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1: MATHEMATICAL MODELS OF PHYSICAL SYSTEMS

Learning Objectives

1
2.
3.
4.

Obtain a mathematical model of a physical system.

Obtain system transfer function from its differential equation model.
Obtain a physical system model in the state variable form.

Linearize a nonlinear dynamic system model about an operating point.

1.8: Prelude to Mathematical Models of Physical Systems
1.1: Model Variables and Element Types

1.2: First-Order ODE Models

1.3: Second-Order ODE Models

1.4: An Electro-Mechanical System Model

1.5: Industrial Process Models

1.6: State Variable Models

1.7: Linearization of Nonlinear Models

Ocatve examples

R Examples

Octave examples

This page titled 1: Mathematical Models of Physical Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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1.0: Prelude to Mathematical Models of Physical Systems

This chapter describes the process of obtaining the mathematical description of a dynamic system, i.e., a system whose behavior
changes over time. The system is assumed to be assembled from components. The system model is based on the physical laws
that govern the behavior of various system components.

Physical systems of interest to engineers include, for example, electrical, mechanical, electromechanical, thermal, and fluid
systems. By using lumped parameter assumption, their behavior is mathematically described in terms of ordinary differential
equation (ODE) models. These equations are nonlinear, in general, but can be linearized about an operating point for analysis and
design purposes.

Models of interconnected components are assembled from individual component describptions. The components in electrical
systems include resistors, capacitors, and inductors. The components used in mechanical systems include inertial masses,
springs, and dampers (or friction elements). For thermal systems, these include thermal capacitance and thermal resistance. For
hydraulic and fluid systems, these include reservoir capacity and flow resistance.

In certain physical systems, properties (or entities) flow in and out of a system boundary, e.g., a hydraulic reservoir, or thermal
chamber. The dynamics of such systems is described by conservation laws and/or balance equations. In particular, let Q represent
an accumulated property, g;, and g, represent the inflow and outflow rates, then the model is described as:

aQ
E =qin —qQout +g—C
where g and ¢ denote the internal generation and consumption of that property.

The Laplace transform converts a linear differential equation into an algebraic equation, which can be manipulated to obtain an
input-output description described as a transfer function. The transfer function forms the basis of analysis and design of control
systems using conventional methods. In contrast, the modern control theory is established on time-domain analysis involving the
state equations, that describe system behavior as time derivatives of a set of state variables.

Linearization of nonlinear models is accomplished using Taylor series expansion about a critical point, where the linear behavior

is restricted to the neighborhood of the critical point. The linear systems theory is well-estabished and serves as the basic tool
for controller design.

This page titled 1.0: Prelude to Mathematical Models of Physical Systems is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Kamran Igbal.
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1.1: Model Variables and Element Types

Flow and Across Variables

Modeling of a physical system involves two kinds of variables: flow variables that ‘flow’ through the components, and across
variables that are measured across those components.

For example, in electric circuits, potential (voltage) is measured across elements, whereas electrical charge (current) flows through
the circuit elements.

In mechanical linkage systems, displacement and velocity are measured across elements, whereas force or effort ‘flows’ through
the linkages.

In thermal and fluid systems, heat and mass serve as the flow variables, whereas temperature and pressure constitute the across
variables.

A physical element is characterized by the relationship between flow and across variables. The three basic types are the resistive,
inductive, and capacitive elements. The terminology, taken from electrical circuits, extends to other types of physical systems
as well.

While the resistive element dissipates energy, both the capacitive and inductive elements store energy. For example, a capacitor
stores electrical energy and a moving mass stores kinetic energy. The energy storage accords memory to the element that
accounts for it dynamic behavior modeled by an ODE.

Let ¢(t) denote a flow variable and z(t) denote an across variable associated with an element; then, the element type is defined
by their mutual relationships, described as follows:

Definition: Resistive Element

A resistive element is described by a proportional relationship:

z(t) =k q(t)

q(t) x(t)

1 L1 )

|

Figure 1.1.1: A resistive element.

For example, the voltage and current relationship through a resister is described by a proportional relationship called Ohm'’s Llaw:
V(t) = R i(t).

Similarly, the force-velocity relationship though a linear mechanical damper is a proportional one: v(t) = + f(t).

Definition: Capacitive Element

A capacitive element is described by the relation:

z(t) = k/q(t)dt +

@IOIC]E) 3 (1.1.1)
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i.e.,, the across variable varies in proportion to the accumulated amount of the flow variable. Whereas, the flow variable varies
proportionally with the rate of change of the across variable:

_ 1d=z(?)
Tk odt

q(t)

q(t) x(t)
( BW———F:E[———+V:S)

- e,

Figure 1.1.2: A capacitive element.

For example, the voltage and current relationship through a capacitor is given as: V(t) = & [ i(t)dt + V;. Since the current integral
represents the accumulation of electrical charge, we have: Q = CV. The inverse relationship is described as: i (t) = C 4.

Similarly, the force-velocity relationship that governs the movement of an inertial mass is described as: v(t) = L [ f(t)dt + vo. Its

inverse is the familiar Newton’s second law of motion: f (t) = mdf,—gt).

Definition: Inductive Element

An inductive element is described by the relationship:

i.e., the across variable is obtained by differentiating the flow variable. Alternatively, the flow variable varies in proportion to
the accumulation of the across variable as:

) = ¢ [ ot +ao

q(t) (t)
o] 2

Figure 1.1.3: An inductive element.

di(t)

- The inverse

For example, the voltage-current relationship through an inductive coil in an electric circuit is given as: V(¢) = L

relationship is described as: i(t) = + [ V(t)dt + 4.

df(t)
d

== The inverse relation is described as: f (t)

Similarly, the force-velocity relationship though a linear spring is given as: v(t) = n

=K [v(t)dt+ fo.

L
K

This page titled 1.1: Model Variables and Element Types is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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1.2: First-Order ODE Models

Electrical, mechanical, thermal, and fluid systems that contain a single energy storage element are described by first-order ODE
models.

Let u(t) denote a generic input, y(¢) denote a generic output, and = denote the time constant; then, a generic first-order ODE
model is expressed as:

sz—(tt) +y(t) = u(t)

The time constant, 7, denotes the time when the system response to a constant input rises to 63.2% of its final value. The time
constant is measured in [sec].

Examples

Example 1.2.1

A series RC network is connected across a constant voltage source, Missing open brace for subscript (Figure 1.2.1).
Kirchhoff’s voltage law (KVL) is used to model the circuit behavior as: vy + ve = Vi

In the above capital letters represent constant values and small letters represent time-varying quantities.

Let vc = vy define the circuit output; then, vg = iR = RC%, hence

dvg(t
RC (3; ) +vo(t) = Vs
The time constant of the RC circuit is given as: 7 = RC.
R
W
+ ——
— i —_

T

Figure 1.2.1: A series RC circuit driven by a constant voltage source.

Example 1.2.2

A parallel RL network is connected across a constant current source, Missing open brace for subscript (Figure 1.2.2).
The circuit is modeled by a first-order ODE, where the variable of interest is the inductor current, 77, and Kirchhoff's current
law (KCL) is applied at a node to obtain: Missing open brace for subscript

By substituting iz = % = %%L we obtain the ODE description of the RL circuit as:
L dig(t)
— i () = 1.
R Tu=1

The time constant of the RL circuit is given as: 7 = %.

@IOIC]E) 5 (1.2.1)
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De 3= 3

Figure 1.2.2: A parallel RL circuit driven by a constant current source.

Example 1.2.3

The motion of an inertial mass, m, acted by a force, f(t), in the presence of kinetic friction, represented by b, is governed by
Newton’s second law of motion (Figure 1.2.3). Let v (t) represent the velocity; then, the resultant force on the mass element is:
f — bv. Hence

du(t)

The time constant for the mechanical model is: 7 = £, which describes the rate at which the velocity builds up in response
to a constant force input.

— x(t)

m £

bl?(_t}

Figure 1.2.3: Motion of an inertial mass with applied force under surface friction.

Example 1.2.4

A model for room heating is developed as follows (Figure 1.2.4): let ¢;, denote heat inflow, C, denote the thermal capacity
of the room, 0, denote the room temperature, 6, denote the ambient temperature, and R, denote a thermal resistance
representing wall insulation; then, the heat energy balance equation is given as:

dg, 6,.—6,

Cr = {q;
a m, ¢

In terms of the temperature differential, A0 = 6, — 6,, the governing ODE is:

R,C, —di(’ +A6= Ruq:

By comparing with the generic first-order ODE model, 7-?1—{ + y = u, the thermal time constant is described as: 7 = R,,C,.
Further, the temperature is measures in [°C], heat flow is measured in [W], thermal capacitance is measured in [LC], and
thermal resistance is measured in [&].

qi
Ry

C?, _ﬁ' {?O

Figure 1.2.4: A model of room heating with heat source and outflow through the walls.
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Example 1.2.5

A cylindrical reservoir is filled with an incompressible fluid supplied from an inlet with a controlled exit through a hydraulic
valve at the bottom (Figure 1.2.5).

Let P denote the hydraulic pressure, A denote the area of the reservoir, h denote the height, V' denote the volume, p denote
the mass density, R; denote the valve resistance to the fluid flow, ¢;,, g..: denote the volumetric flow rates, and g denote the
gravitational constant; then, the base pressure in the reservoir is obtained as:

P:Patm+pgh:Patm+p_AgV

The reservoir capacitance is defined as: C), = % = %; then, the governing equation for hydraulic flow through the reservoir
is given as:
4P _ . P Pun
dt R,

In terms of the pressure difference, the equation is written as:

dAP
dt

By comparing with generic first-order ODE model, r% + y = u, the hydraulic time constant is described as: 7 = R,,C,.

R,Cy,

+ AP = Ryqin.

Further, by substituting: AP = pgh and C}, = %, we can equivalently express the ODE in terms of the liquid height, & (¢), in
the reservoir as:

dh
Ade— + pgh = Rigin
t
In the above, the hydraulic pressure is measures in [%], volumetric flow is measured in [T”T‘], hydraulic capacitance is
measured in [%5] and flow resistance is measured in [£2].

mo

Qs

h R;

i:n Qo

Figure 1.2.5: A hydraulic reservoir with flow in and flow out through bottom valve.

Solving First-Order ODE Model

Consider the response of a first-order ODE model: Td?f,ff) + y (t) = u(t) to a step forcing function.

By applying the Laplace transform with initial conditions: y (0) = y,, we obtain an algebraic equation:
7 (sy(s) — o) + y(s) = u(s)

We assume a unit step input u (t), where u (s) = 1; then, the output is solved as:

@IOIC]E) 7 (1.2.3)



LibreTextS'“

1 + TYo
s(rs+1)  71s+1

y(s) =

We use partial fraction expansion (PFE) to express the output as:

1 T TYo
s T7s+1 Ts+1

By using inverse Laplace transform, we obtain the time-domain solution to the ODE as:
y(t)=1+(o—1e ", t>0

Let the steady-state value of the output be denoted as: y, = lim: y(t) ; then, the step response of a general first-order ODE
model is expressed as:

Y (1) = [yoo + (W0 — yoo) e /] u(t)

In the above, u (t) denotes a unit step function, used to show causality, i.e., the response is valid for ¢ > 0.

Transfer Function
The transfer function description of a dynamic system is obtained from the ODE model by the application of Laplace transform
assuming zero initial conditions. The transfer function describes the input-output relationship in the form of a rational function,
i.e., a ratio of two polynomials in the Laplace variable s.

. o s . . . d
A first-order ODE model with input u(t) and output y(t) is described as: T% +y(t) = u(t).

For the first-order model, application of Laplace transform with zero initial conditions gives: (7s + 1)y(s) = u(s).

The resulting input-output transfer function is given as:

Output Response
For zero initial conditions, y, = 0, the output is expressed as:

y(t)=(1—e ") u(t)
The system response for 7 = 1 sec is plotted in Figure 1.5.

The output values at selected times, t = kr, k=0, 1,... are compiled in the following table. By convention, the output is assumed
to have reached steady-state when it attains 98% of its final value. Hence, the settling time of the system is expressed as: t, = 41

Table 1.1: The step response of a first-order model at selected time instances.

Time Output value

0 y(0)=0

1r 1—e 120632
27 1—e220.865
37 1—e3220.950
4r 1—e420.982
57 1—e520.993

©@®SO 8 (1.2.4)
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Figure 1.2.6: Response of a first-order ODE model (1 = 1sec).

pkg load control

s=tf('s'");

Gs=1/(s+1);

step(Gs), hold
plot(1:5,1-exp(-(1:5)), 'x")

This page titled 1.2: First-Order ODE Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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1.3: Second-Order ODE Models

A physical system that contains two energy storage elements is described by a second-order ODE. Examples of second-order
models are discussed below:

Example 1.3.1

A series RLC circuit with voltage input Vi(t) and current output i(t) has a governing relationship obtained by applying the
Kirchoff’s voltage law to the mesh (Figure 1.3.1):

di(t)

L
dt

+mm+%/mm:m@

The above integro-differential equation can by converted into a second-order ODE by expressing it in terms of the electric
charge, ¢(t), as:

d2l](t) + qu_(t) + iq(lf) = Vs(t)

L
dt? dt c

Alternatively, the series RLC circuit can be described in terms of two first-order ODE’s involving natural variables, the current,
i(t), and the capacitor voltage, V,(t), as:

di(t) . B av. .
LT + Ri(t) + V.(t) = Vi(t), C e i(t)
R L
AAN FATR" ' A
+
- /5 -

Figure 1.3.1: A series RLC circuit driven by a constant voltage source.

Example 1.3.2

The motion of a mass element of weight, mg, pulled upward by a force, f(¢), is described using position output, y(t), by a
second-order ODE:

d?y(t)
2

+mg = f(t)

The second-order ODE expresses the fact that the moving mass has both the kinetic and potential energies (Figure 1.3.2).

@IOIC]E) 10 (1.3.1)
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m t y(t)

v Mg

Figure 1.3.2: Motion of an inertial mass under gravitational field.

Example 1.3.3

A mass-spring-damper system includes a mass affected by an applied force, f(t); its motion is restrained by a combination
of a spring and a damper (Figure 1.8).

Let z(¢) denote the displacement of the mass from a fixed reference; then, the dynamic equation of the system, obtained by
using Newton’s second law of motion, takes a familiar form:

d?xz(t) dzx(t)
dt? I dt

+ kx(t) = f(t)

In compact notation, we may express the ODE as:

mi + bt + kx=f

dz(t) . (t) _ d*z(t)

where the dots above the variable represent time derivative, i.e., & (t) = —=, = —p

Using position, z(¢), and velocity, v(t) as variables, the mass-spring-damper system is described by two first-order equations
(called state equations) given as:

dz dv 1
= =), == — (—ka(t) = bo(t) + £(2))

In the absence of damping, the dynamic equation of the mass-spring system reduces to:

d*z (t)
dt?

+ kz (t) = f(t)

The above equation describes simple harmonic motion (SHM) with w2 = k/m. From elementary physics, the general solution
to the equation is given as:

z (t) = Acoswy t + Bsinwqt

BIOIRIE) 11 (1.3.2)
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Figure 1.3.3: A mass-spring-damper system model.

Solving Second-Order Models

A second-order ODE model can be solved by applying the Laplace transform to both sides of the differential equation. Let a
general second-order ODE model be described as:

§(t) + a19 (t) + a2y (t) = b1 (t) + bau (¢)
Application of the Laplace transform, assuming the following initial conditions: y (0) = yo, ¥(0) =90, (0) =0, gives:
(52 +a1s + (12) y(s)— (s+a1)yo— 9o = (b1s+ ba) u(s)

or,

1

ot s+ a) ot g0t (bis +bo)us)

y(s) =

Transfer Function

By applying Laplace transform assuming no initial conditions, we obtain: (32 +a1s+ a2) y(s) = (bis + ba)u(s); the resulting input-
output transfer function is given as:

y(s)  bis+by
u(s) s:4ais+ay

The characteristic equation of the model is defined as: s2 4+ a1s + a2 = 0.

For the mass-spring-damper model described by: mi + bz + kxz = f (Example 1.3.3), the transfer function from force input
to displacement output is given as:

f(s) ms2+bs+k

Transfer function of a physical systems is a proper fraction, i.e., the degree of the denominator polynomial is greater than the
degree of numerator polynomial.

The roots of its denominator polynomial characterize the response of the second-order ODE model. The response is monotonic
in the case of real roots, and oscillatory for complex roots.

@IOIC]E) 12 (1.3.3)
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Example 1.3.4

Consider the mass-spring-damper model (Example 1.3.3), where the following parameter values are assumed: m =1, k = 2,
and b = 3. Then, the second-order ODE is given as:

i (t) + 32 (t) + 2z (t) = £ (t)

The application of the Laplace transform assuming zero initial conditions gives:

(s +3s+2)y(s) = f(s)
The characteristic equation of the model is given as: s2 + 3s + 2 = 0. The equation has real roots at: s = —1, — 2.

Next, let f(t) = 2u(t), f(s)= Z;then, the output is solved as:

(5) 2
r(s) = ————=
s(s+1)(s+2)
We use partial fraction expansion (PFE) to obtain:
1 2 1
m(s)—;— s+ 1 + s+ 2

By applying the inverse Laplace transform, the output response of the spring-mass-damper system is obtained as (Figure
1.9):

z(t)=(1—2¢"+e ) u(t)
where u (t) represents the unit-step function.

Note: The solution of an ODE generally involves the PFE. We may use the online SimboLab partial fraction calculator for this
purpose (https://www.symbolab.com/solver/part...ns-calculator/).

Example 1.3.5

Consider the mass-spring-damper model (Example 1.3.3), with following parameter values: m =1, k =2, b = 2. Then, the
second-order ODE is given as:

E(t) + 22 (t) + 2z (t) = f(¢)
The application of the Laplace transform assuming zero initial conditions gives:
(s> +2s+2)y(s) = f(s)
The characteristic equation of the model is given as: s> 4+ 2s 4+ 2 = 0. The equation has complex roots at: s = —1 &+ j1.

Let f(t) = 2u(t), f(s)=2/s;then, the output is solved as:

(s) 2
T(8) = ———7——
s(s2+42s+2)
Next, a PFE of the output is carried out to obtain:
1 2
z(s) = — — st

s 8242542
The quadratic factor is expressed as: (s + 1)2 + 12; the quadratic term is split to obtain:

1 s+1 B 1
S (s4+1)7+12  (s+1)2412
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By applying the inverse Laplace transform, the output response of the spring-mass-damper system is obtained as (Figure
1.9):

z(t)=(1—e"cost—e 'sint)u(t)

where u (t) represents the unit-step function.

Step Response Step Response
1 . . 1L . .
0.8 r b 08 ¢f
4] L]
06t ] I
E S 0.6
?El 04F 1 E 04+
<€ <
0.2 1 02+
0 : : : : 0 : : : :
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
Time (sec) Time (sec)

Figure 1.3.4: Time response of second-order system models: characteristic equation with real roots (left); with complex roots (right).

pkg load control
s=tf('s');
Gs1=1/(sN2+3*s+2);
Gs2=1/(sN2+2*s+2);
step(Gsl)
step(Gs2)

Hello world! Hello world!

This page titled 1.3: Second-Order ODE Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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1.4: An Electro-Mechanical System Model

Model of a DC Motor

A electro-mechanical system converts electrical energy into mechanical energy or vice versa. A armature-controlled DC motor
(Figure 1.4.1) represents such a system, where the input is the armature voltage, V,(¢), and the output is motor speed, w(¢), or
angular position 6(t).

In order to develop a model of the DC motor, let i,(t) denote the armature current, and L and R denote the electrical side
inductance and the coil resistance. The mechanical side inertia and friction are denoted as J and b, respectively. Let k; denote
the torque constant and k; the motor constant; then, the dynamic equations of the DC motor are given as:

. di;(t) + Riq(t) + kyw(t) = Vu(t)
t
dw(t) ;
J o + bw(t) — kig(t) =0

By using the Laplace transform, these equations are transformed into algebraic equations as:
(Ls + R)iq(s) + kyw(s) = Va(s)

(Js+b)w(s) — kiig(s) =0

. L
iu(t) R, “
Y AT AVl
—> A a \
O ;’\‘.f,n\vﬁvf y A
A
4 wl(t) b
;- P
v, (1) | | i .
i | [ L)
NS SN \_/
1’_\
p—

Figure 1.4.1: Schematic of an armature-controlled DC motor.

Motor Transfer Function

In order to obtain an input-output relation for the DC motor, we may solve the first equation for i,(s) and substitute in the second
equation. Alternatively, we multiply the first equation by k;, the second equation by (Ls + R), and add them together to obtain:

(Ls + R)(Js + b)w(s) + kikpw(s) = k:iV,(s)
Then, the transfer function of the DC motor with voltage input and angular velocity output is derived as:

w(s) _ ki
Va(s)  (Ls+ R)(Js+Db) + kiky

The denominator polynomial in the DC motor transfer function typically has real roots, which are reciprocals of the motor time
constants (., 7,). In terms of the time constants, the DC motor model is described as:

@IOIC]E) 15 (1.4.1)
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w(s) k/JL
Vu(s)  (s+1/7)(s+ 1/mm)

The electrical constant represents the build up of electrical current in the armature circuit, whreas the mechanical constat
represents the build up of motor speed in response to the developed motor torque. Further, the slower mechanical time constant
dominates the overall motor response to a change in the armature voltage.

The angular position 6 (s) of the shaft is obtained by integrating the angular velocity w(s); the transfer function from V,(s) to the
angular displacement 6 (s) is given as:

0(s) B ky

Va(s) — s[(Ls+ R)(Js+b) + kky]

Example 1.4.1

A small DC motor has the following parameter values: R = 1Q, L = 0.01 H, J = 0.01 kgm?, b=0.1; %, and k; = k, = 0.05;
then, the motor transfer function from armature voltage to angular velocity is obtained as:

w(s) 500 _ 500
Va(s)  (s4+100)(s+10) +25  (s-+10.28)(s +99.72)

The two motor time constants are given as: 7. =2 1 Oms, 7, = 100 ms, where 7. matches the time constant of an RL circuit (
7. = L/R) and ,,, matches the time constant of inertial mass in the presence of friction (r,,, = J/b).

Assuming a unit-step input, u(s) = % is applied to the motor, the motor speed is obtained as:

w(s) = 500 _ 0488 054 0056
© s(5+10.28) (s +99.72) s s+10.28  s+99.72

By applying the inverse Laplace transform, the time-domain output is given as (Figure 13a):
w(t) = [0.488 — 0.544e "% + 0.056e "] u (t)

where u (t) denotes a unit-step function. The motor response is plotted in Figure Figure 1.4.2.

Simplified Model of a DC motor

A simplified model of the DC motor is obtained by ignoring the coil inductance (L — 0). Then, the electrical side equation is
modified as:

Ri, (s) + kyw (s) = Va(s)
By substituting i, (s) into the torque equation, the mechanical side equation is given as:
R(Js + b)w(s) + kikpw(s) = kiVa(s)
The resulting first-order motor transfer function is given as:

w(s) k:/R
Vu(s) — Js+b+kiky/R

The first-order model has a single motor time constant (rm = #ﬁih) and is written as:

w(s) k:/JR

Va(s) T s+ 1/7m

@IOIC]E) 16 (1.4.2)
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Example 1.4.2

Using the parameter values for a small DC motor (Example 1.4.1), its reduced first-order transfer function is obtained as:

w(s) 5
Va(s)  s+10.25

The resulting motor time constant evaluates as: 7,, = 97.6 ms, which approximates the slower mechanical time constant in
the second-order model.

Assuming a unit-step input, the motor response is obtained as:

w(s) = 5 _ 0488 0488
T s(s+1025) s s+10.25

By applying the inverse Laplace transform, the motor output is given as:

w(t) = [0.488 — 0~488€710‘25t] u(t)

The motor response to a unit-step input is plotted in Figure 1.4.2.

~ StepResponse ~ StepResponse

04+t 04r
o 03 o 0.3
he] ko]
e E
=1 L -
g 0.2 g 0.2
< <

017 0.1

0 : : ' : 0 : ' ' '
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Time (sec) Time (sec)
Figure 1.4.2: DC motor response to unit-step input: second-order motor model (left); first-order motor model (right).

pkg load control

R=1; L=.01; J=.01; b=.1; kt=.05; kb=.05;
s=tf('s');

Gs=kt/((L*s+R)*(J*s+b)+kt*kb)

step(Gs), hold

L=0;

Gs1=kt/((L*s+R)*(J*s+b)+kt*kb)

step(Gsl)

This page titled 1.4: An Electro-Mechanical System Model is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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1.5: Industrial Process Models

Industrial Process Models

Industrial processes comprise exchange of chemical, electrical or mechanical energy in the manufacturing of industrial products.
An industrial process model in its simplified form is represented by a first-order lag with a dead-time that represents the time
delay between the application of input and the appearance of the process output.

Let T represent the time constant associated with an industrial process, 7, represent the dead-time, and K represent the process
dc gain; then, simplified industrial process dynamics are represented by the following delay-differential equation:

Td‘Z—it) + y(t) = Ku(t — tq)

Application of the Laplace transform produces the following first-order-plus-dead-time (FOPDT) model of an industrial process:

Ke*Tds
Gls) = s+ 1

where the process parameters {K, 7, 74}, can be identified from the process response to inputs. An rational process model is
obtained by using a Taylor series approximation of the delay term, e, Typical such approximations include:

ol rys e = 11 s — e T 1—Tas/2
’ eTas 1+7-d3, 6745/2 1+Td5/2

—TdS

e

The last expression is termed as first-order Pade’ approximation and is often preferred. Higher order approximations can also be
used.

Example 1.5.1

The process parameters of a stirred-tank bioreactor are given as: {K, 7, 74} = {20,0.5,1}. The transfer function model of
the process is formed as:

20e™?

G = 5511

(1.5.1)

By using a first-order Pade’ approximation, a rational transfer function model of the industrial process with delay is obtained
as:

20 (1 — 0.5s)

Gle)= (055 +1)%

(1.5.2)

The step response of the bioreactor transfer function with Pade’ approximation shows an undershoot due to the presence of
right half-plane (RHP) zero in the transfer function.
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Figure 1.5.1: Step response of the bioreactor model with Pade’ approximation.

pkg load control
s=tf('s");
Gs=20*(1-.5*s)/(1+.5*s)N2;
step(Gs)

This page titled 1.5: Industrial Process Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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1.6: State Variable Models

State Variable Models

State variable models are time-domain models that express system behavior as time derivatives of state variables, i.e., the
variables to express the process state. The state variables are typically selected as the natural variables associated with the
energy storage elements in the process, but alternate variables can also be used. The state equations of the system describe the
time derivatives of the state variables. When the state equations are linear, they are expressed in a vector-matrix form.

In the case of electrical networks, capacitor voltages and inductor currents serve as natural state variables. In the case of
mechanical systems, positions and velocities of inertial masses serve as natural state variables. In thermal systems, heat flow is
a natural state variable. In hydraulic systems, the head (height of the liquid in the reservoir) is a natural state variable.

The number of state variables determines the system order, however, the choice of state variables for a system model is not
unique. For example, in a mechanical system model, position and momentum can serve as state variables in place of position
and velocity.

Example 1.6.1

A series RLC circuit driven by a constant voltage source contains two energy storage elements, an inductor and a capacitor.
Accordingly, let the inductor current, i(¢), and the capacitor voltage, v.(t), serve as state variables. Then, the circuit behavior
is represented by the following equations:

dv, di

7 = ¢, Lazvsfvc—Rz

C
In vector-matrix form, the state equations are represented as:
d [ ve 0o 1/C . 0
d v. _ / v. N V.
dat | i —1/L —R/L i 1/L

Let v, denote the circuit output; then, the output equation is formed as:

ve=[1 0]{”,“]

7

Example 1.6.2

The dynamic equation of the mass-spring-damper system is given as:

d?xz(t) b dz(t)

T b2+ ka(t) = £(2)

Let the position, z(t), and velocity, v(t) = &(t) serve as the state variables, and let z(¢) represent the output; then, the state
and output equations for the model are given as:

- bl e [ b i P

=1 O]H]
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Example 1.6.3

The dynamic equations for the DC motor are given as:

Ldi;—(t) + Rig(t) + kaw(t) = Va(t)
t
dw(t) )
JT TP bW(t) — ktla(t) =0

Let i,(t), w(t) serve as the state variables, and let w(t) represent the output; then, the state variable model of the DC motor
is given as:

d [ i, | —R/L —ky/L e " 1/L v

dt | w | | k/J —b/J w 0 ¢

w=[0 1][2‘)’]

For a small DC motor, let the following parameter values be assumed:R =1Q, L=1 mH, J=001 kg-m?, b=0.1 &
k: = ky = 0.05. Then, the state variable model of the motor is given as:

(10 S

w=[0 1][2]

State variable models are covered in more detail in Chapters 8-10.

This page titled 1.6: State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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1.7: Linearization of Nonlinear Models

Linearization of Nonlinear Functions

The behavior of a nonlinear system, described by y = f(z), in the vicinity of a given operating point, x = z, can be approximated
by plotting a tangent line to the graph of f (z) at that point.

Analytically, linearization of a nonlinear function involves first-order Taylor series expansion about the operative point.

Let 6=z = =z — zo represent the variation from the operating point; then the Taylor series of a function of single variable is written
as:

f(zo+6z) = f(20) + oz +

Of (z0)
or

The resulting first order model is described by:

Example 1.7.1

Consider a vehicle driven in cruise control are represented by the block diagram (Figure 1.7.1). The forces acting on the car
include its weight, driving force generated by engine torque applied to the wheels, aerodynamic drag, and tire to surface
rolling friction.

The vehicle weighs 1440kg and is driven at 20m/s (about 45 mph). The vehicle experiences aerodynamic drag: F; = %pvQAcd
. Assuming p = 1.2 kg/m? (for air), A = 4m?, and ¢, = .25, results in a nonlinear drag force: F; = 0.6v>N.

A first-order Taylor series expansion of the drag force about the cruising speed (20 m/s) is given as:
Fy(v) = Fq(20) + Fj|,_g0(v— 20).

Let 6F; = F; — F4(20), v =wv — 20, denote the variations in the force and speed; then, the linearized model for the drag
force is given as:

5Fd = 246v.

Further, the tires generate a friction force: F, = 0.015W, where W is the weight of the car. For m = 1440kg and g = 9.8m/s?,
the tire friction is: F, = 212N.

Let T. = rF, denote the engine torque, where F. is the force output and r = 0.33m is the wheel radius; then, the dynamic
equation of the vehicle is given as:

dv
T./r—F,—F;= mE

Substituting the above parameter values results in:
d
md—: +0.60° = 3T, — 212.

Let 67, denote the variation in the engine torque; then, a linearized model of the vehicle cruising at 20m/s is given as:

1440dd—i” + 2460 = 36T,

@IOIC]E) 22 (1.7.1)
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Figure 1.7.1: Block diagram of vehicle cruise control system.

Linearization of State Variable Models

Assume that nonlinear state variable model of a single-input single-output (SISO) system is described by the following equations:
i(t) = f(z,u)
y(t) = g(z,u)

where z is a vector of state variables, v is a scalar input, y is a scalar output, f is a vector function of the state and input variables,
and g is a scalar function of those variables.

A stationary point for the model is defined by: f(z.,u.) = 0. The deviations from the stationary point are expressed as: z(t) = z.(¢)
+6z(t);  u(t) = ue(t) + du(t).

In terms of the variations: dz, du, the linearized model of the system is expressed as:

dx(t) = [0fi/0x)]

(ze,ua)‘sx(t) + [0fi/0u] ‘(ze,ue)u(t)
y(t) = [09/02;] | (z. ) 0% () + [09/0u] | (2, ) Su(t),

where [0f;/0z;] is a Jacobian matrix of partial derivatives; [0f;/0u],[0g/0z;] are vectors of partial derivatives, and [dg/du] is a
scalar partial derivative; all derivatives are computed at the stationary point.

The linearized model is expressed in its familiar vector-matrix form as:
bx(t) = Adz(t) + bu(t)
y(t) = ¢Tox(t) 4 doult).

In the above, A represents an n x n system matrix, b is a n x 1 column vector of input distributions, ¢’ is a 1 x n row vector of
output contributions, and d is a scalar gain.

Example 1.7.2

The model of a simple pendulum is described by the dynamic equation:
mi?(t) + mgl sin6(t) = T(¢),

where 6(t) is the pendulum angle, T'(¢) is the applied torque; m, represent the mass and the length of the pendulum, and g
is the gravitational constant.

By using (6, w) as the state variables for the pendulum, the nonlinear model is expressed as:

%(Z):<%Usjin0>+(T(()t)>'
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The Jacobian matrix for the simple pendulum is expressed as:

{%} - ( —%3050 (1) )

Two equilibrium points in the case of a simple pendulum can be identified: . = 0°, 180°. The linearized models defined at

the equilibrium points are given as:
d [ 6 0 1 0 0
e=0":— = T
o= 5| 0] [—% onHl]

d [ 0
6. =180°: — =
80 dt[w} [

.. [
The output equation in both cases is given as: §(t) = [ 1 0 | [ }
w

~ O
o
[
| —
£
—_
+
[ —
= o
—_
=

This page titled 1.7: Linearization of Nonlinear Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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Ocatve examples

An NPV example in Octave

pkg load financial
r=.03/12;
p=(1:60)*1000;
npv(r,p)

Hello world! Hello world!

Histogram

A data smoothing example in Octave

pkg load data-smoothing

npts = 20;

X = rand(npts,1)*2*pi;

y = sin(x);

y =y + le-1*randn(npts,1);

xh = linspace(0,2*pi, 200)"';

[yh, lambda] = regdatasmooth (x, y, "d", 3, "xhat", xh);
lambda

plot(x,y, 'o', 'markersize', 10, xh, yh, xh, sin(xh))
title("y(x)")

legend("noisy", "smoothed","sin(x)", "location", "northeast");

hello world

A linear algebra example in Octave

A=randn(3,5);
[u,s,v]=svd(A)

This page titled Ocatve examples is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran Igbal.

@O0 25


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/01%3A_Mathematical_Models_of_Physical_Systems/1.08%3A_Solving_First-Order_ODE_Models
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTexts"

R Examples

X<-1:10

Sampling example in R

X<-1:7
sample(x,2)

1-5

Plot histogram in R

X<-rnorm(100)
hist(x)

Histogram of x

15
I

10

Frequency

This page titled R Examples is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran Igbal.
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Octave examples

pkg load control
s=tf('s');
Gs=1/(s+1);
step(Gs)

Step Response

]

[iE:]

a8

y1

04

02

Time [s]

pkg load control
s=tf('s'");
Gs=2/(sN2+2*s+2);
step(Gs)

warning: the 'damp' function belongs to the control package from Octave Forge but
has not yet been implemented.

Please read to learn how you can
contribute missing functionality.
error: 'damp' undefined near line 1 column 1

This page titled Octave examples is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran Igbal.
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2: TRANSFER FUNCTION MODELS

Analyze transfer function models of dynamic systems.
Characterize the natural response of the system model.
Characterize the stability of the system model.

Obtain system response to step, impulse, and sinusoidal inputs.
Visualize the frequency response of the system.

abrwnN

2.8: Prelude to Transfer Function Models
2.1: System Poles and Zeros

2.2: System Natural Response

2.3: System Stability

2.4: The Step Response

2.5: Sinusoidal Response of a System

This page titled 2: Transfer Function Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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2.0: Prelude to Transfer Function Models

This chapter analyzes the transfer function models of physical systems developed in Chapter 1. The transfer function is obtained
by the application of Laplace transform to the linear differential equation description of the system. The transfer function, denoted
by G (s), is a rational function of a complex frequency variable, s. Given the transfer function and an input, « (s), the response of
the system can be computed as:

The transfer function is a ratio of two polynomials is s. The zeros of the transfer function, i.e., those frequencies that elicit zero
system response, are represented by the roots of numerator polynomial. The poles of the transfer function, i.e., those frequencies
where the system response is undefined, are represented by the roots of denominator polynomial.

The system impulse response, i.e., its response to a unit-impulse input, contains the natural modes of system response. The
natural response includes terms of the form e, where p; is a pole of the transfer function. The natural response of a stable system
dies out with time.

The system step response, i.e., its response to a unit-step input, comprises both natural and forced responses, where the forced
response is a constant value. Once system's natural response dies out, the output reaches a steady-state. The dc gain of the
system denotes its gain to a constant input.

System stability refers to the system being well-behaved and predictable under various operating conditions. The bounded-input
bounded-output (BIBO) stability refers to the system response staying finite to every finite input, i.e., \(Jy(t)]

The frequency response function of a system, obtained by substituting s = jw in the transfer function, characterizes its response
to sinusoidal inputs in the steady-state, which is a sinusoid at the input frequency. Further, the magnitude of the response is
scaled by the gain of the system transfer function evaluated at the input frequency, and it has a phase contribution from the
system transfer function. The frequency response function can be visualized on a Bode plot.

This page titled 2.0: Prelude to Transfer Function Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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2.1: System Poles and Zeros

System Poles and Zeros

The transfer function, G(s), is a rational function in the Laplace transform variable, s. It is expressed as the ratio of the numerator

and the denominator polynomials, i.e., G(s) = Z((;) .

Definition: Transfer Function Zeros

The roots of the numerator polynomial, n(s), define system zeros, i.e., those frequencies at which the system response is
zero. Thus, z is a zero of the transfer function if G (z) = 0.

Definition: Transfer Function Poles

The roots of the denominator polynomial, d(s), define system poles, i.e., those frequencies at which the system response is
infinite. Thus, p, is a pole of the transfer function if G (pg) = co.

