INTRODUCTION TO
AEROSPACE STRUCTURES
AND MATERIALS

8

René Alderliesten
Delft University of Technology

Librelexts"




Book: Introduction to Aerospace Structures and
Materials (Alderliesten)



This text is disseminated via the Open Education Resource (OER) LibreTexts Project (https:/LibreTexts.org) and like the
thousands of other texts available within this powerful platform, it is freely available for reading, printing, and "consuming.”

The LibreTexts mission is to bring together students, faculty, and scholars in a collaborative effort to provide an accessible,
and comprehensive platform that empowers our community to develop, curate, adapt, and adopt openly licensed resources and
technologies; through these efforts we can reduce the financial burden born from traditional educational resource costs, ensuring
education is more accessible for students and communities worldwide.

Most, but not all, pages in the library have licenses that may allow individuals to make changes, save, and print this book. Carefully
consult the applicable license(s) before pursuing such effects. Instructors can adopt existing LibreTexts texts or Remix them to
quickly build course-specific resources to meet the needs of their students. Unlike traditional textbooks, LibreTexts’ web based
origins allow powerful integration of advanced features and new technologies to support learning.

s ]Librelexts

LibreTexts is the adaptable, user-friendly non-profit open education resource platform that educators trust for creating,
customizing, and sharing accessible, interactive textbooks, adaptive homework, and ancillary materials. We collaborate with
individuals and organizations to champion open education initiatives, support institutional publishing programs, drive curriculum
development projects, and more.

The LibreTexts libraries are Powered by NICE CXone Expert and was supported by the Department of Education Open Textbook
Pilot Project, the California Education Learning Lab, the UC Davis Office of the Provost, the UC Davis Library, the California
State University Affordable Learning Solutions Program, and Merlot. This material is based upon work supported by the National
Science Foundation under Grant No. 1246120, 1525057, and 1413739.

Any opinions, findings, and conclusions or recommendations expressed in this material are those of the author(s) and do not
necessarily reflect the views of the National Science Foundation nor the US Department of Education.

Have questions or comments? For information about adoptions or adaptions contact info@LibreTexts.org or visit our main website
at https://LibreTexts.org.

The LibreTexts name, logo, and book covers are trademarked by LibreTexts, Inc. (a 501(c)(3) not-for-profit organization) and
protected against unauthorized use.

This text was compiled on 88/19/2026


https://libretexts.org/
https://www.nice.com/resources/cxone-expert-knowledge-management
mailto:info@LibreTexts.org
https://libretexts.org/

LibreTextS"

TABLE OF CONTENTS

Dedication
Licensing
Unit 1: Introduction to Structural Analysis and Structural Loads

1: Introduction to Structural Analysis
1.1: Structural Analysis Defined

1.2: Types of Structures and Structural Members
1.3: Fundamental Concepts and Principles of Structural Analysis

1.4: Units of Measurement

2: Structural Loads and Loading System
2.1: Types of Structural Loads

2.2: Load Combinations for Structural Design
2.3: Tributary Width and Area
2.4: Influence Areas

2.5: Live Load Reduction

Unit 2: Analysis of Statically Determinate Structures
3: Equilibrium Structures, Support Reactions, Determinacy and Stability of Beams and Frames
3.1: Equilibrium of Structures

3.2: Types of Supports and Their Characteristics
3.3: Determinacy and Stability of Beams and Frames

3.4: Computation of Support Reactions for Planar Structures

4: Internal Forces in Beams and Frames
4.1: Introduction

4.2: Basic Definitions
4.3: Sign Convention

4.4: Relation Among Distributed Load, Shearing Force, and Bending Moment

5: Internal Forces in Plane Trusses
5.1: Introduction

5.2: Types of Trusses

5.3: Determinacy and Stability of Trusses

5.4: Assumptions in Truss Analysis

5.5: Joint Identification and Member Force Notation

5.6: Methods of Truss Analysis

6: Arches and Cables
6.1: Arches

6.2: Cables

@O0 iii



LibreTextS“

7: Deflection of Beams- Geometric Methods
7.1: Introduction

7.2: Derivation of the Equation of the Elastic Curve of a Beam
7.3: Deflection by Method of Double Integration

7.4: Deflection by Method of Singularity Function

7.5: Deflection by Moment-Area Method

7.6: Deflection by the Conjugate Beam Method

Unit 3: Analysis of Statically Indeterminate Structures
8: Deflections of Structures- Work-Energy Methods
8.1: Virtual Work Method

8.2: Energy Methods

9: Influence Lines for Statically Determinate Structures
9.1: Introduction

9.2: Influence Lines for Statically Determinate Beams by Static Equilibrium Method
9.3: Construction of Influence Lines

9.4: Uses of Influence Lines

10: Force Method of Analysis of Indeterminate Structures
10.1: Introduction

10.2: Maxwell-Betti Law of Reciprocal Deflections
10.3: Analysis of Indeterminate Beams and Frames

10.4: Analysis of Indeterminate Trusses

11: Slope-Deflection Method of Analysis of Indeterminate Structures
11.1: Introduction

11.2: Sign Conventions

11.3: Derivation of Slope-Deflection Equations
11.4: Modification for Pin-Supported End Span
11.5: Analysis of Indeterminate Beams

11.6: Analysis of Indeterminate Frames

12: Moment Distribution Method of Analysis of Structures
12.1: Basic Concepts

12.2: Sign Convention

12.3: Definitions

12.4: Modification of Member Stiffness
12.5: Analysis of Indeterminate Beams

12.6: Analysis of Indeterminate Frames

13: Influence Lines for Statically Indeterminate Structures
13.1: Introduction
13.2: Static Equilibrium Method

13.3: Influence Lines for Statically Indeterminate Beams by Kinematic Method

@O0 iv



LibreTextsw

Index
Glossary
Glossary

Detailed Licensing

This page titled Introduction to Aerospace Structures and Materials (Alderliesten) is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by René Alderliesten via source content that was edited to the style and standards of the LibreTexts platform.

@O0 v


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTextS“'

Dedication

This book is dedicated to my wife, Dr. Joan Udoeyo, and to my children, Uduak, Ubong, and Idorenyin.

This page titled Dedication is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten (TU
Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

@O0 vi


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/00%3A_Front_Matter/04%3A_Dedication
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTexts"

Licensing

A detailed breakdown of this resource's licensing can be found in Back Matter/Detailed Licensing.

This page titled Licensing is shared under a license and was authored, remixed, and/or curated by LibreTexts.

vii


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/00%3A_Front_Matter/04%3A_Licensing

LibreTextS“

UNIT 1: INTRODUCTION TO STRUCTURAL ANALYSIS AND

STRUCTURAL LOADS

1: Introduction to Structural Analysis
1.1: Structural Analysis Defined
1.2: Types of Structures and Structural Members
1.3: Fundamental Concepts and Principles of Structural Analysis

1.4: Units of Measurement

2: Structural Loads and Loading System
2.1: Types of Structural Loads

2.2: Load Combinations for Structural Design
2.3: Tributary Width and Area
2.4: Influence Areas

2.5: Live Load Reduction

This page titled Unit 1: Introduction to Structural Analysis and Structural Loads is shared under a CC BY-NC-SA 4.0 license and was authored,

remixed, and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts
platform.

@IOIC]E) 1(1.1)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/01%3A_Introduction_to_Structural_Analysis_and_Structural_Loads
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTextS“
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1.1: Structural Analysis Defined
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1.4: Units of Measurement
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1.1: Structural Analysis Defined

A structure, as it relates to civil engineering, is a system of interconnected members used to support external loads. Structural
analysis is the prediction of the response of structures to specified arbitrary external loads. During the preliminary structural
design stage, a structure’s potential external load is estimated, and the size of the structure’s interconnected members are
determined based on the estimated loads. Structural analysis establishes the relationship between a structural member’s
expected external load and the structure’s corresponding developed internal stresses and displacements that occur within the
member when in service. This is necessary to ensure that the structural members satisfy the safety and the serviceability
requirements of the local building code and specifications of the area where the structure is located.

This page titled 1.1: Structural Analysis Defined is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Types of Structures and Structural Members

There are several types of civil engineering structures, including buildings, bridges, towers, arches, and cables. Members or
components that make up a structure can have different forms or shapes depending on their functional requirements. Structural
members can be classified as beams, columns and tension structures, frames, and trusses. The features of these forms will be
briefly discussed in this section.

Beams

Beams are structural members whose longitudinal dimensions are appreciably greater than their lateral dimensions. For example,
the length of the beam, as shown in Figure 1.1, is significantly greater than its breadth and depth. The cross section of a beam
can be rectangular, circular, or triangular, or it can be of what are referred to as standard sections, such as channels, tees, angles,
and I-sections. Beams are always loaded in the longitudinal direction.
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(b)

Figl.1. Beam.

Columns and Tension Structures

Columns are vertical structural members that are subjected to axial compression, as shown in figure 1.2a. They are also referred
to as struts or stanchions. Columns can be circular, square, or rectangular in their cross sections, and they can also be of standard
sections. In some engineering applications, where a single-member strength may not be adequate to sustain a given load, built-
up columns are used. A built-up column is composed of two or more standard sections, as shown in Figure 1.2b. Tension structures
are similar to columns, with the exception that they are subjected to axial tension.
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Standard sections: (1) channel, (2) tee, (3) angle, and (4)
wide flange beam; Built-up sections: (5) four angles and a
(@ plate, (6) two channels (front-to-front), (7) two channels
(back-to-back), and (8) four angles (front-to-front).

(b)

Fig.1.2. Columns.

Frames

Frames are structures composed of vertical and horizontal members, as shown in Figure 1.3a. The vertical members are called
columns, and the horizontal members are called beams. Frames are classified as sway or non-sway. A sway frame allows a lateral
or sideward movement, while a non-sway frame does not allow movement in the horizontal direction. The lateral movement of the
sway frames are accounted for in their analysis. Frames can also be classified as rigid or flexible. The joints of a rigid frame are
fixed, whereas those of a flexible frame are moveable, as shown in Figure 1.3b.

(1) (2)
Types of Frame Joints (1)Rigid or fixed joint
(2) Flexible or pinned joint

(a) (b)

Fig.1.3. Frame.

Trusses

Trusses are structural frameworks composed of straight members connected at the joints, as shown in Figure 1.4. In the analysis
of trusses, loads are applied at the joints, and members are assumed to be connected at the joints using frictionless pins.

@IOIC]E) 5 (1.2.2)



LibreTexts*

Fig.1.4. Truss.

This page titled 1.2: Types of Structures and Structural Members is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: Fundamental Concepts and Principles of Structural
Analysis

Equilibrium Conditions

Civil engineering structures are designed to be at rest when acted upon by external forces. A structure at rest must satisfy the
equilibrium conditions, which require that the resultant force and the resultant moment acting on a structure be equal to zero.
The equilibrium conditions of a structure can be expressed mathematically as follows:

> F=0,and Y M=0 (1.3.1)

Compatibility of Displacement

The compatibility of displacement concept implies that when a structure deforms, members of the structure that are connected
at a point remain connected at that point without void or hole. In other words, two parts of a structure are said to be compatible
in displacements if the parts remain fitted together when the structure deforms due to the applied load. Compatibility of
displacement is a powerful concept used in the analysis of indeterminate structures with unknown redundant forces in excess
of the three equations of equilibrium. For an illustration of the concept, consider the propped cantilever beam shown in Figure
1.5a. There are four unknown reactions in the beam: the reactive moment, a vertical and horizontal reaction at the fixed end, and
another vertical reaction at the prop at point B. To determine the unknown reactions in the beam, one more equation must be
added to the three equations of equilibrium. The additional equation can be obtained as follows, considering the compatibility of
the structure:

App+ Agr =0 (132)

In this equation, Agp is the displacement at point B of the structure due to the applied load P (Figure 1.5b), and Apgp is the
displacement at point B due to the reaction at the prop R (Figure 1.5¢). Students should always remember that the first subscript
of the displacement indicates the location where the displacement occurs, while the second subscript indicates the load causing
the displacement.

lrp
A . A_B
(a) -
lp
A B : i
(b) J&\BP
ABR
, -

© 1~
R

Fig.1.5. Propped cantilever beam.
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Principle of Superposition

The principle of superposition is another very important principle used in structural analysis. The principle states that the load
effects caused by two or more loadings in a linearly elastic structure are equal to the sum of the load effects caused by the
individual loading. For an illustration, consider the cantilever beam carrying two concentrated loads P;, and P,, in Figure 1.6a.
Figures 1.6b and 1.6c are the responses of the structure in terms of the displacement at the free end of the beam when acted
upon by the individual loads. By the principle of superposition, the displacement at the free end of the beam is the algebraic sum
of the displacements caused by the individual loads. This can is written as follows:

Ap = App, + App, (1.3.3)

In this equation, Ap is the displacement at B; App, and App, are the displacements at B caused by the loads P, and P,
respectively.

AT e 1l
(@) 8
Pl
A S l |
b T — ‘IVABEH
PZ
A _ l\
© , Age,

Fig.1.6. Application of the principle of superposition.

Work-Energy Principle

The work-energy principle is a very powerful tool in structural analysis. Work is defined as the product of the force and the distance
traveled by the force, while energy is defined as the ability to do work. Work can be transformed into various energy, including
kinetic energy, potential energy, and strain energy. In the case of a structural system, based on the law of conservation of energy,
work done W is equal to the strain energy U stored when deforming the system. This is expressed mathematically as follows:

W=U (1.3.4)

Consider a case where a force F is gradually applied to a deformable structural system. By plotting the applied force against the
deformation A of the structure, the load-deformation plot shown in Figure 1.7a is created. In the case of linearly elastic structure,
the load-deformation diagram will be as shown in Figure 1.7b. The incremental work done dW by the force when deforming the
structure over an incremental displacement dA is expressed as follows:

dW = FdA (1.3.5)
The total work done is represented as follows:
A A
W:/ dW:/ FdA (1.3.6)
0 0
Thus, the strain energy is written as follows:
A
U= / FdA (1.3.7)
0
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The strain energy in the case of linearly elastic deformation can be obtained by computing the area under the load-deformation
diagram in Figure 1.7b. This is expressed as follows:

U= %FA (1.3.8)
Force Force
) 4
=
F 1
=l U=3fil
0 A 0 A
Iy P Ay Ay
dA ,
Displ t
Displacement ispiacemen

b
(@ (b)

Fig.1.7. Load-deformation diagram.

Virtual Work Principle

The virtual work principle is another powerful and useful analytical tool in structural analysis. It was developed in 1717 by Johann
Bernoulli. Virtual work is defined as the work done by a virtual or imaginary force acting on a deformable body through a real
distance, or the work done by a real force acting on a rigid body through a virtual or fictitious displacement. To formulate
this principle in the case of virtual displacements through a rigid body, consider a propped cantilever beam subjected to a
concentrated load P at a distance z from the fixed end, as shown in Figure 1.8a. Suppose the beam undergoes an elementary
virtual displacement du at the propped end, as shown in Figure 1.8b. The total virtual work performed is expressed as follows:

X
W = Rgé, — Pféu (1.3.9)
Since the beam is in equilibrium, §W = 0 (by the definition of the principle of virtual work of a body).

The principle of virtual work of a rigid body states that if a rigid body is in equilibrium, the total virtual work performed by all the
external forces acting on the body is zero for any virtual displacement.

@IOIC]E) 9 (1.3.3)
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Fig.1.8. Propped cantilever beam.

Structural Idealization

Structural idealization is a process in which an actual structure and the loads acting on it are replaced by simpler models for the
purpose of analysis. Civil engineering structures and their loads are most often complex and thus require rigorous analysis. To
make analysis less cumbersome, structures are represented in simplified forms. The choice of an appropriate simplified model is
a very important aspect of the analysis process, since the predictive response of such idealization must be the same as that of
the actual structure. Figure 1.9a shows a simply supported wide-flange beam structure and its load. The plan of the same beam
is shown in Figure 1.9b, and the idealization of the beam is shown in Figure 1.9c. In the idealized form, the beam is represented
as a line along the beam’s neutral axis, and the load acting on the beam is shown as a point or concentrated load because the
load occupies an area that is significantly less than the total area of the structure’s surface in the plane of its application. Figures
1.10a and 1.10b depict a frame and its idealization, respectively. In the idealized form, the two columns and the beam of the frame
are represented by lines passing through their respective neutral axes. Figures 1.11a and 1.11b show a truss and its idealization.
Members of the truss are represented by lines passing through their respective neutral axes, and the connection of members at
the joints are assumed to be by frictionless pins.

?
|

_-U

A B
_A A
i L
!‘ L =|| I< >
(a) Elevation of beam
Ay A, (c) Idealized beam

h

(b) Plan of beam  Area, A; > Area, 4,

Fig.1.9. Wide - flange beam idealization.
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(a) (b)

Fig.1.10. Frame idealization.

E 3 E 2
@ ®) =

Fig.1.11. Truss idealization.

Method of Sections

The method of sections is useful when determining the internal forces in structural members that are in equilibrium. The method
involves passing an imaginary section through the structural member so that it divides the structure into two parts. Member
forces are determined by considering the equilibrium of either part. For a beam in equilibrium that is subjected to transverse
loading, as shown in Figure 1.12, the internal forces include an axial or normal force, N, shear force, V, and bending moments, M.

@IOIC]E) 11 (1.3.5)
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Fig.1.12. Beam in equilibrium subjected to transverse loading.
1.3.8 Free-Body Diagram

A free-body diagram is a diagram showing all the forces and moments acting on the whole or a portion of a structure. A free-body
diagram must also be in equilibrium with the actual structure. The free-body diagram of the entire beam shown in Figure 1.13a
is depicted in Figure 1.13b. If the free-body diagram of a segment of the beam is desired, the segment will be isolated from the
entire beam using the method of sections. Then, all the external forces on the segment and the internal forces from the adjoining
part of the structure will be applied to the isolated part.

w 4 w P

Fig.1.13 Free-body diagram of a beam.

This page titled 1.3: Fundamental Concepts and Principles of Structural Analysis is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts
platform.
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1.4: Units of Measurement

The two most commonly used systems in science and technology are the International System of Units (SI Units) and the United
States Customary System (USCS).

International System of Units

In the SI units, the arbitrarily defined base units include meter (m) for length, kilogram (kg) for mass, and second (s) for time The
unit of force, newton (N), is derived from Newton’s second law. One newton is the force required to give a kilogram of mass an
acceleration of 1 m/s2. The magnitude, in newton, of the weight of a body of mass m is written as follows:

(W(N) = m(kg) x g (m/s?) (1.4.1)
where

g=9.81m/s? (1.4.2)

United States Customary System

In the United States Customary System, the base units include foot (ft) for length, second (s) for time, and pound (lb) for force.
The slug for mass is a derived unit. One slug is the mass accelerated at 1 ft/s? by a force of 1 lb. The mass of a body, in slug, is
determined as follows:

W (ib)

9 (%)

m(slugs) = (1.4.3)

where g = 32.2ft /s>
The two systems of units are summarized in Table 1.1 below.

Table 1.1. Comparison of unit measurement systems.

Quantity Length Time Mass Force
Dimensional Symbol | L T M F

U.S. Customary Units | foot (ft) second (s) Slug pound (Ib)
SI Units meter (m) second (s) kilogram (kg) Newton (N)

Table 1.2. Unit conversion.

@IOIC]E) 13 (1.4.1)
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Quantity U.S. Customary Unit | Equal SI Unit
Acceleration ft/s? 0.3048 m/s?
Area in’ 645.2 mm?
Density Ib/ft? 16.02 kg/m?
Energy, Work in.lb 0.113 N.m (Joule, J)
Force Ib 4448 N

kip 4.448 kN
Impulse Ib.s 4448 N.s
Length in 25.4 mm

ft 0.3048 m
Mass Slug 14.59 kg
Moment of a couple Ib.in 0.113 N.m

k.ft 1356 N.m
Moment of inertia of area in 0.4162 x 10° m*

in 8.6303 x 107 m*
Moment of inertia of mass Ib.ft.s? 1.356 kg.m?
Momentum Ib.s 4.448 kg.m/s
Power ft.1b/s 1.356 W
Pressure psi 6.895 kPa

ksi 6.895 MPa
Velocity ft/s 0.3048 m/s
Volume of an object ft? 0.02832 m?
Volume of a liquid gal 3.785L

SI Prefixes

Prefixes are used in the International System of Units when numerical quantities are quite large or small. Some of these prefixes
are presented in Table 1.3.

Table 1.3. SI prefixes.

Multiplication Factor | Exponential Form Prefix Symbol
1 000 000 000 000 10"2 Tera T
1 000 000 000 10° Giga G
1 000 000 10° Mega M
1 000 10° Kilo K
0.001 107 Milli M
0.000 001 10 Micro M
0.000 000 001 107 Nano N

Chapter Summary

Introduction to structural analysis: Structural analysis is defined as the prediction of structures’ behavior when subjected to
specified arbitrary external loads.

Types of structures: Structural members can be classified as beams, columns and tension structures, frames, and trusses.

@IOIC]E) 14 (1.4.2)
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Fundamental concepts of structural analysis: The fundamental concept and principles of structural analysis discussed in the
chapter include equilibrium conditions, compatibility of displacement, principle of superposition, work-energy principle, virtual
work principle, structural idealization, method of sections, and free-body diagram.

This page titled 1.4: Units of Measurement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: Types of Structural Loads

Dead Loads

Dead loads are structural loads of a constant magnitude over time. They include the self-weight of structural members, such as
walls, plasters, ceilings, floors, beams, columns, and roofs. Dead loads also include the loads of fixtures that are permanently
attached to the structure. Prior to the analysis and design of structures, members are preliminarily sized based on architectural
drawings and other relevant documents, and their weights are determined using the information available in most codes and
other civil engineering literature. The recommended weight values of some commonly used materials for structural members are
presented in Table 2.1. The determination of the dead load due to structural members is an iterative process. During design,
member sizes and weight could change, and the process is repeated until a final member size is obtained that could support the
member’s weight and the superimposed loads.

Table 2.1: Unit weights of construction materials.

Material Unit Weight

lb/ft3 kN/m?
Reinforced concrete 150 23.60
Plain concrete 145 22.60
Structural steel 490 77.00
Aluminum 165 25.90
Brick 120 18.90
Concrete masonry unit 135 21.20
Wood (Douglas fir larch) 34 5.30
Engineered wood (plywood) 36 57

The semi-gravity retaining wall shown in Figure 2.1 Figure 2.1 is made of mass concrete with a unit weight of 23.6 kN/m?.
Determine the length of the wall's weight per foot.
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Solution
Area of wall = (7.8m)(0.6m) + (7.3m)(0.6m) + (3 ) (3m)(7.3m) = 20.01m?

Length of the wall’s weight per foot = 20.01m? x (23.6kN/m?) = 472.24kN/m

Live Loads

Table 2.2: Minimum uniform and concentrated floor live loads.

Occupancy or Use Live Load
Uniform psf (kN/mz) Concentrated b (kN)
Residential dwellings, apartments, hotels 40 (1.92)
Private rooms and corridors serving them 100 (4.79)

Public rooms and corridors serving them

Hospitals 40 (1.92) 1,000 (4.45)
Patient rooms 60 (2.87) 1,000 (4.45)
Operating rooms, laboratories 80 (3.83) 1,000 (4.45)

Corridors above first floor
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Office buildings
Lobbies and first floor corridors
Offices

Corridors above first floor

Recreational Uses
Bowling alleys, poolrooms, and similar uses
Dance halls and ballrooms, gymnasiums

Stadiums and arenas with fixed seats

Stores
Retail
First floor
Upper floors

Wholesale, all floors

Storage, warehouses
Light

Heavy

Manufacturing
Light

Heavy

Schools
Classrooms
Corridors above first floor

First floor corridors

@O0

100 (4.79)
50 (2.409)

80 (3.83)

75 (3.59)
100 (4.79)

60 (2.87)

100 (4.79)
75 (3.59)

125 (6.00)

125 (6.00)

250 (11.97)

125 (6.00)

250 (11.97)

40 (1.92)
80 (3.83)

100 (4.79)

18 (2.1.3)

2,000 (8.99)
2,000 (8.99)

2,000 (8.99)

1,000 (4.45)
1,000 (4.45)

1,000 (4.45)

2,000 (8.909)

3,000 (13.40)

1,000 (4.45)
1,000 (4.45)

1,000 (4.45)



LibreTextS“'

Example 2.1.1

The floor system of the classroom shown in Figure 2.2 consists of a 3-inch-thick reinforced concrete slab supported by steel
beams. If the weight of each steel beam is 62 1b/ft, determine the dead load in 1b/ft supported by any interior beam.

S /. /. /4 W

beam
12ft e 12 ft e 12 ft

<

Fig.2.2. Classroom floor system.
Solution
Dead load due to slab weight = (12ft) (42) (1501b/ft*) = 6001b/ft
Dead load due to beam weight = 621b/ft
Live load due to occupancy or use (classroom) = (401b/ft?) (12ft) = 4801b/ft

Total uniform load on steel beam = 1142lb/ft = 1.142k/ft

Impact Loads

Impact loads are sudden or rapid loads applied on a structure over a relatively short period of time compared with other structural
loads. They cause larger stresses in structural members than those produced by gradually applied loads of the same magnitude.
Examples of impact loads are loads from moving vehicles, vibrating machinery, or dropped weights. In practice, impact loads
are considered equal to imposed loads that are incremented by some percentage, called the impact factor. Some building load
impact factors are presented in Table 2.3. The American Association of State Highway and Transportation Officials (AASHTO)
specifies the following expression for the computation of the impact factor for a moving truck load for use in highway bridge
design:

50
= —-<0. . i
T 125 = 0.3 U.S. customary units
15.2
= ———— < 0.3 SI unit
L+381 —
where

I = impact factor.

= length in feet (or meters) of the span-loaded segment to cause maximum stress in the member under consideration.
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Table 2.3: Building live load impact factors, as specified in ASCE/SEI 7-16.

Loading Case I(%)
Elevator supports and machinery 100
Light machinery supports 20
Reciprocating machine supports 50
Hangers supporting floors and balconies 33
Crane support girders and their connections 25

Environmental Loads

2.1.4.1 Rain Loads

R=5.2(d;+dp) U.S. customary unit
R =0.0098 (ds + d;,) SI units

where
R = rain load on the undeflected roof, in psi or \(\mathrm{KN} / \mathrm{m}*{2}).

ds = depth of water on the undeflected roof up to the inlet of the secondary drainage system (i.e. the static head), in inches or
mm.

dy, = additional depth of water on the undeflected roof above the inlet of the secondary drainage system (i.e. the hydraulic head),
in inches or mm. It depends on the flow rate, the size of the drainage, and the area drained by each drain.

The flow rate, @, in gallons per minute, can be computed as follows:
Q(gpm) = 0.0104A4¢

where

A = roof area in square feet drained by the drainage system.

1 = 100-yr., 1-hr. rainfall intensity in inches per hour for the building location specified in the plumbing code.
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sﬁ’rimary roof drainage system
(Drain at low point of roof)

Fig.2.3. Roof drainage system (Adapted from the International Code Council).

2.1.4.2 Wind Loads

Wind loads are pressures exacted on structures by wind flow. Wind forces have been the cause of many structural failures in
history, especially in coastal regions. The speed and direction of wind flow varies continuously, making it difficult to predict the
exact pressure applied by wind on existing structures. This explains the reason for the considerable research efforts on the effect
and estimation of wind forces. Figure 2.4 shows a typical wind load distribution on a structure. Based on Bernoulli’s principle, the
relationship between dynamic wind pressure and wind velocity can be expressed as follows when visualizing the flow of wind as
that of a fluid:

1

q= 2pV2 (2.1.1)

where

g = dynamic wind pressure air in pounds per square foot.
p = mass density of air.

V = wind velocity in miles per hour.

Basic wind speed for specific locations in the continental United States can be obtained from the basic speed contour map in
ASCE 7-16.

Assuming that the unit weight of air for a standard atmosphere is 8.07651 lb/f’[3 and substituting this value into the previously
stated equation 2.1, the following equation can be used for static wind pressure:

0.0765\ [ 5280\2 V2
=) —— =0.00256V2 2.1.2
( 32.2 )(3600) 2 0.00256V ( )

To determine the magnitude of wind velocity and its pressure at various elevations above ground level, the ASCE 7-16 modified
equation 2.2 by introducing some factors to account for the height of the structure above ground level, the importance of the
structure in regard to human life and property, and the topography of its location, as follows:

¢. = 0.00256 K. K ,K,K,V? Customary units (Ib/ft * )

2.1.3
. = 0.613K,K;K,K.V?>  SIunits (N/m?) (213)

where
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K7 = the velocity pressure coefficient that depends on the height of the structure and the exposure condition. The values of K
are listed in Table 2.4.

K ,; = a topographic factor that accounts for an increase in wind velocity due to sudden changes in topography where there are
hills and escarpments. This factor is an equal unity for building on level ground and increases with elevation.

K, = wind directionality factor. It accounts for the reduced probability of maximum wind coming from any given direction and
for the reduced probability of the maximum pressure developing on any wind direction most unfavorable to the structure. For
structures subjected to wind loads only, K, = 1; for structures subjected to other loads, in addition to a wind load, K, values are
tabulated in Table 2.5.

K. = ground elevation factor. According to section 26.9 in ASCE 7-16, it is expressed as K. = 1 for all elevations.
V = velocity of wind measured at a height z above ground level.
The three exposure conditions categorized as B, C, and D in Table 2.4 are defined in terms of surface roughness, as follows:

Exposure B: The surface roughness for this category includes urban and suburban areas, wooden areas, or other terrain with
closely spaced obstructions. This category applies to buildings with mean roof heights of < 30 ft (9.1 m) if the surface extends
in the upwind direction for a distance greater than 1,500 ft. For buildings with mean roof heights greater than 30 ft (9.1 m), this
category will apply if the surface roughness in the upwind direction is greater than 2,600 ft (792 m) or 20 times the height of the
building, whichever is greater.

Exposure C: Exposure C applies where surface roughness C prevails. Surface roughness C includes open terrain with scattered
obstructions having heights less than 30 ft.

Exposure D: The surface roughness for this category includes flats, smooth mud flats, salt flats, unbroken ice, unobstructed areas,
and water surfaces. Exposure D applies where surface roughness D extends in the upwind direction for a distance greater than
5,000 ft or 20 times the building height, whichever is greater. This also applies if the surface roughness upwind is B or C, and
the site is within 600 ft (183 m) or 20 times the building height, whichever is greater.

Table 2.4: Velocity pressure exposure coefficient, Kz, as specified in ASCE 7-16.

Height z above ground level ft (m) Kz
Exposure
B c D

0-15 (8-4.6) 0.57 (0.78)* 0.85 1.83
20 (6.1) 0.62 (0.709) 0.90 1.88
25 (7.6) 0.66 (0.70) 0.94 112
30 (9.1) 0.70 0.98 1.16
40 (12.2) 0.76 1.04 122
50 (15.2) 0.81 1.09 1.27
60 (18.9) 0.85 1.13 1.31
70 (21.3) 0.89 117 1.34
80 (24.4) 0.93 1.21 138
90 (27.4) 0.96 124 1.48

Table 2.5. Wind directional factor, Kg, as specified in ASCE 7-16.
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Structure Type

Main wind force resisting system (MWFRS) 0.85
Components and cladding 0.85
Arched roofs 0.85
Chimneys, tanks, and similar structures 0.9
Square 0.95
Hexagonal 0.95
Round

Solid freestanding walls and solid freestanding and attached signs 0.85
Open signs and lattice framework 0.85
Trussed towers 0.85
Triangular, square, rectangular 0.95

All other cross sections

To obtain the final external pressures for the design of structures, equation 2.3 is further modified, as follows:
P, = quCp (2.1.4)

where

P, = design wind pressure on a face of the structure at height 2 above ground level. It increases with the height on the windward
wall, but it is constant with the height on the leeward and side walls.

G = gust effect factor. G = 8.85 for rigid structures with a natural frequency of > 1 Hz. The gust factors for flexible structures are
calculated using the equations in ASCE 7-16.

C, = external pressure coefficient. It is a fraction of the external pressure on the windward walls, leeward walls, side walls, and
roof. The values of Cp are presented in Tables 2.6 and 2.7.

To compute the wind load that will be used for member design, combine the external and internal wind pressures, as follows:
P =q.GC, — qn (GCy) (2.1.5)

where

GC); = the internal pressure coefficient from ASCE 7-16.

@IOIC]E) 23 (2.1.8)



LibreTexts"

Wind

(a)
(b) Plan
QhG thCp
(c) Elevation
Fig.2.4. Typical wind distribution on a structureus walls and roof.
Table2.6. Wall pressure coefficient, C,, as specified in ASCE 7-16.
Surface L/B Cp Use with
Windward wall All values 0.8 Az
Leeward wall Qh
0-1 -0.5
2 -0.3
>4 -0.2
Side walls All values -0.7 anh

Notes:
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1.Positive and negative signs are indicative of the wind pressures acting toward and away from the surfaces.
2.L is the dimension of the building normal to the wind direction, and B is the dimension parallel to the wind direction.

Table2.7. Roof pressure coefficients, C,, for use with g3, as specified in ASCE 7-16.

Wind direction Windward angle, 6 Leeward angle, 0
h/L 10° 15° 20° 10° 15° >20°
Normal to ridge
< -0.7 -0.5 -0.3 -0.3 -0.5 -0.6
0.25 -0.9 -0.7 -0.4 -0.5 -0.5 -0.6
0.5 -1.3 -1.8 -0.7 -0.7 -0.6 -0.6
> 10

Example 2.3

The two-story building shown in Figure 2.5 is an elementary school located on a flat terrain in a suburban area, with a wind speed
of 182 mph and exposure category B. What is the wind velocity pressure at roof height for the main wind force resisting system
(MWFRS)?

Moment Resisting
Frames @ 32’ c/c

¥
// // /*//
/]y
/ /‘/
/ /
y
-
Ly £74
10,* I /@ Wind Direction
v ) 32’ /B =96/
Y T T ¥
. L=40 |

Fig.2.5. Two - story building.
Solution
The mean height of the roof is h = 20ft.
ASCE 7-16 states that if the exposure category is B and the velocity pressure exposure coefficient for h = 20’, then K, = 0.7.
The topography factor from section 26.8.2 of ASCE 7-16 is K,; = 1.0.
ASCE 7-16, is K; = 0.85.

Using equation 2.3, the velocity pressure at a roof height of 20" for the MWFRS is as follows:
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¢, = 0.00256 K, K . K, V?
= 0.00256(0.7)(1.0)(0.85)(102)% = 15.841b/ft*

2.1.4.3 Snow Loads

In some geographic regions, the force exerted by accumulated snow and ice on buildings’ roofs can be quite enormous, and it
can lead to structural failure if not considered in structural design.

Suggested design values of snow loads are provided in codes and design specifications. The basis for the computation of snow
loads is what is referred to as the ground snow load. The ground snow load is defined by the International Building Code (IBC) as
the weight of snow on the ground surface. The ground snow loads for various parts of the United States can be obtained from the
contour maps in ASCE 7-16. Some typical values of the ground snow loads from this standard are presented in Table 2.8. Once
these loads for the required geographic areas have been established, they must be modified for specific conditions to obtain the
snow load for structural design.

According to ASCE 7-16, the design snow loads for flat roofs and sloped roofs can be obtained using the following equations:
ps = 0.7C.CiIp,
Ps = Cspf

(2.1.6)
where

ps = design flat roof snow load.

ps = design snow load for a sloped roof.

pg = ground snow load.

I = importance factor. See Table 2.9 for importance factor values, depending on the category of the building.

C. = exposure factor. See Table 2.10 for exposure factor values, depending on the terrain category.

C; = thermal factor. See Table 2.11 for typical values.

C; = slope factor. Values of Cs are provided in section 7.4.1 through 7.4.4 of ASCE 7-16, depending on various factors.

Table2.8. Typical ground snow loads, as specified in ASCE 7-16.

Location Load (PSF)
Lancaster, PA 30
Yakutat, AK 150

New York City, NY 30

San Francisco, CA 5

Chicago, IL 25
Tallahassee, FL )

Table2.9. Importance factor for snow load, Is, as specified in ASCE 7-16.
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Risk Category of Structure Importance Factor
I 0.8

IT 1.0

IIT 1.1

v 1.2

Table2.10. Exposure coefficient, C., as specified in ASCE 7-16.

Terrain Category Exposure of Roof

Fully Exposed Partially Exposed

A: Large city center N/A 11

B: Urban and suburban areas 0.9 1.0
C: Open terrain with scattered obstructions 0.9 1.0
D: Unobstructed areas with wind over open water 0.8 0.9
Above the tree line in windswept mountainous areas 0.7 0.8
Alaska in areas with trees not within two miles of the site 0.7 0.8

Table2.11. Thermal factor, C;, as specified in ASCE 7-16.

Thermal Condition

All structures except as indicated below

Structures kept just above freezing and others with cold, ventilated roofs in which the thermal resistance (R-value)
between the ventilated space and the heated space exceeds 25°F x h x #2/Btu (4.4 K x m2/W)

Unheated and open air structures

Structures intentionally kept below freezing

Continuously heated greenhouses with a roof having a thermal resistance (R-value) less than 2.0 ° F x h x f+2/Btu
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Example 2.4

A single-story heated residential building located in the suburban area of Lancaster, PA is considered partially exposed. The roof
of the building slopes at 1 on 20, and it is without overhanging eaves. What is the design snow load on the roof?

Solution

ASCE 7-16, the ground snow load for Lancaster, PA is

pg = 30 psf. .

Since 30 psf > 20 psf, the rain-on-snow surcharge is not required.

To find the roof slope, use = arctan (5 ) = 2.86°.

ASCE 7-16 states that the thermal factor for a heated structure is C; = 1.0 (see Table 2.11).

ASCE 7-16, the exposure factor for terrain category B, partially exposed is C. = 1.0 (see Table 2.10).
ASCE 7-16 states that the importance factor Iy = 1.0 for risk category II (see Table 2.9).

According to equation 2.6, the flat roof snow load is as follows:

ps = 0.7C.CiIp,
= (0.7)(1)(1)(1)(30psf) = 21pst

Since 21 psf > 20l; = (20 psf )(1) = 20 psf . Therefore, the design flat roof snow load is 21 psf.

2.1.4.4 Seismic Loads

The ground motion caused by seismic forces in many geographic regions of the world can be quite significant and often damages
structures. This is particularly notable in regions near active geological faults. Thus, most building codes and standards require
that structures be designed for seismic forces in such areas where earthquakes are likely to occur. The ASCE 7-16 standard
provides numerous analytical methods for estimating the seismic forces when designing structures. One of these methods of
analysis, which will be described in this section, is referred to as the equivalent lateral force (ELF) procedure. The lateral base
shear V and the lateral seismic force at any level computed by the ELF are shown in Figure 2.6. According to the procedure, the
total static lateral base shear, V, in a specific direction for a building is given by the following expression:

_ Sp
- T(R/)

(2.1.7)

where

V = lateral base shear for the building. The estimated value of V must satisfy the following condition: \[V_{\min }=0.844 S_{D S} I
w

W = effective seismic weight of the building. It includes total dead load of the building and its permanent equipment and
partitions.

T = fundamental natural period of a building, which depends on the mass and the stiffness of the structure. It is computed using
the following empirical formula:

T = Cih? (2.1.8)

C; = building period coefficient. The value of C; = 0.028 for structural steel moment resisting frames, 0.016 for reinforced concrete
rigid frames, and 0.02 for most other structures (see Table 2.12).

h.,, = height of the highest level of the building, and z = 0.8 for steel rigid moment frames, 0.9 for reinforced concrete rigid frames,
and 0.75 for other systems.

Table2.12. C; values for various structural systems.
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Structural System Ct X
Steel moment resisting frames 0.028 0.8
Eccentrically braced frames (EBF) 0.03 0.75
All other structural systems 0.02 0.75

Spr = design spectral acceleration. It is estimated by using a seismic map that provides an earthquake’s intensity of design for
structures at locations with 7' = 1 second.

Spg= design spectral acceleration. It is estimated by using a seismic map that provides an earthquake’s intensity of design for
structures with T'= 0.2 second.

R = response modification coefficient. It accounts for the ability of a structural system to resist seismic forces. The values of R
for several common systems are presented in Table 2.13.

I = importance factor. This is a measure of the consequences to human life and damage to property in the event that the structure
fails. The value of the importance factor is 1 for office buildings, but equals 1.5 for hospitals, police stations, and other public

buildings where loss of more life or damages to property are anticipated should a structure fail.

Table2.13. Response modification coefficient, R, as specified in ASCE 7-16.

Seismic Force-Resisting System R
Bearing wall systems 4
Ordinary reinforced concrete shear walls 2
Ordinary reinforced masonry shear walls 6%

Light-frame (cold-formed steel) walls sheathed with structural panels rated for shear resistance or steel sheets

Building frame systems 5
Ordinary reinforced concrete shear walls 2
Ordinary reinforced masonry shear walls 8

Steel buckling-restrained braced frames

Moment-resisting frame systems 8
Steel special moment frames 31
Steel ordinary moment frames 3

Ordinary reinforced concrete moment frames

@IOIC]E) 29 (2.1.14)



LibreTextS'“

Once the total seismic static lateral base shear force in a given direction for a structure has been computed, the next step is to
determine the lateral seismic force that will be applied to each floor level using the following equation:

W,hE

= Wt (2.1.9)

x

where

F, = lateral seismic force applied to level z.

W; and W, = effective seismic weights at levels i and z.

h; and h, = heights from the base of the structure to floors at levels i and z.
SW;hF = summation of the product W_{i} and h} over the entire structure.

k = distribution exponent related to the fundamental natural period of the structure. For T' < 0.5s, k = 1.0, and for T' > 2.5s, k = 2.0
. For T lying between 0.5s and 2.5s, k& can be computed using the following relationship:

k=1+ T_20'5 (2.1.10)
Leveln .
oV, o A
\
Level n—1 \
.Vl/n—l _. \— Fn—l
\
Level x e o Vs \ F,
"‘ \\
H ) \\
.W3 _N = h_x \\_) F3
/ H \
h, \
ke ki —F
/ \
\
Level 1 oV, ‘ > F,
Ny N %
(a) Frame (b) Story weights  (c¢) Floor deflections (d) Lateral force

Fig.2.6. Equivalent lateral force procedure
Example 2.5

The five-story office steel building shown in Figure 2.7 is laterally braced with steel special moment resisting frames, and it
measures 75 ft by 180 ft in the plan. The building is located in New York City. Using the ASCE 7-16 equivalent lateral force
procedure, determine the lateral force that will be applied to the fourth floor of the structure. The roof dead load is 32 psf, the
floor dead load (including the partition load) is 80 psf, and the flat roof snow load is 40 psf. Ignore the weight of cladding. The
design spectral acceleration parameters are Spg) = 0.28, and\(Sp; = 0.11.
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Fig.2.7. Five - story office building.
Solution
Sps) = 0.28, and\(Sp; = 0.11 (given).
R = 8 for special moment resisting steel frame (see Table 2.13).
An office building is in occupancy risk category II, so I, = 1.0 (see Table 2.9).
Calculate the approximate fundamental natural period of the building T,.
C; = 0.028 and z = 0.8 (from Table 2.12 for steel moment resisting frames).
h,, = Roof height = 52.5 ft

Determine the dead load at each level. Since the flat roof snow load given for the office building is greater than 30 psf, 20% of
the snow load must be included in the seismic dead load computations.

The weight assigned to the roof level is as follows:

Wioot = (32psf) (75t)(100ft) + (20%) (40psf)(75ft)(100ft) = 300, 000Ib
The weight assigned to all other levels is as follows:

W; = (80psf)(75ft)(100£t) = 600, 0001b

The total dead load is as follows:

Wirotal = 300, 0001b + (4)(600, 0001b) = 2700k

Calculate the seismic response coefficient C,.

$ = R/I. 3/1.0

Spi 0.11 —=0.021

Cg=Sps — 0B _ o35
< (22) [(0.67)(8)/1.0]

Therefore, C; = 0.021 > 0.01

Determine the seismic base shear V.
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V = CsW = (0.021)(2700kips) = 56.7k

Calculate the lateral force applied to the fourth floor.

k=1+ 1505 =14 26005 — 1,085

Wbkt
Fy= —=———=-(V
sTwar (V)
= 00(10.5) 75 +600(21) 1 7+ 600(31.5) 757+ 600(42) 10+ 300(52.5) 7% \O 0
= 18.51k

2.1.4.5 Hydrostatic and Earth Pressures

Retaining structures must be designed against overturning and sliding caused by hydrostatic and earth pressures to ensure
the stability of their bases and walls. Examples of retaining walls include gravity walls, cantilever walls, counterfort walls, tanks,
bulkheads, sheet piles, and others. The pressures developed by the retained material are always normal to the surfaces of the
retaining structure in contact with them, and they vary linearly with height. The intensity of normal pressure, p, and the resultant
force, P, on the retaining structure is computed as follows:

p=~h
1 2.1.11
p_ Lo (2.1.11)
2
Where
y = unit weight of the retained material.
h = distance from the surface of the retained material and the point under consideration.
2.1.4.6 Miscellaneous Loads
There are numerous other loads that may also be considered when designing structures, depending on specific cases. Their
inclusion in the load combinations will be based on a designer’s discretion if they are perceived to have a future significant

impact on structural integrity. These loads include thermal forces, centrifugal forces, forces due to differential settlements, ice
loads, flooding loads, blasting loads, and more.

This page titled 2.1: Types of Structural Loads is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Load Combinations for Structural Design

Structures are designed to satisfy both strength and serviceability requirements. The strength requirement ensures the safety of
life and property, while the serviceability requirement guarantees the comfortability of occupancy (people) and the aesthetics of
the structure. To meet the afore-stated requirements, structures are designed for the critical or the largest load that would act on
them. The critical load for a given structure is found by combining all the various possible loads that a structure may carry during
its lifetime. Sections 2.3.1 and 2.4.1 of ASCE 7-16 provide the following load combinations for use when designing structures by
the Load and Resistance Factor Design (LRFD) and the Allowable Strength Design (ASD) methods.

For LRFD, the load combinations are as follows:
114D
212D+ 16L+0.5(L, or S or R)
312D+ 1.6(L, or Sor R)+ (L or 0.5W)
412D +1.0W + L +0.5(L, or S or R)
5.0.9D + 1.0W
For ASD, the load combinations are as follows:
1.D
2\(D +L\)
3\(D + (Lror SorR)
4.D +0.75L +0.75 (L, or S or R)
5.D + (0.6W)
where
e D =dead load.
e [ = live load due to occupancy.
e L, =roof live load.
e S =snow load.
e R =nominal load due to initial rainwater or ice, exclusive of the ponding contributions.

e T =wind load.
e F = earthquake load.

A floor system consisting of wooden joists spaced 6 ft apart on the center and a tongue and groove wood boarding, as shown
in Figure 2.8, supports a dead load (including the weight of the beam and boarding) of 20 psf and a live load of 30 psf.
Determine the maximum factored load in lb/ft that each floor joist must support using the LRFD load combinations.
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Interior Joist

Fig.2.8. Floor system.
Solution
Dead load D = (6)(20) = 120lb/ft
Live load L = (6)(30) = 1801b/ft

Determining the maximum factored loads W, using the LRFD load combinations and neglecting the terms that have no
values, yields the following:

W, = (1.4)(120) = 168lb/ft
W, = (1.2)(120) + (1.6)(180) = 288lb/ft
W, = (1.2)(120) + (0.5)(180) = 2341b/ft
W, = (1.2)(120) + (0.5)(180) = 2341b/ft
W, = (1.2)(120) + (0.5)(180) = 2341b/ft
W, = (0.9)(120) = 108Ib/ft

The governing factored load = 2881b/ft

This page titled 2.2: Load Combinations for Structural Design is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2: STRUCTURAL LOADS AND LOADING SYSTEM

Civil engineering structures are designed to sustain various types of loads and possible combinations of loads that could act
on them during their lifetime. Accurate estimation of the magnitudes of these loads is a very important aspect of the structural
analysis process. There are local and international codes, as well as research reports and documents, that aid designers in this

regard. Structural loads can be broadly classified into four groups: dead loads, live loads, impact loads, and environmental loads.
These loads are briefly described in the following sections.

