Dude. If in 2002, Dude has 1/6"h of the market and Imac has 5/6°h of the market.

A. What is the distribution of the customers between the two companies in 2003? Write the answer first as multiplication of
two matrices.
B. What would be distribution when the market becomes stable?

Answer

A. At the end of 2002, Dude has + x + +2 x 2 =0.589 .
Imac has % x%—i—% x 2 =0.411

_ 10.589
0.411
B. Stable distribution is [10/22 12/22] (Try to do this part of the problem first by finding the distribution five years from
now).

Given

In matrix form

W[~ wolo
=3

| —
i o=
ol o=

[12.3 —12.3  10.3
[A]=|11.3 -10.3 —11.3],
(103 -11.3 —12.3

[ 2 4
[Bj=|-5 6
11 —20

[A][B] matrix size is

Answer

3 x2
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? Exercise 7

Given

[12.3 —12.3 10.3
[A]=|11.3 -10.3 —-11.3],
(103 —11.3 —12.3

[ 2 4
[Bl=|-5 6
11 —20

if [C] = [A] [B], then c31=

Answer
(10.3 x2)+((=5) x (—11.3)) + (11 x (—12.3)) = —58.2

This page titled 3: Binary Matrix Operations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar
Kaw via source content that was edited to the style and standards of the LibreTexts platform.
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4: Unary Matrix Operations

€0 Learning Objectives

After reading this chapter, you should be able to:

1. know what unary operations are,

2. fnd the transpose of a square matrix and its relationship to symmetric matrices,
3. find the trace of a matrix, and

4. find the determinant of a matrix by the cofactor method.

What is the transpose of a matrix?

Let [A] be a m x n matrix. Then [B] is the transpose of [A] if bj = a;; for all 4 and j. That is, the i" row and the j* column
element of [A4] is the 5** row and #** column element of [B]. Note, [B] would be a n X m matrix. The transpose of [A] is denoted
by [4]".

v/ Example 1

Find the transpose of

25 20 3 2
[A]=] 5 10 15 25
6 16 727

Solution
The transpose of [A4] is

25 5 6
20 10 16
3 15 7
2 25 27

(4" =

Note, the transpose of a row vector is a column vector and the transpose of a column vector is a row vector.

Also, note that the transpose of a transpose of a matrix is the matrix itself. That is,

Also,

What is a symmetric matrix?
A square matrix [A] with real elements were a;; =aj fori =1, 2, ... ,nandj=1, 2, ..., n is called a symmetric matrix.
This is the same as saying that if [A] = [A]", then [A]” is a symmetric matrix.

v/ Example 2

Give an example of a symmetric matrix

Solution
21.2 3.2 6
[A]=]32 215 8
6 8 9.3

Is a symmetric matrix as ajs = as; = 3.2, a13 =a3; =6 andaj3 =as; =8.

@ 0 a @ @ https://math.libretexts.org/@go/page/104104



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104104?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Introduction_to_Matrix_Algebra_(Kaw)/01%3A_Chapters/1.04%3A_Unary_Matrix_Operations

LibreTexts"

What is a skew-symmetric matrix?

A n x n matrix is skew-symmetric if a;; = —aj;, fori =1, ... , n and j=1, ..., n. This the same as

v/ Example 3

Give an example of a skew-symmetric matrix

Solution
0o 1 2
-1 0 -5
-2 5 0
Is a skew symmetric matrix as ajs = —as1 = 1; a13 = —asg1 = 2; as3 = —agy = —5 . Since a; = —ay; only if a; =0, all

the diagonal elements of a skew-symmetric matrix have to be zero.

What is the trace of a matrix?

The trace of a n x n matrix [A] is the sum of the diagonal entries of [A]. That is

tr [A] = i (0773
i=1

v/ Example 4

Find the trace of:

5 6 7
A=|2 -4 2
3 2 6

Solution

v/ Example 5

The sales of tires are given by make (rows) and quarters (columns) for Blowout r’us store location A, as shown below

2520 3 2
[A]=| 5 101525
6 16 7 27

Where the rows represent the sales of Tirestone, Michigan, and Copper tires, and the columns represent the quarter numbers 1,
2,3, 4.
Find the total yearly revenue of store A if the prices of tires vary by quarters as follows

33.25 30.01 35.02 30.05

[B] = | 40.19 38.02 41.03 38.23
25.03 22.02 27.03 22.95
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Where the rows represent the cost of each tire made by Tirestone, Michigan, and Copper, and the columns represent the quarter
numbers.

Solution

v/ Example 6

Blowout r’us store location A and the sales of tires are given by make (in rows) and quarters (in columns) as shown below

(2520 3 2

[A] =] 5 1015 25

| 6 16 7 27

[33.25 30.01 35.02 30.05
— | 40.19 38.02 41.03 38.23
| 25.03 22.02 27.03 22.95
[ 33.25 40.19 25.03
30.01 38.02 22.02
35.02 41.03 27.03

| 30.05 38.23 22.95

Recognize now that if we find [A4] [C], we get

[D] = [A][C]
i 33.25 40.19 25.03
3 255 ig 135 225 30.01 38.02 22.02
| 6 16 7 27 | 3502 41.08 27.03

30.05 38.23 22.95
[1597 1965 1193
=|1743 2152 1325
| 1736 2169 1311

The diagonal elements give the sales of each brand of tire for the whole year. That is
dy1 = $1597 (Tirestone sales)

dys = $2152 (Michigan sales)

ds3 = $1597 (Copper sales)

The total yearly sales of all three brans of tires are

3
di =1597+2152+1311
i=1
= $5060

And this is the trace of matrix [D].

Define the determinant of a matrix.

The determinant of a square matrix is a single unique real number corresponding to a matrix. For a matrix [A], determinant is
denoted by | A| or det (A). So do not use [A] and | A| interchangeably.

For a 2 x 2 matrix

A= o]

a1 a2
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det (A) = Qa110a22 — Q120921

How does one calculate the determinant of any square matrix?

Let [A] be a n x n matrix. The minor of entry a;; is denoted by M;; and is defined as the determinant of the (n —1) x (n —1)
submatrix of [A], where the submatrix is obtained by deleting the i** row and j** column of the matrix [A]. The determinant is
then given by

n

det (A) =Z(—1)i+jaijMij foranyi=1,2, ..., n
=1
or
n . .
det(A) =Y (-1)"Ya;M;; foranyj=1,2, ..., n
=1

Couple that with det (A) = aj; fora 1 x 1 matrix [A], we can always reduce the determinant of a matrix to determinants of 1 x 1
matrices. The number (—1)** M;; is called the cofactor of a;; and is denoted by c;;. The formula for the determinant can then be

written as
det(A):ZaijC’ij foranyi=1,2, ..., n
=1
or
n
det (A) :Zaijcij foranyj=1,2, ..., n
i1

Determinants are not generally calculated using this method as it becomes computationally intensive for large matrices. For a
n X m matrix, it requires arithmetic operations proportional to n!.

v/ Example 6

Find the determinant of

25 5 1

[A]=]64 8 1

144 12 1
Solution
Method 1:

3 "
det (A) :Z(—l)H]aijMij for any i=1, 2, 3
=1

Let us choose 7 =1 in the formula

det (A)

3
> (1) ayMy;

j=1
(_1)1+1a11M11+(_1)1+2a12M12+(_1)1+3a13 ]\4—13
=a11 M1 —a12Miz +ai13M;3

8 1
My =
H ‘12 1‘
=4

https://math.libretexts.org/@go/page/104104


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104104?pdf

LibreTexts"

64 1
e

144 1
=80
64 8'

144 12
=—384

det(A) = a1 My —a1aMiy +ay3Mis
— 25 (—4) — 5 (—80) + 1 (—384)
=—100+400 — 384
=-84

M13='

Also fori =1,
3
det (A) = Z aleU‘
=1

Cu = (—1)1+1M11
=My
— 4

Ciz

(=120
=—My,
=80

Cis = (-1)"" My,
= M3
=-384

det (A) =a11C11 +a21C1 +a31C3
=(25) (—4) +(5) (80) + (1) (—384)
=—100+400 — 384
=-84

Method 2:

3
det (4) =Y (—1)*"a; My; for any j=1, 2, 3
i=1

7

Let us choose j = 2 in the formula

3
det (A) =Y (-1)"?an My
1=1

= —1)1+2¢112M12 + (—1)2+2a22M22 + (—1)3+2a32M32
= —a12Mi2 + a2 Moo — aza M3
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det(A) = —ai1aMis +agp Moy — azaMs3s
— _5(—80)+8(—119) —12(—39)
=400 —-952 + 468
=-84

In terms of cofactors for j =2,

3
det (4) =) " anCa
i=1

det (A) = a12C12 +a22C +a32C32
=(5)(80)+(8) (—119)+(12)(39)
=400 —952 1468
=-84

Is there a relationship between det(AB), and det(A) and det(B)?

Yes, if [A] and [B] are square matrices of same size, then
det(AB) = det(A)det(B)
Are there some other theorems that are important in finding the determinant of a square matrix?
Theorem 1: If a row or a column in a » X n matrix [A] is zero, then det(4) =0.
Theorem 2: Let [A] be a n X n matrix. If a row is proportional to another row, then det(A4) =0.
Theorem 3: Let [A] be a n X n matrix. If a column is proportional to another column, then det(A) =0 .

Theorem 4: Let [A] be a n X n matrix. If a column or row is multiplied by & to result in matrix k, then det(B) = kdet(A) .

n
Theorem 5: Let [A] be a n x n upper or lower triangular matrix, then det(A4) = .Hlaii .
i

v/ Example 7

What is the determinant of

026 3
03 7 4
[A] =
0495
05 21

Solution
Since one of the columns (first column in the above example) of [A] is a zero, det(A4) =0.
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What is the determinant of

2 1 6 4
3 2 7 6
[4] =
5 4 2 10
9 5 3 18
Solution
det(A) is zero because the fourth column
4
6
10
18
is 2 times the first column
2
3
5
9
v/ Example 9
If the determinant of
25 5 1
[Al=]164 8 1
144 12 1
is —84, then what is the determinant of
25 105 1
[Bj=| 64 16.8 1
144 252 1

Solution
Since the second column of [B] is 2.1 times the second column of [A]

det(B) = 2.1det(A)

=(2.1)(—84)
=-176.4
v/ Example 10
Given the determinant of
25 5 1
[Al=]64 8 1
144 12 1

is —84, what is the determinant of
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25 5 1
[Bl=| 0 —-4.8 -1.56
144 12 1

Solution
Since [B] is simply obtained by subtracting the second row of [A] by 2.56 times the first row of [A4],

det(B) =det(A)

=-84
v/ Example 11
What is the determinant of
25 5 1
[A]=]0 —-4.8 -1.56
0 0 0.7

Solution
Since [A] is an upper triangular matrix

3
det (A) = H Qi
i=1

= a1 X az Xass
=25 x (—4.8) x 0.7
=—-84

Unary Matrix Operations Quiz

If the determinant of a 4 x 4 matrix is given as 20, then the determinant of 5 is
(A) 100

(B) 12500

(©) 25

(D) 62500

If the matrix product [A] [B] [C] is defined, then ([A] [B] [C] ) is

[
®) [A]" [B]
©) [4] [B] [
D) [A]" [B] [C]

The trace of a matrix
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5 6 -7
9 11 13
—-17 19 23

is
(A)17
(B) 39
(C)40
(D) 110

A square n X n matrix [A] is symmetric if
(A) a;; =aj;, i =7 foralli,j

(B) aij =aj;, i #j foralli,j

(©) a;j = —aj;, i =3 foralle,j

(D) a;; = —aj;, i #j foralli,j

The determinant of the matrix

25 5 1
0 3 8
0 9 a

is 50. The value of a is then
(A) 0.6667

(B) 24.67

(C) —23.33

(D) 5.556

[A] is a 5 x 5 matrix and a matrix [B] is obtained by the row operations of replacing Row 1 with Row 3, and then Row 3 is
replaced by a linear combination of 2 X Row 3 +4 x Row 2 . If det (A) = 17, then det (B) is equal to

(A) 12
(B) —34
(C) —112
(D) 112

Unary Matrix Operations Exercise
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Find [A]T

Answer

25 7

If [A] and [B] are two n X n symmetric matrices, show that [A] 4 [B] is also symmetric. Hint: Let [C] = [A] 4 [B]

Answer
cij = a;; +by; foralli,j.
and
cji = aj; +by foralli, j.
¢ji = a;j +b;; as[A] and [B] are symmetric

Hence cj; = ¢;;.

Give an example of a 4 X 4 symmetric matrix.

Give an example of a 4 x 4 skew-symmetric matrix.

? Exercise 5

What is the trace of

7T 2 3 4
-5 -5 -5 -5

A [A] =
6 6 7 9
-5 2 3 10
B. For
10 -7 0
[A] =|-3 2.099 6
5 -1 5

Find the determinant of [A] using the cofactor method.

Answer

a) 19
b) —150.05

det(3[A]) of an X n matrix is
A. 3det(A)

B. 3det(A)
C. 3"det(A)
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D. 9det(A)

Answer

C

For a5 x 5 matrix [A], the first row is interchanged with the fifth row, the determinant of the resulting matrix [B]is

A. det(A)

B. —det(A)
C. bdet(A)
D. 2det(A)

Answer

A

01

det is

o O
o = O O

o O = O

0
0
0

[y

A.0
B. 1
C. -1
D. oo

Answer
C

? Exercise 9

Without using the cofactor method of finding determinants, find the determinant of

0 0 O
[A] =12 3 5

6 9 2
Answer

0: Can you answer why?

? Exercise 10

Without using the cofactor method of finding determinants, find the determinant of
o o0 2 3
0 2 3 5
6 T 2 3

6.6 7.7 22 3.3

4] =

Answer
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| 0: Can you answer why?

? Exercise 11

Without using the cofactor method of finding determinants, find the determinant of

5 0 0 0

0 3 0 O
[4] =
2 5 6 0
1 2 3 9
Answer

5x 3 x6x9=2810 : Can you answer why?

? Exercise 12

Given the matrix

125 25 5 1
512 64 8 1
[A] =
1157 89 13 1
8 4 2 1
and

det(A) = —32400

find the determinant of

125 25
512 64
1141 81

| 8 4
[ 125 25

512 64
1157 89

| 8 4
125 25

1157 89
512 64

8 4
[ 125 25

1157 89
8 4

| 512 64
[ 125 25

512 64
1157 89 13
16 8 4

mamr—ll—il—\b—ll\')©mf.ﬂ
[\ ()

=
w O

oo Ut oo N

N R o R e e e

Answer

A) —32400 B) 32400 C) 32400 D) -32400 E) -64800
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What is the transpose of

25 20 3 2
[Al=]|5 10 15 25
6 16 7 27

Answer
25 5 6
20 10 16

[A]" =

3 15 7
2 25 27

? Exercise 14

What values of the missing numbers will make this a skew-symmetric matrix?

0 3 7
[4=]? 0 ?
21 7 0
Answer
0 3 21
-3 0 4
21 —4 0

? Exercise 15
What values of the missing number will make this a symmetric matrix?
2 3 7
Al=|? 6 7
21 7 5

Answer
2 3 21
3 6 7
21 7 5

? Exercise 16

Find the determinant of

25 5 1
[A]=]164 8 1
144 12 5

Answer

The determinant of [A] is,

258 1_5 64 1+1 64 8
12 5 144 5 144 12
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= 25(28) —5(176) + 1(—384)
= —564

? Exercise 17

What is the determinant of an upper triangular matrix [A] that is of order n X n.?

Answer

The determinant of an upper triangular matrix is the product of its diagonal elements,]_[:-;1 a;

? Exercise 18

Given the determinant of

25 5 1
[A]=]64 8 1
144 12 a

is—564, find a.

Answer

det(A) = —120a+ 36
120a + 36 =564
a=>5

? Exercise 19

Why is the determinant of the following matrix zero?

0 0 O
[A=12 3 5

6 9 2
Answer

The first row of the matrix is zero, hence, the determinant of the matrix is zero.

? Exercise 20

Why is the determinant of the following matrix zero?
o o0 2 3

0 2 3 b
6 7 2 3
6.6 7.7 2.2 3.3

[A] =

Answer

Row 4 of the matrix is 1.1 times Row 3. Hence, its determinant is zero.
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Show that if [A] [B] = [I], where [A], [B] and [I] are matrices of n X n_size and [I] is an identity matrix, then det(A) # 0
and det(B) #0.

Answer

We know that det(AB) = det(A)det(B) .
[A}[B] =[]
det(AB) = det(I)

n

det(I) = H a; =

n
i=1 i=1

det(A)det(B) =1

1=1

Therefore,
det(A) # 0 and
det(B) #0.

This page titled 4: Unary Matrix Operations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar
Kaw via source content that was edited to the style and standards of the LibreTexts platform.
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5: System of Equations

4b Learning Objectives

After reading this chapter, you should be able to:

1. setup simultaneous linear equations in matrix form and vice-versa,

2. understand the concept of the inverse of a matrix,

3. know the difference between a consistent and inconsistent system of linear equations, and

4. learn that a system of linear equations can have a unique solution, no solution or infinite solutions.

Matrix algebra is used for solving systems of equations. Can you illustrate this concept?

Matrix algebra is used to solve a system of simultaneous linear equations. In fact, for many mathematical procedures such as the
solution to a set of nonlinear equations, interpolation, integration, and differential equations, the solutions reduce to a set of
simultaneous linear equations. Let us illustrate with an example for interpolation.

v/ Example 1

The upward velocity of a rocket is given at three different times on the following table.