The poles and zeros of first and second-order system models are described below.

First-Order System

A first-order system has a generic ODE description: 7y (t) + y (t) = u(t), where u (t) and y (¢) denote the input and the output, and
T is the system time constant. By applying the Laplace transform, a first-order transfer function is obtained as:

K
G(s) =
(S) s+ 1
The transfer function has no finite zeros and a single pole located at s = —} in the complex plane.

Example 2.1.1

The reduced-order model of a DC motor with voltage input and angular velocity output (Example 1.4.3) is described by the
differential equation: 7w (t) + w(t) = V4 (1).

K
TmS+1

The DC motor has a transfer function: G(s) = where ,,, is the motor time constant.

For the following parameter values: R = 1Q, L= 0.01H, J=0.01 kgm?, b=0.1 %, and k; = ky = 0.05, the motor transfer
function evaluates as:
w(s) 5 0.49

G =) = 57102  0.098s 11

The transfer function has a single pole located at: s = —10.25 with associated time constant of 0.098sec.

Second-Order System with an Integrator

A first-order system with an integrator is described by the transfer function:

K

o= mrn
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The system has no finite zeros and has two poles located at s =0 and s = f% in the complex plane.

Example 2.1.2

The DC motor modeled in Example 2.1.1 above is used in a position control system where the objective is to maintain a
K

certain shaft angle 6(t). The motor equation is given as: 76(t) + 8(t) = V,(t); its transfer function is given as: G (s) = sl

Using the above parameter values in the reduced-order DC motor model, the system transfer function is given as:

0(s) 5 0.49

" Vu(s)  s(s+10.25) (0.098s + 1)

G(s)

The transfer function has no finite zeros and poles are located at: s = 0, —10.25.

Second-Order System with Real Poles

A second-order system with poles located at s = —o;, — o9 is described by the transfer function:

1

O = oyt o

Example 2.1.3

From Section 1.4, the DC motor transfer function is described as:

K
GE) = (5 +1/7)(5 + L/7m)

Then, system poles are located at: s; = —Ti and sy = —Ti, where 7, and 7, represent the electrical and mechanical time
constants of the motor.

For the following parameter values: R =1Q, L =0.01H, J =0.01 kgm?, b =0.1 ]‘[ajf, and k; = ky = 0.05, the transfer
function from armature voltage to angular velocity is given as:

w(s) 500 500

Va(s)  (s+100)(s+10) +25 (s + 10.28)(s + 99.72)

The transfer function poles are located at: s = —10.28, —99.72.

The motor time constants are given as: 7. = £ =10 ms, 7, = 4 =100 ms.

Second-Order System with Complex Poles

A second-order model with its complex poles located at: s = —o + jw is described by the transfer function:
K
S) = 72
(s+0)" +w?

Equivalently, the second-order transfer function with complex poles is expressed in terms of the damping ratio, ¢, and the natural
frequency, w,, of the complex poles as:

K
(54 Cwn)? + w%(l —¢?)

G(s) =

The transfer function poles are located at: s1 2 = —(wy, & jwq, Where wg = wy+/1 — (2 (Figure 2.1.1).
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As seen from the figure, w, equals the magnitude of the complex pole, and ¢ = wi = cos 6, where 6 is the angle subtended by the
complex pole at the origin.

The damping ratio, ¢, is a dimensionless quantity that characterizes the decay of the oscillations in the system’s natural response.
The damping ratio is bounded as: 0 < { < 1.

1. As ¢ — 0, the complex poles are located close to the imaginary axis at: s = +jw,. The resulting impulse response displays
persistent oscillations at system’s natural frequency, w,,.

2. As { — 1, the complex poles are located close to the real axis as si2 = —(w,. The resulting impulse response has no
oscillations and exponentially decays to zero resembling the response of a first-order system.

Example 2.1.4

A spring-mass-damper system has a transfer function:

1

G(s) = ———.
(s) ms2 +bs+ k

Its characteristic equation is given as: ms® + bs 4+ k = 0, whose roots are characterized by the sign of the discriminant, A = b?
— 4mk.

Specifically,

1. For A > 0, the system has real poles, located at:

2
sa=—d 2\ - £,

2. For A <0, the system has complex poles, located at:
s12= o 20y £ (&)

3. For A =0, the system has two real and equal poles, located at:
s10= —o.

Next, assume that the mass-spring-damper has the following parameter values: m = 1,b = k = 2; then, its transfer function is
given as:
1 1

Q(s) = -
(s) ms2+bs+k s2+2s5+2

The transfer function has complex poles located at: s = —1 + j1.

The complex poles have: w,, = V2% ¢ = %

1

Further, the complex poles have an angle: 8 = 45°, and cos 45° = 7

@IOIC]E) 32 (2.1.3)
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Figure 2.1.1: Second-order transfer function pole locations in the complex plane.

This page titled 2.1: System Poles and Zeros is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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2.2: System Natural Response

System Natural Response

n(s)
d(s) *

The transfer function of a dynamic linear time-invariant (LTI) system is given as a ratio of polynomials: G(s) = The poles of

the transfer function are the roots of the denominator polynomial d(s).

The poles of the transfer function characterize the natural response modes of the system. Thus, if p; is a pole of the transfer
function, G (s), then {e?'} constitutes a natural response mode.

e Areal pole: p; = —a, contributes a term e~ to system natural response.
e A pair of complex poles: p; = —o + jw, contributes oscillatory terms of the form e ~“!e/* = ¢~ (coswt + jsinwt) to the natural
response.

The natural response of the system is a weighted sum of the natural response modes, i.e., y,(t) = >_i_; C;eP?. Further, the natural
response is reflected in the impulse response of a system.

Definition: Impulse Response

The impulse response of a system, represented by G(s), is defined as system response to a unit-impulse input, ¢ (¢), when
the initial conditions are zero.

Let u(t) =4d(t), wu(s)=1;then, the impulse response is computed as: y (s) = G(s); in the time-domain, the impulse response is
given as: g(t) = L1 [G(s)].

To proceed further, let the system transfer function be represented in the factored form as:

n(s)
[Tim (s —pi)

where n(s) is the numerator polynomial, and p;, i = 1, ... n, are the system poles, assumed to be distinct and may include a single
pole at the origin. Using partial fraction expansion (PFE), the impulse response is given as:

Yimp (3) = Z

7 ST D

G(s) =

Using the inverse Laplace transform, the impulse response of the system is computed as:
n
Yimp (t) = (Z Aiem> u(t)
i
where u(t) represents the unit-step function, used here to indicate that the expression for g(¢) is valid for ¢t > 0.

Impulse Response of Low Order Systems

First-Order System

Let G(s) = T%H, the system has a signle response mode given as: {¢~*/7}. Thus, the impulse response of the first-order system is

computed as:
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o(t) = Ze imu(t)

The impulse response of G(s) = sil is given as: g(t) = etu(t).

The impulse response begins at g(0) = 1 and asymptotically approaches g(co) = 0.

pkg load control
s=tf('s'");
Gs=1/(s+1);
impulse(Gs), grid on

Impulse Response

08

08

1

04

02

Time [s]

Definition: System Time Constant

The time constant, 7, describes the time when, starting from unity, the natural response decays to e~ =2 0.37, or 37% of its
initial value. For a first-order system, with a real pole, s = —o, the time constant is given as: 7= 1

s

Second-Order System with an Integrator

Let: G(s) = m; then, the natural response modes are: {1, e~/7}. The transfer function is expanded using PFE as: G(s) = 1

+ =41 The impulse response is expressed as:

S

g(t) = (1—e /") u(t)

The impulse response of G(s) = ﬁ =1 — - isgivenas: g(t) = (1 — e ")u(t).

The impulse response begins at g(0) = 0 and asymptotically approaches g(cc0) = 1.

pkg load control
s=tf('s');
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Gs=1/s/(s+1);
impulse(Gs), grid on

Impulse Response

Time [s]

Second-Order System with Real Poles

Let G (s) = m; then, the system natural response modes are: {e %, e ?2}. Assuming o, > o, and using PFE followed by
inverse Laplace transform, the system impulse response is expressed as:
1
t) = —oit __ ,—0oat t
glt) = ——— (" =) u(t)

The impulse response of G(s) = m is given as: g(t) = (e* — e H)u(t).

The impulse response begins at g(0) = 0 and asymptotically approaches g(co) = 0.
pkg load control
s=tf('s");

Gs=1/(s+1)/(s+2);
impulse(Gs), grid on
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Impulse Response

A
.

y1
I ——

Time [s]

Second-Order System with Complex Poles

Let G (s) = m; then, by using Euler’s identity, its natural response modes are given as: {e “'coswt , e “'sinwt }. Its impulse

response is given as:

() = Le 7 sin(wt) u(t)

—e€
w
The oscillatory natural response is contained in the envelope defined by: +e~%. The effective time constant of a second-order
system is given as: 7.5; = L.

The natural response is of the form: y,, (t) = (Cicoswt + Casinwt )e™* can be alternatively expressed as:

yn (t) = Ce " sin (wt + @)
where C = |/C? + C} and tang = <L

Example 2.2.4

The impulse response of G(s) = g Gl

S — j—
242542~ (s+1)24+12 T (s+1)2+1

-+ is given as:
g(t) = (cost —sint)e ‘u(t) = V2sin(t + 135°)u(t) = V2 cos(t + 45°)u(t)
The impulse response begins at g(0) = cos(0) = 1 and asymptotically approaches g(oo) = 0.

pkg load control
s=tf('s");
Gs=s/(sN2+2*s+2);
impulse(Gs), grid on
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Impulse Response
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Figure 2.2.1: Impulse response of transfer function models: (a) first-order system; (b) second-order system with a pole at the origin; (c) second-
order system with real poles; and, (d) second-order system with complex poles.

From the figure, we may observe that:

1. While the impulse response of a first-order system starts from a value of unity, the impulse response of a second-order
system starts from zero.

2. The impulse response of a stable system with poles in the open left-half plane (OLHP), Re (p;) < 0, asymptotically dies out
with time, i.e, lim;0o g (t) =0 .

3. ; the impulse response of a system with a pole at the origin approaches a constant value of unity in the steady-state (which
represents the integral of the delta function). Such systems are termed marginally stable.

This page titled 2.2: System Natural Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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2.3: System Stability

Stability is a desired characteristic of any dynamic system,; it refers to the system being well behaved and in control under various
operating conditions. Stability may be categorized in multiple ways, some of which are discussed below.

Bounded-Input Bounded-Output Stability (BIBO)
The bounded-input bounded-output (BIBO) stability implies that for every bounded input, \(u(t)\, :\, \, u(t)]|
The output of the system in time-domain is given in terms of the convolution integral:

y(t) = / " gt — ru(r)dr

where ¢(t) is the impulse response of the system. Hence, a necessary condition for BIBO stability is that the impulse response
dies out with time, that is, lim;_,, g(¢) = 0.

The impulse response contains the modes of system natural response and is given as:
n
glt) = Asen
i=1
where p; is a pole of the system transfer function. Hence, a necessary condition for BIBO stability is: Re [p;] < 0.

Physically, the condition Re[p;] < 0 implies the presence of damping in the system, where the damping terms in the transfer
function indicate dissipation of residual energy with time.

Marginal Stability

The imaginary axis on the complex plane serves as the stability boundary. A system with poles in the open left-half plane (OLHP)
is stable.

If the system transfer function has simple poles that are located on the imaginary axis, it is termed as marginally stable. The
impulse response of such systems does not go to zero as t — oo, but stays bounded in the steady-state.

As an example, a simple harmonic oscillator is described by the ODE: jj + w2y = 0, where w,, represents the natural frequency and

the system has no damping. The oscillator transfer function, G(s) = = has simple poles (p; 2 = +jw,) on the jw-axis.

s2+w?

The natural response of the simple harmonic oscillator contains the response mode: e/t = cosw,t + jsinw,t. Its impulse
response displays persisting oscillations at the natural frequency.

Internal Stability

The notion of internal stability requires that all signals within a control system remain bounded for every bounded input. It further
implies that all relevant transfer functions between input-output pairs in a feedback control system are BIBO stable.

Internal stability is a stronger notion than BIBO stability. It is so because the internal modes of system response may include
those modes not be reflected in the input-output transfer function.

In the case of linear system models involving feedback, the internal stability requirements are met if the closed-loop
characteristic polynomial is stable and any pole-zero cancelations appearing in the loop gains are restricted to the OLHP.

In particular, for a single-input single-output (SISO) feedback control system, the loop gain includes the product of the plant and
the controller transfer functions.

K(s+1)
(s+1)(s+10) *

Suppose the plant transfer function is: G(s) = -, and the controller is given as: K(s) = K (245 ); then, K(s)G(s) =
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which includes an OLHP pole-zero cancelation. However, the closed-loop characteristic polynomial: A(s) = s + 10 + K has stable
roots for K > —10. Hence, the closed-loop system is internally stable for K > —10.

Asymptotic Stability

For a general nonlinear system model, i (t) = f (z,u), stability refers to the stability of an equilibrium point (z.,u.) defined by:
f ('Tm ué) =0.

In particular, the equilibrium point is said to be stable if a system trajectory, z (t), that starts in the vicinity of =, stays close to z..
The equilibrium point is said to be asymptotically stable if a system trajectory z (¢) that starts in the vicinity of =, converges to z..

For linear system models, defined by: # = Az(t) + Bu(t), the origin z. = 0 serves as an equilibrium point. In such cases, the
asymptotic stability requires that the poles of the system transfer function (equivalently, the eigenvalues of the system matrix) lie
in the open left-half plane, or Re [p;] < 0, and there are no RHP pole-zero cancelations.

This page titled 2.3: System Stability is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran Iqgbal.

@IOIC]E) 40 (2.3.2)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/02%3A_Transfer_Function_Models/2.03%3A_System_Stability
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTextS“'

2.4: The Step Response

Step Response

The impulse and step inputs are among prototype inputs used to characterize the response of the systems. The unit-step input is
defined as:

0, =<0
u@) =11 >0

Definition: Step Response

The step response of a system is defined as its response to a unit-step input, u(t), or u(s)

=5

Let G(s) describe the system transfer function; then, the unit-step response is obtained as: y(s) = G(s)<.

Kl

s

Its inverse Laplace transform leads to: y (t) = £~} [&]

Alternatively, the step response can be obtained by integrating the impulse response: y(t) = f(f g(t — 7)dr.

The unit-step response of a stable system starts from some initial value: y (0) = yo, and settles at a steady-state value: y

Further, from the application of the final value theorem (FVT): yo = G(s) |,_,-

Step Response of Low Order Systems

The unit-step response in the case of the first- and second-order systems is described below.

First-Order System

u(s) = %, then, y(s) = S(TKH) = % - Tﬁ'{l’l'

Let G(s) =

_K
Ts+17
The time-domain response is given as: y(t) = K(1 — e /") u(t).

Assuming arbitrary initial conditions, y (0) = y,, the step response of a first-order system is given as:

Y(t) =Yoo + (Yo —Yoo) e /7, 20

Example 2.4.1

Let G(s) = 5=; then, the unit-step response is obtained as: y(s) = s(TIH) =1_ ;1.

The time-domain response is given as: y(t) = (1 — e~*/2) u(t).

pkg load control
s=tf('s'");
Gs=1/(2*s+1);
step(Gs), grid on
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Figure 2.4.1: Step response of first-order DC motor model.

First-Order System with Integrator

Let G(s) = ﬁ, u(s) = %; then, y(s) = sz(‘r—l;—l)

Using PFE, we obtain: y(s) = K (s% -+ Ts’jl ) Hence,
g(t) =K (t -7 (1 — eft/T)) u(t)

The step response grows out of bound as t — oc.

Example 2.4.2

Let G(s) = 7y then, the unit-step response is computed as: y(s) = oy = & — 2 + 57

The time-domain response is given as: y(t) = (t — 2 + 2e7%/2) u(t).
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pkg load control
s=tf('s');
Gs=1/s/(2*s+1);
step(Gs), grid on
Step Response
B 1 — G
7
L]
5
=4
3
2
1
a
a 2 4 [} 8 10
Time [s]

Step Response

Amplitude

0 5 10 15
Time (seconds)

Figure 2.4.2: Step-response of a second-order model with a pole at the origin.

Second-Order System with Real Poles

Let G(s) = , T1 > T9; then, the step response is computed as: y(s) = m =44 nfﬂ + Tzfﬂ. Hence,

K
(T15+1)(T25+1)

y(t) = (A + Be ™ + Ce V™ )u(t)

Kr}? Kr?
i _ 2
T1—To ? To—T1 °

where A=K, B=—

Example 2.4.3

A small DC motor has the following parameter values: R=1 Q, L=10 mH, J=0.01 kg—m?b=0.1 &= k =k, =0.05.
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500

The motor transfer function, from armature voltage to motor speed, is approximated as: G (s) = To7T0) (57700 -

The step response of the motor is obtained as: y (s) = & — 126 4 0.0%6

The time-domain response is given as: y (t) = (0.5 — 0.556e 1% + 0.056e~19%) u(¢), which settles at y., = 0.5.

The natural response modes, e~ 1% and e 1%, reflect motor electrical and mechanical time constants: 7. = 0.01s and 7, = 0.1s
. The slower mechanical time constant dominates the motor step response.

pkg load control

s=tf('s'");

Gs=500/(s+10)/(s+100);

step(Gs), grid on

Step Response
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Time [s]
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Figure 2.4.3: Step response of DC motor model with real poles.

Second-Order System with Complex Poles

Let G(s) = WKuwg Then, the unit-step response is computed as: y(s) = 4 + %,
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where A= G(0)= %, B=-A, C= —2Ac.Hence,

2 2
o twy

K
y(t) = — [1 —e (cos wyt + 2 sin wﬁ)] u(t)
wd

0?2 + w3
In the phase form, the unit-step response is given as:

K o
y(t) = m [1—e " cos (wat— )] ult), ¢=rtan " o

Example 2.4.4

A mass-spring-damper system has the following parameter values: m =1 kg, b= 6%, k= 25%.

P . _ 1 _ 1 L )

Its transfer function is given as: G (s) = TS = Grae The system has complex poles located at: s = —3 + j4.
g g o 1 1 6

The unit-step response of the system is computed as: y (s) = o [; - (s+;“2+42 ]

By applying the inverse Laplace transform, the time-domain response is obtained as:

=g [t (oo + Gointan )|
y(t) = 9% [1 e cos (4t) + 4sm(4t) u(t)
pkg load control

s=tf('s'");

Gs=1/(sN2+5*s+25);

step(Gs), grid on

Step Response
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Figure 2.4.4: Step response of mass-spring-damper model with complex poles.

System with Dead-time

The first-order-plus-dead-time (FOPDT) model of an industrial process is given as: G(s) = Iﬁzii’, where {K,7,tq4} represent the
process gain, time constant, and dead-time.

The step response of the FOPDT model is computed as: G(s) = s’({fsff) , which translated into a time-domain response as: g(t) = (1
— e /MYy (t —t,)
(& u d)e

An approximate process model, obtained by using Pade' approximation, is given as: G(s) = % This model is termed as
non-minimum phase due to the additional phase contributed by the right half-plane (RHP) zero.

The unit-step response of the approximate model is computed as: y(s) = #’%

Example 2.4.5
20e_*

The FOPDT model of a stirred-tank bio-reactor is given as: G(s) = 5=

The step response of the system is computed as: y(s) = S(g%irl) .

The time-domain response is obtained as: y(t) = 20 (1 — e 2¢) w(t —1).

Using a first-order Pade’ approximation, an approximate process model is obtained as: G,(s) = %

The step response of the approximate model is computed as: y(s) = %, y(t) =20 (1 — (1 — 4t)e ) wu(t).

The two responses are compared below (Figure 2.4.5). The step response for the FOPDT model starts after the designated
delay. The step response for the Pade’ approximation starts with an undershoot due to the presence of RHP zero.

pkg load control
s=tf('s'");
Gs=20/(.5%s+1);
t=0:.01:5;
u=ones(size(t));
u(1:100)=0;
1sim(Gs,u,t), grid on

@IOIC]E) 46 (2.4.6)



LibreTextS'“

hold
Gsa=20*(1-.5*s)/(1+.5*s)N2;

%step(Gsa)

lsim(Gsa,ones(size(t)),t,'r")

legend('sys with deadtime', 'pade approximation')

Linear Simulation Results

thclandt

/_ — pade approximation

il

Time [s]

Step Response

FOPOT model
Pade approximation

—
o

Amplitude

o

0 0.5 1 1.5 2 25 3 3.5 4 45
Time (seconds)

Figure 2.4.5: Step response of an industrial process model with dead-time.

We make the following observations based on the figure:

1. The step response of the process with dead-time starts after 1 s delay (as expected).
2. The step response of Pade’ approximation of delay has an undershoot. This behavior is characteristic of transfer function

models with zeros located in the right-half plane.

This page titled 2.4: The Step Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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2.5: Sinusoidal Response of a System

Response to Sinusoidal Input

The sinusoidal response of a system refers to its response to a sinusoidal input: u(t) = cos wqt or u(t) = sin wyt.

_1
s—jwo ©

To characterize the sinusoidal response, we may assume a complex exponential input of the form: u (t) = e, u(s) =
G(s)

s—jwo ©

Then, the system output is given as: y(s) =

n(s)

m,where p;, 1 = 1,...n, denote the poles of the transfer function; then, using PFE, the system
i=1 3

To proceed, let G (s) =
response is given as:

Ag & A;
y(s) = ; +
e FRD Dy

where Ay = G (jwy). The time response of the system is given as:

y(t) = G (jwo) ™'+ Ase?
i=1

Assuming BIBO stability, i.e., Re [p;] < 0, the transient response component dies out with time. Then, the steady-state response is
described as:

Yss(t) = G (jwo) et

Definition: Frequency Response Function

The frequency response function, for a given transfer function G(s) is defined as: G(jw) = G(s)|s=jo-

The frequency response function is described in the magnitude-phase form as: G(jw) = |G (jw)| e“¢0).
When computed at a particular frequency, w = wy, the frequency response function, G (jw) is a complex number.

Then, the steady-state response to a complex sinusoid u(t) = et is given as:

Yas(t) = |G (jwp)| e“CUw0) giwnt

By Euler’s identity, we have: e/ = cos (wot) +j sin (wot); therefore, the steady-state response to u(t) = cos wyt is given as:
Yss(t) = |G (jwo) | cos(wot + LG (jwo))

Similarly, the steady-state response to u(t) = sin wyt is given as:
Yss(t) = |G (jwo)] sin(wot + LG (jwy))

Thus, the steady-state response to sinusoid of a certain frequency is a sinusoid at the same frequency, scaled by the magnitude
of the frequency response function; the response includes a phase contribution from the frequency response function.

Examples

A small DC motor model is approximated as: G (s) = %
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Its frequency response function is given as: G (jw) = W}%

Let u(t) = sin 10t; then, in the steady-state, the sinusoidal response is given as: y,; (t) = 0.35 sin (10t — 50°) .

The sinusoidal response of the DC motor is plotted in Figure 2.5.1.

. Sinusoidal response of DC motor

Input signal
Motor speed |

\! H, NANAVANATAl

1 -

Speed (rad/sec)
=]

0.5 .
-1
_1 5 1 1 1 1 1 1 | 1 1
0 1 2 3 4 5 6 7 3 9 10
Time (sec)
Figure 2.5.1: Sinusoidal response of the DC motor model.
Example 2.5.2
The model of a mass-spring-damper system is given as: G (s) = m = m; the complex poles are located at: s = —1

+ j2.
Let u(t) = sin =t; then, in the steady-state, we have: y; (t) = 0.126 sin (7t — 128°) .

The response is plotted below and includes the transient response, which dies out in 4-5 sec.

015 Sinusoidal response

01 A

Amplitude
=]

-0.05

-01F .

015 1 1 1 1 1

Figure 2.5.2: Sinusoidal response of mass-spring-damper system.
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Visualizing the Frequency Response

The frequency response function is given in polar form as: G(jw) = |G (jw)|e/*),

As w varies from 0 to co, both magnitude and phase may be plotted as functions of w.

It is customary to plot both magnitude and phase against log w , which accords a high dynamic range to w. Further, the magnitude
is plotted in decibels as: |G(jw)|as = 20 log;, |G(jw)|. The phase ¢(w) is plotted in degrees. The resulting frequency response

plots are commonly known as Bode plots.

The plotting of the frequency response in the case of first and second-order systems is illustrated below.

First-Order System

Let G(s) = =57 ; then G (jw) = 1557 Hence,

|G (jw)| 5 = 20 log K — 20 log |1 + jwr| , 4G (jw) = —tan~'wr

Example 2.5.3
1

The Bode magnitude and phase plots for G (s) = —1 are plotted (Figure 2.5.3).

The magnitude plot is characterized by: G (j0) =0 dB, G (j1) = —3 dB, and a —20 dB/decade slope for large w.

The phase plot is characterized by: G (j0) = 0°, G (j0.1) = —5.7°, G (j1) = —45°, G (j10) = —84.3°, G (joo) = —90°.

First-Order System with Integrator

Let G(s) = —£—; then G (jw) =

s(Ts+1) ; Hence,

K
Jw(14jwT)
|G (jw)|4g =20 log K — 20 logw — 20 log|1 + jwr|

/G (jw) = —tan"twr — 90°

Example 2.5.4

The Bode magnitude and phase plots for G (s) = ﬁ are plotted below.

The magnitude plot is characterized by an initial slope of —20 dB/decade that changes to —40 dB/decade for large w; at the
corner frequency, G (j1) = —3 dB.

The phase plot is characterized by: G (j0) = —90°, G (50.1) = —96°, G (j1) = —135°, G (j10) = —174.3°, G (joo) = —180°.
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Bode Diagram Bode Diagram
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5 & 0
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Figure 2.5.3: Bode plot for Examples 2.5.3 (left) and 2.5.4 (right).

Second-Order System with Real Poles

Let G(s) = 7: then G (Jw) =

K .
Tt (s tl) y: Hence,

K
(1+jwry) (1+jwrs
|G (jw)|qg = 201og K —20log |1 + jwri| —20log|l + jwrsl

/G (jw) = —tan"'wr, —tan " wry

Example 2.5.5

The Bode magnitude and phase plots for G (s) = Wisu) are plotted in Figure 2.5.4.

The magnitude plot is characterized by: G (j0) =0 dB, G (j1) = —3 dB, an intermediate slope of —20 dB/decade, G (j2)
= —14 dB, and a slope of —40 dB/decade for large w.

The phase plot is characterized by: G (j0) = 0°, G (j1) = —45°, G (52) = —135°, G (joo) = —180°.

Second-Order System with Complex Poles

then G (jw) = “’—3‘, where w, and ¢ represent the natural frequency and the damping ratio. Hence,

Let G (s) = W2+ j2Canon
2
. (i) L e (1)‘
Wn, Wp,

w’” .
§2+2Cwps+w? !

|G (jw)|qp = —20 logy,

Example 2.5.6

10

The Bode magnitude and phase plots for G(s) = w5 5

are plotted below.

The magnitude plot is characterized by: G (j0) =0 dB, G (jw,) = —20 log(2¢) , and a —40 dB/decade slope for large w.
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The phase plot is characterized by: ¢ (j0) = 0°, ¢ (jw,) = —90°, ¢ (joo) = —180°.
Bode Diagram Bode Diagram
0 20 T T
o 20 o 0
k=) =
[iF] ib]
ERE S 20
c c
& 3
= -60 = -40
-80 -60
0 0
S 45 B 45
ih] @
k= =)
Q S0 @ -a0
m [}
= B =
o -135 o135
-180 — -180 - A
102 10° 102 107 10° 10 102
Frequency (rad/s) Frequency (rad/s)
Figure 2.5.4: Bode plot for Examples 2.5.5 (left) and 2.5.6 (right).

Resonance Peak in the Frequency Response

The Bode magnitude plot of a transfer function with complex poles and low damping displays a distinctive peak in the Bode
magnitude plot at the resonant frequency, w,; the resonant frequency and peak magnitude are computed as:

1
wr =wpV1—-2¢2, (<

1
My = ———, (<—
/1= (2 C<\/§

2

s s

Let G(s) =

=g then, we have: w, = V10 24, (= ﬁ, w, =8 24 " and M, = 1.67 or 4.44 dB (Figure 2.5.4).

Relating the Time and Frequency Response

When the system transfer function has poles with a low damping ratio, the Bode magnitude plot displays a resonant peak.
Concurrently, the step response of the system displays oscillations.

To illustrate this relationship, we consider a prototype second-order systems: G(s) =—52+21<s+1, where w, =1, (¢
€ {0.1, 0.3, 0.5, 0.7, 0.9}.

The frequency response and the time-domain unit-step response for the second-order transfer functions with w, =1 for the
various values of ¢ € {0.1, 0.3, 0.5, 0.7, 0.9} are plotted below.
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Bode Diagram
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Figure 2.5.5: Bode magnitude and phase plots for selected damping ratios.

Step Response
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Figure 2.5.6: Step response of the second-order system for selected damping ratios.

This page titled 2.5: Sinusoidal Response of a System is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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3: FEEDBACK CONTROL SYSTEM MODELS

Learning Objectives

1
2.
3.
4.

Characterize the static controller in a feedback control system.

Characterize first-order dynamic controllers for feedback back control systems.
Characterize the PID controller in terms of the three basic control modes.
Characterize rate feedback controllers for single-input single-output systems.

3.0: Prelude to Feedback Control System Models
3.1: Static Feedback Controller

3.2: First-Order Dynamic Controllers

3.3: PI, PD, and PID Controllers

3.4: Rate Feedback Controllers

This page titled 3: Feedback Control System Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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3.0: Prelude to Feedback Control System Models

Feedback, i.e., using observed outputs as another input to the system, is an important characteristic of automatic control systems.
In particular, negative feedback permits precise control of the overall system gain, and can compensate for signal distortions and
nonlinearities. Feedback makes the system robust against disturbance inputs and parameter variations.

The design of a single-input single-output (SISO) feedback control system involves the use of a comparator to generate an error
signal, e = r — y (Figure 3.8.1). The controller, K(s), suitably conditions the error signal before it is input to the process, G(s). A
sensor, H(s), monitors the output and feeds it back to the input. Often a sensor gain H (s) = 1 is assumed.

roor(t) e(t) u(t) y(t) y

1D + )—» Kis) —>» G(s)

H(s) [«

Figure 3.0.1: Feedback control system block diagram.

A static, i.e., proportional gain controller, u(t) = Ke(t), serves as baseline controller in a SISO feedback control system. The static
controller is simple to design and is effective in meeting the basic design objectives in output regulation and reference tracking
problems.

First-order phase-lead and phase-lag controller are used for transient and steady-state response improvements in feedback
control systems. The phase-lead controller is characterized by positive phase contribution to the Bode plot of loop transfer
function. The phase-lag controller, used for steady-state error improvement, adds negative phase to the Bode plot.

A proportional-integral-derivative (PID) controller comprises three basic modes of control that include the proportional, the
derivate, and the integral modes. The PID controller is popular in industrial process control for its ability to provide robustness in
designs involving simple models of complex processes.

The cascade controller design employs output feedback, which has a limited potential to affect the behavior of the closed-loop
control system. Pole placement using state feedback is a more powerful controller design method that may be employed with
state variable models of dynamic systems.

Rate sensors, such as rate gyros and tachometers, are used in position control applications to enhance the controller design
options. A rate feedback controller offers additional design flexibility and may be considered when static controller falls short in
meeting design objectives.

In this chapter, we will limit our discussion to the cascade and rate feedback controllers of the static and dynamic types. These
controller are described below.

This page titled 3.0: Prelude to Feedback Control System Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kamran Igbal.
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3.1: Static Feedback Controller

Feedback Control System

The standard block diagram of a single-input single-output (SISO) feedback control system includes a plant, G(s), a controller,
K(s), and a sensor, H(s), where H (s) = 1 is often assumed.

root) e(t) u(t) y(t) y
+ K(s) ——» Gls)

H(s) |«

Figure 3.1.1: Feedback control system with plant, G(s), sensor, H(s), and controller, K(s).

The overall system transfer function from input, r(¢), to output, y(¢), can be obtained by considering the error signal, e = r — Hy
=r— KGHe.Thus, (1+ KGH)e=r.

Let L (s) = KGH(s) denote the feedback loop gain; then, (1+ L)e =r.

The error transfer function from r to e is obtained as:

1 1

S6) =TT ~ 17 KGH()

The closed-loop transfer function from r to y is obtained as:

T(s) KG(s)

" 1+ KGH(s)
We may note that: S(s) + T'(s) = 1.
Static Loop Controller Design

A static controller denotes the use of an amplifier with a gain, K, to generate input to the plant, G(s). The controller action is
represented as: u = Ke, where e represents the error signal and u is the plant input.

roor(t) a(t) u(t) y(t) y
1 K +—» G(s) A

H(s) [«

Figure 3.1.2: Feedback control system with static gain controller.
Assuming H(s) = 1, the closed-loop transfer function is given as:

y(s) _
r(s)
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Let G (s) = 38 ; then, the closed-loop transfer function is obtained as:

y(s) __ Kn(s)
r(s)  d(s)+ Kn(s)

The closed-loop characteristic polynomial is defined as: A (s, K) = d(s) + Kn (s).

From a controller design perspective, the gain K can be selected to achieve desirable root locations for the closed-loop
characteristic polynomial. The design can be performed by comparing the coefficients of the characteristic polynomial with a
desired characteristic polynomial.

Example 3.1.1

The model for an environmental control system is given as: G (s) = 5

20s+1 °
Assuming a static gain controller, the closed-loop characteristic polynomial is obtained as: A (s, K) = 20s + 1 + K.

Suppose a desired characteristic polynomial is selected as: Ag.s (s) = 4(5s + 1). Then, by comparing the coefficients, we
obtain the static controller as: K = 3.

Jun 22, 2020, 2:26 PM

Example 3.2:

1

The model for a position control system is given as: G (s) = P T

Assuming a static gain controller, the characteristic polynomial is obtained as: A (s, K) = s(0.1s + 1) + K.

Suppose a desired characteristic polynomial is selected as: Ay, (s) = 0.1(s? + 10s + 50). Then, by comparing the coefficients, we
obtain the static controller as: K = 5.

This page titled 3.1: Static Feedback Controller is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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3.2: First-Order Dynamic Controllers

Dynamic Loop Controllers

A dynamic controller, K(s), in the feedback loop is a dynamic system that suitably conditions the error signal as u(s) = K(s)e(s)
to affect the closed-loop system response. The feedback control system configuration is shown below where H(s) = 1 is assumed.

root) e(t) u(t) y(t) y
+ K(s) ——» Gls)

H(s) |«

Figure 3.2.1: Feedback control system with plant, G(s), sensor, H(s), and controller, K(s).

To analyze the feedback control system, assume that the plant is described by G (s) = 38, and the dynamic controller is

described by K (s) = ne(s) ; then, the closed-loop transfer function from the reference input to the plant output is given as:

de(s)
y(s) _ n (s) ne (5)

r(s) d(s)d.(s)+n(s)n.(s)’

The error transfer function from the reference input to the comparator output is given as:

The closed-loop characteristic polynomial is given as: A (s) = d (s) d. (s) + n (s) n. ().

First-Order Dynamic Controllers

In particular, we consider a first-order dynamic controller, described by the transfer function:

K(s):K(M)

8+ pe

The first-order controller adds a zero located at —z, and a pole located at —p,.. to the loop transfer function: KGH(s).

Let G(s) = 28 , H(s) =1, then, the closed-loop characteristic polynomial with the controller in the loop is given as: A(s) = d(s)(s
+pe) +n(s)(s + 2.).

Traditionally, first-order controllers are characterized as of phase-lead or phase-lag type, where lead and lag terms refer to the
phase contribution from the controller to the Bode phase plot of the loop transfer function.

Let K (jw) = K ( iﬁ; ); then, the phase angle contribution of the controller toward the loop transfer function is given as:

LK (jw) = L(jw~+ 2z¢) — £(jw + pe) =0, — 0,

where 6, and ¢, denote the angles subtended by the controller pole and zero at a desired closed-loop pole location in the complex
plane.

The phase contribution is positive for phase-lead controller and negative for phase-lag controller (see Figures 3.2.2 and 3.2.3
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below).

Phase-Lead Controller

A phase-lead controller is characterized by \(z_{c}

Example 3.2.1

A phase-lead controller is expressed as: K (s) = <£L. The phase contribution from the controller is shown below.

s+10 °
Eﬂ— T T L B S B e T T =T TTrTT T T =TT TTrry T T II'III| T T T T
™
11}
B
@ 30 - i
u
L3
-
o
D P P R P T T H T | Fi—
1072 107" 10° 10" 102 10°

Frequency (rad/s)

Figure 3.2.2: Phase contribution from a first-order phase-lead controller.

Phase-Lag Controller
A phase-lag controller is characterized by z. > p., and contributes a net negative phase to the loop transfer function.

Example 3.2.2

A phase-lead controller is expressed as: K (s) = :Jj(%l . The phase contribution from the controller is shown below.

OF &+ v ey S

Phase (deg)
g

= 1 ) S S S S el el il il TR R
1073 1072 107" 10° 10! 102 10°
Frequency (rad/s)

Figure 3.2.3: Phase contribution from a first-order phase-lag controller.
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Lead-lag controller

A lead-lag controller is a second-order controller that combines a phase-lead section with a phase-lag section; it thus has the
form:

K
5+ p1)(s + p2)
As an example, a lead-lag controller is given as: K(s) = %

We may note that the phase-lag zero is placed at a frequency much lower than the dominant pole frequency, whereas the phase-
lead zero is placed in the vicinity of the dominant pole frequency.

