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1.1: Introduction

This chapter examines the high frequency behaviour of some passive components that are standard in low frequency electronics.

This page titled 1.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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1.2: Passive components at high frequency

RF inductors and capacitors also have loss and parasitic elements. With inductors there is both series resistance and shunt
capacitance mainly from interwinding capacitance, while with capacitors there will be shunt resistance and series inductance. Even
the pads and leads of components change the behavior of components. In this section, some examples of the effects of non-ideal
behavior will be shown. It will also be possible to play with those examples to see how changing the parasitic elements effects
performance. Then the concept of @ will be introduced as a way to quantify the performance of components.

1.2.1: AC resistance

At high frequencies, the current is limited to a small layer near the surface by the skin effect,
[ 2p
6= 1.2.1
Wity Lo ( )

where p is the resistivity, w is the angular frequency, u, is the relative magnetic permeability (unity for most materials), and p, is
the magnetic permeability of free space. For frequencies in the GHz range (standard WiFi or bluetooth), the skin depth is already
around ~10 pm. The resistance of a conductor of length L and cross section A is given by

>

R= p% (1.2.2)

But, even if the conductor is very thick (a few mm in the case of a rectangular waveguide), the majority of the current flows within
the skin depth. Thus, A must be calculated using the skin depth rather than the thickness.

v AC resistance calculation 1.2.1

Consider a 1 mm diameter copper conductor of length 1 m. What is the DC resistance and the resistance at 10 GHz?

Solution
Copper has a conductivity of 1.7 x 10~® Qm. The area of the wire is A = 7> = 7.9 x 10~" m?, so the DC resistance is 0.02 Q.

At 10 GHz, the skin depth is § = % = 930 nm. So the area in which the current flows is A = (8% + 2ré) = 2.9 x 107° m?.

Thus, the resistance at 10 GHz is 5.8 Q, nearly 270 times more than the DC resistance.

1.2.2: Lead inductance

Modern high frequency electronics make use of surface mount components to minimize the effect of wire inductance. The
inductance due to a wire is given by

L=2l [2.3log (%) - 0.75] (1.2.3)

where [ and d are the length and diameter of the wire. For those interested, this result is derived on pages 302-305 Vol 4, Num. 2 of
the Bulletin of the Bureau of Standards, "The self and mutual inductances of linear conductors," Edward B. Rosa. Equation 1.2.3
provides an excellent illustration of why through hole components are so unfavorable for high frequency designs. This is shown in
the figure 1.2.1, where the reactance of an ideal 1 pF capacitor with 1 cm leads is plotted.

https://eng.libretexts.org/@go/page/108235
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Figure 1.2.1: Reactance of an ideal capacitor with 1 cm leads. Note that the behavior is only capacitive for values below about 200
MHz.
Notice that the reactance is negative, as expected up to a few hundred MHz, but for higher frequencies, the capacitor behaves like

an inductor. Hence, when modeling high frequency circuits the parasitic reactances and resistances cannot automatically be
neglected.

1.2.3: Introduction to @

As illustrated in Figure 1.2.1, the reactance of component is only close to the ideal value below the (self) resonance frequency of the
LC circuit created between the ideal capacitor and the parasitic inductance. This is generally true, so practical inductor or capacitor
is limited to operation below the self-resonant frequency determined by the inductance and capacitance itself resonating with its
reactive parasitics. The impact of loss is quantified by the Q factor (the quality factor). ) is loosely related to bandwidth in general
and the strict relationship is based on the response of a series or parallel connection of a resistor (R), an inductor (L), and a
capacitor (C). The response of an RLC network is described by a second-order differential equation with the conclusion that the
3 dB fractional bandwidth of the response (i.e., when the power response is at its half-power level below its peak response) is 1/Q.

Average
power

: Bandwidth

!, Frequency f

Figure 1.2.2: Transfer characteristic of a resonant circuit. (The transfer function is V'/I for the parallel resonant circuit of Figure
1.2.3(a) and 1/V for the series resonant circuit of Figure 1.2.3(b).)

R L
f— . f—= D—'vw—fﬂ[\—l
I't G CT+ L i"T C
\ ; ; 1]
{a) Parallel (b) Series

Figure 1.2.3: Second-order resonant circuits.

The fractional bandwidth isA f/ fo where fy = f. is the resonant frequency at the center of the band and Af is the 3 dB bandwidth.
The described relationship between @ and bandwidth is not true for any network other than a second-order circuit, but as a guiding
principle, networks with higher s will have narrower bandwidths.

1.2.4: Definition of Q

The @ factor of a component at frequency f is defined as the ratio of 27 f times the maximum energy stored to the energy lost per
cycle. In a lumped-element resonant circuit, stored energy is transferred between an inductor, which stores magnetic energy, and a

@ 0 a @ https://eng.libretexts.org/@go/page/108235
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capacitor, which stores electric energy, and back again every period. Distributed resonators function the same way, exchanging
energy stored in electric and magnetic forms, but with the energy stored spatially. The quality factor is

Q= 2nfy

average energy stored in the resonator at fj ) (1.2.4)
power lost in the resonator -

where f is the resonant frequency.
A simple response is shown in Figure 1.2.2 for a parallel resonant circuit with elements L, C, and G = 1/R (see Figure 1.2.3(a)),
Q = w,C/G =1/(w,LG) (1.2.5)

where f, = w,/(2n) is the resonant frequency and is the frequency at which the maximum amount of energy is stored in a resonator.
The conductance, G, describes the energy lost in a cycle. For a series resonant circuit (Figure 1.2.3(b)) with L, C, and R elements,

Q=w,L/R=1/(w,CR) (1.2.6)

These second-order resonant circuits have a bandpass transfer characteristic (see Figure 1.2.2) with @ being the inverse of the
fractional bandwidth of the resonator. The fractional bandwidth, Af/f, is measured at the half-power points as shown in Figure
1.2.2. (Af is also referred to as the two-sided —3 dB and sometimes as the fullwidth half maximum (FWHM) bandwidth

[}% }("
R L
o—wh——o

(a)

b)
Figure 1.2.4: Loss elements of practical inductors and capacitors: (a) an inductor has a series resistance R; and (b) for a capacitor,
the dominant loss mechanism is a shunt conductance G = 1/R.

bandwith.) Then

Q=f/Af (1.2.7)

Thus the @ is a measure of the sharpness of the bandpass frequency response. The determination of @ using the measurement of
bandwidth together with Equation (1.2.7) is often not very precise, so another definition that uses the much more sensitive phase
change at resonance is preferred when measurements are being used. With ¢ being the phase (in radians) of the transfer
characteristic, the definition of Q is now

wr

2

a0

Q= 7o (1.2.8)

Equation (1.2.8) is another equivalent definition of @ for parallel RLC or series RLC resonant circuits. It is meaningful to talk about
the Q of circuits other than three-element RLC circuits, and then its meaning is always a ratio of the energy stored to the energy
dissipated per cycle. The Q of these structures can no longer be determined by bandwidth or by the rate of phase change.

1.2.5: Q of Lumped Elements

Q is also used to characterize the loss of lumped inductors and capacitors. Inductors have a series resistance R, and the main loss
mechanism of a capacitor is a shunt conductance G (see Figure 1.2.3).

The Q of an inductor at frequency f = w/(2r) with a series resistance R and inductance L is

L
Qr= % (1.2.9)
Since R is approximately constant with respect to frequency for an inductor, the @ will vary with frequency.
The @ of a capacitor with a shunt conductance G and capacitance C is
wC
e 1.2.10
Qc G ( )
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G is due mainly to relaxation loss mechanisms of the dielectric of a capacitor and so varies linearly with frequency but also it is
usually very small. Thus the @ of a capacitor is almost constant with respect to frequency. For microwave components Q¢ > @1,
and both are smaller than the @ of most transmission line networks. Thus, if the length of a transmission line is not too long for an
application, transmission line networks are preferred. If lumped elements must be used, the use of inductors should be minimized.

1.2.6: Loaded ) Factor

The @ of a component as defined in the previous section is called the unloaded @, Q.. However, if a component is to be measured
or used in any way, it is necessary to couple energy in and out of it. The @ is reduced and thus the resonator bandwidth is increased
by the power lost to the external circuit so that the loaded @, the @ that is measured, is

average energy stored in the resonator at fy
Qu =2 : )
power lost in the resonator and to the external circuit
1
=— 1.2.11
1/Q+1/Qx ( )
and
1 1\
Qx = (— - —) 1.2.12
o QL Qu ( )
where @ x is called the external Q. @ accounts for the power extracted from the resonant circuit. If the loading is kept very small,
Qr =~ Qu.

1.2.7: Summary of the Properties of )
In summary:

a. @ is properly defined and related to the energy stored in a resonator for a second-order network, one with two reactive elements
of opposite types.

b. Q is not well defined for networks with three or more reactive elements.

c. It is only used (as defined or some approximation of it) for guiding the design.

1.2.8: Some example component equivalent circuits

In the following, example equivalent circuits are given for resistors, inductors and capacitors. Not every example of an equivalent
circuit focuses on the @, but, from the circuit diagrams it is clear that all of these circuits are damped oscillators.

An equivalent circuit for a resistor is shown in Figure 1.2.5.

R L R L

1 — . MM

Q\.../

Figure 1.2.5: A non-ideal resistor is replaced by a series of ideal inductances and capacitances.

? Exercise 1.2.1

The equivalent circuit shown in Figure 1.2.5 is modeled in the code below, with a plot to show the real and imaginary
components of the effective impedance. The values for the parasitic inductance and capacitance are set quite high so that the
effect is easy to see. These values are free to be modified. What range of parasitic inductance and capacitance are allowed for a
resistor to function at 2.4 GHz and 5 GHz (WiFi carrier frequencies)?

Answer
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First adjust the model range to cover 1 - 10 GHz. You should find that the inductance can be quite high (~1 nF), but the
parasitic capacitance needs to be around 1 fF.

The equivalent circuit for a capacitor is shown in Figure 1.2.6.

¢ L R R
—f— mer—
_ X
cos ¢ 'j(
C

Figure 1.2.6: A non-ideal capacitor has both an inductive and a resistive component. Note that for an ideal capacitor, the power
factor cos¢ = 0, leading to an infinite Q.

Again, the example in Figure 1.2.6 is modeled in the code below. In the current generation of automotive radar, the transmitters
and receivers operate between 77-81 GHz. Use the code below to try and estimate the maximum allowed values for the
parasitic inductors and resistors.

Answer

Adjust the simulation range to the range of interest (you can use non-integer values in the logspace function. For instance, a
starting value of 10.5 means a starting frequency of ~30 GHz). You should find that the impedance is relatively insensitive
to the two resistance values (but the  is!), while the parasitic inductance should be lower than 0.1 pH and preferably about
0.01 pH.

An equivalent circuit for an inductor is shown in Figure 1.2.7. An ideal inductor, L, has a parallel parasitic capacitance, Cy, and the
wire windings have some resistance R;. At low frequency, the inductor behaviour dominates as it has the lowest reactance, while at
high frequency, the capacitor dominates. Thus, an inductor will show capacitive behavior at high frequencies.

L L R,
mm e
XL
Q==L
R, I/
A
oF

Figure 1.2.7: A non-ideal inductor has both a capacitive and a resistive component. Note that for an ideal inductor R, = 0, leading to
an infinite Q.

? Exercise 1.2.3

Below is a model that calculates the impedance of a non-ideal inductor using the equivalent circuit in Figure 1.2.7. A high
frequency inductor (Vishay IFCB-402) has the following properties:
Self resonance Max DC resistance

L @ 500 MHz (nH 1700 MH 800 MH 100 MH
@ 2O equency MHz) (@) @ 2 Q@ z ce z

1.0 12000 0.15 33 21 7

Use the script below to estimate the parasitic capacitance. Is the tabulated DC resistance a good estimate? If not, what value
best fits the rest of the data? The inductance has a tolerance of 0.3 nH. Does adjusting the inductance within tolerance give you
a better fit to the tabulated values? What is the maximum frequency at which you would use this inductor? Note, you may want

to change the frequency range to get a better estimate.
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Answer

You should adjust the DC resistance and inductance so that tabulated and calculated \(Q)\ values are as close to each other
as possible. You may have to change the frequency scale so that this is clear to see. Adjust the frequency range to cover
only the self resonance frequency and adjust the parasitic capacitance until the self resonance frequency occurs near 12000
MHz (you don't have to be exact). This indicates that the DC resistance is not a good estimate at high frequency. The AC
resistance is over twice the DC resistance at 1200 MHz, while at 100 MHz, the AC resistance is insignificant. You should
find that the parasitic inductance must be about 0.18 pF. The ideal and calculated inductance start to deviate from each
other significantly at 3 GHz.

This page titled 1.2: Passive components at high frequency is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.

e 9.2: Q Factor by Michael Steer is licensed CC BY-NC 4.0.
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1.3: Surface-Mount Components

The majority of the RF and microwave design effort goes into developing modules and interconnecting modules on circuit boards.
With these the most common type of component to use is a surface-mount component. Figure 1.3.1(a) shows a two-terminal
element, such as a resistor or capacitor, in the form of a surface-mount component. Figure 1.3.1(b and c) show the use of surface-
mount components on a microwave circuit board.

A two-terminal surface-mount resistor or capacitor is commonly called a chip resistor or chip capacitor. These can be very small,
and the smaller the component often the higher the operating frequency due to reduced parasitic capacitance or inductance.
Common sizes of two-terminal chip components are listed in Table 1.3.1. The resonance when a chip capacitor (inductor) resonates
with the parasitic inductance (capacitance) is called self-resonance and the resonant frequency is called the self-resonance
frequency. Figure 1.3.2(a) shows an inductor in a surface-mount package and details are shown in Figure 1.3.2(b) and the inductor is
useable as an inductor at a frequency backed-off from the SRF, see Table 9.4.1.

0.5 pF 0.5 pF

3.6nH

Transmission
line resonator

8.2nH |—T,

82nH

tune

8.2nH

Via to
ground

Via to ground Varactor stack
@ b)

Figure 1.3.1: Circuit board showing the use of surface-mount components: (a) chip resistor or capacitor with metal terminals at the
two ends; and (b) a populated RF microstrip circuit board of a 5 GHz tunable resonator [1]. The larger components have dimensions

1.6 mm x 0.8 mm. The shorting bar is a 0 Q chip resistor.
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Metric Designation Size (mm x mm)
0402 0.4 x 0.2
0603 0.6 x 0.3
1005 1.0x 0.5
1608 1.6 x 0.8
2012 2.0x 1.25
2520 2.5x 2.0
3216 3.2x1.6
3225 3.2x 2.5
4516 4.5x1.6
4532 4.5 x 3.2
5025 5.0 x 2.5
6432 6.4 x 3.2

- 7.4x%x5.1

Table 1.3.1: Sizes and designation of two-terminal surface mount components. Note the designation of a surface-mount component
refers to its dimensions in millimeters.

B -—C—= L
| overall —-.l D - '-_H_.‘I

- + +
1 F 1
i

A G JI

=

2| F il
o f N

1 i/
E Terminal wraparound: Suggested
terminal approx 0.015/0,38 both ends Land Pattern
(b)

Figure 1.3.2: : Chip inductor: (a) in an 0603 surface-mount package; and (b) schematic showing sizes and pads to be provided on a
circuit board (4 = 1.63 mm,B = 0.84 mm, C = 0.61 mm, D = 0.33 mm, E = 0.76 mm, F = 0.64 mm, G = 0.64 mm, and
= 1.02 mm). Copyright Coilcraft, Inc., used with permission [2].

This page titled 1.3: Surface-Mount Components is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
Lee.

¢ 9.3: Surface-Mount Components by Michael Steer is licensed CC BY-NC 4.0.
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1.4: Summary

This chapter introduced the richness of microwave components available to the RF designer. Microwave lumped-element R, L, and
C components are carefully constructed so that they function as intended up to 10 or so. They are usually in surface-mount form so
that they can be integrated in design while minimizing the parasitic effects introduced by leads.

This page titled 1.4: Summary is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

e 9.11: Summary by Michael Steer is licensed CC BY-NC 4.0.
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2.1: Introduction

A transmission line stores electric and magnetic energy. As such a line has a circuit form that combines inductors, L, (for the
magnetic energy), capacitors, C, (for the electric energy), and resistors, R, (modeling losses), whose values depend on the line
geometry and material properties.

The transmission lines considered in this chapter are restricted to just two parallel conductors, as shown in Figure 2.1.1, with the
distance between the two wires (i.e., in the transverse direction) being substantially smaller than the wavelengths of the signals on
the line. The correct physical interpretation is that the conductors of a transmission line confine and guide an EM field. The EM
field contains the energy of the signal and not the current on the line. However, with electrically small transverse dimensions, a two
conductor line

(a) Two-wire line (b) Strip-above-ground line

Figure 2.1.1: Two conductor transmission lines.

Figure 2.1.2: A coaxial transmission line: (a) three-dimensional view; (b) the line with pulsed voltage source showing the electric
fields at an instant in time as a voltage pulse travels down the line.

may be satisfactorily analyzed on the basis of voltages and currents.

Frequency-domain analysis is the best way to understand transmission lines. This transmission line theory with modern
developments is presented in Section 3.2 and useful formulas and concepts are developed in Section 3.3 for lossless transmission
lines. Section 3.4 presents several configurations of lossless lines that are particularly useful in microwave circuit design and used
in many places in this book series.

2.1.1: When Must a Line be Considered a Transmission Line

The key determinant of whether a transmission line can be considered as an invisible connection between two points is whether the
signal anywhere along the interconnect has the same value at a particular instant. If the value of the signal (say, voltage) varies
along the line (at an instant), then it may be necessary to consider transmission line effects. A typical criterion used is that if the
length of the interconnect is less than 1/20th of the wavelength of the highest-frequency component of a signal, then transmission
line effects can be safely ignored and the circuit can be modeled as a single RLC circuit [1].

2.1.2: Movement of a Signal on a Transmission Line

When a positive voltage pulse is applied to the center conductor of a coaxial line, as shown in Figure 2.1.2(a), an electric field
results that is directed from the center conductor to the outer conductor. Referring to Figure 2.1.2(b), the component of the field that
is directed along the shortest path from the center conductor to the outer conductor is denoted Er, and the subscript T denotes the
transverse component of the field as shown. Figure 2.1.2(b) shows the fields in the structure after the pulse has started moving
along the line. This is shown in another view in Figure 2.1.3 at four different times. The transverse voltage, Vv, is given by Er
integrated along a path between the inner and outer conductors: Vy ~ Er(a —b). This is a good measure, provided that the
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transverse dimensions are small compared to a wavelength. The voltage pulse exciting the line has a trapezoidal shape and the
voltage between the inner and outer conductor has the same form as Er. As indicated by Maxwell’s equations, a change in time of
the electric field results in a spatial

il Qt'|:\'u-|¢1: f (—J('|-M'!'RI£ N :
Irl'? NTER : !l'|"\ TER .
Efs Eife

[f I3
2 Oppner[n . 4 Qopaernl e 1a s .
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Figure 2.1.3: Fields, currents, and charges on the coaxial transmission line of Figure 2.1.2 at times t4 > t3 > t3 > t1. QcgnTER iS the
net free charge on the center conductor. Icexter is the current on the center conductor.

change in the magnetic field and hence current. As a result there is a variation of the current in time and this results in a spatial
change of the electric field. The chasing from a time variation to a spatial variation and then back to a time variation causes the
pulse to move down the line.

The pulse moves down the line at the group velocity, which for a lossless coaxial line is the same as the phase velocity, v,!. This
is determined by the physical properties of the region between the conductors. The permittivity, e, describes energy storage
associated with the electric field, E, and the energy storage associated with the magnetic field, H, is described by the permeability,
w. It has been determined that

vp =1/\/pe (2.1.1)
In free space v, = ¢ = 1/,/fpe0 = 3 x 10° m/s. The free-space wavelengths, )\, = c/f, at several frequencies, f, are
f 100 MHz 1 GHz 10 GHz
Ao 3 m 30 cm 3.0 cm
Table 2.1.1

Example 2.1.1: Transmission Line Wavelength

A length of coaxial line is filled with a dielectric having a relative permittivity, ¢,, of 20 and is designed to be 1/4 wavelength
long at a frequency, f, of 1.850 GHz. (u, = 1)

a. What is the free-space wavelength?
b. What is the wavelength of the signal in the dielectric-filled coaxial line?
c. How long is the line?

Solution

a. A =c/f=3x10%/1.85 x 10° = 0.162 m = 16.2 cm
b. Note that for a dielectric-filled line with pu, = 1, A =v,/f = ¢/(\/&:f) = Xo/\/Er» SO A = Xo/+/Er = 16.2 cm/+/20 = 3.62 cm
€. A\g/4=3.62 cm/4 = 9.05 mm

2.1.3: Footnotes

[1] The phase velocity is the apparent velocity of a point of constant phase on a sinewave and is almost frequency independent for a
low-loss coaxial line of small transverse dimensions (less than \/10).

This page titled 2.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

o 3.1: Introduction by Michael Steer is licensed CC BY-NC 4.0.
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2.2: Transmission Line Characteristics

This section gives, without derivation the standard characteristics of transmission lines. The first section, Section 2.2.1, makes the
argument that a circuit with resistors, inductors, and capacitors is a good model for a transmission line. The most important
parameters that are derived from transmission line theory are given in Section 2.2.2. The dimensions of some of the quantities that
appear in transmission line theory are discussed in Section 2.2.3. Section 2.2.4 summarizes the important parameters of a lossless
line and then a particularly important line, the microstrip line, is considered in Section 2.2.5.

2.2.1: Transmission Line RLGC Model

Regardless of the actual structure, a segment of uniform transmission line (i.e., a line with constant cross section along its length)
as shown in Figure 2.2.1(a) can be modeled by the circuit shown in Figure 2.2.1(b) with

Resistance along the line =R

Inductance along the line = L | all specified
Conductance shunting the line = G | per unit length
Capacitance shunting the line =C

R, L, G, and C are referred to as resistance, inductance, conductance, and capacitance per unit length. (Sometimes p.u.l. is used as
shorthand for per unit length.) In the metric system, ohms per meter (Q/m), henries per meter (H/m), siemens per meter (S/m) and
farads per meter (F/m), respectively, are used. The values of R, L, G, and C are affected by the geometry of the transmission line
and by the electrical properties of the dielectrics and conductors. C describes the ability to store electrical energy and is mostly due
to the properties of the dielectric. G describes loss in the dielectric which derives from conduction in the dielectric and from
dielectric relaxation. Most microwave substrates have negligible conductivity so dielectric loss dominates. Dielectric relaxation
loss results from the movement of charge centers which result in distortion of the dielectric lattice (if a crystal) or molecular
structure. The periodic variation of the E field transfers energy from the EM field to mechanical vibrations. R is due to ohmic loss
in the metal more than anything else. L describes the ability to store magnetic energy and is mostly a function of geometry, as most
materials used with transmission lines have y, = 1 (so no more magnetic energy is stored than in a vacuum).

For most lines the effects due to L and C dominate because of the relatively low series resistance and shunt conductance. The
propagation characteristics of the line are described by its loss-free, or lossless, equivalent line, although in practice some
information about R or G is necessary to determine power losses. The lossless concept is just a useful and good approximation.

..... " iz RA: LAz T+ Az
TN IIII
o + +
____ e —h'l-”" ' vizn GA: T, Vi
Az o =
(a) (b)

Figure 2.2.1: Transmission line segment: (a) of length Az; and (b) lumped element model.

2.2.2: Transmission Line Properties

The derivation of transmission line properties can be found here. In this section, the properties are given without derivation and
some of their consequences are explored.

The following quantities are defined:

L
Characteristic impedance: Zo = 4 | g%jzo (2.2.1)
Propagation constant: = \/(R + wL)(G + w0) (2.2.2)
Attenuation constant: a = R{v} (2.2.3)
Phase constant: 3= J{~} (2.2.4)
Wavenumber: k= —jyy (2.2.5)
Phase velocity: v, =w/B (2.2.6)
2 2

Wavelength: A = R (2.2.7)

Iyl IRl
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where w = 27 is the radian frequency and f is the frequency with the SI units of hertz (Hz). The wavenumber % as defined here is
used in electromagnetics and where wave propagation is concerned. Considering one of the traveling waves, the phase velocity
refers to the apparent velocity of which a point of constant phase on the sinewave appears to move.

The important result here is that a voltage wave (and a current wave) can be defined on a transmission line. One more parameter
needs to be introduced: the group velocity,

The symbol 0 means partial derivative (the derivative of a multi-variable function with respect to just one of the variables).

Ow
op
The group velocity is the velocity of a modulated waveform’s envelope and describes how fast information propagates. It is the
velocity at which the energy (i.e. information) in the waveform moves. Thus group velocity can never be more than the speed of
light in a vacuum, c. Phase velocity, however, can be more than c. If the speed at which information moves varies with frequency,

vy = (2.2.8)

then a signal such as a pulse will spread out. Such a line is said to have dispersion. For a lossless, dispersionless line, the group and
phase velocity are the same. If the phase velocity is frequency independent, then 3 is linearly proportional to w.

Electrical length is used in designs prior to establishing the physical length of a line. The electrical length is expressed either as a
fraction of a wavelength or in degrees (or radians), where a wavelength corresponds to 360° (or 27 radians). If ¢ is its physical
length, the electrical length of the line in radians is 3¢.

v Example 2.2.1: Physical and Electrical Length

A transmission line is 10 ¢cm long and at the operating frequency the phase constant 3 is 30 rad/m. What is the electrical length
of the line?

Solution

The physical length of the line is £ =10 cm = 0.1 m. Then the electrical length of the line is ¢, = ¢ = (30 rad/m) x 0.1 m
= 3 radians. The electrical length can also be expressed in terms of wavelength noting that 360° corresponds to 2 radians,
which also corresponds to A. Thus £, = (3 radians) = 3 x 360/(27) = 171.9° or £, = 3/(2m)A = 0.477A.

v/ Example 2.2.2: RLGC Parameters

A transmission line has the RLGC parameters R = 100 Q/m, L =80 nH/m, G = 1.6 S/m, and C = 200 pF/m. Consider a
traveling wave at 2 GHz on the line.

a. What is the attenuation constant?

b. What is the phase constant?

c. What is the phase velocity?

d. What is the characteristic impedance of the line?
e. What is the group velocity?

Solution

aa:y=a+f=+(R+wL)(G + wC); w=12.57-10° rad/s

7 = /(100 + - 80 - 107)(1.6 + 200 x 1072) = (17.94 4 551.85)m "

a=R{y}=17.94 Np/m

b. Phase constant: 8 = J{v} = 51.85 rad/m
c. Phase velocity:
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w  2rf 1257 x 10%rad - s g
S s el =242x1
=BT 8 51.85rad - m-! X107 m/s
d. Zy = (R + jwL)/y = (100 + jw- 80 - 1079)/(17.94 + 551.85) = (17.9 + 74.3)Q
Note also that Zy = /(R + jwL)/(G + jwC), which yields the same answer.

e. Group velocity:

ow
Vg = 8_,3 ‘f:2 GHz

Numerical derivatives will be used, thus v, = Aw/Ap. Now 3 is already known at 2 GHz. At 1.9 GHz, v = 17.884
+749.397 m !, and so B = 49.397 rad/m.
27(2 GHz — 1.9 GHz) 2m(2 — 1.9)10° Hz

- = — 2.563 x 10°
Y9~ B2 GHz) — B(1.9 GHz) _ (51.85 —49.397) m 1 x 10° m/s

(Note that Hz = s~!. Note that vy = vy, and so the transmission line has dispersion.)

2.2.3: Dimensions of v, «, and

The SI unit of « are inverse meters (m~') and the attenuation constant, «, and the phase constant, 3, have, strictly speaking, the
same units. However, the convention is to introduce the dimensionless quantities Neper and radian to convey additional
information. Thus the attenuation constant o has the units of Nepers per meter (Np/m) and the phase constant 8 has the units
radians per meter (rad/m). The unit Neper comes from the name of the e(= 2.7182818284590452354 ...) symbol (written in upright
font and not italics since it is a constant), which is called the Neper.

The name for e derives from John Napier, who developed the theory of logarithms [2]. e is sometimes called Euler’s constant

The Neper is used in calculating transmission line signal levels, V(z) = V" exp (—y2) + V;' exp (v2), where V+ and V~ indicate
contributions from waves traveling from source to load and load to source. The attenuation and phase constants are often separated
and then the attenuation constant describes the decrease in signal amplitude as the signal travels down a transmission line. So when
af =1 Np, where ¢ is the length of the line, the signal has decreased to 1/e of its original value, and the power drops to 1/¢? of its
original value. The decrease in signal level represents loss and the units of decibels per meter (dB/m) are used with 1 Np = 20loge
= 8.6858896381 dB. So expressing « as 1 Np/m is the same as saying that the attenuation loss is 8.6859 dB/m. To convert from dB to
Np multiply by 0.1151. Thus @ = z dB/m = x x 0.1151 Np/m.

In engineering log = = log,;, = and In z = log, .

v/ Example 2.2.3: Transmission Line Characteristics

A line has an attenuation of 10 dB/m and a phase constant of 50 radians/m at 2 GHz.

a. What is the complex propagation constant of the transmission line?
b. If the capacitance of the line is 100 pF/m and the conductive loss is zero (i.e., G = 0), what is the characteristic impedance
of the line?

Solution

a. a|np = 0.1151 x afqg = 0.1151 x (10 dB/m) = 1.151 Np/m, 8 = 50 rad/m
Propagation constant, v = a.+ 38 = (1.151 + 350) m~!
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b.y = /(R + jwL)(G + jwC), and Z; = /(R + ywL)/(G + 3w0), therefore Zy = v/(G + jwC); w=27-2x 10° s™'; G =0; C
=100 x 1072 F, s0 Zy = 39.8 — 70.916 Q.

2.2.4: Lossless Transmission Line

If the conductor and dielectric are ideal (i.e., lossless), then R =0= G and the equations for the transmission line characteristics
simplify. The transmission line parameters from Equations (2.2.1) and (2.2.2)-(2.2.7) are then

L
Zy = \/g (2.2.9)
a=0 (2.2.10)
B8=wVLC (2.2.11)
vp =1/VLC (2.2.12)
2 v
A\, = =2 2.2.13
I wV LC f ( )

2.2.5: Microstrip Line

A microstrip line is shown in Figure 2.2.1(a). This is a commonly used transmission line, as it can be cheaply fabricated using
printed circuit board techniques. This line consists of a metal-backed substrate of relative permittivity ¢, on top of which is a metal
strip. Above that is air.

Conductor pattern

‘SlfiD Fo
: 31 = Zo Zot
W Y —
(a) Microstrip (b) Layout of microstrip lines

Figure 2.2.1: Microstrip transmission line. The layout (or top) view is commonly used with circuit designs using microstrip. This is
the pattern of the strip where (b) shows three lines of different width.

300

A
) ‘\\\\ i

.
e STm T

FFEFE

Figure 2.2.2: Dependence of Z, of a microstrip line at 1 GHz for various ¢, and aspect (w/h) ratios. Calculated using EM simulation.
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Figure 2.2.3: Dependence of effective relative permittivity ¢, of a microstrip line at 1 GHz for various permittivities and aspect
ratios (w/h).

The width of the strip determines the characteristic impedance of the line, and can be approximately calculated by:

377
Ve (5 +2)

Note that Equation 2.2.14 is not accurate enough for use in high performance systems (see below), and more accurate analytical
expressions have been found. However, for best performance, it is better to use a software tool to calculate the strip dimensions.

A

Q

(2.2.14)

The characteristic impedance of microstrip lines having various strip widths is shown in Figure 2.2.2 for several substrate
permittivities. So the wider the strip and the higher the substrate permittivity, the lower the characteristic impedance of the line. The
EM fields are partly in air and partly in the dielectric and an effective permittivity must be used when calculating the electrical
length of the line. The results of field simulations of the effective permittivity of lines of various widths and with various substrate
permittivities are shown in Figure 2.2.3, where it can be seen that the effective relative permittivity, ., increases for wide strips.
This is because more of the EM field is in the substrate. Microstrip transmission line structures are often drawn showing just the
layout of the strip, as shown in Figure 2.2.1(b), where the three lines have different characteristic impedances.

2.2.6: Summary

The important takeaway from this section is that a signal moves on a transmission line as forward- and backward-traveling waves.
The energy transferred is in the traveling waves. The total voltage and current at a point on the line is the sum of the traveling
voltage and current waves, respectively, but the total voltage/current view is not sufficient to describe how a transmission line
works. Transmission line theory is developed in terms of traveling voltages and current waves and these are akin to a one-
dimensional form of Maxwell’s equations.

This page titled 2.2: Transmission Line Characteristics is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.

« 3.2: Transmission Line Theory by Michael Steer is licensed CC BY-NC 4.0.
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2.3: The Lossless Terminated Line

Microwave engineers want to work with total voltage and current when possible and the art of design synthesis usually requires
relating the total voltage and current world of a lumped element circuit to the traveling voltage world of transmission lines. This
section introduces some important abstractions that enable the total voltage and current view of the world to be used with
transmission lines. The first step is in Section 2.3.1 where total voltages and currents are related to forward- and backward-traveling
voltages and currents. Insight into traveling waves and reflections is presented in Section 2.3.2. Important abstractions are presented
first for the input reflection coefficient of a terminated lossless line in Section 2.3.3 and then for the input impedance of the line in
Section 2.3.4. The last section, Section 2.3.5, presents a view of the total voltage on the transmission line and describes the voltage
standing wave concept.

Nature is self consistent. The voltages and currents at any location on a transmission line at any instant in time can only have
single values. If a transmission line is terminated with a load Z; # Z,, then to be self consistent and single valued, some
portion of the incident wave must be reflected. In short, at a discontinuity in line impedance:

e Voltage is single valued V = V; + V,
o Current is single valued I = I; + I,
e Power is conserved P, = P, + P, + P,

where the subscripts i, r, a indicate incident, reflected and absorbed.

Before introducing the theory, it is helpful to examine the cases of a transmission line that is terminated by an open-circuit and a
short-circuit. These provide an intuitive understanding for why reflections must exist.

v/ Example 2.3.1

An open-circuited transmission line is shown in Figure 2.3.1. What are the amplitudes of the voltage and current at the load?
What are the absorbed and reflected powers?

Z. =2y Zy =50 Q Zp =0
Source Load
Power =1 W

Voltage amplitude = 7.1 V
Current amplitude = 140 mA

Figure 2.3.1: Transmission line with an open-circuit termination.

Solution

Since the terminating impedance is Z; = oo, the total current at the load must be zero. Hence, I, = —I; = -140 mA. The
absorbed power is 0, so the reflected power, P. = P, = 1 W. For self consistency, the reflected voltage must be the same as the
incident voltage (V, = V;), so the amplitude of the voltage at the anti-nodes along the line are 2V;

v/ Example 2.3.2

An short-circuited transmission line is shown in Figure 2.3.2. What are the amplitudes of the voltage and current at the load?

What are the absorbed and reflected powers?
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Z, =7, Zy =50 Q Zr, =0
Source Load
Power=1W

Voltage amplitude = 7.1 V
Current amplitude = 140 mA

Figure 2.3.2: Transmission line with an short-circuit termination.

Solution

Since the terminating impedance is Z; =0 Q, the total voltage at the load must be zero. Hence, V, = —V; = -7.1 V. The
absorbed power is 0, so the reflected power, P, = P, = 1 W. The reflected current is equal to the incident current (I, = I,
= 140 mA. Hence the current at the anti-nodes is 21I;.

2.3.1: Total Voltage and Current on the Line
Consider the terminated line shown in Figure 2.3.3(a). Assume an incident or forward-traveling wave, with traveling voltage
V,"e™% and current I, e~ propagating toward the load Z; at z = 0. The characteristic impedance of the transmission line is the
ratio of the voltage and current traveling waves so that
‘/'()+(z) 3 V0+67]Bz 3 V'O+(O) B VO+
G Lo o) 1)

=27 (2.3.1)

The load Z;, imposes an additional constraint on the relationship of the total voltage and current at z = 0:

ﬁ_ V(z=0) _

T = =0 ZL (2.3.2)

When Z; # Z, equations 2.3.3 and 2.3.2 are inconsistent unless there is a reflected wave with appropriate amplitude.

The reflected wave, similar to the forward propagating wave, is given by (note the sign change):

Voe® vy
- -0 7z (233)
—Iyel —I;
Now the total voltage
V(z) = Vyte % + Ve (2.3.4)
and the total current, I(2), is related to the traveling current waves by
vt VvV,
I(z) = 2907 - 0 1Bz = Igrefjﬁz + I(;e]ﬁz (2.3.5)
Zy Zy

Figure 2.3.3: A terminated transmission line.
Thus at the termination of the line (z = 0),

V(0 Vit + Vv
O) _ 5 gl + W
1(0) =Y

This can be rearranged as the ratio of the reflected voltage to the incident voltage:

Vo _Z—20
Vit Zu+ %

https://eng.libretexts.org/@go/page/112854



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/112854?pdf

LibreTexts"

This ratio is defined as the voltage reflection coefficient at the load,

Vo (0) Vo Zy—2Z

L, =1"= -0 _Z£ 2.3.6
TETWO W A4 2
That is, at the load
Vo =TV (2.3.7)
The relationship in Equation (2.3.6) can be rewritten so that the input load impedance can be obtained from the reflection
coefficient:
141V
Z1="lv (2.3.8)
Similarly, the current reflection coefficient can be written as
Iy —Zi+ 2
=20 _ I 2.3.9
Iy ZL+ 2 (239)

The voltage reflection coefficient is used most of the time, so the reflection coefficient, I, on its own refers to the voltage reflection
coefficient, 'V =T

v/ Example 2.3.3: Forward- and Backward-Traveling Waves at an Open Circuit

A lossless transmission line is terminated in an open circuit. What is the relationship between the forward- and backward-
traveling voltage waves at the end of the line?

Solution
At the end of the line the total current is zero, so that 7™ 4+ I~ = 0 and so
I =-r1t (2.3.10)
The forward- and backward traveling voltages and currents are related to the characteristic impedance by
Zo=V*/ItT=—V~/I" (2.3.11)

Note the change in sign, as a result of the direction of propagation changing but the positive reference for current is in the same
direction. Substituting for 7~ at the termination,

Vt=—VIt/I =-V It/(—-I")=V" (2:3.12)

Thus the total voltage at the end of the line, Vroraz, is Vt + VvV~ = 2V +. Note that the total voltage at the end of the line is
twice the incident (forward-traveling) voltage.

v/ Example 2.3.4: Current Reflection Coefficient

A load consists of a shunt connection of a capacitor of 10 pF and a resistor of 60 Q. The load terminates a lossless 50 2
transmission line. The operating frequency is 5 GHz.

a. What is the impedance of the load?

b. What is the normalized impedance of the load (normalized to Z, of the line)?
c. What is the reflection coefficient of the load?

d. What is the current reflection coefficient of the load?

Solution
a.C=10-102F, R=609; f =5-10° Hz; w = 27f; Zo =500
Zr =R||C=(1/R+ jwC) ™t =0.168 — 33.174Q

b. 21, = Z1/Zy = 3.368 - 107° — 70.063
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c. This is the voltage reflection coefficient. T';, = (21, — 1)/(21 + 1) = —0.985 — 50.126 = 0.993£187.3".
d.T! =T =0.985+ 70.126 = 0.9934(187.3 — 180)° = 0.993£7.3°.

2.3.2: Forward- and Backward-Traveling Pulses

Reflections at the end of a line produce a backward-traveling signal. Forward- and backward-traveling pulses are shown in Figure
2.3.4(a) for the situation where the resistance at the end of the line is lower than the characteristic impedance of the line (Z; < Z).

1 x 2 1 X 2

‘0 % : % . o :
AAA-S - VWA -
Forward—traveling wave 4 Forward-traveling wave %7
oA gl
Backward-traveling wave Backward-traveling wave
r=0 | =0 |
t=1 | 1=1 |

(a) Ry < Z, (b) Ry > Zp

Figure 2.3.4: Reflection of a voltage pulse from a load: (a) when the resistance of the load, R, is lower than the characteristic
impedance of the line, Zy; and (b) when Rj is greater than Z,.

The voltage source is a step voltage that is zero for time ¢ < 0. At time ¢ = 0, the step is applied to the line and it begins traveling
down the line, as shown at time ¢ = 1. This voltage step moving from left to right is called the forward-traveling voltage wave.

At time ¢ = 2, the leading edge of the step reaches the load, and as the load has lower resistance than the characteristic impedance
of the line, the total voltage across the load drops below the level of the forward-traveling voltage step. The reflected wave is called
the backward-traveling wave and it must be negative, as it adds to the forward-traveling wave to yield the total voltage. Thus the
voltage reflection coefficient, T, is negative and the total voltage on the line, which is all that can be directly observed, drops. A
reflected, smaller, and opposite step signal travels in the backward direction and adds to the forward-traveling step to produce the
waveform shown at ¢+ = 3. The impedance of the source matches the transmission line impedance so that the reflection at the source
is zero. The signal on the line at time ¢ = 4, the time for round-trip propagation on the line, therefore remains at the lower value.
The easiest way to remember the polarity of the reflected pulse is to consider the situation with a short-circuit at the load. Then the
total voltage on the line at the load must be zero. The only way this can occur when a signal is incident is if the reflected signal is
equal in magnitude but opposite in sign, in this case I' = —1. So whenever |Z;| < | Zo|, the reflected pulse will tend to subtract from
the incident pulse.

The opposite situation occurs when the resistance at the load is higher than the characteristic impedance of the line (Figure 3-9(b)).
In this case the reflected pulse has the same polarity as the incident signal. Again, to remember this, think of the open-circuited
case. The voltage across the load doubles, as the reflected pulse has the same sign as well as magnitude as that of the incident
signal, in this case I' = +1. This is required so that the total current is zero.

A more illustrative situation is shown in Figure 2.3.5, where a more complicated signal is incident on a load that has a resistance
higher than that of the characteristic impedance of the line. The peaking of the voltage that results at the load is typically the design
objective in many long digital interconnects, as less overall signal energy needs to be transmitted down the line, or equivalently a
lower current drive capability of the source is required to achieve first incidence switching. This is at the price of having reflected
signals on the interconnects, but these are dissipated through a combination of line loss and absorption of the reflected signal at the
driver.
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2.3.3: Input Reflection Coefficient of a Lossless Line

The reflection coefficient looking into a line varies with position along the line as the forward- and backward-traveling waves
change in relative phase. Referring to Figure 2.3.4, at a distance £ from the load (i.e., = = —¢), the input reflection looking into a
terminated lossless line is

Vo(z=—b) V-

z=0) P V- (z=0)e
I = =Tpe ¥ 2.3.13
et = =) T Va0 V=0 ke (2.3.13)

Note that T';, has the same magnitude as I';, but rotates in the clockwise direction (becomes increasingly negative) at twice the rate
of increase of the electrical length g¢.

E Zq %o :
BAAR -
E i : e zl
] Forward-traveling wave S
01 2 3 B i i Backward-iraveling wave ;

_——Total voltage

__---" Traveling—wave ,=| .
voltage

----- —_—
=4 ot
-
=3
- — >
1=
. e

Z; = in - L
a D
‘Ima Jl) 3 ZL m‘ ZL
e | —= pe— I —=
(a) (b)

Figure 2.3.6: Terminated transmission line: (a) a transmission line terminated in a load impedance, Z, with an input impedance of
Zi; and (b) a transmission line with source impedance Z and load Z;.

It is important to graphical concepts introduced later that there be a full appreciation for the angle of I';, becoming increasingly
negative at twice the rate at which the electrical length of the line increases. Figure 2.3.7 is a way of visualizing this. The
transmission line here is A/4 long with an electrical length of 90° and is terminated in a load with reflection coefficient I';, = +1. At
position z =0 the forward-traveling voltage wave is v™(t,0) = |V *|cos(wt), and this then propagates down the line in the +z
direction. The forward-traveling voltage at point z = A/8 at ¢t = 0 will be the same as the voltage at z = 0 at a time one-eighth of a
period in the past. The voltage at z = \/8
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Point of constant phase  Forward-traveling wave

d W\Q MWaniad /'\Q/ |
,_-,-_0"\‘ }hg/——ﬂ’tsl‘y \éﬂ =—90°

[: I —

| Transmissioniline Vg =
- z I

I

in

2204

DA AT
VA VAl v

=—135° 6 =—90°
Backward-traveling wave

Figure 2.3.7: The forward-traveling wave v* (¢, 2) = |V | cos(wt — Bz) = |[V*| cos(wt + ¢(2)) and the backward-traveling wave v~ (¢, 2)
= |V*|cos(wt + Bz) = [V ]| cos|wt + ¢(z)]. The phase, ¢, of the forward-traveling wave becomes increasingly negative along the line
as z increases, and when reflected the phase ¢ of the backward-traveling wave becomes increasingly negative as the wave moves
away from the load (i.e. as z decreases).

isv™(t,A/8) = |V | cos(wt — 27/8), i.e. there is a phase rotation of —45°. Then at z = \/4,v" (¢, A\/4) = |V | cos(wt — 27/4), i.e. at time
t = 0 there is a phase rotation of —90° relative to v*(0,0), and this is the negative of the electrical length of the line. The voltage
wave reflects at the load and becomes a backward-traveling wave. Here I';, = +1 and so, at the load, the phase of the backward- and
forward-traveling waves are the same. The backward-traveling wave continues to travel in the —z direction and its phase at t =0
becomes increasingly negative as z gets closer to the input of the line. The phase of the backward-traveling wave at z = 0 is rotated
—90° with respect to the backward-traveling wave at the load, and has rotated —180° relative to the forward-traveling wave at z = 0.
For a lossless line, in general, the angle of T, = [phase of V(2 = 0) relative to the phase of V*(z = 0)] + (the phase of I'z)
= —2(electrical length of the line) + (the phase of I'z).

2.3.4: Input Impedance of a Lossless Line

The impedance looking into a lossless line varies with position, as the forward- and backward-traveling waves combine to yield
position-dependent total voltage and current. At a distance ¢ from the load (i.e., = = —¢), the input impedance seen looking toward

the load is
Viz=—¢ I + |T|e(©-250) 14Ty el(—280
Znlz= L= (z=-0 _ , I+[lle = gy toe (2.3.14)
I(z=—0) 1 — |T'|ex®-260) 1 —Tpes=260)
Another form is obtained by substituting Equation (2.3.6) in Equation (2.3.14):
P (Zi+ Zo)e?™ + (Z, — Zo)e " Zy cos(BE) + 3 Zg cos(BL)
a0 (Z1 + Zo)eBt — (Zy — Zo)e 8 °Z, cos(B) + 3Z1, cos(pBL)
. Z1, + 9Zytan g€ (2.3.15)

-0 Zy + 3Z tan B

This is the lossless telegrapher’s equation. The electrical length, ¢, is in radians when used in calculations.

? Exercise 2.3.1

The script below calculates the input impedance for a transmission line, a load and the distance from the load to the source.
Answer the following questions

o For a matched load, how does the input impedance change with distance?

o Slowly increase the load from the matched condition, what do you observe?

o Keep the magnitude of the load matched (50 Q under the default conditions), what happens to the input impedance as the
load becomes more reactive?

1 import numpy as np
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from matplotlib import pylab as plt
from scipy.constants import c

#choose a frequency here

f = 5e9

omega = 2*np.pi*f

1d = c/f #free space wavelength

0O ~NO O WN

9

10 #choose a terminating impedance

11 #Z_real 30

12 #Z_imag np.sqrt(50**2 - Z real**2)
13 #Z_ 1 = Z_real + 1.0j*Z_imag

14 Z_1 = 50

5

16 #transmission line characteristics
17 Z_0 = 50

18 1 = 50e-2 #50 cm line

19 eps = 3.48 #effective dielectric constant for transmission line

20 1d_g = 1ld/eps

21 beta = 2*np.pi/ld_g
22

28

‘ mnl mnaHl mﬂanl restart & run all

I <matplotlib.legend.Legend at 0x7f614bdaadoo>

Answer
o For a matched load the input impedance is constant
e As you increase the load impedance, the input impedance (real and imaginary) starts to change with distance. As the
impedance increases, the changes become larger and the changes more rapid, meaning that at some locations, the source
may experience something close to a short or open circuit
o Both the imaginary and real part of the impedance oscillate with distance. When the real part is zero, it stops oscillating
and stays zero, while the imaginary part follows a tangent function with Z;n varying between +co

2.3.5: Standing Waves and Voltage Standing Wave Ratio

The total voltage on a terminated line is the sum of forward- and backwardtraveling waves. This sum produces what is called a
standing wave. Figure 2.3.8 shows the total and traveling waveforms on a line terminated in a reactance and evaluated at times
equal to multiples of an eighth of a period. Here the traveling waves have the same amplitude indicating that the termination of the
line is reactive, [T'| = 1. The interesting property here is that the total voltage appears as a standing wave with fixed points called
nodes where the total voltage is always zero. This is more easily seen in Figure 2.3.9(a), where the total voltage is overlaid for many
times. If the termination has resistance, then the magnitude of the backward-traveling wave will be less than that of the forward-
traveling wave and the overlaid total voltage is as shown in Figure 2.3.9(b).

e A o) [ 2] [A A
W o8 A A

Traveling waves

@t=0 °~ byt=T/8 ° (Ot=2T/8 ~ (dyt=23r/R ~

Al herned b i N A

(e)t =4T/8 Ot=5T/8 © (g)t =6T/8 © h)t=TT/8 °

Figure 2.3.8: Evolution of a standing wave as the sum of forward- and backward-traveling waves (to the right and left, respectively)
of equal amplitude evaluated at times ¢ equal to eighths of the period 7. At ¢t = T/8 and ¢ = 57°/8 the total voltage everywhere on the
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line is zero.

=AY

Anti-Node

(a) load is a reactance only (b} load is at least partially resistive (c) envelope of (b)

Figure 2.3.9: Standing waves as an overlay of waveforms at many times: (a) when the forward and backward-traveling waves have
the same amplitude; (b) when the waves have different amplitudes; and (c) the envelope of the standing wave. N is a node (a
minimum) and AN is an antinode (a maximum). Nodes, N, are separated by )\/2. Antinodes, AN, are separated by ) /2.

This is still a standing wave, but the minima are now not zero. The envelope of the standing wave is shown in Figure 2.3.9(c),
where there is a maximum amplitude Vi.x and a minimum amplitude Viyin.

Now this situation will be examined mathematically to relate the standing wave to the reflection coefficient. If T' = 0, then the
magnitude of the total voltage on the line, [V(z)|, is equal to |V;"| anywhere on the line. For this reason, such a line is said to be
“flat.” If there is reflection the magnitude of the total voltage on the line is not constant (see Figure 2.3.9(b)). Thus from Equation
(2.3.13):

V(2)| = [VyF[[1 + TeX| = |V |[1 4 Te ] (2.3.16)
where z = —¢ is the positive distance measured from the load at z = 0 toward the generator. Or, setting T' = |T'|e’®,
V(2)| = [V |[1+0]e"© 7| (2.3.17)

where © is the phase of the reflection coefficient (I' = |T'|e’®) at the load. This result shows that the voltage magnitude oscillates
with position = along the line. The maximum value occurs when ¢/(®—2%) = 1 and is given by

Vi = |V (1 + 7)) (2.3.18)
Similarly the minimum value of the total voltage magnitude occurs when the phase term is /(®-2% = —1, and is given by
Vi = [Vg"I(1 = [T')) (2.3.19)

A mismatch can be defined by the voltage standing wave ratio (VSWR):

Vinax _ (14T

VSWR = =T 2.3.20
Vaw (L= |T) (2:3.20)
Also
VSWR — 1
M= swr+1 (2.3.21)

Notice that in general T' is complex, but VSWR is necessarily always real and 1 < VSWR < oco. For the matched condition, I' = 0
and VSWR = 1, and the closer VSWR is to 1, the closer the load is to being matched to the line and the more power is delivered to
the load. The magnitude of the reflection coefficient on a line with a short-circuit or open-circuit load is 1, and in both cases the
VSWR is infinite.

? Exercise 2.3.1

Below is a script that calculates the standing wave pattern and standing wave ratio for you. Use the script to verify the results
from above. In the text below Z, is the load impedance and Z, is the characteristic impedance of the transmission line. Answer
for yourself the following questions:

e What is the difference between Z; = co (use a very large value in the script) and Z; = 0 Q?
o What happens if | Z;| = 50 Q but transitions from real to complex?
e Asyou go from Z; < Z, to Z; > Z,, what happens to the nodes and anti-nodes in the standing wave?

@ 0 a @ https://eng.libretexts.org/@go/page/112854
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import numpy as np
from matplotlib import pylab as plt
from scipy.constants import c

#choose a frequency here

f = 5e9

omega = 2*np.pi*f

1d = c/f #free space wavelength

O~NOUh~WNRE

©

10 #choose a terminating impedance

11 Z_1 = 50

12

13 #transmission line characteristics

14 Z.0 =0

15 1 = 50e-2 #50 cm line

16 eps = 3.48 #effective dielectric constant for transmission line

17 1d_g = 1ld/eps

18 beta = 2*np.pi/ld_g
19

20

21 #calculate reflection coefficient
22 gamma = (Z_1 - 2. 0)/(Z_1 + Z_0)
28

24 sten size = 1d a/100

run run all restart restart & run all

I <matplotlib.legend.Legend at 0x7f09690d9190>

Answer
Add texts here. Do not delete this text first.

e For Z, = co and Z; = 0, VSWR is oo, but the for and infinite load, there is an antinode at the load, and a short, there is a
node at the load.

o A purely reactive load has VSWR = oo but neither the node nor the antinode are located at the load. As the load becomes
more real, the VSWR drops until it reaches zero for Z; = Z,

e The nodes and antinodes swap

To determine the position of the standing wave maximum, £max, consider Equation (2.3.17) and note that at the maximum
© — 280y = 2nm, n=0,1,2,.. (2.3.22)

Here © is the angle of the reflection coefficient at the load:

2
0 —2nm = 2/\—”emax (2.3.23)
g9

Thus the position of the voltage maxima, ¢m.x, normalized to wavelength is

Lrnax 1 ( (S}
N, 2

=5 (5~ n) . n=0-1,-2, .. (2.3.24)

Similarly the position of the voltage minima is (using Equation (2.3.17)):

0 — 2Blmin = (2n+ D)7 (2.3.25)
After rearranging the terms,
Lrnin 1 ( (S} 1)
=—|——- - =0,—-1,-2,.. 2.3.26
Ag 2 2m nt 2)’ " ’ ’ ’ ( )

Summarizing from Equations (2.3.24) and (2.3.26):

1. The distance between two successive maxima is \,/2.
2. The distance between two successive minima is ), /2.
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3. The distance between a maximum and an adjacent minimum is \,/4.
4. From the measured VSWR the magnitude of the reflection coefficient |I'| can be found. From the measured ,,,,, the angle © of I'
can be found. Then from I the load impedance can be found.

