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1.1: 1.1 Function Families

Functions come in all different shapes. A few are very closely related and others are very different, but often confused. For
example, what is the difference between z* and 2*? They both have an z and a 2 and they both equal 4 when z = 2, but one

eventually becomes much bigger than the other.

Families of Functions

If mathematicians are cooks, then families of functions are their ingredients. Each family of functions has its own flavor and
personality. Before you learn to combine functions to create an infinite number of potential models, you need to get a clear idea of

the name of each function family and how it acts.

The Identity Function: f(z) ==z

The identity function is the simplest function and all straight lines are transformations of the identity function family.

The Squaring Function: f(z) = 22

The squaring function(quadratic function) is commonly called a parabola and is useful for modeling the motion of falling
objects. All parabolas are transformations of this squaring function.

The Cubing Function: f(z) = z3

https://k12.libretexts.org/@go/page/948
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The cubing function has a different kind of symmetry than the squaring function. Since volume is measured in cubic units, many

physics applications use the cubic function.

The Square Root Function: f(z) = z = 1

The square root function is not defined over all real numbers. It introduces the possibility of complex numbers and is also closely

related to the squaring function.

The Reciprocal Function: f(z) =z =1

The reciprocal function is also known as a hyperbola and a rational function. It has two parts that are disconnected and is not
defined at zero. Simple electric circuits are modeled with the reciprocal function.

So far all the functions can be grouped together into an even larger function family called the power function family.

The Power Function Family: f(z) = cz®

https://k12.libretexts.org/@go/page/948
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The power function family has two parameters. The parameter c is a vertical scale factor. The parameter a controls everything
about the shape. The reason why all the functions so far are subsets of the larger power function family is because they only differ
in their value of a. The power function family also shows you that there are an infinite number of other functions like quartics
(f(z) = z*) and quintics (f(z) = «°) that don’t really need a whole category of their own. The power function family can be
extended to create polynomials and rational functions.

The Exponential Function Family: f(z) = e®

-1

The exponential function family is one of the first functions you see where z is not the base of the exponent. This function
eventually grows much faster than any power function. f(z) =2° is a very common exponential function as well. Many
applications like biology and finance require the use of exponential growth.

The Logarithm Function: f(z) =Inzx

The logarithmic function is closely related to the exponential function family. Many people confuse the graph of the log function
with the square root function. Careful analysis will show several important differences. The log function is the basis for the Richter

Scale which is how earthquakes are measured.

The Periodic Function Family: f(z) = sinz

https://k12.libretexts.org/@go/page/948
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The sine graph is one of many periodic functions. Periodic refers to the fact that the sine wave repeats a cycle every period of time.
Periodic functions are extremely important for modeling tides and other real world phenomena.

The Absolute Value Function: f(z) = |z|

The absolute value function is one of the few basic functions that is not totally smooth.

The Logistic Function: f(z) = 1=
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The logistic function is a combination of the exponential function and the reciprocal function. This curve is very powerful because
it models population growths where the maximum population is limited by environmental resources.

Examples

v/ Example 1

Earlier, you were given a problem about comparing z? and 2°. While 2 and 2® have similar ingredients, they have very
different graphical features. The squaring function is symmetric about the line z =0 while the exponential function is not.
When = = 0, the squaring function has a height of zero and the exponential function has a height of one. The squaring function
has a slope that becomes steeper as z gets further from the origin while the exponential function flattens as = gets very small.
All of these differences are important and not obvious at first glance.

y=z,y=¢€% y= Tle_, Some functions that are close but not quite: y = 23, y = v/z

Compare and contrast the graphs of the two functions:

f(z) =lnz and h(z) = V=

Similarities: Both functions increase without bound as z gets larger. Both functions are not defined for negative numbers.

https://k12.libretexts.org/@go/page/948
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Differences: The log function approaches negative infinity as z approaches 0. The square root function, on the other hand, just
ends at the point (0,0).

v/ Example 4

Describe the symmetry among the function families discussed in this concept. Consider both reflection symmetry and
rotational symmetry.

Some function families have reflective symmetry with themselves:
y=z,y=a’,y=1 y=|gf

Some function families are rotationally symmetric:
y=z,y=1x5,y= %,y=sinz,y= ﬁ

Some pairs of function families are full or partial reflections of other function families:

y=2%y=x

y=e%,y=hz

For 1-10, sketch a graph of the function from memory.

l.y=¢€"
2. y=In(z)
3. y — sin(3)
4. y=z?
5.y=lz|
6.y=1
7.y= 1=
8.y=+z
cy=2z°
10.y==z

11. Which function is not defined at 0? Why?

12. Which functions are bounded below but not above??
13. What are the differences between y = 2 and y = £3?
14. What is a similarity between y = e* and y = In(x)?

15. Explain why y = /z is not defined for all values of z.

This page titled 1.1: 1.1 Function Families is shared under a CIK-12 license and was authored, remixed, and/or curated by CK12 via source

content that was edited to the style and standards of the LibreTexts platform.
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1.2: 1.2 Graphical Transformations

The basic functions are powerful, but they are extremely limited until you can change them to match any given situation.
Transformation means that you can change the equation of a basic function by adding, subtracting, and/or multiplying by constants
and thus cause a corresponding change in the graph. What are the effects of the following transformations?

1. f(z) = f(z +3)
2. h(z) > h(z) — 5
3. g(z) = —g(2z)
4.j(z) = j(—%

Transforming Functions

A function is a rule that takes any input z and gives a specific output. When you use letters like f, g, k, or j to describe the rule, this
is called function notation. In order to interpret what effect the algebraic change in the equation will have on the graph, it is
important to be able to read those changes in general function notation and then apply them to specific cases.

When transforming a function, you can transform the argument (the part inside the parentheses with the ), or the function itself.
There are two ways to linearly transform the argument. You can multiply the z by a constant and/or add a constant to the z as
shown below:

f(@) = f(bz + ¢)
The function itself can also be linearly transformed in the same ways:
f(z) > af(z)+d

Each of the letters a,b,c, and d corresponds to a very specific change. Some of these changes are straightforward, while others may
be the opposite of what you might expect.

e ais avertical stretch. If a is negative, there is also a reflection across the z axis.
o dis avertical shift. If d is positive, then the shift is up. If d is negative, then the shift is down.

When transforming the argument of the function things are more complicated.

o 1 isahorizontal stretch. If b is negative, there is also a reflection across the y axis.
e cis a horizontal shift. If ¢ is positive, then the shift is to the left. If c¢is negative, then the shift is to the right. Notice that this is
the opposite of what most people think at first.

The trickiest part with tra E
makes sense to apply the t 1

. E ment of a function is the order in which you carry out the transformations. Often it

ipecific function that is known and then describe the transformation that you see.

The graph below shows th
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Clearly the graph is narrower and to the right, but in order to be specific you must look closer. First, notice that the transformation
is entirely within the argument of the function. This affects only the horizontal values. This means while the graph seems like it was
stretched vertically, you must keep your perspective focused on a horizontal compression.

Look carefully at the vertex of the parabola. It has moved to the right two units. This is because first the entire graph was shifted
entirely to the right 6 units. Then the function was horizontally compressed by a factor of 3 which means the point (6, 0) became
(2, 0) and the z value of every other point was also compressed by a factor of 3 towards the line z = 0. This method is counter-
intuitive because it requires reading the transformations backwards (the opposite of the way the order of operations tells you to).

Alternatively, the argument can be factored and each component of the transformation will present itself.
fB3(z—2))

This time the stretch occurs from the center of the transformed graph, not the origin. This method is ultimately the preferred
method.

Either way, this is a horizontal compression by a factor of 3 and a horizontal shift to the right by 2 units.

Now take the transformation f(z) — —% f(z) + 3. It describes a vertical stretch by a factor of 1, a reflection over the z axis, and a
vertical shift 3 units up. As opposed to what you saw above, the order of the transformations for anything outside of the argument is
directly what the order of operations dictates.

First, the parabola is reflected over the z axis and compressed vertically so it appears wider. Then, every point is moved up 3 units.

The transformation f(z) — —3f (—iz — 1) +1 contains every possible transformation. The horizontal and the vertical components
do not interact with each other and so your description of the transformation can begin with either component. Here, start by
describing the vertical components of the transformation:

First, there is reflection across the z axis and a vertical stretch by a factor of 3. Then, there is a vertical shift up 1 unit. Below is an

image of a non-specific function going through the vertical transformations.

https://k12.libretexts.org/@go/page/949
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Qriginal Image Reflection Across x-axis

-

Vertical Stretch by a  Vertical Shift Up 1
Factor of 3 Unit

In order to figure out the horizontal components of the transformation, start by factoring the inside of the parentheses (the
argument):

f(~}e=1) = 1 (-}e+2)

Factoring reveals a reflection across the y axis, a horizontal shift left 2 units and a horizontal stretch by a factor of 2. Below is an
image of the same function going through the horizontal transformations.

U

Reﬂgction Across  Horizontal Shift Horizontal Stretch
y-axis Left 2 Units by a Factor of 2

Examples

v/ Example 1

Earlier, you were given a problem about the effects of the following transformations:

f(z) = f(z+3)

This transformation shifts the entire graph left 3 units. A common misconception is to shift right because the three is positive.
h(z) — h(z) — 5

This transformation shifts the entire graph down 5 units.

9(z) - —g(22)

This transformation is a vertical reflection across the x axis and a horizontal compression by a factor of 2.

i) =3 (—%)

This transformation is a horizontal reflection across the y axis and a horizontal stretch by a factor of 2. A common

misconception is to see the 1 and believe that the z values will be half as big which is a horizontal compression. However, the
\x\) values need to be twice as big to counteract this factor of 1

https://k12.libretexts.org/@go/page/949
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Describe the following transformation in words: g(z) — 2g(—z)

Vertical stretch by a factor of 2 and a reflection across the y axis.

v/ Example 3

Describe the transformation that would change A(z) in the following ways:

e Vertical compression by a factor of 3.
e Vertical shift down 4 units.
e Horizontal shift right 5 units.

1h(z—5)—4

v/ Example 4

Describe the transformation that would change f(z) in the following ways:

o Horizontal stretch by a factor of 4 and a horizontal shift 3 units to the right.
o Vertical reflection across the z axis and a shift down 2 units.

~1 (h(e-9) ~20r—f (Ja—3) -2

Describe the following transformations in words.

L g(z) - —g(—=)

2. f(x) = —f(z +3)

3. h(z) > h(z+1)—2

4. j(z) = j(—z +3)

5. k(z) = —k(2z)

6. f(z) =+ 4f (32 +1)

7. 9(x) = —3g(z —2) —2

8. h(z) = Sh(z+1)

9. Describe the transformation that would change A(z) in the following

ways:

e Vertical stretch by a factor of 2
o Vertical shift up 3 units.
e Horizontal shift right 2 units.

10. Describe the transformation that would change f(z) in the following
ways:

o Vertical reflection across the x axis.
o Vertical shift down 1 unit.
o Horizontal shift left 2 units.

11. Describe the transformation that would change g(z) in the following
ways:

e Vertical compression by a factor of 4.
o Reflection across the y axis.

12. Describe the transformation that would change j(z) in the following

ways:

https://k12.libretexts.org/@go/page/949
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e Horizontal compression by a factor of 3.
e Vertical shift up 3 units.
o Horizontal shift right 2 units.

13. Describe the transformation that would change %(z) in the following
ways:
o Horizontal stretch by a factor of 4.

o Vertical shift up 3 units.
o Horizontal shift left 1 unit.

14. Describe the transformation that would change h(z) in the following
ways:
e Vertical compression by a factor of 2.

o Horizontal shift right 3 units.
o Reflection across the y axis.

15. Describe the transformation that would change f(z) in the following
ways:

o Vertical stretch by a factor of 5.

o Reflection across the z axis

This page titled 1.2: 1.2 Graphical Transformations is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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1.3: 1.3 Point Notation and Function Notation

When performing multiple transformations, it is very easy to make a small error. This is especially true when you try to do every
step mentally. Point notation is a useful tool for concentrating your efforts on a single point and helps you to avoid making small
mistakes.

What would f(8z) + 7 look like in point notation and why is it useful?

Using Function Notation and Point Notation

A transformation can be written in function notation and in point notation. Function notation is very common and practical because
it allows you to graph any function using the same basic thought process it takes to graph a parabola in vertex form.

Another way to graph a function is to transform each point one at a time. This method works well when a table of =,y values is
available or easily identified from the graph.

Essentially, it takes each coordinate (z,y) and assigns a new coordinate based on the transformation.
(z,y) — (new z, new y)

This notation is called point notation. The new y coordinate is straightforward and is directly from what takes place outside f(x)
because f(z) is just another way to write y. For example, f(z) — 2f(z) — 1 would have a new y coordinate of 2y — 1.

The new z coordinate is trickier. It comes from undoing the operations that affect z. For example, f(z) — f(2z — 1) would have a
new z coordinate of £

The function notation and

units" are

Notice that the operations with the z are different.

. E esentations of the transformation "Horizontal shift right three units, vertical shift up 4
N
3y
b

fl@) = flz—3) +4

(z,9) = (z+3,y+4)

Apply the transformation above to the following table of points.

https://k12.libretexts.org/@go/page/950
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x Y x ¥
1 3 | — | 4 7
2 5 5 g
8 | -11 11 | -7

Notice that point notation greatly reduces the mental visualization required to keep all the transformations straight at once.

Examples

Earlier, you were asked what the function f(3z) + 7 would be when written in point notation. When written in point notation, it
would be written as (z,y) — (%, y+ 7) . This is useful because it becomes obvious that the z values are all divided by three and

the y values all increase by 7 .

v/ Example 2

Convert the following function in point notation to words and then function notation.
(z,y) > Bz +1,—y+7)

Horizontal stretch by a factor of 3 and then a horizontal shift right one unit. Vertical reflection over the z axis and then a

vertical shift 7 units up.

fl@) = —f(5z—3)+7

https://k12.libretexts.org/@go/page/950
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points.

flz) > —2f(z—1)+4

shift 4 units. Horizontal shift right one unit.

(z,y) = (z+1,—2y+4)

Vertical reflection across the g axis. Vertical stretch by a factor of 2. Vertical

AN R

v/ Example 4

fz) > 1f(—z—3)—1

~J | O U [

L | | |

B2 | O | =

R =R

x y
ERE
4 [ o
-5 1

Convert the following function notation into words and then point notation. Finally, apply the transformation to three example

Convert the following function notation into point notation and apply it to the included table of points

The y component can be directly observed. For the 2 component you need to undo the argument. (z,y) —» (—z —3, Sy —1)
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Convert the following point notation to words and to function notation and then apply the transformation to the included table
of points.

(z+3,y—1) — (2 +6,—y)

10 8

12 7

14 6

This problem is different because it seems like there is a transformation
happening to the original left point. This is an added layer of challenge
because the transformation of interest is just the difference between the two
points. Notice that the z coordinate has simply doubled and the y

coordinate has gotten bigger by one and turned negative. This problem can
be rewritten as:

(z,y) = (2z,—(y+1)) = 2z,—y—1)
flz)->—f(%) -1

x y x y
10 ) 5 -9
12 T | " 6 -8
14 6 7 o
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Convert the following function notation into words and then point notation. Finally, apply the transformation to three example
points.

1.9f(x) > —Lf(z+1)

2. g(z) = 2¢(3z) + 2

3. h(z) > —h(z—4)—3

4. j(z) > 3j(2z —4) + 1

5. k(z) & —k(z — 3)

Convert the following functions in point notation to function notation.
6. (z,9) > (3z+3,y—4)

7. (z,9) = 2z +4,—y+1)

8. (z,y) = (4=,3y —5)

9. (2z,y) = (4z,—y +1)

10. (z +1,y—2) — (3z +3,—y + 3)

Convert the following functions in function notation to point notation.

11. f(z) - 3f(z— 2) + 1
12. g(z) = —4g(z — 1) +3
13. h(z) = L+h(2zx+2)—5
14. j(z) =+ 5j(3z—2) -1
15. k(z) — %k(2z— 4)
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This page titled 1.3: 1.3 Point Notation and Function Notation is shared under a CK-12 license and was authored, remixed, and/or curated by

CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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1.4: 1.4 Domain and Range

Analyze means to examine methodically and in detail. One way to analyze functions is by looking at possible inputs (domain) and
possible outputs (range). Which of the basic functions have limited domains and why?

Domain and Range

Notation

Domain and range are described in interval notation. Parentheses, ( ), mean non-inclusive. Brackets, [ ], mean inclusive. The
following descriptions of numbers into interval notation have been converted to interval notation.

1. All numbers.
(—o0, 00) Note: Parentheses are always used with infinity.

2. All negative numbers not including 0.
(_00’ 0)

3. All positive numbers including 0.

[0, 00)

4. Every number between 1 and 4 including 1 and 4.
(1,4]

5. Every number between 5 and 6 not including 5 or 6.

(5,6)

6. The numbers 1 through 2 including 1 but not including 2 and the numbers
10 through 25 including both 10 and 25

[1,2)u]10, 25]

Note: The U symbol means Union and refers to the fact that if some number = is in this union, then it is either in the first group or it
is in the second group. This symbol is associated with the OR statement. While it is true that the Union symbol seems to bring one
group and another group together, the symbol for AND is N which means intersection. Intersection is different from union because
intersection means all numbers that are in both the first group and second group at the same time.

Domain and Restricted Domain

Domain is the possible inputs to a function. Many functions allow any kind of numbers to be inputted. This includes numbers that
are positive, negative, zero, fractions or decimals. The squaring function y = z2 is an example that has a domain of all possible real
numbers. Three functions have very specific restrictions:

The square root function: y = /z
Domain restriction: > 0

This is because the square root of a negative number is not a real number. This restriction can be observed in the graph because the
curve ends at the point (0,0) and is not defined anywhere where z is negative.

The log function is only defined on numbers that are strictly bigger than zero. This is because the logarithmic function is a different
way of writing exponents. One property of exponents is that any positive number raised to any power will never produce a negative
number or zero. The restriction can be observed in the graph by the way the log function approaches the vertical line z = 0 and

shoots down to infinity.
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1

The reciprocal function: y = -

Domain Restriction: z # 0

The reciprocal function is restricted because you cannot divide numbers byzero. Any z values that make the denominator of a
function zero are outside of the domain. This restriction can be observed in the graph by the way the reciprocal function never

touches the vertical line z = 0.

Range

Range is the possible outputs of a function. Just about any function can produce any output through the use of transformations and
so determining the range of a function is significantly less procedural than determining the domain. Use what you know about the
shape of each function and their equations to decide which y values are possible to produce and which y values are impossible to

produce.

Finding Domain and Range
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The domain and range for the graph above are:
Domain: z € [-3,2]
Range: y € [-2,3]

Note that the € symbol means "is an element of" and means that the z or the y is in that interval and the numbers in the interval are
always written in increasing order. [3,-2] is considered improper.

Note that even though the [-3,2] may look similar to the ordered pair that represents the point where z = —3 and y = 2, this is not
the case. Both the -3 and the 2 are z values. This misconception is why you should always write « € because it reminds you of this
fact. Many people get very confused when they see something like z € (—2,1) because they see the parenthesis and immediately
see a point when they should see an interval on the z axis.

In the graph below, there are two different pieces of the function.

. J
O
S
o
Z ~
< - s
P
—=
N

The domain and range for the graph above are:
Domain: z € [-3,—1) U0, 3)
Range: y € [-2,00)

The function seems to approach the vertical line z = —1 without actually reaching it s0 an open bracket is used. Also, the empty

hole at the point (3, 1) which is why the domain excludes the z value of 3 .
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Examples

v/ Example 1

Earlier, you were asked which basic functions have limited domains. The three functions that have limited domains are the
square root function, the log function and the reciprocal function. The square root function has a restricted domain because you
cannot take square roots of negative numbers and produce real numbers. The log function is restricted because the log function
is not defined to operate on non-positive numbers. The reciprocal function is restricted because numbers that are divided by

zero are not defined.

Identify the domain and range of the following function written in a table:

v/ Example 2
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2

The specific equation of the function may be hidden, but from the table you can determine the domain and range directly from
the z and y values. It may be tempting to guess that other values could potentially work in the table, especially if the pattern is
obvious, but this is not the kind of question that asks what the function could be. Instead this question just asks what is the
stated domain and range.

Domain: z € {0,1,2, 3,7}

Range: y € {5,6,7, 7}
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l Notice that the two 6’s that appear in the table do not need to be written twice in the range.

v/ Example 3

Identify the domain of the following three transformed functions.

l.y=10/2—z—3
The argument of the function must be greater than or equal to 0.
2—22>0
—r>—2
r<2

Domain: z € (—o0, 2]

— 3z
2. Y= o2
The denominator cannot be equal to 0. First find what values of z would make it equal to zero and then you can exclude those
values.

2247 +12=0
(z+4)(x+3)=0
r=—4,-3

Domain: z € (—oo,—4) U (—4,—3) U (—3, )
3.y=—-4In(3z —9)+ 11
The argument must be strictly greater than 0 .

3z—9>0
3z >9
x>3

Domain: « € (3, 00)

v/ Example 4

What is the domain and range of the sine wave?

Domain: z € (—oo, c0)

Range: y € [-1,1]

Convert the following descriptions of numbers into interval notation.
1. All positive numbers not including 0.

2. Every number between -1 and 1 including -1 but not 1.

3. Every number between 1 and 5 not including 2 or 3, but including 1 and 5.
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4. Every number greater than 5, not including 5.
5. All real numbers except 1.

Translate the following inequalities into interval notation.

6.—4<z<5
7.2>0
8.—w<z<4ors<z<oo
9.
AR
....3__
R e e
1 I__ x
{ -2.
-3
-
10.

i
T
&
5
3
2
1
1
-2
-4
-5
£
=
-B
_9

Given the stated domain and range, draw a possible graph.
11. Domain: « € [0, 00) Range: y € (—2,2]

12. Domain: z € [—4,1) U (1, 00) Range: y € (—o0,0)

13. Given the table, find the domain and range.
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w

z
9
A
T
2

Find the domain for the following functions.

_ _T
Y=z 1
16. y=5In(z2—1) +4
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1.5: 1.5 Maximums and Minimums

When riding a roller coaster there is always one point that is the absolute highest off the ground. There are usually many other
places that reach fairly high, just not as high as the first. There are also places where the roller coaster dips with one being the
absolute lowest the roller coaster can go. How do you identify and distinguish between these different peaks and valleys in a
precise way?

Finding Maximums and Minimums

A global maximum refers to the point with the largest y value possible on a function. A global minimum refers to the point with
the smallest y value possible. Together these two values are referred to as global extrema. There can only be one global maximum
and only one global minimum. Global refers to entire space where the function is defined. Global extrema are also called absolute
extrema.

In addition to global maximums and global minimums, there are also local extrema or relative maximums and relative
minimums. The word relative is used because in relation to some neighborhood, these values stand out as being the highest or the

lowest.

&

i (_']|C-b|?|: Maximum

L& -.1'. maximurn

2

o
-2
-4

global minimum
-6
] 0.2 0.4 06 0.8 1 12

Calculus uses advanced analytic tools to compute extreme values, but for the purposes of PreCalculus it is sufficient to be able to
identify and categorize extreme values graphically or through the use of technology. For example, the TI-84 has a maximum finder
when you select <2"4> then .

Examples

v/ Example 1

should be intuitive becCiuoc vy vin vy wlentify the highest points and the lowest points, or the peaks and the valleys, in a

inguish between different peaks and valleys on a graph. Maximums and minimums

graph. There is a formal distinction about whether a maximum is the highest on some local open interval (does not matter how

small), or whether it is simply the highest overall.

v/ Example 2

Identify and categorize all extrema.
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There are no global or local maximums or minimums. The function flattens, but does not actually reach a peak or a valley.

v/ Example 3

Identify and categorize all the extrema in the graph below:

Since the function appears from the arrows to increase and decrease beyond the display, there are no global extrema. There is a
local maximum at approximately (0, 3) and a local minimum at approximately (2.8, -7).

v/ Example 4

Identify and categorize all the extrema in the graph below:

ty
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l There is a global minimum at (0, 0). There is a local maximum at (-1, 1) and a global maximum at (5, 5).

v/ Example 5

Identify and categorize all the extrema in the graph below:

-
¥

- M

Since this function appears to increase to the right as indicated by the arrow there is no global maximum. There are not any
other high points either, so there are no local maximums. There is only the end point at (0, 0) which is a global minimum.

Use the graph below for 1-2.

1. Identify any global extrema.
2. Identify any local extrema.

Use the graph below for 3-4.

3. Identify any global extrema.

4. Identify any local extrema.
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Use the graph below for 5-6.

x
Il k
I L
-l
5. Identify any global extrema.
6. Identify any local extrema.
Use the graph below for 7-8.
+y
: 2
i 10
5 E

-

Fad
Fan g

7. Identify any global extrema.

8. Identify any local extrema.

Use the graph below for 9-10.
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9. Identify any global extrema.

10. Identify any local extrema.

11. Explain the difference between a global maximum and a local maximum.

12. Draw an example of a graph with a global minimum and a local maximum, but no global maximum.
13. Draw an example of a graph with local maximums and minimums, but no global extrema.

14. Use your graphing calculator to identify and categorize the extrema of:

f(z) = $* +27° — 6.52% — 20z + 24

15. Use your graphing calculator to identify and categorize the extrema of:

g9(z) = —z* +22% + 42 — 2z — 3

This page titled 1.5: 1.5 Maximums and Minimums is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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1.6: 1.6 Symmetry

Some functions, like the sine function, the absolute value function and the squaring function, have reflection symmetry across the
line z = 0. Other functions like the cubing function and the reciprocal function have rotational symmetry about the origin.

Why is the first group categorized as even functions while the second group is categorized as odd functions?

Even and Odd Functions

Even Functions

Functions symmetrical across the line z = 0 (the y axis) are called even. Even functions have the property that when a negative
value is substituted for z, it produces the same value as when the positive value is substituted for the z. In other words, the equation
f(—=z) = f(z) holds true for even functions.

To show that the function f(z) = 3z* — 522 + 1 is even, show that f(—z) = f(z).
f(=2) =3(=2)* - 5(-z)’ + 1
=3z* — 52241
= f(=)
The property that both positive and negative numbers raised to an even power are always positive is the reason why the term even
is used. It does not matter that the coefficients are even or odd, just the exponents.

Odd Functions

Functions that have rotational symmetry about the origin are called odd functions. Odd functions have the property that when a
negative g value is substituted into the function, it produces a negative version of the function evaluated at a positive value. In other
words, the equation f(—z) = —f(z) holds true for odd functions.

This property becomes increasingly important in problems and proofs of Calculus and beyond, but for now it is sufficient to
identify functions that are even, odd or neither and show why.
To show that f(z) = 423 — z is odd, show that f(—z) = —f(z).
f(=a) = 4(~z)* =
=4tz
— (4:1:3 + :c)
=—f(=)
Just like even functions are named, odd functions are named because negative signs don’t disappear and can always be factored out
of odd functions.

Even and odd functions describe different types of symmetry, but both derive their name from the properties of exponents. A
negative number raised to an even number will always be positive. A negative number raised to an odd number will always be
negative.

Examples

v/ Example 1

Which of the basic functions are even, which are odd and which are neither?
Even Functions: The squaring function and the absolute value function.
Odd Functions: The identity function, the cubing function, the reciprocal function, the sine function.

Neither: The square root function, the exponential function and the log function. The logistic function is also neither because it
is rotationally symmetric about the point (0, 2 ) as opposed to the origin.
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v/ Example 2

Suppose h(z) is an even function and g(z) is an odd function. f(z) = h(z) + g(z). Is f(x) even or odd? If h(z) is even then h(—z)
= h(z). If g(z) is odd then g(—z) = —g(z)

Therefore: f(—z) = h(—z) + g(—z) = h(z) — g(z)

This does not match f(z) = h(z) + g(z) nor does it match —f(z) = —h(z) — g(z)

This is a proof that shows the sum of an even function and an odd function will never itself be even or odd.

v/ Example 3

Determine whether the following function is even, odd, or neither.
f@) =2 (2”—1) (a* +1)
Identify whether the function is even, odd or neither and explain why.
f@)==z(z>—1) (z* +1)
f(-2) = (=) ((~=)* 1) ((~2)* +1)
=—z (.7:2 = 1) (:1:4 + 1)
= —f(z)
The function is odd because f(—z) = —f(z) holds true.

f(z) = 42® — |z|]
f(—z) =4(-2)’ -z
=—4z%—z

This does not seem to match either f(z) = 4a® — |z| or —f(z) = —4x® + |z|. Therefore, this function is neither even nor odd.

Note: This function is a difference of an odd function and an even function. This should be a clue that the resulting function is
neither even nor odd.

Determine whether the following functions are even, odd, or neither.

1. f(x) = -4z +1

2. g(z) = b5z3 — 3z

3. h(z)=222—2x

4. j(z) = (z — 4)(z - 3)°

5. k(z) =z (a2 — 1)°

6. f(z) = 223 — 522 — 22+ 1
7.g9(x) = 222 — 4z + 2

8. h(z) = -5z + 22 +2

9. Suppose h(z) is even and g(z) is odd. Show that f(z) = h(z) — g(z) is

neither even nor odd.
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10. Suppose h(z) is even and g(z) is odd. Show that f(z) = Z((;; is odd.

11. Suppose k(z) is even and g(z) is odd. Show that f(z) = h(z) - g(z) is odd.

12. Is the sum of two even functions always an even function? Explain.
13. Is the sum of two odd functions always an odd function? Explain.
14. Why are some functions neither even nor odd?

15. If you know that a function is even or odd, what does that tell you about the symmetry of the function?

This page titled 1.6: 1.6 Symmetry is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that

was edited to the style and standards of the LibreTexts platform.
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1.7: 1.7 Increasing and Decreasing

It is important to be able to distinguish between when functions are increasing and when they are decreasing. In business this could
mean the difference between making money and losing money. In physics it could mean the difference between speeding up and

slowing down.

How do you decide when a function is increasing or decreasing?

Increasing and Decreasing Functions

Increasing means places on the graph where the slope is positive.

ﬂrH

The formal definition of an increasing interval is: an open interval on the z axis of (a,d) where every b, c € (a,d) with b < ¢ has f(b)

< f(c)

—._.—-""/

Filvy fc)

®

il 'i] i i

O

A interval is said to be strictly increasing if f(b) < f(c) is substituted into the
definition.

Decreasing means places on the graph where the slope is negative. The formal definition of decreasing and strictly decreasing are

identical to the definition of increasing with the inequality sign reversed.
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A function is called monotonic if the function only goes in one direction and never switches between increasing and decreasing.
Out of the basic functions, the monotonically increasing functions are:

f(@) =z, f(z) = 2 f(z) = V=, f(z) = €%, f(z) = Inz, f(z) = 1=

The only basic functions that are not monotonically increasing are:

f(z) = 2% f(z) = |a|, f(z) = §, f(z) = sinz

Identifying analytically where functions are increasing and decreasing often requires Calculus. For PreCalculus, it will be sufficient
to be able to identify intervals graphically and through your knowledge of what the parent functions look like.

Examples

v/ Example 1

Earlier, you were askec
positive slope and decre.co.,
function and see two curves that symmetrically increase away from zero. Instead, you should always read functions from left to

g= . if a function is increasing or decreasing. Increasing is where the function has a
<. function has a negative slope. A common misconception is to look at the squaring

right and draw slope lines and decide if they are positive or negative.

v/ Example 2

Estimate where the following function is increasing and decreasing.
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Increasing: z € (—oo,—1.5) U (1.5, 00).
Decreasing: z € (—1.5,1.5)

v/ Example 3

Estimate where the following function is increasing and decreasing.

_J(_
Increasing z € (—oo0, —4) U (—4,—2.7) U (—1,2) U (2, 0).
Decreasing = € (—2.7,—1)

v/ Example 4

Estimate the intervals where the function is increasing and decreasing.

Increasing: z € (—oo, —4) U (-2, 1.5)
Decreasing: z € (—4,—2) U (1.5, 00)
Notice that open intervals are used because at z = —4,—2,1.5 the slope of the function is zero. This is here the slope transitions

from being positive to negative. The reason why open parentheses are used is because the function is not actually increasing or
decreasing at those specific points.

v/ Example 5

A continuous function has a global maximum at the point (3, 2), a global minimum at (5, -12) and has no relative extrema or

other places with a slope of zero. What are the increasing and decreasing intervals for this function?

Increasing z € (—o0,3) U (5,00).
Decreasing z € (3, 5)

Note: The y coordinates are not used in the intervals. A common mistake is to want to use the y coordinates.

Use the graph below for 1-2.
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1. Identify the intervals (if any) where the function is increasing.
2. Identify the intervals (if any) where the function is decreasing.

Use the graph below for 3-4.

3. Identify the intervals (if any) where the function is increasing.
4. Identify the intervals (if any) where the function is decreasing.

Use the graph below for 5-6.

1.-

5. Identify the intervals (if any) where the function is increasing.
6. Identify the intervals (if any) where the function is decreasing.

Use the graph below for 7-8.

https://k12.libretexts.org/@go/page/6998


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://k12.libretexts.org/@go/page/6998?pdf

LibreTexts"

7. Identify the intervals (if any) where the function is increasing.
8. Identify the intervals (if any) where the function is decreasing.

Use the graph below for 9-10.
¢ - I i I
10

9. Identify the intervals (if any) where the function is increasing.
10. Identify the intervals (if any) where the function is decreasing.
11. Give an example of a monotonically increasing function.

12. Give an example of a monotonically decreasing function.

13. A continuous function has a global maximum at the point (1, 4), a global minimum at (3, -6) and has no relative extrema or
other places with a slope of zero. What are the increasing and decreasing intervals for this function?

14. A continuous function has a global maximum at the point (1, 1) and has no other extrema or places with a slope of zero.
What are the increasing and decreasing intervals for this function?
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15. A continuous function has a global minimum at the point (5, -15) and has no other extrema or places with a slope of zero.
What are the increasing and decreasing intervals for this function?

This page titled 1.7: 1.7 Increasing and Decreasing is shared under a CC BY-NC license and was authored, remixed, and/or curated by CK12 via
source content that was edited to the style and standards of the LibreTexts platform.
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1.8: 1.8 Zeroes and Intercepts of Functions

An intercept in mathematics is where a function crosses the z or y axis. What are
the intercepts of this function?

Xand Y Intercepts

The first type of intercept you may have learned is the y -intercept when you learned the slope intercept form of a line: y = mz +b.
A y -intercept is the unique point where a function crosses the y axis. It can be found algebraically by setting z = 0 and solving for

Y.

z -intercepts are where functions cross the z axis and where the height of thefunction is zero. They are also called roots, solutions
and zeroes of a function. They are found algebraically by setting = 0 and solving for z. Watch the videos below for practice:

Examples

v/ Example 1

I'.
Earlier, you were asked E - of the graph below are.

Graphically the function has zeroes at -2 and 3 with a y intercept at about —1.1.
Note: In order for a function to pass the vertical line test, it must only have one y -intercept, but it may have multiple z -

intercepts.

v/ Example 2

What are the zeroes and y -intercepts of the parabola y = 2 — 22 — 3?
Using a graph:
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The zeroes are at (-1,0) and (3,0) . The y -intercept is at (0,-3) .
Using Algebra:

Substitute 0 for y to find zeroes.
0=22-22—-3=(z—3)(z+1)

y=0,z=3,—1

Substitute 0 for z to find the y -intercept.
y=(0?-2(0)—-3=-3

r=0,y=-3

v/ Example 3

Identify the zeroes and y -intercepts for the sine function.

1—

| | |
/ n n 311 2 Err: 3\
2

1=

The y -intercept is (0,0) . There are four zeroes visible on this portion of the graph. One thing you know about the sine graph is
that it is periodic and repeats forever in both directions. In order to capture every z -intercept, you must identify a pattern
instead of trying to write out every single one.

The visible z -intercepts are 0,,2w,3r. The pattern is that there is an z -intercept every multiple of = including negative
multiples. In order to describe all of these values you should write:

The z -intercepts are &nm where n is an integer {0, +1,42,...}.

v/ Example 4

Identify the intercepts and zeroes of the function: f(z) = 135 (z — 3)3(z +2)2
To find the y -intercept, substitute o for g :

y=150-3)30+2)? = L (—27)(4) =—18 = —1.08

To find the = -intercepts, substitute 0 for y :

0= i (z—3)3(z +2)2

z=23,—2
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l Thus the y -intercept is (0,-1.08) and the z -intercepts are (3,0) and (-2,0)

v/ Example 5

Determine the intercepts of the following function graphically.

The y -intercept is approximately (0,-1) . The g -intercepts are approximately (-2.3,0), (-0.4,0) and (0.7,0). When finding values
graphically, answers are always approximate. Exact answers need to be found analytically.

1. Determine the zeroes and y -intercept of the following function using algebra:
f@)=(@+1)%(z—4)
2. Determine the roots and y -intercept of the following function using algebra or a graph:

3. Determine the intercepts of the following function graphically:

Find the intercepts for each of the following functions.

4. y=z?
5.y=g3
6.y =1In(z)
7.y=%
8.y=¢€®
9.y=+v=

10. Are there any functions without a y -intercept? Explain.
11. Are there any functions without an z -intercept? Explain.
12. Explain why it makes sense that an z -intercept of a function is also called a

"zero" of the function.
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Determine the intercepts of the following functions using algebra or a graph.
13. h(z) = 2® — 622 + 3z + 10

14. j(z) = 2> —6z— T

15. k(z) = 42* — 202® — 32 + 14z + 5

1.8: 1.8 Zeroes and Intercepts of Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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1.9: 1.9 Asymptotes and End Behavior

Most functions continue beyond the viewing window in our calculator or computer. People often draw an arrow next to a dotted
line to indicate the pattern specifically. How can you recognize these asymptotes?

Asymptotes and End Behavior of Functions

A vertical asymptote is a vertical line such as & = 1 that indicates where a function is not defined and yet gets infinitely close to.

A horizontal asymptote is a horizontal line such as y =4 that indicates where a function flattens out as z gets very large or very
small. A function may touch or pass through a horizontal asymptote.

The reciprocal function has two asymptotes, one vertical and one horizontal. Most computers and calculators do not draw the
asymptotes and so they must be inserted by hand as dotted lines.
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Many students have the misconception that an asymptote is a line that a function gets infinitely close to but does not touch. This is
not true. Take the following function:

The graph appears to flatten as ¢ grows larger. Thus, the horizontal asymptote is y = 0 even though the function clearly passes
through this line an infinite number of times.

The reason why asymptotes are important is because when your perspective is zoomed way out, the asymptotes essentially become
the graph.
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The function has a horizontal asymptote y = 2 as z approaches negative infinity. There is a vertical asymptote at z = 0. The right

\ }
Y

hand side seems to decrease forever and has no asymptote.

Note that slant asymptotes do exist and are called oblique asymptotes.

Examples

v/ Example 1

Earlier, you were asked how to identify asymptotes on a graph. Asymptotes written by hand are usually identified with dotted
lines next to the function that indicate how the function will behave outside the viewing window. The equations of these
vertical and horizontal dotted lines are of the form z=____ and y=____. When problems ask you to find the asymptotes of a
function, they are asking for the equations of these horizontal and vertical lines.

v/ Example 2

Identify the horizontal and vertical asymptotes of the following function.

-

o

There is a vertical asymptote at z = 0. As = gets infinitely small, there is a horizontal asymptote at y = —1. As = gets infinitely
large, there is another horizontal asymptote at y = 1.

v/ Example 3

Identify the horizontal and vertical asymptotes of the following function.

| ¥
i| L] i| [ 3 1. JI i
i+
_—

There is a vertical asymptote at z = 2. As z gets infinitely small there is a horizontal asymptote at y = —1. As z gets infinitely

large, there is a horizontal asymptote at y = 1.

v/ Example 4

Identify the horizontal and vertical asymptotes of the following piecewise function:

1@ ={

e?—1 <0
sinx O0<z

https://k12.libretexts.org/@go/page/11454



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://k12.libretexts.org/@go/page/11454?pdf

LibreTexts"

There is a horizontal asymptote at y = —1 as z gets infinitely small. This is because e raised to the power of a very small
number becomes 0.000000 ... and basically becomes zero.

v/ Example 5

Identify the asymptotes and end behavior of the following function.

1

There is a vertical asymptote at £ = 0. The end behavior of the right and left side of this function does not match. The
horizontal asymptote as z approaches negative infinity is y = 0 and the horizontal asymptote as z approaches positive infinity is
y = 4. At this point you can only estimate these heights because you were not given the function or the tools to find these
values analytically.

Identify the asymptotes and end behavior of the following functions.]

l.y=gz

2. y=a?
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12. Vertical asymptotes occur at z values where a function is not defined. Explain why it makes sense that y = 1 has a vertical
asymptote at z = 0.

13. Vertical asymptotes occur at z values where a function is not defined. Explain why it makes sense that y = 25 has a

vertical asymptote at z = —3.
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14. Use the technique from the previous problem to determine the vertical asymptote for the function y = =

15. Use the technique from problem #13 to determine the vertical asymptote for the functiony = 24

1.9: 1.9 Asymptotes and End Behavior is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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1.10: 1.10 Continuity and Discontinuity

Continuity is a property of functions that can be drawn without lifting your pencil. Some functions, like the reciprocal functions,
have two distinct parts that are unconnected. Functions that are unconnected are discontinuous. What are the three ways functions
can be discontinuous and how do they come about?

Continuity and Discontinuity of Functions

Functions that can be drawn without lifting up your pencil are called continuous functions. You will define continuous in a more
mathematically rigorous way after you study limits.

There are three types of discontinuities: Removable, Jump and Infinite.

Removable Discontinuities

Removable discontinuities occur when a rational function has a factor with an z that exists in both the numerator and the
denominator. Removable discontinuities are shown in a graph by a hollow circle that is also known as a hole. Below is the graph
for f(z) = %ﬁ“) Notice that it looks just like y =z 4 2 except for the hole at # = —1. When graphing function, you should
cancel the removable factor, graph like usual and then insert a hole in the appropriate spot at the end. There is a hole at z = —1
because when z = —1, f(z) = 2.

Removable discontinuities can be "filled in" if you make the function a piecewise function and define a part of the function at the
point where the hole is. In the example above, to make f(z) continuous you could redefine it as:

2 1
f(x)z{ (w+zzg+)’ 1‘7’:—1

, z=-1

Jump Discontinuities

Jump discontinuities occur when a function has two ends that don’t meet even if the hole is filled in. In order to satisfy the
vertical line test and make sure the graph is truly that of a function, only one of the end points may be filled. Below is an example
of a function with a jump discontinuity.
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Infinite Discontinuities

Infinite discontinuities occur when a function has a vertical asymptote on one or both sides. This is shown in the graph of the
function below z = 1.

Examples

v/ Example 1

Earlier you were asked how functions can be discontinuous. There are three ways that functions can be discontinuous. When a
rational function has a vertical asymptote as a result of the denominator being equal to zero at some point, it will have an
infinite discontinuity at that point. When the numerator and denominator of a rational function have one or more of the same
factors, there will be removable discontinuities corresponding to each of these factors. Finally, when the different parts of a
piecewise function don’t “match”, there will be a jump discontinuity.

v/ Example 2

Identify the discontinuity of the piecewise function graphically.

z2—4 z<l1

fl@y=49 -1 z=1

—%m+1 z>1

There is a jump discontinuity at £ = 1. The piecewise function describes a function in three parts; a parabola on the left, a
single point in the middle and a line on the right.

v/ Example 3

Describe the continuity or discontinuity of the function f(z) =sin ().
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The function seems to oscillate infinitely as z approaches zero. One thing that the graph fails to show is that 0 is clearly not in
the domain. The graph does not shoot to infinity, nor does it have a simple hole or jump discontinuity. Calculus and Real

Analysis are required to state more precisely what is going on.

v/ Example 4

Describe the discontinuities of the function below.

There is a jump discontinuity at z = —1 and an infinite discontinuity at = 2.

v/ Example 5

Describe the discontinuities of the function below.

There are jump discontinuities at £ = —2 and ¢ =4. There is a removable discontinuity at z = 2. There is an infinite
discontinuity at z = 0.

Describe any discontinuities in the functions below:

l.y=xz

2.y=za?
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7.y =In(z)
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9.

10.

11.

12. f(z) has a jump discontinuity at ¢ = 3, a removable discontinuity at & = 5, and another jump discontinuity at = 6. Draw a
picture of a graph that could be f(z).

13. g(z) has a jump discontinuity at = —2, an infinite discontinuity at z = 1, and another jump discontinuity at z = 3. Draw a
picture of a graph that could be g(z).

14. h(z) has a removable discontinuity at z = —4, a jump discontinuity at z = 1, and another jump discontinuity at £ = 7. Draw
a picture of a graph that could be k(z).

15. j(z) has an infinite discontinuity at z = 0, a removable discontinuity at z = 1, and a jump discontinuity at £ = 4. Draw a

picture of a graph that could be j(z).

1.10: 1.10 Continuity and Discontinuity is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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1.11: 1.11 Function Composition

Functions can be added, subtracted, multiplied and divided creating new functions and graphs that are complicated combinations of
the various original functions. One important way to transform functions is through function composition. Function composition
allows you to line up two or more functions that act on an input in tandem.

Is function composition essentially the same as multiplying the two functions together?

Composition of Functions

A common way to describe functions is a mapping from the domain space to the range space:

flx)

Range
Domain e

Function composition means that you have two or more functions and the range of the first function becomes the domain of the

fix)

Moe W N e

second function.

There are two notations used to describe function composition. In each case the order of the functions matters because
arithmetically the outcomes will be different. Squaring a number and then doubling the result will be different from doubling a
number and then squaring the result. In the diagram above, f(z) occurs first and g(z) occurs second. This can be written as:

9(f(z)) or (g° f)(=)

You should read this " g of f of z." In both cases notice that the f is closer to the
z and operates on the z values first.

Examples

v/ Example 1

Earlier, you were asked
the same as multiplying .. swocwons weoother. With function composition there is an outside function and an inside function.

ition is the same as multiplying two functions together. Function composition is not

Suppose the two functions were doubling and squaring. It is clear just by looking at the example input of the number 5 that 50
(squaring then doubling) is different from 100 (doubling then squaring). Both 50 and 100 are examples of function
composition, while 250 (five doubled multiplied by five squared) is an example of the product of two separate functions
happening simultaneously.

For the next two examples, use the functions below:

f(z)=2"-1
hz) = 2%
g(z) =3e*— =z
i@ =vz+1
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Show f(h(z)) # h(f(=))

fhia)) = £ (37) = (552)" -1

h(f(@) = h(s?~1) = G = 553

In order to truly show they are not equal it is best to find a specific counter example of a number where they differ. Sometimes
algebraic expressions may look different, but are actually the same. You should notice that f(h(z)) is undefined when z = —5
because then there would be zero in the denominator. h(f(z)) on the other hand is defined at £ = —5. since the two function
compositions differ, you can conclude:

f(h(z)) # h(f(z))

v/ Example 3

What is f(j(h(g(2))))?

These functions are nested within the arguments of the other functions. Sometimes functions simplify significantly when
composed together, as f and j do in this case. It makes sense to evaluate those two functions first together and keep them on
the outside of the argument.

f(@) =2~ Lih(&) = Zkigla) = 3¢~z (@) = VEF T

@) =fv+1) =R y+1)*-1=y+1-1=y

Notice how the composition of f and j produced just the argument itself?

Thus,

f(i(h(9(2)))) = h(g(z)) = h (3" — x)
_ (Be*—x)—1
T (Bet—x)+5
_3e—z-—1
T 3e*—z+5

For the next two examples, use the graphs shown below:

f(z) = ||

g(z) =€”
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e

h(z) = —x

v/ Example 4

Compose g(f(x)) and graph the result. Describe the transformation.

9(f(2)) = g(|z]) = e

(BN
P
Pa--
e

2.0
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The positive portion of the exponential graph has been mirrored over the y axis and the negative portion of the exponential
graph has been entirely truncated.

v/ Example 5

Compose h(g(z)) and graph the result. Describe the transformation.

h(g(z)) = h(e") = —€”

-

[ B

The exponential graph has been reflected over the z -axis.

For questions 1-9, use the following three functions: f(z) = |z|, h(z) = —z,9(z) = (z —2)®2 — 3
1. Graph f(z), h(z) and g(z).

2. Find f(g(<)) algebraically.

3. Graph f(g(=)) and describe the transformation.

4. Find g(f(x)) algebraically.

5. Graph g(f(z)) and describe the transformation.

6. Find h(g(x)) algebraically.

7. Graph h(g(z)) and describe the transformation.

8. Find g(h(z)) algebraically.

9. Graph g(h(x)) and describe the transformation.

For 10-16, use the following three functions: j(z) = 2, k(z) = |z|,m(z) = V&
10. Graph j(z), k(x) and m(z).

11. Find j(k(z)) algebraically.

12. Graph j(k(z)) and describe the transformation.

13. Find k(m(z)) algebraically.

14. Graph k(m(z)) and describe the transformation.

15. Find m(k(z)) algebraically.

16. Graph m(k(z)) and describe the transformation.
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1.12: 1.12 Inverses of Functions

Functions are commonly known as rules that take inputs and produce outputs. An inverse function does exactly the reverse,
undoing what the original function does. How can you tell if two functions are inverses?

Finding Inverses of Functions

A function is written as f(z) and its inverse is written as f~!(z). A common misconception is to see the -1 and interpret it as an
exponent and write ﬁ, but this is not correct. Instead, f~(z) should be viewed as a new function from the range of f(z) back to
the domain.

fx)
Domain Range

[~(x)

It is important to see the cycle that starts with z, becomes y and then goes back to z. In order for two functions to truly be inverses

of each other, this cycle must hold algebraically.

F(f4(=z)) =z and f(f(z)) ==

When given a function there are two steps to take to find its inverse. In the original function, first switch the variables z and y.
Next, solve the function for y. This will give you the inverse function. After finding the inverse, it is important to check both
directions of compositions to make sure that together the function and its inverse produce the value z. In other words, verify that
f(fY(z)) =z and fF1(f(z)) = =.

Graphically, inverses are reflections across the line y = z. Below you see inverses y =e” and y =Inz. Notice how the (z,y)
coordinates in one graph become (y, z) coordinates in the other graph.

In order to decide whether an inverse function is also actually a function you can use the vertical line test on the inverse function
like usual. You can also use the horizontal line test on the original function. The horizontal line test is exactly like the vertical line
test except the lines simply travel horizontally.

TS
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Examples

Earlier, you were asked how you can tell that two functions are inverses. You can tell that two functions are inverses if each
undoes the other, always leaving the original z.

v/ Example 2

Find the inverse, then verify the inverse algebraically. f(z) =y = (z +1)*+4

To find the inverse, switch z and y then solve for y.

z=(y+1)°+4
g—4=(y+1)°
+Vez—4=y+1

~lxVe—d=y=f"(z)
To verify algebraically, you must show z = f (f~!(z)) = f1(f(z))

F(F7 @) =f(-1£Vz -1
=((-1+vVz—4)+1)2+4

=(xVr —4)* +4
=x—4+4==z

@) = (@ +1)7+4)
=—1+4/((z+1)2+4)—4
=—144/(z+1)2

=—1l4z+1l=zx

As you can see from the graph, the 4 causes the inverse to be a relation instead of a function. This can be observed in the graph
because the original function does not pass the horizontal line test and the inverse does not pass the vertical line test.

v/ Example 3

Find the inverse of the function and then verify that & = f (f~'(z)) = f7(f()).
fz)=y=24

Sometimes it is quite challenging to switch z and y and then solve for y. You must be careful with your algebra.
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y+1
{L‘—y_—l
zly—1)=y+1
zy—z=9y+1
zy—y=z+1
ye—1)=z+1
_z+1
Tz—1

This function turns out to be its own inverse. since they are identical, you only need to show that z = f (f~(z))
41y _ (EDH _ aiite1 20 _
G =Ea sy —3°°

z—1

v/ Example 4

What is the inverse of f(z) =y =sinz?

The sine function does not pass the horizontal line test and so its true inverse is not a function.

However, if you restrict the domain to just the part of the z -axis between —% and % then it will pass the horizontal line test
and the inverse will be a function.

-

y
1+

-2 w2 I\

The inverse of the sine function is called the arcsine function, f(z) = sin~!(z), and is shown in black. It is truncated so that it
only inverts a part of the whole sine wave. You will study periodic functions and their inverses in more detail later.

v/ Example 5

Determine if f(z) = 3z — 21 and g(z) = L + 21 are inverses of one another.

Even though f(z) = 3z —21 and g(z) = T + 21 have some inverted pieces, they are not inverses of each other. In order to
show this, you must show that the composition does not simplify to z.

3(fz+21)—21=z+9-21=z—12#2z

Consider f(z) = z*

1. Sketch f(z) and f7(z).

2. Find f~1(z) algebraically. It is actually a function?

3. Verify algebraically that f(z) and f~1(x) are inverses.
Consider g(z) = /.

4. Sketch g(z) and g~!(=z).
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5. Find g—!(z) algebraically. It is actually a function?

6. Verify algebraically that g(z) and g—1(z) are inverses.
Consider h(z) = |z|

7. Sketch h(z) and h7*(z).

8. Find h~!(z) algebraically. It is actually a function?

9. Verify graphically that h(z) and h~!(z) are inverses.
Consider j(z) =2z —5

10. Sketch j(z) and j~(z).

11. Find j—!(z) algebraically. It is actually a function?

12. Verify algebraically that j(z) and j~!(z) are inverses.
13. Use the horizontal line test to determine whether or not the inverse of f(z) = z3 — 2z% + 1 is also a function.
14. Are g(z) = In(z + 1) and h(z) = e*~! inverses? Explain.

15. If you were given a table of values for a function, how could you create a table of values for the inverse of the function?

1.12: 1.12 Inverses of Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.1: 2.1 Factoring Review

To factor means to write an expression as a product instead of a sum. Factoring is particularly useful when solving equations set
equal to zero because then logically at least one factor must be equal to zero. In PreCalculus, you should be able to factor even
when there is no obvious greatest common factor or the difference is not between two perfect squares.

How do you use the difference of perfect squares factoring technique on polynomials that don’t contain perfect squares and why
would this be useful?

Factoring Functions

A polynomial is a sum of a finite number of terms. Each term consists of a constant that multiplies a variable. The variable may
only be raised to a non-negative exponent. The letters qa,b,c... in the following general polynomial expression stand for regular
numbers like 0,5, —1, /2 and the  represents the variable.

ax™ 4+ bz 4+ ... + fe2+gr+h

You have already learned many properties of polynomials. For example, you know the commutative property which states that
terms of a polynomial can be rearranged to create an equivalent polynomial. When two polynomials are added, subtracted or
multiplied the result is always a polynomial. This means polynomials are closed under addition, and is one of the properties that
makes the factoring of polynomials possible. Polynomials are not closed under division because dividing two polynomials could
result in a variable in the denominator, which is a rational expression (not a polynomial).

There are three methods for factoring that are essential to master.

Greatest Common Factor Method

The first method you should always try is to factor out the greatest common factor (GCF) of the expression.

1,4, 7,2 ¢g_ _1
—EIE + 7{6 —6= -3
In order to check to see that this is an equivalent expression, you need to distribute the —1. When you distribute, the first

coefficient matches because it just gets multiplied by 1, the second term becomes I and the third term becomes - 6. Note that this
expression is not completely factored yet but it is simplified as much as it can be with just the GCF method.