Controller Design Example

The controller gain selection for a phase-lead design is explored in the following example.

Example 3.2.3

The transfer function model for a position control system is given as: G (s) = ——

5(01s11) °
Let a phase-lead controller for the model be defined by: K (s) = K (L),
Assuming H(s) = 1, the loop transfer function is formed as: KG (s) = g5y

The closed-loop characteristic polynomial is formulated as: A (s, K) = s(0.02s + 1) + K.
Let a desired characteristic polynomial be given as: Ag (s) = 0.02(s% + 50s + 1000).

By comparing the coefficients, we obtain the controller gain as: K = 20.

Hence, the dynamic controller for the system is given as: K (s) = 20 (2Lt ).

0.0254+1

We may note that when designing cascade controllers, not all closed-loop pole locations are reachable. The reachable pole
locations can be found by the application of root locus technique (see Chapter 5).

This page titled 3.2: First-Order Dynamic Controllers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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3.3: PI, PD, and PID Controllers

The PID Controller

The PID controller is a general-purpose controller that combines the three basic modes of control, i.e., the proportional (P), the
derivative (D), and the integral (I) modes.

The PID controller in the time-domain is described by the relation:

u(t) = kp + kd%e(t) + k; / e(t)dt

The PID controller has a transfer function:
k;
K(s)zkl,—l—kds—i—T
The controller gains for the three basic modes of control are given as: {k,, k4, k;}. Of these, the proportional term serves as a

static controller, the derivative term helps speed up the system response, and the integral term helps reduce the steady-state
error.

—p] Judt Ki

Figure 3.3.1: Three basic control modes of control represented in the PID controller.

Closed-Loop Characteristic Polynomial

Let G(s) = "<s_) ; then the closed-loop characteristic polynomial with a PID controller in the loop is given as:
d(s)

A(s) = sd(s) + (kas + kps + ki) n(s)
For noise suppression, a first-order filter may be added to the PID controller; the modified controller transfer function is given as:

k’i kds
K(s) = M
(s) kp+S+Tf8+1

The filter additionally makes the controller transfer function proper and hence realizable by a combination of a low-pass and
high-pass filters.
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The control system design objectives may require using only a subset of the three basic controller modes. The two common
choices, the proportional-derivative (PD) controller and the proportional-integral (PI) controller are described below.

PD Controller

A PD controller is described by the transfer function:

k
K(s) =k, +kas = kg <s+ —”>
kq
A PD controller thus adds a single zero to the loop transfer function. The closed-loop characteristic polynomial is given as:
The phase contribution of the PD controller increases from 0° at low frequencies to 90° at high frequencies.

For practical reasons, a pole with a short time constant, T, may be added to the PD controller. The pole helps limit the loop gain
at high frequencies, which is desirable for disturbance rejection. The modified PD controller is described by the transfer function:

kds
K(s) =y + 755

The modified PD controller is very similar to a first-order phase-lead controller; it is similarly employed to improve the transient
response of the system.

Example 3.3.1
1

An environment control system is modeled as: G(s) = 5z,+7. The model has a time constant of 25 sec.
In order to speed up the response a PD controller with filter is designed as: K(s) = 10 + 5.

The closed-loop system has an effective time constant = 2.5 sec. The step response of the closed-loop system is plotted
below.

Step Response

Amplitude

a 2 4 G B 10 12 14 16 18 20
Time (seconds)
Figure 3.3.2: Step response of the closed-loop environmental control system.

PI Controller

A PI controller is described by the transfer function:

; k ki/k
K(s) = by + 5 = B+ K/l
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The PI controller thus adds a pole at the origin (an integrator) and a finite zero to the feedback loop. The presence of the
integrator in the loop forces the error to a constant input to go to zero in steady-state; hence PI controller is commonly used in
designing servomechanisms.

The controller zero is normally placed close to the origin in the complex s-plane. The presence of a pole-zero pair adds a closed-
loop system pole with a large time constant. The zero location can be adjusted so that the contribution of the slow mode to the
overall system response stays small.

The PI-PD Controller

The PD and PI sections can be combined in a PI-PD controller as:
k; k;
K(s) = (k,+ ?) (14 kas) or K(s) = (k,+ kas) (1 + ?)

The PI-PD controller adds two zeros and an integrator pole to the loop transfer function. The zero from the PI part may be located
close to the origin; the zero from the PD part is placed at a suitable location for desired transient response improvement.

The PI-PD controller is similar to a regular PID controller that is described by the transfer function:

; kas® +k ki
K(s)=k +kd3+ﬂzw
’ s s

The PID controller imparts both transient and steady-state response improvements to the system. Further, it delivers stability as
well as robustness to the closed-loop system.

PID Controller Tuning

The PID controller tuning refers to the selection of the controller gains: {k,, kg4, k;} to achieve desired performance objectives.
Industrial PID controllers are often tuned using empirical rules, such as the Ziegler-Nicholas rules.

In the MATLAB Control System Toolbox, a PID controller object is created using the ‘pid’ command that can then be tuned with
the ‘pidtune’ command. The MATLAB PID tuning algorithm aims for a 60° phase margin that results in a moderate 10% overshoot.

Example 3.3.2
N-s

For a small DC motor, the following parameter values are assumed: R=1 Q , L =10 mH, J=0.01 kg-m?, b=0.1 =
and k; = k, = 0.05; the transfer function of the DC motor from armature voltage to motor speed is approximated as: G (s)

500
~ (s+10)(s+100) *
The MATLAB tuned PID controller for the motor is given as:

2
K (s) = 3.51 +0.037s + %

The MATLAB tuned PID controller with filter (PIDF) is given as:

0.015s 54.2

K(s) =326+ ——2 4 °%%
(s) T o0ss T T s

The response of the closed-loop system for the two controllers (PID and PIDF) is shown below (Figure 3.3.3). The response
in both cases shows a settling time of 0.3sec with 7-8% overshoot and no steady-state error.
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Step Response
1 2 T T T
PID controller
PFID controller with filter

Amplitude
= =
o [w=]

=
-

0.2

I 1l i 1 i ! 1
0 005 0.1 015 02 0.25 0.3 035 0.4 0.45 0.5
Time (seconds)

Figure 3.3.3: Unit-step response of the DC motor model with PID and PIDF controllers.

This page titled 3.3: PI, PD, and PID Controllers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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3.4: Rate Feedback Controllers

Rate Feedback Controllers

Rate feedback signal is often available from a tachometer or a rate gyro in position control applications. The signal can be
employed to improve the response of the feedback control system.

The basic rate feedback configuration (Figure 3.4.1) includes a rate constant k; that multiplies the velocity signal together with a
static controller, K, in the loop.

The closed-loop transfer function for the rate feedback configuration can be obtained by applying Mason’s gain rule, originally
defined for signal flow graphs. For simple block diagrams, the gain rule is stated as:

ys) __ F(s)
r(s) 1= Li(s)

where F'(s) denotes the forward path gain from an input node to an output node, and 3" L;(s) denotes sum of the loop gains.

roor(t) e(t) u(t) y(t) y
1 + K - » Gs) 1)

Kfs

Figure 3.4.1: The rate feedback configuration in feedback control system.

Rate Feedback as PD Controller
The effective loop gain in the case or rate feedback configuration with a static controller is computed as:
S Li(s) = —G(s) (kys + K)

The loop gain includes a plant transfer function in cascade with a PD controller, where the controller zero is located at: s = —TKf.
Hence rate feedback configuration is identical to placing a PD controller in the loop.

Let G (s) = 38 ; then, the closed-loop transfer function is obtained as:

y(s) Kn (s)
r(s)  d(s)+ (ks + K)n(s)’

The resulting closed-loop characteristic polynomial is given as:
A(s)=d(s)+ (krs+ K)n(s)

By using simple block diagram manipulation, the rate feedback configuration (Figure 3.4.1) can be equivalently represented as a
feedback control system with a PD controller in the feedback path (Figure 3.4.2).
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roor(t) e(t) u(t) y(t) Y
(2)—» K —»()—> 1 —> Gs) 2
Kfs + K

Figure 3.4.2: Alternative structure for rate feedback configuration with static controller.

Example 3.4.1

The transfer function of a mass-spring-damper system is given as: G (s) = m
assumed: m = 1,b =2, and k= 10. It is desired to improve the transient response using rate feedback controller.

The following parameter values are

The closed-loop characteristic polynomial for the rate feedback configuration is:
As) =8>+ (ks +2)s+ K+ 10
We assume that a desired characteristic polynomial is selected as: Ay (s) = (s + 6s + 25).

By comparing the polynomial coefficients, the required controller gains are obtained as: K =15, k; = 4. The unit-step
response of the closed-loop system is shown in Figure 3.4.3.

Step Response

-

-]
[#]

Amplitude

a 0.5 1 1.5 2
Time (seconds)

Figure 3.4.3: Step response of mass-spring-damper system with rate feedback controller.

Rate Feedback as PID Controller

The rate feedback can be used in conjunction with a PI controller to effectively implement a PID controller. A rate feedback
controller with cascade PID controller is shown in Figure 3.4.4.
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roorit) elt) u(t) y(t) y

+) K G(s) (1)

kfs <—o9

Figure 3.4.4: Rate feedback configuration with cascade PI controller.

Let the cascade PI controller be defined as: Kpy (s) = K + %; then, using gain rule (3.4.1), the effective loop gain is obtained as:
k;
> Li(s)=— (K+ -~ +kfs) G (s)
Hence using a cascade PI controller with rate feedback amounts to placing a PID controller in the feedback loop (Figure 3.4.5).

Assuming a plant transfer function: G (s) = Z((j)) , the closed-loop transfer function is obtained as:

y(s) _ (Ks+ki)n(s)
r(s)  sd(s)+ (kgs? + Ks+ki)n(s)’

The resulting closed-loop characteristic polynomial is given as:

A(s) = sd(s) + (kss* + Ks + ki) n (s)

rooon) e(t) u(t) y(t) y

(2 —>»{K+Kkils 1 ——» G(s) » 2 )

kfs + Kifs + K [4——

Figure 3.4.5: Alternate structure for rate feedback with cascade PI controller.

Example 3.4.2

The transfer function of a mass-spring-damper system is given as: G (s) = m The following parameter values are
assumed: m = 1,b= 2, and k= 10. It is desired to improve the transient as well as steady-state response using rate feedback
with cascade PI controller.

The closed-loop characteristic polynomial for the rate feedback configuration with cascade PI controller is given as:
A(s) =8+ (ks +2) s> + (K + 10) s + k;.
We assume that a desired closed-loop characteristic polynomial is selected as: Ay (s) = (s + 10s + 25) (s + 5).

Then, by comparing the polynomial coefficients, the controller gains are obtained as: k; =13, K =65, and k; = 125. The
unit-step response of the closed-loop system is shown in Figure 3.4.6.
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Step Response

Amplitude

a 0.5 1 1.5 2
Time (seconds)

Figure 3.4.6: Step response of mass-spring-damper system with rate feedback and cascade PI controllers.

By comparing the step responses in Examples 3.4.1 and 3.4.2, we observe that:

1. The rate feedback with cascade PI controller has a higher (18%) overshoot compared to rate feedback with static controller (

12%).
2. The rate feedback with cascade PI controller has a smaller rise time (0.3 sec) compared to rate feedback with static

controller (about 0.5 sec).
3. The rate feedback with cascade PI controller has no steady-state error compared to (40%) error in the case of rate feedback

with static controller.
4. The step response in both cases settles in about 1.5 sec.

This page titled 3.4: Rate Feedback Controllers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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4: CONTROL SYSTEM DESIGN OBJECTIVES

Learning Objectives

1
2.
3.
4.

Characterize closed-loop stability in a feedback control system model.
Characterize performance objectives for transient and steady-state improvement.
Characterize the disturbance rejection problem in feedback control systems.
Determine the sensitivity of the closed-loop system to parameter variations.

4.0: Prelude to Control System Design Objectives
4.1: Stability of the Closed-Loop System

4.2: Transient Response Improvement

4 .3: Steady-State Error Improvement

4.4: Disturbance Rejection

4.5: Sensitivity and Robustness

This page titled 4: Control System Design Objectives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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4.0: Prelude to Control System Design Objectives

In a feedback control system, the controller is designed to achieve certain objective. The first and foremost among them is
closed-loop system stability. The next is good dynamic stability displayed by an acceptable transient response. In tracking
systems, the elimination of tracking error in desired. Further, the controlled system is required to mitigate disturbances entering
the system and guard it against parameter variations and unmodeled dynamics. Hence we will discuss the ways to achieve the
following objectives in this chapter:

Closed-loop stability
Acceptable transient response
Acceptable steady-state error
Sensitivity and robustness

PN o

In control system design, the stability of the closed-loop characteristic polynomial can be ascertained by algebraic methods, such
as the Routh’s array. These method can be applied toward the design of static controller. Stability can also be determined from
the Bode plot of the loop transfer function.

The transient response is commonly evaluated in terms of time-domain performance metrics applied to the step response of the
closed-loop system. The design specifications specify limits on the settling time of the system response and/or damping ratio of
closed-loop roots. A phase-lead or PD/PID controller can be employed to obtain transient response improvements.

The steady-state error to prototype (step and ramp) inputs is measured in terms of position and velocity error constants of
the loop transfer function. Generally speaking, high loop gain reduces steady-state error, but also makes the system prone to
oscillations. The steady-state error can be eliminated by placing a PI/PID controller in the feedback loop.

Disturbance inputs are unavoidable in the operation of physical systems. Common examples of disturbance inputs include road
bumps while driving, turbulence in the airplanes, and machinery vibrations in industrial plants, etc. Effective disturbance rejection
requires high loop gain in the frequency range of disturbance.

Aging in the physical system causes changes in the plant transfer function thus reducing the effectiveness of the controller. A
well-designed control system is desired to have robustness against unmodeled dynamics as well as low sensitivity to parameter
variations.

The control system design objectives involve inherent trade-offs. For example, a static controller cannot simultaneously improve
the transient response and reduce steady-state error to a constant input. Similarly, disturbance rejection and reference tracking
pose conflicting design objectives. When faced with such situations, it is not always easy to find the right balance in meeting and
prioritizing design objectives. Hence, the control system design is more of an art than an exact science, i.e., it relies much on the
skills of the designer.

This page titled 4.0: Prelude to Control System Design Objectives is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kamran Iqgbal.

@IOIC]E) 70 (4.8.1)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/04%3A_Control_System_Design_Objectives/4.00%3A_Prelude_to_Control_System_Design_Objectives
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTexts"

4.1: Stability of the Closed-Loop System

Closed-Loop Stability

Ensuring the stability of the closed-loop is the first and foremost control system design objective. Even though the physical plant,
G(s), may be stable, the presence of feedback can cause the closed-loop system to become unstable, as in the case of higher
order plant models.

The standard block diagram of a single-input single-output (SISO) feedback control system (Figure 4.1.1) includes a plant, G(s), a
controller, K(s), and a sensor, H(s), where H (s) = 1 is assumed.

r r(t) e(t) uft) 1 ylt) y
1 Kis) ——» Gls) L

H(s) |«

Figure 4.1.1: Feedback control system with plant, G(s), sensor, H(s), and controller, K(s).

The overall system transfer function from input, r(¢), to output, y(t), is given as:
KG
T(s) = —BCE)
1+ KGH(s)
The determination of stability is based on the closed-loop characteristic polynomial:
A(s,K) =1+ KGH(s).

n(s)
d(s)

In particular, let G (s) = ; then, assuming a static controller: K(s) = K, the closed-loop characteristic polynomial is given as:

A(s, K) = d(s) + Kn(s)

nco(s)

dc(s)
A(s) = d(s)dc(s) + n(s)nc(s)

Alternatively, assuming a dynamic controller, K (s) = , the characteristic polynomial is given as:

Stability Determination by Algebraic Methods

The stability of the characteristic polynomial is determined by algebraic methods that characterize its root locations based on
the coefficients of the polynomial. In the following, we assume that A(s) is an nth order polynomial expressed as:

Als) =5"+a15" 4+ ...+ ap_15+ ay

Necessary Condition. A necessary condition for stability of the polynomial is that coefficients a;, i =1,2,---,n, are all nonzero
and are positive, i.e., a; > 0.

Sufficient Condition. A sufficient condition for polynomial stability is obtained through the application of the following equivalent
criteria:

The Hurwitz Criterion

The nth order polynomial, s” + a;s" ! +--- + a,, is stable, i.e., has its roots in the open left-half plane (OLHP), if and only if the
following determinants assume positive values:
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ay a3 as
a; as
lasl, y |1 ar aq |,
1 a
0 a; as

The Routh’s Criterion

The nth order polynomial, s” + a;s" ' +--- + a, is stable, i.e., has its roots in the open left-half plane (OLHP), if and only if all
entries in the Routh's array are positive.

s" 1 a9
sn1 a; as
b1 be
C1 Co
sl
SO

The first two rows in the Routh's array are filled by alternating the coefficients of the polynomial. The entries appearing in the
third and subsequent rows are computed as follows:

as a4 ayp as
by by

1

1 1
b=—1 , hh=—1L e =—71

, etc.
as as

The Routh’s stability criterion states that the number of unstable roots of the polynomial equals the number of sign changes in
the first column of the Routh’s array.

Stability Determination for Low-Order Polynomials

Low-order polynomials (i.e., polynomials of degree n = 2, 3) are often encountered in model-based control system design. The
Routh or Hurwitz can be simplified when applied to such polynomials.

The stability criteria for second and third-order polynomials are given below:
Second-order polynomial: (n = 2): a; >0, ay > 0.

Third-order polynomial: (n =3): a; >0, a3>0, a3>0, ajas—a3>0.

Controller Gain Selection

The stability conditions can be used to determine the range of controller gain, K, to ensure that the roots of the closed-loop
characteristic polynomial, A(s, K), lie in the open left-half plane (OLHP).

Example 4.1.1

Let G (s) = S(S_IiZ)’ H (s) = 1; then, A(s, K) = s? + 2s + K. By using the above stability criteria, A(s) is stable for K > 0.

Example 4.1.2

Let A(s, K) = s3 + 352 + 25 + K. By using the above stability criteria, A(s) is stable if the following conditions are met: K
> 0and 6 — K > 0. Accordingly, the range of K for closed-loop stablity is given as \(®
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Example 4.1.3

The simplified model of a small DC motor is given as: - 10

Vu(s)  s(5+6) -

A PID controller for the motor model is defined as: K(s) = k, + kqs + % The closed-loop characteristic polynomial is given
as:

A(s) = 8%(5 4+ 6) + 10(kgs® + kps + k;) = 8% + (6 + 10ky)s? + 10k,s + 10k;.
The constraints on the PID controller gains to ensure the stability of the third-order polynomial are given as:
ky, ki, 6 4+10k; >0
k,(6 4 10ks) — k; > 0

We may choose, e.g., k, =1, k; =1, kg =1 to meet the stability requirements.

Stability Determination from Frequency Response Plots

The frequency response function of the loop gain, KGH (jw), can be used to determine the stability of the closed-loop system. In
particular, the root condition on the closed-loop characteristic polynomial implies: 1 + KGH (jw) = 0, or KGH (jw) = —1.

Hence stability of the closed-loop system can be inferred from the frequency response of KGH (jw), relative to the 1/ + 180°
point on the complex plane. The stability determination is performed using the following relative stability criteria:

Definition: Gain Margin

The gain margin (GM) denotes the factor by which the loop gain, |[KGH (jw)|, can be increased without compromising the
closed-loop stability.

The GM is computed as: GM = —|KGH (jwy)| ;5 Where w,. denotes the phase crossover frequency defined by Z/KGH (jw)
= —180°.

A positive value of GM denotes closed-loop stability.

Definition: Phase Margin

The phase margin (PM) denotes the additional phase that can be added by the controller to ZKGH (jw) without
compromising the closed-loop stability.

The PM is computed as: PM = ZKGH (jw,.) + 180°, where w,. denotes the gain crossover frequency defined by |KGH (jwy)| 5
= 0dB.

A positive value of PM denotes closed-loop stability. Additionally, PM represents a measure of dynamic stability; hence adequate
PM is desired to suppress oscillations in the output response.

To proceed further, assume that the loop transfer function, KGH (s), has m zeros and n poles. Then,

1. For low-order models (n < 2), the loop gain, KGH (s), displays an infinite GM.
2. GM is finite for n —m > 2 and may be so forn —m = 2.

The gain crossover occurs when |[KGH (j0)|,5 > 0dB; hence PM become relevant only in that case.
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Stability Determination on Bode Plot

On the Bode magnitude plot the gain crossover frequency, wy,, is indicated as the magnitude plot crosses the 0dB line. The Bode
phase plot at that frequency reveals the phase margin as: PM = ZKGH (jwgy.) + 180°.

On the Bode phase plot, phase crossover frequency, w,,, is indicated as the phase plot crosses the —180° line. The magnitude plot
at that frequency reveals the gain margin as: GM = —|KGH (jwyc)| ;-

The relative stability margins can be obtained in the MATLAB Control Systems Toolbox by using the ‘margin’ command. When
invoked the command produces a Bode plot with stability margins indicated.

Example 4.1.1

Let KG (s) = %; the Bode magnitude and phase plots for K = 1 are shown in Figure 4.1.2.

s(s+1)(s

The Bode magnitude plot displays a 15.6 dB gain margin, i.e., the controller gain can be increased by a factor of 6 (15.6 dB)
before losing stability of the closed-loop system.

The Bode phase plot displays a 53.4° phase margin, which indicates closed-loop stability; further, it corresponds to ¢ = 0.55
for the closed-loop system, which indicates adequate dynamic stability.

Bode Diagram
Gm = 15.6 dB (at 1.41 rad/s), Pm = 53.4 deg (at 0.446 rad/s)

50

o
T

Magnitude (dB)
3

-100

-150
-90

-135

-180 |- 1

Phase (deg)

-225

-270 : :
1072 107! 10° 10’ 102
Frequency (rad/s)

Figure 4.1.2: Bode gain and phase plots showing stability margins.

Stability Determination on Nyquist Plot

On the Nyquist plot, the gain crossover is indicated when the Nyquist plot enters the unit circle, whereas phase crossover is
indicated when the Nyquist plot crosses the negative real-axis.

Thus, GM is positive if the real-axis crossing is to the right of —1 + j0 point. The PM is positive if KGH (jw) magnitude drops
below unity in the third quadrant.

Example 4.1.2

Let KG (s) = me, the Nyquist plot for K = 1 is shown in Figure 4.1.3.

The Nyquist plot crosses the real axis at s = —0.165, which corresponds to GM = 6.
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Example 4.1.3
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Nyquist Diagram

The Nyquist plot enters the unit circle at an angle of 53° from the negative real axis that indicates the phase margin.
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Figure 4.1.3: Nyquist plot showing stability margins.

The corresponding relative stability margins are given as: GM = 37.5

Bode Diagram
Gm = Inf dB (at Inf rad/s) , Pm =127 deg (at 10.9 rad/s)

Magnitude (dB)

Phase (deg)

o’ 10° 10! 102 10° 10*
Frequency (rad/s)

75 (4.1.5)

The model of a small DC motor, including an amplifier with a gain of 3 is given as:

wis) _ 1500
Va(s) — (s+100)(s+10)+25 *

The relative stability margins for the DC motor model are given as: GM = co; PM = 127° (Figure 4.1.4).

Assume that the motor is used in a position control application, so that the plant transfer function is given as:

w0
— 5[(5+100)(s+10)+25] *

dB; PM = 81.1° (Figure 4.1.4).

Bode Diagram

Gm = 37.5 dB (at 32 rad/s), Pm = 81.1 deg (at 1.45 rad/s)
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Figure 4.1.4: Stability margins for the DC motor model (left); stability margins for the position control application (right).
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This page titled 4.1: Stability of the Closed-Loop System is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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4.2: Transient Response Improvement

Transient Response Improvement

We consider the feedback control system (Figure 4.2.1) with input r(s) and output y(s).

roor(t) e(t) u(t) y(t) y

1D + )—>» K(s) (—» G(s) (1)

H(s) [«

Figure 4.2.1: Copy and Paste Caption here. (Copyright; author via source)

KG(s)
TTKGH(s) *

The closed-loop system response is given as: y(s) = T(s)r(s), where T'(s) =
The system response consists of transient and steady-state components, i.e., y(t) = yu(t) + yss(t)-
In particular, for a constant input, r,,, the steady-state component of the system response is given as: y;; = T(0)rs.

The transient response is characterized by the roots of the closed-loop characteristic polynomial, given as: A(s) =1+ KGH(s).

These roots can be real or complex, distinct or repeated. Accordingly, the system natural response modes are characterized as
follows:

Real and Distinct Roots. Let A(s) = (s —p1)(s —p2)...(s —pn).; then, the system natural response modes are given as:
{6P1176P2t7 ’epnt}_

Real and Repeated Roots. Let A, (s) = (s—s1)™; then, the corresponding natural response modes is given as:
{ent, tert, ..., tmlent),

Complex Roots. Let A.(s) = (s + 0)? + w? then, the corresponding natural response modes are given as: {e™' coswt , e ' sinwt}

General Expression. Assume that for an nth order polynomial, the response modes are given as: ¢.(t), k=1, ...,n. Then, using
arbitrary constants, c;, the system natural response is given as: y(t) = > j_; ckdi(?).

Control System Design Specifications

The control system design specifications include desired characteristics for the transient and steady-state components of system
response with respect to a prototype input. A step input is used to define the desired transient response characteristics.

The qualitative indicators of the step response include the following:

The rise time (¢,)

The peak time (t,)

The response peak (M,) and percentage overshoot (%0S),
The settling time (t,)

HpPON
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Rise Time. For overdamped systems (¢ > 1), the rise time is the time taken by the response to reach from 10% to 90% of its final
value. For underdamped systems (¢ < 1), the rise time is the time when the response first reaches its steady-state value.

Peak Time. For underdamped systems, the peak time is the time when the step response reaches its peak.
Peak Overshoot. The peak overshoot is the overshoot above the steady-state value.

Settling Time. The settling time is the time when the step response reaches and stays within 2% of its steady-state value.
Alternately, 1% limits can be used.

Prototype Second-Order System

To illustrate the above characteristics, we consider a prototype second-order transfer function, given by the closed-loop transfer
function as:

2
T(s)= —
(s) §% + 2wy, s + w2

The poles for the prototype system are located at: s = —(w,, + jwq, Where wy = w,y/1 — (2 is the damped natural frequency.
The impulse and the step response of the prototype system are given as:
wz
yimp(t) = —e “rsin (wdt) u(t)
wd

Wd

Ystep(t) = T(0) (1 — e~ ntgin (wat + ¢)) u(t), ¢ = tan ! &

For the prototype system, the rise time, t,, is indicated by wgt, + ¢ = 7. Thus, t, = %; the rise time is bounded as: o St < 2
The peak time is indicated by wgt, = 7; thus, t, = wid

The peak overshoot is given as: M, = 1 + e~%"%; the percentage overshoot is given as: %0S = 100e ™,

The effective time constant of the prototype system is: 7 = 4% The step response reaches and stays within 2% of its final value
in about 47, and within 1% of its final value in about 4.57.

These metrics are summarized in the Table below.

Table 2.1: Quality metrics used to measure second-order system response.

Quality indicator Expression

o ~ T
Rise time ty=22 ¢=tan! (4
Peak time tp= -

Peak overshoot M, = 100e=“t (%)
Settling time = éf

We may note that the above step response quality indicators are all functions of the damping ratio, ¢, of the closed-loop roots.

To clarify this relationship, the variation in the step overshoot, %0S, and the normalized rise time, w,t,, with ¢ is tabulated below
for selected values of (.

Table 2.2: Percentage overshoot and rise time vs. damping ratio

¢ 0.9 0.8 0.7 0.6 0.5
%0S 0.2% 1.5% 4.6% 9.5% 16.3%
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¢ 0.9 0.8 0.7 0.6 0.5
Wrty 5.54 418 3.3 2.76 242

A low ( < 10%) overshoot in the step response is often desired, which translates into ¢ > 0.6.

Example 4.2.1

For a prototype second-order system, let T'(s) = ﬁ The closed-loop poles are located at: p1 2 = —3 + j4, hence w,
=54 and ¢ = 0.6.

The step response of the system displays: ¢, = 0.47 sec, t, =0.78 sec, %0S = 9%, and ¢, = 1.19 sec (2% threshold).

Step Response

Amplitude

‘o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Time {seconds)

Figure 4.2.1: Step response of a prototype second-order system showing rise time, peak time and settling time.

Desired Closed-Loop Characteristic Polynomial

The system design specifications, expressed in terms of rise time (¢,), settling time (t;), damping ratio (¢), and percentage
overshoot (%0S), are used to define desired root locations for the closed-loop characteristic polynomial.

In particular, assuming a root root location, —o + jw, the following restrictions are placed on the real and imaginary parts:

1. The settling time constraint places a bound on the real part of the roots: o > 4T5
2. The damping ratio constraint requires that: § < 4 cos™! ¢, where 6 is the angle of the desired root location from the origin of

the complex plane.
3. The rising time constraint places a bound on the natural frequency of the closed-loop roots as w,, > %

These constraints are summarized below:

2
wy > —, < cos’IC
tr

Example 4.2.2

We assume the following design specifications: 0.7 < ¢ <1 and ¢; < 2s. Then, the desired region for the closed-loop root
locations is bounded by: 0 > 2 and 0 < +45°.
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Figure 4.2.2: The desired region for closed-loop pole placement for 0.7 < ¢ < 1 and ¢, < 2s.

Example 4.2.3

Assume that the design specifications are specified as: ¢, < 0.5s, t; < 3.0s, and % %0S < 10%. These specifications place
the following constraints on the closed-loop pole locations: o > 1.5, w, >4, and ¢ > 0.6.

To meet the constraints, we may choose, e.g., the desired closed-loop characteristic polynomial as: Ages(s) = (s +0)? + w?
=52 4 65 + 20.

Controller Gain Selection

The closed-loop characteristic polynomial for a unity-gain feedback system includes static controller gain, K, as a parameter. The
characteristic polynomial is given as: A(s, K) =1+ KG(s).

Given a desired characteristic polynomial, A4;(s), we may choose the controller gain by comparing the coefficients of the two
polynomials.

Example 4.2.4

The simplified model of a small DC motor is given as: G(s) = 5(2) = ﬁ Assuming a static gain controller in unity-gain

feedback configuration, the closed-loop characteristic polynomial is given as: A (s) = s + 6s + 10K.

Suppose the design specifications are given as: OS < 10% (¢ > 0.6), ¢; < 1.5sec. Then, closed-loop root locations may be
selected as: s = —3 + j4.

The desired characteristic polynomial is formed as: Ag(s) = s2 + 65 + 25.
By comparing polynomial coefficients, we obtain: K = 2.5.

The closed-loop system step response shows a rise time ¢, = 0.47 sec (w,t, = 3), and the settling time ¢, = 1.06 sec.
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Figure 4.2.3: Step response of the closed-loop simplified DC motor model (Example 4.2.4).

The next example illustrates the design of rate feedback controller.

100] o] CRR

The characteristic polynomial for rate feedback controller design is given as: A(s, K, K1) = s2 + K15 + K.
Assume that the design objectives are: % OS < 5% (¢(=0.7) and ¢; < 2.5s.

A desired characteristic polynomial for ¢ = 0.7 and (w,, = 2 is given as: Ay, (s) = (s + 2)? 4 22. Accordingly, we may choose:
Ki=4,K=38.

Optimal Performance Indices

An alternate way to characterize the transient response of the closed-loop system is to define a time-domain performance index
and choose a characteristic polynomial to minimize that index.

Toward this end, three popular performance indices have been defined:

Integral Absolute Error, JAE: | [f e(t)| dt

Integral Square Error, ISE: fot le(t)]? dt

Integral Time Absolute Error, ITAE : [*tle(t)|dt.

The ITAE index, in particular, is commonly used to evaluate system performance in industrial process control.

For a prototype second-order system model, driven by a step input, minimization of the ITAE index results in an optimal design
with ¢ = 0.7 (%0S = 4.6%).

The optimum coefficients of the desired characteristic polynomials based on the ITAE index are given below:
s + w’ll,
s2 4+ 1.4w,s + w?

8% 4+ 1.75w,8% 4 2.15w2 s + w?
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st 4 2.1w,8% + 34wk 8% + 2.Twls + Wi,

Example 4.2.6

The first-order-plus-dead-time (FOPDT) model of an industrial process is given as: G (s) = <-. By using first-order Pade’

s+1°
g AN p—S ~v 2—8 3 9 g g . ~ 2—s
approximation: e~* = 5=, we obtain a rational approximation as: G (s) = I

The closed-loop characteristic polynomial for a unity-gain feedback control system is: A (s) = (s + 1) (s +2) + K(2 — s).
Using the ITAE index, a desired second-order polynomial is selected as: A g.,(s) = 52 4 1.4w,s + w?.

By comparing the polynomial coefficients, we obtain two equations that are solved to obtain: w, = 1.76% and K = 0.54.

This page titled 4.2: Transient Response Improvement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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4.3: Steady-State Error Improvement

Steady-State Tracking Error

A tracking control system is designed to have a low steady-state error in response to a constant (i.e., unit-step) or linearly varying
(i.e., unit-ramp) input. The desired error tolerance may be specified as percentage of the reference input. Additionally the system
response to a constant disturbance input should stays small.

We consider the feedback control system (Figure 4.3.1) with input r(s) and output y(s).

rooor(t) e(t) u(t) y(t) y

Kis) —» Gis)

‘ H(s)

Figure 4.3.1: Copy and Paste Caption here. (Copyright; author via source)

Let T (s) denote the closed-loop transfer function; then y (s) = T (s) r(s). The tracking error, e(s), in response to a reference signal,
r(s), is defined as:

e(s)=1-=T(s))r(s)
To characterize the tracking error, we consider a unity-gain feedback system (H(s) = 1). Then, the tracking error, e(s), is given as:

1

‘) =TT ke

r(s)

By using the final-value theorem (FVT), the steady-state tracking error is computed as: e(c0) = liné se(s)
s

The steady-state error to a step reference input, (r(s) = 1), is given as: e(c0) = 75wy

The steady-state error to a ramp reference input, (r(s) = 5—12), is given as: e(o0) = W
¢ $)ls=0

System Error Constants

The steady-state tracking error in the case of a unity-gain feedback control system is characterized in terms of system position
and velocity error constants, which are defined as:

K, = Ei%KG(S)

K, = limsKG(s)
50

In terms of the error constants, the steady-state tracking error to a step or a ramp input is evaluated as:

1
e(oo)|stcp = 1+K
»

1
€(00)yamp = 7=
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Example 4.3.1

Let KG(s) = gy then we have: K, = 0o, K, = 5.

Hence e(o0)|,, =0, e(c0)] = 2.

ramp

We note that the presence of an integrator in the loop forces K, — oo, and the steady-state error to a step input to go to
zero.

Example 4.3.2

The approximate model of a small DC motor is given as:

500K

KG(s) = 10 s 1 100)

Then we have: K, = 0.5K, and K, = 0.
Hence e(oo)|5tep = %, e(o0)| = 00.

ramp

Integral control, K (s) = %, is often employed to reduce the steady-state tracking error. The presence of an integrator in the
loop forces K, — oo, and the steady-state error to a step input to go to zero.

Steady-State Error to Ramp Input

Assuming that the feedback loop contains an integrator, so that the steady-state error to a step input is zero, the steady-state
error to a ramp input is expressed as:

1
e(s) = 1 =T(s)]r(s); r(s) = —-
The error is evaluated by the application of FVT: ¢(c0),,,, = lim LT
S
By using the L’ Hospital's rule, we obtain: e(oo)| = lim (— dT(s) )
i . ramp 550 ds :

To evaluate the RHS, we use the natural logarithm to write: L1n T (s) = T%S) ‘”;ff)
Since lim T(s) = 1 by the integrator assumption, we have: lim £In7T(s) = lim %is).
5—0 5—=0 5—0

Next, assume that T(s) is expressed as: T(s) = W

Then,we have: InT(s) =In K + >,,(s — z) — >,,(s —p;i), and

d 1 1
ElnT(s) =an+Z pa—— 72

§—Di

It follows that:
1 1
e(oo)|ramp = Z p_ - Z Z_

where z; and p; denote the zeros and poles of the closed-loop system.
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Example 4.3.3

Let KG(s) = S(S—Ifm); then, the closed-loop characteristic polynomial is: A (s) = s + 2s + K.

Assuming a value of K = 1, the closed-loop poles are located at: 515 = —1, —1.
The resulting steady-state error to a ramp input is given as: e(c0)|,,,,, = > 7 = 2.

For verification, the closed-loop system response is plotted in Figure 4.3.1.

Linear Simulation Resuits
8 T T T T

Amplitude

Time (seconds)

Figure 4.3.1: Steady-state error to a ramp input (Example 4.3.3).

This page titled 4.3: Steady-State Error Improvement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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4.4: Disturbance Rejection

System Response to Disturbance Inputs

Disturbances are unwanted signals entering into a feedback control system. A disturbance may act at the input or output of the
plant. Here we consider the effect of input disturbance.

To characterize the effect of a disturbance input on the feedback control system, we consider the modified block diagram (Figure
4.4.1) that includes a disturbance input.

d

d
( L N
rorit) e(t) l

(t)
A (t)
(20— —>  Kis) —h&*)u—r G(s) 1)

-

H(s) re—

Figure 4.4.1: A feedback control system with reference and disturbance inputs.

