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CHAPTER OVERVIEW

1: Introduction
In this chapter, we begin our study of differential equations.
1.1: Basic Concepts
1.1E: Basic Concepts (Exercises)
1.2: Existence and Uniqueness of Solutions
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1.3: Direction Fields
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1.1: Basic Concepts

# Definition 1.1.1

A differential equation is an equation that contains one or more derivatives of an unknown function.

A differential equation is an ordinary differential equation if it involves an unknown function of only one variable, or a partial
differential equation if it involves partial derivatives of a function of more than one variable.

Note: Partial differential equations are studied in another class; in this class we’ll consider only ordinary differential equations,
and we’ll just call them differential equations.

# Definition 1.1.2

The order of a differential equation is the order of the highest derivative that it contains.

v/ Example 1.1.1

gy _
dz

(x% —5zy)dz + Try?dy =0 (first order),

=¥ (first order),

2]
373 +7z j—i +3y =5z (second order),
23y +Tzy? =cosz  (third order),
9$3y(n) —+ 3x2fy/ + 7y =e® (Il-th Order).

The simplest differential equations are first order equations of the form

Y= fa)
or equivalently
y = f(),
where f is a known function of z. We already know from calculus how to find functions that satisfy this kind of equation. For
example, if
y =2,
then

4
y=/a:3dx:%+c,

where c is an arbitrary constant. If n > 1 we can find functions y that satisfy equations of the form
y" = f(2) (1.1.1)
by repeated integration. Again, this is a calculus problem.

Except for illustrative purposes in this section, there’s no need to consider differential equations like Equation 1.1.1 as they can
usually be solved with calculus. We’ll usually consider differential equations that can be written as

™ = f(z,y,y,...,y" V), (1.1.2)

actually appears on the right when written in the form 1.1.2. Here are some

Yy
n—1)

where at least one of the functions y, v/, ..., y(
examples:
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v/ Example 1.1.2

Z_z —2?y=0 (first order),
% +2zy? = —2 (first order),

2
% + 2% +y=2z (second order),
zy" +y? =sinz  (third order),
y ™ fzy' +3y =2 (n-th order).
Although none of these equations is written as in Equation 1.1.2, all of them can be written in this form:
y' =2y,
r_ 2
y =-—2-2zy",
y' =2z -2y —y,
J = sinz —y?

- )

Z

y™ =2 —zy’ —3y.

Solutions of Differential Equations

# Definition 1.1.3

A solution of a differential equation is a function that satisfies the differential equation on some open interval; thus, y is a
solution of Equation 1.1.2if y is n times differentiable and

y" (@) = f(z,y(2),y' (@), ..,y V()

for all z in some open interval (a, b). In this case, we also say that y is a solution of Equation 1.1.2 on (a, b).

A solution of a differential equation must be both continuous and differentiable on an open interval.

i

# Definition 1.1.4

The graph of a selution of a differential equation is a solution curve. More generally, a curve C is said to be an integral curve
of a differential equation if every function y = y(z) whose graph is a segment of C is a solution of the differential equation.
Thus, any solution curve of a differential equation is an integral curve, but an integral curve need not be a solution curve (see
Example 6).

v/ Example 1.1.3

Verify that
2
T 1
_Z 4 1.1.3
y=—5+- (1.1.3)
is a solution of
zy +y=1° (1.1.4)

on (0, co) and on (—oo, 0).

Solution
Substituting Equation 1.1.3 and
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22 L
V=73 T
into Equation 1.1.4 yields
2z 1 2 1
o @) +ue)=a (-5 )+ (S +3) ==

for all  # 0. Therefore y is a solution of Equation 1.1.4 on (—o00,0) and (0,00). However, y isn’t a solution of the
differential equation on any open interval that contains @ = 0, since y is not defined at x = 0.

Figure 1.1.2 shows the graph of Equation 1.1.3. The part of the graph of Equation 1.1.3 on (0, 00) is a solution curve of
Equation 1.1.4, as is the part of the graph on (—o0, 0).

-20 -15 10 -0.5 0.5 1.0 15 20

— ‘,\ L
\

\ -4f

:56 =

Figure 1.1.2:y = £ + 1
Show that if ¢; and ¢y are constants then
y=(c1+cz)e " +2zx—4 (1.1.5)
is a solution of
YAty =22 (1.1.6)

on (—o0, 00).

Solution
Differentiating Equation 1.1.5 twice yields

y =—(c1 +eaz)e ™ +coe™® 42
and
Yy’ =(c1+coz)e™ —2cpe ",
)
YV'+2¢y+y =(c1+coz)e ™ —2ce " +2 [—(cl +eoz)e  +ege +2] +(c1+cz)e ™ +22—4
=1-2+1)(c1 teez)e ™+ (—2+2)coe *+44+22—4

=2z

for all values of z. Therefore y is a solution of Equation 1.1.6 on (—o0, 00).
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Note: Functions that satisfy a differential equation at isolated points are neither interesting nor useful, and since they do not satisfy
the equation on an open interval we do not consider them solutions.

v/ Example 1.1.5

For example, y = 2? satisfies
zy +2? =3z

if and only if z = 0 or z = 1, but it is not a solution of this differential equation because it does not satisfy the equation on an
open interval.

v/ Example 1.1.6

If a is any positive constant, the circle
z? +y? =a? (1.1.7)
is an integral curve of

(1.1.8)

Solution
To see this, note that the only functions whose graphs are segments of Equation 1.1.7 are

Y1 = o’ —z? and yzz—\/a2—x2.

We leave it to you to verify that these functions both satisfy Equation 1.1.8 on the open interval (—a, a). However, Equation
1.1.7 is not a solution curve of Equation 1.1.8 since it is not the graph of a function. However, both y; and y, are each
solution curves.

Initial Value Problems

& Definition 1.1.5

An nth order differential equation has an infinite family of solutions that depend upon the n arbitrary constants cj, c2, ..., Cy.
In the absence of additional conditions, there’s no reason to prefer one solution of a differential equation over another.
However, we’ll often be interested in finding a particular solution of a differential equation that satisfies one or more specific
conditions.

v/ Example 1.1.7

Find a solution of

such that y(1) = 2.

Solution
At the beginning of this section we saw that the family of solutions of the differential equation 3’ = z3 are
zt .
=—+ec.
Y=

To determine a value of ¢ such that y(1) = 2, we set z = 1 and y = 2 here to obtain

SO
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7
B= =

4

Therefore the required particular solution of the initial value problem is

ozt 47
y= 1
Figure 1.1.2 shows the graph of this solution. Note that imposing the condition y(1) = 2 is equivalent to requiring the graph of

y to pass through the point (1, 2).

z2+7
4

Figure 1.1.2: y =

# Definition 1.1.6

A solution of a differential equation that cannot be obtained from a family of solutions by varying the parameters is called a
singular solution.

v/ Example 1.1.8

y= (%2 +¢)? is a family of solutions to the differential equation y' = xy'/? (verify this). But y = 0 is also a solution (easily
verified) and it cannot be obtained from the family by varying the parameter c. Therefore y = 0 is a singular solution.

We can rewrite the initial value problem considered in Example 1.1.7 more briefly as
y =z y(1)=2.
The requirement y(1) = 2 is an initial condition. Initial value problems can also be posed for higher order differential equations.
For example,
y' =2y +3y=¢€", y(0)=1, y(0)=2 (1.1.9)

is an initial value problem for a second order differential equation where 3 and y' are required to have specified values at z = 0. In
general, an initial value problem for an n-th order differential equation requires y and its first n — 1 derivatives to have specified
values at some point xy. These requirements are the initial conditions. We’ll denote an initial value problem for a differential
equation by writing the initial conditions after the equation, as in Equation 1.1.9. For example, we would write an initial value
problem for Equation 1.1.2 as

y(n) = f($7y7yl, R ,y(n—l)), y(:l,‘()) = k07 y/(wO) = kh L] y(n_l) = kn—l- (1110)

Consistent with our earlier definition of a solution of the differential equation in Equation 1.1.1(, we say that y is a solution of the
initial value problem Equation 1.1.10if y is n times differentiable and

y™(z) = f(z,y(z),y' (z),...,y" V(=)

for all z in some open interval (a, b) that contains ¢, and y satisfies the initial conditions in Equation 1.1.10.
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# Definition 1.1.7

The largest open interval that contains 2y on which y is defined and satisfies the differential equation is the interval of validity
of y.

v/ Example 1.1.9

In Example 1.1.7 we saw that

4
7
gy (1.1.11)
4
is a solution of the initial value problem
y/:zﬁa y(l):2
Since the function in Equation 1.1.11is defined for all z, the interval of validity of this solution is (—o0, 00).
v/ Example 1.1.10
In Example 1.1.3 we verified that
_z 1 (1.1.12)

y=73"173 1.
is a solution of

vy +y =2’

on (0, 00) and on (—o0,0). By evaluating Equation 1.1.12at z = =+1, you can see that Equation 1.1.12is a solution of the
initial value problems

w| >

zy +y=2*, yQ)= (1.1.13)
and

zy +y =217, y(—l):—g. (1.1.14)
The interval of validity of Equation 1.1.12 as a solution of Equation 1.1.13is (0, c0), since this is the largest interval that
contains £y = 1 on which Equation 1.1.12is defined. Similarly, the interval of validity of Equation 1.1.12 as a solution of
Equation 1.1.14is (—oo, 0), since this is the largest interval that contains g = —1 on which Equation 1.1.12is defined.

Free Fall Under Constant Gravity

The term initial value problem originated in problems of motion where the independent variable is ¢ (representing elapsed time),
and the initial conditions are the position and velocity of an object at the initial (starting) time of an experiment, usually, but not
always, 0.

v Example 1.1.11

An object falls under the influence of gravity near Earth’s surface, where it can be assumed that the magnitude of the
acceleration due to gravity is a constant g.

a. Construct a mathematical model for the motion of the object in the form of an initial value problem for a second order
differential equation, assuming that the altitude and velocity of the object at time ¢ = 0 are known. Assume that gravity is
the only force acting on the object.

b. Solve the initial value problem derived above to obtain the altitude as a function of time.

Solution a

https://math.libretexts.org/@go/page/103463



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103463?pdf

LibreTexts"

Let y(t) be the altitude of the object at time ¢. Since the acceleration of the object has constant magnitude g and is in the
downward (negative) direction, y satisfies the second order equation

"

=9

where the prime now indicates differentiation with respect to . If yo and vy denote the altitude and velocity when ¢ = 0, then
vy is a solution of the initial value problem

1"

y'=-g9, y(0)=wo, ¥(0)="r0. (1.1.15)
Solution b

Integrating Equation 1.1.15twice yields the family of solutions to the differential equation ¢’ = —g,

y/ ——gt+c1,
Yy

2

= _gtT +cit+co.

Imposing the initial conditions y(0) = yo and y’(0) = vy in these two equations shows that ¢; = vy and ¢y = o . Therefore
the particular solution of the initial value problem Equation 1.1.15is

2

y:_gtT +vot +yo.

This page titled 1.1: Basic Concepts is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F. Trench
via source content that was edited to the style and standards of the LibreTexts platform.
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1.1E: Basic Concepts (Exercises)
In Exercises 1-5 find the order of the differential equation.

1. y” —3y' +2y=2a'

2. —|—2:c( )+:vy 0
3. z?’dy —y’dz =0
4.9y —y"=0

5.9"y—(y')* =2
In Exercises 6-13 verify that the function is a solution of the differential equation on some interval, for any choice of the arbitrary
constants appearing in the function.

6.y=e¥; o =2y

11.y = (c; +caz)e® +sinz +x%; 3y’ —2y +y=—2cosz+x2 —4z +2
12.y =c1€* +cox + %; 1-2)y' +zy —y=4(1—z—z*)z3
13.y =z 1/?(c1 sinz +cycosx) +4z +8 ; 22y +zy’ + (22 — i)y =423 + 822+ 3z —2
In Exercises 14-19 find the family of solutions of the differential equation.
14.y' =423 — 2% +5
15.y' = —zsinz
5 4

16.y' =sin® z cos*

17.y' =z secztanz

18,y = —Z
' \/4—x?
/ 222 —x+9
19 ¥y = 349z

In Exercises 20-22 find the particular solution of the differential equation.

20.y' = zsinz?, y(\/%) =1
2.y = —=ze*, y(0)=1
22.y' =tanz, y(r/4)=3
In Exercises 23-30 verify that the function is a solution of the initial value problem and give its interval of validity.
23.y=tanz; y =y2+1, y(r)=0

24,y =z cosz; Yy =cosx—ytanz, y(7r/4):4%

2 2
25 y_ 1+21n +% yl _ T —2;y+2’ y(].) :%
26. y—tan(%) —z(1+y?), y(0)=0
27.y=-25; o =2 ya)=—2

28.y =z*(1 +Inz); y"zw, y(e) =2€?, y'(e) =be
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2 /
29.y=%+o-1; ¢ =T y1)=4, y(1)=1

z
(2> —1)y—z(2?+1)y’

30.y = (1+a%) 1%y == N,

. . .o 2 2(z+y)(zy —y)
31. Give the interval of validity of y = 7%=; 3" = %, y(1/2)=1/2, y'(1/2)=3
32. a. Give the domain of the function y =2 +2+/z +3
b. Verify that y =z +2+/z +3 is a solution to the differential equation (y —z)y’' =y —z +2 and give its interval of
validity.

33.y= sin(%2 +c¢) is a family of solutions to the differential equation y' =x+/1 —y? on certain intervals, dependent on the
value of c.

22

a. Verify that y = sin(%-) is a particular solution to the initial value problem ¢’ = z4/1 —y? , ¥(0) = 0 and find its interval

of validity.
b. By inspection find two singular solutions to y’ = z+/1 —y? and find the interval of validity of each.

34. Suppose an object is launched from a point 320 feet above the earth with an initial velocity of 128 ft/sec upward, and the only
force acting on it thereafter is gravity. Take g = 32 ft/sec?.

a. Find the highest altitude attained by the object.
b. Determine how long it takes for the object to fall to the ground.

35. Let a be a nonzero real number.

a. Verify that if c is an arbitrary constant then

is a solution of

on (e, 00).
b. Why is the interval of validity (c, 00)?

36. Verify that

is a solution of
v =lyl+1
on (—00, 00).
In particular, address the continuity and differentiability of y at x = 0.
37. a. Verify that if ¢ is any real number then
y=ct+cr+2c+1 (A)

is a family of solutions to

,  —(x+2)+/2+4z +4y

Yy = )

on some open interval. Identify the open interval.
b. Verify that

—xz(x+4
y1=—( )
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is a singular solution to (B) on some open interval, and identify the open interval. (Note that y; can’t be obtained by selecting
a value of ¢ in (A).)

This page titled 1.1E: Basic Concepts (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 1.2E: Basic Concepts (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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1.2: Existence and Uniqueness of Solutions

Although there are methods for solving many differential equations, it is impossible to find useful formulas for the solutions of all
of them. Whether we are looking for exact solutions or numerical approximations, it is useful to know conditions that imply the
existence and uniqueness of solutions of initial value problems. In this section we state such a condition and illustrate it with
examples.

If you have not had Math 402 (multivariable calculus), then you will need to read Appendices 11.1 and 11.2 before continuing.

Some terminology: an open rectangle R is a set of points (z, y) such that
a<z<b and c<y<d

(Figure 1.2.1). We’ll denote this setby R: {a <z <b,c <y <d} . “Open” means that the boundary rectangle (indicated by the
dashed lines in Figure 1.2.1) is not included in R.
y

Figure 1.2.1 : An open rectangle

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value problems for first order
differential equations. We omit the proof, which is beyond the scope of this book.

& Theorem 1.2.1 : Existence and Uniqueness

a. If f is continuous on an open rectangle
R:{a<z<bc<y<d}
that contains (g, yo) then the initial value problem
¥ =f(z,y), y(@) =1 (1.2.1)

has at least one solution on some open subinterval of (a, b) that contains .
b. If both f and f, are continuous on R then Equation 1.2.1 has a unique solution on some open subinterval of (a, b) that
contains xg.

It’s important to understand exactly what Theorem 1.2.1 says.

¢ (a) is an existence theorem. It guarantees that a solution exists on some open interval that contains g, but provides no
information on how to find the solution, or to determine the open interval on which it exists. Moreover, (a) provides no
information on the number of solutions that Equation 1.2.1 may have. It leaves open the possibility that Equation 1.2.1 may
have two or more solutions that differ for values of x arbitrarily close to xy. We will see in Example 1.2.6 that this can happen.

o (b) is a uniqueness theorem. It guarantees that Equation 1.2.1 has a unique solution on some open interval (a, b) that contains
xo. However, if (a, b) # (—00, 00) , Equation 1.2.1 may have more than one solution on a larger interval that contains (a, b).
For example, it may happen that b < oo and all solutions have the same values on (a, b), but two solutions y; and ys are
defined on some interval (a, by) with by > b, and have different values for b < < by ; thus, the graphs of y; and y2 “branch
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off” in different directions at x = b. (See Example 1.2.7 and Figure 1.2.3). In this case, continuity implies that
y1(b) =y2(b) =y (call their common value y), and y; and y, are both solutions of the initial value problem

that differ on every open interval that contains b. Therefore f or f, must have a discontinuity at some point in each open rectangle
that contains (b, y), since if this were not so, 1.2.2 would have a unique solution on some open interval that contains b. We leave it
to you to give a similar analysis of the case where @ > —o0.

v/ Example 1.2.1

Consider the initial value problem

/ 2 —y?
=29 y(e) =0 1.2.3
A y(20) =0 (1.2.3)
Since
22 2
2t —y 2y(1+2z%)
z,y) = ——— and r,Yy)=————
f@:9) 1422 492 fy(@) (1+22 +92)?

are continuous for all (z,y), Theorem 1.2.1 implies that if (2, yo) is arbitrary, then Equation 1.2.3 has a unique solution on
some open interval that contains .

v/ Example 1.2.2

Consider the initial value problem

22 —y?
l_ — J—
V=g y(20) = %o. (1.2.4)
Here
2 —y? 42y

f(“”y):muzz and fy(w,y)=—m

are continuous everywhere except at (0, 0). If (xg, yo) # (0,0), there’s an open rectangle R that contains (g, yo) that does
not contain (0,0). Since f and f, are continuous on R, Theorem 1.2.1 implies that if (zo, yo) # (0, 0) then Equation 1.2.4
has a unique solution on some open interval that contains .

v/ Example 1.2.3

Consider the initial value problem

;_THY -
v=o—y y(2o) = yo- (1.2.5)
Here
T+ 2z
fay) =" and fy(z,y)=

(z—y)?
are continuous everywhere except on the line y = z. If yy # ¢, there’s an open rectangle R that contains (zo,yo) that does

not intersect the line y = x. Since f and f, are continuous on R, Theorem 1.2.1 implies that if g # o, Equation 1.2.5 has a
unique solution on some open interval that contains x.

v/ Example 1.2.4

We will see later that the solutions of
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dare

Y =2zy° (1.2.6)

=0 and =—
Y Y z2+c’

where c is an arbitrary constant. In particular, this implies that no solution of Equation 1.2.6 other than y =0 can equal zero
for any value of z. Show that Theorem 1.2.1bimplies this.

We’ll obtain a contradiction by assuming that Equation 1.2.6 has a solution y; that equals zero for some value of x, but is not
identically zero. If y; has this property, there’s a point g such that y; (zg) =0, but y; () # 0 for some value of z in every
open interval that contains x(. This means that the initial value problem

Y =2zy%, y(zo)=0 (1.2.7)

has two solutions y =0 and y = y; that differ for some value of x on every open interval that contains z. This contradicts
Theorem 1.2.1 (b), since in Equation 1.2.6 the functions

f(z,y)=2zy* and f,(z,y) =4zy.

are both continuous for all (z, y), which implies that Equation 1.2.7 has a unique solution on some open interval that contains

Io.
Note: y = 0 is a singular solution since it cannot be obtained from the family y = _z2_1+c’ by varying the parameter c.
v/ Example 1.2.5
Consider the initial value problem
10
y = ?wyz/S, y(zo) = yo. (1.2.8)

a. For what points (g, yo) does Theorem 1.2.1aimply that Equation 1.2.8 has a solution?
b. For what points (2, o) does Theorem 1.2.1bimply that Equation 1.2.8 has a unique solution on some open interval that
contains xy?

Solution a
Since
f(o,) = ey’
is continuous for all (z, y), Theorem 1.2.1 implies that Equation 1.2.8 has a solution for every (z, yp ).
Solution b
Here

4
fo(z,y) = §$y—3/5

is continuous for all (z, y) with y # 0. Therefore, if 5 7 0 there’s an open rectangle on which both f and f, are continuous,
and Theorem 1.2.1 implies that Equation 1.2.8 has a unique solution on some open interval that contains .

If y =0 then f,(z,y) is undefined, and therefore discontinuous; hence, Theorem 1.2.1 does not apply to Equation 1.2.8 if
yo =0.

v/ Example 1.2.6

Example 1.2.5 leaves open the possibility that the initial value problem

10
y' =5y y(0)=0 (1.2.9)
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has more than one solution on every open interval that contains £y = 0. Show that this is true.
Solution
By inspection, y = 0 is a solution of the differential equation

10
y = ?xy2/5. (1.2.10)

Since y = 0 satisfies the initial condition y(0) = 0, it is a solution of Equation 1.2.9.

Now suppose y is a solution of Equation 1.2.10 that is not identically zero. We will see in chapter 2 that we can obtain the
family of solutions

y = (2% +c)%3. (1.2.11)
Applying our initial condition gives us a particular solution

y = 10/3

as a second solution of Equation 1.2.9. Both solutions are defined on (—o0, 00), and they differ on every open interval that
contains zy = 0 (Figure 1.2.2).

Note: y = 0 is a singular solution since it cannot be obtained from the family by varying c.

Figure 1.2.2 : Two solutions (y = 0 and y = £1%/3 ) of Equation 1.2.9 that differ on every interval containing zq = 0

v/ Example 1.2.7

From Example 1.2.5, the initial value problem

1
Y = ?Omyws, y(0) = 1 (1.2.12)

has a unique solution on some open interval that contains g = 0. Find a solution and determine the largest open interval (a, b)
on which it is unique.

Solution

Let y be any solution of Equation 1.2.12. Because of the initial condition y(0) = —1 and the continuity of y, there’s an open
interval I that contains £y = 0 on which y has no zeros, and is consequently of the form Equation 1.2.11. Setting z =0 and
y = —1 in Equation 1.2.11yields ¢ = —1, so

y=(a®—1)%3 (1.2.13)
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for z in I. Therefore every solution of Equation 1.2.12 differs from zero and is given by Equation 1.2.130n (—1, 1); that is,
Equation 1.2.13 is the unique solution of Equation 1.2.120n (—1,1). This is the largest open interval on which Equation
1.2.12 has a unique solution. To see this, note that Equation 1.2.13 is a solution of Equation 1.2.12 on (—o0o, o), but the
solution below is another solution of Equation 1.2.12 that differs from Equation 1.2.13 on every open interval larger than

(-1,1):
{ @ =17, =l<s<l
y:

0, |z| > 1.

Figure 1.2.3 : Two solutions of Equation 1.2.12 on (—1,1) that coincide on (-1, 1), but on no larger open interval.

v Example 1.2.8

From Example 1.2.5, the initial value problem

10
y = ?xy2/5, y(0)=1 (1.2.14)
has a unique solution on some open interval that contains o = 0. Find the solution and determine the largest open interval on

which it is unique.

Solution

Let y be any solution of Equation 1.2.14 Because of the initial condition y(0) =1 and the continuity of y, there’s an open
interval I that contains 9 = 0 on which y has no zeros, and is consequently of the form Equation 1.2.11. Setting * =0 and
y =1 in Equation 1.2.11yieldsc =1, so

y=(z*+1)°3 (1.2.15)

for z in I. Therefore every solution of Equation 1.2.14 differs from zero and is given by Equation 1.2.150n (—oo, 0o); that is,
Equation 1.2.15is the unique solution of Equation 1.2.140n (—oo, 00). Figure 1.2.4 ) shows the graph of this solution.

¥

Figure 1.2.4 : The unique solution of Equation 1.2.14.
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1.2E: Existence and Uniqueness of Solutions (Exercises)

In Exercises 1-14, find all (z,yo) for which Theorem 1.2.1 implies that the initial value problem y' = f(z,y), y(zo) =yo has
(a) a solution and (b) a unique solution on some open interval that contains .
1. (sinz)y’ =22 +y*

2. dy y2/3

2=
3.y’ =tan(zy)

1 B4y’
Y = Nay
5.9 = (2 +¢")y'/°
6. dy = 2zydx
2\ 2
7.(4-y?) ==
8.dy =1In(1 +22 +y?)dz

;_ 2x+3y
T oz—4y

10. dy = (22 +y?)Y%dz

9.y

1.y =x(y® —1)%3
12. dy = (z* +y*)%dz
dy _ 1/2
13. 2 = (z +y)
14. (z — 1)y’ =tany
15. Consider the initial value problem
y =3z(y—1)"%  y(@) =y

a. For what points (g, yo) does Theorem 1.2.1 imply that the IVP has a solution?
b. For what points (2, yo) does Theorem 1.2.1 imply that the IVP has a unique solution on some open interval that contains

:L'(]?
16. Consider the initial value problem
y' =3y"3% y(0)=0.
a. Does Theorem 1.2.1 guarantee a solution? If so, by inspection, can you find one?
b. Does Theorem 1.2.1 guarantee a unique solution. If not, by inspection, can you find a second solution?

17. Consider the initial value problem

s
dz
a. Verify that the function
-1
Yo are
is a family of solutions of the differential equation.
b. Does Theorem 1.2.1 guarantee a solution to the IVP
dy 9
7n =Y Y@ =w

for all points (zg, y9)? Why or why not?
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c. Does Theorem 1.2.1 guarantee a unique solution to the IVP

d
ﬁ =", y(zo) =%

for all points (zg, y9)? Why or why not?

d. Find a solution from the family that satisfies y(0) = 1 and give its interval of validity.

e. Find a solution from the family that satisfies y(0) = —1 and give its interval of validity.

f. Find a singular solution to the differential equation that satisfies y(0) = 0 and give its interval of validity.

18. Consider the initial value problem

dy
= 1+ 2
dx Y
a. Verify that the function
y =tan(z +c¢)

is a family of solutions of the differential equation.
b. Does Theorem 1.2.1 guarantee a solution to the IVP

dy

22 1442 -
o, L1ty y(xo) = Yo

for all points (zg, y9)? Why or why not?
c. Does Theorem 1.2.1 guarantee a unique solution to the IVP

dy

i 1+y%  y(zo) =0

for all points (zg, y9)? Why or why not?

d. Find a solution from the family that satisfies y(0) = 1 and give its interval of validity.
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1.3: Direction Fields

It’s impossible to find explicit formulas for solutions of some differential equations. Even if there are such formulas, they may be
so complicated that they’re useless. In this case we may resort to graphical or numerical methods to get some idea of how the
solutions of the given equation behave.

In Section 1.2 we talked about the existence of solutions of a first order equation
Y = f(z,y). (1.3.1)

In this section we’ll simply assume that Equation 1.3.1 has solutions and discuss a graphical method for approximating them. In
Chapter 3 we discuss numerical methods for obtaining approximate solutions of Equation 1.3.1. Recall that a solution of Equation
1.3.1is a function y = y(z) such that

y' () = f(z,y(z))

for all values of z in some interval, and an integral curve is either the graph of a solution or is made up of segments that are graphs
of solutions. Therefore, not being able to solve Equation 1.3.1 is equivalent to not knowing the equations of integral curves of
Equation 1.3.1. However, it is easy to calculate the slopes of these curves. To be specific, the slope of an integral curve of Equation
1.3.1 through a given point (xg, ¥o) is given by the number f(z¢, yo). This is the basis of the method of direction fields.

If f is defined on a set R, we can construct a direction field for Equation 1.3.1in R by drawing a short line segment through each
point (z,y) in R with slope f(x,y). Of course, as a practical matter, we can’t actually draw line segments through every point in
R; rather, we must select a finite set of points in R. For example, suppose f is defined on the closed rectangular region

R:{a<z<b,c<y<d}.
Let

a=xp<x1 < <Tpy=D>
be equally spaced points in [a, b] and

c=yo<y1 <:---<yp=d

form a rectangular grid (Figure 1.3.1 ). Through each point in the grid we draw a short line segment with slope f(z;,y;). The
result is an approximation to a direction field for Equation 1.3.1 in R. If the grid points are sufficiently numerous and close
together, we can draw approximate integral curves of Equation 1.3.1 by drawing curves through points in the grid tangent to the
line segments associated with the points in the grid.

Figure 1.3.1 : A rectangular grid
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Unfortunately, approximating a direction field and graphing integral curves in this way is too tedious to be done effectively by

hand. However, there is software for doing this. As you’ll see, the combination of direction fields and integral curves gives useful

insights into the behavior of the solutions of the differential equation even if we can’t obtain exact solutions.

We’ll study numerical methods for solving a single first order equation Equation 1.3.1 in Chapter 3. These methods can be used to

plot solution curves of Equation 1.3.1 in a rectangular region R if f is continuous on R. Figures 1.3.2 , 1.3.3, and 1.3.4 show

direction fields and solution curves for the differential equations:

22 _yZ
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which are all of the form Equation 1.3.1 with f continuous for all (z,y
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Figure 1.3.4 : A direction and integral curves for y' = 1z ;zyz .
The methods of Chapter 3 will not work for the equation
r_
y=—z/y (1.3.2)
if R contains part of the z-axis, since f(z,y) = —/y is undefined when y = 0. Similarly, they will not work for the equation
2
, T
L A 1.3.3
V=TT (1.3.3)

if R contains any part of the unit circle 22 +y% =1, because the right side of Equation 1.3.3 is undefined if z? +y®> =1.
However, Equation 1.3.2 and Equation 1.3.3 can written as

,_ Awy) (1.3.4)

B(z,y)

where A and B are continuous on any rectangle R. Because of this, some differential equation software is based on numerically
solving pairs of equations of the form

dr dy

where z and y are regarded as functions of a parameter ¢. If z = z(¢) and y = y(t) satisfy these equations, then

I_ﬁ_ﬂ dm_A(:c,y)

V=4 "dt/ & By
so y = y(z) satisfies Equation 1.3.4.

Equations 1.3.2and 1.3.3 can be reformulated as in Equation 1.3.4 with

de - dy _
a v o T
and

dz 2 2 dy 2

—=1-2z"- — =z

dt Yoo a T

respectively. Even if f is continuous and otherwise “nice” throughout R, your software may require you to reformulate the
equation y' = f(z,y) as

de | dy _
a7 dt

f(z,y),
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which is of the form Equation 1.3.5 with A(z,y) = f(z,y) and B(z,y) =1.

Figure 1.3.5 shows a direction field and some integral curves for Equation 1.3.2. As we saw in Example 1.1.1 and will verify again
in Section 2.1, the integral curves of Equation 1.3.2 are circles centered at the origin.
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Figure 1.3.6 shows a direction field and some integral curves for Equation 1.3.3. The integral curves near the top and bottom are
solution curves. However, the integral curves near the middle are more complicated. For example, Figure 1.3.7 shows the integral
curve through the origin. The vertices of the dashed rectangle are on the circle z2 +y? =1 ( a~.846, b~ .533), where all
integral curves of Equation 1.3.3 have infinite slope. There are three solution curves of Equation 1.3.3 on the integral curve in the
figure: the segment above the level y = b is the graph of a solution on (—oco, a), the segment below the level y = —b is the graph
of a solution on (—a, o), and the segment between these two levels is the graph of a solution on (—a, a).
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1.3E: Direction Fields (Exercises)

In Exercises 1-10 a direction field is drawn for the given equation. Sketch a solution for the TVP.
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17.y =2z(y? -1), y(1)=2; {-3<z<3, -3

18,y =2, y(0)=3 {-1<z<1,1<y<4}

19.y =siny, y(1)=1; {-2<=z<2, -2<y<2}
2+2
20.y' =y y(1)=0; {-2<z<2, -2<y<2}
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CHAPTER OVERVIEW

2: First Order Equations
In this chapter, we study first-order differential equations for which there are general methods of solution.
2.1: Separable Equations
2.1E: Separable Equations (Exercises)
2.2: Exact Equations
2.2E: Exact Equations (Exercises)
2.3: Linear First Order Equations
2.3E: Linear First Order Equations (Exercises)
2.4: Solving Differential Equations by Substitutions

2.4E: Solving Differential Equations by Substitution (Exercises)
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2.1: Separable Equations

# Definition 2.1.1

A first order differential equation is separable if it can be written as
h(y)dy = g(z)dz, (2.1.1)
Rewriting a separable differential equation in the form of Equation 2.1.1 is called separation of variables.

Solving this equation is fairly simple as we need only integrate both sides of the equation with respect to the appropriate variable.
Integrating both sides of this equation and combining the constants of integration yields our solution.

v/ Example 2.1.1

Solve the equation

—= =z(1+y?).
7y~ o(1+y7)
Solution
Separating variables yields
d
% _ dx.
1+y?
Integrating yields
tan 'y = i +c
Y=
Therefore

$2
Yy ztan(7+c) o
v/ Example 2.1.2

a. Solve the equation

T (2.1.2)
Y
b. Solve the initial value problem
, T
y=— y@l)=1 (2.1.3)
Y
c. Solve the initial value problem
z
y=—— yl)=-2. (2.1.4)
Y
Solution a
Separating variables in Equation 2.1.2 yields
ydy = —xdz.
Integrating yields
2 2
y? = —% +e¢, orequivalently z%+y?=2c.
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103470?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/02%3A_First_Order_Equations/2.01%3A_Separable_Equations

LibreTexts"

The last equation shows that ¢ must be positive if y is to be a solution of Equation 2.1.2 on an open interval. Therefore we let
2¢ = a? (with @ > 0) and rewrite the last equation as

22 +y? =al.

This equation has two differentiable solutions for y in terms of z:

y= a®—2?, —a<z<a, (2.1.5)

and

y=-va*—2?, —-a<z<a. (2.1.6)

The solution curves defined by Equation 2.1.5 are semicircles above the x-axis and those defined by Equation 2.1.6 are
semicircles below the z-axis.

Solution b

The solution of Equation 2.1.3 is positive when = 1; hence, it is of the form Equation 2.1.5. Substituting z =1 and y =1
into Equation 2.1.5 to satisfy the initial condition yields a® = 2; hence, the solution of Equation 2.1.3is

y=v2—-2*, —V2<x<.2.
Solution ¢

The solution of Equation 2.1.4 is negative when z =1 and is therefore of the form Equation 2.1.6. Substituting £ =1 and

y = —2 into Equation 2.1.6 to satisfy the initial condition yields a? = 5. Hence, the solution of Equation 2.1 .4 is
y=—-+v5-2°, —/b<z<+b.
y
4
alk
1L (a)
'|‘ ) = T 2 [
' !
\ /
—1r
i )

Figure 2.1.1:(b)y =+1/2—22,—/2 <z <2 ; (Qy=—+/5—22,—/b6 <z < /5.

Implicit Solutions of Separable Equations

In Examples 2.1.1 and 2.1.2 we were able to solve the equation for the dependent variable y to obtain explicit formulas for
solutions of the given separable differential equations. As we’ll see in the next example, this isn’t always possible. In this situation
we must broaden our definition of a solution of a separable equation. The next theorem provides the basis for this modification. We
omit the proof, which requires a result from advanced calculus.

& Theorem 2.1.1 Implicit Function Theorem

Suppose g = g(z) is continuous on (a, b) and h = h(y) is continuous on (c, d). Let G be an antiderivative of g on (a, b) and
let H be an antiderivative of h on (¢, d). Let z( be an arbitrary point in (a, b), let yo be a point in (¢, d) such that h(yy) # 0,
and define

https://math.libretexts.org/@go/page/103470
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c=H(yo) — G(zo). (2.1.7)

Then there’s a function y = y(z) defined on some open interval (a;, by ), where a < a; < zo <b; <b , such that y(zo) = yo
and

H(y)=G(z)+c (2.1.8)

for a; < x < by . Therefore y is a solution of the initial value problem

h(y)dy = g(z)dz, y(zo) = o (2.1.9)

It’s convenient to say that Equation 2.1.8 with ¢ arbitrary is an implicit solution of h(y)dy = g(x)dz . Curves defined by Equation
2.1.8 are integral curves of h(y)dy = g(z)dz . If ¢ satisfies Equation 2.1.7, we’ll say that Equation 2.1.8 is an implicit solution of
the initial value problem Equation 2.1.9. However, keep these points in mind:

o For some choices of ¢ there may not be any differentiable functions y that satisfy Equation 2.1.8.
 The function y in Equation 2.1.8 (not Equation 2. 1.8 itself) is a solution of h(y)dy = g(x)dz.

v/ Example 2.1.3

a. Find implicit solutions of

2z +1
== 2.1.10
4 5yt +1 ( )
b. Find an implicit solution of
2z +1
!
= 2)=1. 2.1.11

Solution a
Separating variables yields
(5y* +1)dy = (2z +1)dz.
Integrating yields the implicit solution
Yi+y=a+z+te (2.1.12)
of Equation 2.1.10.

Solution b
Imposing the initial condition y(2) =1 in Equation 2.1.12yields 1+1=4+2+c , so ¢ = —4. Therefore

Y ry=x*+z—4

is an implicit solution of the initial value problem Equation 2.1.11. Although more than one differentiable function y = y(z)
satisfies Equation 2.1.10near z =1, it can be shown that there is only one such function that satisfies the initial condition
y(1) = 2. Figure 2.1.2 shows a direction field and some integral curves for Equation 2.1.10.

https://math.libretexts.org/@go/page/103470
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Figure 2.1.2 : A direction field and integral curves for y' = 52;4—111

Singular Solutions of Separable Equations

An equation of the form

Yy =g(x)p(y)
is separable, since it can be rewritten as
1
——dy =g(z)dz.
p(y)

However, the division by p(y) is not legitimate if p(y) = 0 for some values of y. The next two examples show how to deal with
this problem.

v/ Example 2.1.4

Find all solutions of
y =2zy’. (2.1.13)

Solution

Here we must divide by p(y) = y? to separate variables. This isn’t legitimate if ¥ is a solution of Equation 2.1.13that equals
zero for some value of z. One such solution can be found by inspection: y = 0. Now suppose y is a solution of Equation
2.1.13that isn’t identically zero. Since ¥ is continuous there must be an interval on which y is never zero. Since division by >
is legitimate for z in this interval, we can separate variables in Equation 2.1.13to obtain

dy

— =2zdz.
Y2
Integrating this yields
1
—= =7 +c,
Y
which is equivalent to
1
=— . 2.1.14
Y z2+c ( )

We’ve now shown that if y is a solution of Equation 2.1.13 that is not identically zero, then y must be of the form Equation
2.1.14. By substituting Equation 2.1.14 into Equation 2.1.13 you can verify that Equation 2.1.14 is a solution of Equation

https://math.libretexts.org/@go/page/103470
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2.1.13 Thus, solutions of Equation 2.1.13 are y =0 and the functions of the form Equation 2.1.14. Note that the solution
y =0 isn’t of the form Equation 2.1.14 for any value of c. Because of this, y =0 is called a singular solution of 2.1.13

because it cannot be obtained from the family of solutions 2.1.14.

Figure 2.1.3 shows a direction field and some integral curves for Equation 2.1.13
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Figure 2.1.3 : A direction field and integral curves for y’ = 2zy>

v/ Example 2.1.5

Find all solutions of

1
yzgxu—f) (2.1.15)
Here we must divide by p(y) =1 —y? to separate variables. This isn’t legitimate if y is a solution of Equation 2.1.15 that
equals 1 for some value of . Two such solutions can be found by inspection: y =1 and y = —1. Now suppose ¥ is a
solution of Equation 2.1.15 such that 1 —gy? isn’t identically zero. Since 1 —? is continuous there must be an interval on
which 1 — g2 is never zero. Since division by 1 —y? is legitimate for z in this interval, we can separate variables in Equation

2.1.15to obtain

2d
g _ —xdz.
y? -1
A partial fraction expansion on the left yields
1 1 ;L
y—1 y+1 y=
and integrating yields
y—1 z?
1 =——+k;
. y+1 ‘ g T

hence,

y—1 :eke—x2/2.
y+1

Since y(z) # +1 for z on the interval under discussion, the quantity (y —1)/(y+1) cannot change sign in this interval.
Therefore we can rewrite the last equation as

y—]. 2
~—— —ce z/Z’

y+1

https://math.libretexts.org/@go/page/103470
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where ¢ = +e”, depending upon the sign of (y —1)/(y +1) on the interval. Solving for y yields

1 +ce—m2/2

_— 2.1.16
1—ce /2 ( )

We’ve now shown that if y is a solution of Equation 2.1.15 that is not identically equal to £1, then y must be as in Equation
2.1.16. By substituting Equation 2.1.16 into Equation 2.1.15 you can verify that Equation 2.1.16 is a solution of Equation
2.1.15 Thus, the solutions of Equation 2.1.15are y =1, y = —1 and the functions of the form Equation 2.1.16. Note that the
constant solution y =1 can be obtained from this formula by taking ¢ = 0; however, the other constant solution, y = —1,
cannot be obtained in this way. Thus, y = 1 comes from the family of solutions and y = —1 is a singular solution.

Figure 2.1.4 shows a direction field and some integrals for Equation 2.1.15,

y
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v/ Example 2.1.6

Solve the initial value problem

y =2zy, y(0)=yo

and determine the interval of validity of the solution.

Solution
First suppose yg # 0. From Example 2.1.4 , we know that y must be of the form
1
== . 2.1.17
S ( )
Imposing the initial condition shows that ¢ = —1 /. Substituting this into Equation 2.1.17 and rearranging terms yields the
solution
y= Yo
1—yoz?

This is also the solution if yg = 0. If yo <0, the denominator isn’t zero for any value of z, so the the solution is valid on
(—00,00). If yo > 0, the solution is valid only on (—1/, /0, 1/, /o) (recall that the interval must always include zo; in this
case 0).
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2.1E: Separable Equations (Exercises)

In Exercises 1-12, find all solutions.

! 32’ 4+2z+1
Ly ==—5—

2. (sinz)(siny) + (cosy)j—z =0

3. Z_y — e2z+5y
T

4.zy' +y>+y=0
d
5. - =y—y?
6.9y'Iny+ 22y =0
7. (3y° +3ycosy+1)dy+%dw =0
8.2%yy’ = (v —1)°/°
9. j—z =z2(1+19y?%)
10. (1 +2%)dy + zydz =0
Ny =@-1)(y—1)(y—2)
12. (y—1)%y =2z +3

In Exercises 13-19 solve the initial value problem.

13,2 =282 y(1) =4
4.y +z(y*+y) =0, y(2)=1
15. mz% =y—zy, y(-1)=-1
16. (3y? +4y)dy + (2z +cosz)dz =0, y(0)=1
17.9' + (y+1)(;4;11)(y*2) =0, y(1)=0
18.y' +2z(y+1)=0, y(0)=2
19. £ =2zy(1+9%), y(0)=1
In Exercises 20-27 solve the initial value problem and give the interval of validity of the solution.
20. (22 +2)dy +4z(y* +2y+1)dz =0, y(1)=-1
21.y = —2z(y? —3y+2), y(0)=3

2
2.y =135, ¥(2)=0

23. % =2y—vy?% y(0)=1

4.z +yy' =0, y(3)=-4

25.y +2%(y+1)(y—2)2 =0, y(4)=2
26. (z+1)(z —2)dy +ydz =0, y(1)=-3
27. & — = y(4)=-3

Cdr Ty
1+y? -
28. Solve iy’ = E 1_;2; explicitly.

29. Solve % V1—a2 +,/1—y2 =0 explicitly.

30. Solve y' = <22 y(m) = % explicitly.

siny ’
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31. Solve & y? —y explicitly for the initial condition and give the interval of validity of the solution.

Y =
a.y(0)=2
b.y(0)=0

32. Solve % = (y—1)? for the initial condition
a.y(0)=0
b.y(0)=1

33. From Theorem 1.2.1, the initial value problem

y =3z(y-1)"% y(0)=9
has a unique solution on an open interval that contains ¢y = 0. Find the solution and determine the largest open interval on which it
is unique.

34. From Theorem 1.2.1, the initial value problem
Yy =3z(y—1)"%, y@3)=—7

has a unique solution on some open interval that contains xy = 3. Find the solution and determine the largest open interval on
which it is unique

This page titled 2.1E: Separable Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Exact Equations

In this section it is convenient to write first order differential equations in the form

M(z,y)dz+ N(z,y)dy =0. (2.2.1)
This equation can be interpreted as
dy
M(z,y)+N(z,y) - =0, (2.2.2)
dz
where z is the independent variable and y is the dependent variable, or as
dx

where y is the independent variable and « is the dependent variable. Since the solutions of Equation 2.2.2 and Equation 2.2.3 will
often have to be left in implicit form we will say that F'(z,y) = c is an implicit solution of Equation 2.2.1 if every differentiable
function y = y(x) that satisfies F'(z,y) =c is a solution of Equation 2.2.2 and every differentiable function z =z (y) that
satisfies F'(z,y) = c is a solution of Equation 2.2.3

Here are some examples:

Table 2.2.1 : Examples of Exact Differential Equations in three forms

Equation 2.2.1 Equation 2.2.2 Equation 2.2.3
3z2y? de+ 223ydy =0 3z2y? + 22°%y % =0 3z?y? Z—z +22°y =0
(z? +y?)dz+2zydy =0 (m2+y2)+2my3—z:0 (m2+y2)';—z+2xy:0
3ysinxdxr — 2zycoszdy =0 3ysinx72mycosw3—z=0 3ysinmz—z—2$ycos:c:0

We will develop a method for solving Equation 2.2.1 under appropriate assumptions on M and IN. This method is an extension of
the method of separation of variables. Before stating it we consider an example.

v/ Example 2.2.1

Show that
zty® + 22y’ 4 2zy =¢ (2.2.4)
is an implicit solution of
(4z3y® + 225 + 2y) dz + (3zy® + 52%y* +22) dy =0. (2.2.5)
Solution

Regarding y as a function of z and differentiating Equation 2.2.4 implicitly with respect to z yields

d
(4z*y> + 229° + 2y) + (329 + 527y +2z) d_z =0.
Similarly, regarding « as a function of y and differentiating Equation 2.2.4 implicitly with respect to y yields

d
(4z°y® + 2zy° +2y)d—2 + (3z*y? +522y* +22) =0.

Therefore Equation 2.2.4 is an implicit solution of Equation 2.2.5 in either of these interpretations.

You may think Example 2.2.1 is pointless, since concocting a differential equation that has a given implicit solution is not
particularly interesting. However, it illustrates the next important theorem, which we will prove by using implicit differentiation, as
in Example 2.2.1.
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If F = F(z,y) has continuous partial derivatives F, and F,, then
F(z,y)=c (2.2.6)
(with ¢ as a constant) is an implicit solution of the differential equation
F,(z,y)dx + Fy(z,y)dy =0. (2.2.7)
Proof:

Regarding y as a function of  and differentiating Equation 2.2.6implicitly with respect to & yields

d
Fy(w,y)+Fy(z,5) 2~ =0.

On the other hand, regarding = as a function of y and differentiating Equation 2.2.6implicitly with respect to y yields
dx
Fz(way) d_ +Fy(may) =0.
Y

Thus, Equation 2.2.6is an implicit solution of Equation 2.2.7in either of its two possible interpretations.

& Definition 2.2.1

We will say that the equation
M(z,y) dz+N(z,y)dy =0 (2.2.8)
is exact on an open rectangle R if there’s a function F' = F(z, y) such that F, and F}, are continuous, and
Fp(z,y) =M(z,y) and Fy(z,y)=N(z,y) (2.2.9)
forall (z,y)in R.

This usage of “exact” is related to its usage in multivariable calculus, where the expression
F,(z,y)dz + Fy(z,y)dy
(obtained by substituting Equation 2.2.9 into the left side of Equation 2.2.8) is the exact (or total) differential of F'.

Example 2.2.1 shows that it is easy to solve Equation 2.2.8 if it is exact and we know a function F' that satisfies Equation 2.2.9.
The important questions are:

e Question 1. Given an equation Equation 2.2.8 how can we determine whether it is exact?
e Question 2. If Equation 2.2.8is exact, how do we find a function F satisfying Equation 2.2.9?

To discover the answer to Question 1, assume that there’s a function F' that satisfies Equation 2.2.9 on some open rectangle R, and
in addition that F' has continuous mixed partial derivatives F, and Fy,. Then a theorem from multivariable calculus (Math 402)
implies that

Fy =Fy,. (2.2.10)
If F;, = M and F, = N, differentiating the first of these equations with respect to y and the second with respect to z yields
Fy=M, and F,=N,. (2.2.11)

From Equation 2.2.10and Equation 2.2.11, we conclude that a necessary condition for exactness is that M, = N, . This motivates
the next theorem, which we state without proof.

& Theorem 2.2.2 : The Exactness Condition

Suppose M and N are continuous and have continuous partial derivatives M, and IV;; on an open rectangle R. Then
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is exact on R if and only if

M(w,y)dm—l—N(a:,y)dy:O

My(z,y) = Ni(z,y) (2.2.12)
forall (z,y)in R..

Note that a separable equation can be written as Equation 2.2.1 as
M(z)dz+N(y)dy =0,
so separable equations can be thought of as a special case of an exact equation.

To help you remember the exactness condition, observe that the coefficients of dx and dy are differentiated in Equation 2.2.12
with respect to the “opposite” variables; that is, the coefficient of dz is differentiated with respect to y, while the coefficient of dy
is differentiated with respect to x.

v/ Example 2.2.2

Show that the equation
32’y de +42° dy =0
is not exact on any open rectangle.

Solution
Here

M(z,y) =32’y and N(z,y)=4z*
s0
M,(z,y) =32® and N,(z,y)=12z".

Therefore M, = N, on the line = 0, but not on any open rectangle, so there’s no function F' such that F,(z,y) = M(z,y)
and Fy(z,y) = N(z,y) for all (x,y) on any open rectangle.

The next example illustrates two possible methods for finding a function F' that satisfies the condition F, = M and F, = N if
Mdzx+ Ndy =0 is exact.

v/ Example 2.2.3

Solve
(4z3y® +32?%) dx + (3z*y® +6y?) dy = 0. (2.2.13)
Solution (Method 1)
Here
M(z,y) =42°y® +32°, N(z,y) =3z"y* +6y°,
and

My(z,y) = Ny(z,y) = 122342
for all (z,y). Therefore Theorem 2.2.2 implies that there’s a function F' such that
Fy(z,y) = M(z,y) = 423y + 322 (2.2.14)
and

F,(z,y) = N(z,y) = 3z*y* + 6y° (2.2.15)

https://math.libretexts.org/@go/page/103476
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for all (z,y). To find F', we integrate Equation 2.2.14with respect to  to obtain
F(z,y) =a'y’ +2° + (y), (2.2.16)

where ¢(y) is the “constant” of integration. (Here ¢ is “constant” in that it is independent of x, the variable of integration.) If
¢ is any differentiable function of y then F' satisfies Equation 2.2.14 To determine ¢ so that F' also satisfies Equation 2.2.15
assume that ¢ is differentiable and differentiate F* with respect to y. This yields

Fy(z,y) =32"y’ +¢/(y).
Comparing this with Equation 2.2.15shows that
¢'(y) = 6y”.

We integrate this with respect to y and take the constant of integration to be zero because we are interested only in finding
some F' that satisfies Equation 2.2.14and Equation 2.2.15, This yields

$(y) =2y°.
Substituting this into Equation 2.2.16yields
F(z,y) =z'y* +a* +2¢°. (2.2.17)
Now Theorem 2.2.1 implies that
m4y3 + 23 +2y3 =c

is an implicit solution of Equation 2.2.13 Solving this for y yields the explicit solution
[ c— 2 \"?
Y=\2 +z? ’

Instead of first integrating Equation 2.2.14 with respect to z, we could begin by integrating Equation 2.2.15 with respect to y
to obtain

Solution (Method 2)

F(z,y) =2y’ +2¢° +¢(z), (2.2.18)

where 4 is an arbitrary function of . To determine 1, we assume that 9 is differentiable and differentiate F' with respect to x,
which yields

Fy(z,y) =42y’ +¢/(z).

Comparing this with Equation 2.2.14 shows that

Y (z) = 322.
Integrating this and again taking the constant of integration to be zero yields
P(x) =2

https://math.libretexts.org/@go/page/103476
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Figure 2.2.1 : A direction field and integral curves for (4z3y® + 32?) dz + (3z*y® 4+ 6y*) dy = 0
Substituting this into Equation 2.2.18yields Equation 2.2.17.

Figure 2.2.1 shows a direction field and some integral curves of Equation 2.2.13

Many equations can be conveniently solved by either of the two methods used in Example 2.2.3 . However, sometimes the

integration required in one approach is more difficult than in the other. In such cases we choose the approach that requires the
easier integration.

v/ Example 2.2.4

Solve the equation

(ye™ tanz + €™ sec® z) dx + ze™ tanz dy = 0 (2.2.19)
Solution

We leave it to you to check that M, = N, on any open rectangle where tanz and sec z are defined. Here we must find a
function F such that

Fy(x,y) = ye™ tanz +e™ sec’ x (2.2.20)
and

Fy(z,y) =ze™ tanz. (2.2.21)
It’s difficult to integrate Equation 2.2.20with respect to z, but easy to integrate Equation 2.2.21with respect to y. This yields
F(z,y) =e™ tanz +¢(z). (2.2.22)
Differentiating this with respect to  yields
Fy(x,y) = ye™ tanz + e sec x + 1/ ().

Comparing this with Equation 2.2.20shows that ¢/ (z) = 0. Hence, 1 is a constant, which we can take to be zero in Equation
2.2.22, and

etanzx =c,

is an implicit solution of Equation 2.2.19,

Attempting to apply our procedure to a differential equation that is not exact will lead to failure. Example 2.2.5 illustrates this.

v/ Example 2.2.5

0O 2.2.5
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Verify that the equation
3z%y? dx + 62y dy =0 (2.2.23)
is not exact, and show that the procedure for solving exact equations fails when applied to Equation 2.2.23,

Solution
Here

M,(z,y) =62’y and N,(z,y)=18z%y,
so Equation 2.2.23is not exact. Nevertheless, let us try to find a function F' such that
F,(z,y) = 32%y° (2.2.24)
and
F,(z,y) =6z3y. (2.2.25)
Integrating Equation 2.2.24 with respect to z yields
F(z,y)= x3y2 +(y),
and differentiating this with respect to y yields
Fy(z,y) =22y +¢'(y)-
For this equation to be consistent with Equation 2.2.25
62’y = 22y +¢'(y),
or
¢ (y) = 42’y

This is a contradiction, since ¢' must be a function involving only y. Therefore the procedure fails.

This page titled 2.2: Exact Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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2.2E: Exact Equations (Exercises)

In Exercises 1-19 determine which equations are exact and, if they are exact, solve them.
1. 6z%y? dz +4x3ydy =0
2. (3ycosz +4ze® +2x%€%) + (3sinz +3) % =0
3. 14z%y® dz +212%y* dy =0
4. 2z —2y?) dz = (4zy — 12y?) dy

5. (z+y)*dz+(z+y)*dy=0

6. (4z +7y) + (3z +4y) =0
7. (2ysinz cosz —y +2y2e®’ )dz = (z —sin® & — dzye’ )dy
8. (4ycosz +9zy?) dy = (2y? sinz — 3y> +2z) dz
9.2z +y)dz+ (2y+2z)dy =0

0. (3z% +2zy +4y?) dz + (2% +8zy + 18y) dy =0

(222 +8zy +y?) dz + (22% +zy?/3)dy =0
12. (3 +22) £+ 1+2y=0

1
11.

13. (ysinzy + 2y? cos xy) dz + (z sinzy + zy? coszy) dy =0

14 zde ydy _
@) (@)

15. (" (z*y® + 2zy?) + 62) dx + (2z°ye” +2) dy =0

dy
dx

16. (z e’y (222 + 3) +4x) = (12y% — z3e¥"+v)
17. (€™ (z*y +42°) + 3y) dz + (z°e™ +3z) dy =0

18. (8y —x*sinzy) dy = (x3ysinzy — 322 coszy — 4z) dx
19. (1+Inz + £)dz = (1 —Inz)dy

In Exercises 20-25 solve the initial value problem.
20. (4z%y? — 622y — 22 — 3) + (2z'y — 22°%) d—y =0, y(1)=3
21. (—4ycosz +4sinz cosz +sec’ z)dzx = (4sinz —4y) dy, y(n/4)=0
22. (y® —1)e* dz +3y%(e*+1)dy =0, y(0)=0
23.cosz dy = (ysinz +2cosz —sinz)dz y(0)=1
24. 2z -1)(y—1)dz+ (2 +2)(z —3)dy =0, y(1)=-1

dy zy?—cos xsinz

25. bl y(O) == 2

dz y—ya’
26. Find all functions M such that the equation is exact.
a. M(z,y)dz +(z* —y?)dy =0
b. M(z,y)dz +2zysinz cosydy =0
c M(z,y)dz+ (e* —eVsinz)dy =0

27. Find all functions N such that the equation is exact.

a. (z3y? +2xy+3y*)dx + N(z,y)dy =0
b. (lnzy +2ysinz)dz + N(z,y)dy =0
¢ (zsinz +ysiny)de+ N(z,y)dy =0

28. Prove: If the equations M; dz + N7 dy =0 and M; dxz + N2 dy =0 are exact on an open rectangle R, so is the equation

@ 0 a @ 2.2E.1 https://math.libretexts.org/@go/page/103477



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103477?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/02%3A_First_Order_Equations/2.02%3A_Exact_Equations/2.2E%3A_Exact_Equations_(Exercises)

LibreTexts*

29. Find conditions on the constants A, B, C, and D such that the equation

(Az+ By)dz + (Cz+Dy)dy =0

(M1 +M2)d.’L’ +(N1 +N2)dy =0.

is exact.
30. Find conditions on the constants A, B, C, D, E, and F such that the equation
(Az? + Bxy + Cy?) dx + (Dz® + Exzy+ Fy*)dy =0
is exact.
31. Rewrite the separable equation
h(y)y' =g(x) (A)

as an exact equation

M(z,y)dz+ N(z,y)dy =0. (B)
Show that applying the method of this section to (B) yields the same solutions that would be obtained by applying the method of

separation of variables to (A)

This page titled 2.2E: Exact Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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2.3: Linear First Order Equations

& Definition 2.3.1

A first order differential equation is said to be linear if it can be written in the form
Y +p(z)y = f(z). (2.3.1)

A first order differential equation that cannot be written like this is nonlinear-.

v/ Example 2.3.1

The first order equations
2y +3y = 2?
zy —8z’y =sinz
zy +(lnz)y =0
y =z’y—2
are not in the form in Equation 2.3.1, but they are linear, since they can be rewritten as
3
¥+ —y=1
a3
sinz
y —8zy =
Inx
y+—y =0
43
y —a’y =2
v/ Example 2.3.2
Here are some nonlinear first order equations:
zy +3y? =2z (because y is squared)
yy' =3 (because of the product yy')
y +xze¥ =12 (because of e¥)

In the following theorem we discuss how to solve linear differential equations.

& Theorem 2.3.1

If p is continuous on (a, b), then multiplying the differential equation
y +p(z)y=0 (2.3.2)
on (a, b) by
/(@) da
will make the differential equation exact.

Note: we call e/?7(#) 4= ap integrating factor of the differential equation.

Pw
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Consider the first order linear equation
y' +p(z)y=0
Rewriting this in the form
M(z,y)dz+N(z,y)dy=0
we get
p(z)ydz+ dy=0

If we multiply this by e/?(*) =

we get
e/ P@) dzp(m)y dz + /P 4= dy =0,
Note that this is an exact differential equation (verify this) resulting in the following:
dfe/?)dxy] =0,
Integrating both sides leads to the solution:

efp(w) dzy =c,

or

Note that in this special case the solution is immediately found from the formula given in the last line of the proof.

v/ Example 2.3.3

a. Find the general solution of

zy +y=0. (2.3.3)
b. Solve the initial value problem
zy' +y=0, y(1)=3. (2.3.4)
Solution a
We rewrite Equation 2.3.3 as
y+%y=m (2.3.5)

where z is restricted to either (—o0o,0) or (0, 00). If y is a nontrivial solution of Equation 2.3.5, there must be some open
interval I on which y has no zeros. From the last line of the proof, we can readily find the solution:

y=ce | 50
which, after integrating and simplifying, leads to the final answer:

y=- (2.3.6)

We have now shown that every solution of Equation 2.3.5 is given by Equation 2.3.6 for some choice of c. (Even though we
assumed that y was nontrivial to derive Equation 2.3.6, we can get the trivial solution by setting ¢ =0 in Equation 2.3.6.)
Conversely, any function of the form Equation 2.3.6is a solution of Equation 2.3.5, since differentiating Equation 2.3.6 yields
c
y, = _g,

and substituting this and Equation 2.3.6 into Equation 2.3.5 yields
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Figure 2.3.2 shows the graphs of some solutions corresponding to various values of ¢

TS

I

FIET LA
i i

/ I

Figure 2.3.2 : Solutions of zy’ +y =0 on (0, c0) and (—o0, 0)
Solution b

Imposing the initial condition y(1) = 3 in Equation 2.3.6 yields ¢ = 3. Therefore the solution of Equation 2.3.4is

3
y=—-
T
The interval of validity of this solution is (0, c0).
General Solution of a Linear First Order Equation
Consider the first order linear equation
¥ +p(@)y = f(z); (2.3.7)
Writing this in the form
y' = f(z) —p(z)y; (2.3.8)

note that, if p and f are continuous on some open interval (a, b) then (by theorem 1.2.1) there exists a unique solution of the form
y = y(z, ¢) that involves z and a parameter ¢ and has the these properties:

« For each fixed value of ¢, the resulting function of z is a solution of Equation 2.3.7 on (a, b).
« If y is a solution of Equation 2.3.7 on (a, b), then y can be obtained from the formula by choosing ¢ appropriately.

y =y(z, ) is the general solution of Equation 2.3.7.
When this has been established, it will follow that an equation of the form
Py(z)y' + Pi(z)y = F(=) (2.3.9)

has a general solution on any open interval (a, b) on which Py, Py, and F are all continuous and Py has no zeros, since in this case
we can rewrite Equation 2.3.9 in the form Equation 2.3.7with p = P; /Py and f = F'/ P,, which are both continuous on (a, b).
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To avoid awkward wording in examples and exercises, we will not specify the interval (a, b) when we ask for the general solution
of a specific linear first order equation. Let’s agree that this always means that we want the general solution on every open interval
on which p and f are continuous if the equation is of the form Equation 2.3.7, or on which Py, P;, and F are continuous and P,
has no zeros, if the equation is of the form Equation 2.3.9. We leave it to you to identify these intervals in specific examples and
exercises.

For completeness, we point out that if Py, P;, and F are all continuous on an open interval (a,b), but Py does have a zero in
(a, b), then Equation 2.3.9 may fail to have a general solution on (a, b) in the sense just defined. Since this isn’t a major point that
needs to be developed in depth, we will not discuss it further.

The method for solving
Y +p()y = f(x) (2.3.10)

is largely the same in regards to the left hand side of the equation as when f(z) =0, but we do handle it in a more efficient
manner, as the next example illustrates.

v/ Example 2.3.4

Find the general solution of

Y +2y=ate ™. (2.3.11)
Solution
We first find the integrating factor:

2 dz 2z
= ef

y =e

Now multiplying both sides of 2.3.11by the integrating factor we get
eZmy/ +262xy — $3.
Now the left hand side of the equation is exact as we saw when f(z) = 0, but because this isn't the case here we can take a

different and better approach. Note that we can write the above as

T [e2%y] = z®.

Note: the left hand side becomes the derivative of the integrating factor times the dependent variable, which, as we saw earlier,
will always be the case. Rewriting this we have

d[e**y] = z3dz.
Integrating both sides gives us

4
2z _.’L'
e y——4 +c.

Solving for y we get the general solution of the differential Equation 2.3.11
4

_ T 9 —2z

Yy 1 e +ce .
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Figure 2.3.3 : A direction field and integral curves for y’ + 2y

Figure 2.3.3 shows a direction field and some integral curves for Equation 2.3.11.

v/ Example 2.3.5

a. Find the general solution

(sinz)y’ + (cosz)y = z.

b. Solve the initial value problem

(sinz)y’' + (cosz)y ==z, y(n/2)=1.
Solution a

We first rewrite Equation 2.3.12in standard linear form

y' + (cotz)y = z(cscx)

y:efcotmdw — e

and multiplying both sides by this we get

(sinz)y’ + (cosz)y ==z

which we know we can rewrite as

d
< Gine)y] =2
and then as

d[(sinz)y] = zdz.
Integrating both sides gives us
2

(sinz)y = % +e.

Solving for y we get the general solution of the differential Equation 2.3.12
22
Y= Tcscm +ccscx.

Solution b

8

Do
®

(2.3.12)

(2.3.13)

Here p(z) =cotz and f(z) =z cscz are both continuous except at the points = rm, where 7 is an integer. Therefore we
seek solutions of Equation 2.3.12on the intervals (r, (r + 1)7). We first find the integrating factor
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Imposing the initial condition y(w/2) = 1 yields

1=7r—2+c or c= —W—2.
8 8
Thus,
22
y:?cscz+(1—7r2/8)cscm

is a solution of Equation 2.3.13. The interval of validity of this solution is (0, 7).

Figure 2.3.4 : Solution of (sinz)y’ + (cosz)y ==z, y(r/2) =1

This page titled 2.3: Linear First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 2.1: Linear First Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/103468


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103468?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/02%3A_First_Order_Equations/2.03%3A_Linear_First_Order_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/9397
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

2.3E: Linear First Order Equations (Exercises)
In Exercises 1-20 find the general solution.

1.y' +ay =0 (a=constant)

dz _ 3t

2. o TTr=e

3.dy = (23 — 2zy)dz
. coswi—z + (sinz)y=1
.22y +zy=1
. % +rsec=cosf

W+ (E-1)y=-%

22

.Y +2zy = xze”

© o N o U A

* dx 1422 1422

10.y' +3y="5+3
11. ydz — 4(z +y%)dy =0

dy 4 _
12'H+Ey_

1 sin z
(z-1)"  (a-1)*

13. 2y + (1 +222)y = 2°e™*
14. zy' +2y = % 41
15. % + (tant)p = cost
16. (1 +x)y +2y = Sz
17. (@ =2)(@ — 1)y’ ~ (4= —3)y = (2 ~2)°
18. y2da: =(e¥ — wy2 —22y)dy
19. % +(2sinz cosz)y = e ' *
20. 2%y’ + 3zy = €”
In Exercises 21-40 solve the initial value problem.
2Ly (%) y=0, y(1)=1

2.2 +(1+5)y=0, yle)=1

T Inz

23.zdy+ (1 +zcotz)yde =0, y (%) =2

24-y’—(1ijz)y=0, y(0) =2

25. % +%2=0, =z(1)=3 (k= -constant)

26.y' + (tankz)y =0, y(0)=2 (k= constant)
27.y' +7y=¢€3, y(0)=0
28. (14 2%)dy = (X5 —4ay)dz, y(0)=1

1422
29. 2y +3y = sy, y(-1)=0
30. %+(c0tx)y:cosw, y(5)=1

3Ly +3y==+1, y(-1)=0
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32. (z— 1)y +3y = (z_ll)g +ﬁ y(0)=1

33. ydz = (8y* —2z)dy, y(3)=1
34.zy —2y=—z%, y(1)=1

35.y' +2zy==, y(0)=3

36. (z—1)y' +3y= %, y(0)=-1

z2
37. (z +2)y +4y = % y(-1)=2

38. (2 — 1)L 2tz =t(t*~1), =z(0)=4
39. (z* —5)dy = —2z(z* — 5 —y)dz, y(2)=7
40.(m+1)%—|—yzlnm, y(1)=10

41. Experiments indicate that glucose is absorbed by the body at a rate proportional to the amount of glucose present in the
bloodstream. Let A denote the (positive) constant of proportionality. Now suppose glucose is injected into a patient’s bloodstream
at a constant rate of 7 units per unit of time. Let G = G(t) be the number of units in the patient’s bloodstream at time ¢ > 0. Then

G =-A\G+r,

where the first term on the right is due to the absorption of the glucose by the patient’s body and the second term is due to the
injection. Determine G for ¢ > 0, given that G(0) = Gy . Also, find lim;_,, G(t).

42. Assume that all functions in this exercise are defined on a common interval (a, b).
Prove: If y; and y, are solutions of

¥ +p(2)y = fi(z)
and

Y +p(z)y = fo(z)
respectively, and ¢; and ¢, are constants, then y = c;y1 + c2y2 is a solution of

Y +p(x)y =c1fi(z) +cafo().

(This is the principle of superposition.)

This page titled 2.3E: Linear First Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 2.1E: Linear First Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.4: Solving Differential Equations by Substitutions

Bernoulli Equations

# Definition 2.4.1

A Bernoulli equation is an equation of the form

W bl =l (2.4.1)

where r can be any real number other than 0 or 1. (Note that Equation 2.4.1 is linear if and only if r =0 orr =1.)

< Theorem 2.4.1

1

The substitution © =y~ ~", will turn the Bernoulli Equation 2.4.1 into a linear equation.

Dividing 2.4.1 by y" yields
=P _y 1-r _
y o te@ly T = f(2).
If we make the substitution
U= yl—r
and differentiate with respect to x we get
du _, ady
From this we can see that 2.4.1 becomes
1 du
—— +tp(z)u=j(x
—— 2 p(a)u = f(a)
which is linear and can be solved by the methods of section 2.3.
v/ Example 2.4.1
Solve the Bernoulli equation
y —y =y’ (2.4.2)

Solution
Dividing by y* we get

o o =

If we now let u =y 1, we get g—;‘ =y 2 % and substituting into 2.4.2 we get
—du
—u=z
dz
which is a linear equation. Putting it in standard linear form we get
du .
—tu=—=z
dx

and using the method of section 2.3 we get the solution
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and substituting back in for u we get

u=—(z—1)+ce®

yl=—(z—1)+ce®

and solving for y we get our final solution

1

y:_:c—l—i—ce*””'

Figure 2.4.1 shows the direction field and some integral curves of Equation 2.4.2.
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Figure 2.4.1 : A direction field and integral curves for 3’ — y = zy?

Homogeneous Equations

# Definition 2.4.2

We say that a function f(z,y)is homogeneous of degree n if

ftz,ty) =t"f(z,y)

v/ Example 2.4.2

Determine if
f(z,y) =2+’
is a homogeneous function and, if so, of what degree.

Solution
Substituting ¢tz for z and ty for y we get

fte, ty) = (tz)° + (tz)?(ty)® = t°(2° +2°y°) = t° f (2, y).

Therefore, f(z,y)is a homogeneous function of degree 5.

v/ Example 2.4.3

Determine if

https://math.libretexts.org/@go/page/103474
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is a homogeneous function and, if so, of what degree.

Solution
Substituting ¢tz for z and ty for y we get

f(te, ty) = (tz)* + (tz)(ty)* = t*(«® +tey®) #1" f(2,y).

for any number n. Therefore, f(z, y)is not a homogeneous function.

Note: For this type of differential equation, as in section 2.2, it is convenient to write first order differential equations in the form

M(z,y)dz+ N(z,y)dy =0. (2.4.3)

# Definition 2.4.3

We say that a differential equation of the form M (z,y)dz + N(z,y)dy =0 is homogeneous if M(z,y) and N(z,y) are
homogeneous functions of the same degree.

v/ Example 2.4.4

Determine if
(2% +zy)dz +y*dy =0
is a homogeneous differential equation.

Solution
Substituting tz for  and ty for y in M (x, y) we get

M(tz,ty) = (tz)* + (tz)(ty) = t*(z* + zy) = t*M(z,y)
and M (z,y) is a homogeneous function of degree 2.
Substituting ¢z for z and ty for y in N (z,y) we get
N(tz,ty) = (ty)* =ty =t*N(z,y)
and N (z,y) is a homogeneous function of degree 2.

Since both M (z,y) and N (z, y) are homogeneous functions of degree 2, the differential equation is homogeneous.

& Theorem 2.4.2

The substitution y = ux, where « is a function of , or x = vy, where v is a function of y will make a homogeneous equation
separable.

Note: we will only prove this for the substitution y = uz and leave the substitution = vy to the reader.
Letting

Yy =ux
and differentiating with respect to  we get

dy ., du
de dz

which can be rewritten as

dy = udx + zdu.
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Substituting y and dy into 2.4.3 we get

0.

M(z,uz)dz + N(z,uz)[udz + zdu]

Using the fact that both M (z, y) and N (z, y) are homogeneous of the same degree we get

" M(1,u)dz +z"N(1,u)[udz +zdu] =0.

Expanding and rewriting this we eventually come to

—2" N (1,u)du

z"[M(1,u) +uN(1,u)|dz

which is clearly a separable differential equation:

)

1,u)
+uN(1,

v/ Example 2.4.5

Solve

(2.4.4)

)dz.

(y+ae v

zdy =

are homogeneous functions of the same degree.

)

T,y

(

Substituting y = ua into Equation 2.4.4 yields

First verify that M (z,y) and N

uzx +ze "/*)dz.

(

(udx +xdu) =

T

Simplifying and separating variables yields

e'du = —dz.

In|z| +c. Therefore v =In(In|z|+¢) and y = uz = zIn(In|z| +¢).

Integrating yields e*

Figure 2.4.2 shows a direction field and integral curves for Equation 2.4.4.
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Figure 2.4.2 : A direction field and some integral curves for zdy

a5

f(Az+ By+C)

dy
dx

Equations of the form
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The substitution
u=Az+By+C
will make equations of the form

dy _
- = f(Az +By+C) (2.4.5)

separable.

Consider a differential equation of the form 2.4.5.

Let

Taking the derivative with respect to x we get
Substituting into 2.4.5 we get

which is clearly a separable differential equation:

du
=dzx
Bf(u)+A
v/ Example 2.4.6
Solve
y' =sec’(y —z —3). (2.4.6)
Solution
Letting
u=y—z—3
and differentiating we get
Gy _ Gy
dez dz
Substituting into Equation 2.4.6 we get
d
ﬁ +1 =sec’u

This is now a separable equation which can be solved using the method of section 2.1, resulting in a solution of
—cotu—u=zx+c

and substituting in for u we get

—cot(ly—z—3)—(y—z—-3)=z+c
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and simplifying we get

cotly—z—3)=—-y+c
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2.4E: Solving Differential Equations by Substitution (Exercises)

Bernoulli Equations

In Exercises 1-8 solve the given equation.
Ly +y=y’

d 2
2.7zt —2y = —Z—G
3. 2%y’ + 2y = 2e!/7y1/?
d

4, % =y(zy? —1)

5. (142%)y 422y = —

(1+a?)y

6. 4290 142 =ty

7.y —zy = 2%y?

dy gz, 4
8'dz_3zy_

In Exercises 9-16 solve the initial value problem.
9.y —2y==zy°, y(0)=2v2
10.y' —zy ==zy*%, y(1)=4
1. zy +y =2y, y(1)=1/2
12,y —2y=2y"% y(0)=1
13. x2% —2zy =3y, y(1)=3%

14.y' —4 245—2””, y(0)=1

15. 2%y + 22y =9°, y(1)=1/v2

16.y —y==zy'?, y(0)=4

Homogeneous Equations

In Exercises 17-24 solve the equation.

) _ Ytz
y2+2zy
18.y' = ——

z
19. zy®y’ =yt +

20.y' =< fsec

21. 2%y = xy +2® +9°

22, —ydx + (z + /zy)dy =0
23. zyy’ = x? +2y°

292 +a?e(v/2)?
I __
24.y = BT

In Exercises 25-32 solve the initial value problem.

2
25.y = L y(—1)=2

x2

26 2y =y 2, y(1)=2

3 +y®

27. yI: zy? y(l)

I
w
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28. zyy' +22+y? =0, y(1)=2
29. (z +ye%)d:c —zevdy =0, y(1)=0
30.y/ = LI )= 1
31 22y’ =222 +y? +4zy, y(l)=1
32. zyy =322 +4y%, y(1)=+3
In Exercises 33-39 solve the given equation.
33.dy = z—f;’dw
34. (y'z —y)(Iny| —In[z|) ==

35 y/ — y3+2zy2+z2y+z3
a(y+z)’

36. (2z +y)dy = (z +2y)d=

dy _ _y
37. de ~ y—2z
210,3
;o _mytt2y
38.y = 23 +aly+ay?

39. (2 +321) L = 2% + 2%y + 3y

The Substitution u=Ax+By+C

In Exercises 40-45 solve the given equation.

40. & = (z +y+1)>2

dy 2

41. = =tan*(z +y)
d

42. d—‘: =2+./y—2z+3
dy l-z—y

43, Friaiar=ey

d .
44. £ =sin(z +y)

45. W — 1 4 ey-ui5
dx

In Exercises 46-47 solve the initial value problem.

d
46. £ =cos(z +y), y(0)=m/4

dy _ 3z+2y _
47. dr  3z+2y+2”’ y(_l) =-1
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CHAPTER OVERVIEW

3: Numerical Methods
In this chapter we study numerical methods for approximating solutions of a first order differential equation y' = f(z, y).
3.1: Euler's Method
3.1E: Euler’s Method (Exercises)
3.2: The Improved Euler Method
3.2E: The Improved Euler Method (Exercises)
3.3: The Runge-Kutta Method
3.3E: The Runge-Kutta Method (Exercises)
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3.1: Euler's Method

If an initial value problem

y = f(:v,y), y(.’Eo) =Yo (3‘1'1)

cannot be solved analytically, it is necessary to resort to numerical methods to obtain useful approximations to a solution of
Equation 3.1.1. We will consider such methods in this chapter.

We’re interested in computing approximate values of the solution of Equation 3.1.1 at equally spaced points g, %1, ..., , =b in
an interval [zg, b]. Thus,

z; =x9+th, 1=0,1,...,n,
where

po b=z
n

we will denote the approximate values of the solution at these points by yo, 1, -.., Yn; thus, y; is an approximation to y(z;). we
will call

ei =y(@i) —yi
the error at the ith step. Because of the initial condition y(zg) = yo, we will always have ep = 0. However, in general e; # 0 if
1> 0.
We encounter two sources of error in applying a numerical method to solve an initial value problem:

e The formulas defining the method are based on some sort of approximation. Errors due to the inaccuracy of the approximation
are called truncation errors.

o Computers do arithmetic with a fixed number of digits, and therefore make errors in evaluating the formulas defining the
numerical methods. Errors due to the computer’s inability to do exact arithmetic are called roundoff errors.

That said, a careful analysis of error is beyond the scope of this book.

Euler’s Method

The simplest numerical method for solving Equation 3.1.1 is Euler’s method. Euler’s method is based on the assumption that the
tangent line to the integral curve of Equation 3.1.1 at (z;, y(«;)) approximates the integral curve over the interval [z;, ;11 ]. Since
the slope of the integral curve of Equation 3.1.1 at (z;,y(z;)) is ¥'(z;) = f (=i, y(x:)), the equation of the tangent line to the
integral curve at (z;, y(x;)) is

y=y(x;) + fzi, y(z:)) (@ — ). (3.1.2)
Setting * = x;11 = x; +h in Equation 3.1.2yields
Yir1 = y(@i) +hf(zi, y(z:)) (3.1.3)
as an approximation to y(z;+1 ). Since y(zq) = yo is known, we can use Equation 3.1.3 with ¢ = 0 to compute
Y1 =yo +hf(zo,y0)-
However, setting ¢ = 1 in Equation 3.1.3 yields
Y2 =y(@1) +hf(z1,y(z1)),
which isn’t useful, since we don’t know y(z ). Therefore we replace y(z1) by its approximate value y; and redefine
Y2 =y1 +hf(zi,y).
Having computed y», we can compute
y3 =ya +hf(z2,92).

In general, Euler’s method starts with the known value y(zo) = yo and computes y1, ys, -.., ¥, successively by with the formula
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Yirn =Y thf(zi,y), 0<i<n-1 (3.1.4)

The next example illustrates the computational procedure indicated in Euler’s method.

v/ Example 3.1.1

Use Euler’s method with h = 0.1 to find approximate values for the solution of the initial value problem

Yy +2y=2%"2%, y(0)=1 (3.1.5)
atz =0.1,0.2,0.3

Solution
We rewrite Equation 3.1.5as

Y =-2y+z’e ™, y(0)=1,
which is of the form Equation 3.1.1, with
f(z,y) = —2y+z3e 2, 20 =0, andyy = 1.
Euler’s method yields

Y1 =yo +hf(zo,y0)
=1+(0.1)£(0,1) =1+(0.1)(-2) = 0.8,
y2 =y1 +hf(z,y)
=0.8+(0.1)£(0.1,0.8) = 0.8+ (0.1) (—2(0.8) +(0.1)*¢ %) = 0.640081873,

Y3 =y2 +hf(z2,92)
=0.640081873 + (0.1) (—2(0.640081873) + (0.2)°e "*) =0.512601754.

We’ve written the details of these computations to ensure that you understand the procedure. However, in the rest of the examples
as well as the exercises in this chapter, we will assume that you can use a calculator to carry out the necessary computations.

Examples lllustrating The Error in Euler’s Method

v/ Example 3.1.2

Use Euler’s method with step sizes h = 0.1, h = 0.05, and A = 0.025 to find approximate values of the solution of the initial
value problem

Yy +2y=23e2%, y(0)=1

atz =0,0.1,0.2,0.3, ..., 1.0. Compare these approximate values with the values of the exact solution

—2z

y= (z* +4), (3.1.6)

which can be obtained by the method of Section 2.3 (verify this).

Table 3.1.1 shows the values of the exact solution Equation 3.1.6 at the specified points, and the approximate values of the
solution at these points obtained by Euler’s method with step sizes h = 0.1, h = 0.05, and = = 0.025. In examining this table,
keep in mind that the approximate values in the column corresponding to A = 0.05 are actually the results of 20 steps with
Euler’s method. We haven’t listed the estimates of the solution obtained for  =0.05, 0.15, ..., since there’s nothing to
compare them with in the column corresponding to A = 0.1. Similarly, the approximate values in the column corresponding to
h = 0.025 are actually the results of 40 steps with Euler’s method.

Table 3.1.1 : Numerical solution of 4’ 42y = z°e 2%, y(0) = 1, by Euler’s method.
T h=0.1 h =0.05 h = 0.025 Exact

0.0 1.000000000 1.000000000 1.000000000 1.000000000

https://math.libretexts.org/@go/page/103481
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T h=0.1 h =0.05 h =0.025 Exact
0.1 0.800000000 0.810005655 0.814518349 0.818751221
0.2 0.640081873 0.656266437 0.663635953 0.670588174
0.3 0.512601754 0.532290981 0.541339495 0.549922980
0.4 0.411563195 0.432887056 0.442774766 0.452204669
0.5 0.332126261 0.353785015 0.363915597 0.373627557
0.6 0.270299502 0.291404256 0.301359885 0.310952904
0.7 0.222745397 0.242707257 0.252202935 0.261398947
0.8 0.186654593 0.205105754 0.213956311 0.222570721
0.9 0.159660776 0.176396883 0.184492463 0.192412038
1.0 0.139778910 0.154715925 0.162003293 0.169169104

You can see from Table 3.1.1 that decreasing the step size improves the accuracy of Euler’s method. For example,

0.0293withh — 0.1,
Yezact (1)—yappmz(1) ~ 0.0144 with A 20.05,
0.0071 with h = 0.025.

Based on this scanty evidence, you might guess that the error in approximating the exact solution at a fixed value of x by
Euler’s method is roughly halved when the step size is halved. You can find more evidence to support this conjecture by
examining Table 3.1.2 , which lists the approximate values of Yezoct — Yapproz at € =0.1,0.2, ..., 1.0.

Table 3.1.2 : Errors in approximate solutions of ' + 2y = z3e~%*, y(0) = 1, obtained by Euler’s method.

T h=0.1 h =0.05 h =0.025
0.1 0.0187 0.0087 0.0042
0.2 0.0305 0.0143 0.0069
0.3 0.0373 0.0176 0.0085
0.4 0.0406 0.0193 0.0094
0.5 0.0415 0.0198 0.0097
0.6 0.0406 0.0195 0.0095
0.7 0.0386 0.0186 0.0091
0.8 0.0359 0.0174 0.0086
0.9 0.0327 0.0160 0.0079
1.0 0.0293 0.0144 0.0071

v/ Example 3.1.3

Tables 3.1.3 and 3.1.4 show analogous results for the initial value problem

y =2y’ +zy+a?, y(0)=1, (3.1.7)

except in this case we cannot solve Equation 3.1.7 exactly. The results in the “Exact” column were obtained by using a more
accurate numerical method known as the Runge-Kutta method (discussed later) with a small step size. They are exact to eight
decimal places.
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Table 3.1.3 : Numerical solution of y' = —2y* +zy + 22, y(0) = 1 , by Euler’s method.

T h=0.1 h =0.05 h =0.025 "Exact"
0.0 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.800000000 0.821375000 0.829977007 0.837584494
0.2 0.681000000 0.707795377 0.719226253 0.729641890
0.3 0.605867800 0.633776590 0.646115227 0.657580377
0.4 0.559628676 0.587454526 0.600045701 0.611901791
0.5 0.535376972 0.562906169 0.575556391 0.587575491
0.6 0.529820120 0.557143535 0.569824171 0.581942225
0.7 0.541467455 0.568716935 0.581435423 0.593629526
0.8 0.569732776 0.596951988 0.609684903 0.621907458
0.9 0.614392311 0.641457729 0.654110862 0.666250842
1.0 0.675192037 0.701764495 0.714151626 0.726015790

Since we think it is important in evaluating the accuracy of the numerical methods that we will be studying in this chapter, we
often include a column listing values of the exact solution of the initial value problem, even if the directions in the example or
exercise don’t specifically call for it. If quotation marks are included in the heading, the values were obtained by applying the
Runge-Kutta method in a way that’s explained in Section 3.3. If quotation marks are not included, the values were obtained
from a known formula for the solution. In either case, the values are exact to eight places to the right of the decimal point.

Table 3.1.4 : Errors in approximate solutions of y' = —2y2 +zy+ z?, y(0) =1, obtained by Euler’s method.

T h=0.1 h =0.05 h =0.025
0.1 0.0376 0.0162 0.0076
0.2 0.0486 0.0218 0.0104
0.3 0.0517 0.0238 0.0115
0.4 0.0523 0.0244 0.0119
0.5 0.0522 0.0247 0.0121
0.6 0.0521 0.0248 0.0121
0.7 0.0522 0.0249 0.0122
0.8 0.0522 0.0250 0.0122
0.9 0.0519 0.0248 0.0121
1.0 0.0508 0.0243 0.0119

In the next two sections we will study two other numerical methods for solving initial value problems, the improved Euler method
and the Runge- Kutta method.

This page titled 3.1: Euler's Method is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F. Trench
via source content that was edited to the style and standards of the LibreTexts platform.
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3.1E: Euler’s Method (Exercises)

You will want to save the results of these exercises, since we will revisit them in the next two sections.

In Exercises 1-5 use Euler’s method to find approximate values of the solution of the given initial value problem at the points
x; = xg +th , where g is the point where the initial condition is imposed and 7 =1, 2, 3.

1y =2224+3y> -2, y(2)=1; h=0.05
2.y =y+/2?+y?, y(0)=1; h=0.1
3.y +3y=22—-3zy+y?, y(0)=2; h=0.05
4y =%, y@2)=3 h=01

17y2 b

5.9 +x’y=sinzy, y(l)=m h=0.2

6. Use Euler’s method with step size h = 0.1 to find approximate values of the solution of the initial value problem

y +3y="Te*, y(0)=2

atx =0,0.1,0.2,0.3, ..., 1.0. Compare these approximate values with the values of the exact solution y = e*® 4+ €73  which can
be obtained by the method of Section 2.3. Present your results in a table like Table 3.1.1.
7. Use Euler’s method with step size h = 0.1 to find approximate values of the solution of the initial value problem
2 3
/ —_ —
yroy=—+L yl)=1
atxz =1.0,1.1,1.2, 1.3, ..., 2.0. Compare these approximate values with the values of the exact solution
1
y=—lnz +z°+2),
32
which can be obtained by the method of Section 2.3. Present your results in a table like Table 3.1.1.
8. Use Euler’s method with step size A = 0.05 to find approximate values of the solution of the initial value problem
2 2
y tzy—x
y=——— yl)=2
T
atz =1.0,1.05,1.10,1.15, ..., 1.5. Compare these approximate values with the values of the exact solution
_z(1+a2/3)
 1-a22/3
obtained by a method in Section 2.4. Present your results in a table like Table 3.1.1.
9. It was shown in an example in Section 2.1 that
VY 4y=2>+z—4
is an implicit solution of the initial value problem
2z +1
= 2)=1. A

Use Euler’s method with step size A = 0.1 to find approximate values of the solution of (A) at z = 2.0, 2.1, 2.2, 2.3, ..., 3.0.
Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
residual

R(z,y) =y’ +y—a* —z+4

https://math.libretexts.org/@go/page/103482
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for each value of (z, y) appearing in the first table.
10. Tt was previously shown that

z4y3 +w2y5 +2zy =4
is an implicit solution of the initial value problem

o Aty 4 2myt 42y
Y 3xty? 4+ 52yt + 22

y(1) =1. (A)

Use Euler’s method with step size A = 0.1 to find approximate values of the solution of (A) at z =1.0, 1.1, 1.2, 1.3, ..., 2.0.
Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
residual

R(z,y) = z*y® +22y° + 22y — 4
for each value of (z, y) appearing in the first table.
11. Use Euler’s method with step size h = 0.1 to find approximate values of the solution of the initial value problem
(3y% +4y)y +2x +cosz =0, y(0)=1
atz=0,0.1,0.2,0.3 ..., 1.0.

12. Use Euler’s method with step size h = 0.1 to find approximate values of the solution of the initial value problem

g O

atz=1.0,1.1,1.21.3, ..., 2.0.

13. Use Euler’s method with step size h = 0.1 to find approximate values of the solution of the initial value problem
y' +3y="7e ", y(0)=6
atz=0,0.1,0.2,0.3 ..., 1.0.