Factoring Into Binomials Method

The second method you should try is to see if you can factor the expression into the product of two binomials.

-1 (st =722 +12)

Many students familiar w

beneath the 4% degree and u. —3 e pruuraid boils down to being able to factor u? — 7u + 12 which is just (u— 3)(u — 4).
Start by rewriting the problem: —1 (z* — 722 + 12)

Then choose a temporary substitution: Let 4 = z2.

Then substitute and factor away. Remember to substitute back at the end.

—% (u?—Tu+12) = —%(u—3)(u—4)

=3 @ -9) (-

https://k12.libretexts.org/@go/page/1026
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This type of temporary substitution that enables you to see the underlying structure of an expression is very common in calculus.
The expression is still not completely factored and since there are no more trinomials, you must apply the last method.
Difference of Squares Method

The third method of basic factoring is the difference of squares. It is recognizable as one square monomial being subtracted from
another square monomial.

To finish factoring the resi
and a constant:

3-8 -9

Many students may recos
problem asks for more becaust sunicwncs we difference of squares method can be applied to expressions like z2 — 3 where each
term is not a perfect square. The number 3 actually is a square.

3=(V3)
So the fully factored expression would be:

—2@—V3)(z+v3)(z—2)(z +2)

Examples

v/ Example 1

Earlier, you were asked how you use the difference of perfect squares factoring technique on polynomials that don't contain
perfect squares and why it would be useful. One reason why it might be useful to completely factor an expression like
—1 (#* — 72? + 12) into linear factor is if you wanted to find the roots of the function f(z) = —1 (z* — 7z? + 12). The roots are =
=+V3,+2

You should recognize that z2 — 3 can still be thought of as the difference of perfect squares because the number 3 can be
expressed as (v/3)2. Rewriting the number 3 to fit a factoring pattern that you already know is an example of using the basic
factoring techniques at a PreCalculus level.

v/ Example 2

Factor the following expression into strictly linear factors if possible. If not possible, explain why.

5 11g3

r
3 3

+ 6z = %z (z4 — 1172+ 18)
= %:1: (:r:2 — 2) (:1:2 — 9)

= 22z + VO eV + -3

v/ Example 3

Factor the following expression into strictly linear factors if possible. If not possible, explain why.

2,4 4.2 8
7%t 6% —

2,44 14,2 8 — 72
For —2z*+ @ 63,letu—w.
= _2,2, 74, 8
=E—FU St gU— g

(P~ Fur)

Factoring through fractions like this can be extremely tricky. You must recognize that —§ and -4 sum to —37 and multiply to 4.

=—2(u—3)@w-9
=—1("-5) (-9

https://k12.libretexts.org/@go/page/1026
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| =26 HE+d)E—26+2)

v/ Example 4

Factor the following expression into strictly linear factors if possible. If not possible, explain why.
zt+ 32 -T2

zt+ 2% —72= (22 —8) (22 +9)

zt+ 22 —72= (2 —8) (z2 +9)

Notice that (z2 — 8) can be written as the difference of perfect squares because 8 = (v/8)2 = (2v/2)2. On the other hand, z? + 9
cannot be written as the difference between squares because the z% and the 9 are being added not subtracted. This polynomial
cannot be factored into strictly linear factors.

zt+2? -T2 = (z —2V2)(z +2v2) (22 +9)

Factor each polynomial into strictly linear factors if possible. If not possible, explain why not.
1.22+52+6
2. 2%+ 522 +6

.zt —16

. 222 —20

.322+ 92+ 6

L T ]
. 3 +3

3

4

5

6.2 —52%+ 2
7 3

8

9

10.
11.
12,205 4 L
13. 2% — 824 L
14. How does the degree of a polynomial relate to the number of linear factors?

15. If a polynomial does not have strictly linear factors, what does this imply about the type of roots that the polynomial has?

This page titled 2.1: 2.1 Factoring Review is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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2.2: Advanced Factoring

The difference of perfect squares can be generalized as a factoring technique. By extension, any difference between terms that are
raised to an even power like a® — b® can be factored using the difference of perfect squares technique. This is because even powers
can always be written as perfect squares:

af — b8 = (a3)" — (8%)°.
What about the sum or difference of terms with matching odd powers? How can those be factored?

More Factoring Techniques

Factoring a trinomial of the form az? + bz + ¢ is much more difficult when a # 1. There are
four techniques that can be used to factor such expressions.

Guess and Check

The educated guess and check method can be time consuming but if the first and last coefficient only have a few factors, there are a
finite number of possibilities. Take the expression:

6x2 — 13z — 28

The 6 can be factored into the following four pairs:
1,6

2,3

-1, -6

-2,-3

The -28 can be factored into the following twelve pairs:
1,-28 or-28, 1

-1,28 or 28, -1

2,-140r-14,2

-2,14 or 14, -2

4, -7or-7,4

-4, -7or-7,-4

The correctly factored expression will need a pair from the top list and a pair from the bottom list. This is 48 possible combinations
to try.

If you try the first pair from each list and multiply out you will see that the first and the last coefficients are correct but the b
coefficient does not.

(1z 4 1)(6z — 28) = 622 — 28z + 62 — 28

A systematic approach to every one of the 48 possible combinations is the best way to avoid missing the correct pair. In this case it
is:

(2z — 7)(3z + 4) = 62% + 8z — 21x — 28 = 62> — 13z — 28
This method can be extremely long and rely heavily on good guessing which is why other methods are preferable.
Factoring by Grouping

The next factoring technique is factoring by grouping. Suppose you start with an expression already in factored form:

1222 + 4zz + 3zy + y2

https://k12.libretexts.org/@go/page/1027
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Notice that the first two terms are divisible by both 4 and z and the last two terms are divisible by y. First, factor out these common
factors and then notice that there emerges a second layer of common factors. The binomial (3z + z) is now common to both terms
and can be factored out just as before.

122% + dzz + 3zy + yz = 42(3z + 2) + ¥(3z + 2)
=Bz +2)(4z +y)

To verify your work, multiply the binomials and compare it with the original expression.
(4z + y)(3z + 2) = 122% + 4z2+ 32y + y2

Usually when you multiply the factored form of a polynomial, two terms can be combined because they are like terms. In this case,
there are no like terms that can be combined.

An alternative method to #"— uses the quadratic formula as a clue even though this is an expression and not an

6z2 — 13z — 28

a=6,b=—-13,c=—28
o= —b+vb?—4dac  13+169—4-6-—28 13129

2a 2-6 12
_ 13429 42 7
o120 127 2
_13-29 16 _ 4
T 12 0 127 3

This means that when set equal to zero, this expression is equivalent to
7 4
(z—7)(=+3)=0

Multiplying by 2 and multiplying by 3 only changes the left hand side of the equation because the right hand side will remain 0.
This has the effect of shifting the coefficient from the denominator of the fraction to be in front of the z.

622 — 13z —28=(z— L) (z+ %) =(2z—7)(3z +4)

Factoring Algorithm

Another useful and efficient technique is the procedural factoring algorithm. The proof of the algorithm is beyond the scope of this
book, but is a reliable technique for getting a handle on tricky factoring questions of the form: 6z2 — 13z — 28

We will factor 6z% — 13z — 28 using the factoring algorithm to introduce it to you.

First, multiply the first coefficient (6) with the last coefficient (28) and set the first coefficient to 1:
z%— 13z — 168

Second, factor as you normally would with a = 1:

(z —21)(z+8)

Third, divide the second half of each binomial by the coefficient that was multiplied in step 1:
(e— %) (@+%)

Fourth, simplify each fraction completely:

(- 1)+ )

Lastly, move the denominator of each fraction to become the coefficient of z:

2z —T7)(3z +4)

https://k12.libretexts.org/@go/page/1027
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Sum or Difference of Matching Odd Powers

The last method of advanced factoring does not involve expressions of the form az? + bz + ¢ Instead, it involves the patterns that
arise from factoring the sum or difference of terms with matching odd powers. The patterns are:

a®+b° = (a+b) (a® — ab+b?)
a® —b® = (a — b) (a® + ab + b?)

This method is shown in the examples below and the pattern is fully explored in the Review.

Examples

v/ Example 1

Earlier, you were asked how the sum and difference of terms with matching odd powers can be factored. The sum or difference
of terms with matching odd powers can be factored in a precise pattern because when multiplied out, all intermediate terms

cancel each other out.

a® + b = (a + b) (a* — a®b + a?b% — ab® + b*)

When a is distributed: a® — a*b + a®b? — a2b® + ab*
When b is distributed: +a%b — a3b% + a2b® — ab* + b°

Notice all the inside terms cancel: a® + 4°

v/ Example 2
Show that a® — b® factors into the result given in the Sum or Difference of Matching Odd Powers section.

Factoring,

a®—b® = (a —b) (a® + ab+b?)
= a3+ a%b + ab® — a?b — ad® — b°
— a3 _ b3

v/ Example 3
Show that a3 + b factors into the result given in the Sum or Difference of Matching Odd Powers section.

Factoring,

a®+v3=(a+b) (a2—ab+b2)
= a® — a?b + ab? + ba? — ab? + b3
=a3+b3

v/ Example 4
Factor the following expression without using the quadratic formula or trial and error:

8z2 + 30z + 27

Using the factoring algorithm:

8% + 30z + 27 — 22 + 30z + 216
— (z + 12)(z + 18)

() )

5 (o+3) (=2+7)

— 2z + 3)(4z +9)
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Factor each expression completely.

1.222 — 52 — 12
2.12z% 4+ 52— 3
3.102% +13z—3
4.1822 + 9z —2
5.63% + Tz + 2
6.8z% + 34z + 35
7.5z + 23z 4+ 12
8.122%2 — 112+ 2

Expand the following expressions. What do you notice?
9. (a+b) (a® —a™ + ab? — a3 + a*b* — a3b° + a?b® — ab” + b8)
10. (@ — b) (a8 + a®b + a%b? + a®b® + a%b* + ab® + &°)
11. Describe in words the pattern of the signs for factoring the difference of two terms with matching odd powers.
12. Describe in words the pattern of the signs for factoring the sum of two terms with matching odd powers.

Factor each expression completely.

13. 2723 — 64

14. x5 — 4P

15. 3245 — b°

16. 3225 + 45

17. 823 + 27

18.22% 4 2zy+x +y
19. 823 + 1222 + 22+ 3
20. 3z2 4+ 3zy— 4z — 4y

This page titled 2.2: Advanced Factoring is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content

that was edited to the style and standards of the LibreTexts platform.
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2.3: Polynomial Expansion and Pascal's Triangle

The expression (2z + 3)° would take a while to multiply out. Is there a pattern you can use?

Expansion with Pascal's Triangle

Expanding a Binomial

Pascal was a French mathematician in the 17%* century, but the triangle now named Pascal's Triangle was studied long before Pascal
used it. The pattern was used around the 10** century in Persia, India and China as well as many other places.

The primary purpose for using this triangle is to introduce how to expand binomials.

(z+9)°=1

(@+y)l=z+y

(z+y)?=2>+2y+9°

(z+9)® = 23 + 322y + 3zy® + 48

Notice that the coefficients for the z and y terms on the right hand side line up exactly with the numbers from Pascal's triangle. This

means that given (z +y)™ for any power n you can write out the expansion using the coefficients from the triangle. Note that to
write the coefficients for any power n, you need to look at row n + 1 to find the coefficients.

If you were asked to expand (3z —2)* using Pascal's Triangle, you would look at the 5 th row to find the coefficients. The
coefficients will be 1,4,6,4,1; however, since there are already coefficients with the z and the constant term you must be particularly
careful.

1-(3z)* +4. (3z)3- (—=2) +6 - (3z)2- (—2)2+4 - (3z) - (—2)3+1- (—2)*
Then it is only a matter of multiplying out and keeping track of negative signs.
81z — 21623 + 21622 — 96z + 16

When you study how to count with combinations then you will be able to calculate the value of any coefficient without writing out
the whole triangle.

|
There are many patterns ir I,i‘_-.—i-i“ _i_r are just a few.
e

Patterns and Pascal's T E i
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1. Notice the way each number is created by summing the two numbers above on the left and right hand side.

2. As you go further down the triangle the values in a row approach a bell curve. This is closely related to the normal distribution
in statistics.

3. For any row that has a second term that is prime, all the numbers besides 1 in that row are divisible by that prime number.

Real Life Use: In the game Plinko where an object is dropped through a triangular array of pegs, the probability (which
corresponds proportionally to the values in the triangle) of landing towards the center is greater than landing towards the edge. This
is because every number in the triangle indicates the number of ways a falling object can get to that space through the preceding
numbers.

prs
2
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CEROIRCS

Examples

v/ Example 1

Earlier, you were asked to multiply out (2z + 3)®. Pascal's triangle allows you to identify that the coefficients of (2z + 3)5 will
be 1, 5,10, 10, 5, 1. By carefully substituting, the expansion will be:

1-(22)°+5-(2z)*-3+10- (2z)3- 3% +10- (2z%) - 3% + 5(2z)! - 3 + 3°

Simplifying is a matter of arithmetic, but most of the work is done thanks to the patterns of Pascal’s Triangle.

v/ Example 2

Factor the following polynomial by recognizing the coefficients.

2t 4+ 423 + 622 +4x+ 1

The coefficients are 1, 4, 6, 4, and 1 and those coefficients are on the 5th row. The first row of Pascal's Triangle shows the
coefficients for the Oth power so the 5th row shows the coefficients for the 4th power. Thus, the factored form is:
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v/ Example 3

Factor the following polynomial by recognizing the coefficients.
8% — 1222 + 60— 1

since the first coefficient is not 1 , you need to take the appropriate root of the first term of the expression to find the first term
of the binomial. In this case, the first term of the binomial must be 2z. Also, the last term must be -1 and the power must be 3.
Now all that remains is to check.

(2z —1)% = (2)3 + 3(2z)% - (—1) +3(22)! (—1)2 + (—1)3 = 8% — 122% + 6z — 1

v/ Example 4

Expand the following binomial: (1z — 3)°
You know that the coefficients will be 1, 5, 10, 10, 5, 1.
1(32)°+5(32)" (=3) + 10 (32)° (-3)2 + 10 (32)" (=3)° + 5 (32) (-3)* + 1+ (-3)°

5 4 3 2
T 15z + 908z _ 2721 4 4025:: — 243

=32 16

Remember to simplify fractions.

_ =% _ 15z* 4553 13522 405z
=32 6 T 2 — 2 T —243

v/ Example 5

Expand the following trinomial: (z + y + 2)*

Unfortunately, Pascal's triangle does not apply to trinomials. Instead of thinking of a two dimensional triangle, you would ned
to calculate a three dimensional pyramid which is called Pascal's Pyramid. The sum of all five terms below is your answer.

1z + 4232+ 63222 + 4x2® + 124
43y + 122%yz + 12222 + 4y23
6x2y? + 12222 + 63222

dzy? + 432

1yt

Notice how many patterns exist in the coefficients of this layer of the pyramid.

Factor the following polynomials by recognizing the coefficients.
1. 224 2zy +o°

2.23 4322 + 3z +1

3. z% + 5z* + 1023 + 10z% + 5z + 1

4.27z% — 2722 + 9z — 1

5. 23 + 1222 + 48z + 64

Expand the following binomials using Pascal’s Triangle.

6. (22 —3)3

7. (3z +4)*

8. (x—y)7
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9. (a+b)°
10. (2z +5)°
11. (4z — 1)*
12. (5 +2)°
13. (z +)°
14. (3z + 2y)°

15. (5z —2y)*

This page titled 2.3: Polynomial Expansion and Pascal's Triangle is shared under a CK-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: Rational Expressions

A rational expression is a ratio, just like a fraction. However, instead of a ratio between numbers, a rational expression is a ratio
between two expressions.

One driving question to ask is: Are the rules for simplifying and operating on rational expressions the same as the rules for
simplifying and operating on fractions?

Working with Rational Expressions

When simplifying or operating on rational expressions, it is vital that each polynomial be fully factored. Once all expressions are
factored, identical factors in the numerator and denominator may be canceled or removed. The reason they can be removed is that
any expression divided by itself is equal to 1. An identical expression in the numerator and denominator is just an expression being
divided by itself, and so equals 1.

* essential to first find a common denominator. While any common denominator will
work, using the least com is a means of keeping the number of additional factors under control. Look at each
rational expression you ¢ ind identify your desired common denominator. Multiply each expression by an

appropriate form of 1, suc _ou should have your common denominator. In addition and subtraction problems, the

factors and then cancel, o

multiplication problem. M onal expression by the reciprocal of the second rational expression. Follow the steps

above for multiplying. Ti on and division problems answers are most commonly left entirely factored to

demonstrate everything has been reduced appropriately.

Examples

Earlier, you were aske g= simplifying and operating on rational expressions are the same as the rules for

simplifying and operati..g v sucwone. wtional expressions are an extension of fractions and the operations of simplifying,

adding, subtracting, multiplying and dividing work in exactly the same way.

v/ Example 2

Subtract the following rational expressions.

z—2 23—32%2487—24

T+3 2(z+2)(z2—9)
Being able to factor effectively is of paramount importance.

z—2 _ z%-322+8s—24
~ z+3 2(z+2)(a2—9)

_ (z—=2)  z%(=—3)+8(z—3)
— (=+3) 2(z+2)(z2—9)
_ (=—2) (z—3)(22+8)
— (2+3) 2(z+2)(z+3)(z—3)

Before subtracting, simplify where possible so you don’t contribute to unnecessarily complicated denominators.

= (z=2) _ 248
@3 — e+ @)

The left expression lacks 2(z + 2), so multiply both its numerator and denominator by 2(z + 2)

https://k12.libretexts.org/@go/page/1028
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_ 2(z+2)(z—2) (z%+8)
= 2@+2)(z+3)  2(z+2)(=+3)
_ 2(z?—4)—x?-8

T 2(z42)(z+3)

_ z2—16

~ 2(z+2)(z+3)

v/ Example 3

Simplify the following rational expression.

2?4+72+12 | 2?492+8 . x4+4 14

z2+4z+3 202-128 ~ z—8 1
First factor everything. Second, turn division into multiplication (only one term). Third, cancel appropriately which will leave
the answer.

_ (@t+3)(z+4) . (z+8)(z+1) = (z—8) 14
~ (z+3)(z+1) 2(z+8)(z—8) (z+4) 1
_ (z48)(z+4) (z48)(z+l) . (z—8) 14
T (@+3)(z+1) 2(z+8)(z—8) (z+4) 1
14
2

=7

In this example, the strike through is shown. You should use this technique to match up factors in the numerator and the
denominator when simplifying.

v/ Example 4

Combine the following rational expressions.

1 S (x—=T)(z45)+5
22+52+6 z2—4 (z+2)(z—2)(z+3)(z—4)

First factor everything and decide on a common denominator. While the numerators do not really need to be factored, it is
sometimes helpful in simplifying individual expressions before combining them. Note that the numerator of the expression on
the right hand seems factored but it really is not. Since the 5 is not connected to the rest of the numerator through
multiplication, that part of the expression needs to be multiplied out and like terms need to be combined.

= (z+2)1(:c+3) - (z+2)1(:c—2) + (a:+2)m(1_—22a;(_a:3-|5—;)5(z—4)

— 1 _ 1 + z?—2z—30
(z+2)(z+3) (z+2)(z—2) (z+2)(z—2)(z+3)(z—4)

Note that the right expression has 4 factors in the denominator while each of the left expressions have two that match and two
that are missing from those four factors. This tells you what you need to multiply each expression by in order to have the
denominators match up.

— (z—2)(z—4) _ (z+3)(z—4) + z2—22—30
e E)Ed e De2e)eD T tre—2) @9

Now since the rational expressions have a common denominator, the numerators may be multiplied out and combined.
Sometimes instead of rewriting an expression repeatedly in mathematics you can use an abbreviation. In this case, you can
replace the denominator with the letter D and then replace it at the end.

_ (z=2)(z—4)—(z+3)(z—4)+2’—22—30
D

_ 2?—6z+8— [0’ —2—12]+2>—22—30
- D

Notice how it is extremely important to use brackets to indicate that the subtraction applies to all the terms of the middle
expression not just 2. This is one of the most common mistakes.
— z?—6o+8—ctoi1240% 2330

D

_ z*—7z—10
- D

After the numerator has been entirely simplified try to factor the remaining expression and see if anything cancels with the
denominator which you now need to replace.

— (z42)(z—5)
(z+2) 8:3 (z43)(z—4)

= (@—2)(z+3)(=—9)
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Simplify the following expression.

1 _ 1
o+l a2
1

-2 z+l

The expression itself does not look like a rational expression, but it can be rewritten so it is more recognizable. Also, working
with fractions within fractions is an important skill.

= (zix —=2) * (2 —71)

_ [ (z+2) _ (z+1) :1 (z+1) _ (z—2)
- (z:+1)1(a:+2) (z+1)(z;—2) © | (z+1)(z—2) (z+1)(z—2)
= | zew] T ez
_ 1 X (z+1)Ez—2g( )
= (@+1)(z+2) 3
A

3(x+2)

v/ Bonus Example

Simplify the following expression which has an infinite number of fractions nested within other fractions.

b3
]

It would be an exercise in futility to attempt to try to compute this expression directly. Instead, notice that the repeating nature
of the expression lends itself to an extremely nice substitution.

(5]

Notice that the red portion of the fraction is exactly the same as the rest of the fraction and so  may be substituted there and

solved.
-1
2+z
—1=2z(2+z)
—1=z2+2z
0=x2+2z+1
0= (z+1)2
z=-1

The reason why this expression is included in this concept is because it highlights one problem solving aspect of simplifying
expressions that distinguishes PreCalculus from Algebra 1 and Algebra 2.
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Perform the indicated operation and simplify as much as possible.

z245z+4 | 5z’+15z
© 2244243 z+4

z—4 7
e ]

42?12z  2+2 . z-3
52+10 z ° 1

4a®—dx . 222
T x4

20348z . _ &z
z+1  ° 2x2-2
3s—1 2

© z242z—15 z+5

z2—82+7 | 2?—9
© 22—4z-21 1—a?

2 1
e e

© ©® N U A W N R

6 6

T z+7

[y
(=)

32435 2
© 2225 + z+5

2z+20 2
© z2—4z—12 + T+2

—_
[N

2 __xz9
© 46 z2—3z—18

[y
N

__ 5430, 2
z2+112+30 z+5

z+3 + 234422452420
© 42 24422240

_ = =
ook W
|

| |

L]

2+
prec.

This page titled 2.4: Rational Expressions is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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2.5: Polynomial Long Division and Synthetic Division

While you may be experienced in factoring, there will always be polynomials that do not readily factor using basic or advanced
techniques. How can you identify the roots of these polynomials?

Rational Roots and Dividing Polynomials

There are numerous theorems that point out relationships between polynomials and their factors. For example there is a theorem
that a polynomial of degree n must have exactly n solutions/factors that may or may not be real numbers. The Rational Root
Theorem and the Remainder Theorem are two theorems that are particularly useful starting places when manipulating polynomials.

The Rational Root Theorem

The Rational Root Theorem states that in a polynomial, every rational solution can be written as a reduced fraction (.7; = %) , where
p is an integer factor of the constant term and q is an integer factor of the leading coefficient.

Let's identify all the possible rational solutions of the following polynomial using the Rational Root Theorem.

1228 — 91z'7 + 0 + ... + 222 — 142+ 5 =0

The integer factors of 5 are 1,5 . The integer factors of 12 are 1,2,3,4,6 and 12. since pairs of factors could both be negative,
remember to include 4.

The possible solutions can be found from these 24 possible rational answers. If this question required you to find a solution, then
the Rational Root Theorem would give you a great starting place. Once you have one root, you can use either polynomial long
division or synthetic to divide the factor out and to keep reducing the expression. We will use the Rational Root Theorem in
Example 3.

Polynomial Long Division and the Remainder Theorem
Polynomial long division is identical to regular long division except the dividend and divisor are both polynomials instead of

numbers.

The Remainder Theorem states that the remainder of a polynomial f(z) divided by a linear divisor (z — a) is equal to f(a). The
Remainder Theorem is only useful after you have performed polynomial long division because you are usually never given the
divisor and the remainder to start. The main purpose of the Remainder Theorem in this setting is a means of double checking your
application of polynomial long division.

Let's put this knowledge to use and use polynomial long division to divide:

2842225347
z—3

First note that it is clear that 3 is not a root of the polynomial because of the Rational Root Theorem and so there will definitely be
a remainder. Start a polynomial long division question by writing the problem like a long division problem with regular numbers:

—z — 3\longdiva® + 222 — 5z + 7

First note that it is clear that 3 is not a root of the polynomial because of the Rational Root Theorem and so there will definitely be
a remainder. Start a polynomial long division question by writing the problem like a long division problem with regular numbers:
—z — 3\longdiva® + 222 — 5z + 7

Just like with regular numbers ask yourself "how many times does z go into 3 ?" which in this case is 2.

22
2—3)x3+222—5z+7

Now multiply the 2 by z — 3 and copy below. Remember to subtract the entire quantity.

Unknown environment 'tabular'

Combine the rows, bring down the next number and repeat.
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z24+52+10
3)x3+242—bz+7
)

552—5z

—(5z%—15z)

10z+7
—(10z—30)

37

The number 37 is the remainder. There are two things to think about at this point. First, interpret in an equation:

z3+2:2_—351+7 — (zz +5z+ 10) + %

Second, check your result with the Remainder Theorem which states that the original function evaluated at 3 must be 37 . Notice
the notation indicating to substitute 3 in for z.

(@3 +222 —50+7)|,_, =3*+2-32 —5-347=27+18—154+7=37

Synthetic Division

Synthetic division is an abbreviated version of polynomial long division where only the coefficients are used. Synthetic division is
mostly used when the leading coefficients of the numerator and denominator are equal to 1 and the divisor is a first degree
binomial. Let's use synthetic division to divide the same expression that we divided above with polynomial long division:

224222 5x+7
P

Instead of continually writing and rewriting the z symbols, synthetic division relies on an ordered spacing.
+3] 1 2 -5 7

Notice how only the coefficients for the denominator are used and the divisor includes a positive three rather than a negative three.
The first coefficient is brought down and then multiplied by the three to produce the value which goes beneath the 2.

+3/12-5 7
8
1

Next the new column is added. 2 + 3 = 5, which goes beneath the 2°¢ column. Now, multiply 5 - +3 = 15, which goes underneath
the -5 in the 3 column. And the process repeats...

+3[12-5 7
} 315 30
15 10 37

The last number, 37, is the remainder. When writing out the resulting expression, you will put this remainder over the divisor. The
three other numbers represent the quadratic that is identical to the solution to the result from dividing the expression using
polynomial long division. Note that when writing out the expression, you decrease the exponent of the leading coefficient of the

original by 1.
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2 37
(12® + 5z +10) + 5

synthetic division to divide ax” +bx" +ex+d by x k

Kk a b c d
LA al 24
a b+ka c d

Vertical Pattern: Add terms Diagoenal Pattern: Multiply by k

The bottam row represent the coefficients of the quotient.

Example:

Examples

v/ Example 1

Earlier, you were asked about identifying roots of polynomials that do not readily factor using the techniques you have learned
so far. Identifying roots of polynomials by hand can be tricky business. The best way to identify roots is to use the rational root
theorem to quickly identify likely candidates for solutions and then use synthetic or polynomial long division to quickly and
effectively test them to see if their remainders are truly zero.

v/ Example 2

Divide the following polynomials.

2342224348
z—2

Since the leading coefficients of the numerator and denominator are both 1 and the denominator is a binomial, synthetic
division is a good method to use here.

o3+2z%—4z+8 _ .2 16
s et tAr+44 5

v/ Example 3

Completely factor the following polynomial.
ot + 623 + 35% — 260 — 24

Notice that possible roots are +1,2,3,4,6,8,24 . Of these 14 possibilities, four will yield a remainder of zero. When you find
one, use long division or synthetic division to factor out the root that you found. Then find another zero and repeat the process.

z* + 623 4 302 — 262 — 24

=(z +1) (z3 + 522 — 2z — 4)

=(x+1)(x —2) (2 +7r+12)

=(@+1)(z—-2)(z+3)(z+4)

The first zero found was -1. It was divided out of the original expression to find the remaining non-factored portion of the

expression. The second zero found was 2 from the remaining piece and was divided out. Once you get down to a quadratic
expression, you can use the other factoring techniques you know to factor the rest of the expression.
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Divide the following polynomials.

32°—22%+10x—5
z—1

Since the first coefficient of the numerator is not 1, polynomial long division is a good method to use here.

30081005 — 304 + 303 4+ 322 + o+ 11 +

Identify all possible rational solutions of the following polynomials using the Rational Root Theorem.
1. 152 — 1228 4+ 22 4 ... 4 222 — 5z +5=0
2,182 + 4220 + 2%+ 422 3z +7=0
3.1220 + 1121 + 3z + ...+ 622 — 2z +11=0
4. 142" -T2+ 25 + -+ 2+ 62+ 3=0

5.97% — 1028+ 82"+ - + 422 — 22 +2=0
Completely factor the following polynomials.
6.2x4 — 2% — 2122 — 262 —8

7. z* + 723 + 522 — 31z — 30

8. 24+ 323 — 822 — 12z + 16

9. 4z* + 1922 — 482% — 117z — 54

10. 2z* + 172% — 822 — 173z + 210

Divide the following polynomials.

i+ 733+ 522—315—30
11. T+4

44+ 7234522 31530
12. 42

o*+32°—822—122+16
13. z+3

2z*—x%—2122—262—8
14. z3—z2—10z—8

15 244+82%4+322—322—28
23+1022+23z+14

This page titled 2.5: Polynomial Long Division and Synthetic Division is shared under a CK-12 license and was authored, remixed, and/or curated
by CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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2.6: Solving Rational Equations

The techniques for solving rational equations are extensions of techniques you already know. Recall that when there are fractions in
an equation you can multiply through by the denominator to clear the fraction. The same technique helps turn rational expressions
into polynomials that you already know how to solve. When you multiply by a constant there is no problem, but when you multiply
through by a value that varies and could possibly be zero interesting things happen.

Since every equation is trivially true when both sides are multiplied by zero, how do you account for this when solving rational

equations?

Finding Solutions to Rational Equations

The first step in solving rational equations is to transform the equation into a polynomial equation. This is accomplished by
clearing the fraction which means multiplying the entire equation by the common denominator of all the rational expressions. Then
you should solve using what you already know. The last thing to check once you have the solutions is that they do not make the
denominators of any part of the equation equal to zero when substituted back into the original equation. If so, that solution is called
extraneous and is a “fake” solution that was introduced when both sides of the equation were multiplied by a number that

happened to be zero.
Take the following rational equation:

z—B2s =12

To find the solutions of the equation, first multiply all parts of the equation by (z + 3), the common denominator, and then simplify.
z(z+3)—5=12(z+3)
2’ +3z—-5-122—-36=0
z2 -9z —41=0
—(=9) £ /(-9)*—4-1-(-41)
= 21

9+ 75
2

The only potential extraneous solution would have been -3 since that is the number that makes the denominator of the original
equation zero. Therefore, both answers are possible.

X X 10

X+3 x—-2 X 4Hx—6
(x+% x~2

Examples

Earlier, you were asked to account for the extra solutions introduced when both sides of an equation are multiplied by a
variable. In order to deal with the possible extra solutions, you must check each solution to see if it makes the denominator of
any fraction in the original equation zero. If it does, it is called an extraneous solution.
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Solve the following rational equation

3z 1 _

2
z+4 ~ z+2 T 246248
Multiply each part of the equation by the common denominator of 22 + 6z + 8 = (z + 2)(z + 4)

3z 1 —2
(@+2(=+4) [:1:+4 - m+2] - [(w+2)(w+4)]
3z(x+2)— (z+4)=—-2
32 +6z—z—2=0

(z +2)(z + 4)

322 4+52—-2=0
(Bz—-1)(z+2)=0
1

=2,-2
T 3,

Note that -2 is an extraneous solution. The only actual solution is z = 1.

v/ Example 3

Solve the following rational equation for .

1
x=2
pEr==

This question can be done multiple ways. You can use the clearing fractions technique twice.

(24,25 ) o= 2+2+1#](2+y;1)
2z+g%T=2(2+§$T)+1
2”+§%T=4+§%T+1

(wdﬂh+?%1=k+;%ﬂ@+n

2z(y+1)+z=5(y+1)+2
2zy+ 2z +x=5y+5+2
Now just get the y variable to one side of the equation and everything else to the other side.
2cy—S5y=-3z+7
vz —5)=—3c+7
_ —3z+7
¥y= 2r —5

v/ Example 4

Solve the following rational equation.

3z
3z —

3¢ +4x —20 = 22 — 5z
0=22—12z+20
0= (z—2)(z—10)
z=2,10

Neither solution is extraneous.
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In electrical circuits, resistance can be solved for using rational expressions. This is an electric circuit diagram with three
resistors. The first resistor Ry is run in series to the other two resistors Ry and Rz which are run in parallel. If the total
resistance R is 100 ohms and R; and Rj3 are each 22 ohms, what is the resistance of Rz ?

The equation of value is:

_ RyR
R=FRi+ 345
Ry
S Y
Rs Ry
e
RyR
R = Rl + RZ:'R?3
z-22
100 = 22 + e
78(x + 22) = 22z
78z + 1716 = 22z
56z = —1716
r = —30.65

A follow up question would be to ask whether or not ohms can be negative which is beyond the scope of this text.

Solve the following rational equations. Identify any extraneous solutions.

1. 2z—4 _ 16

T x
2. A - =2
3.5+ =1
4.3, - 5.=6
5.5 — 55 =4
6.2 — 4 =8
7. 2 +3=1
8.2 16=—x
9.%+2+1=—21
10. =823 _3=—4g
I = oy =l
12, 224 — 2 = 5t
e
14. 58 -k =aln
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I 15. Explain what it means for a solution to be extraneous.

This page titled 2.6: Solving Rational Equations is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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2.10 Horizontal Asymptotes

Vertical asymptotes describe the behavior of a function as the values of z approach a specific number. Horizontal asymptotes
describe the behavior of a function as the values of z become infinitely large and infinitely small. since functions cannot touch
vertical asymptotes, are they not allowed to touch horizontal asymptotes either?

Finding Horizontal Asymptotes

Horizontal asymptotes are a means of describing end behavior of a function. End behavior essentially is a description of what
happens on either side of the graph as the function continues to the right and left infinitely. When you are determining the
horizontal asymptotes, it is important to consider both the right and the left hand sides, because the horizontal asymptotes will not
necessarily be the same in both places. Consider the reciprocal function and note how as z goes to the right and left it flattens to the
line y=0.

Sometimes functions flatten out and other times functions increase or decrease without bound. There are basically three cases.

Case 1: Degree of Numerator is Less than Degree of Denominator

The first case is the function flattens out to 0 as z gets infinitely large or infinitely small. This happens when the degree of the
numerator is less than the degree of the denominator. The degree is determined by the greatest exponent of z.

fla) = g

One way to reason through why this makes sense is because when z is a ridiculously large number then most parts of the function
hardly make any impact. The 100 for example is nothing in comparison and neither is the 3z2. The two important terms to compare
are 8 and z°. The 2 isn't even important now because if z is even just a million than the £? will be a million times bigger than the
8 and the 2 hardly matters again. Essentially, when z gets big enough, this function acts like 1 which has a horizontal asymptote
of 0.

Case 2: Degree of Numerator is Equal to the Degree of Denominator

If the degree of the numerator is equal to the degree of the denominator, the horizontal asymptote is equal to the ratio of the leading
coefficients.

__ 62*-3x%4122%—9
f(@) = 3 oo

Notice how the degree of both the numerator and the denominator is 4. This means that the horizontal asymptote is y = § = 2. One
way to reason through why this makes sense is because when g gets to be a very large number all the smaller powers will not really
make much of an impact. The biggest contributors are only the biggest powers. Then the value of the numerator will be about twice
that of the denominator. As  gets even bigger, then the function will get even closer to 2.

Case 3: Degree of Numerator is Greater than the Degree of Denominator

If the degree of the numerator is greater than the degree of the denominator, there does not exist a horizontal asymptote. You must
determine if the function increases or decreases without bound in both the left and right directions.

Watch the following video, focusing on the parts about horizontal asymptotes.
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Examples

Earlier, you were asked if functions are allowed to touch their horizontal asymptotes. Functions may touch and pass through
horizontal asymptotes without limit. This is a difference between vertical and horizontal asymptotes. In calculus, there are
rigorous proofs to show that functions like the one in Example C do become arbitrarily close to the asymptote.

v/ Example 2

Identify the vertical and horizontal asymptotes of the following rational function.

_ (z-2)(dz+3)(z—4)
flz) = (&—1)(4z+3)(z—6)

There is factor that cancels that is neither a horizontal or vertical asymptote. The vertical asymptotes occur at ¢ = 1 and z = 6.
To obtain the horizontal asymptote you could methodically multiply out each binomial, however since most of those terms do
not matter, it is more efficient to first determine the relative powers of the numerator and the denominator. In this case they
both happen to be 3 . Next determine the coefficient of the cubic terms only. The numerator will have 4z® and the denominator
will have 422 and so the horizontal asymptote will occur aty = 4 =1

v/ Example 3

Describe the right hand end behavior of the following function.

N

Notice how quickly this dampening wave function settles down. There seems to be an obvious horizontal axis on the right at y
=1

v/ Example 4

Identify the horizontal asymptotes of the following function.

z—3)(z+2
(o) = s
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First notice the absolute value surrounding one of the terms in the denominator. The degrees of both the numerator and the
denominator will be 2 which means that the horizontal asymptote will occur at a number. As z gets infinitely large, the function
is approximately:

f@)=%

So the horizontal asymptote is y = —1 as z gets infinitely large.

On the other hand, as z gets infinitely small the function is approximately:
@)= 2

So the horizontal asymptote is y = —1 as z gets infinitely small.

In this case, you cannot blindly use the leading coefficient rule because the absolute value changes the sign.

v/ Example 5

Identify the horizontal asymptotes if they exist for the following 3 functions.

6_
L o) =

The degrees of the numerator and the denominatro are equal so the horizontal asymptote is y = 3.

4 3, 2
2. h(a) = eifistietidste
The degrees of the numerator and the denominator are equal again so the horizontal asymptote is y = £
— f=)
3. 9(2) = 355

As z gets infinitely large,

325720
(2) _ f=) _ 64099 ~ 3 _ ﬂ
9 T h(z) T aattbcdrerdtdote H a
fattgad+h?

When you study calculus, you will learn the rigorous techniques that enable you to feel more confident about results like this.

Identify the horizontal asymptotes, if they exist, for the following functions.

1. f(m) — 5z'—2z

z4+32

40,6
2. g(z) = 32,4_?_:;

3. h(z) = &=k

825+32"
. _ 22315z
4' ](m) - _z4+3
_ 2253z
5. k(m) ~ 5z2+3z4+2c—Tzb

_ az"+baBreatdate
6. f(:l:) - FzAtgr?tho?l

—1)(z+4
7.9(0) = oty

8. Write a function that fits the following criteria:

e Vertical asymptotes at z =1 and z = 4
e Zeroes at 3 and 5

e Hole whenz =6

« Horizontal asymptote aty = 2

9. Write a function that fits the following criteria:

e Vertical asymptotes at £ = —2 and z = 2
e Zeroes at 1 and 5
e Hole whenz =3
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11

10.

13.
14.
15.

Horizontal asymptote aty = 1
Write a function that fits the following criteria:

Vertical asymptotes at =0 and z = 3
Zeroes at 1 and 2

Hole when z = 8

Horizontal asymptote at y = 2

. Write a function that fits the following criteria:

Vertical asymptotes at 2 and 6
Zero at 5

Hole when z = 4

Horizontal asymptote at y =0

. Write a function that fits the following criteria:

Vertical asymptote at 4
Zeroes at 0 and 3

Hole at whenz =5

No horizontal asymptotes

Identify the vertical and horizontal asymptotes of the following rational functions.

_ (2-5)(2z+1)(z—3)
fle) = (@=3)(4z+5)(z—6)

_ z(z—1)(z+3)(z—5)
9(®) = “sem-1)Est3)

_ (z—2)(z+3)(z—6)
k(=) = eperarere

2.10 Horizontal Asymptotes is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.11 Obligue Asymptotes

When the degree of the numerator of a rational function exceeds the degree of the denominator by one then the function has
oblique asymptotes. In order to find these asymptotes, you need to use polynomial long division and the non-remainder portion of
the function becomes the oblique asymptote. A natural question to ask is: what happens when the degree of the numerator exceeds
that of the denominator by more than one?

Oblique Asymptotes
The following function is shown before and after polynomial long division is performed.

4, 2 2.
— 4302420414 _ 1202+25-+14
flz) = =880 =4 3 + 25150

Notice that the remainder portion will go to zero when z gets extremely large or extremely small because the power of the
numerator is smaller than the power of the denominator. This means that while this function might go haywire with small absolute
values of z, large absolute values of z are extremely close to the line y = 2 + 3.

Oblique asymptotes are these slanted asymptotes that show exactly how a function increases or decreases without bound. Oblique
asymptotes are also called slant asymptotes.

Sometimes a function will have an asymptote that does not look like a line. Take a look at the following function:

_ (a—4)(z+3)
flz) = 10(z—1)

The degree of the numerator is 3 while the degree of the denominator is 1 so the slant asymptote will not be a line. However when
the graph is observed, there is still a clear pattern as to how this function increases without bound as x approaches very large and
very small numbers.

f(@) = 15 (&® +42) — 1552y

As you can see, this looks like a parabola with a remainder. This rational function has a parabola backbone. A backbone is a
function that a graph tends towards. This is not technically an oblique asymptote because it is not a line.
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Examples

Earlier, you were asked what happens when the power of the numerator exceeds the power of the denominator by more than
one. As seen above, when the power of numerator exceeds the power of the denominator by more than one, the function
develops a backbone that be shaped like any polynomial. Oblique asymptotes are always lines.

v/ Example 2

Find the asymptotes and intercepts of the function:
f@) = 5

The function has vertical asymptotes at z = +2.
After long division, the function becomes:
f@)=z+ 7

This makes the oblique asymptote at y = 2

v/ Example 3

Identify the vertical and oblique asymptotes of the following rational function.

-zl —z—1
f(m)=m ey

After using polynomial long division and rewriting the function with a remainder and non-remainder portion it looks like this:

13z — 25 13z — 25

The oblique asymptote is ¥ = ¢ — 2. The vertical asymptotes are at ¢ = 3 and « = —4 which are easier to observe in last form of
the function because they clearly don't cancel to become holes.

v/ Example 4

Create a function with an oblique asymptote at y = 3z — 1, vertical asymptotes at = 2, —4 and includes a hole where z is 7 .

While there are an infinite number of functions that match these criteria, one example is:
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| f@)=3z—14 &7 ®)

(z—2)(z+4)(z—7)

Identify the backbone of the following function and explain why the function does not have an oblique asymptote.

525 + 27
f@) = ——3 4)
T
While polynomial long division is possible, it is also possible to just divide each term by 2.
5z5+27 5z5 27 9, 27

The backbone of this function is the parabola y = 5z2. This is not an oblique asymptote because it is not a line.

1. What is an oblique asymptote?
2. How can you tell by looking at the equation of a function if it will have an oblique asymptote or not?
3. Can a function have both an oblique asymptote and a horizontal asymptote? Explain.

For each of the following graphs, sketch the graph and then sketch in the oblique asymptote if it exists. If it doesn’t exist,

explain why not.

y
¥
154 L_d-d‘/’
104
5
X
T 6 -5 4 -3 P o4 1 2 3 § 6 7 8 9 10 11 1213
! il
=104
=154
+ o
154
104
sl
X
3 B3 1 o /'i 4 6 5 g
104
15
+y
154
104
sl
X
5 6 -4 -2 2 d 5 8 i
-54
ol
151
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Find the equation of the oblique asymptote for each of the following rational functions. If there is not an oblique asymptote,
explain why not and give an equation of the backbone of the function if one exists.

9. f(.’E) — z3—T72-6

z2—2x—15
10. g(z) = 23726

z4—322—10

_ 245246
11. h(:l}) T 2242zl

— z'4+92°+212%—2-30
12. k(o) = =550
13. Create a function with an oblique asymptotes at y = 2z — 1, a vertical asymptote at z = 3 and a hole where z is 7 .
14. Create a function with an oblique asymptote at y = z, vertical asymptotes at z = 1, —3 and no holes.

15. Does a parabola have an oblique asymptote? What about a cubic function?

2.11 Oblique Asymptotes is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.12 Sign Test for Rational Function Graphs

The asymptotes of a rational function provide a very rigid structure in which the function must live. Once the asymptotes are
known you must use the sign testing procedure to see if the function becomes increasingly positive or increasingly negative near
the asymptotes. A driving question then becomes how close does near need to be in order for the sign test to work?

Sign Test for Rational Functions
Consider mentally substituting the number 2.99999 into the following rational expression.

_ (z=1)(z+3)(z—5)(z+10)
flz) = @+2)(@—0)(—3)

Without doing any of the arithmetic, simply note the sign of each term:

_ BHOW
@) =560

The only term where the value is close to zero is (z — 3) but careful subtraction still indicates a negative sign. The product of all of
these signs is negative. This is strong evidence that this function approaches negative infinity as = approaches 3 from the left.

Next consider mentally substituting 3.00001 and going through the same process.

_ BB
f@) =50

The product of all of these signs is positive which means that from the right this function approaches positive infinity instead. This
technique is called the sign test. The sign test is a procedure for determining only whether a function is above or below the axis at a
particular value.

The sign test helps you sketch and graph a function. Look at the following function:

@) = Grpey

Your first step for sketching this is to identify the vertical asymptotes. The vertical asymptotes occur at z = —2 and z = 1.Then, you
use the asymptotes to perform a sign test. The points to use the sign testing procedure with are —2.001, —1.9999, 0.9999,1.00001. The
number of decimals does matter so Iong as the number is sufficiently close to the asymptote. Note that any real number squared is

positive.
a0l = P __
f(—2.001) = (+2' g_)
— + _
£(—1.9999) = (+2. g_)
— + —_
£(0.9999) = (+2_ g_)
J— + e
£(1.0001) = D@ +

Later when you sketch everything you will use your knowledge of zeroes and intercepts. For now, focus on just the portions of the
graph near the asymptotes. Note that the graph below is NOT complete.

s v

L

-10
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Examples

v/ Example 1

Earlier, you were asked how close the numbers need to be to perform the sign test. In order to truly answer the question about
how close the numbers need to be, calculus should be used. For the purposes of PreCalculus, the testing number should be
closer to the vertical asymptote than any other number in the problem. If the vertical asymptote occurs at 3 and 3.01 is in the
problem elsewhere, do not choose 3.1 as a sign test number.

v/ Example 2

Identify the vertical asymptotes and use the sign testing procedure to roughly sketch the nature of the function near the vertical
asymptotes.

_ (z+)(z—4)*(z-1)(z+3)°
fl@) == 10:(,:)(:1:—1)2(2+2:,):

Note that £ = —2 is clearly an asymptote. It may be initially unclear whether z =1 is an asymptote or a hole. Just like holes
have priority over zeroes, asymptotes have priority over holes. The four values to use the sign testing procedure are
—2.001, —1.9999, 0.9999, 1.00001.

f(~2.001) = (_)'EB:E:;-(H _

£(—1.9999) = (_)‘EI;:E;;-(H . )
£(0.9999) = (+)'EB:8'(+) _

£(1.0001) = (+)‘Ei ;EBH) 4

A sketch of the behavior of this function near the asymptotes is:

+
¥

" .

v/ Example 3

Create a function with two vertical asymptotes at 3 and -2 such that the function approaches positive infinity from both
directions at both vertical asymptotes.

Earlier, there was a function that approached negative infinity from both sides of the asymptote. This occurred because the
term was squared in the denominator. An even powered term will always produce a positive term.

1) = Gaperan

W

.
v
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Example 4
| Example 4

Create a function with three vertical asymptotes such that the function approaches negative infinity for large and small values
of z and has an oblique asymptote.

There are an infinite number of possible solutions. The key is to create a function that may work and then use the sign testing
procedure to check. Here is one possibility.

I7

(@) = weyearear

v/ Example 5

Identify the vertical asymptotes and use the sign testing procedure to roughly sketch the nature of the function near the vertical
asymptotes.

_ (#=2)%(z—1)*(z+1)(z+3)
1@ = S5 hene-2r

The vertical asymptotes occur at ¢ = 0, —1. Therefore the z values to sign test are -.001,0.001 3.999,4.0001

#(—0.001) = +
£(0.001) = —
£(3.999) = —

£(4.0001) = +

Consider the function below for questions 1-4.

_0\4
o) = ptemizs

1. Identify the vertical asymptotes.

2. Will this function have an oblique asymptote? A horizontal asymptote? If so, where?

3. What values will you need to use the sign test with in order to help you make a sketch of the graph?
4. Use the sign test and sketch the graph near the vertical asymptotes.

Consider the function below for questions 5-8.

— 3(@=2*@=1)*(z+1)(z+3)
g(z) = fszn(zis)(zfn(m—z)ﬂ

5. Identify the vertical asymptotes.

6. Will this function have an oblique asymptote? A horizontal asymptote? If so, where?

7. What values will you need to use the sign test with in order to help you make a sketch of the graph?
8. Use the sign test and sketch the graph near the vertical asymptote(s).

Consider the function below for questions 9-12.
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_ 92%-1022%+3495%— 34054100
h(z) = 23—027+242—16

9. Identify the vertical asymptotes.

10. Will this function have an oblique asymptote? A horizontal asymptote? If so, where?

11. What values will you need to use the sign test with in order to help you make a sketch of the graph?
12. Use the sign test and sketch the graph near the vertical asymptotes.

Consider the function below for questions 13-16.

__ 2235z 11z—4
k(z) = Soritrises

13. Identify the vertical asymptotes.
14. Will this function have an oblique asymptote? A horizontal asymptote? If so, where?
15. What values will you need to use the sign test with in order to help you make a sketch of the graph?

16. Use the sign test and sketch the graph near the vertical asymptotes.

2.12 Sign Test for Rational Function Graphs is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.13 Graphs of Rational Functions by Hand

Sketching rational functions by hand is a mental workout because it combines so many different specific skills to produce a single
coherent image. It will require you to closely examine the equation of the function in a variety of different ways in order to find
clues as to the shape of the overall function. Since computers can graph these complicated functions much more accurately than

people can, why is sketching by hand important?

Graphing Rational Functions

While there is no strict procedure for graphing rational functions by hand there is a flow of clues to look for in the function. In
general, it will make sense to identify different pieces of information in this order and record them on a sketch.

Steps for Graphing Rational Functions By Hand

1. Examine the denominator of the rational function to determine the domain of the function. Distinguish between holes which are
factors that can be canceled and vertical asymptotes that cannot. Plot the vertical asymptotes.

2. Identify the end behavior of the function by comparing the degrees of the numerator and denominator and determine if there
exists a horizontal or oblique asymptote. Plot the horizontal or oblique asymptotes.

3. Identify the holes of the function and plot them.

4. Identify the zeroes and intercepts of the function and plot them.

5. Use the sign test to determine the behavior of the function near the vertical asymptotes.

6. Connect everything as best you can.

Now, apply those steps in graphing the following function:

3_0m2 .
o) = St

After attempting to factor the numerator you may realize that both z = 1 and z = —2 are vertical asymptotes rather than holes. The
horizontal asymptote is y = 1. There are no holes. The y intercept is:
— 1 _ 1
O =—4 =%
The numerator is not factorable, but there is a zero between 0 and 1. You know this because there are no holes or asymptotes
between 0 and 1 and the function switches from negative to positive in this region.
4(0)3 —2(0)2 +3(0) —1=—1
4(1)3 —2(1)2 +3(1) —1=4

Putting all of this together in a sketch:

https://k12.libretexts.org/@go/page/13718
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Rational Functions
£l

Examples

Earlier, you were asked why sketching graphs by hand is important. Computers can graph rational functions more accurately
than people. However, computers may not be able to explain why a function behaves in certain ways. By being a detective and
looking for clues in the equation of a function, you are applying high level analytical skills and powers of deduction. These
analytical skills are vastly more important and transferable than the specific techniques involved with rational functions.

v/ Example 2

Completely plot the following rational function.

_ (@=3)%(z—2)*(z—1)(z+2)
flz) == 3oo(zz+1)2(zx—2):

since this function is already factored, much of the work is already done. There is a hole at (2,0) . There are two vertical
asymptotes at £ = —1,0. There are no horizontal or oblique asymptotes because the degree of the numerator is much bigger
than the degree of the denominator. As = gets large this function grows without bound. As z get very small, this function
decreases without bound. The function has no y intercept because that is where a vertical asymptote is. Besides the hole at ( 2,
0), there are zeroes at (-2,0),(1,0) and (3, 0). This is what the graph ends up looking like.

1

Notice on the right portion of the graph the curve seems to stay on the g-axis. In fact it does go slightly above and below gz-
axis, crossing through it at (1, 0), (2, 0) and (3, 0) before starting to increase.

v/ Example 3

Estimate a function that would have the following graphical characteristics:

https://k12.libretexts.org/@go/page/13718
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First think about the vertical asymptotes and how they affect the equation of the function. Then consider zeroes and holes, and
the way the graph looks at these places. Finally, use the y -intercept to refine your equation.

o The function has two vertical asymptotes at z = —2, 1 so the denominator must have the factors (z + 2)(z — 1)
o There is one zero at z = —1, so the numerator must have a factor of (z + 1)

o There are two holes that appear to override zeroes which means the numerator and denominator must have the factors (z
+3)and (x —4)

o Because the graph goes from above the z -axis to below the z -axis at z = —3, the degree of the exponent of the (z + 3)
factor must be ultimately odd.

o Because the graph stays above the z -axis before and after ¢ = 4, the degree of the (z — 4) factor must be ultimately even.
A good estimate for the function is:

_ _@)@id)ia—a)
1) = G ID

This function has all the basic characteristics, however it isn't scaled properly. When z = 0 this function has a y -intercept of

-216 when it should be about —2. Thus you must divide by 108 so that the y intercept matches. Here is a better estimate for the
function:

_ _ (z+))(a+3)%(z—4)°
flz) = 108(z+2)(e—1) (w1 3)(@—4)

v/ Example 4

Graph the following rational function:
f(@) = mierz

Here is the graph:

[
e
s

v/ Example 5

Graph the following rational function:

14

fl@) = N1 G2 @37
Here is the graph:
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Use the function below for 1-7.

_ 2(z+4)(z—3)(z+1)
@) = e

1. Identify the vertical asymptotes and holes for the function.

2. What values will you use the sign test with in order to accurately sketch around the vertical asymptotes? Complete the sign
test for these values.

3. Identify any horizontal or oblique asymptotes for the function.
4. Describe the end behavior of the function.

5. Find the zeroes of the function.

6. Find the y -intercept of the function.

7. Use the information from 1 — 6 to sketch the function.

Use the function below for 8 — 14.

_ @9
9(=) = SGap@rr

8. Identify the vertical asymptotes and holes for the function.

9. What values will you use the sign test with in order to accurately sketch around the vertical asymptotes? Complete the sign
test for these values.