Let r(t) denote a reference, and d(t) a disturbance input; then the system output is expressed in the Laplace domain as:

_ KG(s)
1+ KGH(s)

G(s)
1+ KGH(s)

y(s) r(s) + d(s)

Assuming unity-gain feedback configuration (H(s) = 1), the tracking error, e (s), is computed as:

1 G(s)

= — d
‘)= TTxkan) " T T3 RGE )
By using the FVT, the steady-state error is expressed as:
G(0)
€(00) = T3 7(00) — Ty ()

where K, is the position error constant.

A large loop gain (large K,) reduces steady-state error in the presence of both reference and disturbance inputs. A large controller
gain, K, can be used to increase K, however, a large K would generate a large magnitude input signal to the plant, which may
cause saturation in the actuator devices (amplifiers, mechanical actuators, etc.).

Simultaneous Tracking and Disturbance Rejection

To analyze the control requirements for simultaneous tracking and disturbance rejection, we consider a unity-gain feedback
control system (H(s) = 1).

Let G (s) = 28 represent the plant and K (s) = % represent the controller; then, the output in the presence of reference and

disturbance inputs is given as:

d(s)de (s) r
n(s)n.(s)+d(s)d.(s)

n(s)d.(s)
n(s)n.(s)+d(s)d.(s)

y(s) = d(s)

The characteristic polynomial is given as: A(s) = n(s)n.(s) + d(s)d.(s).
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The requirements for asymptotic tracking and disturbance rejection are stated as follows:

Asymptotic tracking. For asymptotic tracking, d (s) d. (s) should contain any unstable poles of r (s). For example, an integrator in
the feedback loop ensures zero steady-state error to a constant reference input.

Disturbance Rejection. For disturbance rejection, n (s) d. (s) should contain any unstable poles of d (s). For example, a notch
filter centered at 60 Hz removes power line noise from the measured signal.

Example 4.4.1

A small DC motor has the following component values: R=1 Q, L=10 mH, J=0.01 kgm?, b=0.1 & %k, =k, =0.05.

rad ’

500

The DC motor transfer function is given as: G(s) = —75. 7035 -

Since G (0) = 0.5, with a static controller, the position error constant is: K, = 0.5K. The steady-state error in the presence of
reference and disturbance inputs is given as:

1 0.5

= ——d .
e(00) = 105k ") ~ T osr )
We may choose a large K to reduce the steady-state tracking error as well as improve the disturbance rejection. A large value

of K, however, reduces system damping and results in an oscillatory response of the DC motor.

For a static controller, the closed-loop characteristic polynomial is given as: A(s, K) = s? 4 110s + 1025 + 500K. The resulting
] O~ 8= P — 55

damping ratio is: ( = NI TR

In order to limit the damping to, say ¢ < 0.6, the controller gain is limited to: K < 14.75. We may choose, for example, K = 14

, which results in the following steady-state error to reference and disturbance inputs: e(co) = +7(00) — xd(c0).

This page titled 4.4: Disturbance Rejection is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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4.5: Sensitivity and Robustness

Sensitivity and Robustness

The robustness refers to the ability of a control system to withstand parameter variations in the plant transfer function, and still
maintain the stability and performance goals.

Robustness is characterized in terms of the sensitivity of the closed-loop transfer function T'(s) to variation in one or more of the
plant parameters.

System Sensitivity Function

The system sensitivity function is defined as the ratio of percentage change in the closed-loop transfer function to percentage
change in the plant transfer function, i.e., assuming unity feedback (H(s) = 1),

r_ OT/T 0T G _ 1

T 8G/G 8G T 1+KG(s)

Hence, increasing loop gain in a feedback control system by choosing a larger controller gain, K, reduces its sensitivity to
parameter variations.

It may be noted that the system sensitivity function, denoted as S(s), is the same as the transfer function from the error, e(s), to

output, y(s). The sensitivity function is, thus, a function of frequency. Further, S(s) + T'(s) = 1, where T'(s) denotes the closed-loop
transfer function.

Parameter Sensitivity

The sensitivity of the closed-loop transfer function, T'(s), to percentage change in a plant parameter, o, is given as:

ST = sLs¢
Let KG(s) = s(s’ia) ,  H(s) = 1; then, we have: T(s) = ﬁ
For unity-gain feedback, the system sensitivity function is computed as: Sg = %
Further, S¢ = ——%-; hence ST = — TR

Thus, increasing the loop gain (by choosing a large K) reduces the sensitivity of T'(s) to variations in a. However, increasing
K reduces damping in the system and gives rise to output oscillations.

Example 4.5.2

The model of a small DC motor is approximated as: G(s) = & = p00

t
(Ts+b)(Ls+R)Thiky,  s°+110s+1025

For unity-gain feedback, the system sensitivity function is computed as:

- 1 52 4+ 110s + 1025

ST — =
¢ 14+ KG(s) s2+110s+ 500K + 1025
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_ T _ s24+110s+1025
For K = 10, we have S, = D

Suppose we want to compute the sensitivity of 7' (s) to motor torque constant, k;; then

o 52 + 110s + 1000

SG =
k™ $2 4 110s 4 1000 + 500k;

_ 3 G __ s’+110s+1000
For k; = 0.05, we obtain Skt = SToeriozs’ and hence

s% + 110s + 1000

ST — SG ST —
ke TPk TC T 62 11108 + 6025
A Bode magnitude plot of the sensitivity function is shown in Fig. 4.5.1.

Bode Diagram
T T T T 1 —

b

Magnitude (dB)

-1z - -

14 i

-16 —— — ' ' _
107! 109 10 102 10°
Frequency (rad's)
Figure 4.5.1: Bode magnitude plot of the sensitivity function.

This page titled 4.5: Sensitivity and Robustness is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.

@IOIC]E) 89 (4.5.2)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/04%3A_Control_System_Design_Objectives/4.05%3A_Sensitivity_and_Robustness
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTextS“

5: CONTROL SYSTEM DESIGN WITH ROOT LOCUS

Learning Objectives

1. Sketch the root locus of a transfer function with respect to the controller gain K.

2. Use root locus technique to design a static controller for a transfer function model.
3. Use root locus technique to design first-order phase-lead and phase-lag controllers.
4. Realize the controller design using operational amplifiers and filters.

5.0: Prelude to Control System Design with Root Locus
5.1: Root Locus Fundamentals

5.2: Static Controller Design

5.3: Transient Response Improvement

5.4: Steady-State Error Improvement

5.5: Transient and Steady-State Improvement

5.6: Controller Realization

This page titled 5: Control System Design with Root Locus is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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5.0: Prelude to Control System Design with Root Locus

The typical structure of a feedback control system (Figure 5.0.1) includes the process to be controlled, represented by G(s), a
sensor that measures the output, represented by H (s), and a cascade controller, represented by K(s). The plant is assumed to
be of single-input single-output (SISO) type.

rooor(t) e(t) u(t) y(t) y
Kis) —» Gis)

‘ H(s)

Figure 5.0.1: Copy and Paste Caption here. (Copyright; author via source)

Assuming a static gain controller is selected, the characteristic polynomial includes the controller gain, K, as a parameter. The
root locus (RL) refers to the locus of the closed-loop roots as the controller gain, K, varies from 0 — oco. The root locus technique
allows graphical representation of achievable closed-loop pole locations.

The RL plot in the case of low-order plant models can be sketched by hand following a set of rules; a computer generated plot
can be obtained from MATLAB. The controller gain needed to achieve a set of design specifications can be selected from the RL
plot. In MATLAB, the controller gain can be read by clicking on the RL plot.

The feedback control system is designed for closed-loop stability and the desired transient and/or steady-state response
improvements. The transient response improvements are measured in terms of step response parameters (t., ts, %0S, etc.); the
steady-state response improvements are measured in terms of relevant error constants (K, K,).

The root locus plot of a given loop transfer function, KGH(s), constitutes n branches in the complex s-plane, where n is the order
of the denominator polynomial. These branches commence at the open-loop (OL) poles and proceed towards finite zeros of the
loop transfer function, or asymptotically toward infinity. All root locus plots bear common characteristics that are referred as root
locus rules. These describe the location of real-axis locus, break points, asymptote directions, etc.

The root locus design technique can be extended to dynamic controllers of phase-lead, phase-lag, lead-lag, PD, PI, and PID types.
The dynamic controller introduces poles and zeros that modify the original RL to bring about the desired design improvements.
With the availability of a rate sensors (rate gyroscope and tachometer), rate feedback design that includes the design of inner and
outer feedback loops may be considered.

The static and dynamic controllers designed for process improvement can be implemented with electronic circuits built with

operational amplifiers, resistors, and capacitors. Alternatively, controller realization using microcontrollers can be considered.
This topic is addressed in the next chapter after introduction of the sampled-data systems.

This page titled 5.0: Prelude to Control System Design with Root Locus is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kamran Igbal.
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5.1: Root Locus Fundamentals

Root Locus

The root locus (RL) constitutes a graph of the closed-loop root locations, with variation in static feedback controller gain, K.

In order to develop the RL concepts, we consider a typical feedback control system (Figure 5.1), where K represents a controller,
G(s) is the plant transfer function, and H(s) is the sensor transfer function. Unless noted otherwise, unity-gain feedback (H(s) =1
) is assumed.

rort) e(t) u(t) y(t) y

GO—()—> kK —> G D

H(s)

Figure 5.1.1: Feedback control system with plant G(s), sensor H(s), and a static gain controller represented by K.

The loop gain for the feedback loop includes the controller, the plant, and the sensor transfer functions, and is given as:
L(s) = KG(s)H(s) = KGH(s)

The characteristic polynomial of the closed-loop system is defined as:
A(s,K) =1+ KGH(s)

The roots of A(s, K) vary with the controller gain, K, and are plotted for different values of K. The loci of all such roots locations,
as K varies from 0 — oo, constitutes the root locus plot of the loop transfer function.

Example 5.1.1

Let G(s) = SJ%l, H(s) = 1; the closed-loop characteristic polynomial is given as: A(s) = s + 1 + K. The polynomial has a

single root at s; = —1 — K.

A short table of closed-loop root for different values of K is given below:

K 0 1 2 5 10

Closed-loop root —1 —2 —3 —6 —11

The root locus plot, as K varies from 0 to oo, traces a line that proceeds from ¢ = —1 along the negative real-axis to infinity
(Figure 5.1.2). The overlaid grid shows the damping ratio of the closed-loop root (¢ = 1 in this case).
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Root Locus
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Figure 5.1.2: The root locus plot for G(s) = 7, H(s)=1
pkg load control
s=tf('s');
Gs=1/(s+1);
rlocus(Gs)

The MATLAB Control Systems Toolbox provides the ‘rlocus’ command to plot the root locus of the loop transfer function. The
‘rlocus’ command is invoked after defining a dynamic system object using ‘tf’ or ‘zpk’ command.

The ‘grid’ command adds constant damping ratio and constant natural frequency contours to the RL plot. These contours help
design a static controller for desired values of those parameters.

Example 5.1.2

Let G(s) = ﬁ, H(s) = 1. The closed-loop characteristic polynomial is given as: A(s, K) = s + 25 + K.

The roots of the characteristic polynomial are given as: s;2 = —-14++v1— K for K <1,and as s;», = —1 + jvK —1for K > 1.
The roots for selected values of K are tabulated below.
K 0 1 2 10
Closed-loop roots =i, =% =i, =Il —1+41 —1+33
The loci of these roots, as K varies from 0 — oo, comprise two branches that commence at the open-loop (OL) poles located

at {0, —2}, proceed inward along the real-axis to meet at o = —1, then split and extend along the ¢ = —1 line to s = —1 + joo
(Figure 5.2). These directions are called the RL asymptotes.
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Figure 5.1.3: The root locus plot for G(s) = m, H(s)=1.
pkg load control
s=tf('s'");
Gs=1/s/(s+1);
rlocus(Gs)

The RL plot can be extended to negative values of K, i.e., K € (—oo, o0), and is called generalized root locus.

Root Locus Rules

All RL plots share a few common properties, referred as the root locus rules. The prominent rules are described below.

In the following, it is assumed that the loop transfer function, KGH(s), is proper, has n open loop (OL) poles and m < n finite OL
zeros. The remaining n — m zeros are assumed to lie at infinity.

1. The RL has n branches and n —m asymptotes (assumed RL directions for large K). The RL branches commence at the
OL poles (for K = 0); of these, m branches terminate at the OL zeros (as K — co); the remaining n — m branches follow the
RL asymptotes to infinity (as K — oo).

2. The real-axis locus, indicating real roots of the characteristic polynomial, lies to the left of an odd number of poles and zeros
of KGH(s) for (K > 0), and to the right of an odd number of poles and zeros for (K < 0).

3. The real-axis locus separating a pair of OL poles contains a break-away point where the two RL branches split; the real-axis
locus separating two OL zeros, contains a break-in point where the two branches meet. The break points for both K > 0 and
K < 0 are found among the solutions to the equation: 3" -1 -1 =,

o—pi o—z

4. The RL asymptotes, assume angles: ¢, = 241(180°), k=0, 1,-,n —m —1, (forK > 0), and angles: ¢, = 2£L(360°), k =0,
1,---,n—m — 1 (for K < 0). These asymptotes intersect at a common point on the real-axis, given as: o, = %

5. The RL plot is symmetric with respect to the real-axis (this is a consequence of the fact that the complex roots of a real
polynomial occur in conjugate pairs).

The above rules suffice to sketch the RL plot for low-order plants. Additional rules for refining the RL plot may be added.

3;; hence, n = 2, m = 1.The closed-loop characteristic polynomial is formed as: A (s, K) = s2 + (K +2) s

Let KGH(s) =
+ 3K.

K (s+
s(s+2
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The RL plot is sketched as follows:

1. The RL has two branches that commence at the OL poles at 0, —2 (for K = 0); one branch terminates at the finite OL
zero at s = —3; the other branch follows the RL asymptote as K — oc.

2. The real-axis locus lies in the intervals: o € [—2,0] U (—oo, —3] (for K > 0).

3. The real-axis break points are defined by: % + 0+r2 = ﬁ or o2 4+ 60 + 6 = 0; the solutions include: ¢ = —1.27 (break-
away) and —4.73 (break-in).

4. The asymptote angle is given as: +180° (for K > 0), with intersection at: o, = 1.

The resulting RL plot (for K > 0) is shown in Figure 5.1.4.
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Figure 5.1.4: The root locus plot for G(s) =

pkg load control

s=tf('s');
Gs=(s+3)/s/(s+2);
rlocus(Gs)
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Example 5.1.4

1.

2.
3.

4.

Let KGH(s) = —5_—; then, n = 3, m = 0. The closed-loop characteristic polynomial is formed as: A(s) = s® + 352 + 2s
+ K.

s(s+1)(s+2) !

The RL plot is sketched as follows:

The RL has three branches that commence at the OL poles at s =0,—1,—2 (for K =0); the branches follow RL
asymptotes as K — oo.

The real-axis locus lies along o € [—1, 0] (for K > 0).

The break points are given as the solution to: % + - 4+ —L_ =0, which reduces to: 3062 + 60 + 2 = 0, and has solutions

o+1 o+2
at 0 = —0.38, —2.62. The first solution is a break-away point for K > 0; the second one is the break-in point for K < 0.
The asymptote angles are given as: +60°,180° (for K > 0); their common intersection point is at: o, = —% =—1.

The resulting RL plot (for K > 0) is shown in Figure 5.1.5.
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Figure 5.1.5: The root locus plot for G(s) = ~mray-
pkg load control
s=tf('s'");
Gs=1/s/(s+1)/(s+2);
rlocus(Gs)
Root Locus of Gs
| = |
| + + + E T **R&& -+ |
2 |_+*****************************************|###9###asymptote&&& +||
| * * * | %%%?%%%Locus™ &&& | ]
* * * +---B---open loo oles+
p pp
1 |_+****************************************************&&&********+_|
| * * * * * % % &&& * |
| * * * * k% && * |
O | #H%%IKKL%6%6%6%%%6%6%696%%%2%6%6%6%%%%6%6%% BH it #it####### BOOQQAQOEEKEE&B ™ * * * * * * ¥+ |
| * * * * $$$ @ * |
| * * * * $@@ * |
| * * * * @@@ * |
_1 |_+**~k*************************************************@@@********+_|
| * * * * @@@ |
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| * * * * * @@@$ |
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-4 -3 -2 -1 0]
Real Axis gain = [0, 28.5]

Analytic RL Constraints

The analytic RL constraints are derived from the closed-loop characteristic polynomial, A(s, K) =1 + KGH(s). that is satisfied
by the closed-loop roots of the feedback control system.

Thus, for a point s; to lie on root locus, it must satisfy: KGH (s;) = —1. Further, KGH (s1) is a complex number hence it must
satisfy: KGH (s1) = 1£180°.

To proceed further, we assume that the loop transfer function KGH(s), is written in the factored form as:

K(s—2z1)...(s—2m)

KGH(s) = G —p1) (5 —pn) ;n>m.

Then, the corresponding magnitude and the angle conditions involve distances and angles from the OL poles and zeros to a point
on the RL. The conditions are given as:

Definition: Magnitude Condition

For a point to lie on root locus plot, the transfer function magnitude at that point is bounded as:
Klsy — z1| ... |$1 — zm] .

[s1 = p1] ... [s1 — Pl

|[KGH(s1)| =

Definition: Angle Condition

For a point to lie on root locus plot, the transfer function angle at that point is bounded as:
ZKGH(s1) = Z(s1—21) + . + £(s1 — 2m) — £(81 — p1) — ... — £(81 — pn) = £180°

The individual terms, |s; — p;| and |s; — z;], in the magnitude condition represent the Euclidean distances from the open-loop
poles and zeros to the closed-loop pole location, s = s.

Similarly, the terms, Z(s; — p;) and Z(s; — z;) denote the angles ot the designated pole location.

Example 5.1.5

Let KGH(s) =
(Figure 5.1.6):

m; then, assuming that a point, s; = jv/2, lies on the root locus, it satisfies the following conditions

. e % _
Magnitude condition: T AVa Rl 1

Angle condition: —Z(jv/2) — Z(1 + jv/2) — Z(2 + jv/2) = —180°
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Figure 5.1.6: Displacements and angles from OL poles to a point on the RL.

Controller Design

The magnitude condition, |[KGH(s;)| = 1, can be solved for the static controller gain, K, to get: K = Isizpilfsizpal

[s1—21]-|s1—2m]

Further, let 6.,,6,, denote the angles from the open-loop zeros and poles to the point s;; then, the angle condition states that:
>0, —> 0, = +180° (for K > 0). Alternatively, >~ 6., — > 0,, = 0° (for K < 0).

The angle condition can be used to add poles and zeros to the feedback loop, i.e., design a dynamic controller that would force
an RL branch to pass through a desired closed-loop root location.

This page titled 5.1: Root Locus Fundamentals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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5.2: Static Controller Design

Static Controller Design

The RL plot displays achievable root locations for the closed-loop characteristic polynomial, A(s) =1+ KGH(s), as the controller
gain K varies from 0 — oc.

Assuming G(s) = 38 , the root locus plot displays root locations for the polynomial given as: A(s) = d(s) + Kn(s).

The static controller design involves the selection of the controller gain, K, that marks a desired closed-loop root location on the
RL plot of the loop transfer function, KGH(s).

Assuming that a RL branch passes through a desired closed-loop root location, s;, the associated controller gain K can be
obtained from the magnitude condition, or from the MATLAB generated RL plot by clicking on that location.

Example 5.2.1

Let KGH(s) = WK(H%; then, the closed-loop characteristic polynomial is formulated as:

A(s) =s*+ 35>+ 25+ K.
Assume that we desire the closed-loop system step response to have: ( = 0.7.

From the RL plot (Figure 5.2.1), we may choose, e.g.,, K = 0.66 to satisfy this requirement. For K = 0.66, the closed-loop
transfer function is given as:

0.66
(s +2.24) (s + 0.765 + 0.29)

T(s) =

The characteristic polynomial, A (s) = (s + 2.24) (s? + 0.76s + 0.29), has dominant closed-loop roots at: —0.38 + 0.38 (( = 0.7)

The step response of the closed-loop system (Figure 5.2.2) shows a 5% overshoot and a settling time of 11.5 sec.
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Figure 5.2.1: Controller gain selection on RL plot.
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Figure 5.2.2: Step response of the closed-loop

system.
pkg load control
s=tf('s'");
Gs=1/s/(s+1)/(s+2);
rlocus(Gs)
Ts=feedback(0.657*Gs,1);
figure, step(Ts)
Root Locus of Gs
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Real Axis gain = [0, 28.5]
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Stability Determination from Root Locus Plot

The range of K for closed-loop stability can be obtained from any RL branch intersection with the stability boundary, i.e., the jw
-axis. The RL branches are likely to cross the stability boundary for n — m > 2.

In particular, for n —m = 3, the RL asymptotes are along: 6, = +60°, 180°. Hence, for high enough controller gains, the RL
branches will cross the stability boundary leading to instability. The corresponding value of controller gain can be obtained by
clicking on the RL plot.

Example 5.2.2

Let KGH(s) = X =l then, the closed-loop characteristic polynomial is:

s(s+1)(s
A(s) =53 +3s2+ 25+ K.
The stability conditions for the third-order polynomial are: K > 0, 6 — K = 0. Thus, the range of K for stability is: \(®

Indeed for K = 6, the closed-loop characteristic polynomial, A (s) = s3 + 3s% + 2s + 6, has roots at: s = —3, +5v/2.

For K = 6, the closed-loop transfer function is given as:

6

TE) = a2

The closed-loop system impulse response shows oscillates at the natural frequency ofv/2 rad/sec (Figure 5.2.3):

Impulse Response
1.5 T T T T T

Amplitude

-
o

15 I | | I
0 2 4 5] 8 10 12 14 16

Time (seconds)
Figure 5.2.3: Impulse response for imaginary closed-loop roots (K = 6).

pkg load control
s=tf('s');
Gs=1/s/(s+1)/(s+2);
Ts=feedback(6*Gs,1);
impulse(Ts)
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Impulse Response

a 0.5 1 15 2
Time [s]

The static controller possesses only limited ability to a shape the response of the closed-loop system. In particular, the choice of
closed-loop roots is restricted to those locations on the available root locus plot.

In the event that the existing root locus does not offer favorable pole locations, we may explore the possibility of adding a dynamic

controller to the feedback loop that would modify the existing RL and cause it to pass through a desired location in the complex
plane.

This page titled 5.2: Static Controller Design is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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5.3: Transient Response Improvement

Root Locus Improvements

A dynamic controller alters the root locus plot by adding poles and zeros to the loop transfer function. In general, addition of a
finite zero to the loop transfer function causes the RL branches to bend towards it, whereas, the presence of a closed-loop pole
repels the RL branch close to it.

In particular, we explore the effect of adding a first-order dynamic controller, defined by: K(s) = Klst2) 44 the feedback loop. A

S+pe
first-order controller adds a zero, —z,, and a pole, —p,., to the loop transfer function.

Addition of a first-order phase-lead controller to the feedback loop improves the transient response of the system; addition of a
phase-lag or PI controller improves the steady-state tracking response.

Phase-Lead Controller Design

To bring about transient response improvements, a phase-lead or a PD controller may be added to the feedback loop. A phase-
lead controller is described by:

\[K\left(s\right)=\frac{K\left(s+z_c\right)}{s+p_c}\ z_c

In the limiting case of p. — oo, the phase-lead controller changes into a PD controller, described by:
K(s)=K(s+z)

The PD controller has unlimited gain at high frequencies, which would amplify high-frequency noise entering the system. Thus,
for effective noise suppression, a phase-lead design with p. > z, is preferred to a PD controller.

The locations of the controller pole and zero in the case of phase-lead and PD controllers are selected with the help of RL angle
condition. The general design procedure is given as follow:

1. Select a desired closed-loop pole location, s; from design specifications.
Compute G (s1); the MATLAB ‘evalfr’ command can be used for this purpose.
3. Use the angle condition to determine the angle contribution required of the controller:

6, — 0, =180°"— LG (s1)
4. Select controller pole and zero locations to meet the angle contribution from the controller; since the angle condition defines
a single constraint among two variables, multiple designs are possible.

Use the MATLAB ‘evalfr’ command to verify controller angle contribution. Note that we may only need a 'ballpark’ design.
6. Plot the root locus for the compensated system and choose gain K to complete controller design.

Example 5.3.1: Phase-Lead Design

Let G(s) = ﬁ; design a phase-lead controller to achieve the following specifications: (= 0.7, t,<2 s.

o

The phase-lead controller design proceeds as follows:

1. Let s; = —2.5 + j2.5 describe a desired closed-loop root location.

2. By using the MATLAB ‘efalfr’ command to evaluate the plant transfer function, we get: G(s;) = 0.222/123.7°; hence, the
required controller phase contribution to realize the desired pole location is: K (s;) = K£56.3°.

3. Let z.=2, p.=5;then, K (s1)=0.72£55".

4. Further, K(s1)G(s1) =0.16£180°; hence, K = ﬁ =~ 6.3. Alternatively, from the root locus plot of the compensated

system, the controller gain is found as: K = 6.29; hence, K (s) = 6.29 ( jig )

@IOIC]E) 103 (5.3.1)



LibreTextS"'

The root locus plot for the phase-lead design is shown below (Fig. 5.3.1).

Root Locus
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Figure 5.3.1: Root locus for the phase-lead design.

The closed-loop system is formed as:

12.58(s + 2)
T(s) =
(s +2)(s2 + 5s + 12.58)
We note that the closed-loop transfer function T(s) includes a pole-zero cancelation at s = —2. Such cancelations are

permitted as long as they are restricted to the open left-half plane (OLHP). Moreover, component inaccuracies make exact
pole-zero cancelation an unlikely event in practice.

The step response of the closed-loop system is plotted in Fig. 5.3.2. From the figure, the settling time is given as: t, = 1.7s.

Step Response

Amplitude
™

0 0.5 1 1.5 2 25 3 35 4
Time (seconds)
Figure 5.3.2: Step response of closed-loop system.

]

We also note that alternate phase-lead designs for this example are possible, however, choosing controller zero location z,.
< 2 is likely to increase the settling time of the closed-loop system.

@IOIC]E) 104 (5.3.2)



@O0

LibreTextS'“
Example 5.3.2: PD Controller Design

Let G(s) = ﬁ; design a PD controller to achieve the following specifications are: (= 0.7, t,<2 s.

The PD controller design proceeds as follows:

1. Let sy = —2.5 + j2.5 describe a desired closed-loop root location.

2. By using the MATLAB ‘efalfr’ command to evaluate the plant transfer function, we get: G (s1) = 0.222£123.7°; hence, the
required controller phase contribution to realize the desired pole location is: K (s;) = K£56.3°.

3.

From trigonometry (Fig. 5.3.3), let z. = 4.17; then, for K(s) = s + z., we have: K(s1) = 3£56.3°.

4. Since K(s1)G(s1) = 0.66£180°, we have K = ﬁ = 1.5. Alternatively, from the RL plot of the compensated system (Fig.
5.3.4), we obtain: K = 1.5; hence, K (s) = 1.5(s + 4.17).

Pole-Zero Map

[y

Imaginary Axis {seconds 'J

0.5 t y \ ¥
rd . | \’ .
t=56 a=101" =135

of O/ % .

5 4 3 z 1 [} 1

Real Axis {seconds” 1)

Figure 5.3.3: Trigonometry to compute the required angle from controller zero.
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Figure 5.3.4: Root locus plot for the PD controller.

For noise suppression considerations, it is preferable to replace the PD controller by a phase-lead design.
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Accordingly, let K(s) = K-t; since K(s1)G(s1) = 0.012£180°, let K = 81.25. Then, for K(s) = 81.25-%, we have K(s1)G(s1)
=—1.

The step response of the PD controller and proposed phase-lead design are almost identical (Fig. 5.3.5).

Step Response
PD design
Phase-lead design

Amplitude
o
o

Time (seconds)
Figure 5.3.5: Step response of the closed-loop systems.

A second-example of phase-lead design is presented below.

Example 5.3.3: Phase-Lead Design

Let G (s) = m; assume that the design specifications are given as: 0S < 10%, ts < 2sec.

The phase-lead controller design proceeds as follows:

1. Let sy = —2.2 + j2.4 describe a desired closed-loop root location.
2. Using MATLAB ‘efalfr’ command, we get: G (s1) = 0.35£92°; the required controller phase contribution is: K (s1) = K£88°

3. Letz.=2, p.=22;then K (s;) =0.11£88".
4. From the gain consideration, let |K(s;)G(s1)| = 1; then, by using 'evalfr' command, we obtain K = 24, hence the desired
24(s+2)

phase-lead controller is: K(s) = =5~ The compensated system has, K(s1)G(s1) = —1.

The resulting closed-loop system after pole-zero cancelation is given as: T'(s) = m

The step response of the closed-loop system shows a settling time of 1.8s.
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Step Response
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Figure 5.3.6: Step response of the closed-loop system.
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Rate Feedback Controller Design

The rate feedback configuration, shown in Figure 5.3.7, involves an inner loop with rate feedback in addition to regular output
feedback. In this configuration, the rate feedback gain is ky, while K(s) denotes the outer loop controller.

o) . elt] . u(t) y(t) ¥
CiO———> Kis) ——> &) (1D
kfs |[4—
)] _eft) u(t) y(t) Yy
(20— Kis) [ —» 1 > G(s) > 2 )
kfs + K(s) [«

Figure 5.3.7: Rate feedback configuration (top); equivalent diagram (bottom).

The rate feedback design is typically performed in two stages. First, the inner loop is designed for suitable closed-loop root
locations. The resulting inner loop transfer function serves as a plant for the outer loop controller design.

Minor Loop Design. The loop transfer function for the minor loop is given as: G(s)k¢s. Let G(s) = 38, then, the closed-minor-
n(s)

loop transfer function is: G,;(s) = TTEnloTi
Outer Loop Design. The loop transfer function for the outer loop is given as: K(s)Gu(s).

Kn(s)

Let K (s) = K; then, the closed-outer-loop transfer function is obtained as: T'(s) = Tl T

Example 5.3.4

Let G(s) = ﬁ, assume that the design specifications are given as: 0S5 < 10%, ¢, < 2s (¢ > 0.6).
Minor Loop Design. The minor loop gain is: %; the closed-minor-loop transfer function is: G,,(s) = 5(5327%

We may select, e.g., k; = 1 to obtain: G, (s) = ﬁ

Alternatively, from the minor loop root locus (Figure 5.3.8), we select k; = 1 for closed-loop root at s = —4.
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Root Locus
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Figure 5.3.8: Minor loop root locus.

The minor loop root locus shows an apparent pole-zero cancelation at the origin. The pole at the origin is, however, retained
in the outer loop design.

Outer Loop Design. The outer loop transfer function is given as: KG,,(s) = S(§f4) .

From the closed-loop characteristic polynomial, A(s) = s(s + 4) + K, we may choose, e.g., K = 4, for closed-loop roots to be
located at: s = —2 + j2.

Alternatively, we may choose K = 4 from the outer loop root locus plot (Fig. 5.3.9).

Root Locus
3 A T T T
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% '0.985 :
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g 1099 Damping: 0.706
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;"_J' - | Frequency (rad/s): 2.83
0 r;.? g 2 A 3 gl—'—g—_
= —
< . -
2
@
=
S 110,99
fud B
E
L [0985
084 074, 0.8 042 D22
alooz . ) |
7 ;) 5 4 -3 2 -1 0 1

Real Axis (saconds'1]

Figure 5.3.9: Outer loop root locus.

The closed-outer-loop transfer function is given as: T'(s) = m

The step response of the closed-loop system shows a settling time of 2.1s.
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Step Response
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Figure 5.3.10: Step response of the closed-loop system.
Example 5.3.5
Let G(s) = m; assume that the step response specifications are: OS < 10%, ts < 2sec (¢ > 0.6).
Minor Loop Design. The minor loop gain is krs G(s) = #k(;s) From the minor loop root locus (Figure 5.3.11), we may
choose, e.g,, k; = 2 for the closed-minor-loop roots to be located at: s = —3.5 4 j4.2 (¢ = 0.64).
Root Locus
05 B T T
sl L T — L R
| System: untitied1
Gain: 2
| Pale: -3.5 + 4 21i
" [o9 Damping: 0.639
. Owershoot (%) 7.35
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3 o [aihe il R
Q I .
- B 5 4 3 2 1
% ) it
=
g1
=] 0.975
[}
E,
s
4T 088 | osa 04 026 014
08 o 3 0
Li] 5 4 3 2 1 1] 1
Real Axis (secondsﬂ
Figure 5.3.11: Minor loop root locus.
g 9= 8 g o _ 10K _ 10K
Outer Loop Design. The outer loop gain is obtained as: KG,,(s) = DD TE] = T30
From the outer loop root locus, we may choose, e.g., K = 5.4 for closed-loop roots located at: s = —2 + j3.75 (¢ = 0.47).
Although ¢ appears to be low, the step response of the closed-loop system has a small overshoot due to the presence of a
real pole at s = —3.
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Root Locus

1.2

This page titled 5.3: Transient Response Improvement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated

by Kamran Igbal.
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Figure 5.3.12: Outer loop root locus.
9 AR (&f o _ 54
The closed-outer-loop transfer function is given as: T'(s) = T

The step response of the closed-loop system shows a settling time of 1.5s.

Step Response
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Figure 5.3.13: Step response of the closed-loop system.
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5.4: Steady-State Error Improvement

Steady-State Error Improvement

The steady-state tracking error to a step or ramp input is evaluated using the position and velocity error constants of the system.
These constants are defined as:

K, = lim KGH(s)
s—0
K, =lim sKGH(s)
s—0
In the case of unity-gain feedback configuration (H(s) = 1), the steady-state tracking error to step and ramp inputs is computed
as:

1

e(00)spep = K
V4

1
e(oo)lramp = 7

v

where the MATLAB 'dcgain' command can be used to compute the relevant error constant.

The addition of a first-order PI or phase-lag controller to the feedback loop improves the relevant error constant. Both controllers
add a pole-zero pair to the loop transfer function, and are described by:

\[K(s)=\frac{K(s+z_ ¢ )H{(s+p_ c )} ,\quad p_c
where p. = 0 denotes the PI controller.
Assuming K = 1, the position error constant is raised as: K,; = (2¢/pe) Kp > K.

The PI controller, in particular, results in: KI; = 00, hence e(o0)|
steady state error to a step input is zero for the PI controller.

step = 0 By virtue of adding an integrator to the feedback loop, the

Phase-Lag and PI Design
The PI/phase-lag controller design aims to boost the relevant error constant while not appreciably disturbing the existing RL plot.

Let s; denote a desired closed-loop pole location on the existing RL plot; then, the controller pole and zero are selected in
accordance with: \(p_c

The actual pole-zero locations for phase-lag and zero location for PI can be arbitrarily selected.
The PI/phase-lag controller adds a pole-zero pair close to the origin to the loop transfer function. Hence a closed-loop pole with

a large time constant appears in the closed-loop transfer function. Nevertheless, the contribution of the added slow mode to the
overall system response remains small due to the close proximity of the pole to the controller zero.

Example 5.4.1: Phase-Lag Design

<0.1.

eSS‘ramp =

Let G (s) = m; assume that the design specifications are given as: ¢ > 0.6,

Since transient response improvement is not aimed, we may use a static controller to satisfy the damping ratio requirement.
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As an example, let K = 0.7; then, the closed-loop system has dominant roots at: s = —0.8 & j0.8 (¢ = 0.7). The characteristic
polynomial is factored as: A (s) = (s + 5.38)(s% + 1.62s + 1.3).
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Figure 5.4.1: Root locus plot for phase-lag design.
Next, the velocity error constant is evaluated as: K, = 0.7.

In order to raise K, > 10, we consider a phase-lag controller: K (s) = -£%8%-, where Z/K(s;) = —0.3".

The compensated system has: K, = 11.67; hence e;| <0.1.

ramp —

The ramp response of the closed-loop system is plotted to confirm the results.

Linear Simulation Results
10 T T T T

Amplitude

CI - 1 1 1 1
0 2 4 6 8 10
Time (seconds)

Figure 5.4.2: Unit-ramp response of the closed-loop system.

With the addition of the phase-lag controller, the closed-loop transfer function is given as:

7(s 4 0.02)
(s + 0.0202)(s + 5.38)(s2 + 1.61s + 1.29)

T(s) =
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The closed-loop root at s = —0.0202 is almost canceled by the presence of the zero at s = —0.02. Hence, the slow mode
e~0-0202t has a very small coefficient and only minimally affects the system response. The dominant closed-loop roots are also
minimally affected.

Example 5.4.2: PI Design

The approximate model of a DC motor is given as: G(s) =

> 0.6, ey, < 0.01.

m The design specifications are given as: ¢

We choose a PI controller, K(s) = —K(ss”ﬂ)

_ 5K (s+2.)
T 5(.01s+1)(1s+1) *

, with unity-gain feedback H(s) =1. The loop gain is given as: K(s)G(s)

The position error constant is K, = co. Hence e;| 0.

step =

The controller zero can be selected to cancel one of the plant poles; hence z. = 10. Next, from the RL plot, we may choose,
e.g., K = 10. The PI controller design is given as: K(s) = w

The closed-loop system transfer function is given as: T'(s) = % The step response of the closed-loop system is
plotted below.
Root Locus
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Figure 5.4.3: Root locus plot for the PI controller.
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Step Response
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Figure 5.4.4: Step response of the closed-loop system.

This page titled 5.4: Steady-State Error Improvement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.

©@®®0 115 (5.4.4)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/05%3A_Control_System_Design_with_Root_Locus/5.04%3A_Steady-State_Error_Improvement
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTexts"

5.5: Transient and Steady-State Improvement

Lead-Lag and PID Designs

When control system design specifications require simultaneous improvement to the transient response and the steady-state
tracking error, a lead-lag or a PID controller may be considered.