The linear initial value problems in Exercises 14-22 can’t be solved exactly in terms of known elementary functions. In each
exercise, use Euler’s method with the indicated step size to find approximate values of the solution of the given initial value
problem at 11 equally spaced points (including the endpoints) in the interval.

14'y,_2y:T1¢2’ y(2)=2; h=0.10n/2,3]
15.y +2zy =2, y(0)=3; h=0.20n]0,2]

16. y'+%y=s%, y(1)=2; h=0.20n[l1,3]

17. y/+y=e_zt%, y(1)=0; h=0.050n][1,1.5]

18.y' + 2y = T Y0 =1 h=020n[0,2]

19. xy’+(a:—|—1)y=e””2, y(1)=2; h=0.050n][1,1.5]
20.y' +3y =zy*(y+1), y(0)=1; h=0.10n]0,1]
21. y'—4y:m, y(0)=1; h=0.10n]0,1]

2.y +2y= #;2, y(2)=1; h=0.1,0n2,3|
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3.2: The Improved Euler Method

Section 3.1 would seem to imply that we can achieve arbitrarily accurate results with Euler’s method by simply choosing the step
size sufficiently small. However, this is not a good idea, for two reasons. First, after a certain point decreasing the step size will
increase roundoff errors to the point where the accuracy will deteriorate rather than improve. The second and more important
reason is that in most applications of numerical methods to an initial value problem

y, = f(xvy)a y(l‘o) = Yo, (321)

the expensive part of the computation is the evaluation of f. Therefore we want methods that give good results for a given number
of such evaluations. This is what motivates us to look for numerical methods better than Euler’s.

To clarify this point, suppose we want to approximate the value of e by applying Euler’s method to the initial value problem

y =y, y(0)=1

(with solution y =e®) on [0, 1], with h =1/12, 1/24, and 1/48, respectively. Since each step in Euler’s method requires one
evaluation of f, the number of evaluations of f in each of these attempts is 7 =12, 24, and 48, respectively. In each case we
accept y,, as an approximation to e. The second column of Table 3.2.1 shows the results. The first column of the table indicates the
number of evaluations of f required to obtain the approximation, and the last column contains the value of e rounded to ten
significant figures.

In this section we will study the improved Euler method, which requires two evaluations of f at each step. We’ve used this method
with h =1/6,1/12, and 1/24. The required number of evaluations of f were 12, 24, and 48, as in the three applications of Euler’s
method; however, you can see from the third column of Table 3.2.1 that the approximation to e obtained by the improved Euler
method with only 12 evaluations of f is better than the approximation obtained by Euler’s method with 48 evaluations.

In Section 3.3, we will study the Runge-Kutta method, which requires four evaluations of f at each step. We’ve used this method
with h =1/3,1/6, and 1/12. The required number of evaluations of f were again 12, 24, and 48, as in the three applications of
Euler’s method and the improved Euler method; however, you can see from the fourth column of Table 3.2.1 that the
approximation to e obtained by the Runge-Kutta method with only 12 evaluations of f is better than the approximation obtained by
the improved Euler method with 48 evaluations.

Table 3.2.1 : Approximations to e obtained by three numerical methods.

n Euler Improved Euler Runge-Kutta Exact

12 2.613035290 2.707188994 2.718069764 2.718281828
24 2.663731258 2.715327371 2.718266612 2.718281828
48 2.690496599 2.717519565 2.718280809 2.718281828

The Improved Euler Method

The improved Euler method for solving the initial value problem Equation 3.2.1 is based on approximating the integral curve of
Equation 3.2.1 at (z;, y(z;)) by the line through (z;, y(z;)) with slope

S y(@) + f (@i, y(@an)) |
1 T 2 b

that is, m; is the average of the slopes of the tangents to the integral curve at the endpoints of [z;,z;1]. The equation of the
approximating line is therefore

y—y(zi)+ f(mi,y(wi))+J2e($i+1»y($i+1)) (@ —). (3.2.2)

Setting * = ;11 = x; +h in Equation 3.2.2 yields

i =yl@i) + o (F(en (@) + F @i, @) (3.23)
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as an approximation to y(z;;1 ). As in our derivation of Euler’s method, we replace y(z;) (unknown if > 0) by its approximate
value y;; then Equation 3.2.3 becomes

v =i+ 5 (F(onw0) + f@i,u(@in)).

However, this still will not work, because we do not know y(z;1 ). We overcome this by replacing y(z;11) by y; + hf(zi,y;), the
value that the Euler method would assign to y; 1. Thus, the improved Euler method starts with the known value y(zo) = yo and
computes yi, Y2, ..., Yn, successively with the formula

h
Yi =¥yi+t3 (f(zi,yi) + f(@iv1, i +hf (@i, 05))) - (3.2.4)
The computation indicated here can be conveniently organized as follows: given y;, compute

kli = f(xia yz)a
ks = f(zi +h,y; +hki),

h
Yir1 =Y+ E(kli + ki)
The improved Euler method requires two evaluations of f(z,y) per step, while Euler’s method requires only one. However, as we
can see the error is significantly reduced.

Example 3.2.1 illustrates the computational procedure indicated in the improved Euler method.

v Example 3.2.1

Use the improved Euler method with A = 0.1 to find approximate values of the solution of the initial value problem
Y 2y=2'e?, y(0)=1 (3.2.5)
atx =0.1,0.2,0.3

Solution
As in Example 3.1.1, we rewrite Equation 3.2.5 as

y =-2y+z’e?, y(0)=1,

which is of the form Equation 3.2.1, with

2

f(may) = —2y+x3e_ zawO :07a'ndy0 =1

The improved Euler method yields
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k1o = f(®o,30) = f(0,1) = -2,
koo = f(z1,y0 +hkio) = £(0.1,14(0.1)(-2))
— £(0.1,0.8) = —2(0.8) + (0.1)% %2 = —1.5091812609,
h
Y1 =Yo+ E(kw +ka0),
— 14 (0.05)(—2 — 1.599181269) = 0.820040937,

ki1 = f(z1,91) = £(0.1,0.820040937) = —2(0.820040937) + (0.1)3e %2 = —1.639263142,
ka1 = f(z2,y1 +hki1) = £(0.2,0.820040937 +0.1(—1.639263142)),
= £(0.2,0.656114622) = —2(0.656114622) + (.2)3e "4 = —1.306866684,
h
Y2 =41+ E(kll +ka1),
=.820040937 + (.05)(—1.639263142 — 1.306866684) = 0.672734445,

k1o = f(:L'z, y2) = f(.2, .672734445) = —2(.672734445) + (.2)36_'4 =—1.340106330,
koo = f(:vg, Yo + hklz) = f(3, .672734445 + 1(—1340106330)),
= f(.3, .538723812) = —2(.538723812) Sl (.3)36_'6 =—-1.062629710,
h
Y3 =Ya + E(ku + kaa)
=.672734445 + (.05)(—1.340106330 — 1.062629710) =0.552597643.

Examples lllustrating The Error in the Improved Euler’'s Method

v/ Example 3.2.2

Table 3.2.2 shows results of using the improved Euler method with step sizes h =0.1 and h =0.05 to find approximate
values of the solution of the initial value problem

Y +2y=2’c®, y(0)=1
atz =0,0.1 0.2 0.3, ..., 1.0. For comparison, it also shows the corresponding approximate values obtained with Euler’s

method in Example 3.1.2, and the values of the exact solution

672:5

(z* +4).

y:

Note: the results obtained by the improved Euler method with A = 0.1 are better than those obtained by Euler’s method with

h =0.05.

Euler Improved Euler Exact
T h=0.1 h =0.05 h=0.1 h =0.05 Exact
0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.800000000 0.810005655 0.820040937 0.819050572 0.818751221
0.2 0.640081873 0.656266437 0.672734445 0.671086455 0.670588174
0.3 0.512601754 0.532290981 0.552597643 0.550543878 0.549922980
0.4 0.411563195 0.432887056 0.455160637 0.452890616 0.452204669
0.5 0.332126261 0.353785015 0.376681251 0.374335747 0.373627557
0.6 0.270299502 0.291404256 0.313970920 0.311652239 0.310952904
0.7 0.222745397 0.242707257 0.264287611 0.262067624 0.261398947
0.8 0.186654593 0.205105754 0.225267702 0.223194281 0.222570721
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Euler Improved Euler Exact
T h=0.1 h =0.05 h=0.1 h =0.05 Exact
0.9 0.159660776 0.176396883 0.194879501 0.192981757 0.192412038
1.0 0.139778910 0.154715925 0.171388070 0.169680673 0.169169104

Table 3.2.2 : Numerical solution of 3’ + 2y = z3e~2%, y(0) = 1, by Euler’s method and the improved Euler method.

v/ Example 3.2.3

Table 3.2.3 shows analogous results for the initial value problem
y' =—2y® +zy+2?, y(0)=1.
We applied Euler’s method to this problem in Example 3.1.3.
Table 3.2.3 : Numerical solution of ' = —2y? + zy + z2, y(0) = 1 , by Euler’s method and the improved Euler method.
Euler Improved Euler Exact
T h=0.1 h =0.05 h=0.1 h =0.05 Exact
0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.800000000 0.821375000 0.840500000 0.838288371 0.837584494
0.2 0.681000000 0.707795377 0.733430846 0.730556677 0.729641890
0.3 0.605867800 0.633776590 0.661600806 0.658552190 0.657580377
0.4 0.559628676 0.587454526 0.615961841 0.612884493 0.611901791
0.5 0.535376972 0.562906169 0.591634742 0.588558952 0.587575491
0.6 0.529820120 0.557143535 0.586006935 0.582927224 0.581942225
0.7 0.541467455 0.568716935 0.597712120 0.594618012 0.593629526
0.8 0.569732776 0.596951988 0.626008824 0.622898279 0.621907458
0.9 0.614392311 0.641457729 0.670351225 0.667237617 0.666250842
1.0 0.675192037 0.701764495 0.730069610 0.726985837 0.726015790
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3.2E: The Improved Euler Method (Exercises)

The following exercises involve initial value problems considered in the exercises in Section 3.1. You’ll find it instructive to
compare the results that you obtain here with the corresponding results that you obtained in Section 3.1.

You will want to save the results of these exercises, along with those of section 3.1, since we will revisit them in the next
section.

In Exercises 1-5 use the improved Euler method to find approximate values of the solution of the given initial value problem at the
points z; = g +th , where x is the point where the initial condition is imposed and ¢ =1, 2, 3.

1Ly =222+3y> -2, y(2)=1; h=0.05
2.y =y+/a2+y?, y(0)=1; h=0.
3.9 +3y =2*-3zy+y%, y(0)=2; h=0.05
4y =1L y(2)=3; h=0.1

1—y2?

5.y +z?y=sinzy, y(l)=m h=0.2
6. Use the improved Euler method with step size h = 0.1 to find approximate values of the solution of the initial value problem
y' +3y="Tet, y(0)=2

atz =0,0.1,0.2,0.3, ..., 1.0. Compare these approximate values with the values of the exact solution y = €%* +e~3% | which can
be obtained by the method of Section 2.3. Present your results in a table like Table 3.2.2.

7. Use the improved Euler method with step size h = 0.1 to find approximate values of the solution of the initial value problem
2 3
'+ —y=—+1 1)=1
yt+oy=—+1L y)
atz =1.0,1.1,1.2, 1.3, ..., 2.0. Compare these approximate values with the values of the exact solution
1
y=—(9lnz+2%+2)
3z2

which can be obtained by the method of Section 2.3. Present your results in a table like Table 3.2.2.
8. Use the improved Euler method with step size h = 0.05 to find approximate values of the solution of the initial value problem

,_ Y tay—a?
Yy=—"7""">5"

22 ) y(l) =2,

atz =1.0,1.05,1.10,1.15, ..., 1.5. Compare these approximate values with the values of the exact solution
~ z(1+2?/3)
- 1-22/3
obtained by a method in Section 2.4. Present your results in a table like Table 3.2.2.
9. It was shown in an example in Section 2.1 that
v+y=a>+z—4
is an implicit solution of the initial value problem

, 2x+1

V= o Y=L ()

Use the improved Euler method with step size h = 0.1 to find approximate values of the solution of (A) at z = 2.0, 2.1, 2.2, 2.3,
..., 3.0. Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
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residual
R(z,y) =y’ +y—a’—z+4
for each value of (z, y) appearing in the first table.
10. It was previously shown that
zty® + 2%y® + 22y =4
is an implicit solution of the initial value problem

, 45tyP 4 23y° +2y

— , y(1)=1. A
3zty? +5x2yt + 2z y(L) )

Use the improved Euler method with step size A = 0.1 to find approximate values of the solution of (A) at x =1.0,1.14,1.2,1.3,
..., 2.0. Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
residual

R(z,y) =2y’ + 2%y’ + 22y —4
for each value of (z, y) appearing in the first table.

11. Use the improved Euler method with step size h = 0.1 to find approximate values of the solution of the initial value problem
(3y* +4y)y' +2z +cosz =0, y(0)=1

atz=0,0.1,0.20.3 ..., 1.0.

12. Use the improved Euler method with step size A = 0.1 to find approximate values of the solution of the initial value problem

(y+1)(y—1)(y—2)
r+1

Y+ =0, y(1)=0

atz=1.0,1.1,1.2,1.3, ..., 2.0.

13. Use the improved Euler method with step size h = 0.1 to find approximate values of the solution of the initial value problem
y +3y=e"(1-22), y(0)=2,

atz=0,0.1 0.2 0.3, ..., 1.0. Compare these approximate values with the values of the exact solution y = 6_39”(2 +x— xz) s

which can be obtained by the method of Section 2.3.

The linear initial value problems in Exercises 14-22 can’t be solved exactly in terms of known elementary functions. In each
exercise, use the improved Euler’s method with the indicated step size to find approximate values of the solution of the given initial
value problem at 11 equally spaced points (including the endpoints) in the interval.

14-3/—23!:?1302, y(2)=2; h=0.10n/2,3]

15.¢' +2zy =22, y(0)=3; h=0.20n[0,2]
16.y +1y =22 y(1)=2; h=0.20n][1,3]

17,y +y=m2 4(1)=0; h=0.050n]1,1.5]

8.y +25y= 15 ¥(0)=1 h=02o0n[0,2]

19.2y +(z+1)y=e", y(1)=2; h=0.050n][1,1.5]
20.y' +3y=zy*(y+1), y(0)=1; h=0.10n]0,1]

r_ = —_z = 1: =
21.y' — 4y EITEL y(0)=1; h=0.10n]0,1]

2.y +2y=725, y(@)=1L h=010n[23
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3.3: The Runge-Kutta Method

Each step in Euler’s method requires one evaluation of f and each step in the improved Euler method requires two evaluations of f.
We’ll skip methods for which three evaluations of f are used and proceed to the Runge-Kutta method, the most widely used
method, for which four evaluations of f are used to solve the initial value problem

y = f(z,y), y(zo)=wo (3.3.1)

The Runge-Kutta method computes approximate values y, ¥z, ..., Y of the solution of Equation 3.3.1at ¢y, o+ h, ..., ¢y +nh
as follows: Given y;, compute

ki = f(zi, vs),

h h
ka; Zf(l'ri-g,yri-gku),

ksi = f (wz + %,yi + %’%) ;
ky = f(zi +h,y; +hks;),
and
Yit1 =¥i + %(ku + 2kg; + 2k3; + kyg)-

Example 3.3.1 illustrates the computational procedure indicated in the Runge-Kutta method.

v/ Example 3.3.1

Use the Runge-Kutta method with h = 0.1 to find approximate values for the solution of the initial value problem
Y +2y=2", y(0)=1, (3.3.2)
atz =0.1,0.2

Solution
Again we rewrite Equation 3.3.2 as

y'=-2y+z’e®, y(0)=1,
which is of the form Equation 3.3.1, with
f(z,y) = —2y+z’e ™, 2o =0, andyp = 1.

The Runge-Kutta method yields
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k1o = f(z0,%0) = £(0,1) = -2,

koo = f(zo+h/2,y0 +hkio/2) = (05,1+(-05)(—2))

— £(.05,.9) = —2(.9) + (.05)%¢ " = —1.799886895,
kso = f(zo+h/2,y0 +hka/2) = f(.05,1+(.05)(—1.799886895))

— £(.05,.910005655) = —2(.910005655) + (.05)%¢ ! = —1.819898206,
ki = (2o +hyyo + hkso) = £(.1,1+ (.1)(—1.819898206))

= f(.1,.818010179) = —2(.818010179) + (.1)%¢ 2 = —1.635201628,
Yy = +%(k10+2k20+2k30+k40),

1
1+ E(—Z +2(—1.799886895) +2(—1.819898206) — 1.635201628) = .818753803,

ki = f(z1, ) = £(.1,.818753803) = —2(.818753803)) + (.1)°e 2 = —1.636688875,
Koy —f(wl +h/2,y +hki1/2) = f(.15,.818753803 + (.05)(—1.636688875))

— £(.15,.736919359) — —2(.736919359) + (.15)%e** — —1.471338457,
ks = f(z1+h/2, 9 +hka1/2) = £(.15, 818753803 + (.05)(—1.471338457))
— £(.15,.745186880) = —2(.745186880) + (.15)%¢ % = —1.487873498,
ki = f(z1+h,y1 +hks) = £(.2,.818753803 + (.1)(—1.487873498))
— £(.2,.669966453) = —2(.669966453) + (.2)%¢* = —1.334570346,
Y2 = +%(k11 + 2ky1 + 2k31 +ka1),

1
=.818753803 + g(—1.636688875 +2(—1.471338457) +2(—1.487873498) — 1.334570346)
=.670592417.

The Runge-Kutta method is sufficiently accurate for most applications.

Examples lllustrating The Error in the Runge-Kutta Method

v/ Example 3.3.2

Table 3.3.1 shows results of using the Runge-Kutta method with step sizes h = 0.1 and h = 0.05 to find approximate values
of the solution of the initial value problem

¥ +2y=2’e™, y(0)=1
at x =0, 0.1, 0.2, 0.3, ..., 1.0. For comparison, it also shows the corresponding approximate values obtained with the
improved Euler method in Example 3.2.2, and the values of the exact solution
—2z
4

The results obtained by the Runge-Kutta method are clearly better than those obtained by the improved Euler method in fact;
the results obtained by the Runge-Kutta method with A = 0.1 are better than those obtained by the improved Euler method

y= (z* +4).

with A =0.05.
Table 3.3.1 : Numerical solution of y' + 2y = z°e~ %, y(0) =1, by the Runge-Kuttta method and the improved Euler method.
Improved Euler Runge-Kutta
X h=0.1 h=0.05 h=0.1 h-0.05 Exact
0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.820040937 0.819050572 0.818753803 0.818751370 0.818751221
0.2 0.672734445 0.671086455 0.670592417 0.670588418 0.670588174
0.3 0.552597643 0.550543878 0.549928221 0.549923281 0.549922980
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Improved Euler Runge-Kutta
X h=0.1 h=0.05 h=0.1 h-0.05 Exact
0.4 0.455160637 0.452890616 0.452210430 0.452205001 0.452204669
0.5 0.376681251 0.374335747 0.373633492 0.373627899 0.373627557
0.6 0.313970920 0.311652239 0.310958768 0.310953242 0.310952904
0.7 0.264287611 0.262067624 0.261404568 0.261399270 0.261398947
0.8 0.225267702 0.223194281 0.222575989 0.222571024 0.222570721
0.9 0.194879501 0.192981757 0.192416882 0.192412317 0.192412038
1.0 0.171388070 0.169680673 0.169173489 0.169169356 0.169169104

v/ Example 3.3.3

Table 3.3.2 shows analogous results for the nonlinear initial value problem
y' =2 +zy+2°, y(0)=1.
We applied the improved Euler method to this problem in Example 3.2.3.

Table 3.3.2 : Numerical solution of 3 = —2y2 +zy+ z?, y(0) =1, by the Runge-Kuttta method and the improved Euler method.

Improved Euler Runge-Kutta

X h=0.1 h=0.05 h=0.1 h-0.05 "exact"
0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.840500000 0.838288371 0.837587192 0.837584759 0.837584494
0.2 0.733430846 0.730556677 0.729644487 0.729642155 0.729641890
0.3 0.661600806 0.658552190 0.657582449 0.657580598 0.657580377
0.4 0.615961841 0.612884493 0.611903380 0.611901969 0.611901791
0.5 0.591634742 0.588558952 0.587576716 0.587575635 0.587575491
0.6 0.586006935 0.582927224 0.581943210 0.581942342 0.581942225
0.7 0.597712120 0.594618012 0.593630403 0.593629627 0.593629526
0.8 0.626008824 0.622898279 0.621908378 0.621907553 0.621907458
0.9 0.670351225 0.667237617 0.666251988 0.666250942 0.666250842
1.0 0.730069610 0.726985837 0.726017378 0.726015908 0.726015790

This page titled 3.3: The Runge-Kutta Method is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William
F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 3.3: The Runge-Kutta Method by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.3E: The Runge-Kutta Method (Exercises)

The following exercises involve initial value problems considered in the exercises in Sections 3.1 and 3.2. You’ll find it instructive
to compare the results that you obtain here with the corresponding results that you obtained in those sections.

In Exercises 1-5 use the Runge-Kutta method to find approximate values of the solution of the given initial value problem at the
points z; = g +th , where x is the point where the initial condition is imposed and 7 =1, 2.

1Ly =222+3y? -2, y(2)=1; h=0.05
2.y =y+x2+y2, y(0)=1; h=0.1
3.9 +3y =2*-3zy+y%, y(0)=2; h=0.05
4y =1L y(2)=3; h=0.1

1—y2?

5.y + 2’y =sinzy, y(1)=m; h=0.2
6. Use the Runge-Kutta method with step size h = 0.1 to find approximate values of the solution of the initial value problem
y,+3y :764:13’ y(O) :2’

atz =0,0.1,0.2 0.3, ..., 1.0. Compare these approximate values with the values of the exact solution y = e** + =37 | which can
be obtained by the method of Section 2.3. Present your results in a table like Table 3.3.1.

7. Use the Runge-Kutta method with step sizes A = 0.1 to find approximate values of the solution of the initial value problem
2 3
'+ —y=—+1 1)=1
y+oy=—+1L y1)
atz =1.0,1.1,1.2, 1.3, ..., 2.0. Compare these approximate values with the values of the exact solution
1
y=—(9lnz+z%+2),
32

which can be obtained by the method of Section 2.3. Present your results in a table like Table 3.3.1.
8. Use the Runge-Kutta method with step sizes h = 0.05 to find approximate values of the solution of the initial value problem

, y2+wy_x2
Yy=—"—">55 "

— , y(1)=2

atz =1.0,1.05,1.10,1.15 ..., 1.5. Compare these approximate values with the values of the exact solution
~ z(1+2%/3)
- 1-=22/3
obtained by a method in Section 2.4. Present your results in a table like Table 3.3.1.
9. It was shown in an example in Section 2.1 that
Y+y=22+z—4
is an implicit solution of the initial value problem

/ 2x+1

V= Y)=1 ()

Use the Runge-Kutta method with step size h = 0.1 to find approximate values of the solution of (A) at x =2.0,2.1,2.2,2.3, ...,
3.0. Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
residual

R(z,y)=y° +y—2* —z +4
for each value of (z, y) appearing in the first table.

10. It was previously shown that
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z4y3 +m2y5 +2zxy =4
is an implicit solution of the initial value problem

P 4x3y3 +22y° +2y
Y 3xty? 4+ 52yt + 2z

y()=1. (4)

Use the Runge-Kutta method with step size h = 0.1 to find approximate values of the solution of (A) atx =1.0,1.1,1.2,1.3, ...,
2.0. Present your results in tabular form. To check the error in these approximate values, construct another table of values of the
residual

R(z,y) = z*y® +22y° + 22y — 4
for each value of (z, y) appearing in the first table.
11. Use the Runge-Kutta method with step size h = 0.1 to find approximate values of the solution of the initial value problem
(3y° +4y)y +2z +cosz =0, y(0)=1
atxz=0,0.1,0.2,0.3, ..., 1.0.

12. Use the Runge-Kutta method with step sizes h = 0.1 to find approximate values of the solution of the initial value problem

(y+1)(y—1)(y—2)

!
+
y z+1

=0, y(1)=0

atz=1.0,1.1,1.21.3, ..., 2.0

13. Use the Runge-Kutta method and the Runge-Kutta semilinear method with step size h = 0.1 to find approximate values of the
solution of the initial value problem

Y +3y=e3%(1 -4z +32% —423), y(0)=-3

at x=0, 0.1, 0.2, 0.3, ..., 1.0. Compare these approximate values with the wvalues of the exact solution
y=—e3%(3 -z +2z>—23+z*) , which can be obtained by the method of Section 2.3.

The linear initial value problems in Exercises 14-22 can’t be solved exactly in terms of known elementary functions. In each
exercise, use the Runge-Kutta method with the indicated step size to find approximate values of the solution of the given initial
value problem at 11 equally spaced points (including the endpoints) in the interval.

4.y —2y = y(2)=2; h=0.10n/2,3|

Tha?’
15.y' +2zy =2?, y(0)=3; h=0.20n[0,2]
16.y' +Iy=222  ¢(1)=2; h=0.20n[1,3]

z2

17.y' +y =<tz 4(1)=0; h=0.050n][1,1.5]

x

18.y’+lij2y:(lj—;)2, y(0)=1; h=0.20n][0,2]

2

19.2y' +(z+1)y=€", y(1)=2; h=0.050n][1,1.5]
20.y' +3y =zy*(y+1), y(0)=1; h=0.10n][0,1]

/ — z — 1. —
21,y —4y_—y2(y+1), y(0)=1; h=0.10n][0,1]

2.y +2 =1, y(2)=1 h=01on[2,3]

This page titled 3.3E: The Runge-Kutta Method (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 3.3E: The Runge-Kutta Method (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

4: Applications of First Order Equations
In this chapter, we consider applications of first order differential equations.
4.1: Growth and Decay
4.1E: Growth and Decay (Exercises)
4.2: Cooling and Mixing
4.2E: Cooling and Mixing (Exercises)
4.3: Elementary Mechanics

4.3E: Elementary Mechanics (Exercises)

This page titled 4: Applications of First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
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4.1: Growth and Decay

This section begins with a discussion of exponential growth and decay, which you have probably already seen in calculus. We
consider applications to radioactive decay, carbon dating, and compound interest. We also consider more complicated problems
where the rate of change of a quantity is in part proportional to the magnitude of the quantity, but is also influenced by other other
factors for example, a radioactive substance is manufactured at a certain rate, but decays at a rate proportional to its mass, or a
saver makes regular deposits in a savings account that draws compound interest.

Since the applications in this section deal with functions of time, we’ll denote the independent variable by ¢. If Q) is a function of ¢,
Q' will denote the derivative of QQ with respect to ¢; thus,

_ 99
@
Exponential Growth and Decay

One of the most common mathematical models for a physical process is the exponential model, where it is assumed that the rate of
change of a quantity @ is proportional to @; thus

Q' =aQ, (4.1.1)
where a is the constant of proportionality.
This is a simple separable equation and the general solution of Equation 4.1.1 is

Q = ce
and the solution of the initial value problem

Q' =aQ, Q(0)=Qo
is
Q = Que™. (4.1.2)

Since the solutions of Q' = a@ are exponential functions, we say that a quantity @ that satisfies this equation grows exponentially
if a > 0, or decays exponentially if a < 0 (Figure 4.1.1).

a
[

Figure 4.1.1 : Exponential growth and decay

v/ Example 4.1.1

A radioactive substance has a half-life of 1620 years.

a. If its mass is now 4 g (grams), how much will be left 810 years from now?
b. Find the time ¢; when 1.5 g of the substance remain.

https://math.libretexts.org/@go/page/103488
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Solution a

Using our condition with ) =0 and Qy = 4, we get

Q =4e™.
Knowing that Q(1620) = 2 we see that 2 = 4e%, and solving and simplifying we get
1. ¢
Q(t) = (—) 1620
2
Q
i
OO
5Q, F----- .
: "““ﬁ-_ﬁ______
:1 e

Figure 4.1.2 : Half-life of a radioactive substance

Therefore the mass left after 810 years will be

810

Q(810) =4(3)™ =2+2g.
Solution b
Requiring that Q(¢) = 1.5 yields

%;4(%)@.

Solving for t yields

In(3/8)
In(1/2)

t=1620 /2 2292.4 years.

Interest Compounded Continuously

Suppose we deposit an amount of money g in an interest-bearing account and make no further deposits or withdrawals for ¢
years, during which the account bears interest at a constant annual rate . To calculate the value of the account at the end of ¢ years,
we need one more piece of information: how the interest is added to the account, or—as the bankers say—how it is compounded. If
the interest is compounded annually, the value of the account is multiplied by 1 47 at the end of each year. This means that after ¢
years the value of the account is

Q(t)=Qo(1+r).

If interest is compounded semiannually, the value of the account is multiplied by (1 +7/2) every 6 months. Since this occurs twice
annually, the value of the account after ¢ years is

Q) =@ (1+3)"

In general, if interest is compounded n times per year, the value of the account is multiplied n times per year by (1+7/n);
therefore, the value of the account after ¢ years is

@ 0 a @ 4.1.2 https://math.libretexts.org/@go/page/103488
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Qt) = Qo (1+%)m. (4.1.3)

Thus, increasing the frequency of compounding increases the value of the account after a fixed period of time. Table 4.1.1 shows
the effect of increasing the number of compoundings over ¢ =5 years on an initial deposit of 9 = 100 (dollars), at an annual
interest rate of 6%.

Table 4.1.1 : The effect of compound interest

n (number of compoundings per year) $100 (1 + %) o (value in dollars after 5 years)
1 $133.82
2 $134.39
4 $134.68
8 $134.83
364 $134.98

You can see from Table 4.1.1 that the value of the account after 5 years is an increasing function of n. Now suppose the maximum
allowable rate of interest on savings accounts is restricted by law, but the time intervals between successive compoundings isn’t;
then competing banks can attract savers by compounding often. The ultimate step in this direction is to compound continuously, by
which we mean that n — co in Equation 4.1.3. Since we know from calculus that

n
lim (1 + 1) =e",
n—o0 n
this yields
Q) =limy oo Qo (14%)" = Qo [limy oo (1+2)"]"
= QO Crt .
Observe that Q = Qge™ is the solution of the initial value problem

Q' =rQ, Q(0)=Qu;

that is, with continuous compounding the value of the account grows exponentially.

v/ Example 4.1.2

If $150 is deposited in a bank that pays 5 %% annual interest compounded continuously, the value of the account after ¢ years is
Q(t) = 150e 05

dollars. (Note that it is necessary to write the interest rate as a decimal; thus, » = .055.) Therefore, after t = 10 years the value
of the account is

Q(10) =150 ~ $259.99.

v/ Example 4.1.3

We wish to accumulate $10,000 in 10 years by making a single deposit in a savings account bearing 5%% annual interest
compounded continuously. How much must we deposit in the account?

Solution
The value of the account at time ¢ is

Q(t) = Que ™. (4.1.4)

Since we want (10) to be $10,000, the initial deposit Qo must satisfy the equation

@ 0 a @ 4.1.3 https://math.libretexts.org/@go/page/103488
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obtained by setting ¢t = 10 and Q(10) = 10000in Equation 4.1.4. Solving Equation 4.1.5 for @y yields
Qo = 10000e~%° ~ $5769.50.

10000 = Qqe’®?, (4.1.5)

Mixed Growth and Decay

v/ Example 4.1.4

A radioactive substance with decay constant & is produced at a constant rate of @ units of mass per unit time.

a. Assuming that @ (0) = @, find the mass @ (¢) of the substance present at time ¢.
b. Find limy o Q ().

Solution a:
Here
Q' = rate of increase of Q + rate of decrease of Q.

Note: the rate of decrease, as we would expect, will turn out to be negative.

The rate of increase is the constant a. Since () is radioactive with decay constant k, the rate of decrease is kQ. Therefore
Q' =a+kQ.

This is a linear first order differential equation. Rewriting it and imposing the initial condition shows that @ is the solution of
the initial value problem

Q' —kQ=a, Q(0)=Qy. (4.1.6)
Solving we get
__@ ayN ke
Q=—2+(Q+3)e (4.1.7)
Since k < 0, limy_,o, € =0, so from Equation 4.1.7
i __2
B Q) = k’

This limit depends only on a and k, and not on @Qg. We say that -a/k is the steady state value of Q. From Equation 4.1.7 we
also see that @) approaches its steady state value from above if Qo > —a/k, or from below if Q¢ < —a/k. If Qo = —a/k,
then ) remains constant (Figure 4.1.3).

Figure 4.1.3 : Q(¢) approaches the steady state value —a/k as t — oo

https://math.libretexts.org/@go/page/103488
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Carbon Dating

The fact that () approaches a steady state value in the situation discussed in Example 4 underlies the method of carbon dating,
devised by the American chemist and Nobel Prize Winner W.S. Libby.

Carbon 12 is stable, but carbon-14, which is produced by cosmic bombardment of nitrogen in the upper atmosphere, is radioactive
with a half-life of about 5570 years. Libby assumed that the quantity of carbon-12 in the atmosphere has been constant throughout
time, and that the quantity of radioactive carbon-14 achieved its steady state value long ago as a result of its creation and
decomposition over millions of years. These assumptions led Libby to conclude that the ratio of carbon-14 to carbon-12 has been
nearly constant for a long time. This constant, which we denote by R, has been determined experimentally.

Living cells absorb both carbon-12 and carbon-14 in the proportion in which they are present in the environment. Therefore the
ratio of carbon-14 to carbon-12 in a living cell is always R. However, when the cell dies it ceases to absorb carbon, and the ratio of
carbon-14 to carbon-12 decreases exponentially as the radioactive carbon-14 decays. This is the basis for the method of carbon
dating, as illustrated in the next example.

v/ Example 4.1.5

An archaeologist investigating the site of an ancient village finds a burial ground where the amount of carbon-14 present in
individual remains is between 42 and 44% of the amount present in live individuals. Estimate the age of the village and the
length of time for which it survived.

Solution

Let @ = Q(¢) be the quantity of carbon-14 in an individual set of remains ¢ years after death, and let Qg be the quantity that
would be present in live individuals. Since carbon-14 decays exponentially with half-life 5570 years, we get

1, ¢
Q) =Q0(§)5570 (4.1.8)
where we choose our time scale so that ¢ =0 is the time of death. If we know the present value of ) we can solve this
equation for ¢, the number of years since death occurred.
It is given that Q = .42Q) in the remains of individuals who died first. Therefore these deaths occurred about

In.42

— 6971
t; = 5570 In(1/2) 697
years ago. For the most recent deaths, @ = .44Q); hence, these deaths occurred about
In.44
ty = 5570 ——— ~ 6597
In(1/2)

years ago. Therefore it is reasonable to conclude that the village was founded about 7000 years ago, and lasted for about 400
years.

A Savings Program

v/ Example 4.1.6

A person opens a savings account with an initial deposit of $1000 and subsequently deposits $50 per week. Find the value
Q(t) of the account at time ¢ > 0, assuming that the bank pays 6% interest compounded continuously.

Solution

Observe that @) isn’t continuous, since there are 52 discrete deposits per year of $50 each. To construct a mathematical model
for this problem in the form of a differential equation, we make the simplifying assumption that the deposits are made
continuously at a rate of $2600 per year. This is essential, since solutions of differential equations are continuous functions.
With this assumption, ) increases continuously at the rate

Q' =2600+0.06Q
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and therefore @ satisfies the differential equation
Q' —.06Q = 2600.

(Of course, we must recognize that the solution of this equation is an approximation to the true value of @ at any given time.
We’ll discuss this further below.)

Solving we get

2600 06t
== 4.1.9
@ .06 + ( )
Setting t = 0 and @) = 1000 here yields
2600
=] ]_ —_—
c=1000+ 0,06’
and substituting this into Equation 4.1.9 yields
2600
Q = 1000e%%" + o6 (et —1) (4.1.10)

where the first term is the value due to the initial deposit and the second is due to the subsequent weekly deposits.

Mathematical models must be tested for validity by comparing predictions based on them with the actual outcome of experiments.
Example 6 is unusual in that we can compute the exact value of the account at any specified time and compare it with the
approximate value predicted by Equation 4.1.1(0. The following table gives a comparison for a ten year period. Each exact answer
corresponds to the time of the year-end deposit, and each year is assumed to have exactly 52 weeks.

Table 4.1.3
- Approximate Value of Exact Yalue of P Error Q — P Percentage Error
Q (Example 4.1.6 ) (Exercise 4.1.21) (Q—P)/P
1 $3741.42 $3739.87 $1.55 .0413
2 6652.36 6649.17 3.19 .0479
3 9743.30 9738.37 4.93 .0506
4 13, 025.38 13, 018.60 6.78 .0521
5 16, 510.41 16, 501.66 8.75 .0530
6 20, 210.94 20, 200.11 10.83 .0536
7 24,140.30 24,127.25 13.05 .0541
8 28, 312.63 28,297.23 15.40 .0544
9 32,742.97 32,725.07 17.90 .0547
10 37,447.27 37,426.72 20.55 .0549

The Logistic Equation
So far we have talked about the exponential growth and decay problem
N' =aN

When talking about population growth, in particular, there are often real-life restrictions that limit unbounded population growth.
The differential equation resulting from this situation is called the logistic equation, which we discuss here.

In a logistic problem the coefficient, a, on N is no longer constant. Rather, it is a function of IV itself resulting in

N'=f(N)N
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Now, f(N) can take on many different forms, but we will limit ourselves to when it describes a line f(N) =a—+N where
f(0)=a and f(L) =0 and L is the limiting value of N. Note that f(0) = a as we would expect because in the beginning we
would have pure exponential growth. However, as time goes on the growth rate would decrease until we reach the limiting
population, leading to f(L) = 0.

For the logistic equations in this class we will only consider equations of the form

N’ :(a—%N)N (4.1.11)

v/ Example 4.1.7

Sang's Boba Shop decides to advertise by putting flyers around campus at CRC. The time is in weeks and the limiting
population that could see the flyers is estimated to be 10,000. If N(0) = 500 and N (1) = 1000, find

a. The number of people who have seen the flyers at any time.

b. How long it takes for 5000 people to see the flyer.

Solution a:

Using Equation 4.1.11along with the conditions given we get the following IVP:

dN a
— =(a-
dt 10,000

N)N; N(0)=500,N(1)=1000
Although this is a separable equation, it would require a not so nice partial fractions, so we will use the fact that it is also a

Bernoulli equation:

dN —a 9
o Y= 10000

Solving this and applying our conditions we get

10,000
1 19(-E)
Solution b:
Letting N=5000 we get
1
000 = 10,000 0090
14+19(55)"
and solving for t we get
_ In(1/19) 3 4
In(9/19)

So, it in about 4 weeks about 5000 people will have seen the flyer.

Nevertheless, Sang's Boba Shop went out of business because Sang is no business person...

This page titled 4.1: Growth and Decay is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 4.1: Growth and Decay by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https:/digitalcommons.trinity.edu/mono/9.
o 4.4: Autonomous Second Order Equations by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.1E: Growth and Decay (Exercises)

In Exercises 1-6, a radioactive substance decays at a rate proportional to the amount present at any time t.

1. The half-life of a radioactive substance is 3200 years. Find the quantity Q(¢) of the substance left at time ¢ >0 if
Q(0)=20g.

2. The half-life of a radioactive substance is 2 days. Find the time required for a given amount of the material to decay to
1/10 of its original mass.

3. A radioactive material loses 25% of its mass in 10 minutes. What is its half-life?

4. A tree contains a known percentage pg of a radioactive substance with half-life 7. When the tree dies the substance decays
and isn’t replaced. If the percentage of the substance in the fossilized remains of such a tree is found to be p;, how long has
the tree been dead?

5. If ¢, and ¢, are the times required for a radioactive material to decay to 1/pand 1/gq times its original mass (respectively),
how are ¢, and ¢, related?

6. Find the decay constant k for a radioactive substance, given that the mass of the substance is ) at time ¢; and @ at time
ts.
7. A process creates a radioactive substance at the rate of 2 g/hr and the substance decays at a rate proportional to its mass, with
constant of proportionality k = .1(hr) ! If Q(t) is the mass of the substance at time ¢, find lim; ., Q ().
8. A bank pays interest continuously at the rate of 6%. How long does it take for a deposit of @y to grow in value to 2Qq?

9. At what rate of interest, compounded continuously, will a bank deposit double in value in 8 years?

10. A savings account pays 5% per annum interest compounded continuously. The initial deposit is @)y dollars. Assume that there
are no subsequent withdrawals or deposits.

a. How long will it take for the value of the account to triple?
b. What is Q) if the value of the account after 10 years is $100,000 dollars?

11. A candymaker makes 500 pounds of candy per week, while his large family eats the candy at a rate equal to Q(¢)/10 pounds
per week, where Q(¢) is the amount of candy present at time ¢.

a. Find Q(t) for ¢ > 0 if the candymaker has 250 pounds of candy at ¢t =0.
b. Find limy o, Q ().

12. Suppose a substance decays at a yearly rate equal to half the square of the mass of the substance present. If we start with 50 g of
the substance, how long will it be until only 25 g remain?

13. A super bread dough increases in volume at a rate proportional to the volume V present. If V increases by a factor of 10 in 2
hours and V(0) = Vg, find V at any time ¢. How long will it take for V" to increase to 100V?

14. A radioactive substance decays at a rate proportional to the amount present, and half the original quantity Qg is left after 1500
years. In how many years would the original amount be reduced to 3Q)(/4? How much will be left after 2000 years?

15. Phuong can magically create gold continuously at the rate of 1 ounce per hour, but her assistant PINK steals it continuously at
the rate of 5% of however much is there per hour. Let W (¢) be the number of ounces that Phuong has at time ¢. Find W (¢) and
limy o W(t)if W(0) =1.

16. A process creates a radioactive substance at the rate of 1 g/hr, and the substance decays at an hourly rate equal to 1/10 of the
mass present (expressed in grams). Assuming that there are initially 20 g, find the mass S(t) of the substance present at time ¢, and
find limy o S(t).

17. A tank is empty at ¢ = 0. Water is added to the tank at the rate of 10 gal/min, but it leaks out at a rate (in gallons per minute)
equal to the number of gallons in the tank. What is the smallest capacity the tank can have if this process is to continue forever?

18. A person deposits $25,000 in a bank that pays 5% per year interest, compounded continuously. The person continuously
withdraws from the account at the rate of $750 per year. Find V'(¢), the value of the account at time ¢ after the initial deposit.
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19. A person has a fortune that grows at rate proportional to the square root of its worth. Find the worth W of the fortune as a
function of ¢ (in years) if it was $1 million six months ago and is $4 million today.

20. Let p = p(t) be the quantity of a product present at time ¢. The product is manufactured continuously at a rate proportional to

p, with proportionality constant 1/2, and it is consumed continuously at a rate proportional to p%, with proportionality constant 1/8.
Find p(¢) if p(0) = 100.

21. A person infected with a virus goes to an isolated island inhabited by 1000 (including himself) people. If the rate of virus
spread is proportional to the product of the number of infected people and the number of people not infected, how many people
were infected after 6 days if the number of people infected after 4 days is 50.

22. A lake with an estimated limiting population of 6000 fish was stocked with 1000 fish in the year 2000. In 2007 it was estimated
that there were 3000 fish. How many fish were in the lake in 20217

23. In 2010 there were approximately 700 monkeys living on an island. In 2020 there were about 1000 of them. If the estimated
limiting population is 7000, how many monkeys should we expect to be living on the island in 2030?

24. In 1994 there were approximately 500 sea otters living near an island in the pacific. In 2005 there were about 700 otters. If it is
estimated that the waters around the island can support a maximum of 3000 otters, find how many otters will be living there in
2025.

This page titled 4.1E: Growth and Decay (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 4.1E: Growth and Decay (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.2: Cooling and Mixing

Newton’s Law of Cooling

Newton’s law of cooling states that if an object with temperature T'(¢) at time ¢ is in a medium with temperature T, (¢), the rate of
change of T at time ¢ is proportional to T'(¢) — T,,,(¢) ; thus, T satisfies a differential equation of the form

T =k(T —Tp). (4.2.1)
For simplicity, in this section we’ll assume that the medium is maintained at a constant temperature 77,,. This is another example of
building a simple mathematical model for a physical phenomenon. Like most mathematical models it has its limitations. For

example, it is reasonable to assume that the temperature of a room remains approximately constant if the cooling object is a cup of
coffee, but perhaps not if it is a huge cauldron of molten metal.

To solve Equation 4.2.1, we can simply use separation of variables.

v/ Example 4.2.1

A ceramic insulator is baked at 400°C and cooled in a room in which the temperature is 25°C. After 4 minutes the temperature
of the insulator is 200°C. What is its temperature after 8 minutes?

Solution
Here T}, = 25, so Equation 4.2.1 becomes

dT
— =k(T-25) (4.2.2)

Separating variables and solving we get
T = ceM 4-25. (4.2.3)
We determine ¢ and k from the stated conditions that 7'(0) = 400 and T'(4) = 200; solving we get
T =375(7/15)Y/4) 4 25,
the graph of which is shown in Figure 4.2.1 below.

Therefore the temperature of the insulator after 8 minutes is

T(8) =375(7/15)(8/4) 125 ~ 107°C.

400
350 —\

300 -

|

200 -

150 -

B0 - T—

5 10 15 20 25 ]

Figure 4.2.1: T = 375(7/15)%/% 425

v/ Example 4.2.2

https://math.libretexts.org/@go/page/103490


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103490?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/04%3A_Applications_of_First_Order_Equations/4.02%3A_Cooling_and_Mixing

LibreTexts"

An object with temperature 72°F is placed outside, where the temperature is —20°F. At 11:05 the temperature of the object is
60°F and at 11:07 its temperature is 50°F. At what time was the object placed outside?

Solution
Let T'(¢) be the temperature of the object at time ¢. For convenience, we choose the origin tp = 0 of the time scale to be 11:05 so
that T'(0) = 60. We must determine the time ¢ when T'(¢) = 72. Substituting T, = —20 into Equation 4.2.1 yields

dT
— =k(T+20) (4.2.4)
dt
Separating variables and solving we get
T = cek —20. (4.2.5)

We determine ¢ and k from the stated conditions that 7'(0) = 60 and T'(2) = 50; solving we get
T =80(7/8)? — 20,

the graph of which is shown in Figure 4.2.2 below.

and the condition T'(¢) = 72 implies that
72 =80(7/8)(¢/2) —20;

hence,
In 22
b= 2—70 ~ —2.09 min.
111 §
;
A
100 |
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I
: &0
I
|
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I 20
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Figure 4.2.2 : T = 80(7/8)#/? — 20

Therefore the object was placed outside about 2 minutes and 5 seconds before 11:05; that is, at 11:02:55.

Mixing Problems

In the next two examples a saltwater solution with a given concentration (weight of salt per unit volume of solution) is added at a
specified rate to a tank that initially contains saltwater with a different concentration. The problem is to determine the quantity of
salt in the tank as a function of time. This is an example of a mixing problem. To construct a tractable mathematical model for
mixing problems we assume in our examples (and most exercises) that the mixture is stirred instantly so that the salt is always
uniformly distributed throughout the mixture.

v/ Example 4.2.3

A tank initially contains 40 pounds of salt dissolved in 600 gallons of water. Starting at t; = 0, water that contains 1/2 pound
of salt per gallon is poured into the tank at the rate of 4 gal/min and the mixture is drained from the tank at the same rate
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(Figure 4.2.3).

a. Find a differential equation for the quantity Q(t) of salt in the tank at time ¢ > 0, and solve the equation to determine Q ().
b. Find limy o0 Q ().

Solution a

To find a differential equation for Q, we must use the given information to derive an expression for Q’. But Q' is the rate of
change of the quantity of salt in the tank changes with respect to time; thus, if rate in denotes the rate at which salt enters the
tank and rate out denotes the rate by which it leaves, then

Q' =rate in —rate out. (4.2.6)

4 gal/min; .5 Ib/gal

600 gal

:

4 gal/min
Figure 4.2.3 : A mixing problem

The rate in is
1 . .
(5 lb/gal) x (4 gal/min) = 2 Ib/min.

Determining the rate out requires a little more thought. We’re removing 4 gallons of the mixture per minute, and there are
always 600 gallons in the tank; that is, we are removing 1/150 of the mixture per minute. Since the salt is evenly distributed in
the mixture, we are also removing 1/150 of the salt per minute. Therefore, if there are Q(¢) pounds of salt in the tank at time
t, the rate out at any time ¢ is Q(¢)/150. Alternatively, we can arrive at this conclusion by arguing that

rate out = (concentration) x (rate of flow out)

= (Ib/gal) x (gal/min)

— @ X 4
600
Q)
150 °
We can now write Equation 4.2.6 as
@12
150
This first order equation can be rewritten as
y, @
=4 =9
AT ik

which is a linear equation; solving we get

Q =300 —260e /150,

the graph of which is shown in Figure 4.2.4 below.
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Figure 4.2.4 : Q = 300 — 260e%/150

Solution b

It is easy to see from calculus that limy .. Q(¢) =300 for any value of Q(0). This is intuitively reasonable, since the
incoming solution contains 1/2 pound of salt per gallon and there are always 600 gallons of water in the tank.

v/ Example 4.2.4

A 500-liter tank initially contains 10 g of salt dissolved in 200 liters of water. Starting at £ty = 0, water that contains 1/4 g of
salt per liter is poured into the tank at the rate of 4 liters/min and the mixture is drained from the tank at the rate of 2 liters/min
(Figure 4.2.5 ). Find a differential equation for the quantity Q(t) of salt in the tank at time ¢ prior to the time when the tank
overflows and find the concentration K (t) (g/liter) of salt in the tank at any such time.

Solution

We first determine the amount W (¢) of solution in the tank at any time ¢ prior to overflow. Since W (0) =200 and we are
adding 4 liters/min while removing only 2 liters/min, there’s a net gain of 2 liters/min in the tank; therefore,

W (t) = 2t +200.
Since W (150) = 500 liters (capacity of the tank), this formula is valid for 0 < ¢ < 150.
Now let Q(t) be the number of grams of salt in the tank at time ¢, where 0 < ¢ < 150. As in Example 4.2.3

Q' =rate in —rate out. (4.2.7)

4 liters/min; .25 g/liter

2t+200 liters

:

Figure 4.2.5 : Another mixing problem

The rate in is

(i g/liter) x (4 liters/min) =1 g/min. (4.2.8)

To determine the rate out, we observe that since the mixture is being removed from the tank at the constant rate of 2 liters/min
and there are 2¢ 4-200 liters in the tank at time ¢, the fraction of the mixture being removed per minute at time ¢ is
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2 1
2t+200 ¢t+100°
We’re removing this same fraction of the salt per minute. Therefore, since there are Q(¢) grams of salt in the tank at time ¢,
Q(t)
te out = . 4.2.9
rate out = <=—o ( )
Alternatively, we can arrive at this conclusion by arguing that
rateout = (concentration) x (rate of flow out) = (g/liter) X (liters/min)
_ QO _ Q0
= 2200 X2 = Th00°
Substituting Equation 4.2.8 and Equation 4.2.9 into Equation 4.2.7 yields
0-1-—9% & o+ o= (4.2.10)
t+100 t+100
which is a linear equation; solving we get
Q- t+100 4000
2 t+100°
Now let K(¢) be the concentration of salt at time ¢. Then
1 2000
Kt)=-——
4  (t+100)2
This is shown in Figure 4.2.6 .
K
A
25 -
20 -
15 -
/
i
10 —I;
os L
200 200 500 500 1000
: : _ 1 _ _2000
Figure 4.2.6 : K(t) = ; 100

This page titled 4.2: Cooling and Mixing is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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4.2E: Cooling and Mixing (Exercises)

1. A thermometer is moved from a room where the temperature is 70°F to a freezer where the temperature is 12°F. After 30
seconds the thermometer reads 40°F. What does it read after 2 minutes?

2. A fluid initially at 100°C is placed outside on a day when the temperature is —10° C, and the temperature of the fluid drops 20°C
in one minute. Find the temperature T'(t) of the fluid for ¢ > 0.

3. At 12:00 pm a thermometer reading 10°F is placed in a room where the temperature is 70°F. It reads 56° when it is placed
outside, where the temperature is 5°F, at 12:03. What does it read at 12:05 pm?

4. A thermometer initially reading 212°F is placed in a room where the temperature is 70°F. After 2 minutes the thermometer reads
125°F.

a. What does the thermometer read after 4 minutes?
b. When will the thermometer read 72°F?
c. When will the thermometer read 69°F?

5. An object with initial temperature 150°C is placed outside, where the temperature is 35°C. Its temperatures at 12:15 and 12:20
are 120°C and 90°C, respectively.

a. At what time was the object placed outside?
b. When will its temperature be 40°C?

6. An object is placed in a room where the temperature is 20°C. The temperature of the object drops by 5°C in 4 minutes and by
7°C in 8 minutes. What was the temperature of the object when it was initially placed in the room?

7. A cup of boiling water (212° F) is placed outside at 1:00 pm. One minute later the temperature of the water is 152°F. After
another minute its temperature is 112°F. What is the outside temperature?

8. A tank initially contains 40 gallons of pure water. A solution with 1 gram of salt per gallon of water is added to the tank at 3
gal/min, and the resulting solution drains out at the same rate. Find the quantity @ (¢) of salt in the tank at time ¢ > 0.

9. A tank initially contains a solution of 10 pounds of salt in 60 gallons of water. Water with 1/2 pound of salt per gallon is added
to the tank at 6 gal/min, and the resulting solution leaves at the same rate. Find the quantity @ (¢) of salt in the tank at time ¢ > 0.

10. A tank initially contains 100 liters of a salt solution with a concentration of .1 g/liter. A solution with a salt concentration of .3
g/liter is added to the tank at 5 liters/min, and the resulting mixture is drained out at the same rate. Find the concentration K(¢) of
salt in the tank as a function of ¢.

11. A 200 gallon tank initially contains 100 gallons of water with 20 pounds of salt. A salt solution with 1/4 pound of salt per
gallon is added to the tank at 4 gal/min, and the resulting mixture is drained out at 2 gal/min. Find the quantity of salt in the tank as
it is about to overflow.

12. Suppose water is added to a tank at 10 gal/min, but leaks out at the rate of 1/5 gal/min for each gallon in the tank. What is the
smallest capacity the tank can have if the process is to continue indefinitely?

13. A chemical reaction in a laboratory with volume V (in ft*) produces ¢; ft*/min of a noxious gas as a byproduct. The gas is
dangerous at concentrations greater than ¢, but harmless at concentrations < c. Intake fans at one end of the laboratory pull in fresh
air at the rate of g, ft3/min and exhaust fans at the other end exhaust the mixture of gas and air from the laboratory at the same rate.
Assuming that the gas is always uniformly distributed in the room and its initial concentration ¢ is at a safe level, find the smallest
value of g2 required to maintain safe conditions in the laboratory for all time.

14. A 1200-gallon tank initially contains 40 pounds of salt dissolved in 600 gallons of water. Starting at £y = 0, water that contains
1/2 pound of salt per gallon is added to the tank at the rate of 6 gal/min and the resulting mixture is drained from the tank at 4
gal/min. Find the quantity @ (¢) of salt in the tank at any time ¢ > 0 prior to overflow.

15. Tank 717 initially contain 50 gallons of pure water. Starting at £y = 0, water that contains 1 pound of salt per gallon is poured
into 77 at the rate of 2 gal/min. The mixture is drained from 77 at the same rate into a second tank 7%, which initially contains 50
gallons of pure water. Also starting at ¢y = 0, a mixture from another source that contains 2 pounds of salt per gallon is poured into
T5 at the rate of 2 gal/min. The mixture is drained from 7% at the rate of 4 gal/min.

a. Find a differential equation for the quantity Q(¢) of salt in tank 75 at time ¢ > 0.
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b. Solve the equation derived in (a) to determine Q(t).
c. Find lim; o Q(t).

16. Suppose an object with initial temperature T is placed in a sealed container, which is in turn placed in a medium with
temperature 7;,,. Let the initial temperature of the container be Sjy. Assume that the temperature of the object does not affect the
temperature of the container, which in turn does not affect the temperature of the medium. (These assumptions are reasonable, for
example, if the object is a cup of coffee, the container is a house, and the medium is the atmosphere.)

a. Assuming that the container and the medium have distinct temperature decay constants k and k,, respectively, use
Newton’s law of cooling to find the temperatures S(¢) and T'(¢) of the container and object at time ¢.

b. Assuming that the container and the medium have the same temperature decay constant k, use Newton’s law of cooling
to find the temperatures S(t) and T'(t) of the container and object at time ¢.

c. Find lim.; o S(t) and limy o, T'(2).

17. In our previous examples and exercises concerning Newton’s law of cooling we assumed that the temperature of the medium
remains constant. This model is adequate if the heat lost or gained by the object is insignificant compared to the heat required to
cause an appreciable change in the temperature of the medium. If this isn’t so, we must use a model that accounts for the heat
exchanged between the object and the medium. Let T'=T'(¢) and T}, = T, (¢) be the temperatures of the object and the medium,
respectively, and let Tjy and T}, be their initial values. Again, we assume that 7" and 77, are related by Newton’s law of cooling,

T' = k(T —T,,). (A)

We also assume that the change in heat of the object as its temperature changes from Ty to T is a(T —Tp) and that the change in
heat of the medium as its temperature changes from T,,0 to Ty, is am (T —Tmo) » where a and a,, are positive constants
depending upon the masses and thermal properties of the object and medium, respectively. If we assume that the total heat of the
system consisting of the object and the medium remains constant (that is, energy is conserved), then

(T —Tp) + am (T — Tong) = 0. (B)

a. Equation (A) involves two unknown functions 7" and 77,,. Use (A) and (B) to derive a differential equation involving only 7'.
b. Find T'(¢) and T}, (¢) fort > 0.
c. Find lim; o, T'(¢) and limy o, T3 (2).

18. Control mechanisms allow fluid to flow into a tank at a rate proportional to the volume V" of fluid in the tank, and to flow out at
a rate proportional to V2. Suppose V(0) = V; and the constants of proportionality are a and b, respectively. Find V() for ¢ > 0
and find limy_, V'(2).

19. A small lake containing 100,000 liters of water was contaminated with a pesticide from a train spill and 10 grams of the
pesticide ended up in the lake. A giant named Roy, who lives near the lake, likes to keep it well stirred with his very large stick. If
pure water is entering the lake at 300 liters per day and the well-mixed lake water leaves the lake at 200 liters per day, find:

a. The amount of the toxic substance in the lake at any time t.

b. How long it will take until the toxic substance is at a "safe" level of 1 gram.
This page titled 4.2E: Cooling and Mixing (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William E. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 4.2E: Cooling and Mixing (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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4.3: Elementary Mechanics

Newton's Second Law of Motion

In this section we consider an object with constant mass m moving along a line under a force F. Let y = y(¢) be the displacement
of the object from a reference point on the line at time ¢, and let v=v(t) and a = a(t) be the velocity and acceleration of the
object at time ¢. Thus, v=1%' and a =v' =" , where the prime denotes differentiation with respect to t. Newton’s second law of
motion asserts that the force F' and the acceleration a are related by the equation

F =ma. (4.3.1)
X Note: Units

In applications there are three main sets of units in use for length,force, and mass: the cgs, mks, and British systems. All three
use the second as the unit of time. Table 4.3.1 shows the other units. Consistent with Equation 4.3.1, the unit of force in each
system is defined to be the force required to impart an acceleration of (one unit of length)/s? to one unit of mass.

Table 4.3.1
Set Length Force Mass
cgs centimeter (cm) dyne (d) gram (g)
mks meter (m) newton (N) kilogram (kg)
British foot (ft) pound (Ib) slug (sl)

If we assume that Earth is a perfect sphere with constant mass density, Newton’s law of gravitation (discussed later in this
section) asserts that the force exerted on an object by Earth’s gravitational field is proportional to the mass of the object and
inversely proportional to the square of its distance from the center of Earth. However, if the object remains sufficiently close to
Earth’s surface, we may assume that the gravitational force is constant and equal to its value at the surface. The magnitude of
this force is mg, where g is called the acceleration due to gravity. (To be completely accurate, g should be called the
magnitude of the acceleration due to gravity at Earth’s surface.) This quantity has been determined experimentally.
Approximate values of g are

g =980 cm/s’ (cgs)
g =9.8m/s’ (mks)
g =32ft/s’ (British).

In general, the force F' in Equation 4.3.1 may depend upon ¢, y, and y'. Since a = 3", Equation 4.3.1 can be written in the form
my" :F(t7y7y/)a (432)

which is a second order equation. We’ll consider this equation with restrictions on F' later; however, since Chapter 2 dealt only
with first order equations, we consider here only problems in which Equation 4.3.2 can be recast as a first order equation. This is
possible if F' does not depend on y, so Equation 4.3.2is of the form

my" = F(t,y').
Letting v =19’ and v' = gy" yields a first order equation for v:
mv' = F(t,v). (4.3.3)

Solving this equation yields v as a function of ¢. If we know y(¢y) for some time #j, we can integrate v to obtain y as a function of
t.

Equations of the form Equation 4.3.3 occur in problems involving motion through a resisting medium.
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Motion Through a Resisting Medium Under Constant Force

Now we consider an object moving vertically in some medium. We assume that the only forces acting on the object are gravity and
resistance from the medium. We also assume that the motion takes place close to Earth’s surface and take the upward direction to
be positive, so the gravitational force can be assumed to have the constant value —mg. We’ll see that, under reasonable
assumptions on the resisting force, the velocity approaches a limit as ¢ — co. We call this limit the terminal velocity.

If an object with mass m moves under constant gravitational force through a medium that exerts a resistance with magnitude
proportional to the speed of the object (Recall that the speed of an object is |v|, the absolute value of its velocity v), then the total
force acting on the object is

F=—-mg+ Fy, (4.3.4)

where —myg is the force due to gravity and F} is the resisting force of the medium, which has magnitude k|v|, where k is a positive
constant. If the object is moving downward (v < 0), the resisting force is upward (Figure 4.3.1a ), so

F, = k|v| = k(—v) = —kv.
On the other hand, if the object is moving upward (v > 0), the resisting force is downward (Figure 4.3.1b ), so
Fy = —k|v| = —kv.
Thus, Equation 4.3.4 can be written as
F=—-mg—kv, (4.3.5)

regardless of the sign of the velocity.

F =-kv
¥ 1
v
(a) (b)
Figure 4.3.1 : Resistive forces
From Newton’s second law of motion,
F=ma=mv,
so Equation 4.3.5 yields
mv = —mg— kv,
or
, k
v +Ev= -9, (4.3.6)

which is a linear equation.
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v/ Example 4.3.1 Terminal Velocity

A 960-Ib object is given an initial upward velocity of 60 ft/s near the surface of Earth. The atmosphere resists the motion with a
force of 3 1b for each ft/s of speed. Assuming that the only other force acting on the object is constant gravity, find its velocity
v as a function of ¢, and find its terminal velocity.

Solution
Since mg =960 and g =32, m =960/32 = 30. The atmospheric resistance is —3wv Ib if v is expressed in feet per second.
Therefore

300 = —960 — 3v,

which we rewrite as

L= 3
v 10 v= ,
which is a linear equation; solving we get
v=—320+ce /10, (4.3.7)

The initial velocity is 60 ft/s in the upward (positive) direction; hence, v(0) = 60. Substituting ¢ = 0 and v = 60 yields
60 = —320 +c,
so ¢ = 380, and our solution becomes
v=—320+380e " ft/s
The terminal velocity is

lim v(t) = —320 ft/s.

t—o0

v/ Example 4.3.2

A 10 kg mass is given an initial downward velocity of 4 m/s near Earth’s surface. The only forces acting on it are gravity and
atmospheric resistance proportional to the square of the speed. Assuming that the resistance is 8 N if the speed is 2 m/s, find
the velocity of the object as a function of ¢, and find the terminal velocity.

Solution
Since the object is falling, the resistance is in the upward (positive) direction. Hence,

/

mv = —mg+ kv?, (4.3.8)

where k is a constant. Since the magnitude of the resistance is 8 N when v =2 m/s,

k(2%) =8,
so k =2 N-s?/m?. Since m = 10 and g = 9.8, Equation 4.3.8 becomes
100 = —98 + 20 = 2(v” — 49). (4.3.9)
We separate variables to obtain
1 ;1
= 4.3.10
—49" "5 (4.3.10)

which is convenient for the required partial fraction expansion

1 1 1 1 1
= = |l—== 2 4.3.11
vP—49  (v—T)(v+7) 14 L}—7 v+7] ( )

Substituting Equation 4.3.11into Equation 4.3.10yields
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SO

1 1 14
[v—7 a v—|—7] dv= g dt.
Integrating this yields
Injv—7|—In|v+7| =14t/5 +k.

Therefore

v—7T
‘ — oheldt/5

v+7
We can rewrite the last equation as
v—7 14t/5
— = 4.3.12
vr7 0 ( )
which is an implicit solution of Equation 4.3.9. Solving this for v yields
ce144/5
Since v(0) = —4, it Equation 4.3.12implies that
—4-7 11

‘T Tay7r T3
Substituting this into Equation 4.3.13and simplifying yields

—11 4 3¢7144/5
——.
—11 — 314/

Since vy < 0, v is defined and negative for all ¢ > 0. The terminal velocity is

tlig v(t) = —Tm/s,

which should be noted, is independent of vy .

v/ Example 4.3.3

A 10-kg mass is launched vertically upward from Earth’s surface with an initial velocity of 3 m/s. The only forces acting on the
mass are gravity and atmospheric resistance proportional to the square of the speed. Assuming that the atmospheric resistance
is 8 N if the speed is 2 m/s, find the time 7" required for the mass to reach maximum altitude.

Solution
The mass will climb while v > 0 and reach its maximum altitude when v = 0. Therefore

100 = —98 — 2. (4.3.14)
Separating variables yields
5 o —
v?+49
and integrating this yields
> tan! s —t+c
7 7T ’
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(Recall that tan™! u is the number 6 such that —7/2 < 6 < 7/2 and tan@ = u.) Since v(0) = 3,
c= 5 tan 3
7 7’
so v is defined implicitly by
v 5 3
7taxrl == —t+7tan*1 = 0<t< T. (4.3.15)
Solving this for v yields
t
v="Ttan —7——|—1;3Ln71 3 . (4.3.16)
5 7
Since v(T') =0, we get
T 3
0:7tan<—— +tan~! —>. (4.3.17)
5 7
Therefore,
T 3
—? +tan! 7 =0 (4318)
and
5 3
T== tan~" = ~0.289s.

Escape Velocity

Suppose a space vehicle is launched vertically from a body and assume that the gravitational forces of all other celestial bodies can
be neglected. The motion of the vehicle for ¢ >0 is that of an object with constant mass m under the influence of a
body's gravitational force, which we now assume to vary inversely with the square of the distance from body's center; thus, if we
take the upward direction to be positive then the gravitational force on the vehicle at an altitude y above the body is

K

F == _W, (4.3.19)
where R is the body's radius (Figure 4.3.2 ).
Y
[
—————————————— y=h
—7 —= x— y=0
S A PP

Figure 4.3.2 : Escape velocity

Since F' = —mg when y = 0, setting y = 0 in Equation 4.3.19yields

K-
ﬁr

—mg=—
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therefore K = mgR? and Equation 4.3.19can be written more specifically as

2
_ Mok (4.3.20)
(y+R)?

From Newton’s second law of motion,

so Equation 4.3.20implies that

d2 R2
£y _ 9t (4.3.21)
dt? (y+R)?
Since Equation 4.3.21 is second order, we cannot solve it by methods discussed so far. However, we are concerned with v rather
than y, and v is easier to find. Since v =y’ the chain rule implies that

d’y dv dvdy dv

—_—— T ——Y)—/™,

dt? dt dydt dy
Substituting this into Equation 4.3.21yields the first order separable equation

dv gR?
v— =—————. 4.3.22
dy  (y+R)? ( )
We now consider v to be a function of y with the initial velocity being v(0) = v, . Therefore we can obtain v as a function of y by
solving the initial value problem

UZ—Z = —%, v(0) = vp.
Equation 4.3.22is a separable equation which yields
% = yngR te. (4.3.23)
Since v(0) = vy,
0
c=- —9h,

so Equation 4.3.23becomes

Solving for v(y) we get

2 2
v(y) = \/ 29R° +v2 —2gR (4.3.24)

If the object is to escape the gravitational field of the body, ¥ needs to not become negative. With this in mind we consider what
happens if the object were to keep going indefinitely. We do this by letting y approach oo in 4.3.24 which leads to v approaching

\/va —2gR. (4.3.25)

The parenthetical expression in Equation 4.3.25 is nonnegative, so vg —2gR > 0, which gives us vg > /2gR . This proves that

there’s an escape velocity v., which we take to be the minimum value of vy which is

Ve = 4/2gR.
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4.3E: Elementary Mechanics (Exercises)

Except where directed otherwise, assume that the magnitude of the gravitational force on an object with mass m is constant and
equal to mg. In exercises involving vertical motion take the upward direction to be positive.

1. A firefighter who weighs 192 Ib slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to his velocity, with k = 2.5 lb-s/ft. Assuming that he starts from rest, find his velocity as a function of time and find
his terminal velocity.

2. A firefighter who weighs 192 1b slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to her velocity, with constant of proportionality k. Find k, given that her terminal velocity is —16 ft/s, and then find
her velocity v as a function of ¢. Assume that she starts from rest.

3. A boat weighs 64,000 Ib. Its propellor produces a constant thrust of 50,000 lb and the water exerts a resistive force with
magnitude proportional to the velocity, with &£ = 2000 1b-s/ft. Assuming that the boat starts from rest, find its velocity as a function
of time, and find its terminal velocity.

4. A constant horizontal force of 10 N pushes a 20 kg-mass through a medium that resists its motion with .5 N for every m/s of
velocity. The initial velocity of the mass is 7 m/s in the direction opposite to the direction of the applied force. Find the velocity of
the mass for ¢ > 0.

5. A stone weighing 1/2 1b is thrown upward from an initial height of 5 ft with an initial speed of 32 ft/s. Air resistance is
proportional to velocity, with k¥ = 1/128 Ib-s/ft. Find the maximum height attained by the stone.

6. A 3200-1b car is moving at 64 ft/s down a 30-degree grade when it runs out of fuel. Find its velocity after that if friction exerts a
resistive force with magnitude proportional to the square of the velocity, with k& = 1 Ib-s? / £t* . Also find its terminal velocity.

7. A 96 Ib weight is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the velocity. Find its
velocity as a function of time if its terminal velocity is —128 ft/s.

8. An object weighing 256 1b is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the
square of the velocity. The magnitude of the resisting force is 1 Ib when |v| =4 ft/s. Find v for ¢ > 0, and find its terminal
velocity.

9. An object with mass m is given an initial velocity vy <0 in a medium that exerts a resistive force with magnitude proportional
to the square of the velocity. Find the velocity of the object for ¢ > 0, and find its terminal velocity.

In Exercises 10 and 11, assume that the force due to gravity is given by Newton’s law of gravitation. Take the upward direction to
be positive.

10. A space probe is to be launched from Earth. Determine its escape velocity in miles/s. Take Earth’s radius to be 3960 miles.

11. A space vehicle is to be launched from the moon, which has a radius of about 1080 miles. The acceleration due to gravity at the
surface of the moon is about 5.31 ft/s. Find the escape velocity in miles/s.

This page titled 4.3E: Elementary Mechanics (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 4.3E: Elementary Mechanics (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

5: Linear Second Order Equations

In this chapter, we study a particularly important class of second order equations. Because of their many applications in science and
engineering, second order differential equation have historically been the most thoroughly studied class of differential equations.
Research on the theory of second order differential equations continues to the present day.

5.1: Homogeneous Linear Equations
5.1.1: Homogeneous Linear Equations (Exercises)
5.2: Reduction of Order
5.2.1: Reduction of Order (Exercises)
5.3: Constant Coefficient Homogeneous Equations
5.3.1: Constant Coefficient Homogeneous Equations (Exercises)
5.4: Nonhomogeneous Linear Equations
5.4.1: Nonhomgeneous Linear Equations (Exercises)
5.5: Annihilation
5.5.1: Annihilation (Exercises)
5.6: Variation of Parameters
5.6.1: Variation of Parameters (Exercises)
5.7: Cauchy-Euler Equations
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5.1: Homogeneous Linear Equations

If you have not had Math 410 (linear algebra), then you will need to read Appendix 11.3 before starting Chapter 5.

& Definition 5.1.1

A second order differential equation is said to be linear if it can be written as

Y +p()y +q(z)y = f(z). (5.1.1)

We call the function f on the right a forcing function, since in physical applications it is often related to a force acting on some
system modeled by the differential equation. We say that Equation 5.1.1 is homogeneous if f =0 or nonhomogeneous if

f#0.

Note: This use of homogeneous is different from how we used it in section 2.4, but should not cause confusion.

Since these definitions are like the corresponding definitions in Section 2.3 for the linear first order equation

Y +p(x)y = f(z), (5.1.2)

it is natural to expect similarities between methods of solving Equation 5.1.1 and Equation 5.1.2. However, solving Equation 5.1.1
is more difficult than solving Equation 5.1.2. In this case it is necessary to solve the homogeneous equation

y'+p(x)y +a(z)y=0 (5.1.3)
before we solve the nonhomogeneous Equation 5.1.1, and this section is devoted to studying (not solving) Equation 5.1.3.

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value problems for Equation 5.1.3.
We omit the proof.

& Theorem 5.1.1

Suppose p and ¢ are continuous on an open interval (a,b), let 2o be any point in (a, b), and let ko and k; be arbitrary real
numbers. Then the initial value problem

v +p(2)y +a(z)y =0, y(zo) = ko, ¥ (z0) = k1

has a unique solution on (a, b).

Since y =0 is obviously a solution of Equation 5.1.3 we call it the trivial solution. Any other solution is nontrivial. Under the
assumptions of Theorem 5.1.1, the only solution of the initial value problem

y'+p@)y +a(@)y =0, y(z0) =0, y'(z0) =0
on (a, b) is the trivial solution.

The next three examples illustrate concepts that we’ll develop later in this section. You shouldn’t be concerned with how to find the
given solutions of the equations in these examples. This will be explained in later sections.

v/ Example 5.1.1

The coefficients of ¢’ and y in
y'—y=0 (5.1.4)

are the constant functions p =0 and ¢ = —1, which are continuous on (—o0, 00). Therefore Theorem 5.1.1 implies that every
initial value problem for Equation 5.1.4 has a unique solution on (—o0, 00).

T

a. Verify that y; = e® and y, = e~

are solutions of Equation 5.1.4 on (—oo, 00).

https://math.libretexts.org/@go/page/103499


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103499?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/05%3A_Linear_Second_Order_Equations/5.01%3A_Homogeneous_Linear_Equations

LibreTexts"

b. Verify that if ¢; and ¢, are arbitrary constants, y = c;e* + coe™
c. Solve the initial value problem

 is a solution of Equation 5.1.4 on (—o0, 00).

y'—y=0, y(0)=1, y'(0)=3. (5.1.5)
Solution a
If y1 = e” theny] =e® and y; =€”, so
Yy —y1 =e® —e” =0.

T T

Ifyy=e®,theny, =—e® andy) =€ ?, so

Yy —y2=e " —e " =0.

Solution b
If

y=ce’ +ce’” (5.1.6)
then

Y =cie® —cpe”® (5.1.7)
and

y' =cie® +coe 7,
o)

y'—y =(c1e” +c2e ) —(c1e” +c2e”®)
=ci(e® —€*)+ec(e®—e*)=0

for all z. Therefore y = c;€® 4+ ce™ is a solution of Equation 5.1.4 on (—o0, 00).
Solution ¢

We can solve Equation 5.1.5 by choosing ¢; and ¢, in Equation 5.1.6 so that y(0) =1 and y'(0) = 3. Setting z =0 in
Equation 5.1.6 and Equation 5.1.7 shows that this is equivalent to

c1+te =1
Cl1 —C = 3.
Solving these equations yields ¢; =2 and ¢y = —1. Therefore y = 2e® —e™® is the unique solution of Equation 5.1.5 on

(—o00, 00).

Theorem 5.1.1 implies that if kg and k; are arbitrary real numbers then the initial value problem
Py(z)y" + Pi(z)y' +Pa(2z)y =0, y(zo) =ko, y'(z0) =k (5.1.8)

has a unique solution on an interval (a, b) that contains ¢, provided that Py, P;, and P, are continuous and P, has no zeros on
(@, b). To see this, we rewrite the differential equation in Equation 5.1.8 as

y//+P1('T) / P2(:L')

y=0

_|_
P()’ " Pilo)
and apply Theorem 5.1.1 withp = P, /Py and g = P,/ Py .

https://math.libretexts.org/@go/page/103499


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103499?pdf

LibreTexts"

The equation

2. 1

'y +xy —4y=0 (5.1.9)

has the form of the differential equation in Equation 5.1.8, with Py(z) = z2, P;(z) =z, and Py(x) = —4, which are are all
continuous on (—oo, 00). However, since Py(0) =0 we must consider solutions of Equation 5.1.9 on (—o0,0) and (0, co).
Since P, has no zeros on these intervals, Theorem 5.1.1 implies that the initial value problem

2’y +ay —dy=0, ylzo)=ko, y'(z0)=h
has a unique solution on (0, 00) if ¢y > 0, or on (—o0, 0) if zy < 0.

a. Verify that y; = 2 is a solution of Equation 5.1.9 on (—o0,00) and yp =1/ z? is a solution of Equation 5.1.9 on

(—00,0) and (0, co).
b. Verify that if ¢; and c; are any constants then y = ¢;x2 +cy /2 is a solution of Equation 5.1.9on (—o0, 0) and (0, o).
c. Solve the initial value problem

2y +oy —4y=0, y(1)=2, ¢'(1)=0. (5.1.10)
d. Solve the initial value problem
22y +xy —4y=0, y(-1)=2, 3'(~1)=0. (5.1.11)
Solution a
If y; = 22 then ¢} =2z and y{ =2, so
xzy{’ +ay] —4y = 2?(2) +z(2z) —42> =0

for z in (—00,00). If yo = 1/2?, then y), = —2/z* and y§ =6/2*, so

6 2 4
2y} +ay) —dys = (;) - (m—g) —24 o

for z in (—o0, 0) or (0, 00).

Solution b
If

y201$2+% (5.1.12)
then

y/:201$_% (5.1.13)
and

Y’ =2¢1+ %,
S0

6 2
wzy"—f—zy' —4y =7’ (201 —1—%) +x (201:13 — %) —4 (clmz +C—22)
79 x )

6 2 4
:cl(2w2+2x2—4x2)+c2 ( ————— )
=c1:0+c-0=0

for  in (—o0, 0) or (0, 00).

Solution ¢
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To solve Equation 5.1.1(, we choose ¢; and ¢y in Equation 5.1.12so that y(1) =2 and y'(1) = 0. Setting = 1 in Equation
5.1.12and Equation 5.1.13shows that this is equivalent to

c1+ ¢ =2
201 — 262 =0.
Solving these equations yields ¢; =1 and c; = 1. Therefore y = 2? +1/2? is the unique solution of Equation 5.1.10 on
(0, 00).
Solution d

We can solve Equation 5.1.11by choosing ¢; and ¢, in Equation 5.1.12so that y(—1) =2 and y'(—1) = 0. Setting z = —1
in Equation 5.1.12and Equation 5.1.13shows that this is equivalent to

c1+ ¢ =2
—2c¢1 +2¢y =0.

Solving these equations yields ¢; =1 and ¢, = 1. Therefore y =z +1 / x? is the unique solution of Equation 5.1.11 on
(_007 0)

Although the formulas for the solutions of Equation 5.1.10 and Equation 5.1.11 are both y = 2 +1 /22, you should not
conclude that these two initial value problems have the same solution. Remember that a solution of an initial value problem is
defined on an interval that contains the initial point; therefore, the solution of Equation 5.1.101is y =2 +1/2> on the
interval (0, 00), which contains the initial point £o = 1, while the solution of Equation 5.1.111is y =z%+1/2® on the
interval (—oo, 0), which contains the initial point g = —1.

# Definition 5.1.2

If y; and y» are defined on an interval (a, b) and c¢; and ¢, are constants, then we call

Yy =c1y1 +C2y2

a linear combination of y; and ys.

v/ Example 5.1.3

T T

y=c1e” +cye® isalinear combination of y; =e* andyo = e *.

2 2

y=c x2 4+ coz~? is a linear combination of Y1 = z? and Yo = °.

The next theorem states a fact that we’ve seen verified in Examples 5.1.1 and 5.1.2 .

& Theorem 5.1.2

If y; and y, are solutions of the homogeneous equation

y'+p(z)y +q(z)y =0 (5.1.14)
on (a, b), then any linear combination

Y =ciy1 +c2yp (5.1.15)

of y; and y, is also a solution of (5.1.14)on (a, b).
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If
Y =c1y1 +C2y2
then
Yy =cy] teyy and Yy’ =ciy) + eyl
Therefore

Y +p@)y +a(@)y = (ay) +cuy) +p(@)(cy] +c2yy) +q(x)(c1yr +c2y2)
=c1 (¥ +p(@)y; +q(z)y1) +c2 (v +p(2)yh +q(x)y2)
201'0+CQ'0:0,

since y; and y are solutions of Equation 5.1.14,

The General Solution of a Homogeneous Linear Second Order Equation

You should note that both of Example 5.1.1 and Example 5.1.2 are second order homogeneous differential equations and each had
two solutions; this is not a coincidence and we will see why this is true later in this chapter. For now though, we need to discuss
how these solutions are "independent" from one another.

# Definition 5.1.3

We say that two functions y; and y, defined on an interval (a, b) are linearly independent on (a,b) if neither is a constant
multiple of the other on (a, b). In particular, this means that neither can be the trivial solution of Equation 5.1.14, since, for
example, if y; =0 we could write y; = Oy, . We’ll also say that the set {y1, 2 } is linearly independent on (a, b).

v/ Example 5.1.4

Since €% /e~ = €22 is nonconstant, y; = e® and ¥, = e ® from Example 5.1.1 are linearly independent on (—o0, c0).

Since z? / =2 =z* is nonconstant, y; =z and ¢ =2 from Example 5.1.2 are linearly independent on (—o00,0) and
(0, 00).

# Definition 5.1.4

We say that any set of two linearly independent solutions {y1,y2} of (5.1.14)on (a,b) is a fundamental set of solutions of
Equation 5.1.140n (a, b).

v/ Example 5.1.5

{y1 =€*,yo = e " } is a fundamental set of solutions of the differential equation in Example 5.1.1

{y1 = 2%,y = 2% } is a fundamental set of solutions of the differential equation in Example 5.1.2

# Definition 5.1.5

The set of all linear combinations of a fundamental set of solutions y; and y, of Equation 5.1.15is called the general solution
of (5.1.14)on (a,b).

v/ Example 5.1.6

y =c1€” +coe”® is the general solution of the differential equation in Example 5.1.1.

y=ciz’> +cax? is the general solution of the differential equation in Example 5.1.2.
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Let's take a moment to discuss why a fundamental set of solutions is so important - we'll also develop an important idea we will use
later in the class.

Suppose p and g are continuous on (a, b) and {y;, ¥} is a fundamental set of solutions of the homogeneous equation
y" +p(x)y +q(z)y =0 (5.1.16)
on (a, b).

Let x( be an arbitrary point in (a, b), and suppose a linear combination of {y1,y2}, ¥y = c1y1 +c2y2 , is an arbitrary solution of
Equation 5.1.160n (a, b). Then, solving for ¢; and cy will give us the unique solution of the initial value problem

y'+p(@)y +a(z)y=0, y(zo)=ko, ¥'(z0)=ki; (5.1.17)

that is, ko and k; are the numbers obtained by evaluating y and g’ at xy. Moreover, ky and k; can be any real numbers, since
Theorem 5.1.1 implies that Equation 5.1.17 has a solution no matter how kg and k; are chosen. Therefore {y1,y2} is a
fundamental set of solutions of Equation 5.1.16 on (a, b) if and only if it is possible to write any solution of the initial value
problem Equation 5.1.17as y = c1y1 + coy2 . This is equivalent to requiring that the system

C1y}($0)+c2y?($o) = ko (5.1.18)
c1y; (zo) + cavh (z0) = ks
has a solution (¢, cg) for every choice of (ko, k1 ). Let’s try to solve Equation 5.1.18&
Multiplying the first equation in Equation 5.1.18by y}(zo) and the second by y» (o) yields
c1y1(2o)ys (o) + c2y2(0)y5(z0) = y5(zo)ko
19y (20)y2 (o) + c2y3 (wo)y2 (o) =y2(2o)k1,
and subtracting the second equation here from the first yields
(y1(z0)yh (o) — y1 (z0)y2(20)) c1 = Yh (o) ko — y2 (o) K1 (5.1.19)
Multiplying the first equation in Equation 5.1.18by 3 (o) and the second by y; () yields
c1y1(zo)y (zo) + c2y2 (o)1 (o) =i (zo)ko
c1y; (zo)y1(zo) +c2yp (x0)yr (o) =y1(zo)k1,
and subtracting the first equation here from the second yields
(y1(z0)y3(z0) — yi (z0)y2(z0)) c2 = y1(z0) k1 — Y1 (zo0)ko- (5.1.20)
If
Y1(20)ys (o) — ¥y (To)y2 (o) # 0 (5.1.21)
we can divide Equation 5.1.19and Equation 5.1.20through by the quantity on the left to obtain

Y (%0) ko—ya (z0) k1
h (Zo)yé(zo)—y{(%)yz(wo)
Yy (20) k=4 () ko
1 (20) w3 (20) —y] (0)y2(20)’

C1 =
(5.1.22)

Cy —

no matter how kq and k; are chosen. This motivates us to consider conditions on y; and y» that imply Equation 5.1.21.

This is only possible if y1 (2o )y5 (o) — 7 (®0)y2(20) # 0 and this is only the case when y; and y, are linearly independent.

The Wronskian

The expression 1y —y;y2 is very important in this class and we define it formally here.

# Definition 5.1.6

The function W = y1y5 —y; 2 is called the Wronskian of {y1,y2}

The Wronskian is a determinant and is written

https://math.libretexts.org/@go/page/103499
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& Theorem 5.1.3

Suppose p and q are continuous on (a, b), let y; and y, be solutions of
¥ +p(@)y +q(z)y=0 (5.1.23)
on (a,b).
Then
a. y; and y» are a set of linearly independent solutions of 5.1.23if and only if W+ 0 on (a, b).
b. y; and y, are a set of linearly dependent solutions 5.1.23if and only if W= 0 on (a, b).

So, ¥ and y, are a fundamental set of solutions of 5.1.23if and only if W+ 0 on (a, b), and y = c1y; +cays is therefore the
general solution of 5.1.23

v/ Example 5.1.7

Use Theorem 5.1.3 to verify that the solutions from Examples 5.1.1 and 5.1.2 form a fundamental set of solutions to the given

differential equations.
ay'—y=0; yp=e’,p=e"
b. 22y +zy —4y=0; y =z, yo =1/z>

Solution a
eﬂ? e—:l?
W=, ., |=e(-e")—eer=—2%0
e’ —e
for all x.
Solution b
2?2  1/x? 2 2 1 4
_ - )2 =)==-= . .1.24
W(z) S z ( m3) :c(mZ) m%O (5 )

for all z on (—o0, 0) or (0, 00).

v/ Example 5.1.8

Use the Wronskian to show y; = 2 and y = 52° are linearly dependent.

Solution
z° 528

WE@)=la 1552

=2’ (152%) — 32” (52°) =0. (5.1.25)

for all .

The natural question here is: why do we need a Wronskian to determine linear independence if we can just check to see if one
solution is a multiple of another solution? While that is true, it won't be so easy to see linear independence if we move to higher
order equations, and then it will become indispensable. Additionally, this idea plays a significant role in solving nonhomogeneous
equations later in the chapter.

This page titled 5.1: Homogeneous Linear Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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5.1.1: Homogeneous Linear Equations (Exercises)

1.
a. Verify that y; = e?* and y, = 5% are solutions of
y' —Ty +10y =0 (A)
on (—00, 00).
b. Verify that if ¢; and ¢, are arbitrary constants then y = c;e2% + €% is a solution of (A) on (—00, 00).
c. Solve the initial value problem
y' =Ty’ +10y =0, y(0)=-1, y'(0)=1.
2.
a. Verify that y; = e® cosz and ys = e” sinx are solutions of
y' -2y +2y=0 ()
on (—00, ).
b. Verify that if ¢; and ¢, are arbitrary constants then y = c¢;e” cosz + cpe” sinz is a solution of (A) on (—o0, 00).
c. Solve the initial value problem
y' =2y’ +2y=0, y(0)=3, y'(0)=-2.
3.
a. Verify that y; = e® and y2 = xe® are solutions of
y' =2y’ +y=0 (A)
on (—00, 00).
b. Verify that if ¢; and ¢, are arbitrary constants then y = e”(c; + cax) is a solution of (A) on (—o0, 00).
c. Solve the initial value problem
y' =2y +y=0, y(0)=7, y'(0)=4.
4,

a. Verify thaty; =1/(x —1) andy, =1/(z +1) are solutions of
(2 —1)y" +4zy +2y =0 (A)

on (—oo, —1), (=1, 1), and (1, 0o). What is the general solution of (A) on each of these intervals?
b. Solve the initial value problem

(z® —1)y" +4zy’ +2y =0, y(0)=-5, ¢'(0)=1.
What is the interval of validity of the solution?
In Exercises 5-11 compute the Wronskians of the given sets of functions.
5.{1,€¢"}
6. {e*,e"sinx}
7. {z+1,22+2}
8. {z/2,z"1/3}

10. {zIn|z|,z*In|z|}

11. {e” cos \/z, €” sin/x}
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12. Suppose p and ¢ are continuous on an open interval (a, b) and let z be in (a,b). Use Theorem 5.1.1 to prove that the only
solution of the initial value problem

y' +p@)y +a@)y=0, y(w)=0, y'(x0)=0
on (a, b) is the trivial solution y = 0.