In a similar manner to that above, the magnitude of the total current on the line is

_ W 2©-250)
[1(0)| = 7 [1—|Tle | (2.3.27)

Hence the standing wave current is maximum where the standing-wave voltage amplitude is minimum, and minimum where the
standing-wave voltage amplitude is maximum.

Now Z, in Equation (2.3.15) is a periodic function of ¢ with period A/2 and it varies between Zmax and Zmin, where

Vmax Vmin ZO
Zox = — 7y x VSWR and Zpy = _ 9.3.98
S T 0 an Tome  VSWR (2.3.28)

v/ Example 2.3.5: Standing Wave Ratio

In Example 3.3.2 a load consisted of a capacitor of 10 pF in shunt with a resistor of 60 Q. The load terminated a lossless 50 Q2

transmission line. The operating frequency is 5 GHz.

a. What is the SWR?
b. What is the current standing wave ratio (ISWR)? (When SWR is used on its own it is assumed to refer to VSWR.)

Solution
a. From Example 3.3.2, T, = 0.993/187.3° and so

1+|07]  1+0.993
1— |z  1-0.993

VSWR = =285

b. ISWR = VSWR = 285.

v/ Example 2.3.6: Standing Waves

Aload has an impedance Z; = 45 + 575 Q and the system reference impedance, Z;, is 100 Q.

a. What is the reflection coefficient?

b. What is the current reflection coefficient?

c. What is the SWR?

d. What is the ISWR?

e. The power available from a source with a 100 Q Thevenin equivalent impedance is 1 mW. The source is connected directly
to the load, Z;. Use the reflection coefficient to calculate the power delivered to Z;.

f. What is the total power absorbed by the Thevenin equivalent source impedance?

g. Discuss the effect on power flow of inserting a lossless 100 Q transmission line between the source and the load.

Solution
a. The voltage reflection coefficient is

Ty = (21— Z)/(Z1 + Zo) = (45 + 775 — 100) /(45 + 575 + 100)
= (93.0£(2.204 rads))/(163.2£(0.4773 rads))
= 0.570£(1.726 rads0.570£98.9° = —0.0881 + 70.653 = I'V (2.3.29)

b. The current reflection coefficient is
I =-17" =0.0881 — 70.563 = 0.570£(98.9° — 180°) = 0.570£81.1° (2.3.30)

c. The SWR is the VSWR, so
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Viax _ 1+TY] 140,570

SWR=VSWR =5 == 1107 ~ 1=0570

=3.65 (2.3.31)

d. The current SWR is ISWR = VSWR.
e. To determine the reflection coefficient of the load, begin by developing the Thevenin equivalent circuit of the load. The
power available from the source is P4 = 1 mW, so the Thevenin equivalent circuit is

Figure 2.3.8
The power reflected by the load is

Pp = P4|T%| =1 mW - (0.570)% = 0.325 mW

and the power delivered to the load is
Pp = P4(1—|T2%|) = 0.675 mW

f. It is tempting to think that the power dissipated in Rty is just Pr. However, this is not correct. Instead, the current in Ry
must be determined and then the power dissipated in Rty found. Let the current through Rty be I, and this is composed
of forward and backward-traveling components:

I=I"+I =(1+TpI*

where I is the forward-traveling current wave. Thus

1

1
= [IF]2x100 =1 mW =103 W

Py [I*|*Rry = 5
so IT = 4.47 mA, and

I=(14+T)I" = (140.0881 —0.563) x 4.47 x 1073 A, |I| =5.48 mA

The power dissipated in Ry is

1 1
Prg = 5|I\2RTH = 5 (548 x 107%)2Ryy — 1.50 mW (2.3.32)

The circuit is that shown in part (e) and so the current in Rrx is the same as the current in Zr. Thus the power delivered to
the load Z, is due to the real part of Z:

1 1
Pp= 5|12|m(ZL) = 5(5.48 x 107%)2 x 45 = 0.676 mW (2.3.33)
g. Inserting a transmission line with the same characteristic impedance as the Thevenin equivalent impedance will have no
effect on power flow.

2.3.6: Summary

This section related the physics of traveling voltage and current waves on lossless transmission lines to the total voltage and current
view. First the input reflection coefficient of a terminated lossless line was developed and from this the input impedance, which is
the ratio of total voltage and total current, derived. At any point along a line the amplitude of total voltage varies sinusoidally,
tracing out a standing wave pattern along the line and yielding the VSWR metric which is the ratio of the maximum amplitude of
the total voltage to the minimum amplitude of that voltage. This is an important metric that is often used to provide an indication of
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how good a match, i.e. how small the reflection is, with a VSWR = 1 indicating no reflection and a VSWR, = oo indicating total
reflection, i.e. a reflection coefficient magnitude of 1.

This page titled 2.3: The Lossless Terminated Line is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
Lee.

o 3.3: The Lossless Terminated Line by Michael Steer is licensed CC BY-NC 4.0.
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2.4: Summary

In this chapter a classical tr\FACeatment of transmission lines was presented. Transmission lines are distributed elements and form
the basis of microwave circuits. A distinguishing feature is that they support forward- and backward-traveling waves and they can
be used to implement circuit functions.

The most important of the formulas presented in this chapter are listed here. Reflection coefficients are referenced to an impedance
Zy, the load impedance is Z, and a line has a characteristic impedance Z,, physical length ¢, and propagation constant v (or
electrical length in radians of 3¢ where ¢ is the physical length of the line.

Reflection coefficient of a load Load impedance in terms of  Input reflection coefficient of

impedance Zp, reflection coefficient T’ a lossless line of length /¢

Z1, — ZrEw 1+T _
r=rv=-2> "= 3. 77 = ZRpp ——— 3. Ty, = Tpe 728 31

71 + Zrer (3 3 6) L REF 1-T (3 3 8) Le (3 3 3)
Reflection coefficient in terms  Input impedance of a lossless VSWR in terms of reflection
of VSWR line coefficient

VSWR —1 Z1, + 3Zy tan B¢ (1+11))

I'=————— (3321 I =Zy—>—"—— VSWR = ———=  (3.3.20
U= Yswrr1 ) "Zo + 37y tan Bl (1—T)) ( )

(3.3.15)

This page titled 2.4: Summary is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

e 3.6: Summary by Michael Steer is licensed CC BY-NC 4.0.
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2.6: Exercises

1. A coaxial line is short-circuited at one end and is filled with a dielectric with a relative permittivity of 64. [Parallels Example
3.1.1]

a. What is the free-space wavelength at 18 GHz?
b. What is the wavelength in the dielectricfilled coaxial line at 18 GHz?
c. The first resonance of the coaxial resonator is at 18 GHz. What is the physical length of the resonator?

2. A transmission line has the following RLGC parameters: R = 100 ©/m, L = 85 nH/m, G =1 S/m, and C = 150 pF/m. Consider
a traveling wave on the transmission line with a frequency of 1 GHz. [Parallels Example 3.2.2]
a. What is the attenuation constant?
b. What is the phase constant?
c. What is the phase velocity?
d. What is the characteristic impedance of the line?
e. What is the group velocity?

3. A transmission line has the per-unit length parameters L = 85 nH/m, G = 1 S/m, and C = 150 pF/m. Use a frequency of 1 GHz.

[Parallels Example 3.2.2]
a. What is the phase velocity if R = 0 Q/m?
b. What is the group velocity if R =0 Q/m?
c. If R =10 kQ/m what is the phase velocity?
d. If R =10 kQ2/m what is the group velocity?

4. A line is 10 cm long and at the operating frequency the phase constant 3 is 40 rad/m. What is the electrical length of the line?
[Parallels Example 3.2.1]

5. A coaxial transmission line is filled with lossy dielectric material with a relative permittivity of 5 — 50.2. If the line is air-filled it
would have a characteristic impedance of 100 2. What is the input impedance of the line if it is 1 km long? Use reasonable
approximations. [Hint: Does the termination matter?]

6. A transmission line has the per unit length parameters R = 2 Q/cm, L = 100 nH/m, G = 1 mS/M, C = 200 pF/m.

a. What is the propagation constant of the line at 5 GHz?
b. What is the characteristic impedance of the line at 5 GHz?
c. Plot the magnitude of the characteristic impedance versus frequency from 100 MHz to 10 GHz.

7. Aline is 20 cm long and at 1 GHz the phase constant 3 is 20 rad/m. What is the electrical length of the line in degrees?
8. What is the electrical length of a line that is a quarter of a wavelength long,

a. in degrees?
b. in radians?

9. A lossless transmission line has an inductance of 8 nH/cm and a capacitance of 40 pF/cm.

a. What is the characteristic impedance of the line?
b. What is the phase velocity on the line at 1 GHz?

10. A transmission line has an attenuation of 2 dB/m and a phase constant of 25 radians/m at 2 GHz. [Parallels Example 3.2.3]
a. What is the complex propagation constant of the transmission line?
b. If the capacitance of the line is 50 pF - m™! and G = 0, what is the characteristic impedance of the line?
11. A very low-loss microstrip transmission line has the following per unit length parameters: R = 2 Q/m, L = 80 nH/m, C
=200 pF/m, and G =1 pS/m.
a. What is the characteristic impedance of the line if loss is ignored?
b. What is the attenuation constant due to conductor loss?
c. What is the attenuation constant due to dielectric loss?
12. A lossless transmission line carrying a 1 GHz signal has the following per unit length parameters: L = 80 nH/m, C = 200 pF/m.
a. What is the attenuation constant?
b. What is the phase constant?
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13.

14.

15.

16.

17

18.

19.

20.

21.

22.

23.
24.
25.

@ 0 g @ https://eng.libretexts.org/@go/page/112857

c. What is the phase velocity?

d. What is the characteristic impedance of the line?
A transmission line has a characteristic impedance Z; and is terminated in a load with a reflection coefficient of 0.8245°. A
forward-traveling voltage wave on the line has a power of 1 dBm.

1. How much power is reflected by the load?
2. What is the power delivered to the load?

A transmission line has an attenuation of 0.2 dB/cm and a phase constant of 50 radians/m at 1 GHz.

a. What is the complex propagation constant of the transmission line?

b. If the capacitance of the line is 100 pF/m and G = 0, what is the complex characteristic impedance of the line?

c. If the line is driven by a source modeled as an ideal voltage and a series impedance, what is the impedance of the source for
maximum transfer of power to the transmission line?

d. If 1 W is delivered (i.e. in the forwardtraveling wave) to the transmission line by the generator, what is the power in the
forward-traveling wave on the line at 2 m from the generator?

Alossless transmission line is driven by a 1 GHz generator having a Thevenin equivalent impedance of 50 ©2. The transmission
line is lossless, has a characteristic impedance of 75 Q, and is infinitely long. The maximum power that can be delivered to a
load attached to the generator is 2 W.

a. What is the total (phasor) voltage at the input to the transmission line?
b. What is the magnitude of the forwardtraveling voltage wave at the generator side of the line?
c. What is the magnitude of the forwardtraveling current wave at the generator side of the line?

A transmission line is terminated in a short circuit. What is the ratio of the forward- and backward-traveling voltage waves at
the termination? [Parallels Example 3.3.1]

. A 50 Q transmission line is terminated in a 40 2 load. What is the ratio of the forward- to the backward-traveling voltage waves

at the termination? [Parallels Example 3.3.1]

A 50 Q transmission line is terminated in an open circuit. What is the ratio of the forwardto the backward-traveling voltage
waves at the termination? [Parallels Example 3.3.1]

A line has a characteristic impedance Z, and is terminated in a load with a reflection coefficient of 0.8. A forward-traveling
voltage wave on the line has a power of 1 W.

a. How much power is reflected by the load?
b. What is the power delivered to the load?

A load consists of a shunt connection of a capacitor of 10 pF and a resistor of 25 Q. The load terminates a lossless 50 2
transmission line. The operating frequency is 1 GHz. [Parallels Example 3.3.2]

a. What is the impedance of the load?

b. What is the normalized impedance of the load (normalized to the characteristic impedance of the line)?
c. What is the reflection coefficient of the load?

d. What is the current reflection coefficient of the load?

e. What is the standing wave ratio (SWR)?

f. What is the current standing wave ratio (ISWR)?

An amplifier is connected to a load by a transmission line matched to the amplifier. If the SWR on the line is 1.5, what
percentage of the available amplifier power is absorbed by the load?

A load has a reflection coefficient of 0.5 when referred to 50 Q. The load is at the end of a line with a 50 Q characteristic
impedance.

a. If the line has an electrical length of 45°, what is the reflection coefficient calculated at the input of the line?
b. What is the VSWR on the 50 Q line?

A 100 Q resistor in parallel with a 5 pF capacitor terminates a 100 Q2 transmission line. Calculate the SWR on the line at 2 GHz.
A lossless 50 2 transmission line has a 50 Q2 generator at one end and is terminated in 100 2. What is the VSWR on the line?
Alossless 75 Q line is driven by a 75 © generator. The line is terminated in a load that with a reflection coefficient (referred to 50
Q) of 0.5+ 70.5. What is the VSWR on the line?
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26. A load with a 20 pF capacitor in parallel with a 50 Q resistor terminates a 25 Q line. The operating frequency is 5 GHz. [Parallels
Example 3.3.3]

a. What is the VSWR?
b. What is ISWR?
27. Aload Z;, = 55— 355 Q and the system reference impedance, Z,, is 50 2. [Parallels Example 3.3.4]

a. What is the load reflection coefficient I';?

b. What is the current reflection coefficient?

c. What is the VSWR on the line?

d. What is the ISWR on the line?

e. Now consider a source connected directly to the load. The source has a Thevenin equivalent impedance Z; = 60 2 and an
available power of 1 W. Use I'; to find the power delivered to Z;.

f. What is the total power absorbed by Z?

28. A load of 100 € is to be matched to a transmission line with a characteristic impedance of 50 Q. Use a quarter-wave transformer.
What is the characteristic impedance of the quarterwave transformer?

29. Determine the characteristic impedance of a quarter-wave transformer used to match a load of 50 Q2 to a generator with a
Thevenin equivalent impedance of 75 Q.

30. A transmission line is to be inserted between a 5 Q line and a 50 2 load so that there is maximum power transfer to the 50 2 load
at 20 GHz.

a. How long is the inserted line in terms of wavelengths at 20 GHz?
b. What is the characteristic impedance of the line at 20 GHz?

2.6.1: Exercises By Section

fchallenging, {very challenging

§3.11

§3.221,3,4,5,6,7,8,9,10,11,121, 13

§3.3141, 15, 16, 17, 18, 191, 201, 211, 22, 23, 24, 25, 26, 27

§3.428,29, 30

2.6.2: Answers to Selected Exercises
10.0.23 + 725 m ™!

29.61.2Q
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3.1: Introduction

The maximum transfer of signal power is one of the prime objectives in RF and microwave circuit design. Power traverses a
network from a source to a load generally through a sequence of two-port networks. Maximum power transfer requires that the
Thevenin equivalent impedance of a source be matched to the impedance seen from the source. That is, the source should be
presented with the complex conjugate of the source impedance. This is achieved by designing what is called a matching network
inserted between the source and load. Design of the matching network is called impedance matching.

Section 3.1.1 describes two common matching objectives. Then design approaches for impedance matching are presented first with
an algorithmic approach in Sections 3.1.2-3.1.7 and then a graphical approach based on using a Smith chart in Sections 3.1.8 and
3.1.9.
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3.2: Matching Networks

Matching networks are constructed using lossless elements such as lumped capacitors, lumped inductors and transmission lines and
so have, ideally, no loss and introduce no additional noise. This section discusses matching objectives and the types of matching
networks.

Zg= Re+iXg

Impedance
malching ~ o
natwork Z;_ = R;_*‘." AL

G Zg Z,T,

in *in

Figure 3.2.1: A source with Thevenin equivalent impedance Zs and load with impedance z;, interfaced by a matching network
presenting an impedance Z;, to the source.

3.2.1: Matching for Zero Reflection or for Maximum Power Transfer

With RF circuits the aim of matching is to achieve maximum power transfer. With reference to Figure 3.2.1 the condition for
maximum power transfer is Z;, = ZZ which is equivalent to T';;, = I';. The proof is as follows:

Zin — ZREF
I'n=—— 2.1
" ( Zin + ZREF ) (32.1)

and for maximum power transfer Z,, = Z, so

A Zin_ZREF _ (ng—ZREF)*_ (ng—Zo)*

" Zi+ Zrrr Z§ + ZREF (Z%+ Zo)*

X\ — Z* To— 7%

_ ) i _ B (3.2.2)
(ZS) + Zigr Zs + Zgp

If Zpgr is real, Zjgr = Zrrr and then the condition for maximum power transfer is

_ Zs — ZRgF

*

o2 0 T 3.2.3
" Zs+ Zrgr s ( )

Thus, provided that Zggr is real, the condition for maximum power transfer in terms of reflection coefficients is I'j;, =T'g or I'y,
=T%.
s

3.2.2: Types of Matching Networks

Up to a few gigahertz, lumped inductors and capacitors can be used in matching networks. Above a few gigahertz parasitics result
in self-resonance. Lumped elements are also lossy. Segments of transmission lines are also used in matching networks as the loss of
a transmission line component is always much less than the loss of a lumped inductor. However the length of a transmission line
segment is up to \/4 which is far too large to fit in consumer wireless products operating below a few gigahertz. An impedance
matching network may consist of

a. Lumped elements only. These are the smallest networks, but have the most stringent limit on the maximum frequency of
operation. The relatively high resistive loss of an inductor is the main limiting factor limiting performance. The self resonant
frequency of an inductor limits operation to low microwave frequencies.

b. Distributed elements (microstrip or other transmission line circuits) only. These have excellent performance, but their size
restricts their use in systems to above a few gigahertz.

c. A hybrid design combining lumped and distributed elements, primarily small sections of lines with capacitors. These lines are
shorter than in a design with distributed elements only, but the hybrid design has higher performance than a lumped-element-
only design.
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Figure 3.2.2: A transformer as a matching network. Port 1 is on the left or primary side and Port 2 is on the right or secondary side.

% JXs 1 23
R j G iB _.(_| §
= Zin

(a)

== K= Zin

(b)
Figure 3.2.2: Matching using a series reactance: (a) the series reactive element; and (b) its equivalent shunt circuit.
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3.3: Impedance Transforming Networks

Transformers and reactive elements considered in this section can be used to losslessly transform impedance levels. This is a basic
aspect of network design.

3.3.1: The Ideal Transformer

The ideal transformer shown in Figure 10.2.2 can be used to match a load to a source if the source and load impedances are
resistances. This will be shown by starting with the constitutive relations of the transformer:

Vi=nVy, and I =—I/n (3.3.1)

Here n is the transformer ratio. For a wire-wound transformer, n is the ratio of the number of windings on the primary side, Port 1,
to the number of windings on the secondary side, Port 2. Thus the input resistance, R;,, is related to the load resistance, Ry, by

Vi Vs
i . 20

2
e (33.2)

Rin =
The matching problem with purely resistive load and source impedances is solved by choosing the appropriate winding ratio, n.
However, resistive-only problems are rare at RF, and so other matching circuits must be used.

3.3.2: A Series Reactive Element

Matching using lumped elements is based on the impedance and admittance transforming properties of series and shunt reactive
elements. Even a single reactive element can achieve limited impedance matching. Consider the series reactive element shown in
Figure 3.2.3(a). Here the reactive element, Xg, is in series with a resistance R. The shunt equivalent of this network is shown in
Figure 3.2.3(b) with a shunt susceptance of B. In this transformation the resistance R has been converted to a resistance Rp = 1/G.
The mathematics describing this transformation is as follows. The input admittance of the series connection (Figure 3.2.3(a)) is

1 1 R Xg
Yo (w) = - - _ 3.3.3
nW=7z @  R+iXs R:+X: 'RI+X2 (3.33)
Thus the elements of the equivalent shunt network, Figure 3.2.3(b), are
R ad B (3.3.4)
R? + X3 R+ X3
{I—o ﬁ' C :
Ry =] kp Cr""—| RS S IE (1
: >l L i L
= in = l Ym: znll ) 'L'\:{':"--:-: Rp
(a) (b} (<)

Figure 3.3.1: Impedance transformation by a series reactive element: (a) a resistor with a series capacitor; (b) its equivalent shunt
circuit; and (c) an LC network.

The “resistance” of the network, R, has been transformed to a new value,

R*+ X3

Rp=G'= G

>R (3.3.5)

This is an important start to matching, as X ¢ can be chosen to convert R (a load, for example) to any desired resistance value (such
as the resistance of a source). However there is still a residual reactance that must be removed to complete the matching network
design. Before moving on to the solution of this problem consider the following example.

v/ Example 3.3.1: Capacitive Impedance Transformation

Consider the impedance transforming properties of the capacitive series element in Figure 3.3.1(a). Show that the capacitor can
be adjusted to obtain any positive shunt resistance.

Solution
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The concept here is that the series resistor and capacitor network has an equivalent shunt circuit that includes a capacitor and a
resistor. By adjusting Cs any value can be obtained for Rp. From Equation (3.3.5),

R2 + (1/w?C2) _ i w?*CERE

Rp = 3.3.6
r Ry w?CERy ( )
and the susceptance is
1/wC
L Sz)zzw & (3.3.7)
RE 4 1/w?C¢ 1+ w*C3R;
Thus
cp=B___C (3.3.8)

w  1+w’CIR?

To match R, to a resistive load Rp (> Ry) at a radian frequency wy, then, from Equation (3.3.6), the series capacitance required,
i.e. the design equation for Cg, comes from

wdCS = 1/ R()Rp - R% (3.3.9)

To complete the matching design, use a shunt inductor L, as shown in Figure 3.3.1(c), where w,Cp = 1/(wqL). The equivalent
impedance in Figure 3.3.1(c) is a resistor of value Rp, with a value that can be adjusted by choosing Cs which then requires L
to be adjusted.

(a) (b)

Cg
—o
Rtr ICP = R {T
}’iﬂ Zi'II = Yi\-[!E
(a) (b)

Figure 3.3.3: Parallel-to-series transformation: (a) resistor with shunt capacitor; (b) its equivalent series circuit; and (c) the
transforming circuit with added series inductor.

3.3.3: A Parallel Reactive Element

The dual of the series matching procedure is the use of a parallel reactive element, as shown in Figure 3.3.2(a). The input
admittance of the shunt circuit

1
Y= & +1B (3.3.10)

This can be converted to a series circuit by calculating Z;, = 1/Yi,:

R R BR?
T = - _ 33.11
"TT¥,BR _ 1+BR* ’1+BR? (3.3.11)
So
R _BR?
Ro— — ' nd Xe— B8 3.3.12
STirpr MY ST 11 BR? (3:312)

Notice that Rg < R.
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As an example of the use of a parallel reactive element to tune a resistance value, consider the circuit in Figure 3.3.3(a) where a
capacitor tunes the effective resistance value so that the series equivalent circuit (Figure 3.3.3(b)) has elements
Ry wCpR2 1

and Xg=——" 0 _—____ (3.3.13)

Rg=—0
T 14w C2R? 1+u?C2R2  wCs

So

 1+wCER]

Cs= 3.3.14
g LUQCPR% ( )

Now consider matching Ry to a resistive load Rg, which is less than R, at a given frequency w,. This requires that

waCp = \/1/(RsRo) — 1/R?

To complete the design, use a series inductor to remove the reactive effect of the capacitor, as shown in Figure 3.3.3(C). The
value of the inductor required is found from

1 1
wel = thatis L= —— 3.3.15
¢ wqCys w3Cs ( )

This page titled 3.3: Impedance Transforming Networks is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
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3.4: The L Matching Network

The examples in the previous two sections suggest the basic concept behind lossless matching of two different resistance levels

using an L network:

Step 1: Use a series (shunt) reactive element to transform a smaller (larger) resistance up (down) to a larger (smaller) value with a

real part equal to the desired resistance value.

Step 2: Use a shunt (series) reactive element to resonate with (or cancel) the imaginary part of the impedance that results from Step

1.

So a resistance can be transformed to any resistive value by using an LC transforming circuit. A summary of the L matching

networks is given in Figure 3.4.1. The two possible cases, Rs < Ry and Ry < Rg, will be considered in the following subsections.

3.4.1: Design Equations for Rg < Ry,

Consider the matching network topology of Figure 3.4.2. Here

_ Ri(GXp)

R, X2

XpR2

in

o e
5 L ¢ i
I
g pesasmEsans \
T

r 1
Ry ~oemmemenns
S —— ;

T Rp+3Xp B R? + X2

(a)

(b)

3.4.1
JR%-i-XI% ( )

Lowpass Rs < Re.
Q=R /Rs—1
Q= |Xu|/Rs = Re/| X

Lowpass Rs > Re.
Q=/Rs/Re — 1
Q= |Xc|/Re = Rs/|Xe

Highpass Rs < R..
Q=+Re/Rs —1
Q= |Xe|/Rs = Ao /| Xy|

Highpass Rs > Re.
Q= /Rs/Re —1
Q= |Xc|/Re = Rs /Xy |

Figure 3.4.1: L matching networks consisting of one shunt reactive element and one series reactive element. (Rg is matched to Ry.)

X is the reactance of the capacitor C, and X, is the reactance of the inductor L. Note that with a two-element matching network
the @ and thus bandwidth of the match is fixed.

Figure 3.4.2: Two-element matching network topology for Rg < R;. X is the series reactance and X is the parallel reactance.

and the matching objective is Z;,, = Rg — 37X so that

R X2

S

From these

Rg 1

Rr  (Ri/Xp)?+1

Introducing the quantities

GRS

—XpR?

and Xg=—— L (3.4.2)
X5+ Ry
Xs Ry,
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Qs = the Q of the series leg = |Xg/Rg| (3.4.4)
Qp = the Q of the shunt leg = |R./Xp| (3.4.5)

leads to the final design equations for Rg < Ry:

Qsl = 1Qp| = ﬁ—; 1 (3.4.6)

The L matching network principle is that Xp and X will be either capacitive or inductive and they will have the opposite sign (i.e.,
the L matching network comprises one inductor and one capacitor). Also, once Rg and R, are given, the Q of the network and thus
bandwidth is defined; with the L network, the designer does not have a choice of circuit Q.

v/ Example 3.4.1: Matching Network Design

Design a circuit to match a 100 Q source to a 1700  load at 900 MHz. Assume that a DC voltage must also be transferred from
the source to the load.

Solution

Here Rs < Ry, and so the topology of Figure 3.4.3(a) can be used and there are two versions, one with a series inductor and one
with a series capacitor. The series inductor version (see Figure 3.4.3(b)) is chosen as this enables DC bias to be applied. From
Equations (3.4.4)—(3.4.6) the design equations are

1
10| = 1Qp| = /2% 1 _ Tg—4, 25 _4 and Xg=4-100 = 400 (3.4.7)
100 Rg

This indicates that wL = 400 2, and so the series element is

L=—20 _o7am (3.4.8)
2m-9-10%
For the shunt element next to the load, |R;/X¢| = 4, and so
Ry 1700
(Xl = —F = —— =425 (3.4.9)
Thus 1/wC = 425 and
1
= 0.416 pF (3.4.10)

C=— -
27-9-10% - 425

The final matching network design is shown in Figure 3.4.3(c).

1op g 70.7nH
X5 X, L _|_I c 0.416 pFI 1700 £2
& Lo = = =
(a) (b) ()

Figure 3.4.3: Matching network development for Example 3.4.1.

Figure 3.4.4: Two-element matching network topology for Rs > Ry.

3.4.2: L Network Design for Rg > R,

For Rs > Ry, the topology shown in Figure 3.4.2 is used. The design equations for the L network for Rs > R, are similarly derived

and are
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R
Qs =1Qp| = —RS -1 (3.4.11)
L
= _Xs _Bs
—Qs=Qp, Qs= R, and Qp= X, (3.4.12)

v/ Example 3.4.2: Two-Element Matching Network

Design a passive two-element matching network that will achieve maximum power transfer from a source with an impedance
of 50 Q to a load with an impedance of 75 Q. Choose a matching network that will not allow DC to pass.

Solution

R; > Rg, so, from Figure 3.4.1, the appropriate matching network topology is

Figure 3.4.5

This topology can be either high pass or low pass depending on the choice of Xg and Xp. Design proceeds by finding the
magnitudes of X and Xp. In two-element matching the circuit @ is fixed. With R, = 75 Q and Rg = 50 Q.

The @ of the matching network is the same for the series and parallel elements:

| Xs| Ry Ry
= ——=4/——1=0.7071 d = — = =0.7071
|Qs| Rs Rs and |Qp| Xo| Qs

therefore | Xg| = Rs - |Qs| = 50 - 0.7071 = 35.35 Q. Also
|XP| = RL/|QP‘ = 75/0.7071 =106.1 Q
Specific element types can now be assigned to Xs and Xp, and note that they must be of opposite type.

The lowpass matching network is

Figure 3.4.6
Xg=43550Q, Xp=-106.19

The highpass matching network is

Figure 3.4.7

Xg=-3535Q, Xp=-+106.10

This highpass design satisfies the design criterion that DC is not passed, as DC is blocked by the series capacitor.

2= RetjiXy

Impedance
matching "
network Zp= R X,

2= Ry jXg= 25

Figure 3.4.8: A matching network matching a complex load to a source with a complex Thevenin impedance.
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3.5: Dealing with Complex Loads

This section presents strategies for dealing with complex loads. In the algorithmic matching approach design proceeds first by
ignoring the complex load and source and then accounting for them either through topology choice or canceling their effect through

resonance.

3.5.1: Matching

Input and output impedances of transistors, mixers, antennas, etc., contain both resistive and reactive components. Thus a realistic
impedance matching problem looks like that shown in Figure 10.4.8. The matching approaches that were presented in the previous
sections can be directly applied if Xg and X, are treated as stray reactances that need to be either canceled or, ideally, used as part
of the matching network. There are two basic approaches to handling complex impedances:

a. Absorption: Absorb source and load reactances into the impedance matching network itself. This is done through careful
placement of each matching element such that capacitors are placed in parallel with source and load capacitances, and inductors
in series with source and load inductances. The stray values are then subtracted from the L and C values for the matching
network calculated on the basis of the resistive parts of Zs and Z, only. The new (smaller) values, L’ and C’, constitute the
elements of the matching network. Sometimes it is necessary to perform a series-to-parallel, or parallel-to-series, conversion of
the source or load impedances so that the reactive elements are in the correct series or shunt arrangement for absorption.

b. Resonance: Resonate source and load reactances with an equal and opposite reactance at the frequency of interest.

The presence of reactance in a load indicates energy storage, and therefore bandwidth limiting. In the above approaches to handling
a reactive load, the resonance approach could easily result in a narrowband matching solution. The major problem in matching is
often to obtain sufficient bandwidth. What is sufficient will vary depending on the application. To maximize bandwidth the general
goal is to minimize the total energy storage. Roughly the total energy stored will be proportional to the sum of the magnitudes of
the reactances in the circuit. Of course, the actual energy storage depends on the voltage and current levels, which will themselves
vary in the circuit. A good approach leading to large bandwidths is to incorporate the load reactance into the matching network.
Thus the choice of appropriate matching network topology is critical. However, if the source and load reactance value is larger than
the calculated matching network element value, then absorption on its own cannot be used. In this situation resonance must be
combined with absorption. The majority of impedance matching designs are based on a combination of resonance and absorption.

v/ Example 3.5.1: Matching Network Design Using Resonance

For the configuration shown in Figure 3.5.1, design an impedance matching network that will block the flow of DC current
from the source to the load. The frequency of operation is 1 GHz. Design the matching network, neglecting the presence of the
10 pF capacitance at the load. Since Rg = 50 Q < R; = 500 Q, and from Figure 10.4.1, consider the topologies of Figures 3.5.2
(a) and 3.5.2(b). The design criterion of blocking flow of DC from the source to the load narrows the choice to the topology of
Figure 3.5.2(b).

Solution

Step 1:

X5 RL RL RL
= || = || = —[=====— = = = 5.1
1Qs] Rs |Qpl o | = \/ Rs 3 and Qp X, (3.5.1)

So Xp =wL = Ry /Qp = 500/3. Reducing this gives

wL = @, andso L= __00 26.5 nH (3.5.2)
3 3 x 27 x 10°
Similarly —Xs/Rs = 3 and so
1/(wC) 1 1
=3 or C= = = 1.06 pF 3.5.3
Rs 3wRs  3x 27 x 10° x 50 P (3:53)

Step 2:
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Resonate the 10 pF capacitor using an inductor in parallel:
(WL ) ' =wx 10 x 10712 (3.5.4)

1 1
L= = =2.533 nH 3.5.5
w2107 (27)210%8 x 1071t (3.5.5)

Thus Figure 3.5.3(c) is the required matching network. Two inductors are in parallel and the circuit can be simplified to that
shown in Figure 3.5.4, where

2.533 x 26.5
Lx = (265 nH || 2.533 nH) = =222 X299 'y _ 9312 nH 3.5.6
x = (265 nH || 2.533 nHl) = oo 0 " (E540)
50
(é) prII %sousz
:(3] Source {:hJ Lna:d

Figure 3.5.1: Matching problem considered in Example 3.5.1.

500 H06pF

o—ik v it 1
s iAp & L% C"\?W 26.5 \lll% E.SSSnH% J‘lllpf—' %500 1]
0 O 0 = = = l =
(a) (b) (c)

Figure 3.5.2: Matching network topology used in Example 3.5.1: a) and (b) topology; and (c) intermediate matching network.

: J—!O %
' pF 2 500 2
l

Figure 3.5.3: Final matching network in Example 3.5.1.

1002 3nH
IIS pF %1000 Q
{a) Source (b) Load

Figure 3.5.4: Matching problem in Example 3.5.2.

o——v >0

Xy X L L

(a) (b)

Figure 3.5.5: Topologies referred to in Example 3.5.2.

v/ Example 3.5.2: Matching Network Design Using Resonance and Absorption

For the source and load configurations shown in Figure 3.5.4, design a lowpass impedance matching network at f = 1 GHz.
Solution

Since Rs < Ry, use the topology shown in Figure 3.5.5(a). For a lowpass response, the topology is that of Figure 3.5.5(b).
Notice that absorption is the natural way of handling the 3 nH at the source and the 5 pF at the load. The design process is as
follows:

Step 1:

Design the matching network, neglecting the reactive elements at the source and load:

Qsl = 1Qr] = | 2~ 1= VIO=1=3 (3:5.7)
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Xs _ 3, Xg=3x100, wL =300 and L= 30 gr75am (3.5.8)
Rg 21 x 10°
Rp 1000 3
L - 3 and ———=-3 and C=——— =477 pF 3.5.9
Xp —(1/wC) 1000 x 27 x 10° P (8.5.9)

This design is shown in Figure 3.5.6(a). This is the matching network that matches the 100 © source resistance to the 1000
load with the source and load reactances ignored.

Step 2:

Figure 3.5.6(b) is the interim matching solution. The source inductance is absorbed into the matching network, reducing the
required series inductance of the matching network. The capacitance of the load cannot be fully absorbed. The design for the
resistance-only case requires a shunt capacitance of 0.477 pF, but 5 pF is available from the load. Thus there is an excess
capacitance of 4.523 pF that must be resonated out by the inductance L"’:

1

1
— —w4523x 10712 So L" = = 5.600 nH 3.5.10
wL” (2m)2 x 108 x 4.523 x 10712 ( )

The final matching network design (Figure 3.5.6(c)) fully absorbs the source inductance into the matching network, but only
partly absorbs the load capacitance.

Figure 3.5.6: Evolution of the matching network in Example 3.5.2: (a) matching network design considering only the source and
load resistors; (b) matching network with the reactive parts of the source and load impedances included; and (c) final design.

R
—o—+—o—
M %RL R.;% M, §R[. M, %RL
o4 o
(a) One-stage matching (c) Two-stage matching
Rs% M %R,_ RS% M, %R,. R% M; %R{_
(b} One-stage matching (d) Stage 1 (e) Stage 2

Figure 3.5.7: Matching in stages: (a) matching network M matching Rg to Ry; (b) without an explicit source; (c) two-stage
matching with a virtual resistor Ry; (d) matching Rs to Ry; and (e) matching Ry to Ry.

This page titled 3.5: Dealing with Complex Loads is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
Lee.

« 10.5: Dealing with Complex Loads by Michael Steer is licensed CC BY-NC 4.0.
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3.6: Dealing with Complex Loads
The bandwidth of a matching network can be controlled by using multiple matching stages either making the matching bandwidth

wider or narrower. This concept is elaborated on in this and several design approaches presented.

3.6.1: Design Concept for Manipulating Bandwidth

The concept for manipulating matching network bandwidth is to do the matching in stages as shown in Figure 3.5.7. Figure 3.5.7(a)
shows the one-stage matching problem using the common identification of the matching network as ‘M’. The one-stage matching
problem is repeated in Figure 3.5.7 without explicitly showing the source generator.

Og

Qr =0Q)se
R Ry Fixed bandwidth
(a) One-stage matching of Rs to Ry

Q.SI‘ /QI-'.L Ql'L - ()ﬂ' v = Q:{L

7 1

+ o —
R R R Q! Q"l (Jl L O
¥ 5 L Qr = Qve, lower band\«»ldth than (a)

(b) Two-stage matching of Rs to Ry to R, (Bv < min(Rs, RL))

g 35
s Qu = Q; Ls Qn‘\ > Q.-Ll
R R, \0 _ E uﬂ EJ\;_ ~ Qav
. VL Qr = sv, lower bandwidth than (a)

(c) Two-stage matching of Rs to Ry to Ry, (Ry > max(Hs, R))

Og O [Qn _er'1< Qs‘L
(?.r Qﬂ 3
Ry Ry Ry Qr < Qsi, hl&her ban.d»\ldﬂ'l than (a)
(d) Two-stage matching of Rs to By to By, (By = RsRr)
(Qs1 = Q == Qu ) < (J\I

5 9y Oy R R

Or Q\l Q,, ‘ Q\
Ry Ry Ryy Ry Qr < Qsv, higher band\.\ldﬁw ﬂ'nn{:i} (d)
(e) Three-stage matching of Rs to Ry to Byato Ry, (Rv, = (HsfyL) 3

Figure 3.6.1: Effect of multi-stage matching on total circuit Q, Q@r, and matching bandwidth (which is approximately inversely
proportional to Q;.)

A two-stage matching problem is shown in Figure 3.5.7(c) with the introduction of a virtual resistor Ry between the first, M;, and
second, M, stage matching networks. Ry is shown as a virtual connection as it is not actually inserted in the circuit. Instead this is
a short-hand way of indicating the matching problem to be done in two stages as shown in Figure 3.5.7(d and e) with the first stage
matching the source resistor Rs to Ry and the second stage matching Ry to the load resistor R.. After M; has been designed the
resistance looking into the right-hand port of M;, see Figure 3.5.7(d), will be Ry so Ry is the Thevenin equivalent source resistance
to M,. Similarly the input impedance looking into the left-hand port of M, is Ry so Ry is the effective load resistor of M;. Of
course these are the impedances at the center frequency and away from the center frequency of the match the input impedances will
be complex.

The concept behind multi-stage matching network design is shown in Figure 3.6.1 where the standard one-stage match is shown in
Figure 3.6.1(a). While this is shown for R; > Rs the concept holds for R;, < Rs. The arrows follow the that design begins with the
load and ends at the source. With the one stage match the circuit Q is fixed and designated here as the total circuit Q, Qr being the
same as the @ of the one-stage R, to Rs matching network, Qsz. The two-stage match that reduces bandwidth (compared to the
one-stage match) is shown in Figure 3.6.1(b). The total Q, Qr, of the second stage is higher than for the one-stage design because
the ratio of Ry to Ry is greater than the ratio of Ry to Rs. Bandwidth can also be reduced relative to the one-stage match by
assigning Ry to be greater than both R,

.
X L

(@) T network {b) Pinetwork
Figure 3.6.2: Two three-element matching networks.

and Ry, see Figure 3.6.1.

@ 0 a @ https://eng.libretexts.org/@go/page/108251



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/108251?pdf
https://eng.libretexts.org/Courses/Fontys_University_of_Applied_Sciences/Telecommunications/03%3A_Impedance_Matching/3.06%3A_Dealing_with_Complex_Loads

LibreTexts"

Choosing Ry to be between Rg and R; will result in a circuit with lower Qr and the bandwidth of the match will increase, see
Figure 3.6.1(d). The maximum bandwidth for a two-stage match is to choose Ry as the geometric mean of Rg and Ry. This concept
can be extended to multiple stages as shown for a three-stage match in Figure 3.6.1(e).

This section presents various matching network designs for manipulating bandwidth and all are based on the concept of choosing a
virtual resistor.

3.6.2: Three-Element Matching Networks

With the L network (i.e., two-element matching), the circuit () is fixed once the source and load resistances, Rs and R;, are fixed:

Q= & -1, (RL > RS) (3.6.1)
\ Rs

Thus the designer does not have a choice of circuit Q. Breaking the matching problem into parts enables the circuit @ to be
controlled. Introducing a third element in the matching network provides the extra degree of freedom in the design for adjusting Q,
and hence bandwidth.

Two three-element matching networks, the T network and the Pi network, are shown in Figure 3.6.2. Which network is used
depends on

a. the realization constraints associated with the specific design, and
b. the nature of the reactive parts of the source and load impedances and whether they can be used as part of the matching
network.

The three-element matching network comprises 2 two-element (or L) matching networks and is used to increase the overall @ and
thus narrow bandwidth. Given Rg and Rj, the circuit @ established by an L matching network is the minimum circuit @ available
in the three-element matching arrangement. With three-element matching, the @ can only increase, so three-element matching is
used for narrowband (high-Q) applications. However, lower @ can be obtained with more than three elements. The next subsections
consider matching with more than three elements.

3.6.3: The Pi Network

The Pi network may be thought of as two back-to-back L networks that are used to match the load and the source to a virtual
resistance, Ry, placed at the junction between the two networks, as shown in Figure 3.6.3(b). The design of each section of the Pi
network is as for the L network matching. Rg is matched to Ry and Ry is matched to R;.

Ry must be selected smaller than Rg and Ry since it is connected to the series arm of each L section. Furthermore, Ry can be any
value that is smaller than the smaller of Ry, R;. However, it is customarily used as the design parameter for specifying the desired

Q.

Figure 3.6.3: Pi matching networks: (a) view of a Pi network; and (b) as two back-to-back L networks with a virtual resistance, Ry,
between the networks.

As a useful design approximation, the loaded @ of the Pi network can be taken as the Q of the L section with the highest Q:

oo JmstRs R 562)
Ry

Given Rg, Ry, and Q, the above equation yields the value of Ry.
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v/ Example 3.6.1: Three-Element Matching Network Design

Design a Pi network to match a 50  source to a 500 2 load. The desired @ is 10. A suitable matching network topology is
shown in Figure 3.6.4 together with the virtual resistance, Ry, to be used in design.

Solution
Rs =50 Qand Ry = 500 Q S0 max(Rs, Rr) = 500 Q and so the virtual resistor is

max(Rs, RL) 500
Ry 41 o = 495 (3.6.3)

Design proceeds by separately designing the L networks to the left and right of Ry. For the L network on the left,

50 X Rs
=4/ —— —1=23.017 = = = 3.017 3.6.4
Qe 1905 50 Qleft Ry X1 ( )

Note that X, and X, must be of opposite types (one is capacitive and the other is inductive). The left L network has elements

|X,| =14.933Q and |X;|=16.6 (3.6.5)
For the L network on the right of Ry,
|Xs|  Rp
dent = Q =10, thus —2 = =% =10 3.6.
Qright = Q R, (3.6.6)
X3, X3 are of opposite types, and
|X| =49.5Q and |X3| =500 (3.6.7)

The resulting Pi network is shown in Figure 3.6.5 with the values
|Xi|=1669Q, |X3/=50Q, [X,=14933Q, and |X;| =49.5Q (3.6.8)

Note that the pair X,, X; are of opposite types and similarly X,, X3 are of opposite types. So there are four possible
realizations, as shown in Figure 3.6.6.

500

; — —
v X, oz X,
J X, 1 )
X, 9 Y X S0
4 Méms a e

Figure 3.6.4: Matching network problem of Example 3.6.1.

500

X, th_
A )’Xﬁ

500 Q

Figure 3.6.5: Final matching network in Example 3.6.1.
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Conceptual — Final network
—14.933 —49.5 —itd 433
o i it o s i 2
% 66 %;‘5(} %jlh.ﬁ 50
(a) (b)
f14933  j49.5 64,433

WU I—rlei 6T —j50
I I 1

(€) (d)
—f14933 495 /34567
% jl6a II—fSIi j16.6 I—,su
(e} (f)

j14933 —H49.5 /34567
i

D—I’[ﬂ‘ il it o
I —il6.6

(g) (h)

30 6.6 i50

Vi

|\|—1|—'

Figure 3.6.6: Four possible Pi matching networks: (a), (c), (e), and (g) conceptual circuits; and (b), (d), (f), and (h), respectively,
their final reduced Pi networks.

In the previous example there were four possible realizations of the three-element matching network, and this is true in general.
The specific choice of one of the four possible realizations will depend on specific application-related factors such as

a. elimination of stray reactances,
b. the need to pass or block DC current, and
c. the need for harmonic filtering.

It is fortunate that it may be possible to achieve multiple functions with the same network.

v/ Example 3.6.2: Three-Element Matching with Reactive Source and Load

Design a Pi network to match the source to the load shown. The design frequency is 900 MHz and the desired @ is 10.

5060

L
(:IE) TF2pF |p% %_wu 0
= Load

Source = =

Figure 3.6.7
Solution

The design objective is to arrive at an overall network which has a @ of 10. To achieve this it is necessary to absorb the source
and load reactances into the matching network. If they were resonated instead, the overall Q of the network can be expected to
higher than the Q of the L matching network on its own.

Design begins by considering the matching of Rg =50 Q to Ry, = 500 Q. Since the @ is specified, three (or more) matching
elements must be used. The design starting point is shown on the right:

Rg=50 02 X X5

y . Ry =
I §R;- A 500 0
: o

v

Figure 3.6.8

The virtual resistor Ry = max(R,, R1)/(1 + Q2) = (500 ©2)/(1 + 100) = 4.95 Q. The left subnetwork with X; and X, has Qpgrr
=+/Rs/Ry —1 = +/50/4.95 — 1 = 3.017. The right subnetwork with X, and X, has Qgricur = v/Rr/Rv —1 = 1/500/4.95 — 1
= 10.001.
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Note that Qrigur is almost exactly the desired @ of the network and Qrerr will have little effect on the @ of the overall
circuit. Now QLEFT = |Xa|/RV = RS/‘X1|, SO |X,l| =149 Q and ‘X1| = 16.57 Q. QRIGHT = ‘X”/RV = R5/|X2|, SO |Xb| =49.5
Q and | X,| =50.0 Q.

X1 must be chosen to be a capacitor C; = 10.67 pF so that the 2 pF source capacitance can be absorbed. Similarly X, is a
capacitor Cy = 3.53 pF. X, and X, are both inductors that combine in series for a total inductance L3 = 11.38 nH. This leads to
the final design shown below where the matching network is in the dashed box.

11.38 nH

10.67 pF 3.53 pF

Figure 3.6.9

3.6.4: Matching Network ) Revisited

To demonstrate that the circuit @ established by an L matching network is the minimum circuit @ for a network having at most
three elements, consider the design equations for Rg > R;. Referring to Figure 3.6.10,

_Bs

Xi 0

1
Rs/R 3 Rs + RsRy/X
s/ Re ) , X, = GBs T RsRu/Xs (3.6.9)

Xy =Ry (st
’ L(Q2+1—Rs/RL 711

Notice that the denominator of X5 can be written as

Rs_ RS RS
Q2+1_R—L_(Q+1/R—L—1) (Q— R—L—l) (3.6.10)

Ry
X Xy
x5
{a) T network (b) Virtual intermediate matching network view
Figure 3.6.11: T network design approach.
Ry
X JXg >
(“‘5 ﬁ_;.xi. . @;x : %’W‘s A2Es
(a)
Figure 3.6.12: Broadband matching networks.
Then for a real solution we must have
R
Q> =21 (3.6.11)
Ry

and so Q > Qr, network. For Q = Q1 network, X3 — oo and the Pi network reduces to an L network that has two elements. Thus it is
not possible to have a lower @ with a three-element matching network than the @ of a two-element matching network. Thus a
three-element matching network must have lower bandwidth than that of a two-element matching network.
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3.6.5: The T Network

The T network may be thought of as two back-to-back L networks that are used to match the load and the source to a virtual
resistance, Ry, placed at the junction between the two L networks (see Figure 3.6.11). RV must be selected to be larger than both Rg
and Ry, since it is connected to the shunt leg of each L section. Ry is chosen according to the equation

Q= \/ min(Rs, R1) 1 (3.6.12)

where @ is the desired loaded @ of the network. Each L network is calculated in exactly the same manner as was done for the Pi
network matching. That is, Rs is matched to Ry and Ry is matched to R;. Once again there will be four possible designs for the T
network, given Rs, Ry, and Q.

3.6.6: Broadband (Low Q) Matching

L network matching does not allow the circuit @, and hence bandwidth, to be selected. However, Pi network and T network
matching allows the circuit () to be selected independent of the source and load impedances, provided that the chosen () is larger
than that which can be obtained with an L network. Thus the Pi and T networks result in narrower bandwidth designs.

One design solution for broadband matching is to use two (or more) series-connected L sections (see Figure 3.6.12). Design is still
based on the concept of a virtual resistor, Ry, placed at the junction of the two L networks (as in Figure 3.6.13), but now Ry is
chosen to be between Rg and R;:

Ry

J A o ) -
(_5 Xy RE ey %Rf £
L .

Figure 3.6.13: Matching network with two L networks.

Figure 3.6.14: Cascaded L networks for broadband matching.
Rmin < RV < Rmax (3613)

where Ruyin = min(Ryz, Rs) and Rmax = max(Ry, Rg). Then one of the two networks will have

Q1= Bv _ 1 and the other Q.= Bowax _ 1 (3.6.14)
Rmin RV

The maximum bandwidth (minimum Q) available is obtained when

RV Rmax
= = 1= —1 6.1
Q1=Q> \/Rmin \/ Ry (3.6.15)
That is, the maximum matching bandwidth is obtained when Ry is the geometric mean of Rg and R:
Ry =+ RLRgs (3.6.16)

Even wider bandwidths can be obtained by cascading more than two L networks, as shown in Figure 3.6.14. In this circuit
Rs < Ryy < Rys... < Ryp—1 < Rp, (3.6.17)
For optimum bandwidth the ratios should be equal,

Ry, Ry, Ry, Ry,
—L = = == 3.6.18
Rg Ry, Ry, Ry ( )

and the Q is given by
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Ry, Ry, | Rp
— 20 = 1= = —1 6.1
Q Rgs \/ Ry Ry, , (36.19)

If there are N L networks used in the match, the maximum bandwidth will be obtained if the ith virtual resistor is

Ry, = (RsR)N, i=1,..,(N—1) (3.6.20)

v/ Example 3.6.3: Two-Section Matching Network Design

Consider matching a 10 Q source to a 1000 Q load using two L matching networks and designing for a @ of 3. How many

matching sections are required?
Solution

Here the approximate @s achieved with a single L matching network and with an optimum two-section design are compared.

Q= ,/& —1=09.95 (3.6.21)
Rs
Now consider an optimum two-section design:

Ry = VEsRy; Qo= Bt _1- | /B _1_3 (3.6.22)
Ry Rs

Thus the @ is 3 compared to the @ of an L section of 9.95. If the fractional bandwidth is inversely proportional to @, then the
bandwidth of the two-section design is 9.95/3 = 3.32 times more than that of the L section.

For a single L network design

Now consider how many sections are required to obtain a @ of 2:

Ry, Ry, R,

(1 + QZ) = R_S = Ry =..= Ry = (3623)
o _ BL o _ . Rp _ In(Rp/Rs)
(1+Q7) —R—S=>nln(1+Q)—ln R én_iln(l-i—QZ) (3.6.24)

For Q =2 and R;/Rs = 100, n = 2.86, which rounds to » = 3, and three sections are required.

This page titled 3.6: Dealing with Complex Loads is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
Lee.

¢ 10.6: Dealing with Complex Loads by Michael Steer is licensed CC BY-NC 4.0.
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3.7: Summary

This chapter presented techniques for impedance matching that achieve maximum power transfer from a source to a load. The
simplest matching network uses a series and a shunt element, a two-element matching network, to realize a single-frequency match.
This type of impedance matching network uses lumped elements and can be used up to a few gigahertz. Performance is limited by
the self-resonant frequency of lumped elements and by their loss, particularly that of inductors. The shunt element can be replaced
by a shunt stub, but in most transmission line technologies, including microstrip, the series element cannot be implemented as a
stub. Matching networks can also be realized using transmission line segments only, principally shunt stubs and cascaded
transmission lines. A tunable double-stub matching network, which uses two stubs separated by a transmission line, is standard
equipment in microwave laboratories and facilitates matching of a circuit under development.

The bandwidth of a matching network is set by the maximum allowable reflection coefficient of the terminated network. Two-
element matching nearly always results in a narrow match and for typical communications applications often achieves acceptable
matching over bandwidths of only 1%-3%. The most significant determinant of the quality of the match that can be achieved is the
ratio of the source and load resistances, as well as the reactive energy storage of the source and load.

An important concept in matching network design is a technique for controlling bandwidth. The concept is based on matching to an
intermediate resistance, typically designated as R,. Compared to a two-element network, increased bandwidth is obtained if R, is
the geometric mean of the source and load resistances. This new network consists of two two-element matching networks. If R, is
greater or less than both the source and load resistances, then the bandwidth of the matching network is reduced. The matching
network synthesis problem can also be addressed using filter design techniques, and this enables simultaneous control over the
quality and bandwidth of the match. It is always a good idea to have no more bandwidth in the system than is needed, as this
minimizes the propagation of noise.
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3.9: Exercises

1. Consider the design of a magnetic transformer that will match the 3 © output resistance of a power amplifier (this is the source)
to a 50 © load. The secondary of the transformer is on the load side.

a. What is the ratio of the number of primary turns to the number of secondary turns for ideal matching?

b. If the transformer ratio could be implemented exactly (the ideal situation), what is the reflection coefficient normalized to 3
Q looking into the primary of the transformer with the 50 Q load?

c. What is the ideal return loss of the loaded transformer (looking into the primary)? Express your answer in dB.

d. If there are 100 secondary windings, how many primary windings are there in your design? Note that the number of
windings must be an integer. (This practical situation will be considered in the rest of the problem.)

e. What is the input resistance of the transformer looking into the primary?

f. What is the reflection coefficient normalized to 3 Q looking into the primary of the transformer with the 50  load?

g. What is the actual return loss (in dB) of the loaded transformer (looking into the primary)?

h. If the maximum available power from the amplifier is 20 dBm, how much power (in dBm) is reflected at the input of the
transformer?

i. Thus, how much power (in dBm) is delivered to the load ignoring loss in the transformer?