A lead-lag controller combines phase-lead and phase-lag stages; as a rule, the the transient response is improved first, followed
by steady-state error improvement. The lead-lag controller is expressed as:

\[K(s)=K\left(\frac{s+z_{\rm c1}Hs+p_{\rm c1right)\left(\frac{s+z_{\rm c2}}{s+p_{\rm c2}Nright)\quad z_{\rm c1}p_{\rm c2}
\nonumber \]

a PID controller similarly combines PD and PI controllers. It is expressed as:

s+ z
K(S):K(3+ZC1)( SCQ)
As a rule, the transient response improvement is aimed first. The pole and zero selected for phase-lead or PD design steer the
root locus toward the desired closed-loop pole locations. The pole-zero pair in the phase-lag or PI part of the design is located
close to the origin in order to minimally disturb the existing root locus.

Lead-Lag Design

Example 5.5.1: Lead-Lag Design

Let G(s) =S(S+§7)O(H5); assume that the design specifications are: Missing open brace for subscript These

specifications translate into: ( > 0.6, ¢ > 2, K, > 10.

Phase-Lead Design. The phase-lead controller design (covered in Example 5.3.3) proceeds as follows: Let s; = —2.2 + j2.4,
¢ = 0.68, denote a desired closed-loop pole location; then, G (s1) = 0.35£92°, i.e., the required controller phase contribution
is: K (s1) = K£88°.

Let z. = 2, p. = 22; then K (s1) = 0.11/£88°. From the RL plot, a controller gain K = 24 is selected for closed-loop roots at: s

= —2.2 4 j2.4. Hence, the phase-lead section is designed as: Kie.a (s) = 24 (22).

Phase-lag Design. For Ky..q(s)G(s), the velocity error constant is given as: K, = 2.2. To boost the error constant to K, > 10,

a phase-lag controller, K),, = 245 is considered.

The angle contribution of the phase-lag controller is: ZKj,, (s1) = —0.1° hence the dominant closed-loop roots are negligibly
affected.

The lead-lag controller is formed as: K (s) = 25 (£2) (2500 ).

240(5+0.01)
5+0.01004) (s+22.6) (52+4.395+10.58) *

The closed-loop transfer function is obtained as: T'(s) = 0 The dominant closed-loop roots are

located at: s = —2.2 + j2.4 (¢ = 0.68).

The step and ramp responses of the closed-loop system are plotted below. The step response displays a settling time of
1.9sec.
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Step Response Linear Simulation Results
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PID Design
An alternate PID design is performed in the next example.
Example 5.5.2: PID Design
Let G(s) = m; assume that the design specifications are: Missing open brace for subscript These

specifications translate into: ¢ > 0.6, ¢ > 2, K, > 10.

PD design. The PD controller is given as: Kpp (s) = K (s + z.). We may arbitrarily choose the controller zero at z. = —2, and
use the root locus of the compensated system to select K = 1 with closed-loop roots at: s; = —2.5 + 51.95.

PI design. The PI controller is given as: %, where z. < s; is desired. We may arbitrarily select a zero location: z. = 0.01 to
define the PID controller as: Kp;p (s) = w

The closed-loop transfer function is given as: T'(s) = € +0’01005)1(2(j$?£2 105905

The step response of the closed-loop system shows a settling time of ¢, = 1.8sec.
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Figure 5.5.3: Step response of the closed-loop system.

Phase-Lead with PI

We can also combine the phase-lead controller design with a PI controller to define the composite controller as shown below.

Example 5.5.3: Phase-Lead with PI

— 10 o
Let G(s) = SomiGr
specifications translate into: ¢ > 0.6, o > 2, K, > 10.

assume that the design specifications are: Missing open brace for subscript These

Phase-Lead Design. Let s; = —2.2 4+ j2.4 ¢ = 0.68; then, we may choose, as in Example 5.5.1 above, z. = 2, p. =22 and K

= 24 for closed-loop roots at: s = —2.2 + j2.4. The phase-lead controller is defined as: Kje.q (s) = 24 ( ;32 )

PI design. The PI controller is given as: % In this case, z. = 0.01 does not appear to be a good choice, as the slow mode
in the step response remains dominant, increasing the settling time.

A better strategy is to select the PI controller zero to cancel the second plant pole at s = —5. The composite controller is

formed as: K (s) = 24 (25 ) (&£2).

The resulting closed-loop transfer function after pole-zero cancelations is given as: T'(s) = %, which has dominant
closed-loop roots located at: s = —11 + 511 (¢ = 0.7).

The step response of the closed-loop system shows a short settling time of ¢, = 0.38sec.
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Figure 5.5.4: Step response of the closed-loop system.

MATLAB Tuning of PID Controller

The MATLAB Control Systems Toolbox offers the ‘pidtune’ command to design an optimal PID controller or a PID controller with
a filter to reduce high frequency noise.

Example 5.5.4: MATLAB PID Controller

Let G (s) = m; then, the MATLAB tuned PID controller is obtained as:

_2.01 (s +0.314) (s + 1.43)
S

K (s)

The resulting closed-loop roots are located at: s = —0.34, —1.16, —2.73 + 3.71.

Alternatively, MATLAB tuned PID controller with filter is obtained as:

_727.25(s +0.302) (s + 1.41)

K
(s) s(s+361.4)
The resulting closed-loop roots are located at: s = —0.34, —1.16, —2.73 +3.71, — 361.5.

The closed-loop system responses for the MATLAB designed PID controllers are plotted below. The responses are almost
identical with an overshoot of about 10% with a settling time of ¢, = 6sec.
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Figure 5.5.5: Step response of MATLAB tuned PID controllers.

This page titled 5.5: Transient and Steady-State Improvement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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5.6: Controller Realization

Frequency Selective Filters

The dynamic controllers, including phase-lead, phase-lag, lead-lag, PD, PI, PID, represent frequency selective filters that may be
realized by electronic circuits built with operational amplifiers and resistor-capacitor networks.

A resister-capacitor (RC) circuit connected in series or parallel has the following impedance:

Series RC circuit: Z,..(s) = R + 4 = 2%
R/Cs

Parallel RC circuit: Z,,,(s) = 225 =zt
Cs

An operational amplifier (Op-Amp) in the inverting configuration has an input-output transfer function:
Missing open brace for subscript where Missing open brace for subscript and
Missing open brace for subscript denote the input and feedback path impedance.

Figure 5.6.1: Operational amplifier in the inverting configuration

Phase-Lead/Phase-Lag Controllers

A first-order phase-lead or phase-lag controller can be realized with parallel RC circuits placed as input and feedback paths. The
resulting controller transfer function is given as:

Missing open brace for subscript

The controller transfer function has a zero located at: Missing open brace for subscript , and a pole at:

Missing open brace for subscript
Hence we may choose R;C; > R:C; for the phase-lead and \(R_{\rm i} C_{\rm i}

For static gain and sign correction, a resistive Op-Amp circuit can be employed. The circuit has a gain of:
Missing open brace for subscript
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Example 5.6.1

Let K(s) :% =%ﬂ); then, the transfer function realization involves the following constraints:

Missing open brace for subscript

We may choose, for example, Missing open brace for subscript . Then, Missing open brace for subscript

PD, PI, PID Controllers

These controllers can be realized by combining the following impedance:
Missing open brace for subscript
Missing open brace for subscript
Missing open brace for subscript
For the PID controller, the controller gains are solved as functions of component values:

Missing open brace for subscript

Example 5.6.2

Let Gpip(s) = M; then, to realize the transfer function with RC networks, we may choose, for example:

s

Ri =100 KQ, Ry = IMQ, C; =1 uF, C; =10 uF

This page titled 5.6: Controller Realization is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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6: COMPENSATOR DESIGN WITH FREQUENCY RESPONSE
METHODS

Learning Objectives

1
2.
3.
4.

Characterize and plot the frequency response of transfer function models.

State the performance criteria for controller design in the frequency domain.

Design compensators for dynamic system models using frequency response methods.
Characterize the closed-loop frequency response of the compensated system.

6.0: Prelude to Compensator Design with Frequency Response Methods
6.1: Frequency Response Plots

6.2: Measures of Performance

6.3: Frequency Response Design

6.4: Closed-Loop Frequency Response

This page titled 6: Compensator Design with Frequency Response Methods is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Kamran Igbal.

@IOIC]E) 123 (6.1)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/06%3A_Compensator_Design_with_Frequency_Response_Methods
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTexts"

6.09: Prelude to Compensator Design with Frequency
Response Methods

Frequency response methods for designing compensators for feedback control systems predate the root locus and the time-
domain (state variable) methods. They have been used effectively for designing amplifiers and filters in the case of electrical
networks, and vibration analysis in the case of mechanical systems.

Control systems design using the frequency response method requires knowledge of KGH (jw). Strictly speaking, the knowledge
of the plant transfer function G(s) is not needed. In the absence of a mathematical model, the plant transfer function can be
identified from empirical measurements of the frequency response, G(jw).

The frequency response of a system can be graphed in multiple ways. The two most common representations are: [GrindEQ__1_]

the Bode plot and [GrindEQ__2_] the Nyquist or Polar plot. The closed-loop frequency response may be visualized on the Nichol's
chart.

The frequency response design seeks to impart a certain degree of relative stability, measured by gain and phase margins, to the
feedback control loop. The closed-loop system stability is alternatively ascertained by using the celebrated Nyquist criterion.

The peak gain in the closed-loop frequency response is a measure of the relative stability; the higher the peak the lower the
relative stability. The crossover frequency on Bode magnitude plot and bandwidth on the closed-loop frequency response define
measures of speed of response in the time-domain.

We consider standard feedback control system configuration (Figure 6.1) that includes a plant G(s), a sensor H(s), and a controller
K(s). Unless stated otherwise, unity-gain feedback (H (s) = 1) is assumed.

roor(t) e(t) u(t) y(t) y
Kis) —» Gls)

‘ H(s)

Figure 6.0.1: Copy and Paste Caption here. (Copyright; author via source)

In the following, we first review the plotting of frequency response and the associated performance metrics. Later, we will discuss
the frequency response modification through adding phase-lead, phase-lag, lead-lag, PD, PI, and PID compensators to the
control loop.

This page titled 6.0: Prelude to Compensator Design with Frequency Response Methods is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Kamran Igbal.
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6.1: Frequency Response Plots

Frequency Response Function

The frequency response of the loop transfer function, KGH(s), is represented as: KGH (jw) = KGH(s)|

s=jw*

For a particular value of w, the KGH(jw) is a complex number, which is described in terms of its magnitude and phase as
KGH(jw) = |KGH (jw)|e/*®)

As w varies from 0 to oo, KGH(jw) can be plotted in the complex plane (the polar plot). Alternatively, both magnitude and phase
can be plotted as functions of w (the Bode magnitude and phase plots).

Bode Plot
To proceed further, we assume that the loop transfer function is expressed using first and second order factors as:

KTIE (14 2)
st Ty (14 2) T (1262 + =)

KGH(s) =

where m is the number of real zeros, n, is the number of poles at the origin, n; is the number of real poles, n, is the number of
complex pole pairs, and K is a scalar gain. Further, z; and p, represent the zero and pole frequencies for first-order factors; wy;
and ¢; represent the natural frequency and damping ratio of second-order factors.

The corresponding frequency response function is given as:

K[ (1 +ji)

KGH (jw) =
(o) Ty (1452 T2y (1= 2 + 5262 )

It is customary to plot the magnitude of the frequency response function on the log scale as |G(jw)|qs = 20 log,, |G(jw)|. The
magnitude of the loop gain is given in dB as:

|KGH(jw)|ap = 20 log K + >, 20 log |1+ £

— (20n,) logw

— Yo, 20 log |1+ f“| S22, 20 log

1*7 J2Gi= |-

At low frequencies, the frequency response magnitude is a constant, i.e., lim,_, |[KGH (jw)|qg = 20 log K.

For large w, the magnitude plot is characterized by a slope: —20(n — m)dB/decade of w, where n — m represents the pole excess
of the loop transfer function.

The phase angle ¢(w) of the loop transfer function is computed as:

ZZ(I—I——)—nO (90°) 24(1+—>—i4<1—§+j2giw“_).

i=1

The phase angle for large w is given as: ¢(w) = —90°(n — m).

In the MATLAB Control Systems Toolbox, the Bode plot is obtained by using the 'bode' command, which is invoked after defining
the transfer function object.
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Nyquist Plot

The frequency response function KGH (jw) represents a complex rational function of w. The function can be plotted in the
complex plane. A polar plot describes the graph of KGH (jw) w varies from 0 — oo.

The Nyquist plot is a closed curve that describes a graph of KGH (jw) for w € (—oo, 00). In the MATLAB Control Systems Toolbox
the Nyquist plot is obtained by invoking the ‘nyquist’ command, invoked after defining the transfer function.

The shape of the Nyquist plot depends on the poles and zeros of KG H (jw); it can be pictured by estimating magnitude and phase
of KGH(jw) at low and high frequencies. For example, if KGH(s) has no poles at the origin, then at low frequency, KGH ;0)
=~ K/0°; while, at high frequency, |KGH (joo)| — 0, andZKGH (joo) = —90°(n — m), where n — m represents the pole excess of
KGH(s).

In particular, for n —m = 3, the Nyquist plot crosses the negative real-axis at the phase crossover frequency, wy. Let G (jwp.)
= g/180°; then, the gain margin is given as g!. Further, for K = g1, the Nyquist plot of KG (jw) passes through the —1 + 50,
described as the critical point for stability determination.

Definition: Nyquist Stability Criterion

The number of unstable closed-loop poles of A(s) = 1 + KGH(s) equals the number of unstable open-loop poles of KGH(s)
plus the number of clock-wise (CW) encirclements of the —1 + jO point on the complex plane by the Nyquist plot of KGH(s).

Examples
Example 6.1.1
Let G(s) = -1 then, G(jw) = ﬁ = ﬁ Z —tan"lw.

In particular, at specific points, G(j0) =1 £0°, G (j1) = %4 —45°, and G(joo) =0 £ —90°.

The Bode magnitude plot (Figure 6.1.1) starts at 0 dB with an initial slope of zero that gradually changes to —20 dB per decade
at high frequencies. An asymptotic Bode plot consists of two lines joining ar the corner frequency (1 rad/s).

The Bode phase plot varies from 0° to —90° with a phase of — 45° at the corner frequency.

The Nyquist plot of G (s) is circle in the right-half plane (RHP). Further, for K > 0, the Nyquist plot of KG (jw) is confined to
the RHP; hence, by Nyquist stability criterion, the closed-loop system is stable for all K > 0.
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Bode Diagram

Nyquist Diagram
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Example 6.1.2

Let G(s) = S(S—}H); then, G(jw) = m =1 \/1174 —90° —tantw.

In particular, G (j0) = c0oZ —90°, G (1) = %(—3dB)A —135°, G (joo) = 0£ — 180°.

The Bode magnitude plot (Figure 6.1.2) has an initial slope of —20 dB per decade that gradually changes to —40 dB per
decade at high frequencies. The phase plot shows a variation from —90° to —180° with a phase of —135° at the corner
frequency.

The Nyquist plot is a closed curve that travels along negative jw-axis for w € (0, 00), along positive jw-axis for w € (—o0, 0),
and scribes a semi-circle of a large radius for w € (0,07). As the Nyquist plot of KG (jw) stays away from the critical point (
—1 + j0) for positive values of K, the closed-loop system is projected to be stable for all K > 0.

Bode Diagram Nyquist Diagram

— T T < H '
— 0 éB
_-"""-—\_._____-_\__‘-“‘-\_\- H
\ | .
"\_\_\_ —
T é
g
H P | | m
————rr T = £
———T 5]
@
E
e
L H I ...|. e 2 | L i L 1
107 10° 10° 102 N 0.8 06 D4 02
Frequency (rad/s) Real Axis
|

Figure 6.1.2: Bode and Nyquist plots for G (s) = ﬁ
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Example 6.1.3

Let G(s) = ﬁ; then, G (jw) = 17w§ﬂ.w = T i)2+( v / —tan™! e

In particular, G (j0) = 1 (0dB) £0°, G (j1) = 1 (0dB) £ — 90°, G (joo) = 0£ — 180°.

The Bode magnitude plot (Figure 6.1.3) starts at 0 dB with an initial slope of ®; the slope changes to —40 dB per decade for
w > 1. The magnitude plot shows a resonance peak at the corner frequency due to the low value of {( = 0.5.

The Nyquist plot of G (jw) is a closed curve that has no crossing with the negative real-axis. As the Nyquist plot of KG (jw), K
> 0 stays away from the critical point (—1 + 50), the closed-loop system is projected to be stable for all K > 0.

Bode Diagram

Nyquist Diagram

2d8 0dB -2dB
-4dB
1L
4 dB
6 dB
2 1008
é 20 dB
Pl
g 0
£
o
m
E
05 kl |
o o ! 1o 1 10 i .UI-1 05 0 0.5 1 1.5
Frequency ({rad's} Real Axis
|
Example 6.1.4
Let G(s) = —=2—; then, G(jw) = ——2s— = + =L Z_ /90" —tan'w —tan"! 2uw..
s(s+1)(s+2) 7 ! Jw(1+jw) (2+jw) W VItw? V2rw?

In particular, G (j0) = coZ — 90°, G (j1) = ﬁ (—4dB) £ —108°, G (j1) = 5—55 (—13dB) £ — 139°, and G (joo) = 0dBZ — 270°.
The Bode magnitude plot (Figure 6.1.4) has an initial slope of —20 dB per decade that changes first to —40 dB per decade
and then to —60 dB/decade at high frequencies. The phase plot shows a variation from —90° to —270°.

The polar plot begins with a large magnitude along the negative jw-axis (for w = 07"), crosses the negative real-axis at
0.33£180° (for w = 3.32), and approaches the origin from the positive jw-axis (for w — o).

The Nyquist plot, obtained by joining a reflection of the polar plot, includes a closed contour that includes a negative real-
axis crossing at 0.33£180°. As the plot expands for K > 1, it encloses the critical (—1 + j0) point. The closed-loop system is
projected to be stable for K < 3.
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Bode Diagram

Nyquist Diagram
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Further, the Nyquist plot for K = 3 passes through the critical point.

The Nyquist plot for K = 4 crosses the real axis to the left of the critical point as shown in the figure below. In addition, the
plot of KGH (jw) for s € (0-,07) subscribes a large circle in the complex plane (not shown in the figure). Hence the Nyquist
plot completes two CW encirclements of the critical point, indicating two unstable closed-loop roots.

Nyquist Diagram Nyquist Diagram al
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4 . . : . .
3r ar Ny
plc
2 | 2 for
2 e
)
°T gv
{=)]
o
-1 E 1
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|

This page titled 6.1: Frequency Response Plots is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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6.2: Measures of Performance

In the frequency response design methods, the measures of performance include relative stability, described in terms of gain
and phase margins, error constants, sensitivity and complementary sensitivity functions, etc. These are described below.

It is assumed that the loop transfer function KGH (jw) is minimum-phase, i.e,, its poles and zeros are located in the closed left
half-plane (CLHP) including the jw-axis.

Relative Stability

In frequency domain design, the relative stability of the feedback loop is described in terms of the gain and the phase margins.

Definition: Gian Margin

The gain margin (GM) is the maximum amount of loop gain that can be added to the feedback loop (by the controller) without
compromising stability.

On the Bode magnitude plot, the GM is indicated as: GM = —|KGH (jwy.)|,5 Where wyis the phase crossover frequency, i.e., the
frequency at which ¢(w,.) = —180°.

In the MATLAB Control Systems Toolbox, the ‘margin’ command is used to obtain the GM and PM as well as the gain and
phase crossover frequencies on the Bode plot. The command is invoked after defining the loop transfer function using 'tf' or 'zpk'

command.

On the Nyquist plot, w,. is marked by the negative real-axis crossing of KGH (jw), i.e., let G (w,.) = g£ — 180°; then, GM = g~1.

Definition: Phase Margin

The phase margin (PM) is the maximum amount of phase that can be added to the feedback loop (by the controller) without
compromising stability.

On the Bode phase plot, the PM is indicated as: PM = 180° + ¢(w,.), Where w, is the gain crossover frequency, i.e., the frequency
defined by |G(jwgc)| = 1.

On the Nyquist plot, the PM is indicated when the plot enters the unit circle, i.e., assume that KGH (jw) = 1£ — ¢, then the phase
margin is given as: PM = 180° — ¢.

A loop transfer function with pole excess (n — m > 3) has a finite gain margin, i.e.,, 0 < GM < oo. The loop transfer function with (
n —m = 2) may have a finite GM.

Definition: Return Difference

The return difference is described by one minus the loop gain. At the input to the plant, the return difference is 1+KGH(j\
omega). The minimum value of the return difference is min,, |1 + KGH (jw)|.

For minimum-phase plants, the closed-loop stability depends on the Nyquist plot keeping a finite distance from the —1 + j0
point. The closest distance of KGH(jw) from the —1 + j0 point indicates the minimum return difference with respect to G(s). The
minimum return difference is a measure of the robustness of the control loop to parameter variations in G(s).
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Examples

Example 6.2.1

Let KG(s) = ﬁ; then, from the bode plot, we have GM = co and PM = 51.8°.

From Fig. 6.1.1, the minimum return difference is min, |1 + KG(jw)| = 1.

Bode Diagram
Gm = Inf dB (at Inf rad/s), Pm = 51.8 deg (at 0.786 rad/s)

50

Magnitude (dB)

-100

-80

Phase (deg)
&

102 107 10° 10’ 10
Frequency (rad/s)

Figure 6.2.1: Relative stability from the Bode plot: G(s) = ﬁ

Example 6.2.2

Let KG(s) = ﬁ; then, we have GM = oo dB and PM = 90°.

Bode Diagram
Gm = Inf dB (at Inf rad/s) , Pm =90 deg (at 1 rad/s)

-40

Magnitude (dB)

B0

Phase (deq)
2 &

-y
o
5]

-180
10+ 107 10° 10 102
Frequency (rad/s)
Figure 6.2.2: Relative stability from the Bode plot: G(s) = ﬁ
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Example 6.2.1

Let KG(s) = m; then, we have GM = 15.6 dB and PM = 53.4°.

Bode Diagram
Gm = 15.6 dB (at 1.41 rad/s), Pm = 53.4 deg (at 0.446 rad/s)
o0 - e — T N

Magnitude (dB)

Phase (deg)

[
%]
o

270 & el ' ' Ll ' PR ' | f =
1072 1o’ 10° 10" 10
Frequency (rad/s)

Figure 6.2.3: Relative stability from the Bode plot: G(s) = m

Closed-Loop System Response

Damping ratio. The damping ratio of the dominant poles in the closed-loop transfer function is related to the phase margin.

2
wn

TG the gain crossover occurs at: wy. = kw,, where

In particular, for a prototype second-order transfer function: KGH (jw) =
k= \/V/ACH +1—2¢2 whereas ¢,, = tan~! (3 ).

In the range of 0.5 < ¢ < 0.9, the approximate relation is given as: ¢,, = tan ™" (%) ,  0.5<(<0.9. As an example, in order
to have a ¢ = 0.7, we may design the system for a PM = 65.6°.

Settling time. The settling time of the closed-loop system step response is related to the phase margin. For a second
order transfer function, the settling time ¢, and the phase margin Missing open brace for subscript are related as:

Missing open brace for subscript

Bandwidth. The closed-loop bandwidth is bounded as: w,, < wp < 2w,,.

In particular, for systems with low damping, wp = w,,.

The bandwidth is related to the rise time ¢, of the closed-loop system step response as: wgt, ~ 1 or ¢, = 1/wp.

3¢

In particular, in the case of second-order systems (0.6 < ¢ < 0.9), the rise time can be approximated as: ¢, = .

Example 6.2.4

We consider the model of a small DC motor, given as: G(s) = —it—mr.

Assume that a PI compensator for the model is defined as: K(s) = . Then, for K = 10, we have closed-loop roots

located at: s = — — 50 + j50.4.

K(s+10)
S
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The Bode plot of the loop gain with compensator in the loop displays a phase margin of
Missing open brace for subscript , Which corresponds to a closed-loop damping ratio of { = 0.7.

The step response of the compensated system displays a rise time of ¢, = 0.028s and a settling time of ¢, = 0.077s. The
predicted value of the settling time is: Missing open brace for subscript

Bode Diagram
Gm = Inf dB (at Inf rad/s) , Pm = 65.8 deg (at 45.5 rad/s)

50
7}
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& 50
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10” 10’ 10 10 10
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Figure 6.2.4: The Bode plot of the DC motor model with a PI controller.

Step Response
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Figure 6.2.5: The step response of the compensated system.

Error Constants and System Type

The position and velocity error constants for a unity-gain feedback control system are defined as:

K, =lmKG(s), K, =IlimsKG(s).
50 s—0

These constants can be inferred from the Bode plot at follows: The position error constant is given by the low frequency asymptote
on the Bode magnitude plot, that is, K, = liné |KG(jw)|.
S5—

The velocity error constant is given as the slope of the low frequency asymptote on the Bode magnitude plot, that is,
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lim |KG(jw)| = &=,
50

w

The system type is inferred by the slope of the Bode magnitude plot in the low frequency region. Thus, a slope of 0dB implies a
type 0 system; a slope of —1, i.e.,, —20 dB/decade implies a type 1 system, etc.

System Sensitivity

The sensitivity of the closed-loop transfer function, T'(jw), to variations in the plant transfer function, G(jw), is given as:

_oT/T 1
T 0G/G T 1+ KGH(jw)

56 (jw)
Keeping the sensitivity small over a frequency band requires a high loop gain, KGH (jw). In general, increasing the loop gain
decreases the stability margins, i.e., a trade-off exists between the sensitivity and relative stability requirements.
In the context of robust control, the closed-loop transfer function T (jw) is referred as complementary sensitivity function.
The sensitivity and the complementary sensitivity are fundamentally constrained as: S(jw) + T(jw) = 1.The control system
designers generally aim for high loop gain at low frequencies to obtain T'(jw) = 1. The loop gain is reduced at high frequencies

to raise the stability margins.

Loopshaping is a graphical technique that aims to impart a desired loop shape to the plot of KGH(jw) by adding compensator
poles and zeros to the loop.

This page titled 6.2: Measures of Performance is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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6.3: Frequency Response Design

The frequency response design involves adding a compensator to the feedback loop to shape the frequency response function.
The design aims to achieve the following:

1. A desired degree of relative stability and indicated by the phase margin.
2. A desired speed of response as indicated by the gain crossover frequency.
3. A mild slope of —1 (or —20dB/decade) at the crossover.

The choice of compensators in the frequency response design method includes the gain compensator, the phase-lag and phase-
lead compensators, and the PD, PI, and PID compensators. These are described next.

Gain Compensation

The gain compensation aims to add a static compensator, K(s) = K, to the feedback loop.

The gain compensation raises the loop gain by K; the Bode magnitude plot is shifted up by 20 log,, K. The resulting change in
the gain crossover frequency, wy,, affects the PM.

The phase margin is reduced for (K > 1), and increased for (K < 1). Further, the system bandwidth increases for (K > 1), which
improves the transient response by reducing the settling time. This is illustrated in the following example.

Example 6.3.1

Let G(s) = ; assume that the performance specifications state a 50°phae margin.

2
s(s+1)(s+2)
For K =1, the GM, PM and the crossover frequencies are obtained from MATLAB as: GM =3 (9.54 dB), wp =1.41 %;
PM = 32.6°, wy =0.749 24,

The gain crossover frequency need to be reduced to increase the phase margin. We observe from the Bode plot that
|G(j0.49)| =5 dB and ¢ (j0.49) = —130°.

Thus, reducing loop gain by 5dB will affect a crossover at w,. = 0.49 % and achieve a PM = 50°. The required gain
compensator is given as: K = 0.56.

L12__ which shows PM

The design is verified by plotting the frequency response for the loop transfer function: KG(s) = WM

= 50° at the new w,, = 0.49 24 (Figure 6.3.1).
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Bode Diagram Bode Diagram
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| Figure 6.3.1: Gain compensation: uncompensated system (left); compensated system (right).

Phase-Lag Compensation

In the frequency response design, the phase-lag compensator serves a dual purpose: it can improve the phase margin (a measure
of transient response), as well the DC gain (a measure of steady-state response).

The phase-lag compensator is described as:

Koy Kl o

1+ s/wy

K(1+ jw/w.)

L w,>w
(1 + jw/wy) : P

Phase Margin Improvement. For K =1, the phase-lag compensator is characterized by: |KG (j0)| = 0dB and |KG (joo)]
= —20log (Z_p) . Thus, the addition of the compensator to the feedback loop will lower the gain crossover frequency and increase

the phase margin.

w

Error Constant Improvement. Alternatively, let K = *=; then, the phase-lag compensator is characterized by: KG (50)
= 20log (57) and KG (joo) = 0dB. Since the DC gain of the compensator is greater than one, addition of the compensator to the
feedback loop will boost the relevant error constant by a factor of K = w./w,,.

In order to minimize the adverse phase contribution from the compensator, the compensator pole and zero locations for steady-
state error improvement must be selected in accordance with: Missing open brace for subscript , where w,, is the gain
crossover frequency.

Compensator Design. The phase-lag compensator design is summarized below:

1. Use gain compensation to adjust the dc gain |[KGH (j0)| to the desired value to meet the steady-state error requirement.
On the Bode plot of KGH(jw), select a frequency w; to satisfy Missing open brace for subscript , Where
Missing open brace for subscript is the desired phase margin, w; serves as the new gain crossover frequency, and
5° is a safety margin to compensate for an estimated: ZK (jw;) = —5°.

3. Select the compensator pole and zero frequencies as: Missing open brace for subscript

4. Draw the Bode plot for the compensated system and verify the design.
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Example 6.3.2

— 2
Let G(S) = SE)6r2)

compensator proceeds as follows:

; assume that the design specifications are: PM = 50°, and e |ramp < 0.1(K, > 10). Then, the phase-lag

1. Choose K = 11 to meet the error constant requirement.
2. From the Bode plot for KG(jw); choose w; = 0.4 rad/s for ZKG(jw;) = —123°; then, |KG(jw1)| = 24.9 (28 dB).
3. Choose Missing open brace for subscript ; then, K(s) = %.
4. The Bode plot of the compensated system shows w,. = 0.4 rad/s and PM = 51° (Fig. 6.3.2).
Bode Diagram Bode Diagram
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| Figure 6.3.2: Phase-lag compensator design: uncompensated system (left); compensated system (right).

Phase-Lead Compensation

In the frequency response design, the phase-lead compensator serves to increase the closed-loop bandwidth, leading to transient
response improvements. The phase-lead compensator is described by the transfer function:

_ K(1+s/w.)

K(s) = Ty K1+ jw/w,)

S T

, wy < wp

Bandwidth Improvement. For K = 1, phase-lead compensator response is characterized by: |[KG (j0)| = 0dB and |KG (joo)|
= 20log (%) .

Since the high frequency gain of the compensator is greater than one, its addition to the feedback loop increases the crossover
frequency and the bandwidth.

The compensator contributes maximum phase-lead 6,, at a frequency w,, = \/w.w,.

To proceed further, let o = 2; then, sinf,, = 2+, ora=

a+l?
. W . _
asiw, = T wy = Wy a.

1+sin6,,
1—sinf,,

. Further, the compensator pole and zero locations are obtained

Practically, the maximum achievable value of 6,, is about 70° for \/a = 6.

The compensator transfer function at wy, is given as: K (jw,,) = Kv/a. Then, from the crossover condition: |KGH (jw,)| = 1, we

i K Vo
obtain: K = |GH (jwge)| *

Compensator Design. The phase-lead design involves the following steps:
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1. Choose a desired crossover frequency, wy, as the greater of ﬁ and w; where Missing open brace for subscript

2. Compute the required compensator phase angle: § = ¢,,, — ZG(jwg.) — 180°; compute |G H (jwgc)|.
3. Solve for w, and w,.
4. Inspect the Bode plot of the compensated system and verify the design.

Example 6.3.3

Let G(s) = s(sT:;(sw); PM = 32.6°. The design specifications are: ¢,,, = 50°, t, = 4 s. Then, the phase-lead compensator design

steps are:

1. From the settling time requirement, we have, w,, = ﬁ =1.68 dg: then, § = 50° + 9° = 59° = 60°. Further, G(51.68)

=0.23 £ —189°.
2. For 8 = 60°, we have a = 13.93; the phase-lead design is given as:

w, =04524, w, = 62724, K = 16; thus K (s) = 16 (<5032 )

The Bode plot of the compensated system has ¢,, = 50.4° at w,. = 1.69 % (Figure 6.3.3).

Bode Diagram Bode Diagram
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| Figure 6.3.3: Phase-lead compensator design: uncompensated system (left); compensated system (right).

Lead-Lag Compensation

A lead-lag compensator combines the phase-lead and phase-lag sections. The phase-lag section improves the phase margin
and the dc gain; the phase-lead section improves the bandwidth and the phase margin. Since both lead and lag sections can
contribute to the phase margin improvement, the desired PM improvement can be distributed among the two sections.

The lead-lag compensator transfer function is given as: K(s) = Kjead($)Kiag(s)-
The steps to design a lead-lag compensator are as follows:
1. Choose static gain K to meet the steady-state error requirement.

2. Design the phase-lag section to meet part of the phase margin requirement.
3. Design phase-lead section to meet the bandwidth/settling time requirement.
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Example 6.3.4

— 2
Let G(S) T s(s+1)(s+2)

the lag-lead design are as follows:

; assume that the design specifications are: ¢,, = 50°, t; = 4s, and eg|ramp < 0.1. The design steps for

1. DC Gain. Choose K = 10 to meet the e, requirement. Draw the Bode plot for KG(s). The plot has w,, = 2.5 rad/s and
PM = —-30°.

2. Phase-Lag Design. Suppose we aim to raise the phase margin to PM = 40°. From the Bode plot, let w; = 0.5 rad/s, such
that KG (j0.5) = 18.6 (25.8 dB)Z — 130°.

3. Complete the phase-lag design with: Missing open brace for subscript

4. Phase-Lead Design. From the Bode plot of K;,,G(jw) choose w, =1.7 rad/s to meet the t, requirement. Then,

Ki,G(j1.7) = 0.15 (—16.5 dB)Z — 191°.

Compute the phase-lead compensator parameters: § = 62°, a = 16, K = 26.7, w, = 0.425 rad/s, w, = 6.8 rad/s.

6. The lead-lag compensator is described as: K(s) = H005)(+40.2) 1ha Bode plot for the compensated system has PM

(540.003) (s+4.7)
=50.2° at w=1.71 rad/s (Figure 6.3.4).

o

Bode Diagram Bode Diagram
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| Figure 6.3.4: Lag-lead compensator design: phase lag compensation (left); phase-lead compensation (right).

The PID Compensator

The PID compensator is a combination of the PI and PD sections. The PI compensator adds an integrator to the feedback loop
that reduces the steady-state error to zero; the PI compensator can also realize the PM requirement. The PI compensator is
defined as:

kl(l +]w/wz) kl
= W, = —

k:
K(s) =k, + —, K(j =
(8) P+ s I (]w) jw ) z kp
The PI compensator zero is arbitrarily located close to the origin. The gain k; is selected to achieve a desired PM improvement.

The PD compensator adds a first-order zero to the loop transfer function, which increases the bandwidth and hence the transient
response. The PD compensator is defined as:

K(s) =kqs + kp: K(]w) = kp(l +jw/wz)

The desired gain crossover w, is selected as the greater of ﬁ and wi, where w; is found from the Bode plot for
Missing open brace for subscript the 90° term in this expression refers to the phase added by the PD compensator, and
5° is a safety margin.
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The compensator zero location may be selected as: w, = 0.1w,; the compensator gain k, is selected to meet the crossover
condition: |KGH (jw)| = 1.

Example 6.3.5

1.

Gm = 9.78 dB (at 1.36 rad/s), Pm = 31.7 deg (at 0.698 rad/s)

Let G(s) = %; assume that the design specifications are: ¢,, = 50°, t; = 4 s, and egs|ramp < 0.1.

s(s+1)(s+2

No gain adjustment is needed as the PI compensator will boost the position error constant K, — cc.

PI design. We aim to achieve PM = 30° in the PI section. The Bode plot for G(jw) has G(j0.8) = 0.9 £ —150°. Let w,
= 0.05; then Kp;(s) = w

PD design. From the settling time requirement, Missing open brace for subscript from the phase angle
requirement, w; = 2.5 224: hence, wy. = 2.5 224, the Bode plot of K p;G(jw) shows G(j2.5) = 0.1 £ —210°.

The PD compensator is zero selected as: w, = 0.2 24 Kpp(s) = 5(s +0.2).

The PID compensator is given as: K(s) = M The Bode plot of the compensated system has ¢,, = 53.4° at

wge = 2.58 24 (Figure 6.3.5).

Gm =-InfdB (at 0 rad/s), Pm = 53.4 deg (at 2.58 rad/
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Figure 6.3.5: The PID compensator design: PI compensation (left), PD compensation (right).