13. Suppose Py, P;, and P, are continuous on (a, b) and let zy be in (a, b). Show that if either of the following statements is true
then Py(z) = 0 for some z in (a, b).

a. The initial value problem
Py(2)y" +Pi(z)y +Pa(z)y =0, y(zo)=ko, ¥'(z0)=k

has more than one solution on (a, b).
b. The initial value problem

Py(z)y" +Pi(z)y +Pa(z)y =0, y(zo) =0, y'(z9)=0
has a nontrivial solution on (a, b).
14. Suppose p and g are continuous on (a, b) and y; and y. are solutions of
y'+p(x)y +q(z)y=0 (A)
on (a,b). Let
z1=ay;+PBy: and 2z =yy + 0y,
where «, 8, v, and ¢ are constants. Prove that if {2, z2 } is a fundamental set of solutions of (A) on (a, b) then so is {y1, y2 }.
15. Suppose p and q are continuous on (a, b) and {y1, y2 } is a fundamental set of solutions of
y"' +p(@)y +q()y=0 (A)
on (a,b). Let
z1=ay1 +Py2 and 2z =7y1+0ys,

where a, 8,7, and ¢ are constants. Prove that {2;, 22} is a fundamental set of solutions of (A) on (a,b) if and only if
ay—pB3#0.

16. Suppose y; is differentiable on an interval (a, b) and yo = ky; , where k is a constant. Prove that the Wronskian of {y;,y2} is
identically zero on (a, b).

17. Let
3 >0
y1:$3 and y2:{ $37 T ~U,
—z’, x<0.
Show that the Wronskian of {y1, y» } is defined and identically zero on (—o00, 00).
18. Suppose p and g are continuous on (a, b) and every solution of
y"+p(2)y +q(z)y =0 (A)

on (a, b) can be written as a linear combination of the twice differentiable functions {y;, y2 }. Use Theorem 5.1.2 to prove that y;
and yo are themselves solutions of (A) on (a, b).

19. Suppose p1, P2, g1, and g, are continuous on (a, b) and the equations
y' +pi(@)y +a(z)y=0 and y'+py(z)y +ga(z)y=0
have the same solutions on (a, b). Prove that p; = ps and g1 = g2 on (a, b).

20. Suppose p and g are continuous on (a, b) and {y1, y= } is a fundamental set of solutions of

Y +p(x)y +q(z)y=0 (A)
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on (a, b). Prove that if y is a solution of (A) on (a, b), there’s exactly one way to choose ¢; and ¢y so that y = c1y; +coya on
(a,b).
21.If y = ¢; +cox? is a family of solutions of zy"" —y’ = 0, show that the initial value problem

zy"—y' =0; y(0)=0, y'(0)=1
has no solution that can be obtained from this family. Why does this not contradict Theorem 5.1.1?
22.1f y = ¢; + cp2? is a family of solutions of zy” — 3’ = 0, show that the initial value problem

ey’ —y' =0; y(0)=0, ¥'(0)=0
has an infinite number of solutions that can be obtained from this family. Why does this not contradict Theorem 5.1.1?
23. a. Find the largest interval for which the IVP

x I ! 3 !
'y’ +(cotz)y + —oy=0; y(1)=2, y(1)=0

is guaranteed a unique solution.

b. Find the largest interval for which the IVP

3
ey’ +(cotz)y' + —5y=0; y(3)=2, y(3)=0

is guaranteed a unique solution.

24. a. Find the largest interval for which the IVP

1
(nz)y” +(seca)y’ + ——y=0; y(4)=2, y'(4)=0
T —
is guaranteed a unique solution.
b. Find the largest interval for which the IVP
1
(Inz)y” +(secz)y’ + —y=0; y(3/2)=2, y'(3/2)=0
T —

is guaranteed a unique solution.

This page titled 5.1.1: Homogeneous Linear Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

« 5.1E: Homogeneous Linear Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
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5.2: Reduction of Order
In this section we give a method for finding the general solution of the homogeneous equation
Py(z)y" + Pi(z)y + Pa(z)y=0 (5.2.1)

if we happen to know one nontrivial solution y; (don't ask how we know this solution - it will make sense later, for now let's just
call it magic).

The method is called reduction of order because it reduces the task of solving Equation 5.2.1 to solving a first order equation.
A common method used in finding additional solutions is to multiply a known solution by an unknown function, such as
y=uy (5.2.2)
where u is to be determined so that y satisfies Equation 5.2. 1. Substituting Equation 5.2.2 and both
y =uy +uy
Y’ =u"y +2u'y] +uyl
into Equation 5.2.1 yields
Py(z)(u"y1 +2u'y] +uyy) + Pi(z)(u'y1 +uy)) + P (z)uy; = 0.
Collecting the coefficients of u, u’, and u" yields
(Poy1)u" + 2Py} + Py )u' + (Poy + Pry, + Poayr)u =0. (5.2.3)
However, the coefficient of u is zero, since y; satisfies Equation 5.2.1. Therefore Equation 5.2.3 reduces to the form
Qo(z)u" +Q1(z)u' =0.

Since there no longer is a "u" term we can reduce the order by making the substitution z = ', which in turn gives 2’ = 4" and
leads to

Qo(z)z' + Q1 (z)2=0. (5.2.4)

Since Equation 5.2.41is a linear first order equation in z, we can solve it for z easily and then integrate the solution to obtain «, and
from there obtain y from Equation 5.2.2.

v Example 5.2.1

Find the general solution of
zy" —(2z+1)y' +(z+1)y =0, (5.2.5)
given that y; = e” is one solution.

Solution
If we let y = ue®, then y' = u'e® +ue® and y"” = u'’e* +2u'e® +ue* , so

zy' — 2z +1)y +(z+1)y ==z(u'e® +2u'e" +ue®) — (2z+1)(u'e” +ue”) + (z +1)ue®

:(mull T

—u')e”.
Therefore y = ue® is a solution of Equation 5.2.5 if and only if
(zu” —u')e” =0,

which is a first order equation in u'. If rewrite it as

!

,oou
—— =0 5.2.6
u . ( )

and make the substitution z = v, then Equation 5.2.6 becomes
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4 -2 =
43
We leave it to you to show (by separation of variables) that
z=Cz
is a solution.
Now using the fact that ' = 2 and integrating we get
U= %wz +Cy
and substituting this into y = ue® we get
y=ue” :%xzez—i—czez. (5.2.7)

Note that y; = €% and y, = z%e” are clearly linearly independent and form a fundamental set of solutions to the homogeneous
differential Equation 5.2.5.

Although Equation 5.2.7is a correct form for the general solution of Equation 5.2.5, it is silly to leave the arbitrary coefficient
of z2e® as C1/2 where C; is an arbitrary constant. Moreover, it is sensible to make the subscripts of the coefficients of
y1 = €® and yp = 2%e® consistent with the subscripts of the functions themselves. Therefore we rewrite Equation 5.2.7 as

y=ce’ +eozle”

by simply renaming the arbitrary constants. This last form is what we'll call the general solution of 5.2.5.

Although we could go through this procedure each time this situation arises, it would be much better if we actually had a formula to
generate a second solution, and that's precisely what the next theorem gives us.

& Theorem 5.2.1

Consider the differential equation
Py(z)y" + Pi(z)y’ + Py(z)y =0.

Dividing by Py (), assuming it is not zero, we get

y' +p(2)y +q(z)y =0. (5.2.8)
Now suppose we know that y; is one solution. Then a second linearly independent solution is given by:
e~ [p(z)dz
Y2 :yl/—2 dz (5.2.9)
Yi

The proof follows the procedure we used in Example 5.2.1.
Suppose y; is a solution to 5.2.8
Lety =uyi, theny’ = u'y; +uy] and y” ="y +2u'y] +uy) , so 5.2.8 becomes
Y +p(@)y +a(@)y = W'y +2u'y] +uyy) +p() W'y +uy;) +g(z)uyy =0
="y +2u'y] +u'p(z)yr +u(yy +p(2)y] +a(z)y1).
However, we know y; is a solution to 5.2.8, so the coefficient of u, ¥’ +p(x)y} +g(z)y1 =0, and we get

oy + 20’y +u'p(z)yr = 0.

Since there is no "u" term it is easy to reduce the order by substituing z = u’ giving us

https://math.libretexts.org/@go/page/103509


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103509?pdf

LibreTexts"

2'y1 + 22y} +zp(z)y1 =0.
Rewriting this as

y12' +(2y] +p(2)y1)2=0
and diving by y; we get the standard linear form

2y +p(x
S ()Y

z:o 5.2.10
n ( )

So, the integrating factor becomes

2! +p(2)y
f 1—1dz
e u

=t

p(z)yy
—e ylderf 7 dz

Zy{
_ efy_ldw efp(ac)dm

=y? e/p(@)dz
and multiplying both sides of 5.2.10by the integrating factor we get
d[yfefp(w)dw 2 =0
Integrating this we get
yfefp(w)dwz —¢
SO

1

z=Cc——
i ylzefp($)dﬁt

Now substituting u’' back in for z we have

p 1
U =Cc—— - .
1 ylzefp(z)dz

Integrating this we get

/ dz "
u=c —— T C
) ypelr@iz T

Therefore,

dz dz
y=up=(a | —————+c)pn=ay | ——— +tcu.

ylzefp(m)dz y%efp(m)dx
So, we get that the second solution must be
e~ [p(z)dz
Y1

which is clearly independent of y; as it is not a constant multiple of y; .
If we wanted to check independence using the Wronskian we would get

Y1 Y1 f = f;;m dx [o(z)d

W(z)= i L =e P £
Yl v [ —— fy; = da gy fyi =
1 1

for all x.
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v/ Example 5.2.2

a. Find a second linearly independent solution of

22y +zy —y=0 (5.2.11)
given that y; = z is one solution.
b. Find the general solution of 5.2.11
c. Solve the initial value problem
22y +zy —y=0, y(1)=2, y'(1)=-3. (5.2.12)

Solution a

We first need to divide by the lead coefficient to get the equation in the form 5.2.&:
1 1
y'+=y ——y=0.
x x

So, p(z) = % and using 5.2.9 we get

e—f%dz
Yo :w/Tda:

1
zw/gdw
-1
2z

Since any constant will be absorbed into an arbitrary constant in the general solution we will take

Yo =—
T

Since we used 5.2.9 we know ¥y is independent of y; .
Solution b

USil’lg the giVEH Y1 and what we jllSt found for Y2 we can form the general solution of 5.2.11
+ 1
=C1T TC—
Y 1 2

Solution ¢

Using the general solution from part b and the initial conditions from 5.2.12we get

cLtey =2
and
cp—cy=-3
Solving this system we get ¢; = —1/2 and ¢ = 5/2 which gives us our solution to 5.2.12
—z 5
Y= T

which is unique on (0, o).

Why is it unique? Why is the interval of validity (0, 00)?

v/ Example 5.2.3

Find the general solution of
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given that y; = z is a solution.

2’y —3zy +3y =0, (5.2.13)

Solution

ef%dac
yzzx/ 5 dx
x

zw/:z:dac

So, we will take g, = 23 and our general solution is

Yy=cT —|—02x3

This page titled 5.2: Reduction of Order is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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5.2.1: Reduction of Order (Exercises)
In Exercises 1-30 find the general solution, given that y; is a solution.

2241y -2y —(2z+3)y=0; y1=e"

[N

2.2%y"+zy —y=0; y1=z
3.2%y" —2y +y=0; y=z
4.y" -3y +2y=0; y =e**
5.94" =2y +y=0; yp=e"
6. 4x’y" 4 (4z — 822)y' + (42® —4z — 1)y =0; 1 =z'/%*
7.y" =2y +2y=0; 1y =e*cosz

8.y" +dzy' + (42 +2)y=0; y = e

9

2y ey —dy=0; y=c

2
10. 2%y" + 2z (x — 1)y’ + (2 -2z +2)y =0; y =ze®
11. 2%y —z(2z — 1)y’ + (2?2 —z - 1)y =0; 1y, =ze€®
12.(1-2z)y" 42y +(2z —3)y=0; y =€"
13. 2%y" —3zy +4y =0; y =2
14.2zy" 4+ (42 + 1)y + 2z +1)y=0; y1=e®
15. 2y — e +1)y +(x+1)y=0; 1y =€®
16. 4z%y" —dz(z + 1)y + 2z +3)y =0; oy =z!/?
17. 2%y" — 52y +8y =0; y; = x>
18.zy" +(2—22)y' +(z —2)y =0; 1y, =¢€"
19. 2%y" —dzy’ +6y =0; y; =z*
20. z2(In|z|)?y” — 2z In|z|)y’ + (2 +1n|z|)y =0; y; =ln|z|
21. 4zy" +2y' +y=0; y =siny/z
22. 2y — 2z +2)y' +(z+2)y=0; y =€"
23. 2%y — (2a—1)zy' +a’y=0; y ==z°
24. 2%y" —2zy' + (2> +2)y =0; y =zsinzx
25.zy" — (4z + 1)y + (4z +2)y =0; y =e**
26. 4z%(sinz)y" — 4z (z cosz +sinz )y’ + (22 cosx +3sinz)y =0; y = z'/?
27. 4x%y" —4zy' + (3 —1622)y =0; y ==z'/%*
28. 2z +1)zy" —2(222 - 1)y —4(z+1)y=0; y1=1/z
29. (22 —2z)y" + (2 -2}y + (22 —2)y=0; y; =€
30. zy" — (4z + 1)y + (42 +2)y =0; y; =€**
In Exercises 31-33 solve the initial value problem, given that y; is a solution.
31. 2%y —3zy' +4y =0, y(-1)=7, y'(-1)=-8; 1y =2
32. (z+1)2y"—2(z+ 1)y — (22 +2z—1)y=0, y(0)=1, ¢ (0)=-1; y;=(z+1)e"
33. 2%y +2zy' -2y =0, y(1)=0,9(1)=3; y==

https://math.libretexts.org/@go/page/103510



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103510?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/05%3A_Linear_Second_Order_Equations/5.02%3A_Reduction_of_Order/5.2.01%3A_Reduction_of_Order_(Exercises)

Li breTexts*

This page titled 5.2.1: Reduction of Order (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/103510


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103510?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/05%3A_Linear_Second_Order_Equations/5.02%3A_Reduction_of_Order/5.2.01%3A_Reduction_of_Order_(Exercises)
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

5.3: Constant Coefficient Homogeneous Equations
This section deals with homogeneous equations of the special form ay’ + by’ +cy =0 , where a, b, and c are constant (a # 0).
If a, b, and c are real constants and a # 0, then
ay” +by' +cy=0. (5.3.1)
is said to be a constant coefficient equation.

As we’ll see, all solutions of Equation 5.3.1 are defined on (—o0, 00). This being the case, we’ll omit references to the interval on
which solutions are defined, or on which a given set of solutions is a fundamental set, etc., since the interval will always be
(—o0, 00).

To get an idea of what form the solution might be, let's consider the analogous first order equation
ay' +by =0.

This is a simple separable equation whose solution is

—b
y= ea?®

Since _Tb is just a constant we will replace it with the constant r and we get a solution of the form
y=e"
Mathematicians, being inherently lazy, figured it's worth trying the same solution in 5.3.1 and see if we can make it work.
Thus, if y = €’® then y’ =re™ and y” =r?e’® , so
ay" +by' +cy = ar?e™ +bre’™ +ce™ = (ar’ +br+c)e™ =0
So, solving 5.3.1is the same thing as solving
ar’ +br+c=0. (5.3.2)
Note: we can ignore e’ because it is never 0.
5.3.2is called the characteristic equation of Equation 5.3.1.

The roots of the characteristic equation are given by the quadratic formula

_ —bEVP —4ac

” (5.3.3)

r

X Three Cases

As you'll recall from algebra, there are three possible types of solutions to 5.3.2 and we will exam each case separately

e Case 1: b2 —4ac > 0, so the characteristic equation has two distinct real roots.
e Case 2: b —4ac =0, so the characteristic equation has a repeated real root.
e Case 3: b —4ac < 0, so the characteristic equation has complex roots.

Case 1: Distinct Real Roots

Let r; and r9 be distinct real roots of 5.3.2.

As such, we get two solutions, y; = €™* and y, = €"** .

The only question is whether or not these are linearly independent of each other. In this case we'll use the Wronskian.

1T r2X

W)=| °© C = (ra—m)emtmr 20

rie"?  rgen?®

for all x since r; # r9 as the roots are distinct.
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So, in this case, the general solution is

y=cie"’ +cpe™” (5.3.4)
a. Find the general solution of
y" +6y' +5y=0. (5.3.5)
b. Solve the initial value problem
y'+6y +5y=0, y(0)=3, y'(0)=-1. (5.3.6)

Solution a

The characteristic equation of Equation 5.3.51is

7 4+6r+5=(r+1)(r+5)=0.

@ —bx

Since r = —1 and r = —5 are roots, y; =€~
Equation 5.3.5is

and yo =e are solutions of Equation 5.3.5 and the general solution of

y=cre ¥ +cpe . (5.3.7)
Solution b

We must determine ¢; and ¢y in Equation 5.3.7 so that y satisfies the initial conditions in Equation 5.3.6. Differentiating
Equation 5.3.7yields

y' = —cie”® —5cye 5%, (5.3.8)
Imposing the initial conditions y(0) = 3, y’(0) = —1 in Equation 5.3.7 and Equation 5.3.8 yields
c1+ ¢ = 3

—C1 — 502 = -1.
The solution of this system is ¢; = 7/2, co = —1/2. Therefore the solution of Equation 5.3.6 is

_7671_167591
¥=3 2¢

Figure 5.3.1 is a graph of this solution.

y

3

Figure 5.3.1:y = %e’z - %6’5’”

Case 2: A Repeated Real Root

Let 7 be a repeated real root of 5.3.2. As such, we only get one solution, y; = €™ . But we know there must be two independent
solutions to a second order homogeneous differential equation. So, how can we find a second independent solution if we only know
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one? Recall the formula for a second solution that we derived in section 5.2,

e~ [p(z)dz
Y2 =yl/—2 dx
Y1

If we divide 5.3.1 by a we get

which gives is p(z) = %, which gives us

b

Since we have a repeated root we know b?> —4ac =0 in 5.3.3 which gives us r = 3. Or

— =2
a

eZm
Tz
h2=¢€ / e2re dz
=e* / dx

T

Using this we now get

=xIe

Since we already know that the formula gives us a second linearly independent solution, the general solution is

y=cie” +coze™ (5.3.9)
a. Find the general solution of
y"' +6y +9y =0. (5.3.10)
b. Solve the initial value problem
y' +6y +9y=0, y(0)=3, y'(0)=—1. (5.3.11)

Solution a

The characteristic equation of Equation 5.3.10is

r’+6r+9=(r+3)*=0,

so the characteristic equation has the repeated real root 7 = —3. Therefore y; = e > and y, = e ™" are linearly independent
solutions of Equation 5.3.10and the general solution of Equation 5.3.10is
y=cie " +cyze 7. (5.3.12)
Solution b
b. Differentiating Equation 5.3.12yields
Y =3¢ (c1 + o) +cae . (5.3.13)

Imposing the initial conditions y(0) =3, ¢’(0)=—1 in Equation 5.3.12 and Equation 5.3.13 yields ¢; =3 and
—3c1 +c2 = —1, 50 ¢y = 8. Therefore the solution of Equation 5.3.11is
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Figure 5.3.2 is a graph of this solution.

y=3e 3 +8ze 32,

1 2 3

Figure 5.3.2 : y = 3e 3% + 8ze %

Case 3: Complex Conjugate Roots

Now suppose 5.3.2 has complex conjugate roots » = A +wi . This is similar to case one in that we do have distinct roots and we
could say y; = eM¥)? and y, = e(» )% The problem with this is that it's not very useful in real life applications to have
functions of complex numbers. So, we want to see if we can somehow write both solutions as functions of real numbers, and the
following theorem gives us exactly what we need.

& Theorem 5.3.1 Euler's Identity

9 = cosf+isinf (5.3.14)

e’L

See Exercise 23.

We can now rewrite y; and y as follows:

Mwi)z Az iwe Az (

—eVer —e e

coswz +isinwz) = e coswz +ie sinwr)

and

A—wi)z Az, —iwe Az (

—=ere =€ Az

Yo = el cos(—wz) +isin(—wz)) = e coswz —ie™ sinwz)
The latter is using the fact the cos is an even function and sin is an odd function.
Note: the ¢ is no longer inside a function.

Recall that if y; and y, are solutions of a homogeneous equation, then any linear combination is also a solution. So, if we add y;
and y» we get

ys3 = 2€™ coswz
and if we subtract y; and y» we get
ys = 2ie™ sinwe

Now, both 2 and 2i are constants that can be absorbed into the constants ¢; and c2 of our general solution and since y3 and y, are
not constant multiples of each other, they are independent. Thus, our general solution is

y = c1e™ coswz + cre™ sinwz (5.3.15)
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a. Find the general solution of
Yy’ +4y' +13y =0. (5.3.16)
b. Solve the initial value problem
y'+4y +13y =0, y(0)=2, y'(0) =-3. (5.3.17)
Solution a
The characteristic equation of Equation 5.3.16is
r?+4r+13=r+4r+4+9=(r+2)24+9=0.
The roots of the characteristic equation are » = —2 £ 3¢ and the general solution of 5.3.16is
y=cie 2 cos3z +cre Fsin3x
Solution b

Imposing the condition y(0) = 2 in Equation 5.3.16shows that ¢; = 2. Differentiating Equation 5.3.16 yields

Y = —2e 2" (cy cos 3z + ¢y sin3z) + 3¢ 2% (—¢; sin 3z + ¢; cos 3z),

and imposing the initial condition y'(0) = —3 here yields —3 = —2¢; +3cs , so c2 = 1/3. Therefore the solution of Equation
5.3.17is

—2z

1
y=2e 2% cos3z + §e sin 3x.

Figure 5.3.3 is a graph of this function.

4
A

2

Figure 5.3.3 : y = 2e % cos 3z + %67293 sin 3z
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5.3.1: Constant Coefficient Homogeneous Equations (Exercises)
In Exercises 1-12 find the general solution.

1Ly +5y —6y=0

2.y"—4y' +5y=0

3.y"+8y +7y=0

4.y" —4y' +4y=0

5.y"+2y +10y=0

6.y"+6y +10y=0

7.y" -8y +16y=0

8.y +y' =0

9.y" -2y +3y=0

10. y" +6y'+13y =0

11. 4y" +49' +10y =0

12.10y" -3y’ —y =0
In Exercises 13-21 solve the initial value problem.

13.y" + 14y’ +50y =0, y(0)=2, ¢'(0)=-17

14.6y" —y' —y =0, y(0)=10, 3'(0)=0

15.6y"+y —y=0, y(0)=-1, ¢'(0)=3

16.4y" —4y' =3y =0, y(0)=2, y(0)=2

17.4y" — 12y +9y =0, y(0)=3, y'(0)=32

18.y"+7y +12y =0, y(0)=-1, ¢'(0)=0

19.9" -6y +9y =0, y(0)=0, 3'(0)=2

20.36y" ~12y' +y =0, y(0)=3, ¥'(0)=3

21.y" +4y +10y =0, y(0)=3, ¢'(0)=-2
22. Prove: If the characteristic equation of

ay’ +by' +cy=0 (A)

has a repeated negative root or two roots with negative real parts, then every solution of (A) approaches zero as * — co.

23. In calculus you learned that e*, cosu, and sinu can be represented by the infinite series

v o u v u? W u"
e :;H:1+ﬁ+g+§+...+m+... (A)
n=|
o] nu2n u2 U4 nu2n
cosu:Z(—l) @zl—aﬁ-zﬁ--”—&-(—l) (2n)!+ , (B)
n=
and
o0 u2n+1 u3 u5 u2n+1
i = Y =y — + —t e (=] — ...
s ;( Vet w e T gy (©)

for all real values of u. Even though you have previously considered (A) only for real values of u, we can set u = 6, where 8 is
real, to obtain
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e’ = zﬂ (ZZ?H . (D)

Given the proper background in the theory of infinite series with complex terms, it can be shown that the series in (D) converges
for all real 6.

Recalling that i = —1, write enough terms of the sequence {i"} to convince yourself that the sequence is repetitive:
1,¢,—-1,—¢,1,3,—-1,—4,1,4, -1, —¢,1,4, -1, —4,---

Use this to group the terms in (D) as

0 92 64 . 0 6
e :(1—E+Z+"')+’L(9—§+a+"‘)

2n et 92n+1

> n 4 . n
=2 (1) (2n)! +’nZ:0(_1) @n+1)"

By comparing this result with (B) and (C), conclude that

e = cos+isiné. (E)
This is Euler’s identity.
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5.4: Nonhomogeneous Linear Equations
We’ll now consider the nonhomogeneous linear second order equation
Yy +p(@)y +q(z)y = f(z), (5.4.1)

where the forcing function f isn’t identically zero. The next theorem, an extension of Theorem 5.1.1, gives sufficient conditions for
existence and uniqueness of solutions of initial value problems for Equation 5.4.1. We omit the proof, which is beyond the scope of
this book.

& Theorem 5.4.1 Uniqueness

Suppose p, g, and f are continuous on an open interval (a, b), let zy be any point in (a, b), and let ky and k; be arbitrary real
numbers. Then the initial value problem

y' +p(@)y +q(@)y = f(z), y(zo) =ko, ¥'(z0) =k

has a unique solution on (a, b).

To find the general solution of Equation 5.4.1 on an interval (a,b) where p, ¢, and f are continuous, it is necessary to find the
general solution of the associated homogeneous equation

y'+p(2)y +q(z)y=0 (5.4.2)
on (a, b). We call Equation 5.4.2 the homogeneous equation for Equation 5.4.1.

The next theorem shows how to find the general solution of Equation 5.4.1 if we know one solution y,, of Equation 5.4.1 and a
fundamental set of solutions of Equation 5.4.2. We call y, a particular solution of Equation 5.4.1; it can be any solution that we
can find, one way or another.

& Theorem 5.4.2

Suppose p, g, and f are continuous on (a, b). Let y,, be a particular solution of

¥ +p(z)y +a(z)y = f(z) (5.4.3)
on (a,b), and let {y, y2 } be a fundamental set of solutions of the homogeneous equation
y"' +p(z)y +q(z)y =0 (5.4.4)

on (a, b). Then y is a solution of (5.4.3)on (a, b) if and only if

Y =Yp +C1y1 +C2Y2, (5.4.5)

where ¢; and ¢ are constants

We first show that y in Equation 5.4.5 is a solution of Equation 5.4.3 for any choice of the constants ¢; and cy. Differentiating
Equation 5.4.5 twice yields

Y =yptay+ey, and Yy =y +cayl +eyl,
SO

Y +p@)y +a(@)y = (yy+ery) +eoyl) +p(@)(yp +ary) +cys) +a(@) (yp +cryr +coy)
= (yp +p(@)yp +a(2)yp) +c1(yy +p(2)y) +a(x)y1) +c2(yy +p(2)y; +aq(2)y2)
=f+c-0+c- 0=,

since y, satisfies Equation 5.4.3 and y; and y, satisfy Equation 5.4.4.
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Now we’ll show that every solution of Equation 5.4.3 has the form Equation 5.4.5 for some choice of the constants ¢; and cs.
Suppose y is a solution of Equation 5.4.3. We’ll show that y — ¥, is a solution of Equation 5.4.4, and therefore of the form
Y —Yp = C1Y1 + C2Yy2 , which implies Equation 5.4.5. To see this, we compute

=y +p(z)y +a(2)y) — (¥ +p(@)yp +9(z)yp)

(=) +0@) (Y —9) +a@) Y —v) =G"—y)+p)Y —v)+a=)(y—y)
"+q
= f(z) — f(z) =0,

since y and y, both satisfy Equation 5.4.3.

We say that Equation 5.4.5 is the general solution of (5.4.3)on (a, b).

If Py, Py, and F are continuous and P, has no zeros on (a, b), then Theorem 5.4.2 implies that the general solution of
Py(z)y" +Pi(z)y + P(z)y = F(z) (5.4.6)
on (a,b) is y =y, +c1y1 +c2y2 , where y, is a particular solution of Equation 5.4.6 on (a, b) and {y1, y2} is a fundamental set
of solutions of
Py(z)y" + Pi(z)y’ + Pa(z)y =0
on (a, b). To see this, we rewrite Equation 5.4.6 as

P(z) , P(z)  F(z)

P(2)! T R@)? Po(z)

"

Yy +

and apply Theorem 5.4.2 withp = P, /Py, q= P,/ Py,and f = F/ B,.

To avoid awkward wording in examples and exercises, we will not specify the interval (a,b) when we ask for the general
solution of a specific linear second order equation, or for a fundamental set of solutions of a homogeneous linear second order
equation. Let’s agree that this always means that we want the general solution (or a fundamental set of solutions, as the case
may be) on every open interval on which p, g, and f are continuous if the equation is of the form Equation 5.4.3, or on which
Py, P1, P,, and F' are continuous and Py has no zeros, if the equation is of the form Equation 5.4.6. We leave it to you to
identify these intervals in specific examples and exercises.

For completeness, we point out that if Py, Py, P,, and F are all continuous on an open interval (a, b), but Py does have a zero in
(a, b), then Equation 5.4.6 may fail to have a general solution on (a, b) in the sense just defined.

The next three examples illustrate concepts that we’ll develop later in this chapter. As in section 5.1, you shouldn’t be concerned
with how to find the given particular solutions of the equations in these examples. This will be explained in later sections. In this
section we limit ourselves to applications of Theorem 5.4.2 where we are given the particular solution.

v/ Example 5.4.1

a. Find the general solution of
y' +y=1. (5.4.7)
b. Solve the initial value problem
y'+y=1, y(0)=2, '(0)=T. (5.4.8)

Solution

a. We can apply Theorem 5.4.2 with (a,b) = (—o0, 00), since the functions p =0, ¢g=1, and f =1 in Equation 5.4.7 are
continuous on (—oo, 0o). By inspection we see that y, =1 is a particular solution of Equation 5.4.7. Since y; = cosz and
y2 =sinz form a fundamental set of solutions of the complementary equation y” +y = 0, the general solution of Equation
5.4.7is

y=cicosz +cysinz + 1. (5.4.9)
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yields

i o
Yy = —C1 81T +C3 COST.

y=cosz+T7sinx+1.

Figure 5.4.1 is a graph of this function.

b. Imposing the initial condition y(0) =2 in Equation 5.4.9 yields 2=1+4¢; , so ¢; = 1. Differentiating Equation 5.4.9

Imposing the initial condition y'(0) = 7 here yields ca = 7, so the solution of Equation 5.4.8 is

y=143z+2*+e"(c1 + )

is the general solution of Equation 5.4.10.

5.4.12yields

y' =3+2z +e"(c; +cox) +c2€”,

1S

y=1+3z+2">—e*(3—z).

14
A
8 —
6 —
4 —

/ /

1' 5 ' i 5 > x
_o L
_4
—B
_8+
Figure 5.4.1:y =cosxz + 7sinx +1
v/ Example 5.4.2
a. Find the general solution of
y' -2y +y=-3—z+2° (5.4.10)
b. Solve the initial value problem
y' —2y +y=-3-z+2*, y0)=-2, ¢(0)=1. (5.4.11)
Solution
a. The characteristic equation of the homogeneous equation
y/l _ 2yl +y — 0

isr?2 —2r+1=(r—1)? ,s0y; =e” and y» = ze® form a fundamental set of solutions of the homogeneous equation.

yp =1+3z +2? isa particular solution of Equation 5.4.10 (verify) and Theorem 5.4.2 implies that

(5.4.12)

b. Imposing the initial condition y(0) = —2 in Equation 5.4.12yields —2 =1+¢; , so ¢; = —3. Differentiating Equation

and imposing the initial condition y’(0) =1 here yields 1 =3 4 ¢; + ¢z , so ca = 1. Therefore the solution of Equation 5.4.11
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Figure 5.4.2 is a graph of this solution.
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Figure 542 :y =1+3z + 2> —e*(3 — )

v/ Example 5.4.3

Find the general solution of
2y +xy — 4y = 22* (5.4.13)
on (—o0,0) and (0, co).
Solution
In Example 5.1.2, we verified that y; = 2 and y, = 1/2? form a fundamental set of solutions of the homogeneous equation
22y +zy —4y =0
on (—o0, 0) and (0, co).

yp = x*/6 is a particular solution of Equation 5.4.13 (verify) on (—oco, 00). Theorem 5.4.2 implies that the general solution of
Equation 5.4.130n (—o0,0) and (0, c0) is

The Principle of Superposition

The next theorem enables us to break a nonhomogeneous equation into simpler parts, find a particular solution for each part, and
then combine their solutions to obtain a particular solution of the original problem.

& Theorem 5.4.3 the principle of superposition

Suppose y,, is a particular solution of

' +p@)y +a(z)y = fi(z)
on (a, b) and ¥, is a particular solution of

y' +p(@)y +a(z)y = fr(z)
on (a, b). Then

Yp = Yp, T Yp,
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is a particular solution of
y" +p(2)y +a(@)y = fi(z) + f2(2)
on (a,b)

If yp = yp, +yp, then
Yp +0(@)yp +a(@)yp = Wp, +Yp,)" +2(2) (Y, +p,) +a(@) (Up, +Yp,)

= (yp, +0(@)yp, +a(@)yp,) + (up, +0(2)yp, +a(x)yp,)
= fi(z) + fa(2).

It’s easy to generalize Theorem 5.4.3 to the equation
y"' +p(@)y +a(x)y = f(z) (5.4.14)
where
f=h+f++fis
thus, if y,, is a particular solution of
y' +p(@)y +q(z)y = fi(z)

on (a,b) fori =1,2, ..., k, theny, =y, +¥yp, +---+yp, isa particular solution of Equation 5.4.140n (a, b).

v/ Example 5.4.4

The function y,, = x* /15 is a particular solution of
x2y" +dxy’ + 2y = 224 (5.4.15)

on (—o00, 00) and y,, = z?/3 is a particular solution of

2y +4zy 42y = 42 (5.4.16)
on (—oo, 00) . Use the principle of superposition to find a particular solution of
zy" +4zy' + 2y = 2z* + 42° (5.4.17)
on (—o0, 00).
Solution

The right side F'(z) = 22* + 42 in Equation 5.4.17is the sum of the right sides
Fi(z)=2z" and Fy(z)=4z>.

in Equation 5.4.15and Equation 5.4.16 Therefore the principle of superposition implies that

zt  2?

Yp = Up, +yp2:E+?

is a particular solution of Equation 5.4.17.

This page titled 5.4: Nonhomogeneous Linear Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
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5.4.1: Nonhomgeneous Linear Equations (Exercises)

In Exercises 1-18 verify that the given y, is particular solution of the nonhomogeneous differential equation given and form the
general solution or, where initial values are given, solve the initial value problem.

1y 45y —6y =22+18z —18z% y, = —1 +2x + 3z
2.y" -4y +5y=1+5z; y,=1+z
3.y +8y +Ty = —8—x+2422 + 7% vy, = —z +2°
4.y"—4y +4y =248z —42%; y,=1-2’

5.y"+2y +10y =4+26z + 62> +10z°, y(0)=2, ¢/ (0)=91-a% y,=2z+2°
6.y" +6y +10y =22+20z, y(0)=2, y/(0)=—-2; y,=1+2z

7.y"+ 5y — 6y =6€¥; y, =<
8.y —4y' +5y =€ y,=e€>"

9.y"+8y +7y=10e7", y(0)=-2, y'(0)
10.y"—4y' +4y=e", y(0)=2, y'(0)=0; yy=e
11.y" +2y +10y =e%/?; y, = e/

12.y" +6y' +10y =e 3% y, =%

13.y" — 8y’ +16y =23 cosz — Tsinz; y, =cosz —sinz

14.y" +y = —8cos2z +6sin2z; y, =cos2z —2sin2z

15.y" — 2y’ +3y = —6 cos 3z +6sin3z; y, =cos3z

16.y" + 6y’ +13y =18cosz +6sinx; y, =cosz +sinz

17.y" + 7y +12y = —2cos2z + 36sin2z, y(0)=-3, ¥ (0)=3; y,=—2cos2z+sin2z
18.y" — 6y’ +9y =18 cos3x +18sin3z, y(0)=2, ¥'(0)=2; y,=cos3z —sin3x

In Exercises 19-24 refer to the cited exercises and use the principle of superposition to find a particular solution. Then find the
general solution.

19.y" + 5y —6y =22+ 18z — 182? +6€3* (See Exercises 5.4.1 and 5.4.7.)
20.y" — 4y +5y =145z +€>® (See Exercises 5.4.2 and 5.4.8)
21.y" +8y' + Ty = -8 —x + 242> + T2 +10e ** (See Exercises 5.4.3 and 5.4.9.)
22.y" —4y' +4y =2+ 8z —4z% +e* (See Exercises 5.4.4 and 5.4.10)
23.y" 42y +10y =4+ 26z + 622 +1023 +e%/2  (See Exercises 5.3.5 and 5.4.11.)
24. 9" + 6y +10y =22 +20x +e73* (See Exercises 5.4.6 and 5.4.12.)
25. Prove: If y,, is a particular solution of
Py(z)y" + Pi(z)y' + Py (z)y = Fi(x)
on (a, b) and y,, is a particular solution of
Py(z)y" + Pi(z)y + Pa(z)y = Fa()
on (a,b), then y, =y, +7¥p, isasolution of
Py(z)y" + Pi(z)y + Py(z)y = Fi(z) + Fy(x)
on (a,b).
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26. Suppose p, g, and f are continuous on (a,b). Let yi, vy, and y, be twice differentiable on (a,b), such that
Yy =c1y1 +c2y2 +yp s a solution of
y" +p(@)y +a(z)y = f

on (a, b) for every choice of the constants ¢y, ¢y. Prove that y; and ys are solutions of the homogeneous equation on (a, b).

This page titled 5.4.1: Nonhomgeneous Linear Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 5.3E: Nonhomgeneous Linear Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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5.5: Annihilation
In this section we consider the constant coefficient equation
ay” +by' +cy = f(zx) (5.5.1)

From Theorem 5.4.2, the general solution of Equation 5.5.1is y =y, +c1y1 +c2y2 , where y, is a particular solution of Equation
5.5.1and {y1,y2} is a fundamental set of solutions of the homogeneous equation

ay” +by' +cy=0.

In Section 5.3 we showed how to find {yi, 32 }. In this section we’ll show how to find y,. The procedure that we’ll use is called the
method of annihilation.

The annihilation method is exactly what the name implies; we will attempt to annihilate f(z)in 5.5.1 (make it 0) and create a new
homogeneous equation that we now know how to solve.

Note: again, we are transforming a current equation that we don't know how to solve into one that we do.

So, the next obvious questions are: how, exactly, do we annihilate a function and can we annihilate all functions that we will come
across. We'll discuss the first question here and the second in the following section.

# Definition 5.5.1

An operator L is an annihilator of f(z) if

Annihilators in this class involve derivatives and we will use D to stand for derivative; sometimes called a differential
operator in linear algebra. In other words,

D = e— D _ —_— .
az’ L etc
Annihilating Polynomials

We will first consider simple polynomials. As noted above, annihilators are derivatives and as you'll recall from calculus,
derivatives lower the power on each term of the polynomial, eventually leading to O if you differentiate enough.

v/ Example 5.5.1

If f(z) = 22, find an annihilator L that annihilates f(z).

Solution
Annihilators involve derivatives, so let's see what happens if we start repeatedly taking derivatives:

D(z*)=2x; D(2z)=2; D(2)=0

2

So, it takes three derivatives to annihilate f(z) = z?, so in this example L = D?.

Or,

D*(z®) =0
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& Theorem 5.5.1

If f(z) =apz”+an_12" ' +...+a1x +ag ,then D**1 annihilates f(z).

v/ Example 5.5.2

Find an annihilator L for f(z) = 3z° — 72% +2z —9

Solution

Since the highest power of z is 5, we will need one more derivative, so L = DS, to annihilate f (z). It is left to the reader to
show this.

Although powers of D higher than n + 1 will annihilate f(z) = a,z" +a, 12" ' +... 4+ a1z +aq , it is best to choose the
smallest annihilator, as we will see later.

Annihilating e**

In the case of functions like €**, derivatives alone do not annihilate it. However, exponential functions are what we call cyclic
functions; that is, they come back to themselves eventually, and in the case of the exponential it happens immediately. We can use
this to formulate an annihilator for e**.

v/ Example 5.5.3

If f(z) = €5, find an annihilator L that annihilates f(z).

Solution

If we take a derivative we get D(e%®) =5e5%, and you can see that we once again have € but multiplied by 5, so to
annihilate f(z) we need to address that as well. The following will do just that:

(D —5)e’® = D(e°%) —5(e5%) = 5e%* —5e5* =0
So, in this example L =D —5 .

Note: it may seem odd that we can "distribute" a derivative like a number, but that is because a derivative is what in linear
algebra is called a linear transformation. If you have had linear algebra you will recall this; if not...just trust me.

& Theorem 5.5.2

If f(z) =a,z"e® +a, 12" 1e*® +... +a1ze® +ape®® ,then (D —a)"™ annihilates f(z).

Note: we are adding on to what we did earlier. D — « is for the exponential part and the power n 41 is for the polynomial.

v/ Example 5.5.4

Find an annihilator L for f(z) = 22 + 2ze®*

Solution
Since the highest power of z is 2 and « is 5, the annihilator is L = (D —5)3 . It is left to the reader to show this.

Annihilating sin Bz and cos Bz

Similar to €**, sin Bz and cos Bz are cyclic functions; that is, they come back to themselves eventually, and in this case it takes two
derivatives to come back to itself. We can use this to formulate an annihilator for sin Sz and cos Sz.
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If f(z) =sin 3z, find an annihilator L that annihilates f(z).

Solution
As we did in Example 1, let's see what happens if we start repeatedly taking derivatives:

D(sin3z) =3cos3z; D(3cos3z)=—9sin3z

Similar to the exponential function, we got back to sine again but multiplied by -9 this time, so to annihilate f(z) we need to
address that as well. The following will do just that:

(D? +9)sin3z = —9sin3z + 9sin 3z = 0.
So, in this example L = D% +9 .

& Theorem 5.5.3

If f(z)=a,z"e*® cosPBx +...+age® cosfr +b,z"e*®sinfBzr +... +bpe*®sinfz  then ((D—a)?+p%)
annihilates f(z).

Note: we are again adding on to what we did earlier. D? 4 82 is for sine and cosine, D — « is for the exponential part, and the
power n + 1 is for the polynomial.

v/ Example 5.5.6

Find an annihilator for f(z) = z3€>® cos 5z + 3ze?® cos 5z + 9 sin 5z

Solution

Since the highest power of x is 3, a is 2, and 3 is 5, the annihilator is ((D —2)2 +25)%. It is left to the reader to show
this...but...you probably don't want to do that.

Annihilating Linear Combinations of Functions

Our goal again is to take 5.5.1 and annihilate f(z) using the smallest annihilator possible. so, the next question we're going to
consider is what happens when we need to annihilate several different types of functions all at once. The next theorem addresses
this - the proof is beyond the scope of this class.

& Theorem 5.5.4

If L, annihilates f;(z) and Lo annihilates fo(x), then L; Lo annihilates any linear combination of f;(z) and f2(x). In other
words,

Ly Ly(cy fi(z) +cafa(z)) = 0.

Note: When dealing with constant coefficient differential equations, as we are in this section, annihilators are commutative. In
other words, L1 Ly = Lo L4 .

v/ Example 5.5.7

Find an annihilator for f(z) = 72* + 223 — 5 4 22€>* 4 9€** — 3z°€*” cosdz

Solution
D5 annihilates 724 +223 —5 , (D —2)? annihilates 2ze?* +9¢2?, and ((D —3)%+16)% annihilates —3z°e3 cos 4w, so

D5(D—2)%*((D—3)*+16)S annihilates f(z). In other words,
D5(D —2)%((D—3)%+16)8(7z* + 223 — 5 + 2ze?® +9e2® — 32°€> cos4z) =0

Again, it would not be fun to show this, but there is no need to do this.
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Solving Nonhomogeneous Differential Equations Using Annihilation

We can write differential equations using the differential operator D = % as well. For example:
y'—y' —6y=D’y—Dy—6y=(D—3)(D+2)y
Not that we know how to annihilate several types of common functions, let's see how we can use this idea to solve

nonhomogeneous differential equations of the form 5.5.1. We will first solve the homogeneous version of 5.5.1 before we solve
the nonhomogeneous version. The reason will quickly become apparent in Example 5.5.9.

v/ Example 5.5.8

Find the general solution of

Yy — Ty +12y = 4e?2. (5.5.2)
Solution
We first solve
y' =Ty +12y =0 (5.5.3)
by finding the characteristic equation 2 —7r+12 = (r—3)(r—4) =0 , which gives us a fundamental set of solutions
{632’ 642}.
Therefore,

Y = c1€°" +cpe™? (5.5.4)
We now go back to Equation 5.5.2 and write it using differential operator notation:
D?y —TDy +12y = 4€*®
or
(D —4)(D—3)y =4e™

Note: The factorization of the differential operators is exactly the same as the characteristic equation - upon inspection the
reason why should be obvious.

Now, our goal here is to take this nonhomogeneous equation and make it into a new homogeneous equation. We do this by
annihilating 4e>* by applying D — 2 to both sides we get

(D—2)(D—4)(D—3)y = (D—2)4e*®
giving us
(D—2)(D—4)(D-3)y =0
This new homogeneous equation has the characteristic equation (r — 2)(r —3)(r —4) =0 giving us roots r = 2, 3, 4.

So, we would get solutions {27, €32, 1}, However, we know that {e32, e*} are homogeneous solutions and will give us 0

when we use them in 5.5.2. So, we can disregard those two solutions and focus on e?®. So, we are going to look at solutions of
the form

yp = Ae*®

Note: we are using A instead of c3 to remind us that we must actually find A. In other words, we need to find the value of A
so that when we substitute it for g in our nonhomogeneous equation we get 4e22.

So, if y, = Ae??, then y), = 2A4e??, and y,/ = 4Ae?® . Substituting these into 5.5.2 gives us
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which gives us

44 —T(24€%) +12(Ae*) = 4€*"

24e* = 4e*®
which implies 24 =4, or A = 2. Therefore, we get
Yp = 2€*°

and the general solution of 5.5.2is

y=c1e*® +coe® 4 2%

v/ Example 5.5.9

Find the general solution of
y" =Ty +12y = 5¢€*. (5.5.5)

Solution
We first solve y” — 7y’ +12y =0, which is the same homogeneous equation that we had in Example 5.5.8; therefore, we
have yp, = c1€3% + cye?® .

Now writing 5.5.5 using differential operator notation we get
(D —3)(D—4)y = 5e**
We know D — 4 annihilates 5e*?, so applying it to both sides we get
(D—-3)(D—4)2y =0

and the roots r = 3, 4, 4. Now we have used 3 and 4 in the homogenous solution, so the new root is the second 4. Now recall
from repeated roots that

yp = Aze'®.
Note: This is why it's important that we solve the homogeneous equation before the nonhomogeneous.
So, if y, = Aze’®, then y}, = Ae*® + 4 Aze?® | and yj) = 8Ae?® + 16 Aze®. Substituting these into 5.5.5 gives us
8Ae* +16Aze™ — T(Ae™ +4Aze™) +12(Aze®®) = 5e'”
which gives us
At = 5el?
which implies A = 5. Therefore, we get
yp = bze'”
and the general solution of 5.5.5is

y = c1€3® + cpe® + 5re’®

v/ Example 5.5.10

Find the general solution of

Y —8y +16y = 2¢*". (5.5.6)

Solution

Since the characteristic equation of the homogeneous equation
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isr? —8r+16 = (r—4)2 =0 , both y; = €** and y» = ze*® are solutions of Equation 5.5.7.

y"' —8y +16y=0 (5.5.7)

Turning to 5.5.6 and annihilating 2e** we get

(D—4)*y =0
giving us a new characteristic equation (r —4)3 =0.
Since the new root is the third time 4 is a root,

yp = Az2el

So, if y, = Az?e*®, then yj = 2Aze*” + 4Ax%e”, and y)) = 2Ae*® + 16 Aze®® + 16 Az?e*® . Substituting these into 5.5.6
gives us

24e* +16Aze™ +16 Az’ — 8(24xe™ +4Ax%e*) +16(Ax’e™) = 2¢*"
which gives us
24e’® = 5et”
which implies A = 5/2. Therefore, we get

5
Y = §w2e4w

and the general solution of 5.5.5is

5
y=cie* +coze’ + §z2e4w

v/ Example 5.5.11

Solve the initial value problem
y'+y=4z+10sinz; y(r)=0,y'(v) =2. (5.5.8)

Solution

We'll leave the homogeneous part to the reader and just start there:
Yp =C1COST +cysinx

Turning to 5.5.8 and annihilating 42 + 10 sinx we get

D*(D* +1)*y =0
giving us a new characteristic equation r?(r? +1)% =0.
So, we now have roots r = 0, 0, £%, &-i. Since the new roots are 0, 0, -7 and since it's the second time +% are roots, we have

yp =A+Bx+Cxcosx + Dzsin.

Following the same process as above we end up with A =0, B=4,C = —5, D =0 . Therefore, we get

Yp =4x —dx Ccosz
and the general solution of 5.5.8is

y=cycosT+cysinx +4x —dxrcosz

Turning to our initial conditions we have y(7) = —¢; +97 =0, 0 ¢; = 9.
Substituting ¢; and taking the derivative we get y' = —97wsinx +cy cosx +4 —5cosz + bz sinz and using
y'(m)=—ca+9=2,5s0cy =7 and we get the solution to our initial value problem:
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l y=9mcosz +7sinz +4x —5x cosx

Using the Principle of Superposition

The next example shows how to combine the method of annihilation and Theorem 5.4.3, the principle of superposition.

v/ Example 5.5.12

Find a particular solution of
Y — Ty +12y = 4€*® +5¢€*". (5.5.9)

Solution
In Example 5.5.8 we found that y,, = 2e%? is a particular solution of

y// _ 7y/ 4 12y — 4e2z,
and in Example 5.5.9 we found that ¥, = 5ze*® is a particular solution of
Y — Ty +12y = 5e'?.

Therefore the principle of superposition implies that y, = 2e*® + 5ze*® is a particular solution of Equation 5.5.9.

This page titled 5.5: Annihilation is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F. Trench
via source content that was edited to the style and standards of the LibreTexts platform.

e 5.4: The Method of Undetermined Coefficients I by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/103505


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103505?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/05%3A_Linear_Second_Order_Equations/5.05%3A_Annihilation
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/9421
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

5.5.1: Annihilation (Exercises)

In Exercises 1-51 find the general solution.
1.y"—9y=>54
2.y"+y =3
3.y"+4y' +4y =2z +6
4.y —y —12y =e'®
5.9" -2y —3y=4e* -9
6.y" +25y =6sinz
7.y" + 6y +9y = —zel®
8.y —y=ae"+5
9.y" —2y' +5y =e”sinz
10. y"" + 25y = 20sinbzx
11.y" +y +y==zsinz
12.y" =3y +2y = (1 +2)
13.y" — 6y’ +5y = e 37(35 — 8z)
14.y" —2y' —3y =" (-8 +3z)
15. y" +2y' +y = e**(—7 — 152 +9z2)
16.y" +4y = e *(7 — 4z + 5z?)
17.y" —y' — 2y = €*(9 + 2z — 42?)
18.y" —4y' —by = —6ze ™
19.y" =3y’ +2y =" (3 —4z)
20.y" +y —12y = €3 (—6+Tz)
21.2y" — 3y’ —2y = €**(—6 + 10x)
22.y"+2y +y=e"(2+32)
23.y" -2y +y=€*(1—6x)
24, y" — 4y’ +4y = €?*(1 — 3z + 62?)
25.9y" 4+ 6y’ +y = e %/3(2 — 4z +42?)
26.y" — 3y’ +2y =¥ (1 +x)
27.y" —6y' +8y =€ (11 —6x)
28.y" + 6y’ +9y = €**(3 —5x)
29.y" 4+ 2y — 3y = —16z€”®
30.y" —2y' +y=e€"(2—12x)
31.y" +3y +2y="Tcosz —sinz
32.y"+3y +y=(2—6x)cosz —9sinz
33.y"+2y +y=€"(6cosz+17sinz)
34.y" + 3y’ — 2y = —e?*(5 cos 2z +9sin2z)
35.9" —y' +y=e€"(2+x)sinz
36.y" +3y' — 2y =e 2% [(4+20z) cos 3z + (26 — 32z ) sin 3]
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37.y" +4y = —12cos2z — 4 sin2zx

38.y"+y=(—4+8z)cosz + (8 —4z)sinz

39.4y" +y=—4cosz/2 —8xsinz/2

40.y" +2y' +2y =e *(8 cosz — 6sinz)

41.y" —2y' +5y =€* [(6 +8z) cos 2z + (6 — 8z) sin 2z]

42.y" +2y' +y =8z cosx —4zsinz

43.y" +3y' +2y = (124 20z + 10z2) cosz + 8z sinz

44.y" +3y' +2y = (1 —z —4z?) cos 2z — (1 + Tz + 2z%) sin 2z

45.y" — 5y’ +6y = —€” [(4+6x —z*) cosz — (2 — 4z + 3z%) sinz]

46.y" -2y +y=—€" [(3+4x —2?) cosz + (3 — 4z — 2?)sinx |

47.y" -2y + 2y =¢€* [(2 —2x —62%)cos + (2 — 10z + 622) sinx]

48.y" +2y' +y=e*[(5—2z)cosz — (3 + 3z) sinz]

49.y" +9y = —6 cos3xz —12sin3zx

50. y" + 3y’ +2y = (1 —x — 42®) cos 2z — (1 + 7z +22?) sin 2z

51.y" +4y' +3y=e" [(2+z +2?) cosz + (5 +4z +22?) sinz|
In Exercises 52-66 solve the initial value problem.

52.y" —64y =16, y(0)=1, 4'(0)=0

53.¢" -5y’ =z -2, y(0)=0, ¥ (0)=2

54.y" +y=8cos2z —4sinz, y(§)=-1, ¥ (3)=0

55.y" —4y' +8y==x3, y(0)=2, ' (0)=4

56.y" —4y' —5y =9¢**(1+z), y(0)=0, ¥'(0)=-10
57.y" +3y' —4y =e**(T+6z), y(0)=2, 3 (0)=8
58.y" +4y +3y=—e"(2+8z), y(0)=1, y'(0)=2

59.y" -3y’ —10y =Te 2%, y(0)=1, ¢'(0)=-17
60.y" — 7y +6y =—€*(17cosz —Tsinz), y(0)=4, y'(0)=2
61.y" —2y +2y = —€"(6cosz +4sinz), y(0)=1, y'(0)=4
62.y" + 6y +10y = —40e”sinz, y(0)=2, ¥'(0)=-3
63.y" — 6y’ +10y = —e3*(6cosz +4sinz), y(0)=2, ¢'(0)=7
64.y" — 3y’ +2y =e3* [21 cosz — (11 +10z)sinz], y(0) =0, y'(0)=6
65.y" +4y = —e 2% [(4—Tx)cosz + (2 —4z)sinz], y(0) =3, 3'(0)=1
66.y" +4y +4y =2cos2z +3sin2z +e*, y(0)=-1, y'(0) =2
In Exercises 67-72 solve a. and b. and use the principle of superposition to solve c.
67.a.y" +y +y=we"
b.y"+y' +y=e*(1+2z)
cy'+y +y=ze* +e*(1+2z)
68.a.y" — Ty +12y = —€" (17 —42zx)
b.y" — Ty +12y = —€3*
.y =Ty +12y = —e*(17 —42z) — &3®
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69.a.y" — 8y’ + 16y = 6ze’®

by — 8y’ +16y =2+ 16z + 1622

.y —8y +16y =6z’ +2+16z + 1622
70.a. y" — 3y’ +2y = —e**(3 +4z)

b.y" =3y +2y=—€”

ey’ =3y +2y=—€(3+4z) —¢”
71.a.y" —2y' +2y =e* (1 +z)

b.y" —2y' +2y =e (2 — 8z +52?)

.y’ -2y +2y=e"(1+z)+e*(2—8z+52%)
72.a.y" +y=e (2 4z +22?)

b.y" +y=e*(8 —12z — 10z?)

cy'+y=e"(2 -4z +22?)+e*(8 — 122 —102%)

This page titled 5.5.1: Annihilation (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 5.4E: The Method of Undetermined Coefficients I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

¢ 9.3E: Undetermined Coefficients for Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.

o 5.5E: The Method of Undetermined Coefficients II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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5.6: Variation of Parameters

If you have not had Math 410 (linear algebra), then you may want to review Appendix 11.3 again before starting this section.

In this section we'll discuss the method of variation of parameters to find a particular solution of
Py(z)y" + Pi(z)y + Px(z)y = F(z) (5.6.1)
if we know a fundamental set {y;, y2 } of solutions of the homogeneous equation
Py(z)y" + Pi(z)y’ + Px(z)y =0. (5.6.2)
Having found a particular solution g, by this method, we can write the general solution of Equation 5.6.1 as

Y=Yptcry1 +c2y2.

Since we previously only needed solutions of Equation 5.6.2 and annihilation to find the general solution of Equation 5.6.1, it is
natural to ask why we are interested in another method to achieve the same goal. Here’s the answer:

o We cannot annihilate all types of functions F'(x) that may occur in Equation 5.6.1.

o Annihilation is more complicated when we do not have constant coefficients. Note the coefficients in Equation 5.6.1 are not
necessarily constants.

e Variation of parameters generalizes naturally to a method for finding particular solutions of linear systems of equations in
Chapter 10, while annihilation doesn’t.

o Although a detailed discussion of this is beyond the scope of this book, variation of parameters is a powerful theoretical tool
used by researchers in differential equations.

We’ll now derive the method. As usual, we consider solutions of Equation 5.6.1 and Equation 5.6.2 on an interval (a, b) where Py,
Py, P,, and F are continuous and Py has no zeros. Suppose that {y1,y2} is a fundamental set of solutions of the homogeneous
equation Equation 5.6.2. We use a similar idea to what we did in section 5.2. We look for a particular solution of Equation 5.6.1in
the form

Yp = UrY1 + U2y (5.6.3)

where u; and u, are functions to be determined so that ¥, satisfies Equation 5.6.1. You may not think this is a good idea, since
there are now two unknown functions to be determined, rather than one like we had in section 5.2. However, since u; and us have
to satisfy only one condition (that g, is a solution of Equation 5.6.1), we can impose a second condition that produces a convenient
simplification, as follows.

Differentiating Equation 5.6.3 yields
Yp = w Y| +uoyh +ujyr +ubye. (5.6.4)
As our second condition on u; and uy we require that
uiyr +upys =0. (5.6.5)
Then Equation 5.6.4 becomes
Yp = w1Y; +u2ys; (5.6.6)
that is, Equation 5.6.5 permits us to differentiate g, (once!) as if u; and u, are constants. Differentiating Equation 5.6.6 yields
Yp = uryy +u2yl +uly] +uby,. (5.6.7)

(There are no terms involving u} and u} here, as there would be if we hadn’t required Equation 5.6.5.) Substituting Equation
5.6.3, Equation 5.6.6, and Equation 5.6.7 into Equation 5.6.1 and collecting the coefficients of u; and wus yields

u1 (Poyy + Piy; + Poyr) +ua (Poyy + Pryb + Poye) + Po(uwy) +ubyl) = F.
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As in the derivation of the method of reduction of order, the coefficients of u; and us here are both zero because y; and y, satisfy
the homogeneous equation. Hence, we can rewrite the last equation as
Py(uhy; +ubyh)=F. (5.6.8)
Therefore y, in Equation 5.6.3 satisfies Equation 5.6.1 if
ujy1 +upye =0
F
CURRCTES
where the first equation is the same as Equation 5.6.5 and the second is from Equation 5.6.8.
From Cramer's Rule (covered in linear algebra) you can always solve Equation 5.6.9 for u} and ). To make things a little cleaner
we will replace % with simply f(x) as we did when using annihilation, and rearrange the factors slightly, giving us:
ul +yauh, =0
’ %/1 1/ 3142 2 (5.6.9)
yiuh +ysuh = f()

Now, letting

0 0
w= |4 m:‘ 2 ow =Y :
Y1 Y f(z) Ys % f(z)
Cramer's rule then says that
, W , W
= — Uy = —
1w w

Since {y1,y2} is a fundamental set of solutions of Equation 5.6.2 on (a,b), Theorem 5.1.3 implies that the Wronskian
W =1y, —y;y2 has no zeros on (a, b).

We can now obtain u; and uy by integrating u} and w). The constants of integration can be taken to be zero, since any choice of u;
and us in Equation 5.6.3 will suffice.

v/ Example 5.6.1

Find a particular solution g, of
2%y —2zy +2y =22, (5.6.10)
given that y; = = and y = 22 are solutions of the complementary equation
?y" — 2y +2y =0.
Then find the general solution of Equation 5.6.10.

Solution
Note that we have variable coefficients and a function that cannot be annihilated.

We set
_ 2
Yp = U1X + u2x”,
where
zu, + z*ul =0
1 2 =
9/2
L 5/2
up 20 uy = —— =2 /2,
T
Now, letting
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0 z?
52 2z

x x2

= _mQ/Z’ W2 =
1 2z

W= =2’, W=

So, u} = % =—2%?% andu} = % = %/2 . Integrating and taking the constants of integration to be zero yields

2
and wus = ga:5/2.

2
Uy = —7:137/2

Therefore

2 2 4
LT 2 4 2 gD/2g — = 02

2
Y=ot =y 5 35

and the general solution of Equation 5.6.10is

4
Y= —5w9/2+clx +02w2.

v/ Example 5.6.2

Find a particular solution y,, of
(z—-1)y" —zy +y=(z 1), (5.6.11)
given that y; =« and y, = e” are solutions of the homogeneous equation
(z—1)y" —zy +y=0.
Then find the general solution of Equation 5.6.11.

Solution
We set

Yp = U T +uge”,
where
! x, ! _0
U+ € Uy =
(z—1)?

=z —1.
rz—1 x

5T
Uy +e Uy =
Now, letting

T

T 0
1 -1

0 e’

T

T e
1 €

W= =ze® —e", W= =—c"(z—1), W=

=2(-1),

z—1 e
So, u} = % =—1 anduy = % =xe ” . Integrating and taking the constants of integration to be zero yields
wp=—2 and us=—(z+1)e”.
Therefore
Yp =T +uze” = (—z)z + (—(z+1)e )’ = —2> —zx —1,
so the general solution of Equation 5.6.11is

y=yp+caz+ce®=—-2—z—1+c1z +c2e” = —22 —1+(c; — 1)z +c2€°. (5.6.12)

However, since c; is an arbitrary constant, so is ¢; — 1 ; therefore, we improve the appearance of this result by renaming the
constant and writing the general solution as

y=—a° —1+c1z +cae”. (5.6.13)
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Find a particular solution of
" !
3 2y = . 5.6.14
Y3y t2y=1— ( )
Then find the general solution.
Solution
(5.6.15)

The characteristic polynomial of the homogeneous equation
y'+3y +2y=0

isr?2+3r+2=(r+1)(r+2)=0 ,soy; =e * and y» = e 2 form a fundamental set of solutions of Equation 5.6.15 We

look for a particular solution of Equation 5.6.141in the form
Yp =ure " +uge 2%,

where
—Z I —2z !
e uj+ e uy =0

_ _ 1
—e %yl —2e Pyl = .
L 2 1+e®

Now, letting
—z 92z —2z 2z -z =
W — e_x € e :_6731, W]_: (1) 62 | = 16 —, ) = e_:z (1) — 16 _,
—e —2e T %€ te € Trer ac

W e r_ W e
So,uy = = ooy anduy = = o
Integrating by means of the substitution v = e® and taking the constants of integration to be zero yields

e dv
“1:/ e dw:/m =In{l+v) =In(+¢")

and
2z 1
Uz :—/ ° d:v:—/ Y dv:/[ —1] dv
1+v 1+v

1+e”
=In(14+v)—v=In(1+¢€")—€".

Therefore
Yp =ure " Fuge 2
= [In(1+€”)]e™® + [In(1 +€%) —e"] e %,
)
Yp=(e"+e?)In(l+e")—e ™.

Since the last term on the right satisfies the homogeneous equation, we drop it and redefine

yp = (7" +efzz) In(1+e").

The general solution of Equation 5.6.14is
y=yptce " +ce 2z

#=(e"+e ) In(l+e€") +cre " +ere”

v/ Example 5.6.4

Solve the initial value problem
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y(0)=-1, ¥ (0)=-5, (5.6.16)

2
2 " /

—1)y" +4zy' +2y = ——,
(z )y Ty Y o+ 1

given that

Y1 = and  ys =

rz—1 z+1

are solutions of the homogeneous equation
(z® —1)y" +4xy' +2y =0.
Solution

We first use variation of parameters to find a particular solution of

2
2 " !
—1 4 QY = ——
(z° —1)y" +4zy' +2y —

on (—1,1)in the form

. (5% (15
te= z—1 u z+1’
where
! !
Iy o
= .6.1
rz—1 r+1 v (56 7)
w uy 2 B 2
(z—1)?2 (z+1)2 (2+1)@=2-1) (z+1)%(z—1)
Now, letting
1 1 L
wo| =T = 2 W 0 o )
= = @12’ | —2 B e T
@7 | ETUE=D ey | @TED
1 0
W z—1 2
27 = 2 - 2(r_1)2 "
(a:—l)2 (z+1)2(z—1) (.’B"f‘].) (iL‘ 1)
So,uj =¥t =21 andup =32 =1.

Integrating and taking the constants of integration to be zero yields

z—1 z+1-2
ul——/x+1dm——/ — dx

:/[ 2 1] de=2In(z+1)—=z

z+1
and
m:/dm:m.
Therefore
Ul U 1 1
L a:—1+a:—|—1 [2In(z+1) w]a:—1+xa:—|—1
_ 2In(z+1) [ 1 1 ]_21n(w+1) 2z
- z-—1 z+1 z-1|  z-1 (x+1)(z—1)"

However, since
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($+12):(Ez—1) - [m—li-l + mil]

is a solution of the homogeneous equation, we redefine

2In(z+1)
T
Therefore the general solution of Equation 5.6.18is
2 111(.1! + 1) C1 Co
— . 5.6.18
z—1 + z—1 + z+1 ( )
Differentiating this yields
' 2 _ 21n(:1:+1) _ Cc1 Co

22—1  (z-12 (z—12 (z+1)2°
Setting z = 0 in the last two equations and imposing the initial conditions y(0) = —1 and y'(0) = —5 yields the system

—c1+ec =-1
—2—61 —Cy = —5.

The solution of this system is ¢; = 2, ca = 1 . Substituting these into Equation 5.6.18yields

_ 2In(z+1) 2 1
g z—1 z—1 zxz+1

~ 2In(z+1) 3z+1

Toz—1 +;1:2—1

as the solution of Equation 5.6.16. Figure 5.6.1 is a graph of the solution.

y
\

- S0
- 40

- 30

2In(z+1)
z—1

3z+1
z2-1

+

Figure 5.6.1 : y =

We’ve now considered two methods for solving nonhomogeneous linear equations: annihilation and variation of parameters. It’s
natural to ask which method is best for a given problem. The method of annihilation should be used for constant coefficient
equations with forcing functions that are linear combinations of polynomials multiplied by functions of the form e®*, e’ cosw,
or e’ sinwz. Although variation of parameters can be used to solve such problems, it will be more difficult except in the most
trivial cases, because of the integrations involved.

If the equation isn’t a constant coefficient equation or the forcing function isn’t of the form just specified, the method of
annihilation does not apply and the choice is necessarily variation of parameters.
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Using the Principle of Superposition

The next example shows how to combine the method of annihilation and variation of parameters, along with Theorem 5.4.3, the
principle of superposition.

v/ Example 5.6.5

Find the general solution of

T

y"—2y'—|—y:4w2—3+% (5.6.19)

on (0, ).

Solution
Solving the homogeneous equation " — 2y’ +y = 0 , we get the characteristic equation (r —1)2 = 0 which gives us

yn = c1e” +caze”

Now, when we turn to 5.6.19it might appear that we must use variation of parameters to solve it because we cannot annihilate
the entire right hand side of 5.6.19 However, we can annihilate the first two terms and use variation for the last term, and then
use the principle of superposition to find y,,.

Let's first consider
y' —2y +y =42 3. (5.6.20)

Writing it as

(D—1)*y=42" -3
and using D? to annihilate the right hand side we get

D*(D-1)*y=0

which gives us a characteristic equation of r° (r— 1)2 =0 and roots 0,0,0, 1,1 We have used 1, 1 so that gives us

Yp, = A+ Bz + Ca?
which gives us y, = B+2Cz and y; = 2C'". Substituting into 5.6.20 gives us

2C —2(B+2Cz) + (A+ Bz +C2?) = 42* -3

which gives us A =21, B=16,C =4 and therefore

Yp, =21 + 16z +4z?

is the solution to 5.6.20.

Let's now consider

T

y”—2y’+y=%- (5.6.21)

Here we are forced to use variation of parameters with

e e 0 ze”® e 0 e’
W=\ I =e?, Wi=|_. I =—e¥, Wy= e & | = g
e’ xe” te - ze te e’ — T
;) W ;) W, 1 . . . q .
So, u} = 3 = —1 and uj = 53 = - . Integrating and taking the constants of integration to be zero yields
u;=—x and wus =Inz.
Therefore,
Yp, = ULT +uz? = —ze” +ze®Inz,
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is the solution to 5.6.21.

Putting y,, and y,, together we get
Yp =Up, +Yp, =21+16z +4z2 —ze® +ze"Inz.
The term —xe” can be absorbed into yp,, so the general solution of Equation 5.6.19is

y=cie® +coze® +21 + 16z +4z> +ze®Inz.

This page titled 5.6: Variation of Parameters is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William
. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 5.7: Variation of Parameters by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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5.6.1: Variation of Parameters (Exercises)
In Exercises 1-6 find the general solution.

1.y" +9y =tan3z

2. y" +4y = sin 2z sec? 2z

3.y" =3y +2y ==

4.y" -2y +2y=3e*secr
5.y" -2y +y=142/%¢"

4e "

6.y —y=1"%

In Exercises 7-29 find the general solution given the solutions ¥, 2 of the homogeneous equation.
7.2%y" +xy —y=222+2; yi=z, p=1
8.2y +(2-22)y +(z—2)y=€"; y =€, p=5<
9.4x2y" + (4z — 8x2)y' + (422 — 4z — 1)y =4z'/2e*, x>0 ;y; =z'/%?, yp =2 1/2e
10. " +4zy + (422 +2)y = 4e 22 gy =¥ gy =ge ™
11. 2%y —day' +6y =22, £ >0; y =2°, yo=2a°
12. 2%y" —3xy’ + 3y = 2z*sinz; y, ==z, yo =23
13. 2z +1)y" -2y — 2z +3)y = 2z +1)%e®; yr=e 2, ys=zxe"
14. 4zy" +2y' +y =sin\/z; y1 =cos\/z, ys =sin/z
15. zy" — (22 +2)y' +(z +2)y =62%e®; y; =€%, 1y, =x’€”
16. 2%y" — (2a — V)zy’ +a’y =2,y =2 1y =x%Ilnz
17. 22y" —2zy' + (22 +2)y = x3 cosz; y =z cosz, Yy =zsinx
18.zy" —y —4zdy =825 y =€, yp=e "
19. (sinz)y” + (2sinz —cosz)y’ + (sinz —cosz)y=e*; y1 =€ %, ys =€ “cosz
20. 4z%y" —dzy' + (3 —162%)y = 82%2; 1y, = ze®, yy = JTE
21. 4a%y" —dzy' + (42® +3)y =27/, y, = /Tsinz, yos = \/Tcosz
22. 2%y —2zy — (z* —2)y =3z*; y, =ze®, Yo =z "
23. 22y" —2z(z + 1)y + (22 + 2z +2)y = 23e®; y; =xe®, yo =x’e”
24. 22y" —xy' —3y =232, y =1/z, y,=2a3
25. 2%y —z(z +4)y' +2(z +3)y =z'e®; y =22, yp =2’
26. 2%y —2z(z +2)y’ + (22 +4z +6)y = 2ze®; y; =x%€®, Yo =z€®
27. 2%y —dxy' + (2> +6)y =z*; y =x’cosz, 1y =x’sinz
28. (x —1)y" —2y' +y=2(x—1)%% y==x, y=¢€
29. 4x%y" —dz(x+ 1)y + 2z +3)y = 22" y1 =T, Y2 =+ /T
In Exercises 30-35 solve the initial value problem, given y;, yo are solutions of the homogeneous equation.
30. 3z —1)y" — 3z +2)y' — (62 —8)y = (3z —1)%e*®, y(0)=1, y'(0)=2 ;y; =%, yo =2 ®
3. (z— 1% —2(x — 1)y +2y = (z —1)?, y(0)=3, ¢ (0)=-6 ;yy=x—1,y =221
32. (¢ —1)%" —(2® — 1)y + (@ + 1y =(z—1)%", y(0)=4, y'(0)=-6 ;y1=(z—1)e", yp=z-1
(

33. (22 —1)y" +4zy' +2y =2z, y(0)=0, y'(0)=-2; y=75, =77
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34. a2y" +2zy —2y =222, y()=1,y()=-1 p==z ==
35. (z+1)(2z +3)y" +2(x+2)y' —2y =2z +3)%, y(0)=0, ¥y (0)=0 ;y1=x+2, y= -
36. Solve 3y"” — 6y’ + 30y = 15sinz + € tan 3z
37. Solve y" +y =sinz +secz
38. Solve y" + 3y’ + 2y = 6x% + 1:61 +sine®
39. Solve y' — 2y’ +y = 2% + 4z +

ot
1+az?

40. Solve i —2y' +y =€ +e"tan"'

This page titled 5.6.1: Variation of Parameters (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 5.7E: Variation of Parameters (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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5.7: Cauchy-Euler Equations

A special class of linear differential equations that is of interest are Cauchy-Euler equations, defined as follows.

# Definition 5.7.1 Cauchy-Euler Equations

A second order Cauchy-Euler equation is an equation that can be written in the form
az’y" +bxy' +cy =0, (5.7.1)

where a, b, and ¢ are real constants and a # 0.
Theorem 5.1.1 implies that Equation 5.7.1 has solutions defined on (0, 0o) and (—o0, 0), since Equation 5.7.1 can be rewritten as
b c
ay'+ =y + =y =0.
x T

For convenience we’ll restrict our attention to the interval (0, 0o). (Exercise 7.4.40 deals with solutions of Equation 5.7.1 on
(—OO, 0))

The key to finding solutions on (0, co) is that if > 0 then we can guess that y = 2" is defined as a real-valued function on (0, c0)
for all values of r, and it may lead to a solution. Substituting y = =" into Equation 5.7.1 produces

az?(z")" +bx(z") +cz” =ax’r(r—1)z" 2 +bxrz’ ! +ca” (5.7.2)
=lar(r—1)+br+clz". o
The equation
ar(r—1)+br+c=ar’+(b—a)r+c=0 (5.7.3)

is called the characteristic equation of Equation 5.7.1. From Equation 5.7.2 we can see that y = 2" is a solution of Equation 5.7.1
on (0, 00) if and only if ar(r —1)+br+¢=0 .

The roots of the characteristic equation are given by the quadratic formula

. —(b—a)x 2((i)—a)2—4ac ' (5.7.4)

X Three Cases

As you'll recall from algebra, there are three possible types of solutions to 5.7.3 and we will exam each case separately

o Case 1: (b—a)? —4ac > 0, so the characteristic equation has two distinct real roots.
o Case2: (b—a)? —4ac =0, so the characteristic equation has a repeated real root.
 Case3: (b—a)? —4ac <0, so the characteristic equation has complex roots.

Case 1: Distinct Real Roots
Let 71 and 75 be distinct real roots of 5.7.3.
Therefore, y; =z™ and y» =™ form a fundamental set of solutions of Equation 5.7.1 on (0, 00), since ys/y; =™ ™ is
nonconstant. In this case
y=ciz' +cox"
is the general solution of Equation 5.7.1 on (0, 00).
Note: we could also use the Wronskian to show independence:

" Ly
W(l’) = 7,21,1‘2—1 = (1"2 _rl)x( 1472 1) 7—é 0

for all x on (0, co) since ry #ry.
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Find the general solution of
o>y —zy —8y=0 (5.7.5)
on (0, ).

Solution
The characteristic equation of 5.7.5 s

r(r—1)—r—8=(r—4)(r+2)=0.

2

Therefore y; = z* and y, = 22 are solutions of Equation 5.7.5 on (0, 00), and its general solution on (0, c0) is

4, C2
y=cz —|——2.
T

v/ Example 5.7.2

Find the general solution of
6x%y” +5zy —y =0 (5.7.6)
on (0, ).

Solution
The characteristic equation of 5.7.6is

6r(r—1)+5r—1=2r—-1)(3r+1)=0.
Therefore the general solution of Equation 5.7.6 on (0, 00) is

1/2 1/3

y=cz ' +cox

Case 2: A Repeated Real Root

Let r be a repeated real root of 5.7.3. As such, we only get one solution, y; = «" . But we know there must be two independent
solutions to a second order homogeneous differential equation. So, how can we find a second independent solution if we only know
one? Recall the formula for a second solution that we derived in section 5.2,

e [p(z)dz
L
If we divide 5.7.2by a we get

which gives is p(z) = =, which gives us

—(b—a)

Since we have a repeated root we know (b —a)? —4ac =0 in 5.7.4which gives us r = 5. Or
—b
— =2r—-1
a
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Using this we now get

Since we already know that the formula gives us a second linearly independent solution, the general solution is
y=cz" +czlnz (5.7.7)

on (0, 00).

v/ Example 5.7.3

Find the general solution of
z2y" —bzy +9y =0 (5.7.8)
on (0, ).

Solution
The characteristic equation of 5.7.8 is

r(r—1)—5r+9 = (r—3)>=0.
Therefore the general solution of Equation 5.7.8 on (0, 00) is

y=2%(ci +c2Inz).

v/ Example 5.7.4

a. Find the general solution of

22y +3zy +y=0 (5.7.9)
on (0, ).
b. Solve the initial value problem
2y +3zy +y=0. y(1)=0,9'(1)=1 (5.7.10)
on (0, 00).
Solution a

The characteristic equation of 5.7.9 s
r(r—1)+3r+1=(r+1)>=0.
Therefore the general solution of Equation 5.7.9 on (0, 00) is
y=z ! (c1+calnz).
Solution b
Atz = 1 we know the values of y and y’'. Using the general solution of 5.7.9, we first have that
0=y(l)=a

Thus, we have so far that y = czz ! Inz.

Now, using the second condition and
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we have

y'(z) =c2(1 —Inz)z 2

l=9y'(1)=c

Therefore, the solution of 5.7.100n (0, 00) is

y= z 'lnz

Case 3: Complex Conjugate Roots

Now suppose 5.7.3 has complex conjugate roots » = A +wi . This is similar to case one in that we do have distinct roots and we
could say y; =z and y, = 2(*“) . The problem with this is that it's not very useful in real life applications to have
functions of complex numbers. So, we want to see if we can somehow write both solutions as functions of real numbers, and as we

did earlier in the chapter we will use Euler's Identity.

We will now rewrite y; and y; as follows:

Y = x()\+wi) _ elnzM-m' _ e()\+wi) Inz _ e)Jna:eiwlnz — e)Jna: (cos(wlna:) +i sin(wlnw)) _ e)\lnz cos(wln:z:)
+ieN" sin(wlnz)
Yo = w()\—wi) _ elnz)\—uz‘ _ e()\—wi) Inz _ e}Jnace—iwlnz _ C}JHE(COS(—(UIIICE) +3 sin(—wln:c)) — GMHI COS(UJIII:E)

—ieMN"® sin(wlnz)

The latter is using the fact the cos is an even function and sin is an odd function.
Note: the ¢ is no longer inside a function.
Recall that if y; and y, are solutions of a homogeneous equation, then any linear combination is also a solution. So, if we add y;
and y» we get
y3 = 2eM"? cos(wlnz) = 2¢lne’ cos(wlnz) = 22> cos(wlnz)
and if we subtract y; and y, we get

Anz Inx

ys = 2ieMm sin(wlnz) = 2ie"® sin(wlnz) = 2z sin(wlnz)

Now, both 2 and 2i are constants that can be absorbed into the constants ¢; and c2 of our general solution and since y3 and y,4 are
not constant multiples of each other, they are independent. Thus, our general solution is

y=c12” cos(wlnz) + a2z sin(wlnz) (5.7.11)
Find the general solution of
22y" +3zy +2y =0 (5.7.12)
on (0, ).
Solution

The characteristic equation of 5.7.12is
r(r—1)+3r+2=(r+1)2+1=0.

The roots of the characteristic equation are r = —1 +4 and the general solution of Equation 5.7.120n (0, 00) is

1
y = lercos(Inz) + e sin(lnz)]
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Find the general solution of
22y —zy' +5y=0 (5.7.13)
on (0, co).

Solution
The characteristic equation of 5.7.13is

rr—1)—r+5=(r—1)*+4=0.
The roots of the characteristic equation are 7 = 1 & 2¢ and the general solution of Equation 5.7.130n (0, 00) is

y=z[c;cos(2lnz) +cysin(21nz)].

Nonhomogeneous Cauchy-Euler Equations

We can solve nonhomogeneous Cauchy-Euler equations using the Method of Variation of Parameters. We will demonstrate this
with a couple examples.

v/ Example 5.7.7

Find the general solution of
z2y" —zy — 3y = 222 (5.7.14)
on (0, ).

Solution
First we find the solution of the homogeneous equation

22y —zy' —3y=0. (5.7.15)
The characteristic equation of 5.7.15is 7> —2r —3 = 0. So, the roots are » = —1, 3 and the solution of 5.7.15is
Yp = clm_l +02:B3.
We set
Yp = ulaz’l +U2w3,

where

_ 2.1 2,1 __ _
T “up +3x Uy, = 2 =2
Now, letting
1 3 3 -1
T T 0 =z T 0 .
W= _9 9 :4-’13, le' 9 :—2:1,‘37 W2: g ’:21; 1’
—z 3z 2 3z —x 2
So,u, =W — 2 ando) =22 — 22 qneegrati d taking th tants of integration to b ield
0,u; =3 = —75 and uy = 57 = %5~ . Integrating and taking the constants of integration to be zero yields
3 -1
T T
up=—— and wus=-——.
1 6 2 2
Therefore
3 =il
T T 2
yp=U1$_1+u2w3=—?$_1—7$3Z——xz,
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so the general solution of Equation 5.7.14is

- 2 _
Yy=yptcax ! +02IL‘3 = —§w2 +ciz ! +czm3
on (0, co).
v/ Example 5.7.8
Find the general solution of
z?y" —zy’ — 3y =223 (5.7.16)
on (0, ).
Solution
5.7.16has the same homogenous solution as 5.7.14, so
Yp = cla:_l +czm3.
We set
Yp = ulw_l —|—u2m3,
where
w_lu’l +x3u’2 =0
2 2 @
—z “uf +3z°u, = — =2z.
1 2 :1:2
Now, letting
=l 23 0 a3 f zl 0
W= =4z, W;= — 9 W = —9
—z~2 3z2 ’ 'Tloz 322 ’ 2T 22 22 ’
So, u} = % = —%3 and u), = % = % . Integrating and taking the constants of integration to be zero yields
4
4
Uy = Y and wup = Elnx.
Therefore
4 3 3
-1 3 5 1 3 T T
Yp =T  Fugz’ = 5 —1—(5 Inz)z’ = Y + 5 Inz,
However, since ¢y is an arbitrary constant, so is ca — % ; therefore, we improve the appearance of this result by renaming the
constant and writing the general solution of Equation 5.7.16as
23
y=y,+az t +ecz® = 5 Inz +ciz7 ! +cox®
on (0, co).

This page titled 5.7: Cauchy-Euler Equations is shared under a CC BY-NC-SA 1.3 license and was authored, remixed, and/or curated by Russell
Herman via source content that was edited to the style and standards of the LibreTexts platform.
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5.7.1: Cauchy-Euler Equations (Exercises)
In Exercises 1-40 find the general solution of the given equation on (0, 00).
1. 22 ”+7zy +8y=0
"—Txy' +7y=0
2%y —xy' +y=0
2y’ +5zy +4y =0
2y”+my +y=0
y'—3zy +13y=0
z?y" +3zy —3y=0
.122%y" — 5y + 6y =0
Ax?y" +-8zy +y=0
L322y —xzy' +y=0

L°°°.\'.°’.U‘:'>W!\’

_ =
= O

222y —3xy' +2y=0

z2y" +3zy +5y=0

.92%y" + 152y +y =0

2y" zy +10y =0
y"'—6y=0

222y +3xy’ —y =0

o e e
\'O’S"Pw!\’

cx?y" —3zy +4y =0

—_
oo

.22%y" +10zy’ +9y =0

—_
©

Lx2?y’ —2y=0

N
o

xy"+y =0
22y’ +zy +4y=0

NN
N =

2%y —3zy' —2y =0

N
w

2522y + 252y +y =0
22y’ +5zy +4y =0
. 3x2y" +6zy +y =0
z?y" +3zy —3y=0

NN
.O’U"P

27.22%y" +5zy' +y =0
28.4z%y" +y =0

29. zy" — 4y’ =zt

30. 2%y" — 2y +y =2z

31. 2%y" — xy’ — 3y = 222

32. 2%y" — zy’ — 3y = 223

33 —4zy’ +6y =2z + 22
34. 2%y" — 3zy’ + 3y = 2z'e

w
92}

L2ty —zy +y=Inz

w
D

222y 4 5xy +y =24z
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37. 2%y" +5zy’ +4y = 223
38. 22y +10zy’ + 8y = 2
39. z2y" —4zy' +6y =Inx?
40. z%y" — 32y’ +13y =4+ 3z

In Exercises 41-49 find the solution of the given initial value problem on (0, co).
41. 2%y" +3zy' =0; y(1)=0, y'(1)=4
42. z%y" —5zy' +8y =0; y(2)=32, '(2)
43.2%y" +zy' +y=0; y()=1, y'(1)=2
44. 2%y" —3zy' +4y=0; y(1)=5, y'(1)=3
45. 2%y" +3zy' +y=0; y(1)=0, y'(1)=1
46.zy" +y =z; y(1)=1, y(1)=-1/2
47. 22y — 5zy’ + 8y = 8x5; y(%) =0, y’(%) =0
48. 2%y" —3zy' +3y =2z%e*; y(1)=0, %'(1)=0
49.z%y" —zy' +y=Inz; y(1)=2, y'(1)=2

50. Prove that if y = y(z) satisfies the Cauchy-Euler equation

d’y dy
ey A — A
dn +bxdw +cy=0 (A)

az’
on (0, 00) then y = y(t), where t = —z, satisfies A on (—o0, 0).
In Exercises 51-52 find the solution of the given initial value problem on (—o0, 0).
51.422y" +y=0; y(-1)=2, y'(-1)=4
52. 2%y" —4dxy' +6y=0; y(—2)=8, ¥'(-2)=0
53. A nontrivial solution of

Py(z)y" + Pi(z)y' + Pa(x)y =0

is said to be oscillatory on an interval (a, b) if it has infinitely many zeros on (a, b). Otherwise y is said to be nonoscillatory on
(a, b). Prove that the equation

2’y +ky=0 (k= constant)

has oscillatory solutions on (0, co) if and only if k£ > 1/4.

This page titled 5.7.1: Cauchy-Euler Equations (Exercises) is shared under a CC BY-NC-SA 1.3 license and was authored, remixed, and/or
curated by Russell Herman via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

6: Applications of Linear Second Order Equations
In this Chapter, we study applications of linear second order equations.
6.1: Spring-Mass Problems (Without Damping)
6.1E: Spring-Mass Problems (Without Damping) (Exercises)
6.2: Spring-Mass Problems (with Damping)
6.2E: Spring-Mass Problems (With Damping) (Exercises)
6.3: The RLC Circuit
6.3E: The RLC Circuit (Exercises)
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6.1: Spring-Mass Problems (Without Damping)

We consider the motion of an object of mass m, suspended from a spring of negligible mass. We say that the spring—mass system is
in equilibrium when the object is at rest and the forces acting on it sum to zero. The position of the object in this case is the
equilibrium position. We define y to be the displacement of the object from its equilibrium position (Figure 6.1.1 ), measured
positive upward.

(c)
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Figure6.1.1: (@ y>0(b)y=0,(c)y <0
Our model accounts for the following kinds of forces acting on the object:

o The force —mg, due to gravity.

o A force F; exerted by the spring resisting change in its length. The natural length of the spring is its length with no mass
attached. We assume that the spring obeys Hooke’s law: If the length of the spring is changed by an amount AL from its natural
length, then the spring exerts a force Fy; = kAL, where k is a positive number called the spring constant. If the spring is
stretched then AL > 0 and F; > 0, so the spring force is upward, while if the spring is compressed then AL < 0 and F; <0,
so the spring force is downward.

e A damping force F; = —cy’' that resists the motion with a force proportional to the velocity of the object. It may be due to air
resistance or friction in the spring. However, a convenient way to visualize a damping force is to assume that the object is
rigidly attached to a piston with negligible mass immersed in a cylinder (called a dashpot) filled with a viscous liquid (Figure
6.1.2 ). As the piston moves, the liquid exerts a damping force. We say that the motion is undamped if ¢ = 0, or damped if
c>0.

o An external force F', other than the force due to gravity, that may vary with ¢, but is independent of displacement and velocity.
We say that the motion is free if F' =0, or forced if F' # 0.

MAAMAAAMAAMAAMAAAAA

Figure 6.1.2 : A spring — mass system with damping

From Newton’s second law of motion,
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We must now relate Fy to y. In the absence of external forces the object stretches the spring by an amount Al to assume its
equilibrium position (Figure 6.1.3 ). Since the sum of the forces acting on the object is then zero, Hooke’s Law implies that
mg = kAl. If the object is displaced y units from its equilibrium position, the total change in the length of the spring is

AL = Al —vy, so Hooke’s law implies that

my" =-mg+Fj+F,+F=-mg—cy +F,+F. (6.1.1)

F, = kAL = kAl — ky.

Substituting this into Equation 6.1.1 yields
my" = —-mg—cy +kAl—ky+F.

Since mg = kAl this can be written as

my' +cy +ky=F. (6.1.2)

We call this the equation of motion.