2. Consider the design of a magnetic transformer that will match a 50 © output resistance to the 100 ©2 load presented by an
amplifier. The secondary of the transformer is on the load (amplifier) side.

a. What is the ratio of the number of primary turns to the number of secondary turns for ideal matching?

b. If the transformer ratio could be implemented exactly (the ideal situation), what is the reflection coefficient normalized to 50
Q looking into the primary of the transformer with the load?

c. What is the ideal return loss of the loaded transformer (looking into the primary)? Express your answer in dB.

d. If there are 20 secondary windings, how many primary windings are there in your design? Note that the number of windings
must be an integer? (This situation will be considered in the rest of the problem.)

e. What is the input resistance of the transformer looking into the primary?

f. What is the reflection coefficient normalized to 50 Q looking into the primary of the loaded transformer?

g. What is the actual return loss (in dB) of the loaded transformer (looking into the primary)?

h. If the maximum available power from the source is —10 dBm, how much power (in dBm) is reflected from the input of the
transformer?

i. Thus, how much power (in dBm) is delivered to the amplifier ignoring loss in the transformer?

3. Consider the design of an L-matching network centered at 1 GHz that will match the 2 ) output resistance of a power amplifier
(this is the source) to a 50 2 load. [Parallels Example 10.4.1 but note the DC blocking requirement below.]

a. What is the @ of the matching network?

b. The matching network must block DC current. Draw the topology of the matching network.

c. What is the reactance of the series element in the matching network?

d. What is the reactance of the shunt element in the matching network?

e. What is the value of the series element in the matching network?

f. What is the value of the shunt element in the matching network?

g. Draw and label the final design of your matching network including the source and load resistances.
h. Approximately, what is the 3 dB bandwidth of the matching network?

4. Consider the design of an L-matching network centered at 100 GHz that will match a source with a Thevenin resistance of 50 Q
to the input of an amplifier presenting a load resistance of 100 2 to the matching network. [Parallels Example 10.4.2 but note the
DC blocking requirement below.]

a. What is the @ of the matching network?

b. The matching network must block DC current. Draw the topology of the matching network.
c. What is the reactance of the series element in the matching network?

d. What is the reactance of the shunt element in the matching network?

e. What is the value of the series element in the matching network?
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f. What is the value of the shunt element in the matching network?
g. Draw and label the final design of your matching network including the source and load resistance.
h. Approximately, what is the 3 dB bandwidth of the matching network?
5. Design a Pi network to match the source configuration to the load configuration below. The design frequency is 900 MHz and
the desired @ is 10. [Parallels Example 10.6.2]

30 0

—0
( E T2pF Itlnﬁ% 100 €
Source = Load

Figure 3.9.1

6. Design a Pi network to match the source configuration to the load configuration below. The design frequency is 900 MHz and
the desired @ is 10. [Parallels Example 10.6.2]

5001

(’\Eznu IDF% %tU{JQ
= Load

Source =

Figure 3.9.2

7. Develop the electrical design of an L-matching network to match the source to the load below.

50142

400
G\ﬂjsf}ﬂ ! %H}U!E

Source = N Load

Figure 3.9.3

8. Develop the electrical design of an L-matching network to match the source to the load below.
50 61

(i) 150 Qll- % 100 0

Source = - Load

Figure 3.9.4

9. Design a lowpass lumped-element matching network to match the source and load shown below. The design frequency is
1 GHz. You must use a Smith Chart and clearly show your working and derivations. You must develop the final values of the
elements.
500

—0
(E% =2 pF Il)n:% 100 (2

Source = = Load

Figure 3.9.5

10. Consider the design of an L-matching network centered at 100 GHz that will match a source with a Thevenin resistance of 50
to the input of an amplifier presenting a load resistance of 200 € to the matching network. [Parallels Example 10.4.2 but note the
DC blocking requirement below.]

a. What is the @ of the matching network?

b. The matching network must block DC current. Draw the topology of the matching network.

c. What is the reactance of the series element in the matching network?

d. What is the reactance of the shunt element in the matching network?

e. What is the value of the series element in the matching network?

f. What is the value of the shunt element in the matching network?

g. Draw and label the final design of your matching network including the source and load resistance.
h. Approximately, what is the 3 dB bandwidth of the matching network?

11. Design a two-element matching network to interface a source with a 25 Q Thevenin equivalent impedance to a load consisting
of a capacitor in parallel with a resistor so that the load admittance is Yz, = 0.02 + 50.02 S. Use the absorption method to handle
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the reactive load.
12. Design a matching network to interface a source with a 25 Q2 Thevenin equivalent impedance to a load consisting of a capacitor
in parallel with a resistor so that the load admittance is Y; = 0.01 + 70.01 S.

a. If the complexity of the matching network is not limited, what is the minimum @ that could possibly be achieved in the
complete network consisting of the matching network and the source and load impedances?

b. Outline the procedure for designing the matching network for maximum bandwidth if only four elements can be used in the
network. You do not need to design the network,

13. Design a Pi network to match the source configuration to the load configuration below. The design frequency is 900 MHz and
the desired @ is 10.

504

’\J} %2 pF 1 pl"% %SENH!
Load

Source 2 =

Figure 3.9.6

14. Design a passive matching network that will achieve maximum bandwidth matching from a source with an impedance of 2 Q
(typical of the output impedance of a power amplifier) to a load with an impedance of 50 ©2. The matching network can have a
maximum of three reactive elements. You need only calculate reactances and not the capacitor and inductor values.

15. Design a passive matching network that will achieve maximum bandwidth matching from a source with an impedance of 20 2
to a load with an impedance of 125 Q. The matching network can have a maximum of four reactive elements. You need only
calculate reactances and not the capacitor and inductor values.

a. Will you use two, three, or four elements in your matching network?
b. With a diagram, and perhaps equations, indicate the design procedure.
c. Design the matching network. It is sufficient to use reactance values.

16. Design a passive matching network that will achieve maximum bandwidth matching from a source with an impedance of 60
to a load with an impedance of 5 Q. The matching network can have a maximum of four reactive elements. You need only
calculate reactances and not the capacitor and inductor values.

a. Will you use two, three, or four elements in your matching network?
b. With a diagram and perhaps equations, indicate the design procedure.
c. Design the matching network. It is sufficient to use reactance values.
17. Design a T network to match a 50 © source to a 1000 © load. The desired loaded @Q is 15.
18. Repeat Example 10.3.2 with an inductor in series with the load. Show that the inductance can be adjusted to obtain any positive
shunt resistance value.
19. Design a three-lumped-element matching network that interfaces a source with an impedance of 5 Q to a load with an
impedance consisting of a resistor with an impedance of 10 Q. The network must have a Q of 6.
20. A two-port matching network is shown below with a generator and a load. The generator impedance is 40 Q and the load
impedance is Z;, = 50 — 520 . Use a Smith chart to design the matching network.

[ %

E 1 M2 DZ,
= _0_‘
/[.\ rl.\

Figure 3.9.7

a. What is the condition for maximum power transfer from the generator? Express your answer using impedances.

b. What is the condition for maximum power transfer from the generator? Express your answer using reflection coefficients.

c. What system reference impedance are you going to use to solve the problem?

d. Plot Z;, on the Smith chart and label the point. (Remember to use impedance normalization if required.)

e. Plot ZG on the Smith chart and label the point.

f. Design a matching network using only transmission lines. Show your work on the Smith chart. You must express the
lengths of the lines in terms of electrical length (either degrees or wavelengths). Characteristic impedances of the lines are
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required. (You will therefore have a design that consists of one stub and one other length of transmission line.)

21. Use a lossless transmission line and a series reactive element to match a source with a Thevenin equivalent impedance of 25
+ 50 Q to a load of 100 Q. (That is, use one transmission line and one series reactance only.)
a. Draw the matching network with the source and load.
b. What is the value of the series reactance in the matching network (you can leave this in ohms)?
c. What is the length and characteristic impedance of the transmission line?

22. Consider a load Z;, = 80 + 740 . Use the Smith chart to design a matching network consisting of only two transmission lines
that will match the load to a generator of 40 Q.
a. Draw the matching network with transmission lines. If you use a stub, it should be a short-circuited stub.
b. Indicate your choice of characteristic impedance for your transmission lines. What is the normalized load impedance? What
is the normalized source impedance?
c. Briefly outline the design procedure you will use. You will need to use Smith chart sketches.
d. Plot the load and source on a Smith chart.
e. Complete the design of the matching network, providing the lengths of the transmission lines.

23. A two-port matching network is shown below with a generator and a load. The generator impedance is 40 Q and the load
impedance is Z; = 20 — 350 Q2. Use a Smith chart to design the matching network.

Figure 3.9.8

a. What is the condition for maximum power transfer from the generator? Express your answer using impedances.

b. What is the condition for maximum power transfer from the generator? Express your answer using reflection coefficients.

c. What system reference impedance are you going to use to solve the problem?

d. Plot Z;, on a Smith chart and label the point. (Remember to use impedance normalization if required.)

e. Plot Z; on a Smith chart and label the point.

f. Design a matching network using only transmission lines and show your work on a Smith chart. You must express the
lengths of the lines in terms of electrical length (either degrees or wavelengths long). Characteristic impedances of the
lines are required. (You will therefore have a design that consists of one stub and one other length of transmission line.)

24. Use a Smith chart to design a microstrip network to match a load Z; = 100 — 5100  to a source Z5 = 34 — 340 ). Use
transmission lines only and do not use short-circuited stubs. Use a reference impedance of 40 Q.
a. Draw the matching network problem labeling impedances and the impedance looking into the matching network from the
source as Z;.
. What is the condition for maximum power transfer in terms of impedances?
. What is the condition for maximum power transfer in terms of reflection coefficients?
. Identify, i.e. draw, at least two suitable microstrip matching networks.

o N O

. Develop the electrical design of the matching network using the Smith chart using 40 Q2 lines only. You only need do one
design.

—h

. Draw the microstrip layout of the matching network identify critical parameters such characteristic impedances and
electrical length. Ensure that you identify which is the source side and which is the load side. You do not need to determine
the widths of the lies or their physical lengths.

25. Repeat exercise 24 but now with Z; = 10 — 740 Q and Zs = 28 — 728 Q).

26. Use a Smith chart to design a two-element lumped-element lossless matching network to interface a source with an admittance

Ys = 6 — 712 mS to a load with admittance Y; = 70 — 550 mS.
27. Use a Smith chart to design a two-element lumped-element lossless matching network to interface a load Z; = 50+ 50 Q to a
source Zg = 10 .
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3.9.1: Exercises by Section
fchallenging

§10.31,2

§10.43,4
§10.55,6,7,8,9,10,111,12f,131
§10.614t, 151, 161, 171, 18t, 19+
§10.720t, 211, 221, 23t

§10.924, 25, 26, 27

3.9.2: Answers to Selected Exercises
15. (c) Q = 1.22467

18.C =1/(w2Lp)

20. (d) 1.25— 0.5
21. (b) —550 @

23. (f) 40 ©, 0.085 A-long line before load, 40 , 0.076 A-long shorted stub

This page titled 3.9: Exercises is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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3.10: Impedance Matching Using Smith Charts

The lumped-element matching networks presented up to now can also be developed using Smith charts which provide a fairly
intuitive approach to network design. With experience it will be found that this is the preferred approach to developing designs, as
trade-offs can be captured graphically. Smith chart-based design will be presented using examples.

3.10.1: Two-Element Matching

The examples here build on the preceding lumped-element matching network design and now use the Smith. Capacitive and
inductive regions on the Smith chart are shown in Figure 3.10.1. In the design examples presented here, circles of constant
resistance or constant conductance are followed and these correspond to varying reactance or susceptance, respectively.

GAPACITIVE ~——= INDUGTIVE
2

CAPACITIVE =———=INDUCTIVE

(a) Impedance Smith chart (b) Admittance Smith chart

Figure 3.10.1: Inductive and capacitive regions on Smith charts. Increasing capacitive impedance (Z) indicates smaller capacitance;
increasing inductive admittance (Y’ indicates smaller inductance.

v/ Example 3.10.1: Two-Element Matching Network Design Using a Smith Chart

Develop a two-element matching network to match a source with an impedance of Rs = 25 Q to a load R;, = 200 Q (see Figure
3.10.2).

Solution

The design objective is to present conjugate matched impedances to the source and load. However, since here the source and
load impedances are real, the design objective is Z; = Rg and Z, = Ry. The load and source resistances are plotted on the
Smith chart in Figure 3.10.4(a) after choosing a normalization impedance of Z, =50 Q (and so rg = Rs/Zy = 0.5 and r,
= Ry/Zy =4). The normalized source impedance, rs, is Point A, and the normalized load impedance, 7., is Point C. The
matching network must be lossless, which means that the design must follow lines of constant resistance (on the impedance
part of the Smith chart) or constant conductance (on the admittance part of the Smith chart). So Points A and C must be on the
above circles and the circles must intersect if a design is possible. The design can be viewed as moving back from the source
toward the load or moving back from the load toward the source. (The views result in identical designs.) Here the view taken is
moving back from the source toward the load.

One possible design is shown in Figure 3.10.4(a). From Point A, the line of constant resistance is followed to Point B (there is
increasing series reactance along this path). From Point B, the locus follows a line of constant conductance to the final point,
Point C. There is also an alternative design that follows the path shown in Figure 3.10.4(b). There are only two designs that
have a path from A to B following just two arcs. At this point two designs have been outlined. The next step is assigning
element values.

The design shown in Figure 3.10.4(a) begins with rg followed by a series reactance, zs, taking the locus from A to B. Then a
shunt capacitive susceptance, bp, takes the locus from B to C and r;. At Point A the reactance z 4 = 0, at Point B the reactance
xp = 1.323. This value is read off the Smith chart, requiring that an arc as shown be interpolated between the arcs provided. It
should be noted that not all versions of Smith charts include negative signs, as the chart becomes too complicated. Thus the
user needs to be aware and add signs where appropriate. The normalized series reactance is
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that is,

zg=xp—x4=1323—0=1323 (3.10.1)

Xg = 2,7y = 1.323 x 50 = 66.1 Q2 (3.10.2)

A shunt capacitive element takes the locus from Point B to Point C and

bp =be — by =0— (—0.661) = 0.661 (3.10.3)

SO

Bp=bp/Zy=0.661/50=1322mS or Xp=—1/Bp=—756Q (3.10.4)

The final design is shown in Figure 3.10.3.

One of the advantages of using the Smith chart is that the design progresses in stages, with the structure of the design developed
before actual numerical values are calculated. Of course, it is difficult to extract accurate values from a chart, so designs are
regularly roughed out on a Smith chart and refined using CAD tools. Example 3.10.1 matched a resistive source to a resistive load.

The next example considers the matching of complex load and source impedances.

e

Z o

Figure 3.10.2: Design objectives for Example 3.10.1. R¢ = 15Q, Ry = 200 Q.

Xs=6610 Xp=-7560

Figure 3.10.3: Final design for Example 3.10.1 using the path shown in Figure 3.10.4(a).

(a) Design 1 (b) Design 2

Figure 3.10.4: Alternative designs for Example 3.10.1. The normalization impedance is 50 Q.

In the earlier algorithmic approach to matching network design absorption and resonance were introduced as strategies for dealing
with complex terminations. Design was not always straightforward. This complication disappears with a Smith chart-based design,
as it is conceptually not much different from the resistive problem of Example 3.10.1.

v/ Example 3.10.2: Matching Network Design With Complex Impedances

Develop a two-element matching network to match a source with an impedance of Zg = 12.5 +12.5) Q to a load Z = 50 — 507

Q, as shown in Figure 3.10.5.

Solution
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The design objective is to present conjugate matched impedances to the source and load; that is, Z; = Z3S and Z, = Z;. The
choice here is to design for Z;; that is, elements will be inserted in front of Z; to produce the impedance Z;. The normalized
source and load impedances are plotted in Figure 3.10.6(a) using a normalization impedance of Z;, = 50 Q, so zs5 = Zs/Zy, = 0.25
+ 0.25y (Point S) and z;, = Z,/Z, = 1 — j (Point C).

The impedance to be synthesized is z; = Z;/Z, = 2% = 0.25 — 0.255 (Point A). The matching network must be lossless, which
means that the lumped-element design must follow lines of constant resistance (on the impedance part of the Smith chart) or
constant conductance (on the admittance part of the Smith chart). Points A and C must be on the above circles and the circles
must intersect if a design is possible.

The design can be viewed as moving back from the load impedance toward the conjugate of the source impedance. The
direction of the impedance locus is important. One possible design is shown in Figure 3.10.6(a). From Point C the line of
constant conductance is followed to Point B (there is increasing positive [i.e., capacitive] shunt susceptance along this path).
From Point B the locus follows a line of constant resistance to the final point, Point A.

The design shown in Figure 3.10.6(a) begins with a shunt susceptance, bp, taking the locus from Point C to Point B and then a
series inductive reactance, xg, taking the locus to Point A. At Point C the susceptance bo = 0.5, at Point B the susceptance bp
= 1.323. This value is read off the Smith chart, requiring that an arc of constant susceptance, as shown, be interpolated between
the constant susceptance arcs provided. The normalized shunt susceptance is

bp =bp —be = 1.323 — 05 = 0.823 (3.10.5)
that is,
Bp =bp/Zy=0.823/(50 Q) = 16.5 mS or Xp = —1/Bp = —60.8Q (3.10.6)
A series reactive element takes the locus from Point B to Point A, so
zg=1x4—15=—025—(—0.661) =0.411 (3.10.7)
o)
Xg =252y =0.411 x 50 Q = 20.6 Q (3.10.8)
The final design is shown in Figure 3.10.7.

There are only two designs that have a path from Point C to Point A following just two arcs. In Design 1, shown in Figure
3.10.6(a), Path CBA is much shorter than Path CHA for Design 2 shown in Figure 3.10.6(b). The path length is an approximate
indication of the total reactance required, and the higher the reactance, the greater the energy storage and hence the narrower
the bandwidth of the design. (The actual relative bandwidth depends on the voltage and current levels in the network; the path
length criteria, however, is an important rule of thumb.) Thus Design 1 can be expected to have a much

higher bandwidth than Design 2. Since designing broader bandwidth is usually an objective, a design requiring a shorter path

s llEd

Z, z,

on a Smith chart is usually preferable.

Figure 3.10.5: Design objectives for Example 3.10.2.
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(a) Design 1 (b) Design 2

Figure 3.10.6: Smith chart-based designs used in Example 3.10.2. (50 © normalization used.)

Figure 3.10.7: Final circuit for Design 1 of Example 3.10.2. X5 = 20.6 Q, Xp = —60.8 Q.

This page titled 3.10: Impedance Matching Using Smith Charts is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Chris Lee.

e 10.10: Impedance Matching Using Smith Charts by Michael Steer is licensed CC BY-NC 4.0.
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3.11: Distributed Matching

Matching using lumped elements leads to series and shunt lumped elements. The shunt elements can be implemented using shunt
transmission lines, as a short length (less than one-quarter wavelength long) of short-circuited transmission line looks like an
inductor and a short section of open-circuited transmission line looks like a capacitor. However, in microstrip it is not possible to
realize the series elements as lengths of transmission lines. The solution is to use lengths of transmission line together with shunt
elements. If space is not at a premium, this is an optimum solution, as transmission lines have much lower loss than a lumped
inductor. The series transmission lines rotate the reflection coefficient on the Smith chart.

As with all matching design, using transmission lines begins with a topology in mind. Several topologies are shown in Figure
3.11.1. Figure 3.11.1(a) is the top view of a microstrip matching network with a series transmission line and stub realized as an
open-circuited transmission line. Figure 3.11.1(b) is a shorthand schematic for this circuit. Matching network design then becomes a
problem of choosing the lengths and characteristic impedances of the lines.

Transmission line

Transmission line and open stub and double stub
- H_v
e L !
(a) (b) (€)
Transmission line and shorted stub Hybrid network
g o2 ] o he
I I
(d © 0
Two—stub Double-stub Triple—stub network
network network

bt e T B B

I° =g T
(g (h) (i)

Figure 3.11.1: Matching networks with transmission line elements.

The stub here is used to realize a capacitive shunt element. This network corresponds to two-element matching with a shunt
capacitor. The value of the shunt capacitance can be increased using a dual stub, as shown in Figure 3.11.1(c), where the capacitive
input impedances of each stub are in parallel. The dual circuit to that in Figure 3.11.1(a) is shown in Figure 3.11.1(d) together with
its schematic representation in Figure 3.11.1(e). This circuit has a short-circuited stub that realizes a shunt inductance.

Mixing lumped capacitors with a transmission line element, as shown in Figure 3.11.1(f), realizes a much more space-efficient
network design. There are many variations to stub-based matching network design, including the two-stub design in Figure 3.11.1

(8-

A common situation encountered in the laboratory is the matching of circuits that are in development. Laboratory items available
for matching include the stub tuner, shown in Figure 3.11.2(a), and the double-stub tuner, shown in Figure 3.11.2(b). With the
double-stub tuner the length of the series transmission line is fixed, but stubs can have variable length using lengths of transmission
lines with sliding short circuits. Not all impedances can be matched using a double stub tuner, however. A triple-stub tuner can
match all impedances presented to it [1]. The double-slug tuner shown in Figure 3.11.1(c) has dielectric slugs each of which
introduces a short section of lower impedance line. The slugs are moved up and down the line and avoid the rapid changes in
impedances that occur with the stub tuners and as a result the double-slug tuner provides a broader bandwidth match than does the
double stub tuner. The slide-screw slug tuner shown in Figure 3.11.1(d) can achieve a broadband match. Here a metal slug can be
lowered into the slabline changing the impedance of a section of transmission line and mostly affects the magnitude of the
reflection coefficient while moving the metal slug along the line mostly affects the phase. This is the type of tuner incorporated in
computer-controlled automated tuners.
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(a) Single-stub tuner (b) Double-stub tuner (d) Slide-screw slug tuner

Figure 3.11.2: Laboratory tuners.

o fa
Zip—> Zoy E]Z

Figure 3.11.3: Rotation of the input impedance of a transmission line on a Smith chart normalized to Z; as the line length increases.

3.11.1: Stub Matching

In this section matching using one series transmission line and one stub will be considered. This corresponds to the microstrip
circuit topologies shown in Figures 3.11.1(a and d). First, consider the terminated transmission line shown in Figure 3.11.3. When
the length, ¢, of the line is zero, the input impedance of the line, Z,, equals Z;. How it changes is best described by considering
the input reflection coefficient, I'in, of the line. If the reflection coefficient is normalized to Zp;, then the magnitude of I';, and its
phase varies as twice the electrical length of the line. This situation is shown on the Smith chart in Figure 3.11.3, where Z; is
chosen arbitrarily.

DIEECTION
AWAY FACM
== () D25M Loap

Figure 3.11.4: Design for Example 3.11.1.

The input reflection coefficient of the line rotates in a clockwise direction as the length of the line increases. One way of
remembering this is to consider an open-circuited line. When the line length is zero, Y, = 0 and T}, = +1. A short length of this line
is capacitive so that its reflection coefficient will be in the bottom half of the Smith chart. A length of line can be used to rotate the
impedance to an appropriate point to follow a line of constant conductance to the desired input impedance.
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v/ Example 3.11.1: Matching Network Design With a Transmission Line and a Single Stub

Design a two-element matching network to match a source with an impedance Zs = 12.5 + 12.55Q to a load Z; =50 — 50, (2, as
shown in Figure 10.7.5. This example repeats the design in Example 10.7.1, but now using a transmission line.

Solution

As in Example 10.7.1, choose Z, = 50 © and the design path is from z; = Z;/Z, =1 — 3 to 2, where z, = 0.25 + 0.255. One
possible design solution is indicated in Figure 3.11.4. The line length, ¢ (taking the locus from Point C to Point B), is

£ =0.4261)\ — 0.3125) = 0.1136\
and the normalized shunt susceptance, bp (taking the locus from Point B to Point C), is
bp=by—bp=2—-1=1

Thus Xp = (—=1/bp) x 50 Q = —50 Q. The final design is shown in Figure 3.11.2(a). The stub design of Figure 3.11.2(b) follows
the procedure described in Example 6.5.1.

3.11.2: 3.11.2 Hybrid Lumped-Distributed Matching

A lossless matching network can have transmission lines as well as inductors and capacitors. If the system reference or
normalization impedance is the characteristic impedance of a transmission line, then the locus of the input impedance (or reflection
coefficient) of the line with respect to the length of

Zod;

M Zax b

(b)
Figure 3.11.2: Single-stub matching network design of Example 3.11.1: (a) electrical design; and (b) electrical design with a shunt
stub.

the line is an arc on a circle centered at the origin of the Smith chart. The direction of the arc is clockwise as the electrical length of
the line moves away from the load. So a hybrid matching network is possible that combines a length of transmission line with a
lumped element (preferably a capacitor rather than an a inductor as the inductor would have a relatively lower Q).

This page titled 3.11: Distributed Matching is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

« 10.11: Distributed Matching by Michael Steer is licensed CC BY-NC 4.0.
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3.12: Matching Using the Smith Chart

The purpose of this section is to use the Smith chart to present several design options for matching a source to a load, see Figure
3.12.1. The designs here provide another view of design using the Smith chart.

3.12.1: Locating the Design Points

The first design choice to be made is the reference impedance to use. Here Zygr = 50 Q will be chosen largely because this is in the
center of the design space for microstrip lines. Generally the characteristic impedance, Z,, of a microstrip line needs to be between
20 © and 100 Q2. A microstrip line with Z, < 20  will be wide and there is a possibility of multimoding due to transverse resonance.
Also a 20 Q line is about six times wider than a 50 2 line and so takes up a lot of room and there is a good chance that it could be
close to other microstrip lines or perhaps the wall of an enclosure. This is based on the rule of thumb (developed in Example 3.4 of
[2].) that Zy « /h/w where h is the substrate thickness and w is the strip width. The thickness is usually fixed. If Z, > 100 Q the
characteristic impedance is getting close to the wave impedance of free space or of the dielectric of the substrate. As such it is
likely that field lines are not tightly constrained by the metal of the strip and the fields can more likely radiate. Then radiation loss
can be high or coupling to a neighboring microstrip can be high.

The normalized source and load impedances are zg = Zg/Zppr = [(29.36 — 712.05) Q]/(50 Q) = 0.587 — 50.241 and z; = Z1/Zrgr
=[(132.7 — 7148.8) Q/(50 Q) = 2.655 — j2.976 = ry, + jx 1, respectively. Maximum power transfer requires that the input impedance
of the matching network terminated in Z; be Z, = Z%, i.e. z; = z§ = 0.587 + 70.241 = ry + jz;. These impedances are plotted on the
normalized Smith chart in Figure 3.12.2. The normalized load impedance is Point L. To locate this point the arcs corresponding to
the real and imaginary parts of =, are considered separately.

Zs
Impedance
1 |matching |2 | |4
network
Source y — »* Load
Z=Zg

Figure 3.12.1: Matching problem with the matching network between the source and load designed for maxium power transfer. Zg
= Rs+ jXs = 29.36 — 512.05, Z; = Ry + 3X; = Z§ = Rs — X5 = 29.36 + 712.05, and Z; = Ry + jX; = 32.7— j148.8.

Figure 3.12.2: Locating Z, at Point L and Z, = Z} at Point 1.
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The resistive part of z;, is r; = 2.655 and the resistance labels are located on the horizontal axis (or equator) of the Smith chart.
There are two sets of labels, one for normalized resistance, » (which is above the horizontal axis), and one for normalized
conductance, g (which is below the horizontal axis). The way to remember which is which is to realize that the infinite impedance
point is at the I' = 41 (open circuit) location on the right of the graph. At the origin (center) of the Smith chart r =1 = g and to the
right of the center the values of r should be greater than one. The closest r labels to 7, = 2.655 are = 2.0 and 7 = 3.0. There are five
divisions so the unlabeled curves correspond to 2.2,2.4,.... The arc corresponding to r = 2.655 must be interpolated and this
interpolation is shown as the Path ‘a’.

The imaginary part of z is z;, = —2.976. The labels for the arcs of constant reactance are given adjacent to the unit circle. There are
two sets of labels, one for reactance and one for susceptance. To recall which is which, the point of infinite impedance can be used
and the required reactance labels should increase towards the I" = +1 point. Recall that the Smith chart does not include signs of
reactances (there is not enough room) so note must be made that positive reactances are in the top half of the Smith chart and
negative reactances are in the bottom half. Since z, is negative it will be in the bottom half of the Smith chart. The closest labels
are x = 2.0 (this is actually —2.0) and = = 3.0 (this is actually —3.0) so the arc for 2 = —2.976 is interpolated as the Path ‘b’. Point L,
i.e. 2z, is located at the intersection of Paths ‘a’ and‘b’. The normalized impedance z; is located similarly at Point 1 by finding the
point of intersection of the r; = 0.587 arc, Path ‘c’, and the z; = +0.241 arc, Path ‘d’.

3.12.2: Design Options

By convention design follows a process of beginning with z; and adding series and shunt elements in front of it evolving the
impedance (or reflection coefficient) until the input impedance is z; = 2. Two electrical designs are shown in Figure 3.12.3 and the
corresponding lumped-element and microstrip topologies are shown in Figure 3.12.4. The subscript on the circuit elements
correspond to the paths on the Smith chart in Figure 3.12.3. The designs will be elaborated in the following subsections.

3.12.3: Design 1, Hybrid Design

Design 1 on its own is shown in Figure 3.12.5. The concept here is to use a transmission line and a shunt to go from the load Point L
to the Point 1. The reason why a shunt element is chosen and not a series element is that the shunt element can be implemented as a
stub line and a series element, i.e. a series stub, cannot be implemented in microstrip. A lumped element limits a design to the low
microwave range as losses become prohibitively large especially for inductors. Also if a microstrip line is going to be used anyway
then a decision has already been made that there is enough room to implement a transmission-line based design and so the shunt
lumped element can reasonably be replaced by a stub.

Design follows trial and error. The first attempt, and the one that works here, is to draw a circle through L centered on the origin at
Point O. This circle describes a transmission line whose characteristic impedance is the same as the reference impedance of the
Smith chart, here 50 . The next step is to draw a circle of constant conductance through Point 1. The combination path from L to 1
needs to lie on these circles and the intermediate point will be where these circles intersect. One other constraint is that with a
transmission line the locus (as the line length increases) of the input reflection coefficient of the line must rotate in the clockwise
direction. It is seen that there are two points of intersection and the first of these, at A, is chosen in design. So the electrical design
is defined by the directed Paths ‘g’ and ‘h’. Path ‘g’ defines the properties of the transmission line and Path ’h’ defines the
properties of the shunt element. As ‘h’ is directed towards the infinite inductive susceptance point, Path ‘h’ defines an inductor. The
topology of this design is shown in Figure 3.12.4(a).

The characteristic impedance of the transmission line (defined by Path ‘g’) is Zy, = 50 © and the electrical length of the line is
defined by the angle subtended by the arc ‘g’. The electrical length of the line is determined from the outermost circular scale
which is labeled “WAVELENGTHS TOWARDS GENERATOR.’
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Figure 3.12.3: Two matching network electrical designs matching a load impedance Z;, at Point L to a source Zg showing Z; = Z§ at

Point 1.
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1 2384 2 Xn
(a) Design 1. Hybrid {b) Design 1. Hybrid (c) Design 1 with s/c stub
alternative schematic
|
1 2 Y
bz, 1 X 2
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(d) Design 1 witho/cstub  (e) Design2. Lumped element

Figure 3.12.4: Matching network topologies using lumped elements and microstrip lines. In the stub layouts x is a via to the ground
plane implementing a short circuit (s/c) and an open circuit o/c simply does not show a connection to the microstrip ground plane.

2.0

https://eng.libretexts.org/@go/page/108257


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/108257?pdf

LibreTexts"

Design 1

Figure 3.12.5: Design 1. Hybrid design combining a transmission line with a lumped element in shunt. The design is identified by
paths ‘g’ and ‘h’.

A line drawn from O through L intersecting the scale has a scale reading of ¢; = 0.280\. Then the scale reading at A is similarly
found as ¢4 = 0.452) and so the line length is ¢, = ¢4 —¢;, = 0.452X — 0.280X = 0.172\. Another way of determining the electrical
length of the line is from the change in reflection coefficient angle. For L the reflection coefficient angle is ¢, = —21.8° read from
the innermost circular scale. This angle is just the angle from the polar plot. Then the angle at A is read as ¢4 = —145.7°. The
difference is |¢p4 — ¢r| = | —145.7 — (—21.8°)| = 124.9°, The electrical length of the line is half the change in reflection coefficient
angle and so the electrical length of the line is ¢, = 1124.9° = 62.5°. Now ) corresponds to an electrical length of 360° so 6,
corresponds to 62.5/360\ = 0.174\ corresponding to the previously determined length of 0.172\ which is very good agreement given
that these were derived from graphical readings.

Path ‘h’ defines a shunt inductor and a circle of constant conductance is followed with only the susceptance changing. The
susceptance indicated by Path ‘h’ is b, = b; — b4. To obtain b, extend the circle of constant susceptance through A out to the unit
circle. The extended circle crosses the unit circle between the susceptance labels 2.0 and 3.0. A check is that susceptance is positive
in the bottom half of the Smith chart so the signs of the labels do not need to be adjusted. There are two scales adjacent to the unit
circle, one for normalized susceptance and one for normalized reactance. The intersection is close to the infinite susceptance point
at the s/c (short-circuit) so the values that are becoming very large towards s/c are used. Interpolation results in the reading b4
= 2.48. A similar process applied to Point 1 results in b, = —0.598 where the negative sign has been applied to the scale reading
since Point 1 is in the top half of the Smith chart. Thus b, = b; — b4 = —0.598 — 2.48 = —3.08 and so the normalized reactance of the
shunt element is z;, = —1/b, = 0.325. The un-normalized reactance of the shunt element is X, = z)Zggr = 16.2 Q.

The final Design 1 hybrid layout is shown in Figure 3.12.4(a) with X;, = 16.2 Q, Zo, = 50 £, and ¢, = 0.172X. That is all that is
needed to define the electrical design, providing the electrical length in degrees, 6, = 62.5° is redundant but provided anyway. The
transmission line in Figure 3.12.4(a) is shown as as the top view of the strip of a microstrip line as is commonly done. A more
common way of representing this schematic is shown in Figure 3.12.4(b) where the ground connections at Ports 1 and 2 have been
removed and the ground connection of the inductor shown separately.

3.12.4: Design 1 with an Open-Circuited Stub

In the previous section Design 1 was left as a hybrid design with a transmission line and a lumped-element inductor. In this section
the lumped-element inductor is implemented as an open-circuited stub, see Figure 3.12.4(d). Recall that the 50 Q-normalized
susceptance of the inductor is b, = —3.08. If the stub is also implemented as a 50  line then b, can be used unchanged. Point C in
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Figure 3.12.6 corresponds to the normalized admittance 0 — 33.08. The unit circle is the zero conductance circle (and is also the zero
resistance circle) and the susceptance is read from the scale adjacent to the unit circle again noting that susceptances in the top half
of the Smith chart need to incorporate a negative sign, and the susceptance scale is identified by the susceptance values becoming
larger approaching the s/c point. Point C also corresponds to z, = —1/b, =3.25 and indeed this is the value read from the
normalized reactance scale.

A transmission line needs to be designed to have a normalized input susceptance of b, = —3.08. Choosing an open circuit, o/c,
termination the point corresponding to o/c is as identified in the figure. At the o/c point the length scale reads £,/ = 0.250\. The
locus rotates in the clockwise direction up to Point C where the direct electrical reading reading is /¢ = 0.050\. Using this directly
to determine the line length £, = £c — £,/ = 0.050x — 0.250\ = —0.20A which indicates that the stub has a negative length. Clearly an
erroneous result. This apparent discrepancy comes about because the length scale resets at the short circuit point where the length
scale abruptly goes from 0.5 to 0. Thus the corrected /¢ reading needs to have an additional 0.5). Thus the corrected value of ¢
= (0.5 + 0.050)\ = 0.550\ and ¢;, = {c — £oje = 0.550\ — 0.250\ = 0.300).
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Figure 3.12.6: Design 1. Design of an open-circuit stub having normalized input susceptance b,.
Thus the final design is as shown in Figure 3.12.4(d) with Zo = 50 Q, and £, = 0.300\, Zy, = 50 Q, and £, = 0.172.

The stub could also have been implemented as a short-circuit stub as shown in Figure 3.12.4(c). Now the beginning of the line
would be at the s/c point and the line length would be 0.050A.

3.12.5: Design 2, Lumped-Element Design

Design 2 is a lumped-element design and the Smith-chart-based electrical design is shown in Figure 3.12.7 resulting in the
schematic shown in Figure 3.12.4(e). Design proceeds by identifying where circles of constant conductance and constant resistance
passing through the Points L and 1 intersect. One solution is shown in Figure 3.12.7. A circle of constant conductance passes
through L and part of a circle of constant resistance passes through 1. If the circle had continued there would have been a second
intersection with the circle through L.
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Figure 3.12.7: Design 2.

Both of these intersections mean that there is a shunt element adjacent to the load and series element adjacent to the source. Recall
that in a lumped-element design that under no circumstances can the locus a lumped element pass through the short circuit or open-
circuit points (the susceptance and reactance infinity points respectively).

Returning to the actual design shown in Figure 3.12.7. The first intersection of the two circles is Point B so that the design is
specified by the Paths ‘e’ and ’f’. Design has largely been completed by identifying these paths and the next stage is determining
the circuit elements that correspond to these paths. Path ‘e’ follows a circle of constant conductance and so indicates a shunt
susceptance and the direction of the locus indicates a capacitance. The value of this normalized susceptance is b, = bp — by, = 0.506
—0.187 = 0.319. (Remember to check the signs of the readings.) Path ‘f’ identifies a series inductor with a reactance z; = z; —zp
= 0.241 — (—1.78) = 2.02. The final design is shown in Figure 3.12.4(e) with X. = Z/b. = 50/0.319 Q =158 Q and X; = Zyz; = 50

-2.02Q =101 Q.

3.12.6: Summary
This section presented two designs for a matching network. One of the particular benefits of using the Smith chart is identifying
topologies and initial design values. Design can then transfer to a microwave circuit simulator. The Smith chart enables back-of-
the-envelope design studies. While with experience it is possible to complete many of these steps with a computer-based Smith
chart tool, even experienced designers doodle with a printed Smith chart when exploring design options.

This page titled 3.12: Matching Using the Smith Chart is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.
¢ 10.12: Matching Using the Smith Chart by Michael Steer is licensed CC BY-NC 4.0.
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4.1: Introduction

Filters are the most fundamental of signal processing circuits using energy storage elements to obtain frequency-dependent
characteristics. Some of the important filter attributes are (1) controlling noise by not allowing out-of-band noise to propagate in a
circuit; (2) keeping signals outside the transmit band, especially harmonics, from being transmitted; and (3) presenting only signals
in a specified band to active receive circuitry. At microwave frequencies a filter can consist solely of lumped elements, solely of
distributed elements, or a mix of lumped and distributed elements. The distributed realizations can be transmission line-based
implementations of the components of lumped-element filter prototypes or, preferably, make use of the particular frequency
characteristics found with certain distributed structures. Loss in lumped elements, particularly above a few gigahertz, means that
the performance of distributed filters nearly always exceeds that of lumped-element filters. However, since the basic component of
a distributed filter is a one-quarter wavelength long transmission line, distributed filters can be prohibitively large below a few
gigahertz.

Only a few basic types of responses are required of most RF filters as follows:

a. Lowpass—providing maximum power transfer at frequencies below the corner frequency, fo. Above f,, transmission is
blocked. See Figure 4.1.1(a).
b. Highpass—passing signals at frequencies above f,. Below f, transmission is blocked. See Figure 4.1.1(b).
c. Bandpass—passing signals at frequencies between lower and upper corner frequencies (defining the passband) and blocking
transmission outside the band. This is the most common type of RF filter. See Figure 4.1.1(c).
d. Bandstop (or notch)}—which blocks signals between lower and upper corner frequencies (defining the stopband). See Figure
4.1.1(d).
e. Allpass—which equalizes a signal by adjusting the phase generally to correct for phase distortion elsewhere. See Figure 4.1.1
(e).
The above list is not comprehensive, as actual operating conditions may mandate specific frequency profiles. For example, WiFi
systems operating at 2.45 GHz are susceptible to potentially large signals being transmitted from nearby cellular phones operating
in the 1700-2300 MHz range. Thus a frontend filter for a 2.45 GHz system must ensure very high levels of attenuation over the
1700-2300 MHz range. Thus the optimum solution here, probably, will have an asymmetrical frequency response with high rejection
on one side of the passband obtained by accepting lower rejection on the other side.

4.1.1: Filter Prototypes

In the 1960s an approach to RF filter design and synthesis was developed and this is still followed. The approach is to translate the
mathematical response of a lowpass filter. A filter with the desired lowpass response is then synthesized using lumped elements and
the resulting filter is called a lowpass prototype. The lowpass filter is then transformed so that the new lumped-element filter has
the desired RF response, such as highpass or bandpass. In the case of a bandpass filter, each inductor and capacitor of the lowpass
prototype becomes a resonator that is coupled to another resonator. In distributed form, this basic resonator is a one-quarter
wavelength long transmission line.

Filter synthesis is a systematic approach to realizing circuits with desired frequency characteristics. A filter can also be thought of
as a hardware implementation of a differential equation producing a specific impulse,

[7C0l T
i 7O N
/ f e f
(a) Lowpass (LPF) (b) Highpass (HPF) (c) Bandpass (BPF) (d) Bandstop (BSF)
nn aN

J f
(e) Allpass
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step, or frequency response. It is not surprising that a filter can be described this way as the lumped reactive elements, L and C,

Figure 4.1.1: Ideal filter transfer function, T'( f), responses.

describe first-order differential equations and their interconnection describes higher-order differential equations.

The synthesis of a filter response begins by identifying the desired differential equation response. The differential equations are
specified using the Laplace variable, s, so that in the frequency domain (with s = jw) an nth-order differential equation becomes an
nth-order polynomial expression in s. If possible, and this is usually the case, a lowpass version of a filter can be developed. The
conversion to the final filter shape, say a bandpass response, proceeds mathematically through a number of stages. Each stage has a
circuit form and each stage is called a filter prototype.

4.1.2: Image Parameter Versus Insertion loss Methods

Filter networks can be synthesized using the image parameter method or the reflection coefficient (or insertion loss) method [1].
The image parameter measured is based on cascading two-port networks with each two-port having the essential desired filter
response [2]. Several of these two-ports are cascaded to achieve a periodic-like structure that has the final desired filter response.
This method is restrictive and arbitrary filter responses can not be obtained. It is rarely used in RF and microwave filter design but
is useful in analyzing simple structures with cascades of identical elements [3]. A better approach is to use the insertion loss method
as used in this chapter.

This page titled 4.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

e 2.1: Introduction has no license indicated.

https://eng.libretexts.org/@go/page/113720



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113720?pdf
https://eng.libretexts.org/Courses/Fontys_University_of_Applied_Sciences/Telecommunications/04%3A_Filters/4.01%3A_Introduction
https://creativecommons.org/licenses/by-nc/4.0
https://www.fontys.nl/Contactpersoon-tonen-op/C.J.-Chris-Lee.htm
https://eng.libretexts.org/@go/page/46089

LibreTexts"

4.2: Singly and Doubly Terminated Networks

Filters are generally two-port networks and they provide maximum power transfer from a source to a load over a specified
frequency range while rejecting the transmission of signals at other frequencies. Two possible filter networks are shown in Figure
4.2.1. The network in Figure 4.2.1(a) is known as a doubly terminated network, as both ports are resistively terminated.

Ry I 1 I 1

= | -—— —— -
) LOSSLESS [y N o LOSSLESS [
Y Vi PASSIVE N osr V00000 passive |< | 3R
NETWORK NETWORK
Zin,i(5) Zin As) Zin (5 ZinaAs)
(a) Doubly terminated network (b) Singly terminated network

Figure 4.2.1: Terminated networks.

The network in Figure 4.2.1(b) is called a singly terminated network, as only one port is terminated in a resistor. The doubly
terminated network is much closer to the type of network required at RF where loads and source impedances are finite. A singly
terminated network is applicable in some RF integrated circuit applications where very little RF power is involved and often when
feedback is used. In such cases the output of an RFIC amplifier can approximate an ideal voltage source as the Thevenin equivalent
source impedance can be negligible. Most synthesis of singly terminated filter networks uses an analogous procedure to that
presented here for doubly terminated filters.

4.2.1: Double Terminated Networks

The established filter synthesis procedure for doubly terminated filter networks focuses on realizing the input reflection coefficient.
For a lossless filter the square of the reflection coefficient magnitude is one minus the square of the insertion loss and this is the
origin of this method being called the insertion loss method.

The input reflection coefficient of the doubly terminated network in Figure 4.2.1(a) is

Zin, 1(s) — Rs

Ti(s) = 212/ 745
1(s) Zin, 1(s) + Rg

(4.2.1)
where the reference impedance is the source resistance, RS, and s is the Laplace variable. In the passband of a filter the reflection
coefficient is approximately zero.

There are several other parameters used in filter design and these will be introduced now. The transducer power ratio (TPR) is
defined as

Maximum power available from the source

TPR =
Power absorbed by the load

2

_ 3(V(s)/2’/Rs |1 \/E Vils) (422)
IVPs)/Ry |2V Bs Vals)
The transmission coefficient, 7'(s), of the network is
Va(s
T(s) = ﬁ =2 Z—j VEES; (4.2.3)
IF the filter is lossless, the insertion loss (IL) (or transducer function) is
IL(s) = TPR(s) = [1/T(s)]? (4.2.4)

The next step in development of the filter synthesis procedure is introduction of the characteristic function, defined as the ratio of
the reflection and transmission coefficients:
_Ti(s) _ N(s)

KG) = 705 = Do) (4.2.5)
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where N is the numerator function and D is the denominator function. Ideally the filter network is lossless and so, from the
principle of energy conservation, the sum of the magnitudes squared of the transmission and reflection coefficients must be unity:

IT(s)]* + T1(s)|* =1 (4.2.6)
That is,
IT(s)]> =1 —[T1(s)]? (4.2.7)

Dividing both sides of Equation (4.2.7) by |T'(s)|? results in

_ 1 Ta(s)l?
IECERNAOE (4:28)
or
1= IL(s)| — |K(s)[? (4.2.9)
Rearranging Equation (4.2.9) leads to
IL(s)| = 1+ |K(s)|* (4.2.10)
and so
1
IT(s)|* = m (4.2.11)
and
o _|K()P
T (s)]" = T IR(SIE (4.2.12)

In the above it is seen that both the reflection and transmission coefficients are functions of the characteristic function of the two-
port network. A milestone has been reached. In an RF filter, the frequency-dependent insertion loss or transmission coefficient is of
most importance, as these are directly related to power flow. Equation (4.2.11) shows that this can be expressed in terms of another
function, K(s), which, from Equation (4.2.5), can be expressed as the ratio of N(s) and D(s). For lumped-element circuits, N(s) and
D(s) are polynomials.

4.2.2: Lowpass Filter Response

As an example of the relationship of the various filter responses, consider the lossless lowpass filter responses shown in Figure
4.2.1. This filter has a lowpass response with a corner frequency expressed in radians as w, = 1 rad/s. Ideally T'(s) for s < j (note s
= jw) would be one, and for s > 5, T(s) would be zero. It is not possible to realize such an ideal response, and the response shown
in Figure 4.2.2(a) is typical of what can be achieved. The reflection coefficient is shown in Figure 4.2.2(b), with the characteristic
function K(s) shown in Figure 4.2.2(c). If |K(s)|? is expressed as the ratio of two polynomials (i.e, as N(s)/D(s)), then it can be
seen from Figure 4.2.2(e and f) that the zeros of the reflection coefficient, |T';(s)|?, are also the zeros of N(s). Also, it is observed
that the zeros of the transmission coefficient are also the zeros of D(s), as shown in Figure 4.2.2(a and c).

The first objective in lumped-element filter design is development of the transfer function of the network in the frequency domain
or, equivalently, the s domain.! The input-output transfer function of the generic filter in Figure 4.2.3 is
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Figure 4.2.2: An example of a lowpass filter in terms of various responses: (a) transmission coefficient; (b) reflection coefficient
response; and (c) characteristic function response. Detailed responses are shown in (d), (e), and (f), respectively.
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Figure 4.2.3: Generic filter.
T(s) = Y(s)/X(s) (4.2.13)
and the design procedure is to match this response to a response defined by the ratio of two polynomials:

T(s) = N(s)  ams™+am15™"' + -+ a15+ag (4.2.14)
D(s) 8"+ by18" L 4+ bis + by B

Here N stands for numerator and D for denominator, and these are not the same as those in Equation (4.2.5) (where they were just
labels for numerator and denominator). The filter response using a pole-zero description can be synthesized so the design process

begins by rewriting Equation (4.2.14) explicitly in terms of zeros, z., and poles, p,:
N(s) am(s+z1)(s+22)(s+ zm-1)(s+ 2m)

T = D) = "Gt tr) G F )5 T pm) (4.2.15)

Since only the frequency response is of interest, s = jw, thus simplifying the analysis for sinusoidal signals.

The poles and zeros can be complex numbers and can be plotted on the complex s plane. Conditions imposed by realizable circuits
require that D(s) be a Hurwitz polynomial,? which ensures that its poles are located in the left-half plane. N(s) determines the
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location of the transmission zeros of the filter, and the order of N(s) cannot be more than the order of D(s). That is, n > m so that
the filter has finite or zero response at infinite frequency

Two strategies can be employed in deriving the filter response. The first is to derive the polynomials N(s) and D(s) in Equation
(4.2.14). This seems like an open-ended problem, but it was discovered in the 1950s and 1960s that in normal situations there are
only a few types of useful responses that are described by a few polynomials, including Butterworth, Bessel, Chebyshev, and Cauer
polynomials.

4.2.3: Footnotes
[1] Care is being taken in the use of terminology as s can be complex with some filter types, but these filters are realized using
digital signal processing.

[2] A Hurwitz polynomial is a polynomial whose coefficients are positive real numbers and whose zeros are located in the left-half
of the complex s plane.

This page titled 4.2: Singly and Doubly Terminated Networks is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Chris Lee.
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4.3: The Lowpass Filter Prototype

Most filter design is based on the synthesis of a lowpass filter equivalent called a lowpass prototype. Transformations are then used
to correct for the actual source and load impedances, frequency range, and the desired filter type, such as highpass or bandpass. An
ideal lowpass response is shown in Figure 4.3.1(a), which shows a transmission coefficient of 1 up to a normalized frequency of
1 rad/sec. This type of response defines what is called a brick-wall filter, which unfortunately cannot be physically realized.
Instead, the response is approximated and specified in terms of a response template (see Figure 4.3.1(b)).

1Ty

I’ |
|

w (rad’s)

Lo (radis)

(a) Ideal brick-wall response (b) Response template

Figure 4.3.1: Lowpass filter response.

The template specifies a passband response that is between 3, and S, at frequencies below the corner radian frequency (at w = 1),
and below 3; above a radian frequency w’> 1. The lowpass filter is harder to realize the closer the specified response is to the ideal
response shown in Figure 4.3.1(a), that is, when

(Bs—B1) =0, B3—0, and (w' —1)—=0 (4.3.1)

Several polynomials have particularly interesting characteristics that match the requirements of the response template. At first it
may seem surprising that polynomial functions could yield close to ideal filter responses. However, as will be seen, there is
something special about these polynomials: they are natural solutions to extreme conditions. For example, the nth-order
Butterworth polynomial has the special property that the first n derivatives at s =0 are zero. The other polynomials also have
extreme properties, and filters that are synthesized using them also have extreme properties. As well as the maximally flat property
resulting from Butterworth polynomials, filter responses obtained using Chebyshev polynomials have the steepest skirts (i.e.,
fastest transitions from the frequency region where signals are passed to the region where they are blocked). Usually it is one of
these extreme cases that is most desirable.

A streamlining of the filter synthesis procedure is obtained by first focusing on the development of normalized lowpass filters
having a 1 rad/s corner frequency and 1 €2 reference impedance. Transformations transform a lowpass filter prototype into another
filter having the response desired. These transformations give rise to symmetrical responses.

This page titled 4.3: The Lowpass Filter Prototype is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
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4.4: The Maximally Flat (Butterworth) Lowpass Approximation

Butterworth filters have a maximally flat response (Figure 4.4.1) that in the time domain corresponds to a critically damped system.

4.4.1: Butterworth Filter Design

Butterworth filters have the transfer function

N(s) k
T(s) = — 4.4.1
(S) D(S) 8" 4 bp_18" L 4+ b1s + by ( )

This is an all-pole response. The characteristic polynomial of the Butterworth filter is

1+ = 4 1
i 3
] 3 s
0.84 - 0.8
o 0.6] L 0.6,
= o
E 3 A
0.44 L 0.4 —
0.2 o2
e —~ S 0
0.5 1 15 2
W (radfs)

Figure 4.4.1: Maximally flat, or Butterworth, lowpass filter approximation for various orders, n, of the filter.

n Factors of B, (s)

1 (s41)

2 (s +1.41425 4+ 1)

3 (s+1)(s?+s+1)

4 (82 +0.7654s + 1)(s® + 1.8478s + 1)

5 (s +1)(s%+0.6180s + 1)(s? + 1.6180s + 1)

6 (s2+0.5176s + 1)(s? + 1.41425 + 1)(s2 + 1.9319s+ 1)

7 (s +1)(s% 4 0.4450s + 1)(s2 + 1.2470s + 1) (s? + 1.8019s + 1)

(8% +0.3902 + 1)(s% + 1.1111s + 1)(s? + 1.6629s + 1)(s% + 1.9616s
+1)

Table 4.4.1: Factors of the B, (s) polynomial.
|K(s)]* = [s*"] = 0™ (4.4.2)
since s = jw and where n is the order of the function. Thus the transmission coefficient is

_ 1 _ 1 _ 1
TIHEG6)? 1+ 14w

T(s)[?

(4.4.3)

which is often written as

- 1 _ 1
~ 1+ [K(s)?  Ba(s)Bu(—s)

IT(s)| (4.4.4)

In the filter community, B, (s) is called the Butterworth polynomial and has the general form
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(4.4.5)

B.( HZEI [s? — 25 cos (2421 r) 4 1] for n even
s) =
(s+1) H,(CZD/Z [s? —2scos (#42=L7) + 1] for n odd

B, (s) is given in factorized form in Table 4.4.1. Further factorization of the second-order factors results in complex conjugate roots,
so they are generally left in the form shown.

Insight is gained by examining the characteristic polynomial for a real radian frequency, w (where s = jw), at the following
frequency points:

1
tw=0 TP =——=1 4.4.6
at w - |T(0)] 50 (4.4.6)
1 1
=1 T2 = — = = 4.4.
at w - |T(1)] 51 2 (4.4.7)

Thus the transmission response of the filter is at half power at the corner frequency w = 1. Another observation is that the
transmission coefficient at w = 0 and w = 1 are independent of the degree of the characteristic polynomial. This is shown in Figure
4.4.1, where the responses of Butterworth filters are plotted for three different orders.