10. Identify any horizontal or oblique asymptotes for the function.
11. Describe the end behavior of the function.

12. Find the zeroes of the function.

13. Find the y -intercept of the function.

14. Use the information from 8-13 to sketch the function.

15. Graph the function below by hand.

3 g2 00
h(z) = T2

2.13 Graphs of Rational Functions by Hand is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.

https://k12.libretexts.org/@go/page/13718


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://k12.libretexts.org/@go/page/13718?pdf
https://k12.libretexts.org/Bookshelves/Mathematics/Precalculus/02%3A_Polynomials_and_Rational_Functions/2.13_Graphs_of_Rational_Functions_by_Hand
https://creativecommons.org/licenses/by-nc/

LibreTexts"

2.7 Holes in Rational Functions

In a function like f(z) = %

regular line. What happens to this lineatz =17

, you should note that the factor (z — 1) clearly cancels leaving only 3z — 1. This appears to be a

Holes and Rational Functions

A hole on a graph looks like a hollow circle. It represents the fact that the function approaches the point, but is not actually defined
on that precise z value.

Take a look at the graph of the following equation:

fla) =z +2) £

The reason why this function is not defined at —% is because —% is not in the domain of the function. As you can see, f(—%) is
undefined because it makes the denominator of the rational part of the function zero which makes the whole function undefined.
Also notice that once the factors are canceled/removed then you are left with a normal function which in this case is 2z + 2. The

hole in this situation is at (—%,1) because after removing the factors that cancel, f (—3) =1

This is the essence of dealing with holes in rational functions. You should cancel what you can and graph the function like normal
making sure to note what z values make the function undefined. Once the function is graphed without holes go back and insert the
hollow circles indicating what z values are removed from the domain. This is why holes are called removable discontinuities.

Watch the first part of this video and focus on holes in rational equations.

Substituting x'= -5

yeA2231 L - % +—— Undefined

Examples

Earlier, you were asked what happens to the equation f(z) = %

there is a removable discontinuity that is represented as a hollow circle on the graph. Otherwise the function behaves precisely
as 3z + 1.

at z = 1. since this function that is not defined at z = 1

https://k12.libretexts.org/@go/page/13712
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Graph the following rational function and identify any removable discontinuities.

_ —7°+3z%+254
f(@) = —etieded

This function requires some algebra to change it so that the removable factors become obvious. You should suspect that (z — 1)
is a factor of the numerator and try polynomial or synthetic division to factor. When you do, the function becomes:

_ (—=*42z+4)(z—1)
flz) = @D

¥

3
2
1
a
FEETE A EEELY
-1

The removable discontinuity occurs at (1, 5).

v/ Example 3

Graph the following rational function and identify any removable discontinuities.

.f( .’B) — 25—62°+50'4272° 48002454
z3—Tz—6

This is probably one of the most challenging rational expressions with only holes that people ever try to graph by hand. There
are multiple ways to start, but a good habit to get into is to factor everything you possibly can initially. The denominator seems
less complicated with possible factors (z +1),(x +2),(z +3),(z +6). Using polynomial division, you will find the
denominator becomes:

_ 286554554 4275° 482207454
fle) = (@+1) (@ +2)(@—3)

The factors of the denominator are strong hints as to the factors of the numerator so use polynomial division and try each.
When you fully factor the numerator you will have:

_ (2®—622+122—9) (z+1)(z+2)(z—3)
flz) = D+ @=))

Note the factors that cancel (z = —1,—2,3) and then work with the cubic function that remains.
flz) =23 — 622 +122—9

At this point it is probably reasonable to make a table and plot points to get a sense of where this cubic function lives. You also
could notice that the coefficients are almost of the pattern 1 3 3 1 which is the binomial expansion. By separating the -9 into -8
-1 you can factor the first four terms.

fl@)=2®—622+122—8—1=(z—2)°—1

This is a cubic function that has been shifted right by two units and down one unit.

Note that there are two holes that do not fit in the graph window. When this happens you still need to note where they would
appear given a properly sized window. To do this, substitute the invalid = values: z = —1,—2, 3 into the factored cubic that

@ 0 a a https://k12.libretexts.org/@go/page/13712
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remained after canceling.
f(x)=(x-2)\{3}-1
Holes: (3, 0); (-1, -28); (-2, -65)

v/ Example 4

Without graphing, identify the location of the holes of the following function.

34 4r? g
flo) = =

First factor everything. Then, identify the = values that make the denominator zero and use those values to find the exact
location of the holes.

_ (z+2)(z+3)(z—1)
1@ = e

Holes: (-3, -4); (-2, -3)

v/ Example 5

What is a possible equation for the following rational function?

The function seems to be a line with a removable discontinuity at (1, —1). The line is has slope 1 and y -intercept of -2 and so
has the equation:

f@) =z -2
The removable discontinuity must not allow the z to be 1 which implies that it is of the form Z=%. Therefore, the function is:

f@) = 5=

[ Review|

1. How do you find the holes of a rational function?

2. What’s the difference between a hole and a removable discontinuity?

3. If you see a hollow circle on a graph, what does that mean?

Without graphing, identify the location of the holes of the following functions.

4. f(.’t) — z’+3z—4

z—1

2 1
5. g(@) = =5

_ 2846224228
6. h(z) = =5

_ z%462242z—8
7. k(z) — z2-3z+2

8. j(z) = a:3+4z:2—_1!;lz—60

_ 2442217560
9. f(2) = it

_ z3—422—19z—14
10. g(2) = =g

11. What is a possible equation for the following rational function?
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Sk =

4324/1214

Sketch the following rational functions.

13. f(z) = 2tttz

_ 2442217260
14. g(z) = =X 55

15. h(z) = S=igt-los1d

2.7 Holes in Rational Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.8 Zeroes of Rational Functions

The zeroes of a function are the collection of z values where the height of the function is zero. How do you find these values for a
rational function and what happens if the zero turns out to be a hole?

Finding Zeroes of Rational Functions
Zeroes are also known as z -intercepts, solutions or roots of functions. They are the z values where the height of the function is

zero. For rational functions, you need to set the numerator of the function equal to zero and solve for the possible z values. If a hole
occurs on the z value, then it is not considered a zero because the function is not truly defined at that point.

Take the following rational function:

f(g) = et

Notice how one of the z + 3 factors seems to cancel and indicate a removable discontinuity. Even though there are two = +3
factors, the only zero occurs at # = 1 and the hole occurs at (-3,0).

Lhanpies. lalicnal Pancaeos

e L S ) CR T ) [ £5) o))

) e Ay — 16 M2 - ey alx+2)
ntercepl: set x=o e

)= 305 =
(o, E) | _ £0)= 2% 5

. IerEEpts: set £6)=0
(-30)

Vertical asymptotes: |

Horizontal s\xyinptrmf.’:

= Hole: (‘i; ﬁ'

Examples

Earlier, you were asked how to find the zeroes of a rational function and what happens if the zero is a hole. To find the zeroes
of a rational function, set the numerator equal to zero and solve for the z values. When a hole and a zero occur at the same
point, the hole wins and there is no zero at that point.

v/ Example 2

Create a function with zeroes at z = 1,2, 3 and holes at z = 0, 4.
There are an infinite number of possible functions that fit this description because the function can be multiplied by any
constant. One possible function could be:

_ (z=1)(z—2)(z—3)z(z—4)
f(z) = )

z(z—4
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l Note that 0 and 4 are holes because they cancel out.

v/ Example 3

Identify the zeroes, holes and y intercepts of the following rational function without graphing.

_ z(z=2)(z—1)(z+1)(z+1)(z+2)
f@) = @=D@+])

The holes occur at z = —1,1. To get the exact points, these values must be substituted into the function with the factors

canceled.
f(z) = 2(z —2)(z +1)(z +2)
f(=1)=0,f(1)=—
The holes are (-1,0);(1,6). The zeroes occur at z = 0,2,—2. The zero that is supposed to occur at z = —1 has already been

demonstrated to be a hole instead.

v/ Example 4

Identify the y intercepts, holes, and zeroes of the following rational function.
f(z) = 61'3—71' —z+2
After noticing that a possible hole occurs at # = 1 and using polynomial long division on the numerator you should get:
f(z) = (62— —2) - 2=
A hole occurs at 2 = 1 which turns out to be the point (1,3) because 6-12 —1—2 = 3.
The y -intercept always occurs where = 0 which turns out to be the point (0,-2) because f(0) = —
To find the z -intercepts you need to factor the remaining part of the function:
(2z+1)(3z —2)

Thus the zeroes (z -intercepts) are z = —1

v/ Example 5

Identify the zeroes and holes of the following rational function.

2
13"

f(:c) 2(z+1;(213(z+1)

The hole occurs at x = —1 which turns out to be a double zero. The hole still wins so the point (-1,0) is a hole. There are no
zeroes. The constant 2 in front of the numerator and the denominator serves to illustrate the fact that constant scalars do not
impact the = values of either the zeroes or holes of a function.

Identify the intercepts and holes of each of the following rational functions.
1. f(z) = z3+z —10z+8

3_ .
2. g(m) — 6z 1’;1_3 5246

3. h( ) (z+2)(1—=)

z—1

4. j(z) = L0t

5. k(m) — z(z—3)(z—4) (z+4) (z+4)(z+2)

(@=3)(@+4)
6. f(z) = 2ELIIED

7.9(z) = =gt

8. h(z) = £=
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9. Create a function with holes at z = 3,5,9 and zeroes at z = 1, 2.
10. Create a function with holes at z = —1,4 and zeroes at z = 1.
11. Create a function with holes at z = 0,5 and zeroes at z = 2, 3.
12. Create a function with holes at £ = —3,5 and zeroes at z = 4.
13. Create a function with holes at £ = —2,6 and zeroes at z = 0, 3.
14. Create a function with holes at £ = 1,5 and zeroes at z = 0, 6.

15. Create a function with holes at £ = 2,7 and zeroes at z = 3.

2.8 Zeroes of Rational Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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2.9 Vertical Asymptotes

The basic rational function f(z) = £ is a hyperbola with a vertical asymptote at z = 0. More complicated rational functions may
have multiple vertical asymptotes. These asymptotes are very important characteristics of the function just like holes. Both holes
and vertical asymptotes occur at z values that make the denominator of the function zero. A driving question is: what makes

vertical asymptotes different from holes?

Finding Vertical Asymptotes

Vertical asymptotes occur when a factor of the denominator of a rational expression does not cancel with a factor from the
numerator. When you have a factor that does not cancel, instead of making a hole at that = value, there exists a vertical asymptote.
The vertical asymptote is represented by a dotted vertical line. Most calculators will not identify vertical asymptotes and some will
incorrectly draw a steep line as part of a function where the asymptote actually exists.

Your job is to be able to identify vertical asymptotes from a function and describe each asymptote using the equation of a vertical
line.

Take the following rational function:

_ (2z—3)(z+1)(z—2)
flo) = =oigeen

To identify the holes and the equations of the vertical asymptotes, first decide what factors cancel out. The factor that cancels
represents the removable discontinuity. There is a hole at (-1,15) . The vertical asymptote occurs at z = —2 because the factor z + 2
does not cancel.

Watch the following video, focusing on the parts about vertical asymptotes.

S OT {Zubitdd AsyMpiodcs

rciniai asymptotes are horizontal lines that the
ph of the function approaches as x — fuo,

The race to infinity

e degree of the numerator is higher than the denominatar
fe is no horizont ymptote
e degree of th itor and denominator are equal, the
zontal asymptote is atio of the leading fiicients.
e degree of the denominator is higher thar
perator, the horizontal asymptote isy = 0.
e T
f(x}:l.,— flx)=—=
11 ¥

y=23

Earlier, you were asked how asymptotes are different than holes. Holes occur when factors from the numerator and the
denominator cancel. When a factor in the denominator does not cancel, it produces a vertical asymptote. Both holes and
vertical asymptotes restrict the domain of a rational function.

v/ Example 2

Write a function that fits the following criteria:

e Vertical asymptotes at 0 and 3
e Zeroes at 2 and 5
e Hole at (4, 2)

Each criteria helps build the function. The vertical asymptotes imply that the denominator has two factors that do not cancel
with the numerator:

@ 0 @ c https:/k12.libretexts.org/@go/page/13714
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1

z-(z—3)

The zeroes at 2 and 5 imply the numerator has two factors that do not cancel.

(z—2)(z—5)
z-(z—3)

The hole at (4,2) implies that there is a factor z — 4 that cancels on the numerator and the denominator.

(z—2)(z—5)(z—4)
z-(z—3)(z—4)

The tricky part is that the height of the function must be 2 after the = — 4 factor has been canceled and the 4 is substituted in.
Currently it is —2

4248 _

_1
(49 2

In order to make the hole exist at a height of 2, you need to multiply the function by a scalar of -4.

_ —4(z—2)(z—5)(z—4)
@)= — o sea

v/ Example 3
Draw the vertical asymptotes for the following function.

@) = e

Note that you may not know the characteristics of what the function does inside these vertical lines. You will soon learn how to
use sign tests as well as techniques you’ve already learned to fill in the four sections that this function is divided into.

v/ Example 4

Identify the holes and equations of the vertical asymptotes of the following rational function.

_ 8(z—1)(z+2)(z—8)(z+4)
f(®) = 3o arn)oa)o8)

The vertical asymptotes occur at z = —%,z = 8. Holes occur when z is -2 and 3. To get the height of the holes at these points,
remember to cancel what can be canceled and then substitute the values. A very common mistake is to forget to cancel =2
=-1
—3(z—1)(x+4)
9(@) = —— v
5(z+3)(z—8)
6
—9) = —
9(=2)= 5
12
9@) = o

The holes are at (—2, &), (3, 3%)

v/ Example 5

Identify the domain of the following function and then identify the holes and vertical asymptotes.

(3z—4)(1—2) (z?+4
f@) = TR

The domain of the function written in interval notation is: (—oo, 2) U (%,1) U (1, 00). Note that the domain is all real numbers
except for where the denominator is zero.
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There are two discontinuities: one is a hole and one is a vertical asymptote. The hole occurs at (1,5) The vertical asymptote

occurs at z = 2

Notice that holes are identified as points while vertical asymptotes are identified as lines of the form
x = a where a is some constant.

1. Write a function that fits the following criteria:

o Vertical asymptotes at 1 and 4
e Zeroes at 3 and 5
e Hole at (6, 3)

2. Write a function that fits the following criteria:

e Vertical asymptotes at -2 and 2
e Zeroes at 1 and 5
e Hole at (3, -4)

3. Write a function that fits the following criteria:

e Vertical asymptotes at 0 and 3
e Zeroes at 1 and 2
e Hole at (8, 21)

4. Write a function that fits the following criteria:

e Vertical asymptotes at 2 and 6
e Zeroatb
e Holeat(4,1)

5. Write a function that fits the following criteria:

e Vertical asymptote at 4
e Zeroes at 0 and 3
e Hole at (5, 10)

Give the equations of the vertical asymptotes for the following functions.

-
6. f(@) = 25y

7-9(2) = GG

— 6 _ z+2
8. h(z) =6 - iep

9.i(=) = 25 — e

—o_ )
10. k(z) =2 - 2

Identify the holes and equations of the vertical asymptotes of the following rational functions.

_ 3(z=1)(z+1)(z—4)(z+4)
1. f(@) = Ser oo e

_ z(z—3)(z—8)(z—3)(z+4)
12. 9(%) = Tri)te2)5=2)(=0)

State the domain of the following rational functions.

_ z(z4+1)(z—3)(z+4)
13. h(z) = B T

g 2 —
14. j(o) = 255

15. k(z) = 5250

z8+422+ 3z

2.9 Vertical Asymptotes is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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3.1: Exponential Functions

Exponential growth is one of the most powerful forces in nature. A famous legend states that the inventor of chess was asked to
state his own reward from the king. The man asked for a single grain of rice for the first square of the chessboard, two grains of rice
for the second square and four grains of rice for the third. He asked for the entire 64 squares to be filled in this way and that would
be his reward. Did the man ask for too little, or too much?

Exponential Functions

Exponential functions take the form f(z) = a - b® where ¢ and b are constants. a is the starting amount when z = 0.b tells the story
about the growth. If the growth is doubling then b is 2 . If the growth is halving (which would be decay), then b is . If the growth
is increasing by 6% then b is 1.06

Exponential growth is everywhere. Money grows exponentially in banks. Populations of people, bacteria and animals grow
exponentially when their food and space aren’t limited.

Radioactive isotopes like Carbon 14 have something called a half-life that indicates how long it takes for half of the molecules
present to decay into other more stable molecules. It takes about 5,730 years for this process to occur which is how scientists can
date artifacts of ancient humans.

Let's say a mummified animal is found preserved on the slopes of an ice covered mountain. After testing, you see that exactly one
fourth of the carbon-14 has yet to decay and you want to find out how long ago was this animal alive. How would you do that?

Since this problem does not give specific amounts of carbon, it can be inferred that the time will not depend on the specific
amounts. One technique that makes the problem easier to work with could be to create an example scenario that fits the one fourth
ratio. Suppose 60 units were present when the animal was alive at time zero. This means that 15 units must be present today.

t5=a-(3)°

60=a-(4)°

The second equation yields a = 60 and then the first equation becomes:

15=60-(3)"

Although you may not yet have the algebraic tools to solve for z, you should still be able to see that z is 2. This does not mean that

two years ago the animal was alive, it means that two half life cycles ago the animal was alive. The half life cycle for carbon 14 is
5,730 years so this animal was alive over 11,000 years ago.

Now, suppose you invested $100 the day you were born and it grew by 6% every year until you were 100 years old. How would
you use an exponential function to determine how much would this investment be worth then?

The starting amount is 100 and the growth is 1.06 because it grows by 6% each year. This is enough information to write an
exponential function. The z stands for time in years and the f(z) stands for the amount of money in the account. Plugging in to the
formula for an exponential function, you will get the equation:

f(z) =100- 1.06°

Then, you need to substitute in 100 years for z.
f(z) =100- 1.06%

f(z) = 100- 1.061%

f(z) ~ 33,930.21

After a century, there will be almost $34,000 in the account. Interest has greatly increased the $100 initial investment.
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Examples

v/ Example 1

Earlier you were asked if the man asked for too little or too much rice if he gets one grain for the first square, two grains for the
second, four grains for the third and so on. The number of grains of rice on the last square, the 64th square, would be almost
ten quintillion (million million million). That is more rice than is produced in the world in an entire year.

203 = 9,223, 372, 036, 854, 775, 808

v/ Example 2

Suppose forty rabbits are released on an island. The rabbits mate once every four months and produce up to 4 offspring who
also produce more offspring four months later. Estimate the number of rabbits on the island in 3 years if their population grows
exponentially. Assume half the population is female.

Even though parts of this problem are unrealistic, it serves to illustrate how quickly exponential growth works. Forty is the
initial amount so a = 40. At the end of the first 4 month period 20 female rabbits could have their litters and up to 80 newborn
rabbits could be born. The population has grown from 40 to 120 which means tripled. Thus, b = 3. The last thing to remember
is that the time period is in 4 month periods. Three years must be 9 periods.

f(z) = 40 - 3° = 787,320

So after three years, there could be up to 787,320 rabbits!

v/ Example 3

Completely analyze the following exponential function.

fz)=e*

r
|
|

Analyze in this context means to define all the characteristics of a function.

Domain: z € (—oo, 00)
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Range: y € (0, 00)

Increasing: z € (—oo, 00)

Decreasing: NA

Zeroes: None

Intercepts: (0,1)

Maximums: None

Minimums: None

Asymptotes: y = 0 as z gets infinitely small (Horizontal asymptote)

Holes: None

v/ Example 4

Identify which of the following functions are exponential functions and which are not.

1.y=xb
2.y=5°
3.y=1°
4. y=z®
5.y=g?

Exponential functions are of the form y = a - 5°
a.y = =% is not an exponential function because z is not in the exponent.
b. y = 5% Exponential function.
c.y = 1* Not a true exponential function because y is always 1 which is a constant function.
d. ¥ = z” Not an exponential function because z is both the base and power of the exponent.

e.y =z Not an exponential function.

v/ Example 5

Write the exponential function that passes through the following points: (0, 3), (1, £)

\

#

.

-1 1 2 3

The starting number is a = 3. This number is changed by a factor of 1 which is b.

f(z)=3(1)* =3¢
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1. Explain what makes a function an exponential function. What does its equation look like?

2. Is the domain for all exponential functions all real numbers?

3. How can you tell from its equation whether or not the graph of an exponential function will be increasing?
4. How can you tell from its equation whether or not the graph of an exponential function will be decreasing?
5. What type of asymptotes do exponential functions have? Explain.

6. Suppose you invested $4,500 and it grew by 4% every year for 30 years. How much would this investment be worth after 30
years?

7. Suppose you invested $10,000 and it grew by 12% every year for 40 years. How much would this investment be worth after
40 years?

Write the exponential function that passes through the following points.
8. (0, 5) and (1, 25)

9.(0,2)and (1, 8)

10. (0, 16) and (2, 144)

11. (1, 4) and (3, 36)

12. (0, 16) and (3, 2)

13. (0, 81) and (2, 9)

14. (1, 144) and (3, 12)

15. Explain why for exponential functions of the form y = a - 8 the y -intercept is always the value of

a

This page titled 3.1: Exponential Functions is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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3.2: Properties of Exponents

It is important to quickly and effectively manipulate algebraic expressions involving exponents. One simplification that comes up
often is that expressions and numbers raised to the 0 power are always equal to 1. Why is this true and is it always true?

Exponent Properties

Consider the following exponential expressions with the same base and what happens through the algebraic operations. You should
feel comfortable with all of these types of manipulations. Let %, * be exponential terms.

Addition and Subtraction

P LY =01 Y

Only in the special case when z = y can the terms be combined. This is a basic property of combining like terms.

Multiplication

be . bV = bty

When the bases are the same then exponents can be added.
Division

5=p

The division rule is an extension of the multiplication rule with the possibility of a negative in the exponent.

Negative exponent

_z__ 1
b ¥

A negative exponent means reciprocal.

Fractional exponent

(0)% = </6

Square roots are what most people think of when they think of roots, but roots can be taken with any real number using fractional
exponents.

Powers of Powers

(bz)u — poY

Examples
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v/ Example 1

Earlier, you were asked why expressions and numbers raised to the 0 power are always equal to 1. Consider the following
pattern and decide what the next term in the sequence should be:

16,8,4,2,

It makes sense that the next term is 1 because each successive term is half that of the previous term. These numbers correspond
to powers of 2.

24, 23, 22’ 2l
In this case you could decide that the next term must be 20. This is a useful technique for remembering what happens when a
number is raised to the 0 power.

One question that extends this idea is what is the value of 0° ? People have argued about this for centuries. Euler argued that it
should be 1 and many other mathematicians like Cauchy and Mobius argued as well. If you search today you will still find
people discussing what makes sense. In practice, many mathematicians note this value as undefined.

v/ Example 2

Simplify the following expression until all exponents are positive.

(a2%)°
ab2c?

(“_zbs)_‘.i _ a%? _ a%
ab2c® ~ ab21 ~ bl

v/ Example 3

Simplify the following expression until all exponents are positive.
(2z)° - L

2 5,504 9.5
(2$)5'4——2Z2 _ 2% _212:‘:5

2-8 — 278 T 2% T

v/ Example 4

Simplify the following expression using positive exponents.

(2087
a2(4)"e4d

Rewrite every exponent as a power of 2.

For example 8% = (2%)® = 29 and 64% = (29)% = 22

(@8 _ (2099)°
1, 1 — oig—dgz — 2
42(%) 643 24242 2

@92 _ 9% _ 4
pYid

v/ Example 5

Solve the following equation using properties of exponents.
(3209)” = &3

First work with the left hand side of the equation.

(320.6)2 _ ((25)%)2 — 96

26=w3
(26)% _ (zs)%

2=z

4=z
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Simplify each expression using positive exponents.
1.817%

2.643%

3.3

4.(—125)%

5. (42%y) (3z°y2)*

6. (5z3y2) (7z%y)*

8a®p2
" (—4a?4)
5a2y~3
B (—2a%2)~*
3. -4 \—4
0. ({25%)
Am~3n—1t -3
10. (4menr)
1\ —3
1. (452)
—24-6
12, e,
12¢5F
18 (—2¢f%)~"

Solve the following equations using properties of exponents.
14. (810'7"‘)2 =3

15. (643) " = o8

This page titled 3.2: Properties of Exponents is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source

content that was edited to the style and standards of the LibreTexts platform.
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3.3: Scientific Notation

In science, measurements are often extremely small or extremely large. It is inefficient to write the many zeroes in very small
numbers like 0.00000000000000523. Usually, the order of magnitude and the first few digits of the number are what people are
interested in. How should you represent these extreme numbers?

Scientific Notation
Scientific notation is a means of representing very large and very small numbers in a more efficient way. The general form of

scientific notation is a - 10°

The @ is a number between 1 and 10 and most often includes a decimal. The integer  is called the order of magnitude and is a
measure of the general size of the number. If p is negative then the number is small and if  is positive then the number is large.

1,240,000 = 1.24 - 108
0.0000354 = 3.54- 1075

Note that when switching to and from scientific notation the sign of b indicates which direction and how many places to move the
decimal point.

Take the number 0.000 000 000 000 000 000 000 000 000 000 910 938 22 kg. This is about the mass of an electron. The number is
too long to write out all the time so it is best to write it in scientific notation.

To write this number in scientific notation, count the number of decimal places that you have to move to determine the exponent.
Since the decimal is moving to the right, it should be a negative exponent. An electron's mass written in scientific notation is:

9.1093822 - 1073

Multiplying and dividing numbers that are in scientific notation is just an exercise in exponent rules:
(a-10%)- (b-10%) = a-b- 10"
(a-10%) + (b-10Y) = % -10°7Y

Addition and subtraction require the numbers to have identical order of magnitudes.

1.2-10% —5.5-10%° = 12 - 10°— 5.5 - 10° = 6.5 - 10°

6 st Lk
from decimal notation to scientific notation
the decimal to form a such that a is at least
lessthan 10 (1< a<10)
= ._".umber of placed the decimal moved will
indicated the value of m

* |f you mave the decimal left m will be positive
* If you move the decimal right, m will be negative

Convert to scientific notation.

6,000,000, A “e&x /e

0.00000376

Examples

Earlier, you were asked how to represent numbers with a large number of zeroes either before or after the decimal point. In

order to represent an extremely large or small number you should count the number of moves necessary for the decimal point
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to be directly after the first non-zero digit. This count will be the order of magnitude and will be used as the exponent of 10 as
a means of representing how large or small the number is.

v/ Example 2

The Earth’s circumference is approximately 40,000,000 meters. What is the radius of the earth in scientific notation?

The relationship between circumference and radius is C = 2ar.

4.0-107 = 271
4.
r= 2—7(: -107 ~ 0.6366 ... 107 = 6.366 - 10°

Note that the number of significant digits required depends on the number of significant digits (or significant figures) in the
original measurements. This example is an approximation, therefore the number of significant digits aren't necessarily accurate.

v/ Example 3

Order the following numbers from least to greatest.

5.411-1073 7.837-107% 9.999-10° 9.5983-10~7 8.0984-10°

First consider the order of magnitude of each number. Small numbers have negative exponents. If two numbers have the same
order of magnitude, then compare the actual digits.

9.5983-10~7 < 7.837 .10 < 5.411- 1073 < 8.0984 - 10° < 9.999 - 10°

v/ Example 4

Compute the following number and use scientific notation.

2,000, 0002 - 3,000*
First convert each number to scientific notation individually, then process the exponent and multiplication.

2,000,000° - 3,000* = (2-10%)* - (3 10%)*
=8.10'%.81.10"
= 648 - 10%
= 6.48 - 10%

v/ Example 5

Simplify the following expression.
(4.713-107) + (8.985 - 10°) — (4.987 - 10?) - (7.3 -107%) + (6.74 - 107°)
Resolve in order of standard order of operations

(4.713-107) + (8.985 - 10°) — (4.987- 10%) - (7.3 - 107%) + (6.74-107°)
= (4.713-107) + (8.985 - 10°) — (5.40135 - 105)

= (471.3 - 10°) + (8.985 - 10°) — (5.40135 - 10°)

= 474.8836499 - 10°

= 4.748836499 - 107

Write the following numbers in scientific notation.
1. 152,780
2. 0.00003256
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3. 56, 320

4.0.0821

5. 1, 000, 000, 000, 000, 000, 000, 000

6.7.32

7. If the federal budget is $1.5 trillion, how much does it cost each individual, on average, if there are 300,000,000 people?
8. The Library of Congress has about 60,000,000 items. How could you express this number in scientific notation?

9. The sun develops 5 x 10% horsepower per second. How much horsepower is developed in a day? In a year with 365 days?

10. A light-year is about 5,869,713,600 miles. A spacecraft travels 8.23 x 10* miles per hour. How long will it take the
spacecraft to travel a light-year?

11. Compute the following number and use scientific notation: 324, 000 - 30, 000°.
12. Compute the following number and use scientific notation: 14,300 - 20, 2002,
Simplify the following expressions.

13. (3.29 - 10*) — (3.295 - 10°) + (1.25 - 10%) - (3.97 - 10%%) - (5.8 - 107F)

14. (1.95 - 10%) + (6.798 - 105) + (2.896 - 10%) - (5.6 - 107%) + (2.89 - 10%)

15. (2.158-107) - (1.679 - 10%) — (9.98 - 10*) - (3.4 - 107%)

This page titled 3.3: Scientific Notation is shared under a CK-12 license and was authored, remixed, and/or curated by CIK<12 via source content
that was edited to the style and standards of the LibreTexts platform.
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3.4: Properties of Logs

Log functions are inverses of exponential functions. This means the domain of one is the range of the other. This is extremely
helpful when solving an equation and the unknown is in an exponent. Before solving equations, you must be able to simplify
expressions containing logs. The rules of exponents are applied, but in non-obvious ways. In order to get a conceptual handle on
the properties of logs, it may be helpful to continually ask, what does a log expression represent? For example, what does
log,, 1,000 represent?

Log Properties

Exponential and logarithmic expressions have the same 3 components. They are each written in a different way so that a different
variable is isolated. The following two equations are equivalent to one another.

V*=a¢logya==z

The exponential equation on the left is read " b to the power z is a." The logarithmic equation on the right is read "log base b of a is

x .

The two most common bases for logs are 10 and e. At the PreCalculus level log by itself implies log base 10 and In implies base
e.In is called the natural log. One important restriction for all log functions is that they must have strictly positive numbers in their
arguments. So, if you press log -2 or log 0 on your calculator, it will give an error.

There are three basic properties of logs that correlate to properties of exponents.

Addition/Multiplication

log, z + log, y = log, (2 - y)
putz — pw . p2

Subtraction/Division

log, z — log, y = log, (%)

—. [
pw Z=V

Exponentiation

log, (z") =n - log, =
(bw)'ﬂ — pwn

There are also a few standard results that should be memorized and should serve as baseline reference tools.

e log,1=0
o loggb=1
o log,(0") ==
° blog,,a: =z

Luudem AvOpe: O
Ths fop of & cuotient equals the difference of the logs.

3 u u
S |_I0g_1u—logru or In| |_}nu—hw
v ) : ' v )
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Example

v/ Example 1

Earlier you were asked what log;, 1,000 represents. A log expression represents an exponent. The expression log;, 1,000
represents the number 3 .
log;, 1000 = log;, 103 = 3

The reason to keep this in mind is that it can solidify the properties of logs. For example, adding exponents implies bases are
multiplied. Thus adding logs means the bases of the exponents are multiplied.

v/ Example 2

Write the expression as a logarithm of a single argument.
log, 12+ log, 6 — log, 24
Note that the center expression is of a different base. First change it to base 2 by switching back to exponential form.

logy6 =z >4 =6
2% — 6 ¢ log, 6 = 2z

1
= Elog26 = log, 6%

Thus the expression with the same base is:

12-v/6
24

(%)
= log, >
v/ Example 3

Prove the following log identity:

logy 12 + log, 6% — log, 24 = log, (

IOga b= loglba
Start by letting the left side of the equation be equal to z. Then, rewrite in exponential form, manipulate, and rewrite back in

logarithmic form until you get the expression from the left side of the equation.

log,b==x
a®=b
a:b%

1
logy a = log bs = =
1
T=—
logg a

Therefore, —2— = log, b because both expressions are equal to .

’ logya

v/ Example 4

Rewrite the following expression under a single log.
- g, =m(Z .
Ine ln4m+2(e ln5) ln(4w)+2a: Inb

=In (%) +1In (52’)

I e- 521
- 41z
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True or false:

(log; 4z) - (logs 5y) = logz(4x + 5y)

False. It is true that the log of a product is the sum of logs. It is not true that the product of logs is the log of a sum.

Decide whether each of the following statements is true or false. Explain.

L Ty =log ()

2. (logz)"® = nlogz

3.logz + logy = log zy

Rewrite each of the following expressions under a single log and simplify.
4. log 4z + log(2z + 4)

5.5logz + logz

6. 4logy z + Llog, 9 —log, y

7. 6logg 22 + Llogyy® — 2log; 24y

Expand the expression as much as possible.

8. log, (%)

9.ln (4‘;"—;’2)

10. 10g (242"

Translate from exponential form to logarithmic form.

11.2°+H 4+ 4=14

Translate from logarithmic form to exponential form.

12. logy(z —1) =12

Prove the following properties of logarithms.

13. logy z = Llog, =

14. logy. ™ = logy, =

15. log

1 _
%;—logbz

This page titled 3.4: Properties of Logs is shared under a CK-12 license and was authored, remixed, and/or curated by CIK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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3.5: Change of Base

While it is possible to change bases by always going back to exponential form, it is more efficient to find out how to change the
base of logarithms in general. since there are only base e and base 10 logarithms on most calculators, how would you evaluate an
expression like logg 12?

Changing the Base of Logarithms

The change of base property states:

log, =
log, b

log, z =

You can derive this formula by converting log, z to exponential form and then taking the log base z of both sides. This is shown

below.
log,z =y
W=z

log, b¥ =log, =
ylog, b =log,

log, =
¥=7
og, b
Therefore, log, z = llﬁi“i

If you were to evaluate logg 4 using your calculator, you may need to use the change of base formula since some calculators only
have base 10 or base e. The result would be:

logd _ Ind
logz 4 = 12:;23 = pg ~ 1.262

Lha calewtaiar to determine each value. Then write
n exponential equation using the value.

e _H_-HR“ iR
,d.‘.n. w2

'l-..:.nn-l:- |n¢3'}'} 2 5.{,}0@ (A i
& g

)3g

Examples

v/ Example 1

Earlier, you were asked how to use a calculator to evaluate an expression like logz 12. In order to evaluate an expression like
logz 12 you have some options on your calculator:

12 _ logl2 _
In3 logd ™ 2.26

Some graphing calculators also have another option. Press the MATH followed by the A buttons and enter log; 12

Prove the following log identity.

log, b=

1
logy a
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_ logb _ 1 _ 1
l ]'Ogab_ log,a ~ logza T logya

Simplify to an exact result: (log, 5) - (logs 4) - (log; 81) - (logs 25)

logs log4 log3* log5?

log4 log3 logb logh =~ logd log3 log5 log5

v/ Example 4

log5 log4 4-log3 2-logh —4.2=28

Evaluate: log, 48 — log, 36
log, 48 —log, 36 = lfogg 428 = lfogg ?:16
_ log48  log6®
" log2  log2?
_ log48  2-log6
~ log2 T 2. log2
_ log48 —1log6
- log 2
log (5)
- log 2
_ log8
" log2
_log 23
~ log2
__3-log2
T log2
=3

Given logs 5 ~ 1.465 find log,s 27 without using a log button on the calculator.

log3*
o8 _ 3, _1 _é.;wé.ﬁlﬁ=1_0239

logys 27 = 1.5 = 3 By ~ 2 g5 2

Evaluate each expression by changing the base and using your calculator.
1. logg 15

2. logy 12

3. log; 25

Evaluate each expression.

4. logg (log, (log3 81))

5. logy 3 - logs 4 - logg 16 - log, 6
6.1og 125 - logg 4 - log, 81 - logs 10
7. logg (58 125)

8. log (logg (log, 64))

9. 10%°€w?

10. (log, z) (log, 16)

11. log 4 495
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12. 3log,, 248

13. 4loe:3

Prove the following properties of logarithms.
14. (log, b) (logy c) =log, c

15. (log, b) (log, c) (log, d) = log, d

This page titled 3.5: Change of Base is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that
was edited to the style and standards of the LibreTexts platform.
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3.6: Exponential Equations

When you were first learning equations, you learned the rule that whatever you do to one side of an equation, you must also do to
the other side so that the equation stays in balance. The basic techniques of adding, subtracting, multiplying and dividing both sides
of an equation worked to solve almost all equations up until now. With logarithms, you have more tools to isolate a variable.
Consider the following equation and ask yourself: why is # =3 ? Logically it makes sense that if the bases match, then the
exponents must match as well, but how can it be shown for examples like this one?

1.79898% = 1.79898°

Solving Exponential Equations

A common technique for solving equations with unknown variables in exponents is to take the log of the desired base of both sides
of the equation. Then, you can use properties of logs to simplify and solve the equation.

Take the following equation. To solve for ¢, you should first simplify the expression as much as possible and then take the natural

log of both sides.
(1.06)!—1
9,000 = 300 - L2
_ (1.06)" —1
30= 0.06
1.8 =(1.06)'—1
2.8 = 1.06*
In2.8 = In (1.06%) = ¢ - In(1.06)
In2.
t= 1;11 086 = 17.67 years

It does not matter what base you use in this situation as long as you use the same base on both sides. Choosing natural log allows
you to use a calculator to finish the problem.

Note that this type of equation is common in financial mathematics. The equation above represents the unknown amount of time it
will take you to save $9,000 in a savings account if you save $300 at the end of each year in an account that earns 6% annual
compound interest.

The other good base to use is base 10. When solving the following equation for z : 16% = 25, you will need to use a calculator to get
the final answer and your calculator can handle base 10 as well. First take the log of both sides. Then, use log properties and your
calculator to help.

16 =25
log 16® = log 25
zlog 16 = log 25

log 25
7= Tog 16
z =116

32" —2=13
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Examples

v/ Example 1

Earlier, you were asked how to show that if the bases match in an equation, the exponents should match. In the equation, logs
can be used to reduce the equation to 2z = 6.

1.79898%% — 1.798986

Take the log of both sides and use the property of exponentiation of logs to bring the exponent out front.

log 1.79898% = log 1.79898°
2z - 1og 1.79898 = 6 - log 1.79898
2r =6
z=3

v/ Example 2

Solve the following equation for all possible values of z : (z +1)** —1=0

(z+ l)z_4— 1=0
(z+1)**=1
Case 1 is that £ + 1 is positive in which case you can take the log of both sides.

log (z + 1) =log1
(x—4) log(x+1)=0
z—4=0o0r log(z+1)=0
z=4or (z+1)=10"=1
z=4,0
Note that log1 =0

Case 2 is that (z + 1) is negative 1 and raised to an even power. This happens when ¢ = —2.

(z+1)=9 =1
(—2+1)2 Y _1=(-1)F-1
1
=
=0

The reason why this exercise is included is because you should not fall into the habit of assuming that you can take the log of
both sides of an equation. It is only valid when the argument is strictly positive. For example, log (—2 + 1)~2% = log(—1) is not
possible.

v/ Example 3

Light intensity, measured in lumens, can be described by the relationship between ¢ for intensity and d for depth in feet as it
travels at specific depths of water in a swimming pool. What is the intensity of light at 10 feet?

log (45) = —0.0145 - d

Given d = 10, solve for s measured in lumens.

log (1’—2) = 0.0145-d

log (].11_2) = —0.0145-10

log (%) =—0.145
(1’_2) — 10-0145
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Solve the following equation for all possible values of z.

ef—eT

_Te =14
First solve for e?,

et —e®

3 =14
e” (e” —e™®) = (42)e”
€* — 1 = 42¢”

(€)? —42¢" —1=0
Letu=¢€"

u?—42u—1=0

e \/f
y= ZCRE/COPATCY _ 22viT68 o, 49 023796, —0.0237960

Note that the negative result is extraneous because e* must be greater than zero, so you only proceed in solving for z for one
result.

e’ = 42.023796
T ~ In42.023796 ~ 3.738

v/ Example 5

Solve the following equation for all possible values of z : (log, z)? — log, z7 = —12.

In calculus it is common to use a small substitution to simplify the problem and then substitute back later. In this case let u
= log, x. Notice that this is a quadratic problem.

(logy )% — Tlogyz +12=0
w—Tu+12=0
(u—3)(u—4)=0

u=3,4

Now substitute back and solve for z in each case.
logox =3+ 22=2=38

logoz=4c2t=2=16

Solve each equation for z. Round each answer to three decimal places.
1.4°=6

2.5°=2

3. 12% = 1020

4

. 732 = 2400
5.2%+1 _5 =92
6.5 +12° =5+ 7

7. 2:c+1 — 22z+3
8. 3:c+3 — 9:c+1
9. 2.’:+4 =52

10. 13- 8%2% =546

https://k12.libretexts.org/@go/page/959



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/959?pdf

LibreTexts*

11.5* =c+a

12.32% = 0.94— .12

Solve each log equation by using log properties and rewriting as an exponential equation.
13. loggz +1ogz 5 = 2

14. 2logz = log 8 + log 5 — log 10

15. loggz = 2

This page titled 3.6: Exponential Equations is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source

content that was edited to the style and standards of the LibreTexts platform.
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3.7: Logistic Functions

Exponential growth increases without bound. This is reasonable for some situations; however, for populations there is usually some
type of upper bound. This can be caused by limitations on food, space or other scarce resources. The effect of this limiting upper
bound is a curve that grows exponentially at first and then slows down and hardly grows at all. This type of growth is called
logistic growth. What are some other situations in which logistic growth would be an appropriate model?

Logistic Functions

Logistic growth can be described with a logistic equation. The logistic equation is of the form: f(z) = 755

The letters a,b and ¢ are constants that can be changed to match the situation being modeled. You will have to solve for g and » with
the information that is given to you in each problem. The constant ¢ is particularly important because it is the limit to growth. This

is also known as the carrying capacity.

The following logistic function has a carrying capacity of 2 which can be directly observed from its graph.

f(®) = w7

5]

An important note about the logistic function is that it has an inflection point. From the previous graph you can observe that at the
point (0,1) the graph transitions from curving up (concave up) to curving down (concave down). This change in curvature will be
studied more in calculus, but for now it is important to know that the inflection point occurs halfway between the carrying capacity
and the z axis.

Examples

Earlier, you were asked what situations the logistic model is appropriate for. The logistic model is appropriate whenever the
total count has an upper limit and the initial growth is exponential. Examples are the spread of rumors and disease in a limited
population and the growth of bacteria or human population when resources are limited.

@ https://k12.libretexts.org/@go/page/13685
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A rumor is spreading at a school that has a total student population of 1200. Four people know the rumor when it starts and
three days later three hundred people know the rumor. About how many people at the school know the rumor by the fourth
day?

In a limited population, the count of people who know a rumor is an example of a situation that can be modeled using the
logistic function. The population is 1200 so this will be the carrying capacity.

Identifying information: ¢ = 1200; (0,4); (3, 300). First, use the point (0,4) to solve for a.

1200
14+a-8°
1200
l14+a
1200

4
a =299

Next, use the point (3,300) to solve for 5.

1200
1+299 - b3
4 =1+ 299b°
3 __ 3
299 =0
0.21568 ~ b

=4

=4

=14a

=300

The modeling equation at z =4 :

f(=) = Tmongmee — F(4) ~ 729 people

A similar growth pattern will exist with any kind of infectious disease that spreads quickly and can only infect a person or
animal once.

v/ Example 3

A special kind of algae is grown in giant clear plastic tanks and can be harvested to make biofuel. The algae are given plenty of
food, water and sunlight to grow rapidly and the only limiting resource is space in the tank. The algae are harvested when 95%
of the tank is full leaving the tank 5% full of algae to reproduce and refill the tank. Currently the time between harvests is
twenty days and the payoff is 90% harvest. Would you recommend a more optimal harvest schedule?

Identify known quantities and model the growth of the algae.

Known quantities: (0,0.05); (20,0.95); ¢ =1 or 100%

1
005= —~
1+a-b°
1+a= 305
a=19
1
095=—~
1+19.-5®
1
14+19.-50 = —
1 0.95
1
po — (o —1)
19
b ~ 0.74495

The model for the algae growth is:

flz) = 1+19-(0%74495)z
The question asks about optimal harvest schedule. Currently the harvest is 90% per 20 day or a unit rate of 4.5% per day. If
you shorten the time between harvests where the algae are growing the most efficiently, then potentially this unit rate might be
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higher. Suppose you leave 15% of the algae in the tank and harvest when it reaches 85%. How much time will that take to yield
70%?
_ 1
T 1419 (0.74495)=

71 ~ 4.10897

1

085 =7 + 19 - (0.74495)
To &~ 15.8914

0.15

T2 — 1 ~ 15.8914 — 4.10897 ~ 11.78

It takes about 12 days for the batches to yield 70% harvest which is a unit rate of about 6% per day. This is a significant
increase in efficiency. A harvest schedule that maximizes the time where the logistic curve is steepest creates the fastest overall
algae growth.

v/ Example 4

Determine the logistic model given ¢ = 12 and the points (0,9) and (1,11)

The two points give two equations, and the logistic model has two variables. Use these points to solve for a and b.

12
9=——"_
1+a-b0
1+a.—E
9
aol
~ 3
11=1—12
1+(3)- ¢
1 12
1+(§)-b—ﬁ
— 3
b_0.27_H

Thus the approximate model is:

1@ = mmar

11

v/ Example 5

Determine the logistic model given ¢ = 7 and the points (0,2) and (3,5)

The two points give two equations, and the logistic model has two variables. Use these two points to
solve for a and b.

7
A= 1+a
7
1+0/—E
a=25
s
1+ (2.5) - b3
1+(2.5)-b3=%
b =0.16
b =~ 0.5429

Thus the approximate model is:

@) = s osmr
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For 1-5, determine the logistic model given the carrying capacity and two points.

1.¢=12(0,5);(1,7)

2. ¢ = 2005 (0, 150); (5, 180)

3. ¢ = 1500; (0, 150); (10, 1000)

4. ¢ = 1000000; (0, 100000); (—40, 20000)

5. ¢ = 30000000; (—60, 10000); (0, 8000000)

For 6 — 8, use the logistic function f(z) = %=

6. What is the carrying capacity of the function?

7. What is the y -intercept of the function?

8. Use your answers to 6 and 7 along with at least two points on the graph to make a sketch of the function.
For 9 — 11, use the logistic function g(z) = 7255

9. What is the carrying capacity of the function?

10. What is the y -intercept of the function?

11. Use your answers to 9 and 10 along with at least two points on the graph to make a sketch of the function.
For 12 — 14, use the logistic function k(z) = 17556

12. What is the carrying capacity of the function?

13. What is the y -intercept of the function?

14. Use your answers to 12 and 13 along with at least two points on the graph to make a sketch of the function.

15. Give an example of a logistic function that is decreasing (models decay). In general, how can you tell from the equation if
the logistic function is increasing or decreasing?

3.7: Logistic Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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4.1: Angles in Radians and Degrees

Most people are familiar with measuring angles in degrees. It is easy to picture angles like 30°,45° or 90° and the fact that 360°
makes up an entire circle. Over 2000 years ago the Babylonians used a base 60 number system and divided up a circle into 360
equal parts. This became the standard and it is how most people think of angles today.

However, there are many units with which to measure angles. For example, the gradian was invented along with the metric system
and it divides a circle into 400 equal parts. The sizes of these different units are very arbitrary.

A radian is a unit of measuring angles that is based on the properties of circles. This makes it more meaningful than gradians or
degrees. How many radians make up a circle?

Radians and Degrees

A radian is defined to be the central angle where the subtended arc length is the same length as the radius.

arc length = radius

A

radius

Another way to think about radians is through the circumference of a circle. The circumference of a circle with radius r is 2nr. Just
over six radii (exactly 2= radii) would stretch around any circle.

To define a radian in terms of degrees, equate a circle measured in degrees to a circle measured in radians.

180

360 degrees = 2z radians, so <>* degrees =1 radian

Alternatively, 360 degrees = 2x radians, so 1 degree = % radians

The conversion factor to convert degrees to radians is: 435

The conversion factor to convert radians to degrees is: 18-

If an angle has no units, it is assumed to be in radians.

If you were to convert 150° into radians, you would multiply 150° by the correct conversion factor. You would get:
. _ 1 _ 5 ;

150° - g = &= = ¢ radians

You can check your work by making sure the degree units appear on both the numerator and denominator.

If you were to convert T radians into degrees, you would multiply & by the correct conversion factor. You would get Z . 18" — 180°
= 30°

Notice = appears in both the numerator and denominator and < = 1.
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‘troduction to
Radian Measure

QO

Examples

Earlier, you were asked how many radians make up a circle. Exactly 2z radians describe a circular arc. This is because 2 radii
wrap around the circumference of any circle.

v/ Example 2

Convert (67)° into radians.
Don't be fooled just because this has «. This number is about 19°

° _ 6% _ a?
(6m)° w0 =180 = %

It is very unusual to ever have a #2 term, but it can happen.

Convert 3T into degrees.

Bm . 180° _ 5:30° _ °
o 2ok = 291 =150

v/ Example 4

Convert 210° into radians.

o, _m _ 730w _ Im
210° - 55 = g3 = 6

v/ Example 5

Draw a  angle by first drawing a 27 angle, halving it and halving the result. Recall that § = 90°.

21
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Find the radian measure of each angle.
1. 120°

2. 300°

3.90°

4. 330°

5.270°

6. 45°

7. (bm)°

Find the degree measure of each angle.
8. Ir

9, 5

10. &

1. o=
12.«
30
14.3

15. Explain why if you are given an angle in degrees and you multiply it by {3 you will get the same angle in radians.

This page titled 4.1: Angles in Radians and Degrees is shared under a CIK-12 license and was authored, remixed, and/or curated by CK12 via
source content that was edited to the style and standards of the LibreTexts platform.
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4.2: Circular Motion and Dimensional Analysis

Converting between units is essential for mathematics and science in general. Radians are very powerful because they provide a
link between linear and angular speed. One radian is an angle that always corresponds to an arc length of one radius. This will
allow you to convert the rate at which you pedal a bike to the actual speed you can travel.

1 revolution = 2zr

The gear near the pedals on a bike has a radius of 5 inches and spins once every second. It is connected by a chain to a second gear
that has a 3 inch radius. If the second wheel is connected to a tire with a 17 inch radius, how fast is the bike moving in miles per
hour?

Circular Motion and Dimensional Analysis

Dimensional analysis just means converting from one unit to another. Sometimes it must be done in several steps in which case it is
best to write the original amount on the left and then multiply it by all the different required conversions. To convert 3 miles to
inches you write:

3 mile 5280 feet , 12 inches __ 3-5280-12 inches _ 3
sule . pfleat  LiRele — 20202 Inde — 190080 inches

Notice how miles and feet/foot can be used to convert miles to the desired unit of inches. Units, like numbers, can resolve to one

when they exist in both the numerator and denominator (3 =1 and ;zz: = 1). Also notice each conversion factor is the same

distance on the numerator and denominator, just written with different units.

Circular motion refers to the fact that on a spinning wheel points close to the center of the wheel actually travel very slowly and
points near the edge of the wheel actually travel much quicker. Angular speed is the ratio of revolutions that occur per unit of time
and linear speed is the ratio of distance per unit of time. While the two points have the same angular speed, their linear speed is
very different.

amplete each conversion.
smes TgYS5
5-3.28 &

I/

American l Metric

3. 10km=

[okn bdm
.--T'. }#ﬁ

Examples

v/ Example 1

Earlier, you were given the following question: The gear near the pedals on the bike has radius 5 inches and spins once every
second. It is connected by a chain to a second gear that has a 3 inch radius. If the second wheel is connected to a tire with a 17
inch radius, how fast is the bike moving in miles per hour?

A bike has pedals that rotate a gear at a circular speed. The gear translates this speed to a linear speed on the chain. The chain
then moves a second gear, which is a conversion to angular speed for the rear tire. This tire then converts the angular speed
back to linear speed which is how fast you are moving. Instead of doing all these calculations in one step, it is easier to do each
conversion in small pieces.

First convert the original gear into the linear speed of the chain.
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1 revolution  _2-5 inches 10,".
1 second 1 revolution sec

Then convert the speed of the chain into angular speed of the back gear which is the same as the angular speed of the rear tire.

107 inches | 1 revolution __ 10 rev
1 second 2m-3 inches — 6 sec

Lastly convert the angular speed of the rear tire to the linear speed of the tire in miles per hour.

10rev | 2m-17in 1ft 1mile 60sec | 60 min

6sec Irev 12in  5280ft 1 min lhour
_ 10-2-7-17-60-60 miles
- 6-12-5280 hour

~ 10,1 Pl

hour

v/ Example 2

Suppose Summit High School has a circular track with two lanes for running. The interior lane is 30 meters from the center of
the circle and the lane towards the exterior is 32 meters from the center of the circle. If two people run 4 laps together, how
much further does the person on the outside go?

Calculate the distance each person ran separately using 1 lap to be 1 circumference and find the difference.

4 laps . 2m-30 meters

= e ~ 754 meters
4laps | 2732 meters .

=1 i ~ 804 meters

The person running on the outside of the track ran about 50 more meters.

v/ Example 3

Andres races on a bicycle with tires that have a 17 inch radius. When he is traveling at a speed of 30 feet per second, how fast
are the wheels spinning in revolutions per minute?

Look for ways to convert feet to revolutions and seconds to minutes.

30 feet . 60 seconds | 12 inches  1revolution __ 30.60-12 revolutlons ~ 202. 2 rev
~ 2717 mim

1 second minute 1 foot 2m:17 inches
v/ Example 4

When a car travels at 60 miles per hour, how fast are the tires spinning if they have 30 inch diameters?

60 miles 5280 feet , 12 inches 1 revolution 1 hour

1 hour 1 mile 1 foot 2m-15 inches 60 minute

__ 60-5280-12 revolutions ~ 672. 3 rev

27-15-60 minute

Mike rides a bike with tires that have a radius of 15 inches. How many revolutions must Mike make to ride a mile?

lrev 12in 5280& ~ 672.3 -

2m-15in 1ft ‘mile
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For 1 — 10, use the given values in each row to find the unknown value (z) in the specified units in the row.

Problem Number Radius Angular Speed Linear Speed
1. 5 inches 60 rpm zin
2. z feet 20 rpm 2in
3. 15 cm T Tpm 122
4. x feet 40 rpm gLt
5. 12 inches 32 rpm rin
6. 8 cm z rpm 122
7. 18 feet 4 rpm T
8. = feet 800 rpm 602
9. 15 in z rpm 602t
10 2in T rpm 13in

11. An engine spins a wheel with radius 5 inches at 800 rpm. How fast is this wheel spinning in miles per hour?
12. A bike has tires with a radius of 10 inches. How many revolutions must the tire make to ride a mile?
13. An engine spins a wheel with radius 6 inches at 600 rpm. How fast is this wheel spinning in inches per second?

14. Bob has a car with tires that have a 15 inch radius. When he is traveling at a speed of 30 miles per hour, how fast are the
wheels spinning in revolutions per minute?

15. A circular track has two lanes. The interior lane is 25 feet from the center of the circle and the lane towards the exterior is
30 feet from the center of the circle. If you jog 6 laps, how much further will you jog in the exterior lane as opposed to the
interior lane?