—
W
=

AMAAMAAMAMANAAA
~

Figure 6.1.3 :(a) Natural length of spring (b) Spring stretched by mass

Simple Harmonic Motion

Throughout the rest of this section we’ll consider spring—mass systems without damping; that is, ¢ = 0. We’ll consider systems
with damping in the next section. We first consider the case where the motion is also free; that is, ' =0. We begin with an

example.

v/ Example 6.1.1

An object stretches a spring 6 inches in equilibrium.

a. Set up the equation of motion and find its general solution.
b. Find the displacement of the object for ¢ > 0 if it is initially displaced 18 inches above equilibrium and given a downward

velocity of 3 ft/s.

Solution a

Setting ¢ =0 and F' = 0 in Equation 6.1.2 yields the equation of motion

my" +ky =0,

which we rewrite as

k
y'+—y=0. (6.1.3)
m
Although we would need the weight of the object to obtain & from the equation mg = kAl we can obtain k/m from Al alone;
thus, k/m = g/ Al. Consistent with the units used in the problem statement, we take g =32 ft/s?. Although Al is stated in
inches, we must convert it to feet to be consistent with this choice of g; that is, Al = 1/2 ft. Therefore
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2
x- 13_/2 — 64
and Equation 6.1.3 becomes
y"'+64y =0. (6.1.4)
The characteristic equation of Equation 6.1.41s
2 +64 =0,

which has the zeros r = +-8:. Therefore the general solution of Equation 6.1.4is
y = c1 cos 8t + ¢z sin 8¢. (6.1.5)

Solution b

The initial upward displacement of 18 inches is positive and must be expressed in feet. The initial downward velocity is
negative; thus,

y(0) =5 and y(0)=-3.

Differentiating Equation 6.1.5 yields
y' = —8c; sin8t + 8¢, cos 8t. (6.1.6)

Setting t =0 in Equation 6.1.5 and Equation 6.1.6 and imposing the initial conditions shows that ¢; =3/2 and ¢; = —3/8.
Therefore

3 3
y= ) cos 8t — 3 sin 8t,

3 AN
WATRYAY

Figure 6.14 :y = gcos 8t — %sin 8t

where y is in feet (Figure 6.1.4 ).

Amplitude-Phase Form of Solution

There are times when the solution in the last example is not adequate for answering certain questions easily. Here, we will talk
about another form which is simpler and easier to use for many applications.

Consider the general equation
my" +ky=0
where m and k are arbitrary positive numbers.

The characteristic equation is

mrl +k=0,

https://math.libretexts.org/@go/page/103514
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which has the zeros r = £ \/k/—m
Letting wy = \/k/—m we get r = Fwt.
The general solution of this equation is
y = ¢1 coswyt + ¢g sinwpt. (6.1.7)

We can rewrite this in a more useful form by defining

A=,/d+c, (6.1.8)
and
cp =Asing and ¢y = Acosé. (6.1.9)

Substituting from Equation 6.1.9 into Equation 6.1.7 and applying the identity
sinwgt cos ¢ + cos wyt sin ¢ = sin(wpt + @)
yields
y = Asin(wot + ¢). (6.1.10)

From Equation 6.1.8 and Equation 6.1.9 we see that the A and ¢ can be interpreted as polar coordinates of the point with
rectangular coordinates (¢, ¢1) (Figure 6.1.5 ). Given ¢; and ¢z, we can compute A from Equation 6.1.8. From Equation 6.1.9,
we see that ¢ is related to ¢; and ¢, by

c
tan¢ = 2
C2
The motion described by Equation 6.1.7 or Equation 6.1.10is simple harmonic motion. We see from either of these equations that
the motion is periodic, with period

T:27T/(.U0.

This is the time required for the object to complete one full cycle of oscillation (for example, to move from its highest position to
its lowest position and back to its highest position). Since the highest and lowest positions of the object are y = A and y = —A4,
we say that A is the amplitude of the oscillation. The angle ¢ in Equation 6.1.10 is the phase angle. It’s measured in radians.
Equation 6.1.10is the amplitude—phase form of the displacement. If ¢ is in seconds then wy is in radians per second (rad/s); it is the
frequency of the motion. It is also called the natural frequency of the spring—mass system without damping.

3

Figure 6.1.5: A= /c? +c%;c; = Asing; cy = Acos ¢

v/ Example 6.1.2

We found the displacement of the object in Example 6.1.1 to be

3 3
Y= 5 cos8t — 3 sin 8t.
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Find the frequency, period, amplitude, and phase angle of the motion.

Solution
The frequency is wy = 8 rad/s, and the period is T' = 27 /wy = 7/4 s. Since ¢; = 3/2 and ¢, = —3/8, the amplitude is

S CEROROEL

tang = — =—4 (6.1.11)

The phase angle is determined by

[I3Y

|
ool

So,
p=m— tan 14

and the amplitude-phase form is

3
Y= §N/17sin(8t +m—tan"14)

v/ Example 6.1.3

The natural length of a spring is 1 m. An object is attached to it and the length of the spring increases to 102 cm when the
object is in equilibrium. Then the object is initially displaced downward 1 cm and given an upward velocity of 14 cm/s. Find
the displacement for ¢ > 0. Also, find the natural frequency, period, amplitude, and phase angle of the resulting motion.
Express the answers in cgs units.

Solution
In cgs units g = 980 cm/s?. Since Al =2 cm, wg = g/ Al =490. Therefore

y"+490y =0, y(0)=-1, v (0)=14.
The general solution of the differential equation is
y = ¢ €08 7+/10t + ¢y sin 7+/10¢,
o)
y' =74/10 (—c; sin7./10t + c; cos 7,/10t) .

Substituting the initial conditions into the last two equations yields ¢; = —1 and ¢y = 2/+/10. Hence,

2
——sin74/10t.
V10

The frequency is 7+/10 rad/s, and the period is T' = 27 /(7+/10) s. The amplitude is

A:m:\/(—nu(%)z Z\/gcm

y=—cosT+4/10t +

The phase angle is determined by

-1 v/10
tan¢ = I = —T
V10
Therefore ¢ is in the fourth quadrant and
v10
¢ =—tan™ 5
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and the amplitude-phase form is

y= \/gsin(mt —tan! @)

Undamped Forced Oscillation

In many mechanical problems a device is subjected to periodic external forces. For example, soldiers marching in cadence on a
bridge cause periodic disturbances in the bridge, and the engines of a propeller driven aircraft cause periodic disturbances in its
wings. In the absence of sufficient damping forces, such disturbances — even if small in magnitude — can cause structural
breakdown if they are at certain critical frequencies. To illustrate, this we’ll consider the motion of an object in a spring—mass
system without damping, subject to an external force

F(t) = Fycoswt
where Fj is a constant. In this case the equation of motion Equation 6.1.2is
my" +ky = Fy coswt,

which we rewrite as

F
Y twiy = 2 coswt (6.1.12)
m

with wg = 4/k/m. We’ll see from the next two examples that the solutions of Equation 6.1.12 with w# wy behave very
differently from the solutions with w = wy.

v Example 6.1.4

Solve the initial value problem

Fi
Y +wiy = ;O coswt, y(0)=0, ¥'(0)=0, (6.1.13)
given that w # wy .

Solution
We've solved the homogeneous equation y" + wgy =0 earlier (see above) and came up with the homogeneous solution

Yp, = 1 coswyt + co sinwyt.

We obtain a particular solution of Equation 6.1.12by the method of annihilation. Since w # wy, coswt isn’t a solution of the
homogeneous equation. So,

yp = Acoswt + Bsinwt.

Since
yl = —w?(Acoswt + Bsinwt),
Fy
yp +wiy, = . coswt
if and only if
F
(wg —w?) (Acoswt + Bsinwt) = =2 cosut.
m
This holds if and only if
Fi
A= > L > and B=0,
m(w} —w?)
so

https://math.libretexts.org/@go/page/103514
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F

0
= —————coswt.
b m(wi —w?)
The general solution of Equation 6.1.12is
Fy .
y=————— coswt + ¢y coswyt + ¢ sinwyt, (6.1.14)
m(wj —w
S0
i _WFO 9 .
Yy = —————— sinwt +wp(—cy sinwpt + ¢z coswyt).
m(wi —w?)

The initial conditions y(0) =0 and 3’ (0) = 0 in Equation 6.1.13imply that
F
c1 = —2—0 and co =0.
m(wi —w?)
Substituting these into Equation 6.1.14yields
Fo

coswt —coswyt). 6.1.15
) (cosut —cosent) (6.1.15)

y:

It is revealing to write this in a different form. We start with the trigonometric identities

cos(a —fB) =cosacosfB+sinasinf
cos(a+B) =cosacosf —sinasinf.

Subtracting the second identity from the first yields

cos(a — ) —cos(a+ ) =2sinasinj (6.1.16)
Now let
a—pf=wt and a-+f=uwgt, (6.1.17)
so that
t —w)t
e (WO';W) and B = (wo 2&)) (6.1.18)

Substituting Equation 6.1.17and Equation 6.1.18into Equation 6.1.16yields

wo —w)t wo +w)t
coswt—coswot=2sin( 02 ) sin( 02 ) ,

and substituting this into Equation 6.1.15yields

(wo +w)t

y = R(t)sin 5 , (6.1.19)
where
—w)t
R(t) = 22F0 o N (6.1.20)
m(w) —w?) 2

From Equation 6.1.19we can regard y as a sinusoidal variation with frequency (wo +w)/2 and variable amplitude | R(t)|. In
Figure 6.1.6 the dashed curve above the ¢ axis is y = |R(¢)|, the dashed curve below the t axis is y = —|R(t)|, and the
displacement y appears as an oscillation bounded by them. The oscillation of y for ¢ on an interval between successive zeros of
R(t) is called a beat.
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Figure 6.1.6 : Undamped oscillation with beats

You can see from Equation 6.1.19and Equation 6.1.20that

2| Fy|
mlwf —w?|’

()l <

moreover, if w+ wy is sufficiently large compared with w — wy , then |y| assumes values close to (perhaps equal to) this upper
bound during each beat. However, the oscillation remains bounded for all ¢. (This assumes that the spring can withstand
deflections of this size and continues to obey Hooke’s law.) The next example shows that this isn’t so if w = wy.

v/ Example 6.1.5

Find the general solution of

F
Y +wiy = =2 coswot. (6.1.21)
m

Solution
This equation has the same homogeneous solution as Example 4, so we will jump directly to the particular solution, which we
again solve using annihilation.

Since coswyt is a solution of the homogeneous equation, the form for y, is
yp = t(Acoswyt + Bsinwyt). (6.1.22)
Then
= A coswyt + Bsinwyt +wyt(—A sinwyt + Bcoswyt)
and
Yy = 2wy (—Asinwgt + Beoswyt) — wit(A coswot + Bsinwyt). (6.1.23)

From Equation 6.1.22and Equation 6.1.23 we see that y, satisfies Equation 6.1.21if

F
—2Awg sinwyt + 2 Bwg coswyt = =0 coswyt;
m

that is, if
F
A=0 and B=-—>.
2muwy
Therefore
Fyt . ;
= sin
L4 2muwy “o

is a particular solution of Equation 6.1.21 The general solution of Equation 6.1.21is

Fyt . .
= sinwyt + ¢1 coswyt + co sinwyt.
2muwy
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-~ y=-F,t/2me,

Figure 6.1.7 : Undamped displacement due to resonance.
The graph of y,, is shown in Figure 6.1.7 , where it can be seen that y,, oscillates between the dashed lines
Fyt Fyt

= d = =
Y 2muwy ant ¥

2muwy

with increasing amplitude that approaches oo as t — co. Of course, this means that the spring must eventually fail to obey
Hooke’s law or break.

This phenomenon of unbounded displacements of a spring—mass system in response to a periodic forcing function at its natural
frequency is called resonance. More complicated mechanical structures can also exhibit resonance-like phenomena. For
example, rhythmic oscillations of a suspension bridge by wind forces or of an airplane wing by periodic vibrations of
reciprocating engines can cause damage or even failure if the frequencies of the disturbances are close to critical frequencies
determined by the parameters of the mechanical system in question.

This page titled 6.1: Spring-Mass Problems (Without Damping) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 6.1: Spring Problems I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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6.1E: Spring-Mass Problems (Without Damping) (Exercises)
In the following exercises assume that there’s no damping.

1. An object stretches a spring 4 inches in equilibrium. Find its displacement for £ > 0 if it is initially displaced 36 inches above
equilibrium and given a downward velocity of 2 ft/s.

2. An object stretches a spring 1.2 inches in equilibrium. Find its displacement for ¢ > 0 if it is initially displaced 3 inches below
equilibrium and given a downward velocity of 2 ft/s.

3. A spring with natural length .5 m has length 50.5 cm with a mass of 2 gm suspended from it. The mass is initially displaced 1.5
cm below equilibrium and released with zero velocity. Find its displacement for ¢ > 0.

4. An object stretches a spring 6 inches in equilibrium. Find its displacement for ¢ > 0 if it is initially displaced 3 inches above
equilibrium and given a downward velocity of 6 inches/s. Find the frequency, period, amplitude and phase angle of the motion.

5. An object stretches a spring 5 cm in equilibrium. It is initially displaced 10 cm above equilibrium and given an upward velocity
of .25 m/s. Find its displacement for ¢ > 0. Find the frequency, period, amplitude, and phase angle of the motion.

6. A 10 kg mass stretches a spring 70 cm in equilibrium. Suppose a 2 kg mass is attached to the spring, initially displaced 25 cm
below equilibrium, and given an upward velocity of 2 m/s. Find its displacement for ¢ > 0. Find the frequency, period, amplitude,
and phase angle of the motion.

7. A weight stretches a spring 1.5 inches in equilibrium. The weight is initially displaced 8 inches above equilibrium and given a
downward velocity of 4 ft/s. Find its displacement for ¢ > 0.

8. A weight stretches a spring 6 inches in equilibrium. The weight is initially displaced 6 inches above equilibrium and given a
downward velocity of 3 ft/s. Find its displacement for ¢ > 0.

9. A spring—mass system has natural frequency 7+/10 rad/s. The natural length of the spring is .7 m. What is the length of the
spring when the mass is in equilibrium?

10. A 64 1b weight is attached to a spring with constant k = 8 Ib/ft and subjected to an external force F'(t) = 2sint. The weight is
initially displaced 6 inches above equilibrium and given an upward velocity of 2 ft/s. Find its displacement for ¢ > 0.

11. A unit mass hangs in equilibrium from a spring with constant £ =1/16. Starting at t = 0, a force F'(t) = 3 sint is applied to
the mass. Find its displacement for ¢ > 0.

12. A 4 b weight stretches a spring 1 ft in equilibrium. An external force F'(t) = .25sin8t Ib is applied to the weight, which is
initially displaced 4 inches above equilibrium and given a downward velocity of 1 ft/s. Find its displacement for ¢ > 0.

13. A 2 1b weight stretches a spring 6 inches in equilibrium. An external force F'(t) = sin8¢ 1b is applied to the weight, which is
released from rest 2 inches below equilibrium. Find its displacement for ¢ > 0.

14. A 10 gm mass suspended on a spring moves in simple harmonic motion with period 4 s. Find the period of the simple harmonic
motion of a 20 gm mass suspended from the same spring.

15. A 6 1b weight stretches a spring 6 inches in equilibrium. Suppose an external force F'(t) = 13—6 sinwt + % coswt 1b is applied
to the weight. For what value of w will the displacement be unbounded? Find the displacement if w has this value. Assume that the
motion starts from equilibrium with zero initial velocity.

16. A 6 1b weight stretches a spring 4 inches in equilibrium. Suppose an external force F'(t) = 4 sinwt — 6 coswt 1b is applied to
the weight. For what value of w will the displacement be unbounded? Find the displacement if w has this value. Assume that the
motion starts from equilibrium with zero initial velocity.

17. A mass of one kg is attached to a spring with constant k =4 N/m. An external force F'(t) = —coswt —2sinwt n is applied to
the mass. Find the displacement y for ¢ > 0 if w equals the natural frequency of the spring—mass system. Assume that the mass is
initially displaced 3 m above equilibrium and given an upward velocity of 450 cm/s.

18. An object is in simple harmonic motion with frequency wy, with y(0) =yo and y'(0) = vy . Find its displacement for ¢ > 0.
Also, find the amplitude of the oscillation and the phase angle.

19. Two objects suspended from identical springs are set into motion. The period of one object is twice the period of the other. How
are the weights of the two objects related?
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20. Two objects suspended from identical springs are set into motion. The weight of one object is twice the weight of the other.
How are the periods of the resulting motions related?

21. Two identical objects suspended from different springs are set into motion. The period of one motion is 3 times the period of
the other. How are the two spring constants related?

22. A 24 pound weight is attached to the end of a spring, stretching it 4 inches. If the object is released from rest 3 inches above
equilibrium, find the displacement for¢ > 0.

23. A 20 pound weight is attached to the end of a spring, stretching it 6 inches. If the object is released from rest 6 inches below
equilibrium, find

a. the displacement for ¢ > 0.
b. the times the object passes through equilibrium.
c. the time the object passes through equilibrium heading downward for the second time.

24. An 8 pound weight is attached to the end of a spring, stretching it 8 feet. If the object is released with a downward velocity of
3/2 ft/s 6 inches below equilibrium, find

a. the displacement for ¢ > 0.

b. write the equation of motion in the Amplitude-Phase Form.

c. the times the object passes through equilibrium.

d. the time the object passes through equilibrium heading upward for the third time.

25. A 64 pound weight is attached to the end of a spring, stretching it 0.32 foot. If the object is released 8 inches above equilibrium
with a downward velocity of 5 ft/s, find

a. the displacement for ¢ > 0.

b. write the equation of motion in the Amplitude-Phase Form.

c. the amplitude and period.

d. how many complete vibrations will the weight complete after 37 seconds.

e. the times the object passes through equilibrium.

f. the time the object passes through equilibrium heading downward for the second time.

g. the speed when the object passes through equilibrium.

h. the times the object is 5 inches below equilibrium.
26. A mass of 2 kilograms is attached to a spring whose constant is 32 N/m. At time ¢ = 0, with the object in equilibrium, a force
of 68e~%! cos 4t is impressed on the object. Find the displacement for ¢ > 0.
This page titled 6.1E: Spring-Mass Problems (Without Damping) (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 6.1E: Spring Problems I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.2: Spring-Mass Problems (with Damping)

Free Vibrations with Damping

In this section we consider the motion of an object in a spring—mass system with damping. We start with unforced motion, so the
equation of motion is

my" +cy +ky=0. (6.2.1)

Now suppose the object is displaced from equilibrium and given an initial velocity. Intuition suggests that if the damping force is
sufficiently weak the resulting motion will be oscillatory, as in the undamped case considered in the previous section, while if it is
sufficiently strong the object may just move slowly toward the equilibrium position without ever reaching it. We’ll now confirm
these intuitive ideas mathematically. The characteristic equation of Equation 6.2.1is

mr+cer+k=0.

The roots of this equation are
—c—+v/c2—4mk —c++v 2 —4mk
ry = and 7y = .
2m

o= (6.2.2)

We saw in Section 5.3 that the form of the solution of Equation 6.2.1 depends upon whether ¢ —4mk is positive, negative, or
zero. We’ll now consider these three cases.

Underdamped Motion
We say the motion is underdamped if ¢ < v/4mk. In this case r; and 75 in Equation 6.2.2 are complex conjugates, which we write

as

C . Cc .
rM=———wyit and ry=——+wi,
2m 2m

where

vamk — c?

w1 =
' 2m
The general solution of Equation 6.2.1 in this case is

Y= e_Ct/2m(cl coswit +cg sinwit).

By the method used in Section 6.1 to derive the amplitude—phase form of the displacement of an object in simple harmonic motion,
we can rewrite this equation as

y = Ae ™ sin(wt + ), (6.2.3)
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Figure 6.2.1 : Underdamped motion

c
A=,/ +c3, tan¢:c—1.
2

The factor Ae°/?™ in Equation 6.2.3 is called the time—varying amplitude of the motion, the quantity w; is called the frequency,
and T' = 27 /wy (which is the period of the sine function in Equation 6.2.3) is called the quasi—period. A typical graph of Equation
6.2.3 is shown in Figure 6.2.1 . As illustrated in that figure, the graph of y oscillates between the dashed exponential curves

y=+Ae />

where

Critically Damped Motion
We say the motion is critically damped if ¢ = v/4mk. In this case r; = ro = —c/2m and the general solution of Equation 6.2.11is

y= e—ct/Zm (Cl +C2t).

Again lim; , y(t) =0 and the motion is nonoscillatory, since y can’t equal zero for more than one value of ¢ unless¢; =c3 =0.
(Exercise 6.2.22).

Overdamped Motion
We say the motion is overdamped if ¢ > v/4mk. In this case the zeros r; and 72 of the characteristic polynomial are real, with
71 <19 < 0, and the general solution of Equation 6.2.1 is

t t
y=cie" +coe™".

Again lim; ,, y(t) =0 as in the underdamped case, but the motion isn’t oscillatory, since y can’t equal zero for more than one
value of ¢ unless ¢; = c2 =0 . (Exercise 6.2.23.)

v/ Example 6.2.1

Suppose a 64 1b weight stretches a spring 6 inches in equilibrium and a dashpot provides a damping force of ¢ 1b for each
ft/sec of velocity.
a. Write the equation of motion of the object and determine the value of ¢ for which the motion is critically damped.

b. Find the displacement y for ¢ > 0 if the motion is critically damped and the initial conditions are y(0) =1 and 3'(0) = 20.
c. Find the displacement y for ¢ > 0 if the motion is critically damped and the initial conditions are y(0) =1 and

y'(0) = —20.
Solution a

Here m = 2 slugs and k = 64/.5 = 128 Ib/ft. Therefore the equation of motion Equation 6.2.1 is
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The characteristic equation is

29" +cy' +128y = 0. (6.2.4)

2r? +cr+128 = 0,

which has roots

—c+Vc?2—-8-128
7 .

r=

Therefore the damping is critical if
¢ = /8128 = 32 Ib-sec/ft.

Solution b
Setting ¢ = 32 in Equation 6.2.4 and cancelling the common factor 2 yields

y" +16y +64y = 0.
The characteristic equation is

72 +16r+64y = (r+8)2 =0.

Hence, the general solution is

y=e "(c1 +cat). (6.2.5)
Differentiating this yields

y = —8e ¥ fcye . (6.2.6)

6.2.2 Imposing the initial conditions y¥(0) =1 and y’(0) = 20 in the last two equations shows that 1 =¢; and 20 = —8 +c; .
Hence, the solution of the initial value problem is

y=e 3(1+28t).
Therefore the object approaches equilibrium from above as ¢ — co. There’s no oscillation.

Solution ¢

Imposing the initial conditions y(0) =1 and y'(0) = —20 in Equation 6.2.5 and Equation 6.2.6 yields 1 =¢; and
—20 = —8 4 c9 . Hence, the solution of this initial value problem is

y=e (1-12t).

Therefore the object moves downward through equilibrium just once, and then approaches equilibrium from below as t — co.
Again, there’s no oscillation. The solutions of these two initial value problems are graphed in Figure 6.2.2 .
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Figure 6.2.2 : (a) y = e %(1+28t) and (b) y = e % (1 —12¢)

v Example 6.2.2

Find the displacement of the object in Example 6.2.1 if the damping constant is ¢ = 4 lb—sec/ft and the initial conditions are
y(0) =1.5ftand y'(0) = —3 ft/sec.

Solution
With ¢ = 4, the equation of motion Equation 6.2.4 becomes

y"+2y +64y =0 (6.2.7)
after cancelling the common factor 2. The characteristic equation
r?+2r+64=0
has complex conjugate roots
—2+4/4-4-64
r= 5 6 = —1+34/Ti.

Therefore the motion is underdamped and the general solution of Equation 6.2.7is
y=e '(c; cos3+/Tt + ¢y sin3+/Tt).
Differentiating this yields
y' = —y+3/Te " (—c1sin3+/Tt + 3 cos 34/Tt).

Imposing the initial conditions y(0)=1.5 and ¥'(0)=-3 in the last two equations yields 1.5=¢; and
-3=-1.5+ 3\/702 . Hence, the solution of the initial value problem is
y=e’ <Ecos3\ﬁt—isin3ﬁt) . (6.2.8)
2 247

The amplitude of the function in parentheses is

S [ e

and

Therefore ¢ = 7 —tan ' 34/7 radians.
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| So, the general solution is y = % sin(it +m—tan"! 3\ﬁ) .

V7
v/ Example 6.2.3

Let the damping constant in Example 6.2.1 be ¢ = 40 Ib-sec/ft. Find the displacement y for t > 0 if y(0) =1 and y'(0) = 1.

Solution
With ¢ = 40, the equation of motion Equation 6.2.4 reduces to

y" +20y" +64y =0 (6.2.9)

after cancelling the common factor 2. The characteristic equation
7% 4207 +64 = (r+16)(r+4) =0

has the roots 7; = —4 and 75 = —16. Therefore the general solution of Equation 6.2.91s

y=cre 1 +cpe 16t (6.2.10)
Differentiating this yields

y = —de ¥ —16cye 10,

The last two equations and the initial conditions y(0) =1 and y’(0) =1 imply that

¢ + co =1
—461 - 1662 =1.

The solution of this system is ¢; = 17/12, co = —5/12. Substituting these into Equation 6.2.10yields
_17 4 ie—l6t

YT T 12
as the solution of the given initial value problem (Figure 6.2.3 ).
Yy
'
1.0
0.8
0.6 -
0.4+
0.2r
1 1 1 I____i____l B —— — = x
0.2 0.4 0.6 0.8 1.0 1.2

—4t _ 5 ,—16t
126

Figure 6.2.3:y = %e

Forced Vibrations with Damping

Now we consider the motion of an object in a spring-mass system with damping, under the influence of a periodic forcing function
F(t) = Fy coswt, so that the equation of motion is

my" +cy' +ky = F, coswt. (6.2.11)

In Section 6.1 we considered this equation with ¢ = 0 and found that the resulting displacement y assumed arbitrarily large values
in the case of resonance (that is, when w =wg = /k/m ). Here we’ll see that in the presence of damping the displacement
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remains bounded for all ¢, and the initial conditions have little effect on the motion as ¢ — co. In fact, we’ll see that for large ¢ the
displacement is closely approximated by a function of the form

y = Asin(wt + ), (6.2.12)

where the amplitude A depends upon m, ¢, k, Fj, and w. We’re interested in the following question:

Assuming that m, ¢, k, and Fj are held constant, what value of w produces the largest amplitude A in Equation 6.2.12 and
what is this largest amplitude?

To answer this question, we must solve Equation 6.2.11and determine A in terms of Fp, wq,w, and c. We can obtain a particular
solution of Equation 6.2.11by the method of annihilation. Since coswt does not satisfy the homogeneous equation
my" +cy +ky =0,
we can obtain a particular solution of Equation 6.2.11in the form
yp = Acoswt + Bsinwt. (6.2.13)
Differentiating this yields
yp = w(—Asinwt + Bcoswt)
and
y) = —w?(Acoswt + Bsinwt).
From the last three equations,
myl + cyh + ky, = (—mw® A+ cwB + kA) coswt + (—mw’ B — cwA + kB) sinwt,
so y, satisfies Equation 6.2.11if
(k—mw?)A+ cwB =k
—cwA  +(k—-mw’)B  =0.
Solving for A and B and substituting the results into Equation 6.2.13yields
Fo

W= (k—mw?)? 1 2w? [(k—mw?) coswt + cwsinwt]
which can be written in amplitude—phase form as
" \/(k—mfg)2 +c2w? sin(uwt +¢), (6.2.14)
where
tanqﬁzw. (6.2.15)

cw

To compare this with the undamped forced vibration that we considered in Section 6.1 it is useful to write

k
k—mw’ =m (E—oﬂ) =m(w? —u?), (6.2.16)

where wg = y/k/m is the natural angular frequency of the undamped simple harmonic motion of an object with mass m on a
spring with constant k. Substituting Equation 6.2.16into Equation 6.2.14yields

Iy

Yp sin(wt + ¢). (6.2.17)

\/m2 (W2 —w?)? + C2u?
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The solution of an initial value problem
my" +cy’ +ky = Fycoswt, y(0)=yo, y'(0)=wvo,

is of the form y = y3, +y, , where y;, has one of the three forms

yp = e ct/2m (c1 coswit +co sinwyt),

yn = e—ct/Zm (Cl +02t),

yn =c1e - cpe™! (11,79 <0).
In all three cases tlim y.(t) =0 for any choice of ¢; and c. For this reason we say that yj, is the transient component of the

—00

solution y. The behavior of y for large ¢ is determined by y,, which we call the steady state component of y. Thus, for large ¢ the
motion is like simple harmonic motion at the frequency of the external force.

The amplitude of g, in Equation 6.2.17is
Fo

A:
\/mz(wg —W?)? 2

: (6.2.18)

which is finite for all w; that is, the presence of damping precludes the phenomenon of resonance that we encountered in studying
undamped vibrations under a periodic forcing function. We’ll now find the value wy,ax of w for which A is maximized. This is the
value of w for which the function

p(w) =m? (w? —?) 42

in the denominator of Equation 6.2.18attains its minimum value. By rewriting this as
p(w) =m? (wh +w?) + (¢ —2m?w?)w?, (6.2.19)
you can see that p is a strictly increasing function of w? if

c> 2m2wg =+/2mk.

(Recall that w? = k/m). Therefore wyax = 0 if this inequality holds. From Equation 6.2.15 you can see that ¢ = /2 if w=0. In
this case, Equation 6.2.14reduces to

F, F,

Yyp = —F7—= L’
\/mPw}

which is consistent with Hooke’s law: if the mass is subjected to a constant force Fy, its displacement should approach a constant
yp such that ky, = Fy . Now suppose ¢ < /2mk. Then, from Equation 6.2.19,

2 2 2 2
P (w) =2w(2m’w® +¢* —2m°w?),

and wnax is the value of w for which the expression in parentheses equals zero; that is,

- 2_i_ ﬁ 1— c?
Wmax =14 @0 om2  \|m 2km )’

(To see that p(wmax) is the minimum value of p(w), note that p'(w) < 0 if w < wyax and p'(w) >0 if w > wmax.) Substituting
W = Wpax in Equation 6.2.18and simplifying shows that the maximum amplitude Ay, is

2mF0
Apy = —=0 3¢ o< JImk.
* cvVdmk —c?

We summarize our results as follows.

& Theorem 6.2.1

Suppose we consider the amplitude A of the steady state component of the solution of

https://math.libretexts.org/@go/page/103516
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as a function of w.

my" +cy’ +ky = Fy coswt

a. If ¢ > v/2mk, the maximum amplitude is A,,.x = Fo/k and it is attained when w = wax = 0.
b. If ¢ < v/2mk, the maximum amplitude is

2mF0
eVamk—cE

yAR— (6.2.20)
and it is attained when

(6.2.21)

W = Wmax =

Note that A,y and wpyay are continuous functions of ¢, for ¢ >0, since Equation 6.2.20 and Equation 6.2.21 reduce to
Amax = Fo/k and wpax =0 if ¢ = v2km.

This page titled 6.2: Spring-Mass Problems (with Damping) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 6.2: Spring Problems II by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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6.2E: Spring-Mass Problems (With Damping) (Exercises)

1. A 64 1b object stretches a spring 4 ft in equilibrium. It is attached to a dashpot with damping constant ¢ = 8 lb-sec/ft. The object
is initially displaced 18 inches above equilibrium and given a downward velocity of 4 ft/sec. Find its displacement and time—
varying amplitude for ¢ > 0.

2. A 16 Ib weight is attached to a spring with natural length 5 ft. With the weight attached, the spring measures 8.2 ft. The weight is
initially displaced 3 ft below equilibrium and given an upward velocity of 2 ft/sec. Find its displacement for ¢ > 0 if the medium
resists the motion with a force of one Ib for each ft/sec of velocity. Also, find its time—varying amplitude.

3. An 8 Ib weight stretches a spring 1.5 inches. It is attached to a dashpot with damping constant ¢ = 8 lb-sec/ft. The weight is
initially displaced 3 inches above equilibrium and given an upward velocity of 6 ft/sec. Find its displacement for ¢ > 0.

4. A 96 1b weight stretches a spring 3.2 ft in equilibrium. It is attached to a dashpot with damping constant ¢=18 Ib-sec/ft. The
weight is initially displaced 15 inches below equilibrium and given a downward velocity of 12 ft/sec. Find its displacement for
t>0.

5. A 16 1b weight stretches a spring 6 inches in equilibrium. It is attached to a damping mechanism with constant c. Find all values
of ¢ such that the free vibration of the weight has infinitely many oscillations.

6. An 8 lb weight stretches a spring .32 ft. The weight is initially displaced 6 inches above equilibrium and given an upward
velocity of 4 ft/sec. Find its displacement for ¢ > 0 if the medium exerts a damping force of 1.5 b for each ft/sec of velocity.

7. A 32 Ib weight stretches a spring 2 ft in equilibrium. It is attached to a dashpot with constant ¢ = 8 lb-sec/ft. The weight is
initially displaced 8 inches below equilibrium and released from rest. Find its displacement for ¢t > 0.

8. A mass of 20 gm stretches a spring 5 cm. The spring is attached to a dashpot with damping constant 400 dyne sec/cm.
Determine the displacement for £ > 0 if the mass is initially displaced 9 cm above equilibrium and released from rest.

9. A 64 1b weight is suspended from a spring with constant k£ = 25 Ib/ft. It is initially displaced 18 inches above equilibrium and
released from rest. Find its displacement for ¢ > 0 if the medium resists the motion with 6 1b of force for each ft/sec of velocity.

10. A 32 1b weight stretches a spring 1 ft in equilibrium. The weight is initially displaced 6 inches above equilibrium and given a
downward velocity of 3 ft/sec. Find its displacement for ¢ > 0 if the medium resists the motion with a force equal to 3 times the
speed in ft/sec.

11. An 8 Ib weight stretches a spring 2 inches. It is attached to a dashpot with damping constant ¢ =4 1b-sec/ft. The weight is
initially displaced 3 inches above equilibrium and given a downward velocity of 4 ft/sec. Find its displacement for ¢ > 0.

12. A 2 Ib weight stretches a spring .32 ft. The weight is initially displaced 4 inches below equilibrium and given an upward
velocity of 5 ft/sec. The medium provides damping with constant ¢ = 1/8 Ib-sec/ft. Find the displacement for ¢ > 0.

13. An 8 Ib weight stretches a spring 8 inches in equilibrium. It is attached to a dashpot with damping constant ¢ = .5 1b-sec/ft and
subjected to an external force F'(t) = 4 cos 2t 1b. Determine the steady state component of the displacement for ¢ > 0.

14. A 32 1b weight stretches a spring 1 ft in equilibrium. It is attached to a dashpot with constant ¢ = 12 lb-sec/ft. The weight is
initially displaced 8 inches above equilibrium and released from rest. Find its displacement for ¢ > 0.

15. A mass of one kg stretches a spring 49 ¢m in equilibrium. A dashpot attached to the spring supplies a damping force of 4 N for
each m/sec of speed. The mass is initially displaced 10 cm above equilibrium and given a downward velocity of 1 m/sec. Find its
displacement for ¢ > 0.

16. A mass of 100 grams stretches a spring 98 cm in equilibrium. A dashpot attached to the spring supplies a damping force of 600
dynes for each cm/sec of speed. The mass is initially displaced 10 cm above equilibrium and given a downward velocity of 1
m/sec. Find its displacement for ¢ > 0.

17. A 192 1b weight is suspended from a spring with constant k = 6 1b/ft and subjected to an external force F'(t) = 8 cos 3¢ 1Ib.
Find the steady state component of the displacement for £ > 0 if the medium resists the motion with a force equal to 8 times the
speed in ft/sec.

18. A 2 gm mass is attached to a spring with constant 20 dyne/cm. Find the steady state component of the displacement if the mass
is subjected to an external force F'(t) = 3 cos4t — 5sin4t dynes and a dashpot supplies 4 dynes of damping for each cm/sec of
velocity.
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19. A 96 1b weight is attached to a spring with constant 12 Ib/ft. Find the steady state component of the displacement if the mass is
subjected to an external force F'(t) = 18 cost —9sint Ib and a dashpot supplies 24 1b of damping for each ft/sec of velocity.

20. A mass of one kg stretches a spring 49 cm in equilibrium. It is attached to a dashpot that supplies a damping force of 4 N for
each m/sec of speed. Find the steady state component of its displacement if it is subjected to an external force
F(t) =8sin2t —6 cos2t N.

21. A mass m is suspended from a spring with constant k and subjected to an external force F'(t) = a coswyt + S sinwpt , where
wy is the natural frequency of the spring—mass system without damping. Find the steady state component of the displacement if a
dashpot with constant ¢ supplies damping.

22. Show that if ¢; and ¢y are not both zero then
y=e"(c; +cot) (6.2E.1)
can’t equal zero for more than one value of ¢.

23. Show that if ¢; and ¢y are not both zero then
y=cre™ fepe™ (6.2E.2)
can’t equal zero for more than one value of ¢.

24. A 4 pound object is attached to a spring whose constant is 2 1b/ft and a dashpot supplies a damping equal to the velocity. If the
object is released 1 foot above equilibrium with a downward velocity of 8 ft/s, find

a. the time the object passes through equilibrium.
b. the time when the object is furthest from the equilibrium, and its position at that time.

25. A 1 kilogram object is attached to a spring whose constant is 16 N/m and a dashpot supplies a damping equal to 10 times the
velocity. If the object is released from rest 1 meter below equilibrium, find the equation of motion.

26. A 1 kilogram object is attached to a spring whose constant is 16 N/m and a dashpot supplies a damping equal to 10 times the
velocity. If the object is released 1 meter below equilibrium with an upward velocity of 12 m/s, find the equation of motion.

27. A 3.2 pound object is attached to a spring whose constant is 1/2 1b/ft and a dashpot supplies a damping equal to 0.4 times the
velocity. If the object is released from rest 1 foot above equilibrium, find

a. the equation of motion.

b. write the equation of motion in the Amplitude-Phase Form.

c. the time the object passes through equilibrium.

d. the first time the object passes through equilibrium heading upward.

28. A 16 pound object stretches a spring 8/3 feet and a dashpot supplies a damping equal to 1/2 the velocity. Find the equation of
motion if an external force of 10 cos 3t drives the object which is released from rest 2 feet below equilibrium.

29. A object with mass 1 slug stretches a spring 2 feet and a dashpot supplies a damping equal to 8 times the velocity. Find the
equation of motion if an external force of 8 sin 4t drives the object which is released from rest at equilibrium.

30. A object with mass 2 kilograms is attached to a spring whose constant is 32 N/m. Find the equation of motion if an external
force of 68e~2* cos 4t drives the object which is released from rest at equilibrium.

This page titled 6.2E: Spring-Mass Problems (With Damping) (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 6.2E: Spring Problems II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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6.3: The RLC Circuit

In this section we consider the RLC circuit, shown schematically in Figure 6.3.1 . As we’ll see, the RLC circuit is an electrical
analog of a spring-mass system with damping.

Nothing happens while the switch is open (dashed line). When the switch is closed (solid line) we say that the circuit is closed.
Differences in electrical potential in a closed circuit cause current to flow in the circuit. The battery or generator in Figure 6.3.1
creates a difference in electrical potential E = E(t) between its two terminals, which we’ve marked arbitrarily as positive and
negative. (We could just as well interchange the markings.) We’ll say that E(t) > 0 if the potential at the positive terminal is
greater than the potential at the negative terminal, E(t) < 0 if the potential at the positive terminal is less than the potential at the
negative terminal, and E(¢) = 0 if the potential is the same at the two terminals. We call E the impressed voltage.

Induction Coil
(Inductance L)
rd 1]
Resislor Ti \Q L A Ca ?utor
(Resistance R) \ - tCa.pgg ance C)
+

Cj Switcl

Battery or Generator
(Impressed Voltage E=Ejt))

Figure 6.3.1 : An RLC circuit

At any time ¢, the same current flows in all points of the circuit. We denote current by I = I(¢). We say that I(¢) > 0 if the
direction of flow is around the circuit from the positive terminal of the battery or generator back to the negative terminal, as
indicated by the arrows in Figure 6.3.1 I(¢) < 0 if the flow is in the opposite direction, and I(¢) = 0 if no current flows at time ¢.

Differences in potential occur at the resistor, induction coil, and capacitor in Figure 6.3.1 . Note that the two sides of each of these
components are also identified as positive and negative. The voltage drop across each component is defined to be the potential on
the positive side of the component minus the potential on the negative side. This terminology is somewhat misleading, since “drop”
suggests a decrease even though changes in potential are signed quantities and therefore may be increases. Nevertheless, we’ll go
along with tradition and call them voltage drops. The voltage drop across the resistor in Figure 6.3.1 is given by

Vr =1R, (6.3.1)
where [ is current and R is a positive constant, the resistance of the resistor. The voltage drop across the induction coil is given by
dl

Vi :LE =LI', (6.3.2)

where L is a positive constant, the inductance of the coil.

A capacitor stores electrical charge @ = Q(t), which is related to the current in the circuit by the equation

t

Q) :Q0+/ I(7)dr, (6.3.3)
0
where @) is the charge on the capacitor at ¢ = 0. The voltage drop across a capacitor is given by

Vo =

Qo

, (6.3.4)

where C is a positive constant, the capacitance of the capacitor.

Table 6.3.1 names the units for the quantities that we’ve discussed. The units are defined so that
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1volt = lampere - lohm
= lhenry - 1 ampere/second
= lcoulomb/farad

and
lampere = 1coulomb/second.

Table 6.3.1 : Electrical Units

Symbol Name Unit
E Impressed Voltage volt
I Current ampere
Q Charge coulomb
R Resistance ohm
L Inductance henry
C Capacitance farad

According to Kirchoffs law, the sum of the voltage drops in a closed RLC circuit equals the impressed voltage. Therefore, from
Equation 6.3.1, Equation 6.3.2, and Equation 6.3.4,

LP+M+%Q:E@. (6.3.5)

This equation contains two unknowns, the current I in the circuit and the charge ) on the capacitor. However, Equation 6.3.3
implies that Q' = I, so Equation 6.3.5 can be converted into the second order equation

LQ%RQ+%Q:E@ (6.3.6)

in Q. To find the current flowing in an RLC circuit, we solve Equation 6.3.6 for @ and then differentiate the solution to obtain I.
In Sections 6.1 and 6.2 we encountered the equation
my" +cy +ky=F(t) (6.3.7)

in connection with spring-mass systems. Except for notation this equation is the same as Equation 6.3.6. The correspondence
between electrical and mechanical quantities connected with Equation 6.3.6 and Equation 6.3.7is shown in Table 6.3.2 .

Table 6.3.2 : Electrical and Mechanical Units

Electrical Mechanical
charge @ displacement y
current T velocity ¥’
impressed voltage E(¢) external force F(t)
inductance L mass m
resistance R damping ¢
1/capacitance 1/C spring constant k

The equivalence between Equation 6.3.6 and Equation 6.3.7 is an example of how mathematics unifies fundamental similarities in
diverse physical phenomena. Since we’ve already studied the properties of solutions of Equation 6.3.7 in Sections 6.1 and 6.2, we
can obtain results concerning solutions of Equation 6.3.6 by simply changing notation, according to Table 6.3.1 .
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Free Oscillations
We say that an RLC circuit is in free oscillation if E(t) =0 for ¢t > 0, so that Equation 6.3.6 becomes

1
LQ”+RQ’+5Q =0. (6.3.8)
The characteristic equation of Equation 6.3.8is

1
L’ +Rr+—= =0
T+ r—i—C R

with roots

-R—/RZ—4L)C . ~R+,/R?—4L/C
- 2L :

ry = an T9

o7 (6.3.9)

There are three cases to consider, all analogous to the cases considered in Section 6.2 for free vibrations of a damped spring-mass
system.

Case 1: Underdamped Motion

The oscillation is underdamped if R < y/4L/C. In this case, r; and 7o in Equation 6.3.9 are complex conjugates, which we write
as

rn=——+iw; and re=—

2L _iwl,

2L

where

VIO

2L

wy =
The general solution of Equation 6.3.81is

Q= e T/2L (c1 coswit +co sinwy t),
which we can write as

Q = Ae B2 gin(w t + ¢), (6.3.10)

c
Az,/cf—i—cg, tangb:—l.
C2

In the idealized case where R = 0, the solution Equation 6.3.10reduces to

where

t
= Asi
@ Sn<\/L_C+¢>’

which is analogous to the simple harmonic motion of an undamped spring-mass system in free vibration.

Actual RLC circuits are usually underdamped, so the case we’ve just considered is the most important. However, for completeness
we’ll consider the other two possibilities.

Case 2: Critically Damped

The oscillation is critically damped if R = \/m . In this case, r; =ry = —R/2L and the general solution of Equation 6.3.81is
Q = e 2L (¢ 4 cot). (6.3.11)

Case 3: Overdamped Motion

The oscillation is overdamped if R > \/4AL/C'. In this case, the zeros 1 and ro of the characteristic polynomial are real, with
r1 <19 <0 (see 6.3.9), and the general solution of 6.3.8is

Q =cre™ +coe™. (6.3.12)
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If R#0, the exponentials in Equation 6.3.1(, Equation 6.3.11, and Equation 6.3.12 are negative, so the solution of any
homogeneous initial value problem

LQ"+RQ +5Q=0, Q)= QO)=h,

approaches zero exponentially as ¢ — oco. Thus, all such solutions are transient, in the sense defined Section 6.2 in the discussion
of forced vibrations of a spring-mass system with damping.

v/ Example 6.3.1

At t =0 a current of 2 amperes flows in an RLC' circuit with resistance R =40 ohms, inductance L =.2 henrys, and
capacitance C' = 1075 farads. Find the current flowing in the circuit at £ > 0 if the initial charge on the capacitor is 1 coulomb.
Assume that E(t) =0 fort >0.

Solution
The equation for the charge @ is

%Q” +40Q’ +10000Q =0,
or
Q" +200Q" +50000Q = 0. (6.3.13)
Therefore we must solve the initial value problem
Q" +200Q' +50000Q =0, Q(0)=1, Q'(0)=2. (6.3.14)
The desired current is the derivative of the solution of this initial value problem.

The characteristic equation of Equation 6.3.13is
* 42007+ 50000 = 0,
which has complex zeros 7 = —100 =+ 2004. Therefore the general solution of Equation 6.3.13is
Q = e 1%%(c; cos 200t + ¢y sin 200¢). (6.3.15)

Differentiating this and collecting like terms yields

Q' = —e 1% [(100¢; —200c¢;) cos 200t + (100c; +200c¢; ) sin 200t] . (6.3.16)
To find the solution of the initial value problem Equation 6.3.14, we set £ =0 in Equation 6.3.15and Equation 6.3.16to obtain

c1=Q(0)=1 and —100c; +200c; =Q'(0) =2;

therefore, ¢; =1 and ¢, =51/100, so

51
Q = 100 (cos 200t + 7 sin200t)

is the solution of Equation 6.3.14 Differentiating this yields

I =e719%(2 cos 200t — 251 5in 200¢).

Forced Oscillations With Damping

An initial value problem for Equation 6.3.6 has the form
1
LQ”+RQ’+EQ =E(t), Q(0)=Qo, Q'(0)=1Ip, (6.3.17)

where @ is the initial charge on the capacitor and Ij is the initial current in the circuit. We’ve already seen that if £ =0 then all
solutions of Equation 6.3.17 are transient. If E # 0, we know that the solution of Equation 6.3.17 has the form Q = Q, + Q) ,
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where @, satisfies the homogeneous equation, and approaches zero exponentially as t — oo for any initial conditions, while @,
depends only on E and is independent of the initial conditions. As in the case of forced oscillations of a spring-mass system with
damping, we call @, the steady state charge on the capacitor of the RLC circuit. Since I = Q' = Q), + Q) and Q), also tends to
zero exponentially as ¢ — oo, we say that I, = @} is the transient current and I, = @, is the steady state current. In most
applications we are interested only in the steady state charge and current.

v/ Example 6.3.2

Find the amplitude-phase form of the steady state current in the RLC circuit in Figure 6.3.1 if the impressed voltage, provided
by an alternating current generator, is E(t) = Ey coswt.

Solution
We’ll first find the steady state charge on the capacitor as a particular solution of
LQ"+RQ + %Q = Ejcoswt.
To do, this we’ll simply reinterpret a result obtained in Section 6.2, where we found that the steady state solution of
my" +cy’ +ky = Fy coswt

is

Fy .
= sin(wt +
yp \/(k_mw2)2+62w2 ( ¢)’
where
k _ 2
tang = Ulod
cw

(see Equations 6.3.14 and Equation 6.3.15) By making the appropriate changes in the symbols (according to Table 6.3.2 ) yields
the steady state charge

Ey .
Q, = N T o sin(wt + @),
where
Rw
t = —
ane 1/C — Lw?

Therefore the steady state current in the circuit is

wEO
v/ (1/C — Lw?)? + R?w?

L=Qy= cos(wt + ).

This page titled 6.3: The RL.C Circuit is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 6.3: The RLC Circuit by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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6.3E: The RLC Circuit (Exercises)
In Exercises 1-5 find the current in the RLC circuit, assuming that E(t) =0 for¢ > 0.
1. R=3 ohms; L =.1 henrys; C =.01 farads; Qy = 0 coulombs; I, =2 amperes.
2. R=2 ohms; L =.05 henrys; C =.01 farads’; Q¢ = 2 coulombs; Iy = —2 amperes.
3. R=2 ohms; L =.1 henrys; C = .01 farads; Q9 =2 coulombs; I, =0 amperes.
4. R =6 ohms; L =.1 henrys; C =.004 farads’; Qo = 3 coulombs; Iy = —10 amperes.
5. R =4 ohms; L =.05 henrys; C = .008 farads; Qo = —1 coulombs; Iy = 2 amperes.
In Exercises 6-10 find the steady state current in the circuit described by the equation.
6. 5-Q" +3Q' +100Q = 5 cos 10t — 5sin 10t
7. 55Q" +2Q +100Q = 10 cos25¢ — 5 sin 25¢
8. 3-Q" +2Q' +100Q = 3 cos 50t — 6 sin 50¢
9. 11—0Q” +6Q" +250Q =10 cos 100t + 30 sin 100¢
10. 5-Q" +4Q' +125Q = 15 cos 30¢ — 30 sin 30¢

This page titled 6.3E: The RLC Circuit (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 6.3E: The RLC Circuit (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

@ 0 a @ 6.3E.1 https://math.libretexts.org/@go/page/103519


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103519?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/06%3A_Applications_of_Linear_Second_Order_Equations/6.03%3A_The_RLC_Circuit/6.3E%3A_The_RLC_Circuit_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/06%3A_Applications_of_Linear_Second_Order_Equations/6.03%3A_The_RLC_Circuit/6.3E%3A_The_RLC_Circuit_(Exercises)
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/18281
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

Li brelexts"
CHAPTER OVERVIEW

7: Linear Higher Order Differential Equations
This chapter extend the results obtained in Chapter 5 for linear second order equations to linear higher order equations.
7.1: Introduction to Linear Higher Order Equations
7.1.1: Introduction to Linear Higher Order Equations (Exercises)
7.2: Higher Order Homogeneous Equations
7.2.1: Higher Order Homogeneous Equations (Exercises)
7.3: Annihilation for Higher Order Equations
7.3.1: Annihilation for Higher Order Equations (Exercises)
7.4: Variation of Parameters for Higher Order Equations

7.4.1: Variation of Parameters for Higher Order Equations (Exercises)

This page titled 7: Linear Higher Order Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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7.1: Introduction to Linear Higher Order Equations

If you have not had Math 410 (linear algebra), then you will need to read Appendix 11.4 before starting Chapter 7.

& Definition 7.1.1

An nth order differential equation is said to be linear if it can be written in the form

Y™ 4 py (2)y™ D 4 4 pa(z)y = f(@). (7.1.1)

We considered equations of this form with n =1 in Section 2.3 and with n =2 in Chapter 5. In this chapter n is an arbitrary
positive integer. In this section we sketch the general theory of linear nth order equations. Since this theory has already been
discussed for n» = 2 in Sections 5.1 and 5.4, we’ll omit proofs.

For convenience, we consider linear differential equations written as

Py(0)y™ + Py (a)y" )+ + P(a)y = F(a), (7.1.2)
which can be rewritten as Equation 7.1.1 on any interval on which Py has no zeros, with py = P, /Py, ..., p, = P,/ Py, and
f=F/P,.

The next theorem is analogous to Theorem 5.4.1.

& Theorem 7.1.1

Suppose Equation 7.1.1 has continuous coefficients on (a, b), let y be a point in (a, b), and let kg, k1, ..., k,_1 be arbitrary
real numbers. Then the initial value problem

vy +pi(@)y" T+ @)y = f(2), y(@o) =ko, y'(20) =ki,e.ry YD (@0) = kn

has a unique solution on (a, b).

Homogeneous Equations

Equation 7.1.2 is said to be homogeneous if f(z) =0 and nonhomogeneous otherwise. Since y =0 is obviously a solution, we
call it the trivial solution. Any other solution is nontrivial.

If y1, Y2, ..., Yn are defined on (a, b) and ¢, ¢s, ..., ¢, are constants, then
y=cyrt+cy2+---+cuyn (713)
is a linear combination of {y;,ys ..., yn}. It’s easy to show that if y;, ¥, ..., y, are solutions of the homogeneous equation on

(a,b), then so is any linear combination of {y1,ys,- .., Yn}. (See the proof of Theorem 5.1.2.) We say that {y1,y2,...,Yn}tis a
fundamental set of solutions of the homogenous equation on (a, b) if every solution on (a, b) can be written as a linear combination
of n linearly independent solutions {y1, Y2, . - ., ¥n }, as in Equation 7.1.3. In this case we say that Equation 7.1.3 is the general
solution of the homogeneous equation on (a, b).

The problem we have here is determining whether the set of solutions is independent or not. With only two, it is simple because we
only need to see if one is a constant multiple of the other. However, once we get beyond two it's more complicated and typically
requires knowledge of linear algebra, and this is where the idea of the Wronskian becomes more prominent.

Recall from section 5.1, we defined the Wronskian of {y1, y2} as the function W = y1y5 —y1 ¥ .

Y1 Y2

!

Yl Y

=Y1Y5 —Y1Y2

which you can now see is just a determinant. Note that the first row is made up of y; and y, and the second is made up of their
derivatives. This idea extends to the following definition.
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The Wronskian of {y1, Y - - . , Y } is the determinant

y1(z) v2(z) -0 (@)
i (z) yy(z) - yh(e)
W =
y" V) " V@) -y (@)

Note that the first row is made up of yi, y2,...,4n, the second row is made up of their derivatives, the third row is made up of

the second derivatives, etc. You will always end up with an n X n matrix.

The next theorem is analogous to Theorem 5.1.3.

& Theorem 7.1.2

Suppose y(™ +p; (x)y" P +- .. +p,(x)y =0 has continuous coefficients on (a, b) and let g1, yo, ..., ¥, be n solutions on
(a,b). Then

a {v1,Y2,- - -, Yn } is linearly independent on (a, b) if and only if Wz 0 on (a, b).
b. {1, Y2, - - ., Yn } is linearly dependent on (a, b) if and only if W= 0 on (a, b).

So, {¥1,Y2,---,Yn} is a fundamental set of solutions of if and only if W#0 on (a,b), and y =c1y1 +coyo+- .. +yn is
therefore the general solution of y(™ +p; (z)y™ ) +- - +p,(z)y =0 .

The next two examples illustrate concepts that we’ll develop later in this section. You shouldn’t be concerned with how to find the

given solutions of the equations in these examples. This will be explained in later sections.

v/ Example 7.1.1

The equation

:r3y”’—ac2y”—2:cy'+6y:0 (7.1.4)

has the solutions y; = x2, yo = 2*, and y3 = 1/ on (—00, 0) and (0, co). Show that {y1, ¥, y3} is linearly independent on
(—00,0) and (0, c0). Then find the general solution of Equation 7.1.4 on (—o0, 0) and (0, co).

Solution

W =2z 32 ;—21 =12z

Therefore W (z) #0 on (—o0c,0) and (0,00) and {z?,z*, 1} is linearly independent on (—o0,0) and (0, 00) thereby

forming a fundamental set of solutions to 7.1.4. Therefore, the general solution to 7.1.4 is

1
Y =cix? +coa® —‘ng;.

v/ Example 7.1.2

The equation

y W 4y — Ty — 4 +6y =0 (7.1.5)
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has the solutions y; = €%, yo =€ %, y3 = €**, and y4 = e 3® on (—00, 00). (Verify.) Show that {y1,y2,ys,y4} is linearly
independent on (—o0, 00). Then find the general solution of Equation 7.1.5.

Solution
e e ® e2z 6732
e —e T 2% _3e 3
W= =240e”"
e e T 4e*® 9e 3

er —e T 8e2r _27e3®

Therefore W (z)#0 on (—oo0,00) and {e®,e ,e>®, €3} is linearly independent on (—o0,00) thereby forming a
fundamental set of solutions to 7.1.5. Therefore, the general solution to 7.1.5is

y=cie® +c;% +c3e?® 4 cye®”.

General Solution of a Nonhomogeneous Equation

The next theorem is analogous to Theorem 5.4.2. It shows how to find the general solution of
y™ 4 py (2)y™ V4 4 p,(x)y = f(z) if we know a particular solution of ™ +p; (z)y™ V) +- - +p,(z)y = f(x) anda
fundamental set of solutions of the homogeneous equation y™ + p; (x)y" Y +- .. +p,(z)y =0 .

& Theorem 7.1.3

Suppose p1 (z),...,pn (z), and f(z) are continuous on (a, b). Let y, be a particular solution of

on (a,b), and let {y1,ys, - . . , Yn } be a fundamental set of solutions of the homogeneous equation

on (a, b). Then y is a solution of (7.1.6)on (a, b) if and only if
y=yptayrt+cypt...cryn (7.1.8)

where c¢;,c9,....,¢,, are constant.

We first show that y in Equation 7.1.8 is a solution of Equation 7.1.6 for any choice of the constants ¢; and cy. Differentiating
Equation 7.1.8 twice yields

Y =ypt+cy - +eyn and Y =yl +cyl - +eyn,
SO
Y +p(@)y +q(@)y =y +ay! - +evn) +p@) (Y +c1yy - +enth) +a(@) (yp + 1y - +cayn)

= (yp +p(@)yp +a(@)yp) + 1 (3 +p(@)y] +a(@)y1) - - +cn(yn +p(@)yn +q(@)yn)
:f+cl.0...+cn.0:f’

since y, satisfies Equation 7.1.6 and y; and y, satisfy Equation 7.1.7.

Now we’ll show that every solution of Equation 7.1.6 has the form Equation 7.1.8 for some choice of the constants ¢; and c.

Suppose ¥ is a solution of Equation 7.1.6. We’ll show that y —, is a solution of Equation 7.1.7, and therefore of the form
Y —Yp =Ci1Y1 - - +Cu¥Yn , which implies Equation 7.1.8. To see this, we compute

(y—vp)" +p@) Yy —v) +a=@)y—y) =G"—y)+p@)Y —vp)+a()(y—y)

=" +p(@)y +a(x)y) — (v +p(2)yp +(x)yp)
= f(z) - f(z) =0,
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since y and y, both satisfy Equation 7.1.6.
We say that Equation 7.1.8 is the general solution of (7.1.6)on (a, b).

The next theorem is analogous to Theorem 5.4.3.

& Theorem 7.1.4 The Principle of Superposition

Suppose for each i =1, 2, ..., r, the function y,, is a particular solution of y™ +p; (z)y™ Y + ... +p,(z)y = fi(z) on
(a,b). Then

Yp =Yp, +Yp, T T Yp,

is a particular solution of

Y™ +pi(2)y" V) +- -+ pu(@)y = fi(2) + fo@) +- - + fr(2)
on (a,b).

We’ll apply Theorems 7.1.6 and 7.1.7 throughout the rest of this chapter.

This page titled 7.1: Introduction to Linear Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 9.1: Introduction to Linear Higher Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
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7.1.1: Introduction to Linear Higher Order Equations (Exercises)
In Exercises 1-6 verify that the given function is the solution of the initial value problem.
L. Verify that y = —6z —8x% —3a% + L satisfies the IVP:

—24
2’y =32’y + 6oy —6y = ——; y(-1)=0, y'(-1)=0, y"(-1)=0

1
2. Verify that y = x + % satisfies the IVP:
z

1 1 z2—4 3 1
= - = ! — " =
Y'Yy —y — y)=5 YO)=5 yO)=1

3. Verify that y = —2> —2 +2e(® 1) —e~ (1) 1 42 satisfies the IVP:

T

zy" —y' —wy' +y=a?, y(1)=2, y'(1)=5 y'(1)=-1
4. Verify that y = 222 Inz — /2 +22-1/2 4+ 422 satisfies the IVP:
3,1 2,1 ! 2 ! 17 " 63
dz°y" +4a%y" —Sey' +2y =302%, y(1) =5, y(1)==, ¥ ()=

5. Verify that y = z* Inz +z — 222 + 32° —4z* satisfies the IVP
iy — 4ty 1 122%y" — 24xy’ +24y =62, y(1)=-2, Y (1)=-9, y'(1)=-27, 3"(1)=-52
6. Verify that y = 9 — 12z + 622 — 82° satisfies the IVP:
zy® —y" —dzy" + 4y =962, y(1)=-5, y'(1)=-24, y'(1)=-36; ¢"(1)=-48
7. Using the solution from Example 7.1.1, solve the initial value problem
Sy -2y~ 2ay 6y =0, y(-1)=—4, y(-1)=-14, y'(-1)=-20.
8. Using the solution from Example 7.1.2, solve the initial value problem

yW 4y —Ty" —y' +6y=0, y(0)=5, ¢ (0)=-6, y"(0)=10, y"(0)-36.

a. Verify that the function
c
Y= c12® 4 cor? + =
x
satisfies
:L'3y"/ o w2y// - 2my' + 6y -0 (A)

if ¢1, c2, and c3 are constants.
b. Use (a) to find solutions 1, y2, and y3 of (A) such that

n()=1, 4(1)=0, y/(1)=0
y2(1)=0, w(1)=1, y/(1)=0
y3(1) =0, w4(1)=0, yy(1)=1.

In Exercises 10-16 verify that the given functions are solutions of the given equation, and show that they form a fundamental set of
solutions of the equation on any interval on which the equation has continuous coefficients.

10. y///+y//_yl_y:0; {ez’e—z,xe—z}

1. y" —3y" +7y' —5y =0; {e?, e® cos2z, e*sin2z}
12.z2y" —y" —zy' +y=0; {e*, e *, z}

13. 2%y + 22y — (22 +2)y =0; {e*/z, e */z, 1}
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14. (22 -2z +2)y" — 2%y +2zy' —2y =0; {z, 2%, e}
15. 2z — 1)y — 4oy + (5 —2z)y" +4xy’ —4y=0; {z, €%, e *, €}
16. zy) — gy —dzy’ +4y =0; {1,2% €**, e 27}

In Exercise 17-27 compute the Wronskian of the given set of functions and what your result says about the linear independence of
the set.

17.{1, €%, e "}
18. {€e”, e” sinz, e” cosz}
19.{2, z +1, 22 +2}
20.{z, zlnz, 1/z}
2 3 n

20{l,z, 5, 5,

22. {e*, e®, z}

23.{e"/z, e " [z, 1}

24, {z, 2, €}

25. {z, 23, 1/, 1/2%}

26. {e%, e, z, 2%}

27.{e**, e72%, 1, z?}
28. Suppose y(™ +p; (z)y» 1) +. .. +p,(z)y = f(z) has continuous coefficients on (a,b) and z is in (a,b). Use Theorem
7.1.1 to prove that y = 0 is the only solution of the initial value problem

-1
Ly:0, y(il'o):(), y/(l'o):(),...,y(n )($0):07
on (a,b).
29. Prove: If
y=cyitecy2+--+CrlYp T

is a solution of a linear equation y(™ + p; (m)y("’l) +---+pp(x)y=f(z) forevery choice of the constants ¢y, ca,..., ¢k, then
y; is a solution to y (™ +py (2)y" D+ 4 p,(x)y =0 forl <i<k.
This page titled 7.1.1: Introduction to Linear Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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https://digitalcommons.trinity.edu/mono/9.
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7.2: Higher Order Homogeneous Equations

Higher Order Constant Coefficient Homogeneous Equations
If ag, a1, ..., a, are constants and ag # 0, then

(n) (n=1)

ay " +ary +-Fany = F(z)

is said to be a constant coefficient equation. In this section we consider the homogeneous constant coefficient equation
aoy™ + a1y V4. fa,y=0. (7.2.1)
The theorems in Section 7.1 all apply with (a, b) = (—o0, 0) .

As in Section 5.3 we use y = €™ as our solution and from substituting repeated derivatives into 7.2.1 we get the characteristic
equation

apr” +arr e ta, =0 (7.2.2)

We saw in Section 5.3 that when n =2 the solutions of Equation 7.2.1 are determined by the solutions of the characteristic
equation. This is also true when n > 2.

The discussion we had in 5.3 regarding distinct, repeating, and complex roots is valid here as well. Additionally, distinct roots
always lead to independent solutions, repeated roots multiply the repeated solution by z each time a root is repeated, thereby
leading to independent solutions, and repeated complex roots are handled the same way as repeated real roots. We will
illustrate each idea in the following examples.

v/ Example 7.2.1

a. Find the general solution of
y" —6y" +11y — 6y =0. (7.2.3)
b. Solve the initial value problem
y"—6y" +11y —6y =0, y(0)=4, ¢'(0)=5, y"(0)=09. (7.2.4)
Solution a
The characteristic equation of Equation 7.2.3 is
P —6r’ +11r—6 = (r—1)(r —2)(r —3) =0.
Therefore {e%, e2®, e3*} is a fundamental set of solutions of Equation 7.2.3 and the general solution of Equation 7.2.3 is
Y = c1” + cre*® 4 c3e®®. (7.2.5)
Solution b
We must determine ¢, ¢ and c3 in Equation 7.2.5 so that y satisfies the initial conditions in Equation 7.2.4. Differentiating
Equation 7.2.5 twice yields
Yy = c1e®+2ce¥ +3c3e’
y" = c1e® +4ce®® +9c3e®.

(7.2.6)

Setting = 0 in Equation 7.2.5 and Equation 7.2.6 and imposing the initial conditions yields

ci+ co+ g = 4
c1+2co+3cgs = b
c1+4co+9c3 = 9.
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The solution of this system is c; =4, ¢ = —1, ¢3 = 1. Therefore the solution of Equation 7.2.4is
Yy — 4e* _e2w +63w

(Figure 7.2.1).

700

500

400

300 /
200 /

o5 - 10 15 20
Figure 7.2.1 : y = 4e® — e?* 4 &%

v/ Example 7.2.2

Find the general solution of
y" +3y" +3y' +y=0. (7.2.7)

Solution
The characteristic equation of Equation 7.2.7is

P +3r2+3r+1=(r+1)3=0.
Therefore {e ™, ze %, z%e* } is a fundamental set of solutions of Equation 7.2.7 and the general solution of Equation 7.2.7 is

y=e *(c1+ ez +03w2).

v/ Example 7.2.3

Find the general solution of
!

y" =y +y —y=0. (7.2.8)

Solution
The characteristic equation of Equation 7.2.81s

P—rltr—1=(-1)(*+1)=0.
Therefore {e”, cosz, sinz }is a fundamental set of solutions of Equation 7.2.8 and the general solution of Equation 7.2.8 is

y=c1e” +cycosz +ezsinz (7.2.9)

To help with the notation when we use annihilation we will often use differential operator notation, as the following examples
illustrate.

v/ Example 7.2.4
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Find the general solution of
y —16y = 0. (7.2.10)

Solution
The characteristic equation of Equation 7.2.10is

=16 = (1 —4)(r* +4) = (r—2)(r +2)(r* +4) = 0.
Using differential operator notation, Equation 7.2.10can be written as
(D*—16)y =0
or
(D* —4)(D* +4)y =0
or
(D—2)(D+2)(D?+4)y =0.

Note that the differential equation written in differential operator notation mirrors the characteristic equation, and we can see
the solutions from either.

Hence, {€2®, e72%, cos 2z, sin 2z }is a fundamental set of solutions of Equation 7.2.10and

—2z

2 .
y1 =c1e® +cre ¥ +c3c082x +cysin2zx

is the general solution of Equation 7.2.10.

v/ Example 7.2.5

Find the general solution of
(D*+4D+13)3y =0. (7.2.11)

Solution
The characteristic equation of Equation 7.2.111is

(r +4r+13)* = ((r+2)>+9)° =0.
Therefore Equation 7.2.11 can be be written as
[(D+2)?+9]*y =0.
The roots are r = —2 + 37, —2+ 34, -2+ 3¢
The general solution of Equation 7.2.11is

y = (a1 +asx +azz?)e 2 cos 3z + (by +box +b3z?)e 2% sin 3.

v/ Example 7.2.6

Find the general solution of
y @ +4y" +6y" +4y' =0. (7.2.12)

Solution
The characteristic equation of Equation 7.2.12is

r+4r3 4672 +4r =7(r3 +4r2 +6r+4) =r(r+2)(r? +2r +2) = r(r+2)[(r+1)? +1] =0.

Therefore Equation 7.2.12 can be written as

https://math.libretexts.org/@go/page/103557
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Therefore the general solution of Equation 7.2.12is

[(D+1)*+1](D+2)Dy =0.

y=e “(c1cosx +cysinz) +c3e 2% tey.

v/ Example 7.2.7

Find the general solution of
(D+1)2+1*(D—-1)}(D+1)D*y =0. (7.2.13)

Solution
At this point you should be able to identify the roots immediately as

r=—-1+4,-14+4,1,1,1,-1,0,0.
The general solution of Equation 7.2.13is therefore

y=cie “cosz +coe Csinz +czze © cosz +care sinz + cse” + cgze® + crzie’ +cge © 4 co +cio.

Higher Order Cauchy-Euler Equations

If ag, ay, ..., a, are constants and ag # 0, then
aoz"y ™ +a 2"ty 4o fa, 2y +any = F(z)
is said to be a Cauchy-Euler equation. In this section we consider the homogeneous Cauchy-Euler Equation
aoz"y™ +ayz" ty V) 4. e, g zy +any =0. (7.2.14)

The theorems in Section 7.1 all apply with (a, b)=(—00, 0) and (0, 00).
As in Section 5.7 we use y =" as our solution and from substituting repeated derivatives into 7.2.14 we get the characteristic
equation

aor(r—=1)---(r—(n—1)+ar(r—1)---(r—(n—2))+---+ap_17+a, =0 (7.2.15)

We saw in Section 5.7 that when n =2 the solutions of Equation 7.2.14 are determined by the solutions of the characteristic
equation. This is also true when n > 2.

The discussion we had in 5.7 regarding distinct, repeating, and complex roots is valid here as well. Additionally, distinct roots
always lead to independent solutions, repeated roots multiply the repeated solution by ln z each time a root is repeated, thereby
leading to independent solutions, and repeated complex roots are handled the same way as repeated real roots. We will
illustrate each idea in the following examples.

v/ Example 7.2.8

Find the general solution of

933y/"—3:r2y"—|-6.’13y/—6y:0 (7.2.16)
on (0, c0).

Solution
The characteristic equation of Equation 7.2.16is

r(r—1)(r—2)=3r(r—-1)+6r—-6=(r—1)(r—2)(r—3) =0.

Therefore {x, 2, 2*} is a fundamental set of solutions of Equation 7.2.16and the general solution of Equation 7.2.16is

https://math.libretexts.org/@go/page/103557
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y=cx +02x2, +03:c3.

v/ Example 7.2.9

Find the general solution of

"

2y 42y —y=0 (7.2.17)
on (0, co).

Solution

The characteristic equation of Equation 7.2.17is

r(r—1)(r—2)+r—1=(r—1)3=0.
Therefore {z,z Inz, z In? z }is a fundamental set of solutions of Equation 7.2.17 and the general solution of Equation 7.2.17
is

y=ciz+cyzlnz, +czzln’ .

v/ Example 7.2.10

Find the general solution of

n

2y + 52y + Ty +8y=0 (7.2.18)
on (0, co).
Solution
The characteristic equation of Equation 7.2.18is
r(r—1)(r—2)+5r(r—1)+7r+8 = (r+2)(r? +4) =0.
Therefore {z~2,cos(2Inz),sin(2Inz)} is a fundamental set of solutions of Equation 7.2.18 and the general solution of

Equation 7.2.18is

y=c1z 2 +cycos(2Inz) +czsin(2Inz).

v/ Example 7.2.11

Find the general solution of a tenth order Cauchy-Euler Equation that has the following roots for its characteristic equation:
r= -3 £5¢,-3 £57,-3+57,3,0,0,0.

Solution

y=ciz 3cos(5lnz)+cozr?sin(51nz) +c3z 3 cos(5lnz)Inz +cyz?sin(51lnz)Inz +csz 3 cos(5lnz) In’

+cgz 3 sin(5Inz)In? z +crx® +cg +cylnz +cppln’z

This page titled 7.2: Higher Order Homogeneous Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 9.2: Higher Order Constant Coefficient Homogeneous Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
o 2.5: Cauchy-Euler Equations by Russell Herman is licensed CC BY-NC-SA 3.0. Original source:

http://people.uncw.edu/hermanr/mat361/ODEBook/index.htm.

https://math.libretexts.org/@go/page/103557


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103557?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/07%3A_Linear_Higher_Order_Differential_Equations/7.02%3A_Higher_Order_Homogeneous_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/9447
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/91055
http://people.uncw.edu/hermanr
https://creativecommons.org/licenses/by-nc-sa/3.0/
http://people.uncw.edu/hermanr/mat361/ODEBook/index.htm

LibreTexts"

7.2.1: Higher Order Homogeneous Equations (Exercises)
In Exercises 1-14 find the general solution.
1.y"=3y"+3y —y=0
2.y +8y" —9y =0
3.y —y"+16y —16y =0
4.2y" +3y" —2¢y' -3y =0
5.y"+5y"+9y' +5y=0
6.4y" —8y" +5y —y=0
7.27y" 4+ 27y" +9y' +y =0
8.y 4y =0
9.4 —16y =0
10. y™® +12¢" +36y =0
11. 16y — 72y + 81y =0
12. 6y +5y" + 7y + 5y +y =0
13. 4y +12¢"" +3y" — 13y’ —6y =0
14,y — 4y + 79" — 6y +2y =0
In Exercises 15-27 solve the initial value problem.
15. 9" —2¢y" +4y' -8y =0, y(0)=2, ' (0)=-2, 9y
16.y"+3y" —y' —3y=0, y(0)=0, 3'(0)=14, ¢"(0
17.9" —y" —y' +y =0, y(0)=-2, y(0)=9, y"(0)=4
18.y" -2y’ —4y=0, y(0)=6, ¥ (0)=3, y"(0)=22
19.3y" —y" =Ty +5y =0, y(0)=%, vy
20.y" — 6y’ +12y —8y =0, y(0)=1, y
21.2y" —11y" +12y' +9y =0, y(0)=6, 3'(0)=3, y”
22.8y" —4y" -2y’ +y =0, y(0)=4, ¢ (0)=-3, y'(0)=
23.yW —16y =0, y(0)=2, ¥'(0)=2, y"(0)=-2, y"'(0)=0
24y —6y" +7y" +6y —8y =0, y(0)=-2, y'(0)=-8, ¢"(0)=-14, ¢"(0)=—62
25.4y¥ —13y" +9y =0, y(0)=1, '(0)=3, 3"(0)=1, " (0)=3
26,y 42y —2¢" — 8y —8y=0, y(0)=5, ' (0)=-2, ¥"(0)=6, y"(0)=8
27. 4y + 8y +19y" +32y' +12y =0, y(0)=3, ' (0)=-3, ¢"(0)=-I, y"(0)=42L

In Exercises 28-33 find a fundamental set of solutions of the given equation, and verify that it is a fundamental set by evaluating its
Wronskian. Form the general solution.

28.(D—-1)2(D—-2)y=0

29. (D2 +4)(D-3)y=0

30. (D> +2D+2)(D—1)y=0
31. D3(D—1)y =0

32. (D* - 1)(D*+1)y =0
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33.(D*-2D+2)(D*+1)y=0
In Exercises 34-43 find a fundamental set of solutions and form the general solution.
34, (D2 +6D+13)(D—2)*D* =0
5.(D-1)*(2D—-1)*(D*+1)y =0
(D2 +9)3D?y =0
7.(D—2)3(D+1)?Dy =0
8. (D +1)(D? +9)2(D —2)y = 0
(D4 —16)*y =0
40. (4D?* +4D+9)3y =0
41. D*(D—2)*(D*+4)?y =0
42.(4D* +1)%(9D* +4)3y =0
In Exercises 43-48 find the general solution on (0, co)
43. 23y" + 522y + Tzy +8y =0
44. 3y" —6y =0
45. 3y +zy' —y =0
46. zy™® 46y =0
47. zty@ + 623y + 922y + 3xy' +y =0
48. z3y"" — 32%y" +6xy’ —6y =0

This page titled 7.2.1: Higher Order Homogeneous Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

« 9.2E: Higher Order Constant Coefficient Homogeneous Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.
Original source: https:/digitalcommons.trinity.edu/mono/9.
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7.3: Annihilation for Higher Order Equations
Here we consider the constant coefficient nonhomogeneous equation

(n) (n-1)

+--tapy = F(z). (7.3.1)

The theory and methods are the same as in Section 5.5 and will be omitted here, and we will proceed directly to a few examples.

v/ Example 7.3.1

Find the general solution of

ay ' ta1y

y"+y" =e"cosz (7.3.2)

Solution
We first solve

Its characteristic equation is

which gives us our homogeneous solution
yp =c1 +cox +cze "
Now turning to the nonhomogeneous equation and writing it using differential operator notation we get
D*(D+1)y = €” cosz.
We now annihilate the right hand side using ((D —1)%+1) to turn it into a new homogeneous equation:
(D-1)*+1)D*(D+1)y=0
So, our particular solution takes the form
yp = Ae” cosz + Be” sinx

and yp = Ae” cosx — Ae” sinz + Be® sinz + Be® cosx yy = —2Ae"sinz +2Be” cosx and
yp' = —2Ae" sinz —2Ae” cosx +2Be” cosx —2Be" sinz

Substituting into 7.3.2 gives us
(—2Ae” sinz — 2 Ae” cosx +2Be” cosz —2Be” sinz) 4 (—2Ae” sinz + 2Be” cosz) = e” cosz
This leads to
(—2A+4B)e” cosz + (—4A—2B)e” sinz = €” cosz.

So, —2A+4B =1 and —4A —2B =0 giving us

1 1

A=—— B=—

10’ 5

and
1 1
Yp = —1—Oez cosT + gez sinz

and the general solution is

1 1
y=ci+cox+cze © — l—Oe’” cosz + ge’” sinz.
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Find the general solution of
y" —3y" +3y —y=e"—2+16. (7.3.3)

Solution
We first solve

y"—3y"+3y —y=0

Its characteristic equation is
P —3r24+3r—1=(r-1)%3=0
which gives us our homogeneous solution
yn = c1€” +cyze® + czz’e”.

Now turning to the nonhomogeneous equation and writing it using differential operator notation we get

(D—1)3y=e®—z+16.
We now annihilate the right hand side using (D — 1)D2 to turn it into a new homogeneous equation:

(D-1)*D*y =0

Note that while the root 0 is occurring for the first and second time, the root 1 is occurring for the fourth time. So, our
particular solution takes the form

yp = Az’e® + Bz +C
and yj = Az®e® +3Az%e® + B , yjl = Az®e” + 6Az’e® +6Aze” ,and y)' = Az’e” +9Ax?e” + 18 Aze” +6Ae”
Substituting into 7.3.3 gives us
(AzPe” +9Ax*e” + 18 Axe” +6Ae”) —3(Ax’e” +6Ax’e” + 6 Axe”) +3(Axe” +3Aze” + B)
—(Az’e" + Bz 4+C) =€ —x+16

This leads to
6Ae” —Bx+(3B—C)=¢€"—z+16
So,
1
A:—’BZI,C:_I?)
6
and

1l —13
yp—ﬁe +z

and the general solution is

1
Yy =cie® +coze® +cyxle® + Eez +x—13

v/ Example 7.3.3

Find the general solution of
y" —4y" +4y' =5z? — 6z +4x%e?® 4 3€52. (7.3.4)

Solution
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We first solve
"4y +4y' =0
Its characteristic equation is
r—4r? +4r=r(r—2)2=0

which gives us our homogeneous solution

yn = ¢1 + c2€2® + cgwe®®.
Now turning to the nonhomogeneous equation and writing it using differential operator notation we get

D(D —2)%y =5z — 6z + 4z’ + 3€°".

We now annihilate the right hand side using D*(D —2)3(D —5) to turn it into a new homogeneous equation:

D*(D—-2)*(D—5)y=0

Note that while the root 5 is occurring for the first time, the root 0 is occurring for the second, third, and fourth time and the
root 2 is occurring for the third, fourth, and fifth time. So, our particular solution takes the form

yp = Az + Bz? + Cz® + Deb® + Ex?e?® 4 Fa®e? 4 Gze™

and = A+2Bz +3Cz? +5De%® +2Ex%e?® + 2FEze® 4+ 2Fz%e?® + 3Fz%e?® + 2Gzte?® + 4Gx®e®®
yy = 2B+ 6C’m +25De5%? +4Ez%e™ + 8 Exe™ +2Ee?® + 4Fz%e™ + 12Fz%e?® + 6 Fze’ + 4Gzte?® | and

+16Gz’ e +12Ga?e*
yy' = 6C +125De’® + 8 Ez?e®® + 24 Exe® +12Ee*® +8Fz3e’® + 36 F22e” + 36 Fze’ + 6Fe?® +8Gz*e™

+48Gx3e*® + 72Gx%e?® +24Gxe™
Substituting into 7.3.4 gives us

(6C +125De’® +8Exe®” + 24Exe® +12Ee™ +8F €™ 4+ 36 Fz’e™ + 36 Fze®™ +6Fe* +8Gz'e™
+48Gz*e* + 712Gz * + 24Gxe®™) —4(2B +6Cx + 25D’ + 4Ex’e® + 8Exe®™ +2Ee™ +4Fze™
+12Fz%™ + 6 Fze®™ +4Ga*e®™ +16Gz*e®® +12G2e™) + 4(A + 2Bz + 3C2? +5De*® + 2Ex**® + 2 Exe®™
+2F23e™ 4+ 3F?e™ 4 2Gz €™ + 4Gx3e™) = 52* — 6z + 427 *® + 3€7.

This leads to

(4A—8B+6C)+(8B—24C)z +12C2* + 45D’ +24Gz*e* + (12F +24G)ze*” + (4E + 6 F)e** = 5z°

— 6z +4z%e*® + 35
So,
3 1 5 1 1 1 1
8’ 2’0 12’ 15’ 2’ G 6
and

1 1 1 1 1
ypz—w+—w2+—w +_65z+_$262z_§w3621+gw4e2z

and the general solution is

3 1 5 1 1 1 1
Yy=c +coe®® +cyze?® +— 3 T+ = 5 2%+ E:cg' + 1—565“” + szezz — §w3ezz + Ew‘*e”.

This page titled 7.3: Annihilation for Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 9.3: Undetermined Coefficients for Higher Order Equations by William E. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.3.1: Annihilation for Higher Order Equations (Exercises)
In Exercises 1-76 find the general solution.
1. y" +y" = 8z?
2.y" +8y" = —622 + 9z +2
Y=y Yy —y=ze"—e T+ 7
Y =3y"+3y —y=€"—z+16
2y =3y — 3y +2y = (e" +e%)?
YW 2y gy = 41
g 4y =532 2
.y" —6y" =3 —cosz

© ©® N U A W

y" —2y" — 4y’ +8y = 62>

10.y" —3y" + 3y —y =z —4€”

11.y" —y" —4y' +4y =5 — e +e**

12.y@ 429" 4y = (z —1)?

13.y¥W — gy =4z + 2ze*

14.y" —6y" +11y — 6y = —e *(4+ 76z — 242°) x.
15. 4" —2y" — 5y’ +6y = e3%(32 — 23z +627)

16. 4y +8y" —y' — 2y = —e®(4 +45x +9x?)

17. 9" +3y" —y -3y = e 2%(2 — 17z + 3z?%)

18. 9" +3y" —y' — 3y = e®(—1 + 2z + 242> +162°)
19. y"" +y" — 2y = €® (14 + 34z + 1522)

20. 4y"" +8y" —y' —2y = —e 2*(1 — 15z)

2L y" —y" —y' +y=€"(7T+6x)

22.2y" —Ty" + 4y’ +4y = e**(17 +30z)

23.y" —5y" + 3y’ + 9y = 237 (11 — 242?)

24. y" —7y" + 8y’ + 16y = 2e**(13 + 15z)

25. 8y" —12y" + 6y —y = e*/2(1 + 4x)

26y +3y" —3y" — Ty + 6y = —e* (12 + 8z — 8z?)
27.yW +3y" +y" — 3y’ — 2y = —3e2%(11 + 12z)

28. y() + 8y +24y" +32y' = —16e 2*(1 +z + 22 — z3)
29. 4y —11y" — 9y’ — 2y = —e*(1 — 6)

30. 2y + 5y — 5y’ — 2y = 18e*(5 4 2z)

31y — 5y + 4y = €* (3 +z — 32?)

32,y — 24" — 3y + 4y’ +4y = **(13 + 33z + 18z?)
33,y — 3y + 4y’ = €?*(15 426 + 1222)

34.yW —2y" 12y —y =e€"(1+)

35. 2y — 5y + 3y" +y' —y =€ (11 +12z)
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36.y™® +3y" +3y" +y =e*(5 — 24z +10z?)

37.y@W — 7y +18y" — 20y’ + 8y = €**(3 — 8z — 5z?)

38.y" —y" — 4y +4y =" [(16 +10z) cosz + (30 — 10zx) sinz|
39.y"+y" —4y' —4dy =e* [(1 —22z) cos 2z — (1 + 6z) sin 2z]

40. y" —y" +2y' — 2y = €2*[(27 + 5z — x?) cosx + (2 + 13z +9z?) sinz]
41.y" —2y" +y' — 2y = —€*[(9 — bz +4z?) cos 2z — (6 — 5z — 3x?) sin 2z]
42. y"" +3y" +4y' +12y = 8 cos 2z — 16 sin 2z

43.y" —y" +2y = €*[(20 + 4z) cosz — (12 + 12z) sinz]

44. y" —Ty" + 20y’ — 24y = —e2®[(13 —8z) cos 2z — (8 — 4x) sin 2]

45. y" — 6y" + 18y’ = —€3*[(2 — 3z) cos 3z — (3 + 3z) sin 3]

46.y +2y" —2y" — 8y’ — 8y = e”(8 cosz + 16 sinz)

47,y — 3y 42y + 2y’ — 4y = €*(2 cos 2z — sin 2z)

48.y™W — 8y +24y" — 32y’ + 15y = **(15z cos 2z + 32sin2z)

49. y™® +6y" +13y" +12y +4y =e *[(4 — ) cosz — (5 +z) sinz]

50. y) +3y" +2y" — 2y’ — 4y = —e % (cosz —sinz)

51,y — 5y +13y" — 19y’ +10y = e*(cos 2z +sin 2z)

52. y) +8y" +32y" 4 64y’ +39y = e 2*[(4 — 15z) cos 3z — (4 + 15z) sin 3z]
53. y(*) — 5y +13y" — 19y’ + 10y = €*[(7 4 8) cos 2z + (8 — 4z) sin 2]
54.yW +4y" + 8y" + 8y’ +4y = —2e " (cosz — 2sinz)

55. y®) — 8y +32y" — 64y’ + 64y = €*®(cos 2z —sin2z)

56. y4) —8y"" +26y" — 40y’ + 25y = €**[3 cosz — (1 + 3z) sinz]

57.y" — 4y" + 5y’ — 2y = €2® —4e® —2cosx +4sinz

58. 9" —y" +y' —y =b5e?® +2e® —4cosx +4sinz

59. ¢ —y' = —2(1 +z) +4e” —6e™% +96€3

60. y" —4y” + 9y’ — 10y = 10€>* + 20" sin2z — 10

61.y" +3y" +3y +y =12 +9cos2z — 13sin2x

62.y"+y" —y —y=4e*(1—6z)—2zcosz+2(1+z)sinz

63. y) —5y" +4y = —12¢* +6e % +10cosz

64.y) —4y" +11y" — 14y’ +10y = —e®(sinz + 2 cos 2z)

65y +2y" — 3y — 4y +4y =2e%(1 +z) +e2®

66. Yy +5y" +9y" + Ty +2y = e *(30 +24z) — e 2*

67. y) — 4y +Ty" — 6y’ +2y = e*(122 — 2 cosz + 2sinz)

68.y" —y" —y' +y =e>*(10 + 3x)

69.y" +y" — 2y = —€**(9 + 67z +172?)

70. y"" — 6y" + 11y’ — 6y = **(5 — 4z — 3z?)

71 y" +2y" +y' = —2e7%(7 — 18z + 62?)

72.y" —3y"+3y —y=e*(1+x)

73,y —2y" 4y = —e " (4 — 9z + 32?)
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74.y" +2y" —y' —2y =e 2% [(23 —2z) cosz + (8 — 9z) sin ]
75.y) — 3y +4y" — 2y’ = € [(28 +6z) cos 2z + (11 — 12z) sin 2z]
76. y) — 4y 1+ 14y" — 20y’ + 25y = €” [(2 + 62) cos 2z + 3 sin 2z]
In Exercises 77-86 solve the initial value problem.
77.y" —2y" +y' =ze” +5, y(0)=2, y'(0)=2, y'(0)=-1
78y —y" =z +e, y(0)=0, y(0)=0, y"(0)=0, y"(0)=0
79.y" —2y" +y' =2 — 24€” +40e5%, y(0) = %, y'(0) = %, y"(0) = —%
80.y" +8y =2z —5+8e 2, y(0)=-5 3 (0)=3, y"(0)=-4
81.y" —2y" — b5y’ +6y=2¢"(1—6z), y(0)=2, ¢ (0)=7, 3"(0)=9
82.y" —y"—y'+y=—e"(4-8z), y(0)=2, y'(0)=0, y
83.4y" -3y —y=e"?(2-3z), y(0)=-1, y(0)=15 y"(0)=-17

84. yW) 424" 24" 4+ 2y' +y =e""(20 —12z), y(0) =3, ¥'(0) = —4, 3"(0) =7, y"(0) = —22
85.y" +2y" +y'+2y=30cosxz —10sinz, y(0)=3, ¢'(0)=-4, y"(0)=16
86. y(9) —3y"" + 5y — 2y’ = —2e*(cosx —sinz), y(0) =2, ¥'(0) =0, y’(0) = —1, y"(0) =5

This page titled 7.3.1: Annihilation for Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

¢ 9.3E: Undetermined Coefficients for Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.
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7.4: Variation of Parameters for Higher Order Equations

Derivation of the Method

If you have not had Math 410 (linear algebra), then you may want to review Appendix 11.4 again before starting this section.