2.1: Types of Structural Loads

2.2: Load Combinations for Structural Design
2.3: Tributary Width and Area

2.4: Influence Areas

2.5: Live Load Reduction

This page titled 2: Structural Loads and Loading System is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2.3: Tributary Width and Area

A tributary area is the area of loading that will be sustained by a structural member. For example, consider the exterior beam
B1 and the interior beam B2 of the one-way slab system shown in Figure 2.9. The tributary width for B1 is the distance from the
centerline of the beam to half the distance to the next or adjacent beam, and the tributary area for the beam is the area bordered
by the tributary width and the length of the beam, as shaded in the figure. For the interior beam B2-B3, the tributary width Wr is
half the distance to the adjacent beams on both sides.

Fig.2.9. Tributary area.

This page titled 2.3: Tributary Width and Area is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: Influence Areas

Influence areas are areas of loading that influence the magnitude of loads carried by a particular structural member. Unlike
tributary areas, where the load within an area is sustained by the member, all the loads in the influence area are not supported by
the member under consideration.

This page titled 2.4: Influence Areas is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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2.5: Live Load Reduction

Most codes and standards allow for reduction in live loads when designing large floor systems, since it is very unlikely that such
systems will always support the estimated maximum live loads at every instance. Section 4.7.3 of ASCE 7-16 permits a reduction
of live loads for members that have an influence area of A; > 37.2m? (400ft2). The influence area is the product of the tributary
area and the live load element factor. The ASCE 7-16 equations for determining the reduced live load based on the influence area
are as follows:

L=1Lo (0.25 + 18 ) (FPS units )
T (2.5.1)

L=1L (O.25 + AT ) (ST units )

where

L = reduced design live load per ft2 (or m2).

> 0.50L, for structural members supporting one floor (e.g. beams, girders, slabs, etc.).
> 0.40L, for structural members supporting two or more floors (e.g. columns, etc.).

No reduction is permitted for floor live loads greater than 4.79kN/m? (1001b/ft*) or for floors of public assembly, such as stadiums,
auditoriums, movie theaters, etc., as there is a greater possibility of such floors being overloaded or used as car garages.

ASCE 7-16).

Ar = tributary area of member in ft2 (or m2).
ASCE 7-16).

Ap = K, Ar = influence area.

Table2.14. Live load element factor.

Building Element KL

Interior columns and exterior columns without cantilever slabs 4

Exterior columns with cantilever slabs 3

Corner columns with cantilever slabs 2

Interior beams and edge beams without cantilever slabs 2

All other members, including panels in two-way slabs 1
Example 2.7

A four-story school building used for classrooms has its columns spaced as shown in Figure 2.10. The flat roof loading of the
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structure is estimated to be 25lb/ft2. Determine the reduced live load supported by an interior column at the ground level.
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Fig.2.10. A four - story schol building.
Solution
Any interior column at the ground level supports the roof load and the live loads on the second, third, and fourth floors.
The tributary area of an interior column is Ay = (30ft)(30ft) = 900ft?
The roof live load is F = (251b/ft*) (900ft>) = 22, 5001b = 22.5k
For the floor live loads, use the ASCE 7-16 equations to check for the possibility of a reduction.
L,= 4OIb/ft2 (from Table 4.1in ASCE 7-16).
If the interior column K, = 4, then the influence area A; = K1, Ar = (4) (900ft>) = 3600ft”.

Since 3600ft? > 400ft, the live load can be reduced using equation 2.14, as follows:

— 15 _ 15 _ 2
L=1Lo(025+ L) =40 (025 + -1 ) = 200/t

According to Table 4.1in ASCE 7-16, the reduced load as a fraction of the unreduced floor live load for a classroom is (33) = 0.50
> 0.4 Thus, the reduced floor live load is as follows:

Fr = (201b/ft%) (200ft>) = 18,0001b = 18k

The total load supported by the interior column at the ground level is as follows:
Frota) = 22.5k + 3(18k) = 76.5k

Chapter Summary

Structural loads and loading systems: Structural elements are designed for the worst possible load combinations. Some of the
loads that could act on a structure are briefly defined below.

Dead loads: These are loads of a constant magnitude in a structure. They include the weight of structure and the loads that are
permanently attached to the structure.
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Live loads: These are loads of varying magnitudes and positions. They include moveable loads and loads due to occupancy.

Impact loads: Impact loads are sudden or rapid loads applied on a structure over a relatively short period of time compared
with other structural loads.

Rain loads: These are loads due to accumulation of water on a roof top after a rainstorm.

Wind loads: These are loads due to wind pressure exerted on structures.

Snow loads: These are loads exerted on a structure by accumulated snow on a rooftop.

Earthquake loads: These are loads exerted on a structure by the ground motion caused by seismic forces.

Hydrostatic and earth pressures: These are loads on retaining structures due to pressures developed by the retained materials.
They vary linearly with the height of the walls.

Load combinations: The two building design methods are the Load and Resistance Factor Design method (LRFD) and the
Allowable Strength Design method (ASD). Some of the load combinations for these methods are shown below.

LRFD:

114D

212D +1.6L+0.5(L, or | S or R)
312D+ 1.6 (L, or Sor R) + (L or 0.5W)
412D+ 1.0W +L+0.5(L, or S or R)
5.0.9 D+ 1.0W

ASD:

1. D

2.D+L

3.D+ (L, or Sor R)

4.D+0.75L + 0.75 (L, or S or R)

5.D + (0.6W)
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Practice Problems

2.1 Determine the maximum factored moment for a roof beam subjected to the following service load moments:
Mp = 40 psf (dead load moment)

M;, = 36 psf (roof live load moment)

Mg = 16 psf (snow load moment)

2.2 Determine the maximum factored load sustained by a column subjected to the following service loads:
Pp =500 kips (dead load)

P, = 280 kips (floor live load)

Pg = 200 kips (snow load)

Pr, = £30 kips (earthquake load)

Py = £70 kips (wind load)

2.3 The typical layout of a steel-reinforced concrete composite floor system of a library building is shown in Figure P2.1. Determine
the dead load in lb/ft acting on a typical interior beam B1 — B2 in the second floor. All beams are W + 2 x 44, spaced at 10 ft o.c.
The distributed loads on the second floor are as follows:

2 in. thick sand-cement screed = 0.25 psf
6 in. thick reinforced concrete slab =50 psf
Suspended metal lath and gypsum plaster ceiling =10 psf
Electrical and mechanical services = 4 psf

Typical floor plan
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Fig.P2.1. A steel - reinforced concrete composite floor system.

2.5 The second-floor layout of an office facility is shown in Figure P2.1. The floor finishing is similar to that of practice problem
2.3. Determine the total dead load applied to the interior column B2 at the second floor. All beams are W14 x 75, and all girders
are \(W 18 \times 44\).

2.6 A four-story flat roof hospital building shown in Figure P2.2 has concentrically braced frames as its lateral force resisting
system. The weight at each floor level is indicated in the figure. Determine the seismic base shear in kips given the following
design data:

Si = 159

Ss = 0.69g

Site class =D

Roof

x roof = 600Kips
10'-0’

3 W, th g, = 800Kips
12'-0’

Y — Ward g0 = 800Kips
12'-0'

*}{ Wznd floor = 800klps
12'-0'

Y

(a) Elevation

Fig.P2.2. A four - story flat roof building.

2.7 Use ASCE 7-16 to determine the snow load (psf) for the building shown in Figure P2.3. The following data apply to the building:
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Ground snow load = 30 psf

Roof is fully exposed with asphalt shingles.
Roof’s slope angle = 25°

Open terrain

Occupancy Category I

Unheated structure

roofboards

Wood shingles

Fig.P2.3. A sample roof.

2.8. In addition to the design snow load computed in practice problem 2.7, the roof of the building in Figure P2.3 is subjected
to a dead load of 16 psf (including the weight of a truss, roof board, and asphalt shingle) on the horizontal plane. Determine the
uniform load acting on the interior truss, if the trusses are 6ft-Qin on center.

2.9 Wind blows at a speed of 90 mph on the enclosed storage facility shown in Figure P2.4. The facility is situated on a flat terrain

with an exposure category B. Determine the wind velocity pressure in psf at the eave height of the facility. The topographic factor
is Kzt = 1.0.
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Fig.P2.4. An enclosed storgae facility.
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UNIT 2: ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

3: Equilibrium Structures, Support Reactions, Determinacy and Stability of Beams and Frames
3.1: Equilibrium of Structures

3.2: Types of Supports and Their Characteristics
3.3: Determinacy and Stability of Beams and Frames

3.4: Computation of Support Reactions for Planar Structures

4: Internal Forces in Beams and Frames
4.1: Introduction

4.2: Basic Definitions
4.3: Sign Convention

4.4: Relation Among Distributed Load, Shearing Force, and Bending Moment

5: Internal Forces in Plane Trusses
5.1: Introduction

5.2: Types of Trusses

5.3: Determinacy and Stability of Trusses

5.4: Assumptions in Truss Analysis

5.5: Joint Identification and Member Force Notation

5.6: Methods of Truss Analysis

6: Arches and Cables
6.1: Arches
6.2: Cables

7: Deflection of Beams- Geometric Methods
7.1: Introduction

7.2: Derivation of the Equation of the Elastic Curve of a Beam
7.3: Deflection by Method of Double Integration

7.4: Deflection by Method of Singularity Function

7.5: Deflection by Moment-Area Method

7.6: Deflection by the Conjugate Beam Method
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3: EQUILIBRIUM STRUCTURES, SUPPORT REACTIONS,

DETERMINACY AND STABILITY OF BEAMS AND FRAMES

3.1: Equilibrium of Structures
3.2: Types of Supports and Their Characteristics
3.3: Determinacy and Stability of Beams and Frames

3.4: Computation of Support Reactions for Planar Structures

This page titled 3: Equilibrium Structures, Support Reactions, Determinacy and Stability of Beams and Frames is shared under a CC BY-NC-SA
4.0 license and was authored, remixed, and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and
standards of the LibreTexts platform.
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3.1: Equilibrium of Structures

Engineering structures must remain in equilibrium both externally and internally when subjected to a system of forces. The
equilibrium requirements for structures in two and three dimensions are stated below.

3.1.1 Equilibrium in Two Dimensions

For a structure subjected to a system of forces and couples which are lying in the xy plane to remain at rest, it must satisfy the

following three equilibrium conditions:
S F =0 F,=0% M.=0 (3.1.1)

The above three conditions are commonly referred to as the equations of equilibrium for planar structures. ¥Fx and X Fy are the
summation of the z and y components of all the forces acting on the structure, and XM  is the summation of the couple moments
and the moments of all the forces about an axis z, perpendicular to the plane xy of the action of the forces.

3.1.2 Equilibrium in Three Dimensions

A structure in three dimensions, that is, in a space, must satisfy the following six requirements to remain in equilibrium when
acted upon by external forces:

S F,=0YF,=0YF =0

3.1.2
>M,=0;>M,=0;> M, =0 ( )

This page titled 3.1: Equilibrium of Structures is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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3.2: Types of Supports and Their Characteristics

The type of support provided for a structure is important in ensuring its stability. Supports connect the member to the ground
or to some other parts of the structure. It is assumed that the student is already familiar with several types of supports for rigid
bodies, as this was introduced in the statics course. However, the characteristics of some of the supports are described below
and shown in Table 3.1.

Pin or Hinge Support

A pin support allows rotation about any axis but prevents movement in the horizontal and vertical directions. Its idealized
representation and reactions are shown in Table 3.1.

Roller Support

A roller support allows rotation about any axis and translation (horizontal movement) in any direction parallel to the surface on
which it rests. It restrains the structure from movement in a vertical direction. The idealized representation of a roller and its
reaction are also shown in Table 3.1.

Rocker Support

The characteristics of a rocker support are like those of the roller support. Its idealized form is depicted in Table 3.1.

Link

A link has two hinges, one at each end. It permits movement in all direction, except in a direction parallel to its longitudinal
axis, which passes through the two hinges. In other words, the reaction force of a link is in the direction of the link, along its
longitudinal axis.

Fixed Support

A fixed support offers a constraint against rotation in any direction, and it prevents movement in both horizontal and vertical
directions.

This page titled 3.2: Types of Supports and Their Characteristics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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3.3: Determinacy and Stability of Beams and Frames

Prior to the choice of an analytical method, it is important to establish the determinacy and stability of a structure. A
determinate structure is one whose unknown external reaction or internal members can be determined using only the conditions
of equilibrium. An indeterminate structure is one whose unknown forces cannot be determined by the conditions of static
equilibrium alone and will require, in addition, a consideration of the compatibility conditions of different parts of the structure
for its complete analysis. Furthermore, structures must be stable to be able to serve their desirable functions. A structure is
considered stable if it maintains its geometrical shape when subjected to external forces.

Formulations for Stability and Determinacy of Beams and Frames

The conditions of determinacy, indeterminacy, and instability of beams and frames can be stated as follows:

where

3m + r < 35+ C Structure is statically unstable
3m + r = 35 + C Structure is statically determinate

3m 4+ r > 35+ C Structure is statically indeterminate

e 7 = number of support reactions.

e ( = equations of condition (two equations for one internal roller and one equation for each internal pin).
e m = number of members.
e j=number of joints.

Alternative Formulation for Determinacy and Stability of Beams and

Frames

Table3.1. Types of supports.

Idealization of Support

Reaction

Characteristics

%\/ L
‘. LJ
Pin or hinge

Prevents movement in the
vertical and horizontal direction
but allows rotation.

are

Prevents movement in the
vertical direction but allows
rotation and translation in the

(@ b (& horizontal direction.
—— O
L1 T
Roller Ey
The characteristics of a rocker
support are similar to that of a
roller.
- T
Rocker E
) Prevents movement in the
o F direction perpendicular to the
\ axis of the link.
s ¢
Link }
Does not allow translation in
H: F, = any direction and rotation.
. M
Fixed F,

(3.3.1)

\[\begin{array}{l} r+F_{i}<3 m \text { Structure is statically unstable}\ r+F_{i}=3 m \text { Structure is statically determinate}\
r+F_{i}>3 m \text { Structure is statically indeterminate} \end{array}\]

where
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e 7 = number of support reactions.
e F; = number of reaction forces transmitted by an internal hinge or internal roller.
e m = number of members.

Example 3.1

Classify the beams shown in Figure 3.1 through Figure 3.5 as stable, determinate, or indeterminate, and state the degree of
indeterminacy where necessary.

FBD

Fig.3.1. Beam.
Solution
First, draw the free-body diagram of each beam. To determine the classification, apply equation 3.3 or equation 3.4.

Using equation 3.3, 7 =7, m = 2, ¢ = 0, j = 3. Applying the equation leads to 3(2) + 7 > 3(3) + 0, or 13 > 9. Therefore, the beam is
statically indeterminate to the 4°.

Using equation 3.4, r =7, m = 1, F; = 0. Applying the equation leads to 7 + 0 > (3)(1), or 7 > 3. Therefore, the beam is statically
indeterminate to the 4°.

Note: When using equation 3.3, the portions on either side of the interior support are counted as separate members.

FBD
A

I I

Fig.3.2. Beam.
Solution

Using equation 3.3, r =6, m = 3, ¢ = 0, j = 4. Applying the equation leads to 3(3) + 6 > 3(4) + 0, or 15 > 12. Therefore, the beam
is statically indeterminate to the 3°.

Using equation 3.4, r = 6, \(m = 1, F; = 0. Applying the equation leads to 6 + 0 > (3)(1), or 6 > 3. Therefore, the beam is statically
indeterminate to the 3°.

FBD

(o

A
- —>
/

| |
A
] - ‘

Fig.3.3. Beam.
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Solution

Using equation 3.3,r = 5, m = 3, ¢ = 1, j = 4. Applying the equation leads to 3(3) + 5 > 3(4) + 1, or 14 > 13. Therefore, the beam is
statically indeterminate to the 1°.

Using equation 3.4, r =5, m = 2, F; = 2. Applying the equation leads to 5 + 2 > 3(2), or 7 > 6. Therefore, the beam is statically
indeterminate to the 1°.

FBD

A
I C | —s |
e & & & v

Fig.3.4. Beam.

Solution

Using equation 3.3, 7 =5, m = 4, ¢c= 1, j = 5. Applying the equation leads to 3(4) + 5 > 3(5) + 1, or 17 > 16. Therefore, the equation
is statically indeterminate to the 1°.

Using equation 3.4, r = 5, m = 2, F; = 2. Applying the equation leads to 5 + 2 > 3(2), or 7 > 6. Therefore, the beam is statically
indeterminate to the 1°.

(e D) |
e E&E T *
FBD
| R —
Y | Y ¥

Fig.3.5. Beam.

Solution

Using equation 3.3, r =5, m = 5, ¢ = 2, j = 6. Applying the equation leads to 3(5) + 5 = 3(6) + 2, or 20 = 20. Therefore, the beam
is statically determinate.

Using equation 3.4, r =5, m = 3, F; = 4. Applying the equation leads to 5 + 4 > 3(3), or 9 = 9. Therefore, the beam is statically
determinate.

Example 3.2

Classify the frames shown in Figure 3.6 through Figure 3.8 as stable or unstable and determinate or indeterminate. If
indeterminate, state the degree of indeterminacy.
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FBD Disassembled Frame
I

Fig.3.6. Frame.
Solution

Using equation 3.3, r =3, m = 3, ¢ = 0, j = 4. Applying the equation leads to 3(3) + 3 = 3(4) + 0, or 12 = 12. Therefore, the frame
is statically determinate.

Using equation 3.4, r = 3, m = 1, F; = 0. Applying the equation leads to 3 + 0 = (3)(1), or 3 = 3. Therefore, the frame is statically
determinate.

Note: When using equation 3.3 for classifying a frame, the frame must be disassembled at its joints to correctly determine the
number of members.

Fig.3.7. Frame.
Solution

Using equation 3.3, r = 6, m = 3, ¢ = 1, j = 4. Applying the equation leads to 3(3) + 6 > 3(4) + 1, or 15 > 13. Therefore, the frame
is statically indeterminate to the 2°.

Using equation 3.4, r = 6, m = 2, F; = 2. Applying the equation leads to 6 + 2 > 3(2), or 8 > 6. Therefore, the frame is statically
indeterminate to the 2°.
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FBD
—+

Fig.3.8. Frame.

Solution

Using equation 3.3, r =4, m =9, ¢ =0, j = 8. Applying the equation leads to 3(9) + 4 > 3(8) + 0, or 31 > 24. Therefore, the frame
is statically indeterminate to the 7°.

Using equation 3.4, r =4, m = 1, F; = 9. Applying the equation leads to 4 + 9 > (3)(2), or 13 > 6. Therefore, the frame is statically
indeterminate to the 7°.

Note: When using equation 3.4 to classify a frame with a closed loop, as given here, the loop has to be cut open by the method of
section, and the internal reactions in the cut section should be considered in the analysis.

This page titled 3.3: Determinacy and Stability of Beams and Frames is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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3.4: Computation of Support Reactions for Planar Structures

The support reactions for statically determinate and stable structures on a plane are determined by using the equations of
equilibrium. The procedure for computation is outlined below.

Procedure for Computation of Support Reactions

e Sketch a free-body diagram of the structure, identifying all the unknown reactions using an arrow diagram.

e Check the stability and determinacy of the structure using equation 3.3 or 3.4. If the structure is classified as determinate,
proceed with the analysis.

e Determine the unknown reactions by applying the three equations of equilibrium. If a computed reaction results in a negative
answer, the initially assumed direction of the unknown reaction, as indicated by the arrow head on the free-body diagram,
is wrong and should be corrected to show the opposite direction. Once the correction is made, the magnitude of the force
should be indicated as a positive number in the corrected arrow head on the free-body diagram

Example 3.3

A cantilever beam is subjected to a uniformly distributed load and an inclined concentrated load, as shown in figure 3.9a.
Determine the reactions at support A.

4 kN/m

| |

16 kN

. TA (c)
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Fig.3.9. Beam
Solution

Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.9b. The support reactions, as indicated in the
free-body diagram, are A,, A,, and M.

Computation of reactions. Prior to the computation of the support reactions, the distributed loading should be replaced by a
single resultant force, and the inclined loading resolved to the vertical and horizontal components. The magnitude of the resultant
force is equal to the area under the rectangular loading, and it acts through the centroid of the rectangle. As seen in Figure 3.9c,
P = [(4kN/m)(2m)], and its location is at the centroid of the rectangle loading = [(4) (2m)]. Applying the equations of static

equilibrium provides the following:

W4+ Ms=0
—(16sin75°) (8) — (4 x 2)(1) + M4 =0
My =131.64kN-m My = 131.64kN - m v

A, —16sin75" — (4x 2) =0

A, = 23.45kN A, = 23.45kN 1
—-+> F:=0 A, =0
A, =0

Example 3.4

A 12ft-long simple beam carries a uniformly distributed load of 2 kips/ft over its entire span and a concentrated load of 8 kips at
its midspan, as shown in Figure 3.10a. Determine the reactions at the supports A and B of the beam.

2 kips
2 kips/ft l
vILIVLLI LRI
A B
E 3 -
'[< 12 ft >l‘
(@)
2 Klps 2 kips
2 kips/ft
A TB |(2 k/ft) (24 fr)
Ay (b) ¥ Al r
Ay (© B

Fig.3.10. Simple beam.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.10b.

Computation of reactions. The distributed loading is first replaced with a single resultant force, as seen in Figure 3.10c. The
magnitude of the resultant force is equal to the area of the rectangular loading (distributed force). Thus, P = [(2k/ft)(12ft)], and
its location is at the centroid of the rectangular loading = [(4) (12ft)] Since there is a symmetry in loading in this example, the
reactions at both ends of the beam are equal, and they could be determined using the equations of static equilibrium and the
principle of superposition, as follows:
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+1YF,=0
Ay=B,=(&2)+ % =13kips A, =B, =13kips 1
+_)ZF)(:0 Ax:0

Ay=0

Example 3.5

A beam with an overhang is subjected to a varying load, as shown in Figure 3.11a. Determine the reactions at supports A and B.

10 kN/m

P = (3) (10 kN/m)(6 m)

©
Fig.3.11. Beam with an overhang.

Solution

Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.11b.

Computation of reactions. Observe that the distributed loading in the beam is triangular. The distributed load is first replaced
with a single resultant force, as shown in Figure 3.11c. The magnitude of the single resultant force is equal to the area under the
triangular loading. Thus, p = (%) (6m)(10kN/m), and its centroid is at the center of the loading (6m). Applying the equations of
equilibrium provides the following:

““-i-EMA:O

— (%) (10)(6)(3)+3B=0
B,=30kN B, =30kN

T+3F,=0
30+ A,—(3)(6)(10)=0 A, =0
= +>F,=0

A, =0 A, =0
Example 3.6

A beam with overhanging ends supports three concentrated loads of 12 kips, 14 kips, and 16 kips and a moment of 100 kips.ft, as
shown in Figure 3.12a. Determine the reactions at supports A and B.
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12 kips 14 kips 16 kips 12 kips 14 kips 16 kips

100 k . ft l 100 k . ft
A B

L

2% |2t | 2. | 2t 4 ft
A, B
(a) (b)
Fig.3.12. Beam with overhanging ends.

Solution
Free-body diagram. The free-body diagram of the beam is shown in Figure 3.12b.
Computation of reactions. Applying the equations of equilibrium provides the following:

+¥My=0

—100 + 12(2) — 14(2) — 16(8) + 4B, = 0

B, = 58 kips B, = 58 kips 1

+1>F,=0

58+A4,—-12—-14—16=0 A, =26 kips 1

+—=>>F,=0
A, =0 A,

Example 3.7

A compound beam is subjected to the loads shown in Figure 3.13a. Find the support reactions at A and B of the beam.

25 kN
10 kN/m
b T
(e B
¢ s
l2m | 2m |, 7m ]
(@)
10 kN/m
l l l l ll l l l l l Schematic Diagram of Member-Interaction
B
e

M(f € ©

Fig.3.13. Compound beam.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.13b.

Identification of primary and complimentary structures. For correct analysis of a compound structure, the primary and the
complimentary parts of the structure should be identified for proper understanding of their interaction. The interaction of these
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parts are shown in Figure 3.13c. The primary structure is the part of the compound structure that can sustain the applied external
load without the assistance of the complimentary structure. On the other hand, the complimentary structure is the part of the
compound structure that depends on the primary structure to support the applied external load. For the given structure, part AC
is the primary structure, while part CB is the complimentary structure.

Computation of reactions. The analysis of a compound structure must always begin with the analysis of the complimentary
structure, as the complimentary structure is supported by the primary structure. Using the equations of equilibrium, the support
reactions of the beam are determined as follows:

Analysis of the complimentary structure CB.

P = (10 kN/m)(7m)

¥ vV Y Y YYYYVYYY

O

—

Y >0
oo

Y e

\
7m ‘1

L

By

(d) (e)

Computation of support reaction. The isolated free-body diagram of the complimentary structure is shown in Figure 3.13c. First,
the distributed loading is replaced by a single resultant force (P), which is equal to the area of the rectangular loading, as shown
in Figure 3.13d and Figure 3.13e. Applying the equations of equilibrium, and noting that due to symmetry in loading, the support
reactions at point C and B are equal in magnitude, provides the following:

+1 X F,=0

B,=C, =20 _35kN B, =C, =40 — 35k

Analysis of the primary structure AC.

25kN  C, = 35kN

A

M
Zm)_ 2m

Ay

(f)

Computation of support reaction. Note that prior to the computation of the reactions, the reaction at point C in the complimentary
structure is applied to the primary structure as a load. The magnitude of the applied load is the same as that of the
complimentary structure, but it is opposite in direction. Applying the equations of equilibrium suggests the following:
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+“‘EMA=0

—25(2) —35(4)+ M4 =0
My=190kN -m My =190kN - m v
Y4 F, =0

A, —25-35=0

A, =60kN A, = 60kN 1
+—- Y F,=0

A, =0 A;=0

Example 3.8

Find the reactions at supports A, C, and E of the compound beam carrying a uniformly distributed load of 10 kips/ft over its entire
length as shown in figure 3.14a.

10 kips/ft

: ll l l l l l(} l l l l li l l l l l l”: Schematic Diagram of Member-Interaction

B Caly D F '3
| 10 ft Jeaft | 4ft 8 ft |
I 1 (D w

(a) (©

10 kips/ft

—
try e

t

D

D

10 kips/ft f
A

Cy

y

y

<

B
B

<

10 kips/ft 1
" ‘W ! ®

A}’
Fig. 3.14. Compound beam.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.14b.

Identification of primary and complimentary structures. The interaction diagram for the given structure is shown in Figure 3.14c.
AB is the primary structure, while BD and DE are the complimentary structures.

Computation of reactions.

Analysis of complimentary structure DE.
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= (10 k/ft)(8 ft)

P
10 kips/ft l

by
-

St

‘5‘1

(c) (d)

Computation of support reaction. The isolated free-body diagram is shown in Figure 3.14c. First, the distributed loading is
replaced by a single resultant force (P) equal the area of rectangular loading, as shown in Figure 3.14d. Applying the equations of
equilibrium, and noting that due to symmetry in loading, the support reactions at point D and E are equal in magnitude, suggests
the following:

+12F,=0
D, =E, =¥ _ 40kips E, = 40kips 1

= (10 k/ft)(8 ft)

D, =40k b
D, =40k
10 kips/ft

<€

YVYYVYVY

.T
- b,

(e) (f)

Computation of support reaction. The isolated free-body diagram is shown in Figure 3.14e. First, the distributed loading is
replaced by a single resultant force (P) equal to the area of the rectangular loading, as shown in Figure 3.14f. The load from the
complimentary structure is applied at point D. Applying the equations of equilibrium suggests the following:
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+¥v Y Mp=0

—10(8) (§) —40(8) +4C, =0
Cy, =160 kips Cy = 160 kips 1
+1YF,=0

160 — B, — 10(8) —40 =0

B, = 40 kips

Analysis of primary structure AB.
P = (10 k/ft)(10 ft)
TBy =40k

” (9) O

Computation of support reaction. Note that prior to the computation of the reactions, the uniform load is replaced by a single
resultant force, and the reaction at point B in the complimentary structure is applied to the primary structure as a load. Applying
the equilibrium requirement yields the following:

+¥ > My=0
M —10(10) (42) + 40(10) = 0
M 4 = 100kips.ft M4 = 100kips.ft ¥
12X F,=0
A, —10(10) +40 =0
Ay = 60kips Ay = 60kips T
+—= Y F,=0
A, =0 A, =0

Example 3.9

Find the reactions at supports A, B, E, and F of the loaded compound beam, as shown in Figure 3.15a.
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24 kN

T - 20 kN . m
B ]
|<2m>|<2m)|}.5r;1< 4m )|<4m )|<4m )l

10kN/ m
Cy
24 kN Cy
B
A C
A, B,
(b)
Schematic Diagram of Member-Interaction
(©)

Fig.3.15. Compound beam.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.15b.

Identification of primary and complimentary structure. The interaction diagram for the given structure is shown in Figure 3.15c.
CD is the complimentary structure, while AC and DF are the primary structures.

Computation of reactions.

Analysis of complimentary structure CD.
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P=(10kN/m)(4 m)

(d)

Computation of support reaction. The isolated free-body diagram is shown in Figure 3.15c. First, the distributed loading is
replaced by a single resultant force (P), which is equal to the area of the rectangular loading, as shown in Figure 3.15d. Applying
the equations of equilibrium, and noting that due to symmetry in loading, the support reactions at point C and D are equal in
magnitude, suggests the following:

+1YF,=0
Cy =D, =14 — 20kN

Analysis of primary structure AC.

24 kN C, = 20kN
A ' C
A B,

y
(e)

Computation of support reaction. Note that the reaction at AC of the complimentary structure is applied as a downward force of
the same magnitude at the same point on the primary structure. Applying the equation of equilibrium suggests the following:
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+ ¥ Z MA =0

—24(2) —20(5.5) + 4B, =0

B, = 39.5kN B, = 39.5kN 1
+1> F,=0

A, +395-24—-20=0

A, = 4.5kN A, =4.5kN 1
+—- Y F,=0

A, =0 A, =0

Analysis of primary structure DF.

Dy,

D L J'Hq'ﬁ'E"H'T'“'j"l? 20 kN . m

E

(f)
P = (2) (10 kN/m)(8 m)

D F L 20kN.m

E1 %
E, F

Y
(9)

Computation of support reaction. The isolated free-body diagram is shown in Figure 3.15f. First, the distributed loading is
replaced by a single resultant force (P) equal to the area of the triangular loading, as shown in Figure 3.15g. Applying the
equations of equilibrium, and noting that the support reaction at point D of the complimentary structure is applied as a load on
the primary structure, suggests the following:
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+ ¥ Z Mp=0

—20+ (4 x 8 x 10) (2 x 8) +20(8) —4E, =0
E,=8833kN E, = 8833kN 1

+1YF,=0

F,+88.33— (4 x8x10)—20=0

F, =28.33kN F, = 28.33kNuparrow

Example 3.10

Determine the reactions at supports A and D of the frame shown in Figure 3.16a.

3 kips/ft

2 kips/ft

P=(3)(3K/f)(6f)

3 kips/ft

2 kips/ft

syl

|
?

(b) (o)

Fig.3.16. Frame.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.16b.

Computation of reactions. The distributed loads in column AB and beam BC are first replaced by single resultant forces
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determined as the area of their respective shade of loading, as shown in Figure 3.16c. Applying the conditions of equilibrium
suggests the following:

+ ¥ Z My=0

D,(6) — (3) (6)(3)(3) — (2)(8)(4) =0
D, =15.7kips D, = 15.7kips 1
+1>F,=0

Ay +1517—-3(6)=0

A, =2.830kips A, = 2.830kips 1
+—=>>F:=0

—A,+(2x8)=0

A, = 16kips A, = 16kips +

Example 3.11

A rigid frame is loaded as shown in Figure 3.17a. Determine the reactions at support D.

10 kips

4 kips/ft

P=®ay 10 kips.

Fig.3.17. Rigid frame.
Solution
Free-body diagram. The free-body diagram of the entire beam is shown in Figure 3.17b.

Computation of reactions. The distributed load in portion AB of the frame is first replaced with a single resultant force, as shown
in Figure 3.17c. Applying the equations of equilibrium suggests the following:

+¥ > Mp=0

14
~ Mp —16(8) + (4 x 14) (7) ~10(10) =0
Mp = 164 kips. ft Mp = 164 kips. ft ~ A

+1Y F,=0

D, —4(14)—10=0

D, =66 kips D, = 66 kips 1
+—= Y Fe=0

—~D,+16=0

D, =16 kips D, =16 kips <+
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Example 3.12

Find the reactions at supports E and F of the frame shown in Figure 3.18a.

8 kN/m 8 kN/m
4 kN/m

(b) (©)

Fig.3.18. Frame.
Solution
Free-body diagram. The free-body diagram of the frame is shown in Figure 3.18b.

Computation of reactions. The distributed loads are first replaced with single resultant forces, as shown in Figure 3.18c. Applying
the equations of static equilibrium suggests the following:

@IOIC]E) 67 (3.4.14)



LibreTextS“'

+¥Y Y Mp=0

(3 x4x8) (3 x4) —(4xT)(g) — (g x4x8) (3 +3 x4)+TF,=0
F,=22kN F,=22kN 1

+1XF,=0

E,+22-2(3x4x8)—4(7) =0

E,=38kN E, =38kN 1

+—= Y F,=0

E,=0 E,=0

Example 3.13

Determine the reactions at support A of the rigid frame shown in Figure 3.19a.

20 kN

10 kN/m v
(@

20 kN 20 kN

) (10)(10)

e

10 kN/m

Ay ©

Fig.3.19. Rigid frame.
Solution
Free-body diagram. The free-body diagram of the frame is shown in Figure 3.19b.

Computation of reactions. The distributed load in column AB is first replaced with a single resultant force, as shown in Figure
3.19¢. Applying the equations of static equilibrium suggests the following:

+¥V > My=0

—M4 —20(3) — (5 x 10 x 10) (3 x 10) =0
My =-22667kN-m My =22667kN-m ¥
+1YF,=0

Ay—20=0

A, =20kN A, =20kN 1

+—= Y F,=0

—A; + (3 x10%x10) =0

Ay, =50kN A, = 50kN «

Example 3.14

Determine the reactions at supports A and E of the frame hinged at C, as shown in Figure 3.20a.
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2 kip/ft

(a)
10 kips

G
C, D a

e
lk_cx )
S
Il
2 kip/ft aQ,

5ft
Ey

(b)
Fig.3.20. Frame.

Solution
Free-body diagram. The free-body diagram of the frame is shown in Figure 3.20b.

Computation of reactions. The reactions in a compound frame are computed considering the freebody diagrams of both the
entire frame and part of the frame. Prior to computation of the reactions, the distributed load in the column is replaced by a single
resultant force. The vertical reactions at E and A and the horizontal reactions at A are found by applying the equations of static
equilibrium and considering the free-body diagram of the entire frame. The horizontal reaction at F is found by considering part

CDE of the free-body diagram.

+¥ Y Ms=0

8E, —(2x10) () —10(4) =0

E, = 17.5 kips E, = 17.5kips 1
+1>F,=0

A, +175—-10=0

A, = —T7.5 kips A, =75 kips |

@IOIC]E) 69 (3.4.16)



LibreTextS“'

The negative sign implies that the originally assumed direction of A, was not correct. Therefore, A, acts downward instead of
upward as was initially assumed. This should be corrected in the subsequent analysis.

To determine E,,consider the moment of forces in member CDFE about the hinge.

VW43 Me=0

17.5(4) — 10E, =0

E, =7 kips E, =7kips «
+—2 Y F,=0
—A,—T7+2x10=0

A, = 13 kips A, =13 kips +

Example 3.15

Find the reactions at support A and B of the loaded frame in Figure 3.21a. The frame is hinged at D.

12 kN

12 kN 12 kN

=z 15 kN
N

Fig.3.21. Loaded frame.
Solution
Free-body diagram. The free-body diagram of the frame is shown in Figure 3.21b.

Computation of reactions. The distributed load in column AC is first replaced with a single resultant force by finding the area
of loading, as shown in Figure 3.21Figurec. The reaction at B is computed by taking the moment of the forces in part DB of the
frame about the pin at D, and other reactions are determined by applying other conditions of equilibrium.

+“‘_\ZMD=0
B,(0) — 15(4) =0
B, =0
+ndy My=0

1 1
MA+6><07(§><8><20> (§><8)712(3)+15(4)=0
My =189.33kN-m M,y = 189.33kN - m ~

+1> F,=0
Ay +0-12=0
Ay=—12kN 4,=12]

The negative sign implies that the originally assumed direction of A, was not correct. Therefore, A, acts downward instead of
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upward as was initially assumed. This should be corrected in the subsequent analysis.
+—->> F,=0

—A, — 15+ ($ x8x20)=0
A, =65kN A, = 65kN —

Chapter Summary

Conditions of static equilibrium: A structure is in a state of static equilibrium if the resultant of all the forces and moments
acting on it is equal to zero. Mathematically, this is expressed as follows:

YF=0XM=0
For a body in a plane, there are the following three equations of equilibrium:
SFx=0XFy =05 SMy=0

Types of support: Various symbolic representations are used to model different types of supports for structures. A roller is used
to model a support that prevents a vertical movement of a structure but allows a horizontal translation and rotation. A pin is used
to model a support that prevents horizontal and vertical movements but allows rotation. A fixed support models a support that
prevents horizontal and vertical movements and rotation.

V=20 V
H # 0 H
8 + 0 6

- ) b
Y l I ———

Determinacy, indeterminacy, and stability of structures: A structure is determinate if the number of unknown reactions is
equal to the number of static equilibrium. Thus, the equations of static equilibrium are enough for the determination of the
supports for such a structure. On the other hand, a statically indeterminate structure is a structure that has the number of the
unknown reactions in excess of the equations of equilibrium. For the analysis of an indeterminate structure additional equations
are needed, and these equations can be obtained by considering the compatibility of the structure. Indeterminate structures are
sometimes necessary when there is a need to reduce the sizes of members or to increase the stiffness of members. A stable
structure is one which has support reactions that are not parallel or concurrent to one another. The formulation of stability and
determinacy of beams and frames are as follows:

0 |4
0 H
0

0
0

L

Beams and frames: 3m + r < 3j + C Structure is unstable

3m + r = 3j + C Structure is determinate

3m + r > 3j + CStructure is indeterminate

Practice Problems

3.1 Classify the structures shown in Figure P3.1a to Figure P3.1p as statically determinate or indeterminate, and statically stable
or unstable. If indeterminate, state the degree of indeterminacy.
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(b)
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© ﬁ

o)

& & iﬁt 3

@ (h)
Hinge
Hinge Hinge
‘ | Hinge Hinge H
0] [0} (k)
Hinge
o m ™

Hinge

Fig.P3.1. Structure classification.

3.2. Determine the support reactions for the beams shown in Figure P3.2 through Figure P3.12.

150 kN
24 kN

’ 2m ok 1m ,g5 rq?-_Sry

Fig.P3.2. Beam.
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@O0

A B

450 kN/m

Fig.P3.3. Beam.

" 12 >
AN 30 kN/m
C

B

|( 2m J.  2m )|(1.5m)|

Fig.P3.5. Beam.
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Fig.P3.8. Beam.

,..r._l 2_ft__+__1_2__.ft__,¢

Fig.P3.9. Beam.

250 kN

4 kN/m

in m|2n o hnjdnd

Fig.P3.10. Beam.
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10 k/ft

< 20 ft »

Fig.P3.11. Beam.

4 k/ft

B ﬁ C
. 8ft Jaft| 8ft | 8ft J B8ft ]

Fig.P3.12. Beam.

3.3. Determine the support reactions for the frames shown in Figure P3.13 through Figure P3.20.

120 kips

2 kips/ft

| 10 ft

Fig.P3.13. Frame.
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15 kN/m

10 m

20 kN/m ? 0 m |

Fig.P3.14. Frame.

2 kips/ft

20 ft

L
ra

Fig.P3.15. Frame.
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@O0

Fig.P3.16. Frame.

3 k/ft

i

146t . 16ft

Fig.3.17. Frame.
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E Iim , 3m Jo 4m

Fig.3.18. Frame.

R B

4 k/ft

Fig.3.19. Frame.
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8 kN/m

Fig.3.20. Frame.

3.4 Determine the support reactions for the trusses shown in Figure P3.21 through Figure P3.27.

20 kN 20 kN 20 kN 2Q kN

H F
T 4 m ,L 4 m ?4m ,‘

Fig.P3.21. Truss.
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Fig.P3.23. Truss.
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20 ft

12t .

14 ft

Fig.P3.24. Truss.

4m | 4 m le
- g a

Fig.P3.25. Truss.
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15 ft
25 ft

‘

| 4@ 20 ft = 80 ft

A
Y

Fig.P3.26. Truss.

4@10m=40m

\J

Fig.P3.27. Truss.
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4.1: Introduction

When a beam or frame is subjected to transverse loadings, the three possible internal forces that are developed are the normal
or axial force, the shearing force, and the bending moment, as shown in section k of the cantilever of Figure 4.1. To predict the
behavior of structures, the magnitudes of these forces must be known. In this chapter, the student will learn how to determine
the magnitude of the shearing force and bending moment at any section of a beam or frame and how to present the computed
values in a graphical form, which is referred to as the “shearing force” and the “bending moment diagrams.” Bending moment
and shearing force diagrams aid immeasurably during design, as they show the maximum bending moments and shearing forces
needed for sizing structural members.

P P

(b)

Fig.4.1. Internal forces in a beam.
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4.2: Basic Definitions

Normal Force

The normal force at any section of a structure is defined as the algebraic sum of the axial forces acting on either side of the
section.

Shearing Force
The shearing force (SF) is defined as the algebraic sum of all the transverse forces acting on either side of the section of a

beam or a frame. The phrase “on either side” is important, as it implies that at any particular instance the shearing force can be
obtained by summing up the transverse forces on the left side of the section or on the right side of the section.

Bending Moment

The bending moment (BM) is defined as the algebraic sum of all the forces’ moments acting on either side of the section of a
beam or a frame.

Shearing Force Diagram
This is a graphical representation of the variation of the shearing force on a portion or the entire length of a beam or frame.

As a convention, the shearing force diagram can be drawn above or below the x-centroidal axis of the structure, but it must be
indicated if it is a positive or negative shear force.

Bending Moment Diagram

This is a graphical representation of the variation of the bending moment on a segment or the entire length of a beam or frame.
As a convention, the positive bending moments are drawn above the x-centroidal axis of the structure, while the negative bending
moments are drawn below the axis.

This page titled 4.2: Basic Definitions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 85 (4.2.1)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/02%3A_Analysis_of_Statically_Determinate_Structures/04%3A_Internal_Forces_in_Beams_and_Frames/4.02%3A_Basic_Definitions
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTextS“

4: INTERNAL FORCES IN BEAMS AND FRAMES

4.1: Introduction
4.2: Basic Definitions

4.3: Sign Convention

4.4: Relation Among Distributed Load, Shearing Force, and Bending Moment
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4.3: Sign Convention

Axial Force

An axial force is regarded as positive if it tends to tier the member at the section under consideration. Such a force is regarded
as tensile, while the member is said to be subjected to axial tension. On the other hand, an axial force is considered negative if it
tends to crush the member at the section being considered. Such force is regarded as compressive, while the member is said to
be in axial compression (see Figure 4.2a and Figure 4.2b).

Shear Force
A shear force that tends to move the left of the section upward or the right side of the section downward will be regarded as

positive. Similarly, a shear force that has the tendency to move the left side of the section downward or the right side upward will
be considered a negative shear force (see Figure 4.2c and Figure 4.2d).

Bending Moment

A bending moment is considered positive if it tends to cause concavity upward (sagging). If the bending moment tends to cause
concavity downward (hogging), it will be considered a negative bending moment (see Figure 4.2e and Figure 4.2f).

A : M M

N

L

N

— |

|
v |

(a)Positive axial force | F !
(e)Positive bending moment

(c)Positive shearing force

i

LA N . AF |
|
|

b )Negative axial force
(b)Neg | M M

A 4

F

(d) Negative shearing f (f)Negative bending moment
egative shearing force

Fig.4.2. Sign conventions for axial force, shearing force, and bending moment.
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4.4: Relation Among Distributed Load, Shearing Force, and
Bending Moment

For the derivation of the relations among w, V, and M, consider a simply supported beam subjected to a uniformly distributed
load throughout its length, as shown in Figure 4.3. Let the shear force and bending moment at a section located at a distance
of z from the left support be V and M, respectively, and at a section z + dx be V + dV and M + dM, respectively. The total load
acting through the center of the infinitesimal length is wdz.

w(x)
w(x) M_vy ¥ v M + dM
Y VY VYVYVYVYVIVIVYVYVYVYVYY YV
_&_ ﬁ
_ x dx -
< <
, dx |VF+dV

Fig.4.3. Simply supported beam.

To compute the bending moment at section x + dx, use the following:
Myiay = M+ Vdz — wdz.dz /2
= M + Vdz (neglecting the small second order term wdz?®/2)
M+ dM =M + Vdzx

or A _y(g)

(4.4.1)

Equation 4.1 implies that the first derivative of the bending moment with respect to the distance is equal to the shearing force.
The equation also suggests that the slope of the moment diagram at a particular point is equal to the shear force at that same
point. Equation 4.1 suggests the following expression:

AM = /V(:r)da: (4.4.2)
Equation 4.2 states that the change in moment equals the area under the shear diagram. Similarly, the shearing force at section
z + dz is as follows:
Vitdz =V —wdzx
V+dV=V—wdz
or
= —w(z) (4.4.3)

Equation 4.3 implies that the first derivative of the shearing force with respect to the distance is equal to the intensity of the
distributed load. Equation 4.3 suggests the following expression:

AV = / w(z)de (4.4.4)
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Equation 4.4 states that the change in the shear force is equal to the area under the load diagram. Equation 4.1 and 4.3 suggest
the following:

2
ijjj = —w(x) (4.4.5)

Equation 4.5 implies that the second derivative of the bending moment with respect to the distance is equal to the intensity of
the distributed load.

Procedure for Computation of Internal Forces

e Draw the free-body diagram of the structure.

e Check the stability and determinacy of the structure. If the structure is stable and determinate, proceed to the next step of
the analysis.

e Determine the unknown reactions by applying the conditions of equilibrium.

e Pass an imaginary section perpendicular to the neutral axis of the structure at the point where the internal forces are to be
determined. The passed section divides the structure into two parts. Consider either part of the structure for the computation
of the desired internal forces.

e For axial force computation, determine the summation of the axial forces on the part being considered for analysis.

e For shearing force and bending moment computation, first write the functional expression for these internal forces for the
segment where the section lies, with respect to the distance z from the origin.

¢ Compute the principal values of the shearing force and the bending moment at the segment where the section lies.

e Draw the axial force, shearing force, and bending moment diagram for the structure, noting the sign conventions discussed
in section 4.3.

e For cantilevered structures, step three could be omitted by considering the free-end of the structure as the initial starting
point of the analysis.

Example 4.4.1

Draw the shearing force and bending moment diagrams for the cantilever beam supporting a concentrated load at the free
end, as shown in Figure 4.4a.

5 5
M = 15 kips .

(a) >
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V(kips)

(c)

M(kips. ft)

T A/~ W

(d) 15

Fig.4.4. Cantilever beam.
Solution
Support reactions. First, compute the reactions at the support. Since the support at B is fixed, there will be three reactions at
that support, namely B, B,, and Mp, as shown in the free-body diagram in Figure 4.4b. Applying the conditions of equilibrium

suggests the following:

S Mp=0: (5k)(3ft)—M =0

M = 15k.ft
> F,=0: —5k+B,=0
B, = 5k

>F,=0: B,=0

Shearing force (SF).