This page titled 6.3: Frequency Response Design is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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6.4: Closed-Loop Frequency Response

Closed-Loop Frequency Response

The closed-loop frequency response reveals important information about the relative stability and the speed of response in the
time-domain. For unity-gain feedback configuration (H(s) = 1), the closed-loop frequency response is computed as:

. KG(jw)
109 = T RGa)

To proceed further, we use rectangular form expression for the open loop frequency response: KG(jw) = X (jw) + jY (jw); then,

. X+jY .
T L I N—— PV
U) =z v~ Me
and
X2+Y?
IT(w)? = ——— = M.
1+X)"+Y?
The latter can be rearranged to obtain:
M2 2 5 M2
X Y ' =—vn——.
( - M2—1) T ar oy

The above relation represents the equation of a circle with center at X = %, Y =0, and radius r = %; these are described

as constant M circles on the frequency response plot. Further,as M — 1, X = —%, which is a vertical line that separates the
circles for M < 1 from those with M > 1.

The phase relationship similarly reveals an equation for constant phase circles:

13?2 1\2 1 1?2
(x+3) +(va%) =5+ (sF)

where N = tan ¢. The constant phase circles are centered at: X = —%, Y = 5L, and have radius: r = y/ + + (—)2

Resonance Peak

The resonance peak in the frequency response occurs at w = w, for { < 0.7. In particular, for a prototype second-order system, we
have:

Resonant frequency: w, = w, /1 — 2¢?

1

20/1—C2

Resonant peak: M, = |T'(jw,)| =

When the polar plot of the loop gain, KGH(jw), is superimposed onto the constant M and constant N contours, it reveals the
magnitude peak M, in T'(jw). The MATLAB Control System Toolbox 'grid' command adds constant M, N contours on the Nyquist
plot.

The resonance peak in the closed-loop frequency response represents a measure of relative stability; the resonant frequency

serves as a measure of speed of response in the time-domain. A value of M, = 1.3(or 2.5dB) is considered a good compromise
between speed and stability.
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The Nichol’'s Chart

The closed-loop frequency response can be alternately visualized on the Nichol's chart, where the magnitude in dB is plotted
along the vertical axis, and the phase in degrees is plotted along the horizontal axis.

The MATLAB Control System Toolbox 'grid' command similarly adds constant M, N contours on the Nichol's chart.

Example 6.4.1

Let KG(s) = L), KG(jw) =

10 .
s(s+1.86 —w?+51.86w ’

then, the closed-loop frequency response has a peak M, =5 dB, as can be observed on both the Nyquist plot and Nichol's
chart in Figure 6.4.1 (an imaginary 5dB circles touches the KG(jw) curve).

Nyquist Diagram Nichols Chart
G0

40 F
20

0 _ :

Open-Loop Gain (dB)

A0 L i .
-360 -315 -270 -225 -180 -135 -90 -4

Cpen-Loop Phase (deg)

Figure 6.4.1: Closed-loop frequency response evaluation on the Nyquist plot (left) and Nichol’s chart (right).

This page titled 6.4: Closed-Loop Frequency Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.

@IOIC]E) 142 (6.4.2)


https://eng.libretexts.org/Bookshelves/Industrial_and_Systems_Engineering/Introduction_to_Control_Systems_(Iqbal)/06%3A_Compensator_Design_with_Frequency_Response_Methods/6.04%3A_Closed-Loop_Frequency_Response
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://ualr.edu/systemsengineering/personnel/faculty/kamran-iqbal/

LibreTextS“

7: DESIGN OF SAMPLED-DATA SYSTEMS

Learning Objectives

1
2.
3.
4.

Understand and analyze the sampled-data systems models.

Solve difference equation models of sampled-data systems by iteration.
Analyze the stability of closed-loop sampled-data systems.
Design/emulate controllers for the sampled-data system models.

7.8: Prelude to Design of Sampled-Data Systems
7.1: Models of Sampled-Data Systems

7.2: Pulse Transfer Function

7.3: Sampled-Data System Response

7.4: Stability of Sampled-Data Systems

7.5: Closed-Loop System Response

7.6: Digital Controller Design by Emulation

7.7: Root Locus Design of Digital Controllers

This page titled 7: Design of Sampled-Data Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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7.0: Prelude to Design of Sampled-Data Systems

The sampled-data control systems include clock-driven elements and reflect the current trends in the design of feedback control
systems. In the contemporary control systems technology, data acquisition card (DAQ) is commonly used to sense, sample, and
process variables of interest. The controller is digitally implemented as a software routine on a programmable logic controller
(PLC), microcontroller, or digital signal processor (DSP).

The sampled-data control systems employ software-based controllers that work with discretized time. The discrete-time system

models are represented by difference equations, with input and output variables represented by number sequences. The analog-
to-digital (ADC) and digital-to-analog (DAC) converters are modeled as sampler and hold devices (Figure 7.0.1).

Clock

r ) et) | £ e(kT) u(kT) u(t) y(t) y

A Df—>» K@) —>» [b—> G(s)

Digital Digital-to-Analog Plant
Controller Converter

Analog-to-Ditigal
Converter

Figure 7.0.1: A sampled-data feedback control system

A continuous-time system model can be converted to a discrete system model by assuming a piece-wise constant input
generated by a zero-order hold (ZOH). In the MATLAB, the continuous-to-discrete conversion is handled by the ‘c2d’ function in
the Control Systems Toolbox. The function allows a variety of input methods.

The z-transform for discrete-time systems serves as the equivalent of Laplace transform for continuous-time systems. Discrete
system models are represented by pulse transfer functions that are valid at sampling instances. The added phase angle due to
sampling adversely affects the dynamic stability of the closed-loop system. The discrete system stability is indicated by the roots
of the characteristic polynomial being restricted to inside of unit circle.

Analog controllers designed for transfer function models of continuous-time systems can be approximated for their application
toward sampled-data systems. Assuming a high enough sampling rate (five to ten times the system bandwidth), the digital
controller obtained by emulation gives comparable performance to the analog controller it mimics.

Root locus technique can be similarly used for controller design in the case of discrete systems. The design is performed on
the z-plane, keeping in view the stability boundary, i.e., the unit circle. The performance criteria defined in terms of settling time,
damping ratio, etc., can be reflected on the z-plane, as conveniently done by using the ‘grid’ command in MATLAB.

In this chapter, we will discuss models of sampled-data system, their properties, stability characterization, and the analysis and
controller design for such systems.

This page titled 7.0: Prelude to Design of Sampled-Data Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kamran Igbal.
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7.1: Models of Sampled-Data Systems

7.1.1 Sampled-Data Systems

The sampled-data systems operate on discrete-time, represented as integral multiples of the sampling time (T)).

To model the sampled-data systems, we consider an ideal sampler that samples a physical signal r(t) every T seconds and
generates a series of impulses with weights r(kT), k=0,1,....

Mathematically, the sampler output, 7*(t), represents multiplication of r(¢) with an impulse train, given as:
r(t) =Y r(kT)d(t — kT)
k=0

By applying the Laplace transform to the sampled signal r*(¢), we obtain:

o0

r(s) = _r(kT)e ™"

0

Since sampling time, T, is constant, we can change the variable to: z = e*7, to represent the sampled signal as:

00

r(z) = Zr(kT)sz

0

where r(z) defines the z-transform of the sampled signal, r(kT).

7.1.2 The z-transform

The z-transform is the Laplace transform equivalent in the case of sampled-data systems. The domain of the z-transform includes
real- or complex-valued number sequences.

Assuming the number sequence, r(kT), is obtained by sampling a real-valued signal r(t), the time dependence may be
suppressed to represent the sequence as: r (k) = {r (0),r(1),...}. The z-transformed sequence is given as:

r(z) = 2[r(kT)] = ir(lc)z*’c

0

The transformed sequence, (z), represents a rational function of a complex variable z = |z| .

Example 7.1.1

The z-transform of a unit-step sequence: u(k) = {1, 1, ...} is given as:

= 1
u(z) = Zz‘k = ;27 <1
0

T 1zt

The convergence of the above geometric series is conditioned on: |z71| < 1, or |z| > 1which defines its region of convergence
(ROC); the ROC is outside of the unit-circle: e/?, 0 < 6 < 2x in the complex z-plane.

@IOIC]E) 145 (7.1.1)



LibreTextS“'
Example 7.1.2

Let 7(t) = e %u(t); then r(kT) = {1, e 9T, e 2T . }. Hence,

o~ akT,k 1 77
— —a —k _ . —al —1
r(z) = EO e e ez | <1

The ROC is outside of the circle of radius e~?T in the complex z-plane.

In digital signal processing (DSP) applications, the index 'n' is commonly used to represent a real-valued sequenc, i.e., the z-
transform of a sequence, r(n) = a™u(n) is given as: r(z) = —L

Example 7.1.3

Let r(t) = e™tu(t); then r(kT) = {1,e™T 24T 1. Hence,

o0
, 1 ,
_ JhkwT —k __ . jwT -1 _ |,—1
r(z)—EO e = o 12 |=z7"]<1

The ROC is outside of the unit-circle in the complex z-plane.

The z-transforms of the sampled sinusoidal signals are obtained by applying the Euler’s identity to the above z-transform of e/*T
and separating the real and imaginary parts. Thus

sin(wT) z
22 —2 cos(wT) +1

sin(kwT') &

z(z — cos(wT) )
22 —2cos(wT) +1

cos(kwT)é)

e~ sin(wT)z

22 — 2 cos(wT) e=T 4 ¢—2aT

e~ T sin(kwT) &

2(z— e T cos(wT))

e ™ cos(kwT) <> .
(kD) 22 — 2 cos(wT) e=T 4 ¢—2aT

The 2-transforms of other complex signals may be obtained by using its properties of linearity, differentiation, and translation, etc.

Inverse z-Transform

Given the z-transform of a composite signal, the underlying sequence can be recovered by long division. Alternatively, partial
fraction expansion (PFE) can be used to obtain first and second-order factors that can be inverse transformed with the help of
z-transform tables.

Example 7.1.4

Lety(z) = % represent the output of a feedback control system; then, the output sequence can be recovered by

the following methods:
1. Expand “Zin partial fractions to obtain: y (z) = £ — 8 | L2 Hence, y (k) = 4.75 — 6(0.9)" + 1.25(0.6)".
2. Alternatively, use long division to obtainiy(z) =0.1271 +0.34272 +0.65272 +0982z~% +.. Hence, y(k)
= {0, 0.1, 0.34, 0.65, 0.98, ...}.
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7.2: Pulse Transfer Function

Zero-Order Hold

A zero-order hold (ZOH) reconstructs a piece-wise constant signal from a number sequence and represents a model of the digital-
to-analog converter (DAC).

Assuming that the input to the ZOH is a sampled signal, r(kT') = r(t)|,_,r, its output is given as:
\[r(t)=r((k-1)T)\quad {\rm for}\quad (k-1)T\le t

The output of the ZOH to an arbitrary input, r (k¥T'), is a staircase reconstruction of the analog signal, ().
The impulse response of the ZOH is square pulse (Figure 7.2): \(g_{ZOH} (t)=1\; ®

By applying Laplace transform to the ZOH impulse response, its transfer function is obtained as:

efsT 1— efsT

1
Gzou(s) = P p

Further, the frequency response function of the ZOH is given as:

1— e T sin(wT'/2) .
Gron(w) = T ~ T /é ) -2

Thus, the frequency response of the ZOH is a sinc function with a phase delay. When placed in the feedback loop, the added
phase from the ZOH reduces the available phase margin, adversely impacting closed-loop stability.

Specifically, let w,. denote the gain crossover frequency; then, the phase margin is reduced by w,.T'/2.

The acceptable degradation in the PM can be used to select the sample time, T. For example, if we want to limit the PM
degradation to 5° (0.087 rad), the sampling time may be selected as: T' < Owll

Unit impulse response of ZOH

15 -
ot

Amplitude

05}

0 1 1 1 ]
0 05 1 1.5 2 2.5 K

time (nT)

Figure 7.2.1: Impulse response of the ZOH.

@IOIC]E) 148 (7.2.1)



LibreTextS“'

The Pulse Transfer Function

We use z-transform to obtain a transfer function description of the plant cascaded with the ZOH. The result is the pulse transfer

function, G(z), that is valid at the sampling intervals.

The pulse transfer function of a continuous-time plant, G(s), is obtained as:

Glz) = Z{ﬂg(s)} - Z,I)Z{G(s) }

S S

where z {@} denotes the z-transform of a sequence obtained by sampling [ g (¢) dt.

Example 7.2.1

Let G(s) = s4; then G(2) = (1 —z7") Z{L}:(l—z_l)z{l— 1.

s(s+a) s s+a

. . — _p—al
By using the z-transform table, we obtain: G(z) = £ (& — 2 ) = =,

As an example, let G(s) = —=, T = 0.2s. Then, the pulse transfer function is obtained as: G(z) = ZE‘OI‘Ssllg ,or G(z) = 1-¢ 02

S+10 7—e—02
Example 7.2.2

Let G(s) = 7irithen G(2) = (1—271) 2{ 2=} =(1—2Na{L - L+ L2}

+a)’ s s+a

By using the z-transform table, we obtain: G(z) = =L [ = -1 < = )] = aT(Zﬁ;(:i)g((zz::)g;eiﬂ).

z (2—1)2 2z—1 z—e—oT

0.0187(2-+0.936)
(2—1)(2—0.819) *

1

FemVE T = 0.2s; then, the pulse transfer function is obtained as: G(z) =

As an example, let G(s) =

From the above examples, we observe that:

1. The order of the pulse transfer function, i.e., the degree of the denominator polynomial inG(z), matches that of the

continuous-time transfer function, G(s).
2. The poles of the pulse transfer function are related to the transfer function poles as: z; = e*7.
3. The pulse transfer functions of the second and higher order systems additionally includes finite zeros.

In the MATLAB Control Systems Toolbox, the pulse transfer function is obtained by using the “c2d” command and specifying a

sampling time (7). The command is invoked after defining the continuous-time transfer function model.

The choice of the sampling time is guided by the natural frequency of the system. In particular, we may choose T, <« 1/w,,, where

w, represents the natural frequency.

This page titled 7.2: Pulse Transfer Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran

Igbal.
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7.3: Sampled-Data System Response

The response of a sampled-data system, G (z), to an input sequence, u (k), is the output sequence, y(k). In the z-domain, the
system response is given as: y (z) = G (z) u(2).

Alternatively, we may use inverse z-transform to obtain an input-output description in the form of a difference equation that can
be solved by iteration.

7.3.1 Difference Equation Representation

Let G(2) = 38 , where n (z) and d (z) are mth order and nth order polynomials, given as:

n(z) = Z biz™ 7, d(2) = 2"+ Zaiz"%.
i=0 i=1
Then d (z) y (2) = n (2) u (2). By applying the inverse z-transform, we obtain a difference equation, described as:
y(k+n) +Za,—y(k+n—i)+2biu(k+mfi)

i=1 i=0

As the system is linear and time-invariant, we apply a time shift and rearrange the difference equation into and update rule:
n m
y(k) ==Y awy(k—i)+ > bu(k—1i)
i=1 =0

The above rule can be programmed on a computer to solve for the response of the sampled-data system to an input sequence,
u (k), described as: as u (k) = u (t)],_sp

Example 7.3.1

Let G(z) = 522 = 08— then, the sampled-data system is described by the following input-output relation:

y (k) = 0.819y (k — 1) + 0.181u (k — 1)

Example 7.3.2

Let G(2) = %, then, the sampled-data system is described by the following input-output relation:

y (k) = 1.819y (k — 1) — 0.819y (k — 2) + 0.0187u (k — 1) + 0.0175u(k — 2)

Unit-Pulse Response

The unit-pulse response of a sampled-data system model, G(z), is its response to a unit-pulse r(k) = §(k).

Using r (z) = 1, the unit-pulse response is computed as: g (kT) = z~! [G(2)], with an implicit sampling time T = 1s.
Unit-pulse response for sample time, T, is obtained by assuming 6 (z) = =, hence g (kT) = -z ' [G(2)].
Alternatively, given the input-output description, the unit-pulse response can be computed by iteration.

The unit-pulse response comprises the natural response modes G (z) = n(z)/d (z). These modes depend on the roots of d (z), and
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are characterized as follows:

Real Roots. Assume that d (z) has real and distinct roots: z;, i =1,...,n,then, the natural response modes are given as: ¢;(k)
= (2;)*. These modes die out with time if |z;| < 1.

Complex Roots. Assume that d (z) has complex roots of the form: re7’; then, its natural response modes are given as: ¢;(k) = {r*
coskf, r* sink6}. These modes similarly die out with time if || < 1.

Example 7.3.3

Let G(s) = —7; use T = 0.2s to obtain: G(z) = %% The sampled-data system is described by the following input-output

relation: y (k) = 0.819y (k — 1) + 0.181u (k — 1).

As T = 0.2s, let 6 (k) = {5, 0, 0,...}; then, assuming zero initial conditions, the unit-pulse response is obtained as:
y (k) = {0,0.906, 0.742, 0.608, 0.497,0.407, 0.333, ..}
For comparison, the impulse response of the analog system is obtained as: g (t) = e tu(t).

The impulse responses of continuous and discrete systems are compared in Figure 7.3.1.

Impulse Response

T T T
Ao | === roniinuous-time |
o sampled-data

Amplitude

0 1 z 3 1
Time (seconds)

Figure 7.3.1: Unit-pulse responses of continuous-time and sampled-data systems for Example 7.3.3.

Example 7.3.4

Let G(s) = S(;—H); use T = 0.2s to obtain: G(z) = % The sampled-data system is described by the following input-

output relation:
y (k) = 1.819y (k — 1) — 0.819y (k — 2) + 0.0187u (k — 1) + 0.0175u(k — 2).
Assuming u (k) = {5, 0,0, ...}, and zero initial conditions, the unit-pulse response is obtained as:
y (k) = {0,0.0937, 0.258, 0.392, 0.502,0.593, 0.667, ...}
For comparison, the impulse response of the original analog system is obtained as: g (t) = (1 — e ~*)u(t).

The impulse responses of continuous and discrete systems are compared in Figure 7.3.2. We note that the presence of
integrator in the transfer function causes the impulse response to asymptotically approach unity in the steady-state.
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Impulse Response
T

continuous-time
sampled-data
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=
(=]

0 ' 2 3 4 5 6
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Figure 7.3.2: Unit-pulse responses of continuous-time and sampled-data systems for Example 7.3.4.

In the MATLAB Control Systems Toolbox, the ‘impulse’ command can be used to obtain or plot the unit-pulse response of a
sampled-data system.

Unit-Step Response

The unit-step response of a sampled-data system model, G (z), is its response to the unit-step sequence: r{kT} = {1,1,1...}; r(2)
= —L_.. In the z2-domain, the unit-step response is obtained as: y(z) = f(j,)l .

1—21°

Alternatively, using the input-output system description, the unit-step response can be obtained by iteration.

Example 7.3.5
0.1812

Let G(s) = —i1; use T = 0.2s to obtain: G(z) = -%%=. The unit-step response is computed as:y(z) = =

We use PFE of y(z)/z to obtain: y(z) = (£ — —Zg5 ) -Using the inverse 2-transform, the step response sequence is obtained
as:y(kT) =1—(0.819)%, k=0,1,...

Alternatively, we use the input-output system description with zero initial conditions: y (k) = 0.819y (k — 1) + 0.181u (k —1).
The resulting unit-step sequence is given as: y (k) = {0, 0.181, 0.329, 0.451, 0.55,...}.

For comparison, the unit-step response of continuous-time system is given as:y(t) =1 — e, t > 0. The step responses of
the continuous and discrete systems are plotted alongside (Figure 7.3.3).
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Step Response
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sampled-data
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Figure 7.3.3: Unit-step responses of continuous-time and sampled-data systems for Example 7.3.5.

Example 7.3.6

Let G(s) = ﬁ; use T = 0.2s to obtain: G(z) = JUSEUAUD- Using the time-domain relation (Example 6.8), the unit-step

response is given as: {0, 0.0187, 0.0702, 0.149, 0.249, 0.368, 0.501,0.647,0.802,0.965, ...}

2(0.01872+0.0175)
(z—1)(22—1.819z+0.819)

Analytically, let r(z) = %1 (unit-step); then, the system output is given as: y(z) =

can express the quotient as:

. By using long division, we

y(z) = 0.0187z 7" +0.07032 2 + 0.1492 > 4 0.2492 % + 0.50127° + ...
The resulting output sequence matches the one obtained by iteration.
For comparison, continuous-time system step response is given as: y(t) = (t — 1 + e *)u(t).

The step responses of the continuous and discrete systems are plotted alongside (Figure 7.3.4).

Step Response

10 T T T

——— continuous-time
— sampled-data [

=]

(=]
T

Amplitude
€n

0 2 3 4 5 6 7 -] 9 10
Time {seconds)

Figure 7.3.4: Unit-step responses of continuous-time and sampled-data systems for Example 7.3.6.
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In the MATLAB Control Systems Toolbox, the ‘step’ command can be used to obtain or plot the unit-step response of a sampled-
data system.

Response to Arbitrary Inputs

Given the unit-pulse response of the system, its response to an arbitrary input sequence is obtained by convolution. Accordingly,
let the unit-pulse response sequence be given as:

fg)}={9(1), 9(2), ..}

Then, using an arbitrary input sequence: {u (k)} = {u (1), u(2), ...}, the output sequence is given by the convolution sum:

“

S
Il
o

y(k) =g (k) xu(k) =) g(k—1i)u(i)

As an example, we obtain the output for a sinusoidal input below.

Example 7.3.7

Let G(z) = %, we assume a sinusoidal input sequence, u (k¥T) = sin (7kT) . Then, the output response is computed
using the convolution sum is shown (Figure 7.3.5).
Sinusoidal input response
2 T T T T T T T T T

18

16

14
w12}
=
A
[=%
E
{ U Pl |-

06

04

nz continuous-fime |

m— campled-data
D | | 1 1 1 | | | 1
0 05 1 15 2 25 3 15 4 45 5
Time(sec)
Figure 7.3.5: Sinusoidal response of a second-order sampled-data system preceded by a ZOH.

This page titled 7.3: Sampled-Data System Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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7.4: Stability of Sampled-Data Systems

Stability Region in the Complex Plane

In continuous-time control system design, s = jw defines the stability boundary.

The z-plane stability boundary is obtained from the transform: z = e = 1/wT; it maps the jw-axis to the unit circle and the open
left-half plane to the inside of the unit circle: |2| < 1.

Thus, the sampled-data system is stable if and only if the pulse characteristic polynomial A(z) has its roots inside the unit circle,
i.e., Missing open brace for subscript where Missing open brace for subscript is the root of A(z).

The analytical conditions for a z-domain polynomial, A (z), to have its roots inside the unit circle are given by the Schur-Cohn

stability test. When applied to real polynomials, the Schur-Cohn test results in a criterion similar to the Ruth’s test, and is known
as Jury's stability test.

Jury’s Stability Test
Assume that the nth order z-domain polynomial to be investigated is given as:
A(z) = apz" + a12" 4+ ... 4 ap_12 4 an;ag > 0.

For stability determination, the Jury’s table is built as follows:

ap Ap—1 . Qo
ao ai e Qp
bpo1 bp2 .. by
bo by . bp
Cp—2 Cp_1 «.. Cqo
Co C1 e Cp—2

where the first two rows reflect the coefficients of the polynomial; the coefficients of the third and subsequent rows are computed
as:

p  Gp—1-k

bp=| " , k=0,..,n—1
ap Ak+1
bp1 bn2k

ch=| " " , k=0,...,n—2
bo br+1

and so on. The necessary conditions for polynomial stability are:
A1) >0,(—1)"A(-1) > 0.
The sufficient conditions for stability, given by the Jury’s test, are:
ay > |an|a |bn71‘ > |b(l‘7 ‘cn72| > |C()‘, (n - l)constraintSA
Second-Order Polynomial

Let A(z) = 22 4+ a1z + ay; then, the Jury's table is given as:

@IOIC]E) 155 (7.4.1)



LibreTexts"

as aq 1
1 a; ag

b1 by
by b:

The resulting necessary conditions are: 1 +a; +as >0, 1—a;+as>0.

The sufficient conditions are: |as| < 1,|1 + az| > |a4].

Stability Determination through Bilinear Transform

The bilinear transform (BLT) defines a linear map between s-domain and z-domain.
The BLT is based on the first-order Pade’ approximation of z = e*T, given as:

e T2 14sT/2 2 z2—1
= §= =
e=sT/2 — 1—sT/2’ T z+1

z =

Since T has no impact on stability determination, we may use T = 2 for simplicity. Further, to differentiate from continuous-time

systems, a new complex variable, w, is introduced. Thus z = {¥£, w= <

Let A(z) represent the polynomial to be investigated; application of BLT to A(z) returns a polynomial, A(w), whose stability is
determined through the application of Hurwitz criterion (Sec. 2.5).

Second-Order Polynomial
Let A(z) = 22 4 a1z + ag; then, application of BLT, ignoring the denominator term, results in:
A(w) = A(z)|z=% =(1—a;+a)w? +2(1—ax)w+1+a; +as
Application of the Hurwitz criterion results in the following stability conditions for A(z):
as+a;+1>0a2—a;+1>0,1—ay>0

The above conditions are similar those obtained from the application of Jury’s stability test.

Stability of the Closed-Loop System

n(z)

a0 then, for a static controller, the closed-loop pulse characteristic

Let the pulse transfer function be given as: G (z) =
polynomial is given as: A (z) = d (z) + Kn(z).

The stability of the closed-loop characteristic polynomial can be determined by applying Jury’'s stability test. Alternatively, BLT
can be used to determine stability through the application of Routh’s test to the transformed polynomial, A(w).

Example 7.4.1

Let G(s) = -, T = 0.2s; then, the pulse transfer function is given as: G(z) = %55

The closed-loop characteristic polynomial is: A (z) = z — 0.819 + 0.181K.

The polynomial is stable for [0.819 + 0.181K]| < 1, or \(-1
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Example 7.4.2

Let A(z) = 2% + 2z + K; then, A(w) = A(z)\z=}t_w =Kuw? +2(1 - K)w+1+ K.

The application of the Hurwitz criteria to A(w) reveals \(®

Example 7.4.3

Let G(s) = s(s_}u)v T = 0.2s; then, the pulse transfer function is given as: G(z) =

0.018724-0.0175
(2—1)(2—0.181) *

The characteristic polynomial is:
A(z) = 22 4+ (0.0187K — 1.819)z + 0.0175K + 0.819.
The w-polynomial obtained through BLT is given as:
A(w) = (3.637 — 0.0012K)w? 4 (0.363 — 0.035K)w + 0.036 K

The application of the Hurwitz criteria to A(w) gives \(®

This page titled 7.4: Stability of Sampled-Data Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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7.5: Closed-Loop System Response

Closed-Loop System Step Response

We consider a unity-gain feedback sampled-data control system (Figure 7.1), where an analog plant is driven by a digital controller
through a ZOH.

_ ()

Let the pulse transfer function be given as: G (z) e
Then, for a static controller, the closed-loop pulse transfer function in unity-feedback configuration is defined as:

Kn(z)
T(z)= ————.
d(z) + Kn(z)

Given the closed-loop pulse transfer function, T'(z), we compute its response to a unit-step sequence, r (¥T) = {1, 1, ...}.

The response can be obtained by iteration, or analytically from the expression: y (z) = T (2) r (2).

Example 7.5.1

Let G(s) = i, T = 0.2 s; then, we have G(z) = 218

0.6181K

The closed-loop pulse transfer function is given as: T(2) = ——5156.151% -

Let K = 1, and assume r(kT) =1, r(z) = —L—; then, system response is obtained as: y(z) =

1—z1?

0.1812
(2—1)(2—0.638) *

Using PFE, y(2) = 0.5 (5 — s -
The resulting output sequence is given as: y(kT) = 0.5(1 — 0.638%), k=0,1,...
ory(k)={0, 0.632, 0.465, 0.509, 0.498, 0.501, 0.5, 0.5...}.

For comparison, for K = 1, the analog system response is given as: y(t) = +(1 —e %), t>0.

The step responses are compared in Figure 7.5.1.
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Step Response
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Figure 7.5.1: Step responses of the continuous-time and sampled-data systems for Example7.5.1.

Example 7.5.2

Let G(s) = s5qy» T = 0.2s; then, we obtain: G(z) = 223G

(0.01872+40.0175) K
2—1)(2—0.819)+(0.01872+0.0175) K

The closed-loop pulse transfer function is: T'(z) = i

Let K = 1; then, the closed-loop pulse transfer function is: T(z) = SH8TL0ED
2(0.01872+0.0175)
D> _1.8:10836) °

Let r(z) = %1 (unit step); then, the closed-loop system response is given as: y(z) =
By using long division, we obtain: y(z) = 0.3682 ' + 272 + 1.4273 4+ 14274 + 1.1527° + ...
The step response sequence is given as: y(kT) = {0, 0.368, 1, 1.4, 1.4, 1.15, ...}

For comparison, the analog system has a closed-loop transfer function: T'(s) = ﬁ

Its unit-step response is obtained as: y(t) = (1 — 1.15e7%? 5in 0.866 t)u(t).

The step responses are compared in Figure 7.5.2.
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Figure 7.5.2: Step responses of the continuous-time and sampled-data systems.

From the comparison of step responses, we observe that the analog system response has a 16.3% overshoot, whereas the
discrete system response has a higher (18%) overshoot. The discrete system also has a higher settling time compared to the
analog system.

The higher overshoot in the case of sampled-data system occurs due to the negative phase contributed by the ZOH that
reduces the available phase margin by an amount: Missing open brace for subscript

In particular, from the MATLAB ‘margin’ command, the continuous-time system has a PM of 52° at w,. = 0.786 % Since T
= 0.2 sec, the reduction is phase margin is: Missing open brace for subscript

Steady-State Tracking Error

The tracking error, e(z), in response to a given reference input r(z), in the case of a unity-gain feedback sampled-data system is
computed as:

e(z) =r(z)(1 = T(2)).
The final value theorem (FVT) in the z-domain is stated as:

lime(k) = lim(z— 1)e(z).
k—00 z—1

The position and velocity error constants in the case of sampled-data system are defined as:

Missing open brace for subscript

1
K, = lim P~

G(2)

Using the error constants, the steady-state errors to step and ramp inputs are computed as:

Missing open brace for subscript

1

eSS|ramp: K.
v
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Let G(z) = % (T = 0.2s); then, the error constants are given as Missing open brace for subscript and K
= 1

Accordingly, ey, = 05 €ss|ramp = 0-2.

Example 7.5.4

Let G(z) = % with T' = 1s; then, we have Missing open brace for subscript

Accordingly, e ., = 0; 1.

step €ss | ramp =

This page titled 7.5: Closed-Loop System Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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7.6: Digital Controller Design by Emulation

Emulation of Analog Controllers

A controller for a sampled-data control system can be obtained by emulating (i.e., approximating) an available analog controller
design. Controller emulation aims to obtain an approximate digital controller, K (z), whose response matches that of the analog
controller, K (s) as measured by a selected metric.

Popular controller emulation methods include:

Impulse Invariance. The impulse invariance method of digital controller design aims to match the impulse response of the
analog controller. Assume that the analog controller is of the form: K(s) = ;_; sfgk. Then, a corresponding digital controller

is obtained as: K(z) =T Y 4 #, pr = e*T, that is, the controller poles are mapped to their respective locations in the z
-plane.

Pole-Zero Matching. In pole-zero matching, both the plant poles and zeros are mapped to their equivalent locations in the z
-plane using: z; = 7. If the analog controller transfer function has n poles and m finite zeros, to be matched, then another n —m
zeros are added at z = 1. Additionally, the dc gain of the digital controller is matched to that of the analog controller.

Zero-Order Hold (ZOH). The ZOH method assumes the presence of a ZOH at the input to the controller. The method is ineffective
if the analog controller has poles at the origin (as in the case of PI and PID controllers).

First-Order Hold (FOH). The FOH method assumes a piece-wise linear input to the controller.

Bilinear Transform (BLT). The BLT method uses Tustin’s approximation (z o irﬁg

method is quite effective when used with a high sampling frequency. Using the BLT, an equivalent digital controller is obtained
as: K(z) = K(S)\s:% =y

) to emulate an analog controller. The BLT

The ‘c2d’ command in the MATLAB Control Systems Toolbox allows controller emulation method to be specified. The default
method is ZOH.

Example 7.6.1

Let G (s) = m, T = 0.2s; then, the pulse transfer function is obtained as: G (z) =

0.0095(2+0.18)(2+2.68)
(z—1)(2—0.67)(2—0.37)

A lead-lag controller for this example was designed earlier: K (s) = 25 (552) (2%2r).

We use MATLAB Control System Toolbox ‘c2d’ commands to obtain discrete approximations of the controller using the
following methods:

.  25(z-0.99)(2—0.925)
ZOH: K (2) = (>—0.099)(-—0.003)

.  6.86(2—0.99)(=—0.7)
FOH: K (2) = (=—0.099)(z—0.008)

.  8.86(2—0.99)(—0.667)
BLT: K (2) = (=—0.099)(-0.412)

Impulse-invariance: K (z) = %
Pole-zero matching: K (2) = 7'2;_(’(‘);%3;’()53%33
5.74(2—0.99) (=—0.542)

Least-squares: K (z) = -0999) (-—0370)
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An analysis of the closed-loop systems shows that all except the impulse invariance approximation are stable with damping
in the range of ¢ € [0.72,0.81]. The closed-loop responses are compared in Figure 7.6.1.

Step Response

analog
impulse
pzmatch
tustin
zoh -

Amplitude

10 15

Time (seconds)

Figure 7.6.1: Step response comparison for analog controller emulation methods.

As seen from the figure and otherwise, the BLT method generally provides the best approximation of an analog controller.

Emulation of Analog PID Controller

An analog PID controller with input e(¢) and output u(t) is described as:

de(t)
dt

u(t) = kpe(t) + kq +k; / e(t)dt.

An equivalent digital PID controller can be obtained by employing a forward Euler approximation of the derivative term: %e (t)
1
~ 7 (ert1 — ek)-

The resulting z-domain transfer functions for the PID controller are given as:

K(z):kp—i-kd(Z;l)—i-ki( T )

z—1

Further, let v, denote the integrator output; then, the digital PID controller is implemented using the following update rules:
1
up = kpep_1 + T (ex —er—1) + kvy,

v = Vg1 + Tep 1

Example 7.6.2

0.0095(2+0.18) (2+2.68)

Let G (s) = m, T = 0.25; then, the pulse transfer function is obtained as: G (z) = 505037
A PID controller for this example was designed earlier as: Kp;p (s) = w

An approximate digital controller is obtained as: Kprp () = 2.46 + 1.2 (Z2) + 0.12 (L;).
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The step response of the closed-loop system for analog and digital PID controllers is shown in Figure 7.6.2. The discrete PID
controller with forward Euler approximation of derivative emulates the analog controller well. However, pole-zero matching is
seen to give the best result in this example.
Step Response
|2 T T T T T T T T T
anlaog
fwd diff
matched [
tustin
0.8
[+e]
=
3
= N -
=
E
<
04 .
02t i
0 1 1 1 1 1
0 2 4 ] 6 7 8 9 10
Time (seconds)
Figure 7.6.2: A comparison of the step response for analog and digital PID controllers.

This page titled 7.6: Digital Controller Design by Emulation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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7.7: Root Locus Design of Digital Controllers

Digital Controller Design

The root locus technique (Chapter 5) employs the open-loop transfer function, KGH(s), to describe the locus of the roots of the
closed-loop characteristic polynomial: A (s) = 1 + KGH(s), with variation in the controller gain, K.

The z-plane root locus similarly describes the locus of the roots of closed-loop pulse characteristic polynomial, A(z) = 1 + KG(z)
, as controller gain K is varied. A suitable value of K can then be selected form the RL plot.

To ensure closed-loop stability, the closed-loop roots should be confined to inside the unit circle.

In the MATLAB Control Systems Toolbox, ‘rlocus’ command is used to plot both the s-plane and z-plane root loci. The RL design
of digital controller is described below.

Design for a Desired Damping Ratio

Assuming that the controller design specifications include a desired damping ratio, ¢, of the closed-loop poles, we consider the
z-plane root locus design based on the ¢ requirement.

wh
$24+2Cwnstw? !
¢ lines in the z-plane are obtained by: z = e7° = e TexT where ¢ = F

For a prototype second-order transfer function: T'(s) = the constant ¢ lines are defined by: Z = F—X_. The constant

! i
e

w and wT ranges from 0 to .

In the MATLAB Control Systems Toolbox, the ‘grid’ command displays the constant ¢ lines in the complex z-plane. The grid
command additionally displays constant frequency (w,) contours that are helpful in selecting a suitable sampling time (T) given
the natural frequency of the model. The desired region in the z-plane for closed-loop root locations may be specified as: 0.17
<w,T<05m, (> 0.6, which assumes a sampling frequency between 2 and10 times the natural frequency of the analog system.

Example 7.7.1

Let G(s) = ﬁ, T = 0.2s; then, we have: G(z) = % Assume that the design specifications call for ¢ = 0.7.

The closed-loop pulse characteristic polynomial is obtained as: A(z) = 22 + (0.0187 K — 1.819)z + 0.0175 K + 0.819.

The z-plane root locus is plotted using MATLAB 'rlocus' command and is shown in Fig. 7.7.1. From the z-plane RL plot (Figure
7.7.1), we can choose, e.g., K = 0.46, to have ¢ = 0.7 for the closed-loop roots.
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Figure 7.7.1: Root locus design in the z-plane.

The resulting pulse characteristic polynomial is: A(z) = 22 — 1.81z + 0.827, with closed-loop roots located at: z = 0.9 + 5j0.09.
The use of MALTAB ‘damp’ command shows a damping ratio of ¢ = 0.7 with a natural frequency w, = 0.68 rad/s.

For comparison, the continuous-time system has a characteristic polynomial: A(s) = s? + s + K ; for K = 0.46, the closed-
loop roots are located at s = 0.5 + j0.46with ¢ = 0.74 with w, = 0.68 rad/s.