4.4.2: Construction of the Transfer Function

Often the characteristic function, K, is specified in terms of the variable w, and for synthesis purposes the response must be
transformed back to the s domain. As an example, consider the maximally flat function of third order with a characteristic
polynomial equal to w? (from Equation (4.4.3)):

1
Kw) =« and |T(W)|*= Tros (4.4.8)

(Note that here the first six derivatives of |K(s)|?> with respect to s are zero at s = 0.) So, from Equation (2.2.7),

repP=1-—t_ - (4.4.9)
I "
! 1+wh  1+uwb

At real frequencies (i.e., frequencies lying on the imaginary axis in the s plane)
s=Jw, S0 w=8/y=—ys (4.4.10)

Thus, in the s domain, the reflection coefficient becomes

Iy ()| = |0 > py ()2 = 22 4411
T'1(w)* = [T1(s(=18))1" = [T1(s)| —m (4.4.11)
That is,
2 —s°
ITi(s)f = 75 = Tu(s)T1(~s) (4.4.12)
Factoring the denominator polynomial yields
1-sS=(1—s)(14s)(s* +s5+1)(s>—s+1) (4.4.13)

By choosing those factors with roots only in the left-half plane (required for a realizable network), the zeros of the denominator are
|2

obtained. Now the numerator of |T'1(s)|” is easily factored, and since this is third order, it only has three reflection zeros at DC. The

resulting function is

s3

Li(s) = (s+1)(s2+s+1)

(4.4.14)

and so

1
T(s) = GrDE+s+D) (4.4.15)

This example illustrates how I'; (s) and T'(s) can be obtained from K(s). This procedure is generalized in the next section.
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4.4.3: nth-Order Reflection Approximation
Following the procedure outlined in the previous section, generalization leads to the nth-order Butterworth response:
IP1(s)]* = T1(s) - T1(—s)
B (—32)" _ (_82)71
L+ (=s?)" H?:l(s —5) - H?ZnJrl(s )
So |T'1(s)|? has n roots (these are the s;s) lying in the left-half s plane, and = roots (the s;s) lying in the right-half s plane. Note that ;
is used as an index and ; (y, without the dot) represents v/—1. It is reasonable to group all of the left-half plane roots together (a

(4.4.16)

circuit could not be synthesized if there were a right-half plane root) so that

Ti(s) = % (4.4.17)

Solving for the roots of the denominator of Equation (4.4.16) (i.e., finding the roots of 1 + (—s?)" = 0) yields the following roots in
the left-half s plane:

sizexp{](2i—1+n)2l} i=1,2,...n (4.4.18)
n

where exp(y6) = cos(8) + 7sin(6).

Example 4.4.1: Reflection Coefficient Derivation for Butterworth Filter

Develop the reflection coefficient from the roots of the third-order (n = 3) Butterworth lowpass filter prototype.
Solution

From Equation (4.4.18) the three roots are

2
$1 = exp {3(2 X 1—1+3)%} = exp {]571'} (4.4.19)
S9 = exp {j(2 X 2—1+3)2—7>:3} =exp{yn} (4.4.20)
4
S3 = exp {3(2 x3—1+ 3)2—13} = exp {jgﬂ'} (4.4.21)

and the input reflection coefficient of the filter normalized to 1 Q is

s? s3

(s+3-08)s+1 (s+%+5¢) BCEDIGETES)) (4.4.22)

1"1(3) =

This is the same as Equation (4.4.14).

4.4 .4: Bandwidth Consideration

At the corner frequency of the Butterworth response, that is, at 1 rad/s, the transmission response is 3 dB down from its maximum
transfer response.

Order, n

n=3 4 5 6 7 8 9 10

0.798 rad/s 0.844 0.873 0.901 0.908 0.919 0.928 0.935

Table 4.4.2: Radian frequencies at which the response of a Butterworth filter is 1 dB down for a corner frequency f, = 0.1592 Hz (wy
= 1 rad/s). At f, the transmission response is down 3 dB.
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Figure 4.4.2: Chebyshev lowpass filter responses. In decibels, the ripple is Rqg = —101log[1/(1 + £2)] = 10log(1 + ¢2), ¢ is called the
ripple factor.

Sometimes microwave filters are designed to have 1 dB bandwidths. The radian frequencies at which the responses of various
orders of Butterworth filters are 1 dB down are given in Table 4.4.2. By frequency scaling the Butterworth response the filter can be
design for a specified 1 dB bandwidth.

This page titled 4.4: The Maximally Flat (Butterworth) Lowpass Approximation is shared under a CC BY-NC 4.0 license and was authored,
remixed, and/or curated by Chris Lee.
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4.5: The Chebyshev Lowpass Approximation

The maximally flat approximation to the ideal lowpass filter response is best near the origin but not so good near the band edge.
Chebyshev filters have better responses near the band edge, with lower insertion loss near the edges, but at the cost of ripples in the
passband. Example reflection and transmission responses are shown in Figure 2.4.2 for a seventh-order and a sixth-order
Chebyshev lowpass filter.

4.5.1: Chebyshev Filter Design

The general form of the Chebyshev transmission coefficient is

1
TGs))? = ——— 4.5.1
PO = T aREr (45.1)
where ¢ is the ripple factor and defines the passband ripple (PBR):
PBR =1+¢2, orin decibels Rgg = PBR|qp = 10log(1 + £?) (4.5.2)

The PBR can be seen in the transmission response, |T(s)|?, in Figure 2.4.2. In the passband the peaks of the lossless filter response
have |T(s)|> = 1 and the minimums of the ripple response all have |T'(s)|?> = 1/(1 + £2) = 1/PBR. Consequently Chebyshev filters
are also known as equiripple all-pole lowpass filters. Also note that the corner radian frequency, w =1 for the lowpass filter
prototype, has a transmission response (i.e., insertion loss IL) of |T(s)|> =1/(1 +¢2), whereas the Butterworth transmission
response was at half power at the corner frequency. For the Chebyshev filter, the insertion loss at the corner frequency is the ripple:

IL = 1Rgg = 10log(1 + €?) (4.5.3)

For the nth-order Chebyshev (lowpass filter) approximation, the square of the characteristic function is

Ko (w)? = cos?[n cos™!(w)] -1<w<1 (45.4)
" cosh?[ncosh™(jw])] w<—1,w>1

which can be expressed as a polynomial. For example, with n = 3,

K3(w) = 4w® — 3w, for all w (4.5.5)
(This equivalence was derived by Pafnuty Chebyshev.) It is surprising that the trigonometric expression has such a simple
polynomial equivalence. From Equation (2.2.11) the transmission coefficient is (for —1 < w < 1)

IT(w)[? = .

"1+ e2cos?[ncosHw)] (4.5.6)

and the reflection coefficient is

€2 cos?[n cos™!(w)]

T 1te2 cos?[n cos~H(w)] (45.7)

Ty (w)[?

Factorizing the denominator of either Equation (4.5.6) or Equation (4.5.7) yields the following roots (of the denominators of I';(s)
and 7T'(s)):
s; = sin [M} sinh [lsinh_1 (l)}
2n n €
+7cos [M} cosh {lsinh’l (l)} i=1,2,..,n (4.5.8)
2n n €

The roots of the numerator of T';(s) in the s plane are

(2k— )7

k=12,.. 4.5.
277, = 7n ( 59)

Sk = jcos

Equations (4.5.8) and (4.5.9) can be used to obtain the reflection and transmission coefficients directly in the s domain.

https://eng.libretexts.org/@go/page/113724



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113724?pdf
https://eng.libretexts.org/Courses/Fontys_University_of_Applied_Sciences/Telecommunications/04%3A_Filters/4.05%3A_The_Chebyshev_Lowpass_Approximation

LibreTexts"

4.5.2: Chebyshev Approximation and Recursion

The characteristic function of the Chebyshev approximation can be obtained from the recursion formula,

K, (w) = 2wK,_1(w) — K,_2(w) (4.5.10)

Response 1 dB down

Ripple n=3 n=>5 n="7 n=9
0.01 dB 1.564 1.192 1.097 1.058
0.1dB 1.202 1.071 1.036 1.022
0.2 dB 1.127 1.045 1.023 1.014
1dB 1.000 1.000 1.000 1.000
3 dB - - - -

Ripple n=3 n=>5 n="7 n=9
0.01 dB 1.877 1.291 1.145 1.087
0.1 dB 1.389 1.134 1.068 1.041
0.2 dB 1.284 1.099 1.050 1.030
1dB 1.095 1.0338 1.017 1.010
3dB 1.000 1.000 1.000 1.000

Table 4.5.1: Radian frequencies at which the transmission response of an nth Chebyshev filter is down 1 dB and 3 dB for a corner
frequency wq = 1 rad/s. (Note that wy is the radian frequency at which the transmission response of a Chebyshev filter is down by
the ripple, see Figure 2.4.2.)

with
Ki(w)=w;  K(w)=2w*—1 (4.5.11)
For example, with n = 3,
K3(w) = 2wK3 1 (w) — K3-2(w) (4.5.12)
= 20(2w? —1) —w = 4w® — 2w —w = 4w® — 3w (4.5.13)

4.5.3: Bandwidth Consideration

At the corner frequency of the Chebyshev filter the transmission response is down by the amount of the ripple. This can be seen in
Figure 2.4.2. However, the bandwidth of a filter is usually specified in terms of its 1 dB or 3 dB bandwidth at which the
transmission response is down 1 dB or 3 dB, respectively, from its maximum response. The radian frequencies at which the
responses of various orders of Chebyshev filters are 1 dB down and 3 dB down are given in Table 4.5.1. By frequency scaling the
Chebyshev response, the filter can be designed for a specified 1 dB or 3 dB bandwidth.

This page titled 4.5: The Chebyshev Lowpass Approximation is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Chris Lee.

e 2.5: The Chebyshev Lowpass Approximation has no license indicated.
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4.6: Element Extraction
In the previous two sections the mathematical responses of Butterworth and Chebyshev filters were derived for various orders. In
this section it will be shown how these filters can be implemented with inductors and capacitors using what is called ladder

synthesis [4].

4.6.1: Ladder Synthesis

To obtain the element values yielding the desired transfer function, an impedance or admittance function must first be obtained.
The impedance or admittance function can be readily obtained from the input reflection coefficient of a network, but for now the
focus is on synthesizing a given impedance function. A general impedance function can be expressed as

an(s? 4+ w?) (s + w2) (s + wd) - (4.6.1)

A = Tt o) (7 + wl) (o T wd)

where a,, and b,, are constants. This can be realized using L and C elements in a network terminated by a resistor, provided that the

degree of the numerator and denominator differ by no more than unity (i.e., |m —n| < 1). In

—0—

e

Zin.i Zin, i+

Figure 4.6.1: Extraction of a network X to reduce an impedance Z, ; to a lower-order impedance Zi, ;1.

Impedance basis Admittance basis
i ~ . ’ . ! "
o—tf— Zin=2Z¢ + Zyem Yio =¥ + Ve
Zrem ~ 1 ';‘ll Yrem ) 1
o— =% E R=Tr
(a) (b)
Lo
T Zin = Z1 + Zrom o Yin = Yo + Yren
Zrem ) G Yrem
Zi = 8L o Yo = sCy
(©) (d)
(J
% Zin = Zi.c + Zren ¥in = Y + Yiom
. .’.,%
L i Zrem z sk, C Yrem ' sCY
o— O T FLC +1 -] ke FLei+ 1

(e) (f)

Figure 4.6.2: Synthesis of impedance and admittance functions. Starting with an impedance function Z(s): (a) extraction of a series
capacitor; (c) extraction of a series inductor; and (e) extraction of a series parallel LC block 4. Starting with an admittance function
Y (s): (b) extraction of a shunt inductor; (d) extraction of a shunt capacitor; and (f) extraction of a shunt series LC block.

the case of a doubly terminated network, this resistor is the load. The element extraction procedure, shown in Figure 4.6.1, involves
extracting a network X from Z;, ;, leaving a reduced-order impedance Z;, ;1.
The extraction of inductors and capacitors is illustrated in Figure 4.6.2. Thus, following the extraction of an element or a pair of

elements an impedance, Z,.,, or admittance, Y;.,, remains that can be similarly simplified. For example, and referring to Figure
4.6.2(a), Z(s) = 1/(sC) + Z:em- S0 a pole of Z(s) at DC requires the extraction of a series capacitor of value (see Figure 4.6.2(a))

1
Co = (4.6.2)
5Z(s) |,
while a pole at infinity requires the extraction of a series inductor of value (see Figure 4.6.2(c))
Z
L. = 26 (4.6.3)
s §=00
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Another possibility is a pole at a finite frequency (call this wy), which requires the extraction of a series parallel LC block, as shown
in Figure 4.6.2(e), with elements of value

1
Ci= — and L;=— (4.6.4)
(s +w3)Z(s) |, wiC;
The extraction process can also be carried out on an admittance basis. First
ey = sl D )62 b o) - 465)
an(s? 4+ w?)(s? 4+ w?)(s? 4+ w?) -
Now a pole at zero requires the extraction of a shunt inductor of value (see Figure 4.6.2(b))
Ly= —— (4.6.6)
0= 6.
sY(s) 520
and a pole at infinity requires the extraction of a shunt capacitor of value (see Figure 4.6.2(d))
Y
o, = Y) (4.6.7)
$ §=00
A pole at a finite frequency requires the extraction of a shunt-series LC block (as shown in Figure 4.6.2(f)) with values
1
= > and C;=— (4.6.8)
DY) |, WhLs

Many aspects of filter synthesis can seem abstract when presented in full generality. Consequently it is common to illustrate filter
synthesis concepts using examples. Following this time-honored tradition, an example is now presented.

Example 4.6.1: Element Extraction for a Third-Order Lowpass Filter

A third-order maximally flat filter has the reflection coefficient

s3

Li(s) = (s+1)(s2+s+1)

(4.6.9)

Synthesize this filter as a doubly terminated network.
Solution

The reflection coefficient function (Equation (4.6.9)) has all its poles located at infinity, so the corresponding network
realization must be made of simple L or C elements and terminated in a resistor. Hence, referring to Figure 2.2.1 and
considering a 1 Q system,

_14T(s) 28 +2s7+25+1
T 1-Ty(s) 2824+2s+1

Zin, 1(5) (4.6.10)

Note that the input impedance approaches infinity as the frequency goes to infinity, hence a series inductor must be extracted.
The value of this inductor is

Zin, 1 (3)
S

Lot = =1H (4.6.11)

§=00

The filter is developed by extracting one element at a time. Following the extraction of the first element, the second-stage
impedance is left. Now the impedance function is

2s% + 252 + 25+ 1

Zin, 2(8) = Zin, 1(8) — 8Loo1 = W — 8Ly
_ 253 + 252 + 25+ 1 —5(252 + 25+ 1) B s+1
B 252425+ 1 T 282425+ 1

Note that the stage impedance above, Z;, », approaches zero as the frequency goes to infinity. There is not a single series
element that would cause this. However, the stage admittance function,
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Yin, 2(s) = Zm’lz)(s) _ 2 :fsl-l- ! (4.6.12)
goes to infinity as the frequency approaches infinity and so a shunt capacitor is extracted:
Yin, 3(5) = Yin, 2(5) — 5Coez = —— (4.6.13)
’ ’ s+1
where
Co2 = 2F (4.6.14)

So sometimes it is more convenient to consider extraction of an admittance and sometimes it is better to consider extraction of
an impedance.

By examining the remaining stage impedance, it is seen that a pole exists at infinity, and so a series inductor, L.z, is extracted.
The value of this inductor comes from

Zin 3 = —s+10Q (4.6.15)
in, 3
and so the inductor value is
1
Loy = 25 —1H (4.6.16)
S S=00
The final step is to extract a load of value 1 as follows:
ZinA, 4 = Zin, s — SLoog =1Q (4617)

This example synthesized a doubly terminated network. The resulting network, called a ladder circuit, is shown in Figure 4.6.3.
The left-most 1 Q resistor is part of the source.

This circuit has a dual form consisting of two shunt capacitors separated by a series inductor. The dual circuit derives from
realizing the admittance function obtained from the reflection coefficient. Other network extraction techniques are presented in
Scanlan and Levy [4, 5] and Matthaei et al. [1].

s

Figure 4.6.3: Synthesized maximally flat network with a thirdorder lowpass reflection response.

4.6.2: Summary

The input impedance function of a lumped-element circuit can always be expressed as the ratio of two polynomials in s and the
order of the numerator and the denominator polynomials can differ by at most one [5]. If the orders differ by one, then a single
inductor or capacitor can always be extracted, however, the remaining impedance function may not be realizable. This indicates
that a more complex LC (and possibly R) combination is required. To be able to systematically extract arbitrarily complex circuits,
a long list of possible functions, such as those shown in Figure 4.6.2, is required. For most of the circuits of interest the LC
combinations shown in Figure 4.6.2 are sufficient. The next example describes impedance function extraction that requires an LC
combination.

Example 4.6.2: Element Extraction of an Impedance Function

Realize the impedance function Z,, = 45522

Solution

The order of the numerator is 1 greater than the order of the denominator and this indicates that a series inductor is perhaps
present. The series inductance is
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Zy
=2 iy (4.6.18)
(CHR P,
The remaining impedance is
4s% +4s% + 25+ 2 2s? +5+2
Zino=2Zy—sL) = — 8= 4.6.19
i w Sk 452 +2s+1 P At r2s 41 ( )

The numerator and denominator of Z;, , have the same order. Therefore a simple L or C element cannot be used to reduce the
complexity of the impedance function. Thus an initial series inductor was not the right choice and the extraction must
backtrack.

Figure 4.6.2 shows several element combinations that can be used to reduce the complexity of an impedance function. Insight
into which alternative to choose comes from factoring z.,, and note that real roots are required, thus

48 +45°4+25+2 (2574 1)(25+2)

= = 4.6.20
Y 452 +25+1 4524+ 2s+1 ( )
Examination of Figure 4.6.2 reveals that a ready fit to Z,, is not found. Instead consider the admittance function
1 45242 1
T N kN (4.6.21)
Zy  (2s24+1)(25+2)
So the reduction shown in Figure 4.6.2(f) looks like the right candidate. The general choice for the element is
as
= T 4.6.22
Y bs? +1 ( )
Choosing b = 2 now reduces complexity (since part of the factored denominator of Y,, now occurs), so
45242 1
Y, = —= shestl a5 (4.6.23)
252 +1 (2s2+1)(2s+2) 25241
__as (4—2a)s® + (2 —2a)s+ 1 (4.6.24)
2s2+1 (2s2+1)(25s+2)
Choose a = 1,
s 252 +1 s 1
Y. = - 4.6.25
Y (2824 1) * (252 +1)(25 +2) 27 +1 2512 ( )
S
_ Y 4.6.26
2?1 2 ( )
SOCllebzl, Cl=a:1F, L1:2H,and
Yos=—1— o 2 L P (4.6.27)
i = or in = = 28 .0.
2T 25+ 2) 2™ Yin,2

The final network is

2H
2H 20)
LF

Figure 4.6.4

This page titled 4.6: Element Extraction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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4.7: Butterworth and Chebyshev Filters

The nth-order lowpass filters constructed from the Butterworth and Chebyshev polynomials have the ladder circuit forms of Figure
4.7.1(a or b). Figure 4.7.1 uses several shorthand notations commonly used with filters. First, note that there are two prototype forms
designated Type 1 and Type 2, and these are referred to as duals of each other. The two prototype forms have identical responses
with the same numerical element values g1, ..., g,. Consider the Type 1 prototype of Figure 4.7.1(a). The right-most element is the
resistive load, which is also known as the (n + 1)th element. The next element to the left of this is either a shunt capacitor (of value
gn) if n is even, or a series inductor (of value g,) if n is odd. So for the Type 1 prototype, the shunt capacitor next to the load does
not exist if n is odd. The same interpretation applies to the circuit in Figure 4.7.1(b).

% & & B (n odd)
Fg(i ) 2 % % 2 Eni
gﬁ(h‘ even)
(a) Type 1
1) 5] L (neven)
— —
ig I o &
Sr(n odd)
(b) Type 2

Figure 4.7.1: Filter prototypes in the Cauer topology. Here n is the order of the filter.

Order, n 2 3 4 5 6 7 8 9
g1 1.4142 1 0.7654 0.6180 0.5176 0.4450 0.3902 0.3473
g2 1.4142 2 1.8478 1.6180 1.4142 1.2470 1.1111 1
g3 1 1 1.8478 2 1.9318 1.8019 1.6629 1.5321
g4 1 0.7654 1.6180 1.9318 2 1.9615 1.8794
gs 1 0.6180 1.4142 1.8019 1.9615 2
96 1 0.5176 1.2470 1.6629 1.8794
g7 1 0.4450 1.1111 1.5321
gs 1 0.3902 1
99 1 0.3473
910 1

Table 4.7.1: Coefficients of the Butterworth lowpass prototype filter normalized to a radian corner frequency of 1 rad/sand a 1 Q
system impedance (i.e., go = 1 = gn11).

4.7.1: Butterworth Filter

A generalization of the example of the previous section leads to a formula for the element values of a ladder circuit implementing a
Butterworth lowpass filter. For a maximally flat or Butterworth response the element values of the circuit in Figure 4.7.1(a and b)
are

g,.:2sin{(2r71)%} r=1,2,3,..,n (4.7.1)

and gy = 1 = g,11- Table 4.7.1 lists the coefficients of Butterworth lowpass prototype filters up to ninth order.
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Example 4.7.1: Fourth-Order Butterworth Lowpass Filter

Derive the fourth-order Butterworth lowpass prototype of Type 1.
Solution

From Equation (4.7.1),

g1 = 2sin[r/(2 - 4)] = 0.765369 H (4.7.2)
g2 = 2sin[37/(2 - 4)] = 1.847759 F (4.7.3)
g3 = 2sin[5m/(2 - 4)] = 1.847759 H (4.7.4)
g4 = 2sin[77/(2 - 4)] = 0.765369 F (4.7.5)

Thus the fourth-order Butterworth lowpass prototype circuit with a corner frequency of 1 rad/s is as shown in Figure 4.7.2.

V %
- == I
£
T Ly =0.7T65369 H 2= L84T759F

~ Ly =1847759 H C; = 0.765369 F
L Gl G f « =078

Figure 4.7.2: Fourthorder Butterworth lowpass filter prototype.

4.7.2: Chebyshev Filter

For a Chebyshev response, the element values of the lowpass prototype shown in Figure 4.7.1 are found from the recursive formula

[1,6, 7]
2a
g=1 g="— (4.7.6)
Y
1 n odd
gni1 =1 tanh?(8/4) n even G, series inductor (4.7.7)
coth?(8/4) n even G, shunt capacitor
P (4.7.8)
br-19K-1
2k —1)w
ay, = sin [%] k=1,2,...,n (4.7.9)
where
o B )
~ = sinh ( o (4.7.10)
by = % 4 sin? (k—;) k=1,2,..,n (4.7.11)
Ragp [ ( Rag )}
=1 th| ————— || =1 th (| ———— 4.7.12
f=In [CO (2 ~2010g(2) )} 1M\ 173717793 (47.12)
Rgg = 10log(1 4 £2) (4.7.13)

n is the order of the filter, and ¢ is the ripple factor and defines the level of the ripple in absolute terms. R4z is the ripple expressed
in decibels (the ripple is generally specified in decibels).

An interesting point to note here is that the source resistor, the value of which is given by go, and terminating resistor, the value of
which is given by g,1, are only equal for odd-order filters. For an even-order Chebyshev filter the terminating resistor, g,+1, will
be different and a function of the filter ripple. Because it is generally desirable to have identical source and load impedances,
Chebyshev filters are nearly always restricted to odd order. Thus the odd-order Chebyshev prototypes are as shown in Figure 4.7.3.

Also, for an odd-degree function (n is odd) there is a perfect match at DC,

|T(0)]* =1 (4.7.14)
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ot ARt LA E L L F st '
1 "l; & En-1 :”3
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g Rl & !
L) '
i el Ml iy
S in odd)
(b) Type 2

Figure 4.7.3: Odd-order Chebyshev lowpass filter prototypes in the Cauer topology. Here n, is the order of the filter.

Order Ripple s
B B B B B €&
g 0.62918 1.03156 1.22754 2.02359 3.34874 0.85158
92 0.97028 1.14740 1.15254 0.99410 0.71170 1.10316
g3 0.62918 1.03156 1.22754 2.02359 3.34874 0.85158
n=>5
Order Ripple
0.01 dB 0.1 dB 0.2 dB 1.0dB 3.0 dB e=0.1
91 0.75633 1.14681 1.33944 2.13488 3.48129 0.97140
g2 1.30492 1.37121 1.33702 1.09111 0.76192 1.37208
g3 1.57731 1.97500 2.16605 3.00092 4.53755 1.80136
94 1.30492 1.37121 1.33702 1.09111 0.76192 1.37208
g5 0.75633 1.14681 1.33944 2.13488 3.48129 0.97140
n="7
Order Ripple
0.01 dB 0.1 dB 0.2 dB 1.0 dB 3.0dB e=0.1
g1 0.79694 1.18118 1.37226 2.16656 3.51852 1.00794
g2 1.39242 1.42281 1.37820 1.11151 0.77220 1.43678
g3 1.74813 2.09667 2.27566 3.09364 4.63898 1.93981
g4 1.63313 1.57340 1.50016 1.17352 0.80381 1.62196
gs 1.74813 2.09667 2.27566 3.09364 4.63898 1.93981
g6 1.39242 1.42281 1.37820 1.11151 0.77220 1.43678
g7 0.79694 1.18118 1.37226 2.16656 3.51852 1.00794
n=29
Order Ripple
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n=3
Order Ripple

0.01 dB 0.1 dB 0.2 dB 1.0 dB 3.0 dB e=0.1

0.01 dB 0.1 dB 0.2 dB 1.0 dB 3.0 dB e=0.1
g1 0.81446 1.19567 1.38603 2.17972 3.53394 1.02347
g2 1.42706 1.44260 1.39389 1.11918 0.76604 1.46186
g3 1.80436 2.13455 2.30932 3.12143 4.66906 1.98372
94 1.71254 1.61672 1.53405 1.18967 0.81181 1.67776
95 1.90579 2.20537 2.37280 3.17463 4.72701 2.06485
g6 1.71254 1.61672 1.53405 1.18967 0.81181 1.67776
g7 1.80436 2.13455 2.30932 3.12143 4.66906 1.98372
g8 1.42706 1.44260 1.39389 1.11918 0.76604 1.46186
g9 0.81446 1.19567 1.38603 2.17972 3.53394 1.02347

Table 4.7.2: Coefficients of a Chebyshev lowpass prototype filter normalized to a radian corner frequency of wo = 1 rad/sand a 1 Q

system impedance (i.e., go = 1 = g,,,1). The ripple factor, ¢, is related to the ripple in decibels by Equation (4.7.13) (e.g.,e = 0.1isa

ripple of 0.0432 dB). (Note that wy is the radian frequency at which the transmission response of a Chebyshev filter is down by the
ripple, see Figure 2.4.2.)

while for an even-degree function (i.e., n is even) a mismatch exists of value

4R, 1
(Rp+1)2 142

IT(0)|* = (4.7.15)

so that

R =gn41 = [6 +4/(14+ 62)] ’ (4.7.16)

Coefficients of several Chebyshev lowpass prototype filters with different levels of ripple and odd orders up to ninth order are
given in Table 4.7.2.

4.7.3: Summary

A Butterworth filter has a monotonic response without ripple, but a relatively slow transition from the passband to the stopband. A
Chebyshev filter has a rapid transition but has ripple in either the stopband or passband. Butterworth and Chebyshev filters are
special cases of elliptical filters, which are also called Cauer filters. In general, an elliptical filter has ripple in both the stopband
and the passband. The level of the ripple can be selected

o— —o
K r' K %
o—| —o 7

“in

Figure 4.7.4: Impedance inverter (of impedance K in ohms): (a) represented as a two-port; and (b) the two-port terminated in a load.

independently in each band. With zero ripple in the stopband, but ripple in the passband, an elliptical filter becomes a Type I
Chebyshev filter. With zero ripple in the passband, but ripple in the stopband, an elliptical filter becomes a Type II Chebyshev
filter. With no ripple in either band the elliptical filter becomes a Butterworth filter. With ripple in both the passband and stopband,
the transition between the passband and stopband can be made more abrupt or alternatively the tolerance to component variations
increased.
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Another type of filter is the Bessel filter which has maximally flat group delay in the passband, which means that the phase
response has maximum linearity across the passband. The Legendre filter (also known as the optimum “L” filter) has a high
transition rate from passband to stopband for a given filter order, and also has a monotonic frequency response (i.e., without ripple).
It is a compromise between the Butterworth filter, with monotonic frequency response but slower transition and the Chebyshev
filter, which has a faster transition but ripples in the frequency response.

More in-depth discussions of a large class of filters along with coefficient tables and coefficient formulas are available in Matthaei
et al. [1], Hunter [3], Daniels [8], Lutovac et al. [9], and in most other books dedicated solely to microwave filters.

This page titled 4.7: Butterworth and Chebyshev Filters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.

o 2.7: Butterworth and Chebyshev Filters has no license indicated.
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4.8: Impedance and Admittance Inverters

Inverters are two-port networks used in many RF and microwave filters. The input impedance of an inverter terminated in an
impedance Z; is 1/Z;. Impedance and admittance inverters are the same network, with the distinction being whether siemens or
ohms are used to define them. An inverter is sometimes called a unit element (UE). At frequencies of a few hundred megahertz
and below an inverter can be realized using operational and transconductance amplifiers. At microwave frequencies the simplest
inverter is a one-quarter wavelength long line. In RF and microwave filter design they are used to convert a series element into a
shunt element. It is much easier to realize shunt elements in distributed circuits than series elements. Similar circuit transformations
enable an inductor to be replaced by a capacitor.

The schematic representation of an impedance inverter is shown in Figure, 2.7.4(a). The constitutive property of the inverter is that
the input impedance of the terminated impedance inverter in Figure 2.7.4(b) is

KQ

Zin:Z—L

(4.8.1)

So the inverter both inverts the load impedance and scales it. Similarly, if Port 1 is terminated in Z;, the input impedance at Port 2 is
Zi, as defined above.

An impedance inverter has the value K (in ohms), and sometimes K is called the characteristic impedance of the inverter.
Sometimes K is just

A4
2y =
o—1] W —
K r] : D/"
Cm— : :
o— o Zo=K Z Zo=K
(a) (b) (c)

Figure 4.8.1: Inverter equivalence: (a) two-port impedance inverter (of impedance K): (b) a quarter-wave transmission line of
characteristic impedance Z, = K; and (c) a terminated one-quarter wavelength long line.

called the impedance of the inverter. For an admittance inverter J is used and is called the characteristic admittance of the inverter,
and sometimes just the admittance of the inverter. They are related as J = 1/K. In Section 2.4.6 of [10] it is shown that a /4 long
line with a load has an input impedance that is the inverse of the load, normalized by the square of the characteristic impedance of
the line. So an inverter can be realized at microwave frequencies using a one-quarter wavelength long transmission line (see Figure
4.8.1(b)). For the configuration shown in Figure 4.8.1(c),

K2

Zin:Z_L

(4.8.2)

4.8.1: Properties of an Impedance Inverter

An impedance inverter has the ABC'D matrix

T = [ ]/OK Jé{ } (4.8.3)

where K is called the characteristic impedance of the inverter. With a load impedance, Z;, (at Port 2), the input impedance (at Port
1) is (as expected)

AZ,+ B 91K K2
Fnle) = - =7 4.8.4
) CZr+D  (/K)ZL ZL (4.84)
Now the ABCD matrix of the transmission line of Figure 4.8.1(b) is
cos 6 1Zgsin @
4.8.
[ (3/2y)sin®  cosf } (4.8.5)

which is identical to Equation (4.8.3) when the electrical length is § = =/2 (i.e., when the line is A\/4 long). The inverter is shown in
Figure 2.7.4(a) as a two-port and its implementation as a A/4 long line is shown in Figure 2.7.4(c). The bandwidth over which the
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line realizes an impedance inverter is limited, however, as it is an ideal inverter only at the frequency at which it is \/4 long.

4.8.2: Replacement of a Series Inductor by a Shunt Capacitor

A series inductor can be replaced by a shunt capacitor surrounded by a pair of inverters followed by a negative unity transformer
(i.e., an inverter with K = 1). This equivalence is shown in Figure 4.8.2 and this will now be shown mathematically.

g =111 —1:1 R
oo K =C| K % { % { K Ll K
o——o0 | o

(a)

(b) ()

Figure 4.8.2: Equivalent realizations of a series inductor: (a) as a two-port; (b) its realization using a capacitor, inverters of
characteristic impedance K, and a negative unity transformer; and (c) an alternative realization. C = L/K?2.

From Table 2.4.1 of [11], the ABCD matrix of the series inductor shown in Figure 4.8.2(a) (which has an impedance of sL) is

T, = [ (1) le ] (4.8.6)

and the ABCD matrix of the shunt capacitor (which has an admittance of sC) is, from Table 2.4.1 of of [11],

w10 wsn)

The ABCD matrix of an inverter with K in ohms (generally the unit is dropped and ohms is assumed) is

0 K
Ty, = 4.8.
’ [J/K 0 } (485)
and finally, the ABCD matrix of a negative unity transformer, n = —1, is, from Table 2.4.1 of [11],
-1 0
Ty = [ I ] (4.8.9)
Then the ABCD matrix of the cascade shown in Figure 4.8.2(b) is
To =TT ToTs
[0 K 1 0 0 KI[-1 0
“lyK o sC 1 JJK 0 0 -1
[ 0o K 1 0 0 —K
T lyK 0O sC 1 —3/K 0
[ 3sCK 3K 0 —1K
L yJKE o —)/K 0
[ 2
_ | L sCK ] (4.8.10)
0 1

Thus T = Ty, if L = CK? (compare Equations (4.8.6) and (4.8.10)). Thus a series inductor can be replaced by a shunt capacitor with
an inverter before and after it and with a negative unity transformer. The unity transformer

-1:1
o—
£ kK |L K
o—ij}—o
o1
o—0
(a) (b)

Figure 4.8.3: A series capacitor: (a) as a twoport; (b) its realization using a shunt inductor, inverters and negative unity transformer’
L=CK2

may also be placed at the first port, as in Figure 4.8.2(c). Thus the two-ports shown in Figure 4.8.2 are all electrically identical, with
the limitation being the frequency range over which the inverter can be realized. An interesting and important observation is that as
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a result of the characteristic impedance of the inverter (e.g., 50 £2), a small shunt capacitor can be used to realize a large series
inductance value.

Example 4.8.1: Inductor Synthesis Using an Inverter

Consider the network of Figure 4.8.2(c) with inverters having a characteristic impedance of 50 . What value of inductance is
realized using a 10 pF capacitor?

Solution

K =50,50 L = CK? =101 .2500 = 25 nH.

4.8.3: Replacement of a Series Capacitor by a Shunt Inductor

A series capacitor can be replaced by a shunt inductor plus inverters and a negative transformer (see Figure 4.8.3). The ABCD
parameters of the series capacitor in Figure 4.8.3(a) are

T = { (1) 1/;0 ] (4.8.11)

and here it is shown that the cascade in Figure 4.8.3(b) has the same ABCD parameters. The cascade in Figure 4.8.3(b) has the

ABCD parameters
c_[ 0 K[ 1 0 0 JKI[-1 o0
T lyK 0 || 1/sL 1 JJK 0 0 -1

0 Lo 1 [ 0]

/K 0 || 1/sL 1 —)/K 0
[ sK/sL 3K 0 —1K
L yK 0 —)/K 0
- , .
_ (1) Kl/SL (4.8.12)

So the series capacitor, C, can be realized using a shunt inductor, L, inverters, and a negative unity transformer, and C = L/K?. It is
unlikely that this transformation would be exploited, as much better lower-loss capacitors can be realized at RF than inductors.

4.8.4: Ladder Prototype with Impedance Inverters

The transformations discussed in the previous two sections can be used to advantage in simplifying filters. In this section the
transformations are

& g 8 En(n odd)
¥ o o
g 5] 84 S|

9
En(neven)

(a) Lumped-element prototype without inverters

tmpnrhinirhgnie

(b) First stage in transformation using inverters
[

I .I | l l I I
%
5 g 2 & g

(¢) Final prototype with inverters

Figure 4.8.4: Ladder prototype filters using impedance inverters: (a) lumped-element prototype; (b) first stage in transformation
using inverters; and (c) final stage.
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° — y=+B jid

L y=+ -
ol Kl ¥ —;ffli y=—B @—_f--.f

(a) (b) (c)

Figure 4.8.5: Admittance inverter: (a) as a two-port; (b) realized using lumped elements with B = —J; and (c) lumped equivalent
circuit (the element values in (c) are impedances).

applied to the prototype lowpass ladder filter shown in Figure 4.8.4(a). The inductors in the ladder circuit are a particular problem
as they have considerable resistance at microwave frequencies. The series inductors can be replaced by a circuit with capacitors,
inverters, and transformers, as shown in Figure 4.8.4(b). This simplifies further to the realization shown in Figure 4.8.4(c), as the
negative unity transformers only affect the phase of the transmission coefficient. So a lowpass ladder filter can be realized using
just capacitors and inverters.

4.8.5: Lumped-Element Realization of an Inverter

The admittance inverter is functionally the same as the impedance inverter (see Figure 2.7.4(a)) and the schematic is the same (see
Figure 4.8.5(a)). As will be shown, an inverter can be realized using frequency-invariant lossless elements (i.e., elements whose
reactance or susceptance do not vary with frequency) using the network of Figure 4.8.5(b). Recall that J is used to identify an
admittance inverter and K identifies an impedance inverter. If not specified by the context, the inverter (with value specified by a
number) defaults to being an impedance inverter. Alternatively units can be used to indicate which type of inverter is being used.
The function of

(a) (b)

Figure 4.8.6: Impedance inverter: (a) as a two-port; and (b) its lumped equivalent circuit (the element values in (b) are impedances).

the inverter is the same in any case; both can be realized by one-quarter wavelength long lines, for example. For the remainder of
this chapter it will be more convenient, most of the time, to use the admittance inverter, as many calculations will be in terms of
admittances since most lumped elements in filters synthesis will be in shunt.

Now it will be shown that the lumped-element network of Figure 4.8.5(b) realizes an inverter. To do this the inverter and the
lumped-element network must have the same two-port parameters. First, the ABCD matrix of an inverter of characteristic
admittance J is

[0 g
T; = [ 0 } (4.8.13)
Referring to Table 2-1 of [11], the circuit of Figure 4.8.5(b) has the ABCD matrix
s_[ 1 0][1 6B 1 0
| =B 1 0 1 —B 1
_ { 1 1/(4B) } [ 10 ] _ [ 0 —y/B ] (4.8.14)
—)B 0 —B 1 —)B 0

where B is the susceptance of the frequency-invariant elements. Equation (4.8.14) is identical to Equation (4.8.13) if B = —J. More
practical equivalents of the circuit of Figure 4.8.5(b) can be derived, as shown later.

For completeness, the lumped-element equivalent of the impedance inverter is shown in Figure 4.8.6 (derived from Figure 4.8.5
with J = 1/K).
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Example 4.8.2: Lumped Inverter Analysis

Demonstrate that Figure 4.8.5(b) is a lumped-element admittance inverter.
Solution

Terminating the network in Figure 4.8.5(b) results in the network shown in Figure 4.8.7(a). This is relabeled in Figure 4.8.7(b),
where the elements are admittances. Then

Yin = y3//(y18(y2 + y1)) (4.8.15)

where // indicates “in parallel with” and $§ indicates “in series with.” These are common shorthand notations in circuit
calculations. Continuing on from Equation (4.8.15),

1 1 -1 yotyr+y ]
= s {_ n ( )} S [— 4816
Ym =0 |, Y2 + YL vs y1(y2 +yr) ( )

Substituting y; = 3B and y, = y3 = —3B, this becomes

Blyr —3B) _ —yByr+9Byr + B> _ B?

J
Yin = =3B+
yr YL YL

(4.8.17)

Thus the lumped-element circuit of Figure 4.8.5(b) is a lumped-element admittance inverter of value B (in siemens).

y==B ¥y =4jB y=-B

"
o O
A
O O
(b)

(a)

Figure 4.8.7: Terminated lumped-element admittance inverter.

« STUBZ 1y
- "
s o iK = - .R;
—° STUB1  STUB3
() (b) ©

Figure 4.8.8: Narrowband inverter equivalents at frequency f,: (a) impedance inverter with characteristic impedance k; (b) lumped-
element equivalent network; and (c) inverter realized by short- and open-circuited stubs.

4.8.6: Narrowband Realization of an Inverter Using Transmission Line Stubs

In this section it will be shown that an impedance inverter can be implemented using short- and open-circuited stubs. The match is
good over a narrow band centered at frequency f;. An impedance inverter is shown in Figure 4.8.8(a) and its equivalent lumped-
element network is shown in Figure 4.8.8(b). A stub-based implementation is shown in Figure 4.8.8(c), where there are short- and
open-circuited stubs of characteristic impedance Z,. The input impedance of the stubs is shown at the inputs of the stubs. The stubs
have an electrical length 4 at f, and the stubs are one-quarter wavelength long (i.e., resonant) at what is called the commensurate
frequency, f.

Now it will be shown that the network of Figure 4.8.8(c) is a good representation of the inverter at f,. This is done by matching
ABCD parameters. The ABCD parameter matrix of an inverter is

T= [ j/OK j? ] (4.8.18)

and, at frequency f,, the ABCD parameter matrix of the stub circuit of Figure 4.8.8(c) is
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r= —1/[JZ0tan(9)] ?Hé jZOtfmw)H—l/[gzitanw)] H

|
[ 1/[JZO tan(0)] ]ZOtSm(G) ] [ -1/ [JZztan(a)] (1] ]
atl
d

1Z tan(0)
1/1Zo tan(@ 0 (48.19)
Thus, equating Equations (4.8.18) and (4.8.19), the stub network is a good representation of the inverter if
K = Zytan(6) (4.8.20)
and so the required characteristic impedance of each stub at frequency f; is
zo- K __ K (4.8.21)

tan(f)  tan (%%)

4.8.6.1: Special Case, f, = 2f)

In most designs the stub resonant frequency, f. (also called the commensurate frequency), is chosen to be twice that of the center
frequency of the design, f,. So with £, = 2f,, then at f,

Zy = K = K =K (4.8.22)
tan(” J}) ) tan /4

and the input impedance of the stub is K. So the characteristic impedance of the transmission line stub is Z, = K.

This page titled 4.8: Impedance and Admittance Inverters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.

e 2.8: Impedance and Admittance Inverters has no license indicated.
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4.9: Filter Transformations

So far the discussion has centered around lowpass filters. Filter design technology has developed so that the design of a
corresponding lowpass filter is the essential first step, and this is used as a prototype to derive a filter with other characteristics. The
three most important transformations are listed here:

1. Impedance scaling: A lowpass filter prototype is referenced to a standard impedance. Usually 1  is used, so the reference
source and load resistances are also 1 Q. To reference to a higher or lower impedance, scaling of the impedance of all elements
of the filter is required.

2. Corner frequency scaling: The corner frequency of a lowpass filter prototype is normalized to 1 rad/s. To reference to another
frequency, the values of the elements must be altered so that they have the same impedance at the scaled frequency.

3. Filter type transformation: These transformations enable the circuit of a lowpass filter to be converted to a circuit with a
bandpass, bandstop, or highpass response. The concept is that the response at DC is to be replicated at infinite frequency for the
highpass (so capacitors become inductors, etc.); to be replicated at the center of the passband for a bandpass filter (so capacitors
become a shunt LC circuit); and to be inverted at the center of a bandstop filter (so capacitors become a series LC circuit).

The transformations can be performed in any order. The key point is that the complexity of the lowpass circuit design is minimal
since the number of elements does not grow until the filter type transformation is performed, so this step is often done last.

4.9.1: Impedance Transformation

The lowpass prototypes discussed up to now have been referred to a 1 O system. The system impedance can be changed to any
level by simply scaling the impedances of all the circuit elements in a filter by the same amount, as shown in Figure 4.9.1. The
impedance transformation follows the same procedure for all filter types (the procedure is the same for lowpass, highpass,
bandpass, and bandstop filters, for example). It should also be noted that impedance scaling of a transmission line is simply
multiplication of the line’s characteristic impedance by the scale factor.
L LZ,
oo —=  ofgro

(a) Impedance transformation of an inductor

C ciZ o
(b) Impedance transformation of a capacitor
o— —o o—] o
K i KZ,
o— o o— —o

(c) lmpuduncu transformation of an inverter

Figure 4.9.1: Impedance transformations. The impedances of the elements are increased by a factor Z,.

Ly

e o

C C C;

(a) Filter normalized to a reference impedance of 1 (2

500 S04,
—AA—C ite
'_L_r(i\,) T [sok | T %Slli.‘
C,/50 C,/50 /50
(b) Filter impedance transformed to a reference impedance of 50 (2

Figure 4.9.2: Impedance transformation of an example filter.
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Example 4.9.1: Lowpass Filter Design

Consider the lowpass filter, with an inverter, shown in Figure 4.9.2(a). This filter is referenced to 1 Q, as the source and load
impedances are both 1 Q. Redesign the filter so that the same frequency response is obtained with 50 2 source and load
impedances.

Solution

It is necessary to impedance transform from 1 Q to 50 Q2. The resulting filter is shown in Figure 4.9.2(b). Each element has an
impedance (resistance or reactance) that is 50 times larger than it had in the 1 © prototype.

4.9.2: Frequency Transformation: Lowpass

Frequency transformations differ depending on the type of the filter. So it is normal to frequency transform the lowpass prototype
before converting the prototype to another form (such as bandpass). The lowpass prototypes normally have a band-edge or cutoff
frequency at an angular frequency of unity, that is, 1 rad/s. The band-edge frequency can be transformed from unity to an arbitrary
angular frequency w., as shown in Figure 4.9.3, by scaling the reactive elements, as shown in Figures 4.9.4 and 4.9.5(a), so that

A 5

s IT(s0°
! N\
|
: L \
: = 0 !

w=] ju “c Jiud
w (rad/s) (s=j) w (rad’s) (s=jw)
(a) (b)

Figure 4.9.3: Frequency transformation of a lowpass filter response from (a) one normalized to a corner frequency of 1 rad/s, to (b)
one with a radian corner frequency of w,.

L Lis,

e — oo

(a) Frequency transformation of an inductor

& C'm,

o—j—o — o—j}—o
(b) Frequency transformation of a capacitor

Figure 4.9.4: Frequency transformations. The impedance of the new (scaled) element at the new (scaled) frequency is the same as it
was at the original frequency.

they have the same impedance at the transformed frequency as they did at the original frequency. The inverter is unchanged, as are
the source and load resistances, since these are frequency independent.

4.9.3: Lowpass to Highpass Transformation

The transformation of a lowpass filter prototype to a highpass filter is shown diagrammatically in Figure 4.9.6. Mathematically w in
the transfer function of the lowpass prototype is replaced by —1/w, that is

Thighpass(w) = ﬂowpass(_l/w) (491)

In terms of a lumped element in the lowpass prototype circuit, if an element has an impedance jwL and L is frequency independent,
then the corresponding element in the highpass prototype filter has an impedance 1/(sw?L). Thus reactive elements are transformed
as shown in Figure 4.9.5(b), where wy is the corner frequency of both the lowpass and highpass prototype circuits. So inductors are
transformed into capacitors and capacitors into inductors. For example, the odd-order lowpass filter prototypes shown in Figure
2.7.3 are transformed into the highpass filters shown in Figure 4.9.7.

4.9.4: Lowpass to Bandpass Transformation

Understanding the transformation of the lowpass filter into its corresponding bandpass form requires that the lowpass filter be
considered with both its positive and negative frequency responses, as shown in Figure 4.9.8(a). This response is shifted in
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frequency to obtain the bandpass response shown in Figure 4.9.8(b). Mathematically the radian frequency, w, in the response

(a) LOWPASS PROTOTYPE TO LOWPASS TRANSFORMATION

Lowpass Lowpass Reactance transformation
prototype element wn = corner frequency
- —= C1 = Co/uwn
Co €
% Hx Ly = Lojug
Lo Ly

(b) LOWPASS PROTOTYPE TO HIGHPASS TRANSFORMATION

Lowpass Highpass Reactance transformation
prototype element wp = cormer frequencv
== —— Ly = 1/(weCa)
Co Ly
_i!_ Ci = 1/(waLa)
Ly G

(¢) LOWPASS PROTOTYPE TO BANDPASS TRANSFORMATION
Lowpass Bandpass Reactance transformation
prototype element wp = center of passband

L ) ] .
—A— '@&‘I Ci =aCofwn L1 = 1/(aCown)
Co (']

_q:’_m_ _}xfﬂ\_ék Ly = aly/wy € = 1/(alowy)
0 “L78

(d) LOWPASS PROTOTYPE TO BANDSTOP TRANSFORMATION

Lowpass Bandstop Reactance transformation

prototype element wp = center of slnpband
== - Ly = a/(Cown) €1 = Cy/f{wpn)
Cy L

e Ly
% Ly = Lg/(owg) € = af(Lowg)
Lo Cl

Figure 4.9.5: Transformations of the elements of a prototype lowpass filter to obtain specific filter types. The corner frequency of
the lowpass prototype is 1 rad/s. In the transformations to bandpass and bandstop filters, wy = 1/v/L;C1 = y/w1ws; w; and w, are the
band-edge frequencies, and « is the transformation constant, o = wq/ (w2 — wy).

. 175
)
'
1
]
'
=1 2 w=1 Juw
w (rad/s) (s=jw) w (rad/s) (s=jw)
{a) Lowpass response (b) Highpass response

Figure 4.9.6: Lowpass to highpass transformation.

v - My 1 'n.
1w G G Cornodiy! "y o = = = g
B > y
. : : 5 =L, 2L =
I.g ; f-z LJ’ . 1 ‘ m 'S ! I
s — et e ittty
7S ‘i - 81 (n odd)
(a) Type 1 (b) Type 2

Figure 4.9.7: Odd-order Chebyshev highpass filter prototypes in the Cauer topology. Here n is the order of the filter.
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(a) Two-sided lowpass filter response (b) Bandpass filter approximation
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function is replaced by its bandpass form,

Figure 4.9.8: Frequency responses in lowpass to bandpass transformation (s = jw).

w— [i - ﬂ] (4.9.2)
wo w
That is,
w w
Tbandpass(w) = Tlowpass (W_O - 70> (493)

and so the transfer function of the bandpass filter is derived from the transfer function of the bandpass filter with w replaced by
(w/wy — wp/w). This separately maps the —1 and +1 band-edge radian frequencies of the lowpass response to the bandpass
frequencies w; and ws:

—1—- [ﬂ - ﬂ} and +1— {ﬂ — ﬂ} (4.9.4)
wo w1 wo w2
Solving the above equations simultaneously yields the center frequency w0 and the band-edge frequencies w; and wy with
wo = Vwiws (4.9.5)
and the so-called transformation constant
w
a=— —0w1 (4.9.6)

Figure 4.9.9: Lumped-element odd-order (nth-order) Chebyshev bandpass filter prototypes in the Type II Cauer topology.

IT(s)” ey’
I /
/i \
]
1
i
i
-1
(rad/s) A (rada] [s =je)
(a) Two-sided lowpass filter response (b) Bandstop filter approximation

Figure 4.9.10: Frequency responses in lowpass to bandstop transformation.

As an example, a lumped-element Type 2 Cauer bandpass filter is shown in Figure 4.9.9. The shunt LC combination and the series
LC combinations are resonators resonant at the center frequency of the filter. Here the filter is normalized to Z, source and load
impedances. As these are the same, this filter topology only applies for an odd-order filter. Combining transformations, the element
values of a lumped bandpass filter with center radian frequency wy = 27 f, and radian bandwidth wgw = 27(f2 — f1) are as follows (
gr is from the lowpass prototype):

Z
wa‘: 7 T =odd —“’f}‘Qg L r=odd
= and L, = o (4.9.7)
—SBW_ = even 9.2
wigrZo WBW r = even

4.9.5: Lowpass to Bandstop Transformation

Again, consider both the positive and negative frequency responses of the lowpass filter prototype, as shown in Figure 4.9.10(a).
This response is shifted in frequency to obtain the bandstop response shown in Figure 4.9.10(b). Mathematically the frequency, w, in
the response function is replaced by its bandstop form:
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-1
W [a (i _ ﬂ)] (4.9.8)
wo w
That is,
1w  w]™?
Tbandstop(w) = Tlowpass (E [W_O - TO:I ) (499)

The center frequency (corresponding to DC in the lowpass prototype response) is

(4.9.10)

Figure 4.9.11: Lumped-element odd-order (nth-order) Chebyshev bandstop filter prototypes in the type II Cauer topology.
and the transformation constant is

a=—2_ (4.9.11)
Wy — W1

where w; and w, are the band-edge radian frequencies. The resulting element conversions are given in Figure 4.9.5(d).

Combining transformations, the element values of a lumped bandstop filter with center radian frequency wy = 27 f, and radian
bandwidth wsw = 27 (f2 — f1) are as follows:

L2 r=odd = Bi:fg r = odd

020 "

C, = and Ly=9q o (4.9.12)
——  r =-even —F— T =even
wBwYrZo w?

A lumped-element type II Cauer bandstop filter is shown in Figure 4.9.11. The parallel LC combination and the series LC
combinations are resonators resonant at the center frequency of the filter. The parallel LC resonator is an open circuit at the center
frequency of the stopband and the series LC resonators are short circuits. The LC resonators are implemented using resonators,
usually transmission line segments and not lumped components.

4.9.6: Transformed Ladder Prototypes

Combining the filter type transformations, and with appropriate use of inverters, the original lowpass prototype ladder filter and its
various filter type transforms are shown in Figure 2.10.1.
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4.10: Cascaded Line Realization of Filters

In this section, filters are presented that use cascaded sections of transmission line, realizing series inductors and shunt capacitors.
For example, a short (less than one-quarter wavelength long) length of relatively high-impedance line behaves predominantly as a
series inductance. Also, a very short (much less than one-quarter wavelength long) length of relatively low-impedance line acts
predominantly as a shunt capacitance. So a Pi network of lumped elements can be realized with alternate sections of low- and high-
impedance microstrip lines. Such an inductive line is shown in Figure 4.10.2(a), which has the two equivalent circuits shown in
Figure 4.10.2(b and c). Basic transmission line theory gives the input reactance of the line of length, ¢ (with a low-impedance load),

X1, = Zysin(2rl/),) (4.10.1)

& 5 g &
(a) Lowpass prototype ladder filter

xS IR EI 1R 1R

lig lea Ve Ve
(b) Highpass prototype ladder filter

IR IR

- 5 - — = - -
L=alg L=alg L=alg L=alg,
C=g /o C=g,/a C=gy/a C=gjla

(¢) Bandstop prototype ladder filter

b 3ac] R o) I o) g ) I

L=1/{ag) L=1ag) L=Ulog) L=llag)
C=ag, C=ag, C=ag, C=ag,

(d) Bandpass prototype ladder filter
Figure 4.10.1: Ladder prototype filters.