Table 5.1. Velocity vs. time data for a rocket

Time, t Velocity, v
(s) (m/s)
5 106.8
8 177.2
12 279.2

The velocity data is approximated by a polynomial as
v(t) =at® +bt+c,5 <t <12
Set up the equations in matrix form to find the coefficients a, b, ¢ of the velocity profile.

Solution
The polynomial is going through three data points (¢1,v1), (t2,v2), and (t3,v3) where from table 5.1.

t; =5, v; =106.8
ty =8, vy = 177.2
ty =12, vy = 279.2
Requiring that v (t) = at® +bt +c passes through the three data points gives
v(t) =v1 :atf +bt1 +c
v(ty) = vy :at% +bty +c
v(t3) =vs =at2 +bts+c
Substituting the data (¢1,v1), (t2,v2), and (t3,vs) gives
a(5?) +b(5)+c=106.8
a(8%)+b(8)+c=177.2
a(12%) +b(12) +¢c=279.2
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or
25a+5b+c=106.8
64a+8b+c=177.2

144a+12b+c¢ =279.2

This set of equations can be rewritten in the matrix form as

25a+ bb+ ¢ 106.8
64a+ 8b+ c|=|177.2
144a+ 12b+ ¢ 279.2
The above equation can be written as a linear combination as follows
25 5 (1 106.8
a|l 64 | +b| 8 | +tc|l1]|=]177.2
144 12 | 1 279.2
and further using matrix multiplication gives
25 5 17 [a] 106.8
64 8 1 b|=1177.2
144 12 1] |c| 279.2

The above is an illustration of why matrix algebra is needed. The complete solution to the set of equations is given later in this
chapter.

A general set of m linear equations and n unknowns,

a1 +apry+--c +a1nTn =1
1% + gy +------ +agnTn =2
A1 T1 +am2To+. o oon .. +0nTn = Cmy
can be rewritten in the matrix form as
[ a a .. ain ]
11 12 in 1 e
az; Q2 . . Q2p o s
T c
| Am1 Am2 . - Qmp n m

Denoting the matrices by [A], [X], and [C], the system of equation is

[A] [X] =[C], where [4] is called the coefficient matrix, [C'] is called the right hand side vector and [X] is called the solution
vector.

Sometimes [A] [X] = [C] systems of equations are written in the augmented form. That is
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ail (2755, R QAin
C1
a1 (4753 N azn
C2
[A : C] = 3 5
e
Aml Am2 eeeee @, © - °

A system of equations can be consistent or inconsistent. What does that mean?

A system of equations [A] [X]=[C] is consistent if there is a solution, and it is inconsistent if there is no solution. However, a

consistent system of equations does not mean a unique solution, that is, a consistent system of equations may have a unique
solution or infinite solutions (Figure 1).

|AI1X] = |B]

'

!

Consistent System

;

;

Unique Solution

|

Infinite Sclutions

!

Inconsistent System

Figure 5.1: Consistent and inconsistent system of equations flow chart.

v/ Example 2

Give examples of consistent and inconsistent system of equations.

Solution
a. The system of equations

]G]

is a consistent system of equations as it has a unique solution, that is,
z] [1
Y N 11
2 4] [z] [6
1 2]yl |3

is also a consistent system of equations but it has infinite solutions as given as follows.

b. The system of equations

Expanding the above set of equations,
2z 44y =6
z+2y=3

you can see that they are the same equation. Hence, any combination of (z, y) that satisfies

20 +4y =6
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is a solution. For example (z,y) = (1,1) is a solution. Other solutions include (z,y) = (0.5,1.25) (z,y) = (0,1.5), and so

MR

How can one distinguish between a consistent and inconsistent system of equations?

c. The system of equations

is inconsistent as no solution exists.

A system of equations [A4] [X] = [C] is consistent if the rank of A is equal to the rank of the augmented matrix [A C]

A system of equations [A] [X] = [C] is inconsistent if the rank of A is less than the rank of the augmented matrix [A C} .

But, what do you mean by rank of a matrix?

The rank of a matrix is defined as the order of the largest square submatrix whose determinant is not zero.

v/ Example 3

What is the rank of
31 2
[AJ=12 0 5|7
1 2 3
Solution

The largest square submatrix possible is of order 3 and that is [A] itself. Since det(A) = —23 # 0, the rank of [A] = 3.

v/ Example 4

What is the rank of

[4] =

[SA 3 R

—_ O =

N Ot N
)

Solution
The largest square submatrix of [A] is of order 3 and that is [A] itself. Since det(A) =0, the rank of [A] is less than 3. The
next largest square submatrix would be a 2 X 2 matrix. One of the square submatrices of [A] is

o

and det(B) = —2 # 0 . Hence the rank of [A] is 2. There is no need to look at other 2 x 2 submatrices to establish that the
rank of [A] is 2.

v/ Example 5

How do I now use the concept of rank to find if

25 5 1 31 106.8
64 8 1 x2 | = | 177.2
144 12 1 z3 279.2

is a consistent or inconsistent system of equations?
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Solution
The coefficient matrix is

25 5 1
[A]=|64 8 1
144 12 1

and the right-hand side vector is

106.8
[Cc]=|177.2
279.2

The augmented matrix is

25 5 1 : 106.8
Bl=]164 8 1 ' 177.2
144 12 1 : 279.2

Since there are no square submatrices of order 4 as [B] is a 3 x 3 matrix, the rank of [B] is at most 3. So let us look at the
square submatrices of [B] of order 3; if any of these square submatrices have determinant not equal to zero, then the rank is 3.
For example, a submatrix of the augmented matrix [B] is

25 5 1
[Dj=]64 8 1
144 12 1

hasdet(D) = —84 #0.

Hence the rank of the augmented matrix [B] is 3. Since [A] = [ D], the rank of [A] is 3. Since the rank of the augmented matrix
[B] equals the rank of the coefficient matrix [A], the system of equations is consistent.

v/ Example 6

Use the concept of rank of matrix to find if

25 5 1 1 106.8
64 8 1 Ty | = | 177.2
89 13 2 x3 284.0
is consistent or inconsistent?
Solution
The coefficient matrix is given by
25 5 1
[A]=]64 8 1
89 13 2
and the right-hand side
106.8
[Cl=|177.2
284.0

The augmented matrix is
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25 5 1 :106.8
[Bj=]64 8 1 :177.2
89 13 2 :284.0
Since there are no square submatrices of order 4 as [B] is a 4 x 3 matrix, the rank of the augmented [B] is at most 3. So let us

look at square submatrices of the augmented matrix [B] of order 3 and see if any of these have determinants not equal to zero.
For example, a square submatrix of the augmented matrix [B] is

25 5 1
[Dj=164 8 1
89 13 2

has det(D) = 0. This means, we need to explore other square submatrices of order 3 of the augmented matrix [B] and find
their determinants.

That is,

5 1 106.8
E]=|8 1 177.2
13 2 284.0

det(E) =0
25 5 106.8
[F]=|64 8 177.2
89 13 284.0

det(F)=0
25 1 106.8
[G=|64 1 177.2
89 2 284.0

det(G) =0

All the square submatrices of order 3 x 3 of the augmented matrix [B] have a zero determinant. So the rank of the augmented
matrix [B] is less than 3. Is the rank of augmented matrix [B] equal to 2?. One of the 2 X 2 submatrices of the augmented

matrix [B] is
e~ o)

det(H) = —120 £ 0

and

So, the rank of the augmented matrix [B] is 2.

Now we need to find the rank of the coefficient matrix [B].

25 5 1
[A]=]164 8 1
89 13 2
and
det(A) =0

So, the rank of the coefficient matrix [A] is less than 3. A square submatrix of the coefficient matrix [A] is

-5 1]
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So, the rank of the coefficient matrix [A] is 2.

det(J) = -3 #0

Hence, rank of the coefficient matrix [A] equals the rank of the augmented matrix [B]. So the system of equations
[A] [X] = [C] is consistent.

v/ Example 7

Use the concept of rank to find if

25 5 1 T 106.8
64 8 1 x| = | 177.2
89 13 2 z3 280.0

is consistent or inconsistent.

Solution
The augmented matrix is

25 5 1 :106.8
[Bj=]164 8 1 :177.2
89 13 2 :280.0
Since there are no square submatrices of order 4 x 4 as the augmented matrix [B] is a 4 x 3 matrix, the rank of the augmented

matrix [B] is at most 3. So let us look at square submatrices of the augmented matrix (B) of order 3 and see if any of the 3 x 3
submatrices have a determinant not equal to zero. For example, a square submatrix of order 3 x 3 of [B]

25 5 1
[D]=|64 8 1
89 13 2
det(D) = 0

So, it means, we need to explore other square submatrices of the augmented matrix [B]

5 1 106.8
[El=|8 1 177.2
13 2 280.0

det(E)=12.0#£0.
So, the rank of the augmented matrix [B] is 3.
The rank of the coefficient matrix [A] is 2 from the previous example.

Since the rank of the coefficient matrix [A] is less than the rank of the augmented matrix [B], the system of equations is
inconsistent. Hence, no solution exists for [4] [X] = [C].

If a solution exists, how do we know whether it is unique?

In a system of equations [A] [X] = [C] that is consistent, the rank of the coefficient matrix [A] is the same as the augmented matrix
[A|C ].If in addition, the rank of the coefficient matrix [A] is same as the number of unknowns, then the solution is unique; if the
rank of the coefficient matrix [A] is less than the number of unknowns, then infinite solutions exist.
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[A][X] = [B]
I
I |
Consistent System if Inconsistent System if
rank (A) = rank (A.B) rank (A) < rank (A.B)
I
I I
Unique solution if Infinite solutions if

rank (A) = number of unknowns rank (A) < number of unknowns

v/ Example 8

We found that the following system of equations

Figure 5.2: Flow chart of conditions for consistent and inconsistent system of equations.

25 5 1 31 106.8
64 8 1 xo | = [ 177.2
144 12 1 x3 279.2

is a consistent system of equations. Does the system of equations have a unique solution or does it have infinite solutions?

Solution
The coefficient matrix is

25 5 1
[A]=|64 8 1
144 12 1

and the right-hand side is

106.8
(€] =|177.2
279.2

While finding out whether the above equations were consistent in an earlier example, we found that the rank of the coefficient

matrix (A) equals rank of augmented matrix [A C] equals 3.

The solution is unique as the number of unknowns = 3 = rank of (A).

v/ Example 9

We found that the following system of equations

25 5 1 T1 106.8
64 8 1 x| = | 177.2
89 13 2 z3 284.0

is a consistent system of equations. Is the solution unique or does it have infinite solutions.

Solution
While finding out whether the above equations were consistent, we found that the rank of the coefficient matrix [A]equals the

rank of augmented matrix <A C) equals 2

Since the rank of [A] = 2 < number of unknowns = 3, infinite solutions exist.

@ 0 g @ @ https://math.libretexts.org/@go/page/104116



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104116?pdf

LibreTexts"

If we have more equations than unknowns in [A] [X] = [C], does it mean the system is inconsistent?

No, it depends on the rank of the augmented matrix [A : C’] and the rank of [A4].

a. For example

2% 5 1 106.8
64 8 1| "] |177.2
144 12 1| |®| " |279.2
89 13 2| -™ 284.0

is consistent, since

o rank of augmented matrix = 3
o rank of coefficient matrix = 3

Now since the rank of (A) = 3 = number of unknowns, the solution is not only consistent but also unique.

b. For example

25 5 1 - 106.8
64 8 1| M| 1772
144 12 1 22 ~ | 279.2
g9 13 2| -7° 280.0

is inconsistent, since

o rank of augmented matrix = 4

o rank of coefficient matrix = 3

c. For example
25 5 1 . 106.8
64 8 1| | "| 1772
50 10 2| |™ 213.6
89 13 2| - 280.0

is consistent, since

o rank of augmented matrix = 2
o rank of coefficient matrix = 2

But since the rank of [A] = 2 < the number of unknowns = 3, infinite solutions exist.

Consistent systems of equations can only have a unigue solution or infinite solutions. Can a system
of equations have more than one but not infinite number of solutions?

No, you can only have either a unique solution or infinite solutions. Let us suppose [A][X] = [Chas two solutions [Y] and [Z] so

that
[Al[Y]=[C]
[Al[2] = [C]
If r is a constant, then from the two equations
rlA][Y]=r[C]

Adding the above two equations gives
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Hence
is a solution to

Since r is any scalar, there are infinite solutions for [A] [X] = [C] of the form
r[Y]+(1—7)[Z]
Can you divide two matrices?

If [A] [B] = [C] is defined, it might seem intuitive that [A] = [—2, but matrix division is not defined like that. However an inverse

[
of a matrix can be defined for certain types of square matrices. The inverse of a square matrix [A], if existing, is denoted by [A4]*

such that

Where [I] is the identity matrix.

In other words, let [A] be a square matrix. If [B] is another square matrix of the same size such that [B] [A] = [I], then [B] is the
inverse of [A]. [A] is then called to be invertible or nonsingular. If [A] ! does not exist, [A] is called noninvertible or singular.

If [A] and [B] are two n X n. matrices such that [B] [A] = [I], then these statements are also true

[B] is the inverse of [A]
[4] is the inverse of [B]

[A] and [B] are both invertible

[A] [BI=[1].

[A] and [B] are both nonsingular

all columns of [A] and [B] are linearly independent

all rows of [A] and [B] are linearly independent.

v/ Example 10

Determine if

is the inverse of

5 -3
Solution
IR M I
5 4
=1
Since
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[B] is the inverse of [A] and [A] is the inverse of [B].

But, we can also show that

[A][B]

Il
|

o

I o
)
| I
| —
o w
w
| I

to show that [A] is the inverse of [B].

Can | use the concept of the inverse of a matrix to find the solution of a set of equations [A] [X] = [C]?

Yes, if the number of equations is the same as the number of unknowns, the coefficient matrix [A] is a square matrix.

Given

Then, if [A] ™! exists, multiplying both sides by [A] L.

This implies that if we are able to find [A] !, the solution vector of [A] [X] = [C] is simply a multiplication of [A] ! and the right
hand side vector, [C].

How do | find the inverse of a matrix?

If [A] is a n x n matrix, then [A] ! is an x n matrix and according to the definition of inverse of a matrix

[A] [A]7! = 1]
Denoting
ailr Qa2 - - Q1
a1l a2 Q2n
[A] =
apl1 QAp2 * * Qpp
[ a’11 a’12 to alln
Qgp Qgp - = Gy,
(A7 =
Uy Oy @nn
[1 0 0]
01 0
0
1= 1
[ 0 1]
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Using the definition of matrix multiplication, the first column of the [A]~! matrix can then be found by solving

- -

a1 aiz - - Qg Gy 1
!

a1 G - - Qg Qg 0
i

ap1  Qan2 : © Qpp L anl ] 0

Similarly, one can find the other columns of the [A] ™! matrix by changing the right hand side accordingly.

v/ Example 11

The upward velocity of the rocket is given by

Table 5.2. Velocity vs time data for a rocket

Time, £ (s) Velocity, v (m/s)
5 106.8
8 177.2
12 279.2

In an earlier example, we wanted to approximate the velocity profile by
v(t) =at® +bt+¢,5 <t <12

We found that the coefficients a, b, and ¢ in v (t) are given by

25 5 1 a 106.8
64 8 1 bl=1177.2
144 12 1 c 279.2
First, find the inverse of
25 5 1
[A]=]64 8 1
144 12 1

and then use the definition of inverse to find the coefficients a, b, and c.

Solution
If
Q)3 G1p Gg3
-1 ’ ’ ’
[A] "= |ay ay ay
Q3; A3y Q33
is the inverse of [A], then
25 5 1 a;; Q9 Qg3
64 8 1 Gy Gy Gy
144 12 1

S O =
o = O
= o O

! ! I
Q3; A3y Qg3

gives three sets of equations

25 5 1 an 1
64 8 1| |ay 0
144 12 1] |ay, 0
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25 5 17 [en,] [0
64 8 1| |ay|=]1
144 12 1] |4,,]| Lo
25 5 17 [as] 0]
64 8 1| |ay|=1|0
(144 12 1] |4, | L1

Solving the above three sets of equations separately gives

o 0.04762
ay | = | —0.9524
a,, 4.571
ay, ~0.08333
apy | = | 1.417
a —5.000
a3 0.03571
gy | = | —0.4643
dy 1.429
Hence
0.04762 —0.08333 0.03571
[A]7'=|—-0.9524 1.417  —0.4643
4571  —5.000  1.429
Now
[A] [X] = [C]
where
a
X]=1b
C
106.8
[C] = |177.2
279.2

Using the definition of [A] ™",

0.04762 —0.08333 0.03571 106.8
—0.9524 1.417 —0.4643| [ 177.2

4.571 —5.000 1.429 279.2
Hence
a 0.2905
bl =1 19.69
c 1.086
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So
v(t) =0.2905¢2 +19.69t +1.086,5 <t < 12

Is there another way to find the inverse of a matrix?

For finding the inverse of small matrices, the inverse of an invertible matrix can be found by

_ 1
A= dj(A
[A] dot (A4) 3 (A)
where
C Cu - C,]"
) Ca Ca Con
adj(A)=| .
Cnl Cn2 CTm
where Cj; are the cofactors of a;;. The matrix
Cu Cip -+ Ciy
Cyr Co -+ Coy
Coi -+ o Cun

itself is called the matrix of cofactors from [A]. Cofactors are defined in Chapter 4.

v/ Example 12

Find the inverse of

25 5 1
[A]=]64 8 1
144 12 1
Solution
From Example 4.6 in Chapter 04.06, we found
det (A) = —84

Next we need to find the adjoint of [A]. The cofactors of A are found as follows.