Although the method of variation of parameters for higher order equations is similar to what we did in Section 5.6 for second order
equations, there are differences that we'll need to discuss here. For convenience, we consider linear differential equations written as

Py(z)y™ +Py(z)y"™ 4+ + Po(z)y = F(=), (7.4.1)

which can be rewritten as

on any interval on which Py has no zeros, with py = P, /P, ..., p, = P,/ Py and f = F/Py. For simplicity, throughout this chapter
we’ll abbreviate the left side of Equation 7.4.2 by Ly; that is,

(n) (n—1)

Ly=y" +pi(z)y -+ pa(2)y.

When we speak of solutions of this equation and its homogeneous equation Ly = 0, we mean solutions on (a, b). We’ll show how to use
the method of variation of parameters to find a particular solution of Ly = f(x), provided that we know a fundamental set of solutions

{y17y2:"'7yn}0fLy:0‘

We seek a particular solution of Ly = f(z) in the form
Yp =UrY1 +U2Y2 +- -+ UnYn (7.4.3)
where {y1,¥2, .., Yn}is a known fundamental set of solutions of the homogeneous equation
y(n) J’_pl (m)y(nfl) J’_ cee +pn(m)y = 0

and uq, ug, ..., U, are functions to be determined. We begin, as we did in Section 5.6, by imposing conditions that make our calculations
easier. These conditions are similar to what we did in Section 5.6.

We impose the following n — 1 conditions on wy, ug, . . . , Up:
wiyr Hubyat o Uy, =0
Wy, Fubyb+ - Funyh =0
(7.4.4)
ully{”*% +u/2y£”*2)+ Ce +ulny£”*2) =0.
These conditions lead to simple formulas for the first n — 1 derivatives of yj:
yl(,r) = ulyY) +u2yér) ‘e —|—uny,(f), 0<r<n-1. (7.4.5)

These formulas are easy to remember, since they look as though we obtained them by differentiating Equation 7.4.3m —1 times while
treating uy, us, ..., U, as constants. To see that Equation 7.4.4 implies Equation 7.4.5, we first differentiate Equation 7.4.3 to obtain

Yp = Wy +usth + -+ UnYh + Uy FUbYs - Uy,
which reduces to
Yp = ury] T upyh o+ unl
because of the first equation in Equation 7.4.4. Differentiating this yields
Y = wyy syl - Uyl Uy Uy by,

which reduces to

Yp = uryy +uyy +- - +Hunyn
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because of the second equation in Equation 7.4.4. Continuing in this way yields Equation 7.4.5.
The last equation in Equation 7.4.5is

yzgnil) = ulyYHI) + uzyénil) o

Differentiating this yields
yz(,") = u1y§") +uzy§") T tuyy™ +u’1yfn_1) +u’2y£"_1) ey,
Substituting this and Equation 7.4.5 into Equation 7.4.2 yields
1 (n=1) s (n=1) (=1
ui Lyy +uaLys +- - - +up Ly, + U1y, +UsYs + -t Uupyn _f(m)
Since Ly; =0 (1 < ¢ <n), this reduces to
u’1y§"_1) + ugyén_l) ot uly Y = f(a).
Combining this equation with Equation 7.4.4 shows that

Yp =UrY1 +u2y2 +- - +uUpYn

is a solution of Equation 7.4.2if

wyLHupyet o Fupyn =0
wy Fupyyt o Fupyn =0
-2 -2 -2
wy" P rupyd e gl =0
-1 -1 -1
oy e = f(@),
[ w Y2 e Yn ]
0
v Ys Yn 0
where W = T andb=|
(n—2) (n—2) (n—2) 0
1 5 coe yn
(n-1)  (n—1) (n—1) f()
n— n— n—
LY1 2 o Un |
The determinant of W is the Wronskian of the fundamental set of solutions {y1, ¥, - . -, Yn }, which we know has no zeros on (a, b)
since the solutions are linearly independent. Solving by Cramer’s rule yields
Wi ,
szw, 1 S]S’I’L, (746)
where W} is the determinant obtained by replacing the j-th column of W with b.
Having obtained u}, u}, ... ,uy, we can integrate to obtain ug, us, ..., u,. As in Section 5.6, we take the constants of integration to be
zero, and we drop any linear combination of {y1,¥s, ..., ¥» } that may appear in yj,.

Third Order Equations

If n =3, then
Y Y2 Y3
W=\|y1 ¥ Y5l
(VA VA4
Therefore
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0 v us m 0y yoy2 O
Wi=| 0 v |, Wa=|yz 0 y3|, Wa=|y; y 0 |,
fl@) v oy vy fl@) o v oy fx)
and Equation 7.4.6 becomes
Wi W W3
u&:W’ uézw, ué:W (7.4.7)
v/ Example 7.4.1
Find the general solution of
zy" —y" —xy +y =8z, (7.4.8)

given that y; =z, y» =e®, and y3 = e~ form a fundamental set of solutions of the homogeneous equation. Then find the general
solution of Equation 7.4.8,

Solution
We seek a particular solution of Equation 7.4.8 of the form

Yp = U1 T +uze” +uze .

The Wronskian of {y1, y2,¥3} is

r ev e’
W()=|1 e —e®|=2x,
0 €e* e ”
so
0 ev e * a3 0 e * T e* 0
Wi=| 0 € —e®|=-16ze", W, =1 0 —e?|=8z(zx+1), Wi =|1 ¢ 0 |=8ze¥(z—1).
8xe® €* e” 0 8ze” e ” 0 e 8ze®
Therefore, from Equation 7.4.7
= % =—8e", uh= % =4(z+1), uf= % =4e(z —1)

Integrating and taking the constants of integration to be zero yields
up = —8e%, wuy =2(x+1)% uz =e>*(2z —3).
Hence,

Yp = ULY1 +U2Y2 +U3Y3
=(—8e%)z +e”(2(x +1)?) +e " (e2*(2z —3))
=€ (222 —2x —1).
Since —e” is a solution of the complementary equation, we redefine
yp =2ze" (z —1).
Therefore the general solution of Equation 7.4.8 s

T

y=2ze"(x —1)+c1z +coe” +cze ™.

Fourth Order Equations

If n =4, then
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Y Y2 Ys Y4

!/

yl y? y3 y4
W - 1! " 11 1! ’
Y Y Y3 Yy
yi/l yéll yéll yZIIII
Therefore
0 ¥ Y3 w o 0 yz oy
W 0 v v Y W v 0wy
1= 0 " " n|’ 2=\ 0 " n|’
Yy Y3 Yy Y Y Yy
f(x) yéll yé// yzl” yi// f(x) yéll yi//
y1 ¥ 0y y1 Y2 y3s O
vio% 0y v % vy 0
W3 = 3 Wy = )
yi/ yél 0 yi/ yi/ yél yél O
vy f(z) y vy oy f(x)
and Equation 7.4.6 becomes
Wl W2 W3 W4
u’lzw, ’uézw, uézW, UQIW (749)
v/ Example 7.4.2
Find the general solution of
iy + 623y + 222y —dzy’ + 4y = 1222, (7.4.10)

giventhat y; =, y» = 22, y3 = 1/z and y4 = 1 /2% form a fundamental set of solutions of the homogeneous equation. Then find
the general solution of Equation 7.4.100n (—o0, 0) and (0, o).

Solution
We seek a particular solution of Equation 7.4.10 of the form

u3 U
Yp :u1$+uZ$2+—3 +_;-
T oz
The Wronskian of {y1, Y2, y3,ya } is
z z¥2 1/z —1/z?

1 2z —-1/2* —2/z°
W(z)= / =-72/x°,
0 2 2/a° 6/z*

0 0 —6/z* —24/a°

SO
0 2 1)z 1/22 x 0 1/z 1/x2
0 2z -1/z2 -2/a3 1 0 -1/z2 -2/a8
W, = / / =144/2%, W, = / / =-T72/2",
0 2 2/z* 6/t 0 0 2/z3  6/z*
12/22 0 —6/z* —24/z5, 0 12/z2 —6/z* —24/z°
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z x? 0 —1/x? r z¥ 1/x 0

1 2z 0 —2/a? . 1 2z —1/z 0 s
W3: :—144/:17 ; W4: :72/1,‘ 5

0 2 0 6/z! 0o 2 2/° 0

0 0 12/z* —24/2° 0 0 —6/z* 12/22

Therefore, from Equation 7.4.9,
W W w: W,
uilez—Z, uéz#zl/w, ug:W3=2w2, ui:W“:_wi‘.

Integrating these and taking the constants of integration to be zero yields

up=—-2z, uwy=Inlz|, ug=—,w=——.
Hence,
Yp = U1Y1 +U2Y2 +U3Y3 +UsYs

223 1 4 1
= (—22)z + (In|e|)z? + = = + (—‘”—) =
3 =z
1922
12

Since —19z2 /12is a solution of the homogeneous equation, we redefine

=z’ln|z|—

yp =z’ In|z|.

Therefore
3 ¢
y=a’In|z|+ciz + ez + = + —A;
z T

is the general solution of Equation 7.4.100n (—oo, 0) and (0, c0).

This page titled 7.4: Variation of Parameters for Higher Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 9.4: Variation of Parameters for Higher Order Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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7.4.1: Variation of Parameters for Higher Order Equations (Exercises)
In Exercises 1-7 find the general solution.
y" —3x%y" +6xy’ — 6y =2z

2. 4x3y" + 4x2y" — 5zy’ + 2y = 30x2

3. 23y + 2%y — 2xy +2y = 2?

4. zy™® +4y" = 61n |z

5. 1624y + 9623y + 7222y" — 24zy’ + 9y = 962°/2

6. 2ty — 4Py’ +122%y" — 24y’ + 24y = *

7. 2ty 623y + 222y — 4oy’ + 4y = 1222
In Exercises 8-14 solve the initial value problem.

8. 23y —2x%y" +3zy’ —3y =4z, y(1)=4, y(1)=4, ¢"(1)=2

9. wsy"’—5m‘2 "+l4zy' —18y =22, y(1)=0, ¥'(1)

10. 23y — 622y + 16zy’ — 16y =924, y(1)=2, ¢'(1)=1, ¢"(1)=5

.2y + 2%y —2zy +2y =2z(x+1), y(-1)=-6, ¥ (-1)==, y'(-1)=—2

12. 2ty 4323y — 2y + 22y — 2y =922, y(1)=-7, 3y (1)=-11, ¢"(1)=-5, y”’(l) =6

13. 4ty 2423y + 2322y —xy +y =62, y(1)=2, Y (1)=0, ¢'(1)=4, y"(1)=

14. zy* +523y" — 32%y" — 6y’ +6y =402, y(—1)=-1, ¢/ (-1)=-7 ,y"(-1)=—1, y'"(f ) =—31))
In exercises 15-28 find the general solution, given the fundamental set of solutions of the homogeneous equation.

15. 2%y — 22 (z +3)y" +22(z +3)y' —2(z +3)y = —4z* ; {z, 22, ze®}

16. 4" +6zy" + (6 +122%)y + (122 +82%)y =22 ;{e®, ze ™, 2% ™ }

17. z? "’+2:cy — (22 +2)y =222 ;{1, e%/x, e/}

18. 23y —3z%(z +1)y" 4+ 3z (22 + 22+ 2)y' — (z® + 322 + 62 +6)y = zte 32 ;{ze?, z2e®, 23}

19. z(z? = 2)y"" + (2 —6)y" +z(2 — 22y + (6 —2?)y =2(22 —2)* ;{e%, e %, 1/z}

20.zy" — (. —3)y" — (z+2)y + (z — 1)y = —4e™™ ;{€*, e°/z, e */z}

21 z(z® — 1)y + (522 +1)y" + 22y’ —2y =122% ;{z, 1/(z—1), 1/(z +1)}

22.z(1—z)y" + (22 -3z +3)y" +zy —y=2(x—1)* ;{z, 1/z,e"/x}

"

23. zy" —y" —xy +y =2 ; {z, e, e *}
24. z(22 —6)yW) +2(x2 — 12)y" + (6 — 22)y” +2(12 —22)y' =2(22 —6)2 ;{1,1/x, e*, e *}
25. 24y —dx3y" +222(6 — 22)y" + 4z (22 — 6)y’ + (! — 422 +24)y =4zPe® ;{ze®, z2e”, ze *, 227}
26. zy) +4y"" —2zy" — 4y’ +xy =4e* ; {e*, e *, e /z, e /x}
27. zy™® + (4 — 6z)y"" + (132 — 18)y" + (26 — 122)y’ + (42 — 12)y = 3e* ; {e”, %, e*/z, e2*/x}
28. 2ty —dxdy" +22(12 — 22)y" + 2z (22 — 12)y' +2(12 —2?)y =225 ; {z, 22, ze®, ze "}
In Exercises 29-33 solve the initial value problem, given the fundamental set of solutions of the homogeneous equation.
29. (5 —6x)y"" + (12 — 4)y" + (6x — 23)y’ + (22 — 12z)y = —(6x —5)%e* {y(0)=—4, ¥'(0)= —%,
y"(0) = —19; {e%, e**, ze *}
30. (22 — 2z +2)y" — 22y +2xy’ — 2y = (22 —22+2)%, y(0)=0, ¢'(0)=5 ,y"(0)=0;{z, 22, e}
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y" — (122 —1)y" +9(x + 1)y — 9y =2¢*(3z —1)2, y(0) = %, y'(0) = %,
_ 1. T L3z
=qi{z+1, e, e¥}
32. (2% —2)y"" —2zy" + (2 — 22)y' +2zy =2(22 —-2)?, y(0)=1, ¢'(0)=-5 ,y"(0)=5;{z? €%, e %}
33. 2z — 1)y —day” + (5 — 22)y" +4zy' —4y =62z —1)*, y(0)=T, '(0)=0, y"(0)=13,
y///(o) — 1;{3:’ ez, e—z, e2z}
This page titled 7.4.1: Variation of Parameters for Higher Order Equations (Exercises) is shared under a CC BY-NC-SA 3.0 license and was

authored, remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 9.4E: Variation of Parameters for Higher Order Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

8: Series Solutions of Linear Second Order Equations

In this Chapter, we study a class of second order differential equations that occur in many applications, but cannot be solved in
closed form in terms of elementary functions.

8.1: Prelude to Series Solutions of Linear Second Order Equations
8.2: Review of Power Series
8.2.1: Review of Power Series (Exercises)
8.3: Series Solutions About an Ordinary Point
8.3.1: Series Solutions About an Ordinary Point (Exercises)
8.4: Series Solutions About a Regular Singular Point

8.4.1: Series Solutions About a Regular Singular Point (Exercises)

This page titled 8: Series Solutions of Linear Second Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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8.1: Prelude to Series Solutions of Linear Second Order Equations

In this Chapter, we study a class of second order differential equations that occur in many applications, but cannot be solved in
closed form in terms of elementary functions. Here are some examples:

1. Bessel’s equation which occurs in problems displaying cylindrical symmetry, such as diffraction of light through a circular
aperture, propagation of electromagnetic radiation through a coaxial cable, and vibrations of a circular drum head.

2y + 2y’ + (2 — )y =0,
2. Airy’s equation which occurs in astronomy and quantum physics.
y'—zy =0,
3. Legendre’s equation which occurs in problems displaying spherical symmetry, particularly in electromagnetism.
(1—2*)y" 22y +a(a+1)y =0,
These equations and others considered in this chapter can be written in the form
Py(z)y" + Pi(z)y + Pa(z)y = F(z) (8.1.1)

where Py, P;, and P, are functions with no common factor. For most equations that occur in applications, these are polynomials of
degree two or less, although the methods that we’ll develop can be extended to the case where the coefficient functions are
polynomials of arbitrary degree, or even power series that converge in some circle around the origin in the complex plane.

Since Equation 8.1.1 does not in general have closed form solutions, we seek series representations for solutions. We’ll see that if
P,(0) # 0 then solutions of 8.1.1 can be written as power series

that converge in an open interval centered at x = 0.

This page titled 8.1: Prelude to Series Solutions of Linear Second Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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8.2: Review of Power Series

Many applications give rise to differential equations with solutions that can’t be expressed in terms of elementary functions such as
polynomials, rational functions, exponential and logarithmic functions, and trigonometric and inverse trigonometric functions. The
solutions of some of the most important of these equations can be expressed in terms of power series. In this section we review
relevant properties of power series. We’ll omit proofs, which can be found in any standard calculus text.

& Definition 8.2.1

An infinite series of the form

Zan(m—mo)", (8.2.1)

n=0
where z( and ag, ai, ..., a,, ...are constants, is called a power series in x — xy. We say that the power series Equation 8.2.1
converges for a given z if the limit
N
lim E an(x —x)"
N—oo =0

exists; otherwise, we say that the power series diverges for the given x.

A power series in  —x must converge if = x, since the positive powers of  —x are all zero in this case. This may be the
only value of z for which the power series converges. However, the next theorem shows that if the power series converges for
some x # x then the set of all values of  for which it converges forms an interval.

& Theorem 8.2.1

For any power series

exactly one of these statements is true:

L. The power series converges only for = .
II. The power series converges for all values of z.
IIL There’s a positive number R such that the power series converges if |z —z¢| < R and diverges if |z —z¢| > R .

In case (iii) we say that R is the radius of convergence of the power series. For convenience, we include the other two cases in this
definition by defining R = 0 in case (i) and R = oo in case (ii). We define the open interval of convergence of 3 >° | a,(x —xo)"
to be

(xo—R,zo+R) if 0<R<oo, or (—oo,00) if R=o0.

If R is finite, no general statement can be made concerning convergence at the endpoints £ = o = R of the open interval of
convergence; the series may converge at one or both points, or diverge at both.

As you'll recall from calculus, the next theorem provides a useful method for determining the radius of convergence of a power
series.

& Theorem 8.2.2 Ratio Test

Consider the series > ¢, and suppose:

lim
n—oo

’ Cn+1 L

Cn

LIf L <1,then ) > c, converges.
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IL. If L > 1 or the limit approaches oo, then > ¢,, diverges.

III. If L = 1, then the ratio test gives no information and we have to consider another test.

v Example 8.2.1

Find the radius of convergence of the series:

o0
a Z nlz"
n=>0
b s 2
>y
n'
n=10
(o)
“ 3 2 (z - 1)
n=0
Solution a
Here ¢, = n!z", so
n+1)lz" !
lim | 2L | = (nt Dl = lim (n+1)|z|.
n—oo | Cp n—00 nlxgn n—00

This limit will approach oo for all = except = 0, where the limit would be 0, so the series only converges at the point z = 0.
Hence, R=0.

Solution b

71 "Z"
Here ¢, = % , SO

n n)lgnt! 1
limc+1 = L:|:173|lim—=0<1
n—oo | Cp n—00 (n—i—l)!a:” n—oo n+1
for all x. Hence, R = 0.
Solution ¢
Here ¢, = 2"n%(z —1)", so
2+ (p4+1)2(z — 1) +! n+1)2
lim |24 | = 1 ( I ) =2|z —1] lim u =2|z —1]
n—oo | Cp n—00 2”n2(;p—1)” n—00

which converges when 2|z — 1| < 1 which is true when |z — 1| < % .

Hence, R=1/2.

Taylor Series

& Definition 8.2.2

If a function f has derivatives of all orders at a point & = x, then the Taylor series of f about x is defined by

In the special case where xy = 0, this series is also called the Maclaurin series of f:

= £
; —
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Taylor series for most of the common elementary functions converge to the functions on their open intervals of convergence. For
example, you should be familiar with the following Maclaurin series:

o0 mn
emzz—', —00 <z <00 (8.2.2)
n=0 v
0 2+l
sinz = ', —o<z<x 8.2.3
2V Gy (8.23)
S 2n
cos:c:Z(—l)" (; I —00< T <00 (8.2.4)
— n)!
1 o0
- =) 2" —l<z<1 (8.2.5)
-z n=0

Differentiation of Power Series

A power series with a positive radius of convergence defines a function

o0

f(:l:) = Zan(w _-'L'O)n

n=0

on its open interval of convergence. We say that the series represents f on the open interval of convergence. A function f
represented by a power series may be a familiar elementary function as in Equations 8.2.2 - 8.2.5; however, it often happens that f
isn’t a familiar function, so the series actually defines f.

The next theorem (again, from calculus) shows that a function represented by a power series has derivatives of all orders on the
open interval of convergence of the power series, and provides power series representations of the derivatives.

& Theorem 8.2.3

A power series
o0
f(@)=)_ an(z —20)"
n=0

with positive radius of convergence R has derivatives of all orders in its open interval of convergence, and successive
derivatives can be obtained by repeatedly differentiating term by term; that is,

fl(z) = inan(w—xo)"’l, (8.2.6)

" (x) :Zn(n—l)an(m—mo)"ﬁ, (8.2.7)

f®(z) = in(n— 1) (n—k+1)a,(z—=zo)" . (8.2.8)
n==k

Moreover, all of these series have the same radius of convergence R.

v Example 8.2.2

Let f(z) = sinz. From Equation 8.2.3,

From Equation 8.2.6,
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00 p2ntl 0 . 2n
; [2n+1] ;_)

which is the series Equation &.2.4 for cos z.

Uniqueness of Power Series

The next theorem shows that if f is defined by a power series in  —x, with a positive radius of convergence, then the power
series is the Taylor series of f about .

& Theorem 8.2.4

If the power series

has a positive radius of convergence, then

i (8.2.9)

a, =

thatis, 3", an(z — o)™ is the Taylor series of f about z.

This result can be obtained by setting x = x¢ in Equation 8.2.8, which yields
FO(@o) =k(k—1)---1-a = klay.
This implies that

f(k) (z0)

W=

Except for notation, this is the same as Equation 8.2.9.

X Shifting the Summation Index in a Power Series

For any integer k, the power series

can be rewritten as

> buk(@—a0)"

n=no—k

that is, replacing n by n+k in the general term and subtracting k from the lower limit of summation leaves the series
unchanged.

v/ Example 8.2.3

Rewrite the following power series from Equation &.2.7 and Equation &.2.8 so that the general term in each is a constant
multiple of (z —z)":

o0 (o]

n(n—1)a,(z — )" Zn (n—k+1)ay(z —zo)" .
=2

n

Solution a
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Replacing n by n + 2 in the general term and subtracting 2 from the lower limit of summation yields

(n+2)(n+1)apia(z —xz)".

NgE

o0
Enn a,(z — )" 2 =
n=2

Il
o

n
Solution b

Replacing n by n + k in the general term and subtracting k from the lower limit of summation yields

Zn(n—l) -(n—k+1)ap(z —z0)" Zn—Hc Yn+k—1)--- (n+1)anpik(z —z0)".
n==k n=0
v/ Example 8.2.4
Given that
f(m)ZZanm",
n=0

write the function z f as a power series in which the general term is a constant multiple of z".

Solution
From Theorem 8.2.4 with £y =0,

Therefore

zf(z) = i n(n—1)a,z" 1.

n=2

Replacing n by n+1 in the general term and subtracting 1 from the lower limit of summation yields

o0
zf"(z Z (n+1)nay1z".

n=

Linear Combinations of Power Series

If a power series is multiplied by a constant, then the constant can be placed inside the summation; that is,

¢ Z (x —20)" Z cay(z
n=0
Two power series
f($)=Zan(m—x0)” and g(m)zzbn(x_mo)n
n=0 n=0

with positive radii of convergence can be added term by term at points common to their open intervals of convergence; thus, if the
first series converges for |z — z¢| < R; and the second converges for |z — x| < Ry, then

00

f@) +g(2) = _(an+ba)(z —20)"

n=0

for |x —x¢| < R, where R is the smaller of R; and R,. More generally, linear combinations of power series can be formed term
by term; for example,
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oo

c1f(x) +cog(z (c1an +c2by)(z —20)".
=0

n

v/ Example 8.2.5

Find the Maclaurin series for cosh x as a linear combination of the Maclaurin series for e and e™*.

Solution
By definition,

Since

it follows that
coshz :il[1+(—1)"]—. (8.2.10)
2 n!

Since
1 1 if n =2m, aneven integer,
S+ Y= { &

0 ifn=2m+1, anodd integer,

we can rewrite Equation &.2.10more simply as

o] m2m
hx = .
coshx Z (2m)'
m=0

This result is valid on (—o0, 00), since this is the open interval of convergence of the Maclaurin series for both e” and e~?.

v/ Example 8.2.6

Suppose

on an open interval I that contains the origin.
a. Express
(2-o)y +2y

as a power series in z on I.
b. Use the result of (a) to find necessary and sufficient conditions on the coefficients {a, } for y to be a solution of the
homogeneous equation

2-z)y’+2y=0 (8.2.11)
onl.

Solution a

From Equation 8.2.7 with zy =0,
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Therefore
(2—z)y" +2y=2y" —zy" +2y = Z 2n(n—1)a Zn anz" +Z2an$n
n=2 n=2

Since series are just polynomials, adding them is just like adding polynomials; that is, we add like terms. To add series we want
to "run out" terms until each series starts at the same power of x.

So, we get

o0 o0 o0
Z2n(n—1)anmn_2 —Zn( —1a,z"! +Z2anw"
— n=0

Mw

o0
=4ay +Z2n(n—1)anx" 2N ‘n(n—1a,z" ! +2a +Z2an
n=3 n=2 n=1

To combine the three series we need to shift indices so all series start at the same value of n; it doesn't matter where we chose
to start the series. In this case let's choose a start of n = 2. So, we will need to reindex the first and third series; thus,

o0 o0
ZQn(n—l)an ZQ (n+1)na, 12"t
n=2

and

o0 o0
E 2a,x" = E 2a, 12"
n=1 n=2

Now all three series will start with n = 2; thus,

o0

(2 —2z)y" +2y = (4ay +2ap) + Z[2(n+ Dnan1 —n(n—1)a, +2a, 1]z" . (8.2.12)

n=2

Solution b

From Equation 8.2.12we see that y satisfies Equation 8.2.11on I if
4as +2a9 =0

and

2(n+1)nap+1 —n(n—1)a, +2a,-1 =0, n=2,3,4,....

v/ Example 8.2.7

Suppose
o0
Y= Z an(z—1)"
n=0
on an open interval I that contains zy = 1. Express the function
(1+2z)y" +2(xz—1)% +3y (8.2.13)
as a power series inz — 1 on I.

Solution

Since we want a power series in ¢ —1, we rewrite the coefficient of y” in Equation 8.2.13as 14z =24 (z—1) , so
Equation 8.2.13becomes

2y" + (z —1)y" +2(z —1)%y' + 3y.
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From Equation 8.2.6 and Equation 8.2.7with zy =1,

o0

Z (z—1)" and y”:Znn Da,(z —1)" 2.
n=2

Therefore

3

2y" = Z 2n(n —1)a,(z —1)" 2,

n(n—1)a,(z—1)"1,

3a,(z—1)".

o0
>
n=2
o0
2(z — 1)2y' = Z 2nay, (z — 1)"+1,
n;l
>

Running out terms so all series start at the same power of x — 1 gives us

o0 o0
2" =) 2n(n—1)an(z—1)" 7 =4ay +12a3(z —1)+ Y _ 2n(n—1)ay(z —1)" 7,

n=2 n=4

(x—-1)y" = Zn(n —Dan(z—1)"" =2ay(x —1)+ Zn(n —Dap(z—1)""",

n=2

o0
(z—1 :E 2na, (z —1)"*1,

n=1
o0 o0
3y = 23%(13 —1)" =3ap+3a1(z—1) +Z3an(z —1)".
n=0 n=2
‘We now need to shift indices so all four series start at the same value of n; let's choose to start at n = 1, so we need to reindex
the first, second, and fourth series as the third one already starts at n = 1. This yields

o0 o0
2y =) 2n(n—1)an(z—1)"? =4as +12a3(z —1)+ »_2(n+3)(n+2)ans(z —1)"*,
n=2 n=1
00 00
(x—1)y" =Zn(n—1)an(x—1)" =2as(z—1) +Z (n+2)(n+1apa(z —1)",
n=2 n=1
o0
2(z —1)%y/' :ZZnan(x—l)"H,
n=1
o0 o0
3y :Z3an(m—1)":3a0—|—3a1(m—1)+Z3an+1(x—1)”+1.
n=0 n=1

We can now add these together, giving us

[o.¢]

o0
day +12a3(x —1) +Z2 n+3)(n+2)an 3z —1)"" +2ay(z —1) —|—Z(n—|—2)(n+ Dan oz —1)"" +
n=1 n=1
Z 2na,(z —1)"" +3a¢ +3a;(z — 1) + Z 3an.1(z — 1)

n=1

and combining like terms gives us

(1+z)y" +2(x —1)%' +3y =2y" + (2 — 1)y" +2(z — 1)%y’ + 3y = (4a2 +3ao) + (12a3 +2a3 +3a; ) (z — 1)

o)
+ Z[2(n +3)(n+2)ans3 + (n+2)(n+1)ani2 +2na, +3an1(z —1)" !

n=1
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This page titled 8.2: Review of Power Series is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William
F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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8.2.1: Review of Power Series (Exercises)

In Exercises 1-18 use Theorem 8.2.2 (the ratio test) to find the radius of convergence R. If R > 0, find the open interval of

convergence.
o0
(="
1. —-1)"
> ()

16"
o n7n n
n=0

m=0
12,3 (z —1)*"

N (_l)m _ 2\3m+2
133 (z—3)
=
o0
1432
— m
o0
15y ———(z
n;] (m+2)

o0
16. Z(_l)m_x4m+3

) |
173 (g 1)
=

_1\3m+1
18. Z 8"m(m+1) (z—-1)
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In Exercises 19-23 express as a power series in .

19. 2+2z)y" +zy' +3y

20. (1+322)y" +3z%y' — 2y
21. (1 +222)y" + (2 — 3z)y’ +4y
22. (1+2?)y"+ (2 —2)y' +3y
23. (1+32%)y" —2zy’ +4y
o0
24. Suppose y(z) = Z an(z +1)" on an open interval that contains g = —1. Find a power series in z + 1 for
n=0
zy' +(4+22)y +(2+2)y.
[0
25. Suppose y(z) = Z an(x —2)™ on an open interval that contains zy = 2. Find a power series in  — 2 for
n=0
z2y" +2zy’ — 3zy.

This page titled 8.2.1: Review of Power Series (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 7.2E: Review of Power Series (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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8.3: Series Solutions About an Ordinary Point
Many physical applications give rise to second order linear differential equations of the form
Py(z)y" + Pi(z)y + P (z)y = F(z). (8.3.1)

Often the solutions of these equations can’t be expressed in terms of familiar elementary functions. Therefore we’ll consider the
problem of representing solutions of Equation &.3.1 with series.

We'll divide 8.3.1by Py(x) to get the form we'll use throughout the remainder of this chapter:

Y +p(e)y +a(z)y = f(z). (8.3.2)

A function g() is analytic at x if it can be expressed as a convergent power series at o (with a positive or infinite radius of
convergence) that is infinitely differentiable:

Homogeneous Equations

# Definition 8.3.2

Let

y' +p(z)y +q(z)y =0.

We say that ¢ is an ordinary point of Equation 8.3.2 if p(z) and g(z) are both analytic at zo. Otherwise, zq is a singular
point.

Pi(z) ( ) Py(z)

@)’ 1% = B’

Note: Since polynomials are continuous everywhere, if 8.3.1 has polynomial coefficients, then p(z) =
and f(z) = % from 8.3.2 are analytic at any point z, that isn’t a zero of Py(z). Therefore, if the polynomial Py(zo) # 0,

then z is an ordinary point of Equation 8.3.2when Py(z), Py (), and P2 () are all polynomials.

For Legendre’s equation,
(1—2%)y" —2zy' +a(a+1)y =0,
zo =1 and zy = —1 are singular points and all other points are ordinary points. For Bessel’s equation,
2’y +ay’ + (2 — )y =0,
o = 0 is a singular point and all other points are ordinary points. If P is a nonzero constant as in Airy’s equation,
y'—zy =0,
then every point is an ordinary point.

Since polynomials are continuous everywhere, P, / Py and P,/ P, are continuous at any point zg that isn’t a zero of Py. Therefore,
if z( is an ordinary point of Equation 8.3.1 and ag and a; are arbitrary real numbers, then the initial value problem

Py(z)y" +Pi(2)y +P(2z)y =0, y(zo)=ao, ¥ (z0)=a1 (8.3.3)

has a unique solution on the largest open interval that contains zy and does not contain any zeros of FPy. To see this, we rewrite the
differential equation in Equation 8.3.3 as

https://math.libretexts.org/@go/page/103526
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and apply Theorem 5.1.1 withp = P, /Py andqg= P,/ Fy.

In the remainder of this section we consider the problem of representing solutions of Equation 8.3.1 by power series that converge
for values of x near an ordinary point x.

We state the next theorem without proof.

& Theorem 8.3.1

Let
y" +p(z)y +q(z)y =0 (8.3.4)
Let z be an ordinary point of 8.3.4 and p be the distance from x to the nearest singular point of 8.3.4. Then every solution of
8.3.4
can be represented by a power series
o0
yzZan(w—wo)” (8.3.5)
n=0
that converges at least on the open interval (zg — p, o + p) -
Furthermore, 8.3.5 will generate the two linearly independent solutions of &.3.4.

We call Equation &.3.5 a power series solution in x — x( of Equation &.3.4. We’ll now develop a method for finding power series
solutions of Equation 8.3.4.

Theorem 8.3.1 implies that every solution of

Ve ey =0 (5.3.6)
on (zg — p, Tg +p) can be written as
o0
y:Zan(m—xO)n =ay +a1($_m0)+02($—$0)2 4ennl
n=0

Setting © = x¢ in this series and in the series
o0
y = Znan(z —:vg)n_l =ay +2a3(z —x9) +3as(z —9:0)2 4+
n=1

shows that y(z¢) = ag and y'(z) = a; . Since every initial value problem Equation 8.3.3 has a unique solution, this means that
ap and a; can be chosen arbitrarily, and a9, as, ...are uniquely determined by them.
To find a2, a3, a4, - - -, we write Py, P;, and P, in powers of  — xg, substitute

o0
y = Zan(a: —x)",

S
[==}

)n—l

QQ\
I
Nk

na, (x — o ,

3
Il
—

)n—2

QQ:
I
NgE

n(n—1)a,(z —z

3
||
I\

into Equation 8.3.6, and collect the coefficients of like powers of  — . This yields

NgE

bp(x —x)" =0, (8.3.7)

i
o
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where {bg,b1,...,bn,...} are expressed in terms of {ag,a,...,an,...}and the coefficients of Py, P;, and P,, written in
powers of z — (. Equation 8.3.7 is satisfied if and only if b, =0 for n > 0, and all power series solutions in z — zy of 8.3.6 can
be obtained by choosing ag and a; arbitrarily and computing as, as, ..., successively so that b, =0 for n > 0. For simplicity, we

call the power series obtained this way the power series in x — x( for the general solution of &.3.6.

v/ Example 8.3.1

Let y be an arbitrary real number. Find the power series in  — x( for the general solution of

y'+y=0. (8.3.8)
Solution
Here
y'+y=0
Since g is an ordinary point (for all ) of 8.3.8, y =3 ; an(x —x)", will generate two linearly independent solutions to
8.3.8.
If
o0
y= Zan(a: —-’1:()) )
n=0
then
o0
y'= Zn(n —1a,(z —z0)" 2,
n=2
o)

o0
E n(n— 1a":c—m0"2+2 an(z —1z0)" =0.
n=2 n=0

To collect coefficients of like powers of  — x(, we shift the summation index in the first sum. This yields

o0

Zn+2 (n+1)apio(z —z)" —I—Z (x—z)" [(n+2)(n+1)ans2 +an](z —z0)" =0,
n=0 :0

n=0 n
Therefore
—n >0 (8.3.9)
Qpio=—"—""""—"—, n=>0, .3.
2T (n+2)(n+1)
where ag and a; are arbitrary.
Computing the coefficients of z — x( from Equation 8.3.9 yields
ao
ay = ———,
2= 2.1
a
ag = ——-,
T 32
as 1 ( ap ) ao
a. = — = — —_ =
‘743 430U 2.1/ 4321
as 1 ( a ) ai
a5 == == — = R
5-4 5-4 3-2 5.-4-3-2

Thus, the general solution of Equation 8.3.8 can be written as
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ag 2 3 ag 4 ai 5

— _ _ ) - — —_— — oo
y =ao+ai(z—zo)— 5. l(m zo) 3 2(90 xo)” + 4.3.2.1(:3 xo)” + 5.4.3.2(m xo)” +
(x—x0)? (z—x0)? (x—=20)® (z—=0)°
—an(l— )
aof 51 Ta321 ) talE-e) -t )

Writing these series in closed form we get

2m+1

_aUZ ("J “"0 +a12 % (8.3.10)

If we recall from calculus that
. ( _ )Zm _ :L' $0)2m+1
E (-1)"———=— =cos(z —z¢) and E —'

m=0 ( m)' 2m+1)

then Equation 8.3.10becomes

=sin(z — ),

y = ag cos(z — o) +ay sin(z — ),

Equations like Equation 8.3.9, which define a given coefficient in the sequence {a,} in terms of one or more coefficients with
lesser indices are called recurrence relations. When we use a recurrence relation to compute terms of a sequence we are computing
recursively.

In the example above we were able to obtain a closed formula for coefficients in the power series solution. In many cases this is
very difficult, or impossible, and we must settle for computing a finite number of terms in the series, as the following example
illustrates.

v/ Example 8.3.2

Find the power series in z for the general solution of
(1+22%)y" + 62y +2y =0. (8.3.11)

Solution
Here

(1+222)y" +6xy’ +2y =9y +22%y" + 6y’ +2y =0.

Since 0 is an ordinary point of 8.3.11, y =»">° ' a, ", will generate two linearly independent solutions to &.3.11.

If
o0
n=0
then
o0 o0
= Z na,z" ! and y’= Z n(n—1)a,z" 2,
n=1 n=2
so, we get
o0 o0 o0
Zn(n—l)anw”’2+2x2Zn(n—l)a Z 2+63:Znan o= 1+2Zan Znn an,z" 2+
n=2 n=2 n=0 n=2
Z 2n(n—1)a,z" + Z 6na,z™ + Z 2a,z" =0.
n=2 n=1 n=0

Running out terms we get
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2as +6azx + Z n(n— 1)anw"72 + Z 2n(n—1)a,z" +6a1z + Z 6nanz” +2a¢ +2a1x + Z 2a,z" =0.

n=4 n=2 n=2 n=2

Reindexing we get

2ay +6asx —|—Z(n+ 2)(n+1)api2z" + Z 2n(n—1)a,z" +6a1x —1—2 6na,z" +2ag +2a1z + Z 2a,z"

n=2 n=2 n=2 n=2
=0.
‘We now collect like terms to obtain
(2az +2a9) + (6as +8ay)x —|—Z[(n +2)(n+1)an;2 + (2n° +4n+2)a,]z" =0
n=2
Equating coefficients we get
az = —ao,
4
ag = —§CL1,
2(n+1)? 2(n+1)
a = g, =———Paqa,, n=23,4,--
T 4+ 2)(nt1) " nt2 "
Now substituting n = 2, 3, 4, - - - into the last equation yields
3 3
ay =——as=—a
4 2 2) 2 0,
8 32
as = 503 = 15(117
a éa ——éa
6 3 4 — 2 0,
12 128
ar = 7 a5 = 35 ay,
Thus,
=ay+aiz—a xz—éa x3+§a m4+ga w5—ia mﬁ—%a z’ +
Yy =a 1 0 3 1 5 20 5 1 5 20 35 1
3 5 4 32 128
:ao(l—w2+§w4—§m6+---)+a1(w—§x3+1—5x5—gm7+---)

is the power series in z for the general solution of Equation &.3.11. Since Py(x) =1+ 2z has no real zeros, Theorem 5.1.1
implies that every solution of Equation 8.3.11is defined on (—o0, 00).

v/ Example 8.3.3

Find the power series in z — 1 for the general solution of
(2 +4z —22%)y" —12(z — 1)y’ — 12y =0. (8.3.12)
Solution

We must first write the coefficient Py(z) =2 +4x —z* in powers of z — 1. To do this, we write z = (z —1)+1 in Py(z)
and then expand the terms, collecting powers of z — 1; thus,

2

2+4x — 222 =2+4[(z—-1)+1]-2[(z—1)+1]?
=4-2(z-1)2%

Therefore we can rewrite Equation 8.3.12as
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(4-2(x—-1)*)y" —12(z - 1)y —12y =0,

Since z =1 is an ordinary point, we will generate two linearly independent solutions to 8.3.12from

[o.¢]

an(z —1)",

<
I

M8 OM

m—l
n=1

o0
:Zn n—1)a,(z—1)""2
n—=2
So, we get

n(n—1)a,(z —1)"2—12(z — 1)inan(m — P

n=1

4Znn Dan(z—1)"2 —2(z —1)*

n=2

3
gt

an(z —1)"
n=0
o0

Z n(n—1)a,(z—1)" ZQn(n Day,(z Zl2nan (x—1)" ZlQan(a:—

n—2

Running out terms we get

8as +24az(z —1)+ Y22, dn(n—1)a,(z —1)" 2 =32, 2n(n—1)a,(z —1)" —12a;(z — 1) —
Yoo g 12nan(z —1)" —12a9 —12a1(z —1) = >_° 5, 12a,(z —1)» =0.

Reindexing we get

8as +24az(z —1)+> 2, 4(n+2)(n+1)ani2(z —1)" =37, 2n(n—1)a,(z —1)" — 12a; (z — 1) —
Yoy 12nan(z —1)" —12a9 —12a;(z —1) — > ° 5, 12a,(z —1)" =0.

We now collect like terms to obtain
o0
(8az —12a9) + (2403 — 244y )(z — 1)+ Y _[4(n+2)(n+1)an 2 — (2n% +10n+12)a,] (z —1)" =0
n=2

Equating coefficients we get

a —§a
2—2 05
az =az,
2(n+2)(n+3 3
Apio = ( X )a = nt a,, n=2,3,4,---

dn+2)(n+1) " 2(n+1)

Now substituting n = 2, 3, 4, - - - into the last equation yields

5 5
a4y = gaz = Zao,
3 3
as = Za3 = Zala
7 7
ag = 1_0a4 8a0a
2 1
ar 25052501,“'
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Thus,
_ B 3 T ISV SN S UV S IS
y =ap+ta(z 1)+2a0(w 1) +ai(z—1) —|—4a0(m 1) —|—4a1(x 1) +8ao(m 1) —l—zal(a: 1)+
3 2. 9 i 7 6 3 3 5 1 7
:a0(1+§(:r—1) +Z(:c—1) +§(ac—1) +--)+a((®—1)+(z—1) +Z(w—1) +§(x—1) Fooo)

which implies that the power series in  — 1 for the general solution of Equation 8.3.12is

= 2m+1 >\ m+1
y=aoy m— (@1 ta Yy —— (1)
m=0 m=0

Since Py(z)=2+4x —2x? has real zeros at 1 ++/2, Theorem 5.1.1 implies that every solution of Equation 8.3.12 is

defined on (—00,1 —+/2), (1 —=v2,1++/2) , or (1 ++/2,00).

The next example illustrates an initial value problem.

v/ Example 8.3.4

Find the power series in z for the general solution of
(1+22%)y" +62y +2y=0, y(0)=2, y'(0)=-3. (8.3.13)
Solution
From Example 6 we know the solution to the differential equation is
3 5 4 32 128
y:a0(1—$2+§1}4—§$6+"')+a1($_§l'3+1_51‘5—g 7+)
The condition y(0) = 2 yields ag = 2.

Differentiating our solution gives us

32 128
y':ao(—2w+6:c3—15:c5+~--)+a1(1—41:24—?:24—?036-1--“)
The condition ¢’ (0) = —3 yields a; = —3.
So the solution to 8.3.13is
3 5 4 32 128
=21 -+ St T ) 3 — S 2E S T
y=2(1-a"4+ -z r +--)—3(z 3% T 1% 35:c+)

2 2

Nonhomogeneous Equations
Let
Y +p(@)y +q(@)y = f().
We say that z is an ordinary point of Equation 8.3.2if p(x), g(x), and f(x) are all analytic at zo. Otherwise, x is a singular

point.

& Theorem 8.3.2

Let

¥ +p(@)y +q(z)y = f(z) (8.3.14)
Let z be an ordinary point of 8.3.14and p be the distance from x; to the nearest singular point of 8.3.14. Then every solution
of 8.3.14
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can be represented by a power series

y=> an(z—zo)" (8.3.15)

that converges at least on the open interval (zg — p, o + p) -

Furthermore, 8.3.15will generate the two linearly independent solutions of the homogeneous part of 8.3.14 AND a particular
solution to the nonhomogeneous part of 8.3.14.

v/ Example 8.3.5

Find the power series in z for the general solution of

1
y' +zy +y= T (8.3.16)

—z

Solution
. 1 . .
The series for 7= is given by
1 = .
1—=z - Z_% :v

which converges on (—1,1).

Since z =0 is an ordinary point, Theorem 2 says we we will generate both the homogeneous and the nonhomogeneous
solutions of &.3.16from

n=2
so, we get
o0 o0 o0 o0 o0 o0 o0
E n(n—1)a,z" Pz E na,z’ = + E ax" = E n(n—1)a,z" 24 g na,z” + E anx" = E z"
n=2 n=1 n= n=2 n=1 n=0 n=0

Running out terms we get

o0 o0 o0 o0
2a9 + Z n(n— l)ana:"_2 —I—Znanw" +ag —I—Z apx” =1 —I—Z z".
n=3 n=1 n=1 n=1

Reindexing we get

o0 o0 o0 o0
2a9 + Z(n +2)(n+1)ayi0z" + Z napz” +ag+ > az" =1+ Z z".
n=1 n=1 n=1 n=1
‘We now collect like terms to obtain
o0 o0
(2a3 +a9) + Z[(n +2)(n+1)ani2 +(n+1)a,]z" =1+ Z z".
n=1 n=1

Equating coefficients we get
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_ 1.1
az = 2(1() 2:
—an, 1
= 3 :172737"'
Gt = Tt 2)mt) "
Now substituting n =1, 2, 3, - - - into the last equation yields
1 1
a3 =—§al+g,
1 o 1 1 1
ay =——as+—=—ay— —,
T T2 8
1 " 1 1 H 1
a = —=—Q _— ) —_— e e
T 5720 15 60’
Thus,
1 1 1 1 1 1 1
Yy :a0+a1$—(§a0—§)$2—(§a1—€)$3+(§ao—ﬁ)$4+(15
1 1 1 1 1 1
=a(l—=z>+=z*+- - )ta(z— 22 +—=2+- )+ (2> +=2° —

2 8 3 15

6

is the power series in z for the general solution of Equation 8.3.16defined on (—1, 1).

1
—a; +—

)$5+...

This page titled 8.3: Series Solutions About an Ordinary Point is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or

curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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8.3.1: Series Solutions About an Ordinary Point (Exercises)
In Exercises 1-11 find the series in z for the general solution.
L (1+2%)y" +6zy +6y=0

2.(1+2?)y"+2zy' —2y =0
3. (1+z%)y" —8zy' +20y =0
4. (1—-2)y" —8zy —12y=0
5. (1+z%)y" — 102y +28y =0
6.y —xzy=0

y"'—2xy +y=0
8.y" +x%y +2y=0
9. (z—1)y"+y' =0
10.y" —(z+1)y —y=0
11. (22 +2)y" + 32y —y =0
In Exercises 12-23 find the power series solution y = > a, 2" of the initial value problem.
12. (1+2¥)y" +zy +y=0, y(0)=2, ¢'(0)=-1
13. (1+22%)y" —9zy' —6y =0, y(0)=1, 7' (0)=-1
14. (1+8z2)y" +2y=0, y(0)=2, ¢'(0)=-1
15. (1+3z)y" +zy' +2y=0, y(0)=2, ' (0)=-3
16. (1+z +22%)y" + (2+8z)y +4y =0, y(0)=-1, ¢'(0)=2
17. (1 —2z%)y" +(2—-62)y’ —2y =0, y(0)=1
18. (1 4+ +322)y" +(2+15z)y +12y =0, y(0)=0, ¢'(0)=1
19. 242z)y"+(1+2z)y'+3y=0, y(0)=4, 3'(0)=3
20. (3+ 3z +22)y" + (6 +4x)y’ +2y=0, y(0)=7, ¥'(0)=3
2. (4+z)y"+(2+2)y' +2y=0, y(0)=2, Y (0)=5
2. (z—1)y"—=zy'+y=0, y(0)=-2, 3'(0)=6
23.y" —2zy' +8y =0, y(0)=3, 3'(0)=0
In Exercises 24 and 25 find the power series in x — x( for the general solution.
24,y —y=0; z=3
25. (11 — 8z +222)y" —16(x — 2)y’ +36y =0; zp =2

In Exercises 26-63 find the power series solution y = " @, (xz — )" for the solution of the initial value problem. Take z¢ to
be the point where the initial conditions are imposed.

26. (2> —4)y" —zy —3y=0, y(0)=-1, ¢'(0)=2
27. 9" +(x—3)y' +3y=0, y(3)=-2, 9'(3)
28.(5—6x +322)y" +(z—1)y' +12y =0, y(1)=-1, y'(1)=1
9. (42® — 24z +37)y" +y =0, y(3)=4, y'(3)=
0. (22 —8z+14)y" —8(x —4)y’' +20y =0, y(4
1. (222 +4z +5)y" —20(z + 1)y +60y =0, y(-1)=3, ¢'(-1)=-3
2.(2-3z+22%)y" —(4—6z)y' +2y=0, y(1)=1, y'(1)
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33. (3z +22%)y" +10(1+z)y' +8y =0, y(-1)=1, ¥
34. (1—z+2?)y"—(1—4z)y’ +2y =0, y(1)=2, (1
35.2+z)y" +(2+2)y +y=0, y(-1)=-2, (-1
36. 2%y — (6 —Tz)y' +8y =0, y(1)=1

37. (2+4z)y" —4y' — (6 +4x)y =0, y(0)=2, y'(0)=-7

38. (1+2z)y" —(1—-22)y' —(3—2z)y=0, y(1)=1, y'(1)=-2
39. 542z)y"—y'+(5+z)y=0, y(-2)=2, y'(-2)=-1

40. (4+z)y" —(4+22)y'+(6+2)y=0, y(-3)=2, 3'(-3)=-2
41. (24 3z)y" —zy' + 22y =0, y(0)=-1, 3'(0)=2

42. (34+2z2)y"+3y —xzy=0, y(-1)=2, ¢'(-1)=-3
43.(34+2z)y" -3y —(2+z)y=0, y(-2)=-2, ¢y (-2)=3

44. (10 -2z)y"+(1+z)y=0, y(2)=2, y'(2)=-4

45 (T+z)y" +(8+2x)y + (5+z)y=0, y(—4)=1, y'(-4)=2
46. (6 +4z)y" +(1+2z)y=0, y(-1)=-1, y'(-1)=2

47. y" +2zy' + (3 +222)y =0, y(0)=1, ¢'(0)=-2
48.y" —3zy' +(5+22%)y =0, y(0)=1, ' (0)=-2
49.y" +5zy —(3—22)y=0, y(0)=6, ¢'(0)=-2
50.y" —2zy — (2+3z%)y =0, y(0)=2, %' (0)=-5
51.y" —3zy + (2 +42%)y=0, y(0)=3, '(0)=6

52.2y" +5zy' + (4 +222)y =0, y(0)=3, y'(0)=-2

53.3y" +2zy +(4—2®)y=0, y(0)=-2, y

54. (1+2)y" + 2%y + (1 +2z)y =0, y(0)—2, ' (0)=3

55. 9" +(1+2z +2%)y' +2y =0, y(0)=2, ¥'(0)=3

56. (1+2?)y"+(2+2%)y' +2zy=0, y(0)=-3, ¢'(0)=5
57.(1+2z)y"+(1-3z+22%)y —(z—4)y=0, y(l)=-2, ¢'(1)=3

58.y" + (13 +122 +32?)y' + (5+22)y =0, y(-2)=2, y'(-2)=-3

59. (1422 +32%)y" +(2—2¥)y' +(1+z)y=0, y(0)=1, 3 (0)=-2

60. (3+4z +22)y" — (5 +4z —2¥)y —(2+x)y=0, y(-2)=2, y(-2)=-1
61.(1+2z+2%)y"+(1—-2)y=0, y(0)=2, 3(0)=-1

62. (z —222)y"+(1+3z—2?)y'+ (2+z)y=0, y(1)=1, y'(1)=0

63. (16 — 11z +22%)y" + (10 — 6z + 2%y — (2 —z)y =0, y(3)=1, ¢'(3)=-2
64. a. Find a power series in z for the general solution of

(1+2%)y" +4zy 42y =0. (A)

b. Use (a) and the formula

1
T =ttt (F1<r <)
-7

for the sum of a geometric series to find a closed form expression for
the general solution of (A) on (—1,1).
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c. Show that the expression obtained in (b) is actually the general solution of of (A) on (—00, 00).

65. Find power series in z for the solutions y; and y, of

Y +azy +(2+42)y =0
such that y;(0) =1, y;(0) =0, y2(0) =0, y4(0) = 1, and identify y; and ys in terms of familiar elementary functions.
In Exercises 66 and 67 find the power series in z for the general solution.

66.y" —zy=1

" ’ _ . _ oo ozt

67.y" +xy' —y=e" ;wheree® =3 "5

This page titled 8.3.1: Series Solutions About an Ordinary Point (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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8.4: Series Solutions About a Regular Singular Point
In this section we’ll continue to study equations of the form
Py(z)y" + Pi(z)y’ + Py(x)y =0 (8.4.1)

but the emphasis will be different from that of Sections 8.3, where we obtained solutions of Equation &.4.1 near an ordinary point
x¢ in the form of power series in ¢ —xg. If 2y is a singular point of Equation &.4.1, then the solutions can’t, in general, be
represented by power series in  — x. Nevertheless, it is often necessary in physical applications to study the behavior of solutions
of Equation 8.4.1 near a singular point. Although this can be difficult in the absence of some sort of assumption on the nature of
the singular point, equations that satisfy the requirements of the next definition can be solved by series methods discussed here.
Fortunately, many equations arising in applications satisfy these requirements.

# Definition 8.4.1 Regular Singular Points

Let

y" +p(z)y +q(z)y =0. (8.4.2)

If 2 is a singular point of 8.4.2, then we say that zg is a regular singular point of Equation 8.4.2 if (x —xo)p(z) and
(z —x0)%q(z) are both analytic at . Otherwise, x is an irregular singular point.

v Example 8.4.1 Bessel's equation

Bessel’s equation,
22y +zy + (2 —v?)y =0, (8.4.3)
which can be written in the form 8.4.2 as

1 2% —v?
y//+_y/+( . )y=0,
T T

has the singular point zg = 0. Since zp(z) = 1 and 2?¢(z) = (22 —v'2) are analytic at 0, it follows that zyp = 0 is a regular

singular point of Equation 8.4.3.

v/ Example 8.4.2 Legendre’s equation

Rewriting Legendre’s equation,

(1—22)y" —2zy +a(a+1)y =0, (8.4.4)
in the form 8.4.2 yields
2z, ala+l)

" — + =0.
CA T
It's clear that 8.4.4 has the singular points zo = +1. Since (z —1)p(z) = ffl and (z —1)%q(z) = —% ,xo=11is
a regular singular point of Equation 8.4.4. We leave it to you to show that g = —1 is also a regular singular point of Equation

8.4.4.

v Example 8.4.3

The equation
sz//+wy/ +y= 0

has an irregular singular point at £y = 0. (Verify.)
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For convenience we restrict our attention to the case where g = 0 is a regular singular point of Equation 8.4.2. This isn’t really a
restriction, since if o 7 0 is a regular singular point of Equation 8.4.2 then introducing the new independent variable t =z — z;
and the new unknown Y (t) = y(t +z) leads to a differential equation that has a regular singular point at £ = 0.

The Method of Frobenius

The method of Frobenius deals with three distinct cases satisfying the assumptions introduced above. In all three cases &.4.2 has at
least one solution of the form

0 00

I n __ n+r

y=x E aAnd = E and s
n=0 n=0

where 7 need not be an integer. The problem is that the three possibilities each require a different approach to obtain a second
linearly independent solution that we need to form a fundamental pair of solutions of 8.4.2.

The method we will use to find solutions for regular singular points of &.4.2 is called the method of Frobenius, and we’ll call them
Frobenius solutions.

It can be shown that the power series 2" >, a,z" yields a Frobenius solution of Equation 8.4.2 that converges on some open
interval (—p, p), where 0 < p < oo . The method of Frobenius will give us what is called an indicial equation, and it's the nature of
these roots that leads us to the three cases mentioned above.

In this class we only deal with real roots of the indicial equation, of which there are three cases. If 0 is a regular singular point
of 8.4.2, then we have the following:

Case 1: If the roots of the indicial equation are real numbers that differ by a noninteger, then y = ZZO:O anz™t"

both of the linearly independent solutions to 8.4.2.

will give

Case 2: If the roots of the indicial equation are real numbers that differ by a nonzero integer, then y => "> a,z""" will
give at least one of the two linearly independent solutions to 8.4.2.

Case 3: If the roots of the indicial equation are real numbers that are the same, then y = Y~ ; a,z"™" will give only one of
the two linearly independent solutions to 8.4.2.

v/ Example 8.4.4

Find a fundamental set of Frobenius solutions and give the general solution of
3zy'+y —y=0 (8.4.5)
about zp = 0 on (0, c0).

Solution
Note that £y = 0 is a regular singular point of &.4.5. We now let

o0 o0
y=z" E a,z" = g anz™.
n=0 n=0

Differentiating this series twice gives us

Y= Z ap(n+r)z""t and Y= Z an(n+r)(n+r—1)z" 2,

n=0 n=0

Substituting these into 8.4.5 yields
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3$Z(n+r)(n+r—1)anm"+T 2 Z(n—i—r)an Sl Za" 223(n+7‘)(n+7’—1)anw””71+
n=0 n=0 n=0 n=0
o0
Zn+ra gt Za " =0
n= n=0
Running out terms we get
o0 % &3
3r(r —1)agz"' + Z 3(m+r)(n+r—1)a,z" ! +ragz" ! + Z(n +7)apz" 1 — Z a,z" " =0.
n=l1 n=1

Reindexing we get
o0 o0 o0
3r(r—1)agz™ ! + Z 3(n+r)(n+r—1)a,z"" 1 +ragz™ ! + Z(n +7)apz™ 7 — Z a,_1z" 1 =0.
n=1 n=1 n=1
We now collect like terms to obtain
o0
(872 —3r+7)agz" ! + 2[3(71 +r)(m+r—1)a, +(n+7r)a, —an_1]z"" 7 = (372 —2r)agx ! +
n=1

Z n+r)(3n+3r —2)a, —an_1]z"" " =0.

n=1
Equating coefficients gives us the following
(3r2 —27)ag =0 (8.4.6)
and
(n+7)(3n+3r—2)a, —a,—1 =0
Equation 8.4.6 is our indicial equation; let's take a closer look as to what it says.
(3r2 —27)ag = 7(3r —2)ag = 0.

So, we have ag =0, =0, orr =2/3. ap = 0 will only give us the trivial solution which is always linearly dependent, so we
focus on 7 =0 and » =2/3. Note that these differ by a noninteger and, according to Frobenius, will lead to two linearly
independent solutions of Equation 8.4.5.

For the case r = 0:

ap is a free variable (meaning it can be anything we choose) and a,, = ~ (2212), n=1,2,3,---

Now substituting n =1, 2, 3, - - - into the last equation yields

a; = aop,

1
T = ] = =@ 0 0
S R

This leads us to one solution of 8.4.5:
_ 0 1 2
Yy =2 (ao+a0x+§a0w +--4)
1
=a(l+z+ga’+--)

Notice that » = 0 gives us the form of an ordinary point power series,

o0 o0 o0
y=z" E a,z" = 2° E a, " = E a,z",
n=0 n=0 n=0
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which only yielded one solution instead of the two we would be guaranteed if zyp =0 was an ordinary point. As you may
guess, r = 2/3 will yield the second linearly independent solution of 8.4.5.

For the case 7 = 2/3:

ag is once again a free variable and a,, = n(‘;’;’iz), n=123,---

Now substituting n =1, 2, 3, - - - into the last equation yields

1
ap = ga07

1 1
2776 " s0™

This leads us to the second linearly independent solution of &.4.5:

1 1
Yo = :1:2/3(00 +—apx + —a0m2 TPee )

5 80
=@ x2/3(1+lx+iw2+-~)
0 5780

Note that since we used two separate r values, the ag in each is actually different. So, we need to change one or both of the a
to get our general solution of 8.4.5;

1 1 1
y:Cl(1+$+§a)2+...)+62m2/3(1+gm+%m2+_”)

v/ Example 8.4.5

Find a fundamental set of Frobenius solutions and give the general solution of
zy' +y=0 (8.4.7)
about g = 0 on (0, 00).

Solution
Note that o = 0 is a regular singular point of 8.4.7. We now let

o0 o0
y==zx" E a,z" = E az""".
n=0 n=0

Differentiating this series twice gives us

o0 o0
y = Zan(n—l—r)w"”_l and ' = Zan(n—i—r)(n—i—r —1)z" 2,
n=0 n=0

Substituting these into 8.4.7 yields

o0 o0 o0 o0
z Z(n +r)(n+r—1)az"" 2 + Z anz"t" = Z(n +r)(n4r—1)a,z"" " + Z a,z"" =0
n=0 n=0 n=0 n=0

Running out terms we get

’I’(T = 1)(10.’177‘71 Sl Z(n —H’)(n +r— l)anm”“'*l + Z a, " =0.
n=0

n=1

Reindexing we get

r(r—1)agz" ! +Z(n+r)(n+r —1)apz" ! +Zan71mn+r—l —o.

n=1 n=1
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We now collect like terms to obtain
r(r—1)agz™ ! + Z[(n +7)(n+r—1)a, +a, 1]z"" ! =0.
n=1

Equating coefficients gives us the following

r(r—1)ag =0 (8.4.8)
and

(n+r)(n+r—1)a, +a,—1 =0

Equation &.4.81is our indicial equation; let's take a closer look as to what it says.

r(r—1)ag =0.

As in Example 6, ap = 0 will only give us the trivial solution which is always linearly dependent, so we focus on r =0 and
r =1. Note that these differ by an integer and, according to Frobenius, we have...no idea what is going to happen...so, we
proceed...with hope, but no guarantee, that the method of Frobenius will give us a second linearly independent solution.

For the case r = 0:
ag is a free variable and n(n — 1)a, +a,—1 =0, n=1,2,3,.--

At this point we would normally solve for a,,, but that creates an issue when n = 1. So, we need to deal with n =1 before we
solve for a,,:

n =1 gives us 0a; +ag = 0, which means ag = 0 and now a; is free.
So, now solving for a,, we get

— an—1 — oo o
an = n(n—1)’ n_2a374a

Now substituting n = 2, 3, 4, - - - into the last equation yields

1

az = —501,
1 1

az = _Ea2 =19
1 1

a4 :—Eag :—mal...

This leads us to one solution of 8.4.7:

1 1 1
_ .0 P T S B S S
y =z (a1z 50T —i—lzalz T1a 4% +--9)
1 1
_ L1, L g 1 oy
saE- T T T )

As in Example 6, note that » = 0 gives us the form of an ordinary point power series
o0 o0 o0
y=a" Z apz" = z° Z apz" = Z anz",
n=0 n=0 n=0
which only yielded one solution instead of the two we would be guaranteed if 2y =0 was an ordinary point. Now, we hope
r =1 will yield the second linearly independent solution of &.4.7.

Forthecaser =1:

ag is once again a free variable and a,, = ﬁ, n=1,2,3,---

Now substituting n =1, 2, 3, - - - into the last equation yields
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1
a :_EaOa
1 1
Qg9 = —Eal = an,
1 1
O3 =TT = Tggte

This leads us to what we hope is the second linearly independent solution of &.4.7:

=z(a ——aa:—i—ia :c2—Lam3—|— )
Yo = 0 2 0 12 0 144 0
_ 1, 1 3 1 4
=a(z—ga Fpet )

=Y

However, as you can see, this is the same solution we obtained from r =0, so the method of Frobenius did not give us
the second linearly independent solution we need. So, that leaves us with a problem since we know there must be two linearly
independent solutions to 8.4.7, but at this point we only have one. If you recall, in section 5.2 we found that if we knew one
solution, we could find a second linearly independent solution from

e Jp(z)dz
Y

While this may seem daunting, and it is cuambersome, it is fairly straightforward. To make it easier to follow we will do this
in parts.
We first note that p(z) = 0 and y; = = — 322 + 152° — ﬁw‘* qpooc
So,
e~ [p(z)dz _ effl)dz =@
To make our calculations easier we will let ¢=1 (the constant would be absorbed later anyway). So,

e—fp(m)dz — e—dew —1.

Now we calculate

D o . = S8 L . _ = — 3 = =2 3 24 L5
n=@E-grtpe-ppr toe-gettpat o ppet ) =2t —a et - et
So,
e Jp(@)de 1 1 1+ +19 N
= T e— — — —w R
y? z? — 23+ %m‘l %m5 + x2 12 72
This leads to

~ Jp(z)dz 1 1 1 1 1
x

yf 2z 12 T2 12 144
This finally leads us to
e Jre (c2 et gt g? o) — g gy (-t e g )
= ——de=yi(— +Ihne+-—x+—x"°+ )=y Inx —t+—zz+—2"+:--
LEn T T 1277 144 Y T 12" T e
and our general solution to 8.4.7is
tealpn Iz +ya(—= + =+ e z? 4 )
=cC C nx - —T — T
y=ay ey Y1 - 12 144
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We will not discuss the third case, when the roots of the indicial equation are the same, since this clearly leads to only one linearly
independent solution and would therefore require the exact same method of Example 7.

This page titled 8.4: Series Solutions About a Regular Singular Point is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

o 7.5: Regular Singular Points Euler Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
e 7.3: Series Solutions Near an Ordinary Point I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
e 7.6: The Method of Frobenius I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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8.4.1: Series Solutions About a Regular Singular Point (Exercises)
In Exercises 1-60 find the series in x for the general solution.
1.2zy" —y +2y=0
Azy'+ 3y +y=0
Bzy"+(2—2)y —y=0
2zy" —(3+22)y' +y=0
. 922y" + 9%y’ +2y =0

czy’' —zy +y=0
zy'+(1—z)y —y=0
2zy" 45y +2y=0
10. 22%y" —xy' +(z2 + 1)y =0
1. 2%y" — (z — %)y =0

2
3
4
5
6. 2y" +2y —zy=0
7
8
9

12. 2%y" + zy’ + (2® — %)y 0

13. 22%y" +3zy’ + (22 — 1)y =0

14. 2%y" + zy' + (2® — %)y =0

159"+ 3y —2y=0

16.zy" +y' +y=0

17.22%(1+z +2%)y" +2(3+ 3z +52%)y’ —y =0

18. 322y 4+ 2z (1 +z — 22%)y’ + (22 — 822)y =0

19. 223+ 3z +22)y" +x(5 +8z +Tz%)y’ — (1 -2z —9z%)y =0
20. 422y" +z(7 + 2z +42?)y — (1 —4z —Tz?)y =0

21.122%*(1 +z)y" +z(11 + 352 +32?)y’ — (1 — 10z —52%)y =0
22.2*(5+z +102?)y" + (4 + 3z +48z%)y’ + (z +362%)y =0
23.82%y" —22(3 — 4z —2?)y’ + (3 +6x +22)y =0
24.182%*(1+z)y" +3z(5 + 11z +z%)y’ — (1 —2z —5z*)y =0
25.z(3+z+22)y +(4+z -2y +2y=0

26.10z%(1 +z +222)y" + z(13 + 13z +6622)y’ — (1 +4z +1022)y =0
27.22(8 +2)y" +z(2+3z)y' +(1+2)y=0

28. 22(3+4z)y" + (11 +4z)y’ — (3 +4z)y =0
29.22%(2+3z)y" +z(4+11lz)y — (1 —z)y =0

30. 22(2 +2)y” +52(1 —z)y' — (2 —8z)y

31. 22(6 +z)y" +z(11 +4z)y + (1 +2z)y =0

32.62%y" +2(1+62%)y + (1 +92%)y =0

33. 22(8 +22)y" + Tz(2+22)y' — (2 —922)y =0

34.92%(1 +2?)y" +3z(3+13z%)y’ — (1 —252%)y =0

35. 42%(1+2?)y" +4z(1 +62%)y’ — (1 —252%)y =0
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36. 82%(1 +22%)y" + 2z(5 + 342%)y’ — (1 —302%)y =0

37. 2%y —x(1 — +(1—-2%)y=0

Y +z(3+6z+72%)y +(1+62 —32%)y=0
y"'+z(1+3z+4z%)y —z(1-2z)y =0

40. 4z* (1 +z +2%)y" +1222(1 +2)y' + (1 + 3z +322)y =0
4. 22 (1 +z+22)y" —z(1 -4z —22°)y' +y=0

42.9z2%y" + 3z (5 + 3z —222)y’' + (1 + 12z — 142?)y =0

38. 22(1 +z + 2>
39. 2%(1+2z + 22

)y’
)
)y’
)

3. 2%y" +z(l+z+22)y +z(2—z2)y=0
44. 2% (1 +2z)y" +z (54 14z + 32?)y’ + (4 + 18z + 122%)y =0
45. 42%y" +2z(4+z +22)y' + (1 + 5z +32?)y =0
46.16z%y" +4z(6 +z +222)y’ + (1 +5z +18z%)y =0
47.92*(1+z)y" +3z(5 +11z — %)y’ + (1 +16z —72%)y =0
48. 2% (1 +2z)y" +z(5+92)y' + (4 +3z)y =0
49.2%(1 —2z)y" —z(5+4z)y + (9 +4z)y =0
50. z2(1 +4z)y" —z(1 —4z)y' + (1 +=z)y =0
51.2%(1+2)y" +z(1+22)y' +zy =0
52.2%(1—z)y" +z(T+z)y +(9—z)y=0
53. 2%(1+2%)y" +z(3 +8z%)y' + (1 +122%)y
54. 2%y —z(1 —22)y’ + (1 +22)y =0
55. 22(1 —22?)y" + (5 —92?)y’ + (4 —32?)y =0
56. 2%(2 +2%)y" +x(14 —2*)y' +2(9+2%)y =0
57.22(1+2?)y" +z(3+ T2y’ + (1 +8z%)y =0

(

1

(

58. 22(1 —2z)y” +3zy' + (1 +4z)y =0
59.z(1+z)y"+(1—2)y' +y=0
60. z2(1 +z2)y" —z(1+922)y’ + (1 +2522)y =0

This page titled 8.4.1: Series Solutions About a Regular Singular Point (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored,
remixed, and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 7.6E: The Method of Frobenius I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
e 7.7E: The Method of Frobenius IT (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
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CHAPTER OVERVIEW

9: Laplace Transforms

In this chapter we study the method of Laplace transforms, which illustrates one of the basic problem solving techniques in
mathematics: transform a difficult problem into an easier one, solve the latter, and then use its solution to obtain a solution of the
original problem. The method discussed here transforms an initial value problem for a constant coefficient equation into an
algebraic equation whose solution can then be used to solve the initial value problem. In some cases this method is merely an
alternative procedure for solving problems that can be solved equally well by methods that we considered previously; however, in
other cases the method of Laplace transforms is more efficient than the methods previously discussed. This is especially true in
physical problems dealing with discontinuous forcing functions.
9.1: Introduction to the Laplace Transform
9.1.1: Introduction to the Laplace Transform (Exercises)
9.2: The Inverse Laplace Transform
9.2.1: The Inverse Laplace Transform (Exercises)
9.3: Solutions of Initial Value Problems
9.3.1: Solution of Initial Value Problems (Exercises)
9.4: The First Shifting Theorem
9.4.1: The First Shifting Theorem (Exercises)
9.5: The Second Shifting Theorem and Piecewise Continuous Forcing Functions
9.5.1: The Second Shifting Theorem and Piecewise Continuous Forcing Functions (Exercises)
9.6: Convolution and Periodic Functions

9.6.1: Convolution and Periodic Functions (Exercises)

This page titled 9: Laplace Transforms is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by William F.
Trench via source content that was edited to the style and standards of the LibreTexts platform.
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9.1: Introduction to the Laplace Transform

Definition of the Laplace Transform

To define the Laplace transform, we first recall the definition of an improper integral. If g is integrable over the interval [a, T for
every T > a, then the improper integral of g over [a, 00) is defined as

[e9) T
/ otydt=tim [ g(t)dt. 9.1.1)
a T—o0 Jq

We say that the improper integral converges if the limit in Equation 9.1.1 exists; otherwise, we say that the improper integral
diverges or does not exist. We can now turn to the definition of the Laplace transform of a function f.

# Definition 9.1.1 Laplace Transform

Let f be defined for £ > 0 and let s be a real number. Then the Laplace transform of f is the function F' defined by

F(s) = /0 et (2 dt, 9.1.2)

for those values of s for which the improper integral converges.

It is important to keep in mind that the variable of integration in Equation 9.1.2is ¢, while s is a parameter independent of ¢. We
use t as the independent variable for f because in applications the Laplace transform is usually applied to functions of time.

The Laplace transform can be viewed as an operator £ that transforms the function f = f(¢) into the function F' = F(s). Thus,
Equation 9.1.2 can be expressed as

F(s) = L(f(1))-
The functions f and F' form a transform pair, which we’ll sometimes denote by
f(t) < F(s).

Computation of Some Simple Laplace Transforms

v/ Example 9.1.1

Find the Laplace transform of f(¢) =1.

Solution
From Equation 9.1.2with f(¢) =1 and s #0,

[ele] T —sT 1
1 T 1— 1 s>0,
F(s) :/ e *(1)dt = lim e *'dt = lim (——e“) ‘ = lim ——— :{ 5 8
0 T—oo [y T—o0 S 0 T—o0 S oo, §<0.

If s =0 the integrand reduces to the constant 1, and

0 T
/ 1dt = lim 1dt=lim T = oo.
0 T—o0 0 T—o0
Therefore F'(0) is undefined, and
o0 1
F(s):/ e tdt==—, s>0.
0

This result can be written in operator notation as

or as the transform pair

https://math.libretexts.org/@go/page/103539
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1
1< —, s>0.

v/ Example 9.1.2

Find the Laplace transform of f(t) =t¢.

Solution
From Equation 9.1.2with f(¢) =¢ and s #0,

te—st |T 1 T
= lim (— S / estdt>
T—o0 S 0 s Jo
_T —sT —st | T
— lim ( 40-2 )
T-500 s s2 o
_TefsT efsT 1
= lim — —
T— S 32 s2

! e—sT

Note: limy_,o was evaluated using L’Hépital’s rule.

/ tdt = lim tdt = lim <—)
0 T—o0 o T—oo \ 2

Therefore F'(0) is undefined and

If s =0, the integral becomes

0 T—oo 2

This result can also be written as

or as the transform pair

v/ Example 9.1.3

Find the Laplace transform of f(t) = e®, where a is a constant.

Solution
From Equation 9.1.2 with f(t) = e,

*© T —(s—a)t \ |T —(s—a)T 1
F(S) = / e te®dt = lim ei(sfa)tdt = lim (— © ) ‘ = lim (_6— + )
0

T—o0 Jo T—o0 s—a 0 T—o0

1
— s—a? s> a,
o0, s<a.

If s = a, the integral becomes

https://math.libretexts.org/@go/page/103539
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o T
/ 1dt = lim 1dt = lim T = cc.
0 T—00 0 T—00
Therefore F'(a) is undefined and
F(s) - >
s) = s>a
s—a’
This can also be written as
at 1
L(e*) , §>a
s—a
or as the transform pair
1
e , s§>a
s—a

Tables of Laplace Transforms
Extensive tables of Laplace transforms have been compiled and are commonly used in applications. The brief table of Laplace
transforms that you need to know are listed here and will be adequate for our purposes.

Table 9.1.1
f(®) F(s)
1 L (s>0)
¢ 4L (s> 0)
g% % (s >a)
S
coswt 2 1 (s>0)
sinwt rwwz (s>0)
cosh bt 32:2 (s>18])
sinh bt -2 (s> |b])
v/ Example 9.1.4
Use the table of Laplace transforms to find £(cosh 7t).
Solution
L(cosh7t) = ¥ a0’

Linearity of the Laplace Transform

The next theorem presents an important property of the Laplace transform. If you have had linear algebra you should recognize that

the Laplace transform is a linear transformation.

& Theorem 9.1.1 Linearity Property

Suppose L(f;) is defined for s > s;, 1 <4 <n). Let sy be the largest of the numbers s1, sg, ...,S,, and let ¢, ca,..., ¢, be
constants. Then

https://math.libretexts.org/@go/page/103539
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Llcifiteafot - +eafa) =c1L(fi) +cal(fa) +- - +cul(fn) for s > sq.
Proof

If s > s then

E(lel +02f2 4+ —|—Cnfn) = / G_St (C1f1 (t) +C2f2(t) P09 +Cnfn(t)) dt

0

= ¥ ot d % ot dt+--- - " (t) d
01/0 e " fi(t) t—i—cz/o e " fo(t)dt+ +cn/0 e St f,(t)dt
=c1L(f1) +e2L(f2) ++ - +enl(fn)-

v Example 9.1.5

Use Theorem 9.1.1 and the known Laplace transform

1
E(eat
s—a
to prove that for b # 0,
L(coshbt) T > |b]
Solution
By definition,
bt bt
coshbt = e te
Therefore
L(coshbt) = L(3e"+1e™™)
= 2L(e")+31L(e?)  (linearity property) (9.1.3)
11,11
= i triae

where the first transform on the right is defined for s > b and the second for s > —b; hence, both are defined for s > |b].
Simplifying the last expression in Equation 9.1.3 yields

L(coshbt) = s> |b|.

s
2 _p2’

Existence of Laplace Transforms

Not every function has a Laplace transform. For example, it can be shown (Exercise 19) that

*° 2
/ e el dt = oo
0

for every real number s. Hence, the function f(t) = e’ does not have a Laplace transform.

Our next objective is to establish conditions that ensure the existence of the Laplace transform of a function. We first review some
relevant definitions from calculus.

Recall that a limit

exists if and only if the one-sided limits

https://math.libretexts.org/@go/page/103539
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lim f(¢t) and tl}tn}r f(@®)

t—to—

both exist and are equal; in this case,

lim f(t) =tEtror£ f@) = lim f(¢).

t—to t—=to+

Recall also that f is continuous at a point ¢y in an open interval (a, b) if and only if

tllg; f(t) = f(tO)a

which is equivalent to

lim £(6) = lim £(t) = f(t). 014)

t—to+

For simplicity, we define

Flto+) = lim f(t) and  f(to—) = lim f(t)

so Equation 9.1.4 can be expressed as

f(to+) = f(to—) = f(to)-

If f(to+) and f(to—) have finite but distinct values, we say that f has a jump discontinuity at ty, and

f(to+) = f(to—)

is called the jump in f at ¢y (Figure 9.1.1).

f(t+)

y
4

Figure 9.1.1 : A jump discontinuity.
If f(to+) and f(to—) are finite and equal, but either f isn’t defined at ¢, or it is defined but

https://math.libretexts.org/@go/page/103539
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f(to) # f(to+) = f(to—),

we say that f has a removable discontinuity at ty (Figure 9.1.2 ). This terminology is appropriate since a function f with a
removable discontinuity at £y, can be made continuous at ¢y by redefining

f(to) = f(to+) = f(to—)-

[}

Figure 9.1.2

We know from calculus that a definite integral isn’t affected by changing the values of its integrand at isolated points.
Therefore, redefining a function f to make it continuous at removable discontinuities does not change £(f).

& Definition 9.1.2 Piecewise Continuous

o A function f is said to be piecewise continuous on a finite closed interval [0, T'] if f(0+) and f(7'—) are finite and f is
continuous on the open interval (0, T") except possibly at finitely many points, where f may have jump discontinuities or
removable discontinuities.

o A function f is said to be piecewise continuous on the infinite interval [0, co) if it is piecewise continuous on [0, T'] for
every T' > 0.

Figure 9.1.3 shows the graph of a typical piecewise continuous function.

It is shown in calculus that if a function is piecewise continuous on a finite closed interval then it is integrable on that interval. But
if f is piecewise continuous on [0, 00), then so is e ~** f(¢), and therefore

T
/ e f(t)dt
0

Figure 9.1.3

exists for every T' > 0. However, piecewise continuity alone does not guarantee that the improper integral

/ ety di— tim [ e f(t)dt 9.1.5)
0

T—00 0

converges for s in some interval (g, 00). For example, we noted earlier that Equation 9.1.5 diverges for all s if f(t) = e’ Stated

informally, this occurs because e’ increases too rapidly as ¢ — co. The next definition provides a constraint on the growth of a
function that guarantees convergence of its Laplace transform for s in some interval (sq, 00).

https://math.libretexts.org/@go/page/103539
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# Definition 9.1.3 Exponential order

A function f is said to be of exponential order s if there are constants M and %, such that
()] < Me*t, t>tg. (9.1.6)

In situations where the specific value of sy is irrelevant we say simply that f is of exponential order.

The next theorem gives useful sufficient conditions for a function f to have a Laplace transform.

& Theorem 9.1.2

If f is piecewise continuous on [0, 0o) and of exponential order sg, then £(f) is defined for s > s .

We emphasize that the conditions of Theorem 9.1.6 are sufficient, but not necessary, for f to have a Laplace transform. For
example, Exercise 9.1.23 shows that f may have a Laplace transform even though f isn’t of exponential order

v/ Example 9.1.6

If f is bounded on some interval [¢g, 00), say
IFOI <M, t=t,

then Equation 9.1.6 holds with so =0, so f is of exponential order zero. Thus, for example, sinwt and coswt are of
exponential order zero, and Theorem 9.1.2 implies that £(sinwt) and £(coswt) exist for s > 0.

v/ Example 9.1.7

It can be shown that if lim; ., e * f(t) exists and is finite then f is of exponential order sy. If « is any real number and
sp >0 then f(¢t) =t* is of exponential order sy, since

. st
lim e **t* =0,
t—00

by L’Hopital’s rule. If & > 0, f is also continuous on [0, 00). Therefore Theorem 9.1.2 imply that £(¢*) exists for s > sq .
However, since sy is an arbitrary positive number, this really implies that £(¢) exists for all s > 0. This is consistent with the

results of Example 9.1.2 .

v/ Example 9.1.8

Find the Laplace transform of the piecewise continuous function

f(t):{ 1, 0<t<l,

—3e7t, t>1.

Solution
Since f is defined by different formulas on [0, 1) and [1, 00), we write

F(s) = /0 et p(t) dt = /0 Lot (1) dt+ /1 " et (—3et) dt.

Since

and

https://math.libretexts.org/@go/page/103539
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> t t r 1)t 1 1)t T
/ e (=3¢ ")dt=-3 Tlim et gy — 3 1im (_ e (5+1) ) ‘ —_3
1

—oo fq T—o0 s+1 1

1 1 3e~(st1)

. = s)T ~ —(stl) ) 0% _
111—{20( s+1C +s—|—1e ) s+1 "’ s>,
it follows that
1—e5 e—(s+1)
-3 s>-1,5s#0
_ s s+1 ’
F(s) = N
—= s=0

This is consistent with Theorem 9.1.2 , since

and therefore f is of exponential order sy = —1.

v/ Example 9.1.9

We stated earlier that

° 2
/ e el dt = oo
0

for all s, so Theorem 9.1.2 implies that f(t) = e’ is not of exponential order, since

+2

1
lim = lim —e! 7%t = o0,
t—oo ) esot t—oo M
)
2
el > Me®t

for sufficiently large values of ¢, for any choice of M and sg.
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9.1.1: Introduction to the Laplace Transform (Exercises)
In Exercises 1-5 find the Laplace transform from the definition: F(s) = [, e~* f(t) dt .
1.¢
2.te™t
3. sinh bt
4. e* —3e!
5. ¢2
In Exercises 6-10 use the table of Laplace transforms to find the Laplace transforms of the following functions.
6. sin’ ¢
7. cos? 2t
8.sintcost
9. cos2t —cos 3t
10. sin2¢ 4 cos 4t

In Exercises 11-14 graph the following piecewise continuous functions and evaluate f(t+), f(t—), and f(¢) at each point of

discontinuity.
—t, 0<t<2,
1. f(t)=< t—4, 2<t<3,
1, t>3.
?+2, 0<t<l1,
t, t>1.

sint, 0<t<m/2,
13. f(t) = 2sint, w/2<t<m,

cost, t>m.

t, 0<t<l,

2, t=1,
14. f(t) =< 2—t, 1<t<2,

3, t=2,

6, t>2.

In Exercises 15-18 find the Laplace transform:

—t
15.f(t)={ee_2t: ?;;<1’
16.f(t):{t S;i<4’
{05
18.f(t)={tj’ S§f<1’

19. Prove that

* 2
/ e el dt = o
0

https://math.libretexts.org/@go/page/103540
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for every real number s.

20. Recall the next theorem from calculus.

& Theorem 9.1.1.1

Let g be integrable on [0, T| for every T' > 0. Suppose there’s a function w defined on some interval [u, co) (with u > 0) such
that |g(t)| < w(t) fort >u and [ w(t) dt converges. Then [ g(t) dt converges.

Use Theorem 9.1.1.1 to show that if f is piecewise continuous on [0, c0) and of exponential order sg, then f has a Laplace
transform F'(s) defined for s > s .

21. Prove: If f is piecewise continuous and of exponential order then lim; o, F'(s) = 0.

22. Prove: If f is continuous on [0, co) and of exponential order sy > 0, then

¢
1
E(/ f(u) du) Zgﬁ(f), §> 8.
0
HINT: Use integration by parts to evaluate the transform on the left.
23. Show that the function
F(t) =te" cos(e”)

has a Laplace transform defined for s > 0, even though f isn’t of exponential order.
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9.2: The Inverse Laplace Transform

Definition of the Inverse Laplace Transform

In Section 9.1 we defined the Laplace transform of f by

We’ll also say that f is an inverse Laplace Transform of F', and write
f=L7(F).

To solve differential equations with the Laplace transform, we must be able to obtain f from its transform F'. There’s a formula for
doing this, but we can’t use it because it requires the theory of functions of a complex variable. Fortunately, we can use the table of
Laplace transforms to find inverse transforms that we’ll need.

v/ Example 9.2.1

Use the table of Laplace transforms to find

a. 1 1
L
(sZ—l)

Solution a

Setting b =1 in the transform pair

shows that

Solution b

Setting w = 3 in the transform pair

coswt <>
52 +w?

L1 ( 219) = cos 3t.
s

The next theorem enables us to find inverse transforms of linear combinations of transforms in the table. We omit the proof.

shows that

& Theorem 9.2.1 : Linearity Property

If 1, Fs, ..., F,, are Laplace transforms and ¢y, ¢2, ..., ¢, are constants, then

L Fi+eaF+-+ceyFy)=c L7 (F) + L (Fy) 4+ +cnLTUF,.

v/ Example 9.2.2

Find

https://math.libretexts.org/@go/page/103541
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Solution
From the table of Laplace transforms in Section 9.1,

eat

>

sS—a 52+w2

Theorem 9.2.1 with a = —5 and w = /3 yields

8 7 1 1
L1 — ) =87 — 7Lt
(s+5+52+3> (s+5)+ (32+3)
=8L7! (—1 )+l£—1 V3 )
545 V3 s2+3

7
=8e % 4+ — sin+/3t.
V3 v

We’ll often write inverse Laplace transforms of specific functions without explicitly stating how they are obtained. In such
cases you should refer to the table of Laplace transforms in Section 9.1.

Inverse Laplace Transforms of Rational Functions

Using the Laplace transform to solve differential equations often requires finding the inverse transform of a rational function

where P and @ are polynomials in s with no common factors. Since it can be shown that lim, o, F'(s) =0 if F is a Laplace
transform, we need only consider the case where degree(P) < degree(Q). To obtain £ '(F), we find the partial fraction
expansion of F', obtain inverse transforms of the individual terms in the expansion from the table of Laplace transforms, and use
the linearity property of the inverse transform. The next two examples illustrate this.

v Example 9.2.3

Find the inverse Laplace transform of

3542
F(s)= . 9.2.1
(s) s2—3s+2 ( )
Solution
Factoring the denominator in Equation 9.2.1 yields
35+2
F(s) = 9.2.2
The form for the partial fraction expansion is
3542 A B
Sid +—. (9.2.3)

(s=1)(s—2) s—-1 s-—2
Multiplying this by (s —1)(s —2) yields
3s+2=A(s—2)+B(s—1).

Taking a limit as s — 1 yields A = —5 and taking a limit as s — 2 yields B = 8.
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and

v/ Example 9.2.4

Find the inverse Laplace transform of

6+(s+1)(s>—5s+11)

F(s)= 9.2.4
(#) s(s—1)(s—2)(s+1) ( )
Solution
The partial fraction expansion of Equation 9.2.4 is of the form
A B C D
F(s)=—+ TF (9.2.5)

c o=t a3 s+1°
Multiplying this by s(s —1)(s —2)(s+1) yields
6+ (s+1)(s*—B5s+11)=A(s—1)(s—2)(s+1) +Bs(s —2)(s+1)+Cs(s —1)(s+1) + Ds(s —1)(s — 2).

Taking a limit as s — 0 yields A = % , the limit as s — 1 yields B = —10, the limit as s — 2 yields C = %, and the limit as
s — —1 yields D = —1.