5k (—SF)
F

=

Lx M

> F
(e)

The negative sign is indicative of a negative shearing force. This is due to the fact that the sign convention for a shearing
force states that a downward transverse force on the left of the section under consideration will cause a negative shearing
force on that section.
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Shearing force diagram. Note that because the shearing force is a constant, it must be of the same magnitude at any point
along the beam. As a convention, the shearing force diagram is plotted above or below a line corresponding to the neutral
axis of the beam, but a plus sign must be indicated if it is a positive shearing force, and a minus sign should be indicated if
it is a negative shearing force, as shown in Figure 4.4c.

Bending moment (BM).

Bending moment function. By definition, the bending moment at a section is the summation of the moments of all the forces
acting on either side of the section. Thus, the expression for the bending moment of the 5k force on the section at a distance
x from the free end of the cantilever beam is as follows:

M = —bx
When z =0, M = —(5k)(0) =0
When z = 3ft, M = —(5k)(3ft) = —15k.ft

(=BM)
5k

<

LX,MM M

(f)

The obtained expression is valid for the entire beam (the region 0 < z < 3 ft). The negative sign indicates a negative moment,
which was established from the sign convention for the moment. As seen in Figure 4.4f, the moment due to the 5k force
tends to cause the segment of the beam on the left side of the section to exhibit an upward concavity, and that corresponds
to a negative bending moment, according to the sign convention for bending moment.

Bending moment diagram. Since the function for the bending moment is linear, the bending moment diagram is a straight
line. Thus, it is enough to use the two principal values of bending moments determined at z = 0 ft and at z = 3 ft to plot
the bending moment diagram. As a convention, negative bending moment diagrams are plotted below the neutral axis of the
beam, while positive bending moment diagrams are plotted above the axis of the beam, as shown is Figure 4.4d.

Example 4.4.2

Draw the shearing force and bending moment diagrams for the cantilever beam subjected to a uniformly distributed load in
its entire length, as shown in Figure 4.5a.

mnny

Vidlidvdy il

.
(6]
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V(kN)

(=)

(©) 100

M(kN. m)

(d) 250

Fig.4.5. Cantilever beam.
Solution

Support reactions. First, compute the reactions at the support. Since the support at B is fixed, there will possibly be three
reactions at that support, namely B,, B,,, and Mg, as shown in the free-body diagram in Figure 4.4b. Applying the conditions
of equilibrium suggests the following:

S>Mp=0: (20kN/m)(5m)(2.5m)—M=0

M = 250kN - m
STF,=0: —(20kN/m)(5)+ B, =0
B, = 100kN

MFE,=0: B,=0
Shearing force (SF).

Shearing force function. Let x be the distance of an arbitrary section from the free end of the cantilever beam, as shown in
Figure 4.5b. The shearing force of all the forces acting on the segment of the beam to the left of the section, as shown in
Figure 4.5e, is determined as follows:

\(\begin{array}{l}

Q V=-20 x\

\text { When } x=0, V=0 \

\text { When } x=2.5 \mathrm{~m}, V=-50 \mathrm{kN} \
\text { When } x=5 \mathrm{~m}, V=-100 \mathrm{kN}
\end{array}\)
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(e)

The obtained expression is valid for the entire beam. The negative sign indicates a negative shearing force, which was
established from the sign convention for a shearing force. The expression also shows that the shearing force varies linearly
with the length of the beam.

Shearing force diagram. Note that because the expression for the shearing force is linear, its diagram will consist of straight
lines. The shearing force at z = 0 m and z = 5 m were determined and used for plotting the shearing force diagram, as shown
in Figure 4.5c. As shown in the diagram, the shearing force varies from zero at the free end of the beam to 100 kN at the
fixed end. The computed vertical reaction of B, at the support can be regarded as a check for the accuracy of the analysis
and diagram.

Bending moment (BM).

Bending moment expression. The expression for the bending moment at a section of a distance = from the free end of the
cantilever beam is as follows:

\(\begin{array}{l}

O \mathrm{M}=-\frac{20 x*{2}}{2} \

\text { When } x=0, M=0 \

\text { When } x=2.5 \mathrm{~m}, M=-62.5 \mathrm{kN} . \mathrm{m} \
\text { When } x=5 \mathrm{~m}, M=-250 \mathrm{kN} . \mathrm{m}
\end{array}\)
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The negative sign indicates a negative moment, which was established from the sign convention for moment. As seen in
Figure 4.5f, the moment due to the distributed load tends to cause the segment of the beam on the left side of the section

to exhibit an upward concavity, and that corresponds to a negative bending moment, according to the sign convention for
bending moment.

Bending moment diagram. Since the function for the bending moment is parabolic, the bending moment diagram is a curve.
In addition to the two principal values of bending moment at z = 0 m and at z = 5 m, the moments at other intermediate

points should be determined to correctly draw the bending moment diagram. The bending moment diagram of the beam is
shown in Figure 4.5d.

Example 4.4.3

Draw the shearing force and bending moment diagrams for the cantilever beam subjected to the loads shown in Figure 4.6a.

10

3 I
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V(kips)
(=)

(c) 1

M(kips . ft)

Fig.4.6. Cantilever beam.
Solution

Support reactions. The free-body diagram of the beam is shown in Figure 4.6b. First, compute the reactions at the support B
. Applying the conditions of equilibrium suggests the following:

S Mg = 0: (3k/ft)(2ft)(3 m) + (10k)(1) — M =0

M = 28k.ft
S F,=0:—(3%)(2ft) — 10k+ D, =0
D, = 16k

S F,=0:D,=0
Shearing force and bending moment functions. Due to the discontinuity of the distributed load at point B and the presence
of the concentrated load at point C, three regions describe the shear and moment functions for the cantilever beam. The

functions and the values for the shear force (V') and the bending moment (M) at sections in the three regions at a distance x
from the free-end of the beam are as follows:

Segment \(A B \text{ } ®
V=-3z

Whenxz =0,V =0
When z =1, V = —3 kip

When z =2 ft, V = —6 kip
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| ),

]72
M=_3
Whenz =0, M =0
When z = 1ft, M = —1.5 kip. ft

When z = 2 ft, M = —6 kip. ft

(3 k/ft)(2 ft)
(x—1)

< ’V

- : |
M= -3@)x-1) ()

Segment BC' 2 < z < 3 ft

V = —3(2) = —6 kip

When z = 2 ft, M = —6 kip. ft
When z = 3 ft, M = —12 kip. ft

Segment CD 3 <z <4ft

@IOIC]E) 96 (4.4.9)



LibreTextS“

V =—(3)(2) — 10 = —16 kips
M=—(3)(2)(z—1) —10(z — 3)
When z = 3 ft, M = —12 kip. ft

When z = 4 ft, M = —28 kip. ft

(3 k/ft)(2 ft) 10 Kips
(x — 32

(x—-1)

X

(9)

The computed shearing force can be checked in part with the support reactions shown on the free-body diagram in Figure
4.6b.

Example 4.4

Draw the shearing force and bending moment diagrams for the beam with an overhang subjected to the loads shown in Figure
4.7a.

14 Kkips 10 Kips

(b)
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V(kips)
10
ﬂ “x
13
(e) 37
M(kips. ft)
39
I
X
(d) 36

Fig.4.7. Beam with an overhang.
Solution

Support reactions. The reactions at the supports are shown in the free-body diagram of the beam in Figure 4.7b. They are
computed by applying the conditions of equilibrium, as follows:

+ 2y, =0

—(14)(3) — (10)(8) — (8)(8)(4) + B,(6) = 0
B, = 63 kips B, =631
+—=>>F,=0 A,=0 A,=0
+1YF,=0
63+A4,—14—-10—(8)(8) =0

A, = 25 kips A, =25 kips T

Shear and bending moment functions. Due to the concentrated load at point B and the overhanging portion C'D, three regions
are considered to describe the shearing force and bending moment functions for the overhanging beam. The expression for these
functions at sections within each region and the principal values at the end points of each region are as follows:

O0<z<3

When z = 0, V = 25 kips

When z =3,V =1 kip
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M = 25¢ — 82
Whenxz =0, M =0
When z = 3, M = 39 kip. ft
3<zr <6
When z = 3, V = —13 kips
When z = 6, V = —37 kips
M = 25z — 14(z — 3) — 32
When z = 3, M = 39 k. ft

When z = 6, M = —36 Kip. ft

=
C— <
v

25 kips f)

0<zr<?2
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V =10+ 8z
When z =0, V = 10 kips

When z = 2, V = 26 kips

(9)

M =10z — %
Whenz=0,M =0
When z = 2, M = —36 kip. ft

Shearing force and bending moment diagram. The determined shearing force and moment diagram at the end points of each
region are plotted in Figure 4.7c and Figure 4.7d. For accurate plotting of the bending moment curve, it is sometimes necessary
to determine some values of the bending moment at intermediate points by inserting some distances within the region into the
obtained function for that region. Notice that at the location of concentrated loads and at the supports, the numerical values of
the change in the shearing force are equal to the concentrated load or reaction.

Example 4.5

Draw the shearing force and bending moment diagrams for the beam with an overhang subjected to the loads shown in Figure
4.8a. Determine the position and the magnitude of the maximum bending moment.

10

10
E B i A B
le 4 Je 15 A, . B

fet) b
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V (kN)
:
@ | ;
(c) =)
M (kN. r 153
8.9
(d) 2.3

Fig.4.8. Beam with an overhang.
Solution

Support reactions. The reactions at the supports of the beam are shown in the free-body diagram in Figure 4.8b. The reactions
are computed by applying the following equations of equilibrium:

+ ¥ ZMA =0

— (%) (4)(10) (% x 4) — (2)(1.5)(4.75) + (4)B, = 0
B, = 16.90kN 1

+1YF,=0

Ay +16.90 — (3) (4)(10) — (2)(1.5) = 0

A, = 6.10kN 1

+—=3,=0

A, =0

Shear and bending moment functions. Due to the discontinuity in the shades of distributed loads at the support B, two regions of
x are considered for the description and moment functions, as shown below:

O<z<4

V=6.10—(3) (@) (4F)

When =10,V =6.10 KN

When z =2,V =1.1 kN

When z =4, V = —13.9 kN

M =610z~ (3) (2) (1) (42)
Whenxz =0, M =0

When z = 2, M = 8.87 KN. m

When z =4, M = —2.3 KN. m
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0<z<15

V=2

Whenz =0,V =0
When z = 1.5,V =3 kN
M=—(2)(x) (%)
Whenz=0,M =0

Whenz=1.5m, M = —-2.3 kN. m

(2)t)

)
V|"
MT‘

X

(f)

Shearing force and bending moment diagrams. The computed values of the shearing force and bending moment are plotted in
Figure 4.8c and Figure 4.8d. Observe that the values of the shear force at the supports are equal to the values of the support
reactions. Also, notice in the diagram that the shear in the region AB is a curve and the shear in the region BC is a straight,
which all correspond to the parabolic and linear functions respectively obtained for the regions. The bending moment diagrams
for both regions are curvilinear. The curve for the AB region is deeper than that in the BC region. This is because the obtained
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function for the AB region is cubical while that for the BC region is parabolic.

Position and magnitude of maximum bending moment. Maximum bending moment occurs where the shearing force equals zero.
As shown in the shearing force diagram, the maximum bending moment occurs in the portion AB. Equating the expression for
the shear force for that portion as equal to zero suggests the following:

V=610-1% =0

606 _
GU® —291m

The magnitude of the maximum bending moment can be determined by putting z = 2.21 m into the expression for the bending
moment for the portion AB. Thus,

M = 6102 — (1) (2) (122) (1) = (6.1)(2.21) — 22228 _ g 98kN - m
Example 4.6

Draw the shearing force and bending moment diagrams for the compound beam subjected to the loads shown in Figure 4.9a.

50 kN
C D

25kN p
14 kN 50 kN 14 kN |

C

A B
A, B
(a) (b)
V(KN)

A= B AR, - g

(+)

(c) [

(d) 30 25

M(kN. m)
12.

(e) 32
Fig.4.9. Compound beam.
Solution

Free-body diagram. The free-body diagram of the beam is shown in Figure 4.9b.
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Classification of structure. The compound beam has r =4, m =2, and f; = 2. Since 4 + 2 = 3(2), the structure is statically
determinate.

Identification of the primary and complimentary structure. The schematic diagram of member interaction for the beam is shown
in Figure 4.9c. The part AC is the primary structure, while part CD is the complimentary structure.

Analysis of complimentary structure.
Support reaction.

Cy = D, = 25kN, due to symmetry of loading.
Shear force and bending moment.
0<z<05

V =25kN

M = 25z

Whenz=0,M =0

When z = 0.5, M = 12.5 kN. m

1A% 5 e kN

(f)

Analysis of primary structure.
Support reactions.

+ ¥ ZMA =0

2B, — (14)(3)(1.5) — (25)(3) =0
B, = 69kN 1

1R, =0

69+ A,—25—(14)(3) =0

A, = —2kN

The negative implies the reaction at A acts downward.

+—>>F,=0
A, =0

EEO®O0 104 (4.4.17)



LibreTextS'“

Shear force and bending moment functions.
O0<ze<1

V=25+14z

When =0, V =25 kN
When z =1,V =39 kN
Whenz=0,M =0

Whenz =1, M = —32 KN. m
O0<z <2

V=-2-14x
When z =0,V = —2 kN
When z =2,V = —30 kN
Whenz=0,M =0

When z =2, M = —32 kKN. m

14x

A, = 2kN
9)

Shearing force and bending moment diagrams. The computed values of the shearing force and bending moment for the primary
and complimentary part of the compound beam are plotted in Figure 4.9d and Figure 4.9e.

Example 4.7

Draw the shear force and bending moment diagrams for the frame subjected to the loads shown in Figure 4.10a.
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10 kN/m

20 kN 60 kN.m

) 60 kN.m, =)

=)

50 kN 226.67 kN.m

© (@]

Fig.4.10. Frame.
Solution
Free-body diagram. The free-body diagram of the beam is shown in Figure 4.10a.

Support reactions. The reactions at the support of the beam can be computed as follows when considering the free-body diagram
and using the equations of equilibrium:

+1YF,=0

Ay—20=0

A, = 20kN 1

+2 Y F,=0

—A; + (3 x10%x10) =0

A, = 50kN «

+"\ZMA=0

My —20(3) — (§ x10x 10) (§ x 10) =0
M4 = 226.67kN.m ¥

Shearing force and bending moment functions of beam BC.
0<xz1 <3

V=0

M=0

3<T9<6

V = 20kN

\(M =-20 (x - 3)\)

Whenz =3, M =0

Note that the distance z to the section in the expressions is from the right end of the beam.
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20 kN

V%x — 3)

¢ |

‘ X
-« >

(e)

Shearing force and bending moment functions of column AB.

0<z3<10

V=(3xzxz)

Whenxz =0,V =0

When z = 10, V = 50kN
M=-203)— (3 xzxz) (%)

When z = 10, M = —226.67kN KN. m

N =

Note that the distance z to the section on the column is from the top of the column and that a similar triangle was used to
determine the intensity of the triangular loading at the section in the column, as follows: {5 = % or w= (1100’) .

Shearing force and bending moment diagrams. The computed values of the shearing force and bending moment for the frame
are plotted as shown in Figure 4.10¢ and Figure 4.10d.
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Example 4.8

Draw the shearing force and bending moment diagrams for the frame subjected to the loads shown in Figure 4.11a.

10 kips 10 kips

2 kip/ft 2 kip/ft

30 kip.ft
7 kips 30 kip.ft -
75kips[ ] O 70 kip.ft
17.5 kips

(+)® + @

13 kips © 7 kips ()

Fig.4.11. Frame.
Solution
Free-body diagram. The free-body diagram of the beam is shown in Figure 4.11b.

Support reactions. The reactions at the supports of the frame can be computed by considering the free-body diagram of the
entire frame and part of the frame. The vertical reactions of the supports at points A and E are computed by considering the
equilibrium of the entire frame, as follows:

+¥V Y M4=0

—2(10) (42) — 10(4) + E,(8) =0
E,=175kips E,=17.5kips 1
+1>YF,=0

A, +175-10=0

A, =—-T75kips A,=7.5kips |

The negative sign indicates that A, acts downward instead of upward as originally assumed.
Considering the equilibrium of part CDE of the frame, the horizontal reaction of the support at E is determined as follows:
+ ¥ Z MC =0
17.5(4) — E,(10) = 0
E, = Tkips + E, = Tkips +
Again, considering the equilibrium of the entire frame, the horizontal reaction at A can be computed as follows:
+—= Y F,=0
—A, +2(10)—-7=0
A, =13kips + A, =13 kips <«

Shear and bending moment of the columns of the frame.

Shear force and bending moment in column AB.
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0<z<10ft

V=13-2

When z =0, V = 13 kips

When z = 10 ft, V = —7 kips

M=13z—2(%)

Whenz=0,M =0

When z = 10 ft, M = 30 kip. ft

When z = 5 ft, M = 30 kip. ft

Shear force and bending moment in column ED.
0<zy<10ft

V =7 kips

M="Tz

Whenz=0,M =0

When z = 10 ft, M = 70 kip. ft

Shear and bending moment of the frame’s beam.
Shear force and bending moment in beam BC.
0<zg<4ft

V = —7.5 kips

M = —17.5z 4+ 13(10) — 2(10) (L)

When z = 0, M = 30 kip.ft

Whenz =41, M =0

Shear force and bending moment in beam CD.
0<zy<4ft

V = —17.5 Kips

M =17.5z — 7(10)

When z = 0, M = —70 Kip.ft

Whenz =4ft, M =0

The computed values of the shearing force and bending moment for the frame are plotted in Figure 4.11c and Figure 4.11d.
Chapter Summary

Internal forces in beams and frames: When a beam or frame is subjected to external transverse forces and moments, three

internal forces are developed in the member, namely the normal force (IV), the shear force (V), and the bending moment (M).
These are shown in the following Figure.
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Y Y VY

Normal force: The normal force at any section of a beam can be determined by adding up the horizontal, normal forces acting on
either side of the section. If the resultant of the normal force tends to move towards the section, it is regarded as compression
and is denoted as negative. However, if it tends to move away from the section, it is regarded as tension and is denoted as
positive.

—N —N

+ Ne—em > + N

Shear force: The shear force at any section of a beam is determined as the summation of all the transverse forces acting on
either side of the section. The sign convention adopted for shear forces is below. A diagram showing the variation of the shear
force along a beam is called the shear force diagram.

+V _Vl
+V -V

Bending moment: The bending moment at a section of a beam can be determined by summing up the moment of all the forces
acting on either side of the section. The sign convention for bending moments is shown below. A graphical representation of the
bending moment acting on the beam is referred to as the bending moment diagram.
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—— I

-M

Relationship among distributed load, shear force, and bending moment: The following relationship exists among distributed

—-M

loads, shear forces, and bending moments.

av

Y
AVz/wdz:
dM

=V

Practice Problems
4.1. Draw the shearing force and the bending moment diagrams for the beams shown in Figure P4.1 through Figure P4.11.

150 kN

2m )’( 1m )PS rq{DST

Fig.P4.1. Beam.

4 m

450 kN/m

Fig.P4.2. Beam.
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@O0

4 k/ft

150 k.t

|( 2'm )|( 2m )L1-5m)|

150 Kkips

l’ 2 Kips/ft

D

G
-

o 6ft J . 6ft e 4ft |
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2kNap
(3
}( .

Fig.P4.7. Beam.

4k

. 8ft Jafy 8ft | 8ft ] 8ft]

Fig.P4.8. Beam.
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10k

Fig.P4.9. Beam.

,_‘{ 12 ft },12& ,{

Fig.P4.10. Beam.

250 kN

4m ,_pm,;m,li m Eﬁm .

Fig.P4.11. Beam.

4.2. Draw the shearing force and the bending moment diagrams for the frames shown in Figure P4.12 through Figure P4.19.
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@O0

120 kips

2 kips/ft

| 10 ft |

Fig.P4.12. Frame.

15 kN/m

okmEE T

Fig.P4.13. Frame.
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2 kips/ft

Fig.P4.14. Frame.

26 kN/m

Fig.P4.15. Frame.
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_ 14t . 16ft

>

Fig.P4.16. Frame.

10 kN

5m

-

Fig.P4.17. Frame.
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18 ft
B|( ,|C

4 k/ft

Fig.P4.18. Frame.

10 kN/m 10 KkN/m
B
= vy
—
—>
—
8 kN/m [ St
—
—>
—
L > A E_v_
-
2 2 |

Fig.P4.19. Frame.
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5.1: Introduction

A truss is a structure composed of straight, slender members connected at their ends by frictionless pins or hinges. A truss can
be categorized as simple, compound, or complex. A simple truss is one constructed by first arranging three slender members to
form a base triangular cell. Additional joints can be formed in the truss by subsequently adding two members at a time to the
base cell, as shown in Figure 5.1a. A compound truss consists of two or more simple trusses joined together, as shown in Figure
5.1b. A complex truss is neither simple nor compound, as shown in Figure 5.1c; its analysis is more rigorous than those of the
previously stated trusses.

New members

E coco [\ D

Base triangular cell Newijgint

©

Fig.5.1. Classification of trusses.
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5.2: Types of Trusses

The following are examples of different types of trusses for bridges and roofs.

Pratt

O )

Baltimore

Warren

Fig.5.2. Commonly used bridge trusses.

Warren

Fig.5.3. Commonly used roof trusses.
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5.3: Determinacy and Stability of Trusses

The conditions of determinacy, indeterminacy, and instability of trusses can be stated as follows:

m+1r <2j structure is statically unstable
m+r=2j structure is determinate (5.3.1)
m+1r>2j structure is indeterminate

where
m = number of members.
r = number of support reactions.

4 = number of joints.

This page titled 5.3: Determinacy and Stability of Trusses is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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5.4: Assumptions in Truss Analysis

Members are connected at their ends by frictionless pins.

Members are straight and, therefore, are subjected only to axial forces.

3. Members' deformation under loads are negligible and of insignificant magnitude to cause appreciable changes in the
geometry of the structure.

4. Loads are applied only at the joints due to the arrangement of members.

N o=

This page titled 5.4: Assumptions in Truss Analysis is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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5: INTERNAL FORCES IN PLANE TRUSSES

5.1: Introduction

5.2: Types of Trusses

5.3: Determinacy and Stability of Trusses

5.4: Assumptions in Truss Analysis

5.5: Joint Identification and Member Force Notation
5.6: Methods of Truss Analysis
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5.5: Joint Identification and Member Force Notation

Truss joints can be identified using alphabets or numbers, depending on the preference of the analyst. However, consistency must
be maintained in the chosen way of identification to avoid confusion during analysis. A bar force can be represented by any letter
(F or N or S), with two subscripts designating the member. For example, the member force F4p in the truss shown in Figure 5.4
is the force in the member connecting joints A and B.

Imaginary cut
g y B FAB

(b)

Fig.5.4. Joint identification (a) and bar force (b).
Example 5.1

Classify the trusses shown in Figure 5.5 through Figure 5.9 as stable, determinate, or indeterminate, and state the degree of
indeterminacy when necessary.

FBD

S, N

Fig.5.5. Truss.

r =3, m =9, j= 6. From equation 3.5, 9 4+ 3 = 2(6). Statically determinate.
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FBD

Fig.5.6. Truss.

r =3, m = 10, j = 6. From equation 3.5, 10 + 3 > 2(6). Statically indeterminate to 1°.

Fig.5.7. Truss.

r=23,m =29, j = 6. From equation 3.5, 9 + 3 = 2(6). Statically determinate.

FBD

Fig.5.8. Truss.

r =3, m = 24, j = 14. From equation 3.5, 24 + 3 < 2(14). Statically unstable.
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FBD

Fig.5.9. Truss.

r=>5,m=11, j = 7. From equation 3.5, 11 + 5 > 2(7).

Statically indeterminate to the 2°.

This page titled 5.5: Joint Identification and Member Force Notation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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5.6: Methods of Truss Analysis

There are several methods of truss analysis, but the two most common are the method of joint and the method of section (or
moment).

5.6.1 Sign Convention

In truss analysis, a negative member axial force implies that the member or the joints at both ends of the member are in
compression, while a positive member axial force indicates that the member or the joints at both ends of the member are in
tension.

5.6.2 Analysis of Trusses by Method of Joint

This method is based on the principle that if a structural system constitutes a body in equilibrium, then any joint in that system
is also in equilibrium and, thus, can be isolated from the entire system and analyzed using the conditions of equilibrium. The
method of joint involves successively isolating each joint in a truss system and determining the axial forces in the members
meeting at the joint by applying the equations of equilibrium. The detailed procedure for analysis by this method is stated below.
Procedure for Analysis

oVerify the stability and determinacy of the structure. If the truss is stable and determinate, then proceed to the next step.
eDetermine the support reactions in the truss.

eIdentify the zero-force members in the system. This will immeasurably reduce the computational efforts involved in the analysis.
eSelect a joint to analyze. At no instance should there be more than two unknown member forces in the analyzed joint.

eDraw the isolated free-body diagram of the selected joint, and indicate the axial forces in all members meeting at the joint as
tensile (i.e. as pulling away from the joint). If this initial assumption is wrong, the determined member axial force will be negative
in the analysis, meaning that the member is in compression and not in tension.

eApply the two equations X Fx = 0 and X Fy = 0 to determine the member axial forces.

e«Continue the analysis by proceeding to the next joint with two or fewer unknown member forces.

Example 5.2

Using the method of joint, determine the axial force in each member of the truss shown in Figure 5.10a.

20 kN 20 kN
A B >»12 kN
3m
v
A 5 . C A,
« 4m . 4m
(a) Ay (b) Cy
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Fig.5.10. Truss.

Solution

Support reactions. By applying the equations of static equilibrium to the free-body diagram shown in Figure 5.10b, the support
reactions can be determined as follows:

+V > My=0

20(4) —12(3) + (8)Cy =0

Cy = —5.5kN Cy=5.5kN |

YT F,=0

Ay—554+20=0

A, = —14.5kN A, =14.5kN |
+—2 Y F,=0

—A,+12=0

A, = 12kN A; = 12kN «+

Analysis of joints. The analysis begins with selecting a joint that has two or fewer unknown member forces. The free-body diagram
of the truss will show that joints A and B satisfy this requirement. To determine the axial forces in members meeting at joint A
, first isolate the joint from the truss and indicate the axial forces of members as F4p and F4p, as shown in Figure 5.10c. The
two unknown forces are initially assumed to be tensile (i.e. pulling away from the joint). If this initial assumption is incorrect, the
computed values of the axial forces will be negative, signifying compression.

Analysis of joint A.

+1>F,=0

Fapsin36.87°—14.5=0

Fup =24.17

+—2 Y F,=0

—12+ Fyp + Fapcos36.87° =0

Fap =12 —24.17¢c0s36.87° = —7.34kN

Fag

A 36.87°
12 kKN = >k Ap

14.5 kN
(c)

After completing the analysis of joint 4, joint B or D can be analyzed, as there are only two unknown forces.

Analysis of joint D.
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+1YF,=0
+—=>>F,=0
—Fpa+Fpc=0

Fpec = Fpg = —7.34kN

FDB

FDA < "’FDC

(d)

Analysis of joint B.

+—->> F,=0
—Fpasinb3.13 + Fpesinb3.134+ 15 =0
Fpesinb3.13 = —15 4 24.17sin53.13 =
Fpo = 5.42kN

5.6.3 Zero Force Members

Complex truss analysis can be greatly simplified by first identifying the “zero force members.” A zero force member is one that
is not subjected to any axial load. Sometimes, such members are introduced into the truss system to prevent the buckling and
vibration of other members. The truss-member arrangements that result in zero force members are listed as follows:
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1.If noncollinearity exists between two members meeting at a joint that is not subjected to any external force, then the two
members are zero force members (see Figure 5.11a).

2.If three members meet at a joint with no external force, and two of the members are collinear, the third member is a zero force
member (see Figure 5.11b).

3.If two members meet at a joint, and an applied force at the joint is parallel to one member and perpendicular to the other, then
the member perpendicular to the applied force is a zero force member (see Figure 5.11c).

=
kS
< N

©)

Fig.5.11. Zero force members.
5.6.4 Analysis of Trusses by Method of Section
Sometimes, determining the axial force in specific members of a truss system by the method of joint can be very involving and
cumbersome, especially when the system consists of several members. In such instances, using the method of section can be
timesaving and, thus, preferable. This method involves passing an imaginary section through the truss so that it divides the
system into two parts and cuts through members whose axial forces are desired. Member axial forces are then determined using
the conditions of equilibrium. The detailed procedure for analysis by this method is presented below.
Procedure for Analysis of Trusses by Method of Section
eCheck the stability and determinacy of the structure. If the truss is stable and determinate, then proceed to the next step.

eDetermine the support reactions in the truss.

eMake an imaginary cut through the structure so that it includes the members whose axial forces are desired. The imaginary cut
divides the truss into two parts.

eApply forces to each part of the truss to keep it in equilibrium.

eSelect either part of the truss for the determination of member forces.
eApply the conditions of equilibrium to determine the member axial forces.
Example 5.3

Using the method of section, determine the axial forces in members CD, CG, and HG of the truss shown in Figure 5.12a.
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Free-Body Diagram imaginary
_~ section
B C “ D E
A
A
S — H o .
3at3m=9m )
A
(@) y E,
80 kN
i ¢ > Fep
aFeg
A H >Fe
© d
A, =80KkN (d) F, = 80 kN

Fig.5.12. Truss.
Solution

Support reactions. By applying the equations of static equilibrium to the free-body diagram in Figure 5.12b, the support reactions
can be determined as follows:

A, =F, =18 = 80kN
+—-2XF,=0 A,=0

Analysis by method of section. First, an imaginary section is passed through the truss so that it cuts through members CD, CG,
and HG and divides the truss into two parts, as shown in Figure 5.12c and Figure 5.12d. Member forces are all indicated as tensile
forces (i.e., pulling away from the joint). If this initial assumption is wrong, the calculated member forces will be negative, showing
that they are in compression. Either of the two parts can be used for the analysis. The left-hand part will be used for determining
the member forces in this example. By applying the equation of equilibrium to the left-hand segment of the truss, the axial forces
in members can be determined as follows:

Axial force in member CD. To determine the axial force in member CD, find a moment about a joint in the truss where only CD
will have a moment about that joint and all other cut members will have no moment. A close examination will show that the joint
that meets this requirement is joint G. Thus, taking the moment about G suggests the following:

+¥v > Mg=0
—80(6) +80(3) — Fcp(3) =0
Fep = —80kN 80kN(C)

Axial force in member HG.

+¥v S Mc=0
—80(3) + Fya(3) =0
Fre = 80kN 80kN(T")

Axial force in member CG. The axial force in member CG is determined by considering the vertical equilibrium of the left-hand
part. Thus,

+1>YF,=0
80 — 80 — Fpgcos45® =0
Fee =0

Chapter Summary
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Internal forces in plane trusses: Trusses are structural systems that consist of straight and slender members connected at
their ends. The assumptions in the analysis of plane trusses include the following:

1.Members of trusses are connected at their ends by frictionless pins.
2.Members are straight and are subjected to axial forces.

3.Members’ deformations are small and negligible.

4.Loads in trusses are only applied at their joints.

Members of a truss can be subjected to axial compression or axial tension. Axial compression of members is always considered
negative, while axial tension is always considered positive.

Trusses can be externally or internally determinate or indeterminate. Externally determinate trusses are those whose unknown
external reactions can be determined using only the equation of static equilibrium. Externally indeterminate trusses are those
whose external unknown reaction cannot be determined completely using the equations of equilibrium. To determine the number
of unknown reactions in excess of the equation of equilibrium for the indeterminate trusses, additional equations must be
formulated based on the compatibility of parts of the system. Internally determinate trusses are those whose members are so
arranged that just enough triangular cells are formed to prevent geometrical instability of the system.

The formulation of stability and determinacy in trusses is as follows:

m+r < 2j structure is statically unstable
m+r =2j structure is determinate
m+r > 2j structure is indeterminate

Methods of analysis of trusses: The two common methods of analysis of trusses are the method of joint and the method of
section (or moment).

Method of joint: This method involves isolating each joint of the truss and considering the equilibrium of the joint when
determining the member axial force. Two equations used in determining the member axial forces are ¥ Fx = 0 and £ F, = 0. Joints
are isolated consecutively for analysis based on the principle that the number of the unknown member axial forces should never
be more than two in the joint under consideration in a plane trust.

Imaginary cut

Method of section: This method entails passing an imaginary section through the truss to divide it into two sections. The
member forces are determined by considering the equilibrium of the part of the truss on either side of the section. This method
is advantageous when the axial forces in specific members are required in a truss with several members.
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Imaginafy cut

Practice Problems

5.1 Classify the trusses shown in Figure P5.1a through Figure P5.1r.

(@) (b)

@ E 1 ©
© ()

(k)
) L ’ (n) ﬁ
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@) n—
© @

Q)
Fig.P5.1. Truss classification.

5.2 Determine the force in each member of the trusses shown in Figure P5.2 through Figure P5.12 using the method of joint.

20 kKN 40 kN 60 kN 80 kN

H G

}(_ 3at3m=9m !

Fig.P5.2. Truss.
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@O0

80 Kips
P Jat12ft=36ft

Fig.P5.3. Truss.

- C

- Jatdm=12m .

10 kN 50 kN ’I

Fig.P5.4. Truss.
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» Jat16ft

Fig.P5.5. Truss.

6 kN 10kN 1

3m

‘

H F
I.::_Ajn_ﬂL; 4n1l5t-4nl 4

Fig.P5.6. Truss.
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Fig.P5.8. Truss.
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5m

3m

.

Fig.P5.9. Truss.

| 3 15 kN
m

Fig.P5.10. Truss.
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I_ 12 ft -« 12ft |, 14ft

Fig.P5.11. Truss.

}4 4m 'iE 4m 4m ,{G

Fig.5.12. Truss.

5.3 Using the method of section, determine the forces in the members marked X of the trusses shown in Figure P5.13 through
Figure P5.19.
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Ak 80 k
L 8ft .|‘8ft 8t ,\,Bft . 8ft .I.___a_ft.._,_|

Fig.P5.13. Truss.

B C X D

E F

\‘ 50k 50k 50k 50k 50k

6at 10 ft = 60 ft

Fig.P5.14. Truss.
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10KN 10kN 10kN 10kN 10kN 10kN 10KkN

4 m
A li\fi
0 N =
- M L, K oro1om
!{ 6at3m = 18m >l
5 kN 5.kN 5 kN
b
10 kN

Fig.P5.16. Truss.
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Fig.P5.17. Truss.

D

50 k

50 k

Fig.P5.18. Truss.
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Fig.P5.19. Truss.

This page titled 5.6: Methods of Truss Analysis is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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6.1: Arches

Arches are structures composed of curvilinear members resting on supports. They are used for large-span structures, such as
airplane hangars and long-span bridges. One of the main distinguishing features of an arch is the development of horizontal
thrusts at the supports as well as the vertical reactions, even in the absence of a horizontal load. The internal forces at any
section of an arch include axial compression, shearing force, and bending moment. The bending moment and shearing force at
such section of an arch are comparatively smaller than those of a beam of the same span due to the presence of the horizontal
thrusts. The horizontal thrusts significantly reduce the moments and shear forces at any section of the arch, which results in
reduced member size and a more economical design compared to other structures. Additionally, arches are also aesthetically
more pleasant than most structures.

Types of Arches

Based on their geometry, arches can be classified as semicircular, segmental, or pointed. Based on the number of internal hinges,
they can be further classified as two-hinged arches, three-hinged arches, or fixed arches, as seen in Figure 6.1. This chapter
discusses the analysis of three-hinge arches only.

(a)Two — hinged arch (b)Three — hinged arch

{c) Fixed arch

Fig.6.1. Types of arches.

Three-Hinged Arch

A three-hinged arch is a geometrically stable and statically determinate structure. It consists of two curved members connected
by an internal hinge at the crown and is supported by two hinges at its base. Sometimes, a tie is provided at the support level or
at an elevated position in the arch to increase the stability of the structure.

6.1.2.1 Derivation of Equations for the Determination of Internal Forces in a Three-
Hinged Arch

Consider the section @ in the three-hinged arch shown in Figure 6.2a. The three internal forces at the section are the axial force,
Ny, the radial shear force, V5, and the bending moment, M. The derivation of the equations for the determination of these forces
with respect to the angle ¢ are as follows:
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Fig.6.2. Three - hinged arch.

Bending moment at point Q.
M,=Ax— Ay = M(bz) — Ay

where

. M&) = moment of a beam of the same span as the arch.

e y = ordinate of any point along the central line of the arch.

4
For a parabolic arch, y = %(L —x)

L 2
For a circular arch, y = \/R2 — (5 fx) R+ f

e f=rise of arch. This is the vertical distance from the centerline to the arch’s crown.

e 1z = horizontal distance from the support to the section being considered.
e [ = span of arch.
e R =radius of the arch’s curvature.

Radial shear force at point Q.
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s Aysing
radial line A

A , Aycosg

&

y @
-

(e)

Vo =Aysinp — A cosp = Vsing — A, cosg
where V' is the shear of a beam of the same span as the arch.
Axial force at a point Q.

N,=—Aycosp— A sinp = —VPcosp— Agsing

Example 6.1.1
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A three-hinged arch is subjected to two concentrated loads, as shown in Figure 6.3a. Determine the support reactions of the
arch.
50 kN
E Om
20m
|gmi, 15m . 20m gmq
(a)
35 kN
-—-C
C, r D
c;
Ey
() E,
Fig.6.3. Three - hinged arch.
Solution
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The free-body diagrams of the entire arch and its segment CE are shown in Figure 6.3b and Figure 6.3c, respectively.
Applying the equations of static equilibrium suggests the following:

Entire arch.

+¥v > Ms=0
E,(45) — E,(15) — 50(5) — 35(40) =0
E,(45) — E,(15) = 1650

Arch segment CE.

+¥v Y My=0
E,(45) — E,(15) — 50(5) — 35(40) = 0
E,(45) — E,(15) = 1650

Solving equations 6.1 and 6.2 simultaneously yields the following:

E, = 40kN E, = 40kN 1
E, = 10kN E, = 10kN «

Entire arch again.

+1> F,=0

A, +40—-50—-35=0

A, = 45kN A, = 45kN 1
+—-Y F,=0

A, —10=0

A, = 10kN A, = 10kN —

Example 6.1.2

A parabolic arch with supports at the same level is subjected to the combined loading shown in Figure 6.4a. Determine the
support reactions and the normal thrust and radial shear at a point just to the left of the 150kN concentrated load.

150 kN 4kam 150 kN 4kam
o N C
A 12 m A B
By Ax_)I B,
¢ 8m 12 m 20m
(a

A
) 150 kN (b)

(—Cx

Ay ©

Fig.6.4. Parabolic arch.
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Solution

Support reactions. The free-body diagram of the entire arch is shown in Figure 6.4b, while that of its segment AC' is shown
in Figure 6.4c. Applying the equations of static equilibrium to determine the arch’s support reactions suggests the following:

Entire arch.

aF EMA =0

B, (40) — 150(8) — 4(20)(30) =0

B, = 90kN B, = 90kN 1
+1 > F,=0

Ay +90—150—4(20) =0

A, = 140kN A, = 140kN 1

Arch segment AC.
+¥v > Mc=0

A,(12) — 140(20) + 150(12) = 0
A, = 83.33kN A, = 83.33kN —

Entire arch again.

+—->> F, =0
8333 —-B, =0
B, =83.33kN B, = 83.33kN «

Normal thrust and radial shear. To determine the normal thrust and radial shear, find the angle between the horizontal and
the arch just to the left of the 150kN load.

y=F(L-2)= % (Lz—2?)
tanf =y’ = 4L—];(L— 2x)
= A (40— 2 x 8) = 0.72

=35.75°

35.75°

83.33 kN (d)

140 kN

Normal thrust.
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N = Ay,sin(35.75°) + A, cos (35.75°)
— 140sin (35.75°) + 83.33 cos (35.75°) = 149.42kN N = 149.42kN

Radial shear.

V = A, cos (35.75°) + A, sin (35.75°)
= 140 cos (35.75°) — 83.33sin (35.75°) = 64.93kN V = 64.93kN

Example 6.1.3

A parabolic arch is subjected to a uniformly distributed load of 600 Llb/ft throughout its span, as shown in Figure 6.5a.
Determine the support reactions and the bending moment at a section @ in the arch, which is at a distance of 18 ft from the
left-hand support.

600 Ib/ft , 500 Ib/ft

NEEEIEEEEEEEEEE

T I
-.-;!-:vi-!ir!ril

600 lb/ft
g
I 0ft 600 Ib/ft
L_,.Z ;;"J'r----.-vvv-.-..a
B ' ;. Q 100 ft, 'I
501t
(d)

Fig.6.5. Parabolic arch.
Solution

Support reactions. The free-body diagram of the entire arch is shown in Figure 6.5b, while that of its segment AC is shown
Figure 6.5c. Applying the equations of static equilibrium for the determination of the arch’s support reactions suggests the
following:

Free-body diagram of entire arch. Due to symmetry in loading, the vertical reactions in both supports of the arch are the
w 0.6(100 g

same. Therefore, A, = B, = &L = 28000 _ 30kipg

The horizontal thrust at both supports of the arch are the same, and they can be computed by considering the free body

diagram in Figure 6.5b. Taking the moment about point C of the free-body diagram suggests the following:

Free-body diagram of segment AC. The horizontal thrust at both supports of the arch are the same, and they can be
computed by considering the free body diagram in Figure 6.5c. Taking the moment about point C of the free-body diagram
suggests the following:

+N>Y Mc=0
A, (20) — 30(50) + 0.6(50)(25) = 0
A, =375%kips A, =37.5kips —

Free-body diagram of entire arch again.
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+1XF=0
37.5—B, =0
B, =375 kips B, = 37.5kips +

Bending moment at point Q: To find the bending moment at a point Q, which is located 18 ft from support A, first determine
the ordinate of the arch at that point by using the equation of the ordinate of a parabola.

y= -2
Yootsr = 220U (100 — 18) = 11.81ft

(100)°

The moment at Q can be determined as the summation of the moment of the forces on the left-hand portion of the point
in the beam, as shown in Figure 6.5c, and the moment due to the horizontal thrust, A,. Thus, Mgy = A,(18) —0.6(18)(9)
— Ax(11.81)

A parabolic arch is subjected to two concentrated loads, as shown in Figure 6.6a. Determine the support reactions and draw the
bending moment diagram for the arch.

50

(h)

50 kips 20kips

(¢} Bending moment diagram

Fig.6.6. Parabolic arch.
Solution

Support reactions. The free-body diagram of the entire arch is shown in Figure 6.6b. Applying the equations of static equilibrium
determines the components of the support reactions and suggests the following:

Entire arch.

+ ¥ Z Ms=0

E,(40) — 50(8) —(20)(35) =0

E, = 27.5 kips E, = 27.5kip 1
+1YF,=0

Ay +275-50—-20=0

A, = 42.5kips A, = 42.5kips 1

Arch segment EC.
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For the horizontal reactions, sum the moments about the hinge at C.

+ ¥ Z MC =0
27.5(20) — E,(10) —20(15) =0
E, =25 kips FE, = 25kips +

Entire arch again.

T E =0
—254+ A, =0
A, = 25 kips A, =25 kips —

Bending moment at the locations of concentrated loads. To find the bending moments at sections of the arch subjected to
concentrated loads, first determine the ordinates at these sections using the equation of the ordinate of a parabola, which is as
follows:

y=L(L—x)

Yzr=8tt = 4((1%))(28) (40 — 8) = 64ft

Yousie = 20O (40 — 5) = 4.375ft

When considering the beam in Figure 6.6d, the bending moments at B and D can be determined as follows:

Mp = A,(8)— A,(6.4)
= 42.5(8) — 25(6.4) = 180k.ft Mp = 180k.ft

Mp = E,(5) — E,(4.375)
= 27.5(5) — 25(4.375) = 28.13k.ft  Mp = 28.13k.ft

This page titled 6.1: Arches is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten (TU
Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Cables

Cables are flexible structures that support the applied transverse loads by the tensile resistance developed in its members. Cables
are used in suspension bridges, tension leg offshore platforms, transmission lines, and several other engineering applications.
The distinguishing feature of a cable is its ability to take different shapes when subjected to different types of loadings. Under
a uniform load, a cable takes the shape of a curve, while under a concentrated load, it takes the form of several linear segments
between the load’s points of application.

General Cable Theorem
The general cable theorem states that at any point on a cable that is supported at two ends and subjected to vertical transverse
loads, the product of the horizontal component of the cable tension and the vertical distance from that point to the cable chord

equals the moment which would occur at that section if the load carried by the cable were acting on a simply supported beam of
the same span as that of the cable.

dip gjg T
Ay chord
l 4D L(tanyp)
.
A,_‘__% ll'q _(,.»':Z ¥
A o g .;'(lan.,a) —-¥
BT

¢ Py

(b)
Fig.6.7. Cable (a) and beam (b).

To prove the general cable theorem, consider the cable and the beam shown in Figure 6.7a and Figure 6.7b, respectively. Both
structures are supported at both ends, have a span L, and are subjected to the same concentrated loads at B, C, and D. A line
joining supports A and E is referred to as the chord, while a vertical height from the chord to the surface of the cable at any point
of a distance z from the left support, as shown in Figure 6.7a, is known as the dip at that point. For equilibrium of a structure, the
horizontal reactions at both supports must be the same. From static equilibrium, the moment of the forces on the cable about
support B and about the section at a distance = from the left support can be expressed as follows, respectively:

+“\ZMB=0

6.2.1
—A,L—A;L(tangp)+ > Mpp =0 ( )
where
Y Mpp = the algebraic sum of the moment of the applied forces about support B.
+» S M, =0
2 (6.2.2)
—Ayx — Azfztanp —y| + Y M,p=0
YMpp — ALt
Solving equation 6.1 suggest that A, = [EMsp Ltang] (6.2.3)

L
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Substituting A, from equation 6.8 into equation 6.7 suggests the following: M +Ay(ztanyp —y) = Myp

zy Mpp
L

M
or Azy: xZTBP*ZMzP

or —a:AItango—l—:nAztan(p—Azy:ZMIP

(6.2.4)

To obtain the expression for the moment at a section z from the right support, consider the beam in Figure 6.7b. First, determine
the reaction at A using the equation of static equilibrium as follows:

ZMB:O

X M (6.2.5)
v T
The moment at a section of the beam at a distance  from support A = A,z — Z M.p (6.2.6)

Substituting A, from equation 6.10 into equation 6.11 suggests the following:

M
The moment at section z = :UZTBP — Z M,p (6.2.7)

The moment at a section of a beam at a distance = from the left support presented in equation 6.12 is the same as equation 6.9.
This confirms the general cable theorem.

Example 6.5

A cable supports two concentrated loads at B and C, as shown in Figure 6.8a. Determine the sag at B, the tension in the cable,
and the length of the cable.

Ay

e

— +—— j=—=D

—|-.-'.:|

10m

3m

100 kN 80 M L0 kN b) B0 kN

Fig.6.8. Cable.
Solution

Support reactions. The reactions of the cable are determined by applying the equations of equilibrium to the free-body diagram
of the cable shown in Figure 6.8b, which is written as follows:
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+ ¥ Z Ms=0

—100(2) — 80(10) + 13D, =0
D, = 76.92kN

+1 Zy =0

A, +76.92—-100—-80=0
A, = 103.08kN

+¥ > Mc=0

—A,(10) +100(8) =0

A, = 80kN

+—= Y F,=0
—D,+80=0

D, = 80kN

Sag at B. The sag at point B of the cable is determined by taking the moment about B, as shown in the free-body diagram in
Figure 6.8c, which is written as follows:

103.08 kN
A
80 kN 4—A - K
Vg
Bl . Bt
B
2m d
L —
()
+ ¥ ZMB =0
—Ay(2) + A (yp) =0
p=2 = 188G _958m yp=258m

Tension in cable.