The minor of entry az; is

25 5 1
My;=|64 8 1
144 12 1
18 1
_’12 1‘
=4

The cofactors of entry ap; is

The minor of entry a;2 is
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25 5 1
Mi=|64 8 1
144 12 1
|64 1
_‘144 1‘
— —80

The cofactor of entry a;s is

Ciz = (—1)1+2M12

=—M

= —(—80)

=80

Similarly

Ci3 =—-384
Coy =7

Coy =—119
Co3 =420
Cs1=-3
C32 =39

C33 =—120

Hence the matrix of cofactors of [A] is

The adjoint of matrix [A4] is [C]T,

=] 8 -119 39
—-384 420 120

Hence
A" = ——adj(4)
~ det(a) 7
1 —4 7 -3
:—_84 80 —119 39

—384 420 —120
0.04762 —0.08333 0.03571
=] —0.9524 1.417 —0.4643
4.571 —5.000 1.429

If the inverse of a square matrix [A] exists, is it unique?

Yes, the inverse of a square matrix is unique, if it exists. The proof is as follows. Assume that the inverse of [A] is [B] and if this
inverse is not unique, then let another inverse of [ A] exist called [C].

If [B] is the inverse of [A], then
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Multiply both sides by [C],

Since [C] is inverse of [A4],

Multiply both sides by [B],

This shows that [B] and [C] are the same. So the inverse of [A] is unique.

System of Equations Quiz

A 3 x 4 matrix can have a rank of at most
(A)3

(B)4

©5

(D) 12

Three kids — Jim, Corey and David receive an inheritance of $2,253,453 The money is put in three trusts but is not divided
equally to begin with. Corey gets three times what David gets because Corey made an “A” in Dr. Kaw’s class. Each trust is put
in an interest generating investment. The three trusts of Jim, Corey and David pay an interest of 6%, 8%, 11%, respectively.
The total interest of all the three trusts combined at the end of the first year is $190, 740.57 How much money was invested in
each trust? The equations in a matrix form are

1 1 1 J [ 2253543 ]
@alo 1 3 c|= 0

.06 .08 .11)| | D] [190740.57]

1 1 17 [J] [ 2253543 ]
®|lo0o 1 -3||C|= 0

.06 .08 .11]| | D] [190740.57]

11 1 J 2253543
©1lo 1 =3||c]|= 0

|6 8 11] |D 190740.57

1 1 1 J 2253543
™1 1 =3||c|= 0

| .06 .08 .11 [ D 190740.57
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Which of the following matrices does not have an inverse?
(5 6

(A) 7 8]
(6 7

®) 112 14]

© g ﬂ

® |, g]

The set of equations

1 2 5 z1 18
2 3 7 z2 | = |26
5 8 19 z3 70

has

(A) no solution

(B) finite number of solutions
(C) a unique solution

(D) infinite solutions

Given a system of [A] [X] = [C]where [A]is n x n matrix and [X]and [CJare n x 1 matrices, a unique solution [ X|exists if

(A) rank of [A] = rank of | A:C
(B) rank of [A] = rank of |A:C| =n
(C) rank of [A] < rank of |A:C

(D) rank of [A] = rank of |A:C'| <n

-13 1 2 —4
If[A][X]=| 76 | and[A] = | -8 2 16 | then
38 2 4 8
—13.000
(A) [X] = | 864.00
582.00

(B) one cannot find a unique [X].

https://math.libretexts.org/@go/page/104116



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104116?pdf

LibreTexts"

—1.0000
(©) [X] = | 2.0000
4.0000
(D) no solutions of [ X] are possible

System of Equations Exercise

For a set of equations

[
A. rank (A) = rank (A B

B. rank (A) = rank <A B

A] [X] = [B], a unique solution exists if
) and rank (A) = number of unknowns

C. rank (A) = rank (A B] and rank (A) = number of rows of (A).

Answer

B

The rank of matrix
4 4 4 4
A 4 4 4 4 s
4 4 4 4
4 4 4 4
Al
B. 2
C.3
D.4

A 3 x 4 matrix can have a rank of at most

A3
B. 4
C.5
D. 12

? Exercise 4

If [A] [X] = [C] has a unique solution, where the order of [A] is 3 x 3, [X]is 3 x 1, then the rank of [4] is

A.2
B.3
C. 4
D.5
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Show if the following system of equations is consistent or inconsistent. If they are consistent, determine if the solution would
be unique or infinite ones exist.

1 2 5 T1 8
7 3 9 ) =119
8 5 14 T3 27

Answer

Consistent; Infinite solutions

? Exercise 6

Show if the following system of equations is consistent or inconsistent. If they are consistent, determine if the solution would
be unique or infinite ones exist.

1 2 5 Iy 8
7 3 9 ) =119
8§ 5 14 T3 28
Answer
Inconsistent

? Exercise 7

Show if the following system of equations is consistent or inconsistent. If they are consistent, determine if the solution would
be unique or infinite ones exist.

1 2 5 1 8

7 3 9 ) 19

8 5 13 T3 28
Answer

Consistent; Unique

? Exercise 8

The set of equations

1 2 5 1 8

7 3 9 zo | = (19

8 5 14 T3 27
has

A. Unique solution
B. No solution
C. Infinite solutions

Answer

C
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For what values of a will the following equation have
T1+x+x3=4

T3 =2

(a2 —4) T1+x3=0a—2

A. Unique solution
B. No solution
C. Infinite solutions

Answer

If @ # 42 or — 2, then there will be a unique solution If a = +2 or — 2, then there will be no solution.
Possibility of infinite solutions does not exist.

? Exercise 10
Find if

and

are inverse of each other.

Answer
Yes
? Exercise 11
Find if
5 2.5
Al =
=15 %
and
0.3 —0.25
lbrackB] =
0.2 0.5
are inverse of each other.
Answer
No

? Exercise 12

Find the

A. cofactor matrix

B. adjoint matrix
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of
3 4 1
[A=|2 -7 -1
8§ 1 5
Answer
—-34 —18 58 —-34 -19 3
—19 7 29 —18 7 5
3 5 —29 58 29 -29

? Exercise 13

Find [A] ! using any method for

3 4 1
- [ 5 ]
8 1 5

Answer
2.931x10"  1.638x10°' —2.586 x10 >
[A] ™ = [ 1.552x 1071 —6.034 x1072 —4.310 x 1072
—5.000 x107" —2.500x 107"  2.500 x 10!

? Exercise 14

Prove that if [A] and [B] are both invertible and are square matrices of same order, then

Answer
(A1 [B]) " =[B] ' [A]™
Let
[C] =[A][B]
(][B! =[4][B][B]"
=[4][1]
=[4]
Again
[C] =[A][B]
[A]7[C] =[4] " [4][B]
= [1][B]
=B
So
1B =[4]; (1)
A7 [C]=[B]; (2
From (1) and (2)
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? Exercise 15

What is the inverse of a square diagonal matrix? Does it always exist?

Answer
L g .-
all
1
. 0 . 0
Hint: Inverse of a square nx n diagonal matrix [A] is [A] ™ =
0
1
e ann -

So inverse exists only if a; # 0 for all 4.

? Exercise 16

[A] and [B] are square matrices. If [A] [B] = [0] and [A] is invertible, show[B] = 0.

Answer

If [4] [B] [C] = [I], where [A], [B] and [C] are of the same size, show that [B] is invertible.

Answer

Hint: det(AB) = det(A)det(B)

? Exercise 18

Prove if [B] is invertible, [A] [B]~* = [B]![A] if and only if [A] [B] = [B][4]
Answer

Hint: Multiply by [B] ™ on both sides, [A] [B] [B] ' = [B]* [4] [B] "

? Exercise 19
For

10 -7 0
[A]={-3 2.099 6
5

-1 5
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—0.1099 —0.2333  0.2799
[4] " = | —0.2999 —0.3332  0.3999
0.04995 0.1666 6.664 x10°°

Show
1
det (A) = ————.
“) det (A1)
? Exercise 20
For what values of a does the linear system have
T+y=2
6z +6y=a

A. infinite solutions
B. unique solution

Answer
A.12

B. not possible

? Exercise 21

Three kids - Jim, Corey and David receive an inheritance of $2, $253, $453 The money is put in three trusts but is not divided
equally to begin with. Corey gets three times more than David because Corey made an “A” in Dr. Kaw’s class. Each trust is put
in an interest generating investment. The three trusts of Jim, Corey and David pays an interest of 6%, 8%, 11%,respectively.
The total interest of all the three trusts combined at the end of the first year is $190, $740.57 How much money was invested
in each trust? Set the following as equations in a matrix form. Identify the unknowns. Do not solve for the unknowns.

Answer
J+C+D=8$2,$253,$453
C=3D
0.06J+40.08C'+0.11D = $190, 740.57

In matrix form

1 1 1 J 2,253,453
0 1 -3 c| = 0
0.06 0.08 0.11 D 190, 740.57
? Exercise 22
What is the rank of
1 2 3
6 ?
6 10 13

Justify your answer.

Answer
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In the above matrix, 2(Row 1) + Row 2 = Row 3. Hence, rank is less than 3. Row 1 and Row 2 are linearly independent.
Hence, the rank of the matrix is 2.

? Exercise 23

What is the rank of
1 2 3 6
4 6 7 17|7?
6 10 13 29

Justify your answer.

Answer

The determinant of all the 3 x 3 sub-matrices is zero. Hence, the rank is less than 3. Determinant of

2 3
=—4+4£0.
o 7=
What is the rank of
1 2 3 6
4 6 7 18|7?
6 10 13 30

Justify your answer.

Answer

In the above matrix, 2(Row 1) + Row 2 = Row 3. Hence, rank is less than 3 as the 3 rows are linearly dependant.

Determinant of
2 3
=—4+#0.
5 7=

Hence, the rank is 2.

? Exercise 25

How many solutions does the following system of equations have

1 2 3 a 6
4 6 7 bl=|17]|7
6 10 13 c 29

Justify your answer.

Answer

Rank of $ A = 2§\ Rank of A|C' = 2\ Number of unknowns = 3.\ There are infinite solutions since rank of A is less than the
number of unknowns.
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How many solutions does the following system of equations have

1 2 3 a 6
4 6 7 b=]18]7
6 10 13 c 30

Justify your answer.

Answer

Rank of A = 2\ Rank of A|C = 2\ Number of unknowns = 3.\ There are infinite solutions since rank of A is less than the
number of unknowns.

? Exercise 27

By any scientific method, find the second column of the inverse of
1 2 0
4 5 0
0 0 13
Answer
12 07[X ap X 100
4 5 0||X ap X|=]0 1 0
0 0 13] (x a'32 X 0 0 1
a/12—|—2a/22:0
4a’12+5a'22:1
13a3, =0
Simplifying,
aj, 0.667
Gy | = | —0.333
32 0
? Exercise 28
Just write out the inverse of (no need to show any work)
10 00
0 2 00
0 0 40
0 0 0 5
Answer
1 0 0 O
1
0 5 0 0
1
00 4 0
1
0 0 0 +
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Solve [A] [X] = [B] for [X] if

10 -7 0
[A'=]2 2 5
2 0 6
and
7
[Bl=] 2.5
6.012
Answer
10 =7 0 7
(X]=[A]-1B) =2 2 5 2.5
2 0 6] [6.012
[ 52.5
= | 49.06
50.072
Let [A] be a3 x 3 matrix. Suppose
7
X]=1| 25
6.012

is a solution to the homogeneous set of equations [A] [X] = [0] (the right hand side is a zero vector of order 3 x 1). Does [A]
have an inverse? Justify your answer.

Answer
Given
[4] [X] [0]
If [A] Lexists, then
[A]7* [A] [X] = [A]*[0]

[1] [X] =[0]
] =[0]

(X
This contradicts the given value of [ X]. Hence, [A] ! does not exist.

? Exercise 31

Is the set of vectors

linearly independent? Justify your answer.

Answer

The set of vectors are linearly independent.
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? Exercise 32

What is the rank of the set of vectors

Justify your answer.

Answer

Since, the 3 vectors are linearly independent as proved above, the rank of the 3 vectors is 3.

? Exercise 33

What is the rank of

Justify your answer.

Answer

- = =
By inspection, C = A + B . Hence, the 3 vectors are linearly dependent, and the rank is less than 3. Linear combination

- = — -
of A and B, thatis, K1 A + Ky B =0 has only one solution K;= K, = 0. Therefore, the rank is 2.

This page titled 5: System of Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar Kaw via

source content that was edited to the style and standards of the LibreTexts platform.
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6: Gaussian Elimination Method for Solving Simultaneous Linear Equations

4b Learning Objectives

After successful completion of this lesson, you should be able to

1. write the algorithm to solve a set of simultaneous linear equations using Naive Gauss elimination method

. solve a set of simultaneous linear equations using Naive Gauss elimination.

. use the forward elimination steps of Gauss elimination method to find determinant of a square matrix,

. enumerate theorems related to determinant of matrices,

. relate the zero and non-zero value of the determinant of a square matrix to the existence or non-existence of the matrix
inverse.

6. enumerate the pitfalls of the Naive Gauss elimination method

7. show the pitfalls of Naive Gauss elimination method through examples

8. write the algorithm to solve a set of simultaneous linear equations using Gaussian elimination with Partial Pivoting.

9. solve a set of simultaneous linear equations using Gauss elimination method with partial pivoting

au B~ W N

How is a set of equations solved numerically by Gaussian elimination method?

One of the most popular techniques for solving simultaneous linear equations is the Gaussian elimination method. The approach is
designed to solve a general set of n equations and n unknowns

a1171 +a12T2 +a3z3 +... +a1,%y, = by
a21T1 + G222 +A23%3 +. . . + A Tp = by

An1T1 + An2T2 +Ap3T3 + . . . + AppTp = by
Gaussian elimination consists of two steps

1. Forward Elimination of Unknowns: In this step, the unknown is eliminated in each equation starting with the first equation.
This way, the equations are reduced to one equation and one unknown in each equation.
2. Back Substitution: In this step, starting from the last equation, each of the unknowns is found.

Forward Elimination of Unknowns:

In the first step of forward elimination, the first unknown, x; is eliminated from all rows below the first row. The first equation is

selected as the pivot equation to eliminate x;. So, to eliminate z; in the second equation, one divides the first equation by a;;

(hence called the pivot element) and then multiplies it by az;. This is the same as multiplying the first equation by a1 /a1 to give
as;] as] a1

a1t +—apxs +... +—aiLy, = —by

ai1 a11 ail

Now, this equation can be subtracted from the second equation to give

a21 az1 az1
ap———a1 | Ta+...+|am———01, | Tp =by——b
a1 a1

ail
or
’ / —y
a9292Ty+...+a 2Ty, =09
where
;o as
Q22 = Q22 —— Q12
aii
az1

/
Q' 2p = Q2p — A1n
aii

This procedure of eliminating 1, is now repeated for the third equation to the n’* equation to reduce the set of equations as
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a11T1 +a12T2 +a3T3 +. ..+ AT, = by
! ! ! /

@ 22T2 +0 23T3+. .. +@ 2,Tn =b 2

a'39z9 +a'33x3 4 ... +a 3,2, =b'3

! ! ! /
a0 +a323+...+a mxy, =b

This is the end of the first step of forward elimination. Now for the second step of forward elimination, we start with the second
equation as the pivot equation and a’sy as the pivot element. So, to eliminate z5 in the third equation, one divides the second
equation by a’s (the pivot element) and then multiply it bya’ss. This is the same as multiplying the second equation by a'32/a’ 29
and subtracting it from the third equation. This makes the coefficient of xs zero in the third equation. The same procedure is now
repeated for the fourth equation till the nt"equation to give

a11%1 +a12T2 +a1323 +. .. +01,T, = by
! ! ! /

@ 22T2 +0a 23T3+. ..+ 2Ty =b 2

a”33x3 “+... —|—a”3nxn = b”3

n 1 /!
a p3T3+...+a mxTp =50,

The next steps of forward elimination are conducted by using the third equation as a pivot equation and so on. That is, there will be
a total of n — 1 steps of forward elimination. At the end of n — 1 steps of forward elimination, we get a set of equations that look
like

a1171 +0a19T2 + 01323 +. .. +01,T, = by
li ! li /
@ 22T2 +0a 2323 +. ..+ 2,Tp =by
a's3zs+...+a"spz, =bing

atn Vg = b

Back Substitution:

Now the equations are solved starting from the last equation as it has only one unknown.

bgbnfl)

T, =

n—1
agy
Then the second last equation, that is the (n — l)th equation, has two unknowns: z,, and x,_1, but z, is already known. This

reduces the (n — 1)th equation also to one unknown. Back substitution hence can be represented for all equations by the formula

- 3 alt s,

o = s fori=n—1, n—2,...,1
a(fil)
1
and
b&nfl)
Ty = asz;’l_l)

v/ Example 1

The upward velocity of a rocket is given at three different times in Table 1.
Table 1: Velocity vs. time data.