Therefore
171 10 7 1 1
F(S)_Tg_ s—1 +§ s—2 s+1
and
1 1T (1N 1 1 7 .1 1 s 1
£HE) = 2 £ s 10£ s—1 +2£ s—2 £ s+1
17 ¢ T oo ¢
= — —]_ — —
> Oe’ + 26 e
v/ Example 9.2.5
Find the inverse Laplace transform of
8+3s
Fs)=—7/———7—"+. 2.
)= @rne2ra) (9:2:6)

Solution
The form for the partial fraction expansion is

A+Bs C+Ds
F(s)=—; > .
s4+1 s*+4

which leads to

1 1 1 1 1

(2+1)(s2+4) 3 s2+1 3 s2+4°

Multiplying by 8 4+ 3s gives us
8+3s _8+3s 1 8+3s 1

(s2+1)(s2+4) 3 241 3 244’

https://math.libretexts.org/@go/page/103541
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Therefore

4
LT(F) = % sint + cost — gsin2t —cos 2t.

This page titled 9.2: The Inverse Laplace Transform is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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9.2.1: The Inverse Laplace Transform (Exercises)

In Exercises 1-55 use the table of Laplace transforms to find the inverse Laplace transform.

1.

3.

L

53

1

2. o
L

§2

10. =X

5
11. 52449

10s
12. s2+16

4s
13. 4s%+1

1
14. 45241

25—6
15. s2+9

s+1
16. §2+42

1
17. s2+3s

s+1
18. 215

s
19. $2425—3

1
20. 524520

0.9
21. (5—0.1)(§+0.2)

s—3
22. (s—/3)(s+/3)

- s
23. (s—2)(s—3)(s—6)

s2+1
24. s(s—1)(s+1)(s—2)

1
25. s3+5s

26. (s2+4)(s+2)

25—4
27. (8%+s)(s2+1)

1
28. o5

29. (32+4§(s+2)

6543
30. (s%4+1)(s2+4)
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31.

32

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

47.

48.

49.

50.

51.

52.

53.

54.

55.

2
s249
2s+1

T 8249
33.

s+1

$2-9

1 S
R
3s+4
o1

4541
Py
3—(s+1)(5—2)
(s+1)(s+2)(s—2)
T+(s+4)(18-3s)
(5—3)(s—1)(s+4)
2+(s—2)(3-2s)
(5—2)(s+2)(s-3)
3—(s—1)(s+1)
(s+4)(s—2)(s—1)

3+(s—2)(10—25—s?)

(5-2)(s+2) (s—1)(5+3)
3+(5—3) (25 +5—21)

(5=3)(s—1)(s+4)(s—-2)

243s
(s%4+1)(s+2)(s+1)

3542
(s%+4)(s2+9)
—4s+1
(s2+1)(s2+16)
5543
(s%4+1)(s2+4)
—s+1
(482+1)(s+1)
17s—34
(s%+16)(16s%+1)
25—1
(4s241)(9s2+1)
1
s(s2+1)
2s+1
(s%4+1)(s—1)(s-3)
s—6
(s2-1)(s>+4)

This page titled 9.2.1: The Inverse Laplace Transform (Exercises) is shared under a not declared license and was authored, remixed, and/or
curated by William F. Trench.
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9.3: Solutions of Initial Value Problems

Laplace Transforms of Derivatives

In the rest of this chapter we’ll use the Laplace transform to solve initial value problems for constant coefficient second order
equations. To do this, we must know how the Laplace transform of f’ is related to the Laplace transform of f. The next theorem
answers this question.

& Theorem 9.3.1

Suppose f is continuous on [0, 0o) and of exponential order sy, and f’ is piecewise continuous on [0, 0c0). Then f and f’ have
Laplace transforms for s > sg, and

L(f") =sL(f) — £(0). (9.3.1)

Proof

We know from Theorem 9.1.2 that £(f) is defined for s > s, . We first consider the case where f’ is continuous on [0, 00).
Integration by parts yields

T —st gl —s o ’ —s
/0 et f(t)dt =e tf(t)\0+s/0 et f(t) dt

T
=e T f(T) - £(0) +s/0 e f(t)dt (9.3.2)

forany 7' > 0. Since f is of exponential order sy, Tlim e *T f(T) =0 and the integral on the right side of Equation 9.3.2
—00
converges as T' — oo if s > sg . Therefore
/ e~ £1(t) dt = —£(0) +s/ e £(t) dt
0 0
=—1(0) +sL(f),
which proves Equation 9.3.1.

Suppose T'>0 and f' is only piecewise continuous on [0,7T], with discontinuities at ¢; <ty <--- <t,_3 . For
convenience, let tyo =0 and ¢,, =T . Integrating by parts yields

i i t;
/ e f(t)dt =e " f(t)] +s/ e ' f(t)dt
t ti-1 t

i—1 i—1

= e~ f(t;) —e~"t1 f(ti—1)+s/ti e f(t)dt.
ti 1

Summing both sides of this equation from ¢ = 1 to n and noting that
(€7 f(tr) — e f(to)) + (€7 f(t2) — ™™ f(t2)) +- -+ + (€7 f(tw) —e™™¥ 1 f(tn-1))
=e " f(ty) —e”™ f(to) = " £(T) - £(0)

yields Equation 9.3.7 so Equation 9.3.1follows as before.

v/ Example 9.3.1

In section 9.1 we saw that

,C(COS wt) = 32—|——w2

Solution
Applying Equation 9.3.1 with f(t) = coswt shows that

@ 0 a @ 9.3.1 https://math.libretexts.org/@go/page/103543
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£ (sn(wt) = £ (%% cos(wt)) _ %lc (% cos(wt)) _ _71 (8. (cos(wt) — cos(0)) = — (SL _ 1)

2 w

s

w §24+w? s +w?

Therefore

w

L(sinwt) = m,

which agrees with the corresponding result obtained in section 9.1.

Using separation of variables from Chapter 2 we can show that the solution of the initial value problem

¥ =ay, y(0)=uy, (9.3.3)
is y = yoe® . We’ll now obtain this result by using the Laplace transform.

Let Y(s) = L(y) be the Laplace transform of the unknown solution of Equation 9.3.3. Taking Laplace transforms of both sides of
Equation 9.3.3 yields

L(y") = L(ay),

which, by Theorem 9.3.1, can be rewritten as
sL(y) —y(0) = aL(y),
or
Y (s) —yo =aY (s).
Solving for Y (s) yields

Y(s) = -2,
S—a

SO

y=e o) =7 (725 =me (525 —we

S

which agrees with the known result.

We need the next theorem to solve second order differential equations using the Laplace transform.

& Theorem 9.3.2

Suppose f and f' are continuous on [0, co) and of exponential order s, and that f” is piecewise continuous on [0, c0). Then
f, f', and f" have Laplace transforms for s > sq ,

L(f") = sL(f) - £(0), (9.3.4)
and
L(f") = s*L(f) —sf(0)— £'(0). (9.3.5)
Proof

Theorem 9.3.1 implies that £(f’) exists and satisfies Equation 9.3.4for s > so . To prove that £L(f"') exists and satisfies
Equation 9.3.5for s > sq , we first apply Theorem 9.3.1 to g = f’ . Since g satisfies the hypotheses of Theorem 9.3.1 , we
conclude that £(g") is defined and satisfies

for s > s . However, since g’ = f"', this can be rewritten as

@ 0 a @ 9.3.2 https://math.libretexts.org/@go/page/103543
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L(f") = sL(f') ~ £'(0) = s(sL(F) — £(0)) — £'(0) = * L(f) — s£(0) — £'(0),
which is Equation 9.3.5

Solving Second Order Equations with the Laplace Transform

We’ll now use the Laplace transform to solve initial value problems for second order equations.

v/ Example 9.3.2

Use the Laplace transform to solve the initial value problem
y' —6y +5y=3e", y(0)=2, v(0)=3. (9.3.6)

Solution
Taking Laplace transforms of both sides of the differential equation in Equation 9.3.6 yields

L(y" —6y +5y) =L (3¢*) = —

which we rewrite as

L") —6L@) +5L(y) = 3%2 9.3.7)

Now denote L(y) =Y (s) . Theorem 9.3.2 and the initial conditions in Equation 9.3.6 imply that
L(y')=5sY(s)—y(0) =sY(s)—2
and
L(y") = s*Y (s) — sy(0) —y/(0) = s2Y (s) — 25 — 3.

Substituting from the last two equations into Equation 9.3.7 yields

(2Y (s) — 25 —3) 6 (s¥ (s) —2) + 5Y(s) = 5%2
Therefore
(s —65+5)Y(s) = 5%2 +(25+3) +6(-2), (9.3.8)
so
—9)(2s —
(s-5)(a -1y () = 2D 79)
s—2
and
3 —-2)(2s—-9
Yo BHe=2Es-9)
(s—2)(s—5)(s—1)
Partial fraction expansion gives us
1 1 1 5 1
Y(S)__S—Q U E e

and taking the inverse transform of this yields

as the solution of Equation 9.3.6.
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From here on out we will solve these equations in a more streamlined manner, as the next example illustrates.

v/ Example 9.3.3

Use the Laplace transform to solve the initial value problem

2¢y" +3y +y=8e%, y(0)=—4, y'(0)=2. (9.3.9)
Solution
Taking Laplace transforms of both sides of the differential equation in Equation 9.3.9 yields
8
25’Y (s) — 25y(0) — 2y'(0) +3sY (s) — 3y(0) + Y (s) = Sz
s

Moving all Y'(s) terms to the left and all other terms to the right yields

(28 +3s+1)Y(s) =

8
+2(2-4 3(—4).
— +2(2—49)+3(-4)

which becomes

(25+1)(s+1)Y(s) =

— +2(2—45) +3(-4).

Solving for Y (s) yields
4(1—(s+2)(s+1))

Y(s)= .
(®) (s+1/2)(s+1)(s+2)
The partial fraction expansion gives us
4 1 8 8 1
Y(S) =5 - + = )
3s+1/2 s+1 3s+2

so the solution of Equation 9.3.9is
-1 4 4 —t
y=L(Y(s)) = 3¢~ 8e ' +

(Figure 9.3.1).

Figure 9.3.1:y = %e*m —8et4 %e*%
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9.3.1: Solution of Initial Value Problems (Exercises)
In Exercises 1-35 use the Laplace transform to solve the initial value problem.
1Ly —y=1, y(0)=0
2.2y +y=0, y(0)=-3
3.y +6y=e, y(0)=2
4.y' —y=2cosbt, y(0)=0

5.9"+5y +4y =0, y(0)=1, 3'(0)=0
6.y" —4y =6e¥ —3e?, y(0)=1, y'(0)=-1
7.y"+y=+v2sinv2t, y(0)=10, y'(0)=0

8.y"+9y=¢€', y(0)=0, ¢'(0)=0

9.2y +3y" -3y —2y=e"t, y(0)=0, y'(0)=0, y"(0)=1
10. y"" +2y" —y' — 2y =sin3t, y(0)=0, 3'(0)=0, ¢"(0)=1
11.y"+3y' +2y=€', y(0)=1, ¢'(0)

12.y"—y' —6y=2, y(0)=1, y'(0)=0

13.y"+y' -2y =2€%, y(0)=-1, 3'(0)=4

14.y" -4y =2¢€%, y(0)=1, ' (0)=-1

15.9"+y' —2y=¢€%, y(0)=1, ¢'(0)=-1

16.y" +3y +2y =6€', y(0)=1, y'(0)=-1
17.y"+y=sin2t, y(0)=0, ' (0)=1

18.9y" -3y +2y =2¢€%, y(0)=1, ¢'(0)=-1

19.9"=3y' +2y=e*, y(0)=1, y'(0)=-2

20.y" =3y +2y=€%, y(0)=-1, ¢ (0)=-4

21.y"+3y +2y=2¢", y(0)=0, ' (0)=-1

22.y"+y —2y=—4, y(0)=2, y'(0)=3

23.y"+4y=4, y(0)=0, ¢'(0)=1

24.y" —y' —6y =2, y(0)=1, '(0)=0

25.y"+3y' +2y=¢€t, y(0)=0, g'(0)=1

26.y"—y=1, y(0)=1, ¢ (0)=0

27.y" +4y =3sint, y(0)=1, ¢'(0)=-1

28.y" +y' =2¢€%,  y(0)
29.y"+y=1, y(0)=2, ¢'(0)=0
30.y"+y=t, y(0)=0, 3'(0)=2

3.y " +y=t—3sin2¢, y(0)=1, 9'(0)=-3
32.9y"+5y +6y=2e"t, y(0)=1, 9'(0)=3
33.y" —2y —3y=10cost, y(0)=2, ' (0)=7
34.2y" -3y —2y=4e', y(0)=1, y'(0)=—2
35.6y" —y' —y=3e*, y(0)=0, y'(0)=0
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https://libretexts.org/
https://math.libretexts.org/@go/page/103544?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/09%3A_Laplace_Transforms/9.03%3A_Solution_of_Initial_Value_Problems/9.3.01%3A_Solution_of_Initial_Value_Problems_(Exercises)

Li breTexts*

This page titled 9.3.1: Solution of Initial Value Problems (Exercises) is shared under a not declared license and was authored, remixed, and/or
curated by William F. Trench.

« 8.3E: Solution of Initial Value Problems (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.

https://math.libretexts.org/@go/page/103544



https://libretexts.org/
https://math.libretexts.org/@go/page/103544?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/09%3A_Laplace_Transforms/9.03%3A_Solution_of_Initial_Value_Problems/9.3.01%3A_Solution_of_Initial_Value_Problems_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/09%3A_Laplace_Transforms/9.03%3A_Solution_of_Initial_Value_Problems/9.3.01%3A_Solution_of_Initial_Value_Problems_(Exercises)?no-cache
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://math.libretexts.org/@go/page/18507
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/

LibreTexts"

9.4: The First Shifting Theorem

In this section we look at theorems that will allow us to take transforms of more varied functions, which will allow us to solve more
varied initial value problems as well.

& Theorem 9.4.1 First Shifting Theorem

If
L(f(t))=F(s) (9.4.1)
then
E(e“tf(t)) =F(s—a). (9.4.2)
Proof

L(e™ f(t)) = /00 e ste® f(t)dt = /000 e =t f(t)dt = F(s —a)

0

v/ Example 9.4.1

Find L(t3e%).

Solution
We know L(t") = s,’,ﬁ!l .

Setting n = 3 in the above and a = 4 in the First Shifting Theorem yields

L(t3et) = =

v/ Example 9.4.2

Find £(e™ cosh 2t).

Solution

We know L coshbt = ﬁ .
Setting b = 2 in the above and @ = 7 in the First Shifting Theorem yields
s—=T

Tt —
£(€ COSh2t) = m

v/ Example 9.4.3

Find

E_l < 33+8 )
$2+42s+5 /)

Solution
Completing the square in the denominator yields
3s+8  3s+8
s24254+5  (s+1)2+4°

So,

https://math.libretexts.org/@go/page/103545
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~30 (g ) <50 (o)

5
=e (3 cos2t + 5 sin 2t).

v/ Example 9.4.4

Find

8— 2)(4s+10
5‘1( (s+2)(4s+10) ) (9.4.3)
(s+1)(s+2)?
Solution
The form for the partial fraction expansion is
(8—(s+2)(4s+10))_ A i B + C
(s+1)(s+2)2 s+l s+2 0 (s42)2°

Partial fraction decomposition yields

(8—(s+2)(4s+10)>_ 2 6 8
(s+1)(s+2)2 s+l s+2 (s+2)2

giving us

() e (7)o () (@)

=2e7t —6e 2 —8te .
v/ Example 9.4.5

Find

— <32—5s+7)
(s+2)3 )~

Solution
The form for the partial fraction expansion is
8% —5s+7 A " B " C
(s4+2)3  s+2  (s+2)2  (s+2)3°

The easiest way to obtain A, B, and C'is to expand the numerator in powers of s+ 2 . This yields

s —5s+T7=[(s+2)—2]*—5[(s+2)—2]+7=(s+2)> —9(s+2)+21.

Therefore
s2—5s+7  (s+2)*—9(s+2)+21
(s+2)3 (s+2)3
1 9 N 21
S s+2 (42?2 (s+2)°
and
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_ 2_B5s+7T _ 1 B 1 21 2
(=22 :Ll( )—9/:1(—) —z:1<—>
( (s+2)3 ) s+2 (s+2)2 +2 (s+2)3
21
e 2t (1 22
—e (1 9t + 2t).

v/ Example 9.4.6

Find
7 ( 1—s(5+3s) ) .
s[(s+1)2+1]
Solution
One form for the partial fraction expansion of 1os(5t8s)
s {(s+1)2+1]

1—-5(5+3s) é+ Bs+C
s[(s+1)2+1] s (s+1)2+1°

(9.4.4)
However, we see from the table of Laplace transforms that the inverse transform of the second fraction on the right of Equation
9.4.4will be a linear combination of the inverse transforms

e 'cost and e 'sint

of

s+1 d 1
_ e el =
(s+1)2+1 (s+1)2+1

respectively. Therefore, instead of Equation 9.4.4 we write

_A B(s+1)+C

F(s + . 9.4.5
(#) s (s+1)2+1 ( )
Partial fraction decomposition yields
1-s6+3s) 1 7 s+1 5 1
s[(s+1)24+1] 28 2 (s+1)2+1 2 (s+1)2+1°
Therefore
L_l( 1—-5(5+3s) ) :lﬁ_l <l>_Z£—1( s+1 >_§£—1( 1 )
s[(s+1)2+1] 2 s 2 (s+1)2+1 2 (s+1)2+1
1 ze”5 cost — ée’t sint
2 2 2 ’
v/ Example 9.4.7
Solve the initial value problem
y'+2y +2y=1, y(0)=-3, y'(0)=1. (9.4.6)

Solution
Taking Laplace transforms of both sides of the differential equation in Equation 9.4.6 yields

s*Y (s) —sy(0) — ¢/ (0) +25Y (s) — 2y(0) +2Y (s) = %

This becomes
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[(s+1)>+1] Y(s) = %+1 (1 -3s)+2(-3).

Solving for Y (s) yields

1—s(5+3s)
V()= ——F——.
s[(s+1)2+1]

In Example 9.4.6 we found the inverse transform of this function to be

17 B .
Yy=———e 'cost——e "sint
2 2 2

(Figure 9.4.2 ), which is therefore the solution of Equation 9.4.6.

3

4t

Figure 9.4.2 : y = % - %e*t cost— %e’t sint

v/ Example 9.4.8

Solve the initial value problem

y" —6y' +9y =t2e*, y(0)=2, y'(0)=6. (9.4.7)
Solution
Taking Laplace transforms of both sides of the differential equation in Equation 9.4.7 yields
2
This becomes
(s—3)%Y(s) = 2 +2s—6
 (s-3)3 '
Solving for Y (s) yields
2 2 6 1 4! 2(s—3 6 1 4! 2
Y(s) = o - e=3) L "
(s=3)°  (s—=3)* (s—3)* 12(s=3)> (s—3)*> (s—3)* 12(s—3)> -3
6
(s—3)?
Taking the inverse Laplace transform gives us
R 3¢ 3¢
Y= 12t e’ +2e 3te
which is therefore the solution of Equation 9.4.7.
v/ Example 9.4.9
Solve the initial value problem
y'+4y' +6y=1+e", y(0)=0, ' (0)=0. (9.4.8)
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Solution
Taking Laplace transforms of both sides of the differential equation in Equation 9.4.8 yields
1 1
s?Y (s) —sy(0) — ¢/ (0) +4sY (s) — 4y(0) +6Y (s) = St T
This becomes
[(s+2)2+2]Y(s) = I,
s  s+1
Solving for Y (s) yields
1 1 1/6 1/3 1 s+2 2 1
Y(s) = 4 =—+ 31 == .
s[(s+2)2+2]  (s+1)[(s+2)2+2] s s+1 2 (s+2)2+2 3 (s+2)2+2
Taking the inverse Laplace transform gives us
1 1 1 V2
=— 4 —e !t ——eHcos/2t — ~—e 2 sin/2t
Y7673 2 V2= V2
which is therefore the solution of Equation 9.4.8,

This page titled 9.4: The First Shifting Theorem is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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9.4.1: The First Shifting Theorem (Exercises)
In Exercises 1-5 find the Laplace transform of the function.

1. tel%

2.13e72

3. e!'sin 3t

4. €% (143t —#%)

5. (1 +e* —3e%') cosh4t
In Exercises 6-34 find the inverse Laplace transform of the function.

_3
6. o)

2s—4
T s2—4s+13

1
8. s2+45+20

10. —2

25+3
1. 22
s2—1
(s-2)°

s+5
13. s2+65+18

12.

S
14. s$24+2s+1

534252 —5—3
(s+1)*

16, 253

(s—1)°+4

3 25+6
17. — —
(s+2)*  s*+4

15.

35" 42541
18. (s2+1)(s2+2s5+2)
3542
19. (s—2)(s%+2s+5)
17s—15
20. (s2—25+5)(s2+25+10)

21 85456
" (s>—65+13)(s2+2s+5)

549
22. (s%+4s+5)(s2—4s+13)

352
23. (s2—4s+5)(s2—65+13)

3s5—1
24. (s2—2s+2)(s®+2s+5)

25 205440
" (4s?—45+5) (45 +4s+5)

1
26. (s—1)(s%*—2s+17)
3542
(s—2)(s%+2s+10)
34-17s
28. (25—1)(s2—2s+5)

27.

s+2
29. (5—-3)(s%+2s+5)
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25—2
30. (s—2)(s2+2s+10)

542
3L (s4+2s+2)(s2-1)

25—1
32. (82—2s5+2)(s+1)(s—2)

25—3
33. s(s—2)(s2—2s+5)

55—15
34. (s2—45+13)(s—2)(s—1)

In Exercises 35-49 solve the initial value problem using Laplace transforms.
35.y' +4y=e Y, y(0)=2,
36.9"+2y'+y =0, y(0)=1, y'(0)=1
37.y" — 6y +9y =t, y(0)=0, y'(0)=1
38.y" —6y +13y =0, y(0)=0, ¢'(0)=-3
39.y" —y' =etcost, y(0)=0, y'(0)=0
40.y" +2y' +y =6sint —4cost, y(0)=-1, ¢/ (0)=1
41.y" — 5y’ +6y =10e’ cost, y(0)=2, ' (0)=1
2.y +2y +2y=2t, y(0)=2, 3'(0)=-7
43.y" — 2y’ +2y =5sint+10cost, y(0)=1, ¢'(0)=2
44. y" +4y' +13y = 10e~* — 36¢et, y(0)=0, y'(0) =—16
45.y" +4y' +5y = e *(cost +3sint), y(0)=0, %' (0)=4
46.2y" +2y' +y=2t, y(0)=1, y'(0)=-1
47.4y" —4y' +5y =4sint —4cost, y(0)=0, ¥'(0)=11/17
48.4y" +4y' +y =3sint +cost, y(0)=2, ¢'(0)=-1
49.9y" +6y' +y=3e%, y(0)=0, y'(0)=-3

50. A 4 pound weight stretches a spring 2 feet. The weight is released from rest 18 inches above equilibrium, and the motion takes
place in a medium offering a damping force equal to 7/8 times the instantaneous velocity. Use Laplace transforms to find the
equation of motion.

51. Given that f(t) <> F(s), find the inverse Laplace transform of F'(as —b) , where a > 0.

This page titled 9.4.1: The First Shifting Theorem (Exercises) is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

¢ 8.2E: The Inverse Laplace Transform (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.

e 8.4E: The Unit Step Function (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

« 8.3E: Solution of Initial Value Problems (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.
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9.5: The Second Shifting Theorem and Piecewise Continuous Forcing Functions

Laplace Transforms of Piecewise Continuous Functions
We'll need to consider initial value problems
ay” +by' +cy=f(t), y(0)=ko, y'(0)=kr,

where a, b, and ¢ are constants and f is piecewise continuous. Here we’ll develop procedures to find Laplace transforms of
piecewise continuous functions, and to find the piecewise continuous inverses of Laplace transforms, which will allow us to solve
these initial value problems..

# Definition 9.5.1 Unit Step Function

For a > 0, the unit step function is given by

0, t<a

9.5.1
t>a. ( )

[y

Figure 9.5.2 : y =U(t —a)

We’ll now develop a systematic way to find the Laplace transform of a piecewise continuous function.

The step function enables us to represent piecewise continuous functions conveniently. For example, consider the function
. { fot), 0<t<t,
f 1 (t)a t> tla

where we assume that fy and f; are defined on [0, 00), even though they equal f only on the indicated intervals. This assumption
enables us to rewrite Equation 9.5.2 as

(9.5.2)

F(&) = o) +U(t —t1) (f1(t) — fo(t))- (9.5.3)
To verify this, note that if t < #; thenU(t —¢;) =0 and Equation 9.5.3 becomes

F(&) = fo(t)+(0) (£1(t) — fo(8)) = fo(t).
Ift >t thenl(t —t;) =1 and Equation 9.5.3 becomes

f(&) = fo)+ 1) (£(t) - fo(t) = fu(t).

We need the next theorem to show how Equation 9.5.3 can be used to find £L(f).

& Theorem 9.5.1

Let g be defined on [0, o). Suppose a > 0 and L (g(t +a)) exists for s > so. Then L (U(t —a)g(t)) exists for s > sq, and
LU(t—a)g(t)) =e ™ L(g(t +a)).

Proof

By definition,

https://math.libretexts.org/@go/page/103547
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LUt —a)g(t)) = A Ut — a)g(t) dt.
From this and the definition of U(¢ —a),
LUt —a)g(t)) = /O " et (0) dt + / " et g(t) dt.

The first integral on the right equals zero. Introducing the new variable of integration * =¢ —a in the second integral
yields

oo [o¢]
LUt —a)g(t)) = / e (@) g(z 4-a) dz = e~* / e Tg(x+a)dz.
0 0
Changing the name of the variable of integration in the last integral from z to ¢ yields

LU —a)g(t) =e* /000 e gt +a)dt=e " L(g(t+a)).

v/ Example 9.5.1

Find
LUt-1)E+1)).
Solution
Herea =1 and g(t) =#>+1, so
gt +1)=(t+1)2+1=¢>+2t+2.

Since

2 2 2
Llgt+1)==+=+=,
(Gt +1) =5+ +2

Theorem 9.5.1 implies that

LUEt—-1)(E+1)=e* (s% + S% +%) :

v Example 9.5.2

Find the Laplace transform of the function

2t+1, 0<t<2,
{ 3t, t>2,
Solution
We first write f in the form Equation 9.5.3 as
fA)=2t+1+UE—-2)(t—1).
Therefore

L2t+1)+LUE—-2)(t—1))
L2t +1)+e *L(t+1) (from Theorem 9.5.1)

2 1 L, (1 1
S+-+e ¥ (S +=
S S S S

L(f)

Formula Equation 9.5.3 can be extended to more general piecewise continuous functions. For example, we can write
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fo®), 0<t<ty,
ft)=4 A1), t<t<ty
fa(t), t>to,
as
F(t) = fo(t) +U(t —t1) (f1(t) — fo(t)) +U(t —t2) (f2(t) — f1(2))
if fo, f1, and f, are all defined on [0, co).

This idea can be extended for any number of pieces of a piecewise continuous function.

v Example 9.5.3

Find the Laplace transform of

1, 0<t<2,
—2t+1, 2<t<3,
£(£) = (9.5.4)
3t, 3<t<h,
t—1, t>5
(Figure 9.5.3).
¥
18
14 |-
12
10
sk
6l
4 = i
gt
. -1
1 2 3 4 5 [
2
4 \
=8 |-
Figure 9.5.3 : The piecewise continuous function Equation 9.5.4
Solution

In terms of step functions,
f@) =1+Ut—2)(—2t+1—1)+U(t—3)(3t+2t —1)+U(t—5)(t—1—3t),
or
F@O)=1-2Ut—2)t+U{t—3)(5t—1)—U(t—5)(2t+1).

Now Theorem 9.5.1 implies that

L(1)—2e 2 L(t+2)+e > L(5t+14) —e *L(2t+11)

1 2 5 14 2 11
__2672.9 - —|—€73S = L EE _e75s =4+ =),
s2 s §2 s §2 s

L(f) =L(1)—2e%L({t+2)+e 3 L(5(t+3)—1)—e > L(2(t+5)+1)
1

The trigonometric identities

sin(A+ B) =sin A cos B+cos Asin B (9.5.5)
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are useful in problems that involve shifting the arguments of trigonometric functions. We’ll use these identities in the next example.

v/ Example 9.5.4

cos(A+ B) =cos Acos B—sin Asin B (9.5.6)

Find the Laplace transform of
sint, 0<t<3
f(t) =1 cost—3sint, F<t<m (9.5.7)
Jcost, t>m
(Figure 9.5.4).
¥
L
3 -
2F
1
. . L L L L i
f 2 3 4 5 6
-1
-2k
ak
Figure 9.5.4 : The piecewise continuous function Equation 9.5.7.
Solution
In terms of step functions,
f(t) =sint+U(t —7/2)(cost —4sint) +U(t —7)(2 cost + 3sint).
Now Theorem 9.5.1 implies that
L(f) = L(sint)+e >°L(cos(t+Z)—4sin(t+ 1)) ( )
9.5.8
+e ™ L(2cos(t+m)+3sin(t +)).
Since
™ . ™ g
cos(t + 5) —4 sm(t + 5) = —sint —4cost
and
2 cos(t+m) + 3sin(t +m) = —2 cost — 3sint,
we see from Equation 9.5.8 that
L(f) =L(sint) —e™/2L(sint +4cost) —e ™ L(2cost + 3sint)
1 _z, [ 1+4s s [ 3125
= —e > —e .
s2+1 s2+1 s2+1

The Second Shifting Theorem

Replacing g(t) by g(t —a) in Theorem 9.5.2 yields the next theorem.

& Theorem 9.5.2 The Second Shifting Theorem
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If a >0 and £(g) exists for s > so then £ (U(t —a)g(t —a)) exists for s > s and
LUE—a)g(t —a)) =e ™ L(g(t)),
or, equivalently,

if g(t) +> G(s), thenU(t —a)g(t —a) > e **G(s). (9.5.9)

Recall that the First Shifting Theorem states that multiplying a function by e® corresponds to shifting the argument of its
transform by a units. The Second Shifting Theorem states that multiplying a Laplace transform by the exponential e~%$
corresponds to shifting the argument of the inverse transform by a units.

v/ Example 9.5.5

Use Equation 9.5.9 to find

6—23
c :
(<)
Solution
To apply Equation 9.5.9we let a =2 and G(s) = 1/s%. Then g(t) =t and Equation 9.5.9 implies that

£t (i) =U(t—2)(t—2).

g2

v/ Example 9.5.6

Find the inverse Laplace transform h of

1 (1 2\ (4 1
H(s):s—2—es<s—2+;)+e (s_3+;)’

and find distinct formulas for A on appropriate intervals.

Solution
Let
1 1 2 4 1
Go(s)=—=, Gi(s)=—=+=, Ga(s)=—+-—.
0(5) 82, 1(5) 82 + 8’ 2(8) 83 + s
Then

go(t) =t, g1(t) =t+2, ga(t) =2¢° +1.
Hence, Equation 9.5.9 and the linearity of £t imply that
h(t) = L7 (Go(s) = L7 (e7Ga(s)) + L7 (e7Ga(s))
=t—UE-1)[(t—1)+2] +U(t—4) [2(t —4)* +1]
=t—U{t—1)(t+1)+U(t—4)(2t" — 16t +33),

which can also be written as

t, 0<t<1,
h(t) = =il 1<t<4,
212 —16t+32, t>4.
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Find the inverse transform of

(s) 2s o 3s+1 e s+1
— — 2 .
s> +4 s2+9 s> +6s+10
Solution
Let
2s (3s+1)
Go(s) = s2+4° Gi(s) = s249 "’
and
1 5+3)—2
Ca(s) = — _ (s43)-2
$24+6s+10  (s+3)2+1
Then
1.
go(t) =2cos2t, g1(t)=—3cos3t— 3 sin 3t,
and

ga(t) = e 3 (cost — 2sint).

Therefore Equation 9.5.9 and the linearity of £ imply that

1
h(t) =2cos2t—U(t—7/2) {3 cos3(t —/2) + 7 sin3 (t - g)] FU(E—m)e ) [cos(t — ) — 2sin(t — 7).
Using the trigonometric identities Equation 9.5.5 and Equation 9.5.6, we can rewrite this as

h(t) =2cos2t+U(t—7/2) (3 sin3t — % cos 3t) +U(t —7)e 3" (cost — 2 sint) (9.5.10)

(Figure 9.5.5).

- W & W
T

Figure 9.5.5 : The piecewise continuous function Equation 9.5.10.

We’ll now consider initial value problems of the form

ay’ +by' +cy=f(@1t), y(0)=ko, % (0)=k, (9.5.11)

where a, b, and ¢ are constants (a # 0) and f is piecewise continuous on [0, co). Problems of this kind occur in situations where
the input to a physical system undergoes instantaneous changes, as when a switch is turned on or off or the forces acting on the
system change abruptly.
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It can be shown that the differential equation in Equation 9.5.11 has no solutions on an open interval that contains a jump
discontinuity of f. Therefore we must define what we mean by a solution of Equation 9.5.11 on [0, c0) in the case where f has
jump discontinuities. The next theorem motivates our definition. We omit the proof.

& Theorem 9.5.3

Suppose a, b, and ¢ are constants (a # 0), and f is piecewise continuous on [0, o). with jump discontinuities at ¢1, ..., ¢,
where

0<ty < - <tp.

Let ko and k; be arbitrary real numbers. Then there is a unique function y defined on [0, co) with these properties:
a. y(0) =k and y'(0) = k3 .
b. y and ' are continuous on [0, co).
c. y” is defined on every open subinterval of [0, co) that does not contain any of the points ¢y, ..., t,, and

ay" +by' +cy = f(t)

on every such subinterval.
d. " has limits from the right and left at ¢1, ..., ;.

We define the function y of Theorem 9.5.3 to be the solution of the initial value problem Equation 9.5.11.

We begin by considering initial value problems of the form

fO(t)a 0 St<t1’
ay”+by’+cy={ y(0) =ko, y'(0) =k, (9.5.12)
fl(t)a tZtlﬂ

where the forcing function has a single jump discontinuity at ¢;.

It can be shown that g exists and is continuous at ¢;. The next example illustrates this and shows how to solve this kind of intitial
value problem without Laplace transforms.

v/ Example 9.5.8

Solve the initial value problem

y'+y=71@1), y(0)=2, y'(0)=-1, (9.5.13)
where
1, 0<t<1Z,
o={ 2 0%

Figure 9.5.1 : Graph of Equation 9.5.14
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Solution
The initial value problem when 0 <t < 7 is

y'+y=1, y(0)=2, y'(0)=-1.
We leave it to you to verify that its solution is
Yo =1+ cost —sint.

To solve the initial value problem when ¢ > = we need to find new initial conditions, and we use ¢ = /2 to get yo(7/2) =0
and y (m/2) = —1, so the second initial value problem is

We leave it to you to verify that the solution of this problem is
y1 = —1+4cost +sint.
Hence, the solution of Equation 9.5.13is
1+cost—sint, 0<t<3,

y= { (9.5.14)

—1+cost+sint, t>7%

This can quickly become unwieldy if we have many pieces, and it is this kind of initial value problem where Laplace transforms
are particularly effective.

If fo and f are defined on [0, o), we can rewrite Equation 9.5.12as
ay" +by' +cy = fo(t) +U(t —t1) (£1(t) = fo(t)), y(0) =ko, ¥'(0) =k,

and apply the method of Laplace transforms. We’ll now solve the problem considered in Example 9.5.8 by this method.

v/ Example 9.5.9

Use the Laplace transform to solve the initial value problem

y' +y=f£t), y(0)=2,y'(0)=-1, (9.5.15)
where
1, 0<t<%,
ft) = >
-1, 5=
Solution
Here

so Theorem 9.5.1 (with g(¢) = 1) implies that

1—2e ™2
L =
(N=—
Therefore, transforming Equation 9.5.15yields
1-9 —7s/2
(s> +1)Y(s) = + —1+2s,
so
2s—1
Y(s)=(1-2e™/?)G —_— 9.5.16
(5)= )G(s)+ (9:5.16)
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with
1
Gls) = s(s2+1)°
The form for the partial fraction expansion of G is
1 A  Bs+C
_ A s (9.5.17)

m s 8241
Multiplying through by s(s? +1) yields
A(s*+1)+(Bs+C)s=1,
or
(A+B)s*+Cs+A=1.

Equating coefficients of like powers of s on the two sides of this equation shows that A=1, B=—-A= -1 and C =0.
Hence, from Equation 9.5.17,

1 S
G(s)=—
(s) s s2+1
Therefore
g(t) =1 —cost.

From this, Equation 9.5.16 and Theorem 8.4.2,
y=1—cost—2U (t— g) (1 —cos(t— g)) +2cost —sint.
Simplifying this (recalling that cos(t —7/2) = sint) yields
y=1+cost —sint —2U (t = %) (1 —sint),

or

[N E]

1+cost —sint, 0<t<
b= —1+cost +sint, tz%

which is the result obtained in Example 9.5.8 .

It isn’t obvious that using the Laplace transform to solve Equation 9.5.12as we did in Example 9.5.9 yields a function y with
the properties stated in Theorem 9.5.3 ; that is, such that y and 3’ are continuous on [0, co) and 3" has limits from the right and
left at ¢;. However, this is true if fy and f; are continuous and of exponential order on [0, ).

v/ Example 9.5.10

Solve the initial value problem

y' —y=f@1), y0)=-1,y'(0)=2, (9.5.18)
where
t, 0<t<1,
t) = -
1) {1, t>1.
Solution
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Here
f)=t-ut-1)(t-1),
L(f) =L(E)—LUE-1)(t—-1))
L(t)—e*L(t)

Since transforming Equation 9.5.18yields

we see that
Y(s) = (1 —e—*)H(s)+ 522_31 , 9.5.19)
where
1 1 1
H(s) = s2(s2-1) T 21 s
therefore
h(t) =sinht —t. (9.5.20)
Since
£t ( 322_ 81 ) =2sinht —cosht,
we conclude from Equation 9.5.19, Equation 9.5.2(; and Theorem 9.5.2 that
y=sinht —t —U(t —1) (sinh(¢ —1) —t +1) + 2 sinh ¢ — cosht,
or
y=3sinht —cosht —¢ —U(t —1) (sinh(t —1) —¢t+1) (9.5.21)
We leave it to you to verify that y and 4/’ are continuous and 3"’ has limits from the right and left at ; = 1.
Solve the initial value problem
y'+y=f(t), y(0)=0,y(0)=0, (9.5.22)
where
0, 0<t< f
f(t) =< cos2t Tst<m
0, t>w
Solution
Here
F@)=U({t—m/4)cos2t —U(t — ) cos 2t,
o)
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L(f) =L Ut —7/4)cos2t) — L (Ut — ) cos2t)
—e ™/ L (cos2(t+m/4)) —e ™ L (cos2(t+))
= —e ™/4L(sin2t) — e ™ L(cos 2t)
2e7 ™4 s

244 244

Since transforming Equation 9.5.22yields

(s*+1)Y (s) = L(f),

we see that
Y(s)=e ™" Hy(s) +e ™ Hy(s), (9.5.23)
where
EC [ Y N — (9.5.24)
(s2+1)(s2+4) (s2+1)(s2+4)

To simplify the required partial fraction expansions, we first write

m:% [z-lu _zi4]'

Setting = s> and substituting the result in Equation 9.5.24yields

2 1 1 1 s s
Hi(s)=—3 [m‘ s2+4] and - Ha(s)=—3 [52—1—1 - 32—1—4]

The inverse transforms are

2 1 1 1
hi(t) = —3 sint + 3 sin2¢t and hy(t) = ~3 cost+ 3 cos 2t.

From Equation 9.5.23 and Theorem 9.5.2,

yzU(t—%) h1 (t—%) +U(t —)hy(t — 7). (9.5.25)
Since
n (1-5) ——on(—) e -5)
= —g(sint —cost) — %cos%
and

1 1
ho(t—m) = ~3 cos(t—‘n’)—i—g cos2(t—m)

—1 t+1 2t
—3cos 3cos ,

Equation 9.5.25 can be rewritten as

1 1
y=—3u (t — %) (vV2(sint — cost) +cos2t) + gU(t —7)(cost +cos 2t)

or
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0, 0<t< f
—%(sint—cost)—%cos%, I <t<m, (9.5.26)
—gsint—i—%cost, t>m

We leave it to you to verify that y and y' are continuous and y" has limits from the right and left at ¢; =7 /4 and ¢t =
(Figure 9.5.2).

05 -

Figure 9.5.2 : Graph of Equation 9.5.26
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9.5.1: The Second Shifting Theorem and Piecewise Continuous Forcing Functions
(Exercises)

In Exercises 1-18 express the given function f in terms of unit step functions, and then find £(f).

1, 0<t<4,
1. f(t) = .
1) {t, t>4.
t, 0<t<l1,
2. f(t)=
1, t>1.
2t -1, 0<t<2,
3. f(t)=
t, t>2.
1, 0<t<l,
4. f(t) =
t+2, t>1.
t—1, 0<t<2,
5. f(t)=
4, t>2.
2, 0<t<1,
6. f(t) =
0, t>1.
0, 0<t<2,
750 =1
t?+3t, t>2.
?2+2, 0<t<l1
8. f(t) = ’ ’
t, t>1.
tet, 0<t<1,
9. f(t) =
el, t>1.
e, 0<t<1,
10. f(t) =
e 2t t>1.
—t, 0<t<2,
1. f(t) =4 t—4, 2<t<3,
1, t>3.
0, 0<t«1,
12.ft) =1t 1<t<2,
0, t>2.
t, 0<t<l1,
B.fR)=¢t, 1<t<2,
0, t>2.
t, 0<t<l1,
14. f(t) =1 2—t, 1<t<2,
6, t>2
sint, 0<t<3
15. f(t) = 2sint, F <t<m
cost, t=>mw
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2, 0<t<l,
16. f(t)=¢ —2t+2, 1<t<3,
3t, t>3.
3, 0<t<2,
17. f(t) =< 3t+2, 2<t<A4,
4t,  t>4.
{(t+1)2, 0<t<1,
18. f(t) =
(t+2)%, t>1.

In Exercises 19-28 find the inverse Laplace transforms and write the answers as piecewise functions.

19. H(s) = <=

5—2
20. H(s) = s(z:l)
21. H(s) = 5 + e;
22. H(s) = (% +3—12) g (% _ L) g (1 +?)
23. H(s) = (%_?12) pe? (%Jrs%) e
24. H(s) = 02
25 Hs) = (1 -5 ) +e B0 (&)
26,50 =™ | ity ~ i)

27. H(s) :%"1'5_12 +e* (§+s%) + e 38 (é+i)

s s s2

2. H(s) =1 -2 e (2-L) 4

s s g3 s

In Exercises 29-48 use the Laplace transform to solve the initial value problem.

29y 4y = S 0st<m 0)=0, ¥'(0)=0
9.y"+y= y(0)=0, ¥'(0)=
0, t>m,
3, 0<t<4
30.¢y" +y= ' - ’ =1, y(0)=
vr={5" tae vO)=1, ¥(0)=0
Ly"—2y = 4 0=i<l, 0)=-6, 3(0)=1
31.y" -2y’ = y(0) =6, y'(0)=
6, t>1,
2t
T R 0)=3, y(0)=-1
3.y —y= y(0)=3, ¥'(0)=
1, t>2,
0, 0<t<l1,
33.y" -3y +2y=< 1, 1<t<2, y(0)=-3, ¢'(0)=1
~1, t>2,
; |sint|, 0<t<2m, .
34.y" +4y = y(0)=-3, ¢'(0)=1
0, t>2m,
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1, 0<t<1
35. 9" =5y +4y=¢ -1, 1<t<2, y(0)=3, ¢'(0)=-5
0, t>2,

" cost, 0§t<37”, ,
36.9y"+9y =1 0 y(0) =0, y'(0) =0
sint, t> 3,
" ¢ 0§t<%’ !
37.y" +4y = x y(0) =0, 3'(0)=0
™ tZ?a
. t, 0<t<m, /
38.y"+y= y(0) =0, y'(0) =0
—t, t>m
0 0<t<2
39. y" — 3y +2y = ’ = ", y(0)=0, ¥(0)=0
y'—3y' +2y {2t_& 59, (0) y'(0)
t, 0<t<2r
40.y" +y=12 = ’ 0)=1, 3 (0)=2
vru={ b V5 o= v
1, 0<t<2
41.y" + 3y +2y = T " y4(0)=0, ¢y'(0)=0
y"'+3y +2y {—L £>2, y(0) =0, y'(0)
-1, 0<t<1
42.y" — 4y + 3y = T " y4(0)=0, ¢y'(0)=0
y" —4y' +3y { L t>1, y(0) y'(0)
et 0<t«1
43. 4" + 2y +y = ’ . T y(0)=3, ¥'(0)=-1
y'+2y +y {J—L i1, y(0) =3, ¥'(0)
4et, 0<t<1
4. 4" + 2y +y = o= * y(0)=0, y'(0)=0
Y +2y +y { 0, t>1, y(0) y'(0)
et, 0<t<1
45. y" + 3y’ + 2y = U= " y(0)=1, y'(0)=—1
Y’ +3y' +2y { 0. ¢>1, y(0) y'(0)

e, 0<t<2,

46.y" — 4y +4y = { ot y(0)=0, y'(0) =-1

—e, t>2,
2, 0<t<l1,
47.y"=¢ —t, 1<t<2, y(0)=1, y'(0)=0
t+1, t>2,
1, 0<t<2m,
48.y" +2y +2y=< t, 2r<t<3m y(0)=2, y(0)=-1
-1, t>3m,

This page titled 9.5.1: The Second Shifting Theorem and Piecewise Continuous Forcing Functions (Exercises) is shared under a CC BY-NC-SA
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9.6: Convolution and Periodic Functions

Derivative of a Transform

We have previously seen that if want to find £(e® f(t)) we take L£(f(t)) to get F(s) and then shift s to get L(e” f(t)) = F(s—a) .
So, as long as we know the transform of f(t) we can easily find the transform of e® f (t).

We now consider what to do if we want to find £(¢" f(¢)). This is similar in that if we know the transform of f(t) we can find the
transform of " f(¢), though how we go about it is different.

& Theorem 9.6.1 Derivative of a Transform

If
L(f(t)) =F(s) (9.6.1)
then
LE"f@)=(-1)" ds" F(s) (9.6.2)
Proof (by induction)
If n=1, then

jsF( )= ;s/ooe*“f(t)dt :/000 a%e*stf(t)dt :/Ooo —te™* f(t)dt :/Ooo —e St (tf(t))dt

This gives us

d
LEfE) =——F(s)
s
which proves the theorem forn =1.

If £-F(s) = (—1)"L(¢" (t)) , then
dn:l F(s)=— ( 4" F(s)> _ /Oooe‘“(—l)”t"f(t)dt :/Ooo %e‘“(—l)"t"f(t)dt :/000 —te”* (=1)"t" f(t)dt =

ds™ ds
/ = (_1)n+lefst (tn+1f(t))dt.
0

This gives us

£ ) = ()" L ().
dsntt
Therefore, £(" f(t)) = (—=1)" 4 2 F(s) foralln >1.
Find L(¢sint)
Solution
d 1 25

o a4 _
L(tsint) ——Eﬁ(smt) TG il (i)

v/ Example 9.6.2

Solve the initial value problem:
y'+16y =cos4t, y(0)=2, ¢'(0)=3. (9.6.3)

Solution

@ 0 a @ 9.6.1 https://math.libretexts.org/@go/page/103549
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Taking Laplace transforms we get

2 ' I
s°Y(s) —sy(0) —y'(0) +16Y(s) = 2116
This becomes
2 S
16)Y (s) = 2s+3.
(s +16)Y(s) s2+16+ s+
Solving for Y (s) yields
Y(s) = s 2s 3

+ = .
(s2+16)2  s2+16 s2+16

S
(s2+16)*

At this point we would take the inverse Laplace transform, but we have an issue with the the inverse of since partial fraction

decomposition will bring us right back to where we started. This is where Theorem 1 comes in:

L (—8 ) ! (—li ! ) I
(s2+16)2 2ds s2+16 8

Taking the inverse Laplace transform of the remaining two terms gives us

1
y= gtsin4t + 2 cos4t + % sin4t

which is therefore the solution of Equation 9.6.3.

Convolution

We now consider the problem of finding the inverse Laplace transform of a product H(s) = F(s)G(s) , where F'(s) and G(s) are the
Laplace transforms of known functions f(¢) and g(¢). To motivate our interest in this problem, consider the initial value problem

ay” +by' +ey=f(t), y(0)=0, y'(0)=0.
Taking Laplace transforms yields

(as® +bs+c)Y (s) = F(s),

Y(s) = F(s)G(s), (9.6.4)
where
1
G = T hare

Until now we haven’t needed to consider the factorization indicated in Equation 9.6.4, but there will be times when we cannot take the
inverse Laplace transform with techniques we have learned to this point.

To motivate the formula for £ (F(s)G(s)), consider the initial value problem
Y —ay=f£(t), y(0)=0, (9.6.5)

where f(t) is unknown. We first solve without using the Laplace transform. Equation 9.6.5 is a first order linear equation

with integrating factor e .

Using the methods of Section 2.3 to solve we get

y(t) :eatA e “f(u)du :A e £ (u) du. (9.6.6)

Now we’ll use the Laplace transform to solve Equation 9.6.5 and compare the result to Equation 9.6.6. Taking Laplace transforms in
Equation 9.6.5yields

(s—a)Y(s) = F(s),

SO
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1
Y(s)=F
(s) = F(s)——,
which implies that
1
yt)=L7"! (F(s) ) . (9.6.7)
s—a
If we now let g(t) = e, so that
1
G(s) =
()= ——,

then Equation 9.6.6 and Equation 9.6.7 can be written as

i) = [ et —wdu
and
y(t) = L7H(F(5)G(s)),
respectively. Therefore
LY F(s)G(s)) = /0 fluw)g(t —u)du (9.6.8)

in this case.

This motivates the next definition.

# Definition 9.6.1 Convolution

The convolution f * g of two functions f and g is defined by
¢
(Fro)® = [ Fulglt—u)du.
0
It can be shown (Exercise 8.6.76) that f * g= g f ; that is,

[ et du= [ rgte )

Equation 9.6.5 shows that £t (FG) = f x g in the special case where g(t) = e® . This next theorem states that this is true in general.
The proof is beyond the scope of this book.

& Theorem 9.6.2 The Convolution Theorem

If L(f)=F and L(g) = G, then
L(f+g)=FG.

v/ Example 9.6.3

Let

f(t)=e" and g(t)=e" (a #Db).
Verify that L(f x g) = L(f)L(g) , as implied by the convolution theorem.

Solution
We first compute
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Since
e® & ! and €%« L,
s—a s—b
it follows that
1 1 1
L = =
(Fx9) a—b [s—a s—b}
_ 1
"~ (s—a)(s—D)
= L(e™)L(e™) = L(f)L(g)-
v/ Example 9.6.4
Solve the initial value problem:
y" +16y =sindt, y(0)=2, %'(0)=3. (9.6.9)

Solution
Taking Laplace transforms we get
s’Y (s) —sy(0) —y'(0) +16Y (s) = 52;;16
This becomes
(8 +16)¥ (5) = ——— +25+3.
s +16

Solving for Y (s) yields

4 2s 3
(52 +16)2 S ERT RN

Y(s)=

4
(52+16)*

At this point we would take the inverse Laplace transform, but we have an issue with the the inverse of since partial fraction

decomposition will bring us right back to where we started. This is where Theorem 2 comes in:

4 1 -d 4 1

-1 -1 :
—= )= ——— = ) = —«tsindt.
L ((32—|—16)2) L <2s o 52+16> 5 *¥tsin

We know convolution is commutative, which leads to

t

L e el =il s = t('4)1d_ ! 4+1'4 S 4t+1‘4t
B sin Sin B A u sSmau 5 U 3 u cos4au 32 simau 3 COS 32 sin

0

Taking the inverse Laplace transform of the remaining two terms and adding them gives us
L cosdt 4 sindt +2 cosdt + > sindt = —-¢ cosdt +2 cos 4t + 22 sindt
= —tcos —sin cos —sin4t = —tcos cos — sin
Y78 32 1 8 32

which is therefore the solution of Equation 9.6.9.

Volterra Integral Equations
An equation of the form

t

y(t) = f(t) +/0 k(t —uw)y(u)du (9.6.10)

is a Volterra integral equation. Here f and k are given functions and y is unknown. Since the integral on the right is a convolution
integral, the convolution theorem provides a convenient formula for solving Equation 9.6.1(. Taking Laplace transforms in Equation
9.6.10yields
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and solving this for Y (s) yields

¥ (s) = F(s) + K(s)Y (s),

F
v(s) = —)_
1-K(s)
We then obtain the solution of Equation 9.6.10as y = £ (Y).
v/ Example 9.6.5
Solve the integral equation
¢
y(t)=1 +2/ e 20y (u) du. (9.6.11)
0

Solution
We immediately note that the integral in Equation 9.6.111is a convolution and write it as follows,

y(t) =1+2e 2 xy(t). (9.6.12)
Taking Laplace transforms in Equation 9.6.12yields
1 2
Y(s)=—+—=Y
()= +T5Y0),
and solving this for Y'(s) yields
2
s
Hence,
y(t) =1+2¢.

is the solution to Equation 9.6.11.

Transform of a Periodic Function

& Theorem 9.6.3

Suppose f is continuous on [0, 7] and f(t +7') = f(t) forallt > 0. (We say in this case that f is periodic with period T'.)

The Laplace transform of f is defined for s > 0 and

T
L(f):ﬁ /0 e F(t)dt, 5>0.

Proof

£(f) = /0 et f(t) dt

T oo
= / e~ f(t) dt + / e f(t)dt
0 T

Lettingt =w + T in the second integral above we get

o0

/00 et f(t)dt = /00 et f(w +T) dw = =T / eV f(w) dw =e~*T L(f)
T 0 0

So we now have

T
c(f) = A e~ £(8)dt +eT L(f),

and solving for £(f) gives us our result:
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T
E(f)zﬁ/o e f(t)dt, s>0.

v/ Example 9.6.6

Find £|sint]|

Solution
| sint| is periodic with period T' = 7. The previous theorem gives us

e—s7r
1 ™
= —_Em/ e_gt sint dt
1—e 0

1 ™ o0
=— (/ e sintdt+/ e *(0) dt)
1—e™ 0 T

= ;E (sint —sintU(t —))

1—e5™

1 ™
L]sint| = 1—/ e | sint| dt
- 0

1
= mﬁ (sint +sin(¢t — m)U(t — 7))

_ 1 1 . e’
T l-em (8241 s2+1

1 1+e™
1—esm g2 +1
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9.6.1: Convolution and Periodic Functions (Exercises)

In Exercises 1-27 find the Laplace transform of the given function.

1. f(t) =tcos2t

2. f(t) =+t sinht
3. f(t) = te* sin6t
4. f(t) =tsinh3t
5. f(t) =t% cost

7. fot e du

8. [ e cosudu

9. fot uet™ du

10. ¢ [} sinu du

11. fot cosu du

12. [ usinu du

13. fot sinu cos(t —u) du

14.t fot ue " du

15. fot sinau cosb(t —u) du
16. fot e“sina(t —u) du

17. [ sinhau cosha(t —u) du
18. ¢ [ sinwu cosw(t —u) du
19. €t [ u?(t —u)e" du
20.et fot e %ucosw(t —u)du
21. ¢ [ e*sinh(t —u) du

22. fot ue?sin2(t —u) du

23. [(t —u)e" du

24. [FuSe " sin3(t — u) du
25. fot w?(t —u)d du

26. [if(t —u) e " sin2u du
27. fot (t —u)*sin2u du

In Exercises 28-31 find the inverse Laplace transform of the given function.
8 4s
) (.s2+1)2
s2—1
) (.s2+1)2
30, —125-24
" (s2—4s+85)°

s*—4s+3
" (s2—4s+5)?
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In Exercises 32-45 express the inverse transform as an integral.

1
32. Ty
s
(

33. (s+2)(s249)

34. (s2+4)(s2+9)
S

35.

36. —L

1
37. (s+1)(s2+2s+2)

1
38. (s+1)%(s2+45+5)

1
39. (s—1)*(s+2)?

s—1
40. s2(s2—25+2)
s

(543)
(s2+4)(s2+6s+10)

1
42, —

41.

43. ———

44, —L

45 —1—
s7(s—2)

In Exercises 46-53 solve the initial value problem using Laplace transforms.

46.y" +y =4sint+6cost, y(0)=-6, y'(0)=2
47.y" +4y =8sin2t+9cost, y(0)=1, 3'(0)=0
48.y' +y=tsint, y(0)=0

49.y" +9y =cos3t, y(0)=2, ¢'(0)=5

cosdt, 0<t<m,
0, t>m.

51.y' —y =te'sint, y(0)=0
52.y"+y=sint, y(0)=1, ¢'(0)=-1

50.y" + 16y = {

1, 0<t<m/2,
53. y" = 0)=1 "(0)=0
Y +y {Sint’ t>m/2. y(0)=1, ¥'(0)

In Exercises 54-69 solve the integral equation.

54.y(t) + [ (t —u)y(uw) du =1

55. y(t) _2t—4f0 sinuy(t —u) du
56. y(t) =te +f0 uy(t —u)du
57. y(t) + 2f0 )cos(t —u) du = 4e~" +sint
58. y(t) + f u)du =1
59. y(t) = cost+f0 —u)du
-y(

60 t)=1—|—t—%f0 u—t)3y(u)du

61.t—2y(t) = fot (et —e ")yt —u)du
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62. 9 (t) =1 —sint — [ y(u)du, y(0)=0
63. y'(t) +6y(t) +9f0 u)du=1, y(0)=0

64. y(t) =t — [ (t —u)y(u) du
65.y(t) = s1nt—2f0 cos(t —u)y(u) du
66. y(t) = 1+2f0 u) cos(t —u) du
67. y(t) =t + f y(w)e ™ du

68.y'(t) = t+f0 Yy u) cos(t —u)du, y(0) =4
69. y(t) = cost —sint + [ y(u)sin(t —u) du

In Exercises 70-75 find the Laplace transforms of the given periodic functions.

1, 0<t<a, _
YU S I (ST OB (ORI Y
1, 0<t<a, _
2RO S I (CR DR DS

72. f(t) = +t, 0<t<b. fE+b)=7@%), t>0
6, 0<t<l, B
73.f(t):{2_t’ Lioy Ft+2)=f(), t>0

74. f(t) = | sint|
sint, 0<t<m

75. f(t) = { - ’ ft+2m)=F{), t>0

0, w<t<2m,
76. Prove that fxg=gx* f .
77. Prove that if f(t) <> F(s) then

At Flu) du < Fi‘s).
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CHAPTER OVERVIEW

10: Linear Systems of Differential Equations

In this chapter we consider systems of differential equations involving more than one unknown function. Such systems arise in
many physical applications.

10.1: Linear Systems of Differential Equations

10.1: Linear Systems of Differential Equations (Exercises)
10.2: Basic Theory of Homogeneous Linear Systems

10.2.1: Basic Theory of Homogeneous Linear Systems (Exercises)
10.3: Constant Coefficient Homogeneous Systems I

10.3.1: Constant Coefficient Homogeneous Systems I (Exercises)
10.4: Constant Coefficient Homogeneous Systems II

10.4.1: Constant Coefficient Homogeneous Systems II (Exercises)
10.5: Constant Coefficient Homogeneous Systems II1

10.5.1: Constant Coefficient Homogeneous Systems III (Exercises)
10.6: Variation of Parameters for Nonhomogeneous Linear Systems

10.6.1: Variation of Parameters for Nonhomogeneous Linear Systems (Exercises)

This page titled 10: Linear Systems of Differential Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.
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10.1: Linear Systems of Differential Equations

A first order system of differential equations that can be written in the form

Yyl = an(t)y +aa(t)ys +- - - +a1a(t)yn + f1(t)
Yy = a21(t)yr +az(t)y2 +- - + a2 ()yn + f2(t)

(10.1.1)
is called a linear system.
The linear system Equation 10.1.1 can be written in matrix form as
v (t) ain(t) a(t) - awm®)] [u(?) fi(®)
y) | [en() an(t) - aw()| |50 N f(t)
y’:l(t) anl(t) an2(t) te ann(t) yn(t) fn (t)
or more briefly as
y =A@)y+£(2), (10.1.2)
where
yi(t) ain(t) a2(t) -+ an(t) fi(®)
. y2:(t) A= a21:(t) a22:(t) : azrt(t) = fa(t)
yn(t) anl (t) an2(t) te ann(t) fn(t)

We call A the coefficient matrix of Equation 10.1.2and f the forcing function. We’ll say that A and f are continuous if their entries
are continuous. If f = 0, then Equation 10.1.2is homogeneous; otherwise, Equation 10.1.2is nonhomogeneous.

An initial value problem for Equation 10.1.2 consists of finding a solution of Equation 10.1.2that equals a given constant vector

at some initial point ¢5. We write this initial value problem as
Yy =At)y +£(t), y(to) =k

The next theorem gives sufficient conditions for the existence and uniqueness of solutions of initial value problems for Equation
10.1.2. We omit the proof.

& Theorem 10.1.1 Existence and Uniqueness

Suppose the coefficient matrix A and the forcing function f are continuous on (a, b), let ty be in (a,b), and let k be an
arbitrary constant n-vector. Then the initial value problem

y =Alt)y+£(t), y(to)=k

has a unique solution on (a, b).

v/ Example 10.1.1

a. Write the system

@ 0 a @ 10.1.1 https://math.libretexts.org/@go/page/103566
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Yl =1 +2ys +2e*
(10.1.3)

yh =2y +yo +e*

in matrix form and conclude from Theorem 10.1.1 that every initial value problem for Equation 10.1.3has a unique
solution on (—o0, 00).
b. Verify that

y:%[i] et [i]e&—l—cz[ll}et (10.1.4)

is a solution of Equation 10.1.3for all values of the constants ¢; and c;.
c. Find the solution of the initial value problem

[ el o2

Solution a
The system Equation 10.1.3 can be written in matrix form as
1 2] 2
/ 4t
= + e.
Y L 1]” []

An initial value problem for Equation 10.1.3 can be written as

1 2 2] kq
= +1 e wlto) = :
y [2 l]y [1_ ylto) = |}
Since the coefficient matrix and the forcing function are both continuous on (—00, o), Theorem 10.1.1 implies that this
problem has a unique solution on (—o0, 00).

Solution b

If y is given by Equation 10.1.4, then

171 27787 4 1 2717 5 12171 1 &, [2] &
Ay+f ==
YHE =51, 1“7]6 +cl[2 1“1]6 tels gl o] Tale
1722 1 2
-1 -23:|e4t+cl |:§:|e3t+c2 [1 :|et_’_|:1:|e4t
132 1 1
== 38] e* + 3¢ [1] e — ¢y [_1] et
!
:y_

Solution ¢

We must choose ¢; and ¢y in Equation 10.1.4so that

%[§}+q[1]+Q:il]:%[zJ,

which is equivalent to

Solving this system yields ¢; =1, co = —2, s0

18] 4 1] s 1 —t
== -2
y 5 |:7:|6 —l—[l]e 1 e

is the solution of Equation 10.1.5
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10.1: Linear Systems of Differential Equations (Exercises)

In Exercises 1-4 rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of
the constants ¢; and cs.

I =2y, +4
L YT 2ty N [1} 4 e [1 ]e%
Yy = 4y + 2ys; 1 1

(=2 -2 1 -
2. yll Yrm— oy y=c [ ] e ey [ ] et
Yy = —5Y1 T Y2; 5

f = —4y; — 10 -5 2
3. y1/ U1 Y2 y=c1[ :|62t+c2|: ]et
Yy = 3y1 + Ty2; 3 -1

/:2 +
4. yll v y=c1[1]63t+02[1 ]et
Yy = Y1+ 2y2; 1 -1

In Exercises 5-8 rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of
the constants ¢y, ¢o, and c3.

Yy = —y1+2y2 +3y3 1 1 1
5. Yy = Y2 +6y3 y=c |1|et4+c|0]|et4ecs | —2|e2
Yy = —2y3; 0 0 1
Y1 = 2y2 +2y3 -1 0 1
6.  yy=2y1+2y3 y=c| 0|eX+c|-1|eH+ez|1]et
Y5 = 291 + 2y2; 1 1 1
Y1 = —y1 +2y2 +2y3 -1 0 1
7. Yy =2y1 — Y2 +2y3 y=ci| 0|e¥+ec|-1|e3+e3|1]e
Y5 = 2y1 +2y2 — y3; 1 1 1
Y1 =3y1— Y2 — Y3 1 1 1
8. yy=—2uy1+3y2+2y3 y=c1 |0]|e*+c | —1|e¥+cs|-3]|et
Y5 =4y —y2 — 2y3; 1 1 7

In Exercises 9-10 rewrite the initial value problem in matrix form and verify that the given vector function is a solution.

Iyi=y1+yz 1 (0)=1 y=2|:1:|62t—[1:|e3t
Yy = —2y1 +4yo, y2(0) =0; 1 2
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' =5y; +3 =12
10, A TONTOR 41(0) y:3[1 ]e2t+3[3 ]e‘“
Yy = —Y1+ Y2, y2(0) = —6; 1 1

In Exercises 11-12 rewrite the initial value problem in matrix form and verify that the given vector function is a solution.

yp = 6y1 +4y2 +4y3 y1(0)=3 1 1 0
11. ¥y =—Ty1 —2y2 —y3 y2(0) = —6 y=|-1]eft4+2|-2|e*+|-1]e?
Y5 = Ty1 + 4y + 3ys, y3(0) = 4; 1 1 1
Yy, =8y1 + Ty +Tys y1(0) =2 1 0 1
12. y, = —by; —6y2 —9y3 y2(0) = —4 y=|—1]est+|—1]ests|_2]|et
Y5 = 5y1 + Tyz +10ys, y3(0) = 3; 1 1 1

In Exercises 13-14 rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of

the constants ¢; and cs.

! = 3y +2yp +3 -2t 2 cost 2sint 1
1. Yr Y1+ 2y2 yzcl[ cos ]+c2[ sin ]+[ }

Yy = —by1 +3y2 +6 — 3¢; 3cost —sint 3sint +cost t

i =3y1 +y2 —5e’ -
14 V1= 3y + Y2 —be y:cl[11%%“2{1“]62%[1]&

Ty, =y +ys +eb —t 3
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10.2: Basic Theory of Homogeneous Linear Systems

In this section we consider homogeneous linear systems y’ = A(t)y, where A = A(t) is a continuous n X n matrix function on
an interval (a, b). The theory of linear homogeneous systems has much in common with the theory of linear homogeneous scalar
equations, which we've previously considered in earlier sections. The theory requires knowledge of linear algebra and will
therefore be omitted; however, one should note the similarity to the theory of linear homogeneous scalar equations.

Whenever we refer to solutions of y' = A(t)y we’ll mean solutions on (a, b). Since y = 0 is obviously a solution of y' = A(t)y,
we call it the trivial solution. Any other solution is nontrivial.

# Definition 10.2.1

Ifyy,ys, ..., ¥, are vector functions defined on an interval (a, b) and ¢1, ¢2, ..., ¢, are constants, then
y=ayiteys+---teny, (10.2.1)

is a linear combination of y1, ¥, ---sYn-

It’s easy show that if y;, y5, ...,y, are solutions of y' = A(t)y on (a,b), then so is any linear combination of y;, ys, .., ¥,
(Exercise 10.2.1).
# Definition 10.2.2
We say that a set {y;,¥s,---,¥n} of n-vector functions is linearly independent on (a, b) if the only constants ci, c3, ..., ¢,
such that
1y, (&) +eay,(t)+- - +eny,(t) =0, a<t<b, (10.2.2)

are c;y =cy =---=c¢, =0 . If Equation 10.2.2 holds for some set of constants ¢, ¢z, ..., ¢, that are not all zero, then
{¥1,¥2,---,¥n s linearly dependent on (a, b)

The next definition will help to characterize fundamental sets of solutions of y' = A(t)y .

# Definition 10.2.3

We say that {y,,y,,...,¥, }is a fundamental set of solutions of ann x n system y’ = A(t)y on (a,b) if {y;,¥5,---,¥,}
is linear independent and every solution of y’ = A(t)y on (a, b) can be written as a linear combination of y,, y,, ..., ¥,,, as in
Equation 10.2.1. In this case we say that Equation 10.2.1is the general solution of y' = A(t)y on (a,b).

& Theorem 10.2.1

Suppose the n x n matrix A(t) is continuous on (a, b). Then a set {y,,y,, .., ¥, } of n solutions of y’ = A(t)y on (a,b) is
a fundamental set if and only if the determinant

ly1 ¥2 ¥3 -0 ¥ul#0
on (a,b).
v/ Example 10.2.1
Show that if
et 0 et
yi=| 0|, ya=[e€¥|, and y3=|¢*
et 1 0

are solutions to some 3 x 3 system y' = A(t)y, then they form a fundamental set of solutions on every interval (a, b).

Solution
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Expanding the determinant of this system in cofactors of the entries of the first row yields

¢ 2t
e 0 e
edt et 0 et 4|0 €
3t 3t| — —0
e e =e s +e 5
4 1 0 e 0 e 1
e 1 0

_ et(_e3t) +e2t(_e2t) — 9t

Since this determinant is never zero, {yy,y3, y3} must form a fundamental set of solutions.

We can use the method in Example 10.2.1 to test n solutions {y;,¥s,.-.,¥,t Of any nxn system y = A(t)y for a
fundammental set on an interval (a, b) on which A is continuous. To explain this (and for other purposes later), it is useful to write
a linear combination of y, y, ..., ¥,, in a different way. We first write the vector functions in terms of their components as

Y Y12 Yin

Y21 Y22 Yon

y1 = . ) Y2 = . 3y Yn = .

Yn1 Yn2 Ynn

If

y=ay;tey,+--+ay,

then
Y11 Y12 Yin
Y21 Y22 Yon
y =a +e | |+t
Yn1 Yn2 Ynn
Y11 Y12 Yin c1
Y21 Y22 Yon co
Ynl  Yn2 Ynn Cn
This shows that
ayr tey, +---+ay, =Ye, (10.2.3)
where
¢
co
CcC =
Cn
and
Yii Y12 -0 Yin
Y1 Y22 Yop
Y=[y,y, - v.)=| . . . s (10.2.4)
Ynl  Yn2 Tt Ynn
that is, the columns of Y are the vector functions y,¥s, ..., Y.

For reference below, note that
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Y =[yly, -+ ynl
= [AY1 Ay, - Ayn]
=Aly, ys -+ ¥a| = AY;

that is, Y satisfies the matrix differential equation

Y' = AY.
The determinant of Y,
Yir Y2 0 Yin
Y21 Y22 o Yon
W=| L . (10.2.5)
Ynl Yn2 °° Ynn
is called the Wronskian of {y;,¥s,...,¥n} It can be shown that this definition is analogous to definitions of the Wronskian of

scalar functions given earlier.

The next theorem is analogous to earlier theorems as well.

& Theorem 10.2.2

Suppose the n x n matrix A = A(t) is continuous on (a, b) and let y;, y5, -..,¥,, be solutions of y' = A(¢)y on (a,b). Then
the following statements are equivalent; that is, they are either all true or all false:

a. The general solution of y' = A(t)y on (a,b) isy = c1y; +c2y, +- -+ ¢y, , where i, ca, ..., ¢, are arbitrary
constants.

b. {y,¥s,---,¥,}is a fundamental set of solutions of y’ = A(t)y on (a,b).

c. {¥,,¥9,---,¥,}is linearly independent on (a, b).

d. The Wronskian of {y,,y,,...,¥,}is nonzero at all points in (a, b).

We say that Y in Equation 10.2.4is a fundamental matrix for y' = A(t)y if any (and therefore all) of the statements (a)-(d) of
Theorem 10.2.2 are true for the columns of Y. In this case, Equation 10.2.3implies that the general solution of y' = A(¢)y can be
written as y = Y'c, where c is an arbitrary constant n-vector.

v/ Example 10.2.2

The vector functions

y = [_4 _3] y (10.2.6)

on (—o0o, ). (Verify.)

a. Compute the Wronskian of {y;, y,} directly from the definition Equation 10.2.5
b. Find the general solution of Equation 10.2.6
c. Solve the initial value problem

]y, y(0)=[ 4]. (10.2.7)

Solution a

From Equation 10.2.5
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—e —€

__ it
gt ot| =" (10.2.8)

W(t) = ‘

Solution b
Since W (t) # 0, Theorem 10.2.2 implies that {y;,y,} is a fundamental set of solutions of Equation 10.2.6and
v { et et ]
92t o=
is a fundamental matrix for Equation 10.2.6 Therefore the general solution of Equation 10.2.6is
y=ay, tay,=a [2_:22: ] +co [e—_e;‘t ] = [;:22: _Z:i ] [2 ] . (10.2.9)
Solution ¢

Setting ¢ = 0 in Equation 10.2.9and imposing the initial condition in Equation 10.2.7yields

o[B) e L)

Thus,
—C1 —Cy = 4
2c1 +co = 5.
The solution of this system is ¢; = —1, co = —3. Substituting these values into Equation 10.2.9yields

- et L —et] 2t 4 3¢t
V= 2e2t et | | —2e—3et

as the solution of Equation 10.2.7.

This page titled 10.2: Basic Theory of Homogeneous Linear Systems is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
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10.2.1: Basic Theory of Homogeneous Linear Systems (Exercises)

1. Prove: If y4, y5, ..., ¥, are solutions of y' = A(¢)y on (a,b), then any linear combination of y;, y5, ..., ¥,, is also a solution
ofy' = A(t)y on (a,b).
2. Let

2 4 bt e 2t -3
A:|:4 2:|, y1:|:66t:|’ y2:|:_e—2t:|’ k:|: 9 .

a. Verify that {y;, ¥, } is a fundamental set of solutions for y’ = Ay .
b. Solve the initial value problem

y =4y, y(0)=k (A)
3. Repeat Exercise 10.2.2 with
-2 -2] [ —2€% ] [ 10
A:|: ’ y1 = —4t:|’ y2:|: ’ k= _4:|
4. Repeat Exercise 10.2.2 with

—4 —10] [ —5e? 2¢et ] [—19
A= |: y Y11= :| y Y2 = |: t |0 k= :| .
] L —e | 11

5. Repeat Exercise 10.2.2 with

21 e | e k= 2
- 1 9 9 yl 63t ) y2 - —et ) - 8
6. Let
3 -1 -1
A=|-2 3 2/,
4 -1 —2]
o2t M Bt et 9
Yi={ 0|, yo=|-€"|, y3=|-3¢"|, k=|-T7
e?t | ¥ Te 20

a. Verify that {y;,¥s,ys} is a fundamental set of solutions for y’ = Ay .
b. Solve the initial value problem

y' =4y, y(0)=k. (A)
7. Repeat Exercise 10.2.6 with
0 2 2
A=(2 0 2],
2 2 0
—e2t —e 2t et 0
yl - 0 ) y2 = e_2t ) y3 = e4t ) k = _9
e 2 0 elt 12

8. Repeat Exercise 10.2.6 with
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-1 2 3
A={0 1 6 |,
0 0 -2
et 67t 672t 5
yi =|e|, ya=| 0|, y3=|-2e%|, k= 5
0 0 e 2t -1
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10.3: Constant Coefficient Homogeneous Systems |

If you have not had Math 410 (linear algebra), then you may want to review Appendix 11.5 and 11.6 before starting this
section.

We’ll now begin our study of the homogeneous system
y = Ay, (10.3.1)

where A is an n X nconstant matrix. Since A is continuous on (—oo, 00), Theorem 10.1.1 implies that all solutions of Equation
10.3.1are defined on (—oo, 00). Therefore, when we speak of solutions of y' = Ay, we’ll mean solutions on (—oco, 00).

In this section we assume that all the eigenvalues of A are real and that A has a set of n linearly independent eigenvectors. In the
next two sections we consider the cases where some of the eigenvalues of A are complex, or where A does not have n linearly
independent eigenvectors.

In Example 10.2.2 we showed that the vector functions

form a fundamental set of solutions of the system

-4 -3
= 10.3.2
I (1032
but we did not show how we obtained y; and y, in the first place. To see how these solutions can be obtained we write Equation
10.3.2as
b= —4y; —3
“ o (10.3.3)
yy = 6y1+5y9
and look for solutions of the form
Yy = z1e™  and Yo = mzeM, (10.3.4)
where x;, x2, and A are constants to be determined. Differentiating Equation 10.3.4yields
Y= Azie®  and yp = Azoe.
Substituting this and Equation 10.3.4into Equation 10.3.3and canceling the common factor e yields
*4331 — 3$2 = )\iBl
6x1 +522 = Axs.
For a given A, this is a homogeneous algebraic system, since it can be rewritten as
—4—-XNz1 -3z, = 0
( a1 =3z (10.3.5)
6z1+(5—XN)z2 = 0.

The trivial solution 1 = x9 =0 of this system isn’t useful, since it corresponds to the trivial solution y; =y, =0 of Equation
10.3.3 which can’t be part of a fundamental set of solutions of Equation 10.3.2 Therefore we consider only those values of A for
which Equation 10.3.5has nontrivial solutions. These are the values of A for which the determinant of Equation 10.3.5is zero; that
is,
—4-X =3
’ 6 5)\’ =(—-4-X)(5-X)+18
=N -A-2
=(A=2)(A+1)=0,

https://math.libretexts.org/@go/page/103570



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103570?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/10%3A_Linear_Systems_of_Differential_Equations/03%3A_Constant_Coefficient_Homogeneous_Systems_I

LibreTexts"

which has the solutions A\; =2 and Ay = —1.

Taking A = 2 in Equation 10.3.5yields

—61’1 — 3.’132 =0
6z +3x2 =0,
which implies that z; = —z/2, where 3 can be chosen arbitrarily. Choosing z2 = 2 yields the solution y; = —e?*, yo = 2€2¢ of

Equation 10.3.3. We can write this solution in vector form as

vy = [_;] e (10.3.6)
Taking A = —1 in Equation 10.3.5yields the system
—31’1 — 3.’132 =0
6z +6x2 =0,
SO &1 = —xo . Taking x5 = 1 here yields the solution y; = —e™?, y» =e~* of Equation 10.3.3 We can write this solution in

vector form as

Y2 = [_1] et (10.3.7)

In Equation 10.3.6 and Equation 10.3.7 the constant coefficients in the arguments of the exponential functions are the eigenvalues
of the coefficient matrix in Equation 10.3.2 and the vector coefficients of the exponential functions are associated eigenvectors.
This illustrates the next theorem.

& Theorem 10.3.1

Suppose the n X n constant matrix A has n real eigenvalues Ay, Ag, ..., A, (which need not be distinct) with associated
linearly independent eigenvectors x3, Xs, . . . , X,,. Then the functions
y, = xle)‘lt, Yy = X2€)\2t, e Y, = xne)\nt

form a fundamental set of solutions of y’ = Ay; that is, the general solution of this system is

Aot Ant

y= clxle’\lt +coxge™ +- - - 4 cpxXpe

Proof (requires knowledge of linear algebra)
Differentiating y; = x;eM and recalling that Ax; = \;x; yields
¥, = Aix;eNt = Ax;eMt = Ay,
This shows that y, is a solution of y’ = Ay.

The Wronskian of {y,¥3,...,¥,}is

At Aot At
r11€""  x10€7? Tipe'" T11 X1z o Tln
To1eMt mppeMt ... gy,etnt Nt ot \g| T2l T2t Ton
—eMleM2l. .. eMn
TNt zppe?t Ly nt Tl Tp2  c Ton

Since the columns of the determinant on the right are x;, %3, ..., X,, which are assumed to be linearly independent, the
determinant is nonzero. Therefore Theorem 10.2.1 implies that {y,,ys,,...,¥,} is a fundamental set of solutions of

y = Ay.

v/ Example 10.3.1

a. Find the general solution of
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2 4
I — : 10.3.8
y [4 2])' ( )
b. Solve the initial value problem
0 2 4 5
= , 0) = . 10.3.9
y [4 oY YO =| | ( )

Solution a

The characteristic polynomial of the coefficient matrix A in Equation 10.3.8is

2-A 4 =(A—-2)2-16
4 EDY

=A-2-4)(A\—2+4)

=A-6)(A+2).
Hence, A\; =6 and As = —2 are eigenvalues of A. To obtain the eigenvectors, we must solve the system
2—A 4 [0
w = (10.3.10)

4 2-X] |lx 10

with A =6 and A = —2. Setting A = 6 in Equation 10.3.10yields

]l

which implies that 1 = 2 . Taking x5 = 1 yields the eigenvector

1
X1 = 1 y
1 6t
= e
y1 [1]

is a solution of Equation 10.3.& Setting A = —2 in Equation 10.3.10yields

I

SO

which implies that ; = —x5 . Taking x5 = 1 yields the eigenvector
-1
X9 = y
? 1
SO
-1 .
Y2 = [ 1] e
is a solution of Equation 10.3.& From Theorem 10.2.2, the general solution of Equation 10.3.8is
L] et 1)
y=cay;+ey,=c ; e’ +ey 0 e . (10.3.11)

Solution b

To satisfy the initial condition in Equation 10.3.9, we must choose ¢; and ¢ in Equation 10.3.11so that

ali]+= ]3]

This is equivalent to the system
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Cl1 —Cy = 5
c1+c =-1,
so ¢; = 2, cy = —3 . Therefore the solution of Equation 10.3.9is

1 -1
=9 6t_3 —2t’
y [1]6 [ 1]6

Yy = 2¢5¢ +3€72t, Ys = 2e8 —3e72¢,

or, in terms of components,

v/ Example 10.3.2

a. Find the general solution of

3 -1 -1
y =1]-2 3 21y. (10.3.12)
4 -1 -2
b. Solve the initial value problem
3 -1 -1 2
y=|-2 3 2|y, y0)=]|-1]. (10.3.13)
4 -1 -2 8

Solution a

The characteristic polynomial of the coefficient matrix A in Equation 10.3.12is

3-x -1 -1
-2 3= 2 =—(A=2)(A=3)(A+1).
4 -1 -2-A
Hence, the eigenvalues of A are \; =2, Ay =3, and A3 = —1. To find the eigenvectors, we must solve the system
3—-x -1 -1 1 0
-2 3= 2 o | =10 (10.3.14)
4 -1 —-2-A T3 0

with A =2, 3, —1. With A\ = 2, the augmented matrix of Equation 10.3.14is

1 -1 -1 : 0
-2 1 2 : 0}

which is row equivalent to

1 0 -1 0
01 0 0
0 0 0 0
Hence, 1 = z3 and x5 = 0. Taking z3 =1 yields
1
yi=|0|€*
1

as a solution of Equation 10.3.12 With A = 3, the augmented matrix of Equation 10.3.14is
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0 -1 -1 : 0

4 -1 -5 : 0
which is row equivalent to

10 -1 :0

01 1 :0

00 0 : 0
Hence, 1 = z3 and 3 = —z3 . Taking 23 =1 yields
1
yo=|-1]¢€"
1

as a solution of Equation 10.3.12 With A = —1, the augmented matrix of Equation 10.3.14is

4 -1 -1 : 0
-2 4 2 : 0}
4 -1 -1 : 0

which is row equivalent to

7

as a solution of Equation 10.3.12 By Theorem 10.2.2, the general solution of Equation 10.3.12is

1 1 1
y=ci |0|e¥4c | -1|e¥+e3|-3]|eH,
1] 1 7
which can also be written as
o2t 3t o e
y=|0 -t -3et||ec]- (10.3.15)
| 2t 3t 7ot c3

Solution b

To satisfy the initial condition in Equation 10.3.13we must choose ¢;, ca, c3 in Equation 10.3.15so that

1 1 1] [« 2
0 -1 -3 c|l=1]-1
1 1 7 Cs3 8

Solving this system yields ¢; = 3, ca = —2, c¢s = 1. Hence, the solution of Equation 10.3.13is
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https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103570?pdf

LibreTexts"

o2t o3t o=t 3
y=|0 - -3et||-2
g2t o3t 7ot 1
1 1 1
— 3 0 eZt 2 1 €3t + 3 €7t
1 1 7
v/ Example 10.3.3
Find the general solution of
-3 2 2
y = 2 -3 2]y. (10.3.16)
2 2 -3

Solution
The characteristic polynomial of the coefficient matrix A in Equation 10.3.16is

-3-A 2 2
2 —8 =2 2 |=—(A-1(\+5)>
2 2 —3-A
Hence, A\; =1 is an eigenvalue of multiplicity 1, while Ay = —b is an eigenvalue of multiplicity 2. Eigenvectors associated

with A; =1 are solutions of the system with augmented matrix

—4 2

(V]
[e=)

2 4

[\V]
o

2 2 —4 : 0
which is row equivalent to

10 -1 : 0

01 -1 : 0

00 0 :0

Hence, 1 = 29 = x3, and we choose x3 = 1 to obtain the solution

1
yi=|1]¢€ (10.3.17)
1
of Equation 10.3.16 Eigenvectors associated with Ay = —5 are solutions of the system with augmented matrix
2 2 2 :0
2 2 2 :0
2 2 2 :0

Hence, the components of these eigenvectors need only satisfy the single condition
T+ 22 +x3 =0.

Since there’s only one equation here, we can choose z2 and z3 arbitrarily. We obtain one eigenvector by choosing x5 = 0 and
x3 = 1, and another by choosing 2 =1 and 3 = 0. In both cases ; = —1. Therefore

https://math.libretexts.org/@go/page/103570
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=il -1
0 and 1
1 0
are linearly independent eigenvectors associated with Ao = —5, and the corresponding solutions of Equation 10.3.16are
-1 -1
Yo = 0|e® and y;= 1] et

1

Because of this and Equation 10.3.17 Theorem 10.2.2 implies that the general solution of Equation 10.3.16is

1 -1 -1
y=c |1 et—i—cz 0 e’5t—|—03 1 e %,
1 1

This page titled 10.3: Constant Coefficient Homogeneous Systems I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

e 10.4: Constant Coefficient Homogeneous Systems I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/103570


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103570?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/10%3A_Linear_Systems_of_Differential_Equations/03%3A_Constant_Coefficient_Homogeneous_Systems_I
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9
https://math.libretexts.org/@go/page/9456
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts*

10.3.1: Constant Coefficient Homogeneous Systems | (Exercises)

In Exercises 1-29 find the general solution.

Y, =y + 2y
" yb =4y + 3y

5 Y, = 2y1 + 2y
Ly =1+ 3y

Yy = —4dy1 + 21
Cyh=—3y1+ 2

Y, = —2y1 + 2y
Yy =3y — 2y,

s [0 -5
RN I ESTY R4
[—6 2

6.y =
Y= 4 Jy
12
7.y =
Y= 2 1]
5 3
8.y =1
y=t|73 1]y
4 3
9.y =+
Y 5[—2 —11]y
10 y,__—l —4]y
11
[ 2 —4
.y =
y=|] _1]y
4 -3
2.y =
Y= 2 —1}
6 -3
1By =
y ) _2]3’
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Y=y1+Y2—y3
14. Yy =2y2
Y5 =Y2— Y3

Yy =291 —Tye
15. y = 5y1 + 10y +4y3
Y5 = 5y2 +2y3

Y =3y1 —y2 — V3
16. yy =91 +y2 —y3
yé =Y —Y2tYys

Y, =3y1 +2y2 +4y3
17. yé = 2y1 + 2y3

Y5 = 4y1 +2y2 +3y3
(-1 1 0
18.y' = 2 1]y
i -1
(1 0 1
19 =10 1 0|y
(1 0 1
[—1 1 0
3 3
20.y'=| 7 —3 3|y
1 1 1
A
[—1 4 2]
2Ly =] 4 -1 2|y
L 0 0 6]
1 -1 —2]
2.y=]1 -2 -3|y
|4 1 —1]
[—6 —4 -8
2.y=1-4 0 4|y
| -8 —4 —6]
(3 5 8]
24.y'=] 1 -1 2|y
-1 -1 —1]
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1 -1 2

25.y'=112 -4 10|y

|6 1 -7

(4 -1 —4
26y =14 -3 2|y

1 -1 -1

-2 2 -6
272y =1 2 6 2|y

|2 -2 2

[ 3 2 -2
28.y=| -2 7 2|y

|10 10 -5

i —-1
2.y =1 3 5 1|y

-6 2

In Exercises 30-44 solve the initial value problem.

30.y' = % Ol]y, y(0)=[3]

-6 7 —4
702 0
2.y =41 , 0) =
v=t7, 2]y vo= Y]
(21 —12 5
33.y = . y(0)=
Y=o _15]3' y(0) [3]
[—7 4 -1
34.y = . y(0)=
=1 7}3' y(0) [7]
(1 1 4] (17
35.y=[0 2 0|y, y(0)=
(1 1 1] 0]
[0 0 17 (17
36.y=1{0 1 0|y, y(0)=
(1 0 0] 5]
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1 2 0 4
37.y/ =214 -1 0|y, y(0)=|7
0 0 3 1
(2 -2 3 17
38y =31|-4 4 3|y, y0)=]|1
2 1 0 5]
6 -3 -8 07
39.y=12 1 2|y, y0)=|-1
3 -3 -5 —1
2 4 -7 47]
20.y=5]1 5 5|y, y0)=|1
-4 4 -1 3]

3 0 1 2
4a.y=111 -2 7|y, y0O)=|7
1 0 3 6

|4 5 3 4

3 -1 0 7
B.y=[4 -2 0|y, y0)=]|10

4 —4 2 2

(-2 2 6 6
4.y=12 6 2|y, y0)=|-10

|2 —2 2 7
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10.4: Constant Coefficient Homogeneous Systems I

We saw in Section 10.3 that if an n X n constant matrix A has n real eigenvalues A1, As, ..., A, (which need not be distinct) with
associated linearly independent eigenvectors X, Xa, ..., X,, then the general solution of y' = Ay is

y =c1x1eM - coxoe 4o e x, et

In this section we consider the case where A has n real eigenvalues, but does not have n linearly independent eigenvectors. It is
shown in linear algebra that this occurs if and only if A has at least one eigenvalue of multiplicity 7 > 1 such that the associated
eigenspace has dimension less than . In this case A is said to be defective. Since it is beyond the scope of this book to give a
complete analysis of systems with defective coefficient matrices, we will restrict our attention to some commonly occurring special
cases.

v/ Example 10.4.1

Show that the system
11 -25
= 10.4.1
y [ P ] y ( )
does not have a fundamental set of solutions of the form {x; e’\lt, X9 e)‘zt}, where A\; and A, are eigenvalues of the coefficient

matrix A of Equation 10.4.1and x; and x2 are associated linearly independent eigenvectors.