Tension at A and D.
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Ta =Tap = 1/ (4,)° + (4,)* = 1/(103.08)2 + (80)2 = 130.48kN
Tp = Tpc =/ (D,)* + (D,)? = /(76.92)2 + (80)2 = 110.98kN

Tension in segment CB.

+—=>>F,=0
Tepcos73.3° —Tepcos42.8° =0
T (73.3°) _ 110.98cos(73.3°)
Tep = CDC(C)S‘ZQ.S = 005352.8 = 43.46kN

Length of cable. The length of the cable is determined as the algebraic sum of the lengths of the segments. The lengths of the
segments can be obtained by the application of the Pythagoras theorem, as follows:

L=1/(2.58)2 + (2)2 + /(10 — 2.58)2 + (8)2 + /(10)2 + (3)% = 24.62 m
Example 6.6

A cable supports three concentrated loads at B, C, and D, as shown in Figure 6.9a. Determine the sag at B and D, as well as the
tension in each segment of the cable.

4 ft
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Fig.6.9. Cable.
Solution

Support reactions. The reactions shown in the free-body diagram of the cable in Figure 6.9b are determined by applying the
equations of equilibrium, which are written as follows:

+V > My=0

—20(3) —30(6) —16(11) +14 =0
E, = 29.71 kips

+1> F,=0

Ay +29.71-20—-30—-16=0
A, = 36.29 kips

+¥v > Mc=0

29.71(8) — E,(4) — 16(5) =0

E, = 39.42 kips

+—=>>F,=0
36.29 kips
: A
39.42 Kips = A
Vg
e
3 ft B,
B,
()
—Ax +3942=0

A, = 39.42 kips

Sag. The sag at B is determined by summing the moment about B, as shown in the free-body diagram in Figure 6.9c, while the
sag at D was computed by summing the moment about D, as shown in the free-body diagram in Figure 6.9d.

Sag at B.
W-FZMB:O

—36.29(3) + 39.42 (yp') = 0
yp = 2.76t
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29.71 Kips
)

E
=x—>30.42 kips

Yp

Y

=
A

Sag at D.
W43 Mp=0
29.71(3) + 39.42 (yp) = 0
yp = 2.26ft

Tension.

Tension at A.

Ta=Tup=1/(A = 1/(36.29)2 + (39.42)% = 53.58kips

Tension at E.

Te=Tep=1/(E = 1/(29.71)2 + (39.42)2 = 49.36kips

Tension at B.
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—-+> F,=0
—Tpacos42.61° + Tpecos30.96° = 0

_ T s42.61° __ 53.58 42.61° __ 3
Tpc = Bcé)i%?).gﬁ - cosc.‘g)g496° =46 klpS

Tension at C.

—+> F,=0
—Tcpcos30.96° + Tep cos19.19° =0
Tep = - = S = 41.7Tkips

Tension at D.

- +> F,=0
~Tpesin70.81° + Tpp cos 37° = 0
Tpp = TeesnChsl) — AT — 49 40kN

D 37°

70.81°

16 kips

(g)
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Parabolic Cable Carrying Horizontal Distributed Loads

To develop the basic relationships for the analysis of parabolic cables, consider segment BC of the cable suspended from two
points A and D, as shown in Figure 6.10a. Point B is the lowest point of the cable, while point C is an arbitrary point lying on the
cable. Taking B as the origin and denoting the tensile horizontal force at this origin as T; and denoting the tensile inclined force
at C as T, as shown in Figure 6.10b, suggests the following:

w/unit lenght
(a)

Fig.6.10. Suspended cable.

Figure 6.10c¢ suggests the following:

dy wr
_ — 2.
tanf = = - (6.2.8)

Equation 6.13 defines the slope of the curve of the cable with respect to z. To determine the vertical distance between the lowest
point of the cable (point B) and the arbitrary point C, rearrange and further integrate equation 6.13, as follows:

dy = “’dem
Jody= [ 4dx (6.2.9)

2
_ wz
Y= 91,

Summing the moments about C in Figure 6.18b suggests the following:

W\+ZMC
wr (%) —Toy=0

2
Therefore, y = 15—;20

Applying Pythagorean theory to Figure 6.10c¢ suggests the following:
T =1/ (Ty)? + (wz)? (6.2.10)
where

T and T, are the maximum and minimum tensions in the cable, respectively.
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wx

(b)

Example 6.7

A cable supports a uniformly distributed load, as shown Figure 6.11a. Determine the horizontal reaction at the supports of the
cable, the expression of the shape of the cable, and the length of the cable.

.|"'L L -
A B
h
‘C
bylvild byldlidl

(a)

Fig.6.11. Cable with uniformly distributed load.
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Vm ds TO

C __, r___d_x___ (c) .
() y%

As the dip of the cable is known, apply the general cable theorem to find the horizontal reaction.

Solution

At point C,z = %,y:h

The expression of the shape of the cable is found using the following equations:

2
S Mpp = u/2L2
= (1) () ()

For any point P(z,y) on the cable, apply cable equation.
The moment at any section x due to the applied load is expressed as follows:

2
S M, = 22

The moment at support B is written as follows:
> Mp = 4~
Applying the general cable theorem yields the following:
Ay = (%) (wTLZ> a wa?
= (3) @@ -a)
(%) v=(%) @iz -2

The length of the cable can be found using the following:

(dS)? = (dz)* + (dy)?
(a8)” = (dz)” [1+ ()]
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S=y/1+ (%) da
S=[lmdS= [ J1+ (L) de = [F7 )1+ (22) de

The solution of equation 6.16 can be simplified by expressing the radical under the integral as a series using a binomial
expansion, as presented in equation 6.17, and then integrating each term.

(6.2.11)

11 5 7
Aac(lta)l?—1 Lo 2t s 2.12
a=(+9) 278" T16"” 128° " 256 (6.2.12)

- 2, L - .
Putting a = (1;—:) into three terms of the expansion in equation 6.13 suggests the following:

wz \ 2 1/ w)\?2 1/ w\*
1+(—) =14+=(= XZ——<—) x4 21
+-( Ty ) + 2 (15 ) 8 \ Ty (6.2.13)

Thus, equation 6.16 can be written as the following:

S=[y"as = Ji* 1+ () de = i 14 4 () X2 - 4 (#) X de

Lp

— [X-i— %(Tg) X3_4_10<T0) X5] . (6.2.14)
=Lo+5(#) Lh— % (%) Ly
Putting Ty = "J;ZB into equation 6.19 suggests:
4h? 16h*
S=Lot o1, o
N b \ (6.2.15)
-t 5(z;) - 5(25)
e 3\ L 5\Ls
Example 6.8

A cable subjected to a uniform load of 240 N/m is suspended between two supports at the same level 20 m apart, as shown in
Figure 6.12. If the cable has a central sag of 4 m, determine the horizontal reactions at the supports, the minimum and maximum
tension in the cable, and the total length of the cable.

\ 20m |

Yyyyvdlivuy

240 kN/m
(a)

A B

4m

C

wydvvvdvviddvidvvliy

240kN/m 240 kN/m
) ©

Fig.6.12. Cable.

Solution
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Horizontal reactions. Applying the general cable theorem at point C' suggests the following:

Fe Y M, = w2 = 2000° _ 19000Ny,

8 8
0 Y My = 2 = 20007 — 48000Nm

A,(4) = 48000 — 12000
A, = B, = 9000 N

Minimum and maximum tension. From the free-body diagram in Figure 6.12¢c, the minimum tension is as follows:

Y M.
wx (§) —Toh=0

Therefore, Ty = 42~ = 200" — 3000 N

From equation 6.15, the maximum tension is found, as follows:

Tmax = 4/ (To)* + (wz)? = \/(3000)2 + (240 x 10)2 = 3841.87 N
The total length of cable:
2/ 4\% 2/4\*
= (2)(1 14— ) —=—
s=@00 [1+3(55) - 3(5) |
4

1
“e i3 (55) 5 (50) |
—21.93 m

Chapter Summary

Internal forces in arches and cables: Arches are aesthetically pleasant structures consisting of curvilinear members. They are
used for large-span structures. The presence of horizontal thrusts at the supports of arches results in the reduction of internal
forces in it members. The lesser shear forces and bending moments at any section of the arches results in smaller member sizes
and a more economical design compared with beam design.

Arches: Arches can be classified as two-pinned arches, three-pinned arches, or fixed arches based on their support and
connection of members, as well as parabolic, segmental, or circular based on their shapes. Arches can also be classified as
determinate or indeterminate. Three-pinned arches are determinate, while two-pinned arches and fixed arches, as shown in
Figure 6.1, are indeterminate structures.

Cables: Cables are flexible structures in pure tension. They are used in different engineering applications, such as bridges and
offshore platforms. They take different shapes, depending on the type of loading. Under concentrated loads, they take the form of
segments between the loads, while under uniform loads, they take the shape of a curve, as shown below.

Some numerical examples have been solved in this chapter to demonstrate the procedures and theorem for the analysis of arches
and cables.

Practice Problems

6.1 Determine the reactions at supports B and E of the three-hinged circular arch shown in Figure P6.1.
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Ssm|_ 15m | 20m _5m

A

|
Fig.P6.1. Three - hinged circular arch.

6.2 Determine the reactions at supports A and B of the parabolic arch shown in Figure P6.2. Also draw the bending moment
diagram for the arch.

900 Ib/ft

\r1r¢¢¢1r¢¢v¢“¢l

»<

Fig.P6.2. Parabolic arch.

6.3 Determine the shear force, axial force, and bending moment at a point under the 89 kN load on the parabolic arch shown in
Figure P6.3.
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80 kN 60kN

Fig.P6.3. Parabolic arch.

6.4 In Figure P6.4, a cable supports loads at point B and C. Determine the sag at point C and the maximum tension in the cable.

160 kN 100 kN

Fig.P6.4. Cable.

6.5 A cable supports three concentrated loads at points B, C, and D in Figure P6.5. Determine the total length of the cable and
the length of each segment.
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20 k 12k
21t 3f . 6 ft 2 ft

> >

Fig.P6.5. Cable.

6.6 A cable is subjected to the loading shown in Figure P6.6. Determine the total length of the cable and the tension at each
support.

40 kips 30 kips
90 kips

Fig.P6.6. Cable.

6.7 A cable shown in Figure P6.7 supports a uniformly distributed load of 180 kN/m. Determine the tensions at supports A and C
at the lowest point B.
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8m

L

100 kN/m

10 m J

Fig.P6.7. Cable.

6.8 A cable supports a uniformly distributed load in Figure P6.8. Find the horizontal reaction at the supports of the cable, the
equation of the shape of the cable, the minimum and maximum tension in the cable, and the length of the cable.

y
s 25 ft L 25 ft R
A 5
10 ft '
- X
C
FEERER YR
800 Ib/ft

Fig.P6.8. Cable.

6.9 A cable subjected to a uniform load of 300 N/m is suspended between two supports at the same level 20 m apart, as shown in
Figure P6.9. If the cable has a central sag of 3 m, determine the horizontal reactions at the supports, the minimum and maximum

tension in the cable, and the total length of the cable.

@IOIC]E) 167 (6.2.16)



LibreTextS“

300 N/m

Fig.P6.9. Cable.

This page titled 6.2: Cables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten (TU
Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.1: Introduction

The serviceability requirements limit the maximum deflection that is allowed in a structural element subjected to external loading.
Excessive deflection may result in the discomfort of the occupancy of a given structure and can also mar its aesthetics. Most
codes and standards provide the maximum allowable deflection for dead loads and superimposed live loads. To ensure that the
possible maximum deflection that could occur under a given loading is within acceptable value, the structural component is
usually analyzed for deflection, and the determined maximum deflection value is compared with the specified values in the codes
and standards of practice.

There are several methods of determining the deflection of a beam or frame. The choice of a particular method is dependent on
the nature of the loading and the type of problem being solved. Some of the methods used in this chapter include the method of
double integration, the method of singularity function, the moment-area method, the unit-load method, the virtual work method,
and the energy methods.

This page titled 7.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.2: Derivation of the Equation of the Elastic Curve of a
Beam

The elastic curve of a beam is the axis of a deflected beam, as indicated in Figure 7.1a.

P P

|

A (a)
P
/ \
¥ Section [ — 1
gl N4 .
o _L_-\_-L""\-\_\_‘ 5A : Tenf'l‘a“
§
[ | &l
a7 e Ir// LA g | -
a8 i !
« = = f } c i
e : 4 ™ ” i Compression
M 3 I ;
0 ) (c) (d)

(b)
Fig.7.1. The elastic curve of a beam.
To derive the equation of the elastic curve of a beam, first derive the equation of bending.

Consider the portion cdef of the beam shown in Figure 7.1a, subjected to pure moment, M, for the derivation of the equation of
bending. Due to the applied moment M, the fibers above the neutral axis of the beam will elongate, while those below the neutral
axis will shorten. Let O be the center and R be the radius of the beam’s curvature, and let ij be the axis of the curved beam. The
beam subtends an angle 8 at O. And let o be the longitudinal stress in a filament gh at a distance y from the neutral axis.

From geometry, the length of the neutral axis of the beam ij and that of the filament gh, located at a distance y from the neutral
axis of the beam, can be computed as follows:

ij = RO and gh = (R + y)0

The strain ¢ in the filament can be computed as follows:

_gh—ij (R+y)0—RO 40 y
=T RO “RI R (7:2.1)

For a linear elastic material, in which Hooke’s law applies, equation 7.1 can be written as follows:

o _y
—== 7.2.2
T- R (7.2.2)

If an elementary area A at a distance y from the neutral axis of the beam (see Figure 7.1c) is subjected to a bending stress o,
the elemental force on this area can be computed as follows:

5P = oA (7.2.3)

The force on the entire cross-section of the beam then becomes:

P= /06A (7.2.4)
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From static equilibrium consideration, the external moment M in the beam is balanced by the moments about the neutral axis of
the internal forces developed at a section of the beam. Thus,

M= /(JéA)y (7.2.5)

Substituting o = % from equation 7.2 into equation 7.5 suggests the following:

u= [ (F) wwea
g ) (7.2.6)
= (5) [
Putting I = [ y?0A into equation 7.6 suggests the following:
M = % (7.2.7)
where
I = the moment of inertia or the second moment of area of the section.
Combining equations 7.2 and 7.7 suggests the following:
% = % (7.2.8)
The equation of the elastic curve of a beam can be found using the following methods.
From differential calculus, the curvature at any point along a curve can be expressed as follows:
d?y
% = Lﬂ/z (7.2.9)
[+ (4)7]
where
% and 3—3 are the first and second derivative of the function representing the curve in terms of the Cartesian coordinates x and
.

Since the beam in Figure 7.1 is assumed to be homogeneous and behaves in a linear elastic manner, its deflection under bending
is small. Therefore, the quantity % which represents the slope of the curve at any point of the deformed beam, will also be small.

Since (4 2 is negligibly insignificant, equation 7.9 could be simplified as follows:
dz

d*y
1 rma d’y
— - = 7.2.10
R [140p32  dz? ( )
Combining equations 7.2 and 7.10 suggests the following:
1 M d¥
= =7 211
R EI dx? (7 )
Rearranging equation 7.11 yields the following:
d%y
El— =M 7.2.12
T2 ( )

Equation 7.12 is referred to as the differential equation of the elastic curve of a beam.

This page titled 7.2: Derivation of the Equation of the Elastic Curve of a Beam is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts
platform.
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6: ARCHES AND CABLES

6.1: Arches
6.2: Cables

This page titled 6: Arches and Cables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7: DEFLECTION OF BEAMS- GEOMETRIC METHODS

7.1: Introduction

7.2: Derivation of the Equation of the Elastic Curve of a Beam
7.3: Deflection by Method of Double Integration

7.4: Deflection by Method of Singularity Function

7.5: Deflection by Moment-Area Method

7.6: Deflection by the Conjugate Beam Method

This page titled 7: Deflection of Beams- Geometric Methods is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.3: Deflection by Method of Double Integration

Deflection by double integration is also referred to as deflection by the method of direct or constant integration. This method
entails obtaining the deflection of a beam by integrating the differential equation of the elastic curve of a beam twice and using
boundary conditions to determine the constants of integration. The first integration yields the slope, and the second integration
gives the deflection. This method is best when there is a continuity in the applied loading.

Example 7.1

A cantilever beam is subjected to a combination of loading, as shown in Figure 7.2a. Using the method of double integration,
determine the slope and the deflection at the free end.

A B
le 5m 5l
~ 1
(a)
y
SkN.m 20 kN/m
A B X
X MB
D
(b) By

Fig.7.2. Cantilever beam.
Solution

Equation for bending moment. Passing a section at a distance z from the free-end of the beam, as shown in the free-body diagram
in Figure 7.2b, and considering the moment to the right of the section suggests the following:

J32
M=5— %
Substituting M into equation 7.12 suggests the following:

Py _ 2022
El =5— 5~

Equation for slope. Integrating with respect to = suggests the following:
EI% =5z — 22 4 ¢

Observe that at the fixed end where z = L, Z—z = 0; this is referred to as the boundary condition. Applying these boundary
conditions to equation 3 suggests the following:

0=5L— 2L ¢

Ch = —5 x5+ 20 _ 391 67

To obtain the following equation of slope, substitute the computed value of C; into equation 3 follows:
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EI% =50 — 22 4 391.67

Equation for deflection. Integrating equation 4 suggests the following:

Ely = 52 _ 20" | 391,67z + C,
At the fixed end z = L, y = 0. Applying these boundary conditions to equation 5 suggests the following:

_ s 2w _
0= — 22 4 391.67L =

S 200 | 391.67(5) + Cy = —1500

To obtain the following equation of elastic curve, substitute the computed value of C, into equation 5, as follows:

y=2r (% — B2 +391.672 — 1500)

The slope at the free end, i.e., j—z atz =0

(%)A —0, = ﬁ [5(0) . 20(60)3 +391.6] _ 39;.167

391.67
El

The deflection at the free end, i.e, yatz =0

ya =27 (295 — 20 +391.67(0) — 1500) = — 10 1w

Example 7.2

A simply supported beam AB carries a uniformly distributed load of 2 kips/ft over its length and a concentrated load of 10 kips
in the middle of its span, as shown in Figure 7.3a. Using the method of double integration, determine the slope at support A and

the deflection at a midpoint C of the beam.

10 kip
. 4 ft
2 Kips/ft
EI = constant
A B E = 10,000 ksi
€ e - 100000
l 8 ft N|
| |
(a)
y
10 kip
‘ Vl' 2 kips/ft

X

TB
Ay = 13 Kips B =13 kips
(b)

Fig.7.3. Simply supported beam.

Solution
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Support reactions.
Ay=B,= 28 + 10 =13 kips by symmetry

Equation for bending moment. The moment at a section of a distance z from support A, as shown in the free-body diagram in
Figure 7.3b, is written as follows:

\(®
M =13z — %
Substituting for M into equation 7.12 suggests the following:

2
EISY =M =13z — %

Equation for slope. Integrating equation 2 with respect to = suggests the following:
d 22 23
BIg =48 -%+0
The constant of integration C; is evaluated by considering the boundary condition.
L d
Applying the afore-stated boundary conditions to equation 3 suggests the following:
134 24°

0=—= 5 +Ch
C, = —82.67

Bringing the computed value of C back into equation 3 suggests the following:

d. 1 1322 2z°
d—g:ﬁ( e —%—82.67)

Equation for deflection. Integrating equation 4 suggests the following:

Ely = 1332 20 8267z + C,
The constant of integration C is evaluated by considering the boundary condition.
Atz=0,y=0

0=0—0—0+40C9

Cy=0

Carrying the computed value of Cs back into equation 5 suggests the following equation of elastic curve:

Ely = 18 _ 2 _g267z

The slope at 4, i.e,, % atz =0

lx

dy\ _ o _ 1 (1300 _ 200 8267 _ 82.67
<%>A =0r= 27 ( 2 6 82'67) TR T (10,000)(12)2(%)
(12)7

= —0.0012 rad
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Deflection at midpoint C, i.e, at z = 7

21335 213.35

EI T ST = (10,000)(144)(1000) (12 )

Ye=TFEr | 6 21
— —0.0031ft = —0.04in |

1 [13(4)3 2(4)4

Example 7.3

A beam carries a distributed load that varies from zero at support A to 50 kN/m at its overhanging end, as shown in Figure
7.4a. Write the equation of the elastic curve for segment AB of the beam, determine the slope at support A, and determine the
deflection at a point of the beam located 3 m from support A.

50 kN/m
El = constant

E = 200 GPa
c 1=95(109)mm*

50 kN/m
A C
x BA
Ay =22.22kN B =177.78 kN
(b)
Fig.7.4. Beam.

Solution
Support reactions. To determine the reactions of the beam, apply the equations of equilibrium, as follows:

+TLZMA =0

—(3) (8)(50) (%) (8) + By(6) = 0
B, =177.78kN B, =177.78 1
+—=>>F,=0 A,=0 A, =0
+13XF,=0

177.78 + A, — (1) (8)(50) = 0

A, =22.22kN A, =2222kN 1

Equation for bending moment. The moment at a section of a distance z from support A, as shown in the free-body diagram in
Figure 7.4b, is as follows:

0<z<6
M =222 - (3) (@) (%) (3) = 2220~ B

Substituting for M into equation 7.12 suggests the following:

d? 3
EITS = M =2.22z — 2%

Equation for slope. Integrating equation 2 with respect to = suggests the following:
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dy _ 222222 252
EIH_ 2 Axd +C

Equation for deflection. Integrating equation 3 suggests the equation of deflection, as follows:

Ely = %213 - 532524 + Ciz + Oy

To evaluate the constants of integrations, apply the following boundary conditions to equation 4:
Atz=0,y=0

0=0—0+0+C5

Cy=0

Atz=6m,y=0

3 5 5
0= 22'2?6) - 514@24 +6C,
Cy = —65.82

Equation of elastic curve.
The equation of elastic curve can now be determined by substituting C; and C, into equation 4.

-3 ol
Ely = 220 _ B 6582z

To obtain the equations of slope and deflection, substitute the computed value of C; and C, back into equations 3 and 4:

Equation of slope.

dy _ 1 (22222 25zt
dr — EI ( 2 96 6582)

Equation of deflection.

_ 1 22.22z° 250
y= 4 (B2 — 2o 65827)

Deflection at z = 3 m from support A.

ye=3m=—101% = 00058 m=—580 mm 5.80 mm |

This page titled 7.3: Deflection by Method of Double Integration is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.4: Deflection by Method of Singularity Function

In cases where a beam is subjected to a combination of distributed loads, concentrated loads, and moments, using the method
of double integration to determine the deflections of such beams is really involving, since various segments of the beam are
represented by several moment functions, and much computational efforts are required to find the constants of integration. Using
the method of singularity function in such cases to determine deflections is comparatively easier and relatively quick. This method
of analysis was first introduced by Macaulay in 1919, and it entails the use of one equation that contains a singularity or half-range
function to describe the entire beam deflection curve. A singularity or half-range function is defined as follows:

\(\langle x-a\rangle*{n}=\left\{\begin{aligned}

0 \text { for }(x-a)<® \text { or } x (x-a)*{n} \text { for } x-a \geq O & \text { or } x \geq a

\end{aligned}\right.\)

where

x = coordinate position of a point along the beam.

a = any location along the beam where discontinuity due to bending occurs.

n = the exponential values of the functions; this must always be greater than or equal to zero for the functions to be valid.

The above outlined definition implies that the quantity (z — a) equals zero or vanishes if it is negative, but it is equal to (z — a) if
it is positive.

Procedure for Analysis by Singularity Function Method
eSketch the free-body diagram of the beam and establish the x and y coordinates.

eCalculate the support reactions and write the moment equation as a function of the z coordinate. The sign convention for the
moment is the same as in section 4.3.

eSubstitute the moment expression into the equation of the elastic curve and integrate once to obtain the slope. Integrate again
to obtain the deflection in the beam.

eUsing the boundary conditions, determine the integration constants and substitute them into the equations obtained in step 3
to obtain the slope and the deflection of the beam. A positive slope is counterclockwise and a negative slope is clockwise, while

a positive deflection is upward and a negative deflection is downward.

sWhen computing the slope or deflection at any point on the beam, discard the quantity (z — a) from the equation for slope or
deflection if it is negative. If (z — a) is positive, it remains in the equation.

Example 7.4

A simply supported beam is subjected to the combined loading shown in Figure 7.5a. Using the method of singularity function,
determine the slope at support A and the deflection at B.
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I A |
| I D

D

I | [ I |
> S R TR I T [

Ay =86.60 kN 26 kN/m D
6m 2m
« - > )I

< 2 >

(b)

Fig.7.5. Simply supported beam.

45m

Solution

Support reactions. To determine the reaction at support A of the beam, apply the equations of equilibrium, as follows:

+ ¥ ZMD =0
26(4.5) (8 —42) +10(2) —84, =0
A, = 86.6kN

Bending moment. Replacing the given distributed load by two equivalent open-ended loadings, as shown in Figure 7.5b, the
bending moment at a section located at a distance = from the left support A can be expressed as follows:

M = 86.60 — 2622 4 2L 4005 )

Equation of the elastic curve. Substituting for M (z) from equation 1 into equation 7.12 suggests the following:

BTy — M =86.60 — 25 4 297 00z )
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Integrating equation 2 twice suggests the following:

dy _ 86.6x> _ 262° 26(z—4.5)°  10(z—6)*

Eldz ) 3xz T 3x2 2 +C

Ely = 86.62% _ _26z* + 26(z—4.5*  10(z—6)° L O+ C
Y= "3x2 Ix3%2 Ix3%2 3%2 1 2

Boundary conditions and computation of constants of integration. Applying the boundary conditions [z = 0,y = 0] to equation 4
and noting that each bracket contains a negative quantity and, thus, is equal zero by the singularity definition suggests that Cs
=0.

0=0—04+0—-0+0Cy
Cy=0

Again, applying the boundary conditions [z = 8,y = 0] to equation 4 and noting that each bracket contains a positive quantity
suggests that the value of the constant C is as follows:

0= 86.6(8)% 26(8)* 26(8—4.5)* 10(8—6)3 +8C,

3x2 - Tax2 T T ohaxz T T 3x2
C, = —387.72
_86.6(8)% 26(8)* 26(8—4.5)* 10(8—6)%
0= 3x2 T T2 T T haxz T T T ax2 +8C,

C, = —387.72

Substituting the values for C; and Cs into equation 4 suggets that the expression for the elastic curve of the beam is as follows:

1 {8646333 26x4+26(x—4.5)4 10(z — 6)®
y —

— - 38772 41
EI 6 24 24 6 ST x} (T4.1)

Similarly, substituting the values for C; into equation 3 suggests the expression for the slope is as follows:

dy 1 {86.6z2 2623 26(z —4.5)3 ~ 10(z — 6)2

= T -~ 7387.72} (7.4.2)

2 6 + 6 2
The slope at 4, i.e, 4 atz =0

dy\ _p, _ 38012
(W)A_QA_ El

387.72

El y

The deflection at z = 4.5 m from support A

1 (86.6(4.5)° 26(4.5)" 26(4.5—4.5)" 10(4.5—6)3

Yo=45m = — { G -——5r t 51 — 5 — 387.72(4.5)
873.74 873.74

Yy =4.5m=— foli ol I

Example 7.5

A cantilever beam is loaded with a uniformly distributed load of 4 kips/ft, as shown in Figure 7.6a. Using the method of singularity
function, determine the equation of the elastic curve of the beam, the slope at the free end, and the deflection at the free end.
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Y

4Kips/ft

El = constant C

|<_6_Et_+ 6 ft

EBD 4kips/ft

M, (w 1
A}’

(b)

Fig.7.6. Cantilever beam.

Solution

Support reactions. To determine the reaction at support A of the beam, apply the equation of equilibrium, as follows:

+Y S My=0 My—4(6)(9) =0 My =216k —ft.”
+1XF,=0 A,—4(6)=0 Ay =24k 1
+—=>>F,=0 A,=0 A, =0

Bending moment. The bending moment at a section located at a distance x from the fixed end of the beam, shown in Figure 7.6b,
can be expressed as follows:

4(z — 6)?
M = 24z — 216 — 2@ 6 (7.4.3)
Equation of the elastic curve. Substituting for M (z) from equation 1 into equation 7.12 suggests the following:
d? 4(z —6)2
1Y _ap—o4p 016 AE=0" (7.4.4)
dz? 2
Integrating equation 2 twice suggests the following:
24(z)®  216(x)®>  4(x —6)*
Ely = (6‘”) . 2@) - (w24 L o (7.4.5)
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Boundary conditions and computation of constants of integration. Applying the boundary conditions [x =0, j—g = 0] to equation

3 and noting that the term with a bracket contains a negative quantity and, thus, is equal to zero by the singularity function
definition suggests that C; = 0.

) a3
207 _916(0) — 222 L0y =0 C1=0

Applying the boundary conditions [z = 0,y = 0] to equation 4 and noting that the term with a bracket contains a negative quantity
and, thus, is equal to zero by the singularity function definition suggests that Cy = 0.

24((50)3 - 2162(0)2 - 4(0;46)4 1010 +C=0 Co=0

To find the elastic curve of the beam, substitute the values for C; and Cs into equation 4, as follows:

y (7.4.6)

1 [24(z)®  216(x)  4(z—6)*
*ﬁ{ 6 2 24

Similarly, to find the expression for the slope, substitute the values for C; into equation 3, as follows:

( dy )C =0c= 1 [24(;2)2 o 216(12) o 4(1276)3] _ 1008 1008

dr ET 6 “EI  ET
1 [ 240123 216(12)% 4(12-6)' | _ 8856
yo_ﬁ[ 6~ T 2 T u ]_ ET
8856 -—
El F’
Example 7.6

A beam with an overhang is subjected to a combined loading, as shown in Figure 7.7a. Using the method of the singularity
function, determine the slope at support A and the deflection at B.

120 kN/m

40 kN. m

(a)
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et [FEm i

&

5

_ D, = 433.75 kN
A, = 96.25 kN y
(b)

Fig.7.7. Beam with overhang.
Solution
Support reactions. To determine the reaction at support A of the beam, apply the equations of equilibrium, as follows:

+ ¥ ZMA =0

—40 —120(4)(6) — 50(11) + 8D, =0
D, =433.75kN D, = 433.75kN 1
+1>F,=0

A, +433.75—-120(4) —50 =0

A, =96.25kN A, = 96.25kN 1
+2YF,=0A4,=0 A,=0

Bending moment. By replacing the given distributed load by two equivalent open-ended loadings and modifying the moment term,
as shown in Figure 7.7b, the bending moment at a section located at a distance = from the left support A can be expressed as
follows:

120(z —4)%  120(x — 8)?
2 + 2

M = 96.25z + 40(z — 2)° — + 433.75(x — 8) (7.4.7)

Equation of the elastic curve. Substituting for M(z) from equation 1 into equation 7.12 suggests the following:

d’y
EI—= = M = 96.25x + 40(z — 2)

B o 120 —4)* | 120(z —8)°
dz?

2 2

+433.75(z — 8) (7.4.8)

Integrating equation 2 twice suggests the following:

dy  96.252° . 120(z—4)%  120(z —8)3 = 433.75(z — 8)*
BreY — 40(z —2)' — 4.
do 5~ T2 3x2 3x2 2 +G (7.49)
250 40(z—2)?  120(z —4)*  120(z —8)*  433.75(zx — 8)3
pry- 262 A0@-27 12047 12087 =8 | et (7.4.10)

3x2 2 4x3x%x2 4x3x%x2 3 x2

Boundary conditions and computation of constants of integration. Applying the boundary conditions [z = 0,y = 0] to equation 4
and noting that each bracket contains a negative quantity and, thus, is equal to zero by the singularity definition suggests that C,
=0.

0=0+0—-04+04+0+0+C
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Cy=0

Again, applying the boundary conditions [z = 8m, y = 0] to equation 4 and noting that each bracket contains a positive quantity
suggests that the value of the constant C| is as follows:

_96.25(8)° 40(8—2)2 120(8—4)* 120(8—8)* 433.75(8—8)3
0= T2 T 2 ~ oaxe T oo T 3x2 +8C,
C1 = —956.67

Substituting the values for Cy and Cs into equation 4 suggests that the expression for the elastic curve of the beam is as follows:

_ 1 96.252° 40(z—2)2 120(z—4)* 120(z—8)* 433.75(z—8)*
Y= FET\ 3x2 T T oo T oaxe T 3%2 —956.67x

Similarly, substituting the values for C; into equation 3 suggests that the expression for the slope is as follows:

d 2 120(z—4)* 120(z—8)? 433.75(z—8)>
d_?zj = % { 96'2251 +40<$_ 2>1 - éi? > + éiz ) + 2@ > _956'67}

The slope at 4, i.e, 4 atz =0
dy _ _ _ 956.67
(2), -00 - -4

dz ET

956.67

EI b

The deflection at z = 2 m from support A

_ -~ 96.25(2)°

yo=2m= 7 {25 10-0+0+0-956.67(2) }
— — 1785 1785

Yo =2m=—"gF g

This page titled 7.4: Deflection by Method of Singularity Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.5: Deflection by Moment-Area Method

The moment-area method uses the area of moment divided by the flexural rigidity (M /ED) diagram of a beam to determine the
deflection and slope along the beam. There are two theorems used in this method, which are derived below.

First Moment-Area Theorem

To derive the first moment-area theorem, consider a portion AB of an elastic curve of the deflected beam shown in Figure 7.8b.
The beam has a radius of curvature R. Figure 7.8c represents the bending moment of this portion. According to geometry, the
length of the arc ds, of the radius R, subtending an angle df, is equal to the product of the radius of curvature and the angle
subtend. Therefore,

ds = Rdf (7.5.1)

Rearranging equation 1 suggests the following:

(7.5.2)
dx _,‘ % X ,|
I
()
Fig.7.8. Deflected beam.
Substituting equation 7.14 into equation 7.8 suggests the following:
M

Since ds is infinitesimal because of the small lateral deflection of the beam that is allowed in engineering, it can be replaced by
its horizontal projection dz. Thus,

M
e 5.4
df = = da (7.5.4)

The angle 6 between the tangents at A and B can thus be obtained by summing up the subtended angles by the infinitesimal
length lying between these points. Thus,
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Jido= [ Frde

Orfpa=0p—04=[7 Lz

(7.5.5)

Equation 7.17 is referred to as the first moment-area theorem. The first moment-area theorem states that the total change in
slope between A and B is equal to the area of the bending moment diagram between these two points divided by the flexural
rigidity ET.

Second Moment-Area Theorem

Referring again to Figure 7.8, it is required to determine the tangential deviation of point B with respect to point A, which is the
vertical distance of point B from the tangent drawn to the elastic curve at point A. To do so, first calculate the contribution §A of
the element of length dL to the vertical distance. According to geometry,

Sy = xdf (7.5.6)

Substituting df from equation 7.15 to equation 7.18 suggests the following:

Mz
Hence,
B
Mx
= —d 0.
Yy | EI z (7.5.8)

Equation 7.20 is referred to as the second moment area theorem. The second moment-area theorem states that the vertical
distance of point B on an elastic curve from the tangent to the curve at point A4 is equal to the moment with respect to the vertical
through B of the area of the bending moment diagram between A and B, divided by the flexural rigidity, EI.

Sign Conventions

The sign conventions for moment-area theorems are as follows:

(1)The tangential deviation of a point B, with respect to a tangent drawn at the elastic curve at a point A, is positive if B lies above
the drawn tangent at A and negative if it lies below the tangent (see Figure 7.9).

(2)The slope at a point B, with respect to a tangent drawn at a point A in an elastic curve, is positive if the tangent drawn at B
rotates in a counterclockwise direction with respect to the tangent at A and negative if it rotates in a clockwise direction (see
Figure 7.9).

B A
| A&
! .
i YB/a : YB/aA
|
A | B _V_
(a) Positive change in slope, and (&) Negative change in slope,
positive deflection. and negative deflection.

Fig.7.9. Sign convention representation.

Procedure for Analysis by Moment-Area Method
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eSketch the free-body diagram of the beam.

eDraw the M/EI diagram of the beam. This will look like the conventional bending moment diagram of the beam if the beam is
prismatic (i.e. of the same cross section for its entire length).

«To determine the slope at any point, find the angle between a tangent passing the point and a tangent passing through another
point on the deflected curve, divide the M/EI diagram into simple geometric shapes, and then apply the first moment-area
theorem. To determine the deflection or a tangential deviation of any point along the beam, apply the second moment-area
theorem.

oIn cases where the configuration of the M/EI diagram is such that it cannot be divided into simple shapes with known areas
and centroids, it is preferable to draw the M/EI diagram by parts. This entails introducing a fixed support at any convenient
point along the beam and drawing the M /EI diagram for each of the applied loads, including the support reactions, prior to the
application of any of the theorems to determine what is required.

Table 7.1. Areas and centroids of geometric shapes.

Geometric Shape Area | Centroid
Cq Co
Rectangle bh g %
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Example 7.7

A cantilever beam shown in Figure 7.10a is subjected to a concentrated moment at its free end. Using the moment-area method,
determine the slope at the free end of the beam and the deflection at the free end of the beam. EI = constant.
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20kN . m )
A(ﬁﬂ Origina] beam
El = constant &
le 6m |
I
| (a)
M
!
%
& diagram
20kN.m
(6) Reference tangent
o 4 2 : B{ Elastic
A, A “ curve
4 (c)

Fig.7.10. Cantilever beam.

Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam and divide it by the flexural rigidity, EI, to obtain the %

diagram shown in Figure 7.10b.

Slope at A. The slope at the free end is equal to the area of the % diagram between A and B, according to the first moment-area
theorem. Using this theorem and referring to the % diagram suggests the following:

04=—(gr)(6)(20) = — 3

Deflection at A. The deflection at the free end of the beam is equal to the moment with respect to the vertical through A of the
area of the 2L diagram between A and B, according to the second moment-area theorem. Using this theorem and referring to

Figure 7.18b and Figure 7.18c suggests the following:
As=—(3)(6)20)(3) =3 Ay=3

Example 7.8

A propped cantilever beam carries a uniformly distributed load of 4 kips/ft over its entire length, as shown in Figure 7.11a. Using
the moment-area method, determine the slope at A and the deflection at A.
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4 kips/ft I
A B Original beam
10 ft
12 kips (@)
M
Bl
120 kip. ft
ol
= —=x  Zdiagram
\
) 200 kip. ft
=4 L Elastic
Ay 64 curve
= ©

Fig.7.11. Propped cantilever beam.
Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam and divide it by the flexural rigidity, EI, to obtain the %
diagram shown in Figure 7.11b.

Slope at A. The slope at the free end is equal to the area of the % diagram between A and B. The area between these two points
is indicated as A; and A, in Figure 7.11b. Use Table 7.1 to find the computation of A,, whose arc is parabolic, and the location of
its centroid. Noting from the table that A = %bh and applying the first moment-area theorem suggests the following:

6= Ay = A = () (5) (10)(120) — () (22522) — 24

__ B6.67
81‘1 — TEI b

Deflection at A. The deflection at A is equal to the moment of area of the % diagram between A and B about A. Thus, using the
second moment-area theorem and referring to Figure 7.11b and Figure 7.11c suggests the following:

Aa=Ai(5) =4 (50) = (77) (3) 10(120) (352) — (F7) (559) (35%) =~ Aa =4

Example 7.9

A simply supported timber beam with a length of 8 ft will carry a distributed floor load of 500 lb/ft over its entire length, as shown
Figure 7.12a. Using the moment area theorem, determine the slope at end B and the maximum deflection.
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500 Ib/ft

RERRRRRRRETRNRN NN

* 8ft *

(a)

Original beam

o=

4000 |b. ft

Ay Ay

M 3s -
x  gdiagram

(b)

Elastic curve

(c)

Fig.7.12. Simply supported timber beam.
Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam, and divide it by the flexural rigidity, EI, to obtain the %
diagram shown in Figure 7.12b.

Slope at B. The slope at B is equal to the area of the % diagram between B and C. The area between these two points is
indicated as A, in Figure 7.12b. Applying the first moment-area theorem suggests the following:

0o = A = () (B2) = () (2040 - gen

__ 10666.67
BB — T EI

Maximum deflection. The maximum deflection occurs at the center of the beam (point C). It is equal to the moment of the area
of the % diagram between B and C about B. Thus,

B as(3) = () (240) (32) - mipe

@IOIC]E) 194 (7.5.9)



LibreTextS“'

— 26666.67

Example 7.10

A prismatic timber beam is subjected to two concentrated loads of equal magnitude, as shown in Figure 7.13a. Using the moment-
area method, determine the slope at A and the deflection at point C.

4kN 4 KN o
Yc YD
Al 1B /6kN'm
* /] A N
p 15 m, |, 3m S 1.5 m?l . L 2 3 X

M 1:
(¢)  Original beam (b) = diagram

tangent at B

A B
0 Elastic curve
A

Ac

C
Acrz

tangent at C
Bp/a

tangentat A

(©)

Fig.7.13. Prismatic timber beam.
Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam and divide it by the flexural rigidity, FI, to obtain the %
diagram shown in Figure 7.13b.

Slope at A. The deflection and the rotation of the beam are small since they occur within the elastic limit. Thus, the slope at
support A can be computed using the small angle theorem, as follows:

Ap/a Ap/a
04 = —L/ = —6/

To determine the tangential deviation of B from A, apply the second moment-area theorem. According to the theorem, it is equal
to the moment of the area of the % diagram between A and B about B. Thus,
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Apa=A; (154345 x1.5)+ Ay(1.5+1.5) + A3 (% x 1.5)
Apja= 27 [$(15)(6) (% x 1.5) + (3)(6)(1.5+ 1.5) + 3 (1.5)(6) (1.5+ 3 + + x 1.5)]

81
Apja= 1

Thus, the slope at A is

Apa _ 81 13.5

0a=—7 = G$EI ~ EI 04= 7

Deflection at C. The deflection at C can be obtained by proportion.

Apa _ Act+Aga

6 1.5

1.5)(A
A, = ( )(6 5/4) — Agya

Similarly, the tangential deviation of C from A can be determined as the moment of the area of the % diagram between A and
C about C.

Acya= 27 [3(15)(6) (5 x 1.5)] = 537
Therefore, the deflection at C'is

A, = (1.5)(81) 9 1575 A — 1575

6EI  2EI _ EI EI

This page titled 7.5: Deflection by Moment-Area Method is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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7.6: Deflection by the Conjugate Beam Method

The conjugate beam method, developed by Heinrich Muller-Breslau in 1865, is one of the methods used to determine the slope
and deflection of a beam. The method is based on the principle of statics.

A conjugate beam is defined as a fictitious beam whose length is the same as that of the actual beam, but with a loading equal
to the bending moment of the actual beam divided by its flexural rigidity, EI.

The conjugate beam method takes advantage of the similarity of the relationship among load, shear force, and bending moment,
as well as among curvature, slope, and deflection derived in previous chapters and presented in Table 7.2.

Table7.2. Relationship between load-shear-bending moment and curvature-slope-deflection.

Load-shear-bending moment

Curvature-slope-deflection

V(x) = [wdx
M(x) = [Vdx

or M(x) = [[wdxdx

6(x) = [4dx
Alx) = [0(x)dx

or A(x) = [[&dxdx

Supports for Conjugate Beams

The supports for conjugate beams are shown in Table 7.3 and the examples of real and conjugate beams are shown in Figure 7.4.

Table7.3. Supports for conjugate beams.

Real Support

Conjugate Support

Pin or roller

Slope and | Pin or roller
Deflection

Shear and
Moment

4

6%0 b

)y

V#0
M=0

Fixed

Free end

[
[Nl
oo

=<
[}
oo

Free end

Fixed

v
M
6+#0
A+ 0

V#0
M =0

Tnterior pin or roller support

Internal hinge

—++

Internal hinge

80 Interior roller
A#0

Tar

V#0
M#0

@O0
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Table7.4 Real beams and their conjugate.

Real Beam Conjugate Beam

- =1 =

=) < . L N 88

e

Sign Convention

For a positive curvature diagram, where there is a positive ordinate of the % diagram, the load in the conjugate should point in
the positive y direction (upward) and vice versa (see Figure 7.14).

M
M El
A
A A ot 1 A
e x A A x
(a) Real beam diagram for positive (b) Conjugate beam diagram for deflection
moment and slope analysis

Fig.7.14. Positive curvature diagram.

If the convention stated for positive curvature diagrams is followed, then a positive shear force in the conjugate beam equals the
positive slope in the real beam, and a positive moment in the conjugate beam equals a positive deflection (upward movement) of

the real beam. This is shown in Figure 7.15.
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A
+V +V
"+0 = +V
| oy
Positive shear Positive slope
(a) (b)
y
AT N
+M +M e TR
>X
Positive moment Positive deflection

) (d)

Fig.7.15. Shear and slope in beam.
Procedure for Analysis by Conjugate Beam Method
eDraw the curvature diagram for the real beam.

eDraw the conjugate beam for the real beam. The conjugate beam has the same length as the real beam. A rotation at any point
in the real beam corresponds to a shear force at the same point in the conjugate beam, and a displacement at any point in the
real beam corresponds to a moment in the conjugate beam.

eApply the curvature diagram of the real beam as a distributed load on the conjugate beam.

eUsing the equations of static equilibrium, determine the reactions at the supports of the conjugate beam.

eDetermine the shear force and moment at the sections of interest in the conjugate beam. These shear forces and moments are
equal to the slope and deflection, respectively, in the real beam. Positive shear in the conjugate beam implies a counterclockwise
slope in the real beam, while a positive moment denotes an upward deflection in the real beam.

Example 7.11

Using the conjugate beam method, determine the slope and the deflection at point A of the cantilever beam shown in the Figure
7.16a. E = 29, 000ksi and I = 280in.*
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A #B
12 ft

(@) Real Beam

(b) %diagram (%) 5

12 ft

(¢) Conjugate Beam
Fig.7.16. Conjugate beam.
Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam and divide it by the flexural rigidity, EI, to obtain the %
diagram shown in Figure 7.16b.

Conjugate beam. The conjugate beam loaded with the % diagram is shown in Figure 7.16c. Notice that the free end in the real
beam becomes fixed in the conjugate beam, while the fixed end in the real beam becomes free in the conjugate beam. The %
diagram is applied as a downward load in the conjugate beam because it is negative in Figure 7.16b.

Slope at A. The slope at A in the real beam is the shear at A in the conjugate beam. The shear at A in the conjugate is as follows:
Va=(3)(12) (§5) = 2810

The same sign convention for shear force used in Chapter 4 is used here.

Thus, the slope in the real beam at point A is as follows:

_ 216k—ft2 _ _ 216(12)2
6y = 2O = @000 (as0y = 0-0038rad

= 0.0038 rad

Deflection at A. The deflection at A in the real beam equals the moment at A of the conjugate beam. The moment at A of the
conjugate beam is as follows:

_ 1 36 ) (2 _ _ 17o8k—ft}
My=—(3)(12) () (§ x12) = -2
The same sign convention for bending moment used in Chapter 4 is used here.
Thus, the deflection in the real beam at point A is as follows:

_ 1728(12)% . .
AA = 7W = —0.37in AA — 0.37in \L

@IOIC]E) 200 (7.6.4)



LibreTexts*

Example 7.12

Using the conjugate beam method, determine the slope at support A and the deflection under the concentrated load of the simply
supported beam at B shown in Figure 7.17a.

E = 29,000ksi and I = 800in.*

24 kips

A

15 ft o 15 ft
Ll Y
(a) Real Beam

180

(b) g diagram (%)

180
El

I‘ 15 ft 15 ft

(¢) Conjugate

Beam

Fig.7.17. Simply supported beam.
Solution

(M/EI) diagram. First, draw the bending moment diagram for the beam and divide it by the flexural rigidity, EI, to obtain the
moment curvature (%) diagram shown in Figure 7.17b.