This page titled 4.2: Circular Motion and Dimensional Analysis is shared under a CK-12 license and was authored, remixed, and/or curated by

CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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4.3: Special Right Triangles

The Pythagorean Theorem is great for finding the third side of a right triangle when you already know two other sides. There are
some triangles like 30-60-90 and 45-45-90 triangles that are so common that it is useful to know the side ratios without doing the
Pythagorean Theorem each time. Using these patterns also allows you to totally solve for the missing sides of these special
triangles when you only know one side length.

Given a 45-45-90 right triangle with sides 6 inches, 6 inches and z inches, what is the value of z ?

Special Right Triangles
There are three types of special right triangles, 30-60-90 triangles, 45-45-90 triangles, and Pythagorean triple triangles.

30-60-90 Triangles
A 30-60-90 right triangle has side ratios z, 2v/3, 2z.

2X 60°

30° E
x\/3

Confirm with Pythagorean Theorem:

z? + (zv3)? = (2x)?
2% + 32% = 422
42’ = 422
45-45-90 Triangles
A 45 - 45 -90 right triangle has side ratios z, z, zv/2.
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z? + 2% = (zv2)?
272 = 222

Note that the order of the side ratios «,z+/3,2z and =z, z,z+/2 is important because each side ratio has a corresponding angle. In all
triangles, the smallest sides correspond to smallest angles and largest sides always correspond to the largest angles.

Pythagorean Triple Triangles

Pythagorean number triples are special right triangles with integer sides. While the angles are not integers, the side ratios are very
useful to know because they show up everywhere. Knowing these number triples also saves a lot of time from doing the
Pythagorean Theorem repeatedly. Here are some examples of Pythagorean number triples:

e 3,45

e 512,13

e 7,24,25

e 8,15,17

e 9,40, 41

More Pythagorean number triples can be found by scaling any other Pythagorean number triple. For example:

3,4,5 — 6,8,10 (scaled by a factor of 2)

Even more Pythagorean number triples can be found by taking any odd integer like 11, squaring it to get 121, halving the result to
get 60.5. The original number 11 and the two numbers that are 0.5 above and below (60 and 61) will always be a Pythagorean
number triple.

112 + 60% = 612

Examples

Earlier you were asked about a 45-45-90 right triangle with sides 6 inches, 6 inches and z inches. If you can recognize the
pattern for 45-45-90 right triangles, a right triangle with legs 6 inches and 6 inches has a hypotenuse that is 64/2 inches z

=6v2.

v/ Example 2

A 30-60-90 right triangle has hypotenuse of length 10. What are the lengths of the other two sides?

The hypotenuse is the side opposite 90. Sometimes it is helpful to draw a picture or make a table.

30 60 90
T zv3 2z
10

From the table you can write very small subsequent equations to solve for the missing sides.
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10 =2z
=25
zvV3 =53

The other sides are 5 and 5v/3.

v/ Example 3

A 30-60-90 right triangle has a side length of 18 inches corresponding to 60 degrees. What are the lengths of the other two
sides?

Make a table with the side ratios and the information given, then write equations and solve for the missing side lengths.

30 60 90
T zV3 2z
18
18 =zv3
18 _
V3

_18 18 V3 _18V3 _
=G A va 3 T
:c=6\/?_:

Note that you need to rationalize denominators.

Now use the calculated z value to solve for 2z.

2z = 2(6+/3)
2z = 12v/3

The other sides are 6v/3 and 12v/3.

v/ Example 4

Using your knowledge of special right triangle ratios, solve for the missing sides of the right triangle.

https://k12.libretexts.org/@go/page/965



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/965?pdf

LibreTexts"

The other sides are each 2¢Z.

45 45 90
T T m\/ﬁ
5
zV2=5
g5 V2 _5V2
V2 v2 2

The other sides are each 32

v/ Example 5

Using your knowledge of special right triangle ratios, solve for the missing sides of the right triangle.

60°
3V3

30° T

The other sides are 9 and 6+/3.

30 60 90
% V3 2
3v3
z=3V3
2z = 6v/3
zV3=3v3-/3=9

The other sides are 9 and 6v/3.

For 1-4, find the missing sides of the 45-45-90 triangle based on the information given in each row.

Problem Number Side Opposite 45° Side Opposite 45° Side Opposite 90°
1. 3

2 7.2

3 16

4 5v/2

https://k12.libretexts.org/@go/page/965
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For 5-8, find the missing sides of the 30-60-90 triangle based on the information given in each row.

Problem Number Side Opposite 30° Side Opposite 60° Side Opposite 90°
1. 3v2

2 4

3 15

4 12v/3

Use the picture below for 9-11.

9. Which angle corresponds to the side that is 12 units?
10. Which side corresponds to the right angle?
11. Which angle corresponds to the side that is 5 units?

12. A right triangle has an angle of Z radians and a hypotenuse of 20 inches. What are the lengths of the other two sides of the
triangle?

13. A triangle has two angles that measure § radians. The longest side is 3 inches long. What are the lengths of the other two
sides?

For 14-19, verify the Pythagorean Number Triple using the Pythagorean Theorem.
14.3,4,5

15.5,12,13

16. 7, 24, 25

17.8, 15,17

18.9, 40, 41

19.6, 8, 10

20. Find another Pythagorean Number Triple using the method explained for finding “11, 60, 61”.

This page titled 4.3: Special Right Triangles is shared under a CK-12 license and was authored, remixed, and/or curated by CIK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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4.4: Right Triangle Trigonometry

Trigonometry is the study of triangles. If you know the angles of a triangle and one side length, you can use the properties of
similar triangles and proportions to completely solve for the missing sides.

Imagine trying to measure the height of a flag pole. It would be very difficult to measure vertically because it could be several
stories tall. Instead walk 10 feet away and notice that the flag pole makes a 65 degree angle with your feet. Using this information,
what is the height of the flag pole?

Trigonometric Functions

The six trigonometric functions are sine, cosine, tangent, cotangent, secant and cosecant. Opp stands for the side opposite of the
angle @, hyp stands for hypotenuse and adj stands for side adjacent to the angle 4.

sinf = %
di

cosf = Z—y‘;
opp

tanf = —-
an adj
cot = a_d_1
opp

hyp
6=—-
sec adj
cscl = h;yp
opp

h
yp opp

|
ad

The reason why these trigonometric functions exist is because two triangles with the same interior angles will have side lengths that
are always proportional. Trigonometric functions are used by identifying two known pieces of information on a triangle and one
unknown, setting up and solving for the unknown. Calculators are important because the operations of sin, cos and tan are already
programmed in. The other three (cot, sec and csc) are not usually in calculators because there is a reciprocal relationship between
them and tan, cos and sec.

. _—_opp _ 1
sinf = hyp — csch
__adj __ 1
cosf = hyp ~ secl
—_op _ 1
tanf = adj ~— cotf

Keep in mind that your calculator can be in degree mode or radian mode. Be sure you can toggle back and forth so that you are
always in the appropriate units for each problem.

Note that the images throughout this concept are not drawn to scale. If you were given the following triangle and asked to solve for
side b, you would use sine to find &.
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ratios of sides of rignt triangles.
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ANaten HUne
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Examples

v/ Example 1

Earlier, you were asked about the height of a flagpole that you are 10 feet away from. You notice that the flag pole makes a 65°
angle with your feet.

If you are 10 feet from the base of a flagpole and assume that the flagpole makes a 90° angle with the ground, you can use the

following triangle to model the situation.
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u
10 ft

o T
tan 65 =10

z =10tan65° ~ 21.4ft

v/ Example 2

Solve for angle A.

1|
(&)

a

A
b=12 C
This problem can be solved using sin, cos or tan because the opposite, adjacent and hypotenuselengths are all given.

The argument, or input, of a sin function is always an angle. The arcsin, or sin~! 4, function on the calculator has an argument

that is a ratio of the triangle sides.

. 5
sin A = B
sin~!(sin A) = sin~! (1—53)
A =sin™? (1—53) ~ 0.39 radian ~ 22.6°

v/ Example 3

Given a right triangle with a = 12 in ,mZB = 20°, and mZC = 90°, find the length of the hypotenuse.

It is helpful to draw a diagram to represent the data given in a question.
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A

C a=12 in B

12 .
€= 520"~ 12.77in

v/ Example 4

Given AABC where B is a right angle, mZC = 18°, and ¢ = 12. What is a ?

Drawing out this triangle, it looks like:

18"

tan 18° = E
a

12 36.9

a= ~
tan 18°

v/ Example 5

Given AMNO where O is a right angle, m = 12, and n = 14. What is the measure of angle M ?
Drawing out the triangle, it looks like:
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N

m=12

O n=14 M

E
14
1 (12 . o
M = tan — ) =~ 0.7 radian =~ 40.6

14

For 1 — 15, information about the sides and/or angles of right triangle ABC is given. Completely solve the triangle (find all
missing sides and angles) to 1 decimal place.

tan M =

Problem

Number A B o} a b c
1. 90° 4 7
2. 90° 37 18

3. 90° 15° 32

4 90° 6 11
5. 90° 12° 19

6. 90° 17 10
7. 90° 10° 2

8. 4 90° 0.3

9. Z radian 1 radian 15
10. % radian 12 15

11. 4 radian 9 14
12. Z radian Z radian 5

13. 2 radian 26 13

14. % radian 19 16
15.  radian 10 10v/2

This page titled 4.4: Right Triangle Trigonometry is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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4.5: Law of Cosines

The Law of Cosines is a generalized Pythagorean Theorem that allows you to solve for the missing sides and angles of a triangle
even if it is not a right triangle. Suppose you have a triangle with sides 11, 12 and 13. What is the measure of the angle opposite the
11?

The Law of Cosines

The Law of Cosines is:
c2=a®+b*—2ab-cosC
It is important to understand the proof:

A

(0,0) C B (a,0)

a1 az
—

You know four facts from the picture:

a=a1+as (4.5.1)
b? =a? +h? (4.5.2)
c? = a2+ h? (4.5.3)
cosC = % (4.5.4)

Once you verify for yourself that you agree with each of these facts, check algebraically that these next two facts must be true.
as=a—a (4.5.5)
a1 =b-cosC (4.5.6)

Now the Law of Cosines is ready to be proved using substitution, FOIL, more substitution and rewriting to get the order of terms
right.

c2=a2+h? (3again)

¢ =(a—a1)>+h? (substitute using 5)
c2=a’>—2a-a;+a?+h? (FOIL)
c?=a%—2a-b-cosC +a? +h? (substitute using 6)
c2=a%—2a-b-cosC +b? (substitute using 2)
c2=a®+b%—2ab-cosC (rearrange terms)

There are only two types of problems in which it is appropriate to use the Law of Cosines. The first is when you are given all three
sides of a triangle and asked to find an unknown angle. This is called SSS (side-side-side) in geometry. The second situation where
you will use the Law of Cosines is when you are given two sides and the included angle and you need to find the third side. This is
called SAS (side-angle-side).

Take the following triangle.

https://k12.libretexts.org/@go/page/962
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et 150 in

230 in 6

The measure of angle D is missing and can be found using the Law of cosines. It is necessary to set up the Law of cosines equation
very carefully with D corresponding to the opposite side of 230. The letters are not ABC like in the proof, but those letters can
always be changed to match the problem as long as the angle in the cosine corresponds to the side used in the left side of the
equation.
ct=a?+b%—2ab-cosC
230% = 120% + 150% — 2 - 120 - 150 - cos D
230% — 120% — 150% = —2- 120 - 150 - cos D
2302 — 120% — 150°
—2-120-150

D =cos™! (

=cosD

2302 — 1202 — 1502

—2.120.150 ) ~ 116.4° ~ 2.03 radians

Examples

v/ Example 1

Earlier, you were given a triangle with sides 11, 12, and 13 and asked what the measure of the angle opposite 11 is. A triangle
that has sides 11, 12 and 13 is not going to be a right triangle. In order to solve for the missing angle you need to use the Law
of Cosines because this is a SSS situation.

c? =a? +b*—2ab-cosC
112 =122 + (18)2 - 2-12-13-cosC

2_ 192 _ 1a2
C =cos! (u) =~ 52.02°

—2-12-13
v/ Example 2

Determine the length of side p.

212%

388 ft
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e =a?+b>—2ab-cosC
p? =212% 4 3882 —2.212 - 388 - cos 82°
p? ~ 172592.354815

p~ 415.44

v/ Example 3

Determine the degree measure of angle N.

M

38in .
40 in

i N

This problem must be done in two parts. First apply the Law of cosines to determine the length of side m. This is a SAS
situation like Example B. Once you have all three sides you will be in the SSS situation like in Example A and can apply the
Law of cosines again to find the unknown angle N.

e =a?+b>—2ab-cosC

m? = 38% 4+ 402 — 2-38-40 - cos 93°
m? ~ 3203.1

m =~ 56.59

Now that you have all three sides you can apply the Law of cosines again to find the unknown angle N. Remember to match
angle N with the corresponding side length of 38 inches. It is also best to store m into your calculator and use the unrounded
number in your future calculations.
et =a%+b*—2ab-cosC
382 = 40% 4 (56.59)2 — 2 - 40 - (56.59) - cos N

382 — 40% — (56.59)% = —2- 40 - (56.59) - cos N
382 — 40% — (56.59)2

(56:59)° _

—2-40-(56.59)

38% — 402 — (56.59)2
N =cos™! ~42.1°
08 ( —2.40- (56.59)

For the next two examples, use the triangle below.

S

36in

42 in
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v/ Example 4

Determine the length of side .
r2 =362+ 422 —2.36-42 - cos 63

r ~ 41.07

v/ Example 5

Determine the length of side .
r? =362 +422 —2.36-42 - cos 63

r ~ 41.07

For all problems, find angles in degrees rounded to one decimal place.

In AABC,a =12,b= 15, and ¢ = 20

1. Find the measure of angle A.

2. Find the measure of angle B.

3. Find the measure of angle C.

4. Find the measure of angle C in a different way.

In ADEF,d = 20,e = 10, and f = 16

5. Find the measure of angle D.

6. Find the measure of angle E.

7. Find the measure of angle F.

In AGHI,g=19,ZH =55°, and i = 12

8. Find the length of A.

9. Find the measure of angle G.

10. Find the measure of angle I.

11. Explain why the Law of cosines is connected to the Pythagorean Theorem.
12. What are the two types of problems where you might use the Law of cosines?
Use the Law of cosines to determine whether or not each triangle is possible.
13.a=5,b=6,c=15

14.a=1,b=5,c=4

15.a=5,b=6,c=10

This page titled 4.5: Law of Cosines is shared under a CI<-12 license and was authored, remixed, and/or curated by CK12 via source content that
was edited to the style and standards of the LibreTexts platform.
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4.6: Law of Sines

When given a right triangle, you can use basic trigonometry to solve for missing information. When given SSS or SAS, you can
use the Law of Cosines to solve for the missing information. But what happens when you are given two sides of a triangle and an
angle that is not included? There are many ways to show two triangles are congruent, but SSA is not one of them. Why not?

The Law of Sines

When given two sides and an angle that is not included between the two sides, you can use the Law of Sines. The Law of Sines
states that in every triangle the ratio of each side to the sine of its corresponding angle is always the same. Essentially, it clarifies
the general concept that opposite the largest angle is always the longest side.

_a_ __b_ _ _¢_
sinA sin B sinC

Here is a proof of the Law of Sines:

C

A c B

Looking at the right triangle formed on the left:

. h
sinA = N
h =bsin A
Looking at the right triangle formed on the right:
sin B = h
a
h=asinB

Equating the heights which must be identical:

asin B =bsin A
a b
sinA _ snB
The best way to use the Law of Sines is to draw an extremely consistent picture each and every time even if that means redrawing
and relabeling a picture. The reason why the consistency is important is because sometimes given SSA information defines zero,

one or even two possible triangles.

Always draw the given angle in the bottom left with the two given sides above.

\
>

In this image side a is deliberately too short, but in most problems you will not know this. You will need to compare a to the height.

sin A = ﬁ
c

h=csinA
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This is commonly referred to testing the ambiguous case. There are four different tests to determine the number of triangles that
exist given the measurements.

Casel:a<h

Simply put, side a is not long enough to reach the opposite side and constructing the triangle is impossible. Zero triangles exist.
Case2:a=h

Side a just barely reaches the opposite side forming a 90° angle.

Case3:h<a<c

In this case side a can swing toward the interior of the triangle or the exterior of the triangle- there are two possible triangles. This
is called the ambiguous case because the given information does not uniquely identify one triangle. To solve for both triangles, use
the Law of sines to solve for angle C; first and then use the supplement to determine Cs.

Case4d:c<a
In this case, side a can only swing towards the exterior of the triangle, only producing C;.

For the case of SSA, you should always check how many triangles there are before starting to find measures. Take the following
triangle:

LA=40°,c=13,and a = 2

>

Before trying find ZC, you need to check that a triangle is possible and if there is more than one solution. Use the equation from
above,

ind0° = —
sm 13

h = 13sin40° ~ 8.356

Because a < h(2 < 8.356), this information does not form a proper triangle.

efiniti it divides the

gle into two right angle

h h
sinA 5 and sing » h=bsinA and h=asing

a

“Fora-gims _ snA _sinb

] -> =
ap  fe ~ b

Daing the same thing widifan altituds fram vertex A and slde awill yisld:
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Examples

Earlier, you were asked why SSA is not a method to show that two triangles are congruent. SSA is not a method from
Geometry that shows two triangles are congruent because it does not always define a unique triangle. Sometimes there is no

triangle, one triangle, or two triangles.

v/ Example 2

ZA=17",c=14, and a = 4.0932.... If possible, find ZC

a
c
A

Check that a triangle is possible:

v

sinl7° = 7
h =14sin17° ~ 4.0932

since a = h, this information forms exactly one triangle and angle C must be 90°.

v/ Example 3

ZA=22°",c=11and a = 9. If possible, find ZC

a

v

Check that a triangle is possible:

h

in22° = —

sin 11
h =115in22° ~ 4.12

since k < a < c, there must be two possible angles for angle C.

Apply the Law of sines:
9 11

sin22° ~ sinCi

9sin C; = 11sin22°

11sin 22°

sin C

C, =sin! (%) ~ 27.24°

Cy =180 — C; ~ 152.75°

v/ Example 4

Given AABC where A =12°, B=50°,a = 14 find b.

14  _ b
sin12° ~— sin50°

b= 1850 ~ 51.58
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Given AABC where A =170°,b=8,a = 3, find £B if possible.
sin70° = §
h =8sin70° ~ 7.51...

Because a < h, this triangle is impossible.

Exercise 4.6.1

For 1-3, draw a picture of the triangle and state how many triangles could be formed with the given values.
1.A=30°,a=13,b=15

2.A=22°,a=21,b=12

3.A=42°,a=36,b=37

For 4 — 7, find all possible measures of ZB (if any exist) for each of the following triangle values.
4. A=86",a=15,b=11

5.A=30°a=24,b=43

6. A=148°,0=34,b=139

7.A=80°a=22,b=20

For 8 -12, find the length of & for each of the following triangle values.

8.A=94°,a=31,B=34"

9.A=112°,a=12,B=15°

10. A=178",a = 20,B = 16°

11. A=54°,a =15,B=112°

12. A=39°,a=9,B=98°

13.In AABC,b = 10 and £ZA = 39°. What's a possible value for a that would produce two triangles?
14.In AABC,b = 10 and £ZA = 39°. What's a possible value for g that would produce no triangles?

15. In AABC,b = 10 and ZA = 39°. What's a possible value for a that would produce one triangle?

This page titled 4.6: Law of Sines is shared under a CI<-12 license and was authored, remixed, and/or curated by CK12 via source content that
was edited to the style and standards of the LibreTexts platform.
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4.7: Area of a Triangle

From geometry you already know that the area of a triangle is % -5 - h

What if you are given the sides of a triangle are 5 and 6 and the angle between the sides is Z? You are not directly given the height,
but can you still figure out the area of the triangle?

Finding the Area of Triangles

The sine function allows you to find the height of any triangle and substitute that value into the familiar triangle area formula.

e

Using the sine function, you can isolate h for height:

sinC = E
a
asinC=h

Substituting into the area formula:
1

Area = Eb -h
1

Area = Eb-a -sinC
1

Area = 3 -a-b-sinC

Recall that the variables used to note the sides and corresponding angles are arbitrary, so long as a side and its opposing angle share
the same variable (side ¢ has an opposing angle C ). If you were given AABC with A = 22°,b = 6,c = 7 and asked to find the area,
you would use the formula:

Area = %bc sin A
Area = % -6-7-8in22° ~ 7.86 units?

The important part is that neither given side corresponds to the given angle.

Bonus Video: There is another way of finding the area of a triangle, Heron's Formula. This will be discussed in Example 5. Heron's
formula is used when three side lengths are given.

https://k12.libretexts.org/@go/page/13692
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etermine the area of the following triangle.

14 in

Examples

v/ Example 1

Earlier, you were given the sides of a triangle are 5 and 6 and the angle between the sides is § = Z and asked to find the area.

6

Area = § -5-6 - sin 7 =~ 12.99 units

v/ Example 2

Given AXY Z has area 28 square inches, what is the angle included between side length 8 and 9?
Area = % ca-b-sinC

28=%-8-9-sin0’
2o
8-9
8.2

C =sin! (28—'9) ~ 51.06°

v/ Example 3

Given triangle ABC with A = 12°,b = 4 and Area = 1.7 units2?, what is the length of side ¢?

sinC =

Area=%-c-b-sinA

1.7=%-c-4-sin12°
1.7-2

= —— =~ 4.
¢= Tsmiz ~ 499
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v/ Example 4

The area of a triangle is 3 square units. Two sides of the triangle are 4 units and 5 units. What is the measure of their included
angle?

3 °
6 =sin"! (32) ~ 17.46°

v/ Example 5

What is the area of AXYZ with z = 11,y =12,z = 137

Since none of the angles are given, there are two possible solution paths. You could use the Law of Cosines to find one angle.
Area = 1.12.13-5in52.02 ~ 61.5 units

The angle opposite the side of length 11 is approximately 52.02° therefore the area is:

Area = 1 -12-13 -sin52.02 ~ 61.5 units *

Another way to find the area is through the use of Heron's Formula which is:

Area= /s(s — a)(s —b)(s—c¢)
Where s is the semiperimeter:

— atb
8= a+2+c

Using Heron's formula to find the area of AXYZ returns the same value:

5= 11+122+13 — 3_26 =18
A=,/18(18 —11)(18 — 12)(18 — 13)
A=V18-7-6-5

A = /3780 ~ 61.5 units 2

v/ Example 6

The area of a triangle is 3 square units. Two sides of the triangle are 4 units and 5 units. What is the measure of their included
angle?

% +4.5-8in6

sin™! (32) ~ 17.45...

3
)

For 1 — 11, find the area of each triangle.

1. AABC ifa = 13,b = 15, and ZC = 70°.
2. AABC ifb=8,c=4,and LA = 58°.

3. AABC if b= 34,c =29, and LA = 125°.
4. AABCifa =3,b="7,and ZC = 81°.

5. AABC ifa = 4.8,c = 3.7,and /B = 54°.
.AABC ifa =12,b=5, and £C = 22°.
.AABC ifa = 3,b= 10, and ZC = 65°.
.AABCifa =5b=09,and ZC = 11°.

O 0o N D

.AABC ifa =5,b="7,and c=8.
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10. AABCif a=17,b =8, and c = 14.
11. AABC ifa = 12,b =14, and ¢ = 13.

12. The area of a triangle is 12 square units. Two sides of the triangle are 8 units and 4 units. What is the measure of their
included angle?

13. The area of a triangle is 23 square units. Two sides of the triangle are 14 units and 5 units. What is the measure of their
included angle?

14. Given ADEF has area 32 square inches, what is the angle included between side length 9 and 10?7

15. Given AGHT has area 15 square inches, what is the angle included between side length 7 and 117

4.7: Area of a Triangle is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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4.8: Applications of Basic Triangle Trigonometry

Deciding when to use SOH, CAH, TOA, Law of Cosines or the Law of Sines is not always obvious. Sometimes more than one
approach will work and sometimes correct computations can still lead to incorrect results. This is because correct interpretation is
still essential.

If you use both the Law of Cosines and the Law of Sines on a triangle with sides 4, 7, 10 you end up with conflicting answers.
Why?

Trigonometry Applications

When applying trigonometry, it is important to have a clear toolbox of mathematical techniques to use. Some of the techniques may
be review like the fact that all three angles in a triangle sum to be 180°, other techniques may be newer like the Law of cosines.
Take a look at all the tools you have in your toolbox to solve applications with trigonometry.

Toolbox

o The three angles in a triangle sum to be 180°.

e There are 360° in a circle and this can help us interpret negative angles as positive angles.

o The Pythagorean Theorem states that for legs a, b and hypotenuse c in a right triangle, a2 4 b% = ¢

o The Triangle Inequality Theorem states that for any triangle, the sum of any two of the sides must be greater than the third side.
e The Law of cosines: ¢ = a? + b2 — 2abcos C

: ._a  _ b sinA __ sinB :
o The Law of sines: ;2 = 22 or #24 — 224 (Be careful for the ambiguous case)

e SOH CAH TOA is a mnemonic device to help you remember the three original trig functions:
adj opp

ing = 22 = adj = o
sind = > cosf= g7 tanf=

e 30— 60— 90 right triangles have side ratios z, zv/3, 2z

o 45-45-90 right triangles have side ratios «, z, zv/2

o Pythagorean number triples are exceedingly common and should always be recognized in right triangle problems. Examples of
triples are 3,4,5 and 5,12,13.

A few definitions will also be necessary to solve applications. Angle of elevation is the angle at which you view and object above
the horizon. Angle of depression is the angle at which you view and object below the horizon. Bearing is how direction is measured
at sea. North is 0°, East is 90°, South is 180° and West is 270°.

A ship vravels 35 km on a bearing of 279, then travels on a
lzeaving of x17° for 120 km. Find the distance traveled
from thg starting point to the ending point.

]
L L
WA
4 /5

|
o

Start

Examples

Earlier, you were asked why you may end up with conflicting answers if you use both the Law of Sines and the Law of
Cosines. Sometimes when using the Law of Sines you can get answers that do not match the Law of Cosines. Both answers
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can be correct computationally, but the Law of Sines may involve interpretation when the triangle is obtuse. The Law of
Cosines does not require this interpretation.

C

14

First, use Law of cosines to find £B:

122=324+142—-2.3-14 -cos B
_ —1 (12232147 _, °
£B=cos™! (155514 ) ~ 4343
Then, use Law of sines to find ZC. Use the unrounded value for B even though a rounded value is shown.

§in43.43°  sinC

12 - 14
14sin43.43° |
T = SlIlC ‘
Z/C = sin™! (%) ~ 53.3°

Use the Law of cosines to double check ZC.
142=3%24122-2.3.12-cosC

142 — 32 — 122
_ -1
C = cos (7_2.3'12

Notice that the last two answers do not match, but they are supplementary. This is because this triangle is obtuse and the

) ~ 126.7°

sin~! (7 ) function is restricted to only producing acute angles.

v/ Example 2

A surveying crew is given the job of verifying the height of a cliff. From point A, they measure an angle of elevation to the top
of the cliff to be o = 21.567°. They move 507 meters closer to the cliff and find that the angle to the top of the cliff is now g
= 25.683°. How tall is the cliff?

Note that « is just the Greek letter alpha and in this case it stands for the number 21.567°.8 is the Greek letter beta and it stands
for the number 25.683°.

First, sketch the image and label what you know.

: N
‘height(@y, h) \
} 1

P ; Ve ; \

A& B 8 |

Next, because the height is measured at a right angle with the ground, set up two equations. Remember that o and 8 are just
numbers, not variables.

_ _h
tano = gy

=k
tang = 2

Both of these equations can be solved for & and then set equal to each other to find z.
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h = tan o507 4+ z) = 2 tan
507tana + xtana = ztan 8
507tana = ztan 8 — ztana
507 tan o = z(tan 8 — tan a)
o= 507tana 507 tan 21.567°
tanf—tana  tan25.683° — tan 21.567°

=~ 2340 meters

since the problem asked for the height, you need to substitute z back and solve for .
h = ztan § = 2340 tan 25.683° ~ 1125.31 meters

v/ Example 3

Given a triangle with SSS or SAS you know to use the Law of cosines. In triangles where there are corresponding angles and
sides like AAS or SSA it makes sense to use the Law of sines. What about ASA?

Given AABC with A = § radians, C = § radians and b= 10 in whatis a ?

First, draw a picture.

A = = radi C == radi
=7 = I
adians aaians

bh=10

The sum of the angles in a triangle is 180°. since this problem is in radians you either need to convert this rule to radians, or
convert the picture to degrees.

A=17 180 _ gpe
Lo (4.8.1)
C=¢ =30

The missing angle must be ZB = 105°. Now you can use the Law of sines to solve for a.
sin105°  sin45°
10

- 4]
_ 10sin45°
" sin105°

v/ Example 4

The angle of depression of a boat in the distance from the top of a lighthouse is &-. The lighthouse is 200 feet tall. Find the
distance from the base of the lighthouse to the boat.

~ 7.32in

When you draw a picture, you see that the given angle J% is not directly inside the triangle between the lighthouse, the boat and
the base of the lighthouse. It is complementary to the angle you need.

K ™
003
27
=%
Now that you have the angle, use tangent to solve for z.
e dE_ 5
5 200

2
« = 200 tan ?” ~ 615.5f

Alternatively, you could have noticed that 5 is alternate interior angles with the angle of elevation of the lighthouse from the
boat's perspective. This would yield the same distance for z.

https://k12.libretexts.org/@go/page/13693
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From the third story of a building (50 feet) David observes a car moving towards the building driving on the streets below. If
the angle of depression of the car changes from 21° to 45° while he watches, how far did the car travel?

Draw a very careful picture:

ESO feet

In the upper right corner of the picture there are four important angles that are marked with angles. The measures of these
angles from the outside in are 90°,45°,21°,69°. There is a 45-45-90 right triangle on the right, so the base must also be 50.
Therefore you can set up and solve an equation for z

z 4+ 50
v P =
an 69 50

z = 50tan 69° — 50 ~ 80.25ft

The angle of depression of a boat in the distance from the top of a lighthouse is %. The lighthouse is 150 feet tall. You want to
find the distance from the base of the lighthouse to the boat.

1. Draw a picture of this situation.
2. What methods or techniques will you use?
3. Solve the problem.

From the third story of a building (60 feet) Jeff observes a car moving towards the building driving on the streets below. The
angle of depression of the car changes from 34° to 62° while he watches. You want to know how far the car traveled.

4. Draw a picture of this situation.

5. What methods or techniques will you use?

6. Solve the problem.

A boat travels 6 miles NW and then 2 miles SW. You want to know how far away the boat is from its starting point.
7. Draw a picture of this situation.

8. What methods or techniques will you use?

9. Solve the problem.

You want to figure out the height of a building. From point A, you measure an angle of elevation to the top of the building to
be o = 10°. You move 50 feet closer to the building to point B and find that the angle to the top of the building is now 8 = 60°.

10. Draw a picture of this situation.

11. What methods or techniques will you use?

12. Solve the problem.

13. Given AABC with A =40°,C =65° and b = 8 in, what is a ?

14. Given AABC with A = % radians, C = ¥ radians and b= 12 in what is a ?

15. Given AABC with A = % radians, C = § radians and b = 20 in what is a ?

@ 0 g 4.8.4 https://k12.libretexts.org/@go/page/13693
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5.1: The Unit Circle

The unit circle is a circle of radius one, centered at the origin, that summarizes all the 30 —60 —90 and 45 — 45 — 90 triangle
relationships that exist. When memorized, it is extremely useful for evaluating expressions like cos (135°) or sin (—5F ). It also helps
to produce the parent graphs of sine and cosine.

How can you use the unit circle to evaluate cos (135°) and sin (—£F)?

The Unit Circle

You already know how to translate between degrees and radians and the triangle ratios for 30-60-90 and 45-45-90 right triangles. In
order to be ready to completely fill in and memorize a unit circle, two triangles need to be worked out. Start by finding the side
lengths of a 30-60-90 triangle and a 45-45-90 triangle each with hypotenuse equal to 1.

30° | 60° | 90°
T zV3 | 2z
|9 |t
45° | 45° | 90°
z T V2
sl b

This is enough information to fill out the important points in the first quadrant of the unit circle. The values of the z and y
coordinates for each of the key points are shown below. Remember that the z and y coordinates come from the lengths of the legs

of the special right triangles, as shown specifically for the 30° angle. Always remember to measure the angle from the positive
portion of the g -axis.

V3
2

Knowing the first quadrant well is the key to knowing the entire unit circle. Every other point on the unit circle can be found using
logic and this quadrant, so there is no need to memorize the whole circle.

To use your knowledge of the first quadrant of the unit circle to identify the angles and important points of the second quadrant,
notice that the heights are mirrored and equal which correspond to the y values. The « values are all negative.

https://k12.libretexts.org/@go/page/978
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There is a pattern in the heights of the points in the first quadrant that can help you remember the points.

Notice that the heights of the points in the first quadrant are the y -coordinates: 0, %, %, %, 1

When rewritten, the pattern becomes clear: %, 4, 4, 4, #

The three points in the middle are the most often mixed up. This pattern illustrates how they increase in size from small 1, to

medium 4, to large @ When you fill in the unit circle, look for the heights that are small, medium and large and this will tell you

were each value should go. Notice that the heights for these five points in the second quadrant are also 0, 1, %, %, 1

This technique also works for the widths. This can make memorizing the 16 points of the unit circle a matter of logic and the
pattern: & Y1 V2 3 ‘f

One last item to note is that coterminal angles are sets of angles such as 90°,450°, and —270° that start at the positive x-axis and end
at the same terminal side. since coterminal angles end at identical points along the unit circle, trigonometric expressions involving

coterminal angles are equivalent: sin(90) = sin(450) = sin(—270)

https://k12.libretexts.org/@go/page/978
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Determine the value of each expression.

1. sin(-150%) = E

2. tos(960%)
-720°
ot

cos(34°)

3. tan(180%)

Examples

v/ Example 1

Earlier, you were asked how you can use the unit circle to evaluate cos(135) and sin (—32). The z value of a point along the unit
circle corresponds to the cosine of the angle. The y value of a point corresponds to the sine of the angle. When the angles and
points are memorized, simply recall the z or y coordinate. If the construction of the unit circle is understood, it becomes easier

to determine the coordinates.

When evaluating cos (135°) your thought process should be something like this:

You know 135° goes with the point (—%, %) and cosine is the gz portion. So, cos (135°) = —@
cos (135°) = —%

When evaluating sin (—3£) your thought process should be something like this:

You know —2£ goes with the point (%, —%) and sine is the y portion. So, sin (—%£) = —¥2

v/ Example 2

Evaluate cos60° using the unit circle and right triangle trigonometry. What is the connection between the z coordinate of the

point and the cosine of the angle?

The point on the unit circle for 60° is (%, @) and the point is one unit from the origin. This can be represented as a 30 — 60

— 90 triangle.

https://k12.libretexts.org/@go/page/978
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30°

60°
|7

2

Since cosine is adjacent over hypotenuse, cosine turns out to be exactly the z coordinate 1.

v/ Example 3

Using knowledge of the first quadrant of the unit circle, identify the angles and important points of the third quadrant.

Both the z values and y values are negative and their respective coordinates correspond to those of the other quadrants.

(—1,0),180°, «

"

v/ Example 4

For each of the six trigonometric functions, identify the quadrants where they are positive and the quadrants where they are
negative.

In quadrant I, the hypotenuse, adjacent and opposite side are all positive. Thus all 6 trigonometric functions are positive.

In quadrant II the hypotenuse and opposite sides are positive and the adjacent side is negative. This means that every
trigonometric expression involving an adjacent side is negative. Sine and its reciprocal cosecant are the only two trigonometric
functions that do not refer to the adjacent side which makes them the only positive ones.

In quadrant IIT only the hypotenuse is positive. Thus the only trigonometric functions that are positive are tangent and its
reciprocal cotangent because these functions refer to both adjacent and opposite sides which will both be negative.

In quadrant IV the hypotenuse and the adjacent sides are positive while the opposite side is negative. This means that only
cosine and its reciprocal secant are positive.

A mnemonic device to remember which trigonometric functions are positive and which trigonometric functions are negative is
“All Students Take Calculus.” All refers to all the trigonometric functions are positive in quadrant I. The letter S refers to sine

https://k12.libretexts.org/@go/page/978
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and its reciprocal cosecant that are positive in quadrant II. The letter T refers to tangent and its reciprocal cotangent that are
positive in quadrant III. The letter C refers to cosine and its reciprocal secant that are positive in quadrant I'V.

v/ Example 5

Evaluate the following trigonometric expressions using the unit circle.
l.sinZ

sing =1

2. cos210°

cos 210° = —%

3. tan 315°

tan315° = —1

4. cot 270°

cot 270° =0

5. sec HT"

sech’r =1l =21= —2‘3/5
_ 5m
6. csc—

5r 1 —
cSC— o = —5 = —

Name the angle between 0° and 360° that is coterminal with...
1. —20°

2. 475°

3. —220°

4. 690°

5. —45°

Use your knowledge of the unit circle to help determine whether each of the following trigonometric expressions is positive or
negative.

6. tan 143°
7.cos §

8. sin 362°
9.csc 3r

Use your knowledge of the unit circle to evaluate each of the following trigonometric expressions.
10. cos120°

11. sec §
12. tan 225°
13. cot 120°

14. sin HT”

15. csc240°

https://k12.libretexts.org/@go/page/978



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/978?pdf

LibreTexts*

16. Find sin@ and tan 8 if cos = ¥2 and cot 6 > 0.
17. Find cos 6 and tan 6 if sin@ = —1 and sec6 < 0.

18. Draw the complete unit circle (all four quadrants) and label the important points.

This page titled 5.1: The Unit Circle is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that
was edited to the style and standards of the LibreTexts platform.
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5.2: The Sinusoidal Function Family

The cosine function is the = coordinates of the unit circle and the sine function is the y coordinates. Since the unit circle has
radius one and is centered at the origin, both sine and cosine oscillate between positive and negative one.

What happens when the circle is not centered at the origin and does not have a radius of 1?

Graphs of Sinusoidal Functions

The sinusoidal function family refers to either sine or cosine waves since they are the same except for a horizontal shift. This
function family is also called the periodic function family because the function repeats after a given period of time.

Consider a Ferris wheel that spins evenly with a radius of 1 unit. It starts at (1,0) or an angle of 0 radians and spins
counterclockwise at a rate of one cycle per 2o minutes (so you can use time is equal to radians).

The 16 points around the circle are chosen because they correspond to the key points of the unit circle. Their heights (y -values) and
widths (z -values) are already known and can be filled in.

First consider the height at each of the points as you travel around half of the circle from the starting location. Keep track of your
work in a table.

Angle (radians) | Height (units)

0 0

s 1

6 2

= Y2~ 0.707
z 3~ 0.866
z 1

= 3~ 0.866

2

3n Y2~ 0.707
3 i

6 2
T 0

Notice the symmetry of the height around % and see the rest of the table in the examples. Once the table is finished, you can plot

these points on a regular coordinate plane where the z axis is the angle and the y axis is the height. This is the first part of the graph
of the sine function.

https://k12.libretexts.org/@go/page/980



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/980?pdf
https://k12.libretexts.org/Bookshelves/Mathematics/Precalculus/05%3A_Trigonometric_Functions/5.02%3A_The_Sinusoidal_Function_Family

LibreTexts"

12 w6 =4 w3 Sa/12 m2 Tal12 23 a4 Smi6 1In/12 ¢

-0.5

To finish the graph of the sine function, finish the table for heights of the points in quadrants III and IV and draw an entire cycle
(known as a period) of the sine function.

Angle (rodions) | Height (unite)
T

o

3
6

5

Q

—0.707
—0.866

Q

~ —0.866
~ —0.707

D= = =
s | ™ s s

;’ c,,|;,:.‘ .h-|§’ oa|§§‘ N|§’ oa|§ |

o

0.5

"Tlustrating Sine with the Unit Circle” from the Wolfram Demonstrations
~ http://d trations.wolffam.ce ustratingSine
Contribute\'\'y5 lli(& 80 d)

Similar to sine, you can use your knowledge of the angles 0, Z,m, 3,2 on the unit circle to get a complete cycle of the cosine
graph. While the sine function uses the z -coordinates, the cosine function is the = -coordinates of the unit circle and measures
width. By referring to a unit circle or your memory, you can fill out a much shorter table than before.

https://k12.libretexts.org/@go/page/980
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Angle (radians) | Width (units)
0 1
T 0
™ -1
& 0
2m 1

First plot these five points and then connect them with a smooth curve. This will produce the cosine graph.

In

Determining these five main points is the key to graphing sine or cosine graphs even when the graph is shifted or stretched.

itk
1llustratingCosinaWith TheUnitCirele/

\fram.com/

ESnpoSrSH LT ywp

Examples

v/ Example 1

Earlier, you were asked what happens when the circle is not centered at the origin and does not have a radius of 1. The unit
circle produces the parent function sine and cosine graphs. When the unit circle is shifted up or down, made wider or narrower,

or spun faster or slower in either direction, then the graphs of the sine and cosine functions will be transformed using basic
function transformation rules.

v/ Example 2

What happens on either side of the sine and cosine graphs? Can you explain why?

The graphs of the sine (blue) and cosine (red) functions repeat forever in both directions.

/""\\/‘\

2
1 o

Bx 3n2 rr\:-/l" 17 nme~3za—n  Sn2  3n~dal—an
2
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If you think about the example with the Ferris wheel, the ride will keep on spinning and has been spinning forever. This is why
the same cycle of the graph repeats over and over.

v/ Example 3

How are the sine and cosine graphs the same and how are they different?

The sine graph is the same as the cosine graph offset by %. Besides the shift, both curves are identical due to the perfect
symmetry of circles.

v/ Example 4

Where are two maximums and two minimums of the sine graph?

|/—\ . -

w2 o on SW2  3m~dmi—an

=
=ln -3n/2 -m

'
P — 3

One maximum of the sine graph occurs at (4,1). One minimum occurs at (3, —1). This is one cycle of the sine graph. since it
completes a cycle every 2w, when you add 2x to an z - coordinate you will be on the same point of the cycle giving you another
maximum or minimum. (4£,1) is another maximum. (&, —1) is another minimum.

v/ Example 5

In the interval [—2m, 47) where does cosine have zeroes?

Observe where the cosine curve has z -coordinates equal to zero. Note that 47 is excluded from the interval. The values are

1. Sketch p(z) = sinz from memory.

2. Sketch j(z) = cosz from memory.

3. Where do the maximums of the cosine graph occur?

4. Where do the minimums of the cosine graph occur?

5. Find all the zeroes of the sine function on the interval [—m, 5£].

6. Find all the zeroes of the cosine function on the interval (—%, 7r].

7. Preview: Using your knowledge of function transformations and the cosine graph, predict what the graph of f(z) =2cosz
will look like.

8. Preview: Using your knowledge of function transformations and the cosine graph, predict what the graph g(z) = cosz + 2 of
will look like.

9. Preview: Using your knowledge of function transformations and the cosine graph, predict what the graph of h(z) = cos(z
— ) will look like.

10. Preview: Using your knowledge of function transformations and the cosine graph, predict what the graph of k(z) = —cosz
will look like.
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This page titled 5.2: The Sinusoidal Function Family is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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5.3: Amplitude of Sinusoidal Functions

The amplitude of the sine and cosine functions is the vertical distance between the sinusoidal axis and the maximum or minimum
value of the function. In relation to sound waves, amplitude is a measure of how loud something is.

What is the most common mistake made when graphing the amplitude of a sine wave?

Amplitude of Sinusoidal Functions
The general form a sinusoidal function is:
f(x)=\pm a \cdot \sin (b(x+c))+d

The cosine function can just as easily be substituted and for many problems it will be easier to use a cosine equation. Since both the
sine and cosine waves are identical except for a horizontal shift, it all depends on where you see the wave starting.

The coefficient g is the amplitude. When there is no number present, then the amplitude is 1. The best way to define amplitude is
through a picture. Below is the graph of the function f(z) = 3 - sin z, which has an amplitude of 3.

Notice that the amplitude is 3, not 6 . This corresponds to the absolute value of the maximum and minimum values of the function.
If the function had been f(z) = —3 - sin , then the whole graph would be reflected across the z axis.

Also notice that the z axis on the graph above is unlabeled. This is to show that amplitude is a vertical distance. The sinusoidal
axis is the neutral horizontal line that lies between the crests and the troughs (or peaks and valleys if you prefer). For this function,
the sinusoidal axis was just the z axis, but if the whole graph were shifted up, the sinusoidal axis would no longer be the z axis.
Instead, it would still be the horizontal line directly between the crests and troughs which is also the average of the maximum and
minimum values.

Watch the portion of this video discussing amplitude:

Termine the ampiitude and period of each runction,

The grapi. y: Asin {6 A=l B
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Examples

v/ Example 1

Earlier, you were asked about the most common mistake made when graphing the amplitude of a singe wave. The most
common mistake is doubling or halving the amplitude unnecessarily. Many people forget that the number « in the equation,
like the 3 in f(x) = 3sinz, is the distance from the z axis to both the peak and the valley. It is not the total distance from the
peak to the valley.

v/ Example 2

Graph the following function by plotting main points: f(z) = —2 - cos .

The amplitude is 2 , which means the maximum values will be at 2 and the minimum values will be at -2. Normally with a
basic cosine curve the points corresponding to 0, 3, , &, 2r fall above, on or below the line in the following sequence: above,
on, below, on, above. The negative sign in the equation switches above with below and below with above. The whole graph is
reflected across the z -axis.

v/ Example 3

Write a cosine equation for each of the following functions.

s
-~

The amplitudes of the three functions are 3,1 and 4 and none of them are reflected across the z axis.
f(z) =3-cosz

h(z) = cosz

g(z) =% -cosz

Note that amplitude itself is always positive.
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A Ferris wheel with radius 25 feet sits next to a platform. The ride starts at the platform and travels down to start. Model the

height versus time of the ride.

Since no information is given about the time, simply label the z axis as time. At time zero the height is zero. Initially the height
will decrease as the ride goes below the platform. Eventually, the wheel will find the minimum and start to increase again all
the way until it reaches a maximum.

T Height
254

Tim

=254

v/ Example 5

Find the amplitude of the function f(x) = —3cosz and use the language of transformations to describe how the graph is related

to the parent function ¢ = cosz.

The new function is reflected across the gz axis and vertically stretched by a factor of 3.

3

1. Explain how to find the amplitude of a sinusoidal function from its equation.
2. Explain how to find the amplitude of a sinusoidal function from its graph.
Find the amplitude of each of the following functions.

3. g(z) = —5cosz

4.
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Sketch each of the following functions.
9. f(z) = 3sinz

10. g(z) = —4 cosz

11. h(z) = 7sinz

12. k(z) = —1.2cosz

13. p(z) = 2cosz

14. m(z) = —3sinz

15. Preview: 7(z) = 3sinz + 2

-]__
7. j(z) = 8.12cosz
8.
F 9 3'
1__
a2 fr -l 2 w2
-1__
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This page titled 5.3: Amplitude of Sinusoidal Functions is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via
source content that was edited to the style and standards of the LibreTexts platform.
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5.4: Vertical Shift of Sinusoidal Functions

Your knowledge of transformations, specifically vertical shift, apply directly to sinusoidal functions. In practice, sketching shifted
sine and cosine functions requires greater attention to detail and more careful labeling than other functions. Can you describe the
following transformation in words?

f(z) =sinz — g(z) = —3sinz — 4

In what order do the reflection, stretch and shift occur? Is there a difference?

Vertical Shift of Sinusoidal Functions

The general form of a sinusoidal function is:

f(z) = +a-sin(b(z+c)) +d

Recall that g controls amplitude and the + controls reflection. Here you will see how d controls the vertical shift.

The most straightforward way to think about vertical shift of sinusoidal functions is to focus on the sinusoidal axis, the horizontal
line running through the middle of the sine or cosine wave. At the start of the problem identify the vertical shift and immediately
draw the new sinusoidal axis. Then proceed to graph amplitude and reflection about that axis as opposed to the z axis.

The graphs of the following three functions are shown below:

f(z) =sinz +3
g(z) =sinz — 2
h(z) =sinz + 3

To draw these graphs, the new sinusoidal axis for each graph is drawn first. Then, a complete sine wave for each one is drawn.
Note the five important points that separate each quadrant to help to get a clear sense of the graph. There are no reflections in these
graphs and they all have an amplitude of 1. Right now every cycle starts at 0 and ends at 2z but this will not always be the case.

Watch the portions of the following video focused on vertical translations:

L& @iy MONauhtal aht Ve dtal tanalandn anu Q‘.{—..
= 3 x-D)+
S in [x-D) )
Iyt 1o 'U/{ f F'E‘f"— L4 4
Jerheed ¢ WP i
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Examples

v/ Example 1

Earlier, you were asked which order vertical shift and reflection should be performed in and if it matters. The following
transformation can be described as follows.

f(z) =sinz — g(z) = —3sinz — 4

Describe the stretching and reflecting first and then the vertical shift. This is the most logical way to discuss the transformation
verbally because then the numbers like 3 and -4 can be explicitly identified in the graph.

The order in describing the transformation matters. When describing vertical transformations it is most intuitive to simply
describe the transformations in the same order as the order of operations.

v/ Example 2

Identify the equation of the following transformed cosine graph.

us

(=]

e \'b’-/ W2 ¥ e ™

2

-3

since there is no sinusoidal axis given, you must determine the vertical shift, stretch and reflection. The peak occurs at (, 3)
and the trough occurs at (0,-1) so the horizontal line directly between +3 and -1 is y = 1. since the sinusoidal axis has been
shifted up by one unit d = 1. From this height, the graph goes two above and two below which means that the amplitude is 2 .
since this cosine graph starts its cycle at (0,-1) which is a lowest point, it is a negative cosine. The function is f(z) = —2cosz
+1

v/ Example 3

Transform the following sine graph in two ways. First, transform the sine graph by shifting it vertically up 1 unit and then
stretching it vertically by a factor of 2 units. Second, transform the sine graph by stretching it vertically by a factor of 2 units
and then shifting it vertically up 1 unit.

N

[*)

When doing ordered transformations it is good to show where you start and where you end up so that you can effectively
compare and contrast the outcomes. See how both transformations start with a regular sine wave. The two columns represent

the sequence of transformations that produce different outcomes.
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v/ Example 4

What equation models the following graph?

[

f(z)=3-sinz—1

v/ Example 5

Graph the following function: f(z) = —2-cosz +1

First draw the horizontal sinusoidal axis and identify the five main points for the cosine wave. Be careful to note that the
amplitude is 2 and the cosine wave starts and ends at a low point because of the negative sign.

. \/ w2 " e o

Graph each of the following functions that have undergone a vertical stretch, reflection, and/or a vertical shift.

1. f(z) = —2sinz + 4
2.g(z) = cosz —1

3. h(z) = 3sinz + 2
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4. j(z) = —1.5cosz + %

5. k(z) = 2sinz —3

Find the minimum and maximum values of each of the following functions.
6. f(zr) = —3sinz +1

7. 9(z) = 2cosz — 4

8. h(z) = Lsinz +1

9. j(x) =—cosz +5

10. k(z) = sin(z) — 1

Give the equation of each function graphed below.

11.

12.

44
54
13.
-~
¥
x
- : .l : .l »
=3m/2 -1 -2 w2 e 3n/2
=14+
=24
\/v
-4+
14.
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15.

This page titled 5.4: Vertical Shift of Sinusoidal Functions is shared under a CIK-12 license and was authored, remixed, and/or curated by CK12

via source content that was edited to the style and standards of the LibreTexts platform.
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5.5: Frequency and Period of Sinusoidal Functions

The transformation rules about horizontal stretching and shrinking directly apply to sine and cosine graphs. If a sine graph is
horizontally stretched by a factor of 1 that is the same as a horizontal compression by a factor of 2.

How does the equation change when a sine or cosine graph is stretched by a factor of 3?

Period and Frequency of Sinusoidal Functions

The general equation for a sinusoidal function is:

f(x)=xa-sin(b(x+c))+d

The + controls the reflection across the z -axis. The coefficient a controls the amplitude. The constant d controls the vertical shift.
Here you will see that the coefficient b controls the horizontal stretch.

Period

Horizontal stretch is measured for sinusoidal functions as their periods. This is why this function family is also called the periodic
function family. The period of a sinusoid is the length of a complete cycle. For basic sine and cosine functions, the period is 2.
This length can be measured in multiple ways. In word problems and in other tricky circumstances, it may be most useful to
measure from peak to peak.

The following three waves have different periods. To rank each wave by period from shortest to longest, look at he distance
between each peak.

The red wave has the shortest period.

The green and black waves have equal periods. Even though the green wave has greater amplitude than the black wave, they both
have the same period.

The blue wave has the longest period.

1

N TN Pl W
.}\-n /.- | n\w /\‘ 2 2x 53\

-2

The ability to measure the period of a function in multiple ways allows different equations to model an identical graph. In the
image above, the top red line would represent a regular cosine wave. The center red line would represent a regular sine wave with a

horizontal shift. The bottom red line would represent a negative cosine wave with a horizontal shift. This flexibility in perspective
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means that many of the examples, guided practice and practice problems may have multiple solutions. For now, try to always
choose the function that has a period starting at = 0.

Frequency

Frequency is a different way of measuring horizontal stretch. For sound, frequency is known as pitch. With sinusoidal functions,
frequency is the number of cycles that occur in 27. A shorter period means more cycles can fit in 2z and thus a higher frequency.
Period and frequency are inversely related by the equation:

3 — 2m
perlOd ~  frequency

The equation of a basic sine function is f(z) = sinz. In this case b, the frequency, is equal to 1 which means one cycle occurs in 2.
If b= %, the period is % which means the period is 47 and the graph is stretched.
2

termine the amplitude and period of each runction,

Ther grapi. y: Asin (€3 A=l 8§

Examples

v/ Example 1

Earlier, you were asked how an equation changes when a sine or cosine graph is stretched by a factor of 3 . If a sine graph is
horizontally stretched by a factor of 3 then the general equation has b = . This is because b is the frequency and counts the
number (or fraction) of a period that fits in a normal period of 27. Graphically, the sine wave will make a complete cycle in 6.
Similarly, a cosine graph will have b=  and will have a period of 6.

v/ Example 2

Identify the amplitude, vertical shift, period and frequency of the following function. Then graph the function.
f(z) =2sin (%) +1
a=2b=1%,d=1

The amplitude is 2, the vertical shift is 1, and the frequency is }. The period would be 2=, or 6.
3
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Often the most challenging part of graphing periodic functions is labeling the axes. since the period is 6, start by drawing the
sinusoidal axis shifted appropriately. Then divide the 6« into four parts so that the 5 guiding points of the sine graph can be
plotted with the amplitude and reflection in mind. The very last thing to do is to draw and extend the curve.

v/ Example 3

A measuring stick on a dock measures high tide to be 18 feet and low tide to be 6 feet. It takes about 6 hours for the tide to
switch between low and high tides. Determine a graphical and algebraic model for the tides knowing that at ¢ = 0 there is a
high tide.

Usually the best course of action for word problems is to identify information, plot points, sketch and then finally come up
with an equation.

From the given information you can deduce the following points. Notice how the sinusoidal axis can be assumed to be the
average of the high and low tides.