Solution
The characteristic polynomial of A is

11—-X
=A=11)(A+9)+100
N =a-more+
=X -2)+1
—(A—1)2.

Hence, A =1 is the only eigenvalue of A. The augmented matrix of the system (A —I)x =0 is

10 —25 : 0
4 -10 : 0
which is row equivalent to
5
1 = 0
0 0 : 0

Hence, 21 = by /2 where x is arbitrary. Therefore all eigenvectors of A are scalar multiples of x; = [2] , s0 A does not

have a set of two linearly independent eigenvectors.

t

From Example 10.4.1 , we know that all scalar multiples of y; = [ﬂ e’ are solutions of Equation 10.4.1; however, to find the

general solution we must find a second solution y, such that {y;,y2} is linearly independent. Based on your recollection of the
procedure for solving a constant coefficient scalar equation

ay” +by +cy=0
in the case where the characteristic polynomial has a repeated root, you might expect to obtain a second solution of Equation

5
10.4.1by multiplying the first solution by ¢. However, this yields y, = [2] te! , which does not quite work, since
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5 . 11 -25 5
vh = [2] (te? +€'), while {4 9 ]yzz {2]tet.

However, the idea does incorporate this idea as the next theorem shows.

& Theorem 10.4.1

Suppose the n x n matrix A has an eigenvalue A; of multiplicity > 2 and the associated eigenspace has dimension 1; that is,
all \; -eigenvectors of A are scalar multiples of a single eigenvector x. Then there are infinitely many vectors u such that

(A—XMDu=x. (10.4.2)
Moreover, if u is any such vector then
y1 =xe™ and y, =ueM +xteM’ (10.4.3)

are linearly independent solutions of y' = Ay.

A complete proof of this theorem is beyond the scope of this book. The difficulty is in proving that there’s a vector u satisfying
Equation 10.4.2 since det(A — A1 I) =0 . We’ll take this without proof and verify the other assertions of the theorem. We already
know that y, in Equation 10.4.3is a solution of y’ = Ay . To see that y, is also a solution, we compute

vy — Ay, =AueMt +xeMt + \jxteM! — AueMt — AxteM!
= (AMu+x — Au)eMt + (A x — Ax)teM?.

Since Ax = \;x, this can be written as
¥s— Ay, = — (A~ MDu—x) M,

and now Equation 10.4.2implies that y, = Ay, . To see that y; and y, are linearly independent, suppose c; and c, are constants

such that
a1y, + ey = crxeM 4 ¢y (ue™t +xte’) = 0. (10.4.4)
We must show that ¢; = ¢ = 0 . Multiplying Equation 10.4.4by e~** shows that
cix+c(u+xt)=0. (10.4.5)

By differentiating this with respect to ¢, we see that cox = 0, which implies ¢, =0, because x # 0. Substituting c; =0 into
Equation 10.4.5yields ¢;x = 0, which implies that ¢; = 0, again because x # 0

v/ Example 10.4.2

Use Theorem 10.4.1 to find the general solution of the system
11 —-25
r_ 10.4.6
y [ n ] y ( )
considered in Example 10.4.1 .

Solution
In Example 10.4.1 we saw that A\; =1 is an eigenvalue of multiplicity 2 of the coefficient matrix A in Equation 10.4.6, and
that all of the eigenvectors of A are multiples of

5
X =
1 2]
Therefore
s t
= e
Y 2]

https://math.libretexts.org/@go/page/103572
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is a solution of Equation 10.4.6. From Theorem 10.4.1 , a second solution is given by y, =ue’ +xte!, where
(A—I)u =x . The augmented matrix of this system is

llo —25 5]
4 -10 : 2

which is row equivalent to

1 -4 i
0 0 0 ,
Therefore the components of u must satisfy
5 1
U — U2 = 5,

where ug is arbitrary. We choose uy = 0, so that u; =1/2 and

Thus,

11e [5],,
= = o te".
7 [0] 2 [2]
Since y; and y, are linearly independent by Theorem 10.4.1 , they form a fundamental set of solutions of Equation 10.4.6
Therefore the general solution of Equation 10.4.61is

(eI}

v/ Example 10.4.3

Find the general solution of

3 4 -10
y=121 -2 |y (10.4.7)
2 2 -5
Solution
The characteristic polynomial of the coefficient matrix A in Equation 10.4.7is
3—-A 4 -10
2 1-X —2 |=—A-1A+1)%
2 2 —5—A
Hence, the eigenvalues are A; = 1 with multiplicity 1 and Ay = —1 with multiplicity 2. Eigenvectors associated with A\; =1

must satisfy (A — I)x = 0 . The augmented matrix of this system is

2 4 -10 0
2 0 -2 0f-
2 2 —6 0

which is row equivalent to
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10 -1 : 0
01 -2 : 0
00 0 :0

Hence, 1 = z3 and x5 = 23, where x3 is arbitrary. Choosing 3 = 1 yields the eigenvector

1
X1 = 2
1
Therefore
1
yi=|[2]¢
1
is a solution of Equation 10.4.7. Eigenvectors associated with Ay = —1 satisfy (A +I)x =0 . The augmented matrix of this
system is

4 4 —-10 : 0
2 2 -2 : 0>
2 2 —4 : 0

which is row equivalent to

110 :0
001 :0
000 :0
Hence, x3 = 0 and £; = —z2 , where x5 is arbitrary. Choosing 2 = 1 yields the eigenvector
-1
X2 = 1 )
0
o
-1
ya=| 1|e”
0
is a solution of Equation 10.4.7. Since all the eigenvectors of A associated with A, = —1 are multiples of x5, we must now

use Theorem 10.4.1 to find a third solution of Equation 10.4.7in the form

-1
ys=ue '+ | 1|te?, (10.4.8)
0

where u is a solution of (A + I)u = x2 . The augmented matrix of this system is

4 4 -10 @ -1
2 2 -2 : 11>
2 2 -4 : 0

which is row equivalent to
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1 10 1

1
0 0 1 1
000 : 0

Hence, u3 =1/2 and u; =1 — uy , where uy is arbitrary. Choosing us = 0 yields
%
u=|0|,
L
2 |

and substituting this into Equation 10.4.8yields the solution

21 -1
€ —t
ys=1{0 T-l— 1] te
1

of Equation 10.4.7. Since the Wronskian of {y;,y,,ys}att =0 is

1 -1 1

2 1 0 :l,
| 2

1 0 5

{¥1,¥2,y3} is a fundamental set of solutions of Equation 10.4.7. Therefore the general solution of Equation 10.4.7is

1 -1 2 s -1
e
y=c1 |2 et—i—cQ 1 e_t+03 0 T+ 1] tet
1 0 1 0

& Theorem 10.4.2

Suppose the n x n matrix A has an eigenvalue A; of multiplicity > 3 and the associated eigenspace is one-dimensional; that
is, all eigenvectors associated with A; are scalar multiples of the eigenvector x. Then there are infinitely many vectors u such

that
(A= 1)u =x, (10.4.9)
and, if u is any such vector, there are infinitely many vectors v such that
(A= I)v=u. (10.4.10)
If u satisfies Equation 10.4.9and v satisfies Equation 10.4.1(} then
y1 =xeM,
Yo = ue™t + xte™?, and
2Nt

Y3 :V6A1t+ut6)\1t+x

are linearly independent solutions of y' = Ay .

v/ Example 10.4.4

Use Theorem 10.4.2 to find the general solution of

1
3 -1y (10.4.11)
2

Solution
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The characteristic polynomial of the coefficient matrix A in Equation 10.4.11is

1-x 1 1
1 3-x -1 |=-(A-2)>%
0 2 2-)

Hence, A\; =2 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (A —2I)x = 0 . The augmented matrix
of this system is

-11 1 :0
11 -1 : 0>
02 0 :0

which is row equivalent to

1 0 -1 0
0 1 0 0
0 0 O 0

Hence, 1 = z3 and x5 = 0, so the eigenvectors are all scalar multiples of

1
x3= (0
1
Therefore
1
yi=|0|€*
1

is a solution of Equation 10.4.11. We now find a second solution of Equation 10.4.11in the form

1
y2:ue2t+ 0 teZt,
1

where u satisfies (A —2I)u = x; . The augmented matrix of this system is

-1 1 1 : 1

11 -1 : 0>

02 0 : 1]
which is row equivalent to

Lo =l =

01 0 3

00 0 : 0]

Letting ug = 0 yields u; = —1/2 and us = 1/2; hence,

@ 0 a @ 10.4.6 https://math.libretexts.org/@go/page/103572


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103572?pdf

LibreTexts"

and
-1 1
e?t 2t
ys = 1 5 + 10| te
0 1

is a solution of Equation 10.4.1 1 We now find a third solution of Equation 10.4.11in the form

-1

0 1

1
-1 1 1 i -2

1
11 -1 2
02 0 0

which is row equivalent to

—
(=)

|
[
N |

0 1 0 0
0 0 0 0
Letting vs = 0 yields v; = 1/2 and vo = 0; hence,
1
V=3
0
Therefore
B (1) o2t N _i te2t o 22
8= 2 2 2
0 0 1

is a solution of Equation 10.4.11. Since yy, ¥, and y3 are linearly independent by Theorem 10.4.2 , they form a fundamental
set of solutions of Equation 10.4.11. Therefore the general solution of Equation 10.4.11is

1 —1 1 1 -1 1
o e2t o e2t te2t t2 e2t
y=c |0]|e"+eca 1 | —+]|0]te +c3 Ol =+ 1| —+10
2 2 2 2
1 0 1 0 0 1

& Theorem 10.4.3

Suppose the n X n matrix A has an eigenvalue A; of multiplicity > 3 and the associated eigenspace is two—dimensional; that
is, all eigenvectors of A associated with A; are linear combinations of two linearly independent eigenvectors x; and x5. Then
there are constants & and 3 (not both zero) such that if

X3 = ax) + fxa, (10.4.12)
then there are infinitely many vectors u such that
(A= D)u =x;. (10.4.13)

If u satisfies Equation 10.4.13 then

@ 0 a @ 10.4.7 https://math.libretexts.org/@go/page/103572


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103572?pdf

LibreTexts"

ALt
y1 =x1€"",
_ At d
Yy, =Xg€ , an

Y3 = ueMt +xtett

are linearly independent solutions of y' = Ay.

We omit the proof of this theorem.

v/ Example 10.4.5

Use Theorem 10.4.3 to find the general solution of

0 01
y=|-11 1]|y. (10.4.14)
-1 0 2
Solution
The characteristic polynomial of the coefficient matrix A in Equation 10.4.14is
-2 0 1
-1 1-Xx 1 |=—-(A-1)%

-1 0 RN

Hence, A\; =1 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (A —I)x = 0 . The augmented matrix
of this system is

(10 1 ¢ 0]

101 : 0}

-1 0 1 : 0,
which is row equivalent to

(10 -1 ¢ 0]

00 0 :0

00 0 : 0,

Hence, 1 = x3 and x4 is arbitrary, so the eigenvectors are of the form

I3 1 0
X1=|xs | =23 |0 ]| +x2 |1
I3 1 0
Therefore the vectors
1 0
x1=10 and x2= |1 (10.4.15)
1 0

form a basis for the eigenspace, and

= O
@

1
yi=|0]|€ and y,=
1

o

are linearly independent solutions of Equation 10.4.14 To find a third linearly independent solution of Equation 10.4.14 we
must find constants a and 8 (not both zero) such that the system
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has a solution u. The augmented matrix of this system is

(A—Du = ax; + Bx; (10.4.16)

-1 0 1 o
-1 0 1 )
-1 0 1 a
which is row equivalent to
10 -1 : -«
00 0 : B-—al- (10.4.17)
00 0 : 0

Therefore Equation 10.4.16has a solution if and only if 8 = «, where « is arbitrary. If « = 8 =1 then Equation 10.4.12and
Equation 10.4.15yield

1 0 1
x3=x1+x2=|0|+ 1| =11}/,
1 0 1
and the augmented matrix Equation 10.4.17becomes
1 0 -1 : -1
00 0 : 0
00 0 : 0
This implies that u; = —1 4 u3 , while uy and w3 are arbitrary. Choosing us = u3 =0 yields
-1
u= 0
0
Therefore Equation 777 implies that
-1 1
ys=ue' +xste' =| 0|e+|1]te
0 1

is a solution of Equation 10.4.14 Since yy, y», and y3 are linearly independent by Theorem 10.4.3 , they form a fundamental
set of solutions for Equation 10.4.14 Therefore the general solution of Equation 10.4.14is

1 0 -1 1
y=c |0]|el+c|1]|e+e3 0|e+|[1]te]. (10.4.18)
1 0 0 1
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10.4.1: Constant Coefficient Homogeneous Systems Il (Exercises)

In Exercises 1-18 find the general solution.

) Yy =3y — 2
"y, =91 — 3y
) y; = —6y1 +5y»
"y =—by1 +4y,
3.y’:-_1 3}y
-3 5
v |12 —9]
Y=y 0]
(3 4
5.y =
Y=la 7}
(0 —1
6.y =
Y~ 1 —2}
7 4
7.y =
Y= la —11]y
(3 1
8.y =
Y= Jy
o v _ |4 12]
Y=|_3 _g]¥
[-10 9
0.y =
Y= —4 2]
13 16
1.y =
Y= 29 11]y
4 o
2.y=11 0 2|y
0 2 5]
o o1
13.y =10 3 y
|0 -1 1]
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0
4y =|-4 6 1|y
0 4
1 1 -3
1
15y=3[-4 -4 3|y
-2 1 0
-1 1 -1
6y=|1-20 2|y
| -1 3 -1
(4 —2 —2
17.y/=1-2 3 -1]y
| 2 -1 3
[6 —5 3
8.y=12 -1 3|y
12 1 1

19-y’=:_21 ﬂy, y(0)=[_61]
20-y’=:__121 _83]3', y(0)=[g]
21 y’:—iz :3]3', Y(O)_[Z]
22 y’—:_lg :ﬂy, y(O)—[i]
23 y’—::g ii]y, y(O)Z[i’]
24-y’=::?7) _31]3', y(O)Z[g]
-1 10 6
2B.y=|1 -1 2|y, y0)=]|5
-1 -1 -1 —7
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-2 2 —6
26.y=|-2 2 y, y(0)=]-2
| -3 0
[—7 —4 -6
27.y'=[-1 0 1|y, y(0)=1] 9
| -9 —5 6 -1
[—1 —4 —1T [—2
28.y=[3 6 1|y y0)=|1
| -3 2 | | 3 |
(4 -8 —4] =
29.y=[-3 -1 3|y, yl0)=]1
|1 -1 9 | | —3 ]
[—5 —1 11 0
30y =|-7 1 13|y, y(0)=]2
-4 0 8 2

10 0
3Ly =12 2 —-1|y

0 1 0

(4 1 0
322.y=10 4 1|y

L0 0 4

[ 5 -1 1
B.y=|1-1 9 3|y

|2 2 4

[1 10 -—12
4y =[2 2 3 |y

2 -1 6

-6 -4 —4
By =12 -1 1|y

2 3 1

0 2 -2
36.y=|-1 5 3|y

1 1 1
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-2 —12 10
37.y/ =1 2 —-24 11|y
| 2 —24 8
(-1 —12 8
3By =1 -9 4|y
|1 -6 1
[—4 0 1]
39.y=|-1 -3 -1y
|1 0 -2
[—3 -3 4]
0.y=]14 5 =8|y
| 2 3 5]
[—3 —1 0]
41.y=11 -1 0|y
| -1 -1 —2]
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10.5: Constant Coefficient Homogeneous Systems ||

We now consider the system y’ = Ay, where A has a complex eigenvalue A = o +43 with 8 # 0. We continue to assume that A

has real entries, so the characteristic polynomial of A has real coefficients. This implies that A = a — ¢ is also an eigenvalue of

A.
An eigenvector x of A associated with A = a +¢8 will have complex entries, so we’ll write
X=u-+iv
where u and v have real entries; that is, u and v are the real and imaginary parts of x. Since Ax = Ax,
A(u+iv) = (a+if)(u+iv). (10.5.1)
Taking complex conjugates here and recalling that A has real entries yields
A(u—iv) =(a—if)(u—iv),

which shows that x =u —iv is an eigenvector associated with A = a —i/3. The complex conjugate eigenvalues A and A can be
separately associated with linearly independent solutions y’ = Ay ; however, we will not pursue this approach, since solutions
obtained in this way turn out to be complex—valued. Instead, we’ll obtain solutions of y’ = Ay in the form

y=fiutfov (10.5.2)

where f; and f5 are real-valued scalar functions. The next theorem shows how to do this.

& Theorem 10.5.1

Let A be an n X n matrix with real entries. Let A = a +18 (8 # 0) be a complex eigenvalue of A and let x =u+14v be an
associated eigenvector, where u and v have real components. Then u and v are both nonzero and

y1 =e(ucosBt —vsinft) and y,=e*(usinBt+vcospt),
which are the real and imaginary parts of
e* (cos Bt +isinBt)(u+iv), (10.5.3)
are linearly independent solutions of y’ = Ay .
Proof
A function of the form Equation 10.5.2is a solution of y' = Ay if and only if
filu+ fiv=fiAu+ frAv. (10.5.4)

Carrying out the multiplication indicated on the right side of Equation 10.5.1and collecting the real and imaginary parts of
the result yields

A(u+iv) = (au—pv)+i(av+pu).
Equating real and imaginary parts on the two sides of this equation yields

Au=ou—pfv
Av =av+pu.

We leave it to you to show from this that u and v are both nonzero. Substituting from these equations into Equation 10.5.4
yields

futfjv = fi(au—Bv)+ fo(av -+ fu)
= (afi +Bf)u+(-Bfi +af)v.

This is true if

https://math.libretexts.org/@go/page/103574
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fi=afi+Bf fi—afi= Bf
fy=—-Bfitaf, fy—afs =—Bf1.

and f> = g2e® , where g1 and g2 are to be determined, then the last two equations become

or equivalently

If welet fi = gie™

9{ = Bg2
gé = _ﬂgla
which implies that
g9\ =Bgy =—Bg1,
o)

g/ +p%91 =0.
The general solution of this equation is
g1 = ¢1 cos Bt + co sin fBt.
Moreover, since go = g} /8,
go = —cy sin Bt + ¢ cos ft.
Multiplying g; and g» by e® shows that

fi =e®( ¢y cosBt+cysinft),
fo = € (—cy sin Bt + ¢, cos Bt).

Substituting these into Equation 10.5.2shows that

e [(c1 cos Bt + ¢y sin Bt)u + (—cy sin Bt + ¢y cos Bt) V]
= c1e*(ucosBt — vsinBt) + coe® (usin Bt + v cos Bt)

y (10.5.5)

is a solution of y' = Ay for any choice of the constants ¢; and c3. In particular, by first taking ¢c; =1 and ¢ = 0 and then
taking ¢c; = 0 and c; = 1, we see that y; and y, are solutions of y' = Ay.

v/ Example 10.5.1

Find the general solution of

4 -5
V= . 10.5.6
y [5 L ] y ( )
Solution
The characteristic polynomial of the coefficient matrix A in Equation 10.5.6is
4-) -5
=(A—1)*+16.
’ 5 —2-A ‘ ( )

Hence, A =1 +4i is an eigenvalue of A. The associated eigenvectors satisfy (A — (1 +44) I)x =0 . The augmented matrix
of this system is

3—4i -5 10
5 —3—4i : 0
which is row equivalent to
3-+4i
1 - Tl 0
0 0 0

https://math.libretexts.org/@go/page/103574
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Therefore 1 = (3 +4i)z3/5 . Taking o =5 yields z; =3 +44, so

[3—1—42’]
X =
5

e'(cos4t +i sindt) [ 3 —242]

is an eigenvector. The real and imaginary parts of

dare

3cos4dt —4sindt

¢
=e
Vi [ 5cos4t

which are linearly independent solutions of Equation 10.5.6 The general solution of Equation 10.5.61is

] and y _et[3sin4t+4cos4t}
2 — )

5sin4t

3cos4t—4sin4t] o [3sin4t+4cos4t]
2€ .

ot
y=ac [ 5cos4t 5sin4t

v/ Example 10.5.2

Find the general solution of
; —14 39]
= . 10.5.7
y [ 6 16!7 ( )

Solution

The characteristic polynomial of the coefficient matrix A in Equation 10.5.7is

14— X 39
—6 16 — A

‘:(/\—1)2+9.

Hence, A =1+3¢ is an eigenvalue of A. The associated eigenvectors satisfy (A—(1+3:)I)x =0 . The augmented

augmented matrix of this system is
~15-3i 39 @ 0
—6  15-3i : 0

which is row equivalent to

Therefore 1 = (5 —4)/2 . Taking 2 = 2 yields z; =5 —1, so
]
X =
2

5
e’ (cos 3t +1isin3t) [ 5 l]

is an eigenvector. The real and imaginary parts of

dare

—cos3t +5sin3t

2sin 3t

et sin 3¢ + 5 cos 3t
o 2cos3t

] and y, =¢ [

which are linearly independent solutions of Equation 10.5.7. The general solution of Equation 10.5.7is
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| . [sin3t+5cos3t] ‘ [—cos3t+5sin3t
Yy =ce€ Cc2€e

2cos3t 2sin 3t
v/ Example 10.5.3

Find the general solution of

-5 5 4
y=|-8 7 6|y (10.5.8)
1 0 0

Solution

The characteristic polynomial of the coefficient matrix A in Equation 10.5.8is

-5-2 5 4
8  T—X 6 |=—(A-2)(\*+1).
1 0 -

Hence, the eigenvalues of A are A\; =2, Ay = ¢, and A3 = —i. The augmented matrix of (A —21)x =0 is

-7 5 4 : 0
-8 5 6 : 0>
10 -2 :0
which is row equivalent to
10 -2 :0
01 -2 : 0
00 0 :0
Therefore 1 = 2 = 223 . Taking 23 = 1 yields
2
X1 = 2 y
1
o)
2
yi=12 e’
1

is a solution of Equation 10.5.&

The augmented matrix of (A —4I)x = 0 is

which is row equivalent to

01 1-5 : 0
00 0 :0
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Therefore 1 = iz3 and z3 = —(1 —4)z3 . Taking 3 =1 yields the eigenvector
)
Xp= | —-1+1¢
1

The real and imaginary parts of

P
(cost+isint) | —1+73
1 ]
are
—sint [ cost
Ys = | —cost —sint and y3;= | cost—sint |,
cost | sint

which are solutions of Equation 10.5.& Since the Wronskian of {y;, y,,y3}att =0 is

2 0 1
2 -1 1|=1,
1 10

{¥1,¥2,¥3} is a fundamental set of solutions of Equation 10.5.8 The general solution of Equation 10.5.8is

2 —sint cost
y=c |2 e*t +c3 | —cost—sint | +¢3 | cost —sint
1 cost sint
v/ Example 10.5.4
Find the general solution of
1 -1 -2
y=|1 3 2 |y. (10.5.9)
1 -1 2
Solution
The characteristic polynomial of the coefficient matrix A in Equation 10.5.9is
1-x2 -1 -2
13- 2 |=—(A-2)((A-2)*+4).
1 -1 2-A

Hence, the eigenvalues of A are A\; =2, Ay =2 +2i, and A3 =2 — 24 . The augmented matrix of (A —21)x =0 is

-1 -1 -2 : 0

which is row equivalent to

1 01 0
011 0
0 0 0 0
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Therefore 1 = £3 = —x3 . Taking 23 = 1 yields
-1
X1 = —1 9
1
o)
-1
yi=|-1]¢€*
1

1 -1 27 0
which is row equivalent to
10 —i : 0
01 4 :0
00 0:0
Therefore 1 =4x3 and 2 = —ix3 . Taking x3 = 1 yields the eigenvector
i
X = | —t
1

The real and imaginary parts of
1
e*(cos2t +isin2t) | —

1
are
—sin2t cos 2t
Vo = e sin 2t and y,= e | —cos2t |,
cos 2t sin 2t

which are solutions of Equation 10.5.9. Since the Wronskian of {y;,y,,y3}att =0 is

-1 0 1
-1 0 -1|=-2,
11 0

{¥1,¥2,¥5} is a fundamental set of solutions of Equation 10.5.9, The general solution of Equation 10.5.9is

-1 —sin2t cos 2t
y=c | -1 e+ co et sin2t | +c3 e? | —cos2t
1 cos 2t sin 2t

This page titled 10.5: Constant Coefficient Homogeneous Systems III is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by William F. Trench via source content that was edited to the style and standards of the LibreTexts platform.

https://math.libretexts.org/@go/page/103574



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103574?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/10%3A_Linear_Systems_of_Differential_Equations/05%3A_Constant_Coefficient_Homogeneous_Systems_III
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9

Li breTexts*

e 10.6: Constant Coefficient Homogeneous Systems 111 by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/103574


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/103574?pdf
https://math.libretexts.org/@go/page/9458
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts*

10.5.1: Constant Coefficient Homogeneous Systems Il (Exercises)

In Exercises 1-28 find the general solution.

1 Y1 =6y1 — 12
Y5 = 5y1 + 212
5 Y=y + 2
Cyh =2y~
3 Y1 =5y1 + 2
vy = —2y1 +3y»
4 y; = 4y1 +5y2
" yh = —2y1 + 6y,
Sy':-4 —5'y
' |5 —4)
SR
6.y =
y=11 3|¥
7y 1 2'y
-5 5
o , -1 4]
Y =26 97
oy =" 2|y
4 5
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Yy =y3
15. ¥y = —Ys3
yé =Y2

Yl =2y1 +y2 +2y3
16.  y) =3y1 +6y3

ys = —4y1 —3y3

1 -1 2
17.y'=1-1 1 0|y

| -1 1

(4 0 1
18.y=]10 6 0|y

| -4 0 4

[2 5 17
9.y=|-5 —6 4|y

| 0 0 2]

2 4 47
20.y'=|-1 -2 0|y

| -1 0 2]

(3 -3 1
2L.y'=10 2 2|y

15 1 1

-3 3 1
Ry=1 -5 3|y

-3 7 3

[2 -1
2.y=101 1|y

|1 0

[—3 1 —3]
24.y'=14 -1 2|y

| 4 -2 3]

1 1 2]
255.y'=11 0 -1]y

-1 -2 -1
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3 -4 -2

26.yy=| -5 7 -8|y

| -10 13 -8

6 0 -3
27.y=-3 3 3|y

1 -2 6

[1 2 —2
28.y=1[0 2 -1y

(1 0 0

(6 -1 -2
29.y' = , y(0)=
=15 4 }y y(0) [ 8 ]
(4 —6 5
30.y' = , y(0)=
Y =13 _Q}y y(0) [2}
(7 15 5
3Ly = , y(0)=
Y =13 l]y y(0) [1]
(7 —15 17
2.y = , y(0)=
Y =3 _5]3’ y(0) [7]
4 -2 1
3By =1 , 0)=
y 6[5 ) ]y y(0) [_J
1 —12 -14 4
4y =1 2 3|y, y(0)=]|6
11 -2 -7

5 2 —1 4
B.y=1-3 2 2]y, y0)=]o0

(4 4 0 8
36.y=[8 10 —20|y, y(0)=|6

2 3 -2 5
1 15 —15 15

37.y = | =6 18 —22|y, y(0)= |17
| -3 11 —15 10
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10.6: Variation of Parameters for Nonhomogeneous Linear Systems
We now consider the nonhomogeneous linear system
y' = A(t)y +£(t),
where A is an n X n matrix function and f is an n-vector forcing function. Associated with this system is the homogeneous system
y =A(t)y.

The next theorem is analogous to earlier theorems. It shows how to find the general solution of y' = A(¢)y +£(¢) if we know a
particular solution of y' = A(¢)y + f(¢) and a fundamental set of solutions of the homogeneous system.

& Theorem 10.6.1

Suppose the 7 x 7 matrix function A and the n-vector function f are continuous on (a, b). Let y, be a particular solution of
y' =A(t)y+£(t) on (a,b), and let {y;,¥2,.--,¥,} be a fundamental set of solutions of the homogeneous equation
y' = A(t)y on (a,b). Theny is a solution of y' = A(t)y +£(¢) on (a,b) if and only if

Y=Y, tayi +cays+- - +cuyn,

where ¢, ¢a, ..., ¢, are constants.

Finding a Particular Solution of a Nonhomogeneous System

We now discuss an extension of the method of variation of parameters to linear nonhomogeneous systems. This method will
produce a particular solution of a nonhomogenous system y’ = A(t)y +f£(¢) provided that we know a fundamental matrix for the
homogeneous system. To derive the method, suppose Y is a fundamental matrix for the homogeneous system; that is,

Yii Y12 - Yin
Yo1 Y22 - Yo
Y = R
Ynl  Yn2 ot Ynn
where
Y11 Y12 Yin
Y21 Y22 Yon
Y1 = y Y2 = . , y Yn—
Yn1 Yn2 Ynn

is a fundamental set of solutions of the homogeneous system. In Section 10.2 we saw that Y’ = A(t)Y . We seek a particular
solution of

y = A(t)y +£(t) (10.6.1)
of the form
y,=Yu, (10.6.2)
where u is to be determined. Differentiating Equation 10.6.2yields

yp =Y u+Yu
=AYu+Yu' (sinceY’' = AY)
= Ay, +Yu' (since Yu=y,).

Comparing this with Equation 10.6.1shows that y, = Yu is a solution of Equation 10.6.1if and only if

Yu =f.
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Thus, we can find a particular solution y,, by solving this equation for u’, integrating to obtain u, and computing Y u. We can take
all constants of integration to be zero, since any particular solution will suffice.

The proof is analogous to the method of variation of parameters discussed earlier for scalar linear equations and will be omitted
here.

v/ Example 10.6.1

a. Find a particular solution of the system

J = [; i] v+ [25}’ (10.6.3)
which we considered in Example 10.1.1.
b. Find the general solution of Equation 10.6.3
Solution a
The homogeneous system is
y = B ﬂ Y- (10.6.4)

The characteristic polynomial of the coefficient matrix is

‘1—)\ 2

) 1_)\‘:()\+1)(/\—3).

Using the method of Section 10.3, we find that

e et
v, = [e3t] and y,= [—et]

are linearly independent solutions of Equation 10.6.4. Therefore
3t =
e e
Y= [ 3t —t ]
et —e

is a fundamental matrix for Equation 10.6.4 We seek a particular solution y,, = Yu of Equation 10.6.3, where Yu' =f; that

et et u’2 elt

is,

The determinant of Y is the Wronskian

€ 2t
et et =—2e
By Cramer’s rule,
4 —t

u/ _ 1 26 e _ 3e3t _ éet

1 2e2 elt et 2e% 2R
ul = L 63t 264t = _e7t = l€5t

2 2e2t e3t el 22 2

Therefore

, 13
11—5 e5t .

Integrating and taking the constants of integration to be zero yields
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SO

is a particular solution of Equation 10.6.3
Solution b

From Theorem 10.6.1 , the general solution of Equation 10.6.3is

1 [8et e e’
Y=Yy, taytey, = i 7e4t] +c [e3t] +e2 [—e‘t} ; (10.6.5)

which can also be written as

where c is an arbitrary constant vector.

Writing Equation 10.6.5in terms of coordinates yields

8
Yy = ge‘” +ecett +cpet

7
w = e +oe’ —ce™,
so our result is consistent with Example 10.1.1.
v/ Example 10.6.2
a. Find a particular solution of
2 -1 -1 el
y=|[1 0 -1|y+]| 0 [. (10.6.6)
1 -1 0 et
b. Find the general solution of Equation 10.6.6
Solution a
The homogeneous system for Equation 10.6.6is
2 -1 -1
y=|1 0 -1|y. (10.6.7)
1 -1 0
The characteristic polynomial of the coefficient matrix is
2—-2 -1 -1
1 A —1|=-2A-1)%
1 -1 =X
Using the method of Section 10.3, we find that
1 e et
yi=|[1|, y2=|€|, and yz;=
1 0 et
are linearly independent solutions of Equation 10.6.7. Therefore
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1 et et
Y=1|1 € 0
1 0 €
is a fundamental matrix for Equation 10.6.7. We seek a particular solution Yp= Yu of Equation 10.6.6, where Yu' = f; that
is,
1 et et uj et
1 e 0 uy | =10
1 0 € uf et
The determinant of Y is the Wronskian
e et
et 0|=—e
0 €
Thus, by Cramer’s rule,
el et €
1 3t t . =5 7
o= 5 0 e 0] = == = e'—e
et 0 ¢
1 e €
1 1-e* —2t
u’2 = T 1 0 0 = e; 1—e
1 et €
1 e €
2t
ué = —e—él 1 et 0 = z—% = 1
1 0 et
Therefore
et —et
u’ = 1— e—2t
1

Integrating and taking the constants of integration to be zero yields

—et —e
2t
u= 7~ +1
t
SO
1 et et —et — e*t et (2t = 1) = e_;
—2 —
y,=Yu=|1 ¢ ot S+t | =| e-1-
I 0 e t elt—1)—e?
is a particular solution of Equation 10.6.6
Solution b
From Theorem 10.6.1 the general solution of Equation 10.6.6is
e(2t—1)— 5 1 o ot
Y=Y, tayitaysteys=| ef(t—1)-& |+e [1|+e|e|+ez |0
t
et (t _ 1) et 1 0 e

which can be written as
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et(2t—1)—% 1 e €
y=y,+Yc= et(t—l)—§ +11 e 0fc
t
et (t—1)— et 1 0 e
where c is an arbitrary constant vector.
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10.6.1: Variation of Parameters for Nonhomogeneous Linear Systems (Exercises)

In Exercises 1-20 find the general solution.

Yy =3y1 —3y2 +4
Yy =2y1 —2y2 — 1

1.

YL =2y — Y2
"y =3y —2yp +4t

(3 -5 1
3 v = + t/2
ro [ e )
2 17 [ sin2t
4.y = + e
Y 14 2_y _2cos2t]
cw [0 2] (1]
Y=l 37 1
oy [0 2] .2
Y= o1 3] e
1871 [12
7. v = + t
Y=l —1]?Y _12]
187 et
8.y = +
Y=l —1]?Y tet]
r 2
9.y = + e’
Vo2 —1]" [1]

(3 2 1
10,y = +
Yo —1]" [1]
[0 —1] [sect
11.y' = +
Y=l oY o ]
1 -1  [3
12.y' = + et
Y=l 1Y _3]
13 , 1 -1 +'cost ot
Y711 1Y | sint
ay =2 2yt l]ﬁ
y__S _6_3’ 3|t
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15.y’:-0 l}y—F[ 0 ]

secttant

o0 1 1
16.y' = } y+ [ }
1 2
7.y =] ]y+ [csct]et
-3 1 sect

, 1 -2 tant
18.y' = y+

1 -1 1
[1 1 0 e’
19.y=11 1 0|y+]| e*
0 0 3 tedt
3 -1 -1 0
20.y'=|1 1 —-1|y+|t
1 -1 1 2¢et

In Exercises 21-22 solve the initial value problem.

wy=| S i) =[]

[t Aor ], o[
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CHAPTER OVERVIEW

11: Appendices

In this chapter we review topics that you need to know for this class, and introduce topics that you may not have previously
covered that you will need to be successful in Math 420.

11.1: Functions of Several Variables

11.1: Functions of Several Variables (Exercises)
11.2: Partial Derivatives

11.2.1: Partial Derivatives (Exercises)
11.3: Determinants and Cramer's Rule for 2 X 2 Matrices

11.3.1: Determinants and Cramer's Rule for 2 X 2 Matrices (Exercises)
11.4: Determinants and Cramer's Rule for n x n Matrices

11.4.1: Determinants and Cramer's Rule for n x n Matrices (Exercises)
11.5: Elementary Row Operations and Gaussian Elimination

11.5.1: Elementary Row Operations and Gaussian Elimination (Exercises)
11.6: Eigenvalues and Eigenvectors

11.6.1: Eigenvalues and Eigenvectors (Exercises)
11.7: A Brief Table of Integrals
11.8: A Brief Table of Trigonometric Identities and Logarithmic Laws
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source content that was edited to the style and standards of the LibreTexts platform.



https://libretexts.org/
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/01%3A_Functions_of_Several_Variables
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/01%3A_Functions_of_Several_Variables/1.01%3A_Functions_of_Several_Variables_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/02%3A_Partial_Derivatives
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/02%3A_Partial_Derivatives/2.01%3A_Partial_Derivatives_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/03%3A_Determinants_and_Cramer's_Rule_for_2_X_2_Matrices
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/03%3A_Determinants_and_Cramer's_Rule_for_2_X_2_Matrices/11.3.1%3A_Determinants_and_Cramer's_Rule_for_2_X_2_Matrices_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/04%3A_Determinants_and_Cramer's_Rule_for_n_x_n_Matrices
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/04%3A_Determinants_and_Cramer's_Rule_for_n_x_n_Matrices/11.4.1%3A_Determinants_and_Cramer's_Rule_for_n_x_n_Matrices_(Exercises)
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/05%3A_Elementary_Row_Operations_and_Gaussian_Elimination
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/05%3A_Elementary_Row_Operations_and_Gaussian_Elimination/5.01%3A_Exercises_1.3
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/06%3A_Eigenvalues_and_Eigenvectors
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/06%3A_Eigenvalues_and_Eigenvectors/6.01%3A_Exercises_4.1
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/07%3A_A_Brief_Table_of_Integrals
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices/08%3A_A_Brief_Table_of_Trigonometric_Identities_and_Logarithmic_Laws
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/11%3A_Appendices
https://creativecommons.org/licenses/by-nc-sa/3.0
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

11.1: Functions of Several Variables

In Math 400 (Calculus I), and innumerable courses before it, we studied functions of one variable. A function of this type might
represent the temperature over a given time interval, the position of a car as a function of time, or the altitude of a jet plane as it
travels from New York to San Francisco. In each of these examples, the function has one independent variable.

Suppose, however, that we have a quantity that depends on more than one variable. For example, temperature can depend on
location and the time of day, or a company’s profit model might depend on the number of units sold and the amount of money spent
on advertising.

When dealing with a function of more than one independent variable, several questions naturally arise. For example, how do we
calculate limits of functions of more than one variable? The definition of derivative we used before involved a limit. Does the new
definition of derivative involve limits as well? Do the rules of differentiation apply in this context? How to we integrate such
functions? All these questions that pertain, in particular to Math 420, are answered in this chapter.

Our first step is to explain what a function of more than one variable is, starting with functions of two independent variables. This
step includes identifying the domain and range of such functions.

Functions of Two Variables

The definition of a function of two variables is very similar to the definition for a function of one variable. The main difference is
that, instead of mapping values of one variable to values of another variable, we map ordered pairs of variables to another variable.

# Definition: Function of Two Variables

A function of two variables z = f(x,y) maps each ordered pair (,y) in a subset D of the real plane R? to a unique real
number z. The set D is called the domain of the function. The range of f is the set of all real numbers z that has at least one
ordered pair (z,y) € D such that f(z,y) = z as shown in Figure 11.1.1

f

N ®

Domain Range

Figure 11.1.1: The domain of a function of two variables consists of ordered pairs (z,y).

Determining the domain of a function of two variables involves taking into account any domain restrictions that may exist. Let’s
take a look.

v Example 11.1.1: Domain and Range for Functions of Two Variables

Find the domain and range of each of the following functions:

a f(z,y) =3z +5y+2
b.g(z,y) = /9 —22 —y?
Solution a.

This is an example of a function in two variables. There are no values or combinations of z and y that cause f(z,y) to be
undefined, so the domain of f is R*. To determine the range, first pick a value for z. We need to find a solution to the equation
f(z,y) =2, or 3z —5y+2 =2 One such solution can be obtained by first setting y =0, which yields the equation

—12 —2
3x +2 = z. The solution to this equation is z = ZT , which gives the ordered pair (zT, 0> as a solution to the

equation f(x,y) = z for any value of z. Therefore, the range of the function is all real numbers, or R.

Note: we could do something similar by setting = 0, or  or y to any real number.
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Solution b.

For the function g(z, y) to have a real value, the quantity under the square root must be nonnegative:
9—z%— y2 >0.
This inequality can be written in the form
o +y* <9.

Therefore, the domain of g(z,y) is {(z,y) € R? | 2 +y? < 9} . The graph of this set of points can be described as a disk of
radius 3 centered at the origin. The domain includes the boundary circle as shown in the following graph.

Figure 11.1.2: The domain of the function g(z,y) = 1/9 — 2% —y? is a closed disk of radius 3.

To determine the range of g(z,y) = /9 — 2> —y> we start with a point (g, o) on the boundary of the domain, which is
defined by the relation > +y? =9 . It follows that 22 +y3 =9 and

g(zo,y0) =4/ 9 — x5 —v¢
=4/9— (22 +93)

JI=9
0.

If 27 +y2 =0 (in other words, oy = yo = 0) , then
9(@0, 30) = /9 — 2~}
=/ 9= (=5 +4))

=4/9-0=3.

This is the maximum value of the function. Given any value ¢ between 0 and 3, we can find an entire set of points inside the

domain of g such that g(z,y) =c:
7/ 9 —z? —y2 =c

9 —y?=¢

2?2 +y?=9—-c%

Since 9 —c? > 0, this describes a circle of radius v'9 — c2 centered at the origin. Any point on this circle satisfies the equation
g(z,y) = c. Therefore, the range of this function can be written in interval notation as [0, 3].
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Find the domain and range of the function f(z,y) = 1/36 —9z? —9y? .
Hint

Determine the set of ordered pairs that do not make the radicand negative.
Solution

The domain is {(z, y)|2z? +y? < 4} the shaded circle defined by the inequality 2> +y? < 4 , which has a circle of radius
2 as its boundary. The range is [0, 6].

Yi
4
3,
X2 +y?=4
14
1 34X

Note: The remainder of this section is not necessary for Math 420. | am leaving it for those who may wish to have a
better understanding of the concepts discussed here.

Graphing Functions of Two Variables

Suppose we wish to graph the function z = (z,y). This function has two independent variables (z and y) and one dependent
variable (z). When graphing a function y = f(z) of one variable, we use the Cartesian plane. We are able to graph any ordered
pair (z, y) in the plane, and every point in the plane has an ordered pair (z, y) associated with it. With a function of two variables,
each ordered pair (z, y) in the domain of the function is mapped to a real number z. Therefore, the graph of the function f consists
of ordered triples (, y, z). The graph of a function z = (z, y) of two variables is called a surface.

To understand more completely the concept of plotting a set of ordered triples to obtain a surface in three-dimensional space,
imagine the (, y) coordinate system laying flat. Then, every point in the domain of the function f has a unique z-value associated
with it. If z is positive, then the graphed point is located above the xy-plane, if z is negative, then the graphed point is located below
the xy-plane. The set of all the graphed points becomes the two-dimensional surface that is the graph of the function f.

v/ Example 11.1.2: Graphing Functions of Two Variables

Create a graph of each of the following functions:

a g(z,y) = /9 —z% —y?

b. f(z,y) =z +y?

Solution

a. In Example 11.1.2 we determined that the domain of g(z,y) = /9 — 22 —y? is {(z,y) € R? | 2 +y? <9} and the
range is {z€ R?|0<2<3} . When 22 +32 =9 we have g(z,y) =0. Therefore any point on the circle of radius 3
centered at the origin in the 2y-plane maps to z=0 in R®. If 2°> +y? =8, then g(z,y) = 1, so any point on the circle of
radius 2+/2 centered at the origin in the zy-plane maps to z=1 in R3. As x2+y? gets closer to zero, the value of z
approaches 3. When z? +y? =0, then g(z,y) = 3. This is the origin in the zy-plane If 2>+ is equal to any other value
between 0 and 9, then g(z,y) equals some other constant between 0 and 3. The surface described by this function is a
hemisphere centered at the origin with radius 3 as shown in the following graph.
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z=g(xy) =9 - X~y

X

Figure 11.1.3: Graph of the hemisphere represented by the given function of two variables.

b. This function also contains the expression 2 4 y? . Setting this expression equal to various values starting at zero, we obtain
circles of increasing radius. The minimum value of f(z,y) = z*+%> is zero (attained when z =y = 0. When x =0, the
function becomes z = 32, and when y = 0, then the function becomes z = z? . These are cross-sections of the graph, and are
parabolas. The name of the graph of f(z,y) =z +y? is a paraboloid. The graph of f appears in the following graph.

Z)

X

Figure 11.1.4: A paraboloid is the graph of the given function of two variables.
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11.1: Functions of Several Variables (Exercises)
For the following exercises, evaluate each function at the indicated values.

1) W(z,y) = 4z* +y>. Find W(2,-1), W(-3,6)

Answer
W(2, —1) =17, W(—3, 6) =72

2) W(z,y) =4z* +y*. Find W (2 + h, 3 +h).

3) The volume of a right circular cylinder is calculated by a function of two variables, V (z, y) = w2y, where  is the radius of the
right circular cylinder and y represents the height of the cylinder. Evaluate V' (2, 5) and explain what this means.

Answer
V(2,5) = 207 units® This is the volume when the radius is 2 and the height is 5.

4) An oxygen tank is constructed of a right cylinder of height y and radius  with two hemispheres of radius  mounted on the top
and bottom of the cylinder. Express the volume of the cylinder as a function of two variables, z and y, find V' (10, 2), and explain
what this means.

5) A thin plate made of iron is located in the zy-plane The temperature T in degrees Celsius at a point P(z,y) is inversely
proportional to the square of its distance from the origin. Express T as a function of z and y.

Answer
k
T(z,y) = oYY
6) Refer to the preceding problem. Using the temperature function found there, determine the proportionality constant if the
temperature at point P(1,2)is 50°C'. Use this constant to determine the temperature at point Q (3, 4).
For exercises 7 - 18, find the domain and range of the given function.

NV (x,y) =4z’ +y°

Answer
Domain: {(z,y) |z € R,y € IR} Thatis, all points in the zy-plane
Range: [0, 00)

8) f(z,y) = Var +y> -4

Answer
Domain: {(z,y) |z? +y* >4}
Range: [0, 00)

9) f(z,y) =4In(y* —x)

Answer
Domain: {(z,y) |z <y*}
Range: (—o0, 00)

10) g(z,y) = /16 — 4z? —y?

Answer
2 2
T Yy
D in: —
omain {(m,y)| 1 16 }

Range: [0, 4]
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11) z = arccos(y — )

Answer
Domain: {(z,y) |z —1<y<z+1} Thatis, all points between the graphs of y =z —1 andy =z +1.
Range: [0, 7]

2
12) f(z,y) = y:z

Answer

Domain: {(z,y) |z #0}
Range: (—o0, 00)

13) g(z,y) = /16 —4a® —y*

Answer
{zl 0<z< 4} or in interval notation: [0, 4]
14) V(z,y) = 4z% + ¢>
15) z =y? — 2?

Answer
The set IR

16) z = \/100 — 42 —25y2

Answer
22

5 +

Domain: {(z,y) | <1}

Range: [0, 10]

v
4

ot

17) z =In(z — y?)
18) f(z,y) = cos y/z% +y?

11.1: Functions of Several Variables (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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11.2: Partial Derivatives

Derivatives of a Function of Two Variables

When studying derivatives of functions of one variable, we found that one interpretation of the derivative is an instantaneous rate
of change of y as a function of z. Leibniz notation for the derivative is dy/dx, which implies that y is the dependent variable and z
is the independent variable. For a function z= f(z,y) of two variables, z and y are the independent variables and z is the
dependent variable. This raises two questions right away: How do we adapt Leibniz notation for functions of two variables? Also,
what is an interpretation of the derivative? The answer lies in partial derivatives.

& Definition: Partial Derivatives

Let f(z,y) be a function of two variables. Then the partial derivative of f with respect to z, written as df /0z or f, is
defined as

af . f(fc—i-h,y)—f(w,y)
The partial derivative of f with respect to y, written as df /9y, or fy, is defined as

af . f(w,y—f—k)—f(w,y)

o = (@) = iy =i, (11.2.2)

This definition shows two differences already. First, the notation changes, in the sense that we still use a version of Leibniz
notation, but the d in the original notation is replaced with the symbol 8. (This rounded “d” is usually called “partial,” so 0f /O is
spoken as the “partial of f with respect to x.”) This is the first hint that we are dealing with partial derivatives. Second, we now
have two different derivatives we can take, since there are two different independent variables. Depending on which variable we
choose, we can come up with different partial derivatives altogether, and often do.

v/ Example 11.2.1: Calculating Partial Derivatives from the Definition

Use the definition of the partial derivative as a limit to calculate 0f /9x and 8f /3y for the function
flz,y) =2 —3zy+2y° — 4z +5y—12.

Solution
First, calculate f(z +h, y).

f@+h,y) =(z+h)’—3(z+h)y+2y”° —4(z+h)+5y—12
= 2?4+ 2zh +h® —3zy — 3hy +2y° — 4z —4h+ 5y —12.

Next, substitute this into Equation 11.2.1and simplify:

— =lim
or h—=0 h
_ (% +2zh +h? —3zy — 3hy +2y? — 4z —4h +5y —12) — (2? — 3zy + 2y — 4z + 5y — 12)
hso h
T z? +2zh +h? —3zy — 3hy +2y* —4x —4h 4+ 5y — 12 — 2% + 3zy — 2y + 4z — 5y + 12
_hﬁo h
. 2zh+h? —3hy —4h
= lim
h—0 h
. h(2z+h-3y—4)
= lim
h—0 h
:}111_13(}(2a:+h—3y—4)
=2z —3y—4.
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3]
To calculate %f, first calculate f(z,y+h) :

fl+hy) =2>-3z(y+h)+2(y+h)?—4z+5(y+h)—12
=2? —3zy —3zh+2y® +4yh +2h® — 4z + 5y +5h — 12.

Next, substitute this into Equation 11.2.2and simplify:

6y h—0 h
i (2% —3zy — 3xh +2y% +4yh +2h%* — 4z + 5y +5h —12) — (22 — 3zy +2y% — 4z + 5y —12)
= o h
im z?2 —3zy — 3xzh +2y% +4yh +2h? —4z +5y +5h — 12 — 22 +3zy — 2y% +4x — 5y +12
h—0 h
. —3zh+4yh+2h® +5h
=lim
h—0 h
. h(-3z+4y+2h+5)
=lim
h—0 h
zlllg%(—&c +4y+2h+5)
=3z +4y+5

? Exercise 11.2.1

Use the definition of the partial derivative as a limit to calculate 8f /9z and 8f /dy for the function
f(z,y) = 4x? + 22y —y* + 3z — 2y +5.
Hint
Use Equations 11.2.1and 11.2.2from the definition of partial derivatives.

Answer

of =8z+2y+3
Oz

ﬁ:293—2y—2

Note: All differentiation rules you learned in Math 400 (product rule, quotient rule, chain rule, etc.) still apply.

v/ Example 11.2.2: Calculating Partial Derivatives

Calculate 9f /8z and Of / Dy for the following functions by holding the opposite variable constant then differentiating:
a f(z,y) =2%—3zy +2y? — 4z + 5y — 12
b. g(z,y) = sin(z?y — 2z +4)

Solution:

a. To calculate 8f / Oz, treat the variable y as a constant. Then differentiate f(z,y)with respect to z using the sum, difference,
and power rules:

% :3_6x [* —3zy +2y° — 4z + 5y — 12]
_ 9,2 0 9 021 a1+ O sy 8
=22—-3y+0-4+0-0
=2z -3y —4.
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The derivatives of the third, fifth, and sixth terms are all zero because they do not contain the variable z, so they are treated as
constant terms. The derivative of the second term is equal to the coefficient of z, which is —3y. Calculating df / Oy:

% :% [#? — 3zy + 2y — 4z + 5y — 12]
:%[ﬁ] _%[3@] +%[2yz] —%[43:] +%[5y] —%[12]
=-3z+4y—0+5—-0
= -3z +4y+5.

These are the same answers obtained in Example 11.2.1
b. To calculate dg/dz, treat the variable y as a constant. Then differentiate g(x, y) with respect to z using the chain rule and

power rule:

% :% [sin(mQy —2z+4)]

= cos(zy — 2z —1—4)%[3323/ — 2z +4]

= (2zy —2) cos(z’y — 2z + 4).

To calculate dg/dy, treat the variable x as a constant. Then differentiate g(x,y) with respect to y using the chain rule and
power rule:

% :% [sin(z®y — 2z +4)]

= cos(z’y — 2z +4)%[m2y — 2z +4]

= 22 cos(z’y — 2z + 4).

? Exercise 11.2.2

Calculate 0f / Oz and f / By for the function
fz,y) = tan(z® — 32%y* +2y*)
by holding the opposite variable constant, then differentiating.

Hint
Use Equations 11.2.1and 11.2.1from the definition of partial derivatives.

Answer
8f 9 2 2/ 3 2,2 4
%Z(&B —6xy*)sec’(z” — 3z y” +2y%)
of 2 3 2( 3 242 a
%z(_ﬁx y +8y°)sec”(z® — 3z°y” + 2y*)

Note: The remainder of this section is not necessary for Math 420. | am leaving it for those who may wish to have a
better understanding of the concepts discussed here.

How can we interpret these partial derivatives? Recall that the graph of a function of two variables is a surface in R3. If we remove
the limit from the definition of the partial derivative with respect to x, the difference quotient remains:

f(m+h,yh)—f(w,y)_ (11.2.3)
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This resembles the difference quotient for the derivative of a function of one variable, except for the presence of the y variable.
Figure 11.2.1illustrates a surface described by an arbitrary function z = f(z, y).

Zz

(x. y. f(x, y))

secant line

(x +hy fix+hy)

Figure 11.2.1: Secant line passing through the points (z,y, f(z,y)) and (z + h,y, f(z + h,y)).

In Figure 11.2.1, the value of h is positive. If we graph f(z,y)and f(z + h,y) for an arbitrary point (z, y), then the slope of the
secant line passing through these two points is given by

f(w+hay)_f(may)
A .

This line is parallel to the z-axis. Therefore, the slope of the secant line represents an average rate of change of the function f as
we travel parallel to the z-axis. As h approaches zero, the slope of the secant line approaches the slope of the tangent line.

(11.2.4)

If we choose to change y instead of x by the same incremental value &, then the secant line is parallel to the y-axis and so is the
tangent line. Therefore, f / Oz represents the slope of the tangent line passing through the point (z,y, f(z,y))parallel to the z-
axis and 8f / Oy represents the slope of the tangent line passing through the point (z, y, f(z, y))parallel to the y-axis. If we wish to
find the slope of a tangent line passing through the same point in any other direction, then we need what are called directional
derivatives, which is another topic from Math 402 (multivariable calculus).

This page titled 11.2: Partial Derivatives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by OpenStax via
source content that was edited to the style and standards of the LibreTexts platform.
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11.2.1: Partial Derivatives (Exercises)

In the following exercise, calculate the partial derivative using the limit definitions only.

0,
1) @z for z = x? — 3zy + >
Answer
0z
— =-3z+2y
Oy

In exercises 2 - 13, calculate the requested partial derivatives.

0z .
2) % for z = sin(3x) cos(3y)
3) 0= for z =sin(3xz) cos(3y)
— =sin(3z
6y y
Answer
0= _ —3sin(3z) sin(3y)
Ay
4) g—; and % for z = z8e3y
5) % and % for z =In(z® +y*)
Ox Oy
Answer
9 _ o . 02 _ a)
or Syt Oy T abyt

6) Find f,(z,y) for f(z,y) = e cos(x) sin(y).

19) 0
7) Let z=¢€". Find el and —Z.

Oz Oy

Answer
% =ye™; % =ze™
0z
a.
9) Let z =tan(2z —y). Find % and %

0.
8) Let z=1In(2Z). Find 2 and
v Ox

Answer

0z 5 0z 9
% = 2sec’(2z —vy), % sec’(2z —y)

[
9
11) Let f(z,y) = arctan(Z). Evaluate f,(2,—2) and f,(2, —2).

T

10) Let z = sinh(2z + 3y). Find g—; and

Answer
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T

12) Let f(z,y) = Find f,(2, —2) and f, (2, —2).

13) Find % at (0,1) for z=e *cos(y) .

14) Express the volume of a right circular cylinder as a function of two variables:

a. its radius 7 and its height h.
b. Show that the rate of change of the volume of the cylinder with respect to its radius is the product of its circumference
multiplied by its height.

c. Show that the rate of change of the volume of the cylinder with respect to its height is equal to the area of the circular base.

Answer
a.V(r,h) =nr’h
b B—V =2nrh
or
o,
c. o r

nRT
gives the pressure at a point in a gas as a function of temperature 7" and volume V. The letters

15) The function P(T,V) =

oP oP
n and R are constants. Find — and T and explain what these quantities represent.

This page titled 11.2.1: Partial Derivatives (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.
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11.3: Determinants and Cramer's Rule for 2 X 2 Matrices

2 X 2 Determinants

Let A be an n x n matrix. That is, let A be a square matrix. The determinant of A, denoted by det (A) is a very important
number which we will explore throughout this section.

If A is a 2x2 matrix, the determinant is given by the following formula.

# Definition 11.3.1 Determinant of a Two By Two Matrix

det (A) = ad —bc
The determinant is also often denoted by enclosing the matrix with two vertical lines. Thus

det [a b] =
c d

a b
c d

’:ad—bc

The following is an example of finding the determinant of a 2 x 2 matrix.

v/ Example 11.3.1

Find det (A) for the matrix A = [ i g] .

Solution
From Definition 11.3.1,

det (A) = (2) (6) — (4) (~1) =12 +4 =16

Cramer’s Rule for a 2 x 2 Matrix

Cramer's Rule gives a way to solve systems of equations using determinants. Although it may seem as though it is a more difficult
way to solve systems of equations when the coefficients are constants, it is a much more efficient way to solve systems with
functions as coefficients, which is predominantly what we see in differential equations. We omit the proof as it requires a
significant amount of linear algebra.

<& Theorem 11.3.1 Cramer's Rule for a 2 x 2 Matrix

Consider the following system of equations:

a1121 +a122 =by
a21%1 +azTy = by

Let A= [(111 a12] and b= [bl] .
a1 az by

Let A; be the matrix where the first column of A has been replaced with b and A, the matrix where the second column of A
has been replaced with b.

by a2
o — det (Al) - bg a9
' det (4) ai; a2
a1 Qg2

and
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aj; by
oy — det (As) _lan b
2T det (A) N ajl; a2
az1 Qa2
v/ Example 11.3.2
Use Cramer's Rule to solve
3x1 +5x9 =19
721,‘1 — 41‘2 =13
Solution
We have Let A = [3 5] and b= [19].
7T —4 13
19 5
det (A4;) 13 —4 —141
.’L‘l = = = = 3
det (A) 3 5 —47
7 —4
and
‘ 3 19 ‘
det (A4,) 7 13 —94
1:2 = = = = 2
det (A) ’ 3 5 ’ —47
7T —4
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11.3.1: Determinants and Cramer's Rule for 2 X 2 Matrices (Exercises)

In Exercises 1-3 find the determinant of the given matrix.

(1 -3
1.
13 2
[4
2. 3
5 —2 ]
(4 3
3.
16 2
In Exercises 4-6 use Cramer's Rule to find the solution to the given systems.
4 +2y =1
20 —y =2
5z —8y =—-3
5.
Tz —y =6
6 3z +4y =23
“4x -3y =14

This page titled 11.3.1: Determinants and Cramer's Rule for 2 X 2 Matrices (Exercises) is shared under a CC BY 4.0 license and was authored,
remixed, and/or curated by Ken Kuttler (Lyryx) via source content that was edited to the style and standards of the LibreTexts platform.
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11.4: Determinants and Cramer's Rule for n x n Matrices

n X n Determinants

The 2 X 2 determinant we looked at in Section 11.3 can be used to find the determinant of larger matrices. We will now explore
how to find the determinant of a 3 x 3 matrix, using several tools, including the 2 x 2 determinant.

We begin with the following definition.

# Definition 11.4.1 The 45" Minor of a Matrix

Let A be a 3 x 3 matrix. The i;% minor of A, denoted as minor(A), ;» is the determinant of the 2 X 2 matrix which results
from deleting the ?* row and the j%* column of A4.

In general, if A is an n X n matrix, then the 5% minor of A is the determinant of the n —1 xn—1 matrix which results
from deleting the 5™ row and the j* column of A.

Hence, there is a minor associated with each entry of A. Consider the following example which demonstrates this definition.

v/ Example 11.4.1

Let

N W N
=N W

Find minor(A),, and minor(A),,.

Solution
First we will find minor(A),,. By Definition 11.4.], this is the determinant of the 2 x 2 matrix which results when you delete
the first row and the second column. This minor is given by

minor(A),, = det [;1 i] =-2

Similarly, minor(A),, is the determinant of the 2 X 2 matrix which results when you delete the second row and the third
column. This minor is therefore

minor(A),, = det [; ;] =—4

Finding the other minors of A is left as an exercise.

The 45 minor of a matrix A is used in another important definition, given next.

# Definition 11.4.2 The 45t Cofactor of a Matrix

Suppose A is an n x . matrix. The 35 cofactor, denoted by Cj;j is defined to be

Cij = (—1)i+jmin0T(A)ij

It is also convenient to refer to the cofactor of an entry of a matrix as follows. If a;; is the ¢ 4t entry of the matrix, then its cofactor
is just Cij .
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Consider the matrix

N W N
= N W

Find 012 and 023.

Solution
We will use Definition 11.4.2to compute these cofactors.

First, we will compute C15:
Cia = (—1)'"2 det [; i] =(-1)(-2)=2.

Similarly, we can find Cy3:

3 2

Chs = (—1)**3 det [1 2] —(—1)(-4) =4,

You may wish to find the remaining cofactors for the above matrix. Remember that there is a cofactor for every entry in the matrix.

We have now established the tools we need to find the determinant of a 3 x 3 matrix.

# Definition 11.4.3 The Determinant of a Three By Three Matrix

Let A be a 3 x 3 matrix. Then, det (A) is calculated by picking a row (or column) and taking the product of each entry in that
row (column) with its cofactor and adding these products together.

This process when applied to the i row (column) is known as expanding along the i*" row (column) and is given by

det (A) = ai1Ci +a2Ci +ai3Cis

When calculating the determinant, you can choose to expand any row or any column. Regardless of your choice, you will always
get the same number which is the determinant of the matrix A. This method of evaluating a determinant by expanding along a row
or a column is called Cofactor Expansion.

Consider the following example.

v/ Example 11.4.3

Let

1
A= 14
3

N W N

Find det (A) using the method of Cofactor Expansion.

Solution

First, we will calculate det (A) by expanding along the first column. Using Definition 11.4.3, we take the 1 in the first column
and multiply it by its cofactor,

3 2

1(_1)1+1 5 1

-1 =-1

Similarly, we take the 4 in the first column and multiply it by its cofactor, as well as with the 3 in the first column. Finally, we
add these numbers together, as given in the following equation.
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det (4) = 1(—1)'*

Calculating each of these, we obtain
det(A)=1(1)(-1)+4(-1)(-4)+3(1)(-5)=-1+16+-15=0
Hence, det (4) =0.

As mentioned in Definition 11.4.3 we can choose to expand along any row or column. Let’s try now by expanding along the
second row. Here, we take the 4 in the second row and multiply it to its cofactor, then add this to the 3 in the second row
multiplied by its cofactor, and the 2 in the second row multiplied by its cofactor. The calculation is as follows.

Can Cx Ca

2 3 1 3
2 1 3 1

det (A) =4(—1)*""

’ +3(_1)2+2

1 2 ‘
3 2
Calculating each of these products, we obtain

det (A)=4(-1)(-4)+3(1)(-8)+2(-1)(-4)=0

You can see that for both methods, we obtained det (4) =0.

As mentioned above, we will always come up with the same value for det (A) regardless of the row or column we choose to
expand along. You should try to compute the above determinant by expanding along other rows and columns. This is a good way to
check your work, because you should come up with the same number each time.

We present this idea formally in the following theorem, which we state without proof.

# Theorem 11.4.1 The Determinant is Well Defined

Expanding the n X n matrix along any row or column always gives the same answer, which is the determinant.

There will be times when we need to find the determinant of a matrix with function entries instead of constants; we give an
example here.

v/ Example 11.4.4

Suppose
e 0 0
A()=10 cost sint
0 —sint cost

Find the determinant of A(t).

Solution
It is clear we should expand about the first row or column and either way we get:

det (A (t)) = e (cos® t +sin’t) = et .

We have now looked at the determinant of 2 x 2 and 3 x 3 matrices. It turns out that the method used to calculate the determinant
of a 3 x 3 matrix can be used to calculate the determinant of any sized matrix.

For example, the 75 minor of a 4 x 4 matrix is the determinant of the 3 x 3 matrix you obtain when you delete the " row and
the 5% column. Just as with the 3 x 3 determinant, we can compute the determinant of a 4 x 4 matrix by Cofactor Expansion,
along any row or column

Consider the following example.
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Find det (A) where

[SUREE N R
N Ol W o

W = Ot =
= W N

Solution
As in the case of a 3 X 3 matrix, you can expand this along any row or column. Lets pick the third column. Then, using

Cofactor Expansion,

5 4 3 1 2 4
det (A)=3(-1)"3|1 3 5|+2(-1)*"|1 3 5|+
3 4 2 3 4 2
1 2 4 2 4
4(-1)*3 15 4 3(+3(-1)*3|5 4 3
3 4 2 1 35

Now, you can calculate each 3 X 3 determinant using Cofactor Expansion, as we did above. You should complete these as an
exercise and verify that det (4) = —12.

The following provides a formal definition for the determinant of an n X n matrix. You may wish to take a moment and consider
the above definitions for 2 X 2 and 3 x 3 determinants in context of this definition.

# Definition 11.4.4 The Determinant of an n x n Matrix

Let A be an n X n matrix where n > 2 and suppose the determinant of an (n —1) x (n — 1) has been defined. Then
n n
det (A) = Z aijCij = Z aijCij
=1 =1

The first formula consists of expanding the determinant along the i row and the second expands the determinant along the 5%

column.

The Determinant of a Triangular Matrix

There is a certain type of matrix for which finding the determinant is a very simple procedure. Consider the following definition.

# Definition 11.4.5 Triangular Matrices

Ann xn matrix A is upper triangular if a;; = 0 whenever ¢ > j. Thus the entries of such a matrix below the main diagonal
equal 0, as shown. Here, * refers to any number.

* % *
0 =

5 . .%
0O --- 0 =«

A lower triangular matrix is defined similarly as a matrix for which all entries above the main diagonal are equal to zero.

The following theorem provides a useful way to calculate the determinant of a triangular matrix.
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& Theorem 11.4.2 Determinant of a Triangular Matrix

Let A be an upper or lower triangular matrix. Then det (A) is obtained by taking the product of the entries on the main
diagonal.

The verification of this Theorem can be done by computing the determinant using Cofactor Expansion along the first row or
column.

Consider the following example.

v/ Example 11.4.6

Let
1 2 3 77
A 0 2 6 7
0 0 3 33.7
0 0 0 -1
Find det (A4).
Solution

From Theorem 11.4.2 it suffices to take the product of the elements on the main diagonal. Thus
det (4) = (1)(2)(3)(-1) = —6.

Without using Theorem 11.4.2 you could use Cofactor Expansion. We will expand along the first column. This gives

2 6 7 2 3 77
det(4)=1(-1)""'0 3 33.7|+0(-1)*"'|0 3 33.7|+
00 -1 00 -1
2 3 77 2 3 77
o-1)>*2 6 7[+0(-1)""|2 6 7
00 —1 0 3 33.7
2 6 7
=1(-1)""|o 3 33.7
00 -1
2 6 7
=|0 3 33.7
00 -1

Now find the determinant of this 3 x 3 matrix, by expanding along the first column to obtain

3 33.7 6 7 6 7
th:2_11+1 0_12+1 0_13+1
et(d) =21 —1‘+() o —1| 70Ty 55y

3 33.7
— (1)
O] e

Next find the determinant of this 2 x 2 matrix, which is just (3)(—1). Putting all these steps together, we have
det (4) = (1)(2)(3)(—-1) = -6

which is just the product of the entries down the main diagonal of the original matrix.

You can see that while both methods result in the same answer, Theorem 11.4.2provides a much quicker result.
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Cramer’s Rule for an n X n Matrix
Cramer's Rule for n x n matrices is similar to what we did in Section 11.3 for 2 x 2 matrices; we state the generalized theorem

here.

& Theorem 11.4.3: Cramer's Rule for an n x n Matrix

Consider the following system of equations:

a11%1 + a2 4+ - +ainTy, = by

Qn1T1 +An2T2 + - + QppTn = by
ann v A by
Let A= : and b=
an1 - Gnp by,
Let A; be the matrix where the i column of A has been replaced with b.
Then
det (Az)
~ det (A)

Li

v/ Example 11.4.7

Use Cramer's Rule to solve:

T1+2x9+23 =1
3r1+2x9 + 23 =2
2c; — 39 +223 =3

1 2 1 1
Wehave A= | 3 2 1| andb= |2
2 -3 2 3
Solution
In order to find x1, we calculate
- det (Al)
17 et (A)

where A; is the matrix obtained from replacing the first column of A with b.

Hence, A; is given by

1 2 1
A =2 2 1
3 -3 2
Therefore,
1 2 1
2 2 1
zl:det(Al)_ 3 -3 2 :l
det (A) 1 21 2
3 2 1
2 -3 2
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Similarly, to find x5 we construct Ay by replacing the second column of A with b. Hence, A, is given by

1 1 1
Ay=13 2 1
2 3 2
Therefore,
1 11
3 2 1
det (As) 2 3 2 1
T %et(4) 1 2 1| 7
3 2 1
2 -3 2

Similarly, A3 is constructed by replacing the third column of A with b. Then, As is given by

1 21
A;=13 2 2
2 -3 3

Therefore, 3 is calculated as follows.

. det (A3) o
 det(4)

11
14

T3

N W RN W R
|
o
O IR

Again, there will be times when we need to solve systems with functions as coefficients instead of constants; we give an example
here.

v/ Example 11.4.8

Use Cramer's Rule to solve for x3:
L1 = 1
(€' cost)xy + (€' sint)zz =t
(—etsint)zy + (ef cost)zs = t2

1 0 0 1
Wehave A= |0 elcost e'sint| andb=| ¢t
0 —etsint efcost t2

Solution
We are asked to find the value of z3 in the solution. We will solve using Cramer’s rule. Thus

1 0 1
0 elcost t
0 —elsint ¢ t?et cost +telsint 5, _, .
x3 = = — —te cost+te "sint
1 0 0 e*t cos?t +e? sin” t

0 etcost elsint

0 —etsint etcost
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11.4.1: Determinants and Cramer's Rule for n x n Matrices (Exercises)

1 2 4
1.LetA=| 0 1 3] .Find the following.
-2 5 1

a. minor(4)11
b. minor(A)a
c. minor(A)ss
d Cn
e. 021
f. Cs9

2. Find the determinants of the following matrices.

[1 2 3

jobl
w
Nl \V)
co N

o
T

R H R W R AO
|
o I w
w 0 N

N O W L— 1

N = W N

Answer

a. The answer is 31.
b. The answer is 375.
c. The answer is —2.

3. Find the following determinant by expanding along the first row and second column.

Answer

2 1 3|=6
2 11

4. Find the following determinant by expanding along the first column and third row.

1 2 1
1 0 1
2 1
Answer
2 1
0 1|=2
11

5. Find the following determinant by expanding along the second row and first column.
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1 2 1
2 1 3
2 1
Answer
1 1
2 1 3|=6
2 1

6. Compute the determinant by cofactor expansion. Pick the easiest row or column to use.

1 0 01
2 1 1 0
0 0 0 2
2 1 3 1
Answer
1 0 0 1
2 1 10 _ 4
00 0 2
2 1 3 1
7. Find the determinant of the following matrices.
WA 1 -34
0o 2
(4 3 14
bbA=|0 -2 0
|0 0 5
(2 3 15 0
CA— 04 1 7
0 0 -3 5
00 0 1
8. Use Cramer’s rule to find the solution to
1 +2x9+a3=1
2.’121—.’132—1‘3:2
1 t+a3=1
Answer
Solution is: [z; =1, 23 =0, z3 = 0] . For example,
1 1 1
2 2 -1
11 1
= :0
Y 1 2 1
2 -1 -1
1 0 1

9. Use Cramer’s rule to find the solution to

T+ 22 — 223 =14
21 — 29 +x3=0
6x1 +3xs +4x3 =1
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10. Use Cramer’s rule to find the solution to
2¢1 +xo+a3=4
10xy — 229 + 223 = —1
6xy —2x9 +4x3 =8

This page titled 11.4.1: Determinants and Cramer's Rule for n x n Matrices (Exercises) is shared under a CC BY 4.0 license and was authored,
remixed, and/or curated by Ken Kuttler (Lyryx) via source content that was edited to the style and standards of the LibreTexts platform.
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11.5: Elementary Row Operations and Gaussian Elimination

In this section and the next we will briefly go over the computational aspects from linear algebra necessary for chapter 10. If you
have not had linear algebra, then you are unlikely to understand why everything is true, but you need only be able to perform the
calculations to be able to solve the problems that occur in chapter 10. For a thorough understanding of these topics it is best to take
a class in linear algebra - highly recommended for anyone studying mathematics, physics, engineering...or anything.

Consider the following system of equations:

r+b+g =30
r=2g (11.5.1)
b=r+g

Let’s rewrite these equations so that all variables are on the left of the equal sign and all constants are on the right. Also, for a bit
more consistency, let’s list the variables in alphabetical order in each equation. Therefore we can write the equations as

b + g + r = 30
- 29 + r = 0. (11.5.2)
b + g + r =0

There isn’t just one “right” way of finding the solution to this system of equations, but for simplicity we will only consider one
very simple method.

The methods discussed below are not what we would do in linear algebra, though they suffice for our needs in this class.

First, lets add the first and last equations together, and write the result as a new third equation. This gives us:

b + g + r = 30
- 29 + » = 0.
2g + 2r = 30

A nice feature of this is that the only equation with a b in it is the first equation.

Now let’s multiply the second equation by — % This gives

b + g + r = 30
g — 1/2r = 0.
29 + 2r = 30

Let’s now do two steps in a row; our goal is to get rid of the g’s in the first and third equations. In order to remove the g in the first
equation, let’s multiply the second equation by —1 and add that to the first equation, replacing the first equation with that sum. To
remove the g in the third equation, let’s multiply the second equation by —2 and add that to the third equation, replacing the third
equation. Our new system of equations now becomes

b + 3/2r = 30
g — 1/2r = 0.
3r = 30

Clearly we can multiply the third equation by % and find that » = 10; let’s make this our new third equation, giving

b + 3/2r = 30
g — 1/2r = 0.
r = 10

Now let’s get rid of the ’s in the first and second equation. To remove the 7 in the first equation, let’s multiply the third equation

by —% and add the result to the first equation, replacing the first equation with that sum. To remove the 7 in the second equation,
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we can multiply the third equation by % and add that to the second equation, replacing the second equation with that sum. This
gives us:

b = 15
5.
r = 10

)
I

Clearly we have discovered our solution.

Let's consider the idea that all that really matters are the coefficients and the constants. There is nothing special about the letters b,
g and r; we could have used z, y and z or x;, 2 and x3. And even then, since we wrote our equations so carefully, we really
didn’t need to write the variable names at all as long as we put things “in the right place.”

Let’s look again at our system of equations in (11.5.2)and write the coefficients and the constants in a rectangular array. This time
we won’t ignore the zeros, but rather write them out.

b + g + r = 30 1 1 1 30
-2 4+ r =0 & 0 -2 1 0
b 4+ g + 1 =0 -1 1 1 0

Notice how even the equal signs are gone; we don’t need them, for we know that the last column contains the constants.

We have just created a matrix. The definition of matrix is remarkable only in how unremarkable it seems.

# Definition: Matrix

A matrix is a rectangular array of numbers.

The horizontal lines of numbers form rows and the vertical lines of numbers form columns. A matrix with m rows and n
columns is said to be an m X n matrix (“an m by n matrix”).

The entries of an m X n matrix are indexed as follows:

aiz G2 @13 - Qip

a1 G2 Q23 - Q2p

asy az2 Qagz - agp
LAm1 Gm2 Gm3 - Qmp |

That is, agy means “the number in the third row and second column.”

In the future, we’ll want to create matrices with just the coefficients of a system of linear equations and leave out the constants.
Therefore, when we include the constants, we often refer to the resulting matrix as an augmented matrix.

We can use augmented matrices to find solutions to linear equations by using essentially the same steps we used above. Every time
we used the word “equation” above, substitute the word “row,” as we show below. The comments explain how we get from the
current set of equations (or matrix) to the one on the next line.

We can use a shorthand to describe matrix operations; let Ry, Ry represent “row 1” and “row 2,” respectively. We can write “add
row 1 to row 3, and replace row 3 with that sum” as “R; + R3 — R3 .” The expression “R; <+ Ry ” means “interchange row 1 and

row 2.”
b + g + r = 30 1 1 1 30
— 29 + r = 0 0 -2 1 0
b+ g + r =0 -1 1 1 0

Replace row 3 with the sum of rows 1 and 3.

Replace equation 3 with the sum of equations 1 and 3
(R1 + R3 — R3)
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b + g + r = 30
- 29 + r =0
29 + 2r = 30

Multiply equation 2 by —%

b + g + r = 30
g + —-1/2r = 0
29 + 2r = 30
Replace equation 1 with the sum of (—1) times equation 2 plus
equation 1;
Replace equation 3 with the sum of (—2) times equation 2 plus
equation 3
b + 3/2r = 30
g — 1/2r = 0
3r = 30
Multiply equation 3 by %
b + 3/2r = 30
g — 1/2r = 0
r = 10
Replace equation 2 with the sum of % times equation 3 plus
equation 2;
Replace equation 1 with the sum of — % times equation 3 plus
equation 1
b = 15
g = 5
r = 10

1 1 1 30
0 -2 1 0
0 2 2 30

Multiply row 2 by — %
(~1Rs— Ry)

|'o 11 30'|
1
01 -5 0
02 2 30
Replace row 1 with the sum of (—1) times row 2 plus row 1
(—R2+ Ry — Ry);

Replace row 3 with the sum of (—2) times row 2 plus row 3
(—=2R2 + R3 — R3)

1o 2 30
1
01 —5 0
00 3 30
Multiply row 3 by %
(%Rg—)Rg)
3
1 0 5 30
1
01 -5 0
00 1 10

Replace row 2 with the sum of % times row 3 plus row 2
(%Rs + Ry — Ry) ;

Replace row 1 with the sum of —% times row 3 plus row 1
(—%R:’, +R — Rl)

1 0 0 15
01 0 5
0 0 1 10

The final matrix contains the same solution information as we have on the left in the form of equations. Recall that the first column
of our matrices held the coefficients of the b variable; the second and third columns held the coefficients of the g and r variables,
respectively. Therefore, the first row of the matrix can be interpreted as “b+0g+ 0r = 15 ,” or more concisely, “b = 15.”

Let’s practice this idea again.

v/ Example 11.5.1

corresponding augmented matrices.

Solution

1 + X
2z, + 2x9
—1lx; 4+ xo

Find a solution to the following system of linear equations by simultaneously manipulating the equations and the

T3 = 0
I3 =0
2.173 = 2

We’ll first convert this system of equations into a matrix, then we’ll proceed by manipulating the system of equations (and
hence the matrix) to find a solution. Again, there is not just one “right” way of proceeding; we’ll choose a method that is pretty
efficient, but other methods certainly exist (and may be “better”). The method we use here, though, is the method that we will
be using in chapter 10.

The given system and its corresponding augmented matrix are seen below.

@0
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Original system of equations Corresponding matrix
x1 + a3 + x3 = 0 1 1 1 0
2171 A 2:132 + T3 = 0 2 2 1 0
—1z 1 + Lo - 2z 3 = 2 -1 1 -2 2

We’ll proceed by trying to get the 2, out of the second and third equation.

Replace row 2 with the sum of (—2) times row 1 plus row 2
(—2R1 + Ry — Rz) ;
Replace row 3 with the sum of row 1 and row 3
(R1+ R; — R3)

Replace equation 2 with the sum of (—2) times equation 1 plus
equation 2;
Replace equation 3 with the sum of equation 1 and equation 3

1 + X2 + 3 = 0 11 1 0
—z3 = 0 0 0 -1 O
2112 — I3 = 2 0 2 —1 2

Notice that the second equation no longer contains z5. We’ll exchange the order of the equations so that we can follow the
convention of solving for the second variable in the second equation.

Interchange rows 2 and 3
Interchange equations 2 and 3 ge row

Rz(—>R3

1 + T = I3 = 0 11 1 0
20y — T3 = 2 0 2 -1 2

—z3 = 0 0 0 -1 0

Multiply row 2 by %
Multiply equation 2 by % ply i

1
(ER2_>R2)
T3 + T2 +  z3 0 11 1 0
Ty — 3y = 1 01 —3 1
—z3 = 0 0 0 -1 0

Multiply equation 3 by —1 Multiply row 3 by —1
(—1R3—>R3)
1 + x2 + T3 0 11 1 0
Ty — w3 = 1 01 —3 1
z3 = 0 00 1 O

Notice that the last equation (and also the last row of the matrix) show that 3 = 0. Knowing this would allow us to simply
eliminate the 3 from the first two equations. However, we will formally do this by manipulating the equations (and rows) as
we have previously.

Replace equation 1 with the sum of (—1) times equation 3 plus ~ Replace row 1 with the sum of (—1) times row 3 plus row 1
equation 1; (-R3+ Ry — Ry);
Replace equation 2 with the sum of % times equation 3 plus Replace row 2 with the sum of % times row 3 plus row 2
equation 2 (% R;+ Ry, — Ry)
Ty + X2 = 0 1 1 0 0
To =1 01 01
zz = 0 0 010

Notice how the second equation shows that o = 1. All that remains to do is to solve for ;.
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Replace equation 1 with the sum of (—1) times equation 2 plus Replace row 1 with the sum of (—1) times row 2 plus row 1
equation 1 (=R2+ R1 — R1)
T = -1 1 0 0 -1
T = 1 01 0 1
zz = 0 0 01 0
Obviously the equations on the left tell us that z; = —1, 2 =1 and 23 = 0, and notice how the matrix on the right tells us the
same information.

We didn’t justify our ability to manipulate our equations in the above three ways; it seems rather obvious that we should be able to
do that. In that sense, these operations are “elementary.” These operations are elementary in another sense; they are fundamental —
they form the basis for much of what we will do. Since these operations are so important, we list them again here in the context of
matrices.

X Key Idea 11.5.1: Elementary Row Operations

1. Add a scalar multiple of one row to another row, and replace the latter row with that sum
2. Multiply one row by a nonzero scalar
3. Swap the position of two rows

Given any system of linear equations, we can find a solution (if one exists) by using these three row operations. Elementary row
operations give us a new linear system, but the solution to the new system is the same as the old. We can use these operations as
much as we want and not change the solution. This brings to mind two good questions:

1. Since we can use these operations as much as we want, how do we know when to stop? (Where are we supposed to “go” with
these operations?)
2. Is there an efficient way of using these operations? (How do we get “there” the fastest?)

We’ll answer the first question first. Most of the time we will want to take our original matrix and, using the elementary row
operations, put it into something called reduced row echelon form. This is our “destination,” for this form allows us to readily
identify whether or not a solution exists, and in the case that it does, what that solution is.

When we manipulated matrices above to find solutions, we were unwittingly putting the matrix into reduced row echelon form.
However, not all solutions come in such a simple manner as we'll see shortly.

# Definition: Reduced Row Echelon Form

A matrix is in reduced row echelon form if its entries satisfy the following conditions.

1. The first nonzero entry in each row is a 1 (called a leading 1).

2. Each leading 1 comes in a column to the right of the leading 1s in rows above it.
3. All rows of all Os come at the bottom of the matrix.

4. If a column contains a leading 1, then all other entries in that column are 0.

A matrix that satisfies the first three conditions is said to be in row echelon form.

v/ Example 11.5.2

Which of the following matrices is in reduced row echelon form?

10
d.
L0 1]
1
N
0 1 2
00
C.
L0 0]
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d.

T 1
—_

S O Wk ©O OwWw O

S = O
S Ot

—
O RO OO0 O RO O RO -
O R PO OO ONODO © 09 =
—_ O OO0 ONDO WO o oF O

0

Solution

The matrices in a), b), c), d) and g) are all in reduced row echelon form. Check to see that each satisfies the necessary
conditions.

The matrix in e) is not in reduced row echelon form since the row of all zeros is not at the bottom. The matrix in f) is not in
reduced row echelon form since the first nonzero entries in rows 2 and 3 are not 1. Finally, the matrix in h) is not in reduced
row echelon form since the first entry in column 2 is not zero; the second 1 in column 2 is a leading one, hence all other entries
in that column should be 0.

We’ve just answered the first question: most of the time we are “going to” reduced row echelon form. This brings us to the second
question, “How do we get there quickly?” We address the second question now.

There is no one “right” way of using these operations to transform a matrix into reduced row echelon form. However, there is a
general technique that works very well in that it is very efficient (so we don’t waste time on unnecessary steps). This technique is
called Gaussian elimination. It is named in honor of the great mathematician Karl Friedrich Gauss.

While this technique isn’t very difficult to use, it is one of those things that is easier understood by watching it being used than
explained as a series of steps. With this in mind, we will go through one more example highlighting important steps and then we’ll
explain the procedure in detail.

v/ Example 11.5.3

Put the augmented matrix of the following system of linear equations into reduced row echelon form.

—3x1 — 3o + 9x3 = 12
21 + 2xo — dz3 = -2
—2152 - 4£L'3 = -8

Solution
We start by converting the linear system into an augmented matrix.

-3 9 12
2 2 -4 -2
0 -2 -4 -8

Our next step is to change the entry in the box to a 1. To do this, let’s multiply row 1 by —%.

1 1 -3 -4
0 -2 —4 -8

@ 0 a 11.5.6 https://math.libretexts.org/@go/page/120065



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/3.0/
https://math.libretexts.org/@go/page/120065?pdf

LibreTexts"

We have now created a leading 1; that is, the first entry in the first row is a 1. Our next step is to put zeros under this 1. To do
this, we’ll use the elementary row operation given below.

1 1 -3 —4
—2R1+ Ry — R, 0o [o] 2 6
0 -2 -4 -8

Once this is accomplished, we shift our focus from the leading one down one row, and to the right one column, to the position
that is boxed. We again want to put a 1 in this position. We can use any elementary row operations, but we need to restrict
ourselves to using only the second row and any rows below it. Probably the simplest thing we can do is interchange rows 2 and
3, and then scale the new second row so that there is a 1 in the desired position.

1 1 -3 -4

RQ(—>R3 0 —4 -8

0 0 2 6
11 -3 —4
—+R, > R, 01 2 4
00 [2] 6

We have now created another leading 1, this time in the second row. Our next desire is to put zeros underneath it, but this has
already been accomplished by our previous steps. Therefore we again shift our attention to the right one column and down one
row, to the next position put in the box. We want that to be a 1. A simple scaling will accomplish this.

1 1 -3 —4
1Ry — Ry 01 2 4
00 1 3

This ends what we will refer to as the forward steps. Our next task is to use the elementary row operations and go back and put
zeros above our leading 1s. This is referred to as the backward steps. These steps are given below.

110 5
3R3+R1 — R 01 0 -2
—2R3+R2 > R

3+ 2 2 001 3|
[1 0 0 71

—R:+R1— R 01 0 -2
[0 0 1 3 ]

It is now easy to read off the solution as 1 =7, £ = —2 and z3 = 3.

In all of our practice so far, we’ve only encountered systems of linear equations with exactly one solution. Is this always going to
be the case? Could we ever have systems with more than one solution? If so, how many solutions could there be? Could we have
systems without a solution? These are some of the questions we’ll address now.

v/ Example 11.5.4

Find the solution to the linear system

gy + x = 1
2r1 4+ 2x9 '

Solution
Create the corresponding augmented matrix, and then put the matrix into reduced row echelon form.

@ 0 g 11.5.7 https://math.libretexts.org/@go/page/120065


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/3.0/
https://math.libretexts.org/@go/page/120065?pdf

LibreTexts"

1 1 1 — 1 1 1
rref
[2 2 2] [0 0 0}

Now convert the reduced matrix back into equations. In this case, we only have one equation,

T +a =1
or, equivalently,
Ir1 = 1-— )
11.5.3
Ty is free. ( )

We have just introduced a new term, the word free. It is used to stress that idea that 25 can take on any value; we are “free” to
choose any value for z5. Once this value is chosen, the value of z; is determined. We have infinite choices for the value of zo,
so therefore we have infinite solutions.

For example, if we set x5 = 0, then ;1 = 1; if we set 2 = 5, then 1 = —4.

Let’s try another example, one that uses more variables.

v/ Example 11.5.5

Find the solution to the linear system

) - T3 = 3
1 9P 2$3 = 2 .
—3xs + 3x3 = -9
Solution
To find the solution, put the corresponding matrix into reduced row echelon form.
0o 1 -1 3 N 10 2 2
1 0 2 2 rref 01 -1 3
0 -3 3 -9 00 0 O

Now convert this reduced matrix back into equations. We have

T1+2x3 =2
11.5.4
9 — I3 =3 ( )
or, equivalently,
r] — 2— 2333
Ty =3 +x3 (11.5.5)

x3 is free.

These two equations tell us that the values of x; and x5 depend on what z3 is. As we saw before, there is no restriction on
what 3 must be; it is “free” to take on the value of any real number. Once z3 is chosen, we have a solution. Since we have
infinite choices for the value of x3, we have infinite solutions.

As examples, 1 =2, 9 = 3, 3 =0 is one solution; £; = —2, £2 =5, £3 = 2 is another solution. Try plugging these values
back into the original equations to verify that these indeed are solutions.