Conjugate beam. The conjugate beam loaded with the % diagram is shown in Figure 7.17c. Notice that A and C, which are simple
supports in the real beam, remain the same in the conjugate beam. The % diagram is applied as an upward load in the conjugate

beam because it is positive in Figure 7.17b.

Reactions for conjugate beam. The reaction at supports of the conjugate beam can be determined as follows:
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Ay =B, =—2 (%) (30)(180)(0.5) = %]}'ﬂz due to symmetry in loading

Slope at A. The slope at A in the real beam is the shear force at A in the conjugate beam. The shear at A in the conjugate beam
is as follows:

1350k-ft?
Va= -85
Thus, the slope at support A of the real beam is as follows:

__ 1350kft? _ 1350(12)2
04=—11" = —ronmooy = —0-0084rad

6, = 0.0084 rad J

Deflection at B. The deflection at B in the real beam equals the moment at B of the conjugate beam. The moment at B of the
conjugate beam is as follows:

Mp = 25 [~(1350)(15) + (1) (15)(180) (L2 )] = —Las0uieft?

The deflection at B of the real beam is as follows:

_ _ 33750kft> _ _ _13500(12)% : _ :
Ap= -2 = — 29,000)(800) — —1.01in. Ap=1.01lin. |

Chapter Summary

Deflection of beams through geometric methods: The geometric methods considered in this chapter includes the double
integration method, singularity function method, moment-area method, and conjugate-beam method. Prior to discussion of these
methods, the following equation of the elastic curve of a beam was derived:

EI(5%) = M(x)

r’

Elastic curve

Method of double integration: This method involves integrating the equation of elastic curve twice. The first integration yields
the slope, and the second integration gives the deflection. The constants of integration are determined considering the boundary
conditions.

Method of singularity function: This method involves using a singularity or half-range function to describe the equation of the
elastic curve for the entire beam. A half-range function can be written in the general form as follows:
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\(\langle x-a\rangle”{n}=\left\{\begin{array}{c}
O \text { for }(x-a)<® \text { or } x (x-a)*{n} \text { for } x-a \geq O \text { or } x \geq a
\end{array}\right.\)

The method of singularity is best suited for beams with many discontinuities due to concentrated loads and moments. The method
significantly reduces the number of constants of integration needed to be determined and, thus, makes computation easier when
compared with the method of double integration.

Moment-area method: This method uses two theorems to determine the slope and deflection at specified points on the elastic
curve of a beam. The two theorems are as follows:

First moment-area theorem: The change in slope between any two points on the elastic curve of a beam equals the area of the
% diagram between these two points.

P

BN

045 = Area of M/EI diagram

Second moment-area theorem: The vertical deflection of point A from the tangent drawn to the elastic curve at point B equals
the moment of the area under the % diagram between these two points about point A.

EI

B A
A —X AA/BI__

Ayp= (Areaof M/EI diagram) (x)

Conjugate beam method: A conjugate beam has been defined as an imaginary beam with the same length as that of the actual
beam but with a loading equal the % diagram of the actual beam. The supports in the actual beams are replaced with fictitious
supports with boundary conditions that will result in the bending moment and the shear force at a specific point in a conjugate
beam equaling the deflection and slope, respectively, at the same points in the actual beam.
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Actual beam

-~ 0 &

Conjugate beam

[so}

Practice Problems

% diagram of actual beam

7.1 Using the double integration method, determine the slopes and deflections at the free ends of the cantilever beams shown in

Figure P7.1 through Figure P7.4. ET = constant.

20 kN/m

|< 5m

E =200 GPa

I =600 x 10° mm*

Fig.P7.1. Cantilever beam.
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40 kips El = constant
E =29,000 kst

| = 1000 in*
5kN.m
Aﬁ}}
|< 5m
E =200 GPa

[ =400 x 10° mm?

Fig.P7.3. Cantilever beam.
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12

Y

4k/f

El= constant
£E= 29,000 ksi
[ = 600 in?
Fig.P7.4. Cantilever beam.

7.2 Using the double integration method, determine the slopes at point A and the deflections at midpoint C of the beams shown
in Figure P7.5 and Figure P7.6. ET = constant.

4 kips /ft

B

o

C

i‘ 16 ft >|

El = constant
E = 10,000 ksi
[ =1,000in*

Fig.P7.5. Beam.
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250 kN

< 4m >
E =200 GPa
I =600 % 10° mm*

Fig.P7.6. Beam.

7.3 Using the conjugate beam method, determine the slope at point A and the deflection at point B of the beam shown in Figure

P7.7 through Figure P7.10.
80 kN
4dm >|

L 12 m 4

E =200 GPa
I =500 % 10® mm*

Fig.P7.7. Beam.
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|< 3m >LB 10m

E = 200 GPa
] =800 % 10° mm*

Fig.P7.8. Beam.

S0 kN 90 kN

2] B |
3m ,L 10 m >L

E =200 GPa
I =800 X 10° mm*

Fig.P7.9. Beam.
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4 kips/ft 10.kIps

166t Ll 8ft | 8ff s

E = 29,000 ksi
I =3,000in*

Fig.P7.10. Beam.

7.4 Using the moment-area method, determine the deflection at point A of the cantilever beam shown in Figure P7.11 through

3 k/ft

E 16 ft

Fig.P7.11. Cantilever beam.

100 kN

A

I< 10 m

g

7.5 Using the moment-area method, determine the slope at point A and the slope at the midpoint C of the beams shown in Figure

Fig.P7.12. Cantilever beam.
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P7.13 and Figure P7.14.

20 kip
6ft
3 kips/ft )|
A B
E ¢ -
I‘ 12 ft ,l
El = constant
E = 10,000 ksi
[ = 1,000 in*

Fig.P7.13. Beam.

200

y l21 .
_EI 5 C D I ;:-:
- ) .
E =200 GPa
I =800 x 10® mm*

Fig.P7.14. Beam.

7.6 Using the method of singularity function, determine the slope and the deflection at point A of the cantilever beam shown in
Figure P7.15.
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E = 29,000 ksi

I

Fig.P7.15. Cantilever beam.

3,000 in*

7.7 Using the method of singularity function, determine the slope at point B and the slope at point C of the beam with the
overhang shown in Figure P7.16. EI = constant. E = 200GPa,I = 500 x 106 mm®.

60 kN

40 kN/m

B ( ooo

E
L 3m_J. 3m | Zm)l

Fig.P7.16. Beam.

7.8 Using the method of singularity function, determine the slope at point C' and the deflection at point D of the beam with
overhanging ends, as shown in Figure P7.17. EI = constant.
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20 kips 40 kips 60 kips

200 k . ft l l
C E

4f1:)|( 8 ft

g -
|(4ft 4f1:)|(41’-t

E = 29,000 ksi
I = 3,000 in*

Fig.P7.17. Beam.

7.9 Using the method of singularity function, determine the slope at point A and the deflection at point B of the beam shown in
Figure P7.18. EI = constant.

60 kN
l 80 KN/m
C

E

240 KN.m

3m _3m 6 m dm

E = 200 GPa
[ =600 x 10° mm*

Fig.P7.18. Beam.
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8.1: Virtual Work Method
8.2: Energy Methods

This page titled 8: Deflections of Structures- Work-Energy Methods is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 214 (8.1)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/03%3A_Analysis_of_Statically_Indeterminate_Structures/08%3A_Deflections_of_Structures-_Work-Energy_Methods
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTextS“'

8.1: Virtual Work Method

The virtual work method, also referred to as the method of virtual force or unit-load method, uses the law of conservation of energy
to obtain the deflection and slope at a point in a structure. This method was developed in 1717 by John Bernoulli. To illustrate the
principle of virtual work, consider the deformable body shown in Figure 8.1. First, applying a virtual or fictitious unit load Py =1
at a point @, where the deflection parallel to the applied load is desired, will create an internal virtual or imaginary load f and will
cause point @ to displace by a certain small amount. Then, placing the real external loads P;, P,, and M on the same body will
cause an internal deformation, dS, and an external deflection of point Q to Q’ by an amount A.

’>
\/*

" (b)
Fig.8.1. Deformable body.

Upon placement of the real load, the point of application of the virtual load also displaces by A, and the applied unit load performs
work by traveling the distance A. The work done by the virtual forces are as follows:

External work done by the unit load Py

= P, x Displacement

C1xA (8.1.1)
Internal work done by the virtual load f
= fxdS (8.1.2)
Applying the principle of conservation of energy by equating equation 8.1 and equation 8.2 suggests the following:
External work done = Internal work done
J i) Virtual Loads
1XA:fXC%S (8.3)

Real displacements

where

e Py =1 = external virtual unit load.

e f =internal virtual load.

e A = external displacement caused by real loads.
e dS = internal deformation caused by real loads.
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Similarly, to obtain the slope at a point on a structure, apply a unit virtual moment My at the specified point where the slope is
desired, and apply the following equation derived via the principle of conservation of energy:

Virtual Loads

v

1><9:f9><6%5 (8.4)

Real displacements

where

e My =1 = external virtual unit moment.

e f =internal virtual load.

e = external rotational displacement caused by real loads.
e dS = internal deformation caused by real loads.

Virtual Work Formulation for the Deflection and Slope of Beams and
Frames

To develop the equations for the computation of deflection of beams and frames using the virtual work principles, consider the
beam loaded as shown in Figure 8.2a. The deflection at point C due to the applied external loads is required. First, removing the
loads P and W and applying a virtual unit load Py = 1 will cause elementary forces and deformations to develop in the bar, and a
small deflection to occur at C, as follows:

W (x) P
Reaarnannii PR
ke =R
< X o ¢ 9% '
J dA ()
< L rI
(@ b1
| lC
A B
e
ﬁ: x o le_dx -
< L ,
) (b) L

Fig.8.2. Loaded beam.

The stress acting on the differential cross-sectional area dA at a distance x from the left-end support due to a virtual unit load is
as follows:

o= (8.1.3)

where m is the internal virtual moment at the section at a distance xe from the left-end support due to the virtual unit load and I
is the moment of inertia of the section.

The force acting on the differential area due to the virtual unit load is written as follows:
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f=o'dA= (%) A (8.1.4)

The stress due to the external loads P; and P, on the beam is written as follows:

My
o= —

8.1.5
- (8.1.5)
The deformation of a differential beam length dz at a distance z from the left-end support is as follows:
o My
= = (= === 1.
0 =edx <E>d:c <E1>dx (8.1.6)

The work done by the force f acting on the differential area due to the deformation of the differential beam length dz is as follows:
AW = f6 = (%) dA x (4 da

= (24 dadz

(8.1.7)

The internal work done by the total force in the entire cross-sectional area of the beam due to the applied virtual unit load when
the differential length of the beam dz deforms by § can be obtained by integrating with respect to dA, as follows:

A, Mmy2
faw | [ (M) aa o

W; = (Mm /y2dA) da

EI?

() o

Mm
_< El)dw

(8.1.8)

The internal work done W; in the entire length of the beam due to the applied virtual unit load can now be obtained by integrating

with respect to dz, which is written as follows:
L
Mm
= = \d 1.
W /O () de (8.0.9)

The external work done W, by the virtual unit load due to the deflection A at point C of the beam caused by the external loads is
as follows:

W,=1xA (8.1.10)

The principle of conservation of energy is applied to obtain the expression for the computation of the deflection at any point in a
beam or frame, which is written as follows:

W, = W;
L/ Mm
1 A_/O ( El )dm (8.1.11)
L Mm
A—/U (_EI )dx

where

e 1 = external virtual or imaginary unit load on the beam or frame in the direction of the required deflection A.

¢ A = external displacement at the specified point on a beam or frame caused by the real loads.

e M = internal moment in the beam or frame caused by the real load, expressed in terms of the horizontal distance x.

e m = internal virtual moment in the beam or frame caused by the external virtual unit load, expressed with respect to the
horizontal distance x.

e F = modulus of elasticity of the material of the beam or frame.

e I =moment of inertia of the cross-sectional area of the beam or frame about its neutral axis.
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Similarly, the following expression can be obtained for the computation of the slope at a point in a beam or frame:

L Mmy

0=
o EI

dz (8.1.12)

where
0 = slope or tangent rotation at a point on a beam or frame.

myg = internal virtual moment in the beam or frame, expressed with respect to the horizontal distance z, caused by the external
virtual unit moment applied at the point where the rotation is required.

Procedure for Determination of Deflection in Beams and Frames by the Virtual Work Method

e Determine the support reactions in the real system using the equations of static equilibrium.

e Write an expression for the moment in the real structure as a function of the horizontal distance z. The number of the
equations will depend on the number of regions of the beam due to discontinuous loading.

e Create a virtual system by removing all the loads acting on the beam and applying a unit load or a unit moment at the point
where the deflection or slope is desired.

e Write the moment expression for the virtual system in terms of the distance z.

e Substitute the moment expressions into equation 8.1 and integrate to obtain the value of deflection or slope at the point
considered.

Virtual Work Formulation for the Deflection of Trusses

Consider the truss shown in Figure 8.3 for the development of the virtual work expression for the determination of the deflection
of trusses. The truss is subjected to the loads P, P,, and Ps, and the vertical deflection A at joint F is desired. First, remove the
loads Py, P, and P3, and apply a vertical virtual unit load P, = 1 at joint F, as shown in Figure 8.3b. The virtual unit load will cause
the virtual internal axial load n; to act on each member of the truss. Applying the forces P;, P,, and P; will cause the deflection A
at joint F' and the internal deformation §L; in each member of the truss.

P, P,

Fig.8.3. Sample truss.

Using the law of conservation of energy, the work by the virtual unit load at joint F' and the virtual internal axial loads on the
members of the truss can be written as follows:

External work = internal work

i=1
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But, for a member with length L;, area A;, and material Young's modulus E;, the deformation is written as follows:

N;L;
SL; = —= 8.1.14
= AE ( )
Thus, the virtual work expression for the deflection of a truss can be written as follows:
n NL
A=Sp (DL ) 11
;n ( LE. (8.1.15)

where
1 = external vertical virtual unit load applied at joint F.
n = internal axial virtual force in each truss member due to the virtual unit load, P, = 1.
N = axial force in each truss member due to the real loads P;, P, and Ps.
A = external joint displacement caused by the real loads.
0L = deformation of each truss member caused by the real loads.
Procedure for Determination of Deflection in Trusses by the Virtual Work Method
e Determine the support reactions in the real system with the applied loads using the equations of equilibrium.
e Determine the internal forces N in truss members caused by the external loads on the real system.
e Remove all the external loads on the real system and apply a virtual unit load on the joint in the truss in the direction of
required deflection.
e Determine the internal virtual forces n in the members of the truss caused by the external virtual unit load placed in the joint
where the deflection is desired.
e Calculate the deflection A in the joint of the truss caused by the real loads using equation 8.17.

Example 8.1

Using the virtual work method, determine the deflection and the slope at a point B of the cantilever beam shown in Figure 8.4a.
E =29 x 10%ksi, I = 600in*.

6 kips/ft

A C  Real system
. 3ft HE 6 ft N 4

6 kips/ft

bviiiyiiivyy

X1
>
X2
<

(b)

1 kip

C  Virtual system for computing Ag
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1 kip
v
X1 ¥
()
1 kip.ft
C Virtual system for computing 6p
| 3ft \B 6 ft
= 1< >
Q)
1 kip.ft
4 y
Xq \' ¥
)

Fig.8.4. Cantilever beam.
Solution

Real and virtual systems. The real and virtual systems are shown in Figure 8.4a, Figure 8.4c, and Figure 8.4e, respectively. Notice
that the real system consists of the external loading carried by the beam, as specified in the problem. The virtual system consists
of a unit 1-k load applied at B, where the deflection is required, and 1-k-ft moment applied at the same point where the slope is
determined. The bending moments at each portion of the beam, with respect to the horizontal axis, are presented in Table 8.1.
Notice that the origin of the horizontal distance, z, for both the real and virtual system is at the free end, as shown in Figure 8.4b,
Figure 8.4d, and Figure 8.4f.

Table8.1. Bending moments at portions of the beam.

Portion X-Coordinate Deflection Slope
Origin Limit (ft) M M M my
AB A 0-3 0 0 o ]
BC A 3-9 —3(x—3)2 1(x-3) —3(x—3)2 -1

Deflection at B. The deflection at the free end of the beam is determined by using equation 8.1, as follows:

1kip.Ap = fL My fo dw +f9 —3(a— 3>E;x 3)da
i _ —972kft?
lkip.Ap = ==
Therefore,

—972k - ft3(12)%in® /ft?
(29 x 10°k/in?) (600in"*)
=—0.097in. Ap = 0.097in. 1

B=

Slope at B. The slope at the free end of the beam is determined by using equation 8.2, as follows:

L m, 0)dz 9 —3(z—3 dz
(lkN.m).ngfO EHJIMd fo EI +f E>1( -

_ 216KALftP 216k £t
(1k.ft).0p = 257+ = (29%10%k /in?) (600in")

Therefore,

@IOIC]E) 220 (8.1.6)



LibreTextS"

_ 216kt _ 216(12) —
5= (29%10°k/in?)(600in") ~— (29x10°k/in?)(600in?) 0.0018rad

9, = 0.0018 rad /N

Example 8.2

Using the virtual work method, determine the deflection at B and the slope at C for the simply supported beam subjected to a
concentrated load, as shown in Figure 8.5a. EI = constant. E = 29 x 10%ksi.] = 24in*.

12 kips

YB

Real system

. 6 ft 3 ft
(a)

12 kips
A, I'B C
4 kip (b) 8 kip

Virtual system for 4

1 kips
A I'B g
S
15 e
< kip (d) 5 kip
1 kip.ft
4 C Virtual system for 8.
aft
r (C’) )
1 kip.ft
A C
[ [
Lkip Lk
9 (f il

Fig.8.5. Simply supported beam.

Solution
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Real and virtual systems. The real and virtual systems are shown in Figure 8.5a, Figure 8.5c, and Figure 8.5e, respectively. The
bending moments at each portion of the beam, with respect to the horizontal axis, are presented in Table 8.2. The origin of the
horizontal distances for both the real and virtual system are shown in Figure 8.5b, Figure 8.5d, and Figure 8.5f.

Table8.2. Bending moments at portions of the beam.

Portion x Coordinate Deflection Slope
Origin Limit (ft) M m M my
AB A 0-6 4x z 4x —z
CcB C 0-3 8x Z 8x £ =1

Deflection at B. The deflection at B can be determined by using equation 8.1, as follows:
IkipAp = [} Btde = [§ L 4 5

1 klp AB = —14%1’&3

2
3

)dz EI

Therefore,

o 144kef*(12)%m® /8% . B )
AB = ook e — 0-36in Ap =0.36in. |

The positive value indicates deflection in the direction of the applied virtual load.

Slope at C. The slope at C can be determined by using equation 8.2, as follows:

I m 6 (42)(—%)dz 3 (8z)(§—1)dx
(1kft).0c = [ 2l g — [0 LDCT)E | g3 Gl )

_ 60K%ft> 60k2-ft>
(1k.ft).0c = BT~ — 7 (29x10%k/in?) (24in®)

Therefore,
P 60k.ft? o 60(12)2
“ (20 x 10%) (24in*) (29 x 10°K/in’) (24in?)
= —0.012rad
6, = 0.012 \
Example 8.3

Using the virtual work method, determine the deflection at B and the slope at D for the compound beam shown in Figure 8.6a. £
=200 GPa and I = 250 x 10® mm?*.
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18 kN
20 kN/m
L i
M r : D Real system
2m,| 2m 7m '
(a)
1kN
A I . C-C 1D Virtual system for Ag
l2m| 2m | 7m
(b)
o 1kN.m
A I G h Virtual system for 8
t RCLIN
£ 4m 7m #

(©)
Fig.8.6. Compound beam.
Solution

Real and virtual systems. The real and virtual systems are shown in Figure 8.6a, Figure 8.6b, and Figure 8.6c, respectively. The
bending moment at each portion of the beam, with respect to the horizontal axis, are presented in Table 8.3.

Table8.3. Bending moments at portions of the beam.

Portion X-Coordinate Deflection Slope
Origin Limit (ft) M m M my
DC D -7 70z — 1022 0 70z — 10z? -1
CcB C 0-2 —70z o —70z £
BA C 2-4 —70z — 18(z — 2) — —70z — 18(z — 2) 7

Deflection at B. The deflection at B can be determined using equation 8.1, as follows:

L 7 2 2 4
mM (0) (70z — 10z?) dz (0)(—70z)dz (—z)[-70x — 18(z — 2)]dx
IkN.Ap = | —dz =
Ap= | Fri /0 EI +/0 EI +/2 EI

1426.67kN? - m?3
IkN.Ap = ——————
Therefore,
Ap= 1426 67kN-m* =0.0285m Ap=285mm]

(200x10°kN/m?)(250x10° mm*)(10~"* m*/mm?)

Slope at D. The slope at D can be determined using equation 8.2, as follows:

I m 7 (2-1)(702—1022)dx 2 (&)(~70z)dw 4 (%)[=702—18(z—2)]dw
(1kN'H1)'9D=f0 Eyl[\/ldx:fo (7 )( o7 ) +f0 (7) — +f2 (7) 7

6.31kN%.m?
(1kN - m) - §p = — 21037RnC
Therefore,
o) = —516.31kN-m? = —0.0103rad

(200x10°%kN/m?) (250x10° mm*) (10" m*/mm*)
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6, = 0.0103 rad \

The negative sign indicates that the rotation at point D is in the direction opposite to the applied virtual moment.
Example 8.4

Using the virtual work method, determine the slope at joint A of the frame shown in Figure 8.7a. E = 29 x 10%ksi and EI = 700in*.

12 ft B C
C = X
4 kips/ft — 24 Kips
4 kips/ft 12 ft »
Real system f Ax
48 kips < p 2
(@) Y b
24 kips
12 ft
(& X
-1-1-m
1
= kip
12 ft Virtual system 6,
1kipft | *
X
1 kip.ft _y
y

Fig.8.7. Frame.
Solution
Real and virtual systems. The real and virtual systems are shown in Figure 8.7a and Figure 8.7c, respectively. The bending moment

at each segment of the beam and column of the frame are presented in Table 8.4, and their origins are shown in Figure 8.7b and
Figure 8.7d.
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Table8.4. Bending moments at portions of the beam.

Portion X-Coordinate Deflection
Origin Limit M m
AB o 0-12 482 — 222 1
cB 0 0-12 24z &

Slope at A. The slope at A can be determined by using equation 8.2, as follows:

L 12 2 12 L
mpM (1) (48 — 22) dx / (24z) (45) dz
1k -ft) - 04 = dx =
( )04 o EI z /0 EI + 0 ET
3456k? - ft3
1k.ft) - =7
(L ft) 04 = ——
Therefore,
0, = 3456k.£t2 _ 3456(12)? = 0.0245rad

(29x10°k/in?) (700in*) (29x10%k/in?) (700in*)

8, = 0.0245 rad

Example 8.5

Using the virtual work method, determine the vertical deflection at A of the frame shown in Figure 8.8a. E = 200 GPa and I = 250
x 10® mm*.

B (4 D 16 kN

(a) Real system (b)

1kN
1kN

L
8m ‘ ez

) @
(c) Virtual system A4

Fig.8.8. Frame.
Solution

Real and virtual systems. The real and virtual systems are shown in Figure 8.8a and Figure 8.8c, respectively. The bending moment
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at each segment of the beam and column of the frame are presented in Table 8.5, and their origins are shown in Figure 8.8b and
Figure 8.8d.

Table8.5. Bending moments at portions of the beam.

Portion X-Coordinate Deflection
Origin Limit M m
AB A 0-4 0 -X
BC A 4-8 —16(z — 4) X
CE c 0-18 -64 -8

Deflection at A. The deflection at A can be determined by using equation 8.1, as follows:

. )d: —16(z—4))(—z)d. (—64)dz
lkN-AA—fo EId _fo EI x+f4 zE}(x)x"'f EI
__ 853.33kN%m?
kN.AA = T
Therefore,
Ay = 853.33kN -m’ =0017m Ay=17mml]

(200x10°kN/m?) (250x10° mm?)(10~*? m*/mm?*)
Example 8.6

Using the virtual work method, determine the horizontal deflection at joint B of the truss shown in Figure 8.9a. E'= 12000ksi and A
= 3in2.

B C

B C 90 kips =

90 kips =

4 ft
4 ft

N

)

3 ft

(a) Real System

B G
1 kips

E 3
. 3ft

<3ft

\

(c¢) Virtual System (d) FBD of Virtual System

Fig.8.9. Truss.
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Solution

Real and virtual systems. The real and virtual systems are shown in Figure 8.9. Notice that the real system consists of the external
loading carried by the truss, as specified in the problem. The virtual system consists of a unit 1-k load applied at B, where the
deflection is desired, and a 1-k-ft moment applied also at B, where the slope is required.

Truss analysis. The analysis of the real system used to obtain the forces in members is presented below. The forces in members in
the virtual system are obtained by dividing the forces in the real system by the applied external load, as the deflection is desired
for the same joint where the deflection is required.

Support reactions. The reactions are computed by the application of the equations of equilibrium, as follows:

+¥ > Mp=0

6A4,—90(4) =0

A, = 60 kips A, =60 kips |
+= Y F,=0

—A,+90=0

A, =90 kips A, =90 kips «+
+1YF,=0

D,—60=0

D, = 60kN D, = 60 kips 1

Joint A.
+1TYF,=0
Fyp—60=0
FAB = 60kips
K, AB
A
90 Kips< I\ >F g
Y
60 Kips
+—=>XF, =0
Fag—90=0
Fap = 90kips
Joint B.
+1XF,=0
—FpEsinb3.13° — Fgy =0
Fpp = — sinF5§i413° i ggw = —T5kips
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90 kips —>Fpc

+—= Y F,=0
Fprcos53.13°+90+ Fpc =0
Fpc = —Fpgcos53.13° — 90 = —(—75) cos 53.13° — 90 = —45kips

Joint C.
+—=>>F,=0
Fepsin36.87° — Fep =0
Fep = sinF3%é87° == sin§2.87 = —T5kips
F .
CB 36.87
FCD
FCE
+13F,=0

—Fogp — Fepcos36.87° =0
Fop = —Fcpcos36.87° = —(—75) cos 36.87° = 60kips

Joint D.
F DC

53.13°
FDE

60 Kips
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+—->> F,=0
_FDC c0s 36.87° — FDE =0
Fpg = —Fpccos36.87° = —(—75) cos 36.87° = 60kips

45 k
* ™ 0.5k
.xY %5\ Yo )d\ ‘Li
- Q Y — Q@
%A ¢ A% € B "9&4 © ‘%34
o A
> - A > <\
90 k 60 k o> < A

1k 067k

Real System _
Virtual System

Horizontal deflection at B. The desired horizontal deflection at joint B is computed using equation 8.17, as presented in Table
8.6.

Table8.6. Horizontal deflections.

Member Length (ft) N (kip) N (kip) NnL (k2. ft)
AB 4 60 0.67 160.8

AE 3 90 1 270

BC 3 45 0.5 67.5

BE 5 75 0.83 311.25

CD 5 75 0.83 311.25

CE 4 60 0.67 160.8

DE 3 60 0.67 120.6

ST NnL = 1401.4

1(Ap) = 24 Y NaL

_ 1401.4
(k)Ap = 12000(12%)(3)(122)

Ap=0.039ft =0.47in  Ap=04T7in ]
Example 8.7

Using the virtual work method, determine the vertical deflection at joint D of the truss shown in Figure 8.10a. £ = 200GPa and A

=5 cm?
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120 kN 120 kN

A
y
(a) Real System (b) FBD of Real System

B

D

5m

1 kip
(¢) Virtual System (d) FBD of Virtual System

Fig.8.10. Truss.
Solution

Real and virtual systems. The real and virtual systems are shown in Figure 8.18. Notice that the real system consists of the external
loading carried by the beam, as specified in the problem. The reactions in both supports in the real system are the same by
reason of symmetry in loading and equal 60 kN. The virtual system consists of a unit 1-k load applied at B, where the deflection
is required, and a 1-k-ft moment applied at the same point, where the slope is to be determined. The bending moment at each
portion of the beam with respect to the horizontal axis is presented in Table 8.7. Notice that the origin of the horizontal distance
z for both the real and virtual system is at the free end, as shown in Figure 8.10.

Real system-truss analysis.
Joint A.
+1>F,=0

Fypsin38.66° + 60 =0
Fyp = —96.05kN
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+—=>>F,=0
Fapcos38.66° + Fyp =0
Fap = —Fpcos38.66°
= —(—96.05) cos 38.66° = TH5kN

Joint D.

Joint D
Fpg

FDA(

Virtual system truss analysis.
Joint A.
+1YF,=0

Fyupsin38.66° +0.5=0
Fyp = —0.08kN

@O0

)FDC

AB
38.66°

60 kN

¥

+1>F,=0
Fpp=0
+—=>>F,=0
—Fpa+Fpc=0
Fpo = Fpyg = 75kN

231 (8.1.17)
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o0 &
> > -«
75 kN 75 kN

(e) Real System Axial
Forces, N
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+—2 Y F,=0
Fypcos38.66°+ Fap =0
FAD = _FAB cos 38.66°
= —(—0.08) cos 38.66° = 0.062kN

Joint D.
+1TYF,=0

Fpp—1=0
Fpp = 1kN

+—= Y F,=0
—Fps+ Fpe=0
Fpo = Fpa = 0.062kN

@O0

AB
38.66

0.5 kN

F.[]'r’i <

Fpg
A

1 kip

232 (8.1.18)
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N7,
S 1 Y%

0.062KkN 0.062 kN

(f) Virtual System- Axial
Forces, n

Vertical deflection at D. The desired vertical deflection at joint D is calculated using equation 8.17, as presented in Table 8.7.

Table8.7. Vertical deflections.

Member Length (m) N n NnL (kN2.m)
AB 6.4 -96.05 -0.08 49.18

AD 5 75 0.062 23.25

BC 6.4 -96.05 -0.88 49.18

BD 4 o 1 o

DC 5 75 0.062 23.25

ST NnL = 144.86

1(Ap) = 25 S NnL

— 144.86

Ap=145x%x10"%m = 1.45 mm Ap =1.45mm |

This page titled 8.1: Virtual Work Method is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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8.2: Energy Methods

The energy method for the determination of deflection is based on Alberto Castigliano’s second theorem, which was published in
1879. The theorem states the following:

The deflection or rotation in a specified direction and at a specified point in a linear elastic, statically determinate structure
subjected to a given force or couple is equal to the partial derivative of the total external work or the total internal energy, with
respect to the applied force or couple in the direction of the force or couple.

Castigliano’s second theorem, with respect to the applied force, can be expressed mathematically, as follows:

ow  oU
A= 3P = 3P (8.2.1)

where

¢ A = deflection at the point of application of the load P in the direction of the load P.

o W = work done.

e U = strain energy.
Energy Method Formulation for Beams and Frames
Equation 8.18 can be mathematically manipulated to include moment and is written as follows:

ou ou oM

The total internal work done or strain energy stored in a beam or frame due to gradually applied real loads can be expressed as
follows:

M2

W=U= | 35gr

dz (8.2.3)

The partial derivative of equation 8.20, with respect to the moment, is as follows:

oU 2M M
M <2E1) de = / (E) de (8.24)
Substituting equation 8.21 into equation 8.19 yields the following equation for the computation of deflection for beams and frames
by the energy method:
M oM
a= [ () (5F) @ (8:25)
With respect to the applied couple, Castigliano’s second theorem can be expressed mathematically as follows:
ow oUu
6= 220 = 2ap (8.2.6)

where 0 = rotation at the point of application and direction of the couple M’.

Equation 8.23 can be mathematically manipulated to include the moment, as follows:

_ 8U_6_UX6M
T OM’ T M T oM’

(8.2.7)

Substituting equation 8.21 into equation 8.24 suggests the following equation for the computation of slopes for beams and frames
by the energy method:
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6— / (%) (gﬂj‘j, ) dz (8.2.8)

Example 8.8

Using Castigliano’s second theorem, determine the deflection and the slope at the free end of the cantilever beam shown in
Figure 8.11a.

2 kips/ft
|
A B
16 kip.ftL 12 ft >l
(@)
P
2 kips/ft -
B
16 kip.ft
" I( €2)]
| 2 kips/ft =
A " B
M’|‘ g
(©)

Fig.8.11. Cantilever beam.
Solution

Placement of imaginary force P and couple M’. The force P and the moment M’ are placed at point A, where the deflection and
slope are desired, as shown in Figure 8.11b and Figure 8.11c, respectively.

Bending moment. To determine the deflection, write the bending moment equation for the beam as a function of the force P
. To determine the slope, write the bending moment equation for the beam as a function of M’. The z coordinates for the
moment equations are also shown in Figure 8.11b and Figure 8.11c. Compute the partial derivatives %—J‘g and gjf‘f, , and then apply

Castigliano’s equation 8.22 and equation 8.25 to determine the deflection and slope.

Deflection at A.

M=—-16— Pz — 22

oM

o =%

Setting P = 0 and applying Castigliano’s theorem suggests the following:
LrMyN (oM
Ayg= =) (=
4 /0 <EI) (ap>dx

Aq= /012 (#f?) (—a)ds

g3 12)%k - ft
_ 6336k - ft° _ 6336(12) =0.252in Ay = 0.252in |

EI  ~ (29000)(1500)
Slope at A.
M=—-M —z2
oM __ 1

oM’
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Setting M’ = 16 k. ft and applying Castigliano’s theorem suggests the following:

Jo (#) f’ff/)
9A—8f ( 1612) 1
)

_ 768k ft’ 768(12)>
= 51— = Taooo)(so0) — 0-0025rad

,= 00025rad 7

Example 8.9

Using Castigliano’s second theorem, determine the deflection at point A of the beam with the overhang shown in Figure 8.12a.

40 kN

20 kN/m
B
A C
|. A
k 4 m ﬁ 8m _>.
(a)
P
20 kKN/m
B
A C
X, X2
1.5P — 80 80 — 0.5P
(b)

Fig.8.12. Beam with overhang.
Solution

Placement of imaginary force P. The force P is placed at point A, where the deflection is desired, as shown in Figure 8.12b. The
z coordinates for the moment equations are also shown in this figure.

Bending moment. Compute the support reactions and write the bending moment equations for segments AB and BC of the beam
as a function of the force P. The x coordinates for the moment equations are also shown in Figure 8.12b. Compute the partial
derivatives gj‘f, and then apply Castigliano’s equation 8.22 to compute the deflection.

Segment AB. (0 < z; < 4)

M1 = 7P.’171
oM, __
P — 11

Segment BC. (0 < z2 < 8)

= (80 — 0.5P)z3 — 10z

OM, _
9P 0512
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Setting P = 40 kN and applying Castigliano’s theorem suggests the following:

= [ () ()

4 —40zy 8 (100zy — 1022
Ay = /0 ( BT ) (7.%1) dz + /0 B (*0.5.’172) dx
—2560kN - m® —2560kN - m®
= = =—0.016 m
EI (200 x 10°kN/m?) (800 x 10® mm*) (107* m*/mm?*)
Ay =16 mm 1
Example 8.10

Using Castigliano’s second theorem, determine the rotation of joint C of the frame shown in Figure 8.13a.

4 kips/ft

L

A Y p
E 3
B 8 ft
<
(a)
Solution

2 kips/ft

MI

Nennanra A\

<
<]

pam—

—

<« 2 kips/ft
<«

<]

<«

]

D

28.5 + 0.125M’ 3.5 + 0.125M'
(b)

Fig.8.13. Frame.

Placement of imaginary couple M’. The couple force M’ is placed at point C, where the rotation is desired, as shown in Figure

8.13b.

Bending moment. Compute the support reactions and write the bending moment equations for the columns AB and DC and the

oM

beam BC of the frame as a function of the couple M’. Compute the partial derivatives 77 and then apply Castigliano’s equation
8.25 for the computation of rotation.

Column AB. (0 < z; < 10)

M1 = 720.171
oM
o = 0

Beam BC. (0 < z3 < 8)

Oy =0.12515

Column DC. (0 < z3 < 10)

@O0
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— _ 2
M3 = —3
OM;
oM’

Setting M’ = 16 k. ft and applying Castigliano’s theorem suggests the following:
L
M oM
1= [ (77) (ar) =
10/ 20z, 8 (28.5z9 — 212 10 (g2
= _ = 12 —_—
0. /0 ( =k )(O)dx—l—/o o © 5x2)dw+/0 ) (0)de

1.57k.ft> 351.57(12)2
_ 3BL5TkA” (2" _ ) o17rad

EI  (29000)(100)
6, = 0.017 rad /\

Energy Method Formulation for Trusses

Equation 8.18 can be mathematically manipulated to include axial force, as follows:

ou 0oU ON

A=3p =N " ap

(8.2.9)

The total internal work done or strain energy stored in members of a truss due to gradually applied external loads is as follows:

N2L
w=u=% T (8.2.10)

The partial derivative of equation 8.27, with respect to the axial load, is as follows:

ou _ 2NL __ NL
ON T 2 2AE T L AE (8.2.11)

To determine the deflection at any joint of a truss, use the energy method by substituting equation 8.28 into equation 8.26 to

obtain the following equation:
NL ON
A=2 (AE) (ap) (82.12)

where

N = internal axial force in each member due to external load.

% = axial force in each member due to unit load applied at the joint and in the direction of the required deflection.
L = length of member.

A = area of a member.

E = modulus of elasticity of a member.

Example 8.11

Using Castigliano’s second theorem, determine the horizontal deflection at joint C of the truss shown in Figure 8.14a.
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30k

10 ft

(a) Actual truss

Solution

Fig.8.14. Truss.

10 ft

P

(b) Truss for computing A,

Placement of imaginary force P. The force P is placed as a replacement for the 30k force at point C, where the horizontal

deflection is desired, as shown in Figure 8.14b.

Member axial forces. Compute the support reactions and obtain the member-axial forces in terms of the imaginary force P.
Member-axial forces are determined by using the method of joint, as shown below. To find the horizontal deflection at C, compute
the partial derivatives %—1‘1{ and apply Castigliano’s equation 8.22. Member lengths, axial forces, and partial derivatives with respect

to the fictitious force P are shown in Table 8.8.
Analysis of truss (fig. 8.14b).
Joint A.

+1YF,=0

Nyp—P=0
Nagp=P

P< A[ >N,p
P

+2Y F, =0
Nigjp—P=0
Nap=P

@O0
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Joint B.
+13F,=0
—Npa — Ngpcosds® =0
Npp=—24 = P —_141P
B A >»Ngc
o
y45
4N
BD
Npa
+—=Y F, =0

Npc+ Nppcosdb® =0
Npc = —Nppcosd5® = —(—1.41P) cos45° = P

Joint C.
+1YF,=0
Ncs < > P
Nep
Ncep =0
+—=>>F,=0
—Nep+P=0
Nep =P
Table8.8. Member lengths, axial forces, and partial derivatives with respect to the fictitious force P.
Member
L(f)| N oN
(kip) op
(ft) ..
(kip) (kip/kip)
AB 10 P 1
AD 10 P 1
BC 10 P 1
BD 1414 | -114P | 114
CD 10 0 0
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S N(Z¥)L = 1451.29

_ 1 AN __ 1451.29 _ 1451.29(12) _ _1; —1;

Example 8.12

Using Castigliano’s second theorem, determine the vertical deflection at joint F' of the truss shown in Figure 8.15a.. Members
have the same cross-sectional area of 688 mm? and E = 200 GPa.

100 kN

100 kN

B C D

50 + 0.5P 50 + 0.5P
(a) Actual truss

(b) Truss for computing A
Fig.8.15. Truss.
Solution

Placement of imaginary force P. The force P is placed at joint F, where the vertical deflection is desired, as shown in Figure
8.15b.

Member axial forces. Compute support reactions and obtain member-axial forces in terms of the imaginary force P. Member-
axial forces are determined by using the method of joint, as shown below. To find the vertical deflection at F, compute the partial
derivatives %—1‘1;’ and apply Castigliano’s equation 8.22. Member lengths, axial forces, and partial derivatives with respect to the
fictitious force P are shown in Table 8.9.

Analysis of truss (fig. 8.15b).
Joint A.
+TXF,=0

Nyap+50+0.5P =0
Nyp=—50—-0.5P
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Ag > Nap
50 + 0.5P
+—= YN, Fe=0
Joint B.
+1YF,=0
—Npa — Nppcosd5° =0
Npp = —es — _C05P) _ 70,71 4 0.7071P
B A };NB[T
r45
4N
BF
NBA
+2 Y F,=0
Npc + Nppcosd5® =0
Npc = —Nppcos45” = —(70.71 + 0.7071P)
Joint C.
+1YF,=0
—Nep—100=0
Nep = —100kN
100 kN
_ yC
N[, B E . »> NCD
L
NCF
+—= > F, =0
—Nep+ Nep =0
N¢p = Nop = —(70.71 4 0.7071P)
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Table8.9. Member lengths, axial forces, and partial derivatives with respect to the fictitious force P.

Member
L N oN
oP
(m) (N) (kN/kN)
AB 3 -50-0.5P -0.5
AF 3 ] ]
BC 3 -70.71-0.7071P | -0.7071
BF 4.24 | 70.71+0.7071P | 0.7071
CF 3 100 0
CD 3 -70.71-0.7071P | -0.7071
DF 4.24 | 70.71+0.7071P | 0.7071
DE 3 -50-0.5P -0.5
EF 3 0 0

SN(ZE)L =874

_ _1 ON __ 874 _1451.29(12) 1 P

Chapter Summary

Principle of virtual work: The principle of virtual work states that if a body acted upon by several external forces is in a state of
equilibrium and is subjected to a small virtual displacement, the virtual work done by the externally applied forces is zero. This
principle can be expressed mathematically, as follows:

We=W;
The expressions for the determination of deflection by virtual work method for beams and trusses are as follows:

f()L Mm, dz

Beams and Frames: 1(A) T

Trusses: 1(A)=>n; (%)

Principle of conservation of energy: The principle of conservation of energy states that the work done by external forces
acting on an elastic body in equilibrium are equal to the strain energy stored in the body. This principle can be expressed
mathematically, as follows:

W((orU.)=U;

The energy method for the determination of deflection is based on Alberto Castigliano’s second theorem. The theorem states
that the deflection in a specified direction and at a specified point in a linear elastic structure subjected to a given force is equal
to the partial derivative of the total external work or the total internal energy with respect to the applied force. The expressions
for the determination of deflection by Castigliano’s second theorem for beams and trusses are as follows:

Beams and Frames: A= f (%) (%) dx
Trusses: A=) (%) (g_]z\’[)

Practice Problems

8.1 Using the virtual work method, determine the slope and deflection at point A of the cantilever beams shown in Figure P8.1
and Figure P8.2.
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8.4 Using the virtual work method, determine the deflection at point H of the trusses shown in Figure P8.7 through Figure P8.10.

2[]1(1\1 40 kN 60 kKN 80 kN

B

H G

3at3m=9m %

Fig.P8.7. Truss.

100 kips

-

80 Kips
Jatl2ft=361t _

Fig.P8.8. Truss.
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2 kN 6 kKN

Fig.P8.9. Truss.

2() Kkips

G
3at16ft =48 ft

Fig.P8.10. Truss.

8.5 Using the energy method, determine the deflection at point F of the trusses shown in Figure P8.11 and Figure P8.12.

@O0
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A

5m

10 kN 50 kN
" Jatdm=12m

Fig.P8.11. Truss.

20 kN

‘ Am ‘ 4 m GDITN

Fig.P8.12. Truss.

8.6 Using the virtual work method, determine the horizontal deflection at joint C of the trusses shown in Figure P8.13 and Figure
P8.14.
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30k

10 ft

Fig.P8.13. Truss.

15 kN

34D
E B

Fig.P8.14. Truss.
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9.1: Introduction

Structures such as bridges and overhead cranes must be designed to resist moving loads as well as their own weight. Since
structures are designed for the critical loads that may occur in them, influence lines are used to obtain the position on a structure
where a moving load will cause the largest stress. Influence lines can be defined as a graph whose ordinates show the variation
of the magnitude of a certain response function of a structure as a unit load traverses across the structure. Response functions
of a structure may include axial forces in members, support reactions, bending moments, shear forces, and deflection at specific
points in the structure.

It is very important to emphasize the need for students to fully grasp the afore-stated definition, since most of the confusion
and difficulty encountered when drawing influence lines stems from a lack of understanding of the difference between this topic
and the bending moment and shearing force topics detailed in chapter four. A shearing force or bending moment diagram shows
the magnitude of the shearing force or bending moments at different points of the structure due to the static or stationary loads
that are acting on the structure, while the influence lines for certain functions of a structure at a specified point of the structure
show the magnitude of that function at the specified point when a unit moving load traverses across the structure. The influence
lines of determinate structures can be obtained by the static equilibrium method or by the kinematic or Muller-Breslau method.
Influence lines by the static equilibrium method are referred to as quantitative influence lines, as they require some calculations,
while those by kinematic method are known as the qualitative influence lines, as the method enables the analyzer to obtain the
correct shape of the influence lines without any quantitative efforts. In the subsequent sections, students will consider how to
construct the influence lines for beams and trusses using these two methods.

This page titled 9.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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9.2: Influence Lines for Statically Determinate Beams by
Static Equilibrium Method

To grasp the basic concept of influence lines, consider the simple beam shown in Figure 9.1a. Statics help to determine the
magnitude of the reactions at supports A and B, and the shearing force and bending moment at a section n, as a unit load of
arbitrary unit, moves from right to left.

P=1

Fig.9.1a. Simple beam.

9.2.1 Beam Reactions

Taking the moment about B as the unit load moves a distance z from the right-hand end suggests the following:

—+ Z Mp=0
—RAL+Pzx=0 (9.2.1)
Ry=%
Setting P = 1 suggests the following:
X
Ri=F (9.2.2)

Equation 9.2 is the expression for the computation of the influence line for the left-end reaction of a simply supported beam. The
influence line for R4 can be represented graphically by putting some values of z into the equation. Since the equation is linear,
two points should be enough.

Whenz=0,R4=0

Whenz =L, Ry=1

The graphical representation of the influence line for R4 is shown in Figure 9.1b, and the ordinate of the diagram corresponding
to any value of z gives the magnitude of R4 at that point.
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0 L

Fig.9.1b. Influence line for R 4.

Similarly, the expression for the influence line for the reaction Ry is found by taking the moment about A.

S My=0
RpL—P(L—12)=0 (9.2.3)
Rp = P(L[Tw)

Setting P = 1 into equation 9.3 suggests the following:

(L —x)

Rp = i3

(9.2.4)

Equation 9.4 is the expression for the computation of the influence line for the right-end reaction of a simply supported beam.
Substituting some values for x into the equation helps to construct the influence line diagram for Rp.

Whenz=0,Rg=1
Whenz=L,Rg=0

The graphical representation of the influence line for Ry is shown in Figure 9.1c.

¥

Fig.9.1c. Influence line for Rp.
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9.2.2 Shearing Force at Section n

When the unit load is on the right side of the section, the shear force at the section can be computed considering the transverse
forces on the left side of the section, as follows:

Shearing force, V = Ry = +
When x =0,V =0
When z =b,V =%

When the unit load is on the left side of the section, it is easier to compute the shear force in the section by considering the
forces on the right side of section, as follows:

V=—Rp=-L2
(L)

When z =56,V = ——F— = —
When z =L, V=0

==

The graphical representation of the influence line for the shearing force at a section n of the simple beam is shown in Figure 9.1d.

y

a
Fig.9.1d. Influence line for shear at section n.

9.2.3 Bending Moment at a Section n
When the unit load is on the right side of the section, the bending moment at the section can be computed as follows:

M =Ry(L—z)=+(a)
When x =0,M =0
Whenx:b,M:’%’

When the unit load is on the left side of section, the bending moment at the section can be computed as follows:

M = Rpx = (L;I)z
When z =0,M =0

When z = b, M = 4

The graphical representation of the influence line for the bending moment at a section n of the simple beam is shown in Figure
9.1e.
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Fig.9.1e . Influence line for moment at section n.