Time (hours) | Water level (feet)
0 18

6 6

12 18

3 1846 =12

9 12

By plotting those points and filling in the sinusoidal axis you can observe a cosine graph.

6

The amplitude is 6 so a = 6. There is no vertical reflection. since the period is 12 you can determine the frequency b :
12=2 4 p=1
The vertical shift is 12 so d = 12. Thus you have all the pieces to make an algebraic model:

f(z) =6-cos (£z) + 12

v/ Example 4

Graph the following function: g(z) = — cos(8x) + 2

The labeling is the most important and challenging part of this problem. The amplitude is 1. The shape is a negative cosine.

The vertical shift is 2. The period is &F = =
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v/ Example 5

Given the following graph, identify the amplitude, period, and frequency and create an algebraic model.

A

-Sa2 fim -2 =x -ﬂ\ /2 n 32 1»\5‘"_"7)(
-1

-3

L I

The amplitude is 3. The shape is a negative cosine. The period is 5= which implies that b = 4. The vertical shift is 1. f(z) = —3
- CO8 (%m) +1

Find the frequency and period of each function below.
1. f(z) = sin(4z) +1

2. g(z) = —3cos(2z)

3. h(z) =cos (1z)+2

4. k(z) = —2sin (32) + 1

5. j(z) = 4 cos(3z) — 1

Graph each of the following functions.
6. f(z) = 3sin(2z) + 1

7. g(z) = 2.5 cos(nz) — 4

8. h(z) = —sin(4z) — 3

9. k(z) = Lcos(2z)

10. j(z) = —2sin (3z) —1

Create an algebraic model for each of the following graphs.

11.
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12.
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13.

14. At time 0 it is high tide and the water at a certain location is 10 feet high. At low tide 6 hours later, the water is 2 feet high.
Given that tides can be modeled by sinusoidal functions, find a graph that models this scenario.

15. Find the equation that models the scenario in the previous problem.

This page titled 5.5: Frequency and Period of Sinusoidal Functions is shared under a CK-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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5.6: Phase Shift of Sinusoidal Functions

A periodic function that does not start at the sinusoidal axis or at a maximum or a minimum has been shifted horizontally. This
horizontal movement allows for different starting points since a sine wave does not have a beginning or an end.

What are five other ways of writing the function f(z) = 2 - sinz?

Phase Shift of Sinusoidal Functions
The general sinusoidal function is:
f(z) = xa-sin(b(z+¢)) +d

The constant ¢ controls the phase shift. Phase shift is the horizontal shift left or right for periodic functions. If ¢ = % then the sine
wave is shifted left by Z. If ¢ = —3 then the sine wave is shifted right by 3. This is the opposite direction than you might expect, but
it is consistent with the rules of transformations for all functions.

To graph a function such as f(z) = 3 - cos (z — ) + 1, first find the start and end of one period. Then sketch only that portion of the
sinusoidal axis. Finally, plot the 5 important points for a cosine graph while keeping the amplitude in mind. The graph is shown
below.

Generally b is always written to be positive. If you run into a situation where b is negative, use your knowledge of even and odd
functions to rewrite the function.

cos(—z) = cos(z)

sin(—z) = —sin(z)
16 e B TB*—;
ludI‘IS{DI’Hlu(iUIIS of the function. Graph.
el = A dos(Ax-£))r+
i)
Examples
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Earlier, you were asked to write f(z) =2 -sinz in five different ways. The function f(z) = 2 -sinz can be rewritten an infinite
number of ways.

2-sinz=—2-cos(x+ %) =2-cos(x—5)=—2sin(z —m) =2-sin(z — 8m)

It all depends on where you choose start and whether you see a positive or negative sine or cosine graph.

v/ Example 2

Given the following graph, identify equivalent sine and cosine algebraic models.

Either this is a sine function shifted right by Z or a cosine graph shifted left 5.

f(z) =sin(zx— J) = cos (z + 57")

v/ Example 3

At ¢t = 5 minutes William steps up 2 feet to sit at the lowest point of the Ferris wheel that has a diameter of 80 feet. A full hour
later he finally is let off the wheel after making only a single revolution. During that hour he wondered how to model his height
over time in a graph and equation.

Since the period is 60 which works extremely well with the 360° in a circle, this problem will be shown in degrees.

Time (minutes) | Height (feet)
5 2
20 42
35 82
50 42
65 2
%]
80
70
[
S0
40/
30
20
10
=5 S 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 [Kl‘

William chooses to see a negative cosine in the graph. He identifies the amplitude to be 40 feet. The vertical shift of the
sinusoidal axis is 42 feet. The horizontal shift is 5 minutes to the right

The period is 60 (not 65 ) minutes which implies b = 6 when graphed in degrees.
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| Thus one equation would be:

f(z) = —40 - cos(6(z — 5)) + 42

v/ Example 4

Tide tables report the times and depths of low and high tides. Here is part of tide report from Salem, Massachusetts dated
September 19, 2006.

10: 15AM | 9ft | High Tide
4:15PM | 1ft. | Low Tide
10: 15PM | 9ft | High Tide

Find an equation that predicts the height based on the time. Choose when t = 0 carefully.

There are two logical places to set ¢ = 0. The first is at midnight the night before and the second is at 10: 15 AM. The first
option illustrates a phase shift that is the focus of this concept, but the second option produces a simpler equation. Set ¢ = 0 to
be at midnight and choose units to be in minutes.

Time (hours : minutes) | Time (minutes) | Tide (feet)
10:15 615 9
16:15 975 1
22:15 1335 9
SISL9TS — 795 5
18354075 _ 1155 | 5

These numbers seem to indicate a positive cosine curve. The amplitude is 4 and the vertical shift is 5. The horizontal shift is
615 and the period is 720.

_ 2 —
720= 5 —b= 35
Thus one equation is:

f(z) =4-cos (&5 (z —615)) + 5

v/ Example 5

Use the equation from Example 4 to find out when the tide will be at exactly 8ft on September 19%*.

This problem gives you the y and asks you to find the z. Later you will learn how to solve this algebraically, but for now use
the power of the intersect button on your calculator to intersect the function with the line y = 8. Remember to find all the =
values between 0 and 1440 to account for the entire 24 hours.

¥

VAVA

1000 200 300 400 500 600 700 BOO 900 1000 1100 1200 1300 1400 1500

.-w-.ud-wc\-q/e

ay

There are four times within the 24 hours when the height is exactly 8 feet. You can convert these times to hours and minutes if
you prefer.

t ~ 532.18 (8:52), 697.82 (11:34), 1252.18 (20:52), 1417.82 (23:38)
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Graph each of the following functions.

1. f(z) = 2cos (z — T)—1

2. g(z) = —sin(z — ) +3

3. h(z) = 3cos(2(z — ))

4. k(z) = —2sin(2z —7) + 1

5. j(z) = —cos(z + F)

Give one possible sine equation for each of the graphs below.

6.

i X
— 312 - A2 el W2 a 32

4]
3l
24
1

-

-3mi2 - a2 L] w2 n 3n/2
\/:\/
-4. s

Give one possible cosine function for each of the graphs below.

9.
4 ¥
/_\;;/_\
1 X
3m/2 - a2 4] w2 x 3n/2 4
24
=34
_4, s
10.

https://k12.libretexts.org/@go/page/982



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/982?pdf

LibreTexts"

11.
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The temperature over a certain 24 hour period can be modeled with a sinusoidal function. At 3: 00 , the temperature for the
period reaches a low of 22°F. At 15 : OO, the temperature for the period reaches a high of 40°F

12. Find an equation that predicts the temperature based on the time in minutes. Choose ¢ = 0 to be midnight.
13. Use the equation from #12 to predict the temperature at 4 : 00PM.
14. Use the equation from #12 to predict the temperature at 8: 00 AM.

15. Use the equation from #12 to predict the time(s) it will be 32°F.

This page titled 5.6: Phase Shift of Sinusoidal Functions is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via
source content that was edited to the style and standards of the LibreTexts platform.
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5.7: Graphs of Other Trigonometric Functions

If you already know the relationship between the equation and graph of sine and cosine functions then the other four functions can
be found by identifying zeroes, asymptotes and key points. Are the four new functions transformations of the sine and cosine
functions?

Graphing Other Trigonometric Functions

Secant and Cosecant

Since secant is the inverse of cosine the graphs are very closely related.

Notice wherever cosine is zero, secant has a vertical asymptote and where cosz = 1 then sec = 1 as well. These two logical pieces
allow you to graph any secant function of the form:
f(z) = +a-sec(b(z+c)) +d

The method is to graph it as you would a cosine and then insert asymptotes and the secant curves so they touch the cosine curve at
its maximum and minimum values. This technique is identical to graphing cosecant graphs. Simply use the sine graph to find the
location and asymptotes.

Now let's see if we can use the reciprocal relationship of
AT I Sec =% = !
Casmeand Secanttograph y =sec @ = '(/.:-._5@

Tangent and Cotangent

The tangent and cotangent graphs are more difficult because they are a ratio of the sine and cosine functions.

sinz
cosT
cosT
sinz

e tanz =

e cotx =

The way to think through the graph of f(x) =tanz is to first determine its asymptotes. The asymptotes occur when the
denominator, cosine, is zero. This happens at +%,+3F ... The next thing to plot is the zeros which occur when the numerator, sine,
is zero. This happens at 0, 4+, 4, 27 ... From the unit circle and basic right triangle trigonometry, you already know some values of

tan z

e tanf =1
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o tan(—T)=—1

By plotting all this information, you get a very good sense as to what the graph of tangent looks like and you can fill in the rest.

S

/; -m2 a2 x 3n/2 o
-1

[

Notice that the period of tangent is 7 not 2m, because it has a shorter cycle.

The graph of cotangent can be found using identical logic as tangent. You know cot z = -1 This means that the graph of cotangent
will have zeros wherever tangent has asymptotes and asymptotes wherever tangent has zeroes. You also know that where tangent is
1, cotangent is also 1. Thus the graph of cotangent is:

4

~

Damair

https://k12.libretexts.org/@go/page/13700



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://k12.libretexts.org/@go/page/13700?pdf
https://www.youtube-nocookie.com/channel/UCNVMxRMEwvo9AS-Jfh6fQFg
https://www.youtube.com/watch?v=6pc95eHUJhY
https://www.youtube.com/watch?v=6pc95eHUJhY

LibreTexts"

I's see it wc can use this reciprocal relationship to
2raghy = oot @ using the graph of y =tan 6
| 1

[ % |

] 7
7 [1
I

|
1 | }
e i ey A [

Of course, we could use tne'grapning .4t
lo determine funelion values also.

1
1
A

Examples

Earlier, you were asked if the four new functions are transformations of sine and cosine. The four new functions are not purely
transformations of the sine and cosine functions. However, secant and cosecant are transformations of each other as are tangent

and cotangent.

v/ Example 2

Graph the function f(z) = —2 - cse(m(z — 1)) + 1

Graph the function as if it were a sine function. Then insert asymptotes wherever the sine function crosses the sinusoidal axis.

Lastly add in the cosecant curves.

The amplitude is 2 . The shape is negative sine. The function is shifted up one unit and to the right one unit.

$E4TAY

Note that only the blue portion of the graph represents the given function.

v/ Example 3

How do you write a tangent function as a cotangent function?

=)

\__

There are two main ways to go between a tangent function and a cotangent function. The first method was discussed in

1
cotz

Example A: f(z) = tanz =

The second approach involves two transformations. Start by reflecting across the z or the y axis. Notice that this produces an
identical result. Next shift the function to the right or left by Z. Again this produces an identical result. f(zx) =tanz

=—cot(z— %)

https://k12.libretexts.org/@go/page/13700
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Find the equation of the function in the following graph.

5
4
3
,
2 1 i i 2 3 4
-2
-3
-4
-5
0
NV

If you connect the relative maximums and minimums of the function, it produces a shifted cosine curve that is easier to work
with.

you choose to start at z = 0 there is no phase shift.
f(z)=3-csc(5z)—2

Where are the asymptotes for tangent and why do they occur?

Since tanz =

1. What function can you use to help you make a sketch of f(z) = secz ? Why?

cos

2. What function can you use to help you make a sketch of g(z) = cscz ? Why?

Make a sketch of each of the following from memory.

3. f(z) = secx
4. g(z) = cscx
5. h(z) = tanz
6. k(z) = cotx

Graph each of the following.
7. f(z) =2csc(z) + 1

8.9(xz) =2csc(Fx)+1

9. h(z) =2csc(F(z—3))+1

$nz the asymptotes occur whenever cosz = 0 whichis +5,+37, ...

The amplitude is 3. The vertical shift is 2 down. The period is 4 which implies that = 7. The shape is positive cosine and if

https://k12.libretexts.org/@go/page/13700
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10. j(z) = cot (§z) +3

11. k(z) = —sec (Z(z+ 1)) —4

12. m(z) = —tan(z) +1

13. p(x) = —2tan(z — §) +1

14. Find two ways to write sec z in terms of other trigonometric functions.

15. Find two ways to write csc z in terms of other trigonometric functions.

5.7: Graphs of Other Trigonometric Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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5.8: Graphs of Inverse Trigonometric Functions

In order for inverses of functions to be functions, the original function must pass the horizontal line test. Though none of the
trigonometric functions pass the horizontal line test, you can restrict their domains so that they can pass. Then the inverses are
produced just like with normal functions. Once you have the basic inverse functions, the normal transformation rules apply.

Why is sin! (sin 370°) # 370° ? Don't the arcsin and sin just cancel out?

Graphs of Inverse Trigonometric Functions

Since none of the six trigonometric functions pass the horizontal line test, you must restrict their domains before finding inverses
of these functions. This is just like the way y = /z is the inverse of y = 2% when you restrict the domain to z > 0

Consider the sine graph:

As a general rule, the restrictions to the domain are either the interval [-%, Z] or [0,] to keep things simple. In this case sine is

restricted to [—%, %], as shown above. To find the inverse, reflect the bold portion across the line y = z. The blue curve below
1

shows f(z) =sin™" z.

The result of this inversion is that arcsine will only ever produce angles between —% and 7.

The blue curve below shows f(z) = cos™! z?

-2

The portion of cosine that fits the horizontal line test is the interval [0, n]. To find the inverse, that portion is reflected across the line

y=z.

https://k12.libretexts.org/@go/page/13701
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-I‘- l‘tl“ .r “()-_-J %'F“’)z
"jnt)'sin -I-“ (1,3) 1S 0a §!

Watch on ({33 Youlube

=

Examples

Earlier, you were asked why sine and arcsine don't always just cancel out. since arcsine only produces angles between —% and
Z or —90° to +90° the result of sin™ (sin 370°) is 10° which is coterminal to 370°.

Graph the function f(z) = 2cos~!(z — 1)

Since f(z) = cos™! z was graphed earlier, now you just need to shift it right one unit and stretch it vertically by a factor of 2 . It
intersected the z axis at 1 before and now it will intersect at 2 . It reached a height of & before and now it will reach a height of
2.

v/ Example 3

Evaluate the following expression with and without a calculator using right triangles and your knowledge of inverse
trigonometric functions.

cot (esec™! (—1))

In order to be able to effectively calculate this out it is best to write the expression explicitly only in terms of functions that

your calculator does have. Be aware that some calculators have both sin~ z and (sinz)~!

¢ et () =sin? ()

o cot(d) = =L

tan 6
13 1 12

cot (CSC_1 (_T ) = m =%

Start with your knowledge that csc™ (—32) describes an angle in the third or the fourth quadrant because those are the two

quadrants where cosecant is negative. since csc™! § has range —%, Z, it only produces angles in quadrant I or quadrant IV. This
triangle must then be in the fourth quadrant. All you need to do is draw the triangle and identify the cotangent ratio.

https://k12.libretexts.org/@go/page/13701
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4

Cotangent is adjacent over opposite.

cot (cse™! (—¥)) =2

v/ Example 4

What is the graph of y = tan™" z?

Graph the portion of tangent that fits the horizontal line test and reflect across the line y = . Note that the graph of arctan is in
blue.

ni2

w2

=

v/ Example 5

What is the graph of y = csc™' z

Graph the portion of cosecant that fits the horizontal line test and reflect across the line y = z.

=2 "
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2 T 3n/2
Note that f(z) = esc™!z is in blue.
1. Graph f(z) = cot ! z.
2. Graph g(z) = sec ' z.
Name each of the following graphs.
3.
F N }Y
w2+
X
2 -l 1 2
-2+
4.
E ¥
2__
]__
X
-2 w2
-14
=24
5.
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2]
1
X
-37}er -: -TE:JQ TE.LE 1:1 37&!2 ’
14
6.
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_/ il
w2t
X
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24
at
-3
7.
Ty
3wt
l
7:!2—\‘
at
-3
Graph each of the following functions using your knowledge of function transformations.
8. h(z) = 3sin"Y(z + 1)
9. k(z) = 2sin"'(z) + %
10. m(z) = —cos™(z — 2)
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11. j(z) = cot™}(z) + =

12. p(z) = —2tan~(z — 1)
13. g(z) = csc™ (z —2)

14. r(z) = —sec!(z) + 4

15. t(z) = cse Yz +1) — 3¢
16. v(z) =2sec!(z +2) + 3
17. w(z) = —cot!(z) — z
Evaluate each expression.
18. sec (tan ! [3])

19. cot (esc! [2])

20. csc (tan~! [$])

5.8: Graphs of Inverse Trigonometric Functions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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CHAPTER OVERVIEW

6: Analytic Trigonometry

6.1: Basic Trigonometric Identities

6.2: Pythagorean Identities

6.3: Sum and Difference Identities

6.4: Double, Half, and Power Reducing Identities

6.5: Trigonometric Equations

This page titled 6: Analytic Trigonometry is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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6.1: Basic Trigonometric Identities

The basic trigonometric identities are ones that can be logically deduced from the definitions and graphs of the six trigonometric
functions. Previously, some of these identities have been used in a casual way, but now they will be formalized and added to the
toolbox of trigonometric identities.

How can you use the trigonometric identities to simplify the following expression?

[ sin(§—9) ] o

sin(—6)

Trigonometric Identities

An identity is a mathematical sentence involving the symbol “=” that is always true for variables within the domains of the
expressions on either side.

Reciprocal Identities

The reciprocal identities refer to the connections between the trigonometric functions like sine and cosecant. Sine is opposite over
hypotenuse and cosecant is hypotenuse over opposite. This logic produces the following six identities.

o sinf = @
o cosf=_L;
o tanf=_1;
e cotfh = ﬁ
e secl = 00180
e cscl=_;

Quotient Identities

The quotient identities follow from the definition of sine, cosine and tangent.

sin 6

e tanf = _

o cotf= 2l

Odd/Even ldentities

The odd-even identities follow from the fact that only cosine and its reciprocal secant are even and the rest of the trigonometric
functions are odd.

e sin(—60) = —sind
e cos(—0) = cos¥f

e tan(—6) = —tané
e cot(—0) = —cotd

e sec(—0) =sech

o csc(—0) = —csch

https://k12.libretexts.org/@go/page/966
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Gda X ctivns

0Odd functions are symmetrical about the
origin,

f(x)

-f(-x) = f(-x) —f(x).

Cofunction Identities

The cofunction identities make the connection between trigonometric functions and their “co” counterparts like sine and cosine.
Graphically, all of the cofunctions are reflections and horizontal shifts of each other.

e cos(§ —0) =sind
e sin(§ —6)=cosd
e tan(§ —6) =cotd
e cot(3 —6) =tand
e sec(f§ —0) =csch

e csc(F —0) =sech

Cufuanciivi huentities
mecoit fis corunetion of a function g iffA) = g B) when
ul B are complementary angles,

sinA = cos(90° — A)

cosd = sin(920° — A) A
sin{A) = cos(B)if A+ B =90

secd = ¢sc(90" —4)
cscA = sec(90° — A)

seclA)=cso(BJif A+ B=90"

tand = cot (90° — 4)
cot A = tan(90° v /)

tan(A) = col(B), YEAHB=190

Examples

v/ Example 1

Earlier, you were asked how you could simplify the trigonometric expression:
[sin(%—ﬁ) ] =

sin(—f)

It can be simplified to be equivalent to negative tangent as shown below:

|:sin (5-0) :| - sin(—0)

sin(—6) = sin (39

—sinf

cos
= —tané

https://k12.libretexts.org/@go/page/966
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If sinf = 0.87, find cos (§ — §)
While it is possible to use a calculator to find 6, using identities works very well too.

First you should factor out the negative from the argument. Next you should note that cosine is even and apply the odd-even
identity to discard the negative in the argument. Lastly recognize the cofunction identity.

cos (0 — %) = cos (— (5 —6)) =cos (3 — ) =sin6 = 0.87

v/ Example 3

If cos (9 — Z) = 0.68 then determine csc(—6)
You need to show that cos (§ — 7) = cos (§ —6)

T
0.68 = cos (0 — 5)
T
= cos (E — 0)
= sin(f)
Then, csc(—6) = —cscé
1
sin 6
= —(0.68)""
~ —1.47

v/ Example 4

Use identities to prove the following: cot(—pg) cot (3 — B8) sin(—g) = cos (8 — F).

When doing trigonometric proofs, it is vital that you start on one side and only work with that side until you derive what is on
the other side. Sometimes it may be helpful to work from both sides and find where the two sides meet, but this work is not
considered a proof. You will have to rewrite your steps so they follow from only one side. In this case, work with the left side
and keep rewriting it until you have cos (8 — %

cot(—B) cot (5 — B) sin(—p) = —cot ftan § - —sin §
=—1.-—sinf
=sinf

e (3-9)
e ((5-)

e (5-)

v/ Example 5

Prove the following trigonometric identity by working with only one side.

cosrsinztanzcotrsecxrcscr =1
1 1 1

coszsinztanz cotxsecxrcscr = cosrsinztanz - . r
tanz cosz sinz

=1

1. Prove the quotient identity for cotangent using sine and cosine.

2. Explain why cos (3 — ) = sin § using graphs and transformations.

3. Explain why sec8 = -1,

cos @

https://k12.libretexts.org/@go/page/966
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4. Prove that tan@ - cot 6 = 1.

5. Prove that sinf- csc6 = 1.

6. Prove that sin6 - sec = tan 6

7. Prove that cosf- cscf = cot 6

8. If sin@ = 0.81, what is sin(—6)?
9. If cos @ = 0.5, what is cos(—8)?
10. If cos @ = 0.25, what is sec(—6)?
11. If csc @ = 0.7, what is sin(—6)?
12. How can you tell from a graph if a function is even or odd?
13. Prove 88256 . oot ¢ — tan z
14. Prove “Zﬂ% -cscx = 1.

15. Prove cosz - tanz =sinz

This page titled 6.1: Basic Trigonometric Identities is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Pythagorean ldentities

The Pythagorean Theorem works on right triangles. If you consider the = coordinate of a point along the unit circle to be the cosine

and the y coordinate of the point to be the sine and the distance to the origin to be 1 then the Pythagorean Theorem immediately
yields the identity:

y+az?=1
sin?z + cos?z =1

An observant student may guess that other Pythagorean identities exist with the rest of the trigonometric functions. Is tan®z
+ cot® z =1 a legitimate identity?
Pythagorean Identities

The proof of the Pythagorean identity for sine and cosine is essentially just drawing a right triangle in a unit circle, identifying the
cosine as the z coordinate, the sine as the y coordinate and 1 as the hypotenuse.

cosx,sinx
( )

cos?z+sinz =1
or
sin?z+ cos?2z =1

The two other Pythagorean identities are:

2

o 1+cot?z=cscz

2

o tan’z+ 1 =seczx

To derive these two Pythagorean identities, divide the original Pythagorean identity by sin® z and cos? z respectively.

To derive the Pythagorean identity 1 + cot? ¢ = esc? z divide through by sin® z and simplify.

sinz  cos?z 1
sin’z sin’z sin’z
1+ cot’z =csc?z

Similarly, to derive the Pythagorean identity tan®z + 1 = sec? z, divide through by cos? z and simplify.

sin’ cos?z 1

cos?z  cos?r  cos?z (6.2.1)

tan?z + 1 =sec’z

https://k12.libretexts.org/@go/page/967
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Jiven tan 8 = -573 and 8 is .. quaarant I, use igentities to
doeraine zac B and sin 8. - |
= ==

/;_/, ,,_|' = Sec”
,%5'*_[;' - se’ 8

G
L6 = Sec®
"/3 sin’ 4 cos’ =1
tap' GFT SECH
1+ et 6 =cse ()
cos !

ootf=——
=ip#

¥
cotor=—
tant!

Examples

v/ Example 1

Earlier, you were asked if tan?z + cot?z = 1 is a legitimate identity. Cofunctions are not always connected directly through a
Pythagorean identity.

tan?z + cot?x #£ 1

Visually, the right triangle connecting tangent and secant can also be observed in the unit circle. Most people do not know that
tangent is named "tangent" because it refers to the distance of the line tangent from the point on the unit circle to the z axis.
Look at the picture below and think about why it makes sense that tan z and sec z are as marked. tanz = o since the adjacent
side is equal to 1 (the radius of the circle), tan z simply equals the opposite side. Similar logic can explain the placement of

secx.

tanx
1
X

secx

v/ Example 2

Simplify the following expression:

sin #(csc z—sin z)
1—sinz

sinz(cscz —sinz) sinz-cscz —sin’z

1l—sinx 1—sinzx
_ 1—sin’z
T 1—sinz
_ (1 —sinz)(1 +sinx)
- 1—sinz
=1+4sinz

Note that factoring the Pythagorean identity is one of the most powerful and common applications.
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Prove the following trigonometric identity. (sec?z + csc? z) — (tan? z + cot? ) = 2

Group the terms and apply a different form of the second two Pythagorean identities which are 1 + cot? z = csc? z and tan? z + 1

=sec’zx

(sec® z + csc® z) — (tan? z + cot? z) = sec’  — tan® z + esc’ z — cot’ z

=1+1
v/ Example 4

=2
Simplify the following expression. Note: sec? z =

9 2.y _(sinz  cosz
(sec :1:) (1 sin 1:) (cscx + secx)

(sec®z) (1 —sin’z) — (_sm:z: + _cos:c)
CSCT  SecT

_1
cos?

=sgec’z-cos?x — (sin2:1r:+cos2 a:)
=1-1
=0

v/ Example 5

Simplify the following expression.
(cost —sint)? + (cost + sint)?
Note that initially, the expression is not the same as the Pythagorean identity.

(cost —sint)? + (cost + sint)?

= cos?t — 2costsint + sin?t + cos? ¢ + 2costsint + sin® ¢
=1—2costsint+ 1+ 2costsint

=2

Prove each of the following:

1. (1—cos?z) (1 +cot?z) =1

2.cosz (1 —sin’z) =cos®z

3.sinz = (1 — cosz)(1 + cos z)
s __ sin’ztcos’s
4. sing = SR I
5.sin*z — cos?z = sin?z — cos® z
6. sin? z cos® z = (sin® z —sin* z) (cos x)

Simplify each expression as much as possible.

3

7. tand z cscd

8 esc?p—1
sec2

1—sin’z
9. 14sinz

10. V1 —cos?z

11 sin? z—sinz

cos?z

12. (1 + tan®z) (sec®x)

13 sin? z+tan?® z+cos’z
: secx
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1+tan’z
14. csc2z

1-sin’z
15. =2

This page titled 6.2: Pythagorean Identities is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source
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6.3: Sum and Difference Identities

With your knowledge of special angles like the sine and cosine of 30° and 45°, you can find the sine and cosine of 15°, the difference
of 45° and 30°, and 75°, the sum of 45° and 30°. Using what
you know about the unit circle and the sum and difference identities, how do you determine sin 15° and sin 75° ?

Sum and Difference Identities
First look at the derivation of the cosine difference identity:

cos(a — f8) = cosacos B+ sinasin B

A (cos . sin ) I T C (cos 8. sinf)

8 (cosa,sina)

| oo

Start by drawing two arbitrary angles a and B. In the image above « is the angle in red and 3 is the angle in blue. The difference «
— B is noted in black as 8. The reason why there are two pictures is because the image on the right has the same angle @ in a rotated
position. This will be useful to work with because the length of AB will be the same as the length of CD.
AB=CD
\/(cosa —cosf3)? + (sina—sinB)2 = \/(cosﬂ —1)2 + (sinf—0)2
(cos @ — cos B)? + (sin @ — sin B)? = (cos§ — 1)2 + (sin 8 — 0)2

(cos)? —2cosacos B + (cos B)? + (sina)? — 2sinasin B + (sin f)% = (cos§ — 1)% + (sin )2

2 —2cosacos S —2sinasin 8 = (cos)? —2cosf + 1 + (sin8)>
2—2cosacosf—2sinasinf=1—2cosf+1

—2cosacos S —2sinasin = —2cosf
cos a.cos B+ sinasin f = cos 6
= cos(a — f)

You can use this identity to prove the cosine of a sum identity. First, start with the cosine of a difference and make a substitution.
Then use the odd-even identity.

cosacos f + sinasin 8 = cos(a — f)
Lety=-p

cos a cos(—7) + sin asin(—y) = cos(a + %)
cos cosy — sin asin y = cos(a + )

The proofs for sine and tangent are left to the videos and examples. They are listed here for your reference. Cotangent, secant and
cosecant are excluded because you can use reciprocal identities to get those once you have sine, cosine and tangent.

Summary
o cos(a + B) = cosacos 8 F sinasin 8

o sin(a =+ B) =sinacos B+ cosasinf

_ sin(atp) __ tanottanf
e tan(a+pf) = ::;(Z:I:ﬁ) = TFtanatanp

The order of the plus or minus signs is important because for cosine of a sum, the negative sign is used on the other side of the
identity. This is the opposite of sine of a sum, where a positive sign is used on the other side of the identity.
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Examples

v/ Example 1

Earlier, you were asked to evaluate sin15° and sin75° exactly without a calculator. To do this you need to use the sine of a
difference and sine of a sum.

sin (45° — 30°) = sin45° cos 30° — cos45°sin30° = Y2 . Y3 _ ¥2 .1 _ Vo3
sin (45° 4 30°) = sin45° cos 30° + cos 45° sin 30° = % . 4 + % 3= ‘/61”/5

v/ Example 2

Find the exact value of tan 15° without using a calculator.

o 0 Y}
o o ono) _ _tand5°—tan30° __ 1% _3__‘/3
tan15° = tan (45 30 ) — 1+tan45°tan30° 1+1.13@ T 3+/3

A final solution will not have a radical in the denominator. In this case multiplying through by the conjugate of the
denominator will eliminate the radical.

_ 3V (3-V3)
(3+v3)-(3—v3)
_ (337
9—-3
(3-v3)?

6
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v/ Example 3

Evaluate the expression exactly without using a calculator.
cos 50° cos 5° + sin 50° sin 5°

Once you know the general form of the sum and difference identities then you will recognize this as cosine of a difference.

cos 50° cos 5° + sin 50° sin 5° = cos (50° — 5°) = cos45° = 4

v/ Example 4

Use a sum or difference identity to find an exact value of cot (52 ).

Start with the definition of cotangent as the inverse of tangent.

cot(57r) = ;
12/ tan (32)

tan (135° — 60°)

1 4 tan 135° tan 60°
~ tan135° — tan60°
_14+(-1)-v3

(-1)-+v3
_ (-w3)

(—1-v3)

_ (1-v3)?

(—1++3)-(1-V3)
_(1=v3)?

—(1-3)

_ (1-v3)?

2
v/ Example 5

Prove the following identity:

Si-'l(l‘—!l) __ tanz—tany
sin(z+y) ~ tanz+tany

Here are the steps:

sin(z—y) tanz —tany
sin(z+y) tanz+tany
sinx cosy — coszsiny
sinz cosy 4+ coszsiny

sm:l:cosy—cosa:smy oosz:cosy)

sinz cosy + coszsiny (
( coswsiny

( sing ) )

COST-cos Y COS Z-COos Y —

(smzeme) + (zsy)
tanz —tany
tanz + tany

€O8 I+ cosy)

Find the exact value for each expression by using a sum or difference identity.

1. cos75°
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2. cos 105°
3. cos 165°
. sin 105°
. sec105°
. tan 75°

. Prove the sine of a sum identity.

o N o Ul b~

. Prove the tangent of a sum identity.

9. Prove the tangent of a difference identity.

10. Evaluate without a calculator: cos 50° cos 10° — sin 50° sin 10°.
11. Evaluate without a calculator: sin 35° cos 5° — cos 35° sin 5°.
12. Evaluate without a calculator: sin 55° cos 5° + cos 55° sin 5°.
13. If cos acos B = sin a:sin B, then what does cos(a + ) equal?

14. Prove that tan (z + %) = 1ttane

1—tanz

15. Prove that sin(z + 7) = —sinz.

This page titled 6.3: Sum and Difference Identities is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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6.4: Double, Half, and Power Reducing Identities

These identities are significantly more involved and less intuitive than previous identities. By practicing and working with these
advanced identities, your toolbox and fluency substituting and proving on your own will increase. Each identity in this concept is
named aptly. Double angles work on finding sin 80° if you already know sin40°. Half angles allow you to find sin15° if you already
know sin 30°. Power reducing identities allow you to find sin? 15° if you know the sine and cosine of 30°

What is sin? 15°?

Double Angle, Half Angle, and Power Reducing Identities

Double Angle Identities

The double angle identities are proved by applying the sum and difference identities. They are left as review problems. These are
the double angle identities.

e sin2x = 2sinx cosx
2 s 2

e CoS2x = cos“zr—sin“zx
2tanz
L] =
tan 2z T

80 A = 372 inQuatian by, fing Lhe exacl value i cusiday,
sil28 ) ard tan{2A). The determine the guadrant of
angle 24

gois AL 1&0

.am,?d-aﬂéo gl
" _ |J
b I Qi

1
M?’H
VouTnl

+ﬂ'\ = ‘f‘f-

Half Angle Identities

The half angle identities are a rewritten version of the power reducing identities. The proofs are left as review problems.

o cos % =4/ LioEe
z 1—cosz
o tang = 1+cosz

DEteriniiy- e acl vdibe U sinyt/8).

.] "‘-:'F;' J ( A= "'

|. v“'\l%)'_‘s-l‘t )
4 [ 1—o ()
i i

5 g <.| X Z .;'
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Power Reducing Identities

The power reducing identities allow you to write a trigonometric function that is squared in terms of smaller powers. The proofs
are left as examples and review problems.

° sin21 — l—cgs%
° COS2 = 1+c2z

2, 1—cos2z
e tan®z = 1+cos 2z

Power reducing identities are most useful when you are asked to rewrite expressions such as sin* z as an expression without powers
greater than one. While sinz -sinz -sinz - sinz does technically simplify this expression as necessary, you should try to get the
terms to sum together not multiply together.

sin*z = (sin2 x)2

_ (1—0082.’1:)2
- 2

1—2cos2z + cos? 2z
4

% (1—2cos2a:+

1+cos4a:)
2

Examples

v/ Example 1

Earlier, you were asked to find sin? 15°. In order to fully identify sin? 15° you need to use the power reducing formula.
. 9 1—cos2z
smr=-————
2
sin? 15° — 1 —cos30° _ 1 ﬁ
2 2 4
_2-v3
T4

v/ Example 2

Write the following expression with only sinz and cos z : sin 2z + cos 3.

sin 2z + cos 3z = 2sinz cos z + cos(2z + z)

= 2sinz cos + cos 2z cos x — sin 2z sin

2z —sin? z)cosz — (2sinz cosz) sinz

2

= 2sinzcosz + (cos

3

= 2sinz cos T + cos® & — sin® z cos z — 2sin’ T cos T

= 2sinzcosz + cos® & — 3sin® z cos

v/ Example 3

Use half angles to find an exact value of tan 22.5° without using a calculator.

T 1—cosz
tan 2 + 1+cosz

® _ o l_ﬁ l_ﬁ 242
tan 22.5° =tan£ =4 E COS45° =4 2 =4 2 2 =4 \/_
2 V1+cosss 1+ 4 244 2+v2

. /(2—2«/5)2

v/ Example 4

Prove the power reducing identity for sine.

sin? g = 1982

https://k12.libretexts.org/@go/page/968



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/968?pdf

LibreTexts"

Using the double angle identity for cosine:

cos 2z = cos?z —sin’

cos2z = (1 —sin’z) —sin’z

cos2z =1—2sin’z

This expression is an equivalent expression to the double angle identity and is often considered an alternate form.

v/ Example 5

Simplify the following identity. sin* z — cos*z.

Here are the steps:

4 4

sin® z — cos* z = (sin®

z — cos® z) (sin® z + cos® z)

= — (cos®z —sin®z)

= —cos2z

Prove the following identities.

1. sin2z = 2sinz cosz

2 2

2. cos2x = cos®  — sin’ &

3. tan 2z = -2tz

1—tan?z

4. cos?g = 1oz
2, __ l-—cos2z
5.tan?z = e 2

s T 1—cosz
6.sin § = :t\/ =
T __ 1+cosz
7.co8 § =44/ L

z _ 1—cosz
8‘ tan 2 + 1+cosz

9. csc2z = jescxsecT

__ cot?z—1
10. cot 2z = 5=

Find the value of each expression using half angle identities.

11. tan 15°

12. tan 22.5°

13. sec22.5°

14. Show that tan § = 1=tz

15. Using your knowledge from the answer to question 14, show that tan £ = lf:ozz .

This page titled 6.4: Double, Half, and Power Reducing Identities is shared under a CK-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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6.5: Trigonometric Equations

Solving a trigonometric equation is just like solving a regular equation. You will use factoring and other algebraic techniques to get
the variable on one side. The biggest difference with trigonometric equations is the opportunity for there to be an infinite number of
solutions that must be described with a pattern. The equation cosz = 1 has many solutions including 0 and 2. How would you
describe all of them?

Solving Trigonometric Equations

The identities you have learned are helpful in solving trigonemetric equations. The goal of solving an equation hasn’t changed.
Do whatever it takes to get the variable alone on one side of the equation. Factoring, especially with the Pythagorean identity, is
critical.

Try to give exact (non-rounded) answers when solving trigonometric equations. If you are working with a calculator, keep in mind
that while some newer calculators can provide exact answers like % most calculators will produce a decimal of 0.866... If you see
a decimal like 0.866 ..., try squaring it. The result might be a nice fraction like £. Then you can logically conclude that the original

decimal must be the square root of 4 or %

When solving, if the two sides of the equation are always equal, then the equation is an identity. If the two sides of an equation are
never equal, as with sinz = 3, then the equation has no solution.

e xadvegaaiinoantee bmecan t0 ) ke
all redian salutions,

J3tanfl-1=0

dle 2advedaadinoantee etarnan 10,20
all redian salutions,
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Examples

v/ Example 1

Earlier, you were asked how you could describe the many solutions of cosa = 1. When you type cos~' 1 on your calculator, it
will yield only one solution which is 0. In order to describe all the solutions you must use logic and the graph to figure out that
cosine also has a height of 1 at —2m, 2w, —4m, 47 ... Luckily all these values are sequences in a clear pattern so you can describe
them all in general with the following notation:

z = 0+ n - 2z where n is an integer, or z = 4n - 2 where n is an integer.

v/ Example 2

Solve the following equation algebraically and confirm graphically on the interval [—2m, 27].

cos2x =sinz
cos2z =sinz
1—2sin’z =sinz
0=2sin?z +sinz — 1
0= (2sinz—1)(sinz + 1)

Solving the first part set equal to zero within the interval yields:

0=2sinz—1
7= sinx

T 5w 11r T«
95 =

56 6" 6
Solving the second part set equal to zero yields:

0=sinz +1

—1l=sinz
_ w3
=9y

These are the six solutions that will appear as intersections of the two graphs f(z) = cos2z and g(z) = sinz
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)

2 -3n/2 - =2 v Wx
-1

]

v/ Example 3

Determine the general solution to the following equation.

cotz—1=0
cotz—1=0
cotz =1

One solution is # = 7. However, since this question asks for the general solution, you need to find every possible solution. You
have to know that cotangent has a period of = which means if you add or subtract = from % then it will also yield a height of 1.
To capture all these other possible z values you should use this notation.

z =7 +n-mwwheren is a integer

-~

(]
h
T

- - - - P —— -

Notice that trigonometric equations may have an infinite number of solutions that repeat in a certain pattern because they are
periodic functions. When you see these directions remember to find all the solutions by using notation like in this example.

v/ Example 4

Solve the following equation.
dcos’z —1=3—4sin’z
4cos?z—1=3—4sin’z
4cos?z +4sinr=3+1
4 (cos2 z + sin? a:) =4
4=4

This equation is always true which means the right side is always equal to the left side. This is an identity.
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Solve the following equation exactly.
2cos’>z +3cost —2=0

Note that cosz #+ —2 which means only one equation needs to be solved for solutions.

2cosz—1=0
1
cosx=§
T
T=3 73

These are the solutions within the interval —= to . since this represents one full period of cosine, the rest of the solutions are
just multiples of 27 added and subtracted to these two values.

x = +% +n- 27 where n is an integer

Solve each equation on the interval [0, 2x).
1.3cos?% =3

2. 4sin? z = 8sin? &

Find approximate solutions to each equation on the interval [0, 2)
3.3cos?z + 10cosz+2=10

4.sin’z +3sinz =5

5.-tan’z +tanz =3

6.cot’z+5tanz+14 =10

7.sin? g + cos?z =1

Solve each equation on the interval [0, 360°).
8.2sin(z— %) =1

9.4cos(z—7) =4

Solve each equation on the interval [2r, 47)
10. cos?z +2cosz+1=0

11. 3sinz = 2cos? z

2z =tanzc

12. tan z sin
13.sin’?z+ 1= 2sinz
14. sec?z =4

15. sin?z — 4 = cos? £ — cos 2z — 4
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7.1: Basic Properties of Vectors

An airplane being pushed off course by wind and a swimmer’s movement across a moving river are both examples of vectors in
action. Points in the coordinate plane describe location. Vectors, on the other hand, have no location and indicate only direction
and magnitude. Vectors can describe the strength of forces like gravity or speed and direction of a ship at sea. Vectors are extremely
useful in modeling complex situations in the real world.

What are other differences between vectors and points?

Properties of Vectors

A two dimensional vector is represented graphically as an arrow with a tail and a head. The head is the arrow and is also called the
terminal point. When finding the vector between two points start with the terminal point and subtract the initial point (the tail).

/'

The two defining characteristics of a vector are its magnitude and its direction. The magnitude is shown graphically by the length
of the arrow and the direction is indicated by the angle that the arrow is pointing. Notice how the following vector is shown
multiple times on the same coordinate plane. This emphasizes that the location on the coordinate plane does not matter and is not
unique. Each representation of the vector has identical direction and magnitude.

/

;

One way to define a vector is as a line segment with a direction. Vectors are said to be equal if they have the same magnitude and
the same direction. The absolute value of a vector is the same as the length of the line segment or the magnitude of the vector.
Magnitude can be found by using the Pythagorean Theorem or the distance formula.

Head

Magnitude
Tail

There are a few different ways to write a vector v.

v, 7,9, or v with a ~ underneath
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When you write about vectors algebraically there are a few ways to describe a specific vector. First, you could describe its
magnitude and angle as 7, 0. Second, you could describe it as an ordered pair: < z,y >. Notice that when discussing vectors you
should use the brackets <> instead of parentheses because it helps avoid confusion between a vector and a point. Vectors can be
multidimensional.

Vectors are often used to describe the movement of objects. To describe the movement of a ship is traveling NNW at 17 knots
(nautical mph ) as a vector, notice that NNW is halfway between NW and N. When describing ships at sea, it is best to use bearing
which has 0° as due North and 270° as due West. This makes NW equal to 315° and NNW equal to 337.5°.

17

When you see this picture, it turns into a basic trig question to find the z and y components of the vector. Note that the reference
angle that the vector makes with the negative portion of the z axis is 67.5°
sin67.5° = 3 ,c0867.5° = 4%

<z,y >~< —6.5,15.7 >

Examples

v/ Example 1

Earlier, you were asked what the differences between points and vectors are. There are many differences between points and
vectors. Points are locations and vectors are made up of distance and angles. Parentheses are used for points and (> are used
for vectors. One relationship between vectors and points is that a point plus a vector will yield a new point. It is as if there is a
starting place and then a vector tells you where to go from that point. Without the starting point, the vector could start from
anywhere.

v/ Example 2

Consider the points: A(1, 3), B(—4,—6), C(5,—13). Find the vectors in component form of AB, BA, AC,CB

Remember that when finding the vector between two points, start with the terminal point and subtract the initial point.

https://k12.libretexts.org/@go/page/972
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_)

AB =< —-5,—9>
_)

BA =<5,9>
_)

AC =< 4,-16 >
—
CB=<—-9,7>

v/ Example 3

A father is pulling his daughter up a hill. The hill has a 20° incline. The daughter is on a sled which sits on the ground and has a
rope that the father pulls as he walks. The rope makes a 39° angle with the slope. A force diagram is a collection of vectors that
each represent a force like gravity or wind acting on an object. Draw a force diagram showing how these forces act on the
daughter's center of gravity:

a. The force of gravity.

b. The force holding the daughter in the sled to the ground.
c. The force pulling the daughter backwards down the slope.
d. The force of the father pulling the daughter up the slope.

The girl's center of gravity is represented by the black dot. The force of gravity is the black arrow straight down. The green
arrow is gravity's effect pulling the girl down the slope. The red arrow is gravity's effect pulling the girl straight into the slope.
The blue arrow represents the force that the father is exerting as he pulls the girl up the hill.

v

Notice that the father’s force vector (blue) is longer than the force pulling the girl down the hill. This means that over time they
will make progress and ascend the hill. Also note that the father is wasting some of his energy lifting rather than just pulling. If
he could pull at an angle directly opposing the force pulling the girl down the hill, then he would be using all of his energy
efficiently.

v/ Example 4

Center the force diagram from the previous question into the origin and identify the angle between each consecutive force
vector.

The z and y axis are included as reference and note that the gravity vector overlaps with the negative y axis. In order to find

each angle, you must use your knowledge of supplementary, complementary and vertical angles and all the clues from the
question. To check, see if all the angles sum to be 360°.
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Given the following vectors and point, compute the sum.

A=(1,3),7=<4,8>4i=<-1,—-5>
A+v+u=T
A=(1,3),1=<4,8>4i=<-1,—5>.A+4+1u=(4,6)

1. Describe what a vector is and give a real-life example of something that a vector could model.

Consider the points: A(3,5), B(—2,—4),C(1,—12), D(—5, 7). Find the vectors in component form of:
_)
2. AB
_)
3.BA
_)
4. AC
_)
5.-CB
_)
6.-AD
_}
7. DA
8. What is € + CB ? Compute this algebraically and describe why the answer makes sense.
_)
9. Use your answer to the previous problem to help you determine D + DA without doing any algebra.

10. A ship is traveling SSW at 13 knots. Describe this ship's movement in a vector.

11. A vector that describes a ships movement is < 5v/2,5+/2 >. What direction is the ship traveling in and what is its speed in
knots?

For each of the following vectors, draw the vector on a coordinate plane starting at the origin and find its magnitude.
12. <38,7>

13. < -3,4>

14. < —5,10 >

15. < 6,—8 >

This page titled 7.1: Basic Properties of Vectors is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source
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7.2: Operations with Vectors

When two or more forces are acting on the same object, they combine to create a new force. A bird flying due south at 10 miles an
hour in a headwind of 2 miles an hour only makes headway at a rate of 8 miles per hour. These forces directly oppose each other. In
real life, most forces are not parallel. What will happen when the headwind has a slight crosswind as well, blowing NE at 2 miles
per hour. How far does the bird get in one hour?

Basic Vector Operations

Scalar multiplication means to multiply a vector by a number. This changes the magnitude of the vector, but not its direction. If ¥
=< 3,4 >, then 24 =< 6,8 > . Scalar multiplication is fairly simple.

Adding and subtracting vectors is slightly more difficult. When adding vectors, place the tail of one vector at the head of the other.
This is called the tail-to-head rule. The vector that is formed by joining the tail of the first vector with the head of the second is
called the resultant vector.

Adding vectors can be done in either order (just like with regular numbers). Subtracting vectors must be done in a
specific order or else the vector will be negative (just like with regular numbers).

To find the length or magnitude of a resultant vector, you can use the law of cosines. To do this, you also need to know the angle
between the two vectors. Say you were given two vectors @ and b, have magnitudes of 5 and 9 respectively and that the angle
between the vectors is 53°. To find the magnitude of @ + b, which is written as |a + b|, notice that you have a parallelogram.

=13

53°

In order to fine the magnitude of the resulting vector in red, note that the triangle on the bottom has sides 9 and 5 with included
angle 127° due to the properties of parallelograms. And, so applying the Law of cosines, you get:

22=924+52-2.9.5-cos127°
T ~ 12.66

For this video, focus on scalar multiplication and adding and subtracting vectors:
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Jot Freauct

Thie got product of two vectors
u={g b} andv= {c,d)
\a,0) St

is denoted u ® v, read "u dot v,” and given by

uev=ac+bd

What does the dot product tell us?
If the dot product is positive the angle batween the vectors
is acute
IFthe dot prodectis-desesthe veciarsaie parpan Skl
. Ifthe dobproduct is negative, the angle batween the
vectors 15 obtus T/

Examples

v/ Example 1

Earlier, you were asked about how fast a bird was flying. A bird flying due south at 10 miles an hour with a cross headwind of
2 mph heading NE would have a force diagram that looks like this:

10 mph

V/‘Zmph

The angle between the bird's vector and the wind vector is 45° which means this is a perfect situation for the Law
of cosines. Let z = the red vector.

z2=1024+22—-2-10-2- cos45°
z~ 8.7

The bird is blown slightly off track and travels only about 8.7 miles in one hour.

v/ Example 2

Using the vectors with magnitude 5 and 9 and angle of 53° from the main section, what is the angle that the sum & + & makes
with @?

Start by drawing a good picture and labeling what you know. |d| = 5, [B] = 9, |& + b| ~ 12.66. since you know three sides of the
triangle and you need to find one angle, this is the SSS application of the Law of cosines.

=18
+
=)

92 =12662+52—2-12.66-5- cosf
6= 34.6°
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Elaine started a dog walking business. She walks two dogs at a time named Elvis and Ruby. They each pull her in different
directions at a 45° angle with different forces. Elvis pulls at a force of 25 N and Ruby pulls at a force of 49N. How hard does
Elaine need to pull so that she can stay balanced? Note that N stands for Newtons which is the standard unit of force.

49N

45°

25N

Even though the two vectors are centered at Elaine, the forces are added which means that you need to use the tail-to-head rule
to add the vectors together. Finding the angle between each component vector requires logical use of supplement angles.

25N

135°

z2 =492+ 252 —2.49-25 - cos 135°
z ~68.98 N

In order for Elaine to stay balanced, she will need to counteract this force with an equivalent force of her own in the exact
opposite direction.

v/ Example 4
Consider vector ¥ =< 2,5 > and vector 4 =< —1,9 >. Determine the component form of the following: 39 — 24

Do multiplication first for each term, followed by vector subtraction.

3.9-2-4=3<2,6>-2<-1,9>
=<6,16>—-< 2,18 >
=<8,—3>

v/ Example 5

An airplane is flying at a bearing of 270° at 400mph. A wind is blowing due south at 30mph. Does this cross wind affect the

plane's speed?

Since the cross wind is perpendicular to the plane, it pushes the plane south as the plane tries to go directly east. As a result the
plane still has an airspeed of 400 mph but the groundspeed (true speed) needs to be calculated.

4002 + 30% = 22
T =~ 401

E//,
[ Review

Review

Consider vector ¥ =< 1,3 > and vector 4% =< —2,4 >

1. Determine the component form of 5% — 2ii.

2. Determine the component form of —2% + 4ii.
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3. Determine the component form of 6% + .

4. Determine the component form of 37 — 6i.

5. Find the magnitude of the resultant vector from #1.

6. Find the magnitude of the resultant vector from # 2 .

7. Find the magnitude of the resultant vector from #3.

8. Find the magnitude of the resultant vector from #4.

9. The vector < 3,4 > starts at the origin. What is the direction of the vector?
10. The vector < —1,2 > starts at the origin. What is the direction of the vector?
11. The vector < 3,—4 > starts at the origin. What is the direction of the vector?

12. A bird flies due south at 8 miles an hour with a cross headwind blowing due east at 15 miles per hour. How far does the
bird get in one hour?

13. What direction is the bird in the previous problem actually moving?

14. A football is thrown at 50 miles per hour due north. There is a wind blowing due east at 8 miles per hour. What is the actual
speed of the football?

15. What direction is the football in the previous problem actually moving?

This page titled 7.2: Operations with Vectors is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source

content that was edited to the style and standards of the LibreTexts platform.
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7.3: Resolution of Vectors into Components

Sometimes working with horizontal and vertical components of a vector can be significantly easier than working with just an angle
and a magnitude. This is especially true when combining several forces together.
Consider four siblings fighting over a candy in a four way tug of war. Lanie pulls with 8 Ib of force at an angle of 41°. Connie pulls

with 10 Ib of force at an angle of 100°. Cynthia pulls with 12 Ib of force at an angle of 200°. How much force and in what direction
does poor little Terry have to pull the candy so it doesn't move?

The Unit Vector and Component Form

A unit vector is a vector of length one. Sometimes you might wish to scale a vector you already have so that it has a length of one.
If the length was five, you would scale the vector by a factor of 1 so that the resulting vector has magnitude of 1. Another way of

saying this is that a unit vector in the direction of vector  is %

-
Nrite the given vector as a linear combination of i
YA .
dna j. Then normalize the vector. Then sketch the
original vector and the unit vector,

V=(4,-3) = 47 - 37

‘ ! = Ot
ivil = (4V+(-3) * lo+9 _(,1_5"

There are two standard unit vectors that make up all other vectors in the coordinate plane. They are i which is the vector < 1,0 >
and 7 which is the vector < 0,1 >. These two unit vectors are perpendicular to each other. A linear combination of ; and 7 will
allow you to uniquely describe any other vector in the coordinate plane in component form. For instance the vector < 5,3 > is the
same as 5 + 3}’.

Often vectors are initially described as an angle and a magnitude rather than in component form. Working with vectors written as
an angle and magnitude requires extremely precise geometric reasoning and excellent pictures. One advantage of rewriting the
vectors in component form is that much of this work is simplified. Remember that component form is the form < z,y > and to
translate from magnitude = and direction @ to component form, use the relationship < r - cos,r - sinf >=< =z,y >. In this situation r
is the magnitude and 4 is the direction.

Take a plane that has a bearing of 60° and is going 350mph. To find the component form of the velocity of the airplane, note that a
bearing of 60° is the same as a 30° on the unit circle. This corresponds to the point (%, %) which is the same as (cos 30, sin 30).

When written as a vector < %, % > is a unit vector

because it has magnitude 1. Now you just need to scale by a factor of 350 and you get your answer of < 175v/3,175 >. Thus, the
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>.

u={xy)

x = ||u|[cosB
y = |lul|sin®

—— | llull(gose, sin6)

Examples

v/ Example 1

Earlier, you were asked to consider four siblings fighting over a candy in a four way tug of war. Lanie pulls with 8 Ib of force
at an angle of 41°. Connie pulls with 10 Ib of force at an angle of 100°. Cynthia pulls with 12 Ib of force at an angle of 200°.
How much force and in what direction does poor little Terry have to pull the candy so it doesn't move?

101b

81b

121b

To add the three vectors together would require several iterations of the Law of Cosines. Instead, write each vector in
component form and set equal to a zero vector indicating that the candy does not move.