Time, t (s) Velocity, v (m/s)

5 106.8

@ https://math.libretexts.org/@go/page/104131



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104131?pdf

LibreTexts"

Time, t (s) Velocity, v (m/s)
8 177.2
12 279.2

The velocity data is approximated by a polynomial as
v(t) = a1’ +agt +a3,5 <t <12

The coefficients a1, as, andag for the above expression are given by

25 5 1 ax 106.8
64 8 1 ay | = [177.2
144 12 1 as 279.2

Find the values of a1, a2, and a3 using the Naive Gauss elimination method. Find the velocity at ¢ = 6,7.5,9, 11 seconds.
Solution

The augmented matrix is

25 5 1 | 106.8
64 8 1 | 177.2
144 12 1 | 279.2

Forward Elimination of Unknowns
Since there are three equations, there will be two steps of forward elimination of unknowns.
First step
Divide Row 1 by 25 and then multiply it by 64, that is, multiply Row 1 by 64/25 = 2.56
([256 5 1 | 106.8])x2.56 gives Row 1 as
[64 12.8 2.56 | 273.408]
Subtract the result from Row 2

[64 8 1] 177.2]
—[64 12.8 2.56 | 273.408]
0 —4.8 —1.56 —96.208

to get the resulting equations as

25 5 1 | 106.8
0 -48 —1.56 | —96.208
144 12 1 | 279.2

Divide Row 1 by 25 and then multiply it by 144, that is, multiply Row 1 by 144/25 =5.76

([25 5 1 | 106.8]) x 5.76 gives Row 1 as
[144 28.8 5.76 | 615.168]
Subtract the result from Row 3
(144 12 1 | 279.2]

—[144 28.8 5.76 | 615.168]
0 —-16.8 —4.76 —335.968

to get the resulting equations as
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25 5 1 | 106.8
0 -48 —1.56 | —96.208
0 -16.8 —4.76 | —335.968

Second step

We now divide Row 2 by —4.8 and then multiply by —16.8, that is, multiply Row 2 by —16.8/ — 4.8 = 3.5.

([0—4.8 —1.56 | —96.208] ) x 3.5 gives Row 2 as
[0—-16.8 —5.46 | —336.728]
Subtract the result from Row 3
[0 —16.8 —4.76 | —335.968]
— [0 -16.8 —546 | —336.728]
0 0 0.7 0.76

to get the resulting equations as

25 5 1 | 106.8
0 —4.8 -1.56 | —96.208
0 0 0.7 | 0.76
25 5 1 a; 106.8
0 —48 —-1.56]| |ax | =1]—-96.208
0 0 0.7 as 0.76
Back substitution
From the third equation
0.7a3 =0.76
_0.76
B =07
=1.08571

Substituting the value of a3 in the second equation,

—4.8a3 —1.56a3 = —96.208

—96.208 +1.56a3

—4.8
—96.208 +1.56 x 1.08571

—4.8

Qg =

=19.6905

Substituting the value of a; and a3 in the first equation,

25a1 +5as +a3 =106.8

o 106.8 — 5a2 —as
“= 25
_106.8 —5x19.6905 —1.08571
o 25
=0.290472
Hence the solution vector is
a; 0.290472
as | = | 19.6905
as 1.08571
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The polynomial that passes through the three data points is then

v(t) =ait? +ast +a;3
=0.290472¢* +19.6905¢ +1.08571, 5 <t <12

Since we want to find the velocity at ¢t =6,7.5,9 and 11 seconds, we could simply substitute each value of ¢ in
v(t) =0.290472t* +19.6905¢ + 1.08571and find the corresponding velocity. For example, at t = 6

v(6) = 0.290472(6)> +19.6905 (6) +1.08571

=129.686 m/s
However, we could also find all the needed values of velocity at ¢t = 6, 7.5, 9, 11seconds using matrix multiplication.
£2
v(t) =10.290472 19.6905 1.08571] | ¢
1

So, if we want to find v(6) ,v(7.5) ,v(9),v(11), itis given by

[62 7.52 92 112
[v(6)v(7.5)v(9)v(11)) =1[0.290472 19.6905 1.08571] | 6 7.5 9 11
1 1 1 1
36 56.25 81 121
:[0.290472 19.6905 1.08571] 6 7.5 9 11

1 1 1 1
—[129.686 165.104 201.828 252.828]

v(6) =129.686 m/s
v(7.5) =165.104 m/s

v(9) =201.828 m /s
v(11) = 252.828 m/s

Can we use Naive Gauss elimination methods to find the determinant of a square matrix?

One of the more efficient ways to find the determinant of a square matrix is by taking advantage of the following two theorems on
a determinant of matrices coupled with Naive Gauss elimination.

& Theorem 6.1

Let [A] be a n x n matrix. Then, if [B] is a n X n matrix that results from adding or subtracting a multiple of one row to
another row, then det(A) = det(B) (The same is true for column operations also).

& Theorem 6.2

Let [A] be a n X n matrix that is upper triangular, lower triangular or diagonal, then

det(A) =a11 X agaX... Xa;X. .. X0,
n
=] ai
i=1

This implies that if we apply the forward elimination steps of the Naive Gauss elimination method, the determinant of the
matrix stays the same according to Theorem 6.1. Then since at the end of the forward elimination steps, the resulting matrix is
upper triangular, the determinant will be given by Theorem 6.2.
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Find the determinant of

25 5 1
[A]=|64 8 1
144 12 1

Solution
Remember in Example 1, we conducted the steps of forward elimination of unknowns using the Naive Gauss elimination
method on [A4] to give

25 5 1
[Bj=|0 -4.8 —1.56
0 0 07

According to Theorem 2
det(A) = det(B)
=25 x(—4.8) x0.7
=—84.00

What if | cannot find the determinant of the matrix using the Naive Gauss elimination method, for
example, if | get division by zero problems during the Naive Gauss elimination method?

Well, you can apply Gaussian elimination with partial pivoting. However, the determinant of the resulting upper triangular matrix
may differ by a sign. The following theorem applies in addition to the previous two to find the determinant of a square matrix.

& Theorem 6.3

Let [A] be a nxn matrix. Then, if [B] is a matrix that results from switching one row with another row, then
det(B) = —det(A) .

v/ Example 3

Find the determinant of
10 -7 0
[A]=]-3 2.099 6
5 -1 5
Solution
The end of the forward elimination steps of Gaussian elimination with partial pivoting, we would obtain
10 -7 0
[Bl=|0 25 5
0 0 6.002
det (B) =10 x 2.5 x 6.002
=150.05
Since rows were switched once during the forward elimination steps of Gaussian elimination with partial pivoting,
det (A) = —det(B)
= —150.05
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Prove

Solution

1
det(4) = ————
*t(4) = Jeea )
If [A] is a » x n matrix and det(A) # 0, what other statements are equivalent to it?
1. [4] is invertible.
2. [A]7! exists.
3. [4] [X] = [C] has a unique solution.
4. [A] [X] = [0] solution is [X] = [0].
5.[4] [ = 1) = [4] ! [4].

Are there any pitfalls of the Naive Gauss elimination method?
Yes, there are two pitfalls of the Naive Gauss elimination method.
Division by zero: It is possible for division by zero to occur during the beginning of the n — 1 steps of forward elimination.
For example
5xs +6x3 =11
4z, +bxy + T3 =16
9z1 + 22 +3x3 =15

will result in division by zero in the first step of forward elimination as the coefficient of z; in the first equation is zero as is
evident when we write the equations in matrix form.

05 6] [z 11
4 5 7| |z|=1|16
9 2 3] |z 15

But what about the equations below: Is division by zero a problem?
5x1 +6x2 + 723 =18
102y +12z9 + 323 =25
20z, +17x9 + 1923 =56

Written in matrix form,

5 6 7 T 18
10 12 3 z2 | =125
20 17 19 z3 56

there is no issue of division by zero in the first step of forward elimination. The pivot element is the coefficient of x; in the first
equation, 5, and that is a non-zero number. However, at the end of the first step of forward elimination, we get the following
equations in matrix form
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5 6 7 1 18
0 0 -11 o | = | —11
0o -7 -9 T3 —16

Now at the beginning of the 2"¢ step of forward elimination, the coefficient of z, in Equation 2 would be used as the pivot
element. That element is zero and hence would create the division by zero problem.

So it is important to consider that the possibility of division by zero can occur at the beginning of any step of forward elimination.

X Round-off error

The Naive Gauss elimination method is prone to round-off errors. This is true when there are large numbers of equations as
errors propagate. Also, if there is subtraction of numbers from each other, it may create large errors. See the example below.

v/ Example 5

Remember Example 2 where we used Naive Gauss elimination to solve
20x; + 1529 +10x3 =45
—3z1 —2.249z9 + 723 =1.751
51 +x2+3x3=9

using six significant digits with chopping in your calculations? Repeat the problem, but now use five significant digits with
chopping in your calculations.

Solution
Writing in the matrix form

20 15 10 Ty 45
-3 2249 7 zy | = | 1.751
5 1 3 T3 9

Forward Elimination of Unknowns
First step

Divide Row 1 by 20 and then multiply it by -3, that is, multiply Row 1 by —3/20 = —0.15.
([20 15 10] [45])x —0.15 gives Row 1 as

[-3 —2.25 —1.5] [—6.75]
Subtract the result from Row 2

(-3 —2.249 7 | 1.751]

—[-3 —2.25 —1.5 | —6.75]

0 0.001 8.5 8.501

to get the resulting equations as

20 15 10 T 45
0 0.001 8.5 zy [ = | 8.501
5 1 3 T3 9

Divide Row 1 by 20 and then multiply it by 5, that is, multiply Row 1 by 5/20 = 0.25.
([20 15 10] [45]) % 0.25 gives Row 1 as
[5 3.75 2.5] [11.25]

Subtract the result from Row 3
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[5 1 3 | 9
—[5 375 25 | 11.25]
0 —275 05 —2.25

to get the resulting equations as

20 15 10 z1 45
0 0.001 8.5 z2 | = | 8.501
0 —-2.75 0.5 z3 —2.25

Second step
Now for the second step of forward elimination, we will use Row 2 as the pivot equation and eliminate Row 3: Column 2.
Divide Row 2 by 0.001 and then multiply it by —2.75, that is, multiply Row 2 by —2.75/0.001 = —2750
([0 0.001 8.5] [8.501])x —2750 gives Row 2 as
[0 -2.75 —23375] [—23377.75]

Rewriting within 5 significant digits with chopping

[0 —2.75 —23375] [—23377]
Subtract the result from Row 3
[0 —2.75 05 | —2.25]
-0 —2.75 —23375 | —23377]
0 0 23375 23374

Rewriting within 6 significant digits with chopping

[0 0 23375 [—23374]
to get the resulting equations as
20 15 10 x1 45
0 0.001 8.5 x2 | = | 8.501
0 0 23375) [z3 23374

This is the end of the forward elimination steps.
Back substitution

We can now solve the above equations by back substitution. From the third equation,

2337525 — 23374
23374
T3 = 93375
—0.99995

Substituting the value of z3 in the second equation

0.001zy +8.523 = 8.501
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8.501 —8.5x3

0.001
8.501 — 8.5 x 0.99995

0.001
8.501 —8.499575

0.001
8.501 —8.4995

0.001
~0.0015

0.001
=1.5

L9 =

Substituting the value of 23 and x5 in the first equation,
20x; + 1529 +10x3 =45

45 — 151‘2 — 10.’1:3
20
45 —15x1.5—10 x 0.99995
20
45 —22.5-9.9995

20
22.5-9.9995

20
~ 12.5005

20
~ 12.500

20
=0.625

Ir1 =

Hence the solution is

1

[X] = | 2

| T3

[ 0.625
= 1.5

| 0.99995

Compare this with the exact solution of

Iy 1
X]=]z|=|1
I3 1

What are some techniques for improving the Naive Gauss elimination method?

As seen in Example 3, round off errors were large when five significant digits were used as opposed to six significant digits. One
method of decreasing the round-off error would be to use more significant digits, that is, use double or quad precision for
representing the numbers. However, this would not avoid possible division by zero errors in the Naive Gauss elimination method.
To avoid division by zero as well as reduce (not eliminate) round-off error, Gaussian elimination with partial pivoting is the method
of choice.

How does Gaussian elimination with partial pivoting differ from Naive Gauss elimination?

The two methods are the same, except in the beginning of each step of forward elimination, a row switching is done based on the
following criterion. If there are n equations, then there are n — 1 forward elimination steps. At the beginning of the k" step of
forward elimination, one finds the maximum of
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Then if the maximum of these values is |a,| in the pth row, k < p <n, then switch rows p and k.

|awk| s [ar1ply oo s [@nk]

The other steps of forward elimination are the same as the Naive Gauss elimination method. The back substitution steps stay
exactly the same as the Naive Gauss elimination method.

v/ Example 6

In the previous two examples, we used Naive Gauss elimination to solve
20x; + 1529 +10x3 =45
—3x1 —2.249x9 + 723 = 1.751
521 +x2+3x3=9

using five and six significant digits with chopping in the calculations. Using five significant digits with chopping, the solution

found was
Fass
[X] = | 22
| T3
[ 0.625
= 1.5
| 0.99995
This is different from the exact solution of
Py
[X] = | 22
| T3
[1
=11
[ 1
Find the solution using Gaussian elimination with partial pivoting using five significant digits with chopping in your
calculations.
Solution
20 15 10 1 45
-3 —2.249 7 zo | = | 1.751
5 1 3 T3 9

Forward Elimination of Unknowns
Now for the first step of forward elimination, the absolute value of the first column elements below Row 1 is
120], |3/, [5]
or
20, 3, 5

So, the largest absolute value is in the Row 1. So as per Gaussian elimination with partial pivoting, the switch is between Row
1 and Row 1 to give

20 15 10 T1 45
-3 2249 7 zy | = | 1.751
5 1 3 z3 9
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Divide Row 1 by 20 and then multiply it by —3, that is, multiply Row 1 by —3/20 = —0.15.
([20 15 10] [45])x —0.15 gives Row 1 as

[-3 —2.25 —1.5] [—6.75]
Subtract the result from Row 2
[-3  —2.249 7 | 1.751]
—[-3 —2.25 —1.5 | —6.75]

0 0.001 8.5 8.501

to get the resulting equations as

20 15 10 T 45
0 0.001 85| |z2| =18.501
5 1 3 T3 9

Divide Row 1 by 20 and then multiply it by 5, that is, multiply Row 1 by 5/20 = 0.25.
([20 15 10] [45]) % 0.25 gives Row 1 as

[5 3.75 2.5] [11.25]
Subtract the result from Row 3
[5 1 3 | 9]
—[5 3.75 2.5 | 11.25]

0 —-27 05 —2.25

to get the resulting equations as

20 15 10 T 45
0 0.001 8.5 z2 | = | 8.501
0 —-2.75 0.5 x3 —2.25

This is the end of the first step of forward elimination.

Now for the second step of forward elimination, the absolute value of the second column elements below Row 1 is
[0.001], |—2.75]
or
0.001, 2.75

So, the largest absolute value is in Row 3. So, Row 2 is switched with Row 3 to give

20 15 10 x1 45
0 —2.75 05| |z2| =1|—-2.25
0 0.001 85] |Lz3 8.501

Divide Row 2 by —2.75 and then multiply it by 0.001, that is, multiply Row 2 by 0.001/ —2.75 = —0.00036363
([0 —2.75 0.5] [—2.25])x —0.00036363 gives Row 2 as
[0 0.00099998 —0.00018182] [0.00081816]

Subtract the result from Row 3

[0 0.001 8.5 | 8.501]
—[0  0.00099998 —0.00018182 | 0.00081816]
0 0 8.50018182 8.50018184

https://math.libretexts.org/@go/page/104131


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104131?pdf

LibreTexts"

Rewriting within 5 significant digits with chopping

[0 0 85001  [8.5001]

to get the resulting equations as

20 15 10 x1 45
0 -2.75 0.5 Ty | = | —2.25
0 0 8.5001] [=z3 8.5001

Back substitution
8.5001z3 = 8.5001

8.5001

= 8.5001
-1

T3

Substituting the value of x3 in Row 2
—2.75x9 +0.5z3 = —2.25

L _ =2:25 0.5,
27T a5
~2.25-0.5x1
—2.75
—2.25-0.5

—2.75
275

T —2.75
=1

Substituting the value of 3 and x5 in Row 1
20x; + 1529 +10x3 =45

45 —15.%2 —10%3
20
45-15x1—-10x1
20
45—-15—-10
20
30—10
20
20
20
=1

1 =

Gaussian Elimination Method for Solving Simultaneous Linear Equations Quiz

The goal of forward elimination steps in the Naive Gauss elimination method is to reduce the coefficient matrix to a (an)

matrix.
(A) diagonal
(B) identity
(C) lower triangular

(D) upper triangular
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Division by zero during forward elimination steps in Naive Gaussian elimination of the set of equations [A] [X] = [C] implies
the coefficient matrix [A]

(A) is invertible
(B) is nonsingular
(C) may be singular or nonsingular

(D) is singular

Using a computer with four significant digits with chopping, the Naive Gauss elimination solution to

0.0030z; +55.23z2 = 58.12
6.239z1 — 7.123x9 =47.23

is

(A) 1 =26.66; 2 =1.051
(B) 1 =8.769; x5 =1.051
(C) 1 =8.800; z» =1.000
(D) z; =8.771; 22 =1.052

Using a computer with four significant digits with chopping, the Gaussian elimination with partial pivoting solution to

0.0030z; +55.23z2 = 58.12
6.239z; — 7.123x9 =47.23

is

(A) z1 =26.66; 2 =1.051
(B) 1 =8.769; 2 =1.051
(C) 1 =8.800; 2 =1.000
(D) z; =8.771; o =1.052

At the end of the forward elimination steps of the Naive Gauss elimination method on the following equations

4.2857 x 107  —9.2307 x 10° 0 0 c —17.887 x 10°
4.2857 x 107 —5.4619 x 105 —4.2857 x 107  5.4619 x 10° e | 0
—6.5 —0.15384 6.5 0.15384 cs| 0.007
0 0 4.2857 x 107 —3.6057 x 10° ¢ 0

the resulting equations in matrix form are given by

4.2857 x 107 —9.2307 x 10° 0 0 c —7.887 x 10°
0 3.7688 x 10°  —4.2857 x 107  5.4619 x 10° | | 7.887x10°
0 0 —26.9140 0.579684 es | | 1.19530x 1072
0 0 0 5.62500 x 10° (o 1.90336 x 10*

The determinant of the original coefficient matrix is
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(A) 0.00

(B) 4.2857 x 10"
(C) 5.486 x 10'9
(D) —2.445 x 10%0

The following data is given for the velocity of the rocket as a function of time. To find the velocity at t = 21s, you are asked
to use a quadratic polynomial, v(t) = at? +bt+c to approximate the velocity profile.

t (s) 0 14 15 20 30 35

o(t) (m/s) 0 227.04 362.78 517.35 602.97 901.67

The correct set of equations that will find a, b and c are

(176 14 1 [227.04]
(A)|225 15 1| |b|=]|362.78
1400 20 1] [c¢] [517.35
225 15 1] [a] [362.78]
(B) |400 20 1| |b|=|517.35
1900 30 1] [c¢] [602.97
0 0 17[el] [ 0O T
(C)|225 15 1| |b|=]362.78
1400 20 1] [c¢] |517.35
[ 400 20 1] [a 517.35
D) |90 30 1| |b|=]602.97
(1225 35 1] [¢c 901.67

Gaussian Elimination Method for Solving Simultaneous Linear Equations Exercise

Use Naive Gauss elimination to solve
4ry +x9 — 23 = —2
5x1+x9+2x3 =4

6x1 +x2+x3 =06

Assume that you are using a computer with four significant digits with chopping. Use Naive Gauss elimination method to

solve
4z + 19 — 23 =—2
5r1 +x9 +2x3 =4
6x1+x2+2x3 =06
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For
10 -7 0
[A] =1-3 2.099 6
5 -1 5

Find the determinant of [A] using forward elimination step of naive Gauss elimination method.