This page titled 9.2: Influence Lines for Statically Determinate Beams by Static Equilibrium Method is shared under a CC BY-NC-SA 4.0 license
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9.3: Construction of Influence Lines

In practice, influence lines are mostly constructed, and the values of the functions are determined by geometry. The procedure
for the construction of influence lines for simple beams, compound beams, and trusses will be outlined below and followed by a
solved example to clarify the problem. For each case, one example will be solved immediately after the outline.

Simple Beams Supported at Their Ends

The procedures for the construction of the influence lines (I.L.) for some functions of a beam supported at both ends are as
follows:

9.3.1.1 Influence Line for Left End Support Reaction, R, (Fig. 9.2)

(a)At the position of the left end support (point A), along the y-axis, plot a value +1 (point A”).
(b)Draw a line joining point A’ and the zero ordinate at point B. Point B is at the position of support B.

(c)The triangle AA’B is the influence line for the left-end support reaction. The idea here is that when the unit load moves across
the beam, its maximum effect on the left-end reaction will be when it is directly lying on the left end support. As the load moves
away from the left end support, its influence on the left end reaction will continue to diminish until it gets to the least value of
zero, when it is lying directly on the right end support.

— A’

A B X
Fig.9.2. Influence line for R 4.

9.3.1.2 Influence Line for Right End Support Reaction Ry (Fig. 9.3)

(a)At the right end support (point B), plot an ordinate of value +1 (point B’).
(b)Draw a line joining point B’ and point A.

(c)The triangle AB’B is the influence line for the right end support reaction. The explanation for the influence line for the right
end support reaction is similar to that given for the left end support reaction. The maximum effect of the unit load occurs when
it is lying directly on the right support. As the load moves away from the right end support, its influence on the support reaction
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decreases until it is zero, when the load is directly lying on the left support.

B|

A

Fig.9.3. Influence line for Rp.

9.3.1.3 Influence Line for Shearing Force at Section n

(a) At the left end support (point A), plot an ordinate equal +1 (point A’), as shown in Figure 9.4b

(b) Draw a line joining point A’ and the zero ordinate at point B.
(c) At the right end support (point B), plot an ordinate equal -1 (point B’).

(d) Draw a line joining B’ and the zero ordinate at point A.
(e) Drop a vertical line from the section under consideration to cut lines A’B and AB’ at points N’ and \(N*{\prime \prime\),
respectively.

(f) The diagram ABN'N" is the influence line of the shear force at the section n.

(g) Use a similar triangle to determine the ordinates n-N’ and n-N,” as follows:

I
7
=
1
2
SIS

256 (9.3.2)
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A ! ‘
I ), Y. b
1 b I | Q
o Zin T 3 i A
AT h @ e
T IN" T . 1 T
e TS -1__ - IS ) A W
1 B - A B =
(b) (©)

Fig.9.4. Influence line for shear (b) and moment (c) at section m.

9.3.1.4 Influence Line for Bending Moment at Section n

(a) At the left end support (point A), plot an ordinate of a value equal to the distance from the left end support to the section n.
For example, the distance a in Figure 9.4c (denoted as point Y in Figure 9.4c).

(b) Draw a line joining point Y and the zero ordinate at point B at the right end support.

(c) Draw a vertical line passing through section n and intersecting the line AZ at point Q.

(d) Draw a straight line AQ connecting A and Q.

(e) The triangle A@B is the influence line for the moment at section n. Alternatively, ignore steps (b), and (c) and (d) and go to
step (f).

(f) At the right end support (point B), plot an ordinate equal +b. For example, the distance from the right end support to the
section n (denoted as point 7).

(g) Draw a line joining Z and the zero ordinate at A (position of the left end support).

(h) At the left end support (point A), plot an ordinate equal +a. For example, the distance from the left end support to the section
n (denoted point Y).
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(i) Draw a line joining Y and the zero ordinate at B (position of the right end support).
(j) Lines AZ and BY intersect at Q.

(k) The triangle AQB is the influence line for the moment at section n. If accurately drawn, with the right sense of proportionality,
the intersection @ should lie directly on a vertical line passing through the section n.

(1) The value of the ordinate nQ can be obtained using a similar triangle, as follows:

a _ nQ =
=7 7@ =1

or % = % —nQ = “Tb
Example 9.1

For the double overhanging beam shown in Figure 9.5a, construct the influence lines for the support reactions at B and C and
the shearing force and the bending moment at section n.

A C D

Fig.9.5. Double overhanging beam.
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2 i
ﬁ\ B

A B C\l Influence line for reaction B,

(&)

A /Kz
") Influence line for reaction €

1/5‘ C

()

18 "% D ‘
A =B Influence line for shear ¥,
0.5
(d)

A B,

AN{ D
| Influence line for moment M,
2 5F 2
(e)

Solution

LL. for B,,

Step 1. At the position of support B (point B), plot an ordinate +1.

Step 2. Draw a straight line connecting the plotted point (+1) to the zero ordinate at the position of support C.

Step 3. Continue the straight line in step 2 until the end of the overhangs at both ends of the beam. The influence line for B, is
shown in Figure 9.5b.

Step 4. Determine the ordinates of the influence line at the overhanging ends using a similar triangle, as follows:

Ordinate at A:

) R _ AC _ 8 __
BCT AC) T E=po =y =2m

Ordinate at D:

1 _z . _CD _ 4 _
BT epy T rT=pr = 7=1m

LL. for C,,.
Step 1. At the position of support C (point C), plot an ordinate +1.
Step 2. Draw a straight line connecting the plotted point (+1) to the zero ordinate at the position of support B.

Step 3. Continue the straight line in step 2 until the end of the overhangs at both ends of the beam. The influence line for B, is
shown in Figure 9.5c.

Step 4. Determine the ordinates of the influence line at the overhanging ends using a similar triangle, as follows:

Ordinate at D:

1 _ z . —BD _ 8 _
BT By r=po 7= 2m
Ordinate at A4:

s 1. — AB _ 4 _
AF =BT E= g =7 =1 m,

@IOIC]E) 259 (9.3.5)



LibreTextS'“

I.L. for shear V,,.
Step 1. At the position of support B (point B), plot an ordinate +1.

Step 2. Draw a straight line connecting the plotted point (+1) to the zero ordinate at the position of support C. Continue the
straight line at C until the end of the overhang at end D.

Step 3. At the position of support C (point C), plot an ordinate -1.

Step 4. Draw a straight line connecting the plotted point (-1) to the zero ordinate at the position of support B. Continue the
straight line at B until the end of the overhang at end A.

Step 5. Draw a vertical passing through the section whose shear is required to intersect the lines in step 2 and step 3.

Step 6. Connect the intersections to obtain the influence line, as shown in Figure 9.5d.

Step 7. Determine the ordinates of the influence lines at other points by using similar triangles, as previously demonstrated.
I.L. for Moment M,

Step 1. At point B, plot the ordinate equal +2 m.

Step 2. Draw a straight line connecting the plotted ordinate in step 1 to the zero ordinate in support C.

Step 3. At point C, plot the ordinate equal +2 m.

Step 4. Draw a straight line connecting the plotted ordinate in step 3 to the zero ordinate at support B.

Step 5. Continue the straight lines from the intersection of the lines drawn in steps 2 and 4 through the supports to the
overhanging ends, as shown in Figure 9.5e.

Step 6. Determine the values of the influence lines at other points using similar triangles, as previously demonstrated.
Example 9.2
For the beam with one end overhanging support B, as shown in Figure 9.6, construct the influence lines for the bending moment

at support B, the shear force at support B, the support reactions at B and C, and the shearing force and the bending moment at
a section “k.”

A

Fig.9.6. Beam with one overhanging support.
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Influence line for moment My
(5)

I e e
I

Influence line for reaction B,,

Influence line for reaction €

Influence line for shear V;,

Influence line for shear M;

Solution

The influence lines in example 9.2 for the desired functions were constructed based on the procedure described in the previous
section and example.

Compound Beams

To correctly draw the influence line for any function in a compound beam, a good understanding of the interaction of the members
of the beam is necessary, as was discussed in chapter 3, section 3.3. The student should recall from the previous section that a
compound beam is made up of the primary structure and the complimentary structure. The two facts stated below must always
be remembered, since the extent of the spread of the influence line of compound beams depends on them. Remembering these
facts will also serve as a temporary check to ascertain the correctness of the drawn influence line.

The moving unit load will have an effect on the functions of the primary structure when it is located at any point, not only on the
primary structure but also on the complimentary structure, since the latter constitutes a loading on the former.

The moving unit load will have effect only on the functions of the complimentary structure when it is located within the
complimentary structure; it will not have an effect on any function of the complimentary structure when it is at any point on the
primary structure.

The afore-stated facts will be demonstrated in the following examples.

Example 9.3

For the compound beam shown in Figure 9.7, construct the influence lines and indicate the critical ordinates for the support
reactions at A4, B, and D, the bending moment at B, and the shear at hinge C.

Hinge Schematic diagram of member-interaction

77 2 >
(b)
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|
ll + )
- Influence line for reaction A,
0.5
(c)
1 + 1.5
Influence line for reaction B,
(d)
/1
Influence line for reaction D,
(e)
Influence line for moment My
0p] = |7

1\
* Influence line for shear V. at hinge C

(@)
Fig.9.7. Compound beam.
Solution

Prior to the construction of the influence lines for desired functions, it is necessary to first observe the extent of the influence
lines through the schematic diagram of member-interaction, as shown in Figure 9.7b.

LL. for A,. The reaction A, is a function in the primary structure, so the unit load will have influence on this function when it is
located at any point on the beam, as was previously stated in section 9.3.2. With this understanding, construct the influence line
of A, as follows:

Step 1. At point A, plot an ordinate +1.

Step 2. Draw a straight line connecting the plotted ordinate in step 1 to the zero ordinate in support B and continue this line until
the end of the overhanging end of the primary structure, as shown in the interaction diagram.

Step 3. Draw a straight line connecting the ordinate at the end of the overhang to the zero ordinate at support D. The influence
line is as shown in Figure 9.7c.

Step 4. Use a similar triangle to compute the ordinates of the influence line

I.L. for B,. The influence line for this reaction will cover the entire length of the beam because it is a support reaction in the
primary structure. With this knowledge, construct the influence line for B, as follows:

Step 1: At point B, plot an ordinate +1.

Step 2. Draw a straight line connecting the plotted ordinate in step 1to the zero ordinate in support A. Continue the line in support
B until the end of the overhanging end of the primary structure, as shown in the interaction diagram.

Step 3. Draw a straight line connecting the ordinate at the overhanging end to the zero ordinate at support D. The influence line
for B, is shown in Figure 9.7d.

Step 4. Use a similar triangle to determine the values of the ordinate of the influence line.

LL. for D,. The reaction D, is a function in the complimentary structure and will be influenced when the unit load lies at any point
along the complimentary structure. It will not be influenced when the unit load transverses the primary structure, as was stated
in section 9.3.2. Thus, the extent of the influence line will be the length of the complimentary structure. Knowing this, draw the

influence line for D,.

Step 1. At point D, plot the ordinate +1.
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Step 2. Draw a straight line connecting the plotted ordinate in step 1 to the zero ordinate at hinge C. The influence line for D, is
as shown in Figure 9.7e.

The influence lines for the moment at B and the shear C are shown in Figure 9.7f and Figure 9.7g, respectively.
Example 9.4

For the compound beam shown in Figure 9.8a, construct the influence lines and indicate the critical ordinates for the support
reactions at F' and G, the shear force and bending moment at D, and the moment at F.

A D F G Schematic of member-
C E s A
.h T By Br P
4 ft At 2 ft | 2f CAft o aft (b)

(a)

Influence line for reaction F

1 3 T
& Influence line for reaction G,

Influence line for shear I

+11
A = - Influence line for bending moment My,

Influence line for bending moment My

()

Fig.9.8. Compound beam.
Solution
Shown in Figure 9.8c through Figure 9.8g are the influence lines for the desired functions. The schematic diagram of the member

interaction shown in Figure 9.8b immeasurably aids the initial perception of the range of the influence line of each function.
Construction of the influence lines follows the description outlined in the previous sections.

Influence Lines for Girders Supporting Floor Systems

Thus far, the examples and text have only considered cases where the moving unit load is applied directly to the structure. But,
in practice, this may not always be the case. For instance, sometimes loads from building floors or bridge decks are transmitted
through secondary beams, such as stringers and cross beams to girders supporting the building or bridge floor system, as shown
in Figure 9.9. Columns, piers, or abutments in turn support the girders.
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Section A-A

Fig.9.9. Transfer of load to girder by system of stringers and floor beams.

Panel

Influence line for M,

Influence line for M,

Influence line for V,,

Fig.9.10. Influence lines in a case of indirect application of loads.
Example 9.5

Draw the influence lines for the moment at C and the shear in panel BC of the floor girder shown in Figure 9.11.

B Gy

< dm ., 4m ., 4m ,_ 4 m

Fig.9.11a. Floor girder.

Solution
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Influence line for M,. To obtain the values of the influence line of M, successively locate a load of 1 kN at panel points A4, B, C, D
, and E. To determine the moment, use the equation of statics. The values of M, at the respective panel points are presented in
Table 9.1. When the unit load is located at B, as shown in Figure 9.11b, the value of M, is determined as follows:

1 kN

Fig.9.11b. Unit load at B.
First, determine the support reactions in the beam using the equation of static equilibrium.

U Mp=0 —A,(16)+1(12) =0 A, =0.75kN
+1YF,=0 075+E,—1=0  E,=025kN

Then, using the computed reaction, determine M., as follows:
M, =0.25(12) = 3kN —m

Table9.1. The values of M, at the respective panel points.

x(m) Reactions (kN) Mc(kN.m)
Ay Ey

V] 1 ] V]

4 0.75 0.25 0.25(8)=2

8 0.5 0.5 0.5(8)=4

12 0.25 0.75 0.25(8)=2

16 0 1 ]
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M(kN. m)

4

0- x

8 12 16

Fig.9.11c. Influence line for M..
Influence line for Vzc. To obtain the values of the influence line of MVpe, a load of 1 kN is successively located at panel points
A, B, C, D, and E. To determine the shear force, use the equation of statics. The values of V¢ at the respective panel points are
presented in Table 9.2.

Table9.2. The values of V¢ at the respective panel points.

x(m) Reactions (kN) Vic(kN)
Ay Ey

0 1 ) 0

4 0.75 0.25 -0.25

8 0.5 0.5 0.5

12 0.25 0.75 0.25

16 V] 1 0

Fig.9.11d. Influence line for Vgc.
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Influence Lines for Trusses

The procedure for the construction of influence lines for truss members is similar to that of a girder supporting a floor system
considered in section 9.3.3. Loads can be transmitted to truss members via the top or bottom panel nodes. In Figure 9.12 the
load is transmitted to members through the top panel nodes. As the live loads move across the truss, they are transferred to
the top panel nodes by cross beams and stringers. The influence lines for axial forces in truss members can be constructed by
connecting the influence line ordinates at the panel nodes with straight lines.

Section N-N

Wheel loads Train of wheel loads

Bridge deck >
— . S
Strln ger
Cross girder
Top Chol:d
Web member

Bottom chord pmm

N

Fig.9.12. Load transferred by system of stringers and cross beams.
To illustrate the procedure for the construction of influence lines for trusses, consider the following examples.
Example 9.6

Draw the influence lines for the reactions A,, F,, and for axial forces in members CD, HG, and CG as a unit load moves across
the top of the truss, as shown in Figure 9.13.

H G F
k 3at3m=9m g C

. @ > Fep
aFeg
Influence line for reaction A, 4| S F,
HG
© 10 H
A Ay
Influence line for reaction F, (©)
(D] 5
E
ﬁ Influence line for CD Fpe <
Fgc
@ 0.67 By
F,
0.67 GH < G =
A i @)
o) Influence line for HG F
0.47

Influence line for CG
047 ©

Fig.9.13. Truss.
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Solution

The drawing of the influence lines for trusses is similar to that of a beam. The first step towards drawing the influence lines for
the axial forces in the stated members is to pass an imaginary section through the members, as shown in Figure 9.13b, and to
apply equilibrium to the part on either side of the section. The step-by-step procedure for drawing the influence line for each of
the members is stated below.

Influence line for the axial force in member CD. When the unit load is situated at any point to the right of D, considering the
equilibrium of the left segment AH (Fig. 9.13c), it suggests the following:

The obtained expression of F¢p in terms of A, is indicative of the fact that the influence line for F¢p in the portion DE can be
determined by multiplying the corresponding portion of the influence line for the reaction A, by - 2. The influence line for A, is
shown in Figure 9.13e.

When the unit load is situated at any point to the left of C, considering the equilibrium of the right segment GF' (Fig. 9.13d), it
suggests the following:

+UZMg=O Fy(3)+FCD(3)=O FCD=7Fy

The obtained expression of F¢p in terms of F, is indicative of the fact that the influence line for F¢p in the portion AH can be
determined by multiplying the corresponding portion of the influence line for the reaction F, by - 1. The influence line for F), is
shown in Figure 9.13f.

The influence line of the axial force in member CD constructed from the influence lines for the reactions A, and F), is shown in
Figure 9.13g.

Influence line for member HG. When the unit load is situated at any point to the right of D, considering the equilibrium of the left
segment AH (Fig. 9.13c), it suggests the following:

+UZM<3:0 *Ay(3)+FHG(3)=O FHg=Ay

The obtained expression of Fiy in terms of A, implies that the influence line for Fy¢ in the portion DE is identical to that of A4,
within the corresponding segment.

When the unit load is situated at any point to the left of C, considering the equilibrium of the right segment GF (Fig. 9.13d), it
suggests the following:

+UY M, =0 F,(6)—Fya(3)=0 Fyg=_2F,

The obtained expression of Fy¢ in terms of F, is indicative of the fact that the influence line for Fiy¢ in the portion AH can be
determined by multiplying the corresponding portion of the influence line for the reaction F, by 2.

The influence line of the axial force in member HG constructed from the influence line for the reactions A, and F), is also shown
in Figure 9.13h.

Influence line for the axial force in member CG. When the unit load is situated at any point to the right of D, considering the
equilibrium of the left segment AH (Fig. 9.13C), it suggests the following:
+1> Fy,=0 A,—Fpgcosds” =0
Foo = -2 — 1414,

cos 45°

The obtained expression of F¢, with reference to A,, implies that the influence line for F¢ in the portion DFE can be determined
by multiplying the corresponding portion of the influence line for the reaction A, by 1.41.

When the unit load is situated at any point to the left of C, considering the equilibrium of the right segment GF (Fig. 9.13d), it
suggests the following:

Fy+ Fegcos45' =0

Fog = — Fy = —1.41F,
6= " osdsT |
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The obtained expression of F¢¢ in terms of F), is indicative of the fact that the influence line for F¢ in the portion AH can be
determined by multiplying the corresponding portion of the influence line for the reaction F, by - 1.41.

The influence line of the axial force in member CG constructed from the influence line for the reactions A, and F, is shown in
Figure 9.13i.

Example 9.7

Draw the influence lines for the force in member CH as a unit load moves across the top of the truss, as shown in Figure 9.14a.

H G

k 3at3m=9m m k 3at3m=9m N
(@
1.0 (b)
Influence line for reaction 4,
(e) AFpc
1.0
4 i i A Fuo
Influence line for reaction F,, H
6p]
633 4y (©)
-‘W- Influence line for CG
g

033 Fep

<

(@)

Fig.9.14. Truss.
Solution

To obtain the expression for the influence line for the axial force in member CH, first pass an imaginary section that cuts through
this member, as shown in Figure 9.14a.

When the unit load is situated at any point to the right of G, considering the equilibrium of the left segment AH (Fig. 9.14 C), it
suggests the following:

+T2Fy=0 Ay-f-FCH =0
Fey =-A,

The obtained expression of Frg in terms of A, indicates that the influence line for Fg in the portion AH can be determined by
multiplying the corresponding portion of the influence line for the reaction A, by - 1.

When the unit load is located at any point to the left of H, considering the equilibrium of the right segment GF (Fig. 9.14d), it
suggests the following:

Fy—Fer =0

F1YF, =0

The obtained expression of Foy in terms of F, implies that the influence line for Fy in the portion GF is identical to that of F),
within the corresponding segment.

The influence line of CG is shown in Figure 9.14g.

This page titled 9.3: Construction of Influence Lines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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9.4: Uses of Influence Lines

Uses of Influence Lines to Determine Response Functions of Structures
Subjected to Concentrated Loads

The magnitude of a response function of a structure due to concentrated loads can be determined as the summation of the
product of the respective loads and the corresponding ordinates of the influence line for that response function. Example 9.5 and
example 9.6 illustrate such cases.

Example 9.8

A simple beam is subjected to three concentrated loads, as shown in Figure 9.15a. Determine the magnitudes of the reactions
and the shear force and bending moment at the midpoint of the beam using influence lines.

12kN 14 kN 16 kN
3Im,
B | D

1
5/6 2/3 i
& Influence line for reaction A,
(b)
23 !
1,;’5 1/3 =5 Influence line for reaction £
(c)
1/2 1/3
T = |+ . Influence line for shear ¥,
Yo ys ap
(d)
9/2
3 3
32 41

Influence line for moment M,

Fig.9.15. Simple beam.
Solution
First, draw the influence line for the support reactions and for the shearing force and the bending moment at the midpoint of
the beam (see Fig. 9.15b, Fig. 9.15¢, Fig. 9.15d, and Fig. 9.15e). Once the influence lines for the functions are drawn, compute the
magnitude of the response functions, as follows:

Magnitude of the support reactions using the influence line diagrams in Figure 9.15b and Figure 9.15c.

Ay=(12) (2) + (14) (%) + (16) (%) = 24.67kN
Ey=(12) (§)+ (14) (3) + (16) (%) = 17.33kN

Magnitude of the shear force at section n using the influence line diagram in Figure 9.15d.
Vo=(12) (—%) + (14) (—%) + (16) () = —1.33kN
Magnitude of the bending moment at section n using the influence line diagram of Figure 9.15e.

M, = (12) (£) + (14)(3) + (16)(3) = 108kN - m
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Example 9.9

A compound beam is subjected to three concentrated loads, as shown in Figure 9.16a. Using influence lines, determine the
magnitudes of the shear and the moment at A and the support reaction at D.

Bkips 12 kips 12 kips

' PR

A D

" B 3
‘3%13*&‘3&“3‘1‘ 6 ft »
(@)

1/2

e
e | Influence line for shear Vy

(G
1

U Influence line for moment M,

3 (@

Influence line for reaction €

Fig.9.16. Compound beam.
Solution

First, draw the influence line for the shear force V4, bending moment M4, and reaction C,. The influence lines for these functions
are shown in Figure 9.16b, Figure 9.16¢, and Figure 9.16d. Then, compute the magnitude of these response functions, as follows:

The magnitude of the shear at section n using the influence line diagram in Figure 9.16b.
Va=(8)(1) + (12) (%) + —(12)(1) = 26 kips

The magnitude of the bending moment at section n using the influence line diagram in Figure 9.16c.
Magnitude of the support reaction C,, using the influence line diagram in Figure 9.16d.

Cy = (12) (%) + (12)(2) = 30kips

Uses of Influence Lines to Determine Response Functions of Structures
Subjected to Distributed Loads

The magnitude of a response function of a structure subjected to distributed loads can be determined as the product of the
intensity of the distributed load and the area of the influence line. Consider a beam subjected to a uniform load w,, as shown in
Figure 9.17a. First, convert the uniform load to an equivalent concentrated load. The equivalent elementary concentrated load for
a distributed load acting on a differential length dz is as follows:

dP = w,dx (9.4.1)

The magnitude of the response function (rf) due to the elementary concentrated load acting on the structure can be expressed
as follows:

rf = (wedz) (y) (9.4.2)

where
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y = the ordinate of the influence line at the point of application of the load dP.

Fig.9.17. Beam subjected to uniform load.

The total response function (RF) due to the distributed load acting at the segment BC of the beam is obtained by integration, as
follows:

c c
RF = /B (wy) (y)dz :wz/ (y)dz (94.3)

B

The integral fBC(y)d:c is the area under the portion of the influence line corresponding to the loaded segment of the beam (see
the shaded area in Fig. 9.17b).

Example 9.10

Using influence lines, determine the shear force and the bending moment at the midpoint of the loaded simple beam, as shown
in Figure 9.18a.

1.5 kips/ft

(@)
1/2

‘_ Influence line for Vg

1/2

(b)

Influence line for My

Fig.9.18. Loaded simple beam.
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Solution

First, draw the influence line for the shear force and bending moment at the midspan of the beam. The influence lines for these
functions are shown in Figure 9.18b and Figure 9.18c. Then, compute the magnitude of these response functions, as follows:

From the influence line diagram, as shown in Figure 9.18b, the magnitude of the shear at B is as follows:
V=(2)(—3 x6x 1)+ (1.5) ( x 6 x 3) = —0.75kip

The magnitude of the bending moment at point B, using influence line diagram in Figure 9.18c, is as follows:
Mp=(2)(3 x6x3)+(15) (5 x 6 x 3) =315 kip. ft

Example 9.11

A compound beam is subjected to a combined loading, as shown in Figure 9.19a. Using influence lines, determine the magnitudes
of the reactions at supports A, B, and C.

20 kN
10 kN/m
A D
- B.ofis C
-« Zm > im J'S I’E_S‘.E T
(a)
1.0
+ ‘
— Influence line for reaction A,
(b) 2
3/2
1.0 i /4
i
Influence line for reaction £
(c)
10
1/2
i

Influence line for reaction D

(@
Fig.9.19. Compound beam subjected to combined loading.

Solution

The magnitude of the support reaction A,, using the influence line diagram in Figure 9.19b.

Ay =(10)(3) (2)Q) + (10) (3) (1) (%) + (20) (%) = 2.5kN

The magnitude of the support reaction B,, using the influence line diagram in Figure 9.19c.

By =(10) (3) (3) (3) + (20) (%) = 37.5kN

The magnitude of the support reaction D,, using the influence line diagram of Figure 9.19d.

D, = (20) (4) = 10kN

Use of Influence Lines to Determine the Maximum Effect at a Point Due
to Moving Concentrated Loads

In the analysis and design of structures, such as bridges and cranes subjected to moving loads, it is often desirable to find the
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position of the moving load(s) that will produce a maximum influence at a point. For some structures, this can be determined
by mere inspection, while for most others it may require a trial-and-error process using influence lines. Examples 9.12 and 9.13
illustrate the trial-and-error process involved when using influence lines to compute the magnitude of certain functions of a beam
subjected to a series of concentrated moving loads.

Example 9.12

Using influence lines, determine the shear force and bending moment at the midpoint & of a beam shown in Figure 9.20a. The
beam is subjected to a series of moving concentrated loads, which are shown in Figure 9.20b.

|
|
1k
A — 6k 1Zk 12k
|
|
20 ft \ll 20 ft N

€ < |

@ I(Jm»)(_m,&_,[

(b)

T— Influence line for shear V;

Influence line for moment M,

Fig.9.20. Beam.
Solution

Maximum shear Vj, from Figure 9.20c.

6k 12k 12k
Case 1: V, = (6) (%) + (12) (1—30) +(12) (2_10) = 72k T
A I % Case 1
Case 2: V, = (6) (—%) +(12) (%) +(12) (1—3‘0) = 78k 6 1f k 12k
A K 2 Case 2

Case 3: Vi = (6) (—) + (12) (=3) + (12) (%) = —9.3k

K 2 Case 3

Maximum positive shear = 7.8 k

Maximum negative shear = 9.3 k
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Maximum moment M;, from Figure 9.20d.

Case 1: M, = (6)(6) + (12)(10) + (12)(5) = 216 k.ft 6k 12k 12k

A 2 Case 1

P‘:-

Case 2: M, = (6)(1) + (12)(5) + (12)(10) = 186 k. ft

Maximum moment M;, = 216 k. ft

A . Case 2

==

Example 9.13

A compound beam shown in Figure 9.21a is subjected to a series of moving concentrated loads, which are shown in Figure 9.21b.
Using influence lines, determine the magnitudes of the reactions at supports A, B, and C and the bending moment at section n.

n 10 kN 60 kN 40 kN

A D
B C

Lfim)l(llmyL4m)1(4mH

i @

- (b)
at
’ Influence line for reaction Ay,

© 1
3/2

1
s

(@]

Influence line for reaction B

1

;I Influence line for reaction D

(e

Influence line for moment M,,

)
2

Fig.9.21. Compound beam.

Solution
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10 kN jOkN 40 kN

A § =g

Ay = (60)(1) + (40)(2) = 70kN Ans 40 kN 60kN 10 kN

Maximum positive reaction A,, from Figure 9.21c.

Maximum reaction B,, from Figure 9.21d. Case 1

s ) : %

Case 1: B = (40) (3) + (60) (3) + (10)(0) = 120kN 101N 60 kN 40 kN

case2: B = (10) (3) + (60) (3) + (40) (}) = 1075kNE r - 3 Case2

Maximum +B,, = 120 kN 40 kN 60 kN 10 kN

Maximum positive reactionD,, from Figure 9.21e. ®
B} & £

2 [y
Dy, = (60)(1) + (40)(0) = 60 kN

Maximum positive moment M,, from Figure 9.21f. 40kN ET kN 10kN

M, = (60)(2) + (10)(0) = 120kN.m by 7y . 2

Uses of Influence Lines to Determine Absolute Maximum Response
Function at Any Point Along the Structure

The preceding sections explain the use of influence lines for the determination of the maximum response function that may occur
at specific points of a structure. This section will explain the determination of the absolute maximum value of a response function
that may occur at any point along the entire structure due to concentrated loads exerted by moving loads.

The absolute maximum shear force for a cantilever beam will occur at a point next to the fixed end, while that for a simply
supported beam will occur close to one of its reactions. The absolute maximum moment for a cantilever beam will also occur
close to the fixed end, while that for simply supported beam is not readily known and, thus, will require some analysis. To locate
the position where the absolute maximum moment occurs in a simply supported beam, consider a beam subjected to three
moving concentrated loads P;, P,, and P;, as shown in Figure 9.22.

Although it is certain from statics that the absolute maximum moment will occur under one of the concentrated loads, the specific
load under which it will occur must be identified, and its location along the beam must be known. The concentrated load under
which the absolute maximum moment will occur may be determined by inspection or by trial-and-error process, but the location
of this load should be established analytically. Assume that the concentrated load under which the absolute maximum moment
will occur is P;, and the distance of P; from the centerline of the beam is z. To obtain an expression for z, first determine the
resultant P of the concentrated loads, acting at a distance z’ from the load Ps.

To determine the right reaction of the beam, take the moment about support A, as follows:
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Fig.9.22. Beam subjected to three moving concentrated loads.

To determine the right reaction of the beam, take the moment about support A, as follows:

B,L = Pg [é — (2’ — x)} (9.4.4)

Thus, the bending moment under M3 is as follows:

o (§=r) - B [5-—] (5-7)
I 2 o 22 (9.4.5)
:PR(Z*+7+T*7)

The distance z for which M; is maximum can be determined by differentiating equation 9.9 with respect to z and equating it to
zero, as follows:

M. ! 2
MZPR<$___$>:O

dx L L
2 _ o
L L
Therefore,
x/
= 4.
z = (9.4.6)

Equation 9.10 concludes that the absolute maximum moment in a simply supported beam occurs under one of the concentrated
loads when the load under which the moment occurs and the resultant of the system of loads are equidistant from the center of
the beam.

Example 9.14

Determine the absolute maximum bending moment in a 16 m-long simply supported girder bridge subjected to a moving truck
loading, as shown in Figure 9.23.
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20 kN 50 kN 90 kN

n}(Bm 5m

Fig.9.23. Simply supported girder beam.
Solution
Using statics, first determine the value and the position of the resultant of the moving loads.
Resultant load.
Pr=>%P=20+ 50490 =160

Position of the resultant load. To determine the position of the resultant load, take the moment about point n, which is directly
below the 20 kN load, as follows:

> M, : 160z = (50)(3) + (90)(8)

r=>544m
Cent?rline
i
i
i Pr = 160 kN
[x =544 m i :
: 90 kN
I

N
20 kN sokh
|
1

378m 3m

1.22 m

8m P 8m
Ll had Ll |

Fig.9.24. Resultant and load equidistant from centerline of the beam.
If the absolute maximum moment is assumed to occur under the 50 kN load, the positioning of the resultant and this load

equidistant from the centerline of the beam is as shown in Figure 9.24. Before computing the absolute maximum moment, first
determine the reaction B, using statics.
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> My =0:—(160)(9.22) + B,(16) = 0
B, = 92.2kN

The absolute maximum moment under the 50 kN load is as follows:
Mo = (92.2)(9.22) — (90)(3.78) = 509.88kN - m

Centerline
I

=160 kN

90 kN

N
o
~
=
951
o
=
Z

1.28 m

&m

& < >
< I |

Fig.9.25. Resultant and load equidistant from centerline of the beam.

If the absolute maximum moment is assumed to occur under the 90 kN load, the positioning of the resultant and this load
equidistant from the centerline of the beam will be as shown in Figure 9.25.

Before computing the absolute maximum moment, first determine the reaction B, using statics.

STMy =0:—(160)(6.72) + B,(16) = 0
B, = 67.2kN

The absolute maximum moment under the 90 kN load is as follows:
Mgy = (67.2)(6.72) = 451.58kN - m

From the two possible cases considered in the solution, it is evident that the absolute maximum moment occurs under the 50 kN
force.

Chapter Summary

Influence lines for statically determinate structures: The effect of a moving load on the magnitude of certain functions of a
structure, such as support reactions, deflection, and shear force and moment, at a section of the structure vary with the position of
the moving load. Influence lines are used to study the maximum effect of a moving load on these functions for design purposes.
The influence lines for determinate structures can be obtained by the static equilibrium method or by the kinematic or Muller-
Breslau method. The influence lines by the former method can be determined quantitatively, while those for the latter method
can be obtained qualitatively, as have been demonstrated in this chapter. Several example problems are solved showing how to
construct the influence lines for beams and trusses using the afore-stated methods.

Practice Problems

9.1 Draw the influence line for the shear force and moment at a section n at the midspan of the simply supported beam shown in
Figure P9.1.
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A n'

|
|
|
4 m ,_L 4m
|

Fig.P9.1. Simply supported beam.

9.2 Draw the influence lines for the reaction at A and B and the shear and the bending moment at point C of the beam with
overhanging ends, as shown in Figure P9.2.

A B kI

C D

aft | aft | 8ft
|

Fig.P9.2. Beam with overhang.

9.3 Draw the influence line for the reactions at the support of the cantilever beam shown in Figure P9.3.

A B
3 ft

Fig.P9.3. Cantilever beam.

9.4 Draw the influence line for the support reactions at B and D and shear and bending moments at section n of the beam shown
in Figure 9.4.

A n | B

|

I

|
.
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Fig.P9.4. Beam

9.5 Draw the influence lines for support reactions at C and D and at point B of the compound beam shown in Figure P9.5.

C

B@ @D |
I( 10 ft 4f$,f—t’|‘ 8 ft )l

Fig.P9.5. Compound beam.

A E

9.6 Draw the influence lines for the shear force and moment at sections n, s and k of the compound beam shown in Figure P9.6.

A k D B G

Fig.P9.6. Compound beam.

9.7 Determine the absolute maximum bending moment in a 65 ft-long simply supported girder bridge subjected to a moving
truck loading, as shown in Figure P9.7.

5k 10k 0k

Fig.P9.7. Simply supported girder bridge.

9.8 Determine the absolute maximum bending moment in a 12 m-long simply supported girder bridge subjected to a moving
truck loading, as shown in Figure P9.8.
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40 kN 120 kN 15 kN

2m,  4m

Fig.P9.8. Simply supported girder bridge.

9.9 Determine the absolute maximum bending moment in a 40 ft-long simply supported girder bridge subjected to a moving
truck loading, as shown in Figure P9.9.

6 k 14 k 14 k

Fig.P9.9. Simply supported girder bridge.

9.10 Determine the absolute maximum bending moment in a 14 m-long simply supported girder bridge subjected to a moving
truck loading, as shown in Figure P9.10.
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F4m)|( 8 m

Fig.P9.10. Simply supported girder bridge.

9.11 Draw the influence lines for the moment at B and the shear force in panel CD of the floor girder shown in Figure P9.11.

B 44 D

L 12ft . 12fc . 12ft__ 12ft _

Fig.P9.11. Floor girder.

9.12 Draw the influence lines for the moment at C and the shear force in panel BC of the floor girder shown in Figure P9.12.

E
A E D
E 3

- 3 m D 3 m > 3 m > o 3 m b

Fig.P9.12. Floor girder.

9.13 Draw the influence lines for the moment at B and the shear in panel C'D of the floor girder shown in Figure P9.13.
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B C D

L A Sl Pam ol Amr . A

;2

Fig.P9.13. Floor girder.

9.14 Draw the influence lines for the moment at D and the shear force in panel DE of the floor girder shown in Figure P9.14.

6ft »

Fig.P9.14. Floor girder.

9.15 Draw the influence lines for the moment at D and the shear force in panel AB of the floor girder shown in Figure P9.15.

A
B # D ‘

. jI.Sm,!( l5m,, . 15m,  15m,

Fig.P9.15. Floor girder.

9.16 Draw the influence lines for the forces in members CD, CF, and GF as a unit load moves across the top of the truss, as
shown in Figure P9.16.
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8 ft
A v

F 0060

- G
|<8ft ‘ 8 ft ‘ 8ft | 8ft | 8ft | 8ft
>l

Fig.P9.16. Truss.

9.17 Draw the influence lines for the forces in members DE, NE, and NM as a unit live load is transmitted to the top chords of
the truss, as shown in Figure P9.17.

B C E F G

D X

4 m

‘

N M L

6at3m=18m

|
|<

-
|
7]

Fig.P9.17. Truss.

9.18 Draw the influence lines for the forces in members DE, DH, IH, and HG as a unit live load is transmitted to the bottom
chords of the truss, as shown in Figure P9.18.
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oo H

3m 3m> 3m 3m 3m 3m

Fig.P9.18. Truss.

9.19 Draw the influence lines for the forces in members BC, BF, FE, and ED as a unit load moves across the bottom chords of

B C

the truss, as shown in Figure P9.19.

Fig.P9.19. Truss.
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10.1: Introduction

The force method of analysis, also known as the method of consistent deformation, uses equilibrium equations and compatibility
conditions to determine the unknowns in statically indeterminate structures. In this method, the unknowns are the redundant
forces. A redundant force can be an external support reaction force or an internal member force, which if removed from the
structure, will not cause any instability. This method entails formulating a set of compatibility equations, depending on the number
of the redundant forces in the structure, and solving these equations simultaneously to determine the magnitude of the redundant
forces. Once the redundant forces are known, the structure becomes determinate and can be analyzed completely using the
conditions of equilibrium.

For an illustration of the method of consistent deformation, consider the propped cantilever beam shown in Figure 18.1a. The
beam has four unknown reactions, thus is indeterminate to the first degree. This means that there is one reaction force that
can be removed without jeopardizing the stability of the structure. The structure that remains after the removal of the redundant
reaction is called the primary structure. A primary structure must always meet the equilibrium requirement. A careful observation
of the structure being considered will show that there are two possible redundant reactions and two possible primary structures
(see Fig. 1®8b and Fig. 18d). Taking the vertical reaction at support B and the reactive moments at support A as the redundant
reactions, the primary structures that remain are in a state of equilibrium. After choosing the redundant forces and establishing
the primary structures, the next step is to formulate the compatibility equations for each case by superposition of some sets of
partial solutions that satisfy equilibrium requirements. Equations 18.1 and 10.2 satisfy options 1 and 2, respectively. The terms
Agp, 04p, 0B, and a4 are referred to as flexibility or compatibility coefficients or constants. The first subscript in a coefficient
indicates the position of the displacement, and the second indicates the cause and the direction of the displacement. For
example, Agp implies displacement at point B caused by the load P in the direction of the load P. The compatibility coefficients
can be computed using the Maxwell-Betti Law of Reciprocal, which will be discussed in the subsequent section.

P
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Alternative A P

A o

(b) Primary Structure

J T Sy
Xg=1
(c) Redundant X of unit load applied

Alternative B

(d) Primary Structure

X ﬂ%c
e 3

(e) Redundant X, of unit moment applied
Fig.10.1. Propped cantilever beam.

App+ Rpépp =0 (10.1.1)

Oap+ Mpaas =0 (10.1.2)
where
M = moment in the primary structure due to the applied load P.
m = moment in the primary structure due to a unit load applied at B.
mg = moment in the primary structure due to a unit moment applied at A.
Procedure for Analysis of Indeterminate Structures by the Method of Consistent Deformation
eDetermine the degree of indeterminacy of the structure.
eChoose the redundant reactions from the indeterminate structure.
eRemove the chosen redundant reactions to obtain the primary structure.
eFormulate the compatibility equations. The number of the equations must match the number of redundant forces.
eCompute the flexibility coefficients.
eSubstitute the flexibility coefficients into the compatibility equations.

oIn the case of several redundant reactions, solve the compatibility equations simultaneously to determine the redundant forces
or moments.

eApply the computed redundant forces or moments to the primary structure and evaluate other functions, such as bending
moment, shearing force, and deflection, if desired, using equilibrium conditions.

This page titled 10.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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10.2: Maxwell-Betti Law of Reciprocal Deflections

The Maxwell-Betti law of reciprocal deflections establishes the fact that the displacements at two points in an elastic structure
subjected to a unit load successively at those points are the same in magnitude. This law helps reduce the computational efforts
required to obtain the flexibility coefficients for the compatibility equations when analyzing indeterminate structures with several
redundant restraints by force method. The Maxwell-Betti law of reciprocal deflection states that the linear displacement at point
A due to a unit load applied at B is equal in magnitude to the linear displacement at point B due to a unit load applied at A for a
stable elastic structure.

To prove the Maxwell-Betti law of reciprocal deflections, consider a beam subjected to the loads P; and P, at point 1 and point 2,
successively, as shown in Figure 10.2a and Figure 10.2b.

Fig.10.2. Beam subjected to loads.
Case 1
Apply P;, followed by Ps.
Work done at point 1 when P, is applied:
Wy = %Pl(sll (10.2.1)

where
611 = the deflection at point 1 due to the gradually applied load P;.
Work done at points 1 and 2 when P, is applied and P; is still in place:

Wy = P1612 + %Pﬂsm (10.2.2)
where
012 and §y2 = the deflections at point 1 and point 2, respectively, when the load P, is gradually at point 2.

Total work done Wr:

Wp =W + Wy
. . (10.2.3)
= 5 P1611 + 5 Pybaa + P101»
Case 2:
Apply P, followed by P;.
Work done at point 1 when P; is applied:
1
Wy = 5P2522 (10.2.4)
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Work done at points 1 and 2 when P; is applied and P; is still in place:

1
Wy = Pyda1 + §P1511 (10.2.5)
Total work done Wr:
Wr =W+ W-
A (10.2.6)
= 5 P1611 + 5 Pab22 + Padar
Equate the total of both cases (from equations 3 and 6).
$P1011 + 5 Padss + Pi612 = P61 + 5 Padoy + Paboy (10.2.7)
Pi612 = Padn
Substituting P, = P, = 1 into equation 7 suggests the following:
819 = 0o (10.2.8)

The Maxwell-Betti law is also applicable for reciprocal rotation. The theorem for reciprocal rotation states that the rotation at
point B due to a unit couple moment applied at point A is equal in magnitude to the rotation at A due to a unit couple moment
applied at point B. This is expressed as follows:

QaAB = OBA (1029)

where a 4p is the rotation at a point A due to a unit couple moment applied at B and a4 is the rotation at a point B due to a unit
couple moment applied at A.

This page titled 10.2: Maxwell-Betti Law of Reciprocal Deflections is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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10.3: Analysis of Indeterminate Beams and Frames

The analyses of indeterminate beams and frames follow the general procedure described previously. First, the primary structures
and the redundant unknowns are selected, then the compatibility equations are formulated, depending on the number of the
unknowns, and solved. There are several methods of computation of flexibility coefficients when analyzing indeterminate beams
and frames. These methods include the use of the Mohr integral, deflection tables, and the graph multiplication method. These
methods are illustrated in the solved example problems in this section.

Computation of Flexibility Coefficients Using the Mohr Integral

The Mohr integral for obtaining the flexibility coefficient for beams and frames is expressed as follows:

ABP = Agflnd.’b
2
(533 = %dw

m (1031)
Oap = [ 200 dy

mé
aan = [ Frdx
where

e M = moment in the primary structure due to the applied load P.
e m = moment in the primary structure due to a unit load applied at B.
e my = moment in the primary structure due to a unit moment applied at A.

Example 10.3.1

Determine the reactions in the beam shown in Figure 10.3a. Use the method of consistent deformation to carry out the
analysis. All flexibility coefficients are determined by integration. ET = constant.

q kN/m

B
*
L '

(a) Actual beam

¥ q kN/m
AI*IHHHHIHlH
. L

(b} Primary beam subjected to external load

i ‘ _F' f

‘ 18y
(c) Redundant By, applied on primary beam

=~}

(d) Primary beam subjected to B, = 1 N

Fig.10.3. Beam.

Solution
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Classification of structure. There are four unknown reactions in the beam: three unknown reactions at the fixed end A and
one unknown reaction at the prop B. Since there are three equations of equilibrium on a plane, it implies that the beam has
one unknown reaction in excess of the equations of equilibrium on a plane, thus it is indeterminate to one degree.

Choice of primary structure. There may be more than one possible choice of primary structure. For the given propped
cantilever beam, the prop at B will be selected as the redundant. Thus, the primary structure is as shown in Figure 10.3b.

Compatibility equation. The number of compatibility equations will always match the number of the redundant reactions in a
given structure. For the given cantilever beam, the number of compatibility equations is one and is written as follows:

App + Bydpp =10

The flexibility or compatibility coefficients Agp and dpp can be computed by several methods, including the integration
method, the graph multiplication method, and the table methods. For this example, the flexibility coefficients are computed
using the integration method.

The bending moment expressions for the primary beam subjected to external loading is written as follows:

\(\begin{array}{l}
0 M=-\frac{q x*{2}}{2}
\end{array}\)

The bending moment in the primary beam subjected to B, = 1kN is as follows:

M=z
v
Ap=App+ Rpipp =0

Using integration to obtain the flexibility coefficients suggests the following:

Mm
ABP = ﬁd.ﬁ

/L —qz? (2) dx qL*
- o el
o U2 EI _ S8EI
L 2 L 2 3

m T L
633_/0 EIdx_/O BT = 367

Putting the computed flexibility coefficients into the compatibility equation suggests the following:

B — B _ (k! (3EL) = 3L
YT "o T ser ) U3 ) = s

Example 10.3.1

Determine the support reactions and draw the bending moment and the shearing force diagrams for the indeterminate beam
shown in Figure 108.4. Use the method of consistent deformation. EI = constant.
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{a) Actual beam

600 N

zmu N,'m

uwm : /

4400 N.m

(#) Primary beam subjected to external load

A' C
= am

Gy

(c) Redundant C, applied on primary beam

(f) Bending moment diagram for primary
beam due to external loading, P

4N.m

A C r-__'-'——-—.__________-
I i 1N {g) Bending moment diagram for primary
(d) Primary beam subjected to £, = 1N beamndueteCy =1, m

Fig.10.4. Indeterminate beam.
Solution

Classification of structure. There are four unknown reactions in the beam: three unknown reactions at the fixed end A and
one unknown reaction at the prop C. Since there are three equations of equilibrium on a plane, it implies that the beam has
one unknown reaction in excess of the equations of equilibrium on a plane. Thus, it is indeterminate to one degree.

Choice of primary structure. There may be more than one possible choice of primary structure. For the given propped
cantilever beam, the reaction at C is selected as the redundant reaction. Thus, the primary structure is as shown in Figure
10.4b.