LOW LOW
IMPEDANCE  IMPEDANCE

Il L
o 0 o S 0
1 I .
C= ' £y v =¢ c+ U0 L.
HIGH ! !
IMPEDANCE o 0 & O
(a) (b) (<)

Figure 4.10.2: Inductive length of line with adjacent capacitive lines: (a) microstrip form; (b) lumped equivalent circuit; and (c)
lumped-distributed equivalent circuit.

IMPEDANCE  IMPEDA
L—J 5 N
RN —fIr———— I —o

C F(y=iB)
LOW
IMPEDANCE o O
(a) (b)

Figure 4.10.3: Capacitive length of line with adjacent inductive lines: (a) microstrip; and (b) lumped equivalent (the left-most and
rightmost series inductors come from the high-impedance lines).
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Port 1 ¢ Port2 Butterworth Chebyshev
Z { £ € } Oy =Cy =318310pF ), = Cy, = 41.5369 pF
P P P
N N Ly = Lan =795.775pH L = Ly = 609.824 pH
K Z, Cm=159.155fF 299 fF
Lay = 159.155 nH L1 = 134521
Ly €y Ly Cyy ripple, = = 0.1 = 0.043 dB

Figure 4.10.4: Lumped-element 3rd-order bandpass filters in a Z, = 50 Q system with center frequency f, = 1 GHz and a 3 dB
bandwidth of 10%.

so that the length of this predominantly inductive line is
Ag . 1 ({wL
Previously it was shown that a short length of line having a relatively low characteristic impedance yields a capacitive element and

this is shown, together with its equivalent circuit, in Figure 4.10.3. The predominating shunt capacitance is determined by first
considering the susceptance

1 2wl
B = —sin | — 4.10.
Zosm()\g) (4.10.3)
so that
l= ﬁsinfl(wcz ) (4.10.4)
27( 0 . B

Thus a cascade of low-impedance and high-impedance lines can realize (approximately) an LC ladder network.

It is tempting to take filters synthesized in lumped-element form and realize them in the above manner with transmission lines. The
series element realization concept presented in this section could be extended using shorted and open stubs to better realize shunt
elements. The problem with this approach is that the resulting filters are narrowband and the response outside the desired operating
range is unpredictable. It is far better to employ the Richards’s transformation, considered in Section 2.12, which is a much broader
bandwidth technique for realizing filters in distributed form.

This page titled 4.10: Cascaded Line Realization of Filters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Chris Lee.
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4.11: Butterworth and Chebyshev Bandpass Filters

Designs of Butterworth and Chebyshev filters with center frequencies of 1 GHz and 3 dB bandwidths of 10% are shown in Figure
2.10.4. Their transmission, S,;, and reflection, S;;, responses are shown in Figure 4.11.1. The filter skirts, i.e. the transitions from
the passband to the stopbands, is steeper for the Chebyshev filter than for the Butterworth filter as expected. The ripple of the
Chebyshev filter is very small and not seen in this plot. In a real filter there will be loss and low-level ripples in the magnitude

response
0 =
‘K‘ —— Chebychev
‘:‘ 4 %, 77" Butterworth
p . ] A
’ 1 .
- e I %Sn \
@ 20 5 ! I :
o S v FaWa | S,
921 A
; (i 1] Al
—ag - A

. ‘ AE
—a0 i 1 | | ' J ! L | |
0.8 0.8 1.0 1.1 1.2
Frequency (GHz)

Figure 4.11.1: Insertion loss (S»;) and return loss (.S;;) of the Butterworth and Chebychev lumped-element bandpass filters in a 50 2

system.
180 o, 3
PP\ GChebychey | sz
. \ — —eee-..
_ 9@ :
@ Butterworth | \
-1 e
g o : A
= 1 \
& H |
~90|— : \\ ;
_h"‘-’:ta\f .\ \
—~180 1 Lo 1 N 1
0.8 0.9 1.0 1.1 1.2

Freque rlcly (GHz)

Figure 4.11.2: Phase of the transmission response (Ss;) of the Butterworth and Chebyshev lumped-element filters. The
discontinuities seen in the phase from —180° to 4180° are artifacts and the phases of the filters reduce monotonically with
increasing frequency. (For example, the phase at 0.8 GHz is —110° + 360° = 250°.)

disappear. However even with loss the steep skirts of the Chebyshev transmission response remain. Also, even with loss, the impact
of the Chebyshev ripples is clearly seen in the reflection (S11) response. In Figure 4.11.1 three distinct S1: zeros are seen and these
correspond to the three poles of the Chebyshev filter’s Sy response, but of course we cannot see these. (In the Laplace transfer
function there are 3 complex poles each pair being transformed from one of the three poles of the lowpass prototype.) The
Butterworth filter also has three (complex) S;; zeros and these are all at the center frequency of the bandpass filter, 1 GHz.

Another characteristic that differs between the Chebyshev and Butterworth responses is seen in their phase responses plotted in
Figure 4.11.2. Each pole in the Sy characteristic causes a 90° phase change. The three complex poles (i.e. six actual poles) of Sy
then result in six 90° phase changes in S for a total phase change of 450°. Small ripples are seen in the Chebyshev phase responses

in the pass band while the phase changes for the Butterworth filter are smooth. (The Chebyshev phase ripples remain even with
low-level loss.)

The magnitude and phase responses, Figures 4.11.1 and 4.11.2, do not provide complete visualization of the filter characteristics.
Additional insight is provided in the S;; loci on the Smith chart, see Figure 4.11.3. Figure 4.11.3 shows the S;; characteristics
plotted on Smith charts. (In the passband the S5, locus would be very close to the unit circle and little of value is observed in the
passband.) There is a wealth of information here. First consider the response for the Chebyshev filter, Figure 4.11.3(a). As
frequency increases from 0.8 GHz, the locus of S is first close to the unit circle and then approaches the origin
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(a) Chebyshev (b) Butterworth

Figure 4.11.3: Smith chart plot of S1; of the Butterworth and Chebychev lumped-element filters.

of the polar plot as the frequency approaches the passband of the filter. A special characteristic of the Chebyshev response is the
looping which here results in three passes of the locus through the origin. These are the three zeros. Eventually the locus of Sj;
increases as frequency increases above the passband. A loop is also seen in the Butterworth response, Figure 4.11.3(b). This loop
goes through the origin and while it seems that there is just one zero there are actually three. What is happening is that as frequency
increases and as the locus of the Butterworth Si; response approaches the origin, the movement of the locus with respect to
frequency slows down. The best way to be convinced that there are three zeros of S1: is to look at the transmission phase (£S21)
response in Figure 4.11.1.

Comprehensive visualization of the filter response requires the rectangular plots of the magnitudes of S3; and S11, Figure 4.11.1, of
S1 phase, Figure 4.11.2, and the Smith chart plot of Si1, Figure 4.11.3. The phase plot convinces you of the number of zeros in your
design which is important in interpreting the Butterworth results. A physical implementation of the design will not be exact and so
tuning is required. Then the most important characterizations are the rectangular magnitude and Smith chart responses. Here the
loops on the Smith chart, even if they do not go through the origin exactly, distinguish the Butterworth and Chebyshev responses.
Matching may be required to shift the loops to the origin of the polar plot.

This page titled 4.11: Butterworth and Chebyshev Bandpass Filters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Chris Lee.
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4.12: Richard’s Transformation

Richards’s transformation is a remarkable scheme that takes into account the actual properties of transmission lines, yielding
broadband transmission line-based implementations of lumped-element filter prototypes [12, 13, 14, 15].

4.12.1: Richard's Transformation and Transmission Lines

Consider a section of transmission line of electrical length 6 with ABC D parameters

cos(6) 7Zo sin(6)

T= 4.12.1
1/ Zysin(6)  cos(6) ( )
If this line is terminated in a load, Z, then its input impedance is
Z Zo si
Zu(0) cos(0)Zr + 3Zy sin(6) (412.2)

B 3/ Zosin(0)Zy, + cos(6)
Now examine two extreme conditions. As the load impedance increases, eventually becoming an open circuit, the input impedance
of a line with electrical length ¢ is defined in terms of a cotangent of the electrical length:
Zy
7 =0 = Zn(0) = —cot(0) (4.12.3)
J
Yin(0) = 7Y, tan(6) (4.12.4)

As the load impedance reduces to become a short circuit, the input impedance of a line with electrical length ¢ is defined in terms
of a tangent of the electrical length:

Z, =0 = Zu(0) = 3Zytan(h) (4.12.5)

These results lead to the Richards’s transformation, which replaces the Laplace variable, s, by Richards’s variable, S, where S
= jatan(#). This transformation is written

s = S = jatan(6) (4.12.6)

For now « and 6 are constants that can be chosen as design variables. 6, of course, is the electrical length of the line. Also, o must
have the units of impedance and it is the characteristic impedance of the transmission line.

Applying the Richards’s transformation to a capacitor, the admittance of the element is transformed as follows:
y=sC —Y = 5C = jaC tan(6) (4.12.7)
so that the capacitor is transformed into an open-circuited stub with characteristic admittance
Yy = aC (4.12.8)

If a lumped-element capacitor with admittance y = sC is to be realized using a transmission line, the admittance ¥ = SC
= jaC'tan(f) is instead realized. There are two parameters to select to realize this admittance. The first, «, is the characteristic
admittance of the transmission line (and for any given transmission line topology there is a minimum and maximum characteristic
admittance or impedance that can be realized), and 4 is the electrical length of the line.

Applying the transformation to an inductor, the impedance of the element is transformed as follows:

Z =sL — Z = SL = jaLtan(0) (4.12.9)
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Figure 4.12.1: Equivalences resulting from Richards’s transformation. With f, = 2f, the transmission line stubs are one-eighth
wavelength long at fj.

so that the inductor is transformed into a short-circuited stub with characteristic impedance
Zo=oal (4.12.10)

Thus the Richards’s transform converts an inductor into a short-circuited stub and a capacitor into an open-circuited stub.

4.12.2: Richard's Transformation and Stubs

There is a duality between stubs and inductors and capacitors; they are coupled by Richards’s transformation. One of the important
quantities used in the transformation is the commensurate frequency, f,, which most often is chosen as twice the operating
frequency, fo. Considering stubs that are one-quarter wavelength long at f,, the duality is as shown in Figure 4.12.1.

4.12.3: Richard's Transformation Applied to a Lowpass Filter

In this section, Richards’s transformation is used to realize a lumped-element filter in distributed form. The design example begins
by considering a Chebyshev lowpass filter with the transmission characteristic

1
T = ———— 4.12.11
O e T (4.12.11)
With the Richards’s transformation (s — jw — jatan(6)) this becomes
9 1
[T (g tan 6)|* = (4.12.12)

1+ e?|K(jatan6))|?

Thus the passband edge at w = 1 is mapped to w = 6; as

o * O
= Kys ES Ky J— Ky =
O L O
€ Oy & G
(a)
i - L- L- —°
Z Ky |4 Ky | Z3 Ky |24
o i C [,
Z=1aC)
(b)

Figure 4.12.2: Lowpass prototypes: (a) lowpass prototype as a ladder filter with inverters; and (b) lowpass distributed prototype
with open-circuited stubs (the impedance looking into the stub is indicated).
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(a) Lowpass filter response (b) Distributed lowpass filter response
Figure 4.12.3: Lowpass to distributed lowpass transformation. s = jw.
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(a) Highpass filter response (b) Distributed highpass filter response

Figure 4.12.4: Highpass to distributed highpass transformation. s = jw.

w=1— atan(;) (4.12.13)
so that
a=—1 (4.12.14)
"~ tan(6)) o

Recalling that a capacitor is transformed into an open-circuited stub (see Equation (4.12.8)), Richards’s transformation applied to
the lowpass filter prototype results in a filter with transmission line elements only, as shown Figure 4.12.2, provided that the
inverters are realized using transmission lines.

The implementation of a lowpass filter in distributed form results in passbands and stopbands that repeat in frequency, as shown in
Figure 4.12.3. This occurs because transmission lines are used to realize lumped elements and the two-port parameters of a
transmission line repeat every wavelength (or one-half wavelength in some cases). For example, the input impedance of a stub is
the same whether it is one-half wavelength long or one wavelength long.

4.12.4: Richard's Transformation Applied to a Highpass Filter

With reference to Figure 4.12.4(a), the passband edge at w =1 is mapped to ;, as shown in Figure 4.12.4(b). This means that the
passband at w = 1 is mapped

T O
= | K 1 Ky | =

|
it
el

o

& Cs T e
(a) Lou.'pa_-as prototype

e E [

= 1 a
Li=¢, Ly=¢ Ly=¢, Ly&=C

(b) liighpa_;n prototype n-_;|:vun~\-e

[ -0
P K F Kis ‘lj Ky E
o

a a
<, (5

(¢) Distributed highpass p‘mlnh'pr

™y
:‘,|. =)

Figure 4.12.5: Ladder prototype transformation. (The input impedances of the stubs are indicated in (c).)
to ¢, as (note that ¢, is the electrical length at the band edge)
w=1—= atan(f;) (4.12.15)

so that
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1
= 4.12.1
“ tan(6) ( 6)

The sequence of steps transforming a lumped lowpass prototype to its distributed highpass prototype are shown in Figure 4.12.5. As
previously discussed, all the inverters can be approximated by transmission lines of length 7/2 at the corner frequency of the filter.

This page titled 4.12: Richard’s Transformation is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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4.13: Kuroda’s and Norton’s Network Identities

Kuroda’s and Norton’s network identities are a number of pairs of equivalent networks that facilitate the transformation from one
prototype to another, particularly transformations that enable realizable transmission line implementations.

4.13.1: Kuroda's Identities

Kuroda’s identities embody a number of specific manipulations using impedance or admittance inverters. They are particularly
useful in implementing Richards’s transformations as they physically separate transmission line stubs, transform series stubs into
shunt stubs, and can change characteristic impedances that are either too small or too high to practically realizable values. Kuroda’s
identities are a number of equivalent two-port networks, as shown in Figure 4.13.1. The proof is derived by obtaining the ABCD
parameters of the two ports similar to the technique used throughout this chapter. The identities shown in Figure 4.13.1 are
narrowband. With stubs replacing the lumped elements, Kuroda’s identities then have broader bandwidths. Kuroda’s identities with
stubs are shown in Figure 4.13.2. The major use of these identities is to transform designs with series stubs (in addition to possible
shunt stubs) into designs with shunt

Z, nl=1 +Zy/E
o—— —o o— 0
Z; = ”EZL ::HIZ:
o— —o o—{
(a)
Zy/n?
o —o o—
§ Z
Zam== Z = _2!
— [ S » —_——————
(b} 4
i of
o o—|
Z = .
% L o R %
(c) s
Zs nZy p2:
o—{— —o o—i =
Zy = ntZ, i 3
o0— —o o—

(d)

Figure 4.13.1: Kuroda’s identities. Here the inverters are impedance inverters and the designation refers to the impedance of the
inverter. Recall that an inverter of impedance Z; can be realized by a one-quarter wavelength long transmission line of
characteristic impedance Z;. (As usual, element impedances are indicated.)

(b}

n?=1+2Z:/Z,
% Z, = nz, | n*z,
—_— ks a— L
(a)
—0 PR e Y
Z, 7 = Z Lt
i : = nl L
k’l%

[ ]
]
o

ch

/ nZ:1
V4 . ., H:;’-‘) . .
Zy = n=Z,
—C o—

(dy

NS
=
L
[

|

Figure 4.13.2: The stub form of Kuroda’s identities with impedance inverters. The stub impedances shown are the input impedances
of the stubs.

stubs only.
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To see how these identities are used, consider the identity shown in Figure 4.13.1(a). The network on the left has a series inductor
that, using transmission lines, is realized by a series stub. A series stub cannot be realized in most transmission line technologies,
including microstrip. Using the identity shown on the right in Figure 4.13.1(a), the series stub is replaced by the shunt stub used to
realize the shunt capacitor. At the same time, impedance scaling

o— . —o ".—vo
.
1 1 =
=5
o— — —o Lo

3 1:1
o——o g~
— .
I t } £
Q0 o— bt
1:1
o— —o o—
Approx. .
1 =X | -~ | TX | ;
o— —o o—

(e) (d)

Figure 4.13.3: Transformation of a series inductor into a shunt capacitor between inverters.

can be used. If the impedance of the inverter in the network on the left is too low, then it can be scaled by a factor n?, where n? = 1
+ Zs/ Z.

One use of Kuroda’s transforms is to convert a series inductor into a shunt capacitor. Consider the inductor transformation shown in
Figure 4.13.3. Figure 4.13.3(a) shows that two inverters in cascade is electrically equivalent to an inverting transformer. Since each
inverter is a unity inverter (either a 1 © impedance inverter or a 1 S admittance inverter), the equivalence is a unitary inverting
transformer that corresponds to a 180° phase change. So the transformation of a series inductor begins with the transformation of
the inductor (with value z) in Figure 4.13.3(b) into the network of Figure 4.13.3(c) in which the inverter cascade and the inverting
transformer cancel each other out. Using the Kuroda identity in Figure 4.13.2(a), the network in Figure 4.13.3(c) converts to the
electrically identical network in Figure 4.13.3(d). Since the 180° rotation usually does not matter in circuits, the final transformation
shown in Figure 4.13.3(e) is usually acceptable. (The rotation would only matter if there was another path between the input and
output as then phasing would affect the way signals on multiple paths combined.) Now the capacitor in Figure 4.13.3(e) has the
numerical value z, the same as the numerical value of the original inductor. This is a result of using unitary inverters. The key result
here is that a series inductor is equivalent to a shunt capacitor flanked by two inverters.

4.13.2: Norton's ldentities

Norton’s transformations enable the magnitude of lumped element values to be scaled [16, 17]. Norton’s transformations are shown
in Figure 4.13.4 where K is the scaling factor. Additional elements are introduced in these transformations including possibly
negatively valued elements. Generally these elements can be combined with other elements so that the elements to be realized are
positive (e.g. positive capacitor) and the transformer can also be replaced through subsequent transformations using, for example,
Kuroda’s identities.

I-t> Ee1%

(a) Type 1 Norton's transformation

(1-Kz Ki.‘(-HZA:I

T~

(b) Type 2 Norton’s transformation

Figure 4.13.4: Norton's transformations.
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4.14: Inter-resonator Coupled Bandpass Filters

Resonator 1 Resonator 2
; i - 0
' I H )
1. i Jia | 1+ 2
L = 0 : i :
s i - =0
r G Zy1 €2, Zop;
¥, Interresonator coupling
(a) Bandpass resonator (b) Coupled bandpass resonators

Figure 4.14.1: Bandpass resonators.

4

wva

Figure 4.14.2: The electrical design of a cross-coupled filter. There are four resonators labeled 1, 2, 3, and 4. The bandpass resonators
are coupled by admittance inverters.

The synthesis method that has been described so far leads to bandpass filters that are a cascade of coupled bandpass resonators. A
bandpass filter then comprises pairs of resonators of the type shown in Figure 4.14.1(a) that are coupled using what is called inter-
resonator coupling (see Figure 4.14.1(b)). A generalization of this architecture is that a bandpass filter comprises coupled resonators
that do not need to be in a linear cascade. Coupling the output of one resonator latter in a cascade to the input of an earlier resonator
is called cross coupling, and a filter that uses this arrangement is said to be a crosscoupled resonator filter or a cross-coupled filter.
By reusing resonators in this way, fewer resonators are required to achieve a specified bandpass response and the filter can have
higher performance or be smaller. An example of the electrical design of a cross-coupled filter is shown in Figure 4.14.2.

Design of a cross-coupled bandpass filter is not as systematic as the design of a ladder filter. The design concept is based on using a
number of resonators where each resonator on its own has the same resonant

o 0
|a = J 2 =+
Z"TC G

Figure 4.14.3: Lowpass filter approximation with capacitors separated by an admittance inverter.

Resonator 1 Resonator

Figure 4.14.4: Segment of a filter with two resonators. C1 = Cy = 2.7171 pF, Zy, = Zg; = 67.7535 Q, and Zy12 = 442.3836 Q. The stubs
are resonant at f, = 2f, where the filter center frequency fo = 1 GHz. Thus the stubs are A/8 long at f.

frequency fo, where f, is the center frequency of the filter. The desired filter characteristics are obtained by adjusting the inter-
resonator coupling, that is, the coupling between pairs of resonators. Design is not a synthesis process based on a series of
mathematical transformations, but instead is based on the understanding of the impact of changing the coupling. The design process
will now be described for a pair of resonators.

4.14.1: Coupling of a Pair of Resonators

A segment of a bandpass filter fundamentally comprises a pair of coupled bandpass resonators. This is based on the lowpass
prototype with a pair of capacitors separated by an admittance inverter (see Figure 4.14.3). In transforming this to a bandpass filter
with a center frequency of f,, each capacitor is replaced by a resonator such as that shown in Figure 4.14.1(a). This leads to a pair of
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resonators, each resonant at fo, that are coupled by an inverter (see Figure 4.14.1(b)). The value of the inverter determines the level
of coupling of the resonators.

Consider the circuit in Figure 4.14.4, which consists of a pair of coupled resonators, with each resonator resonant at f, = 1 GHz, and
the resonators are coupled by the series stub with characteristic impedance Zy;, (i.e., the Z, stub). The circuit of Figure 4.14.4 is a
segment of a Chebyshev 1 GHz bandpass filter with a fractional bandwidth of 10%. This is an interim stage of a bandpass filter
design! and the system impedance of this circuit segment is 139.4 Q. The magnitude and phase of the 139.4 —Q Sy and Sj;
parameters of this circuit are shown in Figure 4.14.5(a), and the phase of S,; is shown in Figure 4.14.5(b). Specific features to
identify here are the two peaks in the phase response at f, and f,. These are also the frequencies of peak transmission response
where |Sa1| = 1. The bandwidth defined by f; and f, is called the coupling bandwidth (= f2 — f1) or the bandwidth of the filter
(note that this is not the 3-dB bandwidth of the filter). The level of coupling determines the coupling bandwidth. That is, changing
the level of coupling provided by the Z,,, stub changes the position of f; and f,. An interpretation of what is happening is that by
coupling the two resonators, the resonate frequency of the resonators on their own, f,, has been split by the coupling, resulting in
two peaks at f; and f,. The higher the coupling, the larger the coupling bandwidth, and the lower the coupling, the smaller the
coupling bandwidth. For example, a narrowband bandpass filter comprises
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Figure 4.14.5: Response of the coupled resonator network in Figure 4.14.4.
resonators that have low-level coupling.

So following the choice of an appropriate architecture, that is, the number of resonators and the coupling arrangement, design and
manual optimization becomes one of changing the level of coupling between pairs of resonators. Design is not as clean as for
ladder filters, but the advantages of a design with fewer resonators is a compelling justification. Invariably, extensive (perhaps a
day’s worth) manual adjustment of the coupling of the final fabricated filter is required. Overall this is an approach worth adopting
for high-value filters such as those used in a basestation, where the high unit costs resulting from manual tuning of individual filters
can be justified. This type of filter design is considered further in [3, 18, 19, 20, 21].

4.14.2: Relationship of Ladder Synthesis and Inter-resonator Coupling

The relationship of design focused on interresonator coupling and design based on the ladder synthesis approach can be
demonstrated for a pair of resonators as follows. Consider the lowpass prototype circuit of Figure 4.14.3. The input impedance of
this circuit is

Zin(s) = [sC1 + J5/(sC)] ! (4.14.1)
With s = jw, the poles of Z;, occur when
Jh —w?CiCy =0 (4.14.2)

thus the radian frequencies of the poles are
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R (4.14.3)

VCiCs
Applying the bandpass transformation (so that the capacitors are replaced by the resonators of Figure 4.14.1(a)) results in the

bandpass circuit of Figure 4.14.1(b). With this transformation the frequency is transformed as

w_m(ifﬂ> (4.14.4)
wo w

That is, the transmission coefficient of the bandpass filter is

Tppr(w) = Tipr (a {wio — %D (4.14.5)

where Tipr(w) is the transmission coefficient of the lowpass filter at the radian frequency w. The poles of the bandpass filter are at

w1, where
w1 wo J1g
al ——— | =+ 4.14.6
( wo w1 ) VC1Cy ( )
and w,, where
wy  wo J1g
al ——— | =— 4.14.7
( wo w2 ) vV 0102 ( )
Then the coupling bandwidth of the filter is
fio = T (4.14.8)

2m B 2o/ C1Co
Thus the coupling bandwidth can be directly related to the steps in the ladder-based synthesis of a bandpass ladder filter.

4.14.3: Group Delay

Group delay of a network, and in particular of a filter, is the delay to send information through a network. It is the time required for
a modulated carrier signal to appear at the output of a filter after being applied to the input of the filter. Phase delay is a similar
measure of delay but does not describe the time it takes to send information. It describes the delay to send a particular phase of a
single sinewave. Group delay is a steady-sate concept and so only approximately captures the transient response of a filter.

If a two-port has the transmission coefficient
T(S) =Sau=a -‘rjb = té(p (4149)

where a and b are its real and imaginary parts, ¢ is its magnitude, and ¢ is its phase. With s = jw, the phase of T is

o(w) =tan"! (%) (4.14.10)

The group delay, p, is the negative of the derivative of this phase as follows:
Group delay = 74(w) = _de 4 [tan_1 (%)} (4.14.11)
This compares to the phase delay:

Phase delay = 7,(w) = —Z — _tan™! (%) (4.14.12)
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Figure 4.14.6: Group delay of a resonator.
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Figure 4.14.7: Group delay of resonators in a filter. Additional delay is introduced by the coupling inverter.

Figure 4.14.6(c) shows the group delay response of one of the resonators in Figure 4.14.4, where the group delay peaks at the
resonant frequency of the resonator fy;. The peak of the group delay occurs at the resonant frequency of the resonator without
loading. From examination of the phase of S (see Figure 4.14.5(b)), it is clear that the group delay peaks very close to f1 and f,.
So the coupled resonator pair has two peaks in the group delay. This can be seen in Figure 4.14.7, which plots the group delay of a

single resonator and a coupled pair of resonators.

4.14.4: Footnotes
[1] Specifically these resonators are the left-most resonators in a design developed in Chapter 3 (see Figure 3.4.16).
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4.15: Bandpass Filter Topologies
n X B X ouw

Figure 4.15.1: Microstrip layout of a third-order combline filter based on coupled lines. Each of the vertical microstrip line forms a
resonator with the top gap capacitors. The input and output gap capacitors provide impedance matching.

The essential structure of a bandpass filter comprises resonators that are coupled to each other. A large number of filter
architectures based on this concept have been deployed. A parallel coupled line (PCL) filter called a combline filter is shown in
Figure 4.15.1. Here the microstrip lines form the resonator and the coupling of parallel lines provides the interresonator coupling. A
variation on a filter with PCL resonators is shown in Figure 4.15.2 [22]. This filter uses edge-coupled microstrip resonators that are
A/2 long (at the center frequency). Figure 4.15.3 shows another distributed bandpass filter topology utilizing end-coupled microstrip
resonators. That is, the gaps provide the interresonator coupling. All transmission line bandpass filters have spurious passbands [23,
24, 25]. The root cause of the spurious responses derives from the transformation of the parallel LC resonators into their
transmission line form.

Figure 4.15.2: Microstrip layout of a parallel coupled bandpass filter.

(l' L 1f I 11 |
()
T

AAN—

Figure 4.15.3: General microstrip layout for an end-coupled bandpass filter (series coupling gaps between cascaded straight
resonator elements).
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Figure 4.15.4: A microstrip coupled dielectric resonator bandpass filter configuration.
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A dielectric-resonator-based bandpass filter is shown in Figure 4.15.4 [26]. Here the pucks are the bandpass resonators and they
are coupled and the evanescent fields outside the pucks provide the interresonator coupling. The pucks shown are cylinders of high-
permittivity material (typically having a relative permittivity of 500-85000) with an approximate magnetic wall at the cylindrical
surface of the puck. Thus the puck resonates when its diameter is approximately )/2.!

With all these filters the interresonator coupling functions as an inverter. Thus the basic functional unit of the bandpass filters is the
coupled resonator structure shown in Figure 2.14.1(b).

4.15.1: Footnotes

[1] A better estimate is developed from the zeros of Bessel functions, as the fields inside the pucks have a Bessel function
dependence (this is the form of the solution of the wave equation in cylindrical coordinates).
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4.16: Case Study- Design of a Bandstop Filter

, C, C;
€1 =085239F=C;  Cp=1L1M22F

Figure 4.16.1: Bandpass filter approximation.

The design of a bandstop filter begins with the lowpass filter prototype shown in Figure 4.16.1. To the lowpass prototype, the
highpass transformation is applied to obtain the highpass prototype of Figure 4.16.2. Picking a center frequency of approximately
1 GHz and corner frequencies of fi =950 MHz and f» = 1050 MHz, corresponding to a bandwidth of approximately 10%, the
bandstop transformation is now applied. This results in the prototype of Figure 4.16.3. Finally, scaling the system impedance to 50 Q
leads to the prototype of Figure 4.16.4. The impedance inverters must remain set at 50 Q in order to obtain a broad match. In the

passband, energy will pass at all frequencies.
1
@ 5| 3] [5 ¥

L L, Ly
= ?%T =1.1743H Ly = ?‘,T =0.9064 H

Li=L3= ?-lT
Figure 4.16.2: Bandstop filter prototype.

Ly | L% | %L} |
Ciat s (&1

Al -

Li=Ly=1868nH € =C;=13.587 pF
L, =1.442nH €, = 17.601 pF

Figure 4.16.3: Bandstop filter following transformation from the lowpass prototype.

500

" 50 01 ‘r‘% 500 %f:;‘ 50 0
C: Cy

¢ £ )

7 o
Ly =Ly = 1.868 x 50 = 93.448 nH

Cy = Oy = 13.587/50 = 0.2717 pF

Ly = 1.442 x 50 = 72.1362 nH

€y = 17.601 /50 = 0.352 pF

Figure 4.16.4: Bandstop filter after impedance transformation.

;_% o 1
e

Figure 4.16.5: Transformations of the resonators in the bandstop filter to obtain realizable values. The series LC resonator in (a) is
transformed to the form in (b).

In Figure 4.16.4, the inductor values are relatively large and the capacitor values are relatively small so that it will be difficult to
realize the filter in either lumped or distributed forms. These values must be scaled to obtain realizable values. One possible
transformation is shown in Figure 4.16.5. To establish that the left-hand and right-hand networks are equivalent, at least near one
frequency, the impedances and derivatives must be matched. For the circuit in Figure 4.16.5(a),

WLC —1

Z=—— (4.16.1)

and
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dzZy WLC +1

—_— = 4.16.2

dw 7 w?C (416.2)
and for the circuit in Figure 4.16.5(b),

w2L101 -1 + OJ2L100
U.)Oo(l 7w2L101)

Zy = (4.16.3)

and

dZy w4L%C12 — 20.)2[1101 + w4LfCOC’1 + w2L100 +1

= = 4.16.4
dw J w2C()(DJ2L101 - 1)2 ( )

Equating the above enables Cj and C to be found for a chosen value of L;. Thus the series LC resonators in Figure 4.16.6(a and c)
are replaced by the

I 183 pF

1.183
93 448 nH % ~ 3.8942 pF 5nH
0.2717 pF
(a)

(b)
Tl.s-w pF

i il
721362 n
— = 37322pF SnH
L,

(c) (d)

11838 pF 1.3461 pF 11838 pF

R I ® i %
5061 ng__l 500 151—_' 300
T T
% X\

SnH 38042 pF  5nH 3.732pF SnH 38942 pF
(€)

s061

Figure 4.16.6: Intermediate bandstop filter prototype.
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2]
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Figure 4.16.7: Equivalence of shunt bandpass resonator to shunt short-circuited stub.

networks in Figure 4.16.6(b and d). This results in the filter of Figure 4.16.6(e).

At this stage the bandpass resonators are then equated to short-circuited stubs by equating the admittance, Y;, of the lumped circuit
in Figure 4.16.7(a) with the admittance, Y5, of the stub in Figure 4.16.7(b). That is, by equating

2CL—1
B S S (4.16.5)
wL 172 tan ( L )

2w

Y =

The characteristic impedance of the stub, Z,, is selected so that the frequency, w,, is not too far above the upper band-edge
frequency of the filter, in this case 1.05 GHz. Choosing Z, = 20 Q2 results in the stub transformations shown in Figure 4.16.8(a—d).
The bandstop filter prototype with stubs is shown in Figure 4.16.8(e). The final physical layout of the bandstop filter is shown in
Figure 4.16.9. The response of the final bandstop filter design is shown in Figure 4.16.10.
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Figure 4.16.8: Bandstop filter prototype using stub approximations. The stub in (b) is the transmission line approximation of the
parallel resonant circuit in (a). The stub in (d) approximates the circuit in (c).
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Figure 4.16.9: Physical layout of a bandstop filter in microstrip.
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Figure 4.16.10: Response of the bandstop filter shown in Figure 4.16.9.
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4.17: Active Filters

With active circuits, losses in lumped-element components can be compensated for by the gain of active devices resulting in filters
with high Q. Inverters can also be realized efficiently. The net result is that active filters provide a performance per unit area
advantage over passive element realizations. Of course, active filters are limited to low-level signals (such as in the receive
circuitry, and prior to the power amplifier stages) as the full power of the signal must be handled by the active devices in the active
filter. With active devices, additional noise is introduced and so the noise figure of an active filter must be considered at RF where
bandwidths are significant.

At microwave frequencies active filters based on traditional low-frequency concepts have relatively low Q. Higher @ and narrower-
band applications require active inductors or distributed techniques. The smallest active filters are the ones that use active inductors
and the largest use distributed transmission line elements.

Sometimes the main role of a filter is to limit the dynamic range of signals presented to active circuits, thereby limiting distortion.
Clearly active filters are not suitable when large out-of-band signals are a concern.

4.17.1: Radio Frequency Active Filters

There are several problems with lumped-element filters. High-order filters require many poles and zeros that must be precisely
placed, requiring small tolerances. With active filters it is possible, to some degree, to achieve higher-order filters with fewer
reactive elements and so the tolerancing problem is considerably reduced. Also, there are a few designs that can be tuned
electronically. Lumped-element bandpass filters and highpass filters require inductors. Inductors are a major problem, as RF
inductors are lossy and also only relatively small values can be obtained. On-chip inductors take considerable area and can thereby
dominate the cost of RFICs. With active filters, feedback and capacitors can be used to realize inductor-like characteristics, defined
as a positive imaginary impedance increasing with frequency at least over a small frequency range. Many times, and especially at
lower radio frequencies, lumped inductors are no longer required. The size of capacitors in filters is another issue, and using
feedback and gain, the effective value of capacitors can be magnified. All this comes with limits. The principle limit is that the
cutoff frequency of the transistors must be much higher than the operating frequency of the filters. This is a cost incurred whenever
feedback is used. A rough rule of thumb is that the transistor cutoff frequency should be about 10 times the operating frequency. So
for a 5 GHz bandpass filter, a 50 GHz transistor process is required. The other significant cost is that active filters are only suitable
for small signals. The efficiency, a measure of the amount of DC power used in producing the RF output signal, is then not a
consideration. Active filters cannot be used where signal levels are likely to be large (such as at the output of a power amplifier or
at the receiver input, due to likely out-of-band signals).

The essential aspect of low-RF active filters is the use of feedback, with reactive feedback elements, to realize a frequency-domain
transfer function with poles and zeros. The aim is not to synthesize effective capacitors and inductors, but to focus on the overall
response. Active filters are generally developed as stages, with each stage realizing a second- or higher-order transfer function.
Design is simulation driven, as this is the only way to account for the active device parasitics.

In operational amplifier design, feedback is used to achieve gain stability, but at the cost of reduced bandwidth. If reactive feedback
elements are used, high-order transfer functions can be obtained with just a few reactive elements. In Figure 4.17.1, a twin-T notch
network is connected in the operational amplifier feedback path to obtain a bandpass filter [27]. Away from the notch frequency the
feedback path has a high impedance and the overall amplifier gain falls off. As the signal frequency approaches the notch
frequency, the feedback path becomes effective and the amplifier gain increases. The notch frequency, f,, is proportional to the RC
product of the feedback components and the @ is proportional to the amplifier gain. The governing equations for this filter are

fo=1/(27RC) and Q= (1+G)/4 (4.17.1)
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(a) Schematic (b) RF biquad bandpass filter

Figure 4.17.2: Operational transconductance amplifier with transconductance G,;. In (a) Ip = Gy Vix.

4.17.2: Biguadratic Filters

Biquadratic filters are an important class of filters and are the basic building block used in analog and RF active filters. Biquad
filters commonly use operational transconductance amplifiers (OTAs), the schematic of which is shown in Figure 4.17.2(a). Here
Io = GuVin, which is also the basic characteristic of an individual transistor. These circuits have characteristics typical of
operational amplifiers, including gain stability and resistance to component tolerance variations. OTA-based filters have the
advantage of easy tunability, with pole and zero frequencies electronically adjustable. An RF bandpass biquad filter is shown in
Figure 4.17.2(b). Stages such as this are cascaded to realize high-order filters.

Biquadratic filters implement the transfer function

Vivn'© D(s)  s>+bis+by  (s+pi)(s+pa)

N 2
H(s) = Vour (s)  ass’+ais+ag  as(s+z1)(s+ 22) (417.2)

This is referred to as a biquadratic function and filters that implement this function are called biquadratic filters or simply biquad

filters. There are several special types of biquad filters.
The form of the biquadratic function for a second-order lowpass filter is

ag wa,
- = - (4.17.3)
s2+bis+by 52+ (wp/Qp)s +w?

HLP(S) =

Hyp(s) has a double zero at s = oo and thus negligible response at very high frequencies.
The highpass form of the biquadratic filter is described by

9 2

ass Ks

; i _ 4.17.4
up(s) s2+ bys + by s2 + (OJp/Qp)s + w; ( |

2 Tank circuit

¥ g
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The response of Hyp(s) at high frequencies is K and the response at very low frequencies goes to zero.

Figure 4.17.3: Active coupled distributed filter. After [30].

The bandpass form of the biquadratic filter is described by

as _ K(wp/@p)s
s24+bis+by 82+ (wp/Qp)s + wi

Hpp(s) = (4.17.5)

The response of Hgp(s) at high and low frequencies goes to zero, and only at and near the center frequency, w = wy, is there a
reasonable response.

The band-reject or notch form of the biquadratic filter is described by

azs?+ag K(s? +w?)
24+ bis+by 824 (wp/Qp)s + w3l

Hpn(s) = (417.6)

The response of Hpg(s) at high and low frequencies is high, but there is a double zero at the notch frequency, w = w,, where the
response is very low.

With all of the biquadratic filters, the sharpness of the response is determined by @,. The edge frequency or center frequency is w,
for the bandpass, lowpass, and highpass filters, and the notch frequency is w. for the bandstop filter.

4.17.3: Distributed Active Filters

At high microwave frequencies, good results can be obtained by combining distributed elements with a gain stage. Commonly the
active devices are used as coupling devices. A negative resistance can be produced using the active devices that can compensate for
the losses associated with the transmission line elements or lumped passive elements in the filter. The concept uses a resonant tank
circuit formed by a transmission line or lumped-element resonator with a negative resistance coupled into the tank circuit by the
active devices [28, 29, 30]. This concept is illustrated in Figure 4.17.3. Here a one-half wavelength long resonator forms a resonant
circuit (commonly called a tank circuit in this context). A negative resistance is coupled into the tank circuit to compensate for
losses in the resonator and the result is effectively a lossless tank circuit.

An active resonator circuit is shown in Figure 4.17.4. The design of the lossless resonator is based on the negative resistance
obtained when the capacitor is connected at the source of the MESFET. This element in the

DRAIN BIAS

OuUTPUT

SOURCE BIAS
Figure 4.17.4: An active resonator circuit. After [31].

source provides a feedback path between the output of the circuit, the drain-to-ground voltage, and the input gate-to-source voltage.
An increase in the drain-source current leads to a voltage at the source that changes the gate-source voltage. This induces a negative
resistance that is adjusted through the feedback capacitance, Crp, to compensate for inductor losses. An additional inductor, Lp, is
added at the gate. The inductor resonates with the series combination of Crp and Cgs. Crp can be implemented using a varactor
diode to enable electronic tuning.

This page titled 4.17: Active Filters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

e 2.17: Active Filters has no license indicated.

@ 0 e 4.17.3 https://feng.libretexts.org/@go/page/113736


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113736?pdf
https://eng.libretexts.org/Courses/Fontys_University_of_Applied_Sciences/Telecommunications/04%3A_Filters/4.17%3A_Active_Filters
https://creativecommons.org/licenses/by-nc/4.0
https://www.fontys.nl/Contactpersoon-tonen-op/C.J.-Chris-Lee.htm
https://eng.libretexts.org/@go/page/46083

LibreTexts"

4.18: Transient Response of a Bandpass Filter

Figure 4.18.1: Lumped-element 5th-order Chebyshev filter.

Low Frequency High Frequancy

Amplitude

Time —

Figure 4.18.2: A linear chirp.

A bandpass filter is normally characterized by its center frequency and bandwidth, and sinusoidal signals that are within the
bandwidth are transmitted by the filter and those outside the passband are reflected by the filter. However, if the signal changes
frequency quickly, the transient response of the filter can be unexpected [32, 33].

Figure 4.18.1 is a fifth-order filter with each pair of shunt resonators coupled by a series resonator. In response to an RF pulse (a
pulse of sinusoidally varying RF), the filter passes energy in-band when all of the resonators have reached steady state. When the
RF pulse is removed, the resonators will loose energy and eventually the RF signals on the resonators disappear. There will be a
finite time to “charge” and “discharge” the filter’s resonators.

A classic test of the RF response over frequency is to use a linear RF chirp, as shown in Figure 4.18.2. With a linear chirp, the
frequency of the signal in the pulse changes linearly and smoothly over time from one frequency to another. Figure 4.18.3(a)
presents the transient response at the output of

40

20
=
1S

€0

-20

—40

1 2 G. 4 5 & 7 0 04 0.2 03 0.4 0.5
Tima (us) Time {ps)
(a) Slow chirp response (b) Fast chirp response

Figure 4.18.3: Output transient response of a 3rd-order Chebyshev filter with a center frequency of 1 GHz and a 30 MHz bandwidth
excited by a —20 dBm linear chirp from 950 MHz to 1050 MHz: (a) chirp rate = 20 MHz/pus, (b) chirp rate = 400 MHz/us. At the
slower chirp rate, the filter response is approximately a superposition of steady-state responses as the frequency changes (i.e., the
response is quasi-stationary). At the higher chirp rate, the filter response can no longer be approximated as a sum of steady-state
responses (i.e., it is no longer quasi-stationary). After [34].

a 30 MHz-bandwidth 1 GHz filter excited by a 1 us-long linear chirp from 950 MHz to 1050 MHz with a chirp rate of 20 MHz/ps.
This is a relatively slow chirp. The chirp starts at 0 s and stops at 5 us. Thus the frequency of the chirp is in-band at 1.75 us and is
out-of-band at 3.25 us. The chirp is sufficiently slow that the transient transmission response corresponds to the frequency response
of the filter. However, if the chirp is fast, the resonators may not reach steady state, and then the transient response of the filter
cannot be simply extrapolated from its frequency-domain response. This is seen in Figure 4.18.3(b), which is the response of the
filter to a fast chirp with a chirp rate of 400 MHz/us and a chirp duration of 250 ns, and beginning at 950 MHz and ending at
1050 MHz. The RF chirp begins out of band at 0 ns, becomes in-band at 0.0875 us, and goes out-of-band again at 0.1625 us before
turning off at 0.25 us. Interestingly, there is an almost immediate output response, around 0.03 us when the RF chirp is out of band.
Overall the chirped-filter response does not follow the frequency response of the filter.

Another view of the same phenomenon is examined for a 7th-order Chebyshev filter with a center frequency of 900 GHz and
34 MHz bandwidth from 883 MHz to 917 MHz. The frequency-domain transmission response of the filter is shown in Figure 4.18.4.
The transmission responses to 0.25 ps-long RF pulses of different frequencies are shown in Figure 4.18.5. The frequency of the RF
pulse is shown in each subplot. The top-left plot is the response when the RF pulse is in-band. Here the RF pulse is applied at 0 us
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and removed at 0.25 ps. An initial delay in the transmission response and what is referred to as a long-tail response is seen when
the RF pulse is removed. The other plots in Figure 4.18.5 show the filter response as the RF is backed off from the passband. So,
even when the RF is out of band, there can be an appreciable output from the filter at the beginning and end of the RF pulse.

Transmission (dB)

-90
850 200 950

Frequency (MHz)

Figure 4.18.4: Frequency-domain transmission response of a 7th-order Chebyshev filter with a center frequency of 900 GHz and
34 MHz bandwidth from 883 MHz to 917 MHz.
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Figure 4.18.5: Transient response at the output of the 900 MHz 7th-order Chebyshev bandpass filter with a passband from 883 MHz
to 917 MHz. The frequency response is shown in Figure 4.18.4. After [34].
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4.19: Summary

Radio frequency and microwave filter design combines the mathematical synthesis of a circuit with the required performance and
the intuitive realization that particular structures inherently have a desired frequency selectivity. The art of filter design is to direct
the mathematical synthesis and companion circuit so that the circuit structures in the synthesized filter prototype match the
functionality of physical microwave structures. A very important step in this process is the development of circuit equivalent
models of physical structures. Once a microwave filter with appropriate topology has been designed and the close-to-final physical
filter is designed, the physical layout is optimized in a circuit simulator to account for parasitics and higher-order EM effects.

A similar design procedure applies to active filter designs where particular circuit topologies, for example, the biquad network
blocks, are identified and exploited. The synthesis approach provides design insight and exploitation all parameters of a transfer
function, leading to optimum network topologies. Synthesis can be time consuming and specialized, but it is the only way to
develop filters with optimum performance. Insight gained during design identifies yield issues and provides the basis for inventing
new filter topologies.

4.19.1: Further Reading

The design of microwave filters has a rich tradition. Many excellent books and articles have been written about microwave filter
design techniques. Books and articles with extensive treatments are references [1, 3, 4, 14, 16, 17, 18, 19, 35, 36, 37, 38, 39, 40, 41,
42, 43, 44, 45, 46]. However the most important systematic approaches to microwave filter design were presented in this chapter.
Many journal and conference papers present topologies in various technologies that can be used to implement filters. The best way
to locate these papers is to search using the specifics of the technology of interest. For example “wideband microstrip bandstop
filters on glass substrates” will yield a list of papers on the topic. There are many small companies that specialize in different types
of filter design. For very high performance filters, for example in basestation applications, the number of designers and vendors is
quite small and filter designers follow the literature and patents closely. For designers building microwave systems with small to
medium volumes the best approach is to use microstrip design. For bandpass microstrip design the most common choice is to use
filter design based on coupled microstrip design which is considered in the next chapter.
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4.21: Exercises

1. The characteristic function of a doubly terminated network is K(s) = s*.

a. What is the magnitude-squared transmission coefficient (|T(s)|?)?
b. What is the magnitude-squared reflection coefficient (|T'(s)|?)?
c. What is transmission coefficient 7'(s) for a circuit that can be realized using positive R, L, and C elements)?

2. The characteristic function of a doubly terminated network is K(s) = s*. What is the magnitude-squared transmission
coefficient (|T'(s)|?)?
3. Consider the design of a fourth-order lowpass Butterworth filter. [This problem follows the development in Section 2.4.]
a. What is the magnitude-squared characteristic polynomial, |K(s)|?, of the Butterworth filter?
b. What is the magnitude-squared transmission coefficient (or transfer function)?
c. What is the magnitude-squared reflection coefficient function?
d. Derive the reflection coefficient function (i.e., T'(s)). Write down the reflection coefficient in factorized form using up to
second-order factors.
e. What are the roots of the numerator polynomial of the reflection coefficient function?
f. What are the roots of the denominator polynomial of the reflection coefficient function?
g. Identify the conjugate pole pairs in the factorized reflection coefficient.
h. Plot the poles and zeros of the reflection coefficient on the complex s plane.
4. Derive the reflection coefficient poles of a second-order Butterworth filter and write out the reflection coefficient with
nominator and denominator polynomials, that is not in factorized form. [Parallels Example 2.4.1]
5. Derive the reflection coefficient poles and zeros of a fourth-order Chebyshev filter with a ripple factor, ¢, of 0.1.
6. Synthesize the impedance function

s34+ s24+25+1
Zp= —— ——— =
s24+s+1
That is, develop the RLC circuit that realizes Z,. [Parallels Example 2.6.1]
7. Synthesize the impedance function

_ 452 + 25 +1
T 83 4+8s2+2s5+1

w

That is, develop the RLC circuit that realizes Z,,. [Parallels Example 2.6.2]
8. Synthesize the impedance function

7, = 452+ 25+ 1
48?2 +1

That is, develop the RLC circuit that realizes Z, . [Parallels Example 2.6.1. You may also want to consult Figure 2.6.2.]
9. Synthesize the impedance function

_ 4s* +2s% + 552 +2s+1
T 45t 443+ T2+ 5+ 1

That is, develop the RLC circuit that realizes Z,. [Parallels Example 2.6.1. You may also want to consult Figure 2.6.2.]

10. Develop the lowpass prototype of a fifth-order Butterworth lowpass filter. There may be more than one solution. That is, draw
the circuit of the lowpass filter prototype with element values.

11. Develop the lowpass prototype of a fifth-order Chebyshev lowpass filter with 1 dB ripple and 1 rad/s corner frequency.

12. Develop the lowpass prototype of a ninth-order Chebyshev lowpass filter with 0.01 dB ripple and 1 rad/s corner frequency.
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13. A 0.04 S admittance inverter is to be implemented in microstrip using a single length of transmission line. The effective
permittivity of the line is 9 and the design center frequency is 10 GHz.

a. What is the characteristic impedance of the transmission line?

b. What is the wavelength in millimeters at the design center frequency in free space?

c. What is the wavelength in millimeters at the design center frequency in microstrip?

d. What is electrical length of the microstrip transmission line in degrees at the design center frequency?
e. What is the length of the microstrip transmission line in millimeters?

14. In Section 2.8.2 it was seen that a series inductor can be replaced by a shunt capacitor with inverters and a negative unity
transformer. If the inverter is realized with a one-quarter wavelength long transmission line of characteristic impedance 50 ©:

a. Derive the ABCD parameters of the cascade of Figure 2.8.2(c) with 50 Q2 inverters.
b. What is the value of the shunt capacitance in the cascade required to realize a 1 nH inductor?

15. A series inductor of 10 pH must be realized by an equivalent circuit using shunt capacitors and sections of one-quarter
wavelength long 1 2 transmission line. Design the equivalent circuit. [Hint: The one-quarter wavelength long lines are
impedance inverters.]

16. A series inductor of 10 nH must be realized by an equivalent circuit using shunt capacitors and sections of one-quarter
wavelength long 50 Q transmission line. [Hint: The one-quarter wavelength long lines are impedance inverters.] Design the
equivalent circuit.

17. At 5 GHz, a series 5 nH inductor is to be realized using one or more 75 Q2 impedance inverters, a unity transformer, and a
capacitor. What is the value of the capacitor?

18. In Section 2.8.3 it was seen that a series capacitor can be replaced by a shunt inductor with inverters and a negative unity
transformer. Consider that the inverters are realized with a one-quarter wavelength long transmission line of characteristic
impedance 100 €.

a. Derive the ABCD parameters of the cascade of Figure 2.8.3 with the 100 €2 inverters.
b. What is the value of the shunt inductance in the cascade required to realize a 1 pH capacitor?

19. A 50 © impedance inverter is to be realized using three resonant stubs. The center frequency of the design is fo. The first
resonant frequency of the stubs is f, = 2fy.

a. Draw the circuit using stubs. On your diagram indicate the input impedance and characteristic impedance of each of the
stubs if f, = 2f,.
b. What is the input impedance of a shorted one-eighth wavelength long transmission line if the characteristic impedance of the
line is Zo:1?
c. What is the input impedance of an open-ended one-eighth wavelength long transmission?
d. What is the input impedance of a shorted one-eighth wavelength long transmission if the characteristic impedance of the line
is Zgp?
e. What is the length of each of the stubs in the inverter in terms of the wavelength at the frequency f,?
20. Design a third-order Type 1 Chebyshev highpass filter with a corner frequency of 1 GHz, a system impedance of 50 2, and
0.2 dB ripple. There are a number of steps in the design, and to demonstrate that you understand them you are asked to complete
the partial designs indicated below. A Cauer 1 lowpass filter prototype is shown below with w, being the corner radian
frequency, f. = w./(27) being the corner frequency, and Z, being the system impedance.

I T < él

Figure 4.21.1

a. Design an LPF with w. = 1 rad/s, Zo =1 Q.
b. Design a HPF with w, = 1 rad/s, Zo =1 Q.
c. Design a HPF with f. = 1 GHz, Z, = 1 Q.
d. Design a HPF with f. = 1 GHz, Z, = 50 Q.
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21. This problem considers the design of a Butterworth bandpass filter at 900 MHz.

a. Design an LC second-order Butterworth lowpass filter with a corner frequency of 1 rad/s in a 1 Q system.

b. Using the above filter prototype, design a lowpass filter with a corner frequency of 900 MHz.

c. Design a second-order Butterworth bandpass filter at 900 MHz using the lowpass filter prototype in (a). Use a fractional
bandwidth of 0.1 and a system impedance of 50 2.

d. What is the 3 dB bandwidth of the filter in (c)?

22. Design a third-order maximally flat bandpass filter prototype in a 50 2 system centered at 1 GHz with a 10% bandwidth. The
lowpass prototype of a third-order maximally flat filter is shown in Figure 2.6.3.

a. Convert the prototype lowpass filter to a lowpass filter with inverters and capacitors only; that is, remove the series
inductors.

b. Scale the filter to take the corner frequency from 1 rad/s to 1 GHz.

c. Transform the lowpass filter into a bandpass filter. That is, replace each shunt capacitor by a parallel LC network. This step
will establish the bandwidth of the filter.

d. Transform the system impedance of the filter from 1 to 50 Q.