At the end of forward elimination steps using naive Gauss elimination method on the coefficient matrix

25 ¢ 1
[A]=]164 a 1
144 b 1
[A] reduces to
25 5 1
[Bj]=| 0 —4.8 -1.56
0 0 0.7

What is the determinant of [A]?

Using Gaussian elimination with partial pivoting to solve
1+ 19 —23 = —2
521 + 2 +2x3 =4

6x1 +x2+x3 =06

Assume that you are using a computer with four significant digits with chopping, use Gaussian elimination with partial
pivoting to solve

4z +x9 — 3 = —2
521 +xo+2x3 =4

6x1 +z2+x3 =6

This page titled 6: Gaussian Elimination Method for Solving Simultaneous Linear Equations is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Autar Kaw via source content that was edited to the style and standards of the LibreTexts platform.
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7: LU Decomposition Method for Solving Simultaneous Linear Equations

4b Learning Objectives

After successful completion of this section, you should be able to

1. solve a set of simultaneous linear equations using LU decomposition method

2. decompose a nonsingular matrix into LU form.

3. solve a set of simultaneous linear equations using LU decomposition method

4. decompose a nonsingular matrix into LU form.

5. find the inverse of a matrix using LU decomposition method.

6. justify why using LU decomposition method is more efficient than Gaussian elimination in some cases.

I hear about LU decomposition used as a method to solve a set of simultaneous linear equations.
What is it?

We already studied two numerical methods of finding the solution to simultaneous linear equations — Naive Gauss elimination and
Gaussian elimination with partial pivoting. Then, why do we need to learn another method? To appreciate why LU decomposition
could be a better choice than the Gauss elimination techniques in some cases, let us discuss first what LU decomposition is about.

For a nonsingular matrix [A] on which one can successfully conduct the Naive Gauss elimination forward elimination steps, one
can always write it as

where
[L] = Lower triangular matrix
[U] = Upper triangular matrix
Then if one is solving a set of equations

then

Multiplying both sides by [L] ",

Let
L] [C] = (2]
then
[Ll[Zz] =[C] (1)
and
U] X]=1[2] (2)

So we can solve Equation (1) first for [Z] by using forward substitution and then use Equation (2) to calculate the solution vector
[X] by back substitution.
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How do | decompose a non-singular matrix [A], that is, how do | find [A] = [L][U]?

If forward elimination steps of the Naive Gauss elimination methods can be applied on a nonsingular matrix, then [A] can be
decomposed into LU as

aixr a2 ... Qip
a1 az2 -+ Q2pn
[A] =
LGn1 Qn2 Qnn |
1 0 Uil U2 Uln
l21 1 0 0 U2 Uon
_lnl ln2 - 1 B 0 0 ccr Upn

The elements of the [U] matrix are exactly the same as the coefficient matrix one obtains at the end of the forward elimination steps
in Naive Gauss elimination.

The lower triangular matrix [L] has 1 in its diagonal entries. The non-zero elements on the non-diagonal elements in [L] are
multipliers that made the corresponding entries zero in the upper triangular matrix [U] during forward elimination.

Let us look at this using the same example as used in Naive Gaussian elimination.

v/ Example 7.1

Find the LU decomposition of the matrix

25 5 1
[A]=]64 8 1
144 12 1

Solution

1 0 O U] U2 U3
=|(ly 1 0 0w ups
lsp 3o 1 0 0 uss

The [U] matrix is the same as found at the end of the forward elimination of Naive Gauss elimination method, that is

25 5 1
Ul=]10 -4.8 -1.56
0 0 0.7

To find ls; and l3;, find the multiplier that was used to make the as; and ag; elements zero in the first step of forward
elimination of the Naive Gauss elimination method. It was

_ 64

25

=2.56

o lad
317 95

=5.76

lo1

To find I35, what multiplier was used to make aso element zero? Remember a3, element was made zero in the second step of
forward elimination. The [A] matrix at the beginning of the second step of forward elimination was
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25 5 1
0 —-4.8 -1.56
0 -16.8 —4.76
So
] 168
2748
=35
Hence
1 0 0
[L]=1]256 1 0
5.76 3.5 1
Confirm [L] [U] = [A].
[ 1 0 0][25 5 1
[L][U]=]256 1 0 0 —4.8 —1.56
576 35 1 0 0.7
[ 144 12 1]

v/ Example 7.2

Use the LU decomposition method to solve the following simultaneous linear equations.
25 5 1 a; 106.8
64 8 1 ay | = [177.2
144 12 1 as 279.2
Solution
Recall that
[4][X] =[C]
and if
[4] = [L] [U]
then first solving
[L][2] =[C]
and then
[U1X]=[2]
gives the solution vector [X].
Now in the previous example, we showed
[4] = [L][U]
1 0 O 25 b 1
=(256 1 0 0 —4.8 -1.56
5.76 3.5 1 0 0 0.7
First solve
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[L] [2]=[C]
1 0 0 21 106.8
256 1 0 z | = | 177.2
5.76 3.5 1 23 279.2
to give
21 =106.8

2.56z1 +29 =177.2
5.7621 +3.529 + 23 =279.2

Forward substitution starting from the first equation gives
z1 =106.8

29 =177.2 —2.562;
=177.2 —-2.56 x 106.8
=—-96.208

z3 =279.2—5.762 —3.52;
=279.2 —5.76 x 106.8 — 3.5 x (—96.208)
—0.76

Hence

21
[Z]Z 22
23
106.8
= | —96.208
0.76

This matrix is same as the right-hand side obtained at the end of the forward elimination steps of Naive Gauss elimination

method. Is this a coincidence?

Now solve
[U][X] =[Z]
25 5 1 a, 106.8
0 —4.8 -—1.56 as | = | —96.208
0 0 0.7 as 0.76

25a1 +5as +a3 =106.8
—4.8as —1.56a3 = —96.208
0.7a3 =0.76

From the third equation
0.7a3 =0.76

0.76

0.7
=1.0857

as —

Substituting the value of ag in the second equation,

—4.8a3 —1.56a3 = —96.208
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—96.208 4 1.56a3

—4.8
—96.208 +1.56 x 1.0857

- 48

=19.691
Substituting the value of a» and a3 in the first equation,

25a1 +5a3 +a3 =106.8

= 106.8 — 5a2 —as
e 25

~106.8 —5x19.691 —1.0857

B 25

=0.29048

Hence the solution vector is

aq 0.29048
as | =] 19.691
as 1.0857

How do | find the inverse of a square matrix using LU decomposition?

A matrix [B] is the inverse of [A] if

bi1 1
| =
L br‘zl 1 Lo
Similarly, the second column of [B] is given by
b1 0]
| =
o] Lo

Similarly, all columns of [B] can be found by solving n different sets of equations with the column of the right-hand side being the
n columns of the identity matrix.

v/ Example 7.3

Use LU decomposition to find the inverse of

25 5 1
[A]=]64 8 1
144 12 1
Solution
Knowing that
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S
I

mw
1 0 0 25 5 1

576 35 1] l0 0 0.7

We can solve for the first column of [B] = [A] ! by solving for

25 5 17 [by 1
64 8 1 by | =
144 12 1] b3y 0
First solve
[L][Z] =[CT,
that is
1 0 O 21 1
256 1 0 z | =10
5.76 3.5 1 23 0
to give
Z1=1
2.56z1 +29 =0

5.7621 +3.520+23 =0
Forward substitution starting from the first equation gives
zZ1 = 1

z9 = 0— 25621
=0-2.56(1)
= —2.56
z3 = 0— 5.76Z1 - 3.5Z2
=0-5.76 (1) — 3.5 (—2.56)

=3.2
Hence
P
[Z]: 22
| 23
[ 1
=1 -2.56
3.2
Now solve
[U][X] =[Z]
that is
25 5 1 b1 1
0 —4.8 -1.56 ba1 | = | —2.56
0 0 0.7 b31 3.2

25b11 +5byy +b31 =1

=1256 1 0 0 —-4.8 -1.56
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—4.8bg; —1.56b3; = —2.56
0.7b3; = 3.2
Backward substitution starting from the third equation gives
3.2
b31 =—
3=
=4.571
by — —2.56 +1.56b3;
2 —4.8
_ —2.56+ 1.56(4.571)
—4.8
=—0.9524
by — —5by1 — b3
=T o
11— 5(—0.9524) —4.571
B 25
=0.04762
Hence the first column of the inverse of [A] is
b [ 0.04762
ba1 | = | —0.9524
bs1 | 4.571
Similarly, solving
25 5 1| [b 0] bia —0.08333
64 8 1 622 =11 gives b22 = 1.417
144 12 1 bso 0] bsa —5.000
and solving
25 5 1 bis 0 bis 0.03571
64 8 1 b23 =10 gives b23 = | —0.4643
144 12 1 bss 1 bss 1.429
Hence
0.04762 —0.08333 0.03571
[A ' =] -0.9524 1.417 —0.4643
4.571 —5.000 1.429
Can you confirm the following for the above example?
[A] [A]7 = (1] =1[4]" [4]

LU decomposition looks more complicated than Gaussian elimination. Do we use LU decomposition
because it is computationally more efficient than Gaussian elimination to solve a set of n equations
given by [A][X] = [C]?

For a square matrix [A] of n X n size, the computational time[A1] C'T'|, ;; to decompose the [A] matrix to [L][U] form is given by

8n? 20
CT|pp =T (% +4n? —T") ,

where
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T = clock cycle time?
The computational time C'T| g to solve by forward substitution [L] [Z] = [C] is given by
CT|pg =T (4n® —4n)
The computational time CT'| 54 to solve by back substitution [U] [X] = [Z] is given by
CT|ps =T (4n® +12n)
So, the total computational time to solve a set of equations by LU decomposition is

CT|y =CT|pg+CT|pg +CT|pg
3 2
:T(S%+4n2—%> +T (4n* —4n) +T (4n® +12n)
8n3 4n
=T —+12n+—
( 3 +12n° 4 3)

Now let us look at the computational time taken by Gaussian elimination. The computational time CT|pg for the forward
elimination part,
8n® 32n
CT|FE =T (T ~|—8n2 — T) s

and the computational time C'T'|zg for the back substitution part is
CT|ps =T (4n* +12n)
So, the total computational time CT'| . to solve a set of equations by Gaussian Elimination is
CTlgp =CT|pg +CTpg

¥ 2
=T (8%4-8112— 3—3”) T (4n® +12n)

8n? 5  4n
=T(—+12 —
( 3 +12n° + 3 )
The computational time for Gaussian elimination and LU decomposition is identical.

This has confused me further! Why should | learn LU decomposition method when it takes the same
computational time as Gaussian elimination, and that too when the two methods are closely related?
Please convince me that LU decomposition has its place in solving linear equations!

We now have the knowledge to convince you that LU decomposition method has its place in the solution of simultaneous linear
equations. Let us look at an example where the LU decomposition method is computationally more efficient than Gaussian
elimination. Remember in trying to find the inverse of the matrix [A] in Chapter 04.01, the problem reduces to solving n sets of
equations with the n columns of the identity matrix as the RHS vector. For calculations of each column of the inverse of the [A]
matrix, the coefficient matrix [A] matrix in the set of equation [A] [X] = [C] does not change. So, if we use the LU decomposition
method, the [A] = [L] [U] decomposition needs to be done only once, the forward substitution (Equation 1) n times, and the back
substitution (Equation 2) n times.

Therefore, the total computational time CT'|;, erse zy Tequired to find the inverse of a matrix using LU decomposition is

CT| =1xCT|pg+nxCT|pg+nxCT|gg

3
=1xT (8% +4n2—£3n) +nxT (4n® —4n) +n x T (4n® +12n)

3
—T (—323" +12n% — 20—")

inverse LU

3

In comparison, if Gaussian elimination method were used to find the inverse of a matrix, the forward elimination as well as the

back substitution will have to be done n times. The total computational time CT|, . ... cx required to find the inverse of a matrix

@ 0 a @ @ https://math.libretexts.org/@go/page/104145



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104145?pdf

LibreTexts"

by using Gaussian elimination then is

CT)| =nxCT|pgp +nxCT|gg

inverse GE

3 2
:nxT<8%+8n2—3Tn> +n xT (4n® 4+12n)
8nt 4n?
=T — +12n3 + —
( 3 +12n° + 3 )

Clearly for large n, CT|inverse cE > CTlinverse . @ CT |inverse g has the dominating terms of n* and CT;,,,erse iy has the
dominating terms of n3. For large values of n, Gaussian elimination method would take more computational time (approximately
n/4 times — prove it) than the LU decomposition method. Typical values of the ratio of the computational time for different values
of n are given in Table 1.

Table 1. Comparing computational times of finding inverse of a matrix using LU decomposition and Gaussian elimination.

n 10 100 1000 10000

CTnnerse 0 /CT immerse LU 328 2583  250.8 2501

Are you convinced now that LU decomposition has its place in solving systems of equations when we have to solve for multiple
right-hand side vectors while the coefficient matrix stays unchanged?

The time is calculated by first separately calculating the number of additions, subtractions, multiplications, and divisions in a
procedure such as back substitution, etc. We then assume 4 clock cycles each for an add, subtract, or multiply operation, and 16
clock cycles for a divide operation as is the case for a typical AMD®-K?7 chip.
http://www.isi.edu/~draper/papers/mwscas07_kwon.pdf

LU Decomposition Method for Solving Simultaneous Linear Equations Quiz

The [L] [U] decomposition method is computationally more efficient than Naive Gauss elimination for solving

(A). a single set of simultaneous linear equations.

(B). multiple sets of simultaneous linear equations with different coefficient matrices and the same right-hand side vectors.
(C). multiple sets of simultaneous linear equations with the same coefficient matrix and different right-hand side vectors.

(D). less than ten simultaneous linear equations.

The lower triangular matrix [L] in the [L] [U] decomposition of the matrix given below

25 5 4 1 0 0 U1 U2 U3
10 8 16 | = l21 1 0 0 U292 U3
8 12 22 l31 l32 1 0 0 uss

is

1 0 0
(A) | 0.40000 1 0
| 0.32000 1.7333 1

[25 5 4
B)| 0 6 14.400
| 0 0 —4.2400

https://math.libretexts.org/@go/page/104145
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1 0 0
©]10 1 o

8 12 0

! 0 0
™) [0.40000 1 0

0.32000 1.5000 1

The upper triangular matrix [U] in the [L] [U] decomposition of the matrix given below

25 5 4 1 0 0 U1 U2 U3
0 8 16| =1]la 1 O 0  up ups
0 12 22 lsg I3p 1 0 0 uss
is
[ 1 0 0
(A) | 0.40000 1 0
| 0.32000 1.7333 1
[25 5 4
@) |0 6 14.400
| 0 0 —4.2400
(25 5 4
@©]0 8 16
0 0 —2
1 0.2000 0.16000
0 1 2.4000
(D)
0 0 —4.240
| >

For a given 2000 x 2000 matrix [A], assume that it takes about 15 seconds to find the inverse of [A] by the use of the [L] [U]
decomposition method, that is, finding the [L] [U] once, and then doing forward substitution and back substitution 2000 times
using the 2000 columns of the identity matrix as the right hand side vector. The approximate time, in seconds, that it will take
to find the inverse if found by repeated use of the Naive Gauss elimination method, that is, doing forward elimination and back
substitution 2000 times by using the 2000 columns of the identity matrix as the right hand side vector is most nearly

(A) 300
(B) 1500
(C) 7500
(D) 30000

The algorithm for solving a set of n equations [A] [X] = [C], where [A] = [L] [U] involves solving[L] [Z] = [C] by forward
substitution. The algorithm to solve [L] [Z] = [C] is given by

Az =c1/l

for 7 from 2 to n do

sum =0
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for j from 1 to 7 do

sum = sum + ljj * 2;

end do

zi = (¢; —sum)/lj

end do

(B) z1 =c1/lnn

for ¢ from 2 to n do

sum =0

for j from 1to (¢ — 1) do
sum = sum + lj; * 2;

end do

z; = (¢; —sum)/l;

end do

(©) z1=c1/lnn

for ¢ from 2 to n do
for j from 1to (¢ —1)do
sum = sum + ljj * 2;

end do

zi = (¢; —sum)/lj

end do

(D) for % from 2 to n do
sum =0

for j from 1to (¢ — 1) do
sum = sum +l;; * z;

end do

z; = (¢; —sum)/l;

end do

To solve boundary value problems, a numerical method based on finite difference method is used. This results in simultaneous
linear equations with tridiagonal coefficient matrices. These are solved using a specialized [ L] [U] decomposition method.