Compatibility equation. The number of compatibility equations will always match the number of the redundant reactions in a
given structure. For the given cantilever beam, the number of compatibility equations is one and is written as follows:

Acp + Cydoc =0
The flexibility or compatibility coefficients A¢cp and ¢ are computed using the integration method.

The bending moment expressions for segments AB and BC of the primary beam subjected to an external loading is written
as follows:

\(\begin{array}{l}

0 M=-\frac{400 x*{2}}{2}=-200 x {2} \

2 M=-\frac{400 x*2}}{2}-600(x-2)=-200 x"{2}-600(x-2)
\end{array}\)

The bending moment in the primary beam subjected to C, = 1 N is written as follows:

M=z
AIP:fo mMpdac +f4 rnMpdz

2 (z)(~20022)dz 4 (2)[~20022—600(z—2)]dz
Aip = f ( ET : +f2 [ ]

0 EI
. 16800

Putting the computed flexibility coefficients into the compatibility equation suggests the following:
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Cy=—52 = 180 — 78763 N

Shearing force and bending moment diagram. To determine the magnitudes of the shearing force and the bending moment
and draw their diagrams, apply the obtained redundant to the primary beam, as shown in Figure 10.4e.

600 N

400 N/m

(e) 787.63 N
1412.37 N

(h) Shearing force diagram
for the indeterminate 787.63 N
beam

\(\begin{array}{l}

0 V=-787.63+400 x \

\text { When } x=0, V=-787.63 \mathrm{~N} \

\text { When } x=2, V=12.37 \mathrm{~N} \

M=787.63 x-\frac{400 x"{2}}{2} \

\text { When } x=0, M=0 \

\text { When } x=2, M=775.26 \mathrm{~N} . \mathrm{m}
\end{array}\)
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1249.48 N.m

(i) Bending moment diagram for the
indeterminate beam

\(\begin{array}{l}

2 V=-787.63+400 x+600 \

\text { When } x=2 \mathrm{~m}, V=612.37 \mathrm{~N} \

\text { When } x=4 \mathrm{~m}, V=1412.37 \mathrm{~N} \

M=787.63 x-\frac{400 x"{2}}{2}-600(x-2) \

\text { When } x=2 \mathrm{~m}, M=775.26 \mathrm{~N} . \mathrm{m} \
\text { When } x=4 \mathrm{~m}, M=-1249.48 \mathrm{~N} . \mathrm{m}
\end{array}\)

The shearing force and the bending moment diagrams are shown in Figure 10.4h and Figure 10.4i.

Computation of Flexibility Coefficients by Graph Multiplication Method

The computation of the flexibility coefficients for the compatibility equations by the method of integration can be very lengthy
and cumbersome, especially for indeterminate structures with several unknown redundant forces. In such instances, obtaining
the coefficients by the graph multiplication method is time-saving. The graph multiplication method is based on the premise that
the integral [ %dz contains the product of two moment graphs M and m. To derive the formula for the graph multiplication
method, consider the two moment diagrams M’ and M, as shown in Figure 10.5. The graph of M’ is linear, while that of M is of
an arbitrary function.
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dx

0 dA _: il E'l = constant @

Fig.10.5. Moment diagrams.

Assuming the flexural rigidity ET is constant, the integral of the product of these two moment diagrams can be expressed as
follows:
MM’
EI

da (10.3.2)

The elementary area of the bending moment diagram at a distance z from the left end, as shown in Figure 10.53, is written as
follows:

dA = Mda (10.3.3)

Using trigonometry, the ordinate M’ of the linear graph M’ at a distance = from the origin, as shown in Figure 10.5b, can be
expressed as follows:

Y, =z.tanf (10.3.4)

Substituting equation 2 and 3 into equation 1 suggests the following:

Mm
i dm—/dA.x.tancp
= tanﬁ/dA.x
— stanfA (10.3.5)
= AY,
MM
Wd.’lf = AYC

As suggested by equation 10.6, the integral of the product of two moment diagrams is equal to the product of the area of one of
the moment diagrams (preferably the diagram with the arbitrary outline) and the ordinate in the second moment diagram with a
straight outline, lying on a vertical line passing through the centroid of the first moment diagram.

Example 10.3

Determine the reactions at supports A, C, and D of the beam shown in Figure 10.6a. A is a fixed support, while C and D are roller
supports. EI = constant.
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30k
b
4 D
L ,A_ﬂ,,LJh, 8ft

(a) Actual beam

A I_D

(b) Primary beam subjected to external load

”'TJ}TJ 4 N

120

G

y
(c) Redundant Cy applied on primary beam () Bending moment diag
primary beam due to external

c
A D 8
1k (%) Bending moment diagram for
() Primary beam subjected to €, = 1 primary beam due to Cy = 1k

D,

y
(e) Redundant D,, applied on primary beam

16
) P —
) P ] S @
(/) Bending moment diagram for

i fc
1
(f) Primary beam subjected to D, = 1 primary beam due to Dy =1k

Fig.10.6. Beam.

Solution

Classification of structure. There are five unknown reactions in the beam. Thus, the degree of indeterminacy of the structure is
two.

Choice of primary structure. The supports at C and D are chosen as the redundant reactions. Therefore, the primary structure
is a cantilever beam subjected to the given concentrated load shown in Figure 18.6b. The primary structure subjected to the
redundant unknowns are shown in Figure 10.6c, Figure 10.6d, Figure 10.6e, and Figure 10.6f.

Compatibility equation. There are two compatibility equations, as there are two redundant unknown reactions. The equations are
as follows:

Acgp + Cydcc + Dydep =0
App+ Cyépc + Dyépp =0

The first alphabets of the subscript of the flexibility coefficients indicate the location of the deflection, while the second alphabets
indicate the force causing the deflection. Using the graph multiplication method, the coefficients are computed as follows:

Using the graph multiplication method, the flexibility coefficients are computed as follows:

Acp = (—5 x 4 x 120) (6.67) = —1600.8
App = (—% x 4 x 120) (10.67) = —2560
Scc = (3 x 8 x 8)(5.33) = 170.56

dcp =0pc = (% x 8 x 8) (13.33) = 426.56
6pp = (% x 16 x 16) (10.67) = 1365.76

Substituting the flexibility coefficients into the compatibility equation suggests the following two equations, with two unknowns:

—1600.8 + 170.56C,, + 426.56D, = 0
—2560 + 426.56C,, + 1365.76D, = 0

Solving both equations simultaneously suggests the following:

C, = 21.46k

D, = —4.83k
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The determination of the reactions at support A is as follows:

+ SO Mag =0: —(30)(4) — (4.83)(16) + (21.46)(8) + M4 = 0
M = 25.6k.ft

41 F,=0:A,—30+21.46 — 483 =0

A, =13.37k

+2 Y F,=0:4,=0

Use of Beam-Deflection Tables for Computation of Flexibility Coefficients

This is the easiest method of computation of flexibility coefficients. It involves obtaining the constants from tabulated deflections
based on the types of supports and loading configurations, as shown in Table 18.1 and Table 10.2.

Tablel0.1. Simply supported beam slopes and deflections.

Slope Deflection
Beam

omax

_ —wl?
— 24EI

9. — —PL _ —PL}
max = JGET Ymax = TRET

;

g .
max max
)I( -

B | ==
b | =
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y 01 Atz =a
—Pab(L+b _ —Pb 2 2
P S y= g (L* =" —
0o
__ Pab(L+a)
6EIL
_3wL? L
=T | Ato==
0, = TwL? 2 4
2 = 3B4EI _ —bwL
~ T68EI
Vmax 1S at T
w = 0.4598L
Vinax = —0.006563
6,
L L
2 2
-
9. — —TwoL? Vmax 18 at £ = 0.519
1= T360ET w
L3 = — =4
0y = % Vinax = —0.00652 I
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g, — =ML _ ML

L= 73BT Ymax = “Zmspr
_ ML

0y = 6ET

Tablel0.2. Cantilevered beam slopes and deflections.

Slope | Deflection | Elastic Curve

Beam
— —wLl® wz? (2
_2E] Y= ST (w — 2Lz
4 <z<L
—wI3
Y= ToopT (42 —

X

Ymax
Yy

] &
|< 2 2 >-| 4 Bmtrx
0max ymax
_ —wL? —wL!

8ET

LTI

302 (10.3.19)
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S N

(SN o

X

Ymax
Yy

hl El E%nax

O max — _ Myz?
y _ ML —yM Y= a1
- EI = T2ET
*6hnax
J#Hﬂﬂ
X
M,
|
y emax Ymax y= _SIEEIZ (3L —
— —hL _ —PL
2ET 3EI
# -
J#nax
Yy
- J 4 Ompx
y Omax 0<z<i
_ —PL? .
v=F (30-2)
£<z<L
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Example 10.4

Draw the bending moment and the shearing force for the indeterminate beam shown in Figure 10.7a. ET = constant.

20 kN/m
A ¢
A 5 C B
5m 5m
l¢ 5m S5m = | i
' ' 1kN
(a) Actual beam (d)Primary beam subjected to C,, = 1kN
20 kN/m 250 kN/m
A c
| 10m |
(b) Primary beam subjected to external (e) Bending moment diagram for primary beam
to external loading due to external loading
4 c
5 \/
, 5m { 5m | 2.5kN/m
c, (f) Bending moment diagram for primary
(c)Redundant C,, applied on primary beam dueto B, = 1kN

beam
Fig.10.7. Indeterminate beam.

Solution
Classification of structure. There are four unknown reactions in the beam. Thus, the beam is indeterminate to one degree.
Choice of primary structure. The reaction at B is chosen as the redundant reaction. Thus, the primary structure is a simply
supported beam, as shown in Figure 10.7b. Shown in Figure 10.7c and Figure 10.7d are the primary structures loaded with the
redundant reactions.
Compatibility equation. The compatibility equation for the beam is written as follows:
App+ Bydpp =0

To compute the flexibility coefficients Agp and dpp, use the beam-deflection formulas in Table 10.1.

__ swL* _  5(200(10)* _ 2604.17
App = 384E1 3R4ET ET
Snp = PL- — (10)* _ 20.83
BB = 48EI — 48EI ~— " EI

Putting the computed flexibility coefficients into the compatibility equation suggests the following:

_ App _ 26417 _
By = 52 = 555 = 125kN

Shearing force and bending moment diagrams. Once the magnitudes of the redundant reactions are known, the beam becomes
determinate and the bending moment and shearing force diagrams are drawn, as shown in Figure 10.7g and Figure 10.7h.
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62.5 kN
37.5 kN /‘\ /\
RN ;

37.5kN 62.5 kN.m
62.5 kN (h) Bending moment diagram for the
(g) Shearing force diagram for the indeterminate beam.

indeterminate beam
Example 10.5

To obtain the flexibility coefficients, use the beam-deflection tables to determine the support reactions of the beams in examples
10.1 and 10.2.

Solution
Classification of structure. The degree of indeterminacy of the beam in examples 10.1 and 10.2 is 2.

Flexibility coefficients. Using the information in Table 10.2, determine the flexibility coefficients for example 10.1, as follows:

— _PLt _ _ aL'
App = 8EI —  8EI
_ pL* _ qL®
0B = 3EI — 3EI
_ _App _ _ (_ qL* 3EI\ _ 3qL
By = Sps ( 8ET (L3)_ 3

Using the beam-deflection formulas, obtain the following flexibility coefficients for the beam in example 10.2, as follows:

_ —wL* | —5PL3 __ —400(4)' | —5(600)(4)* _ _ 16800
Acp = SEl T 8Bl — ~SET T T 4ET = Bl
_ P} _ (H#W?® _ 2133
bco = 3EI — 3EI  EI

Putting the computed flexibility coefficients into the compatibility equation suggests the following answer:

Ac 16800
Cy=—5= = 5133 =T87.63 N

Example 10.6

Using the method of consistent deformation, draw the shearing force and the bending moment diagrams of the frame shown in
Figure 10.8a. EI = constant.
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10kN/mE 4 5m C,i Asm

-_—
(@) Actual frame

45kN.m

* 45 kN.mg Q
—8B C
10

|

(]

>8A

(6) Primary frame subjected () Bending moment for primary
to external load beam due to external loading

B ¢
tA
Ay
() Redundant Ay applied on
Primary frame
B c
5kN.m
’)
(f) Bending moment for primary
Ay = 1kN beam due to 4, = 1kN
(d) Primary frame subjected
to 4y = kN

Fig.10.8. Frame.
Solution

Classification of structure. There are four unknown reactions in the frame: one unknown reaction at the free end A and three
unknown reactions at the fixed end C. Thus, the degree of indeterminacy of the structure is one.

Choice of primary structure. Selecting the reaction at support A as the redundant unknown force suggests that the primary
structure is as shown in Figure 10.8b. The primary structure loaded with the redundant force is shown Figure 18.8c and Figure
10.8d.

Compatibility equation. The compatibility equation for the indeterminate frame is as follows:
Agp+ Aybaa=0
The flexibility or compatibility coefficients A 4p and §44 are computed by graph multiplication method, as follows:

App=—2(5x5)(45) = —562.5
baa=5(5x5) () =41.67

Substituting the flexibility coefficients into the compatibility equation and solving it to obtain the redundant reaction suggests
the following:

—562.5 + 41.67Ay = 0
Ay = 13.5kN

Determining the reactions at C.

> M. =0:—(13.5)(5) + (10 x 3)(1.5) + M, =0
M, =22.5.6 kN. m
> F,=0:-C,+135=0

(10.3.6)
C, = 13.5kN
> F.=0:-C.+(10x3)=0
C, = 30kN

Example 10.7

Using the method of consistent deformation, determine the support reactions of the truss shown in Figure 18.9a. ET = constant.
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— 40 k
4 ft
L B c
D
X, =1k
A
(@) Actual frame (d) Primary frame subjected
toD, =1.

(e) Primary frame subjected
toD, =1.

(b) Primary frame subjected
to external load

(c) Redundants Dy, and Dy 3_20 k. ft .
Applied on primary frame. (f) Bending moment for primary
frame sujected to external loading

6k ft 4 k. ft
4k ft 4k ft
6 k.ft
(9) Bending moment for primary
frame dueto D, = 1k 4k ft

(h) Bending moment for primary
frame dueto D, = 1k

Fig.10.9. Truss.
Solution

Classification of structure. There are five unknown reactions in the beam. Thus, the degree of indeterminacy of the structure is
two.

Choice of primary structure. The two reactions of the pin support at D are chosen as the redundant reactions, therefore the
primary structure is a cantilever beam subjected to a horizontal load at C, as shown in Figure 10.9b. The primary structure loaded
with the redundant unknowns is shown in Figure 10.9d and Figure 108.9e.

Compatibility equation. The number of compatibility equations is two, since there are two redundant unknowns. The equations
are written as follows:

Aip+ X1611 + X012 =0
Agp + X1691 + X202 =0

The first number of the subscript in the flexibility coefficients indicates the direction of the deflection, while the second number or
letter indicates the force causing the deflection. The coefficients are computed using the graph multiplication method, as follows:
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Arp = 37 (§ x 8% 320) (6) = &L

Aop = 27 (=% x 4 x 4) (53.33) + (L x 4 x 4) (266.8) = 11LT6

511 = 2 (L x 6 x 6) (4) + (6 x 8)(6) = 30

12 =0 = g7 (—3 x4 x4) (6)+ (3 x4 x4)(6)— (3 x6x6)(4) =—F
522:E1(3)(%

x 4 x 4) (2.67) + (4 x 6)(4) = 16208

Substituting the flexibility coefficients into the compatibility equation suggests the following two equations with two unknowns:
7680 4+ 360X, — 72X, =0
1707.76 — 72X; + 160.08 X5 =0

Solving both equations simultaneously suggests the following:

X, = D, = 25.79k

Xy = Dy = 22.27k

Determination of the reactions at support A.

STMy =0:(25.79)(6) + (22.27)(16) + (21.46)(4) + M4 =0

My = 25.6kft
S F,=0:A,—30+21.46 —4.83 =0
A, =13.37k

This page titled 10.3: Analysis of Indeterminate Beams and Frames is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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10.4: Analysis of Indeterminate Trusses

The procedure for the analysis of indeterminate trusses is similar to that followed in the analysis of beams. For trusses with
external redundant restraints, the procedure entails determining the degree of indeterminacy of the structure, selecting the
redundant reactions, writing the compatibility equations, determining the deflection due to the applied load and the one due
to a unit redundant reaction force applied to the primary structure, and solving the compatibility equation(s) to determine the
redundant reactions. For trusses with internal redundant members, the procedure involves selecting the redundant members,
cutting the redundant members and depicting each of them as a pair of forces in the primary structure, and then applying the
condition of compatibility to determine the axial forces in the redundant members. Consider the truss below for an example. This
truss is indeterminate to the first degree. Members AC and BD of the truss are two separate overlapping members. Either of
these members can be considered redundant, since the primary structure obtained after the removal of either of them will remain
stable. Selecting BD as the redundant member, cutting through it and applying a pair of forces on the cut surface, and then
indicating that the displacement of the truss at the cut surface is zero suggests the following compatibility expression:

App + Fppdpp =0 (10.4.1)

Mcp = 2L (05 + 20c — 3¢) + FEMcp
2EKOp + 46.67

where

Apgp = the relative displacement of the cut surface due to the applied load.

dsp = the relative displacement of the cut surface due to an applied unit redundant load on the cut surface.

B
@

8 «— P
A ® D
_A o
- -
(a) Actual Structure
B
s Qe«——0P

ke =
) RSy S g e (¢) Redundant X = 1 applied

Fig.10.10

The flexibility coefficients for the compatibility equation for the indeterminate truss analysis is computed as follows:

Ay — S FIL
* o (10.4.2)
Oxx =2 4%

where
A xp = the displacement at a joint X or member of the primary truss due to applied external load.
dx1 = the displacement at joint X or member of the primary truss due to the unit redundant force.

F = axial force in the truss members due to the applied external load that causes the displacement A.
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f = axial forces in truss members due to the applied unit redundant load that causes the displacement 4.
L = length of member.
A = cross sectional area of a member.

Example 10.8

Using the method of consistent deformation, determine the axial force in all the members of the truss shown in Figure 10.11a. EA
= constant. .

B C

P
(a) Actual truss P (b) Primary truss subjected
to external load

(c)Redundant X, applied
on primary truss

(d) Primary truss subjected
toredundantX; =1

=1

(e) Primary truss subjected
redundantX, = 1

Fig.10.11. Truss.

Solution

Determining support reactions in the primary structure.
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+¥ 3 Mp=0
—PL+A,L=0
A, =P

+—= Y F,=0
—P+B,=0
B, =P

+1YF,=0
—P—-B,=0
B,=P

Compatibility Equation.

Ap+ X161 + X612 =0
Agp + X101 + Xab22 = 0

Determining forces in members due to applied external load.

Joint D.

+1F,=0:Fpc—P=0
Fpe =P
+ 5 F,=0:Fpys=0

A
Fpa < .
\l
Joint A.
— Y F,=0:Fyccos45°+ Fap+ P =0
Fuc = ——b= =—1.414P
+T2Fy:0:FAB+FAOCOS45°:0
Fyp=—(—1.414P)cos45° = P
BIOIRIE) 311 (10.4.3)
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P > D

Joint B.

+ Y F,=0:—P+Fpc=0;Fgc=P

Joint B
P - B }FBC

FBA

Determining forces in members due to redundant Fgp = 1.
Joint B.

+—= > F,=0:1cos45° + Fpo = 0; Fpc = — cos45° = —0.7071
+T2Fy =0:—1cos45° — Fgy = 0; Fgy = —0.7071
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+ 1> F,=0:1cos45° + Fpc = 0; Fpc = —0.7071
Joint C.

+T2Fy:0:—FCACOS45°—FCD:0;FCA:1
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Determining forces in members due to redundant A4, = 1.

Joint A.

+1F,=0:1+F43=0
FABZ*].
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Joint A
Fap

1

The determination of the member-axial forces can be conveniently performed in a tabular form, as shown in Table 10.3.

Tablel0.3.
Member Length N NBD na nzBDL niL nppnalL NnppL NngL
AB L P -0.7071 -1 0.5L L 0.7071L -0.7071PL -PL
AC 1.414L -1.414P 1 o 1.414L o o -2PL o
AD L o -0.7071 o 0.5L o o o o
BC L P -0.7071 o 0.5L o o -0.7071PL o
BD 1.414L o 1 0 1.414L ) ) ) o
CD L P -0.7071 ] 0.5L ] ] -0.7071PL o
Total 4.828L L 0.7071L -4.12PL -PL
Ap = — 4.1EZ§L
Asp = —1L
511 __ 4.828L
~ EA
012 =012 = —0’7E021L
09 = ﬁ

Substituting the flexibility coefficient into the compatibility equations and solving the simultaneous equations suggests the
following:

—4.12P +4.828X; +0.7071X3 =0
—P+4+0.7071X; + X2 =0

X, = Fgp = 0.79P
Xy = A, =0.44P

The axial forces in members are as follows:
Fag= P+ (0.79P)(—0.7071) + (0.44P)(—1) = 0.0014P
Fac = —1.414P + (1)(0.79P) = —0.624P

Fap = (—0.7071)(0.79P) = —0.559P
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Fpo = P+ (—0.7071)(0.79P) = 0.441P
Fpp =0.79P
Fep = P+ (—0.7071)(0.79P) = 0.441P
Example 10.9

Using the method of consistent deformation, determine the axial force in member AD of the truss shown in Figure 10.12a. FA =
constant.

Actual truss 60 kN

Redundant F,p = X; applied
on primary truss

60 kN Primary truss subjected

Primary truss subjected

toF =X, =1
to external load AD 1

Fig.10.12. Truss.
Solution

Determination of axial forces in members due to applied external loads.
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+1) F,=0: Fposind5* —60 =0

Fpo = 84.85kN

+ — ZFI =0:—F¢cp — Fpccosdb® =0
Fop = —84.85cos45° = —60kN

Joint C

45°
Fep C

60 kN

+TZFyZOZFDB:0
%ZFwZOZFDEZFDC:*(;OkN

loint D
Fpp

FDE -

Determining forces in members due to redundant F4p = 1.

+1> F,=0:cos45°+ Fpp =0
Fpp = —cos45°kN = —0.7071kN
+—> F,=0:—Fpg—cos45° =0
Fprg = —0.7071kN
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N

FDE -

+T2Fy =0:—Fpgcosdb® — Fgp =0
Fius = ol = $48 = v

+ — ZFz =0:—Fpy— Fpgcosd5’ =0
Fpa = —0.7071kN

Fpa

1kN

Joint D

FDB

D
Joint B
B
45°
For Fpc

The determination of the member-axial forces can be conveniently performed in a tabular form, as shown in Table 10.4.

Member Length (m)
AB 4
AD 5.66
BE 5.66
BD 4
BC 5.66
CD 4
DE 4

Compatibility equation.

Aip+ X161 =0

A 649.96
Fup=X, = _Tlf = Trsy = 37.53kN

Chapter Summary

@O0

Tablel0.4.

N (kN)
120
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-0.7071

NTLADL

-339.41

-480.25

169.7
-649.96

n?pL
2.0
5.66
5.66

17.32
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Force method: The force method or the method of consistent deformation is based on the equilibrium of forces and compatibility
of structures. The method entails first selecting the unknown redundants for the structure and then removing the redundant
reactions or members to obtain the primary structure.

Compatibility equations: The compatibility equations are formulated and used together with the equations of equilibrium
to determine the unknown redundants. The number of the compatibility equations must match the number of the unknown
redundants. Once the unknown redundants are determined, the structure becomes determinate. Methods of computation of
compatibility or flexibility coefficients, such as the method of integration, the graph multiplication method, and the use of
deflection tables, are solved in the chapter.

Mohr integral for computation of flexibility coefficients for beams and frames:

ABPZ %dm
533 = f TEn—;dIE

Oap = [ 220 dy

2
app = %dm

Maxwell-Betti lLaw of reciprocal deflections: The Maxwell-Betti law helps reduce the computational efforts required to obtain
the flexibility coefficients for the compatibility equations. This law states that the linear displacement at point A due to a unit
load applied at B is equal in magnitude to the linear displacement at point B due to a unit load applied at A for a stable elastic
structure. This law is expressed as follows:

04B = 0BA
Practice Problems
10.1 Using the method of consistent deformation, compute the support reactions and draw the shear force and the bending

moment diagrams for the beams shown in Figures P18.1 through P18.4. Choose the reaction at the interior support B as the
unknown redundant.

18 kips 18 kips

10ft |_10ft ,|‘ 10ft | 10 ft

El = constant

Fig.P10.1. Beam.
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El = constant

Fig.P10.2. Beam.

45 kN/m

|

@

-
8m )L 4 m )I

El = constant

Fig.P10.3. Beam.

20 kN/m

!

C

*
\( 3m J. 3m 2 3m>|

El = constant

Fig.P10.4. Beam.
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10.2 Using the method of consistent deformation, compute the support reactions and draw the shear force and the bending

moment diagrams for the frames shown in Figures P10.5 through P10.8. Choose the reaction(s) at any of the supports as the
unknown redundant(s). EI = constant.

80 kips

10 ft

100 Kips ===

10 ft

— ¥

12 ft |

|

A

Fig.P10.5. Frame.

40 kN

20 kKN/m

Fig.P10.6. Frame.
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100 kips

250 k.ft

Fig.P10.7. Frame.

Y

E
30 kN/m ‘
|
“

| 6m

Fig.P10.8. Frame.

10.3 Using the method of consistent deformations, determine the reactions and the axial forces in the members of the trusses
shown in Figures P10.9 through P10.13.
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250 Kips
EFA = constant

Fig.P10.9. Truss.

180 kN

=100 kN

4 m

EA = constant

Fig.P10.10. Truss.
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100 k
EFA = constant

Fig.P10.11. Truss.

120 kN

EA = constant

Fig.P10.12. Truss.
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20 ft ,F 20 ft

——

EA = constant

Fig.10.13. Truss.

This page titled 10.4: Analysis of Indeterminate Trusses is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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11.1; Introduction

In 1915, George A. Maney introduced the slope-deflection method as one of the classical methods of analysis of indeterminate
beams and frames. The method accounts for flexural deformations, but ignores axial and shear deformations. Thus, the unknowns
in the slope-deflection method of analysis are the rotations and the relative joint displacements. For the determination of the
end moments of members at the joint, this method requires the solution of simultaneous equations consisting of rotations, joint
displacements, stiffness, and lengths of members.

This page titled 11.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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11.2: Sign Conventions

An end moment M is considered positive if it tends to rotate the member clockwise and negative if it tends to rotate the member
counter-clockwise. The rotation # of a joint is positive if its tangent turns in a clockwise direction. The rotation of the chord
connecting the ends of a member (%), the displacement of one end of a member relative to the other, is positive if the member
turns in a clockwise direction.

This page titled 11.2: Sign Conventions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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11: SLOPE-DEFLECTION METHOD OF ANALYSIS OF

INDETERMINATE STRUCTURES

11.1: Introduction

11.2: Sign Conventions

11.3: Derivation of Slope-Deflection Equations
11.4: Modification for Pin-Supported End Span
11.5: Analysis of Indeterminate Beams

11.6: Analysis of Indeterminate Frames

This page titled 11: Slope-Deflection Method of Analysis of Indeterminate Structures is shared under a CC BY-NC-SA 4.0 license and was

authored, remixed, and/or curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the
LibreTexts platform.
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11.3: Derivation of Slope-Deflection Equations

To derive the slope-deflection equations, consider a beam of length L and of constant flexural rigidity EI loaded as shown in
Figure 11.1a. The member experiences the end moments M5 and M4p at A and B, respectively, and undergoes the deformed
shape shown in Figure 11.1b, with the assumption that the right end B of the member settles by an amount A. The end moments
are the summation of the moments caused by the rotations of the joints at the ends A and B 64 and 65) of the beam, the chord

rotation (¢ = 2. and the fixity at both ends referred to as fixed end moments (M £, and M%,).

The rotations at the joints of the beam can be expressed mathematically as follows:
04 =pa+ (11.3.1)

O0p =B+ (11.3.2)
where
B4, B = end rotations caused by moments M 45 and Mp4, respectively.

1 = chord rotation caused by settlement of end B.

,
v |
TITITTTLTT

B
[ ;) A

.

Fig.11.1. Beam.
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=5 ? “\
- N |

()
Bs

Fig.11.2. End moments due to rotations 34 and .

= .
——a Mpa

El

According to the moment-area theorem, the change in slope for a particular beam equals the end shear force of the beam when it

is loaded with the £

as follows:

Similarly, taking the moment about end A to determine 3p suggests the following:

4 Missing \left or extra \right

Solving equations 11.3 and 11.4 suggests the following:
4FET1 2ET1
Myp = TﬂA + T,BB

2FET1 4FET
Mpa = 2=~ =
BA 7 Ba+ 17 BB

330 (11.3.2)

@O0

+ diagram. Thus, for the beam under consideration, the rotations 34 and 5, shown in Figure 11.2, are obtained

(11.3.3)

(11.3.4)

(11.3.5)

(11.3.6)
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Fig.11.3. End moments due to end rotations (84 and 8p) and chord rotation ().

Solving equations 11.1 and 11.2 for 84 and B and substituting them into equations 11.5 and 11.6 suggests the following:

Mag = %(%—d))—i— ?(03—1/)) (11.3.7)
Mpa =221 (0, — ) + % (05 —1) (11.3.8)

L
Putting v = % into equations 10.10 and 10.11 suggests the following:
4FE1 2E1 6E1
Mpp = _L 9A+—L 937_[}2 A (11'3'9)

2E1 4FE1 6ET
Mpy = — —0p— —A 11.3.1
BA 17 0a+ 17 05 Iz (11.3.10)

P

T

A

Mrap T
Mrpa

Fig.11.4. End moment due to end rotations (34 and 3g), chord rotation (1), and fixed-end moments (MfB and MgA).

The final end moments can then be computed as the summation of the moments caused by slopes, deflections, and fixed-end
moments, as follows:
Myp =2EK (204 + 05— 3¢) + M1, (11.3.11)
Mps =2EK (04 + 205 — 3¢) + ME, -

where
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K = L = stiffness factor.

This page titled 11.3: Derivation of Slope-Deflection Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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11.4: Modification for Pin-Supported End Span

The analysis of beams or frames supported by a pin or roller at the far end of the span is simplified by using the modified slope-
deflection equation derived below. Using the modified equation reduces the amount of computational work, as the equation is
applied only once to the span with a pin or roller at the far end.

Fig.11.5. Propped cantilever beam.

Solving equation 11.13 for 6z and substituting it into equation 11.12 suggests the following:

MF
Map =3EK (04 —¢) + (MfB - 23"‘ ) (11.4.1)

Equation 11.14 is the modified slope-deflection equation when the far end is supported by a pin or roller.

This page titled 11.4: Modification for Pin-Supported End Span is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 333 (11.4.1)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/03%3A_Analysis_of_Statically_Indeterminate_Structures/11%3A_Slope-Deflection_Method_of_Analysis_of_Indeterminate_Structures/11.04%3A_Modification_for_Pin-Supported_End_Span
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTexts"

11.5: Analysis of Indeterminate Beams

The procedure for the analysis of indeterminate beams by the slope-deflection method is summarized below.
Procedure for Analysis of Indeterminate Beams and Non-Sway Frames by the Slope-Deflection Method
eDetermine the fixed-end moments for the members of the beam.

eDetermine the rotations of the chord if there is any support settlement.

eWrite the slope-deflection equation for the members’ end moments in terms of unknown rotations.

oWrite the equilibrium equations at each joint that is free to rotate in terms of the end moments of members connected at that
joint.

eSolve the system of equations obtained simultaneously to determine the unknown joint rotations.
eSubstitute the computed joint rotations into the equations obtained in step 3 to determine the members’ end moments.
eDraw a free-body diagram of the indeterminate beams indicating the end moments at the joint.

eDraw the shearing force diagrams of the beam by considering the freebody diagram of each span of the beam in the case of a
multi-span structure.

This page titled 11.5: Analysis of Indeterminate Beams is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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11.6: Analysis of Indeterminate Frames

Indeterminate frames are categorized as frames with or without side-sway. A frame with side-sway is one that permits a lateral
moment or a swaying to one side due to the asymmetrical nature of its structure or loading. The analysis of frames without side-
sway is similar to the analysis of beams considered in the preceding section, while the analysis of frames with side-sway requires
taking into consideration the effect of the lateral movement of the structure.

Analysis of Frames with Side-Sway

Consider the frame shown in Figure 11.6 for an illustration of the effect of side-sway on a frame. Due to the asymmetrical
application of the loads, there will be a lateral displacement A to the right at B and C, which subsequently will cause chord
rotations v 4p (LAAB) and ¥ pe (LA?) in columns AB and DC, respectively. These rotations must be considered when writing the
slope-deflection equations for the columns, as will be demonstrated in the solved examples.

Lillyilie

.

Fig.11.6. Frame.

Example 11.1

Using the slope-deflection method, determine the end moments and the reactions at the supports of the beam shown in Figure
11.7a and draw the shearing force and the bending moment diagrams. EI = constant.
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(a)

Fig.11.7. Beam.

Solution
Fixed-end moments.
The Fixed-end moments (FEM) using Table 11.1 are computed as follows:

FEM p=—2Ll — 8 _ _g667kN.m

FEMpy = “L — 86.67kN.m

FEMpc = — 3% — _46.67kN.m

FEMcp = 46.67kN.m

Slope-deflection equations. As 64 = ¢ = 0 due to fixity at both ends and ¥ 45 = ¥ pc = 0 as no settlement occurs, equations for

member end moments are expressed as follows:

Mup = 2L (204 + 05— 3¢) + FEMp
2EKOp — 86.67

Mpy = % (9,4 +293—3¢’) + FEMpy
4EK6Op + 86.67

MBC = ZTEI (203+90*31[1)+FEMBC
4EK6Op — 46.67

Mcp = 2L (05 +20c — 3¢) + FEMcp
2EK6Op + 46.67

Joint equilibrium equation.
Equilibrium equation at joint B is as follows:
> Mp=Mpg+Mpc=0

4EKOp + 86.67 + 4EKfp — 46.67 =0

5
0= —gx

Final end moments.

Substituting g = —% into equations 1, 2, 3, and 4 suggests the following:
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M ap = 2EK (— %) — 86.67 = —96.67kN.m

Mps = 4EK (— %) + 86.67 = 66.67kN.m

Mpo = 4EK (— ¢ ) — 46.67 = —66.67kN.m
(—%x)

M¢p = 2EK (—$% ) + 46.67 = 36.67kN.m

Shearing force and bending moment diagrams.

96.67 66.6708

4 m

Shear force and bending moment for segment AB.
First compute the reaction at support A4, as follows:

Y £ Mp=0:—4A, + 96.67 + (65)(4)(2) — 66.67 =0
A, = 137.5kN

Calculate the shear force, as follows:

When z =0, V = 137.5kN

When z = 4m, V = —122.5kN

Find the moment, as follows:

M = 13750 — D _ 9667

When z = 0, M = —96.67kN.m

Whenz=4m, M = —66.67kN.m

Shear force and bending moment for segment AB.

First determine the reaction at B, as follows:

Y £ 3" Mg =0: —4B, + 66.67 + (35)(4)(2) — 36.67 = 0
B, = T7.5kN

Calculate the shear force, as follows:

When z =0, V = 77.5kN.

@O0
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When z =4 m, V = —62.5kN.
Find the moment, as follows:

M = 7750 — U 66 67
When z = 0, M = —66.67kN.m
Whenz=4m, M = —36.67kN.m

Shear force and bending moment diagrams.

137.5kN /'\
77.5 kN V/\

+ ‘ ik

N
- | 66.67 kN.m SR KN

625 kN 9667 kN.m

122.5 kN () Bending moment diagram for the
(e) Shearing force diagram for the indeterminate beam

indeterminate beam
Example 11.2

Using the slope-deflection method, determine the end moments and the reactions at the supports of the beam shown in Figure
11.8a, and draw the shearing force and the bending moment diagrams. EI = constant.

4 kips/ft

24 Kips

Fig.11.8. Beam.
Solution
Relative stiffness.
(Kap): (Kpe)=(35) : (35)=1:3

Fixed-end moments.
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FEMup = —ukt — _WID° _ o5 gk
FEMp, = 4 — W — 199k f
FEMpo = —£ = - 2X12 — 36k ft

FEMcp = £ = 36k.ft
Slope-deflection equations.

Noting that M¢p = 9 = 0, equations for member end moments can be expressed as follows:
Mg = (2)(1) (20,4 + 60— 31/1) + FEM B

= 203 — 28.8
Mpa = (2)(1) (04 + 205 — 3¢) + FEMpy,
=40p+19.2
FEM,
Mpo = 3(3) (05 — ) + FEMpc — TCB
=3(3)6p — 36 — 32—6

=90p — 54
Joint equilibrium equation.
The equilibrium equation at joint B is as follows:

ZMBZMBA-FMBC:O
40p+19.2+905 —54 =10
0p = 3 =2.68

Final end moments.

Substituting the computed value of 6 into equations 1, 2, and 3 suggests the following:

Myp = 2(2.68) — 28.8 = —23.4k ft

Mps =405 + 19.2 = 4(2.68) + 19.2 = 29.9k.ft
Mpe = 905 — 54 = 9(2.68) — 54 = —29.9k ft
Mep=0

Shear force and bending moment diagrams.

4 kips/ft
% B
AN TB 29.9 k.ft
23.4 k.ft 12 ft > 29.9 k.ft 6ft
15.46 kips 8.54 kips 14.5 kips

(b)

Shear force and bending moment for segment AB.
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1 1
W+ Ma=0:12B, +23.44 — (5) (12)(4) (g x 12) —299=0
B, = 8.54kips
1
T4) F, =854+ A4, (5) (12)(4) =0
A, = 15.46kips

V=-854+ (%) (z) (%) = 854+ %2

When z = 0, V = —8.54kips
When z = 12 ft, V = 15.46kips

M =854z — (1) (2) (£) (3 x 2) —29.9 =854z — L2 —29.9

wls

When z = 0, M = —29.9k.ft
When z = 12ft, M = —23.4k.ft
Shear force and bending moment for segment BC.

W+ Y Mp=0:12C,+29.9—(24)(6) =0
Cy = 9.5kips
T+>Y F,=0

\(\begin{aligned}

&B_{y}+9.5-24=0\

&B_{y}=14.5 \mathrm{kips}\

&0 &V=14.5 \text { kips I\

&M=14.5 x-29.9\

&\text { When } x=0, M=-29.9 \mathrm{k} . \mathrm{ft}\

&\text { When } x=6 \mathrm{ft}, M=57.10 \mathrm{k} . \mathrm{ft}
\end{aligned}\)

15.46 kips 14.5 kips 57.1 k.ft

+

8.54 kips 9.5 kips V

+

(d) Shearing force for the Indeterminate 23 4 k.ft
beam 29.9 k.ft
(e) Bending moment for the Indeterminate
beam
Example 11.3

Using the slope-deflection method, determine the end moments of the beam shown in Figure 11.9a. Assume support B settles 1.5
in, and draw the shear force and the bending moment diagrams. The modulus of elasticity and the moment of inertia of the beam
are 29, 000ksi and 8000in?, respectively.
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20 kN

Fig.11.9. Beam.
Solution
Fixed-end moments.

The Fixed-end moments (FEM) using Table 11.1 are computed as follows:

FEMyp=—2L — 5 _ _375kN.m

FEMpy = #L — 3.75kN.m
FEMpc = —3.75kN.m
FEMcp = 3.75kN.m

FEMcp = — B — COMIAS _ 7 50Nm

_ Pa’b _ (20)(15)(1.5)%
FEMpc = ~4> = ——r—— =T7.5kN-m
Slope-deflection equations.

At 04 = 0p = ¢ = 0, the equations for member end moments are expressed as follows:

2EI
Myp = T(29A+93—3¢)—FEMAB (11.6.8)
=2EKfp —3.75
Mis = 2L (0,4 205 — 39) + FEM
Ba = (04+20p—3¢y) + BA (11.6.9)
= 4EK0p + 3.75
2ET1
Mpo =~ (20p + 8¢ — 3¢) — FEMpc (11.6.10)
—4EK0p + 2EK6c — 3.75
Mep =228 (95 + 200 — 3¢) + FEM
cB _T( 5+ 200 — 3vY) + cB (11.6.11)
= 2EK6p + 4EK6 + 3.75
Mop = 22X (99 + 0, — 30) — FEM
cp = T( c+60p—3Y) — cD (11.6.12)
=4EKf, — 7.5
Mpe = 22X (90 + 20, — 30) + FEM
pc =~ (0c +20p —3¢) + e (11.6.13)

= 2EK0c + 7.5
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Joint equilibrium equation.

The equilibrium equation at joint B is as follows:

> Mp=Mpy+Mpc=0
AEKO + 3.75 + 4EK + 2EK0¢ — 3.75 = 0 (11.6.14)
8EKOp +2EKO: =0

> M¢=Mcp+ Mcep =0
2EKOp + AEKOc + 3.75 + AEK0: — 7.5 =10 (11.6.15)
2EK0p +8EKfOc —3.75=0

Solving equations 7 and 8 simultaneously suggests the following:

Op =~ and o = L2

Final end moments.

Substituting the obtained values of 8 and 6. into the slope-deflection equations suggests the following end moments:

(—&125) — 3.75 = —4.00kN.m
Mpy =AEK (—%2) 4+ 3.75 = 3.25kN.m

Mpe = 4EK (%2) 4 2(0.5) — 3.75 = —3.25kN.m
Mcp = 2EK (—%22) + 4(0.5) + 3.75 = 5.50kN.m
M¢p = 4EK (— g2 ) — 7.5 = —5.50kN.m
Mpe = 2EK (—4&) + 7.5 = 8.5kN.m

Example 11.4

Using the slope-deflection method, determine the member end moments of the beam of the rectangular cross section shown
in Figure 11.10a. Assume that support B settles 2 cm. The modulus of elasticity and the moment of inertia of the beam are E
= 210,000 N/mm? and 4.8 x 10* mm?, respectively.

250 kN 120 kN

Fig.11.10. Rectangular cross section of beam.

Solution

The Fixed-end moments (FEM) using Table 11.1 are computed as follows:
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FEM,p = — 2o — GO _ 999 92kN.m
FEMp, = 2o — GG _ 111 1kN.m
FEMpe = —£L = ~ 290 _ _gokN.m

FEMgp = £ = (1290 _ 90kN.m
Slope-deflection equations.

As 0 = 0, equations for member end moments are expressed as follows:

FEM
Mps = 3EK (8 — V) + FEMp, — TAB
0.02 —222.2

=3EKOp —0.01EK +222.2

Mpc =2EK (20 + 0c — 3¢) + FEMpc

—0.02
=4FEK0Op +2EK <73>< ( 6 )) —-90
=4FEK0p+ 0.02EK — 90

Mep =2EK (93 + 200 — 31/)) + FEM¢p
=2EK0p+ 0.02EK + 90

Joint equilibrium equation.

The equilibrium equation at joint B is written as follows:

> Mp=Mpa+ Mpc=0
3EKOp — 0.01EK + 222.2 + 4EK0g + 0.02EK — 90 = 0
TEKOp +0.0l1EK +132.2=0

Solving equation 4 for 6 suggests the following:

_ 18.89 __ 18.89
05 =—0.0014 — 1880 = 00014 — 1889

— 9 4.8x10%
EK =210 x 107 x (101§)(5) = 1680

05 = —0.0014 — 1389 — —0.0126rad

Final end moments.

Substituting the obtained value of 83 into equations 1, 2, and 3 suggests the following end moments:

MAB =0

MBA = 141.9kN - m
Mpe = 4EK (%22) 4+ 2(0.5) — 3.75 = —141.07kN.m
Mcp =2EK (—4225) + 4(0.5) + 3.75 = 81.26kN.m

Example 11.5

(11.6.16)

(11.6.17)

(11.6.18)

(11.6.19)

Using the slope-deflection method, determine the member end moments and the reactions at the supports of the frame shown

in Figure 11.11a. EI = constant.
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20 kips 20 kips
3 ft 3 ft

2 kips/ft 10 ft 2 kips/ft

Ay (b) FBD of the entire frame
By 20 kips
—Mp
Y M
~<—3p, B
R R
B, C, M,
—
2 kips/ft (d) FBD of beam BC
A
<A
AT
\JMA
A

Y
(¢) FBD of column AB

Fig.11.11. Frame.
Solution
Fixed-end moments.

The Fixed-end moments (FEM) using Table 11.1 are computed as follows:

FEMp = —%L — 210" _ 1667k ft

FEMpy = %L = 16.67k.ft

FEMpc=—LL = 26 — _15

FEMgp = £ = 258 — 15
Slope-deflection equations.

As 04 = 6 = 0 due to fixity at both ends and 1 45 = ¥ c = 0 since no settlement occurs, equations for the member end moments
are expressed as follows:
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Joint equilibrium equation.

Map =2EK(20A+93*31/1)+FEMAB

=2EK0Op —16.67

Mpy =2EK (04 + 205 — 3¢) + FEMpy4

= 4EK0Op + 16.67

MBC:QEK(293+GC*31#)+FEMBC

=4FEK0Op — 15

2FE1
Mep = T (03 +20¢c — 3¢) + FEM¢cp

=2EKOp+15

The equilibrium equation at joint B is as follows:

Y. Mp= Mps+ Mpc=0
4EK0p + 16.67 + 4EK6 — 15 =0
EKfp = —L8 = —0.209

Final end moments.

Substituting FK6p = —0.209 into equations 1, 2, 3, and 4 suggests the following:

Map = —17.09k.ft
Mpa = 15.83k.ft
Mpe = —15.83k.ft
Mcp = 14.58k ft

Reactions at supports.

10.20k

5 9.87 k

15.83 k. ft
—0 87 k

1583 k. ft
10.20 k

@O0

15.83 k. ft
9.87 k

10.20 k

20 Kkips

C

345 (11.6.11)
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10.20 k

’ 1583 k.ft

-—— 987k

B

2 kips/ft >

—
—

A
<A =1013k

\%Md =17.09k. ft

A, =1020k
() Member end moments, axial forces and shears

To determine A,, take the moment about B in Figure 11.11c, as follows:

+ ¥ SMp=0:17.09 + (2)(10)(5) — 15.83 — 104, = 0
A, =10.13k

To determine A,, take the moment about C in Figure 11.11b, as follows:

+ ¥ ¥ Mg = 0;17.09 — 10.13 x 10 + (2)(10)(5) + 20 x 3 — 14.58 — 64, =0
A, = 10.20k

To determine C, in Figure 11.11b, consider the summation of forces in the vertical direction, as follows:
+1>F,=0
10.20 — 20+ C, =0
C, = 9.80k

To determine C, in Figure 11.11b, consider the summation of forces in the horizontal direction, as follows:

+2 Y F,=0
2x10—10.13—-C, =0
C, =9.87k

Example 11.6

Using the slope-deflection method, determine the member end moments of the frame shown in Figure 11.12a.
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10 kN/m

Fig.11.12. Frame.
Solution
Fixed-end moments.

The Fixed-end moments (FEM) using Table 11.1 are computed as follows:

FEMp = —4L = 10 — _30kN.m

FEMpy = %L = 30kN.m

FEMpe = —1%2 — _10.33kN.m

FEMCB = 10.33kN.m

FEMpp =—£L = — 208 — _90kN.m

FEMpp = £L = 208 — 20kN.m

Slope-deflection equations.

As 0,4 = 6 = 0 due to fixity at both ends and 45 = ¥ 5c = 0 since no settlement occurs, the equations for member end moments
can be expressed as follows:

FEM
Mpa = 3EK (05 — ) + FEMpy — ——25

(_30) 2 (11.6.24)

Mpe = 2EK (205 + 0¢ — 3¢) + FEMpc

=4FK0p —10.33 (11.6.25)
Mep =2EK (0 +20c — 3v) + FEMcp
=2EK0Op +10.33 (11.6.26)
Mpp = 2EK(20D+03*31/))+FEMDB
— 9EK0; — 20 (11.6.27)
Mpp =2EK (205 + 6p — 3vy) + FEMpp (11.6.28)

=4FEK0g + 20
Joint equilibrium equation.