23. The lowpass prototype of a fourth-order lowpass Butterworth filter is shown below. The corner frequency is 1 rad/s.

115

0.765369H C, = 1847759 F
Ly = LE847759 H 4 = 0.765369 F

14
g
1

Figure 4.21.2
Based on this, develop a fourth-order Butterworth bandpass filter prototype centered at 10° rad/s with a fractional bandwidth of 5%.

a. Scale the lowpass prototype to have a corner frequency of 10° rad/s. Draw the prototype with element values.

b. Draw the schematic of the lumped-element fourth-order Butterworth bandpass prototype based on the original lowpass filter
prototype.

c. Derive the element values of the lumped-element bandpass filter prototype in a 75 Q system.

24. Design a third-order Type 2 Chebyshev highpass filter with a corner frequency of 1 GHz, a system impedance of 50 €2, and
0.2 dB ripple. There are a number of steps in the design, and to demonstrate that you understand them you are asked to complete
the table below. For each stage of the filter synthesis you must indicate whether the element is an inductance or a capacitance by
writing L or C in the appropriate cell. Other cells require a numeric value and you must include units. The X element is
identified in the prototype below. A Cauer 2 lowpass filter prototype is shown with wc being the corner radian frequency, f.
= w./(27) being the corner frequency, and Z, being the system impedance.

Figure 4.21.3

a. Complete the LPF (lowpass filter) column of the table with w,. = 1 rad/s, Zo =1 Q.
b. Complete the HPF (highpass filter) column of the table with w, =1 rad/s, Z; = 1 Q.
c. Complete the second HPF column of the table with f. =1 GHz, Z, =1,

d. Complete the third HPF column of the table with f. =1 GHz, Z, = 50 .
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LPF
ELEMENT we=1rad/s, Zg=19
LorC Value (units)
X
Xo
X
Table 4.21.1
HPF
ELEMENT we=1rad/s, Zp=10Q
LorC Value (units)
X1
X»
X3
Table 4.21.2
HPF
ELEMENT fe=1GHz, Zy=1Q
LorC Value (units)
Xy
X
X3
Table 4.21.3
HPF
ELEMENT fe=1GHz, Zy=500Q
Lor(C Value (units)
Xy
Xs
X
Table 4.21.4

25. What is the input impedance of a shorted )\/8 long transmission line with a characteristic impedance of z,?

26. What is the input impedance of an open-circuited )/8 long transmission line with a characteristic impedance of z,?

27. Apply Richards’s transformation to a shunt inductor with a reactance of 50 Q. What is the electrical length of the shorted stub if
the stub has a characteristic impedance of 50 Q?

28. Apply Richards’s transformation to a shunt capacitor with a reactance of —50 2. What is the characteristic impedance of the
open-circuited stub if the electrical length of the stub is one-quarter wavelength long?
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4.21.1: Exercises by Section
fchallenging, tvery challenging
§2.211,2

§2.4 31, 4t

§2.5 5t

§2.6 6, 7t, 81, 9t

§2.710, 111,12t

§2.8 13, 141, 15t, 161, 171, 18,19+

§2.9 201,211, 2 1 2, 231, 241

§2.12 25,26, 271, 28%

4.21.2: Answers to Selected Exercises

2

L(QL() = w5
2. T(w)]* =1/(1+«®)
—0.38 + 70.92
—0.38 — 70.92
—0.92 + 70.38
—0.38 — 70.92

3.(H)

Figure 4.21.4
13.(0) 9

14.@3) [ 1 sC(50)2 }

0 1

17. 889 fF
18.10 nH
19. (C) —Zs = —150 Q

24.1 GHz, 50 Q, HPF : X3 = 6.5 nH
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5.1: Introduction

Most RF oscillators generate sinusoidal signals that are either used to drive mixers or, if modulated, to produce frequency
modulated signals directly. In some designs the microwave oscillators drive flip-flop circuits that produce periodic square-wave
signals with multiple phases as required for the LO drives of I/Q modulators. RF and microwave oscillators can be designed using
either a two-port or a one-port approach. The classic treatment of oscillators is based on a two-port gain device with a feedback
loop, but the oscillator can nearly always be viewed, and thus more conveniently designed at microwave frequencies, as a one-port
in which a resonant circuit, called the tank circuit, is connected to an active circuit that presents a negative resistance. However, the
stability, noise, and start-up analyses of an oscillator are based on a two-port with feedback.

All microwave oscillator designs are based on one of three basic oscillator configurations. Suitable configurations must have as few
reactive elements as possible while enabling stable single-frequency oscillation. These configurations have three or four reactive
element. Mapping a microwave oscillator design on to one of the standard oscillator designs is not simple mainly because active
devices at microwave frequencies have substantial parasitic capacitances and also adjustments must be made to accommodate
biasing. Stability of a microwave oscillator is of great concern and the essence is that there should be as few significant energy
storage elements as possible. If there are parasitic energy storage elements these should be quite small or absorbed into the
capacitors of one of the basic oscillator configurations. With more energy storage elements than necessary the chances of unwanted
resonances is much higher and hence instability of an oscillator is more likely.

At microwave frequencies the @ of lumped elements is limited. A lumped inductor in the tank circuit has a particularly low @ and if
there is room it is replaced by a transmission line. Oscillators that are fixed in frequency can use a resonant circuit with high Q
circuit elements. This contrasts with voltage-controlled oscillators (VCOs) that have a lossy variable element, nearly always a
varactor, in the tank circuit in what is now a low @ resonant circuit. The voltage-controlled variation of (invariably) the capacitance
of this element changes the frequency of the oscillator.

A microwave oscillator could be realized on-chip or realized as a hybrid circuit with a packaged active device and packaged
lumped-elements and possibly transmission lines for the resonant circuit. A hybrid design has much more flexibility than an on-
chip design, and if designed correctly has better performance than a monolithically integrated design. Hybrid design techniques are
much more mature than chip-based designs but over time some of the techniques used with hybrid designs will migrate to on-chip
designs. Also, on-chip designs are preferably differential with transistors in a push-pull, i.e. differential, configuration. Better
performance of an on-chip oscillator can be obtained by using an off-chip resonator.

Oscillator theory derives from the analysis of a two-port with gain and feedback. This theory is described in Section 5.2. The
following sections explore practical oscillator configurations. Section 5.3 presents the design technique for designing a fixed-
frequency microwave oscillator and this is followed up with a design case study in Section 5.4. The distinguishing feature here is
that the resonant circuit consists of high @ elements. Section 5.5 presents a design approach for a voltage-controlled microwave
oscillator. A state-of-the-art case study of a 5 GHz VCO design is presented in Section 5.6. Section 5.7 describes the design of an
on-chip differential oscillator. The last two sections, Sections 5.8 and 5.9 in this chapter describe oscillator phase noise, a
characteristic that is the fundamental performance limiting parameter of an oscillator as, for example, it affects the sensitivity and
performance of communication systems and the range of radar.
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5.2: Oscillator Theory

Microwave oscillators are usually implemented as reflection oscillators with two connected one-port circuits with one being an
active device configured as a one-port and presenting a negative conductance, and a second oneport network being the tank or
resonator network which must be designed to have specific admittance versus frequency characteristics that ensure stability.
However the great body of network theory available derives from control theory and general circuit theory, and is based on a two-
port oscillator with linear frequency-selective feedback.

out

Figure 5.2.1: Representation of a feedback oscillator based on a two-port active device.

5.2.1: Theory of Oscillation

The two-port view of oscillators is based on the amplifier plus feedback loop shown in Figure 5.2.1. Here L(A,w) describes the
characteristics of an amplifier whose transfer function is dependent on both amplitude, A, and radian frequency, w, and has a
magnitude greater than 1. H(w) describes the transfer characteristics of a linear feedback network that is dependent only on
frequency. The output of the feedback system is described by

Vout = L(A, w)Viy + L(A, w) H(w) Vout (5.2.1)
and so

L(A,w)Viy

T T LW H )

(5.2.2)

The aim of most oscillator design is to use an active device whose characteristics are independent of frequency but whose transfer
response depends on the output amplitude. Then Equation (5.2.2) becomes

L(A)Vin

Vou = T H W)

(5.2.3)
Oscillation begins with input noise when the oscillator is powered on. If the denominator of Equation (5.2.3) is close to zero,
oscillations build up at a frequency determined by the feedback network. As the amplitude of the oscillations builds, L(A)
compresses until the denominator is finite but close to zero!, and there are stable oscillations. Stable oscillation is no accident and
is the result of careful design, and much depends on the nature of the feedback network. When an amplifier becomes unstable, for
example, the signal produced is often chaotic, with rapid variations in amplitude and frequency, and is not the single frequency
sinusoid required of an oscillator.

5.2.2: Basic Oscillator Configurations

There are two dominant types of feedback networks, the Pi- and T-type networks, shown in Figure 5.2.2. Three Pi-type networks
have proven to be particularly suited to the amplitude saturation characteristics of FET and BJT active devices and, ignoring
parasitic capacitances, they result in stable oscillation. These are the Hartley, Colpitts, and Clapp circuits shown in Figure 5.2.3. The
grounds shown can be considered to be common terminals instead.

(a) Pi feedback network {b) T feedback network

Figure 5.2.2: Feedback oscillator with Pi- and T-type feedback networks.
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Figure 5.2.3: Basic oscillator feedback networks.
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(a) Common gate (b) Common drain (¢) Common source

Figure 5.2.4: Circuit schematics for FET feedback oscillators using Pi-type feedback networks. The current sources provide bias.
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(a) Common gate (b) Commaon drain (c) Common source

Figure 5.2.5: Circuit schematics for Colpitts FET oscillators. The current sources provide bias. (In (a) C is across the input of the
gate-source transistor with connection through the ground.)

The Hartley and Colpitt’s basic oscillator configurations have three large energy storage elements. The Clapp oscillator has four
significant energy storage elements but it is important because sometimes it is desirable to use a very high @ resonator such as a
piezoelectric crystal which is electrically modeled as a series LC circuit.

Single transistor oscillators using the feedback networks arranged in common-gate, common-source or common-drain
configurations are shown in Figure 5.2.4. FET Colpitts oscillators are shown in Figure 5.2.5. The Colpitt’s configuration is the most
common configuration for a microwave oscillator

ol
i

(a) (b)

Figure 5.2.6: Crystal oscillator: (a) schematic symbol for a crystal; (b) its equivalent circuit; and (c) a FET crystal oscillator. The
most commomly used form of a crystal oscillator is a Clapp oscillator because of the series LC electrical model of a piezolectric
crystal.
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(¢) Hartley (d) Colpitts (e) Clapp

Figure 5.2.7: Differential feedback oscillator with Pi- and T-type feedback networks.

as it can absorb the parasitic capacitances of a transistor into the C, and C, capacitors, as in Figures 5.2.5(a and c). The circuits
shown in Figures 5.2.2-5.2.5 are the bases of nearly every microwave oscillator. Many modifications lead to better stability,
compensate for transistor parasitics, and accommodate differential signaling.

Crystal references, for example, are commonly used for fixed-frequency oscillators, as the piezoelectric (usually quartz) crystals
used have a very high @ and the oscillation frequency is very stable, typically to a few parts in a billion, and better if the crystal is
temperature stabilized. A circuit with a crystal-based feedback loop creating a Clapp FET oscillator is shown in Figure 5.2.6.
Common quartz reference crystals available as off-the-shelf components are 10 MHz, 20 MHz, and 40 MHz but are available up to
300 MHz. So they are not microwave oscillators but they are used as reference signals in a phase-locked loop to precisely set the
frequency of microwave VCOs. Fixed-frequency microwave oscillators do not have this method available for stabilizing the
oscillation frequency.

The Hartley, Colpitts, and Clapp networks are also widely used as the bases of oscillators in CMOS RFICs, where the feedback
network is closely approximated using differential circuits [5, 6, 7, 8, 9, 10]. The basic differential configurations are shown in
Figure 5.2.7.

Example 5.2.1: Common Emitter BJT Clapp Oscillator

Draw the schematic of a common-emitter BJT Clapp oscillator without biasing and then draw it with biasing.
Solution
The first step is defining the input and the output connections to be used in the oscillator configuration. There are several ways
to do this and the solution here considers two configurations, Circuit A and Circuit B.
Circuit A Circuit B

Feed- .
back,-~

Fout

Qutput

Figure 5.2.8

Thus the possible common-emitter Clapp oscillators are (as in Figure 5.2.4 but with a BJT)

Circuit A Circuit B
bee Fee

Figure 5.2.9

https://eng.libretexts.org/@go/page/113743



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113743?pdf

LibreTexts"

In Circuit A the point x is the input terminal of the oscillator and the emitter terminal is the common point of the basic Clapp
oscillator configuration. Appropriate bias must be applied to the base of the transistor. Also it would be good not to deliver
power to R, and instead deliver it to the load. In the circuits below a choke inductor L., an open circuit at RF, is used to apply
bias. L. also enables a large output voltage swing. C. is a large coupling capacitor and has very low impedance at RF and
blocks DC.

Circuif,A Circuit B
cc Fee

1

R Ry € Co

out

Figure 5.2.10

Of these Circuit B is the more attractive as the parasitic base-emitter capacitance will be absorbed into Ci, and the parasitic
collector-emitter capacitance will be absorbed into Cs. Neither configuration can absorb the collector-base capacitance, C, so

extra care must be made that C,;, does not result in instability.

5.2.3: Footnotes

[1] This description of oscillation, based on Equation (5.2.3), is behind the erroneous Barkhausen stability criterion, which is also
known as the Barkhausen oscillation criterion. Barkhausen himself used the criterion, known as the Barkhausen criterion, to
establish the frequency of oscillation as L(A,w)H(w) = 1. This was misinterpreted as a stability or oscillation criterion. It is a
necessary criterion for two-port feedback oscillation, but not sufficient. It does not indicate whether a system is unstable. Instead,
the Nyquist criterion is the necessary and sufficient criterion for oscillation in feedback oscillators [1, 2, 3, 4]. The Barkhausen
criterion should not be used in determining whether oscillation occurs.
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5.3: Reflection Oscillator

Design of stable microwave oscillators traditionally uses the one-port oscillator stability criterion outlined by Kurokawa [11, 12].
Most two-port oscillators can be designed by casting them in the form of a one-port oscillator. In applying the condition, each of
the networks—the active device, the resonator load, and the device termination—are characterized as one-ports.

5.3.1: Kurokawa Oscillation Condition

The oscillation condition for a stable reflection oscillator can be expressed in terms of the admittances of the resonator network, Y,
= G, + jB,, and of the active network, Y; = G, + 3By, see Figure 5.3.1(a). The Kurokawa oscillator condition establishes that for
stable (single-frequency) oscillation [11]

>0 (5.3.1)

oV Ow oV Ow )‘V:Vg,w:wo

(ac:d 8B, 0B, 4G,

where the subscript 0 refers to the operating point, r refers to the resonator, and d refers to the active device. The active device and
resonator characteristics shown in Figures 5.3.1(b and c) satisfy the Kurokawa condition. In Equation (5.3.1) V; is the amplitude of
the oscillation at the interface of the active and resonator networks. If the condition in Equation (5.3.1) is not met, then the oscillator
may simultaneously oscillate at multiple frequencies. The Kurokawa oscillation condition must be met at all times which includes
during start-up, including when bias is applied, of the oscillator.

With a fixed-frequency oscillator the resonator network is linear so G, and B, are independent of amplitude and G, (by design) is
independent of frequency. B, varies with frequency. Ideally the active device has a frequency independent G, and amplitude
independent B,. Achieving this is a major design task. With these conditions 6B,/0V ~ 0 and G, /dw, ~ 0 and the

—

Yy =Gy Y8, Y =G, 4§

(

Conductance
Susceptance

Device Tank

Amplitude A Frequency,
(a) (b) (e)

Figure 5.3.1: Reflection oscillator operation: (a) one-port oscillator; (b) as the amplitude of the oscillation increases, the magnitude
of the device conductance, |G|, decreases while the conductance of the tank circuit, G,, is constant; and (c) as the frequency of the
oscillation increases, the susceptance of the tank circuit, B,, changes while, B, (ideally) does not change.

Kurokawa condition in Equation (5.3.1) simplifies to

>0 (5.3.2)

( 0G4 0B, ) ‘
OV 0w / lv=v,w=w,

Thus design is greatly simplified for a fixed-frequency oscillator with a high-Q resonator.

5.3.2: Reflection Oscillator Design Approach

When a device with admittance Y; = G, + 3B, is connected in shunt to a resonator of admittance Y, = G, + 3B, (see Figure 5.3.1
(a)), the voltage amplitude A and radian frequency w of the resulting equilibrium oscillation are determined when —G4(4) = G, (w)
and —By(A) = B,(w). Here the assumption is that the device conductance only is a strong function of voltage amplitude, while the
resonator admittance is a function only of angular frequency. This condition can be represented graphically by first denoting the
locus of the negative of the device’s complex admittance as —Y,;(A4) = —[Gq(A) + 7B4(A)] (also referred to as the inverse device
reflection coefficient, or 1/T' locus (sometimes referred to as the 1/S locus)) and the locus of the resonator admittance as Y, (w)
= G,(w) + 3B, (w). Then, for stable single-frequency oscillation, the intersection of these loci occurs at a single point (i.e., at a single
amplitude and frequency combination).

In most oscillator design, the aim is to make the device admittance independent of frequency, and, of course, the admittance of the
linear tank circuit is independent of the amplitude of the oscillating signal. These oscillation conditions are depicted in Figure 5.3.1
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(b and c). In Figure 5.3.1(b), as the amplitude of the oscillation increases, the magnitude of the device conductance, |G|, decreases
while the conductance of the tank circuit, G,, is constant. In Figure 5.3.1(c), as the frequency of the oscillation increases, the
susceptance of the tank circuit, B,, changes while B, (ideally) is slow to change. The intersections define the amplitude and
frequency of the oscillation.

If the device admittance is dependent on frequency, then it is difficult to avoid multiple intersections of the —Y;(1/T";) and Y,(T,)
loci as viewed in the complex plane. The angle of intersection of the Y, and —Y; loci is an important indicator of stability relating to
multiple oscillations, oscillator start-up problems, and excess noise [13]. Thus the appropriate angular intersection of these loci is
critical. It is difficult to achieve all of the objectives in design unless Y} is frequency independent.

Ideally, resonator design requires that ) be maximized so that G, ~ 0. This can be achieved with a fixed-frequency microwave
oscillator as the resonator can be implemented with a capacitor and a transmission line segment both of which have very low loss.
However the tunable capacitors in a VCO design are lossy and so the @ is not high. The two types of oscillators need a different
design approach. Furthermore, for a VCO, voltage tuning of the resonator must satisfy the stability criteria, including a single point
of intersection and appropriate angle of intersection, over the tuning range. With emphasis on these characteristics and since there
are device capacitive parasitics, achieving a proper stable resonator-device interface can be troublesome. An alternative and equally
viable approach to stability analysis of a broad class of oscillators, particularly for those using three-terminal devices, is application
of the two-port criteria developed for amplifier stability assessment. However, the one-port design approach is preferred by
microwave designers because the one-port connection is closer to the intended operation. The one-port assessment of oscillator
stability is not unlike the Bode criteria applied to two-port feedback systems [14, 15]. However, unlike the two-port open-loop
assessment of stability, the one-port characterization technique is conveniently aligned with the measurements that can be made by
a VNA [16, 17]. As well, the nonlinear limiting effect of the active device is readily measured.

5.3.3: Summary

Microwave oscillator design invariably uses the reflection oscillator approach in which a one-port active device network is
connected to a one-port resonator network. Design is complicated enough and it is necessary to simplify design and limit the design
space. The procedure almost universally followed is to design for the characteristics shown in Figure 5.3.1. Design of a fixed-
frequency oscillator is further simplified because the conductance of the resonator is almost zero.
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5.4: Case Study- Reflection Oscillator

In this case study' the design of the reflection oscillator shown in Figure 5.4.1(a) is examined. This is an 18 GHz common-gate
oscillator with series inductive feedback provided by the transmission line TL;. This circuit is derived from the Colpitts oscillator
configuration. The resonator is resonant considerably below the oscillation frequency, and so presents a capacitance to the source of
the transistor at the oscillation frequency.

5.4.1: Design Procedure

The circuit in Figure 5.4.1(a) is a modified common-base Colpitts oscillator and the RF equivalent circuit required to understand
oscillator operation, and how the circuit corresponds to the standard Colpitts oscillator, are shown in Figure 5.4.2. This is the most
common fixed-frequency microwave oscillator topology.

The Colpitts feedback network is shown in Figure 5.4.2(a) where an inductor provides feedback from the output to the input of the
active device. Returning to the modified Colpitts oscillator of Figure 5.4.1, L; is a large choke inductor presenting an RF open
circuit and C; is a large DC blocking capacitor presenting an RF short circuit. The gate transmission line, TL, presents a small
inductance and most importantly provides inductive feedback from the output to the input of the active device and closely
corresponds to Lj in the Colpitts feedback network of Figure 5.4.2(a). The gate-source and drain-source parasitic capacitances of
the transistor, Css and Cpg, correspond approximately to capacitors C; and Cs in the Colpitts feedback network. This results in the
RF equivalent circuit shown in Figure 5.4.2(b). In Figure 5.4.2(b) Xy is the reactance of the resonator and compensates for the
nonideal nature of the modified Colpitts oscillator. Stable operation of this oscillator requires that X be capacitive but have a
variation with frequency substantially less than that of a capacitor. This is accomplished by having the oscillation frequency above
the resonant frequency of the resonator.

In Figure 5.4.1 the reflection oscillator is composed of two networks, the active device network and the resonator network. The
third network shown, the OscProbe network, is a probe used to control oscillator analysis using the harmonic balance method. The
design approach here is to develop a topology incorporating the active device that presents a negative resistance at the interface, X,
between the active device network and the resonator network. Since the active device and the resonator are each best modeled as
parallel circuits, it is best to refer to admittance and so the active device network presents a negative conductance to the resonator.
In addition, the small-signal admittances of the active network, Y; = G4 + 3B, and of the resonator network, Y, = G, + 3B,, are
shown in Figure 5.4.3. Here the active network has a small-signal conductance that is negative and a small-signal

i Qutput
)
' 5V
i _—
e S TSR S S . Ly I L
=t TLi i 1 % [.I
t I Z,=50 1) [
. L2 246°@ 167 GHz 1
I il so
OscProbe B
Lo *
+ Resonator
(a) (b)

Figure 5.4.1: Reflection oscillator: (a) complete oscillator circuit used in simulation; and (b) configuration for measuring the large-
signal reflection coefficient of the active device. L, = 5.6 nH, R, = 10, C, = 445 fF, L, = 15 nH, and C; = 10 pF. The resonant
frequency of the resonator is 3.19 GHz, but this is not the oscillation frequency. It presents the required slope of susceptance with
respect to frequency at the oscillator frequency of 17.76 GHz.
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Figure 5.4.2: Operation of the modified Colpitts oscillator: (a) Colpitts feedback network; (b) the essential RF equivalent circuit of
the Modified Colpitts oscillator of Figure 5.4.1.

0.2 T T T

=
T
I

Admittance (S)
=
=

2
T

'h:l’

_p.2 | I L |
15 16 17 18 19 20

Frequency (GHz)

Figure 5.4.3: Small-signal admittance of the active device, Ys = G4 + 3By, and admittance of the resonator, Y; = G, + 3B,. By varies
with frequency largely because of the frequency-dependent feedback provided by TL;.

susceptance that is inductive. The resonator has negligible conductance and a capacitive susceptance.

The admittance looking into the source of the active network depends on the level of the signal at X in Figure 5.4.1. However, the
admittance of the resonator is independent of the signal level since the resonator is a linear network. The design strategy is then to
develop a feedback network, here the transmission line, TL, in the gate of the FET, that then presents a negative conductance to a
frequency-selective structure, the resonator network.

The effect of the signal level is examined using the active network test circuit shown in Figure 5.4.1(b). Here a 50 Q generator, at
Port 1, drives the source of the active device. The power of the signal at the port is varied and it is found that the negative
conductance varies from —0.0274 S at a small applied signal, to —0.0224 S at an applied signal level of —10 dBm, to —0.004 S at
—7 dBm, and to 0.001 S at —6 dBm. Oscillation will occur when the conductance looking into the source terminal of the active
device is approximately zero (since the conductance of the resonator is negligible) and the susceptances of the active network and
the resonator network cancel.

Unfortunately the susceptance of the active network changes as the signal level varies since the active device capacitances are
nonlinear. The effect of this will now be examined. It is instructive to view the effect of signal level on the oscillation condition by
considering the reflection coefficients T'; for the active device network and I, for the resonator network. This is shown in Figure
5.4.4, where a polar plot is used since |T'y| > 1 (except for a very large signal at X). I, is approximately on the unit circle and is
capacitive being in the lower half plane. T'; is shown for several signal levels, with a signal level of —20 dBm corresponding to the
small-signal condition. As the signal level increases eventually to —6 dBm, both the conductance and susceptance of the active
device change. The device conductance becomes positive as I'; crosses inside the unit circle. Resonance occurs when T';T, = 1.
Since G, ~ 0, this is when T'; ~ 1/T,.. That is, resonance will occur at the frequency where the locus of T, intersects with 1/T,.

The results presented in Figure 5.4.4 for the reflection coefficient of the active network in Figure 5.4.1(b) are derived from a large-
signal solution calculated using harmonic balance analysis. In most harmonic balance analyses it is only necessary to consider a
few harmonics to obtain good results. In the simulation here, five harmonics are considered, with the fundamental frequency set by
the frequency of the source at the driven port. The fundamental frequency was stepped from 15 GHz to 20 GHz. Oscillator
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Figure 5.4.4: Reflection coefficient of the resonator, I',, and of the active device, T, at various signal levels. T" is plotted on a polar
plot with the outer circle corresponding to |T'| = 2. As desired, the locus of 1/T', is parallel to T'; at a fixed signal level (here about
—6 dB), and the direction of 1/T', with increasing frequency is opposite that of T'y. The close parallel match is ensured by adjusting
the susceptance-versus-frequency slope of the resonator. Considering the intersection of 1/T', and I, is equivalent to considering
the intersection of 1/T'; and T,.
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Figure 5.4.5: Voltage waveforms at the output of the oscillator (Curve (b)), and at the source terminal of the active device, Terminal
x, which is the interface between the active device and the resonator (Curve (a)).

simulation also uses harmonic balance analysis, but now the frequency of oscillation is not known ahead of time. It is necessary to
introduce another condition to enable the simulator to find the oscillation frequency. One of the techniques used in harmonic
balance simulators is the introduction of an oscillator probe element such as the OscProbe element shown in Figure 5.4.1(a). The
frequency of the source, Fosc, in the OscProbe element is initially guessed by the simulator and the series impedance of the
OscProbe element is a short circuit at the oscillation frequency and an open circuit at the harmonics. This extra condition is included
in the harmonic balance equations and Fogc is allowed to vary as well as the amplitude of the source. The oscillation solution is
obtained when the current through the impedance in the OscProbe element is zero. The oscillation frequency is found to be
17.76 GHz. Note that this is not the resonant frequency of the resonator, as here the active device presents an inductance to the
resonator. The resonator must present an effective capacitance that has the required susceptance-versus-frequency slope so that the
frequency locus of 1/T,.(f) is parallel but oppositely directed to that of T'y(f) (see Figure 5.4.4).

Figure 5.4.5 shows the waveforms at the output of the oscillator (Curve (b)) and at the interface (X) between the resonator and
active device networks
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(Curve (a)). The output of the oscillator would be followed by a bandpass filter so that a single harmonic-free sinewave is presented

Figure 5.4.6: Phase noise of the reflection oscillator.

to the external output terminal.

The phase noise of the oscillator is calculated from the oscillator steadystate conditions and is shown in Figure 5.4.6. The phase
noise level is relatively high and this is principally due to the resistance R, in the resonator, which models the loss in the lumped
inductor. Performance would be improved if, instead, a distributed circuit (with transmission lines) was used to realize the required
admittance and its derivative at the oscillation frequency.

5.4.2: Summary

The zero combined suspectance point in Figure 5.4.3 was at 17.76 GHz while the oscillation frequency shown in Figure 5.4.5 is at
17.29 GHz. The reason for this discrepancy is that the susceptance plot in Figure 5.4.3 is based on small-signal conditions whereas
the simulation is for a large signal and includes harmonics. It can be expected that the oscillation frequency calculated using
harmonic balance analysis will be different from that obtained from a small-signal analysis. Consider the I'; curves in Figure 5.4.4.
(Generating this data took many simulation runs and did not consider harmonics.) The magnitude of T'; reduces as the applied
signal level increases. This rotation is not desired and means that the susceptance of the active device is amplitude-dependent. This
corresponds to the magnitude of the negative conductance of the active device getting smaller. Note that there is also a small
rotation of T'; indicating that the susceptance of the active device also changes as the signal level increases. This means that the
oscillation frequency will depend on the amplitude of the oscillation. In addition, the applied signal used to calculate the T'; at
different power levels is not the actual oscillating signal.

5.4.3: Footnotes

[1] CGwr Design Environment Project File: Reflection_Oscillator.emp.
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5.5: Advanced Discussion of Oscillator Noise

This section presents a discussion of oscillator noise, and particularly the rapid increase of phase noise close to the carrier. Noise
can be partitioned into amplitude and phase noise components. The nonlinear saturation of an oscillator suppresses amplitude noise
so only phase noise is of concern. While usually associated with oscillators, phase noise is also added to a signal by an amplifier.

There is not a consensus as to the origins of close-to-carrier phase noise. This section begins with observations of oscillator noise in
the frequency domain and in the time domain. Then three theories of excess oscillator noise, Leeson’s theory, the linear time-
invariant model, and the chaotic map model, are presented.

Not having a complete model of the physical origin of phase noise means that a simulator cannot reliably predict the phase noise of
an oscillator. Also designing an oscillator with good phase noise performance currently relies heavily on experience and projections
based on what has been achieved by a designer previously.

5.5.1: Observations of Oscillator Noise in the Frequency Domain

The most puzzling noise observed with oscillators is the noise observed at a small frequency offset from the carrier (i.e., the
average oscillation signal). To develop an appreciation for the breadth of observations, the signals produced by several different
oscillators will be considered. First, Figure 5.5.2
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Figure 5.5.1: Common emitter BJT Colpitts oscillators: (a) configuration with a feedback network between the collector and base of
the transistor; and (b) alternative configuration.
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Figure 5.5.2: Measured phase noise of low-frequency oscillators: (a) instrument noise floor; (b) HP 5087A frequency distribution
amplifier at 5 MHz (used to drive the external reference input of several test instruments using a single high-quality oscillator); (c)
TADD-1 frequency distribution amplifier at 10 MHz; (d) TADD-1 frequency distribution amplifier at 5 MHz; (e) Spectracom 8140T
frequency distribution amplifier at 10 MHz. Five phase noise regions are identified as f=5, f=*, f=3, f~!, and white noise. The
spurious signals are related to injected harmonics of the 60 Hz power mains. Used with permission of John Ackermann [23].

is a plot of the phase noise observed at the output of several oscillators and amplifiers operating at 5 MHz and 10 MHz. Curve (a) is
the noise floor of the noise measurement instrument and spurious tones are observed at multiples of 60 Hz, the power mains
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frequency. Curves (b), (c), (d), and (e) show phase noise varying in straight-line segments. Being a log-log plot, these curves show

phase noise varying as f=°, f~4, 73, f~!, and f°. None of the phase noise plots here show a region with an f~2 dependence,
although this is observed with other oscillators.

Another oscillator to consider is the VCO circuit shown in Figure 5.5.3 [24]. This is a 50 MHz VCO with a semiconductor varactor
being the variable element with a zero-bias capacitance of 100 pF. The capacitance of the varactor is controlled by the voltage, V.
With V;, = 0 V, the phase noise shown in Figure 5.5.4 was observed. The distinct phase noise regions have frequency dependencies
of f9, f71, f2, and f~2. The phase noise of this oscillator is plotted again in Figure 5.5.5 for three different varactor bias voltages.
The phase noise characteristics of the oscillator change even though the underlying physical sources of noise do not change (of
course). Curve (a), with V, =6 V, and Curve (b), with V;, =0V, have an f! region around 20 kHz (see Figure 5.5.4 for more

details), but the £~ region is not observed in Curve (c) where V, = 18 V. One interpretation is that the crossover frequencies have
shifted. So what is particularly interesting here is

Figure 5.5.3: Varactor-tuned VCO schematic, from [24].
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Figure 5.5.4: Measured phase noise of a 50 MHz BJT varactor-based VCO with the varactor biased at 0 V [25, 26]. Three phase
noise regions are identified as 73 (having a slope of —9 dB/octave), f~2 (having a slope of —6 dB/octave), and f~! (having a slope
of —3 dB/octave).
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Figure 5.5.5: Measured phase noise of a 50 MHz BJT varactor-based VCO at three varactor bias voltages: (a) 6 V; (b) 0 V; and (c)
18 V [25]. The varactor breakdown voltage is 30 V Curve (b) was also plotted in Figure 5.5.4.
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that the same physical source of noise can be manifested quite differently at the output of an oscillator when the circuit bias is
changed.

The third phase noise example is for a 2.4 GHz power oscillator that has the output spectrum shown in Figure 5.5.6 with regions
having dependencies of =3 and f~°, but nothing in between. (The slight increase in noise power spectral density at 40 kHz offset is
due to dynamics of the oscillator’s

|
o
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—150+ \MW

_200 fesinl L RPTTY B u
1 kHz 10 kHz 100 kHz 1 MHz 10 MHz

Af

Phase noise (dBc/Hz)

Figure 5.5.6: Phase noise of a 2.4 GHz power oscillator with an output power of 34.5 dBm [27, p. 323]. Two phase noise regions are
identified as f~* (having a slope of —9 dB/octave) and white noise (with an f° dependency).
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Figure 5.5.7: Long-term stability of a 10 GHz oscillator measured over a 24 hour interval after being on for 3 weeks. Used with
permission of John Ackermann [23].

feedback loop.) Finally, the 5 GHz oscillator considered in Section 5.6 has =3 and 7~2 phase noise regions (see Figure 5.6.15).
So the whole range of phase noise dependencies on frequency offset are observed, but the universal observation is that the

dependency of the noise power spectral density is to a non-positive integer power of frequency (i.e., f ", n =0,1,...).

5.5.2: Observations of Oscillator Noise in the Time Domain

An important time-domain characterization of noise is referred to as random walk noise. An example of this is the variation of the
oscillation frequency over a long period of time. The long-term stability of a 10 GHz oscillator is shown in Figure 5.5.7. This noise
cannot be characterized in the frequency domain and instead is described by its Allan variance, ¢7(7), or Allan deviation, ¢ ,(7)

= 4/0%(7), defined as follows.

If the frequency measured at time ¢ is f(¢) and the nominal oscillation frequency is f,, then the fractional frequency at time ¢ is
defined as

y(t) = W (5.5.1)

Then the average fractional frequency over an observation time interval r is defined as

y(t, 1) = %/Ory(Htu)dtu (5.5.2)

This leads to the definition of the Allan variance as
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oy(1) = % (Ynt1— Yn) (5.5.3)

where T is the observation period and ¥, is the nth fractional frequency average over the time interval 7. Note that there is no dead-
time between the nth and (n + 1)th measurement time intervals.

The random walk shown in Figure 5.5.7 is an important clue to unraveling flicker noise. Figure 5.5.7 shows long-term memory and
here it is shown that there is memory over several hours. Even on smaller time scales, random walk is apparent and there is a self-
similar property—the hallmark of chaotic behavior. Could this random walk effect and 1/f noise arise from the same physical
process? Most likely, but there is no accepted theory.

5.5.3: Excess Oscillator Noise: The Leeson Effect and Flicker Noise

As seen in Figures 5.5.2 to 5.5.6, oscillators have noise that increases as the offset Af, from the mean oscillation frequency
decreases. This noise has separable regions where noise varies as Af", where n is an integer ranging from 0 to —5. There are
transition regions between these discrete states, but there is not a region where n is a fractional number. Not all of the discrete states
are observed because, presumably, either the crossover frequencies have changed order, or the frequency offset, A f, was not low
enough.

In 1966 Leeson [28] examined the effect of feedback on noise in oscillators (see Figure 5.2.1). The phase noise mechanism treated
by this analysis is now called the Leeson effect. Leeson showed that white phase noise and white flicker noise (white here meaning
independent of frequency) of the amplifier in the feedback loop translate to noise on the oscillation signal with power law
dependencies of f~2, called white frequency noise, and f~2, called flicker frequency noise, respectively. These were the dominant
“nonwhite” forms of noise observed in his time. However, his analysis did not predict the level of the noise accurately and
sometimes was off by an order of magnitude.

The Leeson effect is briefly summarized here. First, it was observed that nearly every physical system has fluctuations that vary as
1/f at low frequencies. This includes electrical devices such as the amplifier in an oscillator feedback loop. This leads to equal
amplitude phase and amplitude noise superimposed on the oscillation. Since noise is small, the amplitude fluctuations are
suppressed by the saturation of the active device so that the only noise observed in good designs is phase noise. Leeson determined
that the oscillator phase noise has a region with Af~3 dependence that is due to low-frequency f~! noise (i.e. around DC), a A f 2
region due to white noise in the bandwidth of the oscillator’s tank circuit, and also a white noise region outside the bandwidth of
the tank circuit. The basis for the development of Leeson’s oscillator phase noise model is shown in Figure 5.5.8. Mathematically

(28],

@ _
- —~1
wl-L S
E .

® & log /
el
E, (S

.f;_f.\ 20f log Af
20

Figure 5.5.8: Derivation of oscillator noise spectra: (a) the noise spectra of an electronic material with noise increasing as the
frequency reduces; and (b) the noise spectra close to the oscillation frequency of an oscillator.

LAf) = £(Aw) = ﬂ;sz [1 + (2éc°Af)2] (5.5.4)

where Q is the loaded @ factor of the oscillator’s tank circuit and F is an empirical factor. £ has the units of radians®/Hz, or in
decibels,

Lla(Af) = 1010g{ 21;’;T [1 + (ZJOM)T} (5.5.5)
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which has the units of dB/Hz or more usually expressed as ”decibels below the carrier” of power P, or dBc/Hz. This is the power
at a specified offset such as the phase noise of a 5.05 GHz oscillator at an offset of 1 MHz and with an output power of 0 dBm being
—130 dBc/Hz [19].

The derivation of the oscillator noise characteristics from first principles, which led to Equations (5.5.4) and (5.5.5), predicts noise
levels that are much lower than those observed in practice [29, 30]. As well, the prediction inherent in Equation (5.5.4) is that by
increasing the @ of the tank circuit the noise level will be reduced. However, this is not always obtained in practice. A further
complication is that Equation (5.5.4) provides no mechanism for the generation of 1/(Af) and 1/(Af)? noise in the oscillator phase
noise spectrum. An adhoc modification of Equation (5.5.4) accounts for this:

L(Af) = Q?ST [1+ (ZJOM)Q] (1+ &J;) (5.5.6)

Given the inadequacy of this model it is just as well to use
-5
L(Af) =D bif! (5.5.7)
i=0

where the b; coefficients are extracted from measurements.

The Leeson effect can be stated as oscillator phase noise being upconverted white noise around DC.

5.5.4: Excess Oscillator Noise: Linear Time-Variant Model

The Leeson effect model described in the previous subsection uses a linear time-invariant model of the oscillator and does not
consider down-conversion of noise from frequencies near harmonics. The linear time-variant model, also called the Hajimiri and
Lee model, incorporates these higher-order conversion mechanisms [31].

Noise injected into an oscillator has a different impact depending on whether it is injected at the peak of the oscillating signal or at
the zero-crossings. The noise injected at the peaks of the oscillating signal are quenched by the saturating effect of the active device
in the oscillator. However, noise at or near the zero-crossings of the waveform introduces jitter and phase noise. This effect on
phase noise can be described by an impulse sensitivity function [31]. Consider an impulse injected at phase = = wyt, then the time-
domain impulse response is

F(wot)

GJmax

hg(t,T) =

u(t —7) (5.5.8)

where T'() is the impulse sensitivity function, gma.y is the maximum charge displacement on the capacitor forming the tank circuit, ¢
is the observation time, and 7 is the time of the excitation. The excess phase of the oscillator (the additional phase induced onto the
phase of the carrier) is

b(t) = / T (wot)i(r)dr (5.5.9)

where i(7) is the noise current injected in the oscillator.

I'( ) can be derived approximately for some oscillators such as the CMOS LC oscillator in [32], where it was shown that the
impulse sensitivity function can be expressed as a Fourier series with a fundamental component corresponding to the frequency of
oscillation. The excess phase at the zero-crossings of the oscillator is

o(t) = 1 |:c0/ i(T)dT + i Cm /7 i(1) cos(nwOT)dT:| (5.5.10)

Jmax — 1

where ¢, are coefficients of the Fourier series. The first term with the ¢, coefficient indicates noise that is up-converted from
baseband, while the term in the summation is the contribution to the oscillator phase noise due to down-conversion of noise near

2, then the

in

the harmonic frequencies. With the assumption that the noise at the harmonics is white noise with mean-square current
noise spectral density is [32, 33]
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=2 © 2
l_"m> (5.5.11)

L(Aw) = 101log (Af 12 AP

Here Af =1 Hz for noise in a 1 Hz bandwidth and Aw is the radian offset frequency. Thus white noise at the harmonics is down-
converted to f~2 noise at the oscillation frequency, and f~! noise at baseband is up-converted to f—3 noise at the oscillation
frequency.

The time-variant model provides a richer description of phase noise on an oscillating signal than does the Leeson model, but it does
not describe f~!, or f~"*, n > 3, noise that is observed with oscillators.

Thus the Hajimiri and Lee model relates to down-conversion of white noise at harmonics of the oscillation frequency to the near
carrier noise which is in addition to Leeson’s model of up-converted near-DC white noise. The Hajimiri and Lee, and Leeson
models of phase noise led to designers developing microwave oscillators with significantly lower phase design yet there remains
appreciable near-carrier phase noise.

5.5.5: Excess Oscillator Noise: Chaotic Maps and Flicker Noise

While not firmly established, it is possible that flicker noise originates from nonlinear dynamics and chaos [25, 26, 34, 35, 36, 37,
38, 39, 40, 41]. In this model flicker noise derives from a nonlinear process with delayed feedback. The mathematical foundation is
well established [42], describing a phenomenon called intermittency [43] that occurs when a physical process transitions between
stable periodic states and chaotic states. Inherent to some forms of intermittency is long-term memory with a 1/f spectrum [44].
This has been established for many physical and biological systems.

5.5.5.1: Logistics Map

A classic example of intermittency, and the first widely accepted, is the following model of population dynamics. If ¢,, denotes
discrete time and (the real number) =,, denotes the ratio of the existing population to the maximum possible population at ¢, (so =,
is between 0 and 1), then what is called the logistics map provides the population ratio, ), at time ¢, . The logistics map is [45]

Fy\(z) = Azp(1 —zy) (5.5.12)
and so
Tn+1 = F\(z) (5.5.13)

Here ) is a positive number representing the combined rate of reproduction and starvation. So environmental conditions determine
A, which is constrained so that 0 < A < 4. Depending on ), the logistics map (i.e., Equation (5.5.12)) will produce a stable
population or a random population depending on the value of A, with A\ = 4 producing white noise.

Thermal noise produces random fluctuations in the amplitude and phase of a sinusoidal signal that is being processed in a nonlinear
electronic system such as an amplifier or an oscillator. Denoting the thermal amplitude fluctuations by a, ;(¢) and the thermal phase
fluctuations by ¢, ;(t), a sinusoidal signal with mean amplitude A and an initial phase of zero is

z(t) = A[l + ay1(t)] cos[wt + ¢y 1(t)] (5.5.14)

Using the logistics map with A = 4 (which produces white noise) to determine a;(t) and ¢;(t), a sinusoidal signal with thermal
(white) noise is as shown in Figure 5.5.9. Using a;(¢) and ¢, ;(t) determined from a Gaussian distribution would yield the same
qualitative result. Of course most of this noise would be easy to remove by bandpass filtering but thermal noise will still appear
within the finite bandwidth of the signal. It is just easier to visualize the effect of noise by plotting it on this scale.

Equation (5.5.12) is a simple nonlinear equation with delayed feedback that mixes = over time. What is called the rate of mixing
describes the extent of correlation to past events and can be thought of as an exponential decay rate. However, with the logistics
map, F\(z) in Equation (5.5.12), the rate of this mixing is not controllable.

5.5.5.2: Logarithmic Map

There are many maps that will lead to 1/(Af) effects and one of the most convenient to use in modeling flicker noise in electronics
is called the loga-
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Figure 5.5.9: Sinusoidal signal with superimposed white noise calculated using the logistics map rather than calculating noise as a
Gaussian process.

rithmic map [46, 47]:

Foe) z(1+ Y(B)z|log(z)|"*P) it 0<z<1/2 (5.5.15)
T 2wt if 1/2<z<1 h

and so
Tpt1 = Fp(z) (5.5.16)

Fy(x) is defined on the interval 0 < 2 < 1 and Y(8) = 2(log2)~**# is chosen to ensure that lim,_,,» —fz(z) = 1. (Note that the map
is discontinuous at x = 1/2.) If At is a fixed time interval, then z(¢t + At) = Fs(z(t)).

The logarithmic map uses only a single parameter, 3, that controls the rate of mixing and thus the long-term memory property. The
solution of the logarithmic map, Equation (5.5.15), with 8 = 0.000005 is shown in Figure 5.5.10.

The Fourier transform of the sequence plotted in Figure 5.5.10 is shown in Figure 5.5.11 and its autocorrelation is shown in Figure
5.5.12. The spectrum in Figure 5.5.11 (above 1 Hz) has an f~05 dependence, and since the sequence corresponds to voltage, squaring
this yields a 1/f power characteristic. The autocorrelation plot in Figure 5.5.12 shows the slow long-term decay in the correlation
with respect to the discrete interval, i, between the sequence points. That is, the logarithmic map describes a process with slowly
decaying correlations. The extended correlation is a measure of the rate of mixing. This interpretation corresponds very well to the
understanding of physical systems, and in particular to electronic systems. It can be shown [47] that the rate of decay of correlation
of this map is bounded as

R(n) < B(logn)™? (5.5.17)

where n is the nth time interval. Thus the map is said to describe a logarithmic mixing rate that can be made as slow as desired by
varying the value of 3. It is this long-range dependence that produces ! (and f~2, f~%, etc.) noise. In an oscillator these result in
phase noise with 1/(Af), 1/(Af)2, 1/(Af)3, etc. characteristics. In semiconductors, for example, the
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Figure 5.5.10: Solution of the logarithmic map of Equation (5.5.15) with (a random initial seed) z, = 0.477347, § = 0.000005, and
tn+1 — tn =1 ps.
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Figure 5.5.11: Spectrum of the logarithmic map with 8 = 0.000005.
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Figure 5.5.12: Correlation plot of the logarithmic map with 8 = 0.000005 for a million-point sequence.

rate of mixing is influenced by the density of traps [48] and lattice scattering [49] with the lower the density of traps (i.e. better
quality semiconductor material) and the lower the amount of scattering, the lower the rate of mixing and hence the lower the level
of flicker noise. The delayed feedback in the chaotic-map model is consistent with trapping and the observation that reducing traps
improves phase noise performance.

The long-range mixing indicated by the slow decay of the correlation function (see Figure 5.5.12) is key to the ! response.
Another function that yields a long-term correlation is the Ornstein—Uhlenbeck process [50, 51, 52] developed to describe
Brownian motion. The autocorrelation function of this process decays exponentially and predicts f~2 noise but not f~! noise [52].
The Ornstein—Uhlenbeck process decays too rapidly to predict the f~! response. This is discussed further in [52].

So the solution of Equation (5.5.16) (the logarithmic map), shown in Figure 5.5.10, has complicated dynamics with long periods of
stability with rapid transitions between stable and rapidly varying levels. The sequence of z,s depends on the starting condition
(i.e., zo), but no matter how it starts, the power spectrum of the solution has an inverse frequency dependence (i.e., it is exactly
f1). The logarithmic map, as with all chaotic maps, describes a nonlinear process with delayed feedback. This matches the
situation in physical, biological, chemical, and financial systems. Since nearly every physical process can be described as a
(perhaps weak) nonlinear process with delayed feedback, the widespread observation of 1/f fluctuations is not surprising. So the
basis of 1/f noise is the most basic of physical processes.

Intermittency (described by chaotic maps) results in random fluctuations in the amplitude and phase of a sinusoidal signal
processed by a nonlinear electronic system such as an amplifier or oscillator. Denoting the amplitude intermittency by a;(t) and the
phase intermittency by #:(t), a sinusoidal signal with mean amplitude A and an initial phase of zero is

z(t) = A[l + az(t)] coswt + @r(t)] (5.5.18)

This signal is shown in Figure 5.5.13 with the logarithmic intermittency fluctuations a;(t) and ¢;(t) as shown in Figure 5.5.10,
calculated using different seeds. The effect of intermittency fluctuations is greatly exaggerated here for visualization purposes. In
practice, the fluctuations at the scale shown in Figure 5.5.13 could be eliminated using a bandpass filter. However, the fluctuations
are self-similar (another property of chaotic processes) and is repeated at all scales. In a bandpass electronic system the in-band
amplitude fluctuations are suppressed by device nonlinearity, but the phase fluctuations appear as phase noise on an oscillator.
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5.5.6: Summary

Three oscillator phase noise models were presented. The Leeson model is based on up-conversion of white noise from baseband
producing noise around the oscillator carrier with an f~2 dependency. The Hajimiri and Lee model is based on a linear time-
varying model of the oscillator with f~! noise at baseband resulting in oscillator phase noise with a 1/(Af)® dependency, and white
noise at the baseband and harmonics resulting in noise around the oscillating frequency with an 1/(Af)? dependency. Upconversion
of noise has been demonstrated as a mechanism that describes
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Figure 5.5.13: Sinusoidal signal with superimposed intermittency noise. Using Equation (5.5.18) with A = 0.9, a;(t) scaled to the
interval [0,0.09], a;(0) = 0.477347 (before scaling), ¢(t) scaled to the interval [0, 5] radians, and ¢r(0) = 0.00915926 (before scaling).

some of the observed oscillator noise. Neither the Leeson nor the linear timevarying models describe the full set of observations of
phase noise with 1/(Af)3,...1/(Af) dependencies.

The chaotic map model is physically appealing and describes the origin of flicker noise as the time-delayed feedback of the output
of a nonlinear process. This can produce a chaotic response called intermittency that embodies long-term memory. It has been
shown through simulation that this model predicts the 1/(Af)3, 1/(Af)?, 1/(Af)}, and 1/(Af)° dependencies of phase noise. It is
also consistent with the random walk seen in time-domain observations of oscillator noise. However, the chaotic map-based model
has not yet led to a compact formula for phase noise similar to Leeson’s formula. The development of a compact phase noise model
(e.g., like Leeson’s model) will not be simple as integer calculus and transfer function-based analyses cannot be directly used with
a chaotic map. However, it is clear that the description of phase noise is getting close to a satisfying physical explanation.

Phase noise can also be induced by vibrations [53, 54], and spurious signals from the environment (such as those coupled from the
power mains) can also appear as phase noise.

This page titled 5.5: Advanced Discussion of Oscillator Noise is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Chris Lee.

e 5.8: Advanced Discussion of Oscillator Noise has no license indicated.
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5.6: Summary

This chapter focused on the design of two categories of microwave oscillators: fixed-frequency oscillators and VCOs. All
microwave oscillators can be considered to be an amplifier with a feedback network with the amplifier establishing the amplitude
of oscillation and the feedback network setting the frequency of oscillation. As well, nearly all microwave oscillators can be
considered as reflection oscillators in which the active device, with appropriate feedback, presents a negative resistance, or
equivalently, a negative conductance to a linear frequency-selective circuit. Whether design based on negative conductance or
negative resistance is used depends on which, resistance or conductance, reduces in magnitude as the signal level increases. Since
transistors are essentially voltage-controlled current sources, and the current tends to saturate at high output levels, the natural view
is to consider transistor-based oscillators as having a negative conductance that reduces in magnitude as the signal level increases.
With negativeconductance reflection oscillators part or all of the feedback network appears as a linear two-terminal, that is one-
port, circuit in parallel with the negative conductance from the active device. This two-terminal circuit is often called the resonator
or tank circuit.

The chapter presented two case studies of oscillator design. This enabled design decisions to be illustrated that could not be
presented in an algorithmic way. While the design case studies considered common-base Colpitts designs, the principles apply to
other types of oscillators. Still the Colpitts common-base/common-drain oscillator core has proved to yield microwave VCOs with
stellar performance. RFICs necessarily use differential circuits, but even then they are conveniently designed as negative
conductance oscillators. Treating the design problem as that of interconnected one-port circuits considerably simplifies making
design trade-offs, and so makes it easier to achieve an optimal VCO.

VCO design is the most complicated of microwave designs with significant trade-offs of low phase noise, stability, broad tuning
range, rapid turn-on transient, high output power, and high efficiency. Several decades ago fixed-frequency oscillators were most
common. With these the feedback network incorporates a high-Q resonant element that results in the phase noise on the oscillating
signal being insignificant in nearly all microwave applications. The high-Q resonator of the fixed-frequency oscillators largely
assures single frequency of operation, and the desired constant amplitude output is assured by ensuring the active device enters
saturation. With a VCO, stability is not as easy to achieve. Stability here refers to the oscillator producing a sinewave of a single
frequency and constant amplitude.

With VCOs the resonator is nearly always of relatively low @, as it must be variable. Then a major concern in oscillator design is
phase noise appearing on the output signal. Managing phase noise is complicated because the origins of phase noise are not well
known and so physically based device models, that would enable the accurate determination of phase noise in computer-based RF
circuit simulation, are not available. For noncompetitive VCOs there are many noise sources other than the intrinsic phase noise of
an active device that dominate the phase noise of the output signal. For example, it is known that up-conversion of low-frequency
noise, and down-conversion of harmonic noise, produce oscillator phase noise. However, once these sources of phase noise are
minimized in design, there is a remaining intrinsic phase noise component. It is this phase noise, intrinsic to active devices, that is
the concern of competitive VCO design. While the origins of intrinsic phase noise in well-designed oscillators is not completely
understood, there are best practices to follow that minimize the coupling of external noise to the oscillating signal. External noise at
low frequencies will be up-converted unless care is taken. Good design practice is to eliminate low-frequency noise from the power
supply and from the tuning voltage source for VCOs. Some more specific guidelines:

1. Good grounding is required with decoupling capacitors between the supply and ground.

2. Attention must be given to the signal return path for the supply and tuning voltage source to avoid common impedance
coupling. Any noise on the tuning voltage in a VCO will result in phase noise on the VCO output. In a microstrip circuit, only
minimum metal on the microstrip layer should be removed with floating metal connected to the ground through multiple vias.
This suppresses substrate modes, minimizes parasitic coupling, and minimizes electro-thermal passive intermodulation
distortion.

3. The oscillator output should drive a resistive load and it is common to use a resistive pad (i.e., attenuator) followed by a
bandpass filter. This reduces the effect of the load on the oscillation frequency. Also it is common to isolate the tank circuit from
the load as was seen in the case studies presented in this chapter.