I +CON+CYN+T=<0,0>

< 8-cos41°,8-8in41° > 4+ < 10 - cos 100°, 10 - sin 100° >
+ < 12 - 08200°, 12 - 5in 200° > +T' =< 0,0 >

Use a calculator to add all the £ components and bring them to the far side and the y components and then subtract from the far
side to get:
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T ~< 6.98,—10.99 >

Turning this component vector into an angle and magnitude yields how hard and in what direction he would have to pull. Terry
will have to pull with about 13 Ib of force at an angle of 302.4°.

v/ Example 2

Consider the plane that has a bearing of 60° and is going 350mph. If there is wind blowing with the bearing of 300° at 45mph,
what is the component form of the total velocity of the airplane?

A bearing of 300° is the same as 150° on the unit circle which corresponds to the point (—#, %) You can now write and then
scale the wind vector.

V3 45f 15
45<_T’2>< y g >

Since both the wind vector and the velocity vector of the airplane are written in component form, you can simply sum them to
find the component vector of the total velocity of the airplane.

<175v/3,175 > + < — 45‘f,425> <305f 5 5

v/ Example 3

Consider the plane from Example 2 with the same wind and velocity. Find the actual ground speed and direction of the plane
(as a bearing).

Since you already know the component vector of the total velocity of the airplane, you should remember that these components
represent an z distance and a y distance and the question asks for the hypotenuse.

(=) )

3298 ~ ¢

The airplane is traveling at about 329.8 mph.

Since you know the z and y components, you can use tangent to find the angle. Then convert this angle into bearing.

(%)
tanf = —27_
(305\/5)
2
0~ 36.8°

An angle of 36.8° on the unit circle is equivalent to a bearing of 53.2°.

Note that you can do the entire problem in bearing by just switching sine and cosine, but it is best to truly understand what you
are doing every step of the way and this will probably involve always going back to the unit circle.

For Examples 4 and 5, use the following information:

T=<2,-5>it=<-32>1=<—-4,-3>7=<5y>
B= (41_5)1P = (_3a8)

v/ Example 4

Find the unit vectors in the same direction as % and .

To find a unit vector, divide each vector by its magnitude.

|§l

&

=< > t=<3F>

|
<
Bl
g
w

=

=
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Find the point 10 units away from B in the direction of P.

—
The vector BPis < —7,13 >. First take the unit vector and then scale it so it has a magnitude of 10.

BP __ 7 138
|BP| V218~ /218
BP —70 130

10

. =< >

|BP| /218" /218
You end up with a vector that is ten units long in the right direction. The question asked for a point from B which
means you need to add this vector to point B.

(4,—5)+ < F4, 130 5~ (—0.74,3.8)

V2187 /218
Review

Use the following defined vectors and points to answer 1 — 8.
T=<1,-3>14=<2,5>1=<9—1>7=<2,9>
A=(-3,2),B=(5-2)

. Solve for y in vector 7 to make 7 perpendicular to % .

. Find the unit vector in the some direction os %.

. Find the unit vector in the some direction as .

. Find the unit vector in the some direction os ¥

. Find the unit vector in the some direction os 7.

. Find the point exactly 3 units owey from A in the direction of B.

. Find the point exoctly 6 units owry from B in the direction of A.

© N o U1 AW N

. Find the point exoctly 5 units owoy from A in the direction of B.

9. Jock ond Jill went up a hill to fetch o poil of woter. When they got to the top of the hill, they were very thirsty so they each
pulled on the bucket. Jill pulled ot 30° with 20 Ibs of force. Jock pulled ot 45° with 28 lbs of force. What is the resulting vector
for the bucket?

10. A plane is flying on a bearing of 60° at 400mph. Find the component form of the velocity of the plane. What does the
component form tell you?

11. A baseball is thrown at a 70° angle with the horizontal with an initial speed of 30 mph. Find the component form of the
initial velocity.

12. A plane is flying on a bearing of 200° at 450mph. Find the component form of the velocity of the plane.

13. A plane is flying on a bearing of 260° at 430 mph. At the same time, there is a wind blowing at a bearing of 30° at 60mph.
What is the component form of the velocity of the plane?

14. Use the information from the previous problem to find the actual ground speed and direction of the plane.

15. Wind is blowing at a magnitude of 40 mph with an angle of 25° with respect to the east. What is the velocity of the wind
blowing to the north? What is the velocity of the wind blowing to the east?

This page titled 7.3: Resolution of Vectors into Components is shared under a CK-12 license and was authored, remixed, and/or curated by CK12
via source content that was edited to the style and standards of the LibreTexts platform.
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7.4: Dot Product and Angle Between Two Vectors

While two vectors cannot be strictly multiplied like numbers can, there are two different ways to find the product between two
vectors. The cross product between two vectors results in a new vector perpendicular to the other two vectors. You can study more
about the cross product between two vectors when you take Linear Algebra. The second type of product is the dot product
between two vectors which results in a regular number. Other names for the dot product include inner product and scalar
product. This number represents how much of one vector goes in the direction of the other. In one sense, it indicates how much the
two vectors agree with each other. This concept will focus on the dot product between two vectors.

What is the dot product between < —1,1 > and < 4,4 >? What does the result mean?

Properties of the Dot Product
The dot product is defined as:

u-v=<up,uz > - < v,V >= UV + UV2

This procedure states that you multiply the corresponding values and then sum the resulting products. It can work with vectors that
are more than two dimensions in the same way.

Before trying this procedure with specific numbers, look at the following pairs of vectors and relative estimates of their dot

product.
weak positive stronger positive

zero .
negative

Notice how vectors going in generally the same direction have a positive dot product. Think of two forces acting on a single object.
A positive dot product implies that these forces are working together at least a little bit. Another way of saying this is the angle
between the vectors is less than 90°.

There are a many important properties related to the dot product. The two most important are 1) what happens when a vector has a
dot product with itself and 2) what is the dot product of two vectors that are perpendicular to each other.

o v.v=|v?

e wvand u are perpendicular if and only if v.u =0

The commutative property, « - v = v - u, holds for the dot product between two vectors. The following proof is for two dimensional
vectors although it holds for any dimensional vectors.

Start with the vectors in component form.

U =< Uy, ug >
v =< v1,V2 >

Then apply the definition of dot product and rearrange the terms. The commutative property is already known for regular numbers

so we can use that.

https://k12.libretexts.org/@go/page/97
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U v =< uy,us > - (1, V2)
= u1v1 + ugv2
= v1u1 + VU2
=< v1,V2 > - < U, Uz >
=v-u

The distributive property, v - (v +w) = uv +ww, also holds under the dot product. The following proof will work with two
dimensional vectors although the property does hold in general.
U =< ui,uz >,v=< 1,02 >,w =< w, wz >
u-(v+w) =u-(<v1,v2 >+ < wy,wy >)
=u < vy +wy, vy + wsy)
=<ui,uz > - < v+ w,vs+ws >
= u (v1 + w1) + ug (v2 + wo)
= u1v1 + v1w; + UV + UsW2

= u1v1 + ugv2 + uywy + ugws
=u-v+v-w

The dot product can help you determine the angle between two vectors using the following formula. Notice that in the numerator
the dot product is required because each term is a vector. In the denominator only regular multiplication is required because the
magnitude of a vector is just a regular number indicating length.

u-v

cosf = =%
[ullo|

Watch the portion of this video focusing on the dot product:

Jot Freauct

The ot product of two vectors
= iy s = i i)
u -{gib) andv= {c,d)

is denoted u » v, read "u dot v,” and given by

uev=ac+bd

What does the dot product tell us?
If the dot product is positive the angle batween the vectors
is acute
IFthe dot produetis-tesesthe veciarsare parpan tick

If the dot product is negative, the angle between the
vectors |SODtus T/

Examples

Earlier, you were asked to find the dot product between the two vectors < —1,1 > and < 4,4 >. It can be computed as:
(-1)(4) +14)=-4+4=0

The result of zero makes sense because these two vectors are perpendicular to each other.

Find the dot product between the following vectors: < 3,1 > - < 5,—4 >

u=<35>

https://k12.libretexts.org/@go/page/97!
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Prove the angle between two vectors formula:

Start with the law of cosines.

[u—v|

[v]
] [

[u— |2 = |v|? + |u|? — 2|v||u| cos b
(u—v)-(u—v) =
u-u—2u-v+v-v=
|u|2 —2u-v+|v|? =
—2u - v = —2|v||u| cos §

v/ Example 4

Find the dot product between the following vectors.

(4 — 2§) - (3¢ — 8j)
The standard unit vectors can be written as component vectors.

<4,—-2>.<3,-8>=12+4+(-2)(—8) =12+ 16 =28

v/ Example 5
What is the angle between v =< 3,5 > and v =< 2,8 >?
Use the angle between two vectors formula.

u=<35>andv=<2,8>

wv = cosf
[ [v]
<35>-<28>_ o
v34-+/68
_6+40 _ 0
V34 - /68
46
cos™! (—) =6
V34 -4/68
16.93° ~ 6

Find the dot product for each of the following pairs of vectors.

1.<2,6>-<-3,5>

https://k12.libretexts.org/@go/page/976
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2.<5,—-1>-<4,4>

3.<-3,—4>-<2,2>

4.<3,1>:<6,3>

5.<-1,4>-<2,9>

Find the angle between each pair of vectors below.
6.<2,6>.-<-3,5>

7.<5,-1>-<4,4>

8.<-3,-4>-<22>

9.<38,1>-<6,3>

10. < —-1,4>-<2,9 >

11. What is v - v?

12. How can you use the dot product to find the magnitude of a vector?
13. What is \(0 \cdot v ?\

14. Show that (cu) - v = u- (cv) where c s a constant.

15. Show that < 2,3 > is perpendicular to < 1.5,—1 >.

This page titled 7.4: Dot Product and Angle Between Two Vectors is shared under a CK-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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7.5: Vector Projection

Projecting one vector onto another explicitly answers the question: “how much of one vector goes in the direction of the other
vector?” The dot product is useful because it produces a scalar quantity that helps to answer this question. In this concept, you will
produce an actual vector not just a scalar.

Why is vector projection useful when considering pulling a box in the direction of v instead of horizontally in the direction of u?

¥

Projections

Consider the question from above.

v

A 4
Y

The definition of vector projection for the indicated red vector is the called proj, ». When you read proju v you should say "the
vector projection of v onto »." This implies that the new vector is going in the direction of «. The vector projection is the vector
produced when one vector is resolved into two component vectors, one that is parallel to the second vector and one that is
perpendicular to the second vector. The parallel vector is the vector projection. Conceptually, this means that if someone was
pulling the box at an angle and strength of vector v then some of their energy would be wastedpulling the box up and some of the
energy would actually contribute to pulling the box horizontally.

The definition of scalar projection is simply the length of the vector projection. When the scalar projection is positive it means that
the angle between the two vectors is less than 90°. When the scalar projection is negative it means that the two vectors are heading
in opposite directions.

The vector projection formula can be written two ways. The version on the left is most simplified, but the version on the right
makes the most sense conceptually. A.

projuv= (24 ) u= () &
The proof of the vector projection formula is as follows:

Given two vectors u, v, what is proj,v?

v

u

First note that the projected vector in red will go in the direction of . This means that it will be a product of the unit vector 1o and
the length of the red vector (the scalar projection). In order to find the scalar projection, note the right triangle, the unknown angle 8
between the two vectors and the cosine ratio.

scalar projection
[o]

cosf =

https://k12.libretexts.org/@go/page/97
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Recall that cos§ =

uitr - Now just substitute and simplify to find the length of the scalar projection.

|
L jecti
cos 0 — scalar projection
|v|
u-v _ scalar projection
Ju[v] |v|

v .
——— = scalar projection

Jul
Now you have the length of the vector projection and the direction you want it to go:

u-v u

projuv = (W) o

Levernie =4 b7 given the two vectors. Then
iieterrs e the vector component of u orthogonal to

Examples

v/ Example 1

Earlier, you were asked why vector projection useful when considering pulling a box in the direction of instead of horizontally
in the direction of u. Vector projection is useful in physics applications involving force and work.

v

v

When the box is pulled by vector » some of the force is wasted pulling up against gravity. In real life this may be useful
because of friction, but for now this energy is inefficiently wasted in the horizontal movement of the box.

v/ Example 2

Find the scalar projection of vector v =< 3,4 > onto vector 4 =< 5,—12 >.

As noted earlier, the scalar projection is the magnitude of the vector projection. This was shown to be (%) where « is the

U

vector being projected onto.

wo _ <5-12><34> _ 1548 _ _ 33

[l 13 =13 T 13

Find the vector projection of vector v =< 3,4 > onto vector 4 =< 5,—12 >

Since the scalar projection has already been found in Example 2 , you should multiply the scalar by the "onto" unit vector.
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33 5 12 __ . _ 165 396
8<% 35—

1697 169
v/ Example 4

Sketch the vector < —2,—2 > and < 4,—2 >. Explain using a sketch why a negative scalar projection of < —2,—2 > onto
< 4,—2 > makes sense.

First plot the two vectors and extend the "onto" vector. When the vector projection occurs, the vector < —2,2 > goes in the
opposite direction of the vector < 4,—2 >. This will create a vector projection going in the opposite direction of < 4,—2 >.

¥

-2

v/ Example 5

A father is pulling his daughter up a hill. The hill has a 20° incline. The daughter is on a sled that sits on the ground and has a
rope that the father pulls with a force of 100 Ib as he walks. The rope makes a 39° angle with the slope. What is the effective
force that the father exerts moving his daughter and the sled up the hill?

The box represents the girl and the sled. The blue arrow indicates the father's 100 Ib force. Notice that the question asks for
simply the amount of force which means scalar projection. since this is not dependent on the slope of this hill, we can rotate
our perspective and still get the same scalar projection.

.
//
i
£
//
V.
/// -
_—\ =
T A o
\ ./ \ P
\ L
/—__,\-/
" »

The components of the father's force vector is 100 < cos39°,sin39° > and the "onto" vector is any vector horizontally to the
right. since we are only looking for the length of the horizontal component and you already have the angle between the two
vectors, the scalar projection is:

100 - cos39° ~ 77.1lb

1. Sketch vectors < 2,4 >and < 2,1 >.
2. What is the vector projection of < 2,4 > onto < 2,1 >? Sketch the projection.
3. Sketch vectors < —2,1 > and < —1,3 >.

4. What is the vector projection of < —1,3 > onto < —2,1 >? Sketch the projection.
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5. Sketch vectors < 6,2 > and < 8,1 >.
6. What is the vector projection of < 6,2 > onto < 8,1 > ? Sketch the projection.
7. Sketch vectors < 1,7 > and < 6,3 >.
8. What is the vector projection of < 1,7 > onto < 6,3 >? Sketch the projection.

9. A box is on the side of a hill inclined at 30°. The weight of the box is 40 pounds. What is the magnitude of the force required
to keep the box from sliding down the hill?

10. Sarah is on a sled on the side of a hill inclined at 60°. The weight of Sarah and the sled is 125 pounds. What is the
magnitude of the force required for Sam to keep Sarah from sliding down the hill.

11. A1780 pound car is parked on a street that makes an angle of 15° with the horizontal. Find the magnitude of the force
required to keep the car from rolling down the hill.

12. A1900 pound car is parked on a street that makes an angle of 10° with the horizontal. Find the magnitude of the force
required to keep the car from rolling down the hill.

13. A30 pound force that makes an angle of 32° with an inclined plane is pulling a box up the plane. The inclined plane makes a
20° angle with the horizontal. What is the magnitude of the effective force pulling the box up the plane?

14. A22 pound force that makes an angle of 12° with an inclined plane is pulling a box up the plane. The inclined plane makes a
25° angle with the horizontal. What is the magnitude of the effective force pulling the box up the plane?

15. Anne pulls a wagon on a horizontal surface with a force of 50 pounds. The handle of the wagon makes an angle of 30° with
the ground. What is the magnitude of the effective force pulling the wagon?

This page titled 7.5: Vector Projection is shared under a CK-12 license and was authored, remixed, and/or curated by CK 12 via source content that

was edited to the style and standards of the LibreTexts platform.
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8.1 Systems of Two Equations and Two Unknowns

The cost of two cell phone plans can be written as a system of equations based on the number of minutes used and the base
monthly rate. As a consumer, it would be useful to know when the two plans cost the same and when is one plan cheaper.

Plan A costs $40 per month plus $0.10 for each minute of talk time.
Plan B costs $25 per month plus $0.50 for each minute of talk time.

Plan B has a lower starting cost, but since it costs more per minute, it may not be the right plan for someone who likes to spend a
lot of time on the phone. When do the two plans cost the same amount?

Solving Systems of Equations with Two Unknowns

There are many ways to solve a system that you have learned in the past including substitution and graphical intersection. Here you
will focus on solving using elimination because the knowledge and skills used will transfer directly into using matrices.

When solving a system, the first thing to do is to count the number of variables that are missing and the number of equations. The
number of variables needs to be the same or fewer than the number of equations. Two equations and two variables can be solved,
but one equation with two variables cannot.

Here's the procedure for solving a system using the elimination method:

o Step 1: Write both equations with two variables in standard form, Az + By = C. This form helps to align the variables.

o Step 2: Determine which variable you want to eliminate.

o Step 3: Scale each equation as necessary by multiplying through by constants.

o Step 4: Add the equations together. This should reduce both the number of equations and the number of variables leaving one
equation and one variable.

o Step 5: Solve and substitute to determine the value of the second variable.

Here is a system of two equations and two variables in standard form: 5z + 12y = 72 and 3z — 2y = 18. Notice that there is an =
column and a y column on the left hand side and a constant column on the right hand side when you rewrite the equations as
shown. Also notice that if you add the system as written no variable will be eliminated.

Equation 1: 5z + 12y = 72
Equation 2: 3z — 2y =18
Strategically choose to eliminate y by scaling the second equation by 6 so that the coefficient of y will match at 12 and -12.

bz + 12y = T2
18z — 12y = 108

Add the two equations:

23z = 180

_ 180
T= "3

The value for z could be substituted into either of the original equations and the result could be solved for y; however, since the
value is a fraction it will be easier to repeat the elimination process in order to solve for z. This time you will take the first two
equations and eliminate # by making the coefficients of z to be 15 and —15. Scale the first equation by a factor of 3 and scale the
second equation by a factor of —5.

Equation 1: 15z + 36y = 216
Equation 2 : —15z + 10y = —90
Adding the two equations:

0z + 46y = 126

126 63

Y="% = 23

The point (32, £) is where these two lines intersect.
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Examples

v/ Example 1

Earlier, you were asked about two phone plans.
Plan A costs $40 per month plus $0.10 for each minute of talk time.
Plan B costs $25 per month plus $0.50 for each minute of talk time.

If you want to find out when the two plans cost the same, you can represent each plan with an equation and solve the system of
equations. Let y represent cost and z represent number of minutes.

y=0.10z+ 40

y=0.50z+ 25

First you put these equations in standard form.
z — 10y = —400

z — 2y =—50

Then you scale the second equation by -1 and add the equations together and solve for y.

—8y = —350
y=43.75
To solve for z, you can scale the second equation by —5, add the equations together and solve for z.
—4z = —150
z=37.5

The equivalent costs of plan A and plan B will occur at 37.5 minutes of talk time with a cost of $43.75.

v/ Example 2

Solve the following system of equations:

6z —Ty=28
15z — 14y =21

Scaling the first equation by -2 will allow the g term to be eliminated when the equations are summed.

—12z + 14y = —16
15z — 14y = 21

The sum is:
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You can substitute z into the first equation to solve for y.

5
G-E—Ty—S
10—-Ty=38
—Ty=—2
2
V=7

The point (£, 2) is where these two lines intersect.

v/ Example 3

Solve the following system using elimination:

S5z —y=22

—2z +Ty=19

Start by scaling the first equation by 7 and notice that the y coefficient will immediately be eliminated when the equations are
summed.

35z — Ty =154

—2z+Ty=19

Start by scaling the first equation by 7 and notice that the y coefficient will immediately be eliminated when the equations are
summed.

35z — Ty =154

—2z+T7y=19

Add, solve for ¢ = 78 Instead of substituting, practice eliminating z by scaling the first equation by 2 and the second equation
by 5.

10z — 2y = 44

—10z + 35y = 95

Add, solve for y.

Final Answer: (12, 18

33 33
v/ Example 4

Solve the following system of equations:

5. 14011
Z Y

l+l=4
Ty

The strategy of elimination still applies. You can eliminate the % term if the second equation is scaled by a factor of -2

5-242-5 =11

Add the equations together and solve for z.
-3. i +0- l =3
T

—3.
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Substitute into the second equation and solve for y.

11
L =4
1
“14+==4
y
1
=5

y
!
V=3

The point (—1, $) is the point of intersection between these two curves.

v/ Example 5

Solve the following system using elimination:

-5 lo 3
x y
1 1

9. = +2.— =25
z y

To eliminate %, scale the first equation by 2 and the second equation by 5.
To eliminate L, scale the first equation by -9 and the second equation by 11

Final Answer: (—1,1)

Solve each system of equations using the elimination method.
l.z+y=—-4;—x+2y=13
2. %x— %y= %;—4z+2y=4

3.6z +15y=1;2z—y=19

4x—% =25r—2=10

5.9z —24y=-23; 1z yy=2

6.5z + By=108,y+ =10

7.2x — 3y = 50; 7z + 8y = —10

8.2z +3y=1;2y=—-3x+14

9.2z + %y= 3; %x—y= —5

10. 52 =9 — 2y;3y =2z — 3

11. How do you know if a system of equations has no solution?

12. If a system of equations has no solution, what does this imply about the relationship of the curves on the graph?

13. Give an example of a system of two equations with two unknowns with an infinite number of solutions. Explain how you
know the system has an infinite number of solutions.

14. Solve
2.1 18,14
z Y
8.i+9.l=5
z Yy
15. Solve
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14.

7.

This page titled 8.1 Systems of Two Equations and Two Unknowns is shared under a CI<-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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8.2 Systems of Three Equations and Three Unknowns

Later, you will learn about matrices and how to row reduce which will allow you to solve systems of equations in a new way. In
order to set you up so that using matrices is logical and helpful, it is important to first solve a few systems of three equations using
a very specific type of variable elimination.

When solving systems, what are you allowed to do to each equation?
Solving Systems of Equations with Three Unknowns

A system of three equations with three unknowns represents three planes in three dimensional space. When solving the system, you
are figuring out how the planes intersect. One way that three planes could intersect is in a point:

A system of equations that has at least one solution is called a consistent system.

It is also possible for two or more planes to be parallel or each pair of planes to intersect in a line. In either of these cases the three
planes do not intersect at a single point and the system is said to have no solution. A system of equations with no solutions is called
an inconsistent system. If the three planes intersect at a line or a plane, there are an infinite number of solutions.

The following system of equations has the solution (1,3,7) . You can verify this by substituting 1 for z, 3 for y, and 7 for z into each

equation.
z4+2y—z=0

Tzc—0y+2=14
0z+y+2=10

One thing to be mindful of when given a system of equations is whether or not the equations are linearly independent. Three
equations are linearly independent if each equation cannot be produced by a linear combination of the other two. Remember that a
linear combination means that one equation can be written as the sum of multiples of the others.

When solving a system of three equations and three variables, there are a few general guidelines that can be helpful:

o Start by trying to eliminate the first variable in the second row.

o Next eliminate the first and second variables in the third row. This will create zero coefficients in the lower right hand corner.

o Repeat this process for the upper right hand corner and you should end up with a very nice diagonal indicating what z,y and =
equal.

Take the system of equations mentioned above:

z+2y—z=0

Tex—0y+2=14

Ox+y+2=10

There are a number of ways to solve this system. Common techniques involve swapping rows,
dividing and multiplying a row by a constant and adding or subtracting a multiple of one row to
another.

Step 1: Swap rows 2 and 3 . Change -0 to +0.
r+2y—z=0
Oz +y+2=10
T+ 0y+2z=14
Step 2: Subtract 7 times row 1 from row 3, then replace row 3.
z+2y—2z2=0
Oz+y+2=10
0z —14y+82=14

Step 3: Add 14 times row 2 to row 3 and then replace row 3.
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r+2y—2z=0
Oz+y+2=10
Oz + Oy + 22z = 154

Step 4: Divide row 3 by 22 .

z+2y—2z=0
Oz +y+2=10
0z+0y+2="7

Step 5: Subtract row 3 from row 2 and then replace row 2.

z4+2y—2z=0
Oz+y+0z2=3
Oxz+0y+2="7

Step 6: Add row 3 to row 1 and then replace row 1.

z4+2y+0z="7
Oz+y+0z=3
Ox+0y+2=7

Step 7: Subtract 2 times row 2 from row 1 and then replace row 1

z+0y+0z=1
Or+y+0z=3
Oz +0y+2="7

The solution to the system is (1,3,7) exactly as stated earlier.

ve the Sustem of‘:q-\laticms licing Iiliminaiition

Examples

Earlier, you were asked what you are allowed to do when solving a system of three equations. When solving a system of three
equations with three unknowns, you are allowed to add and subtract rows, swap rows and scale rows. These three operations
should allow you to eliminate the coefficients of the variables in a systematic way.

Is the following system linearly independent or dependent? How do you know?

3x+2y+2=28
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z+y+z=3
Sz +4y+3z=14
6z + 6y+62=18

With four equations and three unknowns there must be at least one dependent equation. The simplest method of seeing linearly
dependence is to notice that one equation is just a multiple of the other. In this case the fourth equation is just six times the
second equation and so it is dependent.

Most people will not notice that the third equation is also dependent. It is common to start doing a problem and notice
somewhere along the way that all the variables in a row disappear. This means that the original equations were dependent. In
this case, the third equation is the first equation plus two times the second equation. This means they are dependent.

v/ Example 3

Reduce the following system to a system of two equations and two unknowns.

3x+2y+2=7
4z +0y+2=6
6z—y+0z=5
Strategically swapping rows so that the zero coefficients do not live on the diagonal is a clever starting move.

Step 1: Swap rows 2 and 3.

3z4+2y+2="T
6x—y+0z=5
4z +0y+2=6

Step 2: Scale row 3 by a factor of 3. Subtract 2 times row 1 from row 2 and replace row 2.

3z +2y+2="7
0z — 5y —2z=—9
122+ 0y+32=18

Step 3: Subtract 4 times row 1 from row 3 and replace row 3.
3T +2y+2="T

0z —5y—2z=—9

0z —8y—2z=-10

Step 4: Scale the second row by 8 and the third row by 5.

3z +2y+2="7
0z — 40y — 162 = —72
0z — 40y — 5z = —50

Step 5: Subtract row 2 from row 3 and replace row 3.

3z +2y+2="7
0z — 40y — 162 = —72
Oz 4+ 0y + 11z = 422

Step 6: Divide row 3 by 11.

3r+2y+2="7
0z — 40y — 162 = —72
0z +0y+2=2

Now that z = 2, rewrite the system so it becomes a system of two equations and two unknowns.

3z+2y+2=17

0z —40y —32 = -T2
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l Solving the second row shows that y = 1 which can be used to determine that z = 1.

v/ Example 4

When Kaitlyn went to the store with ten dollars she saw that she had some choices about what to buy. She could get one apple,
one onion and one basket of blueberries for 9 dollars. She could get two apples and two onions for 10 dollars. She could also
get two onions and one basket of blueberries for 10 dollars. Write and solve a system of equations with variables a,0 and b
representing each of the three things she can buy.

Here is the system of equations:

at+o+b=9
2a + 20 =10
20+b=10

Rewrite the system using z,y and z so that o and 0 do not get mixed up. Include coefficients of 0 so that each column represents
one variable.

Step 1: Rewrite

lz+1y+12=9

2z +2y+02=10

Oz 4+ 2y+ 1z =10

Step 2: Subtract 2 times row 1 from row 2 and replace row 2.
le+1y+12=9

Oz +0y—2z=-8

Oz +2y+12=10

Step 3: Divide row 2 by -2.

lx+1y+12=9
0z +0y+1z=4
0z +2y+2=10

At this point you can see from the second equation that z = 4. From the third equation, 2y + 4 =10, so y = 3. Finally you can
see from the first equation that z +3 +4 =9 so z = 2. Apples cost 2 dollars each, onions cost 3 dollars each and blueberries
cost 4 dollars each.

v/ Example 5

Show that the following system is dependent.
c+y+z2=9

T+ 2y+ 3z =22

2z + 3y + 4z = 31

You could notice that the third equation is simply the sum of the other two. What happens when you do not notice and try to
solve the system as if it were independent?

Step 1: Rewrite the system.
z+y+z=9

T+ 2y+32=22

2z + 3y + 4z = 31

Step 2: Subtract 2 times row 1 from row 3 and replace row 3.
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z+y+z=9
T+ 2y+3z2=22
Oz + 1y + 22 =13

Step 3: Subtract row 1 from row 2 and replace row 2 .

z+y+z=9
Oz + 1y + 2z =13
0z + 1ly+2z=13

At this point when you subtract row 2 from row 3, all the coefficients in row 3 disappear. This means that you will end up with
the following system of only two equations and three unknowns. Since the unknowns outnumber the equations, the system
does not have a solution of one point.

zt+y+z=9
Oz + 1y + 2z =13

1. An equation with three variables represents a plane in space. Describe all the ways that three planes could interact in space.
2. What does it mean for equations to be linearly dependent?
3. How can you tell that a system is linearly dependent?

4. If you have linearly independent equations with four unknowns, how many of these equations would you need in order to
get one solution?

5. Solve the following system of equations:

3z —4dy+z=-17

6r+y—3z=4

—zr—y+52=16

6. Show that the following system is dependent:

2z —2y+z2z=>5
6z +y—3z2=2
4z + 3y — 42 = -3

7. Solve the following system of equations:

4z +y+2=15
—2z+ 3y +4z=38
—x—y+32=16

8. Solve the following system of equations:

3z —2y+32==6
z+3y—3z2=-14
—z+y+52=22

9. Solve the following system of equations:
3z—y+2z=-10

6z —2y+22=—-20
—z—y+4z=12

10. Solve the following system of equations:

z—3y+6z=-30
4z +2y—32=18
—8zr —3y+2z=-22

11. Solve the following system of equations.
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z+2y+2z2+w=>
2c+y+22—0w=>5
3z +3y+ 32+ 2w=12
z+0y+z+w=1

A parabola goes through (3, —9.5), (6, —32), and (-4,8)

12. Write a system of equations that you could use to solve to find the equation of the parabola. Hint: Use the general equation
Az2+ Bz +C=y.

13. Solve the system of equations from #12.
A parabola goes through (-2, 3), (2, 19), and (1, 6).

14. Write a system of equations that you could use to solve to find the equation of the parabola. Hint: Use the general equation
Az + Br +C =y.

15. Solve the system of equations from #14.

This page titled 8.2 Systems of Three Equations and Three Unknowns is shared under a CK-12 license and was authored, remixed, and/or curated
by CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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8.3 Matrices to Represent Data

A matrix is a rectangular array of numbers representing data in a variety of forms. Computers work very heavily with matrices
because operations with matrices are efficient with memory. Matrices can represent statistical data with numbers, but also graphical
data with pictures.

How might you use a matrix to write the following image as something a computer could recognize and work with?

Introduction to Matrices

A matrix is a means of storing information effectively and efficiently. The rows and columns each mean something very specific
and the location of a number is just as important as its value. The following are all examples of matrices:

2 4
100 3 5
1 2 3 010 0 45 0
456’001’002—9
0 0 0 10

The entries in a matrix can be written out using brackets like [ ], but they can also be described individually using a set of 2
subscript indices ¢ and j that stand for the row number and the column number. Alternatively, the matrix can be named with just a
capital letter like A.
A=[ay)] = [ a1 a1 ]

az a2
Square matrices have the same number of rows as columns. The order of a matrix describes the number of rows and the number
of columns in the matrix. The following matrix is said to have order 2 x 3 because it has two rows and three columns. A 1 x 1
matrix is just a regular number.

1 2 3
4 5 6
A symmetric matrix is a special type of square matrix that has reflection symmetry across the main diagonal. The identity matrix

is an example of a symmetric matrix.

The identity matrix of order n x n has zeros everywhere except along the main diagonal where it has ones. Just like the number 1
has an important property with numbers, the identity matrix of any order has special properties as well.

1 00
[1],[10],010

01
0 01

When you turn the rows of a matrix into the columns of a new matrix, the two matrices are
transpositions of one another. The superscript T' stands for transpose. Sometimes using the

transpose of a matrix is more useful than using the matrix itself.

12 3
A=
[456]

1
AT = 2
3

S G
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A triangular matrix is not a matrix in the shape of a triangle. Rather, a lower triangular matrix is a square matrix where every
entry below the diagonal is zero. An upper triangular matrix is a square matrix where every entry above the diagonal is zero. The
following is a lower triangular matrix. When you work with solving matrices, look for triangular matrices because they are much
easier to solve.

2 3 4 5
0 45 0
0 0 2 -9
0 0 0 10

A diagonal matrix is both upper and lower triangular which means all the entries except those along the diagonal are zero. The
identity matrix is a special case of a diagonal matrix.

"Limenif-inm yf a4 Matrix
erntine thd dimention of bach nrittrix—
I e
[T ‘1'+I Dimensions: || x %
Bl " B
| Dimensions: qx [ ; :61&-5
{E1PS) WSSO e 1 A P
st H" g Il | [ 2
s = I 2 - 1
RS
Py 1}[mur{.~sir.rrl:i: i

Examples

v/ Example 1

Earlier, you were asked how you might use a matrix to write the following image as something a computer could recognize and
work with.

By writing every hollow square as a 0 and a blank square as a 1 a computer could read the picture:

When you use computers to manipulate images, the computer just manipulates the numbers. In this case, if you swap zeros and
ones, you get the negative image.

000000O0TCO0O [T T 1
00000O0GOCGOSO ] Il
00100100
00000O0GOCGOSO ] ]
00000O0GOSO
01000010
00111100
0 0000GOCGOO
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HEEEEEEN
11111111 ] ]
11111111 B N
11011011
11111111
11111111
10111101
11000011
11111111 B ]

Real photos and computer images have matrices that are much larger and include more numbers than just zero and one to
account for more colors.

v/ Example 2

Kate runs three bakeries and each bakery sells bagels and muffins. The rows represent the bakeries and the columns represent
bagels (left) and muffins (right) sold. Answer the following questions about Kate’s sales.

144 192
K=| 115 127
27 34

1. What does 127 represent?

a. 127 represents the number of muffins that Kate sold in her second location. You know this because it is in the muffin column
and the second row.

2. How many muffins did Kate sell in total?

a. The total muffins sold is equal to the sum of the right hand column. 192 + 127 + 34 = 353
3. How many bagels did Kate sell in her first location?

a. Kate sold 144 bagels at her first location.

4. Which location is doing poorly?

a. The third location is doing much worse than the other two locations.

v/ Example 3

Identify the order of the following matrices

25 235
562 562

A=[13 4 7], B= S o] 4 a3
18 454 33

1 14

Ais1x4,Bis2 x 3,C is 5 x 2. Note that4 x 1,3 x 2,2 x 5 are not the same orders and would be incorrect.

v/ Example 4

Write out the 5 x 4 matrix whose entries are a;; = %

3 4 5 6
2 9 3 1 3
5 3 7
32 3 3 5
5 7 8
4 3 2 ¢ 3

5 3 I 2 frac9s
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Create a 3 x 3 matrix for each of the following:
a. Diagonal Matrix
Possible answer:

4 00
030
0 0 5

b. Lower Triangular

Possible answer:

41 1
0 3 14
0 0 5

c. Symmetric

Possible answer

4 1 1
1 3 14
1 14 5

d. Identity:
Answer:

100
010
0 01

Note that while the identity matrix does technically work for all the parts of this problem, it does not highlight the differences
between each definition.

State the order of each of the following matrices:

(4 2 4 7
1‘A__5 2 1 o]
ro 1

.B=

2 _341]
[ 2 62
14 3

3.C=

© 3
| 1 11
[12 0 2
0 3 3

4.D =

D 4 01
[ 1 40

5.E=[1 11]

6. Give an example of a 1 x 1 matrix.
7. Give an example of a 3 x 2 matrix.
8. If a symmetric matrix is also lower triangular, what type of matrix is it?

9. Write out the 2 x 3 matrix whose entries are a;; =i — j.
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Morgan worked for three weeks during the summer earning money on Mondays, Tuesdays, Wednesdays, Thursdays, and
Fridays. The following matrix represents his earnings.

24 22 32
256 28 30
30 28 32
10 15 19
35 32 30

10. What do the rows and columns represent?

11. How much money did Morgan make in the first week?
12. How much money did Morgan make on Tuesdays?

13. What day of the week was most profitable?

14. What day of the week was least profitable?

15. Is the following a matrix? Explain.

dogs O
cats 3
sheep 0
ducks 4

This page titled 8.3 Matrices to Represent Data is shared under a CI<-12 license and was authored, remixed, and/or curated by CK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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8.4 Matrix Operations

Algebra refers to your ability to manipulate variables and unknowns based on rules and properties. Matrix algebra is extremely
similar to the algebra you already know for numbers with a few important differences. What are these differences?

Algebra with Matrices
Addition and Subtraction
Two matrices of the same order can be added by summing the entries in the corresponding positions.
[1 2 3]+[6 5 4]=[7 7 7]
4 5 6 3 21 T 7T

Two matrices of the same order can be subtracted by subtracting the entries in the corresponding positions.

098] [222] _[876
7 6 5 2 2 2| |5 4 3

‘Ine 3um o/ Two iatrices
ThE swin of two matrices can only be found if both
matrices have the same dimension.

To determine the sum, add corresponding elements.

The Difference of Two Matrices

The difference of two matrices can only be found if both
matrices have the same dimension.

To determine thié difference, subtract corresponding

Multiplication

You can find the product of matrix A and matrix B if the number of columns in matrix A matches the number of rows in matrix B.
Another way to remember this is when you write the orders of matrix A and matrix B next to each other they must be connected by
the same number. The resulting matrix has the number of rows from the first matrix and the number of columns from the second

matrix.
(2x3)-(3x5)=(2x5)

To compute the first entry of the resulting 2 x 5 matrix you should match the first row from the first matrix and the first column of
the second matrix. The arithmetic operation to combine these numbers is identical to taking the dot product between two vectors.

13 10
2 7 F 7
TRl ooz 2231
0 0 2

il

e The entry in the first row first column of the new matrix is computed as1-0+4-2+3-1 =11.

o - The entry in the second row first column of the new matrix is computed as5-0+6-249-1=21

o - The entry in the first row second column of the new matrix is computedas1-1+4-0+3-1=4

o - The entry in the second row second column of the new matrix is computedas5-1+6-0+9-1 =14

Continue this pattern and you will find that the solution to this multiplication is:

[1141297]

“lo 14 2 17 15
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Other Properties of Matrix Algebra

o Commutativity holds for matrix addition. This means that when matrices A and B can be added (when they have matching
orders), thent A+ B=B+ A

o Commutativity does not hold in general for matrix multiplication.

o Associativity holds for both multiplication and addition. (AB)C = A(BC),(A+ B)+C= A+ (B+C)

o Distribution over addition and subtraction holds. A(B+ C) = AB+ AC

Examples

Earlier, you were asked what the differences between matrix and regular algebra are. The main difference between matrix
algebra and regular algebra with numbers is that matrices do not have the commutative property for multiplication. There are
other complexities that matrices have, but many of them stem from the fact that for most matrices AB # BA.

v/ Example 2

Show the commutative property does not hold by demonstrating AB # BA

0 —1 8 15 1
A=|1 2 0|, B=|2 21
4 3 12 4 30
30 22 —1
AB=|5 9 3
58 62 7
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9 12 20
BA=|6 5 28
3 2 32

v/ Example 3

Compute the following matrix arithmetic: 10- (24 — 3C) - B.

1 2 01 2 12 0
A=[4 5]’B=[4 3 2]’C=[1 3]

When a matrix is multiplied by a scalar (such as with 24 ), multiply each entry in the matrix by the scalar.

2 4
2A =
[ 8 10 ]

so=| % ©
T -8 -9
24-3C = [ 34 4 ]

5 1
Since the associative property holds, you can either distribute the ten or multiply by matrix B next.
16 —22 —60

oa-sc) 5= 18 2 2]

10- (24 —3C)-B= [

v/ Example 4

Use your calculator to input and compute the following matrix operations.

160 —220 —600
40 80 120

54 65 12 163 212 466
A= 23 322 167 |, B=| 91 221 184
413 512 123 42 55 42

AT.B.A—100A

Most graphing calculators like the TI-84 can do operations on matrices. Find where you can enter matrices and enter the two
matrices.

[ [A] el
I54 63 12] ’153 212 4ss]

235 322 167
413 512 123 Lo e

Then type in the appropriate operation and see the result. The T1-84 has a built in Transpose button.

[AITIEI[R]1-1G@[p'
SE2891e2 747167
TIvEl47E 97231
29158484 375219

The actual numbers on this guided practice are less important than the knowledge that your calculator can perform all of the
matrix algebra demonstrated in this concept. It is useful to fully know the capabilities of the tools at your disposal, but it should

not replace knowing why the calculator does what it does.
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Matrix multiplication can be used as a transformation in the coordinate system. Consider the triangle with coordinates (0, 0) (1,
2) and (1, 0) the following matrix:

\left[\begin{array}{cc}

\cos 90/ {\circ} & \sin 90~ {\circ} \
-\sin 90 & \cos 90

\end{array }\right]

What does the new picture look like?
The matrix simplifies to become:
cos90° sin90° ] [ 0 1
—sin90 cos90 -1 0
When applied to each point as a transformation, a new point is produced. Note that [ £ y | is a matrix representing each
original point and [z’y’] is the new point. The z’ is read as “z prime" and is a common way to refer to a result after a

transformation.

(= v1-[ % o]=1e v

fool-[ % g]=lo o]

(v 2] ]2 1]

(ol [ g ]=t0 1)
I

-2 -1 1 2 3 4 5 :

-1

Notice how the matrix transformation rotates graphs in a counterclockwise direction 90°.

[ ] cos90° sin90° | [ _ ]
a: —sin90 cos90 [ o

The matrix transformation applied in the following order will rotate a graph clockwise 90°.

cos90° sin90° z| | vy
—sin90 cos90 yl | —=

https://k12.libretexts.org/@go/page/1023



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/1023?pdf

LibreTexts"

Do #1-#11 without your calculator.

S S P R R
1. Find AC. If not possible, explain.

2. Find BA. If not possible, explain.

3. Find CA. If not possible, explain.

4. Find 4BT. If not possible, explain.

5. Find A + C. If not possible, explain.

6. Find D — A. If not possible, explain.

7. Find 2(A + C — D). If not possible, explain.
8. Find (A + C)B. If not possible, explain.

9. Find B(A + C). If not possible, explain.

10. Show that A(C + D) = AC+ AD

11. Show that A(C — D) = AC — AD.

Practice using your calculator for #12-#15.

312 59 34 33 72 21 11 735 67
E=| 342 156 189 |,F=| 93 41 94 [ ,G=| 93 456 2
783 23 133 62 75 T2 94 34 0

12.Find E+ F + G
13. Find 2E

14. Find 4F

15. Find (E + F)G

This page titled 8.4 Matrix Operations is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.

https://k12.libretexts.org/@go/page/1023



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/1023?pdf
https://k12.libretexts.org/Bookshelves/Mathematics/Precalculus/08%3A_Systems_and_Matrices/8.04%3A_Section_4-
https://www.ck12info.org/curriculum-materials-license
https://www.ck12.org/
https://flexbooks.ck12.org/cbook/ck-12-precalculus-concepts-2.0

LibreTexts"

8.5 Row Operations and Row Echelon Forms

Applying row operations to reduce a matrix is a procedural skill that takes lots of writing, rewriting and careful arithmetic. The
payoff for being able to transform a matrix into a simplified form will become clear later. For now, what does the simplified form
mean for a matrix?

Heading Row Operations and Row Echelon Forms

There are only three operations that are permitted to act on matrices. They are the exact same operations that are permitted when
solving a system of equations.

Add a multiple of one row to another row.
Scale a row by multiplying through by a non-zero constant.
Swap two rows.

Using these three operations, your job is to simplify matrices into row echelon form. Row echelon form must meet three
requirements.

1. The leading coefficient of each row must be a one.
2. All entries in a column below a leading one must be zero.
3. All rows that just contain zeros are at the bottom of the matrix.

Here are some examples of matrices in row echelon form:

1235 6
1 14 12 3 0014 7
[0 1]’[014]’0001—2
0000 O

Reduced row echelon form also has one extra stipulation compared with row echelon form.
4. Every leading coefficient of 1 must be the only non-zero element in that column.

Here are some examples of matrices in reduced row echelon form:

1200 6
107103 0010 7
[01]’[014]’0001—2

0000 0

Putting a matrix into reduced row echelon form is a result of performing Gauss-Jordan elimination. The process illustrated in this
concept is named after those two mathematicians.

To put the a matrix into reduced row echelon form, use the row operations to change the matrix. Take the following matrix:
3 7
2 5

In each step of reducing the matrix, only one of the three row operations will be used. Specific shorthand will be introduced.
3 7
2 5

3Ry — 3 7
2 6 15

3 7
—2R; + R.
1+ 2—)[0 1]

01

1 0
%R—)[ ]

—7R2+R1—)[3 0]

01
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Note that the 3R, indicates that the second row of the matrix is scaled by a factor of 3. The —2R; + R, before the third matrix
indicates that the second row has two times the first row subtracted from it.

Row reducing a 2 x 2 matrix to become the identity matrix illustrates the fact that the rows of the original matrix are linearly
independent.

Examples

v/ Example 1

Earlier, you were asked what it means for a matrix to be simplified. There are two forms of a matrix that are most simplified.
The most important is reduced row echelon form that follows the four stipulations from the guidance section. An example of a
matrix in reduced row echelon form is:

1 00 2 43

010 2 3
0 01 98 5

v/ Example 2

Put the following matrix into reduced row echelon form.

N W o N

Ri-—3+Rs—

S W
N

R3+4 —

- - O O N

o o N
S W

Ry +2,Ro+3 —

S © =
S = N
o= ©

1 0
Ry-—3+Ry— | 0 0
0 1

S PO o h W

1 0
Rs-—24+R;— | 0 0
0 1

Note that two operations were used in the fourth row to produce the fourth matrix. This is acceptable when the operations do
not interfere or interact with each other.

Again, row reducing a 3 x 3 matrix to become the identity matrix is just an exercise that illustrates the fact that the rows were
linearly independent.

v/ Example 3

Reduce the following matrix to reduced row echelon form.

0 4 5
2 6 8
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Switch Rows — [

2 6 8
0 45

1
Ri+2—
1 [0

1
0

= oW oA w
'
| IS

Rz%—)[

Ry-—3+ R) —

v/ Example 4

Reduce the following matrix to row echelon form.

INTE N
[

'3 6
2 4
_5 17_
'3 g
2 4
| 5 17 |
1 2
Ry +3,Re+2— 1 2
5 17
[1 2
Ri-—14+Ry;—» (0 O
_5 17
[ 1
Ri-—54+R3— | 0
0

1
0
0

(=20 BN V)

2
0
7
Switch R, and R; — [

R2+7—)

oS O =

2

1

0
1
Ry;-—2+4+ R; — 0
0

v/ Example 5

Reduce the following matrix to reduced row echelon form.
3 4 10
5 -1 0 1

3 4 10
5 -1 01

o = O

15 20 5 0
R,-5
L _’[5—101]
R..3 |15 20 50
2 15 -3 0 3
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5 20 5 0
R2_R1_’[ 0 —23 —5 —3]

1 4 Lo
R1 =15 — 3 3
0 —23 -5 3

Ry +—23 — [

- 0o
§|m ol
o <
[ I

1
0
10 L% &
4 23 23
Rg-—§+R1—)|:0 1 5 _i:|
Notice how fractions were avoided until the final step. Adding and subtracting large numbers in a matrix is easier to handle
than adding and subtracting small numbers because then you don’t need to find a common denominator.
? Review
1. Give an example of a matrix in row echelon form.
2. Give an example of a matrix in reduced row echelon form.
3. What are the three row operations you are allowed to perform when reducing a matrix?

4. If a square matrix reduces to the identity matrix, what does that mean about the rows of the original matrix?

Use the following matrix for 5§ — 6

-3 —4 12
A= 4 4 12
-1 -12 -35

5. Reduce matrix A to row echelon form.

6. Reduce matrix A to reduced row echelon form. Are the rows of matrix A linearly independent?

Use the following matrix for 7 — 8.

3 —4 8
B=]9 0 1
0 1 -2

7. Reduce matrix B to row echelon form.
8. Reduce matrix B to reduced row echelon form. Are the rows of matrix B linearly independent?

Use the following matrix for 9 — 10.

0 0 -1 -1
C=(3 6 -3 1
6 12 -7 0

9. Reduce matrix C to row echelon form.
10. Reduce matrix C to reduced row echelon form. Are the rows of matrix C linearly independent?

Use the following matrix for 11 — 12.

11
D=3 4
2 3

11. Reduce matrix D to row echelon form.
12. Reduce matrix D to reduced row echelon form. Are the rows of matrix D linearly independent?

Use the following matrix for 13 — 14
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-5 —6 -—12
E=| -1 -1 -2
2 2 4

13. Reduce matrix E to row echelon form.
14. Reduce matrix E to reduced row echelon form. Are the rows of matrix £ linearly independent?

Use the following matrix for 15 — 16.

-23 6 3
F=| 2 -1 o0
-8 2 1

15. Reduce matrix F to row echelon form.

16. Reduce matrix F to reduced row echelon form. Are the rows of matrix F linearly independent?

This page titled 8.5 Row Operations and Row Echelon Forms is shared under a CIK-12 license and was authored, remixed, and/or curated by
CK12 via source content that was edited to the style and standards of the LibreTexts platform.
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8.6 Augmented Matrices

The reason why the rules for row reducing matrices are the same as the rules for eliminating coefficients when solving a system of
equations is because you are essentially doing the same thing in each case. When you write and rewrite the equation every time you
end up writing down lots of extra information. Matrices take care of this information by embedding it in the location of each entry.
How would you use matrices to write the following system of equations?

Sx+y=26
z+y=10
HEADING Solving Systems of Equations with Augmented Matrices

In order to represent a system as a matrix equation, first write all the equations in standard form so that the coefficients of the
variables line up in columns. Then copy down just the coefficients in a coefficient matrix array. Next copy the variables in a
variable matrix and the constants into a constant matrix.

z+y+z2=9
z+2y+ 3z =22

2z +3y+42=31

(1 1 1] x 9
1 2 3 (- [y|[=]2
|2 3 4] z 31

The reason why this works is because of the way matrix multiplication is defined.

(1 1 17 z [ 1z +1y+ 12 9
1 2 3 |-|yl|=|1le+2y+32z | =| 22
|2 3 4 | z | 22+3y+42 31

Notice how putting brackets around the two matrices on the right does very little to hide the fact that this is just a regular system of
3 equations and 3 variables.

Once you have your system represented as a matrix you can solve it using an augmented matrix. An augmented matrix is two
matrices that are joined together and operated on as if they were a single matrix. In the case of solving a system, you need to
augment the coefficient matrix and the constant matrix. The vertical line indicates the separation between the coefficient matrix and
the constant matrix.

(1 1 1] 9
1 2 3|22
|2 3 431 |
To solve, reduce the matrix to reduced row echelon form.
(1 1 1] 9 ]
1 2 3|22
|2 3 431 |
[1 1 1|9 ]
Ri-—1+R;,— |0 1 2|13
[ 2 3 4|31 |
[1 1 1|9 ]
Ry-—24+R3— | 0 1 2|13
[0 1 2|13 |
[1 1 1|9
Ry-—14+R3— | 0 1 2|13
[0 0 0|0 |

Because the last row is all 0's, this system is dependent. Therefore, there are an infinite number of solutions.
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\ze the system of equations as an augmented matrix.
[hign salve thiz system by putting the matrix in row

achelon form , % a2 -3 |
Ak, [s a7
1

2x—3y=18

Sx+2y=7 -lo IS | =70
¥ A’,rf.[m g :

-4k, [0

Examples

v/ Example 1

Earlier, you were asked how to write a system of equations as a matrix equation. If you were to write the system as a matrix
equation, you could write:

5c+y=26
z+y=10

HIIHEH

Solve the following system using an augmented matrix.

T+y+z=6
r—y—z=—4
z+2y+32=14

1 1 1 6
1 -1 —-1|—-4
1 2 3|14

1 1 1] 6
Ri-—1+R,—» | 0 —2 —2|—10
|1 2 3| 8 |
1 1 1 6
Ri-—1+R3— | 0 —2 —2|-10
[0 1 2| 8 |
1 0 -1]| -2
R;-—1+R;—» | 0 —2 —2|-10
|0 1 2| 8 |
1 0 —1]|-2
R3-3+Ry— | 0 1 4 |14
01 21|38
1 0 —-1]|-2
Ry-—14+R3— |0 1 4 |14
0 0 —2(—6
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1 0 —1]|—2
R3+—2— |01 4|14
00 13
(1 0 0] 1
Rs3+Ri— | 0 1 4|14
|0 0 1|3
1 0 0]1
Rs-—4+Ry— | 0 1 0]2
00 1|3

Every matrix can be interpreted as its own linear system. The final augmented matrix can be interpreted as:
lx+0y+0z=1
Oz 4+ 1y+4 0z =2
Oz +0y+12=3

Which means z =1,y =2,z = 3.

v/ Example 3

Solve the following system using augmented Matrices.
wH+z+z=11

w+z=9

c+y="7

y+2z2=5

While substitution would work in this problem, the idea is to demonstrate how augmented matrices will work even with larger

matrices.
110 1|11
1100|09
01107
0011]|5
110 1|11
01107
Switch and
wi Ry, R3, Ry — 001 1ls
1100|09
110 1|1
R 1+R_}o110 7
t 4 001 1|5
000 —1|-2
110 1|11
01 10|7
Bo=1=1 0 01 15
000 12
[1 1 0 0]9]
0110]|7
.—1
Bo—l+Bi=\ g 5 1 105
| 000 1|2 |
110 0]9]
0110]|7
Ry-—1+4+ R3 — 00 1o0ls
| 000 1|2 |
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1 1 0 0]9]
010 04

R3y-—1+R

sl 2 g 001 03
[ 000 1|2 |
(1.0 0 0|5
01004

R,-—1+R

it = g 01 03
000 1|2 |

Thus,w =5,z =4,y=3,2=2

v/ Example 4

Use an augmented matrix to solve the following system.
3r+y=-15
r+2y=15

The row reduction steps are not shown, only the initial and final augmented matrices.
3 1|15 N 1 0|9
1 2] 15 0 1] 12

v/ Example 5

Use an augmented matrix to solve the following system.

—a+b—c=0
2a—2b—3¢c=125
3a—4b+3c=2

The row reduction steps are not shown, only the initial and final augmented matrices.

-1 1 -1]o0 100]|3

2 2 3|25 5|01 0|2

3 —4 3 2 0 0 1(|-5
? Review

Solve the following systems of equations using augmented matrices. If one solution does not exist, explain why not.