The step responses of analog and discrete systems are compared in Figure 7.7.2.

Step Response
1.2 T T T T T T
— O NUOUS-tim e
sampled-data

(=]
[u=]

(=]
0

Amplitude

=]
B
T

0.2

0 2 4 B & 10 12 14 16
Time {(seconds)

Figure 7.7.2: Step response of the closed-loop continuous-time and sampled-data systems.

Design for Settling Time and Damping Ratio

The settling time and the damping ratio of the dominant closed-loop roots in the z-plane are related as: re=#? = =T eiwdl ),

= WnV 1*C2

By separating into real and imaginary part gives two equations: Inr = —(w, T and 6 = w,T, which can be solved to obtain:
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Example 7.7.2

Let G(z) = % The closed-loop pulse characteristic polynomial is obtained as: A(z) = 22 + (0.0187 K — 1.819)z

+0.0175 K + 0.819.

For ¢ = 0.7, the z-plane closed-loop roots are located at: z = 0.905 & j0.0875 = 0.91 e=/09%_Then, from the above relations, we
obtain: Missing open brace for subscript

A Comparison of Analog and Digital Controllers

The following example compares the root locus design of analog and digital controllers in the case of a DC motor model.

Example 7.7.3

A DC motor model is described as: G (s) = —-%X__: the design specifications are for the motor step response to have: OS

S7F110s11025
<10% (¢ > 0.59), t, < 100ms, e(oo) |, =0.

step
The sampling time is selected as: T' = 0.01s; then, from the MATLAB ‘c2d’ command, the motor pulse transfer function is

obtained as: G (z) = SEE0NZ,

In order to obtain zero steady-state error, we may choose a PI controller, where the controller zero approximately cancels a

plant pole, i.e., let K (s) = —K(s:m)-

A comparable PI controller for the sampled-data system is obtained by using the transformation: z = ¢’*, and is given as:
_ K(2-0.905)

K (2) = —==—.

The s-plane and z-plane root locus plots are shown in Figure 7.7.3. From the plots, we may choose, e.g., K = 8 for the closed-

loop system to achieve a time constant: 7 = 25ms.

@IOIC]E) 167 (7.7.3)



LibreTextS'“

Root Locus Root Locus
60 . - . . —_ [ L ! "]
0.89- 081 [old 056 038 02 S f%U.Er-'T 34\1
- H /f T ! ! .
: . . 08l /", - System: untitled 1 e B
b P - | e 0.7=T cain'8 \
0.85 / : pr— : i <Y Pole: 0611 + 0,303 ™~
. : System: untitied1 061 AanT .~ Damping: 0.63% AT N 7
_ Gain' 8 / ) " Overshoot (%): 7.36 T \\
- 20 ; e ; Pole: 50 + 39.1i 04 / . ™ * . Frequency (rad/s) 598 \ RAAY
< <0083 : #+.| Damping: 0.788 i R e o
g R Overshoot (%): 179 ool [0V S e ]
2 i : : Frequency (rad/s): 63.5 Z { .
a ; y S0 - T ETr » :
@ 1%0 1UU\: 80 60 ZIU. 20 P g 0 1T
é : . c =T
= g‘ b
& . S . x Eozr \ 1
£ . : - i \0.9mT
B ,[0.038 : o - J \
E : ’ ! ] D4F N 1
E \ :
; AR L
e . o 061 N 1
40 pU95 I ST ] .
- ' osl NOTET |
: k ) ’ : S . 0 Aot
0.80- 0.81 0.F 056 038 02 06Ty DAE
50 I ‘ L ‘ o ! L I L L
120 100 80 80 40 20 0 20 B A 0 05 :
Real Axis f_sxer:oncls’1 ) Real Axis

Figure 7.7.3: Root locus plot for the DC motor model: analog system design (left); sampled-data system design (right).
For K = 8, the resulting closed-loop transfer functions for analog and discrete system are obtained as:

N _ 4000(s+10)
Analog: T'(s) = 55+ 110571 50255+40,000

0.1422-0.032—0.089

Discrete: T'(z) = =55 1om o

The use of the MATLAB ‘damp’ command shows a damping of { = 0.79 for the analog system and a damping of ¢ = 0.68 for the
digital system.

The step responses of the analog and discrete systems are compared in Figure 7.7.4. As seen from the figure, both analog and
discrete systems meet the settling time and overshoot requirements.

Step Response

analog
dscrete

o] 0.05 0.1 0.15 0.2 0.25
Time (seconds)

Figure 7.7.4: Step response of the DC motor for the analog and discrete PI controller design.

MATLAB Tuned PID Controller Design

The MATLAB Control Systems Toolbox provide ‘pidtune’ command that can be used with both analog and discrete system models.
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The tuned PID controller design in the case of a DC motor is explored in the next example.

Example 7.7.4

Let G(s) = %; the design specifications are for the motor step response to have: OS < 10% (¢ > 0.59), t;
< 100ms, e(00) |44, = 0.

Let T = 0.01s; from the MATLAB ‘c2d’ command, the motor pulse transfer function is obtained as: G (z) = %

By using the MATLAB ‘pidtune’ command, an analog PID controller for the DC motor model with a crossover frequency of
100rad/s is obtained as: K (s) = 25.1 + 0.189s + 2.

The ‘pidtune’ command is used to design a similar PID controller for the discrete model. The result is: K (z) =234
+0.368 (%) +202 (L5).

P
The unit-step responses of the closed-loop systems for the analog and discrete models are compared in Figure 7.7.5. Both
controller achieve a settling time ¢, < 0.1s with no steady-state error. However, in this case, the tuned digital PID controller

has a lower settling time.

Step Response

=]
o

0.6

Amplitude

p.o2 0.04 0.06 0.08 0.1 12 0.14 016 018 0.2
Time (seconds)

Figure 7.7.5: Step response of the DC motor for the analog and discrete PID controller design.

This page titled 7.7: Root Locus Design of Digital Controllers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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8: STATE VARIABLE MODELS

Learning Objectives

1
2.
3.
4.

Analyze the state variable models of single-input single-output dynamic systems.
Solve state equations in time-domain using the state-transition matrix.

Obtain the modal matrix and determine the stability of the model.

Obtain state-space realization of a transfer function model in alternate forms.

8.0: Prelude to State Variable Models

8.1: State Variable Models

8.2: State-Transition Matrix and Asymptotic Stability

8.3: State-Space Realization of Transfer Function Models

8.4: Linear Transformation of State Variables

This page titled 8: State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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8.0: Prelude to State Variable Models

This chapter discusses algebraic methods to analyze the state variable models of dynamic systems. These models comprise a
set of first-order linear differential equations that describe the system behavior using system state variables. A common choice
includes the natural variables associated with the energy storage elements present in the system. Alternate variables in equal
number can also be selected.

The state equations include a set of coupled first-order ODE'’s that describe the behavior of the system. The state equations can
be collectively integrated using a matrix exponential, i.e., the state-transition matrix, as an integrating factor. The state-transition
matrix contains natural modes of system response and plays a fundamental role in the evolution of system trajectories. The
general solution to the homogeneous state equations is a weighted sum of the columns of the state-transition matrix.

Given a state variable model of the system, a transfer function representation can be obtained by applying the Laplace transform.
Generally, the degree of the denominator polynomial in the transfer function model equals the number of state variables used to
represent it. A pole-zero cancellation in the transfer function would, however, cause some of the response modes to be absent
from the input-output system description.

A given transfer function model can be realized into a state variable model in multiple ways. Different choices of state variables
accord different structures to the system matrix. Specific realization structures may be preferred for ease of computing the system
response or determining its stability characteristics.

The modal realization reveals the natural modes of system response. The controller realization facilitates the controller design
using state variable methods. The diagonal representation decouples the system variables into a set of independent first-order
ordinary differential equations (ODEs) that can be easily integrated. The state variable vectors for these alternate models are
related through bilinear transformations.

This chapter describes the analysis techniques for state variable models of the continuous-time systems. The discrete-time
system models are covered later in Chapter 8. The analysis is restricted to the single-input single-output (SISO) systems, that
exhibit a rational transfer function, G (s). The methods, however, can be generalized to include multi-input multi-output (MIMO)
systems.

This page titled 8.0: Prelude to State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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8.1: State Variable Models

The State Equations

The state variable model of a dynamic system comprises first-order ODEs that describe time derivatives of a set of state variables.
The number of state variables represents the order of the system, which is assumed to match the degree of the denominator
polynomial in its transfer function description.

The natural variables associated with the energy storing elements are commonly used as state variables, though alternate
variables can be selected. The natural variables include, for example, capacitor voltage and inductor current in the electrical
networks, and position and velocity of the inertial mass in the mechanical systems.

Let x(t) describe a vector of state variables, u(t) describe a scalar input, and y(t) describe a scalar output; then the state variable
model of a linear time-invariant (LTI) single-input single-output (SISO) system is written in its generic form as:

x(t) = Ax(t) + bu(t)
y(t) = Tx(t) + du(t)

In the above, A is an n x n matrix, b is a column vector that distributes the inputs, ¢’ is a row vector that combines the state
variables to form the output, and d is a scalar feedforward term contributing to the output.

The state variable model of a multi-input multi-output (MIMO) system with m inputs and p outputs is described by the state and
output equations given as:

x(t) = Ax(t) + Bu(t)
y(t) = CTx(t) + Du(t)

In the above, the variable dimensions are: x € R, u€ R™, and y € RP; the matrices have the following dimensions:A € R"*", B
E R'TLX’HL7 C E Rp><n7 and D E RPXWZ'

In the following, we restrict our attention to models of SISO systems. Unless noted otherwise, d =0 is assumed, which
corresponds to a strictly proper transfer function description of the system.

Solution to the State Equations

In order to explore a time-domain solution to the state equations, we begin with a scalar differential equation:
z(t) = az(t) + bu(t).
Using an integrating factor, e~®, the equation is written as total differential:

d —at _ _—at
E(e z(t)) = e "bu(t)

Next, assuming an initial conditions: z (0) = z,, we integrate from 7 = 0 to 7 = ¢ to obtain:
T
e r(t) —xo = / e “Tbu(r)dr
0

Hence, the solution to the scalar ODE in terms of z(t) is obtained as:

z(t) = e +/ e“(“T)bu(T)dT
0

Further, the solution to homogeneous equation: i (t) = az (¢) is given as: x (t) = e“xzy.
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Next, we explore the possibility to generalize this solution to the matrix case. For this purpose, we define a matrix exponential
function as:

The infinite series converges in the case of systems that are well-behaved. Further, the matrix exponential obeys the matrix
differential equation:

Using the matrix exponential, the solution to the matrix differential equation, x(t) = Ax(¢) + bu(t), is written as:
x(t) = eAxg +/ eA<H)bu(7')d7'
0

The above solution has two parts: the first term describes the system response to initial conditions x,, while the second term
describes the system response to an input, u(t).

Laplace Transform Solution
Consider the state equation:

x(t) = Ax(t) + bu(t),x (0) = xq;
Apply the Laplace transform to obtain:

sx(s) —xo = Ax(s) + bu(s).
The state variable vector is solved as:
x(s) = (sT — A)'xg + (s — A)"'bu(s),

where I denote an n x n identity matrix.
The n x n matrix (sI — A) is called the characteristic matrix of A.
Its determinant defines the characteristic polynomial of A, i.e., A(s) = |sI — A].
The roots of the characteristic polynomial are the eigenvalues of A.
The n x n matrix (sI — A)~! is called the resolvent matrix of A. The resolvent of A can be computed as an infinite series:

(sT—A) ' =s1T+sA+..)
By comparing the Laplace transform solution with the time-domain solution, we arrive at the following relations:

LleM] = (sT— A)?

< [ /0 ' eAbu(r)dr| = (s — A) 'bu(s)

The first equation above can be used to compute the matrix exponential:
eAM=L""[(sT—A)"]
The second equation is used to solve for the output response when initial conditions are zero:

y(s) = T (sI — A)bu(s)
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The State-Transition Matrix
Consider the homogenous system of equations: x(¢t) = Ax(t) and x(0) = x,.
The solution to the homogenous state equation is given as: x(t) = eAx,.

The matrix exponential eA? that relates x, to x(t) is termed as the state-transition matrix. The state-transition matrix contains the
natural modes of system response.

Transfer Function

The output response of the state variable model defines the transfer function: y(s) = G(s)u(s), where

radj(sI—A)

G(s)=cT(sI—A)'b=c —det(sI 'y

In the case of a MIMO system, G (s) represents a p x m transfer matrix, given as:
G(s)=C(sI—A)'B+D
Alternatively, the transfer matrix of a MIMO system can be obtained as:

I-A -B
det{s ]

C D

G = eI = A)

Assuming no pole-zero cancelations in G (s), the characteristic polynomial matches the denominator polynomial.In the event of
pole-zero cancelations, the order of the denominator polynomial, d (s), is less than n, i.e., the zeros of d (s) form a subset of the
eigenvalues of A.

Example 8.1.1

Consider the mass-spring-damper model (Example 1.9.2), where mass position, z(t), and velocity, v(t) = %(t) are selected as
state variables; then, the state output equations are given as:

al0=[ 2 A0 E]n = of2]

s =il
The characteristic matrix of the model is given as: s — A = [ B 4 ] 5
£ g4 b
q b 1
The resolvent of A is computed as: (sI — A)~! = < S i A(s)=s2+Lst £
(s) _k/m s m m

The transfer function of the model is computed as:

1 s+b/m 1 L 1
G(S)_A(s)_[o 1][ —k/m s][%}_msz—l—bsﬁ—k

Example 8.1.2

Consider the model of a DC motor (Example 1.9.3), where armature current, i,(t), and motor speed, w(t), are selected as state
variables; the state and output equations of the DC motor are given as:
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Assume that the following parameter values be assumed:R=1Q, L=1 mH, J=0.01 kg-m?, b=0.1 oy kie=Fky=0.05
. Then, the state variable model of the motor is given as:

d % —100 -5 iq 100 iq
— = Va, =10 1
The resolvent matrix and the motor transfer function is obtained as follows:

s+ 10 —5

cA(s)=s2+11 102
5 s+100]’ (s) = s+ 110s + 1025

500

Gis)=cl(sI—A)y 'b=— "
(s) = (s ) 52 + 1105 + 1025

Impulse Response

Consider the state equation:

%x(t) = Ax(t) + bu(t), y(t) =cTx
For xy = 0, the input response of the system is obtained as:

y(s) =G (s)u(s) =c’ (sT—A) " bu(s)

Letu(t) =46(t), wu(s)=1;then,the system response is given as:

Yimp (8) = G(5) = cT (sT — A)'b
The impulse response in the time-domain is obtained as:

g(t) = £71[G(s)] = cTer'b

In terms of the impulse response, the system output is given by the convolution integral:

y(t) =/0 gt—7)u(r)dr

Step Response
Letu(t)=1(t), u(s)=1.Then, we have:
sx(s)=cT(sI—A)'b

The unit-step response in time-domain is obtained as:

t
Ystep () = €T ( / eA(i*ﬂdr) b
0

Alternatively, the step response represents the integral of the impulse response:

Ystep (1) = /0 g(t—T7)dr
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Exercise 8.1.3

The state and output equations for the model of a dc motor are:
d [ i, —100 -5 B 100 iq
= = ayW = 1
Lo l=175 Sol [+ Jwemto [ ]
The state-transition matrix for the dc motor model is obtained as:

Av_ [ 1003 0056 7 gm [ —0.008 —0.056 1 i
—0.056  —0.003 0.056  1.0003

The impulse response of the DC motor is computed as:
g (t) _ cTeAtb =56 (6—99.715 _ e—10.3t)

where {e=9-7 ¢~10.28} represent the system’s natural response modes that correspond to the electrical and mechanical
time constants of the DC motor: Missing open brace for subscript

Assuming V, (t) = u (t), the step response of the DC motor is computed as:

t
y(t) = / g (t —7)dr = 0.488 4 0.056e 9" — 0.544¢ 103
0

The impulse and the step responses are plotted below (Figures 8.1.1).

Impulse Response Step Response

o
=)
2,
= ¢
E
<
. o . . . . .
5 0.1 015 0.2 0.25 0.3 035 0.4 045 0.5 0 0.05 0.1 015 0.2 025 0.3 035 0.4
Time (seconds) Time (seconds)
| Figure 8.1.1: The DC motor model: impulse response (left); step response (right).

This page titled 8.1: State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Kamran
Igbal.
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8.2: State-Transition Matrix and Asymptotic Stability

The State-Transition Matrix

Consider the homogenous state equation: x(t) = Ax(t), x(0) = xo.

A

The solution to the homogenous equation is given as: x(t) = eA'x,, where the state-transition matrix, e?, describes the evolution

of the state vector, z ().

The state-transition matrix of a linear time-invariant (LTI) system can be computed in the multiple ways including the following:

et = L7 (sT— A)7Y
eAt — y00 At
= 2.0 T

By using the modal matrix (see below)
By using the fundamental matrix
By using the Cayley-Hamilton theorem

arwNa

Characteristic Polynomial of A

The characteristic polynomial of A is an nth order polynomial obtained as the determinant of (sI — A), i.e, A(s) = |sI — AJ. The
roots of the characteristic polynomial are the eigenvalues of A.

The transfer function, G (s), is expressed as:

G(s) = radj(sI—A) n(s)

|sTI— A T d(s)

where adj (sI — A) represents the adjoint matrix of sI — A.

Assuming no pole-zero cancelations in G (s), the characteristic polynomial matches the denominator polynomial.In the event of
pole-zero cancelations, the order of the denominator polynomial, d (s), is less than n, i.e., the zeros of d (s) form a subset of the
eigenvalues of A.

State-Transition Matrix in MATLAB

The state-transition matrix may be obtained by using the symbolic variable 't' defined by using the 'syms' command from the
MATLAB Symbolic Math Toolbox. Assuming that a symbolic variable 't and an nzn numeric matrix A have been defined, the state-
transition matrix can be obtained by issuing the matrix exponential command as: expm(t * A).

The Modal Matrix

Consider the homogenous state equation: x(t) = Ax(t), x(0) = xq.
Assume that A has a full set of eigenvectors, that obey (\,I— A)v; =0, i=1,...,n, where \; denotes an eigenvalue of A.

Let M = [vy, Vva,-+,Vn] denote the modal matrix containing eigenvectors of A, e = diag ([eM?, e, .- eM?]) define a diagonal
matrix of the natural response modes of A, and ¢ denote a constant vector; then, the general solution to the homogenous state
equation is given as:

x5 (t) = MePe

Assuming a set of initial conditions: x,(0) = xo = Mc; we have, c = M x,. Then, a particular solution to the homogenous system
is given as:
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xp(t) = MeMM'x,
The state-transition matrix can be computed from the modal matrix as:

et = MMM

Modal Matrix in MATLAB

The modal matrix is obtained by using the ‘eig’ command in MATLAB. The eigenvectors of A obtained from MATLAB are
normalized to unity. The 'eig’ command also provides a diagonal matrix of eigenvalues of A. Given the modal matrix M of
eigenvectors and the diagonal matrix D of eigenvalues, the state-transition matrix is obtained as M x expm(t * D) /M.

Asymptotic Stability

The asymptotic stability refers to the long-term behavior of the natural response modes of the system. These modes are also
reflected in the state-transition matrix, e

Consider the homogenous state equation: x(t) = Ax(t), x(0) = xq.

Asymptotic Stability

The homogenous state equation is said to be asymptotically stable if tlim x(t) = 0.
—00
Since x(t) = eA'x,, the homogenous state equation is asymptotically stable if tlim e =0.
—00
Further, using modal decomposition, eA* = MeA*M~!, the homogenous system is asymptotically stable if tlim eM =0,
—00

Since et = diag ([eM, 2, .-, eMt]), the above condition implies that Re[)\;] <0, i = 1,...,n, where \; represents a root of
the characteristic polynomial: A(s) = [sI — A].

The computation of modal and state-transition matrices is illustrated separately when the characteristic polynomial, A(s), has
real or complex roots.

Example 8.2.1: Polynomial with Real Roots

For the mass-spring-damper model, let m =1, k=2, and b= 3; then, the characteristic polynomial is: A(s) = s? + 35 + 2,
which has real roots: s;, 59 = —1, —2.

The natural response modes are: {e !, e 2}.

—1

- - - . —1 . - . . -1 0
The modal matrix of eigenvectors is obtained as: M = [ ] The diagonal matrix of eigenvalues is: A = [ ]

. . Zeft _ 672t eft _ 672t
Since A = MAM ™!, we have: eA! = MeAM !, which computes as: et = [

272 — et 272 _ ot

Further, since tlim eAt = 0, the homogenous state equation is asymptotically stable.
—00

Example 8.2.2: Polynomial with Complex Roots

For the mass-spring-damper model, , let m = 1, k=2, and b = 2; then, the characteristic polynomial is: A(s) = s% + 2s + 2,
which has complex roots: sy, s, = —1 + j1. The natural response modes are: {e sint, e~ cost}.
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. . 1 1
The complex eigenvectors are given as: [ 14l } LetV = [ _|;then, V7IAV = diag(s1, $2)-
J

145 —1—3j
In this case, to avoid the complex algebra, we construct a modal matrix from the real and imaginary parts of the eigenvectors.

1 0
Accordingly, let M = [ = }

. -1 1 .
Define M1AM ={ ) 1] =TI; then, A =MI'M' and eA' =Me*M~!, which computes as: eA*
| e (cost +sint) e sint
B —2esint e t(cost—sint) |

Further, tlim et = 0; hence, the homogenous state equation is asymptotically stable.
—00

This page titled 8.2: State-Transition Matrix and Asymptotic Stability is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kamran Igbal.
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8.3: State-Space Realization of Transfer Function Models

Simulation Diagrams

We consider the problem of realizing a given transfer function model as a state variable model. The realization process is
facilitated by first drawing a simulation diagram for the system.

A simulation diagram realizes an ODE model into a block diagram representation using scalar gains, integrators, summing nodes,
and feedback loops. Historically, such diagrams were used to simulate dynamic system models on analog computers.

Given a transfer function model, its two common realizations are described below.

Serial Realization

A serial chain of integrators can be used to realize the output of an ODE. To illustrate this idea, we consider a general second-
order system model described as:

y(s) K

u(s) s+ 20wns +w?

The transfer function is converted into an ODE representation by cross multiplying followed by inverse Laplace transform to
obtain:

(1) + 2Cwny (t) + wiy (t) = Ku (t)
The above equation is rearranged to form the highest derivative as:
() = —2¢wny (t) — wly (t) + Ku (t)

The simulation diagram first realizes the highest derivative using a summing node and then uses a series of integrators to obtain
the lower order derivatives up to the output (Figure 8.3.1).

ut) - , ] ~__ y(t)
C1 r— ) IS = K >—»( 1)
__ff-"
2l:{"-JI'I g
I -"'f:
(e <K
A S
U.JE
n -~
-rf'-'
— K=
‘mx_‘

Figure 8.3.1: Serial realization of a second-order transfer function.

Parallel Realization

Consider a second-order transfer function with real roots expressed as:
y(s) K

u(s) 824 (o) +02)s+ 0109
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The transfer function can be expanded using partial fractions expansion (PFE) to obtain:

y(s) = — L u(s) + —22_y(s)

(73
S+O’1 8+O’2

In parallel realization, the system output is expressed as: y (s) = y1 (s) + y2 (s); further, the two output components are formed by
ODEs that share a common input, u (¢):

oy () +yi (t) = Kou(t), i=1,2

These ODEs are realized into a parallel simulation diagram (Figure 8.3.2).

—— -‘-\""-..,_\_‘x
—l'-/+_>—l- % K1 >
9 L
u(t) »”"'1 < Y
& x
®—“ KH‘“-M l\._t.r 2
e
1 b K2 >
_ S 2,
.
<
"'\-\_&H

Figure 8.3.2: Parallel realization of a second-order transfer function.

Having drawn a simulation diagram, we designate the outputs of the integrators as state variables and express integrator inputs
as first-order differential equations, referred as the state equations. A serial realization acquires a controller form structure; a
parallel realization acquires a modal structure. These are discussed below.

Controller Form Realization

A controller form state variable structure results from a serial realization of the transfer function model. This is illustrated using a
third-order transfer function model:

b152 —+ b2$ —+ b3

G(s) =
(s) 83+ a182 +ass +as

The above transfer function corresponds to the following ODE:
Y (t) + a1§i(t) + ay(t) + azy(t) = bri(t) + bouu(t) + bau(t)
To remove the derivatives of the input from state variables, an auxiliary variable, v(¢), is introduced to split the ODE as:

U (t) + a19(t) + a20(t) + asv(t) = u(t)
y(t) = brii(t) + bai(t) + byv(t)

The highest derivative term in the first ODE is realized using a summing node:
v (t) = —a19(t) — ag0(t) — azv(t) + u(t)

The lower order derivative terms, 4(¢) and v(t), and the output, v (), are realized using integrators.
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The second ODE can be realized by summing the outputs of the integrators using coefficients as weights (Figure 8.3.3).

y(t)

> b1 G

dv/dt v(t) ‘

» b3

d3vidi2

v
0=
A 4
0|=

al «

Figure 8.3.3: Simulation diagram for controller form realization of the transfer function model.
Next, the state variables are designated as: z1(t) = v(t), z2(t) = v(t), z3(t) = o(t).

The resulting state equations are:

T1 = T,
i‘? =23,
I3 = —a3T1 — QT2 — A3T3 + U

The output equation is given as:

Yy = b1z + baza + b3x3

In vector-matrix form, the state variable model is given as:

d T 0 1 0 T 0 T
E ) = 0 0 1 ) + 0 u, Y= [ b1 b2 b3 ] X9
T3 —a3 —as —ai 3 1 T3

Generalization to n Variables

The controller form realization is generalized to n variables as follows: let G (s) = Z((j; ,where d(s) = s" +a1s" ' + ... + an_15 + a,

represents the denominator polynomial.

By selecting the output variable and its derivatives: y(t), §(t), ..., 5™ 1 (t), as state variables, we obtain the following controller form
structure:

0 1 0 0
0 0 1 0
A= , b=
1
—ap —Qp_1 .. —ai 1

Let n (s) = bgs™ + bys™ ! + - + b, represent the numerator polynomial, where m = n — 1 is assumed; then, the output matrix is
formed as:

=1l by ... byl

In the above controller form structure, the coefficients of the characteristic polynomial appear in reverse order in the last row of
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the system matrix, whereas the output matrix contains the coefficients of the numerator polynomial.

Hence, given a proper transfer function, G(s), the controller form can be written by inspection as shown in the following example.

Example 8.3.1

A mass-spring-damper system is described by transfer function model: G (s) = zg;; = m

Its controller form state variable model is given as:
d T 0 1 il 0 x1
—_ = =1
dt[m} [*2 *2][962]4—[1]”71/ [ O]{M]

Alternate Controller Form Structure

The integrator outputs in the simulation diagram can be alternatively numbered left to right; this reorders the state
variables whereby the coefficients of the characteristic polynomial appear in the first row of the matrix. For the third-order model
presented in Fig. 8.3.3, the resulting equations are given as:

T3 = —a1X1 — Q2T — G3X3 + U,
Tog =1
T3 = T2

The alternate controller form is obtained by using 'ss' command after defining a transfer function in the MATLAB Control Systems
Toolbox.

Example 8.3.2

A mass-spring-damper system is described by the following transfer function: G (s) = ZEZ; = m The controller form
state variable model is given as:

P I | Y R P R CR R

The state variables are numbered in reverse order. Hence, z; represents the velocity and z, the position of the inertial mass.

Dual (Observer Form) Realization

Assume that a state variable realization of the transfer function model is given as:
i(t) = Az(t) + bu(t), y(t) = cTz(t)
Its dual realization is defined by the following state variable model:
2(t) = AT2(t) + cu(t), y(t) = bT2(t)

Both the original and the dual models share the same scalar transfer function, i.e.,

1

G(s)=c"(sI—A)'b=b"(sI—AT) c=G" (s)

When the original state variable model is in controller form, its dual appears in the ‘observer form,” named so because of its use
in the design of state observers.

In the MATLAB Control Systems Toolbox, the 'canon' command with ‘companion' option is used to obtain the observer form
realization.
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Example 8.3.3

A mass-spring-damper system is described by the following transfer function: G (s) = 38 = m Its controller form

model was derived in Example 8.3.1. The alternate observer form state variable model is given as:

d T 0 —2 X 1 T

— = =10 1 .

wla)=12 SS ] o] = v=to 0] 2]
From the output equation, the state variable z, represent the position of the inertial mass. From the first state equation, z;
= —2x5 + u, the variable z; includes an integral of position.

Modal Realization

A modal realization has a block diagonal structure consisting of 1 x1 and 2 x 2 blocks that contain real and complex
eigenvalues. A PFE of the transfer function is used to obtain first and second-order factors in the transfer function model.

The denominator of a second-order factor, expressed as (s + 0)2 + w?, can be realized as a 2 x 2 block containing the real and

g

. . . w . . .
imaginary parts of the eigenvalue as: A; = [ } Alternately, a second-order factor can be realized in the serial form, as

—WwW o
illustrated in the following example.

In the MATLAB Control Systems Toolbox, a modal realization is obtained by using the ‘canon’ command with the 'modal’ option.

Example 8.3.4

Consider the following third-order model with one real and two complex poles:

2(s2 +s+1) 3 s+2

Gle) = (5+2)(s?+25+2) s+2 (s2+25+2)

Its modal realization contains a block diagonal matrix with 1 x 1 and 2 x 2 blocks.

A serial realization of the second-order term results in the following modal realization:

d Zq —2 0 0 T 1 T
Tl |=]0 o0 1 z |+ |0 |u y=[3 =2 —1]|
I3 0 -2 =2 T3 1 x3

Alternately, the modal realization includes the real and imaginary parts of the complex eigenvalue. The resulting state variable
model is given as:

d I —2 0 I 1 I
T |=]0 -1 1 zy |+ u, y=[3 -1 —1]| =z
I3 0 -1 -1 T3 1 x3

We can verify that the two modal realizations share the same transfer function.

Diagonalization and Decoupling
When the denominator polynomial in the transfer function model has real and distinct roots, its modal matrix is a diagonal matrix

with eigenvalues on the main diagonal. The resulting state equations describe a set of decoupled first-order ODEs that can be
easily integrated.
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Example 8.3.5

The transfer function model of a small DC motor, given as: G (s) = 22

52410541025

A PFE of the transfer function gives: G (s) = 5.59 [—t5 — w9573

A modal realization of the transfer function model is obtained as:

L= el ] e em e s [ ]

The decoupled state and output equations representing the DC motor model are given as:
iy () = —99.72z1 (t) + V,
Zo (t) = —10.28z5 (t) + V,
w(t) = 5.59 (z9 (t) — z1 ()

We may note that the state variables in diagonal realization represent linear combinations of the original state variables. This
topic is discussed in the next section.

This page titled 8.3: State-Space Realization of Transfer Function Models is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Kamran Igbal.
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8.4: Linear Transformation of State Variables

Linear State Transformation

This section describes a general procedure to transform a state variable model into an alternate model using state variables that
are linear combinations of the original variables.

Consider the general state variable model of a SISO system, described as:
z(t) = Ax(t) + bu(t)
y(t) = " a(t)

Define a bilinear transformation of the state variable vector, z(t), by multiplying with a constant invertible matrix P, resulting in a
new set of state variables, z(¢):

Substitute the above relations in the state and output equations:
P li=AP 24+ bu, y=c'P 12
Multiplying on the left by P results in a new state variable model:
2=PAP 24 Pbu, y=c"P 'z
The two models share the same transfer function, i.e.,
G(s) = cTP (s —PAP ) 'Pb=cT(sI— A)7 b

Next, we explore the possibility to impart a desired structure to the system matrix through linear transformation of the state
variables.

First, define A= PAP~!, b= Pb, the first equation is alternatively expressed as: AP = PA.

Then, given A, b, and the desired structure of Z, b, the above relations may be used to define the transformation matrix, P. In
particular, the transformation to the controller and modal forms is explored below.

Transformation into Controller Form

A necessary condition to obtain a linear transformation matrix P to convert a state variable model into controller form is that the
following n x n controllability matrix has full rank:

Mc = [b, Ab,..., A" b

The controllability matrix is guaranteed to be of full rank if the transfer function description of the model has the same order, n
, as the number of state variables used to describe the system, i.e., there are no pole-zero cancelations in the transfer function,
G (s) =cT(sI — A)~'b.

Next, assume that the controllability matrix, M¢, of pair (A,b) is of full rank. Let Mcr denote the controllability matrix of the
controller form representation (A, b); then, M¢r contains the coefficients of the characteristic polynomial and can be written by
inspection.

The required transformation matrix is defined by:

Q=P '=McMy
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Example 8.4.1

The state and output equations for a small DC motor model are given as:
d [ i —100 =5 [ ia 100 B ia
o e | M R S R RN

100 —10* }

The controllability matrix for the model is formed as: M¢ = [b, Ab] = [ —

As the controllability matrix is of full rank, the dc motor model is controllable.

From the transfer function description, G(s) = %, the controller form realization is obtained as:
0 1 0
= T+ Vo, w=[500 0]z
—1025 —110 1

- . e e . 0 1
The controllability matrix for the controller form realization is given as: M¢gr = { 1 110 ]

The state transformation matrix for the model is obtained as:

0= pi— [ 1000 100 } B [ 0 0.002 ]

500 0 0.01 —0.02

Indeed, A = PAQ matches the system matrix in the controller form.

Transformation into Modal Form

A matrix that has a full set of eigenvectors is diagonalizable by a linear transformation matrix when the eigenvectors of A are
selected as the columns of P~L.

In the event when A has complex eigenvalues, its eigenvectors are also complex. Byl)lacing the real and imaginary parts of the
complex eigenvector into separate columns of P!, the resulting modal form matrix, A= PAP~!, b= Pb, has real entries.

Example 8.4.2

The state and output equations for a mass-spring-damper model are given as:

glo]=[5 L [E] ] et 5]

The eigenvalues of the system matrix are: —1 + j1; the complex eigenvectors are: [ 144l }
J

1

By choosing P! = [

Example 8.4.3

The state variable model of a small DC motor is given as:

0 .. . — -1 1
1 }, the modal form system matrix is obtained as: A = PAP~! = [ 1 1 }
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d [ 4 —100 -5 ig 100 g
- = Vm =0 1
—0.9985 0.0556 :|

We use MATLAB ‘eig’ command to obtain: V = P~! =
0.0556  —0.9985

The transformed state variable model has a diagonal structure.

T —99.72 0 T —100.47 T
_ Vi, w=][0.056 —0.998
[i”z] [ 0 —10-28Hm2]+[ 5.6 } w=| ][m}

The decoupled system of equations can be easily integrated. Assuming a unit-step input, the state variables are solved as:
z1(t) = 1.0075 + (19 — 1.0075)e /%72
@y(t) = 0.545 + (z90 — 0.545)e /1078
where 19, x99 represent the initial conditions on state variables. The output is computed as:

w(t) = 0.056z1 () — 0.998z5(t)

The original state variables are recovered as: [ “ ] =p-! [ ! ] i.e,
w )

iq (t) = —0.9985z1 (t) + 0.055625 (t)

w () = 0.0556z; (t) — 0.9985z5 (t)

This page titled 8.4: Linear Transformation of State Variables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Kamran Igbal.
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9: CONTROLLERS FOR STATE VARIABLE MODELS

Learning Objectives

1. Perform controller design for state variable models.
2. Perform pole placement design using a variety of techniques.
3. Design reference tracking controllers for state variable models.

9.0: Prelude to Controllers for State Variable Models
9.1: Controller Design in Sate-Space
9.2: Tracking with Feedforward Controller

9.3: Tracking PI Controller Design

This page titled 9: Controllers for State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Kamran Igbal.
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9.0: Prelude to Controllers for State Variable Models

The state variable models of dynamic systems comprises first-order differential equations that express the time derivatives of a
set of state variables. For linear time-invariant (LTI) systems, these equations are commonly expressed in vector-matrix form.

The controller design for the state variable models involves feeding back all the state variables using appropriate weights to
generate the error signal. State feedback allows arbitrary placement of roots of the closed-loop characteristic polynomial. It is
more powerful and offers greater flexibility than the output feedback that allows only selective placement of closed-loop roots.
State feedback assumes that the complete set of state variables are availabe for feedback.

The pole placement design refers to the selection of feedback gains for placing the roots of the closed-loop characteristic
polynomial at the desired locations in the complex plane. The pole placement design is performed with ease when the state
variable model is in the controller form. Alternately, Ackermann’s and Bass-Gura formulas, or the Sylvester's equation can be used
for this purpose.

Output regulation refers to finding a control law to asymptotically track prescribed refernce signals and/or asymptotically reject
undesired disturbance inputs. It includes imparting desired degree of dynamic stability to the system through arbitrary selection
of the closed-loop characteristic polynomial.

The tracking system design involves reducing the steady-state error to a given reference input to zero. Though reference signal
can be used to cancel the tracking error, the design is not robust against parameter variations. A more robust design involves
integrating the error signal inside the feeback loop to form an augmented system model, which can used for pole placement. The
augmented model includes the differential equation describing the out put of the integrator.

The state-space design methods primarily cater to the design of multi-input multi-output (MIMO) systems. This chapter, however,
introduces the state-space design methods using examples from single-input single-output (SISO) systems.

This page titled 9.9: Prelude to Controllers for State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kamran Igbal.
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9.1: Controller Design in Sate-Space

State Feedback Controller Design

The state feedback controller design refers to the selection of individual feedback gains for the complete set of state variables. It
is assumed that all the state variables are available for observation. The design goal is to improve the transient response of the
system and reduce the steady-state tracking error.