Choose the set of equations that approximately solves the boundary value problem

d2
ﬁz&c—o.w, y(0)=0, y(12)=0, 0<z <12

The second derivative in the above equation is approximated by the second-order accurate central divided difference
approximation as learned in the differentiation module (Chapter 02.02). A step size of h =4 is used, and hence the value of y
can be found approximately at equidistantly placed 4 nodes between z =0 and z = 12.
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1 0 0 0 Y 0
@) 0.0625 0.125 0.0625 0 y2| _|16.0
0  0.0625 0.125 0.0625| |ys3 16.0
0 0 0 1 m 0
1 0 0 0 J[wm] [ 0
®) 0.0625 —0.125 0.0625 0 y2 | _|16.0
0 0.0625 —0.125 0.0625| | ys3 16.0
0 0 0 1 | lwal L[ O
[ 1 0 0 0 17wl [ 0
© 0 0 0 1 y2 | _|16.0
0.0625 —0.125 0.0625 0 U3 16.0
0 0.0625 —0.125 0.0625] [ys] L[ 0O _
1 0 0 0 n 0
O 0 0 0 1 | _| 0
0.0625 0.125 0.0625 0 U3 16.0
0  0.0625 0.125 0.0625] |4 16.0

LU Decomposition Method for Solving Simultaneous Linear Equations Exercise

Show that LU decomposition is computationally a more efficient way of finding the inverse of a square matrix than using
Gaussian elimination.

Use LU decomposition to find [L] and [U]
1+ 19 —23 = —2
b5r1+x9+2x3 =4
6z +x2+23=06

Find the inverse

3 4 1
[Al=12 -7 -1
8 1 5

using LU decomposition.

? Exercise 4

Fill in the blanks for the unknowns in the LU decomposition of the matrix given below

25 5 4 iy, 0 O 25 5 4
75 7 16 | = 121 l22 0 0 U229 U223
12.5 12 22 l31 l32 l33 0 0 Uuss
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Show that the nonsingular matrix

cannot be decomposed into LU form.

? Exercise 6

The LU decomposition of

4 1 -1
[Al=15 1 2
6 1 1
is given by
4 1 -1 1 0 0] [?2 72 77
5 1 2 [|=[125 1 0 o 77 7
6 1 1 1.5 2 1|0 0 7?7

Find the upper triangular matrix in the above decomposition?

This page titled 7: LU Decomposition Method for Solving Simultaneous Linear Equations is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Autar Kaw via source content that was edited to the style and standards of the LibreTexts platform.
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8: Gauss-Seidel Method

4b Learning Objectives

After reading this chapter, you should be able to:

1. solve a set of equations using the Gauss-Seidel method,
2. recognize the advantages and pitfalls of the Gauss-Seidel method, and
3. determine under what conditions the Gauss-Seidel method always converges.

Why do we need another method to solve a set of simultaneous linear equations?

In certain cases, such as when a system of equations is large, iterative methods of solving equations are more advantageous.
Elimination methods, such as Gaussian elimination, are prone to large round-off errors for a large set of equations. Iterative
methods, such as the Gauss-Seidel method, give the user control of the round-off error. Also, if the physics of the problem are well
known, initial guesses needed in iterative methods can be made more judiciously leading to faster convergence.

What is the algorithm for the Gauss-Seidel method? Given a general set of n equations and 7 unknowns, we have
Q1171 +a12%2 + A13T3+. . . Q1T = C1

a21%1 + A22%2 + G233+ . . +A2p Ty = C2

Ap1T1 + ap2Z2 + ap3x3+. . . +app®pn = Cp

If the diagonal elements are non-zero, each equation is rewritten for the corresponding unknown, that is, the first equation is
rewritten with 21 on the left hand side, the second equation is rewritten with z» on the left hand side and so on as follows

C1 — Q122 —A13L3 -« - ... — Q1ndn
Ir] =
ar
Cy —Q21L1 —A23L3 « v v v .. — Qo Ty
o9 =
a22
Ch—1—0p-1,1T1 —Ap—-1,2L2 .- ... —Ap-1,n—2Tp—2 — An—1,nTn
Tp—1 =
Ap—1,n—-1
Cp —Qp1x1 —Ap2T2 — oo vt —Qpn—-1Tp—1
Ty =
ann

These equations can be rewritten in a summation form as

n
C1 — 2]':1 alj:z;j

j#1

Ir] —
ail
n

Co— D jo1 Q2;%;

#2

9 =
Qaz2

n
cnfl_z j=1 On-1,jTj
Jj#n—1

Ap—1,n-1

Tp-1=
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n
e =, j=1 AnjTj
J#n

Apn

Ty =

Hence for any row 1,

n
i =2 1 4T,
j£i .
wi:J—¢,z:1,2,...,n.
Qi
Now to find «;’s, one assumes an initial guess for the z;’s and then uses the rewritten equations to calculate the new estimates.
Remember, one always uses the most recent estimates to calculate the next estimates, x;. At the end of each iteration, one
calculates the absolute relative approximate error for each x; as
new __ ,old
i i

new
7

|€a|i=‘ x 100

old

where z7°" is the recently obtained value of z;, and z;

; is the previous value of z;.

When the absolute relative approximate error for each z; is less than the pre-specified tolerance, the iterations are stopped.

v/ Example 1

The upward velocity of a rocket is given at three different times in the following table

Table 1: Velocity vs. time data.

Time, £(s) Velocity, v(m/s)
5 106.8
8 177.2
12 279.2

The velocity data is approximated by a polynomial as
v(t) = a1t? +ast +a3,5 <t <12

Find the values of a;, ay, and a3 using the Gauss-Seidel method. Assume an initial guess of the solution as

aiq 1
a9 =12
as 5

and conduct two iterations.

Solution
The polynomial is going through three data points (¢1,v1), (t2,v2),and (t3,vs) where from the above table

t; =5,v; =106.8
ty =8,v9 =177.2
ts =12,v3 =279.2
Requiring that v () = a;t? +ast +a3 passes through the three data points gives
v(t) =v; = alt% +ast) +as
v(ty) =vy = altg +aots +as

’U(tg) =v3 = altg +aots +as
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Substituting the data (t1,v1), (t2,v2) , and (t3, v3) gives
a1 (5%) +az (5) +a; = 106.8
a1 (8%) +ay (8) +as =177.2
a1 (12%) +az (12) + a3 =279.2
or
25a1 +5a3 +a3 =106.8
64a; +8as +a3 =177.2
144a, +12a9 +a3 = 279.2

The coefficients a;, as, andag for the above expression are given by

25 5 1 a; 106.8
64 8 1 ay | = | 177.2
144 12 1 as 279.2
Rewriting the equations gives
= 106.8—50,2—0,3
' 25
177.2 — 64(11 —as
Qg =
8
279.2 —144a; —12ay
ag = 1

Iteration #1

Given the initial guess of the solution vector as

ai

as
we get

106.8 —5(2) — (5)

a; =

25
=3.6720
177.2 —64(3.6720) — (5)
as =
8
= —7.8150
279.2 —144 (3.6720) — 12 (—7.8510)
ag — 1
= —155.36
The absolute relative approximate error for each z; then is
3.6720 -1
€ = ’ 3.6720 ‘ *100
=72.76%
—7.8510—2
[€aly = ’ —7.8510 ’ <100
=125.47%
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<l _’—155.36—5
“3 7| _155.36
=103.22%

At the end of the first iteration, the estimate of the solution vector is

’xlOO

a; 3.6720
ay | = | —7.8510
as —155.36

and the maximum absolute relative approximate error is 125.47.

Iteration #2

The estimate of the solution vector at the end of Iteration #1 is

a; 3.6720
ay | = | —7.8510
as —155.36

Now we get

~106.8 —5(—7.8510) — (~155.36)

“= 25

=12.056

177.2-64(12.056) — (—155.36)
as = 3

= —54.882

279.2 —144(12.056) — 12 (—54.882)
as = 1

=—798.34

The absolute relative approximate error for each x; then is

12.056 —3.6720

el =[S 100
— 69.543%
—54.882 — (—7.8510)
= 1
€al, ‘ —51.882 ’X 00
— 85.695%
o), | T8 (15530
o —798.34
— 80.540%

At the end of the second iteration the estimate of the solution vector is

ay 12.056
az | = | —54.882
as —798.54

and the maximum absolute relative approximate error is 85.695%

Conducting more iterations gives the following values for the solution vector and the corresponding absolute relative approximate

erTors.
Iteration ay |€aly % ay |€aly% a3 |€als %
1 3.672 72.767 —7.8510 125.47 —155.36 103.22

https://math.libretexts.org/@go/page/104156


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104156?pdf

LibreTexts"

Deration 42.056 B9 a54.882 B549% @798.34 poL4%
3 357182 72.287 —ZEn50 78527 —38886 76832
4 193.33 75.595 -1093.4 76.632 -14440 76.116
2 12.056 69.543 -54.882 85.695 -798.34 80.54
5 800.53 75.85 —4577.2 76.112 —60072 75.963
3 47.182 74.447 —255.51 78.521 —3448.9 76.852
6 3322.6 75.906 -19049 75.972 -249580 75.931
4 193.33 75.595 -1093.4 76.632 —14440 76.116
5 800.53 75.85 —4577.2 76.112 —60072 75.963
Ag seen in the abovestaple; the solution-gstates are not copyppging to the trg gedution of 549530 75.931
a; =0.29048
az =19.690
a3 =1.0857

The above system of equations does not seem to converge. Why?

Well, a pitfall of most iterative methods is that they may or may not converge. However, the solution to a certain class of system of
simultaneous equations does always converge using the Gauss-Seidel method. This class of system of equations is where the
coefficient matrix [A] in [A][X] = [C] is diagonally dominant, that is

n

laii| > Z |a;;| for all ¢
=1
J#i

n
laii| > Z |a;;| for at least one %
j=1
J#i
If a system of equations has a coefficient matrix that is not diagonally dominant, it may or may not converge. Fortunately, many
physical systems that result in simultaneous linear equations have a diagonally dominant coefficient matrix, which then assures
convergence for iterative methods such as the Gauss-Seidel method of solving simultaneous linear equations.

v/ Example 2

Find the solution to the following system of equations using the Gauss-Seidel method.
1221 + 329 —bx3 =1
1 +5xy +3x3 =28
3z, +Tx2+ 1323 =76

Use
Iy 1
T2 | = 0
I3 1
as the initial guess and conduct two iterations.
Solutionl
The coefficient matrix
12 3 -5
[A=[1 5 3
3 7 13
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is diagonally dominant as
la11| =[12] =12 2> [a12| +|a13| = (3| +[-5] =8
lage| =1[5] =5 > [aa1| +|azs| =[1| +[3] =4
lass| = [13| =13 > [as1| +]as2| = |3| +[7| =10

and the inequality is strictly greater than for at least one row. Hence, the solution should converge using the Gauss-Seidel
method.

Rewriting the equations, we get

S 1—-329+ 523
e 12
Ty — 28 — 1 — 3.133
2T 5
La — 76-3%1 —71‘2
2 13
Assuming an initial guess of
Iy 1
I9 =10
I3 1
Iteration #1
B 1-3(0)+5(1)
= 12
=0.50000
28 —(0.50000) —3 (1)
o9 =
5
=4.9000
B 76 —3(0.50000) — 7 (4.9000)
3= 13
=3.0923

The absolute relative approximate error at the end of the first iteration is

el _'0.50000—1
4171 0.50000
=100.00%
el _’4.9000—0
2271 4.9000
=100.00%
el _’3.0923—1
@8 7 3.0923
=67.662%

’xlOO
‘xlOO

‘xlOO

The maximum absolute relative approximate error is 100.00%

Iteration #2

~1-3(4.9000) +5 (3.0923)
12

0.14679
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28 — (0.14679) — 3 (3.0923)

L9 =
5
=3.7153
_ 76—3(0.14679) — 7 (3.7153)
¥ = 13
=3.8118

At the end of second iteration, the absolute relative approximate error is

el _‘0.14679—0.50000
g = 0.14679
=240.61%

3.7153 —4.9000
|€aly = |— 57—
3.7153
=31.889%
el _‘3.8118—3.0923
“lB 3.8118
=18.874%

{xlOO
‘xlOO

‘xlOO

The maximum absolute relative approximate error is 240.61% This is greater than the value of 100.00% we obtained in the
first iteration. Is the solution diverging? No, as you conduct more iterations, the solution converges as follows.

Iteration ay |€al; % as |€aly % a3 [€als %
1 0.5 100 4.9 100 3.0923 67.662

2 0.14679 240.61 3.7153 31.889 3.8118 18.874

3 0.74275 80.236 3.1644 17.408 3.9708 4.0064

4 0.94675 21.546 3.0281 4.4996 3.9971 0.65772
5 0.99177 4.5391 3.0034 0.82499 4.0001 0.074383
6 0.99919 0.74307 3.0001 0.10856 4.0001 0.00101

This is close to the exact solution vector of
1 1
o | — 3
I3 4

v/ Example 3

Given the system of equations
3x1+Txe +1323 =76
1+ 5z +3x3 =28
1221 + 329 —bx3 =1
find the solution using the Gauss-Seidel method. Use

T1

T3
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as the initial guess.
Solutionl

Rewriting the equations, we get

76 — 721,‘2 — 131,'3
rH=—-"
3
28 — 1 — 3$3
Lo = ——
2 5
1—-12z; — 3z
r3 = —"
3 —5
Assuming an initial guess of
A 1
I9 =10
I3 1
the next six iterative values are given in the table below.
Iteration a; |€al; % as |€aly % as |€als %
1 21 95.238 0.8 100 50.68 98.027
2 -196.15 110.71 14.421 94.453 -462.30 110.96
3 1995 109.83 -116.02 112.43 4718.1 109.8
4 -20149 109.9 1204.6 109.63 -47636 109.9
5 2.0364 x10° 109.89 —12140 109.92 4.8144 x10° 109.89
6 -2.0579 x10%  109.89 1.2272 x10° 109.89 -4.8653 x10%  109.89

You can see that this solution is not converging and the coefficient matrix is not diagonally dominant. The coefficient matrix

3 7 13
[A=|1 5 3
12 3 -5

is not diagonally dominant as
|a11| = |3| =3< |a12| —|—|CL13| = |7| —|—|13| =20
Hence, the Gauss-Seidel method may or may not converge.

However, it is the same set of equations as the previous example and that converged. The only difference is that we exchanged
first and the third equation with each other and that made the coefficient matrix not diagonally dominant.

Therefore, it is possible that a system of equations can be made diagonally dominant if one exchanges the equations with each
other. However, it is not possible for all cases. For example, the following set of equations

T1+xot+ax3=3
2x1 + 3z +423 =9
1+ 7o +23=9

cannot be rewritten to make the coefficient matrix diagonally dominant.
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Gauss-Seidel Method Quiz

A square matrix [A] . . is diagonally dominant if

nxn

n
A) laig| > agl,i=1,2,...,n
=1
i#j
n
B) |ayg| > Z lai|,4=1,2,...,nand |az| > 37", |ay|, foranyi=1,2,...,n
i=1 i#j

i#j

n
(©) |ay| 22|aij|,i:1,2,...,nand|aii| >Z?=1 |a;;|, forany ¢ =1,2,...,n
=1

n
D) |ai| > lai|,i=1,2,...,n

j=1

Using [z1, Z2, 23] = [1, 3, 5] as the initial guess, the values of [z1, &2, 3] after three iterations in the Gauss-Seidel method for

12 7 3 1 2
1 5 1 o | — -5
2 7 —11 I3 6

dare

(A) [~2.8333 —1.4333 — 1.9727]
(B) [1.4959 —0.90464 — 0.84914]
(C) [0.90666 —1.0115 — 1.0243]
(D) [1.2148 —0.72060 — 0.82451]

To ensure that the following system of equations,
21+ Txe— llaxs= 6
1+ 2x9+ Tr3 = -5
Tx1+ bxs+ 2x3= 17

converges using the Gauss-Seidel method, one can rewrite the above equations as follows:

2 7 —-11 T 6
A1 2 1 o | = b
_7 5 _ | 3 | _17_
[7 5 1 [2:] [ 17
B |1 2 2| =|-b
|2 7 —11] [z3] | i
(7 5 2 [x] [ 6 ]
O 11 2 zo | = | =5
|2 7 —-11] [z3] | 17 |

(D) The equations cannot be rewritten in a form to ensure convergence.
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12 7 3 1 22
For |1 5 1 o | =] 7 | and using [21 @z x3]=[1 2 1] as the initial guess, the values of
2 7 —11] [z —2
[1 x, 3] are found at the end of each iteration as
Iteration # 1 T3 T3
1 0.41667 1.1167 0.96818
2 0.93990 1.0184 1.0008
3 0.98908 1.0020 0.99931
4 0.99899 1.0003 1.0000

At what first iteration number would you trust at least 1 significant digit in your solution?
A1
(B) 2
©3
(D)4

The algorithm for the Gauss-Seidel method to solve [A] [X] = [C] is given as follows when using n max iterations. The initial
value of [X] is stored in [X].