4z —2y =-20

1
r—3y =-15 ()
3z + 5y =33
2
—z —2y =—13 @)
r+4y=11
3
3z + 12y =33 3)
=3z +y=—T7
- - 4)
z+4y=>5
3z+y =6
5
—6z—2y =10 ®)
2c —y+ =2 =4
dz+Ty—z =38 (6)

—r+3y+2z =23
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de+y—2z =-16
—3z+4y+z =18
z+y—3z =-17

3x+2y—3z2 =7
—xr+5y+2z =29
z+2y+2z =15

2z +y—2z =1
—4z —2y+4z =-8
3z+y—=z =5
—x+3y+z=11
3z +y+22=27
br—y—2=5

3z +2y+4z =21
—2z4+3y+z =-11
rz+2y—3z =-3

—x+2y—62=4
8z +5y+32=—8
2z —4y+12z2=5

3z+5y+82 =37
—br+3y+2z =42
r+3y—2z =95

4r+y—6z =-38
22+ Ty+82z =108
—3z+2y—32z =-15
6z +3y—2z =-22

—A4r —2y+4z =28

3z + 3y + 2z =7

(M

@)

9

(10)

(11)

(12)

(13)

(14)

(15)

This page titled 8.6 Augmented Matrices is shared under a CK-12 license and was authored, remixed, and/or curated by CIK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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8.10 Partial Fractions

When given a rational expression like 4= it is very helpful in calculus to be able to write it as the sum of two simpler fractions

like & + ﬁ The challenging part is trying to get from the initial rational expression to the simpler fractions.

You may know how to add fractions and go from two or more separate fractions to a single fraction, but how do you go the other
way around?

HEADING Partial Fraction Decomposition

Partial fraction decomposition is a procedure that reverses adding fractions with unlike denominators. The most challenging part
is coming up with the denominators of each individual partial fraction. See if you can spot the pattern.

6z—1 __ _ A B, C _ DitE
ey — s Tt oa T T

In this example each individual factor of the denominator must be represented. Linear factors that are raised to a power greater than
one must have each successive power included as a separate denominator. Quadratic terms that do not factor to be linear terms are

included with a numerator that is a linear function of z. Take a look at the examples to see partial fraction decomposition put into
practice.

Examples

v/ Example 1

Earlier, you were asked how to go from one fraction to multiple simpler fractions. To decompose the rational expression into
the sum of two simpler fractions you need to use partial fraction decomposition.

4c-9 A _ B
22—3z =  x—3
4z—9=A(z—3)+ Bz

4z —9= Az —3A+ Bz

Notice that the constant term -9 must be equal to the constant term —3A and that the terms with z must be equal as well.

—9=-34
4=A+B

Solving this system yields:
A=3 B=1

Therefore,

40-9 _ 3 1
z2-3z ~ + z—3

v/ Example 2

Use partial fractions to decompose the following rational expression.

Tz +2+6
2343z

First factor the denominator and identify the denominators of the partial fractions.

Tr’+a+6 _ A Bz+C

z(x2+3) z z2+3

When the fractions are eliminated by multiplying through by the LCD the equation becomes:

722 + 2+ 6= A (22 + 3) + z(Bz + C)

7z? 4+ £+ 6= Az? + 344+ Bz 4+ Cr

Notice the squared term, linear term and constant term form a system of three equations with three variables

A+B=T7

C=1
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3A=6

In this case it is easy to see that A =2, B = 5,C = 1. Often, the resulting system of equations is more complex and would
benefit from your knowledge of solving systems using matrices.

Ta*+z46 _ 2 4 Szl
z(x2+3) z z2+3

v/ Example 3

Decompose the following rational expression.

5zt 328 s +4a-1
(z—1)322

First identify the denominators of the partial fractions.

5233 —a’4dz—1 _ _A B o] D, E
(z—1)322 - z-1 + (z—1)2 + (z—1)3 + z + 2

When the entire fraction is multiplied through by (z — 1)3z? the equation results to.
524 —3x3 —z? 4z —1

= A(z — 1)%2? + B(z — 1)22 + C2? + D(z — 1)z + E(z — 1)3

Multiplication of each term can be done separately to be extra careful.

Az* — 2Ax3 4+ Ax?

Bz — Bx?

Cz?

Dz* — 3Dz® + 3Da? — Dz

Ez® —3Ex? +3Ex—E

Group terms with the same power of z and set equal to the corresponding term.

5z* = Az* 4+ Dax*
—32% = —2Az® + Bx® —3D3 4 Ex®
—x? = Az? — Bz? + Cz? + 3Dz?® — 3Ex?
4z = —Dz + 3Ex
—1=—E
From these 5 equations, every z can be divided out. Assume that z # 0 because if it were, then the original expression would be
undefined.
5=A+D
—-3=—2A+B—-3D+FE
—-1=A-B+C+3D-3E
4=—-D+3E
—1=F
This is a system of equations of five variables and 5 equations. Some of the equations can be solved using logic and
substitution like E = —1, D = —7, A = 12. You can use any method involving determinants or matrices. In this case it is easiest
to substitute known values into equations with one unknown value to get more known values and repeat.

B=1
Cc=6

5zt —3x% — 224+ 4z —1 _ 12 1 6 -7 -1

@ —1)%? S it et T T2

v/ Example 4

Decompose the following rational expression.

524323224 4a—1
(z—1)322
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First identify the denominators of the partial fractions.
Sat—3zd—g?ide—1 _ _A B @ D, E

e Tt e tey te e
When the entire fraction is multiplied through by (z — 1)3z?2 the equation results to.
50f — 3283 —z24+4x—1
= A(z — 1)%z% + B(z — 1)z% + Cz?2 + D(z — 1)z + E(z — 1)3
Multiplication of each term can be done separately to be extra careful.
Azt — 2Ax3 + Ax?
Bz® — Bz?
Cx?
Dz* — 3Dz3 + 3Dz? — Dz
Ex® —3Ex? +3Ex— E
Group terms with the same power of z and set equal to the corresponding term.

5z* = Az* + Dz*
—3z3 = —245% + Bx® — 3D® + Ex®

—x? = Az? — Bz? + Cz? + 3Dz?® — 3Ex?

4z = —Dz + 3Ex
—1=-E

From these 5 equations, every z can be divided out. Assume that = # 0 because if it were, then the original expression would be
undefined.

5=A+D
—3=—2A+B-3D+E
—-1=A—B+C+3D—-3E

4=—-D+3E
—1=E
This is a system of equations of five variables and 5 equations. Some of the equations can be solved using logic and
substitution like E = —1, D = —7, A = 12, You can use any method involving determinants or matrices. In this case it is easiest
to substitute known values into equations with one unknown value to get more known values and repeat.

B=1
Cc=6

5zt — 323 —x24+4x—1 12 1 6 -7 -1

@—1)%? “e it e T e T T2

v/ Example 5

Use matrices to help you decompose the following rational expression. Confirm the solution by adding the partial fractions.

\(begin{aligned} \frac{5 x-2}{(2 x-1)(3 x+4)} &=\frac{A}(2 x-1}+\frac{B}{3 x+4} \ 5 x-2 &=A(3 x*+4)+B(2 x-1) \ 5 x-2
&=3 A x+4 A+2 B x-B\ 5 &=3 A+2 B \-2 &=4 A-B \end{aligned}\)

3 2|5 - 4 > [12 8 |20 - 12 8 | 20 — 11 — [132 88 | 220
4 —1|-2 -+ 3 - |12 —-3|-6 -I - [0 —11|-26 - 8 —- | 0 —838|—208
=1 -
B2 0| 12 - =132 — [1 0|
0 —88 | —208 - +—88 — 01 %

=1l pgp=_2
A=q,B=—1

2
S5—2 — _1r + 1L
(22—1)(3z+4) 2z—1 3x+4
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To confirm, add the fractions.
5z —2 _ i N &
2z—1)(3z+4) 2z—1 3z+4
1 26
5z —2= H(3w+4) + H(Z’c—l)

55z —22 =3z +4+26(2z — 1)
55z — 22 = 3z + 4 + 52z — 26
55z — 22 = 55z — 22

Decompose the following rational expressions. Practice using matrices with at least one of the problems.

3z—4
(z—1)(z+4)
2z+1
© z2(z-3)

z+1
* x(z—5)

2 +3z+1
* z(z—3)(z+6)

1.

2

3

4

5. 3224221
6

7

8

9

2%(z+2)
241
© z(z—1)(z+1)
4229
T z2(z—4)
2z—4
© (z+7)(z-3)

3x—4
T x?(x2+1)
2x+5
10. (z—3:)c(z9+4)

3224225
R T
12. Confirm your answer to #1 by adding the partial fractions.
13. Confirm your answer to #3 by adding the partial fractions.
14. Confirm your answer to #6 by adding the partial fractions.

15. Confirm your answer to #9 by adding the partial fractions.

8.10 Partial Fractions is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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8.7 Determinant of Matrices

A determinant is a number computed from the entries in a square matrix. It has many properties and interpretations that you will
explore in linear algebra. This concept is focused on the procedure of calculating determinants. Once you know how to calculate
the determinant of a 2 x 2 matrix, then you will be able to calculate the determinant of a 3 x 8 matrix. Once you know how to
calculate the determinant of a 3 x 3 matrix you can calculate the determinant of a 4 x 4 and so on.

A logical question about determinants is where does the procedure come from? Why are determinants defined in the way that they
are?

The Determinant

The determinant of a matrix A is written as |A|. For a 2 x 2 matrix A, the value is calculated as:

a b
a=[: 2]
a b
det A= |A| = d‘=ad—bc
If you substitute numbers for the letters and try to calculate det A for A = [ :: § ], you get:
3 2
‘ 15 ‘—3-5—2-1—15—2—13

Notice how the diagonals are multiplied and then subtracted.

The determinant of a 3 x 3 matrix is more involved.

a b ¢
B=|d e f
g h 1

Usually you will start by looking at the top row, although any row or column will work. Then use the checkerboard pattern for
signs (shown below) and create smaller 2 x 2 matrices.

+ - +
— + i
+ - +
The smaller 2 x 2 matrices are the entries that remain when the row and column of the coefficient you are working with are
ignored.
dtB=[Bl=+a.| ¢ F | p.| % Flic. | @
h i g 1 g h

Next take the determinant of the smaller 2 x 2 matrices and you get a long string of computations.
= +a(ei — fh) — b(di — fg) + c(dh — eg)

=aei—afh —bdi+ bfg+ cdh — ceg

=aei+bfg+ cdh —ceg — afh — bdi

Most people do not remember this sequence. A French mathematician named Sarrus demonstrated a great device to memorize the
computation of the determinant for 3 x 3 matrices. The first step is simply to copy the first two columns to the right of the matrix.
Then draw three diagonal lines going down and to the right.

a b
B=|d e
g h

Sl o
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Notice that they correspond exactly to the three positive terms of the determinant demonstrated above. Next draw three diagonals
going up and to the right. These diagonals correspond exactly to the three negative terms.

det B = aei + bfg + cdh — ceg— afh — bdi

Sarrus's Rule does not work for the determinants of matrices that are not of order 3 x 3.

iviethcd #2 1s the methoo of coractors

-2 2 -3
A=|-1 1 3
Z 0 -1

Examples

v/ Example 1

Earlier, you were asked where the procedure for finding the determinants came from. Determinants for 2 x 2 matrices are
defined the way they are because of the general solution to a system of 2 variables and 2 equations.

az+by=e
cx+dy=f
To eliminate the g, scale the first equation by ¢ and the second equation by a.

acx + bey = ec
acx + ady = af
Subtract the second equation from the first and solve for y.
ady —bey=af —ec
ylad—bec) = af —ec
af —ec

Y= 2d—be

When you solve for ¢ you also get ad — bc in the denominator of the general solution. This pattern led people to start using this

strategy in solving systems of equations. The determinant is defined in this way so it will always be the denominator of the
general solution of either variable.

v/ Example 2

Find the determinant of the following matrix.

—4 12
0=[1 —3]
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—4 12
|detC=‘ 1 _3‘=12—12=0
v/ Example 3
3 21
FinddetBforB=| 5 0 2
2 15

15 2 5 2 1

N Ot W

2 1 0 2 5 2 50
il 2l 2
15

=30-5-2-1)—2(5-5—2-2)+1(5-1—2-0)

= —6—42+5=—43

v/ Example 4

Find the determinant of B from example B using Sarrus's Rule.

3 21 3 2
5 0 2 5 0
215 21

detB=0+8+4+5—-0—6—-50=—43

As you can see, Sarrus’s Rule is efficient and much of the calculations can be done mentally. Additionally, zero values make
much of the multiplication easier.

v/ Example 5

Find the determinant of the following 4 x 4 matrix by carefully choosing the row or column to work with.

4 5 0 2
-1 -3 0 3
FE =
4 8 1 5
-3 2 0 9

Notice that the third column is made up with zeros and a one. Choose this column to make up the coefficients because then
instead of having to evaluate the determinant of four individual

3 x 3 matrices, you only need to do one.

4 5 0 2

1 -3 0 3 -1 -3 3 4 5 2 4 5 2 4 5 2
4815=0-485—0-485+1—1—33—0—1—33
3 9 0 9 -3 2 9 -3 2 9 -3 2 9 4 8 5
4 5 2
=(-1 -3 3
-3 2 9

=4.(—=3)-945-3-(=3) +2-(—1) - 2— 18 — 24 — (—45)
=—154

Find the determinants of each of the following matrices.

L[5 3]
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[—3 6
2.
5]
[—1 2
3] 5 0]
4. 10
[0 1]
(6 5
5
| 2 —2]
6. 1 2
6 3 |
[-1 3 —4
7 4 2 1
| 1 2
[4 5
8.19 0 1
|0 3 -2
[0 7 -1
9.12 -3 1
|6 8 ©
[4 2 -3
10. [ 2 4 5
1 8 0
[ —2 —6 —12
1. -1 -5 -2
| 2 3 4
[ —2 6 3
12. 2 4 0
| -8 2 1
[2 6 4 6]
13. 0 101
2 4 20
| -6 2 3 1|
[ 5 0 0 1]
14. 2 1 8 3
9 3 2 6
| -4 2 5 1|
15. Can you find the determinant for any matrix? Explain.
. . . 4 . .
16. The following matrix has a determinant of zero: [ g ; ] . If the determinant of a matrix is zero, what does that say about
the rows of the matrix?

8.7 Determinant of Matrices is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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8.8 Cramer's Rule

A system of equations can be represented and solved in general using matrices and determinants. This method can be significantly
more efficient than eliminating variables in equations. What does it mean for a solution method to be more efficient? Is Cramer’s
Rule the most efficient means of solving a system of equations?

Using Cramer's Rule

The determinant is defined in a seemingly arbitrary way, however, when you look at the general solution for a 2 x 2 matrix, the
reasoning why it is defined this way is apparent

ax+by=e
cc+dy=7f

When you solve the system above for y and z, you get the following:

__ af—ce
Y= 2dbe
_ bf—de
T = adbe

Note that the system can be represented by the matrix and the solutions can be written as ratios of two determinants. The
determinant in the denominator is of the coefficient matrix. Cramer's Rule states that for two equations, the numerator of the z
solution is the determinant of the new matrix whose columns are made up of the y coefficients and the solution coefficients. The
numerator of the y solution is the determinant of the new matrix made up of the = coefficients and the solution coefficients.

2 2ll5]-17]

0O 8lw o

U O

e
f
b

<
Il
o a|lo e

d

This is a fantastic improvement over solving systems using substitution or elimination. Cramer’s Rule also works with larger order
matrices. For a system of 3 variables and 3 equations the reasoning is identical.

az+by+ecz=3j
de+ey+ fz=k
gz +hy+iz=1

The system can be represented as a matrix.

a b ¢ T j
de fl-lyl|l=]EFk
g h i z l

The three solutions can be represented as a ratio of determinants.

J
k

[

.

SH

Q S
>0 o> 0
Sl o
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a j c
d k f
gl i
yzabc
d e f
g h i
a b j
d e k
g h 1l
zzabc
d e f
g h i

Remember that evaluating the determinants of 3 x 3 matrices using Sarrus's rule is very efficient.

Examples

v/ Example 1

Earlier, you were asked about efficient solutions. You have seen that using traditional row reduction to solve a system of
equations can take a while and use up a lot of paper. Efficiency partly means requiring less time and space. If this was all that
efficiency meant then it would not make sense to solve systems of two equations with two unknowns using matrices because
the solution could be found more quickly using substitution. However, the other part of efficiency is minimizing the number of
decisions that have to be made. A computer is very good at adding, subtracting and multiplying numbers, but not very good at
deciding whether eliminating z or eliminating y would be better. This is why a definite algorithm using matrices and Cramer's
Rule is more efficient.

v/ Example 2

Represent the following system of equations as a matrix equation and solve using Cramer's Rule.

y—13=—-3z
=19 —4y

First write each equation in standard form.
3r+y=13
z+4y=19

Then write as a coefficient matrix times a variable matrix equal to a solution matrix.

e )=
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a b‘ ‘13 1‘
o= f d _ 19 4 — 134-191 _ 33 _ g
2 b 3 1 34—1-1 11
c d 1 4
3 13‘
1 19
_ 319-13 _ 4
Sl I e A
1 4

v/ Example 3

What is y equal to in the following system?

r+2y—z=0
Te—0y+2z2=14
O0r+y+2=10

If you attempted to solve this using elimination, it would take over a page of writing and rewriting to solve. Cramer’s Rule
speeds up the solving process.

1 2 -1 T 0
70 1 |-|y|=]14
01 1 z 10
a j 1 0 -1
d k f 7 14 1
_ 19 K _ 0 10 1 | 4401 (10)-0-10-0 _ =86 _g
Y=Ta b ¢~ T1 2 -1 - oos(noi1d -2~
d e f 70 1
g h i 01 1

v/ Example 4

Solve the following system using Cramer’s Rule.

5z + 12y = T2
18z — 12y = 108
72 12 ‘
_ 108 —12 __ 712-(=12)-12108 _ 2160 __ 180
BE 5 12 = T5(-12)-1218 — —216 _ 23
‘ 18 —12 ‘
5 72 ‘
_ 18 108 | 4108 7318 _ —756 _ 63
y= 5 12 | 26 216 — 2
‘ 18 —12 ‘

v/ Example 5

What is the value of z in the following system?
Jz+2y+2="7
4z 4+ 0y+2=6

6r—y+0z=35
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3 2 7
4 0 6
Y 6 —1 5| _ 0+266+74(-1)-0~(-1)63-542
3 2 1 0+2-1-6+1-4-(—1)—0—(—1)-1-3—0
4 0 1
6 —1 0
_2
i1
=2
? Review
Solve the following systems of equations using Cramer's Rule. If one solution does not exist, explain.
4z —2y =-20 6
r—3y =-15
3z + 5y =33
—z—2y=-13 2)
r+4y=11
3
3z + 12y =33 )
=3z +y=-—T7 @
—x+4y=>5
3z+y =6
—6z—2y =10 ®)
UseCramer’ sRuletosolvefor\ (z\ )inthe followingsystem :
2z —y+z =4
dz+Ty—z =38 ©)
—x 43y + 22 =23
UseCramer’ sRuletosolvefor\ (y\)inthe followingsystem :
dr+y—z2 =—16 @)
-3z +4y+=z =18
z+y—3z =-17
UseCramer’ sRuletosolvefor\ (2\)inthefollowingsystem :
3z + 2y — 32 =7 ®)
—x 4+ 5y + 22 =29
T+2y+ =2 =15
UseCramer’ sRuletosolvefor\(z\ )inthefollowingsystem :
2z +y—2z =-5
—4x —2y+ 32 =2 ©)
3c+y—=z =3
UseCramer’ sRuletosolve for\ (y\)inthe followingsystem :
—z+3y+z =11 (10)
3z+y+2z =27
Sz —y—=z =5
UseCramer’ sRuletosolve for\ (z\)inthe followingsystem :
3z +2y+ 4z =21 (11)
—2x+3y+ 2 =-11
z+2y—3z =-3
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Solve the following systems of equations using Cramer’s Rule. Practice using your calculator to help with at least one problem.
If one solution does not exist, explain.

—x+2y—62z =4
8z +5y+3z =-8 (12)
2z —4y+12z =5

3z+5y+82 =37
—6z+3y+2 =42 (13)
z+3y—2z =5

4z +y—62z =-38
22+ Ty+82z =108 (14)
—3r+2y—3z =-15
6z +3y—2z =-22
—4r—2y+4z =28 (15)
3z + 3y + 2z =7

When using Cramer’s Rule to solve a system of equations you will occasionally find that
the determinant of the coefficient matrix is zero. When this happens, how can you tell (16)
whether your system has no solution or infinite solutions

8.8 Cramer's Rule is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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8.9 Inverse Matrices

Two numbers are multiplicative inverses if their product is 1. Every number besides the number 0 has a multiplicative inverse. For
matrices, two matrices are inverses of each other if they multiply to be the identity matrix.

What kinds of matrices do not have inverses?

Inverses of Matrices

Multiplicative inverses are two numbers or matrices whose product is one or the identity matrix. Consider a matrix A that has
inverse A~1. How do you find matrix A~ if you just have matrix A ?

A=\left[\begin{array }{ccc}
1&2&3\

1&0&1\

0&2&-1

\end{array }\right], AN{-1}=?

The answer is that you augment matrix A with the identity matrix and row reduce.

12 3[|100
10 1/010
0 2 —1(0 0 1
[1 2 3|1 00
R-—1+R;—» |0 —2 —2|-1 10
|0 2 —-1]0 01
(1 2 3 00
Ry+R3— |0 —2 —2|—-1 10
|0 0 —3|-1 11
(12 3|1 o0 0
Ryp+—2-|01 1|3 -1
| 0 -3|-1 1 1
1 23|/1 0 0
R3+-3— |0 1 1|3 —3 0
00 1| -3
[1 2 0|0 1 1 ]
R3-—3+ R; — 011%—% 0
KIIRIEIE I
[1 2 0|0 1 1 ]
R3-—1+Ry,—» |0 1 0|3+ -1 1
[0 0 1] —§
(100} 4 4
Ry-—2+R;—» |0 10| £ -1 1
oot —§ 3

The matrix on the right is the inverse matrix A~!.
1 4 1

3 3 3

1
3

Fractions are usually unavoidable when computing inverses.

One reason why inverses are so powerful is because they allow you to solve systems of equations with the same logic as you would
solve a single linear equation. Consider the following system based on the coefficients of matrix A from above.
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z+2y+32=96
z+0y+2=236
Oz + 2y —z=—12

By writing this system as a matrix equation you get:

1 2 3 T 96

1 01 ly | = 36

0 2 -1 z —-12
T 96
A |y | = 36
2 —12

If this were a normal linear equation where you had a constant times the variable equals a constant, you would multiply both sides
by the multiplicative inverse of the coefficient. Do the same in this case.

T 96
A1 A |y | =41 36
z —12
[z ] [ 96 ]
y |=A"1-| 36
| % | | —12 |
All that is left is for you to substitute in and to perform the matrix multiplication to get the solution.
- " 06 ]
y | =A7! 36
L # | | —12 |
(2] |-5 5 3 9%
=] 4 -5 ||
z i _1 _1 —12
L~ L 3 3 3
[ ] —1.96+%-36+1(—12)
y |=| £-96-%-36+1-(-12)
1 1 1
L # | | 3-96—3-36—3-(-12)
[z] [ 12
y|=| 6
| # | | 24
etermine tne iNvzrse mMatrix, IT one exists.
3 2] #h [[3 A2)) O
43 9k LT 2|0
I O I| % ' A
o I
Examples
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Earlier, you were asked what types of matrices do not have inverses. Non-square matrices do not generally have inverses.
Square matrices that have determinants equal to zero do not have inverses.

v/ Example 2
Find the inverse of the following matrix.
1 6
4 24
1 6|1 0
4 24|10 1

R1'—4+R2—>[

1 6(1 O
0 0|—4 1

This matrix is not invertible because its rows are not linearly independent. To test to see if a square matrix is invertible, check

whether or not the determinant is zero. If the determinant is zero then the matrix is not invertible because the rows are not
linearly independent.

v/ Example 3

Confirm matrix 4 and A~! are inverses by computing A= - Aand A - A7%,

12 3 -3 3 3
A=|10 1 [,A'=| § —-% 3
= 1 1 1
02 - 3 T3 T3
1 4 1
~3 3 3 12
At.a=| + -1 1 10 1
11 _1 2 -1
3 3 3
a11=—%-1+§ 1+% 0=1

Note that the rest of the entries turn out to be zero. This is left for you to confirm.

v/ Example 4

Use a calculator to compute A1, compute A~! - A, compute A - A~ and compute
96

Start by entering just matrix A into the calculator.

To compute matrix A~! use the inverse button programmed into the calculator. Do not try to raise the matrix to the negative
one exponent. This will not work.

tA) ‘
-, 3333333333 1

JIEECEeEBET -F
3333333335 -
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Note that the calculator may return decimal versions of the fractions and will not show the entire matrix on its limited display.
You will have to scroll to the right to confirm that A~! matches what you have already found. Once you have found A~ go
ahead and store it as matrix B so you do not need to type in the entries.
'tA1 '+ 1E1N
A1 A=B-A
[[E1+[A]

1 8@

@1 a

@ a1
A-A1=A.B
[[A1+[EB] \

1 8@

@1 a

@ a1

[ |
96 96
Al.| 36 |=B-| 3 |=B.C
—12 —12
96
You need to create matrix C= | 36
—12
[B]=+IC]
12
B
24

Being able to effectively use a calculator should improve your understanding of matrices and allow you to check all the work
you do by hand.

v/ Example 5

The identity matrix happens to be its own inverse. Find another matrix that is its own inverse.

Helmert came up with a very clever matrix that happens to be its own inverse. Here are the 2 x 2 and the 3 x 3 versions.

1 1 1
11 A V3 3
[ V2 V2 ] 1 _ 1 0
1 _1 |l va TR
V2 V2 1 1 _2
V6 /6 V6

Find the inverse of each of the following matrices, if possible. Make sure to do some by hand and some with your calculator.

13 3]
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[—3 6
27 ]
[—1 2
5 0]
4. 6
1

Ul
L N R N
|
by O
—_

6. 2
3 |
[—1 3 —4
7 2 1
| 1 2
(4 5
8.19 0 1
|0 3 —2
[0 7 -1
9.2 -3 1
| 6 8 0
[4 2 -3
10. | 2 4 5
18 0
[ 2 —6 —12
11. | =1 -5 —2
[ 2 3 4
[ —2 6 3
12.1 2 4 0
| -8 2 1

13. Show that Helmert's 2 x 2 matrix is its own inverse:

14. Show that Helmert's 3 x 3 matrix is its own inverse:

square matrices have "regular” inverses?

Sk sk sk Sk

| §|H

S

&k

Sk s

|
sk © Sk

15. Non-square matrices sometimes have left inverses, where A~ - A = I, or right inverses, where A - A~ = I. Why can't non-

8.9 Inverse Matrices is shared under a CC BY-NC license and was authored, remixed, and/or curated by LibreTexts.
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9.1 General Form of a Conic

Conics are a family of graphs that include parabolas, circles, ellipses and hyperbolas. All of these graphs come from the same
general equation and by looking and manipulating a specific equation you can learn to tell which conic it is and how it can be
graphed.

What is the one essential skill that enables you to manipulate the equation of a conic in order to sketch its graph?

Introduction to Conics

The word conic comes from the word cone which is where the shapes of parabolas, circles, ellipses and hyperbolas originate.
Consider two cones that open up in opposite directions and a plane that intersects it horizontally. A flat intersection would produce

a perfect circle.

To produce an ellipse, tilt the plane so that the circle becomes elongated and oval shaped. Notice that the angle that the plane is
tilted is still less steep than the slope of the side of the cone.
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As you tilt the plane even further and the slope of the plane equals the slope of the cone edge you produce a parabola. Since the
slopes are equal, a parabola only intersects one of the cones.

Lastly, if you make the plane steeper still, the plane ends up intersecting both the lower cone and the upper cone creating the two
parts of a hyperbola.

The intersection of three dimensional objects in three dimensional space to produce two dimensional graphs is quite challenging. In
practice, the knowledge of where conics come from is not widely used. It will be more important for you to be able to manipulate
an equation into standard form and graph it in a regular coordinate plane. The regular form of a conic is:

Az® + Bzy+ Cy*+ Dz + Ey+F =0

Before you start manipulating the general form of a conic equation you should be able to recognize whether it is a circle, ellipse,
parabola or hyperbola. In standard form, the two coefficients to examine are A and C.

o For circles, the coefficients of 2 and y? are the same sign and the same value: A= C

« For ellipses, the coefficients of z2 and y? are the same sign and different values:
e AC>0,A+C

https://k12.libretexts.org/@go/page/1032
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o For hyperbolas, the coefficients of 22 and y2 are opposite signs: C <0< AorA<0<C
« For parabolas, either the coefficient of z2 or y? must be zero: A=00rC =0

e L e o vae) e Sand s ponaiantias e e s of
theenne

ellipse is generated when the plane is tilted so it intersects each
generatar, but only intersects one nappe.

iarabola is generated when the plane is tilted so it is parallel o

one generator only intersects one nappe.

.Jyperbola is generated when the plane intersects both nappes.

Watch on 3 Ve

Each specific type of conic has its own graphing form, but in all cases the technique of completing the square is essential.
For review, let's complete the square in the expression x2 + 6z. and demonstrate graphically what completing the square represents.

. . . . .. . . . 6\2
Algebraically, completing the square just requires you to divide the coefficient of = by 2 and square the result. In this case (§)
= 32 = 9. Since you cannot add nine to an expression without changing its value, you must simultaneously add nine and subtract

nine so the net change will be zero.

z2+6z+9—9

Now you can factor by recognizing a perfect square.
(z+3)2 -9

Graphically the original expression z2 + 6z can be represented by the area of a rectangle with sides z and (z + 6)

X

The term "complete the square" has visual meaning as well algebraic meaning. The rectangle can be rearranged to be more square-
like so that instead of small rectangle of area 6z at the bottom, there is a rectangle of area 3z on two sides of the z2 square.

https://k12.libretexts.org/@go/page/1032
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Notice what is missing to make this shape a perfect square? A little corner square of 9 is missing which is why the 9 should be
added to make the perfect square of (z + 3)(z + 3).

Examples

Earlier, you were asked what skills you need for conics. The one essential skill that you need for conics is completing the
square. If you can complete the square with two variables then you will be able to graph every type of conic.

v/ Example 2

What type of conic is each of the following relations?

1.5y* — 222 = —25

a. Parabola (sideways) because the z? term is missing.

3. 422 4+ 62 = 36

a. Ellipse because the g2 and y? coefficients are different values but the same sign.
4.7 1y=1

a. Parabola (upright) because the y? term is missing.

2

2
5. % +4%=1
a. Hyperbola because the 22 and y? coefficients are different signs.
6. —z2 +99y2 =12

a. Hyperbola because the 2 and y? coefficients are different signs.

v/ Example 3

Complete the square for both the z and y terms in the following equation.
22+ 6x+ 2y + 16y =0

First write out the equation with space so that there is room for the terms to be added to both sides. Since this is an equation, it
is appropriate to add the values to both sides instead of adding and subtracting the same value simultaneously. As you rewrite
with spaces, factor out any coefficient of the z2 or 4? terms since your algorithm for completing the square only works when
this coefficient is one.

z2+6z+...+2(4¥+8y+..)=0
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Next complete the square by adding a nine and what looks like a 16 on the left (it is actually a 32 since it is inside the
parentheses).

z2+6x+9+2(y2 + 8y +16) =9 + 32
Factor

(z+3)%+2(y+4)2=41

v/ Example 4

Identify the type of conic in each of the following relations.
1.32% =3y% + 18

a. The relation is a hyperbola because when you move the 3y? to the left hand side of the equation, it becomes negative and
then the coefficients of z2? and 2 have opposite signs.

2.y=4(z—3)%+2

a. Parabola
3.x24+y*=4

a. Circle

4. 924+ 2y+ 22— 6z =12
a. Circle

2 2

5. £ 4+8 =1

=5}

. Ellipse

D

.2 —y?+4=0

=5}

. Hyperbola

v/ Example 5

Complete the square for both z and y in the following equation.
—322 —24r+4y* — 32y =8

—3z2 — 24z 4+ 442 — 32y =8

—3(z2+8z+)+4(y*—8y+)=8
—3(22+82+16)+4(y> —8y+16) =8—48 + 64
—3(z+4)2+4(y—4)?2=24

? Review

Identify the type of conic in each of the following relations.

1.32% + 492 =12

2.22+9*=9

5 2
345 +45 =1
4P+z=11
5.2242x—y*+6y=15

6.22=y—1
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Complete the square for z and/or y in each of the following expressions
7. 22+ 4z

8.y2—8y

9.3z% + 6z +4

10. 3y* +9y+ 15

11. 222 — 122+ 1

Complete the square for z and/or y in each of the following equations.
12. 422 — 16z + 2+ 2y = —1

13. 922 — 54z + y2 — 2y = —81

14. 3z — 6z — 492 =9

15.y=z2+4z+1

This page titled 9.1 General Form of a Conic is shared under a CIK-12 license and was authored, remixed, and/or curated by CK12 via source
content that was edited to the style and standards of the LibreTexts platform.
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9.2 Parabolas

When working with parabolas in the past you probably used vertex form and analyzed the graph by finding its roots and intercepts.
There is another way of defining a parabola that turns out to be more useful in the real world. One of the many uses of parabolic
shapes in the real world is satellite dishes. In these shapes it is vital to know where the receptor point should be placed so that it can
absorb all the signals being reflected from the dish.

Where should the receptor be located on a satellite dish that is four feet wide and nine inches deep?

Graphing Parabolas

The definition of a parabola is the collection of points equidistant from a point called the focus and a line called the directrix.

Notice how the three points Py, Py, P; are each connected by a blue line to the focus point F and the directrix line L

FP, =PiQ
FP, = PQo
FP3 = P3Q;3

There are two graphing equations for parabolas that will be used in this concept. The only difference is one equation graphs
parabolas opening vertically and one equation graphs parabolas opening horizontally. You can recognize the parabolas opening
vertically because they have an z? term. Likewise, parabolas opening horizontally have a y? term.

The general equation for a parabola opening vertically is (z — h)? = +4p(y — k). The general equation for a parabola opening
horizontally is (y — k)% = +4p(z — h).

Note that the vertex is still (h, k). The parabola opens upwards or to the right if the 4p is positive. The parabola opens down or to the
left if the 4p is negative. The focus is just a point that is distance p away from the vertex. The directrix is just a line that is distance p
away from the vertex in the opposite direction. You can sketch how wide the parabola is by noting the focal width is |4p|.

Once you put the parabola into this graphing form you can sketch the parabola by plotting the vertex, identifying p and plotting the
focus and directrix and lastly determining the focal width and sketching the curve.

Take the conic:

222 + 16z +y =0

This is a parabola because the y? coefficient is zero.
z? 4 8z = —%y

z? +8x+16 = —%y+ 16
(o +4) = —5 (y—32)

(x+4)?%=—4. %(y—32)

The vertex is (—4,32). The focal length is p = §. This parabola opens down which means that the focus is at (—4,32 — §) and the
directrix is horizontal at y = 32 + 1. The focal width is .
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(x=n) =5tyy—h) vk =du(a—i)

ks ks Gl the axis g units (directed distance) from Ihr‘g

{F 43, K) (Horiaanial Axis

latus rectum is the chord through a focus parallel to the
directrix. The latus rectum has length 4a.

vratize, Gravquzdizy of
the axis would be the
vertical line x=-4 passing

_ through the vertex. _/

Examples

v/ Example 1

Earlier, you were asked where the receptor should be located on a satellite dish that is four feet wide and nine inches deep.

Since real world problems do not come with a predetermined coordinate system, you can choose to make the vertex of the
parabola at (0, 0). Then, if everything is done in inches, another point on the parabola will be (24, 9). (Many people might
mistakenly believe the point (48, 9) is on the parabola but remember that half this width stretches to (-24, 9) as well.) Using
these two points, the focal width can be found.

(z —0)* = 4p(y—0)
(24—0)2 =4p(9—0)

242
4.9 7?
16=p

The receptor should be sixteen inches away from the vertex of the parabolic dish.

v/ Example 2

Sketch the following parabola and identify the important pieces of information.

(y+1)%=4-3 - (z+3)

The vertex is at (-3,-1) . The parabola is sideways because there is a y? term. The parabola opens to the right because the 4p is
positive. The focal length is p = 1 which means the focus is  to the right of the vertex at (-2.5,-1) and the directrix is % to the
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l left of the vertex at z = —3.5. The focal width is 2 which is why the width of the parabola stretches from (-2.5,0) to (-2.5,-2) .

v/ Example 3

What is the equation of a parabola that has a focus at (4,3) and a directrix of y = —17

It would probably be useful to graph the information that you have in order to reason about where the vertex is.

The vertex must be halfway between the focus and the directrix. This places it at (4, 1). The focal length is 2. The parabola
opens upwards. This is all the information you need to create the equation.

(z—4)?%=4-2-(y—1)

OR (z—4)2=8(y—1)

v/ Example 4

What is the equation of a parabola that opens to the right with focal width from (6,-7) to (6,12)? The focus is in the middle of

the focal width. The focus is (6, 3). The focal width is 19 which is four times the focal length so the focal length must be 22.
The vertex must be a focal length to the left of the focus, so the vertex is at (6 — 22, 3. This is enough information to write the
equation of the parabola.

G- =1 @0+ )

v/ Example 5

Sketch the following conic by putting it into graphing form and identifying important information.
y?—4y+122 —32=0

v —dy=—120+32
v —4dy+4=—-12c+32+4
(y—2)*=—-12(z-3)

(y—2°=-4-3-(z-3)

The vertex is at (3,2) . The focus is at (0,2) . The directrix is at z = 6.

? Review

1. What is the equation of a parabola with focus at (1,4) and directrix at y = —2?

2. What is the equation of a parabola that opens to the left with focal width from (-2,5) to (-2,-7)?

3. What is the equation of a parabola that opens to the right with vertex at (5,4) and focal width of 127

4. What is the equation of a parabola with vertex at (1,8) and directrix at y = 12 ?

5. What is the equation of a parabola with focus at (-2,4) and directrix at z = 4?

6. What is the equation of a parabola that opens downward with a focal width from (-4,9) to (16,9)?

7. What is the equation of a parabola that opens upward with vertex at (1,11) and focal width of 4?

Sketch the following parabolas by putting them into graphing form and identifying important information.
8.42+2y—8x+33=0

9.22—8z+20y +36 =0

10. 2% + 6z — 12y—15=0
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11.42 - 12y +8z+4=0
12. 22 + 6z —4y+21=0
13. 92 + 14y— 22+ 59 =0

14. 22+ 12z — Sy+ 2 =0

15. 22 +2z— 4y +1=0

This page titled 9.2 Parabolas is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that was
edited to the style and standards of the LibreTexts platform.
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9.3 Circles

A circle is the collection of points that are the same distance from a single point. What is the connection between the Pythagorean
Theorem and a circle?

Graphing Circles

The single point that all the points on a circle are equidistant from is called the center of the circle. A circle does not have a focus
or a directrix, instead it simply has a center. Circles can be recognized immediately from the general equation of a conic when the
coefficients of z2 and y? are the same sign and the same value. Circles are not functions because they do not pass the vertical line
test. The distance from the center of a circle to the edge of the circle is called the radius of the circle. The distance from one end of
the circle through the center to the other end of the circle is called the diameter. The diameter is equal to twice the radius.

The graphing form of a circle is:

(—h)?:+(y—k)?i=r?

The center of the circle is at (h, k) and the radius of the circle is r. Note that this looks remarkably like the Pythagorean Theorem.
To graph a circle, first plot the center and then apply the radius. Take the following equation for a circle:

(z—-1)2+(y+2?2=9

The center is at (1,-2) . Plot that point and the four points that are exactly 3 units from the center.

| L
6 -5 4 -3 -2/-1 1 2 334 5 6 ';
-1
' 22 . '
-3
-4
.

X +(y-1)'=4

(x—h) +(y—k) =¢

-

Examples

Earlier, you were asked about the connection between circles and the Pythagorean Theorem. The reason why the graphing form
of a circle looks like the Pythagorean Theorem is because each z and y coordinate along the outside of the circle forms a
perfect right triangle with the radius as the hypotenuse.
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Graph the following conic: (z +2)2+ (y—1)2=1

¥

v/ Example 3

Turn the following equation into graphing form for a circle. Identify the center and the radius.
362 + 36y° — 24z + 36y — 275 =0

Complete the square and then divide by the coefficient of 2 and ¢?

36z2 — 24z + 36y + 36y = 275

36 (22— 254+ —) +36 (3> +y+2z) =275

36(z?—2z+3)+36 (1P +y+1)=275+4+09

36(z— 1) +36(y+ 1)° =288

(=) + (+3)" =8

The center is (1,—1). The radius is v/8 = 2v/2.

v/ Example 4

Write the equation for the following circle.

4 -3 -2 .- 1 23 4 5 6l
-1 .
2 e ";
-3
S

(z—1)2+(y+2)?2=4

v/ Example 5

Write the equation of the following circle.
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x

2
3

The center of the circle is at (3,1) and the radius of the circle is r = 4. The equation is (z —3)2+ (y —1)2 = 16

Graph the following conics:
L(z+4)?+(y—-3)° =1
2.(z—7)2+ (y+1)2 =4
3.(y+2)?+(z—1)?%=9
4.224+(y—5)2=8
5.(x—2)%+4y*=16
Translate the following conics from standard form to graphing form.
6. 22— 4z + 12+ 10y+ 18 =0
7.2+ 2z+y2—8y+1=0
8.22—6zx+9y*—4y+12=0
9.22+2z+y* + 14y+25=0
10. 22 — 22 +y?> — 2y =10

Write the equations for the following circles.

ty
raln
X
) f
S
11.
12.
+y
/ ™\ 4
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-
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This page titled 9.3 Circles is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that was
edited to the style and standards of the LibreTexts platform.
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9.4 Ellipses

An ellipse is commonly known as an oval. Ellipses are just as common as parabolas in the real world with their own uses. Rooms
that have elliptical shaped ceilings are called whisper rooms because if you stand at one focus point and whisper, someone standing
at the other focus point will be able to hear you.

Ellipses look similar to circles, but there are a few key differences between these shapes. Ellipses have both an z -radius and a y -
radius while circles have only one radius. Another difference between circles and ellipses is that an ellipse is defined as the
collection of points that are a set distance from two focus points while circles are defined as the collection of points that are a set
distance from one center point. A third difference between ellipses and circles is that not all ellipses are similar to each other while
all circles are similar to each other. Some ellipses are narrow and some are almost circular. How do you measure how strangely
shaped an ellipse is?

Graphing Ellipses

An ellipse has two foci. For every point on the ellipse, the sum of the distances to each foci is constant. This is what defines an
ellipse. Another way of thinking about the definition of an ellipse is to allocate a set amount of string and fix the two ends of the
string so that there is some slack between them. Then use a pencil to pull the string taught and trace the curve all the way around
both fixed points. You will trace an ellipse and the fixed end points of the string will be the foci. Foci is the plural form of focus. In
the picture below, (h, k) is the center of the ellipse and the other two marked points are the foci.

(k)

(h+e,k)

The major axis is the longest distance from end to end of an ellipse and is twice as long as the semi-major axis. The semi-major
axis is the distance from the center of the ellipse to the furthest point on the ellipse and the semi-minor axis is the distance from the
center to the edge of the ellipse on the axis that is perpendicular to the semi-major axis.

The general equation for an ellipse is:

@ | @R g

a? b2
In this case the major axis is horizontal because a, the = -radius, is larger. If the y -radius were larger, then a and b would reverse. In
other words, the coefficient a always comes from the length of the semi major axis (the longer one) and the coefficient b always
comes from the length of the semi minor axis (the shorter one).

In order to find the locations of the two foci, you will need to find the focal radius represented as c using the following relationship:

a2 —bp2 =2

Once you have the focal radius, measure from the center along the major axis to locate the foci. The general shape of an ellipse is
measured using eccentricity. Eccentricity is a measure of how oval or how circular the shape is. Ellipses can have an eccentricity
between 0 and 1 where a number close to 0 is extremely circular and a number close to 1 is less circular. Eccentricity is calculated
by:

e=2%
a
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Ellipses also have two directrix lines that correspond to each focus but on the outside of the ellipse. The distance from the center of

the ellipse to each directrix line is “—Z

contrr (' 51 J
i

F(%J,—(*r{)

Examples

v/ Example 1

Earlier, you were asked how you measure how strangely shaped an ellipse is. Ellipses are measured using their eccentricity.

Here are three ellipses with estimated eccentricity for you to compare.

[

Eccentricity is the ratio of the focal radius to the semi major axis: e = £

v/ Example 2

Find the vertices (endpoints of the major axis), foci and eccentricity of the following ellipse.
z—2)2 1)2
( 4) T (!I‘{'s) =1

The center of the ellipse is at (2,-1) . The major axis is vertical which means the semi major axis is a = 4. The vertices are (2,3)

and (2,-5)
162 — 42 = ¢?
4/15=v240=c
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l Thus the foci are (2,—1 + 44/15) and (2, —1 —4v/15)

v/ Example 3

Sketch the following ellipse.

(v;ﬁl)a + (3_92)2 =1

Plotting the foci are usually important, but in this case the question simply asks you to sketch the ellipse. All you need is the
center, z -radius and y -radius.

=
3
2
1 .
-5—4—3—2-&1234 6 7 8 9 1011
-3

v/ Example 4

Put the following conic into graphing form.
2522 — 150z + 36y + 72y — 639 =0

2522 — 150z + 36y% + 72y —639 =0
25 (z® — 6z) + 36 (y* + 2y) = 639
25 (2 — 6z +9) + 36 (y* + 2y + 1) = 639 + 225 + 36
25(z — 3)% + 36(y + 1)% = 900
25(z—3)%  36(y+1)*> 900

900 900 900
(z—-3)?%  (y+1)*
=1
36 1T 2

v/ Example 5

Put the following conic into graphing form.
922 — 9z + 42 +12y+ 5 = -8

922 — 9z + 42 + 12y + 2 =8

922 — 9z + 9 +44° +12y =8
9(z?—z—1)+4(*+3y)=-8

9(z— 1)’ +4(1®+3y+2) =—8+4-2
9(z— 1)’ +4(w+2) =1

2 2
) | ) g
9 4

? Review

Find the vertices, foci, and eccentricity for each of the following ellipses.
1 Gt e g

2'@;91)24_@:1
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3.(z—2)2+ & — 1

Now sketch each of the following ellipses (note that they are the same as the ellipses in #1-#3).
4. (”;41)2 + % =1

5. (et | @i _ g

6. (z—2)2+ 8500 =1

Put each of the following equations into graphing form.

7. 22+ 2z + 4y* + 56y + 197 = 16

8.22—8z+9y% +18y+25=9

9. 972 — 362 + 442 + 16y + 52 = 36

Find the equation for each ellipse based on the description.

10. An ellipse with vertices (4,-2) and (4,8) and minor axis of length 6.

11. An ellipse with minor axis from (4,-1) to (4,3) and major axis of length 12 .
12. An ellipse with minor axis from (-2,1) to (-2,7) and one focus at (2,4) .

13. An ellipse with one vertex at (6,—15), and foci at (6,10) and (6,-14)

A bridge over a roadway is to be built with its bottom the shape of a semi-ellipse 100 feet wide and 25 feet high at the center.
The roadway is to be 70 feet wide.

L e/
Seud

100 feet——>

14. Find one possible equation of the ellipse that models the bottom of the bridge.

15. What is the clearance between the roadway and the overpass at the edge of the roadway?

This page titled 9.4 Ellipses is shared under a CK-12 license and was authored, remixed, and/or curated by CI<12 via source content that was
edited to the style and standards of the LibreTexts platform.
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9.5 Hyperbolas

Hyperbolas are relations that have asymptotes. When graphing rational functions you often produce a hyperbola. In this concept,
hyperbolas will not be oriented in the same way as with rational functions, but the basic shape of a hyperbola will still be there.

Hyperbolas can be oriented so that they open side to side or up and down. One of the most common mistakes that you can make is
to forget which way a given hyperbola should open. What are some strategies to help?

Graphing Hyperbolas

A hyperbola has two foci. For every point on the hyperbola, the difference of the distances to each foci is constant. This is what
defines a hyperbola. The graphing form of a hyperbola that opens side to side is:

CE D=

A hyperbola that opens up and down is:

(O

a?
Notice that for hyperbolas, a goes with the positive term and b goes with the negative term. It does not matter which constant is
larger.

c

When graphing, the constants a and b enable you to draw a rectangle around the center. The transverse axis travels from vertex to
vertex and has length 2a. The conjugate axis travels perpendicular to the transverse axis through the center and has length 2b. The
foci lie beyond the vertices so the eccentricity, which is measured as e = £, is larger than 1 for all hyperbolas. Hyperbolas also have

two directrix lines that are “72 away from the center (not shown on the image).

The focal radius is a2 + b? = ¢?

Sz evof i lyerloa
(€50 WP TR G-k -
= B a’ b

¢ =a +5

({Transverse axis is vertical)
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Examples

Earlier, you were asked how to determine the direction that a hyperbola opens. The best strategy to remember which direction
the hyperbola opens is often the simplest. Consider the hyperbola #2 — y? = 1. This hyperbola opens side to side because z can
clearly never be equal to zero. This is a basic case that shows that when the negative is with the y value then the hyperbola
opens up side to side.

v/ Example 2

Put the following hyperbola into graphing form, list the components, and sketch it.
972 — 4% + 36z — 8y —4=0
9(x2+4:1:) —4(y2+2y) =4
9(z® +4z+4)—4(P +2y+1)=4+36—4
9z +2)% —4(y+1)2 =36
(z+2)?® _ (@+1? _
4 9
Shape: Hyperbola that opens horizontally.

1

Center: (-2,-1)

a=2

b=3
c=V13
e=g=13
d=“%=ﬁ

Foci: (—2 4 <08 —1) 5 (—2 - @,—1)

Vertices: (-4,-1),(0,-1)

Equations of asymptotes: +3 (z+2) = (y + 1)

Note that it is easiest to write the equations of the asymptotes in point-slope form using the center and the slope.

Equations of directrices: y = —2+

4
Vi3
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v/ Example 3

Find the equation of the hyperbola with foci at (-3,5) and (9,5) and asymptotes with slopes of +%.

The center is between the foci at (3,5) . The focal radius is ¢ = 6. The slope of the asymptotes is always the rise over run inside
the box. In this case since the hyperbola is horizontal and g is in the g direction the slope is £. This makes a system of

equations.

§=st
a? 4 b? = 67
When you solve,you get a = v/13,b = $/13.

(z=3) ¥=5* _
3 B3 =1

v/ Example 4
3

Find the equation of the conic that has a focus point at (1,2) , a directrix at £ =5, and an eccentricity equal to §. Use the
property that the distance from a point on the hyperbola to the focus is equal to the eccentricity times the distance from that
same point to the directrix:

PF =¢PD

This relationship bridges the gap between ellipses which have eccentricity less than one and hyperbolas which have
eccentricity greater than one. When eccentricity is equal to one, the

shape is a parabola.
VE-12+@y—2)?2=3/(@-5)?

Square both sides and rearrange terms so that it is becomes a hyperbola in graphing form.

9
:1:2—2a:+1+(y—2)2=Z(w2—10m+25)

9 90 225
2 _ .2 R — - 2=
z4—2z+1 St +(y—2)*=0
5, 92 , 221
_2 il _9)2 = 2%
456 + 4z+(y ) 1

—5a? + 92z + 4(y — 2)2 = 221
-5 (:1:2 - %m) +4(y—2)2 =221

92 922 2116
— 2 —_—— R —_ 2 = [ —
5 (m 52 + 102) 4(y—2)° =221 =
92?2 5 1011
-5 (s-15) +e-D" = -5

922 , 1011

(’”_ﬁ) ~w=2" =75
2

(e—%) _ @-2%_

=1
()  (Gw)
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Given the following graph, estimate the equation of the conic.

_—

1 2 4 5 6 7

¥

Since exact points are not marked, you will need to estimate the slope of asymptotes to get an approximation for a and b. The
slope seems to be about +%. The center seems to be at (—1, -2). The transverse axis is 6 which means a = 3.

@)’ @) _q
9 4 -

Use the following equation for #1-#5: z2 + 2z — 4y® — 24y — 51 =0

1. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.
2. Identify whether the hyperbola opens side to side or up and down.

3. Find the location of the vertices.

4. Find the equations of the asymptotes.

5. Sketch the hyperbola.

Use the following equation for #6—#10 : —9z2 — 362 + 16y> — 32y — 164 =0

6. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.
7. Identify whether the hyperbola opens side to side or up and down.

8. Find the location of the vertices.

9. Find the equations of the asymptotes.

10. Sketch the hyperbola.

Use the following equation for #11 - #15: 22 — 6z — 9y*> — 54y —81 =10

11. Put the hyperbola into graphing form. Explain how you know it is a hyperbola.
12. Identify whether the hyperbola opens side to side or up and down.

13. Find the location of the vertices.

14. Find the equations of the asymptotes.

15. Sketch the hyperbola.

This page titled 9.5 Hyperbolas is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content that was
edited to the style and standards of the LibreTexts platform.
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9.6 Degenerate Conics

The general equation of a conic is Az? + Bzy + Cy? + Dz + Ey + F = 0. This form is so general that it encompasses all regular
lines, singular points and degenerate hyperbolas that

look like an X. This is because there are a few special cases of how a plane can intersect a two sided cone. How are these
degenerate shapeGraphing Degenerate Conicss formed?

Graphing Degenerate Conics

A degenerate conic is a conic that does not have the usual properties of a conic. Degenerate conic equations simply cannot be
written in graphing form. There are three types of degenerate conics:

1. A singular point, which is of the form: fah)? | @ = 0. You can think of a singular point as a circle or an ellipse with an

a
infinitely small radius.
2. A line, which has coefficients A = B = C = 0 in the general equation of a conic. The remaining portion of the equation is Dz
+ Ey+ F =0, which is a line.

3. A degenerate hyperbola, which is of the form: {an ) L (”_—b’“)’ = 0. The result is two intersecting lines that make an "X" shape.

a
The slopes of the intersecting lines forming the X are +-2. This is because b goes with the y portion of the equation and is the rise,
while a goes with the z portion of the equation and is the run.

Examples

v/ Example 1

Earlier, you were asked how degenerate conics are formed. When you intersect a plane with a two sided cone where the two
cones touch, the intersection is a single point. When you intersect a plane with a two sided cone so that the plane touches the
edge of one cone, passes through the central point and continues touching the edge of the other conic, this produces a line.
When you intersect a plane with a two sided cone so that the plane passes vertically through the central point of the two cones,
it produces a degenerate hyperbola.

v/ Example 2

Transform the conic equation into standard form and sketch.
0z2 + 0zy+ 0y + 2z +4y—6 =0

This is the liney = — 2z + 3.

v/ Example 3

Transform the conic equation into standard form and sketch.
322 — 120+ 4> —8y+16=0
322 — 122+ 492 —8y+16=0
3(z? —4z) +4(y* —2y) =16
3(z?—4dz+4)+4(P —2y+1)=—16+12+4
3(z—2)+4(y—-1)2=0
-2 -1 _
i T3
The point (2,1) is the result of this degenerate conic.

0
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Transform the conic equation into standard form and sketch.
16z2 — 96z — 9> + 18y + 135 =0
16z2 — 96z — 9> + 18y + 135 =0
16 (z® —6z) — 9 (y* —2y) = —135
16 (2> — 6z +9) —9(y* —2y+1) =—135+144—9
16(z —3)2—9(y—1)2=0

(=32 @-1°_
9 16

This is a degenerate hyperbola.