Let x(t) denote a vector of n state variables, u(¢) denote a scalar input, and y(¢) denote a scalar output; then the state variable
model of a SISO system is given as:

%x(t) = Ax(t) + bu(t), y(t) = cTx(t)

where A is a n x n system matrix, b is a n x 1 column vector, and c” is a 1 x n row vector. The above state variable model
represents a strictly proper input-output transfer function.

Controller design in state-space involves selection of suitable feedback gain vector, k7, that imparts desired stability and
performance characteristics to the closed-loop system.

Pole Placement Design

Pole placement design refers to the selection of the feedback gain vector that places the poles of the characteristic polynomial
at the desired locations. The control law for the pole placement design is expressed as:

u(t) = —kTx(t) + r(t),
where kT = [ky, ko, ...,k,] is a vector of n feedback gains, one for each of the n state variables, and r(t) is a reference input.

A necessary condition for pole placement using state feedback is that pair (A, b) is controllable, i.e., its controllability matrix,
Mg, is of full rank, where M¢ = [b, Ab, ..., A" 'b].

By including control law in the state equations, the closed-loop system is given as:
%(t) = (A — bkT)x(t) + br(t)

The design problem, then, is to select the feedback gain vector kT that multiplies the state vector x(t), such that the closed-loop
system matrix A — bk’ has characteristic polynomial that aligns with a desired polynomial, i.e.,

|sT — A + bk”| = Ages(s)

The above equation relates two nth order polynomials; by equating the polynomial coefficients on both sides of the equation, we
obtain n linear equations that can be solved for the n feedback gains: k;, i=1,...,n.

The desired characteristic polynomial for pole placement design is selected with root locations that meet the time-domain
performance criteria.

Closed-loop System

The closed-loop system model is given as:
x(t) = Agx(t) + br(t)

where A4 = (A — bkT). Assuming closed-loop stability, for a constant input r(t) = rs, the steady-state response, x, obeys:
0= Aclxss + sts: Yss = CTXss

—1
Hence, ys = A" b 7.
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Example 9.1.1

The state and output equations for a DC motor model are given as:
d [ ig —-100 -5 ia 100 iq
4 - Vo, w=[0 1 .
dt[w] [ 5 710”w]+[0]“°’ [ ]|:w
The motor model has a denominator polynomial A(s) = s + 110s + 1025; its roots are located at s12 = —10.28, —99.72 that
are reciprocals of the motor time constants Missing open brace for subscript
Assume that the design specifications require the closed-loop response to have a time constant of 20ms.

To reduce a time constants to 20 msec, we may choose to place the closed-loop poles at —50,—100. Then, the desired
characteristic polynomial is given as: Age(s) = s2 4 1505 + 5000.

We may assume r = 0, so the control law is given as: V, = —kTz, where kT = [k1, k).
With the inclusion of state feedback, the closed-loop system matrix is given as:

—100(1 + & —5(1 + 20k
A— kT = 00(1+ k1) —5(1 + 20ks)
5 —10
The closed-loop characteristic polynomial is given as:
|sI — A+ bk"| = (54 10) [s + 100(1 + k1)] + 25(1 + 20ks).

By comparing the coefficients of the two polynomials, we obtain the feedback gains: k; = 0.4, ks = 7.15. The resulting control
law is given as:

Vo () = —0.4 i (£) — 7.15 w(t)

e . —140 —20
The closed-loop system system matrix is given as: .

5 —10
The steady-state system response is given as: yss = 0.17s.
The step response of the closed-loop system is plotted in Figure 9.1.1.

Step Response

0.4

To: Qut(1)

=
]

Amplitude

To: Qut(2)y

) 005 0.1 0.15 0.2
Time (seconds)

Figure 9.1.1: The step response of the DC motor with pole placement controller: armature current (top); motor speed (bottom).
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Pole Placement in Controller Form

The pole placement design is facilitated if the system model is in the controller form (Section 8.3.1). In the controller form
structure, the coefficients of the characteristic polynomial appear in reverse order in the last row of A matrix.

0 1 0 0
0 1 0
A= , b=
1
—Qp —Gp_1 . —aq 1

Then, using full state feedback through v = —kTz + r, the closed-loop system matrix is given as:

0 1 0
0 0 1
A—bk" =
: 1
—Qp — kl —Qp—1 — kn,1 e —Q1 — kn

The closed-loop characteristic polynomial can be written by inspection, and is given as:
A(s) =s"+ (a1 + k,,,)s"f1 + ... 4+a,+k
Let the desired characteristic polynomial be defined as:
Ages(s) = s" + as" N+ 4 A8+ .
By comparing the coefficients, the desired feedback gains are computed as:
ki=a,—a,, ke=a,1—ap1, ... , ky=10a1—a;.

Since the state variables in the controller form include system output and its derivatives, pole placement using state feedback is
a generalization of proportional-derivative (PD) and rate feedback controllers.

Example 9.1.2

The state variable model of a mass-spring-damper is given as:

RN HEH B!

Assume that the design specifications require raising the damping to { = 0.6.

Since the system model is in controller form, its characteristic polynomial can be written by inspection, and is given as: A(s)
=52+ s+ 10.

In order to improve the damping, a desired characteristic polynomial is selected as: A ges(s) = s% + 4s + 10.

The desired feedback gains can be written by inspection, and are given as: kT = [0  3].

Pole Placement using Bass-Gura Formula

The Bass-Gura formula describes a simple expression to compute the state feedback controller gains from the coefficients of the
available and desired closed-loop characteristic polynomials. To proceed, let the state variable model be given as:

&(t) = Az(t) + bu(t), y(t) = cTz(t)

Assuming that pair (4, b) is controllable, its controllability matrix is given as: Mg = [b, Ab, ..., A"71b)].
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The model is transformed into controller form by a linear transformation, z = Pxz; the transformed model is described as:
4(t) = Acpa(t) + beru(t), y(t) = clpa(t)

The controllability matrix of the controller form representation is given as: Mcr = [bcr, Acrbcr, ..., Acr™ 'ber]. The matrix
comprises the coefficients of the characteristic polynomial, A (s) = |sI — A|, and can be written by inspection.

The required linear transformation matrix is obtained from the following relation:
P = McMg:, P= MM
The state feedback control law in the controller form is defined as:
u=—kcp 2(t) = —kcp? Px(t).
In terms of polynomial coefficients, the controller gains are given as: kcp”? = [ Apn—Qp Gp_1—Qp_1 - 41— a1 ]
The controller gains for the original state variable model are obtained as: k7 = kcp” P.
Hence, the Bass-Gura formula is obtained as:

T — - - -1
K'=[an—an @Gui—an1 - @ —ar | MerMg

Example 9.1.3

The state equations for a DC motor model are given as:
d [ i —100 —5 g 100
o]l llS ][]
Assume that the design specifications require a time constant of 20ms.
The characteristic polynomial of the model is: |s] — A| = s? + 110s + 1025.

The controllability matrix of the model is formed as: Missing open brace for subscript

The controller form representation for the model is developed as:
d I 0 1 T 0
el — v,
Lo )= o —uo Lo ] LY

- . .. 0 1
The controllability matrix for the controller form representation is: Mcr = [ 1 110 }

Assume that the desired characteristic polynomial is selected as: Ages(s) = 52 + 150s 4 5000.
The feedback gains for the controller form representation are obtained as: kcp” = [ 3975 40 |.

Using the Bass-Gura formula, the state feedback controller gains for the DC motor model are computed as: k7 = kgp”
McpMg'=[04 715 ].

The resulting state feedback control law is given as: V, = —0.41, — 7.15w.

Pole Placement using Ackermann’s Formula

The Ackermann’s formula is, likewise, a simple expression to compute the state feedback controller gains for pole placement. To
develop the formula, let an n-dimensional state variable model be given as:
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z(t) = Az(t) + bu(t)
The controllability matrix of the model is formed as: Mc = [b, Ab, ..., A" 'b].
Assume that a desired characteristic polynomial is given as: Ages(s) = s® +@18" 1 + ... +ay_15 + Gp.
Next, we evaluate the following matrix polynomial that involves the system matrix:
Ages(A) = A"+ a1 AV + . +a, 1A +a,l

where I denotes an n x n identity matrix. The state feedback controller gains are obtained from the following Ackermann'’s
formula:

KT=[0 -« 0 1] Mo Au(A)

Example 9.1.4

The state equations for a DC motor model are given as:
d [ i —100 -5 i 100
el — v,
o]l o]+ [7]
Let the desired characteristic polynomial be given as: Age(s) = s2 4 1505 + 5000.

The controllability matrix for the model is computed as: M¢ = [b, Ab] = D

100 —10* ]

. . . . —25 —200
The matrix polynomial used in the formula is evaluated as: A4e5(A4) = [ ]

200 3575
Using the Ackermann’s formula, the pole placement controller is computed as: k7 = [ 04 7.15 ]

The resulting state feedback control law is given as: V, = —0.41, — 7.15w.

The MATLAB Control System Toolbox includes the ‘place’ command that uses Ackermann’s formula for pole placement design.
The command is invoked by entering the system matrix, the input vector, and a vector of desired roots of the characteristic
polynomial. The function returns the feedback gain vector that places the eigenvalues of A — bk”, at the desired root locations.

Pole Placement using Sylvester's Equation

The Sylvester equation in linear algebra is a matrix equation, given as: AX + XB = C, where A and B are square matrices of not
necessarily equal dimensions, and C' is a matrix of appropriate dimensions. The solution matrix X is of the same dimension as C.

In order to apply the Sylvester equation for pole placement design, let an n-dimensional state variable model be given as:
z(t) = Az(t) + bu(t)
The pair (A, b) is assumed to be controllable.
Let A — bk” represent the closed-loop system matrix; assume that a diagonalizing similarity transform is defined as:
X1 (A-bk") X =24
The matrix A is diagonal and contains the desired eigenvalues; it may be assumed in modal form for complex eigenvalues.
Let kT X = g7, then, the Sylvester eqution is formulated as:
AX — XA =bgT

A unique solution X to the Sylvester's equation exists if the eigenvalues of A and A are distinct, i.e.,, A; (A) — A, (4) # 0.

@IOIC]E) 195 (9.1.5)



LibreTextS“'

The design procedure for pole placement using Sylvester’s equation is given as follows:

1. Choose a matrix A of desired eigenvalues in modal form. Choose any ¢ and solve AX — XA = bg” for X.
2. Recover the feedback gain vector from k7 = ¢gT X L. If X is not invertible, choose a different g7 and repeat the procedure.

Example 9.1.5

The state equation for the mass-spring-damper model is described as:
d z | 0 1 x o 0 f
dt [ v | | —-10 —1 v 1
Let a desired characteristic polynomial be selected as: Ag(s) = s2 +4s + 10; then, the modal matrix of the desired

—9 \/E
V6 —2 ’

eigenvalues is: A = [

—0.067 —0.082

0 0 . .. .
Let g7 = [1 0]; then, bgT = . The solution to Sylvester’'s equation is obtained as: X =
1 0 0.333 0.0

The feedback controller gains are computed as: k7 = [0 3].

This page titled 9.1: Controller Design in Sate-Space is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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9.2: Tracking with Feedforward Controller

Tracking Design with Feedforward Controller

A tracking system is designed to asymptotically reach and maintain zero steady-state error with respect to a reference input, r (t)
. This can be achieved by using r (t) to cancel e (¢) in the steady state.

The reference signal can be used with a feed forward gain to cancel the error signal. Toward this end, let the state variable model
be given as:

i(t) = Az(t) + bu(t), y(t) = cTz(t)

The asymptotic tracking control law is defined as:
u(t) = —kTz(t) + kor(t)
where k, is a scalar gain. The closed-loop system is formed as:
i(t) = (A —bk") z(t) + b7 (t), y(t) = T2(t)

Assuming the closed-loop system is stable, let z(t) = 0; the steady-state values of the state variables are obtained as:

Tos = — (A—bET) " bkyras.

The steady-state output is given as:

Yo = —cT (A= kD) " bk,
Define the closed-loop transfer function:

T(s) =T (sT— A+bk") b
Then, the steady-state output is: yss = T(0)k, 7.
In order to ensure y,, = r,,, We may choose, k, = T(0) 1.

Further, if y = z;, then k. may be selected as k, = k1, to ensure r — y = 0 in the steady-state.

Example 9.2.1

The state and output equations for a DC motor model are given as:
d [ i, —100 —5 b 100 o
— = Ve, w=1[0 1 .
o I e ey | S S LR R Y

A pole placement controller for the DC motor model was previously designed as: V, = —0.4i, — 7.15w. The control law is
revised to include a feedforward gain: V, = —0.4i, — 7.15w + k,r, where we want to choose k, for zero steady-state error.

By including the controller, the closed-loop system model is given as:
d [da] _[—140 =720 7 [ ] [ 1007,
dtlw ] | 5 -10 ]| w o |™"

0.2

. . . Z'{I.
The state variables assume the following values in steady-state: [ i ] = [ 01

wSS

] k7 ss.

The steady-state value of the output is given as: yss = 0.1k,7,5. Then, we may choose k. = 10 for zero steady-state error.

@IOIC]E) 197 (9.2.1)



LibreTextS“'

The resulting conrol law is given as: V, = —0.41, — 7.15w + 107.

A plot of the motor response with feedforward compensation is shown in Fig. 9.2.1. As expected, the motor speed
asymptotically approaches unity in the steady-state.

Step Response

Ampltuds
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To: Cuti2)
o
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0.2

wl

Figure 9.2.1: The step response of the DC motor with pole placement controller and feedforward compensation: armature current (top);

motor speed (bottom).
Example 9.2.2

The state variable model of a mass-spring-damper is given as:
d | z 0 1 T 0 T
— = =11
wlo -1 S0l -0l [7]

A pole placement controller for the model was previously designed as: f = —3w.
The control law is modified to include a feedforward gain as: f = —3v + k,r.
O o] al =z 0 1 a3
The closed-loop system model is given as: 5 = 10 4 + k7.
v — — v

The steady-state output is: yss = 0.1k,r,s. Hence, we may choose k, = 10 for error-free tracking. The resulting control law is

given as: f = —3v+ 10 r.

This page titled 9.2: Tracking with Feedforward Controller is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated

by Kamran Igbal.
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9.3: Tracking PI Controller Design

Tracking PI Controller Design

The tracking system design by using a feedforward gain to cancel the tracking error is not robust to changes in plant parameters.
A robust tracking system design requires addition of an integrator to the feedback loop (Figure 9.3.1).

rr(t) e(t)
1) + >

u{t) f=AxtBu| X0 T v y
B y=Cx+ Du

o |=

Figure 9.3.1: State feedback with integrator in the loop for tracking a reference input.
A proportional-integral (PI) type control law using state feedback is defined as:
u@)zgk%dﬂ+kh/ﬁfyMt

where Missing open brace for subscript represents the integral gain. The integrator operates on the error signal: e = r
— y. The integral controller forces the error signal to zero in the steady-state.

Let z,(t) denote the integrator output; then, the integrator state equation is given as:

a'c,lzr—y:r—ch

An augmented system model is formed by adding the integrator output to the set of state variables; the resulting model with n

+ 1 variables is described as:
X B A 0 T n b n 0
g0 || =T 0 || za o |“T11]"

A state feedback control law for the augmented system model is defined as:
Missing open brace for subscript

Substitution of the control law in the augmented system model defines the closed-loop system:

PR sl R

sI— A +bk?T —bk;

CT S

The closed-loop characteristic polynomial is formed as: A,(s) = , where I denotes an identity matrix of

order n.
Next, we choose a (n + 1)order desired characteristic polynomial, A (s), and perform the pole placement design on the

augmented system. The location of the integrator pole may be adjusted by trial and error keeping in view the desired settling time
of the system.
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Examples

Example 9.3.1
The state variable model of a mass-spring-damper system is given as:
d [z 0 1 a3 0 43
it} = =[1
wlo =10 S]] ==t 7]

It is desired to have less than 10% overshoot and zero steady-state error to a step input.

In order to perform the integral control design, an augmented state variable model is formed as:

d x 0 1 0 T 0 0
o —10 -1 0 v + |1 (ut+]| 0|7
T, -1 0 O B, 0 1

The control law for the augmented system is given as: u = —k1z — kov + k; [(r — z)dt.

The closed-loop system characteristic polynomial is formed as: A(s) = s + (ky + 1)s? + (k1 + 10)s + k;. Let a third-order
desired characteristic polynomial be selected as: Age(s) = (s + 2)(s? + 4s + 10).

By comparing the polynomial coefficients, the controller gains are obtained as: k; = 8, ky = 5, k; = 20. The resulting control
law is given as: f = —8z — 5v + 20 [ (r — y) dt.

The step response of the closed-loop system is shown in Fig. 9.3.1 for three different values of integral gain.

Step Response

ki=10
ki=20|_|
ki=30 [5

Amplitude

1
3 4 ] i
Time (seconds)

[

Figure

: tep response of the mass-spring-damper system with integrator in the loop.

Example 9.3.2

The state variable model of a DC motor is given as:

o=l SollG ][0 % emto n[ ]
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Assume that design specifications call for a low overshoot to step response and a settling time, ¢, = 0.1s.
The control law for the tracking PI controller is given as: u = —kii, — kow + k; [(r — w)dt.

The augmented system model for pole placement using integral control is obtained as:

d g —100 -5 O % 100 0
= w = 5 —10 0 w + 0 u+ | 0 |r
T, 0 -1 0 Bg 0 1

The resulting characteristic polynomial is given as:
A(s) = s® + (100k; 4 100) 52 + (1000k; + 500ks + 1025) s — 500k;.

We choose a desired characteristic polynomial as: Ay (s) = (s +50) (s> + 100s + 5,000). The closed-loop roots are located
at: s = —50, —50 £ 550.

The tracking controller is defined as: V, (s) = —0.4 i,(t) — 17.2 w(t) + 500 [(r — w)dt.

For comparison a cascade PI controller for the transfer function model of the DC motor is designed for ¢ = 0.7. The PI

controller is given as: K(s) = M The closed-loop roots are placed at: s = —9.94, —50 + 550.3.

The step response of the closed-loop system for the tracking and cascade PI controllers is shown in Fig. 9.3.2. Both
controllers achieve the desired settling time.
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Figure 9.3.2: The step response of the DC motor model for cascade and tracking PI controllers.

This page titled 9.3: Tracking PI Controller Design is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Kamran Igbal.
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10: CONTROLLERS FOR DISCRETE STATE VARIABLE MODELS

Learning Objectives

1
2.
3.
4.

10.0: Prelude to Controllers for Discrete State Variable Models

Analyze state variable models of sampled-data systems.

Solve discrete-time state equations by iteration.

Perform pole placement controller design for sampled-data systems.
Perform tracking controller desing for sampled-data systems.

10.1: State Variable Models of Sampled-Data Systems

10.2: Controllers for Discrete State Variable Models

This page titled 10: Controllers for Discrete State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Kamran Igbal.
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10.0: Prelude to Controllers for Discrete State Variable
Models

The state variable model of a dynamic system comprises a set of first-order differential equations that express the system
behavior as time derivatives of the selected variables. The controller design for state state variable model involves selecting
feedback gains for each (or a selection) of the state variables. The state feedback controller offers greater flexibility in system
design compared to the output feedback controllers designed with transfer function models.

The continuous-time state variable model of a linear time-invariant (LTI) system can be converted to a discrtete-time LTI model
by assuming a piece-wise constant input to the system. The conversion is easily done in MATLAB by using the ‘c2d’ command.
The assumed sampling frequency should be five to ten times higher than the system bandwidth.

The control system design methods used with continuous-time systems can be extended to digital controller design of sampled-
data systems that include sample and hold elements. The time-domain description of a sampled-data system comprisess a set
of difference equations that can be easily solved by iteration.

The pole placement design using full state feedback can be similarly performed on discrete state variable models. The desired
characteristic polynomial in the discrete case should have its roots inside the unit circle to ensure the stability of the closed-loop
system. A discrete system model addionally allow the design of a deadbeat controller that places all roots of the closed-loop
characteristic polynomial at the origin. The deadbeat controller ensures that the system response reaches steady state in exactly
n iterations.

Compared to the root locus design that allows selective placement of the closed-loop poles of the characteristic polynomial,

arbitrary pole placement is made possible through the use of state feedback design in the case of state variable models. In the
following, we assume that the system to be controlled is of single-input single-output (SISO) type.

This page titled 10.0: Prelude to Controllers for Discrete State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Kamran Igbal.
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10.1: State Variable Models of Sampled-Data Systems

Discretizing the State Variable Model

System models described with state variables can be converted to their discrete-time equivalents by considering a zero-order
hold (ZOH) at the input of the model. The ZOH device converts the output of a digital controller (a number sequence) into a
piece-wise constant continuous-time signal by holding its output constant over successive time periods.

To develop this approach, let the continuous-time state variable model be given as:
z(t) = Az(t) + Bu(t)
y(t) = Cx(t)
where A is the system matrix, B is the input matrix, and C'is the output matrix.

In order to discretize the continuous-time state equations, we consider the time-domain solution to the state equation (Chapter
8) given in terms of a convolution integral:

z(t) = eAlttg +/ A Bu(r)dr
¢

Lo

It is assumed that the system state is available at t, = (k — 1)T; then, assuming a constant input, uy, the state at t = kT is given
as:

kT
zr = etz + / eATBuydr
(k—1)T

A simple change of variables results in the following expression:
T
zp = ez + / eATdr Buy,
0
Let the system and input matrices appearing in the discrete-time model be defined as:

T
Ag=eT, By= / e drB
0

Then, after a time shift, the discrete-time state variable model is expressed as:
Ty = Agzr + Bauk, yr = Caxy.
where Cq = C.

Assuming that system matrix A is invertible, the expression for B4 can be simplified as:

T 2.2 2
By = U (I+AT+ A; + ) dr} = (IT—i— Aj + ) B=A"eAT - 1)B
. I I

The system and input matrices (Aq, Bq) appearing in the discrete-time model are parameterized by the sample time, T. Hence,
changing T will change the discrete-time model.

In the MATLAB Control Systems Toolbox, ‘c2d’ command is used for the discretizing a state variable model; the presence of a
ZOH at the input is assumed, but other options are available.
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Example 10.1.1

The state variable model of a DC motor is given as:
d [ ia —100 =5 [ ia 100 3 iq
wlo]=1 5 L]0 e om0 1] k]

Let T = 0.02 s, a value five times faster than the dominant motor time constant: Missing open brace for subscript ;
then, the system and input matrices for the discrete model are computed as:

0.134 —0.038 0.863
Ag=et = By=A"(e*—I)B=
1= {0.038 0.816 ] d (e*=1) 0.053

The resulting discrete state variable model is given as:
] 0.134 —0.038 0 0.863 ]
Tk+1 _ 123 + ij Ye = [ 0 1 ] 1k
Wh+1 0.038 0.816 Wk 0.053 Wk

An alternate state variable model of the DC motor is obtained by using the ‘ss’ command in the MATLAB Control Systems
Toolbox to realize the motor transfer function; the model is given as:

T1 —110 —32.03 T 4 T
= V. =0 3.906
P B 1 B K E L oy
By using the MATLAB ‘c2d’ command, the corresponding discrete-time model is obtained as:
0.058 —0.243 0.030
T1, k+1 _ T,k + Up, Up= [ 0 3.91 ] T1,k
Ty ki1 0.243  0.892 Tk 0.013 To k

The two discrete-time state variables of the DC motor are equivalent, i.e., they both share the same z-plane eigenvalues: z; »
= 0.814, 0.136; these values are related to the analog system eigenvalues: s, , = —99.7, — 10.28 by the relation: z = eTs,

Iterative Solution to Discrete State Equations

The discrete-time state equations constitute a set of first-order difference equations that can be easily solved by iteration. Toward
this end, let the discrete state equation be given as:

Tpp1 = Aazp + Baug, yr = Cazy

Starting from an initial vector, z,, and given an input sequence u {k}, an iterative solution to the discrete state equation is
developed as follows:

r1 = Aqzo + Baug

T = Agxg + AgqBgug + Bqui

n—1

Iy = Agl‘(] + Z Agilideuk
k=0
Let ®(k) = Aﬁ define the discrete state-transition matrix; then, the solution is given as:
n—1

T, = ®(n)xo + Z@(n —1— k)Bquy,
k=0
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Example 10.1.2

The discrete state variable model of a dc motor (T = 0.02s) is given as:

Q=

0.134 —0.038:|
d = ’

0.863
~ | 0.038 0.816

0.053]’ Ca=[0 1]

Assuming zero initial conditions and a unit-input sequence: u, = {1, 1,...}; the output sequence is iteratively computed as:

y{k} = {0, 0.053, 0.128, 0.194, 0.249, 0.293, 0.329, 0.359, 0.383, 0.402, 0.418,...}

The Pulse Transfer Function

The pulse transfer function, G(z), of a sampled-data system can be obtained from discrete state equations by the application of
z-transform:

zx(z) — zzg = Aqz(2) + Bau(z)
The above equation is solved assuming zero initial conditions to obtain:
z(2) = (2 — Agq) ' Bau(z)
The output equation is defined as:
y(2) = Cq(zI — Ag) ' Bau(z) = G(2)u(z)
Given the discrete state equations, the pulse transfer function is obtained as:
G(z) = Cy(zI — Ag) ' By
The discrete state-transition matrix is obtained by taking the inverse z-transform of (zI — A4)~! as:
d(k) =27 {(2I — Aq) '} = A}
In terms of the state transition matrix, the unit-pulse response the sampled-data system is obtained as:
gr=CaAE'B, k>0

In the MATLAB Control System Toolbox, the pulse transfer function for a given discrete state variable model can be obtained by
invoking the ‘tf’ command.

Example 10.1.3

The discrete state variable model of a dc motor (T' = 0.02s) is given as:

0.134 —0.038 :| [ 0.863
d = ) =

[ 0038 0816 471 0.053 ] Ca=[0 1]

By using the 'tf' command in MATLAB, the motor pulse transfer function is obtained as:

0.053z + 0.0257

G(2) = .
(9) = 7005 10111

This page titled 10.1: State Variable Models of Sampled-Data Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kamran Igbal.
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10.2: Controllers for Discrete State Variable Models

Emulating an Analog Controller

The pole placement controller designed for a continuous-time state variable model can be used with derived sampled-data
system model. Successful controller emulation requires a high enough sampling rate that is at least ten times the frequency of
the dominant closed-loop poles of the system.

In the following we illustrate the emulation of pole placement controller designed for the DC motor model (Example 8.3.4) for
controlling the discrete-time model of the DC motor. The DC motor model is discretized at two different sampling rates for
comparison, assuming ZOH at the plant input.

Example 10.2.1

The state and output equations for a DC motor model are given as:
d [ i —100 —5 e 100 e
< — Vo, w=[0 1 :
wlo =175 Solle ][ Jw wmto [ ]
The motor model is discretized at two different sampling rates in MATLAB. The results are:

. —0. .632
T:O.Ols:Ad:[0367 0030}’ d:{063

Ca=1[0 1].
0.030  0.904 0.018 } » Ca=] ]
0.134 —0.038 0.863
T =0.02s: Ay = , Bq= , Ca=[0 1].
0.038 0.816 0.053
For a desired characteristic polynomial: Ag.(s) = s2 + 150 s + 5000, a state feedback controller for the continous-time state
variable model was obtained as (Example 9.1.1): k¥ = [ 04 7.15 |.

We can use the same controller to control the corresponding sample-data system models.

The unit-step response of the closed-loop system is simulated in Figure 18.2.1, where both state variables, i, (t) and w (¢), are
plotted.

BIOIRIE) 207 (10.2.1)



LibreTexts"

Step Response
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Figure 10.2.1: The step response of the DC motor model with analog controller emulation: armature current (top); motor speed (bottom)
We observe from the figure that the armature current has a higher overshoot at the lower sampling rate, though both models
display similar settling time of about 100 msec.

Pole Placement Design of Digital Controller

Given a discrete state variable model {Aq4, Bg}, and a desired pulse characteristic polynomial Aqes(2), a state feedback controller
for the system can be designed using pole placement similar to that of the continuous-time system (Sec. 9.1.1).

Let the discrete-time model of a SISO system be given as:
Xp1 = Agxp + baug, yi = c’xy,
A state feedback controller for the discrete state variable model is defined as:
up = —kak + ri

where kT represents a row vector of constant feedback gains and r;, is a reference input sequence. The controller gains can be
obtained by equating the coefficients of the characteristic polynomial with those of a desired polynomial:

A(z) = ‘ZI — Ad| = Ades(z)

The Ages(2) above is a Hurwitz polynomial (in z), with roots inside the unit circle that meet given performance (damping ratio and/
or settling time) requirements. Assuming that desired s-plane root locations are known, the corresponding z-plane root locations
can be obtained from the equivalence: z = e”*.

Closed-loop System
The closed-loop system model is given as:
Xps1 = Aaxy + bary, yr =c'xy
where Ay = (Aq — bgkT).
Assuming closed-loop stability, for a constant input r;, = rg, the steady-state response, x, of the system obeys:

T
Xgs = AaXgs + bdr537 Yss = C Xss
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Hence, yss = c” (Ag—I)7! by 7.

Example 10.2.2

The discrete state variable model of a DC motor (7' = 0.02s) is given as:
[ ][t w2 ][ 828 ] =t 1] 2]
The desired s-plane root locations for the model are given as: s = —50, —100.
The corresponding z-plane roots (T' = 0.02s) are obtained as: z=e !, e 2
The desired characteristic polynomial is given as: Ages(2) = 22 — 0.952 4 0.05.
The feedback gains kT = [k;, ks], computed using the MATLAB ‘place’ command, are given as: k; = 0.247, ko = 4.435.
The closed-loop system matrix is given as: Missing open brace for subscript
An update rule for implementation of the controller on computer is obtained as: u = —0.247 i), — 4.435 w;,.
The closed-loop response has steady-state value of wg; = 0.143 rad/s.

The step response of the closed-loop system is plotted in Figure 10.2.2, where the discrete system response was scaled to
match the analog system response. The step response of the continuous-time system and that for the emulated controller

gains are plotted alongside.

Step Response

analog system
controller emulation

discrete controller

[=
[
=

Amplitude

002

0 0.05 0.1 015 0.2 0.25 0.3
Time (seconds)

Figure 10.2.2: Unit-step response of the DC motor model for the following choices: analog system; controller emulation; digital controller.

Deadbeat Controller Design

A discrete-time system is called deadbeat if all closed-loop poles are placed at the origin (z = 0).

A deadbeat system has the remarkable property that its response reaches steady-state in n-steps, where n represents the model
dimension.

The desired closed-loop pulse characteristic polynomial is selected as Ages(z) = 2™

To design a deadbeat controller, let the closed-loop pulse transfer function be defined as:
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__K(®G()
TE) =17 K(2)G(2)
The above equation is solved for K(z) to obtain:
1 T(z)
K@= 1710

Let the desired T'(z) = z~™; then, the deadbeat controller is given as:

1
M= gmen
Let G(s) = —ir; then G(z) = 1=,
A deadbeat controller for the model is obtained as: K(z) = (17%‘3)};1)

Example 10.2.4

The discrete state variable model of a DC motor for T'= 0.02 s is given as:
T+l 0.134 —0.038 T 0.863 ik
= Vio yp=10 1
[ Wit } [ 0038 0816 || we || 0053 |V =1 M o
The state feedback controller is given as: uy = — [k1, k3] z.

The closed-loop characteristic polynomial is obtained as:

A(z2) = 2% + (0.863k; + 0.053k; — 0.95)z — 0.707k; + 0.026k; + 0.111

For pole placement design, let Ag(2) = 22. By equating the polynomial coefficients, the deadbeat controller gains are
obtained as: k; = 0.501, ko = 9.702.

The update rule for controller implementation is given as:
up = 0.501 ix + 9.702 wy,

The step response of the deadbeat controller (Figure 10.2.3) settles in two time periods. The response was scaled to match
that of the continuous-time system.

An approximate deadbeat design can be performed by choosing distinct closed-loop eigenvalues close to the origin, e.g., z
=410%, and using the 'place' command from the MATLAB Control Systems Toolbox.

The feedback gains for the approximate design are obtained as: k; = 0.509, ks = 9.702. The resulting closed-loop system
response is still deadbeat.
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Step Response
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Figure 10.2.3: The step response of the DC motor model with deadbeat controller.

Feedforward Tracking System Design

A tracking system was previously designed by using feedforward cancelation of the error signal (Section 9.2.1). A similar design
can be performed in the case of discrete systems.

Towards this end, let the discrete state variable model be given as:
X1 = Aaxp + baug, yr = c'xy
A tracking controller for the model is defined as:
Up = *kTXk + k)ﬂ’k

where k7 represents a row vector of feedback gains, k, is a feedforward gain, and r, is a reference input sequence.

Assuming that a pole placement controller for the discrete system has been designed, the closed-loop system is given as:

Xpr1 = (Aq —bak”) xj, + bak,ry,
The closed-loop pulse transfer function is obtained as:
T'(2) = ¢ (1 — Aq + bak”) 'bak,
where I denotes an identity matrix. The condition for asymptotic tracking is given as:
T(1) = ¢} (1— Aq + bak”) 'bak, = 1

The feedforward gain for error cancelation is obtained as: k, = ﬁ

Example 10.2.5

The discrete state variable model of a DC motor (T' = 0.02s) is given as:

|:ik+1 }:[0.134 —0038]{1’;c ]_i_[0.863]vl67 yk=[0 1][%]

Wht1 0.038 0.816 Wi, 0.053 Wi,

A state feedback controller for the motor model was previously designed as: k7 = [k;, ko], where k; = 0.247, ko = 4.435.

The closed-loop system is defined as:
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0.367z+0.179
22 —0.503z + 0.05

r

T(2) =

From the asymptotic condition, the feedforward gain is solved as: k, = 6.98.

The step response of the closed-loop system is shown in Figure 10.2.4.

Step Response

analog
discrate
0.8
o 0.6 g
O
2
=
E
< 04
0.2 .
] : : -
o] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Time (seconds)

Figure 10.2.4: The step response of the tracking controllers for the DC motor model.

Example 10.2.6

The discrete state variable model of a DC motor (T' = 0.02s) is given as:

k1 0.134 —0.038 in 0.863 o
= Vi =[0 1
{ Wit } { 0.038 0.816 we | 7| 0053 | & Yk [ ] i

A dead-beat controller for the motor model was designed as: KT = [k1, ko], where k; = 0.501, ks = 9.702.

The closed-loop system is defined as:
_ 0672240328

r
22

T (2)

From the asymptotic condition, the feedforward gain is solved as: k, = 12.77.

The step response of the closed-loop system is shown in Figure 10.2.5.
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Step Response
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Figure 10.2.5: The step response of the deadbeat tracking controller for the DC motor model.

Tracking PI Controller Design

A tracking PI controller for the discrete state variable model is designed similar to the design of continuous-time system (Figure
9.3.1). The tracking PI controller places an integrator in the feedback loop, thus ensuring that the tracking error goes to zero in
the steady-state.

In the case of continuous-time system, the tracking PI controller was defined as: u = —k”x + k; [(r — y)dt.

Using the forward difference approximation to the integrator, given as: v, = v;_; + Tex, an augmented discrete-time system model
including the integrator state variable is formed as:
A 0 k b 0
d X( ) + d u 4+ T
—'T 1 v(k) 0 T

The state feedback controller for the augmented system is defined as:

-

wlk) = [ KTk | [ x(k) }

v(k)

where k; represents the integral gain. With the addition of the above controller, the closed-loop system is described as:

sl el | A R FRC

The closed-loop characteristic polynomial of the augmented system is formed as:

2l —Aq+ bdkT —bqgk;

A, (2) =
(=) —cIT 21

where I denotes an identity matrix of order n.

Next, we choose a desired characteristic polynomial of (n + 1) order, and perform pole placement design for the augmented
system. The location of the integrator pole in the z-plane may be selected keeping in view the desired peformance criteria for the
closed-loop system.
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Example 10.2.6

The discrete state variable model of a DC motor (T' = 0.02s) is given as:

s} 0.134 —0.038 n 0.863 o
- Vi =[0 1
[ Wht1 ] [ 0.038 0.816 Wi + 0.053 | 0 “k [ ] -

The control law for the tracking PI controller is defined as:
ur = —k1ix — kowy, + kivg

where v = vy + T(rp — wy) describes the output of the integrator. The augmented system model for the pole placement
design using integral control is given as:

Tkr1 0.134 —0.038 0 ik 0.863 0
wge1 | = | 0.038 0.816 O wr |+ | 0.053 | Vi + 0 Tk
Vk+1 0 —0.02 1 Vg 0 0.02

The desired z-plane pole locations for a desired ¢ = 0.7 are selected as: z = ¢!, e 171,

The controller gains, obtained using the MATLAB ‘place’ command, are given as: k; = 0.43, ko = 15.44, k; = —297.79.
An update rule for controller implementation on computer is given as:
up = —0.43i; — 15.44wy, + 297.8v;,
v = V1 + 0.02 (1, — wi)

The step response of the closed-loop system is plotted in Figure 10.2.6. The step response of the continuous-time system
(Example 9.1.1) is plotted alongside. The output in both cases attains steady-state value of unity in about 8.12sec.

Step Response

analog
discrate

[=
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T
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0 0.05 0.1 015 0.2 0.25 0.3
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Figure 10.2.6: Tracking PI control of the DC motor model: closed-loop response for the analog and discrete systems.

This page titled 10.2: Controllers for Discrete State Variable Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Kamran Igbal.
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