(B) Sub
Seidel(n, a, z, rhs, nmaz)
For k =1 To nmax

(A) Sub

Seidel(n, a, z, rhs, nmazx)
For k = 1 To nmax Fori—1Ton
Fori=1Ton
Forj=1Ton

If (i <> j) Then

Sum = Sum + a(i, j) * z(5)

Sum =0

Forj=1Ton

If (¢ <> j) Then

Sum = Sum + a(%, §) *z(j)

endif dif

) endi
Next 7 Next j
z(i) = (rhs() — Sum)/a(3, 7) 2(i) = (rhs() — Sum) /a(i, 7)
Next ¢ Next i ’

] ext ¢
Next j Next k
End Sub

End Sub
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(D) Sub
(C) Sub Seidel(n, a, z, Ths, nmax)
Seidel(n, a, z, rhs, nmazx) For k = 1To{nmax}$
For k = 1To nmaxzx Fori=1Ton
Fori=1Ton Sum=0
Sum =0 Forj=1Ton
Forj=1Ton If (£ <> j) Then
Sum = Sum + a(i, j) * z(5) Sum = Sum + a(%, j) *z(j)
Next j endif
z(2) = (rhs(i) — Sum)/a(i, 7) Next j
Next ¢ z(%) = (rhs(i) — Sum)/a (i, 7)
Next k Next 4
End Sub Next k

End Sub

Thermistors measure temperature, have a nonlinear output and are valued for a limited range. So when a thermistor is
manufactured, the manufacturer supplies a resistance vs. temperature curve. An accurate representation of the curve is
generally given by

% = ag +a1ln(R) + ay{In(R)}* + as{In(R)}*

where T' is temperature in Kelvin, R is resistance in ohms, and ag, a1, as, ag are constants of the calibration curve. Given the
following for a thermistor

R T
ohm °C
1101.0 25.113
911.3 30.131
636.0 40.120
451.1 50.128

the value of temperature in °C' for a measured resistance of 900 ohms most nearly is
(A) 30.002
(B)30.473
(C) 31.272
(D) 31.445

Gauss-Seidel Method Exercise

In a system of equation [A][X] = [C], if [4] is diagonally dominant, then GaussSeidal-Seidel method

A. always converges
B. may or may not converge
C. always diverges

Answer
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l A

In a system of equations [A][X] = [C], if [ 4] is not diagonally dominant, then Gauss-Seidel method
A. Always converges

B. May or may not converge

C. Always diverges.

Answer

B

? Exercise 3

In a system of equations [A][X] = [C], if [A] is not diagonally dominant, the system of equations can always be rewritten to
make it diagonally dominant.

A. True

B. False

Answer

B

Solve the following system of equations using Gauss-Seidel method

1221 +Txo + 323 =2
T1+bxy +23 =-5
2x1+T7ey — 1123 =6

Conduct 3 iterations, calculate the maximum absolute relative approximate error at the end of each iteration and choose
[z1 z2 x3]=[1 3 5] asyour initial guess.

Answer

(21 zo x3]=[0.90666 —1.0115 —1.0243] [|€.|; |€aly |€al3] =[65.001% 10.564% 17.099%)
[1€al; |€aly |€al3] =165.001% 10.564% 17.099%)

Solve the following system of equations using Gauss-Seidel method

1221 + 729 + 323 =2
1 +5xy +x3=-5
201+ Ty — 1123 =6

Conduct 3 iterations, calculate the maximum absolute relative approximate error at the end of each iteration, and choose
[#1 z3 x3]=[1 3 5] asyour initial guess.

Answer

[z1 22 z3]=1[0.90666 —1.0115 —1.0243]
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Solve the following system of equations using Gauss-Seidel Method

1 +5x2+2x3=5

12z + 729 + 323 =2

201+ Ty — 1123 =6

Conduct 3 iterations, calculate the maximum absolute relative approximate error at the end of each iteration, and choose
[1 z2 x3]=[1 3 5] asyour initial guess.

Answer
[21 zo x3]=[-1163.7 1947.6 1027.2]
[1€al; |€aly |€al3] =189.156% 89.139% 89.183%)

This page titled 8: Gauss-Seidel Method is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar Kaw
via source content that was edited to the style and standards of the LibreTexts platform.
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9: Adequacy of Solutions

4b Learning Objectives

After reading this chapter, you should be able to:

1. know the difference between ill-conditioned and well-conditioned systems of equations,

2. define and find the norm of a matrix

3. define and evaluate the condition number of an invertible square matrix

4. relate the condition number of a coefficient matrix to the ill or well conditioning of the system of simultaneous linear
equations, that is, how much can you trust the solution of the simultaneous linear equations.

What do you mean by ill-conditioned and well-conditioned system of equations?

A system of equations is considered to be well-conditioned if a small change in the coefficient matrix or a small change in the
right hand side results in a small change in the solution vector.

A system of equations is considered to be ill-conditioned if a small change in the coefficient matrix or a small change in the right
hand side results in a large change in the solution vector.

v/ Example 1

Is this system of equations well-conditioned?

B 3.399] m - {7.399]

Solution
The solution to the above set of equations is

M

Make a small change in the right-hand side vector of the equations

1 2 J[z] [4.001
2 3999 |y] [7.998

HES

Make a small change in the coefficient matrix of the equations
1.001 2.001| [z | [ 4
2.001 3.998] |y] [7.999
[m} _ [ 3.994 ]
y 0.001388

This last systems of equation “looks” ill-conditioned because a small change in the coefficient matrix or the right hand side
resulted in a large change in the solution vector.

gives

gives
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Is this system of equations well-conditioned?

B

Solution
The solution to the above equations is

=[]

Make a small change in the right-hand side vector of the equations.

2 o) ()= [roal

-l

Make a small change in the coefficient matrix of the equations.
[1.001 2.001] [w] _ [4]
2.001 3.001] |y] |7
[z] B [2.003]
y| 10.997

This system of equation “looks” well-conditioned because small changes in the coefficient matrix or the right-hand side
resulted in small changes in the solution vector.

gives

gives

So, what if the system of equations is ill conditioned or well-conditioned?

Well, if a system of equations is ill-conditioned, we cannot trust the solution as much. Revisit the velocity problem, Example 5.1 in
Chapter 5. The values in the coefficient matrix [A] are squares of time, etc. For example, if instead of a;; =25, you used
a1 = 24.99, would you want this small change to make a huge difference in the solution vector. If it did, would you trust the
solution?

Later we will see how much (quantifiable terms) we can trust the solution in a system of equations. Every invertible square matrix
has a condition number and coupled with the machine epsilon, we can quantify how many significant digits one can trust in the
solution.

To calculate the condition number of an invertible square matrix, | need to know what the norm of a
matrix means. How is the norm of a matrix defined?

Just like the determinant, the norm of a matrix is a simple unique scalar number. However, the norm is always positive and is
defined for all matrices — square or rectangular, and invertible or noninvertible square matrices.

One of the popular definitions of a norm is the row sum norm (also called the uniform-matrix norm). For a m x n matrix [A], the
row sum norm of [A] is defined as

n

max
Al = i
41 =, 572, Yol

that is, find the sum of the absolute value of the elements of each row of the matrix [A]. The maximum out of the m such values is
the row sum norm of the matrix [A].
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Find the row sum norm of the following matrix [A].

10 -7 0
A=|-3 2.099 6
5 -1 5

Solution

3
max

Al = i

e = | 3% g 2ol

=maz [(|10] +|=7]+0]), (| =3] +2.099] +[6), (|5] +|—1| +[5])]
=maz [(10+7+0),(34+2.099+6),(5+1+5)]

=maz [17, 11.099, 11]

=17

How is the norm related to the conditioning of the matrix?

Let us start answering this question using an example. Go back to the ill-conditioned system of equations,

B 3.399} B - [7.399}

that gives the solution as

Denoting the above set of equations as

[A] [X] =[C]
[ X1l =2
IC]l, =7.999

Making a small change in the right-hand side,
[1 2 } [az] B [4.001}
2 3.999] ly 7.998

gives

Denoting the above set of equations by

[A][X'] =[C"]
right hand side vector is found by
[aC]=[C"]-[C]
and the change in the solution vector is found by
[AX]=[X'] - [X]

then
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[ACT = [iﬁggﬂ - [7.399]

[ 0.001
~ | -0.001

and
AX] [—3.999} B m
4.000 1
| —5.999
3.000
then
|AC||, =0.001
|AX]|, =5.999
The relative change in the norm of the solution vector is
|AX],,  5.999
1 X1 2
=2.9995

The relative change in the norm of the right-hand side vector is

|AC|,,  0.001
ICl,  7.999
=1.250 x 10~*

See the small relative change of 1.250 x 10~ in the right-hand side vector norm results in a large relative change in the solution
vector norm of 2.9995.

In fact, the ratio between the relative change in the norm of the solution vector and the relative change in the norm of the right-hand
side vector is

IAX oo/ XNl 2.9995
[AC]w/IClle  1.250 x 107
= 23993

Let us now go back to the well-conditioned system of equations.

) [

gives

Denoting the system of equations by

[A] [X] = [C]
Xl =2
1Clloe =7

Making a small change in the right-hand side vector

https://math.libretexts.org/@go/page/104161


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104161?pdf

LibreTexts"

gives

Denoting the above set of equations by

[A][X'] =[C"]
the change in the right-hand side vector is then found by
[AC]=[C"]-[C]
and the change in the solution vector is
[AX] = [X"] - [X]
then
4.001 4
AC| = -
[Ac [7.001] [7}
_ [0.001]
0.001
and
1. 2
= oo 1]
1.001 1
_ [—0.001]
~ [ 0.001
then
||AC|,, =0.001
|AX]||,, =0.001
The relative change in the norm of solution vector is
IAX]] o ~0.001
(R 2
=5x10"*

The relative change in the norm of the right-hand side vector is

|AC|l,,  0.001
1Clls 7
=1.429 x107*

See the small relative change in the right-hand side vector norm of 1.429 x 10~* results in the small relative change in the solution
vector norm of 5 x 1074,

In fact, the ratio between the relative change in the norm of the solution vector and the relative change in the norm of the right-hand
side vector is
|AX]|o /1 Xlloe ~ B5x107*

[AC]./IIClle  1.429 x 1074
—35
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What are some of the properties of norms?

1. For a matrix [4], ||A|| >0

2. For a matrix [A] and a scalar k, ||kA| = |k| || A]|

3. For two matrices [A] and [B] of same order, ||A+ B|| < || 4| + |/ B]|

4. For two matrices [A] and [B] that can be multiplied as [A] [B], ||ABJ| < ||4]| || B||

Is there a general relationship that exists between |AX]| /|| X]| and ||AC| /| C| or between |AX| /||X]| and
[[AA]|l /|A]] If so, it could help us identify well-conditioned and ill conditioned system of equations.

If there is such a relationship, will it help us quantify the conditioning of the matrix? That is, will it tell us how many
significant digits we could trust in the solution of a system of simultaneous linear equations?

There is a relationship that exists between

|ax] lAC]
1] 1€
and between
|aX]__[1A4]
X 1A
These relationships are
18Xy JACH
=<y 1221
11l IC
and
_llaxy 1 1AAL
Al ||A7

The above two inequalities show that the relative change in the norm of the right-hand side vector or the coefficient matrix can be
amplified by as much as || A|| |47 .

This number || A|| || A7 || is called the condition number of the matrix and coupled with the machine epsilon, we can quantify the
accuracy of the solution of [4] [X] = [C].

Prove for
[A] [X] =[C]
that
AX AA
g <l Jaiest
Proof
Let

Then if [A] is changed to [A'], the [ X] will change to [X'], such
that

47 [X'=[Cc] ()
From Equations (1) and (2),
[A] [X] =[A][X]
Denoting change in [A] and [X] matrices as [AA] and [AX], respectively
[AA] =[A]-[4]
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then

Expanding the above expression
[A[X] = [A][X] +[A] [AX] +[AA] [X] + [AA] [AX]
[0] = [A][AX] +[AA] ([X] +[AX])
—[A][AX] = [AA]([X] +[AX])
[AX] = —[A] " [AA] ([X] +[AX])

Applying the theorem of norms, that the norm of multiplied matrices is less than the multiplication of the individual norms of the
matrices,

[AX] < |[A7|[[AA] X +AX]
Multiplying both sides by || A||
1Al [[aX] <[lA] [A7H] [[AAl X +AX]|
| AX]| |AA|

1y
— <4 |47 ——

How do | use the above theorems to find how many significant digits are correct in my solution
vector?

The relative error in a solution vector norm is < Cond (A) xrelative error in right hand side vector norm.
The possible relative error in the solution vector norm is < Cond(A)X Emach

Hence Cond(A)X E€macr, should give us the number of significant digits, m that are at least correct in our solution by finding out
the largest value of m for which Cond(A)X €mgen is less than 0.5 x 107™.

v/ Example 4

How many significant digits can I trust in the solution of the following system of equations?

B 3;99] m - [ﬂ

Solution
For

4] = [; 3.399]

(A = [—3999 2000 ]

it can be shown

2000 —1000
| Al = 5.999
4], =s009

Cond (A) = ||A]| A7
=5.999 x 5999.4
= 35990

@ https://math.libretexts.org/@go/page/104161



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/104161?pdf

LibreTexts"

Assuming single precision with 23 bits used in the mantissa for real numbers, the machine epsilon is

Emach = 2_23

=0.119209 x 1078

Cond(A)X Emach = 35990 x 0.119209 x 10~°
=0.4290 x 102

For what maximum positive value of m, would Cond(A)X €mqcn be less than or equal to 0.5 x 107
0.4290 x 107> <0.5x10™"
0.8580 x 1072 <10™™
10g(0.8580 x 1072) < log(10™™)
—2.067 < —m
m < 2.067
m <2

So, two significant digits are at least correct in the solution vector.

v/ Example 5

How many significant digits can I trust in the solution of the following system of equations?

_ 32l

it can be shown

2 -1
Then
4] =5,
147, =5
Cond (4) =||A|| |47
=5XH
=25

Assuming single precision with 23 bits used in the mantissa for real numbers, the machine epsilon

Emach = 2_23
=0.119209 x 1078

Cond(A)X Emach =25 x0.119209 x 10
=0.2980 x 10°

For what maximum positive value of m, would Cond(A)X €mqcn be less than or equal to 0.5 x 10~

0.2980 x 107° <0.5x10™™
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So, five significant digits are at least correct in the solution vector.

m<5

Adequacy of Solutions Quiz

The row sum norm of the matrix

[A]=|19 —21 23 —29
41 47 -51 61
1S
(A) 29
(B) 61
(C) 98
(D) 200

The adequacy of the solution of simultaneous linear equations

depends on

(A) the condition number of coefficient matrix [A]

(B) the machine epsilon

(C) the condition number for matrix [A]and the machine epsilon

(D) norm of the coefficient matrix [A]

Given a set of equations in matrix form

| Al =250,[|A7!|| =40 and
Emach =0.119 x 1076,
then the number of significant digits you can at least trust in the solution are
A)1
(B) 2
©3
(D) 4

The solution to a set of simultaneous linear equations
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a1 a;p a3 | |21 44
a1 axp a3 | |xz2| = | 94
asy ass ass I3 | 138
is given as
:El- 2-
) =14
z3 | 7

The solution to another set of simultaneous linear equations is given by (note the coefficient matrix is the same as above)

ai; a2 a3 T 43.99
az; Q2 a3 zo | = | 93.98
az1 a2 aszz| LT3 138.03
is given as
1 214.01
zy | = | —208.01
I3 60
Based on the row sum norm, the condition number of the coefficient matrix is greater than (choose the largest possible value)
A1
(B) 138
(C) 4500
(D) 139320

The condition number of the n x n identity matrix based on the row sum norm is
(A0

(B)1

©n

(D) n?

Let [A4] = [

1 Ao ] . Based on the row sum norm and given that § — 0,6 > 0, the condition number of the matrix is

2—46
)

(A)m

942

342

(3+90)2

3 — 62

(®)

©

32642
342

(D)
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Adequacy of Solutions Exercise

The adequacy of the solution of simultaneous linear equations depends on
A. Condition number
B. Machine epsilon

C. Product of condition number and machine epsilon
D. Norm of the matrix.

Answer

C

If a system of equations [A] [X] = [C] is ill conditioned, then
A.det(A)=0

B. Cond(A) =1

C. Cond(A) is large.

D. || A]| is large.

Answer

C

If Cond(A) = 10* and €,pgen=0.119 x 10®, then in [4] [X] =
solution,

A0

B. 1

C.2

D.3

[C], at least these many significant digits are correct in your

Answer

C

Make a small change in the coefficient matrix of [1 2 ] [:1:] = [ 4 ]
2 3.999] |y 7.999
and find

1A X oo/ 1 Xl
1AA]o/ 1 Alloo

Is it a large or small number? How is this number related to the condition number of the coefficient matrix?
Answer

Changing [A] to

1.001 2.001
2.001 4.000
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Results in solution of

[ AX oo £099.7
Xl 2
a4, 0002
Al 5.999
4=18.994 x 10°$
Make a small change in the coefficient matrix of
1 2|z
=147
5] [5]-en
and find
[AX oo /1| Xl
IAA]l /1Al

Is it a large or a small number? Compare your results with the previous problem. How is this number related to the condition

number of the coefficient matrix?