The equilibrium equation at joint B is as follows:
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> Mp=Mpsa+ Mpc+ Mpp=0
3EKOp+ 45 +4FK0g —10.33 +4EK6fp+20 =0
EKOpg = —4.97

Final end moments.

Substituting EKfp = —4.97 into equations 1, 2, 3, 4, and 5 suggests the following:

Mg =0

Mps = 30.09kN.m
Mpe = —30.21kN.m
Mcp = 0.39kN.m
MDB = —29.94kN.m
MBD = 0.12kN.m

Example 11.7

Using the slope-deflection method, determine the member end moments of the frame shown in Figure 11.13a.

6 m

10 kN/m | 8m

(a)
Fig.11.13. Frame.
Solution
Fixed-end moments.
The Fixed-end moments (FEM) using Table 11.1 are computed as follows:

FEMup=—2L = 168" — _5333kN.m
FEMps = %X = 53.33kN.m

FEMpc =FEMpc =0

Slope-deflection equations.

As 04 =v¢Ypc=0and Yap= % the equations for member end moments can be expressed as follows:
Myp=2EK (204 +0p —3¢) + FEMp
—A
=2FK [63 -3 (T)} —53.33

=2FEK0Op + 0.75EKA — 53.33
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A

Mg, = 2EK (eA +205 —3 (_T)) +FEMp4

—A
=2FK [203 -3 (T)] +53.33
=4EKfp + 0.75EKA + 53.33

Mpe =3EK (0 —¢) + FEMpc —
=3EK0Op

Joint equilibrium equation.

> Mp=Mps+Mpc=0

4EK0p+ 0.75EKA +53.33 4+ 3EK0p = 0

TEKOp+ 0.75EKA = —53..33

FEMcp
2

10 kN/m

>

(11.6.30)

(11.6.31)

(11.6.32)

8m

10 kN/m 8m

Axﬁ
S—

The equilibrium of the horizontal forces in Figure 11.13b suggests the following:

+—=>>F, =0
(10)(8) — A, =0

@O0
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Figure 11.13c suggests the following:

_ Map+ Mpa + (10)(8)(4)

Ay
8

Substituting A, from equation 6 into equation 5 suggests the following:

80 — MAB+1\gBA+32O =0

640 — 320 = Map + Mpa

Substituting M 45 and Mg, from equations 1 and 2 into equation 7 suggests the following:

2EKfOp + 0.75EKA —53.33 + 4EKfp + 0.75EKA + 53.33 = 320
6EKOp+ 1.5EKA = 320

Solving equations 4 and 8 simultaneously suggests the following:
EKOp = —53.33 and EKA = 426.66

Final member end moments.

(11.6.34)

(11.6.35)

(11.6.36)

Putting the obtained values of EK6g and EKA into equations 1, 2, and 3 for member end moments suggests the following:

Mg = 2EK65 + 0.75EKA — 53.33 = 160kN.m
Mpa = 4EK05 + 0.75EKA + 53.33 = 160kN.m
Mpc = 3EKfp = —160kN.m

MC’B =0

Example 11.8

Using the slope-deflection method, determine the member end moments of the beam of the rectangular cross section shown in

Figure 11.14a.

30 kN

Beam. L 6 m N
< 1

Fig.11.14. Beam.
Solution
Fixed-end moments.

The Fixed-end moments (FEM) using Table 11.1 are computed as follows:
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FEMjp=—2£L = — 408 — _40.0kN.m
FEMps = ££ = 40.0kN.m
FEMpc = — 24 = _(3”')(6#2)(‘*)2 = —26.67kN.m

FEMcp = £ob — 0@ _ 13 331Nm
Slope-deflection equations.
Asfy=0p=0and Y= %, equations for member end moments can be expressed as follows:
Mup =2EK (204 + 05 — 3¢) + FEMap
—A
=2EK {03—3 (T)] —40 (11.6.37)
=2FEKOp+ 0.75EKA — 40

—A
Mpa = 2EK (9A +205—3 (T)) + FEMpy

= 2EK [203—3(%” +40 (11.6.38)
=4FEK0Op + 0.7T5EKA + 40

Mpc =2EK (20 + 0c — 3¢) + FEMpco (11.6.39)
=4FEK0p +2EK6ls — 26.67 e

Mep =2EK (0 +20¢) + FEMcp (11.6.40)
=2FEK0Op+ 4EK6c + 13.33 o

Mcp =2EK(200+9D73’¢)+FEMCD (11 641)
=4FEK0Oc + 0.75EKA o

Mpec =2EK (¢ + 20p — 3¢) + FEMpc (11.6.42)

=2EK6c + 0.75EKA

Joint equilibrium equation.

> Mp=Mpy+Mpc=0
4FEKOp +0.75EKA + 40+ 4EK0p + 2EKO- — 26.67 =0 (11.6.43)
8EKOp +2EKO- + 0.T5 EKA = —13.33

> Mg=Mcgp+Mcp=0

2EK0p + 4EK0c +13.33 + AEK6c + 0.75EKA = 0 (11.6.44)
2EK0p + 8EK6c + 0.75EKA = —13.33
F,=0
> (11.6.45)

40—-A,—D,=0

) and D, = MeptMie jnto the previous equation suggests the following:

Substituting A, = MastMea+(10-4)

40 — MAB+MBS,1+(4O><4) - MUDJSrMDC -0
MAB+M%A+(40x4> + MeptMpe _ 399 (11.6.46)

MAB+MBA+(4O><4)+MCD+MDC2320

Substituting the expressions of Mg, Mp4, Mcp and Mpe from equations 1, 2, 5, and 6 into e suggests the following:

2EKOp + 0.75EKA — 40 + 4EK0p + 0.75EKA + 40 + 160 + 4EK0¢ + 0.75EK A+
2EKfc + 0.75EKA = 320 (11.6.47)
6EK0p + 6EK6: + 3EKA = 160

Solving equations 7, 8, and 11 simultaneously suggests the following:
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EKOp = —7.62
EKOc = —17.62
EKA = 83.81

Final member end moments.
Substituting the obtain values of EK60g, EK6c and EKA into member end moment equations suggests the following:

Mg = 2EK05 + 0.T5EKA — 40 = 7.62
Mpa = 4EK05 + 0.75EKA + 40 = 72.39
Mpc = AEKO5 + 2EKfc — 26.67 = —72.39
Mg = 2EK6p + AEKO0 + 13.33 = —32.39
Mcp = 4EK6c + 0.75EKA = 32.39

Mpe = 2EK6c + 0.75EKA = 47.62

Tablell.1. Fixed-end moments.

Type of loading (FEM)aB

Pab?
L2

b(2a — b) 2%
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Chapter Summary

Slope-deflection method of analysis of indeterminate structures: The unknowns in the slope-deflection method of analysis
are the rotations and the relative displacements. Slope-deflection equations for member-end moments and the equilibrium
equation at each joint that is free to rotate are written in terms of the rotations and relative displacements, and they are solved
simultaneously to determine the unknowns. When the unknown rotations and the relative displacements are determined, they
are put back in member end moment equations to determine the magnitude of the moments. After determination of the end
moments, the structure becomes determinate. The detailed procedures for analysis by slope-deflection method for beams and
frames are presented in sections 11.5 and 11.6. In situations where there are several unknowns, analysis using this method can be
very cumbersome, hence the availability of software that can perform the analysis.

Slope-deflection equations for mnd Moments:

My = 2EK(20A+93—3’1/)) +M£‘B
Mpa =0=2EK (04 + 205 —3¢) + M},
Modified slope-deflection equation when far end is supported by a roller or pin:

F
Myp = 3BK (04— v) + (M, — 252)

Practice Problems

11.1 Using the slope-deflection method, compute the end moment of members of the beams shown in Figure P11.1 through Figure
P11.5 and draw the bending moment and shear force diagrams. EI = constant.

4 kips/ft

L

25 ft 25 ft

Fig.P11.1. Beam.

10 kT/m gkN/m 10 kN/lm
J

B

|(4m)|( 4m)|(4m)|

Fig.P11.2. Beam.

D
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, 12 kips
2.5 kips/ft

C
6 ft 9 ft _L oft |

Fig.P11.3. Beam.

40 kN/m

b .

Al‘ 6m,|< 6m >|( 6 m )l

Fig.P11.4. Beam.

3 kips/ft 3.5 kips/ft

"
=

11.2 Using the slope-deflection method, compute the end moments of members of the beams shown in Figure P11.6. Assume
support E settles by 50 mm. E = 200GPa and I = 600 x 10% mm?*.

Fig.P11.5. Beam.
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12 kN 14 kN 16 kN

LZm 2m,| 2 m 2m)|(2m) 2m)|

Fig.P11.6. Beam.

11.3 Using the slope-deflection method, determine the end moments of the members of the non-sway frames shown in Figure
P11.7 through Figure P11.18. Draw the bending moment and the shear force diagrams.

10 kN/m

5 kN/m

< |

Fig.P11.7. Non-sway frame.
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3 kips/ft

Fig.P11.8. Non - sway frame.

4 kips

2 kips/ft

— ¥ .

24 ft

ral

Fig.P11.9. Non - sway frame.
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Fig.P11.10. Non - sway frame.

11.4 Using the slope-deflection method, determine the end moments of the members of the sway frames shown in Figure P11.11
through Figure P11.14. Draw the bending moment and the shear force diagrams.

10 kips

‘ 1.5t |

2 kips/ft

| 15 ft
l¢

Fig.P11.11. Sway frame.
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12 kips

3 kips/ft

Fig.P11.12. Sway frame.

20 kN
am 12 kN/m
A ; C
g 3 & m
5m
10 KN s
5m
— .
8m N

Fig.P11.13. Sway frame.
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r\ L

Fig.P11.14. Sway frame.

This page titled 11.6: Analysis of Indeterminate Frames is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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12.1: Basic Concepts

The moment distribution method of analysis of beams and frames was developed by Hardy Cross and formally presented in 1930.
Although this method is a deformation method like the slope-deflection method, it is an approximate method and, thus, does not
require solving simultaneous equations, as was the case with the latter method. The degree of accuracy of the results obtained
by the method of moment distribution depends on the number of successive approximations or the iteration process.

To illustrate the concept of the method of moment distribution, consider the frame shown in Figure 12.1. Members of the frame
are prismatic and are assumed not to deform axially nor translate relative to one another. Joints ACD of the frame are fixed, while
joint B can rotate slightly due to the applied load. First, before carrying out moment distribution among members, all the joints
are assumed to be temporarily locked using a clamp.

Clamping
/

(a) Actual (&) Structure with all
structure joints clamped
7 ““-WCnrrecLinn

(€) Structure with (d) Structure with

the clamp correction moment at
B distributed among
members

Fig.12.1. Frame.

This page titled 12.1: Basic Concepts is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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12.2: Sign Convention

The sign convention for the moment distribution method is similar to the one established for the slope-deflection method; that
is, the moment at the end of a member is considered positive if it tends to turn the end of the member clockwise and negative if
it tends to turn it counterclockwise.

This page titled 12.2: Sign Convention is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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12: MOMENT DISTRIBUTION METHOD OF ANALYSIS OF

STRUCTURES

12.1: Basic Concepts

12.2: Sign Convention

12.3: Definitions

12.4: Modification of Member Stiffness
12.5: Analysis of Indeterminate Beams

12.6: Analysis of Indeterminate Frames
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12.3: Definitions

Unbalanced moments: This method of analysis assumes that the joints in a structure are initially clamped or locked and then
released successively. Once a joint is released, a rotation takes place, since the sum of the fixed end moments of the members
meeting at that joint is not zero. The value of the sum of the end moments obtained is the unbalanced moment at that joint.

Carry-over moments: The distributed moments in the ends of members meeting at a joint cause moments in the other ends,
which are assumed to be fixed. These induced moments at the other ends are called carry-over moments.

o M2

< £ >

Fig.12.2. Unloaded prismatic beam.

Consider an unloaded prismatic beam fixed at end B, as shown in Figure 12.2. If a moment M, is applied to the left end of the
beam, the slope-deflection equations for both ends of the beam can be written as follows:

My = 2EK (20,4) = AEK6 4 (12.3.1)
M, =2EK#0, (12.3.2)

Substituting 64 = g—;{ from equation 12.1 into equation 12.2 suggest the following:
M, = %Ml (12.3.3)

Equation 12.3.3 suggests that the moment carried over to the fixed end of a beam due to a moment applied at the other end is
equal to one-half of the applied moment.

Carry-over factor: The ratio of the induced moment to the applied moment is referred to as the carry-over factor. For the beam
shown in Figure 12.2, the carry-over factor is as follows:

M, 2EK6, 1
_ _ 1 12.3.4
M, 4EK6, 2 (12.3.4)

Distributed factor (DF): The distributed factor is a factor used to determine the proportion of the unbalanced moment carried by
each of the members meeting at a joint. For the members meeting at joint O of the frame shown in Figure 12.3, their distribution
factors are computed as follows:
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D

Fig.12.3. Frame.

(DF)os = g"j}
(DF)op = 522
(D)oo — & (12.3.5)
(DF)op = go;;

Distributed moments: Upon the release of the imaginary clamp at a joint, the unbalanced moment at that joint causes it to
rotate. The rotation twists the end of the members meeting at the joint, resulting in the development of resisting moments. These

resisting moments are called distributed moments. The distributed moments for the members of the frame shown in Figure 12.3
are computed as follows:

Moa = £24 Mo = (DF)0aMo
Mop = g",? Mo = (DF)opMo
Moc = %% Mo = (DF)ocMo
Mop = 292 Mo = (DF)opMo

(12.3.6)
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12.4: Modification of Member Stiffness

Case 1: A beam hinged at one end and fixed at the other

< L >

Fig.12.4. Beam

Consider a beam hinged at end A and fixed at end B, as shown in Figure 12.4. Applying a moment M rotates the hinge end by an
amount §. Writing the slope-deflection equation for the end A of the member and noting that 65 = 145 = M1, = 0 suggests the
following:

2E1
My = T (29,4 +93—31/)AB) +M£B
2E1
= T(29A+0—0)+0 (12.4.1)
4FE1
Mayp = (T) 0a

By definition, the bending stiffness of a structural member is the moment that must be applied to an end of the member to cause
a unit rotation of that end. The following expression for the bending stiffness for the member with a fixed far end is expressed as
follows when substituting 84 = 1 into equation 12.7:

K=—= (12.4.2)

By definition, the relative bending stiffness of a member is determined by dividing the bending stiffness of the member by 4F.

Dividing the equation 12.8 by 4F suggests the following expression for relative stiffness for the case being considered:
4FE1 I

Kp= —r = = 12.4.
R=%EL T T (12.4.3)

Case 2: A beam hinged at both ends

< L >

Fig.12.5. Simply supported beam.
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Applying a moment M at the end A of the simply supported beam shown in Figure 12.5 rotates the beam by an angle 64 at the
hinged end. Using the modified slope-deflection equation derived in section 11.4 of Chapter 11 and noting that ¢y = MI, = ML,
= 0 suggests the following expression for the moment at the hinged end where the load is applied:

Man = 52 02— )+ (M, ~ )
L (g, 0)+ (0 0) (12.44)
Mas = (1) 0,
Substituting 84 = 1 into equation 12.10 suggests the following expression for the bending stiffness for a member with a hinged
far end:

K=" (12.4.5)

The relative stiffness for a member with a hinged far end is obtained by dividing equation 12.11 by 4F, as follows:

3EI 3 (1
Kn=rr =2 (f) (12.4.6)

Comparing equations 12.12 and 12.9 suggests that a member with a hinged far end is three-fourth as stiff as a member with the
same geometry but fixed at the far end. This established fact can substantially reduce the number of iteration when analyzing
beams or frames with a hinged far end using the method of moment distribution. In such cases, the relative stiffness of the beam
at the near end is first adjusted according to equation 12.12, and its distribution factor is computed with the adjusted stiffness.
During the balancing operation, the near end will be balanced just once with no further carrying over of moments from or to its
end.

This page titled 12.4: Modification of Member Stiffness is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
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12.5: Analysis of Indeterminate Beams

The procedure for the analysis of indeterminate beams by the method of moment distribution is briefly summarized as follows:
Procedure for Analysis of Indeterminate Beams by the Moment Distribution Method

eCalculate the fixed-end moments for members, assuming that the joints are clamped against rotation.

eCalculate the distribution factor for each of the members connected at the joint

eCalculate the unbalanced moment at each joint and distribute the same to the ends of members connected at that joint.
eCarry over one-half of the distributed moment to the other ends of members.

eAdd or subtract these latter moments (moments obtained in steps three and four) to or from the original fixed-end moments.
eApply the determined end moments at the joints of the given structure.

eDraw the free-body diagram of each span of the given beam, showing the loads and moments at the joints obtained by the
moment distribution method.

eDetermine the support reactions for each span.

eCompute and construct the shearing force and bending moment diagrams for each span.

eDraw one bending moment and one shearing force diagram for the given beam by combining the diagrams in step 9.
Example 12.1

Using the moment distribution method, determine the end moments and the reactions at the supports of the beam shown in
Figure 12.6a. Draw the shearing force and the bending moment diagrams. EI = constant.

16 kN/m

|

l( 3m | 6m »l

(a)

Fig.12.6. Beam.
Solution

Fixed end moment.
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(FEM)ap = —2L0 = 168 — _19kN.m
(FEM)ps = L2 = 19kN.m

(FEM)pe = —188 — _48kN.m
(FEM)cp = 48kN.m

Kap=Kpa=% =033
Kpc = Kep = ¢ =0.1671
Distribution factor.
(DF)ap = s = Fiis = g =0
K K )
(DF)pa = EBI? = KBAf?(BC = 03331335’3.11671 =0.67
Kp Kpe .
(DF)pc = ZIC( = Roaikoe = 033311%,11671 =0.33
Kcp Kcp 0.1671
(DF)cs = 5% = Topts = tioms — 0
Tablel2.1. Distribution table.
Joint A B C
Member AB BA BC CB
DF o 0.33 0.67 o
FEM -12 +12 -48 +48
Bal +24.12 +11.88
CcO +12.06 +5.94
Total +0.06 +36.12 -36.12 +53.94

Shear force and bending moment diagrams.

0.06kN.m 36.12kN.m 36.12 kN.m 53.94 kN.m

RREN R/ R RRNNEN)
TT\ T

ES
(]

11.94kN  81.09 kN 50.97 kN
(b)
0.06 kN.m 36.12kN.m  36.12kN.m 53.94 kN.m
111 RRRREEEY!
c

A B 3

11.94 kN 36.06 kN 45.03 kN @ 50.97 kN
©

45.03 kN

ek R 0.06 kN.m /_\
\] \J —
36.06 kN 50.97 kN

(e) Shearing force diagram for the 36.12 kN.m
indeterminate beam 53.94 kN.m

(/) Bending moment diagram for the
indeterminate beam

Example 12.2

BIOIRIE) 369 (12.5.2)



LibreTexts*

Using the moment distribution method, determine the end moments and the reactions at the supports of the beam shown in
Figure 12.7a. Draw the shearing force and the bending moment diagrams.

20 kN/m 20 kN

RTERERY

1.51 B

3m

Fig.12.7. Beam.
Solution

Fixed end moment.

FEM)p = —%&* = — 203" — _15kN.m

(
(FEM)ps = “£ = +15kN.m
(
(

12
FEM)po = —4f = - 23 = —75kN.m
FEM)cp = +7.5kN.m

Stiffness factor.

Kap=Kpa =1L =4 x 1L = 0.3751

3
4
K302K032%:%X%=0.25I

Distribution factor.

K K 3751
(DF)ap = SE = Fapto = g = 1
_ Kps K _ 03751 _

(DF)BA = EBI[; - KBAf;(Bc — 0.3751+0.251 — 0.6

K K .
(DF)pc = EBI? = KBA-f%BC = 0A37gl2+5(1)251 =04

K K .
(DF)cp = ECI? = Kopt0 = ogglsio =1

Tablel12.2. Distribution table.

Joint A B C
Member AB BA BC CB
DF 1 0.6 0.4 1
FEM -15 +15 -7.5 +7.5
Bal. 1 +15 -4.5 -3 -7.5
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CO +7.5 -3.75
Bal. 2 -2.25 -1.5
Total 0.0 +15.75 -15.75 0

Shear force and bending moment diagrams.

15.75 kN.m O KN
20 kN/m /
Wilidvide
A c
151 SN :
(b)
24.75 kN
15.25 kN
& + 7.13 kN.m
= T 475kN
35.25 kN
l()fe)arsrflearing force diagram of the indeterminate 15.75 kN.m
(d) Bending moment diagram of the indeterminate
beam

This page titled 12.5: Analysis of Indeterminate Beams is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
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12.6: Analysis of Indeterminate Frames

Procedure for Analysis of Indeterminate Sway-Frames by the Moment Distribution Method

A. Non-sway stage analysis

oFirst assume the existence of an imaginary prop that prevents the frame from swaying.

eCompute the horizontal reactions at the supports of the frame and note the difference X. This is the force to prevent sway.
B. Sway stage analysis

eAssume arbitrary moments to act on the columns of the frame. The magnitude of these moments will vary from column to column
in proportion to 2.

eValues are assumed for M,, and M; is determined.
eThe arbitrary moments are then distributed as for the non-sway condition

eCalculate the magnitude of the horizontal reactions at the supports for the sway condition. The summation of these reactions
gives the arbitrary displacing force Y.

eDetermine the ratio <. This ratio is called the sway factor.
eUse the sway factor to multiply the distributed moments of the sway. This gives the corrected moment for the sway.

eThe final moments for the frame are the summation of the moments obtained in the non-sway stage and the corrected moment
for the sway stage.

Example 12.3

Using the moment distribution method, determine the members’ end moments of the frame shown in Figure 12.8. EI = constant.

12 kips
< 16 ft 4 kips/ft

< 24 ft 5

Fig.12.8. Frame.

Solution
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Fixed end moment.

(FEM) 45 = — 24 = —% = —21.33k.ft
(FEM)py = +25b = 12188 — 449 67k ft
(FEM)pe = — 2L — 41 _ _65 33Kk ft
(FEM)cp = “£ = +65.33k.ft

Stiffness factor.

Kap=Kpa = 2 = L =0.04171

Lap
Kpo=Kop =4 x £ =3 x 4 = 0.0536T
Kpp = Kpp = 22 = 4 = 0.03571

Distribution factor.

(DF)ap = % = K{Eio = goirtes =0
K K 0.04171
(DF)pA = $% = Tpitkpe iy = OoamTroosserronsst — 0-32
_ Kpc _ Kpc _ 0.05361 _
(DF)pc = ZIC( = Kokt — vommrooseroasnT — 041
_ Kep _ _Kep  _ 005361 __
(DF)cB = $% = Toptv = 00536140 — 1
Kpp __ Kgp _ . T —
(DF)pp = YK — KpatKpctEKpp 0,04171+8.8§g(751+0.03571 =027
(DF)on = 4 = i -
Tablel2.3. Distribution table.

Joint A B C D
Member AB BA BC BD CB DB
DF o 0.32 0.41 0.27 1 o
FEM -21.33 +42.67 -65.33 ] +65.33
Dist. 1 +7.25 +9.29 +6.12 -65.33
co +3.625 +10.453 -32.665 +8.82 +4.645 +3.06
Dist. 2 +13.393 -4.645

+5.23 +4.41
Total -12.48 +60.37 -75.31 +14.94 0.0 +7.47

Final member end moments.

Substituting the obtained values of EKf0g, EK0c, and EKA into the member end moment equations suggests the following:
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Map = —12.48k.ft
Mpy = +60.37k.ft
Mpe = —75.31k.ft
Mpp = +14.94k ft
MCB =0

Mpp = +7.47k.ft

Example 12.4

Using the moment distribution method, determine the end moments at the supports of the frame shown in Figure 12.9. EI =
constant.

10 ft

Fig.12.9. Frame.
Solution
Fixed end moment.
(FEM) ap = (FEM) s = (FEM) o = (FEM)cp = 0

(FEM)pp = — 4L = 210 — _16.67k.ft

(FEM)pp = %X = +16.67k.ft

Stiffness factor.

Kup=Kpy =12 = L =022

Lap 4.5
Kpe = Kep = gg =L =02221
Kpp=FKpp =4 x ££& = 3 x 2L = 0.151

Distribution factor.
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(DF)4p=0

K K )
(DF)pa = Zﬂfé = KBA+K§2+KBD = 042221+00.22222211+04151 =037

Kpc Kp )
(DF)pc = EBI(Q = KBA+K32+KBD = 0.2221+00.22222211+04151 =037
(DF)ep=0

K K .
(DF)pp = Z_B}? = BT keeifon = oA2221+8;g£1+0A151 =025

Kpp _ _Kpp __ A51
(DF)DB: SSK — Eppt0 % =1

Tablel2.4. Distribution table.

Joint A B C D E
Member AB BA BC BD CB DB DE
DF 0 0.37 0.37 0.25 0 1
CM +6.17 +6.17 -16.67 +16.67 -80
FEM +4.17 +63.33
Dist. 1
co +3.09 -11.72 -11.72 +31.67 +3.09
Dist. 2 -7.92
(e{0) -5.86 -5.86
Total 277 -5.55 -5.55 +11.25 277 +80 -80

Final member end moments.

Mup = —2.77k.ft
Mpa = —5.55k.ft

Mpc = —5.55k.ft
Mpp = +11.25k.ft
Mep = —2.77
Mpp = +80k.ft
Mpg = —80k.ft
Example 12.5

Using the moment distribution method, determine the end moments at the supports of the frame shown in Figure 12.10. EI =
constant.
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Solution

Fixed end moment.

Fig.12.10. Frame.

(FEM)ap = (FEM)ps = (FEM)pc = (FEM)cp =0

(FEM)pp = — %L — _ 623" _ _ 48 75kN.m

12 12
(FEM)pp = %L = +48.75kN.m

Stiffness factor.

Kap=Kpa= 742 = £ =0.3331
Kpe = Kop = 42 = + = 0.3331
Kpp=Kpp =4 x 22 =% x 4 =0.251
Distribution factor.
(DF)45=0
K K 0.3331
(DF)pa = ZBI? = KBA+K§2+KBD = 933150 333150351 — 0-36
K K 0.3331
(DF)pc = ZBIC( = KBA+K§2+KBD = 9333150 33315025 — 0-36
(DF)¢p=0
_ K _ K _ 0.251 _
(DF)pp = EBI? = KBA+K§5+KBD = 9333170:333070.251 — 0-27
K K 0.251
(DF)pp = 5% = Topt0 = t2str0 = 1
Tablel2.5. Distribution table.
Joint A B C D
Member AB BA BC BD CB DB
DF 0 0.36 0.36 0.27 0 1

@O0
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FEM -17.55 -17.55 +48.75 -4875
Dist. 1 1316 +48.75
co -8.78 -8.78 -8.78 +24.38 -8.78

Dist. 2 -6.58

co -4.39 -4.39

Total 1317 -26.33 -26.33 +53.39 3.7 o

Final member end moments.

Map = —13.17k.ft
Mpa = —26.33k.ft
Mpe = —26.33k.ft
Mpp = +53.39k.ft
Mep = —13.17k.ft
Mps=0

Example 12.6

Using the moment distribution method, determine the member end-moments of the frame with side-sway shown in Figure 12.11a.

(a)

Fig.12.11. Frame with side - sway.

Solution

Fixed end moment.

FEM)p=—4L = 48 — 19k ft

(
(FEM)pa = “L = +12k ft
(FEM)pe = —£L = — 2026 — 15k ft
(FEM)cp = +15k.ft
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Stiffness factor.

_ _ A _ 21 _
Kup=Kpa =L =5 =0.3331
_ — dpe _ 3 1 _
Kpo=Kop =42 =3 x 1 =0.1251
Distribution factor.
_ Kuap _ _Kup _ _ 03331 __
(DF)ap = YK = Kaptoo ~ 0333[+o0 0
_ Kpa _ Kpa _ 0.3331
(DF)pa = SK = KpatKec — 03331+0.1251
_ Kpe _ Kpc _ 0.1251
(DF)pc = SK = KpatKec — 03331101250
_ Kep _ _Kep . _01251 __
(DF)cp = SK = Koptd — 012500 — 1

Analysis of frame without side-sway.

Ak/ft

=0.73
=027

(b)

Tablel2.6. Distribution table (no sway frame).

Joint A B C
Member AB BA BC CB
DF ] 0.73 0.27 1
FEM -12 +12 -15 +15
Bal. 1 +2.19 +0.81 -15
CcO +1.895 +5.475 -7.5

Bal. 2 +2.025

CcO +2.738

Total -8.17 +19.67 -19.67 ]

@O0

378 (12.6.7)




LibreTextS“

S Mp=0
8.17 + (4)(6)(3) — 19.67 — 64, = 0
A, = [8A17+(4)(66)(3)—19.67] — 10.08kips
SSF,=0

(4)(6) — 10.08 — X = 0

X = 13.92kips

Analysis of frame with side-sway.

Assume that M 45 = +20k.ft

4 kips/ft

<—A, = 10.08 kips
(d)

Tablel2.7. Distribution table (sway frame).

Joint A B C

Member AB BA BC CB

DF ] 0.73 0.27 1

FEM +20 +20 -5.4

Bal. 1 -14.6

Cco 7.3

Total +12.7 +5.4 -5.4 )
Mp=0

—12.7—5446A, =0

A, = BT 3 09kips

@O0
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s L ¥ +Mﬁ'ﬂ =54k ft

——— i

A

6 ft
A
—A, = 3.02 kips
(e) Ay st
f)

S F, =0

3.02—Y =0
Y = 3.02kips

Corrective factor n = ¢ = % =4.61

Final end moments.

Myp = —8.17 + (12.7)(4.61) = 50.38k.ft
Mpa = 19.67 + (5.4)(4.61) = 44.56k.ft
Mpe = —19.67 + (—5.4)(4.61) = —44.56k.ft
MCB =0

Example 12.7

A sway frame is loaded as shown in Figure 12.12a. Using the moment distribution method, determine the end moments of the
members of the frame.

10 kN/m

Fig.12.12. Loaded sway frame.
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Solution

Fixed end moment.

(FEM)sp = — 4L = 10 — _13.33kN.m
(FEM)pa = %L = +13.33kN.m

Stiffness factor.

Kap=Kpa= 12 = 2 =051

Kpo=Kep = f’f;i = g =0.3331

Kep = Kpe = 122 = L3 = 0.3751
Distribution factor.

(DF)ap = % = Kljgio = g3 =0

(DF)pa = % = Kgff?{m = 0.5128,13331 =0.60
(DF)pc = gﬁf( = Kgff%m = gaians = 0-40
(DF)cp = g}? = chffﬂ}cp = oamiroamr = 0-47
(DF)cp = gﬂ? = chf?{cp = oamiramr = 0-53
(DF)pc = 38 = g =0

Analysis of frame without side-sway.

Tablel2.8. Distribution table (no sway frame).

Joint A B C D
Member AB BA BC CB CDh DC
DF o 0.60 0.4 0.47 0.53 ]
FEM -13.33 +13.33 -5.33

Dist. 1 -8.00

Cco -4.00 -2.67 +1.42

Dist. 2 +1.25

Cco -0.38 +0.63 +0.71
Dist. 3 -0.25

Cco -0.19 -0.13 +0.07

Dist. 4 +0.06

CcoO +0.04
Total -17.52 +4.95 -4.95 -1.49 +1.49 +0.75
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\*MBA = 4‘ 95 kN m /-V*MCD = 1.4‘9 kN.m

—_ —_—

A A
10 kN/m 4 m 4m
Ax —¥— Dx __)JL
A

JMAB =17. 52 kN.m ‘/MDC = 0.75 kN.m

(b) ()

A [17 52— 4952—(10)( )(2)] = 93.14kN
D, = 14405 — 0 59kN

X
B C
10 kKN/m
A D
- £=5D, = 0.59kN
A, = 23.14kN
(d)
X = (10)(4) 4 0.59 — 23.14 = 17.45kN
Tablel2.9. Distribution table (sway frame).
Joint A B C D
Member AB BA BC CB CD DC
DF 0 0.6 0.40 0.47 0.53 o
FEM +133 +133 -53.2 -47.0 +100 +100
Dist. 1 -79.8 -53.0
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Cco

Dist. 2

Cco

Dist. 3

co

Dist. 4

(6{0)

Dist. 5

Cco

Dist. 6

Total

Analysis of frame with side-sway.

-

-39.9

+7.05

-1.88

+0.34

-0.09

+98.52

—

1]

A

4m

— Y
\)

__ 98.52+64.07
- 4

Ay
D, = 195745918

@O0

(e)

= 40.65kN
= 34.69kN

+14.1

-3.75

+0.67

-0.18

+0.03

+64.07

M, = 64.07 kN.m

M, = 98.52 kN.m

-23.5

+9.40

+6.25

-2.50

.11

0.44

+0.30

-0.12

-0.85

+0.02

-64.07
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-26.6

+12.50

+4.7

-2.21

-1.25

+0.59

+0.22

-0.10

-0.06

+0.03

-59.18

+14.10

-2.49

+0.66

-0.12

+0.03

+59.18

——

Dy
/
‘

A

4m

. A
=

(f)

-26.5

+7.05

-1.25

+0.33

-0.06

+79.57
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— —>D, = 34.69 kN
A, = 40.65KkN

(9)

Y = 40.65 + 34.69 = 75.34kN

_ X __ 1745 __

Final end moment.

Map = —17.52 + (98.52)(0.23) = 5.14kN.m
Mpy = 4.95 + (64.07)(0.23) = 19.69kN.m
Mpe = —4.95 + (—64.07)(0.23) = —19.69kN.m
Mgp = —1.49 + (—59.18)(0.23) = —15.10kN.m
Mep = 1.49 + (59.18)(0.23) = 15.10kN.m
Mpe = 0.75 + (79.57)(0.23) = 19.05kN.m

Chapter Summary

Moment distribution method of analysis of indeterminate structures: The moment distribution method of analysis is an
approximate method of analysis. Its degree of accuracy is dependent on the number of iterations. In this method, it is assumed
that all joints in a structure are temporarily locked or clamped and, thus, are prevented from possible rotation. Loads are applied
to the members, and the moments developed at the member ends due to fixity are determined. Joints in the structure are then
unlocked successively, and the unbalanced moment at each joint is distributed to members meeting at that joint. Carry over
moments at members’ far ends are determined, and the process of balancing is continued until the desired level of accuracy.
Members’ end moments are determined by adding up the fixed-end moment, the distributed moment, and the carry over moment.
Once members’ end moments are determined, the structure becomes determinate.

Practice Problems

12.1 Use the moment distribution method to compute the end moment of members of the beams shown in Figure P12.1 through
Figure P12.12 and draw the bending moment and shear force diagrams. EI =constant.
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Fig.P12.8. Beam.
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Fig.P12.10. Beam.

Fig.P12.11. Beam.

60 20 60

Fig.P12.12. Beam.

12.2 Use the moment distribution method to compute the end moment of the members of the frames shown in Figure P12.13
through Figure 12.20 and draw the bending moment and shear force diagrams. ET =constant.

@IOIC]E) 388 (12.6.17)



LibreTextS“

2 kips/ft

15 ft ]

|J

Fig.P12.13. Frame.

12 kips

o AOE

3 kips/ft

Fig.P12.14. Frame.

@IOIC]E) 389 (12.6.18)



LibreTextS“

4 Kips

— ¥

24 ft J

Fig.P12.15. Frame.

14 kN/m

|‘
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391 (12.6.20)



LibreTexts*

— ¥
-

8m

A
Fad

Fig.P12.19. Frame.

14 kN/m 3N

3m

. 6m .
[‘ »

Fig.P12.20. Frame.

This page titled 12.6: Analysis of Indeterminate Frames is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by René Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 392 (12.6.21)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/03%3A_Analysis_of_Statically_Indeterminate_Structures/12%3A_Moment_Distribution_Method_of_Analysis_of_Structures/12.06%3A_Analysis_of_Indeterminate_Frames
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTexts"

13.1: Introduction

The influence lines for statically indeterminate structures are obtained by the static equilibrium method or by the kinematic
method, as was the case for determinate structures. The procedures for finding influence lines for indeterminate structures by
these methods are similar to those outlined in chapter nine for determinate structures. The distinguishing feature between the
graphs of the influence lines for determinate and indeterminate structures is that the former contains straight lines while the
later consists of curves. The analysis and constructions of the influence lines using the equilibrium and kinematic methods are
discussed in this chapter.

This page titled 13.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René Alderliesten
(TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.
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13.2: Static Equilibrium Method

To construct the influence line for the reaction at the prop of the cantilever beam shown in Figure 13.1, first determine the degree
of indeterminacy of the structure. For the propped cantilever, the degree of indeterminacy is one, as the beam has four reactions
(three at the fixed end and one at the prop). Thus, the propped cantilever has one reaction more than the three equations
of equilibrium. Considering the reaction at the prop as the redundant and removing it from the system provides the primary
structure. The next step is to apply a unit load at various distances z from the fixed support and at the position where the
redundant was removed. Then, compute the deflections at these points on the beam using any method. The redundant B, at the
prop can be determined using the following compatibility equation:

0px +dpgBy =0 (13.2.1)
From which
B, = _bx (13.2.2)
0B
where

e Jpx = deflection at B due to the unit load at any arbitrary point on the primary structure at a distance z from the fixed
support.
e Jpp = deflection at B due to the unit value of the redundant (i.e.,, B, = 1).

1 1
< X >l & %
B B
4 pr S :E

BX
(a) Indeterminate beam

(b) Primary beam subjected to unit load

[ I 1

(c) Primary beam subjected to B, (d) Influence line for B,,

Fig.13.1. Cantilever beam.

Example 13.2.1

Draw the influence lines for the reactions at supports A and B and the moment and shear force at point C of the propped
cantilever beam shown in Figure 13.2a.
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(b) Influence line for B,,

(a) Indeterminate beam

(d) Influence line for M,

1 0.91
0.69
0.37
() Influence line for A,,
\_/
Ee 3.38

0.69
.37
~ (e) Influence line for V,
0.09
0.31

31

1.35

v (f) Influence line for M¢
1.85

Fig.13.2. Propped cantilever beam.
Solution

The degree of indeterminacy of the beam is one. By selecting the reaction at the prop as the redundant, the value of this
redundant can be determined by solving the following compatibility equation when the unit load is located at any point =
along the beam:

d0px +dppBy =0
Therefore,

_ dpx
By = 0B

Using the deflection formulas provided in appendix A of this book, the deflections at the prop due to a unit load acting at a
quarter span interval along the beam can be determined as follows:

(5BX = 6_51 (x3 — 60];2)

0pr=0a =0

dpy = —229.17

dp3 = —833.330p, = —1687.5
dps = —2666.67

0pp = —dps = 2666.67
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The ordinates of the influence lines for the desired functions are tabulated in Table 13.1
Table 13.1
x(ft) (EI)S5 By Ay Ma Ve Mc
) Y] Y] 1 Y ) Y
5 -229.17 0.09 0.91 -3.2 -0.89 135
10 -833.33 0.31 0.69 -3.8 -0.31(L) 31
0.69 (R)
15 -1687.5 0.63 0.37 -2.4 0.37 -1.85
20 -2666.67 1 0 0 o o
Example 13.2

Draw the influence lines for the reactions at the supports A, B, and C of the indeterminate beam shown in Figure 13.3.

1 kN

1.5m

Solution

@O0

1.5m

1.5m

e
©oo

1.5m

Cy

(b) Primary beam subjected to

(a) Indeterminate beam

unit load at B

Fig.13.3. Indeterminate beam.
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(c) g~ - diagram for primary beam subjected
to unit load at B

m (d) Primary beam subjected to
redundantX =1

f 3m L 3m z
I I |
A,y X=1 Cy

o0pa =0pc =0
g1 =0p2 = (32) (1.5) — () (1.5) (%2) (&) =3.09

= (7 ) @D @EH -
opx = —0pg = —4.5

When the unit load is at different points along the beam, the ordinate of the influence line for the redundant at B, can be
computed using the compatibility equation:

1
0.69 .69

(f) Influence line for B,

dpx
B,=—-2X
Y dBB
At point A and C, B, =0
. 3.09
At point 1 and 2, B, = T 0.69
4.5
A int BB, =—=1.0
t point B, B, 15

Now that B, is known, the values of the ordinate of the influence lines for other reactions can be obtained using statics. For

instance, to determine the ordinate of the influence line at point 1, place the unit load at point 1 and the value of the redundant
when the unit load is at point 1 and solve as follows:
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kN
\i B
Al 1 C
1
<« >
Ay 0.69 kN Cy
9)

0.41

Ordinates of influence line for A4,,.
+¥ 3 Mc=0
When the unit load is at point 1,
—A,(6) + 1(4.5) —0.69(3) = 0

_ 2.43

When the unit load is at point 2,

A, = =057 — _.095

—A,(6) +1(1.5) —0.69(3) = 0
258 .

When the unit load is at point A, A, =1

When the unit load is at point Band C, A, =0

Ordinates of Influence line for C,.
+¥ Y Ma=0
When the unit load is at point 1,

C,(6) — 1(1.5) 4+ 0.69(3) = 0

c, = —% = —0.095

When the unit load is at point 2,

Cy(6) —1(4.5) +0.69(3) = 0
Ay=22 =041

When the unit load is at point C, C,, = 1

When the unit load is at point A and B, C,, =0

@O0

0.095

(h) Influence line for A,,
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0.41

0.095

(1) Influence line for B,,

This page titled 13.2: Static Equilibrium Method is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by René
Alderliesten (TU Delft Open) via source content that was edited to the style and standards of the LibreTexts platform.

BIOIRIE) 399 (13.2.6)


https://eng.libretexts.org/Bookshelves/Mechanical_Engineering/Introduction_to_Aerospace_Structures_and_Materials_(Alderliesten)/03%3A_Analysis_of_Statically_Indeterminate_Structures/13%3A_Influence_Lines_for_Statically_Indeterminate_Structures/13.02%3A_Static_Equilibrium_Method
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://online-learning.tudelft.nl/instructors/rene-alderliesten/
https://textbooks.open.tudelft.nl/index.php/textbooks/catalog/book/13
https://textbooks.open.tudelft.nl/textbooks/catalog/book/15

LibreTextS“
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STRUCTURES

13.1: Introduction
13.2: Static Equilibrium Method

13.3: Influence Lines for Statically Indeterminate Beams by Kinematic Method
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13.3: Influence Lines for Statically Indeterminate Beams by
Kinematic Method

In 1886, Heinrich Muller-Breslau, a German Professor, developed a procedure for the establishment of the shape of the influence
lines for functions such as reactions, shears, moments, and axial forces in members without any computational effort. The
influence lines obtained by this method are also referred to as qualitative influence lines, as there is no calculation involved. The
Muller-Breslau method is based on the principle of virtual work. The procedure for this method, which is commonly referred to as
Muller-Breslau’s principle, is stated as follows:

The influence line for any function such as a reaction, shear, or moment of a structure can be represented by the deflected shape
of a release structure obtained by removing from the given structure the restraint that corresponds to the particular function
being considered, and then introducing a unit displacement or rotation in the direction and the location of the function being
considered.

When there is a need to obtain the ordinates for the influence lines while using the kinematic method, this procedure must be
complemented by other analytical techniques, such as the method of singularity function, the Hardy Cross method of moment
distribution, the energy methods, and the conjugate beam principle. In such instances, the procedure is as follows:

Procedure for Analysis of Influence Lines by the Kinematic Method

eObtain the released structure by removing the restraint that corresponds to the function whose influence line is desired.

eApply a unit displacement or rotation to the released structure in the direction and at the location of the function whose influence
line is desired.

eDraw the deflected shape of the released structure. This corresponds to the influence line of the function being considered.

ePlace a unit load at the location and in the direction of the function being considered, and find the value of the ordinate of the
influence line using statics.

eUsing geometry, determine the value of other ordinates of influence using geometry.
Example 13.3

Using the Muller-Breslau’s principle, draw the qualitative influence lines for the vertical reactions at supports A, B, and C, the
shear and bending moment at section X, and the bending moment at support D of the five-span beam shown in Figure 13.4a.

Solution

Qualitative influence line for the vertical reactions at support A4, B, and C.

To draw the qualitative influence line for A,, first obtain the release structure by removing the support at A. Applying a unit
displacement at point A in the release structure, in the positive direction of A,, will result in the deflected shape shown in Figure
13.4b. The resulting deflected shape represents the shape of the influence line of A,. To obtain the shape of the influence lines
for B, and C,, similar procedures are followed and will yield the deflected shapes shown in Figure13.4c and Figure13.4d.
Qualitative influence lines for the shear at section Xj;.

The qualitative influence line for the shear at section X, is drawn by first breaking the beam at the section and then applying two
vertical forces in a manner that will cause a positive shear on the left and the right portion of the break. The resulting deflected
shape is shown in Figure 13.4e.

Qualitative influence lines for the bending moment at section Xj;.

The influence line of the moment at section X is found by first inserting an imaginary hinge at the section X; and then applying
a pair of positive bending moments adjacent to both sides of the hinge. The resulting deflected shape shown in Figure 13.4f

@IOIC]E) 401 (13.3.1)



LibreTextS"

represents the shape of the qualitative influence line for the bending moment at the section.
Qualitative influence lines for the bending moment at support D.

The influence line for the moment at the support D is obtained by first releasing the restrain at the support, inserting a pin at
point D of the release structure, and then applying a pair of moments adjacent to both sides of the hinge in the positive direction
of Mp. The resulting deflected shape shown in Figure 13.4g represents the shape of the qualitative influence line for the bending
moment at the section.

Xy

(@)

Fig.13.4. Five - span beam.

A P02 fipa— F

(b)Qualitative Influence Line for Ay

A B C D E F
(c)Qualitative Influence Line for By,

A c == F

(d)Qualitative Influence Line for Cy
A B c D E F

“\'i (e)Qualitative Influence Line for Sy,
A B c D E F

(f)Qualitative Influence Line for My,

A B c D E F

(g)Qualitative Influence Line for Mp

Chapter Summary

Influence lines for indeterminate structures: The procedure for the construction of influence lines for indeterminate structures
by the equilibrium method and the Muller-Breslau principle were discussed, and a few example problems were solved in this
chapter. Unlike the influence lines for determinate structures, which are straight lines, the influence line for indeterminate
structures are curvilinear.

Practice Problems

13.1 Using the equilibrium method, draw the influence lines for the vertical reactions at ACD of the beam shown in Figure P13.1.
Also, draw the influence line for the shear force and bending moment at a section at B of the beam.
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‘ 10 ft ’Llﬁft
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Fig.P13.1. Beam.

20 ft

13.2 Using the equilibrium method, draw the influence lines for the vertical reactions at the supports of the indeterminate beam
with overhanging ends, as shown in Figure P13.2.

A B

£ D E

- fT
10 ft + 10ft | 10ft _|
E

I = constant

Fig.P13.2. Indeterminate beam.

13.3 Using the equilibrium method, draw the influence lines for the vertical reactions at supports A and C of the propped
cantilever beam shown in Figure P13.3.

8 m 4m

>

El = constant

Fig.P13.3. Propped cantilever beam.

13.4 Using Muller-Breslau’s principle, draw the qualitative influence lines for the vertical reactions at supports A, B, and C, positive
shear and moment at section X;.
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X1

Fig.P13.4. Beam.

13.5 Using Muller-Breslau’s principle, draw the qualitative influence lines for the vertical reactions at supports E and F, the
negative moment at C, negative shear and moment at section Xj.

- = -
i<

o 8ft | 8ft  aft, aft)  8ft

e

Fig.P13.5 Beam.

13.6 Using Muller-Breslau’s principle, draw the qualitative influence lines for the maximum vertical reactions at supports A and B
, maximum negative shear and moment at section X;.

Xy

o
3
o
=

dlz . 4m )LZm?Em,_ 4m J
1

Fig.P13.6. Beam.
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