4. Internal oscillator paths should be as small as possible to minimize the coupling of noise from the environment.
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A VCO can be incorporated in a phase-locked loop which further reduces phase-noise and locks the oscillator to a low-frequency
highly stable frequency reference. The oscillation frequency is then controlled by the fractional frequency division in the phase-
locked loop.
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5.8: Exercises

1. Draw the schematic of an op-amp-based Hartley oscillator circuit.
2. Consider the circuit below. This is the equivalent circuit of an active device with a negative conductance = 1/Rp connected to a
tank circuit comprising capacitor Cr and inductor Ly, and then a load R;. The oscillation amplitude will adjust so that Rp = R;.

Device K Tank Load
_—t—— ==
Rp Crz Ly R,
Figure 5.8.1

a. Write down a formula for the oscillation frequency fo.
b. What s f; if Cr = 1 pF and Ly = 1 nH?

3. The circuit below is the equivalent circuit of a reflection oscillator with a negative conductance = 1/Rp connected to a tank
circuit Cr = 0.1 pF and Ly = 0.5 nH. What is the oscillation frequency assuming that there is sufficient negative conductance
for oscillation to occur?

Device  Tank Load
— e oo

Ry Cr= Ly

Figure 5.8.2

4. The circuit below is the equivalent circuit of a reflection oscillator with a negative conductance = 1/Rp connected to a tank
circuit with a capacitance Cr = 1 pF and inductance Ly = 1 nH. The load consists of a capacitor C;, in parallel with a resistor
R;. The oscillation amplitude will adjust so that Rp = Ry.

Device Tank Load

Rn% Cr= _[l,% (‘ﬁ:%R‘L

I

Figure 5.8.3

a. Write down a symbolic formula for the oscillation frequency fo.
b. What is f, if C; = 0.2 pF and R; = 50 Q?

5. The circuit below is the equivalent circuit of a reflection oscillator with a negative conductance = 1/Rp connected to a tank
circuit Cr = 0.1 pF and Lz = 0.5 nH. The capacitance of the load is C; = 0.05 pF and the load resistance is 50 2. What is the
oscillation frequency assuming that there is sufficient negative conductance for oscillation to occur?

Device | Tank Load
_—

Rm% Cr Lr% f‘,_==%f?;_

Figure 5.8.4

i

6. The circuit below is the equivalent circuit of a reflection oscillator with a negative conductance = 1/Rp connected to a tank
circuit with a capacitance Cr = 1 pF and inductance Ly = 1 nH. The load consists of a capacitor C, = 0.2 pF in parallel with a
resistor Rz = 50 Q. Between the tank circuit is a 3 dB 50 Q attenuator (i.e., the system is designed for system impedance of 50
Q). The oscillation amplitude will adjust so that Rp = R;.
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Device | Tank H‘M‘E”_“E“"Hﬁzﬁd
. .

= 3dB =
Ry Cr= Ly Pad ( E% R,

N

Figure 5.8.5

a. Ignore the load capacitor C;, what is the frequency of oscillation, f,, of the oscillator?

b. From now on consider the load capacitance. What is the oscillation frequency without the attenuator?

c. At the frequency calculated in (a), what is the admittance looking into the attenuator from the tank circuit with the load
comprising C, and Ry ? [Hint use the resistive PI network equivalent of the attenuator.]

d. What is the equivalent shunt resistor and capacitor circuit looking into the attenuator from the oscillator? This is the
effective load seen by the active device and tank circuit.

e. What is the oscillation frequency with the attenuator and the RC load?

f. Using your results above, discuss the effect of the attenuator on reducing the sensitivity of oscillation on the loading
conditions.

7. The circuit below is the equivalent circuit of a reflection oscillator with a negative conductance = 1/R connected to a tank
circuit with a capacitance Cr = 1 pF and inductance Ly = 1 nH. The load consists of a capacitor Cr, = 0.2 pF in parallel with a
resistor Rz = 50 Q. Between the tank circuit is a 3 dB 50 Q attenuator (ti.e., the system is designed for system impedance of 50
Q) and a bandpass filter with an insertion loss at the oscillation frequency of 2 dB. The oscillation amplitude will adjust so that
Rp =R;.

. 348 | | i
RoZ Crly oy | | BPF HII%H{

Figure 5.8.6

a. Ignore the load capacitor C}, what is the frequency of oscillation, f,, of the oscillator?

b. From now on consider the load capacitance. What is the oscillation frequency without the attenuator and bandpass filter?

c. At the frequency calculated in (a), what is the admittance looking into the attenuator from the tank circuit with the bandpass
filter and the load comprising C;, and R ? [Hint: Consider that the effect of the insertion loss of the filter is an attenuation.
Consider using a resistive PI network equivalent of the attenuator plus bandpass filter.]

d. What is the equivalent shunt resistor and capacitor circuit looking into the attenuator for the oscillator? This is the effective load
seen by the active device and tank circuit.

e. What is the oscillation frequency with the attenuator and the RC load?

8. A reflection oscillator is shown below along with the I, and I'; loci plotted on a Smith chart. T',, the reflection coefficient
looking into the resonator, rotates clockwise as frequency increases. I'y, the reflection coefficient of the active device, is
amplitude dependent but is frequency independent. The arrowed I'; curve plots the loci of 'y as amplitude increases. [Hint:
Consider Figure 5.5.4.]

Figure 5.8.7

a. On the I, plane show the region of the Smith Chart identifying oscillation.
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b. On the I'; plane show the region of the Smith Chart identifying oscillation.
c. What is the frequency of oscillation?

9. Consider an oscillator that can be modeled as shunt connections of a linear conductance, G,, a linear susceptance, B,, a
nonlinear or device conductance, G4, and a nonlinear or device susceptance, Bj.

a. Draw the circuit.

b. Using G,, B,, G4, and By, write down the Kurokawa oscillator condition that establishes stable single frequency oscillation.

c. What are common design choices G,, B,, G4, and B, made that simplify the Kurokawa oscillator condition? Write down the
resulting simplified Kurokawa oscillation condition.

10. An oscillator has a linear conductance, G,, a linear susceptance, B,, a nonlinear or device conductance, G4, and a nonlinear or
device susceptance, By, all in shunt. The reflection coefficient looking into the linear network is I, and the reflection coefficient
looking into the device is T'y.

a. Use a Smith chart sketch to show the loci of the linear and nonlinear admittances (or equivalently their reflection
coefficients I', and I';) for the case when loss in the linear network is low (i.e. G, ~ 0). Do this when the oscillating signal is
small and when it has reached steady state. Indicate the steady-state oscillation point. (You can use the negative or the
inverse of either I, or I'y as appropriate.)

b. Use a Smith chart sketch to show the loci of the linear and nonlinear admittances (or equivalently their reflection
coefficients for the case when loss in the linear network is high (i.e. G, cannot be ignored). Do this when the oscillating
signal is small and when it has reached steady state. (You can use the negative of the inverse of either I, or I'; as
appropriate.)

11. The equivalent circuit of an oscillator is shown below with R; = 50 Q, Cr = 1 pF and inductance Ly = 0.1 nH.

. 3dB | | : %
Ry Cr=ly Pad BPF Cy R,

Figure 5.8.8

a. What is the oscillation frequency assuming that there is sufficient negative conductance for oscillation to occur?
b. What is Rp when there is oscillation?

12. A reflection oscillator is shown below along with the T, and T, loci plotted on a Smith chart. T',, the reflection coefficient
looking into the resonator, rotates clockwise as frequency increases. T, the reflection coefficient of the active device, is
amplitude dependent but is frequency independent. The arrowed curve plots the loci of I'd as amplitude increases. [Hint:
Consider Figure 5.5.4.]

Figure 5.8.9

a. On the T, plane show the region of the Smith Chart identifying oscillation.
b. On the I'; plane show the region of the Smith Chart identifying oscillation.
c. What is the frequency of oscillation?

13. The case study presented in Section 5.6 described the design of a 5 GHz VCO. The output of the oscillator was followed by a
resistive Pi attenuator and then a bandpass filter. What is the attenuation (in decibels) and the system impedance of the
attenuator. [Hint: You will need to carefully read Section 5.6.]
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14.

15.

16.

17.

18.

19

20.

21.

22.

23.

24.

25.

Consider a common emitter BJT Clapp oscillator.

a. Draw the schematic of the oscillator without the bias circuit.
b. Redraw the oscillator circuit including the bias circuit.

Consider a BJT Hartley oscillator.

a. Draw the schematic of the oscillator circuit in the common-base configuration. Do not show the bias circuit.
b. Redraw the schematic of the oscillator circuit in the common-base configuration, this time showing the bias circuit.

Consider a FET Clapp oscillator.

a. Draw the schematic of the oscillator circuit in the common drain configuration. Do not show the bias circuit.
b. Redraw the schematic of the oscillator circuit, this time showing the bias circuit.

Consider a FET Hartley oscillator.

a. Draw the schematic of the oscillator circuit in the common source configuration. Do not show the bias circuit.
b. Redraw the schematic of the oscillator circuit, this time showing the bias circuit.

Consider a common source FET Clapp oscillator.

a. Draw the schematic of the oscillator without biasing.
b. Redraw the oscillator circuit including bias current sources.

. Derive an expression for the oscillation frequency of the Colpitts BJT oscillator in the common emitter configuration shown in

Figure 5.8.1(b).
A two-port feedback oscillator is shown in Figure 5.2.1.

a. Draw the schematic of a feedback Colpitts oscillator.

b. Considering that the amplifier in the feedback oscillator has a gain that is independent of frequency, what is the oscillation
frequency if the components of the Colpitts feedback network are C; = C, = 2 pF and L3 = 5 nH. Ignore any phase shift
introduced by the amplifier.

A two-port feedback oscillator is shown in Figure 5.2.1.

a. Draw the schematic of a feedback Colpitts oscillator.

b. Considering that the amplifier in the feedback oscillator has a gain that is independent of frequency, what is the oscillation
frequency if the components of the Colpitts feedback network are C; = 1 pF, C; = 3 pF, and L3 = 1 nH. Ignore any phase
shift introduced by the amplifier.

A two-port feedback oscillator is shown in Figure 5.2.1.

a. Draw the schematic of a feedback Colpitts oscillator.

b. Considering that the amplifier in the feedback oscillator has a gain that is independent of frequency, what is the oscillation
frequency if the components of the Colpitts feedback network are C; = 5 pF, C; = 1 pF, and L3 = 10 nH? Ignore any phase
shift introduced by the amplifier.

A negative-gm differential FET VCO, as shown in Figure 5.7.1, has C = 0.2 pF and L = 0.2 nH. Vpp = 5 V and the circuit is
biased so that for each transistor g,, = 1 mS. The output at the collector of the transistor drives a 1 kQ load. Ignore the internal
parasitics of the transistor and you must consider the possibility that the circuit does not oscillate. What is the oscillation
frequency of the oscillator?
A negative-gm differential FET VCO, as shown in Figure 5.7.1, has C = 0.2 pF and L = 0.2 nH. Vpp = 5 V and the circuit is
biased so that for each transistor g, = 1 mS. The output at the collector of the transistor drives a 50 Q2 differential load that is in
parallel with a 0.5 pF capacitor. Ignore the internal parasitics of the transistor and you must consider the possibility that the
circuit does not oscillate.

a. Draw the schematic of the oscillator with the load.

b. Draw the equivalent tank circuit of the oscillator. This will need to include the effect of the load.

c. What is the oscillation frequency of oscillator?
A negative-gm differential FET VCO, as shown in Figure 5.7.1, has C = 0.2 pF and L = 0.2 nH. Vpp = 5 V and the circuit is
biased so that for each transistor g,, = 1 mS. The output at the collector of the transistor drives a 50 Q differential load that is in
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parallel with a 1 pF capacitor. Ignore the internal parasitics of the transistor and you must consider the possibility that the circuit
does not oscillate. What is the oscillation frequency of the oscillator?

26. A common emitter Colpitts oscillator, as shown in Figure 5.8.1(a), has C; =1 pF, Cy =2 pF, and L3 = 2 nH. L¢ is a choke
inductor. Voo = 5 V and the circuit is biased so that g,, = 1 mS. Ignore the internal parasitics of the transistor. What is the
oscillation frequency of the oscillator? [Parallels Example 5.7.1]

27. A common emitter Colpitts oscillator, as shown in Figure 5.8.1(a), has C; = 0.1 pF, C; = 0.2 pF, and L3 = 0.5 nH. L¢ is a choke
inductor. Voo = 5 V and the circuit is biased so that g,, = 1 mS. Ignore the internal parasitics of the transistor. What is the
oscillation frequency of the oscillator? [Parallels Example 5.7.1]

28. A digital communication system has a symbol rate of 1 MS/s.

a. What is the highest frequency phase noise that will affect the bit error rate of the communication system? (It could be
1 MHz, 2 MHZ, no limit, 0.5 MHz, etc.)

b. What changes would you make to the system (e.g., added components such as an attenuator, filter, amplifier, etc.) that will
reduce the impact of high-offset phase noise?

29. A QPSK communication system has a transmitted bit rate of 100 kbit/s. Consider that the QPSK modulation scheme is ideal.

a. What is the symbol rate?
b. What would you do to the system (e.g., added components) to reduce the impact of high-offset phase noise?

30. A QPSK communication system has a transmitted bit rate of 1 Mbit/s. The QPSK modulation scheme is ideal (2 bit/s/Hz. DSP
processing is such that phase noise slower than the duration of 5 symbols has no affect on the communication system
throughput.

a. What is the symbol rate?
b. What is the lowest frequency phase noise that will affect the communication system?

31. An oscillator has phase noise that reduces away from the oscillation center frequency, fos. at the rate of 1/A f2 where Af is the
frequency offset from f,. If the phase noise at 100 MHz frequency offset from the oscillation frequency is —100 dBc/Hz, what
is the phase noise at 10 MHz?

32. The phase noise of an oscillator measured at 1 MHz is —136 dBc/Hz. If the phase noise varies as 1/(Af), where Af is the offset
from the center frequency of oscillation, what is the phase noise at 100 kHz offset?

33. A phase-locked microwave oscillator typically utilizes a low-Q oscillator. For such an oscillator the phase noise at the frequency
that affects microwave systems has an inverse square relationship to frequency. The phase noise measured at 100 kHz is
—106 dBc/Hz, what is the phase noise referred to 1 MHz?

34. A phase-locked microwave oscillator typically utilizes a low-Q oscillator. For such an oscillator the phase noise at the frequency
that affects microwave systems often has an inverse square relationship to frequency. The phase noise measured at 1 MHz is
—125 dBc/Hz, what is the phase noise at 100 kHz?

5.8.1: Exercises by Section

tchallenging, jvery challenging

§5.21

§5.3 21, 31, 41, 51,61, 71,8,9, 10,11

§5.512

§5.6 131

§5.7 141,151, 161, 171, 181, 191, 201, 211, 221, 231, 241, 251, 26 1, 271
§5.8 281, 291, 301, 31, 321, 33, 341

5.8.2: Answers to Selected Exercises

4.4.594 GHz

6. (d) 49.8 0, 99.6 fF
7. (e) 4.883 MHz

@ 0 e @ https://eng.libretexts.org/@go/page/113753



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113753?pdf

LibreTexts*

13.49.8 Q, 2.97 dB

C1+Cs
19.\/ o

20.1.592 GHz

23.25.16 GHz
24. () 10.27 GHz

30. 100 GHz

34. —105 dBc/Hz
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6.1: Introduction

An antenna interfaces circuits with free-space with a transmit antenna converting a guided wave signal on a transmission line to an
electromagnetic (EM) wave propagating in free space, while a receive antenna is a transducer that converts a free-space EM wave
to a guided wave on a transmission line and eventually to a receiver circuit. Together the transmit and receive antennas are part of
the RF link. The RF link is the path between the output of the transmitter circuit and the input of the receiver circuit (see Figure
6.1.1). Usually this path includes the cable from the transmitter to the transmit antenna, the transmit antenna itself, the propagation
path, the receive antenna, and the transmission line connecting the receive antenna to the receiver circuit. The received signal is
much smaller than the transmitted signal. The overwhelming majority of the loss is from the propagation path as the EM signal
spreads out, and usually diffracts, reflects, and is partially blocked by objects such as hills and buildings.

The first half of this chapter is concerned with the properties of antennas. One of the characteristics of antennas is that the energy
can be focused in a particular direction, a phenomenon captured by the concept of antenna gain, which can partially compensate for
path loss. The second half of this chapter considers modeling the RF link and the geographical arrangement of antennas that
manage interference from other radios while providing support for as many users as possible.

Information Transmitter

Antenna

Transmission line

Antenna
) L Receiver |—.|rm:|rrnauon
Transmission line

Figure 6.1.1: RF link.

: Q
(b) Microstrip patch antenna

Transmitter  vivaidi antenna
L
-
W

(a) Monopole antenna (c) Vivaldi antenna

Figure 6.1.2: Representative resonant, (a) and (b), and traveling-wave, (c), antennas.

Example 6.1.1: Interference

In the figure there are two transmitters, Tx; and Tx,, operating at the same power level, and one receiver, Rx. Tx; is an
intentional transmitter and its signal is intended to be received at Rx. Tx; is separated from Rx by D; = 2 km. Tx; uses the
same frequency channel as Txi, and as far as RX is concerned it transmits an interfering signal. Assume that the antennas are
omnidirectional (i.e., they transmit and receive signals equally in all directions) and that the transmitted power density drops
off as 1/d?, where { is the distance from the transmitter. Calculate the signal-to-interference ratio (SIR) at Rx.

https://eng.libretexts.org/@go/page/113759


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113759?pdf
https://eng.libretexts.org/Courses/Fontys_University_of_Applied_Sciences/Telecommunications/06%3A_Antennas_and_the_RF_Link/6.01%3A_Introduction

LibreTexts*

T
4 km
Rx Tx,
N4 N4
D 1
Figure 6.1.3
Solution
D1 =F) kmandD2=4km.
P, is the signal power transmitted by Tx; and received at Rx.
P, is the interference power transmitted by Tx, and received at Rx.
SoSIR= 2 = (2:)* =4 =6.02 dB.
=
4 km
P, D
Rx% Tx,
o V7 P, v
D 1
2 km
Figure 6.1.4
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6.2: RF Antennas

Antennas are of two fundamental types: resonant and traveling-wave antennas, see Figure 4.1.2. Resonant antennas establish a
standing wave of current with required resonance usually established when the antenna section is either a quarter- or half-
wavelength long. These antennas are also known as standing-wave antennas. Resonant antennas are inherently narrowband because
of the resonance required to establish a large standing wave of current. Figures 4.1.2(a and b) show two representative resonant

antennas. The physics of the operation of a resonant antenna is understood by considering the time domain. First consider the
physical operation of a transmit antenna. When a sinusoidal voltage is applied to the conductor

&
bk ity et 2

sy e o SV
L

i
1
’
-

dz i

ST K ST Filament

(b) Half-wavelength long wire

(a) Current filament (h < A)

Figure 6.2.1: Wire antennas. The distance from the center of an antenna to the field point P is r. R = rsin 6.

of an antenna, charges, i.e. free electrons, accelerate or decelerate under the influence of an applied voltage source which typically
arrives at the antenna from a traveling wave voltage on a transmission line. When the charges accelerate (or decelerate) they
produce an EM field which radiates away from the antenna. At a point on the antenna there is a current sinusoidally varying in
time, and the net acceleration of the charges (in charge per second per second) is also sinusoidal with an amplitude that is directly

proportional to the amplitude of the current sinewave. Hence having a large standing wave of current, when the antenna resonates
sinusoidally, results in a large charge acceleration and hence large radiated fields.

When an EM field impinges upon a conductor the field causes charges to accelerate and hence induce a voltage that propagates on
a transmission line connected to the receive antenna. Traveling-wave antennas, an example of one is shown in Figures 4.1.2(c),
operate as extended lines that gradually flare out so that a traveling wave on the original transmission line transitions into free
space. Traveling-wave antennas tend to be two or more wavelengths long at the lowest frequency of operation. While relatively

long, they are broadband, many 3 or more octaves wide (e.g., extending from 500 MHz to 4 GHz or more). These antennas are
sometimes referred to as aperture antennas.

This page titled 6.2: RF Antennas is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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6.3: Resonant Antennas

With a resonant antenna the current on the antenna is directly related to the amplitude of the radiated EM field. Resonance ensures
that the standing wave current on the antenna is high.

6.3.1: Radiation from a Current Filament

The fields radiated by a resonant antenna are most conveniently calculated by considering the distribution of current on the
antenna. The analysis begins by considering a short filament of current, see Figure 4.2.1(a). Considering the sinusoidal steady state
at radian frequency w, the current on the filament with phase y is I(t) = |Iy| cos(wt + x), so that I, = |Iyle X is the phasor of the
current on the filament. The length of the filament is &, but it has no other dimensions, that is, it is considered to be infinitely thin.

Resonant antennas are conveniently modeled as being made up of an array of current filaments with spacings and lengths being a
tiny fraction of a wavelength. Wire antennas are even simpler and can be considered to be a line of current filaments. Ramo,
Whinnery, and Van Duzer [1] calculated the spherical EM fields at the point P with the spherical coordinates (¢, 6, r) generated by
the 2-directed current filament centered at the origin in Figure 4.2.1. The total EM field components in phasor form are

Ioh _ .. ( 9k 1\ . — -

Hq): Ee 7 (T—i_ﬁ) 811107 H¢ :H¢¢ (631)
Ioh 2 2 —

Bo= et (21 = )eosy, E,=E,i (6.3.2)
rT r2 " jweors
Toh g ( Jwpto 1 n\ . = 5

Ep= 22 gohr (IR0 + L) sing, Ep=Eyb (6.3.3)
4 r Jweord 2

where 7 is the free-space characteristic impedance, ¢, is the permittivity of free space, and p, is the permeability of free space. The
variable k is called the wavenumber and k = 27/\ = w,/kogo. The e7*" terms describe the variation of the phase of the field as the
field propagates away from the filament. Equations (6.3.1)-(6.3.3) are the complete fields with the 1/r? and 1/r® dependence
describing the near-field components. In the far field, i.e. 7 > ), the components with 1/r? and 1/r® dependence become negligible
and the field components left are the propagating components Hy and Es:

I I
H, = 40—:67]” (%) sinf, FE,.=0, and Ey= 40—71:67]IW (@) sin 6 (6.3.4)

Now consider the fields in the plane normal to the filament, that is, with § = 7/2 radians so that sin § = 1. The fields are now

Hy = 2o e (%) and 2y = T gt (20 (6.35)

47 T r

and the wave impedance is

n= & _ Me—]kr.ﬂuﬂo (Me—]krﬁ>71 _ Weo
Hy 4 r

4 r Tk (6.3.6)

Note that the strength of the fields is directly proportional to the magnitude of the current. This proves to be very useful in
understanding spurious radiation from microwave structures. Now & = w,/fig€q, SO

n=—2H _ JE 3770 (6.3.7)

Wy/Ho€o €0
as expected. Thus an antenna can be viewed as having the inherent function of an impedance transformer converting from the
lower characteristic impedance of a transmission line (often 50 2) to the 377 Q characteristic impedance of free space. Further
comments can be made about the propagating fields (Equation (6.3.4)). The EM field propagates in all directions except not directly
in line with the filament. For fixed r, the amplitude of the propagating field increases sinusoidally with respect to 6 until it is
maximum in the direction normal to the filament.

The power radiated is obtained using the Poynting vector, which is the cross-product of the propagating electric and magnetic
fields. From this the time-average propagating power density is (with the ST units of W/m?)

1 k2| Io|2R2
R(EH, = PR g (6.3.8)

Pr= 2 32m2r?
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and the power density is proportional to 1/r2. In Equation (6.3.8) 93(---) indicates that the real part is taken.

6.3.2: Finite-Length Wire Antennas

The EM wave launched by a wire antenna of finite length is obtained by considering the wire as being made up of many filaments
and the field is then the superposition of the fields from each filament. As an example, consider the antenna in Figure 4.2.1(b)
where the wire is half a wavelength long. As a good approximation the current on the wire is a standing wave and the current on the
wire is in phase so that the current phasor is

1(2) = Iy cos(kz) (6.3.9)

From Equation (6.3.4) and referring to Figure 4.2.1 the fields in the far field are

M k ,
Hy= Tocos(kz) (ﬁ) sin 0 dz (6.3.10)
—)\/4 4 r
M4 Iy cos(k ,
E, :/ o c0s(k2) eI (M,m ) sin@’dz (6.3.11)
A4 4 T

where ¢’ is the angle from the filament to the point P. Now k& = 27/)\ and at the ends of the wire » = +)/4 where cos(kz)
= cos(+7/2) = 0. Evaluating the equations is analytically involved and will not be done here. The net result is that the fields are
further concentrated in the plane normal to the wire. At large r, of at least several wavelengths distant from the antenna, only the
field components decreasing as 1/r are significant. At large r the phase differences of the contributions from the filaments is
significant and results in shaping of the fields. The geometry to be used in calculating the far field is shown in Figure 6.3.1(a). The
phase contribution of each filament, relative to that at z = 0, is (kzsin6)/X and Equations (6.3.10) and (6.3.11) become

. Y7
_ 77 . —gkr Sln(kz) . .
Hy =1 <_47r7") sin(f)e /7A/4 ym sin(zsin())dz (6.3.12)
A4
Ey=1 (]wuo ) sin(g))e 7" sin(kz) sin(zsin(0))dz (6.3.13)
4d7r —)\/4

Figure 6.3.1(b) is a plot of the near-field electric field in the y — z plane calculating E, and E, (recall that E4 = 0) every 90°. Further
from the antenna the E, component rapidly reduces in size, and E, dominates.

A summary of the implications of the above equations are, first, that the strength of the radiated electric and magnetic fields are
proportional to the

xS

:
==

» LA

V _'F S Filament
(a)

Figure 6.3.1: Wire antenna: (a) geometry for calculating contributions from current filaments of length {z with coordinate z (d
= —zsin#); and (b) instantaneous electric field in the y — ~ plane due to a A/2 long current element. There is also a magnetic field.
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Figure 6.3.2: Monopole antenna showing total current and forwardand backward-traveling currents: (a) a 1 A-long antenna; and (b)
a relatively long antenna.

current on the wire antenna. So establishing a standing current wave and hence magnifying the current is important to the
efficiency of a wire antenna. A second result is that the power density of freely propagating EM fields in the far field is proportional
to 1/r?, where r is the distance from the antenna. A third interpretation is that the longer the antenna, the flatter the radiated
transmission profile; that is, the radiated energy is more tightly confined to the =z — y (i.e. © = 0) plane. For the wire antenna the
peak radiated field is in the plane normal to the antenna, and thus the wire antenna is generally oriented vertically so that
transmission is in the plane of the earth and power is not radiated unnecessarily into the ground or into the sky.

To obtain an efficient resonant antenna, all of the current should be pointed in the same direction at a particular time. One way of
achieving this is to establish a standing wave, as shown in Figure 6.3.2(a). At the open-circuited end, the current reflects so that the
total current at the end of the wire is zero. The initial and reflected current waves combine to create a standing wave. Provided that
the antenna is sufficiently short, all of the total current— the standing wave—is pointed in the same direction. The optimum length
is about a half wavelength. If the wire is longer, the contributions to the field from the oppositely directed current segments cancel
(see Figure 6.3.2(b)).

In Figure 6.3.2(a) a coaxial cable is attached to the monopole antenna below the ground plane and often a series capacitor between
the cable and the antenna provides a low level of coupling leading to a larger standing wave. The capacitor also approximately
matches the characteristic impedance of the cable to the input impedance Z;, of the antenna. If the length of the monopole is
reduced to one-quarter wavelength long it is again resonant, and the input impedance, Z;,, is found to be 36 Q. Then a 50 Q cable
can
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Figure 6.3.3: Mobile antenna with phasing coil extending the effective length of the antenna.
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Figure 6.3.4: Dipole antenna: (a) current distribution; (b) stacked dipole antenna; and (c) detail of the connection in a stacked dipole
antenna.

be directly connected to the antenna and there is only a small mismatch and nearly all the power is transferred to the antenna and

then radiated.
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Another variation on the monopole is shown in Figure 6.3.3, where the key component is the phasing coil. The phasing coil (with a
wire length of )\/2) rotates the electrical angle of the current phasor on the line so that the current on the A\/4 segment is in the same
direction as on the )\/2 segment. The result is that the two straight segments of the loaded monopole radiate a more tightly confined
EM field. The phasing coil itself does not radiate (much).

Another ingenious solution to obtaining a longer effective wire antenna with same-directed current (and hence a more tightly
confined RF beam) is the stacked dipole antenna 6.3.4. The basis of the antenna is a dipole as shown in Figure 6.3.4(a). The cable
has two conductors that have equal amplitude currents, I, but flowing as shown. The wire section is coupled to the cable so that the
currents on the two conductors realize a single effective current Iy, on the dipole antenna. The stacked dipole shown in Figure
6.3.4(b) takes this geometric arrangement further. Now the radiating element is hollow and a coaxial cable is passed through the
antenna elements and the half-wavelength sections are fed separately to effectively create a wire antenna that is several
wavelengths long with the current pointing in one direction. Most cellular antennas using wire antennas are stacked dipole
antennas.

Transmitter  vijyaldi antenna
L

- e

Zm;

/]

(a)

Zm_-' ZOS Zl]l ZUZ ZU.’J """""" - zﬂ” ZAper[u re

(c)

Figure 6.3.5: Vivaldi antenna showing design procedure: (a) the antenna; (b) a stepped approximation; and (c) transmission line
approximation. In (a) the black region is a metal sheet.

6.3.2.1: Summary

Standing waves of current can be realized by resonant structures other than wires. A microstrip patch antenna, see Figure 4.1.2(b),
is an example, but the underlying principle is that an array of current filaments generates EM components that combine to create a
propagating field. Resonant antennas are inherently narrowband because of the reliance on the establishment of a standing wave. A
relative bandwidth of 5%-10% is typical.

This page titled 6.3: Resonant Antennas is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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6.4: Traveling-Wave Antennas

Traveling-wave antennas have the characteristics of broad bandwidth and large size. These antennas begin as a transmission line
structure that flares out slowly, providing a low reflection transition from a transmission line to free space. The bandwidth can be
very large and is primarily dependent on how gradual the transition is

One of the more interesting traveling-wave antennas is the Vivaldi antenna of Figure 4.3.5(a). The Vivaldi antenna is an extension
of a slotline in which the fields are confined in the space between two metal sheets in the same plane. The slotline spacing increases
gradually in an exponential manner, much like that of a Vivaldi violin (from which it gets its name), over a distance of a
wavelength or more. A circuit model is shown in Figures 4.3.5(b and c) where the antenna is modeled as a cascade of many
transmission lines of slowly increasing characteristic impedance, Z,. Since the Z, progression is gradual there are low-level
reflections at the transmission line interfaces. The forward-traveling wave on the antenna continues to propagate with a negligible
reflected field. Eventually the slot opens sufficiently that the effective impedance of the slot is that of free space and the traveling
wave continues to propagate in air

The other traveling-wave antennas work similarly and all are at least a wavelength long, with the central concept being a gradual
taper from the

Figure 6.4.1: Free-space spreading loss. The incremental power, dP,, intercepted by the shaded region of incremental area d4 is
proportional to 1/r2. The solid angle subtended by the shaded area is the incremental solid angle d2. The integral of dA4 over the
surface of the sphere, i.e. the area of the sphere is 4772, The total solid angle subtended by the sphere is the integral of dQ over the
sphere and is 4r steradians (or 4 sr).

characteristic impedance of the originating transmission line to free space. The final aperture is at least one-half wavelength across

so that the fields can curl on themselves (i.e., loop back on themselves) and are self-supporting as they leave the antenna.
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6.5: Antenna Parameters

This section introduces a number of antenna metrics that are used to characterize antenna performance.

6.5.1: Radiation Density and Radiation Intensity

Antennas do not radiate equally in all directions concentrating radiated power in (usually) one direction called the main (or major)
lobe of the antenna. This focusing effect is called directivity. The power in a particular direction is characterized by the radiation
density and the radiation intensity metrics. The radiation density, S,, is the power per unit area with the SI units of W/m?, and will
be maximum in the main lobe. Referring to Figure 4.4.1 with an antenna located at the center of the sphere of radius r and radiating
a total power P,, S, is the incremental radiated power dP, passing through the incremental shaded region of area, dA:

dP,
S, = 7 (6.5.1)

S, reduces with distance falling off as 1/r? in free space. For a practical antenna S, will vary across the surface of the sphere. The
total power radiated is the closed integral over the surface S of the sphere:

P, =?§ dP, =?§ S,dA (6.5.2)
S S

An alternative measure of power concentration is the radiation intensity U/ which is in terms of the incremental solid angle dQ
subtended by dA so that d2 = d4/r? and (with the SI units of W /steradian or W /sr)

_dP, _dP, ,

_ .2
U 0 AT =T S, (6.5.3)

6.5.1.1: Isotropic Antenna

It is useful to reference the directivity of an antenna with respect to a fictitious isotropic antenna that has no loss and radiates
equally in all directions so that S, is only a function of r. Then integrating over the surface of the sphere yields the total radiated
power

Pr‘Isotropic = % dP, = f SrdA = Srf dA = ST47TT'2 =4rnU (654)
S S S

Since the isotropic antenna has no loss the power input to the antenna Py is equal to the power radiated P, = Py. Thus for an
isotropic antenna

P, Py

Sy = = 6.5.5
47r? 47r? ( )

P
U|Isotropic = T2S’!‘ = 477212 (656)

6.5.1.2: Antenna Efficiency

Antenna efficiency, sometimes called the radiation efficiency, describes losses in an antenna principally due to resistive (I2R)
losses. Resonant antennas work by creating a large current that is maximized through the generation of a standing wave at
resonance. There is a lot of current, and even just a little resistance results in substantial resistive loss. The power that is reflected
from the input of the antenna is usually small. The total radiated power (in all directions), P,, is the power input to the antenna less
losses. The antenna efficiency, 5, is therefore defined as

na = P,/P (6.5.7)

where Py is the power input to the antenna and 74 < 1 and usually expressed as a percentage. Antenna efficiency is very close to
one for many antennas, but can be 50% for microstrip patch antennas.

Antenna loss refers to the same mechanism that gives rise to antenna efficiency. Thus an antenna with an antenna efficiency of 50%
has an antenna loss of 3 dB. Generally losses are resistive due to 72R loss and mismatch loss of the antenna that occurs when the
input impedance is not matched to the impedance of the cable connected to the antenna. Because of confusion with antenna gain
(they are not the opposite of each other) the use of the term ‘antenna loss’ is discouraged and instead ‘antenna efficiency’ preferred.
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6.5.2: Directivity and Antenna Gain
The directivity of an antenna, D, is the ratio of the radiated power density to that of an isotropic antenna with the same total

radiated power, P,:

S, U

Sr | Isotropic U| Isotropic

D

(6.5.8)

where S, and U refer to the actual antenna and the power densities and intensities are measured at the same distance from the
antennas. For an actual antenna D is dependent on the direction from the antenna, see Figure 6.5.1. The maximum value of D will
be in the direction of the main lobe of the antenna and this is called directivity gain.

The focusing property of an antenna is characterized by comparing the radiated power density to that of an isotropic antenna with
the same input power. The antenna gain, G 4, is the maximum value of D when the power input Py = P,/n4 to the antenna and the
isotropic antenna are the same:

G4 = namax(D) (6.5.9)
Antenna Type Figure Gain (dBi) Notes
Lossless isotropic 0
antenna
A/2 dipole Resonant 4.3.4(a) 2 Rn=730Q
3 diameter parabolic .
. Traveling — 38 R;, = match
dish
Patch Resonant 4.1.2(b) 9 R;, = match
Vivaldi Traveling 4.1.2(c) 10 Rj, = match
A/4 monopole on ground Resonant 4.3.2(a) 2 R,=360Q
5/8\ monopole on . .
Resonant 4.3.2(a) 3 Matching required

ground

Table 6.5.1: Several antenna systems. R;, = match for resonant antennas indicates that the antenna can be designed to have an input
impedance matching that of a feed cable. Traveling wave antennas are intrinsically matched.

Losses in the antenna are accounted for by the efficiency term 7 4.

In Equation (6.5.9) G4 is a gain factor and is often expressed in terms of decibels (taking 10 times the log of G 4) but dBi (with ‘i’
standing for withrespect-to isotropic) is used to indicate that it is not a power gain in the same sense as amplifier gain. G4 instead is
the ratio of power densities for two different antennas. For example, an antenna that focuses power in one direction increasing the
peak radiated power density by a factor of 20 relative to that of an isotropic antenna has an antenna gain of 13 dBi. With care G4
can be often used in calculations of power as as with amplifier gain.

Since it is almost impossible to calculate internal antenna losses, antenna gain is invariably only measured. The input power to an
antenna can be measured and the peak radiated power density, Pp|yaximum, Measured in the far field at several wavelengths distant
(at » > ). This is compared to the power density from an ideal isotropic antenna at the same distance with the same input power.
Antenna gain is determined from

Maximum radiated power per unit area

Gy=

(6.5.10)

Maximum radiated power per unit area for an isotropic antenna

Sr ‘ Maximum 2 PD ‘ Maximum

= ————— =Anar
Sr‘Isotropic P IN

Maximum radiated power per unit solid angle

(6.5.11)

=A4r
Total input power to the antenna

(dpr/dQ) |Maximum 2 (dpr/dA”Maximum
= 4mr
P Py

=4r (6.5.12)
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The antenna gains of common resonant and traveling-wave antennas are given in Table 6.5.1. In free space the antenna gain
determined using Equation (6.5.9) is independent of distance. Antenna gain is measured on an antenna range using a calibrated
receive antenna and care taken to avoid reflections from objects, especially from the ground.

The losses of an antenna are incorporated in the antenna gain which is defined in terms of the power input to the antenna, see
Equation (6.5.12). Thus in calculations of radiated power using antenna gain, there is no need to separately account for resistive
losses in the antenna.

In summary, antennas concentrate the radiated power in one direction so that the density of the power radiated in the direction of
the peak field is higher than the power density from an isotropic antenna. Power radiated from a base station antenna, such as that
shown in Figure 6.5.2, is concentrated in a region that looks like a toroid or, more closely, a balloon squashed at its north and south
poles. Then the antenna does not radiate much power into space and will concentrate power in a region skimming the surface of

/Antﬂnna Side lobes T ;
Main lobe Side lobé™ Antenna
(a) 3D view (b) Top view

Figure 6.5.1: Field pattern produced by a microstrip antenna.

oy Antenna

[ E-field
polanzation

Figure 6.5.2: A base station transmitter pattern.

the earth. Antenna gain is a measure of the effectiveness of an antenna to concentrate power in one direction. Thus, in free space
due to power spreading out the maximum power density (in SI units of W/m?) at a distance r is

p, = GaP (6.5.13)
4mr?

where 4772 is the area of a sphere of radius r and Pyy is the input power.

Measurements of antenna gain are used to derive antenna efficiency. It is impossible to measure or simulate the resistive and
dielectric losses of an antenna directly. Antenna efficiency is obtained using theoretical calculations of antenna gain assuming no
losses in the antenna itself. This is compared to the measured antenna gain yielding the antenna efficiency.

Example 6.5.1: Antenna Gain

A base station antenna has an antenna gain, G4, of 11 dBi and a 40 W input. The transmitted power density falls off with
distance d as 1/d2. What is the peak power density at 5 km?

Solution

A sphere of radius 5 km has an area A = 47r? = 3.142 - 103m?; G4 = 11 dBi = 12.6. In the direction of peak radiated power, the
power density at 5 km is

_ PnGa _ 40126 W _ 2
Pp = 25 = 5 b iorm = 1603 pW/m
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Example 6.5.2: Antenna Efficiency

A antenna has an antenna gain of 13 dBi and an antenna efficiency of 50% and all of the loss is due to resistive losses and
resistance of metals is proportional to temperature. The RF signal input to the antenna has a power of 40 W.

a. What is the input power in dBm?
P, =40 W = 46.02 dBm.
b. What is the total power transmitted in dBm?

PRadiated = 50% Of PIN =20 W or 43.01 dBm.
Alternatively, Pragiated = 46.02 dBm — 3 dB = 43.02 dBm.

c. If the antenna is cooled to near absolute zero so that it is lossless, what would the antenna gain be?
The antenna gain would increase by 3 dB and antenna gain incorporates both directivity and antenna losses. So the gain of
the cooled antenna is 16 dBi.

6.5.3: Effective Isotropic Radiated Power

A transmit antenna does not radiate power equally in all directions and for a receiver in the main lobe of the transmit antenna it is
as though there is an isotropic transmit antenna with a much higher input power. This concept is incorporated in the effective
isotropic radiated power (EIRP):

EIRP = PG 4 (6.5.14)

This uses antenna gain to derive the total power that would be radiated by an isotropic antenna producing the same (peak) power
density as the actual antenna. Regulatory limits on the power levels of transmitters are in terms of EIRP rather than the total
radiated power. Sometimes equivalent radiated power (ERP) is used instead of EIRP with the same meaning.

6.5.4: Effective Aperture Size

Effective aperture size is defined so that the power density at a receive antenna when multiplied by its effective aperture size, Ag,
yields the power output from the antenna at its connector. Since antennas are linear and reciprocal it is is to be expected that there is
a relationship between effective aperture size and antenna gain.

An antenna has an effective size that is more than its actual physical size. This is because of its influence on the EM fields around
it. The power captured by an antenna is the effective aperture size (or area) multiplied by the transmitted power density. That is, the
effective aperture size of an antenna is the area of the surface that captures all of the power passing through it and delivers this
power to the output terminals of the antenna.

The effective aperture area of a receive antenna, A, is related to the receive antenna gain, G, as follows [2, 3] (note that A, is
often used if it is not necessary to distinguish antennas):

2
Ap = Gr) (6.5.15)
47

where ) is the wavelength of the radio signal'. The effective aperture area of an antenna can have little to do with its physical size;
e.g., a wire antenna has almost no physical size but has a significant effective aperture size.

If S, is the transmitted power density at the receive antenna, the power received is

Gp\?
47

Pr = PpAp = Pp (6.5.16)

Here P is the power delivered at the output connector of the receive antenna, as loss in the receive antenna is incorporated in Gy
and Ag. The total power radiated by the transmit antenna in the direction of maximum power density is given by multiplying the
power input to the transmit antenna, Pr,? by the antenna gain of the transmit antenna, Gr. This can be converted to the power
density at a distance d (ignoring multipath effects),

ITGT
r = . .1
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and the power delivered by the receive antenna is

Pr=SAp— Z ﬁf Gf:Z — PrGrGr (ﬁd)z (6.5.18)
That is,
A 2
Pp = PrGrGr (m) (6.5.19)

This equation is known as the Friis transmission equation or the Friis transmission formula.

Equation (6.5.19) provides a powerful tool for evaluating the power received in a communication system and modifications have
been developed to account for impairments that are encountered. One of the assumptions in the development of Equation (6.5.19) is
that the polarization of the receive antenna matches that of the transmitted signal. The transmit antenna will radiate a signal with an
electric field with a particular polarization, i.e. E field orientation. Propagation through air has little effect on the polarization of a
signal, although atmospheric conditions can rotate the polarization slightly. A polarization mismatch factor could be included in
Equation (6.5.19). For ground-based communications, such as cellular communications, reflections and diffraction have a major
impact on the power of the received signal and techniques for handling these effects are considered in the next section.

6.5.5: Summary

This section introduced several metrics for characterizing antennas:

Metric Equation Description

Sy (6.5.1) Radiated power density, W/m?

U (6.5.3) Radiation intensity W /sr

I (6.5.15) Antenna efficiency

D (6.5.8) Antenna directivity

Gy (6.5.10) Antenna gain, used with a transmit antenna

A, (6.5.15) Effective aperture area, used with a receive antennaa
EIRP (6.5.14) Equivalent isotropic radiated power

Example 6.5.3: Point-to-Point Communication

In a point-to-point communication system, a parabolic receive antenna has an antenna gain of 60 dBi. If the signal is 60 GHz
and the power density at the receive antenna is 1 pW/cm?, what is the power at the output of the receive antenna connected to
the RF electronics?

Solution

The first step is determining the effective aperture area, Ag, of the parabolic antenna. The frequency is 60 GHz, and so the
wavelength ()) is 5 mm. Also note that G = 60 dBi = 10°. From Equation (6.5.15)

_ GpA? _ 10°-0.005

A
R A 4T

=1.989 m? (6.5.20)

Using Equation (6.5.16) P, = 1 pW/cm® = 10 nW/m?, the total power delivered to the RF receiver electronics (at the output of
the receive antenna) is

Pp=PpAr =10 0W -m~2-1.989 m? = 19.89 nW (6.5.21)

6.5.6: Footnotes

[1] The derivation of Equation (6.5.15) invokes a thought experiment with an antenna connected to a resistor in thermal equilibrium
and each in separate thermally isolated chambers with black body walls [4, 5]. The available thermal (Johnson-Nyquist) noise
power from the resistor is radiated by the antenna (incorporating antenna gain) and absorbed by the walls of the antenna’s chamber.
The same amount of power, as black body radiation from the walls of the antenna’s chamber, must be received by the antenna
(incorporating effective aperture size) and delivered to the resistor where it is dissipated as heat. At frequencies up to infrared and
at room temperature (and hence at radio frequencies) the power density of black body radiation increases linearly with temperature
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and as the square of frequency (i.e. as 1/\%) whereas Johnson-Nyquist noise is independent of frequency but increases linearly with
temperature. The derivation is exact for an isotropic antenna and assumed to apply to all antennas.

[2] Note that this was Py previously and here the subscript 7" is used to indicate the power input to the transmit antenna.

This page titled 6.5: Antenna Parameters is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
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6.6: The RF Link

The RF link is between a transmit antenna and a receive antenna. Sometimes the RF link includes the antenna and sometimes it
does not, this will be clear from the context, but usually it includes the antennas. The principle source of link loss is the spreading
out of the EM field as it propagates. In the absence of any other effects (such as atmospheric loss and reflections), the power
density reduces as 1/d?, where d is distance, and this is called the line-of-sight (LOS) situation. In this section the propagation path
is first described along with its impairments including propagation on multiple paths between a transmit antenna and a receive
antenna. The resonant scattering is described as well as multiple fading effects due to reflections, diffraction, rain, and other
atmospheric effects.

6.6.1: Propagation Path

When the radiated signal reflects and diffracts there are multiple propagation paths that result in what is called fading, as the paths
constructively and destructively combine at the receiver. The direct path and other paths, called multipaths, which are reflected or
diffracted by ground, buildings, and other objects do not arrive at the receiver in phase leading to time-varying constructive and
destructive combining, called multipath interference. Of these destructive combining is much worse as it can reduce a signal level
below what it would be if propagation was in free space. In urban areas, 10 or 20 paths can have significant power in them and
these combine at the receive antenna [6].

When the signal on one of the paths dominates, this is usually the LOS path, fading is called Rician fading. With LOS and a single
ground reflection, the situation is the classic Rician fading as shown in Figure 6.6.1(a). This is a special situation, as the ground
changes the phase of the signal upon reflection, generally by 180°. When the receiver is a long way from the base station, the
lengths of the two paths are almost identical and the level of the signals in the two paths are almost the same. The net result is that
these two signals almost cancel, and so instead of the power falling off by 1/4?, it falls off by 1/d®. When there are many paths and
all have similar amplitude signals, fading is called Rayleigh fading. In an urban area such as that shown in Figure 6.6.1(b), there
are many significant multipaths and the power falls off by 1/d* and sometimes faster.

Common paths encountered in cellular radio are shown in Figure 6.6.2. As a rough guide, in the single-digit gigahertz range each
diffraction and scattering event reduces the signal received by 20 dB. The knife-edge diffraction scenario is shown in more detail in
Figure 6.6.3. This case is fairly easy to analyze and can be used to estimate the effects of individual obstructions. The diffraction
model is derived from the theory of half-infinite screen diffraction [7]. First, calculate the parameter » from the geometry of

(a) Rician fading (b) Rayleigh fading

Figure 6.6.1: Multipath propagation: (a) line of sight (LOS) and ground reflection paths only; and (b) in an urban environment.

|~

(a) Ground reflection

(b) Ground reflection

d

(c) Scattering through tree

Figure 6.6.2: Common paths contributing to multipath propagation.
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(a) Definition of variables used in calculations

NPT

Atenuation (dB)
g

=5 4 -3 2 -l [J I 2 3 4
n
(b) Chart for determining attenuation using Equation (4.34)

Figure 6.6.3: Knife-edge diffraction.

Half wavelength
Scattered signal

Incoming signal

Figure 6.6.4: Pine needles scattering an incoming EM signal.

the path using

2 1 1
v=-m/5(3+7) (6.6.)

Next, consult the plot in Figure 6.6.3(b) to obtain the diffraction loss (or attenuation). This loss should be added (using decibels) to
the otherwise determined path loss to obtain the total path loss. Other losses such as reflection cancelation still apply, but are
computed independently for the path sections before and after the obstruction.

6.6.2: Resonant Scattering

Propagation is rarely from point to point as the path is often obstructed and so non-LOS (NLOS). One type of event that reduces
transmission is scattering. The level of the effect depends on the size of the objects causing scattering. Here the effect of the pine
needles of Figure 6.6.4 will be considered. The pine needles (as most objects in the environment) conduct electricity, especially
when wet. When an EM field is incident an individual needle acts as a wire antenna, with the current maximum when the pine
needle is one-half wavelength long. At this length, the “needle” antenna supports a standing wave and will re-radiate the signal in
all directions. This is scattering, and there is a considerable loss in the direction of propagation of the original fields. As well, there
is loss due to a needle not being a very good conductor, so EM energy is lost as heat. The effect of scattering is frequency and size
dependent. A typical pine needle is 15 cm long, which is exactly \/2 at 1 GHz, and so a stand of pine trees have an extraordinary
impact on cellular communications at 1 GHz. As a rough guide, 20 dB of a signal is lost when passing through a small stand of pine
trees. At 2 GHz, a similar impact comes from other leaves, and they do not need to look like wire antennas. Consider an oak leaf
having a dimension of 7.5 cm. This is \/2 at 2 GHz, another dominant cellular frequency. So scattering results, but now the loss is
season dependent, with the loss due to scattering being considerably smaller in winter (when trees such as oaks do not have leaves)
than in summer.

@0
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6.6.3: Fading

Fading refers to the variation of the received signal with time or when the position of transmit or receive antennas is changed. The
variation in signal strength is much greater than would be expected from changes in path

60 Measured | |
Amplitude _m signal | |
Received | | |
10-15 dB signal 80 | W
strength  _gq !
| ||
(dBm) [ [
ol LT
0 4 8 12 % 20 24 28 32
| Time Distance from cell site (km)
(a) (b)

Figure 6.6.5: Fast and slow fading: (a) in time as a radio and obstructions move; and (b) in distance.

length. Several forms of fading are identified and associated with different physical effects. The most important fading types are
flat fading, multipath fading, and rain fading.

6.6.3.1: Flat Fading

Temperature variations of the atmosphere between the transmit antenna and receive antenna give rise to what is called flat fading
and sometimes called thermal fading. This fading is called flat because it is independent of frequency. One form of flat fading is
due to refraction, which occurs when different layers of the atmosphere have different densities and thus dielectric permittivities
increasing or decreasing away from the surface of the earth. The temperature profile can increase away from the earth surface or
reduce depending on whether the temperature of the earth is higher than that of the air and is commonly associated with the
beginning and end of the day. Temperature inversions can also occur where the temperature profile in air does not uniformly
increase or decrease, thus causing a layer with a higher permittivity than that of the air above or below. RF energy gets trapped in
this layer, reflecting from the top and bottom of the inversion layer. This is called ducting. In point-to-point communication
systems the transmit and receive antennas are mounted high on towers and then reflection from ground objects is often small. In
such cases flat fading is the most commonly observed phenomena and minor fluctuations of several decibels in receive signal level
are common throughout the day. However, when temperature variations are extreme, ducting can severely impact communications
reducing signal levels by up to 20 dB.

6.6.3.2: Shadow Fading

Shadow fading occurs when the LOS path is blocked by an obstruction such as a building or hill. The full signal strength returns
when the obstruction or receiver has moved to restore the direct path. Shadow fading is also called slow fading and the
characteristic of the channel is regarded as being relatively constant over a short time. The amplitude response varies in time and
distance and is shown in Figure 6.6.5. This figure shows both fast fades that are 10 to 15 dB deep and slow or shadow fades that are
20 to 30 dB deep.

6.6.3.3: Multipath Fading

Multipath fading is the most common fading when either the transmit antenna or the receive antenna are close to the ground, near
obstructing buildings or terrains, or inside a building. In such situations there are many reflections that combine destructively and
constructively. Multipath fading is also called fast fading, as the characteristics of the channel can change significantly in a few
milliseconds. Two types of multipath fading—Rician fading and Rayleigh fading—will be considered.

Multipath is principally a problem when the line of sight between transmit and receive antennas is obscured. However, where there
is line of sight the signal reflecting from the ground immediately in front of a receive antenna can sometimes largely cancel the
line-of-sight signal. In time, intervening objects can move and the propagation characteristics of the various paths can change due
to thermal variations. All this adds to the randomness of fast fades. Multipath fading of 20 dB can occur for a small percentage of
the time on time scales of many seconds when there are few propagation paths (e.g. in a rural area) to a large percentage of the time
many times per second in a dense urban environment when there are many paths. Constructive combining does increase the signal
level momentarily, but there is no advantage to this. Destructive combining can result in deep fades of 20 dB impacting
communications and forcing the communication system to accommodate either by using higher average powers or using strategies
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such as multiple antennas or spreading the communication signal over a wide bandwidth since fades tend to be 500 kHz to 1 MHz
wide at all frequencies.

6.6.3.4: Rician Fading

Rician fading occurs when there is one dominant RF path, usually the LOS path, and one or more other paths. The main situation is
when there is an LOS path and a ground reflection as shown in Figure 6.6.1(a). The signal received is the sum of two signals:

v, (t) = Cleos(wet) + 7 cos(wet + ¢)] (6.6.2)

where C cos(w,t) is the LOS signal, r is the ratio of the amplitude of the signal reflected from the ground and the LOS signal, and ¢
is the relative phase. When the distance between the transmitted and received signal is large, the ground reflection will be a
glancing reflection and the LOS and reflected path will be almost exactly the same length. Ground reflection will usually introduce
a 180° phase rotation in the reflected signal and r could be 0.8-0.9. Thus there will be nearly complete cancelation of the signal [8].