We have now seen examples of systems with exactly one solution and others with infinite solutions. How will we recognize that a
system does not have a solution? Let’s find out through an example.

v/ Example 11.5.3

Find the solution to the linear system
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1 + X2 + x3

Ty + 23 + x3 = 2.
2c; + 3z + 223 = 0
Solution
We start by putting the corresponding matrix into reduced row echelon form.
1111 N 1 01 0
1 2 1 2 rref 01 00
23 20 0 0 0 1

Now let us take the reduced matrix and write out the corresponding equations. The first two rows give us the equations

1 +x3 =0
11.5.6
) =0. ( )

So far, so good. However the last row gives us the equation
0z; +0xy +0z3 =1

or, more concisely, 0 = 1. Obviously, this is not true; we have reached a contradiction. Therefore, no solution exists.

This page titled 11.5: Elementary Row Operations and Gaussian Elimination is shared under a CC BY-NC 3.0 license and was authored, remixed,
and/or curated by Gregory Hartman et al. via source content that was edited to the style and standards of the LibreTexts platform.

« 1.2: Using Matrices to Solve Systems of Linear Equations by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source:
https://github.com/APEXCalculus/Fundamentals-of-Matrix-Algebra.

« 1.3: Elementary Row Operations and Gaussian Elimination by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source:
https://github.com/APEXCalculus/Fundamentals-of-Matrix-Algebra.

o 1.4: Existence and Uniqueness of Solutions by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source:
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11.5.1: Elementary Row Operations and Gaussian Elimination (Exercises)

In Exercises 11.5.1.1- 11.5.1.4 state whether or not the given matrices are in reduced row echelon form. If it is not, state why.

? Exercise 11.5.1.1

1 0]
a.

b.

—_ O RO -

Answer
a. yes
b. no
c. no
d. yes

? Exercise 11.5.1.2
1 0 O

S OO0 O ©O

Answer
a. yes
b. yes
C. no
d. yes

? Exercise 11.5.1.3

1 11

a |0 1 1
L0 0 1
1 0 0

b.|0 1 0
L0 0 0
1 0 0

c |0 0 1
L0 0 0]
[1 0 0 -5

d|{0 1 0 7
L0 0 1 3
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Answer

a. no
b. yes
C. yes
d. yes

? Exercise 11.5.1.4

2

o

O O PO O OO0 © oo ©
O H OO O PO B ON O O

S O HO O OO0 © HO N

Answer

1. no
2. yes
3. yes
4. yes

In Exercises 11.5.1.5- 11.5.1.22 use Gaussian Elimination to put the given matrix into reduced row echelon form.

? Exercise 11.5.1.5

15
-3 -5
Answer
lo 5
0 1
? Exercise 11.5.1.6
;)
3 -2
Answer

o 1]

5
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Answer
[5 4]
0 0
? Exercise 11.5.1.8
-5 7
10 14
Answer
[1 —7/5]
0 0
? Exercise 11.5.1.9
-1 1 4
-2 1 1
Answer
[1 0 3]
01 7
? Exercise 11.5.1.10
7T 2 3
31 2
Answer
1 0 -1
01 5
? Exercise 11.5.1.11
3 -3 6
-1 1 =2
Answer
[1 -1 2]
0 0 O
? Exercise 11.5.1.12

4 5
—-12 15 18

Answer

K

|
o

S ot

o |
[N 9

| |
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-2 -4 -8
-2 -3 -5
2 3 6

Answer

1 00
0 10
0 0 1

? Exercise 11.5.1.14

211
1 11
2 1 2

Answer

1 00
0 10
0 0 1

? Exercise 11.5.1.15

1 2 1

Answer

? Exercise 11.5.1.16
1 2 3

= O

4 5
6 9

Answer

o O =
o = O
= o O

? Exercise 11.5.1.17

1 1 1 2

2 -1 -1 1

-1 1 1 0
Answer
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1 0 01
01 11
0 0 0O

? Exercise 11.5.1.18

2 -1 1 5
3 1 6 -1
3 0 5 0
Answer
1 0 0 5
01 0 2
0 0 1 -3

? Exercise 11.5.1.19

11 -1 7
2 1 0 10
3 2 -1 17

Answer

1 0 1 3
01 -2 4
0 0 0 O

? Exercise 11.5.1.20

4 1 8 15
11 2 7
3 1 5 11

Answer
1 0 3 4
01 -1 3
0 0 0 O

? Exercise 11.5.1.21

2 2131 4
1113 1 4

Answer

110000
0 01 3 1 4

1 -1 3 1 -2 9
2 -2 6 1 -2 13
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Answer

{1—13004]
0 0 01 -2 5

In Exercises 11.5.1.23- 11.5.1.36 find the solution to the given linear system. If the system has infinite solution, give 2 solutions.

? Exercise 11.5.1.23

2r; + 4z = 2
Ty + 2z = 1
Answer
x1 =1 —2x5 ; x5 is free. Possible solutions: ;1 =1, 29 =0 andx; = —1, 29 = 1.

? Exercise 11.5.1.24

—r; + bxzy = 3
2¢7 — 10zy = -6
Answer
x1 = —3+b5xy ; 9 is free. Possible solutions: 1 =3, 29 =0 and 1 = —8, 3 = —1

? Exercise 11.5.1.25

Ty + x> = 3
207 + xy = 4
Answer

.’E1:1;.’L‘2=2

? Exercise 11.5.1.26

-3y + Tzy = —7
2£E1 — 8:82 = 8

Answer
r1=0; 29 =—1

? Exercise 11.5.1.27

—_

21‘1 I 3.’1,'2
—2.131 — 3.132 =
Answer

No solution; the system is inconsistent.

? Exercise 11.5.1.28

T + 2z = 1
—X1 - 2.’1,'2 = 5
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Answer

No solution; the system is inconsistent.

? Exercise 11.5.1.29

—2r7 + 4xy + 4x3 = 6
1 — 3z + 2z3 = 1
Answer
1 =—11+10x3; x9 = —4 +4x3 ; x3 is free. Possible solutions: 1 = —11, 29 =—4, 23 =0 and ;1 = -1, 3 =0
and z3 =1.

? Exercise 11.5.1.30

-1 + 2z + 23 = 2

2y 4+ bxzy + x3 = 2

Answer
By = —% + %:133 ; Ty = %— %1‘3 ; z3 is free. Possible solutions: x; = —% , Ty = % , 23 =0 and z; = %, Ty = —% s
T3 — 1

? Exercise 11.5.1.31

—I1 — Ty +T3+ Ty = 0
—2x1 — 22 +23 = -1
Answer

1 =1—29—x4 ; xy is free; z3 =1 —2x4 ; x4 is free. Possible solutions: ©; =1, £ =0, z3=1, 4, =0 and
$1:—2,.’132=1,£L'3:—3,CC4:2

? Exercise 11.5.1.32

1 +zo+6234+924 = 0
—x] — I3 —21‘4 = =3
Answer
1 =3 —x3—2x4 ;xo =—3 —5x3 —Txy ;3 is free; x4 is free. Possible solutions: 1 =3, 2 = -3, 3 =0, x4 =0
andwl 20,2172 :—5,.1!3 :—1,1‘4 =1

? Exercise 11.5.1.33

2¢1 + x + 2xz3 = 0
1 + z2 + 3xz3 = 1
3z; + 2z + bxy = 3

Answer

No solution; the system is inconsistent.
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gy + 3z + 3x3 = 1
2r; — x93 + 2x3 = -1
4y + bxry + 8x3 = 2
Answer

No solution; the system is inconsistent.

? Exercise 11.5.1.35

Iy + 2.’1:2 + 2$3 =
2r; + x 4+ 3x3
3z1 + 3x2 + bx3

|
[N

Answer

= % = %1‘3 s Xy = % = %:1,‘3 ; x5 is free. Possible solutions: z; = <, 25 =

3 —%,mgzoandzlz—l,z2:0,a:3:1

? Exercise 11.5.1.36

2z + 4z, + 6x3
lxy, + 2x2 + 3zx3
—3$1 — 6$2 — 9$3 = -3

Il
— o

Answer

1 =1—2x9 —3x3 ; s is free; x3 is free. Possible solutions: 1 =1, 22 =0, z3 =0 andz; =8, 29 =1, x3 = —3

In Exercises 11.5.1.37- 11.5.1.4Q state for which values of & the given system will have exactly 1 solution, infinite solutions, or
no solution.

? Exercise 11.5.1.37

g, + 2z = 1
27 + 4z = k
Answer

Never exactly 1 solution; infinite solutions if & = 2; no solution if k £ 2.

? Exercise 11.5.1.38

Ty + 2z = 1
1 + krs = 1
Answer

Exactly 1 solution if k # 2 ; infinite solutions if k£ = 2 ; never no solution.

? Exercise 11.5.1.39

Ty + 229 = 1
1 + kxy = 2
Answer
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| Exactly 1 solution if k& # 2; no solution if k£ = 2; never infinite solutions.

? Exercise 11.5.1.40

Ty + 2z = 1
1 + 3z = k
Answer

Exactly 1 solution for all k.

11.5.1: Elementary Row Operations and Gaussian Elimination (Exercises) is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.

o 1.3.1: Exercises 1.3 by Gregory Hartman et al. is licensed CC BY-NC 3.0.
o 1.2.1: Exercises 1.2 by Gregory Hartman et al. is licensed CC BY-NC 3.0.
o 1.4.1: Exercises 1.4 by Gregory Hartman et al. is licensed CC BY-NC 3.0.
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11.6: Eigenvalues and Eigenvectors

In this section, as well as in chapter 10, we will write systems of equations as AZ = b where the matrix A is made up of the

coefficients of the variables, Z represents the variables 1, z2, 3, etc., and b is made up of the constants on the right side of
the equation. For example, the system

3y + 4z + bxg = T
—r; + ® — 3zz3 = 1
27 — 2x9 + 33 = 5
will be written as A% = b where
3 4 5 L1 .
A=|-1 1 -3|, Z=|z|, and b=|1]. (11.6.1)
2 -2 3 T3 5

2 and b are called n x 1 column vectors.

# Definition: Eigenvalues and Eigenvectors

Let A be an n X n matrix, Z a nonzero n x 1 column vector and \ a scalar. If
AZ = )\7,

then Z is an eigenvector of A and ) is an eigenvalue of A.

The word “eigen” is German for “proper” or “characteristic.” Therefore, an eigenvector of A is a “characteristic vector of A.” This
vector tells us something about A.

Note that our definition requires that A be a square matrix. Also note that Z must be nonzero. Why? What if £ =07? Then no
matter what X is, AZ = AZ . This would then imply that every number is an eigenvalue; if every number is an eigenvalue, then we

wouldn’t need a definition for it. Therefore we specify that Z # 0.

Our last comment before trying to find eigenvalues and eigenvectors for given matrices deals with “why we care.” Did we stumble
upon a mathematical curiosity, or does this somehow help us build better bridges, heal the sick, send astronauts into orbit, design
optical equipment, and understand quantum mechanics? The answer, of course, is “Yes." This is a wonderful topic in and of itself:
we need no external application to appreciate its worth. At the same time, it has many, many applications to “the real world.” A
simple Internet search on “applications of eigenvalues” will confirm this.

Before we can talk about how to find eigenvalues and eigenvectors we need the following definition:

& Definition: Identity Matrix

The n X n matrix with 1’s on the diagonal and zeros elsewhere is the n X n identity matrix, denoted I,,. When the context
makes the dimension of the identity clear, the subscript is generally omitted.

We show a few identity matrices below.

10 0 1000
1 0 01 00
I = I3=10 1 0 Iy =
2[01]’3001’40010
0 0 01
Given a square matrix A, we want to find a nonzero vector # and a scalar A such that AZ = AZ. We will solve this using the skills

we developed in Section 11.5.
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AZ =A% original equation
AZ - )¢ =0 subtract AZ from both sides (11.6.2)
(A=XD)Z =0 factor out Z

Think about this last factorization. We are likely tempted to say

AF )i = (AN,
but this really doesn’t make sense. After all, what does “a matrix minus a number” mean? We need the identity matrix in order for
this to be logical.

Let us now think about the equation (A —A\I)Z =0 . While it looks complicated, it really is just matrix equation of the type we
solved in the previous section.

This type of equation always has a solution, namely, Z =0. However, we want Z to be an eigenvector and, by the definition,
eigenvectors cannot be 0.

This means that we want solutions to (A — AI)Z =0 other than Z =0.

A theorem in linear algebra tells us that for this to happen, we need det(A —AI)=0.

Let’s start our practice of this theory by finding A such that det(A — AI') = 0 ; that is, let’s find the eigenvalues of a matrix.

v/ Example 11.6.1

Find the eigenvalues of A, that is, find A such that det(4 —AI) =0, where

Ly

Solution
First, we write out what A — AT is:

Aag =t 4]_A[1 ﬂ
12 3 0 1
_ |t 4}_[’\ 0] (11.6.3)
2 3 0
_[1-A 4 ]
23—\
Therefore,
@ﬂA—An:ﬂlg* 34A‘
N 11.6.4
=(1-X2)(3-X)-8 ( )
=X —4)\-5

Since we want det(A — AI) =0, we want A2 —4)\ —5 =0 . This is a simple quadratic equation that is easy to factor:

A —4X—5 =0
(A=5)(A+1) =0 (11.6.5)
A=-1,5

According to our above work, det(A — AI) when A = —1, 5. Thus, the eigenvalues of A are —1 and 5.

v/ Example 11.6.2

Find Z such that AZ = 5%, where
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Solution
Recall that our algebra from before showed that if

AZ =\Z then (A—\)Z=0.

Therefore, we need to solve the equation (A — A\I)Z =0 for Z when A =5.

o=y afs
- - (11.6.6)
|4 4
L2 2]
To solve (A —5I)Z = 0 , we form the augmented matrix and put it into reduced row echelon form:
-4 4 0] 7. [1 -1 0
rref .
2 -2 0} L0 0 0
Thus
Tr1 = Ty
11.6.
9 is free (5.5
and

S . I :
We have infinite solutions to the equation Az = 5z ; any nonzero scalar multiple of the vector [1] is a solution. We can do a

few examples to confirm this:

1 4] 2':'10 _ 2;

RN
1243"—;: _:?:515 B 7—3
[2 3] -3 _—15] _5[—3]'

Our method of finding the eigenvalues of a matrix A boils down to determining which values of A give the matrix (A — AI) a
determinant of 0. In computing det(A4 — A\I), we get a polynomial in A whose roots are the eigenvalues of A. This polynomial is
important and so it gets its own name.

# Definition: Characteristic Polynomial

Let A be an n x n matrix. The characteristic polynomial of A is the n'" degree polynomial p()\) = det(A — \I) .

Our definition just states what the characteristic polynomial is. We know from our work so far why we care: the roots of the
characteristic polynomial of an n X n matrix A are the eigenvalues of A.

In Examples 11.6.1and 11.6.2 we found eigenvalues and eigenvectors, respectively, of a given matrix. That is, given a matrix A,
we found values A\ and vectors Z such that AZ = A\Z. The steps that follow outline the general procedure for finding eigenvalues
and eigenvectors; we’ll follow this up with some examples.

X Key Idea 11.6.1: Finding Eigenvalues and Eigenvectors

Let A be an n X n matrix.

1. To find the eigenvalues of A, compute p(\), the characteristic polynomial of A, set it equal to 0, then solve for A.

2. To find the eigenvectors of A, for each eigenvalue solve the system (A — \I)z = 0.
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Find the eigenvalues of A, and for each eigenvalue, find an eigenvector where

a=[F 9]

3 9
Solution
To find the eigenvalues, we must compute det(A — AI) and set it equal to 0.
—-3-A 1
det(A — AT) :‘ 3 > ‘
3 9—\

=(-3-X)(9—-A)—45
=) —6A-27—45
=M —6A—T72
=(A—12)(A+6)
Therefore, det(A —AI) =0 when A\ = —6 and 12; these are our eigenvalues. (We should note that p(A) =2 —6\ —72 is

our characteristic polynomial.) It sometimes helps to give them “names,” so we’ll say A\; = —6 and Ay = 12. Now we find
eigenvectors.

(11.6.9)

For \; = —6:

We need to solve the equation (A —(—6)I)z =0 . To do this, we form the appropriate augmented matrix and put it into
reduced row echelon form.

[3 15 0] — [1 5 0]
rref .
3 15 0 0 0 0

Our solution is

Ir1 = —52E2
T is free;

IT==c [_5]
2l 4 |

‘We may pick any nonzero value for zs to get an eigenvector; a simple option is 3 = 1. Thus we have the eigenvector

A=[3]

(We used the notation 37{ to associate this eigenvector with the eigenvalue ;)

(11.6.10)

in vector form, we have

We now repeat this process to find an eigenvector for Ay =12:

In solving (A —121)Z = 0 , we find

[—15 15 0} — [1 -1 0}
rref .
3 -3 0 0 0 O

In vector form, we have

E—ml
aINE

Again, we may pick any nonzero value for 2, and so we choose 2 = 1. Thus an eigenvector for Ag is

[}
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To summarize, we have:
. cr s — -5
eigenvalue A\; = —6 with eigenvector z; = 1
and

eigenvalue A3 = 12 with eigenvector aT; = [i]

We should take a moment and check our work: is it true that AH = )\1w_1> ?
-3 1 _
=7 51
3 9 1
_[30]
6 (11.6.11)
-5
=(—6
o |7

%
= /\1.131.

Yes; it appears we have truly found an eigenvalue/eigenvector pair for the matrix A.

Let’s do another example.

v/ Example 11.6.4

Let A= [ _53 (1)] . Find the eigenvalues of A and an eigenvector for each eigenvalue.

Solution
We first compute the characteristic polynomial, set it equal to 0, then solve for A.
-3-A 0
det(A—AI) =
et( ) ‘ . 1_,\| (11.6.12)
=(=3=-A)(1-X)

From this, we see that det(A — AI) =0 when A =—3,1. We’ll set \; = —3 and Ay =1.
Finding an eigenvector for A;:
We solve (A — (—3)I)z = 0 for Z by row reducing the appropriate matrix:
00 0] —. [1 540
rref .
5 4 0 0 0 O
Our solution, in vector form, is
. -5
r = T9 [ /4:| .
1

Again, we can pick any nonzero value for z5; a nice choice would eliminate the fraction. Therefore we pick 3 = 4, and find
— -5
T = o
4

We solve (A — (1)I)z = 0 for # by row reducing the appropriate matrix:

[—4 0 0} — [1 0 0]
rref .
0 0 O

Finding an eigenvector for Ag:
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Our first row tells us that ; = 0, and we see that no rows/equations involve x2. We conclude that x5 is free. Therefore, our
solution, in vector form, is

We pick zp =1, and find

To summarize, we have:
. iy — -5
eigenvalue A\; = —3 with eigenvector z; = ;
and

eigenvalue \; = 1 with eigenvector 172) = [1] .

So far, our examples have involved 2 x 2 matrices. Let’s do an example with a 3 X 3 matrix.

v/ Example 11.6.5

Find the eigenvalues of A, and for each eigenvalue, give one eigenvector, where

-7 -2 10
A=1-3 2 3
-6 -2 9

Solution

We first compute the characteristic polynomial, set it equal to 0, then solve for A. A warning: this process is rather long. We’ll
use cofactor expansion along the first row; don’t get bogged down with the arithmetic that comes from each step; just try to get
the basic idea of what was done from step to step.

det(A—XI)=| -3 2—A 3
—6 -2  9-A
2—-X 3 -3 3 -3 2-A
:(—7—/\)‘ ‘—(—2)’ ’ 10‘ ‘ (11.6.13)
-2 9-A —6 9-X -6 -2

=(=T—=A)(A* —11A+24)+2(3A\—9) +10(—6A +18)

=X +4X2 -)1-6

=—(A+1)(A=2)(A-3)
In the last step we factored the characteristic polynomial —A% +4X2 —\ —6 .
Our eigenvalues are \; = —1, A2 =2 and A3 = 3. We now find corresponding eigenvectors.

For A\ = —1:

We need to solve the equation (A —(—1)I)z =0 . To do this, we form the appropriate augmented matrix and put it into
reduced row echelon form.

-6 -2 10 O N 1 0 -15 0

-3 3 3 0 rref 01 -5 0

-6 -2 10 O 0 0 0 0

Our solution, in vector form, is
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3/2
=13 1/2
1
3
We can pick any nonzero value for x3; a nice choice would get rid of the fractions. So we’ll set 3 = 2 and choose a?i =11
2

as our eigenvector.
For Ay = 2:

We need to solve the equation (A —21)Z = 0. To do this, we form the appropriate augmented matrix and put it into reduced
row echelon form.

-9 -2 10 0 1 0 -1 0
-3 0 3 0 rref 01 -5 0
-6 -2 7 0 00 0 O
Our solution, in vector form, is
1
53' =3 1/2
1
We can pick any nonzero value for x3; again, a nice choice would get rid of the fractions. So we’ll set z3 =2 and choose
2
— ;
T9 = | 1| as our eigenvector.
2
For A3 =3:

We need to solve the equation (4 —31)z = 0. To do this, we form the appropriate augmented matrix and put it into reduced
row echelon form.

—10—2100_> 1 0 -1 0
-3 -1 3 0 rref 01 0 O
-6 -2 6 0 0 0 0 O
Our solution, in vector form, is (note that 2 = 0):
1
5 =3 0
1
1
We can pick any nonzero value for z3; an easy choice is 3 =1, so CIT; = | 0| asour eigenvector.
1

To summarize, we have the following eigenvalue/eigenvector pairs:

eigenvalue \; = —1 with eigenvector :cl [
2
eigenvale Ay = 2 with eigenvector 1L‘2 1
2

3
1
2
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1
eigenvalue A3 = 3 with eigenvector z_;: =10
1
Let’s practice once more.
v/ Example 11.6.6
Find the eigenvalues of A, and for each eigenvalue, give one eigenvector, where
2 -1 1
A=1]0 1 6
0 3 4
Solution
We first compute the characteristic polynomial, set it equal to 0, then solve for A. We’ll leave the details to you and just give
the result.
2—-x -1 1
det(A—AI) = _
et( ) 0 1-A 6 (11.6.14)
0 3 4-)
=2-ANA=-7)(A+2)
Our eigenvalues are \; = —2, Ao =2 and A3 = 7. We now find corresponding eigenvectors.
For \; = —2:

-

We need to solve the equation (A —(—2)I)Z =0 . To do this, we form the appropriate augmented matrix and put it into
reduced row echelon form.

4 -1 1 0 N 1 0 3/40
0 3 0 rcef |0 1 2 0
0 3 6 0 00 0 O
Our solution, in vector form, is
—3/4
5 =3 -2
1
We can pick any nonzero value for x3; a nice choice would get rid of the fractions. So we’ll set 3 =4 and choose
-3
— .
z1 = | —8 | as our eigenvector.
4
For Ay =2:

—

We need to solve the equation (A —2I)z =0 . To do this, we form the appropriate augmented matrix and put it into reduced
row echelon form.

0 -1 1 0 B 01 00
0 -1 6 0 rref 0 0 10
0 3 20 00 0O

The first two rows tell us that o =0 and x3 = 0, respectively. Notice that no row/equation uses x;; we conclude that it is
free. Therefore, our solution in vector form is
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1
Z=z |0
0
1
We can pick any nonzero value for x;; an easy choice is ;1 = 1 and choose E = | 0| asoureigenvector.
0
For A3 =7:
We need to solve the equation (4 —71)Z = 0. To do this, we form the appropriate augmented matrix and put it into reduced
row echelon form.
-5 -1 1 N 1 0 O
0 -6 6 0 rref 01 -1 0
0 3 -3 0 00 0 O
Our solution, in vector form, is (note that z; = 0):
0
5 =x3 |1
1
0
We can pick any nonzero value for x3; an easy choice is 3 =1, so m_; = | 1| asour eigenvector.
1
To summarize, we have the following eigenvalue/eigenvector pairs:
[ -3
eigenvalue A\; = —2 with eigenvector 97{ =|-8
| 4
F1
eigenvalue Ay = 2 with eigenvector w_% =10
L 0]
0
eigenvalue A3 = 7 with eigenvector EQ =11
[ 1]

We have only talked about eigenvalues that are distinct. However, they can repeat, or even be complex, but the ideas are similar to
the above and we will discuss them as they come up in Chapter 10.

This page titled 11.6: Eigenvalues and Eigenvectors is shared under a CC BY-NC 3.0 license and was authored, remixed, and/or curated by
Gregory Hartman et al. via source content that was edited to the style and standards of the LibreTexts platform.

o 4.1: Eigenvalues and Eigenvectors by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source:
https://github.com/APEXCalculus/Fundamentals-of-Matrix-Algebra.

e 2.2: Matrix Multiplication by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source:
https://github.com/APEXCalculus/Fundamentals-of-Matrix-Algebra.
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11.6.1: Eigenvalues and Eigenvectors (Exercises)

In Exercises 11.6.1.1- 11.6.1.6 a matrix A and one of its eigenvectors are given. Find the eigenvalue of A for the given

eigenvector.

? Exercise 11.6.1.1

Answer
A=3

? Exercise 11.6.1.2

A 19 -6
48 —15

Answer

A=1

81
|

H

? Exercise 11.6.1.3

=5 7] #-[i]
-2 4 1
Answer
A=0

? Exercise 11.6.1.4

—-11 -19 14 3
A= -6 -8 6 =12
-12 —-22 15 4
Answer
A=-5H
? Exercise 11.6.1.5
-7 1 3 1
A=1] 10 2 -3 z=|-2
-20 -—-14 1 4
Answer
A=3
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—-12 —-10 O -1
A= 15 13 0 =1
15 18 -5 1
Answer
A=-2

In Exercises 11.6.1.7— 11.6.1.11 a matrix A and one of its eigenvalues are given. Find an eigenvector of A for the given
eigenvalue.

? Exercise 11.6.1.7

a=| 100 0] A
—-18 -5

Answer
=3 ]
Tr =
2
? Exercise 11.6.1.8

A:[_z 6] A=T
9 13

Answer
=3
Tr =

3

? Exercise 11.6.1.9

—-16 —-28 -19
A= 42 69 46 A=5
—42 -72 —49
Answer
3
T=|-7
7

? Exercise 11.6.1.10

7 -5 -—10
A=16 2 —6 A=-3
2 -5 -5
Answer
1
z2=10
1
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4 5 -3
A=|-7 -8 3 A=2
1 -5 8
Answer
-1
z=1|1
1

In Exercises 11.6.1.12—11.6.1.2§ find the eigenvalues of the given matrix. For each eigenvalue, give an eigenvector.

? Exercise 11.6.1.12
-1 -4
-3 -2
Answer

1
A = —5 with @ = H;

4
Azzzwithzz[ ]

3
? Exercise 11.6.1.13
—4 72
-1 13

Answer

9
A1 =4 withx; = [1];

A2 =5 with 29 = |:?:|

? Exercise 11.6.1.14
[2 —12]
2 -8
Answer
. 2
A1 = —4 withx = [1] 2

Ay = —2 with 74 = [i’]

? Exercise 11.6.1.15

[ 5

https://math.libretexts.org/@go/page/120068
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Answer

—2
/\12—3With:1T1>:|: 0 ];

g = 5 with ) = [6]

1
? Exercise 11.6.1.16
S

-1 -5

Ay = 4w1tha?>=[ ]

? Exercise 11.6.1.17
3 -1
-1 3
Answer

1
A1 = 2 with [
1

A2 =4 with x5 [ ]
1

? Exercise 11.6.1.18
2 o
25 0

Answer

1
A1=—5witha:—1>=[ - ];

5

? Exercise 11.6.1.19
-
0 -1

1
,\2:5withg?§=[ ]

Answer
)\1:—1w1th:zr_> [1];
2
A2 = —3 with m_> [1]
0
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1 -2 -3
0 3 0
0 -1 -1
Answer
3
Alz—lwithﬁ:lo g
2
(1
Azzlwith.?;: 0
| 0
[ 5
Ay =3 withzy = | -8
| 2
5 -2 3
0 4 0
0 -1 3
Answer
-3
A=3withzi=| 0 |;
[ 2
— (8]
A2 =4 withzg = | —1
[ 1]
(1
>\3:5with:?3>= 0
[ 0
? Exercise 11.6.1.22
1 0 12
2 -5 0
1 0 2
Answer
[0
/\1:—5witha?1>: 1];
| 0
[ —12
Ao =2 withzy = | -8
3

https://math.libretexts.org/@go/page/120068



https://libretexts.org/
https://math.libretexts.org/@go/page/120068?pdf

LibreTexts*

15
A3 =5 withaxg3 =] 3
5
? Exercise 11.6.1.23
1 0 -18
-4 3 -1
1 0 -8
Answer
24

=
A1 =—b withz; = | 13

Ay = —2 with 7y =

| 8
6
5
| 1
0
A3 =3 witha?;: 1]
0

? Exercise 11.6.1.24

-1 18 O
1 2 0
5 -3 -1
Answer
[ —6
A =-4dwithaz = | 1 |;
11

Ay = —1 with 75 =

0
0
1
3
A3 =5 withzy = | 1

? Exercise 11.6.1.25

5 0 0
1 1 0
-1 5 =2
Answer
0
)\12—2Withm_'1>= 0l;
1
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[0
Ay =1 withzy = | 3
5
(28
A3 =5 withzy = | 7
1
? Exercise 11.6.1.26
2 —1 1
0 3 6
0 0 7
Answer
"1
A =2withz, = |o];
0
- -
A =3 withzy=| 1
—17
A3 =7 withzs = | 15
10 |
? Exercise 11.6.1.27
3 5 -5
2 3 2
2 5 0
Answer
1
/\1:—2With.’1T1>= 01;
1
e
X =3 withzy = [ 1];
[ 1]
— -0-
A3 =b withzg = |1
[ 1]

11.6.1: Eigenvalues and Eigenvectors (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

o 4.1.1: Exercises 4.1 by Gregory Hartman et al. is licensed CC BY-NC 3.0. Original source: https://github.com/APEXCalculus/Fundamentals-
of-Matrix-Algebra.
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11.7: A Brief Table of Integrals

These are integrals you should know in this class. Any other integral you should be able to derive from techniques of integration
you learned in Math 400 and 401 (single variable calculus).

L [u'du =

un+1

n+1
2. [Ldu=1nlu|+c
3. [etdu=e"+c

+c, n#-1

4.fa“du=%+c

5. [cosudu =sinu+c

6. [sinudu = —cosu+c

7. [tanu du = —In|cosu|+¢

8. [cotu du =In|sinu|+c¢

9. [sec? u du =tanu +c

10. fesc?u du = —cotu+ec

11. fsecu du =1In|secu +tanu| +c

12. fescu du =1n|cscu —cotu| +c¢

13. L du:%tan_lﬁ—i—c

a?+u?

14. [ 1_u2 du =sin! = +c witha>0

)
1 _ 1 -1
15.fmdU—Esec %-i—c

16. fcoshu du =sinhu +c¢
17. [sinhu du = coshu +¢

This page titled 11.7: A Brief Table of Integrals is shared under a not declared license and was authored, remixed, and/or curated by William F.
Trench.

o A Brief Table of Integrals (by Trench) by William F. Trench is licensed CC BY-NC-SA 3.0.
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11.8: A Brief Table of Trigonometric Identities and Logarithmic Laws

These are trigonometric identities and logarithmic laws you should know in this class.

Trigonometric Identities
1

sinz
1

cos T

1
tanz

l.cscx =

.8€eCTr =

.cotx =

sinz
cos

.tanzx =

COosS T
sinx

2
3
4
5.cotx =
6.sin(—z) = —sinz

7. cos(—z) =cosz

8. tan(—z) = —tanz
9.sin’xz +cos’z =1
10. 1 +tan?z =sec’z
11.1+cot?’z =csc’ z
12.sin2z = 2sinz cosz

2 2

13. cos2z =cos’ z —sinz =2cos?z —1 =1—2sin’z

14.cos? z = —1+°;S 2z

1—cos 2z
2

15. sin’z =

Logarithmic Laws
1. log,(zy) =log, = +log, y
2.1log, % =log, z —log, y
3.log, 2" =rlog, z

11.8: A Brief Table of Trigonometric Identities and Logarithmic Laws is shared under a not declared license and was authored, remixed, and/or
curated by LibreTexts.
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1: Section 1.1 Answers
1.2
2.2
3.1
4.1
5.2
14. 2 —12® + 5z +c
15.y=xcosz —sinz +c¢
7 1

16.y=—%cosgm+%cos m—gcos5m-|—c

17. zsecx —In|secz +tanz| + ¢

. z/4—x?
18. 2sin! % ———+c
1

19.In|z| 4 5 In(z? +9) — % tan' £ +c
20.y=1-— %cosz2
2l.y=—(z—1)e”

22.y=3—In(y/2cosz)

23.(%,3)
24.(=%,%)

25. (0, o)

26. (—/m, \/7)
27.(0,2)

28. (0, 00)

29. (0, 00)

30. (—o0, 00)
31.(0,1)
32.a.[-3,00)

b. (=3, 00)
33.a. [/, /T
b.y=—1 on (—o0,00) and y = 1 on (—o0, 0)
34.a. 576 ft
b.10s

37.a. (—2¢—2,00)

b. (—00, o)

1: Section 1.1 Answers is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2: Section 1.2 Answers

—_

.a.xg #kr  (k=integer); all yo

b. zyg # kr (k= integer) ; all yo
2.a.all (zo, %)

b. all zg; all yyg # 0
3.a. 2oy # (2k+1)% (k= integer)
b. zoyo # (2k+1)%  (k = integer)
4.a. xoyo >0 and zoyg # 1
b. Zoyo > 0 and xgyy # 1
5. a. all (zo,yo)

b. (0, yo) withyo #0
6. a. all (zo,Yo)

b. all (zg, yo)

7. a. all ¢y with yo # +2

b. all zy with yg # £2

8. a. all (zg,yo)

b. all (zo, yo)

9. a. (zo,yo) such that zo # 4y

b. (29, yo) such that z # 4y

10. a. all (zg, yo)

b. (2o, yo) # (0,0)

11. a. all (zo, yo)

b. all (zg, yo) with yg # +1

12. a. all (zg, yo)

b. all (zg, yo)

13. a. all (zg, yo) such that yp > —z

b. all (zg, yo) such that yo > —z

14. a. all (zo, yo) with zg # 1, yo # (2k +1)% (k = integer)
b. all (g, yo) withzg # 1, o # (2k+1) 5 (k = integer)

15. a. all (zg, yo)

b. all (zg,yo) with yg # 1

16. a.yes,y =0

b.no, y = 3

17.d.y= —ﬁ on (—o0,1)
e.y=—— on(—1,00)

f.y =0 on (—o0, )

18.d. y = tan(z + %) on (—34—7', %)
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4: Section 2.1 Answers
Ly=2+./2(z3+22+z+c)

.In(|siny|) =cosz+¢; y=km, k=integer

_ 1,5y __ 1.2z
. e = 3e +c

2
3

dy=3=; y=-1
5

2 :_%_3"'6
7.9y% +3siny +1n|y| +1In(1 +z*) +tan lz =¢c; y=0
8.(2-1) V=14 y=+1

9.y =tan(’g—3 —|—c)

10. y = —==
0.y V1+z?
11. z%f = ce(mz_h)/z; y=1

12.y =1+ (32% + 9z +¢)'/3

13.y:2+\/§x3+3x2+4w—13—1

e~/
9_e—(22-4)/2

1+1/z)

14.y=
15. zy = e
16. 93 +2y% +2® +sinz =3

17. (y+1)(y —1)*(y —2)* = —256(z +1)~°
18.y=—1+3e"

2
19. /= = 1e**

20.y=-1; (—o0,00)

-2 _
21. zT = %e 2. (—00, )
—14+/422-15 V15
22.y= +5 (55 0)
23.y = 1+§_21 ;i (—00,00)

2.y = V=T (-5,5)
25.y=2; (—o00,00)

26.y = 3(%)1/3; (—00,2)

27.y = —/25—x2; (-5,5)

8. y=1_

29.y=—zcosct+v1—a?sinc; y=1;y=-1
30.y =—x+37w/2

3l.a.y=——; (—00,In2)

1
— =T
1-7e

b.y=0; (—o0,0)
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w_il; (—1,00)
b.y=1; (—o0,00)

32.a.y =

33.y =1+ (2 +4)%2% (—o00,00)

{ 1, 0<z<+5
34.y=
1—(.7:2—5)3/2, VE<z <oo
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5: Section 2.2 Answers

—_

228y =c

.3ysinz +2x2%e® +3y =c
. Not exact

cx? -2z’ +4yd =c
.xt+y=c

. Not exact

.ysin’z —an'y—|—2e“”y2 =c

2y%cosz +3zy —2? =c

© 0o N o U A wWwN

. Not exact

—_
=]

o3+ a2y +4xy? + 9yt =c

—_
—_

. Not exact

—_
N

Jnlzyl+22 4yt =c

—_
w

. Not exact

_
B

.w2+y2:c

—
(<2

.x2y2e? +2y+3x2=c

Lzdet TV 4y 4222 =¢

= =
N o

zte™ +3zy=c

—_
(o]

.zdcosxy +4y? +22% =c¢

—
©

.zlnz+ylnz—y=c
_ z+4/222+3z-1

= o

N
e

1— tanx

21l.y =sinz — 3

. N\1/3
2.y= (%)

23.y=142tanz

2’ —a+6
249 = s

25.y%(1 —a?) —cos’z =3
26.a. M(z,y) =2zy+ f(z)

b. M(z,y) =2(sinz +z cosz)(ysiny +cosy) + f(x)
c. M(z,y) =ye® —e¥cosz + f(z)

27.a. N(z,y) = % +2? +6zy +g(y)
b. N(z,y) = % —2cosz+9(y)

c. N(z,y) = z(siny +y cosy) +g(y)
29. B=C

30.B=2D, E=2C
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6: Section 2.3 Answers
1
2

.y=e
Lx=Ledt et
_ 1,2 1 —x?
y=35z°—5+ce”
4.y =sinx +ccosx
5.y=z 'lnz+cz?
6. (secO+tanf)r =0 —cosf+c
_2_ ¢
8.y:6_$2 (2—2—1—0)
— _€e’4c
d.y= 1+z?

71n |z| 3
10. —— + 5$+£

11. z = 2y% +-cy?
12.y=(z—1)"*(In|z — 1| —cosz +c)

2 3
13.y=e? (%—i—?)

_ 2ln|z] 1
My="—"—+35+3
15.p = (t +c)cost

_ c—COosST
16.y = (1+2)?

17 g 1@ @2
Y= ) T

18. 2 = Lev+ y%e*y

19.y = (z +c)e sin*e
0.y=£ -+ £

x2? 3 2
21,y ="
2.y =4
8.y=0m
24,y =2(1 +x?)
25. ¢ =3tk

26.y = 2(coskzx)'/k

63276—73
27. Yy= 10
_ 2z+1
8.y = (1+a2)?

29.y= jln(izmz)

30.y = %(Sinw +cscz)

21n|a| z 1

32.y =(z—1)"3[In(1 —z) —cosz]
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3.2 =2+
34.y=2?(1—Inz)
35.y= % + %e‘zz

_ Infz—1|+tanz+1

36.y =
_ Infzf[+2?4+1
37.y= (z+2)*

38.z = (t*—1) (In[t* — 1| - 4)

39.y = —(z* —5)(7+1n|z? —5])

40. (z+1l)y=zlnz —z+21

4.G=%+(Go—%) e Mlimy oo G(t) = §
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7: Section 2.4 Answers

L y= lflce“”
2.y=2*"(c—1In|z|)/7
3.y=e%(c—1/z)?
4.y73 ::c—i—%—i—ce?’””
5.y = £Y2
14z
6. eV =ct
7.y =+(1—2%+ce )12
1/3

8.y= |:3(1fz)+ce”:|

22
9.y= Wiwrr

12.y
13.y 3 =—2g71 4 2g0
4.y

16.y = (4e”/? —z —2)?

17.y = z(In|z| +¢)
18.1n|%|—ln|%—|—1|:1n|a:|+c; y=-—x
19.y = +z(41n|z| +c)1/4

20.y =z sin ! (In|z| +¢)

2.y =z tan(ln|z|+c)

22. 4z =y(In|y| —c)?

23.y =+zvex? —1

24. /=) =In|z|+c

— 2z
2.y = 21n|z|+1

26.y* +32%In |z| = 823
27.y =z(3lnz +27)'/3

1/2
28.y=1 (_9*;“)

29. In|z| =e¥/* —1

30.y=—x

_ z(42-3)
3l.y= ~ o)
32.y=zv4zb -1
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33.tan"! % — %ln(ac2 +y?)=c

34. (z +y)! |:c|+y( —In|y])+ex =0
35. (y+z)® =32z3(In|z| +¢)
36. (y +x) = ( ) y=z; y=-=x

37.9*(y—3z)=c; y=0; y=3z

38. (2 -y (e +y) =cy’z!; y=0; y=z; y=-v
39. £ 4 y—3—1n|w|+c

40.y = —x — 1 +tan(z +c¢)

41. 2y —2z +sin2(z+y) =c

42. 4y -8z +12=(z +c)?

43. (z+y)? =2z +c

44. tan(z +y) —sec(z +y) =z +¢

45, —e V28 =gz 4 c

46. —cot(z +y) +csc(z+y) =z ++/2 -1
47.41n |15z + 10y + 6| = 10z — 10y +41n19
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8: Section 3.1 Answers

o U A W N R

10.

11.

12.

13.

1.0

2.0

1.50

3.0

2.0

1.0

2.0

h=0.1
48.298147362

h=0.1
1.390242009

h =0.05
7.886170437

h=0.1
1.469458241

Approximate Solutions

h=0.1
0.473456737

Approximate Solutions

h=0.1
0.691066797

h=0.1
—0.772381768

h =0.05
1.462514486

h =0.05
0.483227470

.y1 = 1.450000000, y» =2.085625000, y; =3.079099746
.y1 = 1.200000000, yp =1.440415946, y3 =1.729880994
.y1 =1.900000000, y, =1.781375000, y3 =1.646612970
.y1 =2.962500000, y» =2.922635828, y; = 2.880205639
.y1 = 2.513274123, y» = 1.814517822, y3 = 1.216364496

h =0.05
51.492825643

h =0.05
1.370996758

h =0.025
8.852463793

h =0.025
1.459217010

h =0.025
0.487986391

h =0.05
0.676269516

h=0.05
—0.761510960

Euler's Method

h =0.025
53.076673685

h =0.025
1.361921132

h =0.0125
9.548039907

h=0.1 h=0.05
0.3210 0.1537
Residuals
h=0.1 h =0.05
—0.3129 —0.1563
Residuals
h =0.025

0.668327471

h =0.025
—0.756179726

Exact

54.647937102

Exact

1.353193719

Exact

10.500000000

h =0.025
0.0753

h =0.025
—0.0781

"Exact"

0.659957689

"Exact"

—0.750912371
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14.

15.

16.

17.

18.

19.

20.

21.
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T

1.0

3.0

2.0

3.0

1.50

2.0

1.50

1.0

h=0.1
0.538871178

h=0.1
12.804226135

h=0.2
0.867565004

h=10.2
0.922094379

h = 0.0500
0.319892131

h=10.2
0.754572560

h = 0.0500
2.175959970

h=0.1
0.032105117

h=10.05
0.593002325

Euler's Method
h =0.05
13.912944662

Euler's method
h=0.1
0.885719263

Euler's method
h=0.1
0.945604800

Euler's method
h = 0.0250
0.330797109

Euler's method
h=0.1
0.743869878

Euler's method
h = 0.0250
2.210259554

Euler's method
h =0.05
0.043997045

h =0.025
0.620131525

h = 0.025
14.559623055

h =0.05
0.895024772

h =0.05
0.956752868

h = 0.0125
0.337020123

h =0.05
0.738303914

h = 0.0125
2.227207500

h = 0.025
0.050159310

Exact

0.647231889

"Exact"

15.282004826

"Exact"

0.904276722

"Exact"

0.967523153

"Exact"

0.343780513

"Exact"

0.732638628

"Exact"

2.244023982

"Exact"

0.056415515
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T h=0.1 h=0.05 h =0.025 "Exact"

Euler's method

1.0 28.987816656 38.426957516 45.367269688 54.729594761

22.

Euler's method
a3 h=0.1 h =0.05 h =0.025 "Exact"
3.0 1.361427907 1.361320824 1.361332589 1.361383810
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9: Section 3.2 Answers

1. y; = 1.542812500, y, =2.421622101, y3 =4.208020541
2.y; =1.220207973, yo, =1.489578775. y3 =1.819337186
3. y1 =1.890687500, y, =1.763784003, y3 =1.622698378
4.y1 =2.961317914, yo =2.920132727, y3 =2.876213748
5.y; =2.478055238, y» = 1.844042564, y3 =1.313882333
6.
z h=0.1 h=10.05 h =0.025 Exact
1.0 56.134480009 55.003390448 54.734674836 54.647937102
7.
T h=0.1 h=10.05 h =0.025 Exact
2.0 1.353501839 1.353288493 1.353219485 1.353193719
8.
T h=0.5 h =0.025 h =0.0125 Exact
1.50 10.141969585 10.396770409 10.472502111 10.500000000
9.
T h=0.1 h=0.05 h =0.025 h=0.1 h=0.05 h =0.025
3.0 1.455674816 1.455935127 1.456001289 —0.00818 —0.00207 —0.000518
Approximate Solutions Residuals
10.
z h=0.1 h=0.05 h =0.025 h=0.1 h =0.05 h =0.025
2.0 0.492862999 0.492709931 0.492674855 0.00335 0.000777 0.000187
Approximate Solutions Residuals
11.
T h=0.1 h=10.05 h =0.025 "Exact"
1.0 0.660268159 0.660028505 0.659974464 0.659957689
12.
z h=0.1 h=0.05 h =0.025 "Exact”
2.0 —0.749751364 —0.750637632 —0.750845571 —0.750912371
13.

Improved Euler method
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T

1.0
14.
T
3.0
15.
T
2.0
16.
T
3.0
17.
T
1.50
18.
T
2.0
19.
z
1.50
20.
T
1.0
21.
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h=0.1
0.105660401

h=0.1
15.107600968

h=0.2
0.924335375

h=10.2
0.967473721

h = 0.0500
0.349176060

h=10.2
0.732679223

h = 0.0500
2.247880315

h=0.1
0.059071894

h=10.05
0.100924399

Improved Euler method
h=0.05
15.234856000

Improved Euler method
h=0.1
0.907866081

Improved Euler method
h=0.1
0.967510790

Improved Euler method
h = 0.0250
0.345171664

Improved Euler method
h=0.1
0.732721613

Improved Euler method
h =0.0250
2.244975181

Improved Euler method
h=10.05
0.056999028

h =0.025
0.099893685

h = 0.025
15.269755072

h =0.05
0.905058201

h =0.05
0.967520062

h = 0.0125
0.344131282

h =0.05
0.732667905

h = 0.0125
2.244260143

h = 0.025
0.056553023

Exact

0.099574137

"Exact"

15.282004826

"Exact"

0.904276722

"Exact"

0.967523153

"Exact"

0.343780513

"Exact"

0.732638628

"Exact"

2.244023982

"Exact"

0.056415515
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T h=0.1 h=0.05 h =0.025 "Exact"

Improved Euler method

1.0 50.534556346 53.483947013 54.391544440 54.729594761

22.

Improved Euler method
z h=0.1 h =0.05 h = 0.025 "Exact"
3.0 1.361395309 1.361379259 1.361382239 1.361383810
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10: Section 3.3 Answers

1.y; =1.550598190, y, =2.469649729
2.y; =1.221551366, y» = 1.492920208
3.y1 =1.890339767, y» =1.763094323
4.y; =2.961316248, yo =2.920128958
5.y; =2.475605264, y» =1.825992433
6.
T h=0.1
1.0 54.654509699
7.
T h=0.1
2.0 1.353191745
8.
T h =0.05
1.50 10.498658198
9.
T h=0.1 h =0.05
3.0 1.456023907 1.456023403
Approximate Solutions
10.
T h=0.1 h=0.05
2.0 0.492663789 0.492663738
Approximate Solutions
11.
T h=0.1
1.0 0.659957046
12.
T h=0.1
2.0 —0.750911103
13.

h =0.05
54.648344019

h =0.05
1.353193606

h =0.025
10.499906266

h =0.025
1.456023379

h =0.025
0.492663736

h =0.05
0.659957646

h=0.05

—0.750912294

h =0.025
54.647962328

h =0.025
1.353193712

h =0.0125
10.499993820

h=0.1 h=0.05
0.0000124 0.000000611

Residuals

h=0.1 h =0.05

0.000000902

Residuals

h =0.025
0.659957686

h =0.025
—0.750912367

0.0000000508

https://math.libretexts.org/@go/page/103627

Exact

54.647937102

Exact

1.353193719

Exact

10.500000000

h =0.025
0.0000000333

h =0.025
0.00000000302

"Exact"

0.659957689

"Exact"

—0.750912371
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Runge-Kutta method
T h=0.1 h = 0.03 h = 0.025 Exact
0.0 | -3.000000000 | -3.000000000 | -3.000000000 | -3.000000000
0.1 | -2.162598011 | -2.162526572 | -2.162522707 | -2.162522468
0.2 | -1.577172164 | -1.577070939 | -1.577065457 | -1.577065117
0.3 | -1.163350794 | -1.163242678 | -1.163236817 | -1.163236453
0.4 | -0.868030294 | -0.867927182 | -0.867921588 | -0.867921241
0.5 | -0.655542739 | -0.655450183 | -0.655445157 | -0.655444845
0.6 | -0.501535352 | -0.501455325 | -0.501450977 | -0.501450707
0.7 | -0.389127673 | -0.389060213 | -0.389056546 | -0.389056318
0.8 | -0.306468018 | -0.306412184 | -0.306409148 | -0.306408959
0.9 | -0.245153433 | -0.245107859 | -0.245105379 | -0.245105226
1.0 | -0.199187198 | -0.199150401 | -0.199148398 | -0.199148273

14.
Runge-Kutta method
T h=0.1 h=0.05 h = 0.025 "Exact"
3.0 15.281660036 15.281981407 15.282003300 15.282004826
15.
Runge-Kutta method
a h=0.2 h=0.1 h=0.05 "Exact"
2.0 0.904678156 0.904295772 0.904277759 0.904276722
16.
Runge-Kutta method
a2 h=0.2 h=0.1 h = 0.05 "Exact"
3.0 0.967523147 0.967523152 0.967523153 0.967523153
17.
Runge-Kutta method
T h = 0.0500 h = 0.0250 h = 0.0125 "Exact"
1.50 0.343839158 0.343784814 0.343780796 0.343780513
18.
Runge-Kutta method
a h=0.2 h=0.1 h=0.05 "Exact"
2.0 0.732633229 0.732638318 0.732638609 0.732638628
19.
Runge-Kutta method
a h = 0.0500 h =0.0250 h = 0.0125 "Exact"
1.50 2.244025683 2.244024088 2.244023989 2.244023982
20.

Runge-Kutta method
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Z

1.0

21.

1.0

22.

3.0
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h=0.1
0.056426886

h=0.1
54.695901186

h=0.1
1.361384082

h =0.05
0.056416137

Runge-Kutta method

h =0.05
54.727111858

Runge-Kutta method

h =0.05
1.361383812

h =0.025
0.056415552

h = 0.025
54.729426250

h = 0.025
1.361383809

"Exact"

0.056415515

"Exact"

54.729594761

"Exact"

1.361383810
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11: Section 4.1 Answers

1.Q= 206—(t1n2)/3200

2. 2In10

2 days

_ In 2 .
3.7=10 /3 minutes

In(py/py)
4 17—5—

tp __ Inp
S'E_E

1 Q
6. k= T Q_;

7.20 g
501n2
g. 2n2

yrs
25
9. 7111 2

10.a. =201n3yr
b. Qo = 100000e 5

11. a. Q(t) = 5000 — 4750 /10
b. 50001bs

12. 2l5 yrs
13. V = Vpet'19/2 4 hours

15001n 4
3 . —4/3
n2 yrs; 2 / QO

15. W (t) =20 —19¢7%2%;  limy ., W (t) = 20 ounces
16. S(t) =10(1 +e7¥10);  lim; o, S(t)=10¢g

17.10 gallons

18. V() = 15000 + 10000¢/20

19. W(t) =4 x 10°(t +1)? dollars ¢ years from now

14.

_ 100
20.p= 25-24¢74/2
21. p(t) = —22%0__ and p(6) = 276 people
17999¢ 900

22. 5769 fish
23. 1400 monkeys
24. 1185 otters
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12: Section 4.2 Answers
1.~ 15.15°F

1

T=-10+110etn%
. ~24.33F

2

3
4.a.~91.30°F
b. 8.99 minutes after being placed outs
C. never

.a.12:11:32
12:47:33

.(85/3)°C

32°F

8. Q(t) =40(1 — e—3t/40)
9. Q(t) =30 —20e/10

10. K(t) =.3 —.2e7 /20
11. Q(50) = 47.5 (pounds)
12. 50 gallons

N oo T ow

13. min g2 = g1+/c

14.Q:t+300—(2§f3—ﬁ32, 0 <t <300

15.2.Q" +2Q =6 —2e7¥/2
b. Q =75 —50e /25 —25¢24/2
c.75

_ k(Sy—T,, _ _
16.a. T = Ty + (Ty — Tn)e kt+ﬁ(e it _ =kt
b. T = Ty + k(So — Ty )te  + (Tp — T )e ™

c limy o T(t) =limy oo S(¢) =T

17.2.T" = —h(1+ )T+ k(T + 52Th)
b. T — aTo+amTmo + a4, (To—T0) efk(lJra/am)t’ T, = aTo+amTmo + a(T0—Tp) e*k(aﬂz/am)t

T atan atam at+am
c. limy o0 T'(t) = limy o0 T (t) = aTOaTaTjnTmo

—a___ W . i =
18.V = b Vo—(Vo—a/b)e o) lim; o, V(t) =a/b

19. P(t) = %; t = 2162 days, or almost 6 years
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13: Section 4.3 Answers
Lo= -1y -
2.k=12; v=-16(1—e%)
3.v=25(1—e"); 25ft/s

4.9 =20—27e7 /4
5

.~ 17.10 ft
_ 40(1343e %)
6.’0——W, —40&/5
7.0=—128(1 —e*)
64(1—e ")
8.v=— 1+ei ; —64ft/s

vo(1+e Ft) —a(1—ePt) mg kg
Q. v=0——Fr——7; —a wherea =,/ and 8 =24/ —

a(l+ePt)—vg(1—ePt) ;
10. & 6.93miles/s
11. ~ 1.4 7miles/s
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14: Section 5.1 Answers

Loy =—2e% ¢

.c.y=e**(3cosz —bHsinz)

.c.y=¢€*(7—-3z)

_a 2
AY= gt

1
2
3
4
by =2 — 55 (-1,1)
5
6
7
8
9

.e*

.e2cosz
2
Xt +2x—2
_5..-5/6
. —gT

2

10. (zIn|z|)?

1. 7=
23.a.(0,2)

b. (2, )

24.a. (m/2,3mw/2)
b. (1,7/2)
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15: Section 5.2 Answers

l.y=cie ® +coze”

_ c2
2y=az+—
.y=cz+czln|z|
4.y = c1€%® +cy€”

.y =c1€® +coze”

Ly =ciz'/%e” + oz 2e®

T :EZ

2
.Yy=ce " +caxre

5

6

7.y =cie” cosx +cye”sinx
8

9.y=crz’+ ;—22

10. y = cize™® +cyx2e™
1l.y=cize* + %
12. y=cie®” +coxe™
13.y = c1z% + cox? In ||
14.y =cre® +cox/2e®
15.y = c1€® +cyx?e®
16.y = 01.7:1/2 + 02m1/2e’”
17.y = 122 + ozt

18. y =c1e* +c2 %

19.y = clw2 —|—czw3

20.y =ciIn|z| +coz ln|z|

21. y = ¢ siny/T +c2 cOs /T

22,y =c1€® +caxie”

23.y =c1z* +coz®In|z|

24.y =cjxsinx +cyx cosx

25.y = c16%% 4 coz2e?®

26.y = clwl/2 —|—02w1/2 cosx

27.y = c12'/%e* + cyz'/2e 72

28.y=¢; % +cpe?®

29.y =c1€® +cyx?

30. y = c1 ¥ 4 cyz?e®

31.y =7z? —62%In|z|

32.y=5(z+1)e +3(z+1)e?

33.y= —z 4z
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16: Section 5.3 Answers

—_

Ly =c1e %% 4 cpe®
.y =e?®(cy cos T +cysinz)
Ly=cre " +cre®
=e¥(c; +caz)

=e *(c1cos3z +cosin3z)

=e*(c; +ca)

—T

© ©® N e ook W N

Y
Yy
y =e3%(c; cosx +cysinz)
Yy
Yy
Yy

10. y = e 3% (c; cos 2z + ¢y sin 2z)
1n.y= e /2 (01 cos 37’ + ¢9 sin 371)
12.y = cle’z/5 +026z/2
13.y=e""®(2cosz —3sinz)

14. y = 4e*/2 4 6e/3

15. y = 3e*/3 — 4e~*/2

16y = = 4 =2
17.y = €3%/2(3 — 2z)
18.y =3e ™4 —4e732
19. y = 2ze3”

20. y = e%/%(3 +2z)

2.y =2 (3 cos+/6x + 2T‘/Gsin \/Ea:)
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17: Section 5.4 Answers
lL.y=—-1+42z +32% +c1e7% 4 cpe”
2.y=1+z+e*(c;cosz +cysinz)
.y=—z+x3+cre ™ fcre®
4.y=1-2°+e"(c; +caz)

5.y =2z +z°+e %(2cos3z +3sin3z)
6.y =1+2x+e 3(cosz —sinz)

7.y =ci1e %% fcye” + %

8.y =cie?®cosz + cpe?? sinx + e2*
9.y=-2e2 e 4

10.y =e® +€e**(1—3z)

1.y = -e”? + e %(c cos 3z + ¢y sin3x)
12.y=e3(1+c;cosx +cysinz)
13.y = cosz —sinz +e*%(c; +caz)
14. y = cos2x —2sin2x +c¢; +coe™®

15. y = cos 3z + €”(c; cos V2z + ¢y sin \/im)

16. y = cosz +sinz + e~3%(c; cos 2z + ¢z sin2x)

17.y = —2cos 2z +sin 2z +c e 4% 4 cye73%; y = —2 cos 2z +sin 2z + 24 — 3737
18. y = cos 3z —sin3z +€3*(c; +ca) y = cos 3z —sin 3z + €37 (1 +2z)

19.y, =1 +2z +3z2 4+ %; y=—1+2z+3z? —|—% +c1e7%% £ epe?

20.y, =1+z+e*; y=1+z+e**(1+c1cosz +cy8inz)

2l yp = —x 42272 y=—a+a2°—2e 2 +cie " fce”
2.y,=1-22+e% y=1-2%+€" +e*(c; + crz)

23.y, =2z +x° + 3—561/2; y=2x+z>+ %ez/z +e*(c1 cos3z +cysin3x)

4.y, =142z +e 3 y=1+2z+e3"(1+c¢1 cosz +cysinz)

This page titled 17: Section 5.4 Answers is shared under a not declared license and was authored, remixed, and/or curated by William F. Trench.
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18: Section 5.5 Answers

l.y= c1e73% 0637 — 6
2.y=c;+ce 4+ 3z
3.y=cie 2 fcyze 2 + %a: +1
4.y = c1e 3% f et + %xe“
5.y=cie® +cpe® —e*+3
6.y = c1 cosbx +co sindbx + i sinz
— -3z 3z _ 1 4z, _2 Az
7.y =cie +coxe nre”’ +3e
_ —z z 1.3 2z 1 2o 1 o
8.y=cie ¥ +ce +5z’€ 7T7e" +Jwe 5
9.y =c1€” cos2x +co€” sin2x + %ez sinz

10. y = ¢y cosbx +ca sinbx — 2z cos bz

3 .
¥ T +sinz+2cosx —xcosz

—/2 V' ye
2

3
COS I +Cge

V3 —z/2
2

11.y=cie sin

_ 2 3 1
12. y = c1€* +cpe®® +e°* (—Z—I—%)
13.y =c1€® +cped® +e7 3 (1 — %)

14. y = 1€’ +cpe™® +€° (2 — %)
15.y =cie ® +coze ® +e*(1 -3z +2?)

16.y = c; cos 2z +cy sin 2z + e % (1 + z?)

17.y = c1€*® +cpe @ +e%(—2 + = + 22?)

18.y =c1€°" +-cye % +ze® (% + %)

19.y = c1€® +c2e®® +ze®(1 +2x)

20.y =cre ¥ e’ +xed (-1 + 3)

21.y =cre %% 4 cye*® +ze’® (-2 +1z)

2.y=cie * +cwe ® +ale® (1+ %)

23.y =c1€® +cyze® +xe® (% —:1:)

24. y =c1e¥® +come?® + #(1 —z+z?)

25.y =cre /3 +cyze /3 4 %(3 -2z +z?)

26.y = %(—1 +2z) +c1€® + cpe?®

27.y =€*(1 —2z) + c1€2® + coe?®

28.y = %(1 —z)+e3%(c; +cax)

29.y = ze®(1—2x) +cre® +cre 3

30.y =€® [22(1 —2z) +c1 +cax

3l.y=cie’® +coe 2 fcosz+2sinz

32.y = ;e 32 ) e(3VE)2/2 L cos g 4+ (2 — 2) sing
33.y=cre ® +caze * +e”(—2cosz +3sinz)

34, y = ¢y e 3HVINZ/2 ) o(-3-VIN2/2 | %(cos 2z —sin2z)

.3 .
2gin Lz — (2 cosz —sinz)

35. y = c1€%/2 cos @w +coe®! >
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36.y = c1e(3+VINz/2 4 o) e(-3-VIT)z/2 +e22(1 —2z)(cos 3z —sin3z)
37.y =c¢1 €082z + 2 sin 2z + z(cos 2z — 3 sin2z)

38.y =cie® +coze® +—z[(2 —x)cosz + (3 — 2z) sinz]

39.y =cicos +cpsing +x [m cos(%) —3Sin(%)]
40.y =cie ¥ cosx +cee " sinz +xe *(3cosz +4sinx)

41. y =c1€” cos 2z +cpe” sin2zx + ze*[(—1 +x) cos 2z + (1 + ) sin 2z]
#2.y=cre®+cyze® —(14—10z)cosz — (2+8z —42?)sinz

43.y =cre ® +ce 2 4 (1422 +2?) cosz + (1 +322) sinz
d4.y=cre® +cre " + %(COS 2z —sin2z)

45. y = c1€%® + cye3%e” (22 cos x + 2 sin )

46.y = c1€” +cyze® +e*(1 —2?)(cosz +sinz)

47.y = c1€” cosz +cye® sinzx +e%(z% — z®)(cos z +sinz)
48.y=cre " +coze® +e *[(1+2z)cosz — (1 —3z)sinz]

49.y = ¢y cos 3z + ¢z sin3z + x(2 cos 3z —sin3x)

50.y =cie ¥ +coe 2 —ad cosz + (z +22%) sinz

51.y =cie ® +cpe 3" —e *[(z +z%)cosz — (1 +2z) sinz]

5 -8z, 5
52.y=ge ¥4 gef -1

_ 4 41 sz 1.2, 9
53.y=—15 t 135€ 0% 1 357
54.y = —mcosx — 5 sinz — & cos 2z +2x cosz

— 9,2z _ 3 o2z g 1.3, 3 .24 3
55.y = 2e“® cos 2z o1 sm2w+893 + 162" + 552

56.y = —€22(1+x)+2e % —e5®
57.y = ze?® 4+ 3e* —e 4=

58.y =€ %(2+x —22%) —e 3

59.y =e 2%(3 —x) —2€%

60.y = e”(2cosz +3sinz) + 3e” — e

61.y =€”[(142z)cosz + (1 —3z)sinz]

62. y = e®(cosxz —2sinz) +e 3% (cosx +sinx)

63.y = €**[(2+2z) cosz — (1 + 3z) sinz]

64.y = e3*[(2+3x) cosx + (4 — ) sinz] + 3e® — 5e**
65.y = xe 2¥ cosx + 3 cos 2z

66.y = —%cos 2z + isin2a: +e* — %6_296 — %me‘h
67.a.y =cre %2 cos g:c +cpe™®/? cos \/Tgac - %(1 —z)

V3 V3

b.y =cie %2 cos %m +coe~%/2 cos %w +e*(3+2z)
c.y=cie *? cos @x +cae %2 cos %m - %(1 —z)+e *(3+42z)
68.a.y = c1e** +cped® +e*(3+7z)

b. y = c1e*® + cpe3® +ze3®

cy=cre?® +cye’* +e*(3+7zx) +ze’®
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69.a.y = c1e*® 4 cyze®® + 23t
b.y= c1e*® 4+ coze® +1 42z + 22
cy= cr1e*® 4+ cyze®® +23e® + 1422 + 22

70.a. y = c1€® +cze?* + ze?*(1 —2x)
b. y =cie* +cpe?® + et
C.y=cie® +c2e?® +ze?*(1—2z) + ze®

71.a.y =ci1€” cosz +c2e” sinz +e” (1 +z)
b.y =c1€” cosz +ce” sinzx +xle®
c.y=cie®cosz +cye’sinz +e*(1+z)+zle®

72.a.y =c;cosx +cysinz + e

b.y =cj cosz +cpsinz + €37 (1 — z?)
c.y=cicosz+cysinz +xle  +e3(1 —z?)
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19: Section 5.6 Answers
— cos 3z In | sec 3z-+tan 3z|
9

sin 2z In | cos 2z|
- + z cozs 2z

1.y =cicos3z +cysindx +

2.y =c1 €082 4 co Sin 2x —
y=cie® +cpe’® +4e®(1+e”)In(l +e7 %)
y=c1e” cosz +cze” sinz + 3e” +cosz In| cosz| +z sinz

y=ci1e® +coxe® + ¢ 3:7/2 *

S T o

y=cie® +cre®+e’ln(l —e ) —e*1In(e?* —1)
7.y:C1x+02%+@

8.y=ce” +C2% + %

9.y =c12'/%e® +cyz/%e* +2'/%e* Inz

10.y =cre ™ +cyze @ +e @t

11.y= az? +cyz® — 4752

12.y =c1z +coxd® —2x2sinz — 2z cos T

N _ ze °(z+1)
13.y=cie * +coxe® — —
14.y =1 cos/z +cosiny/z — w
33: e*

15.y = c1€® +cozle® + 2L
16.y =c12% +cpz®Inz +xa+1
17.y =1z cosT +coz sinx + “ﬂ
18.y =c1e® +cpe® — 222
19.y=cie ® +cye “cosz —e “sinz
200y=cy ﬁ&w +co \/56_2“”

2l.y =c1y/Tsinz +cyy/Tcosz + %
22.y =cjze® +cawe ® — 32

23.y =cize® +cpx’e® + &

4232
24.y—c1x++c2m — ”{5

25.y=c1x +c2x e® +x3e®

26.y = ciz%e® +cozle” + xe”

27.y = c1z? cosx +cox? sinz + 22

28.y =c1z +coe® +ze®(z —2)

29.y =c1/T +coy/ze® +/xe’(x—1)/4
eh(3z26—2ac+6) i %

30.y
3l.y=(z—1)%In(1 —z) +22* — 5z +3
Yy

32.y=(22—-1)e* —5(z —1)
_ z(a?+6)
33.y= 3T)

—_= L
B4 y=—5+z+5
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_ 2*(4z+9)
35.y= 6(z+1)
36. y = c1e” cos 3z +coe” sindzx + 117 coszT + 19—7 sinz — 21—76z cos3z In|sec 3z +tan3z|

37.y=cjcosx +cysinz — %:13 cosz +zsinz +cosz In| cosz|

38.y =cie ® +cye 2 +32% —9z 4 2L —e Fsine” 4 (e ¥ +e ) In(1 +€7)

39.y =ci€” +coze” +2° + 622 +222 +32 — %ew In(1+2z%)+ze®tan 'z

40.y = c €% +coze® + %w%z + %wze’” tan™l ¢ — %e’” tan™l ¢ — %me’” In(1 +z?%)

This page titled 19: Section 5.6 Answers is shared under a not declared license and was authored, remixed, and/or curated by William F. Trench.
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20: Section 5.7 Answers

Y= xlzr:_4 +czx_2

LY :clx—l—cza:7
.y=z(c;1 +c2lnx)
y=z2(c; +calnz)
.y=cycos(lnz)+cysin(lnz)

.y =x%[c; cos(31nz) +cysin(31nz)]

N OO U AW N P

.Y :clw—i—%

8.y =c1z?/3 + cox®/?

9.y=2""%(c; + ¢y Inz)

10.y = c1@ + co'/?

11.y = c12% + cpz'/?

12.y = 2[c; cos(2Inz) + ¢y sin(2 Inz]
13.y=2""3(¢c; + ¢y Inz)

14.y = z[c; cos(31nz) +cysin(3Inz)]
15.y=cz’+%

16.y ==+ +cpz!/?

17.y =a%(c1 +c2Inz)

18.y = % {cl cos(%lnm) + e sin(%lnm)]
19.y =ciz~ ! +cpz?

20y=cy+c2lnzx

2l.y=cycos(2lnz) + ¢y sin(2Inz)

22.y= 122 V8 4y g2 tVE

2.y=¢ cos(% Inz)+cy sin(% Inz)

2. y=ciz 2 +cez?Inzx

25.y =cyz1/2 cos(% Inz)+coz—1/2 sin(% Inz)
26.y = 1z + ozt

27.y = ¢z V2 4 g (-3V5)/2

28.y = c¢1 cos(3 Inz) 4 ¢y sin(4 Inx)

29.y =c; +cpx® + %:c5 Inz

30.y=cix+coxlnx +zln?z

3l.y= clz’l +02:E3 - %w2
Roy=ciz? +eozd + %w3 Inz
33.y = ar?+erd+zt —2?lnx

34.y = c1x +coxd +2x2e% — 2xe®

3B.y=cix+cxlnx+2+Inzx
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36.y = clz’1/2 —i—cz:c’l + 11—51’2 + %w

37.y= iz 24z ?lnx —l—%m?’

3B.y=ciz ! +ex ¥+ %ﬁ

39.y= a1z 4 ez + % Inz + %

40.y = c1z? cos(3Inzx) +coz?sin(3lnz) + 13—0.1: + 1i3
41.y=2—2z2

42,y =16z —2z*

43.y =cos(lnz) +2sin(Inx)

44.y =5x? — 7z’ Inx

45.y =z 'lnzx

46.y = % —Inz+ imz

47.y = s — a2t +2°

48.y = ex —ex> +22%e® — 2z€”

49.y=zlnz+2+Inzx

51.y =2¢y/—z —5y/—zIn(—=z)

52. y = 622 4 223

This page titled 20: Section 5.7 Answers is shared under a not declared license and was authored, remixed, and/or curated by William F. Trench.
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21: Section 6.1 Answers

1.y:3cos4\/6t—2—3/€sin4\/6t ft

2.y:—%0058\/3t—4—\1/55in8\/§t ft

3.y =—1.5cos144/10t cm

4. yz-cosSt—-smStft R= \/_ft wo=8rad/s; T =7/4s; ¢ =m —tan ' 4rad

5. y—lOcosl4t+—sm14t cm; R= 77 \/W)cm; wo=14rad/s; T=7/T7s; ¢ ~1.39 rad ~ 79.88

6. :——cos\/_t—l——sm\/_tm R= ST m; wy =+/T0rad/s; T =2m/+/70s; ¢ ~5.48 rad ~ 313.72

7.y= %cos 16t — Zsm 16t ft

8.y= %cosSt— %sin8t ft

9..72m

10.y = %sint + %cos 2t + %sin 2t ft

11.y=138 5 (4sin £ —sint)

12.y—— sin 8¢ + < cos4ft sm4\/_t

13. y = —tcos8t — Ecos 8t + gSlnSt ft

14. T =44/2s
15.w=8rad/sy = —+;(—cos8t +25sin8t) + msmStft
16. w = 44/6 rad/s; y———[ cos4y/6t+4sin4+/6t] + §sind+/6t ft

17.y = Lcos2t — isin2t—|—3cos2t—i—2s1n2t m

18. y = yo coswyt —|——s1nw0t R= (woyo)? + (vo)? 5 cosd = \/y“wi“; sing = ———e—
(woyo)+(v0) V/ (wog)* +(vo)?

19. The object with the longer period weighs four times as much as the other.

20. 15 = \/iTl , where 77 is the period of the smaller object

21. ky = 9k, , where k; is the spring constant of the system with the shorter period.
2.y= l cos4d+/6t

23. a. y-—gcosSt
b.t=ET forn —0,1,2,.
ot
24.a.y=—1cos2t — 3sin2t

b.y= @ sin(2t +m +tan™! %)
(n—1)r—tant 2

ct=———="forn=2,3,4,...

o2
5r—tan ! 3

dt=——

25.a.y = 2 cos10t — 1 sin10¢
b.y= % sin(10t +7 —tan™! 2)

3
c. The amplitude is % and the period is % s
d. 15
“1)mwitan ! £
e.t:(n)ﬂl* sforn=1,2,3,...
2m+tan! %
f. t - T
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g.23—5ft/s
h.t:ll—o(%+2n7r+tan—1 ) andt:%(‘%"—}ﬁmr—i—tan—l 2) forn=0,1,2,...

26.y = —% cosdt + § sindt + ye * cos 4t —2e~* sindt

This page titled 21: Section 6.1 Answers is shared under a not declared license and was authored, remixed, and/or curated by William F. Trench.
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22: Section 6.2 Answers

l.y= L;t (3 cos 2t —sin 2t) ft; \/ge_% ft
2.y=—e"t (3 cos3t+ %sin3t) ft‘/Tﬁe’t ft
3.y=e % (1 +10¢t) ft

4.y= —67(5 cost +63sint) ft
5.0 < c¢ < 81b-sec/ft

6.y = $e " (cos /0Tt + Hosin /OTt) £
—4t

7.y=—5-(2+8t)ft

8.y=e 10 (9 cos4+/6t +3 s1n4\/_t)

9.y= _3t/2(2cos\/_t+2\/_sm£t) ft
_ st V119 9 \/119
10.y=e2 (2 cos ~——1 — 2\/1195111 ) ft

—e 8t (1 g
1l.y=e (4c058\/§t 4\/5sm8\/§t) ft
12.y (——cos3\/ t+ sm3\/ t)

13. y, = 2cos2t + Esin2t ft
14.y = —%(e’gt —2e74)

15.y=e 2t (I_OCOS 4t — —sm4t)

16. y = e 3¢(10 cost — 70sint) cm
17. yp = —lcos 3t+ Lsin3t ft

18.y, = 11010 cos4t + ﬁsm 4t cm

19.y, = %cost—i— Bsint ft

20.y = ——cos 2t + < sm 2tm
21y, = Io (—B coswpt + asinwypt)

24.a.t=1/4s
b.t=1/2sandy=—e 2 ft

75, y__4 —2t+ —8t

26.y = ge’% - %e’st

27.a.y =e 2t cost +2e 2t sint
b.y =+v5e ! sin(t+tan~! 3)
c.t=nm—tan ' ;

dt=2r—tan' § s

=182 VAT, 16 t/2 g VAT, | 10 10
28.y = /2 cos Y4 3 —me / sin ~5—¢ + < cos 3t + - sin 3t
29.y =+e " +tet — 1cos4t
30.y = %c0s4t —= sm4t — —e’Zt cos4t + 2e~?! sin4t
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23: Section 6.3 Answers

1. ] =e 15 (2 cos5+v/31t — %sin5\/3_1t)
2.1 =e20%(2 cos40t — 101 sin40t)
3.1= —%e‘wt sin30¢
4. I = —10e73%(cos 40t + 18 sin 40t)
5.1 = —e*%(2cos 30t — 86 sin 30t)
6. I, = —%(cos 10t 4 2 sin 10¢)
7.1, = 2% (cos 25t — 6 sin 25¢)
(8 cos 50t —sin50¢)
9. I, = 2% (17sin100¢ — 11 cos 100t)
10. I, = — 32 (cos 30t + 8 sin 30¢)

This page titled 23: Section 6.3 Answers is shared under a not declared license and was authored, remixed, and/or curated by William F. Trench.

¢ A.6.3: Section 6.3 Answers by William F. Trench is licensed CC BY-NC-SA 3.0.

https://math.libretexts.org/@go/page/103642



https://libretexts.org/
https://math.libretexts.org/@go/page/103642?pdf
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/12%3A_Answers_to_Exercises_and_Index/23%3A_Section_6.3_Answers
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/12%3A_Answers_to_Exercises_and_Index/23%3A_Section_6.3_Answers
https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/12%3A_Answers_to_Exercises_and_Index/23%3A_Section_6.3_Answers?no-cache
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://math.libretexts.org/@go/page/43774
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/

LibreTexts*

24: Section 7.1 Answers
7.y=2a2" 432>+ 2
8.y=2e"+3e % —e¥ 43"
9.b.y :—%w3+w2+$, yzzéw -3 y3:%$3—%$2+m
17.2

18. —e3®

19.4

20. 4/2?

21.1

22. 2x

23.2/z?

24. €% (z? — 2z +2)

25. —240/z°

26.6e?*(2z —1)

27. —128z
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25: Section 7.2 Answers
.y =e%(c; +cox +c3z?)
.y=ci1e® +coe ¥ +c3cos3x +cysin3z
.y =c1e* +cycosdx +c3sindzr

.y =c1e® +coe " 4 c3e3/2

1
2
3
4
5.y =cie® +e 2%(c;cosx +cysin)
6.y =cie® +e%%(cy +c3)

7.y =e %3 (c; + com + c3x?)
8.y=c1+cx+czcoszr+ceysine

9.y= €1€%® 4 cpe % 4¢3 cos2x + ¢4 sin 2z

10. y = (1 + c2x) cos y/6z + (c3 + csz) siny/6z
11. y = &2(c; + coz) + e 3%/2 (3 + c4)

z/2 z/3

12.y=cie” +cgcosx +cysine

/2 3z/2

“+coe
13.y =c1€” +ese 2 452 fege”
14.y =€®(c1 +cax +c3cosz +cysinz)

15. y = cos 2z — 2sin 2z + e*

16.y = 2€” 4+ 3e ¥ —5e 3

17.y =2e” + 3ze” —4e™®

18.y =2e % cosz — 3e ? sinx + 4e?®

19.y = %675””/3 +e”(1+2z)

20. y = €2*(1 — 3z + 2z2)

21.y =e3%(2 —z) +4e /2

22,y =e%/2(1—2z)+3e /2

23.y = +(5€** + 727 +-10 cos 2 + 4 sin 2
24,y = —4e® +e¥ — et £ 2e7

25.y=2e"*—e "

26.y =€?*+e % + e %(3cosx +sinx)

27.y =2e /% +cos 2z —sin 2z

28. {e%, ze%, €2} 1

29. {cos2z,sin2z, "} : 26

30. {e *cosz,e *sinz,e”} : b

31. {1, z,z% "} 2¢®

32.{e®,e"*,cosz,sinz} 8

33.{cosz,sinz, e” cosz,e”sinz} : §

34. {73 cos 2z, e 3" sin 2z, %%, 2%, 1, 2, 22}
35. {e”, ze”, %% ze®/? x2e"/? cosz,sinz}

36. {cos 3z, z cos 3z, z? cos3z,sin3z, z sin3z, z? sin3z, 1, z}
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37. {€¥, xe® x%e?® e %, ze 2,1}

38. {cosz,sinz, cos 3z, x cos 3z, sin 3z, x sin 3z, €2* }

39. {€¥*, xe®®, e xe 2% cos2z,z cos2x,sin 2z, z sin2z}

40. {e’”:/2 cos \/im, ze %2 cos \/5;1:, z2e %2 cos \/593, e /2 gin \/533, ze %2 gin \/ix, z2e %2 gin \/5:0}

41. {1, z, 2%, €**, z€?®, cos 2z, x cos 2z, sin 2z, x sin 2z }

42. {cos(x/2), x cos(x/2),sin(z/2), z sin(x/2), cos 2z / 3z cos(2z /3), z* cos(2x/3), sin(2z/3), z sin(2z /3), z* sin
(2z/3)}

43.y=c1z 2 +cycos(2Inz) +c3sin(2Inzx)

44.y = c12® + ¢y cos(v/21Inz) + c3 sin(v/21nz)

45.y =c1x +coxlnx +c3z In’z

46.y =c1 +cox +03x2 +C4w_3

47.y =cy cos(lnz) + ey sin(lnz) + c3 Inz cos(Inz) + ¢4 Inz sin(In z)

48.y=cix +eox? ez
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26: Section 7.3 Answers

1

© o N o Uk~ W N

10
11

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

34.

.yzcl+Cz$+036_z+%$4—%$3+8$2

— 8¢ 4 A1 2 4 7T 3 1.4
.Yy =c1+cax +c3e +256x +32w 6%
.y:clez—l—czcos:c—i-cz,sinw—7—1—%6*“”—%mez—i—im%z
.Yy =cC1€ caT€ csre’ — T+ <z’e

z+ z+ 3 2 x 13+ +é 3,z

y=ce” +coe?® —|—C3e””/2 +1+ %we% — %6_2:3

— T z 1.2 1,2
.Yy =c1tcx t+c3e” +cpxe —|—2ar; —|—2ar; e

— 2z -2z 5,2 5.4 1,2
.Yy =c1 tCx +c3e”” +cqe 6% =T icxe

_ 6z _ 1,2 _ 6 1 o
.Yy =c1+cax +c3e YR 37 cosm—|—37 sinx
.yzcleh +02$62z +C3672z+i$362z_13_6w262z

.y=cie®+cyze® +c3rie —x —3 — %aﬂ‘ez
.y =cie® +cye?® +c3e 2T 4 % + %wez + %me“
Yy =1cC1COST +Ccysinx +c3x cosxT +cyxsine +22—-2z—3

=c1 +cox +cze’ +cge — 243 L2 _Sge-
3 3 2 2

T
y=cie® +cye?® +c3e3® +e*(2+x —x?)

y =cre® +cye’® +cze 2 — %(3 —z+ %)
y=cre 2 fcye 2 fc3e?/? + e (1 +x —2?)
y=cire® +cre ? +cze 3 +e 2 (1 — 5z +x?)
y=cie® +cre ? +c3e73 — %(1 —z+ax? —z3)
y=cie” +cre " cosz +cze P cosz +z’e”(1+z)

y:cle—Zm +C2e—z/2 +C36x/2—|— ze;z (2+$)

y=cie® +coze” +cze " + z228z (2+z)

y =c1e®® +cyze®® +cge 2 + @(1 +2z)

y =c1€% +cored® +cze® + 223 (2 4z —2?)
y=ci1e'” +cyzel® +cze + 22t (2 + )

y=c1e”? 4 cyxe®/? 4 czz’e”/? + %(1 +z)
y=cre® +cyze” +cze 2 +cge 3 +e (1 -2z +2?)
y=cie ® +cyze ® +cze’ +ege 4+ (1 —x)
y=c1+coe ™ fc3e72 cos 2z +cpe P sin2x +e 22 (1 +x + 2 —2°)
y= cre 2 4 eome ™2 4 cze +cqe®® + e—;(l —x)
y=cire %% fcye ™ feze? fehe” f et (24 1)
y=cire " +coe® +cze 2 4 cqe’ + %(1 +x?)

y=cie® +cyze® +c3€®® +cpxe?® + zzgzz (1+z+x?)

y=ci+coe? +cze?® +cyze?® + %(34—.@ +z?)

y=cie™® +cre” +czze” +egale’ + L (2 +x)
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35.y = cre %% + coe” + cyze” +cqzie’ + Lffz(l + 1)

z _ zle®

36.y =ci +cae® +czze® +eyxie -z +?)

37.y =c1€® + c2€?® +cgwe?® +cyx?e®® + %(2 +z—z?)

38.y =cie” +cae’® +cze 2+ e [(1+x)cosz + (2 —z)sinz]

39.y =cie % +coe®® +cze 22 +e % [(1 —x)cos2z + (1 +z)sin2z]

40. y = c1€” +cp cos(v/2x) + cg sin(v/2x) + €2? [(1 +x — ) cosz + (1 +2z) sinz |
41.y = c1€*® +cycosx +cysinz + % [(1+z)cos2z + (1 —x +2?)sin 2z

42.y = c1€7%" + ¢y cos 2z +c3 sin 2z + 5 (8 cos 2z + 14 sin 2z)

43.y =c1e® +cze® cosz +cze®sinz +ze® [(1+z)cosz + (3 +z) sinz]

44. y = 1% + cpe?® cos 2z + c3€2® sin 2z + %[(3 —1z)cos2z +sin2z]

IE3I
12

45,y = c1 +coe3* cos 3T + c3e3* sin 3z — (z cos3z +sin3z)

46.y = cre 2 +ce®® +c3e T cosz +cue T sine — & (cosz + Tsinz
10

47.y = c1e™® 4 c2€?® +c3e” cos T +cse” sinx + <5 (cos 2z —sin 2z)
48.y = c1€% + c2€>® + c3€?® cosz + ¢4 sinz + xe?” cos 2z

49.y =cie™® +coxe ™ +cze 2 +oyze 7 — - [(142) cosz + (2 — ) sina]

ze
10

50.y =cie 2% +cye® +cze * cosT +cge T sinz + (cosz +2sinz)
51.y = c1€” 4+ c2e™® + c3€e” cos 2z +cse” sin2z + %(3 cos2z —sin2zx)
52.y =cre % 4 cye 3 4 c3e * cos3x + cpe 2 sin3x + % [(1—z)cos3z + (1 +z)sin3z]

53.y = c1€® + cpe®® + c3e” cos 2z + cue” sin 2z — %(1 +z)sin2z

ze®
4

54.y =cie ¥ cosz +cye *sinx +c3xre ? cosx +cyxre T sine + (cosz —2sinz)

z2e2
32

2z

55. y = c1€%* cos 2z + c€?? sin 2z + c3ze?® cos 2z + cyz e sin 2z — (cos2z —sin2x)
56. y = c1€2% cos T + coe?® sinx + c3ze?® cosx +cyre?® sinz + Lgh (1+z)sinz
57.y =c1€”* +caze® +c3e?® +22%e" +xe?® —cosz

58.y = c1€® +cycosx +c3sinz + €2¥ +xe® + 2z cosx

59.y =c; +cpe” +c3e® +2x + 22 +2ze® —3ze ® +4e3®

60. y = c1€** + co€” cosx + c3e” sinx + xe®(cos 2z — 2 sin2z) +2ze?® +1

6l.y =cie @ +coze ® +cgz’e® +x2e2%(1+42x) — cos2zx +sin2z

62.y =cie ® +core ® +cze’ +22%(1+x)e ® +xcosz —2sinz

63.y =cre ® +cye® +cze 2% 4 cye®® + 2ze” + e +cosz

64.y =c1€” cosx + c2e” sinx + c3e” cos2x + cy€” sin2x + w—gx(cosw +sin2z)
65.y = c1e” +coze” +cze > +cyze T + g—i [(2+2z)e” +3e727]

66.y =cre ™ +care ™ +czxle ™ +cpe? + 3 (14 x)e ® +ze 2

67.y =c1e” +coze® +c3e” cosT +cqe” sinz + xe® (222 +cosz +sinx)

68.y =e**(1+x)+cie ™ +e*(c2+c3z)

69. y = e3* (1 - %) +cie” +e "(cacosz +cysinz)

70.y = ze?*(1+x)? 4 c1€® +cpe?® 4 c3e3®
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71.y=x2e%(1—2z)2 +c; +e %(cy +c31)

72.y = %(44—1‘) + €% (c1 + oz + c3x?)

73.y = %(1 +2z —z%)+€®(c1 +c2x) +e % (c3 +caz)

74 y=e*[(14%)cosz + (% —2z)sinz| +cre” +coe”" +cze >
75.y = —xe® sin2x + ¢; + cpe® +e*(c3 cosx + ¢y sinx)

76.y = — ’”i;x (1+z)cos2z +€” [(c1 + o) cos 2z + (c3 + caz) sin 2z

77.y =8 —6e” +3zxe” +b5x — %w2e’ + %msez

78.y=2+x —2e" — %w3 - %m‘l—l—xez

79.y =11 —11€® +9ze® + 2z — 122%€® + %65"3

80.y = —%e‘zx — g—ge’” cos(\/gac) + %\/ge’” sin(\/gm) + im - % + %xe_z’”

8l.y=(z2+2)e” —e 2 +¢%
Y
Y

82.

83.

84.y=(2—z)(z’ +1)e ® +cosz —sinz
85.y=(2—x)cosz — (1 —Tz)sinz +e 2*
86.y=2+e"[(1+x)cosz —sinz —1]
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27 Section 7.4 Answers
lL.y=cz+cyz’ +c3z® +zln|z|
2.y:c1ﬁ+02ﬁ+C3m2+2x21n|z|

z? In|z|
3.y:c1x+czw2+03%+T

_ 24 el Lodin el — 2543
4y=cteztea’teay+42 n|z| T

3/2 -3/2 | 22
5. —Cl\/_+C2 +e3zd 2 e+ 1

z ln\z\

6.y—clw+02w +63.’L' +C4.’E +
7.y:clw+02m2+63;+C4§ —|—:z:2ln|$|
8.y=—z(lnz)*+3z +2° —2zlnz
9.y:ﬁ(ln|x|)2+wz—w3+2z3ln|x|
10. y——:z: ‘(lnz)? +3z —z* +2z'Inz
11.y:("§—2—%) In|z| 4+ 4z — 222

12.y =32%Inz — 72>
13.y:z1nx+m—ﬁ+%+%
l4.y=2*In|z|+z—22°+ 2 —

15.y = c1x + cox® + czze® + 223

g2 _ 8 2
16.y =cre ™ +cyze ™ +czzle ™ + T 72"

@ —z 2 2
17.y=c1 +er s +ep et — 24D

e 3T

18. y = cize” +eoz?e” +C3m et +—

64
J— X —T __2_1'2
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28: Section 8.2 Answers
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14.R=1; I =(-1,1)
15 R=1/v/3 T=(3-1/v/3,3+1/v3)
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1. (2a2 — a1 +4ag) + (6as +4ay +4ar)z +> " 5 [(n+2)(n+1)ans2 +2(n+1)ap1 +(2n% —5n+4)a, ]z
2. (2as +2a1 +3ag) + (6as +4as +2a1)z + Y oo, [(R+2)(n+1)ani2 +2(n+1)ans1 + (n? —2n+3)a,|z"
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29: Section 8.3 Answers
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56.y:—3+5x—5m2+26—3:z:3 ﬁx‘l—kéé 54,
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