Answer
Changing [A] to
1.001 2.001
2.001 3.000

Results in solution of

[oauml

0.9970
1AX]l, 0.003
Xl 2.000
|aAl, 0002
[l Alloo
=3.75
Prove
|AX]] 1 IAC
= [lA]| [|A7| S
[ X1l ICl
Answer
Use theorem that if [A][B] = [Clthen || A|| || B|| > ||C]|
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10 -7 0
[A]=]|-3 2099 6
5 -1 5

gives

—0.1099 —0.2333  0.2799
(4] = | —0.2999 —0.3332  0.3999
0.04995 0.1666 6.664 x 10~

A. What is the condition number of [A]?
B. How many significant digits can we at least trust in the solution of [A] [X] = [C] if €een=0.1192 x 10762
C. Without calculating the inverse of the matrix [A], can you estimate the condition number of [ A] using the theorem in

problem#6?
Answer

A ||A|| =17

|47 =1.033

Cond(A) =17.56

B.5

C. Try different values of right hand side of C'=[+1 +1 +1]7 with signs chosen randomly. Then ||A~!|| < | X]||
obtained from solving equation set [4] [X] = [C] as ||C|| = 1.

? Exercise 8

Prove that the Cond(A4) > 1.

Answer
We know that
|4 Bl <l 4] || BI
then if
(B =47,
[aA™ <Al |a
1l < 1 4] .47
1< Al A
1Al A7 =1
Cond(A) >1

This page titled 9: Adequacy of Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Autar Kaw
via source content that was edited to the style and standards of the LibreTexts platform.
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10: Eigenvalues and Eigenvectors

4b Learning Objectives

After reading this chapter, you should be able to:

1. define eigenvalues and eigenvectors of a square matrix,

2. find eigenvalues and eigenvectors of a square matrix,

3. relate eigenvalues to the singularity of a square matrix, and

4. use the power method to numerically find the largest eigenvalue in magnitude of a square matrix and the corresponding
eigenvector.

What does eigenvalue mean?

The word eigenvalue comes from the German word Eigenwert where Eigen means characteristic and Wert means value. However,
what the word means is not on your mind! You want to know why I need to learn about eigenvalues and eigenvectors. Once I give
you an example of an application of eigenvalues and eigenvectors, you will want to know how to find these eigenvalues and
eigenvectors.

Can you give me a physical example application of eigenvalues and eigenvectors?

Look at the spring-mass system as shown in the picture below.

k £
A VA VAN

iy #y

I—pxl }—..Xz

Assume each of the two mass-displacements to be denoted by x; and xs, and let us assume each spring has the same spring
constant k. Then by applying Newton’s 2" and 3 law of motion to develop a force-balance for each mass we have

d2
my dtx; = —kz1 +k(zy — 1)
d’z
my dt; = —k(zs — 1)
Rewriting the equations, we have
d2
1 dtail —k(—2.’l31 +£B2) =0
d2
mo dta:; —k(:L’l —ZEQ) =0
Let m; =10, my =20, k=15
d2
10 d;‘ —15(—22 +12) =0
d2
20 dt? —15(zy —22) =0

From vibration theory, the solutions can be of the form
z; = A; sin(wt — O)

where

https://math.libretexts.org/@go/page/104171
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e A;= amplitude of the vibration of mass %,
e w = frequency of vibration,

e O = phase shift.

then
d2$i .
W = —Aiwz Szn(wt - @)

d’z
dt?

Substituting z;and —=-in equations,
—104;0* —15(—24; + 45) =0
—20A450® —15(A4; — A3) =0
gives
(—10w® +30)4; —1545 =0
—15A4; +(—20w? +15)4;, =0
or
(—w?+3)A; —1.54, =0
—0.75A; + (—w? +0.75) 4, =0

In matrix form, these equations can be rewritten as
[—w2+3 15 ][Al] :[0]
—0.75 —w?+0.75] | Az 0

ors o) L] Ll [o)

4] = [—0%75 8175 ]

- (4]

[A] [X] - A[X] =0

Let w? =\

In the above equation, A is the eigenvalue and [X] is the eigenvector corresponding to A. As you can see, if we know A for the
above example we can calculate the natural frequency of the vibration

w=+A

Why are the natural frequencies of vibration important? Because you do not want to have a forcing force on the spring-mass system
close to this frequency as it would make the amplitude A; very large and make the system unstable.

What is the general definition of eigenvalues and eigenvectors of a square matrix?

_)
If [A] is a n X n matrix, then [X] # 0 is an eigenvector of [A] if

where ) is a scalar and [X] # 0. The scalar A is called the eigenvalue of [A]and [X] is called the eigenvector corresponding to the
eigenvalue.
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How does find eigenvalues of a square matrix?

To find the eigenvalues of a n X n matrix [4] , we have

Now for the above set of equations to have a nonzero solution,
det([A] - A[I]) =0

This left-hand side can be expanded to give a polynomial in A and solving the above equation would give us values of the
eigenvalues. The above equation is called the characteristic equation of [A].

For a [A] n X n matrix, the characteristic polynomial of A is of degree n as follows
det([A] —A[I])=0
giving
AN oA e N — — 4, =0

Hence. this polynomial has n roots.

v/ Example 1

Find the eigenvalues of the physical problem discussed in the beginning of this chapter, that is, find the eigenvalues of the
matrix

3 -1.5
[A] =
-0.75 0.75
Solution

3\ —-1.5
[A] = A[I] = [_0,75 0.75 —A]

det([A] =X [I]) = (3—X)(0.75 — X) — (—0.75)(—1.5) =0
2.25-0.75A—32+X\2—1.125=0
A2 —3.750+1.125 =0

—(~3.75) + 1/(—3.75)Z —4(1)(1.125)
2(1)

3.75+£3.092

2
3.421, 0.3288

So the eigenvalues are 3.421 and 0.3288.

v/ Example 2

Find the eigenvectors of

A:[ 3 —1.5]
—-0.75 0.75

Solution
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The eigenvalues have already been found in Example 1 as
A1 =3.421, A5 =0.3288

Let

be the eigenvector corresponding to

A =3.421
Hence
(A =M[I)[Xx] =0
{{—0%75 0.1%:] 342 [(1) (1)]} [2] =0
[—0.421 ~1.5 ] [ml] _ [0]
—0.75 —2.671] |z 0
If
T =S

then

—0.421s—1.529 =0
z9 = —0.2808s

The eigenvector corresponding to A; = 3.421 then is

X1 = [—0.258083]

1
=s
—0.2808
The eigenvector corresponding to
A =3.421
is
1
—0.2808
Similarly, the eigenvector corresponding to
Ay =0.3288

is

1
1.781
v/ Example 3

Find the eigenvalues and eigenvectors of

15 0 1
[A]=|-05 05 —0.5
05 0 0
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Solution
The characteristic equation is given by

det([A] — \[1]) =0

1.5—-X 0 1
det | —05 0.5—-X —-05|=0
-0.5 0 —A

(1.5 —=X)[(0.5 =X)(=A) — (—0.5)(0)] + (1)[(—0.5)(0) — (—0.5)(0.5 — A)] =0
X% +2)% —1.251+0.25=0
To find the roots of the characteristic polynomial equation
—A+2X% —1.25A+0.25 =0

we find that the first root by observation is

as substitution of A = 1gives
(—=1)®4+2(1)2 —1.25(1) +0.25 =0
0=0

So

(A-1)
is a factor of

—X*+2X% —1.251 +0.25

To find the other factors of the characteristic polynomial, we first conduct long division

—A24+X1+40.25

(A—1) =X*+2X% —1.251+0.25
-3+ 22

A?—1.25A+0.25
A=
—0.25A+0.25
—0.25X1+0.25
Hence
XN 4202 —1.25040.25 = (A —1)(—A% + X +0.25)
To find zeroes of —A\% + X +0.25 , we solve the quadratic equation,
—A2+2+0.25=0

to give
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A
2(-1)
_ -1+4,/0
I
=0.5,0.5
So\ A =0.5 and A = 0.5 are the zeroes of
X4+ X+0.5
giving
~A24+2+0.25 =—(A—0.5)(A—0.5)
Hence

X% +2)% —1.251+0.25=0
can be rewritten as
—(A=1)(A—-0.5)(A—0.5)=0
to give the roots as
A=1, 0.5, 0.5
These are the three roots of the characteristic polynomial equation and hence the eigenvalues of matrix [A].

Note that there are eigenvalues that are repeated. Since there are only two distinct eigenvalues, there are only two eigenspaces.
But, corresponding to A = 0.5 there should be two eigenvectors that form a basis for the eigenspace corresponding to A = 0.5.

Given
[(A=AD)] [X]=0
then
1.5—-XA 0 1 T 0
-0.5 05—-X -0.5 z2o | =10
—-0.5 0 —-A T3 0
For A =0.5,
1 0 1 1 0
—-0.5 0 -0.5 x| =10
—0.5 0 —-0.5 T3 0
Solving this system gives
r1=—a, Ta =b, x3=a
So
1 [—a
Io -
T3 L & |
[—a ] 0
=0 [|+]b
L a | 0
-1 0
=a| 0 [+b]1
1
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So, the vectors | 0 | and | 1 | form a basis for the eigenspace for the eigenvalue A = 0.5 and are the two eigenvectors

1 0
corresponding to A = 0.5.

ForA\=1,

0.5 0 1 1 0
—-0.5 —0.5 —-0.5 x| =10
—0.5 0 -1 x3 0
Solving this system gives
1 =a, Ty = —0.5(1, T3 — —0.5a
The eigenvector corresponding to A =1 is
a [ 1
—0.5a| =a | —0.5
—0.5a | —0.5
Hence the vector
1
—0.5
—0.5

is a basis for the eigenspace for the eigenvalue of A = 1, and is the eigenvector corresponding to A = 1.

What are some of the theorems of eigenvalues and eigenvectors?

Theorem 1: If [A] is a n X n triangular matrix — upper triangular, lower triangular or diagonal, the eigenvalues of [A] are the
diagonal entries of[ A].

Theorem 2: A = 0 is an eigenvalue of [A] if [A] is a singular (noninvertible) matrix.

Theorem 3: [A] and [A]” have the same eigenvalues.

Theorem 4: Eigenvalues of a symmetric matrix are real.

Theorem 5: Eigenvectors of a symmetric matrix are orthogonal, but only for distinct eigenvalues.

Theorem 6: |det(A)] is the product of the absolute values of the eigenvalues of[A].

v/ Example 4

What are the eigenvalues of

6 0 0 0

73 0 0
[A] =

9 5 75 0

2 6 0 -7.2

Solution
Since the matrix [A] is a lower triangular matrix, the eigenvalues of [ A] are the diagonal elements of[ A]. The eigenvalues are

M =6, =3 X3=7.5 \=—7.2

https://math.libretexts.org/@go/page/104171
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One of the eigenvalues of

is zero. Is [A] invertible?

Solution
A =0 is an eigenvalue of [A], that implies [A] is singular and is not invertible.

v/ Example 6

Given the eigenvalues of

2 35 6
[A]=35 5 2
8 1 8.5

are
A1 = —1.547, Ay =12.33, A3 =4.711

What are the eigenvalues of [B] if

2 35 8
[Bl=|-35 5 1
6 2 85

Solution
Since [B] = [A]7, the eigenvalues of [A] and [B] are the same. Hence eigenvalues of [B] also are

A =—1.547, Ay =12.33, A3 =4.711

v/ Example 7

Given the eigenvalues of

2 -35 6
[A]=|35 5 2
8 1 85

are
A1 =—1.547; A =12.33, A3 =4.711
Calculate the magnitude of the determinant of the matrix.

Solution
Since

|det[A]| =|A1] [Xz] |As]
= |-1.547| |12.33] [4.711]
=89.88
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How does one find eigenvalues and eigenvectors numerically?

One of the most common methods used for finding eigenvalues and eigenvectors is the power method. It is used to find the largest
eigenvalue in an absolute sense. Note that if this largest eigenvalues is repeated, this method will not work. Also this eigenvalue
needs to be distinct. The method is as follows:

(1). Assume a guess [X (0] for the eigenvector in

equation. One of the entries of [ X (°)] needs to be unity.

(2). Find

(4). Repeat steps (2) and (3) with

[X] = [XO)] to get [X@)].

(5). Repeat the steps 2 and 3 until the value of the eigenvalue converges.

If E,is the pre-specified percentage relative error tolerance to which you would like the answer to converge to, keep iterating until

where the left-hand side of the above inequality is the definition of absolute percentage relative approximate error, denoted
generally byE, A pre-specified percentage relative tolerance of 0.5 x 10>~™ implies at least m significant digits are current in
your answer. When the system converges, the value of \ is the largest (in absolute value) eigenvalue of [A].

v/ Example 8

Using the power method, find the largest eigenvalue and the corresponding eigenvector of
1.5 0 1
[A]=]-05 05 —0.5
-05 0 0
Solution
Assume
1
[X(O)] - |1
1
(15 0 1
[4][x©)=|—-0.5 05 —0.5
L—0.5 0 0
[ 2.5
=1|-0.5
| —0.5
1
YW =25|-02
—0.2
A =25
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We will choose the first element of [ X (°)] to be unity.

1
XM= | —0.2
—0.2

T15 0 1 1
(4] [XxY]=|—-05 05 —05]|-0.2
05 0 o0 | |-02
C 1.3
—|-05
| 0.5

[X®]=1.3|-0.3846
—0.3846

A2 =13

1
(X)) = | —0.3846
—0.3846

The absolute relative approximate error in the eigenvalues is

A2 (@)
A(2)
_|1.3-1.5
_‘ 1.5
=92.307%

x 100

|€al :‘

‘xlOO

Conducting further iterations, the values of A and the corresponding eigenvectors is given in the table below

i A (X)) leal (%)

1
1 2.5 —0.2
—0.2

1
2 1.3 —0.38462 92.307
| —0.38462 |

1
3 1.1154 —0.44827 16.552
| —0.44827 |

1
4 1.0517 —0.47541 6.0529
| —0.47541 |
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i Al [X©] leal (%)
1
5 1.02459 —0.48800 1.2441
—0.48800

The exact value of the eigenvalue is A =1

and the corresponding eigenvector is

1
[X]=1]-0.5
—0.5
Eigenvalues and Eigenvectors Quiz
The eigenvalues of
5 6 17
0 —-19 23
0o o0 37
are
(A) —-19, 5, 37
(®B)19, -5, —37
(C) 27 - 37 7
(D)3, —5, 37
—4.5 8§ —4 2
If | —4 |isaneigenvectorof [4 0 2 |, the eigenvalue corresponding to the eigenvector is
1 0 -2 —4
(A)1
(B) 4
(C)—4.5
D)6
The eigenvalues of the following matrix
3 2 9
7 5 13
6 17 19
are given by solving the cubic equation
(A) A® —27X% + 167\ — 285
(B) A3 —27)2 —122) — 313
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(C) A3 +27X2 + 167\ +285
(D) A3 4+23.23)2 —158.3\ +313

The eigenvalues of a 4 x 4 matrix [A] are given as 2, —3,13, and 7. The |det (A)| then is
(A) 546

(B) 19

(C) 25

(D) cannot be determined

? Quiz5
If one of the eigenvalues of [A]
(A) The solution to [A] [X
(B) The determinant of [A
(C) The solution to [A] [X

(D) The determinant of [A

nxn 1S Z€TO, 1t lIIIPhES

= [C] system of equations is unique

is zero

= [0] system of equations is trivial

is nonzero
8 —4 2
Given that matrix [A]=]4 0 2 |has an eigenvalue value of 4 with the corresponding Eigenvectors of
0 -2 -3
—4.5
[€] = | —4 |, then [A]® [X]is
1
[—18
(A) | —16
| 4
[—4.5
®B)| -4
| 1
[ 4608
(C) | —4096
| 1024
[ —0.004395
(D) | —0.003906
| 0.0009766

Eigenvalues and Eigenvectors Exercise

The eigenvalues A of matrix [A] are found by solving the equation(s)?
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C.|lA=0|
D. |A—)\I| =0
Answer

D

? Exercise 2

Find the eigenvalues and eigenvectors of

10 9]

4=y

using the determinant method

Answer

(12,1), [

0.9762 0.8381
0.2169| | —0.8381

? Exercise 3

Find the eigenvalues and eigenvectors of

4 01
[Al=-2 0 1
2 01

using the determinant method

Answer

07 [ 0.87193 1 [-0.27816
(0,4,5615,0.43845) 1 |, | —0.27496 | ,| 3.5284
0] [ 0.48963 0.99068

Find the eigenvalues of these matrices by inspection

[2 0 0
A 10 -3

[ Ren)

0
0 6]
3 7
0 1
0 0 O]
2
3
2

Answer
A.2,-3,6
B. 3,-2,0
C. 2,56
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Find the largest eigenvalue in magnitude and its corresponding vector by using the power method

4 01
[Al=]-2 0 1

2 01

Start with an initial guess of the eigenvector as
1
—0.5
0.5

Answer

1
4.5615, | —0.31534 | after 4 iterations
0.56154

1

Prove if A is an eigenvalue of [A], then +

is an eigenvalue of [A] .

Prove that square matrices [A] and [A]7 have the same eigenvalues.

? Exercise 8

Show that |det(A)| is the product of the absolute values of the eigenvalues of [A].

This page titled 10: Eigenvalues and Eigenvectors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Autar Kaw via source content that was edited to the style and standards of the LibreTexts platform.
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