0

1. Create a conic that describes just the point (4,7) ).
(647 +(@y-7? =0

? Review
1. What are the three degenerate conics?
Change each equation into graphing form and state what type of conic or degenerate conic it is.
2.22—6x—9y? — 54y —72=0
3.4z + 162 —9y* + 18y —29 =0
4.92% + 36z +4y> — 24y +72=0
5.922 + 36z +4y2 — 24y + 36 =0
6.0x2 +52+0y> —2y+1=0
7.2+ 4x—y+8=0
8.22— 22+ —6y+6=0
9.22—2r—4y®> +24y—35=0
10. 22 — 22+ 4y®> — 24y +33 =0
Sketch each conic or degenerate conic.
11, &2 4 3 g
12, &30 4 bHF

16

@-1° =1

+2)?
13, &4

(=3 ax)
14. &3 _ W _

15. 3z + 4y =12

This page titled 9.6 Degenerate Conics is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

10: Polar and Parametric Equations

10.1 Polar and Rectangular Coordinates
10.2 Polar Equations of Conics

10.3 Parameters and Parameter Elimination
10.4 Parametric Inverses

10.5 Applications of Parametric Equations
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10.1 Polar and Rectangular Coordinates

In the rectangular coordinate system, points are identified by their distances from the « and y axes. In the polar coordinate system,
points are identified by their angle on the unit circle and their distance from the origin. You can use basic right triangle
trigonometry to translate back and forth between the two representations of the same point. How are lines and other functions
affected by this new coordinate system?

Polar and Rectangle Coordinates
Rectangular coordinates are the ordinary (z,y) coordinates that you are used to.

¥

(x,¥) OR (r.8)
°

Polar coordinates represent the same point, but describe the point by its distance from the origin () and its angle on the unit circle
(). To translate back and forth between polar and rectangular coordinates you should use the basic trig relationships:
sinf=% —>r.sinf=y
cosf=2—r-co80=x

— Y — -19
You can also express the relationship between «,y and r using the Pythagorean Theorem.
22+ 42 =12
Note that coordinates in polar form are not unique. This is because there are an infinite number of coterminal angles that point
towards any given (z,y) coordinate.

For example, the point (3,4) can be written in polar coordinates in at least three different ways. To find 6, use the third equation
from above and to find r use the pythagorean theorem.

tanf = %

0=tan"1(%) ~53.1°

r? =32 442

r=>5

Three equivalent polar coordinates for the point (3,4) are:
(5,53.1°), (5,413.1°), (—5,233.1°)

Notice how the third coordinate points in the opposite direction and has a seemingly negative radius. This means go in the opposite
direction of the angle.

Once you can translate back and forth between points, use the same substitutions to change equations too. A polar equation is
written with the radius as a function of the angle. This means an equation in polar form should be written in the form r =

To write an equation in polar form, use the conversion equations to substitute. For example, to convert y = —z + 1 to polar form

make substitutions for y and z. Then, solve for .
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r-sinf=—r-cosf+1
r-sinf+7r-cosf=1
r(sinf+ cosd) =1

1
" sin@+ cosd

wive tne polar coorainates or tne given rectanguar
courcinates two different ways.

wommmgfl u=rsing

|
P o teHd=— 220

Examples

Earlier, you were asked how lines can be represented in the polar coordinate system. The general way to express a line y = ma

+ bin polar form is r =

v/ Example 2

Express the following equation using rectangular coordinates: r = 2=5.

sin—m-cosf *

Use the fact that r = +4/22 + 42 and rcos§ = .

r+2r-cosf =8
+Vr2+ 2422 =8
+Vz2+y?=8—2z
:c2+'y2=64—32:t+4x2
—322+32c+4°—64=0

This is the equation of a hyperbola.

v/ Example 3

Sketch the following polar equation: r = 3.
Since theta is not in the equation, it can vary freely. This simple equation produces a perfect

circle of radius 3 centered at the origin.

You can show this equation is equivalent to 2% +y?> =9
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v/ Example 4

Sketch the following polar equation: r =6 with 6 : 0 < 0 < 2r.

The equation r = 6 is an example of a polar equation that cannot be easily expressed in rectangular form. In order to sketch the
graph, identify a few key points:
(0,0),(%,%),(mm), (3, 3r), (2m,27). You should see that the shape is very recognizable as a spiral.

¥

- |

-8-7-6-5-43—2-1I 1 2 3 45 7 389

v/ Example 5

Translate the following polar expression into rectangular coordinates and then graph.
r=2-gec(f— %
Simplify the polar equation first before converting to rectangular coordinates.
™
=92. (9 - _)
r sec B)
™
cos (0 — _) =2
T+ CO8 ( 2

r-cos(%—0)=2

r-sinf =2
y=2
4.
3
|
-8-7-6-5-4-3-2-I1 1 23 456 738
-2
-3
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Plot the following polar coordinates.
L3 %)

2.(2,%

3.(4-%)

4.(-2,%)

Give two alternate sets of coordinates for each point.
5. (2,60°)

6. (5,330°)

7. (2,210%)

Graph each equation.

8.r=14

9.0=1

10. r =20 with9:0 < 6 < 2m.

Convert each point to rectangular form.
11. (4, &

12. (3, %)

13. (5, %)

Convert each point to polar form using radians where 0 < 6 < 2.
14. (1,3)

15. (1,-4)

16. (2,6)

Convert each equation to polar form.

17.2=3

18.\(2 x+4 y=2\

This page titled 10.1 Polar and Rectangular Coordinates is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via

source content that was edited to the style and standards of the LibreTexts platform.
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10.2 Polar Equations of Conics

Polar coordinates allow you to extend your knowledge of conics in a new context. Calculators are an excellent tool for graphing
polar conics. What settings do you need to know in order to properly use your calculator?

Polar Equations of Conics

Polar equations refer to the radius r as a function of the angle 9. There are a few typical polar equations you should be able to
recognize and graph directly from their polar form.

The following polar function is a circle of radius 4 passing through the origin with a center at angle 8.

r=ga-cos(6—p)

Aanp e Reeleagai-d Mo vz es om0 ao s,

itethe rectar pnlarand polar equation for-the siven graph-ofa

el

| \ | | |
§ o) (o) = 25
2Xm3)s ey = =
:x*+hx +9 yl—i'x +b '=.JS-
P y) vix -Fy gS TSRS |

F=rEos B Y =Fsifd

Ellipses, parabolas and hyperbolas have a common general polar equation. Just like with the circle, there are other ways of
representing these relations using cofunction and coterminal angles; however, this general form is easiest to use because each
parameter can be immediately interpreted in a graph. A parameter is a constant in a general equation that takes on a specific value
in a specific equation.

— k-
r= l—e-cose(é‘—ﬂ)
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One of the focus points of a conic written in this way is always at the pole (the origin). The angle 8 indicates the angle towards the
center if the conic is an ellipse, the opening direction if the conic is a parabola and the angle away from the center if the conic is a
hyperbola. The eccentricity e should tell you what conic it is. The constant & is the distance from the focus at the pole to the nearest

directrix. This directrix lies in the opposite direction indicated by 8.

There are many opportunities for questions involving partial information with polar conics. A few relationships that are often useful

for solving these questions are:

e e=t=2E ,PF=¢.PD
s« PD |,
o Ellipses: k=% —¢

o Hyperbolas: k=c— <

i ples i e eguharcipuaey e Do S i

R 3 i EARL n !
rite e equation y =—x*° in polar form.

P 9% 1 i 1

Csihel= #rzmae g

2 sin = P’

r‘(as.@

B

A great way to discover new types of graphs in polar coordinates is to experiment on your own with your calculator. Try to come
up with equations and graphs that look similar to the following two polar functions.

The circle in blue has a center at 90° and has a diameter of 2 . Its equation is r = 2 cos (§ — 90°).

The red ellipse appears to have center at (2,0) with @ =4 and ¢ = 2. This means the eccentricity is e = 4. In order to write the
equation in polar form you still need to find k.

k=% —c=%£_-2=8-2=6

Thus the equation for the ellipse is:
6-1

r= 1-%-0;(0)

Examples

Earlier, you were asked about how to use your calculator to graph polar equations. Most calculators have a polar coordinate
mode. On the TI — 84, the mode can be switched to polar in the mode menu. This changes the graphing features. You can
choose to be in radians or degrees and graphs will look the same. When you graph a circle of the form r = 8 - cos 8. you should

see the following on your calculator.
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[T oz £ Fleti Flotz Flotr |
FLOATIG]
RADIAN

sri1B2cos(a)
\ps

spr= esaiacnad

=

“FE=

SRS

When you go to the window setting you should notice that in addition t0 Xmin, Xmax there are new settings called Omin, Omax and
estep .

If i, and Opa, do not span an entire period, you may end up missing part of your polar graph.

The g, controls how accurate the graph should be. If you put 0., at a low number like 0.1 the graph will plot extremely
slowly because the calculator is doing 3600 cosine calculations. On the other hand if 65, =30 then the calculator will do
fewer calculations producing a rough circle, but probably not accurate enough for your purposes.

L IHDOW
anin=@a
Bnax=360

SRiAETTE

nscl=1
Hnin=-16

v/ Example 2

Identify the center, foci, vertices and equations of the directrix lines for the following conic:

_ 20
re 4-—5-cos(6—3&

First the polar equation needs to be in graphing form. This means that the denominator needs to look like 1 — e - cos(8 — ).

20 __.
4—5-cos(f—3F)

e=3, k=4, B=3—135°

4.5

— 5 —
r= T Toos(0—2)  1-Lcos(d—%

1
a _
i
4

Using this information and the relationships you were reminded of in the guidance, you can set up a system and solve for a and

c.
2
4=c- L
c
5_c_4_a e,
4 a "5 ¢ "5
4c\? 1
4=c— =) .=
¢ (5) c
16¢?
4=c—
25¢
9c
‘=2
100 _
5 =
©_,
7=

The center is the point (1%, Zx) which is much more convenient to write in polar coordinates. The closest directrix is the line r
=4 -sec(§ — I=). The other directrix is the line 7 = (2- 1 —4) - sec (§ — ). One focus is at the pole, the other focus is the
point (22, Tr) The vertices are at the center plus or minus  in the same angle:

(8= 8.7)

Putting all this information together, the graph of the conic is:
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v/ Example 3

Convert the following conic from polar form to rectangular form.

3

= 270

There are many ways to convert from polar form to rectangular form. You should become
comfortable with the algebra.

3
2—cosf
7(2 —cosf) =3
2r—r-.cosf =3
2r=3+r-cos0=3+y
4r? = 9+ 6y + 4>
4(.’1r,'2+y2)=9+6y+y2
4z% + 4% = 9 + 6y + o
4z + 33 +6y=19
22 +3(P +2y+1)=9+3
4z% +3(y +1)* =12
2 (y+1)?
3t 1

v/ Example 4

Graph the following conic.

r=

1

_ 3
T = 2 cos(6—30°)

Convert to the standard conic form.

B 3
~ 2—cos (0 —30°)
__ 3 3 3 33
2—cos(0—380°) I 1—1-.cos(6—30°) 1—1-cos(6—30°)
1 "
k=3, e=-, =30

3t
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Translate the following conic to polar form.

(x—3)2+(y+4)>=25

Expand the original equation and then translate to polar coordinates:
(z—3)*+(y+4)?2=25

z?—6x4+9+y°+8y+16=25

r2 —6z+8y=0

72 —6r-cosf + 8r-sinf =0

r—6cosf+8sinf =0

r =6cosf — 8sinf

Convert the following conics from polar form to rectangular form. Then, identify the conic.

lr=325
2.r=52ts
3or=52-
4.r=ﬁ
5.7 =5cos(f)

Graph the following conics.

6.r=#(0_90,)
7oir = e
8'T=W(9—30')
9.r=mlo_w)

10.r=6_3+(0_45,)

Translate the following conics to polar form.
1. &0

12. (z—5)? + (y+12)% = 169

13. 22+ (y+1)? =1

14. (z—1)%+¢42=1

15. —3z2 —4zx +y*—1=0

This page titled 10.2 Polar Equations of Conics is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source

content that was edited to the style and standards of the LibreTexts platform.
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10.3 Parameters and Parameter Elimination

In a parametric equation, the variables z and y are not dependent on one another. Instead, both variables are dependent on a third
variable, ¢. This is the parameter or a number that affects the behavior of the equation. Usually ¢ will stand for time. A real world
example of the relationship between z,y and ¢ is the height, weight and age of a baby.

Both the height and the weight of a baby depend on time, but there is also clearly a positive relationship between just the height and
weight of the baby. By focusing on the relationship between the height and the weight and letting time hide in the background, you
create a parametric relationship between the three variables.

What other types of real world situations are modeled with parametric equations?

Eliminating the Parameter

In your graphing calculator there is a parametric mode. Once you put your calculator into parametric mode, on the graphing screen

you will no longer see y = , instead, you will see:

| Flerd Flokz Plets

Notice how for plot one, the calculator is asking for two equations based on variable T :

zir = f(t)

yir = g(t)

This is called parametric form. Parametric form refers to a relationship that includes = = f(t) and y = g(t). In order to transform a
parametric equation into a normal one, you need to do a process called "eliminating the parameter." "Eliminating the parameter"
is a phrase that means to turn a parametric equation that has z = f(t) and y = g(¢) into just a relationship between y and z. You are

eliminating ¢. To do this, you must solve the = f(t) equation for ¢t = f~!(z) and substitute this value of ¢ into the y equation. This
will produce a normal function of y based on z.

"Parametric Trace" fram The Wolfram
Demonstrations Project
http://demonstrations. wolfram.com/Par
ametricTrace,

contrihuted by Richard Mercer
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There are two major benefits of graphing in parametric form. First, it is straightforward to graph a portion of a regular function
using the Tinin, Tmex and Tye, in the window setting. Second, parametric form enables you to graph projectiles in motion and see the
effects of time.

A tortoise and a hare start 202 feet apart and then race to a flag halfway between them. The hare decides to take a nap and give the
tortoise a 21 second head start. The hare runs at 9.8 feet per second and the tortoise hustles along at 3.2 feet per second. This
situation can be represented by parametric equations and we can use the equations to determine who wins this epic race and by how
much.

First draw a picture and then represent each character with a set of parametric equations.

Tortoise Hare

—101,0 (101,0)
§ ) ©.0)

The tortoise's position is (-101,0) at t = 0 and (-97.8,0) at ¢t = 1. You can deduce that the equation modeling the tortoise's position is:
1 =-1014+32-¢
y1=0

The hare's position is (101,0) at ¢ = 21 and (91.2,0) at t = 22. Note that it does not make sense to make equations modeling the
hare's position before 21 seconds have elapsed because the Hare is napping and not moving. You can set up an equation to solve for
the hare's theoretical starting position had he been running the whole time.

o =b—9.8t
101=5-9.8-21
305.8 =0

The hare's position equation after ¢ = 21 can be modeled by:

2 =2305.8—9.8-1

y2=20

The tortoise crosses z = 0 when ¢ ~ 31.5. The hare crosses z = 0 when ¢ ~ 31.2. The hare wins by about 1.15 feet.
Now, use your calculator to display these parametric equations. T

here are many settings you should know for parametric equations that bring questions like this to life. The TI-84 has features that
allow you to see the race happen.

First, set the mode to simultaneous graphing. This will show both the tortoise and hare's position at the same time.
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SEQUERTIAL BTN
[FLIN  a+bi  FetRL
HORIE G-T
4NERT 4
Next, change the graphing window so that ¢ varies between 0 and 32 seconds. The T, determines how often the calculator will

calculate points. The larger the Tyep , the faster and less accurately the graph will plot. Also change the z to vary between -110 and
110 so you can see the positions of both characters.

WINDOW
min=
¥nix=322
step=
Hnin=-i1@
Anax=118
ascl=18
Hmin=-1

Input the parametric equations. Toggle to the left of the z and change the cursor from a line to a line with a bubble at the end. This
shows their position more clearly.

[ prers Plotz Platz
Oxer8-18143. 2T
ot B395.8-9. 8T
. .8-9.
Ui B
\HR3TE

Yir=
SHyr =

Now when you graph you should watch the race unfold as the two position graphs race towards each other.

]

Examples

Earlier, you were asked what types of real world situations can be modeled by parametric equations. Parametric equations are
often used when only a portion of a graph is useful. By limiting the domain of ¢, you can graph the precise interval of the
function you want. Parametric equations are also useful when two different variables jointly depend on a third variable and you
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wish to look at the relationship between the two dependent variables. This is very common in statistics where an underlying
variable may actually be the cause of a problem and the observer can only examine the relationship between the outcomes that
they see. In the physical world, parametric equations are exceptional at graphing position over time because the horizontal and
vertical vectors of objects in free motion are each dependent on time, yet independent of one another.

v/ Example 2

Eliminate the parameter in the following equations.

T=6t—2

y=5t2 — 6t

z =6t—2 So Z2 =t. Now, substitute this value for ¢ into the second equation:

2 T
y=5(2)'—0 ()

v/ Example 3

For the given parametric equation, graph over each interval of ¢.

z=1t2—4
y=2%
1.-2<t<0
2.0<t<5
3.-3<t<2

a. A good place to start is to find the coordinates where ¢ indicates the graph will start and end. For -2 <¢ < 0,t = —2and t =0
indicate that the points (0,-4) and (-4,0) are the endpoints of the graph.

¥

4
3
2
1

1 23 4567289

-S-'Ir'-6-5-4-3-2-1_1 1 2345678910

2
3
-4

c.—3<t<?2
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v/ Example 4

Eliminate the parameter and graph the following parametric curve.
x =3-sint
y=3-cost

When parametric equations involve trigonometric functions you can use the Pythagorean Identity, sin?¢ 4 cos?t =1- In this
problem, sint =2 (from the first equation) and cost = £ (from the second equation). Substitute these values into the
Pythagorean Identity and you have:

($)+#)'=1
2+ =9

This is a circle centered at the origin with radius 3.

¥

1 2 4 5 6 7

v/ Example 5

Find the parameterization for the line segment connecting the points (1,3) and (4, 8).

Use the fact that a point plus a vector yields another point. A vector between these points is < 4—1,8 -3 >=< 3,5 >
Thus the point (1,3) plus ¢ times the vector < 3,5 > will produce the point (4,8) when ¢ = 1 and the point (1,3) when ¢ = 0.
(z,9) = (1,8) +t-<3,5>,foro0<t<1

You than then break up this vector equation into parametric form.

r=1+3t
y=3+5¢
0<t<L1

Eliminate the parameter in the following sets of parametric equations.

l.z=3t—1y=4> —2t
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2.z =3t +6t;y=2t — 1
Jz=t+2;y=t2+4t+4
4.z=t—5y=t3+1
S.z=t+4;y=t2-5

For the parametric equation z = ¢,y = ¢* + 1, graph over each interval of ¢.

6.—2<t< -1
7.-1<t<0
8.—1<t<1
9.—2<t<2
10. -5<t<5

11. Eliminate the parameter and graph the following parametric curve:

x =sint,y=—4+ 3cost

12. Eliminate the parameter and graph the following parametric curve:

=1+ 2cost,y=1+2sint

13. Using the previous problem as a model, find a parameterization for the circle with center (2, 4) and radius 3.
14. Find the parameterization for the line segment connecting the points (2,7) and (1,4).

15. Find a parameterization for the ellipse %2 ’2’2—5 =1. Use the fact that cos?t +sin?¢ = 1. Check your answer with your
calculator.

16. Find a parameterization for the ellipse (’%)2 + % = 1. Check your answer with your calculator.

This page titled 10.3 Parameters and Parameter Elimination is shared under a CK-12 license and was authored, remixed, and/or curated by CK12
via source content that was edited to the style and standards of the LibreTexts platform.
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10.4 Parametric Inverses

You have learned that a graph and its inverse are reflections of each other across the line y = z. You have also learned that in order
to find an inverse algebraically, you can switch the z and y variables and solve for y. Parametric equations actually make finding
inverses easier because both the z and y variables are based on a third variable ¢. All you need to do to find the inverse of a set of
parametric equations and switch the functions for z and y.

Is the inverse of a function always a function?

Inverses of Parametric Equations

To find the inverse of a parametric equation you must switch the function of ¢ with the function of 4. This will switch all the points
from (z,y) to (y,z) and also has the effect of visually reflecting the graph over the line y = z.

Similar to the inverses regular functions, the inverses of parametric equations are often restricted so that they are also functions.
Take the following parametric equations:

T =2t

y=1t>—4

To find and graph the inverse of the parametric function on the domain —2 < ¢ < 2, first switch the z and 4 functions and graph.
z=t2—4

y=2t

The original function is shown in blue and the inverse is shown in red.
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v/ Example 1

Earlier, you were asked if the inverse of a function is always a function. The inverse of a function is not always a function. In
order to see whether the inverse of a function will be a function, you must perform the horizontal line test on the original
function. If the function passes the horizontal line test then the inverse will be a function. If the function does not pass the
horizontal line test then the inverse produces a relation rather than a function.

v/ Example 2

Is the point (4,8) in the following function or its inverse?
x=2t2—-2
y=t2—1

Try to solve for a matching ¢ in the original function.
The point does not satisfy the original function. Check to see if it satisfies the inverse.

The point does satisfy the inverse of the function.

v/ Example 3

Parameterize the following function and then graph the function and its inverse.

f&)=a* +2-4

For the original function, the parameterization is:
r=t

y=t2+t—4

The inverse is:

r=t2+t—4

y=t

x

234567891011

v/ Example 4

An intersection for two sets of parametric equations happens when the points exist at the same z,y and ¢. Find the points of
intersection of the function and its inverse from Example 2.

The parameterized function is:
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The inverse is:
To=t*+t—4
y2=1

To find where these intersect, set ; = z3 and y; = y and solve.

t=t>4+t—4
t2=4
t=42

You still need to actually calculate the points of intersection on the graph. You can tell from the graph in Example C that there
seem to be four points of intersection. Since ¢ can mean time, the question of intersection is more complicated than simply
overlapping. It means that the points are at the same z and y coordinate at the same time. Note what the graphs look like when
—-18<t<18

x:gw-lsu-

/ .

1/2 34567891011

-9-8-7-6-5(4-3-2-1,

-2
-3

Note what the graphs look like ¢ > 2.2 or ¢t < —2.2

5}'

4
3 /

2

|
-9-8-?-6-5-4-3\2-[_1 1 234567891011

2

-3

-4

Notice how when these partial graphs are examined there is no intersection at anything besides ¢ = 42 and the points (2,2) and
(-2,-2) While the paths of the graphs intersect in four places, they intersect at the same time only twice.

v/ Example 5

Identify where the following parametric function intersects with its inverse.

=4t

y=t2—-16

z1 = 4t;y; = t2 — 16 The inverse is:
zg =1t2—16

Y2 =4t

Solve for t when z; = z5 and y; = ys.

4=1t*—16
0=t2—4t—16

4++/16—4-1-(—16
po 2% ; ( )=4i24‘/5=2ﬂ:2\/5
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The points that correspond to these two times are:
z=4(2+2V5),y = (2+2V5)2—16
z=4(2—2v5),y = (2—2v5)2— 16

? Review

Use the function x =t — 4;y = t2 + 2 for #1- #3.

1. Find the inverse of the function.

2. Does the point (-2,6) live on the function or its inverse?

3. Does the point (0,1) live on the function or its inverse?

Use the relation z = #2;y = 4 — ¢ for #4—#6.

4. Find the inverse of the relation.

5. Does the point (4,0) live on the relation or its inverse?

6 . Does the point (0,4) live on the relation or its inverse?

Use the function z = 2t + 1;y = t2 — 3 for #7—#9.

7. Find the inverse of the function.

8. Does the point (1,5) live on the function or its inverse?

9. Does the point (9,13) live on the function or its inverse?

Use the function & = 3t + 14;y = t? — 2t for #10—#11

10. Find the inverse of the function.

11. Identify where the parametric function intersects with its inverse.
Use the relation = = t2;y = 4t — 4 for #12—#13.

12. Find the inverse of the relation.

13. Identify where the relation intersects with its inverse.

14. Parameterize f(z) = z%+ z — 6 and then graph the function and its inverse.

15. Parameterize f(z) = z2+ 3z + 2 and then graph the function and its inverse.

This page titled 10.4 Parametric Inverses is shared under a CK-12 license and was authored, remixed, and/or curated by CK12 via source content
that was edited to the style and standards of the LibreTexts platform.

https://k12.libretexts.org/@go/page/1050



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/1050?pdf
https://k12.libretexts.org/Bookshelves/Mathematics/Precalculus/10%3A_Polar_and_Parametric_Equations/10.04%3A_Section_4-
https://www.ck12info.org/curriculum-materials-license
https://www.ck12.org/
https://flexbooks.ck12.org/cbook/ck-12-precalculus-concepts-2.0

LibreTexts"

10.5 Applications of Parametric Equations

A regular function has the ability to graph the height of an object over time. Parametric equations allow you to actually graph the
complete position of an object over time. For example, parametric equations allow you to make a graph that represents the position
of a point on a Ferris wheel. All the details like height off the ground, direction, and speed of spin can be modeled using the
parametric equations.

What is the position equation and graph of a point on a Ferris wheel that starts at a low point of 6 feet off the ground, spins
counterclockwise to a height of 46 feet off the ground, then goes back down to 6 feet in 60 seconds?

Applying Parametric Equations

There are two types of parametric equations that are typical in real life situations. The first is
circular motion as was described in the concept problem. The second is projectile motion.
Circular Motion

Parametric equations that describe circular motion will have = and y as periodic functions of sine and cosine. Either z will be a sine
function and y will be a cosine function or the other way around. The best way to come up with parametric equations is to first
draw a picture of the circle you are trying to represent.

%

-50 -40 -30 -20 -10 10 20 30 40 50 60

Next, it is important to note the starting point, center point and direction. You should already

have the graphs of sine and cosine memorized so that when you see a pattern in words or as a graph, you can identify what you see

as + sin, — sin, + cos, — cos.

Take the example given above with the Ferris Wheel that starts at a low point of 6 feet off the ground, spins counterclockwise to a
height of 46 feet off the ground, then goes back down to 6 feet in 60 seconds. The the vertical component starts at a low point of 6,
travels to a middle point of 26 and then a height of 46 and back down. This is a - cos pattern. The amplitude of the —cos is 20 and
the vertical shift is 26 . Lastly, the period is 60 . You can use the period to help you find b.

_
7

_ ™
T30
Thus the vertical parameterization is:

60

y = —20cos (%t) + 26

The horizontal parameterization is found by noticing that the z values start at 0, go up to 20, go back to 0, then down to -20 , and
finally back to 0 . This is a +sin pattern with amplitude 20. The period is the same as with the vertical component.

Thus parametric equations for the point on the wheel are:
z = 20sin (3t)
y=—20cos (Zt) + 26

Note that horizontal and vertical components of parametric equations are the £ = and

y = functions respectively or the horizontal and vertical parameterization.
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Projectile Motion

Projectile motion has a vertical component that is quadratic and a horizontal component that is linear. This is because there are 3
parameters that influence the position of an object in flight: starting height, initial velocity, and the force of gravity. The horizontal
component is independent of the vertical component. This means that the starting horizontal velocity will remain the horizontal
velocity for the entire flight of the object.

vy

Uy

Note that gravity, g, has a force of about —32ft/s? or —9.81 m/s%. The examples and practice questions in this concept will use feet.

If an object is launched from the origin at a velocity of v then it has horizontal and vertical components that can be found using
basic trigonometry.

sinf = 2 —v-sinf=wvy
cos0=”T”—>v-cos0=vH

The horizontal component is basically finished. The only adjustments that would have to be made are if the starting location is not
at the origin, wind is added or if the projectile travels to the left instead of the right. See Example A.

z=t v -cosf

The vertical component also needs to include gravity and the starting height. The general
equation for the vertical component is:

y= % g t’+t-v-sinf+k

The constant g represents gravity, ¢ represents time, » represents initial velocity and k represents starting height. You will explore
this equation further in calculus and physics. Note that in this concept, most answers will be found and confirmed using technology
such as your graphing calculator.

Examples

v/ Example 1

A ball is thrown from the point (30,5) at an angle of 4 to the left at an initial velocity of 68ft/s. Model the position of the ball
over time using parametric equations. Use your graphing calculator to graph your equations for the first four seconds while the
ball is in the air.

The horizontal component is z = —t - 68 - cos (%) + 30. Note the negative sign because the object is traveling to the left and the
+30 because the object starts at (30,5).

The vertical component is y = § - (—32) - t* +¢ - 68 - sin (4L ) + 5. Note that ¢ = —32 because gravity has a force of —32ft/s® and
the +5 because the object starts at (30,5).

https://k12.libretexts.org/@go/page/1054



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/1054?pdf

LibreTexts"

90
80

60
50
40
30
20
10

=30 20 -10 -10 10 20 30 40 50

v/ Example 2

When does the ball from Example 1 reach its maximum and when does the ball hit the ground? How far did the person throw
the ball? T

o find when the function reaches its maximum, you can find the vertex of the parabola. Analytically this is messy because of
the decimal coefficients in the quadratic. Use your calculator to approximate the maximum after you have graphed it.
Depending on how small you make your Ty, should find the maximum height to be about 75 feet.

To find out when the ball hits the ground, you can set the vertical component equal to zero and solve the quadratic equation.
You can also use the table feature on your calculator to determine when the graph goes from having a positive vertical value to
a negative vertical value. The benefit for using the table is that it simultaneously tells you the z value of the zero.

THELE SETUP T [ ¥ir Uys
- 3 2% | 16,858
Indent: Auto I B x LA R 1
Derend: EEE P :Eﬁ:%! ;E‘OEE;
“20.28 | FAETH

T=

After about 4.2588 seconds the ball hits the ground at (-20.29, 0). This means the person threw the ball from (30, 5) to (-20.29,
0), a horizontal distance of just over 50 feet.

v/ Example 3

Kieran is on a Ferris wheel and his position is modeled by the parametric equations:

zx =10 - cos (Lt)

yx = 10 - sin (%t) + 65
Jason throws the ball modeled by the equation in Example 1 towards Kieran who can catch the ball if it gets within three feet.
Does Kieran catch the ball?

This question is designed to demonstrate the power of your calculator. If you simply model the two equations simultaneously
and ignore time you will see several points of intersection. This graph is shown below on the left. These intersection points are
not interesting because they represent where Kieran and the ball are at the same place but at different moments in time.

70

0 60

50 50
40 40
30 30
20 20
10 10

-40-30-£0-10 | 1020 30 40 -40-30-20-10 | 10 20 30 40
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When the T, is adjusted to 2.3 so that each graph represents the time from 0 to 2.3 , you get a better sense that at about 2.3
seconds the two points are close. This graph is shown above on the right.

You can now use your calculator to help you determine if the distance between Kieran and the ball actually does go below 3
feet. Start by plotting the ball's position in your calculator as

z; and y; and Kieran's position as x5 and ys. Then, plot a new parametric equation that compares the distance between these
two points over time. You can put this under z3 and y;. A calculator can reference internal variables like z,,y, that have already
been set in the calculator's memory to form new variables like 3, y3. Note that you can find the 1, 24,1, y, entries in the vars
and parametric menu.

I3=t

Y3 = \/(932 —21)% + (g2 —1)°

Now when you graph, you should change your window settings and let ¢ vary between 0 and 4, the £ window show between 0
and 4 and the y window show between 0 and 5. This way it should be clear if the distance truly does get below 3 feet.

’ Plokl Ploktz Plets il TS Hr .
VE1r=-"THES*kcos (»
g =12 -F2HTE 4
“Ezr =18cos (m-S%>
Ver=1B8ksinim S
~H:rET

__vhalcxn Y T

Depending on how accurate your Tep is, you should find that the distance is below 3 feet. Kieran does indeed catch the ball.

v/ Example 4

At what velocity does a football need to be thrown at a 45° angle in order to make it all the way across a football field?

T=zh
b, e— ) B33y - D

A football field is 100 yards or 300 feet. The parametric equations for a football thrown from (300,0) back to the origin at
speed v are:

z=—t-v-cos(Z)+ 300

y=1.(-32) -+t -v-sin(%)

Substituting the point (0,0) in for (z,y) produces a system of two equations with two variables v, ¢
0=—t-v-cos(§)+ 300

0=7%-(-32)-t*+t-v-sin(§)

You can solve this system many different ways.

t = 38 ~ 4.3 seconds, v = 40v/6 ~ 97.98ft/s

In order for someone to throw a football at a 45° angle all the way across a football field, they would need to throw at about
98ft /s which is about 66.8mph.

98 feet , 3600sec , _lmile ., 66.8 miles
1 sec 1 hour 5280 feet '~ 1 hour

v/ Example 5

Nikki got on a Ferris wheel ten seconds ago. She started 2 feet off the ground at the lowest point of the wheel and will make a

complete cycle in four minutes. The ride reaches a maximum height of 98 feet and spins clockwise. Write parametric equations
that model Nikki’s position over time. Where will Nikki be three minutes from now?

Don't let the 10 second difference confuse you. In order to deal with the time difference, use (¢t+ %) instead of ¢ in each
equation. When ¢ = 0, ten seconds (4 of a minute ) have already elapsed.
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z=—48-sin (% (t+ 1))
y=—48-cos(Z (t+%)) + 50

Att =3,z ~ 46.36 and y ~ 37.58

50 100

? Review

Candice gets on a Ferris wheel at its lowest point, 3 feet off the ground. The Ferris wheel spins
clockwise to a maximum height of 103 feet, making a complete cycle in 5 minutes.

1. Write a set of parametric equations to model Candice's position.

2. Where will Candice be in two minutes?

3. Where will Candice be in four minutes?

One minute ago Guillermo got on a Ferris wheel at its lowest point, 3 feet off the ground. The
Ferris wheel spins clockwise to a maximum height of 83 feet, making a complete cycle in 6
minutes.

4. Write a set of parametric equations to model Guillermo's position.

5. Where will Guillermo be in two minutes?

6. Where will Guillermo be in four minutes?

Kim throws a ball from (0,5) to the right at 50 mph at a 45° angle.

7. Write a set of parametric equations to model the position of the ball.

8. Where will the ball be in 2 seconds?

9. How far does the ball get before it lands?

David throws a ball from (0,7) to the right at 70 mph at a 60° angle. There is a 6 mph wind in
David's favor.

10. Write a set of parametric equations to model the position of the ball.

11. Where will the ball be in 2 seconds?

12. How far does the ball get before it lands?

Suppose Riley stands at the point (250,0) and launches a football at 72 mph at an angle of 60°
towards Kristy who is at the origin. Suppose Kristy also throws a football towards Riley at 65
mph at an angle of 45° at the exact same moment. There is a 6 mph breeze in Kristy's favor.

13. Write a set of parametric equations to model the position of Riley's ball.

14. Write a set of parametric equations to model the position of Kristy's ball.
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l 15. Graph both functions and explain how you know that the footballs don't collide even though the two graphs intersect.

This page titled 10.5 Applications of Parametric Equations is shared under a CK-12 license and was authored, remixed, and/or curated by CIK12
via source content that was edited to the style and standards of the LibreTexts platform.
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11.4 De Moivre's Theorem and nth Roots
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11.1 Fundamental Theorem of Algebra

You have learned that a quadratic has at most two real zeroes and a cubic has at most three real zeros. You may have noticed that
the number of real zeros is always less than or equal to the degree of the polynomial. By looking at a graph you can see when a
parabola crosses the z axis 0,1 or 2 times, but what does this have to do with complex numbers?

The Fundamental Theorem of Algebra

A real number is any rational or irrational number. When a real number is squared, it will always produce a non-negative value.
Complex numbers include real numbers and another type of number called imaginary numbers. Unlike real numbers, imaginary
numbers may produce a negative value when squared. The square root of negative one is defined to be the imaginary number s.

j=+—1andi?=—-1

Complex numbers are written with a real component and an imaginary component. All complex numbers can be written in the form
a + bi. When the imaginary component is zero, the number is simply a real number. This means that real numbers are a subset of
complex numbers.

The Fundamental Theorem of Algebra states that an n** degree polynomial with real or complex coefficients has, with multiplicity,
exactly n complex roots. This means a cubic will have exactly 3 roots, some of which may be complex.

Take the following polynomial.
f(@)=2"+9

At first you may think that this does not have any roots but the Fundamental Theorem of Algebra states that it must have 2 roots.
Both roots for this polynomial are complex.

To find the roots for this complex polynomial, set y = 0 and solve for z. This will give you the two zeros.

0=2"+9
—9=2?
+3i=2x

Thus the linear factorization of the function is:

f(z) = (z — 3i)(z + 31)

Multiplicity refers to when a root counts more than once. For example, in the following function the only root occurs at z = 3.

fz) = (z—3)?

The Fundamental Theorem of Algebra states that this 224 degree polynomial must have exactly 2 roots with multiplicity. This

means that the root £ = 3 has multiplicity 2 . One way to determine the multiplicity is to simply look at the degree of each of the
factors in the factorized polynomial.

9(z) = (z —1)(z — 3)*(z +2)

This function has 6 roots. The first two roots z = 1 and = —2 have multiplicities of 1 because the power of each of their binomial
factors is 1 . The third root =3 has a multiplicity of 4 because the power of its binomial factor is 4 . Keep in mind that all

polynomials can be written in factorized form like the above polynomial, due to a theorem called the Linear Factorization
Theorem.
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nplify each complex number in tae form a + bi and
ichentity tie value of a and b.

a+bi|

PG

Examples

Earlier, you were asked about the graphs of parabolas and their relationships to the zeroes of the parabolas. When a parabola
fails to cross the z axis it still has 2 roots. These two roots happen to be imaginary numbers. The function f(z) = «* + 4 does
not cross the z axis, but its roots are z = 42i.

v/ Example 2

Identify the polynomial that has the following five roots. z = 0,2, 3, +v/54

Write the function in factorized form.

f(@) = (@—0)(@—2)(= —3)(= — v/5i)(z + V/5i)

When you multiply through, it will be helpful to do the complex conjugates first. Remember that Complex conjugates are

pairs of complex numbers with real parts that are identical and imaginary parts that are of equal magnitude but opposite signs.
The complex conjugates in this equation are (z — v/55)(z + v/54).

f(z) =z (z? -5z +6) (z2 —5- (-1))
f(z) = (z® — 522 + 62) (z% +5)
f(z) = 2% — bz + 62°% + 52° — 2522 + 30z

f(z) = 25 — 5z* + 1123 — 2522 + 30z

Write the polynomial that has the following roots: 4 (with multiplicity 3), 2 (with multiplicity 2 ) and 0.

f@)=@—4 @27z

v/ Example 4

Factor the following polynomial into its linear factorization and state all of its roots.

f(z) = z* — 523 + 7z? — 5z + 6

You can use polynomial long division to obtain the following factorization.

f(@) = (z=3)(z—2)(z —i)(z +1)
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If you need a place to start, it is helpful to look at the graph of the polynomial and notice that the graph shows you exactly
where the real roots appear.

¥
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v/ Example 5

Can you create a polynomial with real coefficients that has one imaginary root? Why or why not?

No, if a polynomial has real coefficients then either it has no imaginary roots, or the imaginary roots come in pairs of complex
conjugates (so that the imaginary portions cancel out when the factors are multiplied).

For 1 — 4, find the polynomial with the given roots.

1.2 (with multiplicity 2), 4 (with multiplicity 3), 1, v2i, —v/2i.

2. 1,-3 (with multiplicity 3), —1, v/3i,—v/3i

3. 5 (with multiplicity 2), -1 (with multiplicity 2), 24, —2i

4. 4,—i, /24, —V/2i

For each polynomial, factor into its linear factorization and state all of its roots.
5. f(z) = 2% + 4a* — 22% — 142% — 30 — 18

6.g9(x) =a*—1

7. h(z) = &% — 122° + 612 — 20423 4 53242 — 864z + 576

8. j(z) = 27 — 112° + 492° — 1232* + 21923 — 29722 + 243z — 81

9. k(z) = x° + 3z* — 113 — 1522 + 462 — 24

10. m(z) = £® — 12z* + 2322 + 36

11. n(zx) = 2% — 32% — 102* — 3223 — 812% — 852 — 30

12. p(z) = 28 + 42° + 7z? + 1223 — 1622 — 112z — 112

13. How can you tell the number of roots that a polynomial has from its equation?
14. Explain the meaning of the term "multiplicity".

15. A polynomial with real coefficients has one root that is 4/3i. What other root(s) must the polynomial have?
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11.2 Arithmetic with Complex Numbers

The idea of a complex number can be hard to comprehend, especially when you start thinking about absolute value. In the past you
may have thought of the absolute value of a number as just the number itself or its positive version. How should you think about
the absolute value of a complex number?

Arithmetic Operations with Complex Numbers

Complex numbers follow all the same rules as real numbers for the operations of adding, subtracting, multiplying and dividing.
There are a few important ideas to remember when working with complex numbers:

1. When simplifying, you must remember to combine imaginary parts with imaginary parts and real parts with real parts. For
example, 4 +5i +2—3i =6+ 2i

2. If you end up with a complex number in the denominator of a fraction, eliminate it by multiplying both the numerator and
denominator by the complex conjugate of the denominator.

3. The powers of ¢ are:

o j=+/—1

o 2=_1

o PB=—y/—1=—
o it=1

o 5=

¢ ... and the pattern repeats

Consider this complex expression:

(2 +3i)(1 —5i) —3i +8

First, multiply the two binomials and then combine the imaginary parts with imaginary parts and real parts with real parts.
=2—10i + 3 — 15> — 3i + 8

=10—10:+ 15

=25—10:¢

Note that a power higher than 1 of i can be simplified using the pattern above.

rowers of 1

lust remember

i=~=1
i* = =3 e

()i = I('ﬂz-é - ¢

i

The complex plane is set up in the same way as the regular z,y plane, except that real numbers are counted horizontally and
complex numbers are counted vertically. The following is the number 4 4 34 plotted in the complex number plane. Notice how the

point is four units over and three units up.
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The absolute value of a complex number like |4 + 34| is defined as the distance from the complex number to the origin. You can use
the Pythagorean Theorem to get the absolute value. In this case, |4 + 3i| = V4% + 3% = v/25 = 5.

Examples

Earlier, you were asked how to think about the absolute value of a complex number. A good way to think about the absolute
value for all numbers is to define it as the distance from a number to zero. In the case of complex numbers where an individual
number is actually a coordinate on a plane, zero is the origin.

v/ Example 2

Compute the following power by hand and use your calculator to support your work.

(V3 +2i)?

(V3 +26) - (vV3+26) - (V3 +2i)

= (3+4iv3 —4)(vV3+2)

= (—1 +44v/3)(V3 + 2i)

=—v/3-2i+12 —8V3

=—9v3 +10i

A TI-84 can be switched to imaginary mode and then compute exactly what you just did. Note that the calculator will give a

decimal approximation for —9+/3.

: (3421
EADLA “m””’ ‘ 15, 58845?2?+1Eh

ETET | SThuL -15 52845727

REHI. a+hi I
HORIZ G=T

HNEHT 4

=== —— e

v/ Example 3

Simplify the following complex expression.

794 3—5i
4-3i + 2

To add fractions you need to find a common denominator.
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(7-9i)2 | (3-5i)-(4—3i)
@ T w3

— 14i+18 + 12—20i—9i—15
 8i+6 8i+6

— 151560
— 8it6

Lastly, eliminate the imaginary component from the denominator by using the conjugate.

_ (15—153)-(8i—6)
= T(8i+6)-(8i—6)

— 120i—90+1204-90¢
- 100

— 30i+30
— 100

— 3i43
- 10

v/ Example 4

Simplify the following complex number.

7:2013

When simplifying complex numbers, 4 should not have a power greater than 1 . The powers of i repeat in a four part cycle:

P =i=+-1
i¢=i2=-1
iT=B8=—/-1=—i
d=4t=1

Therefore, you just need to determine where 2013 is in the cycle. To do this, determine the remainder when you divide 2013 by
4 . The remainder is 1 so 2013 = ;.

v/ Example 5

Plot the following complex number on the complex coordinate plane and determine its absolute value.

—12 + 54

The sides of the right triangle are 5 and 12, which you should recognize as a Pythagorean

triple with a hypotenuse of 13. | — 12 + 5i| = 13.

Simplify the following complex numbers.

1. 422

2.¢312

3. ,’:411

4. 24

For each of the following, plot the complex number on the complex coordinate plane and

determine its absolute value.

5.6—8i
6.2+
7.4—2i

https://k12.libretexts.org/@go/page/985



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/985?pdf

LibreTexts*

8. —5i+1
Letc=2+Tiandd =3 —5i
9. What is ¢+ d?

10. What is ¢—d?

11. What is ¢ - d?

12. What is 2¢ — 4d?

13. What is 2¢- 4d?

14. What is £ ?

15. What is ¢* — d??
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11.3 Trigonometric Polar Form of Complex Numbers

You already know how to represent complex numbers in the complex plane using rectangular coordinates and you already know
how to multiply and divide complex numbers. Representing these points and performing these operations using trigonometric polar
form will make your computations more efficient.

What are the two ways to multiply the following complex numbers?

(1+V39)(V2—V2i)

Trigonometric Polar Form of Complex Numbers

Any point represented in the complex plane as a + b can be represented in polar form just like any point in the rectangular
coordinate system. Trigonometric polar form of a complex number describes the location of a point on the complex plane using the
angle and the radius of the point. You will use the distance from the point to the origin as r and the angle that the point makes as 6.

vi

a +bi

S bi=iir-sing

a=r-cosf

As you can see, the point a + bi can also be represented as r - cos 8 + 4 - r - sin 8. The trigonometric polar form can be abbreviated by
factoring out the r and noting the first letters:

r(cos@ +i-sin@) — r - cisd

The abbreviation r- cis is read as " r kiss theta." It allows you to represent a point as a radius and an angle.
Take the following complex number in rectangular form.

1—+3i

To convert the following complex number from rectangular form to trigonometric polar form, find the radius using the absolute
value of the number.

r2=124(—/3)2 3r=2

The angle can be found with basic trig and the knowledge that the opposite side is always the
imaginary component and the adjacent side is always the real component.

tanf = —¥2 5 9 — 60°

Thus the trigonometric form is 2 cis 60°.

One great benefit of the cis form is that it makes multiplying and dividing complex numbers
extremely easy. For example:

Let: 2y = r; - cis 8y, zp = 7o - cis @ With 75 # 0.

Then:

z1-z2=r1-r2-cis(01+02)

21+ 29 = :—:-cis(al—oz)

For basic problems, the amount of work required to compute products and quotients for complex numbers given in either form is

roughly equivalent. For more challenging questions, trigonometric polar form becomes significantly advantageous.
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arapn the compiex number. Convert to @ sccangular

foroy,

z=3cis150°
<= 3(cos ISD°4 ¢ Sin fS?‘")

Examples

v/ Example 1

Earlier, you were asked how to multiply the complex numbers (1 + v/3i)(v'2 — v/2i).

In rectangular coordinates:

(1 +V3)(V2— v2) = V2 — v2i + V6i + V6
In trigonometric polar coordinates, 1+ v/3i = 2¢is60° and v/2 — v/2i = 2 cis —45°. Therefore:

(14 v/3i) (V2 — V/2i) = 2¢is 60° - 2cis — 45° = 4 cis 105°

v/ Example 2

Convert the following complex number from trigonometric polar form to rectangular form.
i (3
4cis ( T )

4cis () = 4 (cos () +i-sin (§)) = 4 (= + i) = —2v2+2v2i

v/ Example 3

Divide the following complex numbers.

4 cis 32°
2cis2°

S8~ foin (07— ) = 200 00)

v/ Example 4

Translate the following complex number from rectangular form into trigonometric polar form:
8
8 =8cis0°

Note that this has no complex part and therefore has no angle.

Multiply the following complex numbers in trigonometric polar form.

4 cis 34° - 5 cis 16° - 1 cis 100°
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4 cis 34° - 5 cis 16° - 1 cis 100°
=4-5-1.cis (34° + 16° + 100°) = 10 cis 150

Note how much easier it is to do products and quotients in trigonometric polar form.

? Review

Translate the following complex numbers from trigonometric polar form to rectangular form.
1. 5 cis 270°

2. 2 cis 30°

3.-4cis ¢

4.6¢is §

5.2cis &

Translate the following complex numbers from rectangular form into trigonometric polar form.
6.2—1

7.5+12i

8.6i+8

9.4

Complete the following calculations and simplify.

10. 2 cis 22° - Lcis15° - 3cis95°

11. 9 cis 98° + 3 cis 12°

12. 15cis £ - 2 cis §

13. —2cis %” +15cis %"

Let 23 =71 - cis0; and 22 = 73 - cisfy with 73 # 0.

14. Use the trigonometric sum and difference identities to prove that z; - 22 = 11 - g - cis (61 + 02)

15. Use the trigonometric sum and difference identities to prove that z; + zp = 7* - cis (61 — 62)

This page titled 11.3 Trigonometric Polar Form of Complex Numbers is shared under a CK-12 license and was authored, remixed, and/or curated
by CK12 via source content that was edited to the style and standards of the LibreTexts platform.

https://k12.libretexts.org/@go/page/984



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/984?pdf
https://k12.libretexts.org/Bookshelves/Mathematics/Precalculus/11%3A_Complex_Numbers/11.03%3A_Section_3-
https://www.ck12info.org/curriculum-materials-license
https://www.ck12.org/
https://flexbooks.ck12.org/cbook/ck-12-precalculus-concepts-2.0

LibreTexts*

11.4 De Moivre's Theorem and nth Roots

You know how to multiply two complex numbers together and you’ve seen the advantages of using trigonometric polar form,
especially when multiplying more than two complex numbers at the same time. Because raising a number to a whole number
power is repeated multiplication, you also know how to raise a complex number to a whole number power. What is a geometric
interpretation of squaring a complex number?

De Moivre's Theorem and nth Roots

Recall that if z; = r; - cis6; and zp = 7y - cis§; With rg # 0, then z; - zp = r; - 2 - cis (61 + 62)
If z; = 23 = 2z = rcis 6 then you can determine 22 and 23 :

22=r.r-cis(0 +0) = r’cis(2 - )

28 =r3cis(3-0)

De Moivre's Theorem simply generalizes this pattern to the power of any positive integer.

z" =7r"-cis(n- 0)

2ane i celtaaguldl w2 v,

EEos g{;— |-isin :;‘D I |
_ j(%(g_%’-)mm(i%)}
g ?(505 ?’ 4’f’$/ﬂg)

g(F+

[:(tos.‘}w!s_i( - Flieisitieele)

In addition to raising a complex number to a power, you can also take square roots, cube roots and nt® roots of complex numbers.
Suppose you have complex number z =  cis # and you want to take the n** root of z. In other words, you want to find a number »
= s-cis § such that v™ = 2. Do some substitution and manipulation:

"=z
(s-cisp)" =r-cis@

s"-cis(n-B)=r-cisf
You can see at this point that to find s you need to take the ntt root of r. The trickier part is to find the angles, because n - 8 could
be any angle coterminal with 6. This means that there are n different »** roots of 2.

n-B=0+2rk

p= Gk

The number k& can be all of the counting numbers including zeros up to n— 1. So if you are taking the 4* root, then ¥ =0, 1,2, 3.
Thus the n* root of a complex number requires  different calculations, one for each root:

v={/r-cis(¥2%) for (ke I|0<k<n—1}

To apply this formula, find the cube root of the number 8 . Most students know that 2% = 8 and so know that 2 is the cube root of 8 .
However, they don't realize that there are two other cube roots that they are missing. Remember to write out k = 0,1,2 and use the

unit circle whenever possible to help you to find all three cube roots.
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8 =8 cis 0 = (s-cis §)3
z1=2-ciS(W) =2 cis 0 = 2(cos0 + i - sin0) = 2(1 +0) = 2

29 =2-cis (%) = 2cis

il )=2(—%+§i) =—1+iV3
4

“o(on() wiosn () <2 (-5 - ) < a-ova
The cube roots of 8 are 2, —1 + iv/3,—1 — iv/3.
To check, that they are the cube roots, cube them all simplify.
23=23=8
z3=(-1+ iv3)®
= (—1+4v3) - (=1 +iv3) - (—1+iv3)
=(1—2iv3-3) - (-14iv3)
= (—2—2iv3) - (—1+14v3)
=2—2iV/3+2iV/3+6
=8
Note how many steps and opportunities there are for making a mistake when multiplying
multiple terms in rectangular form. When you check z3, use trigonometric polar form.
zg‘ =2%¢is (3- 4?‘”)
= 8(cos 4 + i - sin 4mr)

=8(1+0)
=8

Examples

v/ Example 1

Earlier, you were asked what a geometric interpretation of squaring a complex number is. Squaring a complex number
produces a new complex number. The angle gets doubled and the magnitude gets squared, so geometrically you see a rotation.

4-“ .r"'cisﬂi
3
2
1 reisd
a 3 3 A 1 2 3 4 5 6

Plot the roots of 8 graphically and discuss any patterns you notice.
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The three points are equally spaced around a circle of radius 2. Only one of the points, 2 + 04, is made up of only real numbers.
The other two points have both a real and an imaginary component which is why they are off of the z axis.

As you become more comfortable with roots, you can just determine the number of points that need to be evenly spaced around
a certain radius circle and find the first point. The rest is just logic.

v/ Example 3

What are the fourth roots of 16 cis 48°7
There will be 4 points, each 90° apart with the first point at 2 cis (12°).

2cis (12°),2cis (102°) , 2 cis (192°) , 2 cis (282°)

v/ Example 4

Solve for z by finding the nth root of the complex number.

2% = 64— 64V3i

First write the complex number in cis form. Remember to identify k =0,1,2. This means the roots will appear every 3
=120°.

2% = 64— 64v/3i = 128 - ¢is 300°

21 = 1287 - cis (2020) = 128% - cis (100°)

29 = 1287 - cis (220°)

73 = 1287 - cis (340°)

v/ Example 5

Use De Moivre's Theorem to evaluate the following power.
(V2 —v2i)f
First write the number in trigonometric polar form, then apply De Moivre's Theorem and simplify.

(V2 — v2i)8 = (2¢is 315°)°
=25.cis (6 - 315°)
= 64 - cis (1890°)
= 64 - cis (1890°)
=64 - cis (90°)
= 64 (cos90° + 7 - sin90°)
= 64(0 +1)
= 64i

https://k12.libretexts.org/@go/page/987



https://libretexts.org/
https://www.ck12info.org/curriculum-materials-license
https://k12.libretexts.org/@go/page/987?pdf

LibreTexts"

Use De Moivre's Theorem to evaluate each expression. Write your answers in rectangular form.
1. (1+4)°

2. (1 —/30)3
3. (14 23)8
4. (V3—1)

()

92}

6. Find the cube roots of 3 + 4i.

7. Find the 5% roots of 32i.

8. Find the 5% roots of 1 + v/5i.

9. Find the 6 roots of -64 and plot them on the complex plane.
10. Use your answers to #9 to help you solve =€ + 64 = 0.

For each equation: a) state the number of roots, b) calculate the roots, and c) represent the roots graphically.

11. 28 =1
12.28 =1
13. 212 =1
14. z* =16
15. z3 =27

This page titled 11.4 De Moivre's Theorem and nth Roots is shared under a CK-12 license and was authored, remixed, and/or curated by CK12
via source content that was edited to the style and standards of the LibreTexts platform.
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