6.6.3.5: Rayleigh Fading

Rayleigh fading, or fast fading, in a multipath environment results from destructive cancellation as individual paths of similar
amplitude drift in and out of phase as the receiver and sources of multiple reflections, diffractions, and refractions move. With
multiple paths between a transmitter and a receiver, different components of the received signal arrive at different times. When the
line of sight is blocked, the received signal on as many as 20 of these paths can have appreciable signal power. The time between
when the first significant received signal is received and the last is received is called the

—_— )

J

Figure 6.6.6: Two receive antennas used to achieve space diversity and overcome the effects of Rayleigh fading.

delay spread. The delay spread is largest inside buildings. A typical office building has a delay spread of 30 ns, and an office
building with highly reflective walls and large open spaces has a delay spread of up to 250 ns [9, 10, 11], similar delay spreads are
obtained at all RF frequencies [12]. Rayleigh fading is the type of fading that occurs when the inverse of the delay spread is small
compared to the bandwidth of the received signal. Then when the multipaths combine destructively the entire signal within a
bandwidth of 500 kHz to 1 MHz is suppressed. This bandwidth is experimentally observed and is related to the delay spread of
individual paths, each with random amplitude and phase. If a communication signal has a bandwidth that is entirely within the
suppression bandwidth of a Rayleigh fade, the situation is called frequency flat fading. Some communication signals have
bandwidths greater than the Rayleigh fade bandwidth, so it is possible to recover from Raleigh fades if error correction is used.

The result of Rayleigh fading is rapid amplitude variation with respect to frequency. In Figure 6.6.5(a) the amplitude varies in time
depending on the speed of moving objects. This graph could just as well be a plot of amplitude versus distance or amplitude versus
frequency. A measured amplitude response is shown in Figure 6.6.5(b). Although somewhat random, the fades occur over distances
roughly 1 apart and 500 kHz wide. The 500 kHz width is almost independent of frequency from hundreds of megahertz to
100 GHz. The probability of receiving a signal = dB below the time-averaged received signal power is approximately 10~* [13].
Rayleigh fading is named after the statistical model that describes this.

Fortunately deep Rayleigh fades are very short, last a small percentage of the time, and slight changes to the propagation
environment can circumvent their effects. One strategy for overcoming fades is to use two receive antennas as shown in Figure
6.6.6. Here the signals received by two antennas separated by several wavelengths will rarely fade concurrently. In practice, the
required separation for good decorrelation is found to be 10 to 20A.

In an LOS wireless system (e.g. a point-to-point link without multipath), Rayleigh fading is due to rapidly changing atmospheric
conditions, with the refractive index of small regions varying. These fades occur over a few seconds.
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6.6.3.6: Rain Fading

Rain fading is due to both the amount of rain and the size of individual rain drops and fading occurs over periods of minutes to
hours. Propagation through the atmosphere is affected by absorption by molecules in the air, fog, and rain, and by scattering by rain
drops. Figure 6.6.7 shows the attenuation in decibels per kilometer from 3 GHz to 300 GHz. Curve (a) shows the
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Figure 6.6.7: Excess attenuation due to atmospheric conditions showing the effect of rain on RF transmission at sea level. Curve (a)
is atmospheric attenuation, due to excitation of molecular resonances, of very dry air at 0°C, curve (b) is for typical air (i.e. less dry)
at 20°C. The attenuation shown for fog and rain is additional (in dB) to the atmospheric absorption shown as curve (b).

attenuation in dry air at 0°C with very low attenuation at a few gigahertz with several attenuation peaks as frequency increases. The
first peak in attenuation is due to the resonance of water molecules in water vapor. The resonance peaks at 23 GHz but loss starts
increasing before that. The next absorption peak is at 60 GHz due to the resonance of oxygen molecules. Two other absorption
peaks are observed going up to 300 GHz. Curve (b) is for a less dry atmosphere at 20°C. The dotted curve shows the additional
effect of fog on attenuation and then a family of curves shows the effect of rain on propagation. Below 10 GHz the effect of rain is
very little and is safely ignored below 5 GHz. The attenuation due to rain increases with frequency and this derives largely from
scattering and is related to the RF signal’s wavelength relative to the circumference of rain drops.

6.6.3.7: Fading Due to Ducting

Normally the temperature and density of air, and thus its refractive index, drops with increasing height above earth. As a result,
radio waves will be refracted toward the earth as shown in Figure 6.6.18(a). However, during periods of stable weather
characterized by a high-pressure system, the temperature can rise with increasing height before eventually falling, creating what is
called temperature inversion. This can occur at heights of tens to hundreds of meters. Temperature inversion is most common in
summer, but can also occur when the temperature is dropping quickly, such as at sunset. At sunset the inversion layer may occur at
a meter or so above the ground as the earth cools rapidly. The denser colder air above the ground has a higher permittivity than the
air above and this results in an inversion layer that has a higher refractive index than the air above and below. RF waves can
become trapped in the inversion layer, as any RF energy leaving the temperature inversion layer is refracted back into the layer.
This effect is called ducting. Ducting can also occur when a cold air mass is overrun by warm air.

Fading due to ducting occurs when the receiver wanders in and out of the ducting layer, as the ducting layer is not stable, increasing
and decreasing in

MNormal Atmosphere Temperature Inversion
i

Height
4
Helght

Temperature Temperature

(a) Atmospheric refraction (b) Atmospheric ducting

https://eng.libretexts.org/@go/page/113764



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113764?pdf

LibreTexts"

Figure 6.6.8: Fading resulting from ducting: (a) normal atmospheric refraction (normally the temperature of air drops with
increasing height and the lower refractive index at high heights results in a concave refraction); and (b) atmospheric ducting
(resulting from temperature inversion inducing an air layer with higher dielectric constant than the surrounding air).

strength and in geometry.

6.6.3.8: Summary of Fading

The fades of most concern in a mobile wireless system are the deep fades resulting from destructive interference of multiple
reflections. These fades vary rapidly (over a few milliseconds) if a handset is moving at vehicular speeds but occur slowly when the
transmitter and receiver are fixed. Fades can be viewed as deep amplitude modulation, and so so modulation is restricted to phase
shift keying schemes when a transmitter and receive moving at vehicular speeds relative to each other.

6.6.4: Link Loss and Path Loss

With transmit and receive antennas included in the RF link, the usual case, link loss is defined as the ratio of the power input to the
transmit antenna (Pr) to the power delivered by the receive antenna (Pz). Rearranging Equation (4.5.18) and taking logarithms
yields the total line-of-sight (LOS) link loss, Limxk, ros, between the input of the transmit antenna and the output of the receive
antenna separated by distance d is (in decibels):

Lyink, Los|as = 101log (%) =10log ( P§£R> (6.6.3)
= 10log {P (;:22) )\;1213 )] (6.6.4)
= 10log K G’TlGR) (ﬂ)\d)j (6.6.5)
— —10log G — 10log G, + 20log ( 47;‘1) (6.6.6)
The last term includes d and is called the LOS path loss (in decibels):
Lpath, os|as = 201log (#) (6.6.7)

This is the preferred form of the expression for path loss, as it can be used directly in calculating link loss using the antenna gains
of the transmit and receive antennas without the exercise of calculating the effective aperture size of the receive antenna.

An alternative definition of path loss comes directly from Equation (4.5.11) and is called the LOS path loss of the first kind:
'Lpary, Los = 4md’ (6.6.8)

but this is not commonly used.

Multipath effects result in losses that are proportional to d" [14, 15] so that the general path loss, including multipath effects, is (in
decibels)

Lpatalas = Lpatn, vos|ds + excess loss|qp
=20log (4>\d) +10(n — 2) log (%)
= 20log [&)\m)] +10(2) log (%) +10(n — 2) log (%)
= 10nlog[d/(1 m)] + C (6.6.9)
where the distance 4 and wavelength ) are in meters, and C is a constant that captures the effect of wavelength. Here,

C = 20log[4n(1 m)/A] (6.6.10)

Combining this with Equation (6.6.6) yields the link loss between the input of the transmit antenna and the output of the receive
antenna:

Lynk|ag = —Grlas — Grla + 10nlog[d/(1 m)] + C (6.6.11)
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As you can imagine, a few constants, here n and C, cannot capture the full complexity of the propagation environment. Many
models have been developed to capture particular environments better and incorporate mast height, experimental correction factors,
and statistical parameters.

The path loss between two antennas is exactly the same in both directions when the frequency of the signal in each direction is the
same. This is radio link reciprocity. Many communication systems use different frequencies in the two directions, and then the links
are not reciprocal.

Example 6.6.1: Power Density

A communication system operating in a dense urban environment has a power density rolloff of 1/d*> between the base station
transmit antenna and the mobile receive antenna. At 10 m from the transmit antenna, the power density is 0.3167 W /m?. What is
the power density at the receive antenna located at 1 km from the base station?

Solution

Pp(10 m) = 0.3167 W/m” and let d, = 10 m, so at d = 1 km, the power density Pp(1 km) is obtained from

Pp(1km)  d¥®  10%°

SN =2 = =T 6.6.12
Pp(10m)  d3® 100035 ( )

SO

Pp(1 km) = Pp(10 m) - 10~7 = 31.7 nW/m? (6.6.13)

Example 6.6.2: Link Loss

A 5.6 GHz communication system uses a transmit antenna with an antenna gain Gr of 35 dB and a receive antenna with an
antenna gain Gy of 6 dB. If the distance between the antennas is 200 m, what is the link loss if the power density reduces as
1/d3? The link loss here is between the input to the transmit antenna and the output from the receive antenna.

Solution
The link loss is provided by Equation (6.6.11),
Lik|as = —Gr — G + 10nlogld/(1 m)] 4+ C

and C comes from Equation (6.6.10), where A = 5.36 cm. So

4 4
C=20log (7”) = 20log (ﬁ) — 474 dB

With n =3 and d = 200 m,

Lynk|as = —35— 6+ 10 - 3 - log(200) + 47.4 dB = 75.4 dB

Example 6.6.3: Radiated Power Density

In free space, radiated power density drops off with distance d as 1/d2. However, in a terrestrial environment there are multiple
paths between a transmitter and a receiver, with the dominant paths being the direct .OS path and the path involving reflection
off the ground. Reflection from the ground partially cancels the signal in the direct path, and in a semi-urban environment
results in an attenuation loss of 40 dB per decade of distance (instead of the 20 dB per decade of distance roll-off in free space).
Consider a transmitter that has a power density of 1 W/m? at a distance of 1 m from the transmitter.

a. The power density falls off as 1/d", where 4 is distance and n is an index. What is n?
b. At what distance from the transmit antenna will the power density reach 1 xW - m=2?

Solution

a. Power drops off by 40 dB per decade of distance. 40 dB corresponds to a factor of 10,000(= 10%). So, at distance d, the
power density Pp(d) = k/d™ (k is a constant). At a decade of distance, 10d, Pp(10d) = k/(10d)" = Pp(d)/10000, thus
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k 1k
k1 ko =4
107a" ~ 10,000 gn’ 10 —10:000=n

b. Atd=1m, Pp(1 m) =1 W/m’. At a distance z,

1
Pp(z) =1pW/m® = %m2=£ -t = andso z=31.6m

6.6.5: Fresnel Zones

In long-distance wireless communications from one fixed site to another, the intent is to use the LOS path and avoid reflections.
Such systems are called point-to-point links. Thus avoiding reflections is an important consideration in design. The dominant
propagation paths in a point-to-point system are shown in Figure 6.6.9. The refracted wave path arises because of density variations
in the air producing a permittivity profile that varies with height, as shown in Figure 6.6.10(a). This effect is called beam bending.
The other important propagation path to consider is the reflected wave from the ground, which can be important if the ground is too
close to the propagation path. Both of these effects will be considered in this section.

As radio waves propagate, they spread out in a plane perpendicular to the direction of propagation, the power density of the radio
waves then reduces with distance from the centerline. One of the consequences of this is that an obstruction that is not in the LOS
path can still interfere with signal propagation. The appropriate clearance is determined from the Fresnel zones, which are shown in
Figure 6.6.11. The direct LOS path between the antennas has a length d. If there is a reflecting object near the LOS path, then there
can be a second path between the transmit and receive antennas. The path from the first antenna to the circle defined by the first
Fresnel zone and then to the second antenna has a path length d 4 /2, and so at the receive antenna this signal is 180° out of phase
with the LOS signal and there will be

Tx _..-"""" refracted wave "--.._"“‘ Rx

s direct (free space) wave .
-~

~
S -
~._reflected wave .
~ -

Figure 6.6.9: Three point-to-point characteristic propagation paths: line of sight, reflection, and refraction.
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Figure 6.6.10: Beam bending by density variation in air: (a) refraction index profile with the air density reducing with height; and
(b) incorporating beam bending in a curved-earth model.

plane at right angles to path

2nd Fresnel Zone.
Tx Vst Fresnel Zone

Figure 6.6.11: Fresnel zones in a plane perpendicular to the LOS path, which has length d.

cancelation. The radius of the nth Fresnel zone at a point P is

’n)\dldg
F, = .6.14
" dy + ds (6 6 )
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where d; is the distance from the first antenna to P, ds is the distance from the second antenna to P (so d = d; + d»), and X is the
wavelength of the propagating signal. Ninety percent of the energy in the wave is in the first Fresnel zone. A guideline is that an
obstacle should be separated from the direct path by a distance more than the radius of the first Fresnel zone. Antenna heights are
increased so that the beam achieves one or more Fresnel zone clearances.

The above analysis can be used even with beam bending. A convenient way of accommodating beam bending is to use a curved-
earth model, as shown in Figure 6.6.10(b), so that subsequent calculations can use LOS considerations [16]. The amount of beam
bending to account for comes from experimental surveys. In Figure 6.6.10(b) the original clearance from a hill to the first Fresnel
zone is z. With beam bending the clearance increases to .

Since a receive antenna is unlikely to be large enough to capture all of the energy contained in the first Fresnel zone, the effect of
signal blocking by an obstruction that encroaches the first Fresnel zone is of little concern. What is of concern is the destructive
combining of a reflected signal with the signal in the main LOS beam.

Example 6.6.4: Fresnel Zone Clearance

A transmit antenna and a receive antenna are separated by 10 km and operate at 2 GHz.

a. What is the radius of the first Fresnel zone?

b. What is the radius of the second Fresnel zone?

c. To ensure LOS propagation, what should the clearance be from the direct line between the antennas and obstructions such
as hills and vegetation?

Solution

The radius of the Fresnel zone is calculated at the midpoint so that d; = dy = d/2 = 5 km. Also f = 2 GHz, A = 15 cm.

Figure 6.6.12

a. The radius of the first Fresnel zone is, from Equation (6.6.14),

| Adidy BY] [ (0.15)(10%)
T1 1 4+ d; 1 1 9.36 m

b. At the midpoint the radius of the second Fresnel zone is

2Mdids  [Ad [ (0.15)(10%)
d1+d2_,/ 5 =1/ 5 =27.39m

c. Ninety percent of the energy in the beam is contained within the first Fresnel zone of radius r;. Obstructions within the first
Fresnel zone will result in a significant fraction of the beam being blocked. In addition, reflections from the obstruction
could destructively combine with the main beam and reduce the received signal level even beyond the reduction caused by
part of the beam being blocked. Two criteria are commonly used to determine the clearance required to avoid signal
obstruction.

One criterion used is that the minimum clearance between the direct beam and an obstruction is 0.6r;. So the minimum
clearance is 0.6r; = 11.6 m.
A more conservative criterion is that the minimum clearance should be r; = 19.36 m.

First Fresnel zone

T~ =,
Tx Rx
Obstruction

Figure 6.6.13
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6.6.6: Propagation Model in the Mobile Environment

RF propagation in the mobile environment cannot be accurately derived. Instead, a fit to measurements is often used. One of the
models is the Okumura—Hata model [17], which calculates the path loss as

Lparul@p) = 69.55 4 26.16 log f — 13.82log H 4 (44.9 — 6.55log H) - logd + ¢ (6.6.15)

where f is the frequency (in MHz), d is the distance between the base station and terminal (in km), H is the effective height of the
base station antenna (in m), and ¢ is an environment correction factor (c = 0 dB in a dense urban area, ¢ = —5 dB in an urban area, c
= —10 dB in a suburban area, and ¢ = —17 dB in a rural area, for f = 1 GHz and H = 1.5 m).

More sophisticated characterization of the propagation environment uses ray-tracing models to follow individual propagation paths.
The ray-tracing models are based on deterministic methods using terrain data and calculate paths accounting for obstruction and
reflection analyses. Each refraction and reflection event is characterized either experimentally or through detailed EM simulations.
Appropriate algorithms are applied for best compliance with radio physics. Commonly required inputs to these models include
frequency, distance from the transmitter to the receiver, effective base station height, obstacle height and geometry, radius of the
first Fresnel zone, forest height/roof height, distance between buildings, arbitrary loss allowances based on land use (forest, water,
etc.), and loss allowances for penetration of buildings and vehicles. Such a technique was used to calculate the radio coverage
diagrams on the inside front cover of this book.

There are many propagation models for different frequency ranges and different environments. The considerable effort put into

developing reliable models is because being able to predict signal coverage is essential to efficient design of basestation layout.

This page titled 6.6: The RF Link is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.
e 4.6: The RF Link by Michael Steer is licensed CC BY-NC 4.0.
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6.7: Summary

This chapter discussed the impacts on communication integrity of imperfections in the RF link from the output of the transmitter to
the input of the receiver. Prior to cellular communications becoming so important, only the LOS communication path was
considered and the impact of fading, multiple reflections, and delay spread was regarded as bothersome. Most commonly the
solution to the problems introduced by these effects was either to shift to another frequency, to increase the operating power, or
install more basestations. With the advent of cellular communications, and digital communications in general, techniques have been
developed to overcome the negative impacts of fading without boosting signal levels to the level where they severely impact the
operation of other radios. So while many aspects of RF propagation are random, concepts and statistical models have been
developed that enable design choices to be made that permit digital communication systems to operate in what would have once
been regarded as a hostile environment.

This page titled 6.7: Summary is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

o 4.7: Summary by Michael Steer is licensed CC BY-NC 4.0.
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6.9: Exercises

1.

10.

11.
12.

An antenna only radiates 45% of the power input to it. The rest is lost as heat. What input power (in dBm) is required to radiate
30 dBm?

. The output stage of an RF front end consists of an amplifier followed by a filter and then an antenna. The amplifier has a gain of

27 dB, the filter has a loss of 1.9 dB, and of the power input to the antenna, 35% is lost as heat due to resistive losses. If the
power input to the amplifier is 30 dBm, calculate the following:

a. What is the power input to the amplifier in watts?

b. Express the loss of the antenna in dB.

c. What is the total gain of the RF front end (amplifier + filter)?
d. What is the total power radiated by the antenna in dBm?

e. What is the total power radiated by the antenna in mW?

. The output stage of an RF front end consists of an amplifier followed by a filter and then an antenna. The amplifier has a gain of

27 dB, the filter has a loss of 1.9 dB, and of the power input to the antenna, 45% is lost as heat due to resistive losses. If the
power input to the amplifier is 30 dBm, calculate the following:

a. What is the power input to the amplifier?

b. Express the loss of the antenna in decibels.

c. What is the total gain of the RF front end (amplifier + filter)?

d. What is the total power radiated by the antenna in dBm?

e. What is the total power radiated by the antenna in milliwatts?

. In the figure below there are two transmitters, Tx; and Tx., operating at the same power level, and one receiver, Rx. Tx; is an

intentional transmitter and its signal is intended to be received at Rx. Tx; uses the same frequency channel as Tx,, but it
transmits an interfering signal. [Parallels Example 4.1.1]

Figure 6.9.1

a. Assume that the antennas are omnidirectional and, being in a semiurban area, that the transmitted power density drops off
as 1/d®, where d is the distance from the transmitter. Calculate the SIR at Rx. Express your answer in decibels.

b. Now consider a directional antenna at Rx while the transmit antennas remain omnidirectional. The antenna at Rx is
directed toward the transmitter Tx; and the antenna gain is 6 dB. In the direction of Tx; the effective antenna gain is
—3 dB. Now recalculate the SIR. Express your answer in dB.

. Thirty five percent of the power input to an antenna is lost as heat, what is the loss of the antenna in dB.
. Only 65% of the power input to an antenna is radiated with the rest lost to dissipation in the antenna, what is the gain of the

antenna in dB? (This is not the antenna gain.)

. The efficiency of an antenna is 66%. If the power input to the antenna is 10 W what is the power radiated by the antenna in

dBm?

. An antenna with an input of 1 W operates in free space and has an antenna gain of 12 dBi. What is the maximum power density

at 100 m from the antenna?

. A transmitter has an antenna with an antenna gain of 10 dBi, the resistive losses of the antenna are 50%, and the power input to

the antenna is 1 W. What is the EIRP in watts?

A transmitter has an antenna with an antenna gain of 20 dBi, the resistive losses of the antenna are 50%, and the power input to
the antenna is 100 mW. What is the EIRP in watts?

An antenna with an antenna gain of 8 dBi radiates 6.67 W. What is the EIRP in watts? Assume that the antenna is 100% efficient.
An antenna has an antenna gain of 10 dBi and a 40 W input signal. What is the EIRP in watts?
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13. An antenna with 5 W of input power has an antenna gain of 20 dBi and an antenna efficiency of 25% and all of the loss is due to
resistive losses in the antenna. [Parallels Example 4.5.2]

a. How much power in dBm is lost as heat in the antenna?
b. How much power in dBm is radiated by the antenna?
c. What is the EIRP in dBW?

14. An antenna with an efficiency of 50% has an antenna gain of 12 dBi and radiates 100 W. What is the EIRP in watts?
15. An antenna with an efficiency of 75% and an antenna gain of 10 dBi. If the power input to the antenna is 100 W,

a. what is the total power in dBm radiated by the antenna?
b. what is the EIRP in dBm?

16. On a resonant antenna a large current is established by creating a standing wave. The current peaking that thus results
establishes a strong electric field (and hence magnetic field) that radiates away from the antenna. A typical dipole loses 15% of
the power input to it as resistive (I2R) losses and has an antenna gain of 10 dBi measured at 50 m. Consider a base station dipole
antenna that has 100 W input to it. Also consider that the transmitted power density falls off with distance d as 1/d3. Hint,
calculate the power density at 50 m. [Parallels Example 4.5.1]

a. What is the input power in dBm?

b. What is the power transmitted in dBm?

c. What is the power density at 1 km? Express your answer as W /m?.

d. What is the power captured by a receive antenna (at 1 km) that has an effective antenna aperture of 6 cm?? Express your
answer in first dBm and then watts.

e. If the background noise level captured by the antenna is 1 pW, what is the SNR in decibels? Ignore interference that comes
from other transmitters.

17. A communication system operating at 2.5 GHz includes a transmit antenna with an antenna gain of 12 dBi and a receive antenna
with an effective aperture area of 20 cm?. The distance between the two antennas is 100 m.

a. What is the antenna gain of the receive antenna?

b. If the input to the transmit antenna is 1 W, what is the power density at the receive antenna if the power falls off as 1/d?,
where d is the distance from the transmit antenna?

c. Thus what is the power delivered at the output of the receive antenna?

18. Consider a point-to-point communication system. Parabolic antennas are mounted high on a mast so that ground effects do not
exist, thus power falls off as 1/d2. The gain of the transmit antenna is 20 dBi and the gain of the receive antenna is 15 dBi. The
distance between the antennas is 10 km. The effective area of the receive antenna is 3 cm?. If the power input to the transmit
antenna is 600 mW, what is the power delivered at the output of the receive antenna?

19. Consider a 28 GHz point-to-point communication system. Parabolic antennas are mounted high on a mast so that ground effects
do not exist, thus power falls off as 1/d2. The gain of the transmit antenna is 20 dBi and the gain of the receive antenna is 15 dBi.
The distance between the antennas is 10 km. If the power output from the receive antenna is 10 pW, what is the power input to
the transmit antenna?

20. An antenna has an effective aperture area of 20 cm?. What is the antenna gain of the antenna at 2.5 GHz?

21. An antenna operating at 28 GHz has an antenna gain of 50 dBi. What is the effective aperture area of the antenna?

22. A 15 GHz receive antenna has an antenna gain of 20 dBi. If the power density at the receive antenna is 1 nW /cm?, what is the
power at the output of the antenna? [Parallels Example 4.6.3]

23. A microstrip patch antenna operating at 2 GHz has an efficiency of 66% and an antenna gain of 8 dBi. The power input to the
antenna is 10 W.

a. What is the power, in dBm, radiated by the antenna?

b. What is the equivalent isotropic radiated power (EIRP) in watts?

c. What is the power density, in xW/m?, at 1 km if ground effects are ignored?

d. Because of multipath effects, the power density drops off as 1/d*, where d is distance. What is the power density, in nW/m?,
at 1 km if the power density is 100 mW/m? at 10 m from the transmit antenna?

24. A communication system operating at 10 GHz uses a microstrip patch antenna as a transmit antenna and a dipole antenna as a
receive antenna. The transmit antenna is directly connected to the transmitter and the output power of the transmitter is 30 W.
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The transmit antenna has an antenna gain of 9 dBi and an antenna efficiency of 60%. The receive antenna has an antenna gain of
2 dBi and a radiation efficiency of 80%. The receive antenna is connected to a receiver by a 10 m long cable with a loss of

0.1 dB/m. The link between the transmit and receive antenna is sufficiently elevated that ground effects and multipath effects
are insignificant.

a. What is the output power of the transmitter in dBm?

b. What is the EIRP in dBm?

c. The transmitted power will drop off as 1/d" (d is distance). What is n?

d. What is the peak power density in xW/m” at 1 km?

e. What is the effective aperture size of the receive antenna in m??

f. If the radiated power density at the receive antenna is W /m?, what is the signal power at the output of the receive antenna
in dBm?

g. What is the total cable loss in dB?

h. What is the power presented to the receiver in dBm?

25. A communication system operating at 10 GHz uses a microstrip patch antenna as a transmit antenna and a dipole antenna as a
receive antenna. The transmit antenna is connected to the transmitter by a 20 m long cable with a loss of 0.2 dB/m and the
output power of the transmitter is 30 W. The transmit antenna has an antenna gain of 9 dBi and an antenna efficiency of 60%.
The link between the transmit and receive antenna is sufficiently elevated that ground effects and multipath effects are
insignificant.

a. What is the output power of the transmitter in dBm?

b. What is the cable loss between the transmitter and the antenna?

c. What is the total power radiated by the transmit antenna in dBm?

d. What is the power lost in the antenna as resistive losses and spurious radiation? Express your answer in dBm.
e. What is the EIRP of the transmitter in dBm?

f. The transmitted power will drop off as 1/d" (d is distance). What is n?

g. What is the peak power density in W /m? at 1 km?

26. Stacked dipole antennas are often found at the top of cellphone masts, particularly for large cells and operating frequencies
below 1 GHz. These antennas have an efficiency that is close to 90%. Consider an antenna that has 40 W of input power, an
antenna gain of 10 dBi, and transmits a signal at 900 MHz.

a. What is the EIRP in watts?
b. If the power density drops as 1/d®, where d is the distance from the transmit tower, what is the power density at 1 km if the
power density is 100 mW /m? at 10 m?

27. Consider an 18 GHz point-to-point communication system. Parabolic antennas are mounted on masts and the LOS between the
antennas is just above the tree line. As a result, power falls off as 1/d3, where d is the distance between the antennas. The gain of
the transmit antenna is 20 dBi and the gain of the receive antenna is 15 dBi. The antennas are aligned so that they are in each
other’s main beam. The distance between the antennas is 1 km. The transmit antenna is driven by a power amplifier with an
output power of 100 W. The amplifier drives a coaxial cable that is connected between the amplifier and the transmit antenna.
The cable loses 75% of its power due to resistive losses. On the receive side, the receive antenna is directly connected to a
masthead amplifier with a gain of 10 dB and then a short cable with a loss of 3 dB before entering the receive base station.

a. Draw the signal path.

b. What is the loss and gain of the transmitter coaxial cable in decibels?

c. What percentage of the power input to the receive coaxial cable is lost in the receive cable?

d. Express the power of the transmit amplifier in dBW and dBm.

e. What is the propagation loss in decibels?

f. Determine the total power in watts delivered to the receive base station.

28. Consider a point-to-point communication system. Parabolic antennas are mounted high on a mast so that ground effects are

minimal. Thus power density falls off as 1/d%3, where d is the distance from the transmitter. The gain of the transmit antenna is
15 dBi and the gain of the receive antenna is 12 dBi. These antenna gains are normalized to a distance of 1 m. The distance
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between the antennas is 15 km. The output power of the receive antenna must be 1 pW. The RF frequency is 2 GHz; treat the
antennas as lossless.

a. What is the received power in dBm?

b. What is the path loss in decibels?

c. What is the link loss in decibels?

d. Using the link loss, calculate the input power, Pr, of the transmitter. Express the answer in dBm.

e. What is the aperture area of the receiver in square meters?

f. Determine the radiated power density at the receiver in terms of the transmitter input power. That is, if Pr is the power input

to the transmit antenna, determine the power density, Pp, at the receive antenna where Pp = zPy. What is z in units of m—2?

g. Using the power density calculation and the aperture area, calculate P, in watts.

h. What is Py in dBm? This should be the same as the answer you calculated in (d).

i. What is the total power radiated by the transmit antenna in dBm?

29. Two identical antennas are used in a point-to-point communication system, each having a gain of 50 dBi. The system has an

operating frequency of 28 GHz and the antennas are at the top of masts 100 m tall. The RF link between the antennas consists
only of the direct line-of-sight path.

a. What is the effective aperture area of each antenna?

b. How does the power density of the propagating signal rolloff with distance.

c. If the separation of the transmit and receive antennas is 10 km, what is the path loss in decibels?
d. If the separation of the transmit and receive antennas is 10 km, what is the link loss in decibels?

30. A transmitter and receiver operating at 2 GHz are at the same level, but the direct path between them is blocked by a building
and the signal must diffract over the building for a communication link to be established. This is a classic knife-edge diffraction
situation. The transmit and receive antennas are each separated from the building by 4 km and the building is 20 m higher than
the antennas (which are at the same height). Consider that the building is very thin. It has been found that the path loss can be
determined by considering loss due to free-space propagation and loss due to diffraction over the knife edge.

a. What is the additional attenuation (in decibels) due to diffraction?
b. If the operating frequency is 100 MHz, what is the attenuation (in decibels) due to diffraction?
c. If the operating frequency is 10 GHz, what is the attenuation (in decibels) due to diffraction?

31. Ahill is 1 km from a transmit antenna and 2 km from a receive antenna. The receive and transmit antennas are at the same
height and the hill is 20 m above the height of the antennas. What is the additional loss caused by diffraction over the top of the
hill? Treat the hill as a knife-edge and the operating frequency is 1 GHz.

32. A 1 GHz point-to-point link has two major transmission paths. One is a LOS path and the other includes reflection from the
ground so that the power density of the transmitted signal rollsoff as 1/d25 where d is the distance from the transmit antenna. At
10 m the power density from the transmit antenna is 100 mW /m”.

a. What is the power density at 1 km.
b. If the receive antenna has an antenna gain of 30 dBi, what is the effective aperture area of the receive antenna?
c. What is the power of the signal at the output of the receive antenna?

33. Two identical antennas are used in a point-to-point communication system, each having a gain of 30 dBi. The system has an
operating frequency of 14 GHz and the antennas are at the top of masts 100 m tall. The RF link between the antennas consists
only of the direct LOS path.

a. What is the effective aperture area of each antenna?
b. How does the power density of the propagating signal rolloff with distance?
c. If the separation of the transmit and receive antennas is 10 km, what is the path loss? Ignore atmospheric loss.

34. The three main cellular communication bands are centered around 450 MHz, 900 MHz, and 2 GHz. Compare these three bands in
terms of multipath effects, diffraction around buildings, object (such as a wall) penetration, scattering from trees and parts of
trees, and ability to follow the curvature of hills. Complete the table below with the relative attributes: high, medium, and low.
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Characteristic 450 MHz 900 MHz 2 GHz
tic Multipath
tic Scattering
tic Penetration
tic Following curvature
tic Range
tic Antenna size
tic Atmospheric loss

Table 6.9.1

35. Describe the difference in multipath effects in a central city area compared to multipath effects in a desert. Your description
should be approximately 4 lines long and not use a diagram.

36. Wireless LAN systems can operate at 2.4 GHz, 5.6 GHz, 40 GHz and 60 GHz. Contrast with explanation the performance of
these schemes inside a building in terms of range.

37. At 60 GHz the atmosphere strongly attenuates a signal. Discuss the origin of this and indicate an advantage and a disadvantage.

38. Short answer questions. Each part requires a short paragraph of about five lines and a figure, where appropriate, to illustrate
your understanding.

a. Cellular communications systems use two frequency bands to communicate between the basestation and the mobile unit.
The bands are generally separated by 50 MHz or so. Which band (higher or lower) is used for the downlink from the
basestation to the mobile unit and what are the reasons behind this choice?

b. Describe at least two types of interference in a cellular system from the perspective of a mobile handset.

39. The three main cellular communication bands are centered around 450 MHz, 900 MHz, and 2 GHz. Compare these three bands in
terms of multipath effects, diffraction around buildings, object (such as a wall) penetration, scattering from trees and parts of
trees, and the ability to follow the curvature of hills. Use a table and indicate the relative attributes: high, medium, and low.
WAS 10(C)

40. Describe Rayleigh fading in approximately 4 lines and without using a diagram.

41. In several sentences and using a diagram describe Rayleigh fading and the impact it has on radio communications.

42. A transmit antenna and a receive antenna are separated by 1 km and operate at 1 GHz. What is the radius of the first Fresnel
zone at 0.5 km from each antenna? [Parallels Example 4.6.4]

43. A transmit antenna and a receive antenna are separated by 40 km and operate at 10 GHz. [Parallels Example 4.6.4]

a. What is the radius of the first Fresnel zone at the midpoint between the antennas?

b. What is the radius of the second Fresnel zone?

c. To ensure LOS propagation, what should the clearance be from the direct line between the antennas and obstructions such as
hills?

44. A transmitter and receiver operate at 100 MHz, are at the same level, and are separated by 4 km. The signal must diffract over a
building half way between the antennas that is 20 m higher than the direct path between the antennas. What is the attenuation (in
decibels) due to diffraction?

45. A transmitter and receiver operate at 10 GHz, are at the same level, and are 4 km apart. The signal must diffract over a building
that is half way between the antennas and is 20 m higher than the line between the antennas. What is the attenuation (in dB) due
to diffraction?

46. The path from a transmit antenna to a receive antenna is elevated so that ground and multipath effects are insignificant. The
power radiated by the transmit antenna drop off as 1/d” where d is distance, what is n?

47. A communication system has a power density roll-off of 1/d?° between a transmit antenna and a mobile receive antenna which
are separated by 10 km. At 10 m from the transmit antenna, the power density is 10 W/m?. What is the power density at the
receive antenna? [Parallels Example 4.6.1]
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48. A 900 MHz communication system uses a transmit antenna with an antenna gain Gr of 3 dB and a receive antenna with an
antenna gain Gy of 0 dB. If the distance between the antennas is 200 m, what is the link loss from the input to the transmit
antenna and the output of the receive antenna if the power density reduces as 1/d*5? [Parallels Example 4.6.2]

49. A transmitter has a power density of 100 mW/m? at a distance of 1 m from the transmitter. The power density falls off as 33 dB
per decade of distance. At what distance from the transmit antenna will the power density reach 1 4W - m~2? [Parallels Example
4.6.3]

50. Describe at least two types of interference in a cellular system from the perspective of a mobile handset.

51. In a cellular system, a signal is intentionally transmitted from a base station nominally located in the center of a cell to a mobile
unit in the same cell. However, nearby transmitters using the same channel cause interference. In Figure 4.8.4, a mobile unit is
located at the edge of a cell and uses frequency channel A. Many nearby transmitters also operate using channel A and the six
nearest transmitters can be considered as causing significant interference. Consider that the mobile unit is a distance r from its
cell’s transmitter along the line connecting two channel A base stations, that the transmitters all operate at the same power level,
and that the distance between base stations operating using channel A is 3r. This three-cell cluster operates in a suburban area
and the power density drops off with distance d as 1/d*® due to multipath effects. What is the SIR at the mobile unit? Express
your answer in decibels. [Parallels Example 4.8.1]

52. A cellular system uses a three-cell cluster.

a. Treating cells as equal sized hexagons with towers in the center of each cell, draw the cell map including all cells within 3
cell diameters of the main channel. Label the main cell and other cells using the same frequencies as A.

b. Consider a mobile unit at the edge of a cell transmitting the intended signal from the tower at the center of that cell. Identify
the interfering towers.

c. If ground effects and multipath effects are negligible, what is the power roll-off factor if the distance between a tower and
the mobile unit is d? That is, what is n if power falls off as 1/d"?

d. If trisector antennas are used, identify the interfering cells and approximately determine the improvement in SIR compared
to using a nonsectorized antenna? You do not need to do detailed calculations.

53. Describe trisector antennas in 4 lines and without using a diagram.
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6.9.2: Answers to Selected Exercises
2. () 53.23 dBm

17.0.251 yW
18.14.3 pW

23. (b) 63.1 W
25. (e) 49.77 dBm

27. (f) 708 pW
28.107.65 dB

32.7.16 m?
42.8.66 m

51.7.33 dB
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6.10: Multipaths and Delay Spread

Multipath was discussed previously in Sections 4.6.1 and 4.6.3 in the context of reduction in signal amplitude due to the destructive
interference of a signal traveling on several paths. Another effect of multipath is that instances of a signal traveling from a
transmitter to a receiver on different paths will arrive at a receiver with various delays. These delays can differ by tens or thousands
of nanoseconds which is much longer than the period of a microwave signal, e.g. a 1 GHz signal has a period of 1 ns.

6.10.1: Delay Spread

Each of the paths supports what is called a signal instance. For a single-tone signal the effect of various delays is for the signal
instances to arrive at the receiver with very different phases. As well, the signal instances invariably have different amplitudes
resulting in a composite received signal that is an unpredictable combination of constructive and destructive interference.
Sometimes the constructive interference will result in a stronger composite received signal but this is not that important. What is
much more significant is the destructive interference which will result in signal fades with the signal received being very small at
times. Consider two signal instances y;(¢) and y,(t), traveling from a transmitter to a receiver on paths 1 and 2 respectively. If y,(¢)
and y»(t) have the same amplitude and phase then the combined signal will only be increased by 6 dB over a signal that travels on
just one path. However if y1(¢) and y2(t) have the same amplitude but phases that differ by 180° then there will be total cancelation
and no composite signal will be received. So destructive interference is much more significant than constructive interference.

For cellular radio, in a rural area there can be two or three significant paths, usually taken as paths having signal instances that are
within 20 dB of the largest signal instance. In an urban environment there can be tens of significant paths because there are many
reflections from buildings and often there is not an LOS path which would otherwise have the largest signal instance. With multiple
paths it is unlikely that there will be total cancelation of the received signal but it is very likely that the received signal will be
smaller than if there was one path.

Early cellular radio had narrow bandwidths, e.g. 200 kHz for 2G’s GSM cellular system, and low-order modulation, e.g. 2 bits per
symbol and it was sufficient to use the phase-based concepts of constructive and destructive interference to understand the effects
of multipath. As channel bandwidths increased and the order of modulation increased it was necessary to consider the actual
physical effect of the paths having different delays.

If there is an LOS path, say with no building in the way, then the LOS signal instance will be stronger than a signal instance that
travels on any other path. It will also have the smallest delay. This is partly because each non-LOS (NLOS) path will travel further
and hence spread out more, and also because there will be signal loss at reflections. If there is scattering or diffraction on a path the
amplitude of this signal instance on that path will be even smaller. Even if there is an LOS path, if there are multiple NLOS paths
then the combined NLOS signal instances could indeed be larger than the LOS signal instance. If there is not an LOS path then one
of the NLOS paths will become
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e (G Tx-Rx distance Environment max. excess delay median excess
(km) T4, max (DS) delay 74 mea (ns)

0.43 3.8 urban 1300 900 [18]
0.90 2.2 rural 800 = [19]
0.90 5 rural 1900 - [20]
0.90 2 suburban 3700 300 [21]
0.90 2.2 suburban 900 300 [19]
0.90 0.6 urban 700 200 [22]
0.90 3.5 urban 5000 1100 [23]
0.90 7.0 urban 15000 1900 [24]
0.90 1.0 urban 2000 700 [21]
0.90 13 mountain® 3800 - [25]
0.90 6.0 mountain® 1800 - [26]
1.35 3.8 urban 1400 850 [18]
2.26 3.8t urban 1400 800 [18]
5.75 3.8t urban 1000 300 [18]
28 0.052 urban LOS 754 < 200 [27]
28 0.097 urban NLOS 1388 200 [27]
38 0.2 urban LOS 12 1.5 [28]
38 0.2f urban NLOS 133 14 [28]

Table 6.10.1: Measured excess delays for various carrier frequencies, Tx-Rx distances and multipath environments. Data has been
normalized where needed so that 7,4, max, is the maximum excess delay that is exceeded only 1% of the time. td ranges from 0.04 km
t0 3.8 km and here 7, .., is the maximum delay exceeded only 10% of the time. } high gain steerable antennas. $ urban area
surrounded by mountains

the largest received signal instance and it may not have the shortest delay. Generally only signal instances that are within 20 dB of
the largest signal instance must be considered and then the delay, also referred to as ‘delay (20 dB)’, that matters is the excess delay,
74, which is the difference between the earliest and latest arriving signal instances within that 20 dB window. It is essential that a
communications link be maintained a certain percentage of the time, e.g. 99%, for a specified level of service. This minimizes the
number of times packets must be re-transmitted and assures acceptable operation of a system. Thus the maximum excess delay,
T4, max Decomes an important metric and determines the interval for which the received signal is not valid, the required guard band
to prevent signals from an earlier symbol interval overlapping with the current symbol interval, and also the maximum useful
bandwidth of a signal.

It is found that the delay spread increases with distance between the transmitter and receiver, the Tx-RX distance, increases with
frequency, and increases with a richer multipath environment. For example, a rural area has few paths but large cell sizes are used
and the Tx-Rx distance is relatively large resulting in a large excess delay but a dense urban area has small cells but a rich
multipath environment with many reflections from buildings. Measured excess delays for various situations are given in Table
6.10.1. There is a lot of variation in excess delays but it is clearly reduced with smaller cells and a less rich multipath environment.

It is also found that as a mobile unit moves the excess delay and the number of significant paths varies tens or hundreds of times
per second depending on the environment but also the mobility, e.g. pedestrian versus highway speeds. However over a millisecond

@ 0 e 6.10.2 https://eng.libretexts.org/@go/page/113768



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/113768?pdf

LibreTexts"

the propagation is found to be effectively fixed and consequently systems are designed with data sent in packets that are usually no
longer than a millisecond.

Examining Table 6.10.1 further it is observed that the 2G and 3G cellular bands are below 2 GHz and the delay spreads can be
several milliseconds and even larger with larger Tx-Rx distances in an urban area. At the higher microwave frequencies up to
6 GHz covering the operating frequency range of 4G, the delay spread is smaller.

The 28 GHz and 38 GHz bands are where 5G operates with short Tx-Rx distances. Here the number of paths above 20 dB is around
4 to 8 for Tx-Rx separations of 35 to 193 m [27, 28].

The spreads are relatively low and this is largely a result of using high gain steerable antennas which are essential to 5G operation.
The high gain antennas reduce the spread of multipath path lengths, and hence reduce the excess delay spread, concentrating the
reflected paths close to the transmit and receive antennas.

The prior discussions on multipath effects and the RF link consider a single frequency tone propagating from a transmit antenna
and a receive antenna. When a single-tone signal travels on multiple paths there will be destructive and/or constructive interference.

6.10.2: Intersymbol Interference

Intersymbol interference (ISI) occurs when a symbol traveling on one path interferes with the symbol traveling on another path.
This is the result of the paths having different delays. The effect of excess delay on the received composite signal is indicated in
Figure 6.10.1. Consider the situation where there are four paths with the excess delay of path 1 being 0 by definition, i.e. 741 = 0, the
excess delay of path 2, 740 = 100 ns, and so on, 743 = 200 ns, and 744 = 300 ns. The 2G-5G cellular systems transmit a series of
symbols, here A, B, C, D, and E, which have a symbol duration which differs by standard. In Figure 6.10.1 four paths are considered
and the four signal instances each travel on a different path and are combined in the receiver’s antenna to yield a composite
received signal. The symbols of each of the signal instances overlap causing ISI.

With the 2G GSM system symbol lengths are 3690 ns and the first 300 ns of a symbol instance traveling on the first path to arrive
has interference from the previous symbol traveling on the other three paths, see Figure 6.10.1(a). In this case the first 300 ns of the
3690 ns of the symbol is garbled. In this example the delay spread is just 300 ns but this is conservative. Table 6.10.1 indicates that in
some environments that the excess delay spread 1% of the time can be as long as the symbol interval for 2G/GSM (operating below
2 GHz). So even if the signal strength is high reception may not be possible because of ISI.

With 3G the packet length is 260 ns so with an excess delay spread of 300 ns for the four path example the symbol interference is
severe, see Figure 6.10.1(b), and as noted 300 ns is a very conservative estimate of the excess delay spread. One of the features of
3G is a method for separating out the individual signal instances. Only when there are a very large number of significant paths does
3G have problems. In an urban area sometimes a communication link cannot be established with 2G and 3G even though the signal
strength is high.

The 4G system minimizes the problem of ISI by having a very long symbol interval of 71.35 mus and a 300 ns excess delay spread
is a small fraction of the symbol length. The symbol interval is considerably longer than any of the maximum delay spreads given
in Table 6.10.1. Also the 4G standard
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Figure 6.10.1: The effect of excess delay on symbol interference when there are four paths. The excess delay of each path, 7,
increases by 100 ns. Five symbols are shown: A, B, C, D, and E. The 2G GSM standard has a symbol duration of 3.6928 us, the 3G
WCDMA standard has a symbol duration of 260 ns, and the 4G OFDM standard has a symbol duration of 71.35 us. The situation

with 5G is similar to that for 4G.

has a guard time band known as a cyclic prefix. (The cyclic prefix is a bit more than a guard band as it involves repeating the end
of symbol but this extra feature will be discussed latter.) The cyclic prefix can be either 4.7 us, 5.2 ps, 16.7 us, or 33.3 us
accommodating various excess delay spreads. This is more than enough to avoid the problem of ISI as any of the maximum excess
delays listed in Table 6.10.1 are less than the maximum cyclic prefix length. The long symbol interval implies a very narrow
bandwidth or subchannel bandwidth. A 4G system communicates with a user using a very large number of sub-channels thus
supporting high data rates.

6.10.3: Summary

Various excess delays on different paths causes intersymbol interference. High levels of intersymbol interference results in the
failure to establish a communication link. Excess delay is a fundamental limitation with the 2G/GSM system and the only solution
is to use very small cells in urban environments which have many significant signal paths. The 3G system employs a coding
technique that enables the first few different paths to be resolved thus limiting the problem of ISI but not eliminating it. The 4G
system, and 5G operates similarly, employs a long guard time, the cyclic prefix, to avoid ISI completely.

This page titled 6.10: Multipaths and Delay Spread is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris
Lee.

¢ 4.10: Multipaths and Delay Spread by Michael Steer is licensed CC BY-NC 4.0.
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6.11: 4.8 Radio Link Interference

Various excess delays on different paths causes intersymbol interference. High levels of intersymbol interference results in the
failure to establish a communication link. Excess delay is a fundamental limitation with the 2G/GSM system and the only solution
is to use very small cells in urban environments which have many significant signal paths. The 3G system employs a coding
technique that enables the first few different paths to be resolved thus limiting the problem of ISI but not eliminating it. The 4G
system, and 5G operates similarly, employs a long guard time, the cyclic prefix, to avoid IST completely

6.11.1: Frequency Reuse Plan

Radio systems using the same channel are geographically spaced to control interference. In a cellular system, the coverage areas
are arranged in cells represented by the hexagons in Figure 6.11.1. The actual shape of the cells is influenced by obstructions such
as hills and buildings. In 1G and 2G cellular systems the cells are arranged in clusters such as the 3—, 7—, and 12-cell clusters
shown, and the total number of channels available is divided among the cells in a cluster with the full set of frequency channels
repeated in each cluster. (More about 3G-5G arrangements later.) The size of the clusters is the major component of what is called
the frequency reuse plan. So a three-cell cluster has a spacing of approximately one cell diameter to the next cell using the same
frequency channels. The signal level transmitted from the original cell will interfere with the signal in its corresponding cell in
adjacent clusters. The level of interference is reduced with 7-cell and then 12-cell clusters. There is also background noise coming
from cosmic sources as well as artificial sources, but in a cellular system, interference from other radios operating in the same
system nearly always dominates.

The use of directional antennas at the base station increases the SIR. The interference pattern obtained using a trisector antenna
(each segment of the antenna providing 120° of coverage) is shown in Figure 6.11.2. The trisector antenna can be arranged so that
the transmit and receive antennas are

Figure 6.11.1: Cells arranged in clusters. Shown are 3— cell clusters (top right), 7— cell clusters (bottom left), and 12—cell clusters
(bottom right).
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Figure 6.11.2: Cells in a cellular radio system with a trisector antenna, such as in Figure 6.11.3, showing the area of possible
interference as a shaded region.

separated (see Figure 6.11.3), and can also be arranged to tilt the coverage toward the ground (e.g., see the antenna in Figure
4.1.2(1)). It is also possible to use higher-order antenna sectoring and to have smaller cells (achieved possibly by relatively low-
power transmissions) to provide higher levels of coverage at critical regions such as intersections of roads. These smaller cells are
referred to as microcells or picocells.

; E-field
.. polarization

K 'étacked dipole
antennas
Microstrip patch
antenna array

Lobes

Figure 6.11.3: Base station with trisector stacked-dipole transmit and microstrip patch receive antennas.

Figure 6.11.4: Three-cell cluster with mobile unit at the edge of cells A, B, and C.

Example 6.11.1: Cellular Interference

In a cellular system, a signal is intentionally transmitted from a base station nominally located in the center of a cell to a mobile
unit in the same cell. However, nearby transmitters using the same channel cause interference. In Figure 6.11.4, a mobile unit is
located at the edge of a cell and uses frequency channel A. Many nearby transmitters also operate using channel A and the six
nearest transmitters can be considered as causing significant interference. Consider that the mobile unit is a distance r from its
cell’s transmitter along the line connecting two channel A base stations, that the transmitters all operate at the same power
level, and that the distance between base stations operating using channel A is 3r. This three-cell cluster operates in a suburban
area and the power density drops off with distance d as 1/43 due to multipath effects. What is the SIR at the mobile unit?
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Solution

There are seven close towers transmitting signals on the same channel. Call these A;—A; (M = mobile unit, A = transmitters).
A, is the desired signal and A,-A; are interferers. The distances from the transmitters to the mobile unit are d;—d;, and the
powers from the transmitters received at the mobile unit are P,—P;.

2e A7

3
A
'1 41 M
— T ope— '46
']4| ®d.

Figure 6.11.5

2

Now SIR = P2+P3+P4+1P5+P5+P7

This problem requires ds—d; to be determined.

Consider the diagram to the right with d;, = r. Also, the distance from A, to A; is 3r. Now d3 = 3r + r = 4r, dg = 3r — r = 2r. SO

dy = [(X—i—r)2 -I-Y?]% = (2.5 +2.6%)r =3.607r =d;. (X =3rsin30° =1.5r and Y =3rcos30° = 2.6r.) Similarly d, = ds
1

= [(1L.5—1)2+2.6%]* = 2.648r-

Figure 6.11.6

P, dy _ 1 _ _ P Py di 1 _
g=9=Ar=00213=H = = = 00156
P di 1 _ Y Py di _ 1 __
?:_d_;_25483_0'0539_ﬁ 7?_?;_?_0'1250

SIR = (0.0213 + 0.0156 4 0.0213 + 0.0539 + 0.1250 + 0.0539) ! = 3.44 = 5.36 dB

6.11.2: Summary

The clustering of cells as described above applies most directly to 1G and 2G cellular systems. The 3G system does not use clusters
of cells but instead uses high frequency codes to separate users. There is a system awareness of managing interference but more
complicated than the clustering arrangements. The 4G and 5G systems take frequency reuse algorithms to a whole new level
performing global minimization of interference of wide areas. Still there is the basic concept that radios in adjacent cells operating
on the same frequency channel can interfere with each other and careful attention must be given to frequency reuse.

The region of signal coverage by a basestation is greatly influenced by terrain and is not a neat hexagon. See for example the
coverage map for a rural area shown in Figure 4.9.1(a). To ensure adequate coverage basestations must be placed on a terrain-aware
grid and not a regular grid. A wasted expense in operating a cellular system would be installing more basestations than are needed
for optimum coverage. Thus cellular service providers simulate coverage before installing basestations. A significant characteristic
of urban coverage as shown in Figures 4.9.1(b and c) is the “urban canyon effect” whereby coverage is concentrated along roads
with signals bouncing off buildings directing signal propagation down the roadway. Even areas close to a transmitter but behind
buildings are shadowed while distant areas near roads can have good coverage. This effect is also known as the urban wave-
guiding effect or wave-channeling effect. The signal blocking by buildings is shown in Figure 4.9.1(e) where it is seen that there
is some diffraction over buildings but shadowing is severe after two or more diffraction events. The indoor environment also affects
coverage as shown in Figure 4.9.1(d) for WiFi.
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6.12: Antenna Array

An antenna array comprises multiple radiating elements, i.e. individual antennas, and focuses a transmit beam in a desired
direction. In Figure 6.12.2 the field pattern in the plane of the earth produced by an array of 30 antenna elements arranged

horizontally is shown. The fields from each

(¢) Rosslyn Virgina (urban)

-30 @m B Ermea 02020 Em
(d) Indoor coverage (e) Verticle profile with low transmit antenna

Figure 6.12.1: Radio coverage profiles with 900 MHz transmitter except for (d) which is for 2.45 GHz. Calculated using Wireless
Insite®. Copyright Remcom, Inc. Used with permission.

Figure 6.12.2: Electric field pattern from a 30 element array of antennas spaced 0.65) apart. The sidelobe levels are about 40 dB
below the power level of the main lobe. The same signal is presented to the antenna elements except that phases of the signal at
each antennas is adjusted to produce a main beam directed at 20 degrees. The signals to each antenna are thus correlated. After [29].

antenna element combined to narrow and strengthen the main beam. Side (or grating) lobes are produced and these will result in
some interference but their level here is 40 dB below that of the main beam. This is another way of managing interference in a
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cellular system but the direction to the mobile unit must be known. Antenna arrays are used in 5G. The affect of the array is to
increase the power density of the main beam and the density relative to that of an isotropic antenna is called the directional gain of
the array, D a:ray, and is the product of the antenna gain, G4, of an individual antenna element and the array gain, G asray:

DArray = GArrayGA (6121)
The maximum value of G .y, is N for an N element array. So the maximum directional gain of the array in dBi is

Darraylasi = G alagi + 10log N (6.12.2)

This page titled 6.12: Antenna Array is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Chris Lee.

e 4.12: Antenna Array by Michael Steer is licensed CC BY-NC 4.0.
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